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Abstract

We present an investigation of how simple artificial neural networks (specifically, feedfor-

ward networks with full connections between each successive pair of layers) generalize to

out-of-sample data. By emphasizing the substructures formed within these networks we

are able to shed light on several phenomena and relevant open questions in the literature.

Specifically, we show that hidden units with piecewise linear activation functions are op-

timized on the train set in a distributed manner, meaning each subunit is only optimized

to reduce the loss of a specific subpopulation of the train set. This mechanism gives rise

to a type of modularity that is not often considered in investigations of artificial neural

networks and generalization.

We are able to uncover informative regularity in subunit behavior and elucidate known

phenomena such as: different artificial neural networks tend to prioritize similar samples,

overparametization does not necessarily lead to poor generalization, artificial neural net-

works are able to interpolate large amounts of noise and still generalize appropriately, and

generalization error as a function of representational capacity undergoes a second descent

beyond the point of interpolation (a.k.a the double descent phenomenon).

We motivate a perspective of generalization in deep learning that is less focused on the

complexity of hypothesis spaces, and looks to substructures and the manner by which

training data is compartmentalized as a method of understanding the observed ability of

these networks to generalize. This perspective contradicts classical ideas of generalization

and complexity under certain conditions.
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output of the network and not the label data y. . . . . . . . . . . . . . . . 25

3.2 Illustration of how node-supported cost is determined in an MLP. Ac-
tive paths between node j and output units are highlighted in red. The
node-supported cost is the λ values multiplied by all weights in the path
connected to node j, summed over all active paths. . . . . . . . . . . . . . 34

x



3.3 An illustration of feature spaces [from left to right: input; 4 × hidden
layers; output layer] in a trained MLP. The model was trained to perform
a 5-class classification task of 100 randomly generated 50 dimensional input
vectors. Note that Principle Component Analysis (PCA) is used to reduce
the dimensionality of the actual feature spaces to 3 for this visual depiction. 39

4.1 Generalization error for models of varying depth at a width of 100 (left),
and varying width at a depth of 10 (right). The models represented by the
blue curves are trained on MNIST data and correspond to the left vertical
axis. The models represented by the orange curves are trained on FMNIST
data and correspond to the right vertical axis. . . . . . . . . . . . . . . . . 44

4.2 Percentage of class-related MNIST samples that activate each node in a
10 × 100 model at initializations (left) and after training (right). Each
point refers to a node-class pair. Classes are indicated by separate colors
and nodes are ordered from left to right according to which layer they
belong to, from input to output. Note that we have also ordered nodes
within each layer according to how far away from the 50% mark they are,
along the vertical axis. These results are measured on the train set, but the
same tendencies are observed when measured on a test set. See Appendix
C.3 for experimental details. . . . . . . . . . . . . . . . . . . . . . . . . . . 46

4.3 Per-layer class sensitivity for networks trained on MNIST (left) and FM-
NIST (right). Each color refers to the width of the 10 hidden layers each
model uses. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48

4.4 Mean per-layer perplexities for the models presented in Fig. 4.1. The mod-
els in the top plots have varying depth, and the models in the bottom plots
have varying width. The models to the left and right are trained on MNIST
and FMNIST, respectively. . . . . . . . . . . . . . . . . . . . . . . . . . . . 49

4.5 Classification accuracies of per-layer classifiers constructed using the three
methods defined in Section 4.5. These classifiers are based on the train
set activation patterns of a 6× 100 model at four of the first epochs while
training on FMNIST. Note that the dotted red line indicates the accuracy
of the global model, at each epoch. . . . . . . . . . . . . . . . . . . . . . . 53

4.6 Evaluation accuracies of per-layer classifiers constructed using the three
methods defined in Section 4.5. These classifiers are based on the train set
activation patterns of a 6 × 100 model at several of the earliest iterations
while training on FMNIST. Note that the dotted red line indicates the
evaluation accuracy of the global model, at each iteration. . . . . . . . . . 54

xi



4.7 Evaluation accuracies of per-layer classifiers constructed using the three
methods defined in Section 4.5. These classifiers are based on the train
set activation patterns of models, with depths ranging from 1 to 9, after
training on FMNIST. Note that the dotted red line indicates the evaluation
accuracy of the global model. . . . . . . . . . . . . . . . . . . . . . . . . . 55

4.8 Evaluation accuracies of per-layer classifiers constructed using the three
methods defined in Section 4.5. These classifiers are based on the train set
activation patterns of models, with widths ranging from 20 to 180, after
training on FMNIST. Note that the dotted red line indicates the evaluation
accuracy of the global model. . . . . . . . . . . . . . . . . . . . . . . . . . 55

4.9 Train (left) and evaluation (right) accuracies of per-layer classifiers using
the continuous and discrete systems, defined in Section 4.5. These clas-
sifiers are based on the train set activation patterns of a 6 × 100 model,
using sigmoid activation functions, after training on FMNIST. Note that
the dotted red line indicates the classification accuracy of the global model.
See Appendix C.3 for experimental details. . . . . . . . . . . . . . . . . . . 56

5.1 The generalization error for models trained on MNIST (solid lines), FM-
NIST (dashed lines), and KMNIST (dotted lines) at varying levels of three
types of noise. These noise types are label corruption (red lines), Gaussian
input corruption (orange lines), and structured input corruption (green
lines). The horizontal axis represents the probability of any given train-
ing sample having been corrupted for the relevant model. All models are
overparameterized and have perfect performance on the training data. All
values are averaged over 3 random initializations. See Appendix C.4 for
experimental details. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 64

5.2 The mean sample set cosine similarities for models trained on MNIST (top),
FMNIST (center), and KMNIST (bottom) at varying levels of three types
of noise. These noise types are label corruption (left), Gaussian input
corruption (center), and structured input corruption (right). These results
are averaged over 3 random initializations and correspond to the models
presented in Fig. 5.1. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67

5.3 Per-class sample set corruption ratios for the first hidden layer of a 3× 100
MLP fitting MNIST training samples, including structured input corrup-
tions at a probability of 0.5. The nodes have been arranged in descending
order of sample set size. The true and corrupted portions of the sample
sets are presented in green and red, respectively. . . . . . . . . . . . . . . . 68

xii



5.4 The mean per-layer polarization for models trained on MNIST (top), FM-
NIST (center), and KMNIST (bottom) at varying levels of three types of
noise. These noise types are label corruption (left), Gaussian input cor-
ruption (center), and structured input corruption (right). These results
are averaged over 3 random initializations and correspond to the models
presented in Fig. 5.1. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70

6.1 Illustrating extreme within-class dissimilarity in FMNIST (left) and CI-
FAR10 (right). Each column refers to a class. The top two rows and
the bottom two rows show the two training samples with the smallest and
largest Euclidean distance between flattened input features, respectively. . 78

6.2 MNIST sample priority. (top) A scatter plot of g(s) as defined in Eq. 6.2
and the iteration at which a sample is fitted. (center) A cropping of the first
samples fitted with input features overlaid. (bottom) Another cropping of
the last samples fitted. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 81

6.3 Corrupted MNIST sample priority. (top) MNIST samples with 50% struc-
tured input corruption. (center) MNIST samples with 50% Gaussian input
corruption. (bottom) MNIST samples with 50% label corruption. Note
that the alternative colormap for corrupted samples is just for visual dis-
tinction. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 83

6.4 Evaluation error (left vertical axis), and several metrics regarding train
sample refitting dynamics (right vertical axis) as a function of sampled
(log-scaled) training iterations. . . . . . . . . . . . . . . . . . . . . . . . . . 85

6.5 Refitting dynamics of models trained on MNIST with 50% Gaussian input
corruption. From left to right models have hidden-layer widths of 128, 256,
and 512. From top to bottom models have depths of 2, 3, and 4. . . . . . . 86

6.6 Refitting dynamics of models trained on MNIST with 50% label corruption.
From left to right models have hidden layers widths of 256, 512, and 1024.
From top to bottom models have depths of 2, 3, and 4. . . . . . . . . . . . 87

6.7 Refitting dynamics of a 3× 1024 model trained on MNIST with 50% label
corruption. A log-spaced sampling of iterations are considered in the left-
hand plots, and all iterations are considered in the right-hand plots. . . . . 89

6.8 Sensitivity to class corruption for all the subunits in a 3×512 model trained
on a 25% label-corrupted MNIST train set, throughout training. The learn-
ing curves are presented in the top panel and nodes in the the heatmaps
have been ordered by their value at the iteration where optimal generaliza-
tion is obtained. This is indicated by the black dotted line. See Appendix
C.5 for details on the experimental setup. . . . . . . . . . . . . . . . . . . . 91

xiii



6.9 Cosine similarity between weight vectors and their corresponding state at
the iteration where optimal generalization is obtained. This model cor-
responds with the one presented in Fig. 6.8 and the nodes are ordered
identically. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 93

6.10 Performance at interpolation (or 500 epochs) for eight models with three
hidden layers and varying width, trained on MNIST with 25% label cor-
ruption. See Appendix C.5 for details on the experimental setup. . . . . . 94

6.11 Cosine similarity between weight vectors and their corresponding state at
the iteration where optimal generalization is obtained. From left to right
then top to bottom each panels refers to the model with a width of 16, 32,
64, and then 128 from Fig. 6.10. . . . . . . . . . . . . . . . . . . . . . . . . 95

6.12 Cosine similarity between weight vectors and their corresponding state at
the iteration where optimal generalization is obtained. From left to right
then top to bottom each panels refers to the model with a width of 256,
512, 1024, and then 2048 from Fig. 6.10. . . . . . . . . . . . . . . . . . . . 96

6.13 Illustrating four regimes of representational capacity. . . . . . . . . . . . . 99

6.14 CIFAR10: Validation error curves as a function of hidden layer width (top)
and training epochs (bottom). The colors represent the training epochs and
hidden layer widths in the top and bottom plots, respectively. Note that all
measures are averaged over several random initializations. See Appendix
C.5 for details on the experimental setup. . . . . . . . . . . . . . . . . . . . 100

6.15 MNIST: Validation error curves as a function of hidden layer width (top)
and training epochs (center). The colors represent the training epochs and
hidden layer widths in the top and bottom plots, respectively. The bottom
plot is a cropping of the validation error over epochs for the largest models.
Note that all measures are averaged over several random initializations. See
Appendix C.5 for details on the experimental setup. . . . . . . . . . . . . . 102

6.16 FMNIST with 20% label corruption: Validation error curves as a function
of hidden layer width (top) and training epochs (bottom). The colors rep-
resent the training epochs and hidden layer widths in the top and bottom
plots, respectively. The bottom plot is a cropping of the validation error
over epochs for the largest models. Note that all measures are averaged
over several random initializations. See Appendix C.5 for details on the
experimental setup. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 103

6.17 Validation error (left) and corresponding average sample validation loss
(right) for the three datasets: CIFAR10 (top), MNIST (center), and FM-
NIST with 20% label corruption (bottom). . . . . . . . . . . . . . . . . . . 104

xiv



A.1 Evaluation error when generalizing from various composite MNIST-like
datasets. Rows refer to the training data and columns refer to the evalu-
ation data being generalized to. All models achieved zero training error.
‘M’, ‘F’, and ‘K’ refer to MNIST, FMNIST, and KMNIST, respectively.
We present the average performance over three random initializations. The
maximum standard error for all results is 0.0076006. The colors are only
for visual illustration. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 129

A.2 Sample priority on a per-class basis. In order: Unaltered MNIST training
samples, MNIST samples with 50% structured input corruption, MNIST
samples with 50% Gaussian input corruption, and MNIST samples with
50% label corruption. Note that the alternative colormap for corrupted
samples is just for visual distinction. . . . . . . . . . . . . . . . . . . . . . 130

A.3 Sample priority on a per-class basis for three classes separately: 0 (left), 5
(center), and 9 (right). From top to bottom: Unaltered MNIST training
samples, MNIST samples with 50% structured input corruption, MNIST
samples with 50% Gaussian input corruption, and MNIST samples with
50% label corruption. Note that the alternative colormap for corrupted
samples is just for visual distinction. . . . . . . . . . . . . . . . . . . . . . 131

C.1 MNIST class membership count. . . . . . . . . . . . . . . . . . . . . . . . . 135

C.2 FMNIST class membership count. . . . . . . . . . . . . . . . . . . . . . . . 136

C.3 KMNIST class membership count. . . . . . . . . . . . . . . . . . . . . . . . 137

C.4 CIFAR10 class membership count. . . . . . . . . . . . . . . . . . . . . . . . 137

xv



List of Tables

0.1 Distinguishing between types of values. . . . . . . . . . . . . . . . . . . . . xix

C.1 Hyperparameters for Fig. 4.1 . . . . . . . . . . . . . . . . . . . . . . . . . . 138

C.2 Hyperparameters for Fig. 4.2 . . . . . . . . . . . . . . . . . . . . . . . . . . 138

C.3 Hyperparameters for Fig. 4.9 . . . . . . . . . . . . . . . . . . . . . . . . . . 138

C.4 Hyperparameters for Fig. 5.1 . . . . . . . . . . . . . . . . . . . . . . . . . . 139

C.5 Hyperparameters for Fig. 6.2 and 6.3 . . . . . . . . . . . . . . . . . . . . . 140

C.6 Hyperparameters for Fig. 6.7 . . . . . . . . . . . . . . . . . . . . . . . . . . 140

C.7 Hyperparameters for Fig. 6.10 . . . . . . . . . . . . . . . . . . . . . . . . . 140

C.8 Hyperparameters for Fig. 6.14 . . . . . . . . . . . . . . . . . . . . . . . . . 141

C.9 Hyperparameters for Fig. 6.15 . . . . . . . . . . . . . . . . . . . . . . . . . 141

C.10 Hyperparameters for Fig. 6.16 . . . . . . . . . . . . . . . . . . . . . . . . . 141

C.11 Hyperparameters for Fig. A.1 . . . . . . . . . . . . . . . . . . . . . . . . . 142

xvi



List of Algorithms

1 Label corruption . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61

2 Gaussian input corruption . . . . . . . . . . . . . . . . . . . . . . . . . 62

3 Structured input corruption . . . . . . . . . . . . . . . . . . . . . . . . 63

xvii



List of Acronyms

AI Artificial Intelligence

ML Machine Learning

DL Deep Learning

MLP Multilayer Perceptron

ANN Artificial Neural Network

DNN Deep Neural Network

SLT Statistical Learning Theory

ReLU Rectified Linear Unit

PCA Principle Component Analysis

MSE Mean Squared Error

VC Vapnik Chervonenkis

CNN Convolutional Neural Network

RNN Recurrent Neural Network

CE Cross Entropy

SGD Stochastic Gradient Descent

NLL Negative Log Likelihood

xviii



Notation

Unless stated otherwise, we consistently make use of the notation described here.

Table 0.1: Distinguishing between types of values.

Description Notation Example
a scalar a lower-case letter x
a vector a bold lower-case letter x
a matrix a bold upper-case letter X

a set an upper-case letter X

We make frequent references to specific subcomponents (weights, nodes, layers etc.) of a

Multilayer Perceptron (MLP) architecture. For clarity we use the following simple system

of subscripts and superscripts to distinguish subcomponents. Eq. 0.1 depicts how we refer

to a specific weight parameter and Fig. 0.1 provides an accompanying illustration.

wsl,j,i. (0.1)

Each subscript or superscript refers to a different component of an MLP or data, respec-

tively. For this example, these are defined below:

• l refers to the lth hidden layer in the network.

• j refers to the jth node in layer l.

• i refers to the ith node in the preceding layer l − 1.

• s refers to a specific data sample.

xix



Figure 0.1: Illustration of the notation we use to refer to a parameter in an MLP. The
weight parameter wl,j,i, highlighted in red, corresponds to the subscripts used in Eq. 0.1.

In general, we refer to weights with the letter w, the inputs of a network with x, the

predicted outputs with ŷ, the label data with y, a sample with s, a class with c, a node

pre-activation value with z, and a node post-activation value with h.

The following is a list of frequently used values:

• hl refers to the activation pattern of hidden layer l.

• Wl refers to the weight matrix of layer l

• hl,j refers to the activation value at node j in layer l.

• zl,j refers to the pre-activation weighted sum at node j in layer l.

• Sc refers to the set of all samples belonging to class c.

xx



Chapter 1

Introduction

In this chapter we introduce our subject matter and motivate its importance. We also

clearly define our contributions and limit the scope of our empirical evidence.

1.1 Generalization in Deep Learning (DL)

acknowledge that methods that lend themselves a bit more to the symbolic (or inter-

pretable) approach such as models based on Bayesian statistics, Markov models, and De-

cision trees also have a strong presence in the Artificial Intelligence (AI) community [1].

However, models related to the Artificial Neural Network (ANN) have become the go-

to method for scenarios with vast amounts of data and complexity with little hope of

maintaining interpretability.

DL systems form the backbone of modern Machine Learning (ML) applications that

involve a high level of complexity and an abundance of data. These systems often include

many different submodules which work together to form an end-to-end pipeline specifically

designed for the specific task. One thing all DL systems have in common is their use of
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Chapter 1 Generalization in DL

ANNs. These architectures come with several advantageous characteristics such as good

scalability to high-dimensional data, effective optimization, and strong generalization [2,

3], the last of which is the focus of this thesis. Generalization is the ability of an ML

algorithm to perform well on data that it was not optimized for. It is a somewhat

overloaded term. We, therefore, provide the following simple definition of the context

we investigate it in:

Given a set of training and testing samples of the form (x ∈ X,y ∈ Y )
sampled from some distribution P(X, Y ). A learning algorithm produces a
function f : xtrain → ytrain. Generalization refers to E(|f(xtest) − ytest|),
where the superscripts, train and test, refer to whether the sample belongs to
the train or test set, respectively.

The advantages of ANN models come at the cost of interpretability. These models use vec-

tor calculus in high-dimensional spaces which are not intuitively understandable. Without

the ability to intuitively interpret an algorithm’s decision rules, an alternative framework

is used to reason about generalization. According to Statistical Learning Theory (SLT) [4],

function fitting can maintain generalization by means of a bias-variance tradeoff. We dis-

cuss this principle in Section 2.2, but in short: A system with insufficient parametric

flexibility is biased by those limitations, causing poor performance on both train and

test sets, whereas a system with excessive flexibility will be highly variable across random

variations (e.g. different drawings of the train set), leading to poor test set generalization.

Proper generalization is achieved when the parametric flexibility is appropriate for the

task complexity.

SLT was, and to a large extent still is, the prevailing paradigm with which to investigate

generalization in ML systems. This can be seen in modern regularizing techniques (e.g.

drop-out [5,6], early stopping, and weight decay [3]), which are often interpreted i.t.o their

effect on model capacity. It can also be seen in the common theme of inherent complexity

control in investigations of generalization [7–9]. Despite its common acceptance, capacity

control has never been shown to be necessary for generalization, only sufficient [10]. It

has also been noted that classic measures of complexity (e.g. Vapnik Chervonenkis (VC)

dimension and Rademacher complexity [4]) are usually too conservative to be practically
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Chapter 1 Generalization in DL

useful [11, 12].

Contemporary practical results and targeted experimentation [13] have shown that Deep

Neural Networks (DNNs) can exhibit a level of generalization that is not accounted for by

classical SLT. In spite of their extreme representational capacity and expressive power,

these models are able to generalize even in cases where the model has enough capacity to

completely memorize random noise. These paradoxical results cast doubt on whether it is

always important to balance bias and variance in an attempt to improve generalization.

In addition to this, it has become a common intuition in practice to use overparame-

terized models, first, before regularizing accordingly. Classically, a model is considered

overparameterized if it has more learnable parameters than training samples [14].

Finding an alternative or adjusted framework with which to characterize generalization is

an ongoing topic of research in ML. By “characterize” we mean identifying the necessary

properties to enable good generalization in general circumstances. Apart from limiting the

hypothesis space, most modern approaches involve investigating the stability or robustness

with which the model is able to make accurate predictions. Stability refers to being

insensitive to variations in the datapoints from specific datasets, and robustness refers to

being insensitive to variations in the entire input space [10]. One popular approach is to

analyze the geometry of the loss landscape at the optimum [15–17]. Another approach

involves approximating classification margins, which have been successfully used to predict

generalization in simpler algorithms [18–20]. In Chapter 2 we will detail these various

perspectives on characterizing generalization in DL.

Despite the abundance of perspectives and approaches none of them are able to conclu-

sively capture the essential conditions necessary to allow ANNs to generalize. This gap

in our theoretical understanding is of great practical significance. Without accurate and

principled metrics to predict generalization, there are limitations on how well we can pre-

dict a model’s performance on unseen data. We are forced to resort to imperfect heuristics

and extensive (in many cases also expensive) empirical testing to ensure an acceptable

level of generalization. In addition to this, a strong understanding of the properties gov-

erning generalization would also help guide the development of future algorithms.
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1.2 Contributions

At a high level, the goal of this thesis is to motivate the idea that the structures formed

within ANN architectures are an untapped resource in investigations of generalization

and DL. By this we mean that the subcomponents (e.g. hidden layers, nodes, or weight

vectors etc.), and the interaction among them, are often overlooked when trying to predict

generalization. This idea is a departure from the classical notion of characterizing gener-

alization, where a worst case approach is taken to determine the highest level of global

complexity an algorithm can model. We assert that only looking at the mapping from

input to output will never provide a complete perspective on the ability of overparameter-

ized networks to generalize. It is very common for much of the network to only be applied

to specific portions of the train set, and investigating these subcomponents (or groups

of subcomponents) separately, provides enlightening insights about how generalization is

allowed even if the global model contains a staggering amount of complexity.

We motivate our view with three overarching themes. The first two themes correspond

to already published work. The work from the last theme is currently being prepared for

publication.

1. Subunits model subpopulations: This theme is discussed in Chapters 3 and 4

and corresponds to [21,22]. Here we show that subunits (hidden nodes with piecewise

linear activation functions) are only optimized to reduce the loss of specific sets of

training samples, for which they activate. By tracking the activation patterns of

these subunits we can estimate class specificity, uncover certain redundancies, and

even make accurate predictions on test samples.

2. Overparameterization allows noise isolation: This theme is discussed in Chap-

ter 5 and corresponds to [23,24]. Here we show that a result of the modular manner

by which the train set is fitted, as described in point 1, is that certain kinds of noise

can be prevented from affecting prediction values on test data without the same

noise. We call this the modular fitting hypothesis and it is only possible with a large

representational capacity.
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3. Sample priority affects generalization: This theme is discussed in Chapter 6.

Here we investigate the order in which samples are fitted and the resulting gener-

alization at different training iterations. We find that the order by which training

samples are fitted is fairly consistent across architectures and has a clear effect on

generalization. Additionally, we speculate that the same modularity enabled by the

use of subunit cooperation allows spurious functions that are fitted later in train-

ing from affecting those fitted earlier. We argue this is why the double descent

phenomenon (see Section 2.4) exists.

The findings from each of these themes, together, motivate an alternative perspective of

generalization and DL: one which emphasizes the empirical exploration of substructures

and their relevance to subpopulations of the train set, instead of stringent theoretical

analyses of hypothesis spaces. We hope that, by showing how these kinds of investiga-

tions can provide explanation for commonly observed phenomena, others will adopt this

approach to further research and rethink generalization in DL; more on this in Chapter

7.

1.3 Scope of empirical results

The multitude of design choices and techniques available to practitioners, implementing

DL systems, complicates attempts at developing a theoretical perspective that is gen-

eral enough to be accurate across implementation domains and constraints. We have,

therefore, limited our empirical results to a simple framework that (hopefully) maintains

the most important aspects common to virtually all ANNs. We delimit this framework

here, and provide motivation for its generality in Section 3.6. Unless stated otherwise, all

experimental results have the following design choices:

• A fully connected feedforward network architecture (a.k.a an MLP).

• Every hidden node uses a Rectified Linear Unit (ReLU) activation function.
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• Every hidden layer contains the same number of nodes.

• A ten class classification task is to be performed.

• Parameters are updated according to their gradients (calculated by backpropaga-

tion) w.r.t a loss value measured on a mini-batch of randomly selected training

samples.

This framework is analytically convenient and uses fewer assumptions, regarding the data,

than more specialized DL implementations. By that we mean that while Convolutional

Neural Networks (CNNs) and Recurrent Neural Networks (RNNs) assume spatial and

temporal structures, respectively, an MLP makes no such assumption. Despite its simplic-

ity and lack of implicit inductive bias, standard MLPs are still able to exhibit remarkable

generalization performance under extremely overparameterized conditions.

Throughout our empirical analyses we make use of four datasets, as described in Appendix

C.2. Note that all four are image classification datasets. However, seeing as we flatten

the image features prior to using them as input to the MLP, and considering the fact

that MLPs are invariant to permutations of the input features (provided that the input

features of all samples are permuted in the same way), we expect our findings to not be

limited to grid-like image data.

1.4 Thesis Overview

In Chapter 2 we discuss related work on the topic of generalization and DL. In Chapter

3 we introduce a theoretical perspective of MLP training that highlights the manner by

which subunits are optimized, both independently and in cooperation. This is supported

by experimental results in Chapter 4. Chapter 5 presents an investigation of overpa-

rameterized DNNs with specific focus on how subunits can isolate certain kinds of noise.

In Chapter 6 we take a closer look at the double descent phenomenon through the lens

of subunit cooperation. In Chapter 7 we recap and consolidate our findings to clearly

emphasize the implications our theoretical perspective has for generalization in DL.
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Chapter 2

Related work

In this chapter we discuss relevant works and paradigms found in modern approaches to

characterizing generalization in DL. These concepts are necessary to interpret some of

the novel work presented in subsequent chapters.

2.1 Overview

In Section 2.2 we start by explaining the theory and intuitions behind the bias-variance

tradeoff and SLT. Section 2.3 discusses how data representation relates to generalization

and how it is commonly investigated. A recent (double descent) phenomenon, observed

when comparing generalization across various representational capacities, is discussed in

Section 2.4. In the Section 2.5 we discuss research involving possible ways certain features

are prioritized during training and how it relates to generalization.
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2.2 The bias-variance tradeoff in ML

As mentioned in Section 1.1, SLT and the bias-variance tradeoff have become the prevail-

ing paradigm in characterizing generalization. In this section we explain why, we highlight

some fundamental principles, and present some shortcomings.

2.2.1 Intuition

The intuition behind using a bias-variance tradeoff to ensure generalization in ML is based

on compactness. If an ML model is able to approximate an appropriate function with

a small number of parameters (relative to the amount of training data) that function

is more likely to be applicable to data outside of the train set. This intuition implicitly

assumes that most naturally occurring functions we would like to approximate have simple

underlying decision rules that the model should hopefully learn when the number of

trainable parameters are limited.

There are analogous concepts in related fields. One example is data compression in infor-

mation or signal theory. It has been shown that proper compression can lead to improved

robustness and, consequently, better generalization [25]. Another example is assigning low

likelihoods to events with complicated requirements to limit suspicious coincidences when

using Bayesian predictive models [1, 26]. These intuitions strongly embody the theme of

Occam’s razor. This behavior has even been referred to as Occam’s hill [27] due to poor

performance observed for models that are too simple or too complex.

2.2.2 The U-curve

A common manifestation of the bias-variance tradeoff is the U-shaped curve that is typical

of generalization error as a function of parametric model capacity. See Fig. 2.1 for an

illustration. For models with insufficient capacity the performance on both the train and

test set is poor. For models with too much capacity the performance on test data suffers.
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There exists an optimal capacity where generalization is maximized.

Figure 2.1: Illustration of the bias-variance U-curve. Risk and capacity are abstract terms
used to refer to the amount of error in output predictions and parametric flexibility, re-
spectively. Examples of risk include misclassification rate and MSE. Examples of capacity
include the number of trainable parameters or the number of hidden units.

To the left of the optimal point models are in the underfitting regime where high bias

results in erroneous predictions. This kind of error is a result of the models’ inability

to learn the appropriate function descriptors. With increased capacity bias reduces and

variance increases, but the overall effect is improved performance. To the right of the

optimal point models are in the overfitting regime where high variance results in erroneous

predictions on the test set. A high variance means that the models fit complicated, and

spurious, function descriptors that are unlikely to pertain to the task being performed

[3]. These spurious function descriptors are often thought to be noise, outlier values, or

inconsequential fluctuations in feature values.

A similar U-curve can be observed when considering the generalization error across train-

ing iterations at a constant representational capacity [28]. This leads to the notion of

effective capacity : the representational capacity limited by imperfections in the optimiza-

tion algorithm. While a model’s representational capacity can be very high, its effective

capacity is limited by many factors such as the optimization process or regularizing ef-
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fects; implicit or explicit. With additional training iterations its effective capacity usually

increases because it is capable of learning more complex function descriptors in order to

minimize a cost function [2]. However, an exact measure of this effective capacity remains

an unsolved problem in the literature.

2.2.3 Classic measures of complexity

There are many proposed measures of model capacity (or complexity) originating from

SLT. These measures are typically defined by specific upper bounds on the type of

functions a given model can fit. Using these measures of capacity, related bounds can be

developed to guarantee a certain level of generalization. In other words, if the model is

unable to approximate a function more complex than a certain threshold, the model is

guaranteed to have a certain level of generalization. It is common to make these bounds

dependent on parameter norms [29], model depth [30], or the number of parameters

[31,32]. Many of these bounds are based on two well-known measures: VC dimension and

Rademacher complexity. We will, therefore, be discussing these two measures next.

The VC dimension was first proposed in 1971 [33] but its practical use expanded greatly

in the early 1990s [4]. It is a measure of the richness, complexity, expressiveness, diversity,

flexibility, or capacity of the hypothesis space (all possible functions that can be approxi-

mated) of an ML model. Within the context of SLT and ANNs, all of these concepts are

functionally equivalent. The prototypical concept of the VC dimension is defined for a

parametric binary classification problem [3].

Let us say some learning algorithm F is to approximate a function f(x, θ) that maps an

input vector x ∈ RD to an output value y ∈ {0, 1}, using a set of training samples S. In

this case we can say that the parameter set is θ ∈ Θ, where Θ is the hypothesis space of

F . The VC dimension is defined as the maximum train set size |S| for which there exists

θ ∈ Θ that can shatter the input space. Shattering refers to being able to map the entire

train set to any arbitrary labeling [34]. Formally we can define the VC dimension with

Eq. 2.1.
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VCdim = max
|S|

(
∀f : S → {0, 1} ∃ θ ∈ Θ

)
. (2.1)

At an increased VC dimension a system will be able to approximate a larger variety of

complex functions which, intuitively, will result in a higher probability of finding solutions

with poor generalization beyond the train set [11]. Being distribution independent, bounds

developed from the VC dimension have the advantage of being generally applicable over

any distribution of the data. However these bounds are based on a worst case scenario

(shattering the input space) and so, they are often too conservative. Additionally, since

they were developed for a binary classifier, creating bounds for more complex ML tasks

require additional conditions [31].

The Rademacher complexity [35] is a distribution-dependent alternative metric that

extends to real-valued and multi-class functions. If we keep the same scenario and notation

we used to explain the VC dimension, the Rademacher complexity can be defined with

Eq. 2.2.

RC = EF
[
ES
[

sup
θ∈Θ

( 1

|S|
∑
s∈S

σsf(s, θ)
)]]

. (2.2)

where σs ∼ U{−1, 1}. By using the supremum over the entire hypothesis space, we

are effectively finding the function that would best correlate the Rademacher values (σs)

and the model outputs. The inner expectation ES then measures the ability of F to fit

random noise w.r.t a specific set S. This is called the empirical Rademacher complexity.

The outer expectation EF measures the Rademacher complexity over all possible datasets

drawn from the true underlying data distribution [36].

An increased Rademacher complexity indicates that the model is better able to fit random

noise which indicates increased model capacity. Because the Rademacher complexity

considers the actual distribution of the function space, bounds developed from this metric

can often be more tight than the VC dimension. Finding the best correlation with random

values (σs) also means that this measure is based on a worst case scenario, albeit within
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the context of a specific distribution.

Metrics of this kind have provided a basis for developing many bounds on generalization,

which have several factors in common. These are listed below:

• They are based on the intuition that limiting the complexity of the hypothesis space

will lead to better generalization.

• They usually provide upper bounds based on worst case scenarios.

• Iterating over the entire hypothesis space of modern ML systems is often intractable

which leads to limitations being placed on the hypothesis space within the context

of specific domains in an attempt to produce non-vacuous bounds.

• In order to promote generality, these bounds often focus on higher level proper-

ties of function approximation with little consideration for the interaction among

substructures which are ubiquitous in modern ML systems.

2.2.4 The apparent paradox

In spite of the works mentioned in the previous section, regarding capacity and generaliza-

tion, no theoretically rigorous framework for the robust prediction of generalization error

in a general setting has been developed. DNNs in particular have consistently produced

results that are not predicted by strictly capacity-related generalization bounds and in

many cases even contradict the intuitions suggested by these bounds. This is exemplified

in the seminal work by Zhang et al. in 2016 [13], and re-released in 2021 [37]. By means

of extensive experimentation with MLPs and CNNs (Inception net [38] and Alexnet [39])

they showed that:

• Common DNN architectures have enough representational capacity to easily fit var-

ious types of random noise.

• In spite of the extreme representational capacities these models can still perform

very well on several natural datasets.
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• Explicit regularization is not strictly necessary to enable good generalization, and

even had little effect on the observed generalization ability.

These findings suggest a so-called “apparent paradox” [7, 10]. If these models have rep-

resentational capacities large enough to memorize noise, how are their generalization

performance on natural data not impeded by the obvious overparameterization as the

bias-variance tradeoff suggests?

A generally applicable explanation for this behavior will doubtlessly lead to a deeper

understanding of generalization in ML and its relationship with model capacity. This

realization caused an explosion of research with the aim of either consolidating classical

notions of generalization or proposing more relevant alternatives. Some of the more

prominent examples of these works are discussed in the remaining sections of this chapter.

2.3 Data representation

Many recent works in the literature, regarding generalization and DL, adopt a represen-

tational view. The idea is that some attribute of the way DNNs represent training data

allows them to generalize even when the parameters outnumber the training samples –

sometimes by orders of magnitude. These approaches consider the data dependence of

generalization more than typical capacity-based approaches do. In this section we discuss

existing research with this viewpoint.

2.3.1 An example

It would be prudent to start with a simple concrete example. Refer to Fig. 2.2. In the

example a binary classification task is to be performed on two-dimensional samples.

The solution in the center plot can be considered to be in the underfitting regime. It uses

a single decision boundary and fails to correctly classify several samples in the train set.
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This decision boundary can be implemented with a single hidden node and bias node.

In this case every training sample is represented by a one-dimensional feature h ∈ R,

determined by how far to one side or the other the sample is located. It is then trivial

to assign one class or the other based on which side of the decision boundary the sample

falls.

If we use a combination of many decision boundaries (e.g. by means of many hidden nodes

and non-linear activation functions) we can construct a decision boundary like the one

presented in the right-hand plot. This is typical of an overfitted model. This model is able

to correctly classify all the training samples but such a complicated decision boundary is

not likely to be representative of the true underlying distribution of the training data. In

this case every training sample is represented by a hidden feature vector h ∈ RD, where

D is the number of hidden nodes.

Figure 2.2: Illustration of the relationship between representation and capacity. The left
plot shows a train set of samples of the form x ∈ R2, with the colors representing which
of two classes each sample belongs to. The center plot shows the same data with a single
linear decision boundary. The right plot shows many decision boundaries.

From the perspective of classical SLT an optimal number of hidden nodes between these

two extremes is necessary to ensure that the model will generalize. For low dimensional

problems this intuition would probably (depending on the true underlying data distribu-

tion) be correct. However, more practical problems have thousands of input features and

we tend to use even more hidden units, still. With such severe overparameterization we

find that DNNs consistently find solutions that generalize well.
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2.3.2 Distributed representation

One defining characteristic of ANN-like models is that they use a distributed represen-

tation [40] of data. This means that concepts (i.e. underlying features and patterns

expressed in samples) are represented as patterns of activity that are distributed over

many subunits instead of having a single unit for every concept. This also means that

every subunit is related to many different concepts. Here, a subunit refers to some under-

lying computing element such as a neuron in a neural network (distributed representation)

or a latent variable in a mixture model (local representation).

As a simple example, say we want to represent the state of a group of individuals’ health.

We can observe each individual and record whether they are healthy or not. This would

be a local representation. Our representation would grow in size the more individuals

we observe, and it would not directly help us determine the healthiness of unobserved

individuals. Alternatively, we can represent each individual as a set of features, say: hair

color, height, weight, and body temperature. A given individual is then represented as a

vector of four values. This would be a distributed representation. The concepts relevant

to each individual is distributed over four features. Immediately we can observe some

similarities between individuals possibly relating to health.

The notion of distributed representations, while abstract, is strongly related to the work

presented in this document. There are several advantages to using this type of represen-

tation. As discussed in [41], models using distributed representations have relatively low

computational cost both during training and inference. This is because the patterns of

activity are created by many interconnected subunits. With the focus being on updating

the connections, not the concepts themselves, no sequential search is necessary to com-

pare each subunit with every other. In our example we would be trying to determine the

relationships between the features and health instead of comparing individuals directly.

This allow these models to take advantage of parallel hardware.

These models also naturally generalize to novel inputs. An input value is not required

to correspond exactly to an existing concept. The most related subunits will activate for
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the new input and the resulting pattern of activity will represent a new concept that is

created by many related concepts. For examples, if we observe a new individual that is

very heavy and very short we might correctly conclude that the person is unhealthy even

though we have never observed the individual before.

This leads to the third advantage: new (potentially informative) concepts can be created.

Individuals that are very tall and very heavy might correlate with slightly elevated body

temperature. This might indicate that the person is a male. Individuals that have gray

hair and low body temperature might indicate old age. Both of these concepts are not

included in the base features but can be deduced from how some features correlate and

both can be useful in predicting overall health.

Distributed representations are usually thought of i.t.o word embeddings in natural lan-

guage processing applications [42], however, it will become clear from later results in

Chapters 3 through 5 that they are fundamentally linked to how DNNs generalize.

2.3.3 Classification margins

Refer back to the example in Fig. 2.2. If we focus on the model with the single decision

boundary in the center plot, an intuitive measure of generalization that is not directly

related to capacity is the expected distance between samples and the decision boundary.

This distance is referred to as the classification margin. If samples tend to be located

far away from the decision boundary it suggests more “certainty” w.r.t which side of the

decision boundary those samples belong. Consequently the model should be less sensitive

to small fluctuations in feature values. For such a simple linear model, calculating this

distance is relatively simple and exact [43]. However, calculating this distance for DNNs

is intractable. This is because of several factors such as the curse of dimensionality,

non-linearities, and architectural structures.

Several works endeavor to approximate such classification margins for DNNs and then

show, empirically, that maximizing the metric correlates with generalization. Notable

approaches include: using a spectral norm of the Jacobian matrix [44]; linearization [18];
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lower bounding the linear regions of training samples [19]; and using a first-order Taylor

approximation [20]. These approaches show promising results under carefully constructed

experimental conditions, however, a generally applicable measure of classification margin

for DNNs and a causal link between such a metric and generalization has not been proven

yet.

2.3.4 Loss landscape geometry

Another tool with which generalization is investigated in DL is the geometry of the loss

landscape. By measuring the overall training loss of the model at various parameteriza-

tions around the solution found by the learning algorithm, we can estimate characteristics

such as the sharpness, flatness, and curvature of the solution. The idea is that models

with smooth and flat loss landscapes will generalize better. This idea is based on similar

intuitions to the bias-variance tradeoff. Models that have low curvature in the loss land-

scape will require less information to describe, have low variance, and be less sensitive to

small fluctuations in feature values [15].

Refer to Fig. 2.3 for an illustration. While all three presented models have similarly low

train set loss at their respective solutions, as indicated by the dark region around their

parameterization, we expect that they will have very different levels of generalization.

The model represented in the left-hand plot will have the best generalization of the three

because of a relatively gradual descent to, and wide basin around, the final minimum.

The model in the center plot will have slightly poorer generalization because there is a

steep descent and narrow basin. The model in the right-hand plot has a steep descent,

a narrow basin, and high curvature in general which suggests very poor generalization

ability.

A practical problem with this approach is that it suffers heavily from the curse of dimen-

sionality. This means that it is difficult to obtain an unbiased and consistent perspective

on the loss landscape in high dimensional parameter spaces, which is the case in virtu-

ally all practical DNNs. The surface is typically mapped with dimensionality reductions,
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Figure 2.3: Illustration of several loss landscapes. The three plots show the loss land-
scapes of three two-parameter learning algorithms. Bright and dark regions indicate
high and low train loss values, respectively. The green star icon indicates the resulting
parameterization.

random searches [17], or heuristic searches [45]. A conceptual problem is that the loss

value is easily manipulated by weight scaling. For example, Dinh et al. [46] showed that

a minimum can be made arbitrarily sharp or flat with no effect on generalization, by

exploiting simple symmetries in the weight scales of networks with rectified units.

2.4 Double descent

Recent research has demonstrated a curious phenomenon where parametric ML algorithms

undergo two distinct phases of generalization behavior as a function of capacity. The

phenomenon is called double descent, because in addition to the classical U-shaped curve

(see Fig. 2.1) a second descent is observed in the test risk for models with capacities

larger than what is necessary to interpolate the training data. It is of particular interest

within the context of DNNs as it most clearly manifests for extremely large models. It

was formally presented and defined in [47] but, to our knowledge, it was first noticed and

reported on in [8]. See Fig. 2.4 for a visual illustration of the phenomenon.

Note that the double descent curve appears to encompass the classical U-shaped bias-

variance curve. This suggests that it could prove very useful in bridging the gap between

SLT and modern DL. This phenomenon, the second descent in particular, garners a lot

of attention, [48–51], due to its implications for our understanding of generalization and

18



Chapter 2 Double descent

Figure 2.4: Illustration of double descent. A) Classic underfitting regime, B) Classic
optimal bias-variance tradeoff, C) Classic overfitting regime, D) Second descent.

model capacity. In a similar way that Zhang et al. [13] drew attention to the fact that

most DL models are large enough to memorize noise and still generalize, Belkin et al. [47]

highlighted the fact that, in general circumstances, increased parametric flexibility can

even improve performance. These findings are an even stronger contradiction to the idea

of balancing bias and variance, which increases the necessity of finding a theoretically

principled framework to describe, and potentially predict, generalization in DL.

Despite the clear connection with generalization and the bias-variance tradeoff, no gen-

erally accepted account of the origin of the double descent phenomenon exists. Some

propositions include: the notion of effective model complexity, of which double descent

is a function [48]; suggesting that with increased capacity both bias and variance de-

crease [52]; or a phase transition similar to the jamming transition of granular media that

occurs around the critical point [53]. In Chapter 6 we present an alternative proposition

based on extensive empirical investigation.

As a final note, we want to point out that double descent is also observed as a function

of training iterations [48, 50]. This suggests that it is related to the effective capacity

described in Section 2.2.2 and not just the representational capacity. These two mani-
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festations are clearly related, however, we can investigate them separately. We refer to

double descent as a function of representational capacity as model-wise double descent

and double descent as a function of training iterations as epoch-wise double descent.

2.5 Feature and sample priority

2.5.1 Feature priority

The kind of features that are prioritized during the training of a DNN has been the

topic of several works. In [9], using Fourier analyses, it was proposed that DNNs have a

spectral bias that causes lower frequency functions to be fitted before higher frequencies.

These lower frequency functions are more robust to perturbations which is connected to

improved generalization.

In [54] a “stiffness” measure is proposed to estimate whether the features, being learned,

are likely to generalize. This measure is based on how much parameter updates in favor of

one sample would affect the loss of other samples, with positive stiffness values indicating

that parameter updates reduce the loss of several samples simultaneously and are more

likely to generalize. They found that stiffness values for within-class samples tend to be

higher early in training when generalization is still improving.

2.5.2 Sample priority

In [55] it was empirically shown that ANNs fit training samples in a very similar order.

The phenomenon seems to be most prominent when the models share a specific archi-

tecture, however it was found to still exist even when comparing models with different

architectures. Their results indicated that stronger architectures tend to learn the same

samples a less powerful model would, before continuing to fit additional samples. It was

also shown that certain artificially manipulated datasets, such as randomly shuffling the

training labels [13], prevented the phenomenon. This lead the authors to speculate that
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the phenomenon is a result of how ANNs discover structure in natural datasets.

In [56] it was found that measuring the variance of per-sample gradient updates during

training is an effective way to estimate the difficulty of a training sample. This idea

explicitly assumes that the gradients i.t.o easier samples will stabilize early and the vari-

ance of gradients for those samples will be less. In other words: more difficult samples

are expected to be fitted later.

In our work we refer to samples that tend to require more parameter updates and more

parametric flexibility to fit as difficult samples (by definition). In Section 6.3 we go into

more detail on this topic. Here, we clarify this definition by stating that some samples

tend to be fitted later in training. We consider these samples more difficult to fit than

those that are fitted earlier. The underlying mechanism that causes these samples to be

fitted later relates to the number of similar samples present in the train set. Therefore,

the difficulty of a sample is not related to its own input feature structure in isolation, but

rather it relates to its feature structure w.r.t the others in the train set.

2.5.3 Coherent gradients

Updating parameters according to the gradients of a cost function w.r.t each parameter is

currently the optimization method of choice for the vast majority of modern DL systems.

Many variations of gradient descent exist in the literature, however, the fundamental

principle remains the same. This lead to the coherent gradient hypothesis as a method of

accounting for strong generalization exhibited by ANNs trained on natural datasets [57].

This hypothesis can be summarized as follows:

1. Training samples that have similar input features produce similar gradients.

2. Seeing as the global cost is usually added over many samples the gradients from

similar samples will overlap producing stronger gradients in certain directions of

parameter space.

3. Optimizing parameters in this way will lead to faster updates in directions where
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per-sample gradients overlap.

4. The overall effect is that parameters are updated to simultaneously reduce the cost

of many samples as opposed to a few.

Much in the theme of algorithmic stability [58], the obtained representation for the train

set distribution does not overly rely on specific samples, and will therefore generalize

better.

2.6 Discussion

While a full review of all the approaches and perspectives of generalization and DL cur-

rently being researched is impractical, we have highlighted some notable ones. We have

also focused on those that are most relevant to the work presented in this thesis. The

bias-variance tradeoff (discussed in Section 2.2) provides principled guidelines to facilitate

the study of generalization in ML. We have discussed its shortcomings in the modern ML

landscape, with a focus on ANNs. In the following chapters we hope to show how classi-

cal measures, such as VC dimension, Rademacher complexity, and their derivatives, are

unable to capture the nuances of subunit interactions and their effect on generalization.

In Section 2.3 we discussed the way ANNs represent training data and the possible effect

on generalization. This is inherently connected to finding structure in the training data.

In Chapters 3, 4, and 5 we show how such structures can be found and modularized to

facilitate good generalization in an overparameterized and noisy setting. In Section 2.4

we discussed the double descent phenomenon; and in Section 2.5 we mentioned several

other phenomena regarding the way features are fitted and samples are prioritized in

ANNs. While these phenomena seem quite unrelated to the double descent phenomenon,

in Chapter 6 we show how the way features are prioritized (in addition to the modu-

larity we propose in Chapter 5) results in the double descent phenomenon as a natural

conclusion.
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Chapter 3

Subunit cooperation

In this chapter we discuss a viewpoint of MLP learning, through gradient-based learning,

that is useful to explain a novel perspective on generalization in DL models.

3.1 Overview

This chapter contains the bulk of our theoretical motivations. In Section 3.2 we thoroughly

define the MLP architecture, explain the general training procedure of such a model,

and clearly identify exactly how we train our experimental models. This information is

not novel, however it provides necessary context to interpret our practical results and

understand the novel contributions in the following sections.

In Section 3.3 we derive equations to show that subunits are trained to fit measurably

similar samples using two systems, one continuous and one discrete. This novel perspective

of fitting subpopulations of the train set in a distributed manner by the interplay between

a continuous and discrete system of behaviors is utilized throughout the rest of the study.

Then in Section 3.4 we explain how each hidden layer produces a feature space using the
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mechanisms introduced in Section 3.3. Section 3.5 defines and highlights the significance

of sample sets, which will be used to develop informative metrics for much of the following

chapters. In Section 3.6 we present a discussion on how applicable the proposed view of

subunit cooperation is to more specialized ANN models.

3.2 The multilayer perceptron

We begin by defining an MLP. This is a basic ANN architecture that consists of a set

of sequential hidden layers followed by an output layer. All layers are fully connected

feedforward layers.

3.2.1 Architecture

Suppose the MLP is to find a function f : x→ y where x ∈ RD and y ∈ RK . This is the

general setting for an MLP. The dimensionality D equals the number of input features

and K is the number of desired output values. Common choices include K = 1 or K = 2

for a binary classification problem, K = 1 for a single-valued regression problem, and

K = 10 for a ten-class classification problem. Refer to Fig. 3.1 for an illustration of this

MLP with N hidden layers.

Notice that there is a single bias node connected to the first hidden layer. A bias node has

a constant feature value (typically set to 1) which allows each node in the following layer

more flexibility by “biasing” the node pre-activation value towards a learned value when

all input features are zero [3]. It is unclear if there is any advantage in adding bias nodes

beyond the first layer, as it is possible for the network to construct nodes in subsequent

layers that behave like bias nodes, if they are required. This can be achieved by increasing

a positive weight value from the bias node (in the earlier layer) to a subsequent node

while suppressing the other weight values to the same node. Preliminary experiments

(not shown) suggest that the omission of bias nodes at hidden layers beyond the first

one has no discernible effect on the performance of MLPs in the context within which
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Figure 3.1: Illustration of an MLP. The input, bias, hidden, and output units are repre-
sented by orange, red, blue, and green, respectively. ŷ denotes the output of the network
and not the label data y.

we study them. Consequently, we use a single bias node by default, in our experiments,

in order to allow the models sufficient flexibility while retaining an extremely compact

analytic form when describing model updates.

A common practice in analytical investigations of feedforward networks is to absorb the

bias terms into the input feature vector and first hidden layer weights [59–61]. The bias

node is included in x as an additional entry (that is always equal to 1) and the bias weights

are included in the relevant weight matrix as an additional column. By assuming this

viewpoint we can safely omit explicit reference to the bias parameters in our theoretical

investigations.

3.2.2 Activation function

With regard to Fig. 3.1, if we define x as h0, every layer l ∈ [1, N ] performs the following

function:
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hl = αl
(
Wl · hl−1

)
, (3.1)

where αl refers to an element-wise activation function. Historically, a sigmoid function

was used but modern ANNs typically use a ReLU [62] or a variation thereof [63–65]. The

element-wise ReLU function, applied to a pre-activation value z, can be defined as:

ReLU(z) = max(0, z). (3.2)

These activation functions allow the ANN to learn non-linear functions. If a linear acti-

vation function is used the model can only fit linear functions regardless of model depth

or width. There is also some empirical evidence of improved optimization and generaliza-

tion arising from using activation functions such as the ReLU as opposed to more classic

activation functions that have smooth gradients, e.g. the sigmoid or hyperbolic tangent

function [62].

The output layer usually uses a different task-related activation function. For example,

a model performing a classification task can use a softmax activation function to convert

the output values into a normalized probability distribution over the possible classes.

However, it is not strictly necessary to use an activation function at the output layer.

3.2.3 Optimization

A gradient-based algorithm is generally used to optimize the weight parameters. Some

variation of gradient descent is used in virtually all DL systems. The following list defines

how gradient-based learning is typically used to update weight values in an ANN, and a

discussion of each step follows.

1. A set of training samples is passed through the network.

2. A loss function is used to measure the training risk w.r.t these samples.
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3. Backpropagation is used to calculate the the gradient of the training risk w.r.t

each parameter.

4. A gradient-based update rule is used to change each weight parameter.

5. Items 1 to 4 are repeated until some stopping criterion is met.

Set of training samples

The set of training samples used for weight updates can range from the entire train set

(batch learning) to a single sample (on-line learning). However, due to various empiri-

cal and theoretical motivations we tend to use a number of samples between these two

extremes, called a mini-batch [66–68]. A simple way to select this subset is to sample

data randomly from the train set, hence the label Stochastic Gradient Descent (SGD).

Usually, this ensures that the mini-batch is a reasonable approximation of the train set.

Factors such as class imbalances, limited training data, and undersized mini-batches can

necessitate more advanced techniques such as smart sampling [69], cross-validation [36],

or specialized loss functions [70]. Our experiments are conducted on widely used bench-

mark classification datasets that do not significantly suffer such problems. Therefore, we

sample our training data randomly.

Loss function

The goal of the loss function is to measure the discrepancy between the predicted output

and the ground truth label data. Ideally we want this function to be differentiable and

ensure that the function estimated by the overall optimization process has low bias and

variance, and is also consistent. This means that it becomes a better approximation of the

risk w.r.t the true underlying data distribution as the train set becomes bigger [3]. Simple

choices of loss function include Mean Squared Error (MSE) and Cross Entropy (CE) loss.

Next we discuss these functions for a set of training samples B.

We would like to preface this discussion by stating that we do not use any activation
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function at the output layer. Our output layer, therefore, performs a linear transformation

into a K dimensional space, where K is the number of classes. This means that, in

order to determine the output class of a sample s, we simply use an argmax on the raw

unnormalized output vector ŷs.

The MSE loss function measures the expected squared difference between output vectors

and label vectors. This is a natural choice for regression problems where the output value

has strong numerical significance, however it can still be used to perform classification

tasks if y is a one-hot encoded class indicator. If the label data in B is of the form y ∈ RK ,

the MSE loss can be calculated with Eq. 3.3.

MSE(B) =
1

|B|
∑
s∈B

∑
c∈K

(
ŷs[c]− ys[c]

)2
, (3.3)

where ŷs[c] is the value at the output unit corresponding to class c, in response to sample

s, and ys[c] is the corresponding label data.

In a classification-specific context where the label data in B is of the form y ∈ [1, K], we

follow the tendency of modern toolkits (such as pytorch) to calculate a variation of CE loss.

This loss function combines a softmax activation and a Negative Log Likelihood (NLL)

to measure the dissimilarity between the distribution of the training data and the output.

It is defined as:

CE(B) = − 1

|B|
∑
s∈B

log
(
σ(ŷs[ys])

)
, (3.4)

where, σ(ŷs[ys]) is the value at the output unit corresponding to the index ys after an

elementwise softmax is applied. The softmax normalizes ŷs into a probability distribution

over classes and, for an output unit ŷ[j], is defined as:

σ(ŷ[j]) =
eŷ[j]∑
c∈K e

ŷ[c]
. (3.5)
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We make use of both MSE and CE loss functions in our experiments. When we use the

MSE loss we use one-hot encoded vectors as label data. In our experiments, when we use

CE loss, we use the version as defined above. The actual values obtained from the final

layer are therefore without applying an activation function even though such function is

used during training. This difference is important to understand for the discussions that

follow. This modified CE function has a similar effect to standard CE loss during gradient

updates, as is shown in Appendix B.1.

Backpropagation

Once an empirical risk value is obtained, the gradient w.r.t each weight parameter needs

to be calculated. This is achieved with backpropagation [71]. The exact expression for

calculating the gradient for each weight is determined by several factors such as the loss

function, activation functions, and network architecture. However, the general procedure

is to differentiate the loss function L w.r.t the output units ŷj ∈ ŷ to obtain ∂L
∂ŷj

and then,

using the chain rule, differentiate the loss function w.r.t units in the preceding hidden layer

hN,i ∈ hN to obtain ∂L
∂hN,i

=
∑

j
∂L
∂ŷj

∂ŷj
∂hN,i

. This calculation can be extended backwards

through the network to obtain the gradient ∂L
∂hl,j

w.r.t any hidden unit j in layer l.

In order to determine the gradient i.t.o a specific weight, say the weight connecting the

jth node in hidden layer l with the ith node in the preceding layer, we can use the chain

rule one final step; noting that hl[j] := hl,j. This can be calculated with Eq. 3.6.

∂L

∂wl,j,i
=

∂L

∂hl,j

∂hl,j
∂wl,j,i

. (3.6)

Update rule

The next step is to adapt the weight parameters in accordance with their gradients. By

doing this, we are moving the overall loss value closer to a local minimum. The most

basic update rule (seen in Eq. 3.7) is to subtract the gradient, multiplied by a constant
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scalar value, to produce a new weight value.

∆wl,j,i = −η ∂L

∂wl,j,i
. (3.7)

The scaling constant η is referred to as the learning rate because it determines the size of

steps in parameter space, and consequently the rate of learning. Optimizing the weight

parameters of an ANN with such a basic update rule is often very difficult. There is a

multitude of complications that arise as a result of the high level of non-linearity and

curvature in the function space. Some of these complications include saddle points [72],

cliffs, plateaus [73], and general ill-conditioning of the Hessian matrix. In order to lessen

the effect of such phenomena additional scaling terms can be introduced into the update

rule. Examples include: momentum terms [74], learning rate decay, gradient clipping [73],

or even estimates of first- and second order moments (e.g. the Adam optimizer [75]).

Stopping criteria

The stopping criterion used to terminate the optimization of an ANN is an important

matter. A common practice is to repeat parameter updates for a number of epochs (a

single series of updates that utilizes the entire train set). If only a train set is available

we can either stop optimizing after an arbitrarily chosen number of epochs or after the

model is able to interpolate (correctly predict all the samples in) the training data.

These methods provide no guarantee that the model performs well on any data not in

the train set. For this reason a separate validation set is often used as a measure of

performance during training. Measuring the model performance on the validation set

provides an estimate of how well the model is able to generalize from the training data.

It is then natural to stop optimizing when the model has achieved a minimum error rate

on the validation set. This is referred to as early stopping.

In our experiments we use a third dataset as ‘evaluation set’. This is yet another set

of samples on which model performance is only measured after the training procedure
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has concluded and model selection has taken place. This prevents our experimental pro-

cedures from indirectly optimizing on the test data, which is common when calibrating

hyperparameters under early stopping conditions.

3.2.4 Regularization

Another important component of training an ANN is regularization. This is yet another

overloaded term. Some define it as any technique that reduces the out-of-sample risk [3],

and others define it as any technique that penalizes a complex hypothesis space so as

to improve generalization [76]. From the perspective of SLT these two definitions are

equivalent. This is further complicated by the fact that improving optimization efficiency

(effectively reducing the number of parameter updates required to fit an equivalent number

of training samples) generally improves generalization as well. This could be because of

algorithmic stability earlier in training [58,77].

Examples of well known regularizers include: weight-decay, which limits the parame-

ter norms to prevent models from approximating excessively complex functions; drop-

out [5,6], which prevents subunits from co-adapting to complex function descriptors; data

augmentation [78], which creates larger and richer datasets to reduce overfitting; early

stopping, which simply stops training when overfitting is empirically detected; and en-

semble learning [79], which reduces variance by employing multiple learning algorithms

and a voting system.

Less explicit factors thought to have a regularizing effect include: using smaller mini-

batches [66], sparsity in representations [62], sparse connectivity and parameter sharing

in CNNs [80,81], and batch normalization [82].

None of these techniques have been shown to be a necessary requirement to facilitate

generalization. Unless stated otherwise, we do not use any explicit regularizing techniques

in our experiments. This is so that our results more closely reflect the inherent ability of

ANNs to generalize. For experiments where we want to investigate the “typical” subunit

behavior for a well-optimized ANN we might use early stopping, and if we are investigating
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the effect of adding noise to the representation of the training data we do not. This will

always be clarified on a per-experiment basis.

3.3 Optimizing subunit parameters

Now that we have defined the MLP and how it is optimized through gradient-based

learning, we present an analytical description of its training process through the lens of

subunits (hidden nodes with piecewise linear activation functions). We will continue using

the notation presented in previous sections.

3.3.1 Node-supported cost

If we define ŷ as hN+1, and assuming one-hot encoded class indicators for MSE, the

derivative of both MSE and CE w.r.t the output units reduces to a scaled difference

between the target and output values. See Appendix B.1 for details. We define this

difference as:

λ = ∇hN+1
L ∝ hN+1 − y. (3.8)

By applying the chain rule to Eq. 3.6 the gradient of a weight parameter wl,j,i, on a per

sample basis, can be written as:

∂L

∂wl,j,i
=

∂L

∂hl,j

∂hl,j
∂zl,j

∂zl,j
∂wl,j,i

, (3.9)

where hl,j and zl,j are the post- and pre-activation values at node j in layer l. The third

factor is always equal to the activation value at node i in layer l−1. The other two factors

depend on whether l = N + 1. For this reason we label the first term with φl,j and the

second term with θl,j to produce the following equation.
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∂L

∂wl,j,i
= φl,jθl,jhl−1,i. (3.10)

If l = N + 1 then j is an output unit with no activation function so φl,j = λj and θl,j = 1.

However, if l 6= N + 1 then layer l uses a ReLU activation function, and:

θl,j =

1 if hl,j > 0,

0 else,

(3.11)

and φl,j is the sum of the gradients of the loss function w.r.t all the weight parameters

which fan out from node j. Each of these gradients can then also be the calculated

with Eq. 3.10 up to the output layer where φl,j = λj. In practice we do this calculation

recursively, however we can construct an iterative expression with the following equation

[21,22]:

φl,j =
∑

p∈Pl,j

(( ∏
w∈p

w
)
λp
)
, (3.12)

where:

• Pl,j is the set of all active paths from node j to the output layer, ŷ or hN+1. An

active path refers to a set of subsequent weights that are connected by nodes where

θl,j = 1.

• λp is the derivative of the loss function w.r.t the output unit at the end of path p.

We refer to φl,j as the node-supported cost of node j in layer l. Fig. 3.2 provides an

illustration to clarify Eq. 3.12. The significance of the node-supported cost is that it

indicates the portion of the the discrepancy between the predicted output and ground

truth value that can be attributed to the active paths branching out from node j. It also

suggests that j is related to the other nodes along the active paths. This is because the

gradients reaching j also affect the other nodes.
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Figure 3.2: Illustration of how node-supported cost is determined in an MLP. Active
paths between node j and output units are highlighted in red. The node-supported cost
is the λ values multiplied by all weights in the path connected to node j, summed over
all active paths.

3.3.2 Parameter-specific updates

By combining Eq. 3.7 and 3.10, and inserting the definition of node-supported cost, defined

in Eq. 3.12, we obtain a weight-specific update rule:

∆wl,j,i = −ηθl,jhl−1,i

∑
p∈Pl,j

((∏
w∈p

w
)
λp
)
. (3.13)

In this equation θl,j = 1 because the active paths necessitate that node j is also active.

The active paths will be dependent on the sample for which the gradient is calculated.

If we sum over the subset Sl,j,i ⊂ B for which both nodes are active, we get a complete

update rule for weight wl,j,i:

∆wl,j,i = −η
∑
s∈Sl,j,i

hsl−1,i

∑
p∈P s

l,j

((∏
w∈p

w
)
λsp
)
. (3.14)

For an alternative derivation of this update rule see [21, 22]. There are a few key in-

sights obtained from this update rule. First, parameters are updated according to specific

discrete sets of samples. Additionally, the gradient of a parameter cannot distinguish
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between a node-supported cost that is added over large, but polarizing, per-path terms,

and a node-supported cost that is added over small but similarly valued terms. Finally,

in general, a large node-supported cost will result in a reduction in activation value for

node j upon parameter update.

3.3.3 Additional scaling factors

We defined the update rule, given in Eq. 3.14, for the simplest case where there is a

constant global learning rate and each parameter is only updated according to its gradient

at a specific iteration. However, as mentioned in Section 3.2.3, we use additional terms

to aid optimization in practice.

Learning rate decay and gradient clipping would not significantly affect the behavior

of our update rule. The former will merely scale η in Eq. 3.14 based on how many

training iterations have been completed. The latter will scale the entire update rule

based on whether the resulting gradient step is larger than some threshold. Therefore,

the gradients are still calculated according to the same active paths and sets of specific

samples. Momentum uses an exponentially decaying average gradient step. This can be

represented with Eq. 3.15.

∆wl,j,i = ε∆w′l,j,i − η
∑
s∈Sl,j,i

hsi−1,i

∑
p∈P s

l,j

((∏
w∈p

w
)
λsp
)
. (3.15)

Each parameter update adds the previous parameter update ∆w′l,j,i scaled by a constant

ε. ∆w′l,j,i can potentially be calculated with completely different paths, samples, and

node-supported costs. During any iteration all parameters are synchronously updated.

This means that each parameter is updated with the assumption that all other parame-

ters will remain unchanged. The implication of this is that ∆w′l,j,i will be very different

to the current gradient step during early iterations and both will be approximately zero

during convergence. Our analysis focuses on how backpropagation and ReLU activation

functions disregard some samples when updating specific parameters during a single iter-
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ation of training. We, therefore, focus on ∆wl,j,i and ∆w′l,j,i separately to obtain a good

understanding of basic SGD; leaving an extension to momentum terms to future work.

The Adam optimizer is a slightly more sophisticated optimizer than SGD but operates

on the same principles. From Eq. 3.14 we can define the unscaled gradient of weight wl,j,i

with Eq. 3.16.

gl,j,i =
∑
s∈Sl,j,i

hsl−1,i

∑
p∈P s

l,j

((∏
w∈p

w
)
λsp
)
. (3.16)

Adam uses an estimated corrected first moment of this gradient across training iterations,

as defined in Eq. 3.17. This measures an exponentially decaying average of the gradient,

but is corrected to compensate for initialization bias.

ml,j,i =
β1m

′
l,j,i + (1− β1)gl,j,i

1− βt1
. (3.17)

Similarly, a second moment is calculated with Eq. 3.18. This measures an exponentially

decaying uncentered variance of the gradient.

vl,j,i =
β2v

′
l,j,i + (1− β2)g2

l,j,i

1− βt2
. (3.18)

In equations 3.17 and 3.18 β1 and β2 are constants that determine the respective decay

rates of each moment and t refers to the number of completed training iterations. The

final update rule is then calculated with Eq. 3.19, where δ is a small positive constant for

numerical stability.

∆wl,j,i = −η ml,j,i√
vl,j,i + δ

. (3.19)

In a similar way to our description of how momentum affects our update rule, we ac-

knowledge that Adam adds a level of complexity that is not considered by our analysis,
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however both SGD and Adam measure gl,j,i to determine parameter updates which is the

fundamental mechanism that we seek to understand.

As a final note, we acknowledge that our update rule does not account for the random

sampling of mini-batches from the train set. SGD works with the assumption that you

do not need to calculate the gradient w.r.t all samples in the train set to estimate a good

direction of the slope. In our analysis we, similarly, assume that the relative relationship

between subunits can be analyzed from a per-iteration perspective because the mini-

batches are sufficient approximations of the train set as a whole.

3.3.4 Two systems

It should be clear by now that parameter updates, in a ReLU activated network, are

heavily affected by the specific samples for which the connected nodes are active. It

is helpful to think of this dynamic “selection” of weights (via paths) and samples (via

node activations), to determine the node supported costs, as an interplay between two

synergistic systems.

During the forward pass (items 1 and 2 in Section 3.2.3) nodes are activated to create

binary valued node-sample pairs. This gives rise to a discrete system that is fully

specified by these binary values. During the backward pass (items 3 and 4 in Section 3.2.3)

the set of samples that are active at each node are used to adjust the parameter values

feeding into that node. This continuous system is specified for each node separately as

it uses the continuously valued weights, and node supported costs to update the weight

vector feeding into each node [21,22].

In short, the discrete system creates a per-sample binary mask over subunits which dic-

tates whether each weight vector will be affected by that sample. The continuous system

updates each weight vector only for samples with “activated” status in their respective

mask at that node.
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3.4 Feature spaces

Now that we have motivated how subunits are affected by discrete sets of samples during

training, we will show how samples from these sets are measurably similar and describe

how they are used to create more class-related feature spaces with subsequent hidden

layers.

From Eq. 3.1 we can define the activation value at node j in layer l as:

hl,j = αl
(
wl,j · hl−1

)
, (3.20)

where wl,j is the row in matrix Wl connecting layer l− 1 and node j. The product of the

two vectors can be rewritten to create the following equation:

hl,j = αl
(
‖wl,j‖‖hl−1‖ cos θ

)
, (3.21)

where θ is the angle between the weight vector and the activation vector in the preceding

layer. The pre-activation node value is determined by the cosine similarity of the two

vectors, scaled by the product of the norm of the activation vector (in the previous layer)

and the norm of the relevant weight vector (in the current layer). As a result, if the

activation function is a ReLU the angle between the activation vector and the weight

vector has to be ∈ (−90◦, 90◦) for the sample information to be propagated by the node.

In other words, the node is activated for samples that produce an activation pattern in

the preceding layer with a cosine similarity larger than 0 i.t.o the weight vector. This

criterion holds regardless of the activation or weight strengths [23, 24]. This means that

all samples that are active at node j will share a half-space (defined by wl,j) in the feature

space of layer l − 1.

In doing so, the network is creating a new feature space in the current layer l that is

constructed on a per-dimension basis and each dimension is only optimized for a set of

samples that are similar to each other. Half-spaces in high dimensional space tend to

overlap a great deal. The result is that the network creates subsequent feature spaces

with hidden layers that become more and more class-related, groups similar samples into
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per-node sets, and reduces extreme specificity due to large overlap. See Fig. 3.3 for an

example.

We say that feature spaces become more class-related partly based on empirical observa-

tions. Samples from different classes are more separated in the feature spaces of deeper

layers. This will be very evident in the next chapter. However, it is also based on logic.

In the input space there is no guarantee that samples from different classes will be well-

separated. For a model that can correctly classify many train samples, the feature space

at the output layer necessarily needs to represent samples from different classes differently.

This is because all samples from a given class will need to have maximum values at the

output unit corresponding to that class. Therefore, a transition from possibly low class

separation to high class separation across depth is required. The nature of this transition

is the subject of much of this thesis. See Section 4.6 for a more detailed discussion on

how individual nodes can become more class related during training.

Figure 3.3: An illustration of feature spaces [from left to right: input; 4 × hidden layers;
output layer] in a trained MLP. The model was trained to perform a 5-class classification
task of 100 randomly generated 50 dimensional input vectors. Note that PCA is used to
reduce the dimensionality of the actual feature spaces to 3 for this visual depiction.

3.5 Sample sets

For much of the empirical work in the following chapters, we investigate the sample set of

nodes. This is simply defined as the set of samples for which a node is activated. A node

is activated if its pre-activation value, for a specific sample, is larger than zero. Within the

context of a ReLU activated MLP this means that any node outputting a non-zero value
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is activated and gradients can be backpropagated to its corresponding weight vector.

It is possible to define an approximated sample set for other activation functions such as

a sigmoid function. For example in [21, 22, 83] a pre-activation value above a threshold

of zero was used to label a sigmoid-activated node as activated. This approximation is

not as theoretically motivated as the ReLU activated case, but similar empirical results

were obtained. As an analogy: such activation functions would create non-linear weighted

contributions of all samples and not definite discrete sets like the ReLU function.

3.6 Broader applicability

In this section we discuss the extent to which our idea of subunit cooperation is appli-

cable to more specialized ANNs. The following is a list of factors that might limit the

applicability of our analyses. For each point we provide a brief discussion on how our

findings might relate to models with alternative design choices. Take note that, without

experimentation, these motivations are speculative.

1. Fully connected feed forward layers: For this type of architecture all hidden

nodes are connected to all nodes in the preceding and subsequent layers, and to no

other nodes. This is certainly not the case for more specialized ANNs which use

methods such as weight sharing, convolution, pooling layers, recurrent connections,

attention mechanisms, or skip connections, based on the type of data and problem

task [3]. In spite of these variations almost all ANNs use a collection of, at least

partially, interconnected subunits that connect the input and output. This is the

main assumption we make w.r.t network architecture. The exact mechanisms that

determine whether a sample is part of a sample set (see Eq. 3.21) would differ.

However, the question of whether sample sets are constructed is more related to the

activation function and interconnected nature of nodes than the specific network

architecture.

2. Gradient-based learning: The idea of subunits being optimized on subpopula-
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tions of the train set is heavily dependent on how the gradients propagate backwards

through the network during gradient-based learning methods. There are many al-

ternative optimization techniques, e.g. swarm optimization or genetic algorithms.

However, gradient-based learning has seen the most practical success in the type of

DL applications we study, by far.

3. ReLU activations: Our analyses show that subunits are optimized to reduce the

loss for specific groups of training samples. ReLU activation functions provide a

convenient way to distinguish when the gradients w.r.t a specific sample will affect

a weight parameter. We suspect that it would be possible to produce analogous

indications of membership to a sample set for activation functions that do not have

the convenient piecewise linearity of ReLUs. This could take the form of a hard

threshold as mentioned in Section 3.5 or assigning a “fuzzy” membership to all

nodes.

4. Classification problem: We have chosen to investigate classification problems for

their analytical convenience. The exact problem task is more related to the input

and output features than the hidden layers of an ANN. For example an MLP per-

forming a single-valued regression task would have a single output feature, but the

hidden units will be trained in the same way. We would not be able to compare

class-specific behaviors of hidden units, however sample sets will still be generated.

For semantic segmentation there can be an equal number of input and output fea-

tures [84], an ANN-based language model typically produces word embeddings with

an empirically chosen number of features [85], and a generative adversarial network

consists of two ANNs with output features specifically chosen so that the generator

can produce good approximations of an input distribution [86]. In spite of all these

variations there are usually a set of (or a few sets of) hidden layers that perform a

function approximation with little information of the problem task being performed

by the global DL system.

5. No explicit regularization: Most practical DL systems make use of some regu-

larizing techniques such as batch normalization layers [82], drop-out [5,6], or weight

decay [3]. These methods can be helpful to reduce overfitting, but they are not a

41



Chapter 3 Discussion

requirement for generalization [13]. Most of our experiments do not use explicit reg-

ularization to focus on the inherent generalization performance of ANNs precisely

in those conditions where good performance is not due to efficient regularization.

3.7 Discussion

The work presented in this chapter proposes a view of MLP learning that highlights the

fact that subunits model subpopulations of the train set while “cooperating” with other

subunits to reduce the overall training risk of the model. From this viewpoint one can

think of an MLP as an ensemble of subpredictors each trained on a dynamically sampled

train set all within a multitask learning paradigm. That is, multitask learning, in the

sense that many tasks are being learned in parallel and use a shared representation [87].

The different tasks correspond to each individual node but also to each separate class.

Representations are shared because each node, locally, identifies appropriate samples and

the overall model, globally, distinguishes between multiple classes. It is well known that

ensemble methods and multitask learning can improve generalization.

These findings suggest that subunits, individually and as part of the whole, can be re-

searched to obtain insights on the generalization behavior of ANNs that are unlikely to be

found if we focus only on global measures of function complexity and available parametric

flexibility.

In subsequent chapters we will look at how informative subunits are as individual pre-

dictors, and in cooperation. We will also show how they tend to have varying levels of

specializations i.t.o class information and noise, providing insights on the generalization

behavior of overparameterized ANNs.
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Chapter 4

Regularities in subunit behavior

In this chapter we investigate how subunit behaviors change during training, how class rel-

evance is managed across model depth and width, and how subunits can be analyzed as

individual classifiers. A large part of this chapter consists of work presented in [21, 22]

4.1 Overview

It is easy to think of high dimensional hidden representations in an MLP i.t.o one of

two extremes. Either we oversimplify the representation and think of it as two- or three-

dimensional feature spaces where we are strongly guided by (often faulty) intuitions. Or

we forgo any intuition and think of it as one giant hidden state without any order we can

comprehend, resorting to carefully selected metrics to reason about its behavior. In this

chapter we show that, by regarding each subunit as a semi-independent component and

observing its behavior w.r.t class information, we uncover remarkable regularity across

models of various architectures and random initialization.

In Section 4.2 we train models of varying width and depth to be analyzed in subsequent
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sections. In Section 4.3 we look at the class sensitivity of subunits in some of these models,

and how it is managed for models of varying size. In Section 4.4 we use perplexity to

investigate the binary activation patterns of samples at various layers in models of varying

size. In doing so, we uncover some obvious redundancy in later layers. In Section 4.5 we

support our proposition of the two synergistic systems (see Section 3.3.4) by measuring

the power of subunits to generalize from information available to each system separately.

Parts of the research in Section 4.5 were described in [21, 22] and were also utilized in a

related Masters dissertation [88].

4.2 Generalization over depth and width

We start by optimizing several MLPs of various widths and depths to perform a classifica-

tion task on the MNIST and FMNIST datasets. The performance of the trained models

are shown in Fig. 4.1. See Appendix C.3 for details on our experimental setup.

Figure 4.1: Generalization error for models of varying depth at a width of 100 (left), and
varying width at a depth of 10 (right). The models represented by the blue curves are
trained on MNIST data and correspond to the left vertical axis. The models represented
by the orange curves are trained on FMNIST data and correspond to the right vertical
axis.

At increasing depth, models trained on both datasets initially achieve decreasing gen-

eralization error, but the performance quickly saturates. Increasing depth (and thus

44



Chapter 4 Subunit class sensitivity

the number of parameters) does not seem to degrade performance, even when as many

as twenty hidden layers are used. Selecting a model using the same grid search for a

20 × 100 architecture, we obtained a final evaluation error of 0.0198 on MNIST data.

Results here shown up to a depth of 10. For a depth of 10 layers and increasing width,

we see a similar saturation in performance. These models represent typical examples

of well-optimized MLPs for good generalization performance on these two benchmark

classification tasks [89–91]. They serve as basis for the majority of the analyses in this

chapter.

The issue of vanishing or exploding gradients is sometimes a concern in such deep net-

works. We found that using an appropriate initialization scheme (He [92] for ReLU) in

combination with scaling factors such as learning rate decay, momentum, or Adam’s in-

herent dynamic scaling of parameter updates, prevented most issues with exploding or

vanishing gradients. See Section 3.3.3. The reader will notice from Appendix C that

for experiments where we use SGD as opposed to Adam, our initial learning rates are

often larger. Apart from general hyperparameter tuning, we found that this is sometimes

necessary to prevent initial parameter updates from being too small in deep networks.

With very deep networks the early gradients can be vanishingly small, resulting in the

optimizer being unable to move closer to a useful point in parameter space.

4.3 Subunit class sensitivity

For our first experiment we ask the question: If subunits are optimized on sample sets,

how class-specific are these sets and how does this change after training? Fig. 4.2 shows

a phenomenon that we have observed in many ReLU-activated MLPs of various sizes,

trained with different algorithms, different hyperparameters, and on different classification

tasks.

We observe that most nodes in a randomly initialized network activate for more-or-less

random portions of the samples from each class. Later layers (meaning further away

from the input layer) have slightly more nodes with extreme per-class activation ratios.

45



Chapter 4 Subunit class sensitivity

Figure 4.2: Percentage of class-related MNIST samples that activate each node in a
10 × 100 model at initializations (left) and after training (right). Each point refers to a
node-class pair. Classes are indicated by separate colors and nodes are ordered from left
to right according to which layer they belong to, from input to output. Note that we have
also ordered nodes within each layer according to how far away from the 50% mark they
are, along the vertical axis. These results are measured on the train set, but the same
tendencies are observed when measured on a test set. See Appendix C.3 for experimental
details.

By “extreme” we mean that the nodes activate for closer to 0% or 100% of all samples.

This is to be expected because of the structure of the network. Due to the random

initialization of weights, there is no reason for any node to be particularly attuned to

any class-related features, but strong activations will be amplified in subsequent layers by

weights that happen to be initialized with large positive values. Similarly weights that

happen to be initialized with large negative values will result in zero-valued activations

in the subsequent layers. This effect cascades over depth to result in later nodes that are

activated (or not) for almost all samples.

After training, the nodes in the layers closest to the input are quite insensitive to any

given class: these nodes tend to activate for some samples from most classes. Further

away from the input, nodes tend to become selective: each node is activated by either

none of the samples in a class or virtually all the samples in the class. This regular

pattern occurs over a wide range of conditions, as long as the network has sufficiently

many layers and nodes, and arises despite the random initialization of weights. Note that

this effect is different to the one described w.r.t untrained networks, because the extreme
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per-class activation ratios are much more numerous and relates to particular classes. It

therefore seems to indicate a fundamental aspect of the way a DNN arranges itself to

perform classification.

Earlier work on the complexity analysis of DNNs [93–95] has observed that hidden units in

later layers produce many additional distinct linear regions in feature space; and that with

depth, layer behavior becomes more abstract and class-specific. However, the observed

transition with depth is strikingly sharp, and not spread out over available depth as one

would expect.

By thinking of every hidden node as a kind of binary “class detector” we can measure the

precision and recall of each node-class pair with the following equations:

p(j, c) =
|Scj |
|Sj|

; r(j, c) =
|Scj |
|Sc|

, (4.1)

where Scj is the sample set of node j limited to class c, Sj is the sample set of node j across

all classes, and Sc is the set of all samples from class c. We measure the general class

sensitivity of a node by using a weighted average recall over classes. This is presented in

Eq. 4.2.

s(j) =
∑
c∈K

p(j, c)r(j, c), (4.2)

where K is the set of all classes. Note that the contribution of each class is weighted

by the node’s precision w.r.t that class, to capture the intuition that the relevance of a

class to a node is proportional to the node’s precision for the class. We can then get a

per-layer value by disregarding dead nodes and averaging over all the remaining nodes

of each layer. Dead nodes are those that do not activate for any sample and therefore

contribute no information toward differentiating among classes.

Fig. 4.3 shows the per-layer class sensitivity of the models with 10 hidden layers and

varying layer widths in Fig. 4.1, as measured on the evaluation set. As expected, later

layers tend to have higher class sensitivity. We also observe that wider models tend to

have lower class sensitivity in earlier layers suggesting a tendency for wide networks to

rely less on specific subunits as class indicators.
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Figure 4.3: Per-layer class sensitivity for networks trained on MNIST (left) and FMNIST
(right). Each color refers to the width of the 10 hidden layers each model uses.

4.4 Layer encodings

Continuing with our investigation of the discrete dynamics of hidden layers and class

information, we look at the number of different binary activation patterns (from here

referred to as encodings) that occurs at each hidden layer. Each encoding consists of a

vector of binary values indicating whether each node in the layer is active for a given

input sample, or not. If the total number of occurrences of each encoding for a layer l as

a response to all samples from a class c is given by the set Qc
l , then the entropy of the

encodings for class c at layer l can be defined as:

H(c, l) = −
∑
q∈Qc

l

q

|Sc|
ln
( q

|Sc|
)
, (4.3)

where Sc is set of all samples belonging to class c; and the perplexity of the class c at

layer l is defined as:

P (c, l) = eH(c,l). (4.4)

In this context, entropy defines the average information content in the set of possible

encodings and their frequencies, and perplexity provides an estimate of the total amount

of information related to the encodings used by layer l to represent all the samples in

class c. Minimal information is indicated by a perplexity of 1, which implies that the

layer represents every sample of the class as an identical encoding. Maximal information

48



Chapter 4 Layer encodings

is indicated by a perplexity value equal to the total number of samples in the class: this

happens when every sample is represented by a unique encoding at the current layer.

Fig. 4.4 shows the mean per-layer perplexities of the models presented in Fig. 4.1, with

mean values obtained by averaging over all classes. The perplexities are measured w.r.t

the evaluation set samples: with the focus of our analyses being on generalization, we are

interested in encodings that are applicable during categorization of unseen samples, and

not only those created for optimization purposes.

Figure 4.4: Mean per-layer perplexities for the models presented in Fig. 4.1. The models
in the top plots have varying depth, and the models in the bottom plots have varying
width. The models to the left and right are trained on MNIST and FMNIST, respectively.

There are several interesting observations that can be made from these graphs. Notice

the relatively sharp drop in perplexity values for all networks, and take note that the drop

is more gradual for the FMNIST models and sharper for wider networks. Additionally,

for the networks with sufficient depth and width (coincidentally corresponding to most of

the green curves):

• The perplexity in the later layers is very near 1. That is, all encodings have become

fully class-specific.
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• The perplexity values in the first 2 layers are almost equal to the total number of

samples for each class (approximately 1 000 for the evaluation sets for both MNIST

and FMNIST), which means that an individual encoding is created per sample.

• The transition from high perplexity to low perplexity is very similar across networks.

Lastly, notice that if the network width is below some threshold, the perplexity values

in the earlier layers reduce accordingly. This cannot be due to a lack of representational

power seeing as even the smallest layer (20 nodes) can represent more patterns than

required by the number of training samples, i.e. 220 > 55 000. Taking into account their

lower evaluation error, this suggests that wider networks represent sample information in

a way that is more conducive to good generalization. This phenomenon was explored by

Brutzkus et al. [96] where it is attributed to better weight exploration and a small number

of observed prototype weight vectors.

Provided the network is large enough, there seems to be a range of earlier layers within

which the nodes have high (virtually maximal) perplexity, and a corresponding range

of later layers where the nodes have relatively low (virtually minimal) perplexity. Fur-

thermore, the transition from the former behavior to the latter is consistent across all

networks, irrespective of size, as long as they are deeper and wider than a task-specific

threshold. After this transition, the class-specific discrete behavior in the excess layers is

relatively trivial. (Perplexity is already at a minimum.)

The nodes in the earlier layers appear to perform most of the information processing re-

quired to produce a feature space that supports the ability to differentiate among samples

relating to different classes. In this setup, the later layers effectively produce no new ben-

efits and merely propagate the information forward through the network. The forward

propagation of information, at this point, takes the form of a class-specific encoding, which

is unique to each layer. By varying either width or depth, the same message emerges: a

task-specific threshold exists w.r.t both width and depth, beyond which network behavior

is strikingly regular and similar, irrespective of network size.

Recently, similar research on the activation patterns of ReLU-activated networks was
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conducted [97]. The authors used the term neural code to refer to an analogous concept

to our encodings, albeit measured over all layers. Similar to encodings in the first few

layers, it was observed that almost all samples are represented by a unique neural code.

It was proposed that neural networks form hash encoders with favorable properties such

as determinism and categorization, meaning every encoding corresponds to exactly one

sample and it is fairly easy to classify these encodings with simple algorithms, respectively.

It is interesting to note that the determinism property, in our results, diminishes so rapidly

in later layers. (The fact that results in [97] were also measured on CNN-based models

such as ResNet [98] and VGG [99], supports the idea that our findings might translate to

non-MLP models.)

4.5 Subunits as classifiers

In the previous two sections we have shown that individual subunit binary activations

tend to be class-related, especially in later layers, and specific combinations of subunits

also indicate class-related information. In Section 3.3.4 we described how the training

of subunits can be seen as the interaction between two systems, one discrete and one

continuous. The discrete system is defined by which nodes are active when applying

different samples to the network. The continuous system updates the weight parameters

based on the loss values (by means of the node-supported cost) of the samples identified

by the discrete system at each subunit.

One way in which to determine the extent to which the discrete and continuous systems

each exists in own right, is to analyze the classification ability of each system individually.

We ask how well each system would be able to classify unseen samples, given either the

discrete information available per sample (which nodes are on or off) or the continuous

information per sample (pre-activation values at each node).

We now interpret each node as a classifier, implicitly estimating P
(
z|yc

)
, where z is the

pre-activation value and yc a class. A discrete, continuous and combined estimate of this

value is created at each node:
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• discrete: if z > 0, P
(
z|yc

)
is estimated as the ratio of class c training samples

with positive activation values w.r.t all class c training samples; 1 minus this value

otherwise.

• continuous : the estimate provided by a kernel density estimator trained using all

class c training data activation values observed at this node.

• combined : using the discrete estimate if z ≤ 0, the continuous estimate otherwise.

This estimate is combined with the prior probability P (yc) of a class being observed to

estimate the posterior P (yc|z):

P (yc|z) =
P (z|yc)P (yc)∑
K P (z|yk)P (yk)

. (4.5)

We view the nodes as independent classifiers (we ignore possible dependence) and multiply

the probability estimates per class over all the nodes in a layer, to obtain a layer-specific

probability estimate for each of the three systems. (In practice, the log probabilities

are summed.) These probability estimates can then be used directly to classify samples

based on maximum probability, creating three layer-specific classifiers for each layer in the

network: a continuous, a discrete and a combined classifier. While no subcomponent of

the network uses these probabilities directly, the performance of classifiers based on them,

indicate how informative node behaviors are within the context of the discrete and (or)

continuous systems. By analyzing the resulting classification ability at different layers

and training iterations, we can provide insight into the importance and interaction of the

continuous and discrete systems.

In Fig. 4.5, we demonstrate the performance of these three systems for the 6×100 network

trained on FMNIST in Fig. 4.1; the behavior of this model during training expresses the

overall tendencies for all the analyzed models very well. The most striking observation is

that, at the later hidden layers, the accuracies of the three systems are virtually identical.

In the first layer, the accuracy of the combined system is higher than both the discrete and

continuous systems. This difference in classification accuracy among the three systems

becomes smaller at later layers in the network, until it disappears. We expect the combined
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system to consistently outperform the continuous and discrete systems, however in later

layers these two systems separately achieve accuracies comparable to that of the combined

system and global model as well.

Figure 4.5: Classification accuracies of per-layer classifiers constructed using the three
methods defined in Section 4.5. These classifiers are based on the train set activation
patterns of a 6 × 100 model at four of the first epochs while training on FMNIST. Note
that the dotted red line indicates the accuracy of the global model, at each epoch.

Additionally, it can be seen that the accuracies in the later layers improve visibly over

iterations of learning while the performance of the earlier layers improves less. This is

consistent with what we observe in Fig. 4.2. It appears that the feature spaces produced

by earlier layers are meant to group subsets of the training data into informative groups,

which are not necessarily related to classes, and the later layers use these groups to create

very class specific feature spaces. Note how close the performance of the three systems, in

later layers, are to the overall model performance at all of the presented training epochs.
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This suggests that these systems are at least correlated with the underlying mechanisms

dictating the change in generalization during training.

At the end of the first epoch, significant training has already occurred. In this case 859

parameter updates have taken place. We therefore also look at how the performance of

these systems changes during mini-batch updates in the first epoch, as shown in Fig. 4.6.

Note how poorly the continuous system performs initially (relative to the discrete system),

until the training process stabilizes and the previously discussed trends emerge. It is also

worth observing that the earlier layers outperform the later layers in this very-early stage

of training.

Figure 4.6: Evaluation accuracies of per-layer classifiers constructed using the three meth-
ods defined in Section 4.5. These classifiers are based on the train set activation patterns
of a 6 × 100 model at several of the earliest iterations while training on FMNIST. Note
that the dotted red line indicates the evaluation accuracy of the global model, at each
iteration.

Similar trends are observed when changing either network depth (Fig. 4.7) or width

(Fig. 4.8). It is striking to note that the three systems start overlapping when sufficient

depth becomes available, but struggle to beforehand. Similarly, when the network layers

lack width, the earlier layers underperform significantly. This is especially true for the

discrete system. As expected, there is a clear increase in accuracy (across all systems) in

the later layers with an increase in width. Curiously, the continuous performance appears
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to reduce with an increase in width in the first layers.

Figure 4.7: Evaluation accuracies of per-layer classifiers constructed using the three meth-
ods defined in Section 4.5. These classifiers are based on the train set activation patterns
of models, with depths ranging from 1 to 9, after training on FMNIST. Note that the
dotted red line indicates the evaluation accuracy of the global model.

Figure 4.8: Evaluation accuracies of per-layer classifiers constructed using the three meth-
ods defined in Section 4.5. These classifiers are based on the train set activation patterns
of models, with widths ranging from 20 to 180, after training on FMNIST. Note that the
dotted red line indicates the evaluation accuracy of the global model.
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In this section we only presented results for the models trained on FMNIST. This was

done because the transition from low to high performance is much clearer for FMNIST

models than for MNIST models. While not shown, we summarize the only differences

the MNIST models produced: (1) the three systems and overall model attained higher

accuracies in general; (2) the layer at which the three systems converge is earlier; (3) the

three systems reach good performance faster.

The piecewise linear nature of ReLUs might naturally lead to clear discrete behavior.

Therefore, in the interest of generality, we repeat the analysis from this section on a

network with sigmoid activation functions (see Fig. 4.9). In order to obtain binary “acti-

vations” we regard a sigmoid-activated node as active when the activation value is larger

than 0.5. This is a crude approximation, but it makes intuitive sense as this is the point

at which the sigmoid function has maximal gradient and activation values are expected to

diverge away from this value toward 0 or 1. Somewhat surprisingly, the discrete system

again emerges very clearly. We see that the two systems in the sigmoid-activated network

behave similarly to those in the ReLU-activated networks, except that the continuous

system outperforms the discrete system by a small margin in later layers. Other trends

remain.

Figure 4.9: Train (left) and evaluation (right) accuracies of per-layer classifiers using the
continuous and discrete systems, defined in Section 4.5. These classifiers are based on the
train set activation patterns of a 6× 100 model, using sigmoid activation functions, after
training on FMNIST. Note that the dotted red line indicates the classification accuracy
of the global model. See Appendix C.3 for experimental details.
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4.6 Discussion

In this chapter we first showed that binary subunit activations, in a trained ANN, have

varying levels of class sensitivity with earlier layers quite insensitive and later layers often

reaching extremes of P
(
z|yc

)
= 1 or P

(
z|yc

)
= 0. We also showed that the specific binary

activation patterns, at early hidden layers, remain deterministic w.r.t individual samples,

but quickly become deterministic w.r.t classes in later layers, instead. For both of these

observations, the transition from class-agnostic to class-specific behavior, across depth,

seems to be task-specific. That is, the transition:

• is not spread out over available depth as is often envisioned, analogous to the levels

of hierarchical abstraction of CNN features; and

• is fairly consistent over network widths and depths, assuming sufficient width and

depth are available.

This finding suggests that an overparameterized ANN “squeezes” the class discrimination

into the earlier layers, with the later layers merely propagating the class-deterministic

information.

We now make use of the mechanisms defined in the previous chapter to explain how

subunits can become more sensitive to a specific class.

• The weight vector is only optimized to reduce the loss for its sample set, which

contains samples that are locally similar in the preceding feature space – see Eq. 3.21.

• With a large positive node-supported cost the weights that have strong activation

values in the preceding layer are expected to reduce after a gradient update. See

Eq. 3.13. So if some of the features in the preceding layer are very common for

samples from some class, the corresponding weights connected to the current node

will reduce for most samples from that class. The result is that the node will have

lower pre-activation values for many samples from that class, possibly resulting in

these samples being dropped from the sample set.
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• With a large negative node-supported cost, the exact opposite will happen. The

weights associated with features in the preceding layer that are common for the

class will increase and the node will have higher pre-activation values for many

samples from that class, possibly resulting in these samples being added to the

sample set.

• Only when (or if) the node-supported cost moves closer to zero will the node’s class

sensitivity stabilize.

Initially the input features have a higher probability of being common to specific classes

than the randomly initialized subsequent layers. So the nodes in the first hidden layer

that happen to have negative node-supported costs will become attuned to classes before

the later layers. This is reflected in Fig. 4.6 where we see that during the first few training

updates, the earlier layers perform as better classifiers than the later ones. However, the

more attuned the early features become to classes the more the features in subsequent

layers too will become attuned, with the later layers quickly overtaking the earlier ones.

All of these results indicate that subunits have a remarkable amount of regularity in their

activation behavior, across hyperparameters and random intitializations, suggesting the

potential for developing a measure of generalization from the interaction among them.

This is a view that is often overlooked in favor of a more top-down perspective where a

global measure of complexity is sought.

58



Chapter 5 Overview

Chapter 5

Overparameterization and noise

In this chapter we present results that show how concepts introduced in Chapter 3 can ac-

count for good generalization in spite of noise interpolation. A large part of this chapter

consists of work presented in [23, 24].

5.1 Overview

It is a widely accepted notion that an ANN trained in the presence of a specific type of

noise is expected to become insensitive to that type of noise [100, 101]. Intuitively, if the

model performance is insensitive to random perturbations in the feature or weight space

the model is expected to more easily generalize to out-of-sample data. This could be due

to several reasons such as smoother functions being approximated [101], or larger and

richer train sets (i.e. data augmentation) [78]. Whatever the reason, there is a limit to

the amount of useful noise. For example, a model trained on pure Gaussian noise has

no hope of learning any useful features, and a model trained with an excessively high

drop-out [5, 6] constant lacks the expressivity to fit a sufficiently complex function.
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An influential paper by Zhang et al. [13] showed that ANNs have representational ca-

pacities large enough to easily memorize various kinds of noise. The goal with their

work was not to show how noise can improve generalization but to show that common

ANN models are able to completely fit noise and still generalize when trained on natural

datasets, leading to the “apparent paradox” described in Section 2.2.4. The noise they

investigated were specifically chosen, not to improve generalization, but force the model

to map complicated artificial function descriptors.

In this chapter we investigate similar types of training noise with a larger emphasis on

how models generalize to noiseless test data when trained on varying levels of such noise.

Our goal is to show how subunits manage noise by modularizing the representations of

the training distribution. This enables noise to be separated from true task informa-

tion. Generalization is then less affected (in some cases unaffected) by large amounts of

deliberately spurious function descriptors being interpolated.

5.2 Training noise

We have chosen to analyze three kinds of noise: Label corruption, Gaussian input cor-

ruption, and Structured input corruption. These kinds of noise were chosen to encompass

those investigated in [13], place more emphasis on varying the noise, and still maintain

the analytically convenient per-sample implementation of the analysis framework. The

following subsections describe each kind of noise, in detail. Note that B(1, P ) depicts a

single sample from a binomial distribution with a probability P of success.

5.2.1 Label corruption

The training label of an affected sample is replaced with an alternative selected uniformly

from all other possibilities. This type of noise is identical to the “partially corrupted

labels” in [13] except for the selection of alternative labels. Instead of selecting a random

label uniformly, we select a random alternative (not including the true label) uniformly.

60



Chapter 5 Training noise

This results in a dataset that is corrupted by exactly the probability value P that deter-

mines corruption levels (see Algorithm 1).

For P = 0 no samples are corrupted. For P = 1 all samples will have training labels

that are entirely unrepresentative of the original class distribution. We, therefore, ex-

pect extreme levels of class-related overlap in the input space with higher levels of label

corruption.

Algorithm 1: Label corruption

Input: A train set of labeled samples (X(train), Y (train)), a set of possible labels C,

and a probability value P

Output: A train set of corrupted samples (X(train), Ŷ (train))

1 for y in Y (train) do

2 if B(1, P ) then

3 ŷ ∼ U [C\{y}]

4 else

5 ŷ ← y

Take note that if there are class-specific feature structures, this kind of noise is almost

guaranteed to reduce generalization. That is because the model is forced to learn feature

descriptors that are not only unrelated to the problem task, but actively adversarial to

it. We, therefore, refer to label corruption as noise rather loosely. Nevertheless, it is

useful to measure the extent to which generalization degrades at varying levels of label

corruption (Chapter 5) and at varying model sizes (Chapter 6). The distinct differences

in generalization behavior in the presence of the three kinds of noise presented in this

section will become clear in Section 5.3.

5.2.2 Gaussian input corruption

All the input features of an affected sample are replaced with Gaussian noise with a mean

and standard deviation equal to that of the uncorrupted samples. This type of noise is
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similar to the “Gaussian” in [13], with the difference being that instead of replacing input

data with Gaussian noise selected from a variable with identical mean and variance to

the dataset, we determine the mean and variance of the Gaussian i.t.o the specific sample

being corrupted, as in Algorithm 2. In other words, the corrupted sample contains features

that are sampled from a Gaussian distribution that has a mean and standard deviation

equal to those of the features of the uncorrupted sample.

This kind of noise completely destroys any structure in the input features of the corrupted

samples and prevents any dependable correlation in feature values between corrupted sam-

ples and uncorrupted samples as well as corrupted samples and other corrupted samples.

For P = 1 all samples will have random input features preventing any form of generaliza-

tion. We note that the mean feature value for a sample before and after corruption will

be unaffected by this type of noise, which might still be used as an indication of class.

However, we have not observed this having any effect on generalization in practice.

Algorithm 2: Gaussian input corruption

Input: A train set of labeled samples (X(train), Y (train)), a set of possible labels C,

and a probability value P

Output: A train set of corrupted samples (X̂(train), Y (train))

1 for x in X(train) do

2 if B(1, P ) then

3 x̂ ∼ N [µx, σx]

4 else

5 x̂← x

6 µx and σx refer to the mean and standard deviation of all feature values in x,

respectively

5.2.3 Structured input corruption

For every affected sample, its input features are replaced by a set of transformed alterna-

tives that is completely distinguishable from the true input but consistent per class. This
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type of noise replaces input data with alternatives that are completely different to any in

the true dataset but still structured in a way that is predictable. This is accomplished by

rotating the sample 90◦ counter-clockwise about the center (prior to flattening the image

data), followed by an inversion of the feature values. Inversion refers to subtracting the

feature value from the maximum feature value in the sample – see Algorithm 3.

This kind of noise does not completely destroy any structure in the input features, like

the Gaussian input corruption, therefore, there should still be strong class-related cor-

relations in feature values between corrupted samples and other corrupted samples but

very little between corrupted samples and uncorrupted samples. For P = 1 all samples

are transformed in such a way that their class-related feature descriptors no longer relate

to the problem task. It is similar to effectively training on an entirely different dataset.

Algorithm 3: Structured input corruption

Input: A train set of labeled samples (X(train), Y (train)), a set of possible labels C,

and a probability value P

Output: A train set of corrupted samples (X̂(train), Y (train))

1 for x in X(train) do

2 if B(1, P ) then

3 x̂← invert(rotate(x))

4 else

5 x̂← x

6 rotate is a 90◦ rotation counter clockwise about the origin

7 invert is an inversion of all values in the vector

5.3 Noise interpolation

We trained several models on three datasets with varying levels of the three types of noise

described in the previous section. Fig. 5.1 shows the resulting generalization errors. See

Appendix C.4 for details on our experimental setup. All models are heavily overparam-

63



Chapter 5 Noise interpolation

eterized with 10 hidden layers of 512 nodes each. That is 5 120 subunits and 2 766 336

trainable parameters. All models were able to easily fit the noisy training data, corrobo-

rating the findings of [13]. The results are averaged over three random initializations. The

standard error over initializations at interpolation was very close to zero for all models;

hence the negligible error bars.

Figure 5.1: The generalization error for models trained on MNIST (solid lines), FMNIST
(dashed lines), and KMNIST (dotted lines) at varying levels of three types of noise. These
noise types are label corruption (red lines), Gaussian input corruption (orange lines), and
structured input corruption (green lines). The horizontal axis represents the probability
of any given training sample having been corrupted for the relevant model. All models
are overparameterized and have perfect performance on the training data. All values are
averaged over 3 random initializations. See Appendix C.4 for experimental details.

Notice that, when analyzing label corruption, there is a strong inverse correlation between

the amount of label noise and the model’s ability to generalize to unseen data. This

suggests that either:

1. the models are memorizing sample-specific input-output relationships and a certain

portion of the unseen data is similar enough to a corresponding portion of uncor-

rupted training samples to facilitate appropriate generalization; or
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2. the global approximated function is somehow compartmentalized to contain funda-

mental rules about the task in some regions and ad hoc rules with which to correctly

classify the corrupted samples in other regions.

Observe from the results of the two input corruptions (Gaussian and structured) that

noise in the input data has an almost negligible effect on generalization up to the point

where there is an insufficient amount of true data in the set with which to learn. This

threshold is expected to change with more difficult classification tasks (more class variance

and overlap), datasets containing fewer samples in total, and models with less parameter

flexibility. This robustness to noise in the input space was not mentioned in [13]. We

expect that is because the relevant experiments were aimed at showing that the models

are large enough to memorize absolute input noise easily and still generalize from noise-

less training data without considering the ability to generalize in the presence of noise.

However, note that Zhang et al. [13] did vary the label noise, specifically, and observed a

similar degradation in generalization to our results.

The fact that these types of input noise do not result in a linear reduction in generalization

ability still supports both the previous propositions. If the first postulate is true, then

the samples with corrupted input data are memorized, but no samples in the evaluation

set are similar enough to them to incur additional generalization error. If the second

postulate is true, then the regions in the approximated function that were determined

by the corrupted input samples are simply never used for classifying the uncorrupted

evaluation set.

It is also worth noting that the Gaussian and structured input corruptions have very

similar influence on generalization. The models are therefore able to generalize in the

presence of input noise regardless of whether the corrupted samples have informative (i.e.

regular class-related feature patterns) structures in the input space.
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5.4 Generalizing by modularizing

The cosine similarity (cos θ) in Eq. 3.21 can be used as an estimate of how much the

representation of a sample in a preceding layer is directionally similar to that of the set of

samples for which a node tends to be active. By measuring the average cosine similarity of

samples in a node’s sample set w.r.t the determinative weight vector (wl,j in Eq. 3.21) and

averaging over nodes in a layer, it is possible to identify layers where samples tend to be

grouped together convincingly. That is, the samples are closely related (in the preceding

feature space) and the resulting activation values tend to be large. Using Eq. 3.21, the

mean sample set cosine similarity per layer l (over all weight and active sample pairs at

every node) can be calculated as

µcosine(l) =
1

|Jl|
∑
j∈Jl

1

|Sl,j|
∑
s∈Sl,j

hsl,j
‖wl,j‖‖hsl−1‖

, (5.1)

where Jl is a set of all the nodes in layer l and Sl,j is the sample set of node j in layer

l. Dead nodes are omitted from this calculation as they do not contribute to the global

function and merely reduce the dimensionality of the feature space in the corresponding

layer by one.

Fig. 5.2 shows this metric for the models presented in Fig. 5.1. It can be observed

that, in general, earlier layers tend to have lower mean sample set cosine similarity than

later layers. It appears that label corruption and structured input corruption results

in the depth at which high mean sample set cosine similarities are obtained being later

in the noise-corrupted networks compared to the baseline models, while Gaussian input

corruption results in the opposite. The effects of structured input corruption are much

more subtle than the other two types of noise. These findings suggest that the coherence

of input features of training data noise plays an important part in the depth at which a

convincing representation of sample information is formed.

The noise in the datasets is introduced probabilistically on a per sample basis (see Algo-

rithm 1 to 3). This provides a convenient way to investigate the composition of sample

sets w.r.t noise. Fig. 5.3 shows how sample sets can consist of different ratios of true and
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Figure 5.2: The mean sample set cosine similarities for models trained on MNIST (top),
FMNIST (center), and KMNIST (bottom) at varying levels of three types of noise. These
noise types are label corruption (left), Gaussian input corruption (center), and structured
input corruption (right). These results are averaged over 3 random initializations and
correspond to the models presented in Fig. 5.1.

corrupted sample information.

We define the polarization of a node-class pair as the amount the sample set favors either

the corrupted or uncorrupted samples of a class. For a node j and class c this is defined

as follows:

polarization(c, j) = 2

∣∣∣∣∣12 − |S̃cj ||Scj |
∣∣∣∣∣ , (5.2)
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Figure 5.3: Per-class sample set corruption ratios for the first hidden layer of a 3×100 MLP
fitting MNIST training samples, including structured input corruptions at a probability
of 0.5. The nodes have been arranged in descending order of sample set size. The true
and corrupted portions of the sample sets are presented in green and red, respectively.

where Scj is the sample set of node j in response to samples from class c, and S̃cj is a

corresponding set limited to corrupted samples. A polarization of 1 means that the entire

sample set consists of either corrupted or uncorrupted data. A polarization of 0 means

that there is an equal number of corrupted and uncorrupted samples in the set. By

averaging over nodes and classes, a per-layer mean polarization value can be obtained

with the following equation:

µpolarization(l) =
1

|K||Jl|
∑

c∈K,j∈Jl

polarization(c, j), (5.3)

where K is a set of all classes. The polarization metric indicates how much the sample

sets formed within a layer are polarized between true class information and corrupted

class information, for any given class.

The relevant polarization values are provided in Fig. 5.4. The main observation is that

sample sets for specific classes tend to be highly in favor of true or corrupted sample

information. This is especially prevalent for Gaussian input corruption where there is
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very little feature correlations to be found in the corrupted samples.

The label corruption produces lower polarization earlier in the model, but this is to be

expected seeing as the input data, from both corrupted and uncorrupted samples, has

strong coherence based on correlations in class-related input structures. We observe that

when the training data consists of 50% label corruption the earlier layers find it the most

difficult to separate it from true task information.

The structured input corruption is well-separated from the uncorrupted samples early

in the networks. This could be a result of the large difference between input feature

structures from corrupted and uncorrupted samples along with the relatively coherent

within-class input structures for both the corrupted and uncorrupted samples. These

findings support the second postulate in Section 5.3. It appears that sub-regions in the

function space are dedicated to processing different kinds of training data.
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Figure 5.4: The mean per-layer polarization for models trained on MNIST (top), FM-
NIST (center), and KMNIST (bottom) at varying levels of three types of noise. These
noise types are label corruption (left), Gaussian input corruption (center), and structured
input corruption (right). These results are averaged over 3 random initializations and
correspond to the models presented in Fig. 5.1.

5.5 Discussion

In this chapter we have shown that several overparameterized DNNs with no explicit

regularization are able to generalize well with evident spurious input-output relationships

present in the training data. We have used empirically evaluated metrics to show that

sample sets in later layers tend to have higher within-set similarities, and the layer at which

this occurs is affected by the amount and type of noise in the training data. Additionally,

these sample sets are highly polarized between samples containing true task information
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and samples without.

If we adopt the viewpoint that nodes in hidden layers act as collaborating feature differ-

entiators (separating samples based on feature criteria that are unique to each node) to

generate informative feature spaces, then each layer also acts as a mixture model fitting

samples based on their representation in the preceding layer. Model components (referring

to a node and its corresponding fan-in weight vector) are optimized on a specific subset of

the population as determined by the activation patterns in the preceding layer. And, as

we have observed, these subpopulations can and tend to be composed of true task infor-

mation or false task information. In this sense, some model components of the network

are dedicated to correctly classifying uncorrupted samples, and others are dedicated to

corrupted samples.

To generalize this observation to training scenarios without explicit data corruption, it can

be observed that in most datasets samples from a specific class have varied representations.

Without defining some representations as noise, they are still processed in the same way

the structured input corruption data is processed, hence the strong similarity between the

baseline models and those containing structured input noise. This is also why it is possible

to perform some types of multitask learning. One example would be combining MNIST,

FMNIST, and KMNIST. In this scenario the train set will contain 180 000 examples

with consistent training labels, but three distinct representations in the input space. For

example, class 6 will be correctly assigned to the written number 6, a shirt, and a certain

Japanese character. We empirically confirmed (see Appendix A) that such a model can

easily generalize to any of the three separate evaluation sets as if it was trained on only

one of the train sets separately.

To summarize, we present the modular fitting hypothesis to account for the observed

ability of ANNs to generalize in spite of interpolating large amounts of non-generalizable

feature descriptors:

The subunits in a ReLU-activated ANN are only fitted to subpopulations of
the train set that are similar in their respective preceding feature spaces. When
out-of-sample data is to be processed, the regions most similar to the unseen
data are used to make predictions, thereby preventing the model components
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fitted to sufficiently dissimilar sample information from affecting generaliza-
tion.

According to this hypothesis, the ANNs do overfit on the noise, albeit in a benign fash-

ion. The vast representational capacity and non-linearities enable subcomponents of the

network to be dedicated to processing subpopulations of the training data. In effect, con-

tradictory training samples are separated from one another and modeled independently,

each associated with more closely related samples, only if such samples exist. This en-

sures that (within reasonable bounds) neither noise nor the memorization of a very large

number of samples necessarily influence a given prediction.

This sheds light on why excessive capacity does not necessarily lead to overfitting. At

least in the investigated framework, additional parameters imply an increased number of

subcomponents with which to separate potentially detrimental feature descriptors from

those that are related to the true underlying data distribution. These findings suggest

that the capacity of an ANN should not be thought of as the complexity of the functions

it will approximate but rather in its ability to partition data into signal and noise. This

is akin to the processing of noise in a relational database, where attributes can have

a varying number of possible values but an increased number of columns or rows will

not result in less accurate responses to queries. It is also easy to see the link with the

concept of distributed representations discussed in Section 2.3.2. An appropriate output

is generated because only the features most relevant (i.e. having a weight vector similar

to the activation pattern in the preceding layer) to the input sample are activated.
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Chapter 6

Sample priority and double descent

In this chapter we track the order in which samples are fitted. In doing so we highlight

novel aspects of how ANNs find structure in training data. Our findings shed light on the

double descent phenomenon when classifying natural datasets.

6.1 Overview

The question we would like to address in this chapter is: Why do ANNs exhibit the

double descent phenomenon when trained on natural datasets? By “natural” datasets

we are referring to naturally occurring data: features and labels where we expect certain

features (or groups of features) to have a definite relation to others. This is usually

characterized by various levels of correlation among features, a variable amount of noise,

and redundancy in the input space.

As defined in Section 2.4, double descent is a phenomenon observed in out-of-sample

risk as a function of model capacity. In addition to the classic bias-variance U-curve (see

Fig. 2.2.2) we observe that generalization improves for capacities larger than that which is
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necessary to interpolate the training data. The point at which the second descent occurred

is often referred to as the interpolation threshold and the region of poor generalization

around it is called the critically parameterized regime [48].

We make use of two hypotheses w.r.t how ANNs generalize and discuss several phenom-

ena (some known and some novel) observed when training ANNs, in order to provide a

coherent account of the existence of the double descent phenomenon in ANNs. The first

hypothesis is the coherent gradients hypothesis as discussed in Section 2.5. The second

hypothesis is the modular fitting hypothesis defined in Section 5.5.

The main phenomena we discuss are as follows:

1. ANNs share sample fitting priority. (That is, they tend to fit samples in the same

order during training.) This is a known behavior to which we provide a plausible

explanation using the coherent gradients hypothesis. This work is presented in

Section 6.3.

2. Under certain conditions ANNs effectively refit training samples. This a fairly evi-

dent behavior, but the implications for generalization error have not been explored

extensively. We present such an exploration in Section 6.4, showing that substantial

levels of systematic sample refitting late in training can be detrimental to general-

ization.

3. The epoch-wise double descent phenomenon. In Section 6.5 we explain how epoch-

wise double descent is a result of some subunits not being heavily affected by the

refitting behavior and maintaining generalization. We propose that the modular

fitting hypothesis defines the main mechanism enabling this to occur.

4. The model-wise double descent phenomenon. In Section 6.6 we combine our find-

ings from the previous three sections to account for model-wise double descent and

define four novel and informative regimes of generalization behavior as a function of

representational capacity. This encapsulates the known model-wise double descent

curve.
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This chapter fits into the theme of the thesis by showing that the distributed training

of subunits and the resulting modularity of the hidden representation (i.e. the modular

fitting hypothesis) elucidates the existence of the double descent phenomenon.

6.2 On double descent

Before starting our discussion of the link between sample priority and double descent we

would like to highlight some observations that can be made from other’s work. Since

it was presented and defined [47], the double descent descent has been reproduced in

many works, not limited to ANN-specific investigations. While not representing a formal

meta-analysis we discuss some consistency in the conditions under which double descent

is observed. We limited our research to studies with a focus on ANN-based algorithms.

These observations are also reflected in our results. See Sections 6.4, 6.5, and 6.6.

Clear instances of model-wise double descent in classification error usually require

some form of label noise or datasets with a high level of inter-class overlap. For exam-

ple: in [8, 47–49, 102–104] we observe several instances of model-wise double descent in

classification error for models (including MLPs and CNNs such as ResNet [98]) trained

on CIFAR10 or CIFAR100 [105]. Many of these models have label noise added. In [47]

and [53] we see this kind of double descent for MLPs trained on clean MNIST samples,

which has much less inter-class overlap, although both instances make use of non-standard

optimization practices. In [47] the authors make use of a “weight reuse” scheme. This

means that larger models are initialized with the trained weight vectors of smaller mod-

els. In their supplementary material they repeated the experiment without weight reuse,

which resulted in a much less convincing model-wise double descent. In [53], PCA was

used to downsample the input features in the MNIST dataset, after which the dataset is

divided into two classes (even and odd numbers). We expect such a dataset to produce

significant inter-class overlap, resulting in clear model-wise double descent in classification

error.

Model-wise double descent in average sample loss is not investigated as often as
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the previously discussed type, but it typically produces much more convincing ascent

and descent in the critically parameterized regime, even when there is little increase in

generalization error. This suggests that critically parameterized models are obtaining

extreme loss values for specific evaluation samples and not just poorer performance on

the entire evaluation set as a whole. We refer the reader to [106] for a detailed investigation

of this.

Clear instances of epoch-wise double descent in classification error usually require

some form of label noise or datasets with a high level of inter-class overlap, even more

so than its model-wise counterpart. For example: in [7, 24, 48, 50, 107] we observe several

instances of epoch-wise double descent in classification error for models (including MLPs

and CNNs such as ResNet [98] or VGG [99]) trained on MNIST, FMNIST, KMNIST,

CIFAR10, CIFAR100 [105], or SVHN [108]; all of which have added label noise. In [53]

we also see this kind of double descent for MLPs trained on MNIST, but we have already

motivated that this is a non-standard compilation of MNIST samples with a high degree

of inter-class overlap as a result. It is also worth noting that the second descent in

classification error over training epochs is usually rather small when compared to what is

observed as a function of representational capacity.

According to our knowledge no instance of epoch-wise double descent in average

sample loss has been reported in the literature. In [109] it was proposed to artificially

“flood” training losses with adversarial gradient steps when training losses become too

small. This does induce an epoch-wise second descent in average sample loss. However,

the proposed method artificially manipulates the training loss, making the optimization

process very different to the expected behavior of an ANN trained on natural datasets.

An additional point to note, is that double descent, in general, does not occur under opti-

mal early stopping conditions. This is supported by several works such as [8,48,110]. The

dependence, of double descent, on factors such as inter-class overlap, training iterations,

and the discrepancy between classification error and average sample loss suggests that it

is linked to the way features are fitted earlier and later in training. This motivated us to

investigate the order in which samples are fitted as a means of uncovering the origin of
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the double descent phenomenon.

6.3 On sample priority

6.3.1 Priority by similarity

As mentioned in Section 2.5.2, the order in which a set of training samples are learned

tends to be similar across different ANNs with similar architectures, and to an extent

across different types of architectures as well. It was also reported that powerful algo-

rithms tend to learn the samples a less powerful model would, before continuing to learn

additional samples. Additionally, measuring the variance of sample-specific gradients dur-

ing training can be used to estimate the “difficulty” of fitting training samples. So why do

ANNs prioritize similar examples in spite of random weight initialization and differences

in architectures?

We begin by addressing sample similarity. There are many metrics available to mea-

sure the similarity between input features of training samples, e.g. an Lp-norm, cross-

correlation, mutual information etc. We expect samples of the same class to be more

similar than samples of different classes, but this is not always the case. Furthermore,

it is easy to find samples in common benchmark datasets where some samples are much

more similar than others even within the same class. See Fig. 6.1 where we use an ex-

tremely crude measure of dissimilarity (Euclidean distance) to identify clear differences

between within-class samples.

At initialization, weight vectors are not related to any task and it is then reasonable to

assume that only loss gradients for samples, from the same class, with a large degree of

similarity will significantly overlap (cohere). This can be made clearer by referring back

to Eq. 3.14, repeated here for convenience:
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Figure 6.1: Illustrating extreme within-class dissimilarity in FMNIST (left) and CIFAR10
(right). Each column refers to a class. The top two rows and the bottom two rows show the
two training samples with the smallest and largest Euclidean distance between flattened
input features, respectively.

∆wl,j,i = −η
∑
s∈Sl,j,i

hsl−1,i

∑
p∈P s

l,j

((∏
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w
)
λsp
)
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If many samples activate the feature represented by node i, the size of Sl,j,i will generally

be larger and the resulting parameter update, added over samples, will also be larger.

At initialization, we expect this observation to be valid for all weight parameters because

node j will not be overly sensitive to any local features in layer l − 1.

According to the coherent gradients hypothesis [57] this will result in larger steps in

parameter space to reduce the loss of those samples. Consequently, the samples containing

many of these common features will experience faster reductions in their loss value and

these samples will consistently be fitted early in training. This proposition is supported

by a variety of common phenomena observed when training ANNs on natural datasets.

Examples include:

• We tend to observe a rapid reduction in training loss values during early training,

after which it stabilizes. Large parameter updates are being made that are relevant

to a large subset of the train set.

• We observe that early reductions in training loss are usually accompanied by similar

reductions on data outside of the training data. The features that create coherent

gradients also necessarily need to be shared by many samples thereby increasing the
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probability that they are applicable to the true underlying data distribution and

not just the train set.

• Many different ANNs seem to prioritize similar samples during optimization and

stronger architectures learn the samples that weaker architectures learn before con-

tinuing to learn new samples [55]. The task ambiguity of the randomly initialized

weights results in only strong general similarities dominating across architectures.

After the early overlapping gradients have been sufficiently reduced the relative contri-

bution of less coherent gradients are expected to increase. With sufficient parametric

flexibility, parameter updates from such gradients should not significantly affect the rep-

resentation obtained for the samples that are fitted as a result of the early coherent

gradients. This is because any update made to reduce the loss i.t.o the features with non-

overlapping gradients, that would increase the loss of the samples already fitted, would

increase the loss of many samples simultaneously. This is consistent with the modular

fitting hypothesis. In short: overlapping gradients from input features shared by many

samples dominate parameter updates early, and later parameter updates will be unlikely

to undo such parameter updates unless they too produce significant gradient overlap.

6.3.2 Evidence

The perspective proposed in the previous subsection strongly suggests that samples that

tend to be fitted earlier contribute more to generalization than those fitted later. In

addition to common empirical evidence that, almost universally, show initial improve-

ment in performance on out-of-sample data we present a direct estimate of per-sample

contributions to generalization.

Fig. 6.2 (top) provides a scatter plot of all the training samples in the MNIST dataset. The

location of each data point is averaged over 75 models (with the relevant standard errors

included as error bars). All models were able to attain a training error of 0.0 and differ

in depth, width, or initialization seed. Details on the experimental setup are included in

Appendix C.5. We have chosen to use the entire MNIST train set to ensure reproducibility
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and comparability over training seeds, and because MNIST samples provide an intuitive

illustration of various syntactically similar samples of each class.

The location of each sample on the horizontal axis is determined by the iteration at

which the sample was permanently fitted. More specifically, it is the number of param-

eter updates that was required for the sample to not be misclassified for the rest of the

training iterations. The location of each sample on the vertical axis is a measure of how

much reductions in loss value w.r.t the sample correlates with the expected reduction on

evaluation samples. To estimate this value for a sample s we use g(s) defined in Eq. 6.2.

g(s) =
1

|Deval|
∑

d∈Deval

R(ldiff(s), ldiff(d)), (6.2)

where Deval refers to the entire evaluation set, R refers to the Pearson correlation coef-

ficient, and ldiff(s) is a vector containing the difference between loss values of the same

sample s at subsequent iterations. ldiff(s), therefore, has a length of n− 1, where n refers

to the number of iterations that was required to fit all the training samples. Note that,

due to computation and storage constraints, we do not include all the iterations in this

calculation. Instead, we use a logarithmically spaced sampling of the training iterations.

See Appendix C.5 for details on this approximation.

From Fig. 6.2 (top) we see that, in accordance with our expectations, particular samples

are consistently fitted earlier and reductions in their losses are relatively well correlated

with expected reductions in evaluation set sample losses. The samples that are fitted

later tend to correlate less with the evaluation set but their spread across the vertical

axis is also larger. This is to be expected considering the large range of models that

were averaged over as well as the idea that gradient overlap is not as strongly governed

by task-ambiguous similarity in later training, because the weight vectors become more

sensitive to class related local features.

The (center) and (bottom) plots in Fig. 6.2 overlay the input features onto the scatter

plot for the samples that were generally fitted first and last, respectively. Take note that

the samples fitted first contain strong visual similarity between samples from the same

class. Additionally, the samples fitted first appear to be mostly from class 0 and class 1.
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Figure 6.2: MNIST sample priority. (top) A scatter plot of g(s) as defined in Eq. 6.2 and
the iteration at which a sample is fitted. (center) A cropping of the first samples fitted
with input features overlaid. (bottom) Another cropping of the last samples fitted.
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These two classes, in particular these stereotypical renditions of them, are numerous and

share little common features with the other eight classes in the dataset. In contrast to

this, the samples which tend to be fitted last appear to be atypical versions of each class,

often being heavily skewed or containing odd artifacts. These samples are not expected to

produce gradients that are well aligned with the other samples of their respective classes.

These findings support the notion that samples with coherent gradients are prioritized

consistently and representations found early on (according to coherent gradients) are not

lost by the point of interpolation. That is because, in Fig. 6.2, they are fitted early and

never unfitted during layer training.

Fig. 6.3 shows the same experiment conducted on MNIST data that has been corrupted

with one of the three mechanisms defined in Section 5.2. All three of the datasets have

been corrupted by replacing a randomly selected 50% of the training samples with cor-

rupted instances. Note that the evaluation set is left uncorrupted. See Appendix C.5 for

the differences between the experimental setup for these models and those in Fig. 6.2.

There are a number of interesting observations that can be made w.r.t these three plots.

First, notice that the samples that have structured input corruption are fitted in paral-

lel with the clean samples, but the Gaussian input corruption and label corruption are

consistently fitted very late in training. This corroborates our notion that input feature

similarity and the resulting coherent gradients are driving forces in determining the order

used to fit samples. Two samples that are similar will still be similar after structured input

corruption is applied to both, because each sample is corrupted using the same transfor-

mation. The gradients from a large group of structurally corrupted “1’s” will still overlap.

In contrast to this, the Gaussian input corrupted and label-corrupted samples have very

low similarity between within-class samples because the former prevents any measurable

common input structures, and the latter reduces the probability of structurally similar

samples belonging to the same class.

As expected, the corrupted samples tend to correlate less with the uncorrupted evaluation

set. This indicates that features being fitted to reduce the loss on corrupted samples

adds no power to generalize to the evaluation set. In the case of the label corruption,

82



Chapter 6 On sample priority

Figure 6.3: Corrupted MNIST sample priority. (top) MNIST samples with 50% struc-
tured input corruption. (center) MNIST samples with 50% Gaussian input corruption.
(bottom) MNIST samples with 50% label corruption. Note that the alternative colormap
for corrupted samples is just for visual distinction.
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specifically, it is worth noting that the correlation tends to be negative. This suggests

that when features are being fitted to reduce the loss on label corruption, it has a definite

adverse effect on the model’s ability to generalize.

A final observation, which is also unique to the label-corrupted dataset, is that a large

portion of the syntactically similar clean samples that are usually fitted early are being

fitted very late at approximately the same time that the label corruption is being fitted.

This appears to suggest that our idea of similarity and sample priority is flawed. However,

in the next section we will show that these samples are being fitted early and then re-fitted

towards the end when the label corruption is optimized for.

It was suggested that it makes more sense to measure g(s) in Eq. 6.2 in terms of the

class to which sample s belongs. In Appendix A we repeat the results presented in this

subsection on a class-specific basis. All our observations remain valid.

6.4 On refitting samples

In this section we investigate to what extent samples are refitted and how this affects the

generalization performance of the model being trained. To do this, we make use of graphs

indicating the sample refitting dynamics for several of the models trained in the previous

section. See Fig. 6.4 for an example. The black curve indicates the evaluation error at

each iteration. The other metrics are defined below (with clean and corrupted samples

being represented by the same metrics but on separate plots):

• newfit count is the total number of training samples that are correctly classified in

the current sampled iteration, while never having been correctly classified at a prior

sampled iteration.

• unfit count is the total number of training samples that were correctly classified in

the preceding sampled iteration and incorrectly classified in the current one.

• refit count is the total number of training samples that were incorrectly classified
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in the preceding sampled iteration and correctly classified in the current one, while

already having been correctly classified at a prior sampled iteration.

Figure 6.4: Evaluation error (left vertical axis), and several metrics regarding train sam-
ple refitting dynamics (right vertical axis) as a function of sampled (log-scaled) training
iterations.

This particular graph corresponds to one of the models trained on MNIST with 50%

structured input corruption. For brevity we will not present the graphs for other models

trained on clean MNIST and MNIST with structured input corruption. All of these models

produced graphs with similar trends to the graph presented in Fig. 6.4, with the obvious

exception that clean MNIST shows no corrupted counts. Most samples are fitted and

refitted very early, after which very few samples are refitted as generalization stabilizes.

Fig. 6.5 shows the refitting dynamics for a selection of the models trained on MNIST with

50% Gaussian input corruption. The model initializations with the lowest evaluation

error at interpolation are selected. Notice that, in contrast to Fig. 6.4, we see that the

samples with Gaussian input corruption are still being fitted well beyond the point where
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the generalization has stabilized. Importantly, the clean samples do not undergo any

significant refitting during the later stages of training.

Figure 6.5: Refitting dynamics of models trained on MNIST with 50% Gaussian input
corruption. From left to right models have hidden-layer widths of 128, 256, and 512.
From top to bottom models have depths of 2, 3, and 4.

The corresponding refitting dynamics of a selection of the label-corrupted models, from

the previous section, are presented in Fig. 6.6. The model initializations with the lowest

evaluation error at interpolation are selected. Take note that in accordance with the clean,

structured input corrupted, and Gaussian input corrupted models, the clean samples are

fitted and refitted early in training. However, there then appears to be a period of

very few refittings, with the clean samples being refitted at a slightly higher frequency

than the corrupted samples. At the point where the generalization starts to degrade, we

observe that there is a very noticeable increase in new corrupted samples being fitted

and refitting of both clean and corrupted samples. This behavior is different to any of

the clean, structured input corrupted, and Gaussian input corrupted models, in that a
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large portion of the clean samples are being refitted very late and we see a corresponding

increase in evaluation error.

Figure 6.6: Refitting dynamics of models trained on MNIST with 50% label corruption.
From left to right models have hidden layers widths of 256, 512, and 1024. From top to
bottom models have depths of 2, 3, and 4.

So what differentiates the type of refitting that does not negatively affect generalization

(see Fig. 6.4 and 6.5) and the type that does (Fig. 6.6)? It is evident from all three figures

that refitting clean samples early in training does not degrade generalization, in fact, it

tends to improve it.

Refitting Gaussian input corrupted samples tends to have little effect on the generaliza-

tion performance of our models. This is consistent with the idea that the ReLU activation

functions enable the subunits optimized for corrupted samples to not activate when pro-

cessing the uncorrupted evaluation set. This is reflected in Fig. 5.4 where the subunits of

models trained on datasets with a portion of Gaussian input corruption shows the high-

est level of polarization between clean and corrupted samples, when compared to models
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trained with the other two types of corruption.

In all of our graphs of refitting dynamics for label-corrupted models there is a period of

very low refit count followed by a clear “spike” in clean sample refittings at the iterations

where generalization degrades. This is consistent with the idea of sample priority and

coherent gradients introduced in Section 6.3. The highly coherent gradients from the

clean samples dominate initially and need to be reduced to near-zero in order for the

non-coherent gradients from the label-corrupted samples to have a relatively significant

effect on the overall parameter updates.

While the gradients from both Gaussian input corrupted and label-corrupted samples are

expected to have low coherence, the label-corrupted samples are not as easily separable

from clean samples as Gaussian corrupted samples are. We suspect that this is because

the Gaussian corrupted samples have very dissimilar input feature structures to any of

the clean samples but the label-corrupted samples still maintain similar structures to the

clean samples even though the classes are assigned randomly. This is also supported by

Fig. 5.4 where the subunits of models trained on datasets with a portion of label corruption

shows lower levels of polarization between clean and corrupted samples, especially in the

shallower layers.

In summary: Sample refitting that occurs early in training tends to be governed by

coherent gradients from samples with similar input feature structures and is usually part

of the function fitting process. When there is a relatively large increase in refitting, late

in training, and a model is not able to separate (modularize) useful features from others,

this can be destructive to the generalization performance.

Before continuing we would like to address our use of the log-spaced sampling of training

iterations. By not considering every iteration the metrics we use to visualize the refitting

dynamics are approximated values. This is especially true for the later iterations. As a

sanity check, in Fig. 6.7, we present the refitting dynamics for a label-corrupted model

where all of the training iterations are considered. See Appendix C.5 for details on the

hyperparameters used to train this model.
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Figure 6.7: Refitting dynamics of a 3 × 1024 model trained on MNIST with 50% label
corruption. A log-spaced sampling of iterations are considered in the left-hand plots, and
all iterations are considered in the right-hand plots.

Notice, from the right-hand plots, that we still observe that unfit and refit counts in-

crease noticeably when the generalization error increases. However, the newfit counts for

corrupted samples appear to be almost negligible in contrast to our approximation (in

left-hand plots). This discrepancy is caused by the fact that newfit counts are unique,

meaning that each sample in the train set will only contribute one newfit count through-

out training (the area under the green curve is always equal to the total number of clean

or corrupted samples in the set). When using our approximations the “spike” in new-

fit counts is analogous to adding the unique newfit counts that occurred between the

last sampled iterations and the current one. While we use “snapshots” of the refitting

dynamics, the trends we observe are, therefore, still valid.

6.5 Epoch-wise double descent

In the previous two sections we showed that similar samples are consistently prioritized,

and why. We also showed that with significant inter-class overlap in the input space (of

which label corruption is an extreme example), a large portion of the clean samples are

refitted later in training and this could degrade generalization. In this section we will

show how epoch-wise double descent occurs when a sufficient portion of the subunits is

unaffected by this refitting phenomenon.
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6.5.1 Sensitivity to class corruption

For label-corrupted models, we expect that the weight vectors for the subunits that are

least attuned to the label corruption right before the label corruption is fitted will be least

affected by the drastic change in representation. That is because those weight vectors

would have been fitted by the coherent gradients from the clean samples. To measure the

sensitivity of a weight vector to label corruption we use a weighted sum of recall values

over classes (after label corruption). This metric, named sensitivity to class corruption,

is defined for a subunit j in Eq. 6.3.

scorr(j) =
∑
k∈K

pcorr(j, k)rcorr(j, k), (6.3)

where K is the set of all classes, and pcorr(j, k) and rcorr(j, k) are the precision and recall

of the node j w.r.t corrupted class k samples, respectively. These two values are defined

in Eq. 6.4.

pcorr(j, k) =
|Skcorrj |
|Sj|

; rcorr(j, k) =
|Skcorrj |
|Skcorr|

, (6.4)

where Skcorrj is the set of corrupted samples from class k for which node j is activated, Sj

is the sample set of j, and Skcorr is the set of all corrupted samples from class k. Note the

similarity between these two equations and equations 4.1 and 4.2. Where the equations

in Chapter 4 measure the general sensitivity to classes, the equations used here measure

the sensitivity to the corrupted instances of classes, specifically. We use this sum of recall

values over classes because measuring the sensitivity by a simple ratio of corrupted samples

in the relevant sample set is generally uninformative. The global model is trained to

differentiate between classes, not between corrupted and uncorrupted samples. We weigh

the contribution of each class by the precision value so that the relevance of the class

to the node is proportional to how much the node selectively activates for the corrupted

instances of that class. A high sensitivity to class corruption means that the relevant node

is both sensitive and selective w.r.t the corrupted instances of class samples, particularly.
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In Fig. 6.8 we present the sensitivity to class corruption for a label-corrupted model. Note

that very early in training the sensitivity seems to be random and then some subunits

become more sensitive and others less sensitive as optimal generalization is approached.

This transition appears somewhat systematic with highly sensitive subunits generally

remaining sensitive around the point of optimal generalization and beyond. While infor-

mative, our main interest in this metric is in using it to determine the order of subunits

during analysis and visualization. In the next subsection we will investigate the changes in

weight vectors for subunits that are sensitive or insensitive to label corruption as defined

in this section.

Figure 6.8: Sensitivity to class corruption for all the subunits in a 3× 512 model trained
on a 25% label-corrupted MNIST train set, throughout training. The learning curves are
presented in the top panel and nodes in the the heatmaps have been ordered by their
value at the iteration where optimal generalization is obtained. This is indicated by the
black dotted line. See Appendix C.5 for details on the experimental setup.
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6.5.2 Changes in weight vectors

In this subsection our goal is to show how some subunits, in an overparameterized ANN,

are less affected by the refitting phenomenon discussed in the previous section, and how

these subunits tend to be those that are insensitive to label corruption. For the same

model depicted in Fig. 6.8 we plot the cosine similarity between each weight vector and

the corresponding weight vector at the optimal iteration. This is presented in Fig. 6.9.

We order the subunits in each hidden layer by their sensitivity to class corruption in

ascending order. We limit the colormap to cosine similarity values between 0.6 and 1.0.

This results in any value below 0.6 being depicted as 0.6. We empirically observed that

instances below this value are rare, and are usually masked by the interpolation used to

plot the heatmaps with a manageable number of pixels.

Take note that many weight vectors are fairly close to their optimal state very early in

training, indicating that they do not change much while generalization is still improving.

Most of the weight vectors change drastically after the first ascent in generalization error,

often being more dissimilar to the optimal than they were at initialization. The most

important result, we would like to highlight, is that the weight vectors that correspond to

subunits with the least sensitivity to class corruption (lower-most nodes) tend to remain

fairly close to their optimal value after generalization degrades. This indicates that the

subunits that are fitted early by coherent gradients from clean samples maintain their

optimal states even when the refitting phenomenon changes most of the nodes sensitive

to class corruption. In the next subsection we will repeat this analysis on several models

of varying widths to clearly show the connection between these highly consistent subunits

and the epoch-wise double descent.

6.5.3 Refitting, capacity, and double descent

From Fig. 6.6 we see that larger models tend to display the epoch-wise double descent

phenomenon more convincingly. This has been observed previously [48]. To investigate

the change in subunit behavior at varying levels of epoch-wise double descent we trained
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Figure 6.9: Cosine similarity between weight vectors and their corresponding state at the
iteration where optimal generalization is obtained. This model corresponds with the one
presented in Fig. 6.8 and the nodes are ordered identically.

eight models, for which the resulting performances are presented in Fig. 6.10. The four

smallest models (widths of 16, 32, 64, and 128) were unable to interpolate the entire train

set. Take note of the poor generalization performance around the 3 × 128 model. This

architecture obtained a training error of 0.00022 and was, therefore, just barely insufficient

to fit the train set completely. This is typical of model-wise double descent.

We first look at the changes in weight vectors for the four models with insufficient repre-

sentational capacity to interpolate the train set. This case is presented in Fig. 6.11. We

see that the weight vectors in these models at initialization tend to be further away from

their optimal state than for the larger model in Fig. 6.9. This is likely because, with lim-

ited capacity, more changes are necessary to find an optimal partitioning of the training
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Figure 6.10: Performance at interpolation (or 500 epochs) for eight models with three
hidden layers and varying width, trained on MNIST with 25% label corruption. See
Appendix C.5 for details on the experimental setup.

data. We also see that a large portion of the weight vectors in the two smallest models

stay close to their optimal value after the best generalization is obtained. Correspond-

ingly, we do not see much degradation in the generalization performance in later training.

This is likely because these models are unable to fit much of the label corruption and

little refitting occurs. See from Fig. 6.10 that the final train errors for these two models

are near 25%. For the larger two models label corruption is definitely being fitted (see

Fig. 6.10) and, as expected, the cosine similarities after the optimal iteration are generally

much further away from their optimal state. This is reflected in the rise in evaluation

error beyond that point.

Next we look at the four models with sufficient representational capacity to interpolate

the train set. This is presented in Fig. 6.12. Here, the opposite trend occurs. The later

weight vectors in the smaller two of the four models tend to be much further away from

their optimal state. For the two larger models we see more weight vectors remaining close

to their optimal state, and a reduced increase in generalization error and more convincing

second descent. In all four of these models there is a clear trend for the weight vectors

corresponding to subunits that are the least sensitive to label corruption, to obtain their

optimal state early and remain closer to their optimal state when label corruption is fitted.

In the widest of the eight investigated models we see that the cosine similarities tend to

be very high early on and then reduce drastically during overfitting. To account for this,

we propose that the wider models do not need to change any given weight vector too
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Figure 6.11: Cosine similarity between weight vectors and their corresponding state at the
iteration where optimal generalization is obtained. From left to right then top to bottom
each panels refers to the model with a width of 16, 32, 64, and then 128 from Fig. 6.10.

much in order to fit the simple early features that tend to contribute to generalization.

Only when the more complex features are fitted to reduce the loss on label corruption do

the weight vectors need to be changed to a significant degree.

These findings strongly suggest that the reason for the epoch-wise second descent is that

overparameterized models have the parametric flexibility to separate the non-generalizable

features that cause samples to be refitted, from those that generalize. Therefore, the good

representations found early are less likely to be destroyed. After refitting occurs, these

generalizable features continue to be incorporated in the function approximating process

which can lead to slight improvement again. The modular fitting hypothesis provides an
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answer as to how it is possible for some representations found earlier to remain unchanged

throughout the epoch-wise ascent and descent.

Figure 6.12: Cosine similarity between weight vectors and their corresponding state at
the iteration where optimal generalization is obtained. From left to right then top to
bottom each panels refers to the model with a width of 256, 512, 1024, and then 2048
from Fig. 6.10.

6.6 Model-wise double descent

In order to address the question of why double descent occurs we have had to describe

and motivate several aspects of the way ANNs fit natural datasets when optimized with

gradient based learning. A brief summary follows:
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• ANNs are biased to make parameter updates that would reduce the loss of many

training samples simultaneously. This is enabled by samples having common fea-

tures, activating the same subunits, and gradients overlapping to produce large

steps in parameter space. At initialization, only samples that have many features

in common will produce coherent gradients. This is why ANNs, with different ran-

dom initialization and architectures, prioritize similar samples early in training. A

side-effect of the ubiquity of these shared features is that they are more likely to

generalize.

• After the early coherent gradients have been sufficiently reduced, features that do

not result in gradients that overlap as much begin to affect parameter updates.

If the samples containing these features are sufficiently dissimilar to most of the

already fitted samples, the modularity of the hidden representations allows them to

not affect the already fitted features. However, if they are similar enough to cause

extensive inter-class overlap in the input space, the resulting parameter updates

can detrimentally change the representations found earlier. This is indicated by the

refitting phenomenon.

• With increased representational capacity fewer alterations are necessary to accom-

modate the more difficult samples, leaving more subunits closer to their early state.

This is why epoch-wise double descent occurs.

Model-wise double descent can be seen as the natural result of the behavior explained

above. Models with very limited representational capacities can only fit features from co-

herent gradients and as a result no signs of classical “overfitting” are seen. Models closer

to the critically parameterized regime are able to fit more features from non-coherent

gradients resulting in potentially detrimental changes in earlier representations. Moving

far enough beyond the critically parameterized regime allows more of the earlier repre-

sentations to remain intact. Hence, the model-wise second descent. Using Fig. 6.13 as

reference we define four distinct regimes of generalization behavior based on our findings

in this chapter.
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• A: hypoparameterized regime. The model’s representational capacity is only large

enough to fit features from early coherent gradients. Any increase in capacity (while

still remaining in this regime) will result in improved generalization upon conver-

gence. This is because more samples will be able to be fitted and a richer represen-

tation of the true data distribution will be obtained. Any form of early stopping

is unlikely to improve performance. Models in this regime are identifiable by the

fact that they are unable to interpolate the train set and show no signs of a classic

U-shaped overfitting curve in out-of-sample risk as a function of training iterations.

• B: pre-critically parameterized regime. The model’s representational capacity is

sufficiently large to fit features from early coherent gradients and some features from

non-coherent gradients. Adding more capacity can reduce generalization as more

and more features from non-coherent gradients are able to be fitted, at the cost of

earlier representations. Any form of early stopping is likely to improve performance

for models in this regime, as optimal generalization tends to be obtained before

features from non-coherent gradients begin to be fitted. Models in this regime are

identifiable by the fact that they are unable to interpolate the train set and show

strong signs of a classic U-shaped overfitting curve in out-of-sample risk as a function

of training iterations.

• C: post-critically parameterized regime. The model’s representational capacity is

sufficiently large to fit features from early coherent gradients and enough features

from non-coherent gradients to fit the entire train set. Adding more capacity will

improve generalization as larger models will be better able to fit the features from

non-coherent gradients without affecting the earlier representations. For the same

reason as in the previous regime, models from this regime will usually gain from

early stopping. Models in this regime are identifiable by the fact that they are able

to interpolate the train set and show strong signs of a classic U-shaped overfitting

curve in out-of-sample risk as a function of training iterations.

• D: hyperparameterized regime. The model’s representational capacity is sufficiently

large to fit features from early coherent gradients and enough features from non-

coherent gradients to fit the entire train set without affecting earlier representations.
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Increases in capacity still tend towards improved generalization, albeit without lin-

ear returns. Early stopping is not required in this regime, because generalization

improves monotonically. Models in this regime are identifiable by the fact that

they are able to interpolate the train set and show no signs of a classic U-shaped

overfitting curve in out-of-sample risk as a function of training iterations.

Figure 6.13: Illustrating four regimes of representational capacity.

As empirical evidence for these four regimes, we trained numerous single hidden layer

MLPs at varying layer widths, on three datasets. We observe the validation error as a

function of the hidden layer width as well as training epochs. While these four regimes are

part of a continuum it is easy to see when a model strongly embodies a specific regime.

Fig. 6.14 shows these curves for models trained on CIFAR10. Notice the slight but visible

critically parameterized regime around a width of 80. The five smallest architectures (2,

4, 6, 8, and 20) appear to be in the hypoparameterized regime. This can be seen by the

downwards slope in the top graph and the corresponding monotonically improving curves

in the bottom graph. The next three smallest architectures (40, 60, and 80) are in the pre-

critically parameterized regime, as indicated by the rise in validation error over epochs.
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The architectures with a width of 200 and 400 are in the post-critically parameterized

regime, with the latter model only showing the slightest increase in validation error over

epochs. The rest of the architecture are clearly in the hyperparameterized regime. These

models again show monotonically improving generalization error over training epochs.

Figure 6.14: CIFAR10: Validation error curves as a function of hidden layer width (top)
and training epochs (bottom). The colors represent the training epochs and hidden layer
widths in the top and bottom plots, respectively. Note that all measures are averaged over
several random initializations. See Appendix C.5 for details on the experimental setup.

Fig. 6.15 shows the validation error for models trained on MNIST. There is no visible

model-wise double descent for this dataset. This is unsurprising when considering how

little the training samples overlap in the input space: as mentioned in Appendix C.2 a

large part of MNIST is linearly separable. It is also predicted by the lack of refittings

that occur late in training for models trained on clean MNIST data. At first it appears
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that these models jump from the hypo- to the hyperparameterized regime. However, if

we zoom in on the largest models (see the bottom plot in Fig. 6.15) we can still see signs

of the pre- and post-parameterized regimes, albeit to a much lesser extent.

Fig. 6.16 shows the validation error for models trained on FMNIST with 20% label cor-

ruption. As is typical with the addition of label noise, there is a very clear model-wise

double descent curve. As expected, we also see instances of epoch-wise double descent for

the larger models (see the bottom plot). While the first three regimes are clearly visible,

we do not observe a model in the hyperparameterized regime. Instead, the larger models

seem to approach the hyperparameterized regime asymptotically: the rise in validation

error, over epochs, is lower and lower with the addition of more hidden units, but the

improvement is also reduced with each jump in width. The 1×10 000 model is the largest

we are able to analyze under our computational constraints.

Fig. 6.17 provides a compilation of the validation errors (left) and corresponding average

sample validation loss (right) for the three datasets shown in Fig. 6.14, 6.15, and 6.16.

As mentioned in Section 6.2 the model-wise double descent is much clearer in average

validation loss, even for clean MNIST samples. We also see that there is no visible

instance of epoch-wise double descent in average validation loss.

6.7 Discussion

Seeing as we have already recapped and discussed the findings in this chapter in the

previous section, and also the fact that the next chapter serves as a “wrap up” of previous

chapters, we will omit a dedicated discussion section for this chapter.
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Figure 6.15: MNIST: Validation error curves as a function of hidden layer width (top)
and training epochs (center). The colors represent the training epochs and hidden layer
widths in the top and bottom plots, respectively. The bottom plot is a cropping of the
validation error over epochs for the largest models. Note that all measures are averaged
over several random initializations. See Appendix C.5 for details on the experimental
setup.
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Figure 6.16: FMNIST with 20% label corruption: Validation error curves as a function of
hidden layer width (top) and training epochs (bottom). The colors represent the training
epochs and hidden layer widths in the top and bottom plots, respectively. The bottom
plot is a cropping of the validation error over epochs for the largest models. Note that all
measures are averaged over several random initializations. See Appendix C.5 for details
on the experimental setup.
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Figure 6.17: Validation error (left) and corresponding average sample validation loss
(right) for the three datasets: CIFAR10 (top), MNIST (center), and FMNIST with 20%
label corruption (bottom).
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Chapter 7

Implications for generalization in DL

In this chapter we consolidate the findings presented in preceding chapters. We aim to

clarify their relevance to the subject matter and produce a coherent perspective on gener-

alization in MLPs w.r.t model substructures.

7.1 Overview

As stated in Section 1.2, our principal goal is to motivate the point that substructures in an

ANN are underutilized in investigations of generalization in DL. We have explained that

this approach is different to classical notions of generalization where the focus is on the

mapping from input to output as a whole. In this chapter we aim to combine our findings

into a coherent perspective of the role of substructure (by means of subunits) in MLP

training and clarify how this is a promising shift in paradigms regarding generalization

and DL.

As we are discussing many interrelated concepts in this chapter, it might be prudent to

clearly define what we mean with subunits and substructures. We use the term “subunits”
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to refer to hidden nodes with a piecewise linear activation function. We use these subunits

as a method of investigating substructure in the network. Substructure is a less concrete

term we use to refer to the formation of related regions of the hidden representation and

the network itself. For example, some specialized subunits only activate for a select few

samples in the train set. We can think of this group as a substructure within the network.

Classical measures of capacity fail to distinguish such substructures from the whole.

In Section 7.2 through 7.4 we recap our findings, describing how subunits can shed light

on both the learning process and a number of previously observed phenomena related to

generalization in DL. In Section 7.5 we describe how this leads to a novel perspective on

the role of subunits w.r.t generalization in an overparameterized MLP. In Section 7.6 we

discuss how the overall proposal (placing more emphasis on substructure) could advance

the field, and we propose future avenues of research to continue with this approach in

Section 7.7.

7.2 Investigating subunits separately

Throughout the thesis we analyze subunit behavior by regarding them as semi-independent

components. This is not how ANNs are typically analyzed. Even contemporary works

tend to investigate hidden representations with metrics measured over the entire model

and train set. See Chapter 2 for some notable examples.

In Section 3.3 we provide theoretical support for the perspective of subunits as distinct

entities by proving that, with piecewise linear activation functions, subunits are only ever

optimized to reduce the loss of a set of samples that are measurably similar. This results

in a distributed optimization procedure governed by the interplay between two systems:

the continuous system (each weight vector is updated according to a node-specific cost

associated with a particular sample set) and the discrete system (sample set membership

is identified based on feature similarity).
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7.3 Investigating the learning process through sub-

unit behaviors

By analyzing various aspects of subunit behavior throughout training, and at inference

time, we note several novel systematic behaviors indicated by regularities across models

with sufficient parametric flexibility. We summarize these behaviors here:

• The transition from class-ambiguous to class-specific behavior across hidden layer

depth is consistent over architectures or initializations, and this transition is task-

specific. This is explicitly demonstrated in Section 4.3 and 4.4, where we show that

models that are deeper and wider than a task-specific threshold have very similar:

generalization performance, transitions in class sensitivity across hidden layers, and

transitions in mean per-layer perplexity values. The ‘task’ in this case refers to a

specific dataset, not classification in general.

• The number of linear regions representing each class tends to be reduced to one, very

early in available model depth, making later layers less instrumental in performing

the classification task. In Section 4.4 we show that binary activation patterns (each

corresponding to a distinct linear region) in later layers become deterministic w.r.t

class membership, suggesting that earlier layers transform sample information into

class information which is simply propagated by later layers. Here, the additional

depth contributes little to the actual task being performed and suggests a level of

redundancy which could be linked to why additional capacity does not necessarily

hurt generalization ability. This, still, does not mean that excess depth does not aid

in the necessary optimization process in order to achieve this level of generalization.

• Subunit activation patterns on the train set are regular enough to contain sufficient

information to make strikingly accurate predictions using the equivalent evaluation

set activation patterns. In Section 4.5 we demonstrate the existence of the con-

tinuous and discrete system by constructing per-layer classifiers, based on train set

activation patterns, which incorporate the information available to each system. We

find that such classifiers can generalize to out-of-sample data at a level comparable
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to the actual model from which they are constructed. These classifiers, themselves,

exhibit regularity when compared across factors such as training iterations, depth,

and width.

• Subunits tend to separate task information based on feature similarity. This allows

models to generalize even when interpolating non-generalizable features. In Chapter

5 we experimentally investigate the composition of sample sets under various noisy

conditions. The noise is introduced probabilistically on a per sample basis. In doing

so, we find that ANNs can modularize their hidden representation of training data so

that some subunits only activate for certain kinds of training data and the grouping

of training samples among subunits tends to separate true task information and

noise, provided that the noise is sufficiently dissimilar to the true task information.

This means that many subunits only model clean data and others only noisy data.

In addition, if out-of-sample data is sufficiently dissimilar to the type of noise, the

subunits modeling the noise are never activated. Therefore, even after completely

interpolating noise during training, the model is able to generalize to out-of-sample

data. We generalized this concept to define the “modular fitting” hypothesis in

Section 5.5. This type of modularity in the hidden representation can typically

only exist if the model is overparameterized, meaning that there are many more

trainable parameters than training samples. This modularity sheds light on why

overparameterized ANNs do not necessarily lead to poorer generalization and why

they are able to generalize after interpolating explicit spurious sample information.

While not directly predicting generalization, these regularities empirically indicate that

subunits can be analyzed as separate entities to uncover informative insights w.r.t how

the hidden representation might relate to generalization.

7.4 Interpreting various phenomena through subunits

Continuing with our analyses of subunits we identify several underlying mechanisms of

previously observed, but never acceptably explained, phenomena. We summarize the
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main phenomena and our conclusions here:

• Different ANNs share the order with which training samples are fitted. In Section

6.3 we provide a plausible explanation for this behavior using the coherent gradients

hypothesis and the modular fitting hypothesis. In essence: Gradients from input

features shared by many samples overlap at initialization, resulting in those samples

being prioritized. The modularity of the hidden representation results in the fitted

samples remaining fitted for the rest of training.

• Epoch-wise double descent. In Section 6.2 we motivate that epoch-wise double

descent tends to only manifest clearly for large models and some degree of inter-

class overlap. This is usually induced with label noise. By directly measuring

refitting dynamics of training samples we confirm that label corruption results in

a noticeable increase in samples that tend to be learned early, being refitted later

in training. In our experiments, this exclusively occurs at the iterations where the

label corruption is fitted and generalization error starts to increase (see Section 6.4).

By measuring the cosine similarity, in Section 6.5, between weight vectors and their

state at the iteration of optimal generalization, we show that models exhibiting

epoch-wise double descent have the representational capacity to maintain “general”

subunits throughout the excessive refitting phenomenon.

• Model-wise double descent. Using the insights from Section 6.5, in Section 6.6 we

explain that models in the critically parameterized regime fit less generalizable fea-

ture descriptors later in training at the cost of good generalizable feature descriptors

already fitted. Below the critically parameterized regime models are unable to fit

significant amounts of these “bad” feature descriptors and generalization improves.

Above the critically parameterized regime models are able to fit these “bad” fea-

ture descriptors at less of a cost of earlier feature descriptors, and generalization

improves again.

Our explanation of these three phenomena are based on the idea that models are able

to modularize their hidden representation, as discussed in the previous section. If the
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model was unable to separate feature descriptors, based on similarity, the reconfiguring

of representations that occur during the later parameter updates would not be able to

maintain the generalizable feature descriptors fitted early in training. Most literature on

generalization and DL places little focus on substructure (and the resulting modularity)

in ANNs, hence the fact that the link between sample priority and double descent has

not been explored like this.

7.5 A perspective on subunit synergy

When considering all of these results together, a novel perspective on the role of subunits

in MLPs becomes clear. It emphasizes the importance of finding subpopulations of the

train set that are more or less important at different stages and within different substruc-

tures in the network. A well-optimized MLP is not one big hidden state with globally

measurable properties related to complexity and generalization. Instead, it is the synergy

of many subunits each trained to a specific region of the training data distribution but

also working in cooperation to reduce the global loss. A balance needs to be struck be-

tween the local similarity within subgroups (which enables the modularity conducive to

good generalization) and the utility of such subgroups in global training loss reduction

which is necessary to learn appropriate functions. If too much of the local structures are

destroyed in order to reduce the global loss, generalization is lost.

For models above the interpolation threshold: with more parametric flexibility this bal-

ance is much easier to maintain because fewer substructures need to be significantly

changed in an attempt to interpolate the train set. Only with enough parametric flex-

ibility can we obtain bilateral synergy between subgroups that are useful to reduce the

training loss and subgroups that have the correct type of modularity in the hidden rep-

resentation for appropriate generalization. For models below the interpolation threshold,

the same balance needs to be upheld but smaller models are inherently less able to reduce

the training loss. Therefore, the subgroups that have the correct type of modularity are

not counteracted upon, as much, by those that are necessary to reduce the loss completely.
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7.6 Outlook

Works that do focus on substructures in ANNs are usually aimed at interpreting the

decision making process [111–113]. For CNNs in particular, it has been shown that

intermediate layers produce hierarchical structures that transition from general sample

information to more specific class information in later layers [114, 115]. However, using

this perspective as a means of investigating the fundamental principles by which ANNs

generalize is not often undertaken. We speculate that this is because of a general percep-

tion of DL models as high-dimensional “black-box” models, disregarding substructures as

viable sources of information that can pertain to function fitting in general.

Some notable explorations of substructure follow. In [116], linear classifiers were trained

using the features produced by hidden layers in popular CNN models to estimate the

utility (i.t.o linear separability) of feature representations at individual layers. It was

shown that linear separability increases monotonically with depth. In [93] the advantages

of depth in DNNs were investigated by looking at how later layers reuse computations from

earlier layers and how the resulting compositional structures aid generalization. In [94]

the type of functions that can be fitted by ANNs, based on their structural properties,

was investigated. It was found that the complexity of computable functions increases

exponentially with depth, and earlier weights are much less robust to noise. None of

these three works primarily focused on generalization, but their findings contribute to our

general understanding of the function fitting process. We hope that our contributions,

which do focus on generalization, motivate further study using these methodologies.

If a bias-variance tradeoff is, in fact, the fundamental principle governing generalization

in ML, we will need to rethink the concept of capacity and complexity so that it considers

the distributed manner by which training data is fitted. Most functions that are able to

be fitted by an ANN, will never be fitted because there is an inductive bias that groups

similar samples together. A worst case estimate of the complexity of the functions being

approximated will tend to miss this fact. We propose a larger emphasis on empirical

investigations of substructures in ANNs both during training and at inference time. It
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is quite clear that the whole is greater than the sum of the parts and without studies

investigating the interactions between subcomponents we have little hope of determining

exactly how generalization and capacity are related in practice.

7.7 Future work

An additional contribution from our work is that it opens up a variety of promising themes

of research that are not often considered. On a conceptual level our findings suggest

that the number of trainable parameters, specifically, is a very poor metric to predict

generalization. The number of substructures might be much more informative. Finding a

theoretically principled estimate of the number of substructures in a trained network would

probably provide more insight on its ability to generalize than the number of parameters.

A natural next step would be to determine how independent such substructures are, what

level of redundancy they carry, and if there are any substructures shared by independently

trained models at various degrees of generalization.

On a more practical note, for further research, we would like to:

• Investigate the extent to which the findings presented in this thesis extend to more

specialized ANN architectures such as modern CNNs or RNNs. For example, it is

widely accepted that CNNs, in particular, utilize depth better than fully-connected

alternatives. We are referring to the empirical observation that generalization often

improves for CNNs of increasing depth [39,117]. It would be interesting to determine

how class sensitivity, activation patterns, or noise polarization vary across depth in

a CNN when compared to MLPs.

• Look at concepts from ensemble learning and multitask learning as a way of deter-

mining properties of subunits that could be conducive to good generalization. For

example, it is known that “diversity” in subpredictors aids in the generalization of

an ensemble [118].

• Create a practical measure of the destruction of earlier structures. This could help
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develop optimization algorithms that automatically promote the stability of gener-

alizable features fitted earlier in training.

• Explore the construction of sample sets throughout training. If we can determine

subunit behaviors common to models that tend to generalize well, this might provide

clues about the effect of the modularity of the hidden representation and its relation

to model capacity. An intuitive example is to determine the amount of redundancy

(e.g. using information theoretical methods or set theory) among sample sets. If

many subunits model redundant aspects of the train set distribution, this could

indicate that the available capacity is not optimally used to modularize the hidden

representation.

• Eventually, we would like to create a framework that enables practitioners to more

accurately estimate the ability of ANNs to generalize to unseen data.

7.8 Final remark

We believe that our findings sufficiently motivate our perspective on substructure and we

hope that others will also regard ANNs as something more than a nebulous “black box”

to be probed from a distance. Only when we get to grips with the way data is compart-

mentalized by substructures will we have the necessary tools to rethink generalization in

DL.
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Appendix A

Additional results

In this chapter we provide supplementary results.

In Section 5.5 we state that it is possible to fit three datasets simultaneously and then ap-

propriately, and separately, generalize to their evaluation sets. We support this statement

with the empirical results presented in Fig. A.1. We trained three random initialization

of 3× 1024 architectures on one of the seven train sets. We then measured the evaluation

error on each of the seven evaluation sets. The seven sets represent every possible com-

bination of the MNIST, FMNIST, and KMNIST datasets. For composite datasets (e.g.

M+F) we simply group the train and evaluation sets into two larger supersets. This is

possible because all three of the datasets have the same input dimensions, and number of

classes. For experimental details see Section C.6.

Take note, from the bottom row, that models fitted to a composite of all three datasets

(M+F+K) are able to generalize to any of the seven datasets at comparable levels to

the models that were fitted to only the relevant train sets, as seen on the diagonal. As

expected models lacking one of the three core datasets in their respective train set are

unable to generalize to evaluation sets that only contain samples of such core datasets.

This is seen in the evaluation errors highlighted in red, which are close to random guessing.

128



Figure A.1: Evaluation error when generalizing from various composite MNIST-like
datasets. Rows refer to the training data and columns refer to the evaluation data being
generalized to. All models achieved zero training error. ‘M’, ‘F’, and ‘K’ refer to MNIST,
FMNIST, and KMNIST, respectively. We present the average performance over three
random initializations. The maximum standard error for all results is 0.0076006. The
colors are only for visual illustration.

In Section 6.3.2, a reviewer suggested that it makes more sense to measure a sample’s

contribution to generalization in terms of the class to which it belongs. In Fig. A.2 we

present similar results to those presented in Fig. 6.2 and 6.3. The difference is that for

these results the location of a given sample on the vertical axis (as defined by g(s) in

Eq. 6.2) is calculated on a per-class basis. Meaning, we only calculate the correlations

with samples in the evaluation set that are labeled with the same class as the current

training sample. As expected, we observe higher maximum correlations overall. Other

than that our findings remain the same.

For further clarity we also present these results for classes 0, 5, and 9, separately in

Fig. A.3. Consequently, these plots contain approximately 6 000 samples each instead of

the full 60 000. The refitting phenomenon is very evident for label corruption in these

results.
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Figure A.2: Sample priority on a per-class basis. In order: Unaltered MNIST training
samples, MNIST samples with 50% structured input corruption, MNIST samples with
50% Gaussian input corruption, and MNIST samples with 50% label corruption. Note
that the alternative colormap for corrupted samples is just for visual distinction.
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Figure A.3: Sample priority on a per-class basis for three classes separately: 0 (left), 5
(center), and 9 (right). From top to bottom: Unaltered MNIST training samples, MNIST
samples with 50% structured input corruption, MNIST samples with 50% Gaussian input
corruption, and MNIST samples with 50% label corruption. Note that the alternative
colormap for corrupted samples is just for visual distinction.
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Appendix B

Additional derivation

In this chapter we provide mathematical derivations of some statements made during the

main body of text.

B.1 Differentiating loss functions

B.1.1 Mean Squared Error (MSE)

In accordance with Eq. 3.3 the per-sample loss value at output units ŷ ∈ RK w.r.t one-hot

encoded target values y ∈ RK is:

L(ŷ,y) =
∑
c∈K

(
ŷ[c]− y[c]

)2
. (B.1)

The partial derivative of the loss w.r.t output unit j is then defined by:
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∂L

∂ŷj
= 2
(
ŷj − yj

)
. (B.2)

It is clear from this short description that the derivative of an MSE loss function w.r.t the

output units is proportional to the difference between output values and target values.

B.1.2 Cross Entropy (CE)

In accordance with Eq. 3.4 the per-sample loss value at output units ŷ ∈ RK w.r.t a

target value y ∈ [1, K] is:

L(ŷ, y) = − log
( eŷ[y]∑

c∈K e
ŷ[c]

)
, (B.3)

which can be rewritten as:

L(ŷ, y) = −ŷ[y] + log
(∑
c∈K

eŷ[c]
)
. (B.4)

The partial derivative of the loss i.t.o output unit j is then defined by:

∂L

∂ŷj
=

−1 + eŷ[j]∑
c∈K eŷ[c]

if j = y

eŷ[j]∑
c∈K eŷ[c]

else.

(B.5)

From this we see that the derivative of L, w.r.t each output unit that is not at an index

equal to the target value, is the predicted probability of that class, while the the derivative

w.r.t the “correct” output unit is the predicted probability minus 1. Minimizing this loss

function will result in a probability distribution over output units that resembles a one-hot

encoding of the target value. This means that the derivative of CE w.r.t the output units

is also proportional to the difference between output values and target values, although

the target value is implicitly one-hot encoded and the output values are automatically

normalized after a softmax has been applied.
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Appendix C

Detailed experimental setups

In this chapter we provide more details regarding the experimental setups used throughout

the thesis.

C.1 Terminology

The term depth refers to the number of hidden layers included in the MLP. The term

width refers to the number of nodes per hidden layer. Unless stated otherwise, assume

that there are an equal number of nodes for every hidden layer of a particular model.

When presenting a learning rate in the form lr ∗ (γ/e), lr refers to the initial learning

rate, γ is the decay constant, and e is the step size (in epochs) for learning rate decay. An

epoch is one cycle through all the available training data. An iteration is one parameter

update. Usually the number of iterations per epoch can be calculated by dividing the train

set size by the batch size, and rounding down. When we define the data splits we use

the following notation: train set size/validation set size/evaluation set size. For weight

initialization we are referring to the He initialization scheme [92].
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C.2 Datasets

The classification datasets that are used for empirical investigations are MNIST [89],

FMNIST [90], and KMNIST [119], and CIFAR10 [105]. The first three are drop-in re-

placements for each other but have varying levels of difficulty.

C.2.1 MNIST

This dataset consists of 60 000 training samples and 10 000 test samples. Each sample

has 28 × 28 input features and a class indicator (between zero and nine). The input

features correspond to a grayscale image of a handwritten digit between zero and nine

corresponding to the class indicator. Before feeding the input features into an MLP they

are flattened to produce a vector of 784 features ranging from 0 to 1. Fig. C.1 shows the

distribution of class membership. Notice that there is only the slightest class imbalance.

The expected level of generalization for a well optimized simple MLP architecture trained

on this dataset, without data augmentation, is a test error of approximately 0.016 [120].

Seeing as a simple linear classifier can achieve a test error of 0.12 [89], a large portion of

this dataset is thought to be linearly separable.

Figure C.1: MNIST class membership count.
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C.2.2 FMNIST

This dataset has the same number of samples, input features, and classes as MNIST.

It was created as a more difficult alternative to MNIST. The input features correspond

to a grayscale image of one of ten types of accoutrement corresponding to the class

indicator. These input features are also flattened before feeding it to the MLP. Fig. C.2

shows the distribution of class membership. Notice that there is no class imbalance. The

expected level of generalization for a well optimized simple MLP architecture trained on

this dataset, without data augmentation, is a test error of approximately 0.1 [91].

Figure C.2: FMNIST class membership count.

C.2.3 KMNIST

This dataset is, yet another, more difficult alternative to MNIST. The input features

correspond to a grayscale image of one of ten hand written Japanese characters corre-

sponding to the class indicator. These input features are also flattened before feeding it

to the MLP. Fig. C.3 shows the distribution of class membership. Notice that there is no

class imbalance. This is a less popular and newer dataset than the other three. Conse-

quently, we were unable to find a credible expected generalization error for MLP models

trained on this dataset. However, from our own experiments we note that performance

tends to be similar to that of FMNIST.
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Figure C.3: KMNIST class membership count.

C.2.4 CIFAR10

This dataset consists of 50 000 training samples and 10 000 test samples. Each sample

has 3× 32× 32 input features and a class indicator. The input features correspond to a

color image of a number of real-world objects corresponding to the class indicator. Before

feeding the input features into an MLP they are flattened to produce a vector of 3 072 fea-

tures. Fig. C.4 shows the distribution of class membership. There are no class imbalances.

The expected level of generalization for a well optimized simple MLP architecture trained

on this dataset, without data augmentation, is a test error of approximately 0.45 [91].

Figure C.4: CIFAR10 class membership count.
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C.3 Regularities in subunit behavior

The models in Fig. 4.1 were optimized with a small grid search over learning rates and had

the common hyperparameters presented in Table C.1. For every architecture we trained

three random initializations with three learning rates (0.00055, 0.0007, and 0.00085) for

100 epochs with early stopping on the validation error. If the best validation error was

found within the last 30% of the total epochs, 30% more epochs were added to the training

process. This was repeated until the best validation error was found before the last 30%

of the total epochs. From the resulting 9 models (3 initialization and 3 learning rates) we

selected the one that had the best evaluation set performance.

Table C.1: Hyperparameters for Fig. 4.1

data splits loss f optim learn r batch size
MNIST or FMNIST 55k/5k/10k MSE Adam(0.9/0.999) optimized 64

The model in Fig. 4.2 was trained for 400 epochs with the hyperparameters presented in

Table C.2. Early stopping on the validation error was used which resulted in a final train

error of 0.00122, a validation error of 0.016, and an evaluation error of 0.0197.

Table C.2: Hyperparameters for Fig. 4.2

data splits loss f optim learn r batch size
MNIST 55k/5k/10k MSE Adam(0.9/0.999) 0.001 64

The model in Fig. 4.9 was optimized with a small grid search over learning rates with the

hyperparameters presented in Table C.3. We trained three random initializations with

three learning rates (0.01, 0.001, and 0.0001) for 300 epochs with early stopping on the

validation error. The learning rate was decayed with a constant of 0.99 every epoch. We

selected the model that performed the best on the evaluation set.

Table C.3: Hyperparameters for Fig. 4.9

data splits loss f optim learn r batch size
FMNIST 55k/5k/10k CE Adam(0.9/0.999) optimized 64
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C.4 Overparameterization and noise

All models in Fig. 5.1 were trained with the common hyperparameters presented in Table

C.4. We trained three random initializations of each model for 1 500 epochs or up to

the point of interpolation (train error of 0.0), whichever occurred first. 293 out of the

297 models (3 initializations, 3 datasets, 3 data corruptions, and 11 levels of corruption)

attained a training error of 0.0. The four exceptions all had a training error lower than

0.00005. The generalization errors are measured on the evaluation set.

Table C.4: Hyperparameters for Fig. 5.1

data splits loss f optim learn r batch size
MNIST, FMNIST, KMNIST 55k/5k/10k CE SGD 0.01*(0.99/10) 64

C.5 Sample priority and double descent

All models in Fig. 6.2 and 6.3 were trained, to interpolation, with the common hyperpa-

rameters presented in Table C.5. For the clean MNIST dataset (Fig. 6.2), five random

initializations of depths ranging from 1 to 3, and five widths (32, 64, 128, 256, 512) were

trained. This is 75 models in total. For the 50% corrupted datasets (Fig. 6.3) we added

larger models because some of the smaller architectures proved insufficient to efficiently

fit the entire training set.

For the MNIST with structured input corruption dataset we trained an identical spread of

architectures, to the clean MNIST dataset, except for the addition of 4× 32 and omission

of 1 × 32 architectures, respectively. For the MNIST with Gaussian input corruption

dataset we included five initializations of depths ranging from 1 to 4 with a width of

512, five initializations of depths ranging from 1 to 5 with widths of 256 and 128, three

initializations of a 3 × 64 architecture, two initializations of a 4 × 64 architecture, and

two initializations of a 5 × 64 architecture. This resulted in a total of 77 models. The

MNIST with label corruption dataset required even more representational capacity. In

this case we included five initializations of the following architectures: A width of 256 and

139



depths ranging from 2 to 5, widths of 512 and 1024 with depths ranging from 1 to 5, and

a 1× 2048 architecture. This resulted in a total of 75 models.

Table C.5: Hyperparameters for Fig. 6.2 and 6.3

data splits loss f optim learn r batch size
MNIST 60k/0k/10k CE SGD 0.01*(0.99/5) 64

In order to log the appropriate per-sample fitting dynamics, a measure was taken with

a logarithmically scaled sampler. This means that not every iteration is included in the

calculation of g(s) (see Eq. 6.2). The reason for this is our limited time, computational

power, and storage. We decided that the loss of resolution is worth the saving in time and

memory for two reasons. The first is that very little variation in parameter updates occur

at later iterations and lower resolution is acceptable. The second reason is that absolute

per-model resolution becomes less important if the metrics are averaged over 75 models,

which is the case for this experiment.

The model presented Fig. 6.7 is trained, to interpolation, with the hyperparameters pre-

sented in Table C.6 on MNIST data with 50% label corruption.

Table C.6: Hyperparameters for Fig. 6.7

data splits loss f optim learn r batch size
MNIST 60k/0k/10k CE SGD 0.2*(0.99/1) 512

All models in Fig. 6.8, 6.9, and 6.10 were trained, on MNIST data with 25% label cor-

ruption, with the common hyperparameters presented in Table C.7. For each of the eight

architectures a small grid search over three random initialization and three learning rates

(0.2, 0.1, or 0.05 with a decay constant of 0.99 every epoch) was conducted. The model

that obtained the best validation error at interpolation or 500 epochs (which ever occurred

first) was selected for investigation.

Table C.7: Hyperparameters for Fig. 6.10

data splits loss f optim learn r batch size
MNIST 55k/5k/10k CE SGD optimized 512

The models in Fig. 6.14 are trained with the common hyperparameters presented in
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Table C.8. Five random initialization were trained for 1 000 epochs. An average over

initializations is plotted with the standard error shown with the shaded error bars.

Table C.8: Hyperparameters for Fig. 6.14

data splits loss f optim learn r batch size
CIFAR10 50k/0k/10k CE SGD 0.01*(0.99/5) 64

The models in Fig. 6.15 are trained with the common hyperparameters presented in

Table C.9. Three random initialization were trained for 1 000 epochs. An average over

initializations is plotted with the standard error shown with the shaded error bars.

Table C.9: Hyperparameters for Fig. 6.15

data splits loss f optim learn r batch size
MNIST 55k/5k/10k CE SGD 0.01*(0.99/5) 64

The models in Fig. 6.16 are trained with 20% label corruption and the common hyper-

parameters presented in Table C.10. Five random initialization were trained for 1 000

epochs. An average over initializations is plotted with the standard error shown with the

shaded error bars.

Table C.10: Hyperparameters for Fig. 6.16

data splits loss f optim learn r batch size
FMNIST 55k/5k/10k CE SGD 0.01*(0.99/5) 64

C.6 Additional results

The models in Fig. A.1 are trained with the common hyperparameters presented in Table

C.11. Three random initialization of 3× 1024 architectures were trained to interpolation.
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Table C.11: Hyperparameters for Fig. A.1

data splits loss f optim learn r batch size
MNIST, FMNIST, KMNIST 60k/0k/10k CE SGD 0.2*(0.99/1) 512
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