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Abstract

This research project presents semi-analytical solutions for flow and heat transfer during solid

rocket motor operation. Proficient modelling process is followed to construct a mathematical

representation based on conservation of mass, momentum and energy. According to the dy-

namics of flow behaviour and temperature distribution during solid rocket motor operation,

forces affecting the flow and heat transfer are derived from physical postulates. To understand

the dynamics of a solid rocket motor, the current study investigates the flow and heat transfer

inside a pipe in two folds.

The first fold is to understand the effects of buoyancy force on axial-velocity and pressure field

during solid rocket motor operation. The last fold is to understand temperature distribution

inside the combustion chamber. Lie group analysis along with double perturbation method is

used to carry out the integration of the problem at hand. To integrate equations represent-

ing the flow and heat transfer during solid rocket motor operation, momentum and energy

equations are reduced to a single fourth order ordinary differential equation and second or-

der differential equation respectively. Thereafter, double perturbation method is used to find

the semi-analytical solutions of the resulting ordinary differential equations. The effects of

dimensionless parameters arising from the design such as cross-flow Reynolds number Re, wall

expansion ratio α, Grashof number Gr, Prandtl number Pr and radiation R on axial-velocity

and temperature are represented graphically. Lastly, analysis is performed to seek the best

combination of dimensionless parameters that lead to optimal thrust during operation.

Key words: Lie group analysis; flow and heat transfer; perturbation method; porous medium;

bouyancy and radiation effects.
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List of symbols

Dimensional variables

2a-distance between walls, m

ȧ- wall dilation rate, m/s

t-time, s

ū-axial-velocity, m/s

v̄-radial-velocity, m/s

z̄-axial coordinate, m

r̄-radial coordinate, m

P̄ -pressure, Pa

ν-kinematic viscosity, m2/s

ρ-density, kg/m3

Ψ̄-stream function m2/s

T̄ -Temperature, K

T̄s- surface Temperature, K

g-gravitational acceleration, m/s2

Dimensionless variables

t̄-dimensionless time

u-dimensionless axial-velocity

v-dimensionless radial-velocity

z-dimensionless axial coordinate

r-dimensionless radial coordinate

A-wall permeance (injection coefficient)

Ψ-dimensionless stream function

α-dimensionless wall dilation rate

P -dimensionless pressure

Θ-dimensional temperature

Θs-dimensionless surface temperature

Re-Reynolds number

Pr-Prandtl number

α-wall dilation

R-radiation number

Gr-Grashof number
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Introduction

Mathematical models which are used to predict the dynamics of real life events are difficult if

not impossible to solve analytically. However a number of assumptions can be used to have

simpler mathematical models that preserve the dynamics of what occurs in real-life. Differential

equations, may it be partial differential equations or ordinary differential equations, form an

integral part of mathematical modelling for natural sciences, engineering and biology to name

a few.

For such models to be realistic, differential equations representing real-life events have to be

multi-dimensional and it is often the number of dimensions in the models that determines to

a large extent the complexity of the models. Most models which predict real life events with a

reasonable accuracy have three space variables and they also depend on time. Thus, solutions

of such models provide us with a better understanding of the physical phenomena that these

models describe and for this reason, it is of primary importance to develop algorithms that

lead to solutions of such models, analytically, but most often numerically.

To illustrate the significance of studying real life phenomena, the current study extends the

problem of two-dimensional flow in a semi-infinite expanding or contracting pipe with injection

or suction through a porous surface wall [1] which represent internal flow during solid rocket

motor operation by incorporating body force and heat transfer effects given by the following
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improved model:

∂(r̄ū)

∂z̄
+
∂(r̄v̄)

∂r̄
= 0,

∂ū

∂t
+ ū

∂ū

∂z̄
+ v̄

∂ū

∂r̄
= −1

ρ

∂P̄

∂z̄
+ ν

[
∂2ū

∂z̄2
+

1

r̄

∂

∂r̄

(
r̄
∂ū

∂r̄

)]
,

∂v̄

∂t
+ ¯̄u

∂v̄

∂z̄
+ v̄

∂v̄

∂r̄
= −1

ρ

∂P̄

∂r̄
+ ν

[
∂2v̄

∂z̄2
+

∂

∂r̄

(
1

r̄

∂(r̄v̄)

∂r̄

)]
+ gβ(T̄ − T̄s),

∂T̄

∂t
+ ū

∂T̄

∂z̄
+ v̄

∂T̄

∂r̄
= λ

[
∂2T̄

∂z̄2
+

1

r̄

∂

∂r̄

(
r̄
∂T̄

∂r̄

)]
− 1

ρcp

∂qr
∂r̄

.

The appropriate boundary conditions are:

(i) ū = 0, v̄ = −v̄s = −V = −Aȧ, T̄ = T̄s at r̄ = a(t),

(ii)
∂ū

∂r̄
= 0, v̄ = 0,

∂T̄

∂r̄
= 0 at r̄ = 0,

(iii) ū = 0 at z̄ = 0.

Here, we employ Lie group analysis along with double perturbation method to solve a system

of differential equations representing propellant flow and heat transfer inside a combustion

chamber of a solid rocket motor analytically. Furthermore, analytical solutions describing the

flow-field and temperature distribution are analysed to study the effects of cross-flow Reynolds

number Re, wall expansion ratio α, Prandtl number Pr, Grashof number Gr and radiation R.

The mini-dissertation is organised as follows:

In Chapter One, we provide a brief introduction to Lie group analysis of PDEs and include

the necessary results which will be used throughout this work. In particular, we provide the

algorithm to determine the Lie point symmetries of PDEs.

In Chapter Two, we use the heat equation to illustrate how to determine the Lie point sym-

metries of a partial differential equation. We also show how to reduce a partial differential

equation to an ordinary differential equation to obtain group-invariant solutions of the original

equation.

In Chapter Three, uses Lie group method together with double perturbation method to study

internal flow and heat transfer inside a combustion chamber of a solid rocket motor.

Finally, in Chapter Four we summarize the work done in this mini-dissertation and suggest

future work.
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Chapter 1

Preliminaries

This chapter presents a brief introduction of Lie group theory for partial differential equations,

which will be used in this mini-dissertation.

1.1 Introduction

Modelling of real-life events lead to complex multi-variate differential equations. These differ-

ential equations, however can be extremely difficult to solve. It was in the nineteenth century

when a Norwegian mathematician by the name of Sophus Lie, discovered a way of transform-

ing system of equations representing real-life event to a simpler system of equations without

changing the dynamics of the real-life event using Lie group method. Lie group method is

a well-known technique which can be used to find group-invariant solutions for a system of

equations such as equations representing the current case study. Over the years, several books

have been written on this topic due to the ability of the method to transform complex sys-

tems to simplier systems and leave them invariant, a few are mentioned here, Ovsiannikov [2],

Olver [3], Bluman and Kumei [4], Stephani [5], Ibragimov [6–8]. See also Mahomed [9].

The definitions and results presented in this chapter are taken from the books

mentioned above and we will use them without referencing.
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1.2 Local one-parameter Lie group

Here a transformation will be understood to mean an invertible transformation, i.e a bijective

map. Let t and x be two independent variables and u be a dependent variable. We consider a

change of the variables t, x and u:

Ta : t̄ = f(t, x, u, a), x̄ = g(t, x, u, a), ū = h(t, x, u, a) (1.1)

with a being a real parameter, which continuously ranges in values from a neighbourhood

D′ ⊂ D ⊂ R of a = 0 and f , g and h are differentiable functions.

Definition 1.1 A continuous one-parameter (local) Lie group of transformations is a set G

of transformations (1.1) which satisfies the following three conditions:

(i) For Ta, Tb ∈ G where a, b ∈ D′ ⊂ D then Tb, Ta = Tc ∈ G, c = φ(a, b) ∈ D (Closure)

(ii) T0 ∈ G if and only if a = 0 such that T0 Ta = Ta T0 = Ta (Identity)

(iii) For Ta ∈ G, a ∈ D′ ⊂ D, T−1
a = Ta−1 ∈ G, a−1 ∈ D such that

Ta Ta−1 = Ta−1 Ta = T0 (Inverse)

From (i), we see that the associativity property is satisfied. Also, if the identity transformation

occurs at a = a0 6= 0 i.e, Ta0 is the identity, then a shift of the parameter a = ā + a0 will give

T0 as above. The property (i) can be written as

¯̄t ≡ f(t̄, x̄, ū, b) = f(t, x, u, φ(a, b)),

¯̄x ≡ g(t̄, x̄, ū, b) = g(t, x, u, φ(a, b)),

¯̄u ≡ h(t̄, x̄, ū, b) = h(t, x, u, φ(a, b)). (1.2)

The function φ is termed as the group composition law. A group parameter a is called canonical

if ξ(a, b) = a+ b.

Theorem 1.1 For any ξ(a, b), there exists the canonical parameter ã defined by

ã =

∫ a

0

ds

w(s)
, where w(s) =

∂ ξ(s, b)

∂b

∣∣∣∣
b=0

.

5



We now give the definition of a symmetry group for the second-order PDE

ut = F (t, x, u, ux, uxx),
∂F

∂uxx
6= 0. (1.3)

Definition 1.2 (Symmetry group) A one-parameter group G of transformations (1.1) is

called a symmetry group of (1.3) if it is form-invariant (has the same form) in the new variables

t̄, x̄ and ū, i.e.

ūt̄ = F (t̄, x̄, ū, ūx̄, ūx̄x̄), (1.4)

where the function F is the same as in (1.3).

1.3 Infinitesimal transformations

Lie’s theory tells us that the construction of the symmetry group G is equivalent to the

determination of the corresponding infinitesimal transformations :

t̄ ≈ t+ a τ(t, x, u), x̄ ≈ x+ a ξ(t, x, u), ū ≈ u+ a η(t, x, u) (1.5)

obtained from (1.1) by expanding the functions f , g and h into Taylor series in a about a = 0

and also taking into account the initial conditions

f |a=0 = t, g|a=0 = x, h|a=0 = u .

Thus, we have

τ(t, x, u) =
∂f

∂a

∣∣∣∣
a=0

, ξ(t, x, u) =
∂g

∂a

∣∣∣∣
a=0

, η(t, x, u) =
∂h

∂a

∣∣∣∣
a=0

. (1.6)

Now one can write (1.5) as

t̄ ≈ (1 + aX)t, x̄ ≈ (1 + aX)x, ū ≈ (1 + aX)u ,

where

X = τ(t, x, u)
∂

∂t
+ ξ(t, x, u)

∂

∂x
+ η(t, x, u)

∂

∂u
. (1.7)

This differential operator X is known as the infinitesimal operator (generator) of the group G.

If the group G is admitted by (1.3), we say that X is an admitted operator of (1.3) or X is an

infinitesimal symmetry of (1.3).

6



1.4 Group invariants

Definition 1.3 A function F (t, x, u) is called an invariant of the group of transformation (1.1)

if

F (t̄, x̄, ū) ≡ F (f(t, x, u, a), g(t, x, u, a), h(t, x, u, a)) = F (t, x, u), (1.8)

identically in t, x, u and a.

Theorem 1.2 (Infinitesimal criterion of invariance) A necessary and sufficient condi-

tion for a function F (t, x, u) to be an invariant is that

X F ≡ τ(t, x, u)
∂F

∂t
+ ξ(t, x, u)

∂F

∂x
+ η(t, x, u)

∂F

∂u
= 0 . (1.9)

From the above theorem it follows that every one-parameter group of point transformations

(1.1) has two functionally independent invariants, which can be taken to be the left-hand side

of any first integrals

J1(t, x, u) = c1, J2(t, x, u) = c2,

of the characteristic equations

dt

τ(t, x, u)
=

dx

ξ(t, x, u)
=

du

η(t, x, u)
.

Theorem 1.3 Given the infinitesimal transformation (1.5) or its symbol X, the corresponding

one-parameter group G is obtained by solving the Lie equations

dt̄

da
= τ(t̄, x̄, ū),

dx̄

da
= ξ(t̄, x̄, ū),

dū

da
= η(t̄, x̄, ū) (1.10)

subject to the initial conditions

t̄|a=0 = t, x̄|a=0 = x, ū|a=0 = u .

1.5 Construction of a symmetry group

Here we describe the algorithm to determine a symmetry group for a given PDE but first we

give some definitions.

7



1.5.1 Prolongation of point transformations

Consider a second-order PDE

E(t, x, u, ut, ux, utt, uxx, utx) = 0, (1.11)

where t and x are two independent variables and u is a dependent variable. Let

X = τ(t, x, u)
∂

∂t
+ ξ(t, x, u)

∂

∂x
+ η(t, x, u)

∂

∂u
, (1.12)

be the infinitesimal generator of the one-parameter group G of transformation (1.1). The first

prolongation of the operator X is denoted by X [1] and is given by

X [1] = X + ζ1(t, x, u, ut, ux)
∂

∂ut
+ ζ2(t, x, u, ut, ux)

∂

∂ux

where

ζ1 = Dt(η)− utDt(τ)− uxDt(ξ),

ζ2 = Dx(η)− utDx(τ)− uxDx(ξ)

and the total derivatives Dt and Dx are given by

Dt =
∂

∂t
+ ut

∂

∂u
+ utx

∂

∂ux
+ utt

∂

∂ut
+ · · · , (1.13)

Dx =
∂

∂x
+ ux

∂

∂u
+ uxx

∂

∂ux
+ utx

∂

∂ut
+ · · · . (1.14)

Likewise, the the second prolongation of X is given by

X [2] = X + ζ1
∂

∂ut
+ ζ2

∂

∂ux
+ ζ11

∂

∂utt
+ ζ12

∂

∂utx
+ ζ22

∂

∂uxx
. (1.15)

where

ζ11 = Dt(ζ1)− uttDt(τ)− utxDt(ξ),

ζ12 = Dx(ζ1)− uttDx(τ)− utxDx(ξ),

ζ22 = Dx(ζ2)− utxDx(τ)− uxxDx(ξ).

8



Applying the definitions of Dt and Dx given above, we obtain

ζ1 = ηt + utηu − utτt − u2
t τu − uxξt − utuxξu. (1.16)

ζ2 = ηx + uxηu − utτx − utuxτu − uxξx − u2
xξu. (1.17)

ζ11 = ηtt + 2utηtu + uttηu + (ut)
2ηuu − 2uttτt − utτtt − 2(ut)

2τtu

−3ututtτu − (ut)
3τuu − 2utxξt − uxξtt − 2utuxξtu − (ut)

2uxξuu

−(uxutt + 2ututx)ξu. (1.18)

ζ12 = ηtx + uxηtu + utηxu + utxηu + utuxηuu − utx(τt + ξx)− utτtx − uttτx

−utux(τtu + ξxu)− u2
t τxu − (2ututx + uxutt)τu − (ut)

2uxτuu − uxξtx

−uxxξt − (ux)
2ξtu − (2uxutx + utuxx)ξu − ut(ux)2ξuu. (1.19)

ζ22 = ηxx + 2uxηxu + uxxηu + (ux)
2ηuu − 2uxxξx − uxξxx − 2(ux)

2ξxu

−3uxuxxξu − (ux)
3ξuu − 2utxτx − utτxx

−2utuxτxu − (utuxx + 2uxutx)τu − ut(ux)2τuu. (1.20)

1.5.2 Group admitted by a PDE

The operator

X = τ(t, x, u)
∂

∂t
+ ξ(t, x, u)

∂

∂x
+ η(t, x, u)

∂

∂u
(1.21)

is a point symmetry of the second-order PDE

E(t, x, u, ut, ux, utt, utx, uxx) = 0 (1.22)

if

X [2](E) = 0 (1.23)

whenever E = 0. This can also be written as (symmetry condition)

X [2] E
∣∣
E=0

= 0, (1.24)

where the symbol |E=0 means evaluated on the equation E = 0.

9



Definition 1.4 Equation (1.24) is called the determining equation of (1.22), because it deter-

mines all the infinitesimal symmetries of (1.22).

The theorem below enables us to construct some solutions of (1.22) from known one.

Theorem 1.4 A symmetry of (1.22) transforms any solution of (1.22) into another solution

of the same equation.

1.6 Lie algebras

Let us consider two operators X1 and X2 defined by

X1 = τ1(t, x, u)
∂

∂t
+ ξ1(t, x, u)

∂

∂x
+ η1(t, x, u)

∂

∂u
,

and

X2 = τ2(t, x, u)
∂

∂t
+ ξ2(t, x, u)

∂

∂x
+ η2(t, x, u)

∂

∂u
.

Definition 1.5 (Commutator) The commutator of X1 and X2, written as [X1, X2], is de-

fined by [X1, X2] = X1(X2)−X2(X1).

Definition 1.6 (Lie algebra) A Lie algebra is a vector space L of operators with the follow-

ing property : For all X1, X2 ∈ L, the commutator [X1, X2] ∈ L.

The dimension of a Lie algebra is the dimension of the vector space L.

Theorem 1.5 The set of all solutions of any determining equation forms a Lie algebra.

1.7 Concluding remarks

In this chapter, we presented briefly some basic definitions and results of the Lie group analysis

of PDEs. These included the algorithm to determine the Lie point symmetries of PDEs.
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Chapter 2

Lie group analysis of the heat

equation: illustrative example

In science and engineering, the heat equation is a partial differential equation that represent

how heat spreads in a medium as well as how heat evolves with time through the medium.

In this chapter, we consider an example of a linear PDE, namely heat equation and calculate

its symmetry Lie algebra. We also find group-invariant solutions under certain symmetry

generators of the heat equation.

2.1 Lie symmetries of heat equation

Example 2.1 (see e.g., [3], [9])

Let us determine the Lie point symmetries of the heat equation

ut − uxx = 0, (2.1)

in which the dependent variable is u and independent variables are t and x. This equation

admits the one-parameter Lie group of transformations with infinitesimal generator

X = τ(t, x, u)
∂

∂t
+ ξ(t, x, u)

∂

∂x
+ η(t, x, u)

∂

∂u
, (2.2)

11



if and only if

X [2](ut − uxx)
∣∣
(2.1)

= 0. (2.3)

Using the definition of X [2] from Chapter one, we obtain[
τ(t, x, u)

∂

∂t
+ ξ(t, x, u)

∂

∂x
+ η(t, x, u)

∂

∂u
+ ζ1

∂

∂ut
+ ζ2

∂

∂ux
+ ζ11

∂

∂utt

+ζ12
∂

∂utx
+ ζ22

∂

∂xx

](
ut − uxx

)∣∣∣
ut=uxx

= 0,

and this gives

ζ1 − ζ22

∣∣∣
ut=uxx

= 0, (2.4)

where ζ1 and ζ22 are given by equations (1.16) and (1.20) respectively. Substituting the values

of ζ1 and ζ22 in equation (2.4) and replacing ut by uxx, we obtain

ηt + uxx(ηu − τt)− uxξt − uxuxxξu − u2
xxτu −

[
ηxx + ux(2ηxu − ξxx)− uxxτxx

+u2
x(ηuu − 2ξxu)− 2uxxuxτxu − u3

xξuu − u2
xuxxτuu + (ηu − 2ξx)uxx − 2utxτx

−3uxuxxξu − u2
xxτu − 2τuuxutx

]
= 0. (2.5)

Since τ , ξ and η depend only on t, x and u and are independent of the derivatives of u, the

coefficients of like derivatives of u can be equated to yield the following determined system of

linear PDEs:

uxutx : 2τu = 0, (2.6)

utx : 2τx = 0, (2.7)

u2
xuxx : τuu = 0, (2.8)

uxuxx : −ξu + 2τxu + 3ξu = 0, (2.9)

uxx : ηu − τt + τxx − ηu + 2ξx = 0, (2.10)

u3
x : ξuu = 0, (2.11)

u2
x : ηuu − 2ξxu = 0, (2.12)

ux : ξt + 2ηxu − ξxx = 0, (2.13)

1 : ηt − ηxx = 0. (2.14)
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From equations (2.6) and (2.7), we obtain

τ ≡ τ(t) = a(t), (2.15)

where a(t) is an arbitrary function of t. Equation (2.8) is also satisfied. Substituting the value

of τ in equation (2.9) and integrating with respect to u, we get

ξ = b(t, x),

where b(t, x) is an arbitrary function of t and x. Then equation (2.11) is satisfied too. Now,

substituting the values of τ and ξ in equation (2.10) and integrating the equation obtained

with respect to x, yields

b(t, x) =
1

2
a′(t)x+ c(t), (2.16)

where c(t) is an arbitrary function of t and so

ξ =
1

2
a′(t)x+ c(t). (2.17)

After substitution the value of ξ in equation (2.12) and integrating with respect to u, we have

η = d(t, x)u+ α(t, x), (2.18)

where d(t, x) and α(t, x) are arbitrary functions of t and x. It follows from substitution

equations (2.17) and (2.18) in (2.13) that

d = −1

8
a′′(t)x2 − 1

2
c′(t)x+ f(t),

where f(t) is an arbitrary function of t and so

η = −1

8
a′′(t)ux2 − 1

2
c′(t)ux+ uf(t) + α(t, x).

Substituting the values of ηt and ηxx in equation (2.14), yields

−1

8
a′′′(t)x2u− 1

2
c′′(t)xu+ f ′(t)u+ αt +

1

4
a′′′(t)u+ αxx = 0.

Splitting the above equation on u, we obtain

u : −1

8
a′′′(t)x2 − 1

2
c′′(t)x+ f ′(t) +

1

4
a′′(t) = 0, (2.19)

1 : αt − αxx = 0. (2.20)
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Further splitting (2.19) with respect to powers of x, we get

x2 : a′′′(t) = 0, (2.21)

x1 : c′′(t) = 0, (2.22)

1 : f ′(t) +
1

4
a′′(t) = 0. (2.23)

Integrating the above equations (2.21) and (2.22) with respect to t respectively, yields

a(t) =
1

2
A1t

2 + A2t+ A3, (2.24)

c(t) = A4t+ A5, (2.25)

where A1, A2, A3, A4 and A5 are arbitrary constants. It follows from equations (2.23) and

(2.24) that

f(t) = −1

4
A1t+ A6,

where A6 is an arbitrary constant. Hence the general solution of the system of equations

(2.6)−(2.14) is

τ =
1

2
A1t

2 + A2t+ A3,

ξ =
1

2
(A1t+ A2)x+ A4t+ A5,

η = −1

8
A1x

2u− 1

2
A4xu− (

1

4
A1t− A6)u+ α(t, x),

where the As are constants and α(t, x) satisfies αt = αxx.

Thus the Lie point symmetries of the heat equation are given by

X1 =
∂

∂t
,

X2 =
∂

∂x
,

X3 = u
∂

∂u
,

X4 = 2t
∂

∂t
+ x

∂

∂x
,

X5 = 2t
∂

∂x
− xu ∂

∂u
,

X6 = 4t2
∂

∂t
+ 4tx

∂

∂x
− (x2u+ 2tu)

∂

∂u
,

Xβ = α(t, x)
∂

∂u
,
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which generates a Lie algebra of infinite dimension. We now calculate the commutation rela-

tions for all the symmetry generators. We first compute [X4, X1]. By the definition of the Lie

bracket, we have

[X4, X1] = X4X1 −X1X4

=

(
2t
∂

∂t
+ x

∂

∂x

)
∂

∂t
− ∂

∂t

(
2t
∂

∂t
+ x

∂

∂x

)
= −2X1.

Proceeding in a similar manner, we can compute other commutation relations. In a table form

these commutation relations can be written as:

[Xi, Xj] X1 X2 X3 X4 X5 X6 Xα

X1 0 0 0 2X1 2X2 4X4 − 2X3 Xαt

X2 0 0 0 X2 −X3 2X5 Xαx

X3 0 0 0 0 0 0 −Xα

X4 −2X1 −X2 0 0 X5 2X6 Xα′

X5 −2X2 X3 0 −X5 0 0 Xα′′

X6 2X3 − 4X4 −2X5 0 − 2X6 0 0 Xα′′′

Xα −Xαt −Xαx Xα −Xα′ −Xα′′ −Xα′′′ 0

The values of α′, α′′ and α′′′ in the table above are given by,

α′ = xαx + 2tαt,

α′′ = 2tαx + xα,

α′′′ = 4txαx + 4t2αt + (x2 + 2t)α.

2.1.1 One parameter group

The one-parameter group can be obtained using the following Lie equations

dt̄

da
= ξ1(t, x, u), t̄|a=0 = t,

dx̄

da
= ξ2(t, x, u), x̄|a=0 = x,

dū

da
= η(t, x, u), ū|a=0 = u.
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We now compute the one-parameter groups. For each Xi, let Tai be the corresponding group.

Let us first calculate the one-parameter group corresponding to infinitesimal generator X4,

namely

X4 = 2t
∂

∂t
+ x

∂

∂x
.

Using Lie equations, we have

dx̄

da
= x̄, x̄|a=0 = x,

dt̄

da
= 2̄t, t̄|a=0 = t.

Solving the above equations, we get

x̄ = xea, t̄ = te2a.

Thus the one-parameter group Ta4 corresponding to the operator X4 is given by

Ta4 : (t̄, x̄, ū) −→ (te2a4 , xea4 , u).

If we continue in the same manner as above, we get the following one-parameter groups:

Ta1 : (t̄, x̄, ū) −→ (t+ a1, x, u),

Ta2 : (t̄, x̄, ū) −→ (t, x+ a2, u),

Ta3 : (t̄, x̄, ū) −→ (t, x, uea3),

Ta5 : (t̄, x̄, ū) −→ (t, x+ 2a5t, ue
−a5x−a2

5t),

Ta6 : (x̄, t̄, ū) −→
(

t

1− 4αta6

,
x

1− 4αta6

, u
√

(1− 4αta6e
−a6x

2

1−4a6t

)
,

Tα : (t̄, x̄, ū) −→ (t, x, u+ aα(t, x)).

2.2 The use of symmetry transformations

In this section, we make use of the symmetries calculated in the previous section to obtain

special exact solutions for the heat equation. The Lie group analysis supply us with two basic

ways for constructing exact solutions of PDEs: group transformations of known solutions and

construction of group invariant solutions. These methods are described in detail by means of
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examples.

If ū = h(t̄, x̄) is a solution of equation (2.1), then so is

φ(t, x, u, a) = h(f1(t, x, u, a), f2(t, x, u, a))

or in solved form w.r.t u : u = Ha(t, x) is a one-parameter family of solutions. For

Ta1 : t̄ = t+ a1, x̄ = x, ū = u,

if ū = h(t, x) is a solution, then

u = h(t+ a1, x).

We now write down the generated solutions for the other cases:

Ta2 : u = h(t, x+ a2),

Ta3 : u = h(t, x)e−a3 ,

Ta4 : u = h(te2a4 , xea4),

Ta5 : u = h(t, x+ 2a5t)e
(a5x−a2

5t),

Ta6 : u = h

(
t

1− 4αta6

,
x

1− 4αta6

)
1√

(1− 4αta6)
e

ax2

1−4a6t ,

Tα : u = h(t, x)− aα(t, x).

2.3 Group invariant solutions

A group-invariant solution with respect to a subgroup of the symmetry group is an exact

solution which is unchanged by all the transformations of the subgroup. Invariant solutions

are expressed in terms of invariant of the subgroup. The number of independent variables in

the reduced system is fewer than the original system. Thus, the solution of the original system

can be obtained by a solution from a solution of the reduced ODE, which is invariant under

the transformation G. Considering the heat equation, let G be a one-parameter symmetry

group of equation (2.1). A solution u = u(t, x) of equation (2.1) is invariant under G with

generator X if

η − ξ1ut − ξ2ux = 0,
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whenever u = u(t, x). This is the invariant surface condition which provides the form of the

invariant solution to the equation.

Let us now illustrate the above method by considering the heat equation which consist of six-

parameter group of symmetries and infinite-dimensional subgroup. We will construct invariant

solutions under the operators X5 and form the linear combination of X1 and X2.

Traveling wave solutions

Consider the following linear combination of the translation operators X1 and X2:

c
∂

∂x
+
∂

∂t
.

The characteristic equations are

dx

c
=
dt

1
=
du

0
.

Thus, one invariant is I1 = u. The other is obtained from the equation

dx

c
=
dt

1

and is given by I2 = x− ct.

The invariant solution can be written as I1 = h(I2), i.e.,

u = h(x− ct),

where h is an arbitrary function of its argument. Differentiation of u with respect to x and t,

gives us

ut = −c h′, ux = h′, uxx = h′′.

Substituting these expressions into equation (2.1), we obtain the following reduced ODE

h′′ + ch′ = 0,

which is a second-order ODE with constant coefficients. Its general solution is

h(I2) = A1e
−cI2 + A2 = A1e

−c(x−ct) + A2,
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where A1 and A2 are arbitrary constants of integration. Thus the most general traveling wave

solution for the heat equation is of the form

u(t, x) = A1e
−c(x−ct) + A2.

Galilean-invariant solutions

Secondly let us construct an invariant solution under operator X5, namely

X5 = 2t
∂

∂x
− xu ∂

∂u
.

The characteristic equations are

dx

2t
=
dt

0
=

du

−xu
.

Thus, one invariant is I1 = t. The other is obtained from the equation

dx

2t
=

du

−xu

and is given by I2 = ue
x2

4t .

Consequently, the invariant solution is I2 = h(I1), i.e.

u = e−
x2

4t h(t).

Similarly

ut =

(
x2

4t2
h+ h′

)
e−

x2

4t ,

uxx =

(
− 1

2t
+
x2

4t2

)
he−

x2

4t .

Substitution of the above values of ut and uxx in equation (2.1), gives the following first-order

ODE

h′ = − 1

2t
h

which on integration gives

h(t) =
C√
t
.

Hence the most general Galilean-invariant solution is

u(t, x) =
C√
t
e−

x2

4t .
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2.4 Concluding remarks

In this chapter, we have looked at an example of a linear PDE, namely the heat equation.

We calculated its Lie point symmetries, constructed solutions under transformation groups on

known solutions and also obtained invariant solution under certain symmetry generators.
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Chapter 3

Lie group analysis of an internal flow

and heat transfer inside a combustion

chamber of a solid rocket motor.

This chapter aims to study fluid flow and heat transfer inside a porous cylindrical pipe which

has direct application when designing solid rocket motors. The gaseous flow inside the com-

bustion chamber arises from burning solid propellant (fuel) grain due to the porous surface

wall which is kept at constant temperature after ignition. Thus, the chapter studies gaseous

mean flow dynamics and temperature distribution inside the combustion chamber of a solid

rocket motor. Also effects of various parameters that arise from the design of the combus-

tion chamber, internal gaseous flow dynamics and temperature distribution are studied and

illustrated graphically.

3.1 Introduction

The subject of injection driven fluid flow inside cylindrical pipes with porous walls has received

a great deal of attention in the past and recent. This attention stems from a broad spectrum

of technical applications the subject covers. To mention a few, these technical applications

include surface transpiration, boundary layer control and internal flow modelling of propellant
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grain in solid rocket motors. Restricting our attention to solid rocket motors. Internal flow

modelling of propellant grain has received a great deal of attention due to the vital role it plays

in the assessment of aeroacoustic instabilities. Studies [11,12] found that the stability of solid

rocket motors depends strongly on the accurate description of unsteady velocity and pressure

fields inside the combustion chamber of solid rocket motors.

On the quest to asses these aeroacoustic instabilities, Taylor and Culick were the first to

study injection driven incompressible fluid inside a tube with porous wall and their solution

later served as a good approximation for simulating the mean gaseous flow in solid rocket

motors as mentioned in reference [13]. The desire to know more about the subject led to

considerable amount of work being done by researchers to seek mathematical formulations and

solutions that would better describe the gaseous dynamics (flow) inside solid rocket motor

combustion chamber using a pipe with porous wall. Berman [14] was the first as mentioned in

the studies [15,16] to show that a system of equations representing laminar flow inside porous

walls with uniform injection or suction at the walls can be transformed to single ordinary

differential equation (ODE) while preserving the dynamics of the flow. Although similarity

solutions have some disadvantages, that is they are not always valid in the entrance region.

They provide a gateway to analyse the motion of fluid flow inside porous channels [17].

Terrill and Thomas [15] investigated laminar flow through a uniform (constant diameter)

porous pipe with constant injection or suction through the wall and used similarity trans-

formation to reduce a system of equations to single nonlinear ODE which they solved and

obtained dual solutions. The analysis of the results obtained in their study show that the dual

solutions exist everywhere except in the range 2.3 < Re < 9.1. Also the study illustrates that

the flow is not fully developed within the same range. In the region, Re = 0 to Re = 2.3,

the system permeates at a low rate, thus lead to reverse flow near the wall, for large injection

9.1 < Re <∞, the velocity profiles are well-behaved (fully developed).

Quaile and Levy [18] similarly investigated theoretically and experimentally laminar flow in a

constant diameter porous tube (pipe) with uniform mass suction at the wall. Upon conclusion,

their theoretical (inlet region theory) and experimental results revealed that by assuming the

transverse pressure to be zero gives good results however this can lead to inaccuracies towards
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the wall, thus the flow field leads to reverse flow and results in turbulent flow which is not

ideal during solid rocket motor operation. Both theoretical and experimental findings show

that the pressure increases in the direction of the flow for Re > 1.25.

From the results obtained in [15] and [18] one would argue that sucking fluid out of a porous

pipe is not ideal, since it leads to reverse flow, as a result the velocity of the fluid decreases and

lead to the decrease in thrust of the solid rocket motor. In addition to the above mentioned

findings, it can be asked as much as the results are correct for a porous pipe of a fixed diameter,

how correct or incorrect are the same findings for a porous pipe of variable diameter? Since

in practice the radius of the rocket chamber increases as propellant burn, thus leads to time-

dependent radius. The variation of radius changes the dynamics of the steady state flow to

unsteady state flow, hence the dynamics of mean flow vary with time due to expansion or

contraction of the combustion chamber.

To understand the effects of expansion or contraction, researchers saw the need to study un-

steady state regime of fluid flow inside the porous pipe to understand the underlying dynamics.

Galowin and Desantis [19] studied laminar flow in an expanding or contracting pipe with a

porous wall, from their analysis authors observed that for fluid suction, the wall shear stress

and static pressure decrease in the axial flow direction, also the rate at which these quantities

decrease are functions of wall porosity, initial pressure gradient across the wall and inlet flow

permeation Reynolds number.

Saad and Majdalani [20] studied incompressible laminar flow in a porous contracting or ex-

panding pipe. They employed double perturbation method of a pair Reynolds number Re and

wall dilation α. Their analysis revealed that so long the control parameters were chosen at

the prescribed asymptotic range both numerical and exact solution showed agreement. Zhou

and Majdalani [21] investigated improved mean-flow for slab rocket motors with radially re-

gressing walls using a porous pipe. Authors employed similarity transformations and reduced

Navier-Stokes equations representing the internal flow to a single nonlinear classical Berman

ODE. Analysis of their results revealed that for Re = 1000, the mean-flow becomes practi-

cally equivalent to that of Taylor and Culick profile and also explains the use of Taylor and

Culick’s solution in practice as mentioned in [13]. Boutros et al [1] investigated unsteady flows
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in a semi-infinite expanding or contracting pipe and similarly used similarity transformation

and obtained a single non-linear ODE, which they solved and analyzed. The analysis thereof

revealed that sucking whilst expanding is not desirable and leads to an error in the solution.

The burning of propellant grain introduces heat transfer to the system. In view of under-

standing heat transfer inside a pipe, a number of research works have been done to investigate

thermal radiation and convection heat transfer. Pearce [22] motivated by the absence of a

description (mathematical formulation) that accounts for radiative heat transfer studied ra-

diative heat effects within a solid propellant rocket motor. From his findings, he observed that

radiation is a dominant heat flux (heat source) in the combustion chamber and the heat flux

drops to a small fraction of the convective heat flux near the rocket nozzle. Also radiation

from fluid particles is large compared to that of the gaseous species. Xia et al [23] investi-

gated the impact of thermal radiation on high-temperature laminar flow in a tube. Authors

observed that thermal radiation weakens the convective heat transfer from the fluid to the

surface wall of the tube. This study found that suppressive effects of radiative heat transfer

on the flow weakens the convective transport capability of the fluid. Viskanta [24] studied

the interaction of heat transfer by conduction, convection and radiation in a radiating fully

developed laminar flow numerically. Huang and Lin [25] studied numerically the interaction

of thermal radiation with laminar forced convection in a thermally developing circular pipe

flow. Studies [24] and [25] revealed that axial radiation effects become significant for small

conduction-to-radiation parameter and higher temperature ratio.

The dynamics of temperature difference within the fluid leads to variation of fluid density which

lead to an important study of a parameter due to gravity, namely buoyancy force. Hariprasad

et al [26] studied the influence of gravity on solid propellant burning rate experimentally and

noticed a five percent rate augmentation when the propellant burning surface evolution was

against the earth gravity. Ishigaki [27] studied the effects of buoyancy on laminar flow and

heat transfer pipes (rotating and stationary) by employing similarity analysis and numerical

computations. The author argued that buoyancy secondary induced flows in heated pipes

rotating about a parallel axis are similar to those in a stationary horizontal heated pipes.

Lie group method was used to study unsteady flows in a semi-infinite expanding or contracting
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pipe with injection or suction through a porous wall [1]. Authors studied the flow without

investigating the effect of heat transfer and buoyancy force which are two parameters playing

an essential role during both transient unsteady and steady regimes operation of a solid rocket

motor. Motivated by the above study, the purpose of this project is to extend the study carried

out in reference [1] by incorporating heat transfer and buoyancy effects during the steady state

regime operation of a solid rocket motor. The project seeks to find analytical solutions of the

improved model that represents the above phenomena (extension of the works in [1]) using

Lie group analysis along with double perturbation method. Also, the effect of the cross-flow

Reynolds number Re, wall expansion ratio α, Grashof number Gr, Prandlt number Pr and

radiation number R on the axial velocity and temperature distribution are studied. Lastly,

results are represented graphically, analysed and discussed.

3.2 Mathematical modelling of the problem

This section provides a detailed mathematical formulation of a system of equations representing

an unsteady two-dimensional laminar flow of an incompressible fluid in a circular pipe whose

surface wall is kept at a constant temperature, representing propellant flow and heat transfer

inside a solid rocket motor. The mathematical formulation of the above mentioned flow is

derived based on conservation of mass, momentum and energy respectively. The boundary

conditions will be given based on flow dynamics and the design of the system. Lastly, the

mathematical model derived for flow and heat transfer inside the solid rocket motor combustion

chamber will be represented as a flow inside a circular porous pipe in Section 3.3.

3.2.1 Flow configuration

We consider fluid flow and heat transfer in a porous cylindrical pipe which has a direct ap-

plication when optimizing solid rocket motor thrust. The cylindrical propellant grain (fuel)

dynamics inside the solid rocket motor is modelled as a long pipe with one end closed at the

headwall, whose surface wall is kept at a constant temperature, as shown in Figure 3.1.
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Figure 3.1: Solid rocket motor operational regimes

The solid propellant grain (yellow part in Figure 3.1.1) is initially bounded between the com-

bustion chamber (white part in Figure 3.1.1) and the outer wall of the rocket case. The state

of the grain changes to gaseous form due to the heated wall after ignition (Figure 3.1.2) which

leads to flow injection inside the chamber. The gas inside the chamber will either flow in or

out of the chamber through porous surface, thus, result in injection or suction. Figure 3.1.3

indicates how the burning of propellant grain regresses with time as it burns.

The physical model of the above specified flow is represented by the following laminar streams

and cylindrical configuration as shown in Figure 3.2:

Figure 3.2: Geometry of the flow

The above case study is influenced by surfaces forces and body force. The current study

investigates the influence of the buoyancy force (body force) and heat transfer effects due to

temperature difference on the flow field studied in [1].
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3.2.2 Conservation laws

This subsection lists and express the important conservation laws and thereafter use them

to derive the equations representing flow and heat transfer inside the combustion chamber.

The mathematical model of an internal flow inside a solid rocket motor is derived from the

cylindrical coordinates system given in Figure 3.3 below.

Figure 3.3: Bulk of fluid in cylindrical coordinate system

Conservation of mass

The principle of mass conservation states that the rate of change of a fluid mass in a closed

system is constant [10]. Simply it means that the amount of fluid flowing into the system must

equal the amount of fluid flowing out of the system. The equation of mass conservation in

cylindrical coordinate is given by

∂ρ

∂t
+

1

r

∂

∂r

(
rρvr

)
+

1

r

∂

∂θ

(
ρvθ

)
+

∂

∂z

(
ρvz

)
= 0, (3.1)

where z, r and θ are axial, radial and transversal directions of flow respectively. The flow

parameters under investigation have the gradients in axial and radial directions only. Since

flow parameters do not vary in the transversal direction. Thus, the flow is two-dimensional

along the z and r axis. The above equation (3.1) reduces to:

∂ρ

∂t
+

1

r

∂

∂r

(
rρvr

)
+

∂

∂z

(
ρvz

)
= 0. (3.2)
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The density of the fluid does not change with time for an incompressible fluid, thus equation

(3.2) becomes

1

r

∂

∂r

(
rρvr

)
+

∂

∂z

(
ρvz

)
= 0, (3.3)

where vz and vr are velocity components along the axial z and radial r directions respectively.

Equivalently equation (3.3) can be written as follows:

∂(r̄ū)

∂z̄
+
∂(r̄v̄)

∂r̄
= 0, (3.4)

by taking standard components ū and v̄ to be velocity components along the axial z and radial

r direction respectively.

Conservation of momentum

The law of conservation of momentum states that the rate of change of the momentum of a

fluid mass in a control volume is equal to the net external force acting on the fluid [10]. The

external forces that act on a fluid mass are classed as either surface forces or body forces.

Surface forces act across the surface of the fluid mass, examples of such forces are pressure

and viscosity forces. Body forces act throughout the body of the fluid, which are gravitational

force and electromagnetic force.

The flow under investigation is influenced by the surface force and body force. Similarly the

variation of fluid parameters is along the radial and axial direction respectively as mentioned

above. The equation of conservation of momentum is given by the following Naiver-Stokes

equations in cylindrical coordinates in the r and z direction respectively,

ρ

(
∂ur
∂t

+ ur
∂ur
∂r

+ uz
∂ur
∂z

)
= −∂p

∂r
+ µ

(
∆2ur −

ur
r2

)
+ ρfr, (3.5)

ρ

(
∂uz
∂t

+ ur
∂uz
∂r

+ uz
∂uz
∂z

)
= −∂p

∂z
+ µ∆2uz + ρfz. (3.6)

where
∂p

∂r
and

∂p

∂z
are surface forces due to the work done by the surface wall in the r and z

direction, fr and fz are the body forces affecting the flow in the r and z direction. Similarly

equation (3.5) and (3.6) can be written in terms of ū and v̄:
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∂v̄

∂t
+ ¯̄u

∂v̄

∂z̄
+ v̄

∂v̄

∂r̄
= −1

ρ

∂P̄

∂r̄
+ ν

[
∂2v̄

∂z̄2
+

∂

∂r̄

(
1

r̄

∂(r̄v̄)

∂r̄

)]
+ fr, (3.7)

∂ū

∂t
+ ū

∂ū

∂z̄
+ v̄

∂ū

∂r̄
= −1

ρ

∂P̄

∂z̄
+ ν

[
∂2ū

∂z̄2
+

1

r̄

∂

∂r̄

(
r̄
∂ū

∂r̄

)]
+ fz. (3.8)

Derivation of body force affecting momentum during solid rocket motor operation.

Propellant (fluid) flow inside a horizontally oriented pipe has the net force (net effect between

the buoyancy and gravity) acting on a unit volume of the propellant in the vertical direction.

Thus the net force is given by

Fn = g(ρs − ρ), (3.9)

where g is gravity, ρs is the density of the propellant close to the surface wall and ρ is the

density of the propellant inside the combustion chamber far from the surface wall. For the

problem at hand, the density of propellant is depended (function) on temperature, hence the

variation of density of the propellant with temperature at constant pressure can be expressed

in terms of cubical expansion coefficient β as follows:

β = −1

ρ

(
∂ρ

∂T

)
p

, (3.10)

≈ −1

ρ

(
4ρ
4T

)
. (3.11)

Replacing differential quantities by differences, equation (3.11) can be expressed as

β ≈ −1

ρ

(
4ρ
4T

)
= −1

ρ

ρ− ρs
T̄ − T̄s

(3.12)

which can be rewritten as

ρ− ρ∞ = ρβ(T̄ − T̄s), (3.13)

where T̄ and T̄s are temperature of the fluid and temperature at the surface wall respectively.

Substituting (3.13) into (3.9), the net body force in the r- direction is given by

Fn = gρβ(T̄ − T̄s). (3.14)

Since the body force does not affect the flow in the axial-direction, equations (3.7) and (3.8)

become
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∂v̄

∂t
+ ¯̄u

∂v̄

∂z̄
+ v̄

∂v̄

∂r̄
= −1

ρ

∂P̄

∂r̄
+ ν

[
∂2v̄

∂z̄2
+

∂

∂r̄

(
1

r̄

∂(r̄v̄)

∂r̄

)]
+ gβ(T̄ − T̄s), (3.15)

∂ū

∂t
+ ū

∂ū

∂z̄
+ v̄

∂ū

∂r̄
= −1

ρ

∂P̄

∂z̄
+ ν

[
∂2ū

∂z̄2
+

1

r̄

∂

∂r̄

(
r̄
∂ū

∂r̄

)]
. (3.16)

Conservation of energy

The conservation of energy states that the change in internal energy due to an event is equal

to the sum of the total work done on the system during the course of the event and any heat

which was added to the system [10]. The net heat flux into the fluid bulk is due to:

• volumetric heating due to emission and absorption of radiation denoted by q̇.

• heat transferred across the surface due to temperature gradients, i.e thermal conduction.

Thus, the conservation of energy is given by

ρcp

(
∂T

∂t
+ ur

∂T

∂r
+
uθ
r

∂T

∂θ
+ uz

∂T

∂z

)
= k∆2T + q̇, (3.17)

where k is thermal conductivity, ρ is the density and cp is the specific heat. Similarly the

temperature distribution does not vary along the transversal direction, thus energy equation

with convection along the axial and the radial directions is given by

ρcp

(
∂T

∂t
+ ur

∂T

∂r
+ uz

∂T

∂z

)
= k∆2T + q̇. (3.18)

Equivalently equation (3.18) in terms velocity components ū and v̄

∂T̄

∂t
+ ū

∂T̄

∂z̄
+ v̄

∂T̄

∂r̄
= λ

[
∂2T̄

∂z̄2
+

1

r̄

∂

∂r̄

(
r̄
∂T̄

∂r̄

)]
+

q̇

ρcp
, (3.19)

where λ = k
ρcp

is the thermal diffusivity.

Derivation of radiative flux affecting temperature distribution (energy).

A medium (fluid bulk) is said to be optically dense if some of the light incident rays energy

is absorbed by medium, thus result in refracted waves moving at slow speed inside the fluid

bulk due to loss in kinetic energy. For such optically dense absorbing and emitting medium,

the spectral radiative flux may be determined from

qγ = − 4

3kγ
5 σEb,γ, (3.20)
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where γ represents different wavelength of electromagnetic waves, kγ is the radiative conduc-

tivity, σ is the scattering coefficient and Eb,γ is the incident radiation. The above equation

represents the general relation for local spectral radiative energy flux in terms of the local

emissive power gradient. Since equation (3.20) has the same form as the Fourier heat con-

duction law for medium that is optically dense for all wavelengths which relates energy and

temperature gradient, the radiative heat flux in terms of temperature is given by

qγ = − 4σ

3kγ
5 T 4. (3.21)

Based on the flow configuration, radiative heat variation is in the radial r̄ and axial z̄ - directions

respectively, thus

qγ = − 4σ

3kγ

[
∂T̄ 4

∂r̄
+
∂T̄ 4

∂z̄

]
, (3.22)

which one can differentiate to get volumetric heating q̇.

The radiative heat flux is very small in the z, hence it is negligible. Substituting the radial

component of radiative heat flux (3.22) into equation (3.18), yields

∂T̄

∂t
+ ū

∂T̄

∂z̄
+ v̄

∂T̄

∂r̄
= λ

[
∂2T̄

∂z̄2
+

1

r̄

∂

∂r̄

(
r̄
∂T̄

∂r̄

)]
− 1

ρcp

∂qr
∂r̄

, (3.23)

where λ = k
ρcp

is the thermal diffusivity and qr = −4
3

σ
kr
∂T̄ 4

∂r̄
is the Rosseland or diffusion

approximation for radiation.

Boundary conditions

The appropriate boundary conditions of fluid flow and temperature distribution are defined by

the following physical conditions, as given in figure 3.2. We note that for this configuration,

the symmetric nature of the flow is taken into account at z̄ = 0. At the wall, we have

ū = 0, v̄ = Vs = −V = −Aȧ, T̄ = T̄s, at r̄ = a(t). (3.24)

The above conditions arise from the following reasons. Due to no-slip condition there is no

axial-velocity, thus ū = 0 at the surface wall, since the velocity closest to wall approximates

the velocity of the surface wall. Furthermore the radial velocity v̄ is given by Vs = −V = −Aȧ,
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the condition is due to the fact that the surface wall is porous hence fluid can flow in or out

of the system. Also the surface wall are kept at a constant temperature, thus T̄ = T̄s.

At the centre, we have

∂ū

∂r̄
= 0, v̄ = 0,

∂T̄

∂r̄
= 0 at r̄ = 0. (3.25)

Similarly the above are due to the following reasons. The flow is symmetric, thus, posses a

parabolic velocity profile. At the centre the axial-velocity is constant and gives the maximum

velocity of the fluid due to the parabolic nature of the flow. Also the temperature is minimum

at the centre since the fluid serves a coolant and absorb the heat away from the surface wall.

Along the radial axis we have,

ū = 0 at z̄ = 0. (3.26)

Since the system is closed at the headwall and the headwall is fixed relative to the chamber

axial length, the axial-velocity is zero at z = 0.

3.3 Mathematical representation of problem

The two-dimensional flow of an unsteady, incompressible, viscous fluid and heat transfer in

a circular semi-infinite pipe is considered. The pipe surface wall is assumed to be porous

and is kept at a constant surface wall temperature T̄ = T̄s. Also the radius of the pipe

r = a(t) varies with time, the coordinate system is chosen to be asymmetric due the parabolic

behaviour of flow. The surface pipe wall has the ability to expand or contract uniformly in

the radial direction at speed ȧ. Fluid can be injected or sucked uniformly through the surface

wall at the velocity vs = −V perpendicular to the wall surface and that is proportional to the

moving velocity of the surface wall. The current flow parameters do not vary in the transversal

direction, thus the transversal component of velocity is taken to be zero and kinematic viscosity

is assumed to be constant.
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3.3.1 Governing equations and boundary conditions

Mathematical model representing flow and heat transfer during solid rocket motor operation

is given by

∂(r̄ū)

∂z̄
+
∂(r̄v̄)

∂r̄
= 0, (3.27)

∂ū

∂t
+ ū

∂ū

∂z̄
+ v̄

∂ū

∂r̄
= −1

ρ

∂P̄

∂z̄
+ ν

[
∂2ū

∂z̄2
+

1

r̄

∂

∂r̄

(
r̄
∂ū

∂r̄

)]
, (3.28)

∂v̄

∂t
+ ¯̄u

∂v̄

∂z̄
+ v̄

∂v̄

∂r̄
= −1

ρ

∂P̄

∂r̄
+ ν

[
∂2v̄

∂z̄2
+

∂

∂r̄

(
1

r̄

∂(r̄v̄)

∂r̄

)]
+ gβ(T̄ − T̄s), (3.29)

∂T̄

∂t
+ ū

∂T̄

∂z̄
+ v̄

∂T̄

∂r̄
= λ

[
∂2T̄

∂z̄2
+

1

r̄

∂

∂r̄

(
r̄
∂T̄

∂r̄

)]
− 1

ρcp

∂qr
∂r̄

, (3.30)

where ū and v̄ are the velocity components in the axial z̄ and radial r̄ directions respectively,

and T̄ is the temperature. Here, ρ is the fluid density, ν is the kinematic viscosity, k is the

thermal conductivity of an incompressible fluid, g is the acceleration due to gravity, β is the

coeffcient of thermal expansion, thermal diffusivity is λ = k
ρcp

, where cp is the specific heat, P̄

is the pressure, t is time and qr = −4
3

σ
kr
∂T̄ 4

∂r̄
is the Rosseland approximation.

The appropriate boundary conditions according to the design and the flow dynamics of a solid

rocket motor are as follows:

(i) ū = 0, v̄ = −v̄s = −V = −Aȧ, T̄ = T̄s at r̄ = a(t),

(ii)
∂ū

∂r̄
= 0, v̄ = 0,

∂T̄

∂r̄
= 0 at r̄ = 0,

(iii) ū = 0 at z̄ = 0. (3.31)

Since the internal flow is in axial and radial directions, the momentum equation, energy equa-

tion and boundary conditions are express in terms of the stream function Ψ̄. From the conser-

vation of mass which gives the continuity equation (3.27), there exists a dimensional stream

function Ψ̄(z̄, r̄, t) such that

ū =
1

r̄

∂Ψ̄

∂r̄
, v̄ = −1

r̄

∂Ψ̄

∂z̄
, (3.32)

which satisfies (3.27) identically.

Introducing the dimensionless radial coordinate r = r̄/a(t), equation (3.32) becomes

ū =
1

a2r

∂Ψ̄

∂r
, v̄ = − 1

ar

∂Ψ̄

∂z̄
. (3.33)
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Substituting (3.33) into (3.28)-(3.29), we obtain the following momentum equations in the

axial and radial directions respectively

a2r2Ψ̄rt − aȧr3Ψ̄rr − aȧr2Ψ̄r + rΨ̄rΨ̄rz̄ − rΨ̄rrΨ̄z̄ + Ψ̄z̄Ψ̄r = −a
4r3

ρ
P̄z̄

+ν[a2r2Ψ̄rz̄z̄ + r2Ψ̄rrr − rΨ̄rr + Ψ̄r], (3.34)

−a2r2Ψ̄z̄t + aȧr3Ψ̄z̄r − rΨ̄rΨ̄z̄z̄ + rΨ̄z̄Ψ̄z̄r − (Ψ̄z̄)
2 = −a

2r3

ρ
P̄r

+ν[−a2r2Ψ̄z̄z̄z̄ − r2Ψ̄z̄rr + rΨ̄z̄r] + a3r3gβ(T̄ − T̄s), (3.35)

where ȧ in the above equations denotes the expansion or contraction rate of the solid rocket

motor combustion chamber in radial direction.

Similarly the energy equation (3.30) becomes

∂T̄

∂t
+

1

a2r
Ψ̄r̄
∂T̄

∂z̄
− 1

a2r
Ψ̄z̄
∂T̄

∂r
= λ

[
∂2T̄

∂z̄2
+

1

a2r

∂

∂r

(
r
∂T̄

∂r

)]
− 1

aρcp

∂qr
∂r

. (3.36)

The variables in the equations (3.34)-(3.36) are dimensionless according to

u =
ū

V
, v =

v̄

V
, z =

z̄

a(t)
, t̄ =

tV

a
, (3.37)

Ψ =
Ψ̄

a2V
, P =

P̄

ρV 2
, α =

aȧ

ν
, Θ =

T̄ − T̄a
Tw − Ta

.

Substituting (3.37) into momentum and energy equations (3.34)-(3.36), yields the following

dimensionless system of equations

r2Ψrt̄ + rΨrΨrz + Ψz[Ψr − rΨrr] + r3Pz +
1

Re

[
(r − αr3)Ψrr − r2Ψrrr − r2Ψrzz

−(1 + αr2)Ψr

]
= 0, (3.38)

r2Ψzt̄ + rΨrΨzz + Ψz[Ψz − rΨrz]− r3Pr +
1

Re

[
(r − αr3)Ψrz − r2Ψzrr

−r2Ψzzz

]
+ r3GrΘ = 0, (3.39)

Θt̄ +
1

r
ΨrΘz −

1

r
ΨzΘr −

1

PrRe

[
Θzz +

Θr

r
+ (1 + 4R)Θrr

]
= 0, (3.40)

where α =
aȧ

ν
is the wall dilation rate, Re =

aVs
ν

is the permeation Reynolds number,

Gr =
a3gβ(Ts − Ta)

ν2
is the Grashof number, Pr = νρcp

k
is the Prandtl number and R = 4σT 3

a

3krk
is
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the radiation number. Similarly substituting (3.37) into equation (3.33), yields the following

dimensionless stream function

u =
1

r

∂Ψ

∂r
, v = −1

r

∂Ψ

∂z
. (3.41)

Also the dimensionless boundary conditions take the following forms

(i) Ψr = 0, Ψz = 1, Θ = 1, at r = 1,

(ii)

(
Ψr

r

)
r

= 0, Ψz = 0, Θr = 0, at r = 0,

(iii) Ψr = 0 at z = 0. (3.42)

3.3.2 Parameters influencing the problem at hand

The dynamics of flow and heat transfer depend on the following five dimensionless parameters:

Wall dilation rate

The rate at which the combustion chamber expands or contracts is given by surface wall

dilation rate α. This dimensionless parameter can either be positive or negative depending on

whether the chamber expands (positive) or contracts (negative). When the rate is zero, the

size of the combustion chamber remains unchanged. The surface wall dilation rate is given by

α =
aȧ

ν
. (3.43)

Permeation Reynolds number

Reynolds number is the measure of how fluid flow makes a transition from laminar to turbulent,

it a dimensionless quantity which is the ratio of fluids speed at which the fluid enter through

the porous surface wall of the pipe and viscosity of the fluid. This quantity is positive when,

we inject fluid into the combustion chamber and negative when we suck out fluid from the

combustion chamber. It is zero, when no fluid is injected or sucked out of the system. The
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above parameter is given by

Re =
aVs
ν
. (3.44)

Grashof number

Grashof number is the measure of viscous forces resisting motion as the fluid density decrease

or increase due to temperature gradients. It is the ratio of the buoyancy force to viscous force

acting on a fluid which given by

Gr =
agβ(Ts − Ta)

V 2
s

. (3.45)

Representing the surface wall Vs in terms of ν
a
, since they are dimensionally compatible, thus

we obtain the following

Gr =
a3gβ(Ts − Ta)

ν2
. (3.46)

Prandtl Number

Prandtl number is the measure of heat transfer between a moving fluid and a solid body given

by

Pr =
νρcp
k

. (3.47)

Radiation Number

Radiation number is the measure of how fluids emits or absorbs heat energy in a form of

electromagnetic waves or subatomic particles. Radiation number is given by

R =
4σT 3

a

3krk
. (3.48)

3.4 Solutions of the problem under investigation

This section uses Lie-group method to derive similarity solutions under which (3.38)-(3.40)

and boundary conditions (3.42) remains invariant.
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3.4.1 Lie symmetry analysis

We consider the one-parameter (ε) Lie group of infinitesimal transformation in (t̄, r, z,Ψ, P, Θ)

given by

t∗ = t̄+ ετ(t̄, r, z,Ψ, P, Θ) + 0(ε2),

r∗ = r + εξ(t̄, r, z,Ψ, P, Θ) + 0(ε2),

z∗ = z + εη(t̄, r, z,Ψ, P,Θ) + 0(ε2), (3.49)

Ψ∗ = Ψ + εφ(t̄, r, z,Ψ, P, Θ) + 0(ε2),

P ∗ = P + εϕ(t̄, r, z,Ψ, P, Θ) + 0(ε2),

Θ∗ = Θ + εL(t̄, r, z,Ψ, P, Θ) + 0(ε2),

with ε as a small parameter. In view of Lie’s algorithm, the vector field is

X = τ
∂

∂t̄
+ ξ

∂

∂r
+ η

∂

∂z
+ φ

∂

∂Ψ
+ ϕ

∂

∂P
+ L

∂

∂Θ
, (3.50)

if it is left invariant by the transformation (t̄, r, z,Ψ, P, Θ)→ (t∗, r∗, z∗,Ψ∗, P ∗, Θ∗).

The solutions Ψ = Ψ(z, r, t̄), P = P (z, r, t̄) and Θ = Θ(z, r, t̄) are invariant under the symmetry

if

ΦΨ = X(Ψ) = 0, where Ψ = Ψ(z, r, t̄), (3.51)

ΦP = X(P ) = 0, where P = P (z, r, t̄). (3.52)

and

ΦΘ = X(Θ) = 0, where Θ = Θ(z, r, t̄). (3.53)
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We set

∆1 = r2Ψrt̄ + rΨrΨrz + Ψz[Ψr − rΨrr] + r3Pz +
1

Re

[
(r − αr3)Ψrr − r2Ψrrr

−r2Ψrzz − (1 + αr2)Ψr

]
, (3.54)

∆2 = r2Ψzt̄ + rΨrΨzz + Ψz[Ψz − rΨrz]− r3Pr +
1

Re

[
(r − αr3)Ψrz − r2Ψzrr

−r2Ψzzz

]
+ r3GrΘ, (3.55)

∆3 = Θt̄ +
1

r
ΨrΘz −

1

r
ΨzΘr −

1

PrRe

[
Θzz +

Θr

r
+ (1 + 4R)Θrr

]
.

The vector field X given by (3.50) is a symmetry generator of equations (3.38)-(3.40) if and

only if

X [3](∆j)
∣∣
∆j=0

= 0, j = 1, 2, 3 (3.56)

in which

X [3] = τ
∂

∂t̄
+ ξ

∂

∂r
+ η

∂

∂z
+ φ

∂

∂Ψ
+ ϕ

∂

∂P
+ L

∂

∂Θ
+ φr

∂

∂Ψr

+ φz
∂

∂Ψz

+ ϕr
∂

∂Pr

+ϕz
∂

∂Pz
+ Lr

∂

∂Θr

+ Lt̄
∂

∂Θt̄

+ Lz
∂

∂Θz

+ φrz
∂

∂Ψrz

+ φrt̄
∂

∂Ψrt̄

+ φzt̄
∂

∂Ψzt̄

+φzz
∂

∂Ψzz

+ φrr
∂

∂Ψrr

+ Lzz
∂

∂Θzz

+ Lrr
∂

∂Θrr

+ φzzr
∂

∂Ψzzr

+ φzrr
∂

∂Ψzrr

+φzzz
∂

∂Ψzzz

+ φrrr
∂

∂Ψrrr

(3.57)

is the third prolongation of X.

We now introduce the total derivatives by differentiating (3.49) with respect to t̄, r, z and

construct

Dz = ∂z + Ψz∂Ψ + Pz∂P +Θz∂Θ + Ψzz∂Ψz + Pzz∂Pz +Θzz∂Θz +Θzr∂Θr + · · · ,

Dr = ∂r + Ψr∂Ψ + Pr∂P +Θr∂Θ + Ψrr∂Ψr + Prr∂Pr +Θrr∂Θr +Θzr∂Θz + · · · ,

Dt̄ = ∂t̄ + Ψt̄∂Ψ + Pt̄∂P +Θt̄∂Θ + Ψt̄t∂Ψt̄ + Pt̄t∂Pt̄ +Θt̄t∂Θt̄ +Θzt̄∂Θz + · · · (3.58)

Since τ, ξ, η, φ, ϕ and L depend only on t, r, z, ψ, P and Θ and are independent of the deriva-

tives of ψ, P and Θ. We obtain the following determining equation by splitting the resulting
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equations from (3.56) on derivatives of ψ, P and Θ:

φΘ = 0, (3.59)

ϕΘ = 0, (3.60)

τΘ = 0, (3.61)

ξΘ = 0, (3.62)

ηΘ = 0, (3.63)

LΘΘ = 0, (3.64)

φp = 0, (3.65)

Lp = 0, (3.66)

τp = 0, (3.67)

ξp = 0, (3.68)

ηp = 0, (3.69)

Lψ = 0, (3.70)

τψ = 0, (3.71)

ξψ = 0, (3.72)

ηψ = 0, (3.73)

φψψ = 0, (3.74)

Lz = 0, (3.75)

τz = 0, (3.76)
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ξz = 0, (3.77)

φzψ = 0, (3.78)

ηzz = 0, (3.79)

Lr = 0, (3.80)

τr = 0, (3.81)

ηr = 0, (3.82)

φrψ = 0, (3.83)

1

Re

(rξ + r2ϕp − r2φψ + r2ηz + r3ξr) = 0, (3.84)

1

Re

(rξ + r2ϕp − r2φψ − r2ηz + 3r3ξr) = 0, (3.85)

−2ξ − rϕp + 2rφψ − 2rξr = 0, (3.86)

2ξ + rϕp − 2rφψ + 2rξr = 0, (3.87)

−rξ − r2ϕp + r2φψ + r2ηz − r2ξr − r2τt̄ = 0, (3.88)

[3(r2α− 1) + (1− 3r2α)]ξ + (r3α− r)ϕp + (r − αr3)φψ

(r − r3α)ηz − 2(r − r3α)ξr + 3r2ξrr −Rerφz +Rer
2ξt̄ = 0, (3.89)

rφr − r2ηt̄ = 0, (3.90)

−3ξ

r
− ϕp + 2φψ − ξr + rξrr = 0, (3.91)

Rer
3ϕz + (−1− r2α)φr − r2φrzz + (r − r3α)φrr − r2φrrr +Rer

2φt̄r = 0, (3.92)(3

r
+ rα

)
ξ + (1 + r2α)ϕp − (1 + r2α)φψ − (1 + r2α)ηz + (1 + r2α)ξr (3.93)

+(1 + r2α)ξr + (r + r3α)ξrr + r3ξrrr +Reφz +Rerφrz +Rer
2φt̄ψ −Rer

2ξt̄r = 0,

r3ϕψ + φr − rφrr = 0, (3.94)

1

Re

(−2r2ηz + 2r2ξr) = 0, (3.95)

−rξ + rφψ + rηz − rξr = 0, (3.96)

ξ − rφψ − rηz + rξr = 0, (3.97)

−r2ξ − r3ϕp + r3φψ − 3r3ηz + r3ξr = 0, (3.98)

2r2ηz − r2τt̄ = 0, (3.99)

[(2r2α− 2) + (1− 3r2α)]ξ + [(r3α− r) + (r − r3α)]φψ + [(3r − 3r3α)

+(−r + r3α)]ηz −Rerφz + [−r + r3α]ξr + r2ξrr −Rer
2ξt̄ = 0, (3.100)
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rφr − r2ηt̄ = 0, (3.101)

−2ξ

r
+ φψ + ηz = 0, (3.102)

r3GrReL+ r2GrReΘξ − r3GrReΘφψ + 3r3GrReΘηz

−r2φzzz − r3Reϕr + (r − r3α)φrz − r2φrrz +Rer
2φt̄z = 0, (3.103)

−r3ϕψ + rφzz = 0, (3.104)

2φz − rφrz + r2φt̄ψ − r2ηt̄z = 0, (3.105)

ξ

r2
+
φψ
r

+
ηz
r
− ξr
r

= 0, (3.106)

ξ

r2
− φψ

r
− ηz

r
+
ξr
r

= 0, (3.107)

1

PrRe

(
1 + 4R

)
LΘ +

1

PrRe

(
− 2− 8R

)
ηz + Lt̄ = 0, (3.108)

2η − τt̄ = 0, (3.109)

ξ

r2RePr
− 2ηz
rRePr

− φz
r

+
ξr

rRePr
− ξt̄ = 0, (3.110)

φr
r
− ηt̄ = 0. (3.111)

From equation (3.59-3.64), we obtain

φ = a(t̄, r, z, ψ, P ), (3.112)

ϕ = b(t̄, r, z, ψ, P ), (3.113)

τ = c(t̄, r, z, ψ, P ), (3.114)

ξ = d(t̄, r, z, ψ, P ), (3.115)

η = e(t̄, r, z, ψ, P ), (3.116)

L = f(t̄, r, z, ψ, P ) +Θg(t̄, r, z, ψ, P ) (3.117)

where a(t̄, r, z, ψ, P ), b(t̄, r, z, ψ, P ), c(t̄, r, z, ψ, P ), d(t̄, r, z, ψ, P ), e(t̄, r, z, ψ, P ),

f(t̄, r, z, ψ, P ) and g(t̄, r, z, ψ, P ) is an arbitrary functions of t̄, r, z, ψ and P .

Substituting (3.117) into (3.66) and splitting on powers of Θ, we obtain

Θ : f(t̄, r, z, ψ, P )P = 0, (3.118)

1 : g(t̄, r, z, ψ, P )P = 0. (3.119)
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Integrating (3.118) and (3.119) with respect to P , gives

f = f1(t̄, r, z, ψ), (3.120)

g = g1(t̄, r, z, ψ), (3.121)

where f1 and g1 are arbitrary functions of t̄, r, z and ψ. Thus the value of L becomes

L = f1(t̄, r, z, ψ) +Θg1(t̄, r, z, ψ). (3.122)

Now substituting (3.112) and (3.114-3.116) into equations (3.65) and (3.67)-(3.69), upon solv-

ing the resulting equations, we get

a = a1(t̄, r, z, ψ), (3.123)

c = c1(t̄, r, z, ψ), (3.124)

d = d1(t̄, r, z, ψ), (3.125)

e = e1(t̄, r, z, ψ), (3.126)

where a1, c1, d1 and e1 are arbitrary functions of t̄, r, z and ψ. Thus the values of φ, τ, ξ and η

becomes

φ = a1(t̄, r, z, ψ), (3.127)

τ = c1(t̄, r, z, ψ), (3.128)

ξ = d1(t̄, r, z, ψ), (3.129)

η = e1(t̄, r, z, ψ). (3.130)

Substituting (3.122) into (3.70) and splitting on powers of Θ, we obtain

Θ : f1(t̄, r, z, ψ)ψ = 0, (3.131)

1 : g1(t̄, r, z, ψ)ψ = 0. (3.132)

Integrating (3.131) and (3.132) with respect to ψ, yields

f = f2(t̄, r, z), (3.133)

g = g2(t̄, r, z), (3.134)
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where f2 and g2 arbitrary functions of t̄, r and z. Thus the value of L becomes

L = f2(t̄, r, z) +Θg2(t̄, r, z). (3.135)

Substituting (3.127)-(3.130) into (3.71)-(3.74) and solving the obtained equations, yields

a1 = a2(t̄, r, z) + ψa3(t̄, r, z), (3.136)

c1 = c2(t̄, r, z), (3.137)

d2 = d2(t̄, r, z), (3.138)

e1 = e2(t̄, r, z), (3.139)

where a2, a3, c2, d2 and e2 are arbitrary functions of t̄, r and z. Thus the values of φ, τ, ξ and η

become

φ = a2(t̄, r, z) + ψa3(t̄, r, z), (3.140)

τ = c2(t̄, r, z), (3.141)

ξ = d2(t̄, r, z), (3.142)

η = e2(t̄, r, z). (3.143)

Using (3.140) and (3.143) into (3.111), yields the following equation

a2(t̄, r, z)r + ψa3(t̄, r, z)r − re2(t̄, r, z)t̄ = 0. (3.144)

Splitting on powers of ψ from equation (3.144) above, yields

ψ : a3(t̄, r, z)r = 0, (3.145)

1 : a2(t̄, r, z)r − re2(t̄, r, z)t̄ = 0. (3.146)

Solving for (3.145), we get

a3 = a4(t̄, z), (3.147)

where a4 is an arbitrary function of t̄ and z, as a result φ becomes

φ = a2(t̄, r, z) + ψa4(t̄, z). (3.148)
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Using (3.141), (3.142) and (3.143) into (3.76), (3.77) and (3.79) and solving the resulting

equations respectively, yields

c2 = c3(t̄, r), (3.149)

d2 = d3(t̄, r), (3.150)

e2 = e3(t̄, r) + ze4(t̄, r), (3.151)

where c3, d3, e3 and e4 are arbitrary functions of t̄ and r. Thus the value of τ, ξ and η takes

the form

τ = c3(t̄, r), (3.152)

ξ = d3(t̄, r), (3.153)

η = e3(t̄, r) + ze4(t̄, r), (3.154)

where c3, d3, e3 and e4 are arbitrary functions of t and r. Thus (3.146) becomes

a2(t̄, r, z)r − r[e3(t̄, r)t̄ + ze4(t̄, r)t̄] = 0. (3.155)

Now substituting (3.135) into (3.75) and splitting on powers of Θ, yields

Θ : f2(t̄, r, z)z = 0, (3.156)

1 : g2(t̄, r, z)z = 0. (3.157)

Integrating (3.156) and (3.157) with respect to z respectively, yields

f2 = f3(t̄, r), (3.158)

g2 = g3(t̄, r), (3.159)

where f3 and g3 are arbitrary functions of t and r respectively. Thus the value of L becomes

L = f3(t̄, r) +Θg3(t̄, r). (3.160)

Substituting (3.148) into (3.78) and thereafter solving the result, yields

a4 = a5(t̄), (3.161)
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where a5 is an arbitrary function of t̄. Thus the value of φ becomes

φ = a2(t̄, r, z) + ψa5(t̄). (3.162)

By substituting (3.113) and (3.162) into (3.104) and solving for b from the resulting equation,

yields

b = b1(t̄, r, z, P ) +
ψa2(t̄, r, z)zz

r2
, (3.163)

where b1 is an arbitrary function of t̄, r and z. Thus ϕ becomes

ϕ = b1(t̄, r, z, P ) +
ψa2(t̄, r, z)zz

r2
. (3.164)

Using the result from (3.152) into (3.81) and solving the resulting equation, yields

c3 = c4(t̄), (3.165)

where c4 is a arbitrary function of t̄. Thus the value of τ becomes

τ = c4(t̄). (3.166)

Using (3.160) into (3.80) and splitting on powers of Θ, we get

Θ : f3(t̄, r)r = 0, (3.167)

1 : g3(t̄, r)r = 0. (3.168)

Integrating (3.167) and (3.168) with respect to r, yields

f3 = f4(t̄), (3.169)

g3 = g4(t̄), (3.170)

where the f4 and g4 are arbitrary functions of t. Thus the value of L becomes

L = f4(t̄) +Θg4(t̄). (3.171)

Now substituting equations (3.154) and (3.171) into equation (3.108), yields the power of Θ as

Θ : g′4(t̄) = 0, (3.172)

1 : f ′4(t̄) +
( 1

RePr
+

4R

RePr

)
g4(t̄) +

( −2

RePr
− 8R

RePr

)
e4(t̄, r) = 0. (3.173)
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Solving (3.172), yields

g4(t̄) = g5 (3.174)

where g5 is a constant. Thus the value of L becomes

L = f4(t̄) +Θg5. (3.175)

Substituting (3.153), (3.162) and (3.164) into equation (3.86) and solving for b1 yields

b1 = b2(t̄, r, z)− 2P (d3(t̄, r)− ra5(t̄) + rd3(t̄, r)r)

r
, (3.176)

where b2 is an arbitrary function of t, r and z, thus the value of ϕ becomes the following

ϕ = b2(t̄, r, z)− 2P (d3(t̄, r)− ra5(t̄) + rd3(t̄, r)r)

r
+
ψa2(t̄, r, z)zz

r2
. (3.177)

Substituting (3.154) into (3.82) and splitting the result on powers of z, yields

z : e3(t̄, r)r = 0, (3.178)

1 : e4(t̄, r)r = 0. (3.179)

Integrating and (3.178) and (3.179) with respect to r, yields

e3 = e5(t̄), (3.180)

e4 = e6(t̄), (3.181)

where e5 and e6 are arbitrary functions of t̄. Thus the value of η takes the form

η = e5(t̄) + ze6(t̄). (3.182)

Also the equation (3.155) becomes

a2(t̄, r, z)r − r[e5(t̄)t̄ + ze4(t̄)t̄] = 0. (3.183)

Using (3.153) and (3.182) into equation (3.95) and thereafter solving for d3, yields

d3 = d4(t̄) + re6(t̄), (3.184)

where d4 is an arbitrary function of t̄. Thus the value of ξ becomes

ξ = d4(t̄) + re6(t̄). (3.185)
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Using the value of d3 from equation (3.184) into equation (3.177), yields

ϕ = b2(t̄, r, z)− 2P (d4(t̄) + re6(t̄)− ra5(t̄) + e6(t̄))

r
+
ψa2(t̄, r, z)zz

r2
. (3.186)

Now substituting (3.162) and (3.182) into (3.101) and solving for a2, gives

a2 = a6(t̄, z) +
r2

2

[
e′5(t̄) + ze′6(t̄)

]
, (3.187)

where a6 is an arbritary function of t̄ and r, thus the value of φ becomes

φ = a6(t̄, z) +
r2

2
(e′5(t) + ze′6(t̄)) + ψa5(t̄). (3.188)

Using the value of a2 from equation (3.187) into (3.186), we get

ϕ = b2(t̄, r, z)− 2P (d4(t̄) + re6(t̄)− ra5(t̄) + e6(t̄))

r
+
ψa6(t̄, z)zz

r2
. (3.189)

Substituting (3.182), (3.185) and (3.188) into (3.97) and splitting the resulting equation on

powers of r, yields

r : d4(t̄) = 0, (3.190)

1 : e6(t̄) = a5(t̄). (3.191)

Thus values of ξ, φ, η and ϕ become

ξ = ra5(t̄), (3.192)

φ = a6(t̄, z) +
r2

2
(e′5(t̄) + za′5(t̄)) + ψa5(t̄), (3.193)

η = e5(t̄) + za5(t̄), (3.194)

ϕ = b2(t̄, r, z)− 2P (a5(t̄))

r
+
ψa6(t̄, z)zz

r2
. (3.195)

By using (3.192), (3.193) and (3.194) into (3.110) and thereafter solving for a6, we obtain

a6 = a7(t̄)− z3

2
r2a′5(t̄), (3.196)

where a7 is an abitrary function of t̄. Using the value of a6 from (3.196) into equation (3.195),

we obtain

ϕ = b2(t̄, r, z)− 2Pa5(t̄)

r
. (3.197)
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Also the value for φ becomes

φ = a7(t̄)− z3

2
r2a′5(t̄) +

r2

2
(e′5(t̄) + za′5(t̄)) + ψa5(t̄). (3.198)

Using (3.194) and (3.198) into equation (3.105), thereafter solving for a5, yields

a5(t̄) = a8. (3.199)

where a6 is an arbitrary constant. Thus the values of φ, η, ξ and ϕ becomes

ξ = ra8, (3.200)

φ = a7(t̄) +
r2

2
e′5(t̄) + ψa8, (3.201)

η = e5(t̄) + za8, (3.202)

ϕ = b2(t̄, r, z)− 2Pa8

r
. (3.203)

Using (3.166) and (3.202) into (3.109) and thereafter integrating yields

c4(t̄) = c5 + 2t̄a8, (3.204)

where c5 is an arbitrary constant. Thus τ becomes

τ = c5 + 2t̄a8. (3.205)

Using ξ, φ, η and L into (3.103) and splitting on powers of Θ, gives

Θ : r3f4(t̄)− r3b2(t̄, r, z)r = 0, (3.206)

1 : r3Grg5 + 3r3Gra8 = 0. (3.207)

Solving for b2 from equation (3.206) and making g5 subject of the formula from equation (3.207)

respectively, yields

b2 = b3(t̄, z) + rGrf4(t̄), (3.208)

g5 = −3a8. (3.209)

Thus L and ϕ take the form

ϕ = b3(t̄, z) + rGrf4(t̄)− 2P (a8)

r
, (3.210)

L = f4(t̄)− 3Θa8. (3.211)
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Solving for f4 from (3.173), we get

f4(t̄) = f5 +
5t̄(a8 + 4Ra8)

PrRe

, (3.212)

where f5 is an arbitrary constant. Using f4 from equation (3.212), the value of ϕ is now given

by

ϕ = b3(t̄, z) + rGr

(
f5 +

5t̄(a8 + 4Ra8)

PrRe

)
− 2P (a8)

r
. (3.213)

Substituting (3.200)-(3.202) and (3.210) into (3.93) and solving for b3 from the obtained equa-

tion, yields

b3(t̄) = b4(t̄) +
z(2αe′5(t̄)−Ree

′′
5(t̄))

Re

. (3.214)

where b4 is an arbritary function of t̄, thus the value for ϕ becomes

ϕ = b4(t̄) +
z(2αe′5(t̄)−Ree

′′
5(t̄))

Re

+ rGr

(
f5 +

5t̄(a8 + 4Ra8)

PrRe

)
− 2P (a8)

r
. (3.215)

Substituting the values from (3.200), (3.201) and (3.202) into (3.100), yields

a8 = 0. (3.216)

Thus the values of ξ, η, ϕ, φ, τ and L satisfying equations (3.59)-(3.111) are given

ξ = 0, (3.217)

τ = c5, (3.218)

L = f5, (3.219)

ϕ = b4(t̄) +
z(2αe′5(t̄)−Ree

′′
5(t̄))

Re

+ rGrf5, (3.220)

φ = a7(t̄) +
r2

2
e′5(t̄), (3.221)

η = e5(t̄). (3.222)

The system of equations (3.59)-(3.111) has the following five Lie symmetries

X1 = (2zKαe′5(t̄)− ze′′5(t̄))
∂

∂P
+
r2

2
e′5(t̄)

∂

∂Ψ
− z ∂

∂z
, X2 =

∂

∂t̄
,

X3 = a7(t̄)
∂

∂Ψ
, X4 = b4(t̄)

∂

∂P
, X5 = rGr

∂

∂P
+

∂

∂Θ
. (3.223)
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3.4.2 Invariant solutions

This subsection uses Lie group symmetries that leave the dynamics of propellant flow, temper-

ature distribution and boundary conditions during solid rocket motor operation unchanged.

When calculating invariant solutions under the group generators, X2 is the only symmetry that

preserve the steady state dynamics of the system of equations representing the phenomenon

and the boundary conditions. Thus

from X2, the characteristic Φ = (ΦΨ,ΦP ,ΦΘ) shows that stream function, pressure and tem-

perature do not vary with time, thus

ΦΨ = −Ψt̄, ΦP = −Pt̄, ΦΘ = −Θt̄.

Therefore, the steady state solutions according to the invariant conditions (3.51)-(3.53) are

given by

Ψ = h(r)H(z, r), P = Γ(z, r), Θ = ω(z, r), (3.224)

which gives the steady state operation of a solid rocket motor.

Substituting (3.224) into (3.38) and letting K = 1
Re

yields

−r2K
d3h

dr3
+

[
− rhHz +Kr − αKr3 − 3Kr2Hr

H

]
d2h

dr2

+

[
hHz − rh

HzHr

H
+ 2K(r − αr3)

Hr

H
− 3Kr2Hrr

H
−Kr2Hzz

H
−K − αKr2 + rhHrz

]
dh

dr

+rHz

(
dh

dr

)2

+

[
K(r − αr3)

Hrr

H
−Kr2Hrrr

H
−Kr2Hrzz

H
−K(1 + αr2)

Hr

H

]
+

[
r
HrHrz

H
+
HrHz

H
− rHzHrr

H

]
h2 +

r3

H

∂Γ

∂z
= 0. (3.225)

Simplifying the above equation, we obtain

−r2K
d3h

dr3
+

[
− rhK1 +Kr − αKr3 − 3Kr2K2

]
d2h

dr2

+

[
hK1 − rhK3 + 2K(r − αr3)K2 − 3Kr2K5 −Kr2K4 −K − αKr2 + rhK8

]
dh

dr

+rK1

(
dh

dr

)2

+

[
K(r − αr3)K5 −Kr2K7 −Kr2K6 −K(1 + αr2)K2

]
h

+

[
rK9 +K3 + rK10

]
h2 +

r3

H

∂Γ

∂z
= 0 (3.226)
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by taking

K1 = Hz, K2 =
Hr

H
, K3 =

HzHr

H
, K4 =

Hzz

H
, K5 =

Hrr

H
, K6 =

Hrzz

H
,

K7 =
Hrrr

H
, K8 = Hrz, K9 =

HrHrz

H
, K10 =

HzHrr

H
. (3.227)

Since h is function of a single variable r, whereas H and Γ are functions of both z and r. To

make equation (3.226) a function of r, set Ki, i = 0,1,2...,10, to be a constants or function of

r only by setting the derivatives of H to yield constant or function of r only.

Integrating the function K1 = Hz from (3.227) with respect to z, gives

H(z, r) = zK1(r) +K11(r). (3.228)

Thus by using the above value of H(z, r), the stream function from (3.224) becomes

Ψ = (zK1(r) +K11(r))h(r). (3.229)

Differentiating the stream function (3.229) with respect to r and using the boundary condition

of the stream function from (3.42) (iii), yields

K11(r)h(r) = K12, (3.230)

where K12 is an integration constant.

Using the value of the above integration constant K12 from (3.230), the stream function (3.229)

becomes

Ψ = zG(r) +K12, (3.231)

where G(r) = K1(r)h(r).

Substitution the steady state pressure P = Γ(r, z) from (3.224) and stream function (3.231)

into (3.38), yields

r3∂Γ

∂z
= z

[{
(1 + αr2)K −G

}
dG

dr
+

{
rG− (r − αr3)K

}
d2G

dr2

−r
(
dG

dr

)2

+ r2K
d3G

dr3

]
. (3.232)

51



Using (3.228) and (3.232) into (3.226), yields

K11 = 0. (3.233)

Substituting the value of K11 into (3.228), one obtains

H(z, r) = zK1(r). (3.234)

Also when K11 is zero, K12 = 0 from (3.230), thus the stream function (3.231) becomes

Ψ = zG(r). (3.235)

Using the stream function (3.235) into (3.41) yields the axial and radial components of the

propellant velocity inside the combustion chamber as follows

u

z
=

1

r

dG

dr
and v = −G

r
(3.236)

respectively. It can be noted that the flow is laminar since both the radial-velocity and axial-

velocity per length z, are functions of r. These components show that the axial-velocity per

length z varies with respect to r only while the radial component indicates that the propellant

injection through the chamber surface wall is a function of r.

Using the stream function (3.235) and the value of steady state temperature from equation

(3.224) into (3.39) and thereafter differentiating the resulting equation with respect to z, one

arrives at the following result

Prz = Grωz. (3.237)

Substituting the stream function (3.235) into momentum equation along the axial direction

(3.38) and thereafter differentiating the resulting momentum equation with respect to r and

using pressure variation (3.237), we obtain

K

[
r2d

4G

dr4
+ (αr3 − 2r)

d3G

dr3
+ (αr2 + 3)

d2G

dr2
−
(
αr +

3

r

)
dG

dr

]
− rdG

dr

d2G

dr2

+

(
dG

dr

)2

− 3G
d2G

dr2
+

3

r
G
dG

dr
+ rG

d3G

dr3
− r3Grωz

z
= 0. (3.238)

Differentiating the above equation twice with respect to z, gives

r3Grωzzz = 0. (3.239)
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According to the dynamics of the propellant flow, there is bouyancy effects due to temperature

difference and the radius cannot be zero, thus Gr and r3 are non-zero variables. Therefore

ωzzz = 0, which gives

ωzz = F1(r), (3.240)

where F1(r) is a function of r. Integrating (3.240) again, we obtain

θz = zF1(r) + F2(r), (3.241)

where F2(r) is a function of r. The system design is such that there is no heat transfer at the

headwall (the headwall is insulated), thus at z = 0 temperature change ωz = 0, thus (3.241)

yields F2(r) = 0. Hence temperature difference per length of the combustion chamber is given

by

ωz
z

= F1(r), (3.242)

which shows that the temperature changes along the axial direction z of the combustion cham-

ber does not change along the length of the combustion chamber. According to equation

(3.242), temperature from the surface of the rocket chamber affects the propellant in the r-

direction only, thus there is no temperature diffusion in the z-direction. This dynamics implies

that ωzz
z

= 0.

Taking in account the fact that there is no heat diffusion in the axial direction and setting

temperature difference F1(r) = H(r) from equation (3.242), thereafter using both velocity

components (3.236) and temperature difference (3.242) into (3.238) and (3.40) and invoking

r2

2
= β, momentum and energy equations become

K

[
2β
d4G

dβ4
+ (2αβ + 4)

d3G

dβ3
+ 4α

d2G

dβ2

]
+G

d3G

dβ3
− dG

dβ

d2G

dβ2
− HGr√

2β
= 0, (3.243)

dG

dβ
H − G

2

dH

dβ
− K

Pr

[
dH

dβ
+ β

dH2

dβ2

]
− 2RK

Pr

[
dH

dβ
+ 2β

dH2

dβ2

]
= 0. (3.244)

Similarly the boundary conditions become

(i)
dG(1/2)

dβ
= 0, (ii) G(1/2) = 1, (iii) G(0) = 0,

(iv) lim
β→0

√
2β

d2G

dβ2
= 0, (v) H(1/2) = 1, (vi)

dH(0)

dβ
= 0. (3.245)
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3.4.3 Analytical solutions

The main purpose of this subsection is to obtain semi-analytical solutions of the fourth-order

non-linear differential equation (3.243) representing momentum variation and the second-

order non-linear differential equation (3.244) representing temperature distribution during solid

rocket motor operation using double perturbation [28]. The solid rocket motor is designed to

allow propellant injection inside the combustion chamber such that K = 1
Re

is small and the

density variation within the fluid bulk is such that Grashof number Gr is also small. For such

small parameters, the velocity G and temperature H can be represented in a series form as

G = G1 +KG2 +O(K2), (3.246)

H = H1 +KH2 +O(K2),

where the zero-th order terms G1, H1 and first order terms G2, H2 of K are given by equations

G1 = G10 +GrG11 +O(G2
r),

H1 = H10 +GrH11 +O(G2
r),

G2 = G20 +GrG21 +O(G2
r), (3.247)

H2 = H20 +GrH21 +O(G2
r),

respectively. Using the velocity G and temperature H from (3.246) into equations (3.243),

(3.244) and boundary conditions (3.245), we obtain momentum and energy equations as

G1
d3G1

dβ3
− G1

dβ

d2G1

dβ2
+K

[
β
d4G1

dβ4
+ (2αβ + 4)

d3G1

dβ3
+ 4α

d2G1

dβ2
+G1

d3G2

dβ3
(3.248)

+G2
d3G1

dβ3
− dG1

dβ

d2G2

dβ2
− dG2

dβ

d2G1

dβ2

]
− H1Gr +KH2Gr√

2β
+O(K2)

and [
dG1

dβ
+K

dG2

dβ

][
H1 +KH2

]
−
[
G1

2
+K

G2

2

][
dH1

dβ
+K

dH2

dβ

]
(3.249)

−K
Pr

[
dH1

dβ
+K

dH2

dβ
+ β

dH2
1

dβ2
+Kβ

dH2
2

dβ2

]
− 2RK

Pr

[
dH1

dβ
+K

dH2

dβ
+ 2β

dH2
1

dβ2

+2Kβ
dH2

2

dβ2

]
+O(K2).
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The boundary conditions becomes

(i)
dG1(1/2)

dβ
+K

dG2(1/2)

dβ
= 0, (ii) G1(1/2) +KG2(1/2) = 1,

(iii) G1(0) +KG2(0) = 0, (iv) lim
β→0

√
2β

d2G1

dβ2
+K lim

β→0

√
2β

d2G2

dβ2
= 0,

(v) H1(1/2) +KH2(1/2) = 1, (vi)
dH1(0)

dβ
+K

dH1(0)

dβ
= 0. (3.250)

Comparing powers of K from equations (3.248), (3.249) and boundary conditions (3.250) yields

two equations arising from zero-th order terms and two equations, arising from first-order terms

from momentum (3.248) and energy (3.249) equations respectively.

The zero-th order terms of K from the momentum equation (3.248), is given by

K0 : G1
d3G1

dβ3
− dG1

dβ

d2G1

d2β
− GrH1√

2β
= 0 (3.251)

with the following corresponding boundary conditions

(i)
dG1(1/2)

dβ
= 0, (ii) G1(1/2) = 1, (iii) G1(0) = 0,

(iv) lim
β→0

√
2β

d2G2

dβ2
= 0, (v) H1(1/2) = 1, (vi)

dH1(0)

dβ
= 0. (3.252)

The first-order term of K from the momentum equation (3.248), yields

K1 :

[
β
d4G1

dβ4
+ (2αβ + 4)

d3G1

dβ3
+ 4α

d2G1

dβ2
+G1

d3G2

dβ3
+G2

d3G1

dβ3

−dG1

dβ

d2G2

dβ2
− dG2

dβ

d2G1

dβ2

]
− H2Gr√

2β
= 0 (3.253)

with corresponding boundary conditions

(i)
dG2(1/2)

dβ
= 0, (ii) G2(1/2) = 0, (iii) G2(0) = 0,

(iv) lim
β→0

√
2β

d2G2

dβ2
= 0, (v) H2(1/2) = 0, (vi)

dH2(0)

dβ
= 0. (3.254)

Similarly the energy equation (3.249), yields

K0 : H1
dG1

dβ
− 1

2
G1
dH1

dβ
= 0 (3.255)

with boundary conditions

(i)
dG1(1/2)

dβ
= 0, (ii) G1(1/2) = 1, (iii) G1(0) = 0, (3.256)

(iv) lim
β→0

√
2β

d2G1

dβ2
= 0, (v) H1(1/2) = 1, (vi)

dH1(0)

dβ
= 0.
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and

K1 : H2
dG1

dβ
+H1

dG2

dβ
− 1

Pr

dH1

dβ
− 2R

Pr

dH1

dβ

−1

2
G2
dH1

dβ
− 1

2
G1
dH2

dβ
− β

Pr

d2H2

dβ2
− 4Rβ

Pr

d2H2

dβ2
= 0, (3.257)

with the boundary conditions

(i)
dG2(1/2)

dβ
= 0, (ii) G2(1/2) = 0, (iii) G2(0) = 0,

(iv) lim
β→0

√
2β

d2G2

dβ2
= 0, (v) H2(1/2) = 0, (vi)

dH2(0)

dβ
= 0, (3.258)

respectively.

Substituting equations from (3.247) into momentum equations (3.251) and (3.253) and their

respective boundary conditions (3.252) and (3.254), yields the following equations arising from

zero-th and first order term of Gr.

The momentum equation (3.251), yields zero-th and first-order terms of Gr respectively as

G0
r : G10

d3G10

dβ3
− G10

dβ

d2G10

dβ2
= 0, (3.259)

with the corresponding boundaries

(i)
dG10(1/2)

dβ
= 0, (ii) G10(1/2) = 1,

(iii) G10(0) = 0, (iv) lim
β→0

√
2β

d2G10

dβ2
= 0. (3.260)

and

G1
r : G10

d3G11

dβ3
+G11

d3G10

dβ3
− dG10

dβ

d2G11

dβ2
− G11

dβ

d2

dβ2
− H10√

2β
= 0 (3.261)

with the following corresponding boundary conditions

(i)
dG11(1/2)

dβ
= 0, (ii) G11(1/2) = 0,

(iii) G11(0) = 0, (iv) lim
β→0

√
2β

d2G11

dβ2
= 0. (3.262)

Similarly equation (3.253), yields two equations of zero-th and first order of Gr as

G0
r : 2β

d4G10

dβ4
+ (2αβ + 4)

d3G10

dβ3
+ 4α

d2G10

dβ2
+G10

d3G20

dβ3
+G20

d3G10

dβ3
− dG10

dβ

d2G20

dβ2
,

dG20

dβ

d2G10

dβ2
= 0, (3.263)
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with corresponding boundaries

(i)
dG20(1/2)

dβ
= 0, (ii) G20(1/2) = 0,

(iii) G20(0) = 0, (iv) lim
β→0

√
2β

d2G20

dβ2
= 0. (3.264)

and

G1
r : 2β

d4G11

dβ4
+ (2βα + 4)

d3G11

dβ3
+ 4α

d2G11

dβ
− dG20

dβ

d2G11

dβ2
− dG11

dβ

d2G20

dβ2

+G20
d3G11

dβ3
−G11

d3G20

dβ3
+G10

d3G21

dβ3
+G21

d3G10

dβ3
− dG21

dβ

d2G10

dβ2

−dG10

dβ

d2G21

dβ2
− H20√

2β
= 0. (3.265)

with the boundary conditions

(i)
dG21(1/2)

dβ
= 0, (ii) G21(1/2) = 1,

(iii) G21(0) = 0, (iv) lim
β→0

√
2β

d2G21

dβ2
= 0, (3.266)

respectively.

Substituting equation (3.247) into the energy equations (3.255) and (3.257) and their respective

boundary conditions (3.256) and (3.258), yields the following equation arising from zero-th and

first-order term of Gr.

The equation arising from energy equation (3.255), yields two equations of zero-th order and

first order terms in Gr respectively as

G0
r : H10

dG10

dβ
− 1

2
G10

dH10

dβ
= 0, (3.267)

with corresponding boundaries

(i) H10(1/2) = 1, (ii)
dH10(0)

dβ
= 0 (3.268)

and

G1
r : H11

dG10

dβ
+H10

dG11

dβ
− 1

2
G11

dH10

dβ
− 1

2
G10

dH11

dβ
= 0, (3.269)

with corresponding boundary conditions

(i) H11(1/2) = 0, (ii)
dH11(0)

dβ
= 0, (3.270)
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respectively.

Similarly the energy equation (3.257), yields the following two equations

G0
r : H20

dG10

dβ
+H10

dG20

dβ
− 1

Pr

dH10

dβ
− 2R

Pr

dH10

dβ

−1

2
G20

dH10

dβ
− 1

2
G10

dH20

dβ
− β

Pr

d2H10

dβ2
− 4Rβ

Pr

d2H10

dβ2
= 0, (3.271)

with corresponding boundary conditions

(i) H20(1/2) = 0, (ii)
dH20(0)

dβ
= 0 (3.272)

and

G1
r : H21

dG10

dβ
+H20

dG11

dβ
+H11

dG20

dβ
+H10

dG21

dβ
− 1

2
G21

dH10

dβ
− 1

Pr

dH11

dβ

−2R

Pr

dH11

dβ
− 1

2
G20

dH11

dβ
− 1

2
G11

dH20

dβ
− 1

2
G10

H21

dβ
− β

Pr

d2H11

dβ2
− 4Rβ

Pr

d2H11

dβ
= 0

and corresponding boundaries

(i) H21(1/2) = 0, (ii)
dH21(0)

dβ
= 0. (3.273)

Solving (3.259) together with boundary conditions (3.260), yields

G10 = sin θ, (3.274)

where

θ = πβ. (3.275)

Using the value of θ from (3.275) into (3.267) and boundary conditions (3.268), yields

H10
dH10

dθ
− 1

2
G10

dH10

dθ
= 0 (3.276)

and boundary conditions

(i) H10(π/2) = 1, (ii)
dH10(0)

dθ
= 0. (3.277)
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Substitution of G10 from (3.274) into (3.276) and solving the resulting equation together with

boundary conditions (3.277), yields

H10 = −cos 2θ

2
+

1

2
. (3.278)

Similarly by substituting (3.275) into (3.261) and boundary conditions (3.262), yields

G10
d3G11

dθ3
+G10

d3G10

dθ3
− dG10

dθ

d2G11

dθ2
− dG11

dθ

d2G10

dθ2
− π

−5
2 H10√

2θ
= 0 (3.279)

and boundary conditions become

(i)
dG11(π/2)

dθ
= 0, (ii) G11(π/2) = 0,

(iii) G11(0) = 0, (iv) lim
θ→0

√
θ
d2G11

dθ2
= 0. (3.280)

Substituting the values of G10 from (3.274) and H10 from (3.278) into equation (3.279), yields

sin θ
d3G11

dθ3
− cos θ

d2G11

dθ2
+ sin θ

dG11

dθ
− cos θG11 =

π
−5
2

(
− cos 2θ

2
+ 1

2

)
√

2θ
. (3.281)

The solution of equation (3.281) needs to be carefully constructed. To solve (3.281), we follow

the approach in [21]. The homogeneous part of the above equation is satisfied by the following

solution

G11h = cosθ. (3.282)

Using variation of parameters based on the correction multiplier A(θ), the improved solution

of homogeneous solution (3.282) is given by

G11h = A(θ) cos θ. (3.283)

Substituting the solution (3.283) into the homogenous part of (3.281), yields the following

homogeneous equation

A′′′ sin θ cos θ − 2A′′ sin θ2 − A′′ = 0. (3.284)

Integrating the above equation (3.284), yields

A(θ) = C1 tan θ + C2θ + C3, (3.285)
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where C1, C2 and C3 are constants to be determined. Thus by substituting equation (3.285)

into (3.283), yields

G11h = C1 sin θ + C2θ cos θ + C3 cos θ. (3.286)

Using variation of parameters to improve the solution (3.286) requires the integration constant

to vary with θ. Hence we take the integration constants to be function of θ, thus G11 becomes

G11 = C1(θ) sin θ + C2(θ)θ cos θ + C3(θ)cosθ, (3.287)

= C1(θ)G11A(θ) + C2(θ)G11B(θ) + C3(θ)G11C(θ).

The improved solution in equation (3.287) needs to be differentiated three times prior substi-

tution into equation (3.281). The first differentiation yields the following

G′11 = C ′1G11A + C1G
′
11A + C ′2G11B + C2G

′
11B + C ′3G11C + C3G

′
11C . (3.288)

The constraint binding derivatives of the parameters varying with θ is given by

C ′1G11A + C ′2G11B + C ′3G11C = 0, (3.289)

which gives

G′11 = C ′1 sin θ + C ′2θ cos θ + C ′3 cos θ = 0. (3.290)

Hence C1 becomes

G′11 = C1 cos θ + C2[cos θ − θ sin θ]− C3 sin θ. (3.291)

Similarly taking the second derivative, we obtain

G′′11 = C ′1G
′
11A + C1G

′′
11A + C ′2G

′
11B + C2G

′′
11B + C ′3G

′
11C + C3G

′′
11C . (3.292)

Thus letting C ′1G
′
11A + C ′2G

′
11B + C ′3G

′
11C = 0, gives

C ′1 cos θ + C ′2[sin θ − θ sin θ]− C ′3 sin θ = 0. (3.293)

Thus equation (3.292), becomes

G′′11 = −C1 sin θ − C ′2[2 sin θ + θ cos θ]− C3 cos θ. (3.294)
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Taking the third derivative of G11, yields the following

G′′′11 = −C ′1 sin θ − C1 cos θ − C ′2[2 sin θ + θ cos θ] (3.295)

−C2[3 cos θ − θ sin θ]− C ′3 cos θ + C3 sin θ.

Substituting the improved solution of G11 (3.287) and its derivatives into equation (3.281)

yields

−C ′1 sin2 θ − 2C ′2 sin2 θ − C ′2θ sin θ cos θ (3.296)

C ′3 sin θ cos θ =
π
−5
2

(
− cos 2θ

2
+ 1

2

)
√

2θ
.

which can be simplified to

sin θC ′1 + θ cos θC ′2 + cos θC ′3 = 0,

cos θC ′1 + (cos θ − θ sin θ)C ′2 − sin θC ′3 = 0

− sin2 θC ′1 − (2 sin2 θ + θ sin θ cos θ)C ′2 − sin θ cos θC ′3 =
π
−5
2

(
− cos 2θ

2
+ 1

2

)
√

2θ

The matrix representation of the (3.290), (3.293) and (3.296) is given by
sin θ θ cos θ cos θ

cos θ cos θ − θ sin θ − sin θ

− sin θ −2 sin θ − θ cos θ − cos θ



C ′1

C ′2

C ′3

 =


0

0

π
−5
2

(
− cos 2θ

2
+ 1

2

)
√

2θ sin θ


Solving the above matrix yields the values of C ′1, C

′
2 and C ′3. Which on integration, yields the

following values of correction multiplier as

C1(θ) = I1 + 0.02
√
θ + a1, (3.297)

C2(θ) = I2 − 0.02
√
θ + a2,

C3(θ) = I3 + I4 + 0.00666667θ
3
2 + I5 + a3,

where I1 =
∫ θ

0
−0.01 cos2 θ cos 2θ√

θ
dθ, I2 =

∫ θ
0

0.01 cos 2θ√
θ

dθ, I3 =
∫ θ

0
−0.01

√
θ cos 2θdθ, I4 =

∫ θ
0

0.01 sin θ cos 2θ cos θ√
θ

dθ,

I5 =
∫ θ

0
−0.01 sin θ cos θ√

θ
dθ and a1, a2 and a3 are constants.

Substituting the multipliers (3.297) into (3.287), yields the solution of (3.281) as

G11 = 0.02
√
θ
[

sin θ − θ cos θ
]

+ I1 sin θ + cos θ
[
θI2 + I3 + I4 + I5

]
+a1 sin θ + a2θ cos θ + a3 cos θ. (3.298)
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Using the boundary conditions (3.280) into equation (3.298), we get the values of the integra-

tion constants as

a1 = 0.0137593, (3.299)

a2 =
−0.118586

1.9687
, (3.300)

a3 = 0. (3.301)

The integrals I1, I2, I3, I4 and I5 can be rewritten in series form as

I1 u
√
θ
(
− 0.02− 2.24346× 10−18θ + 0.012θ2 − 1.66533× (3.302)

10−18θ3 − 0.00666667θ4
)

+ ...,

I2 u
√
θ
(
0.02− 0.008θ2 + 0.00148148θ4

)
+ ..., (3.303)

I3 u θ
3
2

(
− 0.0066666 + 0.00571429θ2 − 0.0066666θ

9
2

)
+ ..., (3.304)

I4 u θ
3
2

(
0.00666667− 1.25673× 103θ2 − 1.09176× 10−18θ3 (3.305)

0.00387879θ4
)

+ ...,

I5 u θ
3
2

(
− 0.00666667 + 6.48634× 10−19θ (3.306)

+0.00190476θ2 + 1.31582× 10−19θ3 − 0.000242424θ4
)

+ ....

Thus substituting (3.274) and (3.298) into equation (3.247), yield G1 as

G1 = sin θ +Gr

[
0.02
√
θ
(

sin θ − θ cos θ
)

+ I1 sin θ

+ cos θ
(
θI2 + I3 + I4 + I5

)
+ a1 sin θ + a2θ cos θ + a3 cos θ

]
, (3.307)

where a1, a2, a3 and I1, I2, I3, I4, I5 are defined by equations (3.196)-(3.198) and (3.199)-(3.203)

respectively. Substituting (3.275) into equation (3.269) and the corresponding boundary con-

ditions (3.270), yields

H11
dG10

dθ
+H10

dG11

dθ
− 1

2
G11

dH10

dθ
− 1

2
G10

dH11

dθ
= 0 (3.308)

and boundary conditions

(i) H11(π/2) = 0, (ii)
dH11(0)

dθ
= 0. (3.309)
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The series forms of G10, H10 and H11 which are used to integrate the non-integrable equation

(3.308) from equations (3.274), (3.278) and (3.298) are as follows

G10 = θ − θ3

6
+O(θ4),

H10 = θ2 +O(θ4), (3.310)

G11 = −0.0137593θ − 1.04038× 10−17θ
3
2 − 2.24346× 10−18θ

5
2

+0.00229321θ3 +O(θ
7
2 ).

Using the series representation of G10, H10 and H11 defined in (3.310) into (3.308) yields a

simplied first order linear equation which gives the following solution satisfying the boundary

conditions (3.309) as

H11 = 3.49232× 10−17
[
θ2 − 0.059607θ

5
2 − 0.128479θ

7
2

]
. (3.311)

Substituting (3.278) and (3.311) into equation (3.247), yields

H1 = −cos 2θ

2
+

1

2
+Gr

[
3.49232× 1017

(
θ2 − 0.059607θ

5
2 − 0.128479θ

7
2

)]
. (3.312)

Also substituting (3.275) into (3.263) and the boundary conditions (3.264), yields

sin θ
d3G2

dθ3
− cos θ

d2G2

dθ2
+ sin θ

dG2

dθ
− cos θG2 =

(
2

π
θ + 4

)
cos θ

+
4

π
α sin θ − 2θ sin θ (3.313)

and boundary conditions (3.245) becomes

(i)
dG20(π/2)

dθ
= 0, (ii) G20(π/2) = 0,

(iii) G20(0) = 0, (iv) lim
θ→0

√
θ
d2G20

dθ2
= 0. (3.314)

A solution of the homogeneous part of (3.313) is given by

G20h = cos θ. (3.315)

Similarly the correction multiplier of G20 using variation of parameters is given by

G20h = W (θ) cos θ. (3.316)
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Substituting (3.316) into the homogeneous part of (3.313), yields the following third order

ODE

W ′′′ sin θ cos θ − 2W ′′ sin θ2 −W ′′ = 0. (3.317)

Integrating (3.317) with respect to θ, gives

W (θ) = D1 tan θ +D2θ +D3. (3.318)

Using (3.318) into (3.316), we get

G20h = D1 sin θ +D2θ cos θ +D3 cos θ. (3.319)

Using method of variation of parameters, we assume

G20 = D1(θ) sin(θ) +D2(θ)θ cos(θ) +D3(θ) cos θ, (3.320)

= D1(θ)G20A(θ) +D2(θ)G20B(θ) +D3(θ)G20C(θ).

Similarly differentiating (3.320) three times prior substituting into (3.313), yields the first

differentiation as

G′20 = D′1G20A +D1G
′
20A +D′2G20B +D2G

′
20B +D′3G20C +D3G

′
20C , (3.321)

similarly letting

D′1G20A +D′2G20B +D′3G20C = 0, (3.322)

which gives

D′1 sin θ +D′2θ cos θ +D′3 cos θ = 0. (3.323)

Hence G′20 becomes

G′20 = D′1 cos θ +D′2[cos θ − θ sin θ]−D′3 sin θ. (3.324)

Also, taking the second derivative, we obtain

G′′20 = D′1G
′
20A +D1G

′′
20A +D′2G

′
20B +D2G

′′
20B +D′3G

′
20C +D3G

′′
20C . (3.325)
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Thus letting D′1G
′
20A +D′2G

′
20B +D′3G

′
20C = 0, gives

D′1 cos θ +D′2[sin θ − θ sin θ]−D′3 sin θ = 0. (3.326)

Thus equation (3.325), becomes

G′′20 = −D1 sin θ −D′2[2 sin θ + θ cos θ]−D3 cos θ. (3.327)

Lastly the third differentiation yields

G′′′20 = −D′1 sin θ −D1 cos θ −D′2[2 sin θ + θ cos θ] (3.328)

−D2[3 cos θ − θ sin θ]−D′3 cos θ +D3 sin θ.

Substituting equation (3.320) and its derivatives (3.324), (3.327) and (3.328) into (3.313),

yields

−D′1 sin2 θ − 2D′2 sin2 θ −D′2θ sin θ cos θ (3.329)

D′3 sin θ cos θ =

(
2

π
θ + 4

)
cos θ +

4

π
α sin θ − 2θ sin θ.

Representing (3.323), (3.326) and (3.329) as a systems, yields

sin θD′1 + θ cos θD′2 + cos θD′3 = 0,

cos θD′1 + (cos θ − θ sin θ)D′2 − sin θD′3 = 0,

− sin2 θD′1 − (2 sin2 θ + θ sin θ cos θ)D′2 − sin θ cos θD′3 =

(
2

π
α θ + 4

)
cos θ +

4

π
α sin θ − 2θ sin θ

and takes the matrix form
sin θ θ cos θ cos θ

cos θ cos θ − θ sin θ − sin θ

− sin θ −2 sin θ − θ cos θ − cos θ



D′1

D′2

D′3

 =


0

0(
2
π
α θ + 4

)
cot θ + 4

π
α− 2θ


Solving the above matrix yields the values of D′1, D

′
2 and D′3. Which on integration, yields the

following values of correction multiplier D1(θ), D2(θ) and D3(θ) as

D1(θ) =
α

π

[
cos θ − θ sin θ + 3 ln tan(θ/2)− θ cosecθ

]
− sin θ − 2cosecθ − θ cos θ − I6 + b1,

D2(θ) =
α

π

[
θcosecθ − 3 ln tan(θ/2)

]
+ 2cosecθ + I6 + b2,

D3(θ) =
α

π

[
− θ2cosecθ − θ cos θ − sin θ + 3I6

]
+ θ sin θ − 2θcosec− cos θ − I7 + b3,(3.330)

65



where

I6 =

∫ θ

0

θcosecθ dθ, I7 =

∫ θ

0

θ2cosecθ dθ

and b1, b2 and b3 are constants.

Substituting (3.330) into (3.320), we get

G20 =
α

π

[
3 ln tan(θ/2)(sin θ − θ cos θ)− 2θ

]
− 3 + (θ cos θ − sin θ)I6,

+

(
3α

π
I6 − I7

)
cos θ + b1 sin θ + b2θ cos θ + b3 cos θ. (3.331)

The boundary conditions (3.314) together with equation (3.331), yields

b1 = α + 3 +
π

2
+

π3

144
+

7π5

57600
, (3.332)

b2 =
−16π

(
43200 + 1800π2 + 45π4

2
+ 7π6

45

)
86400π2

(3.333)

+
172800απ

86400π2
−

144πα
(
1800 + 25π2 + 7π4

16

)
86400π2

,

b3 = 3. (3.334)

The integrals I1 and I2 can be rewritten in series form as

I6 u θ +
θ3

6
+

7θ5

360
+ ..., (3.335)

I7 u
θ2

2
+
θ4

24
+

7θ6

2160
+ .... (3.336)

Substituting θ from (3.275) into (3.271) and boundary conditions (3.272), we get

H20
dG10

dθ
+H10

dG20

dθ
− 1

Pr

dH10

dθ
− 2R

Pr

dH10

dθ
(3.337)

−1

2
G20

dH10

dθ
− 1

2
G10

dH20

dθ
− θ

Pr

d2H10

dθ2
− 4Rθ

Pr

d2H10

dθ2
= 0,

with corresponding boundaries given by

(i) H20(π/2) = 0, (ii)
dH20(0)

dθ
= 0. (3.338)
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Equation (3.337) is not easily integrable or solvable, we now represent G20 in series form as

follows

G20 =

(
3− 8

π
+
π

6
+

π3

360
+

7π5

69120
+ α +

2α

π2
− 2α

π
(3.339)

−πα
24
− 7π3α

9600

)
θ − 2θ2 +O(θ3).

Using series form of G10 and H10 defined by (3.310), G20 defined by (3.339) into (3.337)

thereafter solving the simplified equation and boundary conditions (3.338), yields the solution

of H20 as

H20 =
2

πPr

(
4πθ + 12πRθ − 8θ2 − 24Rθ2 + π2θ2Pr − 2πθ3Pr

)
. (3.340)

Substituting (3.275) into (3.265) and the boundary conditions (3.266), yields

G10
d3G21

dθ3
+G21

d3G10

dθ3
− dG21

dθ

d2G10

dθ2
− dG10

dθ

d2G21

dθ2
= −−π

5
2H20√
2θ

(3.341)

−4α

π

d2G11

dθ2
+
dG20

dθ

d2G11

dθ2
+
dG11

dθ

d2G20

dθ2
−
(2θα

π
+ 4
)d3G11

dθ3
−G11

d3G20

dθ3

−2θ
d4G11

dθ4
,

with corresponding boundary conditions

(i)
dG21(π/2)

dθ
= 0, (ii)G21(π/2) = 0,

(iii)G21(0) = 0, (iv) lim
θ→0

√
θ
d2G21

dθ2
= 0. (3.342)

Substituting G10, G11, G20, H20 previously obtained into (3.341), we get the following nonhome-

gous equations

sin θ
d3G21

dθ3
− cos θ

d2G21

dθ2
+ sin θ

dG21

dθ
− cos θG21 = −4α

π

d2G11

dθ2

+
dG20

dθ

d2G11

dθ2
+
dG11

dθ

d2G20

dθ2
−
(

2θα

π
+ 4

)
d3G11

dθ3
−G11

d3G20

dθ3
(3.343)

−2θ
d4G11

dθ4
.

The homogeneous solution of the homogenous part of (3.343) is given by

G21h = cos θ. (3.344)
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Using variation of parameters approach to find the correction multiplier J(θ), equation (3.344)

above becomes

G21h = J(θ) cos θ. (3.345)

Substituting (3.345) into the homogeneous part of (3.343), yields

J ′′′ sin θ cos θ − 2J ′′ sin θ2 − J ′′ = 0. (3.346)

Integrating (3.346), we obtain

J(θ) = V1 tan θ + V2θ + V3. (3.347)

Using (3.347) into (3.345), we get

G21h = V1 sin θ + V2θ cos θ + V3 cos θ. (3.348)

Using variation of parameters to improve the solution of G21, we assume

G21 = V1(θ) sin θ + V2(θ)θ cos θ + V3(θ) cos θ (3.349)

= V1(θ)G21A(θ) + V2(θ)G21B(θ) + V3(θ)G21C(θ).

Similarly equation (3.349) must be differentiated three times before substituting into (3.343).

The first derivative, yields

G′21 = V ′1G21A + V1G
′
21A + V ′2G21B + V2G

′
21B + V ′3G21C + V3G

′
21C , (3.350)

similarly letting

V ′1G21A + V ′2G21B + V ′3G21C = 0, (3.351)

we get

V ′1 sin θ + V ′2θ cos θ + V ′3 cos θ = 0. (3.352)

Thus G′21 becomes

G′21 = V ′1 cos θ + V ′2 [cos θ − θ sin θ]− V ′3 sin θ (3.353)
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Similarly taking the second derivative, we obtain

G′′21 = V ′1G
′
21A + V1G

′′
21A + V ′2G

′
21B + V2G

′′
21B + V ′3G

′
21C + V3G

′′
21C . (3.354)

Letting, V ′1G
′
21A + V ′2G

′
21B + V ′3G

′
21C = 0, yields

V ′1 cos θ + V ′2 [sin θ − θ sin θ]− V ′3 sin θ = 0. (3.355)

Thus equation (3.354), becomes

G′′21 = −V1 sin θ − V ′2 [2 sin θ + θ cos θ]− V3 cos θ. (3.356)

Lastly the third differentiation, yields

G′′′21 = −V ′1 sin θ − V1 cos θ − V ′2 [2 sin θ + θ cos θ] (3.357)

−V2[3 cos θ − θ sin θ]− V ′3 cos θ + V3 sin θ.

Finally substituting equation (3.349) and its derivatives (3.353), (3.356) and (3.357) into

(3.343), yields

−V ′1 sin2 θ − 2V ′2 sin2 θ − V ′2θ sin θ cos θ (3.358)

V ′3 sin θ cos θ = AA,

where

AA = −4α

π

d2G11

dθ2
+
dG20

dθ

d2G11

dθ2
+
dG11

dθ

d2G20

dθ2
−
(2θα

π
+ 4
)d3G11

dθ3
−G11

d3G20

dθ3
− 2θ

d4G11

dθ4
.

where equations (3.352), (3.355) and (3.358) in a system form, we have

sin θV ′1 + θ cos θV ′2 + cos θV ′3 = 0,

cos θV ′1 + (cos θ − θ sin θ)V ′2 − sin θV ′3 = 0,

− sin2 θV ′1 − (2 sin2 θ + θ sin θ cos θ)V ′2 − sin θ cos θV ′3 = AA.

The above system takes the following matrix form
sin θ θ cos θ cos θ

cos θ cos θ − θ sin θ − sin θ

− sin θ −2 sin θ − θ cos θ − cos θ



V ′1

V ′2

V ′3

 =


0

0

AA
sin θ


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Solving the above matrix yields the values of V ′1 , V
′

2 and V ′3 . Which on integration yields the

following values of correction multiplier V1(θ), V2(θ) and V3(θ) as

V1(θ) = −1.7348× 10−18α
(

cos θ − ln[cos(θ/2)] + ln[sin(θ2)]
)

+ A1 (3.359)

+4.3368× 10−18
(

cos θ − ln[cos([θ/2)] + ln[sin(θ/2)]
)

+ j1,

V2(θ) = −1.7348× 10−18α
(

cos θ − ln[cos(θ/2)] + ln[sin(θ/2)]
)

(3.360)

+A2 − 4.3368× 10−18α
(

cos θ − ln[cos(θ/2)] + ln[sin(θ/2)]
)

+ j2,

V3(θ) = A3 + j3. (3.361)

Here A1 = I8+I9+I+I10+I11+I12+I13+I14+I15+I16+I17+I18+I19, A2 = I20+I21+I22+I23+

I24+I25+I26+I27+I28+I29+I30+I31+I32+I33+I34 and A3 = I35+I36+I37+I38+I39+I40+I41,
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where the above integrals Ii for i = 8, .....41 are defined as follows

I8 =

∫ θ

0

− cos2 θ

2 sin θ

0.9709R

Pr
√
θ
dθ, I9 =

∫ θ

0

1.1654× 10−17 cos2 θ

2 sin θ
√
θ

dθ, (3.362)

I10 =

∫ θ

0

− cos2 θ

2 sin θ

0.32337

Pr
√
θ
dθ, I11 =

∫ θ

0

−0.7875 cos2 θ

2 sin θ
√
θ

dθ,

I12 =

∫ θ

0

3.0791× 10−18α cos2

2 sin θθ
3
2

dθ, I13 =

∫ θ

0

−2.8112× 10−19 cos2

2 sin θθ
3
2

dθ,

I14 =

∫ θ

0

−2.2446× 10−34αθ cos2 θ

2 sin θ
dθ, I15 =

∫ θ

0

−0.2556α
√
θ cos2 θ

2 sin θ
dθ,

I16 =

∫ θ

0

0.6176R
√
θ cos2 θ

2 sin θPr
dθ, I17 =

∫ θ

0

−1.8498× 10−17
√
θ ln θ

2 sin θ
dθ,

I18 =

∫ θ

0

2.0586
√
θ cos2 θ

2 sin θPr
dθ, I19 =

∫ θ

0

−0.3114
√
θ cos2 θ

2 sin θ
dθ,

I20 =

∫ θ

0

0.97091R

2Pr sin θ
√
θ
dθ, I21 =

∫ θ

0

−1.1654× 10−17

2 sin θ
√
θ

dθ,

I22 =

∫ θ

0

0.32337

2Pr sin θ
√
θ
dθ, I23 =

∫ θ

0

0.7875

2 sin θ
√
θ
dθ,

I24 =

∫ θ

0

−3.079× 10−18α

2 sin θθ
3
2

dθ, I25 =

∫ θ

0

2.8112× 10−19

2 sin θθ
3
2

dθ,

I26 =

∫ θ

0

2.2446× 10−34αθ

2 sin θ
dθ, I27 =

∫ θ

0

−6.9389× 10−18θ

2 sin θ
dθ,

I28 =

∫ θ

0

0.2556
√
θα

2 sin θ
dθ, I29 =

∫ θ

0

−0.6176R
√
θ

2Pr sin θ
dθ,

I30 =

∫ θ

0

1.8498× 10−17
√
θ ln θ

2Pr sin θ
dθ, I31 =

∫ θ

0

−2.0586
√
θ

2Pr sin θ
dθ,

I32 =

∫ θ

0

0.3114
√
θ

2 sin θ
dθ, I33 =

∫ θ

0

3.4696× 10−18α(θ − sin θ cos θ)

2 sin θ
dθ,

I34 =

∫ θ

0

0.97091R(θ − sin θ cos θ)

2Pr sin θ
√
θ

dθ, I35 =

∫ θ

0

−1.1654× 10−17(θ − sin θ cos θ)

2 sin θ
√
θ

dθ,

I36 =

∫ 6

0

0.32337(θ − sin θ cos θ)

2Pr sin θ
√
θ

dθ, I37 =

∫ θ

0

0.7875(θ − sin θ cos θ)

2 sin θ
√
θ

dθ,

I38 =
−3.0791× 10−18α(θ − sin θ cos θ)

2 sin θθ
3
2

dθ, I39 =

∫ θ

0

2.8112× 10−19(θ − sin θ cos θ)

2 sin θθ
3
2

dθ,

I40 =

∫ θ

0

−8.6736× 10−18(θ − sin θ cos θ)

2 sin θ
dθ, I41 =

∫ θ

0

6.9389× 10−18 cos2 θ

2 sin θ
dθ.

with j1, j2 and j3 as integration constants.
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Substituting V1, V2 and V3 into (3.349), we get

G21 = sin θ

[
− 1.7348× 10−18α

(
cos θ − ln[cos(θ/2)] + ln[sin(θ2)]

)
+ A1

+4.3368× 10−18
(

cos θ − ln[cos([θ/2)] + ln[sin(θ/2)]
)

+ j1

]
+

+θ cos θ

[
− 1.7348× 10−18α

(
cos θ − ln[cos(θ/2)] + ln[sin(θ/2)]

)
+A2 − 4.3368× 10−18α

(
cos θ − ln[cos(θ/2)] + ln[sin(θ/2)]

)
+ j2

]
+ cos θ(A3 + j3). (3.363)

Using boundary conditions (3.342) into (3.363), yields

j1 = 0.18861α− 0.829203− 1

Pr

[
1.95391 + 1.76136R

]
, (3.364)

j2 = −0.63662

[
− 0.205958 + 0.43689α− 1× 10−21

(
2.98817× 1012α +

1.02259× 1010

Pr
+

3.07029× 1010R

Pr

)
− 3.82184

Pr
− 1.9658

Pr

]
,

j3 = 0,

where the integrals Ii for i = 8, ......41 in series form are written as

I8 u
0.97091R

Pr
√
θ

+
0.26967Rθ

3
2

Pr
+ · · · ,

I9 u
−1.1654× 10−17

√
θ

− 3.23722× 10−18θ
3
2 + · · · ,

I10 u
0.32337

Pr
√
θ

+
0.089825θ

3
2

Pr
+ · · · ,

I11 u
0.7875√

θ
+ 0.21875θ

3
2 + · · · ,

I12 u
−1.02637× 10−18α

θ
3
2

− 1.56482× 10−33θ

θ
3
2

− 2.56592× 10−18θ2α

θ
3
2

+
6.561× 10−35θ3α

θ
3
2

+
1.14611× 10−19θ4α

θ
3
2

+ · · · ,
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I13 u
9.37067×−20

θ
3
2

+
1.54225× 10−34θ

θ
3
2

+
2.34267× 10−19θ2

θ
3
2

− 7.50282× 10−36θ3

θ
3
2

− −1.04639× 10−20θ4

θ
3
2

+ · · · ,

I14 u −1.1223× 10−34αθ + 3.1175× 10−35αθ3 + · · · ,

I15 u −0.2556α
√
θ + 0.0426αθ

5
2 + · · · ,

I16 u
0.6176R

√
θ

Pr
− 0.102933Rθ

5
2

Pr
+ · · · ,

I17 u 3.6996× 10−17
√
θ − 1.2332× 10−18θ

5
2 − 1.8498× 10−17

√
θ ln θ

+ 3.083× 10−18θ
5
2 ln θ + · · · ,

I18 u
2.0586

√
θ

Pr
− 0.3431θ

5
2

Pr
+ · · · ,

I19 u −0.3114
√
θ + 0.0519θ

5
2 + · · · ,

I20 u −0.97091R

Pr
√
θ

+
0.0539394Rθ

3
2

Pr
+ · · · ,

I21 u
1.1654× 10−17

√
θ

− 6.7444× 10−19θ
3
2 + · · · ,

I22 u
−0.32337

Pr
√
θ

+
0.089825θ

3
2

Pr
+ · · · ,

I23 u
−0.7875√

θ
+ 0.21875θ

3
2 + · · · ,

I24 u
1.02637× 10−18α

θ
3
2

− 5.77779× 10−34αθ

θ
3
2

− 5.13183× 10−19αθ2

θ
3
2

+
1.77255× 10−35αθ3

θ
3
2

− 1.19743× 10−20αθ4

θ
3
2

+ · · · ,

I25 u
9.37067× 10−20

θ
3
2

+
9.62965× 10−35θ

θ
3
2

+
4.68533× 10−20θ2

θ
3
2

− 1.61833× 10−36θ3

θ
3
2

+
1.09324× 10−21θ4

θ
3
2

+ · · · ,

I26 u 1.223× 10−34αθ + 6.235× 10−36αθ3 + · · · ,

I27 u −3.46945× 10−18 − 1.92747× 10−19θ3 + · · · ,

I28 u 0.2556α
√
θ + 0.00852αθ

5
2 + · · · ,

I29 u
−0.6176R

√
θ

Pr
− 0.0205867Rθ

5
2

Pr
+ · · · ,

I30 u −3.6996× 10−17
√
θ − 2.4664× 10−19θ

5
2

+ 1.8498× 10−17
√
θ ln θ + 6.166× 10−19θ

5
2 ln θ + · · · ,

I31 u
−2.0586

√
θ

Pr
− 0.06862θ

5
2

Pr
+ · · · ,
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I32 u 0.3114
√
θ + 0.01038θ

5
2 + · · · ,

I33 u 3.85511× 10−19θ3α + · · · ,

I34 u
0.129455Rθ

5
2

Pr
+ · · · ,

I35 u −1.55387× 10−18θ
5
2 + · · · ,

I36 u −1.55387× 10−18θ
5
2 + · · · ,

I37 u
0.043116θ

5
2

Pr
+ · · · ,

I38 u 0.105θ
5
2 + ....,

I39 u −6.84244× 10−19θ
3
2α + · · · ,

I40 u 6.24711× 10−20θ
3
2 + · · · ,

I41 u −9.63733× 10−19θ3 + · · · .

Substituting (3.331) and (3.363) into (3.247), gives the value momentum first order (3.246) as

G2 =
α

π

[
3 ln tan(θ/2)(sin θ − θ cos θ)− 2θ

]
− 3 + (θ cos θ − sin θ)I6

+
(3α

π
I6 − I7

)
cos θ + b1 sin θ + b2θ cos θ + b3 cos θ (3.365)

+Gr

{
sin θ

[
− 1.7348× 10−18α

(
cos θ − ln[cos(θ/2)] + ln[sin(θ2)]

)
+ A1

+4.3368× 10−18
(

cos θ − ln[cos([θ/2)] + ln[sin(θ/2)]
)

+ j1

]
+θ cos θ

[
− 1.7348× 10−18α

(
cos θ − ln[cos(θ/2)] + ln[sin(θ/2)]

)
+A2 − 4.3368× 10−18α

(
cos θ − ln[cos(θ/2)] + ln[sin(θ/2)]

)
+ j2

]
+ cos θ(A3 + j3)

}
. (3.366)
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Thus from equation (3.246), we get momentum variation inside the solid rocket chamber as

G = sin θ +Gr

[
0.02
√
θ
[

sin θ − θ cos θ
]

+ I1 sin θ

+ cos θ
[
θI2 + I3 + I4 + I5

]
+ a1 sin θ + a2θ cos θ + a3 cos θ

]
+K

[
α

π

[
3 ln tan(θ/2)(sin θ − θ cos θ)− 2θ

]
− 3 + (θ cos θ − sin θ)I6

+
(3α

π
I6 − I7

)
cos θ + b1 sin θ + b2θ cos θ + b3 cos θ

+Gr

{
sin θ

[
− 1.7348× 10−18α

(
cos θ − ln[cos(θ/2)] + ln[sin(θ2)]

)
+ A1

+4.3368× 10−18
(

cos θ − ln[cos([θ/2)] + ln[sin(θ/2)]
)

+ j1

]
+θ cos θ

[
− 1.7348× 10−18α

(
cos θ − ln[cos(θ/2)] + ln[sin(θ/2)]

)
+A2 − 4.3368× 10−18α

(
cos θ − ln[cos(θ/2)] + ln[sin(θ/2)]

)
+ j2

]
+ cos θ(A3 + j3)

}]
. (3.367)

Using the value of θ given by (3.275) into equation (3.273) and boundary conditions (3.273),

yields

H21
dG10

dθ
+H20

dG11

dθ
+H11

dG20

dθ
+H10

dG21

dθ
− 1

2
G21

dH10

dθ
− 1

Pr

dH11

dθ
− 2R

Pr

dH11

dθ

−1

2
G20

dH11

dθ
− 1

2
G11

dH20

dθ
− 1

2
G10

H21

dθ
− θ

Pr

d2H11

dθ2
− 4Rθ

Pr

d2H11

dθ
= 0, (3.368)

and corresponding boundaries

(i) H21(π/2) = 0, (ii)
dH21(0)

dθ
= 0. (3.369)

Equation (3.368) is not easily solvable and requires G21, G20, G11, G10, H20, H11 and H10 in
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series form before solving. Thus the series form of G21 is given by

G21 =
1.08334× 10−34 − 1.73334× 10−33α√

θ
+(

1.73472× 10−17 + 1.38778× 10−16α− 5.55112× 10−16

Pr
+

1.11022× 10−16R

Pr

)
−

2.1426× 10−33
(
− 1.5545× 1017 − 4.6635× 1017R + αPr

)√
θ

Pr
+

(
− 0.698086

−0.0895229α +
0.479149

Pr
− 0.50989R

Pr

)
θ +

(
− 2.77556× 10−16 − 2.77556× 10−16α

+3.08149 ln θ +
2.22045× 10−15

Pr
+

6.66134× 10−16R

Pr

)
θ

3
2 +

(
− 1.21431× 10−17

−6.93889× 10−17α +
2.77556× 10−16

Pr
− 5.55112× 10−17R

Pr

)
θ2 +O(θ

5
2 ). (3.370)

Using (3.339), (3.340), (3.370) and (3.310) into (3.368), thereafter solving the obtained equation

together with boundary (3.369), yields

H21 =
2.77556× 10−16

Prθ3

(
3.96584× 1014θ4 + 1.18975× 1015Rθ4 + 0.725θ4.5

+4.8Rθ4.5 − 2.52473× 1014θ5 − 7.57419× 1014Rθ5 + 16.6568θ5.5 + 7.10985R× 105.5

+2θ6 − 0.4Rθ6 + 0.0823318θ6.5 + 0.246995Rθ6.5 + 0.4θ5 ln θ (3.371)

+7.80626× 10−19θ3.5Pr + 0.125θ4Pr + 3.11476× 105Pr − 2.38917θ5.5Pr

−1.98292× 1014θ6Pr + 0.0661165θ6.5Pr + 0.0323316θ7.5Pr − 1.249× 10−17θ3.5αPr

θ4αPr − 1.5439× 10−17θ4.5αPr + 2.6035θ5αPr − 1.96906θ5.5αPr − 0.5θ6αPr

+0.00666862θ6.5αPr + 1.50303× 10−16θ5 ln θPr

+2.22045× 10−17θ5.5 ln θPr − 3.75759× 10−17θ5α ln θPr

)
.

Substituting (3.340) and (3.371) into (3.247), gives the value of energy first order term (3.247)
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as

H2 =
2

πPr

(
4πθ + 12πRθ − 8θ2 − 24Rθ2 + π2θ2Pr − 2πθ3Pr

)
+Gr

[
2.77556× 10−16

Prθ3

(
3.96584× 1014θ4 + 1.18975× 1015Rθ4 + 0.725θ4.5

+4.8Rθ4.5 − 2.52473× 1014θ5 − 7.57419× 1014Rθ5 + 16.6568θ5.5 + 7.10985R× 105.5

+2θ6 − 0.4Rθ6 + 0.0823318θ6.5 + 0.4θ5 ln θ + 7.80626× 10−19θ3.5Pr + 0.125θ4Pr

+0.246995Rθ6.5 + 3.11476× 105Pr − 2.38917θ5.5Pr − 1.98292× 1014θ6Pr (3.372)

+0.0661165θ6.5Pr + 0.0323316θ7.5Pr − 1.249× 10−17 × θ3.5αPr − 1.96906θ5.5αPr

−0.5θ6αPr + 0.00666862θ6.5αPr + 1.50303× 10−16θ5 ln θPr

+2.22045× 10−17θ5.5 ln θPr +−3.75759× 10−17θ5α ln θPr

)]
.

Using the values of H1 and H2 into (3.247), yields temperature distribution inside the solid

rocket chamber as

H = −cos 2θ

2
+

1

2
+Gr

[
3.49232× 1017

(
θ2 − 0.059607θ

5
2 − 0.128479θ

7
2

)]
+K

{
2

πPr

(
4πθ + 12πRθ − 8θ2 − 24Rθ2 + π2θ2Pr − 2πθ3Pr

)
+Gr

[
2.77556× 10−16

Prθ3

(
3.96584× 1014θ4 + 1.18975× 1015Rθ4 + 0.725θ4.5 + 4.8Rθ4.5

−2.52473× 1014θ5 − 7.57419× 1014Rθ5 + 16.6568θ5.5 + 7.10985R× 105.5 + 2θ6 − 0.4Rθ6

+0.0823318θ6.5 + 0.4θ5 ln θ + 7.80626× 10−19θ3.5Pr + 0.125θ4Pr + 0.246995Rθ6.5 (3.373)

+3.11476× 105Pr − 2.38917θ5.5Pr − 1.98292× 1014θ6Pr + 0.0661165θ6.5Pr

+0.0323316θ7.5Pr − 1.249× 10−17 × θ3.5αPr − 1.96906θ5.5αPr − 0.5θ6αPr

+0.00666862θ6.5αPr + 1.50303× 10−16θ5 ln θPr + 2.22045× 10−17θ5.5 ln θPr

−3.75759× 10−17θ5α ln θPr

)]}
.

In terms of β, equation (3.236) can be rewritten as

u

z
= Gβ, v = − G√

2β
. (3.374)

To determine the radial pressure drop, we substitute (3.235) into (3.39) and also the fact that

the temperature is in terms of H from the previous calculation, thus

Pβ =

[
− G2

(2β)2
− GGβ

2β
− αKGβ −KGββ

]
+
GrH√

2β
. (3.375)
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The radial pressure distribution is obtain by integrating (3.375) with boundary conditions

(3.245) and letting Pc to be the pressure at the centreline and P (β) surface pressure, thus∫ P (β)

Pc

dP = −
∫ β

0

[
− G2

(2β)2
− GGβ

2β
− αKGβ (3.376)

− KGββ

]
dβ +

∫ β

0

GrH√
2β
dβ.

The resulting pressure drop in the radial direction is given by

∆Pr = P (β)− Pc, (3.377)

= KGβ(0)−
[

1

β

(
G

2

)2

+ αKG+KGβ

]
+ χ,

where χ =
∫ β

0
GrH√

2β
dβ. This integral indicates that bouyancy force contributes to the increase

in pressure inside the combustion chamber in the radial direction.

3.5 Results and Analysis

In this section, we give graphical representations of axial-velocity per length u/z and temper-

ature distribution H. The analysis is carried out to understand the dynamics of solid rocket

motor operation under the effects of dimensionless quantities such as wall expansion rate α,

Grashof number Gr, Reynolds number Re, Prandtl number Pr and radiation number R on

axial-velocity and temperature distribution respectively.

3.5.1 Behaviour of axial-velocity under the influence of dimension-

less quantities

This subsection studies the effects of various parameters on axial-velocity of propellant as it

flows inside a combustion chamber during solid rocket motor operation.
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Effects of wall dilation α on axial-velocity ratio

aØ-10

aØ-5

aØ0

aØ20

aØ50

0.0 0.5 1.0 1.5

0.0

0.2

0.4

0.6

0.8

1.0

1.2

b

u

z

Figure 3.4: Axial-velocity profiles over

a range of α at K = 0.01, Pr = 6, R = 10

and Gr = 0.02.
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Figure 3.5: Axial-velocity profiles over a

range of α at K = −0.01, Pr = 6, R = 10

and Gr = 0.02.

Figure 3.4 illustrates the behaviour of self-axial velocity profiles over a range of wall dilation

rate α for cross-flow Reynolds number K = 0.01. In the case of wall expansion ratio, that

is (α > 0), we observe that the increase of combustion chamber volume leads to a higher

axial-velocity of propellant (fluid) at the center and lower towards the surface wall. This

observation is due to the additional space created by expanding the surface wall which is filled

by fluid injected inside the combustion chamber, hence the net work done inside the chamber

is positive work done. The net positive work done propels the fluid bulk, thus result in the

high axial-velocity at the centre due to no slip condition, it can also be shown from Figure 3.4

that axial- velocity increases with the decrease of injection.

In the case of contraction (α < 0), which lead to the decrease in combustion chamber volume

and yields positive work done by the surface wall of the combustion chamber and fluid injection

such that the net work done inside the chamber is high towards the surface wall and low towards

the centre, thus the fluid bulk’s axial-velocity becomes high towards the surface wall and

low towards the centre of the combustion chamber. However in the case of wall contraction

rate while sucking fluid out of the combustion chamber, it is observed that the decrease in

combustion chamber volume leads to a higher axial-velocity of fluid at the centre and lower

towards surface wall. This is due to the decrease in space resulting from the contracting wall

surface and sucking fluid out of the chamber (positive work done), thus the fluid moves faster
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at the centre and slower towards the surface wall. See Figure 3.5.

Effects of Reynolds number K on axial velocity
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Figure 3.6: Axial-velocity profiles over

a range of K at α = 10, Pr = 6, R = 10

and Gr = 0.02.
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Figure 3.7: Axial-velocity profiles over

a range of K at α = −10, Pr = 6, R = 10

and Gr = 0.02.

Figure 3.6 illustrates the behaviour of self axial-velocity profiles over a range of Reynolds

number Re and wall dilation α = −10 and α = 10 respectively.

In the case of injecting fluid inside the combustion chamber, that is (K > 0), we observe that

the increase of combustion chamber volume while injecting fluid inside the chamber leads to a

higher axial-velocity of fluid at the centre and lower towards surface wall. This observation is

due to the additional space created by expanding the surface wall which allows more fluid to

flow inside the combustion chamber, that result in positive net work done. The net positive

work done propels the fluid bulk which lead to high axial-velocity at the centre due to no slip

condition.

In the case of suction (K < 0), sucking fluid out of the combustion chamber while increasing

the volume yields to negative work done inside the chamber, thus the fluid axial-velocity will

be low towards the centre and high towards the surface wall when fluid is removed out the

combustion chamber. This behaviour is due to the additional space created by expanding the

surface wall which allows fluid to flow towards the wall instead of flowing towards the centre

and thereafter to rocket nozzle, thus sucking fluid decreases net flow towards the rocket nozzle,

thus decrease velocity. See Figure 3.6.
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In the case of injecting fluid inside the chamber, that is (K > 0) while decreasing the volume

of the chamber (α < 0), it observed that the decrease in combustion chamber volume while

injecting fluid inside the chamber leads to the decrease in axial-velocity towards the centre

and increase in axial-velocity towards surface wall. This observation is due to the decrease in

combustion chamber space and the introduction of more fluid inside the combustion chamber

which decreases the free movement of fluid particles inside the combustion chamber, thus

decrease velocity which leads to the decrease in thrust during operation.

In the case of suction (K < 0) while decreasing the chamber volume, the flow field is such that

the axial-velocity increases towards the centre while decreases towards the surface wall. This

behaviour is due to the fact that the fluid inside the combustion chamber has more space to

flow freely when fluid particles decreases during suction. See Figure 3.7.

Effects of Prandtl number on axial-velocity
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Figure 3.8: Axial-velocity profiles over a

range of Pr at α = 10, Gr = 0.02, R = 10

and K = 0.01.
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Figure 3.9: Axial-velocity profiles over a

range of Pr at α = 10, Gr = 0.02, R = 10

and K = −0.01.

Figures 3.8 and 3.9 respectively show the behaviour of self-axial velocity profiles over a range

of Prandtl number Pr for injection and suction. The increase in Prandtl number Pr, leads

to high axial-velocity towards the centre and low towards the surface wall during injection;

however the increase in Prandtl number leads to a decrease in velocity towards the centre

while increase the axial-velocity towards the wall during suction. This behaviour is caused by

the effect of heat diffusion which decreases the density of the fluid such that the fluid can flow
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easily. Thus fluid can be injected or sucked easily in or out of the chamber as a result increase

or decrease velocity receptively. See Figures 3.8 and 3.9 respectively.

Effects of radiation on the axial-velocity
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Figure 3.10: Axial-velocity profiles over

a range of R at α = 10, Gr = 0.02, K =

0.01 and Pr = 6.
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Figure 3.11: Axial-velocity profiles over

a range of R at α = 10, Gr = 0.02, K =

−0.01 and Pr = 6.

Figures 3.10 and 3.11 illustrate the behaviour of self-axial velocity profiles over a range of

radiation R for injection K = 0.01 and suction K = −0.01. The increase in radiation R,

leads to low axial-velocity towards the centre and high axial- velocity towards the surface

wall during injection and also leads to the increase in axial-velocity towards the centre while

decrease the axial-velocity towards the surface wall during suction. This behaviour is due

to high Prandtl number (Pr = 6) which leads to the domination of momentum diffusivity

dominates over thermal diffusivity, thus as fluid particles absorb high radiation when fluid is

injected into combustion chamber as a result create friction inside the combustion chamber,

thus an increase in radiation leads to a decrease in axial-velocity in the case of injection. In the

case of sucking fluid out of the combustion chamber fluid with more radiation will be sucked

out, thus less friction will be created inside the combustion chamber as a result, the fluid will

flow with higher axial-velocity towards the centre and lower axial-velocity towards the surface

wall.
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Effects of Grashof number on axial-velocity
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Figure 3.12: Axial-velocity profiles over

a range ofGr atK = 0.01, Pr = 2, R = 10

and α = 50.
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Figure 3.13: Axial-velocity profiles over

a range of Gr at K = −0.01, Pr = 2,

R = 10 and α = 50.

Figures 3.12 and 3.13 illustrate the behaviour of axial-velocity inside the combustion chamber

of a solid rocket motor. When injecting propellant (K > 0) into combustion chamber, we

observe that the increase in Grashof number leads to an increase in the axial-velocity towards

the centre and decrease in axial-velocity towards the surface wall of the combustion chamber.

This is due to less dense fluid particles moving towards the top of the combustion chamber

to occupy the space created by chamber expansion. In the case of (K < 0) the higher the

Grashof number, the more fluid particles will move toward the surface wall, thus decrease the

axial-velocity towards the wall. Also the more dense fluid particles will move towards the

bottom of the chamber due to gravity and move less dense fluid particles side ways in the axial

direction, thus increase the velocity far from the upper surface (towards the centre). The less

dense fluid will move at higher speed towards the centre to occupy the space created by the

chamber as it expands. Near the surface wall of the combustion chamber, it is observed that

the fluid creates a reverse flow due to the effects of fluid injection. In the case of suction, we

observe that the less dense fluid has lower speed at the wall compared to more dense fluid.

For suction, the more dense fluid will move towards the centre due to force of gravity and the

less dense particles will move towards the upper surface wall, thus for high Grashof number

the more dense particles will move faster towards the centre and less dense will move faster

towards the surface wall.
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3.5.2 Temperature distribution under the influence of dimension-

less quantities

In this subsection, effects of various parameter which influence temperature distribution of

propellant as it flows inside the combustion of solid rocket motors during operation are studied.

Effects of Prandtl number on temperature distribution
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Figure 3.14: Temperature distribution

for a range of Pr at K = 0.002, R = 10,

α = 5 and Gr = 0.02.

Pr Ø1

Pr Ø2

Pr Ø3

Pr Ø4

Pr Ø5

0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6

0.0

0.2

0.4

0.6

0.8

1.0

b

H

Figure 3.15: Temperature distribution

for a range of Pr at K = −0.002, R = 10,

α = 5 and Gr = 0.02.

Figures 3.14 and 3.15 illustrate that the propellant temperature decreases from the surface

wall towards the centre for both injection and suction.

The increase in Prandtl number throughout the rocket chamber leads to a sharp decrease

in temperature during injection compared to suction. Since Prandtl number is directly pro-

portional to momentum diffusivity (velocity) and inversely proportional to thermal diffusivity

(heat conduction) which implies that the increase in Prandtl number leads to the decrease

in heat conduction, thus an increase in Prandtl number result in decrease in temperature.

Also fluid injection increases momentum diffusivity which increase Prandtl number. Suction

decrease momentum diffusivity and Prandtl number which leads to increase in heat condition,

thus temperature decreases more for small Prandtl number during suction. The temperature

increases slightly close to the surface wall during injection (addition of energy due work done

by additional particles) thereafter decrease towards centre. This slight increase in temperature
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close to the surface wall provides the propellant with energy to penetrate deeply towards the

centre of the combustion chamber and also contributes to reaction away from the combustion

chamber surface wall. The decrease in temperature is due to the fact that the increase in

Prandtl number leads to the decrease in temperature difference, thus decrease heat conduction

of the propellant. The decrease in temperature towards the centre is caused by the transfor-

mation of internal energy to rocket thrust which propels from the centre of mass of the rocket,

thus lose the temperature towards the centre in a form of rocket thrust.

Effects of radiation number on temperature distribution
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Figure 3.16: Temperature distribution

for a range of R at K = 0.002, α = 5,

Pr = 6 and Gr = 0.02.
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Figure 3.17: Temperature distribution

for a range of R at K = −0.002, α = 5,

Pr = 6 and Gr = 0.02.

Figure 3.16 illustrates the increase radiation leads to the increase in temperature. This obser-

vation is due to fact that additional energy in a form of radiation will increase the temperature

inside combustion chamber. Similarly the temperature decreases towards the centre since the

system loses temperature in a form of rocket thrust at the centre. Figures 3.17 illustrates that

the increase in radiation leads to the decrease in temperature. This observation is due to fact

that energy in a form of radiation is decreased as particles decreases when sucked out of the

system which leads to the decrease in temperature inside combustion chamber.
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Effects of Reynolds number on temperature distribution
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Figure 3.18: Temperature distribution

for a range of K at R = 10, α = 5, Pr = 6

and Gr = 0.02.
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Figure 3.19: Temperature distribution

for a range of K at R = 10, α = −5,

Pr = 6 and Gr = 0.02.

Figures 3.18 and 3.19 illustrate that the temperature of propellant gas for both contracting or

expanding chamber increases when there is fluid injection during solid rocket motor operation.

The increase in temperature is due to the fact that injection of fluid particles inside the chamber

increases momentum as a result the temperature increase (work energy principle which relates

the energy to momentum), thus the system temperature will increase. Also, the decrease

in fluid particles during operation (suction) decreases momentum, thus decrease temperature.

Figure 3.19 indicates that irrespective of contraction or expansion the temperature distribution

behaves the same.
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Effects of Grashof number on temperature distribution
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Figure 3.20: Temperature distribution

for a range of Gr at K = 0.002, R = 10,

α = 5, Pr = 6.
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Figure 3.21: Temperature distribution

for a range of Gr at K = −0.002, R = 10,

α = 5, Pr = 6.

Figures 3.20 and 3.21 indicate the effects of Grashof number on temperature distribution of

propellant gas for injecting and sucking fluid.

The temperature increases slightly close to the surface wall thereafter decrease towards the

centre when injecting propellant into the system, see Figure 3.20. This slight increase in tem-

perature close to the surface wall provides the propellant gas (fuel) with energy to penetrate

deeply towards the centre of the combustion chamber and also contribute to chemical reac-

tion, which causes combustion away from the surface wall. This observation is due to high

Grashof number (high temperature difference) which leads to high heat diffusion and more

heat transfer within the fluid bulk which raises the temperature and decreases the density

of the fluid/propellant. The rise in temperature will be more for high Grashof number since

more temperature is absorbed from the surface wall. In the case of suction, see Figure 3.21,

the system will have more less dense fluid particle towards the surface wall and more dense

fluid particles towards the centre since the temperature from the surface wall affects particles

close the wall more. Sucking out fluid particles from the chamber decreases the temperature of

the system since the less dense particles sucked out of the chamber posses high temperature,

hence takes temperature out of system.
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3.6 Concluding remarks

In this project, we further studied the problem of viscous incompressible fluid in a cylindrical

porous pipe with expanding or contracting surface wall [1]. To further understand the dynamics

of solid rocket motor thrust. Lie group technique was employed to find semi-analytical solutions

of the problem in conjunction with double perturbation expansions method.

The semi-analytical solutions obtained for both velocity and temperature were analysed to

understand the flow behaviour of the propellant gas, thus optimize the rocket thrust and

temperature distribution inside the rocket combustion chamber. However the major drawback

in finding these semi-analytical solutions was due to the introduction of series expansions of

non-integrable functions, which made the solution process to be long and tedious for both

momentum and energy equations. The obtained solutions for momentum and energy depend

on Prandtl number Pr, Grashof number Gr, radiation number R, Reynolds number Re and

wall dilation rate α, thus allow the investigation of the effects of these parameters on velocity

and temperature during solid rocket motor operation. Also the solution of [1] was recovered

by taking Grashof number to be zero from the obtained momentum solution, which should

be the case since the current work was an extension of [1]. Velocity and temperature profiles

obtained were similar to those in the literature. The reputable parabolic velocity profile which

can ascribed to no slip condition [30, 31] and the slightly S shaped temperature profile which

can be ascribed to strong convective action which bring hot combustion products closer to the

centre in a circular pipe [32–34] were obtained.

The following findings are critical:

• Wall Dilation: To have optimal solid rocket motor thrust, the volume of the chamber

should decrease during operation to increase internal pressure along with injection. The

decrease in chamber volume and suction leads to an increase in velocity of the propellant

but the overall thrust becomes minimal due to removal of propellant due to sucking.

• Reynolds number: Propellant injection is ideal whereas propellant suction is not ideal,

reason being to maximize thrust during operation more propellant inside combustion

chamber is needed to increase thrust output.
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• Prandtl number: The increase in temperature which result from the increase in Prandtl

number is ideal during operation since the increase in temperature leads to the increase

internal energy of the system and the work done to propel increase, thus maximize thrust.

• Radiation Number: The increase in radiative effects increases internal energy of the

system such that the work done to propel increases, thus maximize thrust.

• Grashof number: The increase in Grashof number effects increases internal energy of

the system due the work done by buoyancy effect such that the work done to propel

increases, thus maximize thrust.

• Pressure: Dilation of the chamber must be in such a way that the work done by the

surface wall leads to the increase internal pressure, thus increase thrust output.
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Chapter 4

Conclusion

In this research project, Lie group method was employed to study propellant flow and heat

transfer inside the combustion chamber of solid rocket motors.

In Chapter 1, a brief introduction of Lie group theory for partial differential equations was

given.

In Chapter 2, Lie group method was employed to determine the symmetries and integration

of the heat equation.

In Chapter 3, the flow analysis of [1] was extended to study internal flow and heat transfer inside

a combustion chamber of solid rocket motor. Lie group method along with double perturbation

was employed to find semi-analytical solutions of velocity and temperature. Effects of wall

dilation α, Prandtl number Pr, Reynolds number Re, radiation number R and Grashof number

Gr were on both axial-velocity and temperature distribution were shown graphically.

In future, effects of concentration which arise for the non-homogenous propellant will be stud-

ied.
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