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Abstract
Familiar concepts in physics, such as Lorentz symmetry, are expected to be
broken at energies approaching the Planck energy scale as predicted by several
quantum-gravity theories. However, such very large energies are unreachable
by current experiments on Earth. Current and future Cherenkov telescope
facilities may have the capability to measure the accumulated deformation
from Lorentz symmetry for photons traveling over large distances via energy-
dependent time delays. One of the best natural laboratories to test Lorentz
invariance violation (LIV) signatures are gamma-ray bursts. The calculation
of time delays due to the LIV effect depends on the cosmic expansion history.
In most of the previous works calculating time lags due to the LIV effect,
the standard ACDM (or concordance) cosmological model is assumed. In this
paper, we investigate whether the LIV signature is significantly different when
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assuming alternatives to the ACDM cosmological model. Specifically, we con-
sider cosmological models with a non-trivial dark-energy equation of state
(EoS) (w # —1), such as the standard Chevallier—Polarski-Linder parameter-
ization, the quadratic parameterization of the dark-energy EoS, and the Pade
parameterizations. We find that the relative difference in the predicted time
lags is small, of the order of at most a few percent, and thus likely smaller than
the systematic errors of possible measurements currently or in the near future.

Keywords: galaxies: gamma-ray bursts (GRBs),
cosmology: equation of state,
quantum-gravity: Lorentz invariance violation (LIV)

1. Introduction

Over the last few decades, astronomical observations and laboratory experiments have revealed
several results in fundamental physics, astrophysics, and cosmology which are in conflict with
our traditional view of fundamental concepts in physics at different scales, from very small,
sub-nuclear scales to very large cosmological scales [1-6]. This has led to different theor-
ies in quantum gravity (QG) as well as various cosmological models beyond ACDM [7-18].
At energies close to the Planck energy scale, Ep ~ 1.2 x 10!° GeV, some of the fundamental
concepts in physics such as Lorentz symmetry can be broken as predicted by various QG the-
ories [5, 19-33]. Such very large energies are unreachable by currently available facilities and
instrumentation. However, current and future Cherenkov telescope facilities may have the cap-
ability to measure the accumulated deformation from Lorentz symmetry for photons traveling
over large distances (cosmological scales).

The LIV effect can be described by a modification of the standard form of the relativistic
dispersion relations for particles and photons [5, 19, 21, 22, 34-39]. Due to the LIV effect,
the propagation of very-high energy (VHE) gamma-ray photons may be slower compared to
their low-energy counterparts, since higher-energy gamma-rays are expected to interact more
strongly with the so-called spacetime foam [19, 21, 22, 40, 41]. Therefore, at high energy,
the refractive index for photons in vacuum is expected to be energy-dependent. This effect
would lead to time delays between VHE photons of different energies received from a distant
astrophysical source, which could potentially be measurable [19, 21, 22, 42]. Some of the
best natural laboratories to test LIV signatures are gamma-ray bursts (GRBs) [5, 38, 43]. The
calculation of time delays and other cumulative LIV effects naturally depends on the cosmic
expansion history. In almost all previous works calculating the time lag due to the LIV effect,
the standard ACDM (or concordance) model is assumed.

The simple standard ACDM big bang cosmological model (also called ‘concordance
model’) is the most widely accepted and used cosmological model because it has been suc-
cessful in interpreting a wide range of observations using several cosmological and astro-
physical observables, such as the cosmic microwave background (CMB) radiation, the big
bang nucleosynthesis (also called primordial nucleosynthesis), the formation and evolution of
large scale structure in the Universe and the fact that the Universe is expanding [1, 44, 45].
However, the concordance model is facing several theoretical and observational challenges,
including the singularity problem, the general initial conditions of the Universe or fine-tuning
problem, the flatness problem, the horizon problem, and the accelerated expansion of the
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Universe [11, 46, 47]. The observational evidence from type Ia supernovae for the acceler-
ating expansion of the Universe [1] motivated the notion of some form of dark energy. The
nature of this dark energy is one of the hottest topics in modern cosmology, and several scen-
arios have been suggested [7, 11, 12, 48-52]. The most popular model for dark energy is a
hypothetical energy that exerts negative pressure. It can be represented in terms of the dens-
ity p, pressure p, and the four-velocity u using the relativistic hydrodynamical stress—energy
tensor T"Y = (p + p)utu” + pg"” and is characterized by the equation of state (EoS) parameter
w = p/p. The value of w could either be constant, as in the case of a cosmological constant
(w = —1), or be redshift-dependent (w = w(z)), as in the model of dynamic dark-energy EoS
parameters [48, 51].

Recently, there have been several attempts to constrain the LIV scale Eyy using gamma-
ray observations of different VHE gamma-ray sources such as Mrk 501 (see, e.g. [5]). The
ACDM cosmological model has been commonly adopted in most past studies that analyzed
time lags resulting from the LIV effect. However, there have been efforts to consider different
cosmological backgrounds. One of the first attempts to incorporate these alternative cosmo-
logical models into LIV studies was presented in [53, 54]. In their exploration, they utilized
quintessence, Chaplygin gas, and brane-world cosmologies as cosmological backgrounds. The
cosmic expansion history associated with the LIV time delay is derived from observational
H(z) data, employing model-independent Gaussian processes as detailed in [55]. More recent
investigations employed model-independent constraints on LIV via chronometers to assess
LIV-induced delays, without assuming a fiducial cosmology, using Bayesian statistical tech-
niques as detailed in [56-58].

The primary objective of this study is to explore the sensitivity of the LIV effect, as gauged
by the time lag of photons, to different cosmological backgrounds. Specifically, we aim to
ascertain if employing beyond-ACDM cosmologies, combined with the improvement of data
collected by present and upcoming instruments, enhances our capability to detect the LIV
effect. In this paper, instead of the commonly used ACDM model (w = —1), we consider sev-
eral alternative cosmological models to calculate time lags due to the LIV effect. Specifically,
we consider background cosmological models with a non-trivial dark-energy EoS (w # —1) to
see if there is a significant deviation compared to the case of the ACDM model. In section 2 we
derive the LIV effects on gamma-ray time lags, considering the concept of energy—momentum
conservation, using a deformed dispersion relation for photons, and in section 3 we discuss
different cosmological models with a non-trivial EoS w(z) [48, 51]. The results are presen-
ted in section 4 where we compare the time lags due to the LIV effect considering vari-
ous non-standard cosmological models with those resulting in the standard ACDM cosmo-
logy. In section 5, we discuss and summarize our results. We assume the following cosmolo-
gical parameters for ACDM and w(z) (see [48]) throughout the paper: Hy = 70kms~! Mpc~—!,
Qm =0.3, Qp =0.7. For the Chevallier—Polarski-Linder (CPL) and Pade parameterizations
we used the best-fit parameters presented in table 2 of [51].

2. Time lag due to the LIV effect
It is well-established that the speed of light inside a refractive medium is wavelength-

dependent. Thus, photons with different wavelengths propagate at different speeds inside a
refractive medium. For visible light, blue (short wavelength) light propagates more slowly
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compared to red light (long wavelength) inside a dispersive material. In analogy to this, various
QG theories predict that VHE gamma-ray photons could be sensitive to quantum fluctuations
of spacetime or the so-called quantum foam, which can lead to LIV. Therefore, the propaga-
tion of VHE gamma-ray photons is expected to be slower than that of lower-energy gamma-ray
photons produced at the same distant astrophysical source (e.g. [5, 21, 22]).

In this article, we assume a flat Universe with zero spatial curvature (k =0), as derived
from observations (see, e.g. [59]). The metric for a flat Friedmann—Robertson—Walker (FRW)
Universe is written as ds? = —df* + a(t)?(dx*> + dy* + dz*), where a(?) is the scale factor of
the Universe. The presence of the time-dependent scale factor a(¢) indicates that space-time is
still curved, even though the spatial curvature is zero. Therefore, strictly speaking, one should
utilize an enhanced modified dispersion relation that includes higher-order terms, taking into
account the curvature of spacetime. Recent studies have explored various approaches to ana-
lyzing the impacts of modifications to the dispersion relation in FRW spacetimes [60—65]. They
examined several intriguing scenarios that deviate from the well-known formula introduced by
Jacob and Piran [66] in the context of LIV, thereby setting the stage for new phenomenological
investigations.

Using a modified dispersion relation in curved spacetimes is expected to produce more
accurate results than adopting a flat-spacetime relation, but it significantly complicates the
mathematical formalism. Straightforward spacetimes, such as Minkowski space, are easier to
handle, especially when introducing new and unconventional ideas. The LIV effect is relevant
at extremely high energies (near the Planck scale), where local effects may be more important
than the large-scale structure of the Universe. Therefore, the difference introduced by using
more complicated models is expected to be small. We defer the exploration of such effects to
future work. Modifications of the photon energy dispersion relation can be represented by both
superluminal and subluminal scenarios, subluminal meaning decreasing photon speed v, with
decreasing wavelength and superluminal meaning increasing photon speed with decreasing
wavelength. We can write the modifications of the photon and electron dispersion relation
as [5, 67]:

E n
E? =p*? +m*ct 4+ SE? () , 1)
ELy
where § = —1 represents a subluminal scenario, and S = +1 represents the superluminal case.

The characteristic energy Eppy is parameterized as a fraction of the Planck energy, Ey v =
Ep/&,, where the order of the leading correction n and the dimensionless parameter £, depend
on the theoretical framework [5, 19, 21]. A value of Ey v ~ Ep (i.e. £; = 1) has been considered
to be the physically best motivated choice [21, 68], which is also consistent with the results
of [69] who constrained Ey v > 0.65Ep. For photons, (1) simplifies to

E3
E* =p’c? +55—, 2)
LIV

when considering only the leading correction, n = 1. From (2), the photon speed vy, = dE/dp
in the limit E/Ep 1y < 1 can be calculated as [5, 22]:

vph%c<1—|—SE). 3)

Errv
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Equation (3) indicates that the photon speed in the case of a subluminal scenario (§ = —1) is
decreasing with increasing energy and the other way around in the case of a superluminal scen-
ario. The time lag between two photons reaching Earth depends on the redshift of the source
and on cosmological parameters. Considering two photons with energies E}, (high energy) and
E; (low energy), measured at redshift z = 0, the time lag Az, between the two photons’ arrival
times can be written as (for more details see [5]):

1E'—E' [*(1+Z))"
At,,:SnJr b1 / ( +Z,)
2 By Jo HE)
where H(z') = Hy\/Qn(1 +2')3 + Q4 in the ACDM model.
The time lag over energy difference 7, can thus be written as:
_ AL ontld /Z (142"
Ey — EY 2Ey Jo H()
Obviously, the time-delay due to the LIV effect depends on the cosmological model, which is
mathematically described by the redshift dependence of the Hubble parameter H(z).

dz’, “4)

dz’. &)

Th

3. Redshift parameterization of the EoS parameters

Observations of large-scale structure, CMB, type Ia supernovae, etc all indicate that the total
energy budget of the Universe is dominated by dark matter and dark energy. The ACDM
model has proven to be the simplest model that describes dark energy to be a constant,
i.e. its EoS is independent of redshift. Although ACDM is a successful model in many
aspects, it still has some problems. Therefore, several families of alternative parameteriz-
ations of a redshift-dependent dark energy EoS parameter have been proposed (for more
details see, for example, [48, 50-52]), among which different members focus on different
properties of the observed Universe. It is standard to parameterize the dark energy density as
poE(z) = HiQpE(z = 0)/(2) [48], with
A+wE))

) =exp 3 [ U, ©
where f(z) is the dark energy density function [48, 50, 52]. For the ACDM cosmology, f(z) = 1.
The Hubble parameter H(z) using the redshift-dependent EoS w(z) can be written as [48, 50],

H(z)pp = Ho\/ O (142)° + Qpef(2) + Qraa (1+2)" ™

The radiation component, ,,4(1 +z)* is negligibly small for moderate redshifts and can be
neglected in the further discussion.

3.1. Quadratic evolution of the EoS parameter w(z)

Cosmological models with a dynamic dark energy EoS are distinguished from the ACDM
cosmological model by a non-trivial EoS (w # —1), which is redshift dependent. In the model
of a quadratic evolution of the EoS parameter w(z), the EoS depends on cosmological time with
values of w(z) less than or equal to zero (see, e.g. [48]). As one possible model, we consider a
quadratic parameterization of the dark energy EoS [48]:

w(z) = wo +wiz +waz? ®
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The EoS today is w(z = 0) = wy = —1, and at redshift z, the dark energy starts to evolve like
matter w(z,) = 0.

3.2. Pade parameterizations

Constraints on the CPL and Pade parameterizations in comparison to the ACDM model have
been derived in [51].
The well-known CPL parameterization of the EoS can be written as:

wpE (2) = wo +wiz/ (1 +2). )
The Pade 1 and Pade 2 EoS parameterizations were developed in [51],

~ wo+ (wo+wi)z

I
= 10
WDE(Z) 1+(1+W2)Z ) ( )
and
I wo +wilna
_ 11
Wb (2) 1+wylna (In

where a = 1/(1 + z). The values of wy, w; and w, in each case can be found in [51].

4. Results

In this section, we present the time lag resulting from the LIV when considering non-standard
cosmological models with w(z) # 1, compared to the case of standard ACDM cosmology.
The time lags over energy difference 7, between two photons with diffident energies using
the ACDM model are calculated using (5). To investigate the LIV effect with a redshift-
dependent EoS parameter w(z), we modified (5) using the corresponding equations from
section 3. In this work, we are not pursuing the determination of the LIV energy scale, Ey v,
through observational data. Our primary objective is to ascertain whether the time lag arising
from the LIV effect is influenced by the choice of cosmological model. For our investiga-
tions, we assumed that Ey v is equivalent to the Planck energy, Ep, approximately valued at
Errv = Ep ~ 1.2 x 10". Subsequently, we evaluated the time lag attributed to the LIV effect
across various cosmological models, contrasting these findings with the ACDM model. The
outcomes of this comparison are presented in figure 1. In the top panel of figure 1 we present
the time lag over energy difference as a function of redshift, while the bottom panel represents
the relative deficit/surplus of the time lag 7, using different forms of the EoS w(z) compared
to the ACDM model. Figure 1 illustrates that the relative deficit/surplus for the time lag using
different possible EoSs w(z) is very small. Even the largest surplus (in the case of Pade 2 at
redshift z=1.2) is less than 4%.

5. Discussion and conclusions

VHE gamma rays from distant astrophysical sources such as GRBs and flaring an active
galactic nucleus (AGNs), have been used during the past few decades to constrain the LIV
effect, based on the modified dispersion relation (1), as proposed by several QG theories. In
such studies, the energy-dependent time delays as expressed by (4) are searched for, while
usually the sources of intrinsic time delay are neglected. In this work, our main goal was not



H Abdalla et al

Class. Quantum Grav. 41 (2024) 015022
0.200 -
— NACDM
0.1754 7 CPL A
- W(2) = wo + w1 (2) + wy2?
---- Padel 5248
0.150 A 30
---- Pade2 #
4 5 6
LTI - — NCDM
i Tl ---- CPL
! BRI = 2
0.03 1 / --—= w(2) = wp + w1(2) + wyz
/ ---- Padel
,’I —— ---- Pade2
E l/’ S ~=~J
S o002{ /
<c I’” \\\\
~ J .
\ " 77N, \\\
—_ by \ S~
O A S —
N J X  ___-- S
|-': 0.01 ,: \\ ~~~~~~~~~~~~~~~~~
I : \\\,”‘ _________________
] SON T
— Il Rad \\
(R \
0.00 == A
\\\
—0.014  TTTee T
1 2 3 4 5 6
V4

0

Figure 1. Top panel: time lag due to the LIV effect over energy difference 7, as a func-
tion of redshift using ACDM and models with different forms of the equation of state
w(z), assuming a value of Eryv ~ Ep . Bottom panel: relative deficit/surplus of the time
lag using different forms of the equation of state w(z) compared to the ACDM model.
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to estimate the value of the LIV energy scale Ey v by comparison with observational data, but
instead we investigated whether the time lag due to the LIV effect is sensitive to the underly-
ing cosmological model. To do this, we assumed a value of Eyyy = Ep ~ 1.2 X 10" GeV. To
determine whether the LIV effect is sensitive to the cosmological background, we computed
the time lag due to the LIV effect using different cosmological backgrounds and compared the
results to the ACDM model, as shown in figure 1.

We have presented calculations for the time lag due to the LIV effect, using non-standard
cosmological models with non-trivial dark-energy EoS parameter. The time lag between
photons of different energies depends on the redshift of the source. The co-moving distance
corresponding to a given redshift depends on the cosmological model, as mathematically
described by the redshift dependence of the Hubble parameter H(z). Figure 1 illustrates that
the relative deficit/surplus of the time lag due to the LIV effect using different forms of the EoS
w(z) compared to the ACDM model is very small. Several previous works have investigated
similar aspects. The primary objective of [54] is to investigate if the LIV effect might result
from an incorrect assumption of the ACDM cosmology in [70], suggesting that another model
might more aptly describe the accelerating Universe. They find the effect does not diminish
in alternative models. The authors determined that the effect is most pronounced in models
like the quintessence model with a varying EoS w(z), which offers the best fit for time-delay
calculations. In a recent article with similar goals to the present paper [71], the author used two
data sets (TD1 and TD2) to examine the dependence of a GRB-based time-delay estimation
on the underlying cosmological model, using additional data sets of baryon acoustic oscilla-
tions (BAO) and SN measurements from the Pantheon dataset. They found that the deviation
between the highest and lowest results in TD1 is about 20%, and can reach 60% in TD2, which
indicates a very high dependence on the cosmological model. These results contradict our own
findings as well as the model-independent results in [54, 58], who found that the time lag due
to the LIV effect is insensitive to the underlying cosmological model. We think that the reason
for this discrepancy may be related to the uncertainties in the GRB models and the tension in
the cosmological observations themselves. Therefore, constraining the LIV energy scale and
the cosmological parameters simultaneously may not be feasible.

We expect that the variations in the time lag attributed to the LIV effect across different
cosmological backgrounds primarily stem from the fact that both the distance estimation and
photon travel time from the source are influenced by the cosmological context. Consequently,
the anticipated deviation in the LIV effect is likely to align with, or even be lower than, the per-
centage difference observed in distance estimations across varying cosmological backgrounds.
As an illustration, the deviation in distance estimation from the ACDM model when consider-
ing the quadratic dark energy EoS (see (8)) is approximately 2.5%, see [48]. As illustrated
in the bottom panel of figure 1, the deviation in the time lag attributed to the LIV effect
is nearly 50% less than this distance estimate deviation for the same cosmological model.
Therefore, it is unlikely that the deviation from the ACDM model in any alternative cosmolo-
gical model would surpass 10%. Hence, the substantial potential deviation noted in [71] seems
improbable.

As evident in the bottom panel of figure 1, the maximum deviation from ACDM which
we found is <4% for a source located at around z = 1.5, using the Pade 2 parameterization.
The predicted deficit/surplus is too small to be measured using current imaging atmospheric
Cherenkov telescope facilities. Even though the sensitivity of the Cherenkov telescope array
(CTA) will be several times higher than that of the currently leading instruments H.E.S.S.,
VERITAS, and MAGIC (see, e.g. [72]), it will likely still be insufficient to measure the small
expected difference of <4%. Therefore, we conclude that, due to systematic uncertainties,
especially possible source-intrinsic time lags, the deviation from the ACDM cosmology in

8
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measurements of LIV-induced time lags is undetectable by the current and near-future gamma-
ray experiments.
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