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Abstract 

In this MSc dissertation, we present fixed point theorems for a family of set-valued contraction 

maps in hyperconvex quasi-pseudometric spaces (called q-hyperconvex spaces). Our results gener­

alise and extend the classical fixed point theorems of Espinola and Kirk. It is proved, for example, 

that if (X, d) is a bounded hyperconvex quasi-pseudometric space and Jex is a family of set-valued 

contractions indexed over a directed set A and taking values in the space of all nonempty ex­

ternally q-hyperconvex subsets of X , then certain conditions imply that the fixed point set of 

the family Ucx}cxEA is nonempty and q-hyperconvex. Since quasi-pseudometric spaces and ultra­

quasi-pseudometric spaces share many properties, in this MSc dissertation we show some of these 

properties. For example, we show that a contractive set-valued map T * taking values in the space of 

all nonempty u-admissible subsets of a spherically complete ultra-quasi-pseudometric space (X , u) 

(called q-spherically complete space), has a point valued selection T which is also contractive. The 

remainder of the dissertation is devoted to fixed point theorems for a family of set-valued contractive 

maps in t he setting of q-spherically complete ultra-quasi-pseudometric spaces. 
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Pseudometric space 

Quasi-pseudometric space 

Open ball of radius E centred at x 

Closed ball of radius E centred at x 

Hausdorff pseudometric 

Hausdorff quasi-pseudometric 

Hausdorff ultra-quasi-pseudometric 

The collection of nonempty bounded closed subsets of the pseudometric space (X, m) 

Gauge 

Quasi-gauge 

Complete gauge space 

Bicomplete quasi-gauge space 

Directed set 

The power set of X 

Diameter of the set X 

The collection of admissible subsets of a pseudometric space (X , m) 

The collection of q-admissible subsets of a quasi-pseudometric space (X, d) 

The collection of u-admissible subsets of an ultra-quas i- pseudometric space (X , u) 

The collection of externally hyperconvex subsets of a pseudometric space (X , m) 

The collection of externally q-hyperconvex subsets of a quasi-pseudometric space ( X , d) 

The collection of hyperconvex subsets of a pseudometric space (X, m) 

The collection of q-hyperconvex subsets of a quasi-pseudometric space (X , d) 

The closure of a the set A with respect to the topology T induced by the metric d. 
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Introduction 

The fundamental result in fixed point theory is the Banach contraction principle which states that 

if (X, m) is a complete metric space and F: X ➔ X is a contraction map, that is , 

m(F(x), F (y)) ::; km(x, y) whenever x , y EX and k E [O , 1), 

then F has a unique fixed point . Since most spaces studied in mathematical analysis share many 

properties, among others, topological, metric and algebraic properties, t here is no clear line separat­

ing the metric fixed point theory from the topological or set theoretic branch of fixed point theory. 

For this reason, many authors have studied t he problem of existence, uniqueness and approxima­

tion of fixed points for generalised contractions in metric spaces. However , many definitions and 

theorems in literature do not require that all properties of a metric hold. Hence, in the last decades, 

various concepts of generalised metrics such as quasi-psedometrics and ultra-quasi-pseudometrics 

have been introduced. 

Recently, Frigon [11] proved a theorem that serves as a basis for many other intere t ing fixed point 

theorem results . In particular , Frigon proved that if IE is a complete gauge space and f : IE ➔ IE 

is a generalised contraction , then f has a unique fixed point. Frigon also remarked that it Wclli an 

open question to define inductively a sequence converging to the fixed point of f. Espinola and 

Kirk [9] extended Frigon's Theorem to a family of set-valued contract ion maps in complete gauge 

spaces and defined inductively a sequence converging to their fixed point . In particular , Espfnola 

and Kirk proved that if IE is a complete gauge space and f u : (IE, mu) ➔ (Po (IE), Mu) is a family of 

contraction maps indexed over a directed set A satisfying the following: 

(i) fu(x ) is a nonempty closed subset of IE for every a: E A, 

(ii) for every x, y E IE. and a: EA, we have Ma(fa(x), fa(Y)) ::; k0 m a(x, y ), where k,, E (0, 1) and 

lvf o: denotes the Hausdorff pseudometric on t he nonempty closed subsets of IE, 

(iii ) for each x E IE, f f3(x) ~ J0 (x) if /3 2". a:, 

(iv) foreveryt: > Oanda: EA, t hereexists ,B 2". a:such thatdiam,3 (f,3 (x))::; (l- ka) t: for every x E 

IE. 
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Then there exists a unique point z E IE such that z E J0 (z ) for every a E A. Also, {f11 (x)}nEN 

converges to z for each XE IE where J(x) is a unique point of na ! a:(x). 

Espinola and kirk used the above result as a basis to construct fixed point t heorems for a family 

of set-valued contraction maps in hyperconvex metric spaces. However , condition (iv) was re­

placed by the weaker condit ion diam(Ja(x)) :S c since fixed points in hyperconvex spaces are not 

unique. In part icular , t hey proved t hat if (X, m) is a hyperconvex metric space and fa : (X, m) -+ 

(~.@(X), M) is a family of contract ion maps indexed over a directed set A satisfying 

(i) for each x E X , /3 2: a implies f fJ (x) ~ f 0 (x), 

(ii) for every c > 0, t here exists a E A such that diam(J0 (x)) :Sc for every x EX. 

Then there exists at least one point x E X such that x E f 0 (x) for each a E A. 

Furthermore, it was shown t hat in the above result, if the collection ~.@( X ) of bounded closed 

subsets of X is replaced by the collection ..et(X) of admissible subsets of X , then the fixed point 

set is hyperconvex. 

The main goal of t his MSc dissertation is to generalise and extend the above results of Espinola and 

Kirk [9] to q-hyperconvex To-quasi-metric spaces (see Definition 3.2. 1). vVe will also show t hat 

the extension of Frigon 's Theorem in complete gauge spaces can be generalised to bicomplete quasi­

gauge spaces and bicomplete quasi-metric spaces (see Theorem 3.1.1 and Corollary 3.1. 2). Secondly, 

since quasi-pseudometric spaces and ultra-quasi-pseudometric spaces share many properties, in this 

MSc dissertation we show some of t hese properties. For example, among other properties, using the 

construction of Ki.inzi and Otafudu [15], we will show that a set-valued 111.ap T * : H -+ ..efu(X ), where 

His any set and (X , u) is a q-spherically complete To-ultra-quas i-metric space (see Definit ion 

4. 1.4) , admits a point valued selection T : H -+ X satisfying u(T(x), T (y )) :S U(T *(.r), T*(y)) 

whenever x, y E H (see Theorem 4.2.13). Finally, we will use t he conditions of t he results of 

Espinola and Kirk [9] to develop fixed point theorems for a family of set-valued contractive maps 

in q-spherically complete To-ultra-quasi-metric spaces . 

Outline of the MSc Dissertation 

Chapter 1. In t his chapter , we recall some of the important definitions to be used t hroughout. the 

dissertation. In t he first section , we first present a summary of pesudometric spaces, thereafter , 

we present a summary of quasi-pseudometric spaces. In t he second section of this chapter , we use 

t he concept of a pseudometric to recall t he defin it ion of a gauge space (sec Definition 1. 2.3) and 

discuss some of its examples. The last section of this chapter discusses the concept of a quasi-gauge 

space, an extension of the concept of a gauge space. We use the concept of a quasi-pseudometric 

to recall the defini t ion of a quas i-gauge space (see Definition 1.3.2). We also reca ll an example of 

a quasi-gauge space and some of its propert ies . 
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Chapter 2. In this chapter, we present the results of Espinola and Kirk [9]. The first section of 

this chapter discusses Frigon's Theorem which guarantees the existence of a unique fixed point for 

a generalised contraction in gauge spaces. This result is t hen extended to fixed point theorems for 

a family of set-valued contraction maps in complete gauge spaces and complete metric spaces in the 

second section (see Theorem 2.2.4 and Corollary 2.2.5). The third section gives a brief summary 

of hyperconvex metric spaces and some of their properties. In the last section of this chapter , 

we present the results of Espinola and Kirk [9] on fixed point theorems for a family of set-valued 

contraction maps in hyperconvex metric spaces. Theorem 2.4.1 shows that a family of set-valued 

contraction maps taking values in t he space 18'.%'(X) of all nonempty bounded closed subsets of a 

hyperconvex metric space (X, m) has at least one fixed point . On the other hand, Theorem 2.4.4 

shows that the fixed point set for a fami ly of set-valued contraction maps taking values in the space 

d(X ) of admissible subsets of a bounded hyperconvex metric space (X, m) is hyperconvex. 

Chapter 3 . In t his chapter , we start our own investigations. We generalise the results of Espfnola 

and Kirk [9] to q-hyperconvex To-quasi-metric spaces . The first section of this chapter discusses 

the extension of Frigon's Theorem to a family of set-valued contraction maps in bicomplete quasi­

gauge spaces (see Theorem 3.1.1). This result is then extended to bicomplete-quasi-metric spaces 

(see Corollary 3. 1.2). The second section gives a brief summary of q-hyperconvex To-quasi-metric 

spaces and some of their properties . The last section of this chapter is devoted to generalising 

Theorem 2.4.1 and Theorem 2.4.4 to q-hyperconvex T0-quasi-metr ic spaces. Theorem 3.3 .1 shows 

that a family of set-valued contraction maps taking values in the collection Sc1 = { A ~ X : A = 

clr(d)A n clr(d- 1)A} has at least one fixed point. On the other hand , Theorem 3.3.--1 shows that 

the fixed point set for a fami ly of set-valued contract ion maps taking values in the space i&"q( X) 

of externally q-hyperconvex subsets of a bounded q-hyperconvex To-quasi-metric space (X, d) is 

q-hyperconvex. 

Chapter 4 . In the first section of this chapter , we recall some preliminaries on ultra-quasi­

pseudometric spaces and give some of their examples. vVe also recall the definition of q-spherical 

completeness and recall an example of a q-spherically complete To-ultra-quasi-metric space (see Def­

inition 4. 1.4). In the second section, using the construction of Ki.inzi and Otafudu [15], we present 

some properties of q-spherically complete T0-ult ra-quasi-metric spaces. For example, among other 

properties, we show that a set-valued map T* : H -t .iifu(X ), where H is any set and (X , u) is 

a q-spherically complete To-ultra-quasi-metric space, admits a point valued selection T : H -t X 

satisfying u(T(x) , T(y) ) :S U(T*(x), T *(y)) whenever x, y E H (sec Theorem 4.2.13). In the thi rd 

section , we use the conditions of the fixed point theorems of Espinola and Kirk [9] to develop fixed 

point theorems for a family of set-valued contractive maps in q-spherically complete To-ultra-quasi­

metric spaces (See Theorems 4.3. 1 and 4.3.2). 

Chapter 5 . In this chapter , we summarise our investigations and present some open problems to 

be studied in future. 
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Preliminaries 

In t his chapter , we present the basic defini t ions to be used t hroughout t he MSc dissertat ion. We 

fi rst recall t he definitions of a pseudometric space and quasi-pseudometic space and look at some 

of t heir examples . Thereafter , we use the definitions of a pseudomet ric and quasi-pseudometric to 

recall t he concepts of a gauge space and quasi-gauge space respectively. For more details, we refer 

t he reader to [7], [4], [15], [21 ] and [24]. 

1. 1. Basic Definitions 

Definition 1.1.1. (/4, Definition 1}) Let X be a set and let m : X x X ➔ [O, ) be a function 

mapping X x X into the set [O, oo) of nonnegative real numbers. Then m is called a pseudometric 

on X if 

(i) m(x ,x) = 0 for all x EX, 

(ii) m(x, y) = m(y , x) f or all x . y EX, 

(iii) m(x , y) :S m(x , :-) + m(:-, y) f or all x, y, z EX. 

The pair (X , m) is called a pseudometric space . 

If in addition, f or x -:/= y we have 

m(x, y) > 0, 

then m is a met ric on X and the pair (X. m) is called a metric space. 

It is clear from this defini t ion that any metric space is a pseudometric space . P seudometrics arise 

naturally in functional analysis , consider the following example: 

Example 1.1.1. Let F (X ) be a space of real valued functions f: X ➔ IR, together with a special 

point xo EX. Then xo induces a pseudometric on the space F (X ) with pseudometric 

m(J,g) = lf(xo) - g(xo)I for all f , g E F(X) . 
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Example 1.1.2. ([10, Example 2.4]) For a set X , define m(x, y) = 0 for all x, y EX. We call m 

t he trivial pseudometric on X . Thus t he pseudometric space (X , m) is characterised by the fact 

that all distances are 0. 

Let (X , m) be a pseudometric space. The open ball of radim, E > 0 cent red at x E X is the set 

B m(x, E) = {y E X : m(x, y) < E}. The collection of open ba lls yields a base topology T(m), it is 

called t he topology induced by m on X . Similarly, a closed ball of radius E 2:: 0 centred at x E X is 

the set Cm(x, E) = {y E X : m(x , y) :S E}. 

Definition 1.1.2. ((28]) Let (X , m) be a metric space. 

(i) A sequence (xn)nEN in X is Cauchy if f or all E > 0, there exists N E N such that for any 

n, p 2:: N , one has m(xn,Xp) :SE. 

(ii) A sequence (xn)nEN converges to x if and only if f or every E > 0 there exists N E N such that 

m(xn,x) < E for all n 2:: N. 

(iii) A m etric space (X , m) is complete if any Cauchy sequen ce is convergent. 

If we delete t he symmet ry condit ion , that is, condit ion (ii ) in Definition 1.1.1 , we are led to t he 

concept of a quasi-pseudometric space. 

Definition 1.1.3 . ((15, Definition 2.1]) Let X be a set and let d : X x X----* [0, oo) be a function 

mapping into the set [0, oo) of nonnegative real numbers . Then d is called a quasi-pseudometric on 

X if 

(i) d(x, x) = 0 f or all x E X , 

(iii) d(x, y) :S d(x, ;;) + d(z, y) for all x, y , ::: E X. 

The pair (X , d) is called a quasi-pseudometric space . 

If in addition, f or any x , y E X , 

d(x, y )= 0 = d(y ,x) ~ x=y, 

then d is called a To-quasi-metric and the pn.ir (X , d ) is called a To-quasi-met ric space. 

Remark 1. 1. 1. ([15]) If d is a quasi-pseudometric on a set X , then cl- 1 : X x X ----* [O , oo) defined by 

d- 1 (x , y) = d(y,x) fo r every x. y E X , often called t he conjugate quasi-pseudomctric, is also quasi­

pseudometric on X. The quasi-pseuclometric on a set X such that cl = cl- 1 is a pseudometric. Tote 

that if (X , d) is a To-quasi-met ric space, t hen cl8 = max{ cl , cl- 1 } = cl V d- 1 is also a pseuclometric 

(i\Ietric). 
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For any x , y E [0, oo) , we will set x .:.... y = max{x - y, 0}. 

Example 1.1.3 . The space ([0 , oo), d) , where d( x, y) = x .:....y , is a To-quasi-met ric space . 

Sim ilar to pseudo-metric spaces , we get t he following defini t ions and results in quasi-pseudometric 

spaces: Let (X , d) be a quasi-pseudometric space. T he open ball of radius E > 0 centred at x E X 

is the set Bd(x, c:) = {y E X : d( x, y) < c:} . The collection of open balls yields a base topology T(d) , 

it is called the topology induced by d on X . Similarly, t he closed ball of radius E 2 0 centred at 

x E X is t he set Cd (x,c: ) = {y E X: d(x, y) :S c} . Note that t his set is T(d- 1)-closed, but not 

T(d) -closed in general. As usual, in t he t heory of quasiuniformities , for a subset A of X and E > 0, 

we use not at ions like Bd(A , c: ) = U a EA Bd(a, c: ) and Cd( A , c:) = U aE A Cd(a , c:). 

If (X , d) is a quasi-pseudometric space, then t he pair [Cd(x, r); Cd-1 (x , s) ] where x E X and r , s E 

[0,oo) is called a double ball. In general, [(Cd(xi , ri)) iEi i (Cd-1 (xi,si))iE1 ], with Xi EX and ri,Si E 

[0, oo), is called t he family of double balls. 

For any quasi-pseudomet ric space (X , d), we denote the set of all nonempty subsets of X by Po(X ). 

Also, if CE Po(X ), t hen dist (x, C) = inf{d(x ,c) : c EC} and dist (C,x) = inf{d (c,x ) : c EC} 

whenever x E X. 

For any A , B E Po (X) , we set 

D (A , B ) = max { supdist (A,b) , supdist (a, B ) } . 
bEB a EA 

Then D, is t he so-called extended (as usual, a quasi-pseudometric t hat maps into [0 , oo] (instead of 

[0, oo)) will be called extended) Hausdorff (-Bourbaki) quasi-pseudometric on Po(X ). It is known 

that D is an extended To-quasi-metric when restrict ed to t he set Set= {A C X : clT(d) A n clT(d- 1)A} 

(see [17, Page 164]) . 

A map f : (X , d) -+ (Y, e) between two quasi-pseudometric spaces (X , d) and (X , e) is called 

isometry or isometric map provided that e(J( x ), f (y)) = d(x , y) whenever x , y EX. T wo quasi­

pseudometric spaces (X , d) and (X , e) will be called isometric prov ided that t here exists a bij ective 

isometry f : (X , d) -+ (X , e). A ma p f : (X , d) -+ (Y e) between two qausi-pseudometric spaces 

(X , d) and (X , e) is ca lled nonexpansive provided that e(J (x ), f (y )) :S d(x , y) whenever x, y E X . 

A map f : (X , d) -+ (Y , e) between two quasi-pseudometric spaces (X , cl) and (X , e) will be called 

contracting provided t ha t e(J (x ), f( y )) :S k d(.r, y ) whenever x , y E X and k E [0 , 1). 

Definition 1.1.4. Let (X , d) be a quasi-pseudometric space and F : (X , d) -+ (Po( X ), D ) be a 

set-valued map. Then F is said to be contract ing if 

D (F (x ), F (y )) :S J,; d(x, y ) whenever x, y E X and k E [0, 1). 

D efinition 1.1.5. (/1]) If (X , cl ) is a quasi-pseudometric space, a sequence (.r,,) is called: 

(i) Left-Cauchy ~/ for each E > 0, there exists k E N s1ich that d(xn, Xm ) < E for all m 2 n 2 k . 
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{ii} Right-Cauchy if for each E > 0 there exists k E N such that d(xn , Xm) < E fo r all n 2: m 2: k. 

D efinit ion 1. 1. 6. {(27)} Let (X, d) be a quasi-pseudometric space. Th e sequence (xn) in X is 

a C auchy sequence if limn,m-+oo d(xn, Xm) = 0. A quasi-pseudometric space (X , d) is bicomplete 

if every Cauchy sequence (xn) converges with respect to T(d ) and with respect T(d- 1 ) to a point 

x o EX. 

R emark 1. 1. 7 . {/27)) A sequence (xn) is a Cauchy sequence in (X , d) in this sense if and only 

if (xn) is a Cauchy sequence in the pseudometric space (X , d8
) . A To-quasi-metric space (X , d) is 

bicomplete if and only if the metric space (X , cl8 ) is complete. 

We now t urn our attention to the concept of a gauge space. 

1.2. Concept of a Gauge Space 

In this section , we recall some preliminaries on gauge spaces. A gauge space is simply a topological 

space whose topology is generated by a family of pseudometrics. We recall this definition as follows: 

Definition 1.2.1. ((4)) Let X be a set. A family § = {m>. : >. E A} of pseudometrics on X is 

called a gauge . 

D efinition 1.2 .2. ((4)) Let X be a nonempty set. A gauge§= {m>. I>- E A} is called separating 

if, for each pair (x, y) EX with x # y , there is am,>. E § such that m>, (.:r, y) # 0. 

Definition 1.2.3. ((4/) Let X be a nonempty set, and let §= {m>.I >- EA} be a separating family 

of pseudometrics on X . Then the topology§(§) having as subbase the family S8(§) of all balls 

B (x , m, E) with m E §, x EX and E > 0 is called the topology induced on X by the gauge§, and 

the topological space (X , .9") is called a gauge space if there is a gauge§ with§= § (§). 

In order to fix our terminology, we shall denote a gauge space by (IE, §) . 

D efinition 1.2.4. ((4)) Let (IE,§) be a gauge space with respect to the family §= {m,\I >. E A} of 

pseudometrics on IE . Let { xn} be a sequence in IE , and x E IE. Then the follo wing are cons-iclered: 

(i) The sequence { xn } converges to ::r if and only if V >. E A, VE > 0, 3N E N such that 

m>,(Xn , x) < E. Vn 2: N . 

{ii} The sequence {xn} is Ca uchy if and only if V >. E A, Ve> 0. 3N EN such that m>,(Xn+p, Xn) < 
E, Vn 2: N. p E N. 

{iii} (IE,§) is complet e if every Cauchy sequence in IE is convergent to an elem ent of IE. 

{iv) A subset of IE is said to be closed if it contains the limit of any convergent seq1wnce of its 

elements . 



Chapter 1 

The following examples are well known. 

Example 1.2.1. Any uniform space Xis a gauge space. The pseudometrics are uniform continuous 

maps f: Xx X ➔ IR. 

Example 1.2.2. A completely regular topological space X is a gauge space. The pseudometrics 

are continuous maps f : X x X ➔ R 

We now turn our attention to quasi-gauge spaces. 

1.3. Concept of a Quasi-Gauge Space 

In t his section, we recall some preliminaries on quasi-gauge spaces. A quasi-gauge space is an 

extension of the concept of a gauge space, it is a topological space whose topology is generated by 

a family of quasi-pseudometrics. We recall this definition as follows: 

D efinition 1.3.1. (/24/) Let X be a nonempty set. A family ff 

pseudometrics on X is called a quasi-gauge. 

{dA >. E A} of quasi-

Definition 1.3.2. ((24/) Let X be a nonempty set, and let .2 = {dAI>- E A} be a fami ly of quasi­

pseudom etrics on X . Then the topo logy .:37(9) having as subbase the family !!ll(.2) of all balls 

B (x, d , E) with d E .2, x E X and E > 0 is called the topology induced on X by the quasi-gauge 

.2, and the topological space (X, .?) is called a quasi-gauge space if there is a quasi-gauge 9 with 

g = .:37(.2). 

Example 1.3.1. ([24, Theorem 2.6]) Any topological space is a quasi-gauge space. To see this, let 

(X , .?) be any topological space. For each G E .?, define g on X x X by 

1
0 if x .j_ G 

g(x,y) = 0 if xE G,yE G 

1 if x E G, y .J_ G. 

Then a simple discussion of cases shows that g satisfies the Triangle Inequality. Thus 9 = {g : G E 

.?} is a quasi-gauge on X. Furthermore, 

B (x, g , E) = G if x E G and E :S 1, otherwise B (x, g , E) = X. 

Thus !!ll(fi) = { G: G E .?} , so that 5'(9) = .?. 

Not every topological space is a gauge space. A topological space is a gauge space if and only if it 

is completely regular (See Definition 1.3.3). 

D efinition 1.3.3. ((7/) Let X be a topological space. Then X is a completely regular space if given 

any closed set F and any point x E F , then there is a continuous function f : X ➔ IR such th.at 

J( x) = 0 and 'v .l} E F, J (y) = 1. 
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In order to fix our terminology, we denote a quasi-gauge space by (G, 9). 

D efinit ion 1.3.4 . (/21/) Let (G, 9) be a quasi-gauge space. A sequence { Xn } is left 9- Cauchy if 

and only if f or each d E 9 and E > 0, there is a point x E (G and a positive integer k such that 

d(x, Xm) < E for all m 2 k (x and k depend on E and d). 

(G, 9) is left sequentially complete if every left fl-Cauchy sequence in (G is convergent to a point 

xo E G. 

D efinition 1.3.5. (/21/) Let (G, 9) be a quasi-gauge space. A sequ ence {xn } is right 9 - Cauchy 

if and only if for each d E 9 and E > 0, there is a point x E (G an d a positive integer k such that 

d(xm, x) < E for all m 2 k (x and k depend on E and d) . 

(G, 9) is right sequentially complete if and only if every right fl -Cauchy sequen ce in (G is convergent 

to a point xo E G. 

D efinition 1.3.6. (/21/) A sequence {xn } in (G is fl -Cauchy if and only if f or each cl E .f2 and 

E > 0, there is a positive integer k such that d(xm , Xn) < E f or all m , n 2 k. 
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Set-Valued Contractions and Hyperconvex 

Metric Spaces 

In this chapter, we present the results of Espfnola and Kirk [9] on set-valued contractions and fixed 

points in hyperconvex spaces. We begin by discussing the result of Frigon [11] on the existence of a 

unique fixed point for generalised contract ions in gauge spaces which E:::;pfnola and Kirk used as a 

basis to develop fixed point theorems for a fami ly of set-valued contractions in hyperconvex spaces. 

2.1. Frigon's Theorem 

In t his section, we discuss an important t heorem on fixed points in gauge spaces that gives several 

applications. Following [11], we assume that (lE , §) is a gauge space endowed with a complete 

gauge structure induced by a family § = {ma : o: E A} of pseudometrics, where A is a directed 

set. Also, we assume that for every x . y E lE and every o: :S /3, the following condition is satisfied: 

ma(x, y) :S m 13 (x, y). 

ote that this means that any closed subset of (lE, ma) is also closed in (lE, m f3 ). 

Let x, y E lE. Suppose x ~a y if and only if ma(x , y) = 0. Then ~a defines an equivalence relation 

on lE and , in turn, a quotient metric space denoted by lEa = ((lE, ~a), ma)-

Let X C lE and f : (X , ma) ➔ (lE , .lHa), set 

J ( [ X j a) = {f ( U) : U ~ a X} = {J ( u) : ma ( U, X) = 0} . 

Furthermore, we denote the a -diameter of the set f([x]a) by diam0 whereas the generalised Haus­

dorff pseudometric induced by ma on lE by Ma. 

Definition 2 .1.1. (/11}) Let (lE, §) be a complete gauge space and X C lE . A map f : (X , ma ) ➔ 

(lE, iv!()/) is said to be a generalised contrac tion if 
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(i} for every a E A, there exists ka < 1 such that M0 (J([x]0 ), f( [y] 0 )) < k0 m 0 (x, y) fo r al l 

x, y EX, where M 0 denotes the Hausdorf metric on the sets f ([x]0 ). 

(ii} for every E > 0 and every a E A, there exists (3 2 a such that diam_e (J( [a:]) _e ) < (1 -

k_e )t: for each x EX, where diam_e (J([x]) _e ) deno tes the (3- diameter of the set f ([x]) _e . 

Frigon [11] gave the fo llowing rnmlt that guarantees the existence of a unique fixed point for a 

generalised contraction in a complete gauge space. 

Theorem 2 .1.2 (Frigon 's T heorem) . Let IE be a complete gauge space. Th en every generalised 

contraction f : IE -+ IE has a unique fixed point. 

Frigon [11] also remarked that it was an open question to define inductively a sequence converging 

to the fixed point off. T herefore, in the next section , we outline the result of Espinola and Kirk [9] 

on the extension of Frigon 's T heorem to a family of set-valued contraction maps in gauge spaces 

where this sequence is also defined. 

2.2. An Extension of Frigon's Theorem in Gauge Spaces 

We start this section by recalling a general observation which will be very useful in the out line of 

the proof of t he extension of Frigon's Theorem clue to Espinola and Kirk [9]. Before we do that , 

we recall the fo llowing definitions 

D efinition 2.2.1. Let X be any set and F : X -+ Po(X) be a set-valued map. Th en f : X -+ X 

is said to be a selection of F if f ( x) E F (:r) for any x E X . 

D efinit ion 2.2 .2 . Let (X ,m) be a metric space and for any x EX, let {r(x)}nEN be a sequence . 

Then {r( x )} nEN is bounded if there exists a constant K 11 2 0 such that 'i/x EX, 

Lemma 2.2 .3. (/9, Lemma 3/} Let (X , m) be a pseudometric space and F: (X , ni) -+ (Cef'86'( X). l\I) 

be a contraction map relative to the Hausdorff pseudometric on Cef'86'( M ), where Cef'86' (X ) are the 

nonempty bounded closed wbsets of X . Suppose f : (X, m) -+ (X , m) is any selection of F . Then 

the sequence {r(x)}nEN is bounded for any XE X . 

Proof. Defi ne F: 'i'86'( X ) -+ Cef'88( X) by 

F (A) = LJ F (a). 
aEA 

We first show t hat the sequence { F11
( { x}) }nEN is bounded . Let A , B E Cef' 86'(X ) and suppose 

m = M (A , B). Let u E U aEA F(a ). Then 3 a E A such that u E F (a) . Let E > 0 and choose b E B 

such that m(a, b) :Sm + E. 



Since F is a contraction map, :3 /\ E (0, 1) such that 

JVI (F (a), F(b)) < .\ m(a, b) . 

Also, there exists v E F( b) such that 

m(u, v) S .\ (m(a, b) + t:) S >.m + 2.\t:. 

Reversing the roles of u and v, we get 

M(F(A ), F( B) ) S >.m + 2.\t: , 

and since E > 0 is arbitrary, 

M(F(A ), F(B)) S >. M(A , B ). 

This shows t hat fr is a contraction map from t he pseudometric space '7f .@'(X) to itself. 

Now we have that 

Hence 
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!VJ(Fn(X), frn+P(X)) < M(Fn(X), frn+ l (X )) + M(frn+ l (X) , ftn+2 (X )) + · · · AJ(frn+p-l (X) , ftn+p(X) ) 

< (.\n + >.n+ l + . .. >.n+p- l )M(FO(X) , frl (X) ) 

< An , M(F0 (X), F1(X )), 
1 - /\ 

and we see that t his quant ity goes to O as n -+ oo. It fo llows that { .frn ( X)}nEN is a Cauchy sequence 

for any X E '7&'.@'(M) . Therefore, {frn({.z:}) }11.EN is bounded. 

Now consider the sequence {fn(x)}nEN where x E X with f (x) E F (x ) = F({ x }) . Then there 

exists y E F (x) such t hat J (x) = y. Thus 

J 2 (x) = J[J(.x)] = J (y) E F(y ) ~ F (F ({x})) = .F2({x}). 

From this , we see that 

r(x)EF'n ({x}) forn= l , 2- ... 

Now we have already proved that { fr n( { x}) }n.E N is bounded Tt. follows that {r (x ) }nEN is also 

bounded. □ 

The following result is an extension of Frigon's Theorem due to Espinola and Ki rk [9]. This result 

will be generalised to bicomplete quasi-gauge spaces in Theorem 3.1. 1. 

Theorem 2 .2.4 . ((9, Theorem 4/) Let (IE , ff) be a complete gauge space and Jo: (IE , m o: ) -+ 

(Po(E), Mo:) be a fami ly of maps satisfying the following conditions: 
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(i) fa(x) is a nonempty closed subset of E for every a E A, 

{ii) for every x , y EE and a E A, we have MaUa(x) , fa(Y)) :S kama(x , y), where ka E (0, 1) and 

Ma denotes the Hausdorff pseudo metric on the nonempty closed subsets of E, 

{iii) for each x EE, f 13 (x) ~ fa(x) if /3 2 a , 

(iv) for every E > 0 and a E A, there exists /3 2 a such that diam13 (f f3 ( x)) :S ( l -k13 )c for every x E 

E. 

Then there exists a unique point z E E such that z E f a(z) for every a E A. Also, {]11·(x)}nE N 

converges to z for each XE E where ! (x) is a unique point of na fa(x) . 

Proof. We start by proving the existence of a unique point f (x) E n a f a(x ) for which t he sequence 

{Jn(x)}nEN converges to z for each x E E. Suppose a E A and x E IE. By condition (iii ), we see 

that U a(x )}aEA is a descending net of closed subsets of (E, ma)- Also, by condition (iv), for all 

a E A and E > 0, there exists /3 2 a such that 

This implies that the diameters of U a(x) }aEA tend to zero. Hence U a(x )}c,E J\ is Cauchy net in 

(E , mc,) for each o: E A. Therefore , {Jc,(x) }aE A is a Cauchy net in E. Since Eis complete, there 

exists a unique point f (x) in E such that lima fn(x) = f (x) E n n f a(x) . 

We now recall [9] an important result which will be used in the next part of the proof. 

Assertion. Suppose S ~ E satisfies diama(S) > 8 fo r a E A and 8 > 0, and suppose /3 2 a 

satisfies condition (iv) for E = ¾8. Then 

- (1 + k/3 ) diam13 (J ( S)) :S -
2 

- diam.a ( S). 

Proof. From condit ion (iv) , for each E > 0 and a E A, there exists /3 2 a such that 

ow for any u, v E S, the Triangle Inequality gives 



Therefore, 

m13 (J(u) , f( v )) < M13 (!13(u ), f 13 (v) ) + diam13 (J(u)) + cliam13 (!(v )) 

< k13 m 13 (u, v) + 2(1 - k13 )E 

< k13m 13 ( u, v) + ( 1 ~ k13 ) <5 
1 

[since E = 4<5] 
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< k13 m 13 (u, v) + ( 
1 ~ k/3 ) cliam 13 (S ) 

< k13diam 13 (S ) + ( 
1 ~ k/3 ) diamt3 (S ) 

[ since diam13 ( S) 2 <5] 

( 
1 ~ k/3 ) diamr, (S) . 

Taking the sup over u and v, we get 

- (1 + kr, ) diam13 (f(S )) S -
2

- diam13 (S). 

□ 

We now show that the sequence { J'" (x)}nEN converges to z for each x E IE . Suppose x E IE and let 

Let a E A be such that la takes a bounded values, that is , for every 'T/ E A and E > 0 there exists 

a 2 'T/ such that 

Then by Lemma 2.2.3, t he sets Sn are a -bounded. Now take (3 such that for any a S (3 and E > 0, 

Then f13 takes /3-bounded values and hence by Lemma 2.2 .3, t he sets Sn are /3-bounded as well. 

Now suppose to the contrary that {Jn(x )}nEN is not a Cauchy sequence in (IE , ma ), Then 

lim diam a(Sn) = <5 > 0. 
n 

However , by t he Assertion 

This shows that the elements of Sn+ l are arbitrarily closer to each other than the elements of Sn. . 

It follows that {Jn(x )}nEN is a Cauchy :oequence in (IE ,m 13 ). Since m 13 2 mu, then {/n(x)}nEN is 

also a Cauchy sequence in (IE, me,) . This contradicts our initial a.8sumpt ion . Hence, we conclude 

that {Jn(x) }nEN is a Cauchy sequence in (IE , me, ) for each a EA. 
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Since lE is complete, there exists z E lE such that for every a 

lim ma(!n(x) , z) = 0. 
n 

This proves that the sequence {Jn(x)}nEN converges to z . 

To show that z is the fixed point of J, suppose to the contrary that f(z) =/= z . Since A is a separating 

set, there exists a E A such t hat for o > 0, ma ( z, !( z) ) = o. Thus 

Now since me. ( z , f ( z)) = o, t hen by the Assertion, there exists /3 E A satisfying /3 2: a such that 

-+1 - (l +k,e ) -m{3(r (x), f (z))::; -2- mf3 (fn(x), z). 

From this, we see that the right hand side goes to 0 as n -t oo. This contradicts that f (z) =/= z. 

Thus we conclude that l (z) = z, that is, z Ena f c.(z) . 

To prove that the fixed point is unique, suppose to the contrary that J(u) = u and J(v) = v with 

u =/= v. Since A is separating, there exists a E A such that 

Thus, by our Assertion there exists /3 2: o: such that 

- - ( 1 + kf3 ) rnf3 (u, v) = m{3 (f(u) , J(v))::; -
2
- rn{3 (u, v) , 

which is not true since 

( 
1 + kf3 ) -

2
- ffi (3 ( U, V) ::; ffi (3 ( U, V) . 

Hence the fixed point is unique and this concludes our proof. □ 

Comparing Theorem 2.2.4 to Frigon 's Theorem, let f : lE -t lE be generalised contraction and for 

each a E A and x E lE, define 

f a(x) = f ([x]rx) -

Then, the fami ly Ua}c.EA satisfies all the assumptions of Theorem 2.2.4 in the following way: 

(i) Since fa(x) = f( [x]a), then f 0 (x) is a nonempty closed subset of IE for each o: E A. 

(ii ) Since f : IE -t IE is a generalised contraction, then for every a E A, there exists k0 E (0, 1) 

such that 

Then condition (ii ) of Theorem 2.2 .4 follows. 
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(iii ) Since (3 2: o: ===} m (3 (x, y) 2: m 0 (x, y) then f ([x] (3 ) ~ f ([x]0 ), and therefore, condit ion (iii ) 

of Theorem 2.2.4 follows. 

(iv) Since f is a generalised contraction , then for every E > 0 and every o: E A, there exists (3 2: o: 

such that 

Hence condition (iv) of Theorem 2.2.4 fo llows. 

Thus if J is defined as in the proof of Theorem 2.2.4, then J has a unique fixed point z E IE and 

for each x E IE, t he sequence {Jn(x) } nEN converges to z . 

Taking IE = X in Theorem 2.2.4 , where X is a complete metric space, we get the following result 

that guarantees the existence of a unique fixed point for a fami ly of set-valued contraction maps 

in complete metric spaces. This result will be generalised to bicomplete quasi-metric spaces in 

Corollary 3.1.2. 

Corollary 2.2.5. (/9, Corollary 5/) Let (X , m) be a complete metric space and f ,. : (X, m) ➔ 

(Po( X ), M) be a family of set-valued contraction maps indexed over the direc ted set A. Suppose 

(i) f 0 (x ) is a closed subset of X for each o: E A and x E X , 

(ii) M(f0 (x), f 0 (y)) :S: k0 m(x , y ) for each x , y EX, where k0 E (0, 1) and M denotes the Haus­

dorff metric over the nonempty closed subsets of X , 

(iii) for each x E X , /3 2: o: implies f f3 (x) ~ f 0(x) , 

(iv) for each E > 0, there exists o: E A such that diam(f0 (x)) :S: (1 - ka)E for each x E X. 

Then there exists a unique point x EX such that x E f 0 (x) for each o: E A. 

This corollary is a simple consequence of the classical extension of the Banach 's contraction mapping 

principle due to ~vieir and Keeler [18] . Meir and Keeler [18] proved that if f : (X, m) ➔ (X. ni) 

satisfies the following condition: 

Given any E > 0, there exists 6 > 0 such that 

then f has a unique fixer! point xo , an<l lim11 f 11 (:r) = :i:o for each x EX. 

Now from the assumptions of Corollary 2.2.5 , the map f: X ➔ X defined by 

{f (x)} = n !a(x), 
aEA 



satisfies this condition. To see this, let E > 0 and choose a E A such that 

. E 
diam 0 (Jn(z)) '.S (1 - k0 ) 4 Vz E X. 

Now let o > 0 satisfy ( 1+2kcy) (E + o) < E. If E '.S d( x, y) '.SE+ r5 , then 

m(J(x), f(y) ) < 1vl(fc,(x), fa(Y) ) + diamaUa(x)) + diama(fc,(y)) 
€ 

< kam( x , y) + 2(1 - kc,) 4 
< kc,m(x, y) + ( 

1 
~kc,) m(x , y) 

< ( 1 ~kc, ) ( E + o) 

< €. 
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Hence, we have m(J(x), f (y)) < E. Therefore, we conclude that f has a unique fixed point say x, 

and it is clear that x E fa(x) for each a EA. 

A question immediately arises whether we can replace condition (iv) of Corollary 2.2.5 with the 

following weaker condition: 

(iv) for each E > 0, there exists a EA such that diam(Jo: (x)) '.SE for each x EX. 

In Corollary 2.2.5, condition (iv) is necessary for proving uniqueness of a fixed point (see Example 

2.4.2 below). However, existence results can be obtained under the weaker condition. In Section 

2.4, we recall fixed point theorems for a family of set-valued contraction maps in hypcrconvcx metric 

spaces and we will use the weaker condition of Corollary 2.2.5. Before we do that , we first give a 

summary of hyperconvex metric spaces. 

2.3. Hyperconvex Metric Spaces 

The concept of hyperconvexity is due to Aronszajn and Panitchpakdi [2] who proved that a hyper­

convex metric space is a nonexpam,ive absolute retract, that is, it is a nonexpansive retract of any 

metric space in which it is isometrically embedded. Recently, Sine [30] proved that some fixed point 

property for nonexpansive maps hold in bounded hyperconvex spaces. Since then, other authors 

have shown many other interesting results to hold in hyperconvex metric spaces. In this section , 

we will µresent a summary of hyperconYex spaces and some of their properties. For more results 

on hypercovex metric spaces, we refer the reader to [2], [3], [14],[29] and [30]. 

We begin our discussion by recalling the definition of metric convexity. 

D efinition 2.3.1. (/8}) A metric space (X, m) is said to be metrically convex if for any points 

x , y E X and positive real numbers r1 and r2 such that m( x . y ) '.S r1 + r 2, there exists z E X such 

that m(x , z ) '.S r1 and m(z , y) '.S r2 or equivalently z E Cm(x, ri) n Cm(x. r2). 
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Remark 2.3.2. ((8/) Let (X , m ) be a metric space. Using the Triangle Inequality, we have 

Cm(x1, r1) n Cm(x2,r2) f= 0 implies m(x1,x2 ) :S r1 + r2 for any x1, x2 E X and positive num­

bers r1, r2. The converse is true on the real line and corresponds to Menger convexity in m etric 

spaces. 

We now recall the definition of an injective metric space. 

Definition 2.3.3. ((14}) A metric space (X , m) is said to be injective if it has the follo wing ex­

tension property : When ever A is a subspace of a metric space Y and f : A -+ X is nonexpansive, 

then f has a nonexpansive extension F : Y -+ X. 

We now recall the defin ition of a hyperconvex metric space which was first introduced by Aronszajn 

and Panitchpakdi [2]. 

Definition 2.3.4. (/2}} A m etric space (X , m) is called hyperconvex if for any indexed class of 

closed balls C111 (xi, ri), i E J , of X which satisfy 

it is necessarily the case that 

n Cm(Xi , ri) i= 0. 
i E/ 

According to Aronszajn and P anitchpakdi [2] , hyperconvex spaces are charact erised in the following 

way: 

Theorem 2.3.5. ((2/) A metric space (X , m) is injective if and only if it is hyperconve:r:. 

Hyperconvex metric spaces are metrically convex . To see this , let (X , m) be a hyperconvex metric 

space and x, y E X such that x f= y. Let r1 = am(x. y) and r2 = (1 - a)m(x, y), for any a E [O. 1]. 

Then m(x, y) = r1 + r 2 and since (X , m) is hyperconvex, it follows that Cm(x, ri) n Cm(x , r2) f= !/J. 

Let z E Cm (x, r 1) n Cm(x , r2 ), t hen we have 

m(x, z) ~ r1 and m(z, y ) ~ r2. 

1Ioreover , the Triangle Inequality gives 

m(x, z) = r 1 and m(z, y) = r2 . 

Therefore , (X , m) is metrically convex. 

We now look at t he concept of binary ball intersection property. 

D efinition 2.3.6. ((14}) Let (X , m) be a metric space. A family of balls (Cm(Xi, ri)) iE I , where 

each two intersect, is said to have a binary ball intersect ion property if f or all i E J, 

n Cm(Xi , ri) i= 0. 
iE / 
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Suppose (X,m) is a metric space and (Cm(Xi,r,i))iEI is a family of closed balls in X where each 

two of which intersect, Then if z E Cm(Xi, ri) n Cm( Xj, Tj) whenever i , j E I , then 

Hence, if the space (X, m) is hyperconvex, then 

n Cm(Xi , Ti) -I 0. 
iE l 

This shows t hat hyperconvex metric spaces have t he binary ball intersection property. 

Now suppose (X , m) is a complete metric space which has the binary ball intersection property, 

and suppose (X ,m) is metrically convex. If (Cm(xi ,ri)) iE I is a family of balls in X for which 

m(xi,Xj) :S Ti+ Tj, then there is a line segment joining Xi and Xj and some point of this line 

segment lies in Cm(Xi, ri) n Cm(Xj, Tj)- Therefore, n iE l Cm(Xi, Ti) -I (JJ by binary ball intersection 

property. 

We can summarise these results in t he followi ng lemma: 

Lemma 2.3. 7. ([14]) If (X , m) is a complete metric space, then the following are equivalent: 

(i) X is hyperconvex. 

(ii) X is metrically convex and has the binary ball intersection property. 

We now look at two well known examples of hyperconvex metric spaces. 

Example 2.3.1. The set IR of real numbers equipped with the usual metric m(x . y) = l:r - YI is 

hyperconvex. Also, any closed interval in IR is also hyperconvex. 

Example 2.3.2. The space l00 , whose elements consist of a ll bounded sequences (x1 , x2, ···)of real 

numbers, with distance m00 (x , y ) between two such sequences x = (xi , x2, ···)and y = (y1, Y2 , · · ·) 

taken as 

moo(x . y ) = sup lxi - Yi!, 
l S: iS:oo 

provides a nontrivial example of a metric space which is hyperconvex (see [14, Theorem 4.3]). 

We now turn our attention to two important subseL:::; of metric spaces which wi ll be useful in our 

discussion : admissible subsets and externally hyperconvex subsets, We shall denote the collection 

of subsets of a metric space (X , m) which are hyperconvex by H (X). 

Definition 2.3.8. (/8]) Let (X , m) be a metric space. The cover of a subset A of X , denoted 

cov(A), is the set 

cov(A) = n {ci : Ci is a closed ball and A~ Ci} . 
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D efinition 2.3.9. (/8]) Let (X, m) be a metric space. The set of admissible subsets of X, denoted 

d( X ), is collection of all subsets of X which are intersections of closed balls, i.e J1' (X) = {A C 

X : A= cov(A)}. 

If (X, m) is hyperconvex, then .0:1(X) contains all closed balls of X and the intersection of elements 

from J1'( X) is also in d( X) . 

We now look at externally hyperconvex subsets of a metric space. Note that the following definition 

strengthens the concept of a hyperconvex subset of a metric space (X , m). 

Definition 2.3.10. (/8]) A subset E of a metric space (X, m ) is said to be externally hyperconvex 

(re lative to X ) if given any family (xo:)o:ES of points in X and any family (ro:)o:ES of nonnegative 

real numbers satisfying 

m(x0 , Xf3) :S r0 + s13 and dist (x0 , E) :S r0 , whenever o:, /3 ES, 

it follows that 

n Cm(Xn, ra) n E # 0. 
o:ES 

We shall denote externally hyperconvex subsets of a metric space (X , m) by c&"( X ). 

We now look at t he relationship among the sets Ji1( X) , c&"( X) and H (X ). In order to do this, we 

need the concept of proximality. 

Definition 2.3.11. (/8]) Let (X , m) be a metric space. A subset E of X is said to be proximinal 

( with respect to X ) if 

E n Cm(x, dist(x, E)) # 0 for each :-c E X. 

Lemma 2.3.12. (/8, Lemma 3.8]) If E is either an admissible subset or externally hyperconvex 

subset of the hyperconvex metric space (X , m) , then E is proximinal in X . 

Proof. [8, Lemma 3.8] . □ 

We now recall and give an out line of the proof of a result that gives the relationship among the sets 

"<a"( X ), c&" (X) and H (X ). This result will be generalised to q-hyperconvex To-quasi-metric spaces in 

Theorem 3.2.14. 

Theorem 2.3.13. (/8, Theorem 3. 10]) Let (X ,m ) be a hyperconvex metric space, then 

J1' (X) ~ c&"( X ) ~ H (X) . 

Proof. Firstly, we show that J?f( X ) ~ c&"( X ). Let A be an admissible subset of X and let (x 0 )rxES be 

a family of points in X and (ro:) uES be a family of nonnegative real numbers satisfying m(xo:, xi3) :S 
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rOI. + rf3 and dist(x0t., A) :S r OI. for any a, (3 E S. Since A is proximinal , for any a E S , there 

exists a0 E A such that m(xa, aa) = dist(xm A), which gives A n Cm(Xa, ra) -=J 0. Since X is 

hyperconvex, the conditions on both families imply n ...-ES Cm(xa, r0t.) -=J 0. Since A is admissible 

and An Cm.(Xo, , ra) -=J 0, it follows that 

which proves the first inclusion. 

The second inclusion g(X) <;;;; 1-l (X) follows direct ly from the definition of an externally hyperconvex 

subset of (X , m). D 

In view of the relationship between hyperconvex spaces and nonexpansive maps via injectiYity, 

it is not surprising t hat hyperconvex metric spaces admit interesting fixed point properties for 

nonexpansive maps. Consider t he fo llowing theorem . 

The orem 2.3.14 . ((14, Th eorem 4- 8}) If (X , m) is a bounded hyperconvex metric space and 

F : (X, m) -+ (X , m) is nonexpansive, then the fixed point set Fi x( F) of F is n onempty and 

hyperconvex. 

Proof. [14, Theorem 4.8]. D 

We now look at the intersection property of hyperconvex metric spaces. In general, the intersection 

of two hyperconvex subsets of a given hyperconvex metr ic space need not be hyperconvex. Consider 

the following example in JR~: 

Example 2 .3 .3. ([ 14]) Let H1 denote the line segment joining (- 1, 0) to (1 , 0) and let H2 be the 

union of the line segment joining ( - 1, 0) to (0, 1) and the line segment joining (0, 1) to (1, 0). Then 

H1 and H2 arc both hypcrconvcx subsets of JR~ but 

Since H1 n H2 consists of only two distinct points , it fo llows that H1 n H2 is not a hyperconvex 

subset of JR~ . 

However , the intersection of two admissible subsets of a hyperconvex metric space is also admissiblP. 

and hyperconvex. We now look at a very useful result of Baillon [3]. 

Theorem 2 .3 .15 . ((3, Theorem 1}) Let (X , m) be a boimded hyperconvex metric space and let 

{Hn} be a descending sequence of nonempty hyperconvex subsets of X. Th en H = n ;::='= 1 Hn is 

nonempty and hyperconvex. 

Proof. [3, Theorem 7]. D 
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We now recall t he concept of approximate fixed points due to Sine [29]. 

D efinit ion 2.3 .16 . ((14}) Let (X , m ) be a metric space. Given a subset A of X, we define f or 

E > 0 the E-parallel set of A as 

Nf( A) = LJ Cm(a, E) . 
aEA 

Note that x E Nf(A) if and only if there exists a EA such that m(x, a) SE. The following Lemma 

gives the characterization of Nf(A) if A E d(X) . 

Le mma 2.3.17. {(14, Lemma 4-2}} Suppose (X , m) is a hyperconvex metric space and let A E 

d(X ), say A= n iE I Cm(Xi, ri)- Then for each E > 0, 

Proof. [14, Lemma 4.2]. 

Nf( A) = n Cm( Xi, Ti + E). 
iE / 

We now recall an important result that will be useful in the proof of Theorem 2.3.21. 

□ 

Le mma 2. 3 .18. ((14, Lemma 4-3}} Suppose (X , m) is a hyperconvex m etric space and let A E 

d(X ). Then for each E > 0 there is a nonexpansive retraction R of Nf (A) into A which has the 

property that m(x, R (x)) SE for each x E Nf( A) . 

Proof. [14 , Lemma 4.3]. □ 

D efinition 2 .3.19. {(14}) Let (X , m) be a m etric space . We say that the map f : (X , m) -+ (X , m,) 

has approximate fixed points if 

inf m(x, f (x) ) = 0. 
xE X 

D efinition 2.3.20. {(14}) Let (X , 1r1,) be a metric space. For the map f : (X , m) -+ (X , m) and 

any E > 0, we use F,(f) to denote the set of E-approximate fixed points off , that is, 

We now recall and outline the proof a very useful result. 

T heorem 2. 3.21. {(14, Th eorem 4- 1}} Suppose (X , m) is a hyperconvex metric space and f : 
(X , m)-+ (X , m) is nonexpansive. Then for any E > 0 , the set Ff(! )= {x E X : m(x, f (x)) SE} 
is hyperconvex. 

Proof. Clearly, we may suppose t hat Ff(! ) is nonempty. Let Xi E Ff (!) for each i E I and let 

ri 2: 0 satisfy 
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Our goal is to show that 

Since J = nEI Cm(Xi, ri ) i= 0 by the hyperconvexity of X, if x E J, then for each i E I 

This shows that f(x) E N€(J). Now by Lemma 2.3.18, there is a nonexpansive retraction R of 

N€( J ) onto J for which m(R(x) , x) :S: f. for each x E NE( J). Also , since R o f is a nonexpansive 

map of J into J , it must have a fixed point by Theorem 2.3.14. Suppose (R o f)(xo) = xo for each 

xo E J . Then 

m(xo, f(xo)) = m((R o f)(xo) , f( xo)) :S: f. . 

From this , it fo llows that xo E J n FE(! ), and the proof is complete. □ 

We now turn our attention to selection theorems for maps taking values in the spaces d(X ) and 

<&"( X ). We begin our discussion by recalling the fo llowing result that is used in the proofs of some 

of the selection t heorems we are about to state. 

Theorem 2.3.22. (/13, Theorem 1}) Let H be a hyperconvex metric space, let S be any set, and 

let F : S-+ <&"( H ). Then there exists a mapping f: S-+ H for which f (x) E F(.r) for each x ES 

such that m(f(x), f(y) ) :S: M(F(x ), F (y) ) for each x, y ES. 

Proof. [13 , Theorem 1] . □ 

The next result guarantees that if the set-valued map given in Theorem 2.3.22 is nonexpansive , 

then its selection is also nonexpansive. 

Theorem 2.3.23. {/30, Theorem 1}) Let (X , m) be an arbitrary metric space and (H, p) be a 

hyperconvex metric space. Suppose F: (X , m) -+ (d(H ), M) is nonexpansive in the sense: 

M(F(x), F (y )) :S: m(x , y) for all x, y EX. 

Then F admits a nonexpansive point valued map f : (X , m) -+ (H , p) with f (x) E F( x) for any 

xE X. 

Proof. It is easy to see that if F is nonexpansive, then t he selection f assumed in Theorem 2.3 .22 

is nonexpansive as well. □ 

Since a nonexpansive point valued map from a bounded hyperconvex metric space to itself has at 

least one fixed point according to Theorem 2.3.14, it is also true for a set-valued map taking values 

in the space d(X ). Consider the following result. 
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Corollary 2 .3.24. (/30, Corollary 2/) Suppose (X, m) is a bounded hyperconvex metric space and 

F : (X, m) -t (J.?f(X), M) is a nonexpansive map. Then F has fixed points. 

Proof. By T heorem 2.3.23, there is a nonexpansive point valued map f : (X , m) -t (X, m,) such 

that f(x) E F(x) whenever x E X. By Theorem 2.3.14, f has a fixed point say z. It is clear that 

z is also a fixed point of F. D 

Corollary 2.3 .25 . (/30, Corollary 3/) Let (X, m) be a hyperconvex metric space and F : (X, m) -t 

(J.?f (X ), M) be a nonexpansive map such that Fix(F ) -:/=- 0. Then Fix(F ) is hyperconvex. 

Proof. The same conclusion holds for t he nonexpansive selection f : (X , m) -t (X, m). D 

In t he fo llowing theorem, F ix( F ) = {x EX: x E F (x)} . Corollary 2.3.25 implies that Fix(F)-:/=- 0 
if (X , m) is bounded . 

Theorem 2.3.26. (/13, Theorem 2/) Let (X ,m) be a hyperconvex metric space, let F : (X ,m) -t 

(0"( X ), M) be nonexpansive and suppose Fix(F) -:/=- 0. Then there is a nonexpansive map f : 

(X , m) -t (X , m) with f( x) E F (x ) for each x E X and for which Fix(!)= F ix( F ). 

Proof. [13, T heorem 2]. □ 

We now turn our attent ion to fixed point theorems fo r a family of set-valued contraction maps in 

hyperconvex metric spaces. 

2.4. Fixed Point Theorems in Hyperconvex Metric Spaces 

In t his section, we present t he results of Espfnola and Kirk [9] on fixed point theorems for a family 

of set-valued contract ion maps in hyperconvex metric spaces. 'vVe begin our discussion by recalling a 

result that guarantees the existence of at least one fixed point fo r a family of set-valued contraction 

maps taking values in t he space 'if a&'(X ) of all nonempty bounded closed subsets of a hyperconvex 

metric space (X , m). This result will be generalised to a family of set-valued contraction maps in 

q-hyperconvex To-quasi-metric spaces in T heorem 3.3.1. In addit ion to the proof of Theorem 6 in 

[9], we show that a map f : (X , m) -t (X , m) defined by {J (x)} = n,.,EJ\ f 0 (x), where {Ja:}a:E,\ is a 

family of contraction maps indexed over a directed set A, is nonexpansive. 

Theorem 2.4 .1. (/9, Theorem Gj) Suppose (X, m) is a hyperconvex metric space, and 'if86(X) is a 

collection of all nonempty bounded closed subsets of X endowed with the Hausdorff metric AI . Let 

fa: : (X , m) -t ('if 86( X ), Jvl) be a fami ly of contraction maps indexed over a directed set A. Suppose 

(i) for each x EX, /3 2: a implies f13(x) ~ fa,(x), 

(ii) for every E > 0, there exists a E A such that diam(f0 (x)) :S e for every x EX. 
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Then there exists at least one point x EX such that x E / 0 (.x) for each a E A. 

Proof. Define f : (X, m) ➔ (X, m) by {J (x )} = n
0 

/ 0 (x) for each x E X. From the definition of 

the Hausdorff metric on Cf/~(X) , we see that fo r any x, y EX, 

M(J0(x ), f 0(y)) = max { sup { dist (J(x) , Jc,(y)) } , sup { dist (J (y) , / 0(x)) }} . 
J (x)Efn(x) J (y)E J.,(y) 

Note that 

dist (J(x), f o:(Y)) = inf { m(J (x ), J (y)) : J(y) E / 0 (y)} :S m(J(x), J (y)) for any x, y EX. 
J (x)Efa(x) J(x )E f u(x) 

Therefore, 

Similarly, 

Hence, 

sup dist (J(x), fo: (Y )) = m(J(x), J (y)). 
J(x)E fa(x) 

sup dist (J (y), f o:(x) ) = m(J(x), J (y) ). 
J (y )Efa (Y) 

M (f0 (x), f 0(y) ) = m(J(x), f (y) ) whenever x , y E X , 

and since / 0 is a contraction map for ea.ch a E A, we have 

m(f(x), J(y)) = M(f 0(x), f 0(y)) 

< k 0 m(x, y) 

< m(x,y). 

Therefore, f is nonexpansive. Now our goal is to show t hat f has a fixed point. Choose E > 0 so 

that the set 

is nonempty. By Theorem 2.3. 21 , the set Ff(/) is hyperconvex . Choose a E J\ so that 

diam(J0(z) ) :SE for all z E X. 

If u, v E FE(/) , then t he Triangle Inequality gives 

Therefore, we have 

m(u, v) < m(u, J (u) ) + m(J(u) , f (v)) + m(v , J(v)) 

< E + m(J(u), J (u)) + E 

m(J(u). f (v )) + 2E. 

m(u, v) < m(J(u), f (v)) + 2E 

< M(J0 (u) , f o:(v) ) + diam(f0 (u)) + diam(f0(v)) + 2E 

< ko:m(u. v) + 4E. 
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Hence m(u,v) :S 4(1 - ka)-1E. This shows that t he d istance between any two elements of F€(f) 

is b ounded. Thus F€(f) is bounded . Since J: F€(f ) ---+ F€(J ), t hen J has at lea t one fixed point 

by Theorem 2.3. 14. Since J is t he restriction off to F€(f), then it follows t ha t f has at least one 

fixed point . □ 

We saw that t he fixed point in Corollary 2.2.5 was unique. However , under the assumpt ions of 

Theorem 2.4 .1 , t he fixed point need not be unique. The next t heorem involves the family of 

ad missible subsets of t he hyperconvex metric space (X , m ). Before we recall the theorem , we prove 

a useful result t hat guarantees t he exist ence of at least one fixed point for a set-valued contraction 

ma p taking values in the space d(X ) of admissible subsets of a hyperconvex metric space (X, m) . 

This result will be genera lised to q-hyperconvex To-quasi-metric spaces in Proposit ion 3.3.2. 

Proposition 2.4.2. Let (X , m) be a hyperconvex metric space and f : (X , m,) --+ (d(X ), !VI) be a 

contraction map. Th en f has at least one fixed point . 

Proof. Since f is a contract ion ma p , then for any k E [O, 1) and x, y E X , 

M (J (x ), J(y)) :S k m (x, y) :S d(x, y). 

Therefore, f is nonexpansive. Thus by Theorem 2.3.23, there exist s a nonexpa nsive map J: X --+ X 

such that ] (x) E f( x) whenever x E X. 

Choose E > 0 so t hat t he set 

is nonempty. Using t he argument in Theorem 2.4.1, we see t hat F€(]) is bounded and by T heorem 

2.3 .21 , F€(]) is a lso hyperconvex . Thus by Theorem 2.3.14, ] * : F€(]) --+ F€(]) has a t least one 

fixed point say z. Since ]* is a restriction of J to F€ (]), t hen z is a fixed point of J and f. □ 

We next recall an important result which shows t hat t he fixed point set for a set-valued contraction 

ma p is bounded . This result will be generalised to q-hyperconvex To-quasi-metric spaces in Lemma 

3.3.3. 

Lemma 2 .4.3. ((9 , Lemma 7/) Let (X , m) be a hyperconvex metric space. If T (X , m) ---+ 

('"lf,s,g(X ), M) is a contraction map, then the set of .fixed points of T is bounded. 

Proof. Let F ix(T ) be the set of points fixed by T . Fix x E F ix(T ) a nd let E > 0. If y E F ix(T ), 

t hen since Tis a contraction ma p , :l k E [O, 1) such t ha t 

M (T (x), T (y)) :S k m,(x, y ). 



This implies that there exists z E T( x) such that 

Thus, we have 

Therefore, 

Hence , 

m(y,z) < km(x,y)+c 

< k[m(x, z ) + m(z , y) ] + E 

km(x, z ) + km(z,y) + E. 

(1 - k)m(y ,z) < km(x,z)+c 

< k diam(T(x)) + E. 

m(x, y) < m(x, z) + m(z, y) 

< diam(T(x)) + k diam(T(x)) + E 

(1 + k)diam (T (x ) + E 

< (1 - k)- 1 [(1 + k)diam(T(x) + c] . 

m(x, y) ~ (1 - k)- 1 ((1 + k)cliam(T(x)) + c). 
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This shows that m(x, y) is bounded for any x, y E Fix(T). Therefore , F ix (T) is bounded. □ 

If the family 't'86'(X ) in Theorem 2.4.1 is replaced with the fami ly sd(X) of admissible subsets of 

X , then assumption (ii) is no longer needed. The fo llowing result shows that the fixed point set for 

a family of set-valued contraction maps taking values in the space sd(X) of admissible subsets of 

a hyperconvex metric space (X , m) is hyperconvex, this result will be generalised to q-hyperconvex 

To-quasi-metric spaces in Theorem 3.3 .4. 

Theorem 2.4.4. (/9, Theorem 8/) Suppose (X, m) is a bounded hyperconvex metric space and 

f O : (X , m) -+ (d(X) , M) is a family of contraction maps indexed over a directed set A, where 

d(X ) is the collection of all nonempty admissible subsets of X endowed with the Hausdorff metric 

M . Suppose for each x EX, (3 2'. a implies f 13(x) ~ f,,Ax). Th en the set of points x E X such that 

XE n oEA f a(x) is nonempty and hyperconvex. 

Proof. Since fa : (X , m) -+ (d(X), l\l) is a contraction map for each a E A, then by Proposition 

2.4 .2, each f O has a nonempty fixed point set H a . Thus by Theorem 2.3.26, there is a nonexpansive 

map la : X -+ X with J0 (x) E f a(x) whenever x E X such that F ix(/0 ) = Ho: for each a E A. 

Since fixed point sets of nonexpansive maps are hyperconvex by Theorem 2.3.14, then it follows 

that each H0 is a hyperconvex subset of X . Also, by Lemma 2.4 .3, the sets H0 are bounded for 

each a E A. Hence {Ha}aEA is a family of nonempty bounded hyperconvex subsets of X directed 



Chapter 2 

by reverse set inclusion, that is, if /3 2: a, then H f3 ~ H0 . It follows from Theorem 2.3. 15 that 

H = n :ieEA Ha is nonempty and hyperconvex. 

Now define f : (X, m) -t (Po(X), M) for each x E X by 

J (.r) = n !a(x) . 
()/E A 

Then by Theorem 2.3 .15, J(x) is admissible and nonempty since {f 0(x) } aEA is a family of nonempty 

admissible sets directed by reverse set inclusion (Note that admissible subsets are hyperconvex). 

Then f is a nonexpansive map of X into .9/(X) . Therefore, by Corollary 2.3.24, f has at least one 

fixed point. Hence, it is clear that 

XE n ! a(x ) if and only if XE Fix(!) = H . 
aEA 

□ 

Remark 2.4 .1. ([9]) The family d(X) in Theorem 2.4.4 can be replaced by the larger fam ily 

0"(X) of externally hypercovex subsets of X. 

We now apply Theorem 2.4.4 to the real line. 

Example 2.4.1. ([9, Example 1]) Equip IR with the usual metric and let U n} and {gn.} be two 

sequences of mapping of IR -t IR satisfying: 

(i) J n(x) S 9n(x) for each x E IR and n EN, 

(ii) Un} is nondecreasing and {911 } is nonincreasing for each x E IR, 

(iii) fo r each n EN, there exists kn E (0, 1) such that for each x, y E IR, 

max{ lfn(x) - f n(Y)I , l9n(x) - 9n(Y)I} S knlx - YI-

The conclusion under these assumptions is that there exists a S b E IR such that 

limf'n(x) S x S limg11 (x) fo r each x E [a, b]. 
n n 

Proof. Let 

Fn (x) = [Jn(x ), 9n (x)] for each x E IR and n E N, 

then Fn(x) is admissible for each n EN. By condition (ii), we see that 

Condition (iii) implies that Fn is a cont ract ion map for each n E N. Then Fn satisfies all the 

conditions of Theorem 2.4 .4 and therefore, the conclusion fo llows. □ 
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The next example shows that the fixed point is not unique in Theorem 2.4.1. 

Example 2.4.2. ([9, Example 2]) Equip I = [0 , 1] with t he metric m(x, y) = Ix - YI- Let C(J) 

denote the family of nonempty closed subintervals of I . ow for each a E (0, 1), define 

Fa(x) = [f a(x), 9a(x )] n I , 

where 

f o. (x) a(x + 1) - 1 and 

9o. (x) = a(x - 2) + 2. 

Thus for any a E (0, 1) and x E [0, 1], 

Also, /3 ~ a implies 

This implies that 

Also , we see that 

and 

Hence 

f o. (x ) ::; J13 (x ) while g13 (x) ::; g0 (x) for all x E J. 

M(Fo. (x), Fo.(Y)) < max{lfa (x) - f a(Y) I, l9o (x) - 9a (Y) I} 

= Ja(x + 1) - 1 - (a (y + 1) - 1)1 

alx -yl. 

diam (Fa(x )) < 9o. (x ) - f a(x) 

a(x - 2) + 2 - [a(x + 1) - 1] 

3(1 - a) . 

diam(F0 (:c) ) ::; 3(1 - a). 

Now let the map F : I ➔ I be defined by 

F (x) = n F0 (x) . 
aE(O.l ) 

Then for every x E J, F( x ) = x . Therefore, this shows that the fixed point need not be unique. 
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Set-Valued Contractions and q- Hyperconvex 

T0-Quasi-Metric Spaces 

In this chapter we start our own investigations . We generalise the results of Espinola and Kirk [9] 

presented in Chapter 2 to q-hyperconvex To-quasi-metric spaces. Our investigations confirm the 

surprising fact that many classical results about fixed point theorems in hyperconvex metric spaces 

do not make essential use of the symmetry of the metric and, therefore, st ill hold in sometimes 

slightly modified form for our concept of fixed point theorems in q-hyperconvex To-quasi-metric 

spaces . While many classical ideas about fixed point theorems in hyperconvex spaces can be gener­

alised properly from the metric to quasi-pseudometric setting , these generalisations are not always 

easy and sometimes t he asymmetry setting requires interesting new variations of old arguments. 'vVe 

begin by discussing fixed point theorems for a family of set-valued cont raction maps in bicomplete 

qausi-gauge spaces and bicomplete quasi-metric spaces. 

3.1. An Extension of Frigon 's Theorem in Quasi- Gauge Spaces 

In this section, we present an extension of Frigon 's Theorem in quasi-gauge spaces. This result 

generalises the extension of Frigon 's Theorem in gauge spaces due to Espinola and Kirk [9] presented 

in Section 2.2 (See Theorem 2.2 .4). 

We assume that <G is a quasi-gauge space endowed with a bicomplete quasi-gauge structure .f2 = 
{du: a EA}, where A is a directed set. 

Theorem 3 .1.1. (Compare Theorem 2.2.4) Let G be a bicomplete quasi-gauge space and let Gel = 
{AC G: A= clr(du) Anclr(d;:; ' )A}. Suppose f u : (G, d0 )-+ (Gel , Do:) is a family of maps satisfying 

(i) f c, (x) is a subset of G for each a E A and belongs to Gc1, 

(ii) Dc, (Jc, (x) , f o:(Y)) :S ko:dc,(x, y) V x, y E G and a E A, where ko: E (0, 1) and Do: denotes the 

Hausdorff To-quasi-m etric on Gc1 , 
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(iii) /3 2 o: implies f f3( x) ~ f 0 (y) for each x E G, 

(iv) Vo: EA and E > 0, there exists /3 2 a such that diam13 (!13(x)) '.S (1 - k13)E for each x E G. 

Then there exists a unique point z E (G such that z E f 0 (z) for each a E A. Moreover, {f11 (x)}nEN 

converges to z for each XE (G where J(x) is a unique point of na f o.(x) whenever XE G. 

Proof. ote that by assumption , (G, !12) is bicomplete. Since f o:(x) E Gc1, t hen it follows t hat f o: (x) 

is a nonempty T(d5 )-closed subset of (G for each a E A. Also , since f a is a contraction map for each 

a EA, then 

Do: U o. (x) , f 0 (y) ) :S: ko: d(x, y) whenever ko: E (0, 1) and x, y E <G , 

and 

Therefore, 

D~(f0 (x), J0 (y)) :S: ko: d5 (x, y) whenever k0 E (0, 1) and x, y E <G. 

Thus, f o: : (G, d; ) -+ (Gd, D;) is a generalised contraction for each o: E A. Hence by Theorem 2.2.4 , 

there exists z E <G such that z E f o:(x) for each o: E A and any sequence {Jn (x)}nEN converges to 

z, where f (x) is a unique point of n o: f o:(x) . □ 

If we let (G = X in Theorem 3.1.1, where X is a bicomplete quasi-metric space, then we have t he 

following general result t hat generalises Corollary 2.2.5 to bicomplete quasi-metric spaces. 

Corollary 3 .1.2. (Compare Corol lary 2.2.5) Let (X, d) be a bicomplete quasi-metric space, Sci = 

{ACX: A= clT(d)A n clT(d-1) A} and f a : (X , d)-+ (Sc1, D ) be a family of set-valued maps indexed 

over a directed set A satisfying 

(i) D(fa(x), f a (Y) ) :S: k0 d( x, y) V x , y E X , o: E A, where k0 E (0, 1) and D denotes the Hausdorff 

To-quasi-metric on Sc1, 

(ii) for each x EX, /3 2 a implies f fi(x ) ~ f a(x), 

(iii) for each E > 0, there exists a EA such that diam(fo:(x) ) '.S (1 - k0 )E fo r each x EX. 

Then there exists a unique point x E X sur.h th at x E f a (:1:) f nr ea.r.h n, E /1. . 

Proof. Using the arguments in the proof of Theorem 3.1.1 , we see that Corollary 3.1.2 satisfies the 

conditions of Corollary 2.2.5 . Therefore, there exist s a unique point x E X such t hat x E f n(x) for 

each o: E A. □ 
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In Corollary 3.1.2, condit ion (iii) is necessary for proving uniqueness of a fixed point (see Example 

3.3.2 below). However , existence results can be obtained under the weaker condition diam (fa(x)) :S 

E. This leads us to the class of q-hyperconvex To-quasi-metric spaces. In Section 3.3, we develop 

fixed point theorems fo r a family of set-valued contraction maps in q-hyperconvex To-quasi-metric 

spaces and we will use t he weaker condit ion of Corollary 3.1.2. Before we do that, we first give a 

summary of q-hyperconvex To-quasi-metric spaces . 

3 .2. q- Hyperconvex T0-Quasi- Metric-Spaces 

In this section, we present a summary of q-hyperconvex To-quasi-metric spaces and some of their 

propert ies. We begin t his section by recalling convexity in quasi-pseudometric spaces called q­

hyperconvexity or Isbell convexity. For more information see [15], [12] and [26]. 

D efinition 3.2 .1. (/12)) A quasi-pseudom etric space (X , d) is said to be q-hyperconvex (Isbell­

convex) provided that for each f amily (xi)iE I of points in X and f amilies of nonnegative real numbers 

(r i )iE I and (s.i )·iE I the fo llowing condition holds: 

if d(xi,Xj ) :S ri +Sj when ever i, j E I , then n (c d(Xi, r -i)n Cd-i(Xi,Si)) #0. 
iE I 

R e m ark 3.2.2. (/12)) In the following, we are interested in working in To-quasi-metric spaces, 

so we do not require that ri or Si (where i E I ) attain only positive values in Definition 3.2. 1. 

W e also n ote that we can assume without loss of generality that the points Xi (i E I ) are pairwise 

distinct in Definition 3. 2. 1: Indeed if this is not the case, then fo r each x E X , set T (x) = 
{ i E I : Xi = x} and consider only the points x E X which satisf y T( x) # 0. Fur thermore, 

set r (x) = inf{ri : i E T(x) } and s(x) = inf{si : i E T (x )} . Then we have d(x, y ) :Sri + Si 

whenever i E T (x ) and j E T (y) . Thus d(x,y ) :S r (x) + Si when ever j E T(y ), and consequently 

d( x, y ) :S r(x)+s(y). Applying the defin ition of q-hyperconvexity to the f amily (x)r(x),"0 of pairwise 

distinct points of X and f amilies (r(x) h(r),"0 and ( s(x) )r(c),"0 of nonnegative real numbers, we fin d 

that 0 # n T(x),"0( Cd(x, r(x)) n Cd- 1 (x, s(x))) ~ n iE I (Cd(xi ,r·i ) n Cd- 1 (xi, Si)). Hence the apparent 

weaker condition is indeed equivalent to our defin ition. 

We now t urn our attent ion to some examples of q-hyperconvex To-quasi-metric spaces . 

Example 3.2.1. ([12 , Example 1]) Let the set IR of real numbers be equipped wit h the To-quasi­

metric d( x, y ) = x .:...y = max{ x - y , O} whenever x, y ER T hen (IR, d ) is q-hyperconvex. 

Proof. I ote that Cd(x, E) = [x - E, oo) and Cd-1 (x, E) = (- oo, x + E] and E 2: 0. 

Let (xi)iE I be a family of points in IR and (ri)iE I and (si)iE I be families of nonnegative real numbers 

such t hat d(xi, Xj) :S Ti + Sj whenever i, j E J . Suppose fi rst t hat n iE F ( Cd(Xi, ri) n Cd- I (xi, Si)) = 0 
for some fini te subset F of I . We assume that F is nonempty. It follows that max{ Xi - ri : i E 
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F} > min{xi + Si : i E F} . Consequently there are io,Jo E F such that Xio - rio > Xj0 + Sj0 , that 

is, Cd(Xio, Ti0 ) n Cd- 1 (xj0 , rj0 ) =/- 0. In part icular , Xio > Xj0 . Thus d(xi0 , Xj0 ) = Xio - Xj0 > ri0 + Sj0 . 

Hence we have a contradiction. Therefore, it must be the case that n iEF(Cd (Xi.Ti)n Cd- 1 (xi, Si)) =/-

0 whenever F is a finite subset of I. Since for any i E I , Cd (xi, r ;) n Cd-1 (x1., si) is compact with 

respect to the topology T(d5
) on JR, we conclude that n iEI(Cd(Xi , r i) n CJ- I (x i , Si)) =I- 0. Hence 

(IR, d) is q-hyperconvex. 

□ 

Corollary 3.2.3. (/12, Corollary 1/) The subspace [O, oo) of (IR, d) is q-hyperconvex . 

Proof. In the proof of Example 3.2. 1, we work with balls Cd(x , E) n [O, oo) and Cd- 1 (x , E) n [O, E) 

where x E [O, oo) and E 2'. 0. D 

Example 3.2.2. ([12, Example 2]) Let JR be equipped with the usual metric d8 (x, y) 

whenever x, y E IR . Then (JR, d5
) is not q-hyperconvex. 

Proof. [12, Example 2]. 

Ix -yl 

□ 

Example 3.2.3. ([12 , Example 3]) Consider JR2 equipped wit h the T0-quasi-metric d((o: , /3), (o:' , /3 1
)) = 

(a ....:...a') V (/3 ....:... /31
) whenever (a ,/3), (o:' ,/3' ) E JR2 . Then the diagonal { (a , a) : o: E JR} in this product 

To-quasi-metric space is isometric to (JR , d5
) . 

In Section 2.3 , we saw that hyperconvex metric spaces are metrically convex (see Defini t ion 2.3 .1 ). 

This idea can be generalised to quasi-pseudometric spaces as follows: 

Definition 3.2.4. (/12/) Let (X , d) be a quasi-pseudometric space. W e say that X is metrically 

convex if fo r any points x , y E X and nonnegative real numbers r and s such that d(x , y) :Sr + s , 

there exists z E X such that d( x, z ) :Sr and d(z , y) :S s . 

Example 3.2.4. ([12, Example 4]) Consider t he so-called Sorgenfrey To-quasi-metric on JR which 

is defined for each x , y E IR as follows: 

{

X - y 
d(x, y ) = 

1 

if X 2'. y 

otherwise . 

Then (IR , d) is not metrically convex. Indeed , we have d(½ , 1) = 1 :S ½+ ½-But there is no z E IR 

such that d(½ , z ) :S ½ and d(z, 1) :S ½, since such a z would satisfy z :S ½ and z 2'. 1. 

Definition 3.2.5. (/26, Definition 2/) Let (X , d) be a quasi-pseudometric space. A family of balls 

(Cd( xi, ri), Cd- 1 (xi, s;))iE I with Ti , Si E [O. oo) and Xi E X whenever i E I is said to have a mixed 

binary intersection property if f or all indices i , j E I , 

n CJ (.ri, r ;) n Cd-I (x ;, s;) -I- 0. 
·iEI 
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Definition 3.2.6. (/26, D efinition 3/) A quasi-pseudometric space (X , d) is said to be q-hypercomplete 

or Isbell complete if every family of balls (Cd(xi,ri ) , Cd- 1(xi,Si))iE f where ri ,Si E [O,oo) and xi E X 

whenever i E I , having a mixed binary intersection property satisfies, 

n Cd (Xi, ri) n Cd-1 (xi, Si) =I 0. 
iE l 

Lemma 3.2.7. (/12, Proposition 1/) Let (X,d) be quasi-pseudometric space. Then the following 

are equivalent 

(i) (X , d) is q-hyperconvex. 

(ii) (X , d ) is m etrically convex and q-hypercomplete. 

Proof. [12, Proprn;ition 1] □ 

We now look at some properties of q-hyperconvex quasi-pseudometric spaces. We begin by looking 

at the following useful result . 

Proposition 3.2.8. (/15, Proposition 3.1/) Let (X, d) be a q-hyperconvex quasi-pseudom etric space. 

Let (xi)iE I be a nonempty family of points in X and let (ri )iE I and (si) ·iE I be two families of 

nonnegative real numbers such that d( xi, Xj) :S Ti + Sj- Set D = n iE l(Cri(Xi, ri) n Cd- I (x i, Si) ) . 

Then D is nonempty and q-hyperconvex. 

Proof. [15 , Proposition 3.1] □ 

We now turn our at tention to two important subsets of quasi-pseudometric spaces that will be 

useful in our discussion: q-admissiblc subsets and externally q-hyperconvex subsets . Note that we 

shall denote the collection of subsets of a quasi-pseudornetric space which are q-hyperconvex by 

H.q( X ). 

We first recall q-admissi ble subsets of a quasi-pseudometric space ( X , d). 

Let (X , d) be a quasi-pesudometric space. For a nonempty subset A of X , we set 

bicov(A)+ 

bicov(A)_ 

n{ Cd (x, r ) : A <;:; Cd(x, r) , x EX, r 2 O} 

n {Cd- 1(x, r): A<;:; Cd- 1(x,s), X E X , s 2 O} 

Furthermore, we define the bicover of A by 

bicov(A) := bicov(A)+ n bicov(A)_ 

Definition 3.2.9. (/15/) Let (X , d) be a quasi-ps eudometric space. The set of q-admissible subsets 

of X , denoted .01q(X ), is the collection of all subsets of X which can be written as the intersection 

of a nonempty family of sets of the f orm Cd(x,E1) n Cd-1(x, E2) where E1,E2 2 0 and x E X , i .e 

d q(X ) ={A c X: A= bicov(A)} . 
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Therefore, if (X , d) is a q-hyperconvex quasi-pseudometric space, then every member of Ji'fq(X) is 

also q-hyperconvex by Proposit ion 3.2.8. Let (X, d) be a quasi-pseudometric space and let A be a 

nonempty bounded subset in (X, d) . Then in accordance with Definition 2.3.8, we define the cover 

cov(A) of A as follows: 

It is clear that A ~ bicov(A) ~ cov(A). The later inclusion can be strict as the next example 

shows. 

Example 3 .2.5. ([15, Example 3.2]) Let X = [0, 1] x [1/4 , 3/ 4] be equipped with the To-quasi­

metric defined by 

d((a, (3 ), (a' , (3' )) = (a...:...a') V ((3...:...(31
) whenever (a, (3 ), (a' , (31

) E X . 

Consider A = {(0, 1/ 2) , (1, 1/ 2)} ~ X . Then, bicov(A) is equal to the line segment in X from 

x = (0, 1/2) toy = (1, 1/ 2). This follows from the fact that, for each E E [0, 1/ 4], we have 

x E [0, 1] x [1/4, 1/ 2 + t:] = Cd-1 (y, t:) and y E [0 , 1] x [1/ 2 - E, 3/4] = Cd(x , E) and that the line 

segment is a subset of any set of the form Cd(a , r)nCd- 1 (b, s) for which {x, y} ~ Cd (a, r)nCd-1 (b, s). 

Indeed, assume that a point z belongs to this line segment. Then d( z, y) = 0 = d(x, z) and therefore , 

z E Cd(a,r) n Cd- ,(b,s) by the Triangle Inequality. 

On the other hand , cov(A) = X , since {x , y} ~ Cd•(z , t:) with z EX implies that E 2: 1/ 2. Indeed, 

assume that z = (a, b) EX. Then, a::; d8 ((a, b), (0, 1/ 2)) ::; E and 1 - a::; d5 ((a . b), (1, 1/ 2)) ::; E. 

Thus, E 2 max{a , 1 - a} 2: 1/ 2 with a E [0, l]. In the light that the interval [1/ 4, 3/ 4] has length 

1/ 2, it follows that X ~ Cd_.(z, t:) . Therefore, cov(A) = X. 

Let us now look at externally q-hyperconvex subsets of a quasi-peudometric space (X , d). Note 

that the following definition strengthens the concept of a q-hyperconvex subset of (X , d). 

D e finition 3 .2.10. ((15)) Let (X , d) be a quasi-pseudometric space. A subspace E of (X , d) is 

said to be externally q-hyperconvex (re lative to X ) ·if given any family (x; )iE f of points in X and 

families of nonnegative real numbers (r1 )iEf and (si)iEf the following condition holds: 

if d(xi,Xj)::; ri+ s1 whenever i, j E I , dist(:ri , E )::; ri and dist(E,xi)::; Si whenever i E J. then 

n (cd(x;, r ;) n CJ-I (x;, s;)) n E-/- 0. 
iE f 

We will denote the collection of externally q-hypercom·ex subsets of a quasi-pseudometric space 

(X, d) by <&"q(X ). 

The next theorem shows the behaviour of a descending fami ly of externally q-hyperconvex subsets 

of a bounded q-hyperconvex To-quasi-metric space (X, d). 
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T heorem 3.2.11. (/15, T heorem 6.5/) Let (X , d) be a bounded q-hyperconvex To-quasi-metric 

space. Moreover, let (X i)·iE I be a descending family of nonempty externally q-hyperconvex subsets 

of X , where I is assumed to be totally ordered such that i1, i2 E J and i1 :S: i2 if and only if 

X i2 <:;;; Xi1 . Th en n iE I X i is nonempty and externally q-hyperconvex relative to X. 

Proof. [15, Theorem 6.5]. □ 

We now look at the rela tionship that exists among the sets .w"q(X ), c&"q( X) and Hq(X) . Before we 

do t hat, we need t he concept of a proximinal subset of a quasi-pseudometric space (X, d) t hat 

generalises the concept given in Definition 2.3.11. 

D efinition 3.2 .12. (Compare Definition 2.3. 11 ) A subset E of a quasi-pseudometric space (X , d) 

is said to be proximinal (wi th respect to X ) if 

E n Cd (x , dist (x, E )) n Cd-1 (x, dist(E , x)) =I= 0 f or each x E X. 

The following result generalises Lemma 2.3.12 to q-hyperconvex To-quasi-metric spaces. This result 

will also be extended to t he setting of q-spherically complete To-ultra-quasi-metric spaces in Lemma 

4.2 .11 . 

Lemma 3.2.13. (Compare Lemma 2.3. 12} If E is either a q-admissible subset or an externally 

q-hyperconvex subset of a q-hyperconvex To -quasi-metric space (X , d), then E is proxim inal in X . 

Proof. See [15, Example 6.2 and Lemma 6.3]. □ 

The following result generalises Theorem 2.3.13 to q-hyperconvex To-quasi-metric spaces. It gives 

the relationship that exists among the sets .01'q (X ), <.&'q( X ) and Hq( X ). 

Theorem 3.2.14. (Compare Theorem 2.3.13) Let (X , cl) be a q-hyperconvex To-quasi-metric space. 

Then 

Proof. We first how that .w"q(X ) <:;;; c&"q(X). Let A be a q- admissible subset of X and let (xa)oES' 

be a family of points in X and ( r O )oES and ( s0 )oES be families of nonnegative real numbers 

satisfying d(xa,x13) '.S Ta + .s,3, d ist. (.ro: , A) :S: ro: ancl dist(A,:r,e ) :S: s;3 whenever a,/3 ES. Since 

A is proximina l, for any a E S, there exists a Po E A such that cl(x 0 , p0 ) = dist(x0 , A) and 

d(p0 , x0 ) = dist (A, x0 ) which gives Cd(x0 , r 0 ) n Cd- 1 (x 0 , s0 ) n A =I= 0. Since X is q-hyperconvex, 

the condit ions on both families imply n o-ES Cd(Xo: , ro) n Cd-I (:ro, Sa-) =I= r/J . Since A is q-admissible 

and Cd(x0 , rn) n CJ-1 (xo:, so:) n A =I= 0, it follows that 

n (Cd(Xo, ro ) n Cd-1 (xa-, Sa-)) n A =I= r/J , 
a-ES 
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which proves the first inclusion. 

The fact that i&"q( X ) ~ 1i4 (X ) follows from the definition of external q-hyperconvexity. D 

We now turn our at tention to the intersection property of q-hyperconvex spaces. Recall that Theo­

rem 2.3.15 tells us that a descending chain of hyperconvex subsets of a bounded hyperconvex metric 

space is nonempty and hyperconvex. The next theorem generalises this result to q-hyperconvex 

subsets of a bounded To-quasi-metric space. 

Theorem 3.2.15. (/15, Theorem 4- 1/) Let (X, d) be a bounded To-quasime tric space and let (Hi LEI 

be a descending family of nonempty q-hyperconvex subsets of X , where one assumes that I is totally 

ordered such that ii, i2 E I and i1 ::; i2 hold if and only if Hi2 ~ H i 1 • Th en n iE J Hi is nonempty 

and q-hyperconvex. 

Proof. [15, Theorem 4. 1]. D 

In view of the relationship between q-hyperconvex qua::,i-pseudometric spaces and nonexpansive 

maps via injectivity, it is not surprising that q-hyperconvex To-quasi-metric spaces admit interesting 

fixed point theory for nonexpansive maps. In Theorem 2.3 .14, we saw that a nonexpansive map 

of a bounded hyperconvex metric space to itself has at least one fixed point. The next theorem 

generalises this result to bounded q-hyperconvex To-quasi- metric spaces. 

Theorem 3.2.16. (/15, Theorem 3.3/) If (X , d) is a bounded q-hyperconvex To -quasi-metric space 

and F : (X, d) ---+ (X, d) is a nonexpansive map, then the set F ix( F ) of fixed points of F in (X , d) 

is nonempty and q-hyperconvex. 

Proof. [15, Theorem 3.3]. D 

Let us now look at the approximation of fixed points in qua.si-pseudometric spaces. \Ve begin by 

recalling the defin ition an E1, E2-parallcl set of a subset in a quasi-pseudometric space that generalises 

Definition 2.3 .16 to q-hyperconvex spaces. 

Definition 3.2.17. (/15, Defin ition 5.1/) Let (X , d) be a quasi-pseudometric space. Given a subset 

A of X , we define fo r E1, E2 2 0 the E1 , E2-parallel set of A as 

Nq ,c2(A) = u Cd(a , E2) n Cd- 1 (a, E1). 
aE.4 

(No te that for each E 2 0, in particular, Nu(A) = u ,EA c d., (a, E)) 

Note that from the above definition , x E Nq,c2 (A) if and only if t here exists a E A such that 

d(a,x)::; E2 and d- 1 (a,x ) ::; E1. 

We now recall the characterisation of N c1 . €2 (A) if A is a q-admissible set in a q-hyperconvex quasi­

pseudometric space that generalises Lemma 2.3 .1 7. 
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Lemma 3.2.18. (/15, Lemma 5. 2/) Let (X , d) be a q-hyperconvex quasi-pseudometric space and 

let A be a q-admissible subset of X , say 0 -=I- A= n iE I(Cd (Xi , ri ) n Cd- t(Xi , Si)) with Xi E X and 

ri, Si E [O, oo) when ever i E J -=I- 0. Then , for each 1:1, 1:2 ?: 0, 

Proof. [15 , Lemma 5.2]. 

N€J ,€2 (A) = n (cd (xi, r i + E2) n Cd- l (x i , Si + E1) ) . 
iE / 

□ 

The following result generalises Lemma 2.3.18 to q-hyperconvex To-quasi-metric spaces and will be 

very useful in t he discussion below of approximate fixed points. 

Lemma 3.2.19. (/15, Lemma 5.3/) Suppose that (X, d) is a q-hyperconvexTo-quasi-metric space 

and let A be a q-admissible subset of X . Th en, for each 1:1, 1:2 ?: 0 there is a nonexpansive retraction 

R of Nq ,€2 (A) onto A which has the property that d(x , R (x)) :S 1:1 and d( R (x) ,x) :S E2 when ever 

X E Nq ,€2 (A). 

Proof. [15, Lemm a 5.3]. D 

Definition 3.2.20. (/15, Definition 5.4/) Let (X, d ) be a To-quasi-m etric space. We say that a 

map f: (X, d)-+ (X , d) has approximate fixed points if infxEX d8 (x, f(x)) = 0. 

Definition 3.2.21. (/15, Definition 5.5/) Let (X , d) be a To-quasi-metric space. For a map f : 

(X, d) -+ (X, d) and for any 1:1 , 1:2 ?: 0, we use Fq , € 2 (!) to denote the set of 1:1, 1:2-approximate fixed 

points off , that is, Ff,,€2 (/) = {x E X: d( x , f(x)) :S 1:2 and d(f(x), x) '.S El} . 

We now recall and give an outline of the proof of a very useful result t hat generalises Theorem 

2.3 .21 to q-hyperconvex To-quasi-metric spaces. 

Theorem 3.2.22. (/15, Theorem 5.6/) Suppose that (X, d) is a q-hyperconvex To-quasi-metric 

space and that the map f : (X , d ) -+ (X , d) is nonexpansive. Furthermore, suppose tha t for some 

Et , 1:2?: 0 one has that F€1,€2 (f) is nonempty. Then, th e set Fft ,€ 2 (/) is q-hyperconvex. 

Proof. For each i E J , where I is an indexing set , let Xi E Fq ,q (/) , and let r i ?: 0 and Si?: 0 satisfy 

We need to show that 

[ n (cd(Xi, r;) n C,1-1 (x i, s; ))l n F,1,f2 U) -=I- 0. 
iE / 

Since (X , d) is q-hyperconvex , then 0 -=I- J = n iEI (Cd(Xi, r i ) n Cd- I (xi, si) ) is q-hypercOn\'eX by 

Proposition 3.2 .8 . Furthermore, J is obviously bounded in (X , d). 



Also, if x E J , then for each i E I , 

d(xi, J( x) ) < d( xi, J (xi)) + cl(f(xi), J( x))::; E2 + d( x.i, x) ::; E2 + ri, 

d(f( x), x;) < d(f( x), J( x ;)) + d(f (xi ), x;) ::; d(x, x;) + E1 ::; s,; + E1. 
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This proves that J (x) E N f, ,f2 (J) by Lemma 3.2 .18. Now, by Lemma 3.2.19 , there is a nonex­

pansive retraction R of Nq,f2 (J) onto J for which d(R(x) ,x)::; E2 and d(x, R (x)) :S E1 whenever 

x E Nf1,f2 (J). Also, since R o J is a nonexpansive map of J into J , it must have a fixed point by 

Theorem 3.2.16. 

Suppose that (R o f )(xo) = xo for some xo E ]. Then, 

d(xo, J (xo)) 

d(J (xo), xo) 

d(( R o J)(xo) , f( xo)) ::; E2, 

d(J(xo) , (R o J)( xo) ) :S E1-

T hus xo E J n Fq ,f2 (f) , and t he proof is complete. □ 

We now turn our attention to selection theorems of maps taking values in the space t'q(X) of 

externally q-hyperconvex subsets of a q-hyperconvex To-quasi-metric space (X, d) . We begin by 

stating a result that generalises T heorem 2.3.22 to q-hyperconvex To-quasi-metric spaces. This 

result will be extended to the setting of q-spherically complete Tu-ultra-quasi-metric spaces in 

Theorem 4.2. 13. 

The orem 3.2.23. (/15, Theorem 6. 6}) Let (H , d) be a q-hyperconvex To-quasi-metric space, let X 

be any set, and let a map F : X -+ ~ ,(H ) be given. Then, there exists a map f : X -+ H for which 

J( x) E F (x) whenever x EX and for which d(f(x) , J (y)) :S D(F( x) , F(y)) whenever x, y EX . 

Proof [15 , Theorem 6.6]. □ 

Just as we saw in Theorem 2.3.23 , if the set-valued map in Theorem 3.2.23 is nonexpansive, then 

its selection is also nonexpansive. In the next result , we recall the generalisation of Theorem 2.3.23 

to q-hyperconvex To-quasi-metric spaces, this result will be extended to contractive maps in the 

setting of q-spherically complete T0-ul tra-quasi-metric spaces (see Corollary 4.2 .14) . 

Corollary 3.2.24. (/15, Corollary 6. 7}) Let (H , d) be a q-hyperconvex To-quasi-metric space. Afore­

over, let (X , p) ue a To-q·uusi-uietric space, and suppose F : X -t cf:4 (H ) is nonexpansive, that is, 

D(F (x), F(y ))::; p(x, y) whenever x, y EX. Then, there is a nonexpansive map f: (X , p)-+ (H , cl) 

for which J (x) E F (x) whenever x EX. 

Proof. Since Fis nonexpansive, t hen the selection obtained in Theorem 3.2.23 is also nonexpansive. 

□ 
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In view of Theorem 3:2.16, a point valued nonexpansive map of a bounded q-hyperconvex T0-quasi­

metric space to itself has at least one fixed point. This result is extended to set-valued maps taking 

values in the space gq( H) of externally q-hyperconvex subsets of a bounded T0-quasi-metric space in 

the following result that generalises Corollary 2.3.24. We will then extend this result to contractive 

maps in the setting of q-spherically complete T0-ultra-quasi-metric spaces in Corollary 4.2.15. 

Corollary 3.2.25 . (/15, Corollary 6.8/) Let H be a bounded q-hyperconvex To-quasi-metric space 

and suppose that F : H -+ gq(H ) is nonexpansive . Th en F has a fixed point, that is, there exists 

x E H such that x E F(x). 

P roof. Corollary 3.2.24 implies that F has a nonexapnsive selection f H -+ H . By Theorem 

3.2.16, f has a fixed point . D 

The following result recalls the generalisation of Theorem 2.3.26 to q-hyperconvex To-quasi-metric 

spaces. We set F i.x(F) = {x E H: x E F(x)} . By Corollary 3.2.25, Fix(F) -:fa r/J if His bounded 

and q-hyperconvex, and Fis nonexpansive. 

Theorem 3 .2.26. (/15, Theorem 6.9}} L et (H , d) be a q-hyperconvex To-quasi-metric space, let 

F : H -+ Eq(H) be a nonexpansive map and suppose lhat F ix( F ) -:fa r/J. Then, there exists a 

nonexpansive map f : H-+ H with f( x) E F(x) whenever x E H stLch that F ix(!) = Fix(F). 

P roof. [15 , Theorem 6.9]. D 

We now turn our attention to fixed point theorems for a family of set-valued contraction maps in 

q-hyperconvex spaces. 

3.3. Fixed Point Theorems in q- Hyperconvex T0-Quasi-Metric Spaces 

In this section, we generalise the results of Espinola and Kirk [9] presented in Section 2.4 to q­

hyperconvex To-quasi-metric spaces. We begin our discussion by proving a theorem that guarantees 

the existence of at least one fixed point for a family of set-valued contraction maps taking values in 

the collection Sc1 = { A ~ X : A = clr(d) An clr(d- 1) A} of subsets of a q-hyperconvex To-quasi-metr ic 

space (X, d). This result generalises Theorem 2.4.1 to q-hyperconvex To-quasi-metric spaces. 

T heorem 3 .3.1. (Compare Theorem 2.4. 1) Let (X , d) be a q-hyperconvex To -quasi-metric space 

and let Sc1 = {A ~ X : A = clr(d)A n clr(d- 1) A} be endowed with the Haus dorff To-quasi-metric 

D. Suppose fa : (X, d) -+ (Sc1, D ) is a family of contraction maps indexed over a directed set A 

satisfying 

(i} for each x EX, /3 2 o implies f f3 (x) ~ f 0 (x), 

(ii} for each t > 0, there exists o E A such that diam (fa ( x)) ~ t for each x E X. 
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Th en there exists at least one point x E X such that x E f 0 (x) for each a E A. 

Proof. Define f; (X , d) -+ (X , d) by {J (x )} = na l a(x) for each X E X . From the definition of the 

Hausdorff To-quasi-metric on Sc1, we see that for any x, y E X, 

D(Ja(x ), l a(Y)) = max { sup { dist Ua( x ), J(y)) } , sup { dist (.f(x), ! a (Y)) }} . 
J (y )Ef o(Y) J (x)E f o(x) 

Note that 

dist (J0 (x) , f (y)) = inf {d(f (x), J(y)) : J( x ) E f 0 (x)} :S d(J( x ), J(y)) for any x, y E X . 
f (y)Efo(Y) J (y )E f o(Y) 

Taking the sup over all x , y E X we get 

Similarly, 

Therefore, we get 

sup dist Ua(x ), J(y)) = d(J(x) , f(y)). 
f (y )E f cx (Y) 

sup dist (f (x), l a(Y)) = d(f(x) , J(y) ). 
f (x) Efa (x) 

D(f 0(x) , f a (Y)) = d(J(x) , J (y)) whenever x, y E X , 

and since f a. is a contraction map for each a E A, we have 

d(J (x), J(y)) D(Ja(x) , f a (Y)) 

< k0 d(x, y) 

< d( x, y). 

Therefore, f is nonexpansive. Our goal is to show that f has a fixed point. Choose E1, E2 > 0 such 

that the set 

F q,c2 (J) = {x EX : cl (x, f(x)) :S E2 and d(f(x ), x) :S Ei} 

is nonempty. Then Fq ,€2 (!) is q-hyperconvex by Theorem 3.2.22 . We now show that F q ,c1 (J) is 

also bounded. 

Let E = max{E1 , E2} a,nd choose er E A so that diam(f0 (x )) :SE. If u ,v E F q,E2(J), then 

Therefore, 

d(u , v) < d(u , J (u)) + d(J (u) , f (v )) + d(f(v), v ) 

< E2 + d(f (u), f (v) ) + E1 

< d(f(u ), f (v )) + c1 + E2 

< cl(f(u), f(v))+2E. 

d(u, v ) < d(f (u) , f( v)) + 2E 

< D(J0 (u) , fa(v)) + diam(fa(u) ) + diam(f0 (v)) + 2E 

< k0 d(u,v ) +4E. 
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Therefore, d(u,v) ~ (1 - k0 ) -
141:. This means that F €1 ,€2 (J) is bounded. By Theorem 3.2.16, 

f: F q,€2 (!) ➔ F c1 ,c2 (J) has a fixed point since F €1 ,c2 (J) is bounded and q-hyperconvex. Therefore, 

f has a fixed point since J is a restriction of f to F€1 ,f2 (!). D 

The next theorem involves the fami ly of externally q-hyperconvex subsets of a bounded q-hyperconvex 

To-quasi-metric space (X , d). Before we give an outline of the theorem, we prove a useful result 

that guarantees the existence of at least one fixed point for a set-valued contraction map taking 

values in the space G"q(X ) of externally q-hyperconvex subsets of a q-hyperconvex To-quasi-metric 

space (X , d). This result generalises Proposition 2.4.2 to q-hyperconvex To-quasi-metric spaces. 

Proposition 3 .3.2 . {Compare Proposition 2.4,2) Let (X, d) be a q-hyperconvex To-quasi-metric 

space and let T : (X, d) ➔ (£q(X), D) be a contraction map. Then T has at least one fixed point. 

Proof. Since Tis a contraction map, then for any k E [O, 1) and x, y E X , 

D (T(x), T(y)) ~ k d(x , y) ~ d(x , y). 

Therefore, T is nonexpansive. Thus by Corollary 3.2.24, there exists a nonexpansive map f 
(X, d) ➔ (X, d) such that f( x) E T( x) whenever x EX. 

Let E1 , E2 > 0 so that the set 

F q,€2 (!) = {x EX: d(x, f (x)):::; E2 and d(J(x),x):::; Ei} 

is nonempty. Using the argument in Theorem 3.3.1, we see that F €1 .£2(f) is bounded and by 

Theorem 3.2.22, this set is also q-hyperconvex. Thus by Theorem 3.2.16, J: F c1,c2(J) ➔ F q ,€2 (!) 

has at least one fixed point say z. Since J is a restriction of f to F€1 ,€2 (J), then z is also a fixed 

point of f. It is clear that z is also a fixed point of T. □ 

The next result shows that the fixed point set for a set-valued contract ion map is bounded, it 

generalises Lemma 2.4.3 to q-hyperconvex To-quasi-metric spaces. 

Lemma 3.3.3. (Compare Lemma 2.4,3) If (X , d) is a q-hyperconvex To-quasi-metric space and 

T : (X, d) ➔ (Sc1 , D ) is a contraction map, then the set of fixed points of T is bounded. 

Proof. Fix x E Fix(T) and lf't E1, E2 > 0. Since T is a contraction map, if y E Fix(T) , then 

D (T (x ), T (y)) :::; kd( x, y) where k E (0, 1). 

This implies that :3 z E T (x) such that 

d(z , y) < k d(x, y) + 1:1 

< k [d(x, z) + d(z, y)] + 1:1 . 



Hence, 

(1 - k)d( z, y) < k d(x , z) + E1 

< k diam(T(x)) + E1. 

Sim ilarly, since Tis a contraction map, if y E Fix(T), then 

D(T(y) , T(x) ) :S: k d(y, x) where k E (0 , 1). 

This implies that 

d(y , z) < k d(y , x) + E2 

< k[d(y, z ) + d( z , x)] + E2 . 

Hence, 

(1 - k)d(y , z ) < k d(z , x) + E2 

< k d-iam(T(x)) + E2. 

Choose E = ma:x{E1 , E2 }. Then 

d(x, y) < d(x, z) + d(z, y) 

< diam(T(x)) + k diam(T(x)) + E 

< (1 - k)- 1 [(1 + k)diam(T(x)) + E]. 
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This means that the distance between any points of Fi:r(T ) is bounded. Therefore , Fix (T ) is 

bounded . D 

Following Remark 2.4.1, we prove the existence of a q-hyperconvex fixed point set for a family of 

set-valued contraction maps taking values in the space <&"q(X) of externally q-hyperconvex subsets 

of a bounded q-hyperconvex To-quasi-metric space (X , d) . This result generalises Theorem 2.4.4 to 

q-hyperconvex To-quasi-metric spaces. 

Theorem 3.3.4 . (Compare Th eorem 2.4-4) Let (X, d) be a bounded q-hyperconvex To -quasi-metric 

space, let Eq(X) denote the collection of all nonempty externally q-hyperconvex subsets of X endowed 

with the Hausdorff quasi-pseudometric D . Let fa: (X , d) ➔ (Eq (X) , D) be a family of contraction 

maps indexed over a directed set A such that fo r each x E X , (3 2 a implies f J3 (x ) ~ fa( x ). Then 

the set of points J; EX such that XE n u EA !a(x) is nonempty and q-hyperconvex. 

Proof. By Proposition 3.3.2 , each l a has a nonempty fixed point set Ha. By Theorem 3.2 .26, there is 

a nonexpansive map fa : X ➔ X with fa(x ) E J0 (x ) whenever x EX such that Fix(fc, ) = Fix(Jc, ) 

for each et E A. Thus Fix(fc, ) = Ha for each a E A. Since fixed point sets for nonexpansive maps 

in bounded q-hyperconvex To-quasi-metric spaces are q-hyperconvex by Theorem 3.2.16, then Ha. 
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is a q-hyperconvex subset of X for each a E A. Also, Lemma 3.3.3 implies that H a is bounded for 

each a E A. T hus { H a LEA is a family of nonempty bounded q-hyperconvex subsets of X satisfying 

the following condition: 

Therefore , by T heorem 3.2.15, H = n aEA H 0 is a nonempty and q-hyperconvex. 

Now define J: (X, d) -+ (Po(X) , D ) by 

f( x) = n f cr(x ) whenever XE X. 
o,EA 

Note t hat Ua( x )}aE J\ is a family of nonempty externally q-hyperconvex subsets of X satisfying the 

fo llowing condit ion: 

Thus by Theorem 3.2. 11 , f (x) is nonempty and externally q-hyperconvex relative to X. Therefore, 

f is a nonexpansive map of X into t'q( X ). By Corollary 3. 2.25 , J has at least one fixed point and 

it is clear that 

XE n f o:(x) if and only if XE F ix(!) = H . 
o:E J\ 

□ 

C orollary 3 .3 .5 . Let (X , d ) be a bounded q-hyperconvex To-quasi-m etric space, let Aq (X) de­

note the collection of all nonempty q- admissible subsets of X endowed with the Ha1tsdorff q1tasi­

pseudometric D . Let f a : (X, d) -+ (Aq(X), D ) be a fami ly of contraction maps indexed over a 

directed set A such that for each x E X , f3 2: a implies f 13 (x) ~ f<.,(x ). Then the set of points 

X E X S1lCh that XE n aE J\ ! a(x) is nonempty and q-hyperconvex. 

Proof. It follows from t he proof of Theorem 3.3.4 since any q-admissible subset of a q-hyperconvex 

To-quasi-metric space (X , d) is externally q-hyperconvex relative to X (see Theorem 3.2 .1-1) . □ 

We now see what Corollary 3.3.5 says when applied to the real line. 

Example 3.3 .1. (Compare Example 2.4. 1) Equip IR wit h the To-quasi-metric d(x, y) = x -y = 
max{ x - y , O} whenever x, y E JR. Let Un } and {gn} be two sequences of mapping of IR -+ iR 

satisfying: 

(i) fn(x) ~ 9n(x) for ea.ch x E IR and n EN, 

(ii ) U n} is nondecreasing and {gn} is nonincreasing for each ,:r; E IR, 
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(iii) for each n EN there exists kn E (0 , 1) such that for each x, y E IR, 

The conclusion under t hese assumptions is that there exists a ::; b E IR such t hat 

lim fn( x)::; x::; limgn(x) for each x E [a, b]. 
n n 

Proof. Let 

Fn(x) = Un(x) , gn(x)] for each x E IR and n EN, 

then Fn(x) is q-admissible for each n EN. By condit ion (ii) , we see that 

Condition (iii) implies that Fn is a contraction map for each n E N. Then Fn satisfies all the 

conditions of Corollary 3.3.5 and therefore , the conclusion follows. □ 

Example 3.3.2. (Compare Example 2.4.2) Let I = [0, 1] and ??(I ) denote the closed subintervals 

of I. Consider the To-quasi-metric d(x , y) = x .:....y = max{:c - y , 0} whenever x, y E I . For each 

a E (0, 1), define 

Fa(x) = [Ja( x), 9a(x)] n I , 

where f a(x ) = a (x + 1)-1 and g0(x) = a(x - 2) + 2. Then f 0(x) :::; g0(x) for any x E I . kloreover , 

(3 2: a implies 

fa(x):::; J13(x ) and g13 (x)::; 9a(x ). 

Thus for any x E I , 

Also, 

D(Fc,(x), Fc, (y)) = max { sup { dist (Fc,(x ), t)}, sup { dist(r, F0 (y)) }} . 
tEFa(Y) rEFa(x) 

Note that 

dist (Fc,(x), t) inf {d(p, t): p E F0 (x )} = inf {max{p - t, 0}: p E F0 (x)} 
tE Fo(Y) t EFo(Y) t EF0 (y) 

< max{gc,(x) - t , 0} whenever x E I and t E Fc,(y) . 

Taking t he sup overt E F0 (y), we have 

Therefore, 

max{g0 (x) - t , 0} < max{g0 (x) - g0 (y), 0} 

a( max{ x -y, 0} ) whenever x, y E I. 

sup { dist (F0 (x), t)} :::; a(max{x - y, 0}) = a (x .:....y ). 
tEFa (Y) 



using the same argument, we see that 

sup { dist (r, Fa(Y )) } ~ a(max{x - y, O}) = a(x_:__y). 
rEF0 (x) 

Hence, we conclude that 

Therefore, Fo. is contracting for each a. Also , 

diam(Fa(x)) 

Now define F : I ~ I by t he map 

sup{d(x, y) : x,y E Fa(x)} 

sup{max{x -y, 0} : x,y E Fa(x)} 

< max{ga(x) - fa(x), O} 

max{a (x - 2) + 2 - a(x + 1) + 1, O} 

max{3(1 - a), O} = 3(1 - a ). 

F (.1:) = n Fa(x) for each x E (0, 1). 
aE(D,l) 
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Then F(x) = x for each x E I . This proves that the fixed point need not be unique in Theorem 

3.3.l. 



4 

Set-Valued Contractive Maps and 

Ultra-Quasi-Pseudometric Spaces 

Ultra-quasi-pseudometric spaces and quasi-pseudometric spaces share many common properties, yet 

they are quite different in very distinctive ways. The most striking similarity has to do with injective 

extension property; the most striking difference is likely the fact that while quasi-pseudometric 

spaces arc metrically convex, ultra-quasi-pscudomctric spaces arc not . It is important to mention 

that the ultra-quasi-pseudometric spaces should not be confused with quasi-ultra-metric spaces 

as they are discussed in the theory of dissimilarities (see [6]). In this chapter , we present some 

interesting properties of q-spherically complete To-ultra-quasi-metric spaces and some fixed point 

theorems for set-valued contractive maps. For more information on ultra-quasi-pseudometric spaces, 

we refer the reader to [19] and [16]. 

4 .1. Ultra-Quasi- Pseudometric Spaces 

We start this section by recalling t he definit ion of an ultra-quasi-pseudometric space and some of 

its examples, thereafter, recall the concept of q-spherical completeness. 

D efinition 4.1.1. ( [19, Defin ition 1.1 )) Let X be a set and u be a nonnegative real valued function 

on X x X . Then u is an ultra-quasi-pseudometric on X if 

(i) u(x,x) = 0 for all x EX, and 

(ii) u(x, z) ~ max{ u(x, y) , u(y, z)} whenever x, y , z E X . 

The above inequality is called the ::itrong Triangle Inequality . 

If u satisfies the fallowing additional condition: 

(iii) u(x,y) = 0 = u(y,x) implies that x = y fo r any x, y EX, then u is called To-ultra-quasi­

metric and the pair (X , u) is called To-ultra-quasi-metric space. 
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R emark 4.1.2. (/19]) W e remark that 

(i) If u is an ultra-quasi-metric, then the so called conjugate u- 1 ofu, where u- 1(x,y) = u(y,x) 

whenever x, y E X , is also an ultra-quasi-metric . 

(ii) The set of open balls {y E X : u(x, y) < c; x E X , E > O} yields a base topology T(u) induced 

by u on X. 

(iii) us= max{u ,u- 1} is an ultra-metric on X. 

We now look at some examples . 

Example 4.1.1. ([25]) Let (X , T) be a topological space and GE T . Then the function u defined 

by 

if x E G and y ~ G 

otherwise 

is an ultra-quasi-pseudometric. 

Example 4.1.2. ([19, Example 2.2]) Let X = IR. Define u by 

u(x , y) = 
if X '.S y . {o 

X - y if X > y. 

Then the two topologies T(u) and T(u- 1 ) are distinct. 

Example 4.1.3. ([16, Example l ]) Let X = [O, oo) be equipped with u(x, y ) = x if x, y E X and 

x > y, and u(x, y) = 0 if x, y E X and x '.S y. It is easy to check that (X , u) is a To-ultra-quasi­

metric space . Also , for x, y E [O,oo), the map u s defined by u s(x,y ) = max{x,y} if x =I- y and 

u·5 (x, y) = 0 if x = y is an ultra metric on [O, oo) . 

Let us now turn our a ttention to the concept of q-spherical completeness. 

Let (X , u) be an ultra-quasi-pseudometric space and for each x E X and r E [O, oo), let Cu(x. r) = 
{y EX : u(x , y) '.Sr} be the T(u-1)-closed ball of radius rat x . 

Lemma 4.1.3. (/16, Lemma 9/) Let (X , u) be an ultra-quasi-pseudometric space. Moreover. let 

x, y E X and r, s ~ 0. Then Cu(x, r ) n Cu-1 (y , s) =I- 0 if and only if u (x, y) '.S max{r, s }. 

Definition 4.1.4. ((16, D efinition 2/) Let (X ,tl) be an tlltra-quasi-pseudometric space. Let (xi)iE I 

be a family of points in X and let (ri)iE I and (si) iE I be families of n on-negative real numbers. 

W e say that (C.n(X; , r ;), Cu- 1(x;,si ))iE I has a mixed binary intersection property provided that 

u(xi,Xj) '.S max{ri,sj } whenever i, j E I. W e say that (X ,u) is q-spherically complete provided 

that each family ( Cu(Xi, ri) , Cu-1 (xi , si) )iE I possessing a mixed binary intersection property satisfies 

n (Cu(Xi , ri ) nC11-1(Xi,Si)) =I- 0. 
iEl 
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Remark 4.1.5. Following the argument in Remark 3.2.2, we assume without loss of generality that 

the points Xi (i E I ) in D efinition 4 .1.4 are pairwise distinct. 

Example 4 .1.4. ([16, Example 2]) The To-ultra-quasi-metric space ([O, oo), u) , where u is defined 

as in Example 4.1.3, is q-spherically complete. 

Proof. see [16, Example 2]. □ 

We also recall the following definition. 

D efinition 4.1.6. (/16}) An ultra-metric space (X, m ) is called spherically complete if for any 

family (xi) iE I of points in X and any family of positive real numbers ( ri)iE I such that m(xi , Xj) ~ 

max{ri, rj} whenever i , j E J , we have that n El Cm(Xi, 7\ ) =I= 0. 

Remark 4.1. 7. Spherical completeness is an intersection property. In other words, if a metric 

space is spherically complete, then the family of admissible sets has some kind of compactness 

behaviour. Indeed, let (X, m) be a m etric space and consider the family of admissible sets d(X). 

We say that d (X) is compact if for any family {A0 } of elements in d (X), we have n
0 

A 0 =/= 0 
provided finite intersections are not empty. Spherical completeness obviously implies that .l?J'(X) is 

compact. 

Proposition 4.1.8. (/19, Proposition 2)) 

(i) Let (X, u) be an ultra-quasi-pswdometric space. Then (X, u) is q-spherically complete if and 

only if (X , u-1 ) is q-spherically complete. 

(ii) Let (X, u) be a To-ultra-quasi-metric space. If (X, u) is q-spherically complete, then (X, u 8
) 

is spherically complete. 

Similar to q-admissible subsets of a quasi-pseudometric space, we define u-admissible subsets of an 

ultra-quasi-pseudometric space as follows: 

Definition 4.1.9. (Compare Definition 3.2.9) Let (X,u) be an ultra-quasi-pseudometric space. 

The set of u-admissiblc subsets of X , deno ted ~,(X) , is the collection of all subsets of X which 

can be written as the intersection of a nonempty family of sets of the form Cu ( x , E1) n Cu- 1 (.i: . E2) 

where 1:1 , E2 2'.: 0 and x E X , i.e du (X ) ={A C X: A= bicov(A)}. 

Lemma 4.1.10. Let (X, u) be a q-spherically complete To -ultra-quasi-metric space and let ..efi,(X) 

be a collection of u-admissible subsets of X. If {A0 } is a family of elements in du( X) , then 
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Proof. Since (X, u) is q-spherically complete, then Proposition 4.1.8 implies that (X, u8
) is spher­

ically complete. Thus Remark 4.1. 7 implies that d' ( X) is compact with respect to u". Therefore, 

any collection {A0 } of elements in d'u(X) ~ d'(X ) satisfies 

□ 

4.2. Properties of q-Spherically Complete T0-Ultra-Quasi- Metric Spaces 

In this section , we present some interesting properties of q-spherically complete Ta-ultra-quasi­

metric spaces. vVe begin our discussion by recalling two important fixed point theorems that wi ll 

be useful t hroughout this chapter. Before we do that, we recall the fo llowing definit ion. 

Definition 4 .2.1. {(23/} Let (X , u ) be a metric space and T : X ---+ X a self map. The map T is 

said to be cont ractive if u (T (x), T (y) ) < u(x, y ) for all x, y E X with x -=I= y and nonexpansive if 

u(T (x), T (y)) :::; u(x, y) for all x, y E X. 

Unlike q-hyperconvex To-quasi-metric spaces , fixed points for contractive maps in q-sphcrically 

complete Ta-ultra-quasi-metric spaces are unique. Consider t he fo llowing t heorem: 

Theorem 4 .2.2. {(19, Theorem 4.1/) Let (X, u ) be a q-spherically complete To-ultra-quasi-metric 

space. If T : (X , u) ---+ (X , u) is a contractive map, then T has a unique fixed point. 

Proof. Let Ca= Cu(a, u(a, T (a))) nCu- 1 (a, u(T (a) , a)) such t hat a EX and let A be the collection 

of Ca for all a E X . Define a partial order on A by 

Consider the totally ordered subfamily A 1 of A. By q-spherical completeness of X, we have 

Let b EC and Ca E A1 . Let x E Cb. T hen our goal is to show that x E Ca. 

By the strong Triangle Inequality, we have 

u(a , x) :::; max{u(a , b), u(b, x) }. 

Since b E C , we have 

u(a, b) :::; u(a. T(a)) and u(b, a) :::; u(T (a) , a) . 

Then, 

u(b, x) :::; u(b, T(b)) :::; max{ u(b, a), u(a, T(a)). u(T(a), T(b))}, 

(-1.1 ) 

(-1 .2) 
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and by the contractiveness of T, we have 

u(b, x) :S u(b, T(b)) < max{'u(b, a), u(a, T(a)) ,-u(a, b)}. 

Therefore, by inequality ( 4.2) 

u(b, x) :S u(b, T(b)) :S max{ u(T(a) , a), u(a, T(a)) , -u(a, T (a)) } . ( 4.3) 

Furthermore, we have 

u(T(a) , a) :S max{ u(T(a) , T(b) ), u(T (b) , T(a )), u(T(a), a)} , 

which in view of ( 4.2) and the contractiveness of T , we have 

u(T (a ), a) < max{ u(a , T(a) ), u(T (b), b)}. ( 4.4) 

Equations ( 4.3) and ( 4.4) give 

u(b, x) < max{u(a, T (a)), u(T(b), b) } . (c! .5) 

Now by inequalities (4. 1) and (4.5), we get 

u(a, x) :S max{ u(a, b), u(b, x)} :S max{u(a , T(a )), u(T(b), b)}. 

We claim that u(T (b), b) :S u(a, T (a )) . Suppose to the contrary that u(a, T(a) ) < u(b, T (b) ). Now, 

using the strong Triangle Inequality and the fact that T is contractive, we obtain 

u(a, b) < max{u(a, T(a )), u(T(a), T (b)), u(T(b), b)} 

< max{ u(a, T(a)), u(a, b), u(T(b), b)} :S u(T (b), b). 

Now combining the above inequality and u(a, T (a)) < -u(T (b), b), we get u(a, T(a)) < u(a, b), 

that is, b ~ Cu(a, u(a, T (a))). This contradicts that b E Cu(a, u(a, T (a))) n Cu-1 (a , u(T(a), a)) . 

Therefore, x E C,,(a, u(a, T (a))). 

Using the similar argument, one can show that u(x, a) :S u(T(a) , a), and then x E Cu- 1 (a , u(T(a), a)). 

We have that x E Cu(a, u(a, T (a) )) n Cu- 1(a, u(T (a), a)) = Ca and Cb i;;; Ca whenever Ca E A. 

Therefore, Cb is an upper bound in A for the family A1 . By Zorn 's lemma, A has a maximal 

element , say C2 , for some z E X. 

Wf'. claim that T (z) = z. Suppose to the contrary that z -=I=- T (z). Since 

u(T( z), T 2 (z)) < u(z , T(z)) and u(T 2 (z), T (z)) < u(T( z), z) (4 .6) 

and 

T (z) E Cu(T (z), u(T (z), T 2 (z))) n Cu-1 (T (z) , u(T2 (z), T (z))), 

we have 

T (z) E Cu(z, u( z, T (z))) n Cu- 1 (z , u(T(z), z)). 
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Hence T (z) E CT(z ) n C z . 

We have that CT(z ) ~ Cz. However , by inequali ty (4. 6) , z (j. CT(z), so CT(z) C Oz, and this 

contradicts the maximality of Cz. Therefore, T has a fixed point , obviously unique. D 

Unlike q-hyperconvex To-quasi-metric spaces, the existence of fixed points for nonexpansive maps 

in q-spherically complete To-ultra-quasi-metric spaces is not guaranteed. However , such maps leave 

invariant a specific ball , say C. Consider t he following theorem. 

Theorem 4. 2.3. ((19, Theorem 4. 2/) Suppose (X, u) is a q-spherically complete To-ultra-quasi­

m etric space and suppose T : (X , u) ➔ (X, u) is nonexpansive. Then either T has a fixed point or 

there exists a ball of the form C = Cu( x, r) n C1,.-1 (x, s) where r, s E [O, oo) such that 

(i) T : C ➔ C , 

(ii) u(z, T( z)) = r and u(T( z), z) = s for any z EC. 

Proof. By defining Ca and A as in the proof of Theorem 4.2.2, we can find a maximal element Cz 

of A. For any b E C z, we have 

u(b, T (b)) S max{ u(b, z ), u( z, T (z) ), u(T(z), T (b)) }. 

Since u(z, b) S u(z, T( z )) and Tis nonexpansive, we have 

u(b, T(b) ) S max{ u(T(z), z) , u( z, T (z)) }. (..!.7) 

Thus, u(T(z), z ) S max{ u(T(z), T (b)) , u(T(b), b) , u(b, z )} by the strong Triangle Inequality. Again, 

since u(b, z) S u(T (z), z), u(z , b) S ·u(z, T( z) ) and Tis nonexpansive, we have 

u(T (z) , z) S max{u(z, T (z)), u(T(b) , b)}. (-1. 8) 

From inequalities (4.7) and (4. ), we have 

u(b, T(b)) S max{ u(z, T (z)), u(T (b), b) }. (-1 .9) 

Similarly, we have 

u(T (b) , b) S max{ u(T( z), z), u(b, T (b) ) }. (4 .10) 

We claim that u(T (b) , b) S u(z, T( z) ) and u(b, T (b)) S u(T (z ), z ). Suppose to the contrary that 

u(T (b) , b) > u(z, T (z) ). Then, 

u(z, b) S max{ u(z . T (z)), u(T (z). T(b )), u(T (b), b)}. 

By the nonexpansiveness of T , we have 

u(z, b) S ma.x{ u( z, T (z )) , u(T(b), b)} S u(T(b), b) > u(z, T (z )). 
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Hence, we conclude that b ~ Cu(z, T( z)), which is a contradiction. By similar arguments, one can 

show that u(b, T(b)) ::; H(T(z), z). 

Thus , from inequality (4. 9), u(b, T(b))::; u(z, T (z) ). Since bis a common point of Cu(b, u(b, T(b))) 

and Cu(z, u(z, T( z)) ) and tt(z, T(b)) ::; max{ u(z, T(z), 'it(T(z), T(b)))} ::; u(z, T(z)) which implies 

that T(b) E Cu(z, u(z, T(z))), we have 

C1t(b, u(b, T(b))) <;: C11 (z, u(z, T( z))). 

By similar arguments, one can show that 

Cu-1 (b, u(T(b) , b)) <;: Cu-1 (z, u(T (z), z)). 

Hence 

Cu(b, u(b, T (b))) n Cu -1 (b, u(T(b), b)) <;: Cu(z, u(z, T (z))) n Cu - 1 (z, u(T(z), z)). 

Therefore, Cb <;: Cz. 

If u(b, T (b)) < u(z , T (z) ) and u(T (b) , b) < u(T (z ), z), t hen 

u(b, z) ::; u(T (z), z) > u(T(b), b), 

which implies that z E Cu (z, u(z, T(z))) but z ~ C1,(b, u(b, T (b))). Similarly, z E Cu- 1 (z, u(T( z), z)) 

but z ~ C11 - 1(b,u(T(b) ,b)). 

Moreover, z E Cz but z ~ Cb, which is not possible by the maximality of Cz , thus we have 

u(b, T (b)) = u(z, T( z)) =rand u(T(b), b) = u(T (z), z) = s whenever b E C2 . D 

Using t he construction of Ki.inzi and Otafudu [15], we recall and present some interesting propert ies 

of q-spherically complete To-ultra-quasi-metric spaces. We begin our discussion by presenting a 

result that extends Proposition 3.2.8 to q-spherically complete To-ultra-quasi-metric space . 

Proposition 4.2.4. (Compare {15, Proposition 3.1}) Let (X , u) be a q-spherically complete ultra­

quasi-pseudometric space. Let (xi) ·iE I be a nonempty family of points in X and let (ri)iEI and 

(s;).iE I be two famili es of nonegative real numbers such that u(x;,xJ) ::; max{r;,s;} . Set D = 
n iEI(Cu(Xi, ri) n Cu-I (,ri, s.i)). Then D is nonempty and q-spherically complete. 

Proof Since X is q-spherically complete, then D -/= 0. For each et E S, let Xa E D and (ra-)a-ES 

and (sa-)oES be families of nonegative real numbers such that u(xa- , x13) ::; max{ra-, s13 } whenever 

a, (3 E S. We show that the family 
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of double balls satisfies the hypothesis of q-spherical completeness. We see t hat for each a E S and 

i E J , we have u(x0 , xi) :S Si :S max{r0 , si} and u(xi, x 0 ) :S ri :S max{ri, s0 } . Hence by q-spherical 

completeness of X , we have 

iE / 

Therefore, 

nES 

0 =I- D n n (Cu(Xcx, ra,) n Cu- I (xcx , Sex)). 
aES 

Hence, the subspace D of X is q-spherically complete. 

Note that Proposition 4.2 .4 implies that each member of d'u (X) is q-spherically complete. 

□ 

Let us now recall the concept of t he approximation of fixed points in q-spherically complete ultra­

quasi-pseudometric spaces . We begin recalling the definition of an E1, E2-parallel set of a subset 

in an ultra-quasi-pseudometric space which extends Definition 3.2.17 to ultra-quasi-pseudometric 

spaces. 

Definition 4.2 .5 . (/19, D efin ition 3. 6}} Let (X , u ) be an ultra-quasi-pseudometric space. Given a 

subset A of X, we define for E1 , E2 2': 0 the E 1, E2 -parallel set of A as 

N fJ,€2 (A)= u Cu(a, E2) n Cu- I (a, E1), 
aEA 

(Note that for each E 2': 0, in partic1dar, Ne,e( A) = UnEA Cu• (a, E)) 

From the above definition , x E Ne, ,e2 (A ) if and only if t here exists a E A such that u(a , x) :S E2 

and u- 1 (a ,x) :S E1. 

We now recall the characterisation of Nq ,e2 (A) if A is a LL-admissible set in a q-spherically complete 

ultra-quasi-pseudometric space which extends Lemma 3.2.18 to q-spherically complete T0-ultra­

quasi-metric spaces. 

Lemma 4 .2.6. (/19, Lemma 3.1)} Let (X , u) be a q-spherically complete T 0 -ultra-quasi-metTic 

space and let A beau-admissible subset of X , say 0 =I- A= n iE I(Cu(Xi,ri) n Cu- 1(xi,S1)) w'ith 

Xi E X and r i , si nonnegative real numbers whenever i E I =I- 0. Then, for each t: 1 , E2 2': 0, 

Nq,e2(A) = n (Cu(Xi, rnax{ri , E2 }) n Cu - 1 (x.i, rnax{si, Ei} )). 
iE / 

Proof. Suppose y E Nq ,e2 (A ). Then u(a. y ) :S E2 and u(y , a) :S E1 for some a E A. But for each 

i E / , 

and 
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Then for each i E I , we have y E Cu(xi,ma:x.{1\ , 1:2}) and y E Cu- 1(xi ,max{si,1:i}) which implies 

that 

Nfl ,1'2 (A) ~ n( Cu(Xi , max{ri, 1:2}) n Cu-1 (xi, max{ Si, Ei}) ). 
iE I 

Now, let us consider y E n iEI (Cu(Xi, max{r;, 1:2 }) n Cu-1 (x;, max{s; , ci} )) and let i E I . We have 

that 

and 

Since A is nonempty and by the definition of A , we must have for any i, j E I , 

Therefore, by the q-spherical completeness of X , 

iE l iE J 

iE I 

Hence, there is a EA such that u(y , a ) S 1:1 and u(a,y) S 1:2 . Therefore, y E N€,.f2 (A) and this 

completes our proof. D 

We now recall a result that extends Lemma 3.2.19 to the setting of q-spherically complete To­

ultra-quasi-metric spaces that will be useful in the discussion below of approximate fixed point 

sets. 

Lemma 4.2. 7. ((19, Lemma 3.8/) Suppose that (X , u) is a q-spherically complete To-ultra-quasi­

metric space and let A be a u-admissible subset of X. Then, for each 1:1, 1:2 2 0 there is a 

nonexpansive retraction R of Nq ,€2 (A) onto A which has the property that u(x . R(x)) ~ 1:1 and 

u(R(x),x) S 1:2 wheneverx E N€,,€2 (A). 

Proof. Assume that 0 -=/: A = n iE I (Cu(x; , r;) n Cu-1 (x .;, s;)) with I -=/= 0. By Lemma 4.2.6, we 

know that Nq ,€2 (A) is q-sphcrically complete . Consider t he family F = { (D . RD) : A ~ D ~ 

N€1,€2 (A) and RD: D -+ A is a nonexpansive retraction such that u(x . R(x )) S 1:1 and u(R(x) . x) S 

1:2 for each x E D} . Note that (A, IA) E F , where IA is the identi ty map on A . So F -=I= 0. If one 

orders F in the usual way ( ( D , Ro) :5 ( H , RH ) if and only if D ~ H and RH is an extension of 

Ro ), then each chain in (F , :5) is bounded above, so by Zorn 's Lemma, F has a maximal element 

which we denote by (D , RD)-
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We need to show that D = Nq,f2 (A). Suppose t here exists x E Nq ,f2 (A) such that x (/. D , and 

consider the set 

C [ n (Cu(Rn(w) . u(w, .x)) n Cu- I (Rn(w) , u(x , w))l 
wED 

n [n(Cu(Xi, r i ) n Cu- I (x.i, Si)) n (Cu(x, c:i) n Cu- I (x, c:2))] . 
iE l 

We first show that C f:- 0, and in order to do this, we need to show that C has the mixed binary 

intersection property. If w1 , w2 E D , then 

This proves that 

by Lemma 4.1.3 , and so C has a mixed binary intersection property for the first family. Also, 

for each w ED , Ro (w) EA= n iE I (Cu(Xi ,ri ) n Cu-t(Xi ,Si)). So the mixed binary intersection 

property is satisfied for the second family. 

Since 

XE Nft,f2(A) = n (Cu(Xi, rnax{ri, c:2 }) n Cu-I (xi, max{si, c: i} )), 
iE I 

Finally, if w E D , then 

u(Rn(w), x) :::; max{u(Ro(w), w), u(w , x)}:::; max{ c:2, u(w, x)} 

and 

u(x, Ro(w)) :::; max{u(.x, w), u(w, Ro (w) )} :::; max{u(x, w), ci}. 

Thus, by Lemma 4.1.3 , we have 

as well as 

Of course, Cu(x, c1) and Cu- 1 (x, c:2 ) intersect. 

Thus we have shown that t he fami ly 

[( Cu(Ro(w)) , u(w, x))wED, (Cu(Xi, ri))iE I , Cu(x, EI), 

(Cu-1 (Ro(w)) , u(x , w)) u:E D, (Cu- 1 (xi, si)) iEI , Cu-1 (x, c:2)] 
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of double balls has a mixed binary intersection property. Therefore, we conclude that 0 cf C ~ A. 

Now let p EC and define R' : DU {x} ----1 A by setting R'(w) = RD(w) if w E D and R' (x) = p. 

Then for w ED, 

u(R'(x), R'(w)) = u(p, R(w)) ::; u(x , w) 

and 

u(R'(w), R'(x)) = u(R(w) ,p) ::; u(w, x). 

So R' is nonexpansive. Also , u(R'(x),x) = u(p,x)::; <:2 and u(x, R'(x)) = u(x , p) ::; <:1. Hence, we 

conclude that the pair (DU {x} , R') contradicts the maximality of (D , RD) in (F , :S) . Therefore, 

D = Nq ,€2 (A) and t he proof is complete. D 

D efinition 4.2.8. (Compare Definition 3.2.20) Let (X, u) be a To-1tltra-quasi-metric space. We 

say that a map f: (X, u) ----1 (X , u) has approximate fixed points if infxE X u8 (x, f (x )) = 0. 

Definition 4.2.9. (Compare Definition 3.2.21) Let (X , u) be a To-ultra-quasi-metric space. For 

a map f: (X,u) ----1 (X,u) and for any <:1,<:2 2 0, we use Fq,€2 (!) to denote the set of <:1,<:2-

approximate fixed points of f , that is, 

Fq,€2 (!) = {x EX: u(x, f(x))::; <:2 and u(J(x),x) Sci}. 

Recall that Theorem 3.2.22 tells us t hat the et Fq ,€ 2 (J) is q-hyperconvex. This concept is extended 

to q-spherically complete To-ultra-quasi-metric spaces in the fo llowing theorem. 

Theorem 4 .2.10. ([19, Theorem 4, 3}) Suppose that (X, u) is a q-spherically complete To-v.ltra­

quasi-metric space and that the map f : (X, u) ----1 (X, u) is nonexpansive. Furthermore. suppose 

that for some <: 1, <:2 2 0, one has F€ 1 ,€ 2 (J) is nonempty. Then, the set FE1 ,€ 2 (J) is q-spherically 

complete. 

Proof. For each i E I , where I is an indexing set , let Xi E Fq,t2 (j) and let ri 2 0 and Si 2 0 satisfy 

We need to show that 

[.
n (c11.(Xi,ri)n C.lt-I(Xi, Si))l n Fq ,e2U) cf 0. 
iE l 

Since (X, u) is q-spherically complete, then 0 cf J = n iE l(C11.(x,, r ;) n C.t,-1 (x;, s;)) is q-spherically 

complete by Proposition 4.2.4. Furthermore , J is obviou::;ly bounded in (X, u). 

Also, if x E J , then for each i E I , 

u(xi, f (x)) < max{u(xi, f(x i)), u(J(xi), J(x)) } S max{<:2, u(xi, x) S max{<:2, ri} , 

u(J(x), xi) < max{ u(f(x), f( xi)) , u(f(xi), Xi) } S max{ u(x, Xi ), ci} S max{si, <: 1} . 
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This proves that f (x) E N €1,€2 (J) by Lemma 4.2 .6. Now, by Lemma 4.2 .7, there is a nonexpansive 

retraction R of Nq. t2 (1) onto J for which u(R (x),x) S c2 and u(x , R (x)) S c1 whenever x E 

N€ 1 .€2 (J). Also, since R o f is a nonexpansive map of J into J , it must have a fixed point by 

Theorem 4.2.3. 

Suppose that (R o f)(xo) = xo for some xo E J. Then , 

u(xo, f(xu)) 

u(f (xo), xu) 

u((R o f)(xo), f (xo)) S c2, 

u(f(xu) , (R o f)(xo )) S c1. 

Thus xo E J n Fq , €2 (f) , and the proof is complete. □ 

We now show that a 'u-admissible subset of a q-spherically complete To-ultra-quasi-metric space 

(X ,u) is proxinimal in X (See Definition 3.2.12) . 

Le mma 4.2.11. (Compare {15, Lemma 6. 3/) Let (X , u) be a q-spherically complete To-ultra-quasi­

metric space and let XE X. Furthermore, let 0 i- A= n iE [(Cu(Xi,r-i) n (C.u-1(Xi,Si )) where 

(xi)iE I is a nonempty family of points in X and (ri )iE I and (si)iE I are families of nonn egative real 

numbers. Then there is p EA such that dist(x,A ) = u(x,p) and di st(A,x) = u(p,x). 

Proof. Evident ly, the fam ily of double balls 

has a mixed binary internection property. Thus , t here is 

p E A n Cu ( X, dist ( X. A) ) n Cu- I ( X, dist (A , X)) 

since X is q-spherically complete. And it is clear that p satisfies the st ated conditions. □ 

The following result is useful in the discussion of selection theorems in q-spherically complete To­

ultra-quasi-metric spaces. 

Le mma 4.2.12. (Compare {15, Lemma 6.4]) Let (X , u) be a q-spherically complete To-ultra-quasi­

metric space and suppose A is u -admissible, that is, A= n iE l (Cu(Xi, ri) n C u- t(Xi,Si )) where 

(xi) iEI is a nonempty family of points in X and (ri)iEl and (si)iE I are families of nonnegative real 

mtmbers. Let (xa)uES be a nonem pty family of points in X and (ra)uES and (sa-)uES be two fami lies 

of nonnegative real numbers such that u(x0 , Xf3 ) S max{ r0 , Sf3 } whenever a, ,3 E S, dist(x0 , A ) S ra 

and dist(A , Xa) S Sn: when ever a E S. Then 

[ n (Cu(:ra,. ra) n Cu-1 (xa, . Sa))] n Ai- 0. 
aES 
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Proof. Let (sa)aES be a family of points in X and let (ra) aES and (sa)nES be two families of 

nonnegative real numbers such that u(xa, x13 ) ::; max{ra , s,13 } , dist(xa, A) ::; r0 and dist(A, xa) ::; Sa 

whenever a, /3 E S. 

Since A= n iEl(Cu(Xi, 1'i) n Cu- l (xi, Si)), dist(xa , A ) ::; Tc, and dist (A, Xe, ) ::; Sa, whenever Cc, /3 ES, 

choose p EA according to Lemma 4.2.11 , then we have 

u(xa,Xi) < ma.,-:{u(x0 ,p) ,u(p,xi) } ::; max{ra, si}, 

u(xi, Xa) < max{ u(xi, p) , u(p , Xa )} ::; max{ ri,, sa} 

and it is clear that u(xi, Xj)::; max{ri, Sj}- Therefore, the fami ly of double balls 

satisfies the mixed binary intersect ion property. Thus , by the q-spherical completeness of X , we 

have 

0 f= [ n (Cu(Xa,ra,)nCu-l(Xa,,Sa))l n [n (C.u(X-i,r-i)n Cu-1(xi,Si))l 
nES ~ I 

[ 
n (Cu(Xa, re,) n Cu- l (xa, Sa))] n A, 
aES 

□ 

We now look at selection theorems in q-spherically complete To-ultra-quasi-metric spaces. \Ve begin 

our discussion by extending Theorem 4.2.13 to q-spherically complete To-ult ra-quasi-metric spaces. 

Theorem 4.2.13. (Compare /15, Theorem 6.6}} Let (X,u) be a q-spherically complete To-ultra­

quasi-metric space and let H be any set. Let T * : H ----+ du (X) be given. Then, there e::cists a map 

T : H ----+ X for which T(.x ) E T* (x ) whenever x E H such that u(T(x), T(y) ) ::; U(T*(x), T *(y) ) 

whenever x, y E H . 

Proof. Let F denote the set {(D , T ) : D ~ H , T : D ----+ X , T(d) E T *(d) whenever d E 

D and u(T(x) , T(y))::; U(T*(x ), T* (y) ) whenever x , y E D }. Note t hat F f= 0 since ( {x0 } , T) E 

F for any choice of xo E H and T(xo) E T* (xo) . 

Define a partial order relat ion on F by sPtting (D1 , Ti) :::s (D2, T2 ) if and only if D1 ~ D 2 

and T2 /D 1 = T1 . Let (( Da, T0 ))aES be an increasing chain in (F, :::s). Then it follows that 

(UaES Da, T) E F where T /D« = To-.. By Zorn's Lemma, (F , :::s) has a maximal element say 

( D , T). Suppose to t he contrary that D f= H and select xo E H \ D. Set D = D U { xo } and 

consider the set 

J = n (Cu (T(x) , U(T*(x), T *(xo) ) n Cu- 1 (T(x), U(T*(xo) , T *(x))) n T*(xo) -
xED 
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Since T*(xo) E du(X), then by Lemma 4.2 .12, J -=J 0 if dist(T*(xo) , T(x)) S U(T*(xo), T *(x)), 

dist(T (x), T *(xo)) ~ U(T*(x), T*(xo)) and u(T (x ), T (y)) S max{U(T *(x), T* (xo)), U(T*(xo), T*(y))} 

whenever x, y E D . Therefore, we need to check if these conditions hold . 

Let x E D . For each E > 0, we have 

T *(x) ~ Bu(T *(xo ), U(T *(xo), T*(x)) + 1:) 

and 

by defini t ion of t he Hausdorff ultra-quasi-pseudometric. Since T (x) E T*(x) , t hen fo r each E > 
0, there exists a E T *(xo) such that u(T (x), a) S U(T *(x), T *(xo)) + E and b E T*(xo) such 

that u(b, T (x)) S U(T *(xo), T *(x)) + E. Therefore, dist(T (x), T *(xo)) ~ U(T *(x), T *(xo)) and 

dist(T *(x0), T (x) ) ~ U(T *(xo), T *(x )) . Also, from the hypothesis of T , for each x, y E D , u(T (x), T( y) ) ~ 

U(T*(x), T *(y)) ~ max{U(T*(x), T*(xo)), U(T *(xo ), T *(y ))} . Hence J -=J 0. 

Now choose y0 E J and define T (x) = Yo if x = xo and T (x) = T( x) if x E D . Since for each x E D 

we have 

u(T (xo), T(x)) = u(yo, T(x )) ~ U(T*(xo), T *(x)) 

and 

u(T(x), T(xo)) = u(T (x ), Yo) S U(T*(x), T *(xo)) , 

we conclude that (D U {xo} , 1') E F and this contradicts the maximality of (D , T ). Hence D = H . 

D 

In Theorem 4.2. 13, if t he set-valued map is contractive, then its selection is also contractive. The 

next result shows this and it is an extension of Corollary 3.2.24 to contractive maps in q-spherically 

complete To-ult ra-quas i- metric spaces. 

Corollary 4.2.14. (Compare [15, Corollary 6. 7}) Let (X , u ) be a q-spherically complete To-ultra­

quasi-metric space. Moreover, Let (H , p) be a To-ultra-quasi-metric space and suppose T * : (H . p) ---+ 

(du( X ), U) is a contractive map. that is, U(T *(x), T *(y)) < u(x, y ) whenever x, y E H . Then, there 

exists a contractive map T: (H , p) ---+ (X , u) for which T (x) E T *(x ) whenever x E H . 

Proof. Because T * is a cont ract ive map, t hen the selection obtained in Theorem 4.2. 13 is contrac-

t ive. D 

Note t hat the above result also holds for a nonexpansi,·e map. 

Theorem 4.2.2 guarantee8 the exi8tence of a unique fixed point fo r a point valued contractive map 

of a q-spherically complete To-ultra-quasi-metric space to itself. The next corollary generalises 

t his result to set-valued contractive maps taking values in t he space du( X ). T his result extends 

Corollary 3.2.25 to q-spherically complete To- ultra-quasi-metric spaces. 
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Corollary 4. 2.15. (/15, Corollary 6.8)) Let (X , u) be a q-spherically complete To-ultra-qitasi-metric 

space and suppose that T * : (X , u) -+ ( .. 0t(X) , U) is contractive . Th en T* has unique fixed point, 

that is, there exists a uniqu e x E X siich that x E T * ( x ). 

Proof. The existence of a contractive selection T : X -+ X of T* follows from Corollary 4.2.14 and 

has a unique fixed point by Theorem 4.2. 2. □ 

We now turn our attent ion to fixed point theorems for a family of set-valued contractive maps in 

q-spherically complet e To-ultra-quasi-metric spaces. 

4.3. Fixed Point Theorems in q-Spherically Complete T0- Ultra-Quasi- Metric Spaces 

In t his section, we use the condi t ions of the fixed point theorems of Esp111ola and Kirk [9] presented 

in Section 2.4 to develop fixed point theorems for a family of set-valued cont ractive maps in q­

spherically complete T0-ultra-quasi-metric spaces. 

Unlike q-hyperconvex To-quasi-metric spaces , fixed points for a family of set-valued contractive 

maps in q-spherically complete To-ultra-quasi-metric spaces are unique. Thus in the following 

theorem, we use t he strong condition of Corollary 2.2.5. 

T heorem 4. 3 .1. (Compare Theorem 2.1,.. 1) Let (X, u ) be a q-spherically complete T0 -ultra-quasi­

metric space and le t S c1 = {A ~ X : A = clr(u)A n clr(i,- 1) A} be endowed with the Huasdorfj 

To-ultra-quasi m etric U . Let f O : (X, u) -+ (S c1, U ) be a f am ily of contrac tive maps indexed over a 

directed set A satisfying 

(i) fo r each x E X , /3 2: o: implies f t3 (:c) ~ f a(x) , 

(ii) for each E > 0, there exists o: E J\ such that diam(f0 (x )) :s; (1 - k(})E. 

Then there exis ts a unique po·int x E X such that .'.C E f a ( x) f or each o: E J\ . 

Proof. Define J : (X , u)-+ (X , u) by {J (x )} = na l a (x) for each XE X. From the defin it ion of the 

Hausdorff To-ultra-quasi- metric on S c1, we see tha t for any x, y E X , 

U(Ja (x) , f a(Y)) =max { sup { dist Ua(x), J (y)) } ,sup { dist (J (x), f 0 (y)) }}· 
J(y )Efo,( y) / (x)E / 0(1:) 

Note that 

dist Ua(x) , J(y) ) = inf {u(J(x) . J (y) ) : J(x) E J0 (x)} :S u(J(x) , J(y) ) fo r any x,y E X. 
J (y)E J,,( y) J (y)E f u(Y ) 

Taking the sup over all x , y E X , we get 

sup dist (J,., (x) ,J(y )) = u(J(x). J (y)) . 
f (y)E f a (!I ) 



Similarly, 

sup dist (J( x) , Jc, (y)) = u(J(x), J(y)). 
J (x)E f o(x ) 

Therefore, we get 

U(J{)/(x), f 0(y) ) = u(J(x ), J (y)) whenever x , y EX, 

and since f {)/ is contractive for each a E A, we have 

u(J(x) , J (y)) U(Jcx(x), f cx(Y)) 

< u(x , y). 
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Therefore, f : (X , u) ➔ (X, u) is a contractive map. Thus by Theorem 4.2.2, f has a unique fixed 

say x. It is clear that x E f cx(x) for each a E A. 

□ 

In Theorem 4.3.1, if the family Set is replaced with the family .0'1;,(X) of u-admissible subsets of a 

q-spherically complete T0-ultra-quasi-metric space (X, u) , then condition (ii) is no longer needed. 

Hence we have the following result. 

Theorem 4 .3.2. (Compare Theorem 2.4 .4) Let (X , u) be a q-spherically complete To-ultra-quasi­

metric space, let .!a"u(X) denote the collection of all u-admissible subsets of X endowed with the 

Hausdorff ultra-quasi-pseudometric U, and let Jc, : (X , u) ➔ (.!a"u (X) , U) be a family of contractive 

maps indexed over a directed set A. Suppose for each x E X , f3 2 a implies ftJ( x ) ~ Jc,(x). Then 

there exists a unique point x E X such that x E f a: ( x) for every a E A. 

Proof. Define f : (X , u) ➔ (Po(X), U) by f( x ) = n uE A fcx(x) for each XE X. Since Ucx( x ) }oE A is a 

family of nonempty u-admissible sets directed by reverse set inclusion, then by Lemma 4.1.10, f(x) 

is nonempty and u-admissible. Hence f is a contractive map of X into du( X ) and by Corollary 

4.2.15, f has a unique fixed point say x. It is clear that x E fcx(x) for each a E A. □ 
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Conclusion 

In this MSc dissertation, we have successfully generalised the results of Espinola and Kirk [9] on 

fixed point t heorems for a family of set-valued contraction maps in hyperconvex metric spaces to 

q-hyperconvex To-quasi-metric spaces . In this last part of our work, we present a summary of our 

investigations. 

In the first part of our investigations , we first generalised the extension of Frigon's Theorem in gauge 

spaces to quasi-gauge spaces. Then, we generalised the fixed point theorem on the existence of a 

unique fixed point for a family of set-valued contractions in complete metric spaces to bicomplete 

quasi-metric spaces. After that, we generalised the fixed point theorem on the existence of at 

least one fixed point fo r a fami ly of set-valued contraction maps in hyperconvex metric spaces to 

q-hyperconvex To-quasi-metric spaces. Thereafter , we generalised t he result on the existence of a 

hyperconvex fixed point set for a family of set-valued contractions in hyperconvex metric spaces to 

q-hyperconvex To-quasi-metric spaces. 

In the second part of our work, we first provided some interest ing propert ies of q-spherically com­

plete Ta-ultra-quasi-metric spaces. Then we used the conditions of the fixed point theorems of 

Espinola and Kirk [9] to develop fixed point theorems for a family of set-valued contractive maps 

in q-spherically complete To-ultra-quasi-metric spaces . 

Our conclusion leads us to list some open problems encountered t hroughout the present invest iga­

tions. We hope to study these problems in future work. 

Problem 1. Under what conditions does the best approximation of a set-valued nonexpansive map 

in q-hyperconvex spaces exist? 

Problem 2. Is it possible to define inductively a sequence converging to the unique fi xed point for 

a family of set-valued contractive maps in q-spherically complete To-ultra-quasi-metric spaces? 

Problem 3. Under what assump tions can we get a q-spherically complete fixed point set for a 

family of set-valued maps in the setting of q-spherically complete To-ultra-m etric spaces? 
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Problem 4 . Is it possible to extend the classical result of Baillon /3} to bounded q-spherically 

complete To-ultra-quasi-metric spaces; i. e to prove that a descending chain of q-spherically cornplet. e 

spaces has a nonempty intersection and is q-spherically complete? 
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