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Abstract

This study examined selected nonlinear Stochastic Differential Equations arising in disease model-
ing. The main objective of this study was to include randomness into the dynamics of tuk
and HIV. Stochasticity to the models was introduced through perturbation of paramete
is a standard method in stochastic population modeling. The well-posedness analysis of
cluded the existence of non-negative solutions as required in the dynamics of population r
A detailed stability analysis of results, analytical properties and asymptotical b  avior of solutions
was also done. The mean reverting process was approximated for one of the variables in the TB

and HIV models and the mean and variance of the process was found.
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Notation and conventions

A:=2D

(a, ], (a,0)
N,Ng,Z
aVbanb
ACBEB
F()9(1,2)
1a

(Q, F,P)
o(Z,iel)
B, B(M)

P, E[X], Var[X]

X, £ X
X, 52X
N(p,0?)
LP(I,R™)
C(I,R™)
I flloo
£(t)
W(t) or B(t)
X(1)

(Ft)

At

|A]

tr(A) = 3 as
=1

||

A is defined by B

closed and open intervals from a to b respectively
{1,2,...},{0,1,2,...},{...,—2,—1,0,1,2,...}

maximum and minimum of ¢ and b respectively

A is contained in Bor A= DB

The functions z — f(z), (z1,22) — g(z1,72)

The indicator function of the set A

Probability space

The o-algebra generated by the family (Z;);er of sets

The o-algebra of Borel set in R™ and in M C R™ respectively
Probability, expected value and variance of X respectively
X, converges P-stochastically to X

X, converges in Law to X

Normal distribution with mean g and variance a?

p-integrable function f:I — R (fl IfIP < oo)
{f:I— R"f is continous}

sup, | ()]

white noise

Wiener process or Brownian motion at time ¢
Solution process to SDE at time ¢

Filtration for (W (t),t > 0)

Transpose of the matrix A

n m
Norm of the 7 x m matrix A : |A2 = Y 3 a2, = tr(AA")
i=1j=1
trace of the matrix A, where a; denotes the entry on the i-th row and i-th column of A

n
The norm of z € R™ : [z = ) o? = za?
i=1
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Introduction

A stochastic model is a tool for estimating probability distributions of potential outcomes by
allowing for random variation in one or more inputs over time. The random variation is usually
based on fluctuations observed in historical data for a selected period, using standar time-series
techniques. Distributions of potential outcomes are derived from a large number of simulations
(stochastic projections) which reflect the random variation in the input(s). Stochastic differential
equations (SDEs) were first initiated and developed by It6 (1942). The theory provides a useful
tool to introduce the notion of inherent randomness into deterministic models and characterise
their long-term behaviour. Understanding and predicting rare events caused by large fluctuations
is often crucial in describing dynamics of complex disordered many-body systems. Rare events may
lead to diverse phenomena such as crystal nucleation and growth, self-assembly of macromolec s,
protein folding, population extinction and loss of bio-diversity. Such complex systems are, in
general, intrinsically far from equilibrium and therefore, defy many standard techniques of statistical
mechanics. An important category of such complex systems includes systems containing a discrete,
large yet finite population of interacting agents such as molecules, bacteria, cells, animals or even
humans. Such systems are intrinsically disordered as they experience constant fluctuations due to
the discreteness of particles and stochastic nature of the interactions between them. The stoc

dynamics of such systems can often be accurately described by assuming the Markov property and
using the corresponding master equation. The latter can be viewed as a comprehensive description,
effectively accounting for the internal degrees of freedom of the particles through the interaction
rates. When the population size is sufficiently large, the system will typically dwell in a close
vicinity of the peak (or one of the peaks) of its probability distribution of population sizes. ‘ost
of the time, the system weakly fluctuates about this peak, whereas it only rarely ur rgoes a large
fluctuation of the order of the typical population size. Nevertheless, it is precis ~ these extreme rare
events which may be of great importance in many applications, especially if they have irreversible
or devastating consequences, such as population extinction, population explosion or population
switching between metastable states. The notion of stochastic differential should always be clearly

defined from a mathematical point of view as it is not unique and depends on the understanding



C oterl

of a random process and its intrinsic derivatives. The purpose of this study is to include stochastic
and fractional stochastic calculus into some existing deterministic models in epide  »>logy in o1 T
to capture the effects of unpredictable events.

In chapter 2 some important terminologies used in the study are defined. The first section presents
the fundamental aspects of measure theory and provides a brief introduction to probability

The second section discusses stochastic processes, the notion of Brownian motion and
processes. The third section examines Stochastic Differential Equations and their solvability in
relation to Itd’s theorem. The last section discusses Stochastic differential equation driven by
fractional Brownian motion and provides an Itd’s theorem with respect to fractional Brownian
motion.

Chapter 3 focuses on the stochastic model of tuberculosis.  ae results of S. Bowong, J. Tewa and J.
Kamgang [9] are extended by making their deterministic model into a stochastic one and showing
that the new model has non-negative solutions. A detailed analysis on the stability of the model
is also presented. The mean reverting process that approximates one of the variables is alsc und
and for this process, its mean and variance are also found.

Chapter 4 examines a stochastic model representing the spread of HIV-AIDS in a homosexual
population. The effects of environmental noise on the spread of the disease are examined. A
detailed analysis on asymptotic stability is done for both in probability and in pth moment.
Chapter 5 focuses on a stochastic model driven by fractional Brownian motion to des: e the
dynamics of HIV-1 infection. The stochastic model studied is changed from Dt et al to a
stochastic model driven by fractional Brownian motion. The new model is shown to have non-
negative results. The stability of the model is also discussed.

Chapter 6 provides a summary of results of the investigations.
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Preliminary and auxiliary results

2.1. Fundamentals of probability theory

A brief introduction of measure theory is given as far as it is needed in modern probability. The
measure theoretic foundations of probability theory is explained. There is a lot of literature that
can be read for further information on the introduction to measure theory, for example [11], [12],
[14],[24] or [39].

Definition 2.1.1. Let Q be a non-empty set. A collection F of subsets of Q) is called a sigma-algebra
(0-algebra) if it satisfies the following properties:

(i) ¢, XE F,
(i) if X € F, then X¢ € F, where X¢:=Q — X, is the compliment of X in €,
o0 o
(i) if X1,Xo,... € F, then U X, () Xx € F.
k=1 k=1
Definition 2.1.2. The pair (,F) of a set Q and a o-algebra F is the measurable space and the

elements of F are measurable sets. The function P: F — [0,1] is a probability measure on (Q, F)

provided that:

(a) P(¢) =0, P(2) =1,

[e0] o0
(b) if X1, Xo,Xs,... € F, then P(UJ Xx) < 3. P(Xy),
k=1 k=1

o0
(c) for any disjoint sets X1, Xa,... € F, P(U
k=

Xp) = i P(Xk).
1 k=1

Hence, for any X,Y € F and X C Y, then P(X) < P(Y).
The subsets A of § that belong to F are known as events and P(A) is interpreted as the robability
that an event A will occur. A property which is true except for an event of probability zero is said

to hold almost surely (abbreviated “a.s.”).
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Definition 2.1.3. A probability space is the triple (Q, F, P) such that €2 is any set, F is a o-algebra

and P is a probability measure.

Definition 2.1.4. A probability space (, F, P) is said to be a complete probability space if for all
B € F with P(B) = O and all A C B one has A € F.
Often, the study of probability spaces is restricted to complete probability spaces.

Definition 2.1.5. Let (Q, F, P) be a probability space. A set A is a null set if there ea € F,
such that B D A with P(B) = 0.

In other words a set is null if it is contained in a measurable set which has probability 0.

Definition 2.1.6. Let the class of subsets of Q be denoted by H. Then the o-algebra o(H) generated
by H, is the smallest o-algebra F on Q such that H C F. It is obtained by finding the intersection

of all the o-algebras on Q that have H as a subclass.
o(H) = ﬂ{.ELE is o-algebra of Q,H C Fi,i=1,2,...}.

Definition 2.1.7. The Borel o-algebra B is the smallest o-algebra that contains all open (or closed)
subsets of R™.

Definition 2.1.8. Consider a probability space (2, F, P). Then, an n-dimensional random variable
is a function Y : Q@ — R™ such that for every A € B, Y~1(A) e F.

FEquivalently, it is concluded that'Y is F-measurable.

Remark 2.1.9. In probability, it is important to understand that F(X) (c-algebra genc  ed by

X) is interpreted as “containing all relevant information” about the random variable X.

Lemma 2.1.10. [36]
Let Y : Q) — R™ be a random variable. Then, the o-algebra

F(Y):={Y"YA)|A e B}

is the o-algebra generated by Y. It is the smallest sub-c-algebra of F with respect to which Y is

measurable.

Definition 2.1.11. Let (Q,F, P) be a probability space and X a random variable, then the expec-

tation (or mean value) of X is given by
E(X):= / X dP
Q
and the Variance of X is given by
Var(X) ;:/ |X — BE(X)|*dP
Q

where | - | is just the Buclidean norm.
It is observed that
Vor(X) = E(1X — B(X)") = B(X}?) - |[E(O)*.
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One can explicitly compute the mean and variance using
Var(X) = /

R

Therefore, E(X) and Var(X) can be computed using ordinary Riemann integrals over R™.  his
is important because one cannot observe the probability space (2, F, P), but one can only “see”

what values X takes in R™. As a matter of fact, in probability theory, all the quantities of interest

i lz — B(X)|*f(z) dz and E(X) := /Rn zf(z)dzx

are computed in terms of the density function f in R™.

Definition 2.1.12. Let (Q,F, P) be a probability space and X : Q — R™ a random vartable, then

(i) the function Fx : R™ — [0, 1] is the distribution function of X such that
Fx(z):=P(X <z) for everyz € R",
(ii) the joint distribution function for the random variables X1, Xo,..., Xm + Q@ — R™ s the
function Fx, x,,.. Xn ¢ (R™)™ — [0,1] defined by
Fx, X X (@1, 30, -, Tm) = P(X1 <21, Xp S 22,0, X;p < )
for every z; e R™,i=1,2,...,m.
It should be noted that © = (z1,T2,...,Zn) ¥ = (Y1,¥2,---,¥n) € R?, z <y means z; < y; for
i=1,2,...,n.

Definition 2.1.13. Let F = F(y) be the distribution function for the random variable ¥ : £ — R™.

If there exist an integrable non-negative function f:R® = R such that

Yn

Y1
F(y):F(yl?y%“-yn):/ f(ilz'l,...,ﬂfn)divn...d.’lil,
—o0 —00

then f is the probability density function of Y.

Therefore, for every A € B, it is concluded that
Pved)= [ )y
which is an important expression since the integral on the right hand side can be calculated explic-
itly.
Definition 2.1.14. (i) Events X,Y € F are said to be independent if
P(XNnY)=PX)PY).

(ii) Let F7; C F fori=1,2,... be o-algebras, then {F;}2, are independent if for any choice of

i=1,2,...,k and events X; € F;, one obtains

P(X;N X2+ N Xy) = P(X1)P(X2) - P(Xy).




Chapter 2

(iii) If one considers the random wvariables X; : Q - R (i = 1,2,...), then X1,Xo,... are

independent random variables if for every choice of Borel sets A1, As, .. AR

one obtains

CR" k>2

P(X1 E.Al,Xg S .Ag,...,Xk S Ak) ZP(Xl E.Al)P(Xg S .AQ)-'-P(Xk € .Ak)

This is the same as saying that the o-algebras {F(X;)}2, generated by the random variables

X; are independent.

The concept of independence and its ramifications are the hallmarks of probability theory.

Theorem 2.1.15. [39]
The random variables Y1,Ys, ..., Yy :— R™ are independent if and only if

Fy vy YY1, Y2, - Un) = Py (1) Py (2) -+ - Fr, (yn)  for every ys €R™i=1,2,...,n.

Equivalently, using the probability density functions of the random variables one obtains

le,Yz,...,Yn(ylvy27 . '7y'n) = le (Z/l)sz (1/2) Tt fYn(yn) fO'f' all T; € anz = 1, 27 oo

where the functions f are the appropriate density functions.

Theorem 2.1.16. [39]
Let X1,Xo,..., X, be independent random variables such that

EB(Xi|) <o (1=1,2,...,n),
then E(|X1Xa - Xp|) < o0 and
E(X1Xqg--+Xp) = E(X1)E(Xs) -+ - E(Xp).

Theorem 2.1.17. [39]
Let X1,Xa, ..., Xn be independent random variables such that

Var(X;) < o0, i =1,2,...,n,

then
Var(X1 + Xo + -+ + Xp) = Var(Xy) + Var(Xo) + - + Var(X5).

Definition 2.1.18. Let (Q,F, P) be the probability space with events B1, B, ..., Bn,
event

(oo} o] .

ﬂ U B, = {w € Q | w belong to infinitely many of the B}

m=1n=m

is called “Byy, infinitely often”, abbreviated “Br, i.0.”

Lemma 2.1.19. (Borel-Cantelli Lemma) [11]
58]

P(B,, i.0.) = 0 whenever ) P(DBy) < co.
n=1

7n’

.... Then the
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Definition 2.1.20. (i) Let X,Y € F be any two events in the probability space (Q, F, | such
that P(Y) > 0, then the probability of X, given Y denoted as P(X|Y') is defined as

P(XNY)

PIXIY) = =5

(i3) Let the joint probability density function of two random variables X and Y be f(z,y), then
the conditional probability density function of X, given Y =y, defined for all values of y, such
that fy(y) > 0, is given by

f(z,y)
fr(y)’

Definition 2.1.21. Consider two random variables X and Y. The conditional expectation of

Ixy(zly) = fry) = /Xf(:c,y) dz.

given that Y =y, defined for all values of y, such that fy(y) > 0, is given by

oQ

BOXY =y) = [ sfxrlely) de.

—o0

2.2. Stochastic processes

Definition 2.2.1. (1) A stochastic process is a parametrised collection of random variables { X (t)|t >
0} that assume values in R™ and are defined on the probability space (2, F, P).

(ii) Bvery point w € Q has a corresponding sample path t — X (¢,w).

Remark 2.2.2. (a) One thinks of t as “time” and each w as an individual “particle” or “ex-

periment”. X (t,w) represents the position (or result) at time t of the particle (ezperiment)

w.
(b) The idea here is that when one observes the random values X (-) as one runs an e -iment
at different times, one is actually observing {X (t,w)|t > 0}, which is the sam s for a

fized w € S). In general, a different sample path is observed if one reruns the experiment.

Definition 2.2.3. Let X : Q — R be a random variable. Then X is said to be normally distributed
with mean yu and variance o (or X is an N'(u1, 0%) random variable) if it has the following probability
density function:

1 (z=m)?
)=  —e 2T z € R).
o)~ = (¢ e R)

Definition 2.2.4. A Wiener process (or Brownian motion) is a real-valued stochastic process W (-)
that satisfies the following properties:
(i) W(0)=0 a.s.,

(i) W(t) is an independent increment process, i.e. for t; < tz < t3 < t4, then W(ty) —
W (t1), W(ts) — W(t2) and W (t4) — W (t3) are independent stochastic variables,




( ster 2

(iti) W(t) — W(s) has a normal distribution with mean 0 and variance t — s, i.e. W(t) — W (s) ~
N(0,t—3s) fort>s.

Lemma 2.2.5. [{6]

Let W (-) be a one-dimensional Wiener process. Then
EW(s)W(t)] =sNt= min{t, s} for every s > 0,t > 0.
Definition 2.2.6. Let W(-) be an n-dimensional Wiener process defined on the pro  ility space
(Q,F,P), then
(i) the history of the Wiener process up to (and including) time t is the o-algebra W(t) =
F(W(s)| 0<s<t).

(ii) The future of the Wiener process after time s is the o-algebra F1(s) := F(W(t)-W(s t=>s).
Definition 2.2.7. Consider a real valued stochastic process X (-), such that E(|X(t)|) < oo for
every t > 0.

(i) X(-) is a martingale if for everyt > s >0, X(s) = E(X()|F(s)) a.s.

(ii) X(-) is a submartingale if for every t > s > 0,X(s) < E(X(t)|F(s)) as.

(ii) X (-) is a supermartingale if for everyt > s 2 0,X(s) > E(X(t)|F(s)) a.s.
Definition 2.2.8. Let F(-) C F be a family of o-algebras, it is said that F(-) is non-anticipating
(with respect to the Wiener process W (-)) if the following holds:

(a) F(s) C F(t) for every 0 < s <,

(b) F(t) C W(t) for every t 20,

(c) F(t) is independent of F* for everyt = 0. Mostly, F(-) is called a filtration.

Remark 2.2.9. All the available information at time t is contained in F(t) i.e.
F(t) = F(W(s) (0 <s<t), Xo),
where the random variable Xq is independent of F(t).

Definition 2.2.10. A real-valued stochastic process X (+) is said to be non-anticipating (with respect
to F(-)) if for each time t > 0, X (t) is F(t)-measurable.
i.e. the stochastic process X(t) depends only on the information available in the o-algebra J ) for

every t > 0.
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Definition 2.2.11. Suppose that (X, A) and (Y,B) are measurable spaces. The product o-algebra

A® B is the o-algebra on X x Y generated by the collection of all measurable rectangles,
A@B=c({AxB:Ac A BeB}).

Definition 2.2.12. The stochastic process X (t) is said to be measurable if for every B € (R"),
the set {(t,w); X(t,w) € B} belongs to the product o-algebra B([0,00)) ® F. In other words, if the

mapping
(t,w) = X(t,w) : ([0,00) x Q,B([0,00)) ® F) = (R”, B(R™))

is measurable.

Definition 2.2.13. The stochastic process X (t) is said to be adapted to the filtration F(t) if for
every t > 0, the random variable X (t) F(t)-measurable.

Definition 2.2.14. The stochastic process X (t) is progressively measurable with respect to the
filiration F(t) if, for every t > 0 and B € B(R"), the set {(s,w);0 < s <t,we QX(s,0 €
belongs to the product o-algebra B([0,t)) ® F. In other words, if the mapping

(s,w) = X(s,w) : ([0,%) x Q,B([0,1)) ® F) — (R™, B(R™))
is measurable for every t > 0.

Definition 2.2.15. Let (2, F) be a measurable space with filtration F(t). Then a random me T
of the filtration is a stopping time if the event {T' < t} belongs to the o-algebra F(t), for each t > Q.
A random time T is an optional time of the filtration if {T" < t} € F(t), for each i > 0.

Definition 2.2.16. A stochastic process X (t) defined on the probability space (Q, F, P) is a  wkov
process if

P(X(t+s) € A|F(t)) = P(X(t+s) € A|X(t))
for all Borel sets A€ B and s > 0.

Remark 2.2.17. The definition reveals that the probabilities of the future values "X (t) given the
current value X (s), can be predicted just as if one knew the entire history of the process before time
s. That is, the process only “knows” its value at the present time s and does not “remember” how

it got there.

eorem 2.2.18. [1{]
An n-dimensional real valued Wiener process W(-) defined on the probability space (Q,F, P)isa

Markov process. That 1s,

T — S 2
PW(#) € AW(s)) = mAexp—%L o a.s.

for all 0 < s < t, and the Borel sets A.
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2.3. Stochastic differential equations

There are interesting processes in robotics, optimal control and economics which could be described
as a differential equation with non-deterministic dynamics. Suppose one describes the original

processes by the following ordinary differential equation:

[dax(t) = px@)dt (> 0)

(ODE)
X(O) = Zg, zg € R™

where 1 : R™ — R™ is a smooth vector field and the solution is the trajectory X (-) : [0, co) — R™.
X(t) is the state of the system at ¢t > 0.
However, in various applications trajectories of systems that are experimentally measured are mod-
eled by (ODE), and in fact, they do not behave as predicted.
Therefore, it would be reasonable if the (ODE) is modified, somehow, so that the possit ty of
random effects disturbing the system is included. This is done by writing the differential equation
as follows:

X(t) = p(X(®)) +o(X®))EE) (> 0)

X(0)==9, zp€R"

where p(X(¢)) is a drift coeflicient and o (X (t)) is a diffusion coefficient of the process. ¢ : R* —
M™*™ (= space of n x m matrices) and £(-) := m-dimensional white noise.
White noise is the derivative of the Wiener process with respect to time. That is, (-) = £(-).

Rewriting (1) one obtains:
dX (t)
dt
Multiplying through by dt we have:

AW (t)

= WX () + o (X () =

dX(8) = p(X(8))dt + o (X (6)dW ()

(SDE)
X(O) =g

The expression obtained is a stochastic differential equation. The intcgrated version of (; ) is

(2) X(t)=wm + /0 w(X(s))ds+ /Ota(X(s)) dW, for every t > 0.

A definition of the following stochastic integral is provided before solving the stochastic integral

t
/GdW
0

for some wide class of stochastic processes G, so that the RHS of (2) at least makes sense.

equation above

Definition 2.3.1. (i) A partition P of an interval [0,t] is a finite collection of points P := {0 =
tg <ty <-or <ty =t} in[0,1]

10
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(i) Let P be a partition of [0,t] and fiz a constant 0 < A <1 so that

Tk ::Atk+1+(1—>\)tk (kzo,...,m—l).

For a constant 0 < X <1 and partition P,

m—1

R=R(P,N) =Y W(m)(W(ter1) — W(tx)) is defined.
k=0
This is an approzimation of the Riemann sum for fOT W dW.

Lemma 2.3.2. [59]
For a partition P™ of [0,%] and a fized 0 < A < 1, one defines

mp—1

Roi= 3 WD W (i) — W(ER):
k=0

Taking the limit in L2(Q), lim R, = 4 + (A — 1)t is obtained, hence
300

In particular, the limit of the Riemann sum approzimations depends on the choice of intermediate

points t7 < 7 <t} where T = (1 — A)tf + M.
Choosing A = 0 corresponds to the Itd’s definition of fOT W dW. ie.
T w3T) T
/ W dW = —2(——2 ) (1t6’s integral).
0

Another definition is due to Stratonvich, when one considers A = -21-; so that
T W2(T)
/ WdW = 5 (Stratonvich integral).
0

Theorem 2.3.3. (Properties of Ito’s integral) [59]

Consider stochastic processes F,G & £2(0,t) and some constants a,b € R, then one obtains
(i) JfaF +bGdW =a [y FAW +b [; G dW,
(i) E(ngdW) =0,
2
(ii1) L\<ngdW) ) = E(fot F? ds),
(iv) E(fg FdW) <fg GdW) = E(fot FGds),

11
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(v) E<f0tGdW> <f0tGdW>, =E [y GG ds.

Theorem 2.3.4. (Itd’s formula) [53]
Let dX = Fdt + GdW be a stochastic differential for X(-), such that G € £L%(0,T),F € £LY0,T).

For a continuous function u: R x[0,7] = R, it is assumed that there erxist continuous artial

derivatives ‘?91;, g—;‘ and . Let

Y () = u(X(),1),
then the differential of Y is given by

du Ou 10%u
ay (—%dt—{-a dX+§8—G dt

Ou A 1A% ou
- (E N oz 2 oz )dt+ E—GdW

Lemma 2.3.5. [2/
(i) d(W2(t)) = dt + 2W (£)dW (¢)
(i) d(tW(t)) = tdW (t) + W (t)dt

Theorem 2.3.6. (It0’s Product rule) [47]
Consider the two differentials for X and Y

dX = Gidt + HidW
dY = Godt + HodW

For G; € £1(0,T),H; € £2(0,T), (i =1,2). Then
d(XY)=YdX -+ XdY + H,Hydt.
Note: HiHodt is Ito correction term. Therefore, Ité’s integration-by-parts is given by

/S "VdX = X(P)Y(r) — X(s)V(s) — / " Xdy - / " B, Hydt.

Notation

(i) Let X be an n-dimensional random variable that is independent of an m-dimension: lener

process W {-). Hereafter, for ¢t > 0, we shall take
F(t) == F(Xo,W(s) (0<s<t))

the o-algebra generated by Xo and the history of the Wiener process up to (and including)

time t.

12
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(ii) The components of the following functions (not random variables)
p:R* %[0, = R

o R™ x [0, 1] — M

can be displayed as follows:

g1 o Olm
H= (,U:l,,UJQ,--- 7.“’7’1)’ g =
Oni " Onm

So that || = /12 + pg + -+~ + p and [o| = /tr(c?0).

Definition 2.3.7. Consider the following Itdo stochastic differential equation

AX (1) = p(X ())dt + o (X (£)) dW (t)
X(O) = Ty

(SDE)
then for 0 < t < T, X(-) is the solution of the SDE, provided that:

(i) X(-) is progressively measurable with respect to F(),
(1) (X (1)) € L3(0,T),
(iii) o(X (1)) € Laxm(0,T),
(iv) X(t) =0+ fg w(X(s),s)ds + fg (X (s), s) dW, almost surely for every 0 <t < T

Definition 2.3.8. A function f : S — T is called Lipschitz continuous on A C S if th  exist some
constant L > 0 such that
vz,y € A:|f(x) - f(y)] < Lz -y

and it is called locally Lipschitz continuous if for each z € S there exists a neighbo ood U of z

such that f is Lipschitz continuous on U.

Lemma 2.3.9. (Gronwall inequalities) [27]
Consider two non-negative, continuous functions ¢(t) and f(t) defined for everyt € 0,T] and let
C be a constant. If

o) <C+ /Ot f(8)p(s)ds, forevery0 <t <T,

then
o) < Celo £6) 45 for every 0 <t < T.

Gronwall inequalities are useful in proving the existence and uniqueness theorem for stochastic

differential equations.

13
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Theorem 2.3.10. (Ezistence and Uniqueness theorem) [59]
Let p : R® x [0,T] = R" and o : R® x [0,T) — M™ ™ be continuous functions satisfying the
conditions below:
(0) |, t) = ply, )| < Kz —yl, |o(z,1) — oy, )| < K|z —y| for all0 <t <T, z,3 ,
(b) |z, 6)] < K1+ |z]), |o(z,t)] < K(1+|z|) for every 0 <t <T, z €R" and a constant K,
(c) Let Xy be an n-dimensional real-valued random variable that is independent of *(t) and
E(1X0l*) < oo,

then for 0 <t < T, there is a unique solution X € L2(0,T) of the stochastic differential equation:

dX = p(X,t)dt + o (X, t)dW
X(0) = Xo.

2.4. Fractional brownian motion

A stochastic process X () defined on a probability space (0, F, P) is said to be a Gaussi  pro-
cess if for all #1,%2,...,1, € R>g, the random vector (X (t1), X (¢2),..., X (t,)) follows a Gaussian
distribution. The distribution of a Gaussian process (X (¢)):>0 is uniquely determined by its mean

function given by

and its covariance function given by
R(s,t) = E((X(t) — m(t))(X(s) —m(s))).

Definition 2.4.1. A fractional Brownian motion (FBM) with Hurst parameter H € (0 1 is a
continuous Gaussian process By(t),t > 0 that has a mean function 0 and a covariance function
given by

R(s,t) = B(Br(s)Bu(t)) = 5 (1s*" —|s — ¢/ +| 7).

[NR I

It is observed that for T = 1, the covariance function becomes R(s,t) = min(s, ).
Consequently, a fractional Brownian motion with Hurst parameter H = % is a Wiener process.

Let By(t),t > 0 be a fractional Brownian motion with Hurst parameter H, then one obtains
E(Br(s) = Br(t)) =0,

and
E((Br(s) — Bu(t))?) = E(B}(s)) — 2E(Bu(t)Bu(s)) + E(B](t)) = [t — s/*.

A characteristic that mostly distinguish fractional brownian motion from brownian motion is the

fact that fractional brownian motion is not a semimartingale for 1/2 < H < 1 (Lin [4f here

14
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is therefore a need to carefully define the stochastic integral from first principles with respect
to fractional Brownian motion. See for example, Heyde and Dai [17], Lin [45] and N¢ s and
Gripenberg [30] for their contributions in relation to this study. 1t is essential that a corresponding

1t6’s formula be derived for stochastic differential equations driven by fractional brownian r  ion.

2.4.1 Stochastic differential equations driven by fractional brownian motion

In order to understand the theory of stochastic differential equations with respect to {  tion
brownian motion, it is necessary to explain Riemann-Stieltjes Integral since it is an im  tant

notion to understanding stochastic integration. Let us first recall the basic Riemann Integral.

Definition 2.4.2. Let f : R = R be a continuous function, then the Riemann integral over
[a, 8] C R is defined by

t m
/O Ft)dt = ”Alr}lrllll_)oj;f(ﬁ)(tj —tj-1),

where Ap = {to,t1,t2,...,tm} is a partition of |a,b] such that a =tg <t} < -+ < tp_1 <ty =D,

| A ll= max (4 (t; —tj—1) and 75 € [tj—1,t;] is an evaluation point.

Definition 2.4.3. Let f : [a,b] = R be continuous, then the p-variation of a function 1is given as

n

ST - £,

k=1

where @ =ty <t} < -.- <13 = b is a partition of the interval which tends to 0 as n — oo.

Definition 2.4.4. A continuous function f : [a,b] — R is said to be a function of bows d  iation
if

SUPZIf t) — flti1)| < oo, V>0,
WE'P,L 1

where P = {r = {to, t1,...,tx}|7 is a partition of [a,b]}.

Definition 2.4.5. Let f : [a,b] = R be a function of bounded variation and g : 1,b] = R be @

continuous function. Then Riemeann-Stieltjes integral is defined as follows:

[ swaw= . Zgu) - ft-0),

where Apy = {to,t1,...,tm} s a partition of [a,b] such that a =ty <11 < -+ <tm = b,

| Am || = max (tj —tj—1) and and 7; is an evaluation point in the interval {t;—1,%;].
<jsm

It should be noted that if f(¢) = ¢, then the Riemann-Stieltjes integral is just the Riemann integral.

15
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Proposition 2.4.6. Let g be a continuous function and f € C', then

b b
/ o(t)df (1) = / o(t) ()t

and if f and g are of bounded variation, then
b b
[ s0a®) = 90)10) - @)@ - [ st

Many researchers have suggested various methods of defining a stochastic integral with respect to
fractional brownian motion (Heyde and Dai [17], Lin [45] and Norris and Gripenberg [3 1 this
study the definition given by Heyde and Dai is considered. (£2,F, P) is taken to be a complete
probability space associated with the usual normalised fractional brownian motion  7(¢) on an
interval [0,77], for 1/2 < H < 1.

Definition 2.4.7. Consider two stochastic processes u(t,w) and o(t,w) : [0,T] x @ = R. Then a
stochastic process X (t) for t € [0,T) is said to have a stochastic differential equation with respect

to fractional Brownian motion By (t)

dX(t) = u(t)dt + o(t)dBu(t),
if for every (t,w) € [0,T] x Q, then the equation below holds
t t
X(t,w) = Xo(w) —|—/ u(s,w)ds—|—/ o(s,w)dBu(s)
0 0

for a random variable Xy. The stochastic integral fot u(s,w)ds for every w € €2 is a ust iemann-

Stieltjes integral while fg o(s,w)dBy(s) is defined as that given by Heyde and Dai [1

2.4.2 TItd’s formula with respect to fractional >wnian motion

Consider stochastic differential equations driven by Brownian motion
AX(t) = ult, X (£))dt + o(t, X (1))dB(),

Itd’s formula is a powerful tool used when dealing with this kind of calculus. When it comes to

stochastic differential equations driven by fractional Brownian motion
dX(t) = b(t, X (t))dt + B(t, X (t))dBu(t),

a version of Itd’s formula is needed that can play a similar role when dealing with s kind
equation. The following theorem gives the It6’s formula with respect to the fractional brownian

motion.

16
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Theorem 2.4.8. (Ito’s formula with respect to fractional Brownian motion) [18]
Let a complete probability space (Q, F, P) be given and By (t) be a fractional brounian moti
1/2 < H < 1,t € [0,T] and By(0) = 0 a.e. (therefore, E[Bx(t)] = 0 for every t € [0,7
p(t,w),o(t,w) and X(T, w) be stochastic processes such that for any [to,t1] C [0,T7,

1. p(t,w) is Riemann-Stieltjes integrable on [to, 1] for every w € &

2. f t)dBy (t) eists as described in Heyde and Dai [17];

3. One of the following holds

| b0

for everyOSsSrStg§t3§t4§T,{,u(t):OgtﬁT} and {Bp(t) : O <t < T} are such
that

E{((o(ts) — o(8))(o(r) — 0())(Brr(ta — Br(ts)))(Bu (ts) — Brr(t2))}

— E{(o(ts) — o(9))(0(r) — o(s))E{(Brr(ta) — Bir(t2)) (Br(ts) - Br(t2)},

th; second derivative d2o(t)/dt? exists, and for every 0 < s <11 <213 <ty < T, {o'(t) =

do(t)/dt - s <t < max{r,tg}} and (Bg(r), B (t2), Bu(t3), Bu(ts)) are suc T oany
random variables & and 1 such that & and n are measurable with respect to the lgebra
o{o'(t) : s <t < max{r,t3}} and E|¢}* < o0, Eln|* < o0, then one obtains the g

E{((o'(s)r — 5) + €)(0’(5)(t3 — ) + M) (Bur(t2) — Ba(r))(Bu(ta) — Br(ts))}
— E{(o'(s)(r — 5) + £)(0(8)(t3 — ) + M) }E{(Bn (t2) — Bu(r))(Br(ta) — Br(ts))},
and

&2
sup El ( t,w)|t < oo, sup E| t,w) < oo;

0<I<T 0< dt? (t

X(0) - Xt0) = [ nrear + [ o(ri)dBar).

to 0

where for every w € ), the first integral s just the usual Riemann-Stieltjes integral, «  le the
second one is an Itd integral defined in Dai and Heyde [17]. Consider a two var  le function
U(t,z) : [0,T] x R = R that has uniformly continuous partial derivatives dU/8t,0U/0x and
02U /0z?. Assuming further that

sup E|U(t, X(1)|? < oo, (2.1)
0<t<T
E| %= (t, X (®))]* < o0, :
S, |a (t X(®)[* < o0 (22)
sup E| (t X(®)? < oo, (2.3)
0<t<T
sup Ela 3 (t X(t) 4 Or, (1)) < o0, (2.4)
0<t<T
sup Elu(t)* < oo, (2.5)
0<t<T

17
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sup Elo(t)]? < oo, (2.6)
0<t<T

E|B(t) = B(s)| < Clt — s, 6 2 0,
where Op,(1) means a term such that E|Op,(1)]? < co. Let Y(t) = U(t, X(1)). If ~a
0<t<T, t
/OU(T,w)%g(T,X(T))dBH(T)
erists in the sense described in Dai and Heyde [17], then the result that follows holds

Y}:YO—F/O {-(‘;—IZ(T,X(T))—|—b(7’,w)g—Z(T,X(T))}dT

¢ oU
+ /0 B(r, w)a ('r, X('r))dBH('r)

or equivalently,

dY; = {%g(t,X(t)) + u(t,w)%%(t,X(t)) }dt + U(t,w)aa—g(t, X(t))dBu(t). (2.7)

Remarks on Theorem 2.4.8.

(i) Contrary to the usual Itd formula (i.e. with respect to Brownian motion), there is no term

1 8?U
EJQ(T,w)—a—F(t,X(t))

in (2.7), since E(Bg(t +8) — Bu(t))? = |§|*H, where 2H > 1.

(ii) The requirements on u(t),o(t), X(t) and U(¢, X(t)) such as Conditions 1,2 and 4 in the

theorem above, and the moment conditions (2.1) — (2.6) are standard.

(iii) The two conditions in 3 are critical for Itd’s formula to be true in the case of fraction

Brownian motion. Many stochastic processes can be chosen as o(t). For example,

a(t) = Ai(t) + Ag,
where A; and Ay are two random variables with E[A%] < oo and A; is independent of
{Bu(r)}-

nma 4.9. Assuming that stochastic processes pi(7) and o(7) satisfy the conditions of e m
3, then for every t,s € [0,T] such that |t — 5| —> 0, one obtains
[t u(r)dr + [t o(r)dBr(r) = p(s)(t — 5) + o(8)(Bar(t) — Brr(s)) + Oralt — s)),

where O, (|t — s|) means a term such that

(EIOL, (1t — s = O(jt — s))-

Proofs to both Theorem 2.4.3 and Lemma 2.4.4 are given in [18].

18



Definition 2.4.10. Let g(t) : R — R be a bounded Borel function. Defining

13 Bu(t)
/ 9(B(s))dBr(s) = / g(s)ds
0 0

Br(t)
[ st = Jim Stk (Batt) = Pl

where B 1t = 0 < I} <ty < ... <1y =1 1is a sequence of partitions on [0,t] is given as in Dai

and Heyde [17].

Theorem 2.4.11. [45]
Let f(s,z) and g(s) be Borel functions such that

(i) g:(0,00) = R is bounded,
(1) |f(s,2)| < K(1+[z]),
(iii) |f(s,2) = f(s,9)| < K|z —y]
for a positive constant K. Then, the stochastic differential equation

ax (1) = (i, X(2))de + g()aBu ()
Xo = B(w)

has a unique solution with continuous paths, where B(w) € L2(9).

Theorem 2.4.12. [18]

The stochastic differential equation

ds(t) = aS(t)dt + bS(t)dBH(t)
S(tg) = B(w)

has a unique solution given by
Sy = Bexp{a(t —_ to) + b(BH(t) — BH(to))},

where a and b are constants and B(w) s a positwe random variable such that E|BW)< .

The following proposition gives some properties of the fractional Itd integral.

Proposition 2.4.13. [{/

(i) For alla <b € R, one obtains By(b) — Bu(a) = [, dBu(t).
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(ii) Let X : M — (L?) be a fractional Itd integrable. Then,
/MX(t)dBH(t) - / (O X (DdBx (?),
R

where 1y denotes the indicator function of M and (L£?) := L*(Q,G, P) such that G is the
o-algebra generated by {I(f); f € L2(R)}.

(iii) Let X : M — (L?) be a fractional Ito integrable. Then,

E[/MX(t)dBH(t)} ~0.
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an individual at once from a state of being infectious z to a state of latency y. The time it takes
for individuals in a latency state who are not on chemoprophylaxis to be infective is assur be
exponentially distributed, with % as the average waiting t 1e. Thus an individual leaves the »Hup
y at the rate x(1 — )y, while infectious individuals enter the latent class y at a  stant rate vz
respectively. The following three-dimensional model describes the transmission dynamics of ©

including therapeutic treatment:

@C% = X\ — pz(t) — Bz(t)z(t),
2 _ Bt - ode(t)2(0) +92(0) ~ -+ w1 = Iy,
%Q = k(1 —n)y(t) + Baz(t)2(t) — (v + p+8)z(1) (3.1.1)

with appropriate initial conditions. The above mathematical model explains the transmission dy-
namics of tuberculosis under treatment effects. We give the description of the parameters and

variables used in the above model below:

x(t) number of susceptible individuals at time ¢;
y(t) number of individuals at time ¢ in the latent class;
z(t) number of infectious individuals at time %
A rate of recruitment into the susceptible class;
natural mortality rate (not caused by the disease);
mortality rate caused by the disease;
proportion of newly-infected individuals;
transmission coefficient of bacteria;
proportion of individuals in the latent class who are on effective chemoprophylaxis;

rate of effective per capita therapy; and

A 2 3 W LR >%r

time before a latent infected person who is not receiving chemoprophylaxis become infective.

Tt is assumed that all the parameters X, pi, 6, &, 7 and v are non-negative and any other meters
are positive with o € [0,1]. Since the model in (3.1.1) deals with human beings, non-ne  vity of
the variables is further assumed at time ¢ = 0. Moreover, when one adds all the equations in model
(3.1.1) one obtains the total dynamics T'(t) = z(t) + y(t) + z(t) of the system given by

T(t) = X — pT(t) — 6z(t).

Definition 3.2.1. Given a dynamical system ¢ = f(z) and a trajectory x(t, o) where To 18 an
initial point. Let D := {z € R™|¢(z) = 0} where ¢ is a real valued function. The set D is said to
be positively invariant if xo € D implies that z(t,zo) € DVt > 0.

Intuitively, this means that once a trajectory of the system enters D, it will never leave it again.
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Definition 3.2.2. Given a vector space X over the field F of real or complex numbe set S is
called absorbing if for all x € X there exists a real number v such that
VaeF:la| >r=z€al withaS:={as|sec S}

It should be noted that when T°(t) = 7); as t — 00, there is no disease in the population and % is
the upper bound of T'(¢) provided that 7'(0) < 7); In addition, if T(0) > %, then T'(¢) will decrease

to this level. Therefore, the following possible region is obtained:
A
D = {(2(t)y(t) 2(t) € R, 0<T() < 7+ ¢}

which is a compact positively invariant set for € > 0 and forward absorbing set for every € > 0.
Also, every solution in Ri approaches D so that the analysis can be restricted to  is reg 1. For
the system, the conventional continuation as well as the existence and uniqueness of s itions will

still be satisfied in the region D.

3.2.1 Basic reproduction ratio

Most models in epidemiology have a threshold value used to decide if the disease w b me

endemic or be eradicated from the population. The basic reproductive ratio, is known as the

average number of cases generated by an infectious person during his\her infective pe .an
uninfected population, and is denoted by Ro. If Fo < 1, then each infectious person i less
than one new individual on average and the epidemic is expected to be eliminated. 1 the contrary,

if Ro > 1, then the number of new infections caused by every infectious person is gre 1 than one
and the epidemic infests the entire population. Hence, the basic reproductive ratio is usually
considered as the threshold number established when a disease will invade and persist in a new

host population. S. Bowong, J.J. Tewa and J.C. Kamgang determined Ry for this mc 1to be

Ry = Bzolpa + K(1 — 1))
(40 + K1 —m)] + py

The disease free equilibrium is obtained for the model when one sets the ri; ; hand side  (3.1.1)

to zero and solving explicitly for z,y and z.

When Ry < 1 one obtains a locally asymptotically stable disease free equilibrium, and when Rg > 1,

it is unstable. It is expected that the number of infectious individuals will die out and the number
A

of non-infectious individuals will approach 4V enever Ry < 1, and when Ry > 1, one expects the

aumber of individuals not infected to approach a unique endemic equilibrium.

3.2.2 Global stability of the disease-free equilibrium

The global properties of a disease-free equilibrium will now be studied. For the disease-free equi-

librium, the property for global stability is given in the following theorem:
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X* = (z*,y*, z*) obtained by equating all equations to zero in the model (3.1.1), and it yie

A—fx*z* —pxt =0
B(l—a)z*z* ~[s(l —m) + ply* + 2" =0 (3.1)
Paz*z" + k(1 —n)y* —(p+6+7)z" =0

Using the first and second equations in (3.1), one obtains

N A . z* Bl —a)A
= —, = , s 3.2
A+ pz Y u+n(1—n)[ﬂz*+u +7} (3.2)
then substituting (3.2) into the third equation of (3.1) yi s
g
(-2 + R —1) =0, 3.3
( [ 0 (3.3)

There are two solutions for equation (3.3): z* = 0 which exists at the disease-free  iilibrium or

. /J’(RO - 1) .
g
Thus, if Ry > 1, then 2* > 0 and one may easily prove that the endemic equilibrium is def by
Tt = S
pRo’
. Ry—1 1—a)r
P T B
Blu+r(l—n)l  pRo
. 1-R
o — 1~ Fo) E 0) (3.1.2)

From this, one obtains the following results:

Lemma 3.2.4. If Ry > 1, then (3.1.1) has a unigque endemic equilibrium X* = (z*,y*,2%).  here

z*,y*, and z* are as defined in (3.1.2).

3.2.4 Global stability of endemic equilibrium

Here, the global behaviour of an endemic equilibrium X* is examined for the model (3.1.1). = e

following result is obtained:

Theorem 3.2.5. The unique endemic equilibrium X* is globally asymptotically stable o1 \{y(1) =
z(t) = 0} whenever Ry > 1.

PROOF.

Let’s define the Lyapunov function as follows:

V(x(t),y(1), 2(t) = (z(t) — 2" In(z(2))) + Ay() —y" In(y (1)) + B(z(t) — 2 (2(1)))
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where A and B are positive constants to be determined later. Differentiating the above function

*

with respect to t gives
V(z(t), y(t), 2(t)) = (1 - x(t))x'(t) + A(1 - ylét))y(t) + 3(1 _ 2

- ( x )(/\ — px(t) — Bz(t)z(t))

z(t)

* A(l - ylét) ) (B(1 — @)z (t)2(t) + v2(t) — [+ (1 — )]y (t))

8

—
*

*

X
*

+B(1= " 01— my(t) + Bos(z(t) — (u+6+7)2(t)). (3.4)

z(t)
Considering equation (3.1) at the endemic equilibrium X*, one obtains

* % * *

to kbt =fer tal-n)E (3

A= Bz +pz*, p+xu(l-n=p8(1- a)xy*

Substituting (3.5) into (3.4) gives:

y* N 'u('l‘\ *y(t
+a(1- o (81~ a)z(®)2(t) +72(t) - A(L ~ a)a”z" S
2(t)

)
+ B(l _ z_*) k(1 —n)y(t) + Baz(t)z(t) — faz*z(t) — k(1 —n)y" pos }

*)2 (Y ()
= + Baz*z* (1 - )
TTz"

x(t)
o () (0
a1 20) o (B0 (0

Using (3.1) at the endemic equilibrium X*, it can be deduced that
1

y* = m[ﬁ(l —a)z* 2" + vz
Equation (3.6) may thus be rewritten as:
. wal®) =3 Lt N s
V(@) (1), 2(0)) = - + [(1- x(t)) (- S22 +1)

e (0

(( )(t)) ( )x*z*t) zz(f ( )
Br(l—n 1~a( )(yf t)}
1 y* z(t) (t) Bn(l — ) z(t) y(t) z(t)

Tz [A(l 0] uw+r(l—n) FARPRE T z*
(3.7)
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Now, let (r,s,u) = (m(t) uy =t ) then equation (3.7) becomes

—z* 2
V@0, 20) = 22O EE g [0 )+ A —a) — 3 (ru

z(t)
1 Br(l—1n) —a) 1
+ Ba(l E)(ru—u)—k R (l—a)(s—u)}
* 1 BK’(]- — 77) 1
+ vz |:A(1 — ;)(’U,-— S) + m(l - E)(S - ’U,)i|
1l — 2 .
=- ———(Z(t) ) + f(r, s,u), (3.8)
where .
f(rys,u) = pz*z” 1(r, 8,u) + 72" fals, ),
r,8,u) = -1 -ru —a)(L —ru
fulr, -(1-3a +A31(1 )g —1)(s —ru) (3.9)
+Ba(l — ) (ru—u) 'L+KE’1 y (1 — L) (s —u),
flsw)  =AQ-Yw—s) + 20 - D(s —u),
The const s A and B can be chosen to be in the form A = A(a) and B = «) su that the

function f is not positive for all 7, 5,u € R* so that the derivative of V' (z(t),y(t), z(¢)) with respect
to time is less than zero. For one to be able to cancel the coefficients of s and « in the e ressions
of f1 and fo respectively,

Al-m) 4 g pted-mn)

S N v Y hosen. .
ot w0 =) P are chosen (3.10)

Substituting equation (3.10) into equation (3.9) gives:

1-m)(1— r 7 1—
fl('r’ Svu) =l+u+ % + KCE;L-I—T.‘]{)((I—-’IS) (1 - ?u —u- %) + ﬂﬂz&_zg] (1 U= T)v 8 11)
ol ) = bzl (et |

T aptr(l-a)  su

From equation (3.11), it is clear that the function fa < 0, it is equal to zero when s = u. Also,

when one differentiates f; with respect to «

0 1- + k(1 — . .
—6%(T’ s,u) = A [uan—)k[/:;(l 'i(n)];?)] (1+7— % — 2) is obtained.

If one fixes r, s and u, then % has a constant sign for « € [0,1]. Thus, f; is maximum at o =0
or o = 1.

Suppose a = 1 and substituting for fi(r,s,u) in equation (3.11) gives

1
fl(r,s,u)=2—r—;,

hence, by using of arithmetic-geometric means inequa 7, V(t) < 0, it’s equal to zero only if
z* = z(t) and s = u. LaSalle’s extension implies that solutions of model system eq. (3.1  that

intersects with the interior of D limit to an invariant set contained in I' = {(z(t),y(t),2(t)) €
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process z2(t) is set up defined by the following stochastic differential equation with  tial

2(0) = 2(0),
dzo(t) = (A — pao(t))dt — orze(t)dWi(t).

One wants to demonstrate that z(t) can be approximated by z2(t) in limit when ¢ becc

that is,
lim (z2(t) — z(t)) =0 in probability.

t—o0

Another function z1(t) is introduced to help prove the theorem. It is defined by t.

differcntial equation with initial condition z1(0) = z(0)
dzi(t) = (A — (g + )71 (t))dt — o121 (t)dW(t).

Theorem 3.3.5. If conditions of Theorem 3.3.4 are satisfied, then
lim (z2(t) — (t)) = 0 in probability.
t—00

PROCF.

The equation of z(t) is

da(t) = (A — pz(t) — Bz(t)z(t))dt — o1x(t)dWi(t).
We first prove that

liggglf(x(t) —z1(t)) > 0 a.s.

Therefore, consider

d(z(t) —z1(t) = ( — p(z(t) — z1(1)) + ez1(t) — ﬁx(t)z(t))dt —o1(z(t) — z(t))d
(= ( + €)(z(t) — z1(1) + (e = B2(t))z(t)) dt — o1 (2(t) — 71 (t)

and the solution is given by

z(t) — 1(t) = @(t) Jy ¢ (8)(€ = Bz(s))a(s)ds

where

p(t) =exp{ —(p+e+ "é)t — o Wi(t)}.

Using the results of Theorem 3.3.4 where it was shown that z(t) = 0 a.s as t — oo, it
that for nearly every w € £, thereis a T = T(w) such that

2(t) < 5, vt =2T.

Therefore, for every w € Q, if ¢ > T, then

2(t) — 21(t) = o (®)( [T o7 (5) e — Ba(s))a(o)ds + [ o7 (3)(e = Bz(s))a(s)ds).
Hence, z(t) — z1(t) > @(t)k(T), where

K(T) = [ 071 (s)(e — B2(s))a(s)ds

clearly, as t — oo then ¢(t) — 0 and [k(T)| < oo a.s.

Therefore,

htrgg}f lz(t) — z1(t)] 2 0 a.s.

Next, it is proven that litm inf(z2(t) — z(t)) > 0 a.s. For this, one considers
—00

d(z2(t) — z(t) = (w(x(t) — 22(8)) + Ba(t)2(t))dt + o1(z(t) — z2(t)) AW (t).

3

3

dit

s large,

sto astic

(3.16)

conclt

(3.17)
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This implies that

da(t) — a(8)) > (u(a(t) — z2(t)))dt + o1((t) — 22(H)AW (D).

Let ¢ = z2 — x. Hence,

d(t) > —pe(t)dt — o18(t)dW1(t)-

For every w € §, either

w e Q1 = {w: ¢(tg) > 0 for some 1y > 0}

or

w € Qo = {w: d(ty) < 0 for every to > 0}.

For w € Q, let t; = sup{t : t > to and $(t)} > 0. If &1 < oo, then in [0, ]

dg(t) = (—p -+ f(£))$(t)dt — 016 (t)dW1(2) (3.

with a rar m variable f(¢). To find the solution of (3.18), let ¥ = log¢(t) and ¢ Hrmula is
used to obtain
2
8() = dlto) exp { [{(~p -+ f(5) = F)ds — 1Wa(t) } > 0.
Hence,
2
B(t1) = dlto) exp { [ (—n+ 1(s) = F)ds —rWi(0)} > 0.
Thus, ¢(t) > 0 in [t t; + &) for some 61. This is a contradiction. Hence, £, = oo and o) > C or
every t > tp. So one obtains 1itm inf ¢(¢) > 0 a.s.
—c0
A case for w € )y is now considered where ¢(t) < 0 for every ¢t > 0. Then,

de(t) = (—p — F(t)¢(t)dt — o16()dW1 (1), (3.19)

where the random variable f(¢) > 0. Then one finds the solution of (3.19) by lettine = log ¢(
and using 1t6’s formula to obtain
2
(1) = ¢(0) exp { T — f(s) — G )ds — cerl(t)} >0, since z(0) = z(0).
Hence, liminf ¢(¢) > 0 a.s. Therefore,
t—ce
liminf(zo(t) —x(t)) >0 a.s. (3.20)

t—o0

Next one considers d(z;(t) — z2(t)),
d(z1(t) — 22(t) = (—p(z1(t) — 2(1)) — ez1(t))dt — o1 (21 (t) — 22(1))dWLD),
whose solution is
2
a1 (t) — za(t) = —cexp { — (p+ F)t — o Wi(t)} Jyexp{(u-+F)s — a1 Wi(s)}zi(s)
It should be noted x1(s) > 0, since it is a solution of the stochasmc differer 1equa (3.16)

which is linear and can be solved explicitly to give

t o2
z1(t) = A exp{—(p + e+ =)t — 5) — o1 (Wi(t) — Wi(s))}.ds (3.21)
0 2

Therefore,

2

1) = 22(8)] = ¢ | on(s) exp(—(s+ F)E = 9) — o (Wa(t) = Wi(s) s
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since W1(t) — Wi(s) ~ N(0,t — s), one obtains

* 1 _u?
Elexp[|—ca1(Wi(t) — Wi(s = / i L — 27 2(t=9)
[exp[—a1 (W1 (t) — Wi(s))]] . Tors)
_ 1 « 1 )
- \/m —ooexp{ Z(t—s)(u +2(t — s)oyu lu
= ! - e{‘wl‘s) (“2+2<t-5>01u)+<t—s>2ff%—(t—s)2cr?}du
27T(t - S) —00
(t—a)aZ] oo 1
S _ )2
V27 (t — 3) /—oo exp { 2(t — s) (ut (£ = s)o1)” pdu
—¢ U'f_
Hence,
2
Efexp[~o1(Wa(t) - Wi (s)]] = exp { (¢ — )} (3:22)
Therefore,

t o2
Elz1(t) — z2(t)| = eE[/O z1(s) exp{—(p+ —21—)(15 — ) — o1 (Wi (t) — Wi(s))}]ds
t o2
= 6/0 E[z1(s) exp{—(p + —21)(15 —s5) — o (Wi(t) — Wi(s))}]ds
¢ 2
= 6/0 E[z1(s) exp{—(pn+ L (t — s)} Eexpl—or(Wi(t) — (s))]ds

as z1(s) is independent of W1 (t) — Wi(s),
2

— /0 Efay(s)exp{—~(u+ " (t~ )} exp{(5 " )odhds

= E/o E[z1(s) exp{—p(t — s)}]ds
= 6/0 exp{—pu(t — 8)}E(z1(s))ds. (3.23)

Taking the expectation of (3.21) and using (3.22), one obtains

Elzi(s)] = A Jy exp{—(u+e)(t — s)}ds < =
Substituting this result in (3.23), one obtains

by t
Blea(®) —5a(0) <, [ expl-ntt = s))ds
A1 e
-2l
ptep  p
Aee™H
_ Aee (eht — 1)
pp+e)
Hence, one obtains
lli)% tl—lrrgo Elz1(t) — z2(t)| = 0.
This implies that
lim lim |z1(¢) — z2(t)| = 0 in probability (3.24)

e—0t—00
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Combining (3.17),(3.20) and (3.24), one obtains the req ed result. Therefore, the pro s com-
plete.

3.3.3 Mean reverting process

Since the process z(t) was estimated by z2(t), one wants to know more about the process za(t).
This is done by finding parameters like the variance and mean for this process.

The differential for the mean reverting process is

d(l:g(f) = (/\ — uzg(t))dt — 0‘1.’152(t)dW1 (t)

Its explicit solution is given by

02 1 02
ralt) = 22(0) exp { — (-t D)t — WA ()} +A/0 exp{ — (ut )t~ 5) ~n(Ma(H) = WAl s

taking the expectation

Blaa(t)] = 20 Blexp { (ot T B O [ Blowp (~(t )¢ Bl T

Since Wy (t) ~ N(0,t), then

E[e‘”lWl(t)] = /00 e“”lu——l e‘%du
—oo Vant

1 o0 1,2
— / e—ﬂ(u +2t01u)du
V21t J o

1
V2t

1 o0 1 2_,42 2
— / e~ﬁ[(u+t01) —t Ul]du
Vant J-
3

_tf 1 S
=e e du
-

V2t
=e 7. (3.25)

o0
1
/ o~ 3t [P F2oru—toi+tiol] g,
—0Q

Substituting (3.22) and (3.25) in the expression for E[za(t)], one obtains

Elzo(t)] = z2(0)Ele ] -+ /\/OtE[e_“(t_S)]ds
= 25(0)e ™ + %(1 "

therefore taking the limit of F[zs(t)] as t — oo we have
- _ A
Jim Bles(t)] = 2

To obtain the second moment, V(zo(t)) = z3 is considered and the Itd's formula is used to get
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d(z3(t)) = (0} — 2u)x3(t)dt + 2Az2dt — 20173 (t)dWh ().

Hence,

22(t) = 22(0) + [3(0f — 2u)z§(s)ds + 2X JEza(s)ds — 201 [ z3(s)dWi (s).
Taking the expectation, one obtains

E{z3(t)] = Ele3(0)] + J5 (07 — 2 Ela}(s)lds + 2) fy Blwa(s)]ds.

The expectation of the stochastic integral is zero (property (%¢) of theorem 2.3.2

When one differcntiates with respect to 2,

%E[m%(t)] = (0% — 2u) B[z} (t)] + 2AE[z2(t)] is obtained.

Also,
2 ppagle et = o290 L gt + Bl e T
dt dt dat
= e~ (oi-2m)t [(a% —2u) E[z3(t)] + 2/\E[:n2(t)]] — (0? — 20)El23(¢ ,~(of—2p)t
= 2\E[zg (t)]e"("%_z“)t.
Integrating and multiplying by e(e1=21t one obtains
E[z}(t)] = Ez3(0)]eet=2mt 1 2e(0T=201 [ (7121 Blzy(s)]ds
When we substitute for the value of E[z2(s)] in the above expression we get
Ez3(t)] = E[z3(0)]ei -2t 4 2Ae<03—2mt{ Jy im0 (2(0)e ™k + A(1 — 7)) s
Simplifying we have

t t
E[mg(t)] — E[mg(o)]e((f%—mi)t —1—2/\6(0%"2””{,2(0)/0 e(af~2u)se—usd8 +%/ e(af—zu)su —e d 3
0

— E[m2(0)]e(0f—2lt)t +onelet-2mtf By (e (otmmt 1y — . I S
g { ‘Uf—u)( ) ukai—Q)(
given that o # u, 2u
_ E[CC%(O)]G(U%_Zu)t . QA( (2) H )e—ﬂ' + QA(_(_Q)___'U’)G(U%_ZP')“' — __g#__
o1 — K oy — H p(of — 2p)

2
n _?__e(o%—zma
ji(of — 2)

Taking the limit, one needs o? < 2y for tli)m E[z3(t)] < oo, then one obtains
(o]

) 9 2
Jim Elez()] = imion-

The term above is positive since o2 — 2u < 0. Therefore for the mean reverting process the

asymptotic variance is

lim Var(z () = Jim [Blz3)] - (B(@2(t)] = apieny

. 2 . 2 2 2
If 02 = p, then tli)r&E[a:%(t)] = 2% and tl_l)I&Var(mg(t)) = 2% - 2—2 = ;’)7

Finally, if 02 > 24 then lim Var(za(t)) = oo.
t—o0
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(i) z(0) > 0,21(0) = 0,y(0) > 0,2(0) > 0;
If 21 (0) = O then z(t) = 0 for every ¢ > 0 a.s. From (4.23) and if one lets =1 y(t), and

using It6’s formula, one obtains,

2
nogy(®) = (D28 — u+0) + foot 10k~ ) —oraw ()
- () O'%
= [ﬁcall 0 (p+o+ —2—)] dt — o1dW (t)

2 ot
< [ﬁcal —(p+o+ 7)] dt — o1dW ()

2 o
= y(t) < y(0)exp [(ﬁcal —(c+p+ ?))]t — o Wi(t).
Hence, for every t >0, y(t) > 0 a.s. Just like in (i) z(t) 2 0, and z(t) > 0.

(iii) x(t) > 0,2(t) > 0,y(0) = 0,21(0) > 0;
From (4.22), one can write
@ > ) (Beod + pw)a(l).
From this, one gets
2(t) > z(0)e~(Pecd+mlt 4 m<1 —(ﬁca"{+u)t)
Hence, z ) > 0 for positive and small At. Also, if Doy > 0, then y(At) = z21(0 ¢+
o(At) a.s
Similarly, from (4.24), one gets
" > g — Beadz(t) — pa(t)
S 2() > 2(0)e(Beod it 4 EéaL—%Q‘H‘<1 - e—(ﬂca%+u)t),
Hence, z(t) > 0 for At small and positive.

d t .
Z;( ) = fea __(—)_ftl)g — (g + 0 + Dap)zi(t) — o121 (t)W(t) is now considere
Let X = log z(t), then using It6’s formula, one gets

9 () ¢
dlogz(t) = (ﬁcagl w (u+ 0+ Doy) — D )dt — o1dW (t)

t (s o2 ¢
log 21 (t) = /0 <ﬁca§—]—,(z—)) —(pp+ 0+ Da1) — ?l) ds — /0 o1 dW{(t)y+C

:>z1(t):Clexp[/ (Bca (u—l—o—l—Dm)——U—j)ds_/ota.

s0, z1(At) > 0 a.s for a positive small At. When one changes the origin  time to a small

~ o)

positive At and following theorem 4.3.1, one obtains z(t),y(t), z(t), z1(t) > 0 as.

(iv) 2(0) > 0,z(0) > 0,2(0) > 0,y(0) > 0;
If one has to change the starting time to a positive small At, then without loss of gener-
ality, it can be concluded that z(0) > 0,z(0) > 0 and following theorem 4.3.1, one gets
z(t), y(t), 2(t), z1(t) > 0 almost surely.

bole]
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= limsupz(t) <
t—r00 "

Similarly, from (4.24), one obtains dzdg) <\ — pz(t)
and when evaluated we have
2(t) < z(0)e ™M + i}f- (1 — e—"t)

Hence,

= lim sup z(t) < ’\2 a.s.
From (4 28) and (4 24) we get

P26a . z(t)
limsup = lim sup
oo L) t=oo () +yir) + 2(E) + 21(2)
. z(1)
<limsup —————=
= e 2(0) + 2(2)
A
< W N

= hm sup T((?) < “ ~
Ve > 0 Eltl such that,

z(t) A2
< +e Vit
T = Mtde '
For T > 1,
T t
0 "f"((ss))d = 01 zz“((ss le ;J(S?ds

Now using (4.29), one obtains,

1 T of el 1 t1 1 T Xa
—/ lSS-/ dS+—/ ( +e>ds
T Jo 41(S) T Jo T Jt Al T A9
t 1 7/ Aa
=82 —n) - +e)

T T VAL + A2

S () () e

Therefore, one obtains

hmsup fT ;((ss)ds < /\1+/\ + € a.s.

Slnce € is arbitrary,

1 /7 A
liin_)solip /0 ;((SS)) ds < I +2/\2 a.s. is obtained.

In the same way,

hm su =(r) <
pT T — /\1+/\2

The next step is to examine the infected population, that is, (t) and 21(t). For z1(

(4.29)

if 2(0) > 0,

then, one defines a function Y (21) = log(z1), 21 € (0,00). Using It&’s formula, one obtains,

dY (71 (t)) = [5cagi@ (4 0+ Dy — 52‘1?-] dt — o1 dW (t).

T

ou
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D  ition 4.3.6. The trivial solution of equation (4.35) is the p* moment stable expc 1ty if

there are some constants A, C > 0 such that
E|s(t; s0)P < OlsolPe™"  forallt >0

or every sg € R™. It is stable in mean square exponentially whenever p = 2.
Y p

A near disease-free equilibrium population, that is, z(t) = ’—\ul +1,2(t) = )‘72 + ¢, and y(t), t)to

be very small is considered.

Almost sure exponential stability

Considering infected populations, one obtains

~ Bea. " —(u-+o0) Do i ~
dv (t) = RN T (0t — o1V (O dW
v < 0 ﬂcag% —(p+o+ Dzl)) (t)dt = 1V (AW (E)
2 AL _ D
- (Prtlbe) ~v) o 7 (8)dt — 017 ()W
0 ﬂcaé(mﬁg) —(u+0+ Da)

_ ; .
where V(t) = (y(t), 21(8)" and £}~ 325, 75 — -
One now gets the solution.

Let X = log(y(t)) and ¥ = log(z1(t)), and using 0’s formula yields

z 4 o?
Bogly(0) = (Beates ~ (u+ )+ Do 10 o) — ot
= (,Bca% <)\1 )_\1_1 /\2) 4 Doy — (pp+0) — %%)dt — o1dW(t)
0.2
= log(y(t)) = (Beo? ()\1)‘\1‘1)\2) + Dy — (p+0) = El)t ~aW(t)+C

2 a
= y(1) = y(0) exp [(ﬁca?(h n )\2) —(u+0o)+ Doy — %I—)t —oW(t
Simila -,

dlog(z (1)) = (&@% —(pt+ 0+ Da1) — %%)dt — o1 dW (t)

A o2
— 2 2 _ 21 —
= (ﬁca2 by )\2) (p+ 0+ Dar) 5 )dt c1dW (1)

z1( = 21(0) exp [(50045()\1)_\1_2)\2) —(p+0+Du)— %)t —UlW(t)]-

1 -
Therefore, V{({) = exp [(F — 50’%])15 — o IW{({t V(0),

03









C}\ anfnv‘_ﬁl

322

Hence,
t
£(8)] < |€(0)]e# + Beader (0)eH / e (o) hs g
0
t
< 2max (|§(0)|6_“t,ﬁca%zl (O)e""t/ ea22(s)+"sds).
0
If A= ( 0 a12> then following the properties of matrix exponential, one gets
el ed1t 6022)
an iz if aze # a11,
(122
all a12eall
if agy = aiil-

From the above the disease-free equilibrium solution can e written as
~ 1
V(t) = exp KF - §a§1>t — o f(t)] V(0).

Then,

a11(t) alz(t)
(F——a I)t—alIW() < ) azg(ﬂ). 36)

/ ~
Supr : Beca? - E) + Dyy # Bea? (A1A+2/\2>’ then

(ea”(t) a2 (eau(t) _ eazz(t))) f/( ) (Z)eau(t) + qea”(’
0O) =

3

a11—a22
0 ea22(t) 21(0)e®22®) y;

where p and q are constants. Hence,
V7 (1)] < re2maxan(®et)  where r = 5 max(|p|®, lgI?, 21(0)%).

Moreover, from (4.22), one gets,

dzgf) < Ay — p(t)
= z(t) < %(1 — ™M) + z(0)e M
> la(t) - 221 < 12(0) ~ eH.

ROP = (oft) = 22)? +47(0) + (=00) - 2"+ (1)
= V)2 + (=) — %)2 + (2(t) — %)2
< 3max (V)12 Ja(t) - %P, 12(t) — 22

A22
H | )
t
< 3max (7,1emax(Zau(t),Zazg(t),——Z,u.t)’ 7'26—2'utl / eagg(s)—i—usd 1) ,
0

66































































ter 6

almost surely tend asymptotically to zero exponentially. It was later shown th z(¢) ay oach a

mean reverting process S(¢) in probability.
From these results, it can be concluded that a certain type of stochastic perturbation can elp

bring stability to a deterministic system.
















C  ter 6

Waller HT, Geser A and Anderson S (1962): The use of mathematical models in the sti - e
epidemiology of tuberculosis. Am. J. Publ. Health, 52: 1002-1013.

Wiener N, Paley R and Zygmund A, Notes on random functions, Math. Z. 37 (1959) 647 - 6
Willems J.I, 1970 Stability Theory of Dynamical Systems. New York: Wiley.
World Health Organization (2010): Tuberculosis  ct sheet. www.who.org.

World Health Organization (2007): Vaccine preventable diseases: Monitoring system, Global summary.

www.who.org.

World Health O nisation (1993): Global programme AIDS. The HIV/A } Panc 1993
Overview. Geneva: WHO.

Zhien Ma, Jia Li, Dynamical Modcling and Analysis of Epidemics, World Scientific Publishing Co. Pte.
Ltd, 2009.

92



