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Abstract 

The McTronX Research Group at the Nort-West University is conducting research in 

the field of Active Magnetic Bearings (AMBs) with the aim of establishing a knowledge 

base for future industry consultation. AMBs are environmentally friendly and are a 

necessity in the pebble bed modular reactor (PBMR), a South-African initiated project, 

which is predicted to be the means of supplying Africa and many other countries with 

modular energy in the future. Aside from the PBMR, there are numerous other AMB 

industrial applications. 

The aim of this project is to develop a comprehensive AMB model that considers the 

effect that rotor dynamics has on an AMB system. This model is used to analyse a dou

ble radial AMB, capable of suspending a rigid- and flexible rotor, to explain previously 

noticed phenomena. Two modelling methods are focussed on namely the System Ma

trix Method and Transfer Matrix Method (TMM) both of which are implemented in 

MATLAB®. 

The rigid rotor model is firstly implemented as a point mass in state-space form fol

lowed by use of the TMM to analyse its bending modes. The stability and critical 

speeds of the system are analysed due to a change in the supports' properties along 

with rotor gyroscopy and its effect on the system. 

During analysis of the flexible rotor the TMM was used via a similar approach as was 

followed with the rigid rotor. 

The results indicate that the system is experiencing lower than expected damping due 

to the model that is used within the control loop. The previously assumed rotor model 

in the control loop is not sufficient to describe its complex behaviour. This causes the 

unexpected damping characteristics. 

This project suggests future work to be conducted in expanding the frequency domain 

model of the rotor within the control loop to account for its physical shape. 
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Opsomming 

Die McTronX Navorsings Groep by die Noord-Wes Universiteit is besig met navors-

ing in die veld van Aktiewe Magnetiese Laers (AMLs) met die doel om kundigheid 

te vestig vir toekomstige industrieele konsultasie. AMLs is omgewings vriendelik 

en word beskou as 'n noodsaaklike komponent in die korrel bed modul§re reaktor 

(KBMR), 'n Suid-Afrikaans ge'inisieerde projek, wat voorspel is om 'n metode van 

energie-voorsiening vir Afrika en ook ander lande te word. Apart van die KBMR, 

is daar talle ander industrieele AML toepassings. 

Die doel van hierdie projek is om 'n omvattende AML model te ontwikkel wat die ef-

fekte van rotor-dinamika op 'n AML sisteem in ag neem. Hierdie model word gebruik 

om 'n dubbel radiaal AML te analiseer, wat in staat is om beide 'n rigiede- en buigbare 

rotor te suspendeer en sodoende vorige onverklaarbare gedrag te verduikelik. Daar 

word gefokus op twee modellering metodes naamlik die Sisteem Matriks Metode en 

die Oordrag Matriks Metode (OMM) waarvan beide in MATLAB® gei'mplimenteer 

word. 

Die rigiede rotor model is eerstens gei'mplimenteer as 'n punt massa toestand-model 

wat gevolg word deur die gebruik van die OMM om die buig-modusse te analiseer. 

Die stabiliteit en kritiese frekwensies van die sisteem word ge-analiseer teenoor 'n ve-

randering in die laers se eienskappe tesame met die rotor giroskopika se uitwerking 

op die sisteem. 

Gedurende die analise van die buigbare rotor is die OMM gebruik met 'n soortgelyke 

benadering as wat gevolg is vir die rigiede rotor analise proses. 

Die resultate gee aanduiding dat die sisteem laer demping ervaar as wat voorspel is 

as gevolg van die model wat gebruik was in die beheer lus. Hierdie model is nie vol-
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doende om die komplekse gedrag van die sisteem korrek te beskryf nie en veroorsaak 

die onverwagte demping karakteristieke. 

Hierdie projek stel toekomstige werk voor wat gedoen moet word op die uitbreiding 

van die frekwensie vlak model van die rotor in die beheer lus om sodiende die fisiese 

vorm van die rotor in ag te neem. 

Sleutelwoorde: Oordrag Matriks Metode, rotor, AML, laer, kritiesefrekwensies, buigmodusse 
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Background 

Chapter 1 

Introduction 

1.1 Background 

The McTronX Research Group at the Nort-West University is conducting research in 

the field of Active Magnetic Bearings (AMBs) with the aim of establishing a knowledge 

base for future industry consultation. AMBs are environmentally friendly and are a 

necessity in the pebble bed modular reactor (PBMR), a South-African initiated project, 

which is predicted to be the means of supplying Africa and many other countries with 

modular energy in the future. Aside from the PBMR, there are numerous other AMB 

industrial applications. 

Some of the areas where these type of bearings are applied are vacuum techniques, 

machine tools, turbo machinery, electric drives, textile machinery, energy storage, ap

plications in space physics, identification and testing in rotor dynamics and vibration 

isolation [6]. They are also used in medical heart pumps. 

The McTronX Research Group has developed several AMB systems. One of particular 

interest concerning this project is shown in Figure 1.1 which is capable of suspending 

both a rigid and flexible rotor in both of the radial direcions, hence the name, "double 

radial AMB". These rotors will serve as analysis platforms for this project. 
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Chapter 1 Background 

Figure 1.1: Double radial AMB system [1] 

The current model of the flexible rotor AMB system lacks the ability to provide answers 

concerning phenomena such as rotor bending, gyroscopy and stiffness- and damping 

variation. This model will be expanded during this project by incorporating rotor dy

namic effects to bring forth explanations concerning these phenomena. The research 

group also developed a flywheel energy storage system and this project will indirectly 

also provide a better understanding of this system. The following section will now 

discuss the different components that make up an AMB system. 

1.1.1 AMB system 

What is an Active Magnetic Bearing (AMB)? An AMB is a bearing support that makes 

use of electromagnets to levitate rotating machinery to provide contact-less operation, 

therefore friction is eliminated. The advantage of AMBs over conventional bearing 

supports, such as roller element bearings, is that the stiffness and damping proper

ties of AMBs can be manipulated, hence the name, "active magnetic bearings". This 

provides the engineer with much more control over the system's response. To realise 
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Chapter 1 Background 

such a system, auxiliary elements such as power amplifiers, sensors and a controller 

are needed as shown in Figure 1.2. 

Figure 1.2: Diagram depicting fundamental AMB operation with a rotor exhibiting 
complex behaviour 

The sensors send the measured displacements to the controllers and the controllers' 

outputs are amplified by the power amplifiers to provide the required current to the 

magnetic actuators to exert restoring forces on the rotor for stable operation. 

The area of focus of this project is indicated in Figure 1.3 by the shaded block which 

is then broken down further into subsections as shown in Figure 1.8, also discussed 

later. These subsections indicate the different effects associated with the field of rotor 

dynamics. A brief description of the different components now follows: 

The actuators are electromagnets with a certain pole configuration that provide the 

force holding the rotor in equilibrium where the damping and stiffness that the actu

ators provide are controlled by the controller. Concerning modelling, the non-linear 

forces that are applied to the rotor by the actuators can be modelled by linear damp

ing and stiffness constants. The force equation is usually linearised around a working 
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point in order to relate stiffness and damping to the AMBs. The non-linear AMB force 

for a single radial direction with heteropolar pole configuration can be expressed by 

(1.1). 

xz (1.1) 

where k = \}IQ~N2A, with A the pole area, JIQ the permeability or air , n the number of 

windings, i the current in the coils and x the air gap length. The bearing non-linearity 

and it's effect on the system can be analysed by varying the damping and stiffness 

properties of the supports when using linearised force relations. 

The rotor is connected to the actuators via magnetic force and the bearing configura

tion, along with the rotor's physical shape and material properties, will affect the sys

tem's behaviour. This implies that the rotor will produce a certain complex response 

which is dependent on these system characteristics. 

The method that will be used to model the entire system would have to take these 

rotor dimensions and properties into account. The presence of large discs, located on 

the rotor, with gyroscopic properties will also have to be accounted for. 

Another area of great interest within this project are the sensors and their response. A 

set of five sensors are mounted at the sides (x-y direction) and centre (y-direction) of 

the rotor inside the AMB system shown in Figure 1.1. In order to design or suggest 

proper control schemes, the sensor data has to be predicted and a model has to be 

r> 
Power 

Amplifiers} — ► Magnetic 
Actuator(s) i — ► -

Rotordynamic 
mode! — K Sensors r> — ► — K r> — ► — K 

LOP ILI U I I C I 

Figure 1.3: Building blocks of a AMB system 
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developed capable of doing so. In addition the model should also provide the phase 

information of the sensors. 

The controller controls the stiffness and damping of the electromagnetic supports and 

can be implemented in dSPACE® (electronic control unit software) which is interfaced 

through MATLAB®. This makes it trivial to implement any controller transfer function 

or configuration on the AMB system. The controller could be a classical PD or PID 

configuration depending on the problem and a compensator or estimator could also be 

used. This project focuses on a linearised relation between the equivalent properties of 

the controller and the actuators as discussed in [6]. 

The controller's output is connected to the power amplifiers in order to supply enough 

power to the actuators and to then apply stabilising forces to the rotor. This project will 

not focus on the detail associated with power amplifiers. The power amplifiers could 

be modelled as a gain constant, but one does however have to consider the maximum 

and minimum current ratings of the power amplifiers as well as their bandwidth spec

ifications when viewing the model results. 

1.1.2 Modelling 

When modelling rotor dynamics, the rotor could be assumed to be either a rigid- or 

flexible body depending on the required analysis. The assumption of the rotor being 

rigid is used to estimate a design for a controller and was found to be successful in past 

experiments [6]. 

All rotors reach a flexible bending mode as rotational speed increases. The rotor nor

mally goes through two rigid modes when the bearing stiffness is low, meaning the 

rotor does not bend or flex, and then reaches flexible modes. Rigid assumptions do not 

provide flexible bending modes, whereas using finite element methods (FEM) or other 

distributed or distributed-lumped modelling will provide the flexible modes. These 

flexible rotor modes that can occur are illustrated in Figure 1.4. 
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1st mode 2nd mode 3rd mode 

Figure 1.4: Bending modes of an example rotor obtained using FEM [2] 

Rotor models are constructed with distributed and lumped elements. Figure 1.5 shows 

the fundamental difference between the lumped and distributed methods and Figure 

1.6 shows the physical difference between a distributed and lumped part. The dark 

coloured part indicates that the mass is distributed along the length of the rotor. The 

three basic elements present in rotor dynamic models are the bearings, distributed 

shaft elements and lumped discs located on the rotor. 

Lumped parameters in rotor dynamic modelling do not contribute to the length (spa

tial variability) of the rotor and are merely used to represent discs or laminations that 

are fitted onto the rotor. They mostly represent mass and inertial properties whereas 

distributed elements provide both mass and stiffness properties. A more formal defi

nition of lumped and distributed parameters now follows: 

Lumped - Figure 1.7 depicts a simple example of a lumped rotor model. Lumped 

models do not explicitly take into account the spatial variability of inputs, out

puts, or parameters. The shaft or rotor is divided into separate lumped masses or 

elements, qi, and calculations are made on each part separately. The only connec

tion between these masses are the mathematical damping and stiffness constants 

C\ and k{ respectively. Note the analogy to the dots in Figure 1.5 and the discs of 

Figure 1.7. 
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Distributed - Here a rotor segment is regarded as a distributed mass that has elastic

ity along its length. Thus the rotor and its varying parameters are considered as 

a whole meaning that displacements can be obtained at any point on the rotor, 

Distributed parameter modelling is represented with partial differential equa

tions whereas lumped parameter modelling is represented with normal differen

tial equations. 

JC=0 

Distributed Lumped 

yk(t) 

:~L xO xl ■ ■ ■ xk xN 

Figure 1.5: Lumped and distributed mathematical system 

Bearings 

Lumped Part 

Distributed Part 

Figure 1.6: Physical illustration of a lumped and distributed element 
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v i 

Figure 1.7: Lumped rotor model 
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1.1.3 Rotor d y n a m i c effects 

Referring to Figure 1.3, the shaded block ("Rotor dynamic model") can be divided 

into several other areas of research. This is shown in Figure 1.8. The other shaded 

block ("magnetic actuators") in Figure 1.3 is modelled as linear force constants which 

is valid for small rotor displacements [6]. 

Shearing Stability 
Analysis Bending 

A 

Rotordynamic 
mode! 

/ 
/ \ 

\ 

Gyroscopics Whirling Critical frequencies Forces 

Figure 1.8: Rotor dynamic topics of interest 

Some of the dominant effects associated with rotor dynamics will now be discussed in 

short. The in depth descriptions will be done in Chapter 2. 

Critical frequencies 

Every vibrating system has a certain natural frequency that could be calculated using 

the Rayleigh Method [8] or other methods. If the rotational shaft or rotor frequency is 

equal to the natural frequency of the system, resonance will occur and a maximum 

vibrational amplitude will be experienced. The speeds of the rotor where resonance 

occur are known as the critical frequencies of the system. Therefore, modelling the 

rotor dynamics could identify the unstable areas of rotational operation. The AMB 

controller could then be adjusted in order to change the damping and stiffness of the 

bearings making acceleration beyond the higher critical speeds possible. 
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Bending modes 

Each critical speed or frequency presents a corresponding bending mode as shown 

in Figure 1.4 for example. Depending on the magnitude of the bearing stiffness and 

damping the first bending mode will vary. This phenomenon is illustrated in Figure 

1.9 where an example jeffcott rotor was used as a model. The mode on the far top left 

of Figure 1.9 is known as the rigid cylindrical mode and the second mode is known as 

the rigid conical mode. 

Mode 1 

1345 rpm 4168 rpm 6458 rpm 

27.485 rpm 33,939 rpm 89,416 rpm 

Soft Bearings Intermediate Bearings Stiff Bearings 

Figure 1.9: Rotor bending modes with different bearing stiffness [3] 

AMBs could be considered as soft bearings with relatively low stiffness which implies 

the existence of the two rigid rotor modes. There are however, due to gyroscopy, for

ward and backward whirling conical modes which are discussed in the next section. 

Whirling 

Whirling can be defined as a displacement of the rotor centre from the bearing centre 

line in conjunction with angular displacement. Thus, the bending mode lines rotate 

around the bearing centre line of the system due to the centrifugal forces of the rotor 

caused by the rotational motion. The whirling of a shaft is mathematically described 

by (1.2) and is caused by the shaft's natural vibrations [6]. 
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m{x + iy) + k{x + iy) = meQ2expiat (1.2) 

The angular velocity O, mass m, eccentricity e and imaginary value i = >/—1 on the 

right hand side of (1.2) represents the unbalance excitation of the rotor. This equation 

could be used with damping terms included in matrix form, and as research progresses 

additional parameters could be added on the right hand side of the equation to de

scribe external excitations. This is known as the multidimensional, Newtonian, mass, 

spring and damper model formulation and is one of the methods that can be used to 

model such a system. 

Equation (1.2) will eventually evolve into (1.3) which is the matrix representation of 

the system's rotor dynamic effects: 

Mx + (G + C)x + Kx = Q (1.3) 

where Q represents external excitations, M the mass matrix, K the stiffness matrix, C 

the damping matrix and G the gyroscopic or gyrodynamic matrix. The inclusion of 

gyroscopics couples the x and y directions and makes the critical speeds dependent on 

the spin speed of the rotor. 

Gyroscopics 

The difference between a non-rotating and a rotating body's dynamic motion is caused 

by its gyroscopic properties [6]. This term describes the change in moment of momen

tum denoted by G in (1.3) and it is a conservative force [9]. Because of this conser

vation the critical speeds of the system are made dependent on the rotational speed 

of the rotor. This splits the critical frequencies/speeds of the system into forward and 

backward whirling modes. 
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1.2 Problem statement 

The purpose of this project is to develop a comprehensive AMB model that considers 

the effect that rotor dynamics has on the AMB system. The critical frequencies and 

associated bending modes of the system shown in Figure 1.1 need to be determined 

up to an operational speed of approximately 30,000 rpm. The rigid and flexible rotors 

developed in [1] need to be analysed to determine causes of instability and to suggest 

solutions regarding controller design and optimisation. Transfer functions describing 

the rotor's response will be determined. 

Commercial rotor dynamic analysis software package licenses are currently very ex

pensive and alternative modelling approaches are required. 

1.3 Issues to be addressed 

Issues that need to be addressed during the progression of this project are described 

briefly in the following sections. This includes a literature study and simple model im

plementation followed by an expansion of the simple model into an advanced model. 

The models also have to be verified. 

1.3.1 Literature study 

The literature study will consist of an in-depth study concerned with the fields of 

AMBs in general [6], vibration theory [4], rotor dynamics [5,10,11, 9,12] and overall 

modelling techniques and assumptions [13]. These literature fields make up the ba

sic spectrum of literature associated with this project and will provide all the needed 

insights to the problem at hand. 
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1.3.2 Simple model implementation 

The simple model would describe the rigid rotor of [1] without rotation. After vali

dation, rotation can be added to the simple model yielding a rigid rotor from which 

the critical frequencies and displacements could be derived with relatively low accu

racy. Rotor bending or flexibility will not be included in this model but it will contain 

damping, gyroscopy, mass and stiffness. 

1.3.3 Advanced model implementation 

The advanced model will be able to provide bending modes, amplitude-, phase- and 

x-y plots of the rotor along with gyroscopic Campbell diagrams, whirl speed-, crit

ical speed- and stability maps. The model will be able to provide the displacement 

response on any point/node of the rotor model. 

1.3.4 Model verification 

Each model has to be verified to determine whether the correct results are obtained. 

The verified models could then be used to identify causes to the unexplained phenom

ena encountered in the system shown in Figure 1.1. 

1.4 Research methodology 

1.4.1 Literature study 

The literature study will initiate with a study of AMBs in general to become familiar 

with the concepts and terminology of the overall system. This will be followed by a 

study of vibration theory and rotor dynamics in order to become acquainted with the 
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associated phenomena. The third field of study will be modelling theory to determine 

model assumptions and limitations. The literature study will provide insight into de

termining the method(s) viable to use in the analysis of the double radial AMB system 

developed in [1]. 

1.4.2 Simple model implementation 

The simple model will be a Newtonian mass, spring, damper equation formulation of 

the rigid rotor developed in [1] and will be implemented in MATLAB®. MATLAB®'s 

mathematical capabilities will enable the focus of the project simple model to be on the 

model and not lower level arithmetic such as matrix operations. 

1.4.3 Advanced model implementation 

After completion of the literature study, a modelling method will be chosen accord

ing to the disadvantages, advantages and capabilities of the different methods. The 

capabilities of the chosen method should be such that the model will provide suffi

cient analysis of more complex phenomena and the effect of the AMBs' stiffness and 

damping on the system critical frequencies will be analysed. The advanced model im

plementation will make use of distributed and lumped elements implemented within 

MATLAB®. 

1.4.4 Model verification 

After each model iteration is complete it will be evaluated using DyRoBeS®. This 

will be done by firstly creating identical models using both commercial software and 

the simulation software written during this project. The models from the different 

software environments will then be compared. 
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1.5 Overview of dissertation 

Chapter 2 discusses different rotor dynamic phenomena and their effect on rotational 

systems as well as different techniques that are available to model such systems. The 

theory or rather methodology involving the selected techniques are then discussed in 

detail. The finite element method is neglected because it falls outside the scope of this 

dissertation. 

Chapter 3 proceeds to implement one of the selected methods namely the system ma

trix method in state-space form as well as an analysis of the rigid rotor using the Trans

fer Matrix Method (TMM). This chapter presents a rigid rotor state-space and TMM 

analysis and the advantages involved in following the different approaches to rotor 

dynamic modelling. The final section of Chapter 3 includes model verification. 

In Chapter 4, only the TMM is used. This well known rotor dynamic analysis method 

produces a variety of analytical results which are discussed in order to provide better 

understanding and give system design guidelines and explanations to the measured 

results found in [1]. The chapter ends with a verification section. 

Chapter 5 provides conclusions on the different models and discusses the limitations 

of each. Further recommendations are provided concerning model identification via 

genetic algorithms and code optimisation and finally, suggestions on controller de

sign/improvements are provided. 
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Chapter 2 

Literature Study 

Chapter 2 contains an overview of the literature that was focused on and presents the different 
phenomena encountered in rotor dynamics along with a description of some of the methods used 
to analyse these effects. The detailed methodology concerning the two chosen modelling meth
ods are presented, along with their advantages and disadvantages. 

2.1 Introduction 

Models are useful to predict/estimate physical behaviour, thus enabling the engineer 

to make certain conclusions and design recommendations. The most important con

siderations of modelling are beautifully summarised in the following quotations: 

"All models are wrong and some are useful." 

- George Box 

"...no model can be said to be correct. The role of any model is to provide a 
framework for viewing known facts and to suggest experiments." 

- Suresh Moolgavkar 
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Modelling and analysis of a normal shaft supported by rigid bearings is a relatively 

simple task. The problem comes into play when dealing with complex rotor construc

tions where some of the manifested rotor dynamic effects are sometimes assumed to 

be negligible. These effects include: Gyroscopy caused by large disks, difference in 

moment of area of shafts, stiffness and damping properties of bearings and shafts and 

coupling between two or more rotors. 

To avoid system damage or failure, proper analysis and shaft balancing methods are 

required. This chapter presents several methods available to analyse and model a ro

tating system but one first needs to investigate the different effects that are present. A 

rotor dynamics section now follows to attempt to summarise this wide field of litera

ture. 

2.1.1 Rotor dynamics 

The field of rotor dynamics contains a great amount of literature and it is often difficult 

to visualise the relevance of the different topics. To summarise the literature of this 

chapter, the block diagram in Figure 2.1 was drawn to visualise the relationships of the 

different topical areas that were encountered during the research. 

In Figure 2.1 there are four main sections namely critical speeds and modes, whirling, 

forces and gyroscopics. 

The first section of interest is the critical speeds and modes. During operation of a 

rotating system, an increase in vibrational amplitude will be encountered. The speed at 

which a maximum amplitude is reached is known as a critical speed and these critical 

speeds associated with an AMB system are dependent on the bearing properties as well 

as the mechanical design of the rotor. Higher overall stiffness raises the critical speeds, 

thus a thicker (stiffer) rotor will exhibit its first critical speed at higher rotational speeds 

Comprehensive AMB modelling taking rotor dynamics into account 35/142 



Chapter 2 Introduction 

than that of a thinner (flexible) rotor. The same is true for stiffer bearing supports, 

where the critical frequencies are also raised when using stiffer supports and the effect 

of making the vibrational amplitude peaks sharper and more unstable is observed. 

This implies that damping is needed. 

Each critical speed also presents a certain mode shape. This mode shape also depends 

on the support stiffness as shown in Figure 1.9 and can be rigid or flexible/bending. 

Each of the former could be present in a forward or backward whirling motion. 

The different types of whirl shown in Figure 2.1 are synchronous and non-synchronous 

whirl with the possibility of them both being forward and backward where the rotor 

could also be in forward and backward whirl at different locations of the shaft simul

taneously [5]. Synchronous whirl is caused by unbalance and non-synchronous whirl 

by external excitations. This particular phenomenon is discussed further in section 2.3. 

There are several forces present in a rotating system and they could be labelled as 

conservative-, non-conservative-, stabilising- and destabilising forces. Gyroscopy is 

associated with the inertia of the rotor and inertia with the law of conservation of mo

mentum. Thus, gyroscopic forces are conservative [9] but can be stabilising (gyroscopic 

softening) as well as destabilising (gyroscopic stiffening) which is shown in the analy

sis chapters of this thesis. 

Non-conservative forces are those that dissipate or apply energy such as the bearing 

forces. Bearing damping or non-rotating damping is always stabilising [11]. Other 

non-conservative destabilising forces are work load forces and wind friction (Alford's 

force). These forces are also known as cross-coupled forces and are modelled with 

cross-coupled terms to analyse system stability. Internal bearing stiffness and damping 

(hysteresis) forces are also destabilising and could also be modelled with cross-coupled 

terms equivalently. 

Gyroscopy couples the radial directions of motion and makes the system critical speeds 

spin speed dependent. This is illustrated in section 2.4. Figure 2.1 also depicts a section 

for gyroscopy which seems redundant since it is listed under forces. However, since 
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the different phenomena are interconnected in one motion it is difficult to completely 

separate the literature sections. 

This then completes the basic summary of rotor dynamics. The succeeding sections 

will provide more detail on the mentioned topics. 

Figure 2.1: Literature overview 
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2.2 Critical frequencies 

Knowing where in the frequency spectrum critical speeds occur is very useful when 

designing and operating a rotor dynamic dependent system and its controller. There 

are several ways to go about calculating these critical speeds. However, in order to 

define the critical speed of a rotor the natural frequency has to be defined first. 

Natural or fundamental frequency: Every system encounters resonance at some par

ticular frequency. At this resonance frequency a small disturbance can cause the 

system to vibrate. For example, when a stretched string is plucked it will vibrate 

at its fundamental frequency for a while. When plucked again it will do the same. 

This frequency is known as its natural or resonant frequency. 

Critical Speed: The critical speed of a rotor is now defined as an operating range 

where rotational speed equals one of its natural frequencies due to bending or 

torsional resonances. If a rotor is operated at or near a critical speed, it will ex

hibit high vibration levels, and is likely to be damaged. Rotating equipment is 

often operated above its lowest critical speed, and this means it should be accel

erated relatively rapidly so as not to spend any appreciable amount of time at a 

critical speed. 

2.3 Whirling 

Whirling is one of the most common phenomena among rotating machinery and appli

cations. There are two main types of whirl namely synchronous and non-synchronous 

with sub-divisions for these two namely forward and backward whirl. This means 

that one can have synchronous or non-synchronous forward whirl and synchronous 

or non-synchronous backward whirl. One form of non-synchronous whirl is when 

the whirl speed is slower than the shaft speed (cp < to) and this is known as sub-

synchronous whirl which could also be forward or backward. 
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In the early nineteenth century (1869) Rankine made the false assumption that it was 

impossible to operate a shaft or rotor past its first and higher critical speeds. He studied 

a shaft with a mass m that was rotating around its geometric centre of symmetry and 

concluded that if it was displaced from this centre by a distance r, this would generate 

a centrifugal force mrco2 (Figure 2.2). The shaft, which has a stiffness k, would then 

act on the mass with a force equal to kr. For slow rotation, for example below the first 

critical speed, the situation would yield kr > mrco2, and the shaft would tend to restore 

its original position, 

,i ttmrr 

Figure 2.2: De Laval rotor with unbalance illustrating synchronous whirl [4] 

Furthermore Rankine noted that when the shaft was rotating at the correct speed so 

that the forces were equal, kr = mrco2, there would be a circular motion defined as 

shaft whirl [4], The whirl amplitude would increase with time and the first critical un

damped speed or natural frequency of the shaft, co„ = (k/m)?t would serve as the 
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threshold speed for this phenomenon. Thus he made the assumption that only sub-

critical operation was possible. Gustav Patric de Laval later experimented with the well 

known De Laval rotor and noticed that when the shaft was accelerated past the first 

critical speed fast enough, the vibrational amplitude would start to decrease or even 

diminish. This unexpected behaviour was explained by A. Foppl and the explanation 

is as follows: 

He considered that rotating shafts with a mass m at midspan have unbalance [4]. Lets 

call this unbalance mu at a distance u from the rotor rotational centre (Figure 2.2) not 

the whirling centre. The centre of mass, G, will have a radius, CG = emu/m (Figure 

2.3), with a radial position yG =y+ (umu/m)sin cot and according to Newton's second 

law it will have a radial motion described by (2.1) 

md2 [y + (umu/tn)sin cot] /dt2 + ky = md2y/dt2 - co2umusin cot + ky = 0 (2.1) 

In (2.1), the unbalance force is identified as —co2umusin cot and is radially directed. If 

the differential equation (2.1) is solved the unbalance response is obtained and shown 

by (2.2) with a cosine term for the x-direction. This is the Cartesian representation. 

,,, muuco2 . , , . . . muuco2 , lN ,„ „. 
y(f) = jt3^fsm(a't-<f)' ^ = W^Acos(m-^ (2'2) 

(p is the phase angle of the whirling motion (not the rotor rotational motion) as de

scribed in (2.3) where damping, denoted as c, is present. Taking its derivative will 

provide the whirl speed <p. In this case damping was not considered (c = 0) and 

tan (p = 0/(k — tnto2) and (p — 0 for k — mco2 > 0. Also <p = n for k — mco2 < 0 and 

this means that the vibrational amplitude is bounded for k — mco2 < 0, which is for 

supercritical operation (co > con) [4]. 

* = tan~l ( i r ^ 2 - ) (2-3) 
1 k — colm ' 
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Figure 2.3: De Laval rotor side view and coordinates [5] 

Foppl observed that during supercritical operation, the phase angle was inverted (<p = 

n), indicating that the centrifugal force was in the same direction as the shaft stiffness 

force (kr), thus the shaft would start to stabilise itself and approach equilibrium [4]. 

2.3.1 Synchronous whirl 

Synchronous whirl is caused by the unbalance or eccentricity of the rotor and can be 

defined as rotor operation where the whirl speed (p, is equal to the angular velocity to, 

(Figure 2.4). Therefore, the rotor is whirling at the same speed as its rotation. This is 

because the eccentricity, or rather whirl vector V of the disk moves at the same speed as 

the rotor's rotation. This implies that synchronous whirl can be resolved by applying 

proper rotor balancing techniques in order to minimise rotor eccentricity. 

Other ways of minimising synchronous whirl is to "push" the rotor speed away from 

the critical speeds or to apply more damping. The shaded area of Figure 2.4 represents 

the unbalance mass of the disk. 

Comprehensive AMB modelling taking rotor dynamics into account 41 /142 



Chapter 2 Whirling 

Figure 2.4: a) Synchronous whirl b) Non-synchronous whirl 

2.3.2 Non-synchronous whirl 

Non-synchronous whirls are not caused by rotor unbalance and they occur at super

critical operation (at rotational speeds higher than the first critical frequency) [10, 6, 

5]. Non-synchronous whirl is usually more destructive than synchronous whirl and 

proper balancing would not contribute to the solution of this particular phenomenon. 

This type of whirl can be caused by self excitation of the following forms: Internal 

hysteresis and friction, working fluid pressures on bladed disks and aerodynamic ex

citation (Alford's force) [5]. 

Non-synchronous whirl is especially common in machines that are sensitive to their 

work load. In previously examined cases the non-synchronous whirl amplitude was 

a function of the load. One way to get around this problem is to thicken the shaft in 

order to raise the stiffness and so doing, the critical eigenvalues (speeds). A general 

mistake among designers is neglecting a full load test to determine if the rotor could 

operate in such extreme conditions. 

Another parameter on which non-synchronous whirl depends is acceleration [5]. Thus, 

one should not approach a critical speed too fast. It was also stated by [5] that when 

internal rotor friction and external forces (like impeller fluid forces for example) are 

constant, the stability of the machine depends on. a) System damping predominantly 
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caused by the bearings, b) Magnitude of cross coupled stiffness caused by the bearings, 

c) The critical speed to shaft speed ratio that depends on the bearing stiffness. 

2.3.3 Forward whirl 

Forward synchronous whirl is the most common type of whirl that occurs in practical 

applications where the first fundamental forward whirl is the most dangerous [4,10]. 

The second fundamental forward whirl exhibits high structural damping. The reason 

for forward whirl occurring readily is because rotor unbalance excites forward syn

chronous whirl most predominantly. With the correct stiffness and damping, forward 

whirl could be resolved, but the unbalance forces will still be present. The best solution 

would be to balance the rotor as best as possible. 

With forward whirl the direction of the whirl is the same as that of the shaft rotation, 

{<p > 0, to > 0), with either both positive or negative depending on the reference direc

tion. Thus, the mathematical condition for forward whirl is that the time derivative of 

(2.3) must be positive (<p > 0). 

What is also important to remember is that forward or backward whirl motion can 

occur at different disk locations of the rotor shaft at the same time [5]. 

2.3.4 Backward whirl 

Backward whirls are not caused by rotor unbalance but rather oscillatory forces such 

as vibration of the system's foundation, or forces that vary via the magnetic pull of 

an electrical drive [6]. However, it was observed by [5] that, when light damping was 

present along with bearing support stiffness asymmetry and when the rotor was oper

ated between two critical speeds, the rotor would exhibit backward whirl. Backward 

whirl could also be resolved by applying sufficient damping, but its severity in practi

cal situations is not too high and it does not occur often [5]. 
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The mathematical condition for backward whirl is that the time derivative of (2.3) must 

be negative (<£> < 0), meaning that the angular whirl motion will be in the opposite 

direction of the shaft's rotation. 

2.4 Gyroscopic effects 

Gyroscopic effects has an influence on the critical speeds of a rotor and they are sig

nificant in a long rigid rotor that is supported by flexible bearings. Gyroscopic effects 

cause the critical speeds of the rotor to be dependent on the rotational speed of the 

rotor. 

Forward whirl is characterised by an ascending imaginary part and backward whirl 

by a descending imaginary part. This can be seen when the eigenvalues are plotted 

against the rotational speed of the rotor which is also known as a Campbell diagram. 

A typical illustration of the well know, Campbell diagram is shown in Figure 2.5 along 

with its relation to the frequency response of a rotor dynamic system as an example. 

Unbalance Response (Left End} 

E 

1st Critical Speed 

3rd Critical Speed 
2nd Critical Speed 

15 20 '.25 30 35! 
Operating Speed, krpm 

40 45 50 

Da«r{ped Natural Frequtertcfes 

15 20 25 30 35 40 45 50 
Operating Speed, krpm 

Figure 2.5: Illustration of the relation between a Campbell diagram and frequency re
sponse [3]. 

When the eigen-frequencies of the rotor are known, they indicate the gyroscopic effect 
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of splitting the eigen-frequencies or critical speeds into forward whirl and backward 

whirl [14]. This is because the two radial directions (x and y) are coupled by gyroscopy 

which causes the system to experience a critical frequency in the x and y directions at 

different speeds. Figure 2.5 shows the frequency response of only one radial direction 

thus, the dotted lines indicate the backward whirling critical frequencies occurring in 

the other radial direction. 

2.5 Instability 

In turbo-machinery applications instability is associated with a rapid gain in vibra-

tional amplitude which can be caused by minor changes in operating conditions. In

stability could be defined as the phenomenon where motion can increase without limit 

[5]. Non-synchronous whirling is also closely associated with rotor dynamic instabil-

ity. 

When large sub-synchronous vibrations (that do not occur readily) occur, vibrational 

amplitude can increase rapidly and can be very destructive to the system. This can 

also be much more difficult to resolve than rotor imbalance. 

Stability is obviously a very important aspect for any system. To analyse the stabil

ity of the different modes or critical frequencies a very useful parameter namely the 

log decrement is used. The log decrement is the American Petroleum Institute (API) 

stability acceptance criteria [3, 15, 16] and it is a measure of how well a particular 

mode/frequency is damped according to the model. Thus the log decrement could be 

plotted against any chosen parameter in order to measure and study the effect that the 

particular parameter has on the system stability. The log decrement is given by (2.4) or 

(2.5) 
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where s is the imaginary part of the critical frequencies and N^ and u)d are the critical 

frequencies in rpm and rad / s respectively. A positive log decrement indicates a stable 

system or rather critical speed whereas a negative log decrement indicates instability 

[12,5,16]. There are other methods of expressing stability namely the use of the damp

ing ratio, £ or the amplification factor, Q. Q is often used by electronic engineers to 

express the damping of filters [17]. The damping ratio and amplification factor can be 

derived from the logarithmic decrement as follows. 

f = IM „ „„ « — (2.6) 

(2.7) 

2.6 Modelling Methods 

Two main methods of modelling are available to model rotor dynamics namely the 

Finite Element Method (FEM) and the Transfer Matrix Method (TMM). Both methods 

are capable of using lumped and distributed [10, 9] elements to describe the rotor. 

The fundamental difference between them is as follows. The TMM is a combination 

of beam theory, Newtonian mass, damper and spring mathematics, all expressed in 

the frequency or Laplace domain. FEM on the other hand is a formulation of second-

order differential equations that can directly be utilised in state-space form for control 

estimation [18]. 

It can be stated that the FEM is an automation of the system matrix method in terms 

of matrix/equation formulation. Thus, the mass, stiffness, damping and gyroscopic 

matrices can be derived using FEM. Another capability of the SMM and FEM is the 
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conversion of the models to state-space form. This does provide a very modular ap

proach to time domain analysis at a constant rotational velocity. However, to obtain a 

frequency transient when using a state-space representation implies redefining the A, 

B, C and D matrices of (2.10) for each value of frequency. 

The existing methods used in rotor dynamic modelling and analysis are all shown in 

Figure 2.6. Some of the methods aimed more specifically at calculating only the critical 

frequencies are the Dunkerley- and Rayleigh methods. 

The Transfer Matrix Method alternative is well understood and widely employed, 

and the majority of studies conducted on rotor dynamics and current computer pro

grams for rotor dynamics calculations use this technique. One disadvantage is that this 

method is not appropriate for cracked rotor system analyses, which provide valuable 

information for crack detection [19]. 

2.6.1 System matrix method 

The system matrix method is basically a matrix implementation of equations of motion 

which is Newton's second law in multiple dimensions. Depending on the number of 

degrees of freedom of interest and the number of nodes that are used for the model 

representation, the matrix dimensions will be either very big, as in many cases, or 

relatively small. The matrices could consist of Cartesian components x-y displacement 

and velocity as well as polar components such as inertia and torsional stiffness. 

Once the system matrices are defined correctly, namely the mass-, stiffness-, damping-, 

gyroscopic- and external forces matrices, the system can be implemented in a state-

space form. The rigid rotor model as presented in [6] is a basic system matrix imple

mentation. This method could also be used to model a flexible rotor with increased 

matrix sizes and to determine its critical frequencies and bending modes. 

When a state-space model of the linearised AMBs and rotor has been derived, state 

feedback can be implemented in order to achieve a form of feedback control. This 
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feedback matrix can then be used to design a controller suited for proper stability ac

cording to the constants located within the matrix. Thus the Kp and Kp controller 

constants can be derived from the feedback matrix. One disadvantage is that an angu

lar frequency sweep simulation would entail redefining the system matrices for each 

simulation step and this cannot be done using MATLAB Simulink®. This is due to the 

fact that Simulink® obtains the A, B, C and D matrices form the MATLAB workspace, 

thus the Simulink® simulation has to be interrupted which is not possible. 

Calculating the critical speeds of an AMB system using the system matrix method 

consists of determining the eigenvalues, hence the name, "the eigenvalue problem". 

The eigenvectors then provide the bending modes of the rotor. With the system ma

trix method, the rotor is discretised into smaller elements and the mass, stiffness and 

damping matrices are combined to produce the equations of motion of the system as 

in (2.10). 

The disadvantage of using this method is that these matrices can become very large in 

order to achieve the necessary accuracy. These large matrices along with the high num

ber of degrees of freedom cause the method to be computationally demanding. This 

problem can be solved to a certain extent by using reduction techniques that have been 

developed which maintains result accuracy at a relatively high level and decreases the 

need for heavy computational resources [20]. 

2.6.2 Transfer matrix method 

The transfer matrix method is based on the principle of defining vibrating bodies or 

systems as connected, thus an action at one point causes an action at another adjacent 

point on the body. This method can be implemented without finding the equations of 

motion [4]. This means that the equations of motion of the system are not explicitly 

formulated. 

Myklestadt (1944) and Prohl (1945) developed the method. Thus using transfer matri

ces to compute the undamped natural frequencies and bending modes of rotors, can 
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also be referred to as the Myklestad-Prohl Transfer Matrix Method. Lund and Orcutt 

(1967) extended the use of transfer matrices to calculate the unbalanced response of a 

rotor on hydrodynamic bearings and later, in 1974, Lund extended the method further 

to calculate the damped critical speeds of the same rotor [20]. 

Compared to the system matrix method, the transfer matrix requires less computa

tional effort also resulting in it being faster. However, the TMM is not as versatile. 

Multiple rotor systems containing multiple interconnections are difficult to analyse be

cause the TMM is designed for "chain-like" bodies. Another disadvantage is that in 

order to incorporate finite element modelled bearing support foundations and struc

tures into a transfer matrix approach requires an impedance matching technique [20]. 

In terms of flexibility, transfer matrix methods can use zero length and zero mass ele

ments to allow bearing positioning and couplings at positions other than the lumped 

masses of the model. With an increasing number of degrees of freedom the TMM might 

suffer from round off error troubles when modelling high frequencies. 

The most general implementation of transfer matrix methods are aimed towards syn

chronous response of linearised systems. However, the method has been extended 

by Liew (2002) [20] to make non-linear analysis possible. The purpose of this thesis 

is to obtain additional insight concerning rotor dynamics and to then model an AMB 

system with increased accuracy. 

The TMM is very useful in determining the critical frequencies and bending modes 

which is one of the outcomes of this thesis. However, it seems feasible to devote atten

tion to both methods. The FEM provides the state-space representation which is very 

modular. Transfer functions, relating the inputs and outputs (Force/displacement), 

can also be obtained using both methods which is useful for controller design. This is 

discussed in Chapter 5. 
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2.6.3 The Dunkerley method 

The Dunkerley method is suitable for the calculation of critical speeds of rotors that 

carry several components. This method is an estimation approach and can be imple

mented by hand. The method consists of dividing the rotor into individual segments 

and then calculating each segment's critical frequency separately. This is done using a 

particular formula. These individual critical frequencies are then combined using (2.8) 

to arrive at the fundamental natural frequency of the system, oo. 

— - — — — — 

OM refers to the critical speeds of the sub-segments. The disadvantage of this method 

is that it neglects harmonics and therefore the fundamental frequency is always lower 

than the true value [21]. 

2.6.4 Rayleigh's method 

When determining the lower natural frequency or rather the fundamental frequency 

of the system, Rayleigh's method provides a quick and relatively accurate computation. 

Also, it can be applied for continuous and discrete systems [4]. 

The total energy of a conservative system remains constant and when the system en

counters vibration at a natural mode (1st bending mode), it causes harmonic motion 

at its corresponding natural frequency [4]. When there is no deformation, the system 

passes through an equilibrium position meaning that the potential energy is zero. This 

also means that the kinetic energy is at a maximum. When there is a maximum defor

mation, the kinetic energy is zero and the potential energy becomes a maximum. 

The equation used to calculate the fundamental frequency appears to be the ratio of 

total potential, Vmax, energy over kinetic energy, Tmax, as shown in (2.9). 
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nax 
T n 
J-max -y 

2 
z = l 

^ 2 = VW = _ f = l _ {19) 

This equation is for a discrete system where a first fundamental mode is guessed 

namely z = {z\,Z2,z^, ...,zn} and mz- denoting the different discrete masses of the sys

tem. To summarise, the Rayleigh method assumes a bending mode for natural frequency 

vibration and is primarily used to calculate the fundamental/natural frequency be

cause harmonic mode shape estimation is very difficult. Also, when assuming a non

exact mode shape, the effect would be similar to having added constraints in the sys

tem [21]. This means that the estimated frequency, using this technique, is always 

higher than the actual one. 

2.7 Method implementation 

As stated earlier, there are two main rotor dynamic modelling methods of which their 

methodologies will now be addressed in detail. The first will be the basic one node 

rigid rotor system matrix model followed by the Transfer Matrix Method. The System 

Matrix Method model will be derived along with a state feedback controller. 

The TMM is discussed with all the different forms of matrices describing bearing-, 

lumped mass- and distributed mass elements depicted as the section progresses. The 

bearing transfer matrices are formulated to include a lumped mass with gyroscopy at 

the same node and the shaft element transfer matrices are formulated in massless form 

and in distributed mass form. 
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2.7.1 Schweitzer rigid rotor model 

Firstly, consider the experimental set-up in order to define the coordinate system and 

sensor positions. This is shown in Figure 2.7 where the following parameters are de

fined: 

S the geometric centre of the rotor 

a, b the distances from the geometric centre S to the electromagnets/bearings 

c, d the distances from the geometric centre S to the sensors 

a. is the angle of rotation in the y — z plane 

jS is the angle of rotation in the x — z plane 

xa, xi, are the rotor x — displacements at the electromagnet positions 

xc, x& are the rotor x — displacements at the sensor positions 

The equations of motion are shown in (2.10) in matrix form. The K stiffness matrix 

represents isotropic bearings, with k representing the stiffness in Newton per meter 

(N/m), and will be changed later to represent the AMB stiffness ks. The rotational 

speed of the rotor is symbolised by the O and matrix F typifies the bearing forces as 

experienced at the geometric centre S. The forces on the right hand side of the equation 

will be described once the coordinates have been transformed to sensor coordinates. 

Sensor plane c Sensor planerf 

Figure 2.7: Experimental setup of a rigid rotor inside AMBs [6] 
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The other matrices are gyroscopic matrix G and mass matrix M. Equation (2.10) is also 

known as the system matrix method. 

Mz + Gz + Kz = F (2.10) 

with 

M = 

K = k 

m 0 0 0 

0 /* 0 0 

0 0 m 0 

0 0 0 Iy 

a2 + b2 a + b 0 0 

a+b 2 0 0 

0 0 a2 + b2 a + b 

0 0 a+b 2 

G = 

0 0 0 0 

0 0 0 1 

0 0 0 0 

0 - 1 0 0 

/2a 

X 

y 
-DC 

Inside the mass matrix M, m denotes the mass of the rotor and the moments of inertia 

are expressed as 

Ix = l y Y2^2 + l2) 
mr*-

(2.11) 

(2.12) 

where r is the radius of the rotor and I the length. Ix denotes the moment of inertia 

around the x — axis when the rigid body is rotated around the x — axis and the same 

goes for Iy and Iz around the y- and z — axes respectively. Inertia is analogous to mass, 

thus the inertias are located in the second and fourth rows of the mass matrix because 

the second and fourth rows of z represent angular coordinates. The terms of (2.10) then 

all denote forces (mass times acceleration, stiffness times displacement etc.). 
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Bearing coordinates 

It is possible to continue with the mathematical coordinates that use translation and 

rotation, but it will be more practical to transform these coordinates to bearing and 

sensor coordinates. The transformation is done as follows: 

A transformation matrix TB and displacement matrix ZB is defined 

TB 

b -a 0 0 

- 1 1 0 0 

0 0 b -a 

0 0 - 1 1 

b — a ZB = 
Xb 

Vb 

and transformed using (2.13) where a and b are the distances indicated by Figure 2.7. 

zB = TB
1z (2.13) 

The mass and gyroscopic matrices are then transformed 

M B = T J M T B , G B = T B G T B (2.14) 

and the stiffness KSB matrix and state vector XB is defined as 

K-sa 0 0 0 
0 k,h 0 0 

KSB = 
0 0 K-sa 0 
0 0 0 Kb 

XB = 
ZB 

ZB 

Xa 

Xb 

Va 

Vb 

Xa 

*b 

y'b 
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where ksa and ksb are the displacement constants of bearings A and B described by 

(2.15). In (2.15), so denotes the electromagnet air gap, 9 is known as the stator pole pitch 

[6] and ib{as the bias current of the AMB. The bearing stiffness and damping depends on 

the controller constants Kp and Kp which depend on the force-displacement constant 

ks and force-current constant k{. ks and k{ are given by (2.15) and (2.23) respectively 

with a and b subscripts assigned to bearings A and B. 

Ak i2 Akui2 

ksa = -?-t™Cos{9), ksb = -^cos{9) (2.15) 

with 
so so 

1 2„ t _ 1 2 ka = -ji0njAa, kb = ^UonbAb (2.16) 

Substitution of (2.16) into (2.15) yields. 

,2,-2 A «„n2,-2 

ksa = mi^cosm, Kt = ^ ^ ± c o s % ) (2.17) 
3 — V - H / , -v s e 3 

b0a b0b 

Sensor coordinates and state-space model 

The bearing coordinates can also be transformed to the sensor locations by first ex

pressing the model in state-space form and then transforming the state-space matrices 

by multiplication with a transformation matrix. The transformation matrix Ts is de

fined along with state vector xs. 
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T s = 

1 c 0 0 

1 d 0 0 

0 0 1 c 

0 0 1 d 

TB 

1 c 0 0 

1 <2 0 0 

0 0 1 c 

0 0 1 d 

/ * s Xs = 

Xc 

yc 

yd 

Xc 

Xd 

yc 

y'd 

The equations of motion are rewritten in state-space and bearing coordinate form 

xB = ABxB + BBu (2.18) 

where 

XB = 
ZB 

ZB 
AB = 

0 I 

- M ^ G B 
/ BB = 

0 

. M B X . 

and the matrices AB and BB are transformed using Tg, as follows: 

AS = T S A B V , B S = T S B B (2.19) 

This is called a similarity transformation [6]. The state-space equations can now be 

rewritten as in (2.20) which should be viewed in correlation with Figure 2.8. The ma

trix, C s = [10], selects the displacement states that are needed to be passed to matrix 

F. Thus the input can be denoted by (2.21). 

xs = A sx s + Bsu, y = C sx s (2.20) 
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u = -Fx s (2.21) 

State Feedback 

The feedback matrix describes the force applied by the electromagnet via the controller 

[6] and in order to understand where the matrix entries come from, the electromagnet's 

linearised control current, (2.22), is firstly viewed in a simplified form with x denoting 

the rotor geometric centre displacement, d the bearing damping, k the bearing stiffness, 

k{ the current-force constant and ks the displacement-force constant. The displacement 

constants can be calculated using (2.15). 

y . , 
1 > (s 1 C J D >Vj s 

A * — 

c 
r 

Figure 2.8: State space model with feedback F 

*(x) 
(k + ks)x + xd 

(2.22) 

The current constant ki can be calculated using (2.23) 

ki 4fciWl bias C0S(9) (2.23) 

and by multiplying (2.22) with Jq yields 
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kii(x) = -{k + ks)x + xd (2.24) 

or if (2.24) is rearranged 

-kx + xd = k{ix + ksx (2.25) 

fx = kiix + ksx (2.26) 

the following is obtained 

fx = kiix + ksx = -kx + xd (2.27) 

which is the linearised electromagnet force. The feedback matrix is then, from (2.24): 
F = 

\ka + kSa)d-c (ka + ksajjz^ ~ (*« + ksajj^ ~ \ka + ksa) j ^ . daj~ dajz^ ~da-d—^ — dajz^ 

(h + ksb)^c (h + ksb)^ -(kb + ksb)f^ -{h + k*)i$ db& dbfe -db^ -dbfe 
[ka + ksajj^ {ka + ksa)jz^ {ka + kgajj^ (̂ « + ^s«)|rf daj~ dajz^ daj^ dad-^ 
(** + **)JE* (** + *.*)$=§ (h + ksb)^ (** + *.*)|E§ dhjg dbfe db& db

b0c 

and the state vector is 

T 
xs = \xc, Xfi, yc, yd, xc, x^, yc, yd] 

In order to decouple x and y directions from the controller some of the terms are ne

glected. For most practical implementations this type of control is sufficient. Thus 

F = 
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(fcfl + ksa) £_c 

d-b 
c 

0 

0 

a—c 
sa)j=-c 

b-c 
c 

{K + K 
(h+ksb)^ 

o 
0 

0 

0 

\ka + ksa) 

{h + hb)-d 

d-a 
d-c 
d-b 

c 

0 

0 

\ka +ksa)jz:: 
c 
c 

b-c 
c 

da 
d-a 
d-c 

j d-b dbd=c-

0 

0 

j a-c 
a"Z=c~ 
A b—c 

0 

0 

0 

0 
d ^ 

J d-b 
dbd=rc 

0 

0 

A b—c 
dbd=Tc 

Then the F matrix is multiplied by the state matrix xs to produce the force feedback as 

follows. 

u = -FxB = 

fax 

fbx 

fay 

fby 

2.7.2 Transfer matrix method 

This section explains the implementation of the transfer matrix method. Essentially what 

is done with the method is the transferral of states. The state at one point on the rotor 

or beam is transferred to another adjacent point by multiplying with a transfer matrix. 

These points will be referred to as nodes and are indicated by the leftmost numbers 

on the rotor of Figure 2.9. The addition of masses to the model will be done later via 

a point matrix P, but for now the rotor consists only of shaft elements taking only 

bending stiffness into account and the shaft segments are assumed to be massless [4]. 

1 > 

_2— 

? i" 

> 

n -2 n - 1 n > 

_2— 1 

> 

_2— n - 2 n 1 

> 

_2— n - 2 11 1 
,,,„A„ 

> 

_2— 
.A.. 

Figure 2.9: A rotor divided into n number of shaft elements or nodes [4]. 
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A state vector is now defined consisting of the following four quantities that are more 

clearly depicted by Figure 2.10 which shows a shaft segment of a typical rotor or beam: 

\ji The deflection in the y-direction which is the vertical direction. 

8j The slope as shown in Figure 2.10. 

M{ Moment of inertia. 

Vi The shear force - a force, or a component of a force, that acts 

parallel to a plane. 

zi - {yi 01 Mi Vi} (2.28) 

The states can be calculated using simple beam theory. If no force is acting on nodes 1 

and 2, the deflection, slope, moment and shear force at node 2 will be: 

f ;3 
yi = y\ + h h + ^Mt + ^ - v1 (2.29) 

02 - 01 + ^ - M i + A - M i (2.30) 

M 2 = + M a + ZaVi (2.31) 

^2 = Vi (2.32) 

The first two equations express the deflections due to the moments and forces and the 

last two equations express the equilibrium of these forces and moments on the beam. 

The equations can be can now be written in matrix form [4]. 

z2 = Lizi (2.33) 

where 
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t + ] 

&>*• x 

Figure 2.10: Shaft element depicting state vector quantities [4]. 

Li = 

1 / 

0 1 

0 0 

0 0 

l\ l\ 
2Eh 6Eh 

h l\ 
Eh 
1 

0 

2£7i 
h 
1 

Zj = 

y\ 

Mi 
Z 2 = 

yi 

M2 

v2 

and the subscript numbers refer to the element number of the rotor or beam as shown 

in Figures 2.9 and 2.10. E is the flexural rigidity of the material the rotor is made 

of, measured in Giga Pascal (GPa), and In is known as the "area moment of inertia" or 

"second moment of inertia". This is a property of the rotor segment that is used to predict 

its resistance to deflection and bending where these two (deflection and bending) are 

directly proportional. It can be calculated using (2.34) 

In = 
7iDq 

64 (2.34) 

where D is the diameter of the corresponding shaft segment. 

Equation (2.33) indicates that the state at node 2 is equal to the state at node 1 multi

plied by a 4 x 4 square matrix L that consists only of the element properties and these 

are well known [4]. The L matrix transferred the state from node 1 to node 2 and is 

therefore called a transfer matrix. There exists such a transfer matrix Ln for every n — th 
element of the rotor and they can be multiplied with one another to obtain a total trans-
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fer matrix, for example: 

z 4 = L3Z3 = L3L2L1Z1 (2.35) 

where the total transfer matrix would be: A = L3L2L1. So far the rotor has been de

scribed as a massless beam, but in practise rotors have mass. This means that most 

of the nodes are loaded by a force. To account for the mass of the rotor additional 

mathematics has to be incorporated. This is done using the point matrix P. Usually 

this only describes the point mass at a node. However, this matrix can be expanded to 

describe additional bearing properties as will be shown later. The generic form of the 

point matrix is shown below. 

1 0 0 0 

0 1 0 0 

0 0 1 0 

co2m 0 0 1 

(2.36) 

co is the frequency and m the mass at the particular node. Before expanding the P 
matrix, a bearing matrix Pbearing is defined with a linearised bearing stiffness k and 
damping c. 

A bearing — 

1 0 0 0 

0 1 0 0 

0 0 1 0 

-k-icoc 0 0 1 

(2.37) 

If the point and bearing matrices are now combined, the following is achieved: 
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* bearing* n 

1 0 0 0 

0 1 0 0 

0 0 1 0 
moo1 — k — icoc 0 0 1 

(2.38) 

This is the basic transfer matrix method with gyroscopic effects neglected. In order to 

include gyroscopic effects an additional term is added to the matrix. This is done 

below. 

1 bearing^ n 

1 
0 

0 

0 

1 
0 0 

0 0 

-(s2m + K + sC) 
-{s2J + jsClJp) 1 0 

0 0 1 

(2.39) 

where ]v is the polar moment of inertia which includes the gyroscopic effect, / the 

rotary inertia of the mass and O the angular velocity in r ad I second with s = jco. }p and 

/ are calculated using (2.40). 

JP = 
mDA 

~8~ 
mD2 

(2.40) 

The equation for / when the length of the shaft is accounted for is given by (2.41). 

} = m 3(?)2 + ̂  
12 

(2.41) 

The matrix Li of (2.33) could also be rewritten to account for the shaft segments' 

distributed mass causing the method to become a distributed-lumped parameter ap

proach. Li can then be replaced with [10, 22] 
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{ch+c) 
2 

sh+s 
2|S 

ch—c 
2Elfi 

sh—s 
2Elfi 

'-'distributed — 

|S(sh-s) 
2 

Eip2(ch-c) 
2 

Elp3(sh+s) 
2 

ch+c 
2 

Eip(sh-s) 
2 

Eip2(ch-c) 
2 

sh+s 
2E\f> 
ch+c 

2 
P(sh-s) 

2 

ch—c 
lElf-
sh+s 

ch+c 
2 

(2.42) 

where s and sh are sin(ftt„) and sinh(fttn) respectively, c and ch axe cos(fttn) and cosh(fttn) 

respectively, /„ is the length of the corresponding shaft segment and j6 = f ̂ jf-) . Us

ing this matrix negates the need to insert lumped masses for each second element in 

the model when dealing with more complex systems. 

Point and field matrices 

Up to now the method has been explained for a one dimensional case. In order to 

implement it for both x— and y — directions the L and P matrices need to be expanded 

further into: 

• bearing/mass^ 

1 
0 

0 

moo1 — Kxx — icvCxx 

0 

0 

0 

Kxy - jcvC xy 

0 0 0 0 

1 0 0 0 

JpCl2 + Jcv2 1 0 0 

0 0 1 ~Kyx — JOjCyx 

0 0 0 1 

0 0 0 0 

0 0 0 0 

0 0 0 mco2 — Kyy — icvC 

0 

0 

0 

0 

0 

1 

0 0 

0 0 

0 0 

0 0 

0 0 

0 0 

yy 

jpn,2 + joj2 I o 

0 0 1 
(2.43) 
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Lnxv = 
1 7 ll I3 

0 

ln 

1 

2EIn 

In 
Bin 

6EIn 

TEln 
0 

0 0 1 In 

0 0 0 1 

1 L, ll Z3 

ln 

0 0 

<-n 

1 

2EIn 

in 

EIn 

6EIn 
I2 
'■n 

2EIn 

0 0 1 in 

0 0 0 1 

(2.44) 

Each state at each node can now be calculated by multiplying these matrices over the 

range of nodes of the rotor with a state vector that describes the states for the x— and 

y — directions. 

s = {x6MVy(j)NW} (2.45) 

The Pbearing/mass** matrix is implemented in MATLAB® inside its own function, thus 

if no bearings are present at a particular node the stiffness and damping values are 

passed to the function containing the matrix as zero. The matrix then becomes a normal 

point matrix that includes gyroscopic effects. Equation (2.46) shows the calculation of 

the state at the far right of a rotor with initial conditions chosen for the state at the far 

left. 

L n - l P n - l L n - 2 P n - 2 • • • P3L2P2L1S1 = A s i (2.46) 

As can also be seen from (2.46), the A matrix is the product of all these point and field 
matrices and this is all that is needed to calculate the critical frequencies of the system. 
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Figure 2.11: A rotor consisting of shaft and mass elements, illustrating the quantities 
of the state vector and point matrix [4]. 

Critical speed calculation 

Calculating the critical frequencies consists of inserting all the necessary values of all 

the different variables into the method, except for oo which is kept as a symbolic vari

able. The matrix multiplication is then done as in (2.46) and the matrix A is obtained. 

At this point the matrix equation would be: 

y 
e 

M 
= 

V n 

an #12 #13 #14 

#21 #22 #23 #24 

#31 #32 #33 #34 

#41 #42 #43 #44 

y 
e 

M 
v 

(2.47) 

which is the explicit form for calculating the critical speeds in one direction namely y. 
For a large number of masses, when using a computer, the explicit solving for the criti

cal frequencies (eigenvalues) becomes impossible and a numerical solution procedure 

is needed. This procedure is discussed later in the Chapter. 
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To continue, some boundary conditions are defined firstly. For a simply supported 

beam or rotor, Mi = Mn = 0 and y\ = yn = 0 and for free rotor ends otherwise 

known as free-free vibration, they are Mi = Mn = 0 and V\ — Vn = 0. Substituting 

the free-free boundary conditions the equations become. 

y 
e 

= 
0 

0 
H 

All 012 fli3 au 

021 #22 023 fl24 

031 ^32 «33 034 

041 042 043 044 

y 
e 
o 
o 

and by multiplying from left to right 

M 

V 

031 032 

041 042 

y 

e 

(2.48) 

(2.49) 

and the condition of existence of a solution of homogeneous system of linear algebraic 

equations such as this is the frequency determinant: 

D{w) 031 032 

041 042 
(2.50) 

D(w) = 031042 - 041032 = 0 (2.51) 

All the values in the A matrix are polynomials of the frequency to and the properties of 

the rotor, thus the determinant D{w) in (2.50) yields a polynomial of which the roots are 

the natural frequencies of the system as shown in Figure 2.12. The A matrix does not 

depend on the boundary conditions but the boundary conditions present themselves 

in the structure of the determinant shown by (2.51). 

The polynomial could also be plotted by choosing an initial value for the frequency 

oo which is much lower than the first critical. Then the entire calculation procedure 
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Figure 2.12: Example of the polynomial D(w) of which the roots are the critical speeds 
[4]. 

is repeated by incrementing co with Aco, with each iteration until a approximate zero 

value is obtained indicating a root and also a critical speed. The MATLAB® root-finder 

and symbolic mathematics toolbox was used to find the critical speeds of the system 

via the transfer matrix method. Once these critical speeds have been obtained they can 

be used to calculate the bending modes or mode shaped at these frequencies. 

Equation (2.51) is used for the single direction case. If the critical speeds would have 

to be calculated in the x— and y — directions, the exact same process has to be carried 

out for the set of four equations in the x — direction. 

To summarise, the transfer matrix method could also be referred to as the Holzer-van 

Den Dungen method or the Myklestadt-Prohl method when only dealing with mass-

less shaft elements. This method stems form classical beam theory where the flexural 

properties of the materials determine the critical frequencies. Holzer and van Den 

Dungen extended the method to include masses and Lund extended it to include bear

ing properties in the matrices. The state vector contains all the quantities needed to 

describe the state at a particular node. A transfer matrix relates the state of one node to 

the next and the method is generally implemented using a computer. The synchronous 

critical speeds occur when the rotational speed/frequency equals the frequency of vi

bration, O = co, and are calculated by using boundary conditions and solving for the 

roots of the polynomial given by the frequency determinant. 
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The two main areas of literature that were investigated are the system matrix method 

and transfer matrix method with the transfer matrix method being a frequency do

main solution. Finite element modelling relates to the system matrix method and both 

thus have the capability of being transformed to the state-space domain. The various 

advantages and disadvantages of the two methods were discussed. The TMM will be 

used to analyse both the flexible and rigid rotor system developed in [1]. The rigid 

rotor will also be modelled with the system matrix method described by [6]. 
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Chapter 3 

Rigid Rotor Analysis 

Chapter 3 investigates the advantages and disadvantages of using coupled and decoupled con
trol on AMBs via the rigid rotor state-space model. The chapter continues to investigate the 
stability of the rigid rotor developed in [1] by considering the change in the API stability indica
tor due to varying bearing properties. The critical speeds and frequency response of the system 
is also discussed and the TMM model is verified with DyRoBeS®. 

3.1 Model formulation 

The rigid rotor to be analysed in this section is shown in Figure 3.1. It consists of 

a 70 mm diameter shaft with 31.7 mm diameter end sections where the laminations 

are fitted. These laminations are also 70 mm in diameter. The rotor will be modelled 

with the same rigidity diameters as the physical diameters except at the lamination 

locations. The rigidity diameter is used to describe the rotor stiffness in conjunction 

with the Young's modulus of elasticity. 

Smaller than expected rigidity diameters will be specified at the locations of the lami-
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nations because they do not contribute to shaft/rotor stiffness [23]. This is due to the 

shifting of the laminations past each other when the shaft bends. 

Mild steel and Cogent™ silicon steel (M330-50A) material properties are used for the 

rotor and laminations respectively. Some of the assumptions concerning both the SMM 

and TMM model implementations will now be stated. 

3.1.1 Assumptions 

Assumptions are important to remember in order to explain model observations when 

comparing the practical measurements and drawing conclusions. The bearing assump

tions for the two methods are the same and are listed below: 

1. All bearings are assumed to be linear and are modelled with stiffness and damp

ing constants. This assumption is valid for small rotor displacement perturba

tions [6]. 

2. The TMM also includes cross-coupled stiffness constants which are used to model 

destabilising forces acting on the rotor center whereas the particular System Ma

trix Method model of this chapter does not. 

3. This particular SMM model only includes the cross-coupled bearing forces. 

System matrix model 

As discussed in section 2.7.1, the displacements of the lumped mass are transformed 

to the sides at the distances where the sensors are located. This then emulates a rigid 

rotor. Specific assumptions concerning the SMM model are: 

1. The rigid rotor is assumed to be completely rigid and modelled with one lumped 
mass containing gyroscopy, mass, diametral- and polar inertia as shown in Figure 
2.7. 
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Figure 3.1: Rigid rotor CAD drawing [1] 

2. Internal rotor hysteresis damping and stiffness are assumed negligible and the 

only damping and stiffness present in the system are supplied by the controller. 

The mass properties were selected the same as that of the TMM model. A bias current 

kias = 3A and air gap area of Ag = 6SS.895 x l0~ 6m 2 were used along with an air-gap 

of so = 0.6 mm. The stator pole pitch is 8 = 22 degrees. 

These values were taken from [1] and then substituted into (2.15), (2.16) and (2.23) to 

calculate the force-displacement constant ksn = ks^ = 288.226 x 103 N / m and force-

current constant k{a = kib = 57.645 N / A (Newton per Ampere). 

Transfer matrix model 

One of the effects that are relevant to large disks attached to a rotor are neglected for 

this particular situation. The rotor laminations are assumed to be lumped discs without 

attachment flexibility thus, they are assumed to be rigid. The TMM model of the rigid 

rotor is shown in Figure 3.2 where the laminations are indicated as the dark dots at the 

same locations as the bearings. There are 17 segments/elements and 18 nodes in the 
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model and so the displacements on any one of the nodes can be calculated. 
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Figure 3.2: TMM rigid rotor model 

The lumped mass values were calculated using the Cogent™ silicon steel (M330-50A) 

material density of p = 7650 kg.m -3. A mild steel modulus of elasticity of 200 GPa and 

shear modulus of 80 GPa are used along with bearing stiffness and damping constants 

Kxx = Kyy = 500 x 103 N /m and Cxx = Cyy = 2500 Ns/m. To model the effect that 

the propulsion unit induces, cross coupled stiffness values could be used but the effect 

was assumed to be negligible. 

An unbalance of 0.0924 kg.mm is used in the DyRoBeS® verification model at the end 

of this chapter. This equates to an eccentricity of e = 59.23 x 10_6m that is specified in 

the middle of the TMM rotor model to provide unbalance response. 

The TMM model details are listed in Table 3.1 with "M + B" indicating the placement 

of both a lumped mass and bearing at nodes 4 and 14. 
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Table 3.1: TMM rigid rotor model details 

No. Type Do D( P Dr(g Ln M / h 
(mm) (mm) kg-m 3 (mm) (mm) (g) kg-m2(10-6) kg-m2 

1 shaft 31.7 0 7870 31.7 18.5 114.90 10.49 14.43 
2 shaft 31.7 0 7870 31.7 18.5 114.90 10.49 14.43 
3 shaft 31.7 0 7870 31.7 29 180.13 23.93 22.62 
4 M+B 70 31.7 NA NA 0 1350 413.4 826.9 
.5 shaft 31.7 0 7870 31.7 29 180.13 23.93 22.62 
6 shaft 70 0 7870 70 51.6 1565 827.3 958.5 
7 shaft 70 0 7870 70 51.6 1565 827.3 958.5 
8 shaft 70 0 7870 70 51.6 1565 827.3 958.5 
9 mass 70 0 NA NA 0 10 3.063 6.125 
10 shaft 70 0 7870 70 51.6 1565 827.3 958.5 
11 shaft 70 0 7870 70 51.6 1565 827.3 958.5 
12 shaft 70 0 7870 70 51.6 1565 827.3 958.5 
13 shaft 31.7 0 7870 31.7 29 180.13 23.93 22.62 
14 M+B 70 31.7 NA NA 0 1350 413.4 826.9 
15 shaft 31.7 0 7870 31.7 29 180.13 23.93 22.62 
16 shaft 31.7 0 7870 31.7 18.5 114.90 10.49 14.43 
17 shaft 31.7 0 7870 31.7 18.5 114.90 10.49 14.43 

Total 500 13279 
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3.2 State space control 

The state feedback as described in section 2.7.1 represents a PD controller and it can be 

configured within the F matrix of the model to implement cross coupled x-y control or 

to implement a decoupled control configuration. The following section will investigate 

the difference in the time transient response for the two configurations where the state-

space model was implemented in MATLAB® Simulink with a rotational speed of O = 

10,000 rpm and for a time transient of 0.1 seconds. 

The force-displacement constant is used in the feedback matrix and the force-current 

constant (ki) is used to obtain the controller current from the force supplied by the F 

matrix. A bearing stiffness of Kxx — Kyy = 500 x 103 N /m was used throughout this 

simulation investigation. 

The XY-plots that are shown in Figures 3.3,3.8 and 3.10 can be seen as viewing the side 

of the rotor and seeing both centers at the bearing or sensor locations simultaneously 

with the blocks indicating the starting position of the rotor for the simulation. 

3.2.1 Coupled control 

Coupled or central control takes into consideration the effect that a change in the x-

direction has on the y-direction and vice-versa. Initial rotor displacement values of 

x = y — 0 and oc — £> = 0.07 degrees were chosen to illustrate the ability of the 

controller to center the rotor at a spin speed of O = 10,000 rpm. 

Figures 3.3 through 3.6 depict the difference between using the coupled controller con

figurations with lower and higher damping values. The different parameter values are 

all shown in the captions of the figures. 

It is clear from Figures 3.3 and 3.4 that coupled control with low damping can be dan

gerous as the system becomes very unstable. It is stated in [6] that coupling the control 

of the radial directions yields the possibility of instability because of the gyroscopic ef-
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Figure 3.3: XY-plot of coupled control with damping Cxx = Cyy = 200 Ns/m 

fects affecting the critical frequencies of the system with a increase in rotational speed. 

Coupled controllers are thus well behaved for the speeds they are designed for but can 

cause the system to become unstable at other rotational speeds. 

Figures 3.5 to 3.7 shows the same coupled control when using higher damping values 

which in turn stabilises the system. The oscillations in the Figures are all caused by the 

rotor unbalance. Thus, the controller output and actuator coil current also oscillates 

due to the rotor exerting a sinusoidal force on the AMBs. Other external forces could 

also be added to the model if needed. 
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Figure 3.4: Time transient of coupled control with damping Cxx = Cyy = 200 Ns/m 
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Figure 3.5: XY-plot of coupled control with damping Cxx = Cyy = 2500 Ns/m 
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Figure 3.6: Time transient of coupled control with damping Cxx = Cyy = 2500 Ns/m 
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Figure 3.7: Time transient of coupled AMB control current with damping Cxx = Cyy = 
2500 Ns/m 
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3.2.2 D e c e n t r a l i s a t i o n 

Decentralisation implies the decoupling of control for the radial directions of motion. 

This has the advantage of reducing the computational effort for the digital PD con

troller by 75% [6]. This type of control can be used for high rotational speeds although 

it isn't optimal. This is however acceptable in practice and the gain of computational 

efficiency makes it viable. 

Similar controller responses are now shown for this type of control in Figures 3.8 to 

3.12. The same initial rotor displacement conditions were chosen as in the previous 

section to illustrate the coupled controller's centering capabilities. 

. x io 
XY-plot sensor C and D 

Y(m) 
x lO 

Figure 3.8: XY-plot of decoupled control with damping Cxx — Cyy = 200 N s / m 
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Figure 3.9: Time transient of decoupled control with damping Cxx = Cyy — 200 N s / m 

The decoupled control does produce unstable response when using low damping for 

this particular rotational speed. The maximum and minimum settled displacement en

countered using the coupled control is 141 x 10_ 6m and —128 x 10~6m respectively. 

The maximum and minimum settled displacement encountered using the decoupled 

control is 149 x 10~6m and —225 x 10 - 6 m respectively indicating a peak-to-peak dis

placement of 8 x 10 - 6 m and 97 x 10_6m for the different control configurations. 

The AMB system developed in [1] implements decoupled control and it is calculated, 

using (4.1) and (4.2), that a proportional controller constant of Kp = 13,674 and deriva

tive constant of Ku = 43.369 will be needed to realise the damping and stiffness values 

Kxx = Kyy = 500 x 103 N / m and Cxx = Cyy = 2500 Ns /m. 

It is evident from this simple model implementation that the rotor displacement re

sponse, caused by rotor unbalance, will be acceptable with sufficient damping if (4.1) 

and (4.2) are the correct representations of the equivalent stiffness and damping prop

erties of the AMBs. This is discussed in Chaper 5. 

Figures 3.10 to 3.12 shows the same decoupled control when using higher damping 

values which provides better control of the system. 
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Figure 3.10: XY-plot of decoupled control with damping Cxx = Cyy = 2500 Ns/m 
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Figure 3.11: Time transient of decoupled control with damping Cxx — Cyy 
Ns/m 
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AMB Current 

Figure 3.12: Time transient of decoupled AMB control current with damping Cxx — 
Cyy = 2500 Ns/m 
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3.3 Analysis 

The model used to describe the rigid rotor of Figure 3.1 is thus far incapable of analysing 

more than the first critical frequency which calls for use of the TMM. The effect that 

bearing stiffness and damping has on the critical frequencies will be investigated as 

well as the sub-synchronous and super synchronous excitations. The former will be 

possible by viewing the different critical speed maps whereas the latter will be possi

ble via the Campbell diagram. 

3.3.1 Bearing stiffness 

AMBs have much lower stiffness than conventional roller element and other contact 

bearings. This has the effect of the first two rigid rotor modes to be very sensitive to 

a variation in support stiffness. This can be seen when viewing the critical speed map 

shown in Figure 3.13. The first two modes are located at 1909 rpm and 1136 rpm for 

a support stiffness of Kxx = Kyy = 500 x 103 N / m and the third mode is located at 

89,687 rpm. 

Another question one might ask is: how does the support stiffness affect the stability 

of the critical frequencies? The stability is usually indicated by either the log decre

ment (5), damping ratio (£) or amplification factor (Q) which are all mathematically 

related by (2.7). Both the damping ratio and log decrement are an indication of how 

well a particular frequency is damped and the amplification factor is an indication of 

how a critical frequency is amplified. Thus, large amplification factors and low log 

decrements imply instability! In order to see the effect that the supports have on the 

different bending modes and their stability the associated amplification factors are 

plotted against the support stiffness in Figure 3.14. 

The API acceptance criteria for the amplification factor associated with a particular crit

ical frequency is Q < 2.5 [3,15] as indicated by the horizontal line in Figure 3.14. This 

is also the API acceptance criteria for stability. Thus, according to Figure 3.14, a lower 
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Critical Speed Map 

V:6.S?1w04; 

^VrMil i ' J ^ * b ' 

'■ Suppon stiffness (N/m) » 

Figure 3.13: Rigid rotor damped critical speed map with Cxx = Cyy = 2500 N s / m and 
0<Kxx = Kyy<lx 108 N / m 

stiffness does in this case seem to be a good design choice and would be in most cases 

since lower system stiffness provides higher overall system damping which improves 

stability. This is not necessarily true for high rotational speeds because mode 3 exhibits 

an amplification factor of Q > 2.5 irrespective of the change in bearing stiffness. 

The critical speeds and their amplification factors are also affected by the amount of 

damping supplied by the controller. The AMB damping was assumed to be Cxx = 

Cyy — 2500 N s / m for this particular bearing stiffness analysis section. The variation of 

AMB damping and its effect on the critical frequencies will now be examined. 
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Stability map 

Figure 3.14: Rigid rotor stability speed map with Cxx = Cyy = 2500 N s / m and 0 < 
Kxx = Kyy<lx 108 N / m 

3.3.2 Bearing damping 

Bearing damping obviously increases the stability of the critical frequencies but it also 

begins to damp out certain frequencies causing the system to experience it's first bend

ing mode at unexpected speeds. Too much damping can also cause the system to 

experience a critical speed at 0 rpm. This can be seen in the critical speed map shown 

in Figure 3.15. 

It is interesting to note that the first and second modes change places at approximately 

Cxx = Cyy > 2131 N s / m and the mode that was initially known as the first mode 

becomes the first mode once again at Cxx = Cyy > 2613 N s / m because modes mix and 

mly are damped out. The modes in the x and y directions are denoted with x and y 

in Figure 3.15 and could also be seen as forward and backward whirling modes due to 

the gyroscopic coupling of the radial directions. 
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Damped Critical speed map (Whirl ratio = 1) 

Support damping (Ns/m) 

Figure 3.15: Rigid rotor damped critical speed map with Kxx = Kyy = 500 x 103 N / m 
and 0 < Cxx = Cyy < 4000 N s / m 

In the AMB damping range 2131 N s / m < Cxx = Cyy < 2613 Ns /m, the first mode is 

very sensitive to a change in the bearing damping. The third critical speed is situated 

at 89,831 rpm and is not affected very much by a change in the support stiffness or 

damping because most of the energy at such a high speed is contained within the 

rotors' motion. The third critical is also above the specified design speed of the system 

[1] and will become the first critical speed for Cxx = Cxjy > 3640 Ns /m. 

Shown in Figure 3.16 is the amplification factor for the different criticals plotted against 

the AMB damping. For an AMB damping of Cxx = Cyy < 2131 N s / m the second 

bending modes, mix w mly, are actually more stable than the first mode, ml, because 

they have lower amplification values according to the model. Intuitively one would 

assume the first mode to be more stable because it occurs at lower speeds, but it is 

clear from the simulation that it depends on the bearing damping. 

From Figure 3.16 it is observed that the minimum AMB damping that is required for 
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Stability map 

500 1000 1500 2000 2500 3000 3500 

Support damping (Ns/m) 

Figure 3.16: Rigid rotor stability map with Kxx = Kyy = 500 x 103 N / m and 0 < Cxx = 
Cyy < 4000 N s / m 

stable operation past the first two critical speeds of the system is Cxx — Cyy > 710 

Ns /m. This will cause the first two criticals to have an amplification factor of Q < 2.5 

which satisfies the API acceptance criteria for a critical speed being critically damped 

[3]. This equates to a damping ratio of Z, > 0.2 and log decrement 5 > 1.25 according 

to (2.7). 
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3.3.3 Frequency response 

In order to determine the maximum displacement that will be encountered during 

operation due to unbalance, the frequency response of the rotor can be plotted. This 

can be seen as a bode plot of the sensor data that indicates the amplitude and phase of 

the synchronous motion shown in Figure 3.17. The phase information is very useful in 

determining the whirl direction of the rotor at any selected node on the rotor model. 

The whirl indicator is also plotted with the amplitude and phase to better illustrate 

the phase differences' effect on the whirl direction. The phase of the x-direction pha-

sor leads the y-direction for the entire response range and so no backward whirl is 

experienced. 
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Figure 3.17: Rigid rotor frequency response with Kxx — Kyy = 500 x 103 N /m and 
Cxx = Cyy = 200 Ns/m 
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In practise the controller will try to compensate for the gravitational force thus increas

ing the stiffness and damping of the bearings in the y-direction if decoupled control is 

used. This would cause the x and y critical frequencies to occur at different locations 

which is shown in Figure 3.18. 

Backward whirl occurs between the x and y critical frequencies for the operating speed 

range 2620 < O = cv < 3700 rpm because the difference between the phases start to 

approach 0° and the phases themselves overlap. The backward whirl ends when the 

x- and y-direction phases cross again at O > 3700 rpm . 
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Figure 3.18: Rigid rotor frequency response with Kxx = 500 x 103 N/m, Kyy = 1000 x 
103 N /m and Cxx = 200 Ns/m, Cyy = 400 Ns/m 

Figures 3.17 and 3.18 depict under-damped response in order to illustrate the critical 

frequencies clearly. The effect on the frequency response with increased damping is 

shown in Figure 3.19. The first critical frequency was calculated to be at O = 1909 
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rpm with a corresponding amplification factor of Q — 0.531 making the system over-

damped and difficult to observe the critical frequency on the bode plot. Also shown 

is the response with an amplification factor of Q = 2.5 to illustrate the form of an API 

accepted critical speed. 

Maximum amplitudes of, 0.014 m and 0.037 m, are seen at O — 7576 rpm and O = 2720 

rpm for Q = 0.5 and Q = 2.5 respectively The large displacements are due to the large 

eccentricity e = 59.23 mm (0.0924 kg.mm), which was chosen to verify the model with 

DyRoBeS® at the end of the chapter. The x and y displacements are very similar due to 

the large unbalance chosen for the model and could practically not exceed 300 x 10_6m 

as this is the maximum specification indicated in [1]. 
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Figure 3.19: Rigid rotor frequency response with Kxx = Kyy = 500 x 103 N /m and 
Cxx = Cyy = 2500 Ns/m. API standard implies Cxx = Cyy = 710 Ns/m 

The x- and y-direction phases will always have a difference of 90° initially and then 

begin to change depending on the support properties and the mechanical design. For 
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this particular case the phase difference remains constant at 90°. 

According to the model, this particular system would be safe to operate to 30,000 

rpm if the rotor is balanced properly The first 3 rigid modes are situated very low 

in the frequency range and are within API standards concerning stability acceptance 

for Cxx = Cyy > 710 Ns/m. It is noteworthy to remember that the amplification factor, 

damping ratio and log decrement does not depend on the unbalance of the rotor. These 

stability indicators are merely a measure of how fast a critical frequency can amplify 

the displacement response. 

Slight anisotropy of the bearings was found to also not affect the system response too 

much where the next critical frequency that would be encountered after say 5000 rpm 

is situated at approximately 89,000 rpm. For operation past this speed the system sta

bility depends predominantly on proper rotor balancing and to obtain an amplification 

factor of Q < 2.5 a damping of Cxx = Cyy « 15,000 Ns/m would be needed. 

3.3.4 Gyroscopy 

Gyroscopy plays an important role in identifying sub- and super-synchronous excita

tions especially when disks with large diameters are present on the rotor. Figure 3.20 

shows the effect that the gyroscopy of the rigid rotor has on the critical frequencies. The 

x-axis represents the spin speed, O, whereas the y-axis represents the damped critical 

frequencies, co. The critical frequencies are split into forward and backward whirling 

modes, via gyroscopic radial coupling, and the lines that cross the modes are known 

as the operating lines that indicate the whirl ratio. 

co = O represents synchronous operation caused by rotor unbalance and is the most 

common excitation found in rotating systems, co = 2 0 and co = \d, represents super-

and sub synchronous operation/excitation respectively and are caused by external 

forces acting upon the system. Table 3.2 shows the critical frequencies where the oper

ating lines intersect. The sub- and super synchronous frequencies could be excited in 

practise whereas synchronous critical frequencies (a; = O) will always be present due 
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3 4 5 
Spin speed (rpm) 

Figure 3.20: Rigid rotor Campbell diagram with Kxx = Kyy = 500 x 103 N/m and 
Cxx = Cyy = 200 Ns/m 

to unbalance. 

Table 3.2: Possible rigid rotor excited critical frequencies due to gyroscopic effects with 
Cxx = Cyy = 200 Ns/m 

No. ^ = 2 (super) n = 1 (sync) % = * (^b) 
mlf 2,615 rpm 2,615 rpm 2,615 rpm 
m2b 3,653 rpm 3,616 rpm 3,544 rpm 
m2f 3,763 rpm 3,798 rpm 3,867 rpm 
m3 86,381 rpm 89,837 rpm 73,681 rpm 
m4b 132,286 rpm 125,516 rpm 96,954 rpm 

Because the conical modes {mlf/mix and mlh/mly) in Figure 3.20 are tilted (Figure 

3.22), they are more sensitive to the gyroscopic effect. Mode mlf represents the cylin

drical mode and is not affected by gyroscopy. 

According to the excitation lines shown in Figure 3.20 it is clear that the lower critical 

frequencies of this particular rotor are not affected greatly by gyroscopy and the critical 

Comprehensive AMB modelling taking rotor dynamics into account 93/142 



Chapter 3 Analysis 

frequencies depend predominantly on the AMB stiffness and damping properties. The 

same critical frequencies are now listed for a bearing damping specification of Cxx = 

Cyy = 2500 Ns/m. The Campbell diagram for this damping specification is shown in 

Figure 3.21. 

Spin speed (rpm) x l ( | ' 

Figure 3.21: Rigid rotor Campbell diagram with Kxx = Kyy — 500 x 103 N /m and 
Cxx = Cyy = 2500 Ns/m 

Table 3.3: Possible excited critical frequencies due to gyroscopic effects with Cx% = 
Cyy = 2500 Ns/m 

No. 8 = 2 (super) Ti = 1 (sy^) 8 = * (^b) 
mlf 744.3 rpm 752.9 rpm 775.7 rpm 
m2b 905.3 rpm 898.4 rpm 888.8 rpm 
m3f 1,909 rpm 1,909 rpm 1,909 rpm 
m4 86,240 rpm 89,687 rpm 73,929 rpm 
m5b 132,219 rpm 125,449 rpm 96,792 rpm 

Mode mlb will be backward for the operation lines shown, but will be a forward 

whirling mode for very low sub-synchronous excitations say, n ~ TO- ̂ hi s is because 

of the mlb/mly mode line gradient being negative where the common operating lines 
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of Table 3.3 intersect and positive where the n = TO w o u l d intersect. If the mode gra

dient is negative the mode will be backward whereas forward modes indicate positive 

mode gradients. 

Also, according to Figure 3.15, the conical rigid modes mlf/mlx and mlb/mly of 

Figure 3.21 are actually the modes, nilf /mix and mlb/mly, shown in Figure 3.20, that 

were lowered due to the increase in AMB damping. Also, the cylindrical rigid mode 

m3f of Figure 3.21 is the same mode indicated by m l / in Figure 3.20 also lowered by 

damping. Therefore, increasing the support damping lowers the lower critical speeds 

and make them less sensitive to gyroscopic effects. The system's sensitivity to sub- and 

super-synchronous excitation is also improved so much so that it becomes negligible. 

The backward modes are damped out whilst the critical speeds are lowered and the 

third critical speed is not affected by the rotational speed. Cylindrical modes (ml/ in 

Figure 3.20 or m3/ in Figure 3.21) are not affected by gyroscopy [3]. 

The amplification factors for the frequencies associated with Table 3.3 were all calcu

lated and found to be below 0.54 (Q < 0.54) and are stable (over-damped) when using 

this particular AMB damping. 
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3.4 Verification 

The rigid rotor was also modelled using DyRoBeS® in order to verify the TMM. The 

TMM undamped bending modes are shown in Figure 3.22 and can by compared with 

the DyRoBeS® modes in Figure 3.24. The first mode is cylindrical followed by the 

conical mode and the third mode is known as "the first bender". 

Furthermore the "bode plot"/"damped frequency response" obtained using DyRoBeS® 

is shown in Figure 3.23 and can be compared with the TMM result of Figure 3.17. The 

peak amplitude obtained using DyRoBeS® is 0.12844m and 0.12770m using the TMM 

and Table 3.4 shows a comparison between the calculated critical speeds using the two 

methods. 
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Figure 3.22: Rigid rotor TMM bending modes 
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Bode Plot 
Station: 8, Sub-Station: 1 

Probe 1 (x) 0 deg: Amp = 0.12844 phase = 86 at 2620 rpm 
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Figure 3.23: Rigid rotor DyRoBeS® bode plot 

Table 3.4: Rigid rotor critical speeds (TMM vs. DyRoBeS®) 

Mode no. DyRoBeS® (rpm) TMM (rpm) % Error 
1 
2 
3 

2618 
3805 

84,743 

2618 
3796 

85,347 

0.0 
0.2 
0.7 

Mean error 0.30 
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Critical Speed Mode Shape, Mode No.= 1 
SpinMfhirl Ratio = 1, Stiffness: (Kxx+Kyyy2 
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Figure 3.24: Rigid rotor DyRoBeS® bending modes 
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3.5 Conclusion 

The rigid rotor of Chapter 3 has an easily obtainable stability according to the model 

results. If the rotor unbalance is minimised, the first three (one cylindrical, one con

ical forward and one conical backward mode) rigid critical modes/frequencies could 

be passed if the bearing damping and stiffness properties are controlled to behave lin

early and isotropically It was also observed during the analysis process that the rigid 

rotor is not overly sensitive to bearing anisotropy although isotropic supports would 

be optimal. 

The rigid rotor state-space model results are within range concerning the expected 

AMB coil current specified in [1] although it is a very basic model. The TMM verifi

cation section indicates that the model is accurate compared with DyRoBeS® where a 

mean error of 0.3% exists for the calculated critical frequencies. 

The model does indicate that AMB damping variation will not shift the first critical 

frequency around considerably, but it does affect the associated mode/frequency's sta

bility and amplitude. 
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Chapter 4 

Flexible Rotor Analysis 

This chapter discusses the modelling and analysis of a flexible rotor and the considerations that 

need to be kept in mind when constructing such a model. Typical results that would be needed 

or viewed when analysing a rotor dynamic levitation system are discussed along with the con

clusions that can be made from them. The modelling method is also verified with DyRoBeS®. 

4.1 Model formulation 

Modelling of complex dynamic systems requires a suitable method/approach to the 

problem, adequate understanding of the involved phenomenon along with an under

standing of the method/approach. Thus, when dealing with a modelling problem 

such as rotor dynamics one requires a proper understanding of the construction of the 

physical set-up in order to provide a correct mathematical model. 

The rotor analysed in this chapter, is shown in Figure 4.1, and would at first glance 

seem to have greater shaft stiffness at the areas of greater radius which can be deceiv

ing. The laminations on the left and right are fitted onto the shaft with Trantorque 
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fitters. This implies that the fitters and the laminations do not contribute to the shaft 

stiffness too much and needs to be considered when specifying rigidity and stiffness 

parameters. 

^Laminated section 

Y : n ,-Trantorque unit 

W j ^ L ..r-^. ~ Air turbine profile 

Centre mass 

Figure 4.1: Flexible rotor cadkey drawing [1] 

The rotor will have approximately the same stiffness /rigidity diameter, as the stain

less steel shaft running through the middle/ at the locations of the laminations but will 

have different inertial/mass properties. Thus, a proper mechanical intuition is needed 

to estimate where stiffness, damping, mass, gyroscopy, bending and shearing should 

predominantly manifest in the experimental set-up. The rotor is modelled using the 

Transfer Matrix Method (TMM). A series of shaft segments (distributed elements) are 

chained together with lumped masses inserted to simulate the rotor's mass distribu

tion correctly. The model that is used for verification is shown in Figure 4.2, which is 

the DyRoBeS® equivalent. 

The DyRoBeS® model results were taken from [1] however, the model dimension data 

was not available. Therefore, a TMM semi-equivalent was estimated using the physical 

dimensions of the rotor to represent this model as best possible. The estimated model 

is shown in Figure 4.3 

Each element in Figure 4.3 is numbered and the details of each element are listed in 

Table 4.1. The dark grey dots represent the lumped masses and the other elements 
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O O 

Figure 4.2: AMB Flexible rotor DyRoBeS® model [1] 

1" . f $4 « 0 gi m 

Figure 4.3: AMB Flexible TMM rotor model 

are the shaft segments with distributed mass. The dashed lines are not present in the 

model explicitly and merely represent the mass that the laminations and mid section 

mild steel disc contribute to the model at those locations. The mass of the laminations 

and disk are accounted for by the mentioned lumped/point masses (grey dots). 

Not indicated in Table 4.1 are the Shear modulus G = 86 GPa , Young's modulus £ = 

200 GPa which is used for all the distributed elements. The eccentricity at the midspan 

point masses are e = 21 x 10_ 6m which equates to 35 g.mm taken from [1]. D0 and 

Dj are the outside- and inside diameters respectively, p is the material density, Dng 

represents the rigidity diameters as discussed by [10] and Ln represents the length of 

each element. M, } and Jp are the mass, diametral inertia and polar moment of inertia 

respectively. 

The AMBs are modelled using stiffness and damping constants and the bearings are 
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assumed to be isotropic. The constants are Kxx = Kyy = 500 x 103 N /m and Cxx = 

Cyy = 2500 Ns/m also taken from [1]. 

It is feasible to model the bearings with linearised forces which holds for small dis

placements, providing a linearised relationship between the displacement and con

troller current. The AMB current can then be calculated using (2.15), (2.16), (2.17) and 

(2.22) as discussed in section 2.7.1. 

The proportional constant (Kp) and derivative constant (Kp), for the controller, can 

also be obtained using (4.1) and (4.2), where kecj and beci was chosen as 500 x 103 N /m 

and 2500 Ns/m respectively from [1] as design choices. This choice depends on the 

critical speed map of the model which is discussed later as well as the maximum AMB 

carrying force specifications. 

KP = ^ 4 (4.1) 

KD = g (4,) 
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Table 4.1: TMM flexible rotor model details 

No. Type D0 Di P Drig Ln M / h 
(mm) (mm) kg-m -3 (mm) (mm) (g) kg-m2(10-6) kg-m2 

1 shaft 16 0 7700 16 14.6 22.60 0.763 0.723 
2 shaft 16 0 7700 16 14.6 22.60 0.763 0.723 
3 shaft 20.32 0 7700 16 10.25 25.59 0.884 1.321 
4 shaft 16 0 7860 16 8 12.64 0.269 404.5 
5 mass 66 16 NA NA 0 900 245.0 490.0 
6 shaft 16 0 7860 12.32 25 39.51 2.700 1.264 
7 bearing 0 0 NA NA 0 NA 0 0 
8 shaft 16 0 7860 12.32 25 39.51 2.700 1.264 
9 mass 66 16 NA NA 0. 900 245.0 490.0 
10 shaft 16 0 7860 16 8 12.64 0.269 404.5 
11 shaft 20.32 0 7700 16 10.25 25.59 0.884 1.321 
12 shaft 16 0 7700 16 16.81 26.02 1.030 0.832 
13 shaft 16 0 7700 16 16.81 26.02 1.030 0.832 
14 shaft 16 0 7700 16 16.81 26.02 1.030 0.832 
15 shaft 16 0 7700 16 16.81 26.02 1.030 0.832 
16 shaft 16 0 7700 16 16.81 26.02 1.030 0.832 
17 shaft 20.32 0 7860 16 10.25 26.13 0.902 1.348 
18 mass 90 16 NA NA 0 1651 835.0 1671 
19 shaft 16 0 7860 16 40 63.21 9.440 2.022 
20 shaft 16 0 7860 16 40 63.21 9.440 2.022 
21 mass 90 16 NA NA 0 1651 835.0 1671 
22 shaft 20.32 0 7860 16 10.25 26.13 0.902 1.348 
23 shaft 16 0 7700 16 16.81 26.02 1.030 0.832 
24 shaft 16 0 7700 16 16.81 26.02 1.030 0.832 
25 shaft 16 0 7700 16 16.81 26.02 1.030 0.832 
26 shaft 16 0 7700 16 16.81 26.02 1.030 0.832 
27 shaft 16 0 7700 16 16.81 26.02 1.030 0.832 
28 shaft 20.32 0 7700 16 10.25 25.59 0.884 1.321 
29 shaft 16 0 7860 16 8 12.64 0.269 0.404 
30 mass 66 16 NA NA 0 900 245.0 490.0 
31 shaft 16 0 7860 12.32 25 39.51 2.700 1.264 
32 bearing 0 0 NA NA 0 NA 0 0 
33 shaft 16 0 7860 12.32 25 39.51 2.700 1.264 
34 mass 66 16 NA NA 0 900 245.0 490.0 
35 shaft 16 0 7860 16 8 12.64 0.269 0.404 
36 shaft 20.32 0 7700 16 10.25 25.59 0.884 1.321 
37 shaft 16 0 7700 16 14.6 22.60 0.763 0.723 
38 shaft 16 0 7700 16 14.6 22.60 0.763 0.723 

Total 500 7742.3 
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4.1.1 Assumptions 

Assumptions provide a means of approximation and simplification of the mathematics 

involved with the problem. If all non-linear phenomena are included in a mathematical 

expression, it will be impossible to solve. The following assumptions [24] hold for the 

TMM. 

1. Physical properties are continuous functions of spatial space. This continuum 

assumption implies that a system can be treated as a uniform piece of matter. 

2. The earth provides an inertial reference frame, thus allowing application of New

ton's laws in a reference frame fixed with the earth. 

3. Relativistic effects are ignored. 

4. Gravity is the only external force field and the acceleration due to gravity is 9.81 

ms - 2 on the surface of the earth. 

5. The system that is considered is not subjected to any nuclear reactions, chemical 

reactions, external heat transfer or any other source of thermal energy. 

6. All materials are linear, isotropic and homogeneous. Thus, materials return to 
their original form when deformed. 

7. The usual assumptions of mechanics of material apply (i.e. plane sections remain 

plane for beams in bending/sections under torsional load do not warp) 

The TMM is capable of implementing non-linear bearing forces on the ends of a rotor 

model [20], but linearised bearing forces are usually assumed. This implies that linear 

force-stiffness and force-damper relations, F^ = Kx and Fc = Cx, exist. 
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There are a multitude of parameters that, when changed, changes the response of such 

a rotor dynamic system. They can be divided into static and dynamic variables. The 

static variables describe the physical form of the system, such as the material properties 

and dimensions. The dynamic variables are those that change and depend on other 

variables in practice and usually need to be examined via graphs to obtain insight as 

to how they change given a change in another variable. These include the spin speed 

(O), bearing stiffness and damping. These parameters all affect the critical speeds and 

are studied using a critical speed map and a Campbell diagram which will be discussed 

and used in this section. 

4.2.1 Bearing stiffness 

AMB bearing stiffness presents a non-linear force but can be modelled, for small dis

placement perturbations, as a linear force using stiffness and damping constants. These 

constants can be varied and plotted in order to enable the design engineer to determine 

which bearing stiffness and damping values to aim for. This type of analysis can be 

done using a critical speed map and the TMM provides this capability. 

The TMM model for the rotor shown in Figure 4.3 was implemented via MATLAB® 

and the undamped critical frequencies were verified with DyRoBeS®. The first four 

calculated frequencies are shown in Table 4.2. 

Table 4.2: Flexible rotor critical speeds (TMM vs. DyRoBeS®) 

Mode no. DyRoBeS® (rpm) TMM (rpm) % Error 
1 
2 
3 
4 

2,947 
4,637 
7,276 

26,533 

2,951 
4,682 
7,207 

27,583 

-0.1 
-0.9 
0.9 
-3.9 

Mean error 1.45 
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Figure 4.4: Calculated bending modes using the TMM 

The x and y modes differ slightly due to the incorporation of gravitational pull in the 

y — direction. The damped critical frequencies for synchronous operation can easily be 

obtained with the TMM by setting the whirl ratio to one ^ = 1, and to investigate sub-

and super-harmonic excitations, other whirl ratios can be used. It is however useful to 

draw up a critical speed map for analysis purposes. 

Also important to remember is that often the speed map contains the undamped crit

ical frequencies only and isotropic bearings are assumed. When damping is present 

some of the frequencies will be damped out of the system as shown by Figures 4.6 and 

4.7. 
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Critical Speed Map 
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Figure 4.5: Undamped critical speed map 

The speedmap indicates that the first two modes are not as sensitive to higher bearing 

stiffnesses as the other two higher modes. At a lower stiffness (0 < Kxx = Kyy < 
1.5 x 107 N/m), the first two modes are rigid and sensitive to stiffness. The third mode 

becomes the free-free mode because the free-free boundary conditions are used in the 

solution of the frequency coefficients. Thus, the values on the far left of the critical 

speed map should correspond to the frequencies that would be obtained with FFT-

analyser practically when hanging the rotor on ropes and hitting it with a hammer. 

This will provide the rotor's own natural frequency, it's free-free natural vibration, 
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Figure 4.6: Damped critical speed map for Cxx = Cyy = 2500 N/m 

with free-free indicating that the ends are not supported but free. 

In the lower stiffness region, implying rigid modes and one flexible mode, the bearings 

possess most of the potential energy at the rigid modes and the shaft possesses most 

of the potential energy at the flexible mode because it bends [9]. 

For the region of stiffness, Kxx = Kyy > 2 x 107 N/m, the second mode starts to 

settle and the rigid modes begin to disappear. The bearing stiffness variation from 

this point onward has little effect on these two critical frequencies according to the 

TMM speed map shown in Figure 4.5. It does seem that the third and fourth modes 

will also settle at higher stiffness values. All the modes are flexible for approximately 

Kxx = Kyy > 2 x 107 N/m. 
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4.2.2 Bearing damping 

To study the effect of damping on the system critical speeds the same approach can be 

followed as with the stiffness in the previous section. Once again isotropic bearings are 

assumed (Cxx = Cyy) and the damped critical speeds are plotted against the bearing 

damping for a bearing stiffness value of Kxx = Kyy = 500 x 103 N / m . This is shown 

in Figure 4.7. The frequencies on the far left of Figure 4.7 refer to the values shown in 

Table 4.2. It is important to note that these are undamped critical frequencies and the 

rotor will exhibit backward whirls between two critical frequencies. 

What can be seen is that, as the damping increases, the the first two modes start to 

merge into one and then the third mode also merges with the previous two. This 

illustrates the effect of eliminating backward whirl with sufficient damping as stated 

by [5]. Also notable is the almost negligible effect of bearing damping on the higher 

mode at 27,853 rpm. 

4.2.3 Stability 

The effect that bearing damping has on the stability of the first four bending modes is 

illustrated in Figure 4.8. The first mode is the line on the far most left, the second mode 

the line beneath the first and so forth. The highest mode is denoted by ra4 which is 

closer to zero i.e. less stable or rather lightly damped in terms of the log decrement. It 

can once again be noted that the first two modes, ml and ml, are completely damped 

out at a bearing damping Cxx = Cyy > 2500 N s / m where there are only two modes 

present. This is also shown in Figure 4.7. When viewing the stability map it is safe 

to say that, accordingly, the third mode will experience maximum damping at Cxx = 

Cyy = 1793 Ns /m. 

The log decrement is often also plotted against the cross coupled bearing stiffness or 

damping to study its effect on stability and can be used to study and determine op

timum bearing properties. Cross coupled force constants can be used to model the 
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Figure 4.7: Damped critical speed map for bearing damping variation and Kxx = Kyy 
500 x 103 N/m 

destabilising forces caused by fluid forces acting on the rotor impellers in industrial 

applications. This particular rotor might experience such a destabilising force caused 

by the propulsion unit. 

According to Figure 4.8, choosing a bearing damping of Cxx = Cyy > 2500 Ns/m 

pushes the log decrement associated with the first three modes below the API stability 

threshold in terms of the log decrement. If, due to some non-linear effect, the damping 

drops unexpectedly, the system might experience the lower modes shown in Figure 

4.7 for Cxx = Cyy < 2500 Ns/m. According to the stability map, these modes will be 

over-damped except for mode mA. 

It seems very difficult to pass the critical speed encountered at approximately mA = 
27,500 rpm, because its log decrement is situated very low on the stability map shown 
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Stability map 

1500 2000 2500 
Support damping (Ns/m) 

Figure 4.8: Stability map indicating effect of bearing damping on system stability, with 
Kxx = Kyy = 500 x 103 N /m 

in Figure 4.8 indicating that it is not stable. This calls for adjustment of the bearing 

damping and stiffness when approaching this speed or even re-design of the rotor 

itself. 

4.2.4 Frequency response 

Figure 4.9 shows the peak-to-peak response obtained from [1]. The AMB system was 

designed to deliver a bearing stiffness of Kxx — Kyy = 500 x 103 N /m and damping 

of Cxx = Cyy = 2500 Ns/m. The bode plot for the model with these bearing constants 

are shown in Figure 4.10 and predicts the first critical frequency amplitude peak to be 

at 4, 471 rpm. The rotor model is symmetrical with isotropic supports, meaning the 
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Figure 4.9: Left AMB displacement vs. rotational frequency on the left-hand side and 
right AMB displacement shown on the right. a)Vertical direction, b)Horizontal direc
tion [1] 

It was further stated in [1] that the system was found to be underdamped and this 

becomes clear when examining Figure 4.7 for a second time. With the presence of high 

damping the, initial modes 2 and 3 are damped out, but it is clear that there are more 

than one peak in Figure 4.9. This indicates that the bearings have a damping value in 

the region where there are still four bending modes present as is the case on the left of 

Figure 4.7, in the lower damping region. This implies that there might have been an 

incorrect assumption concerning the design of the controller damping characterisation 

in [1], This is because a detailed rotor dynamic model was not within the scope of that 

particular project. 

The TMM and DyRoBeS® models only have unbalance specified at the middle of the 

rotor. Specification of eccentricity on the sides of the model might provide a better 

representation of the actual rotor. 

Another phenomenon is the variation of the peaks in the x and y direction. This could 

be caused by the propulsion system at the mid section of the rotor where a compressor 

is used to accelerate the rotor, gyroscopic effects or the controllers' compensation due 

to gravitational pull. The propulsion unit effect can be modelled by specifying cross 
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Figure 4.10: Left/Right bearing bode plot with whirl indicator from 0 — 10,000 rpm, 
K XX K, yy 500 x 103 N/m, Cxx = Cyy = 2500 Ns/m, K^ = -Kyx = 0 N /m 

If the damping of the model is now lowered and cross coupled stiffness constants at 

midspan specified, one will see a response that will correlate better with the mentioned 

measurements. The damping in the model was lowered to Cxx — Cyy = 200 Ns/m 

and the cross coupled stiffness was set at Kxy — —Kyx — 1 x 105 N/m. Eccentricity 

of e — 7}im was also specified at the all the lumped mass stations of the model. There 

peaks are indicated on the bode plot along with their corresponding phase. The phase 

in the x and y directions have a difference of 90° as indicated by [9]. 

Y — sign rx - 1 (4.3) 

The mathematical condition for backward whirl is given by (4.3) [5,10, 25] where rx 
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Figure 4.11: Left/Right bearing bode plot with whirl indicator from 0 — 10,000 rpm, 
K XX K, yy 500 x 103 N/m, Cxx = Cvv = 200 Ns/m, Kxy = ~Kyx = 1 x 105 N /m xy <yx 

and ry are the real parts of the calculated frequency phasor states at a particular station 
on the rotor model. 

To better illustrate the whirl indicator (Y) it is plotted together with the bode plot with 

Y = —1 for backward whirl and a 1 for forward whirl. The whirl indicator can be seen 

in Figures 4.10 and 4.11 in the bottom sub-figures along with the amplitude and phase 

plot at a particular node/station on the rotor model. It is useful to be able to determine 

the whirl condition at all of the model stations due to the possibility of forward and 

backward whirl occurring at different locations simultaneously [5]. 

A more realistic estimation of the bearing and rotor properties is now obtained mak

ing further analysis more accurate. The peak positions now provide better correlation 

whereas the amplitudes are in range, but do not correlate precisely. This could be 
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caused by the unbalance of the lamination stacks which are not in phase with the un

balance of the model or by sensor noise in the measured data. 

4.2.5 Gyroscopy 

To study the effect that gyroscopics have on the system, the well known Campbell 

diagram is drawn which is a plot of the critical speeds to vs. the spin speed O. To 

obtain the synchronous critical frequencies a line with inclination ^ = 1 is drawn on 

the Campbell diagram. The points where the operating lines intersect the mode lines 

could be calculated using the TMM by letting O = cv, Cl — \co and O = 2a; and the 

results are shown in Table 4.3. To investigate sub-synchronous excitations one could 

calculate the frequencies for co < Cl, and to > Cl for super-synchronous excitation. 

A Campbell diagram was drawn using the TMM to determine which bending modes 

are sensitive to the spin speed. A bearing damping of Cxx = Cyy = 200 N s / m was 

used since it results in a better representation of the sensor frequency response. 

Table 4.3: Possible flexible rotor excited critical frequencies due to gyroscopic effects 
with Cxx = Cyy = 200 N s / m 

No. ^ = 2 (super) n = i (sync) 8 = h (sub) 
bl 2,938 rpm 2,932 rpm 2,919 rpm 
fl 2,948 rpm 2,954 rpm 2,965 rpm 
b2 4,523 rpm 4,480 rpm 4,396 rpm 
f2 4,613 rpm 4,659 rpm 4,757 rpm 
b3 6,687 rpm 6,542 rpm 6,278 rpm 
f3 7,007 rpm 7,184 rpm 7,577 rpm 
b4 19,455 rpm 17,594 rpm 14,931 rpm 
f4 24,594 rpm 27,541 rpm 32,191 rpm 

What can be observed from Figure 4.12 is the splitting of the critical frequencies into 

forward and backward modes. It is clear that the higher bending modes are more sen

sitive to the gyroscopy of the rotor and the lower modes not too much. The backward 

mode amplification factors are ascending and cause gyroscopic softening, and the de

scending amplification factors are the forward modes which cause gyroscopic stiffen

ing. This is also explained by the stability map shown in Figure 4.13 where damping 

Comprehensive AMB modelling taking rotor dynamics into account 116 /142 



Chapter 4 Analysis 

Whirl speed map 

Spin speed (rpm) x l 0< 

Figure 4.12: Campbell diagram/whirl speed map for 0 - 90,000 rpm, Kxx = Kyy = 
500 x 103 N/m, Cxx = Cyy = 200 Ns/m, Kxy = -Kyx = 1 x 105 N /m 

of the forward modes decrease with an increase in O and vice-versa for the backward 

modes. Thus, if the log decrements were used in the stability map, the acceding log 

decrements would represent the forward whirling modes and the descending decre

ments the backward whirling modes. 

During the calculation of the diagram some of the frequencies were missed by the 

Newton-Rhapson root finder, but the effects are still visible by interpolating the data. 

The corresponding critical speeds that are indicated by the working lines in Figure 

4.12 are listed in Table 4.3. 
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Figure 4.13: Stability map indicating the effect of spin speed, O, on system critical 
speed stability with backward gyroscopic softening and forward stiffening. 
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4.3 Verification 

This section is inserted purely to verify that the TMM that was implemented is correct. 

The first verification is done to verify the calculation of the critical frequencies of a 

uniform shaft. This is followed by a simple Jeffcott rotor to verify the incorporation of 

gyroscopic effects on the system. All examples are verified with DyRoBeS®. 

4.3.1 Uniform shaft 

The different modes of the DyRoBeS® rotor model are shown in Figures 4.15 and 4.16. 

The rotor has a length of 500 mm and a diameter of 40 mm. The shaft is supported 

by bearings with stiffness and damping constants Kxx = Kyi/ > 500 x 106 N/m and 

Cxx = Qjy > 2500 Ns/m. This particular high stiffness value was chosen to illustrate 

how the critical frequencies are shifted into a higher speed range when using such stiff 

bearings. No cross coupled stiffness or damping constants are specified. A material 

density p — 7860 kg/m3, Young's modulus £ = 210 GPa and Shear modulus G = 

85 GPa is used. The model is constructed with 21 nodes which equals 21 stations 

and shown in Figure 4.14. An exact equivalent was created using the TMM and the 

calculated critical frequencies, TMM vs. DyRoBeS®, are compared in Table 4.4. 

Y _ ~ Y .Y r Y r. v '4 T 1 .1 IB 

Figure 4.14: Uniform shaft model using DyRoBeS® 

The bending modes of the DyRoBeS® and TMM implementations can be compared in 

Figures 4.15, 4.16 and 4.17. 
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Figure 4.15: Uniform shaft bending modes 1 and 2 using DyRoBeS® 

Critical Speed Mode Shape, Mode No.- 3 
SpinJWhlrt Ratio = 1, Stiffn&ss: (Kw+Kw^J 
Critical Speed = 130015 rprn = 31 66,92 Hz 

Figure 4.16: Uniform shaft bending mode 3 using DyRoBeS® 

Table 4.4: Uniform shaft critical speeds (TMM vs. DyRoBeS®) 

Mode no. DyRoBeS® (rprn) TMM (rprn) % Error 
1 
2 
3 

29,552 
110,635 
190,015 

29,393 
108,929 
188,322 

0.5 
1.5 
0.9 

Mean error 0.97 
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Figure 4.17: Uniform shaft calculated bending modes using TMM 
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4.3.2 Jeffcott rotor 

A jeffcott rotor is similar to the uniform shaft except that a disc is mounted at midspan. 

A typical example is shown in the whirling section of Chapter 2 in Figure 2.2. 

The modes obtained using DyRoBeS® are shown in Figures 4.18 and 4.19 and the 

modes to be compared are depicted in Figure 4.20. The rotor amplitude and phase 

is also compared in Figures 4.21 and 4.22. 

Critical Spaed wcce Shape, Mode Mo.= 1 
SplnfWrii.'l Ralio = 1. St ress Km 

Critical Speeds 3051 rrjrr, = 3*-23l-B 

Critical SpesrJ Mode Bnape, Made No= 2 
3pirtAMiirl Ralio = I, Stiffness K H 

Critical 5peerJ = 16S32fprn-;77 JQ Hz 

Figure 4.18: Bending modes 1 and 2 using DyRoBeS1 ® 

Critical Speed ModeSrape ModeNc- 3 
SplnlWriirl Ratio = 1, Stiffness K B 

Critical Spaed = 233BJ rpm = 389.75 Hz 

Critical Speetf Mode Shape. Mode rJt = i 
Spin/Whirl Ralio = 1. Stiffness too 

Critical Speed = 52806 1pm = EE0.13H2 

Figure 4.19: Bending modes 3 and 4 using DyRoBeS® 

The bode plot obtained using DyRoBeS® is shown in Figure 4.21 at node 11 and the 

equivalent TMM result is shown in Figure 4.22. The peak DyRoBeS® amplitude is 

0.071134 m at 2190 rpm and the peak TMM ampKtude is 0.007183 m at 2190 rpm which 

provides very close correlation and thus verifying the TMM. 
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Figure 4.20: Jeffcott rotor calculated bending modes using TMM 

Bode Plot 
Station: 11. Sub-Station: 1 

Proba 1 (x) 0 deg: Amp = 0.07113d phase = 97 al 2190 rpm 
Probe 2 (y) 90 deg: Amp = 0.071134 phase = 187 at 2190 rpm 

50DG 

Rotational Speed (rpm) 

Figure 4.21: Jeffcott rotor amplitude and phase plot using DyRoBeS® 
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Figure 4.22: Jeffcott rotor bode plot using TMM 
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The flexible rotor operation has severe limitations at the fourth critical speed located 

at approximately 27,000 rpm. The associated stability map (Figure 4.8) indicates that 

a very high bearing damping will be required for safe operation past this particular 

mode. The flexible rotor model also indicated that such a rotor is more sensitive to 

bearing anisotropy. Thus it is recommended to apply equal bearing forces on both 

sides of the rotor whereas for anisotropic rotors, other bearing configurations would 

have to be determined. 

The flexible rotor, in practise, exhibits critical frequencies at approximately 3000 rpm, 

4500 rpm and 7500 rpm which correlates well with the calculated values shown in 

Table 4.2. One has to bear in mind that these values are undamped critical frequencies 

which indicates low damping present in the response shown in Figure 4.9. 

The flexible rotor model was implemented and analysed successfully and the discrep

ancies regarding the expected and actual/practical damping present in the system will 

be discussed further in Chapter 5. 
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Chapter 5 

Conclusions and recommendations 

Chapter 5 discusses several improvements that can be made on the TMM itself. The chapter 
also summarises the advantages of the TMM and FEM and proceeds to recommend controller 
design methods by means of transfer function estimation. Possible explanations to the current 
under-damped system are also provided. 

5.1 Conclusions 

Modelling of complex dynamic systems does provide useful information about a given 

system and enables the designer and operator to estimate and refine parameters. This 

can however be a tedious process. The process consists of formulating a certain initial 

model followed by practical measurements of the system. The model is then adjusted 

to provide better correlation between the simulation and measured data and hopefully 

this will provide a proper prediction of the system's response. 

The adjustment of the model is another problem in itself since there are so many dy

namic parameters to consider and analyse to make a well informed decision. The ob-
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jectives of this project was to study the effects that rotor dynamics have on an AMB 

system , to determine causes of instability and to provide suggestions regarding con

troller design and optimisation. 

Some recommendations concerning control, model identification and system optimi

sation are discussed in a later section of this chapter. The two analysed systems and 

modelling methods are summarised first. 

5.1.1 AMB and rigid rotor 

The rigid rotor critical frequency results correlate very well with the DyRoBeS® results 

shown in Table 3.4. It is however important to note that when the supports are elim

inated in the model, the free-free response of the rotor can be obtained and the first 

bending mode that will be calculated is the one at 84,000 rpm. The rigid modes will be 

calculated at 0 rpm. This provides an indication of which frequencies to avoid in the 

AMB that will cause instability. 

The rigid rotor is currently experiencing audible unstable behaviour at standstill. This 

resonating vibration is observed at approximately 1.4 kHz (84,000 rpm) which is caused 

by the electronic components within the AMB. When viewing Table 3.4 once more, it 

becomes evident that the third mode, or rather the first free-free bending mode, is be

ing excited by interference caused by of some of the system's components. 

Aside from using the TMM or FEM, an FFT-analyser could have been used to measure 

the free-free critical frequencies of the rotor by suspending it on ropes and then exciting 

the frequencies with a hammer [5]. 

5.1.2 AMB and flexible rotor 

The DyRoBeS® FEM and TMM calculated critical frequencies of the flexible rotor show 

good correlation (Table 4.2). There are discrepancies between the amplitudes of the 
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measured and simulated responses (Figure 4.9 and Figure 4.11) due to the unbalance 

caused by the laminations and the non-linearities present in the system which were 

not taken into consideration. More accurate values for the unbalance-eccentricity and 

phase at the corresponding lamination locations need to be determined practically as 

well as non-linear bearing functions instead of constants. 

The free-free analysis of the flexible rotor indicates several frequencies that need to be 

avoided in order not to excite unstable vibrations. These frequencies are shown for the 

different radial directions in Table 5.1. 

Table 5.1: Flexible rotor free-free critical speeds 

Mode no. Radial x (rpm) Radial x (Hz) Radial y (rpm) Radial y (Hz) 
1 
2 
3 

6,199 
27,578 

103.33 
459.64 

17,643 
43,228 
64,461 

294.05 
720.46 
1,074 

If provision for these frequencies were not made in the design of the double radial AMB 

system, vibration of the AMB components might excite some of these frequencies. 

5.1.3 FEM vs. TMM 

The TMM and FEM are both useful methods with different advantages and disad

vantages. The TMM speed of execution decreases only slightly with an increase in 

nodes whereas the FEM's speed decreases much more with each node that is added. 

Thus the main advantage of the TMM is the speed, making it very feasible to use in 

computer based parameter identification. This implies using a computer to adjust the 

model to provide the best possible correlation between the model and measurements. 

This would not at all be possible with the FEM because it is just too computationally 

demanding. 

From a mechanical engineering design point of view, the associated bending mode 

slopes, bending moments, or shear forces of the entire rotor are sometimes needed 
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[26]. The TMM is capable of providing this information. The FEM only provides dis

placements, velocities and accelerations as its state variables. 

As mentioned in section 2.6 the TMM is a frequency domain solution providing the 

complex eigenvalues which could also be useful in implementing control theory tech

niques and stability analysis. This is also discussed in section 5.2.2. Obtaining the 

complex eigenvalues using the TMM is however not always easy and some of the fre

quencies are sometimes missed. 

The FEM on the other hand has the capability of determining all of the eigenvalues of 

the system depending on the number of nodes that are used. It is also more suited for 

analysing complex design shapes accurately 

5.2 Future work 

5.2.1 Control 

From a control point of view, the TMM is sufficient to determine free-free bode plots 

from which the free-free transfer functions can be estimated up to a certain speed 

(rpm). The TMM can be implemented very easily, is very accurate when using dis

tributed transfer matrices and is cheaper than commercial packages. 

Commercial FEM packages could also be used to account for more complex rotor 

shapes or an FFT analyser could also be used to estimate the free-free transfer func

tions also known as the rotor's transfer function. The PD controller could then be 

replaced by a higher order controller where the stiffness and damping of the AMBs 

become functions of frequency due to the more detailed rotor transfer function T(s). 

This should provide control similar to gain scheduling, designed specifically for the 

rotor's dimensions and material properties. 

The system block diagram for one radial direction for a single actuator is shown in 
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Controller 

Figure 5.1: Linearised AMB system block diagram [1] 

Figure 5.1 where the shaded areas indicate the transfer function T(s) and the controller. 

T(s) represents a free floating point mass which is supposed to model the rotor, but is 

however not a very accurate rotor model. This raises a set of questions concerning the 

equations that determine the equivalent stiffness and damping of the AMBs that were 

derived using T(s) — - ^ in [1], 

The controller constants Kp and Kn are given by (4.1) and (4.2) and are the same equa

tions expressing the equivalent stiffness and damping. These equations are valid for 

a point mass, but may not be well suited when dealing with more complex behaviour 

which is the case in practise. Thus, can the equivalent stiffness and damping of the 

AMBs be realised by a PD controller or is an alternative controller or method needed? 

It is however evident from [1] and section 4.2.4 that the PD controllers used on the 

developed rotors are not supplying sufficient damping. 

Any rotor dynamic method could be used to derive the free floating bode plot infor

mation and in doing so, the transfer function of a point on the rotor where the sensors 

are located. This higher order transfer function relating the input force to output dis

placement could then be inserted into the shaded T(s) location in Figure 5.1. 

These transfer functions could be rewritten in MIMO form to ultimately arrive at a 
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Another implication is the measurability of the states in a practical situation. This 

suggests Linear Quadratic Gaussian (LQG) control because the velocities can not be 

measured and need to be estimated/predicted by a Kalman filter before the states are 

fed to the MIMO control matrix [28]. The MTMO control matrix will be similar to the F 

matrix shown in Figure 2.8. This type of control also accounts for the presence of white 

noise (Gaussian noise) and attempts to minimise the square of the error. 

There is no guarantee that the AMB control problem will be resolved by using a more 

accurate rotor transfer functions because not all of the interconnected dynamics can 

be contained in an estimated transfer function. These control approaches should be 

implemented and experimented on to see if better control and operational performance 

are obtained. 

5.2.2 M o d e l e s t imat ion 

It is possible to estimate transfer functions for the sensors relating the input to the 

output (T(s) = -jr). The input is the force that the rotor experiences (Fr) caused by the 

electromagnets and the output is the rotor displacement. Suppose the system has an 

eigenvalue of w\ = a + jb = 120 + 10; rad/s . An estimated transfer function would 

be. 

T ^ m{s2+2bs + a2 + b2) m(s2 + 2(10)s + (120)2 + (10)2) (5 'X) 

T(s) = — - (5.2) 
v ; m(s2+ 20s + 14500) v } 
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m = labxr 
(5.3) 

with x-max the maximum displacement [29]. The complex part of the eigenvalue gives 

an indication of the damping associated with the critical frequency. The bode plot of 

the transfer function is shown in Figure 5.2. 
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Figure 5.2: Transfer function bode plot for a critical frequency occurring at 120 + 10; 
rad /s 

Thus, any particular system could be modelled using a chosen rotor dynamic method 

by calculating its critical frequencies and using them to estimate sensor transfer func

tions. Control theory techniques could then be applied to derive controllers for these 

transfer function models which can be inserted into the control loop. This would result 

in a controller taking the frequency response of the system into consideration and this 

controller configuration would only be applicable for a specific rotor. 
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5.3 Improvements 

There are several aspects that could be improved in the field of modelling. This ranges 

from the mathematics of the methods themselves as well as the way in which they are 

implemented on computers. Some of these aspects will now be discussed. 

5.3.1 C o d e l a n g u a g e 

Currently the MATLAB® TMM implementation takes 10.78 seconds to solve for the 

first 6 complex eigenvalues of a 39 node model. Implementing the TMM matrix mul

tiplication in a lower level language or by using inline code insertion will make the 

model more than 10 times faster which will provide advantages when performing 

analysis. 

Table 5.2 shows the execution times when using different programming languages to 

solve Laplace's equation for a benchmark example. 

Table 5.2: Execution times of several programming languages [7] 

Type of solution Time taken (sec) 
Python (estimate) 1500.0 
Python + Psyco (estimate) 1138.0 
Python + NumPy Expression 29.3 
Blitz 9.5 
Inline C 4.3 
Fast Inline C 2.3 
Python /Fortran calls 2.9 
Pyrex 2.5 
MATLAB (estimate) 29.0 
Octave (estimate) 60.0 
Pure C++ 2.16 

Implementing TMM in a language such as C++ would also make it possible to analyse 

the change in the system's critical speeds and stability due to a change in the bearing 

damping and stiffness simultaneously. This would provide a three-dimensional plot 

of bearing damping and stiffness vs. a particular critical speed and/or vs. one of 
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the stability criteria such as the amplification factor. This would enable the designer 

to design for optimal dynamic control of the bearing properties or to determine the 

optimal gain scheduling procedure. 

Another option is static bearing implementation by controlling the bearing parameters 

in order to provide constant forces during operation. The TMM could then also be used 

to identify which bearing configuration to use. Depending on the form of the rotor one 

might even need to use anisotropic supports to provide stable operation. The problem 

is identifying the correct bearing configuration by adjusting the model. The following 

section suggests an identification scheme to do just this. 

5.3.2 Genetic algorithms 

If the TMM is implemented in a fast enough programming language and used along 

with such a genetic algorithm, the model could be trained to provide the best possible 

combination of bearing or rotor specifications to maximise stability. 

A genetic algorithm is merely a way to use a computer to do the guessing of parameters 

rather than doing it manually. The advantage is the speed at which it could be done 

provided the model is fast enough. Possible applications include: 

• Identifying optimal isotropic (Kaxx = Kbxx = Kayy = Kbyy/ CaXx = Cbxx = Cayy = 

Cbyy) or anisotropic {Kaxx £ Kbxx £ Kayy ^ KblJlJ/ Caxx ^ 

bearing configurations. 

• Training the physical properties of the rotor within certain boundaries to suggest 

the best possible mechanical design that would provide stability. 

• Identifying practical situations such as the magnitude of cross coupled effects 

using practical measured data. 

Using a genetic algorithm to identify a stable system is especially feasible in systems 

containing large gyroscopy This is due to the radial directions of the rotor being cou-
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pled by this effect and implies use of anisotropic bearing configurations or dynamic 

control of bearing properties. 

If development of a software package with these capabilities is required, it would be 

very important to design the software beforehand and to implement the code in an 

object orientated manner. This will provide data encapsulation and functional modu

larity of the software. 

5.3.3 Non-linear supports 

Accounting for non-linear supports is possible provided some frequency dependent 

function of describing the non-linearity is available. Non-linear bearings could be im

plemented in the TMM but it would not be possible to solve for the critical frequencies 

explicitly. They would have to be determined by viewing the frequency response of 

the model. 

Proper stability analysis would also not be possible because the amplification factor 

associated with a certain critical frequency would have to be determined from the 

bode plot amplitude peaks. This calculation procedure can be found in [15] and it 

is the same method used in DyRoBeS®. This means that the calculated amplification 

factor's accuracy depends on the simulation step size and is also proof that the FEM 

implementation associated with DyRoBeS® is in the time domain and not frequency 

domain. 

Other non-linearities include external sub-harmonic excitations, non-linear material 

properties, internal shaft damping, misalignment, loose components [30] etc. which 

are usually neglected. 
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5.3.4 Root-finder 

The TMM presents some problems in finding all the complex eigenvalues of the sys

tem. The Newton-Rhapson method was used and it was found that it is difficult to find 

all the critical speeds. The first 5 to 6 critical speeds are easily obtainable and these are 

sufficient unless analysis and operation at very high (> 100,000 rpm) rotational speeds 

are required. 

Thus, if all eigenvalues are needed, there is room for improvement concerning the 
root-finding section of the TMM. 

5.4 Closure 

The objective of this project was to investigate the effect of rotor dynamics on an AMB 

system and to provide such a comprehensive model. The bearing properties had to be 

analysed to provide explanations for the unexplained phenomena encountered in the 

system developed in [1] and to suggest approaches towards controlling such an AMB 

system. 

Several modelling methodologies were investigated and a basic SMM model as well 

as the TMM was implemented which provided a sufficient model. From the results 

it is shown that the system is definitely experiencing lower than expected damping 

which might be due to the use of an inappropriate transfer function describing the 

rotor within the control loop. 

This project further suggests the TMM as a cheaper alternative to commercial FEM soft

ware packages. The results also allow for further investigation on deriving controllers 

specifically intended for the physical shape of each supported rotor. 
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Chapter A System Matrix Model 

Appendix A 

Data CD D a t a C D n i e ontvang / 
Data CD not received 

A.l Transfer Matrix Model 

To use the TMM, open a "initJCXXX.m" m-file. This file will contain the information 

needed to set up the model element matrix and will explain how to select the type of 

transient. 

There are also options within the "TMass.m" and "TShaft.m" files concerning the con

sideration of gyroscopy and gravitational pull. 

A.2 System Matrix Model 

The "main.m" file is used to initialise the model parameters and the "simidink2.mcU" 

is used to simulate the model with the state feedback control matrix. 
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Chapter A RotFE 2.1 

A3 RotFE 2.1 

RotFE 2.1 is a FEM rotor dynamic analysis MATLAB® implementation created by Dr. 

Izhak Bucher. It is capable of exporting a FEM rotor model to a state-space representa

tion which can be modelled in Simulink®. 

It is not clear if the state-space model is capable of incrementing the spin speed of the 

rotor. The state-space matrices would have to be re-initialised. 
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