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Abstract

This research project presents semi-analytical solutions for low and heat transfer during solid
rocket motor operation. Proficient modelling process is followed to construct a mathematical
representation based on conservation of mass, momentum and energy. According to the dy-
namics of flow behaviour and temperature distribution during solid rocket motor operation,
forces affecting the flow and heat transfer are derived from physical postulates. To understand
the dynamics of a solid rocket motor, the current study investigates the flow and heat transfer

inside a pipe in two folds.

The first fold is to understand the effects of buoyancy force on axial-velocity and pressure field
during solid rocket motor operation. The last fold is to understand temperature distribution
inside the combustion chamber. Lie group analysis along with double perturbation method is
used to carry out the integration of the problem at hand. To integrate equations represent-
ing the flow and heat transfer during solid rocket motor operation, momentum and energy
equations are reduced to a single fourth order ordinary differential equation and second or-
der differential equation respectively. Thereafter, double perturbation method is used to find
the semi-analytical solutions of the resulting ordinary differential equations. The effects of
dimensionless parameters arising from the design such as cross-flow Reynolds number R,, wall
expansion ratio «, Grashof number G,., Prandtl number P, and radiation R on axial-velocity
and temperature are represented graphically. Lastly, analysis is performed to seek the best
combination of dimensionless parameters that lead to optimal thrust during operation.

Key words: Lie group analysis; flow and heat transfer; perturbation method; porous medium,;

bouyancy and radiation effects.
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List of symbols

Dimensional variables
2a-distance between walls, m
a- wall dilation rate, m/s
t-time, s

u-axial-velocity, m/s
v-radial-velocity, m/s
Z-axial coordinate, m
r-radial coordinate, m
P-pressure, Pa

v-kinematic viscosity, m?/s
p-density, kg/m?

WU-stream function m?/s
T-Temperature, K

T,- surface Temperature, K

g-gravitational acceleration, m/s?

Dimensionless variables
t-dimensionless time

u-dimensionless axial-velocity
v-dimensionless radial-velocity
z-dimensionless axial coordinate
r-dimensionless radial coordinate
A-wall permeance (injection coefficient)
P-dimensionless stream function
a-dimensionless wall dilation rate
P-dimensionless pressure
O-dimensional temperature
O,-dimensionless surface temperature
R.-Reynolds number

P.-Prandtl number

a-wall dilation

R-radiation number

G,-Grashof number
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Introduction

Mathematical models which are used to predict the dynamics of real life events are difficult if
not impossible to solve analytically. However a number of assumptions can be used to have
simpler mathematical models that preserve the dynamics of what occurs in real-life. Differential
equations, may it be partial differential equations or ordinary differential equations, form an
integral part of mathematical modelling for natural sciences, engineering and biology to name

a few.

For such models to be realistic, differential equations representing real-life events have to be
multi-dimensional and it is often the number of dimensions in the models that determines to
a large extent the complexity of the models. Most models which predict real life events with a
reasonable accuracy have three space variables and they also depend on time. Thus, solutions
of such models provide us with a better understanding of the physical phenomena that these
models describe and for this reason, it is of primary importance to develop algorithms that

lead to solutions of such models, analytically, but most often numerically.

To illustrate the significance of studying real life phenomena, the current study extends the
problem of two-dimensional flow in a semi-infinite expanding or contracting pipe with injection
or suction through a porous surface wall [1] which represent internal flow during solid rocket

motor operation by incorporating body force and heat transfer effects given by the following



improved model:
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(i) @=0 atz=0.

Here, we employ Lie group analysis along with double perturbation method to solve a system
of differential equations representing propellant flow and heat transfer inside a combustion
chamber of a solid rocket motor analytically. Furthermore, analytical solutions describing the
flow-field and temperature distribution are analysed to study the effects of cross-flow Reynolds

number R,., wall expansion ratio «, Prandtl number P,., Grashof number G, and radiation R.
The mini-dissertation is organised as follows:

In Chapter One, we provide a brief introduction to Lie group analysis of PDEs and include
the necessary results which will be used throughout this work. In particular, we provide the

algorithm to determine the Lie point symmetries of PDEs.

In Chapter Two, we use the heat equation to illustrate how to determine the Lie point sym-
metries of a partial differential equation. We also show how to reduce a partial differential
equation to an ordinary differential equation to obtain group-invariant solutions of the original

equation.

In Chapter Three, uses Lie group method together with double perturbation method to study

internal flow and heat transfer inside a combustion chamber of a solid rocket motor.

Finally, in Chapter Four we summarize the work done in this mini-dissertation and suggest

future work.



References are given at the end.



Chapter 1

Preliminaries

This chapter presents a brief introduction of Lie group theory for partial differential equations,

which will be used in this mini-dissertation.

1.1 Introduction

Modelling of real-life events lead to complex multi-variate differential equations. These differ-
ential equations, however can be extremely difficult to solve. It was in the nineteenth century
when a Norwegian mathematician by the name of Sophus Lie, discovered a way of transform-
ing system of equations representing real-life event to a simpler system of equations without
changing the dynamics of the real-life event using Lie group method. Lie group method is
a well-known technique which can be used to find group-invariant solutions for a system of
equations such as equations representing the current case study. Over the years, several books
have been written on this topic due to the ability of the method to transform complex sys-
tems to simplier systems and leave them invariant, a few are mentioned here, Ovsiannikov [2],

Olver [3], Bluman and Kumei [4], Stephani [5], Ibragimov [6-8]. See also Mahomed [9].

The definitions and results presented in this chapter are taken from the books

mentioned above and we will use them without referencing.



1.2 Local one-parameter Lie group

Here a transformation will be understood to mean an invertible transformation, i.e a bijective

map. Let ¢t and x be two independent variables and u be a dependent variable. We consider a

change of the variables ¢, x and w:
T,:t= f(t,x,u,a), T=g(t,x,u,a), u=h(t,z,u,a) (1.1)

with a being a real parameter, which continuously ranges in values from a neighbourhood

D'CcDCRofa=0and f, g and h are differentiable functions.

Definition 1.1 A continuous one-parameter (local) Lie group of transformations is a set G

of transformations (1.1) which satisfies the following three conditions:

(i) For Ty, T, € G where a,b € D' C D then T}, T, = T.. € G, ¢ = ¢(a,b) € D (Closure)
(ii) Ty € G if and only if @ = 0 such that Ty T, = T, Ty = T, (Identity)

(iii) For T, € G,a € D' CD, T, ' =T, € G, a~' € D such that
T.T,-+ =T,-1 T, =Ty (Inverse)

From (i), we see that the associativity property is satisfied. Also, if the identity transformation

occurs at a = ag # 0 i.e, Ty, is the identity, then a shift of the parameter a = a + ag will give

Ty as above. The property (i) can be written as

t = f(t,z,u,0) = f(t,z,u,¢(a,b)),
Iz = g(ﬂf,_ab) :g(tax7u7¢(a7b))a
u = h(f,f,ﬂ, b) = h(t,x,u, (b(aa b)) (12)

The function ¢ is termed as the group composition law. A group parameter a is called canonical

if ¢(a,b) = a +b.

Theorem 1.1 For any &(a,b), there exists the canonical parameter a defined by

/“ ds _ 0&(s,b)
0

0 where w(s) = |

G =



We now give the definition of a symmetry group for the second-order PDE
or

Oy

£ 0. (1.3)

Uy = F<t7mau7uaﬁ7uzz)7

Definition 1.2 (Symmetry group) A one-parameter group G of transformations (1.1) is
called a symmetry group of (1.3) if it is form-invariant (has the same form) in the new variables

t,z and u, i.e.
af:F(ﬂjaaaﬂ:ﬁiiﬂf)a (14)

where the function F' is the same as in (1.3).

1.3 Infinitesimal transformations

Lie’s theory tells us that the construction of the symmetry group G is equivalent to the

determination of the corresponding infinitesimal transformations :
t=t+at(t,z,u), T=r+al(t,z,u), u=u+an(t,z, u) (1.5)

obtained from (1.1) by expanding the functions f, g and h into Taylor series in a about a = 0

and also taking into account the initial conditions

f|a:0 = t’ g|a:0 =z, h|a:0 =u.

Thus, we have

of dg oh
= — = — = — 1.
T(t, z,u) da| .’ E(t,x,u) da|, .’ n(t,z,u) Ja) (1.6)
Now one can write (1.5) as
t=(1+aX)t, T=(14+aX)z, au=(1+aX)u,
where
0 0
X:T<t,$,u)—+§(t,I,U)—+T](t,$,U) (17)

ot Ox ou’
This differential operator X is known as the infinitesimal operator (generator) of the group G.
If the group G is admitted by (1.3), we say that X is an admitted operator of (1.3) or X is an

infinitesimal symmetry of (1.3).



1.4 Group invariants

Definition 1.3 A function F'(t, z,u) is called an invariant of the group of transformation (1.1)

if
F(t,z,u) = F(f(t,x,u,a),g(t,z,u,a),h(t,r,u,a)) = F(t,x,u), (1.8)

identically in ¢, z, v and a.

Theorem 1.2 (Infinitesimal criterion of invariance) A necessary and sufficient condi-

tion for a function F(¢,x,u) to be an invariant is that

F F F
XFET(t,x,u)aa—t+§(t,x,u)g—x~l—77(t,a:,u)g—u:0. (1.9)

From the above theorem it follows that every one-parameter group of point transformations
(1.1) has two functionally independent invariants, which can be taken to be the left-hand side

of any first integrals
Jl(t7x7u> = Cq, Jg(t,l’,’d) = (o,

of the characteristic equations

dt dx du

(t,x,u)  E(t,x,u)  nt,zu)

Theorem 1.3 Given the infinitesimal transformation (1.5) or its symbol X, the corresponding
one-parameter group G is obtained by solving the Lie equations

dt dz du

% — T(t,.T,U), % - f(t,l’,U), % - n(tvxvu) (110)

subject to the initial conditions

ﬂa:O = t? j'a:O =, u a=0 — u.

1.5 Construction of a symmetry group

Here we describe the algorithm to determine a symmetry group for a given PDE but first we

give some definitions.



1.5.1 Prolongation of point transformations

Consider a second-order PDE
E(t, x,u, uy, g,y Ugt, Uy, Ugz) = 0, (1.11)
where ¢ and x are two independent variables and u is a dependent variable. Let

X = vt u) 2+ €t wu) 2+ (t, s u) 2

ot O o’ (1.12)

be the infinitesimal generator of the one-parameter group G of transformation (1.1). The first

prolongation of the operator X is denoted by X! and is given by

0 0
XM= x 4+ Cl(t,x,u,ut,ux)a—ut - Cz(t,I,U,Ut,Ux)a—%
where
G = Di(n) —wDy(7) — uz Di(§),
G = Du(n) —uwDy(7) — us Dy (§)
and the total derivatives D; and D, are given by
0 0 0
Dy = — 4 + U + U + -+, 1.13
T A TR T (1.13)
0 0 0 0
D, = — c— o —— et 1.14
3:L‘+u 8u+u 8ux+ut 8ut+ ( )
Likewise, the the second prolongation of X is given by
0 0 0 0 0
X=X 46— — 1.15
+G w + G ou, + (i D + Ci2 D + (o2 Do ( )

where

i1 = Dt(Cl) - UttDt(T) - Ut:th(f)>
G2 = Dz(Cl) - UttDac(T) - utxDx(§)7
C22 = D:r(C2) - utme(T) - ux:po(g)



Applying the definitions of D; and D, given above, we obtain

G
G2
Cu1

G2

G2

M+ Wty — Wy — UFT, — Uay — Uty

N + UaThy — UeTo — Uglla Ty — Uy — Uy

Net + 20Ny + Upe)y, + (Ut)QTqu — 22Uy Ty — W Ty — 2<Ut)27tu
—3UgU Ty — (ut)3Tuu - 2Utx§t - Uxftt - 2utua:£tu - (ut)2ux£uu
—(Upuss + 24Uty )y

Ntz + Uz Neu + Uty + Uta Ty UtUa Ty, — Upe (Tt + E2) — WTre — Upt Ty
U (T + Eu) — Ui Tou — (2t A Ugtiyr) T — (W) U T — Ui
ot — (Ue) Eu — (2Ugtiyy + Uptle) &y — Ui (1) Eu-

Moz + 2UgToy + YTy + () N — 2Uz0€e — Urbaw — 2(tz) 6z
=3y Uy — (Ua)*Cuns — 2Uta Ty — UiTra

_2utux7—xu - (utuzx + 2uzutx)7-u - ut(um)2Tuu-

1.5.2 Group admitted by a PDE

The operator

0 0 0
X = T(t,.’l},'d)a + é(t7x7u)% + n(twrau)%

is a point symmetry of the second-order PDE

if

E(t7 Ly Uy Uy Ugy Ugty Uty um:c) =0

XB(E)=0

whenever £ = 0. This can also be written as (symmetry condition)

X E‘E:O =0,

where the symbol |,_, means evaluated on the equation £ = 0.

(1.16)

(1.17)

(1.18)

(1.19)

(1.20)

(1.21)

(1.22)

(1.23)

(1.24)



Definition 1.4 Equation (1.24) is called the determining equation of (1.22), because it deter-

mines all the infinitesimal symmetries of (1.22).
The theorem below enables us to construct some solutions of (1.22) from known one.

Theorem 1.4 A symmetry of (1.22) transforms any solution of (1.22) into another solution

of the same equation.

1.6 Lie algebras

Let us consider two operators X; and X, defined by
0 0 0
X, = Tl(t,l',u)a + £1(t,x,u)a—x + m(t,:c,u)%,

and

0 0 0
X2 - Tg(t,l’,u)g + 52(757117“)% + 772(757%“)%-

Definition 1.5 (Commutator) The commutator of X; and X, written as [X;, X5], is de-
fined by [X1, Xo] = X1 (Xz) — Xo(X1).

Definition 1.6 (Lie algebra) A Lie algebra is a vector space L of operators with the follow-
ing property : For all Xy, Xy € L, the commutator [ X7, Xs] € L.

The dimension of a Lie algebra is the dimension of the vector space L.

Theorem 1.5 The set of all solutions of any determining equation forms a Lie algebra.

1.7 Concluding remarks

In this chapter, we presented briefly some basic definitions and results of the Lie group analysis

of PDEs. These included the algorithm to determine the Lie point symmetries of PDEs.

10



Chapter 2

Lie group analysis of the heat

equation: illustrative example

In science and engineering, the heat equation is a partial differential equation that represent

how heat spreads in a medium as well as how heat evolves with time through the medium.

In this chapter, we consider an example of a linear PDE, namely heat equation and calculate
its symmetry Lie algebra. We also find group-invariant solutions under certain symmetry

generators of the heat equation.

2.1 Lie symmetries of heat equation

Example 2.1 (see e.g., [3], [9])

Let us determine the Lie point symmetries of the heat equation
Up — Uyy = 0, (2.1)

in which the dependent variable is u and independent variables are ¢t and x. This equation

admits the one-parameter Lie group of transformations with infinitesimal generator

X = vt u) 2+ €t w )2+ (s u) 2

ot Ox ou’ (2:2)

11



if and only if

X[Q}(ut _ sz)|(2.1) =

Using the definition of X[ from Chapter one, we obtain

0 0 0 0
+77(t>$au)a +Cl_+<2 +§118

=0,

0 0
T(t,x,u)at +&(t,x u)ax

+Ci2 aim + CM%] (Ut - Um)

Uyt

Ut=Ugzx

and this gives

G — G2 =0, (2.4)

Ut=Ugx

where (; and (59 are given by equations (1.16) and (1.20) respectively. Substituting the values

of (1 and (o in equation (2.4) and replacing u; by u,,, we obtain

nt + Uzx (nu - Tt) - uxét - ua:uxmfu - ix |:77:m: + um<2na:u é-xx) — UgrTrx

Since 7, £ and 1 depend only on ¢, x and v and are independent of the derivatives of u, the
coefficients of like derivatives of u can be equated to yield the following determined system of

linear PDEs:

Ugllyy : 27, =0, (2.6)
Uy : 27, =0, (2.7)
uium Tuuw = 0, (2.8)
Uplpy + —Eu + 2Ty + 3Eu = 0, (2.9)
Ugy * T — Tt + Tag — T + 28 = 0, (2.10)
ud 0 & =0, (2.11)

ul ot Nuu — 2650 = 0, (2.12)

Uy &t 2Npy — Eox = 0, (2.13)

I o m—Npe=0. (2.14)

12



From equations (2.6) and (2.7), we obtain
T=7(t) = alt), (2.15)

where a(t) is an arbitrary function of ¢. Equation (2.8) is also satisfied. Substituting the value

of 7 in equation (2.9) and integrating with respect to u, we get

£ = b(t,l‘),

where b(t, z) is an arbitrary function of ¢ and x. Then equation (2.11) is satisfied too. Now,
substituting the values of 7 and ¢ in equation (2.10) and integrating the equation obtained

with respect to x, yields

bt ) = % o (t)e + e(t), (2.16)

where ¢(t) is an arbitrary function of ¢ and so
L,
£ = ¢ (t)x + c(t). (2.17)
After substitution the value of £ in equation (2.12) and integrating with respect to u, we have
n=d(t,z)u+ at,z), (2.18)

where d(t,z) and «(t,x) are arbitrary functions of ¢ and x. It follows from substitution

equations (2.17) and (2.18) in (2.13) that

]' " 2 1 /
d= —5 ¢ (t)z* — 5 d(t)x + (1),

where f(t) is an arbitrary function of ¢ and so
1 " 2 1 /
n=-ga (t)ux® — 3¢ (Hux +uf(t) + alt, ).

Substituting the values of 1, and 7,, in equation (2.14), yields

1 1 1
_g a”’(t).iﬁ2u . 5 C”(t)l"u + f’(t)u + oy + 4_1 a'”(t)u + Qe = 0.

Splitting the above equation on u, we obtain

u —éa"’(t)xQ _ %CN@)ZC + f/(t) + ia’//(t) — 07 (219)

1 o — g, =0. (2.20)

13



Further splitting (2.19) with respect to powers of x, we get

* . d"(t) =0, (2.21)
ot d(t) =0, (2.22)
| f’(t)+;1a”(t):0. (2.23)

Integrating the above equations (2.21) and (2.22) with respect to t respectively, yields

a(t) = %Alﬁ + Aot + As, (2.24)

o(t) = Agt+ As, (2.25)

where Aj, Ay, A3, Ay and Aj are arbitrary constants. It follows from equations (2.23) and

(2.24) that
1
f(t) - _ZAlt + A67

where Ag is an arbitrary constant. Hence the general solution of the system of equations

(2.6)—(2.14) is

1
T = §A1t2 +A2t+A3,

1
5 = §(A1t + Ag)ﬂ? -+ A4t + A57
1o, 1 1
n = —gAlCE U — §A4{EU - (ZAlt - Aﬁ)u + O[(t, 'I)’

where the A are constants and «(t, x) satisfies oy = v,

Thus the Lie point symmetries of the heat equation are given by

X, = %,

Xy, = 7’

X3 = u%,

X, = Qt% + x%,

X; = Zt% — xu%,

Xe = 4152% + 4tm% — (2*u+ QtU)%,
Xs = oft, x)%,

14



which generates a Lie algebra of infinite dimension. We now calculate the commutation rela-
tions for all the symmetry generators. We first compute [Xy, X;]. By the definition of the Lie

bracket, we have

Xy, Xa] = XuXh - X0 Xy
- <2t2+xﬁ)2—2(2t2+xﬁ>
ot Ox ot Ot\ Ot Ox
= —2X;.

Proceeding in a similar manner, we can compute other commutation relations. In a table form

these commutation relations can be written as:

(X, X, X | Xo X5 | Xy X; Xe X,
X 0|0 0 |2X; [2X, |4X,—2X;|X,,
X, 00 0 | X, ~X; | 2X; X,
X; 00 0 |0 0 0 ~X,
X, —2X, | -X, |0 |0 X; 2X¢ X
X; 2Xo | Xs |0 | =X5 |0 0 X
Xe 2X; —4X, | —2X5 |0 | —2X5 |0 0 X
X, X | = Xy | Xo | =X | = Xor | = X 0

The values of o/, a” and o in the table above are given by,

/

a = za;+ 2oy,
o = 2o, + za,
" = dtva, + 4P + (27 + 2t)a.

2.1.1 One parameter group

The one-parameter group can be obtained using the following Lie equations

dt _

% = §l(t,x,u), t|a:0 :t7
dz

d_z = 52(t,{[',U), Zi'|a:0:._'[',
M ),

—_— = T, u Ulg=0 = U

da e, x, ) 0

15



We now compute the one-parameter groups. For each X;, let T}, be the corresponding group.

Let us first calculate the one-parameter group corresponding to infinitesimal generator Xy,

namely
0 0
Xy = 2t— —.
! ot oz
Using Lie equations, we have
ez W 5t oy =1
— =X €T a= fr— gj) _— = 5 a= = .
da ’ 0 da 0

Solving the above equations, we get
T =uze®, t=te’"
Thus the one-parameter group 7y, corresponding to the operator X, is given by
T,, : (t,3, 1) — (te*™ xe™ u).

If we continue in the same manner as above, we get the following one-parameter groups:

SR

S’ﬂ

t,x + 2ast, ue‘“sx_agt),
t x —agz®
, ,ur/ (1 — datage~4ast ||
(1 —4atag” 1 — 4atag ( ‘ )
(t,x,u+ aa(t,x)).

s &
ot
—~ —~ —~ —~ —~ —~

&

2.2 The use of symmetry transformations

In this section, we make use of the symmetries calculated in the previous section to obtain
special exact solutions for the heat equation. The Lie group analysis supply us with two basic
ways for constructing exact solutions of PDEs: group transformations of known solutions and

construction of group invariant solutions. These methods are described in detail by means of
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examples.

If = h(t,7) is a solution of equation (2.1), then so is

o(t,x,u,a) = h(fi(t,z,u,a), fot, x,u,a))
or in solved form w.r.t v : u = H,(t,z) is a one-parameter family of solutions. For
Ty :t=t+a;, T=2x, u=mu,
if w = h(t,x) is a solution, then

= h(t + al,x).

We now write down the generated solutions for the other cases:

éﬂ

cu = h(t,z+ ay),

'

o3

=

cu = h(te®™, xe™),

(

siu = h(t,x)e®,
(
(t,

Ta5 u = h(t x + 2a5t) (a5x—a§t)’
lll‘2
Too :u = = ! elmieet,
1— 4ata6 1 —4atag (1 — 4atag)
T,:u = h(t,x) —aalt,z).

2.3 Group invariant solutions

A group-invariant solution with respect to a subgroup of the symmetry group is an exact
solution which is unchanged by all the transformations of the subgroup. Invariant solutions
are expressed in terms of invariant of the subgroup. The number of independent variables in
the reduced system is fewer than the original system. Thus, the solution of the original system
can be obtained by a solution from a solution of the reduced ODE, which is invariant under
the transformation . Considering the heat equation, let G be a one-parameter symmetry
group of equation (2.1). A solution u = u(t,z) of equation (2.1) is invariant under G with

generator X if

n— flut - §2u33 = 07
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whenever v = u(t,z). This is the invariant surface condition which provides the form of the
invariant solution to the equation.

Let us now illustrate the above method by considering the heat equation which consist of six-
parameter group of symmetries and infinite-dimensional subgroup. We will construct invariant

solutions under the operators X5 and form the linear combination of X; and X5.

Traveling wave solutions

Consider the following linear combination of the translation operators X; and Xj:

The characteristic equations are

and is given by I, = x — ct.

The invariant solution can be written as I; = h(1y), i.e.,
u = h(z — ct),

where h is an arbitrary function of its argument. Differentiation of u with respect to x and t,

gives us
u = —ch', uy="n, u,=~h"
Substituting these expressions into equation (2.1), we obtain the following reduced ODE
h" +ch' =0,
which is a second-order ODE with constant coefficients. Its general solution is

h(ly) = Ale_d2 + As = Ale_c(m—‘:t) + Ay,
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where A; and A, are arbitrary constants of integration. Thus the most general traveling wave

solution for the heat equation is of the form
u(t,z) = Ae=T= 4 A,

Galilean-invariant solutions
Secondly let us construct an invariant solution under operator X35, namely

0 0

The characteristic equations are

de dt du

2 0 —au
Thus, one invariant is I; = t. The other is obtained from the equation

dx du

2 —au
12
and is given by I, = ue 4.

Consequently, the invariant solution is Iy = h(Iy), i.e.

2

u = e h(t).

Similarly
2 12
U = <4%h + h’) e 4,

1 2?2 a2
Uge = <_§+E>h6 4t |

Substitution of the above values of u; and u,, in equation (2.1), gives the following first-order

ODE
which on integration gives

Hence the most general Galilean-invariant solution is

22

u(t,z) = 7° 4
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2.4 Concluding remarks

In this chapter, we have looked at an example of a linear PDE, namely the heat equation.
We calculated its Lie point symmetries, constructed solutions under transformation groups on

known solutions and also obtained invariant solution under certain symmetry generators.
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Chapter 3

Lie group analysis of an internal flow
and heat transfer inside a combustion

chamber of a solid rocket motor.

This chapter aims to study fluid flow and heat transfer inside a porous cylindrical pipe which
has direct application when designing solid rocket motors. The gaseous flow inside the com-
bustion chamber arises from burning solid propellant (fuel) grain due to the porous surface
wall which is kept at constant temperature after ignition. Thus, the chapter studies gaseous
mean flow dynamics and temperature distribution inside the combustion chamber of a solid
rocket motor. Also effects of various parameters that arise from the design of the combus-
tion chamber, internal gaseous flow dynamics and temperature distribution are studied and

illustrated graphically.

3.1 Introduction

The subject of injection driven fluid flow inside cylindrical pipes with porous walls has received
a great deal of attention in the past and recent. This attention stems from a broad spectrum
of technical applications the subject covers. To mention a few, these technical applications

include surface transpiration, boundary layer control and internal flow modelling of propellant
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grain in solid rocket motors. Restricting our attention to solid rocket motors. Internal flow
modelling of propellant grain has received a great deal of attention due to the vital role it plays
in the assessment of aeroacoustic instabilities. Studies [11,12] found that the stability of solid
rocket motors depends strongly on the accurate description of unsteady velocity and pressure

fields inside the combustion chamber of solid rocket motors.

On the quest to asses these aeroacoustic instabilities, Taylor and Culick were the first to
study injection driven incompressible fluid inside a tube with porous wall and their solution
later served as a good approximation for simulating the mean gaseous flow in solid rocket
motors as mentioned in reference [13]. The desire to know more about the subject led to
considerable amount of work being done by researchers to seek mathematical formulations and
solutions that would better describe the gaseous dynamics (flow) inside solid rocket motor
combustion chamber using a pipe with porous wall. Berman [14] was the first as mentioned in
the studies [15,16] to show that a system of equations representing laminar flow inside porous
walls with uniform injection or suction at the walls can be transformed to single ordinary
differential equation (ODE) while preserving the dynamics of the flow. Although similarity
solutions have some disadvantages, that is they are not always valid in the entrance region.

They provide a gateway to analyse the motion of fluid flow inside porous channels [17].

Terrill and Thomas [15] investigated laminar flow through a uniform (constant diameter)
porous pipe with constant injection or suction through the wall and used similarity trans-
formation to reduce a system of equations to single nonlinear ODE which they solved and
obtained dual solutions. The analysis of the results obtained in their study show that the dual
solutions exist everywhere except in the range 2.3 < R, < 9.1. Also the study illustrates that
the flow is not fully developed within the same range. In the region, R, = 0 to R, = 2.3,
the system permeates at a low rate, thus lead to reverse flow near the wall, for large injection

9.1 < R, < o0, the velocity profiles are well-behaved (fully developed).

Quaile and Levy [18] similarly investigated theoretically and experimentally laminar flow in a
constant diameter porous tube (pipe) with uniform mass suction at the wall. Upon conclusion,
their theoretical (inlet region theory) and experimental results revealed that by assuming the

transverse pressure to be zero gives good results however this can lead to inaccuracies towards
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the wall, thus the flow field leads to reverse flow and results in turbulent flow which is not
ideal during solid rocket motor operation. Both theoretical and experimental findings show

that the pressure increases in the direction of the flow for R, > 1.25.

From the results obtained in [15] and [18] one would argue that sucking fluid out of a porous
pipe is not ideal, since it leads to reverse flow, as a result the velocity of the fluid decreases and
lead to the decrease in thrust of the solid rocket motor. In addition to the above mentioned
findings, it can be asked as much as the results are correct for a porous pipe of a fixed diameter,
how correct or incorrect are the same findings for a porous pipe of variable diameter? Since
in practice the radius of the rocket chamber increases as propellant burn, thus leads to time-
dependent radius. The variation of radius changes the dynamics of the steady state flow to
unsteady state flow, hence the dynamics of mean flow vary with time due to expansion or

contraction of the combustion chamber.

To understand the effects of expansion or contraction, researchers saw the need to study un-
steady state regime of fluid flow inside the porous pipe to understand the underlying dynamics.
Galowin and Desantis [19] studied laminar flow in an expanding or contracting pipe with a
porous wall, from their analysis authors observed that for fluid suction, the wall shear stress
and static pressure decrease in the axial flow direction, also the rate at which these quantities
decrease are functions of wall porosity, initial pressure gradient across the wall and inlet flow

permeation Reynolds number.

Saad and Majdalani [20] studied incompressible laminar flow in a porous contracting or ex-
panding pipe. They employed double perturbation method of a pair Reynolds number R, and
wall dilation «. Their analysis revealed that so long the control parameters were chosen at
the prescribed asymptotic range both numerical and exact solution showed agreement. Zhou
and Majdalani [21] investigated improved mean-flow for slab rocket motors with radially re-
gressing walls using a porous pipe. Authors employed similarity transformations and reduced
Navier-Stokes equations representing the internal flow to a single nonlinear classical Berman
ODE. Analysis of their results revealed that for R, = 1000, the mean-flow becomes practi-
cally equivalent to that of Taylor and Culick profile and also explains the use of Taylor and

Culick’s solution in practice as mentioned in [13]. Boutros et al [1] investigated unsteady flows
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in a semi-infinite expanding or contracting pipe and similarly used similarity transformation
and obtained a single non-linear ODE, which they solved and analyzed. The analysis thereof

revealed that sucking whilst expanding is not desirable and leads to an error in the solution.

The burning of propellant grain introduces heat transfer to the system. In view of under-
standing heat transfer inside a pipe, a number of research works have been done to investigate
thermal radiation and convection heat transfer. Pearce [22] motivated by the absence of a
description (mathematical formulation) that accounts for radiative heat transfer studied ra-
diative heat effects within a solid propellant rocket motor. From his findings, he observed that
radiation is a dominant heat flux (heat source) in the combustion chamber and the heat flux
drops to a small fraction of the convective heat flux near the rocket nozzle. Also radiation
from fluid particles is large compared to that of the gaseous species. Xia et al [23] investi-
gated the impact of thermal radiation on high-temperature laminar flow in a tube. Authors
observed that thermal radiation weakens the convective heat transfer from the fluid to the
surface wall of the tube. This study found that suppressive effects of radiative heat transfer
on the flow weakens the convective transport capability of the fluid. Viskanta [24] studied
the interaction of heat transfer by conduction, convection and radiation in a radiating fully
developed laminar flow numerically. Huang and Lin [25] studied numerically the interaction
of thermal radiation with laminar forced convection in a thermally developing circular pipe
flow. Studies [24] and [25] revealed that axial radiation effects become significant for small

conduction-to-radiation parameter and higher temperature ratio.

The dynamics of temperature difference within the fluid leads to variation of fluid density which
lead to an important study of a parameter due to gravity, namely buoyancy force. Hariprasad
et al [26] studied the influence of gravity on solid propellant burning rate experimentally and
noticed a five percent rate augmentation when the propellant burning surface evolution was
against the earth gravity. Ishigaki [27] studied the effects of buoyancy on laminar flow and
heat transfer pipes (rotating and stationary) by employing similarity analysis and numerical
computations. The author argued that buoyancy secondary induced flows in heated pipes

rotating about a parallel axis are similar to those in a stationary horizontal heated pipes.

Lie group method was used to study unsteady flows in a semi-infinite expanding or contracting
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pipe with injection or suction through a porous wall [1]. Authors studied the flow without
investigating the effect of heat transfer and buoyancy force which are two parameters playing
an essential role during both transient unsteady and steady regimes operation of a solid rocket
motor. Motivated by the above study, the purpose of this project is to extend the study carried
out in reference [1] by incorporating heat transfer and buoyancy effects during the steady state
regime operation of a solid rocket motor. The project seeks to find analytical solutions of the
improved model that represents the above phenomena (extension of the works in [1]) using
Lie group analysis along with double perturbation method. Also, the effect of the cross-flow
Reynolds number R,., wall expansion ratio «, Grashof number G,, Prandlt number P, and
radiation number R on the axial velocity and temperature distribution are studied. Lastly,

results are represented graphically, analysed and discussed.

3.2 Mathematical modelling of the problem

This section provides a detailed mathematical formulation of a system of equations representing
an unsteady two-dimensional laminar flow of an incompressible fluid in a circular pipe whose
surface wall is kept at a constant temperature, representing propellant flow and heat transfer
inside a solid rocket motor. The mathematical formulation of the above mentioned flow is
derived based on conservation of mass, momentum and energy respectively. The boundary
conditions will be given based on flow dynamics and the design of the system. Lastly, the
mathematical model derived for flow and heat transfer inside the solid rocket motor combustion

chamber will be represented as a flow inside a circular porous pipe in Section 3.3.

3.2.1 Flow configuration

We consider fluid flow and heat transfer in a porous cylindrical pipe which has a direct ap-
plication when optimizing solid rocket motor thrust. The cylindrical propellant grain (fuel)
dynamics inside the solid rocket motor is modelled as a long pipe with one end closed at the

headwall, whose surface wall is kept at a constant temperature, as shown in Figure 3.1.
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1. Ready to launch
yellow = fuel

> O 3. Almost burned up

Figure 3.1: Solid rocket motor operational regimes

The solid propellant grain (yellow part in Figure 3.1.1) is initially bounded between the com-
bustion chamber (white part in Figure 3.1.1) and the outer wall of the rocket case. The state
of the grain changes to gaseous form due to the heated wall after ignition (Figure 3.1.2) which
leads to flow injection inside the chamber. The gas inside the chamber will either flow in or
out of the chamber through porous surface, thus, result in injection or suction. Figure 3.1.3

indicates how the burning of propellant grain regresses with time as it burns.

The physical model of the above specified flow is represented by the following laminar streams

and cylindrical configuration as shown in Figure 3.2:

* o * + * *, * _&
r
é—f» -
. ) _ - = —
Ly

by * * * * * S

v —
T
- ——
¥ ¥ 3 ¥ ¥  —

i

Figure 3.2: Geometry of the flow

The above case study is influenced by surfaces forces and body force. The current study
investigates the influence of the buoyancy force (body force) and heat transfer effects due to

temperature difference on the flow field studied in [1].
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3.2.2 Conservation laws

This subsection lists and express the important conservation laws and thereafter use them
to derive the equations representing flow and heat transfer inside the combustion chamber.
The mathematical model of an internal flow inside a solid rocket motor is derived from the

cylindrical coordinates system given in Figure 3.3 below.

[E]
\

\
=,
0

o - dr

Figure 3.3: Bulk of fluid in cylindrical coordinate system

Conservation of mass

The principle of mass conservation states that the rate of change of a fluid mass in a closed
system is constant [10]. Simply it means that the amount of fluid flowing into the system must
equal the amount of fluid flowing out of the system. The equation of mass conservation in

cylindrical coordinate is given by

dp 10 10 0
5 + ~or (Tpvr) + -0 (pve) + 9 (Pvz) =0, (3.1)

where z,r and 6 are axial, radial and transversal directions of flow respectively. The flow
parameters under investigation have the gradients in axial and radial directions only. Since
flow parameters do not vary in the transversal direction. Thus, the flow is two-dimensional

along the z and r axis. The above equation (3.1) reduces to:
op 10 0
A , — (v, | =0. 3.2
0t+7’87’<mv)+8z(pv) (32)
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The density of the fluid does not change with time for an incompressible fluid, thus equation

(3.2) becomes

10 0
;5 (TPU,«> + & <)0Uz> = 07 (33)

where v, and v, are velocity components along the axial z and radial r directions respectively.

Equivalently equation (3.3) can be written as follows:

o(ru) ~ O(rv)
5% T or =0, (3.4)

by taking standard components @ and v to be velocity components along the axial z and radial

r direction respectively.

Conservation of momentum

The law of conservation of momentum states that the rate of change of the momentum of a
fluid mass in a control volume is equal to the net external force acting on the fluid [10]. The
external forces that act on a fluid mass are classed as either surface forces or body forces.
Surface forces act across the surface of the fluid mass, examples of such forces are pressure
and viscosity forces. Body forces act throughout the body of the fluid, which are gravitational

force and electromagnetic force.

The flow under investigation is influenced by the surface force and body force. Similarly the
variation of fluid parameters is along the radial and axial direction respectively as mentioned
above. The equation of conservation of momentum is given by the following Naiver-Stokes

equations in cylindrical coordinates in the r and z direction respectively,

ou, ou, Ou,\  Op 9 Uy
oG e e ) = g (Bt ) ot 3

0 0
where 8_p and a—p are surface forces due to the work done by the surface wall in the r and z
r z
direction, f, and f, are the body forces affecting the flow in the r and z direction. Similarly

equation (3.5) and (3.6) can be written in terms of @ and o:
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Derivation of body force affecting momentum during solid rocket motor operation.

_ ~ 1 P 2— 1 733
Qy+uav+v@5=——g—+-[Q—+~Q(—aww)]+Jh (3.7)

Propellant (fluid) flow inside a horizontally oriented pipe has the net force (net effect between
the buoyancy and gravity) acting on a unit volume of the propellant in the vertical direction.

Thus the net force is given by
F,= g<ps - p)a (3'9)

where g is gravity, ps is the density of the propellant close to the surface wall and p is the
density of the propellant inside the combustion chamber far from the surface wall. For the
problem at hand, the density of propellant is depended (function) on temperature, hence the
variation of density of the propellant with temperature at constant pressure can be expressed

in terms of cubical expansion coefficient 5 as follows:

5 = __(3;), (3.10)
——(25). (3.11)

Replacing differential quantities by differences, equation (3.11) can be expressed as

Ap 1p—ps
~ -7 3.12
which can be rewritten as

where T and T, are temperature of the fluid and temperature at the surface wall respectively.

Substituting (3.13) into (3.9), the net body force in the r- direction is given by
F, = gpB(T —T,). (3.14)

Since the body force does not affect the flow in the axial-direction, equations (3.7) and (3.8)

become
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ot 9z oF  por PO
ou  ou ou_ 10P  [ou 10 ( 0
ot ez T Var p 0% o2 T rar\"ar )|

Conservation of energy

ov  _0v 0 10P V{a% 8(18(?@)
T

AR e A P - )} +98(T - Ty), (3.15)

(3.16)

The conservation of energy states that the change in internal energy due to an event is equal
to the sum of the total work done on the system during the course of the event and any heat

which was added to the system [10]. The net heat flux into the fluid bulk is due to:

e volumetric heating due to emission and absorption of radiation denoted by ¢.

e heat transferred across the surface due to temperature gradients, i.e thermal conduction.

Thus, the conservation of energy is given by

_ +u’f‘_

or  Or  wdl T
P\ "ot or o0 oz

) = kAT + g, (3.17)
where k is thermal conductivity, p is the density and c, is the specific heat. Similarly the
temperature distribution does not vary along the transversal direction, thus energy equation

with convection along the axial and the radial directions is given by

or  OT 0T\ .

Equivalently equation (3.18) in terms velocity components @ and ©
or _or 0T T 10 (0T q
g =N e == — 3.19
R {022+F8F(T8F)]+pcp’ (8.19)
where \ = % is the thermal diffusivity.

Derivation of radiative flux affecting temperature distribution (energy).

A medium (fluid bulk) is said to be optically dense if some of the light incident rays energy
is absorbed by medium, thus result in refracted waves moving at slow speed inside the fluid
bulk due to loss in kinetic energy. For such optically dense absorbing and emitting medium,

the spectral radiative flux may be determined from

4
A = 3k, V 0By, (3.20)
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where 7 represents different wavelength of electromagnetic waves, k., is the radiative conduc-
tivity, o is the scattering coefficient and E, is the incident radiation. The above equation
represents the general relation for local spectral radiative energy flux in terms of the local
emissive power gradient. Since equation (3.20) has the same form as the Fourier heat con-
duction law for medium that is optically dense for all wavelengths which relates energy and

temperature gradient, the radiative heat flux in terms of temperature is given by

4o 4

= . 3.21
30 \V/ (3.21)

qy =

Based on the flow configuration, radiative heat variation is in the radial 7 and axial Z - directions

respectively, thus - ~
4o [8T4 8T4]

LT

which one can differentiate to get volumetric heating ¢.

(3.22)

The radiative heat flux is very small in the z, hence it is negligible. Substituting the radial

component of radiative heat flux (3.22) into equation (3.18), yields

or or  oT 82T+12 oT 1 9g,
022 FOF

tU—+0—=A e
or

o 9z or (3.23)

a pc, OF

where A = £ is the thermal diffusivity and ¢, = =22 or"

29 is the Rosseland or diffusion
PCp 3 kr OF

approximation for radiation.

Boundary conditions

The appropriate boundary conditions of fluid flow and temperature distribution are defined by
the following physical conditions, as given in figure 3.2. We note that for this configuration,

the symmetric nature of the flow is taken into account at z = 0. At the wall, we have
u=0 v=V,=-V=-Aa, T=T, at7=alt). (3.24)

The above conditions arise from the following reasons. Due to no-slip condition there is no
axial-velocity, thus u = 0 at the surface wall, since the velocity closest to wall approximates

the velocity of the surface wall. Furthermore the radial velocity v is given by V, = =V = — Aaq,

31



the condition is due to the fact that the surface wall is porous hence fluid can flow in or out

of the system. Also the surface wall are kept at a constant temperature, thus 7' = T,.

At the centre, we have

du or

0. 7=0. ==0 at F=0. 3.25
or R T (3.25)

Similarly the above are due to the following reasons. The flow is symmetric, thus, posses a
parabolic velocity profile. At the centre the axial-velocity is constant and gives the maximum
velocity of the fluid due to the parabolic nature of the flow. Also the temperature is minimum

at the centre since the fluid serves a coolant and absorb the heat away from the surface wall.

Along the radial axis we have,

Y
I
e

|
I
(@)

at (3.26)

Since the system is closed at the headwall and the headwall is fixed relative to the chamber

axial length, the axial-velocity is zero at z = 0.

3.3 Mathematical representation of problem

The two-dimensional flow of an unsteady, incompressible, viscous fluid and heat transfer in
a circular semi-infinite pipe is considered. The pipe surface wall is assumed to be porous
and is kept at a constant surface wall temperature T = T,. Also the radius of the pipe
r = a(t) varies with time, the coordinate system is chosen to be asymmetric due the parabolic
behaviour of flow. The surface pipe wall has the ability to expand or contract uniformly in
the radial direction at speed a. Fluid can be injected or sucked uniformly through the surface
wall at the velocity vy, = —V perpendicular to the wall surface and that is proportional to the
moving velocity of the surface wall. The current flow parameters do not vary in the transversal
direction, thus the transversal component of velocity is taken to be zero and kinematic viscosity

is assumed to be constant.
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3.3.1 Governing equations and boundary conditions

Mathematical model representing flow and heat transfer during solid rocket motor operation

is given by

o(ru) ~ O(rv)

oz tTor U ) (8:27)
@_‘_*@_‘_*@—_la_P_F @4_12 *@ (328)
ot "oz " Vor T~ poz  Ulom ror\ o7 )] '
ov _0v _9v  10P o*v 9 (10(rv) -
E—Fu%—%v%——;%ﬁ-l/{?ﬁ‘%(% or )}—i—gﬁ(T—Ts), (3.29)
or _or 0T T 10 (. 0T 1 Oq,

E—i—u%—i—vﬁ —A{E—FFE(TE)] - p_cpE’ (330)

where u and v are the velocity components in the axial z and radial 7 directions respectively,
and T is the temperature. Here, p is the fluid density, v is the kinematic viscosity, k is the

thermal conductivity of an incompressible fluid, g is the acceleration due to gravity, 8 is the

&

, where ¢, is the specific heat, P
Pep

coeffcient of thermal expansion, thermal diffusivity is A =

. . . _ T4 . . .
is the pressure, ¢ is time and ¢, = ?4,%68% is the Rosseland approximation.
T

The appropriate boundary conditions according to the design and the flow dynamics of a solid

rocket motor are as follows:

i) ua=0 v=-0,=-V=-A4a, T=T, at7=alt),

.. ou _ oT ~
(i) ﬁ_o, v =0, §—0 at 7 =0,
(i) @=0 atz=0. (3.31)

Since the internal flow is in axial and radial directions, the momentum equation, energy equa-
tion and boundary conditions are express in terms of the stream function ¥. From the conser-
vation of mass which gives the continuity equation (3.27), there exists a dimensional stream

function W(z,7,t) such that
10V 10V

i=-0") = 32
YT or ! 70z’ (3:32)
which satisfies (3.27) identically.
Introducing the dimensionless radial coordinate r = 7/a(t), equation (3.32) becomes
109 _ 1 OV
e T Twer (8.33)
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Substituting (3.33) into (3.28)-(3.29), we obtain the following momentum equations in the
axial and radial directions respectively

4,.3
a*r*V,, — aar®V,, — aar®V, +rVU,V,; —r\U,, U, + U0, —ﬂPE
p

+ [QQTQ\TJrgg + 720, —r¥U,, + v, (3.34)

_ _ — - - a’r3
—GQTQ\Pgt + adTqugr — T\IJT\IJEE + Tlpglljgr — (\112)2 = __P'I‘

p

+u[=a?r?Wess — W + 105, + a®rPgB(T — T))

(3.35)

where a in the above equations denotes the expansion or contraction rate of the solid rocket
motor combustion chamber in radial direction.

Similarly the energy equation (3.30) becomes

922 a?ror TW

_ 1 - or T 1 0/ oT 1 g,
WW%_%%__A[ +__( )]

o = (3.36)
The variables in the equations (3.34)-(3.36) are dimensionless according to
U v z _ tV
- - = =" 3.37
U V’ v V’ z a(t)’ a ) ( )
v P ’
\I] —

a
_—P:— = =
a?V’ pVQ’a 1/’@

Substituting (3.37) into momentum and energy equations (3.34)-(3.36), yields the following
dimensionless system of equations

1
U+ 10, V,, + U, [U, —r¥,,] +r°P, + I {(r —arHW,, — r?V,,., —r°V,_,

—(1+ arz)\I/,} =0,

(3.38)
1
U4+, + U [V, —rW,.] — P, + T |:(T’ —ar))V,, — r*v,,,
_T2quzz:| + T’gGT@ — O, (339)
@—+1\1f(—) Ly.0 L 1o + L+ (14+4R)O,,| =0 (3.40)
trv"zrzr PrRe er rr| — Y .
where a = aa is the wall dilation rate, R, = ® is the permeation Reynolds number,
v
3 Ts - Ta vpc,
G, LQ) is the Grashof number, P, = ’;C” is the Prandtl number and R = %)’ZT;S is
V T
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the radiation number. Similarly substituting (3.37) into equation (3.33), yields the following

dimensionless stream function

10V 100

- -7 = 3.41
Yo ! r 0z (3-41)
Also the dimensionless boundary conditions take the following forms

i) v.=0, ¥,=1 O©=1, atr=1,
v,

(ii) (—) =0, ¥,=0, 6,.=0, atr=0,
r T

(i) ¥, =0 atz=0. (3.42)

3.3.2 Parameters influencing the problem at hand

The dynamics of flow and heat transfer depend on the following five dimensionless parameters:

Wall dilation rate

The rate at which the combustion chamber expands or contracts is given by surface wall
dilation rate . This dimensionless parameter can either be positive or negative depending on
whether the chamber expands (positive) or contracts (negative). When the rate is zero, the

size of the combustion chamber remains unchanged. The surface wall dilation rate is given by

o= (3.43)

Permeation Reynolds number

Reynolds number is the measure of how fluid flow makes a transition from laminar to turbulent,
it a dimensionless quantity which is the ratio of fluids speed at which the fluid enter through
the porous surface wall of the pipe and viscosity of the fluid. This quantity is positive when,
we inject fluid into the combustion chamber and negative when we suck out fluid from the

combustion chamber. It is zero, when no fluid is injected or sucked out of the system. The
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above parameter is given by

R, = —*%. (3.44)

Grashof number

Grashof number is the measure of viscous forces resisting motion as the fluid density decrease
or increase due to temperature gradients. It is the ratio of the buoyancy force to viscous force

acting on a fluid which given by

agﬁ(Ts - Ta)
Gr = T

s

(3.45)

Representing the surface wall V in terms of £, since they are dimensionally compatible, thus

we obtain the following

. (3.46)

Prandtl Number

Prandtl number is the measure of heat transfer between a moving fluid and a solid body given

by

p =2 (3.47)

Radiation Number

Radiation number is the measure of how fluids emits or absorbs heat energy in a form of
electromagnetic waves or subatomic particles. Radiation number is given by

B 40T5

R 3k k-

(3.48)

3.4 Solutions of the problem under investigation

This section uses Lie-group method to derive similarity solutions under which (3.38)-(3.40)

and boundary conditions (3.42) remains invariant.
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3.4.1 Lie symmetry analysis

We consider the one-parameter (¢) Lie group of infinitesimal transformation in (¢, 7, z, ¥, P, ©)

given by

t* = t4er(t,r,z, ¥, P O)+0(?),

r* = r4ef(t,r 2V, P,0)+0(c?),

2 = z+en(t,rz VU, P0O)+0(),
U = U+ep(t,r 2 ¥, P0O)+0(?),
P* = P+ep(t,r,zV, P 0O)+0(),
)

O* = O+¢eL(t,r,z,¥, P O)+0(s?),

with € as a small parameter. In view of Lie’s algorithm, the vector field is

0 0 0 0 0 0
X—78—£+£5+n&+¢a—w+¢a—P+L%,

if it is left invariant by the transformation (¢,r,z, ¥, P,©@) — (t*,r*, z*, U*, P* 6*).

(3.49)

(3.50)

The solutions ¥ = U(z,7,t), P = P(z,r,t) and © = O(z, r,t) are invariant under the symmetry

if

Oy = X(V)=0, where U =U(zr1),

and
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We set

1
Ay = U+, + U0, — ¥, ] + 7P, + o [(r —ar’)¥,, — r*v,,,

e

—r?,.. — (1+ ar2)\11r} , (3.54)

e

1
Ay = Ui+ r0,0,, + U [¥, — 70, ] — P, + o [(r —ar’)V,, — r*V,,,

_TZq]zzz:| + T3GT@7 (355)
1 1 1 O,
A3 = O+ ;\I/T@Z - ;\IIZ@T PR [@ZZ +—+ (1+4R)6O, }

The vector field X given by (3.50) is a symmetry generator of equations (3.38)-(3.40) if and

only if
XBl(A,; \AJ_:O =0, j=1,2,3 (3.56)
in which
Wza(; ag a%ﬁLzag ¢Tza\1fm d)rta\pﬁ ‘bZtaqut
¢ZZ8\DZZ ¢rr8‘ll” n Lzzagm n eragw N qizr e G\PLW
T B -

is the third prolongation of X.
We now introduce the total derivatives by differentiating (3.49) with respect to ¢,r,z and

construct

Dz == az + \I’za\II + PzaP + @za@ + \Ijzza\llz + PzzaPz + @zza@z + @zra@r + - 5
Dr = 87” + \I/ra\ll + Prap + @7‘88 + \IJ’I‘T(‘)‘I/',« + Prrapr + @7"7’897« + @zraQZ + - )

D; = 0p+ Y0y + Pi0p + O100 + Y0y, + Prlp, + On0e, + 60,100, + - - - (3.58)

Since 7,&,1n, ¢, ¢ and L depend only on ¢,r, 2,9, P and @ and are independent of the deriva-
tives of ¢, P and @. We obtain the following determining equation by splitting the resulting
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equations from (3.56) on derivatives of ¢, P and ©:

—~~
o o = 9 m» T oo ©
n O v © © © © O
G T T e S e T~ B
~— N N~ ~ N~ ~ ~

:(:]7

Pe =0,
vo =0,
To =0,
§o =0,
ne =0,
Lee

¢p =0,
p

(3.67)

(3.68)

gpzoa

(3.69)

77p:0,

(3.70)

(3.71)

Twzo,

(3.72)

(3.73)

(3.74)

(3.75)

(3.76)
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& =0, (3.77)
Gy =0, (3.78)
M =0, (3.79)
L, =0, (3.80)
7 =0, (3.81)
n. =0, (3.82)
Oryp = 0, (3.83)
R%(rg + 120, — 20y + 170, +13¢,) = 0, (3.84)
R%(rg + 1%, — T2y — 170, 4+ 3r°E,) = 0, (3.85)
=26 — 1@, + 2rdy — 21, = 0, (3.86)
28+ 1y, — 2r¢y +2r& =0, (3.87)
—r€ — 120, + 12y + 170, — r?E — P =0, (3.88)
[B(r*a — 1) + (1 = 3r*a)|¢ + (rPa — 1), + (r — ar®) ¢,
(r = ra)n. — 2(r = 1*a)& + 3r°¢,y — Rerd. + Rer® = 0, (3.89)
ry —r’n; = 0, (3.90)
3¢
— et 209 — & + 18 =0, (3.91)
Rerp. + (=1 = r*a)¢y = 1’ ¢raz + (1 = r°)bry — 161y + Rer’ o = 0, (3.92)
(; +ra)l+ (1+7r%a)p, — (L+r°a)dy — (1 +r’a)n. + (1 +r’a)é, (3.93)
+(1+7r2Q)& + (1 + %) + 16 + Rethy + Rer s + Rer® gy, — Rer&s = 0,
30y + ¢r — T¢r =0, (3.94)
R%(—QT%Z +2r%¢,) =0, (3.95)
—ré+roy+rn, —ré =0, (3.96)
E—roy—rn, +1& =0, (3.97)
—r26 =0, + 170y — 3r¥n. + 176 = 0, (3.98)
2r’n, — r’m =0, (3.99)
[(2r°a —2) + (1 = 3r*a)é + [(rPa — 1) + (r — r’a)]éy + [(3r — 3r’a)
+(=r +7r3a)n. — Rerg, + [—r +rialé, + 1€, — Ror*& =0, (3.100)
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rép — rinp =0, (3.101)

—2
Tg + oy + 1. =0, (3.102)

3G, R.L + G, R.O¢ — r3GrR66¢¢ + 313G, R.On,

120Gy — T3 Rep + (1 — 120Q) bpy — 72z + R, = 0, (3.103)
—7“3(,0¢ + Tgbzz - 07 (3104)
20, — rér. + 17y — g = 0, (3.105)
Sy, by (3.106)
r rooor
£ by M &
_____ =0 3.1
r2 r r ’ (3.107)
1 1
PR (1+4R)Le + PR (—2—8R)n. + L =0, (3.108)
2n — 1 =0, (3.109)
§ 2. ¢ &
_ _ = &= 3.110
2R, rRP, v rRP O (3.110)
Or =0 (3.111)
,
From equation (3.59-3.64), we obtain
¢ =al(t,r,z,, P), (3.112)
@ = b(t,r, 2,9, P), (3.113)
T=c(t,r, 2,1, P), (3.114)
§=d(t,r 2,9, P), (3.115)
n=ce(t,r 219, P) (3.116)
L= [f(t,rz1,P)+06g(trz1,P) (3.117)
where a(t,7,z,%, P),b(t,r, 2,1, P),c(t,r, 2,4, P),d(t,r, 2,1, P),e(t,r, 2,1, P),
f(t,r, 2,9, P)and g(t,r, 2,1, P) is an arbitrary functions of ¢,r, 2,1 and P.
Substituting (3.117) into (3.66) and splitting on powers of ©, we obtain
e : f(t,r,z,,P)p =0, (3.118)
1 : g(t,r,z,¢,P)p=0. (3.119)
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Integrating (3.118) and (3.119) with respect to P, gives

f = hltr z9), (3.120)

9 = gl(fa 7“72715), (3121)
where f; and g; are arbitrary functions of ¢, 7, z and 1. Thus the value of L becomes
L= fi(t,r,z,) + Ogi(t,r,z,1). (3.122)

Now substituting (3.112) and (3.114-3.116) into equations (3.65) and (3.67)-(3.69), upon solv-

ing the resulting equations, we get

a = ay(t,r, z,1), (3.123)
c = c(t,r z,1), (3.124)
d = di(t,r z,1), (3.125)
e = e(t,rz1), (3.126)

where aq, ¢, d; and e; are arbitrary functions of ¢, r, z and ). Thus the values of ¢, 7,£ and n

becomes

o = ai(t,r,z,9), (3.127)
T = alt,rz), (3.128)
& = di(t,r 2,7), (3.129)
n = el(t,r z). (3.130)

Substituting (3.122) into (3.70) and splitting on powers of @, we obtain
O : filt,r,2,9) =0, (3.131)
1 gi(t,r, z,9)y = 0. (3.132)

Integrating (3.131) and (3.132) with respect to v, yields

[ = folt,r 2), (3.133)
g = gaft,r,2), (3.134)

42



where fy and g, arbitrary functions of ¢, and z. Thus the value of L becomes
L= f?(fv T72)+@.92(f7r7 Z) (3135)

Substituting (3.127)-(3.130) into (3.71)-(3.74) and solving the obtained equations, yields

a; = as(t,r, z) +pas(t,r, 2), (3.136)
c1 = ot 2), (3.137)
dy = doft,r, 2), (3.138)
er = eyt,r, 2), (3.139)

where ay, as, ¢, dy and e, are arbitrary functions of ¢,7 and 2. Thus the values of ¢, 7, & and n

become

& = ao(t,r,2) + Yas(t,r, 2), (3.140)
T = ft,r2), (3.141)
& = doft,r, 2), (3.142)
n = eyt,r2) (3.143)
Using (3.140) and (3.143) into (3.111), yields the following equation
as(t,r, z), +Yas(t,r,z), —rex(t,r,2)f = 0. (3.144)
Splitting on powers of ¢ from equation (3.144) above, yields
Vo oag(t,rz), =0, (3.145)
1 : ag(tyr z), —rea(t,r,2); = 0. (3.146)
Solving for (3.145), we get
az = ay(t, 2), (3.147)
where a4 is an arbitrary function of £ and 2, as a result ¢ becomes
¢ = as(t,r, z) + Yay(t, 2). (3.148)
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Using (3.141), (3.142) and (3.143) into (3.76), (3.77) and (3.79) and solving the resulting

equations respectively, yields

o = cs(t,r), (3.149)
dg = d3(t_, ’I“), (3150)
ea = es(t,r) + zeqt,r), (3.151)

where c3,ds, e3 and ey are arbitrary functions of ¢ and r. Thus the value of 7,¢ and 7 takes

the form

T = alt,n), (3.152)
f - dS(Ea ’f‘), (3153)
n = es(t,r) + zeq(t,r), (3.154)

where c3,ds, e3 and ey are arbitrary functions of ¢ and r. Thus (3.146) becomes
as(t,r, z), — rles(t,r)s + zes(t,7)7] = 0. (3.155)
Now substituting (3.135) into (3.75) and splitting on powers of O, yields

O : folt,r,2), =0, (3.156)

1 @ got,r,2). =0. (3.157)
Integrating (3.156) and (3.157) with respect to z respectively, yields

.f2 = f3(fa ’I“), (3158)
g2 = 93(57 T)7 (3159)

where f3 and g3 are arbitrary functions of ¢ and r respectively. Thus the value of L becomes
L= fy(T,r) + Oga(L.7). (3.160)
Substituting (3.148) into (3.78) and thereafter solving the result, yields

ay = as(t), (3.161)
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where a5 is an arbitrary function of £. Thus the value of ¢ becomes

& = as(t,r, 2) + Yas(t). (3.162)

By substituting (3.113) and (3.162) into (3.104) and solving for b from the resulting equation,

yields

¢a2 (Ea r, Z)zz

b="0b(trz P)+ 2 : (3.163)
where by is an arbitrary function of ¢, and z. Thus ¢ becomes
o =0by(t,r,z, P) + W. (3.164)
Using the result from (3.152) into (3.81) and solving the resulting equation, yields
c3 = cy(t), (3.165)
where ¢4 is a arbitrary function of . Thus the value of 7 becomes
T = cy(t). (3.166)
Using (3.160) into (3.80) and splitting on powers of ©, we get
6 : fs(t,r), =0, (3.167)
1 : gs(t,r),=0. (3.168)
Integrating (3.167) and (3.168) with respect to r, yields
fs = fa(D), (3.169)
93 = ga(t), (3.170)
where the f; and g4 are arbitrary functions of ¢. Thus the value of L becomes
L = f4(t) + Ogu(t). (3.171)

Now substituting equations (3.154) and (3.171) into equation (3.108), yields the power of © as

O : g,(t) =0, (3.172)
1 AR —2  8R .,

1 fit)+ (@ + m)gg‘@ ( Jea(t, ) = 0. (3.173)
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Solving (3.172), yields

94(t) = g5 (3.174)

where g5 is a constant. Thus the value of L becomes
L = f4(t) + Ogs. (3.175)

Substituting (3.153), (3.162) and (3.164) into equation (3.86) and solving for by yields

by = bo(F.r2) — 2P(ds(t,r) — ras(t) + rds(t, T)r)7 (3.176)

r

where by is an arbitrary function of ¢, and z, thus the value of ¢ becomes the following

_ 2P(ds(t,r) — ras(t) + rds(t,r),) N vas(t,r, 2)..

o ="by(t,r,z) — . > (3.177)
Substituting (3.154) into (3.82) and splitting the result on powers of z, yields
z ¢ e3(t,r), =0, (3.178)
1 ¢ ey(f,r), = 0. (3.179)
Integrating and (3.178) and (3.179) with respect to r, yields
es = es(t), (3.180)
es = eg(t), (3.181)
where e5 and eg are arbitrary functions of ¢. Thus the value of 1 takes the form
n = es(t) + ze(t). (3.182)
Also the equation (3.155) becomes
as(t,r, ), — rles(t)s + zeq(t)g] = 0. (3.183)
Using (3.153) and (3.182) into equation (3.95) and thereafter solving for ds, yields
dy = dy(t) + res(t), (3.184)
where dy is an arbitrary function of ¢. Thus the value of £ becomes
£ = dy(t) + reg(t). (3.185)
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Using the value of ds from equation (3.184) into equation (3.177), yields

2P(dy(t) + reg(t) — ras(t) + es(t)) N Yas(t,r, Z)zz'

p = bo(t,r, 2) = . = (3.186)
Now substituting (3.162) and (3.182) into (3.101) and solving for as, gives
as = ag(t, 2) + T—; e () + zeg ()], (3.187)
where ag is an arbritary function of £ and r, thus the value of ¢ becomes
6= anll,2) + T (E4(0) + 264(D) + (). (3.159)
Using the value of ay from equation (3.187) into (3.186), we get
o = bo(f,r, 2) — 2P(da(t) + res(t) — ras(t) + eq(t)) n Yas(t, Z)zz. (3.189)

r r2

Substituting (3.182), (3.185) and (3.188) into (3.97) and splitting the resulting equation on

powers of r, yields

rotody(f) =0, (3.190)

1 @ eg(t) = as(t). (3.191)

Thus values of &, ¢, n and ¢ become

¢ =ras(t), (3.192)

2

_ r
6 = ag(f,2) + (D) + 2a (D) + (), (3.193)
n=es(t) + zas(t), (3.194)

_ 2P(as(t t,2).,
o =bo(f,7,2) — QM”+¢%%@. (3.195)
r r
By using (3.192), (3.193) and (3.194) into (3.110) and thereafter solving for ag, we obtain

ag = a7 (t) — z%rQag@, (3.196)

where a7 is an abitrary function of ¢. Using the value of ag from (3.196) into equation (3.195),

we obtain

o =bo(t,r,2) — M. (3.197)

r
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Also the value for ¢ becomes
6= arll) — =324 (0) + (40 + 20 D) + v D). (3.198)
Using (3.194) and (3.198) into equation (3.105), thereafter solving for as, yields
as(t) = as. (3.199)

where ag is an arbitrary constant. Thus the values of ¢, 7, £ and ¢ becomes

& =rag, (3.200)
2
r
¢ = ar(l) + Fes(l) +as, (3.201)
n = es(t) + zas, (3.202)
_ 2P
o =by(f,r,2) — — 2, (3.203)
r
Using (3.166) and (3.202) into (3.109) and thereafter integrating yields
cy(t) = ¢5 + 2tas, (3.204)
where c5 is an arbitrary constant. Thus 7 becomes
T = ¢5 + 2las. (3.205)
Using &, ¢,n and L into (3.103) and splitting on powers of ©, gives
O : rfut) — byt 7, 2), =0, (3.206)
1 7G5+ 3r°Graz = 0. (3.207)

Solving for by from equation (3.206) and making g5 subject of the formula from equation (3.207)
respectively, yields

bg = bg(t_, Z) + TGrf4(E>, (3208)
g5 = —3a8. (3209)
Thus L and ¢ take the form
_ 2P
© =b3(t,2) + rG, f4(t) — #, (3.210)
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Solving for f,; from (3.173), we get

t(as + 4Ras)

fa@) = f5+ ’ PR (3.212)

where f5 is an arbitrary constant. Using fy from equation (3.212), the value of ¢ is now given

by

(3.213)

o = bs(t,2) + G, (f5 4 5t(as + 4Ra8)) B QP(a8>‘

P.R, r
Substituting (3.200)-(3.202) and (3.210) into (3.93) and solving for b3 from the obtained equa-
tion, yields

by(F) = ba(F) + Z(Qo‘ei"@R_ Ree5(t) (3.214)

where b, is an arbritary function of £, thus the value for ¢ becomes

B 2(2cel(t) — ReeZ(t)) 5t(as + 4Ras) 2P(asg)
Y = b4(£) + Re + ’I"GT f5 + ere — , . (3215)
Substituting the values from (3.200), (3.201) and (3.202) into (3.100), yields
as = 0. (3.216)
Thus the values of &, m, ¢, ¢, 7 and L satisfying equations (3.59)-(3.111) are given
§£=0, (3.217)
T = Cs, (3.218)
L=, (3.219)
2ees(t) — Reel(t
o= ba(®) + 2 ae"’OR D) e, (3.220)
2 )
¢ = ar(t) + es(f), (3.221)
n = es(1). (3.222)
The system of equations (3.59)-(3.111) has the following five Lie symmetries
g r? 0 0 0
X1 = (2zKaes(t) — Zeg@)a—P + 56/5@8_\11 A5 Xy = 5
0 0 0 0
Xs=ar(t)==, Xu=Wt)==, X5=rG ==+ —. 22
= arllgg: Xa=hllgp G=rtapt g (3.223)
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3.4.2 Invariant solutions

This subsection uses Lie group symmetries that leave the dynamics of propellant flow, temper-
ature distribution and boundary conditions during solid rocket motor operation unchanged.
When calculating invariant solutions under the group generators, X5 is the only symmetry that
preserve the steady state dynamics of the system of equations representing the phenomenon

and the boundary conditions. Thus

from Xy, the characteristic ® = (®y, Pp, Pg) shows that stream function, pressure and tem-

perature do not vary with time, thus
by =5, Pp=-F, Po=-6

Therefore, the steady state solutions according to the invariant conditions (3.51)-(3.53) are

given by
U = h(r)H(z,1), P=T(z,1), O =w(z,r), (3.224)
which gives the steady state operation of a solid rocket motor.

Substituting (3.224) into (3.38) and letting K = R% yields

d3h H,| d*h
2 3 2 Hr
—r Kﬁ—'— {—ThHZ—I—KT—OéKT —3Kr F} 72
H.H, H, H,, H.. dh
%{hﬂz—rh Vi +2K(r—ar3)ﬁ—3Kr2 7 — Kr? Vi —K—aKr2+thrz}%
dh\? H,, H,,, H,.. H,
e o I L B N
H.H H.H H.H r3 OT
T Tz T z _ z Tr h2 T ) .22
+{TH + TH] + 75, 0 (3.225)
Simplifying the above equation, we obtain
d3h d*h
K+ [ —rhKi+ Kr — aKr® = 3K K, | -5
r r
3 2 2 2 dh
+|hKy —rhK3 + 2K (r — ar’)Ky —3Kr° K5 — Kr*Ky — K — aKr® + rhKyg -
,
dh\? 3 2 2 2
+riG | o )+ K (= ar) K — KKy = Kr*Kg = K(1+ ar®)Ks | h
r3 or
Ko+ Ky +rKig|h*+ —=—=0 3.226
+|:7” o+ K3+T 10] +H8z ( )
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by taking

Hr HzHr . sz . Hrr . Hrzz
Kl_HZ7 KQ_Fa K?)_ o ) K4_ o ) K5_ H ) Kﬁ_ H )
H. H.H. H_H.
K — rrr K — H K — T Tz K — z rr ‘22
7 7 8 2> 9 7 10 7 (3.227)

Since h is function of a single variable r, whereas H and I' are functions of both z and r. To
make equation (3.226) a function of r, set K;, i = 0,1,2...,10, to be a constants or function of

r only by setting the derivatives of H to yield constant or function of r only.
Integrating the function Ky = H, from (3.227) with respect to z, gives

H(z,r) = 2K(r) + Ki(r). (3.228)
Thus by using the above value of H(z,r), the stream function from (3.224) becomes

U = (2K (r) + Kq1(r))h(r). (3.229)

Differentiating the stream function (3.229) with respect to r and using the boundary condition

of the stream function from (3.42) (iii), yields
Kui(r)h(r) = K, (3.230)

where K, is an integration constant.

Using the value of the above integration constant K5 from (3.230), the stream function (3.229)

becomes
U = ZG(T) + K127 (3231)

where G(r) = Ki(r)h(r).

Substitution the steady state pressure P = I'(r, z) from (3.224) and stream function (3.231)
into (3.38), yields

0z dr?

dG\? PG
—r(%> +7“2KW]. (3.232)

2
r3a—r = Z[{(l +art)K — G}G;—G + {TG— (7“—0&“3)_[(}ﬁ
r
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Using (3.228) and (3.232) into (3.226), yields
Substituting the value of K7, into (3.228), one obtains

H(z,r) = 2Ky (r). (3.234)

Also when Ky, is zero, K15 = 0 from (3.230), thus the stream function (3.231) becomes
U = 2G(r). (3.235)

Using the stream function (3.235) into (3.41) yields the axial and radial components of the

propellant velocity inside the combustion chamber as follows

U 1dG G
- _ = 2
_z = and v " (3 36)

respectively. It can be noted that the flow is laminar since both the radial-velocity and axial-
velocity per length z, are functions of r. These components show that the axial-velocity per
length z varies with respect to r only while the radial component indicates that the propellant

injection through the chamber surface wall is a function of r.

Using the stream function (3.235) and the value of steady state temperature from equation
(3.224) into (3.39) and thereafter differentiating the resulting equation with respect to z, one

arrives at the following result
P., =Gw,. (3.237)

Substituting the stream function (3.235) into momentum equation along the axial direction
(3.38) and thereafter differentiating the resulting momentum equation with respect to r and

using pressure variation (3.237), we obtain
d*G G d’G 3\ dG dG d*G
2 3 2
K{r W—l—(ar —ZT)W—F(O(T +3)W — (ar—i—;)%} Ty
N (dG)2 PG 3 .,4dG PG r*Gw,

W _3GW+;G%+TGC£T3 >

= 0. (3.238)
Differentiating the above equation twice with respect to z, gives

G, = 0. (3.239)
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According to the dynamics of the propellant flow, there is bouyancy effects due to temperature
difference and the radius cannot be zero, thus G, and r® are non-zero variables. Therefore

W,,, = 0, which gives

w.. = Fi(r), (3.240)

where Fi(r) is a function of r. Integrating (3.240) again, we obtain

0, = zF1(r) + Fy(r), (3.241)

where Fy(r) is a function of r. The system design is such that there is no heat transfer at the
headwall (the headwall is insulated), thus at z = 0 temperature change w, = 0, thus (3.241)
yields Fy(r) = 0. Hence temperature difference per length of the combustion chamber is given

by
22 = Fi(r), (3.242)

which shows that the temperature changes along the axial direction z of the combustion cham-
ber does not change along the length of the combustion chamber. According to equation
(3.242), temperature from the surface of the rocket chamber affects the propellant in the r-
direction only, thus there is no temperature diffusion in the z-direction. This dynamics implies

that % =0.

Taking in account the fact that there is no heat diffusion in the axial direction and setting
temperature difference Fy(r) = H(r) from equation (3.242), thereafter using both velocity
components (3.236) and temperature difference (3.242) into (3.238) and (3.40) and invoking

2 .
% = [, momentum and energy equations become

BG 4G BG  dG G HG,
2ﬁdﬁ4 (2a6+4)dﬁ3+4a B}+Gd53 GIF T =0, (3.243)

dG GdH K |dH dH? 2RK dH dH2
Similarly the boundary conditions become
@ o) 62 - 1. (i) Go) =0
B dH(0)
(iv) hm\/_dBQ =0, (v) H(1/2) =1, (vi) e = 0. (3.245)
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3.4.3 Analytical solutions

The main purpose of this subsection is to obtain semi-analytical solutions of the fourth-order
non-linear differential equation (3.243) representing momentum variation and the second-
order non-linear differential equation (3.244) representing temperature distribution during solid

rocket motor operation using double perturbation [28]. The solid rocket motor is designed to

allow propellant injection inside the combustion chamber such that K = R% is small and the

density variation within the fluid bulk is such that Grashof number G, is also small. For such

small parameters, the velocity G and temperature H can be represented in a series form as

G =G+ KGy + O(K?), (3.246)

H = H, + KHy + O(K?),
where the zero-th order terms G, H, and first order terms Go, Hy of K are given by equations

G1 = Gy + GG + O(G?),
H, = Hyo + G,Hi1 + O(G?),
Gy = Gy + G,.Go + O(G?), (3.247)
Hy = Hy + G, Hy + O(G?),

respectively. Using the velocity G and temperature H from (3.246) into equations (3.243),

(3.244) and boundary conditions (3.245), we obtain momentum and energy equations as

d*G G, d’G, d*G, d*G d*G, d>Gy
4 4B a +K{ﬁ 7 + (208 + 4) L + 4o e + Gy L (3.248)
3Gy dG, d’Gy  dGs d*G, H,G, + KH>@G, 9
s TG AP i P ] Y B
and
dGy dGo Gy Gy | | dH; dHos
—+K— | |H KHy| - | —+K—||—+ K—= .24
{aw* dﬁH1+ ] {f 2Hdﬁ+ dﬁ} (3:249)
K[dH, _dH, _dH? dH2] 2RK[dH, dH, _ dH?
—_— K K — K 2
Pr[dﬁJr B PaE TN | T E Tap TR e T ap

+2K5(2—I;§} + O(K?).
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The boundary conditions becomes

(i) M + Kw =0, (ii) G1(1/2) + KGo(1/2) =1

g dg
(iii) G1(0) + KG2(0) = 0, (iv) lim \/_ y 62 L K lim \/—ddg; 0,
(v) Hy(1/2) + KHy(1/2) = 1, (vi) dh;lﬁm) + Kd}élﬁ(o) = 0. (3.250)

Comparing powers of K from equations (3.248), (3.249) and boundary conditions (3.250) yields
two equations arising from zero-th order terms and two equations, arising from first-order terms

from momentum (3.248) and energy (3.249) equations respectively.

The zero-th order terms of K from the momentum equation (3.248), is given by

d3G1 dGl d2G1 GrHl
L Gy iF " dB &5 m:o (3.251)

with the following corresponding boundary conditions

(i) %;/2) =0, (ii) G1(1/2) =1, (iii)) G1(0) =0
d2G2 . dH,(0)
(iv) }313(1) V2 dﬁz =0, (v) Hi(1/2) =1, (vi) 5 = 0. (3.252)
The first-order term of K from the momentum equation (3.248), yields
d*G G d*G iAe 3G
1. 1 1 1 2 1
K ﬁd64+(2a5+4)d63 jtzlozcw2 +G1d63+G2 WTE
2 2
dG Gy dGy G| oG, _0 (3.253)
dg dp*  dp dp? V20
with corresponding boundary conditions
. dGo(1/2 .
(i) % =0, (i) Ga(1/2) =0, (iii)) G5(0) =
d*G dH,(0
(iv) hm\/ dﬂ; =0, (v) Hy(1/2) =0, (vi) dQﬁ( ) o (3.254)
Similarly the energy equation (3.249), yields
aGgy 1 _, dH,
K H— -G — = 2
45 201 i 0 (3.255)
with boundary conditions
1
(i) %5/2) =0, (ii) G1(1/2) =1, (iii)) G41(0) =0, (3.256)
5 &G . AH\(0)
(iv) hm V2 d52 =0, (v) Hi(1/2) =1, (vi) 5 = 0.
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and

dGl dG2 1 dH1 2R dH1

s d8  P.dB P, dB
1 ,dH, 1_ dH, pj d*°H, 4RBd*H,
52 ds 2 'dB P, df> P dp? =9 (3.257)
with the boundary conditions
1/2
() S —o. (i) Gal1/2) =0, (i) Gal0) =
d2G . dH5(0
(iv) hm V2 dﬁ; =0, (v) Hy(1/2) =0, (vi) d25< ) _ 0, (3.258)

respectively.

Substituting equations from (3.247) into momentum equations (3.251) and (3.253) and their
respective boundary conditions (3.252) and (3.254), yields the following equations arising from

zero-th and first order term of G,.

The momentum equation (3.251), yields zero-th and first-order terms of G, respectively as

d3G10 G10 d2G10
0. _
G G~y = a5 am =0 (3.259)

with the corresponding boundaries

d 1/2
(i) dG(1/2) _ 0, (i) Go(1/2) =1,
dp
(iil) G10(0) =0 (iv) lim +/2p FCo _ 0 (3.260)
iii) G10(0) = 0, iv) lim 0 .
and
3G 3G dGy d*G G d? H
1 11 10 10 11 11 10
: _ _ S - 261
G, Gro RE + G T i3 d 3 A 55 0 (3.261)
with the following corresponding boundary conditions
dG11(1/2
@ Ll o ) Gu1/2) =0,
dp
d Gn
(iii) G11(0) =0, (iv) hm V2 dBQ = 0. (3.262)
Similarly equation (3.253), yields two equations of zero-th and first order of G, as
d'Go e d*Go d*Goy d*Gy  dGio d*Gy
GO 2 2 4 4 +G +G -
r 5 dﬁ4 +( Oé/B“— ) dﬁ?’ + 4o dBQ 107 ;52 d53 20 d53 dﬁ dﬁ2 )
dGia G
B dr 0, (3.263)
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with corresponding boundaries

 dGy(1/2 .
(i) % =0, (i) Gao(1/2) =0,
(iii) Goo(0) =0, (iv) lim V28 Pl _
ds?
and
d*G G d*G dGog d*G dGq, d*G
1. 11 11 1 aly 1 aGy 20
G,: 20 i + (2B8a +4) L + 4o 7 R R
d*G d*Goyg d*Gyy d*Gy  dGy d*Gyg
+Go0— 7 a5 —Gu—o a3 Glo—dﬂ?’ + G 5 - i3 dp?
_dGo d*Gyy _ Hy 0
dg dp? 238
with the boundary conditions
~ dGy(1/2 ..
(i) % =0, (i) Gu(1/2) = 1,
) . d*Go
(iii) G21(0) =0, (iv) /1311% V203 i 0,
respectively.

(3.264)

(3.265)

(3.266)

Substituting equation (3.247) into the energy equations (3.255) and (3.257) and their respective

boundary conditions (3.256) and (3.258), yields the following equation arising from zero-th and

first-order term of G,.

The equation arising from energy equation (3.255), yields two equations of zero-th order and

first order terms in G, respectively as

dGyy 1, dHy

G H - -G =0
105, T 50 T ;
with corresponding boundaries
dH10(0
() Hio(1/2) =1, (i) 20 g
dp
and
dG dG dH dH
Gi: Hy dﬁlo + Hio dﬁu——Gn dﬁw——Gw dﬁll:o’
with corresponding boundary conditions
: ... dHy1(0
0 i (1/2) =0, i) L0

o7

(3.267)

(3.268)

(3.269)

(3.270)



respectively.

Similarly the energy equation (3.257), yields the following two equations

dGlo dG20 1 dH10 2R dHqy
G°. H H
r 05 T = 5 s T B dB
1G dng 1G dH20 5 d2H10 4Rﬁ d2H1()

Oy %y T EaE B oap o B
with corresponding boundary conditions
(i) Ha(1/2) =0, (i) %%(0) =0 (3.272)
and
Gl Hmdfﬁm HQodGﬁ11 + Hndjgo + dej;l Gmdfﬂm ; dcll{ﬁ”
2R dH;; 1 dHy, dHyy 1 Hy, B d*Hy,, 4RBd*Hy
TP ds 2 ™ 4B __G“ i3 295 "B ap B ag
and corresponding boundaries
(i) Hy(1/2) = 0, (ii) dhggo) = 0. (3.273)
Solving (3.259) together with boundary conditions (3.260), yields
G119 = sin b, (3.274)
where
0 = 8. (3.275)
Using the value of 6 from (3.275) into (3.267) and boundary conditions (3.268), yields
Hlods;m % 10d§l;10 =0 (3.276)
and boundary conditions
(i) Hyo(m/2) =1, (ii) dHu(0) _ (3.277)

do
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Substitution of G from (3.274) into (3.276) and solving the resulting equation together with
boundary conditions (3.277), yields

+ - (3.278)

Similarly by substituting (3.275) into (3.261) and boundary conditions (3.262), yields

A BGy  dGd®Gr dGy PGy T Hig
_ _ — = .2
G g TOTm T e e ae v (3.279)
and boundary conditions become
L dGyy (/2 .
(i) %/) =0, (i) G11(m/2) =0,
d2
(iil) G11(0) = 0, (iv) (lg%\/g dC;Q“ — 0. (3.280)

Substituting the values of Gy from (3.274) and H,o from (3.278) into equation (3.279), yields

3 2 =5 cos20 1
sin gdd(;?’n — cos Qddg;n + Sine% —cosfGy; = il \/ﬁ * 2). (3.281)

The solution of equation (3.281) needs to be carefully constructed. To solve (3.281), we follow
the approach in [21]. The homogeneous part of the above equation is satisfied by the following

solution
G, = cosb. (3.282)

Using variation of parameters based on the correction multiplier A(#), the improved solution

of homogeneous solution (3.282) is given by

G1in = A(0) cos . (3.283)

Substituting the solution (3.283) into the homogenous part of (3.281), yields the following

homogeneous equation
A" sinfcosf — 2A" sin 6 — A" = 0. (3.284)
Integrating the above equation (3.284), yields

A(Q) = Cl tan @ + 020 + Cg, (3285)
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where C, Cy and C3 are constants to be determined. Thus by substituting equation (3.285)
into (3.283), yields

G = C1sinf + Cy0 cos + Cs cos 6. (3.286)

Using variation of parameters to improve the solution (3.286) requires the integration constant

to vary with . Hence we take the integration constants to be function of 8, thus G;; becomes

G = C1(0)sinf + Cy(0)8 cos 0 + C5(0)cosb, (3.287)
= C1(0)G114(0) + C2(0)G11(8) + C5(0)Gr1c(0).

The improved solution in equation (3.287) needs to be differentiated three times prior substi-

tution into equation (3.281). The first differentiation yields the following
Gy = CiGua + C1Gya + C3Gus + oGl + C3Gue + CsGhye. (3.288)

The constraint binding derivatives of the parameters varying with 6 is given by

C1G11a + C5G11B + C5G11c = 0, (3.289)
which gives
G = Cysinf + Cyf cos 0 + C5 cos ) = 0. (3.290)
Hence ' becomes
G, = CycosB + Cylcos — Osin ] — Cssin 6. (3.291)

Similarly taking the second derivative, we obtain
G/1,1 - OiGlnA + ClG/lllA + CéG/nB + O2G,1,13 + C:/J,Glnc +Cj ,1/10- (3‘292)
Thus letting C1GY, 4 + C5GY 5 + C5GY - = 0, gives
C}cosf + Cylsinf — fsinf] — Csinh = 0. (3.293)
Thus equation (3.292), becomes

G, = —C1sinf — Cy[2sin 6 + 6 cos 0] — C5 cosb. (3.294)
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Taking the third derivative of Gy, yields the following

Gii= —Cisinf — Cjcosf — Cy[2sin 6 + 6 cos 0] (3.295)
—(5[3cosf — Osin ] — Cf cos§ + Cssin 6.

Substituting the improved solution of Gy (3.287) and its derivatives into equation (3.281)
yields

—(C sin? @ — 2C% sin® 6 — 0 sin 6 cos 0 (3.296)
. Cos229 4 %) |

C! $in 6 cos =
S111 ¢ COS =
3 \/%

which can be simplified to

sin 0C| + 0 cos 0Cy + cos 0C; = 0,

cos CT + (cosf — OsinH)Cy —sinC;, = 0
)

—sin?0C! — (2sin? 6 + fsin 6 cos H)C, — sin 6 cos C, =
1 ( ) 2 3 \/@

The matrix representation of the (3.290), (3.293) and (3.296) is given by

sin @ 0 cos b cos 6 cf 0
cos 0 cosf — fsinb —sinf| |CH| = 0

-5

A . 5 coq29+1

—sinf —2sinf —fcosf —cosb| [C} %—20)
sin

Solving the above matrix yields the values of C7, C% and C%. Which on integration, yields the

following values of correction multiplier as
Ci(0) = I +0.02vV0 +ay, (3.297)

Co(0) = I, —0.02v6 + a,,

Cs5(0) = I+ I + 0.006666670% + I + as,

where [1 = 4 Md&? [2 — foe Ml;\/;js%d& 13 — f[)e —0.01\/§COS 29d9’ [4 f9 00151n9005290059d9

0 Vo
= fo —70'01%9“)5%6 and a1, as and as are constants.

Substituting the multipliers (3.297) into (3.287), yields the solution of (3.281) as

G = 0.02\/§[Sin9 — QCOSQ} + Iy sinf + 0089[912 + I3+ 1, + 15]

+aq sin @ + asf cos 6 + az cos b. (3.298)
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Using the boundary conditions (3.280) into equation (3.298), we get the values of the integra-

tion constants as

a; = 0.0137593, (3.299)
—0.118586

Gy = — e (3.300)

as = 0. (3.301)

The integrals I, I5, I3, I, and I5 can be rewritten in series form as

I = VO( —0.02 — 2.24346 x 10750 4 0.0126% — 1.66533 x (3.302)

1071%¢* — 0.006666676") + ...,

I, = V6(0.02 — 0.0086% + 0.001481486") + ..., (3.303)
I3 = 67 (— 0.0066666 -+ 0.005714296% — 0.006666607 ) + .., (3.304)
I, = 62 (0.00666667 — 1.25673 x 10%6% — 1.09176 x 10756 (3.305)

0.003878796") + ...,
I5 & 02 (— 0.00666667 + 6.48634 x 1071%9 (3.306)

+0.001904766° + 1.31582 x 107"9¢* — 0.0002424246*) + ...

Thus substituting (3.274) and (3.298) into equation (3.247), yield G as

G =sinf + G, [0.0Q\@(sinH - 90059) + I;sinf

+ cos 9(9]2 + I3+ 1, + _75) + ay sin 6 + ax0 cos 0 + az cos 0] , (3.307)

where ay, as, az and Iy, I, I3, I, I5 are defined by equations (3.196)-(3.198) and (3.199)-(3.203)
respectively. Substituting (3.275) into equation (3.269) and the corresponding boundary con-
ditions (3.270), yields

dG dG 1 dH 1 dH
Hu=a® + =gt = 5Gu=—® = 3G+ =0 (3.308)

and boundary conditions

— 0. (3.309)
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The series forms of G, Hig and H;; which are used to integrate the non-integrable equation

(3.308) from equations (3.274), (3.278) and (3.298) are as follows

93
Gm — (9 - E + 0(94),

Hyp = 6%+ O(6Y),
G = —0.01375930 — 1.04038 x 1071703 — 2.24346 x 1071893
).

T
2

+0.002293216° 4+ O(0

(3.310)

Using the series representation of Gig, Hip and Hjy defined in (3.310) into (3.308) yields a

simplied first order linear equation which gives the following solution satisfying the boundary

conditions (3.309) as
Hyy = 349232 x 107'7[6% — 0.0596076% — 0.1284796%].

Substituting (3.278) and (3.311) into equation (3.247), yields

20 1
TS 5+ G [3.49232 X 107 (62 — 0.0596076% — 0.12847907) .

le—

Also substituting (3.275) into (3.263) and the boundary conditions (3.264), yields

. d3Gy d*G, o dGy 2
sin QW — oS GW + sin QW —cos0Gy = (;9 + 4> cos 6

4
+—qsinf — 20sinf
T

and boundary conditions (3.245) becomes

. dG2o(7T/2) . .. .
(i) — = 0, (i) Goo(m/2) =0,
(iii) Gao(0) =0, (iv) lim N dC;jO = 0.

A solution of the homogeneous part of (3.313) is given by
Goop, = cosf.

Similarly the correction multiplier of G5y using variation of parameters is given by

Goon, = W(0) cosb.
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Substituting (3.316) into the homogeneous part of (3.313), yields the following third order
ODE

W" sin @ cos @ — 2W" sin 9> — W = 0. (3.317)
Integrating (3.317) with respect to 6, gives
W(0) = Dy tan + D96 + Ds. (3.318)
Using (3.318) into (3.316), we get
Gaon, = D1 sin + Dyf cos @ + D5 cos 6. (3.319)
Using method of variation of parameters, we assume

Ga = Dy(0)sin(0) + D4(0)0 cos(0) + D3(6) cos 0, (3.320)
= D1(0)Ga0a(0) + D2(0)Go0p(8) + D3(0)Gaoc(6).

Similarly differentiating (3.320) three times prior substituting into (3.313), yields the first

differentiation as
Ghy = D |Goga + D1Goy 4 + DyGoop + DaGhyp + D3Gaoc + DGl (3.321)

similarly letting

DGy + DyGaop + D3Gaoc = 0, (3.322)
which gives
D} sin€ 4+ Dyf cosf + Dy cosh = 0. (3.323)
Hence G%, becomes
Gy = D cos® + Dyfcosf — sin 6] — Dy sin 6. (3.324)

Also, taking the second derivative, we obtain

Ghy = D Gy + D1Gox + DyGiogp + DaGhyp + D3Ghoe + DsGioge. (3.325)
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Thus letting D] Gh 4 + D5Ghyp + D5Gho = 0, gives

D cos + Dj[sinf — Osin ] — Dy sinf = 0. (3.326)

Thus equation (3.325), becomes
Go = —D1sinf — Dy[2sinf + 6 cos ] — D5 cos 6. (3.327)
Lastly the third differentiation yields

Goy =  —Djsinf — D;cosf — D)[2sin6 + 6 cos 0] (3.328)

—Ds[3cosf — Osinf] — D; cos @ + Dzsiné.

Substituting equation (3.320) and its derivatives (3.324), (3.327) and (3.328) into (3.313),
yields

— D) sin®§ — 2D} sin* @ — D0 sin 6 cos § (3.329)
2 4
Djsinf cosf = (—9 + 4) cosf + —asinf — 20sin 6.
T T
Representing (3.323), (3.326) and (3.329) as a systems, yields

sinf@D] + 0 cos 0D} + cosD; = 0,
cos 0D} + (cos — Osinf) Dy, —sinD; = 0,

2 4
—sin® D} — (2sin? @ + Osinf cos §) D}, — sinf cos D} = (—a0 + 4) cosf + —asinf — 20 sin 6
m m

and takes the matrix form

sin 0 cosf cos D] 0
cos 0 cosf —Osinf  —sin@| |D,| = 0
—sinf —2sinf —fOcosf —cosl| |Dj (%049—1-4)%*6@—1—%04—29

Solving the above matrix yields the values of D/, D} and Dj5. Which on integration, yields the
following values of correction multiplier Dy(6), Dy(0) and D5(6) as

D(0) = 1 cosh — Osind + 3Intan(6/2) — 6 CoseCQ] — sin @ — 2cosec — O cos O — Ig + by,
T

Dy(0) = % Ocosectd — 31n tan(@/Q)} + 2cosech + I + bo,

D3(0) = 21— 62cosectd — O cosf — sin b + 3[61 + 0sin 6 — 20cosec — cos 6 — I7 + bs,(3.330)
7r
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where

0 0
Is = / Ocosecd db, I; = / 0cosech df
0 0
and by, by and b3 are constants.

Substituting (3.330) into (3.320), we get
Gop = e [3 Intan(0/2)(sin @ — 6 cos 0) — 29] — 3+ (fcosf — sin b)),
T
3o .
+ <—IG - 17) cosf + by sin @ + byf) cos O + bz cos 6.
T

The boundary conditions (3.314) together with equation (3.331), yields

w3 T

T
bi=a+3+ 5+ 70 T 576007

— 167 (43200 + 180072 + 45* 4 I°)

0 =

8640072
172800ar 1447w (1800 + 2572 + =)
8640072 8640072 ’

bs = 3.

The integrals I; and I, can be rewritten in series form as

03 76
Is =04 — 4+ —— 4 ..
6 =0+ T a0 T

I~92+94+796+
=9 "924 " 2160 "

Substituting € from (3.275) into (3.271) and boundary conditions (3.272), we get

dGho dGy 1 dHy 2RdHy
do do P. df P. df
1 dHp 1G dHosg 0 d*Hyy 4ROd*Hy,

o0 27 g9 T Pde? T P de? =0,

Hyo

with corresponding boundaries given by

ngo(())

=0.
do

(i) Hyo(m/2) =0, (ii)
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Equation (3.337) is not easily integrable or solvable, we now represent Gog in series form as

follows

3——+ + o+ tat+ = —— (3.339)

8 w3 T 200 2«
Goo = 2
6 360 69120 T T

Ta T
24 9600

)9 —26% + O(6°).

Using series form of Gy and Hjp defined by (3.310), Gy defined by (3.339) into (3.337)
thereafter solving the simplified equation and boundary conditions (3.338), yields the solution
of Hyy as

Hy =

2
5 (47r€ + 127 R — 86 — 24R0* + 7°0*P, — 27r93PT>. (3.340)

T

Substituting (3.275) into (3.265) and the boundary conditions (3.266), yields

Gy PG dGyn d*Gry  dGio d*Gy —Wgﬂzo
_ — = — 341
G~ YO T T a T d dee /20 (3:341)
vi%" d2G11 dG20 d2G11 dGH d2G20 290[ dSGH d3G20
—— — 4
car T a ae tap ae Y g
d4G11
—2
T dot ’
with corresponding boundary conditions
L dG 2 .
(0% —0, (i) Ga(n/2) = 0,
d*Gxn
(i) G (0) = 0,  (iv) lim V@ =0. (3.342)
0—0 d6?

Substituting G1o, G11, G2g, Hao previously obtained into (3.341), we get the following nonhome-

gous equations

PG d*G o dG 4o d*G
sin 6 d9321 — cos d9221 + sin 6 d921 —cos0Gy = i d9211
dGQO d2G11 dGll d2G20 20 d3G11 d3G20
— 4 -G 3.343
o a2 T o a? . T (3:343)
d4G11
-2 .
¢ do4

The homogeneous solution of the homogenous part of (3.343) is given by

Go1p, = cosf. (3.344)
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Using variation of parameters approach to find the correction multiplier J(6), equation (3.344)

above becomes
Gorp, = J(0) cos . (3.345)
Substituting (3.345) into the homogeneous part of (3.343), yields
J" sinfcosf — 2J"sin 9 — J" = 0. (3.346)
Integrating (3.346), we obtain
J(0) = Vitan 0 + V40 + V. (3.347)
Using (3.347) into (3.345), we get
Goip, = Visinf + Vol cos O + Vs cos . (3.348)
Using variation of parameters to improve the solution of G, we assume

Gor = Vi(0)sin + V5(0)0 cos 8 + V3(6) cos 6 (3.349)
= Vi(0)G214(8) + V2(0)G215(0) + V3(0)Ga1c(0).

Similarly equation (3.349) must be differentiated three times before substituting into (3.343).
The first derivative, yields

GYy = VGaora + ViGY 4 + ViGarp + VoGl g + V3Gae + VaGhy (3.350)

similarly letting

ViGaa + V3Gap + V5Garc = 0, (3.351)
we get
V/sin @ + V40 cos 0 + V3 cos § = 0. (3.352)
Thus G5, becomes
GY = V] cos + Vy[cosf — Osinf] — Vsin 6 (3.353)
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Similarly taking the second derivative, we obtain
G/2/1 = VllG/mA + VlGlzllA + VQ/GIQUS + VZGng + V:slGlzlc + V3G/2/10- (3.354)
Letting, V/Ghy 4 + V3G g + VEGh o = 0, yields
Vi cos + Vy[sinf — @ sin 6] — V5 sinf = 0. (3.355)
Thus equation (3.354), becomes
Gy = —Visin€ — V;[2sin € + 6 cos 8] — V3 cos 6. (3.356)
Lastly the third differentiation, yields

Gy = —V/sinf — Vicosf — V;[2sin 6 + 6 cos 0] (3.357)

—V5[3cosf — fsin ] — V5 cos + Vi sin 6.

Finally substituting equation (3.349) and its derivatives (3.353), (3.356) and (3.357) into
(3.343), yields

—V/sin® @ — 2V, sin* @ — V0 sin 0 cos 0 (3.358)
Visinfcosh = AA,

where

4o d? dGog d? dGqy d&? 20 d3 d3 d*
«Q G11+ Gao G11+ G11 d*Go 04+4) GII_GH G20_29 Gu

AA = — = - .
P R i 63 63 9

where equations (3.352), (3.355) and (3.358) in a system form, we have

sin OV) + 0 cos OV, + cos V5 = 0,
cos OV + (cos — Osin0)Vy —sin OV, = 0,
—sin? 0V, — (2sin? 0 + Osinf cos )V, — sinfcos OV = AA.

The above system takes the following matrix form

sin 0 cos 0 cos 0 %4 0
cos 0 cosf —fOsinf  —sind| [Vi| =10
—sinf —2sinf —fOcosf —cosf| [V3 S‘i“rf‘e
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Solving the above matrix yields the values of V/, V] and V4. Which on integration yields the
following values of correction multiplier V;(0), V5(0) and V3(0) as

Vi(0) = —1.7348 x 10~ ( cos § — In[cos(6/2)] + In[sin(62)]) + A, (3.359)
+4.3368 x 107" (cos 6 — In[cos([0/2)] + In[sin(6/2)]) + j1,

Va(0) = —1.7348 x 10~ "®a( cos § — In[cos(6/2)] + In[sin(6/2)]) (3.360)
+A4; — 4.3368 x 10 "®a( cos 6 — In[cos(6/2)] + In[sin(6/2)] ) + Jo,

V3(0) = As + js. (3.361)

Here Ay = Is+ 1o+ 1+ 1o+ 1+ Lo+ Lis+ T+ Dis+Tie+ s+ Lis+ 1o, Ay = Iog+1Io1+ 1o+ Ios+
LIog+Ios+Iog+ Log+ Tog 4 Tog+ 130+ 131 + 3o+ I3+ 134 and As = Is5+ g6+ L7+ Lsg 4+ I39+Tao+ 141,
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where the above integrals I; for i = 8, .....41 are defined as follows

? —cos?00. ?1.1654 x 10717 cos?
/ C(‘)S 00 9709Rd0, I :/ 654 x 107" cos 0d0, (3.362)
o 2sinf P06 0 2sin 0v/0
0 2 39 0 ) 2 6
/ C(')S 60.3 337d8, I - / 0.7875 cos a0,
o 2sinf PG 0o 2sinfvé
_ /9 3.0791 x 10*13804 cos? 6 I, — /9 —2.8112 x 10;19 cos? 2.
0 2 sin 062 0 2 sin 002
_ /9 —2.2446 x 1‘0—34049 cos® 0 6, In— /9 —0.255694\/5 cos® 0 "
0 2sind 0 2sind
90.6176 RV cos? 0  _1.8498 x 10717v/01n @
= . o, L7 = . do,
0 2sin 0P, 0 2sind
2. 0 cos? 6 ¥ —0.3114v/0 cos* 0
Lo = / 058§V_ 0?0 10 gy — / 0.3 f 5?0 1o
0 2sin P, 0 2sinf
0.97091R 11654 x 10717
0 21 — d97
2P, smH\/— 0 2 sin 0v/0
p 0.32337 % 0.7875
= do, Iz = do,
0o 2P, sin 6’\/_ 0 2sin 8\/_
0 18, ~19
— 1 2.8112 x 1
:/ 3.079 x 10~ d&, [25:/ 8 X 9 "
0 2sin 00> 0 2sin 062
922446 x 10-3af 6. 10180
:/ 6 x 10~ " [27:/ 69389.>< 0 a9,
0 2sinf 0 2sinf
2 b _0.61 0
Ly = / Md& Iog = / Md&
o  2sinf o  2P,sinf
91.8498 x 10717/ 1n 6 ¥ _2.0586v/6
I3 Z/ - . Vol de, I3 :/ —.\/_dQ
0 2P, sinf o 2P.sinf
90.3114 934 10~ %a(h — si
Ly :/ 0.3 ‘ ﬂdé’, Ly :/ 3.4696 x 10 q(e sm@cos@)de7
o 2sinf 0 2sin @
90.97091R(6 — sin 6 cos #) ? _1.1654 x 107'7( — sin 6 cos #)
134 - d@, [35 - de,
0 2P, sin 0v/0 0 2sin 00
60.32 — si 9. — si
L :/ 0.32337(0 — sin @ cos e)dQ, I :/ 0.7875(60 — sin @ cos e)dé,
0 2P, sin 0v/0 0 2 sin 61/
—3.0791 x 10~ ¥a(f — sin 6 cos 0) 28112 x 10719(§ — sinf cos )
I38 - . 3 d97 I39 - . 3
2sin 002 0 2sin #02
0 ) 10~18(9 — si 0 ) 1018 2
I :/ 8.6736 x 10 . G sm@cos@)da’ I :/ 6.9389 x '0 cos edé.
0 2sind 0 2sind

with 71,72 and j3 as integration constants.
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Substituting Vi, Vo and V5 into (3.349), we get

Go =  sind { —1.7348 x 10~ "®a( cos  — In[cos(6/2)] + In[sin(62)]) + A;

+4.3368 x 10_18(0089 — In[cos([0/2)] + ln[sin(9/2)]) —i—jl] +
+6 cos 6 [ —1.7348 x 10~ cos § — In[cos(#/2)] + In[sin(6/2)])

+ Ay — 4.3368 x 10’1804((:080 — In[cos(0/2)] + In[sin(6/2)] ) + jz}

+cos0(As + js). (3.363)

Using boundary conditions (3.342) into (3.363), yields

1
ji = 0188610 — 0829203 — — {1.95391 + 1.761361%] , (3.364)
jo = —0.63662 { —0.205958 + 0.43689c — 1 x 1072 (2.98817 x 1020 +
1.02259 x 100 | 307029 x 10'°RY  3.82184 1.9658
P, P, P, P |
j3 = 07
where the integrals [; for i =8, ...... 41 in series form are written as
; 0.97091R 0.26967 R0 .
ST PV Pr ’
—1.1654 x 10717
Iy =~ a —3.23722 x 1071905 4 ...,
N
;oo 032337 0.08982502 .
10 = PT\/é PT 9
0.7875 3
Iy = 7 0.2187502 + - - - |
—1.02637 x 1078 1.56482 x 107230 2.56592 x 107802«
Iy, = 3 - 3 - 3
02 02 02
6.561 x 1073503 1.14611 x 10~ 904«
3 + 3 +ee
02 02
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9.37067x ~20 n 1.54225 x 107340 n 2.34267 x 1071992

03 03 05
7.50282 x 1073693 —1.04639 x 1072094
3 - 3 +
02 02
Iy = —1.1223 x 1070 +3.1175 x 10730 + - - - |

g
12

Lis = —0.2556av/8 + 0.042606% + - - - ,
L w 0.6176RV0  0.102933R0* e
P, P,
L7 & 3.6996 x 1077v/6 — 1.2332 x 1071892 — 1.8498 x 10~"v/#1n g

1+ 3.083x 1078050+,
2.0586v0  0.343162 L
P, P, ’
—0.3114v0 + 0.05190% + - - - ,
0.97091R  0.0539394R03
_ PT\/@ + PT + s
1.1654 x 1017
Vo
—0.32337  0.0898250%
P.A0 * P, *
% +0.218750% + -+ -
1.02637 x 1078 5.77779 x 10734af  5.13183 x 10~ 1002
03 B 03 a 9
177255 x 10735a0%  1.19743 x 10~2af?
0 - T
9.37067 x 10~20 | 962965 x 107359 | 468533 x 10-2092

03 03 03
1.61833 x 107%6¢3  1.09324 x 10~2¢*
3 + 3 +
02 6z
1.223 x 107*af + 6.235 x 10°%af® + - - - |

o~
12

e
12

o
12

— 6.7444 x 1071995 + -+ |

o
12

oul
12

o
12

lo

"

o

Ios

12

o
12

—3.46945 x 107'° — 1.92747 x 107 10% + - - - |

o
12

0.25560v/8 + 0.0085200% + - -,

—0.6176RV0  0.0205867R03 L
P, P, ’

—3.6996 x 107'7v/0 — 2.4664 x 1071993

o
12

ou
12

o
12

+ 1.8498 x 107 1"V01n 0 + 6.166 x 107903 Ing + - - - ,

—2.0586v/0 B 0.06862032 .
P, P, ’

12

I
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Ip = 0.3114V0 +0.010380% + -- -,
I3 = 3.85511 x 107993 4 - -+ ’
I~ 0.129455R03 N

34 = PT ,

Iz &~ —1.55387 x 1071803 + ... |
Iy = —1.55387 x 1071803 4 -+ |
Lo 0.04311603 .

3T = Pr ,

Ly & 0.1050% + ...,

Iy =~ —6.84244 x 107%920 + - - - |
Lo = 6.24711 x 107292 + ..
Iy = —9.63733 x 107 96° 4. .

Substituting (3.331) and (3.363) into (3.247), gives the value momentum first order (3.246) as

Gy = e [3Intan(6/2)(sind — §cosf) — 26] — 3 + (A cos# — sin §) I
s

+(3?a16 — I7) cos O + by sin 0 + byf cos O + bs cos (3.365)

+Gr{ sin @ [ — 1.7348 x 10~ cos § — In[cos(0/2)] + In[sin(62)]) + A;
+4.3368 x 107" (cos § — In[cos([#/2)] + In[sin(6/2)]) + jl]

+6 cos b { —1.7348 x 10~ "®a( cos § — In[cos(#/2)] + In[sin(6/2)])

+A; — 4.3368 x 10~ cos§ — In[cos(6/2)] + In[sin(6/2)] ) + jz]

+cosf(As + jg)}. (3.366)
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Thus from equation (3.246), we get momentum variation inside the solid rocket chamber as
G = sinf + G, {0.02\/5[Sin0 — (9(308(9} + I sinf
+cos€[9[2 + I3+ 14 +I5] + a1 sinf + as6 cos @ + a3 cos b
+K [% [3Intan(#/2)(sin g — O cos0) — 20] — 3 + (B cosf — sin §) I

3
+(?a]6 — ]7) cos ) + by sin 6 + byb cos O + bz cos 0

+GT{ sin @ { —1.7348 x 10~ ¥ cos § — In[cos(6/2)] + In[sin(62)]) + A;
+4.3368 x 107" (cos @ — In[cos([0/2)] + In[sin(6/2)]) + jl]

+0 cos 6 { —1.7348 x 10~ cos § — In[cos(/2)] + In[sin(6/2)])

+4, — 4.3368 x 10 "*a( cos § — Infcos(6/2)] + In[sin(6/2)] ) + jz}

+cosf(As +j3)H . (3.367)

Using the value of 6 given by (3.275) into equation (3.273) and boundary conditions (3.273),

yields
dGlO dGn dGQO dGQl 1 de 1 dH11 2R dHH
H Hyp—2 g, =2 v g e i =
27 TRy T e st T e T e
1 dHH 1 dHQ[) 1 Hgl 0 d2H11 4R9 d2H11 .
27 p §G” d §G10 do  P. de? P. df =0, (3.368)
and corresponding boundaries
dHy, (0
(i) Hy(m/2) =0, (ii) ;;( ) (3.369)

Equation (3.368) is not easily solvable and requires Gay, Gao, G11, G1o, Hao, H11 and Hyg in
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series form before solving. Thus the series form of G5 is given by

1.08334 x 1073 — 1.73334 x 10~%3a
Vo

(1.73472 x 10717 +1.38778 x 106 —

G21 =

555112 x 107 1.11022 x 10715R

TR P, )
2.1426 x 10733 ( — 1.5545 x 10'7 — 4.6635 x 10'"R + aP,) v
_ b
0.479149  0.50989R
P B

2.22045 x 10715 | 6:66134 < 10 163)93 N (_ L 91431 x 10-17
P, P,

2.77556 x 107! 555112 x 107" R
P, - P,

+ ( — 0.698086

—0.0895229« 4

)9 + ( — 2.77556 x 10716 — 2.77556 x 10~ 1%«

+3.081491n 6 +

—6.93889 x 10~ +

)02 +0(6%). (3.370)

Using (3.339), (3.340), (3.370) and (3.310) into (3.368), thereafter solving the obtained equation
together with boundary (3.369), yields

2.77556 x 10716
Ho —
2 P63

+4.8RO*® — 2.52473 x 10M60° — 7.57419 x 10" RO + 16.65680°° + 7.10985R x 10°°

(3.96584 x 10M6* 4+ 1.18975 x 10 RO* + 0.7256*°

+260% — 0.4R6° + 0.08233180%° 4 0.246995 RO%® + 0.46° In 6 (3.371)
+7.80626 x 107190%5P, + 0.1250* P, + 3.11476 x 10°P, — 2.389176°P,

—1.98292 x 10M0°P, + 0.06611650%° P, + 0.03233160"° P, — 1.249 x 10776*°aP,
0*aP, — 1.5439 x 10770*°aP. 4 2.60350°a P, — 1.969060°°a P, — 0.50°aP,
+0.006668620%°a P, + 1.50303 x 1071%9° In P,

+2.22045 x 10717655 In P, — 3.75759 x 107 7#°a In HPT).

Substituting (3.340) and (3.371) into (3.247), gives the value of energy first order term (3.247)
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as

2
H, = 5 (47r6’ + 127 RO — 80 — 24R0* + ©%6*P, — 27?93PT)

T
G 2.77556 x 10716
" P63
+4.8RA*® — 2.52473 x 10M60° — 7.57419 x 10" RA® + 16.65686°° + 7.10985R x 10°°

(3.96584 x 100* + 1.18975 x 10 RO* + 0.7256*°

+265 — 0.4RA° + 0.082331865° 4+ 0.40° In § + 7.80626 x 10712935 P, 4+ 0.1250" P,
+0.246995RA%® + 3.11476 x 10° P, — 2.389176°° P, — 1.98292 x 10™6°P, (3.372)
+0.066116505° P, + 0.032331607° P, — 1.249 x 107" x §>5aP, — 1.969066>° P,
—0.50%P, + 0.006668620%5a. P, 4 1.50303 x 107'%0° In O P,

+2.22045 x 1071052 In 6P, + —3.75759 x 107"0°« In HPT)].

Using the values of H; and Hj into (3.247), yields temperature distribution inside the solid

rocket chamber as

20 1 s
H = =257+ 0+ G,[349232 x 10" (6% — 0.0596070F — 0.12847997)

2 ,
+K{ 5 (47r9 + 127 RO — 86 — 24RH? + 126°P, — 27r95pr)
Ty

o 2.77556 x 1016
" P.63
—2.52473 x 10"60° — 7.57419 x 10" R6® + 16.65686°° + 7.10985R x 10> + 26% — 0.4 RH°

(3.96584 x 10M0* + 1.18975 x 10> RO* + 0.7250*° + 4.8 RO*®

+0.08233186°%° + 0.46° In § + 7.80626 x 10~'0*° P, 4 0.1250" P, + 0.246995RH%° (3.373)
+3.11476 x 10°P, — 2.389170°° P, — 1.98292 x 10"0° P, 4 0.06611650°° P,
+0.03233160™5 P, — 1.249 x 10717 x §35a P, — 1.969060°°aP, — 0.56%a.P,
+0.006668620%°a P, + 1.50303 x 107'90° In 4P, + 2.22045 x 107795 In AP,

—3.75759 x 107170°a In QPT)] }

In terms of 3, equation (3.236) can be rewritten as

U G
i S 374
. Gp, v VoL (3.374)

To determine the radial pressure drop, we substitute (3.235) into (3.39) and also the fact that

the temperature is in terms of H from the previous calculation, thus

& GGy G.H
Pg— _W_W_QKG/J)_KG/BB —I—ﬁ. (3375)
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The radial pressure distribution is obtain by integrating (3.375) with boundary conditions
(3.245) and letting P. to be the pressure at the centreline and P(J) surface pressure, thus

P(B) B 2
/ iP — —/ [—(G——%—am;ﬁ (3.376)
c 0

The resulting pressure drop in the radial direction is given by

AP, = P(B)-P., (3.377)

1/G\°
= KGB(O)—[B(E) +CKKG+KG5:|+X,

where y = 06 %Idﬁ . This integral indicates that bouyancy force contributes to the increase

in pressure inside the combustion chamber in the radial direction.

3.5 Results and Analysis

In this section, we give graphical representations of axial-velocity per length u/z and temper-
ature distribution H. The analysis is carried out to understand the dynamics of solid rocket
motor operation under the effects of dimensionless quantities such as wall expansion rate «,
Grashof number G,, Reynolds number R,., Prandtl number P, and radiation number R on

axial-velocity and temperature distribution respectively.

3.5.1 Behaviour of axial-velocity under the influence of dimension-

less quantities

This subsection studies the effects of various parameters on axial-velocity of propellant as it

flows inside a combustion chamber during solid rocket motor operation.
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Effects of wall dilation o on axial-velocity ratio

c

] 5
Figure 3.4: Axial-velocity profiles over Figure 3.5: Axial-velocity profiles over a
a range of « at K =0.01, P, =6, R=10 range of o at K = —0.01, P. =6, R=10
and G, = 0.02. and G, = 0.02.

Figure 3.4 illustrates the behaviour of self-axial velocity profiles over a range of wall dilation
rate « for cross-flow Reynolds number K = 0.01. In the case of wall expansion ratio, that
is (& > 0), we observe that the increase of combustion chamber volume leads to a higher
axial-velocity of propellant (fluid) at the center and lower towards the surface wall. This
observation is due to the additional space created by expanding the surface wall which is filled
by fluid injected inside the combustion chamber, hence the net work done inside the chamber
is positive work done. The net positive work done propels the fluid bulk, thus result in the
high axial-velocity at the centre due to no slip condition, it can also be shown from Figure 3.4

that axial- velocity increases with the decrease of injection.

In the case of contraction (a < 0), which lead to the decrease in combustion chamber volume
and yields positive work done by the surface wall of the combustion chamber and fluid injection
such that the net work done inside the chamber is high towards the surface wall and low towards
the centre, thus the fluid bulk’s axial-velocity becomes high towards the surface wall and
low towards the centre of the combustion chamber. However in the case of wall contraction
rate while sucking fluid out of the combustion chamber, it is observed that the decrease in
combustion chamber volume leads to a higher axial-velocity of fluid at the centre and lower
towards surface wall. This is due to the decrease in space resulting from the contracting wall

surface and sucking fluid out of the chamber (positive work done), thus the fluid moves faster
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at the centre and slower towards the surface wall. See Figure 3.5.

Effects of Reynolds number K on axial velocity

8 B
Figure 3.6: Axial-velocity profiles over Figure 3.7: Axial-velocity profiles over
a range of K at « = 10, P, =6, R =10 arange of K at « = —10, P, =6, R=10
and G, = 0.02. and G, = 0.02.

Figure 3.6 illustrates the behaviour of self axial-velocity profiles over a range of Reynolds

number R, and wall dilation « = —10 and o = 10 respectively.

In the case of injecting fluid inside the combustion chamber, that is (K > 0), we observe that
the increase of combustion chamber volume while injecting fluid inside the chamber leads to a
higher axial-velocity of fluid at the centre and lower towards surface wall. This observation is
due to the additional space created by expanding the surface wall which allows more fluid to
flow inside the combustion chamber, that result in positive net work done. The net positive
work done propels the fluid bulk which lead to high axial-velocity at the centre due to no slip

condition.

In the case of suction (K < 0), sucking fluid out of the combustion chamber while increasing
the volume yields to negative work done inside the chamber, thus the fluid axial-velocity will
be low towards the centre and high towards the surface wall when fluid is removed out the
combustion chamber. This behaviour is due to the additional space created by expanding the
surface wall which allows fluid to flow towards the wall instead of flowing towards the centre
and thereafter to rocket nozzle, thus sucking fluid decreases net flow towards the rocket nozzle,

thus decrease velocity. See Figure 3.6.
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In the case of injecting fluid inside the chamber, that is (K > 0) while decreasing the volume
of the chamber (a < 0), it observed that the decrease in combustion chamber volume while
injecting fluid inside the chamber leads to the decrease in axial-velocity towards the centre
and increase in axial-velocity towards surface wall. This observation is due to the decrease in
combustion chamber space and the introduction of more fluid inside the combustion chamber
which decreases the free movement of fluid particles inside the combustion chamber, thus

decrease velocity which leads to the decrease in thrust during operation.

In the case of suction (K < 0) while decreasing the chamber volume, the flow field is such that
the axial-velocity increases towards the centre while decreases towards the surface wall. This
behaviour is due to the fact that the fluid inside the combustion chamber has more space to

flow freely when fluid particles decreases during suction. See Figure 3.7.

Effects of Prandtl number on axial-velocity

B B

Figure 3.8: Axial-velocity profiles over a Figure 3.9: Axial-velocity profiles over a
range of P, at o =10, G,, = 0.02, R =10 range of P at o =10, G, = 0.02, R =10
and K = 0.01. and K = —0.01.

Figures 3.8 and 3.9 respectively show the behaviour of self-axial velocity profiles over a range
of Prandtl number P, for injection and suction. The increase in Prandtl number Pr, leads
to high axial-velocity towards the centre and low towards the surface wall during injection;
however the increase in Prandtl number leads to a decrease in velocity towards the centre
while increase the axial-velocity towards the wall during suction. This behaviour is caused by

the effect of heat diffusion which decreases the density of the fluid such that the fluid can flow
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easily. Thus fluid can be injected or sucked easily in or out of the chamber as a result increase

or decrease velocity receptively. See Figures 3.8 and 3.9 respectively.

Effects of radiation on the axial-velocity

B B

Figure 3.10: Axial-velocity profiles over Figure 3.11: Axial-velocity profiles over
a range of R at « = 10, G, = 0.02, K = a range of R at a« = 10, G, = 0.02, K =
0.01 and P, = 6. —0.01 and P, = 6.

Figures 3.10 and 3.11 illustrate the behaviour of self-axial velocity profiles over a range of
radiation R for injection K = 0.01 and suction K = —0.01. The increase in radiation R,
leads to low axial-velocity towards the centre and high axial- velocity towards the surface
wall during injection and also leads to the increase in axial-velocity towards the centre while
decrease the axial-velocity towards the surface wall during suction. This behaviour is due
to high Prandtl number (P. = 6) which leads to the domination of momentum diffusivity
dominates over thermal diffusivity, thus as fluid particles absorb high radiation when fluid is
injected into combustion chamber as a result create friction inside the combustion chamber,
thus an increase in radiation leads to a decrease in axial-velocity in the case of injection. In the
case of sucking fluid out of the combustion chamber fluid with more radiation will be sucked
out, thus less friction will be created inside the combustion chamber as a result, the fluid will
flow with higher axial-velocity towards the centre and lower axial-velocity towards the surface

wall.
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Effects of Grashof number on axial-velocity

B B

Figure 3.12: Axial-velocity profiles over Figure 3.13: Axial-velocity profiles over
arangeof G, at K =0.01, P, =2, R=10 a range of G, at K = —0.01, P, = 2,
and o = 50. R =10 and a = 50.

Figures 3.12 and 3.13 illustrate the behaviour of axial-velocity inside the combustion chamber
of a solid rocket motor. When injecting propellant (K > 0) into combustion chamber, we
observe that the increase in Grashof number leads to an increase in the axial-velocity towards
the centre and decrease in axial-velocity towards the surface wall of the combustion chamber.
This is due to less dense fluid particles moving towards the top of the combustion chamber
to occupy the space created by chamber expansion. In the case of (K < 0) the higher the
Grashof number, the more fluid particles will move toward the surface wall, thus decrease the
axial-velocity towards the wall. Also the more dense fluid particles will move towards the
bottom of the chamber due to gravity and move less dense fluid particles side ways in the axial
direction, thus increase the velocity far from the upper surface (towards the centre). The less
dense fluid will move at higher speed towards the centre to occupy the space created by the
chamber as it expands. Near the surface wall of the combustion chamber, it is observed that
the fluid creates a reverse flow due to the effects of fluid injection. In the case of suction, we
observe that the less dense fluid has lower speed at the wall compared to more dense fluid.
For suction, the more dense fluid will move towards the centre due to force of gravity and the
less dense particles will move towards the upper surface wall, thus for high Grashof number
the more dense particles will move faster towards the centre and less dense will move faster

towards the surface wall.
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3.5.2 Temperature distribution under the influence of dimension-

less quantities

In this subsection, effects of various parameter which influence temperature distribution of

propellant as it flows inside the combustion of solid rocket motors during operation are studied.

Effects of Prandtl number on temperature distribution

Figure 3.14: Temperature distribution Figure 3.15: Temperature distribution
for a range of P, at K = 0.002, R = 10, for a range of P, at K = —0.002, R = 10,
a=>5and G, = 0.02. a =5 and G, = 0.02.

Figures 3.14 and 3.15 illustrate that the propellant temperature decreases from the surface

wall towards the centre for both injection and suction.

The increase in Prandtl number throughout the rocket chamber leads to a sharp decrease
in temperature during injection compared to suction. Since Prandtl number is directly pro-
portional to momentum diffusivity (velocity) and inversely proportional to thermal diffusivity
(heat conduction) which implies that the increase in Prandtl number leads to the decrease
in heat conduction, thus an increase in Prandtl number result in decrease in temperature.
Also fluid injection increases momentum diffusivity which increase Prandtl number. Suction
decrease momentum diffusivity and Prandtl number which leads to increase in heat condition,
thus temperature decreases more for small Prandtl number during suction. The temperature
increases slightly close to the surface wall during injection (addition of energy due work done

by additional particles) thereafter decrease towards centre. This slight increase in temperature
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close to the surface wall provides the propellant with energy to penetrate deeply towards the
centre of the combustion chamber and also contributes to reaction away from the combustion
chamber surface wall. The decrease in temperature is due to the fact that the increase in
Prandtl number leads to the decrease in temperature difference, thus decrease heat conduction
of the propellant. The decrease in temperature towards the centre is caused by the transfor-
mation of internal energy to rocket thrust which propels from the centre of mass of the rocket,

thus lose the temperature towards the centre in a form of rocket thrust.

Effects of radiation number on temperature distribution

Figure 3.16: Temperature distribution Figure 3.17: Temperature distribution
for a range of R at K = 0.002, o = 5, for a range of R at K = —0.002, o = 5,
P. =6 and G, = 0.02. P. =6 and G, = 0.02.

Figure 3.16 illustrates the increase radiation leads to the increase in temperature. This obser-
vation is due to fact that additional energy in a form of radiation will increase the temperature
inside combustion chamber. Similarly the temperature decreases towards the centre since the
system loses temperature in a form of rocket thrust at the centre. Figures 3.17 illustrates that
the increase in radiation leads to the decrease in temperature. This observation is due to fact
that energy in a form of radiation is decreased as particles decreases when sucked out of the

system which leads to the decrease in temperature inside combustion chamber.
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Effects of Reynolds number on temperature distribution

Figure 3.18: Temperature distribution Figure 3.19: Temperature distribution
forarangeof K at R=10, =5, P. =6 for a range of K at R = 10, a = —5,
and G, = 0.02. P. =6 and G, = 0.02.

Figures 3.18 and 3.19 illustrate that the temperature of propellant gas for both contracting or
expanding chamber increases when there is fluid injection during solid rocket motor operation.
The increase in temperature is due to the fact that injection of fluid particles inside the chamber
increases momentum as a result the temperature increase (work energy principle which relates
the energy to momentum), thus the system temperature will increase. Also, the decrease
in fluid particles during operation (suction) decreases momentum, thus decrease temperature.
Figure 3.19 indicates that irrespective of contraction or expansion the temperature distribution

behaves the same.
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Effects of Grashof number on temperature distribution
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Figure 3.20: Temperature distribution Figure 3.21: Temperature distribution
for a range of G, at K = 0.002, R = 10, for a range of G, at K = —0.002, R = 10,
a=5, P.=6. a=>5, P.=6.

Figures 3.20 and 3.21 indicate the effects of Grashof number on temperature distribution of

propellant gas for injecting and sucking fluid.

The temperature increases slightly close to the surface wall thereafter decrease towards the
centre when injecting propellant into the system, see Figure 3.20. This slight increase in tem-
perature close to the surface wall provides the propellant gas (fuel) with energy to penetrate
deeply towards the centre of the combustion chamber and also contribute to chemical reac-
tion, which causes combustion away from the surface wall. This observation is due to high
Grashof number (high temperature difference) which leads to high heat diffusion and more
heat transfer within the fluid bulk which raises the temperature and decreases the density
of the fluid/propellant. The rise in temperature will be more for high Grashof number since
more temperature is absorbed from the surface wall. In the case of suction, see Figure 3.21,
the system will have more less dense fluid particle towards the surface wall and more dense
fluid particles towards the centre since the temperature from the surface wall affects particles
close the wall more. Sucking out fluid particles from the chamber decreases the temperature of
the system since the less dense particles sucked out of the chamber posses high temperature,

hence takes temperature out of system.
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3.6 Concluding remarks

In this project, we further studied the problem of viscous incompressible fluid in a cylindrical
porous pipe with expanding or contracting surface wall [1]. To further understand the dynamics
of solid rocket motor thrust. Lie group technique was employed to find semi-analytical solutions

of the problem in conjunction with double perturbation expansions method.

The semi-analytical solutions obtained for both velocity and temperature were analysed to
understand the flow behaviour of the propellant gas, thus optimize the rocket thrust and
temperature distribution inside the rocket combustion chamber. However the major drawback
in finding these semi-analytical solutions was due to the introduction of series expansions of
non-integrable functions, which made the solution process to be long and tedious for both
momentum and energy equations. The obtained solutions for momentum and energy depend
on Prandtl number P,., Grashof number G,, radiation number R, Reynolds number R, and
wall dilation rate «a, thus allow the investigation of the effects of these parameters on velocity
and temperature during solid rocket motor operation. Also the solution of [1] was recovered
by taking Grashof number to be zero from the obtained momentum solution, which should
be the case since the current work was an extension of [1]. Velocity and temperature profiles
obtained were similar to those in the literature. The reputable parabolic velocity profile which
can ascribed to no slip condition [30,31] and the slightly S shaped temperature profile which
can be ascribed to strong convective action which bring hot combustion products closer to the

centre in a circular pipe [32-34] were obtained.

The following findings are critical:

e Wall Dilation: To have optimal solid rocket motor thrust, the volume of the chamber
should decrease during operation to increase internal pressure along with injection. The
decrease in chamber volume and suction leads to an increase in velocity of the propellant

but the overall thrust becomes minimal due to removal of propellant due to sucking.

¢ Reynolds number: Propellant injection is ideal whereas propellant suction is not ideal,
reason being to maximize thrust during operation more propellant inside combustion

chamber is needed to increase thrust output.
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Prandtl number: The increase in temperature which result from the increase in Prandtl
number is ideal during operation since the increase in temperature leads to the increase

internal energy of the system and the work done to propel increase, thus maximize thrust.

Radiation Number: The increase in radiative effects increases internal energy of the

system such that the work done to propel increases, thus maximize thrust.

Grashof number: The increase in Grashof number effects increases internal energy of
the system due the work done by buoyancy effect such that the work done to propel

increases, thus maximize thrust.

Pressure: Dilation of the chamber must be in such a way that the work done by the

surface wall leads to the increase internal pressure, thus increase thrust output.
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Chapter 4

Conclusion

In this research project, Lie group method was employed to study propellant flow and heat

transfer inside the combustion chamber of solid rocket motors.

In Chapter 1, a brief introduction of Lie group theory for partial differential equations was

given.

In Chapter 2, Lie group method was employed to determine the symmetries and integration

of the heat equation.

In Chapter 3, the flow analysis of [1] was extended to study internal flow and heat transfer inside
a combustion chamber of solid rocket motor. Lie group method along with double perturbation
was employed to find semi-analytical solutions of velocity and temperature. Effects of wall
dilation o, Prandtl number P,, Reynolds number R., radiation number R and Grashof number

G, were on both axial-velocity and temperature distribution were shown graphically.

In future, effects of concentration which arise for the non-homogenous propellant will be stud-

ied.
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