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Abstract

We consider goodness-of-fit methods for multivariate symmetric and asymmetric sta-
ble Paretian random vectors in arbitrary dimension. The methods are based on the
empirical characteristic function and are implemented both in the i.i.d. context as well
as for innovations in GARCH models. Asymptotic properties of the proposed proce-
dures are discussed, while the finite-sample properties are illustrated by means of an
extensive Monte Carlo study. The procedures are also applied to real data from the
financial markets.

Keywords Empirical characteristic function - Goodness-of-fit - Heavy-tailed
distribution
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1 Introduction

Stable-Paretian (SP) distributions are extremely important from the theoretical point
of view as they are closed under convolution, and also they are the only possible limit
laws for normalized sums of i.i.d. random variables. In fact, this last feature makes
SP laws particularly appealing for financial applications since stock returns and other
financial assets often come in the form of sums of a large numbers of independent
terms. Moreover the empirical density of such assets is leptokurtic and in many cases
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skewed, thus making the family of SP laws particularly suited for related applications;
see for instance the celebrated stability hypothesis that goes back at least to Mandelbrot
(1963) and Fama (1965).

The above findings prompted further research on the stochastic properties and
inference of SP laws and on their application potential. The reader is referred to
Samorodnitsky and Taqqu (1994), Adler et al. (1998), Uchaikin and Zolotarev (1998),
Rachev and Mittnik (2000) and Nolan (2020) for an overview on the stochastic theory,
statistical inference and applications of SP laws.

In the aforementioned works, statistical inference and applications are mostly
restricted to univariate SP laws. The respective topics for SP random vectors are much
less explored. In this connection, certain distributional aspects of SP random vectors
are discussed in Press (1972b), while Press (1972a) defines moment-type estimators
of the parameters of a multivariate SP distribution utilizing the characteristic func-
tion (CF). Maximum-likelihood-based estimation is discussed by Ogata (2013), and
Nolan (2013), Bayesian methods in Tsionas (2016), Lombardi and Veredas (2009) use
indirect estimation methods, whereas Koutrouvelis (1980), Nolan (2013) and Sathe
and Upadhye (2020) consider CF-regression methods. As far as testing is concerned,
the only available formal method seems to be the CF-based goodness-of-fit test of
Meintanis et al. (2015).

In this article we propose CF-based goodness-of-fit procedures for SP random
vectors in the elliptically symmetric case. Moreover we also consider the asymmetric
case for which to the best of our knowledge goodness-of-fit have not been considered
before. The remainder of the article unfolds as follows. In Sect. 2 we introduce a general
goodness-of-fit test for elliptically symmetric SP laws. In Sect. 3 we particularize this
test in terms of computation. Section4 addresses the problem of estimation of the
SP parameters and the study of asymptotics of the proposed test, while in Sect.5 we
extend the test to a multivariate GARCH model with SP innovations. The results of an
extensive simulation study illustrating the finite-sample properties of the method are
presented in Sect. 6. In Sect. 7 the case of asymmetric SP law is considered, with known
as well as unknown characteristic exponent, by means of a different testing procedure
that avoids integration over a complicated CF and computation of the corresponding
density. The impact of high dimension on the test statistic is also discussed in this
section. Applications are given in Sect. 8, and we conclude in Sect. 9 with a discussion.
Some technical material is deferred to an online supplement along with additional
Monte Carlo results.

2 Goodness-of-fit tests

Let X be arandom vector in general dimension p > 1, with CF ¢(¢) = IE(e”TX ), t €
R?, i = /—1. Here we consider goodness-of-fit tests for the elliptically symmetric
SP law. In this connection we note that SP random vectors are parameterized by the
triplet («, 8, Q), where o € (0, 2] denotes the characteristic exponent, and § € R”
and Q € MP?, are location vector and dispersion matrix, respectively, with M?” being
the set of all symmetric positive definite (p x p) matrices. On the basis of i.i.d. copies
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(Xj, j=1,...,n) of X we wish to test the null hypothesis
Ho : X ~ S4(8, Q), for some (8, Q) € R? x M?, )

where we write X ~ Sy (8, Q) to denote that X follows a SP law with the indicated
parameters. For subsequent use we mention that if X ~ S, (8, @), then it admits the

stochastic representation
X =8+ A'2N, @

where A is a totally skewed to the right SP random variable with characteristic expo-
nent o/2 (¢ < 2) and N is a zero-mean Gaussian vector with covariance matrix Q,
independent of A; see Samorodnitsky and Taqqu (1994, §2.5).

Our test will make use of the fact that if X ~ Sy (8, @), then the CF of X is
given by ¢4 (t; 8, Q) = it "8=TQO? The cases @ = 2 and o = 1, respectively,
correspond to the most prominent members of the SP family, i.e. the Gaussian and
Cauchy distributions, while ¢, (f) = exp(—||¢]|*), will denote the CF of a spherical
SP law, i.e. an SP law with location § = 0 and dispersion matrix Q set equal to the
identity matrix.

As it is already implicit in (1) the parameters (3, Q) are considered unknown, and
hence they will be replaced by estimators (4, an) and the test procedure will be
applied on the standardized data

~—-1/2 < R
Y;=Q,°X; -8, j=1...n (3)

Specifically for a non-negative weight function w(-) we propose the test criterion
2
Tyw=n / |60 (8) = ¢y (O] w(t)dt, “
RP

where ¢, (¢) = nl Z’}:l exp(itTYj) is the empirical CF computed from (Y ;, j =
1,...,n). Here the characteristic exponent « is considered fixed at value ¢ = «y,
while the case of unknown o will be considered in Sect. 7.

3 Computational aspects
It is already transparent that the test statistic 7, ,, depends on the weight function

w(-), the choice of which we consider in this section. Specifically, from (4) we have
by simple algebra

1 n n
Tow =~ ';1 Ly(Yj —Yi) +ndy — 2Z;Kw(Yj>, ®)
J K= J=

@ Springer



520 S. G. Meintanis et al.

where
Iw(x)=/ cos(t ' x)w(t)dt, Jw=/ ba, (Ow(B)dE,
R R (6)
Ky(x) = / cos(t T x) ¢y, (Hw(t)dt.
RP

3.1 Using the CF of the Kotz-type distribution

We now discuss the computation of the test statistic figuring in (5). In doing so we
will make use of an appropriate weight function w(-) that facilitates explicit repre-
sentations of the integrals in (6). Specifically we choose w(#) = ([[¢]|?) e~ (111%™
as weight function, which for (r, s) = (1, «p/2) is proportional to the density of the
spherical Kotz-type distribution c¢(|lx2)”e"(¥I° with ¢ a normalizing constant;
see Nadarajah (2003). With this weight function the integrals in (6) may be derived as
special cases of the integral

v 5
L.y (x5 5) =/ cos(t | x) <||t||2) eI r 50 v=0.1,.... (7)
R?

with the cases of interest being 0 < s(= «p/2) < 1. In turn this integral can be
computed by making use of the CF of the Kotz-type distribution in a form of an
absolutely convergent series of the type (see Streit, 1991; Iyengar and Tong, 1989;
Kotz and Ostrovskii, 1994) I, ,(x; s) = Z}fio wk(||x||2), which for selected values
of s reduces to a finite sum. For more details we refer to Section S1 of the online
supplement.

Given I, ,(+; -), the test statistic figuring in (5) may be written as

1< @ o . )
Thw= ; Z I, (Yj - Yy 7) +nly 42 (0’ 7) - ZZIV,H—I (Yj§ 7) .
j.k=1 j=1
®)
3.2 Using the inversion theorem
In this section we will use the inversion theorem for CFs in order to compute the

integrals defined by (6). Specifically for an absolutely integrable CF ¢(#), the inversion
theorem renders the density f(-) corresponding to ¢(-) as

fx) =

—itTx
@np /RP e p(t)dt. )

In this connection, we start from the expression of the test statistic in (5), and adopt
the weight function w(t) = e¢~"ItI°, This choice amounts to taking v = 0 in the
Kotz-type density, which is the same as if we incorporate the CF ¢y, (-) of the SP law
under test in the weight function.
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With this weight function, the statistic figuring in (5), say T, ., becomes

1 n n
Tor =~ 'kzl Ar(Yj = Y5 o) + nh,12(0; ag) — 2_ZIAr+1<Y jie0),  (10)
J.k= J=

where by making use of the inversion theorem in (9),

Ar(x; ag) :/R cos(t x)e " ar = (27217 o (il) ’ (1n
P r

r oo o)

with f(-) being the density of the spherical SP law with CF ¢, (-).

4 On estimation of parameters and limit properties of the test
4.1 Estimation of parameters

The parameters § and Q in (1) are assumed unknown and need to be estimated. See-
ing that reliable procedures for calculation of stable densities are available, we use
maximum likelihood estimation. To avoid searching over the space of positive definite

. . ~ ~ ~ =T
matrices, we use the estimators 8, and Q, = L,L,, given by

n
(80, L) = argmax log | Idet LI [ fuo (L’I(Xj—é)) L2

§eRP,Lell? j=1

where L” denotes the space of lower triangular p x p matrices, and, as before, f,(-)
denotes the density of a p-dimensional stable distribution with CF ¢, (-). Initial values
for the optimization procedure are obtained using projection estimators of § and Q as
outlined in Nolan (2013, Section 2.3).

4.2 Limit null distribution and consistency

We present here the main elements involved in the limit behavior of the test statistic
T, In this connection and despite the fact that, as already emphasized, it is com-
putationally convenient to use a weight function that is proportional to the density
of a spherical Kotz-type distribution, our limit results apply under a general weight
function satisfying certain assumptions and, under given regularity conditions, with
arbitrary estimators of the distributional parameters.

Specifically, we assume that the weight function satisfies w(¢) > O (apart from a
set of measure zero), w(¢f) = w(—t) and pr w(t)dt < oo.
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We also suppose that the estimators figuring in the standardization defined by (3)
admit the Bahadur-type asymptotic representations

1 n
ﬁ@n —8) = ﬁ E £5(X ;) + op(1)
Jj=1

and

1

ﬂzeqorj) +op(1),

j=1

\/;l (an - QO) =

where (80, Qo) denote true values, with X; ~ Sy, (80, Qo) and (£5(X1), Lo(X1))

satisfying IE (€5, £g) = (0,0) and E | £ + £ < oo.
Then we may write from (4)

l n
Ty = / E2Ow(t)dt, Ey6)=—=3 (costTYj +sintTY; — ¢a0(t)) .
RP ﬁj:]

P ..
It also follows that || E,, — Ep.0 ||2 — 0, where the approximating process &, o(-)
admits the i.i.d. representation

] n
Eno(t) = —= Y Li;o(X)),
Vi

upon which the central limit theorem applies, and which together with a subsequent
application of the continuous mapping theorem entails

D -
Tpow —> /Rp g3 w(t)dt == T,,

where Eg(-) is a zero-mean Gaussian process with covariance kernel, say, K (s, t).
In turn the law of T, is that of Zf’;l )»j./\/jz, where (N;, j > 1) are i.i.d. standard
normal random variables. The covariance kernel K (-, -) of the limit process E¢(-)
enters the distribution of T, via the eigenvalues A1 < Ay < --. and corresponding
eigenfunctions f1, f>, ..., through the integral equation

Af(s) = / K(t,s) fOw)dt.
RP

In this connection the maximum likelihood estimators defined by (12) satisfy certain
equivariance/invariance properties (refer to Section S2 of the online supplement), and
as a consequence the resulting test statistic is affine invariant. In this case we may set
(80, Qo) equal to the zero vector and identity matrix, respectively, thus rendering the
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limit null distribution free of true parameter values; see Ebner and Henze (2020) and
Meintanis et al. (2015).

Moreover the standing assumptions imply the strong consistency of the new test
under fixed alternatives.

Proposition 4.1 Suppose that under the given law of X the estimators of the parameters
8 and Q satisfy, (8,, Qn) — (8x, Qx) € R? x M?, a.s. asn — 00. Then we have

Tn,w
—
n RP

) B 2
0 (Qx'1) U v o wde =T, (13)

a.s.asn — OQ.

Proof Recall from (4) that

an
’ =/Rp|¢n(t)—¢a0(t)|2w(t)dt- (14)

n

Now the strong uniform consistency of the empirical CF in bounded intervals (see
Csorgd,1981) entails

TA-1/2 _
Yn(t) — eiltTQX BXQO (Qxl/zt) s

a.s. as n — oo. Consequently, since |¢,(t) — <;50,0(t)|2 < 4, an application of
Lebesgue’s theorem of dominated convergence on (14) yields (13). m|

Since w > 0, 7y, is positive unless
_12 TA—1/2
¢ (QX / t) =t U 8X¢ao(t)s

identically in ¢, which is equivalent to ¢(f) = ¢q,(f;8x,Qx), t € R?, ie.
7w > 0 unless the CF of X coincides with the CF of a SP law with ¢« = «g and
(8, Q) = (8x, Qx), and thus by the uniqueness of CFs, the test which rejects the null
hypothesis Hy in (1) for large values of 7}, ,, is consistent against each fixed alternative
distribution.

The above limit results have been developed in a series of papers, both in the current
setting as well as in related settings, and with varying conditions on the weight function
and the family of distributions under test; see for instance Henze and Wagner (1997),
Gupta et al. (2004), Meintanis et al. (2015), Hadjicosta and Richards (2020a), and
Ebner and Henze (2020). In this regard, the solution of the above integral equation, and
thus the approximation of the limit null distribution of 7}, ,,, is extremely complicated,
and in fact constitutes a research problem in itself. This line of research has been
followed by a few authors. We refer to Matsui and Takemura (2008), Hadjicosta and
Richards (2020b), Meintanis et al. (2023) and Ebner and Henze (2023). In these works,
the infinite sum distribution of T;, is approximated by a corresponding finite sum
employing numerically computed eigenvalues and then large-sample critical points for
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T, are found by Monte Carlo. It should be noted that such approximation is specific
in several problem-parameters: the distribution under test, the type of estimators of
the distributional parameters, and the weight function employed, and thus have to be
performed on a case-to-case basis. A different more heuristic approach is moment-
matching between the first few moments of Ty, (computed numerically) and a known
distribution, like the gamma distribution or one from a Pearson family of distributions;
see Henze (1990, 1997) and Pfister et al. (2018), while yet another, Satterthwaite-type,
approximation is studied by Lindsay et al. (2008).

The validity and usefulness of the above approximation methods notwithstanding,
we hereby favor Monte Carlo simulation and bootstrap resampling for the computation
of critical points and for test implementation, not only because these are large-sample
approximations performed mostly in the univariate setting and thus inappropriate for
small sample size n and/or dimension p > 1, but more importantly because, in the
case of GARCH-type observations considered in the next section, the finite-sample
counterpart of this distribution may even involve true parameter values; see for instance
Henze et al. (2019).

5 The case of the stable-GARCH model

Assume that observations (X;, j = 1,...,n) arise from a multivariate GARCH
model defined by
1/2 .
Xj:Qj/ ej, j=1,...,n, (15)
where (¢, j =1, ..., n)is asequence of i.i.d. p-dimensional random variables with

mean zero and identity dispersion matrix, and Q; := Q(X;|I;_), withI; denoting the
information available at time j, is a symmetric positive definite matrix of dimension
(p x p). We wish to test the null hypothesis stated in (1) for the innovations € ; figuring
in model (15). Note that in view of (2), Q; may be interpreted as the conditional
covariance matrix of the corresponding latent Gaussian vector N.

As GARCH model we adopt the constant conditional correlation (CCC) specifica-
tion (see, for instance, Silvennoinen and Terdsvirta, 2009)

Q]("’ va Kq) = DjRDjs

T Ky kq
2
q; = (6112,]-,---,6],2,,]) = IL+ZAkX§-_)k +ZBk‘Ij—ka
k=1 k=1

(16)

where XE.Z) = (Xlz’j, e, XI%’].)T, D; = diag(q1,j,...,qp,j), misan (p x 1) vector
of positive elements, R is a correlation matrix, and Ay and By are (p x p) matrices
with nonnegative elements. Note that the vector ¥ which incorporates all parameters
figuring in (16) is of dimension p + p?(k, + kq) + (p(p —1)/2).

Now let Tj,,(x,,(q = (X]T_l,.

sion p x (kx+k4) associated with model (15, 16). Since the innovations are unobserved,

et
T T T .
..,Xj_KX,qj_l,...,qj_K) be a vector of dimen-
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any test should be applied on the corresponding residuals,
~ =12 A ;
§=Q;"2@nx;. j=1....n (17)

where 5,, isa consistent estimator of # thatuses Y j ., «, as input data. We also employ
initial values in order to start the estimation process. As an estimator of # we use the
equation-by-equation (EbE) estimators proposed by Francq and Zakoian (2016). The
reader is referred to Section S3 of the online supplement for more details on the EbE
estimator.

6 Numerical study

We now turn to a simulation study to demonstrate the performance of the new tests
under various alternatives, specifically:

(i) elliptically symmetric SP distributions, denoted by Sg;

(i) Student z-distributions with v degrees of freedom, denoted by #,;
(iii) skew normal distributions with skewness parameter v, denoted by SN,,;
(iv) skew Cauchy distributions with skewness parameter v, denoted by SC,;

The cases p = 4, 6 are considered for the dimension of the distribution. Throughout,
we choose § = 0and Q = I, where I, denotes the p x p identity matrix. Recall in this
connection that our method requires the computation of the density of a spherical SP
law. Details on this computation are included in Section S4 of the online supplement.

6.1 Monte Carlo results for i.i.d. data

We focus on our test criterion in (10) that employs ¢, (-) in the weight function,
say T for simplicity, and we consider several values of the tuning parameter r > 0.
Corresponding results for the test in (8) that employs the Kotz-type weight function
are included in Tables S8 and S9 of the online supplement.

For comparison, we include results obtained when using the test of Meintanis et al.
(2015) using the Gaussian weight function exp(—||¢]|?). The test, denoted by M, in
the tables, depends on a tuning parameter denoted by a for which we consider the
choices a = 4,6,10 and a = 15. As pointed out by the authors, the number of
operations required to compute their test statistic is in the order of n?? (for integer-
valued a) and becomes time-consuming for larger values of n and a. We therefore use
the Monte Carlo approach suggested by the authors to approximate the value of the
test statistic (using 1 000 replications for each approximation); see p. 180 of Meintanis
etal. (2015). When testing for multivariate normality (i.e. Hp witho = 2), we consider
the test of Henze et al. (2019), denoted by HIM in the tables, with weight function
exp(—1.5]¢|?), which yielded good results in the original paper.

The rejection percentages of the tests are shown in Tables 1, 2, 3, and 4. All simula-
tions results are based on 1000 independent Monte Carlo iterations and a significance
level of 10% is used throughout.
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Table 1 Percentage of rejection of H( with o = 2 against stable alternatives

p n Hi T i) Ts Tio My Me My M;s  HIM

4 50 S 417 525 599 60.9 123 158 151 134 626
Sig 681 766 829 82.8 200 242 277 261 840

Si7 879 921 930 93.2 37.1 438 443 416 946

100 S;9 601 687 767 78.4 139 170 186 170 814
Sig 887 923 946 95.1 251 357 372 346 967

Si7 984 991 993 99.6 569 673 660 614 997

6 50 Sio 369 494 615 63.7 9.4 135 9.1 105 669
Sig 746 838 887 90.0 148 167 151 131 923

Si7 908 954 972 97.4 248 274 199 164 970

100 S19 644 757 829 86.0 101 121 116 121  90.6
Sig 928 969  98.8 99.4 174 239 168 136  99.6

Si7 997 999 1000 100.0 368 430 323 225 999

Tests done at the 10% significance level. Additional cases are shown Table S1 of the online supplement

Table 2 Percentage of rejection of H( with o = 2 against skew normal alternatives

p n Hi T ) Ts Tio My Mg My  M;s  HM

4 50  SNys 290 320 306 295 129 121 135 96 16.3
SNjo 202 220 241 233 115 119 118 92 144
SNos 119 136 150 141 78 7.1 102 121 126

100 SN;s 461 570 604 592 155 147 124 134 257
SNio 296 370 410 419 142 115 137 125 204
SNos 128 148 185 179 101 83 104 107 140

50  SN;s 185 218 207 198 114 98 79 119 127
SNio 132 182 197 190 103 78 96 101 137
SNos 89 96 99 11 105 99 91 120 10.1

100 SNys 274 322 372 372 136 120 78 9.8 16.3
SNio 162 211 226 233 121 102 112 102 109
SNos 130 140 134 143 97 93 105 123 105

Tests done at the 10% significance level. Also see Table S3 of the online supplement

We first consider the case where we test Hog with « = 2, i.e. when testing for
departures from multivariate normality. Table 1 shows that, when heavier-tailed sym-
metric Paretian alternatives are considered, the newly proposed tests based on 7, are
more powerful than the existing tests M, of Meintanis et al. (2015), and have power
slightly lower but comparable to the test HIM of Henze et al. (2019). In light of the
above-mentioned computational complexity of the existing tests, this gain in power
makes the new tests attractive for implementation in practice. Moreover, the favorable
power is visible for all the considered choices of the tuning parameter r, the choice of
which, as opposed to a in M, has no significant impact on computational complex-
ity. Finally, as is expected, the power of the new tests increase as the sample size is
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Table 3 Percentage of rejection of H( with & = 1.8 against stable alternatives

p n Hy T ) Ts Tio My Me Mo Mis
4 50 S0 9.1 3.1 0.1 0.0 123 122 12.1 12,5
S19 9.1 6.0 2.0 1.8 100 93 11.1 83

S17 132 188 312 324 12.7 11.8 115 9.4
Sis 332 547 790 788 300 264 16.7 12.7
100 Sy 126 53 1.0 30.3 16.6 15.8 15.8 12.0
Si9 9.9 58 14 3.0 11.1 102 114 115
Si7 176 23.1 366 40.0 13.7 13.7 124 117
Sis 582 766 918  93.6 485 470 334 21.6
6 50 S20 82 32 0.0 0.0 9.9 8.7 8.7 10.5
Si9 8.9 55 13 0.8 9.0 10.5 13.1 10.1
S17 160 221 358 360 10.2 10.2 10.7 11.8
Sis 40 622 822 842 16.0 142 116 10.0

100 Sa0 12.1 5.0 0.2 499 12.1 10.8 11.0 133
Sio 9.4 56 0.9 3.9 107 99 9.3 9.3
Si7 202 277 419 462 113 104 7.7 10.0

S15 68.1 82.6 95.6 97.0 26.2 16.4 12.0 10.2

Tests done at the 10% significance level. Also see Table S4 of the online supplement

Table 4 Percentage of rejection of H( with @ = 1 against stable alternatives

P n H i i) Ts Tio My Mg Mio Mis
4 50 S15 48.8 48.5 77.7 92.0 88.2 77.2 50.8 26.9
S1.2 17.6 13.6 15.6 26.3 31.2 229 16.9 13.3
So.s 250 367 5715 619 18.0 13.4 127 9.5
100 Sis 84.6 94.6 99.8 100.0 98.8 96.2 71.7 38.2
S1.2 26.2 26.9 46.6 60.5 49.1 36.7 20.6 12.9
S0.8 50.8 67.0 77.8 80.8 40.0 25.9 12.1 10.8
6 50 S1s 41.8 322 18.6 11.2 22.6 14.8 14.6 10.0
S1.2 17.8 17.4 13.1 10.2 12.2 12.8 10.8 8.6
S0.8 33.2 16.5 10.9 16.8 18.0 13.4 8.6 12.1
100 S15 96.2 98.9 96.9 99.7 52.4 19.0 13.6 14.2
Si2 34.6 40.7 19.8 52.3 18.0 11.9 9.4 8.5
50.8 67.6 72.1 59.5 69.6 304 14.4 9.4 10.4

Tests done at the 10% significance level. Also see Table S5 of the supplement

increased. Similar conclusions can also be made in the case of elliptically symmetric
t alternatives (see Table S2 of the online supplement).

Considering skew normal alternatives, even more favorable behavior can be
observed in the results shown in Table 2. Notice that the tests M, and HIM seem
to have very low power against skew normal alternatives, which is not the case with
the newly proposed tests.
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We now shift our attention to the case of testing Ho with @ = 1.8. Table 3 shows
that, compared to the existing tests, the new tests are quite powerful against heavier-
tailed alternatives, i.e. alternatives with stability index less than 1.8. Despite the evident
dependence of the performance of the new tests on the tuning parameter r, we note
that the power is very competitive to the existing tests in most cases, and significantly
outperforms the existing tests for most choices of r. For lighter-tailed alternative
distributions, the new tests exhibit some under-rejection for certain choices of r.
Nevertheless, the problem seems to disappear as the sample size is increased.

Another advantageous feature of tests based on 7, is that the high power is also
visible in the higher-dimensional setting where p = 6. In fact, in this case the power
of the tests seem to increase as the dimension is increased from p = 4to p = 6.In
contrast, the tests M, exhibit a clear decrease in power as the dimension p is increased.

We finally consider testing Ho with @ = 1, i.e. when testing for departures from
multivariate Cauchy. Overall, in agreement with previous observations, Table 4 shows
that the new tests seem to be competitive in terms of power, with the existing tests
having some advantage when the true data-generating distribution has a stability index
greater than 1. However, this advantage in power disappears when considering the
higher-dimensional case p = 6. Similar behavior can be seen in the case of # and skew
Cauchy alternatives (see Tables S6 and S7 in the supplement).

6.2 Monte Carlo results for GARCH data

We consider a CCC-GARCH(1, 1) model as defined in (16) with ky = k; = 1. As
parameters, we take A; = 0.2I,, By = 0.3I,, and correlation matrix R with all
off-diagonal entries set to 0.5.

To test whether the innovations € ; were generated by an elliptically symmetric SP
law, we use the statistic in (10) applied to the residuals €; defined in (17). Denote the
value of the test statistic by T, := T, (€1, ...,&,).

We use the following bootstrap scheme to determine critical values:

1. Independently generate innovations &7, ..., €} from the SP law Sy (0, 1,,).
2. Construct a bootstrap sample X7, ..., X} using the recursive relation X7 =

Q'%e*, j=1,...,n, with Q; as defined in (17).

i cP
3. Based on the sample X7, ..., X}, fit the CCC-GARCH model in (16) to obtain

n’

estimates (3;‘, j =1,...,n,andrecover the bootstrap residuals Ej = (67)_1/ 2x j,
j=1,...,n

4. A bootstrap version of the statistic is given by 7, = T, (¢7, ..., €}).

Steps 14 are repeated many times, say B, to obtain realizations 7,*(1), ..., T,(B) of

the bootstrap statistic. The null hypothesis is rejected at significance level £ whenever
T, exceeds the (1—&)-level empirical quantile of the bootstrap realizations {7,* (b)} le .
In the Monte Carlo simulations that follow, instead of drawing B bootstrap samples,
we employ the warp speed method of Giacomini et al. (2013) which involves drawing
only one bootstrap sample for each Monte Carlo iteration.

Table 5 (power against symmetric SP laws) exhibits similar favorable power prop-
erties of the newly proposed test as was observed in the i.i.d. case. Notice that the tests
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Table 5 Percentage of rejection of H with « = 2 against stable alternatives in the CCC-GARCH(1, 1)
case

p n Hy T I Ts Tio My Ms Mo Mis HIM

4 100 Sp9 95 9.4 8.5 7.9 9.6 8.7 100 93 10.2
Sio 338 293 192 112 132 156 189 176 739
Sig 697 629 370 170 285 367 324 325 960
Si7 920 859 528 218 539 618 585 522 999
150  S»o 8.8 74 7.3 7.6 131 113 112 113 125
Sio 477 424 276 148 156 200 205 183  89.0
Sig 855 823 592 303 370 453 446 391 986
Si7 993 972 801 490 743 784 797 751  100.0
6 100 S0 106 9.1 8.9 7.9 103 113 85 9.9 8.1
Si9 408 354 244 144 113 126 129 102 810
Sig 763 698 418 222 181 226 157 149 958
Si7 923 8.1 596 271 365 374 316 233 991
150 S0 108 9.8 7.7 73 9.2 7.4 103 101 100
Sio 543 489 349 218 136 136 111 112  93.1
Sig 888 837 606 325 204 217 186 178 992
Si7 991 975 791 506 512 544 418 326 1000

Also see Table S10 of the online supplement

all have empirical size close to the nominal level of 10% when using critical values
obtained by means of the bootstrap scheme given above. Also see Tables S13 and S14
of the online supplement.

Table S12 (power against skew normal alternatives) shows that the new tests are
especially competitive in terms of power when the true innovation distribution is not
elliptically symmetric. Finally we mention that although the tests of Meintanis et al.
(2015) are competitive when the innovations have an elliptically symmetric Student
t-distribution (see Table S11), the slight advantage in power disappears rapidly as the
dimension p increases.

7 Testing asymmetric SP laws

We now shift our focus to the more general case of testing whether multivariate obser-
vations from X originate from a SP law, which need not necessarily be elliptically
symmetric. In this connection note that the general multivariate SP law depends on a
location vector § € R” and a spectral measure I'(-) on the unit sphere S”. Accordingly

we wish to test the null hypothesis

ﬁo X~ ga (8,T), for some & € R? and some spectral measure I" on S?,
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where we write X ~ ga (6,T), when X follov~vs a skew SP law with the indicated
parameters. We will be conside:{ing the case of H for fixed @ = « as well as the case
of testing the null hypothesis H( with an unspecified «.

In this connection note that if X ~ g’a (8, T), then the CF of X is given by

0(f) = 9o (t: 8, T) := exp (—/ Ve (th) r(ds) +i th) . teRP, (18)
Sp
with

|u|* (1 — i sign(u) tan (%na)) , fora #1,

Y= {|u| (1+i% sign@loglul),  fora =1.

See, e.g., Nolan et al. (2001). _

In testing the null hypothesis Hg, we consider an entirely different idea for the test
statistic first put forward by Chen et al. (2022). Specifically, we consider a test statistic
formulated as a two-sample test between the original data X, = (X . Jj=1...,n)
E}le artificial data Xp, = (Xoj, j = 1,..., n) generated under the null hypothesis
‘Ho. More precisely, we propose the test criterion

Tpw = Tnw(Xy; Xow) =n / |0n () — o (1)1> w(t)dt, (19)

teRrP

where ¢, (t) = n~! Z;le it Xj is the empirical CF of the data at hand, while
@on(t) = n~! Z;': 1 eit Xoj is the empirical SF computed from the artificial data
set Xp, generated under the null hypothesis Hp with I and & estimated from the

original observations &;,.
By straightforward computations, we obtain

n

T (Xos Xo) = % > (o (X5 = Xi) + L (Xo; = Xox) = 20 (X, = Xox) ).

j k=1

: 0)
where [, (x) = fR,, cos(¢ T x)w(t)dt, as defined in (6). Clearly then the numerical
approaches of Sect.3 are no longer required and the simplicity of this test lies in
the fact that in (20) only the computation of I,,(-) is needed. Specifically the need
for tailor-made weight functions such as those employed in Sect. 3 is circumvented.
Furthermore we no longer need to compute the density of the underlying SP law as in
(11). In this connection, suppose that the weight function w(x) figuring in 7, (x) above
is chosen as the density of any spherical distribution in R”. Then the integral I, (x)
gives the CF corresponding to this spherical distribution at the point x. Furthermore
it is well known that this CF may be written as W(||x||?), where W(-) is called the
“kernel” of the specific family of spherical distributions. Thus the test statistic figuring
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in (20) may be written as

~ 1 &
T (X; Xow) = — (w(x—x 2)
n,\IJ( n on) njél I Jj kll

+w (1Xo; — Xocl?) =2 (1X; = Xoel?) ). 21y

where the kernel W (-) can be chosen by the practitioner so that the resulting expression
in (21) is as simple as possible. In this connection, as already clear from the preceding
paragraphs, a simple kernel is the kernel of the spherical SP family of distributions
with U(£) = e "€ 1 > 0, a € (0,2].

Implementation of the test however relies on estimation of the spectral measure
I'(-) appearing in (18). Motivated by a result of Byczkowski et al. (1993, Theorem 1),
we assume that I'(-) can be approximated by the discrete spectral measure () =
Zle vils, (-), with weights y; corresponding to mass points s, € SP, k=1,..., K,
and Iy, (-) being the indicator index. So in order to apply the test, we use the stochastic
representation of Xo ~ Sg, (8, F) as

1 .
PR YK 7 Asi ifag # 1, -
§+ 0 e (Ar + %log(yk)) s ifag =1,
where (Ag, k =1, ..., K) arei.i.d. (univariate) SP variates following a totally skewed

to the right SP law with @ = «. In turn this representation is used in order to generate
observations (X¢;, j =1,...,n) under the p\ull hypothesis Hg with § and (yx, k =
1,..., K) replaced by appropriate estimates § and Tk, k=1,..., K), respectively.
The estimates § and (7, k = 1, ..., K) are obtained as shown in Nolan et al. (2001)
and outlined in Section S5 of the online supplement.

7.1 Monte Carlo results

We now turn to a simulation study to demonstrate the performance of the test based on
(20), say Ty for simplicity, in the bivariate case. We specifically consider the following
alternative distributions:

(i) the asymmetric SP law §a (8, I') with CF defined in (18), where we take § = 0
and I'(:) = Z,le Vilg, (), with L =5, (y1, ..., 1) = (0.1,0.3,0.1,0.4,0.1)
and

T
Sp = |:c0s (zn(k_l)),sin<2n(k_l)>i| s k=1,...,L; (23)
L L

(ii) spherically symmetric SP distributions, denoted by S,.

The statistic in ﬁ;,(Xn; Xon) in (21) is subject to randomness introduced by the
artificial data X,. To address this randomness in practical implementation, we follow
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Table 6 Percentage of rejection of ﬁo with @ = 1.5 against bivariate stable alternatives

n Hy Skew SP distributions Symmetric SP distributions
f0.0l TO.OS TOJ fO.S f0.0l TO.OS TO.I TO.S
100 S0 59.0 73.7 71.8 59.6 73.6 68.1 56.2 50.0
817 13.4 17.8 19.4 17.2 18.7 18.5 16.8 14.6
Sis 133 9.8 8.9 7.4 8.5 8.4 8.3 7.9
Sia 20.6 16.5 15.2 13.9 13.8 11.2 114 12.0
813 375 30.3 278 287 243 21.1 241 267
150 S0 81.2 91.7 90.5 78.6 91.2 84.5 73.2 70.8
817 17.3 222 24.4 19.3 243 233 22.6 18.0
51_5 8.6 6.3 6.6 6.2 8.4 7.1 59 7.5
814 20.2 16.3 13.8 12.3 13.8 10.6 7.1 9.1
Si3 39.8 338 29.8 255 33.6 27.5 24.0 253

Tests done at the 10% significance level. Also see Table S15 of the online supplement

Chen et al. (2022) and base our test on the statistic

~ 1 <N~
(m) )
Ty" = E T, w (X AG,), 24)

where, for each (r = 1,...,m), the set A}, is a random sample of observations
generated from the SP law S (8, I), i.e. arandom sample satisfying Hp.

Critical values of the test can be obtained using the following parametric bootstrap
scheme:

1. Generate a bootstrap sample X from the SP law gao (:3\, f).

2. Calculate bootstrap estimates 8 and T'* from A¥ and generate m random samples
(Xg".r=1,....m), from the SP law S, (8", T%).

3. A bootstrap version of the statistic is 7o " = m~' Y™ Ty (X x5

Steps 1-3 are repeated many times, say B, to obtain realizations
T (1), ..., Ta"™ (B) of the bootstrap statistic. The null hypothesis is rejected
at significance level £ whenever the statistic if,m) in (24) exceeds the (1 — &)-level
empirical quantile of the sequence of bootstrap realizations {T*(m) (b)}f,9 1
Table 6 shows the empirical rejection percentages of tests based on Tq; with W (§) =
P i , where «¢ denotes the hypothesized stability index in Ho. We write Ty, r > 0,
for this test. In the case of unknown « in Table 7 we use the same weight function
with o = 2.

The left-hand side of Table 6 shows the rejection percentages when observations
are sampled from an asymmetric SP distribution, whereas the right-hand side shows
the results when observations are sampled from a symmetric SP distribution. In all
cases, the proposed procedure seems to respect the nominal size of the test, although it
seems to be somewhat conservative especially for smaller sample sizes. Nevertheless,
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Table7 Percentage of rejection H,

of 'H6 using tests based on the " Tos n L 5 Tio
statistic in_(r2§1) with Sis 50 43 52 5.1 6.7 6.8
)= 75 6.7 7.5 8.1 10.2 10.1
100 6.5 7.7 8.0 8.2 8.8
150 7.8 9.0 9.0 9.2 9.2
SNy 5 50 10.2 12.5 12.8 13.2 11.1
75 12.8 16.6 16.4 14.4 139

100 16.4 19.4 19.5 17.3 15.4
150 18.0 24.6 235 19.4 16.8
SN2.o 50 10.6 14.5 13.9 13.9 12.3
75 12.5 16.1 17.1 15.8 14.2
100 19.3 232 24.5 21.7 18.3
150 23.1 33.8 34.1 30.9 28.2
Laplace 50 9.0 10.8 132 16.3 16.7
75 15.2 22.8 304 36.3 355
100 31.3 42.6 50.4 51.8 48.5
150 347 53.1 65.2 64.7 64.4
GG 50 8.3 11.0 14.4 17.5 19.3
75 12.8 16.5 21.1 26.9 23.6
100 15.5 21.0 32.0 334 31.6
150 21.5 33.6 474 50.4 46.3

Tests done at the 10% significance level. Also see Table S17 of the
online supplement

the tests have good power against alternatives, which increases with the extent of
violation of the null hypothesis. Corresponding results when testing Ho witha = 1.8
are given in Table S16.

The case of unknown a

In practice, the true value of stability index o will typically be unknown and need to
be estimated from data. Suppose the hypothesis of interest is

7:26 X ~ §a (8,T), for some o € (0,2),8 € R” and some measure I" on S?,

To test this hypothesis, we again use the test based on the statistic in (21), but now
generate the artificial data Xp, from the SP law &(6 F) where @, $and T are
projection estimates obtained as outlined in Section S5 of the supplement. Note that
data can be generated from Sz (/8\, f‘) using the stochastic representation in (22) with ¢
replaced by @. The bootstrap procedure for obtaining critical values follows similarly
to the procedure described in Sect.7.1.

The empirical rejection percentages (for the bivariate case, p = 2) are shown in
Table 7 for several distributions. Note that when observations are sampled from a S g
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distribution (symmetric SP law with stability index 1.8), the rejection percentages are
close to the nominal level, indicating that the test has reasonable empirical size.

As alternatives, we consider the skew normal (SN,)), symmetric Laplace and gen-
eralized Gaussian (GG,) distributions. An observation X from the GG,, distribution
(refer to Cadirci et al. 2022) is generated according to X = UV !/, where U is uniform
on SP~! and V ~ Gamma(p/v, 2). Table 7 shows that the proposed test procedure
has power against non-SP alternatives, and noting the increase in power associated
with increasing sample size, the results suggest that the procedure is consistent against
non-SP alternatives.

7.2 The high-dimensional case

It should be clear that so far, and despite the fact that the new test applies to any
dimension p, the underlying setting is not that of high dimension (p > n). In this
connection we point out that the extension of goodness-of-fit methods specifically
tailored for the classical “small p—large n” regime to high or infinite dimension is
not straightforward, and therefore it is beyond the scope of the present article. This
is not restricted to our setting alone but applies more generally, and the collections
of Goia and Vieu (2016) and Kokoszka et al. (2017) reflect the need for statistical
methods specifically tailored for non-classical settings. If we restrict it to our context,
in the latter settings such methods have so far been mostly confined to testing for
normality and the interested reader is referred to Bugni et al. (2009), Nieto-Reyes
et al. (2014), Barcenas et al. (2017), Kellner and Celisse (2019), Yamada and Himeno
(2019), Jiang et al. (2019), Goérecki et al. (2020), Henze and Jiménez-Gamero (2021),
Chen and Xia (2023) and Chen and Genton (2023). If however the setting is that of
regression, with or without conditional heteroskedasticity, the number of parameters
rapidly increases with the dimension p. This is one extra reason that corresponding
specification methods in high/infinite dimension need to be treated separately, and in
this connection the methods of Cuesta-Albertos et al. (2019) and Rice et al. (2020)
appear to be of the few available for testing the (auto)regression function.

For an illustration of the special circumstances that are brought forward as the
dimension grows, consider the test statistic in (10) for oy = 2 and without standard-
ization, i.e. replace Y ; by X; ~ $,(0,1,), j = 1,...,n. Then from (11), and by
using the density of the p-variate normal distribution with mean zero and covariance
matrix 2I,, we obtain

5
o IxI/@r),

Ar(x:2) = (;)

and consequently

1 n n
Tor =~ ;Ar(o; 2)+§Ar(xj—xk;2) +nAr12(0;2)
J= J
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n
23 " Arp1(Xj:2)
j=1
1 "
-1 =)

n » )4
T\2 T 2
() e ) ( z 2)
j=1 i "

n P
T 2 2
=) oI XIP/@e+1)
= (r + 1>

L
2

Now the quantity ||X; 12 = Z,f:l X?k behaves like 2p + Op(/p) = 2p(1 +
Op(1/./Pp)), and thus our test statistic contains sums of terms, each of which is of the
order e =27, as p — oc. (For simplicity we suppress the terms 4r and 4(r 4 1) which
occur as denominators in these sums, as they are anyway irrelevant to our argument).

In order to get a feeling of this result, write || X ; 1> =2 Z,f:l(Xjk/\/i)z =:28)p,
where, due to Gaussianity and independence, S, is distributed as chi-squared with
p degrees of freedom. Thus the expectation of the quantity e~/ X I figuring in 7y, ,
coincides with the value of the CF of this chi-squared distribution computed at the
point ¢ = 2i. To proceed further, notice that the CF of §,/p at a point ¢ is given by
the CF corresponding to S, computed at ¢/ p, and recall that the CF of the chi-squared
distribution with p degrees of freedom is given by s, (t) = (1 — 2i1)~P/%. Hence, in
obvious notation,

2it\ ",
lim ¢s, (t) = lim (1 - —) =e",
p—>00 " 5 p—00 p
and reverting back to the CF of S, we get ¢g, (1) ~ e'P' and thus vs, (2i) = e 2P as
p — 00. A similar reasoning applies to || X ; — Xy ||? implying that the expectation of
e 1% =Xkl? (also occurring in T}, ;) being approximated by e ™7, as p — oo.

Hence, by using these approximations, we obtain

e (3 e ()
~|— n{—— s — 00,
nr r r+2 p

from which it follows that

oo forr <m,
Thr—> 31, forr=m,

0, forr > m.

as p — oo. Consequently our test statistic degenerates in high dimension, a fact that
calls for proper high-dimensional modifications of the test criterion, which is definitely
a worthwhile subject for future research.

Nevertheless, we have obtained some initial Monte Carlo results that show a rea-
sonable performance for the test criterion in cases where the dimension is much higher
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Table 8 p-Values of tests that the CCC-GARCH innovations have a Sy distribution for several choices of
«, along with empirical coverage rates of forecasted VaR bounds calculated under Hg

5% VaR coverage rate 1% VaR coverage rate

Ho To.1 Tos Long pos. Short pos. Long pos. Short pos.

Sro0 0004  0.006 0064 (0.041)  0.065(0.126)  0.025(0.001)  0.028 (0.000)
Sio0 0013 0025 0064 (0.041)  0.065(0.126)  0.018(0.074)  0.018 (0.074)
Siss 0048  0.081  0.063(0.059)  0.065(0.126)  0.016(0.227)  0.013 (0.519)
Siso 0214 0286  0.063(0.059)  0.063(0.224)  0.010(0.912)  0.009 (0.887)
Si7s 0393 0496  0.059(0.148)  0.059 (0.444)  0.008 (0.758)  0.007 (0.560)
Si70 0020 0018  0.054(0.056)  0.059(0.444)  0.004(0.177)  0.002 (0.019)

p-values of the L R, test are given in brackets. All p-values less than 10% are underlined

than the maximum p = 6 considered so far. These results may be found in Tables S18
and S19 of the Supplement.

8 Application to financial data

We consider daily log returns from 4 January 2010 to 30 June 2017 of stocks of two
mining companies listed on the London Stock Exchange: Anglo American (AAL)
and Rio Tinto (RIO). The complete data set (available from Yahoo! Finance) consists
of 1,891 log returns. We model the log returns using the CCC-GARCH(1, 1) model
(with intercept) given by

Yi=0+Q/%;. j=1...n (25)

where Q; is as in (16) with k, = k; = 1 and By assumed diagonal.

We are interested in determining whether the innovations € ; have a bivariate stable
distribution. Since the innovations are unobserved, we apply our test to the residuals
€= QJ_ 12 (Y j —®), where the estimates Q ;j and @ are obtained using EbE estimation
as discussed earlier. To obtain critical values of the tests, we apply the bootstrap
algorithm of Sect.6.2 with B = 1, 000.

Table 8 shows that, when a stability index of « € {1.75, 1.8} is assumed, the
tests based on 7, do not reject the null hypothesis that the CCC-GARCH-(1, 1)
innovations have a S, distribution (at a 10% level of significance). On the other
hand, the null hypothesis of stable innovations is rejected when a stability index of
o ={1.7,1.85, 1.9, 2} is assumed.

The correct choice of the innovation distribution has important implications for
value-at-risk (VaR) forecasts. For the considered stable distributions, we fit the model
in (25) to the first 1,000 observations and calculated one-step-ahead 5% and 1%
portfolio VaR forecasts for long and short positions for the remaining time period (i.e.
891 forecasts for each position). The portfolio is assumed to consist of 50% AAL
shares and 50% RIO shares.
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Table 8 shows the empirical coverage rates of the forecasted VaR bounds, that
is, the proportion of times that the value of the portfolio exceeded the bounds. For
the cases where our test supports the null hypothesis, i.e. when o € {1.75, 1.8}, the
empirical coverage rates of the value-at-risk bounds are quite close to the nominal
rates. In addition, the p-values of Christofferson’s (1998) LR, test (given in brackets
in Table 8), indicate that, if the stability index of the innovation distribution is chosen
either too high or too low, the true conditional coverage rates of the forecasted VaR
bounds are significantly different from the nominal rates.

9 Conclusion

We have studied goodness-of-fit tests with data involving multivariate SP laws. Our
tests include the case of i.i.d. observations as well as the one with observations from
GARCH models, and cover both elliptical and skewed distributions. Moreover they
refer to hypotheses whereby some parameters are assumed known, as well as to the full
composite hypothesis with all parameters estimated from the data at hand. The new
procedures are shown to perform well in finite samples and to be competitive against
other methods, whenever such methods are available. An application illustrates the
usefulness of the new procedure for modeling stock returns and explores the subsequent
forecasting implications.

Supplementary information

Some technical material and additional Monte Carlo results are provided in an accom-
panying online supplement. The R codes for the Monte Carlo implementations of
Sects. 6 and 7 are available from the authors upon request.

Supplementary Information  The online version contains supplementary material available at https://doi.
org/10.1007/s11749-023-00909-3.
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