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Abstract

Theoretical physics in general and cosmology in particular have faced some challenges due to the
recent observations in cosmology and astronomy, such as the discovery of the accelerated cosmic
expansion and the existence of dark matter and dark energy. Einstein’s theory of General Relativity
(GR) together with the standard model of cosmology fall short of giving any explanations for these
problems. Higher-order gravitational theories such as f(R) and scalar-tensor theories of gravity
have been suggested to provide an answer to these shortcomings. In this dissertation, we investigate
the cosmological implications of such theories such as the background expansion history as well as
the evolution of cosmological density perturbations. We present the equivalence between f(R) and
scalar-tensor theories of gravity and we exploit this equivalence to discuss some simple procedures
to reconstruct f(R) gravity models from the Chaplygin scalar field in flat de Sitter spacetimes.
We derive the Lagrangian densities for the f(R) action and we get the exact f(R) models and the
corresponding scalar field potentials for asvmptotically de Sitter spacetimes in early and late epochs.
We also reconstruct f(R) from the exact cosmological solutions of the Einstein field equations
with a non-interacting classical scalar field-and-radiation with predetermined inflationary expansion
scenarios of the I'riedmann-Lemaitre-Robertson-Walker (FLRW) background spacetime, and we get
the corresponding potentials for the scalar field. We calculate the slow-roll parameters (the spectral
index ns and the tensor-to-scalar ratio r) to show how these parameters can be constrained by
observational data. Although GR is a generalization of Newtonian gravity in the presence of strong
gravitational fields, there is no properly defined Newtonian limit of GR on cosmological scales.
Recently, general relativistic quasi-Newtonian cosmologies have been studied in the context of large-
scale structure formation and nonlinear gravitational collapse in the late-time universe. This despite
the general covariant inconsistency of these cosmological models except in some special cases such
as the spatially homogeneous and isotropic, spherically symmetric, expanding FLRW spacetimes.
f(R) models have been shown to exhibit more shared properties with Newtonian gravitation than
does GR. We investigate the existence and integrability conditions of quasi-Newtonian cosmological
spacetimes of classes of shear-free cosmological dust models with irrotational fluid flows in the context
of scalar-tensor theories of gravity. We also derive the covariant density and velocity propagation
equations of such models and analyse the corresponding solutions to these perturbation equations.



Contents

. List of Figures
List of Abbreviations
1 Introduction

2 The concordance model of cosmology

2.1 Introduction . . . . . .. . ...
2.2 Cosmological perturbations . . . . . . .. ... ... o
2.2.1  The 1+ 3 covariant formalism . . . .. ... ... ... ... ... ......
2.2.2 Covariant equations . . . . . . . . ... L
2.3 Shortcomings of the standard model . . . . . ... ... .. L L
2.3.1 The anti-matter problem . . . . .. ... L
2.3.2  The magnetic monopole problem . . . . . ... ... ... ...
2.3.3 The dark energy and dark matter problems . . . . .. ... ... . ... ...
2.3.4 The horizon problem . . . . . . ... oL
2.3.53 The flatness problem . . . . . .. ..o oL oL
2.4 Some suggested solutions . . . . . ...

3 f(R) and scalar-tensor models of gravitation

3.1 Introduction . . . . . . . . .. e
3.2 f(R) theories of gravity . . . . . . .. ...
3.2.1 The metric f(R) formalism . . . .. ... ... .. ..
3.2.2 The Palatini f(R) formalism . . ... ... ... ... ... ... .. .. ...
3.2.3  The metric-affine f(R) formalism . . . . . ... .. ... ... L.
3.3 Scalar-tensor theories of gravity . . . . . .. ... o Lo o L
3.3.1 The Brans-Dicke theory . . . . . . .. ... ..
3.4 f(R) theory as scalar-tensor theory of gravitation . . . . . . ... ... ... .....
3.5 Background thermodynamics of scalar-tensor gravity . . . . . . ... ... .. .. ..

4 Some applications of the f(R)-scalar tensor equivalence

1.1 Reconstructing f(R) gravity from a Chaplygin scalar field in de Sitter spacetimes . .
4.1.1 The original Chaplygin gas model . . . ... ... ... ... ... ......
4.1.2  Reconstruction of f(R) gravity from the original Chaplygin gas model . . . .

4.1.2.1 Case 1: early universe . . . . . . .. . ... ... ...
4.1.2.2 Case 2: late universe . . . . . . ... Lo
4.1.3  Reconstruction of f{R) gravity from the generalized Chaplygin gas model . .
4.1.3.1 Case l: early universe . . . . . . . . ...
4.1.3.2 Case 2: late universe . . . ... . ..o o

1.2 Inflationary f(R) cosmologies . . . . . . . . .. ..
4.2.1  Matter description . . . . ..o
4.2.2 Exponential expansion . . . . . . ... 00 Lo

4.2.2.1  Reconstruction of f(R) for exponential expansion models . . . . . .

iii

iv

s

© © O o 0o oo~ U



CONTENTS i
1.2.2.2  Potential V(o) for exponential expansion models . . . . . . . .. .. 31

1.2.3  Linear expansion . . . . . . . . . Lo e e e 32

1.2.3.1  Reconstruction of f(R) for linear inflation models . . . . . .. ... 33

4.2.3.2  Potential V(o) for linear inflation models . . . . . . ... .. ... . 33

1.2.1  Application to inflation epoch . . . . . .. ..o o000 36

5 Quasi-Newtonian universes 40
5.1 Background description . . ..o L oL Lo 40
5.2 Quasi-Newtonian spacetimes . . . . . . . . . ... oL 10
3.3 Integrability wonditions . . . . . . . . ..o L 41
5.3.0.1 First integrability condition . . . . . ., . ... ... L. 12

5.3.0.2  Second integrability condition . . . . ... ... 000 13

5.4 Perturbations . . . . ..o 15
3.4.1 Definition of vector gradient variables . . . . . ... ... ... 000 15

5.4.1.1 Linear evolution equations . . . . . . .. ... ... ... ... ... 15

5.4.1.2  Second-order equations . . ... ... oL 16

5.1.2  Definition of scalar gradient variables . . . . .. ... ... .. ... 17

5.42.1 Secalar equations . . . ... 47

5.4.2.2  Second-order equations . . . .. ... 13

5.4.3 Harmonic decomposition . . . . . .. ..o 18

5.4.4  Scalar perturbations . . . . . ... 49

5.5 Solutions . . . . . 50
5.5.1 Exactsolutions . . . . . . 51

5.5.2  Approximate solutions . . . . ..o 52

6 Conclusions and outlook 54

A Useful linearised differential identities



List of Figures

4.1

4.3

4.4

1.3

1.9
1.10

4.14

1.15

Plot of f(R)/R against Ricci scalar R for the early universe, setting A = 0.5. C, =0
and C'; = ~0.4. The red line represents the GR case, while the green and blue curves
depict negative and positive f(R) solutions respectivelv. . . . . . . . ...
Plots of the potential V" as a function of » and ¢ from Eqs. 4.30 and 4.29 respectivelv
forvalues A=B=m=D=Tand C=0. ... ... ... ... .. ........
Plot of f(R)/R against Ricci scalar R for the late universe, setting A = 0.4, 'y =0
and ('t = —0.4. The red line represents the GR case, while the green and blue curves
depict negative and positive f(R) solutions respectively. . . . . . . .. .. ... ...
Plot of f(R)/R against Ricci scalar R for the early universe, setting A = 0.7, Cy = 0,
'y =04 and o = 0.2. The red line represents the GR. case, while the green and blue
curves depict negative and positive f(R) solutions respectively. . . . . .. . . .. ..
Plots of the potential V" as a function of @ and ¢ from Egs. 1.60 and 1.61 respectively,
setting A = B=m =D =1 and a = 0.3 (red), a = 0.3 (blue) and a = 0.2 (green). .
Plot of f(R)/R wgainst Ricci scalar R for the late universe, setting A = 1071, ('} =
~2x107* C5 =1 and a = 3 x 107", The red line represents the GR case, while the
green and blue curves depict negative and positive f(R) solutions respectively.

Plots of the potential V" as a function of @ and ¢ from Egs. 1.72 and 1.73. respectively,
setting A=B=m=D =1, and a = 0.3 (red), @ = 0.3 (blue) and o = 0.2 (green).

R
Plot of f(R ) versus R from Eq. 4.94 for M =1, w = 0.14, @y = 1 and '; = 0 for

the exponential expansion. where the green and blue lines refer to the positive and
negative Lagrangians for f({R) while the red line refers to the Lagrangian for GR. One
can see that the deviations from GR occur at higher curvature regimes. . . . . . ..
Plot of V(@) versus ¢ from Eq. 1.100 for M/ =1, A = 0.9, w = 0.12 and oy = 0.5. . .

R
Plot of f(R) vs R from Eq. 4.108 for M = 1, C; = ~100, oy = 50. & = 1 and

A =0.11 for linear expansion, where the blue and green lines refer to the positive and
negative Lagrangians for f(R) while the red line refers to the Lagrangian for GR. . .
Plots of r(w) and ns(w) respectively for 3/ =1, 4 = 15, oy = 1 and o = 1.2, for
exponential expansion. The red and green lines refer to the upper and lower bounds
of Planck data respectivelv. . . . . . ..o
Plots of r(4) and n,(4) respectively for M = 1, w = 0.15. @y = 1 and 0 = L.5. for
exponential expansion. The red and green lines refer to the upper and lower bounds
of Planck data respectivelv. . . . . . . ... o
Plots of r(oy) and ng(@y) respectively for A/ =1, w = 0.15, A = 15 and o = 1.13, for
exponential expansion. The red and green lines refer to the upper and lower bounds
of Planck data respectively. . . . . . . ... o
Plots of r(®) and ns(o) respectively for 3/ = 1, w = 0.15, 4 = 15 and o, = 1.15, for
exponential expansion. The red and green lines refer to the upper and lower bounds
of Planck data respectively. . . . . . ..o oo
Plots of r(A) and n,(A) respectively or M = 1, oy = 750 and o = 1.05, for linear
expansion. The red and green lines refer to the upper and lower bounds of Planck
data respectively. . . . . L L e

1

20

21

23

25

887
-1

32

34



List of Abbreviations

List of Abbreviations

BAO
BD
CG
CMB
EEP
FLRW
GR
GUT
LSS
ACDM
SEP
SN Ia
WEP

Baryon Acoustic Oscillations
Brans-Dicke theory

Chaplygin Gas

Cosmic Microwave Background
Einstein Equivalence Principle
Friedmann-Lemaitre-Robertson-Walker
General Relativity

Grand Unified Theory
Large-Scale Structure

Lambda Cold Dark Matter
Strong Equivalence Principle
Type Ia Supernovae

Weak Equivalence Principle



Chapter 1

Introduction

Gravity is one of the fundamental interactions and one of the most ubiquitous phenomena related to
our evervday experience. The explanation of gravity has gone through many permutations through-
out history. Scientists have made a great attempt to get a scientific explanation of this phenomenon.
However, it still remains mysterious. Galileo was the first to demonstrate the idea of gravity, by
showing that falling objects accelerate at the same rate regardless of their weights.

The next step of our understanding of gravity came from Newton. He introduced the inverse-square
gravitational force law which extended gravity beyond earth by combining celestial and terrestrial
gravity (objects fall on earth for the same reason planets move in ellipses). Newton believed that
gravitational force is responsible for each kind of motion. Newton's law of universal gravitation and
his laws of motion were working perfectly in explaining the motion of the planets and the precession
of the orbits and were able to give a good explanation of both terrestrial and celestial phenomena
until something strange had been noticed about Mercury’s orbit. The experimental results of ob-
serving and measuring the precession of Mercury’s orbit was found to be 43 arc-seconds which was
inconsistent with Newton's theory. The orbit of Mercury is an ellipse and according to Newton's
theory of gravity, it should just keep following this ellipse and never change [1].

On the other hand, in 1893, Mach stated what was later called by Einstein “Mach’s principle”.
This was the first attack to Newton's idea of absolute space: [nertia originates in a kind of inter-
action between bodies. This is obviously in contradiction with Newton’s ideas, according to which
inertia was always relative to the absolute frame of space. However, there was another clearer in-
terpretation that the gravitational constant should be a function of the mass distribution in the
universe. This is different from Newton’s idea of the gravitational constant as being universal and
unchanging [2-4]. Newton's theory of gravity needed to be modified since it was only limited to
non-relativistic phenomena (low speeds and weak gravitational fields).

In 1905, Einstein came up with his theory of special relativity. He extended the range over which
Newtonian theory of gravity was applied to include high speeds and non- inertial frames. According
to Newton's gravitational theory, the notion of absolute time and absolute space were thought to
be independent realities. Einstein’s theory of special relativity discarded this notion of absolute
time and space and replaced it by the idea of time being dependent on reference frames and spatial
position. The theory of special relativity applies only when the curvature of spacetime due to grav-
ity is neglected and it is only restricted to flat spacetime known as Einstein-Minkowski spacetime.
Einstein completed his theory of GR, which is a generalization of special relativity, by extending
the range over which special relativity is applied to include high gravitational fields and accelerated
frames. He asserted the equivalence between inertial and gravitational forces of acceleration. He
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realized that a uniform gravitational field cannot be distinguishable from a uniform acceleration,
according to Einstein these effects are the same. In practice this means that locally, a person cannot
feel the difference between moving away in a rocket and standing on the surface of a gravitating
object with the same acceleration [3].

There are different versions of the equivalence principle in Einstein’s general relativity [1].

e The Weak Equivalence Principie (WEP): All freely falling objects in a given gravitational field,
will follow the same trajectories regardless of their compositions.

e The Einstein Equivalence Principle (EEP): The WEP holds and in all freely falling frames,
the results of any local non-gravitational experiment are independent of velocity or position.

e The Strong Equivalence Principle (SEP): The WEP holds for test particles and massive grav-
itating objects, and in all freely falling frames. the results of any local non-gravitational ex-
periment are independent of velocity or positior

As a consequence of the principle of equivalence, Einstein noted that the light coming from strong
gravitational fields should have its frequency reduced or shifted to small values. He noted that the
path of light is curved by a gravitational field and this is known as gravitational redshift. The
observations of this redshift showed that spacetime must be curved. Hence, Einstein's theory of GR
treats spacetime as four-dimensional manifold, and according to the principles of GR, locally the
spacetime is flat and universally it is curved by massive objects.

GR together with quantum field theory are considered to be the backbones of modern physics.
The theory is given in the language of differential geometry and was the first such mathematical
physics theory, leading the way for other mathematical theories in physics such as gauge theories and
string theories. One of the most astonishing facts about GR is that after almost an entire century it
has not changed at all. How spacetime behaves on macroscopic scales is best described by Einstein’s
field equations [1]. According to Einstein, the curvature of spacetime is determined by the sources
of the gravitational field, i.e. (the metric of spacetime is determined by the matter). This idea is
expressed as 10 field equations that describe the gravitational effect produced by a given mass [1,,

Gy = K10, (L.1)

where T),, is the energv-momentum tensor which is a four dimensional generalization of the stress

tensor and its components describe the flux of the energy-momentum, « = is a constant known

as the Einstein constant, G is Newton's gravitational constant, ¢ is the spceed of light in vacuum
and G, is the Einstein tensor which is a four-dimensional tensor that describes the geometry of a
region of spacetime, we have used the convention x = 87G = ¢ = 1. One remark about this tensor
is that it is at most a second order partial derivative of the metric tensor, and it is a combination of
the following geometrical quantities:

1
Guw = Ruw = 39u0R. (1.2)

where R, is the Ricci tensor, g,, is the metric tensor and R is the scalar curvature (Ricci scalar)
and it is defined as

R = R,g" . (1.3)
and the Ricci tensor is defined as
Ry, = R}, . (1.4)

where R5,, is the Riemann tensor and it is given in terms of the Christoffel symbols as

a  _ ra o a o a o o=
Suv — * Juw T 3u.u+rau ﬂu_rau Jv e (]-D)
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where I'§, is the Christoffel symbol of the second kind and it is defined as

[0

L oaa
3u = §ga (9/\3~u + Grpa + gﬁu-/\> . (1.6)
where the commas here represent covariant differentiation.

Einstein's field equations have completely changed our way of understanding the Universe and how
it evolves. These equations helped to predict the existence of gravitational waves and explained the
behaviour of black holes and how they warp the space around them. GR has great achievements
in our understanding of the Universe we live in and it is considered to be the basis of standard
cosmology. Through GR and Einstein's field equations, it has been shown that our universe ex-
pands and this fact has shown the way to the discovery of the Big Bang. However, there have
always been challenges to the unique status of GR as the ultimate theory of gravitation [5]. For
example the recent observation of the accelerated expansion of the universe and the existence of
dark matter and dark energy are not well explained by GR nor standard model of cosmology. In
light of this, several alternatives to GR have been constructed to address these theoretical challenges.

Recently, higher-order theories of gravity have attracted great interest [5]. Some important classes
of such modified gravity are the f(R) and scalar-tensor theories of gravity [6-8]. The study of large-
scale structure and cosmological perturbations in these alternative theories of gravity has become a
point of interest in modern cosmology. This dissertation aims to study the possible implications to
cosmology of these modified theories, and has been organised as follows:

e In Chapter 2, we give a general review of modern cosmology and the shortcomings of the
concordance model of cosmology. We also give a review of the 1 + 3 covariant approach and
provide the field equations which are required to study the cosmological perturbations and will
be applied to the scalar-tensor theory of gravity.

e In Chapter 3, we give an overview of f({R) and scalar-tensor theories of gravity as a modification
of GR and introduce the corresponding field equations. We also get the equivalence between
f(R) and scalar-tensor theories of gravity.

¢ In Chapter 4, we present some applications on the equivalence between f(R) and scalar-tensor
models, and show how can we reconstruct f(R) models from different cosmological evolution
scenarios.

e In Chapter 5, we study the quasi-Newtonian models in scalar-tensor theories of gravitation
by using the correspondence between f(R) theories and scalar-tensor theories. We derive the
integrability conditions that describe a consistent evolution of the linearised field equations
of the quasi-Newtonian universes. We also present the perturbation equations that arise as
a result of the imposed integrability conditions. We introduce the exact and approximated
solutions to these perturbation equations.



Chapter 2

The concordance model of cosmology

2.1 Introduction

The scientific theory of cosmology is concerned with the study of the large-scale structure of the
observable region of the Universe, and its relation to local physics on the one hand and to the rest
of the Universe on the other [9]. By studying the properties of our universe such as its origin,
evolution (how did it form) and the ultimate fate of the Universe as a whole. Cosmology involves
many hypotheses about the Universe just like any field of physics together with the experimental
observations. Modern cosmology started when Einstein developed his theory of general relativity
and tried to apply this new gravitational dynamics to the Universe as a whole. He discovered
that his field equations cannot work for a static universe (the Universe is neither expanding or
contracting). In order to fix this problem and to achieve a dynamically stable universe, Einstein
proposed a modification term to his fleld equations called the cosmological constant, A, to avoid
these dynamical effects of gravity and to construcst static models of the Universe [10-12],

1 §
R, - ERg#,, +Agu =T (2.1)

This cosmological constant represents the energy of empty space. A cosmological solution to Ein-
stein’s field equations is the FLRW metric [13] was obtained and this required an assumption of how
the matter distributes in the Universe, by assuming that the matter distribution in the Universe
is homogeneous and isotropic on a very large scales. The Universe is homogeneous means there is
no preferred observing position in the Universe, and isotropic means there is no difference in the
structure of the Universe as we look in different directions. Friedmann equations were the first to
predict that our universe is expanding. In 1929, Hubble confirmed the expansion of our universe
when he studied the nearby galaxies. He observed that they were moving away from us and the
velocities of receding galaxies from us are proportional to their distance from us. He announced that
our universe is in fact expanding and was also consistent with a cosmological solution to Einstein's
field equations that was obtained by Friedmann. Therefore the need for a cosmological constant
disappeared and this caused Einstein to abandon his cosmological constant. Nowadays we have a
rather different view of the cosmological constant [12], currently is associated with a vacuum energy
or dark energy in empty space according to the standard model of cosmology known as Lambda
Cold Dark Matter (ACDM) model.
As we mentioned a cosmological solution to Einstein’s field equations is the FLRW metric, which
take the form:

ds® = —dt® + a*(t)do? , (2.2)



Chapter 2. The concordance model of cosmology 5

where a(t) is the cosmological scale factor which tells us about the relative expansion of the Universe
and do? is the normalized metric that characterizes a 3-space of normalized constant curvature k
whose spatial coordinates (7,8, 0). It is given as [5]

do* = dr* + f2(r) (6% + sin® 9do? ) . (2.3)

where
sin(r) for k=+1.
fry=<r for k=0,
sinh(r) for k= -1.
where £ is the curvature and takes the values 1, 0 or +1 which represent open, flat or closed

universe, respectively. The homogeneity and isotropy of the FLRW metric yields the Friedmann and
Raychaudhuri equations

Basad o
3(%) - —%<u+3p> +A, (2.5)

where 1 and p represent the energy density and isotropic pressure, respectively.

Since the Universe is expanding, then it must have started from a very dense and hot point and this
was a key evidence of the Big Bang theory. During the earliest phases of the Bing Bang, the Universe
was expanding very rabidly and there was a special time after the Big Bang, as the Universe cooled
to allow the protons and electrons to combine to form neutral hydrogen atoms through which the
photons could freely travel through the space and this is known as photon decoupling which lead to
cosmic microwave background radiation (CMB). The measurements of the CMB showed that there
are some density fluctuations that occurred because of the exponential growth of the Universe and
these fluctuations can be considered to be the early seeds that form the large-scale structure.

The Freidmann equations are also considered to be the basis of the standard model of cosmol-
ogy. The observed universe from the CMB looks homogeneous and isotropic on large scales, which is
not the case on small scales, where the Universe looks inhomogeneous and anisotropic, therefore, the
cosmologists are trying to apply cosmological perturbations to the FLRW spacetime as a background
and analyse the behaviour of these perturbations.

There is currently a consensus that in the FLRW universe, roughly 95% of the overall energy den-
sity must be dark in order to be compatible with observations. The current best fit model claims
that about 25% of this dark material is in the form of a non-relativistic, non-interacting form of
matter called dark matter, and that the remaining 70% is in the form of a non-clustering form of
energy density with a negative equation of state known as dark energy [1,14]. In 1998 the Supernova
Cosmology Project and the High-Z Supernova Search Team observations of Type Ia supernova [15]
showed that the present universe is in a state of accelerated expansion, considered to have started
since the Universe entered its dark-energy-dominated era.

2.2 Cosmological perturbations

The Universe is not perfectly smooth: primordial fluctuations seeded the formation of structures on
large-scales and hence the real universe is slightly lumpy. Theories of cosmological perturbations
tell us how these small fluctuations grow and form the large-scale structures (galaxies, clusters and
superclusters) in the real universe [3]. There are two approaches to these theories of cosmological per-
turbations namely, the metric based approach and the covariant approach. The metric approach was
first developed by Lifshitz (1946) [16] and later building on Lifshitz’s work, Bardeen (1980) [17] and
Kodama and Sasaki (1984) [13] made other improvements. The metric approach is based on foliating
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a spacetime with hypersurfaces. It is completely dependent on the gauge choice. When we write
down the perturbed metric, we implicitly choose a specific time slicing of the spacetime and define
specific spatial coordinates on these time slices. Making a different choice of coordinates can change
the values of the persurbation variables. Therefore, It is a non-local, linear and coordinate depen-
dent approach and since it is a linear theory, the nonlinear effects are not accounted for [5,17,19-21].

The covariant formalism describes spacetime via covariantly defined variables with respect to a
partial frame formalism such as 1 + 1+ 2 or 1 +3 . It is a way of describing the physics and
geometry by tensor quantities. It is local and valid in all coordinate systems. The main interest of
this approach is that, unphysical gauge modes do not appear here [5].

2.2.1 The 1 -~ 3 covariant formalism

The 1+3 covariant approach was first developed by Ehlers (1961) [25] followed by Hawking (1966) [26]
and Ellis and Bruni (1989) [27]. This approach provides a very convenient framework within which to
study the exact intrinsic dynamics of cosmological models. [t is formulated at the level of variables
that are covariantly defined in the real universe, and are (exactly) gauge- invariant by construc-
tion 23]

In the 1 + 3 covariant approach, space-time is split into space and time; it is divided into perpen-
dicular {-velocity field vector u® and foliated hyper-surfaces. The vector fleld u® is given as

_dm“
T odr

ua

utug = —1.

where 7 is proper time measured along the worldlines. In this approach the metric g4 is decomposed
into the projected tensor hgqp as follows:

Gab = hap — uquty , (2~6)

with
REhE = h. hS = 3. hgpu’ = 0.

a

In this approach, the kinematic quantities which describe all the kinematic features of the fluid flow
can be obtained from irreducible parts of the decomposed V,uy as [5,29]

. 1 . .
Vauy = Vaup — ugtty = §ehab+o'ab + Wab — UqlUyp (2.7)

where the volume rate of expansion of the fluid is given as
O = 3H(t) = V,u®, (2.8)
a .
where H(t) = — is the Hubble which represents the rate of expansion at any time. The rate of
distortion of the matter flow is given as

Tap = V(aub) . (29)

and it is the trace-free symmetric rate of the shear tensor (gus = 0 (ap). Tapu’ = 0.0% = 0).
The relativistic acceleration vector is given as

04 = utVut . (2.10)
and the skew-symmetric vorticity tensor

Wap = ﬁ[aub] (2.11)
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describes the rotation of the fluid relative to a non-rotating frame.

The energy-momentum tensor Ty, is decomposed using the 1+ 3 covariant approach and it is given
:

as [3]
Top = pugtiy + qalty + UaQs + phap + Tap . (2.12)

where q, and 7, are the heat flux and anisotropic pressure, respectively.

2.2.2 Covariant equations

Given a choice of {-velocity field u®, the Ehlers-Ellis approach {27, 30] employs only fully covariant
quantities and equations with transparent physical and geometric meaning [31]. In such a treatment
for any scalar quantity X in the background we have

VX =0.

thus, by virtue of the Stewart-Walker Lemma [32], any quantity is considered to be gauge-invariant
if it vanishes in the background. Therefore, the FLRW background is characterised by the following
dynamics, kinematics and gravito-electromanetics [33]:

Vet =0=Vap. qa=0, 7a=0. (2.13)
VO =0, A3=0=w,, ouw=0, (2.14)
Eu=0=Hy . (2.15)

where Ey;, and Hgp are the gravito-electromagnetic fields responsible for tidal forces and gravitational
waves. They are the “gravito-electric” and “gravito-magnetic” components of the Weyl tensor Cypeq
defined from the Riemann tensor R} ., as

a a R a
C bcd = Rabcd - 29[ {cRb]d] + 39[ [cgb]d] B (216>
1
Eab = Cagbhuguh~ Hub = §naeghcghbdueud . (217)

The covariant linearised evolution equations in the general case are given by [31,33,31]

O = —%@2—%(u+3p)+<7m4“, (2.18)
p:—(u+p>@—?“qa. (2.19)
da = “%6% — pda (2.20)
Elab) — pedla$ g _ g pab _ Lias %@aqb) Ot (2.21)
H® — _oH — podeg B + %nc‘““?cn)f : (2.22)
Wi = —%@wa 1%V, A, (2.23)
Fat —%9%1) — Ea + %‘”ab + Vi 4y - (2.24)

These evolution equations propagate consistent initial data on some initial (¢ = t,) hypersurface
Sy uniquely along the reference time-like consistency [33]. They are constrained by the following
linearised equations [31,33.34]:

- 1
Cio = E% - VAP - -2 =0, (2.25)
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- - 2.

P = Vot - Ve — VIO 4% =0, (2.26)

Co=Viw, =0. (2.27)

C§0 = ey Voagy + V0w — H = 0. (2.28)
3 1. 1. 1

C¢ =V, E + avb:r“b - §V”n + i@q“ =0. (2.29)
- 1 -

C3 =V HY® + (u+p)uw® + En“bcqua =0. (2.30)

These constraints restrict the initial data to be specified and they must remain satisfied on any
hypersurface S; for all comoving time ¢.

2.3 Shortcomings of the standard model

The standard model of cosmology with ACDM fits a number of observational data very well :36].
The Hot Big Bang model is by far the most successful cosmological paradigm. It explains key
cosmic phenomena such as the expansion of the Universe, the origin of the CMB and the formation
of galaxies and large-scale structure. But it also has its shortcomings, it leaves many unanswered
and unexplained phenomena. In this section, we will introduce some of these shortcomings {37, 3].

2.3.1 The anti-matter problem

According to the standard Big Bang cosmology, the Universe should be made up equally of matter
and anti-matter. The present universe is dominated by matter in such a way that there is asymmetry
that caused most of anti-matter to annihilate with matter and leaving our present universe with very
little matter around. In the Standard Model, the source of this asymmetry is still unknown, and is
referred to as the anti-matter problem or the baryon asymmetry problem [39].

2.3.2 The magnetic monopole problem

During the hot early universe, the Universe was described by particle theories. One of these theories
is the Grand Unified Theory (GUT), that predicts the existence of the magnetic monopole. The GUT
predicted the formation of topological defects in space. These defects appeared due to the phase
transition in particle models. It refers to these defects as magnetic monopoles. These monopoles
became a problem in a hot Big Bang model since a large number of magnetic monopoles should be
produced and detected but the fact is that no monopole has ever been observed to this day.

2.3.3 The dark energy and dark matter problems

Recent advances in precision cosmology have enabled us to determine the energy and matter content
of the Universe, using techniques such as measurements of the temperature fluctuations in the CNB,
distance-luminosity relations analyses in supernovae, and analyses of large-scale structure [5,40, 11\,
The dark matter and dark energy are about 95% of the matter-energy content of the Universe and
both of them are not well understood.

Dark matter and ordinary matter are not behaving in the same way: the gravity of the ordinary
matter is not strong enough to form galaxies and other complex structures. Therefore, there is
another kind of matter that is able to interact with gravity even if it is not yet observed but its exis-
tence can be seen through its effect on the formation of galaxies. This kind of matter is called dark
matter since it is invisible and does not emit or reflect light and it was discovered when people were
analysing the rotational curve of stars inside galaxies. They expected that the rotational velocities
of the stars will decrease with the distance from the center of galaxies but this was not observed.
Therefore, it was concluded that there is a dark matter which is responsible for this phenomena.

Dark energy is probably the most extensively speculated candidate in recent vears, but it is merelyv a
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phenomenological addendum whose existence has not been predicted from the Big Bang/inflationary
cosmology. Its dynamical nature is hardly understood, and none of the variant models put forward
have been convincingly viable so far [3].

2.3.4 The horizon problem

Also known as the homogeneity problem, this problem arises because of the difficulty in explaining
different casually disconnected regions in the Universe sharing the same temperature [5].
According to the CMB, our observed universe is isotropic and homogeneous and the CMB displays a
uniformity of temperature, the temperature is exactly the same in every region in the Universe which
implies that all regions must have been connected with one another in the early radiation-dominated
epoch. Contrary to the Big Bang model in the early universe, the temperature of the CMB should
vary at different regions in the Universe. The Big Bang theory assumed that there has not been
sufficient time for light to travel between distant regions of the Universe, so how can these different
causally disconnected regions have the same temperature [12, 13]7

2.3.5 The flatness problem

This is a problem related to the fine-tuning of the initial conditions which would otherwise have
greatly affected the geometry and expansion history of the Universe [5]. The geometry of our cur-
rent universe appears to be flat. If there is enough matter in the Universe, the Universe is closed
and it will collapse back on itself because the effect of gravity will overcome the expansion of the
Universe. If there is not enough matter in the Universe, the Universe is open and it will expand
forever. The flatness problem arises from the observational constraint on © which describes the
ratio of the actual matte: density of the Universe to the critical matter density. A universe with
a critical density Q = 1 1s globally flat [{1]. If the Universe is in perfect balance and the matter
density is exactly the critical density, the Universe will be flat and it will continue expanding at a
slow rate. The problem arises because the matter density of the Universe measured so far appears
to be exactly the critical density.

2.4 Some suggested solutions

The rapid development of observational cosmology has recently shown that the Universe has under-
gone two phases of cosmic accelerated expansion. The first one is the so-called inflation [ 15-47] which
is understood to have occurred prior to the radiation-dominated era [1%]. This phase is required
not only to solve the flatness and horizon problems plagued in standard Big Bang cosmology. but
also to explain a nearly flat spectrum of temperature anisotropies observed in the CMB [19]. The
second accelerating expansion phase, since it has started after the matter-domination era, therefore,
it implies that the pressure p and the energy density u of the Universe should have violated the
strong physical energy condition g + 3p > 0 [50]. Therefore, this late cosmic acceleration cannot
be explained by the presence of standard matter whose equation of state w = p/u satisfies the
condition w > 0. In fact, we need a component of negative pressure with at least w < —1/3 to
realise the acceleration of the Universe. This unknown smooth component responsible for this ac-
celeration in the expansion rate is referred to as “dark energy” [51]. The need for the existence
of dark energy has been confirmed by a number of observations such as type Ia Supernovae (SN
Ia) '50.52], the Large-Scale Structure (LSS) [53,5-], the Baryon Acoustic Oscillations (BAO) 57].
and the CMB [56]. However, there are numerous recent attempts and alternatives to the standard
Big Bang model proposed as solutions to those cosmological problems mentioned above to explain
away dark energy. One of the most common such attempts conies in the form of the introduction
of new matter or scalar field contributions to the action of GR, in this case, one suggestion is that
the change in the behaviour of the missing energy density might be regulated by the change in the
equation of state of the background fluid instead of the form of the potential {57,5%]. The second
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attempt comes in the form of modifications to the theory of gravity, as we will see in the following
chapter. We will be focusing on f({R) and scalar-tensor theories of gravity as modified theories of
gravity.



Chapter 3

f(R) and scalar-tensor models of gravitation

3.1 Introduction

GR is widely accepted as a fundamental theory to describe the geometric properties of spacetime. In
a homogeneous and isotropic spacetime the Einstein's field equations give rise to the FLRW model
that describes the observed homogeneous and isotropic universe on large scales. In fact, the standard
Big Bang cosmology based on radiation and matter dominated epochs can be well described within
the framework of GR [59]. )

However, the recent developments in observational cosmology and astronomy such as the apparent
discovery of the accelerated expansion of the Universe and the existence of dark matter have put
theoretical physics in general and cosmology in particular into crisis. Despite the progress made in
our understanding of the Universe through GR and the standard model of cosmology, they fail to
explain those highlighted problems and other problems arising from current observational cosmology.
A study of higher-order theories of gravity have already been proposed to address these theoretical
challenge. There are different alternatives to GR, namely modified theories of gravity such as Dvali-
Gabadadze-Porrati gravity [60], Braneworld gravity, the Einstein-ether theory, f(R) theories of
gravity and scalar-tensor theory which are the best-known alternative to general relativity. Among
these gravitational theories, we focus on scalar-tensor theories and f(R) theories.

3.2 f(R) theories of gravity

These are fourth-order theories of gravity considered to be one of the most studied alternative theo-
ries. They are based on the modification of the gravitational action. They are generally obtained by
including higher-order curvature invariants in the Einstein-Hilbert action, or by making the action
non-linear in the Ricci curvature R and/or contain terms involving combinations of derivatives of
R [5]. f(R) theories were first proposed by Buchdal [61] in 1970 and can be divided into three
formalisms based on which variational principle is used, the metric, Palatini and metric-affine f(R)
formalisms.

The Lagrangian in the Einstein-Hilbert action is given as [1,62]
[ N\ A
Sen =5 [ Vo R+ 2Lm{guv))d's (3.1)

where L, is the matter Lagrangian, ¢ is the determinant of the metric tensor g,, and ¥ is the
matter fleld. By replacing the Ricci scalar R with a function f(R) in the Einstein-Hilbert action in

11
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Eq. 3.1, we will get the action of f(R) gravity as 5,63]
S L 4 .
Spm = 5= | V=I(FIR) + 2Lm(gusv) )d's (32)

The idea being that, because of the arbitrary function introduced in the Lagrangian, there is more
freedom to explain the observed cosmic acceleration and large-scale structure formation without the
inclusion of exotic matter and energy. However, not all functional forms of these models can be
viable cosmological models: a wide range of them can be ruled out based on observations. cosmo-
logical and astrophysical, while others can be rejected because of theoretical pathologies [3].

One can apply different variational principles to the Einstein-Hilbert action Eq. 3.1 in order to
derive Einstein’s field equations. In the coming subsections, we will go further into the discussion of
such formalisms.

3.2.1 The metric f(R) formalism

In the metric (or second-order) formalism, the action is varied with respect to the metric g4 in order
to obtain the field equations [1-3,39.64,65]

’

T;ﬁ/ = f <R)RMU - éf(R)guU - (vuvu - guuv“vu>f/(R) . (33)

where f = f(R) and [ = %.

The energy-momentum tensor of matter is given as

m _ _2(/7GLn)
T T g

From the last two terms of Eqs. 3.3. we notice that the field equations obtained in f(R) are of
fourth-order partial differential equations in the metric. However, the fourth-order terms vanish
when f/ Is a constant, i.e. for an action which is linear in R. Thus, it is straightforward for these
equations to reduce to the Einstein equations once f(R) = R [3].

3.2.2 The Palatini f(R) formalism

In the Palatini (or first-order) formalism, the metric and the connection are assumed to be indepen-
dent variables and the action varies with respect to both of them.

The action is formally the same as the action in Eq. 3.2 but now the Riemann tensor and the Ricci
tensor are constructed with the independent connection I'),. We denote the Ricci tensor constructed
with this independent connection as R, and the corresponding Ricci scalar is R = g,,R,,,. The
action now takes the form [1,2, 1,59,62.64,65]:

Sea =5 [ VER[IR) + 2nlgu )]s (3.1

2
The field equations are given as [3,3,52]

I 1 .3 o L )

Guv = Ty — =g (R — Syt (V¥ - gwD) f - 7<Vuf Vof = 2guw(VFf )~) . (3.5)
2 f 7 2 2

We note that there are no second-order covariant derivatives of f, and that is why the Palatini

formalism is known as a first-order approach [3].
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3.2.3 The metric-affine f(R) formalism

In the metric-affine formalism, the metric and the connection are independent, as in the case of
the Palatini formalism. However, in this metric-affine theories of gravity there is a direct coupling
between matter and connection [66,67]). The action varies with respect to the metric and the affine
connection neglecting the assumption that the matter action is independent of the connection.
Hence the matter action would be a function of the independent metric connection and the matter
flelds L = Lin(gpw- qu,w). The action is therefore

Sima = 51;/\/—_g<f(7€) 2 (g T 0) )z (3.6)

By varying the action independently with respect to the metric and the connection, we get the fleld
equations as [62]

f(R)R, — % f(R)g = Th - (3.7)
1 = ! v = ! o
= [ (Vs Re) + 9, (vV=ar (R)g )| -
r2r RS, = |at - Sagiat]
S7, =0, (3.9)

where V denotes the covariant derivative defined with the independent connection [%, and ALY is
called the hyper-momentum tensor and mimics the role of the energy momentum tensor. 57, is the
Cartan-"Torsion tensor which is connected to the antisymmetric part of the connection

Spe =17

[uo]

where [po] denotes the anti-symmetrisation over the indices y and o respectively [68].

An important fact about f(R) theories of gravity is that, not all of f(R) models are viable or
accepted. The accepted ones have to meet some conditions. They have to reduce to GR in special
cases and exhibit correct behaviour of cosmological perturbations.

For any class of f(R) gravity, the following are binding conditions on the Lagrangian for consistent
cosmological viability on all scales [3,69-71}:

e /" >0 for high curvatures [75]. This is the requirement for a classically stable high curvature
regime and for the existence of a matter-dominated phase in the cosmological evolution {69}

e /> 0 for all Ricci scalar curvature values, so that the effective Newtonian gravitational
constant to be positive at all times.

’ . v . .
e |f — 1] < 1 at recent epochs and is not a necessary condition for the ongoing cosmic acceler-
ation.

3.3 Scalar-tensor theories of gravity

The scalartensor theory of gravity is one of the most accepted alternatives to Einstein’s theory of
gravity [76]. It was invented first by Jordan [77] in 1955 and then taken over by Brans and Dicke [74]
to try to explain the gravitational interaction through both a scalar fleld and a tensor field. It is
a higher-order theory, where degrees of freedom to explain different scenarios are present. Some
of those degrees of freedom are scalar field, the coupling constant and cosmological constant as
well {79,80]. The general form of the action of the scalar-tensor theory is given as follows:

Ser = % /d4a:\/—_g[f(<p)R ~ 4(0)V,09%6 — 2A(0) + Lon(g0)] | (3.10)
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where f, g and A are some arbitrary functions of the scalar field ¢ [1,30-83]. By a redefinition of
the scalar field ¢ we can now set f{o) — @, without loss of generality. The Lagrangian density in
Eq. 3.10 can then be written as [1,X0]

w(o)

Ser = %/d‘*m/—g [@R — Tv“@v“@ - 2A(0) + Em(gm,w)} . (3.11)

where w(o) is an arbitrary function, often referred to as the coupling parameter.

The variation of the action in Eq. 3.11 with respect to the metric g, gives the field equations
as

1/
0G0 + [D¢ + 5%(%)2 + A] PR v v %vu@vm =Ty . (3.12)

Now, as well as the metric tensor g,,, these theories also contain the dynamical scalar field ¢, and
so we must vary the action derived from Eq. 3.11 with respect to this additional degree of freedom.
After eliminating R with the trace of Eq. 3.12, this yields [1]

(2w +3)00 +w (Vo) +4A —20A =T, (3.13)

where primes here denote differentiation with respect to @. These are the field equations of the
scalar-tensor theories of gravity.

3.3.1 The Brans-Dicke theory

The Brans-Dicke theory (BD) [78] is one of the special classes of the scalar-tensor theory, where the
coupling parameter w(o) is considered to be constant.

By setting w(¢) to be a constant and dropping the cosmological constant in the action given in Eq.
3.11, we write the BD action as

1 ’
Sgp = 3 /d4z\/-g [(bR - %V“aﬁV“tp +2L, | . (3.14)

The BD theory is based on certain assumptions. The matter Lagrangian L,, is assumed not to
contain the scalar field ¢ and the scalar field is also assumed to be cosmic time dependent only [76].
When a homogeneous and isotropic universe is assumed, the Einstein-Hilbert fundamental constant
of gravitational G is related to the gravitation constant G, in the BD theory by [34]

4+ 2w

T3+ w (3.15)

Gy

When the coupling constant w tends to infinity in Eq. 3.15, the BD theory is reduced to Einstein
gravity [54].

3.4 f(R) theory as scalar-tensor theory of gravitation

f(R) theories have been shown to be a sub-class of the scalar-tensor theory of gravity {85]. A clear
illustration of how f(R) theories are classified as a subclass of a scalar-tensor theory is in the Brans-
Dicke theory for the case of the coupling constant w = 0 in Eq. 3.14. f(R) theory is related to
scalar-tensor theory by defining the scalar field @ to be a function of Ricci scalar R, by which each
f(R) has a potential U(o).

This work makes use of the equivalence between f(R) theory in its metric formalism and the scalar-
tensor theories of gravity.

In this equivalence the scalar-tensor action takes the form [5,86,87]

Syier = 30 [ VEI(HO(R) = 2Lm( g ) 'z (3.16)
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where f(o(R)) is now a function of o(R) and we define the scalar field ¢ to be
o=f~1. (3.17)

Here the prime indicates differentiation with respect to R and the scalar field should be invertible
[1,62,%0,85]. This definition allows o to be an extra degree of freedom that vanishes in GR. Therefore,
by comparing the scalar-tensor action in Eq. 3.16 to that action of the BD in Equation 3.14 for the
case of vanishing coupling constant «w = 0, we see that the action of the BD results in generalized
field equations that describe the same cosmological dynamics as the action od scalar-tensor in Eq.
3.16. These two actions are dynamically equivalent, thus f{R) theory is a special case of the scalar-
tensor theory.
The field equations of the action in Eq. 3.17 can be now written as {5,30]

Gup= 20 L 0 1R + VT - gus V.V 0 (3.13)

ab — (®+1) ((D_’_ 1) 290.12 aVb® = GabVe . -

By decomposing the right hand side of Eq. 3.13 into two cosmological fluids (the standard matter
and scalar field), Eq. 3.18 can be rewritten as

Gap =T + T3, (3.19)

mm
where 777 = ﬁ is the energy-momentum tensor for the effective matter fluid and
o

1 1
5= g |39 U~ @0+ DR+ VaVio - gusVeVro) (3.20)

is the energy momentum tensor for the scalar field.

3.5 Background thermodynamics of scalar-tensor gravity

The linearised thermodynamic quantities for the scalar field are given by

Ho = (oi 0 [%(R(GH 1) - f) - ®d3+@2a‘>} . (3.21)
Po = ((Di 1] B (f - R(o + 1)) ~o- @: + (D@(D + %(@d)— Vi) . (3.22)
qff=—(01 1)[2—:—§®]%o, (3.23)
= (- n(S)] oy

where pu,, and p,, are the energy density and isotropic pressure of standard matter, respectively.
The Ricci scalar is given by

. 4,
R=20- 0%, (3.25)

The total (effective) energy density, isotropic pressure, anisotropic pressure and heat flux of standard
matter and scalar field combination are defined as

m
QG. o]

R (3.26)

_  Hm _ = T
= + . = . Tah =
H (®+ ) Ho p w1 - Po ab (O+1)

[ —
T Tk Ga =

In the FLRW spacetime universe, the Friedmann and Raychaudhuri Egs. 2.4 and 2.5 that govern
the expansion history of the Universe can be wrirtten as follows due to the resulting non-trivial field
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equations [3§]:

.
L 00

1 . v > ;
fim + 3pm + f — R0+ 1) + 06 + 30 (5’—2>+3(D—3 ] (3.2m)
o' )

. .1
©+397= 2(a>+1){
2 3 Rlo+-1)-f
e_(a>+1)[“’"+ 2

+ ea}] . (3.28)



Chapter 4

Some applications of the f(R)-scalar tensor equivalence

In this chapter we present some applications to the reconstruction techniques for models of f(R)
gravity through the scalar-tensor theory of gravity, using the equivalence between f{R) theory in its
metric formalism and the scalar-tensor theories of gravity in the Brans-Dicke theory.

4.1 Reconstructing f(R) gravity from a Chaplygin scalar field
in de Sitter spacetimes

The Chaplygin Gas (CG) model in cosmology has been considered as another alternative to the
cosmological FLRW universe models with a perfect fluid equation of state and negative pressure
[~9.90]. The model provides interesting features of the cosmic expansion history consistent with
a smooth transition between an inflationary phase and a matter-dominated decelerating era. In
addition, the late-time accelerated de Sitter phase of cosmic expansion can be achieved [91-91]. In
the following subsections, we consider the treatment of the Chaplygin gas as a scalar fluid. Using
the equivalence between scalar-tensor theory (BD theory) and f(R)-theory of gravity, we obtain the
energy density of the Chaplygin gas in terms of the scalar field, and from the Chaplvgin gas property,
we obtain the Chaplvgin gas pressure. The reason behind this treatment is that a lot of work has
been done that suggests that the Chaplygin gas can be treated as a unified model for dark matter
and dark energy [$9-91]. The model has, however. some subtle and unsclved problems such as the
negative sound speed of the fluid, which in turn implies the instability of density perturbations. or
the fact that the sound speed behaves differently depending on the epoch. In {95,96], it has been
shown that the Chaplygin gas model for early times has a negligible sound speed and superluminal
speeds in the late universe. Because the model shows such issues if we treat it as a form of matter, we
reconstruct a gravity model that explains the same cosmic expansion history, but is a manifestation
of geometry instead.

4.1.1 The original Chaplygin gas model

In the original treatment, the negative pressure associated with the Chaplygin gas model is related
to the (positive) energy density through the EoS [89,93,97]

p=-—=—. (4.1}
n

17
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where A is a positive constant. Using this equation of state in the conservation equation of y given
by

. a
,u+3a(,u+p):0. (4.2
we find that the energy density of the Chaplygin gas evolves with respect to the scale factor a(t) as
/ B
4 (1.3)

u(a)=VA + 5

)
ab

where B is a constant of integration. One can see that for large a(t), the energy density becomes
independent of the scale factor for positive B. This can be thought of as an empty universe with a
cosmological constant (see more detailed analysis in Ref. [93]). In Ref. [93], it has been pointed out
that for the early universe, the approximated expression of energy density can represent a universe
that contains pressureless dust matter. From the Friedmann equation, we have

B-5-5. o

where £ stands for curvature and can be either —1.0 or 1, depending on the spacetime geometry. If
we restrict ourselves to the case where the Universe is flat, i.e., £ = 0, then

The energy density of the scalar field and pressure are given as [39. 98]

po =502+ V(9), (4.6)

(4.7)

e
A5}
Il
S Bl N
S
&
|
<
=

Adding Egs. 4.6 and 1.7 and using Eq. 1.3, we get
R
a%v/Aa® +=B '

)

(0]

(4.8)

Using the following simple trick, where in this case, a prime denotes partial differentiation w.r.t the
scale factor a,

do 9o da ..

—E:%EZOQ. (1.9}
and substituting the expression of Eq. 1.5, we obtain

o=0ay/%. 1.10
ay/% (4.10)
Eq. 1.8 can therefore be rewritten as
. 3B VIR
Pl ———— = Y=L (4.11)
a? (Aa‘i + B) aVda® + B
This equation can be integrated with respect to a to yield
1 Aa®

@a:i——ln( =>+C . 1.12
== "\ T 2B + B ' L

where 'y is a constant of integration. Our next step will be to reconstruct the f(R) functional which
produces @ per Eq. 3.17. To do so, we first relate the Ricci scalar R and the scale factor a using the
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trace equation

1+ &
1+ 5
which can also be rearranged as
Ra®/ A 1+—E-;— ~44a" - B =0 (4.14)
. 10 y . .

From the equation describing energy density i, and pressure ps, we solve for the potential as

V(o) = B = Do _ 24a® + B
2 203V Aa5 + B

The de Sitter universe is a solution of the Einstein fleld equations with no standard matter sources
but a positive cosmological constant or a scalar field. The Friedmann equation for such a universe

reduces to 2 A
a
<5> ==, (1.16)

(4.15)

with the scale factor exponentially evolving as [98,99]
a(t) = DeV3t = De™t . (4.17)

Using this solution for the scale factor at the early stages of the Universe’s evolution, one can obtain
the characteristic potential that is solely dependent on the Universe’s cosmic time.

4.1.2 Reconstruction of f(R) gravity from the original Chaplygin gas
model

4.1.2.1 Case 1: early universe

For the early universe, we assume that the scale factor a is small enough for the approximation
Aa®/B << 1 to hold, that is, we can make the following treatment

6
Aa ) ~B. (4.18)

B? (1 +
Replacing this in Eq. 4.12, we have

ola) = T— 5 ) o (4.19)

23 Aab

From Eq. 4.14, we have

Re*VB-B=0. (4.20)
This means that we can write /B
B

t= T 4.21

ot = (4.21)

and hence replacing Eq. 4.21 in Eq. 4.19, we have

1 4R?
o(R) = £5—=n (1 + T> e (4.22)
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By substitnting Eq. nto kq. and integrating. we obtain

f(R) =+ +C\R{ + R+ . (1.23)

\/gR I (41?2 + A) N V34

A 6

2R)_@

arctan (22
arctan 4‘4 3

where (5 is a constant ol integration, see Fig.
0.3

0.2
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(R)/R)
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log( R)
Figure {.1: Plot of f(R)/R against Ricci scalar R for the early universe. setting A = 0.5. C5 = 0 and
€1 = —0.4. The red line represents the GR case. while the green and blue curves depict negative

and positive f(F) solutions respectively.

Combining Eqs. and and use the fact that

/ B 1 Aab VI3
A-—=—VBy/l N, 1.24
a®  ad + B as (4.24)

we obtain the potential V(a) as

We get a(o) from Eq. as

2vVB
 VA(e2VBo-Cy) _ 1)1/2

(4.26)

(L3

Therefore, the potential is given as

15[

Vig) = @(vimﬁ(o—(h) _ 1)‘ , (1.27)

We set the coustants such that V(@) is given as

1/ 10u3 3
1"(0) = E(er-ﬂo - 1) . (4.2%)
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Then the time-dependent potential cau be obtained as

VB

By considering positive potential from Eqg. one can write
. VA 3
Vie) - = (1) (1.30)
2
Fig. shows how the poteutial chauges with scalar field and time.
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Figure 1.2: Plots of the potential V' as a fanction of o and ¢ from Eqs. and respectively

for values A= B=m=D=1and C =0.
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4.1.2.2 Case 2: late universe

The term on the denominator 1.12 can be approximated with the assumption that for the late
universe, the scale factor a is large enough such that B/Aa® << 1 holds. Therefore, we have the

term as
2v/ ABab - B2 =2 {Ba“

With this approximation, Eq. 4.12 becomes

~ 2V ABq? (4.31)

1 2B 2VB _
ofa) = =~z (1 4o + 25 (432)
Therefore Eq. 1.32 takes the form
1 2
@(a):i——.ln( ZE)+C1. (4.33)
23 Vv Aa?
Eq. 4.14 results in
o = VB . R# VA (1.34)
RVA - 44
Therefore, we update Eq. 1.32 as
1 2
o(R)=+——=In —=\RVA-14)+C; . 1.35
(R) = =5l (1+ —= )G (1.35)
Replacing Eq. 1.35 in Eq. 3.17, we have f(R) as
V3 174 2VRVA 14\ V3 V3
f(R) = i[?(zz— : )m(w—T) + VRV + (—E+C1)R
19v34
(1.36)

where ('y is a constant of integration, see Fig. 4.3.

By combining Eqgs. 4.6 and 1.7 and using the large-scale-factor approximation, we have the po-
tential as

Vio)y=v4. (1.37)
As a combination of Egs. 4.6 and 1.7 results in
24+ 8
Via) = 2 (4.38)

2/A+ 2

one can start from dependence of scale factor a on scalar field o to have the potential V(o) as

) 24 4 IA (e;‘zﬁw-—Q)B .
Vio) = , (4.39)

2\/.—1 + 4 (e*—\/_@ Cl)
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Figure 4.3: Plot of f(R)/ R against Ricci scalar R for the late universe. setting A = 0.4. ('3 = 0 and
("} = —0.1. The red line represents the GR case. while the green and blue curves depict negative
and positive f(I7) solutions respectively.

In principle. we can constrain the scalar field ¢ by equating Eqs. and Once this is done.
one has a constant scalar field given by

N !
O=t—x=.
2v3
So tar. we have considered the original model of the Chaplygin gas and have obtained expressions

for f(R) that correspond to the early and late universe along with their corresponding potentials.
In the following, we present a similar analysis for the generalized Chaplygin model.

(1.40)

4.1.3 Reconstruction of f(FR) gravity from the generalized Chaplygin gas
model

For the geucralized Chaplygin gas, we have the pressure as

A

pe
where 0 < a <1 and A is a constant.
o
pula) = (,4 - Ba*"j(“’”) e (1.42)

For a flat universe. & = 0, we can write the Friedinann equation as
a—ay )t (1.13)
3

] Bg-3le+D
o — a . (1.11)
(4+ Bamses) T

C'ombining Eqgs. anc results in
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Therefore, we can write
o == ___35 (4.45)
= — = . A5
Aa’em5 4+ Ba?

4.1.3.1 Case 1: early universe

For the early universe, the scale factor is assumed to be small enough, therefore, we can write Eq.
4.45 as
V3B
do = + ——da . (1.16)
. J(x—1
Ba2(1 + Ae270 )

then using the fact that (1 +z)}" = 1 — nz + O(z*). for z << 1, we have

V3
a(l + = S5 )
Integrating this equation, we have
V3 2B
o(a) = =327 (GMH) + A) +Cy . (1.48)
we have a(R) as
BITD
Therefore, we have o(R) as
V3
R)==———In(2R*"' + 1) + C; . 1.50
O(R) = =5y 2R 4 4) 4 Oy (4:50)

Substituting Eq .4.50 into Eq. 3.17 and integrating, we obtain

x/§(R(a+1>—Rln(23"“+A)> \/3‘4/ dR

f(R) =+ - smrr Tt OR| + R+ Gy, (4.51)

3a+1) 3

where ('y is a constant the integration, see Fig. 1.4.
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Figure 1.4: Plot of f(R)/R against Riccl scalar R for the early universe, setting A = 0.7, 'y = 0.

(1 = 0.4 and a = 0.2. The red line represents the GR case, while the green and blue curves depict
negative and positive f(17) solutions respectively.

The potential is given by

ty, — Do -
V(o) = Ko~ P (1.52)
2
C'onsidering cnergy density as
1
jo= (A= Ba e ”) - (1.53)
and pressure as
A -
p= R (1.54)
we have
. 24+ Ao .
) AT Ba ey (1.55)
By treating the denominator, we have
o B adter P B e
=3lat Iy — ~ N 4 56
{4+ Ba o = (”3m41)( B +l)> ~ <”3mu)> ) (1.56)

where we have considered that @~ is wminall enough in the early universe. So the potential
becomes
) 24+ 2 .
Vi) = ———4—S— (14.57)
A,< B ) 1
- “JYH -1
From Eq. we liave
. 2B !
L s (4.53)
e v — A4
If we substitute Eq. mto kEq. we get the potential Voas a function of ¢ as
1 1 Yoo dofa+11 “]ﬁ
V((Z’) = T‘(..).A -+ Z(f\i v - 1)) (C'i VI L — A> . (459)
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We only consider positive potential as
1 1 Bpla 1y 71——
V(p) = T(sz (e T - ) (L o—a)tt (4.60)
2.1 B 2
Subsequently, Eqs. anc zive rise to
1
V(f) — )B'L (2/1 + B(D("ml) 3(u+l))<D(,ml)3u ) (161)
) acl
Fig. shows how the potential changes with scalar ficld and time.
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Figure 4.5: Plots of the potential V as a function of ¢ and t from Eqgs. and respectively.
sctting A=B=m=D=1and o = 0.5 (red), a = 0.3 (blue) and « = 0.2 (green).
4.1.3.2 Case 2: late universe
For the late universe, we have the following assumption
Ba? << Ad?e (4.62)
Thus we have
3B .
do ~ \/ Taamsde (4.63)
We perform integration to get
2vB
ola) = = : +C . 1.64
\/gx/Z(u + Dadlatl)/2 : ( )
The next step is to get o(R). Using the trace equation once again yields
Ba~=3la*1) 1 44
R= — . (4.65)
(A + Ba-starn)
By manipulating Iq. we obtain
RATE —4A N\
a(R) = (———) e (.1.66)
)

B(l — &R 47
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Thus from kEq. we have
2B RATE —44 %
o(R) = = ——2 ( 1 ) . (4.67)
v3dla+1) VBl - %Aﬁ)
Substituting this expression of ¢( ) in kq. we get
A3 1)2m (Ao, R)aresin (2()‘4?31(?1:?'?()_‘4) 4 ma(A o R)
R)y=+ : - (R .
f(R) 1V3e%2(a+1)32m(4.a.R) ! (1.68)
+R-Cy.
where (5 1s a coustaut of integration, Fig shows how the Lagrangian presented in changes
with Ricel scalar R.
mi(A.a.R) = \/—a:\ﬁ (@R —(a+1)ATT)(RAFT — 14) . (4.69)
and
ma(A o R) = — 40P A7 T B 4 6(5a + 1)a2A 5T B2 - 20(330° ~ 18a + 1)‘4%]‘) (1.70)

— (H00? — 18a? — 180) A% .

0.1

0.05

/R)

log(R)

Figure 4.6: Plot of f(R)/R against Ricci scalar R for the late universe. setting A4 = 107! (7, =
2x10 3, C5 — land o 3 x 10 °. The red line represents the GR case. while the green and blue
curves depict negative and positive f{R) solutions respectively.

From kq. in the late universe. that is together with its corresponding pressure, we have
potential V'(«) from Eq. s
Ba—B(u-#l) . 1

Vi) = — . (4.71)
2(/1 + Ra“”“"”)"'l
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Replacing Eq. m kq. we get
34(a + 1)%0* +~ 84B
V(o) = ( ) — (4.72)
SB(A 4+ 3A(a + 1)2¢?) 7T
We replace the scale factor Eq. w Eq. to get the potential as a function of time as
B(Demt —3(a+1) 4+ 2A
Vi(t) = ( ) — (4.73)
2(A + B(Demt)=3a+l)) s
Fig. shows how the poteutial chianges with scalar Held and time.
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Figure 4.7: Plots of the potential V' as a function of ¢ and t from Egs. and respectively.

setting A=B=m =D =1, and a = 0.5 (red), a = 0.3 (blue) and a = 0.2 {green).

For the early universe. we plotted the potential dependence on the scalar fleld and one can easily
observe that the potential increases with an increase in ¢, However. for the late universe, this
dependence is realized after a decrease to a certain minimum. It can be observed that as a increases
the position of the minimum point gets lowered. For the time-dependent potential in the early
universe, an increase in time results in an increase in the potential. Conversely, the potential
decreases as time increases for the late universe. This trend has been obtained through the use of
approximated solutions. The actual behaviour of the potential under cousideration may be obtained
through acquiring the exact solutions of the scalar field.
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4.2 Inflationary f(R) cosmologies

As we mentioned the cosmological inflation was first introduced to solve the horizon and flatness
problems [38]. In inflation theory there are several types of potentials that have different behaviors
[100]. The nature of the potential dependence on the scalar field shows how slow-roll situation affects
the scalar field [101]. In principle for a given potential, one can obtain the expressions for the tensor-
to-scalar ratio r and spectral index n,. These parameters can be determined and compared to the
available observations [101-103]. In this section we point out that for a given Lagrangian, one could
actually have the potential with values of parameters that can be constrained by r and n, values from
observational data. It is widely understood today that a scalar fleld, which dominated the earliest
moments after the Big Bang propelled the Universe into an exponential expansion, and eventually
decayed into radiation. In [98], exact potentials for different expansion models were obtained where
the radiation contribution is neglected for de Sitter spacetimes, but it was indicated that one can,
in principle, generalize the study to include radiation. In this work, we do include the radiation
contribution and we focus our attention to two scale factor expansion models namely, exponential
and linear. The potentials that correspond to the expansion models under consideration are used to
obtain the parameters like r and ns after the calculations of f(R) Lagrangians. One could see how
the inclusion of radiation contribution makes the calculations complicated. The comparison with
the Planck Survey results is made where the ranges of the parameters are taken into account.

4.2.1 Matter description

We consider the FLRW background filled with a non-interacting combination of a classical scalar
field and radiation such that the energy-momentum tensor is given in terms of the total energy
density 4 and isotropic pressure p as 9]

Tap = (4 + P)uatis + Pgas - (4.74)

From Eqgs. 4.6 and 1.7, for the total fluid of the cosmic medium, one has

1.
= e+ 502 + V(o). (4.75)-
_ pr Iy . -
p—?+§@ —‘/((D). (416)

whereas for radiation, p, = % .and pr = 1/3u,, a = a(t) being the cosmological scale factor and

M, a constant of time.

The scalar field obeys the Klein-Gordon equation [9x] given as

4

. . BV
(D+3[{(D+Q—=O. (1.77)
Jo

The field equations and conservation equations of the background spacetime are given as

1

3H? + 3K = 5 02 4+ V(0) + pr . (1.78)
3H+3H*=V(0) — 0> = pr . (4.79)
g+3H(p+p)=0. (1.80)

Since we are assuming that the background cosmic medium is a non-interacting mixture of the scalar
fleld and radiation, the energy densities of the scalar field and radiation evolve independently as

fir + 4Hp, =0, (4.81)
o +3H0> = 0. (4.82)
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whereas Eq. 1.30 describes the total energy conservation equation for the total fluid mixture.
We combine Eqs. 1.78 and 1.79 to solve for the potential and the scalar field as

Vio) = 3H2 + 2K + H - #T (4.83)

and |
0?=2K - 2H — e (1.34)

The above two equations .33 and 1.81 can be solved once one has the expressions for H and H with
the specification of the geometry of the spacetime, k. In the following two Sub-sections, we consider
two different expansion laws and obtain the solutions of the scalar field ¢ and the corresponding
potential. The reconstruction of f{R) Lagrangian densities will need the definition of the Ricci
scalar given as

R=6(H+2H*+K). (4.85)

For a specified scale factor a(t), one would solve Eq. 1.84 to get the momentum of the scalar field
0. Its integration with respect to time gives the expression of the scalar field. To connect the scalar
fleld © with the Ricci scalar R, we have to get ¢(R) from Eq. 4.85. Then after establishing o(R), we
can use the definition defined in Eq. 3.17 to obtain the f(R) Lagrangian. One can get the potential
V(t) from Eq. 4.33 with the specification of the scale factor and we first get ¢(0), then we get V(o).
In the following, we consider two expansion models namely, exponential and linear models.

4.2.2 Exponential expansion

For the exponential expansion, one has the scale factor given as [9]

a(t) = Ae™. where A, w > 0. (4.36)
So we write Eq. 1.84 as
‘g . 4M _
o] :2](—3(14. (4.37)
For k = 0 and £ = —1 we have a complex scalar field since both ¢ and W are positive. For k = 1
we can write Eq. 1.87 as
1/2 . 1,2
. 2 2M
=== |- — . 4.88
==(z) (-5) 9

If % > 1, we would have a complex term. We only consider the case where 0 < %{ << 1, this is

because during inflation epoch radiation has little contribution. We therefore have

4 2\ ? M
o=z <—,> <1 - L) . (1.89)
a= 3a-

By using Eq. 4.86 in Eq. 1.39 and performing integration, we get

V2 V2M
(D(t) == <—m€ wt + m@ Swt [0]3) . (-lQO)

where o is the constant of integration. One can recover the scalar field solution obtained in [9%] by
simply setting A/ = 0 which means a radiation-less universe consideration (de Sitter universe).

4.2.2.1 F o v onof f(R} e _nential expansion models
Combining Eqgs. 1.85 and 1.36, we write the Ricci scalar as

5 6
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Thus we have time as function of R given by

1 6
— |1 4.92
20 (/1“’(1? - 12uz~’)> ( )

ould have R > 12u” to avoid negative expression inside the braket. Replacing Eq.
we have

V2 6 BEERRVORY ¢ A
(R) =+ [ 4w (Az(l? — 121(72)> e (AZ(R - 121172)> a (Do} ' (4.93)

Therefore, f(I?) can be written as

HR) =

2201 9\ 5/2

2 0 /9 5
R:i[——l?—w 2y3/2 . _EVEM p 92 —/R}+R+C. 194
FUR) = [ (= 120?72 1+ 2 (R = 120%) 2 = 00 Lo e

where € is the coustant of integration. For some limiting cases, this equation reduces to f(R) = I
which is GR. see Fig.

les

fR/R

2e5

J(R)

Figure 1.8 Plot of versus 7 from Eq. for Ml — 1. ww=0.11, ¢og = | and C; —= 0 for the
exponential expansion. where the green and blue lines refer to the positive and negative Lagrangians
for f(R) while the red line refers to the Lagrangian for GR. One can see that the deviations from
GR occur at higher curvature regimes.

4.2.2.2 Potential V(¢) for exponential expansion models
From Eq. if we set
x=e W, (1.95)

then we write Eq. considering only the positive root with the understanding that similar
analysis can be done with the negative root as well:

V2k V2M

r+O)g = ——/— T+ —F—
¢ 0 Aw gﬁAsuz

(1.96)
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The above equation has two complex solutions and one real solution given as

2 2 5 842 271/3
=33 AwiA3 [3\/5.411‘(@ +og) + \/(_5(31112(02 + o5 + Guooy + —F)l/ }
! (1.97)
2 2 Y 8A% 197 13
634301 (32406 + o) + VE(3u(0® + 82) + 6ulor + =)/ .
0 M
From Eq. we can write
] -
p— T (1.9%)
u

Here Inor is constrained to be negative such that we do not experience negative time parameter.
This is because the parameter w is a positive number by construction. The poteutial defined in Eq.

reads ) A
- 2 —w B —dwt
V() =3 = e et (4.99)
so that we have V(¢) as
s 2 Mo ,
Vip) = 3w’ + yERES ZFT . (4.100)
This potential and its first and second derivatives with respect to the scalar field ¢ will help in
constructing the slow-roll parameters in Sub-section Fig. below shows how the potential
depends on the scalar field o.
¢
4
Figure 4.9: Plot ol V(¢) versus ¢ [rom Eq. or M =1.A=09, w=0.12 and ¢p = 0.5.
4.2.3 Linear expansion
For linear expansion. one has a scale factor given as
a = At. (4.101)
wlere A > 0. By replacing Eq. in Eq. we get
. 1/2 . 1/2
. 20k + A%) 2N
=+ ———m— l1—- ——— - . 4.102
@ ( a? az(k + Ay ( )
I¥ % > 1. we would have a complex scalar field. We therefore cousider the case where

?%14—2) << 1. This is assumed with the assumption that a is small and the constant A is big. This
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leads to the approximation of the above equation as

. 2y 1/2 ;
q;:i{<2(k+‘4)> VA
a2

e e (1.103)

Replacing the expression for scale factor and performing integration, we have the scalar field given

as
2(k + A 2M
o(t) = i{ﬁ%_) In(t) + 42\/—%—_42? — ()] . (4.104)

4.2.3.1 Reconstruction of f(R) for linear inflation models

In order to construct f(R) models from scalar field formulations obtained in Eq. 1.104, we need to
have @(R). To achieve this we start from the definition of the Ricci scalar given in Eq.1.85, so that
we can write .

_6( A7 —k)

R= 1,105
REE (4:103)

From this equation, one has ¢(R) given as

2

5 1/2
6(A%+ k) .
HR) = | ——=—— . 1.106
(R) < R ) { )
Therefore, the scalar field in Eq. 4.104 has the form

V2(AT & A2 e 2 A2 ~lez
(A2 + )ln (6(4‘)+ k)) . f{\[ <6(~1‘)+ k)) —00] O (a10m
A AR FENZEENA A%R

Integrating this equation using the definition of Eq. 3.17 leads to

F(R) = i{M [Azl?ln (M) +kRIn (M) + AR« kR}

aa(R):i{

2A(AZ 1 k) AR A2R :
V12M R?/? (+.105)
Z4 A
Y 0oR} - R+ (s
9A(AZ k) 7 } +

where (5 is a constant of integration. This Lagrangian takes different form depending on the
geometry of the spacetime, as Fig. 4.10 depicts.

4.2.3.2 Potential V(¢) for linear inflation models

Using Eq. 4.101 together with the definition in Eq. 4.83, the potential in terms of cosmic time ¢ is

given as
2 2k M

o —
2 A% 344
We need to get ¢(¢) in order to get V(¢). From Eq. 4.104 with the consideration of its positive root,
when one considers flat universe (k = 0}, we have

V(t) = (4.109)

t= ~———l£— . (1.110)
AW (z)
where ¢ = — ¥ 3 - and W (z) is Lambert’s function. The Taylor expansion for this function
is given as
X o _yn—1 3 . ]
W(;r):Z(_%z"xr-x2+§x-*—;z4+0(x5). (4.111)
n! 3

n=1
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Figure 4.10: Plot of /) vs R from Eq. or M =1.C;=-100, 99 =50, kA =1 and A = 0.11

for linear expansion, where the blue and green lines refer to the positive and negative Lagrangians
for f{H) while the red line refers to the Lagrangian for GR.

Thus up to quadratic order, one has

NIRRT
, Me 7T A2 VAero
Wir)=— 5B - 1 + .. (4.112)
Replacing Eq. m Eq. we have Hg) as
M oM e VAo
o) = 5| ——+ ——] (1.113)
Replacing (o) in Eq. we have
. Ve YZotouq2 3y e~‘£%‘-‘ﬂﬂ Ve V2oton 4
Vip) = 2{e” E 7] — —[ - . - ] . 4,114
o) =3 R 3 B R (1114)
For k = +1, we have
. 2(A% 1+ 1) M )
Vit) = 13,2 - T4I7T (4.115)
From Eq. we have
A )
1{¢p) = exp [M W(?)] (4.116)
2(AT£ 1)
oy
where o ““’A({;:;)I " and the new W{r) is cexpanded as
A\[ ) erog) ‘[_2 _9 A av»;,(,»
Wir)=—— " ¢ V2a2zny - -~ 204241 1.117
N TR FUECES A - (4117)
Thus. one has ({¢) given as
A A VR T
t(o)fcxp[ (@U+O) = ¢ Veazoa _._v_jq___v( VAT (1.118)
2042+ 1)  AEE=1D A2(AZ £ 1)2
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Replacing this expression for (o) in Eq. 4.115, we have

242 + 1) Alog + ¢) M -Alete) M? Z2 kg
Vi) = —= e -2 , — \/742—:1—) _—— =1)
)=, ~exe [‘/2(‘4' Tx1) AL FEVCESIER )
) y A(e+eg) 2 oy _Ale+eq)
- ﬁexp{ — 4[ Aldo + ) - {’U e VeATin _ _._jv e '\/T(TZT)}} .
3A* V20421 1)  A(A2+1) A2(A% 1)

(4.119)

Tn the following section, we apply the results obtained so far to the inflation epoch especially on
slow-roll approximation to see how the models respond to inflation parameters ng and r.
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4.2.4 Application to inflation epoch
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Figure 1.11: Plots of ri{w) and n,(w) respectively for M = 1, A = 15. @9 = 1 and ¢ = 1.2, for
exponential expansion. The red and green lines refer to the upper and lower bounds of Planck data
respectively.
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Figure 1.12: Plots of riAd) and ny(A4) respectively for M = 1. w = 0.15. 99 = 1 and ¢ = 1.5, lor
exponential expansion. The red and green lines refer to the upper and lower hounds of Planck data
respectively.
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Figure 4.13: Plots of r(¢g) and ny{(og) respectively for M/ =1, w = 0.15, A = 15 and o = 1.15, for
exponential expansion. The red and green lines refer to the npper aud lower hounds of Planck data
respectively.
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Figure 4.14: Plots of r(o) and ny(®) respectively for M =1, w = 0.15, 4 = 15 aud ¢ = 1.15. for
exponential expansion. The red and green lines refer to the upper and lower bounds of Planck data
respectively.

We focus our interests on slow-roll approximations. The slow-roll approximation has the condi-
tion that the kinetic energy of the scalar feld is much less than its potential This leads to two
conditions as

ot < Vi) . (1.120)
200 < V' (0)] . (4.121)
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Figure 4.15: Plots of 7({A) and n,(A) respectively or M = 1, ¢y = 750 and ¢ = 1.05, for linear
expansion. The red and green lines refer to the upper and lower bounds of Planck data respectively.

where here the apostrophe () indicates ditferentiation with respect to the scalar field . Then we
can define two slow-roll parameters (o) and n(o)

, _ "'Lo) 2 N
‘o) = 22 ( Vio) ) : (4.122)
and v
e |
ne) = T( (o) ) ' (4.123)

The spectral index n, and the tensor-to-scalar ratio r are defined, respectively, as

ne=1-—06c + 2. . (4.124)
r=16¢. (4.125)

The nunerical computation of these two parameters is done for both exponential and linear
expansion models. The observational values of n, and r are taken from the Planck data

The ubove figures stunmarize the change of the parameters w. A, og and @ to get both spectral
index n. and tensor-to-scalar ratio r close to the observational values for the linear law of expansion
for the case when & - 1. Where A - 0 and & = L. one has negative and complex values for
the spectral index n, and the tensor-to-scalar ratio r. this evidently makes the corresponding f(R)
Lagrangian being ruled out from the viable ones.

It is clear [rom the figures presented in this work that the observational results of n, and r
constrain the ranges ot the parameters under variation. In Fig. ne call notice that r increases
monotonically as function of w until it suroasses the upper hinit of Planck data which coustrain
that r < 0.11. On the other side in Fig. the spectral index decreases as u changes and the
only acceptable values can be obtained between w = 0.14 and w = 0.177. In Fig. after n,
crosses the observational value. it asymptotically varies with increasing A. On the other side. in
Figure n, increases and saturates to a finite amplitude after it crosses the lower bhound trom
the Planck data. In Fig. the tensor-to-scalar ratio » is decreasing with incercasing oa and the
values that are compatible with observation are achieved after passing oo = 0.42. In Fig. the
spectral index n, increases with increasing ¢ until it crosses the lower and the upper bounds of the
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observational data. The same behavior is manifested in Fig. 4.14a and Fig. 4.14b for r and n; for
changing o.

For linear expansion model, Figs. 1.15a and {.15b show how r and n, change as function of A.
The tensor-to-scalar ratio increases as function of A4 and ng decreases as function of 4. This makes
ns cross the upper bound first and later it crosses the lower bound.
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Quasi-Newtonian universes

5.1 Background description

The space-time which obeys Einstein’s field equations has been constrained to be irrotational and
shear-free. Space-time according to Newton does not rotate and does not experience shear. Actually
the physics used in astrophysical observations (like the motion of the stars, inside galaxies, motion
of galaxies in the universe, discovery of dark matter and the behaviour of rotational curves), have
been made by considering Newtonian physics.

Despite there being no proper Newtonian limit for GR on cosmological scales, recent works on
so-called quasi-Newtonian cosmologies [31, 107, 108] have shown that gravitational physics can be
studied to a good approximation [5]. The importance of investigating the Newtonian limit for
general relativity on cosmological contexts is that, there is a viewpoint that cosmology is essentially
a Newtonian affair, with the relativistic theory only needed for examination of some observational
relations. Most of the astrophysical calculations on the formation of large-scale structure in the
universe rely on such a limit [108]. In [108], a covariant approach to cold matter universes in
quasi-Newton has been developed and it has been applied and extended in {107] in order to derive
and solve the equations governing density and velocity perturbations. This approach revealed the
existence of integrability conditions in GR. In this chapter, we derive the evolution of the velocity and
density perturbations in the comoving (Lagrangian) and quasi-Newtonian frames. We investigate the
existence of integrability conditions of a class of irrotational and shear-free perfect fluid cosmological
models in the context of scalar-tensor gravity. Such work has been done in the context of f(R)
gravity [5], where some models of f{R) gravity have been shown to exhibit Newtonian behaviour in
the shear-free regime.

5.2 Quasi-Newtonian spacetimes
If a comoving 4-velocity #* is chosen such that, in the linearised form

% = u® +v%, vut =0, vut<<l. (5.1)
the dynamical, kinematic and gravito-electromignetic quantities Eqs. 2.13, 2.14 and 2.15 undergo
transformation.
Here v® is the relative velocity of the comoving frame with respect to the observer in the quasi-

Newtonian frame, defined such that it vanishes in the background. In other words, it is a non-
relativistic peculiar velocity. Quasi-Newtonian cosmological models are irrotational, shear-free dust

40
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spacetimes characterised by [31,33]:

Pm=0. ¢ =pmvs, 7o =0. (5.2)
we =0, 04=0. (5.3)
Therefore, the evolution equations 2.18-2.22 for this class of spacetimes can be written as

6= —%@2— é<u+3p)fﬁa‘4a‘ (5.4)
fim = —pm© = Vg, (5.5)
i = =580 ~ pmAa (5.
Elet) — pedtas )b _ @Ee _ %#ab B %{7<aqb> _ éeﬂab ‘ (5.7)
Hie) = _ @ _ r}c‘““?cE;b + %r}“““@cﬂjib . (5.8)

Due to the vanishing of the shear in the quasi-Newtonian frame, Eq. 2.24 is turned into a new
constraing

1 = -
Eap = 57y = Viadyy = 0. (5.9)
and using the identity in Eq. A.1 for any scalar £, Eq. 2.23 can be simplified as

nPVad, =0= 4, = Voo . (5.10)

In this case p is the covariant relativistic generalisation of the Newtonian potential. The gravito-
magnetic constraint Eq. 2.28 and the shear-free and irrotational condition Eq. 5.3 show that the
gravito-magnetic component of the Weyl tensor automatically vanishes:

H® =0. (5.11)

The vanishing of this quantity implies no gravitational radiation in quasi-Newtonian cosmologies,
and Eq. 2.30 together with Eq. 5.3 show that ¢ is irrotational:

Ve =0 = n"Vpva . (5.12)
Since the vorticity vanishes, there exists a velocity potential such that

vg = Va® . (5.13)

5.3 Integrability conditions

A constraint equation ("3 = 0 evolves consistently with the evolution equations in the sense that
[31,33, 107, 109] .
Ca=F5CB +G3,D°CB | (5.14)

where F and (G depend on the kinematic, dynamical and gravito-electromagnetic quantities but
not their derivatives "31,33]. The non-linear models have been shown to be generally inconsis-
tent [31,33, 110] if one imposes the constraint Eq. 5.11, but the linearised models are consistent.
Thus, a simple approach to the integrability conditions for quasi-Newtonian cosmologies follows from
showing that these models are in fact a subclass of the linearised silent models. This can happen by
using the transformation between the quasi-Newtonian and comoving frames.

The transformed linearised kinematics. dynamics and gravito-electromagnetic quantities from the
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quasi-Newtonian frame to the comoving frame are given as follows [31,33, 1 10}:

6 =0+ Viy,. (5.15)

b 1
Au = At e+ 500 (5.16)
. 1 - .
Lo = Wg — Enabcvbvc . (;),11)
Gab = Tab + V(asy - (5.18)
A=p. D=D. Tab=Taby Gi =q5 - ' (5.19)
3 = 4q" — (Bm + Pm)Va - (5.20)
Eop = Eqp, Hop = Hyyp {5.21)

It follows from the Eqs. 5.2 — 5.21 that

p=0, ¢u= Tab = 0 (5.22)
=0, ©a=0. Gap= Vv - (5.23)
Eab = Eab- Hab =0. (524)

These equations describe the linearised silent universe except that the restriction on the shear in
Eq. 5.23 results in the integrability conditions for the quasi-Newtonian models.

5.3.0.1 First integrability condition

Since Eq. 5.9 is a new constraint, we need to ensure its consistent propagation at all epochs and in
all spatial hypersurfaces. Differentiating it with respect to cosmic time ¢ and using Eqs. 3.24, 5.7
and 2.26 together with the identity A.2, one obtains

. 1 ) 1 o - =
ViV ‘+—e+—]+{'~+-e+ vaﬂzo, 5.25
@Ve |+ 5 o+ 1) Ft3 ol VeVer (5.25)
which is the first integrability condition for quasi-Newtonian cosmologies in scalar-tensor theory of
gravitation and it is a generalisation of the one obtained in [31], i.e., Eq. 5.25 reduces to an identity
for the generalized van Elst-Ellis condition [31,33, 108]

L1 = e
¢+ _3@ = —((D+ 1) . (D..Zf))

Using Eq. 5.5 with the time evolution of the modified van Elst-Ellis condition, we obtain the
covariant modified Poisson equation in scalar-tensor gravity as follows:

=2 fim o 1 30 _— 2 0\ s =y
Tio= MM _3sig¢ ———[ —R{o+1 *(—fe 3 +3( _2 Vo ]
P Sy et Ot gy S Rler - Jo-30 0+ 1) 02>® °
(5.27)
By taking the gradient of Eq. 5.26, one gets
1g,0-% %—[~ °©_, o ] 5.28)
Ve 7 ay = ((D+1) (@+1)2 . (9.2
using the identity A.3, Eq. 5.2R8 can be written as
(Vo) = —2¥,6 - ° ¢ © o Vo0 — 2OV ey + 54 (5.29)
av/) 3 a OI(G)+1) a ((D+1)2 a 3 ay¥ ¥la . D.20
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using Eq. 5.10, one can write Eq. 5.29 as

. - ) - 1
:'la = ——Va@ - — —VatD -+ ﬁva@ - geAa + i{’JAa . (530)

and from the shear-free constraint Eq. 2.26, one has

i o HmVa 1 /0 1 .\e | .
- L q® = - — (2 - e)V,0. 31
=G+ T 5 (<D+1)<¢)' 3 ) ¢ (5.31)

By substituting Eq. 5.31 into Eq. 5.30, one can obtain the evolution equation of the 4-acceleration
A, as
2 o

Ag + |50+ ——14, =

37 (e+1) HmUa + (l@ + o i)ﬂ@] : (5.32)

_2(¢+1)[ 37 ¢ (o+1)

This evolution equation arises as a consequence of the modified van Elst-Ellis condition Eq. 5.26
and the shear-free condition.

5.3.0.2 Second integrability condition

There is a second integrability condition arising by checking for the consistency of the constraint
Eq. 5.9 on any spatial hyper-surface of constant time ¢. By taking the divergence of Eq. 5.9 and by
using the following identity: :

- 1

- 1
Va(VEAe) + 2 (i = 30944, (5.33)

1

V34,
5 +

T oy =

D =

which holds for any projected vector A,, and by using Eq. 5.10 with the identity A.10 it follows
that:

e - 2~ . 2 1 ~
VOV (Vo = —?:Va(Vzp) + g(# - 5@2)V0¢ . (5.34)
By using Egs. 5.34, 2.26 and 2.29, one obtains:
By .9 - 1 . B (o+1)]=
Valim — |0 + —(m+1)@]vae+ L P M]Vam
3 (0+1)L2 o (5.35)
S R 1 . B¥o+ 1) -

—2{0o+ 1)Vi(V,e) — Q[pm + —(ﬁ)—;;‘l - g - Qo — %}Vﬂp —V3(Va0) =0,

which is the second integrability condition and in general it appears to be independent of the first
integrability condition Eq. 5.25.
We can rewrite Eq. 5.35 as

- 2 - sy, 6?2 1)« =
Vatim — 5@(@ +1)V0 - 2(0+ 1)V:(Vyyp) — Q{pm - %]VCM =0oVe0
. (5.36)
1 f L Bd{o+ 1)1 e Rlo+1) f Je
Ty w00 - = | Vae 4 VAVa0) 42 S - - 06] Vg

The left and right hand sides of Eq. 5.36 refer to GR and non-GR contributions. For GR, the right
hand side vanishes and this matches Maartens'result [31] for the second integrability condition.

_ 7 taking the gradient ot 4. 5.26 and using ... 2.26, one can obtain the peculiar velocity:

1 - (0 30 \e ] -
Ug = —E 20+ 1)Vep + (;7 i (®+1)>Va¢J - (5.37)
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By virtue of Egs. 5.5 and 5.6, v, evolves according to
. 1 -
v, + 56% = -4, . (5.38)

The coupled evolution Eqgs. 3.32 and 5.38 decouple to produce the second-order propagation equation
of the peculiar velocity v,. By using Eqgs. 3.27 and 3.28 in Eq. 5.38 one obtains:

o 1, 1 .
ot [0 =2 o+ [267 - L (G 1 - 100
Y wrn.™ 3 So 1) oHm =S | )
B " @ .7 "o ()39)
1 & ) o ¢ b=
+—[———,—T——,+ = |Vao =0
o+ l{o+1) 2¢ 6 20 207
By substituting Eq. 5.37 into Eq. 5.38 one obtains
= : - . - o0 0%
2((D+1)Va¢+2[@+@(@+1)}Va,'9~[um—2(a>+1)<p+w— o —72—+¢<p
o pel e g s VY "y o o
W e [2200 0 0 00 [0 B0 P 300 a0
(0 +1) ¢ o 0% 07 o ) ot o*o+1)
o 30 0" p? 30 300 1 |
—Op—¢+ S+ - [Ves=0.
vo¥ (0+1)2 o3 (0+1) (o+1) a®

By using Eq. 5.5 together with Eq. 5.25, one can show that the acceleration potential p satisfies

1 1 ‘ .. 300 3¢% 602 . 1=,
04—y +f- 1)—3¢6+00 - V%0 - V3% . (541
5 +6(¢+1)[u +f—R(o+1)-30+00+ > 5 +(d>+1) o} FVoe (5.41)

Now we can substitute Eq. 5.41 into Eq. 5.40 to arrive at the linearised equation

. e 1 ) 9 .
20+ 1)Vaip + [2@(o +1)+ Qm}Vm& -5 [f ~ R(0+1) + 206 - m + 30%(0 + 1)} Vap
o - od TS L R 3¢d'¢" 0> 202 028" 00
[_/__'2 s Y EENG) ; R v (5.42)
o o 6  3(e+1) 3 ® o (p+1) o 3o+1)
100’ 200 20%0 %7 =
- - Va0 =0.
T30 TP+ oF } ¢

We can get the second dynamical equation for the acceleration potential ¢, by taking the gradient
of the modified Poisson Eq. 5.27 and using Eq. 5.26:

20 + D)Va(V2) = Vapm — 6(0 + 1)V — 20(6 + 1)Vay? — [2¢(¢ +1)+ 0| Va0

302 30 N 300 500 0" 1200 00  60%0"2 602 ]
P Py o2 o S @+ 1) o i @+ 1)2 (5.43)
2076

T 20— 65 - R] Va0 — V2(Va0) .

If one uses the preceding Eq. 5.35, the resulting equation becomes

. 2 . -
6(o + 1)va¢:~+6[o+ (6+ 1)@} Vo + [2% — 2020+ 1)+ R(o+1)~ f 200 Vap

30 367 300" N 120" 00’ 60 N 160’ B 60 20? . 7F i}
o o7 pe: e olo+D) T @ o1 o (5.141)
L 0 30" 0? 60> 300 7
- ~R- y2 2 2 ]v =0,
(0+1) (0+1) o't (0 +1;- o7 V7
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which is identically satisfied by virtue of Eq. 5.42.

5.4 Perturbations

In the previous section, we showed how imposing special restrictions to the linearized perturbations
of FLRW universes in the quasi-Newtonian setting result in the integrability conditions. These
integrability conditions imply velocity and acceleration propagation equations resulting from the
generalised van Elst-Ellis condition for the acceleration potential in scalar-tensor theories. In this
section. we show how one can obtain the velocity and density perturbations via these propagation
equations, thus generalizing GR. results obtained in [31].

5.4.1 Definition of vector gradient variables

The covariant vector gradient variable D7 for the total matter fluid can be defined as

v
pm = LYakm (5.45)
tim
The comoving acceleration is defined as
A, =ad, . (5.16)

The covariant vector gradient variable V™ for the velocity inhomogeneity of the matter is defined
as

Vi = av, . (5.47)
The comoving rate of the volume expansion gradient can be given as

Zo =aVeO . (5.48)

and by using the constraint Eq. 2.26 together with Eq. 5.31, one can rewrite Eq. 5.1% as

3 3 10 1
Ty = — mvm—i[—,-—@]@a 5.49
ST 3ot Tao-1nle 3 (5.49)

We also define another gradient variable ®, for the scalar fluid as
D, = aﬁ'a@ (5 50)

The gradient variable ¥, for the inhomogeneity of scalar field momentum is given as
U, =aV,0. (5.51)

and the gradient variable (', o
C,=0a’V,R, (5.52)

where R is the three dimension Ricci scalar, is defined as
- 2
R = 2'11 - ;@-’ .

5.4.1.1 Linear evolution equations

The system of equations governing the evolution of the variables defined in the previous subsection
are given as follows
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using the linear covariant identity A.3 together with Eq. 5.19, one can write the evolution of
the total matter fluid Eq. 5.45 as

D™ + 64, - 3 [(ﬂ - -@)@a - umv;;"] VAV =0, (5.53)

Using Eq. 5.32, the evolution of Eq. 5.46 is given as

S o 1 1 1o 20
=) A, mvm+—[— - =0, (5.54)
Aat 3 +(@+1)} et DM Tirn 13T T T ex D) (5.54
The evolution of Egs. 5.47, 5.50 and 5.51 are given as
Vm e A =0, (5.55)
. o .
b, — gqna —pA, =0, (5.56)
. » 2-/ ” i ’ "o "oty < ron LR N .
b— (6 -2 L2y, o (22 20 200 00 \00) g GA,=0. (557)
) o o 0 9’ o 0
The evolution of Eq. 5.49 is given as
. o 3tm 3 o 1_\. 30
Zy + — 4+ 0, -V "t/ | -39 % | —————
o+ 1) } 200+1) ¢ T 2p+1) (a) 3 ) 20" (¢ + 1)
302 Q2 00 V24 300
+— + o m S 90 Ve 300 i, g,
0% o+1) 3lo+1) 20+1) 4o+1)2 2(+1) 200+1) 20 (0+1)
(5.58)
These linear evolution equations are constraint by
Ca [ 28m  _f 390 2V20
a2\ (0+12 (0+12 36112 3@i12) ° 5
: (5.59)
2D™ 20 20 4 2 -,
- - +-0)2, - V2, .
(0+1) (o+1) ° <(@+1) 3 ) (0 +1) ¢

5.4.1.2 Second-order equations

If one time propagates Eq. 35.55, the resulting second-order evolution equation for the velocity
inhomogeneity of the matter will be given as

. e ) : 1 1 o 20
pm o |2 ym vy (le+2 22 Vg | =0, 5.6
ot 3*(o+1)} TPy {“’" @ +<3@+(D' (¢+1)> } (5.60)
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Using Eq. 5.60 together with Eqgs. 5.56 and 5.50 in the time propagated equation of Eq. 5.53, one
obtains

. ~ RIT . 62 5fim v
pmo " pm_ D;”—@V';’”+[—4- m___ S Vo
@0+ 1; 20 + 1y 3 200+1) 20+1) (o-1)
300 300 7. e 2 o | = e .
SR - VoV 2o —— | VT — b, 561
2 (p+1) 2(<D+1):’ a 3 (o+1)} @ T o+ (5.61)
1 A@AH 2m 7
L Lﬁ‘”}i_ tim 202 _v _ T ®,=0.
200+1) | (0+1) o (e+1) 3 (0 +1) (0o+1 @

The second evolution equation for the scalar fluid Eq. 5.50 can be obtained by using Eq. 5.54 as

. (o). [6 &2 o b6’ 42
S| =P |~ =5 — -5 + ;
o o 02 6lo+1) 20(@+1) (o+1)2

S0 o? - O -
S —olym e Om ym g
{3 o+ 1) "’} @ T,

(5.62)

5.4.2 Definition of scalar gradient variables

We study formation of structures on large scales through the density fluctuation which is a scalar
quantity. The scalar perturbations are the ones responsible for these fluctuations. The quantities
we have defined so far contain both a scalar and a vector part. therefore, we extract the scalar
parts of the perturbation vectorial gradients of these quantities and we do this by applying a local
decomposition [111]

aVaX = Xy = %habX + 25+ Xy (5.63)
where Zfb = X{ap) — 3hap-X describes shear whereas X, describes the vorticity. When extracting
the scalar contribution the vorticity term vanishes.
Based on the above decomposition, by applying the comoving differential operator aV, to those
quantities we have defined in the previous subsection, our scalar variables can be given to linear
order as

2@2
Ap =avepm =2 . fim (5.64)
Z =aV%Z, =a’V?0 (5.65)
VT =aVV™ = a?Vey, (5.66)
¥ =aVe¥, =a®Vip (5.67)
A=aViA, =d’Ve4, (5.68)
® =aVed, = a’V?0 (5.69)
5.4.2.1 Scalar equations
The scalar variables evolve according to
AmLed- — (“;/ L6)® — V™| - T =0 5
i - T = — Hm - = . DN
20+1) |\o 3 #
VT A, =0, {
b-20-0A=0, (5
[

Ut
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1 o 1 1 o 0
,4+<—(—)+ ) + ™+ — = — - - =0, 5.7
37 T o+ 1) 2o 1)Hm 20+ 1) <3 o \(D-f-l)) (-1
e . RS RS ON oo )
oo -2 2 e (22 22 202 % L2 %) e_ga=0, (5.74)
o o' o2 '3
® 3him 3 o 1 . 30 -
- +0|Z- ™+ (—,— e)<p—[— - 75
[((D+1) 2o~ 1) 20+ 1)\o 3 2 (0+ 1) (5.75)
302 A ", f An V2m U @
e -+ —_- + =+ - — - ——J =
103 o—-1) ow-wl) 2w+ wwTl)? swe+1 20+1)  zo 0+ 1)

5.4.2.2 Second-order equations

The second-order equations are given as

" mi 5| 0" - [pag ) o - 097 + 5 T}~ Te LT 2
+(:j@n - 20’3(201 D Q(Zejn}vm -V (%@ - (mfn) v
+(‘D(.jl>d)+.,2(?l+1>[(®2:1> _%_ (;imw % 2 (af@l) ) UZj@l) - 73’@/}@:0'
@ - %i’ - [%Z_Q - ﬁ(ff 0~ 2@'?@¢+ U (e fw]@ - [% * (@fl) -6V (579
+%V’” =0

5.4.3 Harmonic decomposition

The above evolution equations can be thought of as a coupled system of harmonic oscillator differ-
ential equations of the form [5] ) '
X+ A+ BX =C(Y)Y), (5.79)

where 4, B and C are independent of .X and they represent friction (damping), restoring and source
forcing terms respectively.
To solve Eq. 5.79, a separation of variables is applied such that

X(z.t) = X15)X (). Yiot) = Y(EY ().

Since the evolution equations obtained so far are too complicated to be solved, the harmonic de-
composition approach is applied to these equations using the eigenfunctions and the corresponding
wave number for these equations, therefore we write

X=3 X'Qu®), Y= Y. (5.80)
k k

where Qx(r) are the eigenfunctions of the covariantly defined spatial Laplace-Beltrami operator
[5,112], such that

. k2

ViQ = ~¥Q . (5.81)
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The order of the harmonic (wave number) is given by

27a
k=—
A

(5.82)

where A is the physical wavelength of the mode. The eigenfunctions @ are covariantly constant, i.e.

Qi(Z) =0.

5.4.4 Scalar perturbations

(5.33)

Applying the harmonic decomposition, the linear evolution equations 5.70-3.75 can be rewritten as

. 3 o 1 3u k=7..
Atk - = (. o)k |2 _ L vk =g 5.84
m T 04 2(<p+1)<<p’ 3 ) [2(<p+1) +a3] m ’ (5:84)
VEir Ak =0, (5.85)
o* %@k — oAk =0 (5.36)
, 1 o 1 SRS Y 20
k k -k k -~
-0 — o VEe it - 2 ek =0 (5.
A +[3 +(@+1)] T~2(<p+1)“’""1+2(a>+1){3 s ((D+1)} (587
y P ORI bR 0" dbe oo e
ko - P Npk _ _ _ @0 k 5
b (o - = S ( - - e e 2 e (5.88)
—0A* =0,
. o 3im 3 o 1.\.
7k + e]zk— m__yk oy 2 el 5.8
{(@+1)+ W+ ™ 2AorD \o 3 5-89)
30 302 6 Lo f
—[— . +— + - + 5
20(0+1) 402(0+1) 3o+1) 20+1) 1 o+1)?
. o Vo ,3(D © } E_g
200+1)2 20+1) 20(0+1)
The second-order evolution equations 5.76-5.92 can be rewritten as
. ) o : 1 1 0 20
VE |V Vi i+ ®F| =0, (5.90
m+<3T(1+a))> ™o+ 1) {u mTAS +a)’ (0+1) (5.90)
. o . 3im o2 5u f ko
Ak oy Y N S C') f T LIS - (5.91
m+(@+1) 200+1) ™ m+[3 +2(<z>+1) 20+ 1) aQ(dH—l)\) )
S . - - - .
N ,3@@ 300 . i}‘“,ﬁ B [‘qu ok ‘7] k © e
2000+1) 20+1)  a? 3a? (6 + 1)a? (0+1)
1 2 30 dum 2, 46c e 7600
+————[ / 20 Thm g2, PO Vo —'@,(D]d)’czo.
2+ 1) l{e+1) o (o+1) 3 (e+1) (0—-1) o
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5.5 Solutions

In this section, we consider R™ model, one of the f{R) toy models that are considered to be the
simplest and widely studied form of higher order f(R) gravitational theories.
The Lagrangian density of such models is given as

f(R) = 3R", | (5.94)

where 3 represents the coupling parameter and an arbitrary constant n # 1 is considered for ex-
ploring cosmological models. In [113], it has been shown, using the cosmological dynamical systems
approach, that the scale factor a(¢) admits an exact solution of the form

2n

a=ayt3l+w) (5.95)

with w = 0 and normalized coefficients 8 and ay. One can obtain the following expressions for the
expansion, the Ricci scalar and the effective matter energy density respectively:

o= = (5.96)
dn(dn — 3) _
R= T , (5.97)
3N /402 — 30\ /—16n2 + 260 — 6 (5.98)
m = n - . .
# 1 2 3¢2 7
Therefore we have the perturbation equations 5.90, 5.91 and 5.38 as
. 6—4n)\ 3n® - 13n+3)\ .. 4¢2n =3
1% (6—4n) vE [ —— T vk - ®, =0, (5.99
mt < 3t ) ™ 3¢2 ™ n(in -3\ 1|~ (5.99)
3
. 2(1 — : 3+ 13n — 38n? 2n\ -
Ak {(T”)} Ak 4 <—+——g———3—> Ak - <T”> vk (5.100)
2 o, Hn—3) 5
(62n% — 127n + 27) k2= ) o (2623 -n)] .k
3t2 + 4n(4n — 3) o1 +6n° — 6n ‘/m - Vm
(%) J
3
N 2t(3n=3) b, - 2 [(28n2 —8n)  6(2n% — Tn + 6)
<4n(4n -3) )n—l ¢ n<4n(4n - 3))n—1 3t4 £
3 3
k? k>
Tt@ - (12— 1n) 4n(4n - 3) ”‘1:|(I)k -
nt n(———————)
3
y 14— : 8n? — 8n + 12
by, - <—‘ t—>) by <—————< L ))ék (5.101)
— 3) n-1 02 R -
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5.5.1 Exact solutions

In this part of the chapter we will solve the perturbations equations we obtained so far. The exact
solutions of the density and velocity perturbation equations are found in the comoving frame, using
the f(R) solutions in [83] and a simple workaround. A simple alternative is then to work in the
comoving frame and apply the transformation from the comoving frame to the quasi-Newtonian
frame using the following identity [31]

Dof =Vaf + fva. (5.102)

The comoving perturbation variables are defined as

e Da m
Am = Zebm (5.103)
J7
Zy =aDy0® (5.104)
b, =aD,o , (5.105)
U, =aD,o . (5.106)
By using the identity 5.102, the comoving perturbation variables can be rewritten as
AT = AT eV, (5.107)
5 1 .. . -
Za =2~ |56% + 50— (2m - f — 200+ 2V%6 ) V" | | 5.108
3 o) f o o)V, (5.108)
B, = &, + OV™ . (5.109)
U, =0, +06V™. (5.110)

The second-order evolution equation of the density perturbation in the comoving frame admits a
general solution of the form [8¥]

dn

~ 2-
A,l:n = Clt_l + C2ta+ + C;gta7 — C4Cht 3 s (5111)

where C'y, (3, C3 and (4 are constants, oy is given as

1 +/(n—1)(256n3 — 608n2 + 417n — 81)
= ——= ,
2 6(n—1)

(5.112)

and (Y is the conserved value for the gradient variable C,.
Therefore, by using Egs. 5.107 and 5.111, the general solution of the density perturbation Eq. 5.91
in the quasi-Newtonian frame can be written as
in
k -1 o o Eale 2. =
Am = Clt + Cgt + C:}t - C4C()t 3 + —t'Vm . (0113)

The gradient variable ®, is equivalent to R, defined in f{R) theory [5], such that
®a 2Ry .

The solution of R has been obtained in the comoving frame [3%] and it has the form

dn

R = Cs5t™ + Cst® + Crt?~ — CsCyt 3 . (5.114)
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Therefore, the solution of the second-order perturbation Eq. 5.101 in the comoving frame can be
written as

in
4n(4n — -

n—2
B} 3 . -
Qr =n(n-1) ( 32 )> Cst™ + CytP+ + Crt?~ = CsCyt 3 | . (5.115)

Therefore, by using Eq. 5.109, the general solution of the perturbation Eq. 5.101 in the quasi-
Newtonian frame is given as

n—2 TL
dnfdn - 3 . ~=  (8nlin—
B = n(n—1) (%) Cst™ + CotP* + CrtP~ — CyCot 3 + (%) vk
(5.116)

Using Eq. 5.116, the general solution of the perturbation Eq. 5.90 in the quasi- Newtonian frame is

given as
2n 2n
—_— 4y Y-
Vnkz = (K2 + K3(By — Bp))t 3 ! + (X + K3(Bs+ B4))t 3 , (5.117)

where K7, K3 are two arbitrary constants and

3(n—-1) (16:2 —4n)n

’ (477. - 3)\/—011. — tOr\ Lt T L) T 132n — 27 ( )

1 /-80n% — 18n(2n +2) + 13%Zu — 2

= —= .119
BES 3 3 ’ (5 )
Im 3
(7
By :Cl/t o 2 dt (5.120)
< 2n 3)
e R
B =y /t 32 dt (5.121)

where B, and By are all functions of time and their expressions are rather complicated.
Thus, we get the full set of exact solutions for the density and velocity perturbation equations in
the quasi-Newtonian frame.

5.5.2 Approximate solutions

In this subsection, we apply a quasi-static approximation to the evolution equations 5.91 and 5.90.
In this approximation, terms involving time derivatives for gravitational potential are neglected and
only those terms involving density perturbation are kept [5,114,115]. In [5], a quasi-static approx-
imation for the matter perturbation has been introduced for both radiation and dust dominated
epochs. A quasi-static approximation was taken such that the time evolutions of R, are neglected,
’Ra:Oand’/éaf:O.
According to Eq. 5.5.1, the time variations in @, are neglected, i.e. d, ~ 0 and d, ~ 0.

In this approximation, one can write the linear evolution Eq. 5.836 as

o= 227k — o (5.122)
Q

which implies

n(—1—n) /4nfin — nl Con+) | ¢ < 1o
ok = {7) <—— > =D |k (5.123)

2—n o
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By substituting Eq. 5.123 into Eq. 5.99, we get

-k 2-10 ™mY\ 2 1
pko (28 L08R v TR g 8n-13n+3) VE=0. (5.124)
(36 — 13n)t 32
This second-order equation admits a general solution of the form
VE(t) = CotPTE- 4 O tPHE- | (5.125)
where
Do v/—=32n* + 300n? — 723n? + 588n — 108
a 6(n —2) '
and

(8n% — 150 + 6)
E.=t—w——
= 6(n — 2)
Based on this solution in Eq. 5.125 and its first and second time derivative, the general solution of
Eq. 5.100 is

——4n~L. ——=+n+L_
A(t) = Cllt 2 + (ot 2 . (5126)

where ("1} and (715 are arbitrary constants and

V36nZ — 56n — 11
Ly=+220 . " .

There are some other solutions to Eq. 5.100 which are rather too complicated to be presented.



Chapter 6

Conclusions and outlook

The recent observations in cosmology and astrophysics have shown that our universe is expanding at
an accelerating rate. It has been shown that the standard model of cosmology and Einstein’s general
theory of relativity have failed to explain these phenomena and this has motivated cosmologists to
deviate from these axioms of GR to focus their research on alternative theories of gravity. In this
dissertation, our main goal has been the study of the cosmological perturbation in the context of
one of these modified theories of gravity to draw some conclusions about the implications of gravity
to the accelerated expansion of the universe.

In Chapter 1, we presented a detailed review of gravity and its historical evolution and we reviewed
the main principles of GR, which is the most successful theory of gravity and how it is considered
to be the main basis of modern cosmology. In Chapter 2, we reviewed the concordance model of
cosmology and we discussed some of its shortcomings such as the accelerated cosmic expansion of
the universe, the unknown forms and origins of dark energy and dark matter and discussed how
cosmologists started to think of the alternative theories of gravity based on these shortcomings. We
gave an overview of the theories of cosmological perturbations and discussed the two approaches
of applying these perturbations in cosmology and we focused on the review of the 1 + 3 covariant
formalism. We presented the covariant linearised evolution and constraint equations. In Chapter
3, we reviewed two of these alternative theories of gravity, namely f(R) and scalar-tensor theories.
We presented different formulations of f(R) such as metric formalism, Palatini formalism and the
metric-affine formalism and their corresponding field equations. We showed that f(R) theories of
gravity are classified to be a sub-class of the scalar-tensor theories.

In Chapter 4, based on the equivalence between f{R) and scalar-tensor theories of gravity, we
presented some applications on reconstructing f(R) models from different cosmological expansion
scenarios such as the Chaplygin scalar field in flat de Sitter spacetimes. Based on this equivalence,
the analysis made use of a combination of energy density, pressure, kinetic and potential terms of the
scalar field to obtain relationships between the scalar field, the Ricei scalar and the scale factor. As
it has been shown from the reconstructed functionals and their corresponding plots, we presented
the f(R) versus the GR Lagrangians density (f(R) = R). These expressions have GR as their
respective limiting solutions. The results have been applied to a de Sitter universe and the time-
dependent expressions for the potential have been obtained for both the original and generalized
cases of the Chaplygin gas model. This was made p  ible by two mptotic assumptio  early-
and late-universe epochs of cosmic evolution. The behaviours of the potential for both the original
and generalized cases show that the amplitude of the potential gets weaker with time in a de
Sitter universe except for the early universe consideration in the generalized Chaplygin gas model
where the potential grows with time. However, the dependence of the potential on the scalar field
shows that for larger values of the scalar field, the potential is also large, but for the generalized
case within a late universe, the potential is observed to have a valley before it follows the trend
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observed for other potentials. We also studied cosmological fluid systems composed of radiation
and a scalar fleld and with predetermined inflationary expansion scenarios of the FLRW background
spacetime. Using the scalar field as the extra degree of freedom that appears in generic f(R) gravity
models, we reconstructed f(R) Lagrangians and the corresponding potentials for the scalar field.
The reconstructed f(R) actions have GR and ACDM actions as limiting cases. We applied the
results to slow-roll approximations to show that actually, the parameters that are involved in the
Lagrangian reconstruction can be constrained by observational data.

In Chapter 5, we investigated classes of shear-free cosmological dust models with irrotational fluid
flows in the context of scalar-tensor theories. We presented the integrability conditions that describe
a consistent evolution of the linearised field equations of quasi-Newtonian universes. We defined the
gradient variables that characterize the cosmological perturbations and derived the first- and second-
order evolution equations of these variables. The harmonic decomposition approach is applied to
these equations in order to solve this complicated system of differential equations. After getting a
complete set of the perturbation equations, we solved these equations by considering R™ models to
get the exact solutions for the density and velocity perturbations. We introduced the so-called quasi-
static approximation to admit the approximated solutions on small scales. Solving the whole system
numerically has been left for future work since a more detailed analysis and certain assumptions of
the initial conditions, which are currently not well understood, are needed.



Appendix A

Useful linearised differential identities

Some of the following linearised identities which hold for all scalars f, vectors V,; and tensors S, =
S(aby, have been used throughout this dissertation:

NV Vef = 0. (A1)
.. ) S .-

<v(avb)f> =ViuVpf- §6v<avb)f+fv(aAb) ; (A.2)
. T .

(Vaf) = Vaf = 30Vaf + /4. (A3)
~ . - . 1 -

(VaSo..) = VaSs.. = 50VaSh.., (A4)

(927) = Vuf - 2097 + f¥7 A, (4.5)

- 1/1 .

VAT <§e~ - u> Viahy . (A6)

T Tyt = 2 (Lo2_ ) stepd (A7)
[a V] - 3\3 H la'"b]

—a —byc)

A\ <77achV )—0 (L\B)

¥ cd{a, b T =S Q@

Ve <77 « Vc51>> = Eﬂab ) (def) (A.9)

- P 1, e

uf) = va(vzf) + =y - ge")vaf + anabcvbw‘ (A.10)
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