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Abstract
A nonlinear partial differential equation that accounts for shear strain waves in a long bone’s development plate is

investigated. Lie group classification is performed on the underlying equation and it is found that the principal Lie algebra

consists of a single time translation symmetry. The underlying analysis prompts that the principal algebra is extended by a

single space translation and consequentially it is found the Lie algebra is two dimensional. A linear combination of the

translation symmetries results in highly fourth-order nonlinear ordinary differential. Courtesy of an ansatz method this

highly fourth-order nonlinear ordinary differential results in obtaining series of hyperbolic and trigonometric traveling

wave solutions. Finally, we compute conservation laws courtesy of the invariance and multiplier technique. The findings

can well mimic complex waves and their dealing dynamics in a long bone’s development.

Keywords Nonlinear partial differential equation � Conservation laws � Lie point symmetries � Extended tanh method �
Extended tan method

1 Introduction

Nonlinear partial differential equations (Gao 2015; Jiang

et al. 2010; Gao 2015a, b; Zhen et al. 2015; Sun et al.

2015; Xie et al. 2015; Ablowitz and Clarkson 1991;

Wazwaz 2005, 2010a, b, 2012, 2013, 2014; Duan et al.

2013; Sebogodi et al. 2023; Podile et al. 2022; Boussinesq

1877; Clarkson and Kruskal 1989; Wazwaz 2022; Adem

2016; Ma et al. 2010; Ma 2021, 2022, 2023; Ye et al.

2021; Muatjetjeja 2017a, b; Muatjetjeja and Adem 2017;

Moretlo et al. 2021a, b; Adem and Lü 2016; Adem 2017;

Osman et al. 2020; Adem 2016) play a crucial role in

various fields of engineering, physical sciences, and even

everyday applications. They provide a powerful framework

for modeling and simulating complex phenomena that

cannot be adequately described by linear equations. One

major reason for the importance of nonlinear PDEs is their

ability to capture the behavior of real-world systems that

exhibit nonlinearity. Linear equations, while useful for

many simple systems, fail to accurately represent the

dynamics of many complex phenomena. Nonlinear PDEs,

on the other hand, allow for more accurate and realistic

modeling of these systems by accounting for nonlinear

relationships and interactions between variables. For

instance, in biomedical engineering, nonlinear PDEs are

essential for modeling biological processes that involve

intricate interactions and feedback loops. Another critical

implication of nonlinear PDEs lies in their ability to sim-

ulate and predict the behavior of complex physical systems.
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These equations provide a mathematical framework for

understanding the dynamics of fluid flow, heat transfer,

wave propagation, and other physical phenomena. By

solving nonlinear PDEs, researchers and engineers can gain

insights into the behavior of these systems, make predic-

tions, and design more efficient and effective solutions

Motivated by the importance of nonlinear partial dif-

ferential equations, we investigate a nonlinear partial dif-

ferential equation

qutt � ðlðxÞuÞxx � kðu3Þxx � gutxx � Quxxxx ¼ 0; ð1Þ

that accounts for shear strain waves u(x, t) in a long bone’s

development plate (Porubov 2016; Porubov and Maugin

2011).

Ossification, which changes the value of a cartilage’s lc
to a bone’s lb, is what causes the variances in l

l ¼ jðxÞlc þ ð1 � jðxÞÞlb: ð2Þ

It should be noted that the parameter j accounts for bio-

logical processes (Fasano et al. 2010; Herrero and Lopez

2005).

j ¼ 1

2
ð1 þ tanh ðmxÞÞ: ð3Þ

In a wide range of scientific disciplines, particularly in

biology, solid state physics, plasma physics, plasma waves,

and fluid mechanics, nonlinear evolution equations

(Abdelsalam and Zobaer 2018; Mogorosi and Muatjetjeja

2019; Ma et al. 2021; Chen et al. 2021; LüX et al. 2021;

He et al. 2021; Zhou et al. 2021; Lü and Chen 2021) such

as (1) are frequently employed as models to reflect physical

events. Therefore, it is crucial to find exact solutions to

these nonlinear evolution equations. It is laborious to cal-

culate the precise solutions of nonlinear evolution equa-

tions, and only in a small number of exceptional

circumstances can one plainly write down their solutions.

However, over the past few decades, significant progress

has been made, and numerous strong and efficient

approaches for getting accurate solutions to nonlinear

evolution equations have been proposed in the literature

(Wazwaz 2020; Hirota 1971; Wazwaz 2005, 2018, 2012).

This paper examines (1), where u ¼ uðx; tÞ is a real

function of x and t and lðxÞ is an arbitrary function of x. A

multiplier analysis procedure leads to the conservation

laws of (1) and the Lie symmetry analysis of (1) will

performed, and the arbitrary function appearing in under-

lying equation is systematically determined. This then

naturally leads to a symmetry reduction that consists of a

highly nonlinear ordinary differential equation. This non-

linear ordinary differential equation leads a series of trav-

eling wave solutions with the aid of various ansatz

methods. Although various attempts have been made to

find numerous methods to solve (integrable or non-

integrable) nonlinear evolution equations, there is no uni-

fied method. To the best of our knowledge, this is for the

first time that the methods in this paper are being shown for

this Eq. (1).

2 Conservation Laws of the Nonlinear
Evolution Eq. (1)

Conservation laws (Sebogodi et al. 2023; Podile et al.

2022) are an important concept in the study of partial

differential equations (PDEs). They describe the mathe-

matical relationships between the properties of physical

systems and how they change over time. The basic idea

behind conservation laws is that the total amount of a

particular property, such as mass, energy, or momentum,

remains constant within a closed system. In PDEs, con-

servation laws are represented as equations that describe

how certain physical quantities change in response to

changes in other quantities. For example, the conservation

of mass equation for a fluid is described by the continuity

equation, which states that the rate of change of the fluid’s

density is proportional to the rate of change of its volume.

Similarly, the conservation law of energy equation for a

thermodynamic system is described by the first law of

thermodynamics, which states that the change in the

internal energy of a system is equal to the heat added to the

system minus the work done on the system. Another

important concept in conservation laws is the concept of

the flux of a physical property. The flux is a measure of the

flow of a property from one region of a system to another.

For example, in fluid dynamics, the flux of mass is repre-

sented by the velocity of the fluid; while, the flux of energy

is represented by the heat transfer rate. There are several

methods used to derive conservation laws from PDEs. One

common method is the use of symmetry considerations,

where the conservation law is derived from the symmetries

of the physical system. Another method is the use of

Noether’s theorem, which states that the conservation laws

can be derived from the invariances of the system under

certain transformations (Muatjetjeja 2017a, b).

In summary, conservation laws play a crucial role in the

study of partial differential equations. They provide

mathematical descriptions of the relationships between

physical quantities and how they change over time, and

they are derived from the symmetries and invariances of

physical systems. Understanding conservation laws is

essential for a wide range of scientific and engineering

applications, including fluid dynamics, thermodynamics,

and solid mechanics, among others.

This section aims to investigate conservation laws of the

nonlinear evolution Eq. (1). Consider a differential equa-

tion E ¼ 0, and K being the characteristic function. KE is
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divergent if and only if EuðQEÞ ¼ 0, where Eu is the Euler–

Lagrange operator. Without loss of generality, we can now

state the following theorems.

Theorem The nonlinear evolution Eq. (1) formally admits

a unique characteristic function, namely

K t; x; uð Þ ¼ ðk1xþ k2Þt þ k3xþ k4; ð4Þ

where ki; i ¼ 1 � � � 4 are arbitrary constants of integration.

Proof A straightforward but lengthy computation can be

carried out from euðKEÞ ¼ 0. The expansion of this equa-

tion leads to an overdetermined system of linear differen-

tial equations in the unknown characteristic function K.

Solving these equations, one obtains the unique charac-

teristic function (4).

The existence of this characteristic function prompts the

following theorem. h

Theorem The nonlinear evolution Eq. (1) admits conser-

vation laws corresponding to the unique characteristics

K t; x; uð Þ ¼ ðk1xþ k2Þt þ k3xþ k4, namely

Tt
1 ¼� qxuþ 1

3
gtux �

1

3
gtxuxx þ qtxut;

Tx
1 ¼� 2

3
guþ ktu3 þ ltu

þ 1

3
gxux þ Qtuxx þ

1

3
gtut � ltxux � Qtxuxxx

� 2

3
gtxutx � 3ktxu2ux � txlxu;

Tt
2 ¼� qu� 1

3
gtuxx þ qtut;

Tx
2 ¼� 3ktu2ux � ltux � Qtuxxx �

2

3
gtutx

þ 1

3
gux � tlxu;

Tt
3 ¼ 1

3
gux �

1

3
gxuxx þ qxut;

Tx
3 ¼� Qxuxxx �

2

3
g xutx � 3kxu2ux þ lu

þ Quxx þ
1

3
gut þ ku3 � lxxu� lxux;

Tt
4 ¼� 1

3
guxx þ qut;

Tx
4 ¼� 3ku2ux � lux � Quxxx �

2

3
gutx � lxu;

respectively.

Proof The proof of Theorem 2 is straightforward but long.

It consists of applying the divergence equation

otT
t þ oxT

x ¼ 0, which vanishes for all solutions of (1). h

3 Point Symmetries of Eq. (1)

Lie symmetry analysis (Bluman and Kumei 1989; Olver

1993; Ibragimov 1994) is a powerful mathematical tech-

nique used to study and analyze differential equations. By

utilizing Lie symmetry analysis, researchers can uncover

hidden symmetries and transformations that simplify the

equations and enable deeper insights into their behavior. Lie

symmetry analysis, developed by Sophus Lie in the 19th

century, offers a systematic approach to study the symme-

tries of differential equations. These symmetries provide

valuable information about the structure and properties of the

solutions. They can help to identify and derive invariant

solutions, which are solutions that remain unchanged under

certain transformations. For instance, Lie symmetry analysis

allows for the derivation of exact or invariant solutions of

nonlinear differential equations. Lie symmetry analysis has

been widely applied in various scientific fields, including

mathematics and physics, over the past four decades. It has

proven to be a valuable tool for solving nonlinear problems

characterized by differential equations in areas such as fluid

dynamics, quantum mechanics, and general relativity. The

theory and application of Lie symmetry methods have rev-

olutionized the study of nonlinear problems characterized by

differential equations in various scientific fields, including

mathematics, physics, and engineering. In the field of

mathematics, Lie symmetry analysis has been used to study a

wide range of mathematical equations, including ordinary

differential equations and partial differential equations. In

the field of physics, Lie symmetry analysis has been

employed to analyze and solve equations that describe the

behavior of physical systems. For example, in the study of

fluid dynamics, Lie symmetry analysis has been used to

derive exact solutions for the Navier–Stokes equations,

which describe the motion of viscous fluids. Lie symmetry

analysis is a systematic approach that allows for the identi-

fication and derivation of invariant solutions of differential

equations, which remain unchanged under certain transfor-

mations. Therefore, it would be worthwhile to apply Lie

symmetry analysis to investigate the solutions of Einstein

field equations. Lie symmetry analysis is a powerful tool for

investigating and solving nonlinear problems characterized

by differential equations in various scientific disciplines. The

Lie symmetry analysis has proven to be a powerful and

systematic approach for studying the symmetries of differ-

ential equations. It allows for the identification and deriva-

tion of invariant solutions, which are solutions that remain

unchanged under certain transformations. These transfor-

mations can include changes in variables, coordinate sys-

tems, or parameter values. By applying Lie symmetry

analysis to the Einstein field equations, researchers can
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potentially uncover invariant solutions that remain unchan-

ged under certain transformations.

This section aims to compute the Lie point symmetries

of a generalized nonintegrable nonlinear Eq. (1) and later

use them to transform a nonintegrable nonlinear Eq. (1)

into ordinary differential equations (ODEs). Thereafter we

construct exact solutions of Eq. (1).

The equation under study arises to account for shear

strain waves u(x, t) in a growth plate of a long bone (1) is

invariant under the group with the generator

X ¼ sðt; x; uÞ o
ot

þ nðt; x; uÞ o

ox
þ gðt; x; uÞ o

ou
ð5Þ

if and only if

X½4�
�
qutt � ðlðxÞuÞxx � kðu3Þxx � gutxx � Quxxxx ¼ 0

�����
ð1Þ
¼ 0

ð6Þ

with X½4� be the fourth extension of the generator (5).

Applying X½4� onto Eq. (1) and expand, thereafter separate

the monomials, we get an overdetermined system partial

differential equations:

sx ¼ 0; ð7Þ

nu ¼ 0; ð8Þ

su ¼ 0; ð9Þ

guu ¼ 0; ð10Þ

2nx � st ¼ 0; ð11Þ

� gnxx þ 2ggxu þ 2qnt ¼ 0; ð12Þ

qstt � 2qgtu þ ggxxu ¼ 0; ð13Þ

� 6nxxQþ 4gxuQ� gntguuþ gþ 2nxu ¼ 0: ð14Þ

nlx � 2gntx þ 2nxl� 4nxxxQþ 6gxxuQþ 6gku

þ 6nxku
2 þ ggtu ¼ 0

ð15Þ

glxx þ gxxlþ gxxxxQþ nlxxxu� qgtt
þ 2gxlx þ 4nxlxxu� gulxxu

þ 3gxxku
2 þ ggtxx2lgxu � lnxx � gntxx

þ 2ggtxu þ 2nlxx þ 6nxlx þ 12gxku

� nxxxxQþ 4gxxxuQþ qntt � 3nxxku
2 þ 6gxuku

2 ¼ 0

ð16Þ

It is feasible to observe that the following two scenarios

arise when the above overdetermined system of equations

is solved.

Case 1. lðxÞ is an arbitrary function of x. In this cases,

the equation understudy admits only a translation symme-

try given by

C1 ¼ o

ot
ð17Þ

and this point symmetry is referred to as the principal Lie

algebra.

Case 2. lðxÞ ¼ constant. In this cases, the principal

algebra extends by one. Hence the Lie algebra is two

dimensional. It is spanned by two translation symmetries,

viz.,

C1 ¼ o

ot
; time translation

C2 ¼ o

ox
space translation.

ð18Þ

We now invoke the symmetry combination of

X ¼ dX1 þ dxX2, to get the invariant:

u ¼ FðzÞ ð19Þ

where z ¼ dx� dxt.
Substituting Eq. (19) into Eq. (1) and simplifying yields

� Qd4F
0000 ðzÞ þ d3gxF

000 ðzÞ þ d2qx2F00ðzÞ � d2rF00ðzÞ

� k 3d2FðzÞ2F00ðzÞ þ 6d2FðzÞF0ðzÞ2
� �

¼ 0

ð20Þ

3.1 Exact Solutions Using the Extended tan Method

We use the extended tan function method which was pre-

sented by Wazwaz (2006), Adem (2017). The elementary

idea in this technique is to assume that the solution of (20)

can be written in the form

FðzÞ ¼
XM
i¼�M

AiHðzÞi; ð21Þ

where H(z) satisfies the Riccati equation

H0ðzÞ ¼ 1 þ H2ðzÞ; ð22Þ

whose solution is

HðzÞ ¼ tanðzÞ:

The positive integer M will be computed by the homoge-

neous balance method between the highest order derivative

and highest order nonlinear term appearing in (20). Ai is a

parameter to be computed.

Here, the balancing procedure gives M ¼ 1 and so the

solutions of (20) are of the form

FðzÞ ¼ A�1H
�1 þ A0 þ A1H; ð23Þ

With the aid of Mathematica, we obtain the following three

cases (Figs. 1, 2).

Case 1
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Q ¼ � kA2
1

2d2
;

g ¼ 3kA0A1

dx
;

r ¼ �3kA2
0 þ kA2

1 þ qx2;

A�1 ¼ 0:

Case 2

Q ¼ � kA2
�1

2d2
;

g ¼ � 3kA�1A0

dx
;

r ¼ kA2
�1 � 3kA2

0 þ qx2;

A1 ¼ 0

The graphical simulations of solutions (24) and (28) are

given in Figs. 1 and 2 respectively.

Case 3

Q ¼ � kA2
�1

2d2
;

g ¼ � 3kA�1A0

dx
;

r ¼ 4kA2
�1 � 3kA2

0 þ qx2;

A1 ¼ �A�1

Thus, a solution of (1) is

uðx; tÞ ¼A�1cotðzÞ þ A0 þ A1 tanðzÞ; ð24Þ

where z ¼ dðx� xtÞ.

Fig. 1 Profiles of solution (24) with d ¼ 1; x ¼ 1; A�1 ¼ 1; A0 ¼ 0; A1 ¼ 1
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3.2 Exact Solutions Using the Extended tanh
Method

We use the extended tanh function method which was

presented by Wazwaz (2006), Adem (2017). The elemen-

tary idea in this technique is to assume that the solution of

(20) can be written in the form

FðzÞ ¼
XM
i¼�M

AiHðzÞi; ð25Þ

where H(z) satisfies the Riccati equation

H0ðzÞ ¼ 1 � H2ðzÞ; ð26Þ

whose solution is

Fig. 2 Profiles of solutions (28) with d ¼ 1; x ¼ 1; A�1 ¼ 1; A0 ¼ 0; A1 ¼ 1

1248 Iranian Journal of Science (2024) 48:1243–1251

123



HðzÞ ¼ tanhðzÞ:

Here, the balancing procedure also gives M ¼ 1 and so the

solutions of (20) are of the form

FðzÞ ¼ A�1H
�1 þ A0 þ A1H; ð27Þ

Again, we obtain the following three cases with the aid of

Mathematica. Case 1

Q ¼ � kA2
1

2d2
;

g ¼ � 3kA0A1

dx
;

r ¼ �3kA2
0 � kA2

1 þ qx2;

A�1 ¼ 0:

Case 2

Q ¼ � kA2
�1

2d2
;

g ¼ � 3kA�1A0

dx
;

r ¼ �kA2
�1 � 3kA2

0 þ qx2;

A1 ¼ 0:

Case 3

Q ¼ � kA2
�1

2d2
;

g ¼ � 3kA�1A0

dx
;

r ¼ �4kA2
�1 � 3kA2

0 þ qx2;

A1 ¼ A�1

Accordingly, a solution of (1) is

uðx; tÞ ¼A�1cothðzÞ þ A0 þ A1 tanhðzÞ; ð28Þ

where z ¼ dðx� xtÞ.

4 Concluding Remarks

A nonlinear partial differential equation that accounts for

shear strain waves in a long bone’s development plate was

investigated. Lie group classification was performed on the

underlying equation and it was found that the principal Lie

algebra consisted of a single time translation symmetry.

The underlying analysis prompted that the principal alge-

bra was extended by a single space translation and conse-

quentially it was found the Lie algebra was two

dimensional. A linear combination of the translation sym-

metries resulted in highly fourth-order nonlinear ordinary

differential. Courtesy of ansatz methods this highly fourth-

order nonlinear ordinary differential resulted in obtaining

series of hyperbolic and trigonometric traveling wave

solutions. Finally, we computed conservation laws courtesy

of the invariance and multiplier technique. These findings

can well mimic complex waves and their dealing dynamics

in a long bone’s development. It is projected that the

conservation laws and exact solutions calculated in this

paper can be used as a point of reference for numerical

simulations of the underlying equation. In future we intend

to extract further solutions of the underlying equation by

utilizing the conservation laws obtained in this paper and

these results will be reported elsewhere.
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