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Abstract
In this work, three discontinuous Galerkin (DG) methods are formulated and analysed
to solveStokes equationswith power law slip boundary condition.Numerical examples
exhibited confirm the theoretical findings, moreover we also test the methods on the
lid Driven cavity and compare the three DG methods.
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1 Introduction

After a brief introduction in the modelling of Stokes equations with power law slip
boundary condition, Sect. 1.2 is devoted to the a priori error estimates, which by the
way constitute the main results of this work. These a priori error estimates are quasi
optimal for some discontinuous Galerkin schemes, and independent of the power law
parameter provided that the monotonicity is used with care.

1.1 Stokes equations with power law slip boundary condition

Let � ⊂ R
d , d = 2, 3 be a bounded domain occupied by a fluid with a boundary ∂�.

We are interested in the incompressible Stokes equations

− 2ν div Du + ∇ p = f in �, (1.1)

div u = 0 in � , (1.2)

where ν is a positive parameter and represent the viscosity of the fluid. u(x) is the
velocity, p(x) is the pressure and f is the external force acting on the fluid. We
recall that the Cauchy stress tensor is T = −p I + 2νDu, with the symmetric part
of the velocity gradient 2Du = ∇u + (∇u)T . (1.1) and (1.2) are complemented
by boundary conditions. Stokes and Navier–Stokes problems are most of the times
analysed with Dirichlet type boundary conditions on the velocity field. But, in most
situations such as oil ducts, water supply, microfluids channels or blood in arteries,
different formulations with boundary conditions involving components of the velocity
field, stress or pressure are of interest. A recent review of some of the formulations
presented in the literature, and their associated boundary conditions, with a focus on
applications to air and blood flows can be found in [20]. This work is the second part
of the project started in [17] whose main aim is to analyse the numerical solution
for flows with non-standard boundary conditions. The scope of the present work is to
present discontinuous Galerkin (DG) schemes for Stokes system when the position
and direction dependent slip boundary condition are taken into account. To describe
the fluid on the boundary, we assume that ∂�, the boundary of �, is partitioned into
two disjoint components �0 and �, with the measure of �0 being positive. We assume
that �0 is the porous or artificial boundary where the fluid is prescribed, this is

u = 0 on �0 . (1.3)

On �, we assume the impermeability condition

u · n = 0 on �, (1.4)

where n : S −→ R
d is the normal outward unit vector to �. So, � is an impermeable

solid surface along which the fluid may slip. In general for any vector w defined on
∂�, we set wτ = w − (w · n)n. We note that Tn represents a vector field, that is the
product of the matrix T = (Ti j ) and the vector n = (ni ). Hence, the tangential stress
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(Tn)τ stands for the projection of the normal stress into the corresponding tangent
plane. Taking the scalar product of u and (1.1), and using (1.2), (1.3) and (1.4), one
has

2ν
∫

�

|Du|2dx +
∫

�

(−Tn)τ · uτdσ =
∫

�

f · udx (1.5)

with dσ being the surface measure associated to �, and
∫

�

(−Tn)τ · uτdσ standing

for dissipative processes on the �. So, it is clear that from (1.5), that one needs a
functional relation between (Tn)τ and uτ . In this text, we consider the power law
relation

(Tn)τ + |Kuτ |s−2K 2uτ = g on �, (1.6)

where |v|2 = v · v is the Euclidean norm and K is the anisotropic tensor, assumed to
be uniformly positive definite, symmetric, s ≥ 1 is a real number and g, the tangential
surface traction. It is manifest from (1.5) that many choices of (Tn)τ and uτ are
possible. If (Tn)τ = 0, then one gets a perfect slip boundary condition, while if
uτ = 0, then there is no slip.

In [36, 37], the solvability of Stokes and Navier–Stokes are analyzed without (1.3)
but (1.4) and (1.6) replaced by

u · n = 0 and (Tn)τ + H(uτ )uτ = g on ∂�,

with H(vτ ) behaving nicely. The situation in our hands is different. In fact for s �= 2,

the function u −→
∫

�

|Kuτ |sdσ is not bounded below and above by the L2(�) norm

of tangential component of the velocity. Hence the results obtained in [36, 37] do
not cover the situation here. Thus in order to have a control on the velocity, we have
divided the boundary ∂� into two parts, whereby on one part, �0, we have imposed a
Dirichlet boundary condition. This is a porous or artificial boundary where the fluid
is prescribed. On the other part of the boundary, there is a functional relation between
the tangential component of the traction and tangential part of the velocity.

The study of flows whose motion is described by Stokes or Navier Stokes equations
driven by anisotropic slip boundary condition has been the subject of somepublications
recently (see [9–11, 29, 35–37, 39]). But it is worth mentioning that the numerical
analysis of these problems it still lacking in the literature and one of the goals of
this work is to start to develop numerical schemes for a better understanding of these
phenomena. This work is a follow up of our first paper [17], where conforming finite
element were presented. The aim in this contribution is to formulate, analyse and
implement someDGschemes. The objective being to see howDGschemeswill capture
the nonlinear boundary condition, and how it will affect the convergence rate. At this
juncture it is important to note that the power lawwe study here is completely different
from the ones studied in [3, 26, 41], which is a result of the nonlinear representation
of the Cauchy stress tensor. We also note that the power law boundary condition
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formulated in [4, 6, 21, 31–34] is not direction dependent fluid model, but rather it is
more appropriate to solid mechanics for bonded structures. Finally, we observe that
(1.6) is a generalisation of the Navier’s slip boundary condition, which is an active
research direction (see [15, 16, 45–48] just to cite a few).

1.2 Main results

For conforming or non conforming finite element approximation, the Navier’s slip
relation on a part of the boundary leads in general to an a priori error estimate dom-
inated by the interpolation error on the slip zone (see [15, 16, 45–48]). On the other
side, for power law fluid, the a priori error estimate is also dominated by the power
in the constitutive relation (see [3, 26, 41]). The problem (1.1), (1.2), (1.3), (1.4) and
(1.6) is nonlinear and monotone type. Under mild regularity assumptions on the data
g and f , we have recently shown in [17] that it has a unique solution weak solution.
We have also constructed a conforming finite element approximation and established
its convergence. We propose to solve it now with a discretization that is locally mass
conservative. The approximations of the velocity and pressure are discontinuous piece-
wise polynomials of different degrees. The discontinuous Galerkin methods used in
this paper, encompasses the nonsymmetric interior penalty Galerkin (NIPG) method,
the symmetric interior penalty Galerkin (SIPG) and the incomplete interior penalty
Galerkin (IIPG) method introduced for elliptic problems in [1, 14, 40]. Several dis-
continuous Galerkin methods for elliptic problems are proposed and analysed in [2].
We establish the existence of solutions by means of Brouwer’s fixed point, and show
uniform convergence of the numerical method with respect to the parameter s by using
a mesh dependent norm. It is worth noting that the convergence we get is optimal with
respect to the mesh size and polynomial degree of the velocity. To be more precise,
if (u, p) is the unique solution constructed in Theorem 2.1, and (uh, ph) is the DG
solution constructed in Theorem 4.1, then

|||u − uh |||h + ‖uτ − uτ ,h‖� + ‖p − ph‖
≤ c

( ∑
T∈T h

‖p − rh p‖2T + h2T ‖∇(p − rh p)‖2T
)1/2 + c|||u − Rhu|||h

+ c

⎛
⎜⎝∑

e∈Eγ
h

‖uτ − (Rhu)τ‖e

⎞
⎟⎠

1/2

,

with rh, Rh interpolation operators defined later, and Eγ

h the set of edges lying on slip
zone, and ||| · |||h the mesh dependent norm. We note that the monotonicity of the
nonlinear expression (1.6) is crucial in deriving a uniform a priori error estimate with
respect to s. Those surprising results are in contrast with results obtained in [3, 26,
41] where the power in the constitutive relation is present in the error estimate (even
though the power law in both situations are not the same). In this work, we do not
study the case when s > 2, because the existence of the pressure is not clear to us even
though the velocity can be constructed. The natural flexibility of the discontinuous
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approximation spaces may allow the use of complicated geometries and unstructured
meshes.

We propose a fixed point algorithm for solving the nonlinear system of equations
generating by the discontinuous Galerkin approximation. The linearization of the non-
linear monotone term allow us to obtain a family of linear problem easy to solve. We
prove that the fixed point algorithm has a unique solution, and most importantly, we
show that this fixed point algorithm is convergent by using the weak convergence strat-
egy inspired by [22, 38]. A similar fixed point strategy is proposed in [22] for solving
steady Navier–Stokes equations. The reader can refer to the work of Glowinski [25]
for a large variety of applications of such fixed-point approach. The final contribution
of this work is about the verification of the theoretical results obtained. Indeed, in
all examples discussed, it is manifest that both the NIPG, and IIPG methods perform
better and unconditionally than the SIPG method. This conclusion was already pre-
dicted by the simple fact that the SIPG approach is conditionally well posed. This
paper open the door for future applications of DG or non-conforming finite element
schemes to monotone problems. The outline of the paper is as follows. Section 2 con-
tains the preliminaries material for the mathematical formulation and understanding
of the problem. The discontinuous Galerkin schemes are formulated in Sect. 3. The
Existence of DG solutions are treated in Sect. 4, and Sect. 5 deals with the a priori
error estimates of the DG schemes. In Sect. 6, we formulate and analyse the itera-
tive scheme for solving the non linear finite element problem. We also implement the
iterative scheme and exhibit some numerical results.

2 Known results

In this section, we introduce the notations that will be used throughout, recall the
functional analysis framework needed to understand the concept of solutions of
(1.1),(1.2),(1.3),(1.4) and (1.6), and summarise existing results related to this bound-
ary value problem. We assume that 1 < s < 2, and � is bounded open domain with
a Lipschitz-continuous boundary ∂�.

2.1 Notation

We adopt the standard definitions of Lebesgue and Sobolev spaces (see [8]). For
1 ≤ p < ∞

L p(�) =
{
v : � → R; v is measurable and

∫
�

|v(x)|pdx < ∞
}
,

with associated norm

‖v‖p
L p(�) =

∫
�

|v(x)|pdx
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for which it is a Banach space, and for the special case p = 2, it is a Hilbert space
with the norm that will be denoted by ‖ · ‖. Finally for p = ∞, one has

L∞(�) =
{

v : � → R,

∣∣∣∣∣
v is measurable and there is a constant c

such that |v(x)| ≤ c a.e on �

}
,

with the associated norm

‖v‖L∞(�) = ‖v‖∞ = inf{c, |v(x)| ≤ c a.e on �} .

Now, for any non-negative integerm and a real number p ≥ 1, we defined the Sobolev
space

Wm,p(�) =
{
v ∈ L p(�), ∂αv(x) ∈ L p(�) for all |α| ≤ m

}
,

with α = (α1, . . . , αd) the multi-index with |α| = α1 + · · · + αd , and ∂αv(x) the
distributional derivative of v given by

∂αv = ∂ |α|v
∂xα1

1 · · · ∂xαd
d

.

The space Wm,p(�) is equipped with the semi-norm and norm

|v|pWm,p(�) =
∑

|α|=m

∫
�

∣∣∂αv(x)
∣∣p dx , ‖v‖p

m,p =
∑

0≤|α|≤m

∫
�

∣∣∂αv(x)
∣∣p dx.

Throughout the paper, boldface characters denote vector quantities, etc.
We note that Wm,2(�) = Hm(�) and H0(�) coincides with L2(�), for which the
norm and inner product are denoted as ‖ · ‖ and (·, ·), respectively.
Since 1 < s < 2, we have ‖uτ‖L1(�) ≤ c‖uτ‖Ls (�) ≤ c‖uτ‖L2(�). Hence the velocity
is prescribed in

V =
{
v ∈ H1(�)d : with v|�0 = 0 and v · n|� = 0

}
,

equipped with the regular H1-norm, while the pressure is in the space

M =
{
p ∈ L2(�) : (p, 1) = 0

}
= L2

0(�).

It is worth mentioning that the zero mean value is added on the pressure to avoid the
pressure given in (1.1) or (1.6), and (1.2) to be determined up to a constant. It should
be noted that the spaces V and M are compatible in the sense that; there exists β such
that (see [5, 22])

for all p ∈ M, β‖p‖ ≤ sup
v∈V

(p, div v)

‖v‖1 . (2.1)

123



Discontinuous Galerkin methods for Stokes equations under… Page 7 of 35 13

Remark 2.1 When 2 < s, we have ‖uτ‖L2(�) ≤ c‖uτ‖Ls (�). Then the velocity is
prescribed in

V =
{
v ∈ H1(�)d , vτ ∈ Ls(�)d : with v|�0 = 0 and v · n|� = 0

}

equipped with the norm

|||v|||2 = ‖v‖21 + ‖vτ‖2Ls (�) .

The pressure is prescribed in the same function space M = L2
0(�), but the difficulty

in this situation is to prove (2.1).

2.2 Variational analysis

We assume that ( f , g) ∈ L2(�) × L∞(�), and consider the following variational
formulation for problem (1.1),(1.2),(1.3),(1.4) and (1.6)

⎧⎪⎪⎨
⎪⎪⎩

Find (u, p) ∈ V × M such that for all (v, q) ∈ V × M,

a(u, v) +
∫

�

|Kuτ |s−2Kuτ · Kvτdσ − b(v, p) = 
(v),

b(u, q) = 0,

(2.2)

with a(u, v) = 2ν
∫

�

Du : Dvdx , b(v, q) =
∫

�

q div vdx , 
(v) =
∫

�

f ·

vdx +
∫

�

gvτdσ , and A : B = ∑
1≤i, j≤d Ai j Bi j . We recall that the identity

∑
1≤i, j≤d Di ju

∂vi

∂x j
=

∑
1≤i, j≤d

Di juDi jv which is the consequence of the sym-

metry of Du.

Remark 2.2 In many contributions, the conservation of the momentum is expressed in
terms of the Laplacian of the velocity which gives rise to the bilinear form ã(u, v) =
2ν

∫
�

∇v : ∇udx , instead of a(·, ·) defined before. Although at a continuous level

div u = 0 implies that div Du = �u,

from a modeling viewpoint it may be important to work with symmetric tensor Du.
For instance, the problem (1.1)–(1.6) gives directly the natural boundary condition in
term of the force exerted by the fluid (the traction force T (u, p)n) on the boundary �.

The usual standard arguments leads to the following result

Proposition 2.1 Any couple (u, p) ∈ V × M is a solution of (1.1), (1.2), (1.3), (1.4)
and (1.6) (in the sense of distribution) if and only if it is a solution of (2.2).
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To study (2.2) it is convenient to recall the following monotonicity and continuity
properties (see [26, 41]): there exists a constant c independent of x, y such that for
1 ≤ s < 2

(| y| + |x|)2−s
(
| y|s−2 y − |x|s−2x, y − x

)
≥ c|x − y|2 for all x, y ∈ R

n, (2.3)

and
∣∣∣ |x|s−2x − | y|s−2 y

∣∣∣ ≤ c|x − y|s−1 for all x, y ∈ R
d . (2.4)

Now we introduce the mapping v −→ A(v) defined as follows

for all w ∈ Vdiv , A(v)w =
∫

�

|Kvτ |s−2Kvτ · Kwτdσ. (2.5)

We claim that

Lemma 2.1 (a) AmapsVdiv into its dualV′
div, and is bounded on all bounded subsets

of Vdiv.

(b) For all v, u elements of Vdiv, ‖A(v) − A(u)‖V′ ≤ c‖K‖sL∞(�) ‖u − v‖s−1
1 .

Proof These properties are obtained by using; Hölder’s and Cauchy–Schwarz’s
inequalities and (2.4). �

The solution of (2.2) is constructed by using the theory of monotone operator. We
recall that (2.2) is equivalent to (see [22, 38])

⎧⎨
⎩

Find u ∈ Vdiv such that for all v ∈ Vdiv,

a(u, v) +
∫

�

|Kuτ |s−2Kuτ · Kvτdσ = 
(v).
(2.6)

Owing to that equivalence, we restrict the analysis to problem (2.6). We shall prove
that the left hand side of (2.6) is strictly monotone, coercive and hemi-continuous in
V. Then the existence and uniqueness of (2.6) will follow by standard arguments, see
[38, Chap 2]. First we claim that

Proposition 2.2 [17] (a) The mapping v → Av defined by (2.5) is strictly monotone
from V into V

′
div:

For all v,w ∈ Vdiv, (Av − Aw)(v − w) > 0 .

(b) A is hemi-continuous in Vdiv, this is to say that for u, v in Vdiv, the mapping
t −→ A(u + tv)v is continuous from R into R.

(c) A is coercive, i.e lim‖v‖1→∞
1

‖v‖1 (a(v, v) + A(v)v) = ∞.

From Proposition 2.2, we deduce that
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Theorem 2.1 If 1 < s < 2, then the variational problem (2.2) has a unique solution
(u, p) ∈ V × M, which moreover satisfy the bounds

νc‖∇u‖2 +
∫

�

|Kuτ |s dσ ≤ c‖ f ‖2 + c‖g‖2L∞(�),

and

‖p‖ ≤ 2ν‖∇u‖ + ‖K‖sL∞(�) ‖uτ‖s−1
Ls (�) + c‖ f ‖ + c‖g‖L∞(�).

3 Finite element approximations

In this text, we intend to develop discontinuous Galerkin finite approximations for the
numerical solution of (2.2).

3.1 Notation and approximation properties

We assume that � is a polygonal domain of R2. Let T = {T } be a regular family
of triangulation of �, consisting of triangles of maximum diameter h. Let hT be a
diameter of a triangle T and ρT the diameter of its inscribed circle. With abuse of
notation we denote the triangulation Th instead of T . By regular we mean that there
exists a parameter σ > 0 such that

for all K ∈ Th,
hT
ρT

= σT ≤ σ. (3.1)

If e is a face of T ∈ Th , then he is the length of e. Let Eh = {e} denote the set of the
edges of Th , and E0

h = Eh\� the set of all edges not lying on �, and Eγ

h the set of all
edges lying on �. E I

h is the set of all interior edges. We associate with each edge of an
element Ki , the outward unit normal vector ni . For an edge that lies on the boundary,
ni is defined to be the outward normal to ∂�. For a positive integer m, we set

Hm(Th) =
{
v ∈ L2(�), v|T ∈ Hm(T ), for all T ∈ Th

}
,

T (Eh) =
∏
T∈Th

L2(∂T ).

In this work, for each edge e, we associate a normal unit vector n. If the e is on the
boundary, the unit vector n is taken to be the outward normal to ∂�. Let ek be an
edge shared by elements Ti and Tj with nk exterior to Ti . We define the jump [v]k and
average {v}k of a function v by

[v]k = v|∂Ti − v|∂Tj , {v}k = 1

2

(
v|∂Ti + v|∂Tj

)
.

If e = Ti ∩ ∂�, then the jumps and average of v coincide with its trace on e.
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The following identity obtained by re-arranging terms relates the scalar product of
two quantities to the products of their jumps and averages

∑
T∈Th

∫
∂T

v · Tndσ =
∑
e∈Eh

∫
e
[v] · {T }nedσ +

∑
e∈E I

h

∫
e
{v} · [T ]nedσ,

∑
T∈Th

∫
∂T

qv · ndσ =
∑
e∈Eh

∫
e
[v] · ne{q}dσ +

∑
e∈E I

h

∫
e
{v} · ne[q]dσ.

(3.2)

The velocity and pressure will be approximated by Vh and Mh given as follows

Ṽh =
{
v ∈ L2(�) : v|T ∈ Pk(T )2 for all T ∈ Th

}
,

Vh =
{
v ∈ L2(�) : v|T ∈ Pk(T )2 for all T ∈ Th , and v · ne = 0 for all e ∈ Eγ

h

}
,

Mh =
{
q ∈ L2

0(�) : q|T ∈ Pk−1(T ) for all T ∈ Th
}
,

with Pk(T ) the space of polynomials for degree at most k in T ∈ Th . In the sequel,
we denote by c, c′, . . . generic constants that can vary from line to line but are always
independent of all discretization parameter. Having in mind that Th is regular (see
(3.1)), for each k ≥ 1, one can construct an operator rh ∈ L(L2

0(�); Mh) such that

⎧⎨
⎩
for any T ∈ Th and for all (q, p) ∈ Pk−1(T ) × L2

0(�),∫
T
q (rh p − p) dx = 0,

moreover

{
for any real s ∈ [0, k] and for all q ∈ Hs(�) ∩ L2

0(�)

‖rhq − q‖T ≤ chsT |q|s,T ,
(3.3)

with |·|s,T the semi-norm. The interpolation of functions belonging to Vh is a bit
delicate because the normal component of the velocity must be zero for all edges
e ∈ Eγ

h . So, we consider the interpolation operator of Raviart–Thomas [22, 42] 
 ∈
L(H1(�)2; Ṽh) satisfying the following properties:

∀(v, T , qh) ∈ H1(�)2 × Th × Pk−1(T ),

∫
T
qh div(
v − v)dx = 0,

∀(v, e, qh) ∈ H1(�)2 × E0
h × Pk−1(e),

∫
e
qh(
v − v) · nedσ = 0,

∀v ∈ H1(�)2, |||
v|||h ≤ c‖∇v‖,
∀(v, T ) ∈ H1(�)2 × Th, ‖∇(v − 
v)‖T + 1

hT
‖v − 
v‖T ≤ c‖∇v‖T .

(3.4)
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3.2 Discontinuous Galerkin approximations

In this paragraph, we present DG schemes for solving the mixed variational problem
(2.2). These methods can be found in [1, 2, 14, 40]. For any vh ∈ Vh , we define
∇hvh, divh vh, Dh(vh) and T h(vh) as follows: for any T ∈ Th

∇hvh = ∇vh, divh vh = div vh

Dhvh = Dvh, T h(vh) = 2νDhvh − ph I .

In this text, we will consider three formulations. The bilinear forms of the first two
formulations are defined as follows

A(v,w) = 2ν
∑
T∈Th

∫
T
Dv : Dwdx − 2ν

∑
e∈E0

h

∫
e

(
{Dv}ne · [w] − ε0{Dw}ne · [v]

)
dσ

+
∑
e∈E0

h

∫
e

α

he
[v] · [w]dσ,

B(v, q) = −
∑
T∈Th

∫
T
q div vdx +

∑
e∈E0

h

∫
e
{q}[v] · nedσ,

(3.5)

wherewe take the constant value ε0 = {−1, 0, 1}, andα is the jump parameter that will
be made precise later. In what follows, A(·, ·) can be one of the three bilinear forms
given in (3.5). In addition to the bilinear form A(·, ·), one considers the following
linear and bilinear forms

F(v) =
∑
T∈Th

∫
T
f · vdx +

∑
e∈Eγ

h

∫
e
gvτdσ,

H(v)w =
∑
e∈Eγ

h

∫
e
|Kvτ |s−2 Kvτ · Kwτdσ.

Finally, we consider the following DG-method:

⎧⎪⎨
⎪⎩
Find (uh, ph) ∈ Vh × Mh, such that for all (vh, qh) ∈ Vh × Mh,

A(uh, vh) + B(vh, ph) + H(uh)vh = F(vh),

B(uh, qh) = 0.

(3.6)

Remark 3.1 When ε0 = −1, we note that A(v,w) = A(w, v), and we let A(·, ·) =
ASI PG(·, ·). So the scheme (3.6) is called the symmetric interior penalty Galerkin
scheme SIPG (see [1]). For ε0 = 1, the method (3.6) is called the non-symmetric
interior penalty Galerkin scheme NIPG (see [40]), and we let A(·, ·) = AN I PG(·, ·),
and for ε = 0, the scheme (3.6) is the incomplete interior penalty Galerkin scheme
IIPG introduced by Dawson, Sun and Wheeler for elliptic problems in [14].
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13 Page 12 of 35 D. K. Jules et al.

We associate with Vh the norm,

|||v|||2h =
∑
T∈Th

‖Dv‖2T +
∑
e∈E0

h

1

he
‖[v]‖2e for all v ∈ Vh .

Remark 3.2 Note that, by using Korn’s type inequality (see [7]), for any vh ∈ Vh we
get

∑
T∈Th

‖∇vh‖2T ≤c
( ∑
T∈Th

‖Dvh‖2T +
∑
e∈E0

h

1

he
‖[vh]‖2e

)
.

Thus on Vh , ||| · |||h is equivalent to the norm

vh −→
( ∑
T∈Th

‖∇vh‖2T +
∑
e∈E0

h

1

he
‖[vh]‖2e

)1/2
.

The bilinear forms A(·, ·) and B(·, ·) given in (3.5) can be written as follows

A(vh,wh) = a(vh,wh) + s(vh,wh),

B(vh, qh) = b(vh, qh) +
∑
e∈E0

h

∫
e
{q}[v] · nedσ, (3.7)

with

s(v,w) = −2ν
∑
e∈E0

h

∫
e

(
{Dv}ne · [w] − ε0{Dw}ne · [v]

)
dσ +

∑
e∈E0

h

∫
e

α

he
[v] · [w]dσ.

With (3.2) in mind, we have that

Lemma 3.1 (consistency) Let (u, p) be the solution of (2.2) with (u, p) ∈ H2(�)2 ×
H1(�), then

⎧⎪⎨
⎪⎩
for all (vh, qh) ∈ Vh × Mh,

A(u, vh) + B(v, p) + H(u)vh = F(vh),

B(u, qh) = 0.

Proof Let qh ∈ Mh , from the regularity assumption u ∈ H2(�)2, we deduce that (1.2)
holds pointwise. Thus, we multiply it by qh ∈ Mh , and integrate over � to obtain

b(u, qh) = 0.
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But we have (see (3.7))

B(u, qh) = b(u, qh) +
∑
e∈E0

h

∫
e
{qh}[u] · nedσ =

∑
e∈E0

h

∫
e
{qh}[u] · nedσ.

Since u ∈ H2(�)2, we have u ∈ H1
loc(�)2. We use a result due to Evans and Gariepy

(see [18, Section 4.9.2, Theorem 2]), according to which functions in H1
loc(�) are

continuous across interior edges in �. Thus jumps terms involving u is zero. Thus

B(u, qh) = 0.

Next, for vh ∈ Vh × Mh , from the regularity assumption (u, p) ∈ H2(�)2 × H1(�),
we deduce that (1.1) holds pointwise. Wemultiply the (1.1) by vh , integrating by parts
on K ∈ Th , and using (3.2), we obtain

2ν
∑
T∈Th

∫
T
Du : Dvhdx −

∑
T∈Th

∫
T
p div vhdx − 2ν

∑
e∈E I

h

∫
e
[Du]ne : {vh}dσ

− 2ν
∑
e∈Eh

∫
e
{Du}ne : [vh]dσ +

∑
e∈E I

h

∫
e
[p]ne · {vh}dσ +

∑
e∈Eh

∫
e
{p}ne · [vh]dσ

=
∑
T∈Th

∫
T
f · vhdx .

(3.8)

Since u ∈ H2(�)2, we have Du ∈ H1(�)2×2 and hence in H1
loc(�)2×2. Thus from

Evans and Gariepy (see [18, Section 4.9.2, Theorem 2]), the jumps terms involving
Du and p vanish. Thus (3.8) gives

2ν
∑
T∈Th

∫
T
Du : Dvhdx −

∑
T∈Th

∫
T
p div vhdx − 2ν

∑
e∈Eh

∫
e
{Du}ne : [vh]dσ

+
∑
e∈Eh

∫
e
{p}ne · [vh]dσ =

∑
T∈Th

∫
T
f · vhdx .

(3.9)

We recall that

− 2ν
∑
e∈Eh

∫
e
{Du}ne : [vh]dσ +

∑
e∈Eh

∫
e
{p}ne · [vh]dσ

= −2ν
∑
e∈E0

h

∫
e
{Du}ne : [vh]dσ +

∑
e∈E0

h

∫
e
{p}ne · [vh]dσ

−
∑
e∈Eγ

h

∫
e
(T (u, p)ne)τ · vτ ,hdσ
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which with (1.6) gives

− 2ν
∑
e∈Eh

∫
e
{Du}ne : [vh]dσ +

∑
e∈Eh

∫
e
{p}ne · [vh]dσ

= −2ν
∑
e∈E0

h

∫
e
{Du}ne : [vh]dσ +

∑
e∈E0

h

∫
e
{p}ne · [vh]dσ

+
∑
e∈Eγ

h

∫
e
|Kuτ |s−2Kuτ · Kvτ ,hdσ −

∑
e∈Eγ

h

∫
e
gvτ ,hdσ.

Returning to (3.9), we get the desired result. �


4 Solvability

In this section, we address the solvability of (3.6). But before that, we recall some
well known results that will be important in the analysis. The following standard trace
and inverse inequalities, which hold true on each element T ∈ Th , with diameter hT ,
and for any face e of T (see [22]) will be important in analysis:

‖v‖e ≤ c
(
h−1/2
T ‖v‖T + h1/2T ‖∇v‖T

)
for all v ∈ H1(T ) (4.1)

‖vh‖L p(e) ≤ ch
− 1

p +d
(
1
p − 1

r

)
T ‖vh‖Lr (T ) for all r , p ∈ [1,∞] and v ∈ Pk(T ).

(4.2)

The bilinear form A(·, ·) and B(·, ·) satisfy several properties that are important for the
analysis. Here, we briefly recall several well-known results. The proofs are omitted, for
details see [23, 30, 40]. Now from Cauchy–Schwarz’s inequality, Hölder’s inequality,
and (4.2), it hold that

s(vh,wh) ≤ c
(∑
e∈E0

h

1

he
‖[vh]‖2e

)1/2‖Dwh‖ for all (vh,wh) ∈ Vh × Vh,

∑
e∈E0

h

∫
e
{qh}[vh] · neds ≤ c

(∑
e∈E0

h

1

he
‖[vh]‖2e

)1/2‖qh‖ for all (vh, qh) ∈ Vh × Mh .

(4.3)

Now, using (4.3), we then deduce that

Lemma 4.1 (continuity of A(·, ·) and B(·, ·)) The bilinear forms A(·, ·) and B(·, ·)
are continuous on Vh ×Vh and Vh × Mh respectively. More precisely, there exists cI
independent of the mesh size h such that

A(vh,wh) ≤cI |||vh |||h |||wh |||h for all vh,wh ∈ Vh,

B(vh, qh) ≤cI |||vh |||h‖qh‖ for all (vh, qh) ∈ Vh × Mh .
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The coercivity of A(·, ·) is direct for NIPG and IIPG methods. We state that

Lemma 4.2 (coercivity of A(·, ·)) If ε0 = 1, then the non-symmetry of the form A(·, ·)
yields the immediate coercivity property

AN I PG(vh, vh) =2ν
∑
T∈Th

‖Dvh‖2T +
∑
e∈E0

h

α

he
‖[vh]‖2e

≥min(1, 2ν)|||vh |||2h for α = 1.

If ε0 = −1, then the bilinear form A(·, ·) is symmetric. In fact, we have

ASI PG(vh,wh) = AN I PG(vh,wh) − 2ν
∑
e∈E0

h

∫
e
{Dwh}ne · [vh]dσ.

So the coercivity is proved if the penalty parameter α is chosen large enough. We give
below an estimate for the admissible value of the penalty parameter α based on the
following bound. There exists a constant γ > 0, that only depends on a trace and the
constant in (4.2), such that

∑
e∈E0

h

∫
e
{Dvh}ne · [vh]dσ ≤ γ

(∑
e∈E0

h

1

he
‖[vh]‖2e

)1/2( ∑
T∈Th

‖Dvh‖2T
)1/2

Lemma 4.3 (coercivity of ASI PG(·, ·)) If ε0 = −1. Assume that α is large enough
such that

α ≥ γ 2.

Then, we have

ASI PG(vh, vh) ≥ c(γ, ν)|||vh |||2h for all vh ∈ Vh .

if ε0 = 0 then one can show that AI I PG(·, ·) is coercive in Vh following Lemma 4.3.

Remark 4.1 From Lemmas 4.3 and 4.2, we can also show that the bilinear A(·, ·) is
coercive on Ṽh .

From [23], for each number p ∈ [2,∞), there exists a constant c(p) such that

for all vh ∈ Vh , ‖vh‖L p(�) ≤ c(p)|||vh |||h . (4.4)

With Cauchy–Schwarz’s inequality, Hölder’s inequality and (4.4), we deduce that
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Lemma 4.4 There exists a positive constant c independent of h such that for all vh ∈
Vh

F(vh) ≤
⎛
⎝ ∑

T∈Th
‖ f ‖2T

⎞
⎠

1/2

|||vh |||h + c |�|1/2 ‖g‖L∞(�)|||vh |||h .

We now state and prove an inf-sup condition on B(·, ·).

Lemma 4.5 Let the triangulation Th satisfies (3.1). There exists β∗ > 0, independent
of h such that

∀qh ∈ Mh, β∗‖qh‖ ≤ sup
vh∈Ṽh

B(vh, qh)

|||vh |||h . (4.5)

Proof The proof is not new, and we reproduce it for the readers sake. It is worth
observing that this is equivalent to showing that, for any given qh ∈ Mh , there exists
wh ∈ Ṽh and positive constants c1, c2 such that

B(wh, qh) ≥ c1‖qh‖2 , |||wh |||h ≤ c2‖qh‖. (4.6)

Fix qh ∈ Mh , hence there is ṽ ∈ H1
0 (�)2 and a constant c (independent of h) such

that

div ṽ = qh , ‖∇ṽ‖ ≤ c‖qh‖. (4.7)

Take wh = 
ṽ with 
 the operator of Raviart-Thomas satisfying (3.4). From the
definition of B(·, ·), the first two relations in (3.4) and the first relation in (4.7), we
have

B(wh, qh) = b(wh, qh) +
∑
e∈E0

h

∫
e
{qh}[wh] · nedσ = ‖qh‖2. (4.8)

Next, we bound |||wh |||2h = ∑
K∈Th ‖Dwh‖2K + ∑

e∈E0
h

1
he

‖[wh]‖2e . From the fourth
relation in (3.4) and (4.7), we have

∑
T∈Th

‖Dwh‖2T ≤
∑
T∈Th

‖∇wh‖2T ≤ 2
∑
T∈Th

‖∇(
ṽ − ṽ)‖2T + 2
∑
T∈Th

‖∇ṽ‖2T

≤ c
∑
T∈Th

‖∇ṽ‖2T

≤ c‖qh‖2.
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Finally, the jump term is bounded using the fourth relation in (3.4) and (4.7) as follows

∑
e∈E0

h

1

he
‖[wh]‖2e =

∑
e∈E0

h

1

he
‖[
ṽ]‖2e =

∑
e∈E0

h

1

he
‖[
ṽ − ṽ]‖2e ≤ c‖∇ṽ‖2 ≤ c‖qh‖2.

We then conclude that

|||wh |||h ≤ c‖qh‖. (4.9)

So, (4.8) and (4.9) gives (4.6). This ends the proof. �


The variational problem (3.6) is a nonlinear, hence it can be solved by Brouwer’s
fixed point theorem. To this end, we claim that

Theorem 4.1 The variational problem (3.6)has aunique solution (uh, ph) ∈ Vh×Mh,
which furthermore satisfy

c|||uh |||2h +
∑
e∈Eγ

h

∫
e

∣∣Kuτ ,h
∣∣s dσ ≤

∑
T∈Th

‖ f ‖2T + |�|‖g‖2L∞(�),

and

‖ph‖ ≤ c|||uh |||h + c‖K‖sL∞(�)|||uh |||s−1
h + c‖g‖L∞(�)|�|1/2 + c

⎛
⎝ ∑

T∈Th
‖ f ‖2T

⎞
⎠

1/2

.

Proof Wewill use Brouwer’s fixed point to obtain the solvability of (3.6). The discrete
kernel of the bilinear form B(·, ·) is the set

Zh =
{
vh ∈ Vh : for all qh ∈ Mh, B(vh, qh) = 0

}
.

So, for fixed wh ∈ Zh , we define H(wh) ∈ Zh by:

{
for all vh ∈ Zh ,

H(wh)vh = A(wh, vh) + H(wh)vh − F(vh).

• H defines a continuous mapping from Zh −→ Zh .
Indeed, Let w1

h,w
2
h and vh elements of Vh . We have from Lemma 4.1

(H(w1
h) − H(w2

h)vh = A(w1
h − w2

h, vh) +
(
H(w1

h) − H(w2
h)
)

vh

≤ c|||w1
h − w2

h |||h |||vh |||h +
(
H(w1

h) − H(w2
h)
)

vh
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We need to bound
(
H(w1

h) − H(w2
h)
)
vh . For that purpose, using Cauchy–Schwarz’s

inequality, Hölder’s inequality, (4.2), (2.4), the trace’s theorem, and (4.4), one gets

(
H(w1

h) − H(w2
h)
)

vh =
∑
e∈Eγ

h

∫
e

(∣∣∣Kw1
τ h

∣∣∣s−2
Kw1

τ h −
∣∣∣Kw2

τ h

∣∣∣s−2
Kw2

τ h

)
· Kvτ hdσ

≤c‖K‖sL∞(�)

∑
e∈Eγ

h

∫
e

∣∣∣w1
τ h − w2

τ h

∣∣∣s−1 |vτ h |dσ

≤c‖K‖sL∞(�)

⎛
⎜⎝ ∑
e∈Eγ

h

∥∥∥w1
τ h − w2

τ h

∥∥∥2(s−1)

e

⎞
⎟⎠
1/2 ⎛

⎜⎝ ∑
e∈Eγ

h

‖vτ h‖2e

⎞
⎟⎠
1/2

≤c‖K‖sL∞(�)

∥∥∥w1
τ h − w2

τ h

∥∥∥(s−1)

�
‖vτ h‖�

≤c‖w1
τ h − w2

τ h‖s−1
� |||vh |||h ,

which implies that

(H(w1) − H(w2)v ≤ c|||w1
h − w2

h |||h |||vh |||h + c‖w1
τ h − w2

τ h‖s−1
� |||vh |||h .

• H(vh)vh is bounded from below. Indeed for vh ∈ Vh ,

H(vh)vh =A(vh, vh) + H(vh)vh − F(vh)

≥c|||vh |||2h +
∑
e∈Eγ

h

∫
e

∣∣Kvτ ,h
∣∣s dσ − c

⎛
⎝ ∑

T∈Th

‖ f ‖2T
⎞
⎠

1/2

|||vh |||h − c |�|1/2 ‖g‖L∞(�)|||vh |||h

≥|||vh |||h

⎛
⎜⎝c|||vh |||h − c

⎛
⎝ ∑

T∈Th

‖ f ‖2T
⎞
⎠

1/2

− c‖g‖L∞(�)|�|1/2
⎞
⎟⎠ .

Thus for |||vh |||h = r with r > c
(∑

T∈Th ‖ f ‖2T
)1/2 + c‖g‖L∞(�)|�|1/2,H(vh)vh is

non negative. By Brouwer’s Fixed Point Theorem, this proves the existence of at least
one solution uh ∈ Zh of H(uh)vh = 0 for all vh ∈ Zh . The pressure is constructed
in the usual way thank to the inf-sup condition (4.5). The estimates are obtained by
taking vh = uh in (3.6), and use the inf-sup condition (4.5).
As for uniqueness, we assume that (3.6) has two solutions, say, (u1, p1) and (u2, p2).
Then

⎧⎪⎨
⎪⎩
for all (vh, qh) ∈ Vh × Mh,

A(u1 − u2, vh) + B(vh, p1 − p2) + (
H(u1) − H(u2)

)
vh = 0,

B(u1 − u2, qh) = 0.

(4.10)
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We take successively vh = u1 and u2 in (4.10), subtracting the resulting equations
(having in mind the second equation in (4.10) for qh = p1 − p2), we obtain

A(u1 − u2, u1 − u2) +
(
H(u1) − H(u2)

)
(u1 − u2)︸ ︷︷ ︸

≥0

= 0,

which implies that |||u1 − u2|||2h = 0, so u1 = u2. Returning to (4.10), one obtains
that

{
for all vh ∈ Vh,

B(vh, p1 − p2) = 0,

together with the inf-sup condition (4.5) leads to p1 = p2. �


Remark 4.2 For non linear problems, uniqueness is often conditional and extra regu-
larity of the solution is sometime required. But in this situation, the nonlinear term is
monotone, and nothing is required.

5 A priori error estimate

We assume that (u, p) is the unique solution constructed in Theorem 2.1, while
(uh, ph) is the DG solution constructed in Theorem 4.1. In this section, our goal
is to bound the errors |||u−uh |||h and ‖p− ph‖. Before stating the main result of this
research, we have the following result based on Lemma 4.5 (similar ideas are used in
[23, 43]):

Lemma 5.1 There exists an approximation operator Rh ∈ L(H1(�)2; Ṽh) satisfying

∀(v, qh) ∈ H1(�)2 × Mh, B(Rhv − v, qh) = 0,

∀(s, v) ∈ [1, k + 1] × Hs(�)2 , |||Rhv − v|||h ≤ chs−1|v|Hs (�),

∀v ∈ H1(�)2, |||Rhv|||h ≤ c‖Dv‖.

Proof Let πh ∈ L(H1(�)2;V∩ Ṽh) be the Scott–Zhang’s interpolation operator (see
[44]), and set

Rhv = πhv + xh(v) for all v ∈ V

with xh(v) ∈ Ṽh taken (hopefully) such that

for all (v, qh) ∈ V × Mh, B(πhv + xh(v) − v, qh) = 0 . (5.1)
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Ones observes that (5.1) is equivalent to;

⎧⎪⎪⎨
⎪⎪⎩

for all (v, qh) ∈ H1(�)2 × Mh ,

B(xh(v), qh) = B(v − πhv, qh) =
∫

�

div(v − πhv)qhdx +
∑

e∈E0
h

∫
e
{qh} [v − πhv]︸ ︷︷ ︸

=0

·nedσ. (5.2)

From Babuska–Brezzi’s approach for mixed problems (see [5, 22]), (5.2) has at least
solution xh(v) ∈ Ṽh , which is unique in (Zh)

⊥ (the orthogonal being taken with
respect to ||| · |||h). From Lemma 4.5, there exists β∗ independent of h such that

|||xh(v)|||h ≤ 1

β∗ ‖ div(v − πhv)‖. (5.3)

Then, the first assertion in Lemma 5.1 follows from (5.2).
The second assertion is a consequence of the approximation properties of πh .
Using the triangle’s inequality, approximation properties of πh , (5.3) one gets

|||Rhv|||h ≤ |||πhv|||h + |||xh(v)|||h ≤ |||πhv|||h + 1

β∗ ‖ div(v − πhv)‖ ≤ c‖∇v‖

this ends the proof. �

Remark 5.1 For k = 1, 2, 3, Girault–Riviere–Wheeler in [23] have constructed
another operator Rh that is based on the nonconforming elements of [12, 13, 19].
This operator is quasi-local and hence satisfies optimal approximation properties in
Lr and W 1,r for any number r ≥ 2, without restricting the mesh or the domain.
However, this is not fundamental here, and therefore, we do not use it in the present
work.

The following result establishes a uniform error estimate with respect to s between
the exact solution and the DG-solution.

Theorem 5.1 Let (u, p) be the unique solution of (2.2) given by Theorem 2.1 and
satisfying (u, p) ∈ H2(�)2 × H1(�). Then the DG solution (uh, ph) constructed in
Theorem 4.1 satisfy

|||u − uh |||h + ‖uτ − uτ ,h‖� ≤ c
( ∑
T∈Th

‖p − rh p‖2T + h2T ‖∇(p − rh p)‖2T
)1/2 + c|||u − Rhu|||h

+ c

⎛
⎜⎝ ∑

e∈Eγ
h

‖uτ − (Rhu)τ ‖e

⎞
⎟⎠

1/2

,

and

‖p − ph‖ ≤ c
( ∑
T∈Th

‖p − rh p‖2T + h2T ‖∇(p − rh p)‖2T
)1/2 + c|||u − Rhu|||h

+ c

⎛
⎜⎝ ∑

e∈Eγ
h

‖uτ − (Rhu)τ ‖e

⎞
⎟⎠

1/2

.
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Proof Let us denote the numerical and approximation errors by eu = u − uh and
ep = p − ph . We adopt the following decomposition of the errors

eu = u − Rhu + Rhu − uh and ep = p − rh p + rh p − ph .

We note that the terms u − Rhu and p − rh p are bounded by a priori error estimate
in (3.4) and (3.3), respectively. Thus, we need to find the bounds for Rhu − uh and
rh p − ph .

Step 1. Inf-sup condition on B(·, ·). We first bound ‖ph − rh p‖. We recall that
ph − rh p is an element of Mh , and the couple (Mh, Ṽh ∩ {vh |∂� = 0}) is inf-sup
stable. Then

β‖ph − rh p‖ ≤ sup
vh∈Ṽh∩{vh |∂�=0}

B(vh, ph − rh p)

|||vh |||h
≤ sup

vh∈Ṽh∩{vh |∂�=0}

B(vh, ph − p) + B(vh, p − rh p)

|||vh |||h .

(5.4)

From the consistency equation (see Lemma 3.1), we deduce that

⎧⎪⎨
⎪⎩
for all (vh, qh) ∈ Vh × Mh,

A(uh − u, vh) + B(vh, ph − p) + (H(u) − H(uh))vh = 0

B(uh − u, qh) = 0.

(5.5)

We then deduce that B(vh, ph − p) = A(u − uh, vh) for all vh ∈ Ṽh ∩ {vh |∂� = 0}.
Returning to (5.4) with (5.5) and using Lemmas 4.5 and 4.1, one obtains

β‖ph − rh p‖ ≤ sup
vh∈Ṽh∩{vh |∂�=0}

A(u − uh, vh) + B(vh, p − rh p)

|||vh |||h . (5.6)

We now bound the right hand side of (5.6). From Cauchy–Schwarz’s inequality,
Hölder’s inequality, we easily get

A(u − uh, vh) ≤ c|||u − uh |||h |||vh |||h .

The second term on the right hand side of (5.6) cannot be treated using Lemma 4.1,
because p−rh p is not an element of Mh . Instead, with Cauchy–Schwarz’s inequality,
Hölder’s inequality, and (4.1), we have

B(vh, p − rh p) = −
∑
T∈Th

∫
T
(p − rh p) div vhdx +

∑
e∈E0

h

∫
e
{p − rh p}[vh] · neds

≤
( ∑
T∈Th

‖p − rh p‖2T
)1/2( ∑

T∈Th
‖∇vh‖2T

)1/2
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+c
( ∑
T∈Th

‖p − rh p‖2T + h2T ‖∇(p − rh p)‖2T
)1/2

×
(∑
e∈E0

h

1

he
‖[vh]‖2e

)1/2

≤ c
( ∑
T∈Th

‖p − rh p‖2T + h2T ‖∇(p − rh p)‖2T
)1/2|||vh |||h . (5.7)

So, returning to (5.6), one obtains after using the triangle’s inequality

β‖ph − rh p‖ ≤ c|||u − Rhu|||h + c|||Rhu − uh |||h
+ c

( ∑
T∈Th

‖p − rh p‖2T + h2T ‖∇(p − rh p)‖2T
)1/2

.
(5.8)

Step 2. coercivity of A(·, ·). We recall that Rhu − uh ∈ Ṽh , hence Remark 4.1 is
applicable, and

c|||uh − Rhu|||2h ≤ A(uh − Rhu, uh − Rhu)

= A(uh − u, uh − Rhu) + A(u − Rhu, uh − Rhu)

= T1 + T2.

(5.9)

We now bound T1 and T2. Starting with T2 and using the same arguments presented
in Lemma 4.1, we have

T2 = A(u − Rhu, uh − Rhu) ≤c|||u − Rhu|||h |||uh − Rhu|||h . (5.10)

From Lemma 3.1 (consistency equation), one deduces that (taking vh = uh − Rhu)

A(u, uh − Rhu) = F(uh − Rhu) − B(uh − Rhu, p) − H(u)(uh − Rhu).

(5.11)

But we recall that uh satisfies

A(uh, uh − Rhu) = F(uh − Rhu) − B(uh − Rhu, ph) − H(uh)(uh − Rhu).

(5.12)

Thus (5.11) and (5.12) implies that

T1 = A(uh − u, uh − Rhu)

= A(uh, uh − Rhu) − A(u, uh − Rhu)

= B(uh − Rhu, p − ph) + (H(u) − H(uh)) (uh − Rhu).

(5.13)
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Using the second equation in (5.5) and the first relation in Lemma 5.1, we deduce that

B(uh − Rhu, p − ph) = B(uh − Rhu, p − rh p). (5.14)

Thus (5.14) together with (5.13) gives

T1 = B(uh − Rhu, p − rh p) + (H(u) − H(uh)) (uh − Rhu). (5.15)

We re-write (5.15) as follows

T1 + (H(u) − H(uh)) (u − uh)

= B(uh − Rhu, p − rh p) + (H(u) − H(uh)) (u − Rhu).
(5.16)

From (2.3), and it can be shown that (see [41]): there existα1, α2 two positive constants
such that

α1
‖uτ − uτ ,h‖2�

α2 + ‖uτ‖2−s
� + ‖uτ ,h‖2−s

�

≤ (H(u) − H(uh)) (u − uh).

Thus returning to (5.16) and using the inequality (5.7), we obtain

T1 + α1
‖uτ − uτ ,h‖2�

α2 + ‖uτ‖2−s
� + ‖uτ ,h‖2−s

�

≤ c|||uh − Rhu|||h
( ∑
T∈Th

‖p − rh p‖2T + h2T ‖∇(p − rh p)‖2T
)1/2

+ (H(u) − H(uh)) (u − Rhu).

(5.17)

The second term in the right hand side of (5.17) is bounded as follows

(H(u) − H(uh)) (u − Rhu) =
∑
e∈Eγ

h

∫
e

(
|Kuτ |s−2 Kuτ − ∣∣Kuτ ,h

∣∣s−2
Kuτ ,h

)
· K (uτ − (Rhu)τ )dσ

≤
∑
e∈Eγ

h

∫
e

∣∣∣|Kuτ |s−2 Kuτ − ∣∣Kuτ ,h
∣∣s−2

Kuτ ,h

∣∣∣ |K (uτ − (Rhu)τ )|dσ

≤c‖K‖sL∞(�)

∑
e∈Eγ

h

∫
e

∣∣uτ − uτ ,h
∣∣s−1 |uτ − (Rhu)τ |dσ

≤c‖K‖L∞(�)

∑
e∈Eγ

h

(∫
e

∣∣uτ − uτ ,h
∣∣2(s−1)

)1/2 (∫
e
|uτ − (Rhu)τ |2

)1/2

≤c‖K‖sL∞(�)

∑
e∈Eγ

h

∥∥uτ − uτ ,h
∥∥s−1
e ‖uτ − (Rhu)τ ‖e .
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So, the inequality (5.17) gives

T1+α1
‖uτ − uτ ,h‖2�

α2 + ‖uτ‖2−s
� + ‖uτ ,h‖2−s

�

≤ c|||uh − Rhu|||h
( ∑
T∈Th

‖p − rh p‖2T + h2T ‖∇(p − rh p)‖2T
)1/2

+ c

⎛
⎜⎝∑

e∈Eγ
h

‖uτ‖s−1
e + ∥∥uτ ,h

∥∥s−1
e

⎞
⎟⎠

⎛
⎜⎝∑

e∈Eγ
h

‖uτ − (Rhu)τ‖2e

⎞
⎟⎠

1/2

.

(5.18)

We replace (5.18) and (5.10) in (5.9), using the bounds on ‖uτ‖e and
∥∥uτ ,h

∥∥
e, and

Young’s inequality, one obtains

|||uh − Rhu|||h ≤ c
( ∑
T∈Th

‖p − rh p‖2T + h2T ‖∇(p − rh p)‖2T
)1/2 + c|||u − Rhu|||h

+ c

⎛
⎜⎝∑

e∈Eγ
h

‖uτ − (Rhu)τ‖e

⎞
⎟⎠

1/2

,

(5.19)

which together with triangle’s inequality gives the asserted result.
We recall that the a priori error for the pressure is obtained by using (5.8) and (5.19).

�

Remark 5.2 If instead of (5.16), one uses

T1 + (H(uh) − H(Rhu)) (uh − Rhu)

= B(uh − Rhu, p − rh p) + (H(u) − H(Rhu)) (uh − Rhu),

then we shall have

|||u − uh |||h + ‖uτ − uτ ,h‖� + ‖p − ph‖
≤ c

( ∑
T∈Th

‖p − rh p‖2T + h2T ‖∇(p − rh p)‖2T
)1/2 + c|||Rhu − u|||h

+ c

⎛
⎜⎝∑

e∈Eγ
h

h−1
e ‖uτ − (Rhu)τ‖2(s−1)

e

⎞
⎟⎠

1/2

.

Hence the convergence is not uniform with respect to s.

Remark 5.3 Under the assumption of Theorem 5.1, the solution (uh, ph) of the DG
schemes (see Theorem 4.1) converges strongly to the solution (u, p) when h tends to
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zero. Indeed, for (u, p) ∈ H2(�)2 × H1(�), the right hand sides of the two error
inequalities obtained tend to zero as h tends to zero. From the error estimate, it is clear
that the rate of convergence is linked to the value of s.

Remark 5.4 The error estimates in Theorem 5.1 is dominated by the interpolation error
on the slip zone �, and it is independent of the parameter s.
If k = 1, then

|||u − uh |||h + ‖p − ph‖ ≤ ch3/4.

If moreover uτ ∈ H2(�), then

|||u − uh |||h + ‖p − ph‖ ≤ c

⎛
⎜⎝∑

e∈Eγ
h

‖uτ − (Rhu)τ‖e

⎞
⎟⎠

1/2

≤ ch.

6 Iterative scheme and numerical simulations

The finite element problem (3.6) is nonlinear. Hence iterative/incremental schemes
need to be formulated for their effective resolution. It should be noted that since s is
in (1, 2), the expression (|Kuτ ,h |s−2Kuτ ,h, Kvτ ,h)� has a poor differentiability. So
a numerical solution of (3.6) with Newton’s method or conjugate gradient may not
converge at all. In the lines that follows, we formulate an iterative method for solving
(3.6).

6.1 Iterative scheme for (3.6)

A natural approach is to consider the following algorithm: let u0h an element of Vh ,
for n ≥ 1 and having unh in Vh , we compute until an adequate stopping condition is
satisfied, (un+1

h , pn+1
h ) solution of

⎧⎪⎪⎨
⎪⎪⎩

for all (vh, qh) ∈ Vh × Mh,

A(un+1
h , vh) +

∫
�

|Kunτ ,h |s−2Kun+1
τ ,h · Kvτ ,hdσ + B(vh, p

n+1
h ) = F(vh),

B(un+1
h , qh) = 0.

(6.1)

The variational problem (6.1) is linear, and fromBabuska–Brezzi’s theory formixed
problems (see [5, 22]), (un+1

h , pn+1
h ) is well defined. Continuing on the qualitative

analysis on (6.1), we now claim that

Lemma 6.1 (see [24]) The algorithm (6.1) is consistent with (3.6) in the sense that if
(u1h, p

1
h) = (uh, ph) with (uh, ph) solution of (3.6), then for all n ≥ 2, (unh, p

n
h) =

(uh, ph).
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Proof It is done by indiction on n. So, we assume that (unh, p
n
h) = (uh, ph), and we

will show that (un+1
h , pn+1

h ) = (uh, ph).
We use the induction hypothesis, take the difference between (6.1) and (3.6), and

obtain
⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

for all (vh, qh) ∈ Vh × Mh,

A(un+1
h − uh, vh) +

(
|Kuτ ,h |s−2Kun+1

τ ,h − |Kuτ ,h |s−2Kuτ ,h, Kvτ ,h

)
�

+B(vh, p
n+1
h − ph) = 0,

B(un+1
h − uh, qh) = 0.

(6.2)

For (vh, qh) = (uh − un+1
h , ph − pn+1

h ) in (6.2), one has

A(un+1
h − uh, u

n+1
h − uh) +

∫
�

|Kuτ ,h |s−2
∣∣∣Kun+1

τ ,h − Kuτ ,h

∣∣∣2 dσ = 0

from which we deduce that (since A(·, ·) is coercive) un+1
h = uh .

Equations (6.2) is then reduced to

for all vh ∈ Vh, B(vh, p
n+1
h − ph) = 0. (6.3)

The inf-sup condition (4.5) together with (6.3) gives pn+1
h = ph . �


In order to justify why we use the iterative scheme (6.1) (implemented in paragraph
6.2) to compute the solution of (3.6), we shall prove a convergence result. For that
purpose, we first claim that

Lemma 6.2 Let (un+1
h , pn+1

h ) be the solution of the algorithm (6.1). Then there exists
a constant c independent of h and n such that

‖∇un+1
h ‖ + ‖pn+1

h ‖ ≤ c.

Proof We take vh = un+1
h in (6.1) and obtain

A(un+1
h , un+1

h ) +
∫

�

|Kunτ ,h |s−2
∣∣∣Kun+1

τ ,h

∣∣∣2 dσ = F(un+1
h ) ≤ c( f , g)‖Dun+1

h ‖

which implies that

‖∇un+1
h ‖ ≤ c|||un+1

h |||h ≤ c( f , g).

From the inf-sup condition (see (4.5)), we obtain that

‖pn+1
h ‖ ≤ c( f , g).

�
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We have the following abstract convergence result

Theorem 6.1 Assume that � is of class C1,1. Let (un+1
h , pn+1

h ) ∈ Vh × Mh be the
solution of (6.1), and (uh, ph) ∈ Vh × Mh the solution of (3.6). Then

lim
n→∞ unh = uh weakly inV.

Proof By virtue of the bound obtained in Lemma 6.2, there is a subsequence, still
denoted by {unh}n such that

lim
n→∞ unh = ũh weakly in H1(�)2. (6.4)

Clearly, we need to show that ũh = uh , this is to say that

{
for all vh ∈ Zh,

A(̃uh, vh) +
(
|K ũτ ,h |s−2K ũτ ,h , Kvτ ,h

)
�

= F(vh).
(6.5)

Actually, since Zh is closed, it follows from (6.4) that ũh ∈ Zh . Owing to the com-
pactness of the imbedding of H1(�) into L4(�), there exists a subsequence, still
denoted by {unh}n , which converges weakly to ũh ∈ H1(�)2 and strongly in L4(�)2.
For vh ∈ Zh , passing to the limit on n in (6.1) is direct for the linear term because one
only need weak convergence (6.4). Next, for the term on �, we deduce from the weak
convergence of unh on H1(�)2, that

unh → ũh strongly in L2(�)2,

and the trace from H1/2(�) into L2(�) is compact provided that � is at least C1,1.
Hence

unh |� → ũτ ,h |� weakly in L2(�)2.

Now from the fact that the mapping v → Bv = |Kvτ |s−2Kvτ is monotone, and
hemi-continuous, and the strong convergence unh |� , we deduce that (see [38, Chap 2])

lim
n

(
|Kunτ ,h |s−2Kun+1

τ ,h , Kvτ ,h

)
�

= lim
n

(
|Kunτ ,h |s−2Kunτ ,h , Kvτ ,h

)
�

=
(
|K ũτ ,h |s−2K ũτ ,h , Kvτ ,h

)
�

.

Hence, ũh satisfy (6.5), and ũh = uh since the solution of (6.5) is unique. Then the
entire sequence converges weakly to uh . �
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6.2 Simulations

In this section,we study the numerical behavior of the algorithm (6.1). For that purpose,
we evaluate the performances of the algorithm (6.1) by solving two problems in 2d.
First, we assess the convergence properties of the numerical method by using the stan-
dard mesh refinement strategy. The second example is concerned with the Lid-Driven
cavity, a well studied problem in computational mechanics (see for instance [27]). All
the numerical simulations showed in this section are performed with FreeFem++ [28]
by taking u0h = 0.

The bilinear forms are defined in (3.5), and the resulting system of equations to be
solved are called (with obvious identification);SIPG,NIPG and IIPG. The stabilization
parameter for these schemes are denoted respectively by αSI PG , αN I PG and αI I PG .
These constants are positive and as indicated by the coercivity, αSI PG should be
bounded below by sufficiently large positive real number. We take the tensors

K1 = I and K2 =
[
5 − 1
−1 4

]
.

The couple velocity-pressure is approximated by P1(T )2 × P0(T ) for all T ∈ Th ,
furthermore, for the iterative scheme (6.1), we use the following stopping criterion

|||un+1
h − unh |||h + ||un+1

τ ,h − unτ ,h ||� + ||pn+1
h − pnh ||

|||un+1
h |||h + ||un+1

τ ,h ||� + ||pn+1
h || ≤ 10−5.

6.2.1 Stokes flow in a square: rate of convergence

The flow domain is � = (0, 1)2, and each side is divided into N segments of equal
length. Thus the corresponding mesh contains 2N 2 elements. We set ν = 1, K = K1
and f = (x2 + y2, 1)T . The anisotropic slip boundary conditions (1.4) and (1.6),
are considered on � = {(x, y)| x = 1 or y = 1} = �2 ∪ �3, and the homogeneous
Dirichlet boundary condition u = 0 is taken on S = ∂�\� = �1 ∪ �4.
First wewill show the dependency of the convergence and the precision of the schemes
SIPG, NIPG and IIPG respectively with respect to the parameters αSI PG , αN I PG and
αI I PG for s = 3/2. Since we do not have the exact solution (u, p) for this problem,
we shall approximate it by computing the finite element solution with Taylor-Hood’s
elements associated to (2.2). The corresponding solution will be considered as the
reference solution say, (ure f , pre f ) computed for N = 100. We test the algorithm
(6.1) corresponding to SIPG, NIPG and IIPG for N = 40 and for αI I PG , αN I PG and
αSI PG in [0, 200]. Figure 1 (with a zoom on the right) shows the following error

Ea = |||ure f − uh |||h + ||uτ,re f − uτ,h ||� + ||pre f − ph ||
|||ure f |||h + ||uτ ,re f ||� + ||pre f || (6.6)

where uh is computed by using the iterative schemes SIPG, NIPG and IIPG. We can
deduce that the better results (with Ea ≤ 0.05) correspond to α are αI I PG in [6, 74],
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Fig. 1 Eα associated to the iterative schemes SIPG, NIPG and IIPG for α ∈ [1, 200] (zoom on the right)

Fig. 2 Second component of the velocity, u2 on the line y = 0.5 for the reference solution and those
obtained with SIGP, NIPG and IIPG for α = 20 (zoom on the right)

Fig. 3 Second component of the velocity, u2 on the line x = 1 for the reference solution and those obtained
with SIPG, NIPG and IIPG for α = 20 (zoom on the right)

αN I PG in [6, 74] andαSI PG in [16, 68]. In all these situations, the algorithm converges
after 10–12 iterations. Similar numerical results are obtained for s = 4/3 and s = 7/4.
In the following, we take αI I PG = αN I PG = αSI PG = 20.

Figure 2 (resp Fig. 3) shows (with a zoom on the right) comparisons of the second
component of the velocity (say u2) between the reference solution and those obtained
with the iterative schemes SIPG, NIPG and IIPG on the horizontal line y = 0.5 (resp.
x = 1). We clearly see that the schemes NIPG and IIPG give the better results, while
the results obtained with the scheme SIPG are less precise.
Let us nowcheck theapriori error estimates corresponding to the schemesSIGP,NIPG
and IIPG. We take s = 4/3 and s = 7/4, and we are interested in computing the rate
of convergence of the numerical solution (uh, ph). We recall that (Theorem 5.1)
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Table 1 The slopes of the
schemes SIPG and IIPG with
respect to α

Value of α 15 20 30 50 100

Slope for SIPG – – 0.74 0.64 0.40

Slope for IIPG 0.95 0.93 0.85 0.68 0.41

Fig. 4 Error estimate with respect to the mesh step h in logarithmic scale for s = 4/3 (left) and s = 7/4
(right), and associated to the schemes SIPG, NIPG and IIPG

|||u − uh |||h + ‖p − ph‖ ≤ ch if (u, p) ∈ H2(�)2 × H1(�), uτ ∈ H2(�)2.

(6.7)

We denote by Err the same expression of Ea in (6.6) but with α = 20 for each
scheme IIPG, NIPG and SIPG. To get the a priori error estimate corresponding to our
schemes, we compute the numerical solution (uh, ph) for N = 10, 12, 14, . . . , 24.

Figure 4 shows the graphs of the relative error Err with respect to h = 1

N
in logarithmic

scale. These lines have the slopes 0.99, 0.99, 0.95 for s = 4/3 and 0.94, 0.97, 0.71
for s = 7/4, respectively for IIPG, NIPG and SIPG. We can partially deduce that
the numerical slopes associated to the schemes IIPG and NIPG are in agreement with
(6.7), while the slope associated to the scheme SIPG is sub-optimal. The bad behavior
observed for SIPG can be explained by the fact that the bilinear form ASI PG(·, ·) is
conditionally elliptic (see Lemma4.3). Next, Fig. 5 (resp. Fig. 6) show Err with respect
to h for each value of α in logarithmic scale computed by using the scheme SIPG (resp.
the scheme IIPG). We note that for the values of α taken, the curves are straight lines
when α ≥ 30 for the scheme SIPG, and when α ≥ 15 for the scheme IIPG. Table 1
shows the variation of the slopes of the lines corresponding to Err computed with the
schemes NIPG and IIPG with respect to α. We note that the convergence is optimal
for the scheme IIPG (since the slope is almost one for some values of α), while in
Fig. 1 we observe a degradation of the slope for all the schemes when the stabilisation
parameter is big.

6.3 Lid driven cavity flow

In this paragraph, we consider the numerical results via the algorithm (6.1) of the
Lid Driven cavity Stokes flow with power law slip boundary condition. The fluid is
confined in the xy-plane with (x, y) ∈ (0, 1)2 and the boundary condition for the
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Fig. 5 rate of convergence with the scheme SIPG for s = 7/4 and for α = 5, 10, 15 (left) and α =
15, 20, 30, 50, 100 (right)

Fig. 6 rate of convergence with the scheme IIPG for s = 7/4 and for α = 5, 10, 15 (left) and α =
15, 20, 30, 50, 100 (right)

velocity field given by

u =
{

(16 x2(x − 1)2, 0)T on y = 1, 0 < x < 1,
(0, 0)T elsewhere.

Thus one has a smooth start of the flow, and the lid velocity attains its maximum,
u = (1, 0)T , at the center x = 1/2. This boundary condition has the effect of avoiding
local singularities at the top-right and top-left corners as it ensures both the velocity
and velocity gradient vanish at the corners. Furthermore, we consider the isotropic
slip boundary condition on the other parts of the boundary. In all the numerical results
considered in this section, we set N = 100, K = K2, f = 0 and ν = 1. Based on
the results showed in the previous section, we will show in this case the numerical
results corresponding to the schemes IIPG and NIPG and we will omit the those of
the scheme SIPG.

Figure 7 shows repartition of the velocity associated to the schemes IIPG andNIPG
for s = 3/2, K = K2 and α = 20. These figures are closed and one can deduce that
the schemes IIPG and SIPG shall give similar results.

Next, Fig. 8 shows comparisons of the first and second components of the velocity
on the horizontal line y = 0.5 between IIPG and NIPG for K = K2. Here also IIPG
and SIPG gives close results.

In order to test the dependency of the convergence with the Reynolds number, Fig. 9
shows for Re = 2000 the repartition of the velocity in the domain for α = 20.
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Vec Value
0
0.052485
0.10497
0.157455
0.20994
0.262425
0.31491
0.367395
0.41988
0.472365
0.52485
0.577335
0.62982
0.682304
0.734789
0.787274
0.839759
0.892244
0.944729
0.997214

Vec Value
0
0.0525076
0.105015
0.157523
0.21003
0.262538
0.315045
0.367553
0.420061
0.472568
0.525076
0.577583
0.630091
0.682598
0.735106
0.787614
0.840121
0.892629
0.945136
0.997644

Fig. 7 Distribution of the velocity for the schemes IIPG on the left and NIPG on the right with K = K2,
α = 20 N = 100 and s = 3/2

Fig. 8 First and second components of the velocity on the line y = 0.5 for K = K2

Vec Value
0
0.0524849
0.10497
0.157455
0.20994
0.262425
0.314909
0.367394
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Fig. 9 Distribution of the velocity for Re = 2000 using IIPG on the left and NIPG on the right for α = 20,
K = K2
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7 Conclusion

Three DG schemes are formulated and analysed to study the Stokes equations under
power law slip boundary condition. The DG approximations lead to a nonlinear set of
equationswhich are analyzedbyexploiting the rich structure of the resultingvariational
formulation. Existence of solutions, a priori error estimates and convergence of DG
solutions are thoroughly studied. For the effective computation of theDG solutions, we
formulate and analyze a fixed approach. To be more precise, we show the convergence
of the fixed point strategy bymaking use of theweak convergencemethod. Finally, two
numerical experiments are shown: the first one illustrates the convergence properties
of the method, while the second one shows the applicability of the method on a
benchmark test. From the simulations (considering the data used), it appears that the
NIPG and IIPG schemes are the best performing numerical schemes.
The current methodology should be further developed, in particular by (i) devising
an adapted discretization strategy; (ii) considering the case of a curved boundary;
(iii) extending the present analysis to non-linear Stokes equations (or Generalized
non-Newtonian models); (iv) considering the present work with singular force (Dirac
measure).
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