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Abstract

Since extreme or influential observations drastically affect the fit of regression models, their detec-
tion plays a big role in regression model fitting. Many traditional diagnostic techniques employ
single-case deletion methods for this purpose, but these have several drawbacks, such as an inability
to detect masked or swamped influential cases. Recently, however, new simulation-based techniques
have been developed to overcome these problems, such as the technique called ADAP proposed by
[Roberts et al.] (2015). However, this method lacks a formal or data-driven choice for the cut-off
values used in the procedure. Another recent technique, attributed to[Martin and Roberts] ([2010),
attempts to improve on the traditional single-case deletion methods by using a Jackknife-after-

bootstrap approach to find data-driven cut-off values for traditional diagnostic statistics. In this
dissertation, we combine these two approaches, and use the Jackknife-after-bootstrap method to
find data-driven cut-off values for the ADAP method, thereby potentially improving the latter
method. Additionally, a completely new method is proposed for the detection of influential ob-
servations that is based on a simple approximation to the traditional Cook’s distance diagnostic
measure. In this way, a new cut-off value for Cook’s distance is obtained, which can be used as an
alternative to the traditional rules of thumb cut-off values.

An intensive simulation study is presented that compares the newly proposed ‘combined’ approach,
as well as the new method based on the approximation to Cook’s distance, to the traditional Cook’s
distance diagnostic measure, the plain implementation of the Jackknife-after-bootstrap method, the
plain implementation of the ADAP method, and a commonly used modern method called MC3.
Disappointingly, our results show that while the newly proposed combined method does fare better
than the traditional methods, the MC? method, and the plain implementation of the Jackknife-
after-bootstrap method, it is an extremely time consuming process and it does not improve on
either the plain implementation of the ADAP method, or the newly proposed Cook’s distance
based method. The new Cook’s distance based method, on the other hand, performs better than
expected. This method results in very good performances, outperforming the traditional Cook’s
distance method of obtaining cut-off values, the MC?® method, the plain implementation of the
Jackknife-after-bootstrap method, the newly proposed ‘combined’ method, and in some cases it
performs as well as the plain implementation of the ADAP method, although the naive application
of the ADAP method is still overall the best of the discussed methods.

Keywords: Adaptive automatic multiple-case deletion (ADAP) technique; bootstrap;
Cook’s distance; cut-off values; influential measures; influential observations, jackknife-after-boot-
strap; linear regression; masking; swamping.
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Chapter 1

Introduction

1.1 Overview

The detection of influential or extreme observations in a data set is a very important as-
pect in regression analysis, since these cases can exert great influence on the conclusions
made from fitted regression models. According to (1979), influential observations
can be defined as those observations in a data set that have the effect of, when removed
from the data set, drastically change essential features of the regression analysis. Many
traditional methods that are implemented for the detection of influential observations,
include statistics that are based on single-case deletion techniques.

Even though single-case deletion techniques are very popular, they have some disadvan-
tages. One of these disadvantages is that they might not perform well in cases when the
data set consists of multiple influential observations, since then problems like masking and

swamping might occur. According to [Atkinson| (1986]), masking is defined as the situation

where an observation is found to be influential only after a set of influential observations
were deleted from the data set (i.e., the set of influential observations ‘mask’ other influ-
ential cases). Swamping, on the other hand, is when the opposite occurs, that is, when
a normal observation are incorrectly flagged as influential as a result of the strong effect
of other influential observations on the fitted model (i.e., influential observations have the
effect of ‘swamping’ observations, causing them to be seen as influential even though they
are normal) (Nurunnabi et al} [2014f [Rahmatullah Imon), [2005]).

One solution to this disadvantage of single-case deletion techniques are multiple-case dele-

tion techniques. Multiple-case deletion was first proposed by [Belsley et al| (1980]) and, in
later years, many other multiple-case deletion techniques were developed, see
[and Van Zomeren| (1990)), [Hadi and Simonoff| (1993)), [Pena and Yohai| (1999)), [Pan et al.|

([2000)), [Peiial (2005)), [Rahmatullah Tmon| (2005]), and [Nurunnabi et al] (2014)). As in the
case of single-case deletion techniques, multiple-case deletion techniques also have a disad-

vantage, namely, they are very time consuming to execute. The reason for this is because
these procedures require that one constructs subsets of size j from a sample of size n, and
the number of combinations of doing this can be astronomically large for large sample
sizes. For this reason, and also for the fact that it is very rarely known how many obser-
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vations are necessary to be removed from a data set in order for effects like masking to be
eliminated, research in finding relatively fast methods that eliminate effects like masking,
have became very popular.

In this dissertation, we are specifically interested in methods used for the detection of
influential observations in cases where effects like masking and swamping are present in
the data. Many different influence diagnostic methods, including the traditional methods
for influential value detection, relatively new methods based on simulations, new modi-
fications of simulation-based methods, and a newly proposed method based on a simple
idea relating to the approximate distribution of a diagnostic statistic, will be discussed
and investigated by comparing their performances in detecting influential observations in
simulated data sets.

1.2 Objectives

The main objectives of this dissertation are given as follows:

e to investigate the performance in detecting influential observations of the traditional
Cook’s distance influential diagnostic measure;

e to investigate the performance in detecting influential observations of the jackknife-
after-bootstrap (JaB) method proposed by [Martin and Roberts| (2010));

e to investigate the performance in detecting influential observations of the adap-
tive, automatic multiple-case deletion technique (ADAP) proposed by [Roberts et al.
(12015));

e to provide a new method based on the combination of the JaB and the ADAP
methods (Combined method);

e to investigate the performance in detecting influential observations of the Combined
method;

e to provide a new method based on a simple approximation of the distribution of
Cook’s distance (New method);

e to investigate the performance in detecting influential observations of the New method;

e to investigate the performance in detecting influential observations of the MC?3
method proposed by [Hoeting et al.| (1996));

e to compare the performance of all these methods to one another and make recom-
mendations.

In order to achieve the stated objectives for each of the different methods described above,
two types of data sets will be simulated. The first data set type is where influential
observations are included in the data sets in a simple, random way, and the second type is
where the influential observations are included in the data sets such that masking occurs.
Furthermore, both types of data sets were generated from linear regression models with
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differing sample sizes (sample sizes include 100, 200, and 500), differing number of predictor
variables included in the regression model (number of predictor variables include 5 and
15), differing number of influential observations included in the data (number of influential
observations include 5 and 10), as well as by using one of five different choices for the
error distribution, namely, the normal, ¢, log-normal, Laplace, and contaminated normal
distributions.

1.3 Contributions

The contributions of this dissertation, given the objectives, are as follows:

e a modification of the ADAP method whereby the JaB method is used to determine
cut-off values (Combined method); this modification has been suggested, but not

yet implemented or investigated in the literature (see [Roberts et al [2015));

e the creation of a new method based on a simple approximation of the distribution
of Cook’s distance (New method);

e a comprehensive simulation study on the performance of these two new methods,
when compared to existing traditional and modern methods for the detection of
influential observations.

1.4 Chapter breakdown

The remainder of this dissertation will be arranged as follows. Chapter 2 will describe the
background regarding linear regression models as well as the traditional measures of in-
fluence and outlier detection used in these models. The next chapter, Chapter 3, presents
basic theory related to the use of the bootstrap and jackknife in linear regression, giving
specific attention to the ‘jackknife-after-bootstrap’ methodology, which is used in later
chapters. This is then followed by two chapters providing methods for the detection of
influential observations, where the first chapter (Chapter 4) discusses modern simulation-
based methods of influential diagnostics, and the second chapter (Chapter 5) provides
the two newly proposed methods for detecting influential values. The dissertation con-
cludes with a extensive simulation study presented in Chapter 6 as well as a discussion
on the findings of this simulation study. In Chapter 7 we provide our conclusions drawn
from the simulation study as well as some recommendations and possible future research.
Appendices are also provided to supplement the theory in various chapters.



Chapter 2

Linear regression models

2.1 Introduction

The detection of influential observations in data is a very important aspect in regression
analysis, since an influential observation can have a big effect on the results produced
from your study. When a model is built on a data set in order to make predictions,
for example, one influential observation is all that is necessary to drastically change the
results of your predictions and therefore give faulty results. In this dissertation, we are
interested in methods for finding these influential observations which are all based on fit-
ting the multiple linear regression model and using its properties. In this chapter, we will
therefore provide details about the classic linear regression model and all necessary theory
and results required for later chapters, including some notes on the distribution of the
model, the way the regression coefficients of the model are interpreted and a method for
estimating the regression coefficients (see Section . Furthermore, we will also provide
details about some traditional methods used for detecting influential observations in this

chapter (see Section [2.3).

According to [Kutner et al] (2005]), regression analysis can be defined as the process of
estimating the relationship between different variables included in a model, using a statis-

tical method. In the end, the aim is to make predictions on the response variable Y (the
variable that depends on the rest of the variables in the model, also called the dependent
variable) using all, or some of the predictor variables X (the variables that are indepen-
dent of the response variable, also called the independent variables).

There can be two types of relationships between the response variable and the predic-
tor variables namely, a functional relationship or a statistical relationship. These two
relationships are given as

Y=f(X) and Y =f(X)+e,

respectively, where ¢ is some random ‘error’ term. The difference between these two types
of relationships is that the functional relationship represents the exact relationship be-
tween X and Y, whereas the statistical relationship represents a stochastic relationship
between X and Y. This means that when you have the functional relationship between

4



CHAPTER 2. LINEAR REGRESSION MODELS 5

X and Y, you would be able to find the exact value of Y for a given value of X. The
statistical relationship, on the other hand, would, for a given value of X, result in a corre-
sponding value of Y that is some random distance (the error term) from the value expected
when using the functional relationship. The error term in the statistical relationship can
therefore be seen as the amount by which it deviates from the functional relationship. The
reason for this deviation is because of the fact that, in many situations, predictor vari-
ables are excluded from the model that should have been included since they also affect
the response variable. The error term is therefore the element in the model that combines
all information about the predictor variables not included in the model that may actually
have an effect on the response variable.

The linear regression model that will be used in the chapters that follows is based on
the statistical relationship stated above and will be discussed in the next section.

2.2 The linear regression model

We will distinguish between two linear regression models namely, the simple linear re-
gression model and the multiple linear regression model. The use of the word simple, in
simple linear regression, is to indicate that only one predictor variable is included in the
model. Furthermore, the word linear is used to indicate that the parameters and the
predictor variables are in a linear form in the model. This indicates that the mean of
the response variable is equal to some linear combination of the predictor variables and
their corresponding regression coefficients. The multiple linear regression model, on the
other hand, is an extension on the simple linear regression model. Instead of only one
predictor variable which was included in the simple linear regression model, the multiple
linear regression model consists of multiple predictor variables. The reason why this model
is necessary and why multiple predictor variables are included in this model is because,
in this case, a better understanding of the variation in the response variable is obtained.
This is because of the fact that, when including more than one predictor variable in the
model, the information of all the extra predictor variables are taken into account.

Theory and results of the simple linear regression model will be omitted here, since they
can easily be obtained from the multiple linear regression model.

The multiple regression model is given by

Y, = Bo+5Xa+-+Bp1Xip1+ei,
p—1
= ,80+ZBinj+€i, i=1,...,n,
=1

and in matrix notation it is given by

Y = X B8 + ¢ 2.1
(nx1)  (xp)px1)  (nx1) @1
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or
Y I Xu1 ... Xipa Bo €1
Ys 1 Xo1 ... Xopa b1 €2

=t . . . : ) + 1 .|
Yn 1 an s Xn,p—l ﬁp—l En

where p is the number of regression parameters in the model, n is the total number of
observations in the data set, Y; is the value of the random response variable for the i*" case,
Bo, B1, - - ., Bp—1 are the unknown regression coefficient parameters, X;1, X;2,..., X;,—1 are
the elements of the i*™® row of the design matrix X, which are fixed, known, constants,
and ¢; is the random error term for the i*! case, with E(g;) = 0 and Var(e;) = o2, for
all i = 1,2,...,n. Also, ¢; and ¢ are uncorrelated such that Cov(g;,ex) = 0 for all
k#i,k,i=1,2,...,n. Usually, an assumption of normality on & is made as well, but in
our case it is not necessary since we will only look at estimation.

Notes on the multiple linear regression model: From the model it is clear that
Y; consists of the sum of a constant term (5p + S1Xi1 + B2 Xiz + -+ + Bp—1Xip—1) and a
random term (g;), which will therefore also make Y; a random variable. Furthermore, as
mentioned above, E(g;) = 0, which leads to

E(Y;) = Bo+ 51X + BoXio + -+ + Bp—1Xip—1,

and since Var(e;) = 02, we have that

Var(Y;) = o2
Lastly, the response terms Y; and Yy, k # i,k,i = 1,2,...,n, are assumed to be un-
correlated, since the error terms ¢; and e, k # i,k, i = 1,2,...,n, are assumed to be

uncorrelated.

2.2.1 Interpretation of the regression parameters

Since the linear regression model is now defined, we will explain how the regression pa-
rameters are interpreted in this section. The By coefficient can be seen as the intercept
term of the y-axis. This means that if the p — 1 predictor variables are set equal to zero
then By would, for this setting of the predictor variables, be equal to the mean of the
probability distribution of Y;. The coefficients of the predictor variables i, ..., 8,-1, on
the other hand, can be seen as the expected amount by which the response variable would
change with a unit change in their corresponding predictor variables while the others are
held constant. For example, 3; would represent the expected amount of change in the
response variable Y; with a unit increase in Xj;; while the rest of the predictor variables
are held constant.

2.2.2 Estimation of the regression function

Since the regression function is very seldom known, we want to be able to estimate it.
According to [James et al] (2015)), the aim is to get a linear model that is the best repre-
sentation of the data points. When fitting this estimated regression model, some of the
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data points will lie above the fitted line and others below the fitted line, but the distance
from the line to the data points must be as small as possible. There are quite a few
methods for calculating a fit like this, but the method of least squares is one of the most
commonly used methods and also the method what will be used in the chapters that follow
(other methods for estimating the regression coefficients can be found in ,
[Sen| ([1968), [Hoerl and Kennard] (1970)), [Rao and Toutenburg] (1995)), [Tibshirani] (1996)),
[Greend (2003)), [Efron et al] (2004]), and [Kutner et al] (2005)). Furthermore, the method
of least squares is not dependent on knowing the distribution of the error term. Before

the method of least squares will be explained, we first introduce some notation.

Notation

Denote the observed predictor variable vectors by Xi,Xa,...,X,, (note that the p x
1 vector X;, denotes the i row of X), and the observed response variable values, by
Y].)Y27"'7Yn~

Method of least squares

The method of least squares is a method that estimates regression coeflicients by making
use of the sample data. This is done in such a way that the distance between the data
points and the fitted regression line is minimized. The fitted values are given by

Y = Xb, (2.2)

where b denotes the vector of estimates for the p regression coefficients, and is given by

The distance that needs to be minimized for the least squares method is called the residuals
and is given by

e=Y-Y=Y—Xb (2.3)

The method of least squares estimates the regression parameters by minimizing the sum
of the squared residuals. This equation is denoted by @ and is given by

Q=(Y-XB3)' (Y-Xp). (2.4)
(1xn) (nx1)

Given the sample data (X;,Y;),i = 1,2,...,n, if 3 is replaced by b in (2.4), @ will be a
minimum. The estimates of the regression coefficients, b, can be obtained by solving the
normal equations of the multiple linear regression model. These estimates are given by

b =X'X)!XT Y . (2.5)
(px1) (pxp)  (pxn) (nx1)

The proof of how (2.5) was obtained, can be found in Appendix
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When estimating the regression coefficients in , and the regression curve in ,
it is very important to determine if any observations in the data set are extreme or influ-
ential, since observations like these can have a great effect on the estimates, and therefore
also on the results obtained from them. For this reason, we are interested in methods for
detecting influential observations, and we start by investigating some traditional methods
given in the next section. In Chapter [4] newer methods for influence detection will be
given, followed by Chapter [5| in which an improved method, as well as a completely new
method, will also be provided for this purpose.

2.3 Traditional measures of influential and outlier
detection in linear regression

In regression analysis, the process of detecting influential observations in a data set is
very important, as already mentioned. A basis of measures of influence was laid out by

the papers and books by [Cook| (1977), [CooK| (1979), [Belsley et al] (1980)), and

[Weisberg] (1982)). The measures discussed in these papers and books are still very popular

methods to use in finding influential observations. One disadvantage of these methods
is that their cut-off values are based on large sample theory, since their distributions are
very complex. In some cases then, these measures might lead to faulty results. In later
chapters we introduce other methods that do not depend on large sample theory, but since
these traditional methods are still very popular today, their performance will be used as
a benchmark for comparison of the performance of the new methods. Therefore, in this
section we will give attention to some of the traditional methods used for detecting influ-
ential observations.

[Belsley et al (1980]) define an influential observation as an observation that, when com-

pared to other observations in the data set, has a large influence on some estimates, like
the estimated regression coefficients. These observations can be influential on their own
or together with other observations in a group. An easy method to find influential ob-
servations is to delete observations one-by-one from the data set and then calculate what
the effect of this deletion has on the fitted values, estimated coefficients, residuals, or the
estimated covariance matrix of the coefficients. Those observations corresponding to a
big change in these values, will be flagged as influential. The following measures of in-
fluence that employ this method of deletion include: Leverages, DFBETAS, DFFITS,
CovRatio, and Cook’s Distance.

2.3.1 Leverages

Leverages are very useful since they can be used to identify influential observations on
their own, but also because they feature as an element in many other influential measures.

According to [Belsley et al| (1980), the leverage h;; is defined as the i*" diagonal element

of the hat matrix given by
H=XX"X)"'XxT, (2.6)

that is,
hi =X (XTX)™1X;, i=1,2,...,n, (2.7)



CHAPTER 2. LINEAR REGRESSION MODELS 9

where X; denotes the i*" row of X. These leverage values can be interpreted as a form of
distance of X; from the centroid or mean vector of the X values. In addition, leverages
have two very important properties, given as follow:

Oghugl, i=1,2,...,n,

and .
Z hii =p. (28)
=1

The proofs of these two properties can be found in Appendix and Appendix re-
spectively.

From , it is clear that the average of the leverages is given by p/n, i.e., the av-
erage distance from the centroid of X. In the case where one has a data set with no
influential observations included (i.e., all observations exert almost the same influence), it
would mean that all the observations would have leverage values near the mean, p/n. In
the cases where the h;; values are not close to p/n, it is necessary to find cut-off values
which will give an indication of how big an observation’s h;; value should be (i.e., how
much bigger than the average value) for it to be considered influential.

To find a rough cut-off value for the leverages then, we make the assumption that the
predictor variables are independent and that they are multivariate Gaussian distributed
(which is seldom the case). These assumptions are used, because in cases like this some
leverage functions’ exact distributions can be calculated and their results can be used to
find cut-off values for the leverages. Note however, that they are only guidelines for the
cut-off values of the leverages, since the exact distributions are based on assumptions that
very seldom occur.

According to [Belsley et al] (1980)), if we assume that the predictor variables are inde-

pendent and multivariate Gaussian distributed, the following is true

(n —p)lhii = A/n)] o
(1—hi)(p—1) (p—1),(n—p)-

From this distribution of the function of h;;, we can therefore calculate some results to find
rough cut-off values for h;;. If we calculate the 95% quantile of the F-distribution in the
case where p > 10 and n—p > 50, for example, a value less than 2 was obtained. From this
result it can be concluded that %p would be a good cut-off value for the leverages. Again,
note that this can only be seen as a rough cut-off value for the leverages and will not be
accurate in all possible cases. One situation in which this cut-off value would not work at
all, is in the case where p/n > 0.4. In this case all the observations in the data set will be
flagged as influential, since then the degrees of freedom for every parameter becomes very
small. Also, in cases where the number of predictor variables is small, this cut-off value of-
ten flags too many observations as influential. This cut-off value can therefore be used as a
starting point for detecting influential observation, since it is easy to use and to remember.
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The next two measures of influence are based on the size of change occurring in the es-
timated regression coefficients and the fitted values of the regression model, respectively,
before and after the deletion of a specific case.

2.3.2 DFBETAS

DFBETAS is also an important measure of influence based on the estimated regression
coefficients, which often play an important role when analysing regression models. To
start the discussing on DF BET AS, we first introduce the concept of DFBET A (without
the “S’), which measures the change occurring in the estimated coefficients after the i

observation has been deleted, and according to [Belsley et al.| (1980), it is calculated as

follows:

(XTX)"1X;e;
where X is the n X p design matrix, X; is p x 1 vector populated with the elements of
the ™" row of the design matrix, h;; is the leverage defined in , e; is the i*" element
of the vector of residuals defined in , and b and b(;) are the vectors of estimated re-
gression coefficients before and after the deletion of the i*" observation, respectively, with

DFBETA; =b— by = i=1,2,...,n,

by = (X&)X(i))_lXé)Y(i), where X ;) denotes the ((n—1) X p) design matrix constructed
from the (n x p) design matrix X but with the i*" row deleted, and where Y ;) denotes
the ((n — 1) x 1) vector of response values where the i*® value is deleted.

Furthermore, according to [Belsley et al| (1980]), a scaled measure for the change in b;
before and after the deletion of the it case, is defined as DFBET AS and is given by the
following formula:

b — b ,
DFBETAS;; = J 70 161 —
s/ (XTX), \/ Zk 1 i
t=1,2,...,nand 7 =0,1,...,p— 1, where 3%@') is the estimate of o2, given by:
1
2 T 2
O —— > Y =X b, (2.9)
ki

and cj; is the element in the 4 row and i*" column of the matrix C, defined by
Cc=X"xX)"xT.

For large values of [DFBET AS;j|, the corresponding observed values will have a large

influence in the calculation of b;. [Kutner et al| (2005 gave a guideline that can be used

to identify observations as influential if their corresponding |DFBET AS| value is large
enough. In cases where we have small to moderate sample sizes, a cut-off value of 1 is
suggested and in the case where one consists of a large data set, the cut-off value equal
to 2/4/n is suggested. This latter cut-off value will be discussed in more detail in Section
2.5.0
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2.3.3 DFFITS

Similar to the previous section, the measure of influence discussed here is also based on the
change in the estimated values in a regression model. Specifically, it considers the change
in the fitted values of the regression model before and after the deletion of an observation.
This measure is called DF FIT and is performed by observing how the fit has changed
after deleting an observation. The measure is given by

hi; e;

DFFIT; =Y; — Yy = X;lb— byy] = i=1,2,...,n,
where }Afi(i) is the fitted value obtained from the regression model where the i*" observation
was deleted. As in the case of DF BET A, the measure DF FIT needs to be scaled. The
scaling factor proposed by |Belsley et al.l (Il980|), is the standard deviation of Y;, given by
o+v/hi;. Therefore, the scaled DFFIT is

1
h“ 2 e:
DFFITS,; = ki : , i=1,2,...,n, 2.10

<1 — hu> S(i)\/ 1 — h“ ! " ( )

where s%i) is defined as in (2.9). We can also look at these scaled differences for when some

observation other than the i one has been deleted (we could, for example, delete the k"
observation and compare Y; to Y;(k)), however the measure DFFITS; presented above

is sufficient for measuring influence (Belsley et al) [1980). The other scaled differences
only needs to be investigated in cases where |DFFITS;| is large (Belsley et all] [1980).
Again, [Kutner et al] (2005) gave some suggestions that can be used as cut-off values for
the |[DFFITS)|. For small to moderate sample sizes, [Kutner et al| (2005) suggested using
1 as the cut-off value, just as in the case of DFBETAS, and when you have a large data
set, the cut-off value 2/ \/]% is suggested. The latter cut-off value will also be discuss
further in Section 2.3.61

2.3.4 CovRatio

The CovRatio measure is once again based on the idea of deleting an observation and
then measuring the change in some value. In this case, the change that is measured is
in the covariance matrix of the coefficient estimates, which make use of leverages, h;;,
as well as the regression residuals, e;. Two other forms of the regression residuals are
also used in the C'ovRatio measure namely, the standardized residuals and the studentized
residuals, defined next. The standardized residuals divides the regression residuals with
their estimated standard error, which are obtained from the variance of the regression
residuals given by

Var(e;) = 02(1 — hig), i=1,2,...,n. (2.11)
The proof of this property can be found in Appendix By making use of , the
standardized residuals can be defined by

€

S\/l — hii’

where s is an estimate for o, and s? is given by

2= 1 PO (2.13)

= i=1,2,...,n, (2.12)
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The studentized residuals on the other hand, have the same formula as the standardized
residuals, but instead of estimating o with s, we estimate it with s(;), as defined in (2.9).
The studentized residual is therefore given by

= — =12 ..n (2.14)
SV 1 — hii
Now, for CovRatio, as already mentioned above, single-case deletion is implemented, but
instead of measuring the change in the regression coefficients or the fitted values, the
change in the covariance matrix of the coefficient estimates of the regression model are
measured. The two covariance matrices before and after deletion of the i** observation,
are given by

—1
AXTX) and o (X[ X))

respectively. To be able to compare these two measures, their determinants are calculated
and then their ratio is taken, i.e.,

det (X (X)) B

det (XTX) ™!

This ratio consists of two matrices which only differ by the fact that one includes the "
observation and the other one excludes it. For this reason, if the ratio is close to 1, the
conclusion can be made that the it" observation has little to no effect on the covariance
matrix and that these two matrices are ‘close’ to each other. However, this ratio is not
useful by itself, since it only includes the two versions of the X matrix and excludes the
estimate of o, which would also change when the i*® observation is removed from the data.

-1
A better ratio, called the CovRatio, makes use of (SQ(XTX)_]L and s%) (XT)X@)) , and

i (@
det <s§i) (X(TZ) X (i)> —1>

det (52 (XTX) 71)

is given by

CovRatio; =

—1

.

o[ (X%e) ) L,

= o , 1=1,2,...,n.
det (X' X)

In the process of finding influential observations using C'ovRatio, we are interested in ob-
servations that have CovRatio; values that (greatly) differ from 1. To determine how much
this ratio should deviate from 1 such that the value is identified as a possible influential
value, another form of the C'ovRatio measure will be used, defined as

1
(Lp_l + iy (1 hii)

n—p n—p

CovRatio; =

(2.15)

The proof of how this form of CovRatio was obtained can be found in Appendix [D] Using
the new form of CovRatio given in (2.15)), together with two extreme cases, the cut-off
values will be obtained for CovRatio (i.e., we obtain the magnitude of the distance of
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CovRatio from 1 that will indicate a possible influential observation).

The first extreme case that will be used is where the studentized residual is ‘extreme’,
specifically, we consider the case where |t;| > 2. In this case, note that h;; has a minimum
equal to 1/n, which will go to 0 as n goes to infinity, producing the following approximate

form for CovRatio: .

2_1\P-
(1+ ';_;)

However, in the extreme case where |t;| > 2, we have the following bound for this value:
1 1

<
NP > D
<1+§;7;) (1+ni_p)

Now, replacing n — p by n in the denominator of the second part of the above expression

CovRatio; ~

CovRatio; ~

(for simplicity), and multiplying out this denominator, we note that

3\* 3 1
<1+> :1+p+0<2>.
n n n

Further, recall that a geometric series is given by:

o0
n 2 1
Za =l4+a+a*+ = —0 la| < 1.
1—-a
n=0
Finally, using the above two results, we can say
1 1 3
~ ~1- 2 (2.16)
1.3 (14 n
tap n
Note that, in our case, a = —%p and that we only have the first part of the geometric

series, since we can conclude that, as n — oo, the terms greater or equal to a? will be-
come very small. From , it can be concluded that an observation with corresponding
CovRatio; < 1 — %p, is possibly influential and further investigation would be necessary.
Note however, that this cut-off value can only be used when n > 3p.

The second extreme case that will be used is where the leverage is ‘extreme’, i.e., hy >
2p/n, and where the studentized residual is at a minimum, i.e., ¢; = 0. In this case, the
bound for the CovRatio becomes

1

(=) 0-%)

and, following an approach similar to the one used to obtain (2.16[), the above expression

CovRatio; >

can be further approximated and reduced as follows:

1 B 1
1 \P 2 - 2
(=) (-%)  (=as) (%)
N 1
e
3
~ 1—|——p.

n
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From this result, it can be concluded that an observation with CovRatio > 1 + Sﬁp might
be influential and needs further investigation. In summary, it can be concluded that all
observations with |CovRatio — 1| > 3p/n are flagged as potential influential observations
and need further investigation.

The last measure of influence for this chapter, which will be discussed next, is called
Cook’s distance. This measure will be used as influential measure in some modern influ-
ential diagnostic methods and two newly proposed methods, that will be discussed in later
chapters. Furthermore, Cook’s distance will form the focus of this dissertation and will
be used in the simulation study as the traditional influence diagnostic method to compare
the results of the modern influential diagnostic methods to, as well as the results of the
newly proposed methods. This measure is again based on investigating the change in the
fitted values of the regression model when deleting an observation from the data set, how-
ever, instead of considering the change occurring in only the ‘one’ fitted value, 371-, Cook’s
distance considers the change in all n fitted values when the i*! observation is deleted.

2.3.5 Cook’s distance

Cook’s distance is a measure of influence that indicates the effect on all the n fitted values
by deleting the i*® observation from the data set, as mentioned above and is defined by

|Kutner et al.| (|2005|D as follows:

where s? is defined as in (2.13)), and )A/] and }A/j(,-) are the j*" fitted values before and after
the deletion of the i*® observation, respectively. Cook’s distance can also be written in
matrix notation as

~ ~ T / ~ ~

(Y—Ym) (Y—Y@))
ps?

b—b;) XX (b— by,

where ?(i) = Xb(;)-

From (2.17)), it is easy to note that Cook’s distance has the same form as the (1—a)x100%
conﬁdence ellipsoid of 3, defined bym as the set of all vectors, say b satisfying
the following equation:

AT ~
(b _ b) j;x (b _ b) Ch )

where F}, ;,_p(1—a) is the 1 —a value of the central F-distribution with degrees of freedom
p and n — p. Even though this measure is designed to be used for the difference between
B and b, the above expression also provides a rough measure of the distance between b(;)
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and b in terms of a known probability distribution. Suppose, for example, that Cook’s
distance is approximately equal to F},,—p(0.5). This would mean that b(; is on the 50%
confidence ellipsoid of 3 based on b. Therefore, in this case, when the i*" observation
was deleted, the least squares estimates of the regression coefficients were greatly altered.
From this example it is clear that, when an observation has a large Cook’s distance value,
it indicates that that observation has a great effect on the estimate of 3 and is probably
an influential observation. The way is which the effect can be measured then, is by com-
paring Cook’s distance to the central F-distribution with p and n — p degrees of freedom,
and obtaining the corresponding percentile value of the F-distribution corresponding to
the calculated value of Cook’s distance. This is the same as saying that we are searching
for the level of the confidence ellipsoid with center value equal to b, that passes though
b(;). For non-influential observations, one would expect that the Cook’s distance would
stay within the 10%, or at least the 20%, confidence ellipsoid of 3. According to
, a good cut-off value for Cook’s distance is the 50% probability value of the
F-distribution with p and n — p degrees of freedom, i.e., the median of this distribution,
denoted by F}, ,,—,(0.5). [Cook and Weisberg| (1982)), on the other hand, suggested a much
simpler cut-off value for Cook’s distance, namely, 1. For a Cook’s distance value greater
than 1, [Cook and Weisberg] (1982]) state that this value corresponds to a distance between
b and b(;), which is greater than the 50% confidence region.

From the formula of Cook’s distance given in , it seems that it would be neces-
sary to refit a regression model for each time a different observation is deleted, which
would result in an exhaustive number of calculations needed for finding influential obser-
vations in the data set by making use of Cook’s distance. This is not the case though,
since Cook’s distance can be written in the following simplified form:

DZ:TZ'2< fi ) i=1,2,...,n, (2.18)
p \1—hi

where r; are the standardized residuals (as defined in )7 p is the number of coefficient
parameters in the linear regression model, and h;; are the leverages. The proof of how this
formula is obtained can be found in Appendix [E] Note now, that Cook’s distance depends
only on three elements, namely, r;, p, and h;;. Therefore, Cook’s distance will have a large
value for an observation ¢, when either its corresponding standardized residual value is
large or its leverage value is large.

In Sections to we have discussed various measure of influence, but we have
only discussed cut-off values in detail for the leverages (see Section , CovRatio (see
Section , and for Cook’s distance, as can be seen above. In the section that follows,
we will give attention to the cut-off values for those measures of influence that was not
discussed yet, or that was only mentioned, as well as explanations why they are chosen
the way they are.
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2.3.6 General methods for finding cut-off values for measures of
influence

In this subsection, two methods proposed by [Belsley et al.| (1980] that are used to decide

on suitable cut-off values for influence diagnostic measures will be discussed. The first of
these methods will be used to explain how the cut-off values of DFBET AS and DFFITS
are commonly and traditionally obtained (given in Sections and respectively),
whereas the second method is given as a possible alternative method for finding these
cut-off values. These two methods are: External scaling and internal scaling.

External scaling According to [Belsley et al| (1980)), external scaling is defined as the

method that calculates cut-off values using properties known in statistical theory. Mea-
sures like DFBETAS and DFFITS for example, all use appropriate estimated standard
errors as a scaling factor. Furthermore, when the Gaussian assumption holds, these es-
timated standard errors are stochastically independent of their corresponding influential
measures. In these cases a good starting point is to compare the magnitude of the influ-
ential measures’ values with two (i.e., if any observation consists of an influential measure
with absolute value larger than two, that observation is seen as a possible influential obser-
vation). Cut-off values chosen in this way, are defined as ‘absolute cut-offs’. Even though
DFBETAS and DFFITS are directly based on the sample size, absolute cut-offs can
be used for them as well. This is because of the fact that it would be a strange event if
the deletion of an observation from a data set with sample size 100 or more, results in
a change in some estimated statistic that is greater or equal to two standard errors. For
leverages and C'ovRatio, on the other hand, absolute cut-off values cannot be used, since
they have not been scaled by some standard error.

For some influential measures it is sufficient to have cut-off values that do not directly
depend on the sample size. However, in other cases, a method might be needed which
obtains cut-off values that reveal, regardless of the size of your sample, roughly the same
proportion of possible influential observations. These type of cut-off values are called
‘size-adjusted cut-offs’. A suitable size-adjusted cut-off value for DFBET AS can be ob-
tained by making use of a special form of DFBETAS, obtained in the case where the
linear regression model only includes the intercept term. For this special case, hy; = 1/n,
¢ji = 1/n, and therefore, DFBET AS becomes:

DFBETAS; = ﬂ. (2.19)
(TL — 1)8@')
From , it is clear that DFBETAS; would decrease as the sample size increases.
The size of this decrease DFBET AS is proportional to y/n and therefore, a suitable size-
adjusted cut-off for DFBETAS would be given by 2/y/n. The same can be done for
DFFITS. First note that, since the leverages add up to p, in the case where you have a
perfectly balanced design matrix, we have that h;; = p/n for all i = 1,2, ..., n. Replacing
hi; with p/n in (2.10), the DFFITS measure is given by

DFFITS; = t; | —2—, (2.20)

n—p
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where t; is the studentized residuals given in . Therefore, from it is clear that
after replacing n — p with n (for the sake of simplicity), the size-adjusted cut-off value
for DFFITS is 2\/]9/7. Note that these two cut-offs are based on a number of model
assumptions that would not necessarily hold for all models in practice.

Internal scaling The second method proposed by [Belsley et al|(1980)), is internal scal-

ing. When the influence diagnostic measures are calculated, a series of values are obtain.
In the case of DFFITS, for example, a series of size n is obtained and for DFBETAS,
a series of size p — 1 is obtained. Now, according to [Belsley et al.| (1980)), internal scaling

is defined as the method that flags observations as influential by looking at the weights of
their corresponding diagnostic measure’s value relative to the other values in the series of
the diagnostic measure. Internal scaling is therefore a method used for obtaining cut-off
values by calculating its series of values and using them to determine the extent in which
an observation shows itself as influential relative to the other observations. The way in
which this is done is by calculating the sample inter-quartile range, qgr, of the series of
values obtained from the diagnostic measure. A cut-off value that can be used for the

diagnostic measures, as proposed by 11977), is Tqr/2.

Since the measures of influence discussed in this section have cut-off values based on large
sample theory and a number of other restrictive model assumptions, it might happen that
these measures give faulty results. In cases where the sample size is small and the data
are skewed for example, the large sample conditions are not met. In similar cases, a better
choice for cut-off values would be to calculate them by making use of the true distribution
of the influential diagnostic measure or even an approximation for this distribution. In
Chapter [ modern methods based on this idea will be provided, and in Chapter [ new
and improved methods based on this idea, will be investigated. These methods mostly
make use of resampling methods and therefore, in the next chapter, a brief discussion will
follow on resampling methods.



Chapter 3

Resampling methods for linear
regression

Recall that the focus of this dissertation is to determine appropriate cut-off values for
the measures of influence discussed in Chapter and so a major focus will be on ap-
proximating the sampling distribution of these measures (specifically we will primarily
consider Cook’s distances). Since approximating distributions of complex statistics is one
of the main goals, the bootstrap will play a very important role in this discussion. In this
chapter we will provide a basic outline of the bootstrap methods as given by
[Tibshirani (1993) and [Davison and Hinkley] (1997) (among others), that will be required
for later sections. We first start with some important bootstrap notation that will be used
throughout this dissertation after which a brief discussion of the EDF will be provided.
Next, the plug-in principle will be discussed (an important aspect used in the bootstrap),

followed by the methodology used to practically implement the bootstrap to perform sim-
ulations. In this latter section, we will provide an example in the form of an algorithm,
where the quantiles of the distribution of a statistic are estimated using the bootstrap.
The last three sections are the most relevant to this dissertation and include information
about the application of the bootstrap to the linear regression model, the jackknife, as
well as the jackknife-after-bootstrap (JaB) method that will be used in Chapters {4 and
For more detailed theoretical information about the bootstrap, see and

fnd T (1975).

3.1 The bootstrap

According to[Efron and Tibshirani] (1993)) and (Varian] [2005]), the bootstrap is a computer
based method that uses quick and easy resampling methods to assign measures of accu-

racy to statistical estimates, and it obtains approximations of the distribution of many
statistics. Not only is the bootstrap method quick and easy to implement,
stated that bootstrap estimators are often desirable as they typically outperform tradi-
tional normal approximations in many cases, for example where the sample size is small

or where model assumptions cannot be met.
The main idea behind the bootstrap is that it tries to reproduce the process of sampling

18
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from the true distribution function, F', that produced the given sample data. However,
instead of sampling from F', the bootstrap method makes use of the plug-in-principle (see
Section to samples from F instead, which is an estimate of the true distribution
function, F. There are many different choices for ﬁ, but the most common one, and
also the one that will be used in this dissertation, is the empirical distribution function
(EDF) of the sample data, denoted by F,, (this distribution function will be discussed
in Section . Note that the resulting sample obtained by sampling from F will be
called a bootstrap resample. If a statistic is then calculated from data obtained from ﬁ,
the core idea underpinning the bootstrap method is then that this statistic’s distribution
would be close to the distribution of the statistic obtained when the data were generated
from F. By repeating the process of sampling from F , calculating the statistic of interest,
and noting the values of each of these statistics calculated in this way, one can obtain an
approximation of the distribution of the statistic.

3.1.1 Bootstrap notation

We will now formally define some of the notation that will be used throughout this chap-
ter. Let X = {X1,Xs,...,X,}, with X; € R¥, 4 = 1,2,...,n and k > 1, denote a
random sample that was drawn independently from an unknown distribution function,
F. When a bootstrap resample is generated from the data set X, it will be denoted
by X* = {X7,X3,...,X}. This bootstrap resample can also be defined as a sample
drawn independently from an estimator of the true distribution function F. The estima-
tor for the function F' is then denoted by F and, in many cases, is chosen as the EDF,
denoted F,, (this distribution function will be discussed in the next section). Through-
out this chapter, population parameters will typically be defined using Greek letters, for
example , and their corresponding estimates will often be represented using the same
symbol, but with an added hat to the parameter, i.e., 0. Lastly, if the bootstrap resample
X* = {X],X5,...,X}} is used in the calculation of a bootstrap statistic, this statistic
will then be denoted by 6*.

3.1.2 The empirical distribution function (EDF)

As mentioned earlier, the EDF serves as an estimator of the true distribution function F
and can be used to generate bootstrap resamples. Furthermore, the EDF depends only on
the sample data, which makes it a non-parametric estimator. Suppose, for example, that
you have an observed univariate random sample, X = {X;, Xo,..., X,,}, that was drawn
from some unknown distribution function F'. The EDF, F,,, is then defined as a discrete
function that assigns equal probability to each observation in the sample. According to
[Davison and Hinkley| (1997)), the EDF is defined as follows:

Py(x) = % SO I(X: < ),
=1

where I indicates the indicator function defined as

1(A4) = { 1, if A occurs

0, if A€ occurs.



CHAPTER 3. RESAMPLING METHODS FOR LINEAR REGRESSION 20

Note that sampling independently from F},, is equivalent to sampling with replacement
from the sample data X = {X1, Xo,..., X, }.

Next, we will discuss the plug-in principle, which is a very important tool used in the
bootstrap, since the plug-in principle is directly applied when the bootstrap estimates
properties of some statistic, 6.

3.1.3 The plug-in principle

The plug-in principle is a simple method that can be used to estimate population pa-
rameters. Suppose we want to estimate some parameter § defined as a functional of an
unknown distribution function F', that is, define § = ¢(F'). The plug-in principle is then
performed by applying the same functional, ¢, to an empirical estimator for F, ﬁ, where
we typically choose F= F,,. Formally, the plug-in estimator for 6 is defined as

~

0 = o(F).

(2003)) provide the following schematic representation of the bootstrap and its im-
plementation of the plug-in principle to explain these concepts:

Real world Bootstrap world
F—X = F — X~
Lo Lo
0 O, 0, 0

Figure 3.1: s (2003)) schematic representation of the plug-in principle.

On the left hand side of Figure F' is some unknown probability structure from which
the sample X = { X1, Xo,..., X} was sampled. From X, we can then calculate the statis-
tic 5, which is an estimate of some true population parameter . We define the left hand
side of the representation above as the ‘Real world” and the right hand side as the ‘Boot-
strap world’. In the Bootstrap world, F is an estimate of the true distribution function F
from which the bootstrap samples, X* = {X}, X5,..., X}, can be drawn. Lastly, using
this bootstrap sample, the statistic 9* can be calculated. If the probability structure was
known in the Real world, we would have been able to calculate the unknown population
parameter, #, and obtain the distribution of the statistic 0. This is all possible in the
Bootstrap world though, since here, the probability structure is known. The bootstrap
therefore shifts from a world where the probability structure is unknown (the Real world),
to a world where it is known (the Bootstrap world) and then uses the information obtained
in the Bootstrap world to estimate similar elements in the Real world. The way in which
the bootstrap shifts between worlds is by applying the plug-in principle. Once the shift
has occurred, one is able to determine the distributional properties of the statistic 5*, and
the results obtained in this way can be used as estimates for corresponding elements in
the Real world.

The plug-in principle can therefore be implemented in the following way: Suppose F
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is the unknown distribution function and F is chosen as F,,, the EDF of the data set
= {X1,X2,..., Xy}, sampled from F. Suppose also that the unknown population
parameter 6, is some functional of F', that is,

0 =@(F).

To estimate this parameter, we can use the plug-in estimator, which is obtained by directly
applying the plug-in principle as follows:

~

0= SD(Fn)

Applying the plug-in principle again, we shift from the real world to the Bootstrap world
to estimate the statistic §. This will be done as follows:

0" = p(F}),

where F}' is the EDF of the resampled bootstrap sample X* = { X7}, X5,..., X}

Now that we know how the bootstrap works, we will discuss the basic implementation
of the bootstrap in the next section, followed by a discussion on how the bootstrap can
be use in linear regression in Section

3.1.4 The basic implementation of the bootstrap

The way in which the bootstrap estimates the properties of some statistic 0 is by making
use of the idea that, in the Bootstrap world, it is accepted that the observed sample data
is the whole population. A sample, X* = {X7, X3,..., X'}, is then drawn independently
from F,, (the true population distribution function in the Bootstrap world), and will be
referred to as a bootstrap resample. From this bootstrap resample, the bootstrap statistic
can be calculated, denoted by 9*. The process of generating a bootstrap sample and calcu-
lating a statistic from this samples is then repeated B times to glve B bootstrap replicates
of the statistic, 9* that is, we have the B replicates 9 92, .. 9* . These replicates can
be used as an approximation to the distribution of the bootstrap statistic 6% as B — oo.
In turn, this approximation can then be used as an estimate for the true distribution of
the statistic 6.

As an illustration of the implementation of the bootstrap, the following example is pro-
vided: Suppose we are interested in using the bootstrap to estimate the a-quantile value,
G, Of the distribution of the statistic 8, defined as P(a < ¢a) = a. Applying the plug-in
principle, we obtain the bootstrap estimator, g,, defined as P*(é\* < Qo) = «, where P*(+)
denotes the ‘bootstrap’ probability operator and is simply defined as the conditional prob-
ability P*(-) = P(- | X1, Xo,...,X,,). According to (2001)), the estimator g, can
then be approximated using the following algorithm:
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Algorithm 1 Approxzimating the bootstrap estimate of q,
1. Suppose we have the observed data set X = {X3, Xo,..., X, }.

2. Sample n observations with replacement from X to obtain the bootstrap sample X* =
(X1, X3,.... X0}

3. Using the bootstrap sample X, calculate the statistic 0*.
4. Independently repeat steps 2 and 3 B times to obtain 5}‘, 5;, . ,5*3.
5. Sort these bootstrap replicates to obtain the order statistics tz)\T:B < @\;:B <...< A*B:B.
6. The desired quantile is now given by:
(YJC,B = ::Ba
where
a=|B xa.

3.2 The bootstrap in linear regression

In later chapters, we consider a bootstrap-based method proposed by [Martin and Roberts|
(2010]) for finding an approximation to the distribution of Cook’s distance in order for us
to obtain more appropriate cut-off values than those proposed in the previous chapter. In

cases where data are non-normal or when data sets are very small for example, the new
cut-off values based on the approximated Cook’s distance will potentially perform better
than the traditional cases in the process of identifying influential observations. In order
for us to obtain such an approximation, an important step is to apply the bootstrap to
regression models. In this section, two commonly used methods will be discussed for this
purpose namely, ‘residual-based resampling’ and ‘case-based resampling’.

3.2.1 Residual-based resampling

The first method that we will consider is a model-based method that makes an assumption
about the form of the relationship between the expected value of the response variable
and a number of covariates. This method, called the ‘residual-based’ method of bootstrap
resampling, also makes an additional assumption that the covariates are fixed from one
sample to the next. To introduce the concepts, consider the multiple linear regression
setup as defined in where we have a fixed (n x p) design matrix X and a (n x 1)
random vector Y = [Y1,Y5,...,Y,]", with the values Y7, ...,Y, defined by the regression
function
Yi=00+ b1 Xix + -+ Bp1Xip1+ e,

and where €1,...,&, is a sample from some unknown distribution function G. The first
step towards generating bootstrap samples of the response variable would be to estimate
the distribution function G, and good estimate for it would be to use the EDF of the
regression sample residuals, which are defined as in . This can easily be done, since
we are able to obtain the least squares estimates of the regression coefficients for this
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model. According to |[Davison and Hinkley| (1997)), the following modified form of the
residuals can be used as well:

&%
1—hy
where h;; is defined as in (2.7). [Davison and Hinkley] (1997) state that these modified

residuals are a better option in practical use, since their variances agree with the variances

T =

of €;. Lastly, since we assume that the error terms, ¢;, have expected value equal to 0 in
this model, the EDF of the residuals must also have a zero mean so that we mimic the
property of the errors when drawing the bootstrap samples. This can be accomplished by
centering the residuals as follows:

e=e—1¢, (3.1)

where

e =

S|

n
Zei and 1=[1,1,...,1]".
i=1

Note that for the case where ordinary least squares is used with the multiple linear re-
gression model in , we have that € = 0, and so, for this case we may use either
the centered or un-centered residuals for this procedure. The EDF of these residuals is
now used as an estimate for GG, and is denoted by G,,. From this estimated distribution,
bootstrap resamples can be obtained by sampling independently from G,,, which is the

same as sampling with replacement from €1, €s,.. ., €,, and the resulting bootstrap sample
residuals are denoted by €7,€3,...,€:. The bootstrap sample of response values can now

be obtained by making use of the following expression
Yi*:b0+b1Xi]_+"'+bp—1Xi,p—]_+a!<7 1=1,2,...,n,

where b = [bg, b1, ...,b,—1] " are the ordinary least squares estimates of 8 = [3o, B, - ..,

Byp-1]" as given by (25).

Now that we have these bootstrap samples it is possible to estimate the properties of
various statistics related to regression. For example, it is possible to estimate the dis-
tributional properties of the least squares estimators of the regression parameters. By
applying the method of least squares on the observed covariates X and the bootstrap

sample, Y* = {Y{*Y;,...,Y*}, one can obtain a vector of bootstrap regression coeffi-
cients, denoted by
b =(X'X)!xXT vy (3.2)
(px1) (pxp)  (pxn) (nx1)

Using these bootstrap statistics we can estimate the distributional properties of b. In
the following algorithm, we illustrate how to approximate the bootstrap estimate of the
sampling distribution of the elements of b, using the residual-based method:
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Algorithm 2 Approximating the bootstrap estimate of the sampling distribution of the
elements of b using the residual-based method

1. Suppose we have the following observed data set: Y = [Y1,Ys,...,Y,]" and fixed (n x p)
design matrix, X.

2. Calculate the estimate of the regression coefficient vector, 3, by applying the method of
least squares. We now have, b.

3. Calculate the residuals using the following expression:

e=Y — Xb.
Therefore, we have e = [e1,ea,...,e,] .

4. Obtain the centered residuals € = [€1,€3,...,,] ", as shown in (3.1)). We now have G,,, the
EDF of these centered residuals.

5. Sample independently from G, to obtain the bootstrap residuals, denoted by € =

CRC RN

6. Determine the bootstrap sample Y* = {Y* Y5*, ..., Y.*}, using the following:
Y*=Xb+e"

7. Calculate the bootstrap estimate of the vector b, denoted by b*, as defined in (3.2)).

8. Independently repeat steps 5 to 7 B times to get bootstrap replicates of b*, denoted by

1,b5,...,by, which is then an approximation to the sampling distribution of b.

3.2.2 Cases-based resampling

The cases-based resampling method differs from the residual-based resampling method
in that, when using the residual-based method, interest lies in the estimation of the er-
ror distribution, whereas now interest lies in estimating the joint distribution of (X;,Y;),
where X; € RP, i = 1,2,...,n, are (p x 1) vectors denoting the i*® row of the (n x p)
design matrix X. Therefore, this approach makes no model based assumptions about the
form of the relationship between the expected value of the response and the covariates,
but assumes that both the response and covariates are random variables. The cases-
based method therefore generates bootstrap resamples, (X7, Y, (X3, Y5), ..., (X}, Y),

by sampling with replacement from the pairs (X;,Y;), i = 1,2,...,n (Freedman} [1981]).

As before, when the bootstrap resamples are obtained, one can calculate the distribu-
tional properties of the various statistics related to regression. For example, applying the
method of least squares on these bootstrap resamples, one can approximate the estimated
distribution of b. This procedure can be summarised in the following algorithm:
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Algorithm 3 Approximating the bootstrap estimate of the sampling distribution of the
elements of b using the cases-based method

1. Suppose we have the observed data set T1 = (X1,Y7), T2 = (X2, Y2),...,Tn = (X, Yy).

2. Sample with replacement from 7Ti,75,...,7,, to obtain the bootstrap resamples
5, T5,...,T;

) n*

3. Applying the method of least squares to the elements of 17,75, ...,T," we can obtain the
following bootstrap statistic:

b* _ (X*TX*)—l X*T Y*

(px1) (pxp) (pxn) (nx1)

4. Independently repeat steps 2 and 3 B times to obtained the bootstrap replicates
by, b5, ..., by, that can be seen as an approximation to the distribution of b.

In the next section, an important method will be discussed which will be implemented in
some of the influence diagnostics methods used in this dissertation. This is the jackknife-
after-bootstrap method, but before it can be explained, we will need some information
about the jackknife method, since the jackknife-after-bootstrap method implements the
idea of the jackknife method on a bootstrap approximation to an estimator. The jackknife
will therefore be discussed in the next section first, then followed by a discussion on the
jackknife-after-bootstrap.

3.3 Jackknife

The jackknife is presented here as an alternative method to the bootstrap when one is
interested in estimating a statistic’s bias and standard error, however the main concept
that needs to be introduced in this section is the manner in which new samples are formed
by deleting single observations from a data set.

The basic procedure for estimating the bias and standard error of a statistic using the
jackknife, starts by obtaining jackknife samples which are constructed by deleting a single
observation from the data set; one for each separate jackknife sample. From a data set
X = {X1,Xs,...,X,}, the i* jackknife sample will have the following form:

X(Z) = {X17X27"'7Xi—17Xi+17"‘7Xn}7 i = 1,2,...,77,,

i.e., this new jackknife sample is formed by simply deleting X; from the original sample
X1, Xo, ..., X,. Note that a total of n jackknife samples will therefore be obtained in this
way.

For each of the jackknife samples X ;),i = 1,2,...,n, the statistic of interest is calculated
to further obtain the n jackknife replicates. Suppose for example the statistic that is
investigated is 8, then the jackknife replicates of this statistic are given by

~

Oy = 0(X1, Xo, .o, Xic1, Xig1, -, Xn), 0= 1,2,...,m.
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From these jackknife replicates, the jackknife estimates of bias and variance of 9 can be

obtained using the following two formulas, respectively, as given by [Efron and Tibshirani|

@):

biasjaer = (n — 1) (5(.) - é\n) ,

- 1 <~
O = Y,
=1

where

and

n—1 2
~2 - o Ny
Glack = ——— > (9@) - 9<.>) :
i=1
Note also that the jackknife can be extended to a delete-d jackknife where, instead of
deleting a single observation at a time from the original data set to obtaining the jackknife

samples, d observations are deleted. More on multiple-deletion jackknife methods can be
found in [Hinkley] (1977)), [Shao and W] (1989)), [Wul (1990)), and [Politis and Romano] (1994)).

Since our focus for this dissertation is not on estimating the bias or the variance of a
statistic, but rather on finding quantiles for the statistic using the jackknife-after-bootstrap
method, we will not go into further detail on the jackknife method, however the ideas dis-
cussed here (specifically the concepts related to the deletion of observations) are useful
for these further discussions. For more information on the jackknife, see also [Quenouille

(1949) (the paper that first proposed the concept of the jackknife), (1958]) (the pa-
per that extended the concept to include standard error estimation), |Gray and Schucany]

(1972)), and [Miller] (1974).

3.4 Jackknife-after-bootstrap (JaB)

In this section, we are interested in finding a way in which the jackknife can be applied to
bootstrap estimators, for example, Var*(g;kl). This is not an easy task, since the jackknife
idea of deleting the observation X; from X1, Xo, ..., X, to form jackknife samples, is much
more complex when one has to make use of bootstrap resamples. Therefore, in this section
we will primarily focus on this concept of deleting a single observation from the bootstrap
resamples. This concept is naturally very useful in the context of linear regression di-
agnostic methods since many of the influential diagnostic statistics involve case-deletion
methods in their calculation. These concept will be explained using an example where we
apply the jackknife to estimate the variance of the approximate bootstrap estimate of the

quantile g 5 (as calculated in Section [3.1.4)).

Suppose we have the data set, X = {X1, Xs,..., X, }, and we applied the bootstrap to
this data set in order to approximate the estimate of the a-quantile, ¢, i.e., cY(a), of the
distribution of the statistic 8. In Section we found that this bootstrap approximation
was given by

~%  __ %

qa,B — Ya:B>
where 5}‘:3 < é\;:B <. < g*B:B, and

a=|BXxal.
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In some cases, one might then further be interested in determining the uncertainty in the
bootstrap approximation, qA; p- A way in which this can be done is by making use of
a double bootstrap procedure to determine the variance of qAO’j - Alternatively, one can
apply the basic idea of the jackknife to estimate this variance based on these bootstrap
quantities, which is done by making use of the jackknife-after-bootstrap method.

If the jackknife is to be used for this purpose, one would need to calculate the bootstrap
estimator (’]\;7 p based on a set of bootstrap resamples where the ith value was deleted. Let
b; denote the number of bootstrap samples that do not contain X; generated in this way.
Note, however, that the approach followed here will not involve first deleting the i** value
from Xy, Xo,..., X, and then resampling. Instead, the jackknife-after-bootstrap method
that will be used begins by first generating a complete set of B bootstrap resamples and
then employs the jackknife idea of case-deletion by separating these bootstrap samples into
n sets such that the i*" set of bootstrap resamples does not contain the i*" observation
from the original sample. In the end, the bootstrap statistic replicates obtained from the

~

bootstrap resamples that exclude the i*" observation, denoted 06) I j=12...b; are

used to approximate the bootstrap estimator

~
*

a;,bi = H(z’),a:bi’
A* A* A*
where 6 1.5, < 0600, < = 0 b, 204
a= b xa,

fori=1,2,...,n.

The approximated estimators, Z]\;,bl,a\;’by cee Zj&bw can be seen as jackknife replicates, as
they are each calculated without the influence of one of the original data values. When
the statistic 6 is then calculated for each of the b; bootstrap resamples not containing the
ith observation, the bootstrap distribution of 96) is approximated. We can therefore apply
the jackknife after the implementation of the bootstrap (hence the name jackknife-after-

bootstrap) to estimate the variance of this quantity, i.e.,

— s n—1 = ~% o~ 2
Varjack (qa’B) - ( n > Z (qa,bi - qa,b.))

=1

where
. 1
Qabe = — E Goub; -
n -
=1

Remark 3.1. According to|Davison and Hinkley (1997), the number of bootstrap resamples

that will not containing the i observation is approzimately b; = Be™' ~ 0.368B, where
B is the total number of bootstrap resamples generated. This can be seen from the fact
that, since the probability that any single bootstrap resampled value is equal to X; is %,
i.e., P(X] = Xj) = %, it stands to reason that the probability that the i observation is

excluded from an entire bootstrap sample is given by (1 —n~H" — e~! as n — oco.
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This process of using the jackknife-after-bootstrap method to calculate the variance of the
bootstrap approximation of the estimate of the a-quantile, g, i.e., qA(a), of the distribution
of the statistic, gn =0 (X1,X2,...,X,), is summarised in the following algorithm as briefly
described in [Efron and Tibshirani| (1993):

Algorithm 4 Jackknife-after-bootstrap estimate of the variance of the bootstrap estimate
of the a quantile of 0, qq

1. Given the observed data set X = {X1, Xa,..., X, }, sample n observations with replacement
from X to obtain the bootstrap sample X* = {X{, X5,..., X}

2. Independently repeat step 1 B times to get B sets of resamples:

X; = {Xi, X5 X} ()
X; = {Xi.X3..X} (@)

X3 (X1, X5,.... X, (B)

3. Let C; denote the set of indices of the bootstrap resamples that do not contain the
i*™® observation, X;. The number of indices in C; is then denoted b;. Then calculate the
bootstrap statistic

~

0y, = 0X]), jeC

We now have the bootstrap replicates 5;;.)’1, @E‘i)g, ceey égﬂi)’bi. In terms of their order statistics,

*

we have: é\’(ki)Jibi < @\Eki),zzbi <L 9( . Repeat this step for each i = 1,2,...,n.

i),bilbi
4. Calculate the a-quantile when the i*" value is deleted as follows:
a\;,bi = 0z<i),a:bi7
where a = |b; x . Do this step for all observations i = 1,2,...,n.

5. Finally, estimate the jackknife variance over all the quantiles obtained in step 4:

_ R 1\ & R
Varjgck (q;,B) = <n > Z (q(;k,bi, - q(;k,b.)27

n :
=1

where

_ 12” _
Ga,be = E 4 Gob; -
=1

The reason why this jackknife-after-bootstrap method works is because of the jackknife-
after-bootstrap sampling lemma from (11992]):

Lemma 1. An i.i.d. sample of size n from the EDF of the sample X1, Xo, ..., X;_1,
Xit1s -+ Xn, denoted F,,_y (), that is, the sample
idd. ok ok ¥
Foro) ™ (X1, X5,...,X))
has the same distribution as a bootstrap sample from the EDF of the full sample data,
denoted Fy,, that is, the sample,

F, " (X1, X3, XD,
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when none of the X; values in this sample are equal to X;.

Since all of the necessary theory of resampling methods was given in this chapter, we will
now provide modern influential diagnostic methods that are based on resampling methods
in the next chapter. Additionally, in Chapter [5] two new methods for the detection of
influential observations will also be provided, one based on two resampling methods that
will be discussed in the next chapter, and the other one based on a simple approach for

estimating the sample distribution of Cook’s distance.



Chapter 4

Modern influential diagnostic
methods

As explained in the introduction chapter, we will now introduce modern methods for in-
ference for various measures of influence in a regression model. These methods include
simulation based methods that already exist in the literature. What follows in this chapter
is the necessary motivation and theory for these methods.

Classic influential measure, such as Cook’s D, DFFITS and DFBETAS, have complex
distributions. Therefore, finding cut-off values for these measures based on their sampling
distributions can be very difficult. In the literature it is common to make use of rules
based on large sample theory to determine these cut-offs rather than using their sampling

distributions (see, for example, [Belsley et al) [L980). These large sample cut-off values,

however, are typically based on the assumption that the underlying error term is normally
distributed. In scenarios where the sample size is much bigger than the number of predic-
tors and the errors of the model used are normally distributed, these cut-off values will
work well, but in many scenarios, this conditions is not met, leading to cut-off values that
give faulty results. For this reason, other methods have been developed for the purpose of

identifying influential values, see, for example, [Martin and Roberts| (2010 and [Marubini|
[and Orentil (2014)).

In the next chapter, an improved method will be proposed for the detection of influential
observations which will be based on bootstrap critical values of the classic influence di-
agnostic measure, Cook’s distance. This new method is based on the combination of two
methods already in the literature, one attributed to [Martin and Roberts| (2010) and the
other to [Roberts et al| (2015]). The first method by [Martin and Roberts| (2010)) is used
for finding bootstrap based cut-off values for a specific regression influence statistic by

approximating the sampling distribution of the regression influence statistic. This data
dependent cut-off value is then used in the same way as the large sample cut-off values that
are traditionally used in this context. However, since multiple observations can be influen-
tial at once and have an influence on each other, an improved method for influence value

detection was also separately developed by [Roberts et al| (2015)) to overcome problems

like masking and swamping. Masking can be defined as the situation where, if one deletes

30
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a set of influential observations in the data, one might find that another observation will
reveal itself to be influential, which was not identified as such before the deletion of the
first observations (i.e., the other observations mask or obscure certain influential cases).
Swamping, on the other hand, occurs when a non-influential observation is flagged as be-
ing influential on the model as a result of the effect of some other influential observations
in the data set (i.e., the other influential observation have the effect of swamping or over-
whelming certain non-influential cases, causing them to be ‘dragged’ over into influential
status). Note, however, that for the sake of simplicity the cut-off values used in the paper

by [Roberts et al.| (2015)) were chosen as the traditional large sample cut-off values.

In an attempt to reconcile these two methods that appear in the literature we will make
use of the method by [Roberts et al.| (2015]), but will determine the cut-off values for this
procedure by making use of the bootstrap based method described by [Martin and Roberts|
. It is hoped that this new combined method will produce improved performance
over either of the two methods. The two methods on which the new combined method is

based will be discussed in this chapter as well as a commonly used method for influential
value detection, namely, the M C? method. In the next chapter we will then explained in
detail the new combined method, and a completely new method based on the approxima-
tion of Cook’s distance.

4.1 Jackknife-after-bootstrap regression influence
diagnostics

[Martin and Roberts| (2010)) created a bootstrap based method for approximating influential

measures’ sampling distributions. From this approximated sampling distribution, cut-off
values can be calculated and used to determine which values in a data set are influential.
Using this method, the cut-off values obtained are then specific to the data set used.

Bootstrap procedures will be used to approximate the sampling distribution of these statis-
tics (and, consequently, the cut-off values) because, while most influential measures have
forms that look very similar to some well known statistics which have known distributions,
none of these influential measure statistics actually have these same distributions. Indeed,
the theoretical distribution of these statistics can be quite complex. For instance, DFFITS
and DFBETAS look very much like t-statistics, and one might be forgiven for thinking
that they are also t-distributed but, neither of them follow this distribution. Similarly,
Cook’s D has the form of an F-statistic, which might leads one to think that it should
have an F-distribution, but the reality is that the distribution is much more complicated.
Traditionally, these problems are overcome by basing the cut-off values on the asymp-
totic (large sample theory) distribution of the statistic, as their finite sample distributions
are theoretically intractable. However, as already mentioned, this can give untrustworthy
results when the sample size is small or when the error term is non-normal. For this rea-

son, the bootstrap method of [Martin and Roberts| (2010]) is a simple alternative method

for finding the sampling distribution of these measures of influence (and thus the cut-off
values) without having to resort to complex theory.
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The model used for the bootstrap method suggested by [Martin and Roberts| (2010)), is the
multiple regression model:

Y = X B8 + € (4.1)
(nx1)  (nxp)(px1) (nx1)

where Y = (Y1,Y5,...,Y,) " are the response variable values, X = (Xy,...,X,)" is the
design matrix with the values for the i*" case given by X; = (1, X, Xig, oo, Xip_1),
B = (Bo,-.. ,ﬂp_l)T are the regression coefficient parameters, € = (e1,¢€9,... ,€n)T are
the random error terms with E(e) = 0, and where E(Y) = X3. In order to draw boot-
strap samples from this data, one approach is to make use of the case-based resampling
method (see Section . The influence measure statistics would then be calculated for
each of these bootstrap samples, and the sampling distribution of the statistic can then
be estimated from the replicated bootstrap statistics. However, a major issue facing this
approach is the fact that one cannot track where the i** case appears in each bootstrap
sample. This is important because these statistics attempt to measure the effect of a single
case on the fitted regression model, and so randomly ‘reshuffling’ values in each sample
in this naive manner destroys the ability of each bootstrap sample statistic to measure
this. However, the case-deletion nature of many of the influence measure statistics (DF-
FITS, DFBETAS, Cook’s D, etc.) directly lend themselves to a ‘jackknife’ methodology.
Therefore, the new method proposed by [Martin and Robertg| (2010]) is based on Lemma
given in Section[3.4] This lemma states that drawing a bootstrap sample with replacement

from x1, xo, ..., Ti—1, Tit1, ..., Ty Will yield the same distributions as when a bootstrap
sample is drawn from 1, x2, ..., z, with none of these values equal to x;. This results in
n sets of bootstrap samples, each one with the property that they do not contain a specific
case 1,1 =1,2,...,n.

The algorithm that [Martin and Roberts| (2010)) suggested, is given as below. Note that
in the simulation study that will later be provided in this dissertation, we will be imple-

menting the JaB method on Cook’s distance.

Algorithm 5 Approximating the sample distribution of an influential measure, 6 using
the JaB method
1. Given the data 71 = (X{,Y1), T = (X5,Ys),...,T, = (X]!,Y,,), fit the multiple re-
gression model to the data set and compute the influential measure chosen, say 0, =
0(i; Ty, Ts, ..., Ty), for i =1,...,n.

2. Independently sample cases from the original data set to generate B resamples of the form
Ty, ...,Tr.

3. This step is the JaB step. In the B resamples generated in step 2, some of these resamples
do not containing the i*" data point, T;. Let b; denote the number of the B resamples
that do not contain T;. For each of these b; resamples, calculate the n influence measures,
0f =0(;;Ty,..., 1)), i =1,2,...,n. To obtain an approximate distribution for 6, for the
it" case, combine the nb; influence measure statistic values that were obtained by the b;

resamples that do not contain the i*? case, into one vector, i.e., the resulting vector will have

nb; elements. Repeat this step for each i =1,...,n.

P.T.O.
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Algorithm 5 Continued . ..

4. For each case, use the vector/approximated distribution calculated in step 3 and calculate
the cut-off value by finding the w'" quantile, where w is some appropriately chosen proportion

value used for the cut-off.

5. Compare the influential measure’s values calculated in step 1 to the obtained cut-off values
calculated in step 4 and make a conclusion about the influence of each observation in the
data set.

Remark 4.1. Another approach for drawing bootstrap samples from a data set, is residual-
based resampling (see Section M) For case-deletion, that was used in the algorithm,
deleting a single data point is very difficult since there are no clear way of doing this when
working with the residual-based method. This would mean that mone of the resamples
obtained from the residual-based method, would have any cases missing. Case deletion
1s not sensible here, since no observation would have a case-deletion diagnostic that is
meaningful to it. Furthermore, since the process of obtaining bootstrap samples from the
residuals, models, which can be potentially be influenced by some observations, need to be
fit. For these reasons, the JaB method could not use the residual-based resampling method.

Remark 4.2. In step 3 of the algorithm, there was mentioned that some value b; of the

B resamples do not contain a specific observation i. According to [Martin and Robertd
2010)), the value of b; is roughly equal to one over Euler’s number, e~'. For this reason,
if we use 3000 bootstrap replications, it would mean that only about 1000 of the bootstrap

samples will not include the i observation from your original data set. This also means
that when using the JaB method, you are going to need about e times more resamples than

in the case of the ordinary bootstrap method.

The aim of this JaB algorithm is to generate a bootstrap estimate of the null distribution
of influential measures where the null hypothesis states that the i** data point is not in-
fluential. To approximate this null distribution, the algorithm only uses those bootstrap
samples that do not contain the i*® observation, thereby satisfying the null hypothesis in
the sampling procedure, as the influence of the i observation in each of the individual
bootstrap calculations is removed. In contrast, by using a naive bootstrap approach where
all of the samples are used (i.e., not only those that excluded the i*" observation), then
the " observation would appear in many of the bootstrap resamples (in some cases, it
would appear more than once). The result is that, if the i observation is highly influ-
ential, then this case will influence the values of the diagnostic measures calculated for
the bootstrap samples and so these values would no longer be representative of the val-
ues that would have been obtained under the null hypothesis. The resulting distribution
would have heavier tails, resulting in higher cut-offs and, ultimately, lead to obscuring the
values that are ‘suspicious’. For these reasons the naive bootstrap is not appropriate and
the JaB method is used instead.

[Martin and Roberts| (2010]) used real data as well as simulations to test their new method

and to compare it with the traditional methods. From their results it was concluded
that, when applied to Cook’s distance, mostly all the cut-off values obtained from the
JaB method were smaller than the traditional cut-offs and were more asymmetric. The
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JaB method’s cut-off values were found to be almost the same as those of the traditional
cut-off values when a big data set was used, but differed greatly when small data sets were
used, or when the error terms were non-normal. This is to be expected since the new
method took the features of the data into account. For this reason, the JaB method does
not flag points unnecessarily as influential if they are a little bit too far in the tails of the
distribution. The result is that this JaB method is able to take the form of the model
and asymmetric data into account (since the distribution is based on the observed data),
and displays good performance for both large and small samples. This is in contrast to
traditional methods which are the same for all models used, can only be applied to nor-
mal data, and typically only work well for larger data sets. However, the JaB method
does suffer from the drawback that it is computationally much more expensive than the
traditional methods; [Martin and Roberts| (2010]) report that a JaB calculation in R with
four covariates and a sample size of n = 50 executed in 2 minutes, whereas the traditional

methods ran the calculation only in a few seconds.

Papers that have already studied the performance of this method include
[Alin| (2013)) and [Dalposso et al] (2016]), and further modifications of the method are dis-
cussed in|[Beyaztas and Alin|(2014]), where a delete-2 jackknife-after-bootstrap is discussed,

[Beyaztas et al] (2014)), where methods involving robust bootstrap confidence intervals are
used, and [Munoz-Pichardo et al.|(2019]), where additional jackknife-after-bootstrap trans-

formations are employed.

4.2 An adaptive, automatic multiple-case deletion
technique for detecting influence in regression

To overcome the problem of masking and swamping in the “Jackknife-after-bootstrap

regression influence diagnostics” article of [Martin and Roberts| (2010)), [Roberts et al
proposed a new adapted method based on an influential measure statistic that
uses multiple-case deletion techniques to find influential observations (called ‘ADAP’).
[Roberts et al] (2015]) notes that single-case deletion methods can fail because if there are
multiple influential observations masking one observation, then that observation could not

be unmasked by only deleting a single observation at a time. This new multiple-case dele-

tion method is based on previous work (see, e.g., [Martin and Roberts] 2010} [Nurunnabil

fet al} [2011} [2014)) and consists of an algorithm which is reasonably quick and easy to

calculate, and is capable of finding an unknown number of influential observations even in
cases where masking is present in the data.

The idea of multiple-case deletion to reduce effects of masking and swamping, as attempted
by the ADAP algorithm, is not a new idea. It was first suggested by [Belsley et al. (1980])
and then later other similar methods where developed (see for example, [Rousseeuw and|
[Van Zomeren| (1990), [Hadi and Simonoff] (1993)), [Pefia and Yohail (1999)), [Pan et al] (2000),
[Becker and Gather] (2001)), [Pefia] (2005]), [Rahmatullah Tmon| (2005) and [Nurunnabi et al]
(2014)). Therefore, many multiple-deletion statistics already exist in the literature, but
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are often hampered by extremely long computational times, since the number of combina-
tions in which 7 > 1 observations can be drawn from a sample of size n can be prohibitively
large. For example, if a subset of j = 10 observations needs to be drawn from a sample
of n = 50 observations, the number of subsets that can be created is 10 billion whereas, if
only one observation needs to be drawn from the 50 observations, only 50 subsets would
be created. Furthermore, to make things even worse, it is often unknown how many obser-
vation must be removed from the data set in order to accommodate settings like masking.

The method by [Roberts et al| (2015 overcomes this problem by proposing a two-stage

approach: the first stage performs an initial cursory check for influential values and the
second stage evaluates each of these values identified in the first stage to confirm the va-
lidity of their influential status.

The method involves model fitting on subsets of the whole data set. [Roberts et al] (2015)
hope that in some of these subsets influential values that mask other observations would

be removed from those subsets, giving the masked observations the chance to reveal them-
selves as influential. Furthermore, this method uses the maximum of a “Cook’s distance”-
like statistic calculated in the subsets and so it only needs a small number of all possible
subsets to be created from a specific setting of the sample size. For this reason, the method
is potentially much faster than other multiple-case deletion methods found in the literature.

The model to be fit for the method proposed by [Roberts et al| (2015) is, once again, the
linear regression model as defined in (4.1]). After fitting the model using, say, ordinary

least squares, subsets are generated by deleting j < n observations from the original data
set such that the subset consists of n — j observations. Denote the set of indices associated
with the observations that were removed by Z = {i1, 2, ...,4;}. For each of these subsets,
the design matrix and fitted coefficients are also determined and are denoted by X 7} and
3{1}7 respectively. Lastly, if an additional observation K is further deleted from the subset

consisting of n — j observations, denote the corresponding fitted coefficients by B{I’ K}

With some of the notation now defined, we now describe the two-stages of the ADAP

procedure proposed by [Roberts et al (2015)), namely the initial check stage and the con-

firmation stage.

4.2.1 Initial check stage of ADAP

We start by defining a modified Cook’s distance that can be used to investigate the influ-
ence of the K™ observation on a specific subset. This “Cook’s distance”-like statistic is
given by:

Biz.xy — Bir) X X(Bizxy — Brry)

ct =
K p52

, Ke{l,2,..n}\{T}, (4.2

where s? estimates o2 and is calculated by fitting the linear regression model on the whole
data set consisting of n observations. This statistic is almost the same as the usual Cook’s

distance statistic when single-case deletion is performed, but [Roberts et al| (2015]) choose

to use the term (X' X)/(ps?) as the scaling element instead of (X{TI}X{I})/(ps%I}). The
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reason for choosing this specific scaling element is to ensure that it is common to all sub-
sets and to facilitate the comparison of the statistic values across the different subsets.

The next step is then to calculate the statistic given in for all n — j observations in
the subset generated. This whole procedure of deleting j observations from the original
data set and calculating the n — j values of C[I( must now be repeated M times, where
M is some reasonably large value, typically 1000 or larger. In addition, let Mx < M
denote the number of times that the K observation occurs in all M subsets generated
in this way, meaning that the value C[I( is replicated M times; denote these values by
C[I(’l,CIIQ, e ,C’IIQMK for K = 1,...,n. These Mg values of C’II< therefore measure the
influence of observation K without the influence of the j deleted observations. Effects
like masking might be reduced here since it is possible that the j observations deleted
from the original sample may be the values contributing to the masking of observation K.
Therefore, in these subsets, observation K would be free from the masking effect of those
observations and will thus have a large C’II( value in that subset indicating the possibility
that observation K is an influential observation.

The ADAP procedure then makes use of the maximum of the Mg C’}Z{ values to determine
if the K™ observation is influential even when it is masked by other observations. The
maximum has a great advantage, because only the largest of the C’II( values (i.e., the one
subset where a masked influential observation is potentially unmasked) would be neces-
sary for identifying a possible influential observation. Unfortunately, the maximum can
also have a big drawback in this calculation. Namely, it can incorrectly identify normal
observations as influential when for example, the cut-off value is too conservative. Another
case where this might happen is when the specific subset’s structure is very different from
the original data set and the j deleted observations cause some non-influential observation
to appear to be influential. This problem is demonstrated in Figure (discussed below).

Note that Figure was created by first plotting 50 observations generated from the
model: Y = 2X + ¢, and then adding two influential observations to the plot, marked by
triangles. Now, suppose j = 10 (i.e., 10 observations need to be deleted from the original
data set to form a subset), and further suppose that the first subset is generated by deleting
the 5 = 10 observations represented by the filled circles in Figure In this case, the
observation associated with the black square in Figure [4.1] would incorrectly be flagged
as influential as a result of the influence exerted by the two influential observations (i.e.,
the triangles in Figure . According to [Lawrence| (1995)), this event is called boosting.
To make sure that the ADAP algorithm does not incorrectly flag some observations as
influential, [Roberts et al| (2015) added a confirmation stage to the ADAP algorithm.
The confirmation stage, discussed next, will therefore reduce effects like boosting and

swamping.

4.2.2 Confirmation stage of ADAP

In the first stage of the ADAP procedure certain observations were identified as being
influential observations and the remaining observations were identified as being ‘normal’.
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Figure 4.1: An example illustrating why the ADAP algorithm needs the ‘confirmation
stage’.

The confirmation stage then uses this classification and splits the data into two separate
sets, one containing the ‘normal’ observations (with index set denoted by C) and the other
one containing possible influential observations (with index set denoted by S, and defined
as S = {K : max(C’II(J, CIZ(,Zf ceey CIZ(’MK) > 1}). These two sets are defined as the clean
set and the suspicious set, respectively. Now, the next step of the confirmation stage is
to evaluate each of the observations in the suspicious set to confirm the certainty of their
influential status. This evaluation is done by adding every observation included in the
suspicious data set individually back into the clean set, one at a time, producing a new
subset for each element of §. The model is then refitted on this newly created clean set
(contaminated by a single suspicious observation) and the coefficients are calculated. If the
coefficients from this contaminated subset only differ a little from the coefficients obtained
before inserting one of the suspicious observations, the assumption can be made that this
specific observation is not really influential. A new “Cook’s distance”-like statistic is used
for this situation, namely the “add-back” Cook’s distance defined as:

Bire —Be) XX (Bire — Be)

cr =
ps?

, KeSs, (4.3)

where the clean set’s design matrix, estimated error variance and fitted coefficients are de-
noted by X¢, s¢ and B¢, respectively and the fitted coefficients calculated after inserting
observation K back into the clean set, is denoted by B4k c.

The final step is therefore to compare the values of C;g, K € S, to the cut-off value
(typically chosen to be 1 in this algorithm). If the value is larger than the cut-off, then
that provides confirmation that the observation is influential, whereas is the value is not
greater than the cut-off, then one might suspect that it is not actually influential, but was
identified as influential in the first stage of the process due to, for example, boosting.
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The two stages of the ADAP algorithm will now be provided in the next subsection,
as well as some additional information on the ADAP method.

4.2.3 Algorithm of the ADAP method
[Roberts et al] (2015)) summarised this two-stage ADAP method in the following algorithm:

Algorithm 6 Implementation of the ADAP method for influential value detection

Initial check stage:

1. From the given data Ty = (X{,Y1), T2 = (X5 ,Ya),...,T, = (X!,Y,,), sample n — j
observations without replacement to obtain a subset with j observations deleted of the
form, {Ty, : h € {1,2,...,n} \ Z}, and where Z denotes the set of indices corresponding

to the deleted observations, i.e., Z = {iy,i2,...,%;}.

2. Use the subset generated in the first step to fit the linear regression model using least
squares and then calculate, for all n — j observations included in the subset, their
corresponding CZ values, h € {1,2,...,n}\ Z.

3. Repeat these first two steps M times to obtain My values of CZ for every observation
K =1,...,n. Denote these values by C’II(J,CIICQ, .. .,CIIQMK for K=1,...,n.

4. For each K = 1,2,...,n, determine the maximum of the My values of CZ obtained
in step 3. These maximum values must now be compared with an appropriate cut-off
value for Cook’s distance. This cut-off value is chosen to be equal to 1 (for simplicity
reasons) by [Roberts et al| (2015). Every observation corresponding to a maximum C%
value exceeding one will then be identified as a possible influential observation.

Remark 4.3. Note that even though maximum values of the “Cook’s distance”-like statis-
tic are calculated in the algorithm, a cut-off value of 1 is used in the algorithm. The choice
to use 1 as the cut-off value is traditionally used for the Cook’s distances for large samples,
but is not a cut-off value for the mazximum values of Cook’s distance. A possible better
choice would be to find cut-off values based on the mazimum Cook’s distance value, rather
than cut-off values based on the ordinary values of Cook’s distance. This approach will be
considered in the next chapter.

Remark 4.4. To further motivate the use of this part of the algorithm, suppose that obser-
vation K is an influential observation. If observation K is the only influential observation
in the data set, it would influence all the subsets which include observation K, resulting in
big values of C’II(. If, on the other hand, there are some other influential values in the data
set too, they might mask observation K. For some of the subsets it might be the case that
observation K would not be seen as influential, leading to small C’II{ values for observation
K in those subsets. In other subsets, it might happen (and|Roberts et al| (2015) hopes that
it would happen) that those influential observations masking observation K are removed
from the subset. In these cases observation K would reveal itself as influential, leading to
large values of CIZ(.
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Algorithm 6 Continued . ..

Confirmation stage:

5. Using the information obtained from the fourth step of the ADAP algorithm, split the
original data set into a clean set (consisting of all observations with maximum C%
value smaller than 1) and suspicious set (consisting of all observations with maximum
CZL value exceeding one).

6. Using both the clean and suspicious data sets, calculate the values of C} for all obser-
vations included in the suspicious set, i.e., for all K € S.

7. For every observation K € S, compare its corresponding C?; value to the cut-off value
of 1. If that C} value is greater than 1, it can be confirmed that observation K
is a suspicious observation. On the other hand, if that C} value is smaller than 1,
observation K is defined as a normal observation and must be added back into the
clean set.

Remark 4.5. For further improvement on the ADAP algorithm, these last three steps
(the confirmation stage) can be repeated until no further changes occur in the clean and
suspicious sets, i.e., no observations are removed from the suspicious set and added to the
clean set. However, this additional modification will not be considered further in this text.

Two very important elements of the ADAP algorithm that need to be specified are M,
the number of iterations needed in the algorithm (also the number of subsets that would
be generated) and j, the number of observations that need to be deleted to form the M
subsets. So, an important matter for the ADAP algorithm is to obtain suitable sizes of
these two elements. In order to investigate this matter, [Roberts et al] (2015) first made
the assumption that d, the number of inserted influential observations, is known. The

aim here is to find the best possible values for M and j, such that all the § influential
observations would be isolated from the rest of the influential observations in at least one
of the subsets. In this way, if one or more of the § influential observations are masked,
they would be free from the influence of the observations masking them. In those few
subsets then, the masked influential observations would have large C’II( values, and would
ultimately be flagged as being influential. [Roberts et al] (2015) stated that the following
Bonferroni lower bounds can be use to test the efficiency of different choices for M and j

in cases where Cook’s distance can identify two influential observations simultaneously:

n—a n—=a4 M
Pg=6x|1- <1 _ (j251) + (0~ 1)(a‘6+2)> — 541, (4.4)

(5)
where we define Pp as the Bonferroni lower bound for the probability that at least one
subset contains at most one influential observation. Using the formula in (4.4),
(2015)) suggested that using j = n/2 and M > 1000 is enough to ensure that the
probability that the procedure will produce at least one subset that contains at most one

influential observation is close to one. This relationship was explored for as many as § = 10
influential values in the data set and n > 100, but still holds up well for n > 30.

Just like the method proposed by [Martin and Robertg| (2010), the ADAP algorithm has
the disadvantage of being more time consuming than traditional methods. In the study of
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[Roberts et al] (2015]), the ADAP algorithm was performed on a data set with n = 100 and
p = 10. For these settings the ADAP algorithm ran roughly 11 seconds. In a second study,

an enlargement was made on the data set and more predictor variables were included such
that n = 1000 and p = 50. In this case it took the ADAP algorithm roughly 3.5 minutes to
run. The time to execute is therefore relatively acceptable, but if speedup improvements
are necessary, methods like parallel processing computation can be implemented for the
ADAP algorithm.

Note that the ADAP method has a few extensions, such as the one by [Wang et al| (2019)),
where it was extended to deal with masking and swamping in high-dimensional regression.

In the next chapter we present an additional extension to the ADAP method that was

briefly proposed (but never investigated) in [Roberts et al.| (2015 see remark 1, p. 410),
where they suggest using the JaB cut-off values developed by [Martin and Roberts| (2010)
in the ADAP algorithm, instead of the cut-off value of 1 as suggested above.

In the next section, we will now briefly discuss a Bayesian method for identifying influential
observations, called the M C? method. This method is introduced here such that, in the
simulation study that will follow in Chapter [0} its performance of identifying influential
observations can be compared to the performances of the other methods in this chapter
and in the chapter that will follow.

4.3 MC? Method

In the literature, there are many ways to perform variable selection and to identify in-
fluential observations, however, most procedures focus on these two aspects separately.
For the method briefly discussed in this section, found in [Hoeting et al.| (1996)), these two
aspects are handled simultaneously.

[Hoeting et al| (1996] suggest a Bayesian approach to simultaneously performing model

selection and influential case identification by making use of Bayesian model averaging
(BMA). The Bayesian approach is based on averaging over all possible models, instead
of only looking at the single best model out of all the possible models. According to

[Madigan et al| (1995]), this approach will give very good predictive results, but has the

drawback of having to compute posterior probabilities for all possible models (i.e., all
combinations of predictor variables and influential observations) to be averaged over, and
therefore, will not be practical when there are a (very) large set of possible models. For
cases like these, [Hoeting et al| (1996) suggested that the Markov chain Monte Carlo
(MCMC) model composition (MC?) method (Madigan et al] [1995) be applied in order
to obtain an approximation to the complete solution of the Bayesian averaging approach,

i.e., an approximation to the Bayesian model average solution calculated over the space
of all possible models. Specifically, the M C? method involves a MCMC to approximate
the posterior distribution of some quantity under investigation, in this case, the Bayesian

model average of all possible models. [Madigan et al| (1995) was the first to propose the
MC? method and later, |Raftery et al.l 1|1997|) altered it for the use in linear regression
models.
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This method has a number of advantages as it has been shown that it is generally able to
avoid the problems associated with masking of influential observations by employing data
screening, where an initial robust technique is first used to obtain a large set of potential
outliers. The method then uses this set of possible influential observations and applies the
Markov chain on it to obtain the set of posterior probabilities of variables being selected
into the model, as well as the posterior probabilities of cases being identified as influential
observations. These posterior probabilities will respectively give an indication on which
set of variables to include in the regression model, and which observations might possibly
be influential. To implement this method in the simulation study that will be provided
in Chapter @ we will be making use of the function MC?3.REG in the R package BMA, as
given in [Raftery et al.| (2019)).

Note that this method is only introduced as a method to be used to compare the perfor-
mance of the other methods discussed in this dissertation. For further theoretical details
on MC3, the reader is referred toMadigan et al| (1995)), [Hoeting et al| (1996]), and [Rafteryl]

) (1909,

In the next chapter, two new influential diagnostic measures will be presented.



Chapter 5

Newly proposed influential
diagnostic methods

Two new influential diagnostic methods will be discussed in this chapter. The first method
is based on the combination of the JaB method and the ADAP method, and the second
method involves a simple way to approximate the distribution of Cook’s distance in order
to obtain cut-off values which can be used to identify influential observations in a data
set. The methodology behind these two new methods will now be given in detail.

5.1 Using jackknife-after-bootstrap cut-off values in the
ADAP method (the “Combined” method)

The JaB and the ADAP methods that were explained in the previous chapter are both
excellent methods for detecting influential observations, but both of them have aspects
that can be improved. The results obtained from the JaB method, for instance, might be
heavily influenced if masking and swamping occurs in the data. The ADAP method, on
the other hand, naively uses the traditional large sample cut-off values to determine if the
maximum values of the “Cook’s distance”-like statistics denote influential observations.
This can be improved by finding cut-off values specifically for the maximum of the “Cook’s
distance”-like statistic’s values instead. In this section, these two methods are combined
to obtain an improved method for detecting influential observations, and the resulting
method will be referred to as the “Combined” method.

In the Combined method, the ADAP method (multiple-case deletions method) proposed
by [Roberts et al] (2015]) will be used to identify influential observation in the data, but
instead of comparing the maximum values of the “Cook’s distance”-like statistic’s values

with the traditional large sample cut-off values for Cook’s distance, new cut-off values will
be generated using the JaB method proposed by [Martin and Roberts| (2010]). These new
cut-off values will be obtained using JaB procedures to approximate the sampling distribu-

tion of the maximum of these values. Since the JaB method is used here, these bootstrap

procedures will be based on s (1992) JaB sampling lemma (see Lemma . To im-
plement this lemma, the bootstrap procedures will be based on the null hypothesis stating

42
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that the i*" observation is not influential. The approximated sampling distribution would
therefore be calculated using only the bootstrap samples not containing the i*" observation.

After the cut-off values for the maximum “Cook’s distance”-like statistic’s values are ob-
tained, they are implemented in the initial check stage of the ADAP algorithm to detect
possible influential values. Lastly, the initial check stage will be followed by a confirmation
stage to confirm which observations are influential. Another improvement on the ADAP
algorithm was made here, since instead of using the traditional large sample cut-off values
of Cook’s distance for the confirmation stage, the JaB method was implemented again to
calculate cut-off values based on the data itself. Note that the cut-off values used in the
initial check stage of the ADAP algorithm are not suitable for the confirmation stage, since
they are based on the maximum values of the “Cook’s distance”- like statistic’s values;
for the confirmation stage, cut-off values based on the ordinary Cook’s distance values are
needed instead.

The new improved method can be summarised in the following algorithm:

Algorithm 7 Implementations of the Combined method for influential value detection

Calculating cut-off values for initial check stage:

1. Given the data Ty = (X{,V1),Ts = (X3 ,Y2),..., T, = (X,},Y,,), independently sam-
ple cases from this original data set to generate B resamples of the form 77, ..., T.

2. In the B resamples generated in step 1, some of these resamples do not contain the i*?
data point, T;. Let b; denote the number of the B resamples that do not contain the
i*? data point. For each of these b; resamples, do the following:

2.1. Randomly sample n — j observations without replacement to obtain a subset with
j observations deleted of the form, {Tj : h € {1,2,...,n}\Z*}, and where Z*
denotes the set of indices corresponding to the deleted observations, i.e., Z* =
{i1,12,...,4;}.

2.2. Use the subset generated in step 2.1 to fit the linear regression model using least
squares and then calculate, for all n — j observations included in the subset, their
corresponding CF~ values, h € {1,2,...,n}\ Z*.

2.3. Repeat steps 2.1 and 2.2 M times. Since not all subsets contain the bootstrap
observation T}, we only obtain M} < M subsets with this value. Denote the
Cook’s distance values that correspond to T} in each of the M) subsets by
ék,17 ék’% ey ék,Mk~

2.4. Calculate the maximum value of the Cook’s distances for each k = 1,2, ..., n, that
is, Amar — [qmas fmac ... jmes] where

Agmx = max {Ck,la Ck72, ceey Ck,Mk} .

At the end of steps 2.1 to 2.4, we have b; sets of A™%% je., A{”‘m, Ag“”, e 7]3;2:?”.

P.T.O.
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Algorithm 7 Continued . ..

Calculating cut-off values for initial check stage continued...

3.

To obtain an approximate distribution for the maximum of the Cook’s distance for the
i*? case, combine the nb; maximum values that were obtained by the b; resamples that

th

do not contain the it" case, into one vector called A;, i.e., the resulting vector will have

nb; elements. Repeat this step for each i =1,...,n, i.e.,

él — [é?lnam, 1§72nagc7 e :;)Tw]
A2 — [A{nam JAgnaz7 Ag;az]

)

An — [Avlnax) Agnax’ . Agza:c]

For each ¢ = 1,2,...,n, use the vector/approximated distribution calculated in step 3
and calculate the cut-off value by finding the w® quantile, where 0 < w < 1 is some
appropriately chosen proportion value used for the cut-off (in our case, w was set to

0.05). Denote this set of cut-off values by CO/“S i =1,2,....,n.

Initial check stage (ICS):

5.

From the given data T} = (X{,Y1),T» = (Xg,Y2),...,T, = (X,},Y,,), sample n — j
observations without replacement to obtain a subset with j observations deleted of the
form, {T, : h € {1,2,...,n}\ I}, and where Z denotes the set of indices corresponding
to the deleted observations, i.e., Z = {iq,i2,...,%;}.

Use the subset generated in step 5 to fit the linear regression model using least squares
and then calculate, for all n— j observations included in the subset, their corresponding
CF values, h € {1,2,...,n}\ T.

Repeat steps 5 and 6 M times.

Since not all subsets contain the observation Tk, we only obtain My < M subsets
with this value. Denote the Cook’s distance values that corresponds to Tk in each of
the MK subsets by CK,I» CK’Q, ey CK,MK~

For each K = 1,2,...,n, determine the maximum of the My values of CZ obtained
in step 3, i.e., calculate AR*® = max{Ck 1,Ck.2,...,CKk m.}. Compare each of these
maximum values with their corresponding cut-off value C’Of(cs , K =1,2,....,n. Every
observation corresponding to a maximum Cook’s distance value exceeding its cut-off
value will then be identified as a possible influential observation.

Calculating cut-off values for confirmation stage:

10.

11.

12.

Given the data T} = (X{,Y1), T2 = (Xg,Y2),...,T, = (X, Y,), independently sam-
ple cases from the original data set to generate B resamples of the form 77, ..., T>.

Again, let b; denote the number of the B resamples that do not contain the i*" data
point. For each of these b; resamples, calculate the n ordinary Cook’s distance values

denoted by Cf, i = 1,2,...,n. To obtain an approximate distribution for the i*®

Cook’s distance, combine the nb; Cook’s distance values that were obtained by the b;

th

resamples that do not contain the ¢*" case, into one vector, i.e., the resulting vector

will have nb; elements. Repeat this step for each ¢ = 1,...,n.

For each i = 1,...,n, use the vector/approximated distribution calculated in step 11

th quantile, where 0 < w < 1 is some

and calculate the cut-off value by finding the w
appropriately chosen proportion value used for the cut-off (in this dissertation, w was

set to 0.05). Denote this set of cut-off values by C’OZ—CS, 1=1,2,...,n.

P.T.O.
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Algorithm 7 Continued . ..
Confirmation stage: (CS)

13. Using the information obtained from step 8 of the algorithm, split the original data set
into a ‘clean’ set (consisting of all observations with maximum Cook’s distance value
smaller than its cut-off value) and ‘suspicious’ set (consisting of all observations with
maximum Cook’s distance value exceeding its cut-off value).

14. Using both the clean and suspicious data sets, calculate the values of C’;g (see equation
(4.3)) for all K € S.

15. For every observation K € S, compare its C’;Q value to its corresponding cut-off in the
set CO%S, K =1,2,...,n. If that C’;} value is greater than its cut-off value, it can
be confirmed that observation K is influential. On the other hand, if that C} value
is smaller than its cut-off value, observation K is defined as a normal observation and
must be added back into the clean set.

Remark 5.1. As in the ADAP algorithm, this new algorithm can be improved by repeating
the confirmation stage until no further changes occur in the clean and suspicious sets, i.e.,
no observations are removed from the suspicious set and added to the clean set.

One big disadvantage of the combined method is that it is incredibly time consuming. For
a data set with n = 500, and p = 15 for example, it took approximately 57.80 minutes
to run, using the computer program R on an Intel Core™ i7-6700 PC with 16GB of
RAM. This time was obtained even after some modifications were made to the code in
order to improve the execution time of this method. For a relatively small data set with
n = 100 and just with a few predictor values, p = 5, it still took the combined method
approximately 3.38 minutes to execute. The reason why the combined method is so time
consuming is, first of all, because it consists of four stages: The two stages where cut-
off values are generated using the JaB algorithm, and then the two stages of the ADAP
algorithm. Furthermore, for the first set of cut-off values (CO’“®), 1000 iterations for
each of the 300 bootstrap resamples have to be generated while doing the JaB procedure,
which takes a long time to complete. Lastly, since the ADAP procedure were used as the
method for detecting influential observations, and not the traditional influential measures,
the combined method is automatically longer than would be the case of traditional influ-
ential measures.

As a result of this drawback of the combined method, even if it performs very well and
gives accurate results, it would not always be the best choice to use for detecting influential
observations in a data set, since this method is so computationally expensive. A simpler
and quicker method for approximating the distribution of Cook’s distance will be proposed
in the next section. This distribution will then further be used to calculate cut-off values
for Cook’s distance, which can be used to detect influential observations.
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5.2 A new method based on a simple approximation of the
distribution of Cook’s distance (the “New” method)

As already mentioned in the literature study, some rules of thumb are used for cut-off
values for Cook’s Distance. These rules of thumb are not always very accurate and might
miss some influential observations in a data set or flag normal observations as influential.
In this section, a new method is considered for determining the cut-off values by consider-
ing a simple approximation of the distribution of the Cook’s distance values. This method
will be referred to as the “New” method going forward.

For the New method, the alternate form of Cook’s distance given in (2.18)) will be used
which is defined in terms of leverages. This Cook’s Distance formula is

. 2 hi ‘
Cook’s Distance = —+ ,i=1,2,...,n, (5.1)
p \1—hi

where r; are the standardized residuals (as defined in (2.12))), p is the number of coefficient
parameters in the linear regression model, and h;; are the leverages.

The way in which the new rough cut-off values will be generated is by simply replac-
ing 72 and h;; in expression with the (1 — «) quantile values for the distributions
of r? and h;;, respectively, under the assumption that the observations do not exhibit
abnormal behaviour, i.e., are not extreme/outliers. However, according to the Quantile

equivariance theorem (2010]), stated in Theorem below, replacing the quan-

tiles in this expression will only be valid if (5.1)) is monotone with respect to 72 and h;.

Before stating the Quantile equivariance theorem, first consider the following necessary
new notation: Suppose the distribution function of the random variable X is denoted by

F', then according to (2010]), the left quantile function for the random variable
X is defined as

Q% (p) = inf{z : F(z) 2 p},

and the right quantile function is defined as

Qg}(p) =inf{z: F(z) > p} =sup{z: F(z) < p}.

Theorem 5.1 (Quantile Equivariance Theorem). Suppose ¢ : R — R is non-decreasing.

a. If ¢ is left continuous then
Qlx)(p) = 6(Q% ().

b. If ¢ is right continuous then

QF x)(p) = 6(Q% (D).




CHAPTER 5. NEWLY PROPOSED INFLUENTIAL DIAGNOSTIC METHODS 47

Note that the expression (5.1)) is certainly monotone with respect to 7“12 > 0, and so all
that needs to be shown is that it is monotone with respect to h;;. In order to show this
latter monotonicity, we only need to determine if the term (1 f};) is monotone. From

the graph below, it is clear that the term (1 E}LJ has the following monotone intervals,

(—00,1) and (1,00), that is, it is monotone everywhere except at the asymptote h;; = 1.

U hii=1

(hii/L=hii)
|

hii

Figure 5.1: Plot of h;; against the function h;; /(1 — hy;) to show that the function hy; /(1 —
hii) is monotone everywhere except at hy; = 1.

To prove this formally, consider the following function

X

fz) = (5:2)

C1—z

For (5.2)) to be monotone, its derivative should be greater than zero for all z. The derivative
is given by
1

f’(m)zmm, Vol

The term (1 f};) is therefore monotone everywhere except at h;; = 1 (as was also seen in
17

Figure .

Further, it is known that 0 < h;; < 1 (see Appendix , SO would be monotone for
0 < hj; < 1 for all values of 7“2»2 > 0. We will therefore focus attention only on this interval
of the h;; values since this is the only interval which will allow one to employ the idea of
using the (1 — ) quantile values of the 77 and h;; statistics.

Approximating the quantiles of ri?

To obtain an approximation of the (1—«) quantile of the distribution of 72, we start by first
considering the distribution of r;. According to [Deakin and Hunter| (2018)), standardized
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residuals of the form
Vs
w; = —

-~
Oy

where v; is some simple residual and @, is the least squares estimate of the standard devi-
ation of v;, follow a 7-distribution. Note that r; = e;/\/MSE(1 — h;;) takes on this exact
form and therefore will also follow a 7-distribution.

Further, it can be shown that the 7-distribution and the t¢-distribution are related via
the following simple expression

v—1
vrT2 "
with T ~ 7, see, for example, [Thompson| (1935) and [Chu] (1956]). It is therefore easy
to use t-distributed random variables to construct random values from the 7-distribution

X=T

tl/—l)

using this relationship, that is,

X\
V-1 x?
where X ~ t,_1 (Popd [1976} [Deakin and Hunter} R018)). Lastly, stated that,

when using r;, i.e., standardized residuals from linear regression models, the degrees of

T = T, (5.3)

freedom must be chosen as v = n — p, where p is the number of parameters in the linear
regression model.

In the above discussion we equated the distribution of 7; to the distribution of T, a
7-distributed random variable, and have also shown that this random variable can be
expressed in terms of t-distributed random variables. We can now extend this result to
also express the distribution of r? in terms of ¢-distributed random variables, which will
be done by simply noting that the distribution of r? is identical to the distribution of 72.
Furthermore, note that the random variable 72 can be expressed in terms of ¢-distributed
random variables by taking the square of both sides of the expression in :
2
T2 = 1/—)§:X2 ~ 72, (5.4)

where X ~¢,_1.

Finally, a method that can be used to approximate the quantiles of the distribution of
T? is to make use of simple Monte Carlo simulations. This involves generating a large
number random variates, say M C, from a t,_1 distribution, applying the transformation
in to convert these values to the 72-distribution, and then finding the (1 — «) sample
quantile of these M C' transformed data values. We will use 7, pr¢(1 — @) to denote the
resulting (1 — «) approximate quantile obtained from MC Monte Carlo simulated values.

Approximating the quantiles of h;;

We start the derivation to find the approximate quantile of h;; by first defining D?, the Ma-

1
halanobis distance between the i** predictor vector X; and the centroid of those predictor
variables, X:

D? = (X; - X)'s™}(X; - X),
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where X; is a (p x 1) column vector of the design matrix in a linear regression model with
X;;j denoting the j* element in this vector, i = 1,2,...,n, j = 1,2,...,p, X is the (p x 1)
mean vector with elements X; = %Z?:l Xij, j=1,2,...,p, and S is the (p x p) sample
covariance matrix with Sy, = -1 > | (X;; — X;) (X — X)) denoting the element in the

4% row and k' column, j,k = 1,2,...,p. The relationship between the h;; values and the

squared Mahalanobis distance, according to [Rousseeuw and Leroy] (1987)), is then given
by:

D? 1
hy; = L —. 5.5
n—1 + n ( )

Using the fact that it is possible to approximate the distribution of DZ-Q, we can now
approximate the (1—a) quantile of the distribution of h;; by making use of this well-known
relationship. According to [Friendly et al] (2013]), the squared Mahalanobis distance has
a large-sample X?g distribution in the case where we have multivariate normal variables

and so, if this condition is met, one can approximate the (1 — «) quantile of Di2 using the
quantile Xf)(l —a). Then, noting that the expression in is a monotone, linear function
of D?, we can once again use Theorem and simply substitute D? with XIQ)(I — @) in
to obtain the (1 — ) quantile for h;;. This quantile will be denoted by h;(1 — ).

Combining the approximate quantiles to obtain the final cut-off

The proposed cut-off value based on these quantiles is then defined as,

.- (ki)

(5.6)

In conclusion, the cut-off value given in (5.6)) will be a useful cut-off value for determining
the influence of the Cook’s distance values. However, note that the calculation of this
cut-off value must satisfy the following conditions:

e The predictor variables are assumed to come from a multivariate normal distribution.
e The sample size, n, must have the following properties:

—n#0and n #1,

2
n> (D +2)+\ém’ D? > 0 (note that this
E).

In the chapter that follows many of the methods for detecting influential values discussed

result is proved in Appendix

in this dissertation will be investigated in an extensive simulation study.



Chapter 6

Simulation study

6.1 Introduction

In this chapter all the methods discussed in the previous chapters, which includes the
MC?® method and the traditional Cook’s distance, will be investigated in an extensive
simulation study using simulated data sets with various configurations of simulated in-
fluential and outlying values. In particular, the performance of the improved method —
based on the combination of the JaB and the ADAP methods (see Section [5.1), called the
Combined method — as well as our new method (see Section , called the New method,
are considered and compared to the performances of the following four more traditional
methods: Cook’s traditional influential diagnostic measure (see Section , the plain
JaB method (see Section , the ADAP method (see Section , and the M C? method
(see Section . Their performances will then be compared to one another in order to
determine which method has the best overall performance for detecting the simulated in-
fluential values in the various configurations. The results, collected and summarized in
tables provided at the end of the chapter, will then be discussed in great detail, and com-
ments and recommendations will be given. Conclusions regarding all of the methods and
some statements on which methods performed the best are relegated to the final chapter.

The method that will be followed in this simulation study will be to generate data from
a linear regression model, as given in , using various choices for the distribution of
the error term and then, after the data has been generated, alter some of the observations
to make them influential. We will also consider two broad approaches for introducing
influential values into these simulated data sets.

1. The first approach will be called the simple approach where the data are generated in
such a way that simple single-case deletion techniques (such as the traditional Cook’s
distance using the standard cut-off values) will be able to detect these influential

observations, or at least some of them.

2. The second approach, called the masked approach, will attempt to generate the
influential values such that they are masked from one another when they are all
present, but are easily detected if only one of them features in the data set.

In both cases, a total of § influential values are added into the data sets. In the simple

50
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approach, the manner in which this is accomplished involves the trivial idea of simply
increasing or decreasing the response variables’ values of the 2§/3 many selected observa-
tions with the highest leverages and the ¢/3 lowest leverage values by some arbitrarily large
value. To obtain this increase or decrease in the response variables’ values, the sign of each
observation in the data sets’ residual values are calculated and then also the maximum
over all of these residuals. The maximum residual is then multiplied by five and added to
those specific response variables with highest and lowest leverage values, in the direction
of the sign of their corresponding residuals (i.e., if the sign is negative we subtract the
maximum residual value and if the sign is positive, we add this value). Furthermore, we
also increased and decreased these response variables’ corresponding predictor variables.
This was done as follows: For a response variable Y;, we added to Xj; three times the
maximum value over the column X; in alternating directions (i.e., for X;; we subtract
this value and for X;o we add the value). After this stage, we choose only the data sets
for which Cook’s distance are able to identify at least |6/3] of the inserted influential

observations.

The masking approach, on the other hand, employs a more complex approach, since there
are many checks that need to take place to ensure that the influential values are properly
masked in the resulting data set. To explain how the influential values are generated in
the masking approach, we start by introducing some additional concepts to help explain

the process.

First note that, for an observation to be influential using the traditional approach, its
corresponding Cook’s distance value needs to be greater than 1, that is,

ri® ( hi
D; = — 1. d
P (1 - hu‘) ~ (6.1)

Now, from the formula of the standardized residual, r;, given in (2.12)), it is easy to see
that (6.1]) can be written as

e hy

82p (1 — hii)z
Then, to simplify some of the calculations that will follow, we introduce the variable K,
defined as

> 1. (6.2)

. 1 hi;
8?2 (1= hy)?
The expression in (6.2)) can then be written in the following simplified form:
2K > 1.
Then, after some simple algebra, the above expression can be written as follows:
6i>\/1/K or e < — 1/K,

that is,

lei| > V/1/K.
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Therefore, if we want to make a response value influential, we only need to ensure that
the corresponding residuals exceeds y/1/K in absolute value. Denote the value that needs
to be added to an observation’s residual value to make it influential by A, defined as:

A:=/1/K —|ei| .

Note, however, that if an observation is already influential before adding the value A to
its residual, then the value A becomes negative, leading to subtracting the size of A from
the observation’s residual. In this case, the influential observation will be changed into a
non-influential observation. For this reason, we add the absolute value of A, i.e., |A|, to
the observation’s residual that needs to become influential.

Now, the way in which the § influential observations are inserted in the masking approach,
first involves determining which observations have the largest leverages. For each of these
observations, their corresponding |A| values are calculated as well as the sign of their
residuals. Next, the corresponding |A| value is added to each observations’ residual in the
direction of the sign of the residual (i.e., if the sign is negative we subtract the |A| value
and if the sign is positive, we add the |A| value). Finally, only data sets that comply with
the following condition are used:

Condition 1. No observations must be flagged as being influential observations when the
model is fitted on the data set which includes all the influential observations, but, these
values must be flagged as influential when the model is fitted to the data set containing only
one of these influential observations (i.e., a data set where all but one of the influential
observations are deleted).

Remark 6.1. Condition[]] states two things: First is that none of the influential observa-
tions must be flagged as influential in the case where the model is fitted to the whole data
set. Second, when all but one of the 0 influential observations are deleted from the data
set, then that remaining influential observation will definitely be flagged as influential.
This does not mean, however, that this is the only way in which a simulated influential ob-
servation will be flagged as influential. It might also happen that if, for example, only two
of the 0 influential observations are deleted from the data set, then some of the remaining
influential observations can be flagged as influential. This condition will therefore have
the effect that single-case deletion techniques will struggle to detect the inserted simulated
influential observations (or they might not be able to detect these observations at all).

Summarising results and the confusion matrix: Once the data sets have been
generated using either of the two methods described above, each of the six influence
diagnostic methods will be applied to these data sets to attempt to detect the simulated
influential values. Each of these diagnostic methods will then identify a number of cases
in each data set as being influential or not. However, since we know which values were
simulated to be influential, we can determine how accurately each method performs for
each data set. To summarize this information, we will make use of the notation used in
a confusion matriz, which needs to be explained first. First note the general form of a
confusion matrix given in Table [6.1}
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Table 6.1: General form of a confusion matrix.

Predicted: No Predicted: Yes
Actual: No | True negative (TN) | False positive (FP)
Actual: Yes | False negative (FN) | True positive (TP)

In Table the columns divide the data into two groups namely, cases that the fitted
regression model predicted as ‘Not influential’ values (i.e., ‘No’) and cases that were
predicted as ‘Influential’ (i.e., ‘Yes’ values). The same holds for the row names, but
here the two groups indicate the actual influential nature of the cases and are similarly
designated as being ‘No’ (i.e., the value was not simulated to be influential) or ‘Yes’ (i.e.,
the value was simulated as being influential). In the tables that will be provided in the
next section, we will make use of the terms TP and FP to denote the number of cases
classified in the data as True Positives and False Positives, respectively. The TP value
denotes the number of cases in the data set that were correctly identified by the diagnostic
method as a ‘Yes’ value, that is, the method diagnosed the case as being influential when
the observed value is in fact simulated to be influential. The term F' P on the other hand,
denotes the number of cases for which the method diagnosed a case as being influential
(i.e., the method concludes a ‘Yes’), but the value was not simulated to be influential
(i.e., the case is actually a ‘No’). The terms TN and FN denote the number of true
negatives (i.e., correctly classifying a ‘No’ as a ‘No’) and the number of false negative (i.e.,
incorrectly classifying a ‘Yes’ as a ‘No’), respectively. Furthermore, we will also make use
of the notation SN and SP to denote the Sensitivity, and Specificity, respectively, and
which are defined as follows:

TP TN

N—_ -+ d p—_ 2
SN=TprrN: ™ SP=TNTFP

In words, SN describes the proportion of correctly diagnosed ‘Yes’ cases relative to the
total number of observed ‘Yes’ cases, and SP is the number of correctly diagnosed ‘No’
cases relative to the total number of observed ‘No’ cases.

In order to perform the simulation study now, all the simulation settings have to be
discussed first. These settings include the model that will be used, elements that must be
chosen for each of the different influence diagnostic methods, as well as some settings rel-
ative to the data sets that will be generated. All these necessary settings will be provided
in the next section.

6.2 Simulation settings

The settings for the simulation study to follow are given below. The linear regression
model given in is used in these simulations to randomly generate data sets. The
choice of the regression coefficient parameters (f, ..., B,—1), used in this data generation,
are all set equal to 1, i.e., for a given case i, the regression model used to generate data is

Yi=1+Xy+Xoi 4+ -+ Xp14 + 5.



CHAPTER 6. SIMULATION STUDY 54

Furthermore, the covariates used in this regression model, X, are randomly generated from
a N(0,1) distribution, whereas the error terms, ;,7 = 1,2, ..., n, are randomly generated
from one of the five distributions given in Table The specific parameter settings for
each of these distributions used in this simulation (along with convenient abbreviations
for these settings) is given in Table and the shapes of the distributions are illustrated
in Figure 6.1

Table 6.2: Density functions used for error distributions.

Distribution Name Density function
Standard normal, N(0,1) d(z) = \/% exp (—%2)
, ) = SR (1 )7
- RO
Log-normal(p, o) flx) = mlzﬂ exp (— (1'13:2”)2>
Laplace(u, b) f(z) = g5 exp <7@)

()

Contaminated normal (u1, o1, pz2, 02, p)  f(x) = pd (%) +(1—p)o (I;fz)

Table 6.3: Error distributions used in the simulation study.

Abbreviation Distribution Name Parameter settings
N Standard normal, N(0,1) —
T3 t, v=3
LN Log-normal uw=0,0=1
LP Laplace w=0,b=3
CN1 Contaminated normal w1 =-13, 01 =1, up=13,00=1,p=0.5
CN2 Contaminated normal w1 =0,01 = \/%, pe =0, 00 = \/%, p=20.5

The reason for choosing the specific distributions listed in Table for generating the error
terms is to have a variety of error distributions consisting of a variety of distributional
properties, such as normality, heavy-tailedness, right-tail skewness, and multiple modes.
The many data sets simulated in this study will also vary in sample size (n), the number
of regression parameters included in the model used to generate the data (p), as well as
the number of inserted influential values (). The specific values for these settings used in
the study are:

e n = 100,200 and 500,
e p=>5and 15, and
e 6 =5 and 10.

A total of 100 data sets are generated for each combination of error distribution, n, p, and
¢ in this study.

Furthermore, each of the influential diagnostic methods have elements that need to be
specifically chosen for them. The JaB method, for example, is performed using B = 1000
bootstrap replications and the ADAP method is performed using M = 1000 Monte Carlo
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Figure 6.1: An illustration of the error distributions given in Table

replications. The Combined method, on the other hand, uses B = 300 and M = 1000. The
reason for choosing B = 300 in this case is because of the fact that there will be approxi-
mately B/e resamples that do not contain the i*" observation (see Remark 4.2/ on page .
Choosing B = 300 therefore means that approximately 100 of these bootstrap resamples
will not contain the i*" observation, meaning that we will have at least 100 ‘useful’ boot-
strap resamples per observation for the simulation; it was decided that, given the number
of Monte Carlo simulations and the extraordinarily long run-times of this simulation, that
this would be sufficient for the study. For simplicity, the New method will make use of
an « of 0.05. Lastly, the M C? method is performed with 1000 iterations and the New
method proposed in this dissertation is executed using 1 000000 Monte Carlo simulations.
The R code for the way in which we implemented these methods, can be found on GitHub
using the following link: https://github.com/ClarisaBooysen/Dissertation-Codes.

Finally, in the section that follows, all the results of the simulation study will be given,
followed by a detailed discussion of these results as well as an overall summary.

6.3 Results

In this section, the results obtained in the simulation study will be provided in the form
of tables. Tables to include the results on how well the six influential diagnostic
methods discussed in the previous chapters (i.e., the Traditional method, JaB method,
ADAP method, Combined method, New method, and the M C? method) have performed
in finding the § influential observations inserted into the data sets simulated using the
simple approach. Tables to on the order hand, contain the same results, but
here the methods performances’ are investigated when they are applied to the data set
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that is simulated using the masked approach. All of these tables summarise the results by
making use of the averages over the true positive (7T'P) and false positive (F'P) counts, and
the estimated sensitivity (SN) and specificity (SP) values calculated over 100 simulated
data sets. Below each of the quantities their corresponding sample variance over the 100
data sets is also reported in parentheses. Furthermore, the calculated cut-off values used
in each of the methods (along with their sample variances across the 100 data sets) are
also provided in separate tables. The Traditional method and New method cut-offs are
given in Table [6.16] the JaB method cut-offs in Table and the Combined method
cut-off are stated in Table[6.18 Since the JaB method and the Combined method consists
of cut-off values for all n observations in the data set, we thought it would be a good
idea to split these cut-off values into to sets, namely, one set containing the cut-off values
corresponding to the ¢ simulated influential observations, and the second set containing
the remaining cut-off values. Furthermore, instead of stating all of these values separately,
we calculated the means over these two sets such that they can easily be compared to one
another. In Tables and we denote the means of the cut-off values over the §
simulated influential observations with the term “Delta” and the mean of the remaining
cut-off values with the term “All”. No table is provided for the cut-off value of the ADAP
method, since it only uses a single cut-off value in the initial check stage, as well as in the
confirmation stage, namely the cut-off value of 1. Lastly, Table contains the median
(over the different error distribution data sets) of run-time (in seconds) that each of the
influential diagnostic methods took to execute when applied to the different simulated
data sets.
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Table 6.4: Average TP, FP, SN and SP for the various methods across 100 data sets
generated with an N (0, 1) error distribution (estimated variances are stated in parentheses

below each entry). Values inserted using the “Simple” approach.

n = 100 n = 200 n = 500
p=>5 p=15 p=>5 p=15 p=>5 p=15
6=5]6=10[6=5]6=10 | 6=5[06=10|6=5[0=10 | 6=5]46=10] =5[] 4d=10
2.880 3.030 1.890 3.030 | 3.660 3.040 2.420 3.000 | 4.710 4.050 3.300  3.000
TP (1.541) (0.029) (0.665) (0.029) (1.883) (0.039) (0.913) (0.000) (0.430) (0.674) (1.788) (0.000)
= 0.000 0.000 0.000 0.000 | 0.000 0.000 0.000 0.000 | 0.000 0.000 0.000 0.000
| FP (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)
o
= 0.576  0.303  0.378  0.303 | 0.732  0.304 0484 0300 | 0.942 0405  0.660  0.300
—% SN (0.062) (0.000) (0.027) (0.000) (0.075) (0.000) (0.037) (0.000) (0.017) (0.007) (0.072) (0.000)
-
2 1.000  1.000  1.000  1.000 | 1.000  1.000  1.000  1.000 | 1.000  1.000  1.000  1.000
SP (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)
4940 5560 4.630 6.840 | 4.930 9.890  4.860 8590 | 5.000 9.980  4.950  9.370
TP (0.057) (1.037) (0.417) (1.590) (0.126) (0.119) (0.202) (1.295) (0.000) (0.020) (0.068) (0.639)
0.060 0.000 0.110 0.030 | 1.310 0.150 1.350 1.420 | 7.700 11.230 7.080 12.600
m FP (0.077) (0.000) (0.099) (0.029) (1.327) (0.169) (1.402) (1.074) (4.798) (3.371) (10.276) (3.636)
®
= 0.988  0.556  0.926  0.684 | 0.986  0.989  0.972  0.859 | 1.000  0.998  0.990  0.937
SN (0.002) (0.010) (0.017) (0.016) (0.005) (0.001) (0.008) (0.013) (0.000) (0.000) (0.003) (0.006)
0.999  1.000  0.999  1.000 | 0.993  0.999  0.993 0993 | 0984  0.977 0986  0.974
SP (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)
4.970 10.000 2.300 10.000 | 5.000 10.000 3.950 10.000 | 5.000 10.000 4.800 10.000
TP (0.050) (0.000) (1.606) (0.000) (0.000) (0.000) (1.220) (0.000) (0.000) (0.000) (0.283) (0.000)
0.000 0.000 0.000 0.000 | 0.000 0.000 0.000 0.000 | 0.000 0.000 0.000 0.000
a, FP (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)
= 0.994  1.000  0.460  1.000 | 1.000  1.000  0.790  1.000 | 1.000  1.000  0.960  1.000
< | SN (0.002) (0.000) (0.064) (0.000) (0.000) (0.000) (0.049) (0.000) (0.000) (0.000) (0.011) (0.000)
1.000  1.000  1.000  1.000 | 1.000  1.000  1.000  1.000 | 1.000  1.000  1.000  1.000
SP (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)
N
4560  3.110  3.150 2.820 | 5.000 9.970 5.000 9.810 | 5.000 10.000 5.000 10.000
TP (0.309) (1.190) (0.795) (2.654) (0.000) (0.029) (0.000) (0.297) (0.000) (0.000) (0.000) (0.000)
- 0.000 0.000 0.000 0.000 | 0.990 0.000 0370 0.000 | 9.950 6260  6.010  2.350
g FP (0.000) (0.000) (0.000) (0.000) (1.000) (0.000) (0.518) (0.000) (5.442) (4.194) (6.010) (2.068)
2 0.912 0311  0.630  0.282 | 1.000  0.997  1.000  0.981 | 1.000  1.000  1.000  1.000
g SN (0.012) (0.012) (0.032) (0.027) (0.000) (0.000) (0.000) (0.003) (0.000) (0.000) (0.000) (0.000)
O
1.000  1.000  1.000  1.000 | 0.995 1.000  0.998  1.000 | 0.980  0.987  0.988  0.995
SP (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)
4.780  6.550  4.500  6.520 | 4.890  9.430  4.790  7.74 | 5.000 9.920  4.910  8.860
TP (0.335) (2.856) (0.576) (1.909) (0.220) (0.591) (0.309) (1.730) (0.000) (0.074) (0.123) (1.112)
0.000 0.000 0.020 0.000 | 0.000 0.000 0.090  0.06 | 0.020 0.000 0.060  0.630
2 | FP (0.000) (0.000) (0.020) (0.000) (0.000) (0.000) (0.083) (0.057) (0.020) (0.000) (0.077) (0.619)
[
“ 0.956  0.655  0.900  0.652 | 0.978  0.943  0.958  0.774 | 1.000  0.992  0.982  0.886
SN (0.013) (0.029) (0.023) (0.019) (0.009) (0.006) (0.012) (0.017) (0.000) (0.001) (0.005) (0.011)
1.000  1.000  1.000  1.000 | 1.000  1.000  1.000  1.000 | 1.000  1.000  1.000  0.999
SP (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)
4530  3.400 2.890  3.790 | 4.960 5870  4.100 5730 | 5.000 10.000 4.820 10.000
TP (1.039) (1.030) (1.150) (1.279) (0.079) (9.589) (1.182) (9.411) (0.000) (0.000) (0.311) (0.000)
0.000 0.000 0.010 0.000 | 0.050 0.010 0.070  0.020 | 0.220 0.000 0.220  0.000
f’i) FP (0.000) (0.000) (0.010) (0.000) (0.068) (0.010) (0.658) (0.020) (0.214) (0.000) (0.254) (0.000)
= 0.906  0.340  0.578  0.379 | 0.992  0.587  0.820  0.573 | 1.000  1.000  0.964  1.000
SN (0.042) (0.010) (0.046) (0.013) (0.003) (0.096) (0.047) (0.094) (0.000) (0.000) (0.012) (0.000)
1.000  1.000  1.000  1.000 | 1.000  1.000  1.000  1.000 | 1.000  1.000  1.000  1.000
SP (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)

Note that the best TP values (highest) and FP values (lowest) are highlighted in a black, bold font, and the worst TP values (lowest) and FP values (highest)
are highlighted using a grey, bold font.




CHAPTER 6. SIMULATION STUDY

o8

Table 6.5: Average TP, FP, SN and SP for the various methods across 100 data sets
generated with an t3 error distribution (estimated variances are stated in parentheses

below each entry). Values inserted using the “Simple” approach.

n =100 n = 200 n = 500
p=>5 p=15 p=>5 p=15 p=>5 p=15
§=5]6=10]6=5[6=10]6=5[6=10|6=5[6=10]0=5]6=10]6=5]d=10
3.180 3.040 1.960 3.100 | 3.740 3.120 2.410 3.040 | 4870 5.820 3.570  3.030
TP (2.149) (0.039) (0.887) (0.091) (2.215) (0.167) (1.578) (0.039) (0.336) (4.109) (3.076) (0.029)
= 0.000 0.000 0.000 0.000 | 0.000 0.000 0.000 0.000 | 0.000 0.000 0.000 0.000
= | FP (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)
]
= 0636 0304 0392 0310 | 0.748 0312 0482 0304 | 0974 0582  0.714  0.303
Fg SN (0.086) (0.000) (0.035) (0.001) (0.089) (0.002) (0.063) (0.000) (0.013) (0.041) (0.123) (0.000)
—
= 1.000  1.000 1.000  1.000 | 1.000  1.000  1.000  1.000 | 1.000  1.000  1.000  1.000
SP (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)
4970 5650 4.760 7.510 | 4.990 10.000 4.990 9.860 | 5.000 10.000 5.000 10.000
TP (0.090) (1.462) (0.285) (1.263) (0.010) (0.000) (0.010) (0.122) (0.000) (0.000) (0.000) (0.000)
0.050  0.000 0.120 0.000 | 0.840  0.030  1.010 0.250 | 5.390 5570  4.050  5.700
m FP (0.109) (0.000) (0.107) (0.000) (1.631) (0.029) (0.879) (0.250) (20.099) (6.369) (5.018) (6.192)
<
- 0994 0565 0952 0.751 | 0.998  1.000  0.998  0.986 | 1.000  1.000  1.000  1.000
SN (0.004) (0.015) (0.011) (0.013) (0.000) (0.000) (0.000) (0.001) (0.000) (0.000) (0.000) (0.000)
0.999  1.000  0.999  1.000 | 0.996 ~ 1.000  0.995 0.999 | 0.989 0989  0.992  0.988
SP (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)
5.000 6.960 4.090 9.530 | 5.000 7.480  4.980 9.530 | 5.000 9.450  5.000  9.550
TP (0.000) (6.907) (1.679) (2.635) (0.000) (8.838) (0.040) (2.615) (0.000) (2.028) (0.000) (2.351)
0.000 0.010  0.020 0.000 | 0.000 0.000 0.000 0.000 | 0.000 0.000 0.000 0.000
a, FP (0.000) (0.010) (0.020) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)
s 1000 0.696 0818 0953 | 1.000  0.748 0996  0.953 | 1.000  0.945  1.000  0.955
< SN (0.000) (0.069) (0.067) (0.026) (0.000) (0.088) (0.002) (0.026) (0.000) (0.020) (0.000) (0.024)
1.000  1.000 1.000  1.000 | 1.000  1.000  1.000  1.000 | 1.000 ~ 1.000  1.000  1.000
SP (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)
T
s 4670 3340 2780 2.590 [ 5.000 9.600 5.000 9.880 | 5.000 9.980  5.000  9.990
TP (0.284) (1.782) (1.244) (2.568) (0.000) (0.889) (0.000) (0.288) (0.000) (0.020) (0.000) (0.010)
- 0.000 0.000 0.000 0.000 | 0.780  0.000 0.240 0.000 | 6.340  5.330  3.860  2.310
g FP (0.000) (0.000) (0.000) (0.000) (0.739) (0.000) (0.245) (0.000) (6.611) (4.122) (4.546) (2.054)
e 0934 0334 0556 0.259 | 1.000 0960  1.000 0.988 | 1.000  0.998  1.000  0.999
% SN (0.011) (0.018) (0.050) (0.026) (0.000) (0.009) (0.000) (0.003) (0.000) (0.000) (0.000) (0.000)
O
1000 1.000 1000  1.000 | 0.996  1.000  0.999  1.000 | 0.987  0.989  0.992  0.995
SP (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)
4940 8.510 4700  7.600 | 4.980  9.990  4.960 9.680 | 5.000 10.000 5.000 10.000
TP (0.138) (2.232) (0.313) (1.899) (0.020) (0.010) (0.099) (0.381) (0.000) (0.000) (0.000) (0.000)
0.000 0.000 0.010  0.000 | 0.030 0.000 0.050 0.020 | 0.190 0.000  0.170  0.020
2z | FP (0.000) (0.000) (0.010) (0.000) (0.050) (0.000) (0.048) (0.020) (0.539) (0.000) (0.183) (0.020)
o
2 0988 0851  0.940  0.760 | 0.996 0999  0.992  0.968 | 1000  1.000  1.000  1.000
SN (0.006) (0.223) (0.013) (0.019) (0.001) (0.000) (0.004) (0.004) (0.000) (0.000) (0.000) (0.000)
1.000  1.000 1.000  1.000 | 1.000  1.000  1.000 1000 | 1.000  1.000  1.000  1.000
SP (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)
5.000 5440  3.740  4.630 | 5.000 6390  4.980  4.360 | 4.690 8410 4540  6.990
TP (0.000) (8.188) (2.558) (4.619) (0.000) (10.604) (0.040) (6.475) (0.378) (3.376) (0.918) (8.394)
0.610 0.140 0.380 0.060 | 1.990 0.880 2.020 0.490 | 7.740 8.470 9.370  6.690
% FP (0.442) (0.122) (0.278) (0.057) (1.566) (0.531) (1.555) (0.273) (44.922) (88.211) (67.993) (81.772)
= 1.000 0544  0.748 0463 | 1.000  0.639 0996 0436 | 0938  0.841  0.908  0.699
SN (0.000) (0.082) (0.102) (0.046) (0.000) (0.106) (0.002) (0.065) (0.015) (0.034) (0.037) (0.084)
0.994 0998 0996 0999 | 0.990 0995 0990 0.997 | 0.984 0983  0.981  0.986
SP (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)

Note that the best TP values (highest) and FP values (lowest) are highlighted in a black, bold font, and the worst TP values (lowest) and FP values (highest)
are highlighted using a grey, bold font.
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Table 6.6: Average TP, FP, SN and SP for the various methods across 100 data sets
generated with a Log-normal (0, 1) error distribution (estimated variances are stated in

parentheses below each entry). Values inserted using the “Simple” approach.

n = 100 n = 200 n = 500
p=25 p=15 p=25 p=15 p=235 p=15
6=5]6=10[6=5[6=10[6=5[6=10[6=5[6=10] 6=5 [6=10] 6=5 [ 6=10
2.990  3.050 2.190 3.050 | 4.000 3.230 2.640 3.050 | 4.930  6.060  3.880  3.080
TP (2.172) (0.048) (1.004) (0.048) (2.000) (0.260) (1.768) (0.048) (0.147) (5.087) (2.854) (0.095)
= 0.000 0.000 0.000 0.000 | 0.000 0.000 0.000 0.000 | 0.000 0.000 0.000 0.000
| FP (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)
o
= 0.598  0.305 0.438  0.305 | 0.800  0.323  0.528  0.305 | 0.986  0.606  0.776  0.308
—% SN (0.087) (0.000) (0.040) (0.000) (0.080) (0.003) (0.071) (0.000) (0.006) (0.051) (0.114) (0.001)
-
= 1.000  1.000  1.000  1.000 | 1.000  1.000  1.000  1.000 | 1.000  1.000  1.000  1.000
SP (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)
4970 5360 4.930 7.700 | 5.000 10.000 5.000 9.940 | 5.000 10.000 5.000 10.000
TP (0.029) (0.920) (0.126) (1.667) (0.000) (0.000) (0.000) (0.057) (0.000) (0.000) (0.000) (0.000)
0.050  0.000 0.160 0.000 | 0.660 0.000 1.020 0.150 | 4.880  5.390  4.500  5.020
m FP (0.068) (0.000) (0.176) (0.000) (0.631) (0.000) (0.868) (0.129) (15.925) (4.543) (5.162) (2.828)
<
= 0.994 0536  0.986  0.770 | 1.000  1.000  1.000  0.994 | 1..000  1.000  1.000  1.000
SN (0.001) (0.009) (0.005) (0.017) (0.000) (0.000) (0.000) (0.001) (0.000) (0.000) (0.000) (0.000)
0.999  1.000 0.998  1.000 | 0.997  1.000  0.995 0.999 | 0.990  0.989  0.991  0.990
SP (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)
5.000 8.660 4.710 8.920 | 5.000 9.440 5.000 8.690 | 5.000  9.990  5.000  8.620
TP (0.000) (5.903) (0.491) (4.923) (0.000) (2.633) (0.000) (6.559) (0.000) (0.010) (0.000) (5.592)
0.010  0.000 0.070  0.040 | 0.000 0.000 0.000 0.000 | 0.000 0.000 0.000 0.000
a, FP (0.010) (0.000) (0.086) (0.039) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)
= 1.000  0.866  0.942  0.892 | 1.000  0.944  1.000 0.869 | 1.000  0.999  1.000  0.862
< | SN (0.000) (0.059) (0.020) (0.049) (0.000) (0.026) (0.000) (0.066) (0.000) (0.000) (0.000) (0.056)
1.000  1.000  0.999  1.000 | 1.000  1.000  1.000 1000 | 1.000  1.000  1.000  1.000
SP (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)
LN
4700  2.960 2460 2.090 | 5.000 9.930 5.000 9.710 | 5.000 10.000 5.000  9.990
TP (0.232) (2.423) (1.019) (1.658) (0.000) (0.288) (0.000) (1.178) (0.000) (0.000) (0.000) (0.010)
- 0.000 0.000 0.000 0.000 | 0.780 0.000 0.320 0.000 | 5220  4.920  4.050  2.690
g FP (0.000) (0.000) (0.000) (0.000) (0.537) (0.000) (0.260) (0.000) (4.941) (3.872) (3.907) (2.539)
2 0.940 0296  0.492  0.209 | 1.000  0.993  1.000  0.971 | 1.000  1.000  1.000  0.999
g SN (0.009) (0.024) (0.041) (0.017) (0.000) (0.003) (0.000) (0.012) (0.000) (0.000) (0.000) (0.000)
O
1.000  1.000  1.000  1.000 | 0.996  1.000  0.998  1.000 | 0.989  0.990  0.992  0.995
SP (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)
4.950 8530 4.870 7.910 [ 5.000 9.990  4.990 9.870 | 5.000 10.000 5.000 10.000
TP (0.088) (2.029) (0.175) (2.345) (0.000) (0.010) (0.010) (0.134) (0.000) (0.000) (0.000) (0.000)
0.010 0.000 0.060 0.000 | 0.010 0.000 0.010 0.000 | 0.090 0.000  0.200  0.040
z | FP (0.010) (0.000) (0.077) (0.000) (0.010) (0.000) (0.010) (0.000) (0.143) (0.000) (0.202) (0.039)
o
“ 0.990 0.853 0.974 0791 | 1.000  0.999  0.998  0.987 | 1.000  1.000  1.000  1.000
SN (0.004) (0.020) (0.007) (0.023) (0.000) (0.000) (0.000) (0.001) (0.000) (0.000) (0.000) (0.000)
1.000  1.000  0.999  1.000 | 1.000  1.000  1.000  1.000 | 1.000  1.000  1.000  1.000
SP (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)
5.000 6.870 4.070 5150 | 5.000 9.130 5.000 5.350 | 3.080 5.550  2.810  4.250
TP (0.000) (11.650) (2.328) (7.422) (0.000) (4.882) (0.000) (9.745) (1.428) (4.836) (2.034) (3.563)
1.030 0.210 0.980 0.190 | 3.300 1.460 3.070 0.890 | 27.920 27.980 27.540 22.700
f’i) FP (0.413) (0.168) (0.585) (0.155) (4.737) (0.837) (2.571) (0.442) (118.579)  (114.545)  (115.948)  (103.424)
= 1.000  0.687  0.814 0515 | 1.000  0.913  1.000 0535 | 0.616  0.555  0.562  0.425
SN (0.000) (0.116) (0.093) (0.074) (0.000) (0.049) (0.000) (0.097) (0.057) (0.048) (0.081) (0.036)
0.989 0998  0.990  0.998 | 0.983  0.992  0.984 0.995 | 0.944  0.943  0.944  0.954
SP (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)

Note that the best TP values (highest) and FP values (lowest) are highlighted in a black, bold font, and the worst TP values (lowest) and FP values (highest)
are highlighted using a grey, bold font.
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Table 6.7: Average TP, FP, SN and SP for the various methods across 100 data sets gener-
ated with a Laplace (0, 3) error distribution (estimated variances are stated in parentheses

below each entry). Values inserted using the “Simple” approach.

n = 100 n = 200 n = 500
p=>5 p=15 p=>5 p=15 p=>5 p=15
§=5[6=10]6=5[6=10[6=5[6=10[6=5[6=10]| 6=5 [6=10] 6=5 | 6=10
2.890 3.060 2.070 3.120 | 4.050 3.220 2.380 3.030 | 4.790 5.710 3.740  3.040
TP (2.281) (0.057) (0.975) (0.127) (2.149) (0.214) (1.248) (0.029) (0.774) (4.067) (3.245) (0.039)
= 0.000 0.000 0.000 0.000 | 0.000 0.000 0.000 0.000 | 0.000 0.000 0.000 0.000
= | FP (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)
o
= 0.578  0.306  0.414  0.312 | 0.810  0.322 0476  0.303 | 0.958  0.571  0.748  0.304
"% SN (0.091) (0.001) (0.039) (0.001) (0.086) (0.002) (0.050) (0.000) (0.031) (0.041) (0.130) (0.000)
= 1.000  1.000  1.000  1.000 | 1.000  1.000  1.000  1.000 | 1.000  1.000  1.000  1.000
SP (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)
5.000 5.690 4.930 7.460 | 5.000 10.000 5.000 9.970 | 5.000 10.000 5.000 10.000
TP (0.000) (1.408) (0.086) (1.503) (0.000) (0.000) (0.000) (0.029) (0.000) (0.000) (0.000) (0.000)
0.020 0.000 0.150 0.000 | 0.710 0.000 1.020 0.150 | 7.250  6.600  6.190  5.920
m FP (0.020) (0.000) (0.149) (0.000) (0.673) (0.000) (0.727) (0.169) (15.765) (3.677) (4.883) (3.286)
<
= 1.000  0.569 0986  0.746 | 1.000  1.000  1.000  0.997 | 1.000  1.000  1.000  1.000
SN (0.000) (0.014) (0.003) (0.015) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)
1.000  1.000 0998  1.000 | 0.996  1.000  0.995 0.999 | 0985  0.987  0.987  0.988
SP (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)
5.000 9.590 3.500 4.970 | 5.000 9.990  4.990 5350 | 5.000 10.000 5.000  5.790
TP (0.000) (1.517) (2.232) (5.060) (0.000) (0.010) (0.010) (6.391) (0.000) (0.000) (0.000) (8.188)
0.000 0.000 0.000 0.000 | 0.000 0.000 0.000 0.000 | 0.000 0.000 0.000 0.000
A FP (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)
= 1.000  0.959  0.700  0.497 | 1.000  0.999 0998  0.535 | 1.000  1.000  1.000  0.579
< SN (0.000) (0.015) (0.089) (0.051) (0.000) (0.000) (0.000) (0.064) (0.000) (0.000) (0.000) (8.188)
1.000  1.000  1.000  1.000 | 1.000  1.000  1.000  1.000 | 1.000  1.000  1.000  1.000
SP (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)
LP
4.770  2.740 2870  2.060 [ 5.000 10.000 5.000 9.630 | 5.000 10.000 5.000  9.710
TP (0.219) (1.770) (1.387) (1.552) (0.000) (0.000) (0.000) (1.064) (0.000) (0.000) (0.000) (0.592)
- 0.000 0.000 0.000 0.000 | 0.770 0.000 0.320 0.000 | 8.860  6.690 5540  3.400
g FP (0.000) (0.000) (0.000) (0.000) (0.603) (0.000) (0.301) (0.000) (6.465) (4.903) (4.069) (2.283)
2 0.954 0274 0574  0.206 | 1.000  1.000  1.000  0.963 | 1.000  1.000  1.000  0.971
g SN (0.009) (0.018) (0.055) (0.016) (0.000) (0.000) (0.000) (0.011) (0.000) (0.000) (0.000) (0.006)
O
1.000  1.000  1.000  1.000 | 0.996  1.000  0.998  1.000 | 0982  0.986  0.989  0.993
SP (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)
5.000 8.830 4.810 7.760 | 5.000 9.990 5.000 9.850 | 5.000 10.000 5.000 10.000
TP (0.000) (1.981) (0.236) (2.002) (0.000) (0.010) (0.000) (0.129) (0.000) (0.000) (0.000) (0.000)
0.000 0.000 0.010 0.000 | 0.000 0.000 0.030 0.000 | 0.180  0.000  0.100  0.010
z | FP (0.000) (0.000) (0.010) (0.000) (0.000) (0.000) (0.029) (0.000) (0.392) (0.000) (0.111) (0.010)
o
< 1.000  0.883 0962 0.776 | 1.000  0.999  1.000  0.985 | 1.000  1.000  1.000  1.000
SN (0.000) (0.020) (0.009) (0.020) (0.000) (0.000) (0.000) (0.001) (0.000) (0.000) (0.000) (0.000)
1.000  1.000  1.000  1.000 | 1.000  1.000  1.000  1.000 | 1.000  1.000  1.000  1.000
SP (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)
4.960  7.980 3.030 4.590 | 5.000 9.830  4.830 4.580 | 4.080  7.670  4.110  3.880
TP (0.160) (8.929) (2.979) (5.052) (0.000) 1.052) (0.587) (6.650) (1.145) (4.526) (1.331) (4.228)
0.240 0.010 0.200 0.020 | 1.170 0.630 1.000 0.230 | 12.450 17.120 11.710 8.650
% FP (0.225) (0.010) (0.202) (0.020) (0.951) (0.397) (0.889) (0.199) (86.896) (149.925) (91.885) (82.896)
= 0.992  0.798  0.606 0459 | 1.000  0.983  0.966 0458 | 0.816  0.767  0.822  0.388
SN (0.006) (0.089) (0.119) (0.051) (0.000) (0.011) (0.023) (0.067) (0.046) (0.045) (0.053) (0.042)
0.997  1.000  0.998  1.000 | 0.994  0.997  0.995 0.999 | 0.975  0.965  0.976  0.982
SP (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.001) (0.000) (0.000)

Note that the best TP values (highest) and FP values (lowest) are highlighted in a black, bold font, and the worst TP values (lowest) and FP values (highest)
are highlighted using a grey, bold font.
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Table 6.8: Average TP, FP, SN and SP for the various methods across 100 data sets
generated with a Contaminated normal (—1.3,1,1.3,1,0.5) error distribution (estimated

variances are stated in parentheses below each entry). Values inserted using the “Simple”

approach.
n = 100 n = 200 n = 500
p=>5 p=15 p=>5 p=15 p=>5 p=15
5:5‘6:10 0=5|d=10 | d=5|0=10 | 6=5| 6=10 | 6=5| =10 | 6=5 | 6=10
3.040 3.030 1.980 3.090 3.990 3.060 2.520 3.020 4.630 4.140 3.070 3.000
TP | (1.312)  (0.029)  (0.767) (0.083) (1.687) (0.057) (0.878) (0.020) (0.538) (0.909) (1.783) (0.000)
— 0.000 0.000 0.000 0.000 | 0.000 0.000 0.000 0.000 | 0.000 0.000 0.000 0.000
g FP | (0.000)  (0.000)  (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)
E 0.608  0.303  0.396 0.309 0.798 0.306 0.504 0.302 0.926 0.414 0.614 0.300
T | SN | (0o52)  (0.000)  (0.031) (0.001) (0.067) (0.001) (0.035) (0.000) (0.022) (0.009) (0.071) (0.000)
-
= 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
SP | (0.000)  (0.000)  (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)
4.960 5.630 4.620 6.780 4.970 9.820 4.900 8.510 4.990 9.950 4.960 9.280
TP | (0.039)  (0.842)  (0.379) (1.608) (0.050) (0.169) (0.131) (1.424) (0.010) (0.048) (0.039) (0.567)
0.030 0.000 0.180 0.060 1.090 0.270 1.320 1.230 7.660 11.190 6.870 12.700
m | FP | (0.029)  (0.000)  (0.149) (0.057) (1.295) (0.260) (1.250) (0.987) (8.126) (3.287) (5.023) (3.889)
@
= 0.992  0.563  0.924 0.678 0.994 0.982 0.980 0.851 0.998 0.995 0.992 0.928
SN | (0.002)  (0.008)  (0.015) (0.016) (0.002) (0.002) (0.005) (0.014) (0.000) (0.000) (0.002) (0.006)
1.000 1.000  0.998 0.999 0.994 0.999 0.993 0.994 0.985 0.977 0.986 0.974
SP | (0.000)  (0.000)  (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)
4930 9.920 2370 10.000 | 4.990 10.000 4.220 10.000 | 5.000 10.000 4.840 10.000
TP | (0.147)  (0.640)  (1.508) (0.000) (0.010) (0.000) (1.244) (0.000) (0.000) (0.000) (0.277) (0.000)
0.000 0.000 0.000 0.000 | 0.000 0.000 0.000 0.000 | 0.000 0.000 0.000 0.000
a, | FP | (0.000)  (0.000)  (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)
E 0.986  0.992 0.474 1.000 0.998 1.000 0.844 1.000 1.000 1.000 0.968 1.000
< | SN | (0.006)  (0.006)  (0.060) (0.000) (0.000) (0.000) (0.050) (0.000) (0.000) (0.000) (0.011) (0.000)
1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
SP | (0.000)  (0.000)  (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)
1
ON 4550 3.360 2930 3.030 | 5.000 9970 4.970 9910 | 5.000 10.000 5.000 10.000
TP | (0.412)  (1.142)  (0.975) (2.413) (0.000) (0.029) (0.050) (0.083) (0.000) (0.000) (0.000) (0.000)
= 0.000 0.000 0.000 0.000 | 0.940 0.000 0.270 0.000 | 9.610  6.160 6.130 2.360
g | FP | (0.000)  (0.000)  (0.000) (0.000) (0.865) (0.000) (0.280) (0.000) (5.675) (3.772) (5.771) (1.829)
o 0.910  0.336  0.586 0.303 1.000 0.997 0.994 0.991 1.000 1.000 1.000 1.000
g SN | (0.016)  (0.011)  (0.039) (0.024) (0.000) (0.000) (0.002) (0.001) (0.000) (0.000) (0.000) (0.000)
© 1.000 1.000 1.000 1.000 0.995 1.000 0.999 1.000 0.981 0.987 0.988 0.995
SP | (0.000)  (0.000)  (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)
4910  6.930  4.470 6.310 4.970 9.380 4.800 7.770 4.990 9.860 4.920 8.600
TP | (0.123)  (3.298)  (0.595) (1.792) (0.050) (0.521) (0.323) (2.118) (0.010) (0.142) (0.135) (1.051)
0.000 0.000 0.030 0.010 | 0.000 0.000 0.020 0.080 0.060 0.010 0.040 0.900
2 | FP | (0.000)  (0.000)  (0.029) (0.010) (0.000) (0.000) (0.020) (0.095) (0.057) (0.010) (0.039) (0.859)
]
Z 0.982  0.693  0.894 0.631 0.994 0.938 0.960 0.777 0.998 0.986 0.984 0.860
SN | (0.005)  (0.033)  (0.024) (0.018) (0.002) (0.005) (0.013) (0.021) (0.000) (0.001) (0.005) (0.011)
1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 0.998
SP | (0.000)  (0.000)  (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)
4.560  3.500  2.860 3.830 4.990 6.680 4.480 5.930 | 5.000 9.950 4.850  10.000
TP | (1.017)  (1.081)  (1.354) (1.536) (0.010)  (10.725)  (0.798)  (10.268) | (0.000) (0.250) (0.311) (0.000)
0.000 0.000 0.000 0.000 | 0.040 0.030 0.020 0.040 0.310 0.020 0.150  0.000
2, | FP | (0.000)  (0.000)  (0.000) (0.000) (0.039) (0.029) (0.020) (0.039) (0.236) (0.020) (0.129) (0.000)
= 0.912  0.350  0.572 0.383 0.998 0.668 0.896 0.593 1.000 0.995 0.970 1.000
SN | (0.041)  (0.011)  (0.054) (0.015) (0.000) (0.107) (0.032) (0.103) (0.000) (0.003) (0.012) (0.000)
1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 0.999 1.000 1.000 1.000
SP | (0.000)  (0.000)  (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)

Note that the best TP values (highest) and FP values (lowest) are highlighted in a black, bold font, and the worst TP values (lowest) and FP values (highest)
are highlighted using a grey, bold font.
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Table 6.9: Average TP, FP, SN and SP for the various methods across 100 data sets

1

. . 5 . . . .
generated with a Contaminated normal (0, NiEL 0, i3 0.5) error distribution (estimated

variances are stated in parentheses below each entry). Values inserted using the “Simple”

approach.
n = 100 n = 200 n = 500
p=>5 p=15 p=>5 p=15 p=>5 p=15
5:5‘6:10 6=56=10 | 0=5|6d=10 | 6d=5 | 6=10 =5 =10 | 6=5 1] 6 =10
2.820 3.030 2.000 3.050 3.690 3.070 2.280 3.010 4.550 4.100 3.200 3.010
TP | (1.846) (0.029) (0.869) (0.048) (2.135) (0.066) (1.052) (0.010) (0.856) (0.798) (1.737) (0.010)
— 0.000 0.000 0.000 0.000 | 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
g FP | (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)
E 0.564 0.303 0.400 0.305 0.738 0.307 0.456 0.301 0.910 0.410 0.640 0.301
T | SN | (0.074) (0.000) (0.035) (0.000) (0.085) (0.001) (0.042) (0.000) (0.034) (0.008) (0.069) (0.000)
—
= 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
SP | (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)
4.910 5.600  4.560 7.020 4.960 9.780 4.870 8.790 4.980 9.950 4.950 9.380
TP | (0.143) (0.949) (0.431) (1.899) (0.079) (0.234) (0.195) (1.238) (0.040) (0.068) (0.048) (0.561)
0.060 0.000 0.210 0.040 1.020 0.210 1.200 1.220 8.670 11.010 7.070 12.310
m | FP | (0.118) (0.000) (0.208) (0.039) (1.575) (0.168) (0.970) (1.284) (12.910) (3.141) (6.854) (4.236)
E
= 0.982 0.560 0.912 0.702 0.992 0.978 0.974 0.879 0.996 0.995 0.990 0.938
SN | (0.006) (0.009) (0.017) (0.019) (0.003) (0.002) (0.008) (0.012) (0.002) (0.001) (0.002) (0.006)
0.999 1.000 0.998 1.000 0.995 0.999 0.994 0.994 0.982 0.978 0.986 0.975
SP | (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)
4.980 9.920 2.220 10.000 | 5.000 10.000 3.940 10.000 [ 5.000 10.000 4.740 10.000
TP | (0.020) (0.256) (1.608) (0.000) (0.000) (0.000) (1.289) (0.000) (0.000) (0.000) (0.578) (0.000)
0.000 0.000 0.000 0.000 | 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
a, | FP | (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)
E 0.996 0.992 0.444 1.000 1.000 1.000 0.788 1.000 1.000 1.000 0.948 1.000
< | SN | (0.001) (0.003) (0.064) (0.000) (0.000) (0.000) (0.052) (0.000) (0.000) (0.000) (0.023) (0.000)
1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
SP | (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)
CN2 4.610 3.680 2.970 3.120 5.000 9.980 4.970 9.860 5.000 10.000 5.000 10.000
TP | (0.301) (1.331) (0.696) (2.329) (0.000) (0.020) (0.050) (0.122) (0.000) (0.000) (0.000) (0.000)
= 0.000 0.000 0.000 0.000 | 1.020 0.000 0.280 0.000 | 10.620 6.710 6.510 2.190
g FP | (0.000) (0.000) (0.000) (0.000) (1.050) (0.000) (0.305) (0.000) (8.460) (4.349) (5.141) (2.458)
2 0.922 0.368 0.594 0.312 1.000 0.998 0.994 0.986 1.000 1.000 1.000 1.000
g SN | (0.012) (0.013) (0.028) (0.023) (0.000) (0.000) (0.002) (0.001) (0.000) (0.000) (0.000) (0.000)
© 1.000 1.000 1.000 1.000 0.995 1.000 0.999 1.000 0.979 0.986 0.987 0.996
SP | (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)
4.810 6.930 4.370 6.690 4.940 9.360 4.810 7.840 4.960 9.870 4.880 8.800
TP | (0.317) (3.116) (0.599) (2.095) (0.138) (0.596) (0.277) (2.378) (0.059) (0.175) (0.187) (1.232)
0.010 0.000 0.020 0.010 0.000 0.000 0.010 0.080 0.110 0.010 0.100 0.700
2 | FP | (0.010) (0.000) (0.020) (0.010) (0.000) (0.000) (0.010) (0.095) (0.139) (0.010) (0.111) (0.980)
[}
z 0.962 0.693 0.874 0.669 0.988 0.936 0.962 0.784 0.992 0.987 0.976 0.880
SN | (0.013) (0.031) (0.024) (0.021) (0.006) (0.006) (0.011) (0.024) (0.002) (0.002) (0.007) (0.012)
1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 0.999
SP | (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)
4.670 3.700 2.800 4.020 4.940 5.940 4.070 6.020 5.000 9.910 4.760  10.000
TP | (0.870) (1.788) (0.990) (1.818) (0.118)  (10.239)  (1.379) (9.495) (0.000) (0.446) (0.467) (0.000)
0.000 0.000 0.000 0.020 0.020 0.020 0.040 0.000 0.180 0.010 0.140 0.010
2, | FP | (0.000) (0.000) (0.000) (0.020) (0.020) (0.020) (0.039) (0.000) (0.189) (0.010) (0.122) (0.010)
= 0.934 0.370 0.560 0.402 0.988 0.594 0.814 0.602 1.000 0.991 0.952 1.000
SN | (0.035) (0.018) (0.040) (0.018) (0.005) (0.102) (0.055) (0.095) (0.000) (0.004) (0.019) (0.000)
1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
SP | (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)

Note that the best TP values (highest) and FP values (lowest) are highlighted in a black, bold font, and the worst TP values (lowest) and FP values (highest)
are highlighted using a grey, bold font.
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Table 6.10: Average TP, FP, SN and SP for the various methods across 100 data sets
generated with an N (0, 1) error distribution (estimated variances are stated in parentheses
below each entry). Values inserted using the “Masked” approach.

n =100 n = 200 n = 500
p=>5 p=15 p=>5 p=15 p=>5 p=15
§=5[6=10]6=5[6=10[6=5[6=10[6=5[06=10[ 6=5 [6=10|d=5]6=10
0.000  0.000 0.000 0.000 | 0.000 0.000 0.000 0.000 | 0.000 0.000 0.000 0.000
TP (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)
= 0.000  0.000 0.000 0.000 | 0.000 0.000 0.000 0.000 | 0.000 0.000 0.000 0.000
| FP (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)
o
£ 0.000  0.000  0.000  0.000 | 0.000  0.000  0.000  0.000 | 0.000  0.000  0.000  0.000
—% SN (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)
—
2 1.000  1.000  1.000  1.000 | 1.000  1.000  1.000  1.000 | 1.000  1.000  1.000  1.000
SP (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)
5.000 7.760 5.000 8750 | 5.000 10.000 5.000 10.000 | 5.000 10.000 5.000 10.000
TP (0.000) (1.275) (0.000) (0.876) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)
0020 0.000 0.160 0.010 | 2.230  0.000 1.880 0.000 | 11490  7.670 9.310  5.630
m FP (0.020) (0.000) (0.156) (0.010) (1.128) (0.000) (1.198) (0.000) (5.949) (5.799) (4.519) (4.599)
<
- 1.000 0776  1.000  0.875 | 1.000  1.000  1.000  1.000 | 1.000 1000  1.000  1.000
SN (0.000) (0.013) (0.000) (0.009) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)
0.998  1.000  0.998  1.000 | 0.989  1.000 ~ 0.990 ~ 1.000 | 0.977 0984 0981  0.989
SP (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)
5.000 10.000 4.890  9.900 | 5.000 10.000 5.000 9.680 | 5.000 10.000 5.000  9.570
TP (0.000) (0.000) (0.989) (0.091) (0.000) (0.000) (0.000) (2.543) (0.000) (0.000) (0.000) (2.106)
0.000  0.000 0.000 0.000 | 0.000 0.000 0.000 0.000 | 0.000 0.000 0.000 0.000
a, FP (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)
s 1.000  1.000 0978 0990 | 1.000  1.000  1.000  0.968 | 1.000  1.000  1.000  0.957
< | SN (0.000) (0.000) (0.004) (0.001) (0.000) (0.000) (0.000) (0.025) (0.000) (0.000) (0.000) (0.021)
1.000  1.000  1.000  1.000 | 1.000  1.000  1.000  1.000 | 1.000  1.000  1.000  1.000
SP (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)
N 4850 2440  1.860  0.260 | 5.000 9.980  5.000 9.610 | 5.000 10.000 5.000 10.000
TP (0.129) (1.582) (1.091) (0.295) (0.000) (0.198) (0.000) (0.321) (0.000) (0.000) (0.000) (0.000)
- 0.000  0.000 0.000 0.000 | 1.480 0.000 0.400 0.000 | 11.510  7.610  6.330  3.830
g FP (0.000) (0.000) (0.000) (0.000) (1.060) (0.000) (0.364) (0.000) (5.303) (4.988) (4.203) (3.031)
2 0970 0244 0372  0.026 | 1.000 0998  1.000  0.961 | 1.000  1.000  1.000  1.000
g SN (0.005) (0.016) (0.044) (0.003) (0.000) (0.000) (0.000) (0.003) (0.000) (0.000) (0.000) (0.000)
O
1.000  1.000  1.000  1.000 | 0.992  1.000 0998  1.000 | 0977 0984 0987  0.992
SP (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)
5.000 9.770  4.980  9.150 | 5.000 10.000 5.000 10.000 | 5.000 10.000 5.000 10.000
TP (0.000) (0.199) (0.020) (1.159) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)
0.000 0.000 0.030 0.010 | 0.000 0.000 0.000 0.000 | 0.000 0.000 0.000 0.000
2 | FP (0.000) (0.000) (0.029) (0.010) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)
o
2 1.000 0977 0996 0915 | 1.000  1.000  1.000  1.000 | 1.000  1.000  1.000  1.000
SN (0.000) (0.002) (0.001) (0.116) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)
1.000  1.000  1.000  1.000 | 1.000  1.000  1.000  1.000 | 1.000 1000  1.000  1.000
SP (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)
5.000 10.000 5.000 10.000 | 5.000 10.000 5.000 10.000 | 5.000 10.000 5.000  9.980
TP (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.040)
0.070  0.000  0.040  0.010 | 0.080  0.020  0.060  0.020 | 0.180  0.090  0.110  0.140
f’i) FP (0.066) (0.000) (0.039) (0.010) (0.074) (0.020) (0.057) (0.020) (0.169) (0.083) (0.099) (1.031)
= 1.000  1.000  1.000  1.000 | 1.000  1.000  1.000  1.000 | 1.000 1000  1.000  0.998
SN (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)
0999  1.000  1.000  1.000 | 1.000  1.000 ~ 1.000  1.000 | 1.000  1.000  1.000  1.000
SP (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)

Note that the best TP values (highest) and FP values (lowest) are highlighted in a black, bold font, and the worst TP values (lowest) and FP values (highest)

are highlighted using a grey, bold font.
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Table 6.11: Average TP, FP, SN and SP for the various methods across 100 data sets
generated with an t3 error distribution (estimated variances are stated in parentheses
below each entry). Values inserted using the “Masked” approach.

n = 100 n = 200 n = 500
p=>5 p=15 p=>5 p=15 p=25 p=15

§=5[6=10 | 6=5][6=10[6=5]6=10[6=5]6=10]| 6=5 [ 6=10] 6d=5 | 6=10

0.000 0.000 0.000 0.000 | 0.000 0.000 0.000 0.000 | 0.000 0.000 0.000 0.000

TP (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)

= 0.000 0.000 0.000 0.000 | 0.000 0.000 0.000 0.000 | 0.000 0.000 0.000 0.000

= | FP (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)
o

= 0.000  0.000  0.000  0.000 | 0.000  0.000  0.000 0.000 | 0.000  0.000  0.000  0.000

Fg SN (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)
S

= 1.000  1.000  1.000  1.000 | 1.000  1.000  1.000  1.000 | 1.000  1.000  1.000  1.000

SP (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)

5.000 7.590 4.990 8.820 | 5.000 10.000 5.000 10.000 | 5.000 10.000 5.000 10.000

TP (0.000) (1.295) (0.010) (0.836) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)

0.110  0.010  0.420 0.010 | 3.270  0.110  2.930  0.110 | 14.030  9.510  11.590  7.720

m FP (0.099) (0.010) (0.387) (0.010) (0.926) (0.099) (1.035) (0.099) (3.969) (2.818) (4.527) (3.173)
oo}

= 1.000 0759  0.998  0.882 | 1.000  1.000  1.000  1.000 | 1.000  1.000  1.000  1.000

SN (0.000) (0.013) (0.000) (0.008) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)

0.999  1.000 0.996  1.000 | 0.983  0.999  0.985 0999 | 0972  0.981 0977  0.984

SP (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)

5.000 10.000 4.940 9.960 | 5.000 9.990 5.000 9.830 | 5.000  9.990  5.000  9.430

TP (0.000) (0.000) (0.077) (0.039) (0.000) (0.010) (0.000) (0.971) (0.000) (0.010) (0.000) (3.056)

0.010  0.030 0.000 0.010 | 0.050 0.000 0.020 0.010 | 0.000 0.000 0.000 0.000

a, FP (0.010) (0.029) (0.000) (0.010) (0.048) (0.000) (0.020) (0.010) (0.000) (0.000) (0.000) (0.000)

= 1.000  1.000 0988  0.996 | 1.000 0999  1.000  0.983 | 1.000  0.999  1.000  0.943

< SN (0.000) (0.000) (0.003) (0.000) (0.000) (0.000) (0.000) (0.010) (0.000) (0.000) (0.000) (0.031)

1.000  1.000  1.000  1.000 | 1.000  1.000  0.999  1.000 | 1.000  1.000  1.000  1.000

SP (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)

T3 4.880 2570  1.740  0.250 | 5.000 9.990  5.000 9.760 | 5.000 10.000 5.000 10.000

TP (0.107) (1.561) (0.942) (0.210) (0.000) (0.010) (0.000) (0.225) (0.000) (0.000) (0.000) (0.000)

- 0.000 0.000 0.000 0.000 | 1.960 0.000 0.770 0.000 | 12330  7.880  7.470  4.860

g FP (0.000) (0.000) (0.000) (0.000) (0.968) (0.000) (0.563) (0.000) (4.244) (3.703) (3.928) (3.354)

2 0.976  0.257  0.348  0.025 | 1.000  0.999  1.000 0976 | 1.000  1.000  1.000  1.000

% SN (0.004) (0.016) (0.038) (0.002) (0.000) (0.000) (0.000) (0.002) (0.000) (0.000) (0.000) (0.000)
O

1.000  1.000  1.000  1.000 | 0.990  1.000  0.996  1.000 | 0.975  0.984  0.985  0.990

SP (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)

5.000 9.780  4.990  9.380 | 5.000 10.000 5.000 10.000 | 5.000 10.000 5.000 10.000

TP (0.000) (0.214) (0.010) (0.642) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)

0.060  0.030  0.150  0.010 | 0.260  0.060 0.270  0.070 | 0.560  0.140  0.640  0.220

2 | FP (0.057) (0.029) (0.129) (0.010) (0.215) (0.057) (0.199) (0.066) (0.451) (0.122) (0.516) (0.214)
o

“ 1.000 0978 0998 0938 | 1.000  1.000  1.000  1.000 | 1.000  1.000  1.000  1.000

SN (0.000) (0.002) (0.000) (0.006) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)

0.999  1.000  0.998  1.000 | 0.999  1.000  0.999  1.000 | 0.999  1.000  0.999  1.000

SP (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)

5.000 10.000 5.000 10.000 | 5.000 10.000 5.000 10.000 | 4.630  8.490  4.470  8.980

TP (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.579) (5.081) (0.676) (2.343)

1.510 0.920 1.130 0.420 | 2910 2.330 2630 1.770 | 10.170 11.030 12.550 10.790

% FP (1.202) (0.519) (1.084) (0.387) (2.244) (1.637) (2.599) (1.169) (46.062) (102.898) (86.109) (89.157)

= 1.000  1.000  1.000  1.000 | 1.000  1.000  1.000  1.000 | 0.926  0.849  0.894  0.898

SN (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.023) (0.051) (0.027) (0.023)

0.984 0990  0.988  0.995 | 0.985  0.988  0.987 0991 | 0979 0977 0975  0.978

SP (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)

Note that the best TP values (highest) and FP values (lowest) are highlighted in a black, bold font, and the worst TP values (lowest) and FP values (highest)
are highlighted using a grey, bold font.
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Table 6.12:
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Average TP, FP, SN and SP for the various methods across 100 data sets
generated with a Log-normal (0, 1) error distribution (estimated variances are stated in

parentheses below each entry). Values inserted using the “Masked” approach.

n = 100 n = 200 n = 500
p=>5 p=15 p=>5 p=15 p=>5 p=15
§=5[6=10]6=5[6=10[6=5[6=10[6=5[6=10[ 6=5 [6=10] 6=5 [d=10
0.000 0.000 0.000 0.000 | 0.000 0.000 0.000 0.000 | 0.000 0.000 0.000 0.000
TP (0.000) (0.000) (0.010) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)
= 0.000 0.000 0.000 0.000 | 0.000 0.000 0.000 0.000 | 0.000 0.000 0.000  0.000
| FP (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)
o
= 0.000  0.000  0.002  0.000 | 0.000  0.000 0.000 0.000 | 0.000  0.000  0.00  0.000
—% SN (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)
—
= 1.000  1.000  1.000  1.000 | 1000  1.000  1.000  1.000 | 1.000  1.000  1.000  1.000
SP (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)
5.000 7.320 5.000 8980 | 5.000 10.000 5.000 10.000 | 5.000 10.000 5.000  10.000
TP (0.000) (1.493) (0.000) (0.747) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)
0240  0.020 0390  0.020 | 3.740  0.180 3430  0.240 | 15500 11.170  13.630  8.720
m | FP (0.184) (0.020) (0.321) (0.020) (0.982) (0.149) (0.934) (0.184) (3.909) (3.233) (3.892) (3.355)
<
- 1.000 0732  1.000  0.898 | 1.000  1.000  1.000  1.000 | 1.000  1.000  1.000  1.000
SN (0.000) (0.015) (0.000) (0.007) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)
0997  1.000  0.996  1.000 | 0.981  0.999  0.982  0.999 | 0969 0977 0972  0.982
SP (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)
5.000 10.000 5.000 9.980 | 5.000 10.000 5.000 9.650 | 5.000 10.000 5.000  9.380
TP (0.000) (0.000) (0.000) (0.198) (0.000) (0.000) (0.000) (1.947) (0.000) (0.000) (0.000) (3.895)
0.080  0.040 0120 0.030 | 0.030 0.010 0050 0.020 | 0010  0.000 0010  0.000
a, FP (0.074) (0.039) (0.127) (0.029) (0.029) (0.010) (0.048) (0.020) (0.010) (0.000) (0.010) (0.000)
s 1.000  1.000  1.000 0998 | 1.000  1.000 1000  0.965 | 1.000  1.000  1.000  0.938
< | SN (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.019) (0.000) (0.000) (0.000) (0.039)
0999  1.000 0999  1.000 | 1.000  1.000  1.000  1.000 | 1.000  1.000  1.000  1.000
SP (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)
LN 4850 2610 1720  0.290 | 5.000 10.000 5.000 9.560 | 5.000 10.000 5.000  10.000
TP (0.129) (2.038) (1.133) (0.269) (0.000) (0.000) (0.000) (0.411) (0.000) (0.000) (0.000) (0.000)
- 0.010  0.010  0.000 0.000 | 2110 0.000 1.100  0.010 | 12390 8120 8460  5.170
g FP (0.010) (0.010) (0.000) (0.000) (0.947) (0.000) (0.535) (0.010) (4.159) (3.299) (4.554) (3.456)
2 0970  0.261 0344  0.029 | 1.000 1.000  1.000  0.956 | 1.000  1.000  1.000  1.000
3 SN (0.005) (0.020) (0.045) (0.003) (0.000) (0.000) (0.000) (0.004) (0.000) (0.000) (0.000) (0.000)
O
1.000  1.000  1.000  1.000 | 0.989 ~ 1.000 0994  1.000 | 0.975  0.983  0.983  0.989
SP (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)
5.000 9.750  4.990  9.340 | 5.000 10.000 5.000 10.000 | 5.000 10.000 5.000  10.000
TP (0.000) (0.270) (0.010) (0.651) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)
0190  0.050 0280  0.030 | 0450  0.110 ~ 0.680  0.180 | 1.290 0450  1.180  0.430
2 | FP (0.176) (0.048) (0.244) (0.029) (0.331) (0.099) (0.462) (0.149) (0.733) (0.351) (0.654) (0.328)
1
2 1.000 0975 0998 0934 | 1.000  1.000 1000  1.000 | 1.000  1.000  1.000  1.000
SN (0.000) (0.003) (0.000) (0.007) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)
0998 0999 0997 1000 | 0.998 0999 0997 0999 | 0997  0.999 0998  0.999
SP (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)
5.000 10.000 5.000 10.000 | 5.000 10.000 5.000 10.000 | 2300  4.810 2490  4.940
TP (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (2.152) (7.004) (2.333) (5.512)
3.280 2.080 2.290 1.060 | 6.750 4.590 5.820 4.010 | 30.200 29.120 29.630 31.030
% FP (2.103) (1.044) (2.087) (1.067) (6.290) (3.113) (4.513) (2.636) (191.697)  (138.693)  (167.993)  (121.646)
= 1.000  1.000  1.000  1.000 | 1.000  1.000  1.000  1.000 | 0.460 0481 0498  0.494
SN (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.086) (0.070) (0.093) (0.055)
0965 0977 0976  0.988 | 0.965 0976 0970  0.979 | 0939 0941 0940  0.937
SP (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.001) (0.001) (0.001) (0.001)

Note that the best TP values (highest) and FP values (lowest) are highlighted in a black, bold font, and the worst TP values (lowest) and FP values (highest)
are highlighted using a grey, bold font.
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Table 6.13:

66

Average TP, FP, SN and SP for the various methods across 100 data sets

generated with a Laplace (0, 3) error distribution (estimated variances are stated in paren-

theses below each entry). Values inserted using the “Masked” approach.

n =100 n = 200 n = 500
p=>5 p=15 p=>5 p=15 p=>5 p=15
§=5]06=10]06=5[6=10|06=5[6=10|6=5]6=10] 6=5 [ 6=10] 6=5 | 6=10
0.000 0.000 0.000 0.000 | 0.000 0.000 0.000 0.000 | 0.000 0.000 0.000 0.000
TP (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)
= 0.000 0.000 0.000 0.000 | 0.000 0.000 0.000 0.000 | 0.000 0.000 0.000 0.000
= | FP (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)
o
= 0.000  0.000  0.000 0.000 | 0.000  0.000 0.000  0.000 0.000 0.000 0.000 0.000
2 | SN (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)
2 1.000  1.000  1.000 1.000 | 1.000  1.000  1.000  1.000 1.000 1.000 1.000 1.000
SP (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)
5.000 7.810 5.000 &.700 | 5.000 10.000 5.000 10.000 | 5.000 10.000 5.000 10.000
TP (0.000) (1.186) (0.000) (0.859) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)
0.070  0.000 0.340 0.000 | 2.910 0.050 2.540  0.020 | 14.290 9,530  12.010  7.120
m FP (0.066) (0.000) (0.227) (0.000) (1.295) (0.048) (1.261) (0.020) (3.380) (2.777) (5.465) (3.844)
<
= 1.000  0.781  1.000 0.870 | 1.000  1.000  1.000  1.000 1.000 1.000 1.000 1.000
SN (0.000) (0.000) (0.000) (0.009) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)
0.999  1.000 0.996 1.000 | 0.985  1.000  0.987  1.000 0.971 0.981 0.976 0.985
SP (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)
5.000 10.000 4.920 9.920 | 5.000 10.000 5.000 9.830 5.000 10.000 5.000 9.460
TP (0.000) (0.000) (0.095) (0.074) (0.000) (0.000) (0.000) (0.567) (0.000) (0.000) (0.000) (2.998)
' | 0.o00 0010 0.000 0.000 | 0.000 0.000 0.000 0.000 | 0.000 0.000 0.000 0.000
o FP (0.000) (0.010) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)
g 1.000 1.000 0.984 0992 | 1.000 1.000 1.000  0.983 1.000 1.000 1.000 0.946
< | SN (0.000) (0.000) (0.004) (0.001) (0.000) (0.000) (0.000) (0.006) (0.000) (0.000) (0.000) (0.030)
1.000  1.000 1.000 1.000 | 1.000  1.000  1.000  1.000 1.000 1.000 1.000 1.000
SP (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)
LP 4.840 2.820 1.810 0.310 | 5.000 10.000 5.000 9.670 5.000 10.000 5.000 10.000
TP | (0.136) (1.745) (0.863) (0.277) (0.000) (0.000) (0.000) (0.244) (0.000) (0.000) (0.000) (0.000)
- 0.000 0.000 0.000 0.000 | 1.760 0.000 0.520 0.000 | 12.060  7.910 7.470 4.050
g FP (0.000) (0.000) (0.000) (0.000) (0.932) (0.000) (0.414) (0.000) (5.269) (4.123) (5.646) (3.220)
) 0.968  0.282 0.362 0.031 | 1.000 1.000  1.000  0.967 1.000 1.000 1.000 1.000
g SN (0.005) (0.017) (0.035) (0.003) (0.000) (0.000) (0.000) (0.002) (0.000) (0.000) (0.000) (0.000)
O b |
1.000 1.000 1.000 1.000 | 0.991  1.000 0.997  1.000 0.976 0.984 0.985 0.992
SP (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)
5.000 9.740 4980 9.220 | 5.000 10.000 5.000 10.000 | 5.000 10.000 5.000 10.000
TP (0.000) (0.255) (0.020) (0.719) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)
0.010 0.010 0.110 0.020 | 0.020 0.000 0.070 0.000 0.100 0.010 0.120 0.000
z | FP (0.010) (0.010) (0.099) (0.020) (0.020) (0.000) (0.086) (0.000) (0.091) (0.010) (0.107) (0.000)
[}
z 1.000 0974  0.996 0922 | 1.000 1.000 1.000  1.000 1.000 1.000 1.000 1.000
SN (0.000) (0.003) (0.001) (0.007) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)
1.000  1.000 0.999  1.000 | 1.000 1.000  1.000  1.000 1.000 1.000 1.000 1.000
SP (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)
5.000 10.000 4.990 9.980 | 5.000 10.000 5.000 10.000 | 4.120 7.680 4.010 7.900
TP (0.000) (0.000) (0.010) (0.020) (0.000) (0.000) (0.000) (0.000) (0.895) (5.695) (1.000) (4.333)
0.620 0.470 0.580 0.310 | 1.400 0.870 1.370 0.660 | 13.720 15.660 14.340 13.610
% FP (0.602) (0.433) (0.630) (0.277) (1.576) (0.983) (1.347) (0.914) (105.194)  (143.701)  (122.227)  (121.857)
= 1.000  1.000  0.998  0.998 | 1.000 1.000  1.000  1.000 0.824 0.768 0.802 0.790
SN (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.036) (0.057) (0.040) (0.043)
0.993  0.995  0.994 0997 | 0.993  0.995  0.993  0.997 0.972 0.968 0.971 0.972
SP (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.001) (0.000) (0.001)

Note that the best TP values (highest) and FP values (lowest) are highlighted in a black, bold font, and the worst TP values (lowest) and FP values (highest)
are highlighted using a grey, bold font.
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Table 6.14:

67

Average TP, FP, SN and SP for the various methods across 100 data sets

generated with a Contaminated normal (—1.3,1,1.3,1,0.5) error distribution (estimated

variances are stated in parentheses below each entry). Values inserted using the “Masked”

approach.
n = 100 n = 200 n = 500
p=>5 p=15 p=2>5 p=15 p=2>5 p=15
5:5‘5:10 6=5]06=10 | 6d=5]6d=10 | =5 | 6 =10 =5 =10 | 6=5 1] 6 =10
0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
TP | (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)
— 0.000 0.000 0.000 0.000 | 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
g FP | (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)
E 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
T | SN | (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)
—
= 1.000 1.000 1.000 0.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
SP | (0.000) (0.000) (0.000) (1.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)
5.000 7.740 5.000 8.560 5.000 10.000 5.000 10.000 | 5.000 10.000 5.000 10.000
TP | (0.000) (1.043) (0.000) (0.895) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)
0.020 0.000 0.220 0.000 1.950 0.000 1.820 0.000 10.060 6.080 8.100 5.310
m | FP | (0.020) (0.000) (0.194) (0.000) (1.543) (0.000) (1.563) (0.000) (9.714) (6.903) (5.990) (5.852)
E
= 1.000 0.774 1.000 0.856 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
SN | (0.000) (0.010) (0.000) (0.009) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)
1.000 1.000 0.998 1.000 0.990 1.000 0.991 1.000 0.980 0.988 0.984 0.989
SP | (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)
5.000 10.000 4.930 9.840 5.000 10.000 5.000 9.880 5.000 10.000 5.000 9.430
TP | (0.000) (0.000) (0.066) (1.045) (0.000) (0.000) (0.000) (0.491) (0.000) (0.000) (0.000) (3.904)
0.000 0.000 0.000 0.000 | 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
a, | FP | (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)
E 1.000 1.000 0.986 0.984 1.000 1.000 1.000 0.988 1.000 1.000 1.000 0.943
< | SN | (0.000) (0.000) (0.003) (0.010) (0.000) (0.000) (0.000) (0.005) (0.000) (0.000) (0.000) (0.039)
1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
SP | (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)
CN1 4.880 2.570 1.770 0.250 5.000 9.990 5.000 9.590 5.000 10.000 5.000 10.000
TP | (0.127) (1.864) (0.947) (0.230) (0.000) (0.010) (0.000) (0.345) (0.000) (0.000) (0.000) (0.000)
= 0.000 0.000 0.000 0.000 1.600 0.000 0.390 0.000 | 11.530 7.080 6.270 3.820
g FP | (0.000) (0.000) (0.000) (0.000) (1.172) (0.000) (0.382) (0.000) (8.050) (5.832) (4.664) (2.897)
2 0.976 0.257 0.354 0.025 1.000 0.999 1.000 0.959 1.000 1.000 1.000 1.000
g SN | (0.005) (0.019) (0.038) (0.002) (0.000) (0.000) (0.000) (0.003) (0.000) (0.000) (0.000) (0.000)
© 1.000 1.000 1.000 1.000 0.992 1.000 0.998 1.000 0.977 0.986 0.987 0.992
SP | (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)
5.000 9.790 4.980 8.950 5.000 10.000 5.000 10.000 | 5.000 10.000 5.000 10.000
TP | (0.000) (0.208) (0.020) (1.078) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)
0.000 0.000 0.050 0.000 | 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
2 | FP | (0.000) (0.000) (0.048) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)
[}
z 1.000 0.979 0.996 0.985 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
SN | (0.000) (0.002) (0.001) (0.011) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)
1.000 1.000 0.999 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
SP | (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)
5.000 10.000 5.000 10.000 | 5.000 10.000 5.000 10.000 | 5.000 10.000 5.000 10.000
TP | (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)
0.000 0.000 0.010 0.010 | 0.000 0.000 0.000 0.000 0.010 0.000 0.000 0.000
2, | FP | (0.000) (0.000) (0.010) (0.010) (0.000) (0.000) (0.000) (0.000) (0.010) (0.000) (0.000) (0.000)
= 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
SN | (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)
1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
SP | (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)

Note that the best TP values (highest) and FP values (lowest) are highlighted in a black, bold font, and the worst TP values (lowest) and FP values (highest)
are highlighted using a grey, bold font.
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Table 6.15:  Average TP, FP, SN and SP for the various methods across 100 data sets
generated with a Contaminated normal (0, \/%, 0, \/%, 0.5) error distribution (estimated

variances are stated in parentheses below each entry). Values inserted using the “Masked”

approach.
n = 100 n = 200 n = 500
p=>5 p=15 p=>5 p=15 p=>5 p=15
5:5\5:10 d=5 =10 | 6d=5|6=10 | 6=5 6 =10 6=5 6 =10 6=5 6 =10
0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
TP (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)
— 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
g FP (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)
E 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
'g SN (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)
—
= 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
SP (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)
5.000 7.760 5.000 8.810 5.000 10.000 5.000 10.000 5.000 10.000 5.000 10.000
TP (0.000) (1.376) (0.000) (0.822) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)
0.040 0.000 0.290 0.000 3.170 0.010 2.390 0.000 14.340 9.420 11.740 7.220
m FP (0.039) (0.000) (0.269) (0.000) (1.334) (0.010) (1.250) (0.000) (3.196) (3.034) (5.346) (3.143)
<
= 1.000 0.776 1.000 0.881 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
SN (0.000) (0.014) (0.000) (0.008) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)
1.000 1.000 0.997 1.000 0.984 1.000 0.988 1.000 0.971 0.981 0.976 0.985
SP (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)
5.000 10.000 4.970 9.920 5.000 10.000 5.000 9.910 5.000 10.000 5.000 9.470
TP (0.000) (0.000) (0.029) (0.074) (0.000) (0.000) (0.000) (0.325) (0.000) (0.000) (0.000) (3.039)
0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
o, FP (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)
E 1.000 1.000 0.994 0.992 1.000 1.000 1.000 0.991 1.000 1.000 1.000 0.947
< SN (0.000) (0.000) (0.001) (0.001) (0.000) (0.000) (0.000) (0.003) (0.000) (0.000) (0.000) (0.030)
1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
SP (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)
CN2 4.920 2.310 1.840 0.190 5.000 9.990 5.000 9.610 5.000 10.000 5.000 10.000
TP (0.074) (1.246) (1.388) (0.196) (0.000) (0.010) (0.000) (0.321) (0.000) (0.000) (0.000) (0.000)
- 0.000 0.000 0.000 0.000 1.960 0.000 0.480 0.000 12.150 7.650 7.210 4.310
8 FP (0.000) (0.000) (0.000) (0.000) (1.190) (0.000) (0.373) (0.000) (4.189) (3.220) (4.511) (2.923)
2 0.984 0.231 0.368 0.019 1.000 0.999 1.000 0.961 1.000 1.000 1.000 1.000
g SN (0.003) (0.012) (0.056) (0.002) (0.000) (0.000) (0.000) (0.003) (0.000) (0.000) (0.000) (0.000)
© 1.000 1.000 1.000 1.000 0.990 1.000 0.998 1.000 0.975 0.984 0.985 0.991
SP (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)
5.000 9.750 4.980 9.320 5.000 10.000 5.000 10.000 5.000 10.000 5.000 10.000
TP (0.000) (0.290) (0.020) (0.624) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)
0.010 0.000 0.090 0.010 0.030 0.000 0.040 0.000 0.010 0.000 0.040 0.000
3 FP (0.010) (0.000) (0.083) (0.010) (0.029) (0.000) (0.059) (0.000) (0.010) (0.000) (0.039) (0.000)
9]
z 1.000 0.975 0.996 0.932 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
SN (0.000) (0.003) (0.001) (0.006) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)
1.000 1.000 0.999 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
SP (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)
5.000 10.000 5.000 10.000 | 4.990 9.910 4.990 9.960 2.200 3.810 2.340 4.140
TP (0.000) (0.000) (0.000) (0.000) (0.010) (0.143) (0.010) (0.099) (1.677) (5.226) (1.499) (4.223)
0.720 0.360 0.510 0.280 1.570 0.980 1.290 0.840 29.930 28.230 27.760 30.680
“a) FP (0.951) (0.394) (0.616) (0.264) (2.066) (2.303) (1.380) (8.580) (149.844) (170.482) (121.417) (110.321)
= 1.000 1.000 1.000 1.000 0.998 0.991 0.998 0.996 0.440 0.381 0.468 0.414
SN (0.000) (0.000) (0.000) (0.000) (0.000) (0.001) (0.000) (0.001) (0.067) (0.052) (0.060) (0.042)
0.992 0.996 0.995 0.997 0.992 0.995 0.993 0.996 0.940 0.942 0.944 0.937
SP (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.001) (0.001) (0.000) (0.000)

Note that the best TP values (highest) and FP values (lowest) are highlighted in a black, bold font, and the worst TP values (lowest) and FP values (highest)

are highlighted using a grey, bold font.




CHAPTER 6. SIMULATION STUDY 69
Table 6.16: Cut-off values used in the New and Traditional methods.
n = 100 n = 200 n = 500
p=2>5 p=15 p=>5 p=15 p=>5 p=15
§=5[06=10[0=5[06=10[6=5[6=10]6=5]6=10|6=5]5=10|5=5][05=10
New 0.106 0.106 0.091 0.091 0.049 0.049 0.038 0.038 0.019 0.019 0.014 0.014
Traditional | 0.877 0.877 0.963 0.963 0.873 0.873 0.959 0.959 0.871 0.871 0.957 0.957

Table 6.17: Average of the JaB method cut-off values for the various methods across 100

generated data sets (estimated variances are stated in parentheses below each entry).

n =100 n = 200 n =500

p=5 p=15 p=5 p=15 p=>5 p=15
§=5[6=10|6=5]6=10[6=5[6=10[0=5[6=10[6=5[6=10[6=5]45=10
0.084 0166  0.065 0.104 | 0.010  0.051 0.012 0.032 | 0.003 0.002 0.002  0.002
All (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)
N 0.040  0.169  0.057  0.101 | 0.010 0012 0012 0017 | 0.003 0.002 0.003  0.002
Delta | (0.054) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)
0.092 0.164 0068 0.110 | 0.010 0056 0.012 0.036 | 0.002 0002 0.002  0.002
All (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)
T3 0.047 0167  0.059  0.106 | 0.010 0.018 0.012 0.021 | 0.003 0002 0.003  0.002
Delta | (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)
0102 0163 0070 0.112 | 0.010 0.061 0.013 0.038 | 0.002 0.002 0.002 0.002
All (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)
LN 0.058  0.166  0.059 0.109 | 0.010  0.023 0.013 0.023 | 0.002 0002 0.002 0.002
Delta | (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)
0.087  0.163  0.067  0.107 | 0.011  0.051 0.013 0.033 | 0.003 0.002 0.003  0.002
All (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)
LP 0.045 0.166  0.058 0.103 | 0.011  0.014 0013 0.018 | 0.003 0.002 0.003  0.002
Delta | (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)
0.081  0.165 0.065 0.103 | 0.009 0.051 0.012 0.032 | 0.002 0002 0.002 0.002
All (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)
CN1 0.038 0169  0.056 0.099 | 0.010 0012 0012 0017 | 0.003 0.002 0.003  0.002
Delta | (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)
0.088  0.165 0.068 0.106 | 0.011 0053 0.013 0.033 | 0.003 0002 0.003  0.002
All (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)
CN2 0.044 0168 0059 0.102 | 0.011 0015 0.013 0018 | 0.003 0.002 0.003  0.002
Delta | (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)
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Table 6.18: Average of the Combined method cut-off values for the various methods across
100 generated data sets. The initial check stage cut-off values appear in the row labelled

“Init.” and the confirmation stage cut-off values appear in the row labelled “Conf.”
(estimated variances are stated in parentheses below each entry).
n = 100 n = 200 n = 500
p=>5 p=15 p=>5 p=15 p=>5 p=15
6=5[0=10|6=5[6=10[d=5[6=10][d=5]6=10[0=5[6=10[6=5]4d=10
2.030  2.997 4.408 4936 | 0.187 0.635 0.364 0.812 | 0.033 0.028  0.043  0.040
All (0.168) (0.087) (0.080) (0.116) (0.000) (0.063) (0.001) (0.022) (0.000) (0.000) (0.000) (0.000)
Init. 3.188 2961 4762  4.929 | 0.188 1220 0.368  1.183 | 0.032  0.028  0.042  0.040
Delta | (0.172) (0.086) (0.131) (0.119) (0.000) (0.013) (0.001) (0.008) (0.000) (0.000) (0.000) (0.000)
N 0.082 0.166 0.065 0.103 | 0.010 0.051 0.012 0.032 | 0.003 0.002 0.002  0.002
All (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)
Conf. 0.040 0.169  0.056  0.100 | 0.010 0.012 0.012 0.017 | 0.003 0.002 0.002  0.002
Delta | (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)
2.044  3.033  4.478 4902 | 0.191 0.658 0.372  0.837 | 0.032 0.028  0.043  0.041
All (0.249) (0.090) (0.049) (0.087) (0.001) (0.062) (0.001) (0.026) (0.000) (0.000) (0.000) (0.000)
Init. 3125 2,998  4.829  4.893 | 0.193 1.213  0.376  1.192 | 0.031  0.028  0.043  0.041
Delta | (0.251) (0.091) (0.074) (0.090) (0.001) (0.015) (0.001) (0.012) (0.000) (0.000) (0.000) (0.000)
T3 0.091 0.163 0.068 0.108 | 0.010 0.055 0.012 0.036 | 0.002 0.002 0.002  0.002
All (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)
Conf. 0.048  1.664 0.058 0.105 | 0.010 0.018 0.012 0.021 | 0.003 0.002 0.003  0.002
Delta | (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)
2212 3.008 4.565 4.875 | 0.190 0.684 0.383 0.866 | 0.031  0.027  0.043  0.041
All (0.181) (0.088) (0.130) (0.108) (0.001) (0.064) (0.001) (0.020) (0.000) (0.000) (0.000) (0.000)
Init. 3.106 2972 4904 4.863 | 0.193 1.218 0.391  1.180 | 0.030  0.027 0.042  0.041
Delta | (0.152) (0.088) (0.163) (0.111) (0.001) (0.012) (0.001) (0.009) (0.000) (0.000) (0.000) (0.000)
LN 0.102  0.162 0.070  0.114 | 0.010 0.061  0.013  0.038 | 0.002 0.002  0.002  0.002
All (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)
Conf. 0.058 0.166 0.058 0.110 | 0.010 0.024 0.013  0.023 | 0.002 0.002 0.002  0.002
Delta | (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)
2.012  3.015 4439 4964 | 0.194 0622 0373 0.833 | 0.033 0.028 0.045 0.040
All (0.015) (0.087) (0.070) (0.074) (0.001) (0.061) (0.001) (0.020) (0.000) (0.000) (0.000) (0.000)
Init. 3.110 2979 4795 4959 | 0.195 1.218 0377 1.18% | 0.032  0.028  0.044  0.040
Delta | (0.123) (0.087) (0.096) (0.075) (0.001) (0.010) (0.001) (0.010) (0.000) (0.000) (0.000) (0.000)
LP 0.086  0.164 0.067 0.104 | 0.011 0.053 0.013 0.033 | 0.003 0.002 0.003  0.002
All (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)
Conf. 0.045 0.167 0.058 0.101 | 0.011 0.014 0.013 0.019 | 0.003 0.002  0.003  0.002
Delta | (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)
1.989  3.077  4.468  4.948 | 0.184 0590 0.362 0.794 | 0.032  0.027 0.043  0.040
All (0.171) (0.119) (0.100) (0.074) (0.001) (0.059) (0.001) (0.020) (0.000) (0.000) (0.000) (0.000)
Init. 3.123  3.043 4.828 4.940 | 0.186 1.218 0.366  1.187 | 0.031  0.027  0.042  0.040
Delta | (0.146) (0.119) (0.166) (0.076) (0.001) (0.015) (0.001) (0.007) (0.000) (0.000) (0.000) (0.000)
CN1 0.084  0.166 0.065 0.101 | 0.009 0.052 0.012 0.033 | 0.002 0.002 0.002  0.002
All (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)
Conf. 0.038  0.169  0.056 0.098 | 0.010 0.012 0.012 0.017 | 0.003 0.002 0.003  0.002
Delta | (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)
All | 2.023 3.035 4.443 4943 | 0.193 0.591 0.368 0.814 | 0.034  0.029 0.045 0.040
(0.168) (0.090) (0.071) (0.098) (0.001) (0.050) (0.001) (0.020) (0.000) (0.000) (0.000) (0.000)
Init. | Delta | 3.159  3.000 4.807 4.936 | 0.194 1219 0371  1.174 | 0.033  0.029  0.044  0.040
(0.147) (0.089) (0.112) (0.101) (0.001) (0.011) (0.001) (0.009) (0.000) (0.000) (0.000) (0.000)
0.088 0.165 0.067 0.107 | 0.011 0.053 0.013 0.033 | 0.003 0.002 0.003 0.002
CN2 All (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)
Conf. 0.044 0.168 0.059 0.103 | 0.011 0.015 0.013  0.018 | 0.003 0.002  0.003  0.002
Delta | (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)
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Table 6.19: Median run-time (in seconds) over the different error distribution data sets
for each influential diagnostic method.

n =100 n = 200 n = 500
p=>5 p=15 p=>5 p=15 p=>5 p=15

6=5]0=10] 6=5]6=10[6=5[6=10[46=5[6=10] 6=5 [6=10] 6=5 [ 6=10
JaB 1516 1492  21.01  21.02 | 32.86  32.76 4581 4577 | 579.21 92843  1012.90  979.31
ADAP 3.69 3.66 3.64 3.63 4.34 4.35 5.65 5.40 8.60 8.55 14.53 14.48
Combined | 202.92 159.69 315.60 320.64 | 468.27 370.89 787.09 716.56 | 1626.89 1632.12 3138.51 3468.11
New 0.35 0.42 0.38 0.41 0.43 0.43 0.43 0.47 0.44 0.43 0.42 0.41
MC3 0.35 0.32 0.48 0.44 2.94 2.52 3.28 2.93 20.78 1456 22.16 18.35

Note that Intel Core ™™ i7-6700 PCs were used with 16GB of RAM.

6.4 Discussion

We now present the discussion on the results given in Tables to of the previous
section. These tables all include information about how well each of the six methods
are able to detect the influential values inserted into simulated data sets, and so the
discussion will center on comparing the performance of these methods to one another in
each of the various simulation settings considered in the study. Some comments regarding
the calculated cut-off values (presented in Tables |6.16] [6.17}, and [6.18]) for these methods
will also be provided, along with a brief look at the execution time of each method (given

in Table |6.19)).

6.4.1 Results when influential values are inserted using the simple
method

We will start by looking at Tables to where influential values were added into the
data sets by making use of the simple method described in Section [6.1] The first set of
results that will be looked at are those given in Table that were obtained by applying
the six methods to the data sets generated with normal errors. Tables to will then
be compared to Table that is, Table is used as a base-line for the other tables.
Data generated with normal errors: From Table it can be seen that the Tradi-
tional method results in some of the worst performance in this study when looking at the
TP values. In most cases, the Traditional method identifies less than 50% of the inserted
simulated influential observations. The only cases in which these T'P values are a little
bit better, are when both p and ¢ are small. Furthermore, for these specific cases the T'P
values seem to increase as n increases. When looking at the F'P values, on the other hand,
the opposite performance is noticed, as this method produces the best FP performance in
the study. From these values it can be seen that no non-influential observation is incor-
rectly flagged as influential.

Moving on to the results of the JaB method, it is noticed that this method performs
relatively well when looking at the T'P values, although it is not the best. Additionally,
it seem like the JaB method struggles a little bit in terms of TP when n is small and
is large. In general, it seems that the JaB method performs better for cases with lower
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values of p and that the T'P values increase a little as n increases. When looking at the
F'P values, it is clear that the JaB method struggles a lot when n is large, with F'P values
greater than 7 and 11 on average for § equal to 5 and 10, respectively.

The next method that will be discussed is the ADAP method. This method produces
the best performances in terms of T'P values except for those cases where p = 15 and
0 = 5, although there is a general tendency for the TP values to improve as n increases.
The method has the worst performance overall when n = 100, p = 15, and § = 5, where we
find that the T'P indicates that the method was only able to detect, on average, about 46%
of the simulated influential observations. However, the ADAP method results in some of
the best performances in terms of F'P values when compared to all of the other methods,
except for the Traditional method.

From the results of the Combined method, it is noted that the performance of this method
is worse for larger ¢ values than for smaller § values. This result is the most noticeable
when n is small, since in these cases, the Combined method was only able to identify on
average between 28% and 32% of the simulated influential observations, however, the rest
of the T'P values seem very good. Note that the T'P values for this method produce the
best results (compared to the other methods) in the case where n = 500. From the F'P
values of the Combined method, we see that the performance of the method decreases as
n increases and for n large, very bad performances is obtained, except for the case where
p =15 and § = 10.

Considering now the results related to the newly proposed method (denoted “New” in
the table) we find that the TP values seem to increase as n increases, however, they are
still not perfect. Additionally, the performance of this method seems to decrease mildly
in terms of T'P when there is an increase in p, especially when ¢ is large as well. From the
F P values of the New method, overall good performance is obtained with a very small
decrease in performance as n increases.

The MC? method’s performance in terms of TP, increases as n increases. For large
n the TP values are very good, however, when n is small the M C? method does not per-
form that well, specifically when § is large. The F'P values of this method, on the other
hand, are very good overall.

When looking at the variances of all the T'P values in Table it seems that there
is an overall decrease in the variances as n increase. The variances of the F'P values, on
the other hand, will generally increase (or decrease) as the F'P values increase (or decrease).

Next, we will compare the results in Tables to to the results in Table and
discuss the differences between these different settings.

Data generated with t-distributed errors: The first table that will be compared to
the normal case is Table which consists of the results obtained when the six methods
were applied to those data sets generated with ¢-distributed error terms. All the result
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in this table seem almost the same as in the normal case, except for the following few
differences: No noticeable changes have occurred in the results of the Traditional method,
and its performance is still very poor in terms of the T'P values, although it has very good
F' P values. In the results of the JaB method, there is a general, but slight, improvement
in performance when looking at the T'P and F'P values, however, the F'P improvement
is more significant, since in some cases the F P values have reduced by more than a half.
The JaB method’s performance is therefore better than in the normal case, but it still has
the property that it performs poorly in terms of FP when n is large. Moving on to the
ADAP method, we see that its performance is still very good, although there is a slight
decrease when looking at the TP values in the case of large n. In terms of F'P, very good
performance occurred as well, with a negligible amount of errors occurring in cases where
n is small. For the Combined method, similar results were obtained as in the normal case,
and again bad performance occurred for those cases where n is small and ¢ large. For the
F' P values, on the other hand, a slight improvement in the performance of this method
occurred for large n. The performance of the New method, in terms of T'P values has
improved for small and large n, where in the case of large n, this method has identified all
the simulated influential observations. In terms of the F'P values of the New method, no
obvious differences have occurred relative to Table except for a mild improvement in
the case when n, p, and ¢ are all large. For the last method, that is, the M C? method, a
marginally improvement can be seen in terms of T'P when n = 100, however as n increases
a decrease in performance of this method is found. From the F P values of this method,
it can be seen that an overall decrease in performance has occurred, especially in the case
of large n, where we find that this decrease is substantial.

Data generated with log-normal errors: Now we will provide a discussion on the
comparison between the results obtained in the normal case and the results obtained in
the case where the errors were generated from the log-normal distribution. These results
can be found in Table The only significant differences between these two sets of results
are as follows: A slight overall improvement in performance can be seen when looking at
the T'P values of the Traditional method, however, they are still very poor. In the results
of the JaB method, again an overall improvement can be seen in the TP values, where
some of these values are amongst the best T'P values of this table. Also, just as in the
t-distributed case, there is a big improvement in the F'P values relative to the normal
case, although in the cases where n is large, the F'P performance of the JaB method is
still the worst overall. For the ADAP method, an interesting result was found in the TP
results in that, when these values are compared to those in the normal case, it appears
that there is an improvement in performance in the case of small § values, however, when
0 is large, the performance has degraded somewhat. When looking at the F'P values of
the ADAP method, only a very small loss in performance was again observed. Moving on
to the Combined method’s T'P values, some loss in performance can be seen in most of
the cases where n is small, but, on the other hand, an improvement was observed in the
F P value of this method in the cases where n is large. For the New method, an overall
increase in performance can be seen in terms of the T'P values, however, the F'P values of
this method are comparable to the corresponding values in the normal case. In the results
of the M C? method, a few differences have occurred, for example, when n is equal to 100
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and 200 a great improvement can be seen. In some of these cases, the T'P values have
doubled. However, for large n very poor performance is obtained, especially when both
p and § are also large. Furthermore, this log-normal setting has some of the worst F'P
values of the M C?3 method.

Data generated with Laplace errors: The results obtained from the Laplace distri-
bution, can be found in Table Once again, we note that the results in this table are
relatively similar to those in Table and the most noticeable of these deviations are
as follows: Minor improvements can be seen in the TP values of the Traditional method,
however, the F'P values are similar to the normal case. For the JaB method, the same
strange occurrence in the T'P values that occurred in the log-normal case can be seen here
as well, where an improvement in performance occurred in case where ¢ is small and a
decrease in performance occurred where § is large. Again, the F'P values of this method
improved for this error distribution as well, especially in those cases where n and 0 are
large. Furthermore, when looking at the T'P values of the ADAP method, it is noticed that
for those cases where both p and § are large, the ADAP method again under-performs.
For these cases, the ADAP method is only able to identify on average about 50% of the
simulated influential observations. In the F'P values of the ADAP method, as well as the
TP and FP values of the Combined method, no significant deviations from the normal
case occurred. For the New method, an overall improvement in performance has occurred
in terms of the T'P values. In the cases where n is large, the New method was able to
detect all the simulated influential observations, and we also note that the TP and FP
values of this method (for large n values) have some of the best values among the other
methods. Additionally, this method has the best performance over all the other methods
in the case where n is small and both p and ¢ are large. Lastly, very good performance
in terms of the F'P values occurred overall for the New method as well. For the MC?
method, an overall improvement in the T'P values can be seen for n = 100 and n = 200,
however, for n = 500 the performance has deteriorated, especially in the cases where ¢ is
large. From the F'P values, the performance of this method also degraded and has a large
loss in performance when n = 500.

Data generated with contaminated normal errors: The last two tables that will
be discussed are the two tables containing the results of the six methods applied to the
data sets generated with contaminated normal error terms. Table contains the results
of the first contaminated normal distributed error data sets (i.e., the contamination of two
normal distributions with different means, but the same variances, producing a bi-modal
distribution). From this table no significant differences are seen when compared to the
normal case.

Table on the other hand, contains the results of the second contaminated normal
distributed error data sets (i.e., the contamination of two normal distributions with the
same means, but different variances). Once again, very little has changed from the normal
case, except for the following few minor differences: A marginally decrease in performance
can be seen for large n values in terms of the F'P values of the New method as well as in
the Combined method.
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6.4.2 Results when influential values are inserted using the masked
method

In this sub-section, the ability of the different methods to detect masked influential values
in data sets will be discussed. The first set of results that will be considered are those that
were obtained when the six methods were applied to the data sets generated with normal
errors, found in Table [6.10] This table will then be used as a base-line for comparison to
the results obtained when other distributions were used for the error, namely Tables[6.11]to
Note that, in all these tables, the Traditional method performed very poorly, since it
was unable to detect a single influential observation over all of the data sets and all settings
considered. The reason why this method performed so poorly is because of the way in
which the § influential values were inserted into these data sets. As mentioned previously,
these data sets were generated in such a way that single-case deletion methods would
not easily be able to find any inserted influential observations. The Traditional method,
however, produced very good false positive rates since no observations were incorrectly
flagged as influential. Since the Traditional method produced the same results in Table
[6.10] to Table[6.15], no further attention will be given on this method when discussing these
tables.

Data generated with normal errors: From Table [6.10} it can be seen that the JaB
method performs very well when looking at the T'P values, except in those cases where
n is small, but J is large. In these cases, that is, where n = 100, and ¢ is equal to 5 and
10, the JaB method flagged, on average, 7.76 and 8.75 out of the 10 inserted influential
observations, respectively, which is a relatively good performance. Furthermore, from the
F P values of the JaB method it can be seen that, as n increases, these values increase as
well. Therefore, the performance of the JaB method noticeably deteriorates, since it flags
more non-influential observations as influential as n increases. The JaB method especially
suffers in those cases where n = 500 in which it flagged, on average, 11.49 non-influential
observations as influential. Note also that the variance of the F'P values also increases
drastically when n increases. Lastly, a strange tendency was spotted in the F P values of
the JaB method, where the JaB method performed worse for smaller § cases than for the
larger ones.

The ADAP method’s performance is an improvement on the JaB method. For this method,
when looking at its T'P values, it seems that the performance increases a little as n in-
creases, but their variances also increase. Furthermore, it seems that the ADAP method
only loses some performance in terms of T'P in those cases where both p and  are large.
When investigating the F'P values of the ADAP method, on the other hand, it was noted
that the ADAP method works very well and suffers no noticeable problems, meaning that
no non-influential observations were incorrectly flagged as influential.

Turning attention to the Combined method, we note that the T'P values perform poorly in
those cases where n is small, except in the case where p = 5 and § = 5. For the cases where
n is large, on the other hand, this method’s T'P values seem relatively good. Additionally,
it seems that over all n, except for n = 500, the method suffers when ¢ is large, producing
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lower T'P values in these cases. The variances over the T'P values are also worse when n is
small, but both the T'P values and their variances seems to improve with the increase of
n. When comparing the T'P values of the Combined method to those of the JaB method,
it seems like the JaB method performs better than the Combined method, although, when
looking at their F'P values the opposite is true. From the FP values of the Combined
method and their corresponding variances, it can be seen that this method’s performance
worsens as n increases. However, when n, p, and J is large, it is noted that the Combined
method performs better than the ADAP method in terms of TP, and it performs better
than the JaB method in terms of F'P.

The next method that will be discussed is the New method which gave very good re-
sults in this simulation. From this method’s TP values it can be seen that it performs
very well, although it displays slightly worse performance in cases where n is small. Very
good performance was also obtained in terms of the F'P values, with very few data sets
producing F'P values greater than zero and then only in those settings where n is small.

The last method that was applied to the data sets is the MC? method. This method
performed very well in terms of its T'P values (even better than the ADAP method) for
both small and large n, as well as for all combinations of n, p, and §. However, by looking
at the MC? method’s FP values, it seems that it does not perform that well. Many of
the simulation settings produced some data sets where the F'P values were greater than
zero (albeit very small deviations from zero), with the variance of these F'P values being
relatively small, but increasing with sample size.

Now we will start comparing Tables to with Table

Data generated with t-distributed errors: The first table that will be discussed
is Table which consists of the results obtained on the data sets with error terms
generated from the t3 distribution. From this table, everything seems almost the same
as in the normal case, except for the following few differences: There is a slight increase
in the F'P values of the JaB method relative to the corresponding results in Table [6.10]
especially for large n, but a slight reduction in the variances of these values occurred.
For the ADAP method, a marginal increase occurred in the F'P values as well as their
corresponding variances, but only for those cases where n is small. The same tendency as
in the normal case has occurred in the F'P values of the Combined method, but is slightly
higher, whereas the variances of these values decreased slightly. For the New method,
the F'P values and their variances are somewhat worse than in the normal case and they
increase a little as n increase. The MC? method has taken a big knock in terms of
TP values (dropping significantly) as well as their variances (increasing significantly), for
those cases where n is large. Furthermore, the F'P values and their variances also greatly
increased for large n, indicating a drastic deterioration of performance when compared to
the results from the normal error data sets in Table [6.10l

Data generated with log-normal errors: The results obtained from the log-normal
distribution, can be found in Table Once again, we note that the results in this table
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are somewhat similar to those in Table and only some small differences occurred. The
most noticeable of these deviations from Table are as follows: The performance of the
JaB method has slightly decreased in terms of the F'P values, now producing slightly larger
values than in the normal case. A slight decrease in performance of the ADAP method
has also occurred when considering the F'P values and their variances. Similarly, the F'P
values for the Combined method have also increased, but their corresponding variances
have slightly decreased. For the JaB, ADAP and Combined methods, the changes in the
F' P values and their variances occurs mostly in the cases where n is large. Additionally,
it must also be noted that the strange event that occurred in the JaB method in Table
where poorer performance for smaller § values was obtained, occurred here for the
JaB method as well. However, for the New method the performance did not decrease
appreciably, which can be seen when looking at the F'P values and their variances; again
with the same tendency where the F'P performance mildly degrades with an increase
in sample size. Interestingly, we now observe that the same strange tendency of poor
performance for lower 0 values (observed previously in the JaB method) occurs for the
new method for this data. From the results of the M C? method, it was noted that the TP
values again degrade when n is large, and that the corresponding variances of these T'P
values also increases. Lastly, the F'P values and their variances increased overall relative
to the normal case, but for n = 500, we see a sharp increase, even worse than in the case
of the t-distributed error data sets.

Data generated with Laplace errors: Now we will provide a discussion on the com-
parison between the results obtained in the normal case to those obtained in the case
where the errors were generated from the Laplace distribution. The results of the Laplace
error distributed data sets can be found in Table and the only significant differences
between these results and those obtain in the normal case are as follows: The results in
this table show that the performance of the JaB method has somewhat degraded in terms
of its F'P values, with the worst F'P values occurring when n is large. For the ADAP
method, the difference in performance between the normal and Laplace data sets is min-
imal and there is nothing worth taking note of. For the Combined method, on the other
hand, a very small increase has occurred in the F'P values for these data sets, but only in
those cases where n is large. Furthermore, very small losses of the performance of the New
method occurred relative to the F'P values as well as their variances. The same results as
in the two previous non-normal cases were obtained again for the M C? method, that is,
the method suffers when sample sizes are large in terms of TP and, especially, in terms of
F'P and their variances.

Data generated with contaminated normal errors: In Table the results of the
first contaminated normal distributed error data sets can be found (i.e., the contamination
of two normal distributions with the different means, but the same variances, producing
a bi-modal distribution). From this table it can be seen that the only big differences from
the normal case is as follows: The JaB method actually performed better than in the
normal case when looking at the F'P values (but only mildly) and this occurrence is only
significant when n is large, although the opposite is true when considering the variances of
FP. Therefore, these variances are a little bit worse than in the normal case and increase
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with increasing sample size. Similar to the Laplace case of Table no obvious changes
have occurred for the ADAP, Combined and the New method relative to the normal error
data sets. Lastly, the M C? method performed better than the normal case when looking
at the F'P values and their variances, and it did not suffer as significant a drop in perfor-
mance as in the previous non-normal cases when n is large.

Lastly, Table [6.15]| contains the results of the performance of the 6 methods applied to
the data sets with error terms generated from the second contaminated normal distribu-
tion (i.e., the contamination of two normal distributions with the same means, but different
variances). Once again, not much has changed from the normal case, except for the fol-
lowing: The performance of the JaB method seems to be a little bit worse overall when
looking at the F'P values. The performance of the ADAP method was largely unchanged
in terms of both T'P and F' P, but the performance of the Combined method, on the other
hand, has decreased minimally in terms of F'P for large n. The F'P values of the New
method overall are a little bit higher than those in the normal case, but only marginally
so. Lastly, the performance of the M C? method is much worse than the normal case. The
TP values decrease as n increases and the F'P values and their variances, together with
the variances of T'P, increase as n increases. These quantities have the same tendency as
in the previous cases, where they suffer a lot in those cases where n is large.

6.4.3 Comparison between the results of the two different ways in
which the influential observations were added to the data

When comparing Tables to (the tables containing the results of the six methods
applied to the data sets having inserted influential observations generated using the simple
method), to Tables to (tables containing the results of the methods applied to the
data sets having inserted influential observations generated using the masked approach), it
is noted that the only two methods that have worse performance in the masked data sets,
are the Traditional method and the M C? method. This might be an indication that these
two methods struggle when masking is present in the data. Furthermore, since the masked
approach is an artificial method, meaning that it inserted influential observations in such
a way that masking is present in the data, it might happen that some methods seem to
perform better than they really should. Lastly, since the ways in which the influential
observations were added into the data differs greatly in the two sets of tables, it makes it
difficult to compare these tables’ results with one another and therefore, no further detail
will be given here.

6.4.4 Cut-off values for each method

Tables to were provided for the sake of completeness and simply present the cal-
culated cut-off values of the different methods for each of the different settings of n, p and 9.

In Table the cut-off values for both the Traditional method and the New method
are provided and, since the cut-off values for these two methods are not directly based on
the data, it was not necessary for us to determine these cut-off values separately for each
different data set using each different error distribution. From this table, it is noted that
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the cut-off values for the New method decreases as n increases and that smaller cut-off
values occur for larger p values. The Traditional method’s cut-off values do not seem to
be affected by n, but for larger p values on the other hand, these cut-off values seems to
be larger than for smaller p values. When comparing these two methods’ cut-off values
with each other, it is clear that the New method has significantly smaller cut-off values
than the Traditional method.

From Tables [6.17] and no discernible patterns can be seen from the cut-off values,
although it appears to be some unknown function of n, p, and §. Furthermore, from Table
[6.18 we can also see that, in general, the cut-off values obtained in the confirmation stage
are a little bit smaller than the cut-off values obtained in the initial check stage.

6.4.5 Execution time for each method

To end our discussion, we will discuss the results stated in Table which presents the
execution times of each of the methods. From this table, it is clear that the Combined
method is by far the most time consuming method, with a maximum time of 3924.41
seconds, i.e., 1.09 hours, for one simulation to execute. The next ‘slowest’ method is the
JaB method. While this method is a lot faster than the Combined method, it still has
a maximum time value of 2532.09 seconds, i.e., 42.20 minutes. Moving on to the next
three methods, we find that there is a large jump in the execution times. The maximum
execution time over the three methods that are left, are 36.67 seconds, which is a drastic
improvement on the Combined and JaB methods. The method corresponding to this time
value is the M C? method, which is followed by the ADAP method with a maximum execu-
tion time of 23.15 seconds. The last method, and therefore also the method that executed
the fastest over all the methods, is the New method with an extraordinary fast executing
maximum time value of only 0.61 seconds. The differences in execution times is therefore
very large, ranging from the smallest maximum value of 0.61 seconds (corresponding to
the New method) to the largest maximum time value of 1.09 hours (for the Combined
method). Finally, we note from Table that it seems like the execution times for all of
the methods follow a non-linear progression over the sample sizes.

In the next chapter, we will now give our overall conclusions drawn from the results
discussed in this chapter.
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Conclusion

In this study, we aimed to provide and investigate two new methods for the detection
of influential observations, namely the Combined and the New method. The Combined
method is based on the combination of the jackknife-after-bootstrap (JaB) method, pro-

posed by [Martin and Roberts| (2010]), and the the adaptive, automatic multiple-case dele-
tion technique (ADAP), proposed by[Roberts et al] (2015]). The New method, on the other
hand, is based on a simple approximation of the distribution of Cook’s distance. Addi-

tionally, we wanted to investigate the performance in detecting influential observations
of the traditional Cook’s distance influential diagnostic measure, the JaB method, the
ADAP method, the MC? method, as well as the two new methods. Lastly, we wanted to
compare the performance of all these methods to one another and make recommendations.

The procedure followed in this dissertation to develop the proposed Combined method
involved making use of the ADAP method for the detection of influential observations
and then altering it so that, instead of applying the simple large sample cut-off values of
Cook’s distance, the JaB method was instead implemented to generate more suitable data-
driven cut-off values for both stages of ADAP. Furthermore, we were able to develop a new
method (called simply ‘New method’) by simply approximating the cut-off value used for
Cook’s distances via a simple approximation of the Cook’s distance’s distribution. This
results in a new classification rule for identifying values as being influential using Cook’s
distance. These methods’ performances were investigated, as well the performances of the
traditional Cook’s distance and the three modern methods, namely, the JaB method, the
ADAP method, and the MC® method, in a comprehensive simulation study and their
performances were also compared to one another.

In our simulation study, data sets were generated with different sample sizes, n (includ-
ing n=100, n=200 and n=>500), and different number of predictor variables, p (including
p=>b and p=15). These data sets were all generated using the linear regression model and
five different distributions to generate the error terms, namely, the normal, ¢, log-normal,
Laplace, and contaminated normal distributions. After these data sets were generated,
0 (varying between 5 and 10) of the observations in the data sets were adapted in or-
der for them to become influential. This was done using one of two methods. The first
method used a simple, random way to insert influential observations into the data, such
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that single-case deletion techniques would also be able to detect these values, or at least
some of them. The second method, on the other hand, inserted influential observations
into the data sets in such a way that masking occurs.

From the results given in Section the plain ADAP method (i.e., the ADAP method
using naive cut-off values) seems to give the best overall performance for small sample
sizes based on T'P and F'P values. For large sample sizes, the ADAP method also results
in excellent F'P values, and only a small loss in performance in TP values in those cases
where the number of inserted influential observations is large. These two sets of results
indicate that this is almost certainly the preferred method among all methods considered
for detecting influential values, both in the case where influential values are masked as
well as in the case when they are not. Unfortunately, the proposed improvement on this
method, that is, the Combined method, did not produce stellar results at all; managing to
only equal the ADAP method in terms of T'P in a few settings, but performing markedly
worse in terms of F'P, in the majority of the large sample settings considered. However,
the one setting where the Combined method was consistently the better method in terms
of TP, is when the number of parameters in the linear regression model, sample size, and
number of inserted influential values were all large. In addition to this relatively mediocre
performance, this method also had a significantly longer run-time than the other meth-
ods, and so, while it produced useable results, we would not recommend it for general use.
A possible reason for the poor performance can perhaps be attributed to the low value
of the number of bootstrap replications used in the study. For possible future research
and investigation on this method, one might look into improving the over-all run-time of
the JaB and ADAP methods (and therefore the Combined method too), thereby allowing
one to increase the number of bootstrap replications used in the jackknife-after-bootstrap
method to select cut-off values in both the initial check stage and confirmation stage.

The New method proposed in this dissertation performed relatively well for small sample
sizes in terms of T'P and F' P, although the performance was not as good as the ADAP and
the MC? methods in these settings, but is definitely better than the Traditional method
considered. Therefore, considering these results, we can rate this method as being the
‘next best’ method among the methods investigated. This New method also has the ben-
efit of being much simpler and less time consuming to compute than the ADAP method,
so it is recommended as the ‘quick-and-easy’ approach for decent results. For large sample
sizes, the New method also demonstrated excellent TP values, even outperforming the
ADAP method in many instances.

The JaB method has good T'P values for large sample sizes, but suffers for small sample
sizes, and it has moderate F'P values when the sample sizes are small. However, this
method has the worst overall F'P performance when sample sizes are large. Therefore, we
would potentially recommend the JaB method as the ‘3'4 best’ choice for small sizes, and
would not recommend it at all for larger sample sizes.

Lastly, under normally distributed error terms, one of the best methods is the MC?
method, but even slight deviations from normality causes big problems in the performance
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of the method when influential values are masked. Specifically, the method produced the
worst F'P values for smaller sample sizes, and very poor FP values in large sample sizes.
Therefore, if there is reason to believe that the data are indeed generated from a normal
error linear regression model, then this method will be desirable, but any deviations from
normality make the results somewhat untrustworthy.
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Appendix A

Derivation of the least squares
estimates

In this appendix, the following result will be derived:

The least squares regression estimates, b, are given by

b =X'X)'X" Y .
(px1) (pxp) (PX7) (nx1)

Note: This statement will be derived by making use of the linear regression model in (4.1)).

The sum of the squared residuals that must be minimized is given by

Q=(Y-XB)' (Y -Xg). (A1)

(1xn) (nx1)
Using the fact that Y'X3 = 8" XY, (A1) can be written in the following form:

Q=Y Y 28" X" Y +8" X" X g
(1xn) ((nx1))  (1xp) (Pxn) (1X1)  (1xp) (PX7) (RXD) (px1)

Next, () must be derived with respect to the regression parameters 3o, 1, ..., Bp—1.These
derivations result in the following:

0Q

B
Now, setting (A.2) equal to zero and solving for b, the least squares estimates of the
regression coefficients are obtained, that is,

—2XTY 4+ 2XTX8. (A.2)

2XTY +2XTXb = 0
= b= X"X)'XTY.
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Appendix B

Proofs of the properties of
leverages

In this appendix, the following will be proved:

Two important properties of leverages are

Oghiigl, Vi:1,2,...,n, (Bl)

and "
Zhii =DP. (B.Q)

=1

B.1 Proof of the bounds of leverages

Equation (B.1)) will be proven using the following two properties of the hat matrix, H
(defined as in ([2.6])):

e H is idempotent, i.e.,
H? = XX'X)"'X"X(X"™X)"1xT
X(X™x)"1xT"

= H. (B.3)

e H is symmetric, i.e.,
H' =H. (B.4)
Proof of hi; > 0. From (B.3)), it can be concluded that h;; = (H?);; and then by using this

statement together with (B.4)), it follows that
hi; = h3; + Z hi;. (B.5)
J#i

Note that the right hand side of (B.5]) consists of the sum of two squared terms, therefore,
hi > 0. O
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Proof of hi; < 1. Again using note that the second term on the right hand side of this

equation is the sum of positive values and from h; — .4, h?j = hZ, it can be concluded

that h;; must be greater than, or equal to, hfl The only way in which h;; > hZ, for hy; > 0,

1)

B.2 Proof that the sum of the leverages add up to p

To prove (B.2)), the trace of the hat matrix H will be implemented.

Proof.

Zh“ = t’I“(H)

= tr(X(X'X)"'x")
tr(XXT(XTX)™h
tr(Ip)

=

Here I, is the identity matrix with dimensions equal to p, i.e,

0

0
I =1 = )
(pxp) :

0 0 1



Appendix C

Proof of the variance of the
regression residuals

In this appendix, the proof of the following statement will be provided:

The variance of the vector of regression residuals are given by
Var(e) = o*(I — H),

where I is the identity matrix.

Before the proof will be provided, first note that e can be written in terms of the hat
matrix, H, as follows:

e=(I-H)Y.
Furthermore, recall that Var(Y;) = 02,i = 1,2,...,n, leading to the following variance for
Y:

Var(Y) = o°L

Proof of the variance of e:

Var(e) = Var((I-H)Y)
I-H) I (I-H)'
= ZI-H)(I-H)'.

Since (I — H) is symmetric, we now have
Var(e) = o(I - H)(I — H),

and since, (I — H) is idempotent, we have

Var(e) = o*(I — H).
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Appendix D

Proof of the alternative form of
CovRatio

In Section the CovRatio influence diagnostic measure was defined as follows:

—1
CovRatio; = —~ -l , i=1,2,...,n. (D.1)
s det (XTX)

Furthermore, an alternative form of CovRatio was also given and will be proved here, that
is, we will prove the following:

The CovRatio influential diagnostic measure has the alternative form given by

1
CovRatio; = : (D.2)

(Lp_l 4 i>p (1 — hii)

n—p n—p

where t; is the studentized residual defined as follows:

€;

@ V1 —hii’

t; = i=1,2,...,n. (D.3)

In the proof of (D.2]), we will be making use of two results given by [Belsley et al| (1980)),

namely:

2
€
(n—p="D)sty = (n—p)s’ = T (D.4)
and
det (Xg)x(i)) = (1 — hy) det(XTX). (D.5)

Proof that (D.1)) can be written as (D.2): First, (D.4)) is rewritten in an alternative form
that will be used later, given by

82 62
("—P—l):(n—P)%—W- (D.6)
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Note that the last term in is equal to the squared studentized residuals, therefore,
can be written in the following reduced form:

52
(n=p=1)=(n-p)5 —t. (D.7)
(i

With a few derivations, (D.7]) becomes

2 = — (D.8)
50 nep
Also note that (D.5)) can be written as follows:
—1
-
det (X[ Xp) 4
det (XTX)™" 1= hii’
and therefore, the CovRatio, defined as in (D.1)), becomes
s (1
CovRatio = o <1 — h}}) . (D.9)
From , we get
1 2"
s = ST (1 — hy)
CovRatio 5
(n—p—1)+2\"
- L) (1= hy). D.10
(=220 (D.10)

The second step above was obtained by making use of . Now, it is easy to see that

(D.1]) can be written as in (D.2), that is,
1

n—p=1 , & \P oo 4\
(nﬁ +nw)(1 his)

CovRatio =




Appendix E

Proof of the simple form of Cook’s
distance

In Section Cook’s distance was defined as follows:

Z?:l (ffj - f/j(z‘))z

Di = p82 y

and in matrix notation, it was given as

D, — ‘ /. (E.1)

Additionally, a simple form of Cook’s distance was given and will be proved here, that is,
we will prove the following:

Cook’s distance can be written in the following simple form:

DZ-:T?< hai > (E.2)

p \1—hi
where 7;, ¢ = 1,2,...,n, are the standardized residuals defined as
G ;=1,2 (E.3)
r=————, 1=1,2,...,n. .
‘ sv/1 — h“

In order to prove (E.2)), first note the following;:
XTX)"1X; X, (XTX)~!
1 — hy ’

where X ;) denotes the ((n — 1) x p) design matrix constructed from the (n x p) design
matrix X but with the i** row deleted. Furthermore,

(X X)) ' = (XTX) 1 4
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-1
by = (XiHXw) XY
(X/X) 1 XX (X X)L

1
- XX+ o (XY - X;Y]]
e
= b- ——(X'X)"X;
and therefore
b—bg = _‘“’h (X'X) !X, (E.4)

The proof of the simple form of Cook’s distance is given as follows:

Proof.
D — (Y - ?(i))TQ(? ~Y)
pSs
(Xb — Xb(i))T(Xb — Xb(i))
ps?
_ (X(b- b)) " X(b— b))
ps?
(b — b)) ' XTX(b - b))
- - ,

Substituting (E.4) into the above expression, we have

2
es
D, = ——  XI'X"TX)"IXTX(X"X)"'X;
1 p82(1 o h”)g () ( ) ( ) 1
_ eZhi;
ps*(1 = hii)?

7

]; 52(1 - hu) (1 - hu) ’

Now, since the standardized residuals is defined as in (E.3), we obtain the final, simple
form of Cook’s distance, given by

i

r%
p (1= hii)’ ()

D; =



Appendix F

Proofs on restrictions for the New
method

We will now provide the proofs for the restrictions stated for the sample size, n, in order
to be able to calculate the cut-off values proposed in the New method. We will therefore

provide proofs for the following:

The calculation of the cut-off value proposed in the New method must satisfy the following

conditions on the sample size , n:
en#0andn #1,
2 2 2
(D +2)+\2/D (D +4)’ D2 >0,

e n >

where D?, the Mahalanobis distance between the i*" predictor vector X; and the centroid

of those predictor variables, X, given by:

D? = (X; — X)'s71(X; — X).

Proof. Recall that the only leverage values that are valid for the procedure of the New
method to work, are in the interval 0 < h;; < 1, and so we must find the corresponding
values of n for which the Mahalanobis distances would fall inside this interval. This can
be done by solving for n in the following expression:

2

1
+ - <1 (F.1)

0<
“—n—1 n

Before we solve for n in (F.1), first note that n cannot be equal to 0 or 1. We now solve
for n for the less than one condition and then, separately, for the greater than or equal to

zero condition in (F.1)).

The ‘less than one’ condition in (F.1)): To solve for n in the first inequality, we note that
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it can be written in the following form:

D? 1
+-<1
n—1 n
—n?+n(D*+2) -1
N n® +n(D* + 2) <0
n(n—1)
2 _n(D?+2)+1
= nonlDTr) ALl (F.2)
n(n—1)

For (F.2) to be true, we can have one of the following two cases
Case A: Both the numerator and the denominator of (F.2) are greater than 0.
Case B: Both the numerator and the denominator of (F.2) are less than 0.

Case A is therefore defined as the situation where both of the following two conditions
hold:
n? —n(D?*+2)+1>0 (F.3)

and
n(n—1) > 0. (F.4)

Case B on the other hand, is defined as the situation where both of the following two
conditions hold:
n?—n(D*+2)+1<0 (F.5)

and
n(n—1) <0. (F.6)

We start by first solving for n in n? — n(D? + 2) + 1 = 0; this can be done using the
quadratic formula, which gives us the following solution:

(2+D?) +/(2+D?)2 -4
2

n =
(24+D?)+V4D?+D*
(2+D?)—v/4D?+D*
2
D2)—\/4D2+ D4 D2 /4D2 4 D4
Define now n; := (2+D%) > D7 and no := (2+ )+2 D7 . We will now prove that

n1 and ny have some simple restrictions when D? > 0, namely:
0<n; <1 (F.8)

and

The proofs of the restrictions (F.8|) and (F.9)) are given below.
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Proof that nq1 < 1 given that D? > 0:

D? > 0
4D?* > 0
4D?>+pD* > D*
V4D2+ Db > D?
—D?+\/4D2 4+ D4 >
D?—\/4D2+ D4 < 0
D?4+2—\/4D2 4+ D4 < 2
D? +2—+/4D? + D* <
5 <
sonp < 1,if D? > 0. O

Proof that ny > 0 given that D?> > 0: First note that
(D? +2)2=D*+4D? + 4.
Then we have
(D?+2)2 = D*+4D% + 4 D* 4+ 4D?
D*+2 > /Di+4D2
D?*+2—+/D4+4D? > 0

D? +2—+/D*+4D?
2

\%

> 0.

s.mp >0, if D? > 0.
Furthermore, if D?> = 0, then n; = 1, however, if D? — oo, then n; = 0. ]

These two proofs can also be seen in the Figure where we have plotted n; for different
values of D?.

Proof ny > 1 given that D> > 0: From the formula of ng, it is clear that the numerator
consists of some positive value (D?++/4D2 + D%) plus 2, and that the denominator is only
equal to 2. Therefore, the numerator will always be greater or equal to the denominator
for D? > 0, leading to the conclusion that ny > 1 when D? > 0. This can also be seen in
Figure where we have plotted no for different values of D2 O

Using the results (F.8) and (F.9)), we can now develop the solutions for n in Case A and
Case B.

Case A: We can now obtain solutions for n for the conditions in Case A. The inequality
(F.3) would therefore hold if
n<mnp or n>ng,

and ([F.4]) would hold if

n<0 or n>1.
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ny

D?

Figure F.1: Plot of nj against different values of D? to find the bounds of n;.

14
1

12

n;

D?

Figure F.2: Plot of ny against different values of D? to find the bounds of ns.
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Further, the above inequalities can be re-written as

n<mn; and n <0, (F.10)
or

n<mn; and n > 1, (F.11)
or

n>ng and n <0, (F.12)
or

n>ng and n > 1. (F.13)

By making use of the results in (F.8) and (F.9)), as well as the fact that the sample size
must be positive, i.e., n > 0, we can simplify the conditions for the solutions for n in Case

A given in (F.10) to (F.13)): First of all, since n > 0, the conditions (F.10|) and (F.12|) can
be removed entirely. Furthermore, since n; < 1 for all D? > 0, the condition (F.11)) is an

empty set and can be removed also. However, since ny > 1 for all D? < 0, (F.13)) can be
reduced to n > ny. Therefore, for Case A, we have the following simple solution:

(2+ D?) + VADZ 1 D*
; .

(F.14)

n>ng =

Case B: The same can now be done for Case B. For equation (F.5) to hold, we have
ny <n <na,
and equation ([F.6|) would hold if
0<n<l.

Therefore, using the above conditions as well as the conditions stated in (F.8) and (F.9)),
the only solution for Case B is

(2+ D?) — VADE ¥ DA
2

=n; <n<l.

The ‘greater than or equal to zero’ condition in (F.1)):
Again, first note that the greater than or equal to zero part in (F.1)) can be written in the
following form:

D? 1
0 _
- n—1 n
DZ+1)-1
0 < M+ -1 (F.15)
n(n—1)

For (F.15)) to be true, either one of the following two cases must hold:
Case C: Both the numerator and the denominator of (F.15) are greater than 0.
Case D: Both the numerator and the denominator of (F.15]) are less than 0.

We will now briefly look at the solutions satisfy these two conditions separately.
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Case (C: Case C is defined as:

n(D*+1)—-1>0=n> (F.16)

D?2+1
and
n(n—1) > 0. (F.17)

Now, define ng := D%H’ and note that 0 < nz < 1 for D? > 0. Using this result and the
conditions in (F.16]) and (F.17), we get the following solution for Case C:

n>1.

Case D: Case D on the other hand, is defined as:

2
n(D +1)—1§0én§D2+1 (F.18)
and
n(n—1) <0. (F.19)
The solution is then simply:
1

Since we know that 0 < ng < 1, this particular case will not produce a feasible solution
for n, except when n = 1. However, as stated earlier, the solution n = 1 is not valid.
Therefore, Case D does not produce any feasible solutions to the problem and will be
omitted from consideration in the remainder of the discussion.

We now have solutions to three different scenarios which are labelled as follows:

Case A solution: A:= {n:n > na}.

Case B solution: B :={n:n; <n < 1}.

Case C solution: C:={n:n > 1}.

Taking all of the above solutions into account, we therefore have to find the values of n
that satisfy the following expression:

(AUB)N(C) = (ANC)U(BNCO).

Before we will obtain the solution, note that n3 < 1 for all D?> > 0. We now note the
following results:

(ANC)={n:n>ny}, and
(BNnC)=0.
Therefore, our final solution for n is simply

D?+2 D2(D2+4
n>n2:( +)+2 ( +),D220.
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