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Abstract

In this work we study two nonlinear partial differential equations of fluid mechan-
ics. The Korteweg-de Vries-Benjamin-Bona-Mahony (KdV-BBM) equation, which
describes the two-way propagation of waves, is studied first. We compute the optimal
system of one;dimensional subalgebras and use it to perform symmetry reductions
and find group-invariant solutions. Also, we derive conservation laws of the KdV-
BBM equation using the multiplier approach. Secondly we study the modified equal
width Burgers equation, which describes long wave propagation in nonlinear media
with dispersion and dissipation. We construct exact solutions using its Lie point
symmetries and invoking the (G'/G)—expansion method. Moreover we determine

the conservation laws by employing the new conservation theorem due to Ibragimov.



Introduction

Over the years nonlinear partial differential equations (NLPDEs) have proven indis-
pensable in the modelling of diverse nonlinear multidimensional systems which are
manifest in countless and varied natural phenomena. Studying NLPDEs is funda-
mental to understanding the complex behaviours of these systems and continues to

be explored by many researchers.

Many methods have been developed for obtaining exact solutions of NLPDEs. These
include the homogeneous balance method [1], the ansatz method [2], the inverse scat-
tering transform method {3], the Bécklund transformation {4], the Darboux trans-
formation [5], the Hirota bilinear method [6], the simplest equation method [7], the
(G'/G)—expansion method [8], the Jacobi elliptic function expansion method [9}, the
Kudryashov method [10] and the Lie symmetry method [13-18], just to mention a

few.

In the late 19th century, Sophus Lie, a brilliant mathematician from Norway. de-
veloped a revolutionary symmetry-based method for solving differential equations,
known today as Lie group analysis. This has made it possible to obtain exact so-
lutions of differential equations in a systematic way. A robust amount of research

based on Lie’s work has been published by various researchers [13-21].

Conservation laws are immutable laws of nature which have been encountered by re-
searchers in diverse scientific fields. Some of the most common conservation laws are
the conservation of mechanical energy in the absence of dissipative forces, conserva-
tion of linear momentum in an isolated system. conservation of energy, conservation

of electric charge and many more. In applied mathematics, conservation laws are



essential to determining the extent of integrability of differential equations, develop-
ment of numerical schemes, reduction and solutions of partial differential equations

amongst others. See, for example [22-29] and references therein.
The outline of this dissertation is as follows:

In Chapter one, we present important, preliminaries regarding Lie péint symmetries,
the Kudryashov method, (G’/G)—expansion method, multiplier approach and con-

servation theorem due to Ibragimov.

In Chapter two, we apply the extended Jacobi elliptic function expansion method and
the Kudryashov method to find the travelling wave solutions of the third-order KdV-
BBM equation. Penultimately, we calculate an optimal system of one-dimensional
subalgebras and use it to determine an optimal system of group-invariant solutions.

Finally, conservation laws are derived using the multiplier approach.

In Chapter three, conservation laws of the MEW-Burgers equation are derived using
Ibragimov’s new conservation theorem. The (G'/G)—expansion method is used to

obtain exact solutions of the equation.
In Chapter four, a summary of results is provided and future work proposed.

Bibliography is given at the end of this dissertation.



Chapter 1

Preliminaries

In this chapter we give a synopsis of pertinent concepts that are essential to this
dissertation. These include the algorithm to determine the Lie point symmetries
of PDEs, new conservation theorem due to Ibragimov, the variational derivative

approach and some methods for obtaining exact solutions of PDEs.

1.1 Introduction

In the late 19th century, Marius Sophus Lie, an eminent mathematician from Norway,
developed a revolutionary symmetry-based method for solving differential equations.
This method today is known as Lie group analysis and gives a systematic way to
obtain exact solutions of differential equations. Recently several books on Lie group
analysis have been published [13-17]. The definitions and results presented in this

chapter are taken from the books mentioned above.

1.2 Continuous one-parameter groups

1

Suppose z = (x!,---,2") is the independent variable with coordinates z* and u

(ul,---,u™) is the dependent variable with coordinates u® (n and m finite). We



consider the following change of the variables z and u:
T, : %' = f{z,u,a), ©® ¢*(z,u,a), (1.1)
where a is a real parameter which continuously takes values from a neighbourhood

D'cDCRofa=0,and f* and ¢° are differentiable functions.

Definition 1.1 A continuous one-parameter (local) Lie group of transformations in

the space of variables 2 and u is a set GG of transformations (1.1) which satisfies the

following properties:
(i) If Ty, Ty € G where a,b € D' C D then T, T, = T, € G, ¢ = ¢(a,b) € D
(Closure)
(i) Tp € G if and only if a = 0 such that Ty T, = T, Tp = T, (Identity)
(iii) There exists T, € G,a€ D' C D, T; ' = T,-1 € G, a™! € D such that

Ty Ty = Ty-1 T, = Tg (Inverse)

We note that from (i) the associativity property is satisfied. The group property (i)

can be written as

iz, a,b) = fi(z,u, é(a,b)),
¢%(Z,4,b) = ¢%(z, u, ¢(a. b)) (1.2)

8
1]
8l

1]

and the function ¢ is called the group composition law. A group parameter a is

called canonical if the group composition law is additive, i.e. ¢(a,b) = a + b.

Theorem 1.1 For any composition law ¢(a, b). there exists the canonical parameter

a defined by

where




1.3 Prolongation of point transformations and Group

generator

The derivatives of u with respect to = are defined as
ud = Di(u"), us = DjDi('U,i), e, (13)

where the operator of total differentiation is defined by

A

0
- ud—— 4 ud e, 1=1,...n :
ori Y5 - +-, a=1..n (1.4)

b= R
J

The collection of all first derivatives uf is denoted by uy), i.e.,
uy ={uw} a=1,...m i=1..,n
Similarly
wey ={uiy a=1,..,m. 4j=1..n
nE

and u@) = {uf,} and likewise u( etc. Since uf; = uf;, w() contains only ug; for

i < j. In the same manner us) has only terms for 1 < j < k.

In group analysis all variables z, u, u(1)--- are considered functionally independent
variables connected only by the differential relations (1.3). Therefore the u$ are

called differential variables.

Considering a pth-order PDE, namely
E(I,U,U(l)....,U(p)) = 0. (15)
1.3.1 Prolonged or extended groups

If = (z,u), one-parameter group of transformations G is

fi(x,u,a), fi[G,:C xi’

ue %z, u,a), ¢°%|e=0 = u°. (1.6)



According to the Lie’s theory. finding the symmetry group G is equivalent to the

determination of the corresponding infinitesimal transformations :
T +al(z,u)., T =u®+an®(z,u) (1.7)

obtained from (1.1) by expanding the functions f* and ¢° into Taylor series in a

about a = 0 and also taking into account the initial conditions

fi‘azo — .’L‘i, ¢a|a:O e

Consequently, we have

_off
_8aa

o 0¢°
@) = da

€z, u) (1.8)

, .
=0 a=0

We now introduce the symbol of the infinitesimal transformations by writing (1.7)

as

where the differential operator

X = (2, 0) 2 4 (e, u)

5 Eel (1.9)

is known as the infinitesimal operator or generator of the group G. We say that X
is an admitted operator of (1.5) or X is an infinitesimal symmetry of equation (1.5),

if the group G is admitted by (1.5).
We now show how the derivatives are transformed.

The D; transforms as
Di = Di(f7)D;. (1.10)

1ere Dj is the total ¢  rentiations in transformed variables Z*. So

Let us now apply (1.10) and (1.6)

Di(¢%) = Di(f7)D;(a%)



= D(f)as. (1.11)

Thus

(5 ks ) = S i (112)

ok Youp )7 Ot L ouf
The quantitfés g can be represented as functions of z. u. u), for small g, i.e., (1.12)

is locally invertible:

1o

o =97 (T u,u).a), Voo = Ui (1.13)

The transformations in (z, u, uq)) space given by (1.6) and (1.13) form a one-parameter

group called the first prolongation or just extension of the group G and denoted by
Gl

We let
ug ~ug + ad (1.14)

be the infinitesimal transformation of the first derivatives so that the infinitesimal
transformation of the group G'Y is (1.7) and (1.14). Higher-order prolongations of
G, viz., G, G¥l can be obtained by derivatives of (1.11).

1.3.2 Prolonged generators

Using (1.11) together with (1.7) and (1.14) we obtain

Di(f7)(@) = Dy(¢*)
Dy(2? + a%)(u§ +al?) = Di(u® +an®)
uf + G +auf D’ = uf+aDin®

¢ = Di(na)—u?Di(fj). (sum on j). (1.15)

1

This is called the first prolongation formula. Similarly, one can obtain the second

prolongation

8 = Dy(n?) - ugDy(€"), (sum on k). (1.16)

5ij

-~



By induction (recursively)

Cg,iz,---,ip = D'ip (Cg,iz,---,ip—l) - u%,iz,m,ip—ﬂpip (gj)’ (Sum on J)

The first and higher prolongations of the group G form a group denoted by GI1, - . -

The corresponding prolonged generators are

X = X+C{"——a—- (sum on %, a),

oug
A
Xk = X[p—l}—i-gf‘ ; — p>1
1yealp OIU_‘L-‘; .... ip
where
X = €(,u) o + 7@ u)ps

1.4 Group admitted by a PDE

Definition 1.2 The vector field

- 0 0
X = 61(23'/“)% +77°(937U)37L;=

is a Lie point symmetry of the pth-order PDE (1.5), if

X#E|,_ =0,
where the symbol | means evaluated on the equation £ = 0.
1 Ar iati  (1.21) that ines all thei  tes il

of (1.5) is called the determining equation.

0

(1.17)

7@@],

(1.18)

(1.19)

(1.20)

(1.21)



Definition 1.4 A one-parameter group G of continuous transformations (1.1) is
called a symmetry group of equation (1.5) if (1.5) is form-invariant (has the same

form) in the new variables Z and g, i.e.,
E(i,ﬁ,ﬂ(l),"- ,’U(m) 0. (1.22)

where the function E is the same as in equation (1.5).

1.5 Group invariants

Definition 1.5 A function F(z,u) is called an invariant of the group of transfor-

mation (1.1) if
F(z,4) = F(fY(z,u,a), ¢*(z,u.a)) = F(z,v), (1.23)

identically in z, v and a.

Theorem 1.2 A necessary and sufficient condition for a function F(z,¢) to be an

invariant is that
; oF o oF
XF:f(f:U)%'f‘TZ (xau)%g—(?- (1.24)

It follows from the above theorem that every one-parameter group of point transfor-

mations (1.1) hasn 1 functionally independent invariants. One can take, as basic

invariants the left-hand side n — 1 first integrals
J1($»U) =C1, ,Jn—1(l”~,) = Cp-1
of the characteristic equations

dx? dz™ dul du™

Sz Emw gow (@)

Theorem 1.3 If the infinitesimal transformation (1.7) or its symbol X is given, then

the corresponding one-parameter group G is obtained by solving the Lie equations
azt du®
= =¢Yz, ), —=n"
—=&@a), =0

subject to the initial conditions

&)

) (1.25)

— —=Q J—
]azo—x, 0%, =u.



1.6 Lie algebra

Let us consider two operators X; and X, defined by

- 0
X1 =& (z,u)=— +n}(z.u)

ozt oue

and

, b, 0
Xy = &z, U)% + 75 (, U)a—u;-

Definition 1.6 The commutator of X; and X, written as [X;, X2, is defined Ly
(X1, X35]  Xi(X9) — Xo(X7).

Definition 1.7 A Lie algebra is a vector space L (over the field of real numbers) of

. 0 0 .
operators X = &(z. u)=— +n*(x, u)= with the following property. If the operators

Ozt ou
: ) 0 < 0 )
X1=§1(%U)%+7]?(%U)%7 X2:§E($7u)%—{+7720(‘r7u)%

are any elements of L, then their commutator
(X1, Xo] = X1(X2) — Xo(X1)

is also an element of L. It follows that the commutator is

1. Bilinear: for any X,Y,Z € Land a,b € R,

[aX +8Y, 2] = a[X, Z] + b]Y, 2], [X.aY +b2Z] = aX, Y] + b[X. Z);

2. Skew-symmetric: for any X,Y € L,

X, Y] =Y. Xj;

3. and sati s the Jacobi identity: for any X,Y,Z L,

(X,Y] 4.2, X1+ X],Y] o

10



1.7 Solution methods of differential equations

In this section we present some methods for finding exact solutions of differential

equations.

1.7.1 The (G'/G)—expansion method

We provide a synopsis of the salient features of the (G’/G)—expansion method.
This method was proposed by Wang et al. [8] in 2008. The function G in this
method satisfies a second-order linear ordinary differential equation with constant
coefficients. This method provides travelling wave solutions that are expressed as
hyperbolic, trigonometric and rational functions. The (G'/G)—expansion method
is simple to use and can be applied on nonlinear differential equations. Consider a
NLPDE of the form

E(u, ug, Ug, Utg, Utz Ugg, -+ ) = 0. (1.26)

Firstly we transform the NLPDE (1.26) to a nonlinear ordinary differential equation

(ODE) by making use of the substitution
u(t,z) =U(z), z=x—cl. (1.27)
Using the above substitutions, (1.26) is transformed into the nonlinear ODE
EU,=cU U, V", —cU", U",.--) = 0. (1.28)

Secondly we assume that

U(z) = VZ: A <g((;)> (1.29)

where Ag, A1, -+ A, are to be determined. The balancing procedure [1] is used to
find the value of m. a positive integer. Here G(z) satisfies the second-order linear

homogeneous O™

G"(z2) + AG'(z) + uG(z) =0 (1.30)

with A and y arbitrary constants. In (1.29) (G'/G) is given by

11



Case 1. When M = A\ —4u >0

G'( ) B Annsh(/\17)+Bsinh(/\1z\ by 131
Giz) ' Asimn(aiz) + Beosn(aiz) (1.31)
where A, = VM/2.
Case 2. When M = A\ —4u <0
G'(2) _ A2—Asin' " 2) +Bc?os’ C2) ﬁ, (1.32)
G(z) Acos(Asz) + Bsin(Ayz) 2
where Ay = /=M /2
Case 3. When M = X2 —4u =0
G’ B A
(2) 2 (1.33)

G(z) T Bz+A 2
In all three cases A, B and C are arbitrary constants. The substitution of (1.29) and
(1.30) into (1.28) yields a polynomial in (G'/G)*. Finally, equating the coefficients

of (G'/G)* to zero and solving the resultant system of algebraic equations yields the

required values of A;.

1.7.2 The extended Jacobi elliptic function expansion method

We briefly outline the Jacobi elliptic function expansion method, another algorithm
for determining the exact solutions of differential equations. There is extensive liter-
ature, some of which dates back several decades, covering different aspects of Jacobi
elliptic functions [30-32} such as their derivation, interrelationships and applications.
Several researchers [9,33-35] have recently employed the properties of some of these

elliptic functions to determine exact solutions of differential equations.

The procedure for implementing the extended Jacobi elliptic function expansion
method is as follows: Firstly we transform the NLPDE (1.26) into the nonlinear
ODE (1.28).

Secondly, we assume that our solutions can be expressed in the form

M
U(z)= Y AH(2), (1.34)

i=-M

12



where M is a positive integer obtained by the balancing procedure and
H(z) = en(z|w), (1.35)
the cosine-amplitude function, is a solution to the first-order ODE [31, 33, 35]
H'(2) (1-H3*(2))(1 ), (1.36)
and the sine amplitude function
H(z) = sn(z|w) (1.37)

is a solution to the first-order ODE

H'(z) = /(1 — H(2))(1 — wH?(z)). (1.38)

The third step of our procedure entails substituting (1.34) subject to (1.36) or (1.38)
into (1.28) to obtain a polynomial in powers of H(z). Separating coeflicients with
respect to like powers of H(z) yields an algebraic system of equations. These can be

solved to obtain the values of A;, 1 =0,£1.£2, - £ M.

1.7.3 The Kudryashov method

This method is used for finding exact solutions of NLPDEs and is described in [10].
See also, for example, the papers [36,37]).

Consider the NLPDE
El(t:xrua ut»uz,utt:uzzv"’) :O (139)
The algorithm of Kudryashov method is recalled below:

Step 1. The substitution u(z,t) = U(z). z = kx +wt, where k and w are constants.

reduces equation (1.39) to the ordinary differential equation
By(U,wU' KU, 2U" K*U", -y = 0. (1.40)

Step 2. Suppose that the exact solution of equation (1.40) is expressed as

U(z) = an@"(2), (1.41)

13



where the coefficients a,, (n 0,1.2,---, N) are constants to be determined, such

that ay # 0, and Q(z) is the solution of the first-order nonlinear ODE

Q:(2)  Q%(2) - Q2). (1.42)

Equation (1.42) has the solution

(1.43)

Step 3. We substitute the value for U(z) into equation (1.40) and use equation

(1.42) to obtain an equation involving powers of Q.

Step 4. Equating different powers of () to zero, we obtain the system of algebraic
equations

P.(any.an-1, - ;a0 kyw,--+) =0, (n=0,---,N). (1.44)

Step 5. The solution of the system of algebraic equations gives the values of co-
efficients ag, ay,- - ,an-1,ay and relations for parameters of equation (1.40). As a

result, we obtain exact solutions of equation (1.40) in the form (1.41).

1.8 Conservation laws

Consider a kth-order system of PDEs of n independent variables z = (z*.22,--- . 2"

2,... . u™), which are defined as

and m dependent variables u = (u!,u
EO(I,U,U(l),U(g)-~~ ,U(k))zo, a=1.--- , M, (145)

where ;) denotes the collection of all i-th-order partial derivatives of u. The n-tuple
vector which is given by T = (T}, T2,....T"), T’¢ A. j = 1....,n, (A is the space

of differential functions) is a conserved vector of (1.45) if 7" satisfies

D.L‘Ti|(1_45) = 0 (146)

1.8.1 The multiplier approach

This approach has been applied by many researchers. See for example [18,35,38-40].

A local conservation law of a given differential system arises from a linear combination

11



formed by local multipliers with each differential equation in the system, where the
multipliers A, are functions of the dependent and independent variables as well as of
a finite number of derivatives with respect to the dependent variables of the system

of differential equations. A multiplier A,(x,u,u;,...) has the property that [15,40]
ALE, = DT (1.47)

holds identically. The determining equation for the multiplier A, is

§(ALE,)
o) . 1.4
due 0. (1.48)
where 6 /6u® is the Euler-Lagrange operator
0 0 = 0 \
— = -1y°D,;, .. D; ——.a=1,...,m. .
(S'LL? (9’(1? + ;( 1) DJ1 Js au?jl,,_js . Q ; ,m (1 49)

Once the multipliers have been obtained from (1.48), we can determine our conserved

vectors by invoking equation (1.47) as illustrated in [40].

1.8.2 The new conservation theorem due to Ibragimov

This relatively new method for deriving the conservation laws [41] has been applied
by many researchers in recent years, for instance [38,42-44]. The essence of the
new conservation theorem due to Ibragimov is that we can obtain a conservation law
from every Lie point. Lie-Backlund and non-local symmetry of a system of differential

equations.

Consider the system of NLPDEs
EQ(CI‘. U U1y, U2y, - ,U(S)) =0 (150)
and its adjoint equations given by

4]
EL(z,u,v, ..., 0, Us)) = %(vﬁEg) =0, (1.51)
where §/6u® is the Euler-Lagrange operator (1.49) and m new dependent variables

v=(vl... ,v™).



Theorem 1.4 Consider a system of m equations (1.50). The adjoint system given
by (1.51), inherits the symmetries of the system (1.50). Namely, if the system (1.50)
admits a point transformation group with a generator (1.20), then the adjoint system

(1.51) admits the operator (1.20) extended to the variables v* by the formula

e 0 0 ..
Y = ¢— o o_~ i 1.52
S GCC'L + 7 8u°‘ + UM 8,()& ( )
with appropriately chosen & = n%(x, u, v).
In [41]. the coefficients n2 in (1.52) are given by
ng = — [)\gvﬁ + v D;(€Y)], (1.53)

where A§ can be computed by utilising the equation
X(E,) = M E;. (1.54)

We can obtain a conserved vector, for instance, for a third-order Lagrangian by

applying the formula

o L L
Ct=¢L+we 0 —Dja_ﬁ"!'DjDk oL + -
ouft oug Uy
oL ar. oL
(we — Dy < « 1.
+ D;(W )[auz krUZ}k + + D;Dp(W )anjk +, (1.55)

where [ is the Lagrangian of the system F and E* that is defined as
L=v"FE, (1.56)
and W® is the Lie characteristic function given by

We=n~¢u$, a=1,....m (1.57)

1.9 Conclusion

In this chapter, a brief introduction to the Lie group analysis methods for finding
the exact solutions of PDEs has been presented. A synopsis of two methods for
deriving the conservation laws were discussed. The techniques deliberated upon in

this section will be utilised throughout this dissertation.
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Chapter 2

Travelling wave solutions and

conservation laws for the

KdV-BBM equation

In this chapter we study the third-order Korteweg de Vries-Benjamin-Bona-Mahony
(KdV-BBM) equation

3 1 1
U + Uz + §uuI + Vlppr — <6 — 1/> Ugze = 0, Vv F# & (2.1)

This equation is a generalization of the celebrated KdV and BBM equations. When
v = 1/6, equation (2.1) reduces to the KdV equation and when v = 0, equation
(2.1) becomes the BBM equation. Equation (2.1) was investigated in [45] where the
researchers presented conditions for the existence of hyperbolic, unbounded periodic
and soliton solutions in terms of Weierstrass functions. Furthermore, an analysis
for the initial value problem was developed together with a local and global well-

posedness theory for (2.1).

In our study we obtain exact travelling wave solutions of (2.1) here by making use
of different approaches. Moreover, we derive the conservation laws of the KdV-BBM

equation by employing the variational derivative approach.

The contents of this chapter have been accepted for publication. See [46].
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2.1 ™xact soluti-ns of (2 )

In this section we present exact solutions of (2.1) by applying different methods.

2.1.1 Exact solutions of (2.1) by direct integration

Since the equation (2.1) has two independent variables t and z and one dependent

variable u(t, z), the vector field (1.20) can be written as

5 A 0
s ~ 2 . -
X =g (taw)g+Etzu  +ltzu)g-,

(2.2)

where €',i = 1.2 and 7 depend on t, z and u. We recall that (2.2) is a Lie point

symmetry of (2.1) if
pr® X Alaco =0,

where

6
and pr'® is the third prolongation [15] of (2.2) defined by

. 3 1
= Ut + Uz + §uujc + VlUggr — <— — 1/> Utpr,

0

0
a Utz - CII

aur:r OUtzz

o A
OX X+l w TS
aut
Here (. (¢, Coz, Cize @nd (zzp are dete  ined as follows:

G = Di(n) = uDi(€) — usDil€?),

G = Da(n) —wDe(€') — ue Do (€),

Ge = Dul(G) — uuDz(€Y) — ueDa(€7),

Ceo = Di(Ge) = waDe(€) — uae De(€7),
D¢ (Gtz) = Utza Do(€1) = sz De(€),
Dy (Cez) = UzatDo(€') = Uzzz D(€7),

Ct:m: =

CI.’EI

where the total derivatives D; and D, are given by

b, = Zhudiu 2t
T - T ’
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0 0
FlUggm— F Uzt s— + -

+u 0
* Oug Ouy

D,
Ou

Oz

Expanding (2.3) we obtain

1
2
ggtuuu - Vguuu z Vutguuu z Vgtuu xz Vutguuu z + utguuu z 31/6

1
2,2 2
- Vnuuuu - —Ug é’qu - Vuttg’iuuz + _lu'ttgiu’u BVUtzéuu Ug — VU

6

1 1 w2
- 31/ut2£’uu T -+ §utrguu T 61/u125uu z Vutgtuuuz + GUtStuu o Vutg
2
+ = Utguuu - 3Vut£zuu ‘T 2y£t:cu Uz + gtl‘u ‘T T QVutgzuu Uz +3 ut&xuu

1 1
Entuuui + Vutnuuuui - Eutnuuuui + 3V7]zuuu§ +

3 3
1 1 2, 2, 2,
— §uut§uuz — wp Uy — E Uy — U Uy — §U§I Uz +

1
- 20U, &5 U +

- 3V€z:cu z T Vntuu z

. oo g2
§u,nuuz — 2vugtg €,

2
1 1
“ Uz Uz — VUL, Us

3

1
1 1 , 2
=+ _u‘ttgxu'u’l‘ - GVUtzézuuz - 3VU'zrftuU':c +

3

1
2 2
'é‘utuz:cfuuu:c - 4VUt:c§zu Uy +

1
1 1
gutzgwuz — dvugugg§, us +

1
+ éuttgix — QI/U,ttf;qu 5

2
2 2
_utzfzu Uz — QVUIIEZuUI

- 31/utumfﬁuugC + 3

1
Uz t2

- fiuz

TUuu I

1
t&xz

U2

uuu T

‘T
3nu,
2

uU‘I

1 1
1, 1 1
+ 20U N Uz — glu/t:cnuuu:c + 3V Uz T Uz — 21/51‘ Utz Uz + gguuttzuz - 3V§u Utzz Uz

1 1
2 2 2 1 1
— V€ U Us + Efuutmul — QU Uprr Uy — 20U Ur T gutftmuz 21/ut wuuz
1 1 ., 1 2, : 2 2, 1 2
+t3 3 Uy g:cuu - 3l/ut§z:cu Ug + gft:cz e — Vutézzuuif - Vftz:c Uy + T+ gutfzzuuz
1
1,2
+ QVntqu:c - gntzuuz =+ Qyut"]:cuuuz - gutnzuuuz + 31/nz:cuu:c - Ql/guutz f utz
3 3un
2,1 1 1 z 1 2
- 3U£u zz — U éu - §uut€:c - Utf;c + Ui + 9 + N — Vguuttuzz - ngz:cuz
1 1 el 3 2 1 2 1 1
+ éfuuttuzz - 3V5uut:cuz:c - Vﬁuumum + §§uut:cu:c:c - Vutuz:cgtu + gumftz
]' 1 2 1 2 1 1 2 1 4 1 1
+ gutuzrgtu - Vut:cgtx -V uzx&uu + gut u’zzéuu - Vututzgzu + gututlgzu
1 1
1 1 2 2 2 2 2
- BVUTUIxf:cu - BVU't.’L‘gzz - QV’U’Z.’L‘&tI + gu:c:cftz + gutuIzgzu - l/,u’tzgz:z; + éutIf:c:c
1 L 1
+ N Uz + VUgzTyy, o lzz Tt VUtUzz T 'éutuz:cnuu + Ql/ut:cnzu - gutzn:cu
1 L -1 1 L -1 2 1 ]' 1
+ Bl/u:c:cnzu - 2V§zutt1 P o Uttz Vft Utzr + 5 it Utex — Vutguutzz =+ gutfuutzz
1
2 2 1 2 2
- zyfzutz:c + ggzutz:c + VT Utzz — anuut:c:c - Vutfuu:czz - I/ft Ugrr T Egt Uz
1
2 2 2 1 1 2
- Vut’guuzzz + 'éut.guu:c:cz - 3V§zu:czz + VyUger — Vutgt:c:c + éutftzz Vut rITU
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1 1
+ ut fz:a:‘u Vutfa:a:a: + Vntza: = ZNtzx + VUtNzgu — gutnal:a:u - 3V’U’II§2I - 3V£;utII

6
+ UNpgz — utftl =0

and separating with respect to the derivatives of u yields the following system of

linear partial differential equations:

=0 €=0 7nu.=0 € =0,
277zu_fgz:03

Nezu T+ 262 - 0:

1 1
31/77:1:u - 31/521. + (V — 6) Tty — 2 (1/ - 6> fth =0

1 3u
UNgzz + T + 1/—6 Thzz + 7"}'1 ’I]I:O

fo_] 31/52_ (1’ %) ; <1/_ _> UNzzu = 0

3
=g+ (v- g )t (3 1)@

1\ ., 3u T
—(u—6>§tu+< + —§u<u—6>>nmu <2+1>51—0.

Solving the above system we obtain

D Chlr—ﬂ

£t z,u) = Crt + Gy, (2.7)

E(t.z,u) = gcl_yi + Cs, (2.8)
C1 (2 - 3(6v —

n(t.au) = 2 181/(_”3 Vv, (2.9)

where (', Cy and C3 are arbitrary constants. Therefore the infinitesimal generators

corresponding to (2.7-2.9) are

0
X1 =5 (2.10)
0
Xy =-. (2.11)
X, w6 10 1w ¢ e u) 9.7
a ) ( 12 o1 v oz ¢ : v )’U,) ou ( .
A linear combination [47] of the translation symmetries (2.10) and (2.11)
X=X1+CX2, (213)



yields the two invariants
z=z—ct and U =u, (2.14)

where ¢ is a constant, which give the group invariant solution U = U(z). Using this
result, and with z as our new independent variable, (2.1) is transformed into the

nonlinear ordinary differential equation (ODE)

(g —cv+ 1/) U'(2)+ (1 -c)U'(2) + gU(z)U’(z) = 0. (2.15)

Integrating (2.15) once with respect to z, we obtain

(E-a+1) U@+ (1= UG+ 2U%(z) +Co=0, (2.16)

where Cj is an arbitrary constant of integration.The nonlinear ODE (2.16) can be

rewritten as

9 6(1 - C) 600
" U(2) + ————U(z) + ———— =0. 2.17
U(Z)+2(c—601/+61/) ()Tc—ch+61/ ()+c—6czx+61/ (217)
By introducing a new variable y = y(z) in (2.17) defined by
2 6v
U(z) g(c—6czx+61/)y(g), c# L (2.18)
equation (2.17) can be re-written in terms of y(z) as
Y +3y* —wy+C: =0, (2.19)
where C; and w are given by
600 6(1 - C)
_ L G 2.2
¢ c—6cv+ 6 c— 6cv + 6v (2:20)

The solutions of (2.17) can be expressed via the Jacobi elliptic function {30,48]. We
now turn our attention to (2.19). Multiplving (2.19) with 3’ and integrating once
with repsect to z yields the first-order linear ODE

vt ot wyt 1t 20, =0, (2 )

where C5 is an arbitrary constant of integration. Since the expression

293 — wy? + 201y + 20, (2.22)



in (2.21) is a cubic function in y(z), it is reasonable to assume that (2.21) can be

written as
y? = =20y — M)y — X)(y — Aa). (2.23)

where Ay, Ay and A3 are factors of (2.22) ordered so that A3 > Ay > A;. The gen-
eral solution of (2.19) can thus be’expressed in terms of the Jacobi elliptic cosine

amplitude function as [30,48]

Az — A -\
y(z) = do+ (s — M)en? { /| S k)L R = ahtecy (2.24)
2 Xs — Mg

where 0 < k2 < 1land (A3 —A;)/2 > 0.

Reverting to the original variables, the solution of (2.1) is

ult,z) = §- (c — 6cv + 6v) {AQ + (Mg = A)en? ( %(z’ o). k2> }  (2.25)

By letting ¢ 1, 0.083,A; 0.1,A; 0.2and A3 0.4, we render the graphical

representation of (2.25) in Figure 2.1.

Figure 2.1: Graphical representation of solution (2.25)



2.1.2 Exact solutions of (2.1) using the Kudryashov method

In this section we invoke the Kudryashov method [10] to determine exact solutions

of (2.1).

We begin by assuming that the solutions to the third-order ODE (2.15) can be

written in the form

M
Uz) =Y A4Q'(2), (2.26)
i=0
where ()(z) satisfies the Riccati equation
Q'(2) = Q*(2) — Q(2), (2.27)
whose solution is
Qz) =1 iez. (2.28)

The value of M in (2.26) can be determined by using the balancing procedure [10] and
A;1=0,1,---, M are constants which we will determine. We balance the highest
order derivative with the nonlinear term, that is, U"(2) and U(z)U’(z) respectively.

This gives M = 2. Thus the solution (2.26) can be written as
U(z) = Ag + A1Q(2) + A2Q%(2). (2.29)

Substituting (2.29) into (2.15) and invoking (2.27) we obtain the following equation
in Q(z2):
12evA1Q%(2) — 6cvA1Q%(2) — Tev A1Q%(2) + cvA1Q(z) — 24cv A,Q°(2)
+ 54cv Ay Q4 (2) — 38cvAsQ¥(2) + 8cr AsQ*(2) — 245Q%(2) — 34,°Q%(2)
+342Q°(2) — MiQ(2) + SAVQHE) — SAQHR) + QY(2)
+245Q%(2) — 9cAQ%(2) + 4cArQ%(2) — 8 AL Q% (2) + cA1Q% (=)

2
+ §cAlQ (z)+ ?cAzQB(z) —2cA,Q3(2) + é‘CAQQQ(Z) + TV A1Q%(2)

6
vA1Q(2) + 24r A2Q°(2) -lécAlQQ(z: 54vA,Q%(2) + 38vA,Q%(2)
- B404Q0°() o MQHA:  3A0AQ(E) — 120AQY() — S AvAQ(R)
- gAlQB(Z)AQ + S'A()A]QQ(Z) + 61/A1Q4(Z) =0. (230)
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Equating the coeflicients of like powers of Q(z) in equation (2.30) we obtain the

following five algebraic equations in terms of Ag, A; and As:

9
5AlAQ +6vA; — 54V A, + cAy — 9cAs — 6cvA; + Bdcv Ay — 34,2 = 0,
9 1
3AgAs — §A1A2 —120A; + 38V A, + ?BCAQ — 2cA; + 12ecv Ay — 38cv A,y
+ 24, + 3A12 =0,

2
4cAy + 24V Ay + 3452 — 24cv A, = 0,

3 1 2
5440141 - 3A0442 + 71/‘41 — 8v AQ + —6—CAI + gCAg — 701//41 + 8CZ/AQ

+ Ay — -gAlz — 24, =0,

3 5
—2'/40141 + Z/Al + Al - ECAI — Cl/Al = 0. (231)
Below we give one solution of interest obtained from solving (2.31).

Ag = é(ch + 5¢ — 6v — 6).

A = %(241/ — 24cv + 4c),

Ay = —%(241/ — 24cv + 4c). (2.32)
Thus, from (2.14), (2.29) and (2.32) we can write the solution of (2.1) as

T—ct

1 1
u(t,z) = 5(601/ +5¢c—6v—06)+ 5(241/ — 24cv + 4C)m.

(2.33)

One possible graphical representation of (2.33) is shown in Figure 2.2.

As expected [30], the solution (2.33) is contained in the general solution (2.25). This
can be seen if we let A\; = Ay in (2.25), which yields a soliton whose outline is akin

to Figure 2.2.

2.1.3 Cnoidal wave solutions of (2.1) using the extended Ja-

¢ 2 1, :icfunct 1expar on metl

In this subsection we employ the extended Jacobi elliptic cosine amplitude function

expansion method to obtain cnoidal wave solutions of (2.1). As before, the balancing



Figure 2.2: Graphical representation of solution (2.33) for ¢ = 0.9 and v = 0.083.

procedure gives Al = 2 and hence the solution is of the form
U(z) = AyH 2 (2) + AL H Y 2) + Ao + ALH(2) + A H?(2), (2.34)

where A;,7 = {—-2,-1,---,2} are constants to be determined and H(z) satisfies the
first-order ODE (1.36). We now proceed to substitute (2.34) into (2.15) and use
(1.36) which yields the following equation in H(z):

96 AscvwH (2)° — 144AscvwH (2)® — 36 A1cvwH (2)" + 12A cvwH (2)°
+6A_1cvH (2)® — 12A_1cvwH (2)? —~ 96 A_scvwH (2)* + 36A_1cvwH (2)
— 48A45cvH (2)8 — 6A1cvH (2)° + 48 A _ocvH(2)? — 36A_1cv H(2)

+ 24 A5c0H (2)8 + 6A1cwH (2)" — 16A0cwH (2)8 — 24 cwH (2)°

+ 24 scwH (2)® + 16A_ycwH(2)? — 6A_ cwH (2) + 20A9cH (2)°

+ 7A1cH(2)® = TA_1cH(2)® = 20A_5cH (2)* + 6A_1cH (2) + 144A_scvw
— 144A_ycv — 24A_scw + 24A_oc + 144AvwH (2)® + 36 A1vwH (2)7

— 96AvwH (2)® = 12A10wH (2)° + 12A_ywwH (2)® + 96 A_ovwH (2)*

— 36A_1vwH (2) + 484w H (2)® + 6A1vH (2)® — 6A_1vH (2)® — 484 _yvH (2)?

12
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+36A_1vH(z) — 18AZH (2)® — 27A1 Ay H(2)" — 9A2H(2)% — 184y A, H ()"
— 1245H(2)® — 9A0A 1 H(2)° — 6A1H(2)* — 9A_1 A H(2)5 + 6A_ 1 H(2)®
+9A_1AoH (2)? + 9A_3 A1 H(2)* 4+ 9A% |H(2)? 4+ 12A_,H (2)* 4+ 18A_, A H (2)*
+2TA_oA_1H(2) — 144A_vw + 144 A _5v 4+ 18A%, = 0. (2.35)
Equating the coefficients of like-powers of H(z) in (2.35) to zero, we obtain the
following overdetermined system of eight algebraic equations in A_5, A_;, Ag, A
and A,:
124 cvw — 2A1cw — 1240w + 9424, = 0,
24 Ascvw — 4Agcw — 24Avw + 3A2% = 0.
24A_ocvw — 24A _ocv — 4A_scw +4A_oc — 24A_ovw + 24A_9v
+34%, =0,
12A_jovw — 12A_jev — 2A_jcw + 2A_1c — 12A_jvw + 12A_v
+9A4 A1 =0,
48A_gcv — 96 A_gcvw + 16 A_gcw — 20A_gc + 96A_ovw — 48A_ov + 9A%,
+12A_5+ 184,40 =0,
124_jcvw — 9A_0 Ay — 6A_jov — 2A_jcw — 12A_jvw + 6A_1v — 9AA_4
+7A_1c—6A_, =0,
124 cvw — 6A1cv — 2Acw — 12Avw + 6A,v — 9AgA; — 641 —9A_1 A,
+T7A1¢c 0,
+ 48 Ascr + 16 A5cw — 20Asc — 96 Agcvw — 48450 + 9AZ 4 1840 A, + 124,

+ 96 Asvw = 0.
One plausible solution of the above system is

A= %(241@' + 24cv + dew — 4c — 24cvw — 24v),

A_l = Al = 0,
Ap = é(48cz/w — 24cv — 8cw + 10¢ — 48vw + 24v — 6),
Ay = -:1):(241/w — 2dcvw + dow). (2.36)






The solution of the above equation is the sine amplitude function
H(z) = sn(z|w).

The balancing procedure yields M = 2 and so following the same procedure as in

the previous subsection we obtain the following equation in H (z):

144A5cvwH (2)® + 36 Acvw H (2)" — 48 AscvwH (2)® — 6A cvwH (2)°
+6A_1cvwH (2)° + 48 A _scvwH (2)? — 48 AycvH (2)8 — 6A1cvH (2)°
+6A_1cvH (2)? + 48A_scv H (2)? — 36 A cv H(2) — 24 AscwH (2)®
~ 6A1cwH (2)" + 8AscwH (2)8 + AyewH (2)° — A_jewH (2)*

— 84 _scwH (2)? + 2045cH (2)8 + TA1cH (2)° — TA_1cH(2)®

— 20A_ocH (2)? + 6A_1cH(2) — 144A_ycv + 4A_yc — 144 AovwH (2)®
—36A1vwH (2)" + 48AwwH (2)® + 6AvwH (2)° — 6A_jvwH(2)®

— 484 ovwH (2)* + 484w H(2)® + 6A1vH (2)® — 6A_ v H(2)®
—48A_ovH(2)? + 36A_vH (2) — 18AZH (2)® — 27A1 A H(2)" — 9A2H(2)°
— 18A40A,H (2)8 — 12A4,H (2)° — 9A0A1H (2)® — 641 H(2)® — 9A_1 Ay H(2)®
+6A_ H(2)3 + 9A_1AgH (2)® + 94, A1 H(2)? + 9A% | H(2)? + 12A_,H(2)*

+18A_AgH (2)? + 2TA_sA_1H(2) + 1444 _ov + 184%, 0. (2.38)

The next step entails collecting and equating the coefficients of H*(z) to zero yielding

eight algebraic equations

24A_gc — 1444 _scv + 1444 _ov + 1842, = 0,

6A_1c—~ 36A_1cv +36A_1v+27TA_,A_1 =0,

484 _scvw + 48A _scv — 8A_sow — 204 _sc — 48A _svw — 48A_5v

+9A42, 124, +18A_2A4; O,

6A_jcvw +6A_jcv — A_jow — TA_jc — 6A_jvw — GA_1v + 9ApA_
1.7 3AA; 0,

Ajcw — 6Acvw — 6A1cv + TAjc+6Avw + 641y — 9A4pAL — 6A,

— 94,4, =0,

Q)
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8Ascw — 48Ascvw — 48 Aqcr + 20A5¢ + 48 Aqvw + 48 Ay — 9Af 18A40A,
— 124, =0,
36Acvw — 6Acw — 36A1vw — 27TA A, =0,

144 Ascvw — 24Ascw — 144Asvw ~ 1843 = 0.

One set of solutions for the above system of algebraic equations is

‘4_1 = Al =
1
Ay = 5 (24vw + 10¢ + 24v — 24cvw — 24cv + 4w — 6) .

1
Az = Zw (2dev — de - 24v). (2.39)
Thus, in light of (2.39) the solution of (2.1) is
1
u(t,z) = Ag + ;Ag{sn,‘2(z|w) + wsn?(z|w)}, (2.40)

where Agand A, are given in (2.39). The corresponding graphical representation is

given for ¢ = 0.5, v = 0.1, and w = 0.01 in Figure 2.4.

2.1.5 Symmetry reductions using optimal system of one-

dimensional subalgebras

We now calculate the optimal system of one-dimensional subalgebras for equation
(2.1} This will then be used to find the optimal system of group-invariant solutions
for equation (2.1). To obtain the optimal system of one-dimensional subalgebras we
use the method presented in [15]. Recall that the adjoint transformations are given
by

. 1 . )
Ad(exp(eXi))Xj = Xj - G[Xi, X]] + 5 GQ[Xi, [Xi,Xj” - (241)

where [X;, X;] is the commutator defined by

[Xi, X]} = )(1)(_7 - Xin. (242)
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2.1.6 Symmetry reductions and exact solutions of (2.1)

In this subsection we use the optimal system of one-dimensional subalgebras calcu-
lated in the previous subsection to obtain symmetry reductions and exact solutions

of the KdV-BBM equation.
Case 1. X,

The symmetry X; gives rise to the two invariants

z=t, f=u (2.43)

f(z) =0, (2.44)

which integrates to f(z) = K, where K is a constant of integration. Hence the

group-invariant solution of (2.1) under X is given by u(t,z) = K.
Case 2. aX; + X,

The symmetry aX; + X, gives rise to the following two invariants:

z=z—at, f=u (2.45)

We note that these two invariants are identical to the invariants given in equation
(2.14) with a = ¢ and hence the group-invariant solution, in this case. is given by

(2.25), which is the most general solution we can obtain for equation (2.1).
Case 3. bX1 + X5

The symmetry X, + X3 yields the two invariants

_ bIn(3t) + 3(6vt — brz + 1) B 2
z= Ty . f=t 3—181/+u : (2.46)

T 7 treating f as the new depend = variable and z as a new independent variable,

the KdV-BBM equation (2.1) reduces to third-order =77

(6v— 1) {bf" +3(6v — 1)f"} = 9(6v — 1) (3f' = 2) f(z) +6bf' =0.  (2.47)



" r-zrvation laws of (2.1)

In this section we construct conservation laws for the KdV-BBM equation (2.1) using
the multiplier approach whose algorithm has already been outlined in the previous

chapter. For our equation (2.1), the Euler-Lagrange operator is given by

izf?._pti_pzi_DS 4

0
_ 2
du  Ou Ouy Oug * OUgzz DD

’ autzz ‘

(2.48)

where D; and D, are the total derivatives as in (2.6). In this work, we consider
second-order multipliers, i.e., A depends on ¢, z. u, and u,,. We now proceed to

derive the conservation laws of (2.1) using the multiplier approach.

2.2.1 Conservation laws of (2.1) using the multiplier ap-

proach

We consider the second-order multiplier A = A(¢,z,u, Uy, uzz). The determining

equation for the multiplier is given by

d

3 1
— |A(, T U, Ugy Ugg) Q Ut F Ug + =UUg + VUggy — | = — V) Uge | = 0. (2.49)
ou 2 6

Expanding (2.49) and splitting the resultant equation on derivatives of u yields the

fifteen determining equations

1

3vhy ., — =AM u.. =0,

1/ rlrx 2 rldzrzx -

1

Auu [ __Auvu U =O
V rUzxluzrr 6 Uz Uz ‘
1
=Ny, —2vA,, =0.
3

1

Situguz: T l/‘/\uzuzz = O’

6
Au::uz: + gAquI - VAUU:: = O

1

A Uzz 0 \U'Uzzuzz v lzzUzz O’

1 1 1

§AumuI e iurAuuq iAruz - BVAIUI - BVAquu:r - BVUIIAUIU: Os
iquAuzzuzz - VAIU::: + uIAuIIuII - Z/Atuzz - 21/Auzuzz - UUIAUUII



1
_Au =Y,

+6 t T 0

3 1

—UIAUzzU::uz: + _Atuz:'uxz - V'UIIAUI'U::U:: - VAUU:.T.U::UI + uzAumzuzzuxr_

2 6

- l/‘/\tuz:uzz - 31/‘/\“':'“-:: - V/\Iu:zuxx = O’

1 1 | L9

_'U':cAuuun + "AuuzuII - ZVAzuuu - VAqu e QUIAuuuu“ -, "’u.’EIAU’.’EuIIU'II

3 3
1 1
+ ZAIuIqu + EAI’U‘U:: =+ o \uuz QUIVAuquI - ZUrIVAquu:I = 07

1 1

gurAunuzu - ZVAquI + §u:c:cAu:uzuu - ZVAzuuuz VAqu_-p + 2A
1 1 1

+ g 'éAuzuz + gAuun - ZVUIAquuH - ZVU:C:CAUIUI'LL“ = 0,

2
guzuzzAquuI — Vg Auuzuz - ZVU‘:CA.TUU_. — WAy — BVUIIAqu
1 1

6 3
+ 11/ A vA + —uggiA + 1'u A + 1A

3 ‘T TUzUg TTUx 6 ‘T Uz Uz Uz ! 3 T TUUL 3 uu

1 1

+ Euszuuu, — 2UA L, + ~2—sz + 2740, — 20U Upr A, — 200, = 0,
1

_Auuu: - V'U'zzAuuu - ZVA:cuuu:c - VuzzzAquuI - Vufx:cAuu - 2V'U'sz:cqu

3
1
+ QAquun Uy + gAzzu - Auuzu:c - uzzAquz + U':CQAuuuu + 2u:cA:nuun

UzzUzz

A-TUJ:.T. Ur +

2
+ Azzuz  Vlgy Auzuzuz - 27/11‘13:/'\:::14;{uI + Az + ZUIAquI + 2Auzun Uz

1 1
0y 2 . , ,
+ Uy Au:u:u:: + urzAuuu + ZU:C:DAzu:uI: — VAgg + "uzzAxqu + —Uzz Ay

3 6

1 1 1
2 2
+ "6‘u:v:c Auu:uz + gurAzuu + 'éu:c Auuu - ZVUIU(DIAU'LLUI - Azuz
+ Aszu,. =0,
3luuru:c:cAuzuuu.m - 4Vuru:czAuuzun - 2Vua-Atuu.I= - 2Vu:crAtu:uu - 4yux:cA:cqum

2 2 2
+ 30U Apauee 2Uze VA e, — 20U Ay, + 30U A g, — AU A gy,

+ 2UpUpr N ugruge — dVUL Ap, — AU Ay, — 2V AL, + SUULA
1

1 1 1
+ gAztun + ‘6’Atuz + 2U'zxAuuuu + gAtqum + g'J'IAtuun - VAtuz

Ju’A — WA, 20Au..  2Mguun e A0Azu, + 2ug’Ayu .. 0.
9

§uxum/\.

UzzUzz

UrzUzz

Uz

1 1
- 3uuzzAu: + Eusztuu — VAger + guzAt:cu + 2uzx2Aqun

A:r:ru”uz - Azuz Ug VAzzt + ZUIIAxum u'rzAuul ZurzAxuu“
1 1 1
6 gAt:cuz + _At:c:r

1
Atuzuz + u:cSAuuuz + = A + BUxSAuuu + 6

+ 3ugiAgu,, + 5

33



1
3 3
+ _Atuux — VUg Auuu - Vu:c:cAtu - 21/’“4:::15/\tzuI — Vlgg Auzuxu;r - ?’I/u:c:cA:c:cu;r

3
Utz A S A 3vuz A 3 A 3vu,lA
+ Euu:c TTUzz éuuz zuz — OVUgDggy — IV Uzs Dguguy, — VUL Nguy
Suug?A itz A, + St ®A 3 A A
+ UUg TUUzz VUgz uuz auu:c UUUzgy iuuz vuy — UzUzz Uy Uz

2 2 2 2
+ 3u:cu:c:cAuuu + 2ug uzzAuu;un + Bu:c uzzAquu + Jullgs Auxun + UglUzg Auxuzuu

2 ] 2
+ 3uuzz-/\zuu + QUIUzzAxuzuu — VUgy Atu,zu,-_, — 3UzzAgy — VU " Apu — 20 A4,

3 3
+ 3uu12umAquum - §UAI — 2ug Ay, — A —Ap — iu,?/\uz — 6ruzA sy, Yoz

9
2 2
+ EuzuzzAuuu - 3Vuzuzz Auu:uz - 3Vuz u:chuuu;c - BVUIUzzAuu - QVU’uxusztuuz

3 3
2 , _
+ §u” Uz Ay upuee + SUUzUzg A g o, iumuuz/\umux =0.

Solving the above system we obtain the multiplier

A=cau-c (2.50)

with ¢; and ¢, arbitrary constants. We now recall and apply the property of a

multiplier given in (1.47), that is,
3 1
(cru — ca) {ut +ug + Euuz + VUgpy — (6 - 1/) utm} =TF +uwTE + umsz

+ttge Ty +TE + Ty + uge Ty, + Ueza Ty

Uz

(2.51)

The solution to (2.51) yields the following two conservation laws:

1 1 1 1 1
T! = 20 — —Ulgy + —VUU — —vU2 + —ul,
AT g e T gVt T ggten
1 1 1 2 1 1 1
I7 = —2~u2 + Eua + DUy — §uut1 + gz/uum - 51/113 + s LoUp — ) MUglUy
Tt = U~ Uz —VUgyg,
g =1U 18u + 31/ r
T 3 2 2
I =u+ Zu + VUgy + guutr — §um.

«.3 woncluding remarks

In this chapter we presented the exact solutions of the KdV-BBM equation (2.1).

Of note is that from direct integration we obtained Jacobi elliptic type solutions
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(2.25) which were cnoidal in nature. The Kudryashov and extended Jacobi elliptic
function expansion methods were also used to obtain exact solutions. Furthermore,
we computed the optimal system of one-dimensional subalgebras and then used it to
perform symmetry reductions and find group-invariant solutions for equation (2.1).
We also noted that the solution (2.25) was the most general solution for (2.1) and the
other solutions were contained in (2.25). Finally, we derived the conservation laws of
the KdV-BBM equation by using the multiplier approach, obtaining two multipliers

and consequently. two conserved vectors.



Chapter 3

Exact solutions and conservation
laws of a modified equal width

Burgers equation

In this chapter we study the modified equal width (MEW) Burgers equation [49]

Uy + auluy + Wigy — Biigg = 0, (3.1)
which describes long wave propagation in nonlinear media with dispersion and dis-
sipation. Here a, 3 are positive parameters and w is a damping parameter.

The original Burgers equation
Uy + UUy — VUgy = 0. (3.2)

a model for turbulent flow, first appeared in academic circles in [50, 51]. Over the
years. various researchers have applied modifications to (3.2) and used many different
methods to study the equation. For example, Arora et al. [52] performed "  reduced
differential transform method to find the numerical solution of the equal width wave
eqi ion and the exact Iyt soluti  of the invi "1 eq with

initial conditions. ..ie equal width equation

Up — Uy — Uiggy = 0 (3.3)



was first introduced in [53]. It describes amongst others, nonlinear dispersive waves
in plasmas. Extensive work was done on equation (3.3) in constructing numerical
solutions [54,55]. In [56], quadratic B-splines were used on the generalised equal
width equation

Ug + au"ug — buggy =0 . (3.4)
to approximate the solution u(z,t). Several researchers, for example [57, 58] have
studied equation

U + auuy — bugg, = 0, (3.5)

which is a modified equal width equation, with slight variations to it.

In [49] the bifurcation behaviour and an external perturbation of the MEW-Burgers

equation (3.1) was studied.

In this chapter we begin by determining the Lie point symmetries of MEW-Burgers
equation (3.1) and then construct exact solutions by invoking the (G’/G)—expansion
method. Furthermore, we derive the conservation laws by applying the new conser-

vation theorem due to Ibragimov.

This work has been submitted for publication {59].

3.1 Lie point symmetries and similarity reduction

of (3.1)

In this section we determine the Lie point symmetries and perform similarity reduc-
tion of (3.1). We begin the solution of this problem by determining its Lie point
symmetries. Since equation (3.1) is a third-order NLPDE. we apply the third pro-
longation

XB s + oty + Wigr — BUize Hurtou?us wnms— fusea=0 = U, (3.6)
where X is the third prolongation given by (2.4). ._xpanding (3.6) yields the

equation

e+ QUIUtfi + 25Uttzftl - 2Mur,z§i + 25“?&2 —+ 5Utx§§z - H'u:cfgz + ﬁuttgzl:x



+ 2uaney utell, — 2BuraToy + aung + BEL e + BEL Uy + 2BEL Urs
+ 2,Buz$§t2:c — BuiNzzn — B’ — Btz + ﬁ{imutz + Uzaﬁftzuu

2860 us” — 2BUsThion — 20Uz Coy — MU Eoy + MU T + Ua2E] + Plizzot]
+ 28%us — Efue + Eous” F Wz = Blltzs + Busta€ls + 3Buctiezbs, + Burus’El,
+ 2Buetaliy, — Buttis Tuuy + 20uuen + Budus e, + Buarted, + 2ustnBE,
+ 4Burszb, + 2Buzunts, — 2uusuzs, + 2art fEL,
+ QugBuell, + 3Bus’ szl — BuseUeTuu — 28U + Bus*ueay, + Busunél,
— pugug el + au2ux§2 + au2u1§1 + 2§§au2u12 + §§ﬁutuxm + 3§2ﬁutzum
— oty + 2Bty + Buartiny + Pllzewily — 2uUeuily + Utts BEL,,
+ 28ui’usey, + 28wl — 2BUnte oy + 38Utz UarCly + 4BUsuc L,

+ av’uu gl = 0. (3.7)

Separating (3.7) with respect to derivatives of u yields the system of ten linear partial

differential equations

& =0, (3.8)
& =0 . (3.9)
& =0, (3.10)
& =0, (3.11)
Tha = 0, (3.12)
= 2 =0 (3.13)
pél — B = 0, (3.14)
262 — Blazu = 0, (3.15)
UNez — Blize + mp + au’n, = 0. (3.16)
au’€ + au?E} + 2oun + 2uney — pEZ, — 2B71eu = 0. (3.17)
V i t]

& =G, (3.18)

£ =Gy, (3.19)



n=0. (3.20)
We re-write (3.18)—(3.20) in vector form to obtain the infinitesimal generators
X; = —, (3.21)

(3.22)

3’_]%98['30

X2:

A linear combination of the Lie point symmetries (3.21) and (3.22) X  X; +cX»

produces the associated Lagrange equations

dt  dr du

which upon solving yields the two invariants z = = — ¢t and U = wu, and thus
the group-invariant solution v = U(z). Taking U and z as the new dependent and

independent variables respectively, we have

u = —cl'(2), (3.24)
ue = U'(2). (3.25)
gz = U"(2), (3.26)
Utze = —cU"(2). (3.27)

The equations (3.24) ~ (3.27) transform (3.1) into the third-order nonlinear ODE

17"t

BeU" (z2) — cU'(2) + wU"(2) + aU(2)*U’'(z) = 0. (3.28)

3.1.1 Application of the (G’/G)—expansion method on (3.28)

We now implement the (G'/G)—expansion method on (3.28).
The balancing procedure yields M 1, thus (1.29) becomes

£
U(Z) A( Al 5 .

(3.29)
Substituting (3.29) into (3.28) and using (1.30 results in the polynomial in (G'/G)

A pw + Ajep — 24, Bep® — aA2Ajp — A1 BchPy
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+ (Alc/\ — 8A18cAp — A1BeAd + 24, pw + AN w — aAgAy\ — 2aAoArf/¢) (G (z)>

+ (Alc — TA;BcA? — 8A 1 Bep — aA%Al — 2aAoA§)\ - aA?u + 3A1)\w) (G (Z)>

1, 3
+ (2410 — 204047 — @ AN — 124, 8c)) (G (H))

G(z)
G'(2)\*
— (64 A = 0. :
(6.4:8¢c +a 1)<G(z)> 0 (3.30)
Equating the coefficients of (G’/G)* yields the overdetermined system of five algebraic
equations:
G'(2)\*
<——G((Z))> ra Al + 6A4;8c =0,

A(z)\?
J) ca A3 + 20 Ag AT 4 124 BeA — 241w = 0,

1\ 2
G (~)> :2aA0A:f)\ + aA?u + aA%Al + 7A1BcA? + 8A1Bcy — Ajc— 3A1 w = 0,

G'(2)\*

< ( )> CaATAN 4 20 A0 A% 4 A BeA® + 8A 1 Bcdu — Arch — AN w — 2A 1w = 0,
()"

<—T> A\ uw + Ajep — aA%Alu — A BeA?p — 24, Beu? = 0.

Using Mathematica two solutions of the above system of algebraic equations are

Solution set 1

-2
=y=3,
=
Al = = )
! \’ A (3.31)
c= 3u-2M\Y)
SA
Solution set 2
2w, /11
AO = f:/—’
Ay =3, |2
1= —
Vaye (3.32)
3
ﬁ —
4/
_ —dwym
- =



Thus corresponding to the solution set 1 above, we have the following three types of

solutions for our MEW-Burgers equation (3.1)

Case 1.1 M = A% — 41 > 0. we obtain the hyperbolic function solution

3y [—2\w Acosh(A;2) + Bsinh{A.>) A
, L) = — A = - =1, 3
u(t.z) (1 i )\> 3a < 'Asinh(A;z) + Beosniayz)  2)° (3:33)

where A; = v/M/2, z =z — 2(3u — A?)t/(3)\) and A and B are constants.

Case 1.2 M = )% — 41 < 0, we obtain the trigonometric function solution

3 —2)w [, Asin(Apz) + Brocl Aaz) A
: ={1+5]y - 34
u(t, z) ( + )\> 3 < Acos(Dg2) % Bsniez, 2/ (3.34)

where Ay = /=M /2, 2 =z — 2(3pu — A*)t/(3)) and A and B are constants.

Case 1.3 M = A? — 4y = 0, we obtain the rational function solution

u(t, z) (1 + %) \/? (BiA _ g) . (3.35)

where z = z — 2(3u — A?)t/(3)\) and A and B are constants.

Similarly, considering the solution set 2 we obtain the following three types of solu-

tions:

Case 2.1 M = A\? — 41 > 0, we obtain the hyperbolic function solution

2/t (A Acosh(Ayz) + Bsinh(A4,2)
, N — (1 2
u(t,z) = (1 + 48 V7a (2 AlA sinh(A;z) + Bcosh(A;z2) /'

where Ay = \/_]\7/2, z=1x+4,/iwt/3 and A and B are constants.

Case 2.2 M = A% — 4u < 0, we obtain the trigonometric function solution

_ [2y/lw (A Asin(dyz) + B cos(Asz2)
ult:z) = (1+46%) a (5 AzAcos(Azz) + Bsin(Agz)> ’

where Ay = +/~M /2, z =z +4,/pwt/3 and A and B are constants.

Case 2.3 M = A\? — 4 = 0. we obtain the rational function solution

wlt.z) (1+4,3A)\,9“m“’< g -5>,

o B2+ A 2

where 2 = z + 4,/iwt/3 and A and B are constants.

The solution | ofile of (3.33) for A ~0.09,4 0 1.u=00l.w=003a=1
is presented in Figure 3.1, whereas the solution profile of (3.35) for A = —0.8,4 =
04, B=3,10=02,w=0.01,a =0.1is given in Figure 3.2.
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Figure 3.1: Profile of solution (3.33)
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Figure 3.2: Profile of solution (

3.2 Conservation laws of (3.1)

In this section we derive conservation laws for MEW-Burgers equation (3.1) using

the new conservation theorem due to Ibragimov [41].

We begin by determining the adjoint equation using the formula

= ,
:OU{'Z_

U + OquUI + WlUpy

(3.36)

0.

- But:r$>}

(

] or

o)

ran:

-
3

In this case the il

(3.37)
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where the total differential operators D; and D, are

D—a—f—ua—f-va—i-ua va—!-ua-l-va—f-
T8 tou T e 8w, Yov, | Coug | FHu, '
A ) A A 0 A
D:c= = + Uz~ + Up 5 Uz, + Vg -+ Ugp Uz -
Oz ou

ov OUg OV Ouy ovy
Equation (3.36) yields the adjoint equation
F* = v + au®vy; — wgg — Bsgy = 0. (3.38)

We now consider the system (3.1) and its adjoint (3.38). The Lagrangian of this
system is

L = v(uy + auug + Wigy — Buses) (3.39)
which is equivalent to the second-order Lagrangian
L = vy + ovtuy + Wity + fUtag. (3.40)

According to the Lagrangian (3.40) and (1.55), the expanded formulae for obtaining

the conserved vectors corresponding to an infinitesimal generator are

oL oL

t=el L+ W2+ W= .
Ct=¢L+ 50 TV 5 (3.41)
oL oL oL
T=¢2L+ W - D,— (W1 : .
C*=¢L+ [ Bu aum} + D (W) Pu (3.42)
Recall that equation (3.1) has the two translation symmetries
0
0
Xo = —. .44
7 o (3.44)

Let us first consider the infinitesimal generator (3.43). It can be easily shown that
extending the generator X; to the new variable v produces the same translation

symmetry X; = @/0t. In order to determine the value of A we apply the equation
X A s )
aich vields A 0. 4 .in,

Dy(€*) = 0. (3.46)
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Consequently, n* 0 and the operator admitted by the adjoint equation (3.38) is

0

(3.47)
We now use (3.47) to compute the Lie characteristic functions
W= —u,., W?2=—uy,.

The conserved vector for the system (3.1) and (3.38) corresponding to the infinitesi-
mal generator (3.43) can thus be obtained by using (3.41) and (3.42). The following

conserved vector is obtained

Ct = avuu, + Wiy,

v 2
CT = wuguy + Pripty — Wiy — quuuy — Sugvs.

Similarly, we compute the conserved vector corresponding to the infinitesimal gen-
erator (3.44). In this case W' = —u, and WW? = —v, and the conserved vector thus
rendered by applying (3.41) and (3.42) are

Cl = —vuz — Brgug,.

Cy = vuy + wugs + Prils.

3.3 Conclusion

In this chapter we determined the Lie point symmetries of the MEW-Burgers equa-
tion (3.1). We then used the Lie point symmetries along with the (G’'/G)—expansion
method to obtain travelling wave solutions. The solutions obtained were hyperbolic,

trigonometric and rational function solutions.

We proceeded further and derived two conservation laws of energy and momentum

t. Ib
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Chapter 4

Concluding remarks

Many real-world physical systems, which include fluid mechanics, elasticity, thermo-
dynamics, biology and gas dynamics are modelled by nonlinear partial differential
equations. It is therefore important to study such systems from the point of view
of finding exact solutions and conservation laws. In this dissertation we studied two
nonlinear partial differential equations namely the Korteweg-de Vries-Bejamin-Bona-

Mahony equation and the modified equal width Burgers equation.

In Chapter one we presented the relevant literature which was used in this disserta-
tion. Various methods for finding the exact solutions of PDEs were described and

two methods for deriving conservation laws were discussed.

Chapter two studied the Korteweg-de Vries-Bejamin-Bona-Mahony equation. Of
note is that from direct integration we obtained Jacobi elliptic type solutions (2.25)
which were cnoidal in nature. The Kudryashov and extended Jacobi elliptic func-
tion expansion methods were also used to obtain exact solutions. Furthermore, we
computed the optimal system of one-dimensional subalgebras and then used it to
obtain 0 netry reductions and group-invariant solutions. . .nally, we derived the
conservation laws of © KdV-BBM equation by using the multiplier approach, which

resulted in two multipliers and consequently, two conserved vectors.

In Chapter three. the modified equal width Burgers equation was investigated. Lie



symmetry analysis along with the (G’/G)—expansion method were employed to find
exact travelling wave solutions of the equation. In addition, we derived the con-
servation laws of energy and momentum of the underlying equation using the new

conservation theorem due to Ibragimov.

In future work, we plan to study the modified equal width Burgers equation with

the power law nonlinearity.
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