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Abstract

Shortly before the Voyager spacecraft crossed the heliospheric termination shock, they encoun-
tered narrow, peak-like enhancements in the intensities of low-energy electrons. These en-
hancements were associated at the time of their observation with diffusive shock acceleration,
however it had not been formally confirmed whether this acceleration mechanism can indeed
reproduce such intensity increases. This provided the impetus for a study revisiting the fea-
tures of diffusive shock acceleration, considered within the global context of the heliospheric
transport of cosmic rays. The distribution of cosmic rays in two spatial dimensions and energy,
and the modulation thereof, are simulated by solving a transport equation using a compre-
hensive numerical model that also accounts for the effects of diffusive shock acceleration. The
model is initially applied to the acceleration of anomalous cosmic rays, using their features to il-
lustrate the characteristics of the acceleration mechanism. The primary focus of the study, how-
ever, is to investigate the spectral imprints of diffusive shock acceleration on galactic electron
distributions. It is found that in addition to the well-known dependence of the spectral indices
of accelerated spectra on the shock compression ratio, the acceleration process is also largely
dependent on the form of the energy distribution of particles incident at the termination shock:
It is revealed that while energy spectra with large spectral indices are not appreciably affected
by diffusive shock acceleration, those with smaller spectral indices are more susceptible to it,
with large intensity increases accompanying their acceleration. It follows that the efficiency
of diffusive shock acceleration as a re-accelerator of galactic electrons is strongly influenced
by any process or characteristic that affects their energy distribution at the termination shock,
including their local interstellar energy spectra, the properties of their diffusion, and even the
effects of drifts. The diffusion properties following from dissipation-range turbulence yield
spectral forms that are particularly conducive to acceleration. It can be inferred from the mod-
elling results that the effects of diffusive shock acceleration on electrons at Voyager-observed
energies cannot necessarily be discerned from changes in their spectral slopes across the termi-
nation shock. This is because their spectra are already too hard and the compression ratio of
the shock too small to induce them. The intensity increases this mechanism induces, however,
are not only essential in reproducing radial profiles and energy spectra observed by Voyager 1
in the heliosheath, but are in fact large enough under these observationally constrained condi-
tions to account for the magnitudes of the peak-like intensity enhancements detected near the
termination shock. Diffusive shock acceleration emerges in this study as a prominent mecha-
nism for the re-acceleration of galactic electrons.

Keywords:

cosmic rays, termination shock, diffusive shock acceleration, re-acceleration,
galactic electrons, heliosphere, heliosheath, solar modulation, electron spectra.
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Opsomming

Kort voordat die Voyager ruimtetuie die heliosferiese terminasieskok oorgesteek het na die he-
lioskede is puntagtige intensiteitverhogings van lae-energie elektrone waargeneem. Hierdie
verhogings is toe met diffuseskokversnelling geassosieer, maar dit is nie bevestig of hierdie
versnellingsmeganisme sulke intensiteitsverhogings tot stand kan bring nie. Dié aspek is die
dryfveer vir ‘n studie wat die karakteristieke van diffusieskokversnelling heroorweeg binne die
konteks van die heliosferiese transport van kosmiese strale. Die energie- en ruimtelike verdel-
ings van kosmiese strale in twee dimensies, en die modulasie van hierdie verdelings, word
gesimuleer deur ‘n transportvergelyking op te los deur middel van ‘n numeriese model wat
voorsiening maak vir die uitwerking van diffuseskokversnelling. Die model word aanvank-
lik toegepas op die versnelling van anomale kosmiese strale, en hul kenmerke word gebruik
om die karakteristieke van die versnellingsmeganisme ten toon te stel. Die primêre fokus van
hierdie studie is egter om die spektrale effekte van diffuseskokversnelling op galaktiese elek-
tronverdelings te ondersoek. Bykomend tot die bekende afhanklikheid van die spektrale in-
deks van versnelde spektra op die skok se kompressieverhouding, word daar bewys dat die
versnellingsproses ook grootliks afhanklik is op die vorm van die energieverdelings van in-
vallende deeltjies op die terminasieskok. Daar word verduidelik dat energiespektra met hoë
spektraalindekse nie merkwaardig beı̈nvloed word deur diffuseskokversnelling nie, maar dat
die spektra met kleiner spektraalindekse meer gevoelig is daarvoor met groot gepaardgaende
intensiteitsverhogings. Dit volg verder dat die doeltreffenheid van diffuseskokversnelling as
‘n herversneller van galaktiese elektrone sterk beı̈nvloed word deur enige proses of kenmerk
wat hul energieverdeling affekteer. Dit sluit plaaslike inter-stellêre energiespektra, diffusieken-
merke en dryfeffekte in. Die diffusiekenmerke wat volg vanweë die dissipasiereeks van tur-
bulensie bevorder veral versnelling. Dit word afgelei uit die modelresultate dat die uitwerk-
ings van diffuseskokversnelling op elektrone by die waargenome energieë van Voyager nie
noodwendig waargeneem kan word uit die verandering van spektrale hellings oor die termi-
nasieskok nie, omdat die hellings reeds te steil is en die skok se kompressieverhouding te klein
is om dit te verander. Die intensiteitsverhogings wat hierdie versnellingsmeganisme veroor-
saak, is noodsaaklik vir beide die herproduksie van die radiale profiele en energiespektra wat
deur Voyager 1 waargeneem is in die helioskede, en om onder dié waarnemingsgebonde om-
standighede die grootte van die puntagtige verhogings wat naby die terminasieskok waarge-
neem is, na te maak. Diffuseskokversnelling kom na vore in hierdie studie as ‘n prominente
meganisme vir die herversnelling van galaktiese elektrone.

Sleutelwoorde:

kosmiese strale, terminasieskok, diffuseskokversnelling, herversnelling,
galaktiese elektrone, heliosfeer, helioskede, sonmodulasie, elektronspektra.
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Acronyms and Abbreviations

1-D/2-D/3-D One-, Two- and Three-dimensional
ACR Anomalous Cosmic Ray
BS Bow Shock
CIR Co-rotating Interaction Region
CR Cosmic Ray
DSA Diffusive Shock Acceleration
ENA Energetic Neutral Atom
FLS Fast Latitude Scan
GALPROP Galactic Propagation (model)
GCR Galactic Cosmic Ray
HCS Heliopsheric Current Sheet
HD Hydrodynamic
HMF Heliospheric Magnetic Field
HP Heliopause
HPS Heliopause Spectrum
IBEX Interstellar Boundary Explorer
ISM Interstellar Medium
ISMF Interstellar Magnetic Field
LECP Low-energy Charged Particle (instrument aboard Voyager)
LOD Locally One-dimensional
LOS Line-of-sight (model)
MHD Magnetohydrodynamic
MFP Mean Free Path
NLGC Non-linear Guiding Centre (theory)
PAMELA Payload for Antimatter Matter Exploration and Light-nuclei Astrophysics

PDE Partial Differential Equation
PUI Pick-up Ion
QLT Quasi-linear Theory
RH Rankine-Hugonoit (equations)
SEP Solar Energetic Particle
SMF Solar Magnetic Field
SW Solar wind
TPE Transport Equation
TS Termination Shock
TSP Termination Shock Particle
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Chapter 1

Introduction

A remarkable milestone of the Voyager space mission was the eventual crossing of the solar
wind termination shock by both of the twin spacecraft [Stone et al., 2005, 2008; Burlaga et al.,
2005, 2008]. Shortly before the crossing, the spacecraft recorded narrow increases in the inten-
sities of low-energy electrons that were thought to have arisen from the acceleration of particles
at the termination shock [e.g. McDonald et al., 2003; Decker et al., 2005; Stone et al., 2005]. These
increases, while certainly noticeable, were soon overshadowed by the large and rapidly in-
creasing intensities measured by Voyager 1 in the heliosheath immediately after the crossing
of the termination shock [Webber et al., 2012]. Attention was further diverted from the shock
when the long-standing paradigm that anomalous cosmic rays originate there through diffu-
sive shock acceleration came under scrutiny, because their intensities were observed to increase
away from it [Webber et al., 2007], suggesting a source further into the heliosheath. As such, the
aforementioned intensity peaks had gone largely unnoticed and unexplored. This study en-
deavours to formally establish whether, and to what extent, diffusive shock acceleration can
account for these intensity increases.

In addition to the investigation of the intensity peaks, these observations prompted a com-
prehensive study of the features of diffusive shock acceleration in association with cosmic-ray
modulation in the heliosphere. It is aimed that this will in turn reveal the viability of this
mechanism as a re-accelerator of cosmic rays. Hence, expanding upon the earlier related study
of Langner [2004], this study solves the well-known Parker [1965b] transport equation using
a comprehensive 2-D cosmic-ray modulation model, which also includes the effects of diffu-
sive shock acceleration [see also Potgieter and Ferreira, 2002; Potgieter and Langner, 2004; Langner
and Potgieter, 2004, 2008]. Following the approach of Langner and Potgieter [2006] and Strauss
et al. [2010b, 2011a], the classic features of shock-accelerated energy spectra are initially illus-
trated by modelling the acceleration of anomalous cosmic rays (or more technically, termina-
tion shock particles), which display these features explicitly. Applying a similar technique,
the spectral imprints of diffusive shock acceleration on electrons are studied, while taking due
notice of the peculiarities of this cosmic-ray species such as its small rest mass and distinct re-
sponse to modulation processes and turbulence [e.g. Potgieter, 1996; Caballero-Lopez et al., 2010].
The properties of galactic electrons, specifically their distribution with energy on arrival at the
outer heliospheric boundary, the coefficients describing their transport (particularly through
diffusion), and how these affect their distributions at the TS, are studied in detail. These en-
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ergy distribution properties at the termination shock are furthermore studied in terms of their
effect on acceleration efficiency. Note that since diffusive shock acceleration essentially en-
tails the migration of particles in energy, this study mostly focusses on the spectral features of
cosmic-ray electrons, although the global spatial distribution of electrons re-accelerated at the
termination shock is also explored. As a final exercise, transport parameters are configured
to reproduce observations from the Voyager 1 and PAMELA spacecraft, and the acceleration
features arising from this configuration are discussed. It is consequently inferred whether dif-
fusive shock acceleration, under the conditions constrained by the aforementioned observa-
tions, can account for the electron intensity increases observed by the Voyager spacecraft in the
vicinity of the termination shock. Note that details on the Voyager mission can be viewed at
http://voyager.jpl.nasa.gov/, while Menn et al. [2013] provide a review on PAMELA.

The study is constructed as follows: The heliospheric physics essential for the study of cosmic-
ray modulation is covered in Chapter 2. Applicable cycles of solar variability are introduced,
along with the major defining components of the heliosphere, such as the solar wind and its
coupled magnetic field, which vary, in turn, according to the aforementioned cycles. It is also
conveyed how these heliospheric features are modelled. Moreover, cosmic rays are introduced,
and accompanying observations needed for further chapters are presented. In Chapter 3, a
transport equation is introduced that describes the modulation of cosmic rays subject to the
relevant processes in the heliosphere. The essential transport coefficients are given and the in-
corporation of the effects of diffusive shock acceleration is discussed. The numerical model
utilised in this study to solve the transport equation is also briefly reviewed. The general
characteristics of diffusive shock acceleration are furthermore illustrated in Chapter 4 with
the application of the model to the acceleration of anomalous cosmic-ray Oxygen. Chapter 5
introduces the properties of galactic electrons, and reviews general modulation concepts to pro-
vide context for subsequent chapters. Drawing on the insights garnered from the previous two
chapters, Chapter 6 illustrates the properties of diffusive shock acceleration applying to elec-
trons. Specifically, the re-acceleration of galactic electrons is considered, and the spatial and
energy distributions of particles re-accelerated at the TS are investigated extensively. The inter-
action of diffusive shock acceleration and modulation processes are also explored. Finally, an
optimum configuration of heliospheric and transport parameters is found to reproduce the ob-
served energy spectra and radial intensity profiles. This is illustrated and discussed in Chapter
7, where the role of diffusive shock acceleration in the creation of the peak-like intensity en-
hancements is also considered. An overview of the study is given in Chapter 8, where the most
noteworthy conclusions are reiterated.

Aspects of this study were presented at the following conferences and workshops:

• Centre for High-Performance Computing Annual Meeting, Cape Town, December 2013.

• International workshop on cosmic rays: “From the Galaxy to the Heliosphere”, Potchef-
stroom, March 2014.

• 40th COSPAR Scientific Assembly, Moscow, August 2014.

• 60th annual conference of the South African Institute of Physics, Port Elizabeth, July 2015.



Chapter 2

On Cosmic Rays and the Heliosphere

2.1 Introduction

The heliosphere is a region of space formed due to the interaction of plasma emanating from the
Sun with the local interstellar environment. Energetic charged particles, referred to as comic
rays (CRs), move through the heliosphere and are modulated subject to the various processes
encountered therein. This chapter aims to introduce the essential background to the study of
CR modulation, and discusses the major defining plasma and magnetic field properties of the
heliosphere and their responses to solar variability.

Specifically, the chapter begins by identifying the cycles of solar variability of interest to this
study. The concept of the solar wind is discussed along with its coupled magnetic field; their
mathematical descriptions as utilised in this study are also given. Moreover, the global struc-
ture of the heliosphere, largely characterised by the aforementioned plasma and magnetic field
properties, is discussed. The types of CRs considered in this study are also introduced along
with essential observations of their properties and distributions. Finally, a summary of the
heliospheric configuration carried over to next chapters is provided.

2.2 Solar Variability

The Sun influences the properties of the heliosphere and the consequent transport of CRs
through this medium according to its own variability. However, without elaborating on the
properties of the Sun itself [see e.g. Stix, 2012], the current section is focused on the cycles of
solar variability that are pertinent to the study of CR modulation; for this study, these are the
solar activity and magnetic polarity cycles. The following discussion is also limited to the ob-
servable features and consequences of solar activity rather than its physical causes; refer to e.g.
Weiss and Tobias [2000] for more on the latter.

The solar activity cycle refers to the progression of the Sun between states of intense activity
through relatively inactive periods in between; this takes place over roughly 11 years. High
solar activity is typically associated with large numbers of sunspots, large solar magnetic field
(SMF) magnitudes, and frequent transient events such as coronal mass ejections and solar flares

3



4 2.2. SOLAR VARIABILITY
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Figure 2.1: Revised yearly averaged international sunspot numbers and sunspot group numbers [of
e.g. Clette et al., 2014] respectively shown in solid blue and dashed red lines over the last roughly 400
years. The labels GM1, GM2 and GM3 indicate the Maunder, Dalton and Gleissberg Grand Minima.
Sunspot data retrieved from the World Data Center SILSO, Royal Observatory of Belgium, Brussels (url:
http://sidc.be/silso/ doa: 9 November 2015).

[note also the features reported by Smith and Marsden, 2003]. Solar-quiet conditions, on the
other hand, are marked by the appearance of large coronal holes at the polar regions and a
well-defined structure of the SMF. Due to the many manifestations of its effects, several in-
dicators of solar activity exist [see Hathaway, 2010, for an overview], which range from direct
measures such as the total solar irradiance to proxy indicators such as the deposition of ra-
dioisotopes in tree rings or ice cores. While the latter example allows for the reconstruction of
past solar activity over very long time scales, the sunspot number is perhaps the earliest applied
measure of solar activity; sunspots are dark and irregular blemishes that periodically appear
upon the photosphere of the Sun. While they were first observed over two millennia ago, and
uninterrupted records of their numbers exist from the 17th century, a modern understanding of
sunspots only followed after they were respectively linked to solar activity and magnetic fields
in the mid 19th and early 20th centuries [see Vaquero, 2007, for a historical overview]. Indeed,
sunspots are associated with other features of high solar activity: Their darker appearance fol-
lows because of the repulsion of surrounding plasma due to strong magnetic fields, while field
lines form coronal loops between sunspot groups, which form part of active regions associated
with the formation of the aforementioned transient events.

Although the sunspot number is a synthetic index, which differs depending on whether e.g.
the Wolf series or the Group Number series is considered [Hoyt and Schatten, 1998; Clette et al.,
2014], the sunspots themselves are linked to solar activity on a fundamental level. Hence, the
periodicity displayed in e.g. Figure 2.1 by sunspot numbers (however they are constructed)
provides a compelling indication of solar variability. Figure 2.1 shows a clear 11-year cycle, but
also reveals possible cycles on longer time scales, e.g. a hundred-year cycle, and extended or
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Figure 2.2: A schematic representation [adapted from Heber and Potgieter, 2006] of the form of the SMF
and the distribution of regions of opposite polarity during different phases of the solar activity cycle.
While 11 years elapse between consecutive minima and maxima, 22 years elapse before the Sun returns
to its previous state of polarity. The notations of A > 0 and A < 0 refer to positive and negative solar
magnetic polarities respectively.

abnormally low periods of solar activity known as the Grand Minima. The consecutive peaks
and valleys, respectively separated by ∼11 years, are associated with what is generally known
as maximum and minimum solar activity conditions. The 11-year activity cycle is also reflected
in the time dependence of many of the quantities introduced in subsequent sections, including
ground-based measurements of CR intensities, which not only show an 11-year cycle related to
solar activity, but also a 22-year cycle (see Section 2.7). This periodicity stems from changes in
the polarity of the SMF.

Figure 2.2 illustrates the form of the SMF during different phases of the solar activity cycle and
during opposite magnetic polarities. The convention followed in this study is that the polarity
of the Sun is positive (A > 0) when field lines point outward in the northern hemisphere of the
Sun and inward in the south, while the opposite applies for a negative polarity (A < 0). Note
that during minimum solar activity the SMF somewhat resembles a dipole and two distinct
hemispheres of opposite polarity are visible. During these conditions the magnetic and rota-
tional axes, while not aligned, are separated by reasonably small angles. For solar maximum
conditions, on the other hand, conditions are evidently different [see e.g. Smith and Marsden,
2003; Heber, 2011]. Approaching higher levels of activity, the SMF structure becomes more
complicated, and no simple boundary is visible between regions of different polarities. It is
during this disorderly phase of high solar activity that the polarity of the Sun is reversed; since
about 11 years elapse between consecutive solar maxima, the SMF polarity returns to its pre-
vious state after roughly 22 years. Therefore, in addition to the 11-year periodicity associated
with solar activity, CR intensities display a 22-year periodicity due to the magnetic polarity
cycle. The effects of different magnetic polarities have far-reaching consequences in terms of
charge-sign dependent CR modulation, and is a recurring theme in this study.
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Figure 2.3: SW speed as a function of heliographic latitude. In the top panel, the line-connected mark-
ers respectively represent Ulysses measurements during the first and third latitude scans for the solar
minimum periods indicated in the legend. The solid-lines profiles are modelled using Eq. 2.2 with
α =10◦ (for FLS1, in green) and 17◦ (for FLS3, in blue) to emulate appropriate solar activity levels. A
clear transition is visible from slow SW speeds near the equator (θ = 90◦) to faster speeds toward polar
regions (θ → 0◦, 180◦). The bottom panel shows measurements concurrent with maximum solar activity,
for which Eq. 2.2 yields a horizontal line. No global latitude dependence can be discerned. Data from
NASA SPDF COHOWeb (url: http://omniweb.gsfc.nasa.gov/coho/ doa: 11 November 2015).

2.3 The Solar Wind

The Sun is constantly losing mass [e.g. Tayler, 1994] in the form of a continuous outflow of
charged particles from its outermost atmosphere (or solar corona). This was first inferred from
the radial deflection of comet tails away from the Sun [e.g. Biermann, 1961], but was later for-
mally derived as a continual hydrodynamic (HD) expansion of the solar corona [Parker, 1958]:
Due to a large pressure gradient, the corona cannot be in thermodynamic equilibrium with
the interplanetary medium unless it is expanding supersonically beyond some critical point.
See also Parker [1961, 1965a]. This expanding corona would later become known as the solar
wind (SW). Indeed, these supersonic flow speeds were confirmed by the Mariner II spacecraft
[Neugebauer and Snyder, 1962], while the Ulysses spacecraft observed that the SW composition
is similar to that of the solar corona [e.g. von Steiger et al., 2000], consisting mostly of protons.

Being of coronal origin, the SW is also affected by solar activity. Section 2.2 mentions that coro-
nal holes form at the polar regions of the Sun during low-activity conditions. Magnetic field
lines emanating from these structures are generally open and thus tend to be largely parallel
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to the SW flow; this facilitates the coronal expansion and gives rise to fast SW streams [see e.g
Krieger et al., 1973]. Polar coronal holes occupy greater surfaces as the solar cycle tends toward
its minimum and hence the latitudinal extent of the associated fast SW streams also increases.
By contrast, magnetic field lines are closed near the solar equator (see Figure 2.2 to aid in visual-
isation), and because they are directed largely perpendicular to the radial outflow, SW streams
emanating from this region are slower [e.g. Schwenn, 1983; Marsch, 1991]. While no global lati-
tude dependence of the SW is visible during solar maximum conditions, Ulysses confirmed the
emergence of the fast SW stream during solar minimum conditions [Phillips et al., 1995].

Figure 2.3 shows observations this spacecraft collected during its three Fast Latitude Scans
(FLSs); the first and third of these, coinciding with periods of 1994 to 1995 and 2007 to 2008,
show the solar minimum characteristics discussed above with a clear latitude dependence. At
higher heliolatitudes, that is, polar angles of θ . 60◦ and θ & 120◦, the fast SW streams attain
speeds of up to 800 km.s−1, while at the more active equatorial regions (θ ∼ 90◦) the average
flow speed is closer to 400 km.s−1. The slower average flow speed is also visible at all latitudes
for solar maximum conditions; see FLS2 for the years 2000 to 2001 in the bottom panel of Figure
2.3. Note that at the equatorial regions during minimum solar activity, and quite generally
during maximum activity, the SW is more variable with several intermittent spikes of higher
speeds - this can be attributed to irregular SMF structures and open field lines from smaller
coronal holes. Refer also to the relevant discussions of Hundhausen [1972] and the references
therein for further reading on these matters.

To model the latitudinal dependence described above, as well as the radial dependence of the
SW speed, the approach also used by Hattingh [1998] and Langner [2004] is applied: Assuming
a purely radial outward-directed SW flow, the SW speed may be written as

~Vsw (r, θ) = Vsw (r, θ) êr = V0 Vr(r) Vθ(θ) êr , (2.1)

with r being the radial distance from the Sun, θ the polar angle (θ = 0◦: heliospheric north pole;
θ = 90◦: equatorial plane), êr the unit vector in the radial direction, and V0 = 400 km.s−1. Since
the modulation model utilised in the current study is two-dimensional (2-D), other components
are not considered. Note that the radial and latitudinal dependences, Vr(r) and Vθ(θ), are
independent of each other. The latter is given in terms of co-latitude (see also Moeketsi et al.
[2005]) by

Vθ(θ) = 1.5∓ 0.5 tanh
[
16.0

(
θ − π

2
± ζ
)]

, (2.2)

where ζ = α + 15π/180, with α the current sheet tilt angle, which is used as a proxy indicator
for solar activity; see Section 2.5. The function ζ controls the transition from the slow to the
fast solar wind speed, while the top and bottom signs in Eq. 2.2 respectively correspond to the
heliospheric quadrants described by 0◦ ≤ θ ≤ 90◦ in the north and 90◦ < θ ≤ 180◦ in the south;
note that a spherically symmetric geometry is assumed. At solar maximum Eq. 2.2 reduces to
Vθ(θ) = 1. The latitudinal profiles of the SW speed are modelled for FLS1 and FLS3 in Figure
2.3 using Eq. 2.2 with α = 10◦ and 17◦ respectively.

With regards to the radial dependence, the SW is assumed to be accelerated within the first ∼
0.1 AU and attains a steady flow from about 0.3 AU [Sheeley et al., 1997]. Outward from here,
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Figure 2.4: Modelled and observed radial SW profiles. The red, blue and green markers represent
measurements from Pioneer 10 and Voyager 1 and 2 as indicated in the legend, while profiles mod-
elled using Eq. 2.1–2.4 and 2.7 are shown for the slow and fast SW streams respectively at θ = 90◦

and 10◦ for solar minimum conditions (α = 10◦). The TS position, rTS , as observed by Voyager 2,
is shown using a dashed vertical line at ∼ 84 AU. Data obtained from NASA SPDF COHOWeb (url:
http://omniweb.gsfc.nasa.gov/coho/ doa: 11 November 2015).

the flow remains largely constant along the trajectories of interstellar-bound spacecraft such as
Pioneer 10, Voyager 1 and 2 [Richardson et al., 2001]. Measurements from these spacecraft are
shown in Figure 2.4. The radial dependence in Eq. 2.1 can be modelled as

Vr(r) = 1− exp

[
40

3

(
r� − r
r0

)]
, (2.3)

with r� = 0.005 AU the solar radius and r0 = 1 AU the position of Earth. In the near-Sun
environment, Eq. 2.3 suffices to describe the SW acceleration observed by Sheeley et al. [1997];
see Figure 2.4 for profiles modelled using Eq. 2.3 for both the slow and fast SW streams. Note
that e.g. Voyager 2, travelling at θ ≈ 120◦ (or 30◦ south of the equatorial plane), can according
to Eq. 2.2 detect SW flows with speeds ranging between 400 and 800 km.s−1 due to varying
solar activity. The variations in the spacecraft measurements from 1 AU to ∼ 80 AU can hence
be assumed to be mostly temporal. Note also that the SW speed decreases abruptly between
83 and 84 AU, which is emphasised in the bottom panel of Figure 2.5. This semi-discontinuous
transition from supersonic to subsonic speeds is the hallmark of the SW termination shock (TS),
and is modelled [following le Roux et al., 1996] according to

Vsw(r, θ) = Vsw(rTS , θ)
s+ 1

2s
− Vsw(rTS , θ)

s− 1

2s
tanh

(
r − rTS
L

)
, (2.4)

in the upstream region, that is, only for r < rTS . Here rTS is the position of the TS, whereas
s (= 2.5) is the total factor by which the SW speed decreases across the TS and is referred to as
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Figure 2.5: Similar to Figure 2.4, but accentuating the region near the TS at 83.6 AU as observed by
Voyager 2. As per the discussion in Section 2.6.1, the TS precursor is the continuous decline in SW speed
from ∼ 82.4 to 83.6 AU, while the subshock refers to the discontinuous jump at rTS .

the compression ratio. The scale length L = 1.2 AU stipulates the extent of the shock precursor,
between rTS − L and rTS , across which the SW speed decreases with a factor of s/2 before
decreasing discontinuously with another s/2 factor at rTS . As illustrated in Figure 2.5, this
modelled profile simulates the observed decrease in SW speed across the TS satisfactorily. See
also Richardson et al. [2008] for details on this transition. Further details on the TS and associated
precursor events are discussed in Section 2.6.1.

Beyond the TS, in a region called the heliosheath, the SW diminishes to subsonic speeds. Such
slow-moving plasmas qualify for the approximation of incompressible flow, that is, the SW
density, ρ, can be approximated as being constant in this region. Hence,

dρ

dt
=
∂ρ

∂t
+ ρ∇ · ~Vsw = 0, (2.5)

which, if it is assumed that the slow moving plasma is able to compensate for local density
fluctuations so that ∂ρ/∂t � ρ (∇ · ~Vsw), implies a divergence-free SW velocity (∇ · ~Vsw = 0).
If the radial component of the SW velocity is furthermore assumed to remain predominant,
even though polar and azimuthal components are also observed to develop beyond the TS
[Richardson et al., 2009], the assumption that ~Vsw = Vsw êr may be retained. It thus follows as a
consequence of incompressible flow in this region that

∇ · ~Vsw =
1

r2

∂

∂r

(
r2 Vsw

)
= 0, (2.6)

=⇒ Vsw ∝
1

r2
. (2.7)

For the purposes of this study, this 1/r2 dependence is assumed for the SW speed in the he-
liosheath and is discussed further in terms of particle acceleration in Section 3.6.1. No con-
sensus yet exists on the velocity profile of the SW in the heliosheath, although compelling
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Figure 2.6: The HMF magnitude at Earth (measured by ACE/IMP8) over time. The daily-averaged
HMF magnitude is shown (in grey) alongside the monthly sunspot number (shown in red) to demon-
strate its adherence to the 11-year solar activity cycle. The HMF polarity epochs in effect during each
solar cycle are indicated. HMF data retrieved from NASA SPDF COHOWeb (doa: 11 November 2015),
with sunspot data from the source cited in Figure 2.1.

examples may be inferred from the results of HD and magnetohydrodynamic (MHD) mod-
elling [e.g. Ferreira et al., 2007a, b; Strauss et al., 2013b]. Voyager 2 may also yield further insights
in this regard when its journey through the heliosheath is complete. Section 2.6.2 continues the
discussion on the heliosheath.

2.4 The Heliospheric Magnetic Field

The interaction between the SMF and coronal plasma is not limited to the formation regions of
the SW. At a certain distance from the Sun called the Alfvén radius, rA (≈ 10r�), the thermal
energy density of the plasma outflow exceeds the magnetic energy density [see e.g. Choudhuri,
1998]. Whereas the structure of the SMF dictates the outflow nearer to the Sun (hence giving
rise to different flow speeds as discussed in Section 2.3), beyond rA this interaction is reversed.
Due to the high conductivity of the high-temperature coronal plasma, the SMF is embedded
in the radially expanding SW and is carried into interplanetary space; see also the treatments
of this process as discussed by e.g. Hundhausen [1972], Kallenrode [2001] or Smith [2008]. This
embedded field is referred to as the heliospheric magnetic field (HMF). Parker [2001] reviewed
the early developments in the conception of this field.

The HMF adopts the polarity of its progenitor, the SMF, and adheres to the same 22-year cyclic
behaviour, switching between A > 0 and A < 0 during each solar maximum. The change in the
HMF magnitude at Earth with time is illustrated in Figure 2.6, with the polarity epochs in effect
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Figure 2.7: The radial profile of the HMF magnitude. The grey fluctuating line represents measure-
ments along the Voyager 1 trajectory, while the red line shows the profile predicted by the Parker HMF
model (Eq. 2.10). Note that the Voyager 1 measurements also reflect variations associated with the solar
activity cycle. The TS position is indicated with the dashed vertical line. Data obtained from NASA
SPDF COHOWeb (url: http://omniweb.gsfc.nasa.gov/coho/ doa: 11 November 2015).

between consecutive maxima indicated. The drift directions of charged particles throughout
the heliosphere alternate between these periods of different polarities as discussed in Section
3.4. Moreover, Figure 2.6 illustrates that the HMF magnitude also exhibits the 11-year solar
activity dependence as evidenced by its correlation with the sunspot number. The HMF is
hence strongest during solar maximum conditions and weakens toward solar minimum, with
magnitudes reaching particularly low levels (below 4 nT) during the minimum of 2009. Aside
from changing with time, the HMF also exhibits a radial dependence as shown in Figure 2.7.
With values at Earth typically measured at around 5 nT, Voyager 1 detected that the HMF
magnitude declines with increasing distance until the TS is encountered; Voyager 2 measured
a similar profile, but encountered the TS sooner. Note by comparing Figures 2.7 and 2.5 that
the HMF magnitude increases across the TS by roughly the same factor by which the SW speed
decreases there; also compare the results of Richardson et al. [2008] and Burlaga et al. [2008]. See
Balogh and Erdös [2013] for more on the properties of the HMF.

While it can be inferred from observations that an inverse relationship exists between the SW
speed and the HMF, the derivation of a mathematical description of the HMF hinges on the
geometry of field lines with regards to the radial direction and the rotation of the Sun. Parker
[1958] was the first to derive such an expression, valid for r > r�, and given by

~B = Be

(r0

r

)2
(êr − tanψ êφ) , (2.8)

which is referred to as the Parker HMF, where êr and êφ are unit vectors in the radial and
azimuthal directions respectively, andBe is the HMF magnitude at Earth (r0 = 1 AU) for which
the default value in this study is 5 nT. Note that there is no polar (θ) component for this field.
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Also, ψ, known as the spiral angle, denotes the angular separation between the tangent at any
point along a Parker field line and the radial direction represented by êr ; it is given by

ψ = tan−1

(
Ω (r − r�)

Vsw
sin θ

)
, (2.9)

where Ω = 2.67 · 10−6 rad.s−1 is the average angular rotation speed of the Sun and the rest
is as previously defined. The relation in Eq. 2.9 can be inferred geometrically by noting that
Vsw sinψ = Ωr cosψ, and adding sin θ to incorporate the height above the equatorial plane. The
resultant global geometry of the Parker HMF, resembling Archimedean spirals along cones of
constant heliographic latitude, is illustrated in Figure 2.8. Its magnitude, following directly
from Eq. 2.8 and 2.9, is expressed as

B = Be

(r0

r

)2

√
1 +

[
Ω (r − r�)

Vsw
sin θ

]2

. (2.10)

The density of field lines in Figure 2.8 also serves as an indication of HMF magnitude. The
abrupt decrease of the SW speed at the TS, for instance, is reflected by the increased compres-
sion of field lines toward larger radial distances. Note from Figure 2.7 that the radial profile of
the HMF magnitude predicted by the Parker model shows similar features to the observations.

A number of modifications to the Parker field have been suggested. One such modification
was suggested by Jokipii and Kota [1989], who argued that the surface where the footpoints
of field lines occur is not smooth, but granular and turbulent, especially at the poles. As a
result, footpoints wander randomly, leading to the formation of transverse components in the
field and highly irregular and compressed field lines. This compression is indicative of a mean
magnetic field magnitude that is larger at the poles than predicted by the Parker field. To
account for this, Jokipii and Kota [1989] introduced a parameter, δ(θ), so that the HMF magnitude
(Eq. 2.10) is modified as follows to account for the superimposed transverse field components:

B = Be

(r0

r

)2

√
1 +

[
Ω (r − r�)

Vsw
sin θ

]2

+

[
rδ(θ)

r�

]2

. (2.11)

Furthermore, to retain a divergence-free magnetic field (∇ · ~B = 0), it is required that δ(θ) ∝
(sin θ)−1, so that

δ(θ) =
δm

sin θ
, (2.12)

is assumed, with δm = 8.7 · 10−5 [see Steenberg, 1998; Langner, 2004]. This yields δ(θ → 0◦) ≈
0.002 and δ(θ → 90◦) = 0. The modified HMF magnitude consequently decreases as ∼ 1/r in-
stead of 1/r2 in the polar regions. Moraal [1990] accounts for the same physical effects by incor-
porating an arbitrary θ-dependent function as a scaling factor. Another modification, though
not incorporated in this study, is that by Smith and Bieber [1991], which accounts for non-radial
magnetic field components up to the Alfvén radius. Finally, there are Fisk [1996]-type mag-
netic fields [discussed in detail by e.g. Burger, 2005] that account for the differential rotation of
the Sun [e.g. Snodgrass, 1983], as well as Fisk-Parker hybrid fields, which reflect the Fisk HMF
at the poles, but is Parker-like in the equatorial regions [e.g. Burger and Hattingh, 2001; Burger
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Figure 2.8: A representation of the Parker HMF geometry at co-latitudes of θ = 10◦, 170◦ (in black),
θ = 45◦, 135◦ (in magenta), θ = 60◦, 120◦ (in blue) and at θ ≈ 90◦ (in red). These field lines are computed
by solving dφ from d~l × ~B = 0 for a specified step length dr, where ~B is given by Eq. 2.8 and d~l is the
infinitesimal line element in spherical coordinates. Field lines condense at the TS position (at 94 AU)
due to the slower SW speed. The Sun is located at the origin.

et al., 2008]. However, since the Fisk HMF is inherently a three-dimensional (3-D) structure, it
is not implemented in the current study, which utilises a 2-D CR modulation model. See also
the discussions and examples by Raath [2015].

2.5 The Heliospheric Current Sheet

Early spacecraft measurements revealed sectors of alternating HMF polarity [Ness and Wilcox,
1965; Wilcox and Ness, 1965]. These measurements would later be revealed to have sampled
the magnetic field on opposite sides of a neutral sheet separating regions of opposite polarity.
This structure, like several others, has its origin at the Sun: The open field lines emerging from
the high-latitude solar surface eventually extend toward the equatorial regions and run along a
surface there (see Figure 2.2); likewise, on the other side of that surface, field lines run inwards
and ensue on the solar surface near the polar regions. This dividing surface, called the helio-
spheric current sheet (HCS), essentially separates the HMF into two hemispheres of opposite
polarity, and follows as a requirement of Maxwell’s equations [e.g. Smith, 2001]. The HCS is
neither exactly nor invariantly aligned with the equatorial plane, but is tilted and changes in
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Figure 2.9: Computed solar source surface field maps. The top and bottom panels respectively illustrate
magnetic conditions on the Sun during periods of minimum and maximum solar activity. The two
shades of grey indicate different polarities and the bold black line represents the HCS. These maps were
obtained from the Wilcox Solar Observatory (url: http://wso.stanford.edu/ doa: 29 October 2012).

response to solar activity. Specifically, its form is related to the angular separation between the
magnetic and rotational axes of the Sun, denoted by α, the tilt angle, which was already intro-
duced in Section 2.3. During more active solar conditions the tilt angle enlarges, giving rise to
a more slanted polarity-dividing boundary on the solar source surface (at∼ 2.5r�, where HMF
footpoints are anchored) as illustrated in the field maps of Figure 2.9. In these maps, the HCS
is visible as a black line separating regions of opposite polarity and is notably more rippled
for the map obtained during solar maximum. Together with the Sun’s rotation, this dividing
boundary creates a wavy sheet when propagated radially outward with the SW, which is il-
lustrated in Figure 2.10 during different stages of solar activity (as emulated by different tilt
angles): For more active solar conditions, the HCS is more wavy.

Note that the tilt angle can be computed from observed source surface maps such as those il-
lustrated in Figure 2.9. These computations are done using either one of two existing models,
namely the line-of-sight (LOS) model [e.g. Hoeksema, 1991], sometimes referred to as the classi-
cal model, and the more recent radial model [Wang and Sheeley, 1992]. Burlaga and Ness [1997]
found that the LOS model yields better estimates. From a CR modulation point of view, Ferreira
and Potgieter [2003] show that the LOS and radial model estimates are better suited as proxies of
the solar activity cycle respectively during periods of decreasing and increasing solar activity.
Indeed, the tilt angle can be calculated from source surface field maps for every Carrington
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Figure 2.10: Simulations of the HCS at different stages of solar activity as represented by the indicated
tilt angles. The simulations are constructed using Eq. 2.14 and extend to a radial distance of 10 AU from
the Sun, which position is at the centre of each of the images. Figure obtained from Strauss [2010].

rotation1 for which they are recorded. As such, a time-dependent plot of tilt angles can be con-
structed as shown in Figure 2.11. The same 11-year solar activity cycle can be deduced from
this figure as is seen in Figures 2.1 and 2.6. Indeed, the tilt angle is implemented in this and
many other CR modulation studies as an indicator of solar activity levels.

It is a standard practice in solar modulation studies that the tilt angle is used to refer to the
latitudinal extent of the HCS, or at least as an indication thereof. The same is done in this
study. The latitudinal extent associated with the tilt angle can however be derived as done by
Jokipii and Thomas [1981]: For tilt angles small enough that sinα ≈ tanα, it follows that

θ′ =
π

2
+ sin−1

{
sinα sin

[
φ+

Ω(r − r�)

Vsw

]}
, (2.13)

which for sufficiently small values of α reduces to

θ′ ≈ π

2
+ α sin

[
φ+

Ω(r − r�)

Vsw

]
. (2.14)

Here θ′ denotes the polar extent of the HCS and φ is the azimuthal coordinate. To incorporate

1Carrington rotations refer to numbered periods of roughly 27.2753 days, which roughly corresponds to the
mean duration of a complete solar rotation as observed from Earth. This numbering system begins at 1 on Novem-
ber 9, 1853. At the time of writing Carrington rotation 2170 was in progress.
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Figure 2.11: The HCS tilt angle as a function of time and computed using the LOS and radial mod-
els as indicated in the legend. These tilt angles vary according to the 11-year solar activity cycle, and
are largest during solar maximum conditions. Data obtained from the Wilcox Solar Observatory (url:
http://wso.stanford.edu/ doa: 11 November 2015).

the HCS into the Parker HMF, Eq. 2.8 is modified as follows:

~B = Ac Be

(r0

r

)2
(êr − tanψ êφ)

[
1− 2H(θ − θ′)

]
, (2.15)

with the HMF polarity stipulated as Ac = +1 for A > 0 and Ac = −1 for A < 0, and the
Heaviside step function given by

H(θ − θ′) =

{
0 for θ < θ′

1 for θ > θ′
(2.16)

This simulates the alternation of HMF polarity across the HCS. Although, since discontinuous
functions pose some difficulty for numerical models, the Heaviside function is approximated
[following e.g. Hattingh, 1998] as

H(θ − θ′) ≈ tanh [2.75(θ − θ′)]. (2.17)

In summary, the HMF switches polarity across the HCS, which becomes increasingly wavy
with increased solar activity, which in turn is emulated using the tilt angle. A magnetically
sectored region of alternating polarities is created as a result, extending above and below the
equatorial plane of the heliosphere by amounts associated with the tilt angle. Note though that
the HCS does not necessary extend by equal amounts on either side of the equatorial plane [e.g.
Burlaga and Ness, 1997]. Observations also suggest that radially the HCS extends throughout
the heliosphere and into the heliosheath [Balogh and Jokipii, 2009; Hill et al., 2014]. See also Smith
[2001] for an overview on the HCS.



CHAPTER 2. ON COSMIC RAYS AND THE HELIOSPHERE 17

Figure 2.12: HD-modelled SW (proton) number density (top panel) and flow speed (bottom panel) in
the meridional plane of the heliosphere. These results are shown in the rest frame of the Sun, which
is situated at the origin. The inner and outer dashed lines respectively represent the profiles of the TS
and HP. The fast SW stream in the polar regions of the bottom panel is indicative of solar minimum
conditions. Figure obtained from Ferreira and Scherer [2004].

2.6 Global Features of the Heliosphere

The heliosphere is the region of interstellar space filled with solar material. It is formed and
characterised by the SW outflow, its embedded magnetic field, and the movement of the Sun
through the interstellar medium (ISM). The result of the SW-ISM interaction is a heliosphere
with boundaries separating regions of different flow and magnetic characteristics. These bound-
aries are the TS, the heliopause (HP), and a possible bow shock (BS). For the purposes of this
study, the inner heliosphere refers to regions well inside the TS, characterised by radial super-
sonic SW flow. The properties of this region is predominantly governed by the Sun itself, its
magnetic field structure, and the initial coronal outflow. This is discussed in preceding sec-
tions. The regions beyond the TS that are perturbed by the influence of the Sun are collectively
referred to as the outer heliosphere and are discussed in greater detail below.

Note that despite their invaluable contribution to the insights garnered of the remote regions of
the heliosphere, the Voyager spacecraft only provide observations along two separate trajecto-
ries. Discussions on the global features of the heliosphere therefore rely heavily on the results
of HD and MHD modelling. Figure 2.12 shows an example of HD modelling, while Figures
2.13 and 2.14 are the results of MHD modelling; see also the references provided in the figure
captions. Observations through remote sensing can also inform these discussions, e.g. the In-
terstellar Boundary Explorer (IBEX) uses energetic neutral atom (ENA) imaging to explore the
outer heliosphere [see e.g. Frisch and McComas, 2013].
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2.6.1 The termination shock

The existence of the TS was first postulated by Parker [1961], and occurs where the total SW
pressure equals that of the ISM. Following several attempts to estimate its position [e.g. Steinolf-
son and Gurnett, 1995], the TS was traversed by Voyager 1 and 2 at respective radial distances
of 94 AU [Stone et al., 2005] and 84 AU [Burlaga et al., 2008]. It is shown in both Figures 2.12
and 2.13 as the innermost lines in dashed red and solid black respectively. The TS was intro-
duced in Section 2.3 as a discontinuous decrease of the SW speed, which decelerated the flow
from supersonic to subsonic flow speeds; note that the sonic speeds referred to are those lo-
cal to the considered regions. This decrease is also visible in Figure 2.12. The transitions of
plasma quantities such as the SW speed across the TS can furthermore be described using the
Rankine-Hugonoit (RH) equations [see e.g. Jones and Ellison, 1991; Lee et al., 2009]: Given that
the compression ratio of a shock for non-relativistic flow is defined as s = V −sw/V

+
sw (= ρ+/ρ−),

it follows from the RH equations that

s =
(γc + 1) (M−)

2

(γc − 1) (M−)2 + 2
, (2.18)

where γc is the ratio of specific heat at constant pressure to that at constant volume, M− is
the Mach number, specified as (Vsw/cs)

−, and Vsw and ρ represent the SW speed and mass
density as before; csw is the local speed of sound. The superscripts − and + are introduced
to respectively denote upstream (or unshocked) and downstream (shocked) values. For sonic
upstream flow, that is, with Mach number M− = 1, Eq. 2.18 reduces to s = 1 and no shock is
observed. Since the upstream SW flow is supersonic (M− > 1), it follows that s > 1 for the TS.
The maximum value of the compression ratio follows from Eq. 2.18 when M− →∞ as

s =
γc + 1

γc − 1
, (2.19)

which evaluates to s = 4 with γc = 5/3 for a monatomic plasma (as the SW is approximated
to be) with non-relativistic flow. The SW speed is however shown by Voyager 2 to suffer a
number of step-like decreases near the TS [Richardson et al., 2008], owed to multiple encounters
of the spacecraft with the shock due to its relative motion. Each of these encounters reflected
a different compression ratio. A summary of empirical estimates for the compression ratio
is presented in Section 4.3. Collectively, observations from both Voyager spacecraft suggest a
moderately strong shock, and s = 2.5 is applied in this study as an approximate value.

Additionally, the upstream SW flow is also decelerated over a length scale of about 1 AU it
approaches the TS [Richardson et al., 2008]. This is suggestive of a SW precursor, as shown
in Figure 2.5, and is reflected by the measurements of both Voyager spacecraft [Decker et al.,
2005; Richardson et al., 2008]. Florinski et al. [2009] explains the pre-shock deceleration of the
SW as an effect of the back pressure of energetic particles, supported by measurements of high
partial pressures of energetic ions [Decker et al., 2008], while Richardson et al. [2008] attributes
this precursor to magnetic field enhancements associated with transient structures or standing
waves. See also le Roux and Fichtner [1997] and Florinski et al. [2004] for details on particle-
modified shocks. In this study, it is not the cause of the SW precursor but its consequences
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Figure 2.13: MHD-modelled HMF magnitude in the meridional plane of the heliosphere in the rest
frame of the Sun, which is situated at the origin. The inner and outer borders shown as black lines
respectively represent the profiles of the TS and HP. Also, the projections of the Voyager 1 and 2 trajec-
tories are shown as white lines; note that these spacecraft are actually separated by ∼ 50◦ azimuthally.
Figure obtained from Luo et al. [2015].

that are of interest. Its effects on e.g. CR acceleration is investigated in Chapter 4. The SW
precursor is modelled using Eq. 2.4 and numerical accommodations such as a transformed
numerical grid in the vicinity of the TS; see Section 3.7. Note that the SW precursor takes the
form of a continuous decrease in the SW speed, and precedes a discontinuous jump referred to
in this study as the subshock; see Figure 2.5. These two components form the extended shock
structure. Note that the investigation of CR acceleration at the TS is a primary aim of this study,
and more on this will follow in later chapters. For further reading on the properties of the TS,
see e.g. Li et al. [2008] and Jokipii [2013].

2.6.2 The heliosheath

The TS lies on the threshold of the heliosheath, which is characterised by slow and increasingly
non-radial SW flow [e.g. Li et al., 2008; Richardson et al., 2009]. Due to their relations, the slower
SW flow implies larger mass (or number) densities and HMF magnitudes [e.g. Burlaga and Ness,
2012] as shown in Figures 2.12 and 2.13 in the regions beyond the TS. See also the reviews by
Balogh and Jokipii [2009], Richardson and Stone [2009] and Richardson and Burlaga [2013] for more
on the plasma and magnetic properties observed thus far in the heliosheath. Along the Voyager
1 trajectory, the aforementioned conditions persisted until Decker et al. [2012] inferred that the
radial flow speed at Voyager 1 was virtually zero shortly before crossing of the HP at 122 AU
[Gurnett et al., 2013; Stone et al., 2013; Webber and McDonald, 2013]. The same feat from Voyager
2 is yet to follow. The HP, a tangential discontinuity, essentially separates the SW from the
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Figure 2.14: MHD-modelled HMF magnitude in the meridional plane of the heliosphere, with the
included effects of CIRs. The HCS is shown as a wavy structure with small magnetic field strengths,
extending from the Sun to the left of the figure along the equatorial regions and into the heliosheath,
where it flips upward into the northern hemisphere. Figure obtained from Borovikov et al. [2012].

charged component of the ISM, and is indicated in Figures 2.12 and 2.13 by the outermost lines
in dashed red and solid black. In addition to observations, the regions near the HP have been
the subject of a great number of studies conducted using MHD models with diverse aims such
as investigating the heliospheric structure [e.g. Pogorelov et al., 2009; Borovikov and Pogorelov,
2014], flow and magnetic characteristics [e.g. Opher et al., 2012; Pogorelov et al., 2012], and CR
modulation [e.g. Strauss et al., 2013b; Luo et al., 2015]. See also the heliosheath configurations as
described by Baranov [2009] and Fisk and Gloeckler [2013]. While the region between the TS and
HP is formally known as the inner heliosheath, it is referred to generally in this study as the
heliosheath, since the HP is the outermost boundary considered in further chapters.

Some recent developments on the regions beyond the HP are also briefly discussed here. Anal-
ogous to the TS, the BS is a boundary where the ISM flow (moving inward with respect to the
heliosphere) is reduced in speed. Though faint, it is visible in Figures 2.12 and 2.13 at about
200 to 250 AU. It is thought to be preceded by a high-density region often referred to as the hy-
drogen wall due to the build-up of neutral hydrogen between the HP and BS [see e.g. Pogorelov
et al., 2007; Zank et al., 2013]. McComas et al. [2012] however inferred from IBEX observations
that the ISM flow at ∼ 23.2 km.s−1 is slower than previously expected, and argued that what
was thought to be a BS rather constitutes an extended bow wave region. The absence of a
BS, and by extension the absence of a hydrogen wall, create difficulties in explaining observa-
tions of Ly-α emissions in the outer heliosphere [Zank et al., 2013]. Scherer and Fichtner [2014],
on the other hand, show that by including a helium component in simulations of the ISM the
scenario of a BS is still valid. Depending on the outcome of the above controversy, the outer
heliosheath may either be defined as the region between the HP and the BS or more generally
as the perturbed region of the ISM beyond the HP. It is however not considered in this study.
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2.6.3 A dynamic and irregular heliosphere

Due to the dynamical nature of the Sun, the global features of the heliopshere are bound to
be transformed according to the same variabilities and in particular the solar activity cycle
[Scherer and Fahr, 2003]. The fast SW streams appearing during solar minimum conditions,
for example, cause the heliosphere to be elongated towards the polar regions [e.g. Scherer and
Ferreira, 2005]. Moreover, due to solar rotation and the interaction between fast and slow SW
streams, co-rotating interaction regions (CIRs) are created, which further interact with each
other to give rise to highly complicated plasma structures at large heliospheric distances and
in the heliosheath [Borovikov et al., 2012]. This is illustrated in Figure 2.14. Note also from
this figure that the HCS, being restricted to the confines set by the HP, extends along a single
hemisphere in the heliosheath, which creates an evident north-south asymmetry.

The heliosphere is indeed unlikely to be symmetrical in any plane. The first most obvious
suggestion in this regard came with the crossings of the TS at different distances by the two
Voyagers [Stone et al., 2005, 2008], although this might also have been due to the motion of the
TS in response to the solar activity cycle. This possible asymmetry prompted MHD modelling
revealing the potential involvement of the interstellar magnetic field (ISMF): In addition to the
inclination of the the ISM flow with the equatorial plane of the heliosphere, the orientation
of the ISMF is such that a build-up of magnetic pressure occurs in the southern hemisphere
[Opher et al., 2006, 2009; Pogorelov et al., 2007, 2008], essentially compressing that region and
accounting for the Voyager 2 crossing of the TS at a smaller distance. Indeed, observations
from IBEX corroborate such an ISMF orientation [McComas et al., 2009]. Figure 2.13 also shows
a particularly pronounced magnetic field magnitude in the southern region along the Voyager
2 direction of travel. Note also that there are several CR modulation studies probing the effects
of an asymmetrical heliosphere [e.g. Ferreira et al., 2004a; Langner and Potgieter, 2005; Ngobeni
and Potgieter, 2011, 2012]. Aside from the north-south asymmetry, the heliosphere is elongated
away from its direction of movement, which gives rise to the heliotail [e.g. Pogorelov et al., 2015].

This study is concerned mostly with properties along the Voyager trajectories, and is hence
focussed on the nose region of the heliosphere (in its direction of travel), and only within the
HP; a spherical-symmetric heliosphere remains a reasonable approximation if the considered
region is constrained in this manner.

2.7 Cosmic Rays

In this study, CRs refer to energetic (non-thermal) charged particles either accelerated and
transported from astrophysical sites or originating locally in the heliosphere through various
acceleration processes. Their existence was initially inferred at the turn of the nineteenth cen-
tury following the discovery of radioactivity and observations of the spontaneous discharge
of electroscopes. This would lead to the postulation of an ionising radiation of extraterrestrial
origin that consisted mostly of gamma rays. It was hence before establishing the corpuscular
nature of the ionising radiation that the curious name of “cosmic rays” would be coined. See
the review by Carlson [2012]. The latter-day CRs are categorised according to their origins:
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Figure 2.15: CR intensities at Earth (blue line) over time as represented by the count rates registered at
the neutron monitor based in Hermanus, South Africa. The counts are normalised to 100% at the level
registered in March, 1987. The monthly sunspot number is shown as a red line for comparison. An
example of a complete 11- and 22-year cycle is indicated, along with the polarity epoch of each solar
cycle. The sunspot data is obtained from the source cited in Figure 2.1 and the neutron monitor counts
from http://www.nwu.ac.za/neutron-monitor-data (doa: 11 November 2015).

• Galactic cosmic rays (GCRs) have been observed with energies up to 3 · 1020 eV [e.g
Fraschetti, 2008], although their intensity levels measured at Earth generally decline with
increasing energy; see also Moskalenko et al. [2002] and Hillas [2006] for more on their en-
ergy spectra. They are fully ionized and originate outside the heliosphere from galactic
and extragalactic sources. Among the likely sites for their acceleration are supernovae
and their remnants, e.g. pulsars [e.g. Büsching et al., 2008a, b]. Below ∼ 30 GeV they be-
come susceptible to solar and heliospheric modulation [Strauss and Potgieter, 2014]. See
also Swordy [2001] for more on the elemental composition of GCRs. Galactic electrons are
of particular interest in this study and are discussed further in Section 2.7.2.

• Anomalous cosmic rays (ACRs) are discussed in Section 2.7.1.

• Jovian electrons with energies up to 100 MeV originate from the magnetosphere of Jupiter,
as first revealed by the Pioneer 10 spacecraft. These particles dominate CR intensities
in the inner heliosphere [e.g. Strauss et al., 2013a]. See also Ferreira et al. [2001a, b] and
Potgieter and Nndanganeni [2013a]. Though occasionally mentioned, Jovian electrons are
not formally considered in this study.

• Energetic charged particles also emerge from the Sun [see Cliver, 2000; Dröge, 2000b], but
are not considered in this study.
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Whereas the GCR component will be more pronounced in the outer heliosphere, the contribu-
tion at Earth is decidedly more heterogeneous. Ground-based observations give an indication
of the incident flux of GCRs at Earth, because generally only GCRs have sufficient energy to
penetrate through the geomagnetic field instead of being diverted along field lines to the poles.
These high-energy CRs hence interact with atmospheric particles to produce cascades of sec-
ondary particles [e.g. Gil et al., 2015], which are detected by neutron monitors on the Earth’s
surface. Figure 2.15 shows the CR flux recorded in this manner over the last few decades. As
mentioned in Section 2.2, both an 11-year and a 22-year periodicity is observed. With regards
to the 11-year cycle, CR intensities are anti-correlated with solar activity, which is represented
in the figure by the sunspot number. During solar maximum conditions the HMF magnitude
and associated turbulence increase, which results in impaired diffusion of CRs to Earth and
hence lower intensities. Also prevalent during periods of high solar activity (e.g. 1991) are
large and sudden discontinuous decreases in CR intensities. These are referred to as Forbush
decreases and are associated with transient events such as coronal mass ejections, which form
propagating diffusion barriers that sweep incoming GCRs away. See also le Roux and Potgieter
[1995] and Haasbroek et al. [1995]. The 22-year cycle is discernible in Figure 2.15 from the form
of consecutive intensity peaks: For A < 0 sharp intensity peaks are observed, while these are
broader and lower for A > 0. This is a consequence of the drift directions of CRs during each
HMF polarity [e.g. Potgieter and Moraal, 1985], which are introduced in Chapter 3 and illustrated
again in the chapters thereafter. The unusual minimum of 2009 has evoked particular interest
[e.g. Moraal and Stoker, 2010; Potgieter et al., 2014a], as it is associated with especially small HMF
magnitudes (see Figure 2.6) and high CR intensities. See Bazilevskaya et al. [2014] and Potgieter
[2008, 2010, 2013, 2014b] for more on CRs and their interaction with the solar cycle.

2.7.1 Anomalous cosmic rays

Garcia-Munoz et al. [1973] and Hovestadt et al. [1973] respectively reported enhancements in the
fluxes of CR Helium and Oxygen. These enhancements were attributed to the contribution of
ACRs, which were named after their relatively high abundances [McDonald et al., 1974]. Fisk
et al. [1974] explained that these particles arise from a seed population inside the heliosphere:
Neutral interstellar particles entering the heliosphere become ionised and are consequently
swept up with the SW due to its embedded HMF to form pick-up ions (PUIs). The manner
in which these neutrals are ionised depends largely on their location: Nearer to the Sun they
may be photo-ionised, while they most likely undergo charge exchange with SW protons in
the heliosheath. Indeed, Figure 2.16 confirms the highest densities of PUIs occur near the Sun
and in the heliosheath. Note by comparing the top and bottom panels of this figure that their
distributions also vary somewhat with the solar cycle.

To attain ACR energies the PUIs must be accelerated further, although how this transpires has
been the source of some contention. Originally, PUIs were proposed to be accelerated to ACR
energies through diffusive shock acceleration (DSA) at the TS [Fisk et al., 1974; Pesses et al., 1981].
See also the reviews by Fichtner [2001] and Moraal [2001]. However, with the Voyager spacecraft
having explored the outer heliosphere, observations suggest that the source of ACRs is further
into the heliosheath [McDonald et al., 2007; Webber et al., 2007]. Following earlier modelling [e.g.
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Figure 2.16: HD-modelled PUI densities in the meridional plane of the heliosphere during solar mini-
mum (top panel) and maximum (botttom panel). The Sun is located at the origin and the heliosheath is
centred around ∼ 100 AU in the nose direction. Figure obtained from Scherer and Ferreira [2005].

Zhang, 2006; Ferreira et al., 2007a; Moraal et al., 2008], Strauss et al. [2010b] accounted for the
observations of ACR Oxygen in the heliosheath through the inclusion of adiabatic heating and
stochastic acceleration in their modulation model. Termination shock particles (TSPs), on the
other hand, are still thought to arise from DSA of PUIs at the TS. Their energy distributions
resemble power laws and are visible at lower energies, preceding the intensity enhancements
associated with ACRs [see e.g. Stone et al., 2005]. For more details on the possible acceleration
mechanisms involved in the formation of ACRs, see the review by Giacalone et al. [2012]. Note
that while ACRs are usually singly charged, having lost only one orbital electron, multiply-
charged ACRs are also observed [Mewaldt et al., 1996; Strauss, 2010; Strauss et al., 2010a].

Note finally that while TSPs and ACRs are often viewed as separate populations [see e.g. Lee
et al., 2009], this study, which primarily aims to illustrate the features of DSA, makes no distinc-
tion between the two. Hence, references to ACRs in this study imply all particles that arise as
a result of the acceleration (including DSA at the TS) of a PUI seed population. The discussion
of ACRs continues in Chapter 4, while details of their modelling are provided in Chapter 3.

2.7.2 Galactic electrons

GCR electrons (or simply referred to as galactic electrons) exhibits significantly different be-
haviour from CR ions. This stems mostly from the fact that they are relativistic down to much
smaller energies than their ionic counterparts. The various aspects of their behaviour, and how
this behaviour is modelled, are conveyed in subsequent chapters. See also the relevant discus-
sions of Florinski et al. [2013]. In this section, the major observational features of electrons are
surveyed to provide context for the modelling to follow.

Figure 2.17 illustrates the radial distribution of electrons in the heliosphere. Between 22 AU and
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Figure 2.17: Radial intensities of low-energy electrons as observed by Voyager 1 [Webber, 2014]. Jovian
electrons dominate in the inner heliosphere, with intensities peaking at Jupiter’s position at 5 AU. In the
outer heliosphere, intensities of galactic electrons are reduced by a large factors from the HP (at 122 AU)
to the TS (at∼ 94 AU), while intensity peaks near the latter possibly emerge as a result of re-acceleration.

80 AU intensities are unfortunately contaminated by background-produced electrons and thus
are not displayed [see also Nndanganeni, 2015]. As mentioned in the introduction to this section,
at smaller radial distances intensities are dominated by the contribution of Jovian electrons, es-
pecially at lower energies. Note that the intensities peak at Jupiter’s approximate position at 5
AU. This obscures the contribution of the galactic component. See also the modelling of Pot-
gieter and Nndanganeni [2013a] in this regard. Of greater interest though to this study are the
features in the outer heliosphere. In the vicinity of the TS, which is at roughly 94 AU in Figure
2.17, peak-like increases are visible for low-energy electrons (of 5 to 14 MeV) and to lesser ex-
tent at higher energies. These are associated with the acceleration of electrons at the TS [Stone
et al., 2005; Decker et al., 2005; Stone et al., 2008]. Note that since galactic electrons were likely
accelerated during their formation at astrophysical sites, those electrons that undergo DSA at
the TS are referred to in this study as re-accelerated electrons. The features of shock-accelerated
electrons are studied in Chapter 6. Another notable feature in Figure 2.17 is the steep intensity
gradient between the TS and the HP at 122 AU. This stark decrease of electron intensities from
their local interstellar levels follows as a result of large modulation in the heliosheath, which in
turn informs the levels of diffusion that ought to be reflected when modelling electron modu-
lation in this region; see Section 3.3.

Further insights on modulation parameters may be derived from the observed electron energy
spectra illustrated in Figure 2.18. At energies from about 10 to 100 MeV, distributions appear
to remain largely power-law distributed and their spectral indices unchanged from that mea-
sured at the HP [Stone et al., 2013]. This suggests that diffusion levels remain largely constant
across this range of energies. Furthermore, since the solar modulation of CRs phases out, the
intensity levels measured toward higher energies at Earth may provide an indication of local
interstellar intensity levels at energies where no in situ measurements are available. On the op-
posite end of the spectrum, at low energies, distinguishing between the contributions of solar



26 2.8. SUMMARY

10
−4

10
−3

10
−2

10
−1

10
0

10
1

10
2

10
−7

10
−6

10
−5

10
−4

10
−3

10
−2

10
−1

10
0

10
1

10
2

10
3

10
4

10
5

Kinetic energy (GeV)

D
if

fe
re

n
ti

a
l 
In

te
n

s
it

y
 

(p
a
rt

ic
le

s
.m

−
2
.s

−
1
.s

r−
1
.M

e
V

−
1
)

 

 

122 AU

118 AU

112 AU

106 AU

100 AU

94 AU

1 AU

~ 1 AU

A < 0

circles: Voyager 1 observations
triangles: PAMELA observations
stars: SOHO/EPHIN observations

Figure 2.18: Observations of electron energy spectra at Earth (SOHO/EPHIN: 2007/8; PAMELA: 2nd
Semester, 2009, Adriani et al. [2011]) and at distances along the Voyager 1 trajectory [Webber, 2014] from
the TS (94 AU) to the HP (122 AU). SOHO data from Khül et al. [2013].

energetic particles (SEPs), Jovian and galactic electrons remains problematic. To make mean-
ingful inferences with regards to electron modulation at these energies the more fundamental
aspects characterising modulation, e.g. the underlying turbulence, have to be considered. The
features of electron modulation, as well as the expected levels of local interstellar intensities,
are explored further in Chapter 5, while the basic concepts of their transport are introduced in
Chapter 3. Modelling results and observations are compared in Chapter 7.

2.8 Summary

This chapter reviewed the heliospheric physics essential for an adequate contextual background
for the rest of this study.

Two pertinent cycles of solar variability are identified, namely the 11-year solar activity cycle
and the 22-year magnetic polarity cycle. Furthermore, with regards to the SW, a radial su-
personic flow is assumed for the inner heliosheath, which decreases in speed at the TS by a
factor equivalent to its compression ratio. A TS precursor region is also incorporated. The SW
speed continues to decrease in the heliosheath under the assumption of incompressible flow.
A latitude dependence, giving rise to fast SW streams at high latitudes during solar minimum
conditions, is also included. Embedded in the SW, the HMF is described according to the Parker
[1958] model with the modification of Jokipii and Kota [1989], and a HCS is introduced that is
coupled to the solar activity cycle through its associated tilt angle. This study is furthermore
focused on the nose region of the heliosphere, and only as far out as the HP. It is therefore
reasonable to assume a spherical heliosphere if the scope is limited in this manner. ACRs are
introduced with the aim on the modelling presented in Chapter 4, while observations of galac-
tic electrons are illustrated and discussed to provide context for Chapters 5 through 7.
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The transport and modulation of CRs, as subjected to the heliospheric configuration sum-
marised above, are discussed in the next chapter.
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Chapter 3

Cosmic Ray Transport and Acceleration
Model

3.1 Introduction

Chapter 2 gave an introduction to CRs and the major defining properties of the heliosphere.
As CRs are transported through the heliosphere they are subjected to a number of modulating
physical processes that cause their distribution function to change as a function of position,
time, and energy. It is the purpose of this chapter to characterise these processes mathemati-
cally and model the responding CR behaviour by solving a charged-particle transport equation.

The relevant transport equation is firstly introduced and the processes accounted for therein are
discussed. Further discussions elaborate on the mathematical representation of these processes
in the transport equation and its transformation to a spherical coordinate system. As a result of
the complexity of the transport equation and its constituent parts, analytical solutions cannot be
attained without simplifying assumptions and hence numerical solutions are sought instead.
The details of the numerical model implemented in this study to solve the transport equation
are reviewed concisely.

3.2 The Parker Transport Equation

Accounting for the relevant physical processes [Fisk, 1999], the Parker [1965b] transport equa-
tion (TPE) given by

∂f

∂t
= −

(
~Vsw + 〈~vD〉

)
· ∇f +∇ · (Ks · ∇f) +

1

3

(
∇ · ~Vsw

) ∂f

∂ ln p
+Qs , (3.1)

is used in this study to describe the modulation of CRs in the turbulent heliospheric plasma.
See also the re-derivation of this TPE, of which the Fokker-Planck equation is a more general
form, by Gleeson and Axford [1967]. A review on CR modulation equations is provided by
Moraal [2013]. Eq. 3.1 is solved for the pitch-angle averaged CR distribution function, f =

f(~r, p, t), with ~r, p, and t each denoting position, momentum, and time. With regards to the

29
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Figure 3.1: The kinetic energy of a particle or nucleon as a function of its rigidity (according to Eq. 3.4)
for the CR species indicated in the legend. The electron and proton rest-mass energies, that is, e0 = 0.511
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Θ-values of 1, whereas Θ = 16 for ACR Oxygen.

distribution function, the terms from left to right describe time-dependent changes, convection
due to the SW flow at a velocity of ~Vsw, CR drifts in terms of the pitch-angle averaged guiding
centre drift velocity of 〈~vD〉, spatial diffusion as described by the diffusion tensor, Ks, adiabatic
energy changes through the divergence of the SW velocity (∇· ~Vsw), and the contribution of CR
sources inside the heliosphere. This study only formally considers the transport of GCRs and
ACRs, for which the initial distributions are specified as boundary conditions at the HP and TS
respectively. The source term denoted Qs = Qs(~r, p, t) in Eq. 3.1 is hence not regarded.

Note that while the TPE is written in terms of momentum, it is solved in terms of rigidity, P ,
which is related to the former according to

P =
pc

|q|
, (3.2)

where p is the particle’s relativistic momentum and |q| = Ze its charge, with Z the atomic
number, e the elementary charge, and c the speed of light. The relation between a particle’s
rigidity and its total kinetic energy, E, can furthermore be derived from its total relativistic
energy as

P =

(
A

Ze

)√
E(E + 2E0), (3.3)

or conversely

E =

√
P 2

(
Ze

A

)2

+ E2
0 − E0 , (3.4)

with A the mass number and E0 the rest-mass energy of the particle. Note that when consid-
ering CR ions, E denotes the total kinetic energy per nucleon. For electrons, E0 = e0 = 0.511
MeV (the electron rest-mass energy) while for ions the proton rest-mass energy of∼ 938.3 MeV
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Figure 3.2: The ratio of particle speed to light speed for CR ions and electrons. The electron and proton
rest-mass energies are shown as vertical dashed lines at e0 = 0.511 MeV and E0 = 938.3 MeV, at which
each profile respectively attains a speed of ∼ 0.87c. Note that light speed is never fully attained and that
β progresses asymptotically to unity above the relevant rest-mass energy.

is applied. Furthermore, the ratio of mass number to charge can used to distinguish between
different CR species:

Θ =
A

Ze
, (3.5)

which is 2 for most GCRs (e.g. Helium, Carbon, Oxygen, ...), being fully ionised, except for
galactic protons, for which Θ = 1. This quantity is also taken as 1 for electrons. Of course, for
singly-charged ACRs it follows that Θ = A. The relation in Eq. 3.4 is demonstrated in Figure
3.1 for different CR species. Note that for each presented species, E is proportional to P 2 and
P respectively below and above their rest-mass energies. This may also be inferred from Eq.
3.3 or 3.4 in the limits of E � E0 and E � E0. Figure 3.4 shows that this proportionality
changes at the same kinetic energy (E ≈ E0) for protons and ACR Oxygen, since the energy
is measured per nucleon, although the rigidities at which this occurs are separated by a factor
given by the ratio of their Θ-values. At E > E0, both protons and electrons are relativistic and
display identical relationships between E and P , because Θ = 1 for both. Generally, any range
of relativistic energies has a corresponding rigidity range encompassing the same values. The
difference in the relation between E and P for relativistic and non-relativistic CRs is further
reflected in their shock-accelerated energy spectra; see Section 3.6.2.

Another important quantity that can be specified in terms of those introduced above is the ratio
of particle speed, v, to light speed, that is,

β (≡ v/c) =
P√

P 2 +
(
A
Ze

)2
E2

0

=

√
E (E + 2E0)

E + E0
. (3.6)

This quantity is illustrated for CR ions and electrons in Figure 3.2 as a function of E. Ions
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Figure 3.3: A schematic representation of the HMF-aligned diffusion configuration. The directions in
which the coefficients κ||, κ⊥r and κ⊥θ govern CR diffusion are indicated with respect to a Parker field
line, using black, red and blue arrows respectively. The radial SW outflow is indicated with the bold
black arrows labelled V. Figure adapted from Heber and Potgieter [2006].

and electrons attain speeds near the speed of light above the proton and electron rest-mass
energies respectively. Note that different species of CR ions do not show different β-profiles,
because Eq. 3.6 in terms of E does not contain an explicit dependence on Θ. The parameter
β is an important quantity in CR modulation, since it is contained in the expressions for both
the diffusion coefficients and GCR input spectra. Note finally that while the TPE is solved for
the distribution function, f = f(~r, p, t), CR intensities are presented in this study in terms of
differential intensity, j = j(~r, p, t), which is related to f according to

j(~r, p, t) = p2f(~r, p, t), (3.7)

with units of particles / unit area / unit time/ unit solid angle / unit kinetic energy (per nu-
cleon, in the case of CR ions). See e.g. Strauss [2010] for a full derivation of this quantity.

3.3 Particle Diffusion

The diffusion tensor contained within Eq. 3.1 assumes the form of a symmetrical matrix in
HMF-aligned coordinates, that is

Ks =

 κ‖ 0 0

0 κ⊥θ 0

0 0 κ⊥r

 (3.8)

where κ‖, κ⊥θ, and κ⊥r respectively denote diffusion coefficients parallel to the mean HMF,
and perpendicular to it in the polar and radial directions. Figure 3.3 aids in the visualisation of
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these directions. By their relation to the mean free path (MFP), λ, through

κ =
v

3
λ, (3.9)

where v is the particle speed (often written as cβ), each coefficient provides an indication of how
far on average a particle can travel along a particular direction before an interaction allows its
direction to change significantly. For charged particles such as CRs, these interactions include
e.g. encounters with fluctuations of the magnetic field. Indeed, CR diffusion in the heliosphere
is generally described in terms of MFPs (in units of length) that are characterised by aspects of
magnetic turbulence, of which the essentials are given in the following discussion.

3.3.1 Turbulence

In accordance to the form used in basic perturbation theory, the turbulent Parkerian HMF is
written in terms of a uniform background B and fluctuating component δ ~B as

~B = Bêz + δ ~B(x, y, z), (3.10)

with 〈δ ~B〉 = 0 by an appropriate averaging process [see e.g. Matthaeus et al., 2003]. The pertur-
bation is further characterised by expressing the total turbulence as the sum of the 1-D (slab)
and 2-D components thereof [Bieber et al., 1994, 2004; Matthaeus et al., 1995, 2003], so that

δ ~B(x, y, z) = δ ~Bslab(z) + δ ~B2D(x, y), (3.11)

with components δBslab,i(z) + δB2D,i(x, y), i = x, y. This is the form of composite turbulence.
Here, the root mean square amplitude and variance of fluctuating components are denoted by
δB and δB2 respectively. The associated total variance of fluctuating field components perpen-
dicular to the background field is given by [e.g. Engelbrecht, 2013] as

δB2 = δB2
slab(z) + δB2

2D(x, y). (3.12)

Under the further assumption of axisymmetrical turbulence, where

δB2
slab = 2δB2

slab,x = 2δB2
slab,y and δB2

2D = 2δB2
2D,x = 2δB2

2D,y,

it follows that
δB2 = 2δB2

slab,x(z) + 2δB2
2D,x(x, y). (3.13)

Following Burger et al. [2008], an expression for δB2
slab,x is modelled as

δB2
slab,x = δB2

0

(
r

r0

)−2.5

for r < rTS , (3.14)

with δB2
0 the normalisation constant at Earth (r0 = 1 AU). Bieber et al. [1994] presents a value of

13.2 nT2 for the total variance in one perpendicular component of the HMF. In Chapter 4, δB2
0 =

13.2 nT2 is employed for the sake of comparability of results with that of Strauss [2010], while
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Figure 3.4: An example of a turbulence power spectrum. Three distinct sections are visible from the
lowest to the highest wavenumbers, namely the energy range, the inertial range, and the dissipation
range, with the transitions between the former and latter two respectively occurring at wavenumbers
denoted kEI and kID. The inertial and dissipation range spectral indices are −qI and −qD. The fainter
dotted, dashed and dash-dotted lines represent observations as discussed by Bieber et al. [1994], from
where this figure is adapted, and the references therein.

δB2
0 = 25.0 nT2 is applied in further chapters [as in Burger et al., 2008]. Observations by Burlaga

et al. [2014] suggest the fluctuations in the heliosheath may be dominated by compressional
(longitudinal) turbulence, requiring a complete revision of turbulence transport and scattering
in this region. It is assumed in the meanwhile that δB2

slab,x ∼ B2 in the heliosheath [see e.g. le
Roux et al., 1999, for a similar assumption at Earth]. Assuming 80% 2-D and 20% slab turbulence
[Bieber et al., 1994; Burger et al., 2008], it is employed in this study, following Strauss [2010], that

δB2
2D,x =

80

20
δB2

slab,x . (3.15)

Another aspect important for defining diffusion quantities is the turbulence power spectrum.
An example of such a spectrum is shown in Figure 3.4 as a function of wavenumber, k. If turbu-
lence is thought of as a number of eddies of different sizes [see e.g. the treatment of Choudhuri,
1998], energy would typically be fed into the turbulent system so as to produce large eddies.
This is in the energy range, which extends up to a wavenumber denoted kEI . Above kEI ,
this energy is cascaded unto a greater number of smaller eddies toward higher wavenumbers,
with some energy being dissipated upon each consecutive transferral. Classically, this region,
named the inertial range, displays a Kolmogorov-type decay proportional to k−5/3. Eventually,
when the eddies (or length scales of fluctuations) become too small, energy is rapidly lost to the
environment, resulting in the steeper decay seen above kID, where the inertial range transitions
into the dissipation range. For this study, the inertial and dissipation ranges are characterised
as k−qI and k−qD respectively, with qI = 5/3 and qD = 2.6 [Smith et al., 2006]. See also the
comprehensive review by Shalchi [2009].
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Eq. Fit a b

3.17 best fit 0.200 1.760
through origin 0 3.190

3.18 best fit 0.152 0.451
through origin 0 0.686

Table 3.1: Linear regression parameters from fits applied by Leamon et al. [2000] to observed break-point
frequencies (νbp) as functions of Ωci and kiiVsw/2π for Eq. 3.17 and 3.18 respectively.

The wavenumber of the energy-inertial transition is modelled, following Burger et al. [2008], as

kEI(r) = k0 [r/r0]−0.5 r ≤ rTS (3.16)

with k0 = 32.0 AU−1 the reciprocal of a correlation length at r0 of ∼ 0.03 AU. It is assumed
for comparability with Strauss [2010] that kEI stays constant at the value attained at the TS
throughout the heliosheath. To characterise kID for the inertial-dissipation range transition,
two expressions are considered here. These are [from Leamon et al., 2000]

kID =
2π

Vsw
(a+ bΩci) , (3.17)

referred to as the proton gyrofrequency model, and

kID =
2π

Vsw

(
a+

b

2π
kiiVsw

)
, (3.18)

the ion inertial scale model [see also Engelbrecht and Burger, 2010, 2013a]. The proton gyrofre-
quency and ion inertial scale are respectively defined as Ωci = |q|B/m and ρii = VA/Ωci,
with q and m representing the particle charge and mass and VA the Alfvén speed. Also,
kii = (2π/pii) sinψ with ψ the HMF spiral angle. As usual, Vsw denotes the SW speed. Pos-
sible choices for the parameters a and b in Eq. 3.17 and 3.18 are given in Table 3.1, where νbp
and kID are related through kID = (2π/Vsw)νbp. Note that kEI < kID in all circumstances.

3.3.2 Parallel diffusion

CRs undergo diffusive transport in the heliosphere through pitch-angle scattering as a result
of HMF fluctuations. The interaction between transported particles and turbulence is related
through the Fokker-Planck coefficient,Dµµ, which essentially specifies the rate of scattering and
depends on the turbulence model considered [see Schlickeiser, 2002]. The pitch-angle-averaged
diffusion of particles parallel to magnetic field lines is in turn related to Dµµ through

κ|| =
v2

8

∫ 1

−1

(
1− µ2

)2
Dµµ(µ)

dµ , (3.19)

where µ ∈ {−1, 1} is the cosine of the particle’s pitch angle. Considered here is the parallel dif-
fusion coefficient of Burger et al. [2008], adapted from the random sweeping model for dynamic
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Figure 3.5: Rigidity profiles at Earth (r = 1 AU, θ = 90◦) for the MFPs of protons and electrons,
respectively shown in blue and red lines. The parallel MFPs (λ||), indicated with solid lines, follow from
Eq. 3.20 with Eq. 3.21 and Eq. 3.22 for protons and electrons respectively. The Palmer [1982] consensus
values for λ|| are indicated by the shaded region. The contributions of the terms labelled (1) to (3) in Eq.
3.22 are illustrated by the dashed, dashed-dotted, and solid black lines as indicated. The perpendicular
MFPs (λ⊥ ≡ λ⊥r/θ) are shown for θ = 90◦ using dashed lines and follow from Eq. 3.26/3.27 with
ξ = η = −0.4. The corresponding Palmer [1982] values are shown as a grey line at ∼ 0.007 AU.

turbulence of Teufel and Schlickeiser [2003], constructed using quasilinear theory (QLT; Jokipii
[1966]). The corresponding MFP is given by

λ|| =
3qI√

π(qI − 1)

R2

bkEI

(
B

δBslab,x

)2

K , (3.20)

where
K =

b

4
√
π

+
2√

π(2− qI)(4− qI)
b

RqI
, (3.21)

for protons, and

K =
b

4
√
π︸ ︷︷ ︸

(1)

+

(
1

Γ(qD/2)
+

1√
π(qD − 2)

)
bqD−1

QqD−qIRqI︸ ︷︷ ︸
(2)

+
2√

π(2− qI)(4− qI)
b

RqI︸ ︷︷ ︸
(3)

, (3.22)

for electrons, with dimensionless parameters

R = kEI rL and Q = kID rL and b =
v

2αdVA
.

The quantities not previously defined are the Larmor radius, rL = P/Bc, and αd = 1, which
specifies the strength of dynamical effects [Bieber et al., 1994; Teufel and Schlickeiser, 2002]. The
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Figure 3.6: MFPs as a function of radial distance in the equatorial plane (θ = 90◦) at P = 1.0 GV. The
parallel (λ||) and perpendicular (λ⊥ ≡ λ⊥r/θ) MFPs follow from Eq. 3.20 and 3.26/3.27 with ξ = η =
−0.4. Note from Figure 3.5 that the proton and electron MFPs are equal at 1 GV, and hence these radial
profiles are representative of both species. The TS position is indicated using a vertical dash-dotted line
at 90 AU, while the HP is at 140 AU; this is only valid for Chapter 4.

Alfvén speed is furthermore expressed as

VA =
B

√
µ0ρm

, ρm = mp ρ0

(r0

r

)2 V

Vsw
,

where ρm is the SW mass density [as specified by Strauss, 2010], with µ0 the permeability of
free space, mp the proton mass, ρ0 the SW proton number density at Earth (r0 = 1 AU, θ = 90◦),
taken as 5 particles per cm3, and V = 400 km.s−1 as before. According to this configuration,
VA remains largely constant at about 35 km.s−1 up to the TS, across which it increases with a
factor of s1/2 and continues to increase proportional to B in the heliosheath; recall that due to
the incompressibility assumption discussed in Section 2.3 the SW speed decreases as r−2 in the
heliosheath, implying that ρm remains constant in this region, as expected.

The MFPs described by Eq. 3.20 for both protons (Eq. 3.21) and electrons (Eq. 3.22) are illus-
trated in Figure 3.5 as functions of rigidity. The contributions of the terms (1) to (3) of Eq. 3.22
are indicated in the figure using black lines. Note that while the proton MFP at the considered
rigidities is characterised mostly by the inertial-range contribution (term (3); represented by
the solid black line with which it coincides), electrons are also sensitive to dissipation-range
turbulence, represented by term (2) of Eq. 3.22. Note that the dissipation-range contribution is
negligible for ions and is hence not considered in Eq. 3.21. See Engelbrecht [2008]. The result
is that the electron MFPs exhibit an up-turn at low rigidities. Toward higher rigidities the pro-
ton and electron profiles coincide and the energy-range contribution of term (1) becomes more
pronounced. For comparison, the Palmer [1982] consensus values are also shown in Figure 3.5.
Where the radial profile of the MFPs is concerned, λ|| increases as ∼ r up to the TS, decreases
abruptly at the shock, and continues to diminish approximately according to r−1 into the he-
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liosheath. This is illustrated in Figure 3.6. The above diffusion configuration along with that
following from the damping model for dynamic turbulence [Teufel and Schlickeiser, 2003] are
revisited by Engelbrecht and Burger [2013a, b]. Note that the above diffusion configuration for
protons (with Eq. 3.21) is applied in Chapter 4.

In Chapter 5 to 7, where the modulation and shock acceleration of electrons are studied, a
different set of expressions are adopted to describe diffusion. While the form of observations
presented in Figure 2.18 could be reproduced using Eq. 3.20, this would require substantial
adjustment of the considerable amount of parameters contained therein. Such adjustments
would furthermore have to be consistent with observational and theoretical constraints on the
individual parameters. Hence, to avoid an extended parameter study, a simpler phenomeno-
logical MFP expression is assumed [following the similar approaches of Potgieter and Moraal,
1988; Caballero-Lopez et al., 2010; Potgieter and Nndanganeni, 2013a; Potgieter et al., 2015]:

λ|| = λr (r)λP (P ) , (3.23)

where an initial rigidity dependence is specified as

λP (P ) =


(
P
P0

)3
+
(
Pk
P0

)3

1 +
(
Pk
P0

)3


g2−g1

3 (
P

P0

)g1
, (3.24)

with g1 = 0, g2 = 1.23, P0 = 1 GV, and Pk = 0.34 GV, and where the radial dependence is

λr (r) =


λr,0

(
B

δBslab,x

)2( r

r0

)ΛIH

r ≤ rTS

λr,TS+

(
B

δBslab,x

)2( r

r0

)ΛOH

r > rTS

(3.25)

with λr,0 = 0.4 AU, λr,TS+ = 0.341 AU, ΛIH = 0.65, and ΛOH = 2.0, as an initial configuration.
As a result of earlier assumptions B/δBslab,x is constant in the heliosheath. These dependences
are illustrated in Figure 3.7. Note that the rigidity dependence reflects two combined power
laws, with MFPs that are rigidity-independent up to ∼ 0.34 GV and increase according to P 1.23

at larger rigidities. Comparing Figures 3.7 and 3.5, these two power-law segments roughly re-
flect the contributions of the inertial and energy ranges of the turbulence spectrum. The mod-
elling of dissipation-range effects is discussed in Section 5.4.3. Similar rigidity dependences are
applied by Potgieter and Nndanganeni [2013a] and Potgieter et al. [2015] in modulation models to
reproduce electron observations. The radial dependence of Eq. 3.25 is furthermore similar to
that of Eq. 3.20, with λ|| also increasing as r at r < rTS , but with generally larger values. Across
the TS, however, the MFPs are required to decrease by a much larger amount than they do
according to Eq. 3.20 to account for electron observations. Also, λ|| is assumed to increase as r2

in the heliosheath. This is shown in Chapter 7 to reproduce the observed radial distribution of
electron intensities in conjunction with an emulated solar cycle dependence in the heliosheath.
Potgieter and Nndanganeni [2013a] applied a similar profile to reproduce heliosheath observa-
tions. A fundamental diffusion theory for the whole heliosphere is yet to be developed.
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Figure 3.7: The top panel shows the rigidity dependence of electron MFPs at Earth (r = 1 AU, θ = 90◦).
The parallel (λ||) and perpendicular MFPs (λ⊥ ≡ λ⊥r/θ) follow from Eq. 3.23 and 3.26/3.27 with ξ =
η = 0. The Palmer [1982] values are shown for λ⊥ and λ|| as a grey line and shaded area respectively.
The bottom panel shows the corresponding radial profiles of electron MFPs for θ = 90◦ at P = 1.0 GV.
The TS position is indicated using a vertical line at 94 AU. The HP is at 122 AU.

The use of Eq. 3.23 is favourable for the purposes of this study, because any one segment
of the rigidity dependence can be readily adjusted without altering another, and without af-
fecting the radial dependence - this is useful when studying the effects of individual features
of the diffusion profile. These adjustments can also be implemented explicitly as required by
the objective at hand without making possibly erroneous assumptions concerning underlying
physical properties. These advantages are exploited further in Chapter 5.

3.3.3 Perpendicular diffusion

Perpendicular diffusion is described by QLT in terms of the random walk of magnetic field
lines [Jokipii, 1966], however it may also follow due to the scattering of particles in gyro-phase,
where particles may transfer from one field line to the next. Collectively, these concepts form
part of the non-linear guiding centre (NLGC) theory for diffusion [Bieber et al., 2004; Shalchi,
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2006]. See also the perpendicular diffusion models constructed from NLGC theory by Burger
et al. [2008] and Engelbrecht and Burger [2013a, b]. Dosch et al. [2009] provide an overview of
the various cross-field diffusion theories. The perpendicular diffusion coefficients most com-
patible with the numerical modelling in this study are however those of Burger et al. [2000] for
enhanced latitudinal transport. Informed by Ulysses observations of HMF variances at high
helio-latitudes, these are

κ⊥r = κ⊥r,0

(
δB2D,x

B

)2

κ||

(
P

P0

)ξ
, (3.26)

and

κ⊥θ = g(θ)

(
δB2D,x

B

)2

κ||

(
P

P0

)η
, (3.27)

where

g(θ) =
κ0
p + κ0

e

2
−

(
κ0
p − κ0

e

2

)
tanh [8 (θ − 90◦ + θc)] , (3.28)

with P0 = 1 GV and δB2
2D,x = 4 δB2

slab,x, as previously defined, and where θ ≤ 90◦ and θc =

35◦ determines the polar extent of the enhancement of κ⊥θ. It has become the convention in
modulation studies to scale κ⊥r/θ as κ||, with κ⊥r/κ|| ∈ [0.02, 0.04] [Giacalone and Jokipii, 1999].
Hence, κ⊥r,0 = 0.02 in this study, unless stated otherwise. Furthermore, κ0

p = 0.185 and κ0
e =

κ⊥r,0, so that perpendicular diffusion is isotropic with κ⊥ = κ⊥r = κ⊥θ in the equatorial plane
(θ = 90◦). Note that the constants κ0

p and κ⊥r,0 are scaled according to solar activity through
the tilt angle [Langner, 2004], e.g. κ0

p(α) = κ0
p(α/2 + 0.9127). Away from the equatorial plane,

where the enhancement described in Eq. 3.28 takes effect, anisotropic diffusion ensues. See
Burger et al. [2000], Potgieter [2000] and Heber and Potgieter [2006] for the physical substantiation
for this enhancement, and Potgieter [1996] and Ferreira et al. [2000] on the effects of anisotropic
perpendicular diffusion. Note finally that Eqs. 3.26 and 3.27 are applied in Chapter 4 with
ξ = η = −0.4, yielding the rigidity dependence for κ⊥ illustrated in Figure 3.5. In further
chapters however, where electron transport is considered, it is assumed for simplicity that the
rigidity dependence of Eq. 3.24 is preserved for the perpendicular coefficients as well, hence
ξ = η = 0. The resultant profiles are shown in Figure 3.7.

3.4 Particle Drifts

Being charged particles, CRs are expected to undergo drifts in response to the large-scale HMF
structure as illustrated in Figure 3.8. Specifically, drift motions associated with gradients in the
HMF magnitude, the curvature of the field, and with changes in the field direction across the
HCS [e.g. Burger and Potgieter, 1989], are induced. It is known that drift effects are reduced in
the presence of turbulence, although the appropriate characterisation of this turbulence and of
the ensuant drift effects is an ongoing endeavour [Burger and Visser, 2010; Engelbrecht and Burger,
2015]. The significance of drifts in CR modulation was first remarked by Jokipii et al. [1977], and
indeed, they were later revealed to be necessary to explain dependences of CR observations
on the HMF polarity [e.g. Potgieter and Moraal, 1985]. See also the review by Potgieter [2014b].
In this section, a general discussion on the drift concepts used in this study is provided. Note
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Figure 3.8: Meridional projection of the drift trajectories of positively charged CRs in the inner helio-
sphere during the A > 0 polarity cycle, with arrows indicating drift directions. The bold line near the
equator represents the wavy HCS. See Strauss [2013] for a discussion on possible drift patterns in the
outer heliosphere. Figure obtained from Jokipii and Thomas [1981].

that HCS drifts are emulated in this study using the wavy current sheet model by Hattingh
and Burger [1995], while its modification and implementation in a 2-D modulation model is
discussed thoroughly by Langner [2004].

Drifts are represented in the TPE by the pitch-angle-averaged guiding centre drift velocity,
which in a very general case is given by

〈~vD〉 =
pv

3Q

(ωτd)
2

1 + (ωτd)2
∇×

~B

B2
, (3.29)

where the suppression of drifts through scattering is represented by (ωτd)
2/(1 + (ωτd)

2) [see
also Minnie et al., 2007]. Here, ω is the particle’s gyro-frequency and τd a time scale between
scattering events. Eq. 3.29 is written in terms of the maximal Larmor radius (rL = P/Bc) as

〈~vD〉 = ∇× v

3
rL

(ωτd)
2

1 + (ωτd)2
êB (3.30)

≡ ∇× κD êB ,

with êB = ~B/B a unit vector directed along ~B, and where the drift coefficient, κD, is prelimi-
narily defined as

κD =
v

3
rL

(ωτd)
2

1 + (ωτd)2
. (3.31)

The drift coefficient, and hence also the drift velocity, assume maximum values under the as-
sumption of weak scattering, that is, assuming a particle undergoes several gyrations before
being scattered. This implies that ωτd � 1. On the other hand, the drift coefficient diminishes
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Figure 3.9: CR drift scales (λD) as functions of kinetic energy (left panel) and rigidity (right panel) at
Earth (1 AU, θ = 90◦). Solid lines represent the weak-scattering limit, where drift scales are equal to
the Larmor radius, rL, while dashed lines represent the drift scales following from Eq. 3.33. In the left
panel, lines in red, black and blue respectively represent λD for electrons, protons and ACR Oxygen.

when ωτd � 1. Thus, in these limits it follows that

κD u

{ v

3
rL ωτd � 1 weak scattering

0 ωτd � 1 strong scattering
(3.32)

An intermediate value is likely the more realistic though, and is attained through incorporat-
ing a realistic suppression factor to represent the effects of turbulence. Following Burger et al.
[2000, 2008], it is approximated that (ωτd) ∼ P , so that

κD = κD,0
v

3
rL

(P/PD)2

1 + (P/PD)2 , (3.33)

with PD = 1/
√

10 [see also Langner et al., 2003; Ngobeni and Potgieter, 2015], and where κD,0 ∈
[0, 1] is introduced as a scaling parameter to indicate the drift efficiency. During solar maximum
conditions, for instance, when more turbulent conditions are expected, Ferreira and Potgieter
[2004] employed κD,0 ∈ [0, 0.1] to reproduce observations. This quantity is scaled as needed
in the current study, although κD,0 = 0.55 may be considered a default value [Langner et al.,
2003; Ngobeni, 2015]. To aid in visualisation, κD is represented more intuitively as a length
scale, λD, similar to how MFPs represent diffusion coefficients (Eq. 3.9). Note that by using
this representation, it follows from Eq. 3.32 that λD = rL under the weak scattering limit.

The rigidity profile of λD is illustrated in the right-hand side panel of Figure 3.9 for full drift ef-
ficiency (κD,0 = 1). The scattering-induced suppression of drifts significantly reduce λD at low
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Figure 3.10: Electron drift scale (λD) as function of radial distance at P = 1 GV, where the weak-
scattering limit has already been attained. Note that λD ∝ 1/B. The TS position is indicated with a
dash-dotted line at 94 AU.

rigidities and become altogether negligible at P � PD. The weak scattering limit is attained
at P > PD, where the drift scales predicted by Eq. 3.33 converge with the Larmor radius, rL,
and continue increasing proportional to P . In further chapters, drift effects on CR intensities
are presented in terms of kinetic energy, in terms of which the drift scales vary appreciably
depending on the CR species considered. This is shown in the left panel of Figure 3.9. The
drift scales of the heavier species remain significant down to lower energies, whereas those of
electrons become negligible quickly below ∼ 100 MeV. Indeed, drift effects for electrons are
shown in Chapter 5 to be most pronounced in the approximate energy interval of 100 MeV to
1 GeV. See also the comprehensive study on electron modulation by Nndanganeni [2015]. Note
also that if the rigidity parameters in Eq. 3.33 are expressed in terms of energy according to
Eq. 3.3, the dependence of λD on E also changes relative to the relevant rest-mass energy; this
is reflected in Figure 3.9, where the λD-curves of electrons and the heavier species steepen at
∼ 0.5 MeV and 1 GeV respectively. The radial dependence of λD, as a result of its dependence
on rL, follows as 1/B, which is evident when comparing Figures 3.10 and 2.7.

With κD specified, 〈~vD〉 is also known. The drift directions of CRs can consequently be solved
from d~l × 〈~vD〉 = 0, which would yield streamlines similar to those shown in Figure 3.8. The
figure demonstrates that while A > 0 positively charged particles drift downward from the
poles to the equator and outward along the HCS. Since the divergence of a curl of a vector is
zero, these streamlines are expected to be directed back to the poles at some point in the outer
heliosphere, e.g. along the TS. Note that these patterns are shown for qA > 0, which is the
notation used in modulation models when solving the TPE. For positively charged particles,
qA > 0 =⇒ A > 0, since q > 0, whereas for negatively charged particles qA > 0 =⇒ A < 0,
because q < 0. The drift directions for electrons are hence reversed from those shown in Figure
3.8. Of course, when the magnetic polarity reverses, and magnetic field lines are directed in the
opposite direction, these drift directions are also reversed.

Drifts can be moderated both directly and indirectly in the TPE and the modulation model that
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solves it. Firstly, the drift coefficient can be scaled explicitly as done in Eq. 3.33 through e.g.
κD,0 or the rigidity-dependent suppression factor. Implicitly though, any process that acts to
decrease intensity gradients and hence the gradient of the CR distribution function, ∇f , in Eq.
3.1, causes the product 〈~vD〉 · ∇f to be reduced and thereby inhibits drift effects. Note finally
that the drift velocity as described by Eq. 3.30 can be rewritten in terms of the asymmetrical
drift tensor, KD. This follows because the curl of a vector may be rewritten as the divergence
of a second rank tensor, leading to

〈~vD〉 = ∇× κD êB = −∇ ·KD, (3.34)

with

KD ≡

0 0 0

0 0 κD

0 −κD 0

 . (3.35)

This identity allows the TPE to be rewritten in a more compact form and facilitates the trans-
formation to spherical coordinates. This is discussed in the next section.

3.5 The Transport Equation in Spherical Coordinates

Combining the drift tensor, KD, of Eq. 3.35 and the symmetrical diffusion tensor, Ks, intro-
duced in Eq. 3.8, the following asymmetrical tensor is attained:

Kt = Ks + KD =

κ|| 0 0

0 κ⊥θ κD

0 −κD κ⊥r

 , (3.36)

allowing the TPE of 3.1 to be rewritten in a more compact form as follows:

∂f

∂t
= −~Vsw · ∇f +∇ · (Kt · ∇f) +

1

3

(
∇ · ~Vsw

) ∂f

∂ ln p
+Q. (3.37)

The elements of Kt are written in terms of HMF-aligned coordinates; see the schematic in Fig-
ure 3.3. In this coordinate system, one axis (ê||) is parallel to the mean HMF in the rφ-plane,
another is perpendicular to the first in the êθ direction (ê1) and the last lies in the rθ-plane (ê2),
completing the right-handed coordinate system. Each of the unit vectors of this HMF-aligned
coordinate system (ê||, ê1, ê2) are related to those of the spherical coordinate system (êr, êθ, êφ)
through the HMF spiral angle, ψ, of Eq. 2.9 as follows:

ê|| = cosψ êr − sinψ êφ (3.38)

ê1 = êθ

ê2 = ê|| × ê1

= sinψ êr + cosψ êφ.

Hence, by applying the appropriate transformation matrix, T, the diffusion tensor of Eq. 3.36
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may be written in spherical coordinates according to

TKtT
T =

κ|| cos2 ψ + κ⊥r sin2 ψ −κD sinψ
(
κ⊥r − κ||

)
cosψ sinψ

κD sinψ κ⊥θ κD cosψ(
κ⊥r − κ||

)
cosψ sinψ −κD cosψ κ|| sin

2 ψ + κ⊥r cos2 ψ

 (3.39)

≡

κrr κrθ κrφ

κθr κθθ κθφ

κφr κφθ κφφ

 ,

with

T =

 cosψ 0 sinψ

0 1 0

− sinψ 0 cosψ

 and TT =

cosψ 0 − sinψ

0 1 0

sinψ 0 cosψ

 , (3.40)

where det(T) = 1 and the superscript T denotes the transpose of a matrix. The TPE of Eq. 3.37
transformed to spherical coordinates consequently follows as

∂f

∂t
=

[
1

r2

∂

∂r

(
r2κrr

)
+

1

r sin θ

∂

∂θ
(κθr sin θ) +

1

r sin θ

∂κφr
∂φ
− Vsw

]
∂f

∂r
(3.41)

+

[
1

r2

∂

∂r
(rκrθ) +

1

r2 sin θ

∂

∂θ
(κθθ sin θ) +

1

r2 sin θ

∂κφθ
∂φ

]
∂f

∂θ

+

[
1

r2 sin θ

∂

∂r
(rκrφ) +

1

r2 sin θ

∂κθφ
∂θ

+
1

r2 sin2 θ

∂κφφ
∂φ

]
∂f

∂φ

+ κrr
∂2f

∂r2
+
κθθ
r2

∂2f

∂θ2
+

κφφ

r2 sin2 θ

∂2f

∂φ2
+

2κrφ
r sin θ

∂2f

∂r∂φ

+
1

3r2

∂

∂r

(
r2Vsw

) ∂f

∂ ln p
+Q,

where it is assumed that the SW speed is purely radial, that is, ~Vsw = Vswêr. Furthermore, if
azimuthal symmetry is assumed, Eq. 3.41 reduces to

∂f

∂t
=

[
1

r2

∂

∂r

(
r2κrr

)
+

1

r sin θ

∂

∂θ
(κθr sin θ)− Vsw

]
∂f

∂r
(3.42)

+

[
1

r2

∂

∂r
(rκrθ) +

1

r2 sin θ

∂

∂θ
(κθθ sin θ)

]
∂f

∂θ

+ κrr
∂2f

∂r2
+
κθθ
r2

∂2f

∂θ2
+

1

3r2

∂

∂r

(
r2Vsw

) ∂f

∂ ln p
+Q,

which is finally solved numerically according to the procedure described in Section 3.7.

3.6 Modelling the Acceleration of Cosmic Rays

There are several instances of particle acceleration within the bounds of the heliosphere, rang-
ing from particles accelerated during transient events on the Sun to acceleration in planetary
magnetospheres. Of recent interest is the acceleration of CRs associated with magnetic recon-
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nection, which in the outer heliosphere is thought to occur near the HCS and regions where SW
flow has stagnated near the HP [e.g. Lazarian and Opher, 2009]. It has also been proposed as a
mechanism for the acceleration of ACRs. As discussed in Section 2.7.1, the original paradigm of
TS-accelerated ACRs has become further challenged by the concept of stochastic acceleration,
which was demonstrated by Strauss et al. [2010b] to be able to account for ACR observations in
the heliosheath. Stochastic acceleration may be modelled in the TPE with the inclusion of the
momentum diffusion term

1

p2

∂

∂p

(
p2κP

∂f

∂p

)
, (3.43)

with κP the momentum diffusion coefficient. This process, its incorporation in a CR modula-
tion model, and the form of κP are discussed in detail by Strauss [2010]. This is not the focus
of the present study, which aims to investigate the re-acceleration of galactic electrons at the
TS for which DSA is still considered the prevalent mechanism. Tautz et al. [2013] found that
the spectral effects of stochastic acceleration become negligible if particle speeds significantly
exceed the local Alfvén speeds. Using this as a guideline, it would be unlikely for CR electrons,
which remain relativistic down to very low energies (Figure 3.2), to be accelerated stochasti-
cally at any region within the heliosphere. This requires further investigation. It assumed for
the purposes of this study that κP = 0.

As stated before, this study endeavours to illustrate DSA as a mechanism for electron re-
acceleration, and is also illustrated by surveying the features that emerge from the acceleration
of ACRs (or more technically, TSPs). The DSA process is not explicitly contained in the TPE,
but is simulated through the SW velocity divergence in the term for adiabatic energy changes,
and is further reproduced by specifying the appropriate continuity and streaming conditions
for the CR flux across the TS. This section discusses these modelling aspects. See also Axford
et al. [1977], Axford [1981], Lagage and Cesarsky [1983], Drury [1983], and Jones and Ellison [1991]
for more on shock acceleration.

3.6.1 Solar wind velocity divergence

The migration of CRs in energy is controlled in the TPE through the term for adiabatic energy
changes, which contains the divergence of the SW velocity. It hence depends on the value of
∇ · ~Vsw whether particles gain or lose energy in this region. In the inner heliosphere, the radial
SW speed remains largely constant, but is rapidly reduced near and at the TS, and continues to
decrease as r−2 in the heliosheath under the incompressibility assumption. In terms of ∇ · ~Vsw
this translates to the following:

∇ · ~Vsw ≡:


> 0 r < rTS − L upstream region
< 0 rTS − L ≤ r ≤ rTS shock region
= 0 r > rTS downstream region

(3.44)

Recall that rTS denotes the TS position and L the width of the precursor. Figure 3.11 illustrates
the SW profile near the TS and the corresponding divergences of the SW velocity. Note that
∇ · ~Vsw > 0, which occurs upstream of the TS, results in adiabatic cooling. This gives rise to
characteristic CR energy spectra in the form of positively distributed power laws, and is dis-
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Figure 3.11: The SW speed (Vsw; top panel) and the corresponding divergence of the SW velocity
(∇· ~Vsw; bottom panel) as functions of radial distance in the equatorial plane (θ = 90◦). Note that∇· ~Vsw
is written as div Vsw in this figure, and that it is the absolute value of this quantity plotted in the bottom
panel. Regions of different signs of ∇ · ~Vsw, as indicated, are separated by vertical dash-dotted lines.
Note that in the heliosheath the divergence is zero, which is not visible on a logarithmic scale. The TS
precursor length scale is specified as L = 1.2 AU and the compression ratio is s = 2.5.

cussed further in Section 5.4.2. In the shock region, where∇· ~Vsw < 0, the absolute value of the
divergence, denoted |∇ · ~Vsw|, is particularly large. In the TPE this translates to a large transfer-
ral of energy to particles over a relatively narrow radial interval, making the TS a very effective
site for CR acceleration. Indeed, Voyager observations near the TS confirmed that the bulk of
the SW energy is dissipated into the heating of non-thermal particles [Richardson et al., 2008;
Decker et al., 2012]. The SW divergence can hence be exploited to model DSA in the TPE [Jokipii,
1992]. Consider finally the SW flow and corresponding velocity divergence in the downstream
region of the TS. Section 2.3 explained the implications of assuming incompressible flow in the
heliosheath, which included that ∇ · ~Vsw = 0. Hence, particles are neither heated nor do they
incur energy losses in the heliosheath.

Note that should a steeper SW profile than r−2 be assumed in the heliosheath [e.g. Langner
et al., 2006a, b; Ferreira et al., 2007a, b], particles gain energy through adiabatic heating in this
region. These steeper profiles are not substantiated as deviations from the incompressibility
assumption, but are modelled instead to account for a hydrodynamically shrunken heliosheath
resulting from the loss of SW protons due to charge exchange with interstellar neutrals [e.g.
Fahr et al., 2000]. At any rate, incompressibility is assumed in this study with Vsw ∝ r−2 in
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the heliosheath, not (necessarily) because of its physical viability, but because other forms of
heating must be suppressed to study the effects of DSA at the TS alone. Similarly, particle
heating at the TS can be suppressed for a control scenario by imposing ∇ · ~Vsw = 0 when
∇ · ~Vsw < 0 in the region of rTS −L ≤ r ≤ rTS ; this is especially useful to emphasise the effects
of DSA by comparing TPE solutions with heating in the shock region to solutions without. The
next subsection addresses the continuity conditions at the TS that allows the acceleration to
reflect the theoretically expected results of DSA.

3.6.2 Features of diffusive shock acceleration

The hallmark of shock-accelerated CRs is that their energy spectra are power-law distributed,
which follows from two conditions respectively concerning the continuity of CR densities and
their streaming across the TS. The first of these conditions specifically entails that the differen-
tial CR number density, Up, related to the CR distribution function according to Up = 4πp2f , is
continuous across the TS, which also implies that the distribution function is continuous across
this boundary. Hence,

f− = f+, (3.45)

where f− = limr→rTS f(r) and f+ = limrTS←r f(r) respectively represent downstream and
upstream values of f with the superscripts − and + as introduced in Section 2.6.1. Secondly,
the streaming of particles across the TS from the reference frame of a stationary observer must
obey the condition

∇ · ~S = Q, (3.46)

with Q the source of particles (not to be confused with Qs in Eq. 3.1), and where ~S is the
differential particle current density, given by

~S = 4π
(
C~Vswj −Kt · ∇j

)
= −4πp2

(
~Vsw
3

∂f

∂ ln p
+ Kt · ∇f

)
, (3.47)

with C the Compton-Getting factor [Gleeson and Axford, 1968] specified as

C = 1− 1

3j

∂

∂p
(pj) = −1

3

∂ ln f

∂ ln p
. (3.48)

Eq. 3.46 essentially states that the CR flux that diverges from the shock must have its origin at
a source on the shock. See also the treatment of the above by Gleeson and Axford [1967]. In the
case where the particle flux is directed perpendicular to the TS, Eq. 3.46 reduces to

S+ + S− = lim
ε→0

∫ rTS+ε

rTS−ε
Qdr. (3.49)

Note that solving Eq. 3.49 is simplified by invoking Eq. 3.45, since terms containing the dif-
ference between f− and f+ may be eliminated, while the product Kt · ∇f in Eq. 3.47 may
furthermore be expanded in spherical coordinates using the transformed tensor of Eq. 3.39. It



CHAPTER 3. COSMIC RAY TRANSPORT AND ACCELERATION MODEL 49

10
−6

10
−5

10
−4

10
−3

10
−2

10
−1

10
0

10
1

10
2

10
3

−3.2

−3

−2.8

−2.6

−2.4

−2.2

−2

−1.8

−1.6

−1.4

Kinetic energy (GeV)

S
p

e
c
tr

a
l 
In

d
e
x

 

 

Electrons

Ions

Figure 3.12: The spectral indices, γ(s), of Eq. 3.54 as a function of kinetic energy, of CR electron and ion
distributions ensuing from the DSA of a monoenergetic source at the TS. A fixed compression ratio of
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consequently follows that[
∂f

∂r

]−
=
κ+
rr

κ−rr

[
∂f

∂r

]+

− V −sw − V +
sw

3κ−rr

∂f

∂ ln p
−
κ−rθ − κ

+
rθ

rTSκ
−
rr

∂f

∂θ
+

Q

κ−rr
, (3.50)

which relates the particle flux up- and downstream of the TS, and is referred to as the match-
ing condition [Langner, 2004]. This equation and the TPE as written in Eq. 3.42 are solved
simultaneously as discussed in Section 3.7.

The source in Eq. 3.46 can be specified as a monoenergetic delta function, representing a seed
particle population injected at the TS, according to

Q = Q∗ δ

(
r − rTS
r0

)
δ

(
P − Pmin

P0

)
, (3.51)

with P0 = 1 GV and r0 = 1 AU. Here, Q∗ is of arbitrary magnitude with the units of f , and
Pmin is the rigidity at which the seed population is injected. When modelling the acceleration
of ACRs, Pmin essentially represents the rigidity at which PUIs are injected. In a 1-D case, for a
source specified as in Eq. 3.51, an analytical solution can be obtained for Eq. 3.46 [Steenkamp,
1995; Langner, 2004] that yields

f ∝ P−3s/(s−1), (3.52)

where s is the compression ratio. In differential intensity, this proportionality becomes

j = p2f ∝ P (s+2)/(1−s). (3.53)

To furthermore express this proportionality in terms of kinetic energy, the relation between E
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and P , as discussed in Section 3.2, must be considered. At energies respectively much higher
and much lower than the rest-mass energy, it follows that P ∝ E and P ∝ E1/2, so that Eq. 3.53
becomes

j ∝ Eγ(s) with γ(s) ∈
[
s+ 2

1− s
,
s+ 2

2− 2s

]
. (3.54)

To demonstrate, γ(s) is shown in Figure 3.12 as function of kinetic energy for CR electrons and
ions. As a result of the smaller rest-mass energy of electrons, the relationship of their kinetic en-
ergy with rigidity becomes linear at lower energies, and hence the transition of their accelerated
spectra to the smaller high-energy spectral index also occurs at lower energies than for their
heavier CR counterparts. The form of Eq. 3.54, where the spectral index of shock-accelerated
spectra arising from a monoenergetic source depends only on s, is encountered repeatedly in
further chapters, although the nature of the dependence on s may differ depending on other
involved modulation parameters, e.g. those contained in Kt. The idealised solution of Eq. 3.46
given by Eq. 3.54 for an infinite plane shock hence provides a guideline for the forms one can
expect numerically computed shock-accelerated spectra to have. A notable deviation (in a 2-D
geometry) occurs when the diffusion length scale, κrr/Vsw, of a particle becomes comparable
to the shock radius, that is, when(

κrr
Vsw

)−
+

(
κrr
Vsw

)+

& rTS . (3.55)

In such an event particles detect the curvature of the shock and escape, which results in the
termination of the accelerated power-law distribution. The establishment of the accelerated
spectrum is also time-dependent, since the power law of e.g. Eq. 3.54 can only be achieved up
to such an energy as there is time for particles to be accelerated to. Such an acceleration time
may be expressed in terms of momentum, p, as

τa =
3

V −sw − V +
sw

∫ p

p0

[(
κrr
Vsw

)−
+

(
κrr
Vsw

)+
]
dp′

p′
, (3.56)

where p0 (≡ Pmin(Ze)/c) denotes the initial momentum. More on these quantities follow in
Chapter 4. See also the related discussions by Jones and Ellison [1991].

3.7 The Numerical Modulation Model

As mentioned in the introduction of this chapter, analytical solutions for the TPE are not at-
tainable without simplifying assumptions, and hence numerical models are sought. Due to the
complexity of the TPE, these numerical solutions are computed using comprehensive numer-
ical models. Of special interest to the present study are those numerical models that account
both for general modulation processes and CR acceleration at the TS. Perhaps one of the earli-
est prototypes of such a model was that of Jokipii [1986], which was time-dependent and one-
dimensional, while the 1-D steady-state model of Potgieter and Moraal [1988] simulated particle
acceleration by specifying streaming conditions similar to Eqs. 3.45 and 3.46. The development
of 2-D acceleration models followed, with those of Steenkamp [1995] and [Steenberg and Moraal,
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1996, 1999] being notable examples. The progenitor of the 2-D model applied in the present
study was initially developed by le Roux et al. [1996]. CR drifts were subsequently included
[Haasbroek, 1997], and variants of this model have been widely applied in CR modulation stud-
ies [e.g. Ferreira, 2002; Langner, 2004; Ngobeni, 2006, 2015]. Recently, this model was also applied
by Strauss [2010] in the study of ACRs, for which the effects of stochastic acceleration (momen-
tum diffusion) had to be included.

The TPE (Eq. 3.42), valid ∀θ, ∀P , r ∈ [r�, rHP ], r 6= rTS , and the matching condition (Eq.
3.50), valid ∀θ, ∀P , r = rTS , provide the complete set of equations governing CR transport and
acceleration. The TPE is solved using the Locally One-Dimensional (LOD) method [Steenkamp,
1995; Langner, 2004], which relies on a technique called fractional splitting to write the TPE as
separate equations, each dependent only on a single computational dimension. Consider the
TPE as written in Eq. 3.42 in the following form:

∂f

∂t
= a0

∂2f

∂r2
+ b0

∂2f

∂θ2
+ c0

∂f

∂r
+ d0

∂f

∂θ
+ e0

∂f

∂ lnP
, (3.57)

which is written in terms of rigidity. Note that since no sources are specified using the source
term, Qs, it is omitted from this discussion. The coefficients are specified as

a0 = κrr

b0 =
κθθ
r2

c0 =
1

r2

∂

∂r

(
r2κrr

)
+

1

r sin θ

∂

∂θ
(κθr sin θ)− Vsw

d0 =
1

r2

∂

∂r
(rκrθ) +

1

r2 sin θ

∂

∂θ
(κθθ sin θ)

e0 =
1

3r2

∂

∂r

(
r2Vsw

)
. (3.58)

The LOD method applied to Eq. 3.57 yields the following set of equations

radial equation:
1

3

∂f

∂t
= a0

∂2f

∂r2
+ c0

∂f

∂r
(3.59)

polar equation:
1

3

∂f

∂t
= b0

∂2f

∂θ2
+ d0

∂f

∂θ
(3.60)

energy equation:
1

3

∂f

∂t
= e0

∂f

∂ lnP
. (3.61)

Note that each of these equations are only valid on a third of a time step, that is, for t′ <
t < t′ + ∆t/3, t′ + ∆t/3 < t < t′ + 2∆t/3, and t′ + 2∆t/3 < t < t′ + ∆t. Note that the ra-
dial and polar equations are second-order parabolic partial differential equations (PDEs) that
can be solved using the Crank-Nicholson method. The energy equation is also a second-order
parabolic PDE if the momentum diffusion term (Eq. 3.43) is present. Its solution in this form is
discussed in greater detail by Strauss [2010]. Without the momentum diffusion term, however,
it is a first-order hyperbolic PDE, and can either be solved using the method of characteristics
[Langner, 2004] or the explicit upwind method [Haasbroek, 1997]. To be solved simultaneous to
the above equations is the matching condition of Eq. 3.50, which is also a first-order hyperbolic
PDE in the variables lnP and θ. It is solved using the Wendroff’s implicit method in the direc-



52 3.7. THE NUMERICAL MODULATION MODEL

0 50 100 150 200 250 300
0

20

40

60

80

100

120

140

Radial grid point number,  i

R
a
d

ia
l 
d

is
ta

n
c
e
 (

A
U

)

Figure 3.13: Radial distances versus their corresponding grid points. The vertical and horizontal lines
denote the TS position at rTS = 94 AU and i = 200, at which the grid spacing is much finer than
elsewhere in the heliosphere. The HP at 122 AU is at i = 300.

tion of particle drifts [Steenkamp, 1995]. The matching condition and Eqs. 3.59, 3.60 and 3.61
are furthermore expanded using finite difference schemes, which is discussed thoroughly by
Steenkamp [1995] and Langner [2004] and thus not repeated here.

Note finally the boundary conditions and numerical grid sizes applied in the model: The outer-
most iteration of the numerical scheme is a simple linear time grid, which continues until such
a time at which sufficient convergence of the numerical solution is attained; this is usually after
some 40000 iterations when heating due to DSA is included, and on average around 23000 if
DSA is suppressed. The radial grid (ri, i = 1 → nr, nr = 300) is transformed to create an un-
even spacing of grid points, which are condensed near the TS, but are further apart away from
it, as illustrated and discussed by Langner [2004]; see also Figure 3.13. This is for better numer-
ical accommodation of the discontinuous SW speed decrease at the TS. The inner modulation
boundary is located at r1 ≈ 0.8 AU, and is a reflective boundary, so that[

∂f

∂r

]
r=r1

= 0, (3.62)

which implies that no particles enter or leave this boundary. The outer boundary, rnr(≡ rHP ),
is a free escape boundary, with

f(rnr , θ, P, t) = 0, (3.63)

for ACRs (Chapter 4), but

f(rnr , θ, P, t) = jHPS(rnr , θ, P, t)/P
2, (3.64)

when GCRs are considered. Here, jHPS represents the differential intensity value associated
with the input spectrum, which is specified at the HP in this study, is the same at all polar
angles, and does not change with time. These are specified in Chapter 5 for GCR electrons. On
the other hand, the polar grid (θj , j = 1 → nj , nj = 37) is equally spaced, with ∆θ = 2.5o.
The TPE is solved in this study only for the region θ1 = 0o → θnj = 90o for a spherically
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symmetrical heliosphere. Hence, it is assumed that[
∂f

∂θ

]
θ=0,π/2

= 0. (3.65)

Lastly, the rigidity grid (Pk, k = 1→ nk, nk = 175) is logarithmic, with Pmin varied as required;
the default values are 30 MV for ACRs and 1 MV for GCR electrons. The maximum rigidity is
determined by Pmax = Pmin exp(nk dP ), with dP varied between 0.040 and 0.062 as required.
Zero modulation is assumed to occur at Pmax, which for GCRs implies that intensities equal
those of the input spectrum at all radial distances and latitudes at this rigidity. See Steenkamp
[1995] for a discussion on numerical stability.

3.8 Summary

This chapter introduced the Parker TPE, which is solved for the CR distribution function, to de-
scribe the modulating effects of various processes on CRs travelling through the heliosphere.
These processes, including diffusion and drifts, and the behaviour of different CR species in
response, were discussed. Their mathematical representations as utilised in this study were
also provided. The discussion of the SW velocity divergence and its role in adiabatic energy
changes of CRs was particularly important, while the continuity and streaming conditions re-
quired to simulate the effects of DSA at the TS were also presented and discussed. The TPE
and the matching condition following from the aforementioned conditions constitute the full
set of equations required to model the modulation and acceleration of CRs throughout the he-
liosphere. Since these equations are complex in nature, a numerical model is applied to solve
them. An overview of this model, and how it solves the TPE, was presented.

In further chapters, the numerical model introduced in this chapter is used to solve the TPE for
a variety of heliospheric conditions, different modulation parameters and CR species. Chapter
4, for instance, demonstrates the acceleration and consequent transport of ACR Oxygen, while
Chapters 5 and 6 respectively discuss the modulation and DSA features of galactic electrons.
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Chapter 4

Lessons from the Modelling of
Anomalous Oxygen

4.1 Introduction

Having arisen from the acceleration of a PUI seed population, ACRs are modelled by allowing
a monoenergetic source function, injected at the TS position, to be shocked into the character-
istic power-law energy spectrum associated with DSA. This shocked spectrum is then further
modulated subject to the processes contained within the TPE. By virtue of their formation from
the acceleration processes of interest in this study, ACRs reveal a great deal of information with
regards to the features of these processes, and do so more explicitly than their GCR counter-
parts. To illustrate these features, modelled solutions for ACRs are presented in this chapter,
with anomalous oxygen chosen for comparability with recent studies on this species using the
same model [Strauss, 2010; Strauss et al., 2011a]. See also Strauss et al. [2010a] for the transport
of multiply-charged ACR Oxygen.

Firstly, the model is set up to yield solutions that may be used as reference when making
subsequent changes to modulation parameters. This model configuration, the choices for its
constituent parameters, and its resultant solutions are discussed in the first section hereafter.
Further sections illustrate the effects of varying key physical processes in the TPE on modelled
solutions, while exploring in particular the features of DSA. The parameters investigated in-
clude e.g. the TS compression ratio and coefficients of CR drift and diffusion. Finally, some
intriguing spectral features at energies roughly below 0.3 MeV. nuc−1 are also investigated.

It is aimed that the insights gathered in this chapter inform further application of the model to
the re-acceleration of CR electrons at the TS.

4.2 Model Configuration and Reference Solutions

Before illustrating the features of the numerical model as applied to the acceleration of ACR
Oxygen, the standard model configuration is summarised here first. Singly-charged anoma-
lous oxygen is assumed, and hence the ratio of mass number to charge is Θ = 16. Also, in this
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Figure 4.1: Modelled ACR Oxygen energy spectra for the A > 0 (top panel) and A < 0 (bottom panel)
magnetic polarity cycles. The spectra are shown for radial distances 1 (Earth), 30, 50, 70 and 90 AU (TS)
in the equatorial plane (θ = 90◦) for solar minimum conditions (α = 10◦).

chapter, the respective perpendicular and parallel diffusion coefficients of Burger et al. [2000]
and Burger et al. [2008] are implemented. It is generally assumed here that κ||,0 = 0.9 and
κ⊥r,0 = κ0

e = 0.02 (see Section 3.3), however these scaling factors may vary in subsequent
sections. Furthermore, the HCS tilt angle is taken as α = 10◦ to simulate solar minimum condi-
tions, with CR drift assumed to be 55% effective (κD,0 = 0.55) in correspondence with previous
studies conducted using 2-D models [Langner, 2004; Ngobeni, 2006, 2015; Strauss, 2010]. Fur-
thermore, for this chapter, the positions of the TS and HP are chosen to coincide with that used
by Strauss [2010] for comparability. The heliocentric position of the TS is thus taken as rTS = 90
AU. That of the HP, however, is taken as rHP = 140 AU – an overestimate, but similar to that
assumed by HD models [e.g. Ferreira et al., 2007a] prior to the Voyager 1 crossing of the HP.
Moreover, although estimates for the TS compression ratio vary appreciably (see Section 4.3),
a moderately strong shock with s = 2.5 is settled on in this study. Incompressible solar wind
flow (∇ · ~Vsw = 0) is assumed in the heliosheath, ruling out adiabatic heating, with stochastic
acceleration suppressed by setting κP,0 = 0 (See Section 3.6). Having generated solutions with
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the above configuration, some care must be taken with their intensities. ACRs are modelled
in this study by accelerating a monoenergetic source function, representing a population of
injected PUIs, into a power law at the TS [see also le Roux et al., 1996; Langner, 2004; Strauss,
2010]. Since the intensity of the injected PUI source is chosen arbitrarily (see Section 4.6.2), and
by virtue of the linearity of the Parker TPE, the resultant solutions are scaled to fit measured
intensity levels. See e.g. Strauss and Potgieter [2010], Strauss et al. [2010a] or Strauss et al. [2011a]
for similar modelling approaches, and e.g. Leske et al. [2013] and the references therein for ACR
Oxygen intensities during recent solar cycles. Although the reproduction of ACR observations
is not an objective of this study, the solutions displayed throughout this chapter are nonetheless
scaled at the TS to measurements from Voyager 1 and 2 [Webber et al., 2007]. The above model
configuration consequently yields the solutions shown in Figures 4.1, 4.2 and 4.3. These may
be used as references in subsequent sections, and any departures from this configuration for
further solutions in this chapter will be stated explicitly.

The reference solutions already reveal a number of intriguing features with regards to CR ac-
celeration. Figure 4.1 illustrates how the accelerated TS spectrum is modulated from the TS
position to Earth for both magnetic polarities in the equatorial plane (θ = 90◦). The first notable
feature is of course the power-law structure of the TS spectrum – a characteristic of DSA. At
energies higher than about 10 MeV. nuc−1, however, this power-law structure diminishes and
transitions into an exponential decay. This is referred to as the ACR cut-off or roll-over energy,
above which anomalous intensities fall below those of GCRs [Webber et al., 2007]. In the energy
region immediately preceding this cut-off, the TS spectrum bulges slightly upward for the A
< 0 polarity cycle, while deviating downward for A > 0. This polarity dependence hints at
the involvement of CR drifts. The three spectral features identified above form the basis for
discussion in following sections. Furthermore, note from Figure 4.2 that the modelled radial
intensity profiles attain a maximum at the TS in the equatorial plane (also visible in Figure
4.3). This is however in the absence of any heating mechanisms other than acceleration at the
TS, and in apparent contradiction with Voyager observations that show a definitive increase in
ACRs from the TS into the heliosheath [McDonald et al., 2007; Webber et al., 2007]. These obser-
vations have given rise to some debate on the location of the chief source of ACRs, whether it
is indeed at the TS [as argued by Jokipii and Kota, 2011] or further into the heliosheath as obser-
vations suggest [Stone et al., 2009]. The latter notion was corroborated by Strauss et al. [2010b]
who modelled ACR intensities in the heliosheath with the inclusion of adiabatic heating and
stochastic (second-order Fermi) acceleration. These mechanisms, though summarised briefly
in Section 3.6, are not explored further in this study. See Strauss [2010] for a comprehensive
review.

The omission of alternative acceleration sources does however prove useful to explore some of
the more general modulation features in the heliosheath that would otherwise have been ob-
scured. For instance, in the absence of adiabatic energy changes (by virtue of the assumption
of incompressible SW flow), Figure 4.2 shows constant intensities throughout the heliosheath
for particles with energies below 1.0 MeV. This ensues because ACRs produced at the TS are
merely convected outward into the heliosheath with little to no modulation. On the other hand,
the intensities of these low-energy particles plummet quickly into the heliospheric interior due
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Figure 4.2: Radial profile of modelled ACR Oxygen intensities in the equatorial plane (θ = 90◦) for the
A > 0 (top panel) and A < 0 (bottom panel) magnetic polarities during solar minimum (α = 10◦). The
intensities are shown for CR energies of 0.1, 1.0, 6.0 and 22 MeV, with the TS at 90 AU (indicated by solid
vertical line) and the HP assumed at 140 AU.

to small MFPs (see Figure 3.6), but also due to energy losses. Indeed, Figure 4.1 shows that
toward lower energies modulated spectra are forced into the j ∝ E+1 relation at Earth that is
associated with adiabatic cooling [see e.g. Moraal and Potgieter, 1982]. For higher-energy par-
ticles, however, CR drifts are more pronounced. Figure 4.2 conveys that during the A < 0
polarity, while raising intensities upstream of the TS (see also Figure 4.1), the inward-directed
drifts along the HCS serve to diminish intensities of ACRs further into the heliosheath. On the
other hand, during the A > 0 cycle, outward drifts and impaired diffusion in the heliosheath
collectively yield intensities that are nearly constant across this region. This holds for the equa-
torial plane as demonstrated in Figure 4.2, while the global drift patterns explained in Section
3.4 are illustrated more clearly with contours in Figure 4.3. Nearer to Earth, however, both dif-
fusion and drift scales become smaller as shown in Figures 3.6 and 3.10, reducing the amount
of particles transported here and resulting in similar intensities at Earth for both polarities.

The prevalent qualities of the solutions presented here are consistent with that illustrated by
Strauss [2010] under the same assumptions. It is however those features discussed above that
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Figure 4.3: Contour plots illustrating 6 MeV. nuc−1 ACR Oxygen intensities in the meridional plane
of the heliosphere, for A > 0 (left) and A < 0 (right) polarities. The colour bar shows intensities as
percentages of the maximum on a logarithmic scale (e.g. 2 ≡ 102 %). The dashed white halfcircle
indicates the TS position (at 90 AU), while the dash-dotted white lines indicate the polar extent of the
HCS for α = 10◦. The Sun is located at the origin.

pertain to the acceleration of ACR Oxygen at the TS that are of interest in this study. As men-
tioned before, these features form the basis for discussion in subsequent sections where they
are investigated in greater detail.

4.3 Shock Strength and Solar Wind Compression

Nearly half a century after Parker [1961] first postulated the existence of a TS followed its much-
lauded detection by the Voyager 1 and 2 spacecraft. During these encounters the first in situ
measurements were made available to construct a feasible range of values for the compression
ratio of the SW at the TS. A summary of these measurements is provided in Table 4.1. Note that
there is an appreciable spread in the estimated values, with magnetometer and particle data
from Voyager 1 suggesting larger values than plasma experiments aboard Voyager 2. Arthur
and le Roux [2013] offer an intriguing argument regarding this: They show that the diffusion
length scales of the PUIs measured by the Low-energy Charged Particle (LECP) instrument on
Voyager 2 are larger than the extended TS structure (that is, including both the subshock and
precursor; see Figure 2.5). These particles then experience an effective compression ratio that
is greater than that measured by the on-board plasma and magnetic field instruments, which
sampled only the subshock. Recall from Section 3.6.2 that the spectral index, γ, of the power-
law distribution displayed by shock-accelerated CR ions is a function of the compression ratio
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Figure 4.4: Modelled TS spectra for ACR Oxygen in the equatorial plane for varying compression ratios
(s) as listed in the figure legend. Each spectrum is accompanied by its corresponding power law (dotted
lines) with spectral indices of −3.50,−1.50,−1.18 and −1.00 as predicted by γ = (s + 2)/(2 − 2s) for
s = 1.5, 2.5, 3.2 and 4.0 respectively. Solutions are shown for A > 0 (top panel) and A < 0 (bottom panel)
during solar minimum conditions.

denoted s. The accelerated spectra are thus of the form j ∝ Eγ with

γ =
s+ 2

2− 2s
. (4.1)

Although this is derived for a 1-D planar shock, Eq. 4.1 is used in this chapter as an approxi-
mation for the expected power-law indices of TS spectra. DSA theory therefore predicts from
the form of the energy spectra measured by Voyager 2 a compression ratio of ∼ 2.9, which is in
closer correspondence to the values measured by Voyager 1 [see Arthur and le Roux, 2013, for
more details]. Before these spacecraft revelations however, the compression ratio had assumed
numerous values in CR modulation studies. Some authors [e.g. Steenkamp, 1995; Steenberg,
1998; Ferreira, 2002] had thought the shock to be stronger, assuming the maximum value of
s = 4, while e.g. Langner [2004] had chosen s = 3.2. Others [e.g. Potgieter, 1989] were led by
observations to assume a weaker shock with compression ratios as small as s = 2. The resultant
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Spacecraft Compression Ratio Method Reference

V1 s = 2.6+0.4
−0.2 Particle data Stone et al. [2005]

V1 s = 3.05± 0.05? Magnetic field Burlaga et al. [2005]
V2 s ∼ 2.5 (max)† Magnetic field Burlaga et al. [2008]

V2, TS-3 s = 1.6± 0.2 Magnetic field, density Burlaga et al. [2008]
V2, TS-3 s = 1.6 Solar wind Richardson et al. [2008]
V2, TS-2 s = 2.4 Solar wind Richardson et al. [2008]

Table 4.1: A summary of empirical estimates of the compression ratio as informed by measurements
obtained by the Voyager 1 and 2 (V1/2) spacecraft. The labels TS-2/3 refer to sub-structures observed
by V2. ?Burlaga et al. [2005] also report ∀ s ∈ [2, 4] are admissible. †This is the maximum value for all
encounters with substructures as measured by Burlaga et al. [2008].

spectra of some of these estimated ratios are shown in Figure 4.4.

As demonstrated in this figure, the various estimates yield significant differences in the form
of modelled TS spectra: Higher compression ratios produce harder spectra, essentially stating
that a stronger shock yields a larger intensity of high-energy particles than a weak shock. This
type of particle distribution, i.e. a power-law function of kinetic energy, is a global characteristic
of DSA. Whether at the TS of the heliosphere, that of other astrospheres, or at shocks associ-
ated with supernovae and their remnants (where GCRs are thought to originate), the spectral
index of the resultant power law is in some manner dependent on the plasma compression
ratio. Up until the (ACR) cut-off energy, Ecut, the accelerated spectrum is also time-dependent.
Formulated differently, the power law distribution can only be obtained up to such an energy
as there is time for particles to be accelerated to (see Section 3.6.2). For example, the model used
in this study requires a sufficient amount of time iterations of the numerical scheme to avoid
the power law terminating prematurely (at too low energies) before a steady-state solution is
established. At E > Ecut, the power-law distribution is no longer limited by time, but by the
curvature of the shock (see Section 4.4).

In this study, for s = 2.5, the accelerated TS spectra are expected from Eq. 4.1 to follow a
power law with a spectral index of γ = −1.5. This predicted power law is displayed alongside
modelled TS spectra in all subsequent figures within this chapter for reference purposes. It
appears that while the power law is arguably the most notable feature of the TS spectrum,
varying compression ratios also has some influence on how far particles are accelerated. The
solutions here also show polarity-dependent intensity enhancements and depressions. These
features are addressed in following sections.

4.4 Dependence on Elements of the Diffusion Tensor

For particles to undergo DSA, it is required that they diffuse across the shock interface. For
effective acceleration, CRs must hence be confined to a region local to the TS to allow for re-
peated crossings. One method by which this can be achieved is by limiting diffusion length
scales. There are three modes of diffusion for charged particles with respect to the HMF (see
Section 3.3): CRs may diffuse along magnetic field lines as governed by κ||, or perpendicular to
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Figure 4.5: Modelled TS spectra for ACR Oxygen for a fixed κ|| and varying values of κ⊥r, with legend
values corresponding to κ⊥r,0. Here κ⊥r,0 = 0.02 serves as reference, with the predicted power law
indicated with a dash-dotted line. CR drifts are disabled for these solutions, hence κD,0 = 0.

them in either the polar or radial directions as respectively governed by κ⊥θ and κ⊥r. These dif-
fusion coefficients have however varying degrees of effectiveness with regards to confinement
of particles at the TS [see also Langner and Potgieter, 2008]. Consider, for instance, that since
the TS extends both in the polar and azimuthal directions, diffusion along these directions is
less likely to remove particles from the shock than radial diffusion. Since the model utilised
in this study uses a 2-D spherical geometry, only the effective radial and polar coefficients are
considered. From Section 3.5, the elements of the diffusion tensor (with drifts neglected) are

κrr = κ|| cos2 ψ + κ⊥r sin2 ψ (4.2)

κθθ = κ⊥θ (4.3)

with ψ the HMF spiral angle. Note that these tensor elements are written in terms of the HMF-
aligned coordinates. Each of these are varied in turn in the following subsections, and their
effects on the form of the TS spectrum explored.

4.4.1 Effective radial diffusion

The radial diffusion coefficient, κrr, is significant in CR modulation studies in a number of
ways. Classically, using a spherical force-field model approach, the modulation of intensities
from some boundary containing a source of particles to an observed point is dependent only
on the integral of Vsw/κrr across that region [Moraal and Potgieter, 1982]. In acceleration models,
however, the role of κrr is expanded. Steenberg and Moraal [1999] identified that the maximum
energy attainable by particles accelerated at the TS is subject to energy losses suffered by par-
ticles, losses of the particles themselves, and the available acceleration time. Since the model
makes no provision for energy losses in the shock region, this study is concerned only with the
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Figure 4.6: Modelled TS spectra for ACR Oxygen for varying values of κ|| (left panel) and κ⊥θ (right
panel), with legend values corresponding to κ||,0 and κ0e respectively. Here κ||,0 = 0.9 and κ0e = 0.02
serve as reference solutions, with the predicted power law indicated with a dash-dotted line. Because
κ⊥r/θ ∝ κ||, the effects of varying κ|| as shown in the left panel also implicitly reflect the effects of
changing the perpendicular coefficients. CR drifts remain disabled (κD,0 = 0).

latter two factors. The acceleration time mentioned in Section 4.3 and given by Eq. 3.56 has a
lower limit [as shown by Jokipii, 1992] of

τacc ∼
3sκrr

V 2
sw(s− 1)

, (4.4)

for a quasi-parallel shock, assuming Bohm diffusion, with κrr evaluated at rTS and where Vsw
denotes the solar wind speed. It therefore takes longer to establish the accelerated power-
law distribution up to Ecut if the effective radial diffusion at the shock is large. When Ecut

is attained, no added amount of time will allow the spectrum to extend to higher energies
[e.g. Potgieter and Moraal, 1988]. Its extent then becomes subject to particle losses due to the
curvature (or finite dimensions) of the TS, so that the ACR cut-off occurs when the diffusion
length scale, κrr/Vsw, becomes comparable to the shock radius (see Section 3.6.2). Assuming
that both κrr and Vsw are compressed by a factor s across the TS [e.g. Steenberg and Moraal,
1999], this is typically when

κrr
Vsw
∼ 2rTS , (4.5)

as reduced from Eq. 3.55. Since diffusion coefficients scale with rigidity, the particular rigidity
Pcut (or equivalent energy, Ecut) where κrr becomes large enough to achieve the relation in
Eq. 4.5 is where the accelerated power-law distribution ultimately terminates. Particles with
kinetic energies exceeding this cut-off no longer experience the shock as planar and escape,
hence causing the exponential decrease that succeeds the cut-off.

Before illustrating the effects of varying κrr, consider first its constituents. Recall that the spiral
angle, ψ, essentially measures the angular separation of magnetic field lines from the effective
radial direction, ê~r, and that these field lines become increasingly perpendicular to ê~r as one
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moves out to larger radial distances near the equatorial plane. Therefore, at the TS (at r � 1
AU) it follows that ψ → 90◦ for θ ≈ 90◦, so that Eq. 4.2 reduces to κrr ≈ κ⊥r. This makes
physical sense, since CRs diffusing along magnetic field lines would have to travel great dis-
tances along the Parker spiral to be removed an appreciable radial distance from the TS. Note
however that this changes toward the polar regions for a Parker HMF, since Eq. 4.2 reduces to
κrr ≈ κ|| when ψ → 0◦. When studying the TS spectrum at low heliographic latitudes though,
varying κ⊥r is sufficient to illustrate the effects of varying the effective radial diffusion. Figure
4.5 demonstrates these effects, showing that smaller values of the scaling factor (κ⊥r,0) shifts
the ACR cut-off to higher energies. This follows because scaling κ⊥r downwards necessitates
higher energies in order for the relation in Eq. 4.5 to be achieved. Note also that the modelled
spectra fall well below the power law in Figure 4.5 for lower values of κ⊥r,0, though still par-
allel to it at high energies. A possible explanation for this is offered in Section 4.7. Another
interesting result is that varying κ||,0, as shown in the left-hand side of Figure 4.6, yields effects
that are similar to that in Figure 4.5. One would expect that since the contribution of parallel
diffusion in Eq. 4.2 is diminished at the TS, the effects would be smaller. However, recall from
Section 3.3 that both κ⊥r and κ⊥θ scale as κ||, so that these effects are essentially a combina-
tion of varied radial and polar perpendicular diffusion. It is thus well worth noting that any
changes made to κ|| in this study are carried through to other modes of diffusion as well.

4.4.2 Polar diffusion

It was already mentioned in the introduction to this section that varying diffusion along the
polar direction, along which the TS also extends, would yield marginal effects in terms of par-
ticle acceleration. This is supported in the right-hand side of Figure 4.6. Here κ⊥θ is varied
by changing the value of κ0

e in Eq. 3.28. Note that for this section diffusion is not necessarily
isotropic, since κ0

e 6= κ⊥r,0 =⇒ κ⊥r 6= κ⊥θ. Qualitatively, varying κ⊥θ produces similar effects
to varying κ⊥r, with the ACR cut-off shifting to higher energies for smaller diffusion, although
marginally. Note also, that by virtue of the effects illustrated above and the enhancement of
polar diffusion at high latitudes, the energies attained through acceleration would be generally
lower away from the equatorial plane. See Potgieter [1996, 2000] and Heber and Potgieter [2006]
for reviews on CR modulation at high latitudes.

It appears that with all of the above taken into account, κ⊥r governs the most effective transport
away from the TS, and that limiting this parameter contributes a great deal toward particle
confinement and improving the acceleration efficiency. It also follows from this section as a
general consequence that lower diffusion results in acceleration to higher energies.

4.5 The Effects of Cosmic-ray Drifts

Recall from previous sections the intensity enhancement pointed out in e.g. Figures 4.1 and
4.4 within the energy range preceding the ACR cut-off, that is, between roughly 1 and 10 MeV.
nuc−1. This enhancement is visible as a slight upward bulge for the A < 0 epoch, where it de-
viates from the power law predicted for the TS spectrum. For the A > 0 polarity, this deviation
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Figure 4.7: On the left, modelled ACR Oxygen spectra are shown at the TS for the equatorial plane (top
panel) and polar regions (bottom panel) at θ = 90◦ and 10◦ respectively. The solutions are shown for
various levels of drift efficiency (κD,0) for both polarities as indicated in the legend. The dashed-dotted
line represents the predicted power law with spectral index as labelled. The solutions shown on the
right are the same as those on the left, but are multiplied by E1.5 and normalised to unity at 10−5 GeV.
nuc−1. Here the power law is represented as a horizontal line along unity.

seems to be downward and much fainter. Inferring from the fact that the effect varies with
magnetic polarity, it is reasonable to expect that drifts are involved.

It is unlikely though that CR drifts are the only cause of this enhancement, because under
particular conditions it is also observed in no-drift solutions [see Potgieter and Moraal, 1988;
Florinski and Jokipii, 2003]. It does however seem to be a physical effect rather than a numerical
artefact, since this same feature had appeared in previous modulation studies on ACRs using
different modelling approaches, e.g. Potgieter and Moraal [1988], Steenkamp [1995], le Roux et al.
[1996], Steenberg and Moraal [1996] and Florinski and Jokipii [2003]. Indeed, there are a number of
mechanisms capable of influencing the form of the TS spectrum in this fashion. These not only
include current sheet and TS drifts [Kota and Jokipii, 1994], but also CR-modified shocks [le Roux
and Fichtner, 1997] and a (helio)latitude-dependent κ⊥r [Langner and Potgieter, 2008]. Florinski
and Jokipii [2003] attributed this feature to the spherical geometry of the heliosphere, proposing
that it limits the amount of phase space available to particles so as to increase the efficiency of
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Figure 4.8: Similar to Figure 4.7, but for two different HCS tilt angles (α) as shown in the legend, and
for both polarities. Recall that α = 10◦ and α = 70◦ respectively represent low and moderately high
solar activity conditions. Here, drift efficiencies are taken at the reference value of 55%, except for the
no-drift solutions which correspond to κD,0 = 0.

their acceleration in specific energy regions. However the root cause of this enhancement, if
assumed not to be a combination of various processes, remains less obvious, the effects of drift
on its prominence are evident.

Figure 4.7 demonstrates the deviation of the modelled TS spectra from the predicted power
law for different drift efficiencies during each polarity cycle. These effects are accentuated in
the right-hand side of the figure, where the scale is chosen such that protrusions above and
below unity respectively signify the hardening or softening of the spectrum from the original
power-law distribution. Note that in the equatorial plane, intensity enhancements emerge for
A < 0 and intensity depressions for A > 0. Also note the opposite of this effect near the poles.
This is explained as a consequence of global CR drift patterns: For A < 0, ACRs produced at
the TS near the equatorial plane are unable to escape downstream due to inward drifts along
the HCS in the heliosheath. The particles are thus confined and may be injected into the shock
repeatedly until they become energetic enough and escape. These intensities are bolstered
further, because particles drift along the TS from the polar regions to the equator. For A > 0,
on the other hand, these drift patterns are reversed: positive particles drift outward along the
HCS and upward along the TS to the poles so that intensities are enhanced at high latitudes. See
also the interpretation by Kota and Jokipii [1994]. From Figure 4.7, the intensity enhancements
and depressions at the poles appear much less pronounced than at the equator. This is likely
because HCS drifts are absent from the poles, so that fewer particles are carried to and from the
TS in the polar regions as compared to near the equator. This may also be, in part, due to the
assumption of enhanced polar diffusion at high latitudes, since it is expected that larger scales
of diffusion reduce acceleration efficiency (See Section 4.4).

The prominence of drift effects is also coupled to solar activity. Figure 4.7 is shown for solar
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minimum conditions, during which the HCS has an inclination from the equator of only 10◦, is
only marginally wavy, and drifts along this interface are well-defined. As the cycle progresses
toward maximum activity conditions, the tilt angle increases and drift effects diminish near
the equatorial plane due to an ill-defined HCS structure. Figure 4.8 demonstrates this, showing
that for α = 70◦ the TS spectrum at ∼ 6 MeV. nuc−1 is only a factor of roughly 1.5 higher for
the A < 0 cycle than for A > 0, in contrast to a factor of at least 10 for α = 10◦. Intriguingly,
all of the solutions for solar maximum conditions, including the no-drift solutions, display
the intensity enhancement discussed above. This reinforces the notion expressed earlier that
CR drifts, subject to magnetic polarity, serve either to obscure or emphasise this enhancement,
while it likely arises due to other mechanisms as well. Note that the no-drift solutions for the
two tilt angles shown in Figure 4.8 do not coincide. This follows because the scaling factors
in the perpendicular diffusion coefficients of Section 3.3.3 are scaled with tilt angle to increase
toward maximum solar activity. For recent reviews on drift effects, see Potgieter [2013, 2014b].

While the identification of the mechanism responsible for the intensity enhancement still war-
rants further investigation, the visibility of this enhancement is shown to be drift-dependent.
Thereby it is implied that its appearance is also subject to change with solar activity and the
magnetic polarity cycle.

4.6 A Latitude-dependent Termination Shock

It emerged from a study by Scherer et al. [2006] using HD modelling [Scherer and Ferreira, 2005]
that both the compression ratio and the ACR injection efficiency harbour a latitudinal depen-
dence, by which these quantities assume their largest values at the equatorial plane and decline
toward higher latitudes for solar-quiet conditions. These dependencies are substantiated firstly
in that the TS is perpendicular in the equatorial nose region of the heliosphere, and becomes
increasingly oblique toward the poles. Secondly, the fast SW streams emanating from coro-
nal holes on the sun during solar minimum conditions, give rise to lower solar wind densities
at high latitudes. This is thought to result in diminished SW compression and lowered effi-
ciency of PUI injection at the TS. These effects were incorporated into modulation models by
e.g. Langner and Potgieter [2006] and Ngobeni and Potgieter [2008], and revisited by Strauss [2010]
and Ngobeni [2015]. What follows here is a review of their findings.

4.6.1 The compression ratio

The insights gathered from HD models informed Ngobeni [2006] to model a function for the
compression ratio that varies with the polar angle θ as follows:

s(θ) = smin +
smax − smin

1 + exp [(θc − θ) /θb]
, (4.6)

with smax = s(90◦), smin = s(0◦), θc the polar angle about which the transition from smax to
smin is centred and θb controlling the steepness of the transition. In this study, the observation-
constrained parameter set of Strauss [2010] is implemented, so that smax = 2.5, smin = 1.5,
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Figure 4.9: A latitude-dependent compression ratio (top panel) with Voyager measurements during TS
encounters (Table 4.1), and the corresponding spectral indices of the power laws expected from DSA
theory for a 1-D planar shock (bottom panel).

θc = 45◦ and θb = 9◦. The corresponding latitude-dependent expression for the spectral indices
of the power laws expected for the compression ratios determined by Eq. 4.6, is given by

γ(θ) =
s(θ) + 2

2− 2s(θ)
. (4.7)

Figure 4.9 shows s(θ) and γ(θ) as functions of θ, along with the Voyager measurements listed
in Table 4.1. Note that the minimum and maximum values of s(θ) respectively correspond to
spectral indices of γmin = −3.5 and γmax = −1.5.

Of course, varying the compression ratio in this manner holds implications for the SW flow
speed in the heliosheath. Figure 4.10 shows the SW speed in a meridional cross section of
the heliosphere for solar minimum conditions, and compares the effects of SW compression
varying with latitude with that of a fixed compression ratio at the TS. While the flow in the
heliosheath remains unchanged near the equator, the fast SW streams near the poles decrease
by a smaller ratio (i.e. 1.5 as opposed to 2.5) across the TS. This results in a SW speed in the
heliosheath of ∼ 500 km.s−1. It is not unlikely, depending on the local plasma properties, that
this flow is still supersonic, or indeed that the SW speed beyond the TS at high latitudes may
be supersonic in general. This follows from Voyager 2 measurements confirming supersonic
SW flow in the heliosheath [Li et al., 2008; Chalov and Fahr, 2011]. Contrarily, Voyager 1 reports
much slower SW flow along its trajectory [Richardson and Burlaga, 2013]. Of course, if the SW
speed in the heliosheath remains fast, it would have run-on effects on all parameters dependent
on it as well, e.g. the HMF magnitude.
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Figure 4.10: Contour plots illustrating the SW speed Vsw (according to the scale in the colour bar with
units km. s−1) in the meridional cross section of the heliosphere for solar minimum conditions (α = 10◦).
A fixed compression ratio was assumed in the left panel (i.e. s(∀θ) = 2.5) while it is varied on the right
with latitude according to Eq. 4.6. Recall that incompressible flow is assumed for the heliosheath. The
TS is shown as a dashed white halfcircle at 90 AU, with the Sun at the origin.

Aside from consequences for heliosheath plasmas however, CR transport is also affected by a
varying compression ratio. Plotting the modelled TS spectra for ACR Oxygen at selected polar
angles, as illustrated in Figure 4.11, shows harder power laws near the equatorial plane, while
the spectra become softer toward the poles. These solutions are shown for both magnetic polar-
ities. As expected, the spectrum at θ = 90◦ is similar to the spectrum displayed in Figure 4.4 for
a fixed, global compression ratio of s = 2.5. This is however not the case for higher latitudes,
e.g. θ = 10◦, where Figure 4.11 shows a pronounced intensity enhancement developing at ener-
gies ranging from roughly 0.1 to 10 MeV. nuc−1, which is not visible for the equivalent s = 1.5

spectrum in Figure 4.4. This enhancement is therefore a consequence of a latitude-dependent
compression ratio, and arises due to the poleward migration of ACRs produced in the equato-
rial regions. This migration happens mainly by polar diffusion, especially considering the en-
hancement included in Eq. 3.27 for high latitudes, but also by drifts along the TS while A > 0.
Indeed, since the intensities at θ = 10◦ in this enhancement region are higher by a factor of
∼ 10 for A > 0 than for A < 0, drifts during the former polarity cycle facilitate the poleward
migration while drifts during the latter act to inhibit it. These drift patterns are illustrated for
both polarities, with s = s(θ), using contour plots in Figure 4.12, and are consistent with the
patterns described in Section 4.5.

Figure 4.12 also shows that implementing a latitude-dependent compression ratio generally
lowers the global ACR Oxygen intensities from what is observed when s(∀θ) = 2.5 (compare
with e.g. Figure 4.3). Since fewer ACRs are produced near the polar regions, as is also visible
from the flattened contours for the A < 0 cycle, large latitudinal gradients are observed. What
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Figure 4.11: Modelled ACR Oxygen TS spectra at varying polar angles (as shown in the figure legend)
with a latitudinal-dependent compression ratio for both the A > 0 (top panel) and A < 0 (bottom panel)
magnetic polarities. The expected power laws (dotted lines) and their spectral indices are shown for the
maximum and minimum compression ratios at θ = 90◦ and θ = 10◦ respectively

emerges is a region of preferred acceleration near the equatorial nose region, and from Figure
4.12, at the interface where the TS meets the HCS during the A > 0 cycle. Similar results
are reported by Strauss [2010], although with the inclusion of a latitude-dependent injection
efficiency as well (see Section 4.6.2). Consensus had however not yet been reached on where
the predominant region for acceleration at the TS resides. Early studies [Jokipii, 1986] suggest,
in stark contrast to the above, that ACRs are accelerated chiefly at the poles, while the model
by McComas and Schwadron [2006] favours the flanks of the heliosphere.

While this latitude-dependent compression ratio is well-substantiated and was shown to have
yielded satisfactory results when modelling ACR intensities [Strauss, 2010], it also makes the
model increasingly layered if implemented. To study the effects of individual processes and
parameters, a fixed compression ratio is assumed in the following chapters, especially since
these chapters are more concerned with the study of electrons at a single latitude along the
Voyager 1 trajectory, where estimates for the compression ratio are available.
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Figure 4.12: Contour plots illustrating 6 MeV. nuc−1 ACR Oxygen intensities in the meridional plane of
the heliosphere, for A > 0 (left) and A < 0 (right) polarities and a latitude-dependent compression ratio.
The colour bar shows intensities as percentages of the maximum on a logarithmic scale. The dashed
white halfcircle indicates the TS position (at 90 AU), while the dash-dotted white lines indicate the polar
extent of the HCS for α = 10◦. The Sun is located at the origin.

4.6.2 The pick-up ion source strength

Since the quantitative details of the PUI seed population, from which ACRs arise, are not gen-
erally known, the intensity of the PUI source function is chosen arbitrarily and the acceler-
ated solutions are normalised to observations (or on some generally approved reference value).
Studies have been conducted from which the spatial distribution of PUIs and their rate of in-
jection at the TS are inferred. These include those by e.g. Fahr et al. [2008] and Scherer and Fahr
[2009], which confirm a longitudinal dependence of the PUI injection efficiency and predict a
maximum injection rate at the cross-wind (or flank) regions of the heliosphere. Earlier work by
Scherer et al. [2006] had also found a latitudinal dependence for PUI injection. This was conse-
quently modelled by Ngobeni [2006] by specifying the source strength, denoted as I(θ), in the
expression for the PUI source function. That is,

Q(θ) = Q∗ I(θ) δ

(
r − rTS
r0

)
δ

(
P − Pmin

P0

)
, (4.8)

which is just a modified form of Eq. 3.51. The source strength acts as a scaling constant that
varies with polar angle, similar to Eq. 4.6, as follows:

I(θ) = Imin +
Imax − Imin

1 + exp [(θc − θ)/θb]
, (4.9)

with θc and θb as previously defined, Imax = I(90◦) = 1.0, and Imin = I(0◦) = 0.1.
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Figure 4.13: Modelled TS spectra for ACR Oxygen in the equatorial plane for varying values of κ⊥r,0
and source functions representing the PUI seed population injected at Pmin = 0.03 GV (in blue) and
Pmin = 0.3 GV (in red) respectively. Here, drifts are disabled (κD,0 = 0), and the expected power laws
(with γ = −1.5 for s = 2.5) for each set of solutions indicated with dotted lines.

Physically, this means that all the PUIs injected at the TS in the equatorial plane are accelerated
to ACRs, while ten times less are injected at the poles. Strauss [2010] reports that this generally
results in solutions that are a factor of ∼ I(θ) lower than those shown in Figure 4.11, with
slight spectral changes occurring at high energies due to a modified intensity gradient,∇f . For
similar reasons to that stated for refraining from the use of the latitude-dependent compression
ratio, the injection efficiency is considered fixed for all polar angles in subsequent chapters.

4.7 Low-energy Features of the ACR Spectrum

In the following discussion, several aspects from previous sections resurface. Firstly, recall from
Section 4.3 that the predominant form of the accelerated TS spectrum is predicted to be a power
law with spectral index as given by Eq. 4.1. Furthermore, it is gathered from the discussion on
the findings of Arthur and le Roux [2013] in Section 4.3, that particles with MFPs smaller than the
length scale of the TS precursor will experience a smaller effective compression ratio. This is
shown in the following discussion to have bearing on the deviations from the expected power
law for lower diffusion coefficients, which are pointed out in Section 4.4 and illustrated in e.g.
Figure 4.5. While it has been reported that the form of accelerated TS spectra is independent of
the energy at which the PUI source function is injected [Steenkamp, 1995; Steenberg and Moraal,
1999], it is shown here that under certain conditions the value of this injection energy becomes
significant.

Figure 4.13 shows two sets of ACR Oxygen TS spectra for varying values of κ⊥r, with the PUI
source function respectively injected at rigidities of Pmin = 0.03 GV (≡ E = 1.9 keV. nuc−1)
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Figure 4.14: Similar to Figure 4.13, but with only the solutions with Pmin = 0.03 GV shown. Also
illustrated here are the two power laws with γ = −1.87 and γ = −1.5 fitted to the κ⊥r,0 = 0.005
spectrum respectively below and above ∼ 0.3 MeV. nuc−1.

and Pmin = 0.3 GV (≡ E = 190 keV. nuc−1). Note that the deviations from the power law are
pronounced for the lower injection energy (similar to Figure 4.5), but suppressed for the higher-
energy injection. The latter solutions thus display accelerated spectra following a power law
with γ = −1.5 as expected for s = 2.5, while the former appear not to. It is necessary to com-
ment though that an injection energy of 190 keV exceeds what may reasonably be expected
from PUIs, since their maximum energies are predicted to be no more than four times the en-
ergy of SW ions [Moebius et al., 1988], i.e. ∼ 6 to 40 keV. These solutions are presented though
merely as a case for comparison. At any rate, the solutions with the more realistic lower injec-
tion energy do not immediately follow the expected −1.15 power law at low energies. Upon
closer inspection however, the lowered intensities turn out not to be mere deviations from the
expected power law, but a structured consequence of the effective compression ratio observed
by low-energy particles.

Figure 4.14 reveals that toward high energies TS spectra for all diffusion levels are parallel
to the expected power law, albeit at a lower intensity. Below ∼ 0.3 MeV. nuc−1 the spectra
become softer. The bottommost spectrum, for instance, with κ⊥r,0 = 0.005, displays a power
law with γ ∼ −1.87. This spectral index corresponds to a SW compression at the TS of s =

2.1, which implies that if V2 = 0.4V , the maximum SW flow speed observed by ACRs in this
energy region is 2.1 · V2 = 0.84V , with V2 and V = 400 km.s−1 respectively representing the
downstream and unshocked upstream SW speeds. One may infer from either Figure 3.11 or
4.16 that Vsw = 0.84V ∗ is attained within the precursor structure at r ∼ 89.8 AU, i.e. 0.2 AU from
the (sub)shock. One thus expects that particles with diffusion length scales at the TS of roughly
less than 0.2 AU will experience an effective compression ratio of no more than s = 2.1. Indeed,
such length scales correspond to energies lower than ∼ 0.3 MeV. nuc−1, as indicated in Figure
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Figure 4.15: The diffusion length scale (κrr/Vsw) of ACR Oxygen at the TS (90 AU, θ = 90◦) as
function of kinetic energy for varying values of κ⊥r,0 as shown in the legend. Here κrr/Vsw =
(κrr/Vsw)− + (κrr/Vsw)+ where the superscripts − and + respectively denote up- and downstream
values as introduced in Section 2.6.1. The red lines indicate the length scale observed for the energy
at which the power laws indicated in Figure 4.14 intersect. The solid and dashed horizontal blue lines
respectively represent the width of the TS precursor and the length scale at which the ACR cut-off is
expected to occur.

4.15, which is also roughly where the transition between the power laws shown in Figure 4.14
occurs. Above this energy, length scales increase so as to eventually exceed 1 AU (the width
of the modelled TS-precursor structure) and particles experience the full compression ratio of
s = 2.5. This explains why the solutions injected above this energy in Figure 4.13 follow the
expected γ = −1.5 power law. A lower limit on the compression ratio also exists: Since the SW
speed decreases discontinuously across the subshock with a factor of s = 0.7V ∗/0.4V ∗ = 1.75,
the softest spectral index one might expect is γ = −2.5. A more refined study of these features
may therefore include fitting TS spectra with multiple power laws corresponding to the range
of s = 1.75→ 2.5 constrained above.

The above analysis demonstrates that should a precursor as shown in e.g. Figure 4.16 be
present, CRs with small diffusion length scales, typically at low energies, will experience only
a fraction of the total compression ratio and be accelerated accordingly. Similar effects are re-
ported by Kruells and Achterberg [1994]. Should the precursor be widened as in Figure 4.16, and
the energy gains from SW compression hence distributed over a larger interval, the TS spec-
trum will only display the expected power-law structure at larger energies, i.e from ∼ 10 MeV.
nuc−1 for a precursor width of 2.0 AU. However, if the precursor is diminished, Figure 4.16
shows that the expected power law is already obtained at lower energies, although obscured
by the intensity enhancement seen in earlier sections preceding the cut-off. It is therefore the
expectation that should the precursor width tend toward zero so as to obtain a fully discontin-
uous shock, no deviations from the theoretically expected power law will be visible. Indeed,
studies where a TS precursor is absent [Potgieter and Moraal, 1988; Steenkamp, 1995; Steenberg
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Figure 4.16: The radial profile of the SW speed in the TS region is shown on the left for varying pre-
cursor widths as indicated in the legend. The discontinuous jump at 90 AU represents the subshock.
On the right are the modelled ACR Oxygen TS spectra for varying precursor widths corresponding to
those shown on the left, with κ⊥r,0 = 0.005 and κD,0 = 0. These solutions are multiplied by E1.5 and
normalised to unity at 0.5 ·10−6 GeV. nuc−1. This scale is such that flattening out of spectra to a constant
value signifies alignment with the expected power law.

and Moraal, 1999] report no such deviations, and hence their solutions show no sensitivity at
low energies to the choice of the injection energy either.

4.8 Summary and Conclusions

This chapter endeavoured to explore the features of the model as applied to the acceleration
of ACR Oxygen at the TS. This species serves well in this purpose, since by virtue of their for-
mation from the acceleration processes involved, the features of these processes are exhibited
more explicitly. CR heating as well stochastic acceleration in the heliosheath are neglected for
the purposes of this study.

From the reference solutions presented in Section 4.2, three main features are identified : The
first of these is the power-law form of accelerated TS spectra. It is shown in Section 4.3 that their
spectral indices may be approximated as a function of the TS compression ratio, and that larger
compression ratios generally result in harder spectra at the TS. The second feature occurs where
the former terminates in an exponential decrease, which occurs because high-energy CRs begin
to observe the TS curvature and escape. This curvature (or ACR) cut-off is shown in Section
4.4 to shift to higher energies particularly for smaller radial diffusion, which serves to increase
acceleration efficiency. In the energy region immediately preceding the cut-off of the power-
law spectrum, a third feature, embodying either an intensity enhancement or depression, is
observed. The prominence of this feature is illustrated in Section 4.5 to be drift-dependent and
is therefore subject to change with solar activity and the magnetic polarity cycle.

Furthermore, the implications of a latitude-dependent TS, with compression ratio and injec-
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tion efficiency decreasing toward high latitudes, are reviewed in Section 4.6. This is found to
localise ACR acceleration at the TS to the equatorial regions of the heliosphere. These latitude
dependencies are omitted from subsequent chapters to avoid excessive layering of the model
and obscuring other modulation features. Finally, it emerged that assuming smaller diffusion
results in deviations from the power-law form predicted by DSA theory. This is demonstrated
in Section 4.7 to be a consequence of low-energy particles experiencing a smaller effective com-
pression ratio due to their diffusion length scales being smaller than the width of the TS pre-
cursor. This results in TS spectra with softer power laws at low energies, while converging to
the expected power law at higher energies. Modelled solutions tend toward their theoretically
predicted form as the SW transition becomes increasingly discontinuous at the TS.

The modelling presented here is not intended to explain any ACR observations, but merely
to highlight the characteristics of DSA. The insights gathered from the features of accelerated
ACRs are carried forth to subsequent chapters to inform further application of the model to the
re-acceleration of galactic electrons at the TS.



Chapter 5

General Modulation Features of
Galactic Electrons

5.1 Introduction

The previous chapter opened the discussion on DSA by presenting numerical modelling re-
sults for the acceleration of ACR Oxygen. The current chapter aims to provide the contextual
stage on which the study of DSA is set to continue in following chapters, where the model
will instead be applied to simulate the transport and acceleration of galactic electrons. Unlike
ACRs, GCRs originate from well beyond the heliosphere and are already distributed with en-
ergy upon arrival. Such modelling considerations, along with species-specific aspects in the
treatment of electrons as opposed to ions, are taken into account in this chapter. Initial distri-
butions are hence identified, and the major transport processes and structural characteristics of
the heliosphere influencing electron intensities are explored so as to demonstrate the general
modulation features of galactic electrons.

The model is firstly configured for electron transport, and solutions are shown to illustrate the
main features of modulated electron energy spectra and spatial distributions that may later be
used as reference. Existing input spectra are surveyed and their expansion to lower energies
explored. The processes of drift and diffusion, which are considered to be predominant in
electron transport, are discussed, with an especially comprehensive section devoted to inves-
tigating the rigidity profile of the latter process. This chapter, aside from aiming to produce
general insights on electron modulation, presents cases for consideration in Chapter 6, where
the impact of the above transport processes on the DSA of electrons will be investigated.

5.2 Configuring the Model for Electron Transport

Electrons - negatively charged, less massive and generally faster than their ionic CR counter-
parts - are modelled with a ratio of mass number to charge of Θ = 1 and have a rest-mass
energy of e0 = 5.11 · 10−4 GeV. Indeed, much of the desired electron behaviour follows natu-
rally in the model if the rest-mass energy is correctly specified. For example, electrons become

77
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Figure 5.1: Modelled energy spectra for galactic electrons at the TS (94 AU, θ = 55◦) and at Earth
(1 AU, θ = 90◦) as modulated from the reference HPS (black line) at 122 AU. Line styles and colours
respectively represent the magnetic polarities and radial distances as indicated in the legend. These
solutions are shown without the effects of DSA and for solar minimum conditions (α = 10◦).

relativistic with particle speeds attaining significant fractions of light speed at an energy of
roughly a factor of E0/e0 lower than for nuclei (Figure 3.2), with E0 the rest-mass energy for
protons. These same attributes result in electrons having smaller radii of gyration than other
heavier CR species at most energies, while displaying the same gyroradius and length scales of
drift as protons at E > E0; see Figure 3.9. Their negative charge naturally implies that the drift
patterns expected for positive particles are reversed for electrons during both solar polarity
cycles. Furthermore, the relationship between a particle’s kinetic energy and its rigidity is also
shown in Figure 3.1 to differ above and below the rest-mass energy, which is demonstrated in
Section 3.6.2 to affect the form of accelerated energy spectra. This is further explored in Section
6.2. See also Moraal and Potgieter [1982], Langner and Potgieter [2004], and Caballero-Lopez et al.
[2010] for more on the species-specific differences that are of interest in CR modulation studies.

Further revisions to the model follow from the revelations of the Voyager 1 spacecraft, and
pertains mostly to the form of electron energy spectra in the heliosheath. The measurements
presented in Figure 2.18 suggest a power-law distributed energy spectrum for 4 to 40 MeV elec-
trons at the HP, with a yet steeper distribution following at E & 1 GeV as inferred from data
collected by the PAMELA detector at Earth. The heliopause spectrum (HPS) of Potgieter et al.
[2014b], which is discussed further in Section 5.3, displays these features and is implemented
in this study as the reference input spectrum for galactic electrons. Although CRs are likely to
undergo modulation in the outer heliosheath as well [Scherer et al., 2011; Strauss et al., 2013b;
Luo et al., 2015], the HP is the outermost boundary considered in the current model so that an
input spectrum specified here suffices. The Voyager observations also prompt revision of the
coefficients describing electron diffusion. Note from Figure 2.18 that the power-law distribu-
tion of the measured intensities is preserved at radial distances throughout most of the inner
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Figure 5.2: Modelled radial intensity profiles for galactic electrons at sample energies of 16 MeV, 200
MeV and 1 GeV, represented by different line colours as indicated in the legend. Solutions are shown
along θ = 55◦ for solar minimum conditions (α = 10◦) and both magnetic polarities as also indicated
in the legend. The position of the TS is marked with the vertical dashed line at 94 AU and the HP is
situated at 122 AU.

heliosheath, which suggests rigidity-independent diffusion across the energy range where this
occurs [see also Potgieter and Nndanganeni, 2013a]. The intensities also decrease from the HP
to the TS with a factor of a few hundred at these energies. To model these features, the use
of the parallel diffusion coefficient by Burger et al. [2008] is discontinued in favour of the phe-
nomenologically informed coefficient described by Eqs. 3.23 to 3.25. The full motivation for
this is discussed in Section 3.3.2. The perpendicular diffusion coefficients of Burger et al. [2000]
are however still implemented, but are adapted to retain the rigidity dependence of the paral-
lel coefficient (see Section 3.3.3). The rigidity profiles of the selected coefficients are revisited
in Section 5.4. Finally, and more generally, the heliosheath is assumed to be less vast in the
current and subsequent chapters than in Chapter 4, with the TS and HP positions respectively
specified as rTS = 94 AU and rHP = 122 AU to reflect the Voyager 1 detection of these bound-
aries. See Ferreira et al. [2004b] for a study on electron modulation where the positions of these
boundaries are varied. While the TS compression ratio is retained as s = 2.5, the effects of DSA
are suppressed in this chapter by setting∇ · ~Vsw = 0 in the shock region (See Section 3.6.1). No
source functions are specified at the TS or elsewhere; all solutions are merely modulated forms
of the HPS. For illustrative purposes, full drift efficiency is assumed (i.e. κD,0 = 1.0). Other
modulation parameters that are not mentioned here remain unchanged from those specified in
Section 4.2, while any departures are pointed out explicitly in the following sections.

The above model configuration yields the solutions shown in Figures 5.1, 5.2 and 5.3, which
serve as standard references for comparison for subsequent solutions. The first of these shows
electron energy spectra at the TS along the approximate Voyager 1 trajectory at a polar angle of
θ = 55o, and at Earth in the equatorial plane at θ = 90◦, for solar minimum conditions and both
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Figure 5.3: Contour plots illustrating 200 MeV galactic electron intensities in the meridional plane of
the heliosphere for A > 0 (left) and A < 0 (right). The colour bars show intensities as percentages of
the maximum on a logarithmic scale. The dashed white halfcircle indicates the TS position at 94 AU,
while the dash-dotted lines indicate the polar extent of the HCS for α = 10◦. The Voyager 1 trajectory is
approximated by the dashed black line along θ = 55◦, while the Sun is located at the origin.

magnetic polarities. Note how the TS spectrum retains the power law that the HPS exhibits
at lower energies. This follows because of the rigidity-independent MFP chosen for electrons
for P < 0.34 GV (see Section 3.3.2). Caballero-Lopez et al. [2010] and Potgieter and Nndanganeni
[2013a] show similar results. From the form of the spectrum at Earth, it appears that adiabatic
energy losses, which force ion spectra into characteristic E+1-distributed power laws (as in
Section 4.2), are absent for electrons in the energy range considered here. This, too, is shown
to be a result of rigidity-independent diffusion; see Section 5.4. Furthermore, both the energy
spectra in Figure 5.1 and the spatial distributions of Figures 5.2 and 5.3 demonstrate substantial
decreases in intensities from the HP to the TS, creating a prominent modulation barrier. This
effect, particularly visible toward lower energies, is the result of the impaired diffusion brought
about by the small MFPs specified for particles in this region and had been anticipated before
its detection by the Voyager spacecraft [Potgieter and Le Roux, 1989]. See also the modelling
results of Ferreira and Potgieter [2002], Ferreira et al. [2004b], Nkosi et al. [2011] and Potgieter and
Nndanganeni [2013a] for similarly large electron modulation in the heliosheath. This barrier is
also modelled by Langner et al. [2004] for protons. The more complicated problem, however, is
predicting the contribution of galactic electrons to the intensity at Earth. See e.g. Potgieter and
Nndanganeni [2013a] and Nndanganeni [2015] for comment on this matter.

While electron transport appears to be generally sensitive to diffusion properties, the effects
of electron drifts are confined to a narrow domain in energy under the current model configu-
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ration. Figure 5.1 shows that polarity-dependent modulation is most prominent for electrons
of 0.1 to 1 GeV. Their spatial distributions (as seen in Figures 5.2 and 5.3) may be explained at
the hand of the expected electron drift patterns: Recall that their movement along the HCS is
outward during the A < 0 polarity cycle, poleward in the outer heliosphere, and back down-
ward from the poles toward the equatorial regions in the heliospheric interior. Of course, these
directions are reversed during the A > 0 cycle. Figure 5.3 illustrates these patterns for 200 MeV
electrons, with contours assuming a convex (or outward bulging) shape in their direction of
travel. During the A < 0 cycle, enhanced polar diffusion at high latitudes facilitates poleward
movement of electrons through the heliosheath. Likewise, this also encourages transport from
these electron-rich polar regions to the HCS in the interior, from where electrons drift outward.
This collectively serves to supplement intensities up to the TS and a short way beyond. This can
also be discerned from Figure 5.2. For A > 0, the drift patterns in the heliosheath tend to carry
electrons toward the equatorial regions, from where the passage of electrons inward along the
HCS is stifled by the low-diffusion barrier. The inward drifts along the HCS still manage to
carry electrons across the TS and hence supplement intensities in the interior, however not to
the extent achieved during the negative polarity cycle. This discussion is expanded in Section
5.5. As for the rest of the chapter, the features and processes earmarked in the text above for
further comment form the basis of discussion in following sections.

5.3 Modelling the Electron Input Spectrum

For the modelling of GCRs, the source of particles is specified as an energy distribution at the
outer boundary up until where one intends to study their modulation. The HP is typically
such a boundary. An input spectrum specified here represents a very local interstellar spec-
trum, which Potgieter [2014a] describes as a CR distribution specified within ∼ 150 AU from
the Sun in its direction of movement. Before the availability of direct measurements of elec-
tron intensities in the remote regions of the heliosphere [e.g. Webber et al., 2012; Stone et al.,
2013], several approaches were followed in an attempt to construct realistic spectra that may
be used as input in CR modulation models. These include radio data surveys (to constrain
electron densities from the synchrotron radiation these particles emit as they travel along mag-
netic field lines) and galactic propagation modelling. A combination of these methods allowed
e.g. Langner et al. [2001], Ptuskin et al. [2006], Webber and Higbie [2008] and Strong et al. [2011] to
estimate interstellar electron spectra, providing valuable constraints on the intensities of more
locally specified spectra such as the HPS. For examples, see Figure 5.4. While its form and in-
tensity levels may presently be inferred more directly from spacecraft data, it is demonstrated
by Bisschoff and Potgieter [2014] that the HPS can indeed be reproduced under suitable param-
eter configurations using the GALPROP code [see e.g. Strong et al., 2007, and the references
therein], while Webber and Higbie [2013] employs a Monte Carlo diffusion model for galactic
propagation in a similar demonstration. The galactic spectra computed using these models
cannot generally be considered local interstellar spectra though, since the contribution of local
sources (within parsecs from the heliosphere; e.g. Büsching et al. [2008a, b]) is not necessarily
accounted for. Büsching et al. [2008b] shows, for instance, that the nearest millisecond pulsars
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Potgieter & Nndanganeni (2013)

Langner et al. (2001)

Webber & Higbie (2008), IS−7

Webber & Higbie (2008), IS−2.3

Figure 5.4: Examples of very local interstellar spectra for electrons, which are constructed for use as
input in CR modulation models. See the studies referenced in the legend [Langner et al., 2001; Webber and
Higbie, 2008; Potgieter and Nndanganeni, 2013b] for further details on each.

make a non-negligible contribution to local electron spectra. The reference HPS, as specified in
Section 5.2 and discussed in the subsection below, is however not computed from an astrophys-
ical point of view, but instead derived from the modelling results of CR modulation within the
heliosphere and with the aid of available spacecraft measurements.

5.3.1 A heliopause spectrum for galactic electrons

Potgieter et al. [2014b] presents a HPS for galactic electrons that is proposed to be valid at en-
ergies exceeding the lowest energy measurable by the Voyager detectors (i.e. at E & 1 MeV)
and up to about 50 GeV. It is characterised, as mentioned before, by two power laws – the first,
at lower energies, displays a larger spectral index than the second, which follows roughly at
energies above 1 GeV. This forms a transition that is indicative of different processes dominat-
ing at energies on either side of it: Toward lower energies electron propagation through the
interstellar medium is diffusion-dominated, whereas energy losses through e.g. synchrotron
radiation and inverse-Compton scattering yield the softer distribution at high energies [see e.g.
Webber and Higbie, 2008]. The soft high-energy spectrum is chiefly informed by measurements
at Earth. Since solar modulation effects begin to phase out roughly above 10 GeV and is con-
sidered altogether negligible at E > 30 GeV [Strauss and Potgieter, 2014], it becomes feasible
at these energies to infer HPS intensities from electron measurements at Earth. The HPS is
hence assumed from PAMELA observations [Adriani et al., 2011; Menn et al., 2013] to exhibit a
spectral index of −3.18 ± 0.05 at high energies. Below 1 GeV, where the HPS hardens, Voy-
ager 1 observations at∼ 112 AU in the heliosheath prompted Potgieter and Nndanganeni [2013b]
to compute a demodulated spectrum at the estimated HP position that displayed a power-
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Figure 5.5: Different configurations of the HPS utilised as input spectrum for galactic electrons in this
study and as described by Eq. 5.1 and 5.2. The case with h1 = −1.35 serves as reference HPS, while
the spectrum by Potgieter and Nndanganeni [2013b] is included for comparative purposes. The inset
accentuates the contribution of the intensity enhancement described by Eq. 5.2 between 0.5 and 20 GeV.

law index of −1.55 ± 0.05. It is shown in Figures 5.4 and 5.5 for comparative purposes. The
Voyager 1 encounter of the HP revealed this spectrum to be quite accurate: Stone et al. [2013]
report that electron intensities at the HP are indeed power-law distributed with energy, and
provides a spectral index of −1.45 ± 0.09, with the lower and upper limits respectively based
on a GEANT4 simulation and a pre-launch accelerator calibration.

These empirical insights, along with the antecedent spectrum of Potgieter and Nndanganeni
[2013b], underlie the form of the HPS implemented in this study. Following Vos [2012] and
Potgieter et al. [2014b], the HPS is expressed in differential intensity as function of kinetic en-
ergy according to

jHPS =
0.16

β2


(
E
EN

)1.5
+
(
Eb
EN

)1.5

1 +
(
Eb
EN

)1.5


h2−h1

1.5 (
E

EN

)h1
, (5.1)

in units of electrons m−2 s−1 sr−1 MeV−1, with EN = 1 GeV, and where Eb = 0.67 GeV denotes
the energy about which the transition between power laws occurs; the constant valued at 1.5
stipulates the smoothness of this transition. The quantities h1 and h2 refer to the power-law
indices at energies respectively below and above Eb. The latter is taken as h2 = −3.18 to reflect
the reported value of the PAMELA experiment. For the lower-energy index, values on either
side of that proposed by Stone et al. [2013] are considered, namely h1 = −1.35 and −1.55, while
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the HPS with the former serves as reference input spectrum. Both these indices are illustrated
in Figure 5.5. Another peculiar feature is an intensity enhancement between roughly 0.5 and
20 GeV, where PAMELA electron measurements are slightly offset above the data aligned with
the power law. This is accounted for in this study by adding the term

jbump = b1 exp

[
b2 + b3 log

(
E

EN

)
+ b4

(
E

EN

)b5]
(5.2)

to the differential intensity in Eq. 5.1, with b1 = 1.55 electrons m−2 s−1 sr−1 MeV−1, b2 = 4.67,
b3 = −5.24, b4 = −8.17, and b5 = −0.5 specified phenomenologically [see also Potgieter et al.,
2013; Potgieter, 2014a], and where EN = 1 GeV. Its contribution is also illustrated in the inset of
Figure 5.5. It is remarked by e.g. Vos [2012] that no acceleration processes are thought to exist
within the heliosphere that can account for this enhancement, and that it is likely the effect of a
local source or process in the interstellar medium. The HPS collectively described by Eqs. 5.1
and 5.2 is regarded in this study to be valid on the energy interval of 10−3 to 50 GeV. The HPS
at E . 5 MeV, henceforth referred to as very low energies with regards to electrons, is revisited
in the next subsection.

5.3.2 Electron intensities at very low energies

Recall from Figure 2.17 the peak-like increases in the radial intensity profiles recorded by Voy-
ager 1 near the TS for electron energies of 2.5 to 14 MeV. In the accompanying text DSA is men-
tioned as a mechanism that might be at least partially responsible for these features. Should
this indeed be the case, it must be borne in mind that the particles that constitute these narrow
increases must have migrated from lower energies during acceleration. Section 6.5.1 demon-
strates that the efficiency of electron re-acceleration at Voyager-observed energies is in fact sen-
sitive to the features of the HPS below 1 MeV. The intensity levels and spectral shape of the
very local interstellar spectrum are however unknown below 1 MeV from both an observa-
tional and modelling perspective. It is hence necessary that the form of the HPS is investigated
at these very low energies. Figure 5.6 demonstrates that electron intensities continue to grow
should Eq. 5.1 be extended below 1 MeV. It also happens more rapidly with decreasing energy
because of the decrease of β from unity. This behaviour is however unlikely to be accurate.
Consider firstly that most studies on turbulence in the heliosphere predict an up-turn in the
MFPs of electrons at low energies (Section 5.4.3), which would imply that should the HPS in-
tensities be allowed to increase indefinitely toward lower energies, the intensities registered at
Earth would be largely unaltered from that. This contribution, which would be in the order
of 105 electrons m−2 s−1 sr−1 MeV−1 at 0.1 MeV if Eq. 5.1 is assumed valid there, exceeds the
intensities recorded near Earth for electrons at these low energies; see e.g. Figure 2.18. The
greatest contribution to these measured intensities is furthermore attributed to particles ema-
nating from the Sun or planetary magnetospheres [e.g. Ferreira et al., 2001a, b], which constrains
the galactic electron contribution even further. The differential flux profile reported for 50 keV
electrons in the heliosheath by Hill et al. [2014] suggests that intensities may be as low as 3 ·10−2

electrons m−2 s−1 sr−1 MeV−1 near the HP along Voyager 1’s direction of travel. This implies
a HPS with diminishing intensity toward lower energies. However, since published data cov-
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Langner et al. (2001)

GALPROP

Eq. 5.1, h1=−1.55

Figure 5.6: Plausible scenarios from galactic CR propagation modelling for electron intensities at the
HP (122 AU) for low (E < 100 MeV ) to very low energies (E < 1 MeV). The dash-dotted line represents
a ‘polar approach’ model solution by Langner et al. [2001] and the dashed line a GALPROP solution
[Bisschoff , 2014, private communication], while the HPS of Eq. 5.1 (in solid red) is included for comparison.

erage for electrons at these very low energies remains quite sparse, the predictions of galactic
propagation models are also considered again. For example, the interstellar spectra calculated
using the polar approach of Langner et al. [2001] yield 103 electrons m−2 s−1 sr−1 MeV−1 at
0.1 MeV, signifying that the intensities flatten out and diminish with decreasing energy. The
spectra by Strong et al. [1994, 2000] appear similar [see also Strong et al., 2011], while GALPROP
yields flattened spectra from 1 MeV to as low as 0.01 MeV for rigidity-independent diffusion
within this energy range [Bisschoff , 2014, private communication]. See also Bisschoff and Potgieter
[2014] for more details on the instance of the GALPROP model referenced here.

With model predictions as illustrated in Figure 5.6 and available data considered, a number of
mostly speculative scenarios are explored. It can be conjectured that the HPS flattens toward
energies below 1 MeV, or at least decreases slow enough to appear so. This may be simulated
by adapting Eq. 5.1 to reflect a convenient triple power-law form according to

jHPS =
0.16

β2


(
E
EN

)1.5
+
(
Eb2
EN

)1.5

1 +
(
Eb2
EN

)1.5


h2−h1

1.5

(
E
EN

)1.5
+
(
Eb1
EN

)1.5

1 +
(
Eb1
EN

)1.5


h1−h0

1.5 (
E

EN

)h0
, (5.3)

in units of electrons m−2 s−1 sr−1 MeV−1. Here h0 represents the spectral index of the lowest
energy segment of the HPS, and Eb1 and Eb2 respectively represent the energies about which
power laws transition from h0 to h1 and h1 to h2. The value of Eb2 is retained from Eb in Eq.
5.1 as 0.67 GeV, while it is assumed that Eb1 = 10−3Eb2. The roles and values of earlier spec-
ified quantities remain unchanged. The spectra resulting from Eq. 5.3 for different values of
h0 are illustrated in the left panel of Figure 5.7. The first and second of these, with h0 = 1.0
and 1.5, are in reasonable agreement with GALPROP and Langner et al. [2001] estimates respec-
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Figure 5.7: Modifications to the HPS described by Eq. 5.1 (solid red line) for E . 1 MeV. In the left
panel, the legend values correspond to different values of h0, representing the power-law indices of
the lowest-energy segment of the HPS as described by Eq. 5.3. Simulating an exponential decrease of
intensities toward lower energies as described by Eq. 5.4, the spectra on the right are presented for
different values of Φ as shown in the legend.

tively, while the spectrum for h0 = 6.0 intercepts the 50-keV observed intensity of Hill et al.
[2014]. While none can be ruled out given the very limited available data, the forms of the last
two spectra, with h0 = 3.0 and 6.0, are less preferable due to their more pronounced deviation
from the relatively well-established power law above 1 MeV. This deviation may be avoided
by shifting Eb1 to lower energies, but this would require larger values of h0 to yield the above
correspondences. There may also be more suitable forms than power laws to describe the HPS
at these very low energies, since these types of distributions may be erroneously associated
with the spectral imprints of energy changes that are not necessarily involved here, e.g. adi-
abatic cooling. Hence, a second scenario to consider is a HPS with an exponential intensity
decrease toward lower energies, which is more reasonable than a power law. This is modelled
by modifying Eq. 5.1 as follows:

jHPS =
0.16

β2


(
E
EN

)1.5
+
(
Eb2
EN

)1.5

1 +
(
Eb2
EN

)1.5


h2−h1

1.5 (
E

EN

)h1
exp

(
−
(
Ec
E

)Φ
)

, (5.4)

in units of electrons m−2 s−1 sr−1 MeV−1, with the energy at which the low-energy intensity
decrease ensues taken as Ec = 0.4 MeV, Φ denoting the strength of this decrease, and other
quantities as already defined. The values of Φ are varied and the resultant spectra shown in the
right panel of Figure 5.7. This HPS intercepts the observed 50-keV electron profile for Φ = 1.4,
while deviations from the Voyager-observed power law above 1 MeV are small for all Φ-values
considered. The scenarios presented in Figure 5.7 for the HPS are utilised in subsequent sec-
tions, where their influence will be considered in conjunction with that of the properties gov-
erning modulation processes and DSA as discussed in the current and next chapters respec-
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Figure 5.8: The rigidity profile of the parallel MFP for electrons at Earth for different values of Pk in Eq.
3.24 as indicated in the legend.

tively. At any rate, the findings presented above, revealing the form of the very low-energy
HPS, are mostly speculative and as such not conclusive. These features may only be inferred
upon further investigation.

5.4 The Rigidity Dependence of Electron Diffusion

Following the introduction of possible input energy spectra for galactic electrons, it is explored
how these spectra are expected to change as particles are transported through the heliosphere.
Diffusion is of course a dominant process governing CR transport, and the rigidity (or equiv-
alent energy) dependence of the coefficients describing this process dictate to a large extent
how energy spectra are modulated. This dependence is consequently explored for each of
the energy ranges in which the structure of the HPS is also considered. Toward higher ener-
gies, global modulation features are better constrained, and the dependence described by Eq.
3.24 has been successfully employed to reproduce electron intensities measured at Earth over
several semesters of observation [Vos, 2012; Potgieter et al., 2015]. The high-energy rigidity de-
pendence of diffusion is therefore only briefly reviewed in this section. These coefficients must
however be re-evaluated for energy domains in which they have not been previously utilised,
e.g. below roughly 5 MeV, where the effects of other modulation processes are also shown
within this section to emerge under certain conditions.

5.4.1 Electron diffusion at high energies

Diffusion at energies exceeding 5 MeV is fundamentally characterised by the inertial and en-
ergy ranges of the turbulence power spectrum. Though constructed phenomenologically, and
perhaps over-simplified, the rigidity dependence of the coefficients applied here, and described
by Eqs. 3.23 to 3.25, yields a reasonable approximation to that derived from turbulence theory;
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Figure 5.9: Modelled energy spectra for galactic electrons at the TS (94 AU, θ = 55◦) and Earth (1 AU,
θ = 90◦) for varying rigidity dependences of diffusion, with respect to the HPS at 122 AU. Line colours
represent radial distances as indicated in the legend. The solutions correspond to the MFP profiles
displayed in the same line styles in Figure 5.8 and Pk = 0.34, 0.45 and 0.60 GV according to that figure’s
legend. Electron drifts are disabled for these solutions (κD,0 = 0).

see Section 3.3. All the parameters contained within Eq. 3.24 are developed in the parame-
ter study by Vos [2012], however this study is concerned mostly with Pk at which the rigidity
dependence of the coefficient changes. The MFP of electrons are assumed in the standard con-
figuration (based on PAMELA observations from the year 2006) to be rigidity-independent up
to Pk = 0.34 GV, from where an increase proportional to P 1.23 eventually ensues. A similar form
is adopted by Caballero-Lopez et al. [2010] and Potgieter and Nndanganeni [2013a] for coefficients
describing electron diffusion; see also Potgieter [1984]. Vos [2012] modifies the standard profile
and its defining parameters for consecutive years up to 2009 in order to fit modelled spectra to
observations, based on changes in HMF magnitude and HCS tilt angle over the same period.
The value of Pk is shown to vary between 0.34 and 0.45 GV during this time. In this study, Pk
is arbitrarily varied to demonstrate the modulation effects following from the resulting rigidity
dependence; the MFPs and corresponding energy spectra are respectively shown in Figures 5.8
and 5.9. Note that as a result of increasing Pk, the rigidity-independent segment of the MFPs is
translated upward according to P 1.23.

The resultant spectra in Figure 5.9 display higher intensities below the energy equivalent to Pk
for larger values of this parameter. This follows since modulation is reduced by the smaller
intensity gradients that ensue because of the consequent increase in the rigidity-independent
MFPs precedingPk. However, just as the profiles presented in Figure 5.8 converge abovePk, the
energy spectra of Figure 5.9 also converge above the corresponding energy at both the TS and
Earth. Varying the rigidity dependence in this manner illustrates another method, aside from
modifying the radial dependence of diffusion coefficients directly, by which desired intensities
can be attained at lower energies throughout the heliosphere. This ability to alter the radial and
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Figure 5.10: The parallel diffusion coefficient displayed at Earth as a function of kinetic energy. The
MFP has been changed only for illustrative purposes such that the coefficient exhibits the proportional-
ity displayed in the legend for E . 100 MeV. Note that β ≈ 1 above about 1 MeV. See Figure 3.2.

rigidity dependences independently is an example of the advantages discussed in Section 3.3 of
the employed coefficients. Furthermore, attention is drawn to how the slopes of distributions
change between 0.1 and 1 GeV in Figure 5.9. For larger values of Pk, the TS spectrum transitions
almost directly from the power law inherited from the HPS below 1 GeV to the softer power
law at higher energies, where modulation is eventually phased out due to large MFPs. On
the other hand, the intensities of TS spectra following from Pk =0.45 and 0.60 GV respectively
flatten out or even increase slightly before adopting the soft high-energy power law. Note that
the distributions in these cases are as a result harder across this transition. Since the segment
along which MFPs increase according to P 1.23 is larger for smaller values of Pk, it appears that
MFPs increasing with rigidity generally tend to harden distributions from the original form
of input spectra - that is at least until MFPs become large enough for modulation effects to
phase out completely. These cases are considered again in Chapter 6, where the forms of these
spectra are revealed to dictate how efficiently they are accelerated at the TS. The effects of these
diffusion profiles on drift-related modulation are also investigated and discussed in Section 5.5.

5.4.2 Implications of rigidity-independent diffusion

As already discussed in Section 5.2, spectra at the TS inherit the power-law distributed form of
the HPS at low energies up to a few hundred MeV. This follows as an obvious result of the rigid-
ity independence of the MFPs specified at these energies. However, when spectra are consid-
ered at energies as low as the electron rest-mass energy (and lower), more intricate conditions
apply. Since the particle speed of electrons become less comparable with light speed at these
low energies, β (implicitly contained within Eq. 3.9) forces diffusion coefficients to deviate
from the flat rigidity profile assumed for MFPs below Pk. Hence, under such a configuration,
modulated spectra do not retain the form of the HPS at very low energies. To study the im-
plications of rigidity-independent diffusion however, the governing coefficients should remain
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Figure 5.11: Modelled energy spectra at Earth (1 AU, θ = 90◦) for various diffusion configurations and
with respect to different input spectra (black lines) at 122 AU. In the top-left panel the reference HPS
is employed as input, in the bottom left Eq. 5.4 with Φ = 1.4 is applied, while Eq. 5.3 is applied on
the right with h0 = 1.0 and 6.0 for the top and bottom panels respectively. Solutions correspond to the
profiles with the same line styles in Figure 5.10. The spectra at Earth (all in blue) under the most rapidly
declining diffusion scenario (dash-dotted lines) invariantly follow aE+1-distributed power law (dashed
magenta line). Drifts are disabled for these solutions.

constant down to the lowest energy considered. This may be achieved by incorporating a 1/β

factor into the diffusion coefficient to suppress the existing dependence on the particle-to-light-
speed ratio. The diminishing of low-energy diffusion may also be exaggerated for illustrative
purposes by strengthening the dependence on β. Figure 5.10 illustrates these scenarios, which
respectively represent a rigidity-independent diffusion configuration with κ ∝ β0, the standard
configuration of Section 5.2 with κ ∝ β1, and an exaggerated configuration where κ ∝ β2. It
should be stressed however that these cases are presented purely for illustrative purposes, and
that they are by no means proposed to be physically valid. Since the parallel and perpendicular
diffusion coefficients are assumed to share the same rigidity dependence, κ is used here to de-
note diffusion coefficients in general and is thus interchangeable with both κ|| and κ⊥,r/θ. Note
that while it is the convention to illustrate diffusion properties in terms of MFP versus rigidity
(e.g. Figure 5.8), it is more beneficial to the end of demonstrating the dependences on β to show
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Figure 5.12: Modelled energy spectra at the radial distances indicated in the legend and shown in
different colours. The spectra are displayed at θ = 55◦, except for that at Earth (1 AU), which is shown
at θ = 90◦. The input spectrum at 122 AU is the reference HPS of Eq. 5.1. Spectra in solid lines
are shown for the κ ∝ β2 configuration, while dashed-dotted lines represent spectra resulting from
rigidity-independent diffusion. The dashed red line shows the characteristic E+1 power law followed
by adiabatically cooled distributions. Drifts are disabled.

the corresponding diffusion coefficient. The coefficient is furthermore rather expressed as func-
tion of kinetic energy so that corresponding features in the accompanying energy spectra are
more readily identifiable.

Selecting a representative sample of the input spectra introduced in Section 5.3.2, the resultant
modulated spectra at Earth are shown in Figure 5.11 for each of the aforementioned diffusion
configurations. For diffusion coefficients with a flat rigidity profile the modulated spectra,
shown as solid lines in Figure 5.11, mostly retain the form of the HPS . Also, not surprisingly,
for κ ∝ β1 and κ ∝ β2 modulation increases toward lower energies, causing greater deviations
from the form and intensity of the HPS. However, for the latter configurations where diffusion
is allowed to decrease toward lower energies, the modulated spectra at Earth follow a E+1-
distributed power law regardless of the form of the input spectrum employed. This spectral
characteristic is indicative of the involvement of adiabatic energy losses. This process plays a
well-established role in the modulation of ions [see e.g. Moraal and Potgieter, 1982; Potgieter and
Moraal, 1988; Caballero-Lopez et al., 2010; Strauss et al., 2011b], where this E+1 power law is also
shown to emerge for non-relativistic particles. Indeed, spectra are only aligned to this char-
acteristic distribution below the electron rest-mass energy in Figure 5.9. In most modulation
studies, however, electrons are relativistic in the typical energy ranges considered, and had
diffusion been allowed to decline sufficiently above the rest-mass energy, they would instead
display E+2-distributed spectra at these energies [see Caballero-Lopez et al., 2010; Strauss et al.,
2011b]. Unlike for protons though, electron MFPs are not known to decline so rapidly until
much lower energies [Teufel and Schlickeiser, 2003] that are typically smaller than that consid-
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ered in this study; electrons are therefore not naturally observed to attain the adiabatic cooling
limit. Aside from requiring diminished diffusion, these energy losses are incurred only when
∇ · ~Vsw > 0, which is only achieved at r < rTS . The spectral effects of this process in the
inner heliosphere are demonstrated in Figure 5.12: Note that when diffusion declines sharply
toward lower energies (according to e.g. κ ∝ β2), spectra indeed follow the E+1 power law,
while the form of the HPS is retained for rigidity-independent diffusion. Moreover, it appears
from Figure 5.12 that radial gradients are extinguished in the adiabatic limit so that cooled
spectra throughout the inner heliosphere eventually converge at low-enough energies; recall
that κ also grows with r so that spectra at larger radial distances will attain the adiabatic limit
at lower energies.

In summary, the assumption of rigidity-independent diffusion firstly allows the intensities of
modulated spectra to be reduced in such a manner that the general form of the HPS is retained.
It also follows that since diffusion coefficients are not permitted under this assumption to attain
sufficiently small values, other modulating processes such as adiabatic energy losses do not
manifest in the inner heliosphere. While it is reasonable to assume that the diffusion coefficients
of electrons do not diminish toward lower energies (or at least not too drastically), there may
nevertheless be more likely scenarios than rigidity-independent diffusion at these very low
energies. This is investigated further in the next subsection.

5.4.3 Modelling dissipation-range turbulence effects

Adiabatic energy changes play an appreciable role in ion modulation, and their diffusion co-
efficients diminish with decreasing rigidity so as to allow this, while electron modulation is
conceivably different on a fundamental level [see Potgieter, 1996, 2000]. One aspect in which
this is portrayed is the sensitivity of electrons to the dissipation range of the turbulence spec-
trum, which manifests as an increase in electron MFPs toward lower energies according to e.g.
models for dynamical turbulence [Bieber et al., 1994]. See also the work of Teufel and Schlick-
eiser [2003]. Due to this enhanced diffusion the adiabatic limit becomes unattainable. Indeed,
instances of the random sweeping model predict a pronounced up-turn in low-energy MFPs,
while the damping model yields MFPs that very nearly level out toward lower energies [Dröge,
2000a, b; Teufel and Schlickeiser, 2003; Engelbrecht and Burger, 2013a]. The latter model presents
a case for which the rigidity-independent diffusion explored in Section 5.4.2 may serve as an
approximation. The contribution of the dissipation range is also shown in Figure 3.5 for the
electron coefficients of Burger et al. [2008] to yield larger length scales at small rigidities. Ob-
servations presented by Bieber et al. [1994] similarly demonstrate that MFPs would in fact be
too small and the rigidity-dependence thereof incorrect should this contribution be neglected.
See also Langner [2004] for a thorough discussion on the theoretical development of diffusion
properties that follow from the dissipation range.

As explained in Section 3.3.2 however, the diffusion coefficients applied in this study for elec-
trons do not follow self-consistently from underlying turbulence-related quantities as e.g. the
Burger et al. [2008] coefficients do. Instead, diffusion coefficients are modelled to convey cer-
tain characteristics predicted by turbulence-based diffusion theory while their dependences are
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Figure 5.13: The parallel diffusion coefficient at Earth as function of kinetic energy for different config-
urations of Eq. 5.5 associated with the legend values for g0. The g0 = 0 profile (black line) is identical to
the κ ∝ β0 profile of Figure 5.10, while the standard β-dependence holds for the other two profiles.

configured explicitly. The effects of the dissipation range are hence illustratively modelled by
allowing the MFP to increase toward lower energies as shown in Figure 5.13. This is achieved
by modifying the rigidity dependence of the electron MFPs described by Eq. 3.24 as follows,

λP (P ) =


(
P
P0

)3
+
(
Pk2
P0

)3

1 +
(
Pk2
P0

)3


g2−g1

3

(
P
P0

)3
+
(
Pk1
P0

)3

1 +
(
Pk1
P0

)3


g1−g0

3 (
P

P0

)g0
. (5.5)

Here Pk1 and Pk2 represent the rigidities about which the dependence changes; Pk1 = 5 MV
whereas Pk2 retains its value from Pk in Eq. 3.24. The quantity valued at 3 in the exponents
stipulates the smoothness of the transitions in rigidity dependence. Finally, the parameters g1

and g2 specify spectral indices of the segments as previously defined, while g0 is introduced
to represent the index of the lowest rigidity segment. The diffusion profiles in Figure 5.13 are
shown for different values of g0. For g0 = 0, Eq. 5.5 above reduces to Eq. 3.24, and the β-
dependence of the corresponding diffusion coefficient is once more suppressed (as explained
in Section 5.4.2) to provide a rigidity-independent profile as reference. For the other profiles
shown, i.e. for g0 = −0.5 and −1.0, coefficients retain the standard linear dependence on
β. Hence, as β begins to decrease, the coefficients do not simply grow unperturbed toward
lower energies according to the power laws Eq. 5.5 specifies for the MFPs, but flattens out and
eventually decreases again.

The modulation following from the inclusion of these dissipation-range features in the diffu-
sion configuration is illustrated in Figure 5.14. As seen before, rigidity-independent diffusion
(g0 = 0; κ ∝ β0) conserves the form of the input spectra throughout the heliosphere. How-
ever, if an up-turn is included in the MFPs of low-energy electrons, modulation is drastically
reduced. For g0 = −0.5 (dashed lines in Figures 5.13 and 5.14), the spectra at the TS and
Earth are modulated less downward from 10 MeV to roughly 0.2 MeV, from where modulation
(slightly) increases again. The larger MFP turn-up brought about when g0 = −1.0 yields con-
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Figure 5.14: Energy spectra at the TS (94 AU, θ = 55◦) and Earth (1 AU, θ = 90◦) for different diffusion
configurations as shown in Figure 5.13. The reference HPS and Eq. 5.3 with h0 = 1.0 are respectively
employed as input spectra in the left and right panels. Line colours represent radial distances as indi-
cated in the legend, while solutions correspond to the profiles with the same line styles in Figure 5.13.
Drifts remain disabled.

sistently less modulation with decreasing energies, with modulated spectra not only retaining
the form of the HPS below ∼ 0.2 MeV, but also nearly coinciding with it. As also observed at
the high-energy end of the spectrum, very large MFPs phase out modulation at low energies
as well. Consider now the decline of the g0 = −1.0 profile in Figure 5.13 between roughly 0.1
MeV to 10 MeV. Note that the resultant modulated spectra in Figure 5.14 have softened from
the form of the HPS in this energy range. This is the opposite of the effect observed in Section
5.4.1, where MFPs that increase with rigidity are shown to yield modulated spectra that have
hardened. Within certain limits, the forms of modulated energy distributions thus reflect the
rigidity dependence of diffusion directly.

5.5 Drift-related Electron Transport and Modulation

The effects of electron drifts on modulation are apparently limited to a relatively narrow energy
domain (see Figure 5.1), and constitute another major process involved in the modulation of
these particles and their energy distributions. The details of this process and how it is modelled
are provided in Section 3.4, whereas the effects of varying drift efficiencies and solar activity
on drift-related transport, as well as its latitudinal dependence, are illustrated in Section 4.5
by application of the model to anomalous ions. While Section 5.2 highlights some differences
in the modulation and transport of galactic electrons during opposite magnetic polarities, it
does not quantify the actual contribution of drifts to electron intensities at different energies or
spatial regions. The interplay between electron drifts and diffusion also remains to be explored.
It is endeavoured in the current section to comment on these matters.

Consider first Figure 5.15, where modulated spectra at the Earth and TS are shown, both with
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Figure 5.15: Modelled spectra at the TS (94 AU, θ = 55◦) and Earth (1 AU, θ = 90◦), respectively shown
in red and blue, modulated from the HPS at 122 AU in black. Solid and dash-dotted lines respectively
represent full-drift solutions for A < 0 and A > 0, whereas dashed lines represent no-drift solutions.
Each panel corresponds to a configuration in Figure 5.8 for the indicated values of Pk (of Eq. 3.24).

drift effects (for A > 0 and A < 0) and without, for the three high-energy diffusion scenarios
presented in Figure 5.8. It is immediately noticeable that drift effects dramatically raise spectral
intensities at energies up to a few GeV and from as low as 100 MeV at the TS and 10 MeV at
Earth, whereas the difference between drift solutions during opposite polarities, while signif-
icant, is not as spectacular. As far as drifts are affected by diffusion, it follows from the ratios
presented in Figures 5.16 and 5.17 that larger MFPs inhibit drift effects and reduce the total con-
tribution of drifts to electron intensities. Recall that increasing Pk (of Eq. 3.24) in Section 5.4.1
shifted the MFPs at lower rigidities upward. Hence, of the cases presented, MFPs are generally
lowest for Pk = 0.34 GV, which inhibits diffusion while enhancing drift effects. This follows
since the increased modulation brought about by smaller diffusion increases intensity gradi-
ents, and because the product of the drift term with ∇f is contained within the TPE. See also
Strauss et al. [2012] for illustrative examples of how increased diffusion can inhibit drift effects.



96 5.5. DRIFT-RELATED ELECTRON TRANSPORT AND MODULATION

10
−2

10
−1

10
0

10
1

0.5

1

1.5

2

2.5

3

3.5

4

Kinetic Energy (GeV)

R
a

ti
o

 o
f 

d
if

fe
re

n
ti

a
l 

in
te

n
s

it
ie

s

 

 

94 AU, 0.60 GV
94 AU, 0.45 GV
94 AU, 0.34 GV
1 AU, 0.60 GV
1 AU, 0.45 GV
1 AU, 0.34 GV

α = 10
o

Figure 5.16: Ratios of the drift-enabled model solutions shown in Figure 5.15 with A < 0 to that for
which A > 0. Solutions are shown for different values of Pk corresponding to the configurations illus-
trated in Figure 5.8 and as indicated in the legend. The ratios are shown at Earth (1 AU, θ = 90◦) in blue,
and the TS (94 AU, θ = 55◦) in red.

These effects, quantified as the ratio of intensities during the negative magnetic polarity cycle
to that during the positive cycle, are demonstrated in Figure 5.16 to be more pronounced at the
TS than at Earth; intensities during the A < 0 cycle are higher with factors of up to nearly 3.5 at
the TS than for A > 0, whereas at Earth these intensities are doubled at most. The increases at
Earth are also more pronounced at lower energies, peaking at roughly 40 to 50 MeV, while the
effects at the TS are centred around 200 MeV. For larger values of Pk these drift effects become
consistently smaller and are confined to larger energies.

The total contribution of drifts during both magnetic polarities are represented by ratios of
intensities predicted by model solutions for which full drifts (κD,0 = 1.0) are assumed to those
for which drifts are neglected (κD,0 = 0); these are displayed in Figure 5.17. These ratios display
the same qualitative features as discussed above for the ratios illustrated in Figure 5.16: The
contributions are confined to higher energies and become smaller for larger values of Pk, and
are greater at the TS than at Earth, albeit limited to a narrower energy interval. For Pk = 0.34
GV, for instance, it is illustrated in Figure 5.17 that intensities would have been up to 13 times
smaller at Earth during the negative polarity cycle, and up to 15 times smaller at the TS, if there
were no drifts. Also note that these contributions are consistently smaller for A> 0 than for A<

0; this is likely a result of the associated drift patterns. The global drift patterns of electrons and
their consequences for intensities in different regions are qualitatively discussed in Section 5.2.
Figure 5.18, accompanying Figure 5.3, compliments that discussion; it demonstrates for both
polarities, and the standard configuration of Section 5.2, the factors by which drifts increase
intensities across the heliosphere from the levels of the corresponding configuration where
drifts are disabled. Via the drift patterns explained in Section 5.2 for A > 0, intensities are
raised inside the heliosphere at all latitudes by factors ranging from roughly 100.9 (≈ 8) near
the Sun to as low as 100.6 (≈ 4) just inside the TS. Intensities are raised in this region by a much



CHAPTER 5. GENERAL MODULATION FEATURES OF GALACTIC ELECTRONS 97

10
−2

10
−1

10
0

10
1

0

2

4

6

8

10

12

14

16

18

Kinetic Energy (GeV)

R
a
ti

o
 o

f 
d

if
fe

re
n

ti
a
l 
in

te
n

s
it

ie
s

 

 

0.34 GV, A > 0
0.34 GV, A < 0
0.45 GV, A > 0
0.45 GV, A < 0
0.60 GV, A > 0
0.60 GV, A < 0

α = 10
o

θ = 90
o

r  = 1 AU

10
−2

10
−1

10
0

10
1

0

2

4

6

8

10

12

14

16

18

Kinetic Energy (GeV)

R
a
ti

o
 o

f 
d

if
fe

re
n

ti
a
l 
in

te
n

s
it

ie
s

 

 

0.34 GV, A > 0
0.34 GV, A < 0
0.45 GV, A > 0
0.45 GV, A < 0
0.60 GV, A > 0
0.60 GV, A < 0

α = 10
o

θ = 55
o

r  = 94 AU

Figure 5.17: Ratios of the model solutions shown in Figure 5.15 with full drift efficiency to that for which
drifts are disabled. Solutions are shown for both polarities and different values of Pk (corresponding
to the configurations illustrated in Figure 5.8) as indicated in the legend. The top and bottom panels
respectively show the ratios at Earth (1 AU, θ = 90◦) and the TS (94 AU, θ = 55◦).

larger average factor of about 101.25 (≈ 18) when A < 0, hence displaying the same tendency
seen earlier of the negative polarity cycle yielding larger drift contributions for electrons. It also
appears from Figure 5.18 that drifts bolster heliosheath intensities somewhat in the equatorial
region and reduces them at the poles for A > 0, while the converse is observed for A < 0. The
reductions are represented by colours for which the quantity shown on the logarithmic colour
scale is negative, i.e. for factors in the order of 10x with x < 0. In general though, intensities
in the heliosheath seem largely unchanged from no-drift conditions for both polarities, with an
average factor change of more or less 100 (≈ 1) in this region.

It is important to note that the drift-related features outlined above are subject to change should
the spatial configuration of other processes such as diffusion also change. Consider e.g. that the
drift contribution to intensities near Earth may be larger than at some further distance inside
the TS (see e.g. Figure 5.18; A > 0), because electrons transported to Earth via e.g. drifts are
confined there due to smaller diffusion coefficients. Moreover, the enhanced polar diffusion
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Figure 5.18: Contour plots for 200 MeV electron intensity ratios, illustrating the factor by which solu-
tions with full drift efficiency is larger (or smaller) than corresponding solutions without drifts in the
meridional plane of the heliosphere for A > 0 (left) and A < 0 (right). The colour bars follow a log-
arithmic scale (e.g. 1.5 ≡ 101.5). The dashed white halfcircle indicates the TS position at 94 AU, the
dash-dotted lines indicate the polar extent of the HCS for α = 10◦, and the dashed black line shows the
trajectory along θ = 55◦ at which the corresponding ratios in Figures 5.16 and 5.17 are shown. The Sun
is located at the origin.

at high latitudes facilitates particle transport through those regions, while the low-diffusion
barrier in the heliosheath may hinder transport - this is touched on in the discussion on drift
patterns in Section 5.2. It should also be noted that the drift features discussed above, although
indicative of basic trends also predicted by 3-D models [e.g. Strauss et al., 2012], are presented
within the context of the 2-D model utilised in this study. While CR modulation studies con-
ducted using 2-D models with drift capabilities usually scale down the drift efficiency based
on scattering assumptions (see Section 3.4), full drift efficiency (κD,0 = 1.0) is assumed for the
illustrations in this section. See also the work of Nndanganeni [2012, 2015]. Recently, Ngobeni
[2015] and Ngobeni and Potgieter [2015], also using a 2-D model, questioned if drifts could be
large in the outer heliosphere - an issue that requires further investigation with full 3-D models.

5.6 Summary and Conclusions

Chapter 5 is presented to provide the necessary context for the study of the DSA of electrons
in the next chapter. It outlines the relevant species-specific differences between electrons and
ions that come to the fore in modulation studies as well as the modelling aspects encountered
when studying GCRs - this eases the transition from the paradigms of Chapter 4. This chapter
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introduces and details the various major processes involved in the transport and modulation
of galactic electrons that may also later influence their re-acceleration.

Section 5.2 highlights the attributes of electrons and conveys how these are accounted for in the
model; the model configuration for the study of electron transport is summarised and solutions
are presented as reference for subsequent sections. These solutions also convey the standard
features of the modulation of galactic electrons as also reported in earlier studies. As a first
step in modelling galactic electrons, various possibilities for an input spectrum is considered in
Section 5.3. The reference input spectrum specified at the HP (subsequently referred to as the
HPS) is discussed, and its features, especially at very low energies (E . 5 MeV), are surveyed.
Several possible modifications to the very-low-energy HPS are suggested and evaluated by ap-
plication in subsequent sections. Section 5.4 investigates the rigidity dependence of electron
diffusion. A number of variations of the rigidity profiles for diffusion coefficients (and their
associated MFPs) in different energy regions are discussed; these scenarios, along with some
of the input spectra introduced in the previous section, will surface again in Chapter 6 to have
their influence on the features of re-accelerated electrons gauged. The most probable configu-
ration consists of a low-energy (E . 5 MeV) up-turn in MFPs attributed to dissipation-range
turbulence effects, followed by a rigidity-independent segment at intermediate energies up to
a few hundred MeV, from where MFPs increase again at higher energies.

It follows as general conclusions from Section 5.4 that sufficiently small diffusion cedes domi-
nance to the effects of other processes such as adiabatic energy changes, while very large diffu-
sion negates modulation altogether. Furthermore, MFPs that decrease with increasing rigidity
are shown to soften distributions from the form of the input spectrum in that energy region,
while harder spectra are obtained when MFPs increase with rigidity. This observation is im-
portant with regards to the acceleration of these electron distributions; see Chapter 6. Section
5.5 reveals the value of MFPs also affect electron drifts: If diffusion is impaired, drift effects and
their contribution to intensities are enhanced, while drift effects are subdued for the smaller in-
tensity gradients brought about by enhanced diffusion. Also, pertaining to more global trans-
port, the levels of diffusion largely dictate the extent to which drifts may affect the spatial
distributions of electrons.

These general modulation features of galactic electrons are revisited in the next chapter, where
the interaction between the transport processes reviewed here and DSA will be drawn into
focus.
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Chapter 6

Diffusive Shock Acceleration of
Electrons at the Termination Shock

6.1 Introduction

Galactic electrons, after having travelled through interstellar space and the heliosheath, may
be accelerated upon their arrival at the TS. These locally accelerated electrons are henceforth
referred to as re-accelerated electrons and it is aimed in this chapter to survey their features. The
insights of the previous two chapters are hence combined, firstly to study how the acceleration
of electrons at the TS is influenced by major modulating processes in the heliosphere, and
also to ascertain the dependence of the DSA mechanism on the spectral properties of incident
electrons. It is furthermore aimed to illustrate the contribution of re-accelerated electrons to
global intensities and how this affects other processes accounted for in the TPE. A particular
emphasis is placed on spectral features in this chapter, since DSA is characterised by changes
in energy distributions.

As an introduction, the spectral features arising from the acceleration of strategically specified
electron source functions are presented to convey the imprint of DSA on energy distributions
more directly. Thereafter, the standard features of re-accelerated galactic electrons emerging
under the reference model configuration are reviewed, followed by in-depth discussions of
their spectral properties in subsequent sections. Due to the distinct nature of electrons and
their modulation at different energies, the influence of input spectra and diffusion properties
on acceleration are considered separately at low and high energies, with the effects of drifts also
regarded at the latter. The spatial distributions of re-accelerated electrons are also discussed.

6.2 Spectral Properties of Shock-accelerated Electrons

Galactic electrons exhibit spectral features that were adopted both during their formation at
astrophysical sites and due to modulation on their journey towards sites of re-acceleration.
Consequently, the energy distribution properties electrons attain due to local acceleration at
the TS are not always readily distinguishable from features priorly attained during formation

101
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Figure 6.1: Cut-off structures of electron TS spectra modelled for a monoenergetic source injected at
Pmin = 1.0 MV. Legend values in the left panel correspond to κD,0 = 0 and κD,0 = 1.0, with the latter
shown for both magnetic polarities. Spectra for different levels of radial perpendicular diffusion are
shown on the right, with legend values corresponding to κ⊥r,0. Here drifts are disabled, hence κD,0 = 0.

and transport. To study DSA effects on electrons at the TS, it would be insightful to consider the
local acceleration features initially in isolation. This may be achieved by accelerating electrons
that are injected directly at the TS and modelled (as in Chapter 4) by means of a source function.
The ensuing power-law spectra emerge solely as a result of DSA at the TS. Their features may
vary according to the modulation conditions specified, which in turn may reveal the depen-
dence of the DSA mechanism on the transport processes involved. Important characteristics of
accelerated electron distributions are subsequently discussed for different configurations of the
source function. Modelled solutions are considered along the approximate Voyager 1 trajectory
at a polar angle of θ = 55◦ for solar minimum conditions. Note that, unless stated otherwise,
the model configuration described in Section 5.2 is also applied for the solutions presented in
this chapter, although the HPS is implemented only as from Section 6.3.

6.2.1 Insights from accelerating a monoenergetic electron population

Analogous to the modelling of ACRs in Chapter 4, one may specify the electron source function
as a monoenergetic population of particles at the TS using Eq. 3.51. Note that this is merely
an academic exercise intended to illustrate the spectral features of shock-accelerated electrons
more explicitly. It is unknown whether local electrons serve as seed particles for acceleration at
the TS as PUIs do; the intensities of e.g. Jovian electrons are estimated to be small at the TS [see
Ferreira et al., 2001a, b; Potgieter and Ferreira, 2002], while it is unclear what influence SEPs may
have. The features of the accelerated TS spectra attained when specifying the source function
in this manner have already been described for ACR Oxygen: A single power-law distribution
emerges, with an intensity enhancement (or depression, depending on the magnetic polarity)
preceding an exponential decrease; see e.g. Figures 4.1, 4.4 and 4.7. The latter features are
demonstrated in Sections 4.4 and 4.5 to be respectively dependent on drift and radial perpen-
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Figure 6.2: Electron TS spectra modelled for a monoenergetic source for different values of the com-
pression ratio as indicated in the legend. The lavender and light blue lines are power laws with spectral
indices as shown in Table 6.1 that correspond to each compression ratio respectively above and below
the electron rest-mass energy at 5.11 · 10−4 GeV.

dicular diffusion, while Section 4.3 shows that the spectral index of the power law is a function
of the shock compression ratio alone. For electrons however, no significant drift-dependent
intensity enhancements or depressions precede the cut-off, but Figure 6.1 (left) does show that
the power law extends to slightly higher energies in the absence of drifts (as is also shown in
Section 4.5). Furthermore, accelerated electron distributions are shown in Figure 6.1 (right) to
terminate at higher energies for smaller diffusion coefficients (similar to ACR Oxygen in Figure
4.5; see also Potgieter and Moraal [1988]). Indeed, the hardening of accelerated spectra is also
associated with impaired diffusion [e.g. Axford, 1981]. Collectively, these cut-off features do
resemble that of the ACR spectra referenced above.

The power-law distribution itself, however, manifests differently as a function of kinetic energy
for electrons than for ACR Oxygen or indeed any other CR ions. This is one of the consequences
of the electron’s smaller rest-mass energy. Section 3.6.2 demonstrates that at energies large
enough for the rest-mass energy to become comparably negligible, the spectral index associated
with the shock compression ratio becomes twice as steep than at energies much smaller than
the rest-mass energy. That is,

γ (s) =

{
(s+ 2) / (2− 2s) , E � E0

(s+ 2) / (1− s) , E � E0,
(6.1)

where γ(s) represents the spectral index as a function of the compression ratio, s, of the accel-
erated power-law spectrum of the form j ∝ Eγ , and E0 is the rest-mass energy that may be
interchanged with e0 when considering electrons. Eq. 4.1 suffices to describe the indices of the
accelerated spectra in Chapter 4, since those spectra terminate well before attaining the proton
rest-mass energy. The accelerated distributions of electrons, on the other hand, may extend to
energies larger than 1 GeV (see Figure 6.1), which is roughly two thousand times larger than
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s 2.5 3.2 4.0

E � e0 -1.50 -1.18 -1.00
E � e0 -3.00 -2.36 -2.00

Table 6.1: Values for γ(s) calculated from Eq. 6.1 for the energies and compression ratios as indicated.

the electron rest-mass energy. Electrons therefore straddle the transition from a non-relativistic
to a relativistic regime across the range of energies considered in this study, and their acceler-
ated distributions exhibit both power laws described by Eq. 6.1 across this range. Figure 6.2
illustrates this. The figure shows TS spectra for different compression ratios, with the larger
ratios yielding harder spectra as expected. A transition occurs in the proximity of e0, where
the distributions steepen from that also encountered in Figure 4.4 into the softer power laws
predicted by Eq. 6.1 for E � e0. The spectral indices of the power laws observed for each
compression ratio in both energy regions are listed in Table 6.1. At transitional energies the
spectral index may adopt any value in the interval between the limits provided in the table,
e.g. γ = [−1.50,−3.00] for s = 2.5. Should Figure 6.2 be extended to lower energies, where the
ratio, β, of particle to light speed begins to approach zero, the effect discussed in Section 4.7
will come into play and cause spectra to deviate from the expected power laws due to dimin-
ished length scales of diffusion. However, at the energies considered, diffusion length scales
remain constant (due to the rigidity independence of the MFP) and in excess of the TS width so
that the electrons observe the full compression ratio. For fully relativistic electrons, the hardest
distribution that DSA is typically expected to yield for s = 2.5 has a spectral index of γ = −3.0,
while the largest index obtainable at any shock in a monoatomic medium is γ = −2.0 (for s = 4;
see Section 2.6.1). These upper limits also apply in subsequent discussions.

6.2.2 The imprint of DSA on electron distributions

Another useful exploit of the source function when studying shock-accelerated spectra is to
specify it as an electron population that is already distributed with energy, and analysing how
this distribution is altered after being subjected to DSA. In this way one may directly study
the imprint of this acceleration mechanism on spectral structures that are typically expected
to be encountered at the TS; power laws are likely specimens, since they are contained in the
HPS and mostly preserved during modulation in case of rigidity-independent diffusion (see
Chapter 5). To model the source function as a power-law distribution, Eq. 3.51 is adapted to

Q = Q∗δ

(
r − rTS
r0

)(
E

E∗

)χ
, (6.2)

where Q∗ = Q (E∗) is arbitrarily chosen, χ is the spectral index of the initial distribution, and
the rest is as previously defined. The accelerated TS spectra emerging from different initial
distributions are illustrated in Figures 6.3 and 6.4 for each of the compression ratios considered
in Section 6.2.1. The panels on the right-hand side of these figures accentuate deviations from
the injected power law. For a hard initial spectrum, such as for χ = −1.5, the accelerated TS
spectra retain the slope of the injected power law and the electrons are merely shifted upward
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Figure 6.3: The modelled electron TS spectra shown on the left are accelerated from initial power-law
distributions E−1.5 (top panel) and E−2.0 (bottom panel) for different compression ratios as indicated
in the legend. Initial distributions are shown as black dashed lines. The solutions on the right are the
same as those on the left, but are respectively multiplied by E1.5 and E2.0 and normalised to unity at
E = 10−3 GeV. The scale is chosen such that flattening out to a constant value signifies alignment with
the initial power law, which is represented by a horizontal dashed line along unity.

in energy to yield a uniformly raised spectrum. The E1.5-multiplied spectra remain constant
across most of the considered energies, signifying that no hardening from the original spectrum
occurs, with the exception of the spectrum for s = 4.0. Similarly, only a shock with s = 4.0

can produce a spectral index of −2.0 so that hardening is still marginal for weaker shocks if
χ = −2.0, although intensities are raised by larger factors. For an initial spectrum soft enough
for a shock with s = 2.5 to produce, such as for χ = −3.0, spectral intensities are raised by even
greater amounts and significant hardening occurs for stronger shocks. Finally, for a very soft
initial distribution, e.g. for χ = −4.0, the accelerated spectra yield indices approximately equal
to that calculated from Eq. 6.1. In this case intensities are raised from the injected spectrum
with factors of a few hundred at 10 MeV, while nearer to 1 GeV spectra are raised by factors
ranging from a few thousand for s = 2.5 to over a million for s = 4.0. This lopsided rise in
spectral intensities, favouring the high-energy side of the spectrum, emerges as one of the most
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Figure 6.4: Similar to Figure 6.3, but for initial distributionsE−3.0 (top panel) andE−4.0 (bottom panel).

revealing features of shock-accelerated electron distributions. Also note for future reference
that the accelerated spectra consistently terminate above∼ 1 GeV, from where intensities begin
to decrease exponentially.

Hence, to summarise, the effect DSA has on the energy distributions of particles injected at the
TS is twofold: Firstly, should the initial distribution have a spectral index, χ, that is smaller
than what the shock is expected to produce for monoenergetic injection, i.e. γ(s) as per Eq. 6.1,
the index, γ′, observed for the accelerated distribution will be equal to the latter. That is,

χ < γ(s) =⇒ γ′ ≈ γ(s). (6.3)

If the initial distribution has a spectral index larger than what the shock is expected to produce,
the former is retained. That is,

χ > γ(s) =⇒ γ′ ≈ χ. (6.4)

In this second case, the initial spectrum is merely translated upward during acceleration by an
amount depending on how similar χ and γ(s) are. Axford [1981] and Jones and Ellison [1991]
report similar findings. Note that these results are generally valid and applicable to any dis-
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tribution (or part thereof) of CRs incident on the TS. This becomes especially relevant when
interpreting the acceleration features for spectra arriving at the TS after being modulated from
an initial spectrum, such as the HPS, specified further downstream. The dependence of accel-
eration effects on the hardness of spectra is a recurring concept in following sections.

6.3 Standard Features of Re-accelerated Galactic Electrons

In Chapter 5 the effects of various electron transport and modulation processes are studied
with DSA at the TS suppressed, and hence the global characteristics that would arise from it
are absent in the presented model solutions. It is however the purpose of the current chapter
to demonstrate the effects of DSA on the modulated spectra incident at the TS, as well as to
illustrate the transport of the consequently re-accelerated electrons. The restriction imposed
in the previous chapter to suppress acceleration effects in the shock region is hence lifted to
present shocked (or re-accelerated) solutions. That is, as described in Section 3.6, the negative
divergence of the SW velocity in the shock region is allowed to translate into particle heating,
which, subject to the matching condition, emulates the theoretically expected effects of DSA.
Solutions without shock-acceleration effects are however still shown for comparison, and ra-
tios of shocked to unshocked solutions are also used to accentuate the factors by which DSA
increases electron intensities as functions of both position and energy. Note that all source
functions are henceforth set equal to zero (as in Chapter 5), and that all spectral solutions are
modulated and (where applicable) re-accelerated forms of the HPS.

6.3.1 Energy distributions of re-accelerated electrons

The standard model configuration of Section 5.2 with shock acceleration yields the energy spec-
tra shown in Figure 6.5, which is accompanied for comparison by the DSA-suppressed solu-
tions (shown in dashed lines) that are also illustrated in Figure 5.1. The acceleration appears
from these spectra to be predominantly effective at energies lower than 100 MeV, although still
visible up to a few GeV. Acceleration effects do not appear however to be substantially differ-
ent for opposite magnetic polarities, and the more general spectral differences resemble that
already attributed to drift-related modulation in Section 5.2. However, if the contribution of
electrons accelerated at the TS is accentuated, and ratios of shocked to unshocked solutions are
considered, the effects of drifts on the re-accelerated contribution are more evident. Figure 6.6
demonstrates that re-accelerated electrons may raise intensities at the TS with up to a factor of
2.5 from roughly 4 to 50 MeV for A < 0 and up to nearly 100 MeV for A > 0. This translates in
turn to roughly doubled intensities at Earth up to 10 and 20 MeV for A < 0 and A > 0 respec-
tively. Interestingly, a prominent feature that emerges for both polarities is a second energy
region (aside from that already referenced above) with a relatively large re-accelerated contri-
bution: The ratios plotted in Figure 6.6 attain a local maximum of ∼ 1.5 near 1 GeV, preceded
by a local minimum at roughly 200 MeV for A < 0 and 300 MeV for A > 0.

The insights garnered in Section 6.2 are essential in the interpretation of these features. Re-
call from Eq. 6.3 and 6.4 that DSA is unable to alter the indices of distributions that are larger
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Figure 6.5: Modelled energy spectra for galactic electrons at the TS (94 AU, θ = 55◦) and Earth (1 AU,
θ = 90◦) as modulated from the reference HPS (black line) at 122 AU. Line colours represent radial
distances as indicated in the legend, while solutions with and without shock acceleration are shown in
solid and dashed lines respectively. These solutions are shown for A > 0 (top panel) and A < 0 (bottom
panel) during solar minimum conditions (α = 10◦).

than the index associated with the shock compression ratio, and uniformly raises the intensi-
ties instead. The factors by which the intensities are raised also depend on how similar the
aforementioned indices are. Hence, the distribution up to nearly 100 MeV arriving at the TS,
after having retained the power-law index of −1.35 during its modulation in the heliosheath,
is too hard to be altered significantly by a shock with s = 2.5, which can at the very most yield
an accelerated index of −3.0. As a result its intensity is raised uniformly with a factor of ∼ 2.5
as mentioned before. The succeeding depression in acceleration effects, centred around 100 to
200 MeV, similarly follows because the spectrum incident at the TS becomes very hard due to
decreasing modulation (as result of increasing MFPs) with increasing energy. Consequently,
the intensities are raised by a barely noticeable factor on the scale of Figure 6.5. However, as
modulation eventually diminishes toward 1 GeV due to very large MFPs, and the TS spectrum
inherits the soft −3.18 power-law index from the HPS, acceleration effects are restored. Due
to the similarity of the incident spectrum to that producible by the TS, intensities are raised by
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Figure 6.6: Ratios of the spectra shown in Figure 6.5 at the TS (94 AU, θ = 55◦) and at Earth (1 AU,
θ = 90◦) with shock acceleration to those without. Line styles and colours respectively represent the
magnetic polarities and radial distances as indicated in the legend.

a surprisingly large factor at such high energies of nearly 1.6. Figures 6.7 and 6.8 show radial
profiles that are representative of electrons in each of the aforementioned spectral regions and
reflect similar acceleration features at the TS position. Ultimately though, as in Section 6.2,
acceleration effects wane due to the TS curvature limit (Eq. 3.55) at E & 1 GeV. The higher
energies obtained by re-accelerated electrons during the positive polarity cycle as shown in
Figure 6.6 follows because the contribution of drifts to intensities manifests at higher energies
during this cycle (see Figure 5.17). Drifts harden spectra between ∼ 100 and 400 MeV by rais-
ing intensities at the TS sharply between these energies; by the insights garnered earlier, DSA
cannot raise the intensities of such hard distributions appreciably, and hence the re-accelerated
contribution is diminished. From the ratios of Figure 6.6 it follows that the re-accelerated con-
tribution is generally larger for A > 0 than for A < 0 (see also Figure 6.8), except for a narrow
region between 300 and 700 MeV where the opposite is true. The discussion on drifts and their
influence on the re-acceleration of electrons, and vice versa, is continued in Section 6.4.3.

6.3.2 Radial distributions of re-accelerated electrons

Though the spectral changes incurred due to DSA are revealed to be subtle, a further con-
sideration to gauge the influence of this mechanism is the distribution of re-accelerated elec-
trons throughout the heliosphere. Its largest contribution to electron intensities is of course
expected at the shock itself, but subject to the various transport processes involved, intensities
elsewhere may also be bolstered. Figure 6.7 shows the radial profiles of electrons at different
energies both with and without the contribution of DSA. It is revealed, as in Figures 6.5 and
6.6, that re-acceleration is most prominent at lower energies, and that the contribution of these
re-accelerated electrons is appreciable even in the deep heliospheric interior. Considering only
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Figure 6.7: Modelled radial intensity profiles with DSA at the TS (solid lines) and without (dashed lines)
for galactic electrons at sample energies of 16 MeV, 200 MeV and 1 GeV, represented by different line
colours as indicated in the legend. Solutions are shown along θ = 55◦ for solar minimum conditions
(α = 10◦) and both A > 0 and A < 0 as shown in the top and bottom panels respectively. The TS is
marked at 94 AU with the vertical dashed line and the HP is at 122 AU.

these intensity profiles, the effects of DSA are not obvious aside from a general increase in
intensities. Earlier studies [e.g. Ferreira et al., 2004b; Langner and Potgieter, 2004; Potgieter and
Langner, 2004] on the DSA of galactic electrons showed a more definitive intensity peak at the
TS position, while the profiles in Figure 6.7 appear in contrast smooth across this boundary.
The re-accelerated contribution does however peak at the TS, as illustrated by the ratios in
Figure 6.8, and constitutes a factor increase in intensities there of at least 2.5 for 16 MeV elec-
trons. By the same low-diffusion properties responsible for the massive decrease in galactic
electron intensities across the heliosheath, the electrons re-accelerated at the TS do not diffuse
far into the heliosheath either. In fact, under the current configuration, the model predicts that
no re-accelerated electrons (for E < 1 GeV, at least) reach the HP. By contrast, the contribution
inward from the TS is quite noticeable; the diffusion coefficients increase towards the TS inside
the heliosphere so that re-accelerated electrons may permeate further into the heliosphere. The
re-accelerated contribution in fact raises intensities throughout most of the interior by a factor
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Figure 6.8: Ratios of the profiles shown in Figure 6.7 with shock acceleration to those without. Line
styles and colours respectively represent the magnetic polarities and electron energies as indicated in
the legend. The TS is marked at 94 AU with the vertical dashed line and the HP is at 122 AU.

of up to 2. This spread-out intensity profile upstream of the TS and the steep increase of in-
tensities downstream in the heliosheath collectively serve to obscure intensity increases arising
due to local acceleration, and hence a definitive peak-like structure is not observed at the shock
in Figure 6.7. These profiles are shown at a polar angle of θ = 55◦; Section 6.6 illustrates the
spatial distributions of re-accelerated electrons more globally and in greater detail.

6.4 Re-acceleration of Intermediate- and High-energy Electrons

Expanding on the review of Section 6.3 on the general properties of re-accelerated electrons,
this section focuses particularly on the features and processes of which the effects appear pre-
dominantly at energies above∼ 10 MeV. For instance, it is discussed in this section how proper-
ties following from the high-energy rigidity profile of diffusion and electron drifts affect DSA.
Explored first, however, is how the configuration of the HPS affects DSA at higher energies,
and conversely whether and to what extent re-accelerated electrons are expected to influence
intensities away from the TS.

6.4.1 Shock acceleration and the heliopause spectrum

Section 5.3 proposed a reference HPS that exhibits a power law at Voyager-observed energies
with a spectral index between −1.35 and −1.55, based on spacecraft measurements of electron
intensities [Stone et al., 2013]. This power law is retained by the modulated energy spectrum in-
cident at the TS as a result of rigidity-independent diffusion. As established in Section 6.2, a TS
with a compression ratio of s = 2.5 is too weak to alter distributions with the aforementioned
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Figure 6.9: The modelled TS spectra in red and blue are respectively modulated from the HPS at 122
AU described by Eq. 5.1 with h1 = −1.35 (in black) and −1.55 (in magenta). At the TS (94 AU, θ = 55◦),
solid lines represent spectra with DSA effects and dashed lines represent spectra without. Drifts are
disabled for these solutions.

spectral indices, but can raise their intensities. Indeed, Figure 6.9 shows that the intensities
of the TS spectra are raised uniformly, and hence the power-law distributions are preserved
not only during modulation, but also during the re-acceleration process. This holds for both
the initial power-law distributions illustrated. While it is unclear from Figure 6.9 whether the
amount by which DSA raises intensities differs substantially for the cases considered, Figure
6.10 creates a clear distinction: Intensities are raised up to 100 MeV by a factor of almost 3
for the incident distribution with index −1.55, as opposed to a factor increase of about 2.6 for
−1.35. Thus, in accordance with earlier findings, the harder distribution once again proves
more difficult to accelerate: The re-accelerated contribution can be more than 10 % larger when
the lower limit on the Voyager-observed power-law index is used than for when the upper
limit is employed. At higher energies the ratios converge for both initial distributions as the
spectra adopt the softer power law with an index of −3.18. Note that since this high-energy
index is similar to the −3.0 index attainable by accelerated spectra at the TS, the re-accelerated
contribution might have been much larger had the curvature limit of the shock not also been
attained at these energies. Intensities at high energies are nevertheless raised by an apprecia-
ble amount as also pointed out in Section 6.3. Evidently, the features of the HPS dictate to a
large extent the features displayed by spectra incident at the TS; this, depending on how hard
the distribution inherited from the HPS is, determines in turn the extent to which DSA raises
spectral intensities at the TS.

When considering the converse – how DSA at the TS affects properties of the HPS or any dis-
tribution beyond – the low-diffusion barrier in the heliosheath is a great limiting factor. Under
the standard configuration, particles with energies of up to a few hundred MeV are unable to
penetrate far into the heliosheath, and it is unlikely that they will diffuse as far out as the HP.
This is demonstrated in Figure 6.8. At higher energies MFPs increase so that the modulation
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Figure 6.10: Ratios of the TS spectra presented in Figure 6.9 with DSA effects to those without. Legend
values correspond to the spectral index h1 of Eq. 5.1 according to which the HPS is configured.

barrier is lifted to an extent and particles pervade further into the heliosheath. This may sug-
gest that local acceleration could have some influence on the HPS despite not being reflected in
the modelled profiles; the numerical scheme forces the distribution function to adopt the fixed
values specified as boundary conditions at the HP. Had the HPS been allowed to change dy-
namically during the solution of the TPE, the effects of DSA might have been visible at the HP
at high energies. Indeed, earlier studies [e.g. Potgieter and Ferreira, 2002; Langner and Potgieter,
2004] predict that under certain conditions the TS spectra for electrons can actually exceed the
intensity levels of the HPS between 0.1 and 1 GeV, albeit for overestimated shock compression
ratios and lower input spectrum values. Under the standard model configuration, and with
drifts neglected, Figure 6.10 illustrates that DSA raises spectral intensities at the TS with fac-
tors of up to 1.6 at energies exceeding 1 GeV. While it is conceivable that these high-energy
re-accelerated electrons can enhance intensities at the HP, it can almost certainly do so at Earth.
Figure 6.6 shows that intensities for electrons of a few hundred MeV are raised 30 to 40 % at
Earth (depending on the polarity cycle) due to re-accelerated particles being transported there
from the TS. This may easily contribute to the low-energy end of the intensity enhancement
described by Eq. 5.2, drawing into question the extent to which this enhancement should be
accounted for in the HPS; local acceleration may after all play a more substantive role in this
regard than initially anticipated. This requires further investigation.

6.4.2 Dependence on the rigidity profile of diffusion

The form of the HPS is shown in the previous subsection to influence the re-acceleration of
spectra at the TS, because it is largely preserved during modulation as a result of rigidity-
independent diffusion. This is also the case at high energies, since very large MFPs phase
out modulation. If the rigidity dependence of the diffusion coefficients is however altered
such that modulated spectra do not necessarily reflect the characteristics of the original energy
distribution, the properties of this new dependence would dictate the form of the distributions
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Figure 6.11: Modelled spectra at the TS (94 AU, θ = 55◦) and Earth (1 AU, θ = 90◦), respectively shown
in red and blue, modulated from the HPS at 122 AU shown in black. Solid and dashed lines respectively
represent solutions with and without DSA effects. Each panel corresponds to a configuration in Figure
5.8 for the indicated values of Pk (of Eq. 3.24). Drifts are neglected for these solutions.

incident at the TS and hence the extent by which they are modified during DSA. It is therefore
worthwhile investigating the dependence of electron re-acceleration on the rigidity profile of
diffusion. Section 5.4.1 demonstrates how varying Pk (of Eq. 3.24) alters the rigidity profile of
the diffusion coefficients, and how this in turn affects the modulation of electron energy spectra;
recall that Pk is the rigidity above which the energy range of the turbulence power spectrum
becomes more prevalent in defining diffusion than the inertial range. It is shown in particular
that increasing Pk reduces the segment of the rigidity profile along which MFPs increase with
rigidity according to P 1.23, yielding rigidity-independent diffusion up to higher energies and
larger MFPs at lower energies. This is furthermore limits the hardening of TS spectra in the
region of 0.1 to 1 GeV, since the power law at lower energies transitions more directly into the
softer power law retained from the HPS at high energies. This is shown in Figure 5.9.

The resultant spectra of the diffusion configurations explored in Section 5.4.1 are illustrated
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Figure 6.12: Ratios of the solutions in Figure 6.11 with DSA effects to those without, and shown for
different values of Pk in different line styles as indicated in the legend. Ratios at Earth (1 AU, θ = 90◦)
and the TS (94 AU, θ = 55◦) are shown in blue and red respectively.

again in Figure 6.11, but with the inclusion of shock-accelerated spectra. The accelerated in-
tensities are higher by similar margins for all three diffusion configurations considered, but in
the energy region of the power-law transition, where DSA effects seem to bottleneck, shock-
accelerated intensities appear more pronounced for larger values of Pk. The TS spectrum being
accelerated in case of Pk = 0.60 GV in Figure 6.11, for instance, is essentially distributed accord-
ing to spectral indices of −1.35 and −3.18 at intermediate and high energies respectively, with
somewhat harder spectra prevailing over a narrow energy region at the transition between
these power laws. For smaller values of Pk this hardened spectral region is wider and the aver-
age spectral index thereof larger. DSA effects become more prominent in the transition region
for larger values of Pk, because the hardening of spectra at these energies is largely circum-
vented by the diminishing of the segment of the rigidity profile increasing with P , and because
the softer spectra that emerge are easier to accelerate. This ties in once again to the theme in-
troduced in Section 6.2 that DSA raises the intensities of softer spectra by greater amounts than
those of hard spectra. These amounts for each diffusion configuration are illustrated in Figure
6.12 by ratios of solutions with shock-acceleration to those without. The ratios demonstrate
that the re-accelerated contribution at the TS declines less rapidly across the power-law transi-
tion from 100 MeV to just above 1 GeV for larger values of Pk, and that the large depression of
acceleration effects visible for Pk = 0.34 GV (also pointed out in Section 6.3) at a few hundred
MeV disappears. Similar effects are shown in Figure 6.12 for the contribution of re-accelerated
electrons at Earth, although these extend to lower energies.

At the low-energy end of Figure 6.12, where ratios appear to remain constant with energy,
the re-accelerated contribution is higher for the configurations where Pk is smaller - at the TS,
Pk = 0.34 GV yields a factor increase below 100 MeV of at least 2.6 as opposed to a factor just
short of 2.4 for Pk = 0.60 GV. This effect, which is hardly noticeable on the scale of Figure 6.11,
follows likely as a result of more effective particle confinement; note that below 100 MeV the
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distributions incident at the TS as well the rigidity profiles of diffusion have the same form
for the configurations considered, while only the values of MFPs differ for each. Recall from
Chapter 4, and also Section 6.2, that impaired diffusion enhances acceleration. The larger MFPs
ensuing at low energies when Pk is scaled up therefore causes DSA to raise spectral intensities
by smaller amounts. Note however that above 100 MeV the re-accelerated contributions are
greater for larger values of Pk (for reasons already explained above) despite the MFPs being
larger in those cases. This suggests that the manner in which diffusion modifies energy spectra
at the TS (or equivalently, the form of the rigidity dependence of diffusion) is more important
than the level of diffusion in determining the amount by which DSA raises intensities. Hence,
aside from the compression ratio, the form of energy distributions incident at the TS remains
the predominant role player influencing the acceleration of these distributions. Finally, the
ratios in Figure 6.12 converge toward high energies; since both the incident spectra and MFPs
are identical there for each configuration, the associated acceleration effects are also the same.

6.4.3 The effects of electron drifts

Also influencing the form of modulated spectra in the same range of energies affected by vary-
ing the rigidity profile of diffusion as in Section 6.4.2 above, are electron drifts. Their effects
on energy spectra and associated acceleration features are shown in Figure 6.13 for both polar-
ities. Some drift-related features were also pointed out in the discussion of Section 6.3 and are
noticeable from earlier-presented solutions: the ratios of e.g. Figure 6.10, for which drifts have
been neglected, show larger re-accelerated intensity contributions at higher energies than for
when drift effects are present such as in Figure 6.6.

Indeed, Section 5.5 illustrates that drifts raise 0.1 to 1 GeV electron intensities at the TS ap-
preciably during both magnetic polarities and in doing so cause energy spectra to harden at
the lower end of this affected range of energies. Hence, as per the recurring theme of spectral
hardness and DSA, acceleration effects appear more subdued when drifts are enabled. This
is illustrated in Figure 6.14, which shows the ratios of the solutions in Figures 6.11 and 6.13
with shock acceleration to those without at both the TS and Earth. While the no-drift acceler-
ation effects are notably larger than those associated with drift solutions of either polarity, the
latter do resemble the former: At the TS, both sets of ratios exhibit a notable decrease in the re-
accelerated contribution from the low-energy global maximum to a local minimum, followed
by a second maximum at higher energies above which acceleration effects gradually phase out.
The aforementioned local minima occur at lower energies for drift-enabled solutions, because
drifts harden TS spectra at these energies. The spectra do not soften again either until much
higher energies where acceleration effects have already waned due to the attainment of the
shock curvature limit. See also Figure 5.15 to aid in visualising the drift effects responsible for
these acceleration features. The spectra at Earth, on the other hand, are just modulated forms of
the re-accelerated spectra formed at the TS, and therefore display similar acceleration features,
albeit smaller in magnitude. Moreover, the intensity increases due to DSA become generally
more uniform for larger values of Pk, with the local minima and maxima in ratios at high en-
ergies becoming less prominent, because of the more direct transition of power laws brought
about in the spectra incident at the shock.
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Figure 6.13: Similar to Figure 6.11, but with full drifts and shown for both the A > 0 (left) and A <
0 (right) cycles. Solid and dashed lines respectively represent solutions with and without DSA effects.
The panels from top to bottom correspond to the different configurations of Eq. 3.24 shown in Figure
5.8 for Pk = 0.34 GV, 0.45 GV and 0.60 GV as indicated.

Considering Figure 6.13, which shows drift-enabled model solutions for both polarities and
for each of the earlier considered diffusion configurations, the acceleration effects attributed to
changes in the rigidity profile of diffusion are more obvious than those following from polarity-
dependent changes. In each instance, the intensities are raised by a larger margin during the A
< 0 cycle (yielding harder spectra) than during the A > 0 cycle, so that larger DSA effects are
expected for the latter polarity. This is easier to discern from Figure 6.14. The re-accelerated
contribution is shown to be consistently larger during the positive polarity cycle than during
the negative. An exception is observed at the TS over an energy region between roughly 300
and 700 MeV wherein the opposite holds for Pk = 0.34 GV, and where the contributions during
the two cycles are at least similar for the other diffusion configurations. Note from Figure
5.16 that drift effects diminish rapidly at the TS across this narrow energy interval so that the
aforementioned features are to be expected. No such exception is visible in Figure 6.14 at Earth.
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Figure 6.14: Ratios of the full-drift solutions in Figure 6.13 with DSA effects to those without for both
polarities, along with the corresponding no-drift ratios of Figure 6.12. Panels from top to bottom corre-
spond to the indicated values of Pk (of Eq. 3.24), with ratios shown at Earth (left) and the TS (right).

While drifts clearly influence the acceleration process of energy spectra at the TS by altering
their form, the possible reciprocation of this interaction must also be considered. Section 5.5
demonstrates the magnitude of drift effects and the contribution of drifts to intensities dur-
ing opposite magnetic polarities in conjunction with the effects of different rigidity profiles of
diffusion. The discussion to follow explains how these effects and contributions differ when
DSA is also present. First, it is considered how DSA affects the contribution of drifts to electron
intensities: Figure 6.15 shows the ratios of shock-accelerated spectral intensities with drifts to
those without; the ratios also presented in Figure 5.17 where DSA is suppressed are shown for
comparison. Similar to the unshocked solutions, the drift contributions associated with shock-
accelerated spectra are distributed over a wider range of energies at Earth than at the TS, and
are larger during the A < 0 cycle than during the A > 0 cycle. As before, these contributions
are also larger for the cases where diffusion levels are smaller, that is, for smaller values of Pk.
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Figure 6.15: Ratios of the full-drift shock-accelerated solutions of Figure 6.13 to the no-drift shock-
accelerated solutions of Figure 6.11. These are shown in solid lines for both A > 0 (left) and A <
0 (right) alongside the corresponding ratios in dashed lines (also presented in Figure 5.17) for which
shock-acceleration is disabled. The ratios are displayed both at Earth and at the TS in the top and bot-
tom panels respectively, with line colours representing the values of Pk indicated in the legend.

Aside from displaying the same qualitative features, however, the drift contributions associ-
ated to shock-accelerated solutions are shown to be notably smaller for both polarities. The
same holds for drift effects as conventionally defined by ratios of intensities for drift-enabled
solutions during the A < 0 cycle to those of the A > 0 cycle: These ratios, shown in Figure 6.16,
also display qualitative features for shock-accelerated solutions that are similar to the ratios of
solutions with no acceleration, although the ratios are again smaller where DSA is involved.

The explanation for these effects is relatively simple: Just as larger diffusion coefficients de-
crease modulation, resulting in larger intensities and smaller intensity gradients, DSA simi-
larly raises intensities at the TS and thereby all intensities at smaller radial distances as well.
The smaller intensity gradients that follow reduce the imprint of drifts on the distribution func-
tion in the TPE. Therefore, where DSA effects are present, drift effects and the contribution of
drifts to intensities are diminished in the same way that larger MFPs would diminish them.
While it appears from the above that particle drifts and DSA inhibit one another in terms of
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Figure 6.16: Ratios of the drift-enabled shock-accelerated solutions in Figure 6.13 with A < 0 to that
for which A > 0. These are shown in solid lines, whereas the accompanying dashed lines represent the
corresponding ratios (also shown in Figure 5.16) without DSA effects. The ratios are displayed both at
Earth and at the TS in the panels on the left and right respectively, with line colours representing the
values of Pk indicated in the legend.

global modulation, this does not imply (in physical terms, at least) that drifts are not involved
in the acceleration process. When CRs drift along a shock and intermittently scatter across or
off of it they gain energy in what is referred to as shock drift acceleration. These energy gains
are similar to what is achieved through DSA and can be accounted for in the matching condi-
tions at the TS [Jokipii, 1982], while the Parker TPE contains all the relevant physics to describe
this process. This concept is yet to be developed further in the context of the current model and
offers an intriguing subject for further research. See also the discussions by Ball and Melrose
[2001] and Moraal [2001] for more on this topic.

6.5 Electron Re-acceleration at Very Low Energies

In contrast to the well-established process of high-energy electron modulation, the features of
electrons at E < 1 MeV are relatively uncertain (especially in the outer heliosphere). Scenarios
are hence presented in Chapter 5 for the low-energy HPS, and are revisited in this section with
regards to the effects of each on the re-acceleration of galactic electrons. While the involvement
of certain processes, such as drifts, can be neglected at low energies, other aspects are unique
to electron modulation at these energies, e.g. the influence of the dissipation range of the tur-
bulence power spectrum on diffusion properties, which in turn affects the DSA process. As
before, the effects of input spectra are considered first.

6.5.1 Consequences of the form of input spectra

In Section 5.3.2 a number of possible low-energy distributions for the HPS are introduced,
based on the results of galactic propagation modelling and available spacecraft measurements.
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Figure 6.17: Modelled energy spectra at Earth (1 AU, θ = 90◦) and the TS (94 AU, θ = 55◦) with respect
to different input spectra (black lines) at 122 AU. In the top-left panel the reference HPS is employed as
input, in the bottom left Eq. 5.4 with Φ = 1.4 is applied, while Eq. 5.3 is applied on the right with h0 =
1.0 and 6.0 for the top and bottom panels respectively. Solutions are shown for β-compensated rigidity-
independent diffusion (as explained in Section 5.4.2). Solid and dashed lines respectively represent
solutions with and without shock acceleration. Drifts are neglected for these solutions.

These scenarios are at best speculative, although the energy distribution of electrons at these
low energies can possibly be inferred from the magnitude of observed intensity increases mea-
sured near the TS along the Voyager 1 trajectory [see McDonald et al., 2003; Decker et al., 2005;
Stone et al., 2005]. If these increases can indeed be attributed to the acceleration of electrons at
the TS, the low-energy HPS can be approximated by the energy distribution that reproduces a
similar magnitude intensity increase through DSA. Each of the aforementioned scenarios are
investigated in this regard. In order to have the spectra incident at the TS directly reflect the
features of the HPS, rigidity-independent diffusion is assumed for the following illustrations.

Figure 6.17 shows how spectra at Earth and the TS, as modulated from various forms of the
HPS, are accelerated. Note that for each case the features of the HPS are mostly retained by the
modulated spectra. Immediately noticeable is the large intensity increase in the case of the ref-
erence HPS; the softer spectrum induced by the deviation of β from unity in Eq. 5.1 provides
a distribution that is easy to accelerate. Since the distribution incident at the TS has a spec-
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Figure 6.18: Ratios of the model solutions in Figure 6.17 with shock acceleration to those without. Each
set of ratios are shown for one of the input spectra specified in the legend, and are shown both at Earth
and the TS in the top and bottom panels respectively.

tral index that is similar to (or even slightly smaller than) that producible by the shock itself,
DSA raises the intensities appreciably and even some hardening is observed in the shocked
solutions. Figure 6.18 shows that the intensities are increased at the TS with an average factor
larger than 10 below 1 MeV, which translates to a re-accelerated contribution of up to a factor of
9 at Earth for the same energies. This is a remarkably large effect, but in fact very similar to the
magnitude of the peak-like intensity increases reported by Decker et al. [2005] near the shock
for 0.35 to 1.5 MeV electrons. The acceleration effects in the cases where the other input spectra
are employed are less spectacular, since the form of the spectra hardens toward lower energies;
the factor by which the acceleration increases intensities both at the TS and Earth actually de-
creases from the factor achieved above 10 MeV. Of these cases, the HPS described by Eq. 5.4
and Φ = 1.4 yields an intensity increase at the TS that declines from a factor of 2.5 at 10 MeV to
about 2 at 1 MeV and is mostly diminished at 0.1 MeV. The input spectrum described by Eq. 5.3
with h0 = 1.0 yields an intensity increase at the TS maintained at a factor of approximately 1.5
below 1 MeV, whereas, at the same energies, the intensities of the TS spectrum associated with
the h0 = 6.0 case are not raised at all. At Earth the same features are visible, but are translated
to lower energies (likely as a result of adiabatic cooling). The findings presented here are again
consistent with earlier results in that the hardness of spectra arriving at the TS determines the
magnitude of the acceleration effects that follow.
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While the reference HPS of Eq. 5.1 yields TS spectra that produce favourable acceleration fea-
tures in the correct range of energies, its form is unlikely to be accurate. Recall from Section
5.3.2 that the intensities of galactic electrons arriving at the heliosphere are not expected to
increase indefinitely toward low energies, but instead to eventually fall away. Note that the so-
lutions in this subsection are shown only for rigidity-independent diffusion. Hence, if the other
(possibly more realistic) forms suggested for the HPS are employed in conjunction with more
appropriate low-energy diffusion properties, spectral forms at the TS that are more conducive
to efficient acceleration may be attained.

6.5.2 The role of dissipation-range turbulence in electron acceleration

Just as the inertial and energy ranges of the turbulence power spectrum characterise diffusion
for higher-energy electrons, low-energy diffusion properties is predominantly characterised
by the dissipation range. This turbulence is often shown to manifest as an up-turn in low-
energy electron MFPs, which is shown in Section 5.4.3 to have one of two effects on modulated
spectra: Firstly, spectra become softer during modulation when MFPs decrease with increasing
rigidity, which is expected to enhance their acceleration. Secondly, if the up-turn is particularly
pronounced, MFPs may be large enough at low energies that modulated spectra coincide with
the HPS. In this case the acceleration effects will adopt a magnitude similar to that seen in
Figures 6.17 and 6.18 for each HPS. Only the model solutions for the less-steep input spectra
(that is, those also presented in e.g. Figure 5.14) are considered in the following discussion;
modulated spectra will at best retain the form of the employed HPS, which in the case of Eq.
5.3 with h0 = 6.0 and Eq. 5.4 with Φ = 1.4 is too hard for the shock to accelerate appreciably.

Figure 6.19 illustrates the acceleration of spectra modulated subject to the diffusion configura-
tions of Figure 5.13 with respect to the reference HPS and the input spectrum of Eq. 5.3 with
h0 = 1.0. The solutions presented in Figure 6.17 for these input spectra represent the rigidity-
independent diffusion configuration, and are already discussed. The intensity increases due to
DSA are also illustrated in Figure 6.20 in terms of ratios of solutions with shock acceleration
to those without. When the reference HPS is employed, intensity increases are larger toward
smaller energies if g0 is set to 0.5 in Eq. 5.5 than for g0 = −1.0. The re-accelerated contribu-
tions are also significantly smaller below 1 MeV when a MFP up-turn is present than for when
standard rigidity-independent diffusion is applied. At somewhat higher energies, nearer to
where the MFPs transition from decreasing with P to being rigidity-independent, the acceler-
ation effects appear to be at their greatest for both up-turn configurations. The re-accelerated
contribution emerging at the TS when the reference HPS is employed peaks in the vicinity of
4 to 7 MeV, representing a factor increase of nearly 10 for both g0 = −0.5 and −1.0. When
Eq. 5.3 with h0 = 1.0 is applied as HPS, DSA increases intensities by similar amounts toward
lower energies for the two configurations, and in each case the most prominent acceleration
also appears at the bend where the rigidity dependence of MFPs changes. In this case acceler-
ation increases intensities near the bend with factors of up to 6 for g0 = −1.0 and up to 4 for
g0 = −0.5. Since the spectra at Earth are modulated from shock-accelerated spectra at the TS,
the features of the re-accelerated contribution to intensities in the inner heliosphere are similar
to those at the shock, although smaller in magnitude and translated to lower energies.
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Figure 6.19: Modelled energy spectra at Earth (1 AU, θ = 90◦) and the TS (94 AU, θ = 55◦) with
respect to the HPS (black lines) at 122 AU. The reference HPS is employed as input spectrum on the left,
while Eq. 5.3 is applied on the right with h0 = 1.0. Solutions in the top and bottom panels respectively
correspond to the diffusion configurations described by Eq. 5.5 with g0 = −0.5 and −1.0. Solid and
dashed lines respectively represent solutions with and without shock acceleration. Drifts are neglected.

From the results above, the largest acceleration consistently occurs in proximity to where the
rigidity dependence of diffusion changes and thus where energy distributions change in re-
sponse. Particularly, the most pronounced re-accelerated contributions occur at the transitions
where softer distributions are succeeded by hard distributions. This effect is visible near the
energy equivalent to Pk1 (of Eq. 5.5) for all solutions with up-turns in their low-energy diffu-
sion coefficients. Larger values of g0 lead to greater intensity increases at the transition near
10 MeV, because larger up-turns in low-energy MFPs yield softer spectra at energies preceding
the transition. When the reference input spectrum of Eq. 5.1 is applied (see the top panel of
Figure 6.20), the aforementioned effect also surfaces for rigidity-independent diffusion (g0 =

0) at ∼ 0.5 MeV, where β begins to decline appreciably toward lower energies, causing the in-
tensities there to increase more rapidly and the spectrum to soften. When a low-energy MFP
up-turn is present, however, the acceleration effects associated with the β-induced bend be-
come progressively smaller for larger values of g0 and intensities are instead increased more at
the diffusion-induced transition near 10 MeV. This is because for larger values of g0 the spec-
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Figure 6.20: Ratios of the solutions in Figure 6.19 with shock acceleration to those without for the input
spectra as indicated in each panel. Line styles correspond to the values for g0 (of Eq. 5.5) indicated in the
legend; g0 = 0 refers to the rigidity-independent cases presented for the same input spectra in Figure
6.17. The ratios are shown in blue at Earth (1 AU, θ = 90◦) and in red at the TS (94 AU, θ = 55◦).

trum above 0.5 MeV softens more, which in physical terms implies that electrons accelerated
up until energies at the bend can more easily be accelerated further, and consequently the peak
in the re-accelerated contribution moves to larger energies (or in this case, to the next spec-
tral bend at 10 MeV). A hard distribution following a transition, by contrast, impairs further
acceleration of electrons; the re-accelerated contribution is therefore not distributed to higher
energies, but instead peaks at the transition itself.

In summary, the results of this section not only reaffirms the expected result of larger accelera-
tion where modulated spectra soften, but also reveals insight pertaining to transitions between
different energy distributions: Acceleration is more pronounced at spectral transitions where
the distribution preceding the transition is softer and the distribution succeeding it is harder.
Moreover, by virtue of the aforementioned mechanisms, it is shown that a low-energy MFP up-
turn can indeed facilitate greater acceleration effects in cases where the distribution supplied
by the HPS is too hard to accelerate. Comment on what combinations of input spectra and
diffusion configurations are most realistic is reserved for Chapter 7.
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Figure 6.21: Contour plots for 16 MeV electron intensity ratios, illustrating the factor by which solu-
tions with shock acceleration at the TS increases the intensities of solutions where shock acceleration is
suppressed. The plots are shown in the meridional plane of the heliosphere for A > 0 (left) and A < 0
(right). The dashed white halfcircle indicates the TS position at 94 AU, the dash-dotted lines indicate
the polar extent of the HCS for α = 10◦, and the dashed black line shows the trajectory along θ = 55◦ at
which the corresponding ratios in Figures 6.6 and 6.8 are shown. The Sun is located at the origin.

6.6 Global Spatial Distributions of Re-accelerated Electrons

Earlier sections reviewed a great deal of spectral features of DSA and re-accelerated electrons,
with solutions predominantly displayed at Earth in the equatorial plane of the heliosphere and
at the TS along the approximate Voyager trajectory. This section endeavours to place the spec-
tral features encountered in this chapter into a more global spatial context. The contributions
of re-accelerated electrons to global intensities are to this end best expressed as the factors by
which shock acceleration raises the intensities of solutions where DSA is suppressed. This is
illustrated across all latitudes using coloured contour plots, which are shown in Figures 6.21,
6.22 and 6.23 for the sample energies of 16 MeV, 200 MeV and 1 GeV. The modulated spatial fea-
tures of 200 MeV electrons are shown in Figure 5.3, while similar plots are shown for reference
purposes in Figures 6.24 and 6.25 for 16 MeV and 1 GeV electrons.

Considering 16 MeV electrons first, Figure 6.24 illustrates that their spatial features during the
two polarity cycles are virtually indistinguishable. The uniformity of their modulation and the
modulation barrier in the heliosheath emerge as the most notable features. The re-accelerated
contribution is similarly shown in Figure 6.21 to differ only slightly near Earth and along the
equatorial plane during opposite polarities; earlier figures often show that features exhibited
by spectra at larger radial distances are translated to lower energies at Earth so that the slight
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Figure 6.22: Similar to Figure 6.21, but for 200 MeV electron intensity ratios. Note that the colour scales
of the two plots are not the same and are instead specified as most appropriate in each instance.

polarity dependence in Figure 6.21 is not entirely unexpected. Another notable feature is a
region of enhanced TS acceleration (with factor increases of up to 2.6) visible from about 25◦

above the equatorial plane. While the factors by which intensities are increased are not nec-
essarily small near the TS in the equatorial plane, acceleration effects do seem subdued there
relative to the factors achieved at higher latitudes. There is also a similar but less prominent
depression at the poles. This latitude dependence likely stems from a combination of a number
of factors accounted for in the model: The emergence of a fast SW stream and enhanced polar
diffusion higher than 25◦ above the equatorial plane, residual drift effects along the HCS, and
HMF modifications at the poles may all influence acceleration at the TS. Note that the com-
pression ratio is not latitude-dependent in this chapter and therefore not involved in creating
the aforementioned features. Consider though the diffusion length scale, κrr/Vsw, which is an
important quantity for shock acceleration and governs the extent of particle movement toward
and away from the TS: Due to the SW speed, Vsw, emulating the fast SW stream at θ < 65◦

during solar minimum conditions, its value doubles at these angles with respect to that in
the equatorial plane, and as a result κrr/Vsw is smaller at higher latitudes. This creates more
conducive conditions for acceleration, and the factors by which DSA increases intensities for
θ < 65◦ are thus larger. It remains however to be investigated further within the context of
the model how transport of CRs along the shock (as opposed to transverse to it), especially via
drifts, influences their acceleration.

With regards to the re-accelerated contributions shown in Figures 6.22 and 6.23 for higher en-
ergies, the imprints of drift effects are obvious in their spatial distributions and clear changes
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Figure 6.23: Similar to Figure 6.21, but for 1 GeV electron intensity ratios. Note that the colour scales of
the two plots are not the same and are instead specified as most appropriate in each instance.

emerge during opposite polarities. Due to global drift patterns, re-accelerated electrons are
predominantly concentrated toward higher latitudes and particularly at the poles during the
A > 0 cycle, whereas contributions are more prominent in the equatorial regions for the A <

0 cycle. Although the low-diffusion barrier does limit the passage of re-accelerated particles
downstream of the TS, drifts allow higher-energy particles to penetrate deeper into the he-
liosheath. The modulation barrier does appear from Figure 6.25 to be somewhat lifted for 1
GeV electrons, since intensities remain high throughout the heliosheath and some way into the
interior as well. Also note that the large contributions of re-accelerated 200 MeV electrons to
the intensities in the heliospheric interior follow as a result of the spectral features around those
energies; the ratios in Figure 6.6 are in fact smaller at the TS than at Earth for energies in the
region of 200 MeV. There are a number of features visible in Figures 6.21 to 6.23 that relate to
spectral features pointed out earlier. At drift-sensitive energies the acceleration effects in the
contour plots are generally larger for A > 0 than for A < 0, corroborating the same observation
that is explained in previous sections to follow because distributions are harder at the involved
energies during the latter cycle than during the former. Similarly, the plots for 16 MeV electrons
show the largest acceleration effects, followed by that for 1 GeV electrons, while 200 MeV elec-
trons are accelerated the least; Figures 6.6 and 6.8 convey the same trend based on the hardness
of distributions at each energy.
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Figure 6.24: Similar to Figure 5.3, but for 16 MeV electrons.

6.7 Summary and Conclusions

Chapter 6 expands upon and ties together the groundwork provided in preceding chapters by
application of the model to the study of electron acceleration at the TS. The chief aim of the
chapter is to provide a comprehensive review of the features arising from the DSA of galac-
tic electrons, and the interaction of this acceleration mechanism with the other processes ac-
counted for in the TPE. Since shock acceleration primarily entails changes in the energies of
electrons, this study especially focuses on the energy distributions of these particles.

In Section 6.2, mimicking the process of Chapter 4 where a source function is used to emulate
a seed population of PUIs injected at the shock, the spectral features arising directly from the
acceleration of monoenergetic electrons are shown to be similar to the features observed earlier
for ACRs. They differ however in that the accelerated spectra of electrons extend to relativistic
energies, where the values of the spectral indices of these spectra for any given shock com-
pression ratio are about half of that typically expected for accelerated ion spectra. Exploiting
the aforementioned technique further, the imprint of DSA on existing distributions of elec-
trons with energy is evaluated for different shock strengths. The following central recurring
outcomes are revealed:

Should the incident energy distribution of electrons be softer than what the shock
is able to produce when accelerating a monoenergetic population of electrons,
this distribution hardens to adopt the spectral index associated with the shock
compression ratio.
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Figure 6.25: Similar to Figure 5.3, but for 1 GeV electrons.

Otherwise, if the incident distribution is harder than what the shock is able to pro-
duce, it is uniformly shifted to higher energies so that its intensities are raised
by an amount depending on the similarity of its spectral index to that associated
with the compression ratio.

The implications of these outcomes are far-reaching in the context of the acceleration of galac-
tic electrons. Acceleration features shown in Section 6.3, emerging from the reference model
configuration, reveal that intensities are raised by distinct amounts in different energy regions,
depending on the hardness of the spectral form retained from the HPS or attained during mod-
ulation. No hardening of spectra occurs as a result of DSA, because the incident spectral forms
are already harder than what the shock is able to produce. The intensities of softer distribu-
tions, with indices more similar to that associated with the compression ratio of 2.5 at the TS,
are hence raised by greater amounts during acceleration. The fact that the accelerated inten-
sity increase is 10% larger when the HPS exhibits a -1.55 power law index at Voyager-observed
energies instead of an index of -1.35 illustrates this. It is hence worth stressing from the above
that DSA of electron spectra in the outer heliosphere cannot necessarily be detected from ob-
servations by evaluating changes in spectral slopes across the TS, because its compression ratio
is likely too small and the incident spectrum too hard to induce them. The effects of DSA at
the TS, though subtle, are nevertheless present as evidenced by the intensity increases they in-
duce. It is also visible from the modelled solutions of Section 6.3 that acceleration effects are
largest at the TS, however a peak-like structure is not observed at its position in radial intensity
profiles. This concealment of a peak-like increase follows both because of the steep intensity
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gradients caused by the low-diffusion barrier downstream of the shock, which also prevents
re-accelerated particles from travelling far into the heliosheath, and the contrastingly large dif-
fusion that allows re-accelerated particles to be transported further upstream of the shock. In-
deed, the latter leads to doubled intensities at Earth, which raises doubts about whether the
slight intensity enhancement observed at 0.5 to 20 GeV in near-Earth electron measurements
should be accounted for in the HPS, since it is conceivably a result of TS acceleration.

The influence of other processes on DSA, as respectively explored in Sections 6.4 and 6.5 at
opposite ends of the energy spectrum, depends mostly on how they alter the form of TS spec-
tra. The rigidity profile of diffusion, for instance, can be modified in a manner that causes
acceleration at certain energies to be enhanced: If segments of the rigidity dependence where
MFPs increase with rigidity are diminished in favour of rigidity-independent segments, spec-
tral hardening is limited during modulation, while if either of the aforementioned are dimin-
ished in favour of MFPs that decrease with increasing rigidity, spectra soften instead. Both
cases yield more favourable spectral forms for acceleration, while the latter could allow for the
implementation of (potentially) more realistic input spectra at low energies that would other-
wise have supplied spectra at the TS that are too hard to accelerate appreciably. DSA-induced
intensity increases are especially pronounced at energies corresponding to transitions in the
diffusion rigidity profile that yield soft energy distributions followed by harder ones. Another
important revelation is that even though impaired diffusion is conducive to acceleration, the
level of diffusion is less prevalent in determining the efficiency of acceleration than its rigidity
dependence, which largely governs the form of modulated spectra incident at the TS.

Furthermore, due to the hardening of spectra brought about at affected energies, drifts are
shown in Section 6.4 to inhibit acceleration; this is especially notable during the negative mag-
netic polarity, since TS spectra are harder during this cycle. This inhibition is also reciprocated
though, because the higher spectral intensities ensuing from DSA reduces intensity gradients,
which in turn implicitly diminishes drift effects and the contribution of drifts to global electron
intensities. Finally, Section 6.6 demonstrates that acceleration is especially efficient at smaller
polar angles for drift-insensitive energies, because the fast SW speed that emerges during solar
minimum conditions reduces the length scales of diffusion at these latitudes. At higher ener-
gies, drifts during the positive and negative polarity cycles are shown to direct re-accelerated
electrons to the polar and equatorial regions respectively.

The collective insights garnered in the current and preceding chapters are sufficient to inform
the application of the model to reproduce electron observations in the outer heliosphere. These
observations include their energy distributions, intensity profiles and effects thought to be re-
lated to their acceleration at the TS.
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Chapter 7

Modelling Low-energy Galactic
Electrons in the Outer Heliosphere

7.1 Introduction

Upon their outbound journey, the Voyager spacecraft have made a number of notable dis-
coveries, with the crossing of the TS certainly being among them. Measurements of electron
intensities [e.g. McDonald et al., 2003; Decker et al., 2005; Stone et al., 2005] in the proximity of
the TS show narrow peak-like increases, which are thought to result, at least in part, due to
DSA [see e.g. Stone et al., 2005]. Other significant features, such as the steep increase of elec-
tron intensities in the inner heliosheath [e.g. Webber et al., 2012], have also since been recorded
up to the probable detection of the HP itself [see Gurnett et al., 2013; Stone et al., 2013; Webber
and McDonald, 2013]. Drawing upon the insights of earlier chapters, the model is applied in
the following sections in an attempt to account, through DSA, for intensity increases at the TS
that are similar in magnitude to that seen in observations, while simultaneously reproducing
significant global modulation features as well.

First, the observational features that modelled results are desired to reproduce are identified
and the configuration required to achieve this is discussed. Modelled energy distributions and
radial intensity profiles are consequently illustrated and compared to observational data from
Voyager 1 and PAMELA. Following the analysis of observed and modelled features, conclu-
sions are drawn with regards to the acceleration features displayed by model solutions.

7.2 Configuration to Reproduce Electron Observations

In this chapter, two sets of observational features are of interest: Firstly, it is required that mod-
elled radial and energy distributions reflect global modulation features of galactic electrons that
are similar to those revealed by the Voyager 1 observations initially presented in Figures 2.17
and 2.18. It is also aimed to attain the intensity levels measured by PAMELA for high-energy
electrons at Earth. Secondly, the model must show that by including the effects of DSA in so-
lutions, intensity increases are produced at the TS with magnitudes comparable to that of the
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Figure 7.1: Rigidity profiles of MFPs for different values of Pk1 and Pk2 of Eq. 5.5 as indicated in the
legend and summarised in Table 7.1 as part of configurations to reproduce observations at the radial
distances listed therein. The segments from the lowest to highest rigidities have dependences of P−1,
P 0 and P 1.23. Each profile corresponds to solutions shown in the same colour in Figures 7.3 and 7.6.

peak-like intensity increases measured for electrons near the TS. These increases are observed
from energies as low as 0.35 MeV up to roughly 14 MeV [see e.g. Decker et al., 2005; Stone et al.,
2005, 2008]. Should the latter aim be achieved it would reaffirm the notion that these intensity
increases can indeed be attributed to DSA, while the simultaneous reproduction of modulation
features would verify that the shock-acceleration effects are obtained under realistic conditions.
The model configuration required to attain the desired results is subsequently discussed.

As usual, the input spectrum is considered first. Of the HPS scenarios introduced in Chapter
5 for electrons, the reference HPS of Eq. 5.1 yields the most pronounced acceleration effects at
lower energies. Although large acceleration effects are desirable, it is not a realistic expectation
that HPS intensities should grow indefinitely toward lower energies - to the contrary, the very
limited available measurements of electrons below 0.1 MeV show much smaller intensities than
those typically registered by the Voyager detectors. See e.g. the 50 keV electron profiles of Hill
et al. [2014]. However, for the purposes of this chapter, these measurements are merely con-
sidered to suggest that electron intensities do indeed fall away toward lower energies without
providing bounding constraints on how rapidly they fall away or at which particular energies.
If a HPS is hence applied with an exponential decrease of intensities that is less rapid and ini-
tiates at lower energies than previously specified, a larger segment of the spectrum remains
soft and is hence more conducive to acceleration. The input spectrum described by Eq. 5.4 is
therefore applied in this chapter with h1 = −1.35, Ec = 0.1 MeV and Φ = 1.0. Where modu-
lation is concerned, the levels of diffusion in the inner heliosphere is difficult to establish since
it remains unclear what the contribution of galactic electrons is to intensities at Earth, which is
dominated by Jovian electrons out to at least 10 AU [Strauss et al., 2013a]. See also the scenarios
explored by Potgieter and Nndanganeni [2013a]. The radial dependence of the diffusion coeffi-
cients is specified in this chapter such that the total modulation of electron intensities from the
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Figure 7.2: Modelled heliographic latitude profiles for the upstream SW speed (according to Eq. 2.2)
for different stages of solar activity as represented by the HCS tilt angle values shown in the legend.
The approximate polar position of Voyager 1 is indicated with a vertical dash-dotted line at θ = 55◦,
where the SW speed is estimated at 400, 600, 775 and 800 km.s−1 for tilt angles of 40◦, 20◦, 15◦ and 10◦

respectively. The equatorial plane is at θ = 90◦.

HP to Earth is similar to that reported by earlier studies [e.g Vos, 2012], but with the modula-
tion in the heliosheath proportionally larger in order to reproduce Voyager observations in the
outer heliosphere. Hence, λr,0 and λr,TS+ in Eq. 3.25 are chosen as 1 AU and 0.243 AU respec-
tively, with ΛIH adapted to 0.45 to yield a dependence of ∼ r0.8 for λ|| in the inner heliosphere.
The rigidity profile of diffusion furthermore includes a low-energy up-turn in MFPs, which is
accounted for in Eq. 5.5 with g0 = −1.0; the rigidities Pk1 and Pk2 at which the dependence
changes are varied as needed to reproduce observed energy spectra, with the resultant rigidity
profiles of MFPs illustrated in Figure 7.1. More on this follows in the discussion below. The
drift efficiency is scaled down so that κD,0 = 0.55. The TS compression ratio is kept fixed at
s = 2.5 for all latitudes, with rTS = 94 AU and rHP = 122 AU as detected by Voyager 1.

Note however that since the Voyager observations that model solutions are aimed to reproduce
were collected over a period of almost 8 years, it is inadequate to assume constant levels of solar
activity: The detection of the TS by Voyager 1 in late 2004 follows a period of moderate solar
activity conditions, while subsequent measurements of heliosheath intensities concur with the
decline of solar activity to remarkably low levels during 2009. From this time, solar activity
increases again up to the detection of the HP in 2012. Note that this period of observation
coincides with the A < 0 polarity cycle. Although the model yields steady-state solutions and
cannot explicitly describe time-dependent changes, the necessary solar-cycle dependences are
accounted for in the model using the HCS tilt angle, α, as a proxy [see also Ferreira and Potgieter,
2003]; recall that α not only indicates the polar extent of the HCS along which CRs drift, but
is also used in the model to describe the latitude dependence of the SW speed (see e.g. Figure
7.2) and scale diffusion coefficients according to solar activity. Hence, in order to reproduce
observations recorded at different stages of solar activity, the TPE is solved for different tilt
angles. Consider though that the magnetic or current sheet properties that are measured at
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Earth take a significant amount of time to propagate out to larger radial distances, and that
the values of the tilt angle to be considered for modelling electron intensities at e.g. the TS
should typically be taken as those measured at the Sun (see Figure 2.11) roughly 13 months
prior to the date of observation when assuming a SW convection speed of 400 km.s−1. The
matter becomes more complicated when considering the propagation of SW-related conditions
further into the heliosheath, because the radial component of the SW speed diminishes with
increasing distance, while the polar and azimuthal components become more pronounced [see
e.g. Richardson et al., 2009]. Under the assumption of incompressible flow in the heliosheath,
the SW speed decreases as r−2, which implies that up to ∼ 4 years may elapse, if the slow SW
stream is considered, before modulation conditions have propagated from the TS to the HP.
This time delay only lengthens should the decrease of the radial SW speed in the heliosheath be
assumed to be steeper than r−2 as some studies suggest [e.g. Florinski et al., 2004; Ferreira et al.,
2007a]. See also the review by Richardson and Burlaga [2013] on the SW and related properties
in the outer heliosphere and heliosheath. The implication of the above is that plasma and
magnetic properties relating to earlier phases of the solar cycle may be encountered in different
regions within the heliosheath. See also the comments of Hill et al. [2014] in this regard. Solar
variability provides a global context in which measurements and model results alike may be
interpreted, and it would be insightful to gauge the response of electron modulation to an
emulated solar cycle dependence in the heliosheath.

If the time of travel of the SW is considered at least up to the TS, and the values of the magnetic
field at Earth and the tilt angles (see Figures 2.6 and 2.11) measured at least 13 months prior to
the time of observations adopted, the model configuration can be constructed as summarised
in Table 7.1. Note that the tilt angles used are those estimated by the more recent radial model
[e.g Wang and Sheeley, 1992]. Included in the table are values for Pk1 and Pk2, which define
the rigidity profiles of diffusion needed to reproduce heliosheath observations for the assumed
conditions. It follows that Pk2 is scaled to adjust diffusion levels, while Pk1, on the other hand,
is adjusted for better correspondence of solutions to the lowest-energy observations and to
control the range of acceleration effects. Recall that acceleration is enhanced at the energy cor-
responding to Pk1, since it is where soft spectra transitions to harder spectra if a pronounced
MFP up-turn is present. Also in Table 7.1 is the configuration to reproduce the PAMELA spec-
trum at Earth for the second semester of 2009, for which the magnetic field and tilt angle are
inferred directly from Figures 2.6 and 2.11 at the time of observation. All other parameters not
mentioned in the discussion above are as defined for Chapters 5 and 6.

7.3 Model Results for Electron Modulation and Acceleration

Applying the configuration(s) described in the previous section to reproduce observations, the
energy spectra and radial distributions of galactic electrons are modelled in the outer helio-
sphere and heliosheath. Features pertaining to the general modulation of electrons and also
their re-acceleration are subsequently discussed. Solutions are presented along Voyager 1’s
approximate trajectory at a polar angle of θ = 55◦ for comparison with the observations of
this spacecraft. It should be borne in mind that the energy spectra presented in the following
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robs tobs α Be Pk1 Pk2

a 94 AU 2004.9 40◦ 7.0 nT 2·10−3 GV 0.28 GV
b 100 AU 2006.6 15◦ 5.0 nT 4·10−3 GV 0.40 GV
c 106 AU 2008.3 15◦ 4.3 nT 4·10−3 GV 0.44 GV
d 112 AU 2009.9 10◦ 3.9 nT 4·10−3 GV 0.45 GV
e 118 AU 2011.6 20◦ 5.0 nT 2·10−3 GV 0.36 GV

1 AU 2009.5-2010.0 10◦ 3.9 nT 2·10−3 GV 0.45 GV

Table 7.1: Configuration of dynamic variables to reproduce observations at the indicated dates (tobs)
and radial distances (robs). The values of the HCS tilt angle, α, and magnetic field magnitude at Earth,
Be, are inferred from measured data at Earth roughly 13 months prior to tobs for the Voyager 1 observa-
tions at the distances in the heliosheath labelled (a) to (e); these quantities are however inferred directly
at tobs from measurements at Earth (1 AU) to fit the PAMELA observations. The transition rigidities, Pk1
and Pk2 (of Eq. 5.5), are adjusted in each case for the optimum data reproduction; the associated rigidity
profiles are illustrated in Figure 7.1.

subsection are steady-state solutions that are attained independently at each radial distance
according to the configurations presented in Table 7.1; e.g. the TS spectrum is not modulated
from the spectrum shown at 100 AU, nor that at 100 AU from 106 AU, and so forth.

7.3.1 Reproduction of electron energy distributions

Figure 7.3 presents modelled energy spectra at a number of radial distances in the heliosheath,
at the TS, and at Earth. Accompanying each of these computed spectra in the heliosheath and
at the TS is a set of intensity measurements for ∼4 to 40 MeV electrons from the Voyager 1
spacecraft as provided by Webber [2014]. As is also shown in Chapter 5, the modelled spectra
demonstrate that the power-law distribution of the HPS, which itself provides a satisfactory
fit to observations at 122 AU, is mostly retained during modulation in the heliosheath. The
Voyager measurements also reflect this. However, the lowest-energy measurements at about
4 and 8 MeV increasingly deviate from the power-law distribution with decreasing radial dis-
tances. This indicates that the assumption of rigidity-independent diffusion is only valid down
to a particular energy corresponding to the rigidity Pk1. Below this rigidity MFPs increase and
thereby decreases modulation, which allows spectral intensities to be raised and coincide with
the spacecraft measurements. If the values of Pk1 that were used to reproduce each set of obser-
vations are considered (see Table 7.1), it is revealed that the MFP up-turn is initiated at lower
rigidities at 94 and 118 AU than at the radial distances in between. Coincidentally, the spectra
at 100, 106 and 112 AU were also reproduced for smaller tilt angles and hence for less active
solar conditions. This may suggest that the MFP up-turn has a solar-cycle dependence, which
would also imply a dependence of the underlying dissipation-range turbulence, but there are
also other factors that may account for this: Consider for instance that the 118 AU spectrum
might have been reproduced with similar accuracy should Pk1 have been adjusted to 4·10−3

GV, because however rapidly MFPs increase, the spectral intensities cannot be raised much be-
fore adopting HPS values. On the other hand, the TS spectrum might also have been modelled
using Pk1 = 4·10−3 GV if DSA was suppressed, considering that the Voyager measurements
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Figure 7.3: Modelled energy spectra for galactic electrons, with accompanying observations from Voy-
ager 1 [Webber, 2014] and PAMELA [Adriani et al., 2011] respectively presented using circular and tri-
angular markers. The HPS is shown as a solid black line at 122 AU. Different colours represent radial
distances as indicated in the legend, with spectra at 94 to 122 AU shown at θ = 55◦ and 1 AU at θ = 90◦.
The computed spectra are shown for the A < 0 cycle and are generated for the model configuration
discussed in Section 7.2 and the parameters specified at each distance in Table 7.1. Solid and dashed
lines respectively represent solutions with and without DSA effects.

at 94 AU are fitted more because of acceleration effects than due to the spectral shape brought
about by modulation. Note that the unshocked TS spectrum (shown as a dashed red line in
Figure 7.3) does not fit the observational points, while the spectrum with DSA effects does so
quite accurately. Moreover, the Voyager measurements may also suggest that the underlying
turbulence displays a radial dependence, since the MFP up-turn becomes less pronounced with
increasing distance from the TS. Ultimately, the chosen rigidity profiles of diffusion and TS ac-
celeration collectively reproduce the presented heliosheath observations, as well as their radial
distribution, with reasonable accuracy.

Also shown in Figure 7.3 are modelled spectra at Earth, which closely follows the accompany-
ing PAMELA measurements [Adriani et al., 2011] at high energies (E & 100 MeV). This confirms
that in addition to the correct levels of modulation achieved in the heliosheath, the total global
modulation at these energies is also accurately reproduced. As intended, the heliosheath mod-
ulation is larger than that occurring between the TS and Earth under the current configuration.
The properties of the diffusion rigidity profile implemented at Earth are similar to that used
by Vos [2012], while the heliospheric conditions assumed are also alike - the referenced study
implements α = 10◦, Be = 3.94 nT and Pk2 = 0.45 GV to fit PAMELA observations from 2009,
which are indeed very similar to the values listed for the same period in Table 7.1. Also note
that the parameters used to reproduce the spectrum at Earth are similar to those used to repro-
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Figure 7.4: Ratios of modelled TS spectra with DSA effects to those without for two different config-
urations of the low-energy diffusion profile. The ratios representing the first configuration (model (1):
Pk1 = 2.0 · 10−3 GV, g0 = −1.0) is shown as a solid red line, while those representing the second (model
(2): Pk1 = 1.5 · 10−3 GV, g0 = −1.2) is shown as a dash-dotted line. The shaded regions, from lowest
to highest energies, respectively indicate the energy intervals for which Decker et al. [2005], Stone et al.
[2008] and Webber [2014] present intensity profiles with possible DSA effects near the TS.

duce the spectrum at 112 AU, which was observed within the same period that the PAMELA
measurements were made. The only difference is the values of Pk1; had the same values been
applied, the intensities at Earth would have exceeded the TS intensities toward lower energies.
Since the position of the low-energy up-turn is the only difference between the configurations
applied at the two distances, it is again indicative of a radial dependence of the underlying tur-
bulence. See also Engelbrecht and Burger [2013a] for examples of how features of the turbulence
spectrum and associated electron MFPs may vary with radial distance for r < rTS .

7.3.2 The features of electron re-acceleration

With regards to DSA at the TS, the contribution of re-accelerated electrons to intensities is em-
phasised using the ratio of the TS spectrum (of Figure 7.3) with DSA to that without; see the
solid red line in Figure 7.4. What emerges is a clear peak in acceleration effects near 2 MeV, with
the amount by which DSA raises intensities at the TS diminishing rapidly both toward lower
and higher energies. The reason for the pronounced intensity increase of more than a factor of
10 at 2 MeV is because of the corresponding transition in the rigidity profile of diffusion: The
low-energy MFP up-turn softens the TS spectrum at energies preceding 2 MeV, while at higher
energies the −1.35 power law is retained from the input spectrum due to diffusion becoming
rigidity independent. As explained in Section 6.5, a soft energy spectrum followed by a harder
one gives rise to an especially large DSA-induced intensity increase at the transition between
them. Above roughly 10 MeV the re-accelerated contribution begins to show the same features
encountered at high energies in the reference solutions of Section 6.3.
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Observations Model (1) Model (2)
min max average min max average min max average

0.35 - 1.50 MeV† 7 30 13.8 4.2 9.7 6.6 16.5 28.6 24.5
2.50 - 5.00 MeV†† – 5∗ – 7.5 11.8 9.9 7.5 16.5 11.5
5.00 - 12.0 MeV‡ 2.4∗ 2.5∗ – 3.9 7.5 5.5 3.7 7.5 5.3

Table 7.2: This table presents the factors by which DSA is estimated to raise intensities at the TS.
The second column shows the magnitudes of acceleration effects as deduced from the observations of
†Decker et al. [2005], ††Stone et al. [2008] and ‡Webber [2014] in the energy intervals given in the first
column. The third and fourth columns show the factors estimated from the model using two different
diffusion configurations, namely model (1), with Pk1 = 2.0 ·10−3 GV and g0 = −1.0, and model (2), with
Pk1 = 1.5 · 10−3 GV and g0 = −1.2; see Eq. 5.5. In the case of observations, “min”,“max” and “average”
refer to the smallest, largest and average size of intensity peaks, while for the models they refer to
the smallest, largest and average factor increases estimated (from Figure 7.4) within the corresponding
energy range. ∗These values are lower-limit estimates.

To establish how these acceleration features compare to observations, the re-accelerated ratio is
considered in the energy intervals marked by the shaded regions in Figure 7.4. These intervals
correspond to the energy channels of the LECP instrument aboard Voyager 1, which measured
radial intensity profiles that display peak-like increases (tentatively) attributed to DSA at the
TS; the 0.35 to 1.5 MeV intensity profile is presented by Decker et al. [2005], the 2.5 to 5 MeV
profile by Stone et al. [2008], and the 5 to 12 MeV profile, provided by Webber [2014], are shown
in Section 7.3.3. See also 6 to 14 MeV profiles [e.g. Stone et al., 2005, 2008] for comparison. For
the purposes of this discussion, the magnitude of acceleration effects refers to the factor by
which intensities are raised during these supposed DSA events from the background intensity
level of the observed profiles. These intensities are however thought to be contaminated by
electrons produced within the detector on Voyager 1 so that the background may be artificially
raised [Webber, 2014]. Note that the Decker et al. [2005] intensities have been corrected for addi-
tional background; see also Zhang [2005] for the handling of CR background levels in Voyager
1 observations. Hence, because the peak-like intensity increases are likely larger than can be
deduced from observations, the aforementioned magnitude of acceleration effects can there-
fore be regarded as a lower limit for the higher energy intervals. The observed magnitudes are
presented in Table 7.2 alongside that predicted by the model (from Figure 7.4) for each energy
interval. Since the 0.35 to 1.5 MeV intensities of Decker et al. [2005] are of a higher resolution
so that multiple peaks can be discerned during each intensity-raising event, an average magni-
tude of acceleration effects is also included for this energy interval. This is not meaningful for
the other energies, where only one or two distinct peaks can be discerned.

Note from Table 7.2 that the model-predicted factors ensuing from the 94 AU configuration
of Table 7.1, referred to as model (1), underestimate observed acceleration effects for 0.35 to
1.5 MeV electrons, but overshoots the observed lower-limit magnitudes for the higher-energy
intervals. Since the factors for 2.5 to 12 MeV electrons may yet be larger than can be deduced
from the observations, the need to dampen modelled acceleration effects at these energies is not
too compelling. For the lower-energy interval, however, it is desirable that the model can attain
factors as large as the observed magnitude of acceleration effects (or larger). The modelled
acceleration effects must hence be enhanced between 0.35 and 1.5 MeV without altering the re-
accelerated contribution appreciably at higher energies. In the context of the model this can be
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Figure 7.5: Computed TS spectra with DSA effects (solid lines) and without (dashed lines) following
from model (1) and (2) as indicated in the legend; the details of the two configurations are provided in
the captions of Figure 7.4 and Table 7.2. The circular markers in red are Voyager 1 measurements at the
TS as provided by Webber [2014].

achieved by shifting the MFP up-turn to lower energies, that is, by lowering the value of Pk1 in
Eq. 5.5 to approximately 1.5·10−3 GV. To compensate for this modification, however, a stronger
negative rigidity dependence of MFPs at lower energies is employed by specifying g0 = −1.2

to soften the resultant distribution. This is to enhance acceleration at the spectral transition
associated with Pk1 and in doing so raise spectral intensities enough to still reproduce the
lower-energy Voyager measurements at the TS.

The re-accelerated contribution following from this adapted configuration, referred to as model
(2), is illustrated in Figure 7.4 as a dash-dotted line. The model (2) estimates for acceleration
effects are shown in Table 7.2 to be much larger than the corresponding model (1) estimates
for the 0.35 to 1.5 MeV interval. This modified configuration also overestimates the average
observed magnitude, but comes closer to accounting for the largest observed intensity increase
of about a factor of 30. It follows that the optimum configuration to reproduce acceleration
effects consists of a combination of Pk1 valued between 1.5 · 10−3 and 2.0 · 10−3 GV and g0

between −1.0 and −1.2. Remarkably, both configurations are shown in Figure 7.5 to yield
nearly indistinguishable shocked spectra and reproduce the Voyager-observed measurements
at the TS, while the effects of the different rigidity profiles of diffusion are clearly visible for
the spectra without DSA. It is therefore possible using the model with different parameter
configurations to account through DSA for the magnitudes of observed intensity peaks at the
TS, while simultaneously reproducing the energy spectra measured at the TS by Voyager 1.

7.3.3 Reproducing radial electron intensity profiles

For the sake of discernibility, only the solutions with shock-acceleration effects are shown in
Figure 7.3 in the heliosheath, while the transport of re-accelerated electrons into this region is
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Figure 7.6: TOP: Modelled radial intensity profiles for 6 MeV electrons for the configurations (a) to (e)
as defined in Table 7.1. The profiles are estimated to be valid only in the accordingly labelled regions
specified in the legend. Profiles with and without DSA effects are shown in solid and dashed lines
respectively. The TS position is indicated with a vertical dash-dotted line. BOTTOM: Similar to the top
panel, but illustrating the ratios of profiles with DSA effects to those without for each configuration.

instead illustrated using radial intensity profiles. Distributions of 6 MeV electron intensities
in the heliosheath are presented in Figure 7.6 for each of the configurations presented in Table
7.1. Note however that each configuration, labelled (a) to (e), is technically only estimated to be
valid roughly within the regions described for each profile in the figure legend, because they
are meant to emulate different instances in time (or equivalently, in the solar activity cycle).
These regions are shown as consecutively shaded and unshaded areas. From these profiles it is
possible to compare the modulation and acceleration effects following from the different con-
figurations. The total heliosheath modulation is greater for configurations (a) and (e) than for
(b) to (d), which follows largely as a result of the tilt angle for which they are solved; consider
e.g. that the levels of the profiles for (b) to (c), attained using similar tilt angles, are alike, while
configurations (b) and (e) with similar magnetic fields at Earth yield noticeably different inten-
sity levels. The tilt angle, as a proxy for solar activity, is hence the most prevalent parameter of
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those listed in Table 7.1 in determining modulation effects in the model: it controls the scaling
constants of the diffusion coefficients as well as the latitude dependence of the SW speed (see
e.g. Figure 7.2), which in turn affects both the diffusion length scales and global HMF mag-
nitudes. Consequently, the smaller diffusion length scales following from the fast SW stream
at θ = 55o enhances the acceleration of electrons at the TS, and hence the ratios in the bottom
panel of Figure 7.6 are generally larger for solutions associated with minimum solar activity. It
is important not to confuse the tilt angle’s role as proxy for solar activity with its physical role
of defining the HCS inclination; the aforementioned effects follow as a result of the former.

In order to reproduce the observed intensities for 5 to 12 MeV electrons in the heliosheath, the
appropriate conditions must be simulated in the model throughout the region. Since the dis-
tribution of observed spectra with radial distance has already been successfully reproduced in
Figure 7.3, the configurations of Table 7.1 that were used to do so provide a convenient starting
point. If each configuration is assumed to be roughly valid in a limited region around the radial
distance it is associated with, the segments of the profiles of Figure 7.6 within these regions can
be combined to construct realistic radial intensity profiles (both with and without DSA effects)
for the entire heliosheath; the transitions of profiles between different regions are smoothed by
means of taking a moving average. These profiles are shown in Figure 7.7 at a representative
energy of 6 MeV alongside intensities measured by Voyager 1 in the 5 to 12 MeV interval. The
model reproduces the observed radial distribution of intensities quite accurately, especially in
the respective proximities of the TS and HP: From the TS out to at least 100 AU the effects of
DSA are essential to account for the shape of the first large incline in intensities, while modelled
and observed intensities are also similar for r > 109 AU, where acceleration effects have mostly
diminished; see also the bottom panel of Figure 7.7. At intermediate distances (100–109 AU),
the observations are better represented without DSA effects, since the re-accelerated contribu-
tion causes the model to overestimate intensities in this region. At r < rTS , the model predicts
intensities at roughly the same level of the highest points of the observed intensity peaks. The
factor of about 6 by which these intensities are raised from levels without shock effects is much
larger than the magnitudes of the peaks shown in Figure 7.7, however these might in fact be
larger if the background intensities (shown in red) are indeed artificially raised as discussed in
Section 7.3.2. As also concluded in the previous subsection, DSA as implemented in the model
is efficient enough to produce intensity increases of the magnitude of these peaks and larger.

A final issue to consider is what causes the peak-like shapes of the observed intensity increases
near the TS if DSA is indeed assumed to be an involved mechanism. A simple explanation
involves a magnetic connection between the TS and the spacecraft at the time of observation,
which would allow particles re-accelerated at the shock to be transported along field lines to
the spacecraft for as long as the two are connected. If this is assumed not to be the cause, the
following mechanisms are considered: In the model, diffusion levels are too high upstream
of the shock to limit the passage of re-accelerated electrons to such narrow spatial intervals.
In this context one might expect any event creating local low-diffusion conditions to be able
to account for their narrow shape. Its cause may however be spatial as well as temporal, e.g.
the relative movement of the spacecraft and TS, or the movement of either of these in and
out of different magnetic sectors [Hill et al., 2014]. It is suggested by Stone et al. [2005] that



144 7.4. SUMMARY AND CONCLUSIONS

Radial distance (AU)

D
if

fe
re

n
ti

a
l 
In

te
n

s
it

y
 

(p
a
rt

ic
le

s
.m

−
2
.s

−
1
.s

r−
1
.M

e
V

−
1
)

 

 

85 90 95 100 105 110 115 120

10
0

10
1

10
2

10
3

5−12 MeV, > 94 AU 

5−12 MeV, < 94 AU 

6 MeV (no DSA)

6 MeV
r
TS

b c ea d

A < 0

θ = 55
o

Radial distance (AU)

R
a
ti

o
 o

f 
D

if
fe

re
n

ti
a
l

 I
n

te
n

s
it

ie
s

 

 

85 90 95 100 105 110 115 120

1

2

3

4

5

6

7

8

6 MeV

r
TS

ea b dc

A < 0

θ = 55
o

Figure 7.7: Similar to Figure 7.6, this figure shows 6 MeV electron intensities modelled by combining
the segments of profiles valid in each labelled region. Computed profiles with and without DSA are
respectively shown in solid and dashed black lines. Triangular and circular markers denote Voyager
1 observations [Webber, 2014] for r < rTS and r > rTS , while the red markers represent background
intensities. The bottom panel shows the ratio of the computed profile with DSA to that without.

these peaks may result because of the interaction of particles accelerated at the TS with large-
scale disturbances, e.g. merged interaction regions, forming in interplanetary space due to the
coalescence of coronal mass ejections, that are convected outward by high SW speeds. Such
temporal effects may be studied more effectively using time-dependent models [e.g. Ferreira
and Potgieter, 2004; Manuel et al., 2011, 2014].

7.4 Summary and Conclusions

This chapter applies the insights from previous chapters to model the features of galactic elec-
trons throughout the outer heliosphere, and finally compares these modelling results with ob-
servations from Voyager 1 and PAMELA. Two sets of features are singled out: It is firstly aimed
to reproduce the more global modulation features of electrons, including the correct decrease
of intensities in the heliosheath and the total modulation to the Earth. Secondly, it is aimed to
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apply the model to simulate observational features that are associated with DSA at the TS to
confirm the involvement of this mechanism. To achieve this, the model configuration is chosen
such that it is conducive to acceleration while still being able to account for known features
of electron modulation and the heliosphere; see Section 7.2. Notable features of the configura-
tion include a HPS with intensities increasing toward lower energies, but that eventually falls
away exponentially, and a rigidity dependence of diffusion that includes a low-energy up-turn,
followed by segments of rigidity-independent diffusion and of MFPs growing proportional to
rigidity at the high-energy end. Furthermore, a solar activity dependence is emulated using the
HCS tilt angle and magnetic fields, which are inferred appropriately for the time and distance
at which Voyager observations were made. The rigidity profile of diffusion is adapted in each
instance to optimise the reproduction of observational features.

The energy spectra observed by Voyager 1 in the heliosheath are reproduced satisfactorily,
along with the level of total modulation at higher energies able to reproduce the PAMELA
spectrum at Earth. The results and parameters used are similar to those of earlier related stud-
ies. While rigidity-independent diffusion reproduces observations at intermediate energies,
it is revealed that the up-turn in MFPs at E < 4 MeV is crucial to account for the form of
observed spectra at lower energies, both by reducing modulation at those energies and by en-
hancing acceleration to raise intensities. To reproduce observations it is also necessary that the
rigidity profile of diffusion is changed at different radial distances, which is highly suggestive
of a radial dependence of the underlying turbulence. A possible solar-cycle dependence is also
implied. Furthermore, the radial distribution of intensities in the heliosheath as observed by
Voyager 1 is also reproduced by the model using an emulated solar cycle dependence. DSA
effects are shown to be essential to account for observed intensities out to at least 100 AU, or 6
AU into the heliosheath as measured from the TS.

In terms of the magnitude of acceleration effects, the largest intensity increases consistently
occur where soft spectra are succeeded by harder spectra, which is mostly induced by the tran-
sition of up-turned MFPs at lower energies to the rigidity-independent MFPs that follow at
higher energies. Observed radial profiles with peak-like intensity increases in the vicinity of
the TS suggest that should these increases indeed be attributable to DSA, the acceleration is
more pronounced at lower energies, typically below 1.5 MeV, than toward higher energies,
where increases are registered to be of magnitudes of at least a factor of 2. The modelled in-
tensity increases at the TS, resulting from DSA, exceeds the lower-limit estimates of the ob-
served intensity increases at higher energies, while a parameter space is constrained for the
exact reproduction of the observed magnitudes of acceleration effects at lower energies. It is
also demonstrated that acceleration effects are enhanced during minimum solar activity con-
ditions, possibly because of the faster SW streams along the Voyager trajectory that diminish
diffusion length scales at the TS.

Ultimately, the intensity increases attainable through DSA are large enough to account for the
observed intensity peaks, and thus the notion that DSA is involved in their production is rein-
forced. Their narrow structure (if assumed not to follow from a temporary magnetic connection
between the TS and the spacecraft) can only be accounted for in conjunction with other events,
possibly temporal in nature, that create local low-diffusion conditions at the TS.
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Chapter 8

Summary and Conclusions

The heliosphere was introduced in this study as a region of interstellar space containing solar
material, and is largely characterised by the SW outflow and its embedded magnetic field. Near
the TS, where the initially radial supersonic SW speed decreases abruptly with a factor referred
to as the compression ratio, the Voyager spacecraft detected peak-like intensity increases for
low-energy electrons up to about 14 MeV. With the TS being a known site for DSA, these inten-
sity peaks are thought to arise as a result of this acceleration mechanism. Prompted by these
observations, the features of the DSA of CRs were investigated comprehensively in this study.
This was done by numerically solving a TPE that accommodates the DSA process through a
term simulating adiabatic energy changes in terms of the SW velocity divergence, along with a
matching condition which relates the CR flux on either side of the TS. This study endeavoured
to illustrate the extent of DSA effects, especially as pertaining to electron re-acceleration, with
the more general aim of revitalising interest in this acceleration mechanism.

Modelling the acceleration of ACR Oxygen from a monoenergetic source function, represent-
ing a population of PUIs injected at the TS, explicitly demonstrates the features of shock-
accelerated spectra. The primary feature is a power-law distribution with a spectral index
dependent on the shock compression ratio. This power law terminates in an exponential de-
crease at energies of 30 to 100 MeV. nuc−1 where the diffusion length scales of particles become
comparable with the shock radius. It follows that smaller diffusion coefficients result in DSA
to higher energies, with the position of the spectral cut-off being especially sensitive to per-
pendicular diffusion. In the presence of drift effects the shock-accelerated spectra terminate at
lower energies than when drifts are neglected. Toward lower energies, typically below 0.3 MeV.
nuc−1, the diffusion length scales of ACR Oxygen become smaller than the width of the TS pre-
cursor. The energy distributions displayed by accelerated particles are softer as a result (that is,
their spectral indices are smaller), because the factor decrease in the SW speed observed within
the precursor structure is only a fraction of the compression ratio. In the absence of a precur-
sor, or stated otherwise, for a fully discontinuous SW decrease across the TS, shock-accelerated
distributions display spectral indices associated with the full compression ratio.

Applying a similar technique, the DSA of a monoenergetic electron source was investigated,
revealing accelerated spectra with similar features to those of the ACRs. A notable difference
is that the accelerated electron energy distributions extend to relativistic energies, where their
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spectral indices are about double in absolute value of those displayed at non-relativistic ener-
gies. This follows because P ∝ E above the rest-mass energy, which is only 0.511 MeV for
electrons, while P ∝ E1/2 below it; note that these spectral indices are negative for all admissi-
ble values of the compression ratio. Hence, while the shock-accelerated spectral index still de-
pends only on the compression ratio, the nature of this dependence varies with kinetic energy.
The source function was furthermore specified to represent an electron seed population that is
already distributed with energy. This revealed that should an energy distribution incident at
the shock be softer than what the shock is able to produce when accelerating a monoenergetic
source, the accelerated spectrum will harden to adopt the spectral index associated with the
compression ratio. Otherwise, if the incident distribution is harder than what the shock is able
to produce, its intensities are merely raised by an amount depending on how similar its spec-
tral index and that associated with the compression ratio are. Note that the effects of DSA on
electrons at Voyager-observed energies cannot necessarily be discerned from changes in their
spectral slopes across the TS, because their spectra are already too hard and the compression
ratio of the shock too small to induce them.

Since galactic electrons are modelled in this study by specifying an input energy spectrum at
the HP, whereupon this spectrum is modulated in the heliosheath, the re-acceleration of these
electrons at the TS depends on both the spectral features retained from the HPS and those
obtained during modulation. The features of the electron HPS were hence investigated, and
while these are fairly well-established at energies higher than ∼ 5 MeV due to the availabil-
ity of spacecraft observations, the lower-energy features are still uncertain. It is argued that
its intensities are unlikely to increase indefinitely toward lower energies, but that they could
fall away instead; in subsequent modelling, different scenarios for this low-energy spectrum
were explored. In terms of modulation, diffusion appears to be the most prevalent transport
process influencing the features of spectra at the TS. Although the MFPs of electrons and ions
become increasingly similar toward higher energies, at low energies the sensitivity of electrons
to dissipation-range turbulence gives rise to larger MFPs. Not only does this result in less mod-
ulation at lower energies, but it also obscures the effects of other modulation processes, e.g.
adiabatic cooling, which would have forced modulated spectra in the inner heliosphere into
positively distributed power laws. Also, because pronounced diffusion results in less modula-
tion, the extinguished intensity gradients that follow reduce drift effects in the TPE.

As mentioned above, the hardness of a spectrum incident at the TS affects the extent to which
DSA will raise its intensities if it is already harder than what the shock can produce. The man-
ner in which the energy spectra of particles incident at the shock are altered depends mainly
on the rigidity profile of the diffusion coefficients. Thus, this rigidity dependence has great
bearing on the efficiency of acceleration. It was revealed that MFPs increasing with rigidity
generally yield harder spectra and consequently smaller DSA-induced intensity increases. On
the other hand, MFPs that decrease with increasing rigidity soften spectra, and hence greater
intensity increases follow as a result of DSA. This effect is furthermore amplified if a soft spec-
trum is succeeded by a hard spectrum at higher energies. Ultimately, even though impaired
diffusion is conducive to acceleration, the level of diffusion was shown to be less important in
determining the magnitude of DSA-induced intensity increases than its rigidity dependence.
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Note that electron drifts tend to inhibit acceleration due to the spectral hardening they induce
at the TS in the approximate region of 100 MeV to just short of 1 GeV. DSA, on the other hand,
diminishes intensity gradients by raising intensities, which in turn reduces drift effects.

The same processes and modulation parameters influencing the spectral effects of DSA also
affects the spatial distribution of re-accelerated electrons. Due to the large upstream diffusion
coefficients, re-accelerated electrons may be transported far into the heliospheric interior and
can raise intensities by a factor of at least 2 at the Earth. In contrast, the downstream coefficients
are small in order to account for the large modulation observed in the heliosheath, and as a re-
sult re-accelerated electrons do not pervade far into this region. None but the highest-energy
re-accelerated electrons (E & 1 GeV) are able to reach the HP. Moreover, at drift-insensitive
energies, the re-accelerated contribution is larger at higher heliolatitudes (or smaller polar an-
gles) than in the equatorial regions. This follows because the fast SW stream that forms at
higher latitudes reduces diffusion length scales. This latitude dependence is obscured at ener-
gies where drift effects dominate, since the re-accelerated electrons are redirected to the poles
and equatorial regions during the positive and negative polarity cycles respectively.

Further conclusions can be drawn from the model configuration applied to reproduce observa-
tions, both at Voyager-observed energies (4 MeV < E < 40 MeV) and at the high-energy end
of the spectrum (E & 100 MeV) as observed by PAMELA. With regards to the HPS, intensi-
ties are assumed to continue increasing towards lower energies until an exponential decrease
ensues below ∼ 0.1 MeV. This provides a spectrum in the range of about 0.3 to 2 MeV that is
soft enough, after modulation, for DSA to raise intensities at the TS to match the magnitude
of observed intensity increases near this boundary. While the power-law form retained from
the HPS by virtue of rigidity-independent diffusion is sufficient to account for observations at
E > 4 MeV, and MFPs increasing with rigidity reproduce the observations above 100 MeV, the
lowest-energy observations, at E ≤ 4 MeV, can only be reproduced if MFPs increase toward
lower energies. This up-turn in MFPs, associated with dissipation-range turbulence, has an
onset at 1.5 to 2 MeV, below which λ ∝ P g0 with g0 = [−1.2,−1.0], and its effect is twofold: The
larger MFPs give rise to less modulation and higher intensities, but intensities are also raised
due to enhanced DSA at the soft-to-hard spectral transition the up-turn creates at its onset. The
MFP up-turn, and by extension, the underlying turbulence, appear to have both a radial and a
solar-cycle dependence.

The intensity increases attributed to the DSA of electrons at the TS ranges from factors in excess
of 10 at energies of up to 2 MeV to an average factor of 2.5 between 10 and 100 MeV - this rapid
decrease is due to the hardening of spectra. This factor is furthermore briefly depressed at ∼
200 MeV, where spectra are severely hardened as a result of MFPs increasing with rigidity, but
are restored to about 1.6 where the softer form of the HPS is adopted at higher energies. DSA
effects diminish entirely above 1 GeV due to the TS curvature limit. In terms of their spatial
distribution, the contribution of re-accelerated electrons is essential to account for the radial
intensity profile of 5 to 12 MeV electrons out to at least 100 AU, or 6 AU into the heliosheath
as measured from the TS at 94 AU. It can be ultimately concluded that the intensity increases
attainable through DSA are large enough to account for the intensity peaks observed by Voy-
ager 1 for 0.35 to 14 MeV electrons in the proximity of the TS. Their narrow structures can be
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explained as a temporary magnetic connection between the TS and the spacecraft at the time
of observation, but can also be accounted for in conjunction with possibly temporal processes
that create local low-diffusion conditions.

Avenues of further research identified throughout this exploratory study include:

• Expansion of the current study to include other GCR species.

• A study of the DSA of CRs at shocks within polyatomic and relativistic media, where
larger compression ratios may be expected. This may yield insights with regards to the
spectral indices displayed by the local interstellar spectra of GCRs.

• A study of the contribution of CR acceleration within the confines of the heliosphere to
the features of local interstellar spectra of GCRs.

• Studying in particular the features of the HPS (and spectra at other remote locations) at
energies below 1 MeV. These features were shown in this study to have a substantial effect
on electron re-acceleration.

• Studying the causes of unexplained spectral features of accelerated ACRs, such as the
intensity enhancement preceding the roll-over energy.

• A study of the radial and solar cycle dependences of the individual parts of the rigidity
dependence of the diffusion coefficients, e.g. the radial dependence of the low-energy
MFP up-turn (and the underlying dissipation-range turbulence).

• Investigating the appropriate characterisation of diffusion and drifts in the heliosheath,
and studying the effects of shock drift acceleration.

• A study of the role of the HCS and associated magnetic sectoring in the production of the
peak-like intensity increases that were posited in this study to result from DSA.

• Probing the effects of adiabatic heating and stochastic acceleration in the heliosheath on
CR electrons.

• A formal study comparing the prevalence of different acceleration mechanisms, e.g. mag-
netic reconnection, stochastic acceleration, DSA, etc. in different parts of the heliosphere.

• An expansion of the current study to three spatial dimensions, where CR transport and
DSA are modelled by the solving stochastic differential equations.
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