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Abstract

The generalisation ability of deep neural networks differs somewhat from that of more

traditional models. Speciőcally, large networks that have the ability to łmemorisež the

training data can still generalise well, regardless of regularisation. This generalisation

ability is still not completely understood. As part of a larger approach to studying the

generalisation ability of neural networks by measuring the utilisation of training data,

we aim to őnd a method of measuring mutual information and redundancy, speciőcally

in the context of information processing in neural networks.

To this end, we study various existing redundancy estimators, and, using these as

inspiration, we develop a new, nearest-neighbours-based redundancy estimator that can

be used with discrete-continuous mixture distributions. We evaluate this new estimator

on synthetically generated data and compare its behaviour to that of existing estimators.

As a demonstration of the use of this estimator in neural network analysis, we calculate

various node-based mutual information estimates in fully connected, feedforward net-

works trained for classiőcation. Our demonstration reveals interesting regularities and

differences between networks with different generalisation characteristics.

Overall, we implement and evaluate several redundancy estimators and show that

node-based redundancy estimates can be used to analyse neural networks.

Keywords: deep neural networks, generalisation, mutual information estimation, re-

dundancy estimation, information ŕow
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Chapter 1

Introduction

1.1 Generalisation in Deep Learning

Any mathematical modelling exercise aims to capture one or more relationships that ex-

ist among variables relevant to some task. In the context of such a task, not all existing

relationships are usually of equal importance. In addition, when using machine learning

methods to derive models from measurements of these relevant variables, the relation-

ships to be captured are typically not known. Assuming that the set of measurements is

őnite, it is generally impossible to establish whether relationships observed among the

measurements truly exist among the underlying variables; noise might produce spurious

relationships, for example. Most machine learning exercises pose the aforementioned

two problems Ð the task-speciőc problem of establishing which existing relationships

are important, and the practical problem of establishing which observed relationships

truly exist.

It is usually desirable for a machine learning model not only to model the training

data well but also to model relationships that exist in similarly distributed, unseen data.

In other words, it is usually desirable for a model to capture only those relationships that

truly exist among the underlying variables. In a broad sense, the generalisation ability

of a model refers to the degree to which the behaviour of the model on the training data

agrees with the behaviour of the model on similarly distributed, unseen data [1], [2].

Given a őnite set of measurements of some variables, statistical methods are often

used to determine which relationships probably exist among the underlying variables.

Bayes’ theorem can be used to show that, among several functions that explain the

1



Chapter 1 Introduction

observed data, the simplest function is the most probable if the prior (of the functions

considered) is uniform [2], [3]. Statistical learning theory suggests a related concept:

the generalisation error of a trained model is bounded above by the complexity of the

set of functions that can be represented by the modelling method [4], [5]. Although the

complexity of a set of functions can be deőned in several ways, a common approach

is to relate the complexity to the highest correlation that can be obtained, on average,

between a sequence of random values and a sequence of function values at random points,

for any function in the set [2], [4]ś[6].

The bounds that the complexity of the function class imposes on the generalisation

error explain the generalisation ability of many model types, in the sense that an in-

crease in the complexity of the function class, beyond the amount necessary to capture

important relationships, leads to poorer generalisation of trained models [5].

Controlling the complexity of the function class is not the only method of controlling

generalisation ability. Statistical learning theory suggests that good generalisation can

also be obtained by introducing a preference for certain functions in the function class,

even if the complexity of the function class is higher than needed [7]. The use of such

regularisation techniques also explains the generalisation ability of many model types [6],

[7].

For deep artiőcial neural networks (DNNs), neither the complexity of the function class

of a particular network nor the use of regularisation techniques during training can ad-

equately explain generalisation [6]. This was demonstrated in [6] and [8], among others,

where the authors obtained good generalisation with networks that could, without any

modiőcation, őt random data easily, regardless of the use of regularisation techniques.

The generalisation ability of DNNs is still not completely understood. In this work,

we explore tools that can assist us in investigating the generalisation ability of neural

networks.

The problem that we address is best understood in the context of a larger approach

to investigating generalisation. This larger approach is based on the informal idea of

conőrmation. Conőrmation is based on the idea that the output of a trained artiőcial

neural network should be conőrmed by information in the set of sample points used to

train the network. Thus, the conőrmation of the output value of a network in response

to a particular input is determined by the amount of task-relevant information used

to construct that output. Similarly, the conőrmation ability of a network refers to the

2



Chapter 1 Introduction

degree to which the outputs of a network are conőrmed by task-relevant information.

Since a network can obtain task-relevant information only from the data used to train

that network, the conőrmation ability of a network is strongly related to the utilisation

of available training data. These deőnitions of conőrmation, conőrmation ability, and

data utilisation should not be taken as precise, technical deőnitions but rather as broad,

intuitive concepts.

A main hypothesis of our conőrmation-based approach is that the generalisation ability

of neural networks can be understood, at least partially, in terms of conőrmation ability.

However, no method of measuring conőrmation ability is available, and developing such

a method is a large task.

The measurement of conőrmation ability involves the measurement of both task-

relevant- and redundant information in networks. As a starting point for measuring

these, we focus on the measurement of the information-theoretic concepts of mutual

information and redundancy.

1.2 Problem Statement

As part of a larger goal of understanding the utilisation of training data in neural net-

works, we need an effective method of measuring mutual information and redundancy,

speciőcally in the context of information processing in neural networks.

1.3 Research Scope

The scope of the work is limited as follows:

• Network architectures are limited to fully connected, feedforward neural networks.

The activation functions used in hidden layers are limited to rectiőed linear units

(ReLUs). These architectures are conceptually simple while still sharing important

similarities with several high-performance architectures [9].

• Tasks are limited to classiőcation, and we further limit the study to simple, widely

used datasets. This allows us to focus primarily on developing effective measure-

ment methods without getting distracted by the complexities of various datasets.

3
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• Development and evaluation of methods for measuring mutual information and

redundancy are prioritised. Full-scale applications of these methods, beyond simple

demonstrations, are beyond the scope of this work.

1.4 Research Questions

The primary questions that this research aims to address are:

• Which properties of the probability distributions encountered in neural network

analysis are relevant to the measurement of mutual information and redundancy?

• Which methods of measuring or estimating mutual information and redundancy are

most suited to the types of probability distributions encountered in neural network

analysis?

• How accurate are the estimation methods, and how is the accuracy affected by

various factors?

• Which measurements of mutual information and redundancy are relevant to the

measurement of conőrmation ability?

1.5 Research Objectives

The following objectives are pursued to answer the research questions:

• We aim to identify the general properties of the probability distributions encoun-

tered in neural networks by studying both literature on probability- and informa-

tion theory and other work that takes an information-theoretic approach to network

analysis.

• We aim to identify methods of measuring or estimating mutual information and

redundancy that are most suited to the probability distributions encountered in

neural network analysis by studying the assumptions and requirements of various

methods and matching these to the properties of the relevant distributions.
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• Using the set of suitable measurement- or estimation methods, we aim both to

characterise the accuracy of these methods and to select the most appropriate

method by evaluating the methods on synthetically generated data.

• We aim to identify some measurements of mutual information and redundancy that

are likely to form part of a measurement of conőrmation ability by exploring the

relationship between these measurements and generalisation ability.

1.6 Research Methodology

The following methodology is followed to complete the research objectives:

Literature Study A literature study is performed to obtain information on neural

network generalisation, probability theory, information theory, estimation of mu-

tual information and redundancy, and application of information theory to neural

network analysis.

Estimator Development Relevant methods of estimating mutual information and re-

dundancy are identiőed. The most promising methods are implemented in software.

Empirical Estimator Evaluation Synthetic data is generated, and the implemented

estimation methods are evaluated on the synthetic data. Based on the results

of this analysis, the method that seems most suitable for our network analysis is

selected.

Estimator Application The selected estimation method is used to explore some mea-

surements of mutual information and redundancy in neural networks. The rela-

tionship between these measurements and neural network generalisation is also

explored.

Result Assessment The results of the analyses and experiments are assessed and used

to derive conclusions and recommendations for further study.

5



Chapter 1 Introduction

1.7 Dissertation Overview

1.7.1 Layout

In Chapter 2, background information from the relevant literature is reviewed. In Chap-

ter 3, the probability distributions encountered in neural network analysis are discussed.

Several methods of estimating mutual information and redundancy are discussed in

Chapter 4. Synthetic data is generated in Chapter 5, and the estimation methods are

evaluated on the synthetic dataset in Chapter 6. In Chapter 7, we apply the estimators

to neural networks. Finally, the results of our exploration are reviewed and conclusions

are drawn in Chapter 8.

1.7.2 Notation

Throughout this document, random variables are denoted by uppercase letters (e.g. X

or X), while normal variables are denoted by lowercase letters (e.g. x or x). Addition-

ally, vector variables are denoted by letters in boldface (e.g. x or X), scalar variables

are denoted by italicised letters (e.g. x or X), sets are denoted by uppercase letters in

calligraphy font (e.g. X ), special functions are denoted by uppercase letters in black-

board font (e.g. H(·)), and normal functions are denoted by italicised lowercase letters

(e.g. f(·)). Subscript indices indicate components of a vector (e.g. xi, xi, Xi, or Xi),

while superscript indices indicate sample points of a random variable (e.g. X(j) or X(j)).

Letters that denote functions are always followed by parentheses or square brackets.

These conventions are described here and listed on page xiii for reference. It should

not be necessary to memorise these conventions Ð symbols are always introduced where

they are used.

1.8 Publications

Prior to the work presented in the main body of this document, a pre-study, also related

to the generalisation ability of neural networks, was performed as part of the current

degree. This pre-study resulted in a conference paper [10] co-authored by prof Marelie

H. Davel and presented at the SACAIR 2020 conference. The paper is reproduced in

Appendix B. Parts of this paper are reused in Section 1.1.
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A release of the implementation of the redundancy estimators presented in Chapter 4,

together with an empirical analysis of the estimators, is in preparation.

1.9 Discussion

In this chapter, we introduced the problem of generalisation of neural networks. We

introduced our larger approach to studying generalisation, and, within the context of this

approach, we stated the problem that this work aims to address. Then, we elaborated

on the scope of the research and the research questions, objectives, and methodology.

Finally, we gave an overview of this dissertation and mentioned publications that form

part of the current degree.
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Chapter 2

Background

We review relevant literature and discuss background information and closely related

work.

2.1 Chapter Overview

In this chapter, we review relevant literature and discuss background information and

other work closely related to our research. In Section 2.2, we review concepts from

information theory that are essential to the correct understanding and application of

mutual information and redundancy. In Section 2.3, we discuss several methods of

estimating mutual information and redundancy from a őnite set of sample points. We

review work related to the generalisation ability of DNNs, with a focus on work that

uses an information-theoretic approach, in Section 2.4. Finally, in Section 2.5, we discuss

aspects of the reviewed literature that are particularly relevant to our research.

2.2 Information Theory

In the broadest sense, information theory provides several tools for the measurement of

information content [11], [12]. In this section, we review several of these tools, namely

entropy (Section 2.2.1), which is useful for measuring the average amount of information

in the value of a single variable, mutual information (Section 2.2.2), which is useful

for measuring the average amount of information shared between two variables, and
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redundancy (Section 2.2.3), which is an extension of mutual information that is useful

for measuring the average amount of information shared between several variables.

For the deőnitions in this section, let X be a random vector variable taking on possible

values from X . Additionally, let pX(·) be the probability mass- or density function of

X. When all components of X are discrete, X is discrete, and pX(·) is a mass function;

otherwise, X is continuous or mixed (as deőned in Section 3.2), and pX(·) is a density

function. Let Y, Y , and pY(·) be similarly deőned. Finally, let pX,Y(·, ·) be the joint

mass- or density function of X and Y. When both X and Y are discrete, pX,Y(·, ·) is a

mass function; otherwise, pX,Y(·, ·) is a density function.

The expected value of f(X) is, for discrete X,

EX∼pX [f(X)] :=
∑

x∈X

pX(x)f(x) , (2.1)

and, for continuous or mixed X,

EX∼pX [f(X)] :=

∫

X

pX(x)f(x)dx . (2.2)

2.2.1 Entropy

The entropy of a random variable is, intuitively, the average amount of uncertainty

about the value of the variable, or, equivalently, the average amount of information

that is gained when the value of the variable becomes known [11], [13]. Three common

variations of entropy relevant to our study are discrete entropy, differential entropy, and

relative entropy.

Discrete- and Differential Entropy

Discrete entropy is deőned for discrete random variables, while differential entropy is

deőned for continuous random variables. The (discrete or differential) entropy of X is

H(X) := EX∼pX [− log(pX(X))] [11], [13], (2.3)
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and the conditional entropy of X given Y is

H(X | Y) := E(X,Y)∼pX,Y

[

− log

(

pX,Y(X,Y)

pY(Y)

)]

[11], [14]. (2.4)

For discrete random variables, the conditional entropy of X given that Y = y is

H(X | Y = y) := EX∼pX|y
[− log(pX|y(X))] [14], (2.5)

where

pX|y(x) =
pX,Y(x,y)

pY(y)
(2.6)

is the conditional mass function of X given that Y = y, with pY(y) ̸= 0. For all of these

deőnitions, 0 log(0) and 0 log(0
0
) are deőned as 0.

Discrete entropy measures the average amount of information in a value of a discrete

random variable. Conditional discrete entropy measures the average amount of infor-

mation in a value of a random variable given that the value of another random variable

is known. Discrete entropy is always non-negative [13].

Differential entropy is not directly related to a simple, intuitive concept, but is rather

a blind adaptation of discrete entropy to continuous variables [15]. Differential entropy

can be any real value, which makes intuitive interpretation of it challenging [11].

Relative Entropy

Relative entropy, or Kullback-Leibler divergence (KL divergence), is deőned for discrete

and continuous random variables. Let mX(·) be a mass- or density function for X such

that pX(x) = 0 whenever mX(x) = 0. Then, the relative entropy of X with respect to

mX(·) is

H[X || mX(X)] := EX∼pX

[

log

(

pX(X)

mX(X)

)]

[11], [13]. (2.7)

Again, for this deőnition, 0 log(0) and 0 log(0
0
) are deőned as 0.

Relative entropy is non-negative, and H[X || mX(X)] = 0 if and only if either, for

discrete distributions, pX(x) = mX(x) for all x or, for continuous distributions, pX(x) =

mX(x) almost everywhere (pX(x) ̸= mX(x) only on sets of Lebesgue measure zero) [16],

[17].
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One approach to using relative entropy to measure the average amount of information

in a value of a continuous random variable X is to construct a discrete distribution for

this variable [15]. The limit of the density of the points in this discrete distribution, as

the number of these points approaches inőnity, is then used as the reference probability

density function mX(·), while the density function pX(·) of the original distribution re-

mains unchanged [15], [18]. The negative relative entropy calculated using these density

functions is viewed by some as the correct extension of discrete entropy to the realm of

continuous distributions [15].

2.2.2 Mutual Information

The mutual information between two random variables is, intuitively, the average re-

duction in uncertainty about the value of one variable resulting from an observation of

the value of the other variable, or, equivalently, the average amount of information that

is gained about the value of one variable when the value of the other variable becomes

known [11], [14]. The mutual information between X and Y is

I(X,Y) := E(X,Y)∼pX,Y

[

log

(

pX,Y(X,Y)

pX(X)pY(Y)

)]

[11], [14]. (2.8)

For this deőnition, 0 log(0) and 0 log(0
0
) are deőned as 0.

Mutual information is a special case of relative entropy and, therefore, has the same

properties as relative entropy [11]; notably, mutual information is non-negative. Ad-

ditionally, I(X,Y) = 0 if and only if either, for discrete distributions, X and Y are

independent or, for continuous distributions, X and Y are independent almost every-

where.

2.2.3 Redundancy

Redundancy, or total correlation, is one extension of mutual information to őnite sets

of random variables [19]. (There are other extensions as well, and some are analysed

in [19].) From the similarity between mutual information and redundancy, we can intuit

that the redundancy in a set of random variables is the average amount of redundant

information among the values of the variables. Our use of the term łredundancyž should
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not be confused with the use in [13], where the term refers to a simple modiőcation of

discrete entropy.

Let X1, . . . ,Xd be the d vector-valued components of X respectively taking on possible

values from X1, . . . ,Xd. Additionally, let pX1(·), . . . , pXd
(·) be the respective marginal

mass- or density functions of X1, . . . ,Xd. Then, the redundancy between the variables

X1, . . . ,Xd is

I(X1, . . . ,Xd) := EX∼pX

[

log

(

pX(X)

pX1(X1) . . . pXd
(Xd)

)]

[19]. (2.9)

Again, for this deőnition, 0 log(0) and 0 log(0
0
) are deőned as 0.

The relation

I(X1, . . . ,Xd) =
d
∑

i=1

H(Xi)−H(X) (2.10)

is also sometimes used to deőne redundancy [19], [20]. If these entropy values all ex-

ist, then this deőnition is equivalent to the one given initially. This relation provides

some insight into redundancy Ð intuitively, the redundancy in a set of variables is the

average reduction in information attained when the variables in the set are represented

collectively rather than separately.

Redundancy, like mutual information, is a special case of relative entropy, and the

same properties regarding non-negativity and independence apply to redundancy.

As mentioned in Section 1.1, we are interested both in measuring task-relevant in-

formation and in quantifying redundancies in neural networks. Mutual information

can be used to measure task-relevant information in a random variable, as discussed in

Section 2.4.6, and redundancy can be used to measure redundant information between

random variables. Since mutual information is just a special case of redundancy, both

of these requirements can be addressed by a single redundancy estimation technique.

2.3 Redundancy Estimation

Often, for a random vector X in R
d with components X1, . . . , Xd, the true distribu-

tion is unknown, but a őnite sample of n independent, identically distributed points

X(1), . . . ,X(n) is available. In such a case, the available points can be used to estimate
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the redundancy I(X) = I(X1, . . . , Xd).

In this section, we review several methods of estimating redundancy from such a őnite

sample. Speciőcally, we discuss 3H estimators (Section 2.3.1), partitioning estimators

(Section 2.3.2), the ensemble dependence-graph estimator (Section 2.3.3), bounds esti-

mation (Section 2.3.4), and nearest-neighbours estimators (Section 2.3.5).

2.3.1 3H Estimators

Several methods of estimating the redundancy in X requires direct estimation of the

entropy H(X) of X and the entropies H(X1), . . . ,H(Xd) of the components of X. The

relation in Equation 2.10 can then be used to calculate a redundancy estimate [20], [21].

As discussed in Section 3.4, entropy is generally not deőned for the variables that

we consider. Therefore, any estimation method that requires direct estimation of an

entropy value is not suitable for our purposes.

2.3.2 Partitioning Estimators

One of the simplest methods of directly estimating redundancy requires partitioning the

values of each component Xi to form the discrete random variable X̄i [20], [22]. The

d discrete variables X̄1, . . . , X̄d then form the components of a discrete vector X̄. The

probability P(X̄ = x̄) that the vector X̄ has value x̄ is set equal to the fraction of

sample points with discretised value x̄. Using this construction, the redundancy in X is

estimated as

I(X) ≈ I(X̄) = I(X̄1, . . . , X̄d) [20], [22]. (2.11)

In the limit as the number n of sample points and the number of partitions tend to

inőnity, the estimated redundancy converges to the true value if all underlying densities

are proper functions [20]. If the densities are not functions, this limit might diverge [20].

As discussed in Chapter 3, the densities of the distributions that we consider cannot be

expressed as proper functions.

The partitioning required to calculate the redundancy estimate is equivalent to adding

noise to the random variables [22]. One relevant disadvantage of this is that the redun-

dancy between the noisy variables is not invariant under invertible transformations of

the true noiseless variables, and, therefore, when this estimation technique is used to
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analyse neural networks, estimates from different networks are difficult to compare [22].

A more detailed discussion is presented in [22].

Because of these shortcomings, partitioning estimators are unsuitable for our purposes.

2.3.3 Ensemble Dependence-Graph Estimator

Another redundancy estimator uses locality-sensitive hashing (LSH) to map sample

points to nodes in a dependency graph [23]. Each component Xi is mapped to a node

with index X̄i using a randomised LSH function. The d indices X̄1, . . . , X̄d form the

components of a discrete index vector X̄. The probability P(X̄ = x̄) that the index

vector X̄ has value x̄ is set equal to the fraction of sample points with index vector x̄.

Using this construction, the base redundancy estimate is

I(X) ≈
∑

x̄∈X̄

[

f

(

P(X̄ = x̄)
∏d

i=1 P(X̄i = x̄i)

)

·

d
∏

i=1

P(X̄i = x̄i)

]

[23], (2.12)

where X̄ is the set of possible values of the index vector X̄, x̄i is the ith component of

x̄,

f(x) = min{x log(x), u} , (2.13)

and u is an upper bound on f(·) [23]. The őnal ensemble estimator is obtained by

using an ensemble estimation technique to improve the convergence rate of the base

estimator [23].

In [23], this estimator is presented only for d = 2, and the probabilities associated with

the index values are viewed as weighted connections in a graph. Although we suspect

that this estimator will work in cases where d ≥ 2, we make no attempt to verify this,

and it is unclear how the estimator can be related to a dependency graph in such cases.

Therefore, this estimator is not immediately suitable for our purposes.

2.3.4 Bounds Estimation

Instead of estimating redundancy directly, upper and lower bounds on the true redun-

dancy can be calculated [24]. One such set of bounds, for d = 2, requires that one

of the random variables be a mixture of őnitely many component distributions, where
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closed-form expressions are known for the entropy of each component distribution, the

Chernoff α-divergence in each pair of component distributions, and the KL divergence

in each pair of component distributions [24]. These expressions are typically obtained

by assuming that the component distributions are well-known distributions (e.g. normal

or uniform distributions) [24].

Calculating such bounds on the redundancy is more computationally efficient than es-

timating the redundancy, but, due to the assumption about the structure of the variables,

the bounds have an estimation bias, which is bounded [24]. In addition, these bounds

depend on the existence of the conditional entropy of one variable given the other, and

it is not clear whether these bounds can be extended to cases where d ≥ 2 [24]. As

discussed in Section 3.4, the entropy of the variables that we consider is generally not

deőned. These shortcomings make this technique unsuitable for our purposes.

2.3.5 Nearest-Neighbours Estimators

The nearest neighbours of each sample point X(j) can be used in the estimation of redun-

dancy. Estimators that use this technique exist for continuous random variables [20],

[25] and for more general random variables [21]. Such estimators are also applicable

to cases where d ≥ 2. These estimators seem most suitable for our purposes and are

described in detail in Sections 4.2 to 4.4.

2.4 Related Work

In this section, we discuss work closely related to our research. We brieŕy review work

concerned with the prediction of generalisation ability (Sections 2.4.1 to 2.4.5) as general

background information. Then, we discuss work that informs our approach, namely

information-theoretic analysis of generalisation (Sections 2.4.6 and 2.4.7) and node-based

network analysis (Section 2.4.8).

2.4.1 Hypothesis Space Complexity

As discussed in Section 1.1, the complexity of the hypothesis space, which is determined

by network architecture, can be used to construct an upper bound on the generalisation
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error of a given network [26]. Although this provides an upper bound, it does not

explain how networks achieve generalisation errors signiőcantly lower than the upper

bound; that is, low complexity is sufficient, but not necessary, for generalisation [26].

2.4.2 Training Algorithm Stability

In a weaker sense, the generalisation error of a network is also bounded by the stability

of the algorithm used to train the network (the worst-case error of a network across

all datasets is not bounded) [26]. Stability is a measure of the sensitivity of a training

algorithm to changes in the training set, and, for many stability measures, this change

amounts to the removal of a single data point from the training set [27]. Typically, some

form of expected value of the change in the loss is measured to determine the stability of

the algorithm [27]. Again, stability is sufficient, but not necessary, for generalisation [26].

2.4.3 Training Algorithm Robustness

The robustness of a training algorithm is similar to its stability and imposes similar

bounds on the generalisation error [26]. Where stability implies small changes in loss

when the training set is slightly modiőed, robustness implies small changes in loss at

any single data point when that point is moved by a small amount [28]. More formally,

an algorithm is robust if there exists a őxed partition of any training set, which is

independent of the training set, such that the difference in loss at any two points in the

same partition is bounded [28]. As is the case for stability, robustness is sufficient, but

not necessary, for generalisation [26].

2.4.4 Loss Landscape Geometry

Another approach considers the behaviour of the loss as a function of the network pa-

rameters, speciőcally focusing on the sharpness of the minimum on which the training

algorithm converged. Based on the theory that models which require less information

to describe generalise better, it is proposed that networks with parameters at ŕatter

minima lead to better generalisation, since they can be speciőed with less precision [29].

However, reparameterisation of DNN models allows the ŕatness of minima to be altered

with no effect on generalisation performance [26], [30].
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2.4.5 Margin Distributions

Margin distributions can also be used to study generalisation. When using a DNN to

perform classiőcation, the distance from any sample point X or intermediate represen-

tation X̄ to the decision boundary of the network can be precisely deőned, but the

computation of this distance is intractable [31]. The authors of [31] propose a method

of estimating this distance, and this method is used in [32] to estimate the distances of

training points and their intermediate representations to the relevant decision bound-

aries. The distributions of these distances, called margin distributions, are then used to

predict generalisation ability with surprising accuracy [32].

2.4.6 Information Bottleneck

The information bottleneck method provides a way of obtaining a compressed represen-

tation X̄ of some data X while preserving the information relevant to some task. Where

rate-distortion theory allows the task relevance to be explicitly speciőed with a distor-

tion function, the information bottleneck method allows the relevance to be implicitly

speciőed with an additional relevance variable Y [33].

To maximise compression of X, the redundancy I(X, X̄) between the data X and the

compressed representation X̄ must be minimised; to ensure that X̄ still contains most

of the relevant information in X, the redundancy I(X̄, Y ) between X̄ and the relevance

variable Y must be maximised [33]. Thus, the information bottleneck method proposes

minimising the functional

l
[

P(X̄ = x̄ | X = x)
]

= I(X, X̄)− βI(X̄, Y ) [33], (2.14)

where β is a parameter that controls the importance of preserving relevant information

relative to the importance of compressing the representation [33].

In the analysis of neural networks, the input to the networks is typically viewed as

the data X to be compressed, and the internal representations formed by the layers of

the network are viewed as compressed representations X̄ of X. The desired output of

the network is viewed as the relevance variable Y .

In [34], the authors analyse fully connected, feedforward networks using concepts from

the information bottleneck method. They note that the input layer of a DNN contains
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the most information about the relevance variable Y , but the representation of this

information is too complex to allow good generalisation. From this they conclude that

compression is required for generalisation.

An empirical analysis of the training of fully connected, feedforward networks using

stochastic gradient descent reveals two phases of training: a learning phase driven by

large gradients with relatively low noise, and a compression phase driven by small gra-

dients with relatively high noise [35]. It is suggested that the noisy gradients, which

cause compression in the internal representations, are at least partially responsible for

the generalisation ability of DNNs [35]. Other work claims that the appearance of the

two training phases is largely determined by the choice of activation function [22]. This

work also claims that compression is not necessary for generalisation and that noisy

gradients are not necessary for compression [22].

In [36], the authors analyse feedforward networks with noisy activation functions.

They show that the redundancy between the input data X and the internal representa-

tion X̄ at some hidden layer is related to the clustering of sample points at that layer

Ð at a hidden layer, the compression of the input data is caused by the clustering of

sample points. They further show that a lack of clustering and compression does not

necessarily affect the generalisation ability of a network.

U-nets [37] are analysed in [38] using a similar information bottleneck approach. In

contrast to other architectures analysed with this approach, U-nets have skip connec-

tions, and, therefore, information can ŕow through multiple paths in the network. The

authors use estimates of I(X, X̄) and I(X̄, Y ) to identify skip connections that are nec-

essary for optimal network performance. By evaluating several modiőed networks, they

then conőrm the necessity, or lack thereof, of several skip connections.

2.4.7 Information Transfer

The concept of the information transfer of a network is introduced in [39]. Intuitively,

information transfer measures the amount of task-relevant information contained in a

network, with the additional property that only information which allows the network

to generalise is measured. The authors demonstrate the utility of information transfer

in the comparison and analysis of neural networks.
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2.4.8 Node-Based Network Analysis

Network nodes with ReLU activation functions can be interpreted as showing discrete

behaviour Ð if the activation value of a node is zero, that node is not activated; if the

activation value is non-zero, the node is activated [9], [40].

The authors of [9] show how this discrete interpretation can be combined with entropy

estimates to reveal class-speciőc clusters of sample points in fully connected, feedforward

networks. They also show that such a network can be viewed as consisting of interacting

discrete and continuous systems, and they evaluate the classiőcation performance of

each system at different layers in the network throughout training. Finally, based on the

results of this analysis, they suggest that the generalisation ability of a neural network

can be attributed to the collaboration of diverse classiőers formed by individual nodes

in the network.

With this discrete view of ReLU nodes, the authors of [8] show that, in networks

trained with various forms of noisy data, individual nodes tend to activate either for

noisy sample points or for noiseless sample points of a given class, but more rarely for

both. Based on this observation, they argue that a network consists of several sub-

components that are responsible for modelling overlapping subgroups of sample points.

They suggest that this organisation of nodes prevents an increase in network capacity

from deteriorating generalisation ability.

2.5 Discussion

In this chapter, we reviewed concepts from information theory, discussed various methods

of estimating redundancy, and summarised work related to our research.

Of the existing redundancy estimators discussed in this chapter, one estimator, which

is based on nearest neighbours, satisőes the following three properties:

1. The estimator is directly applicable to points sampled from a mixture distribution

(as deőned in Section 3.2);

2. The estimator is directly applicable to points with d ≥ 2;

3. The estimates calculated on different sets of points are readily comparable.
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Since only one existing estimator satisőes these properties, we do not further compare

estimators based on classical properties like consistency or convergence rate.

In the majority of studies where information theory is used to analyse networks, the

main focus is placed on network layers. In contrast to this, we aim to combine the node-

based approach of the work reviewed in Section 2.4.8 with the information-theoretic

approach of the work reviewed in Sections 2.4.6 and 2.4.7.

In the following chapter, we describe the properties of the probability distributions

encountered in neural network analysis.
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Mixture Distributions

We brieŕy review the probability distributions relevant to the network architectures

that we consider. We discuss how the characteristics of these distributions affect the

calculation of entropy and redundancy.

3.1 Chapter Overview

In this chapter, we describe the properties of the probability distributions relevant to the

network architectures that we consider, namely fully connected, feedforward networks

with ReLU activation functions in the hidden layers. We then discuss the effects of these

properties on the calculation of entropy and redundancy.

A few important deőnitions, including the deőnition of a mixture distribution, are

given in Section 3.2. In Section 3.3, we describe the mathematical representation of

mixture distributions. The effects of this representation on the calculation of entropy

and redundancy are discussed in Sections 3.4 and 3.5, respectively. In Section 3.6, we

summarise the ideas presented in this chapter.

3.2 Deőnitions

Continuous probability distributions are typically represented with a probability density

function, where the value of the density function at any point gives the probability per

unit volume at that point. The probability that a random variable will have a value
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within a speciőc region can be obtained by integrating the density function across that

region. However, the probability that the random variable will have a speciőc value is

zero, since there is an inőnite number of possible values that the variable could have.

Because of the use of ReLU activation functions in our networks, many nodes have

at least one activation value that has a non-zero probability of being produced by the

node, while the remaining activation values are continuously distributed. We refer to

the values with non-zero probability as the discrete points of the distribution; the part of

the distribution that assigns non-zero probabilities to the discrete points is the discrete

component of the distribution, while the remaining part is the continuous component. We

also use the term mixture distribution to refer to a distribution with both continuous

and discrete components, and a random variable with such a distribution is a mixed

random variable.

3.3 Representation

The density of a mixture distribution at a discrete point is not deőned Ð a non-zero

probability is distributed across a region with zero volume. The probability of any value

or range of values, however, is still well deőned.

The Dirac delta łfunctionž is an object that can be used to represent the undeőned

density values of the discrete component of a mixture distribution while keeping all

probabilities well deőned. Although this object is not a true function, we refer to it as

such for simplicity. The Dirac delta function δ(·) has two heuristic properties [41], [42]

that also deőne it:

δ(x) := 0 for all x ̸= 0 ; (3.1)
∫

X

δ(x)dx := 1 if 0 ∈ X . (3.2)

These properties are only heuristics because they are contradictory Ð for any function

with the őrst property, either the integral in the second property does not exist, or that

integral is zero [17], [41]. Because of this contradiction, the Dirac delta function is not

a true function, and special care must be taken when working with it.

In the density function of a mixture distribution, each discrete point has a correspond-
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ing term that consists of a shifted and scaled Dirac delta function. Consequently, the

density at each discrete point is not deőned, but integrating the density function yields

a well deőned probability value. As an example, consider a distribution with discrete

points x̄1, . . . , x̄n, where each x̄i has a probability of p̄i. If the normalised density func-

tion of the continuous component is pc(·), then the density function of the complete

distribution is

p(x) =

(

1−
n
∑

i=1

p̄i

)

pc(x) +
n
∑

i=1

p̄iδ(x− x̄i) . (3.3)

Although the Dirac delta function allows us to represent mixture distributions con-

veniently, any density function that contains it is no longer a true function, and this

complicates the calculation of entropy and redundancy.

3.4 Entropy Calculation

3.4.1 Differential Entropy

Recall (from Section 2.2.1) that the differential entropy of a random variable X dis-

tributed according to the density function pX(·) is deőned as

H(X) := EX∼pX [− log(pX(X))]

= −

∫

X

pX(x) log[pX(x)]dx .
(3.4)

Because the density function of a mixture distribution is deőned in terms of the Dirac

delta function, care must be taken when using this deőnition for a variable with such a

distribution. If the density function of a mixture distribution were a true function, the

density at each discrete point could be ignored when calculating the integral, since the

set of discrete points is of Lebesgue measure zero [17]. However, this density function is

not a true function, and ignoring the densities at the discrete points would result in a

density function that is not properly normalised.

Therefore, to use this deőnition for a mixed random variable, either the value of

log[δ(0)] must be deőned, or the integral of log[δ(·)] must be deőned. Neither of these

are deőned, and differential entropy is not deőned for random variables with mixture

distributions [21].
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3.4.2 Relative Entropy

Recall (from Section 2.2.1) that, for a random variable X with possible density functions

pX(·) and mX(·), the relative entropy of X with respect to mX(·) is

H[X || mX(X)] := EX∼pX

[

log

(

pX(X)

mX(X)

)]

=

∫

X

pX(x) log

(

pX(x)

mX(x)

)

dx .

(3.5)

For mixed random variables, the same type of difficulties seem to arise with relative

entropy as with differential entropy. However, relative entropy can be deőned using

a Radon-Nikodym derivative [43]. Since we do not have the required background in

measure theory to work with this deőnition, we do not explore relative entropy involving

mixture distributions further.

3.5 Redundancy Calculation

In addition to the deőnition of redundancy given in Section 2.2.3, redundancy can be

deőned in terms of probability measures and a Radon-Nikodym derivative [21]. Since a

probability measure is only concerned with probability values, not density values, prob-

ability measures can be used to represent discrete, continuous, or mixture distributions

without the use of the Dirac delta function. Therefore, redundancy involving discrete,

continuous, or mixture distributions is well deőned [21].

3.6 Discussion

In this chapter, we introduced mixture distributions and discussed their relevance to

the network architectures that we consider. We then brieŕy discussed how variables

with mixture distributions interact with the deőnitions of differential entropy, relative

entropy, and redundancy. Because we lack a solid background in measure theory, we do

not explore the use of relative entropy further. However, existing work on redundancy

estimators allows us to explore various forms of redundancy in neural networks. These

estimators are discussed in detail in the following chapter.
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Redundancy Estimators

We discuss various existing redundancy estimators in detail. We combine some of these

estimators into a new estimator, which is used throughout the rest of the study.

4.1 Chapter Overview

In order to estimate redundancy in neural networks, we require a redundancy estimator

capable of handling discrete, continuous, and mixture distributions. We propose such

an estimator in this chapter. This estimator, however, is heavily inspired by existing

estimators. The existing estimators, which use a nearest-neighbours approach, are őrst

discussed in detail in Sections 4.2 to 4.4 before our estimator is introduced in Section 4.5.

4.1.1 Estimator Overview

In Sections 4.2 and 4.3, respectively, we describe the KSG1 and KSG2 estimators, named

after the authors of the paper [20] in which they are introduced. These estimators are

intended to be used with continuous distributions. The KSG1 estimator has a smaller

variance but larger systematic error compared to the KSG2 estimator, which makes

the KSG2 estimator more suitable for high-dimensional applications [20]. The KSG2

estimator has an associated correction term, also described in Section 4.3, that reduces

the number of sample points required to obtain an accurate estimate. Although it

might be possible to adapt this correction term for use with the KSG1 estimator, we
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do not explore this possibility, since we suspect that such a correction term would not

signiőcantly reduce the larger systematic error of the KSG1 estimator.

In Sections 4.4 and 4.5, respectively, we describe the KSG1m and KSG2m estimators.

The KSG1m estimator is a modiőed version of the KSG1 estimator that can be used with

discrete, continuous, and mixture distributions. Similarly, the KSG2m estimator is our

modiőed version of the KSG2 estimator which can be used with discrete, continuous,

and mixture distributions. The correction term of the KSG2m estimator, which we

derive from that of the KSG2 estimator, reduces the number of sample points required

to obtain an accurate estimate.

The implementation of the estimators is discussed in Section 4.6. In Section 4.7, we

brieŕy review the contents of this chapter.

4.1.2 Notation

For all of the estimators in this chapter, let X be a random vector in R
d with components

X1, . . . , Xd, and let X(1), . . . ,X(n) be n independent samples of X. Additionally, let

X
(i)
1 , . . . , X

(i)
d be the d components of X(i). Denote the uniform norm by ||·||, such

that ||X|| = max{|X1| , . . . , |Xd|}, and let X(i,1), . . . ,X(i,k) be the k nearest neighbours

of X(i), where distance is measured using the metric induced by the norm ||·||. Let

X
(i,j)
1 , . . . , X

(i,j)
d be the d components of X(i,j).

All of the estimators in this chapter take k as a parameter and produce an estimate

of the redundancy I(X) = I(X1, . . . , Xd).

The symbols introduced to describe one estimator are reused to describe the other

estimators. Such symbols refer to the same concepts, and, therefore, this reuse should

not cause confusion.

4.2 KSG1 Estimator

The KSG1 estimator, introduced in [20], requires the construction of a łmax-norm rect-

anglež (terminology introduced in [25]) around each sample point. The max-norm rect-

angle of X(j) is axis-aligned and centered on X(j). This rectangle is further constructed

to be the smallest rectangle such that the k neighbours of the point are either inside

or on an edge of the rectangle. Additionally, for the KSG1 estimator, the max-norm
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rectangle is constrained to be a cube. Thus, the perpendicular distance from X(j) to the

side of the rectangle along dimension i is given by

B
(j)
i :=

∣

∣

∣

∣X(j) −X(j,k)
∣

∣

∣

∣ , i = 1, . . . , d ; (4.1)

see Figure 4.1 for an illustration. Note that, although this rectangle is a d-dimensional

cube and requires its length along only one dimension to be deőned, its length along

each dimension is deőned for consistency with the KSG2 estimator.

After the construction of the max-norm rectangle, a vector C(j) is constructed for each

X(j) such that the ith component of C(j) contains the number of points, excluding X(j)

itself, between the edges of the max-norm rectangle in dimension i only:

C
(j)
i :=

n
∑

m=1
m ̸=j

T

(
∣

∣

∣
X

(j)
i −X

(m)
i

∣

∣

∣
< B

(j)
i

)

, (4.2)

where T(·) is the indicator function; that is, T(x) = 1 if the predicate x is true, and

T(x) = 0 otherwise.

Finally, the KSG1 estimator, given in [20], can be expressed as

ÎKSG1(X) := (d− 1)ψ(n) + ψ(k)−
1

n

n
∑

j=1

d
∑

i=1

ψ(C
(j)
i + 1) , (4.3)

where ψ(·) is the digamma function.

4.3 KSG2 Estimator

4.3.1 Main Estimator

For the KSG2 estimator, also introduced in [20], the max-norm rectangle is not con-

strained to be a cube. Thus, the perpendicular distance from each point X(j) to the side

of its max-norm rectangle along dimension i is given by

B
(j)
i :=

∣

∣

∣
X

(j)
i −X

(j,k)
i

∣

∣

∣
, i = 1, . . . , d . (4.4)
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X1

C
(j)
2

C
(j)
1

2B
(j)
1

2B
(j)
2C

(j)
2 2B

(j)
2X2

X1

X2

2B̄
(j)
12B̄

(j)
2

Figure 4.1: Construction of the max-norm rectangles (left) and LNC rectangle (right)
for d = 2 and k = 5. X(j) is shown in green in the center of the rectangles. Left: The
max-norm rectangle for the KSG1 and KSG1m estimators is shown in red, while that
for the KSG2 and KSG2m estimators is shown in blue. In this őgure, C

(j)
1 = 7 and

C
(j)
2 = 11 for KSG1, C

(j)
1 = 9 and C

(j)
2 = 11 for KSG1m, and C

(j)
1 = 9 and C

(j)
2 = 9

for KSG2 and KSG2m. Right: The LNC rectangle is shown with solid lines, while
the KSG2 max-norm rectangle is shown with dashed lines.

To construct the vector C(j), points coinciding with the edges of the max-norm rect-

angle in each dimension are also counted. Thus, the ith component of this vector is

given by

C
(j)
i :=

n
∑

m=1
m ̸=j

T

(
∣

∣

∣
X

(j)
i −X

(m)
i

∣

∣

∣
≤ B

(j)
i

)

. (4.5)

Note that, in contrast to the construction of C
(j)
i for the KSG1 estimator, the inequality

used here is not strict. The process of őnding B
(j)
i and C

(j)
i is illustrated in Figure 4.1.

Finally, the KSG2 estimator, given in [20], can be expressed as

ÎKSG2(X) := (d− 1)

(

ψ(n)−
1

k

)

+ ψ(k)−
1

n

n
∑

j=1

d
∑

i=1

ψ(C
(j)
i ) . (4.6)

4.3.2 Local Non-Uniformity Correction

To obtain a redundancy estimate with a őxed accuracy, the KSG estimators require

that the number n of sample points grows exponentially with the value of the true
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redundancy [25]. A local non-uniformity correction (LNC) term CLNC(X), introduced

in [25], can be added to the KSG2 redundancy estimate to relax this requirement. The

correction term takes a non-negative parameter αk,d.

The correction term requires the construction of a d-dimensional rectangle around

each point X(j). Like the max-norm rectangle, this LNC rectangle is centered on X(j),

with the k nearest neighbours X(j,1), . . . ,X(j,k) of X(j) either inside the rectangle or on

an edge of the rectangle. Unlike the max-norm rectangle, the LNC rectangle is not

necessarily axis-aligned.

To construct the LNC rectangle, the authors of [25] perform a modiőed1 principal

component analysis on the k neighbours X(j,1), . . . ,X(j,k) and transform these points to

the PCA space to obtain X̄(j,1), . . . , X̄(j,k). They additionally transform X(j) to the PCA

space to obtain X̄(j). The perpendicular distance, in PCA space, from X̄(j) to the side

of the rectangle along dimension i is then given by

B̄
(j)
i := max

m

∣

∣

∣
X̄

(j)
i − X̄

(j,m)
i

∣

∣

∣
, i = 1, . . . , d . (4.7)

Figure 4.1 shows an example of an LNC rectangle.

The volume V (j) of the max-norm rectangle and the volume V̄ (j) of the LNC rectangle

are given by

V (j) := 2d
d
∏

i=1

B
(j)
i ; V̄ (j) := 2d

d
∏

i=1

B̄
(j)
i . (4.8)

These volumes are used to construct the term

T (j) :=







log
(

V̄ (j)

V (j)

)

if V̄ (j)

V (j) < αk,d

0 otherwise
(4.9)

for each point X(j), and these terms can be used to express the LNC term, given in [25],

as

CLNC(X) := −
1

n

n
∑

j=1

T (j) . (4.10)

1When calculating the covariance matrix for PCA, the authors use X
(j), rather than the sample mean,

as the mean of the k points.
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The corrected redundancy estimate is

ÎLNC(X) := ÎKSG2(X) + CLNC(X) . (4.11)

We refer to the combination of the KSG2 estimator and the LNC term as the LNC

estimator.

The KSG2 estimator assumes that the probability density inside each max-norm rect-

angle is constant. The LNC term assumes that the density inside each LNC rectangle

is constant. The use of PCA to őnd the LNC rectangles turns the local uniformity as-

sumption of the KSG2 estimator into a local linearity assumption [25]. To avoid a large

correction when the underlying distribution is uniform, the parameter αk,d is used to de-

tect violations of the local uniformity assumption. Thus, αk,d should be sufficiently small

such that T (j) = 0 with high probability when the underlying distribution is uniform,

but sufficiently large such that a meaningful correction is applied when the underlying

distribution is not uniform.

4.3.3 Alpha Estimation

In the supplementary material of [25], the authors discuss a method for őnding suitable

values of αk,d. In addition to k and d, this method requires the number nα of random

rectangles to sample and the error probability ϵα for uniform distributions as parameters.

The method requires sampling nα d-dimensional rectangles randomly. For the jth

sampled rectangle, the authors sample k points X(j,1), . . . ,X(j,k) from the uniform dis-

tribution with that rectangle as support. With V (j) and V̄ (j) as in the deőnition of the

LNC term, they set

α(j) :=
V̄ (j)

V (j)
. (4.12)

Finally, αk,d is selected as the ⌈ϵαnα⌉-th smallest α(j) value.

The authors seem to suggest that they use the volume of the jth sampled rectangle

instead of V (j). It is also not clear whether they use V̄ (j) or the volume of the smallest

rectangle that contains the k points in PCA space (the difference being whether X̄(j) is

the center of the rectangle). Since V (j) and V̄ (j) are used in the calculation of the LNC

term, we assume that these are the correct values to use. In addition, we assume that

X(j) is the center of the jth sampled rectangle, since the deőnitions of V (j) and V̄ (j)
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require X(j) and X̄(j). These assumptions are revisited in Section 4.6.

This method of őnding αk,d effectively samples nα points from the distribution of the

ratio V̄ (j)

V (j) for uniform distributions. The value of αk,d is then selected such that, for a

uniform distribution, this ratio is smaller than αk,d with probability ϵα. Therefore, the

term T (j) will be zero with probability (1 − ϵα) when the jth point is sampled from a

uniform distribution.

4.4 KSG1m Estimator

The KSG estimators assume that the components of X are continuously distributed [20]

and, as conőrmed in Section 6.2.1, these estimators do not work well with mixture

distributions. An estimator that does work for these distributions is introduced in [21].

This estimator, which we call the łKSG1mž estimator, is a combination of the KSG1

estimator and the continuous-discrete estimator introduced in [44].

The continuous-discrete estimator introduced in [44] can be used to estimate the

redundancy between a discrete variable and a continuous variable. The KSG1m esti-

mator includes a test to determine whether sample points are likely from the discrete

component of the underlying distribution, and, if this is the case, techniques from the

continuous-discrete estimator are employed to obtain a better redundancy estimate [21].

For the KSG1m estimator, the max-norm rectangles are constructed as for the KSG1

estimator:

B
(j)
i :=

∣

∣

∣

∣X(j) −X(j,k)
∣

∣

∣

∣ , i = 1, . . . , d . (4.13)

The vector C(j), however, is constructed as for the KSG2 estimator (the inequality is

not strict):

C
(j)
i :=

n
∑

m=1
m ̸=j

T

(∣

∣

∣
X

(j)
i −X

(m)
i

∣

∣

∣
≤ B

(j)
i

)

. (4.14)

An additional value K(j) is computed for each point X(j). If B
(j)
i = 0 for each di-

mension i, then K(j) is set to the number of points exactly equal to X(j); otherwise,

K(j) = k.
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Using these values, the KSG1m estimator, given in [21], can be expressed as

ÎKSG1m(X) := (d− 1) log(n) +
1

n

n
∑

j=1

[

ψ(K(j))−
d
∑

i=1

log(C
(j)
i + 1)

]

. (4.15)

Although the authors claim that this estimator recovers the KSG1 estimator when

used with a continuous distribution, this cannot be the case, since C(j) is constructed

differently for the two estimators. In addition, the KSG1m estimator uses log(n) and

log(C
(j)
i +1) in the őnal expression, whereas the KSG1 estimator uses ψ(N) and ψ(C

(j)
i +

1), respectively. This use of log(·) instead of ψ(·) also disagrees with the deőnition of

the continuous-discrete estimator in [44].

Because of these disagreements, we use ψ(·) instead of log(·) in the implementation

of this estimator. The difference in the construction of C(j), however, is crucial to the

correct performance of the estimator at discrete points. Therefore, the construction of

C(j) cannot be altered.

4.5 KSG2m Estimator

Although the KSG1m estimator works well with mixture distributions, the difference in

the construction of C(j) causes inaccuracies when the estimator is used with continuous

distributions. In addition, the LNC term cannot be used with this estimator, since the

LNC term is only deőned for the KSG2 estimator. To address these shortcomings, we

construct a new estimator, which we call the łKSG2mž estimator, and a modiőed LNC

term, which we call the łLNCmž term.

4.5.1 Main Estimator

Our KSG2m estimator is a combination of the continuous-discrete estimator introduced

in [44] and the KSG2 estimator. Like the KSG1m estimator, the KSG2m estimator

includes a test to determine whether sample points are likely from the discrete compo-

nent of the underlying distribution. If this is the case, estimation techniques from the

continuous-discrete estimator are employed. If sample points are likely from the contin-

uous component of the underlying distribution, the normal KSG2 estimation techniques
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are used.

The max-norm rectangle and the vector C(j) for each point X(j) are constructed

exactly as for the KSG2 estimator:

B
(j)
i :=

∣

∣

∣
X

(j)
i −X

(j,k)
i

∣

∣

∣
, i = 1, . . . , d ; (4.16)

C
(j)
i :=

n
∑

m=1
m ̸=j

T

(∣

∣

∣
X

(j)
i −X

(m)
i

∣

∣

∣
≤ B

(j)
i

)

. (4.17)

For each point we introduce the value K(j). For both the KSG1m and KSG2m es-

timators, we interpret this value as the number of points, excluding X(j) itself, either

inside the max-norm rectangle of X(j) or on the border of this rectangle. Therefore, this

value can be calculated as for the KSG1m estimator: if B
(j)
i = 0 for each dimension i,

then K(j) is set to the number of points exactly equal to X(j); otherwise, K(j) = k.

In order to recover the continuous-discrete estimator when our estimator is used with

a mixture distribution, we also introduce the value D(j) for each point. If B
(j)
i = 0 for

any dimension i, we set D(j) = 0; otherwise, D(j) = 1.

Using these values, our KSG2m estimator can be expressed as

ÎKSG2m(X) := (d− 1)ψ(n) +
1

n

n
∑

j=1

[

ψ(K(j))−
(d− 1)D(j)

k
−

d
∑

i=1

ψ(C
(j)
i )

]

. (4.18)

4.5.2 Local Non-Uniformity Correction

Our LNCm term is very similar to the original LNC term. The LNCm term takes a

non-negative parameter αk,d and a parameter ϵ∞ ∈ [0, 1].

Rather than a modiőed principal component analysis, we perform standard PCA on

the k + 1 points X(j),X(j,1), . . . ,X(j,k) and transform these points to the PCA space to

obtain X̄(j), X̄(j,1), . . . , X̄(j,k). Using these points, the LNC rectangle is constructed as

for the original LNC term:

B̄
(j)
i := max

m

∣

∣

∣
X̄

(j)
i − X̄

(j,m)
i

∣

∣

∣
, i = 1, . . . , d . (4.19)

The volume V (j) of the max-norm rectangle and the volume V̄ (j) of the LNC rectangle
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are given by

V (j) := 2d
d
∏

i=1

B
(j)
i ; V̄ (j) := 2d

d
∏

i=1

B̄
(j)
i , (4.20)

and these volumes are used to construct the term

T (j) :=







log
(

V̄ (j)

V (j)

)

if V (j) ̸= 0 and V̄ (j) ̸= 0 and V̄ (j)

V (j) < αk,d

0 otherwise
(4.21)

for each point X(j).

The value of the őnal LNCm term depends on the V (j) and V̄ (j) values. If either of

the following conditions hold, then our LNCm term is CLNCm(X) := ∞:

• the fraction of points for which both V (j) ̸= 0 and V̄ (j) = 0 is greater than ϵ∞,

when ϵ∞ < 1;

• V (j) ̸= 0 and V̄ (j) = 0 for all points, when ϵ∞ = 1.

If none of these conditions are true, our LNCm term can be expressed as

CLNCm(X) := −
1

n

n
∑

j=1

T (j) . (4.22)

The corrected redundancy estimate is

ÎLNCm(X) := ÎKSG2m(X) + CLNCm(X) . (4.23)

We refer to the combination of the KSG2m estimator and the LNCm term as the LNCm

estimator.

Unlike the LNC term, the LNCm term explicitly handles the case in which V (j) = 0.

In this case, B
(j)
i = 0 for at least one dimension i, indicating that the jth point is likely

sampled from the discrete component of the underlying distribution. Since we want to

add a correction to the redundancy estimate only when the jth point is sampled from the

continuous component of the underlying distribution, we set T (j) = 0 whenever V (j) = 0.

The LNCm term also handles the case in which V(j) ̸= 0 and V̄ (j) = 0. In this case,
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there might be a functional relationship between the variables X1, . . . , Xd. If there is

such a relationship, the true redundancy is inőnite [25]. To avoid producing an inőnite

value when V(j) ̸= 0 and V̄ (j) = 0 for only a few points, the parameter ϵ∞ controls the

fraction of points for which this must hold before an inőnite value is produced.

4.5.3 Alpha Estimation

Again, our method of őnding suitable αk,d values for the LNCm term is very similar to

the method discussed in the supplementary material of [25]. Our method also requires

the number nα of random rectangles to sample and the error probability ϵα for uniform

distributions as parameters.

We sample nα d-dimensional rectangles by sampling, for each dimension of each rect-

angle, the two endpoints of the rectangle in that dimension from a continuous uniform

distribution with the interval [−231, 231 − 1] as support. For the jth rectangle, we set

X(j) to the center of the rectangle and sample k points X(j,1), . . . ,X(j,k) from the uniform

distribution with that rectangle as support. With V (j) and V̄ (j) as in the deőnition of

the LNCm term, we then set

α(j) :=
V̄ (j)

V (j)
(4.24)

for only those n̄α points with V (j) ̸= 0. We leave the remaining α(j) values undeőned. If

ϵα ∈ [0, 1), we select αk,d as the ⌊ϵαn̄α + 1⌋-th smallest deőned α(j) value. If ϵα = 1, we

select αk,d as the largest deőned α(j) value. (For this discussion, indexing starts at 1 Ð

the 1st smallest value is the smallest value.)

As for the LNCm term, we explicitly handle the case in which V (j) = 0. In this case,

we simply leave α(j) undeőned. By selecting αk,d from the deőned α(j) values, we ensure

that, for a distribution with a uniform continuous component, the term T (j) will be zero

with probability ϵα given that the jth point is sampled from the continuous component

of the underlying distribution.

4.6 Implementation

We implement our KSG2m estimator and the associated LNCm term in Python. We

use the scikit-learn library for k-nearest-neighbours queries, the NumPy library for
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Figure 4.2: Values of αk,d estimated with nα = 500 000 and ϵα = 0.005 for the LNC
and LNCm terms. The values given in the supplementary material of [25] are shown
with dashed lines.

numerical computation, the SciPy library for computation of the digamma function,

and the Numba library for parallel computation. Since the KSG1, KSG2, and KSG1m

estimators are similar to our KSG2m estimator, we also implement these estimators.

We implement the LNC term for similar reasons.

Note that an implementation of the KSG2 estimator with the LNC term is provided2

by the authors of [25]. This implementation does not include the alpha estimation

procedure. We evaluate this implementation in Section 6.3. We were not able to őnd

implementations of the other estimators.

The authors of [25] provide values of αk,d calculated with nα = 500 000 and ϵα = 0.005

for the LNC term. To verify the correctness of our alpha estimation implementation,

we generate αk,d values with the same parameters for both the LNC and LNCm terms.

The calculated values are shown in Figure 4.2.

As can be seen in Figure 4.2, we are not able to reproduce the exact αk,d values given

in the supplementary material of [25]. This might be caused by the assumptions about

the alpha estimation procedure discussed in Section 4.3.3. The LNC estimator with

our αk,d values is one of the most accurate estimators that we evaluate, as reported in

Section 6.2.1. This fact, in combination with the similarities between the values that we

generate and those provided in [25], strongly suggests that we are sampling αk,d from

the correct distribution.

2https://github.com/BiuBiuBiLL/MIE
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Chapter 4 Redundancy Estimators

Table 4.1: Summary of the redundancy estimators that we evaluate. The non-
uniformity correction, where available, reduces the number of sample points required
to obtain an accurate estimate.

Estimator Supports Mixture Distributions Non-Uniformity Correction
KSG1 [20] No None
KSG2 [20] No Available [25] (see LNC estimator)

LNC [20], [25] No Included
KSG1m [21] Yes None

KSG2m Yes Available (see LNCm estimator)
LNCm Yes Included

In the following chapters, as in [25], αk,d values estimated with nα = 500 000 and

ϵα = 0.005 are used in the calculation of the LNC and LNCm terms. In addition,

ϵ∞ = 0.005 is used for the LNCm term.

4.7 Discussion

In this chapter, we described the KSG1, KSG2, and KSG1m estimators, as well as the

LNC term for the KSG2 estimator, in detail. Using these as inspiration, we derived the

KSG2m estimator and the LNCm term. We implemented the estimators and correction

terms listed in Table 4.1 in Python. In the following chapter, we generate the synthetic

data that will be used to evaluate these estimators.
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Synthetic Dataset

We generate synthetic data to evaluate the behaviour of the redundancy estimators. We

calculate the true redundancy between several features of the synthetic dataset.

5.1 Chapter Overview

In this chapter, we generate synthetic data to evaluate the behaviour of the redundancy

estimators described in Chapter 4. We also calculate the true differential entropy of

several of the synthetic features and the true redundancy between several features. The

results of this are used in Chapter 6 to evaluate the accuracy of the estimators.

The structure of the synthetic dataset is described in Section 5.2. In Section 5.3, we

discuss the calculations required to obtain the true redundancy between several of the

features. In Section 5.4, we describe the methods used to sample the synthetic data. We

summarise the contents of this chapter in Section 5.5.

5.2 Structure

To ensure that the estimators are evaluated on different types of distributions, we include

features with uniform, unimodal, bimodal, discrete, and mixture distributions. In order

to introduce dependencies among the features, we combine several of these features to

produce new features. A hidden feature is also introduced into the combinations to

eliminate the possibility of inőnite redundancy values.
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Chapter 5 Synthetic Dataset

Our synthetic dataset consists of 6 continuous features, 1 discrete feature, and 1 feature

with a mixture distribution. We also generate a continuous hidden feature, which is not

included in the synthetic dataset. The continuous features X1, . . . , X6 and the hidden

feature XH are distributed as follows:

XH ∼ Uniform(aH , bH) ; (5.1)

X1 ∼ Uniform(a1, b1) ; (5.2)

X2 ∼ Unimodal-Exponential(µ2, s2) ; (5.3)

X3 ∼ Bimodal-Exponential(a3, b3, s3) ; (5.4)

X4 = X1 +X2 +XH ; (5.5)

X5 = X1 +X3 +XH ; (5.6)

X6 = X2 +X3 +XH , (5.7)

where łunimodal-exponentialž refers to a bi-exponential (Laplace) distribution. The

probability density functions of X1, X2, and X3 are, respectively,

p1(x) =
1

b1 − a1
, a1 ≤ x ≤ b1 ; (5.8)

p2(x) =
exp

(

− |x−µ2|
s2

)

2s2
; (5.9)

p3(x) =
exp

(

−x−a3
s3

)

+ exp
(

x−b3
s3

)

2s3

[

1− exp
(

a3−b3
s3

)] , a3 ≤ x ≤ b3 , (5.10)

where the functions are zero outside of the speciőed intervals [45]. These distributions

are chosen for the ease with which their density functions can be integrated. We use

aH = −5, bH = 5, a1 = −25, b1 = 25, µ2 = 0, s2 = 12.5, a3 = −50, b3 = 50, and s3 = 10.

The discrete feature X7 and mixed feature X8 are jointly distributed. (X7, X8) has

value (µ7,1, µ8,1) with probability s7, value (µ7,2, µ8,2) with probability s8, and value

(µ7,2, X8U) with probability 1−s7−s8, where X8U has a continuous uniform distribution
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Chapter 5 Synthetic Dataset

with support [a8, b8]. The joint density function of these features is

p7,8(x7, x8) = s7δ(x7 − µ7,1)δ(x8 − µ8,1) + δ(x7 − µ7,2)

· [s8δ(x8 − µ8,2) + (1− s7 − s8)pU(x8; a8, b8)] ,
(5.11)

where pU(·; a8, b8) is the density function of the uniform distribution with support [a8, b8].

We use µ7,1 = 0, µ7,2 = 1, s7 = 0.25, µ8,1 = −1, µ8,2 = 0, a8 = 0, b8 = 50, and s8 = 0.25.

5.3 Calculations

5.3.1 Density

In order to calculate the redundancy in a set of continuous features, we require the

differential entropy of that set of features, as well as the differential entropy of each

feature in the set. These, in turn, require the joint density of the set of features, as

well as the density of each individual feature. For the six continuous features, the joint

densities that we calculate are

p4,1(x4, x1) = p1(x1)

∫ ∞

−∞

p2(x4 − x1 − y)pH(y)dy ; (5.12)

p4,2(x4, x2) = p2(x2)

∫ ∞

−∞

p1(x4 − x2 − y)pH(y)dy ; (5.13)

p5,1(x5, x1) = p1(x1)

∫ ∞

−∞

p3(x5 − x1 − y)pH(y)dy ; (5.14)

p5,3(x5, x3) = p3(x3)

∫ ∞

−∞

p1(x5 − x3 − y)pH(y)dy ; (5.15)

p6,2(x6, x2) = p2(x2)

∫ ∞

−∞

p3(x6 − x2 − y)pH(y)dy ; (5.16)

p6,3(x6, x3) = p3(x3)

∫ ∞

−∞

p2(x6 − x3 − y)pH(y)dy . (5.17)
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These joint densities can be used to calculate the densities of X4, X5, and X6:

p4(x4) =

∫ ∞

−∞

p4,1(x4, x1)dx1 =

∫ ∞

−∞

p4,2(x4, x2)dx2 ; (5.18)

p5(x5) =

∫ ∞

−∞

p5,1(x5, x1)dx1 =

∫ ∞

−∞

p5,3(x5, x3)dx3 ; (5.19)

p6(x6) =

∫ ∞

−∞

p6,2(x6, x2)dx2 =

∫ ∞

−∞

p6,3(x6, x3)dx3 . (5.20)

We calculate all of these density functions by hand.

The expressions for the joint density functions given in Equations 5.12 to 5.17 are easily

derived. As an example, consider p4,2(·, ·). Since X1, X2, and XH are independent, the

joint density of these three variables is given by

p1,2,H(x1, x2, xH) = p1(x1)p2(x2)pH(xH) . (5.21)

The joint density function of X4, X2, and XH is formed by substituting x4 − x2 − xH

for x1, since the sum of x1, x2, and xH is x4:

p4,2,H(x4, x2, xH) = p1(x4 − x2 − xH)p2(x2)pH(xH) . (5.22)

Finally, p4,2(·, ·) is obtained by integrating from −∞ to ∞ with respect to xH .

As an example of the calculations required to evaluate the integrals in Equations 5.12

to 5.17, consider the integral in the expression for p4,2(·, ·):

∫ ∞

−∞

p1(x4 − x2 − y)pH(y)dy =
1

(b1 − a1)(bH − aH)

∫ y2

y1

dy . (5.23)

The conditions a1 ≤ x4 − x2 − y ≤ b1 and aH ≤ y ≤ bH yield two possibilities for the

lower limit y1 and two possibilities for the upper limit y2:

y1 =







aH if aH ≥ x4 − x2 − b1

x4 − x2 − b1 otherwise
; (5.24)

y2 =







bH if bH ≤ x4 − x2 − a1

x4 − x2 − a1 otherwise
. (5.25)
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With the additional constraint y1 ≤ y2, the integral evaluates to

∫ ∞

−∞

p1(x4 − x2 − y)pH(y)dy

=
1

(b1 − a1)(bH − aH)



















































































































x4 − x2 − a1 − aH

if x4 − x2 ≥ a1 + aH

and x4 − x2 ≤ a1 + bH

and x4 − x2 ≤ b1 + aH

b1 − a1
if x4 − x2 ≥ b1 + aH

and x4 − x2 ≤ a1 + bH

bH − aH
if x4 − x2 ≥ a1 + bH

and x4 − x2 ≤ b1 + aH

−x4 + x2 + b1 + bH

if x4 − x2 ≥ a1 + bH

and x4 − x2 ≥ b1 + aH

and x4 − x2 ≤ b1 + bH

0 otherwise

.

(5.26)

The density functions of the six continuous features are shown in Figure 5.1.

To calculate the redundancy between X7 and X8, we require the density functions of

these features. These densities can easily be calculated from the joint density p7,8(·, ·):

p7(x7) =

∫ ∞

−∞

p7,8(x7, x8)dx8 = s7δ(x7 − µ7,1) + (1− s7)δ(x7 − µ7,2) ; (5.27)

p8(x8) =

∫ ∞

−∞

p7,8(x7, x8)dx7 = s7δ(x8 − µ8,1) + s8δ(x8 − µ8,2)

+ (1− s7 − s8)pU(x8; a8, b8) .

(5.28)

5.3.2 Redundancy

We use SciPy’s numerical integration functions to calculate the differential entropy of

each continuous feature and the differential entropy of each pair of features for which

we calculated the joint density. The calculated entropy values, with estimated errors,

are shown in Table 5.1. We use these values to calculate the redundancy between the

features shown in Table 5.2.
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Figure 5.1: Probability density functions (blue) and histograms of sampled data (red)
for features X1, . . . , X6 of the synthetic data.

Table 5.1: Differential entropy of several features and pairs of features of the synthetic
data, calculated using numerical integration.

Entropy Value Estimated Error
H (X1) 3.912023 1.656878× 10−8

H (X2) 4.218876 3.698920× 10−11

H (X3) 3.974654 1.284623× 10−8

H (X4) 4.545364 3.161223× 10−8

H (X5) 4.905168 5.427215× 10−8

H (X6) 4.993611 4.347815× 10−8

H (X1, X4) 8.153664 3.453910× 10−8

H (X1, X5) 8.121989 5.350940× 10−7

H (X2, X4) 8.172874 4.615246× 10−7

H (X2, X6) 8.419736 3.760388× 10−7

H (X3, X5) 7.986680 2.577597× 10−6

H (X3, X6) 8.216295 4.284244× 10−8
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Table 5.2: Redundancy in several pairs of features of the synthetic data. The redun-
dancy in each of the őrst six pairs is calculated from the differential-entropy values.
The redundancy in each of the last six pairs can be derived from the fact that the
features in each of these pairs are independent.

Redundancy Value Estimated Error
I (X1, X4) 0.3037226 8.272011× 10−8

I (X1, X5) 0.6952028 6.059349× 10−7

I (X2, X4) 0.5913658 4.931738× 10−7

I (X2, X6) 0.7927515 4.195540× 10−7

I (X3, X5) 0.8931424 2.644715× 10−6

I (X3, X6) 0.7519704 9.916683× 10−8

I (X1, X2) 0.0000000 0.000000
I (X1, X3) 0.0000000 0.000000
I (X1, X6) 0.0000000 0.000000
I (X2, X3) 0.0000000 0.000000
I (X2, X5) 0.0000000 0.000000
I (X3, X4) 0.0000000 0.000000

To calculate the redundancy between X7 and X8 without resorting to measure theory,

we use a strategy often employed in physics and engineering. Rather than working with

the Dirac delta function directly, we approximate the Dirac delta function by

δϵ(x) =







1
2ϵ

if − ϵ ≤ x ≤ ϵ

0 otherwise
, (5.29)

where ϵ is a positive real number. This function has properties similar to that of the

Dirac delta function:

δϵ(x) = 0 for all x /∈ [−ϵ, ϵ] (5.30)
∫ b

a

δϵ(x)dx = 1 if [−ϵ, ϵ] ⊆ (a, b) . (5.31)

In some sense, δϵ(·) approaches δ(·) as ϵ → 0+. After using this approximation to

calculate the approximate redundancy Iϵ(X7, X8), we can obtain the true redundancy

by evaluating the limit of Iϵ(X7, X8) as ϵ→ 0+ [41], [42].

Given that µ7,1 ̸= µ7,2, µ8,1 ̸= µ8,2, µ8,1 /∈ [a8, b8], and µ8,2 = a8, the approximate
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Figure 5.2: Inverse cumulative distribution function of featureX3 of the synthetic data.

redundancy between X7 and X8, for sufficiently small ϵ, is

Iϵ(X7, X8) =

∫ ∞

−∞

∫ ∞

−∞

[

p7,8(x7, x8) log

(

p7,8(x7, x8)

p7(x7)p8(x8)

)]

δ(·)=δϵ(·)

dx7dx8

= −s7 log(s7)− (1− s7) log(1− s7) .

(5.32)

Therefore,

I(X7, X8) = lim
ϵ→0+

Iϵ(X7, X8) = −s7 log(s7)− (1− s7) log(1− s7) ≈ 0.562335 , (5.33)

which is also, in this case, the discrete entropy of X7.

5.4 Sampling

We sample X1, X2, X7, and X8 using NumPy’s random number generators; X3 is sampled

using inverse-transform sampling. To employ inverse-transform sampling, we require

the inverse of the cumulative distribution function of X3. The cumulative distribution

function of X3 is

c3(x) =

∫ x

−∞

p3(y)dy . (5.34)

If c−1
3 (·) is the inverse of c3(·), and XU is uniformly distributed between 0 and 1, then

c−1
3 (XU) is distributed according to the density function p3(·) [46]. Thus, we sample XU

and calculate X3 = c−1
3 (XU). Figure 5.2 shows c−1

3 (·).
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The synthetic dataset consists of 100 000 sampled points. The distributions of the

sampled features are shown in Figure 5.1.

5.5 Discussion

In this chapter, we generated synthetic data and calculated the redundancy between sev-

eral pairs of features of the synthetic data. We use this data to evaluate the redundancy

estimators in the following chapter.
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Estimator Performance

We evaluate and compare the redundancy estimators on the synthetic data. We use

these results to select the estimator that is best suited to our task.

6.1 Chapter Overview

In order to select the estimator and parameter values best suited to our task, we evaluate

the redundancy estimators described in Chapter 4 on features from the synthetic dataset

generated in Chapter 5. The results of this evaluation are also used to verify that the

estimators do not show any unexpected behaviour. In Section 6.2, we evaluate the

accuracy of the estimators as the parameter k and the number n of sample points vary.

We evaluate the computational performance of the LNC estimator in Section 6.3, and

we discuss the results of the evaluations in Section 6.4.

6.2 Accuracy

In this section, we evaluate the behaviour of the redundancy estimators on the synthetic

dataset as the parameter k varies (Section 6.2.1) and as the number n of sample points

varies (Section 6.2.2). The estimators are evaluated for all pairs of continuous features

X1, . . . , X6, and for the pair consisting of the discrete feature X7 and the mixed fea-

ture X8. For the pairs with known redundancy values (calculated in Section 5.3), we

compare the estimated values to the true values. The estimates for the pairs with un-
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known redundancy values are simply used to conőrm that the estimators do not behave

unexpectedly.

Based on the description of the redundancy estimators in Chapter 4, we expect the

KSG2 and KSG2m estimators to behave similarly for the continuous features. We also

expect the LNC and LNCm estimators to behave similarly for these features. For the

discrete and mixed features, we expect the KSG1 and KSG2 estimators to behave poorly,

and we expect the LNC term to encounter numerical problems. Additionally, for these

features, we expect the KSG1m, KSG2m, and LNCm estimators to behave similarly.

The parameter choices for the LNC and LNCm terms are as discussed in Section 4.6.

6.2.1 Variation in Number of Neighbours

We őrst evaluate the stability of the estimators as the parameter k varies. To do this,

we randomly select n points from the synthetic dataset, with n = 1000 and n = 10 000,

and, using these points, we estimate the redundancy in each pair of continuous features,

as well as the pair (X7, X8), with values of k ranging from 2 to 20, inclusive. This is

repeated for each of 10 different initialisation seeds of the random number generator

(RNG). The estimates for the continuous features are shown in Figures 6.1 and 6.2 for

n = 1000. The estimates for the pair (X7, X8) are shown in Figure 6.3.

Figures 6.1 to 6.3 conőrm that the estimators behave mostly as expected. For the con-

tinuous features, the KSG2, KSG2m, LNC, and LNCm estimators behave as expected.

For the discrete and mixed features, the KSG1 and KSG2 estimators are very inaccurate,

and the LNC term is poorly deőned for these features Ð divisions by zero and divisions

of zero by zero are frequently encountered. For these features, the KSG2m and LNCm

estimators also behave as expected, but the large difference between the KSG1m and

LNCm estimators for n = 1000 is not expected.

This poor behaviour of the KSG1m estimator with larger values of k and n = 1 000,

shown in Figure 6.3, does not occur when the number of sample points is increased to

n = 10 000. The behaviour can also be rectiőed for n = 1 000 by scaling the discrete

feature X7 with a sufficiently large factor.

The effects of the difference in the construction of the vector C(j), discussed in Sec-

tion 4.4, seem to appear in Figures 6.1 and 6.2. These őgures show that the KSG1m

estimates are consistently higher than the KSG1 estimates. Given that C
(j)
i for the
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Figure 6.1: Redundancy in pairs of continuous features of the synthetic data, estimated
with various values of k on randomly selected subsets of 1 000 points. The true
redundancy is shown with dashed lines. Shaded areas indicate the standard deviation
across RNG seeds. Results of the KSG2 estimator are identical to those of the KSG2m
estimator.
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Figure 6.2: Redundancy in pairs of continuous features of the synthetic data, estimated
as for Figure 6.1 for additional pairs of features. The true redundancy values for the
pairs in the bottom row are not available.
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Figure 6.3: Redundancy between the discrete feature and mixed feature of the synthetic
data, estimated with various values of k on randomly selected subsets of 1 000 (left)
and 10 000 (right) points. The true redundancy is shown with dashed lines. Shaded
areas indicate the standard deviation across RNG seeds. Results of the KSG1, KSG2,
and LNC estimators are not shown. Results of the KSG2m estimator are identical to
those of the LNCm estimator. Right: Results of the KSG1m estimator are identical
to those of the LNCm estimator.

KSG1m estimator is always equal to or greater than that for the KSG1 estimator, this

is expected.

To select the most suitable value of k, we calculate the root-mean-squared (RMS) error

of the estimates using the true redundancy values calculated for the synthetic data. The

error values for n = 1 000 are shown in Figure 6.4. Those for n = 10 000 are shown in

Figure 6.5.

Figures 6.4 and 6.5 show that, for the continuous features, the LNCm estimator at

k = 5 is most accurate for n = 1 000, while the KSG1m estimator at k = 6 is most

accurate for n = 10 000, on average. For k ≥ 4 and n = 10 000, however, the differences

in the accuracy of the KSG1m and LNCm estimators are negligible for our purposes.

These őgures also show that, for the discrete and mixed features, the KSG1m and

LNCm estimators are equally accurate for k ≤ 8. For k > 8 and n = 1000, however, the

LNCm estimator is more accurate.

6.2.2 Variation in Number of Points

Next, we evaluate the stability of the estimators as the number n of data points varies.

To do this, we randomly select n points from the synthetic dataset with values of n
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Figure 6.4: Root-mean-squared errors of the redundancy estimates on the synthetic
data for n = 1 000. Left: RMS errors for the continuous features. Errors of the
KSG2 estimator are identical to those of the KSG2m estimator. Right: RMS errors
for features X7 and X8. Errors of the LNC estimator are not shown. Errors of the
KSG2m estimator are identical to those of the LNCm estimator.
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Figure 6.5: Root-mean-squared errors of the redundancy estimates on the synthetic
data for n = 10 000. Left: RMS errors for the continuous features. Errors of the
KSG2 estimator are identical to those of the KSG2m estimator. Right: RMS errors
for features X7 and X8. Errors of the LNC estimator are not shown. Errors of the
KSG1m and KSG2m estimators are identical to those of the LNCm estimator.
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linearly spaced between 1 000 and 10 000, inclusive. Using these points, we estimate the

redundancy in each pair of continuous features, as well as the pair (X7, X8), with k = 5.

This is repeated for each of 10 different initialisation seeds of the RNG. The estimates

are shown in Figures 6.6, 6.7, and 6.8.

Figures 6.6 to 6.8 again conőrm that the estimators behave as expected.

6.3 Computational Performance

The authors of [25] provide an implementation of the KSG2 estimator and the LNC term.

Their implementation primarily uses standard Python features to perform calculations,

and most calculations are performed sequentially in a single thread. As mentioned in

Section 4.6, our implementation relies on various libraries for efficient computation.

To evaluate the computational performance of our estimator implementation, we mea-

sure the time required to calculate a single KSG2 redundancy estimate and the associ-

ated LNC term during execution of the experiment described in Section 6.2.2. This is

measured for our implementation and for the reference implementation provided by the

authors of [25]. These measurements are shown in Figure 6.9.

The measurements show that the various libraries used by our implementation signif-

icantly improve the performance of the estimators. The Numba library, which is used in

our implementation, performs just-in-time (JIT) compilation to improve performance.

An effect of this, however, is that the őrst execution of the estimator requires signiő-

cantly more time than subsequent executions. This effect manifests as the large standard

deviation at n = 1000 in Figure 6.9.

6.4 Discussion

In this chapter, we evaluated the performance of the redundancy estimators on the

synthetic data. Based on the results of this evaluation, we select the LNCm estimator

with k = 5 for all remaining redundancy estimates. In addition to being supported by our

analysis, this choice of k is also the most natural if we aim to minimise systematic errors

by selecting a small value [20] while following the recommendation to use k > 2d [25].

To further verify that our LNCm estimator behaves correctly, we use the KSG1m esti-
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Figure 6.6: Redundancy in pairs of continuous features of the synthetic data, estimated
on randomly selected subsets of varying sizes with k = 5. The true redundancy is
shown with dashed lines. Shaded areas indicate the standard deviation across RNG
seeds. Results of the KSG2 estimator are identical to those of the KSG2m estimator.
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Figure 6.7: Redundancy in pairs of continuous features of the synthetic data, estimated
as for Figure 6.6 for additional pairs of features. The true redundancy values for the
pairs in the bottom row are not available.
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Figure 6.9: Average time required to calculate a single KSG2 redundancy estimate and
the associated LNC term for subsets of varying sizes. Solid lines show measurements
for our implementation, and dashed lines show measurements for the implementation
provided by the authors of [25]. Shaded areas indicate the standard deviation across
RNG seeds. Measurements are taken on an AMD Ryzen 3700X CPU (8 cores/16
threads, 3.6 GHz base clock, 4.4 GHz max boost clock).

mator in addition to the LNCm estimator to verify the LNCm estimates. We only report

the estimates produced by the LNCm estimator, but we do compare these estimates to

those produced by the KSG1m estimator.

Although our evaluation suggests that the LNCm estimator is most accurate for a

combination of continuous, discrete, and mixture distributions, our analysis is not ex-

tensive enough to allow us to state this as a general claim. We do, however, select the

LNCm estimator as the most reliable estimator for the remainder of this study. A more

thorough study of our KSG2m and LNCm estimators is left for future work. More thor-

ough analyses of the KSG1, KSG2, LNC, and KSG1m estimators are presented in [20],

[21], [25], [47].

In the following chapter, we apply the LNCm estimator to several trained neural

networks.
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Redundancy in Deep Neural

Networks

We train several neural networks for speciőc generalisation behaviour. We use these

networks to demonstrate the utility of our redundancy estimators.

7.1 Chapter Overview

To demonstrate the use of our redundancy estimators, we train two sets of networks

such that networks from different sets differ mainly in generalisation ability. We then

estimate the redundancy between several variables in these networks and demonstrate

that redundancy estimates can reveal differences in networks with different generalisa-

tion characteristics. The estimates that we consider, however, are not sufficient for the

prediction of generalisation ability.

In Section 7.2, we describe the process used to train the networks. We explore the

redundancy between node activation values and class labels in Section 7.3. We brieŕy

explore the redundancy between different node activation values in Section 7.4, and, in

Section 7.5, we draw conclusions from the results of our exploration.
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7.2 Training

The main purpose of the network training process is to produce networks that differ

mainly in generalisation ability. We measure generalisation ability through the general-

isation gap of a network (the difference between the network error on the evaluation set

and the error on the training set). To facilitate comparisons between networks, we aim

to produce differences in generalisation ability by producing differences in performance

on the evaluation set while keeping performance on the training set as similar as possible.

We have found that networks with poor performance on the evaluation set can be

produced by inhibiting1 a fraction pF of nodes in each hidden layer from receiving weight

updates. With these frozen nodes, we train the network until, for nF1 training epochs,

no increase in the difference between the validation error and training error is observed.

Then, we unfreeze all nodes by allowing weight updates, decrease the learning rate

by a factor of sF , and continue training until no increase in the difference between

the validation error and training error is observed for nF2 epochs. By setting these

variables (pF , sF , nF1, and nF2) appropriately, we can obtain networks with the required

generalisation characteristics.

To train networks with better performance on the evaluation set, we follow a similar

process that differs only in the usage of frozen nodes and in the criteria used to stop

training. We train the network until, for nF1 training epochs, no decrease in the training

error, rather than an increase in the difference between the validation error and training

error, is observed. Then, we decrease the learning rate by a factor of sF and continue

training until no decrease in the training error is observed for nF2 epochs. For this

training process, no nodes are frozen.

We perform a single grid search to őnd both networks with strong generalisation

performance and networks with weaker generalisation performance. The grid search

involves training 36 networks with the strong-generalisation strategy and 180 networks

with the weak-generalisation strategy. Details of the grid search are as follows:

• Dataset: We train all networks on the MNIST dataset [48]. The validation set

consists of 12 000 points selected from the original training set, and the remaining

48 000 points are used for training. The evaluation set consists of 10 000 points.

1We implement this by setting the learning rate for the relevant groups of weights to zero.
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• Architecture: We use fully connected, feedforward networks with ReLU activa-

tion functions in the hidden layers and identity activation functions in the output

layer. All networks have 4 hidden layers, and the number of nodes in each hidden

layer is either 50 or 100. Only the őrst hidden layer has a bias node. For this

architecture, bias nodes in the other hidden layers are not required [9].

• Weight Initialisation: Weights are initialised using the uniform He (Kaiming)

initialisation method [49]. We vary the seed of the RNG used for initialisation

between three different values.

• Training: All networks are trained using minibatches of 64 points each. Networks

are trained with either mean-squared-error (MSE) loss or cross-entropy (CE) loss.

We use the Adam optimiser with hyperparameters β1 = 0.9, β2 = 0.999 and

ϵ = 1 × 10−8 [50]; the initial learning rate is either 5.5 × 10−4, 7.0 × 10−4, or

8.5× 10−4. The learning rate is decreased by a factor of sF = 50 after a minimum

of nF1 = 50 epochs, and training continues with this smaller learning rate for a

minimum of nF2 = 5 epochs.

• Frozen Nodes: With the weak-generalisation strategy, the fraction pF of frozen

nodes in each hidden layer is varied between one of őve different values. For those

networks with 50 nodes in each hidden layer, this fraction is either 0.6, 0.65, 0.7,

0.75, or 0.8. For the remaining networks with 100 nodes in each hidden layer, this

fraction is either 0.8, 0.85, 0.9, 0.925, or 0.95.

We group the trained networks based on architecture and loss function. Each group

is then analysed separately to limit the effects of these aspects on the analysis. For each

group, we őnd the network with the strongest generalisation ability, shown in Table 7.1.

To őnd a comparable network with similar training performance but poorer evaluation

performance, we consider only those networks with training errors smaller than or equal

to 0.5 %. From this set, we select the network with the weakest generalisation ability in

each group, shown in Table 7.2. A reference to the strongest network in a group refers

to the appropriate network in Table 7.1, while a reference to the weakest network in a

group refers to the appropriate network in Table 7.2.
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Table 7.1: Performance of networks with the strongest generalisation ability in their
group. The group of networks with 50 nodes per hidden layer is indicated with
ł4×50ž, while that of networks with 100 nodes per hidden layer is indicated with
ł4×100ž. łMSEž and łCEž refer to the loss function used during training.

Group Training Error Evaluation Error Generalisation Gap
4×50 MSE 0.07% 2.41 % 2.34%
4×50 CE 0.00% 2.23 % 2.23%

4×100 MSE 0.00% 1.86 % 1.86%
4×100 CE 0.00% 1.67 % 1.67%

Table 7.2: Performance of networks with the weakest generalisation ability among those
in their group with a training error smaller than or equal to 0.5 %. The group of
networks with 50 nodes per hidden layer is indicated with ł4×50ž, while that of
networks with 100 nodes per hidden layer is indicated with ł4×100ž. łMSEž and
łCEž refer to the loss function used during training.

Group Training Error Evaluation Error Generalisation Gap
4×50 MSE 0.44% 4.73 % 4.29%
4×50 CE 0.04% 6.22 % 6.18%

4×100 MSE 0.49% 4.60 % 4.11%
4×100 CE 0.00% 6.17 % 6.17%
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7.3 Node-Class Redundancy

First, we investigate the amount of information that each node activation contains about

the class label of the input point. This entire analysis is performed using training data

only. Thus, the networks are not exposed to any unseen data during the analysis.

To perform this analysis, the activation value of each node is viewed as a random

variable with a mixture distribution. The class label of the input point is viewed as

a discrete random variable. We denote the activation value of the nth node in layer l

by Zl,n, where both indices n and l start at 1. The őrst layer index is assigned to the

shallowest layer, and layer indices increase with depth. Nodes within a layer are not

indexed in any particular order. The class label is denoted by C.

For the networks in each group, we estimate the redundancy I(Zl,n, C) between the

activation value Zl,n of each node and the class label C as a measurement of each node’s

ability to distinguish between all classes. To measure each node’s ability to distinguish a

single class from the other classes, we construct a binary indicator label Kc = T(C = c)

for each class c such that Kc = 1 if C = c and Kc = 0 otherwise. We then estimate the

redundancy I(Zl,n, Kc) between the activation value Zl,n of each node and each indicator

label Kc. We refer to I(Zl,n, C) as full node-class redundancy and to I(Zl,n, Kc) as

indicator node-class redundancy.

For computational tractability, these estimates are calculated on a subset of 2 500

random points from the training set. We do not calculate the redundancy for nodes

that do not activate for any of the points in the subset. The estimates are calculated

for all networks trained in the grid search described in Section 7.2. The calculations are

repeated for two additional randomly selected subsets of the same size.

We őrst analyse some of the redundancy estimates subjectively to identify any poten-

tially interesting patterns (Section 7.3.1). Then, we investigate the distribution of the

estimates across the hidden nodes of a few of the networks (Section 7.3.2). Finally, we

use all of the available networks to determine the consistency of the observed patterns

(Section 7.3.3).
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Figure 7.1: Estimated redundancy between node activation values and class labels for
the strongest network (left) and the weakest network (right) in the 4×100-CE group.
The class łAllž refers to the full node-class redundancy, while the remaining classes
refer to the indicator node-class redundancy for the corresponding class. Nodes are
numbered from shallowest to deepest, with node labels indicating the őrst node in a
layer. Within a layer, nodes are ordered based on the full node-class redundancy.

7.3.1 Raw Estimates

We identify differences between the strongest and weakest networks (as deőned in Sec-

tion 7.2) in each group by visualising the estimates as in Figure 7.1. This őgure shows

the estimates for the strongest and weakest networks in the 4×100-CE group (networks

with 100 nodes per hidden layer trained with CE loss). Results for the other groups are

given in Appendix A.

A subjective analysis of the visualisations seems to reveal two patterns, which are

visible in Figure 7.1. Firstly, for each class, the maximum full node-class redundancy

seems to be higher for the network with the stronger generalisation ability. This also

seems to be the case for the indicator node-class redundancy when only considering

hidden nodes. Secondly, for each class, the mean of both the full and indicator node-

class redundancy seems to be higher for the network with the stronger generalisation

ability.

7.3.2 Redundancy Distribution

To investigate the observed differences further, we plot the full node-class redundancy

for the hidden nodes of the strongest and weakest networks in each group. We repeat
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Figure 7.2: Distribution of the full node-class redundancy for the hidden nodes of the
strongest network (left) and weakest network (right) in the 4×100-CE group. The
mean redundancy value is indicated with a dashed line. Nodes are numbered from
shallowest to deepest, with node labels indicating the őrst node in a layer. Within a
layer, nodes are ordered based on the full node-class redundancy.

this with the indicator node-class redundancy for each class. The plots of the full node-

class redundancy for the networks in the 4×100-CE group are shown in Figure 7.2,

and those of the indicator node-class redundancy for networks in this group are shown

in Figures 7.3 and 7.4. The plots for the networks in the other groups are shown in

Appendix A.

The distributions of the node-class redundancy of hidden nodes, like those shown in

Figures 7.2 to 7.4, seem to conőrm that the maximum of both the full and indicator

redundancy is frequently higher for networks with stronger generalisation ability. How-

ever, the mean redundancy seems to have a much weaker relationship with generalisation

ability. It is interesting to note that the maximum redundancy tends to be higher in

deeper layers than in shallower layers. Within each group, the standard deviation of both

the maximum and mean indicator redundancy across classes also tends to be higher for

networks with weaker generalisation ability.

7.3.3 Redundancy Correlation

Maximum Redundancy

To determine how strongly the maximum node-class redundancy in a network is related

to the generalisation ability of the network, we plot the maximum indicator node-class
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Figure 7.3: Distribution of the indicator node-class redundancy for the hidden nodes
of the strongest network in the 4×100-CE group. The mean redundancy value is
indicated with a dashed line. Nodes are numbered from shallowest to deepest, with
node labels indicating the őrst node in a layer. Within a layer, nodes are ordered
based on the indicator node-class redundancy.
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Figure 7.4: Distribution of the indicator node-class redundancy for the hidden nodes
of the weakest network in the 4×100-CE group, displayed as in Figure 7.3.
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Figure 7.5: Relationship between the maximum indicator node-class redundancy across
the hidden nodes of a network and the generalisation gap of the network, for each class
and all networks in the 4×100-CE group. Different colours correspond to different
subsets used for estimation. The title of each plot shows the corresponding class label
and the average Pearson correlation coefficient, across subsets, between the plotted
quantities.

redundancy across the hidden nodes in each network against the generalisation gap of

the network for each class. We also calculate the average Pearson correlation coefficient,

across the three subsets, between the maximum redundancy value and the generalisation

gap for each class. The correlation coefficients are calculated for both the full and indica-

tor redundancy. The resulting plots and correlation coefficients are shown in Figure 7.5

for the 4×100-CE group and in Figure 7.6 for the 4×100-MSE group. The correlation

coefficients for these two groups are also given in Table 7.3. Results for the other groups

are given in Appendix A.

Figure 7.5 and Table 7.3 conőrm that the maximum node-class redundancy across the

hidden nodes of the networks in the 4×100-CE group is strongly correlated with the

generalisation ability of the network. The corresponding correlation for the networks in

the 4×100-MSE group, shown in Figure 7.6 and Table 7.3, is the weakest compared to

the correlations in the other three groups. It seems that the correlation for networks

trained with MSE loss is generally weaker than that for networks trained with CE loss,
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Table 7.3: Average Pearson correlation coefficient, across subsets, between the general-
isation gap of a network and the maximum and mean node-class redundancy across
the hidden nodes of the network, for networks with 100 nodes per hidden layer. The
class łAllž refers to the full node-class redundancy, while the remaining classes refer
to the indicator node-class redundancy for the corresponding class.

Group Class Correlation with Maximum Correlation with Mean

4×100 CE

All -0.7878 -0.7514
0 -0.7651 -0.3794
1 -0.7076 0.4294
2 -0.8671 -0.7625
3 -0.9064 -0.7695
4 -0.8150 -0.5602
5 -0.8877 -0.8030
6 -0.7268 -0.7658
7 -0.8222 -0.7406
8 -0.8932 -0.7314
9 -0.8954 -0.7440

4×100 MSE

All -0.5518 0.2707
0 -0.1891 0.4234
1 -0.2009 0.2012
2 -0.2503 0.0532
3 -0.2663 -0.0769
4 -0.1696 0.1656
5 -0.1667 -0.4867
6 -0.1583 0.2544
7 -0.2981 0.1528
8 -0.1695 -0.4026
9 -0.2665 -0.1387
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Figure 7.6: Relationship between the maximum indicator node-class redundancy across
the hidden nodes of a network and the generalisation gap of the network, displayed
as in Figure 7.5 for all networks in the 4×100-MSE group.

indicating that the training process affects the strength of this correlation.

Mean Redundancy

Similar to the analysis of maximum redundancy, we plot the mean node-class redun-

dancy value against the generalisation gap and calculate the corresponding correlation

coefficients. The resulting plots and correlation coefficients are shown in Figure 7.7 for

the 4×100-CE group and in Figure 7.8 for the 4×100-MSE group. The correlation co-

efficients for these two groups are also given in Table 7.3. Results for the other groups

are given in Appendix A.

Table 7.3 shows that the mean node-class redundancy across the hidden nodes of the

networks in the 4×100-CE group is strongly correlated with the generalisation ability

of the network for most of the classes. Inspection of Figure 7.7, however, reveals the

formation of a low-redundancy cluster and a high-redundancy cluster for most classes.

The high-redundancy clusters consist of networks trained with the strong-generalisation

strategy, and the low-redundancy clusters consist of networks trained with the weak-

generalisation strategy. This suggests that the correlations are signiőcantly inŕuenced
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Figure 7.7: Relationship between the mean indicator node-class redundancy across the
hidden nodes of a network and the generalisation gap of the network, for each class
and all networks in the 4×100-CE group. Different colours correspond to different
subsets used for estimation. The title of each plot shows the corresponding class label
and the average Pearson correlation coefficient, across subsets, between the plotted
quantities.
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Figure 7.8: Relationship between the mean indicator node-class redundancy across the
hidden nodes of a network and the generalisation gap of the network, displayed as in
Figure 7.7 for all networks in the 4×100-MSE group.
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by the differences in training strategy. Producing the plots and correlation coefficients

for only the networks trained with a particular strategy (not shown here) conőrms that

the majority of the correlation can be attributed to differences in training strategy.

Figure 7.8 and Table 7.3 show that the mean node-class redundancy of the networks

in the 4×100-MSE group is very weakly correlated with the generalisation ability of the

network.

7.4 Node Redundancy

Now, we investigate the amount of redundant information in the activation values of

the nodes. This analysis is again performed using training data only. As is done in

Section 7.3, activation values are viewed as random variables, and the same notation is

used to refer to these variables.

For the strongest and weakest networks in each group, we estimate the pairwise node

redundancy I(Zl,n, Zk,m) in each pair of activation values, where the activation values in

each pair correspond to distinct nodes (l ̸= k or n ̸= m).

For computational tractability, these estimates are calculated on a subset of 2 500

random points from the training set. We do not calculate the redundancy for nodes that

do not activate for any of the points in the subset. The calculations are repeated for two

additional randomly selected subsets of the same size. The estimates for the networks

in the 4×100-CE group are shown in Figure 7.9.

A subjective analysis of Figure 7.9 seems to suggest that the mean pairwise redundancy

in the őrst two hidden layers is higher for the network with the weaker generalisation

ability. This pattern also appears in the estimates for the other groups. To investigate

this, we calculate the mean pairwise redundancy within each hidden layer of the strongest

and weakest networks in each group (only pairs where both corresponding nodes are in

the same layer are considered). We then calculate the mean of these values across the

three subsets used for estimation. The results are shown in Table 7.4.

Table 7.4 shows that, in the second hidden layer only, the mean pairwise redundancy

is consistently higher for the weakest network. No consistent ordering relationship seems

to exist for the mean redundancy in the other hidden layers.

Although we cannot draw any conclusions from such a brief analysis of the estimated
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Figure 7.9: Estimated redundancy in pairs of node activation values for the strongest
network (left) and the weakest network (right) in the 4×100-CE group. Nodes are
numbered from shallowest to deepest, with node labels indicating the őrst node in
a layer. Within a layer, nodes are ordered based on the full node-class redundancy.
(Nodes have the same order as in Figure 7.1.)

Table 7.4: Mean pairwise node redundancy across the nodes in the hidden layers of the
strongest and weakest networks in each group.

Group Layer Strongest Network Weakest Network

4×100 CE

1 0.0067 0.0038
2 0.0115 0.0562
3 0.0262 0.0379
4 0.0634 0.0520

4×100 MSE

1 0.0070 0.0040
2 0.0101 0.0291
3 0.0285 0.0508
4 0.1168 0.0397

4×50 CE

1 0.0084 0.0092
2 0.0155 0.0369
3 0.0263 0.0408
4 0.0554 0.0395

4×50 MSE

1 0.0084 0.0095
2 0.0196 0.0278
3 0.0955 0.0671
4 0.0481 0.0514
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pairwise node redundancy, the patterns observed in these estimates provide a good

starting point for a future in-depth analysis.

7.5 Discussion

In this chapter, we trained several neural networks to have different generalisation char-

acteristics. We then estimated the redundancy between each node activation and several

class labels using the training data. An analysis of these estimates showed that, for some

of the networks, the maximum node-class redundancy across the hidden nodes of a net-

work is strongly correlated with the generalisation gap of the network. This correlation

appeared to be somewhat inconsistent. We performed a similar analysis of the mean

node-class redundancy, but this analysis revealed no signiőcant relationship between the

generalisation gap of a network and the mean node-class redundancy across the hidden

nodes. Finally, we estimated the redundancy in pairs of node activation values and

pointed out some basic patterns in these estimates as a starting point for future work.

From these results, we conclude that the estimation of redundancy between the node

activation values in a network and several class labels shows promise as a potential part

of measuring conőrmation and conőrmation ability. The apparent relationship between

these estimates and generalisation, although not strong enough to allow the prediction of

generalisation, is particularly signiőcant, since the redundancy estimates are calculated

using training data only.

To reach the larger goal of measuring conőrmation ability, additional redundancy val-

ues would need to be measured. Potentially useful measurements include the redundancy

between node activation values and input features or the redundancy in larger sets of

node activation values.

Other interesting observations in this chapter that could form part of an in-depth

study of the distribution of node-class redundancy include:

• The maximum node-class redundancy in the hidden layers of a network seems to

increase as the depth of the layer increases.

• The distribution of node-class redundancy seems to depend on the training process.

In the following chapter, we conclude the dissertation with a review of our work and

a set of topics for future work.
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Conclusion

We review the key őndings of our research. We discuss the implications of the őndings

and propose possible avenues for future work.

8.1 Chapter Overview

In this chapter, we review the key őndings of our research in Section 8.2 and discuss the

implications of the őndings in Section 8.3. In Section 8.4, we propose possible topics for

future work.

8.2 Key Findings

The goal of our research is to őnd a method of measuring redundancy in neural networks

and to use this method to explore the measurement of data utilisation. In pursuit of

this goal, the following key őndings are uncovered:

• Mixture distributions are common in ReLU-activated networks. The properties of

these distributions prevent the calculation of differential entropy and complicate

the calculation of relative entropy and redundancy.

• Several estimators that can produce redundancy estimates from a őnite sample are

available. We őnd that the KSG1, KSG2, and LNC estimators are unsuitable in
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cases where the underlying distribution is a mixture distribution. The KSG1m

estimator can be used in such cases.

• We derive the KSG2m estimator and the associated LNCm term. The KSG2m

estimator can be applied to data generated by a mixture distribution. The LNCm

term reduces the number of sample points required to obtain an accurate estimate

with the KSG2m estimator.

• By evaluating these redundancy estimators on synthetic data, we conőrm that the

estimators behave as expected. We also őnd that, on the synthetic dataset, the

LNCm estimator is most accurate on average. This analysis is limited to estimates

of redundancy in pairs of variables; further analysis is required to characterise the

behaviour of these estimators when applied to larger sets of variables.

• Using the LNCm estimator, we estimate several redundancy values in fully con-

nected, feedforward networks and őnd interesting regularities and differences be-

tween networks with different generalisation characteristics. This analysis, how-

ever, is only preliminary, and the uncovered patterns require further investigation.

• The redundancy between node activation values and several types of class labels,

which include binary indicator labels, has proven to be particularly interesting,

since initial estimates of this redundancy using training data appear to be correlated

with generalisation in certain contexts.

8.3 Implications

The key őndings of our research have the following implications:

• The KSG1m, KSG2m, and LNCm estimators allow redundancy to be estimated

without requiring a detailed analysis of the properties of the underlying probability

distributions. Our implementation of these estimators, which we plan to release,

should aid others in calculating such redundancy estimates.

• Redundancy estimates can be used to measure task-relevant information in individ-

ual node activations, and these estimates can be used to analyse the generalisation

ability of fully connected, feedforward networks.
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8.4 Future Work

In future work, we aim to address the following topics:

• The causes of the patterns observed in this work can be investigated. This could

provide additional insight into the operation of neural networks and the relationship

between the observed patterns and generalisation.

• The initial observations made in this work can be conőrmed for additional network

architectures and experimental setups. Experimenting with different methods of

obtaining several networks with similar training performance but different evalua-

tion performance would form a particularly interesting part of such a study.

• The evolution of several redundancy values throughout training can be investigated.

Such a study could provide additional insight into the operation of neural networks

and the role of the training process in the generalisation ability of networks.

• The redundancy between other variables relevant to network analysis can be stud-

ied. This could provide additional values that can be used in the measurement of

conőrmation and data utilisation.

• The use of redundancy estimates in the measurement of conőrmation and data

utilisation can be explored. If a suitable measurement method is found, the rela-

tionship between generalisation and data utilisation can also be explored.

• Network analysis using other information-theoretic quantities, in combination with

redundancy, can be explored. Quantities that might prove useful include relative

entropy and code-length measures similar to those in [39].

8.5 Final Remarks

The generalisation ability of DNNs is not completely understood. A wide variety of

approaches have been used to study this generalisation ability, and these approaches

have yielded interesting insights. In this work, we developed tools that allow us to

investigate the use of redundancy measurements for explaining the generalisation ability
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of neural networks. Our results seem promising, and we hope that they can be used in

future work to explore generalisation further.
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Appendix A

Additional Results

A.1 Raw Redundancy Estimates

Estimates of the node-class redundancy, calculated as described in Section 7.3, are shown

in Figures A.1 to A.3 for the strongest and weakest networks in the 4×100-MSE, 4×50-

CE, and 4×50-MSE groups, respectively.

A.2 Redundancy Distribution

The distributions of the node-class redundancy of hidden nodes in the strongest and

weakest networks in the 4×100-MSE, 4×50-CE, and 4×50-MSE group are shown in

Figures A.4 to A.12.

A.3 Redundancy Correlation

The relationship between the maximum indicator node-class redundancy across the hid-

den nodes of a network and the generalisation gap of the network is shown in Figures A.13

and A.14 for the 4×50-CE and 4×50-MSE groups, respectively. The correlation coeffi-

cients for these groups are shown in Table A.1.

The relationship between the mean indicator node-class redundancy across the hidden

nodes of a network and the generalisation gap of the network is shown in Figures A.15

and A.16 for the 4×50-CE and 4×50-MSE groups, respectively. The correlation coeffi-

cients for these groups are shown in Table A.1.
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Figure A.1: Estimated redundancy between node activation values and class labels for
the strongest network (left) and the weakest network (right) in the 4×100-MSE group.
The class łAllž refers to the full node-class redundancy, while the remaining classes
refer to the indicator node-class redundancy for the corresponding class. Nodes are
numbered from shallowest to deepest, with node labels indicating the őrst node in a
layer. Within a layer, nodes are ordered based on the full node-class redundancy.
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Figure A.2: Estimated redundancy between node activation values and class labels,
displayed as in Figure A.1 for networks in the 4×50-CE group.
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Figure A.3: Estimated redundancy between node activation values and class labels,
displayed as in Figure A.1 for networks in the 4×50-MSE group.
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Figure A.4: Distribution of the full node-class redundancy for the hidden nodes of the
strongest network (left) and weakest network (right) in the 4×100-MSE group. The
mean redundancy value is indicated with a dashed line. Nodes are numbered from
shallowest to deepest, with node labels indicating the őrst node in a layer. Within a
layer, nodes are ordered based on the full node-class redundancy.
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Figure A.5: Distribution of the full node-class redundancy, displayed as in Figure A.4
for networks in the 4×50-CE group.
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Figure A.6: Distribution of the full node-class redundancy, displayed as in Figure A.4
for networks in the 4×50-MSE group.
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Figure A.7: Distribution of the indicator node-class redundancy for the hidden nodes
of the strongest network in the 4×100-MSE group. The mean redundancy value is
indicated with a dashed line. Nodes are numbered from shallowest to deepest, with
node labels indicating the őrst node in a layer. Within a layer, nodes are ordered
based on the indicator node-class redundancy.
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Figure A.8: Distribution of the indicator node-class redundancy for the hidden nodes
of the weakest network in the 4×100-MSE group, displayed as in Figure A.7.
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Figure A.9: Distribution of the indicator node-class redundancy for the hidden nodes
of the strongest network in the 4×50-CE group, displayed as in Figure A.7.
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Figure A.10: Distribution of the indicator node-class redundancy for the hidden nodes
of the weakest network in the 4×50-CE group, displayed as in Figure A.7.
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Figure A.11: Distribution of the indicator node-class redundancy for the hidden nodes
of the strongest network in the 4×50-MSE group, displayed as in Figure A.7.
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Figure A.12: Distribution of the indicator node-class redundancy for the hidden nodes
of the weakest network in the 4×50-MSE group, displayed as in Figure A.7.
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Figure A.13: Relationship between the maximum indicator node-class redundancy
across the hidden nodes of a network and the generalisation gap of the network,
for each class and all networks in the 4×50-CE group. Different colours correspond
to different subsets used for estimation. The title of each plot shows the correspond-
ing class label and the average Pearson correlation coefficient, across subsets, between
the plotted quantities.
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Figure A.14: Relationship between the maximum indicator node-class redundancy
across the hidden nodes of a network and the generalisation gap of the network,
displayed as in Figure A.13 for all networks in the 4×50-MSE group.
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Figure A.15: Relationship between the mean indicator node-class redundancy across
the hidden nodes of a network and the generalisation gap of the network, for each
class and all networks in the 4×50-CE group. Different colours correspond to different
subsets used for estimation. The title of each plot shows the corresponding class label
and the average Pearson correlation coefficient, across subsets, between the plotted
quantities.
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Figure A.16: Relationship between the mean indicator node-class redundancy across
the hidden nodes of a network and the generalisation gap of the network, displayed
as in Figure A.15 for all networks in the 4×50-MSE group.
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Table A.1: Average Pearson correlation coefficient, across subsets, between the gener-
alisation gap of a network and the maximum and mean node-class redundancy across
the hidden nodes of the network, for networks with 50 nodes per hidden layer. The
class łAllž refers to the full node-class redundancy, while the remaining classes refer
to the indicator node-class redundancy for the corresponding class.

Group Class Correlation with Maximum Correlation with Mean

4×50 CE

All -0.7161 -0.8376
0 -0.7616 -0.7003
1 -0.6480 -0.3394
2 -0.8037 -0.8196
3 -0.8372 -0.7670
4 -0.7701 -0.7392
5 -0.8506 -0.8161
6 -0.7027 -0.7920
7 -0.7847 -0.7508
8 -0.8568 -0.7787
9 -0.8237 -0.8664

4×50 MSE

All -0.4149 -0.0771
0 -0.5964 0.1203
1 -0.5431 0.1493
2 -0.5484 -0.3539
3 -0.5450 -0.1975
4 -0.4510 -0.0498
5 -0.5624 -0.6271
6 -0.4234 -0.1448
7 -0.5154 0.1348
8 -0.5923 -0.3555
9 -0.6138 -0.4112
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Publications

A pre-study performed as part of this degree resulted in a conference paper [10] co-

authored by prof Marelie H. Davel and presented at the SACAIR 2020 conference. This

paper is reproduced on the following page and forms the remainder of this document.
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through binary node activations
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Multilingual Speech Technologies (MuST), North-West University, South Africa; and
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Abstract. Each node in a neural network is trained to activate for a
specific region in the input domain. Any training samples that fall within
this domain are therefore implicitly clustered together. Recent work has
highlighted the importance of these clusters during the training process
but has not yet investigated their evolution during training. Towards this
goal, we train several ReLU-activated MLPs on a simple classification
task (MNIST) and show that a consistent training process emerges: (1)
sample clusters initially increase in size and then decrease as training
progresses, (2) the size of sample clusters in the first layer decreases more
rapidly than in deeper layers, (3) binary node activations, especially of
nodes in deeper layers, become more sensitive to class membership as
training progresses, (4) individual nodes remain poor predictors of class
membership, even if accurate when applied as a group. We report on
the detail of these findings and interpret them from the perspective of a
high-dimensional clustering process.

Keywords: Neural networks · Generalisation · Clustering

1 Introduction

Deep neural networks (DNNs) have been used to solve increasingly difficult tasks
with increasingly high accuracy, and are particularly successful when modelling
complex relationships from large quantities of high-dimensional data [8]. While
DNN models perform extremely well given sufficient training data, the DNN
training process itself is computationally inefficient, with model optimisation re-
quiring expensive searches across a large number of interacting hyperparameters.
This search process is mainly guided by heuristics, and by tracking performance
on training and held-out validation sets, as no comprehensive theoretical frame-
work yet exists with which to reason about the training process or the expected
ability of the optimised models to generalise to out-of-sample data.

The generalisation ability of DNNs has been the topic of much controversy
and has been studied from a variety of perspectives. Studies that aim to char-
acterise and predict the generalisation ability of DNNs include approaches that
consider the complexity of the hypothesis space, the geometry of the loss surface,
characteristics of the classification margins, and statistical measures of uniform
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stability and robustness. (See Section 2.1.) While each approach provides addi-
tional insight, a general analysis framework of DNN behaviour remains elusive.
The ‘apparent paradox’ that DNNs are able to generalise well despite extremely
large capacity remains largely unresolved [14].

With ‘DNN behaviour’ we refer to the performance of a DNN during and after
training, as measured on different subsets of the data, both seen during training
and not. Characterising this behaviour should allow us to reason about the
training process and differences among networks, and to predict characteristics
that lead to better performance.

One approach towards probing DNN behaviour is to consider nodes as indi-
vidual classifiers, collaborating in solving a network-wide task [4]. A consequence
of this analysis is that each individual node is implicitly associated with the spe-
cific cluster of samples for which it activates. These sample clusters then become
useful elements in analysing network behaviour. Specifically, as any node delin-
eates a region in input space for which it activates, any samples that fall within
this region are in effect clustered together. These clusters are then used to refine
the weights linked to the specific node, improving cluster boundaries.

While the potential importance of these clusters during the training process
has been highlighted [4,27], their evolution during training has not yet been
explored. Towards this goal, we train several ReLU-activated MLPs on a simple
classification task (MNIST) and track the process whereby these sample sets
are formed during training. The main contributions of this paper are the
following:

1. We provide additional motivation for the potential importance of ‘sample
sets’ (the set of samples that activates an individual node) and their corre-
sponding sample-feature clusters when analysing DNN behaviour.

2. We report on the evolution of these clusters during the training process
of different fully-connected feedforward networks, and demonstrate that a
consistent training process emerges.

3. We interpret these findings in terms of a high-dimensional clustering process,
which we conjecture to be a useful perspective when analysing the generali-
sation ability of neural networks.

We first present relevant background (Section 2), before discussing our mo-
tivation for studying sample clusters (Section 3). A description of the analysis
approach follows in Section 4, with Section 5 measuring and reporting on the
the process whereby sample sets evolve during training. Findings are discussed
in Section 6, and summarised in Section 7.

2 Background

We briefly discuss the generalisation ability of DNNs and approaches towards
studying this. We then review earlier work related to the role and analysis of
sample sets, specifically focusing on sample sets as an element in probing the
generalisation ability of DNNs.
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2.1 Generalisation in DNNs

DNNs are well understood from the perspective of expressivity: it is known that
even a shallow network with sufficient nodes and non-linear activations is able
to approximate any function, given some caveats that typically do not apply to
real-world data [24]. Similarly, gradient-based optimisation procedures are the-
oretically well-grounded, with the conditions for finding minima known. Being
expressive and trainable, however, does not imply the ability to generalise well;
this requires a model to accurately capture the ‘true’ underlying data distri-
bution, identifying relevant features and their interaction throughout the input
domain.

Statistical learning theory (SLT) suggests that the generalisation error of a
trained model is bounded above by the complexity of the hypothesis space of the
modelling method [2,11]. This bound explains the generalisation ability of many
model types, in the sense that an increase in the complexity of the hypothesis
space, beyond the amount necessary to capture important relationships, leads
to poorer generalisation of trained models [11]. When the complexity of the
hypothesis space is higher than needed, good generalisation can still be obtained
by introducing a preference for certain functions in the hypothesis space [10].
The use of such regularisation techniques also explains the generalisation ability
of many model types [10,28].

For DNNs, neither the complexity of the hypothesis space of a particular
network nor the use of regularisation techniques during training can adequately
explain generalisation [28]. This was demonstrated in [28] and [26], among oth-
ers, where the authors obtained good generalisation with networks that could,
without any modification, fit random data easily, regardless of the use of regu-
larisation techniques.

A significant body of work has studied generalisation in DNNs. In addition
to a host of empirical studies [1,17,22,23], we highlight four approaches:

– Geometry of the loss landscape. It has been argued that the smoothness
of the loss landscape and, specifically, the flatness of minima can lead to
better generalisation [12,15]. This follows the intuition that, under these
conditions, an applicable minimum should be more easily accessible during
gradient descent, and small perturbations in either input or parameter space
should not influence model behaviour. In high-dimensional space, however, it
is extremely difficult to obtain a consistent perspective of the error surface,
and it has been shown that this error surface can fairly easily be manipulated
with little effect on generalisation [5].

– Statistical measures. Both the stability of the training process (stability
when trained on different datasets) and its robustness (expected behaviour
when trained on all possible datasets) have produced insights into the gener-
alisation behaviour of DNNs [9,25,18]. Kawaguchi et al. [14] argue convinc-
ingly that there is no paradox when applying such measures from SLT to
DNNs; rather, their direct applicability is restricted.

– Complexity of the hypothesis space. Complexity can be reduced through
regularisation (as discussed above) or through inducing sparsity. With a
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smaller set of trainable parameters, prediction accuracy is expected to be
more stable, as justified by SLT [21]. To date, sparsity measures have been
more useful in improving the computational cost and interpretability of net-
works than in predicting generalisation ability [7,19].

– Margin distributions. These approaches study the decision margin in
order to explain generalisation ability, as has been successfully done with
linear models such as support vector machines (SVMs). Results related to
DNNs [6,13] are promising, with [13], specifically, demonstrating that a linear
model, trained on the margin distributions of numerous DNNs, can predict
generalisation error.

These approaches tend to consider the network as a whole, with less attention
paid to the role of the individual subcomponents — an approach taken in [4],
and discussed in more detail below.

2.2 Sample sets

Simultaneously introduced in [3,4,26], the term ‘sample set’ refers to the node-
specific set of samples that activate a given node. The initial definition arose in
the context of a ReLU-activated, fully-connected feedforward network applied to
a classification task; this is also the context we use for the current discussion.

In [4], a DNN is viewed as consisting of layers of local classifiers, collaborating
to solve the overall classification task. During gradient descent, weights linked to
a node are only updated based on those samples that activate the node. Gradient
descent can then be viewed as a two-step process: (1) during the forward pass,
sample sets are created; (2) during the backward pass and parameter-update
step, the sample sets are refined [4]. This refinement process is both locally and
globally aware: at the local level, only selected samples (those in the sample set)
are utilised to update local parameters; globally, the loss value associated with
each sample takes all network parameters into account [4].

In a related study [26], extended in [27], sample-set composition is analysed
in the presence of different types of noise. Interestingly, if the features of training
samples are corrupted (in contrast with corrupting labels) high levels of noise
— up to 90% for the tasks studied — can be absorbed by the models, without
causing any detrimental effect on classification performance. Probing this be-
haviour revealed that nodes tend to have sample sets that contain either true
or corrupted samples, rather than both. Features attuned to the noisy samples,
therefore, have almost no effect on noiseless test results. This provides a simple
mechanism for preventing additional parameters from hurting performance: ad-
ditional parameters create an increased number of sub-components with which
to isolate detrimental samples from the rest of the training data, without funda-
mentally changing the way in which the uncorrupted samples are modelled [27].

In both [26] and [3] it is noted that the sample set of any node is fully
described by that node’s fan-in weight vector; if the activation vector in the
prior layer is aligned with this weight vector (if their dot product is positive),
the node will activate, otherwise not. The weight vector, therefore, creates a
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boundary that separates samples included in the current sample set from those
excluded. Finally, in [4] it is shown that, in deeper layers, sample sets become
class-sensitive, containing either almost all or almost none of the samples of any
class. This behaviour is consistent across a range of architectures [4].

In summary, the above findings indicate that the training process creates
clusters of samples with very specific characteristics. This points towards sample
sets as a useful element in understanding network behaviour, a view that we
explore further in Section 3.

3 Motivation for exploring sample-feature clusters

As discussed in Section 2.2, sample sets identify regions in the input space where
specific features produce coherent behaviour. This can also be understood by
viewing the process whereby samples are included or excluded from these sets.
As in [4], we focus on ReLU-activated feedforward networks and define1 the
sample set Ŝb,l,j at node j of layer l as those samples in batch b that produce
a positive activation value at node j. For any sample in the sample cluster, the
node j in layer l can be connected to an arbitrary number of active nodes in layer
l+1. By selecting one active node per layer, the weights connecting these active
nodes can be used to define an active path p = {wp1 , wp2 , . . . , wpN−l

} associated
with a specific sample, starting at layer l and ending at a node in the output
layer N .

During standard SGD training, the sample set (and only the sample set) in-
fluences the weight update. If we initially limit our analysis to networks with no
bias values beyond the first layer, the weight update equation simplifies consider-
ably. As derived in [4], the SGD weight update δwl,j,i for the weight connecting
node i to node j at layer l is then given by

δwl,j,i = −η
∑

s∈Ŝb,l,j



zsl−1,i

∑

p∈P s

j

(

λs

p

N−l
∏

k=1

wpk

)



 , (1)

where the superscript s indicates sample-specific values, η indicates the learning
rate, zsl−1,i indicates the post-activation value at node i in layer l−1, P s

j indicates
the set of all active paths linking node j to the output layer, and λs

p indicates
the derivative of the loss function with respect to the network output.

This sample-specific weight update can be expressed in terms of the node-

supported cost, a scalar value that represents the portion of the final cost that
can be attributed to all active paths emanating from node j, when processing
sample s [3]. Specifically, the sample-specific node-supported cost at layer l, node
j can be defined as

φs

l,j =
∑

p∈P s

j

(

λs

p

N−l
∏

k=1

wpk

)

. (2)

1 Note that we follow the derivations from [4] but use a different notation, for better
clarity.
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The update to the weight vector wl,j feeding into node j at layer l is then given
by

δwl,j = −η
∑

s∈Ŝb,l,j

z
s

l−1φ
s

l,j . (3)

We first consider a setup where all layers prior to l are frozen, i.e. earlier
weights and consequently earlier activation values are not allowed to change.
Note that this is the true situation at the first hidden layer only. Let all symbols
(including sample sets) reflect the values prior to the weight update. Then it
can be shown that any single sample t will be included in the sample cluster if

z
t

l−1 ·wl,j > η
∑

s∈Ŝb,l,j

(

z
t

l−1 · z
s

l−1

)

φs

l,j (4)

and removed otherwise. If we now define Σt

l,j as the net cost of the sample set

at node j (layer l) as aligned with vector z
t

l−1, that is

Σt

l,j =
∑

s∈Ŝb,l,j

(

z
t

l−1 · z
s

l−1

)

φs

l,j , (5)

we can derive the precise conditions for which a sample t not previously in the
cluster will be added:

z
t

l−1 ·wl,j ≤ 0; Σt

l,j < 0; |ztl−1 ·wl,j | < η
∣

∣Σt

l,j

∣

∣ , (6)

or a member sample t (previously in the cluster) removed:

z
t

l−1 ·wl,j > 0; Σt

l,j > 0; |ztl−1 ·wl,j | ≤ η
∣

∣Σt

l,j

∣

∣ . (7)

The absolute value signs are used here to emphasise that it is the magnitude of
the values that is important. In effect, a margin is created around the decision
boundary (where z

t

l−1 ·wl,j = 0), with the size of this boundary directly spec-
ified by the learning rate and the summed loss of all samples that activate the
specific node. Only samples falling within this boundary will either be drawn in
or excluded from the sample set during the update. (This concept is illustrated
in Figure 8 in the Appendix.) Note that this boundary estimates the net win
of including or excluding additional samples by measuring their alignment with
all other loss-generating samples in the set. If the effect is not as anticipated,
the boundary will be shifted again in the following update. In this process, the
boundary forms by separating samples that do not have coherent loss behaviour.
Also note that a larger loss value implies that Equation 4 will be less strict, and,
thus, samples that are less aligned with the weight vector might be accepted in
cases where this would not have happened with a lower node-specific loss.

This process creates natural boundaries in the input space, separating ar-
eas that will benefit from being modelled separately. We illustrate this with an
example: synthetic 1-dimensional data is generated, matching an underlying dis-
tribution as illustrated in Figure 1. A small network (1 hidden layer of 30 nodes)
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Fig. 1. 1-dim. regression example: (a) underlying distribution, (b) generated data.

Fig. 2. 1-dim. regression example: (a) fan-in weight vectors, (b) vectors after activation
and scaling, (c) weighted sum at target. Red dots indicate sample-set boundaries.

is trained to solve the regression task, and the resulting weight vectors are plot-
ted as shown in Figure 2. Each fan-in vector at a node can be depicted as a
line, based on the weight and bias value at that node. After ReLU-activation,
all negative values are suppressed, and in the next layer, values are scaled based
on fan-out weights. Finally, all contributions are summed in order to estimate
the target value.

Once the sample-set boundaries have been drawn, scaling intermediary re-
sults to solve the overall task becomes a straightforward process; finding these
boundaries is not. We propose that the heart of the training process can be stud-
ied through this clustering process of grouping relevant samples in the context
of relevant features.

4 Experimental approach

Having provided our motivation for studying sample sets, we now outline our
approach to investigating the dynamics of sample sets during training. We are
interested in the size of the sample sets, the fraction of samples of a given class
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that is included in a sample set, how predictable sample-set membership is given
class identity, and how informative sample-set membership is of class identity.
These are intuitive concepts that we formalise below.

4.1 Setup

We train several networks, with the number of layers (excluding the input layer)
being either 2, 5, or 9, and the number of nodes per hidden layer being either
20, 80, or 320. Bias parameters are added to the first hidden layer of each net-
work. We use ReLU activation functions for the hidden layers. All networks are
trained for 200 epochs on MNIST using the Adam optimisation algorithm [16]
with a minibatch size of 60. Since we do not aim to maximise the performance
of any of the networks, we train all the networks with the default optimiser
hyperparameters suggested in [16] (α = 0.001, β1 = 0.9, β2 = 0.999, ǫ = 10−8).
We train the networks with identity activation functions at the output layer and
mean-squared-error loss. We repeat the training with cross-entropy loss (soft-
max activation functions followed by negative log-likelihood loss). The training
is performed for 3 different initialisation seeds. For all networks, the training
converges.

4.2 Measurements

We measure different characteristics of sample sets during training. The per-class
sample set of node i in hidden layer l for class c, and the entire sample set of
the same node are, respectively,

Ŝ
(c)
l,i =

{

s : zsl,i > 0, s ∈ Sc

}

; Ŝl,i =
⋃

c∈C

Ŝ
(c)
l,i , (8)

where Sc is the set of samples belonging to class c, and zsl,i is the activation of
node i in hidden layer l for sample s [3,4,26]. At several points in the training

process, we calculate the per-class sample-set size |Ŝ
(c)
l,i | for every node i in every

hidden layer l for each class c.
We refer to the fraction of samples of a given class that is included in a

sample set as the class-specific activation fraction, and define it for node i in
hidden layer l for class c as

f
(c)
l,i =

∣

∣

∣Ŝ
(c)
l,i

∣

∣

∣

|Sc|
. (9)

We can view the activation of node i in hidden layer l as a random variable
Zl,i, defining Ẑl,i = 0 if Zl,i ≤ 0 and Ẑl,i = 1 if Zl,i > 0. If we also view the class
of the input sample as a random variable Y , then we can approximate

P
(

Ẑl,i = 0, Y = c
)

≈ el,i(0, c) =
|Sc| −

∣

∣

∣Ŝ
(c)
l,i

∣

∣

∣

|S|
; (10)

P
(

Ẑl,i = 1, Y = c
)

≈ el,i(1, c) =

∣

∣

∣Ŝ
(c)
l,i

∣

∣

∣

|S|
, (11)
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where S is the set of all samples. We approximate the conditional entropy of Ẑl,i

given Y and that of Y given Ẑl,i, for nodes with |Ŝl,i| 6= 0 and |Ŝl,i| 6= |S|, as

H
(

Ẑl,i |Y
)

≈ −
∑

c∈C

∑

ẑ∈{0,1}

el,i(ẑ, c) log







el,i(ẑ, c)
∑

x∈{0,1}

el,i(x, c)






; (12)

H
(

Y | Ẑl,i

)

≈ −
∑

ẑ∈{0,1}

∑

c∈C

el,i(ẑ, c) log





el,i(ẑ, c)
∑

x∈C

el,i(ẑ, x)



 , (13)

where we set 0 log(0) = 0 [20]. Based on this, we define the predictability of node
i in hidden layer l as

pl,i = 1 +
1

log (2)

∑

c∈C

∑

ẑ∈{0,1}

el,i(ẑ, c) log







el,i(ẑ, c)
∑

x∈{0,1}

el,i(x, c)






, (14)

and the informativeness as

ul,i = 1 +
1

log (|C|)

∑

ẑ∈{0,1}

∑

c∈C

el,i(ẑ, c) log





el,i(ẑ, c)
∑

x∈C

el,i(ẑ, x)



 , (15)

where we again set 0 log(0) = 0 [20]. We do not define pl,i or ul,i for nodes

with |Ŝl,i| = 0 or |Ŝl,i| = |S|, that is, for nodes that are always inactive (dead
nodes) or always active (bias nodes). The predictability of a node is the difference
between the maximum possible entropy of Ẑl,i (based on the number of possible

values of Ẑl,i) and the entropy of Ẑl,i given Y , expressed as a fraction of the

maximum possible entropy of Ẑl,i. Informally, this is proportional to the average

amount of information known about Ẑl,i given only an observation of Y . The

informativeness indicates similar information about Y given Ẑl,i.

We calculate f
(c)
l,i , pl,i, and ul,i at several logarithmically spaced points in the

training process on a validation set of 12000 samples. We then aggregate these
values as follows:

fl,i =
1

|C|

∑

c∈C

f
(c)
l,i ; fl =

1
∣

∣

∣N
(l)
a

∣

∣

∣

∑

i∈N
(l)
a

fl,i ; (16)

pl =
1

∣

∣

∣N
(l)
b

∣

∣

∣

∑

i∈N
(l)
b

pl,i ; ul =
1

∣

∣

∣N
(l)
b

∣

∣

∣

∑

i∈N
(l)
b

ul,i , (17)

where N
(l)
a is the set of nodes in hidden layer l for which |Ŝl,i| 6= 0, and N

(l)
b is

the set of nodes in hidden layer l for which |Ŝl,i| 6= 0 and |Ŝl,i| 6= |S|.
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5 Results

Here, we highlight interesting patterns observed by presenting results that dis-
play typical behaviour. Any other results that do not follow these patterns are
pointed out. The performance of all networks during training is similar to that
shown in Figure 3. All networks with 80 or more nodes per hidden layer achieve
error rates smaller than 5% on the validation set. Those with 20 nodes per hidden
layer achieve error rates smaller than 7% on the validation set.
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Fig. 3. Performance of 9×320 networks trained with cross-entropy loss, averaged across
initialisation seeds. Shaded areas indicate the standard error.

5.1 Activation fraction

The activation fraction fl,i of the hidden nodes of a 9-layer network with 320
nodes per layer is shown in Figure 4. The average activation fraction fl for the
same architecture is shown in Figure 5. It is worth noting that the number of
samples per class in the validation set is approximately constant across classes.
As a result, fl,i is approximately equal to the fraction of all samples for which
node i in layer l activates.

For most nodes, an increase in the sample-set size is observed very early in
training. This indicates that the training process initially exposes most nodes
to most samples. The nodes for which this does not hold activate for almost no
samples during the entire training process, and, therefore, these nodes contribute
very little to the network. The initial increase in sample-set size is followed by a
gradual decrease for the rest of training. For networks trained with cross-entropy
loss, this decrease is more rapid in shallower layers than in deeper layers. For
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Fig. 4. Activation fraction for all hidden nodes in a 9×320 network trained with cross-
entropy loss, calculated on the validation set. Nodes are numbered from shallowest to
deepest.
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Fig. 5. Activation fraction averaged across nodes and initialisation seeds of 9×320
networks trained with cross-entropy loss, calculated on the validation set. Shaded areas
indicate the standard error of the average across seeds. Layers are numbered from
shallowest to deepest.
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networks trained with MSE loss, this decrease is more rapid in the first hidden
layer than in deeper layers.

Some results of individual networks are worth pointing out. For 9-layer net-
works trained with MSE loss, the sample sets of nodes in deeper layers contain
almost all of the samples at the point where the sample sets are largest (see
Figure 9 in the Appendix). For the 2-layer networks with 320 nodes per layer
trained with MSE loss, the average activation fraction decreases during the en-
tire training process (see Figure 10 in the Appendix). All other networks follow
the same trends as in Figures 4 and 5.

5.2 Predictability

The average predictability pl for a 9-layer network with 320 nodes per layer is
shown in Figure 6. The average predictability of all layers increases at the start
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Fig. 6. Predictability averaged across nodes and initialisation seeds of 9×320 networks
trained with cross-entropy loss, calculated on the validation set. Shaded areas indicate
the standard error of the average across seeds. Layers are numbered from shallowest
to deepest.

of training. For a few of the shallower layers, the predictability remains constant
or decreases towards the end of training; for the rest of the layers, it continues
to increase. The predictability of deeper layers is consistently higher than that
of shallower layers. Not all results show the peaks that appear in Figure 6, and,
therefore, we refrain from assigning meaning to them. These trends indicate that
nodes, especially those in deeper layers, become increasingly more sensitive to
class membership as training progresses. It also shows that nodes in deeper layers
are more sensitive to class membership — a result that is confirmed by [4].

5.3 Informativeness

The average informativeness ul for a 9-layer network with 320 nodes per layers is
shown in Figure 7. For all layers, the informativeness increases and subsequently
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Fig. 7. Informativeness averaged across nodes and initialisation seeds of 9×320 net-
works trained with cross-entropy loss, calculated on the validation set. Shaded areas
indicate the standard error of the average across seeds. Layers are numbered from shal-
lowest to deepest. ‘Max’ indicates the maximum informativeness that can be achieved.

decreases slightly during training. Assuming that the 10 MNIST classes are
perfectly balanced in the validation set, the maximum informativeness that can
be achieved is log(2)/log(10) ≈ 0.3, since the binary activation Ẑl,i of a node can
only have one of 2 values, but the class Y can have one of 10 values. The increase
in informativeness shows that binary node activations become more indicative
of class membership as training progresses. However, the amount of information
required to establish the class with certainty means that the binary activation
of any single node remains a poor predictor of class membership.

6 Discussion

To summarise our empirical findings: (1) Sample clusters initially increase in size
and then decrease as training progresses. (2) Most nodes are exposed to most
samples very early in the training process. (3) The point where the activation
fraction starts decreasing overlaps with the point where network loss starts de-
creasing. (4) The size of sample clusters in the first layer decreases more rapidly
than in deeper layers. (5) Binary node activations, especially of nodes in deeper
layers, become more sensitive to class membership as training progresses. (6)
Nodes in shallower layers tend to be less sensitive to class membership than
nodes in deeper layers. (7) Binary node activations become slightly more indica-
tive of class membership as training progresses, but remain poor predictors of
class membership, even if accurate when applied as a group.

How do the above findings shed light on the creation of the sample clusters
described in Section 3? When considering the training process, specific phases
become evident: Upon initialisation, weights tend to point in arbitrary directions,
and nodes in the network activate for samples found somewhere in the vicinity of
their fan-in weight vector, creating the initial clusters. Since the loss is initially
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very large, additional samples are quickly drawn into the sample set of each of
the nodes, according to Equation 4. It is during this time that the activation
fraction grows. (See Figure 5.) This process continues up to the point where the
activation fraction reaches its maximum. At this point, most nodes are being
exposed to most samples, and also to most features.

It is only as the loss starts decreasing (Figure 3) that the activation fraction
also starts decreasing, with nodes becoming increasingly specific. As nodes be-
come more specific, weights become attuned to solving smaller subtasks, specif-
ically trying to address any unresolved samples in its own sample set. At this
point, nodes actively start selecting features (and directions in feature space)
that are the most appropriate for solving its own subtask.

This process continues up to convergence, occasionally displaying a ripple
effect where we conjecture that clusters are being re-shuffled. During training,
only samples that have not been fully resolved contribute to weight updates.
Samples with zero loss are simply ignored, unless a change in the network in-
creases the loss value for such a sample as a side effect, which may cause clusters
to break apart or re-combine.

Taken together, this process describes a practical approach to solving a high-
dimensional clustering task, and specifically, to finding combinations of samples
and features that show coherent behaviour and can therefore be modelled to-
gether effectively. It is only in the first layer that the raw input features are used
to form clusters; in later layers, this clustering occurs in the transformed space
produced by the previous layer.

While the findings presented at the start of this section were empirically
confirmed across different architectures, the above interpretation is currently to
be considered conjecture, rather than fact. In our current work we are analysing
each of these statements in more detail.

7 Conclusion

Motivated by the role that sample sets play in the SGD training process, we stud-
ied the evolution of sample sets throughout training for several ReLU-activated
networks. Our experiments reveal a consistent training process, as summarised
at the start of Section 6. We provide some insight into the SGD training pro-
cess by interpreting these findings using the conditions under which samples are
included or excluded from sample sets (Section 3), and by discussing how this
could relate to a high-dimensional clustering process (Section 6).

The current analysis is restricted to ReLU-activated networks. As the anal-
ysis in [4], which also studied the binary behaviour of individual nodes, was
successfully extended to sigmoid-activated networks, we expect to be able to
extend this study to a more diverse set of architectures and datasets as well.
Although we do not directly address the apparent generalisation ‘paradox’ or
improve the training process, the presented analyses and interpretations shed
light on the training process from an interesting perspective.
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A Illustration of Equation 6 and 7

Fig. 8. The size of η|Σ| determines the area where additional samples will be included
in (green) or excluded from (orange) the sample set, after the next weight update.
Weight vector is shown in blue, with current boundary line indicated, also in blue. The
sample-set membership of other samples already in the sample set (blue) and outside
the sample set (black) are not affected.
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B Additional results

Figure 9 shows the activation fraction for networks in which the nodes in deeper
layers have sample sets that contain almost all of the samples at the point where
the sample sets are largest. This pattern holds for all 9-layer networks trained
with MSE loss.
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Fig. 9. Activation fraction averaged across nodes and initialisation seeds of 9×320
networks trained with mean-squared-error loss, calculated on the validation set. Shaded
areas indicate the standard error of the average across seeds. Layers are numbered from
shallowest to deepest.

Figure 10 shows the activation fraction for the networks in which an increase
in average activation fraction is not observed. This only holds for 2-layer networks
with 320 nodes per layer trained with MSE loss.
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networks trained with mean-squared-error loss, calculated on the validation set. Shaded
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