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Abstract 

In this work we study two nonlinear partial differential equations of fluid mechan­

ics. The Korteweg-de Vries-Benjamin-Bona-Mahony (KdV-BBM) equation, which 

describes the t~o-way propagation of waves, is studied first. We compute the optimal 

system of one-dimensional subalgebras and use it to perform symmetry reductions 

and find group-invariant solutions. Also, we derive conservation laws of the KdV­

BBM equation using the multiplier approach. Secondly we study the modified equal 

width Burgers equation, which describes long wave propagation in nonlinear media 

with dispersion and dissipation. We construct exact solutions using its Lie point 

symmetries and invoking the ( G' / G)-expansion method. Moreover we determine 

the conservation laws by employing the new conservation theorem due to Ibragimov. 

Vlll 



Introduction 

Over the years nonlinear partial differential equations (NLPDEs) have proven indis­

pensable in the modelling of diverse nonlinear multidimensional systems which are 

manifest in countless and varied natural phenomena. Studying NLPDEs is funda­

mental to understanding the complex behaviours of these systems and continues to 

be explored by many researchers. 

Many methods have been developed for obtaining exact solutions of NLPDEs. These 

include the homogeneous balance method [l], the ansatz method [2], the inverse scat­

tering transform method [3], the Backlund transformation [4], the Darboux trans­

formation [5], the Hirota bilinear method [6], the simplest equation method [7], the 

( G' / G)-expansion method [8], the Jacobi elliptic function expansion method [9], the 

Kudryashov method [10] and the Lie symmetry method [13-18], just to mention a 

few. 

In the late 19th century, Sophus Lie, a brilliant mathematician from Jorway, de­

veloped a revolutionary symmetry-based method for solving differential equations, 

known today as Lie group analysis. This has made it possible to obtain exact so­

lutions of differential equations in a systematic way. A robust amount of research 

based on Lie's work has been published by various researchers [13-21]. 

Conservation laws are immutable laws of nature which have been encountered by re­

searchers in diverse scientific fields. Some of the most common conservation laws are 

the conservation of mechanical energy in the absence of dissipative forces, conserva­

tion of linear momentum in an isolated system, conservation of energy, conservation 

of electric charge and many more. In applied mathematics, conservation laws are 
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essential to determining the extent of integrability of differential equations, develop­

ment of numerical schemes, reduction and solutions of partial differential equations 

amongst others. See, for example [22-29] and references therein. 

The outline of this dissertation is as follows: 

In Chapter one, we present important preliminaries regarding Lie point symmetries, 

the Kudryashov method, ( G' / G)- expansion method, multiplier approach and con­

servation theorem due to Ibragimov. 

In Chapter two, we apply the extended Jacobi elliptic function expansion method and 

the Kudryashov method to find the travelling wave solutions of the third-order KdV­

BBM equation. Penult imately, we calculate an optimal system of one-dimensional 

subalgebras and use it to determine an optimal system of group-invariant solutions. 

Finally, conservation laws are derived using the multiplier approach. 

In Chapter three, conservat ion laws of the MEW-Burgers equation are derived using 

Ibragimov's new conservation theorem. The ( G' / G)-expansion method is used to 

obtain exact solutions of the equation. 

In Chapter four , a summary of results is provided and future work proposed. 

Bibliography is given at the end of this dissertation. 
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Chapter 1 

Preliminaries 

In this chapter we give a synopsis of pertinent concepts that are essential to this 

dissertation. These include the algorithm to determine the Lie point symmetries 

of PDEs, new conservation theorem due to Ibragimov, the variational derivative 

approach and some methods for obtaining exact solutions of PDEs. 

1.1 Introduction 

In the late 19th century, Marius Sophus Lie, an eminent mathematician from Norway, 

developed a revolutionary symmetry-based method for solving differential equations. 

This method today is known as Lie group analysis and gives a systematic way to 

obtain exact solutions of differential equations. Recently several books on Lie group 

analysis have been published [13-17 . The definitions and results presented in this 

chapter are taken from the books mentioned above. 

1.2 Continuous one-parameter groups 

Suppose x = ( x1 , • • • , xn) is the independent variable with coordinates xi and u = 

(u1 , • • • , um) is the dependent variable with coordinates u0 (n and m finite). We 
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consider the following change of the variables x and u: 

(1.1) 

where a is a real parameter which continuously takes values from a neighbourhood 

D' c D c JR of a = 0, and t and </P are differentiable functions. 

Definition 1. 1 A continuous one-parameter (local) Lie group of transformations in 

the space of variables x and u is a set G of transformations (1.1) which satisfies the 

following properties: 

(i) If Ta, Tb E G where a,b E 'D' C 'D then Tb Ta= Tc E G, c = </>(a,b) E 'D 

(Closure) 

(ii) To E G if and only if a= 0 such that To Ta = Ta To = Ta (Identity) 

(iii ) There exists T0 E G, a E D' c D, T;; 1 = Ta-1 E G, a- 1 E D such that 

Ta Ta-I = Ta-I Ta = To (Inverse) 

We note that from (i) the associativity property is satisfied. The group property (i) 

can be written as 

</>0 (x, u, b) = </>0 (x, u, </>(a, b)) (1.2) 

and the function </> is called the group composition law. A group parameter a is 

called canonical if the group composition law is additive, i.e. </> (a , b) = a+ b. 

Theorem 1.1 For any composition law </>(a, b), there exists the canonical parameter 

2i defined by 

where 

t ds 
a=}

0
w(s) ' 

( ) = 8</>(s,b) I 
w s 8b . 

b=O 
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1.3 Prolongation of point transformations and Group 

generator 

The derivatives of u with respect to x are defined as 

(1.3) 

where the operator of total differentiation is defined by 

(1.4) 

The collection of all first derivatives uf is denoted by U(l), i.e., 

U(i) = {uf} a = 1, .. . ,m, i = 1, .. . ,n. 

Similarly 

and u(3) = { u0k} and likewise u(4) etc. Since u0 = u%, u(2) contains only u0 for 

i ~ j. In the same manner u (3) has only terms for i ~ j ~ k. 

In group analysis all variables x, u, U(l) · · · are considered functionally independent 

variables connected only by the differential relations (1.3). Therefore t he ·u~ are 

called differential variables . 

Considering a pth-order PDE, namely 

E (x, u, U(l ), ... , U(p)) = 0. (1.5) 

1.3.1 Prolonged or extended groups 

If z = (x, v.), one-parameter group of transformat ions G is 

u°' = </P-(x, u, a), ¢a:la=O = ua:. (1.6) 
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According to the Lie's theory, finding the symmetry group G is equivalent to the 

determination of the corresponding infinitesimal transformations : 

(1.7) 

obtained from (1.1) by expanding the functions Ji and cf/" into Taylor series in a 

about a = 0 and also taking into account the initial conditions 

Consequently, we have 

a 8cjPI 77(x,u)=-a . 
a a.=O 

(1.8) 

We now introduce the symbol of the infini tesimal transformations by writing (1. 7) 

as 

fi ~ (l + a X )x, ua ~ (l + aX )u, 

where the differential operator 

(1.9) 

is known as the infinitesimal operator or generator of the group G. We say that X 

is an admitted operator of (1.5) or Xis an infinitesimal symmetry of equation (1.5), 

if the group G is admitted by (1.5). 

We now show how the derivatives are transformed. 

The Di transforms as 

(1.10) 

where Di is the total differentiations in transformed variables ::ti. So 

Let us now apply (1.10) and (1.6) 
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(1.11) 

Thus 

(1.12) 

The quantitl~s fl'J can be represented as functions of x, u, U(i) , for small a, i.e., (1.12) 

is locally invertible: 

(1.13) 

The transformations in (x, u, U(l)) space given by (1.6) and (1.13) form a one-parameter 

group called the first prolongation or just extension of the group G and denoted by 

Gil]_ 

We let 

u°' ~ u~ + ar°' t t 1:.t (1.14) 

be the infinitesimal transformation of the first derivatives so that the infinitesimal 

transformation of the group Gl1l is (1.7) and (1.14). Higher-order prolongations of 

G, yiz., Gl2l, Gl3l can be obtained by derivatives of (1.11). 

1.3.2 Prolonged generators 

Using (1.11) together with (1.7) and (1.14) we obtain 

Di(fj)(uc;) 

Di(xj + a(J)(uc; + a(f) 

uf + a(f + auc; Di(j 

(f (1.15) 

This is called the first prolongation formula. Similarly, one can obtain the second 

prolongation 

(1.16) 
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By induction (recursively) 

The first and higher prolongations of the group G form a group denoted by Gl1l, • • • , GIP]. 

The corresponding prolonged generators are 

xt1l X + (f e~cr (sum on i , a ), 
i 

x!Pl 

where 

(1.19) 

1.4 Group admitted by a PDE 

Definition 1.2 The vector field 

(1.20) 

is a Lie point symmetry of the pth-order PDE (1.5) , if 

(1.21) 

where the symbol IE=D means evaluated on the equation E = 0. 

Definition 1.3 An equation (1.21 ) that determines all the infinitesimal symmetries 

of (1.5) is called the determining equation. 
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Definition 1.4 A one-parameter group G of continuous transformations (1.1) is 

called a symmetry group of equation (1.5) if (1.5) is form-invariant (has the same 

form) in the new variables x and ij, i.e., 

E(x, u, u (i ) , · · · , u(p)) = 0, 

where the function E is the same as in equation (1.5). 

1.5 Group invariants 

(1.22) 

Definition 1.5 A function F(x, u) is called an invariant of the group of transfor­

mation (1. 1) if 

F (x, u) = F(t (x, u , a), ¢0 (x, u, a)) = F(x , u) , (1.23) 

identically in x, u and a. 

Theorem 1.2 A necessary and sufficient condition for a function F (x, q) to be an 

invariant is that 

_ i( ) oF , a( ) 8F _ X F = ~ x , u ~ , rt x, u ~ - 0. 
vX1 vu0 

(1.24) 

It follows from the above theorem that every one-parameter group of point transfor­

mations (1. 1) has n - 1 functionally independent invariants. One can take, as basic 

invariants the left-hand side n - 1 first integrals 

of the characteristic equations 

dx 1 dxn 
e(x, u) ~n(x, u) 

du1 

rtl(x , u) 

Theorem 1.3 If the infinitesimal transformation (1. 7) or its symbol X is given, then 

the corresponding one-parameter group G is obtained by solving the Lie equations 

dxi . du0 

~ = C(x, u), da = rt
0 (x, u) (1.25) 

subject to the initial conditions 

-i, 
X a=O = X, -01 U a=O = U. 
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1.6 Lie algebra 

Let us consider two operators X 1 and X 2 defined by 

and 

Definition 1.6 The commutator of X1 and X2, written as [X1, X2], is defined by 

[X1, X2] = X1(X2) - X2(X1). 

Definition 1. 7 A Lie algebra is a vector space L ( over the field of real numbers) of 

operators X = t(x , u) ~f). +rl°'(x , u) ~ with the following property. If the operators 
ux1 uu 

are any elements of L, then their commutator 

is also an element of L. It follows that the commutator is 

1. Bilinear: for any X , Y, Z EL and a, b E lR , 

[aX + bY, Z] = a[X, Z] + b[Y, Z ], [X, aY + bZ] = a[X, Y] + b[X , Z]; 

2. Skew-symmetric: for any X, Y E L, 

[X, Y] = - [Y,X]; 

3. and satisfies the Jacobi identity: for any X, Y, Z E L, 

[[X, Y], Z] + [[Y, Z], X] + [[Z, X ], Y] = 0. 

10 



1. 7 Solution methods of differential equations 

In this section we present some methods for finding exact solutions of differential 

equations. 

1.7.1 The (G'/ G) -expansion method 

We provide a synopsis of the salient features of the ( G' / G) - expansion method. 

This method was proposed by Wang et al. [8] in 2008. The function G in this 

method satisfies a second-order linear ordinary differential equation with constant 

coefficients. This method provides travelling wave solutions that are expressed as 

hyperbolic, trigonometric and rational functions. The ( G' / G) - expansion method 

is simple to use and can be applied on nonlinear differential equations. Consider a 

NLPDE of the form 

E(u, Ut , Ux, Utt , Utx, Uxx, · · ·) = 0. (1.26) 

Firstly we transform the NLPDE (1.26) to a nonlinear ordinary differential equation 

(ODE) by making use of the substitution 

·u(t, x) = U(z) , z = x - ct. (1.27) 

Using the above substitutions, (1.26) is transformed into the nonlinear ODE 

E(U - cU' U' c2U" -cU" U" · · · ) = 0 ' ' ' ' ' ' . 
(1.28) 

Secondly we assume that 

(1.29) 

where A0 , A1, , ··Am are to be determined. The balancing procedure [l] is used to 

find the value of m , a positive integer. Here G(z) satisfies the second-order linear 

homogeneous ODE 

G"(z) + >.G'(z) + µG(z) = 0 

with>- andµ arbitrary constants. In (1.29) (G' / G) is given by 

11 
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Case 1. When M = >-2 
- 4µ > 0 

G' ( z) = L'..\ 
1 
A cosh ( L'..\ 1 z) + B sinh ( L'..\ 1 z) _ ~ 

G ( z) A sinh ( L'..\ 1 z) + B cosh ( L'..\ 1 z) 2 ' 
(1.31) 

where L'..\ 1 = ../M / 2. 

Case 2. Vlhen M = >-2 
- 4µ < 0 

G'(z) = L'..\
2 
-A sin(L'..\ 2z) + B cos(L'..\ 2z) _ ~ 

G(z) A cos(L'..\ 2z) +Bsin(L'..\ 2z) 2 ' 
(1.32) 

where L'..\ 2 = -✓-Af / 2 

Case 3. When M = >-2 
- 4µ = 0 

G'(z) B >-

G(z) B z + A 2 
(1.33) 

In all three cases A, B and C are arbitrary constants. The substitution of (1.29) and 
. -

(1.30) into (1.28) yields a polynomial in (G'/G)i. Finally, equating the coefficients 

of (G' / G)i to zero and solving t he resultant system of algebraic equations yields the 

required values of Ai. 

1.7.2 The extended Jacobi elliptic function expansion method 

We briefly outline the Jacobi elliptic function expansion method, another algorithm 

for determining the exact solutions of differential equations. There is extensive liter­

ature, some of which dates back several decades , covering different aspects of J acubi 

ellipt ic functions [30-32] such as their derivation , interrelationships and applications. 

Several researchers [9, 33-35] have recently employed the properties of some of these 

elliptic functions to determine exact solutions of differential equations. 

The procedure for implementing t he extended Jacobi elliptic function expansion 

method is as follows: Firstly we transform the NLPDE (1.26) into the nonlinear 

ODE (1.28). 

Secondly, we assume that our solutions can be expressed in the form 

M 

U(z) = L AiH(z)i, 
i= - M 

12 

(1.34) 



where M is a positive integer obtained by the balancing procedure and 

H(z) = cn(zlw), (1.35) 

the cosine-amplitude function, is a solution to the first-order ODE [31, 33, 35] 

H'(z) = - J (l - H 2(z))(l - w + wH2 (z)), (1.36) 

and the sine amplitude function 

H(z) = sn(zlw) (1.37) 

is a solution to the first-order ODE 

H'(z) = J(l - H 2 (z) )( l - wH2(z)). (1.38) 

The third step of our procedure entails substituting (1.34) subject to (1.36) or (1.38) 

into (1.28) to obtain a polynomial in powers of H(z ). Separating coefficients with 

respect to like powers of H(z) yields an algebraic system of equations. These can be 

solved to obtain the values of Ai, i = 0, ±1 , ±2, · · · ± M. 

1. 7 .3 The K udryashov method 

This method is used fo r finding exact solutions of NLPDEs and is described in [10] . 

See also, for example, the papers [36, 37]). 

Consider the ILPDE 

E1 (t, X, U, Ut, Ux, Utt, Uxx, · · ·) = 0. (1.39) 

The algorithm of Kudryashov method is recalled below: 

Step 1. The substitution u(x , t) = U(z) , z = kx +wt, where k and ware constants, 

reduces equation (1.39) to the ordinary differential equation 

E2 (U wU' kU' w2U" k2U" · · ·) = 0 ' ' ' ' ' . 

Step 2. Suppose that the exact solution of equation (1.40) is expressed as 

N 

U(z) = L anQn(z), 
n=O 

13 

(1.40) 
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where the coefficients an (n = 0, 1, 2, · · · , N) are constants to be determined, such 

that aN -=/= 0, and Q(z) is the solut ion of the first-order nonlinear ODE 

Equation (1.42) has the solution 

1 
Q(z) = 1 + ez. 

(1.42) 

(1.43) 

Step 3. We substitute the value for U(z) into equation (1.40) and use equation 

(1.42) to obtain an equation involving powers of Q. 

Step 4. Equating different powers of Q to zero , we obtain the system of algebraic 

equations 

Pn(aN, aN-1 , · ·· , ao , k ,w, ·· · )=0, (n =0, · ·· ,N). (1.44) 

Step 5. The solution of the system of algebraic equations gives the values of co­

efficients a0 , a1, · · · , aN- l, aN and relations for parameters of equation (1.40). As a 

result, we obtain exact solutions of equation (1.40) in the form (1.41). 

1.8 Conservation laws 

Consider a kth-order system of PD Es of n independent variables x = (x1 , x2 , . . . , xn) 

and m dependent variables u = (u1, u2, · · · , um ), which are defined as 

(1.45) 

where u (i ) denotes the collection of all i-th-order partial derivatives of u. Then-tuple 

vector which is given by T = (T 1, T 2
, . . . , r n), TJE A , j = 1, .. . , n , (A is the space 

of differential functions) is a conserved vector of (1.45) if T i sat isfies 

(1.46) 

1.8.1 The multiplier approach 

This approach has been applied by many researchers. See for example [18,35,38-40]. 

A local conservation law of a given differential system arises from a linear combination 
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formed by local multipliers with each differential equation in the system, where the 

multipliers A0 are functions of the dependent and independent variables as well as of 

a finite number of derivatives with respect to the dependent variables of the system 

of differential equations. A multiplier A0 (x, u , u1 , ... ) has the property that [15, 40] 

(1.47) 

holds identically. The determining equation for the multiplier A0 is 

(1.48) 

where c5/c5u0 is the Euler-Lagrange operator 

c5 8 00 8 
-r - = ~ + ""(-1)8 D1-1 ••• D1· .

0 
,a = 1, . . . ,m. 

uuf!- vu0 · L..t • uf!-. . 
i i s= l tJ1 ···Js 

(1.49) 

Once the multipliers have been obtained from (1.48), we can determine our conserved 

vectors by invoking equation (1.47) as illustrated in [40]. 

1.8.2 The new conservation theorem due to Ibragimov 

This relatively new method for deriving the conservation laws [41] has been applied 

by many researchers in recent years, for instance [38, 42-44]. The essence of the 

new conservation theorem due to Ibragimov is that we can obtain a conservation law 

from every Lie point, Lie-Backlund and non-local symmetry of a system of differential 

equations. 

Consider the system of NLPDEs 

(1.50) 

and its adjoint equations given by 

(1.51) 

where c5 / c5u0 is the Euler-Lagrange operator (1.49) and m new dependent variables 

v = (v1, .. . ,vm). 
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Theorem 1.4 Consider a system of m equations (1.50). The adjoint system given 

by (1.51), inherits the symmetries of the system (1.50). Namely, if the system (1.50) 

admits a point transformation group with a generator (1.20) , then the adjoint system 

(1.51) admits the operator (1.20) extended to the variables v 0 by the formula 

(1.52) 

with appropriately chosen 77~ = 77~ (x, u, v). 

In [41], the coefficients 77~ in (1.52) are given by 

(1.53) 

where >..i can be computed by utilising the equation 

(1.54) 

We can obtain a conserved vector, for instance, for a third-order Lagrangian by 

applying the formula 

Ci = t£ + W 0 
[ 

8
: - Dj 

8
: + DjDk ( 

8
: ) + · · · l 

8ui 8uij 8uijk 

+ Dj(W0
) [ 

8
: - Dk 

8
: + .. · l + DjDk(W") 

8
£, + · · · , 

8uij 8uijk 8uijk 
(1.55) 

where £, is the Lagrangian of the system E and E* that is defined as 

(1.56) 

and W 0 is the Lie characteristic function given by 

W o _ a d a _ 1 - 77 - .,, uj , a - , .. . , m. (1.57) 

1. 9 Con cl us ion 

In this chapter, a brief introduction to the Lie group analysis methods for finding 

the exact solutions of PDEs has been presented. A synopsis of two methods for 

deriving the conservation laws were discussed. The techniques deliberated upon in 

this section will be utilised throughout this dissertation. 
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Chapter 2 

Travelling wave solutions and 

conservation laws for the 

KdV-BBM equation 

In this chapter we study the third-order Korteweg de Vries-Benj amin-Bona-Mahony 

(KdV-BBM) equation 

'Ut + Ux + ~UUx + VUxxx - ( i -V) Utxx = 0, 
1 

V ..../... -
r 6' (2. 1) 

This equation is a generalization of the celebrated KdV and BBM equations. When 

v = 1/ 6, equation (2. 1) reduces to the KdV equat ion and when v = 0, equation 

(2.1) becomes the BBM equation. Equation (2 .1) was investigated in [45] where the 

researchers presented conditions for the existence of hyperbolic, unbounded periodic 

and soliton solutions in terms of Weierstrass functions. Furthermore, an analysis 

for the initial value problem was developed together with a local and global well­

posedness theory for (2.1). 

In our study we obtain exact travelling wave solutions of (2.1) here by making use 

of different approaches. Moreover, we derive the conservation laws of the KdV-BBM 

equation by employing the variational derivative approach. 

The contents of this chapter have been accepted for publication. See [46] . 
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2.1 Exact solutions of (2.1) 

In this section we present exact solutions of (2.1) by applying different methods. 

2.1.1 Exact solutions of (2.1 ) by direct integration 

Since the equation (2.1) has two independent variables t and x and one dependent 

variable u(t, x), the vector field (1.20) can be written as 

1 ) a 2( ) a ) a X = ~ (t ,x,u ~ +~ t,x ,u ~ +77(t,x, u ~ , 
ut uX u 'U, 

(2.2) 

where ~i, i = 1, 2 and 17 depend on t, x and u. We recall that (2.2) is a Lie point 

symmetry of (2.1) if 

(2.3) 

where 

b. = 'U,t + Ux + tU1lx + V'Uxxx - ( l- I/) 'U,txx , 

and pr(3) is the third prolongation [15] of (2.2) defined by 

Here (t , (x , (xx, (txx and (xxx are determined as follows: 

(t Dt('Tl ) - UtDt(e) - UxDt(e), 

(x Dx('Tl) - UtDx (e) - uxDx (e ), 

(tx = Dx((t) - u,uDx(E1) - 'U,txDx (e), 

(xx Dx((x ) - UtxDx (e ) - Uxx Dx(e), 

(txx Dx((tx) - UtxxDx(E1 ) - UxxxDx (e) , 

(xxx (2.5) 

where the total derivatives Dt and Dx are given by 

a a a a 
Dt = - +ut-+ uu - +Utx - +"·, at OU O'U,t O'Ux 
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Expanding (2.3) we obtain 

l t2 3 t2 4 t l 3 t2 3 t2 3 l t2 3 3 t2 3 

6',,tuu Ux - v.,,uuu Ux - VUt':,uuu Ux - V<,,tuu Ux - VUt<,,uuu Ux + 6ut',,uuu Ux - V<,,xuu Ux 

3 3 t2 2 t2 2 tl 2 l , tl 2 3 tl 2 tl + V1JuuuUx - 2u.,,uux - <,,uUx - VUtt',,uuux + 6utt',,uuux - VUtx',,uuUx - VUtt',,xx 

3 t2 2 I 
1 t2 2 6 t2 2 tl 2 1 tl 2 2tl 2 

- VUtx',,uuUx T 2,Utx',,uuUx - VUxx',,uuUx - VUt<,, tuuUx + 6ut',,tuuUx - VUt',,uuuUx 

1 
2 t 1 2 3 t 1 ' 2 2 t2 ' 2 

1 
,:2 2 ? t2 ' 2 

1 
t2 ' 2 + 6ut ',,uuu Ux - VUt',,xuu Ux - V<,,txu Ux + 

3
<,,txu Ux - ~V'U,t<,,xuu Ux + 

3
u ,t ',,xuu U,x 

2 2 1 2 1 2 2 1 2 2 31]Ux 
- 3vExxuUx + V1JtuuUx - 61JtuuUx + VUt1JuuuUx - 6ut1JuuuUx + 3V1JxuuUx + -

2
-

3 1 1 2 2 32 3 2 - 2 UUt(u 'U,x - Ut(u 'U,x - Et Ux - Ut(u 'U,x - 2 U-<;x Ux + 2 U1Ju'Ux - 2VUt 1lxxlxu 

1 1 1 1 2 1 1 
- 2VUtxEtuUx + 3UtxEtuUx - 4VUtUtx(uuUx + 3UtUtxEuuUx - 3VUtUxxEuuUx 

1 1 1 1 1 1 2 1 2 + 6uttExx - 2vu,uExuUx + 
3

uttExu'll'x - 6VUtxExuUx - 3V'U,xxEtuUx + iUxxEtu'U'x 

(2.6) 

2 1 2 2 2 2 2 2 
- 3VUtUxxEuuUx + 2,UtUxxEuuUx - 4VUtxExuUx + 3UtxExuUx - 9VUxxExuUx - Exux 

1 1 1 1 1 + 2V1ltx'T/uu1lx -
3

u ,tx1JuuUx + 3v'U,xx'T/uu'l.lx - 2vEu'Uttx'U,:z; + 
3

(u'U,tt:z;Ux - 3vEu'U,txxUx 

2 1 2 2 1 1 1 21 
- 3vEuUtxxUx + 2,EuUtxxUx - 4v(uUxxxUx - 2VUtEtxuUx + 3Ut(txuUx - 2vutExuuUx 

1 2 1 1 1 2 2 2 1 2 + 
3

utExuu'l.lx - 3VUt(xxu'l.lx + 6Etxx1lx - VUtExxuUx - vEtxx1lx + 'T/t + 6ut(xxu1lx 

1 1 I 12 1 12 + 2V1JtxuUx - 37/txuUx + 2VUt1JxuuUx - 3Ut1JxuuUx T 3V1JxxuUx - 2v(uutx + 3Euutx 

2 2 2 1 3 1 1 3U1Jx 1 2 
- 3v(uuxx - utEu - 2,uutEx - UtEx + Ut1Ju + - 2- + 1Jx - v (uUttUxx - vExxxUx 

11 1 2 1 2 1 1 1 + 6( uUttUxx - 3v(uUtxUxx - 3v(uUtxUxx + 2EuUtxUxx - VUtUxxEtu + 
3

u txEtx 

1 1 1 2 1 12 1 1 , 2 1 + 6utUxxEtu - 2VUtxEtx - VUt UxxEuu + 6ut 1lxxEuu - 4 VUtUtx Exu T 
3

utUtxExu 

1 1 2 1 2 1 2 2 1 2 
- 3VUtUxxExu - 3VUtxExx - 2VUxxEtx + 

3
uxxEtx + 

3
utUxxExu - VUtx(xx + 6utxExx 

1 1 I 1 1 
+ 1JuUx + VUxx1Jtu - 6uxx1Jtu T VUtUxx1Juu - 6utUxx'T/uu + 2VUtx1Jxu -

3
utx1Jxu 

1 1 1 1 11 1 1 1 + 3VUxx1Jxu - 2vExUttx + 
3

( :z;Uttx - v(t Utxx + 6Et Utxx - 2VUt(uUtxx + 
3

ut(uUtxx 

2 1 2 1 1 2 12 
- 2v(xUtxx + 

3
(:z;Utxx + V1JuUtxx - 61JuUtxx - V'I.Lt(u1lxxx - v(tUxxx + 6(tUxxx 

2 1 2 2 1 1 1 21 
- VUt(uUxxx + 6ut(uUxxx - 3v(xUxxx + V1JuUxxx - VUtEtxx + 6utEtxx - vutExxu 
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1 21 1 1 1 1 1 2 1 + 6utExxu - IIUtExxx + 117ltxx - 57ltxx + IIUt7lxxu - 6Ut''lxxu - 311Uxxexx - 3vExUtxx 

+ llrJxxx - UtEi = 0 

and separating with respect to the derivatives of 11, yields the following system of 

linear partial differential equations: 

E~ = o, e~ = o, 77uu = o, E; = o, 

2rJxu - E;x = 0, 

'T/xxu + 2E; = 0, 

2 ( 1) ( 1) 2 3llrJxu - 3 11Exx + II - (3 'T/tu - 2 II - (3 Etx = 0, 

llrJxxx + 'T/t + (11 - ~) 'T/txx + ( 
3
2U + 1) rJx = 0, 

1/C - 311C - II - - C - II - - 1/'n = 0 1 2 ( 1) 2 ( 1) ',t '> x 6 '>t 6 '/XXU l 

3 2 2 ( 1 ) ( 3u I ) 1 277 - v exxx - Et + 2 I/ - 6 'T/txu + 2 T 1 et 

- ( 11 - t) EZxx + ( 2v + t -~U ( 11 - ~)) 'T/xxu - ( 
3
; + 1) ~; = 0. 

Solving the above system we obtain 

(2 .7) 

(2.8) 

(2.9) 

where C1 , C2 and C3 are arbitrary constants. Therefore the infinitesimal generators 

corresponding to (2.7-2.9) are 

A linear combination [47] of the translation symmetries (2.10) and (2.11) 

(2.13) 
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yields the two invariants 

z = x - ct and U = u , (2 .14) 

where c is a constant , which give the group invariant solution U = U(z ). Using this 

result, and with z as our new independent variable, (2. 1) is transformed into the 

nonlinear ordinary differential equation (ODE) 

(~ - cv + v) U"'(z ) + (1 - c)U'(z) + ~U(z)U'(z) = 0. (2. 15) 

Integrating (2. 15) once with respect to z, we obtain 

(~ - cv + v) U"(z) + (1 - c)U(z) + ~U2 (z) + C0 = 0, (2.16) 

where Co is an arbitrary constant of integration.The nonlinear ODE (2. 16) can be 

rewritten as 

U"(z) + 9 U2 ( ) 6(1 - c) U( ) 6C0 0 
2 ( c - 6cv + 6v) z + c - 6cv + 6v z + c - 6cv + 6v = · (2. 17) 

By introducing a new variable y = y(z) in (2 .17) defined by 

2 6v 
U(z) = 3(c - 6cv+6v)y(z), c-/= 

6
v- l ' (2.18) 

equation (2.17) can be re-written in terms of y(z) as 

y" + 3y2 
- wy + C1 = 0, (2.19) 

where C1 and w are given by 

C 
_ 6Co 

1 -
c - 6cv + 6v ' 

6(1 - c) 
w =-----

c - 6cv + 6v 
(2.20) 

The solutions of (2.17) can be expressed via the Jacobi elliptic function [30,48] . We 

now turn our attention to (2. 19). Multiplying (2.19) with y' and integrating once 

with repsect to z yields the first-order linear ODE 

(2.21) 

where C2 is an arbitrary constant of integration. Since the expression 

(2.22) 
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in (2.21) is a cubic function in y(z), it is reasonable to assume that (2. 21) can be 

written as 

(2.23) 

where >.1 , >.2 and >.3 are factors of (2. 22) ordered so that >.3 ~ >-2 ~ >.1 . The gen­

eral solution of (2.19) can thus be' expressed in terms of the Jacobi elliptic cosine 

amplitude function as [30, 48] 

(2.24) 

Reverting to the original variables, the solution of (2 .1 ) is 

u(t, x) ~ ~ (c - 6cv + 6v) { ,\,+ (,\3 - A2)cn2 (✓A, ; Ai (x - ct) , k2
) } - (2.25) 

By letting c = 1, 11 = 0.083, >.1 = 0.1 , >.2 = 0.2 and >.3 = 0.4, we render the graphical 

representation of (2 .25) in Figure 2.1. 

J.' 

Figure 2.1: Graphical representation of solution (2 .25) 
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2.1.2 Exact solutions of (2.1) using the Kudryashov method 

In this section we invoke the Kudryashov method [10] to determine exact solutions 

of (2.1). 

We begin by assuming that the solutions to the third-order: _ODE (2.15) can be 

written in the form 
M 

U(z) = L AiQi(z), 

where Q(z ) satisfies the Riccati equation 

whose solution is 

Q'(z) = Q2(z) - Q(z), 

1 
Q(z) = 1 + ez . 

(2.26) 

(2.27) 

(2.28) 

The value of Min (2.26) can be determined by using the balancing procedure [10] and 

Ai i = 0, 1, • • • , M are constants which we will determine. We balance the highest 

order derivative with the nonlinear term, that is, U"'(z) and U(z)U' (z ) respectively. 

This gives M = 2. Thus the solution (2.26) can be written as 

(2.29) 

Substituting (2.29) into (2 .15) and invoking (2.27) we obtain the following equation 

in Q(z): 

12cvA1Q3 (z) - 6cvA1Q4(z) - 7cvA1Q2(z) + cvA1Q(z) - 24cvA2Q5(z ) 

+ 54cvA2Q4 (z) - 38cvA2Q3 (z) + 8cvA2Q2(z) - 2A2Q2 (z) - 3A/Q4 (z) 

+ 3A/Q5(z ) - A1Q(z) + ~A/Q3(z) - ~A/Q2(z) + A1Q2(z ) 

+ 2A2Q3(z) - 9cA2Q4 (z) + 4cA2Q5 (z) - 8vA2Q2(z) + cA1Q4 (z ) 

5 13 2 + 6cA1Q (z) + 3 cA2Q3 (z) - 2cA1Q3 (z) + 3cA2Q2(z) + 7vA1Q2(z) 

1 
- vA1Q(z) + 24vA2Q5 (z) + 6cA1Q

2(z) - 54vA2Q4 (z ) + 38vA2Q3 (z ) 

- 3AoA2Q2(z) + ;A1Q4 (z)A2 + 3AoA2Q3 (z) - 12vA1Q3(z) - ~AoA1Q (z) 

- ;A1Q3(z )A2 + ~AoA1Q2(z) + 6vA1Q4 (z ) = 0. (2.30) 
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Equating the coefficients of like powers of Q(z) in equation (2.30) we obtain the 

following five algebraic equations in terms of A0 , A1 and A2 : 

9 2 

2A1A2 + 6vA1 - 54vA2 + cA1 - 9cA2 - 6cvA 1 + 54cvA2 - 3A2 = 0, 

9 13 
3AoA2 - 2A1A2 - 12vA1 + 38vA2 + 3 cA2 - 2cA1 + 12cvA1 - 38cvA2 

3 2 + 2A2 + 2A1 = 0, 

4cA2 + 24vA2 + 3Al - 24cvA2 = 0, 

3 1 2 
2AoA1 - 3AoA2 + 7vA1 - 8v A2 + 6cA1 + 3cA2 - 7cvA 1 + 8cvA2 

3 2 + A1 - 2 A1 - 2A2 = 0, 

3 5 
2AoA1 + vA1 + A1 - 6cA1 - cvA1 = 0. (2.31) 

Below we give one solution of interest obtained from solving (2.31). 

1 
Ao = 9(6cv + 5c- 6v- 6), 

1 
A1 = 3(24v - 24cv + 4c) , 

1 
A2 = -:- 3(24v - 24cv + 4c). (2.32) 

Thus, from (2. 14), (2.29) and (2.32) we can write the solution of (2. 1) as 

1 1 ex-d 
u(t, x) = - (6cv + 5c - 6v - 6) + - (24v - 24cv + 4c) ( d)2. (2.33) 

9 3 1 + ex-

One possible graphical representation of (2.33) is shown in Figure 2.2. 

As expected [30], the solution (2.33) is contained in the general solution (2.25). This 

can be seen if we let ,\1 = ,\2 in (2.25), which yields a soliton whose outline is akin 

to Figure 2.2. 

2.1.3 Cnoidal wave solutions of (2.1) using the extended Ja­

cobi elliptic function expansion method 

In this subsection we employ the extended Jacobi elliptic cosine amplitude function 

expansion method to obtain cnoidal wave solutions of (2. 1). As before, the balancing 
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Figure 2.2: Graphical representation of solution (2 .33) for c = 0.9 and v = 0.083. 

procedure gives M = 2 and hence the solution is of t he form 

where Ai , i = {- 2, -1 , • • • , 2} are constants to be determined and H (z) satisfies the 

first-order ODE (1.36). We now proceed to substitute (2.34) into (2.15) and use 

(1.36) which yields the following equation in H ( z): 

96A2cvwH(z) 6 
- 144A2cvwH(z) 8 

- 36A1cvwH(z) 7 + I2A1cvwH(z) 5 

+ 6A_1cvH (z) 3 
- 12A_ 1cvwH (z) 3 

- 96A_2cvwH (z) 2 + 36A_1cvwH(z) 

- 48A2cvH(z)6 
- 6A 1cvH(z) 5 + 48A_2cvH (z) 2 - 36A_1cvH(z) 

+ 24A2cwH (z) 8 + 6A1cwH(z)7 
- 16A2cwH (z) 6 

- 2A1cwH(z) 5 

+ 2A_1cwH (z )3 + 16A_2cwH (z)2 - 6A_1cwH (z) + 20A2cH (z) 6 

+ 7 A1cH(z) 5 
- 7 A_ 1cH(z) 3 

- 20A_2cH(z)2 + 6A_ 1cH(z) + 144A_2cvw 

- 144A_2cv - 24A_2cw + 24A_2c + 144A2vwH(z) 8 + 36A1vwH (z) 7 

- 96A2vwH(z)6 
- 12A1vwH(z) 5 + 12A_ 1vwH(z) 3 + 96A_2vwH(z)2 

- 36A_ 1vwH (z) + 48A2vH(z) 6 + 6A1vH (z) 5 
- 6A_ 1vH(z) 3 

- 48A_2vH (z) 2 
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+ 36A_ivH (z ) -18A~H(z) 8 
- 27AiA2 H (z)7 

- 9Ai H (z )6 
- 18A0A2H (z) 6 

6 5 • - 3 - 12A2H(z) - 9Ao AiH(z) - 6AiH (z)~ - 9A_iA2H (z )~ + 6A_i H (z ) 

+ 9A_i AoH (z )3 + 9A_2AiH (z )3 + 9A~ iH (z )2 + 12A_2H (z)2 + 18A_2A0 H (z )2 

(2.35) 

Equating the coefficients of like-powers of H (z) in (2. 35) to zero , we obtain the 

following overdetermined system of eight algebraic equations in A_2 , A_i , A0 , Ai 

and A2: 

12Aicvw - 2Aicw - 12Aivw + 9A2Ai = 0, 

24A2cz;w - 4A2cw - 24A2vw + 3A~ = 0, 

24A_2cvw - 24A_2cv - 4A_2cw + 4A_2c - 24A_2z;w + 24A_2z; 

+ 3A~2 = 0, 

12A_iCZIW - 12A_iCll - 2A_i cw + 2A_i c - 12A_il/W + 12A_ill 

+ 9A-2A-i = 0, 

48A_2cz; - 96A_2cvw + l 6A_2cw - 20A_2c + 96A_2vw - 48A_2v + 9A~i 

+7A 1c = O, 

+ 48A2cv + 16A2cw - 20A2c - 96A2cvw - 48A2v + 9Ai + l 8A0A2 + 12A2 

+ 96A2llW = 0. 

One plausible solut ion of the above system is 

1 
A_2 = 3(24vw + 24cz; + 4cw - 4c - 24cvw - 24v), 

A_i =Ai = 0, 
1 

Ao = 9(48cvw - 24cz; - Sew+ 10c - 48z;w + 24v - 6), 

1 
A2 = 3(24vw - 24cvw + 4cw). (2.36) 

26 



Hence the solution for equation (2.1) that corresponds to (2.36) is 

(2.37) 

where z = x - ct and 0 ~ w ~ 1. We now give a solution profile of (2.37) for 

c = 0.5 , v = 0.1, w = 0.01 in Figure 2.3. 

-----

10 

Figure 2.3: Graphical representation of solution (2.37) 

2.1.4 Snoidal wave solutions of (2.1) using the extended Ja­

cobi elliptic function expansion method 

To obtain the snoidal wave solutions of (2.1 ) using the extended Jacobi elliptic func­

tion expansion method we assume the solution of the third-order ODE (2.15) of the 

form 
M 

U(z) = L AiH(z)\ 
i=-M 

where H(z) sat isfies the first order ODE 

H' (z) = J(l - H2(z)( l - wH2 (z)). 
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The solution of the above equation is the sine amplitude function 

H (z) = sn(zjw). 

The balancing procedure yields M = 2 and so following the same procedure as in 

the pr~vious subsection we obtain the following equation in H(z) : 

144A2cvwH (z) 8 + 36A1cvwH(z) 7 
- 48A2cvwH (z) 6 

- 6A1cvwH (z )5 

+ 6A_1cvwH (z) 3 + 48A_2cvwH (z)2 - 48A2cvH (z) 6 
- 6A1cvH(z)5 

+ 6A_ 1cvH (z) 3 + 48A-2cvH(z)2 - 36A_ 1cvH(z) - 24A2cwH (z) 8 

- 6A1cwH (z) 7 + 8A2cwH (z) 6 + A1cwH (z) 5 
- A_1cwH(z)3 

- 8A_2 cwH (z)2 + 20A2cH (z) 6 + 7 A1cH(z)5 
- 7 A_1cH(z)3 

- 20A_2cH (z)2 + 6A_1cH (z) - 144A_2cv + 4A_2c - 144A2vwH (z)8 

- 36A1vwH (z) 7 + 48A2vwH(z) 6 + 6A1vwH (z) 5 
- 6A_1vwH (z) 3 

- 48A_2vwH (z)2 + 48A2vH (z)6 + 6A1vH (z) 5 
- 6A_ 1vH(z) 3 

- 48A_2vH (z)2 + 36A_1vH(z) - 18A~ H (z) 8 
- 27 A1A2H (z) 7 

- 9Af H( z)6 

- l 8AoA2H (z) 6 
- 12A2H(z)6 

- 9AoA1H (z) 5 
- 6A1H (z) 5 

- 9A_1A2H( z) 5 

+ 6A_1H (z)3 + 9A_1AoH (z) 3 + 9A_2A1H (z)3 + 9A~1H( z)2 + 12A_2H (z)2 

+ l8A_2AoH(z)2 + 27A_2A_1H (z) + 144A_2v + 18A~2 = 0. (2.38) 

The next step entails collecting and equating the coefficients of Hi ( z) to zero yielding 

eight algebraic equations 

24A_2C - 144A_2CV + 144A_2V + l 8A~2 = 0, 

6A_1c - 36A_1cv + 36A_1v + 27 A_2A_1 = 0, 

48A_2cvw + 48A_2cv - 8A_2cw - 20A_2c - 48A_2vw - 48A_2v 

+ 9A~ 1 + 12A_2 + l 8A_2Ao = 0, 

6A_1cvw + 6A _1cv - A_1cw - 7 A_1c - 6A_1vw - 6A _1v + 9AoA- 1 

+ 6A_1 + 9A_2A1 = 0, 

A1cw - 6A1cvw - 6A1cv + 7A1c + 6A1vw + 6A1v - 9AoA1 - 6A1 

- 9A_1A2 = 0, 
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8A2cw - 48A2cvw - 48A2cv + 20A2c + 48A2vw + 48A2v - 9Af - 18A0 A2 

-12A2 = 0, 

36A1cvw - 6A1cw - 36A1vw - 27 A2A1 = 0, 

144A2cvw - 24A2cw - 144A2vw - 18A~ = 0. 

One set of solutions for the above system of algebraic equations is 

1 
A_2 = 3 (24cv - 4c - 24v) , 

A_ 1 =Ai= 0, 

1 
A0 = 9 (24vw + 10c + 24v - 24cvw - 24cv + 4cw - 6) , 

1 
A2 = 3w (24cv - 4c - 24v) . (2.39) 

Thus, in light of (2.39) the solution of (2.1) is 

(2.40) 

where A0 and A2 are given in (2 .39). The corresponding graphical representation is 

given for c = 0.5, v = 0.1 , and w = 0.01 in Figure 2.4. 

2.1.5 Symmet ry reduct ions using opt imal system of one­

dimensional subalgebras 

We now calculate the optimal system of one-dimensional subalgebras for equation 

(2.1 ). This will then be used to find the optimal system of group-invariant solutions 

for equation (2. 1). To obtain the optimal system of one-dimensional subalgebras we 

use the method presented in [15]. Recall that the adjoint transformations are given 

by 

where [Xi, Xj] is the commutator defined by 

(2.42) 
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Figure 2.4: Graphical representation of solution (2.40) 

We first compute all the commutators of the Lie symmetries and present in Table 1. 

Then using the commutator table and (2.41) we construct the adj oint representations 

of the symmetry group of (2.1) and present it in T~ble 2. Following the procedure 

given in [15], it turns out that an optimal system of one-dimensional subalgebras is 

given by {X1 , aX1 + X2 , bX1 + X3} , where a, b E JR. 

Table 1. Commutator table of the Lie algebra of equation (2.1) 

[Xi,Xj] X1 X2 X3 

X1 0 0 0 

X2 0 0 l8vX1 + 3(6v - l )X2 

X3 0 -18vX1 - 3(6v - l )X2 0 

Table 2. Adjoint table of the Lie algebra of equation (2.1) 

Ad X1 X2 X3 

X1 X1 X2 X3 

X2 X1 X2 - l8cvX1 - 3c(6v - l )X2 + X3 

X3 X1 ~ (e3c{6v-1) _ l )X + e3E{6v-1Jx 611- l 1 2 X3 
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2.1.6 Symmetry reductions and exact solut ions of (2. 1) 

In this subsection we use the optimal system of one-dimensional subalgebras calcu­

lated in the previous subsection to obtain symmetry reductions and exact solutions 

of the KdV-BBM equation. 

Case 1. X1 

The symmetry X 1 gives rise to the two invariants 

z = t , f = u (2.43) 

and using these the KdV-BBM equation (2. 1) transforms to 

f'(z) = 0, (2.44) 

which integrates to f(z) = K , where K is a constant of integration. Hence the 

group-invariant solution of (2.1 ) under X1 is given by u(t , x) = K . 

The symmetry a.X 1 + X 2 gives rise to the following two invariants: 

Z = X - a.t, f = U. (2.45) 

We note that these two invariants are identical to the invariants given in equation 

(2. 14) with a = c and hence the group-invariant solution, in this case, is given by 

(2.25), which is the most general solution we can obtain for equation (2. 1). 

The symmetry bX1 + X 3 yields the two invariants 

b ln (3t) + 3(6vt - 6vx + x) ( 2 ) 
z = 3 - 18v ' f = t 3 - 18v + u · (2.46) 

By treating f as the new dependent variable and z as a new independent variable, 

the KdV-BBM equation (2.1) reduces to third-order ODE 

(6v - 1) {bf'" + 3(6v - l )f"} - 9(6v - 1) (3f' - 2) f (z) + 6bf' = 0. (2.47) 
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2.2 Conservation laws of (2.1) 

In this section we construct conservation laws for the KdV-BBM equation (2.1) using 

the multiplier approach whose algorithm has already been outlined in the previous 

chapter. For our equation (2.1), the Euler-Lagrange operator is given by 

(2.48) 

where Dt and Dx are the total derivatives as in (2.6). In this work, we consider 

second-order multipliers, i.e., A depends on t , x, Ux and Uxx· We now proceed to 

derive the conservation laws of (2.1) using the mult iplier approach. 

2.2.1 Conservation laws of (2.1) using t he multiplier ap­

proach 

We consider the second-order multiplier A 

equation for the multiplier is given by 

A(t, x, u, Ux, Uxx). The determining 

(2.49) 

Expanding (2.49) and splitting the resultant equation on derivatives of u yields the 

fifteen determining equations 

1 

3Au., - 2vAu., = 0, 

~Au.,u.,., - v A UxUxx = 0, 

1 
A + - A - vA - 0 UxxU.xx 6 UUxx UUxx - , 

1 
A + - A - vA - 0 UxxUxxUxx 6 UUxxUxx UUxxUxx - , 

1 1 1 
2Au.,ux + 2 uxAuu., + 2Axux - 3vAxu., - 3vAuuxUx - 3vuxxAuxUx = 0, 

3 
2

u uxAuxxUxx - VAxuxx + UxAuxxUxx - VAtuxx - 2vAuxUxx - VUxAuuxx 
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1 
+ 6Atu:,;:,; = 0, 

3 1 
-U A + -At - IIUxxAu-U-:cU-:c - 11A U + U A 2 X Uxx'UxxUxx 6 UxxUxx .... .... .., UUxxUxx X X UxxUxxUxx 

1 1 

3
uxAuuu:i::i: + 

3
A uu:,;u:,;:,; - 211Axuu"'"' - IIAuu:i: + 2uxAuu:i::i:U:i::i: + 2UxxA11,xUxx'U,xx 

1 1 
+ 2Axu:i::i:U:i::i: + 

3
A xuu:i::i: + 6A uu:,; - 2Ux11Auuu:,;:,; - 2Uxx11Auu:i:Un = 0, 

1 1 
3uXJ\U:,;:,;U:,;U - 211AUU:,;:,; + 3UxxAU:,;U:,;U:,;:,; - 211.t\XU:,;:,;U:,; - 11AU:,;U:,; + 2Au:,;:,;U:,;:,; 

1 1 1 
+ 3Axu:i::i:U:i: + 6Au:i:u:i: + 

3
A uun - 211uxAuU:,;un - 2VUxxAu:i:u:i:un = 0, 

1 

3
u x'Uxx A uu:i:U:i: - IIUx 

2 
Auu:,;U:i: - 21111,x Axuu:c - 211Auu 'U,x - 3 1111,xx Auu:i: 

1 2 1 + 6 Axxu:i: - IIUxx Au:i:U:i:U:i: - 211Uxx Axu:i:u:i: + 3 Axu + 2uxAuu:,;:,; + 2AU:i:Un Uxx 

1 1 2 1 1 
+ 

3
uxxAxu:i:U:i: - IIAxxu:i: + 6uxx A u:i:u:i:u:i: + 

3
uxAxuu:,; + 

3
A uu 

1 2 1 + 6ux Auuu:,; - 211Axu + 2A uu:,; + 2 A xun - 211UxUxxAuu:i:U:i: - 2Au:i: = 0, 

1 
3 A uuu:i: - ll'U,x 

2 
A uuu - 211 Axuu Ux - IIUxx 

2 
A uu:i:u:i: - 1111,xxAuu - 211'UxxAxuu:,; 

1 2 + 2Auu:i:Un Ux + 6 Axxu - A uu:i: Ux - Uxx A u:i:u:i: + Ux A uuu:i::i: + 2uxAxuu:,;:,; 

1 1 
+ Uxx 

2 
Au:i:U:i:Un + 'Uxx Auu:i::i: + 2UxxAxu:,;U:,;:,; - IIAxxu + 

3
uxxAxuu:i: + 6uxx A uu 

I 1 2 1 1 2 
T 6uxx Auu:,;U:i: + 

3
uxAxuu + 6ux Auuu - 211UxUxx Auuu:,; - Axu:i: 

1 1 1 1 
+ 3 Axtun + 6 A tu:i: + 2UxxAunU:i::i: + 3 Atu:i:U:i::i: + iuxAtuu:,;:,; - II Atu:i: 

+ 3ux 
2 

Au:,;:,;U:,;:,; - 211 A XXU:,;:,; - 211 AtxU:,;:,; + 2Axu:,;:,;U:,;:,; Ux - 411 J\ XU:,; + 2ux 
2 

AUU:,;:,;U:,;:,; = 0, 

9 1 2 1 2 

2uxUxxAu"'"' - 3UUxxAu"' + 6ux Atuu - IIAxxx + 
3

uxAtxu + 2Uxx A u:i:U:i::i: 

+ Axxu:i::i: Ux - Axu:i: Ux - II A xxt + 2UxxAxu,:,;:i: - Ux 
2 

A uu:i: + 2Ux 
2 
Axuu:i::i: 
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1 3 3 + 3 Atuu,. - VUx Auuu - VUxx Atu - 2VUxxAtxu,. - VUxx Au,.u,.u,. - 3VUxxAxxu,. 

3 3 2 2 + 2UUxAXXUx x - 2UUxAxu,. - 3vuxAxxu - 3VUxx AxuxUx - 3vux Axuu 

2 2 3 3 3 2 + 3UUx Axuux:i: - 3VUxx Auu:. + 
2

uux A uuu:.:i: -
2

uux AuU:i; - UxUxxAu:.u:i: 

+ 3Ux Uxx Auuu + 2Ux 
2

UxxAuu:.U:i::i: + 3ux 
2
UxxAu"u"" + 3UUxx 

2 
Au"u"" + Ux Uxx 

2 
A u:i:U:i:U:i::i: 

2 3 3 2 + 3uux UxxAuu:.U:i::i: -
2

uAx - 2UxxAu" - At - Ax -
2

ux Au" - 6vuxAxuu:. Uxx 

9 2 2 + 
2

uxUxx Auu:.:i: - 3VUxUxx Auu:.U:i: - 3vux UxxAuuu:. - 3VUxUxxAuu - 2VUUxUxxAtuu:. 

3 2 3 + 
2

uxx UUxAu,.u:.Uu + 3UUxUxx AxuxU:i::i: -
2

uxxUUx A U:i:U:i: = 0. 

Solving the above system we obtain the multiplier 

(2.50) 

with c1 and c2 arbitrary constants. We now recall and apply the property of a 

multiplier given in (1.47) , that is, 

(c1U - c2) { Ut + Ux + ~UUx + VUxxx - (i- V) Utxx } = T/ + UtT~ + UtxT~" 

(2 .51) 

The solution to (2.51) yields the following two conservation laws: 

t 12 1 1 12 1 2 
T1 = 2u -

18 
UUxx + 3vuUxx - 6vux + 

36 
ux, 

X 1 2 1 3 1 2 1 2 1 1 
T1 = 2u + 2u + VUUxx - gUUtx + 3v uUtx -

2
vux + 

18 
UxUt - 3vuxUt ; 

2.3 Concluding remarks 

In this chapter we presented the exact solutions of the KdV-BBM equation (2.1 ). 

Of note is that from direct integration we obtained J acobi elliptic type solutions 
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(2.25) which were cnoidal in nature. The Kudryashov and extended Jacobi elliptic 

function expansion methods were also used to obtain exact solutions. Furthermore, 

we computed the optimal system of one-dimensional subalgebras and then used it to 

perform symmetry reductions and find group-invariant solutions for equation (2.1 ). 

We also noted that the solution (2.25) was the most general solution for (2. 1) and the 

other solutions were contained in (2.25). Finally, we derived the conservation laws of 

the KdV-BBM equation by using the multiplier approach, obtaining two multipliers 

and consequently, two conserved vectors. 
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Chapter 3 

Exact solutions and conservation 

laws of a modified equal width 

Burgers equation 

In this chapter we study the modified equal width (MEW) Burgers equation [49] 

(3.1) 

which describes long wave propagation in nonlinear media with dispersion and dis­

sipation. Here a , /3 are positive parameters and w is a damping parameter. 

The original Burgers equation 

Ut + UUx - VUxx = 0, (3.2) 

a model for turbulent flow, first appeared in academic circles in [50 , 51]. Over the 

years, various researchers have applied modifications to (3.2) and used many different 

methods to study the equation . For example, Arora et al. [52] performed the reduced 

differential transform method to find the numerical solution of the equal width wave 

equation and the exact analytical solution of the inviscid Burgers equation with 

initial conditions. The equal width equation 

Ut - UUx - Utxx = 0 (3.3) 
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was first introduced in [53]. It describes amongst others , nonlinear dispersive waves 

in plasmas. Extensive work was done on equation (3.3) in constructing numerical 

solutions [54, 55]. In [56], quadratic B-splines were used on the generalised equal 

width equation 

(3.4) 

to approximate the solution u(x, t ). Several researchers, for example [57, 58] have 

studied equation 

(3.5) 

which is a modified equal width equation, with slight variations to it. 

In [49] the bifurcation behaviour and an external perturbation of the MEW-Burgers 

equation (3 .1) was studied. 

In this chapter we begin by determining the Lie point symmetries of MEW-Burgers 

equation (3.1) and then construct exact solutions by invoking the (G' / G)- expansion 

method. Furthermore, we derive the conservation laws by applying the new conser­

vation theorem due to Ibragimov. 

This work has been submitted for publication [59]. 

3.1 Lie point symmetries and similarity reduction 

of (3.1 ) 

In this section we determine the Lie point symmetries and perform similarity reduc­

tion of (3.1). We begin the solution of this problem by determining its Lie point 

symmetries. Since equation (3.1) is a third-order NLPDE, we apply the third pro­

longation 

where X l3l is the third prolongation given by (2.4). Expanding (3.6) yields the 

equation 

'T/t + 2Ux Ut~; + 2/JUttxa - 2µUt ,x(; + 2/Juzx~;, + /JUtx~;x - µUx~;x + fJuu~;x 
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+ 2µUxT/xu - µui;x - 2f3ut,xT/xu + aU2TJx + /3(ixxUt + f3(ZxxUx + 2f3axut,x 

+ 2/3UxxEZx - /3UtT/xxu - f3T/tuu Ux 
2 

- f3TJtu Uxx + f3E;xu u/ + Ux 3 f3EZuu 

+ 2f3(ZxuUx 2 
- 2/3UxT/txu - 2µux 2(;u - µu/E;u + µu/T/uu + µUxxa + f3uxxx(; 

+ 2E;ut - (;ux + (tul + µT)xx - f3T/txx + (j'U,(U.x(;xx + 3f3uxUxxEZu + /3'U(U,x 2auu 

+ 2f3utuxaxu - f3utU/ T/uuu + 2aUUxT/ + f3u/u/(tuu + f3uxxUtEiu + 2uxUtxf3au 

+ 4f3utUtxE;u + 2/3UxUttE;u - 2µUtUx(;u + 2UxxUtf3E;u 

+ 4uxf3Utx(;u + 3/3Ux 2UtxE;u - f3uxx UtT/uu - 2/3UtxT/uu + f3u/uxxE;u + f3ux 2UttEtu 

2cl 2 c2 2 cl 2c2 2 2 c2(.l 3c2(.l - µUtUx '>uu + au Ux<,,x + au Ux<,,t + '>uau Ux + '>u/JUtUxxx + '>u/JUtxUxx 

- ai?utE; + 2/3UttxUxEt + f3uxxUttEt + µuxxUt(t - 2µUxUtx(t + UtUx 3 f3E;uu 

+ 2(3u/ux(;uu + 2f3utu/(;uu - 2/3UtUxT/xuu + 3/3UtUxUxx(;u + 4/3UtUxUtx(tu 

+ au2utux(t = 0. (3.7) 

Separating (3. 7) with respect to derivatives of u yields the system of ten linear partial 

differential equations 

(; = 0, 

Et= o, 

E; = o, 
(; = 0, 

T/uu = 0, 

(;x - 2TJxu = 0 

µE; - f3T/tu = 0, 

2E; - f3 T/xxu = 0, 

µT)xx - f3TJtxx + T/t + aU2TJx = 0, 

au2E; + au2
(; + 2aUT) + 2µT)xu - µE;x - 2f3T/txu = 0. 

When we solve (3 .8)-(3. 17) for E1, (2 and T/ we obtain the values 

E1 = C1, 

e2=C2, 
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- (3.9) 

(3.10) 

(3.11) 

(3.12) 

(3 .13) 

(3 .14) 

(3 .15) 

(3.16) 

(3 .17) 

(3.18) 

(3. 19) 



7] = 0. (3 .20) 

We re-write (3.18)- (3.20) in vector form to obtain the infinitesimal generators 

(3.21) 

(3 .22) 

A linear combination of the Lie point symmetries (3 .21) and (3.22) X = X1 + cX2 

produces the associated Lagrange equations 

dt dx du 

1 C 0 
(3.23) 

which upon solving yields the two invariants z = x - ct and U = 11., and thus 

the group-invariant solution u = U(z). Taking U and z as the new dependent and 

independent variables respectively, we have 

ul = - cU'(z) , 

Ux = U'(z), 

Uxx = U"(z) , 

Utxx = -cU111 
( Z). 

(3 .24) 

(3.25) 

(3.26) 

(3.27) 

The equations (3.24) - (3 .27) transform (3.1) into the third-order nonlinear ODE 

(3cU
111 

(z ) - cU'(z) + wU"(z ) + aU(z)2U' (z) = 0. (3.28) 

3.1. 1 Applicat ion of the (G' / G)-expansion method on (3 .28) 

We now implement the (G' / G)- expansion method on (3.28). 

The balancing procedure yields M = 1, thus (1.29) becomes 

(
G'(z) ) 

U(z) =Ao+ A1 G(z) . (3 .29) 

Substituting (3.29) into (3.28) and using (1.30 results in the polynomial in (G' / G) 
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(3.30) 

Equating the coefficients of ( G' / G)i yields the overdetermined system of five algebraic 

equations: 

Using Mathematica two solutions of the above system of algebraic equations are 

Solution set 1 

Solution set 2 

A = ✓-2>.w 
0 3a ' 

~ 
A1=y~, 

2 2 
c = - (3µ - >. ) 3>. . 

Ao= - J2w;:, 

A1 =3flj;, 
3 

/3 = 4µ ' 

-4wfo 
c= ---3 . 
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Thus corresponding to the solution set 1 above, we have the following three types of 

solutions for our MEW-Burgers equation (3.1) 

Case 1.1 M = >-2 - 4µ > 0, we obtain the hyperbolic function solution 

u(t x) = ( 1 + ~) ✓-2>-w (L1i Acosh(L11z) + Bsinh(L11z) _ ~) 
' >- 3a, Asinh(L11z)+Bcosh(L11z) 2 ' (

3
.
33

) 

where L1 1 = .JfJ / 2, z = x - 2(3µ - >-2)t / (3>.) and A and B are constants. 

Case 1.2 M = >- 2 - 4µ < 0, we obtain the trigonometric function solution 

u(t x) = ( 1 + ~) ✓-2>-w (L'.1
2 

Asin (L12z) + Bcos(L12z) _ ~) 
' >. 3a, A cos(L12z) + B sin(L12z) 2 ' 

where L12 = FM / 2, z = x - 2(3µ - >-2)t/(3>.) and A and B are constants. 

Case 1.3 M = >- 2 
- 4µ = 0, we obtain the rational function solution 

u(t ,x) = (1 + ~) ✓-:~w (Bz:A -~) ' 
where z = x - 2(3µ - >.2)t/ (3>-) and A and B are constants. 

(3.34) 

(3.35) 

Similarly, considering the solution set 2 we obtain the following three types of solu­

tions: 

Case 2.1 M = >.2 
- 4µ > 0, we obtain the hyperbolic function solution 

u(t x) = (J + 4,8>.) /2Jµw (~ _ L1 i A cosh(L11z) + B sinh(L1 1z) ) 
' - \ a, 2 A sinh(L11z) + B cosh(L11z) ' 

where L'.1 1 = .JfJ / 2, z = x + 4ft.wt/ 3 and A and B are constants. 

Case 2.2 M = >-2 - 4µ < 0, we obtain the trigonometric function solution 

u(t x) = (l + 4,8>.) ✓2fow (~ _ L1
2 

A sin(L12z) + B cos(L12z)) 
' a, 2 A cos(L12z) + B sin(L12z) ' 

where L12 = FM /2, z = x + 4Fµwt / 3 and A and B are constants. 

Case 2.3 M = >- 2 - 4µ = 0, we obtain the rational function solution 

u(t,x) = (1 + 4,8>.) ff- (Bz: A - ~) , 

where z = x + 4fowt/ 3 and A and B are constants. 

The solution profile of (3.33) for >- = -0.09, A = 0, B = 1, µ = 0.01 , w = 0.03, a, = 1 

is presented in Figure 3.1 , whereas the solution profile of (3 .35) for >. = -0.8, A = 

0.4, B = 3, µ = 0.2, w = 0.01, a,= 0.1 is given in Figure 3.2. 
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1.0 

0.5 

Figure 3.1: Profile of solution (3.33) 

-. ________ _ ----------' -20 X 

20 

-20 

Figure 3.2: Profile of solution (3.35) 

3.2 Conservation laws of (3.1) 

u 

-0.4 

In this section we derive conservation laws for MEW-Burgers equation (3. 1) using 

the new conservation theorem due to Ibragimov [41]. 

We begin by determining the adjoint equation using the formula 

(3.36) 

In this case the Euler-Lagrange operator is 

(3.37) 
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where the total differential operators Dt and Dx are 

Equation (3.36) yields the adjoint equation 

(3.38) 

We now consider the system (3.1) and its adjoint (3.38). The Lagrangian of this 

system is 

(3.39) 

which is equivalent to the second-order Lagrangian 

(3.40) 

According to the Lagrangian (3.40) and (1.55), the expanded formulae for obtaining 

the conserved vectors corresponding to an infinitesimal generator are 

Recall that equation (3.1) has the two translation symmetries 

(3.41) 

(3.42) 

(3.43) 

(3.44) 

Let us first consider the infinitesimal generator (3.43). It can be easily shown that 

extending the generator X1 to the new variable v produces the same translation 

symmetry X1 = 8/ 8t. In order to determine the value of>- we apply the equation 

X(F) = >- (F) , (3.45) 

which yields >- = 0. Again, 

(3.46) 
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Consequently, ry* = 0 and the operator admitted by the adjoint equation (3.38) is 

8 
Y = 8( 

We now use (3.47) to compute the Lie characteristic functions 

(3.47) 

The conserved vector for the system (3. 1) and (3.38) corresponding to the infinitesi­

mal generator (3.43) can thus be obtained by using (3 .41) and (3.42). The following 

conserved vector is obtained 

Similarly, we compute the conserved vector corresponding to the infinitesimal gen­

erator (3.44). In this case W1 = -ux and W2 = -vx and the conserved vector thus 

rendered by applying (3.41) and (3.42) are 

3.3 Conclusion 

In this chapter we determined the Lie point symmetries of the MEW-Burgers equa­

tion (3.1). We then used the Lie point symmetries along with the ( G' / G)-expansion 

method to obtain travelling wave solutions. The solutions obtained were hyperbolic, 

trigonometric and rational function solutions. 

We proceeded further and derived two conservation laws of energy and momentum 

using the new conservation theorem due to Ibragimov. 
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Chapter 4 

Concluding remarks 

Many real-world physical systems, which include fluid mechanics, elasticity, thermo­

dynamics , biology and gas dynamics are modelled by nonlinear partial differential 

equations. It is therefore important to study such systems from the point of view 

of finding exact solutions and conservation laws. In this dissertation we studied two 

nonlinear partial differential equations namely the Korteweg-de Vries-Bejamin-Bona­

Mahony equation and the modified equal width Burgers equation. 

In Chapter one we presented the relevant literature which was used in this disserta­

tion. Various methods for finding the exact solutions of PDEs were described and 

two methods for deriving conservation laws were discussed. 

Chapter two studied the Korteweg-de Vries-Bejamin-Bona-Mahony equation. Of 

note is that from direct integration we obtained Jacobi elliptic type solutions (2.25) 

which were cnoidal in nature. The Kudryashov and extended Jacobi elliptic func­

tion expaJ1Sion methods were also used to obtain exact solutions. Furthermore, we 

computed the optimal system of one-dimensional subalgebras and then used it to 

obtain symmetry reductions and group-invariant solutions. Finally, we derived the 

conservation laws of the KdV-BBM equation by using the multiplier approach, which 

resulted in two multipliers and consequently, two conserved vectors. 

In Chapter three, the modified equal width Burgers equation was investigated. Lie 
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symmetry analysis along with the (G' / G) - expansion method were employed to find 

exact travelling wave solutions of the equation. In addition, we derived the con­

servation laws of energy and momentum of the underlying equation using the new 

conservation theorem due to Ibragimov. 

In future work, we plan to study the modified equal width Burgers equation with 

the power law nonlinearity. 

46 



Bibliography 

[1] M. Wang, Y. Zhou, Z. Li, Application of a homogeneous balance method to 

exact solutions of nonlinear equations in mathematical physics, Phys. Lett. A, 

216 (1996) 67-75. 

[2] J . Hu, H. Zhang, A new method for finding exact traveling wave solutions to 

nonlinear partial differential equations, Phys. Lett. A, 286 (2001) 175-179. 

[3] M.J. Ablowi.tz, P.A. Clarkson, Solitons, Nonlinear Evolution Equations and In­

verse Scattering, Cambridge University Press, Cambridge, 1991. 

[4] C.H. Gu, Soliton Theory and Its Application, Zhejiang Science and Technology 

Press, Zhejiang, 1990. 

[5] V.B. Matveev, M.A. Salle, Darboux Transformations and Solitons, Springer, 

New York, 1991. 

[6] R. Hirota, The direct method in soliton theory, Cambridge University Press, 

Cambridge, 2004. 

[7] N.A. Kudryashov, Exact solitary waves of the Fisher equation , Phys. Lett. A, 

342 (2005) 99-106. 

[8] M. Wang, X. Li , J . Zhang, The (G'/G)-expansion method and travelling wave 

solutions for linear evolution equations in mathematical physics, Phys. Lett . A, 

372 (2008) 417- 423. 

47 



[9] Z. Zhang, Jacobi elliptic function expansion method for the modified Korteweg­

de Vries-Zakharov-Kuznetsov and the Hirota equations, Phys . Lett . A, 289 

(2001) 69-74. 

[10] N.A. Kudryashov, One method for finding exact solutions of nonlinear differen­

tial equations, Commun. Nonlinear Sci. umer. Simulat., 17 (2012) 2248-2253. 

[ll] G.W. Bluman, J .D. Cole, The general similarity solutions of the heat equation, 

J. Math. Mech., 18 (1969) 1025-1042. 

[12] A.S. Fokas, Q.M. Liu, Generalized conditional symmetries and exact solutions 

of nonintegrable equations, Theor. Math. Phys., 99 (1994) 263-277. 

[13] L.V. Ovsiannikov, Group Analysis of Differential Equations, Academic Press, 

New York, 1982. 

[14] G.W. Bluman, S. Kumei , Symmetries and Differential Equations, Springer­

Verlag, New York, 1989. 

[15] P.J. Olver, Applications of Lie Groups to Differential Equations, second ed. , 

Springer-Verlag, Berlin , 1993. 

[16] N.H. Ibragimov, CRC Handbook of Lie Group Analysis of Differential Equa­

tions, Vols 1-3, CRC Press, Boca Raton , Florida, 1994-1996. 

[17] .H. Ibragimov, Elementary Lie Group Analysis and Ordinary Differential 

Equations, John Wiley & Sons, Chichester, NY, 1999. 

[18] T . Motsepa, C.M. Khalique, M.L. Gandarias, Symmetry analysis and conserva­

tion laws of the Zoomeron equation, Symmetry, 9 (2017) 11. 

[19] T. Ozer, Symmetry group analysis of Benney system and an application for the 

shallow-water equations, Mech. Res. Comm., 2 (3) (2005) 241-254. 

[20] T. Ozer, Symmetry group analysis and similarity solutions of variant nonlinear 

long-wave equations, Chaos Solitons Fractals, 33 (2008) 722-730. 

48 



[21] D. Sahin, N. Antar, T. Ozer, Lie group analysis of gravity currents, Nonlinear 

Anal. Real World Appl., 11 (2) (2010) 978-994. 

[22] RJ. Leveque, umerical Methods for Conservation Laws, 2nd Edition, 

Birkhauser-Verlag, Basel, 1992. 

[23] A.V. Mikhailov, A.B. Shabat, RI. Yamilov, On an extension of the module of 

invertible transformations, Dokl. Akad. Nauk SSSR, 295 (1987) 288-291. 

[24] A.V. Mikhailov, A.B . Shabat , RI. Yamilov, Extension of the module of invert­

ible transformations and classification of integrable systems, Commun . Math. 

Phys ., 115 (1988) 1-19. 

[25] A. Sjoberg, Double reduction of PDEs from the association of symmetries with 

conservation laws with applications , Appl. Math. Comput., 84 (2007) 608-616. 

[26] A. Sjoberg, On double reductions from symmetries and conservation laws, Non­

linear Anal. Real World Appl., 10 (2009) 3472-3477. 

[27] G.W. Bluman, A.F. Cheviakov, S.C. Anco, Applications of Symmetry Methods 

to Partial Differential Equations, Springer, New York, 2010. 

[28] E. Yasar, T. Ozer, On symmetries, conservations laws and similarity solut ions 

of foam drainage equation, Internat. J. Non-Linear Mech., 46 (2011) 357-362. 

[29] G.G . Polat , 0. Orhan, T. Ozer, On new conservation laws of fin equation, Adv. 

Math. Phys. , Volume 2014, Article ID 695408, 16 pages. 

[30] J . Billingham, A.C. King, Wave Motion, Cambridge University Press, Cam­

bridge, 2000. 

[31] I.S. Gradshteyn, I.M. Ryzhik, Table of Integrals, Series, and Products, 7th edn. 

Academic Press, ew York, 2007. 

[32] M. Abramowitz, I.A. Stegun, Handbook of Mathematical Functions with For­

mulas, Graphs and Mathematical Tables, volume 55 of ational Bureau of Stan-

49 



dards Applied Mathematics Series, U.S. Government Printing Office, Washing­

ton, D.C., 1964. 

[33] T . Motsepa, C.M. Khalique, Cnoidal and snoidal waves solutions and conser­

vation laws of a generalized (2+1)-dimensional KdV equation , Proceedings of 

the 14th Regional Conference on Mathematical Physics (to come out February 

2018). 

[34] H. Zhang, E)..1;ended Jacobi elliptic function expansion method and its applica­

tions, Commun. Nonlinear Sci. Numer. Simul., 12 (2007) 627-635. 

[35] A.R. Adem, C.M. Khalique, Exact solutions and conservation laws of a two­

dimensional integrable generalization of the Kaup-Kupershmidt equation, J. 

Appl. Math., 2013 (2013) Article ID 647313, 6 pages. 

[36] T. Motsepa, C.M. Khalique, Conservation laws and solutions of a generalized 

coupled (2+1)-dimensional Burgers system, Comput. Math. ;\ppl. , 74(6) (2017) 

1333-1339. 

[37] I.E. Mhlanga, _C.M. Khalique, Travelling wave solutions and conservation laws 

of the Korteweg-de Vries-Burgers equation with power law nonlinearity, Malays. 

J . Math. Sci., 11 (S) (2017) 1-8. 

[3 ] R. Naz, F.M. Mahomed, D.P. Mason, Comparison of different approaches to 

conservation laws for some partial differential equations in fluid mechanics, Appl. 

Math. Comput ., 205 (2008) 212-230. 

[39] R. Naz, Conservation laws for a complexly coupled KdV system, coupled Burgers 

system and Drinfeld-Sokolov-Wilson system via multiplier approach, Commun. 

Nonlinear Sci . umer. Simul., 15 (2010) 1177-1182. 

[40] S.C. Anco, G.W. Bluman, Direct construction method for conservation laws of 

partial differential equations, Part I: Examples of conservation law classifica­

tions, Eur. J. Pure Appl. Math., 13 (2002) 545-566. 

50 



[41] N.H. Ibragimov, A new conservation theorem, J. Math. Anal. Appl., 333 (2007) 

311-328. 

[42] D.M. Mothibi , C.M. Khalique, Conservation laws and exact solutions of a gen­

eralized Zakharov-Kuznetsov equation, Symmetry, 7 (2015) 949-961. 

[43] I.E. Mhlanga, C.M. Khalique, Travelling wave solutions and conservation laws 

of the Korteweg-de Vries-Burgers equation with power law nonlinearity, Malays. 

J. Math. Sci., ll (S) (2017) 1-8. 

[44] L. Zhang, Nonlinear self-adjointness and conservation laws of the variable coeffi­

cient combined KdV equation with a forced term, Adv. Difference Equ., (2015) 

2015-229. 

[45] S.C. Mancas, R. Adams, Elliptic solutions and solitary waves of a higher order 

KdV-BBM long wave equation, J . Math. Anal. Appl. , 452 (2017) 1168-1181. 

[46] I. Simbanefayi, C.M. Khalique, Travelling wave solutions and conservation laws 

for the Korteweg-de Vries- Bejamin-Bona-Mahony equation, Results in Physics 

8 (2018) 57-63. 

[47] I.E. Mhlanga, C.M. Khalique, Solutions of two nonlinear evolution equations 

using Lie symmetry and simplest equation methods , Mediterr. J. Math., 11 

(2014) , 487-496. 

[48] N.A. Kudryashov, On the new travelling wave solutions of the KdV and the 

KdV-Burgers equations, Commun. Nonlinear Sci. Numer. Simulat. , 14 (2009) 

1891-1900. 

[49] A. Saha, Bifurcation, periodic and chaotic motions of the modified equal width­

Burgers (MEW-Burgers) equation with external periodic perturbation, Nonlin­

ear Dyn., 87 (2017) 2193- 2201. 

[50] F.T .M. Nieuwstadt, J.A. Steketee, Selected Papers of J. M . Burgers, Springer 

Science and Business Media, B.V., Kluwer Academic Publishers, Dordrecht, 

1995. 

51 



[5 1] J.M. Burgers, Application of a model system to illustrate some points of statis­

tical theory of free turbulence, Royal Netherlands Academy of Sciences, XLII 

(1940) 1-13. 

[52] R. Arora, Md. J . Siddiqui, V.P. Singh, Solutions of inviscid Burgers ' and equal 

width wave equations by RDTM, International Journal of Applied Physics and 

Mathematics, 2 (2012) 212-214. 

[53] P.J. Morrison, J.D. Meiss, J.R. Cary, Scattering of regularized-long-wave solitary 

waves, Physica, 11D (1984) 324-336. 

[54] S.I . Zaki, A least-squares finite element scheme for the EW equation, Comput. 

Methods Appl. Mech. Eng. , 189 (2000) 587-594. 

[55] S.I. Zaki , Solitary waves induced by the boundary forced EW equation, Comput. 

Methods Appl. Mech. Eng., 190 (2001) 4881-4887. 

[56] D.J. Evans, K.R. Raslan, Solitary waves for the generalized equal width (GEW) 

equation, Int. J. Comput. Math., 82 (2005) 445-455. 

[57] A.M. Wazwaz, The tanh and sine-cosine methods for a reliable treatment of 

the modified equal width equation and its variants, Commun. Nonlinear Sci . 

Numer. Simul. , 11 (2006) 148-160. 

[58] H.N. Hassan, An accurate numerical solution for the modified equal width wave 

equation using the Fourier pseudo-spectral method, Journal of Applied Mathe­

matics and Physics, 4 (2016) 1054-1067. 

[59] I. Simbanefayi, C.M. Khalique, Exact solutions and conservation laws of a mod­

ified equal width Burgers equation, submitted for publication to Open Physics. 

52 




