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Abstract 

This study examined selected nonlinear Stochastic Differential Equations arising in disease model­

ing. The main objective of this study was to include randomness into the dynamics of tuberculosis 

and HIV. Stochasticity to the models was introduced through perturbation of parameters which 

is a standard method in stochastic population modeling. The well-posedness analysis of SDEs in­

cluded the existence of non-negative solutions as required in the dynamics of population modeling. 

A detailed stability analysis of results, analytical properties and asymptotical behavior of solutions 

was also done. The mean reverting process was approximated for one of the variables in the TB 

and HIV models and the mean and variance of the process was found. 
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Notation and conventions 

A:=B 

[a, bl, (a, b) 

N,No,Z 

a Vb, a I\ b 

A~B 

J(·),g(·1, ·2) 

(O,F,P) 

a(Zi, i E J) 

Bn,B(M) 

P, E[X] , Var[X] 
p 

Xn=X 
.c 

Xn=X 

N(µ,a 2 ) 

IY(I,!Rn) 

C(I, !Rn) 

II f lloo 
~(t) 

W(t) or B(t) 

X(t) 

(Ft) 

At 

IAI 
n 

tr(A) = I: a;; 
i=l 

Jxl 

A is defined by B 

closed and open intervals from a to b respectively 

{1, 2, ... }, {0, 1, 2, ... }, { ... , -2, -1, 0, 1, 2, ... } 

maximum and minimum of a and b respectively 

A is contained in B or A = B 

The functions x ➔ J(x), (x1, x2) ➔ g(x1, x2) 

The indicator function of the set A 

Probability space 

The a-algebra generated by the family (Z;)iEI of sets 

The a-algebra of Borel set in !Rn and in M C !Rn respectively 

Probability, expected value and variance of X respectively 

Xn converges P-stochastically to X 

Xn converges in Law to X 

Normal distribution with meanµ and variance a 2 

p-integrable function f: I ➔ IR ( f1 IJJP < oo) 
{f: I ➔ IRnlf is continous} 

SUPx Jj(x)J 

white noise 

Wiener process or Brownian motion at time t 

Solution process to SDE at time t 

Filtration for (W(t), t 2': 0) 

Transpose of the matrix A 
n m 

Norm of the n x m matrix A : JAJ 2 = I: I: a; . = tr(AAt) 
i=l j=l ,J 

trace of the matrix A, where aii denotes the entry on the i-th row and i-th column of A 

n 

The norm of x E Rn : JxJ 2 = I: x; = xxt 
i=l 
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1 

Introduction 

A stochastic model is a tool for estimating probability distributions of potential outcomes by 

allowing for random variation in one or more inputs over time. The random variation is usually 

based on fluctuations observed in historical data for a selected period, using standard time-series 

techniques. Distributions of potential outcomes are derived from a large number of simulations 

(stochastic projections) which reflect the random variation in the input(s). Stochastic differential 

equations (SDEs) were first initiated and developed by Ito (1942). The theory provides a useful 

tool to introduce the notion of inherent randomness into deterministic models and characterise 

their long-term behaviour. Understanding and predicting rare events caused by large fluctuations 

is often crucial in describing dynamics of complex disordered many-body systems. Rare events may 

lead to diverse phenomena such as crystal nucleation and growth, self-assembly of macromolecules, 

protein folding, population extinction and loss of bio-diversity. Such complex systems are, in 

general, intrinsically far from equilibrium and therefore, defy many standard techniques of statistical 

mechanics. An important category of such complex systems includes systems containing a discrete, 

large yet finite population of interacting agents such as molecules, bacteria, cells, animals or even 

humans. Such systems are intrinsically disordered as they experience constant fluctuations due to 

the discreteness of particles and stochastic nature of the interactions between them. The stochastic 

dynamics of such systems can often be accurately described by assuming the Markov property and 

using the corresponding master equation. The latter can be viewed as a comprehensive description, 

effectively accounting for the internal degrees of freedom of the particles through the interaction 

rates. When the population size is sufficiently large, the system will typically dwell in a close 

vicinity of the peak (or one of the peaks) of its probability distribution of population sizes. Most 

of the time, the system weakly fluctuates about this peak, whereas it only rarely undergoes a large 

fluctuation of the order of the typical population size. Nevertheless, it is precisely these extreme rare 

events which may be of great importance in many applications, especially if they have irreversible 

or devastating consequences, such as population extinction, population explosion or population 

switching between metastable states. The notion of stochastic differential should always be clearly 

defined from a mathematical point of view as it is not unique and depends on the understanding 
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Chapter 1 

of a random process and its intrinsic derivatives. The purpose of this study is to include stochastic 

and fractional stochastic calculus into some existing deterministic models in epidemiology in order 

to capture the effects of unpredictable events. 

In chapter 2 some important terminologies used in the study are defined. The first section presents 

the fundamental aspects of measure theory and provides a brief introduction to probability theory. 

The second section discusses stochastic processes, the notion of Brownian motion and Markov 

processes. The third section examines Stochastic Differential Equations and their solvability in 

relation to Ito's theorem. The last section discusses Stochastic differential equation driven by 

fractional Brownian motion and provides an Ito's theorem with respect to fractional Brownian 

motion. 
Chapter 3 focuses on the stochastic model of tuberculosis. The results of S. Bowong, J. Tewa and J. 

Kamgang [9] are extended by making their deterministic model into a stochastic one and showing 

that the new model has non-negative solutions. A detailed analysis on the stability of the model 

is also presented. The mean reverting process that approximates one of the variables is also found 

and for this process, its mean and variance are also found. 

Chapter 4 examines a stochastic model representing the spread of HIV-AIDS in a homosexual 

population. The effects of environmental noise on the spread of the disease are examined. A 

detailed analysis on asymptotic stability is done for both in probability and in pth moment. 

Chapter 5 focuses on a stochastic model driven by fractional Brownian motion to describe the 

dynamics of HIV-1 infection. The stochastic model studied is changed from Dalal et al [20] to a 

stochastic model driven by fractional Brownian motion. The new model is shown to have non­

negative results. The stability of the model is also discussed. 

Chapter 6 provides a summary of results of the investigations. 

I NWu-·•~, 
LIBRARY_ 
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Preliminary and auxiliary results 

2.1. Fundamentals of probability theory 

A brief introduction of measure theory is given as far as it is needed in modern probability. The 

measure theoretic foundations of probability theory is explained. There is a lot of literature that 

can be read for further information on the introduction to measure theory, for example [ll], [12], 

[14],[24] or [39]. 

Definition 2.1.1. Let 0, be a non-empty set. A collection F of subsets of 0, is called a sigma-algebra 

( O"-algebra) if it satisfies the following properties: 

(i) ¢,0, E F, 

(ii) if X E F, then xc E F, where xc := 0, - X, is the compliment of X in n, 
00 00 

(iii} if X1, X2, ... E F, then LJ Xk, n Xk E F. 
k=l k=l 

Definition 2.1.2. The pair (n, F) of a set 0, and a O"-algebra F is the measurable space and the 

elements of F are measurable sets. The function P : F ---+ [0, 1] is a probability measure on (0, F) 

provided that: 

(a) P(¢) = o, P(n) = 1, 
00 00 

(b) if X1,X2,X3, ... E F , then P( LJ Xk) :SI: P(Xk), 
k=l . k=l 

00 00 

(c) for any disjoint sets X1, X2, ... E F , P( LJ Xk) = I: P(Xk)-
k= l k=l 

Hence, for any X, Y E F and X ~ Y, then P(X) :S P(Y). 

The subsets A of O that belong to Fare known as events and P(A) is interpreted as the probability 

that an event A will occur. A property which is true except for an event of probability zero is said 

to hold almost surely (abbreviated "a.s."). 
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Chapter 2 

Definition 2.1.3. A probability space is the triple (n, F , P) such that n is any set, Fis a (]"-algebra 

and P is a probability measure. 

Definition 2.1.4. A probability space (r2, F, P) is said to be a complete probability space if for all 

B E F with P(B) = 0 and all A c B one has A E F. 

Often, the study of probability spaces is restricted to complete probability spaces. 

Definition 2.1.5. Let (n, F, P) be a probability space. A set A is a null set if there exist B E F , 

such that B ::> A with P(B) = 0. 

In other words a set is null if it is contained in a measurable set which has probability 0. 

Definition 2.1.6. Let the class of subsets ojr2 be denoted by H. Then the (]"-algebra (j(H) generated 

by H, is the smallest O" -algebra F on n such that H ~ F. It is obtained by finding the intersection 

of all the (]"-algebras on n that have H as a subclass. 

a(H) = n{FilFi is a-algebra ofr2,H ~ Fi,i = 1,2, ... }. 

Definition 2.1.7. The Borel (]"-alg ebra Bis the smallest a-algebra that contains all open (or closed) 

subsets of ]Rn. 

Definition 2.1.8. Consider a probability space (D, F, P). Then, an n-dimensional random variable 

is a junction Y: n ➔ ]Rn such that fo r every A E B, y-1 (A) E F. 

Equivalently, it is concluded that Y is F-measurable. 

Remark 2.1.9. In probability, it is important to understand that F(X) ((]"-algebra generated by 

X) is interpreted as "containing all relevant information" about the random variable X . 

Lemma 2.1.10. /36} 
Let Y : n ➔ ]Rn be a random variable. Then, the (]"-algebra 

is the (]"-algebra generated by Y. It is the smallest sub-(J"-algebra of F with respect to which Y is 

measurable. 

Definition 2.1.11. Let (n, F, P) be a probability space and X a random variable, then the expec­

tation ( or mean value) of X is given by 

E(X) := lo X dP 

and the Variance of X is given by 

Var(X) := k IX - E(X)l2 dP 

where \ · \ is just the Euclidean norm. 

It is observed that 
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Chapter 2 

One can explicitly compute the mean and variance using 

Var(X) = { Ix - E(X)l2 f(x) dx and E(X) := { xf(x) dx 
}Rn }Rn 

Therefore, E(X) and Var(X) can be computed using ordinary Riemann integrals over ]Rn. This 

is important because one cannot observe the probability space (0, F, P), but one can only "see" 

what values X takes in JRn. As a matter of fact, in probability theory, all the quantities of interest 

are computed in terms of the density function f in ]Rn. 

Definition 2.1.12. Let (n, F, P) be a probability space and X : n ➔ ]Rn a random variable, then 

(i) the function Fx : ]Rn ➔ [O, 1] is the distribution junction of X such that 

Fx(x) := P(X :S x) for every x E JRn, 

(ii) the joint distribution function for the random variables X 1, X2, ... , Xm n ➔ ]Rn is the 

function Fx1 ,x2 , ... ,Xm : (JRnr ➔ [0, 1] defined by 

for every Xi E ]Rn, i = 1, 2, ... , m. 

It should be noted that x = (x1, x2, ... , Xn), y = (y1, Y2, ... , Yn) E lRn, x < y means Xi < Yi for 

i = 1, 2, ... ,n. 

Definition 2 . 1. 13. Let F = F(y) be the distribution function for the random variable Y : n ➔ ]Rn. 

If there exist an integrable non-negative function f : ]Rn ➔ JR such that 

F(y) = F(y1, Y2, . . . Yn) = 1-: · · · 1-y: f(x1, ... , xn) dxn ... dx1, 

then f is the probability density function of Y. 

Therefore, for every A E !3, it is concluded that 

P(Y E A) = if (y) dy 

which is an important expression since the integral on the right hand side can be calculated explic­

itly. 

Definition 2.1.14. (i) Events X, YE F are said to be independent if 

P(X n Y) = P(X)P(Y). 

(ii) Let Fi <;;:: F for i = 1, 2, ... be IJ-algebras, then {Fi}bc1 are independent if for any choice of 

i = 1, 2, ... , k and events Xi E Fi, one obtains 

5 
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Chapter 2 

(iii) If one considers the random variables Xi : n ➔ IRn (i = 1, 2, ... ), then X1, X2, ... are 

independent random variables if for every choice of Borel sets A1, A2, .. . , Ak ~ :!Rn, k ~ 2 

one obtains 

This is the same as saying that the er-algebras {F(Xi)}i=1 generated by the random v,ariables 

Xi are independent. 

The concept of independence and its ramifications are the hallmarks of probability theory. 

Theorem 2.1.15. /39/ 
The random variables Y1, Y2, ... , Yn :➔ IRn are independent if and only if 

Equivalently, using the probability density functions of the random variables one obtains 

where the functions f are the appropriate density functions. 

Theorem 2.1.16. /39/ 
Let X 1 , X 2 , ... , Xn be independent random variables such that 

E(JXil) < oo (i = 1, 2, ... , n), 

Theorem 2.1.17. /39/ 
Let X 1,X2, ... ,Xn be independent random variables such that 

Var(Xi) < oo, i = 1, 2, ... , n, 

then 

Definition 2.1.18. Let (0, F , P) be the probability space with events B1, B2, ... , Bn, .. .. Then the 

event 
00 00 n u Bn = { w E n I w belong to infinitely many of the Bm} 

m=ln=m 

is called "Bm infinitely often", abbreviated "Bm i.o." 

Lemma 2.1.19. (Borel-Cantelli Lemma) /11/ 
00 

P(Bn i.o.) = 0 whenever I; P(Bn) < oo. 
n=l 
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Chapter 2 

D efinition 2.1.20. (i) Let X, Y E F be any two events in the probability space (D, F, P) such 

that P(Y) > 0, then the probability of X, given Y denoted as P(XIY) is defined as 

P(X nY) 
P(X[Y) := P(Y) . 

(ii) Let the joint probability density function of two random variables X and Y be f(x, y), then 

the conditional probability density function of X, given Y = y, defined for all values of y, such 

that jy(y) > 0, is given by 

f(x,y) 
fxw(x[y) = jy(y) , jy(y) = l f (x, y) dx. 

D efinit ion 2 .1.21. Consider two random variables X and Y. The conditional expectation of X, 

given that Y = y, defined for all values of y, such that jy (y) > 0, is given by 

E(XIY = y) = 1: xfxw(x[y) dx. 

2.2. Stochastic processes 

D efin it ion 2 .2 .1. (i) A stochastic process is a parametrised collection of random variables {X(t)it 2:: 
0} that assume values in Rn and are defined on the probability space (D, F , P). 

(ii} Every point w En has a corresponding sample path t---+ X(t, w). 

R emark 2.2.2. (a) One thinks oft as "time" and each w as an individual ''particle" or "ex­

periment". X ( t , w) represents the position ( or result) at time t of the particle ( experiment) 

w . 

(b) The idea here is that when one observes the random values X ( ·) as one runs an experiment 

at different times, one is actually observing {X(t,w)[t 2:: 0}, which is the sample path for a 

fixed w En. In general, a different sample path is observed if one reruns the experiment. 

D efinit ion 2.2.3. Let X : n ---+ R be a random variable. Then X is said to be normally distributed 

with meanµ and variance a-2 ( or X is an N(µ, a-2 ) random variable) if it has the following probability 

density function: 
1 (x-~)

2 

f(x) = ~e- 2cr , 

V 27ra-2 
(x ER). 

D efinition 2 .2.4. A Wiener process (or Brownian motion) is a real-valued stochastic process W(·) 

that satisfies the following properties: 

(i) W(O) = 0 a.s., 

(ii} W(t) is an independent increment process, i.e. for t1 < t2 < t3 < t4, then W(t2) -

W(t1), W(t3) - W(t2) and W(t4) - W(t3) are independent stochastic variables, 
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Chapter 2 

(iii) W(t) - W(s) has a normal distribution with mean O and variance t - s, i.e. W(t) - W(s) ~ 
N(0, t - s) fort> s. 

Lemma 2 .2.5. /46} 
Let W(·) be a one-dimensional Wiener process. Then 

E[W(s)W(t)] = s Id= min{t, s} for every s 2'. 0, t 2'. 0. 

Definition 2.2.6 . Let W(·) be an n-dimensional Wiener process defined on the probability space 

(D, F, P), then 

(i) the history of the Wiener process up to (and including) time t is the a-algebra W(t) 

F(W(s)I O:::; s :S: t). 

(ii) Thefuture of the Wiener process after times is thea-algebraF+(s) := F(W(t)-W(s)I t 2'. s). 

Definition 2.2.7. Consider a real valued stochastic process X(·), such that E(IX(t)I) < oo for 

every t 2'. 0. 

(i) X(·) is a martingale if for every t 2'. s 2'. 0, X(s) = E(X(t)IF(s)) a.s. 

(ii) X(·) is a submartingale if for every t 2'. s 2'. 0,X(s) :S: E(X(t)IF(s)) a.s. 

(iii) X(·) is a supermartingale if for every t 2'. s 2'. 0,X(s) 2'. E(X(t)IF(s)) a.s. 

Definition 2 .2.8. Let F(·) ~ F be a family of a-algebras, it is said that F(·) is non-anticipating 

( with respect to the Wiener process W(-)) if the following holds: 

(a) F(s) ~ F(t) for every O :S: s :S: t, 

(b) F(t) ~ W(t) for every t 2'. 0, 

(c) F(t) is independent of F+ for every t 2'. 0. Mostly, F(-) is called a filtration. 

Remark 2.2 .9. All the available information at time t is contained in F(t) i.e. 

F(t) = F(W(s) (0 :S: s :S: t), Xo), 

where the random variable Xo is independent of F+(t). 

Definition 2.2.10. A real-valued stochastic process X(·) is said to be non-anticipating ( with respect 

to F(·)) if for each time t 2'. 0,X(t) is F(t)-measurable. 

i.e. the stochastic process X(t) depends only on the information available in the a-algebra F(t) for 

every t 2'. 0. 
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Chapter 2 

Definition 2.2.11. Suppose that (X, A) and (Y, B) are measurable spaces. The product a--algebra 

A 0 B is the a--algebra on X x Y generated by the collection of all measurable rectangles, 

A 0 B = a-( { A x B : A E A, B E B}). 

Definition 2.2.12. The stochastic process X(t) is said to be measurable if for every B E B(Rn), 

the set {(t, w); X(t, w) EB} belongs to the product a--algebra B([0, oo)) 0 F. In other words, if the 

mapping 

(t,w)--+ X(t,w): ([0,oo) x D,B([0,oo)) @F)--+ (Rn,B(Rn)) 

is measurable. 

Definition 2.2.13. The stochastic process X(t) is said to be adapted to the filtration F(t) if for 

every t ~ 0, the random variable X(t) F(t)-measurable. 

Definition 2.2.14. The stochastic process X(t) is progressively measurable with respect to the 

filtration F(t) if, for every t ~ 0 and BE B(Rn), the set {(s,w);0 :S s :S t,w E D,X(s,w) EB} 

belongs to the product a--algebra B([0, t)) 0 F. In other words, if the mapping 

is measurable for every t ~ 0. 

Definition 2.2.15. Let (D,F) be a measurable space with filtration F(t). Then a random time T 

of the filtration is a stopping time if the event {T :St} belongs to the a--algebra F(t), for each t ~ 0. 

A random time T is an optional time of the filtration if {T < t} E F(t) , for each t ~ 0. 

Definition 2.2.16. A stochastic process X(t) defined on the probability space (D, F, P) is a Markov 

process if 

P(X(t + s) E A[F(t)) = P(X(t + s) E A[X(t)) 

for all Borel sets A EB ands> 0. 

Remark 2.2.17. The definition reveals that the probabilities of the future values of X(t) given the 

current value X ( s), can be predicted just as if one knew the entire history of the process before time 

s. That is, the process only "knows" its value at the present times and does not "remember" how 

it got there. 

Theorem 2.2.18. {14] 
Ann-dimensional real valued Wiener process W(·) defined on the probability space (D,F,P) is a 

Markov process. That is, 

P(W(t) E A[W(s)) = 1 
12 J exp_ [x; W(s;l

2 

dx a.s. 
(27r(t-s))2 A t-s 

for all O :S s < t, and the Borel sets A. 
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Chapter 2 

2.3. Stochastic differential equations 

There are interesting processes in robotics, optimal control and economics which could be described 

as a differential equation with non-deterministic dynamics. Suppose one describes the original 

processes by the following ordinary differential equation: 

(ODE) { dX(t) = µ(X(t))dt (t > 0) 

X(0) = Xo, Xo E Rn 

whereµ: Rn-+ Rn is a smooth vector field and the solution is the trajectory X(·) : [0, oo) -+ Rn. 

X(t) is the state of the system at t ~ 0. 

However, in various applications trajectories of systems that are experimentally measured are mod­

eled by (ODE), and in fact , they do not behave as predicted. 

Therefore, it would be reasonable if the (ODE) is modified, somehow, so that the possibility of 

random effects disturbing the system is included. This is done by writing the differential equation 

as follows: 

(1) 
{

X(t) = µ(X(t)) + o-(X(t))((t) 

X(0) = xo, xo E Rn 

(t > 0) 

where µ(X(t)) is a drift coefficient and a(X(t)) is a diffusion coefficient of the process. CJ : Rn-+ 

Mn xm (= space of n x m matrices) and ((·) := m-dimensional white noise. 

White noise is the derivative of the Wiener process with respect to time. That is, W(•) = ((·). 
Rewriting (1) one obtains: 

d~?) = µ(X(t)) + CJ(X(t)) d:?). 

Multiplying through by dt we have: 

(SDE) { dX(t) = µ(X(t))dt + CJ(X(t))dW(t) 

X(0) = xo 

The expression obtained is a stochastic differential equation. The integrated version of (SDE) is 

(2) X(t) = xo + lat µ(X(s)) ds + lat a(X(s)) dW, for every t ~ 0. 

A definition of the following stochastic integral is provided before solving the stochastic integral 

equation above 

latGdW 

for some wide class of stochastic processes G, so that the RHS of (2) at least makes sense. 

Definition 2.3.1. (i) A partition P of an interval [O, t] is a finite collection of points P := {O = 
to < ti < · · · < tm = t} in [0, t] 



Chapter 2 

(ii) Let P be a partition' of [O, t] and fix a constant O :::; ,\ :::; 1 so that 

For a constant O :::; ,\ :::; 1 and partition P, 

m-1 

R = R(P, ,\) := L W(Tk)(W(tk+1) - W(tk)) is defined. 
k=O 

This is an approximation of the Riemann sum for J{ W dW 

Lemma 2.3.2. /59} 

For a partition pn of [O, t] and a fixed O :::; ,\ :::; 1, one defines 

ffin-1 

Rn:= L W(Tr)(W(tk+l) - W(tk)). 
k=O 

Taking the limit in £ 2 (S1), lim Rn= W~t)
2 + (,\ - ½)t is obtained, hence 

n➔oo 

W(t) 2 1 2 E((Rn - -- - (,\ - - )t) ) ---+ 0 2 2 . 

In particular, the limit of the Riemann sum approximations depends on the choice of intermediate 

points tk :::; Tr :::; tk+l, where Tr = (1 - ,\)tk + ,\tk+l. 

Choosing ,\ = 0 corresponds to the Ito's definition of J{ W dW. i.e. 

(Ito's integral). 

Another definition is due to Stratonvich, when one considers,\=½; so that 

(T W dW = W2(T) 
Jo 2 

(Stratonvich integral). 

Theorem 2 .3.3 . (Properties of Ito's integra0 /59} 

Consider stochastic processes F, GE £ 2 (0, t) and some constants a, b E JR., then one obtains 

(i) f~ aF + bG dW = a f~ FdW +bf~ G dW, 

(ii} E( f~ F dW) = 0, . 

(iii) E ( ( J~ F dW) 
2

) = E ( f~ F 2 
ds), 

(iv) E ( J~ F dW) ( J~ G dW) = E ( J~ FG d,s), 

11 
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(v) E ( f~ G dW) ( f~ G dW )' = E f~ GG' ds. 

Theorem 2.3.4. (Ito's formula) {53/ 

Let dX = Fdt + GdW be a stochastic differential for X(·), such that GE £ 2 (0, T), FE £ 1(0, T). 

For a continuous function u : IR x [O, T] ➔ IR, it is assumed that there exist continuous partial 

d · t· 8u 8u d 82 u L t eriva ives at, ax an a? . e 

Y(t) := u(X(t), t), 

then the differential of Y is given by 

ou ou l o2u 2 
dY = ot dt + ox dX + 2 ox2 G dt 

(
ou ou l o2u 2) ou 

= ot + ox F + 2 ox2 G dt + ox GdW. 

Lemma 2.3.5. /2] 

(i) d(W2(t)) = dt + 2W(t)dW(t) 

(ii) d(tW(t)) = tdW(t) + W(t)dt 

Theorem 2.3 .6 . (Ito's Product rule) {47] 

Consider the two differentials for X and Y 

{

dX = G1dt + H1dW 

dY = G2dt + H2dW 

For Gi E £ 1(0,T),Hi E £ 2(0,T), (i = 1,2). Then 

Note: H1H2dt is Ito correction term. Therefore, Ito's integration-by-parts is given by 

Notation 

(i) Let Xo be an n-dimensional random variable that is independent of an m-dimensional Wiener 

process W ( ·) . Hereafter, for t ~ 0, we shall take 

F(t) := F(Xo, W(s) (0 :S s :St)) 

the o--algebra generated by Xo and the history of the Wiener process up to (and including) 

time t. 

12 



(ii) The components of the following functions (not random variables) 

µ : JRn X [O, t] -+ ]Rn 

can be displayed as follows: 

( 

0"11 

µ=(µ1,µ2,--•,µn), a= : 

O"nl 

Definition 2.3. 7. Consider the following Ito stochastic differential equation 

(SDE) {dX(t) = µ(X(t))dt + a(X(t)) dW(t) 

X(O) = xo 

then for O < t < T, X(·) is the solution of the SDE, provided that: 

(i} X ( •) is progressively measurable with respect to F( ·), 

(ii} µ(X(t)) E £;.(O,T), 

(iii} a(X(t)) E L;,xm(O, T), 

Chapter 2 

(iv} X(t) = xo + J; µ(X(s), s) ds + J; a(X(s), s) dW, almost surely for every O ~ t ~ T. 

Definition 2.3.8. A function f : § -+ 11' is called Lipschitz continuous on A C § if there exist some 

constant L > 0 such that 

'vx, y EA: lf(x) - f(y)I ~ Llx - YI 

and it is called locally Lipschitz continuous if for each z E § there exists a neighbourhood U of z 

such that f is Lipschitz continuous on U. 

Lemma 2 .3.9. ( Gronwall inequalities) [27} 
Consider two non-negative, continuous functions ¢(t) and f (t) defined for every t E [O, T] and let 

C be a constant. If 

¢(t) ~ C + lat f(s)cp(s) ds, for every O ~ t ~ T, 

then 
¢(t) ~ Cefi f(s)ds, for every O ~ t ~ T . 

Gronwall inequalities are useful in proving the existence and uniqueness theorem for stochastic 

differential equations. 

13 
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Theorem 2.3.10. (Existence and Uniqueness theorem) /59/ 

Let µ : ]Rn x [O, T] ➔ ]Rn and CJ : ]Rn x [O, T] ➔ Mnxm be continuous functions satisfying the 

conditions below: 

(a) lµ(x, t) - µ(y, t)I S Klx - YI, lu(x, t) - u(y, t)I S Klx - YI for all OS t ST, x, y E lRn, 

{b) lµ(x, t)I S K(l + lxl), lu(x, t)I S K(l + lxl) for every Ost s T, x E JRn and a constant K, 

(c) Let Xo be an n-dimensional real-valued random variable that is independent of F+(t) and 

E(IXol2) < oo, 

then for Ost s T, there is a unique solution X E £;JO, T) of the stochastic differential equation: 

{

dX = µ(X, t)dt + u(X, t)dW 

X(O) = Xo. 

2.4. Fractional brownian motion 

A stochastic process X(t) defined on a probability space (f'l,F,P) is said to be a Gaussian pro­

cess if for all t 1 , t2, ... , tn E lR2:o, the random vector (X(ti), X(t2), ... , X(tn)) follows a Gaussian 

distribution. The distribution of a Gaussian process (X(t))t2:o is uniquely determined by its mean 

function given by 

m(t) = E(X(t)), 

and its covariance function given by 

R(s, t) = E((X(t) - m(t))(X(s) - m(s))). 

Definition 2.4.1. A fractional Brownian motion (FEM) with Hurst parameter H E (0, 1) is a 

continuous Gaussian process BH(t), t 2': 0 that has a mean function O and a covariance function 

given by 

It is observed that for H =½,the covariance function becomes R(s, t) = min(s, t). 

Consequently, a fractional Brownian motion with Hurst parameter H = ½ is a Wiener process. 

Let BH(t), t 2': 0 be a fractional Brownian motion with Hurst parameter H, then one obtains 

E(BH(s) - BH(t)) = 0, 

and 

E((BH(s) - BH(t))2
) = E(B};-(s)) - 2E(BH(t)BH(s)) + E(B};-(t)) = It - sl 2

H. 

A characteristic that mostly distinguish fractional brownian motion from brownian motion is the 

fact that fractional brownian motion is not a semimartingale for 1/2 < H < 1 (Lin [45]). There 

14 



Chapter 2 

is therefore a need to carefully define the stochastic integral from first principles with respect 

to fractional Brownian motion. See for example, Heyde and Dai [17], Lin [45] and Norris and 

Gripenberg [30] for their contributions in relation to this study. It is essential that a corresponding 

Ito's formula be derived for stochastic differential equations driven by fractional brownian motion. 

2.4.1 Stochastic differential equations driven by fractional brownian motion 

In order to understand the theory of stochastic differential equations with respect to fractional 

brownian motion, it is necessary to explain Riemann-Stieltjes Integral since it is an important 

notion to understanding stochastic integration. Let us first recall the basic Riemann Integral. 

Definition 2.4.2. Let f IR ➔ IR be a continuous function, then the Riemann integral over 

[a, b] c IR is defined by 

rt f(t)dt = lim f f(Tj)(tj - tj-1), 
Jo llt,,,mll➔O j=l 

where lim = { to, t1, t2, ... , tm} is a partition of [a, b] such that a= to < t1 < · · · < tn-1 < tm = b, 

11 lim II= m_ax (tj - tj-1) and Tj E [tj-1, tj] is an evaluation point. 
1:SJ:Sm 

Definition 2.4.3. Let f : [a, b] ➔ IR be continuous, then the p-variation of a function f is given as 

n z= uwn - f(tr_1)?, 
k=l 

where a= t0 < f'{ < · · · < t~ = b is a partition of the interval which tends to O as n-+ oo. 

Definition 2.4.4. A continuous function f : [a, b] -+ IR is said to be a function of bounded variation 

if 
n 

sup L lf(ti) - f(ti-1)1 < oo, 
1rEP i=l 

Vt> 0, 

where P = { 1r = {to, t1, ... , tn}l1r is a partition of [a, bl}. 

Definition 2.4.5. Let f : [a, b] ➔ IR be a function of bounded variation and g : [a, b] -+ IR be a 

continuous function. Then Riemann-Stieltjes integral is defined as follows: 

l
b m 

g(t)df(t) = lim Lg(Tj)(f(tj) - J(tj-1)), 
a IIL:,,,mll➔O j=l 

where lim = { to, t1, ... , tm} is a partition of [a, b] such that a= to < t 1 < • • • < tm = b, 

11 lim II = m_ax (tj - tj-1) and and Tj is an evaluation point in the interval [tj-l, tj]. 
1:SJ:Sm 

It should be noted that if J(t) = t, then the Riemann-Stieltjes integral is just the Riemann integral. 

15 



Proposition 2.4 .6 . Let g be a continuous function and f E C1, then 

lb g(t)df(t) = lb g(t)f'(t)dt 

and if f and g are of bounded variation, then 

lb g(t)df(t) = g(b)f(b) - g(a)f(a) - lb f(t)dg(t) . 

Chapter 2 

Many researchers have suggested various methods of defining a stochastic integral with respect to 

fractional brownian motion (Heyde and Dai [17], Lin [45] and Norris and Gripenberg [30]. In this 

study the definition given by Heyde and Dai is considered. (f2, :F, P) is taken to be a complete 

probability space associated with the usual normalised fractional brownian motion BH(t) on an 

interval [O, Tl, for 1/2 < H < l. 

Definition 2 .4 .7. Consider two stochastic processes µ(t,w) and O"(t,w): [O,T] x n ➔ IR. Then a 

stochastic process X(t) fort E [O, T] is said to have a stochastic differential equation with respect 

to fractional Brownian motion BH(t) 

dX(t) = µ(t)dt + O"(t)dBH(t), 

if for every (t, w) E [O, T] x n, then the equation below holds 

X(t,w) = Xo(w) + lot µ(s,w)ds + lot O"(s,w)dBH(s) 

for a random variable Xo. The stochastic integral J~ µ(s,w)ds for every w En is a usual Riemann­

Stieltjes integral while J~ O"(s, w)dBH(s) is defined as that given by Heyde and Dai [17}. 

2.4.2 Ito's formula with respect to fract ional brownian motion 

Consider stochastic differential equations driven by Brownian motion 

dX(t) = µ(t, X(t))dt + O"(t, X(t))dB(t), 

Ito's formula is a powerful tool used when dealing with this kind of calculus. When it comes to 

stochastic differential equations driven by fractional Brownian motion 

dX(t) = b(t, X(t))dt + B(t, X(t))dBH(t), 

a version of Ito's formula is needed that can play a similar role when dealing with this kind of 

equation. The following theorem gives the Ito's formula with respect to the fractional brownian 

motion. 

16 
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Theorem 2.4.8. (Ito's formula with respect to fractional Brownian motion) {18} 

Let a complete probability space (D, F, P) be given and BH(t) be a fractional brownian motion with 

1/2 < H < 1, t E [O, T] and BH(0) = 0 a.e. (therefore, E[BH(t)] = 0 for every t E [O, Tl). Let 

µ(t,w),CJ(t,w) and X(T,w) be stochastic processes such that for any [t0 ,t1] ~ [O,T], 

1. µ(t,w) is Riemann-Stieltjes integrable on [t0 , ti] for every w ED; 

2. Ji1 CJ(t)dBH(t) exists as described in Heyde and Dai {17}; 

3. One of the following holds 

4-

for every 0::; s::; r::; t2::; t3::; t4::; T, {µ(t): 0::; t::; T} and {BH(t) : 0::; t::; T} are such 

that 
E{((CJ(t3) - CJ(s))(CJ(r) - CJ(s))(BH(t4 - BH(t3)))(BH(t3) - BH(t2)))} 

= E{(a(t3) - CJ(s))(CJ(r) - CJ(s))}E{(BH(t4) - BH(t3))(BH(t3) - BH(t2))}, 

or, 
the second derivative d2a(t)/dt2 exists, and for every 0 ::; s ::; t1 < t2, t3 ::; t4 ::; T, { CJ

1
(t) = 

dCJ(t)/dt : s < t ::; max{r, t3}} and (BH(r), BH(t2), BH(t3), BH(t4)) are such that for any 

random variables~ and TJ such that~ and TJ are measurable with respect to the sigma-algebra 

a{ a' (t) : s ::; t ::; max{ r, t3}} and EJ~J4 < oo, EJTJJ4 < oo, then one obtains the following 

E{((CJ'(s)r - s) + ~)(CJ'(s)(t3 - s) + TJ)(BH(t2) - BH(r))(BH(t4) - BH(t3))} 

= E{(CJ'(s)(r - s) + ~)(a'(s)(t3 - s) + T))}E{(BH(t2) - BH(r))(BH(t4) - BH(t3))}, 

and 
dB d2B 

sup EJ-d (t,w)J4 < oo, sup EJ-d 2 (t,w)J
4 < oo; 

0$t$T t 0$t$T t 

X(t) - X(to) = t µ(T,w)dT + t a(T,w)dBH(T), 
lta lta 

where for every w E D, the first integral is just the usual Riemann-Stieltjes integral, while the 

second one is an Ito integral defined in Dai and Heyde {17). Consider a two variable function 

U ( t, x) : [ 0, T] x R -+ R that has uniformly continuous partial derivatives au/ at, au/ ox and 

82 U / 8x2. Assuming further that 

sup EJU(t,X(t))J2 < oo, 
0$t$T 

sup Ela~u (t,X(t))l2 < oo, 
0$t$T ut 

au 
sup El-a (t,X(t))l2 < oo, 

0$t$T X 

a2u 
sup EJ~(t, X(t) + OL2 (1)) 1

2 < oo, 
0$t$T uX 

sup EJµ(t)J 2 < oo, 
0$t$T 

17 
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sup Ela(t)1 2 < oo, 
O:,;t:,;T 

EIB(t) - B(s)I < Cit - sif3, /3 2: 0, 

Chapter 2 

(2.6) 

where 0£2 (1) means a term such that EIOL2 (l)l2 < oo. Let Y(t) = U(t,X(t)). If for any 

0 S:. t S:. T, t au lo a(T,w) ax (T,X(T))dBH(T) 

exists in the sense described in Dai and Heyde /17/, then the result that follows holds 

or equivalently, 

(2.7) 

Remarks on Theorem 2.4.8. 

(i) Contrary to the usual Ito formula (i.e. with respect to Brownian motion), there is no term 

1 2 a2u 
2a (T,w) ax2 (t,X(t)) 

in (2.7), since E(BH(t + 8) - BH(t))2 = 181 2H, where 2H > 1. 

(ii) The requirements on µ(t),a(t),X(t) and U(t,X(t)) such as Conditions 1,2 and 4 in the 

theorem above, and the moment conditions (2.1) - (2.6) are standard. 

(iii) The two conditions in 3 are critical for Ito's formula to be true in the case of fractional 

Brownian motion. Many stochastic processes can be chosen as a(t). For example, 

where A1 and A2 are two random variables with E[Ar] < oo and A1 is independent of 

{BH(T)}. 

Lemma 2.4.9. Assuming that stochastic processes µ(T) and a(T) satisfy the conditions of Theorem 

2.4.3, then for every t, s E [O, T] such that it - sl ➔ 0, one obtains 

J: µ(T)dT + J: a(T)dBH(T) = µ(s)(t - s) + u(s)(BH(t) - BH(s)) + OL2 (it - si), 

where OL2 (it - sl) means a term such that 

Proofs to both Theorem 2.4.3 and Lemma 2.4.4 are given in [18]. 
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Definition 2.4.10. Let g(t) : IR-+ IR be a bounded Borel function . Defining 

1
BH(t) 

g(s)ds = lim Lg(tf_1)(BH(t?) - BH(t:?:-1)) 
0 J{3n J-tO i 

where 13n : to = 0 < tf < t2 < ... < t~ = t is a sequence of partitions on [O, t] is given as in Dai 

and Heyde [ 17). 

Theorem 2.4.11. [45/ 
Let f(s, x) and g(s) be Borel functions such that 

{i) g : [O, oo) -+ IR is bounded, 

{ii) [f(s,x)[ ~ K(l + [x[), 

{iii) [f(s, x) - f(s, y)[ ~ K[x - y[ 

for a positive constant K. Then, the stochastic differential equation 

{

dX(t) = f(t, X(t))dt + g(t)dBH(t) 

Xo = B(w) 

has a unique solution with continuous paths, where B(w) E £ 2 (S1). 

Theorem 2.4.12. {18/ 

The stochastic differential equation 

has a unique solution given by 

{

dS(t) = aS(t)dt + bS(t)dBH(t) 

S(to) = B(w) 

St= Bexp{a(t - to)+ b(BH(t) - BH(to))}, 

where a and b are constants and B(w) is a positive random variable such that E[B(w)[2 < oo. 

The following proposition gives some properties of the fractional Ito integral. 

Proposition 2.4.13. [4/ 

{i) For all a< b E IR, one obtains BH(b) - BH(a) = f! dBH(t). 
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(ii) Let X : M-+ (.C2) be a fractional Ito integrable. Then, 

where lM denotes the indicator function of M and (.C2
) := .C2 (D., Q, P) such that Q is the 

a-algebra generated by {I(f); f E .C2 (IR)}. 

(iii) Let X : M -+ (.C2) be a fractional Ito integrable. Then, 
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Mathematical analysis of a stochastic 

tuberculosis model 

3.1. Introduction 

Tuberculosis (TB) in humans, is an airborne infective bacterial sickness caused by Mycobacterium 

tuberculosis (also known as M. tuberculosis or MTB for short). It usually affects the lungs. M. 

tuberculosis, together with other several similar mycobacterial types (M. canetti, M. pinnipedii, M. 

caprae, M. africanum, M. microti, M. mungi and M. bovis) , make up what is referred to as My­

cobacterium TB complex (WHO report [28]). It has been discovered that not all of these species 

cause TB in humans, but most of them do. In main regions, most cases of the tuberclosis are known 

to be caused by the M. tuberculosis. Tubercle bacilli is one of the mycobacterium organisms that 

causes TB in humans. The MTB (Mycobacterium tuberculosis) are carried by air particles, known 

as droplet nuclei, which have a diameter of about 1 to 5 microns. The infective droplet nuclei are 

produced when a person with laryngeal or pulmonary TB coughs, sneezes, shouts, laughs, spits, 

sings or talks. Depending on conditions of the environment, the tubercle bacilli drops are carried 

by such droplets and can be suspended for many hours in the air. MTB is remitted through air, 

not through contact. The spread of bacteria occurs when an individual inhales the droplet nuclei 

which harboured MTB, and the droplet nuclei passes through the nasal passage or the mouth, 

then goes through the respiratory tract, progresses to the bronchi and finally reaches the alveoli 

in the lungs. Transmission is heightened by regular and long exposure to an infective individual, 

usually at home, the workplace, school or other public places. Tubercle bacilli are consumed by the 

alveolar macrophage (or dust cell); most of the tubercle bacilli are either inhibited or destroyed. A 

small amount of tubercle bacilli, which are inhibited, multiplies within the cells of the alveoli and 

are then released after the death of the macrophage. If alive, small amounts of the tubercle bacilli 

enter the bloodstream and spread everywhere, including areas where the disease is most likely to 

mature (bones, apex of the lungs, kidneys, lymph node joints, the brain, urogenital and digestive 

tracts, nervous systems and the skin). W ithin a period of 2 - 8 weeks, some white blood cells known 
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as macrophages, surround and ingest the tubercle bacilli and form a granuloma which is a barrier 

shell that keeps the bacilli under control and contained. If the tubercle bacilli is not kept under 

control by the immune system, it will multiply rapidly thus causing TB. The process can happen 

in the lungs, brain, kidneys or bones and other parts of the body. 

The universal burden of TB has multiplied over the years regardless of the prevailing control 

measures currently being implemented. These measures include vaccines such as Bacille Calmette­

Guerin(BCG) and the World Health Organisation's direct observation therapy strategy (DOTS) 

that concentrates on finding cases and giving short course therapy (Colijn et al. [16]). According 

to WHO, there were about 1.8 million deaths resulting from 14 million infections in 2007, mostly in 

developing countries (WHO [74]). In 2003, there were about 8.8 million new TB infections in Africa 

resulting in 1.7 million deaths (WHO [73]). Out of 9 million cases of tuberculosis that developed in 

2013, about 56% came from the Western Pacific Regions and South-East Asia. An additional 25% 

was from Africa and the continent had the highest deaths and infection rates relative to population 

size. China and India alone accounted for about 11 % and 24% of total cases respectively (WHO 

[28]) . 

Waaler et al. [70] are the pioneers of mathematical modeling for the transmission dynamics of 

TB. Their model comprises of a system of linear difference equations. They divided the popula­

tion in three different epidemiological classes: non-infected (susceptible); latent (infected but not 

infectious); and infectious (infected cases). They expressed the rate of infection as a function of 

the number of individuals that are infectious. Their study provided many researchers with the 

basic starting point in Mathematical modeling of the transmission dynamics of TB in communities. 

Bragger and Ferebee [13] came up with models that improved on Waaler's model. Brogger did not 

only introduce heterogeneity (age) but also changed the method for calculating rates of infection. 

The infection rate in Brogger's model was a mixture of linear and nonlinear infection terms. Using 

Waaler and Brogger's models as a template, ReVelle et al. [62] came up with t he first nonlinear 

system of ordinary differential equations for modeling transmission dynamics of Tuberculosis. They 

used differential equations to formulate the connection between the prevalence of TB and rate of 

infection in his model. When modeling the rate of infection, they did not use the regular mass 

action law given by the bilinear function of Kermack and McKendrick [37]. ReVelle et al. were 

the first (in the context of dynamics of transmission of TB) to critically explain why the rate of 

infection depends linearly on prevalence using the probabilistic approach that is common today. 

Adetunde [1] studied a Susceptible-Latent-Infected-Recovered (SLIR) model for the dynamical be­

haviour of tuberculosis in the upper east region of the northern part of Ghana. His model exhibited 

two equilibria (the endemic equilibrium and disease free equilibrium). Egbetade et al. [23] sug­

gested a mathematical model for treatment of TB epidemics in a population. They came up with a 

proof for the existence and uniqueness of a solution theorem for the model established. Addition­

ally, they demonstrated that if the basic reproductive ratio is less than one, then the infection is 

cleared from the population. Other studies in this field have been done by Kalu and Inyama [35], 

Ibrahim et al. [31] and Omame and Inyama [60]. 
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These models are usually deterministic, and assume that all input variables are deterministic func­

tions of time, ignoring completely the randomness of these variables. Since biological processes 

involved in the dynamics of TB are stochastic rather than deterministic, neglecting their built-in 

randomness may lead to misleading and erroneous results. 

In this study, these limitations were overcame by extending the study of S. Bowong, J.J. Tewa and 

J.C. Kamgang [9] (on Stability analysis on the transmission dynamics of TB) by converting their 

deterministic model to a system of stochastic differential equations. An analysis of a stochastic 

model representing transmission dynamics of tuberculosis was done. Stochasticity was introduced 

to the model through perturbation of parameters which is an accepted method in modeling stochas­

tic dynamics of a population. It was proven that the system or model under review has solutions 

that are non-negative, which is fundamental in the dynamics of population modeling. In addition, 

a detailed analysis was done to observe the asymptotic behaviour of the model. The mean reverting 

process was also used to approximate one of the variables and found its variance and mean. 

3.2. Deterministic model 

A basic model of tuberculosis infection that incorporates both fast and slow progressions, efficient 

chemoprophylaxis (given only to individuals who are in a latent stage of infection) and therapeutic 

treatments (given to the infectious individuals) was considered. 

S. Bowong, J.J. Tewa and J.C. Kamgang [9] used nonlinear models to study the transmission 

dynamics of tuberculosis models. Their model was based on the TB transmission work frame 

proposed in [56, 57]. The population was divided into three groups depending on an individual's 

epidemiological state; they are categorised as susceptible (non-infected), latently infected (infected 

non-cases) or infectious (infected cases). The sizes of these groups are represented by x, y and z 

respectively. There is a constant rate of recruitment into the susceptible class only and it is 

denoted as >.. The natural death rate (caused by disease unrelated reasons) is proportionate to 

the size of the population, and it occurs at a constant rate µ > 0. The mortality rate induced 

by tuberculosis only affects those in class z and has a constant rate 8 2: µ . Transmission of 

M. tuberculosis happens when there is adequate contact or interaction between an infectious and 

susceptible individual. Since individuals who are latently infected are not infectious, they are not 

able to transmit bacteria. A susceptible individual, has on average, (Jz contacts in every unit time 

that would remit the disease. Therefore, the rate of infection for susceptibles is (Jxz. A fraction a of 

individuals recently infected is assumed to directly progress to the infective class, at the same time 

the rest have a suppressed infection and join the latent classy. When an individual is infected with 

M. tuberculosis and the infection is dormant, he\she remains in latency stage throughout his\her 

life except when the infection is reactivated. To take treatment into account, let 'TJY be the number 

of individuals latently-infected and receive efficient chemoprevention or chemoprophylaxis, and , 

be the rate of effective per capita therapy. Here, it is assumed that chemoprevention reduces the 

reactivation rate of latently infected individuals y and the introduction of therapeutics will move 
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an individual at once from a state of being infectious z to a state of latency y. The time it takes 

for individuals in a latency state who are not on chemoprophylaxis to be infective is assumed to be 

exponentially distributed, with ½ as the average waiting time. Thus an individual leaves the group 

y at the rate ,.,;(l - rJ)Y, while infectious individuals enter the latent class y at a constant rate 1 z 

respectively. The following three-dimensional model describes the transmission dynamics of TB, 

including therapeutic treatment: 

dx(t) ----;ft=,\ - µx(t) - f3x(t)z(t), 

dy(t) ----;ft = /3(1 - a)x(t)z(t) + ,z(t) - [µ + ,.,;(l - rJ)]y(t), 

dz(t) ----;ft= ,.,;(l - rJ)y(t) + f3ax(t)z(t) - (, + µ + o)z(t) (3.1.1) 

with appropriate initial conditions. The above mathematical model explains the transmission dy­

namics of tuberculosis under treatment effects. We give the description of the parameters and 

variables used in the above model below: 

x(t) number of susceptible individuals at time t; 

y(t) number of individuals at time tin the latent class; 

z(t) number of infectious individuals at time t; 

,\ rate of recruitment into the susceptible class; 

µ natural mortality rate ( not caused by the disease); 

o mortality rate caused by the disease; 

a proportion of newly-infected individuals; 

/3 transmission coefficient of bacteria; 

rJ proportion of individuals in the latent class who are on effective chemoprophylaxis; 

1 rate of effective per capita therapy; and 

r;, time before a latent infected person who is not receiving chemoprophylaxis become infective. 

It is assumed that all the parameters ,\, µ, o, r., rJ and I are non-negative and any other parameters 

are positive with a E [O, l]. Since the model in (3.1.1) deals with human beings, non-negativity of 

the variables is further assumed at time t = 0. Moreover, when one adds all the equations in model 

(3.1.1) one obtains the total dynamics T(t) = x(t) + y(t) + z(t) of the system given by 

T(t) = ,\ - µT(t) - oz(t). 

Definition 3.2.1. Given a dynamical system :i; = f(x) and a trajectory x(t, xo) where xo is an 

initial point. Let V := {x E JRnl¢(x) = O} where¢ is a real valued function. The set V is said to 

be positively invariant if x 0 EV implies that x(t, xo) EV '<It ;:::: 0. 

Intuitively, this means that once a trajectory of the system enters V, it will never leave it again. 
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Definition 3.2.2. Given a vector space X over the field IF of real or complex numbers, a set S is 

called absorbing if for all x E X there exists a real number r such that 

Va E IF: !al 2: r ⇒ x E aS with aS := {as Is ES}. 

It should be noted that when T(t) = ~ as t --+ oo, there is no disease in the population and ~ is µ µ 

the upper bound of T(t) provided that T(O) :S *· In addition, if T(O) > t, then T(t) will decrease 

to this level. Therefore, the following possible region is obtained: 

>. 
V = {(x(t), y(t), z(t)) E JRt, 0 :S T(t) :S - + E} 

µ 

which is a compact positively invariant set for E > 0 and forward absorbing set for every E > 0. 

Also, every solution in JRt approaches V so that the analysis can be restricted to this region. For 

the system, the conventional continuation as well as the existence and uniqueness of solutions will 

still be satisfied in the region V. 

3.2.1 Basic reproduction ratio 

Most models in epidemiology have a threshold value used to decide if the disease will become 

endemic or be eradicated from the population. The basic reproductive ratio, is known as the 

average number of cases generated by an infectious person during his\her infective period in an 

uninfected population, and is denoted by Ro. If Ro < 1, then each infectious person infects less 

than one new individual on average and the epidemic is expected to be eliminated. On the contrary, 

if Ro > 1, then the number of new infections caused by every infectious person is greater than one 

and the epidemic infests the entire population. Hence, the basic reproductive ratio Ro is usually 

considered as the threshold number established when a disease will invade and persist in a new 

host population. S. Bowong, J.J. Tewa and J.C. Kamgang determined Ro for this model to be 

Ro = ,6xo[µa + 11;(1 - 7/)] 
(µ + 8)[µ + 11;(1 - 7/)] + WY 

The disease free equilibrium is obtained for the model when one sets the right hand side of (3.1.1) 

to zero and solving explicitly for x, y and z. 
When Ro < 1 one obtains a locally asymptotically stable disease free equilibrium, and when Ro > 1, 

it is unstable. It is expected that the number of infectious individuals will die out and the number 

of non-infectious individuals will approach t whenever Ro < 1, and when Ro > 1, one expects the 

number of individuals not infected to approach a unique endemic equilibrium. 

3.2.2 Global stability of the disease-free equilibrium 

The global properties of a disease-free equilibrium will now be studied. For the disease-free equi­

librium, the property for global stability is given in the following theorem: 
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Theorem 3.2.3. The disease-free equilibrium (~, 0, 0) for model (3.1.1) is globally asymptotically 

stable when Ro ~ l in the non-negative octant JR!. 

PROOF. 

Let the Lyapunov-LaSalle function be defined as follows: 

Y(y, z) = K(l - r,)y(t) + [µ + K(l - r,)]z(t). 

The time derivative along with the trajectories of model (3.1.1) will satisfy 

Since x ~ xo, 

Y(y, z) = K(l - r,)y(t) + [µ + K(l - 77)].i(t), 

= K(l - 77) [(1 - a)f3x(t)z(t) + ,z(t) - [K(l - 77) + µ]y(t)] 

+ [K(l - 77) + µ][K(l - 17)y(t) + (3ax(t)z(t) - (, + µ + 5)z(t)], 

= [f3x(t)[aµ+K(l-r,)]-,µ-[K(l-17)+µ](µ+5)]z(t). 

Y(y, z) ~ [f3xo(t)[aµ + K(l - r,)] - 1µ - [µ + K(l - 77)](µ + <5)]z(t) 

< -1 z t 1 { f3xo[aµ + K(l - 77)] } 
- [µ+K(l-77)](<5+µ)+,µ [µ+K(l-77)](<5+µ)+,µ () 

(Ro - l)z(t) . . 
~ [ ( )]( o) 1s obtamed. µ + K l - 77 µ + + ,µ 

Thus, Ro ~ l implies that Y(y, z) ~ 0. Furthermore, Y(y, z) = 0 provided that Ro = 0 or 

z(t) = 0. Hence in {(x(t),y(t),z(t)) E JR3 2:: 0,Y(y, z) = O}, the biggest compact invariant set is 

the singleton {(xo, 0, O)}. Consequently, all the trajectories starting in V approach (xo, 0, 0) when 

t -+ oo (LaSalle Lyapunov theorem [41]. Therefore, global asymptotic stability is obtained on 

the non-negative octant JR! for Ro ~ l since V is an absorbing set. The reason for considering 

a compact positively invariant set is to set up the stability of (xo, 0, 0) because Y(y, z) is not 

positive definite. In most cases, the LaSalles invariance principle will only prove the attractiveness 

of equilibrium. Since V allows to conclude for stability [41, 42, 43], this verifiable truth is frequently 

neglected in the literature that uses LaSalles invariance principle. Hence, the proof is complete. ■ 

3.2.3 Existence and uniqueness of endemic equilibrium 

In this section, the uniqueness and existence of the endemic equilibrium for the deterministic model 

(3.1.1) is examined. The basic reproduction ratio Ro is used to achieve this objective. S. Bowong, 

J.J. Tewa and J.C. Kamgang [9] analysed the deterministic model in their study (Stability analysis 

of the transmission dynamics of tuberculosis model). They demonstrated that a unique disease­

free equilibrium exists if Ro ~ l and whenever Ro > l, there exist a unique endemic equilibrium 
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X* = (x*,y*,z*) obtained by equating all equations to zero in the model (3.1.1), and it yields 

{

>- - f]x*z* - µx* = 0 

/3(1- a)x*z* - [K;(l - 77) + µ]y* +1 z* = 0 

f]ax* z* + K;(l -17)y* - (µ + b + 1 )z* = 0 

Using the first and second equations in (3.1), one obtains 

* >. 
X ----

- µ + f]z*' 
• z* [/3(1 - a)>. ] 

y = µ + K;(l -17) f]z* + µ + 1 ' 

then substituting (3.2) into the third equation of (3.1) yields 

z* ( - iz* + Ro - l) = 0. 

(3.1) 

(3.2) 

(3.3) 

There are two solutions for equation (3.3): z* = 0 which exists at the disease-free equilibrium or 

* µ(Ro - 1) 
z = /3 . 

Thus, if Ro > l, then z* > 0 and one may easily prove that the endemic equilibrium is defined by 

* >. 
x = µRo' 

* µ(Ro - 1) [/3(1 - a)>. ] 
y = /3[µ + K;(l - 77)] µRo + 1 '~- .~.

1 
z' - µ(I; Ro) l ulrf nv J (S.1.2) 

From this, one obtains the following results: 

Lemma 3.2.4. If Ro> l, then (3.1.1) has a unique endemic equilibrium X* = (x*,y*,z*). Where 

x*,y*, and z* are as defined in (3.1.2). 

3.2.4 Global stability of endemic equilibrium 

Here, the global behaviour of an endemic equilibrium X* is examined for the model (3.1.1). The 

following result is obtained: 

Theorem 3.2.5. The unique endemic equilibrium X* is globally asymptotically stable on V\ {y(t) = 
z(t) = O} whenever Ro > 1. 

PROOF. 

Let's define the Lyapunov function as follows: 

V(x(t), y(t), z(t)) = (x(t) - x* ln(x(t))) + A(y(t) - y* ln(y(t))) + B(z(t) - z* ln(z(t))) 
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where A and B are positive constants to be determined later. Differentiating the above function 

with respect to t gives 

V(x(t),y(t), z(t)) = ( 1 - x~:))x(t) + A(1 - Y~:))'iJ(t) + B( 1 - z~:))i(t) 

= ( 1 - x~:)) (>. - µx(t) - {3x(t)z(t)) 

+ A( 1 - ;:) ) (/3(1 - a)x(t)z(t) + 1z(t) - [µ + K(l - 77)]y(t)) 

+ B( 1 - z~:)) (K(l - 77)y(t) + {3ax(t)z(t) - (µ + 8 +,)z(t)). (3.4) 

Considering equation (3.1) at the endemic equilibrium X*, one obtains 

x*z* z* y* 
>. = (Jx*z* + µx*, µ + K(l - 77) = /3(1- a)-+ 1 -, µ + 8 + 1 =(Jax*+ K(l - 77)- (3.5) 

y* y* z* 

Substituting (3.5) into (3.4) gives: 

V(x(t),y(t),z(t)) = (1 - x~:)) [f3x*z* + µx* -(Jx(t)z(t) - µx(t)] 

+ A ( 1 - ;:) ) [/3(1 - a)x(t)z(t) + 1z(t) - /3(1 - a)x* z* y;:) - ,z* y;:)] 

+ B ( 1 - z~:)) [ K(l - 77)y(t) + {3ax(t)z(t) - {3ax* z(t) - K(l - 77 )y* z;:)] 

= _ µ(x(t) - x*)
2 + {3x* z* (l _ x(t)z(t)) 

x(t) x*z* 

+A(1-L) [c1-a)f3x*z*(x(t)z(t) _ y(t)) +,z*(z(t) _ y(t))] 
y(t) x*z* y* z* y* 

+B(l- z(t)) [f3ax*z*(x(t)z(t) _ z(t)) +K(l-'f/)y*(y(t) _ z(t))]. (3_6) 
z* x* z* z* y* z* 

Using (3.1) at the endemic equilibrium X*, it can be deduced that 

1 
y*= ( )[/3(1-a)x*z*+,z*] 

µ+Kl-77 

Equation (3.6) may thus be rewritten as: 

V(x(t) (t) z(t)) = _µ(x(t) - x*)
2 

+ {3x*z* [(1 - __£_) (- x(t)z(t) + 1) 
'y ' x(t) x(t) x*z* 

+ A(l - a) (1- L) (x(t)z(t) - y(t)) 
y(t) x*z* y* 

+ Ba(l - z(t)) (x(t)z(t) _ z(t)) 
z* x*z* z* 

+ BK(l - 77)(1- a) (l - z(t)) (y(t) _ z(t))] 
µ+K(l-77) z* y* z* 

+ z*[A(r-L)(z(t)_y(t))+ BK(l-'f/) (1 _z(t))(y(t)_z(t))]. 
1 y(t) z* y* µ+K(l-77) z* y* z* 

(3.7) 

28 



Chapter 3 

Now, let (r, s, u) = ( ~' Y;;l, ~), then equation (3.7) becomes 

µ(x(t) x*)2 [ 1 1 
V(x(t),y(t),z(t))=- () +fJx*z* (1--)(-ru+l)+A(l-a)(l--)(ru-s) 

X t r S 

+ Ba(l - ~) (ru - u) + B11'(l - 77)(l - a\1 - ~) (s - u)] 
u µ + 11'(1 - 77) u 

+,z*[A(l-~)(u-s)+ B11'(l- 77) (1-~)(s-u)] 
s µ + 11'(1 - 77) u 

µ(x(t) - x*)2 + J(r s u) (3.8) 
x(t) ' ' ' 

where 
f(r,s,u) = fJx*z*fi(r,s,u) +,z*h(s,u), 

Ji ( r, s, u) = - ( 1 - i) ( 1 - ru) + A ( 1 - a) ( t - 1) ( s - ru) 

+Ba(l - l)(ru - u) + B,c(l-ry)(l-a) (1- l)(s - u) 
u µ+x:(1-ry) u ' 

h(s, u) = A(l - .!-.) (u - s) + BK(l-ry) (1 - l)(s - u). 
s µ+,c(l-ry) u 

(3.9) 

The constants A and B can be chosen to be in the form A= A(a) and B = B(a) such that the 

function f is not positive for all r, s, u E JR+ so that the derivative of V(x(t), y(t), z(t)) with respect 

to time is less than zero. For one to be able to cancel the coefficients of s and u in the expressions 

of Ji and h respectively, 

are chosen. (3.10) 

Substituting equation (3.10) into equation (3.9) gives: 

From equation (3.11), it is clear that the function h ~ 0, it is equal to zero when s = u. Also, 

when one differentiates Ji with respect to a 

8fi 11'(1- 77)[µ + 11'(1 - 77)] ru s . . 
-
8 

(r,s,u) = - [ ( )] 2 (1 +r- - - -) 1s obtamed. 
a µa+l1'1-77 s u 

If one fixes r, s and u, then ~ has a constant sign for a E [O, l]. Thus, Ji is maximum at a = 0 

or a= 1. 

Suppose a= 1 and substituting for fi(r,s,u) in equation (3.11) gives 

1 
fi(r,s,u)=2-r--, 

r 

hence, by using of arithmetic-geometric means inequality, V(t) ~ 0, it's equal to zero only if 

x* = x(t) and s = u. LaSalle's extension implies that solutions of model system eq. (3.1.1) that 

intersects with the interior of V limit to an invariant set contained in r = {(x(t),y(t),z(t)) E 
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V, x(t) = x*, y(t) = y*, z(t) = z*, }. Then, it follows that the only invariant set in r is the one that 

contains the endemic equilibrium point X*. Therefore, all solutions of model system eq. (3.1.1) 

intersect the interior of V limit to X*. 

Similarly, if a= 0, then the function fi(r,s,u) becomes 

ru l s 
Ji(r,s,u) = 2- - - - - -. 

s r u 

As in the previous case, using of arithmetic-geometric means inequality, the only invariant set 

contained in V is the singleton X*. This proves that every solution intersecting V will limit to the 

endemic equilibrium point X*. 

Since the set is absorbing, the endemic equilibrium X* is globally asymptotically stable on IRt for 

all non-negative initial conditions. This concludes the proof. ■ 

All the models above are deterministic in nature and do not introduce stochastic effects to the 

transmission dynamics of the disease. The other models found in the literature (S. Bowong, J. 

Tewa and J. Kamgang [9] have the same dynamic equations but used the Lyapunov function to 

show global stability for the endemic equilibrium. The Lypunov function was also used in articles 

[51, 52] to determine the global dynamics of SIR and SEIR models. 

3.3. Stochastic model 

Since transmission of the M. tuberculosis and infection of TB are influenced by various complex 

biological processes the existence of randomness in the transmission dynamics of the disease could be 

believed. Taking into consideration all these factors, randomness can be presented to the system 

by having the parameters µ, 8 and (3 replaced by µ -+ µ + 0-1 W1 (t), 8 -+ 8 + 0-1 W1 (t) and (3 -+ 

(3 + o-2 W2(t). This is the starting point for making the system (or model) stochastic, which is done 

by perturbation of parameters (which is a standard approach in stochastic population modeling). 

Ideally one is supposed to introduce environmental stochasticity even to other parameters, such as 

the rate at which infectious individuals move to the latent class I and ,\ the rate of recruitment 

per unit time of susceptible individuals, but doing this would make our analysis more complicated. 

The new system of stochastic differential equations is now given as follows: 

dx(t) = (>- - µx(t) - (3x(t)z(t))dt - u1x(t)dW1(t), 

dy(t) = (/3(1- a)x(t)z(t) + ,z(t) - [µ + K(l - 17)]y(t))dt - U1Y(t)dW1(t), 

dz(t) = (K(l - 17)y(t) + (3ax(t)z(t) - (1 + µ + fJ)z(t))dt - u2z(t)dW2(t) 

with suitable initial conditions, 

(3.1.3) 

where W1(t) and W2 (t) are independent Wiener processes (or Brownian motions). When parameters 

such as the death rate of the disease is unpredictable (or has randomness), it is required that 

environmental noise be introduced to the parameter as explained in [3, 10, 48, 49]. It should be 

noted that the same noise intensity u and the Wiener process W(t) are obtained for both the 
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susceptible and latent infected individuals, but different for infectious individuals. This is due to 

the fact that biological factors that would affect the rates of mortality for susceptible individuals 

and individuals in latent stage are highly likely to be identical, but the biological factors that 

influence infectious individuals are different. 

Therefore, since even without comprehensive biological information, it is likely that the Wiener 

process W(t) and u (noise intensity) are different for infectious and noninfectious individuals, it is 

probable that an initial simplifying approximation would be to assume that they are identical. Since 

infectious and noninfectious individuals would have distinct biological systems, it is reasonable for 

both W(t) and u to be different among infectious and noninfectious individuals. 

When there are no infected individuals or individuals in a latent state that are present, note that 

the status would be (x(t), y(t), z(t)) = (fr, 0, 0), which is a point of equilibrium for the deterministic 

model but it is different for the non-deterministic model although the co-ordinates (y, z) = (0, 0) 

are still a stochastic equilibrium point for the stochastic model. However, the state of the first 

co-ordinate is different for the stochastic model and it will later be proved that it stochastically 

changes around fr. 

3.3.1 Non-negative solutions 

When modeling of population dynamics is involved it is crucial that one should not worry about 

negative values. Therefore, one has to first prove the non-negativity of solutions. 

The usual complete probability space is denoted by (n, F, P), with filtration {Ft}t2:o that satisfies 

the usual requirements (i.e. it is right continuous and increasing, and all the P-null sets are in Fa) . 

Let W(t) be a one-dimensional Wiener process defined on the complete probability space. Also, let 

lR.t+ = {x E JR.3 : Xi> 0 and Xi Ex for every 1 ~ i ~ 3} and let x(t) = (x(t), y(t), z(t)). 

The following result helps to prove the subsequent theorem. 

Lemma 3.3.1. For every v > 0, the following inequality is obtained: 

v ~ 2(v + 1- log(v)) - (4- 2log2). 

PROOF. 

For every v > 0, let f(v) = v + 2 - 2log(v). 

Differentiating f(v) and equating to 0, v = 2 is obtained which is the minimum value f(v). The 

result is thus obtained. ■ 

Using this result, one can now prove the following theorem. 

Theorem 3.3.2. · Let >., µ , ,, (3, 8 and K, be real positive numbers and O < 'T/, a < l. Then, there 

exists a unique solution x(t) to (3.1.3) for every initial value xo E lR.t+ and 'r/t ~ 0. With probability 

1, this solution will remain in lR.t+, that is, x(t) E lR.t+ for every t ~ 0 a.s. 

PROOF. 

Since the coefficients of the equations in (3.1.3) are locally Lipschitz continuous, then for every 
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given initial condition xo E R.t+, there is a unique local solution x(t) for every t E [0, Tel, where Te 

is the explosion time [2, 25]. In order to prove that the solution is global, all one has to do is show 

that Te < oo almost surely. Consider a constant ro ::::-: 0 that is large enough so that all components 

of x0 are contained in the interval [lo, ro]. The stopping time for each integer r ::::-: ro is defined as: 

. 1 
Tr= mf{t E [0, Te): at least one of x, y or z E (-, r)}, 

r 

where throughout this section, one sets inf0 = oo (where 0 is the empty set). Clearly, Tr increases 

as r -+ oo. Let T 00 = lim Tr, then Te ::::-: T 00 almost surely. If it is proven that T 00 = oo almost 
r➔oo 

surely, then Te = oo and x(t) E R.t+ almost surely for every t ::::-: 0. In other words, for the proof to 

be complete, it must be proven that T 00 = oo almost surely. If this statement was not true, then 

there would be a pair of real numbers c E (0, 1) and T > 0 such that 

Then there is an integer r1 ::::; ro such that I NWU· j 
for every r ::::-: rt-I B RARr (3.12) 

Let a C2-function U: R.t+ ➔ R.t+ be defined by 

U(x) = l+x-log(x)+l+y-log(y)+l+z-log(z). It can be seen that this function is non-negative 

using v + 1 - log(v) ::::-: 0, Vv > 0. Using Ito's formula (Theorem 2.3.4), 

dU(x(t)) = [ ( 1- xtt)) [>- - µx(t) - (3x(t)z(t)] + ( 1 - ytt)) [/3(1 - a)x(t)z(t) + ,z(t) 

Hence, 

- (µ + ,,;(l - rJ))y(t)] + ( 1 - ztt)) [ ,,;(l - 77)y(t) + (3ax(t)z(t) - (µ +, + o)z(t)] 

(72] + CTi + 
2
2 dt + CT1(2 - x(t) - y(t))dW1(t) + CT2(l - z(t))dW2(t) 

= [ >- - µx(t) - (3x(t)z(t) + (3(1 - a)x(t)z(t) + 1 z(t) - (µ + ,,;(l - 77))y(t) 

,\ (3(1 - a)x(t)z(t) 
+ ,,;(l - 77)y(t) + f3ax(t)z(t) - (, + µ + o)z(t) - x(t) + µ + (3z(t) - y(t) 

- ;~~) +(µ+1,;(l-77))- K(l:(;}y(t) - f3ax(t)+(,+µ+o)+CTi+ ~~]dt 

+ CT1 (2 - x(t) - y(t))dW1(t) + CT2(l - z(t))dW2(t) is obtained. 

(72 
dU(x(t)) = [>- + 3µ + K(l - 77) +, + o + CTf + ; + /3(1 - a)x(t)z(t) 

+ 1 z(t) + K(l - 77)y(t) + f3ax(t)z(t) + f3z(t)] dt 

+ CT1 (2 - x(t) -y(t))dW1(t) + CT2(l - z(t))dW2(t) 
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According to Lemma 3.3.1, v :s; 2(v + 1 - log(v)) so 

jJ(l - a)x(t)z(t) + 1z(t) + K(l - T/)y(t) + jJax(t)z(t) + jJz(t) ::::; c2U(x). 

Therefore, 

dU(i:(t)) :s; (c1 + c2U(x))dt + 0-1(2 - x(t) - y(t))dW1(t) + 0-2(1- z(t))dW2(t). 

Hence, 

dU(i:(t)) :s; c3(l + U(i:))dt + 0-1(2 - x(t) -y(t))dW1(t) + 0-2(1 - z(t))dW2(t), 

where c3 = max:(c1, c2)- Therefore, if t1 :s; T , 

Taking expectations, one obtains 
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E [ lTrllti dU(i:(t))] ::::; E [ lTrllti c3(l + U(x(t)) )dt] + E [ lTrlltl 0-1 (2 - x(t) - y( t) )dW1 ( t)] 

+ E[foTrllti 0-2(1 - z(t))dW2(t)], 

which implies 

E [ U(i:(Tr !\ t1))] ::::; U(xo) + E [ lTrllti c3(1 + U(i:(t)))dt] + E [ lTr/\ti a1 (2 - x(t) - y(t))dW1 (t)] 

+ E [ lTrllti 0-2(1 - z(t) )dW2(t)]. 

Using property (ii) of Ito's integrals (theorem 2.3.3), 

E[U(i:(Tr !\ t1))]::::; U(xo) +E [foTrllti c3(l + U(i:(t)))dt] 

(Tr /\fi 
:s; U(i:o) + c3t1 + c3E [ Jo U(i:(t) )dt] 

::::; U(i:o) + C3/ + c3E [ lTrllti U(i:(t))dt] 

::::; U(i:o) + c31 + c3 fot1 

E[U(i:(Tr !\ t))]dt is obtained 

According to the Gronwall inequality (Lemma 2.3.8), 

f = C3, <p = E[U(x(Tr !\ t1))], co= U(i:o) + C3J, 
then, 

E[U(i:(Tr !\ t1))] :s; (U(i:o) + c3T)efi
1 

c3 ds 

= (U(i:o) + c3T)ec3 t 1 

:s; (U(i:o) + c3T)ec3T (3.13) 

set D..r = {Tr :s; T for r :s; r1} and by (3.12), P(b..r) 2:: t:. It should be noted that for all w E D..r, at 

least one of x(Tr,w),y(Tr,w) or z(Tr,w) will be equal to either r or~' thus U(i:(Tr,w)) is not less 
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than the minimum between 

1 + r - log(r) and 1 + ¼ - log(¼)= 1 + ¼ + log(r). 

Therefore, 

U(x(Tr,w)) ~ 1 + r - log(r) /\ 1 + ¼ + log(r). 

It then follows from (3.12) and (3.13) that 

(U(xo) +c3T)ec3T ~ E[l'-'r(w)U(x(Tr,w))] 
1 

~ E[(l + r - log(r)) /\ (1 + - + log(r))], 
r 

Chapter 3 

where 1'-'r is an indicator function of b..r.• If one allows r ➔ oo, then it will lead to a contradiction 

oo > (U(xo) + c3T)ec3T = oo. Therefore, -r00 = oo almost surely. ■ 
The next step is to investigate how the system behaves asymptotically and attempt to obtain more 

analytical results. 

3.3.2 Asymptotic behaviour 

The disease-free equilibrium for the deterministic model was found to be ( *' 0, 0), but not for 

the stochastic model. Bowever, y = z = 0 at the disease-free equilibrium for the stochastic model. 

Instead of the first co-ordinate to be a fixed constant *, it follows a stochastic process that fluctuates 

around ~- Conditions for exponential stability of y(t), z(t) are first found and a stable distribution 
µ 

for x(t) is obtained. 

Definition 3.3.3. (See[[47J,p.119]). Denote a complete probability space by (CT, F, P) with a right 

continuous filtration {Fth20 and all the P-null sets to be contained in Fo. 

Suppose that O :::; t 0 < T < oo, and let xo be an lRn-valued random variable that is Ft0 -measurable 

and Elxol 2 < oo. Let G : lRn x [to, T) ➔ lRnxm and F : ]Rn x [to, T) ➔ ]Rn be Borel measurable 

functions such that G(0, t) = 0 and F(0, t) = 0 for every t ~ to. Let an Ito-type n-dimensional 

stochastic differential equation be defined as 

dx(t) = F(x(t), t)dt + G(x(t), t)dW(t) (3.14) 

for t 0 :::; t :::; T, with an initial condition x(to) = xo, at time t, the stochastic differential equation 

has a solution x(t,to,xo). 

Then, the trivial solution of equation (3.14) is exponentially stable almost surely if 

limsupf logl x(t,to,xo)I < 0 a.s. 
t-+oo 

for every xo E ]Rn. 

Theorem 3.3.4. y(t) and z(t) are exponentially stable almost surely if the following conditions 

hold, that is, they will exponentially tend to their equilibrium position O with probability 1. 

(i) 2(f3x(t) - (µ + 8)) - 1T~ < 0 
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(ii) [,Bx(t) - (µ + 8) - µ] 2 < (ur + 2µ)(u§ - 2[/3x(t) - (µ + 8)]) 

PROOF. 

Let us consider d(y(t) + z(t)), 

d(y(t) + z(t)) = [/3(1- a)x(t)z(t) + --yz(t) - (µ + K;(l -17))y(t) + K;(l - 77)y(t) 

+ ,Bax(t)z(t) - ('"Y + µ + 8)z(t)] dt - u1y(t)dW1 (t) - u2z(t)dW2(t) 

Chapter 3 

= [,Bx(t)z(t) - µy(t) - (µ + 8)z(t)]dt - u1y(t)dW1(t) - u2z(t)dW2(t), 

Let f; = (y, z) and U(fj) = log(y + z) for y, z E (0, oo). Using Ito's formula one obtains 

dU - t - ( /3x(t)z(t) - µy(t) - (µ + 8)z(t) - ! ury
2
(t) - ! U§z

2
(t) )dt 

(y( )) - y(t) + z(t) y(t) + z(t) y(t) + z(t) 2 (y(t) + z(t))2 2 (y(t) + z(t))2 

~YW ~zw 
- (y(t) + z(t))2dW1(t) - (y(t) + z(t))2dW2(t) 

1 = 
2
(y(t) + z(t))2 [2(y(t) + z(t))(,Bx(t)z(t) - µy(t) - (µ + 8)z(t)) - ufo

2
(t) - u~z

2
(t)]dt 

u1y(t) u2z(t) 
- (y(t) + z(t))2dW1(t) - (y(t) + z(t))2dW2(t) 

= 
2
(y(t): z(t))2 [2(,Bx(t)y(t)z(t) - µy 2(t) - (µ + 8)y(t)z(t) + ,Bx(t)z

2
(t) - µy(t)z(t) 

2 ) 2 2 2 2 ] u1y(t) u2z(t) 
- (µ + 8)z (t) - u1y (t) - u2 z (t) dt - (y(t) + z(t))2dW1(t) - (y(t) + z(t)) 2dW2(t), 

one can write the expression 

2 [,Bx(t)y(t)z(t) - µy2(t) - (µ + 8)y(t)z(t) + ,Bx(t)z2(t) - µy(t)z(t) - (µ + 8)z2(t)] - ury2(t) - u~z2(t) 

as follows: 

( ) ( 
-2µ - ur /3x(t) - (µ + 8) - µ ) (y(t)) 

y(t) z(t) . ,Bx(t) - (µ + 8) - µ 2(/3x(t) - (µ + 8)) - d z(t) · 

Hence, dU(fj(t)) can be expressed as follows 

1 { ( ) ( -2µ - ur 
dU(fj) = 2(y(t) + z(t)) 2 y(t) z(t) ,Bx(t) - (µ + 8) - µ 

/3x(t) - (µ + 8) - µ ) (y(t)) } 
2(/3x(t) - (µ + 8)) - u~ z(t) dt 

_ u1y(t) dW (t) _ u2z(t) dW. (t) 
(y(t) + z(t))2 1 (y(t) + z(t))2 

2 
· 

Consider the matrix 

( 
-2µ - ur /3x(t) - (µ + 8) - µ ) 

/3x(t) - (µ + 8) - µ 2(,Bx(t) - (µ + 8)) - U§ · 
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This matrix is negative-definite since -2µ - o-r < 0 and its determinant is positive, let the largest 

(negative) eigenvalue be denoted as Amax, then 

f3x(t) - (µ + o) - µ ) (y(t)) ::; >-max(y2(t) + z2(t)) 
2(/3x(t) - (µ + o)) - O"~ z(t) 

= -1Amaxl(y2(t) + z2 (t)). 

Therefore, 

_ ( 1 2 2 ) o-1y(t) o-2z(t) 
dU(y(t))::; -l>-maxl 2(y(t) + z(t))2 (y (t)+z (t)) dt- (y(t) + z(t))2dW1(t) (y(t) + z(t))2dW2(t). 

(3.15) 

As (y2 + z2) 2:: 2yz and 2(y2 + z2) = y2 + z2 + y2 + z2 2:: y2 + z2 + 2yz = (y + z)2 i.e 2(y2 + z2) 2:: 

(y + z)2 =;- ½CY+ z)2 ::; (y2 + z2), 

using ½CY+ z)2 ::; (y2 + z2), equation (3.15) becomes 

When integrated the inequality above and using the following result due to Mao [47] 

1 
limsup-lWi(t)I = 0 for i = 1, 2 

t--+oo t 

one obtains 
1 1 

limsup- log(y(t) + z(t)) :=; --
4

1>-maxl < 0 a.s. 
t--+oo t 

Therefore, y(t) -1 0 and z(t) -1 0 a.st -1 oo. This completes the proof. ■ 

It should be noted that Theorem 3.3.4 above does not give any condition concerning the value of 

Ro, it does not particularly presume that Ro < 1. Also, it should be noted that when o-1 = cr2 = 0, 

then conditions in the Theorem above cannot be satisfied for the deterministic model. 

In Theorem 3.3.4 (i) and (ii) the restrictions on the variances do not have a clear meaning in 

themselves biologically. Nevertheless, notice that the term f3x(t)z(t) is the rate at which susceptibles 

become infected. Under the condition /3z(t) < 1, an infectious individual infects less than one 

susceptible on average during the whole period of being infective, which implies that Ro < 1, 

condition ( i) in Theorem 3.3.4 will always hold. The conditions in Theorem 3.3.4 will always be 

satisfied provided that the variances o-r and o-~ are sufficiently large. This result is interesting 

because whenever the variances for the noise are sufficiently large, then the number of infectious 

individuals in the population will eventually reduce to zero, no matter what values other parameters 

have, even when Ro> 1. 

Attention is now shifted to the susceptible population x(t). Stability in distribution for x(t) is 

shown, that is, it becomes stable around the mean value i· To achieve this, a new stochastic 
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process x2(t) is set up defined by the following stochastic differential equation with initial condition 

x2(0) = x(O), 

One wants to demonstrate that x(t) can be approximated by x2(t) in limit when t becomes large, 

that is, 
lim (x2(t) - x(t)) = 0 in probability. 

t-+oo 

Another function x1 (t) is introduced to help prove the theorem. It is defined by the stochastic 

differential equation with initial condition xi (0) = x(O) 

Theorem 3.3.5. If conditions of Theorem 3.3.4 are satisfied, then 

lim ( x2 ( t) - x( t)) = 0 in probability. 
t-+oo 

PROOF. 

The equation of x(t) is 

dx(t) = (>- - µx(t) - f3x(t)z(t))dt - u1x(t)dW1(t). 

We first prove that 

liminf(x(t) - x1(t)) 2: 0 a.s. 
t-+oo 

Therefore, consider 

d(x(t) - xi(t)) = ( - µ(x(t) - xi(t)) + 1:x1(t) - f3x(t)z(t))dt - ui(x(t) - x1(t))dW1(t) 

(3.16) 

= ( - (µ + E)(x(t) - xi(t)) + (E - f3z(t))x(t))dt - ui(x(t) - x1(t))dW1(t), 

and the solution is given by 

x(t) - xi(t) = cp(t) Ji <p-1(s)(E - f3z(s))x(s)ds 

where 

cp(t) = exp { - (µ+ E + ;f.)t - u1W1(t)}. 

Using the results of Theorem 3.3.4 where it was shown that z(t) -+ 0 a.s as t-+ oo, it is concluded 

that for nearly every w En, there is a T = T(w) such that 

z(t) < i, Vt 2: T. 
Therefore, for every w E n, if t > T, then 

x(t) - x1(t) = cp(t) ( J[ <p-1(s)(E - f3z(s))x(s)ds + J; <p-1(s)(c - f3z(s))x(s)ds). 

Hence, x(t) - xi(t) 2: cp(t)k(T), where 

k(T) = J[ cp-1(s)(c - f3z(s))x(s)ds 

clearly, as t-+ oo then cp(t)-+ 0 and [k(T)[ < oo a.s. 

Therefore, 
liminf [x(t) - x1(t)[ 2: 0 a.s. 

t-+oo 

Next, it is proven that liminf(x2(t) - x(t)) 2: 0 a .s. For this, one considers 
t-+oo 

d(x2(t) - x(t)) = (µ(x(t) - x2(t)) + f3x(t)z(t))dt + ui(x(t) - x2(t))dW1(t). 
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This implies that 

d{x2(t) - x(t)) 2: (µ(x(t) - x2(t)))dt + o-1(x(t) - x2(t))dW1(t). 

Let ¢ = x2 - x. Hence, 

d¢(t) 2: -µ¢(t)dt - o-1¢(t)dW1(t). 

For every w E n, either 

w E D1 = {w : ¢(to)> 0 for some to 2: O} 

or 

w E D2 = {w: ¢(to)::; 0 for every to 2: O}. 
For w E 5:11, let ti= sup{t: t 2: to and ¢(t)} > 0. If ti< oo, then in [to, t] 

d¢(t) = (-µ + f(t))¢(t)dt - o-1¢(t)dW1(t) 

Chapter 3 

(3.18) 

with a random variable f(t). To find the solution of (3.18), let Y = logcp(t) and Ito's formula is 

used to obtain 

¢(t) = ¢(to)exp {Ji(-µ+ f(s) - ~)ds - o-1W1(t)} > 0. 

Hence, 

¢(t1) = ¢(to) exp {ft~(-µ+ J(s) - ~ )ds - 0-1 W1(t)} > 0. 

Thus, ¢(t) > 0 in [t1, t1 + 81] for some 81. This is a contradiction. Hence, t1 = oo and ¢ (t) 2: 0 for 

every t 2: t0 . So one obtains lim inf ¢( t) 2: 0 a.s. 
t--+oo 

A case for w E 5:12 is now considered where ¢(t) S:: 0 for every t 2: 0. Then, 

(3.19) 

where the random variable f (t) 2: 0. Then one finds the solution of (3.19) by letting Y = log ¢ (t) 

and using Ito's formula to obtain 

¢(t) = ¢(0) exp { Ji(-µ - f (s) - ;r )ds - 0-1 W1 (t)} 2: 0, since x2(0) = x(0). 

Hence, lim inf ¢(t) 2: 0 a.s. Therefore, 
t--+oo 

liminf(x2(t) - x(t)) 2: 0 a.s. 
t--+oo 

Next one considers d(x1(t) - x2(t)), 

d(x1(t) - x2(t)) = (-µ(x1(t) - x2(t)) - f.X1(t))dt - o-1(x1(t) - x2(t))dW1(t), 

whose solution is 

x1(t) - x2(t) = -f.exp { - (µ + ;r )t - 0-1 W1(t)} Ji exp { (µ + ~ )s - 0-1 W1(s) }x1(s)ds. 

(3.20) 

It should be noted that x1(s) 2: 0, since it is a solution of the stochastic differential equation (3.16) 

which is linear and can be solved explicitly to give 

(3 .21) 

Therefore, 
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Hence, 

(3.22) 

Therefore, 

Elx1(t) - x2(t)I = 1:E[ rt x1(s) exp{-(µ+ a-r )(t - s) - o-1(W1(t) - W1(s))}]ds 
lo 2 r 0"2 = E lo E [x1 (s) exp{-(µ+ j )(t - s) - 0-1 (W1 (t) - W1 (s))}] ds 

rt a-2 
= E lo E [ x1 (s) exp{-(µ+ j )(t - s)}] E exp[-o-1(W1 (t) - W1(s))]ds 

as x1(s) is independent of W1(t) - W1(s), 

1
t 0"2 t - s 

= E E[x1(s) exp{-(µ+ ---1. )(t - s)}] exp{(-)o-i}ds 
o 2 2 

= E lot E [ x1 ( s) exp{-µ( t - s)}] ds 

= E lat exp{-µ(t - s)}E(x1(s))ds. 

Taking the expectation of (3.21) and using (3.22), one obtains 

E[x1(s)] = >- J; exp{-(µ+ 1:)(t - s)}ds :S µ~,-

Substituting this result in (3.23), one obtains 

Elx1(t) - x2(t)I :S _>-_ r exp{-µ(t - s)}ds 
µ+ E lo _ µ: E (; _ e:t) _ 

- AEe-µt (eµt - 1) 
- µ(µ + 1:) . 

Hence, one obtains 

lim lim E\xi(t) - x2(t)I = 0. 
e➔Ot➔oo 

This implies that 
lim lim lx1(t) - x2(t)I = 0 in probability 
e➔Ot➔oo 
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Combining (3.17), (3.20) and (3.24), one obtains the required result. Therefore, the proof is com­

plete. ■ 

3 .3 .3 Mean reverting process 

Since the process x(t) was estimated by x2(t), one wants to know more about the process x2(t). 

This is done by finding parameters like the variance and mean for this process. 

The differential for the mean reverting process is 

Its explicit solution is given by 

taking the expectation 

Since W1(t) ~ N(O, t), then 

ta2 
_:.:'...1_ = e 2 • 

Substituting (3.22) and (3.25) in the expression for E[x2(t)], one obtains 

E[x2(t)] = x2(0)E[e-µt] +>.lot E[e-µ(t-s)]ds 

). 
= x2(0)e-µt + -(1- e-µt) 

µ 

therefore taking the limit of E[x2(t)] as t-+ oo we have 

lim E[x2(t)] = _µ>. 

(3.25) 

t---too 
To obtain the second moment, V(x2(t)) = x~ is considered and the Ito's formula is used to get 
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d(x§(t)) = (err - 2µ)x§(t)dt + 2>.x2dt - 2er1x§(t)dW1(t). 

Hence, 
x§(t) = X§(O) + f~(ert - 2µ)x§(s)ds + 2>. f~ x2(s)ds - 2er1 f~ X§(s)dW1(s). 

Taking the expectation, one obtains 

E[x§(t)] = E[x§(O)] + f~(crr - 2µ)E[x§(s)]ds + 2>.f~ E[x2(s)]ds. 

The expectation of the stochastic integral is zero (property (ii) of theorem 2.3.3 ). 

When one differentiates with respect to t, 

:tE[x§(t)] = (ert - 2µ)E[x§(t)] + 2>.E[x2(t)] is obtained. 

Also, 

:t { E[x§(t)]e-(af-2µ)t} = e-(af-2µ)t :t E[x§(t)] + E[x§(t)] :t e-(af-2µ)t 

= e-(af-2µ)t [(err - 2µ)E[x§(t)] + 2>.E[x2(t)l] - (err - 28)E[x§(t)]e-(af-2µ)t 

= 2>.E[x2(t)]e-(af-2µ)t_ 

Integrating and multiplying by eH-2µ)t one obtains 

E[x§(t)] = E[x§(O)]e(af-2µ)t + 2>.e(af-2µ)t J~ e(af-2µ)s E[x2(s)]ds 

When we substitute for the value of E[x2(s)] in the above expression we get 

E[x§(t)] = E[x§(O)]e(af-2µ)t + 2>.e(af-2µ)t{ J~ e(o-f-2µ)s(z(O)e-µ 8 + ~(1- e-µs)) }ds 

Simplifying we have 

given that err =/ µ, 2µ 

Taking the limit, one needs err < 2µ for lim E[x§(t)] < oo, then one obtains t----too 
1. E[ 2( )] 2;,2 Im X2 t = (2 2) · 
t➔oo µ µ-a1 
The term above is positive since err - 2µ < 0. Therefore for the mean reverting process the 

asymptotic variance is 

t~~ Var(x2(t)) = t~[E[x§(t)] - [E(x2(t))]2] = µ2 (;:~af)" 

If err=µ, then lim E[x§(t)] = 2-S and lim Var(x2(t)) = 2-S - S = S-t-too µ t----too µ µ µ 
Finally, if err 2: 2µ then lim Var(x2(t)) = oo. 

t----too 
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Hence, if o-f < 2µ, then there is a finite variance for the limit process given by 
2.x2 

µ(2µ-aD, 

However, if o-f 2: 2µ, then an infinite variance is obtained for the limit process. 

Also, for d = µ a finite variance ~ is obtained. 

3.4. Conclusion 

Chapter 3 

This chapter has presented the stochastic model that describes the dynamics of transmission for 

tuberculosis. It was shown that the solutions are non-negative. The aspect of stability for the 

stochastic model was studied. The number of infectious individuals and the number of infected 

individuals were shown in latent stage to asymptotically tend to zero exponentially with probability 

one. In addition, it was revealed that x(t) can be approximated by a mean reverting process x2 (t). 

Previously, the models that have been studied for the transmission dynamics of tuberculosis in the 

literature use ordinary differential equations that are deterministic, neglecting the stochastic effects. 

In this study it was shown that stochastic differential equations give additional options in modeling 

the transmission dynamics of TB. By reproducing the results obtained from the deterministic model 

[9] and making some improvements to it, it was shown that the stochastic model considered adds 

a new dimension of results to the dynamics of transmission of the disease. It adds a different 

perspective to this particular problem and gives researchers a different approach to be considered 

in future. Since most of the problems in the real world are not deterministic in nature, but 

rather stochastic, then including effects of stochasticity into the model gives a more realistic way 

of modeling the dynamics of transmission of TB. 

For instance, the stochastic model enabled one to study the limiting asymptotic distribution of 

the number of susceptible and infected individuals in a latent state and infectious individuals. The 

limiting asymptotic variance expression for the distribution of the number of susceptible individuals 

was also derived. Models that are deterministic are less versatile compared to models that are 

stochastic because stochastic models incorporate random effects such as environmental stochasticity 

and one was able to find quantities such as the variance, probabilities of extinction and probability 

distributions of variables, which are characteristics that are impossible to include in deterministic 

models. 
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4 

Stochastic model and analysis of the dynamics of 

AIDS and use of condoms 

4.1. Introduction 

The first time AIDS was diagnosed as a new distinct disease was in 1981. It appears to have started 

in America, Australia and Western parts of Europe, mainly among men who were homosexual or 

bisexual and drug abusers who used injections in certain urban regions. In some parts of Central 

Africa and the Caribbean, it was among individuals with multiple sexual partners (WHO [75]). 

HIV was discovered in 1983 as the virus that causes AIDS. It takes about 10 years on average for 

HIV infection to progress to AIDS. No efficient medication that can cure AIDS has been discovered 

so far and infected people never recover from it. This means they remain infective throughout their 

entire life. Until today, HIV is being spread relentlessly throughout the world since its discovery in 

1981, and it is now a worldwide pandemic. The HIV virus spreads in the human body by attacking 

and weakening the immune system, particularly by decreasing the CD4 cells (or T-helper cells). 

The pathogeny of HIV-AIDS is the function of its life expectancy, cell environment in the body of 

the host, and the amount of virus in the infected person's body. Factors such as genetic distinctions 

between individuals, age, virulence levels of a particular virus strain, and coinfection with other 

pathogenic bacteria influence the rate of progression and severity of the disease. HIV-AIDS is a 

composite mixture of several pandemics in the world, and its really a defining public health crisis 

for this generation. The three well-known forms in which HIV spreads to other uninfected people 

are through direct association with body fluids or blood of an infected individual, sexual contact 

with a person infected with the virus, and mother-to-child infection. 

The greatest number of infected people are currently in Africa (mostly sub-Sahara). However, in 

various regions in the world, such as Western Europe, Latin America, USA and the Caribbean, 

the major mode of transmission is between homosexual men and intravenous drug users (UN AIDS 

[68]; MAP [50]). 

Despite the increased access to treatment and funding, as well as political obligation towards it, 
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the HIV-AIDS pandemic has continuously outpaced the universal feedback. The HIV pandemic 

remains exceedingly dynamic, the virus keeps developing and changing its characteristics as it ex­

ploits new chances to spread. 

There has been considerable amount of work done in Mathematics to model the transmission dy­

namics of AIDS or HIV, and such studies are generally fixed to the ordinary differential equations. 

Different kinds of models have been studied by many researchers. Anderson and Blythe [5, 6, 7] 

included heterogenousness to the target population to model the spread of HIV-AIDS. They de­

rived distributions that describe the variation in the incubation cycle of the virus using a group 

of hazard functions. Likewise, J.A. Jacquez, C.P. Simon and J .S. Koopman [33, 34] modeled the 

spread of HIV among the homosexual community by dividing the population into n subpopulations, 

considering how sexually active the individuals were. This examination was done through mixed 

patterns. The model discussed by Greenhalgh et al. [29] in their paper (A mathematical treatment 

of AIDS and condom use) is considered in this study. In their model, they did not account for 

the built-in randomness associated with the dynamics of HIV-AIDS transmission. An investigation 

of how environmental noise affects the transmission dynamics of the infection represented by the 

system of differential equations considered will be done. 

In this chapter, the modeling for the spread of the HIV virus between the homogenised populations 

of homosexuals divided in different risk subgroups is discussed depending on tendencies of people 

towards the use of condoms. 

A discussion of stochasticity to the mathematical model of HIV-AIDS and condom use is done 

through perturbation of parameters acceptable for use in the stochastic population modeling. 

Firstly, it is shown that the stochastic system has solutions that are non-negative as required in the 

dynamics of population modeling. A thorough asymptotic stability analysis is done by studying 

its pth moment and stability in probability. The aim is to find out the influence of environmental 

noise towards the stability of the system. 

4.2. Deterministic model 

A model with two population groups is considered for infected and susceptible homosexual males. 

It ·is assumed that every individual belongs to any one of two different groups that are sexually 

active, with a1 and a2 as their respective risk levels, where a1 and a2 is the probability that indi­

viduals do not insist on using condoms in their partnership. For instance, a person from the second 

group with a2 = 0 will always want to use a condom, while a person from the second group with 

a 2 = 1 will never insist on using a condom. In addition, 0 ::; a 1 ::; a2 ::; 1. This means the second 

group is more at risk than the first one. If a person from the first group has sexual contact with a 

person from the second group, then 1 - a1a2 is the probability that the person will use a condom. 

A definition of the variables to be used in the model is given. 
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x(t) total number of all susceptible individuals in the first group at time t; 

y(t) total number of all infected individuals in the first group at time t; 

z(t) total number of all susceptible individuals in the second group at time t; and 

z1 (t) total number of all infected individuals in the second group at time t. 

Chapter 4 

The following four-dimensional deterministic model is part of the model discussed by Greenhalgh 

et al. [29]: 

dx(t) cit = >-1 - µx(t) - B1x(t) + C21z(t) - C12x(t), 

dy(t) cit= B1x(t) - (µ + u + D12)y(t) + D21z1(t), 

dz(t) cit = >-2 - µz(t) - B2z(t) + C12x(t) - C21z(t), and 

dz1 (t) 
~ = B2z( t) - (µ + u + D21)z1 (t) + D12z1 (t), (4.1.1) 

with relevant initial conditions, where Bk = fJcakG(t), for k = 1, 2 and G(t) = x t)~~(! !;2
/~~ t . 

A full description of all parameters used in the model is given below: 

>-1 rate at which new susceptible people are recruited in the first group; 

>-2 rate at which new susceptible people are recruited in the second group; 

µ per capita rate at which people are leaving populations that are sexually mixing for 

reasons that are not disease-related; 

u per capita rate at which individuals who are infected develop AIDS; 

fJ the mean sexual risk by every infected partner when they share bodily fluids; 

c number of partners on average per unit time for each individual; 

a 1 probability for an individual in the first group not wanting to use a condom; 

a2 probability for an individual in the second group not wanting to use a condom; 

C12 per capita migration rate of a susceptible person to the unsafe group from the safe group; 

C21 per capita migration rate of a susceptible person to the safe group from the unsafe group; 

D12 per capita migration rate for an infected person to the unsafe group from the safe group; and 

D21 per capita migration rate for an infected person to the safe group from the unsafe group. 

Proportional mixing within groups is assumed. The number of partners for a person in the first 

group is cot+o(c5t) for time [t, t+ot). G(t) is the probability of not using a condom whenever there 

is an encounter at a time t with an infected partner. The number of infections in the first group 

in [t, t + ot) is fJca1G(t)ot + o(ot) and a person does not insist on using a condom and becomes 

infected. Also fJca2G(t)ot + o(ot) is the number of infections in the second group in [t, t + ot). 

For this model, Greenhalgh et al. [29] came up with an expression for the basic reproductive 

ratio, known as the number of cases produced on average by an infected person during his\her 

infective period in an uninfected population (denoted by Ro). They demonstrated that the model 
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has a unique solution at the disease-free equilibrium, and it is also locally asymptotically stable 

whenever Ro < 1 and it is unstable when Ro > 1. Furthermore, there is a unique endemic 

equilibrium, whenever Ro > 1, then two subcritical endemic equilibria occurs when Ro < 1. 

A special case of model (4.1.1) was considered by [19] for more complete results. The special case 

examined is such that individuals from the first group are completely safe in their sexual practices 

(i.e a1 = 0). In addition, the infected migrate to the safe group from the unsafe group, and 

this migration must not be in the opposite direction, and no migration for susceptible individuals 

(that is D12 = C21 = C12 = 0). This special case of migration is exclusively critical since individuals 

infected with HIV find out through receiving a positive HIV test that they are infected and adopt 

safer sexual practices accordingly. The new model equations are: 

( 4.1.2) 

where T(t) = x(t) +y(t)+z(t) +z1(t) with suitable initial conditions. For this model, people in the 

safe group (that is a 1 = 0) have no contribution to the spread of HIV-AIDS. The resulting model 

is therefore, completely a one-group system with regard to the spread of the virus. 

We will first review some results obtained by Greenhalgh et al. [29] from their deterministic model 

before stochasticity is introduced to the model. 

A study on the long-term behaviour of the spread of disease in the two-group models (4.1.1) and 

(4.1.2) is done. In particular, conditions for the endurance or eradication of HIV in these models 

are examined. By studying the behaviour of these simpler models, one can have an idea as to 

how the generalised heterogeneous model and multi-group model may behave. For example, if one 

discovers that the basic reproduction number governs whether or not the disease spreads or will die 

out in the two-group models, then one might reasonably expect this also to be the case for more 

general models (models with multiple subpopulations). 

The disease-free equilibrium for the model was found to be 

where Vij = µ,~6;i, for j, i = 1, 2 and j i- i is defined as the ratio of the number of individuals 

leaving the x subpopulation that move into the z, given no infection of susceptibles. The other 

individuals of this group are accounted for by background mortalities (µ). The parameter Vij is 
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therefore important in determining the sizes of the two susceptible subpopulations at any given 

time. A similar ratio 6.ij = µ+~1:Dij for j, i = 1, 2, and j i= i is defined as the proportion of the 

number of people leaving one infected subpopulation and move into another infected subpopulation. 

The non-zero equilibrium quantities x* and z* are given in terms of recruitment rates, the migration 

rates between the susceptible subpopulations and background mortality. The ratios of the x(t) and 

z(t) subpopulations to the total susceptible population at this disease-free state are respectively 

given by 

f= 
x* A+ (l -A)1121 

x* + z* V + l-v21 ' 21 l-v12 

and 
l-v21 - A(l - 1121) 

1-r = 
z* l-v12 

x* + z* V + l-v21 21 l-v12 

where A= >./'j_>.
2 

is the proportion of the susceptibles who are recruited into the x(t) subpopulation. 

An examination of the stability of the above solution is done in the theorem that follows. 

R 
f3carf 1 j3ca~(l - f) 1 o=---=--------+---=-'---~-----

µ + u + D12 1 - 6.126.21 µ + u + D21 1 - 6.126.21 

+ '-/3_ca_1a_2--'(_D_1_2r_+_D_21_(:__l_-_r.:...c..)) __ 1 __ are first defined. 
(µ+a + D12)(µ +a+ D21) 1 - 6.126.21 

and 
R

* _ j3ca~(l - A) 
o- µ +a+ D21 

Theorem 4.2.1. /29} 
The model has a unique solution for the disease-free equilibrium, that is, locally stable asymptotically 

if Ro < l and whenever Ro > l, it is unstable. Furthermore, the corresponding solution of the 

disease-free equilibrium for the special case ( model 4.1.2) is globally stable asymptotically if R 0 ~ 1 

and whenever R0 > 1, it is unstable. 

PROOF. 
Firstly, it is shown that the solution for the disease-free equilibrium of ( 4.1.1) is locally stable asymp-

totically if Ro < l and unstable whenever Ro > l. The RHS of (4.1.l)is denoted as (r1, r2, r3, r4) 

respectively, the Jacobian matrix A = 8(r1, r2, r3, r4)/8(x, y, z, z1) evaluated at disease-free equi-

librium is 

[

-(µ+C12) 

* 0 
Ao= 

C12 

0 

-/3carr 

f3carr - (µ + a + D12) 

-/3ca1a2(l - r) 

/3ca1a2(l - f) + D12 
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Working on the characteristic equation !Ao - >-II = 0, the characteristic polynomial may be ex­

pressed as 

where 

an = (µ + C12) + (µ + C21), 

a12 = (µ + C12)(µ + C21) - C12C21, 

a21 =(µ+a + D12) +(µ+a+ D21) - fJcaif - (Jca§(l - f), and 

a22 =(µ+a + D12)(µ +a+ D21) - D12D21 - fJcaif(µ +a+ D21) 

- (Jca§(l - f)(µ +a+ D12) - (Jca1a2fD12 - (Jca1a2(l - r)D21-

Conditions on P(>.) are adjusted so that its roots have strictly negative real parts. Since P(>.) is a 

product of two quadratics Pi(>.) and P2(>.), the Routh-Hurwitz conditions (Willems [72] ) require 

an, a12, a21 and a22 to be strictly positive. One can clearly see that an > 0 and a12 > 0. Now 

a21 > 0 implies that (µ+a + D12) > (Jcarr and (µ+a + D21) > fJca§(l - f), hence, a21 > 0. 

It then follows that a22 > 0, is the only condition for stability of the disease-free solution, and is 

equivalent to Ro < l. The special case Ro = l implies that a22 = 0, which in turn, implies that 

a 12 > 0. So the dominant eigenvalue is zero and the stability for the equilibrium solution cannot 

easily be determined. Finally, for Ro > l, one obtains a22 < 0, and a single real negative root (and 

a single positive root) for P2(>.). Consequently, the disease free solution is unstable for Ro > l. 
It is now shown that the result of the disease-free solution for the model ( 4.1.2) is globally sta­

ble asymptotically. Let Q = [O, oo] 4 be the non-negative region in IR4
. If the initial condition 

(x(0),y(0),z(0),z1(0)) are in Q then (x(t),y(t),z(t),z1(t)) is in Q for every t 2". 0. As an inductive 

step, there is a need for upper bounds on T(t) and x(t)~~(t) . Since 

dT(t) d 
~ = d/x(t) + y(t) + z(t) + z1 (t)) 

= >-1 + >-2 - µT(t) - a(y(t) + z1(t)) 

it can be deduced that limsupT(t) ::; >.i+>-2 • Using the first and third equations of (4.1.2) , with 
t-too µ 

S(t) = z(t) + x(t) one obtains 

d ( z(t)) >-2 2 z1 (t)z(t) z(t) z(t) 
dt S(t) = S(t) - (3ca2 T(t)S(t) - µ S(t) - (>.1 + >.2 ) S2 (t) 

(3 2z1(t) (z1(t)) 2 z1(t) 
+ ca2 T(t) S(t) + µ S(t) 

= _1_ (>. _ (3 2z1(t)z(t) (l - z(t) )) _ (>. >. ) z(t) 
S(t) 2 ca2 T(t) S(t) 1 + 2 S(t) 

1 ( z(t) ) 
:::; S(t) >.2 - S(t) (>.1 + >-2 ) 

z(t) 
::; O for S(t) 2". 1 - A. 
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This implies that lim sup ~ ::; 1 - A. 
t➔oo 

Thus, for every given E > 0, there exists to such that ~ ::; (1 - A)(l + Eo) for all t ~ to. Focus is 

now placed on the model equation for the progression of the virus in the z1 ( t) subpopulation. Let 

J(t) = z1(t)/(µ +a-+ D21), then fort~ to, 

The cases Ra < l and Ra = l are considered separately. For Ra < l, choose Eo small enough so 

that R0(1 + Eo) - 1 = E < 0, 

df (t) < EZ (t) 
dt - 1 

= (µ+a- + D21)ef(t) = Ef (t), 

where E = (µ+a- + D21)e < 0. Rearranging and integrating the last expression on [to, t] gives 

0::; f(t)::; J(to)exp[E(t- to)] which implies that tlim J(t) = 0. Therefore, z1(t) ➔ 0 as t ➔ oo. 
-too 

Then, for Ra= l, there is t1 such that T::; 2(.>-1 + >-2)/µ for all t ~ t1. Given an E > 0 choose Eo 

such that 4(.>-1 + >-2)Eo/µ = E, then 

d~~t) =z1(t)(Eo-(l+Eo)(y(t);z1(t))) 

( 
µ(y(t)+z1(t))) 

::; z1(t) Eo - (1 + Eo) 2(>.
1 

+ >.2) , fort~ max(ti, to). 

Therefore, fort~ max(t1, to), either y(t) + z1(t)::; E(l + Eo) < E or 

there must be t2 > max(to,t1) with z1(t) < E fort> t2. Hence, z1(t) ➔ 0 as t ➔ oo. This implies 

that as t ➔ oo, then y(t) ➔ 0,x(t) ➔-;-- and z(t) ➔ ~- This concludes the proof. ■ 

Having examined the behaviour of the disease-free solutions in the models and the conditions 

necessary for the disease to be eradicated, an examination of the behaviour of the models is done 
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when the disease spreads. Firstly 

<I> = __ µ_ 1 - r (A+ a2 (l _A)+ __!!E___ a2 ___'!JE.._) 
µ + r7 1 - A a1 1 - 7/21 a1 1 - 1]12 

_ { (a1 (1 _ r)~ _ r) ( f3caf + /3ca1a26.12 ) 
a2 1 - A µ + (J' + D12 µ + (J' + D21 

X 1 - 6.\26.21 } 
(4.1) 

and 
_ 2 a2 ( µ + C12 + C21) (1 - r)

2 
d fi d 

12 - ( A) 2 are e ne . 
a1 µ + r7 1-

(4.2) 

Theorem 4.2.2. {29} 

In the two group model in (4.1.1), 

(i) if Ro > 1, then a unique endemic equilibrium exists, 

(ii) if Ro E ( J 122 + 212 - 12, 1) and <I> > 1 - Ro+ J(l - Ro)2e, then the two endemic equilibria 

can occur, 

(iii) if Ro = 1 and <I> > 0, then a single endemic equilibrium exists. 

If neither ( i), ( ii) nor (iii), occurs then there are no endemic equilibria. The special case model 

( 4.1. 2) has a unique endemic equilibrium and it is locally asymptotically stable whenever Ro > 1. 

PROOF. 

The conditions necessary for non-trivial equilibrium solutions of the model (4.1.1) are shown. It is 

assumed that there is disease present in the population. By setting the time derivatives in the model 

equations equal to zero, one solves for the subpopulation quantities at equilibrium, (x*, y*, z*, zi). 

Then, it becomes easy to derive the relationship 

(4.3) 

·+ • where F* = aiy T.02
z1 is positive, 

f32c2a1a2 
a1 = , 

µ+(J' 

a2 = f3c{-µ-(a1A + a2(l - A)+ a1 ~ + a2~) + a 1(l-A) + Aa2 
µ + (7 1 - V21 1 - V12 

/3cafa2A 1 /3ca1a~(l - A) 1 
µ + r7 + D12 1 - 6.126.21 µ + r7 + D21 1 - 6.126.21 

/3ca1a~A 6.12 /3cafa2(l - A) 6.21 } 
- µ + r7 + D21 1 - 6.126.21 - µ + r7 + D12 1 - 6.126.21 ' 

and 

µ + C12 + C21 { A A /3rofr f3ca~(l - r) 
a3 = ----- 1 - u12u21 - ----- - -----

1 - 6.126.21 µ + (J' + D12 µ + (J' + D21 
_ /3ca1a2(D12r + D21(l - r))} 

(µ+r7+Dl2)(µ+<J'+D21) . 
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It can easily be seen that a1 > 0, but signs of a3 and a2 are not fixed (the problem of determining 

the existence of endemic equilibrium solutions using (4.3)). A definition of a quadratic function 

y = q(F*) is given, whose coefficients are in terms of the model parameters, and its roots are the 

equilibrium solutions (y = q(F*) = 0 and F* = F). Withy = q(F*) = a1F*
2 + a2F* + a3 as given 

above in (4.3) one obtains 

F = -a2 ± Ja~ - 4a1a3. 
2a1 

Therefore, the possibilities are zero,one or two endemic equilibrium solutions. The two existing 

conditions for positive real roots in terms of a1, a2 and a3 are as follows: 

(i) one strictly positive real root (F*): when a3 < 0 or a3 = 0 and a2 < O; 

(ii) two distinct strictly positive real roots (F*): when a3 > 0 or a2 < 0 and a~ > 4a1a3. 

For different types and direction of migration of individuals and different risk levels O :::; a1 < a2 :::; 1, 

the coefficients a1, a2 and a3 change accordingly. One may therefore investigate the influence of 

these characteristics on the conditions for persistence. The following parametrisation is useful: 

(32c2a1a2 
a1 = µ+a , 

1-A 
a2 = f3ca1

1 
_ r (1 - Ro - <I>), 

a3 = (µ + C12 + C21)(l - Ro) 

( 4.4) 

(4.5) 

(4.6) 

The coefficient a3 is given by some model parameters multiplied by 1-Ro. The parameter <I> denotes 

terms that remain when a3 is substituted into a2 (there are some infectivity terms in common). On 

inspection, it seems that <I> may either be positive or negative. It is possible to set the following 

implication: 

It is straightforward that 
a2 A 
-(l-f)---f>-1, 
a1 1-A 

and it follows that Ro < 1 ensures that <I> < 1. We now define 

y* = (3ca2 ( 1 
- Ar) F* is now defined, and 

µ+a 1-

the relationship in ( 4.3) may be written as 

Y*
2 + (1 - Ro - <I>)Y* + ½g(l - Ro)= 0, 

where 

51 

(4.7) 



Chapter 4 

Using condition (i) for existence of positive roots and (4.6), one obtains Ro > l, or Ro= l and 

<I> > 0, as a condition of existence for a single endemic equilibrium solution. From condition (ii), 

for existence of positive roots and (4.5), (4.6) and the knowledge that Ro < l implies <I> < 1, the 

values of <I> are required in the range 

1 - Ro < <I> < 1 or O < Ro < l (4.8) 

for two endemic equilibria to exist. Further examination of <I> in ( 4.1) reveals that there are stronger 

upper bounds on <I> than those of unity. Therefore, the parameters Ro and <I> together in ( 4.8), 

determine a necessary but not sufficient region for the parameter space of two endemic equilibria. 

A development of the condition a~> 4a1a3 in condition (ii) (for positive real roots) is done in terms 

of the parameters Ro and <I>. From (4.7) this condition is equivalent to the quadratic expression 

<I> 2 - 2(1- Ro)<I> + (1 - Ro)(l - Ro - 2g) > 0, (4.9) 

which is satisfied for <I> > <I>c = 1 - Ro+ J2g(l - Ro). This critical value <I>c is one of the roots 

of the quadratic expression in (4.9); the other (smaller) root is less than 1 - Ro, and so does not 

satisfy the condition in (4.8). One must now also satisfy <I>c < 1, in order to agree with (4.8). That 

is, 
1 > Ro > J g2 + 2g - g = Rain > 0 is required 

for g > 0. Thus, Rain is the lower bound for the minimum value of Ro for which two endemic 

solutions are permissible. This completes the proof for the first part of the theorem. 

Next, it is proven that model ( 4.1.2) has a unique solution for the endemic equilibrium and it is 

locally stable asymptotically for R0 > l. It is first assumed that R0 > l. At equilibrium, 

* >-1 
X =-; 

µ 

* D21 * 
y = µ + crz1; 

* 2 zi * 0 = >-2 - µz - f3ca 2 T* z ; and 

0 = f3ca~ i z* - (µ+er + D21)zi. 

where T* = x* + y* + z* + zj'. In addition, combining (4.12) and (4.13) gives 

* >-2 µ + er + D21 * 
Z = - - Z1 

µ µ 

It should be noted that zj' = 0 implies y* = 0. Now assuming zi =/- 0, from (4.13), 

f3ca§ ;: = µ + er + D 21 . Alternatively, one can write this as 

z* µ+er + D21 

x* + y* + z* + zi f3ca~ 
l µ + er + D21 = 2_ l 

< 1 - A /3ca§ R0 < . 
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Using the relationships in (4.10), (4.11) and (4.14), the left hand side of (4.15) may be expressed 

exclusively in terms of zi. One obtains 

(4.17) 

In order to prove existence, the left hand side of ( 4.17) is treated as a function in zi, say k( zi). 

Differentiating k(zi) with respect to zi one obtains 

dk(zi) -(>-1 + >-2~)(µ + u + D21) 

dzi (>-1 + >-2 - zi µ~er(µ+ O' + D21))2 ' 

and the function has been shown to be monotone decreasing with respect to zi. Limiting values of 

k(zi) in the positive quadrant are 

k(0) = 1 - A and k ( .>-
2 

D ) = 0. 
µ+ O' + 21 

Now, from (4.15) 

µ + u + D21 1 µ + u + D21 l 
2 <-- 2 < ' (3ccx2 1 - A (3ccx2 

z* 

x* + y* + z* + zi 

⇒ µ +; +2D21 < 1 - A= k(0). 
C0'.2 

Since k(zi) is monotone decreasing, the requirement that R0 > 1 guarantees the existence of a 

unique quantity zi = i1 > 0 E (0, >-2/(µ+u+D21)) such that k(i1) = (µ+u+D21)//3ccx~ E (0, 1-A). 

It can easily be shown that x*, z* and y* have unique positive values. Hence, it has been established 

that a unique endemic equilibrium exists for model (4.1.2). It is now demonstrated that it is locally 

stable asymptotically. 

Linearising the system of ( 4.1.2) about the endemic equilibrium ( x*, y*, z*, zi), the corresponding 

Jacobian matrix evaluated at this solution is 

-µ 0 0 

0 I 0 -(µ + u) 0 0 
Ae= [ ,,.,. 2z*z• 2Zi(T*-z*) 2Z*(T*-zi) 

f3ccx2? f3ccx2? -µ - (3ccx2 T•2 -(3ccx2 r•2 

2 z*z"' 2 z*z* 2 zi(T*-z*) z"' T* z"' 
-f3ccx2? -f3ccx2?" (3ccx2 T•2 (3ccx~ (T•-; 1 ) - (µ + u + D21) 

determining the characteristic equation of Ae, det(Ae - >.I) = 0, where A are eigenvalues of Ae, 

and I is a 4 x 4 identity matrix. One immediately obtains A = -µ as one of the eigenvalues. The 

other eigenvalues are specified by the cubic polynomial >.3 + c1.>-2 + c2>. + c3 = 0, where 

(3ccx2 z* 
c1 = r= l +µ+(µ+u), 

(3ccx2 z* (3ccx2 z* ( z* ) z* z* 
c2 = (µ + u)f + (µ + u + D21) T; 

1 
1- T* + µ(3ccx~ Tj 

z*z* 
+ µ(µ + u) + D21f3ccx~-f, 

T* 
(3ccx2 z* ( z* ) z* z* 

c3 = (µ + u)(µ + u + D21) T; 1 1 - T* + µ(µ + u + D21)f3ccx~ Tj. 
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According to the Routh-Hurwitz criterion, one obtains c1 > 0, c3 > 0 and c1c2 > c3. Clearly, c1 > 0 

and c3 > 0. It remains to show that c1c2 > c3. Tidying up (4.20) one obtains 

(
f3ca2z* ) f3ca2z* /3ca2z* ( z*) 

c2 = (µ+Cl) T; 1 + µ + (µ + D21) T; 1 + Cl T; 1 
1- T* . 

Writing c1 in the form 

(
f3ca2z* ) 

C1 = (µ + Cl) + T; l + µ , 

after some straight forward cancelation of terms one obtains 

Thus, c1c2 > c3 and the unique endemic equilibrium solution is locally stable asymptotically. ■ 

In this study, the case o.10.2 = 0 (i.e when there is interrelations between members of the different 

groups, one of them will always insist on using a condom) is considered. This means that safe sex 

is practiced whenever a person from the first group has sexual relations with a person from the 

second group. Also, (C12 = C21 = D12 = 0) is assumed. The resulting simplified model enables 

us to study in detail, the effect of the model parameters on a long term behaviour of the disease, 

especially the influence of the risk levels and migration rates. The model (4.2.1) becomes 

dx(t) _ , _ ( ) _ /3 2 x(t)y(t) 
dt - "l µx t co.1 T(t) , 

dy(t) 2 x(t)y(t) 
----;J,t = f3ca1 T(t) - (µ + CJ)y(t) + D21 z1 (t), 

dz(t) _ , _ /3 2 z(t)z1(t) _ ( ) d 
dt - "2 co.2 T(t) µz t , an 

dz1(t) _ /3 2 z(t)z1(t) ( D ) () 
~ - co.2 T(t) - µ+CJ + 21 z1 t . ( 4.1.3) 

The equilibrium and stability analysis of this deterministic model will be the same as ( 4.1.1). In the 

results of (4.1.1), 0.10.2 = 0 and C12 = C21 = D12 = 0 are substituted in order to obtain the results 

for this model. The interest is to study how environmental noise affects this system of differential 

equations. 

4.3. Stochastic model 

The parameter CJ is defined as per capita rate of individuals infected develop AIDS. Essentially, CJ can 

be estimated by adding its average value and the error term assumed to be normally distributed, 
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so that the probability for an event in [t, t + 6.t) of a single infected person is approximately 

N(a6.t, af 6.t) + 0(6.t). Therefore, a is replaced by a+ a1 W(t), where W(t) is the white noise and 

W(t) is a Wiener process. a1 > 0 (and is smaller than a) is the noise intensity. This is a usual 

approach for stochastic modeling in population dynamics. In addition, this introduces stochasticity 

to the system and allows one to obtain analytical results for the model (see [3, 10, 26, 48]). 

The new system of stochastic differential equations is now given as follows: 

( 4.22) 

(4.23) 

(4.24) 

(4.25) 

with suitable initial conditions. Since the stochasticity is introduced through parameter a, the 

noise term is the same in both Equations (4.23) and (4.25). In the following sections, the analytical 

results for the new model are established. 

4.3.1 Non-negative solutions 

The usual complete probability space is denoted by (n, F, P), with the filtration {Ft}t~o which 

satisfies the usual conditions (i.e. increasing and continuous on the right, and Fo has all P-null 

sets). W(t) is considered to be a one-dimensional Wiener process (or Brownian motion) defined 

on a complete probability space (n, F, P). In addition, let R++ = { x E R4 
: Xi > 0 for every 1 :S 

i :S 4 whenever x = (x1,xz,x3,x4)} and R+ = {y E R4
: Yi 2'. 0 for all 1 :Si :S 4 whenever y = 

(y1,y2,y3,y4)} and let the solution to the model be given by x(t) = (x(t),y(t),z(t),z1(tf. 

Lemma 3.3.1 is used to prove the following theorem. 

Theorem 4.3.1. Let a1, µ, a, D21, f3 be real positive constants and O < a1, a2 < 1. Then, for every 

initial condition x0 ER++, there is a unique solution x(t) to Equations (4.22) - (4.25) for every 

t 2: 0 and this solution will always be in R++ with probability 1, i.e x(t) ER++ almost surely, for 

every t 2'. 0. 

PROOF. 

Considering that the coefficients for the equations are locally Lipschitz continuous, then for every 

given initial value x 0 E R++ there is a unique local solution x(t) for every t E [O, Te), and Te is an 

explosion time (see [2, 25]). One needs to show that Te = oo a.s for the solution to be global. A 

constant ko 2'. 0 is chosen which is large enough so that all the components of xo are in the interval 

[f
0

, ko]- For every integer k 2'. ko, the stopping time 

Tk = inf{t E [0,Te): at least one of x(t),y(t),z(t) or z1(t) ff. (1/k,k)} is defined, 
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throughout the study inf 0 = oo (0 is the empty set). Hence, as k -+ oo, Tk is also increasing. Let 

Too = lim Tk, from which one obtains Too :::: Te . If it is proven that Too = oo almost surely, then 
k--+oo 

Te = oo and x(t) E JR~-+ almost surely for every t 2'. 0. This means that to complete the proof, all 

one needs to show is that T 00 = oo a.s. If one supposes that the statement is untrue, then there are 

some constants T > 0 and€ E (0, 1) such that 

P{Too:::: T} > €. 

Therefore, there is an integer k1 2'. ko such that, 

(4.26) 

Let U : lR~+ -+ lR~+ be a C2-function defined by 

U(t) = [1 + x - log(x)] + [1 + y - log(y)] + [l + z - log(z)] + [1 + z1 - log(z1)] . 

Non-negativity of U(t) is seen from 1 + x + - logx 2'. 0 'vx > 0. Using Ito's formula, one obtains 

dU(x) = ( 1- ~) ( A1 - µx - f3cai;(~))dt + [ ( 1- t)D21z1 - (µ + u)y + /3cai;(~) + ~ut] dt 

+ [ ( 1- :J (f3ca§;;:) - (µ + u + D21)z1) + ~uf]dt + ( 1- ~) ( A2 - µz -(3ca§;;:))dt 

Hence, 

+ (1 - y)u1dW(t) + (1 - z1)u1dW(t) 

:::: ( A1 ( 1- ~) + µ + /3caiT~t))dt + [ (1 -t) (D21 z1 - (µ + u)y + /3cai;(~)) + ~ur]dt 

+ (l -y)u1dW(t) + ( A2( 1-D + µ + {3ca§~~))dt + (f3ca§;;:) + µ + u + D21 + ~ur)dt 

+ (1 - z1)u1dW(t) 

:::: [ 4µ + 2u + D21 + (3cai + (3ca§ + uf + ( 1 - ~) A1 + ( 1 - t) D21z1 + ( 1 - ~) >-2] dt 

+ (2 - y - z1)u1dW(t). 

dU(x(t)):::: (r1 + >-1 + >-2 + D21z1)dt + (2 -y - z1)u1dW(t), 

where r1 = 4µ + 2u + D21 + (3car + /3ca§ + uf . 

Using lemma 3.3.1 and how Uhas been defined, z1:::: 2U(x) - (4 - 2log2) ~ z1:::: 2U(x). 

Therefore, one obtains 

dU(x(t)):::: (r1 + >-1 + A2 + 2D21U(x))dt + (2 - y - z1)u1dW(t) 

:::: r 2 (1 + U(x))dt + (2 - y - z1)u1dW(t), 

where r2 = max{r1 + A1 + A2, 2D21}. Hence, if t1 :::: T, 
J;kllti dU(x(t)):::: J;kllti r2(l + U(x))dt + J;k11t1(2 - y - z1)u1dW(t) 

which implies that 
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Following Gronwall inequality (lemma 2.3.8), 

f = r2, ¢ = EU(x(Tk I\ t)) and ro = U(xo) + r2T 

Therefore, one obtains 

Chapter 4 

(4.27) 

Let 6.k = {Tk :ST} for all k 2'. k1 and from equation (4.26), then P(!:::.k) 2'. c. For every w E 6.k, 

at least one of z1(Tk,w),z(Tk,w),y(Tk,w) or x(Tk,w) will be equal to either 1/k or k. Therefore, 

U(x(Tk,w)) is not less than either 1 + 1/k - log(l/k) = 1 + 1/k + log(k) or 1 + k - log(k). 

Therefore, 

U(x(Tk,w)) 2'. 1 + 1/k + log(k) /\ 1 + k - log(k). 

From ( 4.26) and ( 4.27), it follows that 

(U(xo + r2T))er2T 2'. E[l.c,.k(w)U(x(Tk,w))] 

2:: c([l + 1/k + log(k)] /\ [1 + k - log(k)l), 

where l.c,.k is an indicator function on 6.k. If one lets k --+ oo it will lead to a contradiction, that 

is, oo > r 3 = oo. It can therefore be concluded that, T 00 = oo almost surely. This concludes the 

proof. ■ 

Since some components of the initial conditions can be zero, it will be interesting if one considered 

what will happen if this is to occur, i.e. xo E Rt. 

Theorem 4.3.2. Let CJ1, µ, CJ, D21, (3 be real positive numbers and 0 :S a1, a2 :S: 1. Therefore, for 

every initial value xo E Rt, the solution of equations (4.22) - (4.25) will be in Rt almost surely, 

i.e, x(t) E Rt with probability 1 for every t 2'. 0. 

PROOF. 

There are four cases to consider: 

(i) y(0) = 0, z1 (0) = 0, x(0) 2:: 0, z(0) 2:: 0; 

Whenever y(0) = z1(0) = 0, one gets y(t) = z1(t) = 0 for every t 2'. 0 a.s. Using this result 

and equations (4.22) and (4.24), one obtains x(t) 2:'. 0 and z(t) 2:'. 0. 
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(ii) x(0) > 0, z1 (0) = 0, y(0) 2: 0, z(0) 2: O; 

If z1(0) = 0 then z1(t) = 0 for every t 2'. 0 a.s. From (4.23) and if one lets Y = logy(t), and 

using Ito's formula, one obtains, 

( 
z1(t) 2 x(t) o-f) 

dlogy(t) = D21 y(t) - (µ+a-) + f3ca 1T(t) - 2 dt - o-1dW(t) 

= [f3caf;~:~ -(µ+a-+ er})]dt-er1dW(t) 

::::; [f3caf - (µ+er + ~f)] dt - er1dW(t) 

⇒ y(t) ::::; y(0) exp [ (/3caf - (er+µ+ ~f))] t - er1 W(t). 

Hence, for every t 2'. 0, y(t) > 0 a.s. Just like in (i) x(t) 2'. 0, and z(t) 2'. 0. 

(iii) x(t) 2'. 0, z(t) 2'. 0, y(0) = 0, z1(0) > O; 

From (4.22), one can write 

d~~t) 2: >-1 - (/3cai + µ)x(t). 

From this, one gets 
x(t) > x(O)e-(,BcaI+µ)t + ~ (1 - e-(.BcaI+µ)t). 

- {3ca1 +µ 
Hence, x(6.t) > 0 for positive and small 6.t. Also, if D21 > 0, then y(6.t) = D21z1(())6.t + 
0(6.t) a.s. 

Similarly, from ( 4.24), one gets 

d~~t) 2'. ,\z - f3ca~z(t) - µz(t) 
⇒ z(t) > z(O)e-(,Bca~+µ)t + ~ (1 - e-(,Bca~+µ)t). - ,Bca2 +µ 
Hence, z(t) > 0 for 6.t small and positive. 

dz1(t) 2z(t)z1(t) · . . ~ = f3ca2 T(t) - (µ+er + D21)z1(t) - er1z1(t)W(t) 1s now considered. 

Let X = logz1(t), then using Ito's formula, one gets 

( 
2 z(t) err) 

dlogz1(t)= (3ca2T(t)-(µ+er+D21)- 2 dt-o-1dW(t) 

logz1(t) = lat (f3w~;~;) - (µ+er + D21) - ~f)ds - lat er1dW(t) + C 

[ rt ( z( s) 0"2) rt ] ⇒ z1(t) = C1 exp Jo ,Bca~T(s) - (µ+er + D21) - 2
1 

ds - Jo o-1dW(t) , 

so, z1(6.t) > 0 a.s for a positive small 6.t. When one changes the origin of time to a small 

positive 6.t and following theorem 4.3.1, one obtains x(t), y(t), z(t), z1(t) > 0 a.s. 

(iv) z(0) 2'. 0, x(0) 2'. 0, z1(0) > 0, y(0) > O; 
If one has to change the starting time to a positive small 6.t, then without loss of gener-

ality, it can be concluded that z(0) > 0, x(0) > 0 and following theorem 4.3.1, one gets 

x( t), y( t), z( t), z1 ( t) > 0 almost surely. 

58 



Chapter 4 

■ 

4.3.2 Asymptotic behaviour and stability 

The model of differential equations currently being studied is partly deterministic and partly 

stochastic. The equations of the system are analysed individually in the next theorem. A study of 

the asymptotic behaviour of variables in the model is done. A lemma (see [46]) is first stated to 

help prove the theorem. 

Lemma 4.3.3. /46} 
Let F(t) and V(t) be continuous and increasing adapted processes for all t 2". 0 and F(0) = V(0) = 0 

almost surely. A real valued continuous local martingale A(t) is considered such that A(0) = 0 a.s. 

and let~ be a non-negative Fa-measurable random variable and E(~) < oo. 

Y(t) = ~ + F(t) - V(t) + A(t) fort 2". 0 is defined such that 

if Y ( t) 2:: 0, then 

{ lim A(t) < oo} c { lim F(t) < oo} n { lim V(t) < oo} a.s., 
t➔oo t➔oo t➔oo 

where D c E almost surely means P(D n Ee) = 0. If lim F(t) < oo a.s., then for almost every 
t➔oo 

wEO 

and 

lim Y(t,w) < oo, lim V(t,w) < oo 
t➔oo t➔oo 

limA(t,w)<oo exist. 
t➔oo 

,Bea~>. >._;>. 
To prove the next theorem, let R1 = µ+a+D

2
~ +;U2 • 

Theorem 4.3.4. The stochastic differential equations (4.22)-(4.25) is globally stable asymptotically 

whenever R 1 < 1 for every initial value xo E JR+, it tends to the equilibrium position of ( ~' 0, ~' o), 
asymptotically with probability 1. 

PROOF. 
First, the infected individuals in the two groups are considered, that is, y(t) and z1(t). There is a 

need to find upper bounds for~ and#£ before we can proceed. From (4.22), one obtains 

d~}t) '.S .\1 - µx(t). 

Solving, one gets 

x(t) :S x(0)e-µt + ~ (1 - e-µt) 
. .\1 

hm x(t) :S -
t➔oo µ 
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==> limsupx(t) S ~-
t➔oo µ 

Similarly, from (4.24), one obtains d~~t) s >.1 - µz(t) 

and when evaluated we have 

z(t) S z(0)e-µt + ~ ( 1- e-µt) 

Hence, 

==> limsupz(t) s ~ a.s. 
t➔oo µ 

From (4.28) and (4.24) we get 

. z(t) . z(t) 
hmsup-- =hmsup------'--'-----

t➔oo T(t) t➔oo x(t) + y(t) + z(t) + z1(t) 

< lim sup z(t) 
- t➔oo x(t) + z(t) 

~ .A 
< µ = 2 

- ~ + ~ .A1 + >-2 
µ µ 

1. z(t) < ~ ==> 1m sup T't') _ >. +>. 
t➔oo ~ ,'! 1 2 

VE > 0 :3t1 such that, 

For r 2". t1, 
l rr !iilds - l rt1 !iilds + l J,r !iilds 
T Jo T(s) - T Jo T(s) T t1 T(s) . 

Now using (4.29), one obtains, 

Therefore, one obtains 

1. 1 rr z(s) d < ~ + 1msup 7 Jo T"(s'j s _ .x
1
+.x

2 
f. a .s. 

r➔oo 

Since E is arbitrary, 

In the same way, 

1. xn <~ imsup Tr - >-1+>-2. 

. 117 z(s) >-2 hmsup- --ds < ----=---
r➔oo r o T(s) - >-1 + .A2 

a.s. is obtained. 
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(4.29) 

a.s. 

(4.30) 

t➔oo _ 
The next step is to examine the infected population, that is, y(t) and z1(t) . For z1(t), if z1(0) > 0, 

then, one defines a function Y(z1) = log(z1), z1 E (0, oo). Using Ito's formula, one obtains, 
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Then, 

r r ( z ( s) er2) r lo dY(z1(t)) = lo ,Bca~T(s) - (µ+er + D21) - j ds - lo er1dW(s). 

Simplifying and dividing by ¼ yields 

Using the result from [47], one notices that 

lim W(r) = 0. ( 4.31) 
r➔oo r 

Using (4.30) and (4.31) and substituting the value of Y(z1(r)), one obtains 

1 11rz(s) er2 11r 
limsup-logz1(r) = ,Bea~ lim - T( )ds - (µ+er + D21 + -1) - lim - er1dW(s) 
r➔oo r r➔oo r o S 2 r➔oo r 0 

2 ( >-2 ) ( err) ::; ,Bca2 >-i + .>-
2 

- µ + er + D21 + 2 
< 0 since R1 < 1 

where K, = ,Bea~ ( >./'.;),
2

) - (µ+er + D21 + g.), 
from (4.32), 

For y(t) one can express (4.23) as 

y(t) = y(0) + ,Bcay f~ x(;~~js) ds + D21 f~ z1(s)ds - (µ+er) f~ y(s)ds - er1 f~ y(s)dW(s). 

From (4.33), one obtains, 

lim fi z1 ( s) ds :=; ft e"'t < oo almost surely. 
t➔oo 

Using Lemma 4.3.3, one gets 

lim y(t) < oo 
t➔oo 

=> lim f~ y(s)ds = ft y(s)ds < oo almost surely. 
t➔= 

It has to be proven that lim y(t) = 0 almost surely 
t➔oo 

If not, there exists an D1 c n such that P(D1) > 0 and for every w E Di, 

liminfy(t,w) > 0. 
t➔= 

Therefore, for every fixed w1 E D1, one gets, 

liminfy(t,w1) = p(w1) > 0 
t➔oo 

and there is a T1 > 0 such that, y(t,w) > ½p(w1) for every t:::: T1. Hence, 

ft y(r, w1)dr = f[1 y(r, w1)dr + f;: y(r,w1)dr:::: f;: y(r, w1)dr = oo. 

This implies that D1 c D2, where D2 = {w: fty(s,w)ds = oo}. Therefore, P(D2) > 0. 

Hence, one gets 
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lim y(t) = 0 almost surely. 
t➔oo 
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If susceptible individuals of group two are considered, that is, z(t), by (4.33), one obtains 

lim zi(t) = 0 
Hoo T(t) 

Given any E > 0 and by (4.34), there is a T' such that 

Therefore, for every t 2: T', 
d~~t) 2:: .>,2 - (µ + c)z(t) almost surely 

=} z(t) 2:: z(O)e-(µ+e)t + -;?+:e ( 1 - e-(µ+e)t). 

a.s. 

Vt 2:: T'. 

It is now easy to see that lim inf z(t) 2:: ~ almost surely. 
t➔oo µ 

One then obtains, 

lim z(t) = >-2 

t➔oo µ 

It has been proven that as t-+ oo, x(t) -+ *' z(t) -+ >;1, y(t) -+ 0, z1(t) -+ 0. 

proof. 

(4.34) 

This completes the 

■ 

It was observed that infectious populations eventually die out with time while susceptible population 

stabilises around t, >;1 for the first and the second groups respectively. 

4.3.3 Stability at the disease-free equilibrium 

Two kinds of stability are examined for the disease-free equilibrium. Moment exponential stability 

and almost sure exponential stability are discussed. Firstly, a definition of stability ( check [ 4 7]) is 

given. 

Let 

ds(t) = F(s(t), t)dt + G(s(t), t)dW(t) (4.35) 

be a general n-dimensional stochastic differential equation. The solution to the equation is denoted 

by s(t; so) for every t 2: 0 with the initial value s(0) = s0 . If 

G(0, t) = 0 and F(0, t) = 0 for every t 2: to. 

Then, s(t) = 0 is a solution to equation (4.35) and corresponds to an initial value s(to) = 0. This 

solution is known as the equilibrium position or the trivial solution. 

Definition 4.3.5. The trivial solution of equation (4.35) is almost surely stable exponentially if 

for every so E lRn. 

. 1 
hmsup - log ls(t; so)I < 0 almost surely 

t➔oo t 
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Definition 4.3.6. The trivial solution of equation ( 4.35) is the Pth moment stable exponentially if 

there are some constants >., C > 0 such that 

for every so E JR.n. It is stable in mean square exponentially whenever p = 2. 

A near disease-free equilibrium population, that is, x(t) = ~ + <;1, z(t) = ~ + <;2, and y(t), z1(t) to 

be very small is considered. 

Almost sure exponential stability 

Considering infected populations, one obtains 

where V(t) = (y(t),z1(t))T and ¥ffi ➔ >-11>-2 , ~ ➔ >-1"'/.>-2 • 

One now gets the solution. 

Let X = log(y(t)) and Y = log(z1(t)), and using Ito's formula yields 

( 
2 x(t) z1(t) O'f) 

dlog(y(t)) = {3ca.1T(t) - (µ+a-) +D21 y(t) - 2 -o-1dW(t) 

( 2 ( >-1 ) o-f) = /3ca1 >-i + .>-
2 

+ D21 - (µ + O') - 2 dt - o-1dW(t) 

=} log(y(t)) = ( f3ca.i C
1 
'; >-J +-D21 - (µ + O') - ~f )t - 0"1 W(t) + C 

=} y(t) = y(O) exp [ ( f3ca.i C
1 
'; AJ - (µ + O') + D21 - ~f )t - 0"1 W(t)]. 

Similarly, 

( 
2 z(t) O'f) 

dlog(z1(t)) = f3ca.2T(t) - (µ+a- + D21) - 2 dt-:- 0"1dW(t) 

( 2 ( >-2 ) O'f) = f3ca.2 >-i + .>-
2 

- (µ + O" + D21) - 2 dt - o-1dW(t) 

z1(t) = z1(0) exp [ ( f3ca§Cl ~ AJ - (µ + O' + D21) - ~r)t - O'l W(t)]. 

Therefore, V(t) = exp [ ( F - ~o-f I) t - 0"1IW(t)] V(O), 
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where I is an identity matrix. Hence, 

F _ !rJrf = (f3cat (>-11>-J - (µ + rJ) - ½(Jr D21 ) 
2 0 (3ca~ ( >-11>-2) - (µ + rJ + D21) - ½(Jr . 

Computing the eigenvalues >.' and >." 

1 (3ca2 (~) (µ + rJ) 1 rJ2 >.' D21 
det [(F--rJrI)->.I] = 1 >-1+>-2 - - 2 1 -

2 0 (3ca~ ( >-1".j."2) - (µ + rJ + D21) - ½(Jr - >." 

det [ ( F - ½(Jr I) - >.I] = 0, implies that 

(!3car ( >-11>-J - (µ + rJ) - ½(Jr - >.') (!3ca~ C11>-2) - (µ + (J + D21) - ½(Jr - >.") = 0 

=} >.' = f3car( >-11>-J - (rJ + µ) - ~ or >." = (3caH >-;:;.>-2) - (µ + rJ + D21) - ½rJf-
Since>.' and>." are real negative numbers, then lLJBNRAWUR· v· _I 

II exp [ (F - I~r )t] II~ ce-2
>-t 

for some constants C, >. > 0 ( check [[4 7], page127]). Following Mao's method ofanalysis [[47], page127], 

one obtains 
1 -

lim - log IV(t)I :S -2>. a.s. 
t➔oo t 

Therefore, :lto such that for every t ~ to 

IV(t)I ~ IV(to)le->-(t-to) almost surely. 

Without loss of generality, let it be assumed that Ai < µ, i = l, 2. 

Since d~}t) ~ >.1 - µx(t) one gets 

x(t) ~ ~ ( 1 - e-µt) + x(O)e-µt, hence, 

lx(t) - ~I ~ lx(O) - ~le-µt_ 

Next, let '(t) = -~ + z(t) (then z(t) = ~ + e(t)), from (4.24) one gets 

de(t) = >.2 _ (3ca~z1(t) (e(t) + >-2) _ µ(e(t) + >-2) 
dt T(t) µ µ 

2z1(t)( >.2) = -µ~(t) - (3ca2 T(t) e(t) + µ 
__ C() _ (3 2z(t)z1(t) 
- µ.., t ca2 T(t) . 
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Integrating for t 2'. to ( and integrating factor I.F = eµt), one gets 

Therefore, for t 2'. to, one gets, 

where R is a constant. Hence, there is an almost surely locally exponentially stable disease-free 

equilibrium. 

Moment exponential stability 

Let 

au= [,Bcai (.x
1 
~ AJ - (µ+a- + ~f) ]t - 0-1 W(t), 

a12 = D12t and 

[ 2 ( >-2 ) uf] a22 = ,Bca2 >-i + >-
2 

- (µ + u + D21) - 2 t - u1dW(t). 

Close to the disease-free equilibrium 

Let f(t) = z(t) - ~' then one gets 

It should be noted that, 

rt ,Bca2z(s)z1(s) el'Sds < ,Bcci rt z (O)ea22(s)+µsds 
Jo 2 T(s) - 2 lo 1 ' 
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Hence, 

l~(t)I ::; l~(0)le-µt + ,Bca~z1(0)e-µt lat ea22 (s)+µsds 

::; 2 max (1~(0) le-µt, ,Bca~z1 (0)e-µt lat ea22 (s)+µs ds). 

If A = (an a 12) then following the properties of matrix exponential, one gets 
0 a22 

(

ea11 ai:2_~22 ( ea11 _ ea22 )) f 
i a22 -1- an, 

0 ea22 
eA = 

0 ea22 (
ea11 a12ea11 ) if a22 = an. 

From the above, the disease-free equilibrium solution can be written as 

Then, 

where p and q are constants. Hence, 

jV(t) I ::; re2max(a11(t),a22(t)), where r = 5 max(IPl2, lql2, z1 (0)2). 

Moreover, from (4.22), one gets, 

dx(t) 
~ ::; >.1 - µx(t) 

=? x(t) ::; >.1 (1 - e-µt) + x(0)e-µt 
µ 

>.1 >.1 t 
=? lx(t) - -I::; lx(0) - - le-µ. 

µ µ 

Let h(t) = (x(t)- ~,y(t),z(t) - ~,z1(t)) 

lh(t)j2 = (x(t) - >.1)
2 + y2(t) + (z(t) - >.

2
)
2 + zf(t) 

µ µ 

= jV(t)j2 + (x(t) - >.1)2 + (z(t) - >.2)2 
µ µ 

::; 3max (jV(t)l2, jx(t) - Al 1
2, lz(t) - >.

2
1
2) 

µ µ 

::; 3 max (r1emax(2a11(t),2a22(t),-2µt), r
2
e-2µtl lat ea22(s)+µsdsl2), 
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where r1 = max (r2,4l~(0)l2, lx(0) - ';712) and r2 = 4l,Bca2z1(0)l 2- Therefore, for every p > 0 

lh(t) IP :::'. 3~ max (rf emax.(pa11(t),pa22(t),-pµt), rJ e-pµtl lat ea22(s)+µsdslP), 

Elh(t) IP :::'. 3~rf ( Eepau(t) + Eepa22(t) + e-pµt) + rJtp-le-pµt E ( lat ep(a22(s)+µs)ds)' 

for p 2: 1, using Holder's inequality, 

( ( 
>, ) ( "2 ) ) p2 "2 ( ( >, ) "2 ) 2 "2 

:::'. 
3

~rf (e ,Bea~ x1_;x2 - µ+er+:+ pt+yt + e ,Bea~ ~ -(µ+a+D 21 )-:+ pt+~t + e-pµt) 

1!. rt + r:J,tP-le-pµt Jo Eep(a22(s)+µs)ds. 

The last integral is 
2 2 

'f k - P a 1 + 1 - 2 µ 

2 2 
if k =/- P ; 1 + µ 

Therefore, 

for some constants r3, r4 and r5. 
For (er+µ) - max (0, ,Bca§(.x

1
1.x

2
) - D21) > (p-~)eri, the Pth moment exponentially stable disease-

free equilibrium. On the other hand, if (p-~)ai + .x
1
~\

2 
> µ + O', choose V(O) = (1, O)T, then one 

gets 

V(t) = (ean(tl,of 
=} IV(t)IP = ePan(t) 

~ [ 2 __b__ (p-l)cri ( )] 
=} Elh(t)IP 2: EePan(t) = ep ,Bea1>.1+>-2 2 - µ+er t_ 

In this case, the p th moment exponentially unstable disease-free equilibrium is obtained for every 

positive p. 

In the same way, if 

(p-~)a? >(µ+er + D21) - ,Bca~(.x
1
~.x

2
), 

then for every p > 0, the disease-free equilibrium is again Pth moment exponentially unstable. 

In the case where ,Bcai(.x
1
~.x

2
) + D21 = ,Bca§(.x11.x2 ), then 

V(t) = (t) V(O). 0 ea22 

~ (ean(t) a12(t)ea11(t)) ~ 

Finally, using the same reasoning shows that if 

(µ+er)-max(,Bca§(.x
1
1.x

2
)-D21 ,0) > (p-~)ai, 

then the disease-free equilibrium is Pth moment exponentially stable for p 2: 1 and Pth is not moment 

exponentially stable for every p > 0 whenever 

(µ+er) - max (0, ,Bca§(.x
1
1.x

2
) - D21) < (p-~)a~. 
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4.4. Results and discussion 

This study examined a stochastic model representing the spread of HIV-AIDS in a homosexual 

population. The main objective of the study was to analyse the effect of environmental noise to the 

dynamics of the spread of the disease. Using the system of stochastic differential equations, it was 

discovered that environmental noise brings stability to the system. Both stability in probability 

and the almost sure exponential stability are attained, but does not achieve exponential stability 

for the pth moment whenever p ~ l. 

Suppose a recently infected person enters the disease-free equilibrium and T is the time that the 

newly infected person will be infectious, the approximate probability Ft+t..t that the infected person 

goes out of the infected class during the time interval [t, t + .6.t) is given by (µ + u + D21).6.t + 
u 1(W(t + .6.t) - W(t)). Therefore, given Ft, then the probability that an infected person will still 

be infectious at time t is 

Hence, 

P(T ~ t) ~ E(P(T ~ tlFt)) 

~ E( exp [ - (µ + <T + D21)t - <T1 W(t)]) 

~ exp [ - ( (µ + u + D21) - ~f) t] , 
(72 

provided that µ + O" + D21 > T, 
1 

E[T] ~ 2 

µ+<T+D21 -;i. 

and R2 ~ ,Bea~ ( >-i1>-
2

) E[T] is the number of cases caused by an infected person who enters the 

disease-free equilibrium. 

Hence for p = 2, if R2 < 1 and (µ + O") > T then we have the exponentially mean square stable 

disease free equilibrium, however when R2 > 1 or T > (µ + O") then we have the exponentially 

mean square unstable disease free equilibrium. 

In addition, it was observed that significance of the biological parameters is unaffected, and the noise 

does not change the system in any way. One particular case is the importance of using condoms to 

reduce the spread of RN-AIDS. It is a parameter that is very important in the stochastic model 

as it helps in determining the possibility of eliminating the infection from the given population. 

Nevertheless, an improvement to the deterministic model is made by including noise to the model. 

Since the real world is stochastic (not entirely deterministic) in nature, it is always very significant 

to include stochasticity (random effects) to the deterministic model. In this study, it was shown as 

one of the ways this could be done. From this study it can be concluded that the introduction of 

environmental noise to the deterministic system (or model) brings stability to the system. 
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Stochastic model for internal HIV dynamics 

driven by fractional brownian motion 

5. 1. Introduction 

From the time HIV was discovered in 1981, it has relentlessly been spreading to every part of the 

world and has become a dominant global pandemic. It attacks the immune system, specifically by 

decreasing the CD4 cells. The production and development of HIV infection is the function of the 

cellular environment of the host, life cycle of the virus, and the amount of virus in the body of an 

infected individual. Factors such as genetic differences between individuals, age, virulence levels of 

a particular virus strain, and coinfection with other pathogenic bacteria influence the progression 

rate and the severity of the disease. Viral replication in the host starts at the cell surface receptor 

CD4 on the entry site of HIV. The infective cells discharge virions (a complete viral particle made 

up of the infective form of a virus), that infects other healthy cells. The primary target of HIV 

are the CD4 cells, which become infected when they encounter the virus. Active HIV replication 

occurs at every stage of infection. Throughout a period of time, even when small amounts of virus 

can be detected in the blood, a considerable number of virus accumulate inside every infected cell. 

This kind of interaction between the immune system and the virus is known as HIV internal viral 

dynamics. In this chapter, a stochastic model driven by fractional Brownian motion for the host 

virus interaction is formulated. 

Modeling the interaction between the CD4 cells and HIV-1 virus has been an extensive research 

area for many years [8, 15, 21]. Mathematical modeling have come to play a significant role in 

these biological systems. Predictions about the behaviour of the system has been made possible 

through the use of Mathematics. This chapter presents some analytical results for the stochastic 

model driven by fractional Brownian motion (particularly, an expression for the variance and mean 

of the limit process. 

When stochastic models are used, there are more real benefits to be gained than when determin­

istic models are used. Naturally, real life is not deterministic but stochastic. When a biological 
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phenomenon such as the internal HIV viral dynamics are modeled, there is a need to consider the 

stochastic effects. The effects of environmental stochasticity are modeled on some of the param­

eters in the model. More useful results are generated by stochastic models rather than models 

that are deterministic, since a distribution of the predicted outcomes can be constructed by run­

ning a stochastic model many times, for instance, the number of infected cells at time t, while 

a deterministic model will only give one predicted value. Having a distribution for the predicted 

outcomes is more versatile as it helps to practically study stochastic quantities that are important. 

For instance, the probability that the infectious virus particles have died out at a given time and 

the variance of the number of infectious virus particles at a given time, which cannot be studied 

using deterministic models. Quantities such as the mean value of the number of cells can be mod­

eled more accurately by stochastic models since they take into account the effects due to random 

variation on these quantities which deterministic models cannot. 

Other studies done by N. Dalal et al. [19] and [20] introduce stochasticity to the model for the 

model of AIDS and use of condoms and the model for internal HIV dynamics respectively using 

the method of perturbation of parameters which is a standard method in modeling stochastic dy­

namics of a population. They demonstrated non-negativity of solutions to the model established 

in their studies as required in the dynamics of population modeling. In addition, they performed 

a thorough asymptotic stability analysis (both in pth moment and in probability). The purpose 

of this study is to show how a certain type of stochastic perturbation (noise driven by fractional 

Brownian motion) may help stabilise the system. 

The first step is to prove that the solutions are non-negative which is a very critical condition for 

modeling stochastic differential equations in population dynamics. Attention is then shifted to the 

stability aspect for the three variables under consideration. Next, it is shown that the number of 

virus particles and infected cells will both almost surely tend to zero (their disease-free equilibrium 

value) under certain conditions. Then, a mean reverting process is introduced to show that the 

number of healthy cells tend to this mean reverting process in probability. Finally, details of the 

parameters of the mean reverting process are given. 

5.2. Deterministic model 

Highly Active Antiretroviral Treatment (HAART) can reverse or slow down the production and 

development of HIV-1 to a certain extent. In general, HAART constrains the formation process of 

virus particles. This results in an increased quantity of CD4 cells and a reduced quantity of viral 

load. In this chapter, a stochastic model of viral dynamics driven by fractional Brownian motion 

is done including the effects of HAART. 

Schaedeli and Verotta [69] used models that are nonlinear to represent the HIV-1 dynamics that 

incorporates various factors related to recovery. They started by first giving a nonlinear model 

for the dynamics of HIV-1 virus, then included HIV medication adherence, exposure to drugs and 

insurgency of resistant HIV-1 strains. They used clinical trial data for AIDS patients using a 
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combination of antiretroviral drugs for treatment to demonstrate the application of their model. 

Perelson and Nelson [58] maintain that models with intracellular delays have a more accurate 

biological representation and change the estimated values of kinetic parameters compared to models 

without delays. They constructed and analysed a set of models that include the dynamics of both 

uninfected and infected T cells, a combination of antiretroviral therapy and intracellular delays. 

They demonstrated that for any unperfect drug effect, the estimated death rate of productively 

infected cells increases when they fitted data with delay models compared to the values obtained 

when non-delay models are used. They also obtained general results on the stability of the system. 

About a decade ago, Ciupe et al. [15] examined a model for the dynamics of HIV-1 infection made 

up of three different stages beginning with initial infection, then latent stage and eventually AIDS 

or drug therapy. In this chapter, the dynamics of primary infection and the early stages of latency 

were modeled. They revealed that when time delays are allowed in the model there is a better 

prediction of viral load data compared to when a model has no time delay. They also established 

that the primary infection model predicts the turnover rates for productively infected T cells and 

viral totals to be much longer than those observed from patients receiving antiviral drug therapy. 

They compared the results using Monte Carlo techniques and analysis for three different models 

and showed how each predicts rather dramatic differences between the fitted parameters. 

The following three-dimensional model (proposed by Dalal, Greenhalgh and Mao [20]) describe the 

viral dynamics in the presence of HIV-1 infection and HAART: 

dx(t) dt = >- - ox(t) - ,B(l - 1)x(t)z(t), 

d~~t) = ,8(1 - 1 )x(t)z(t) - ay(t), 

dz(t) dt = (l - ry)Nay(t) - µz(t) - ,B(l - 1)x(t)z(t), 

with suitable initial conditions. The model above mathematically captures the dynamics of HIV-1 

interacting with CD4 cells. 

Generally, HAART is a combination of protease inhibitor (PI) drugs and reverse transcriptase 

inhibitor (RTI) drugs. In the early stages of HIV replication, RTI drugs prevents the HIV RNA 

from being converted to DNA. Therefore, RTI drugs block the uninfected cells from being infected. 

The protease inhibitor drugs are fashioned to prevent HIV from being properly assembled during 

the final stage in the replication cycle of the virus. They also cause recently generated virus to be 

noninfective [22]. The parameters and variables used in the above model are described as follows: 
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x(t) 

y(t) 

z(t) 

(1- rJ) 

(1-,) 

>-
5 

/3 

N 

µ 

is the concentration of uninfected cells; 

is the concentration of infected cells; 

is the concentration of virus particles; 

is the effect of the protease inhibitor drug; 

is the effect of reverse transcriptase inhibitor drug; 

is the total production rate per unit time of healthy cells; 

is per capita death rate for healthy cells; 

Chapter 5 

is the transmission coefficient between infective virus particles and uninfected cells; 

is per capita death rate for infected cells; 

is the average number of infective virus particles produced by an infected cell in 

the absence of HAART throughout its infectious lifetime; and 

is per capita death rate for infective virus particles. 

It should be noted that when an uninfected cell is infected by an infectious virus particle, it absorbs 

the virus particle which effectively dies. Consequently, the term /3(1- 1 )x(t)z(t) appears in all the 

equations of the model. The model above has a unique disease-free equilibrium given by (>-/5, 0, 0). 

Every cell that is newly infected and enters the disease-free equilibrium, remains infected for time 

(1/a) and during this time, it generates N(l - rJ) infectious virus particles. Assuming that the 

system is still near the disease-free equilibrium, every infectious virus particle has an approximate 

time of survival of(µ+ /3(1 - 1 )>-/5) and during this time, the number of cells it will infect is 

(1 - ,)/3>-

In this particular case, one can define the basic reproductive ratio Ro as the average number of 

healthy cells expected to be infected (secondary infected cells) by a single infected cell entering the 

disease-free population at equilibrium. Secondary infected cells are cells that are infected by an 

infectious virus particle that originated from an initial infected cell. Ro is useful because it helps 

determine whether or not an infectious disease can spread through a population. Therefore, 

Ro= (1- 1)/3>-N(l - rJ) 
(5µ+/3>-(l- 1 )). 

In this case, Ro can also be thought of as the number of secondary infected virus particles that one 

infected virus particle generates on average as it enters the disease-free population at equilibrium. 

In this case, a secondary infectious virus particle is an infectious virus particle generated by an 

infected cell which was infected by the primary infectious virus particle. The same expression for 

Ro is obtained. 

Tuckwell and Wan [67] analysed the deterministic model. They showed that if Ro :::; 1, then there 

is a unique disease-free equilibrium and if Ro > 1, then there is a unique endemic equilibrium in 
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addition to the disease-free equilibrium given by 

x* = µ 
[N(l - TJ) - l]/3(1- ,) ' 

y* = N(l -TJ)!3>.(l - ,) - (1 - 1 )(3>. - 5µ 
(N(l - TJ)o:!3(l - 1 ) - 1) ' 

z* = N(l - TJ)!3>.(l - ,) - (1 - 1 )!3>. - 5µ 
(1 - ,)(3µ . 

Furthermore, they demonstrated that the disease-free equilibrium is locally asymptotically stable 

when Ro < 1, while if Ro > 1, then the unique endemic equilibrium is locally asymptotically stable 

while the disease-free equilibrium is unstable. Therefore, if Ro < 1, then the number of infected 

virus particles and infected cells is expected to die out in the long-run and one expects the number 

of healthy cells to approach >./5, while if Ro > 1, the number of infectious virus particles, infected 

cells and healthy cells are expected to approach their unique endemic equilibrium values. 

Perelson et al. [61] considered a simpler form of the deterministic model. They took the number 

of uninfected cells to be constant. Also, Bonhoeffer et al. [8] analysed a simpler form of the 

deterministic model where they approximated the term !3(1-,)x(t)z(t) to be zero. In both studies 

they did not include any effect of stochasticity in their analysis. They showed that there is a basic 

reproductive ratio Ro which shows how the system behaves. For Ro> 1, there is a unique endemic 

equilibrium but for Ro :S 1, the system has a locally asymptotically stable unique disease-free 

equilibrium. Later, they modified the basic model to add the effects of resistance. Di Mascio et al. 

[21] considered Bonhoeffer et al's simplified version of the deterministic model and modified it to 

add the effects of HAART in the same way as they did in [20]. 

All the models above are deterministic and do not introduce the effects of stochasticity to their 

models. There are many other models in literature ([15],[22],[38],[69]) that are similar to the model 

but have introduced different or extra variables such as two types of infectious virus particles, two 

types of infected cells or CD8 cells. 

5.3. Stochastic model 

The death of CD4 cells involves a range of mechanisms, which includes apoptosis and syncytium 

formation among other things [54]. The rate at which virions are cleared, can be affected by various 

factors such as immune elimination and entry and binding into cells [61]. Since there are various 

complex biological phenomena that affect the rates of death of both the virus and infected cells, it 

is believed that in these death rates, there is randomness involved. 

For a long time, many scientists have believed that HIV depletes the CD4+ T cells (primary target), 

by cutting off the production of new T-cells. However, on the other hand, it has been shown in some 

studies that HIV does not cut off such production but rather speeds up the division of existing T 

cells. There is an immediate fall in the rate of production of T-cells that is accompanied by an even 

greater decrease in the death rate of CD4 T-cells after an initiation of highly active antiretroviral 
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therapy (HAART). Therefore, the increased count of CD4+ T-cells seen following HAART is 

not due to an increased production of new T cells but instead it is caused by a slowdown in the 

loss of existing T cells. Due to these contradicting views, there is reason to believe that there is 

randomness in the death rates of CD4 cells. 

Accounting for these factors one can add the effects of randomness to the system by replacing the 

parameters o,a andµ in the model by 8-+ o+a1BH1 (t),a-+ a+a1BH1 (t) andµ-+ µ+a2BH2 (t). 

This is the first step to introducing stochasticity into the model. It would be more appealing to 

also introduce environmental stochastic variations into the other parameters such as the total rate 

of production of healthy cells ,\ and the transmission coefficient (3, but this will make the analysis 

more difficult. 

N. Dalal et al. [20] introduced stochasticity to the system by adding a term with white noise 

(ordinary time derivative of Brownian motion) to the model. In this chapter, consideration is given 

to the noise driven by fraction Brownian motion BH, where HE (0, 1) is the Hurst parameter, (for 

H = 1/2 one gets a standard Brownian motion). 

Therefore, one obtains the following system of stochastic differential equations driven by fractional 

Brownian motion: 

dx(t) = (>- - ox(t) - (J(l - ,)x(t)z(t))dt - a1x(t)dBH1 (t), (5.1) 

dy(t) = (fJ(l - 1 )x(t)z(t) - ay(t))dt - CJ1Y(t)dBH1 (t), (5.2) 

dz(t) = ((1- ry)Nay(t) - µz(t) - (3(1 - 1 )x(t)z(t))dt - a2z(t)dBH2 (t), (5.3) 

with suitable initial conditions, 

where BH1 (t) and BH2 (t) are independent fractional Brownian motions. When parameters such 

as death rate have randomness in them, the standard method is to introduce environmental noise 

to the parameter as in [3, 10, 48, 49]. The same fractional Brownian motion BH(t) and the noise 

intensity a is obtained for infected and healthy CD4 cells, but different for virus particles and CD4 

cells. This is because the biological factors that affect the death rates of healthy and infected CD4 

cells are believed to be identical, but the biological factors affecting the virus particles and CD4 

cells are different. 

Therefore, even without detailed biological facts, it is plausible that the fractional Brownian motion 

BH(t) and the noise intensity a are not the same for infected and healthy CD4 cells, it is possible 

as a first simplifying approximation to assume that they are similar. Since the virus particles and 

CD4 cells are considerably distinct biological entities, it is highly likely that both BH(t) and a are 

different between infective virus particles and CD4 cells. 

Note how the situation will be like without the infectious virus particles and infected cells present 

(x, y, z) = (>./8, 0, 0) 

which is a point of equilibrium for the deterministic model but not for the stochastic model, though 

the last two co-ordinates (y, z) = (0, 0) are still a stochastic equilibrium position. The situation 
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is different for the first co-ordinate of the system, and it is shown that it stochastically fluctuates 

about >../J. 

5.3.1 Non-negative solutions 

When dealing with models in population dynamics, it is fundamental that one does not have 

uncertainties about negative values. Therefore, one must first show that the solutions are non-

negative. 
Let (0, F, P) denote the usual complete probability space with filtration {Fth:::::o that satisfies 

the conventional properties (i.e. · it is right continuous and increasing and all the P-null sets are 

contained in F0). Let BH(t) be a one-dimensional fractional Brownian motion defined on the 

complete probability space. Furthermore, let JR.t+ = {x E JR.3 : Xi> 0 and Xi E i; for all 1::; i::; 3} 

such that x(t) = (x(t), y(t), z(t)). 

Using the result in Lemma 3.3.1 one can now prove the following theorem. 

Theorem 5.3.1. Assuming that <Y1, a2, µ, 6, >.., a, N are positive real numbers and O < ,, 'TJ < 1, 

then there is a unique solution x(t) for equations (5.1 - 5.3) for every initial value xo E JR.t+ and 

Vt ::::: 0. With probability 1, this solution remains in JR.t+, that is, x(t) E JR.t+ for every t ::::: 0 a.s. 

PROOF. 

Since the coefficients of the equations in (5.1 - 5.3) are locally Lipschitz continuous, then for every 

given initial condition x 0 E JR.t+, there is a unique local solution x(t) for every t E [O, Tel, where Te 

is the explosion time [2, 25]. In order to prove that the solution is global, all one has to do is show 

that Te < oo almost surely. A constant co ::::: 0 that is large enough so that all components of x0 are 

contained in the interval [fo-, co] is considered. The stopping time for each integer c::::: c0 is defined 

as. 
Tc= inf {t E [0,Te): at least one of x,y or z E (~,c) }, 

where throughout this section, one sets inf0 = oo (where 0 is the empty set). Clearly, Tc increases 

as c ➔ oo. Let Too= lim Tc, then Te::::: T00 almost surely. Ifit is proven that T00 = oo almost surely, 
c--+oo 

then Te = oo and x(t) E JR.t+ almost surely for every t ::::: 0. In other words, for the proof to be 

complete, it must be proven that T 00 = oo almost surely. If this statement was not true, then there 

will be a pair of real numbers c E (0, 1) and T > 0 such that 

Then, there is an integer c1 ::; co such that 

P{Too::; T}::::: c for every c::::: c1. (5.4) 

Let a C2-function U: JR.t+ ➔ JR.t+ be defined by 
U(x) = 1 +x-log(x) + 1 +y-log(y) + 1 +z-log(z). It can be seen that this function is non-negative 
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using v + l - log(v) ~ 0, \fv > 0. Following Ito's formula with respect to FBM (Theorem 2.4.8), 

one obtains 

dU(x(t)) = (1 - xtt)) (,\ - ox(t) - (1 - 1)(3x(t)z(t))dt - a1x(t) ( 1- xtt))dBH1 (t) 

+ ( 1 - ytt)) ((3(1 - 1)x(t)z(t) - ay(t))dt - a1x(t) ( 1 - ytt)) dBH1 (t) 

+ ( 1 - ztt) ) ((1 -17)N ay(t) - µz(t) - (3(1 - 1)x(t)z(t))dt - a2z(t) ( 1 - z~)) dBH2 (t) 

= [ ( 1 - xtt)) (,\ - ox(t) - (3(1 - 1)x(t)z(t)) + (1 - ytt)) (f3(1 - 1)x(t)z(t) - ay(t)) 

+ ( 1 - ztt) ) ((l -17)Nay(t) - µz(t) - (3(1- 1)x(t)z(t))] dt 

+ a1(2 - x(t) - y(t))dBH1 (t) + 0-2(1 - z(t))dBH2 (t) 

= [,\ - ox(t) - (3(1- 1)x(t)z(t) + (3(1- 1)x(t)z(t) - ay(t) + (l -17)Nay(t) - µz(t) 

,\ (l-1) (l-77) 
- (3(1 - 1)x(t)z(t) - x(t) + o + (3(1- 1)z(t) - ---;;(i)(3x(t)z(t) + a - ~Nay(t) 

+ µ + (3(1- 1)x(t)] dt + 0-1(2 - x(t) - y(t))dBH1 (t) + 0-2(1 - z(t))dBH2 (t) . 

Hence, 

dU(x(t))::; [>-o +a+µ+ (3(1- 1)x(t)z(t) + (l -17)Nay(t) + (l -17)Naz(t)]dt 

+ 0-1(2 - x(t) -y(t))dBH1 (t) + 0-2(1 - z(t))dBH2 (t). 

Let r 1 = ,\ + J +a+µ and r2 = 2(1- 77)Na + 2(3(1- 1). 

By lemma 3.3.1, u :=; 2(u + 1 - log(u)) so 

(1 - ry)Nay(t) + (3(1- 1)z(t) + (3(1- 1)y(t)::; r2U(x(t)) Therefore 

dU(x(t)) :=; (r1 + r2U(t))dt + 0-1(2 - x(t) - y(t))dBH1 (t) + 0-2(1- z(t))dBH2 (t). 

Hence, 
dU(x(t)) :=; r3(l + U(x(t)))dt + 0-1(2 - x(t) -y(t))dBH1 (t) + 0-2(1 ~ z(t))dBH2 (t), 

where max(r1, r2). Therefore, if t1 :=; T, 

Taking the expectation, one gets 

76 

(5.5) 



The expectation of the last two integrals in (5.5) is zero, by prop 2.4.13(iii) 
rrc/\t1 

=} E[U(x(Tc A ti))] s:; U(xo) + r3t1 + r3E lo U(x(t))dt 

rl 
s:;U(xo)+r31+r3E lo U(x(TcAt))dt 

rl 
= U(xo) + r31 + r3 lo E[U(x(Tc A t))]dt. 

Following the Gronwall inequality, 

f = 1, ¢ = E[U(x(Tc A t1))], Co= U(xo) + r31, one obtains 

E[U(x(Tc A t1))] ::::; (U(xo) + r3T)efi
1 

rads 

= (U(xo) + r3'T)erat1 

s:; (U(xo) + r3'T)er3T_ 
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(5.6) 

Set D.c = {Tc s:; 'T for cs:; ci} and by (5.4), P(D.c) 2': E. Note that for all w E D.c, at least one 

of x(Tc,w),y(Tc,w) or z(Tc,w) will be equal to either c or¼- Thus, U(x(Tc,w) is not less than the 

minimum between 1 + c- log(c) and 1 + ¼ - log(¼)= 1 + ¼ + log(c). 

Therefore, U(x(Tc,w) 2': 1 + c - log(c) A 1 + ¼ + log(c). 

It then follows from (5.4) and (5.5) that 

(U(xo) +r3'T)er3T 2': E[lt.c(w)U(x(Tc,w)] 
1 

2': E[(l + c - log(c)) A (1 + - + log(c))], 
C 

where lt.c is an indicator function of D.c. If one lets c ➔ oo, then it will lead to a contradiction 

oo > (U(xo) + r3'T)ec3T = oo. Therefore, Too= oo almost surely. ■ 
Next, an investigation of how the system behaves asymptotically is done in an attempt to get more 

analytical results. 

5.3.2 Asymptotic behaviour 

Theorem 5.3.2. y(t) and z(t) are exponentially stable almost surely if the following conditions hold, 

that is, they will exponentially tend to their equilibrium position O almost surely ( with probability 

1) . 

(i) Na(l-77)-a<0 

(ii) [½(Na(l - 77) - a - µ)] 2 < µ(a - (1 - ry)Na) 

PROOF. 

Firstly, 

d(y(t) + z(t)) = [/3(1 - 'Y)x(t)y(t) - ay(t) + (1 - 77)N ay(t) - µz(t) - /3(1 - 'Y)x(t)y(t)]dt 

- a1Y(t)dBH1 (t) - a2z(t)dBH2 (t) is considered. 
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Let x' = (y, z) and V(x') = log(y + z) for y, z E (0, oo ). 

Using Ito's formula with respect to fractional Brownian motion, one obtains 

1 
_ ((1- rJ)Nay(t) _ ay(t) _ µz(t) )dt _ u1y(t) dB (t) _ u2z(t) dB (t) 

dV(x (t)) - y(t) + z(t) y(t) + z(t) y(t) + z(t) y(t) + z(t) Hi y(t) + z(t) H
2 

1 ( ) u1y(t) u2z(t) 
= () () (1-rJ)Nay(t) - ay(t) - µz(t) dt- () ( )dBH1 (t) - () ( )dBH2 (t) yt+zt yt+zt yt+ z t 

1 = (y(t) + z(t)) 2 (y(t) + z(t))((l - rJ)Nay(t) - ay(t) - µz(t))dt 

u1y(t) u2z(t) 
- () ()dBH1 (t)- () ()dBH2 (t). yt+zt yt+zt 

One can express 

(y(t) + z(t))((l - rJ)Nay(t) - ay(t) - µz(t)) 

as follows: 

( ) (
(1- rJ)Na - a ½ - ~ - ~) (y(t)) . 

y(t) z(t) ½ _ ~ _ ~ -µ z(t) 

Hence, dV(x'(t)) can be expressed as follows: 

1 1 {( ) ((1 -rJ)Na-a 
dV(x (t)) = (y(t) + z(t))2 y(t) z(t) .! _ g _ I!:. 

2 2 2 

½ - ~ - ~) (y(t)) }dt 
-µ z(t) 

_ u1y(t) dB (t) _ u2z(t) dB (t) 
y(t) + z(t) Hi y(t) + z(t) H

2 
• 

The matrix 

(
(1- rJ)Na - a .! - g - !!:.) 

½ _ ~ _ ~ 2 
~µ 

2 
is considered. 

The matrix is negative definite since (1 - rJ)N a - a < 0 and its determinant is positive. Let the 

greatest (negative) eigenvalue be denoted as Amax, then 

( ) (
(1-TJ)Na- o: 

y(t) z(t) .! _ g _ I!:. 
2 2 2 

½ - ~ - ~) (y(t)) ::; Amax(y2(t) + z2 (t)) 
-µ z(t) 

= -1Amaxl(y2 (t) + z2(t)). 

Therefore, 

, ( 1 2 2 ) u1y(t) u2z(t) 
dV(x (t))::; - !>-maxi (y(t) + z(t))2 (y (t) + z (t)) dt - y(t) + z(t) dBH1 (t) - y(t) + z(t) dBH2 (t). 

(5.7) 

Since (y2 + z2 ) ~ 2yz and 2(y2 + z2) = y2 + z2 + y2 + z2 ~ y2 + z2 + 2yz = (y + z)
2 

=} 2(y
2 + z2

) ~ 
(y + z)2, 
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using 2(y2 + z2) 2:: (y + z)2 in (5.7), one gets 

1 
1 a1y(t) a2z(t) 

dV(x (t))::::; -2'-\maxldt - (y(t) + z(t)) dBH1 (t) - (y(t) + z(t)) dBH2 (t) 

1 
::::; -2'-\maxldt 

1 
=> d(log(y(t) + z(t)))::::; - 21-Amaxldt 

1 
=> log(y(t) + z(t))::::; - 21-Amaxlt + C 

=> limsup ½ log(y(t) + z(t))::::; -½I.Amax! < 0 a.s. 
t--+oo 

Therefore, y(t) -+ 0 and z(t) -+ 0 almost surely as t-+ oo. This completes the proof. ■ 
Stability in distribution is now shown for x(t) in the sense that it stabilises around the mean 

value Ajo. To achieve this, another stochastic process S(t) is introduced, its defined by the initial 

condition S(O) = x(O) and the stochastic differential equation is given by 

dS(t) = (.A - oS(t))dt - a1S(t)dBH1 (t). 
It is shown that x(t) can be approximated by S(t) as t becomes large, so that lim (S(t)-x(t)) ~ 0 

t--+oo 

in probability. 

Another function x1(t) is introduced to help prove the theorem, it is defined by the following 

stochastic differential equation with initial condition x1 (0) = x(O), 

Theorem 5.3.3. If conditions of Theorem 5.3.2 are satisfied, then 

lim (S(t) - x(t)) = 0 in probability. 
t--+oo 

PROOF. 

.i • . l NWU· 
luaRARY 

The differential for x(t) is 

dx(t) = [.A - ox(t) - /3(1 - ,)x(t)z(t)]dt - a1x(t)dBH1 (t). 

One first proves that 

liminf(x(t) - x1(t)) 2:: 0 a.s. 
t--+oo 

Therefore, 

(5.8) 

d(x(t) - x1(t)) = ( - a(x(t) - x1(t)) + cx1(t) - /3(1- ,)x(t)z(t))dt - a1(x(t) - x1(t))dBH1 (t) 

= ( - (o + c)(x(t) - x1(t)) + (c - /3(1 - 1 )z(t))x(t))dt - a(x(t) - x1(t))dW1(t) 

is considered and the solution given by 

x(t) - x1 (t) = <p(t) J; <p-1(s)(c - /3(1 - ,)z(s))x(s)ds, 

where 

<p(t) = exp { - (a+ c)t - a1BH1 (t) }. 

Using the results of Theorem 5.3.2, where it was shown that z(t) -+ 0 a.s as t-+ oo, it is concluded 

that, for nearly every w En, there is a T = T(w) such that 
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z(t) < f3(lc_'"Y), \:ft~ T. 
Therefore, for every w En, if t > T, then 

x(t) - xi (t) = cp(t) ( J[ cp-1( s) (c - ,8(1 - ,)z( s) )x(s )ds + Ji cp-1( s )(c - ,8(1 - ,)z( s) )x( s )ds) 

Hence, x(t) - x1(t) ~ cp(t)k(T), where 

k(T) = J[ cp-1 (s)(c - ,8(1- 1 )z(s))x(s)ds 

clearly, as t ➔ oo then cp(t) ➔ 0 and lk(T)I < oo a.s. 

Therefore, 
liminflx(t)-x1(t)I ~ 0 a.s. 

t--+oo 

It is now shown that liminf(S(t) - x(t)) ~ 0 almost surely. To do this, 
t--+oo 

(5.9) 

d(S(t) - x(t)) = ( - 5(S(t) - x(t)) + ,8(1 - 1 )x(t)z(t) )dt - 0"1 (S(t) - x(t) )dBH1 (t) is considered. 

This implies that 

d(S(t) - x(t)) ~ ( - µ(S(t) - x(t)))dt - 0"1(S(t) - x(t))dBH1 (t). 

Let¢= S - x, hence 

d<f>(t) ~ -5¢(t)dt - 0"1<p(t)dBH1 (t). 

For every w En, either 

w E n 1 = { w : ¢(to) > 0 for some to ~ 0} 

or 

w E 02 = {w: ¢(to) :SO for every t ~ O}. 

For w E D1, let t1 = sup{t: t ~ to and ¢(t)} > 0. If t1 < oo, then in [to, t], 

(5 .10) 

with a random variable f(t) . To find the solution of (5.10), let Y = log¢(t) and use Ito's formula 

with respect to fractional Brownian motion to obtain 

¢(t) = ¢(to) exp { f~(-O" + f(s))ds - 0"1BH1 (t)} > 0. 

Hence, 

¢(t1) = ¢(to) exp { ft~1 (-0" + f(s))ds - 0"1BH1 (t)} > 0. 

Thus, ¢(t) > 0 in [t1, t1 + 51) for some 51. This is a contradiction. Hence, t1 = oo and ¢(t) ~ 0 for 

every t ~ to. So one gets liminf ¢(t) ~ 0 a.s. 
t--+oo 

A case for w E D2 is considered where ¢(t) :S O for every t ~ 0. Then, 

(5.11) 

where the random variable f(t) ~ 0. The solution for (5.11) is found by letting Y = log¢(t) and 

Ito's formula with respect to fractional Brownian motion is used to obtain 

¢(t) = ¢(0) exp { f~(-O" - f(s))ds - 0"1BH1 (t)} ~ 0, since x2(0) = x(0). 

Hence, lim inf ¢(t) ~ 0 a.s. Therefore, 
t--+oo 

liminf(S(t) - x(t)) ~ 0 a.s. 
t--+oo 

(5.12) 

Next, 
d(x1(t) - S(t)) = (-O"(x1(t) - S(t)) -sxi(t))dt - O"(x1(t) - S(t))dBH1 (t) is considered, 
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whose solution is 

x1 (t) - S(t) = -€ exp { - <Jt - <J1BH1 (t)} J~ exp { (<J + <J1BH1 (s) }x1(s)ds. 

Note that x1(s) 2: 0, since it is a solution of the stochastic differential equation (5.8) which is linear 

and can be solved explicitly to give 

Therefore, 

Hence, 

Therefore, 

Elx1(t) - S(t) I = cE [ lat xi (s) exp{-o(t - s) - <J1 (BH1 (t) - BH1 (s))} ]ds 

= c lat E[x1(s)exp{-o(t- s) - <J1(BH1 (t) - BH1 (s))} ] ds 

= c lat E [x1(s) exp{ -o(t - s)}] E exp[-<J1 (BH1 (t) - BH1 (s))}ds 

as x1(s) is independent of BH1 (t) - BH1 (s), 

it (t s)2H1 
= c E [xi (s) exp{-o(t - s)}] exp{ - <Ji}ds 

o 2 
ft (t s)2H1 

=€}
0

E[x1(s)exp{ -
2 

<Jr-o(t-s)}]ds 

t (t - s)2H1 
= E Jo exp{ 

2 
<Ji - o(t - s)}E(x1(s))ds. 
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Taking the expectation of (5.13) and using (5.14), 

Substituting this result in (5.15) , one obtains 

Hence, it is concluded that 

lim lim E\x1(t) - S(t)\ = 0. 
e:-+Ot-+oo 
This implies that 

lim lim \x1(t) - S(t)\ = 0 in probability 
e-+0 t-+oo 

Chapter 5 

(5.16) 

combining (5.9), (5.12) and (5.16) gives the needed result. Therefore, the proof is complete. ■ 
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5.3.3 Mean reverting process 

One wants to know more about the stochastic process S(t), that is, being used to approximate x(t). 

This is done by finding its mean and variance. 

The mean reverting process has the following differential equation: 

dS(t) = (>- - bS(t))dt - CJ1S(t)dBH1 (t), 

whose solution is given by 

Taking the expectation, one gets 

Since BH1 (t) ~ N(O, t2H1 ), then 

t2H1 u2 
- :..__:_:::.i = e 2 

Substituting (5.14) and (5.17) in the expression for E[S(t)], one obtains 

E[S(t)] = S(O)E[e-c5t]e-½t2H1af + A lat E[e-o(t-s)Je½(t-s)2H1afds 

= S(O)e½aft2Hi-ot + .A lat e½(t-s)2Hia?-o(t-s)ds 

S(o) la2t2H1 -ot A [2 la2t2H1 la2t2H1-ot] < e2 1 + - - e2 1 - e2 1 
- b 

::; S(O)e½a?t2Hi-ot + ~-

Therefore, taking the limit, one obtains 

lim E[S(t)] ::; ¾ if bt ~ ½Clft2H1, 
t-+oo 
and lim E[S(t)] = oo for bt < ½Clft2H1. 

t-+oo 
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To find the second moment, V[S(t)] = S2 is considered and Ito's formula with respect to fractional 

Brownian motion is used to obtain 

8V 8V 8V 
dV[S(t)] = [8t +b(t,w) 

85
]dt+B(t,w) 

08
dBH1 (t) 

= 2S(t)[>. - 8S(t)]dt - 2rJ1S2 (t)dBH1 (t). 

Therefore, dS2(t) = 2.XS(t)dt - 28S2(t)dt - 2rJfS2 (t)dBH1 (t) 

⇒ S2(t) = S2(0) + 2.X 1; S(s)ds - 281; S 2(s)ds - 2<J11; S 2(s)dBH1 (s). 
Taking the expectation, one gets 

E[S2(t)] = E[S2(0)] + 2.X 1; E[S(s)]ds - 281; E[S2(s)]ds - 2<J11; E[S2(s)]dBH1 (s) . 

The last integral is zero, by proposition 2.4.13( iii). 

Hence, 

E[S2(t)] = E[S2(0)] + 2.X 1; E[S(s)]ds - 281; E[S2 (s)]ds 

Differentiating with respect to t, one gets 

-ftE[S2(t)] = 2.XE[S(t)] - 28E[S2(t)] 

and 

!!:_ [E[S2(t)]e2"t] = e28t!!:_E[S2(t)] + E[S2(t)]!!:_e28t 
dt dt dt 

= e28
t [2.XE[S(t)] - 28E[S2(t)]] + 28e26t E[S2(t)] 

= 2.XE[S(t)]e26t. 

Integrating and multiplying by e-2.st, one obtains 

E[S2(t)] = E[S2(0)Je-26t + 2.xe-2ot 1; e268 E[S(s)]ds. 

Now, substituting for E[S(s)], one gets 

Taking the limit as t ➔ oo, 

lim E[S2 (t)] ::; ~: is obtained. 
t➔oo u 

Therefore, the maximum value of E[S2 (t)] is i. 
One can now compute the asymptotic variance of the mean reverting process 

lim V(S(t)) = lim E[S2(t)] - lim E[S(t)] = 0. 
t➔oo t➔oo t➔oo 
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5.4. Conclusion 

This chapter has examined a stochastic model driven by fractional Brownian motion in order to 

describe the dynamics of HIV-1 infection. It was proven that the solutions are non-negative. The 

stability of the model was studied. It was shown that the number of virus particles and infected cells 

almost surely tend asymptotically to zero exponentially. It was also shown that x(t) approaches 

the mean reverting process S(t) in probability. 

Most models of internal HIV dynamics studied in the past by most researchers are deterministic 

in nature. Perelson et al. [61] considered the number of healthy cells to be constant and modeled 

the dynamics of infectious virus particles and infected cells. Nelson and Perelson [58], Di Mascio 

et al. [21] and Bonhoeffer et al. [8] studied models similar to the current deterministic model, but 

approximated the term ,B(l-1)x(t)z(t) to be zero. Tuckwell and Wan [67] studied the deterministic 

model and included the term ,B(l - 1)x(t)z(t) to obtain stability and equilibrium results. 

N. Dalal et al. [20] studied a stochastic differential equation model for internal HIV dynamics. 

Their model is similar to the current one but is driven by standard Brownian motion instead of 

the fractional Brownian motion. Different results were obtained because in the analysis, the Ito's 

formula with respect to fractional Brownian motion was used which is different from the one used 

in [20]. 

It was shown in this study that the stochastic model gives another option in the modeling of viral 

dynamics and adds a different perspective to this problem, and this gives researchers a different 

method to consider in future. Since most real world problems are not deterministic, including 

stochastic effects into the model gives a more realistic way to model viral dynamics. 
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Conclusion 

This study has successfully managed to include randomness to the existing deterministic epidemi­

ological models turning them into stochastic ones. Since most real world problems are not deter­

ministic, including stochastic effects into the model gives us a more realistic way to model viral 

dynamics. In this chapter we give a summary of our findings. 

In chapter three of this study, a stochastic model that describes the dynamics of transmission for 

tuberculosis was examined. In the past, the models studied for the transmission dynamics of tu­

berculosis in the literature used ordinary differential equations that are deterministic, neglecting 

the stochastic effects. By reproducing the results obtained from the deterministic model in [9] and 

making some improvements on it, it was shown that the stochastic model considered adds a new 

dimension of results to the dynamics of transmission of the disease. Including effects of stochastic­

ity into the model gives a more realistic way of modeling the dynamics of transmission of TB since 

there is a lot of randomness in the real world. It was proven that the model has positive solutions. 

The stability of the stochastic model was studied. It was shown that the number of infectious and 

infected individuals in latent stage asymptotically tend to zero exponentially with probability one. 

In addition, it was demonstrated that the susceptible population x(t) can be approximated by a 

mean reverting process x2 ( t). 

In chapter four, a stochastic model representing the spread of HIV-AIDS in a homosexual pop­

ulation was considered. The effects of environmental noise to the dynamics of the spread of the 

disease was also discussed. Using the system of stochastic differential equations, it was discovered 

that environmental noise brings stability to the system. Both the stability in probability and the 

almost sure exponential stability were attained, but did not achieve exponential stability for the 

p th moment whenever p 2'. 1. From this study, it can be concluded that the introduction of envi­

ronmental noise to the deterministic system (or model) brings stability to the system. 

Chapter five discussed a stochastic model driven by fractional Brownian motion to describe the 

dynamics of HIV-1 infection. Using Ito's formula with respect to fractional Brownian motion, one 

was able to obtain new results. It was proven that the solutions are non-negative. The stability 

of the model was later studied. It was shown that the number of virus particles and infected cells 
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almost surely tend asymptotically to zero exponentially. It was later shown that x(t) approach a 

mean reverting process S(t) in probability. 

From these results, it can be concluded that a certain type of stochastic perturbation can help 

bring stability to a deterministic system. 
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