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Abstract

In this study, cosmological models are considered, where dark matter and dark energy are coupled
and may exchange energy through non-gravitational interactions with one other. These interacting
dark energy (IDE) models are introduced to address problems with the standard ACDM model of
cosmology, in which dark energy is assumed to be a cosmological constant. The central problem
addressed in this study is the cosmic coincidence problem (regarding the presently measured coin-
cidental ratio of dark matter to dark energy). Assuming two different linear dark energy couplings,
Q1 = 0Hpam and Q2 = 6 H pge, we find that interacting dark energy models may alleviate and even
solve the cosmic coincidence problem by stabilising the ratio of dark matter to dark energy in both
the past and future. Furthermore, we examine how these dark interactions affect crucial events in
the expansion history of the universe. These events include the big bang and cosmic acceleration,

as well as the radiation-matter and matter-dark energy equality.

Besides studying the cosmological consequences of an interaction between the dark sectors, we
also investigate the viability of IDE models on both theoretical and observational grounds. For
both models considered, we find that negative energy densities are inevitable if energy flows from
dark matter to dark energy and that consequently we should only seriously consider models where
energy flows from dark energy to dark matter. To additionally ensure that these models are free
from early time instabilities, we need to require that dark energy is in the ‘phantom’ (w < —1)
regime. This has the consequence that model Q1 = § H pgn, will end with a future big rip singularity,
while Q2 = dH pge may avoid this fate with the right choice of cosmological parameters. Cosmo-
logical parameters for these models are obtained from type-Ia supernovae data using a previously
developed Markov Chain Monte-Carlo (MCMC) simulation. The predicted expansion history from
these models are then statistically compared to the supernovae data and the ACDM model, where

we find that Q1 = 0H pgm is statistically rejected, while Q2 = d H pge may be considered viable.

Keywords: cosmology, cosmic acceleration, ACDM model, dark energy, dark matter, interacting

dark energy, cosmic coincidence problem, big rip, type la supernova, MCMC simulation
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CHAPTER 1

General relativity and the cosmological field equations

1.1 A brief history of cosmology

As long as we humans have been around, we have looked up at the stars and pondered nature’s
greatest mysteries. Where do we come from? What is this world around us? What will be our
ultimate fate? Countless answers to these questions have been suggested from countless cultures
and philosophical systems and are encapsulated in the rich mythological stories, and creation myths
found the world over. These answers have varied widely but have tended to invoke supernatural
forces and are commonly teleological, meaning everything was designed with a purpose; usually,

one centred around human beings [5].

This anthropocentric view started to fade with the discovery of a heliocentric universe in the 16th
century by Copernicus, Galileo and Kepler, showing that the location of earth is not special, but
just another planet orbiting the sun [5]. This was complemented by the publication of Newton’s
Principia in 1687, in which he showed that the dynamics of objects on earth and the heavens above
are dictated by the same set of observable natural laws. Furthermore, in the 19th century, the geol-
ogist Charles Lyell advocated in his Principles of Geology that the key to understanding geological
phenomena is by way of gradual natural processes that can still be directly observed today [6].
Since these processes are slow, he also concluded that the earth (and the universe) must be much
older than the commonly believed 6000 years. Lyell’s view, in turn, inspired Charles Darwin to
write his 1859 book On the Origin of Species which formed the foundation of evolutionary biology

[6]. Darwin showed us how the great diversity of life may arise from natural processes which are
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still observable today, but more significant questions remained. How did the universe evolve to its
current form? What observable natural laws guide its evolution? Did the universe have a begin-
ning, and how will it end? Answering these more significant questions with explanations based on

natural observable processes may be seen as the primary goal of the field of cosmology.

Cosmology in its modern scientific form can be said to have begun with the publication of Einstein’s
theory of general relativity in 1915 [7—11]. This theory suggested that what we experience as gravity
is actually the effect of energy bending spacetime itself and successfully explained the precession
of the perihelion of mercury and predicted the gravitational lensing of light, both of which New-
ton’s gravity failed to do [8, 9]. This theory also predicted an expanding universe, as was shown
independently by the Russian mathematician Alexander Friedmann in 1922 and the Belgian priest
George Lemaitre in 1927, both by solving The Einstein field equations [12]. Einstein himself was
aware of Friedmann’s work but believed it to be mathematical speculation with no physical basis
[12]. Einstein instead was so convinced that the universe must be static that he modified his theory
by adding the notorious cosmological constant A into his equations to balance the effect of gravity
[13, 14] (The relevance of the cosmological constant is still a matter of debate today and will be a
central point discussed in this dissertation). Einstein’s static universe which was eternal and had
no beginning or end, was held as the standard model by most of the scientific community of the

early twentieth century as no observations indicated otherwise.

At this time, Lemaitre believed that if the universe is expanding, that distant stars and galax-
ies should be receding away from us and that their electromagnetic radiation should be Doppler
shifted to longer wavelengths at the 'redder’ end of the spectrum [12]. The groundbreaking work of
both Friedmann and Lemaitre remained obscure and unknown. This changed in 1929 when Edwin
Hubble measured the redshift of distant galaxies and found that these galaxies are receding away

from us with a relative velocity v proportional to their distance d from the earth [15]:
v
U:H()d — H(] = 8’ (1.1)

with Hy a proportionality constant known as the Hubble constant (with units kilometres per sec-
ond per megaparsec km s~!Mpc~!) indicating how the recessional velocity v (in km s™!) of any
object increases with every megaparsec in distance d. This is known as the Hubble-Lemaitre law
since Hubble made the empirical discovery, but the interpretation and prediction that such redshift
should be indicative of an expanding universe was made by Lemaitre [12]. Since the universe was
expanding, it could be inferred that at some time in the distant past, all galaxies must have been at
the same point in space, the singularity (called the ‘primeval atom’ by Lemaitre [12]) from which

the universe was born. Thus, the first evidence for the big bang model was discovered.

Additional evidence for the big bang was found by Alpher and Gamow in 1948 by considering the
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formation of light elements in the universe (primordial helium from hydrogen in a hot big bang) by
a process known as big bang nucleosynthesis [16]. In this same paper, it was predicted that from
the conditions needed for successful nucleosynthesis, radiation should have been released when the
early universe transitioned from opaque plasma to a more neutral state which was transparent to
radiation. This radiation was predicted to be observable in the present as isotropic blackbody ra-
diation with a temperature of a few Kelvin [17]. This prediction became direct evidence for the big
bang model with the discovery of the cosmic microwave background radiation (CMB) by Penzias
and Wilson in 1965 [18]. A more recent analysis of the CMB by the Planck telescope in 2018 has

given our most accurate measurements of the Cosmological parameters [4].

After discovering the Hubble-Lemaitre law and the CMB, static models and the cosmological con-
stant were mostly abandoned. It was widely accepted that the universe was expanding and was born
during the big bang. Friedmann and Lemaitre cosmological models became standard, where the
expansion is decelerating due to the attractive force of gravity. Another paradigm shift occurred in
1998 with the discovery of Cosmic acceleration from observational evidence of Type la supernovae
[19-22]. This discovery reintroduced the cosmological constant A for the wider class of models
called Dark energy as a reference to the earlier discovery of a mysterious form of non-luminous
dark Matter by Zwicky and Rubin in the 1930’s and 1970’s [23, 24].

After these discoveries, the current model of cosmology was in place, The ACDM model (A cold
dark matter). This model considered the universe to start with a big bang, followed by a short
period of rapid expansion called inflation, after which the universe expands and cools to its current

state. This expansion is predicted to accelerate and continue indefinitely into the future.

v

S

Figure 1.1: Ezxpansion of the Universe from the Big Bang [1]

However, Problems with the ACDM model still remain, especially regarding the nature of dark
matter and dark energy. Investigating the viability of Interacting dark energy models that may
solve these problems will be the main goal of this dissertation. Before doing this, we will first

consider general relativity and the cosmological field equations from which all cosmology flows.
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1.2 The Einstein field equations

The Einstein field equations (EFE) are the most fundamental equations in general relativity, which
relate the curvature of spacetime to its stress-energy content. These equations also describe which
path energy will take through a curved spacetime [8, 9]. This path may thus be obtained by
applying the principle of least action 5 = 0 to the full Einstein-Hilbert action S, which includes

terms for the cosmological constant A, as well as the Lagrangian Ly, of the matter fields [11]:

1
5526/\/—9 [2 (R—2A) + Ly | dz* =0, (1.2)

K
where g = det (gqp) is the determinant of the metric, R the Ricci scalar and k = SZ:TTG is the Einstein
gravitational constant (with G the universal gravitational constant and ¢ the speed of light). The
presence of dx? indicates that integration takes place over all four dimensions of spacetime. From

this variational principle one may derive the Einstein field equations as' [8, 9, 11]

81G 1
Gap + Agop = CTTa[; : where Gog = Rap — §Rga5. (1.3)

With G, the Einstein tensor, A is the cosmological constant (which is discussed in detail in sections
2.1.3,2.2,2.5.1 and 2.6), g the metric tensor, G the universal gravitational constant, ¢ the speed
of light, T(,5 the stress-energy tensor, R,g the Ricci curvature tensor and R the scalar curvature.
This equation (without A , as originally formulated) may be understood intuitively by comparing

it to Newton’s equation for gravitation:

&G Gmims

In Newton’s equation, there is mass m on the R.H.S., which creates a gravitational force F' on
the L.H.S. of the equation. Conversely, in the Einstein field equations, there is the stress-energy
tensor T,5 (which describes the mass-energy content of the system) on the R.H.S., which creates
the curvature of spacetime as described by the Einstein tensor G, on the L.H.S. Thus, the matter
and energy of any system will create the curvature within it, which in turn determines the path
taken by the matter and energy. This idea can be encapsulated by the famous quote from John

Wheeler: Spacetime tells matter how to move; matter tells spacetime how to curve [25]

From the equivalence principle, the local properties of spacetime at small distances should be
indistinguishable from the flat spacetime of special relativity [8—11]. Overall curvature is still taken
into account, such that the metric tensor g,3 describes the geometry of the spacetime considered.

Solving the Einstein field equations with the correct metric, leads to the Friedmann equations.

LThe full derivation of the Einsteil field equations from the Einstein-Hilbert action; as well as the derivation of the
Friedmann equations, with all calculations shown, can be found in the Google drive folder https://drive.google.
com/drive/folders/1Y3MhWzDrRC5v4D9jSCsAv_2X1QDwf7PW?usp=sharing


https://drive.google.com/drive/folders/1Y3MhWzDrRC5v4D9jSCsAv_2X1QDwf7PW?usp=sharing
https://drive.google.com/drive/folders/1Y3MhWzDrRC5v4D9jSCsAv_2X1QDwf7PW?usp=sharing
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1.3 Derivation of the cosmological field equations

1.3.1 The Friedmann-Lemaitre-Robertson-Walker metric

The cosmological field equations, also known as the Friedmann equations, are the most important
equations in all of cosmology and was first derived in 1922 from general relativity by Russian physi-

cist and mathematician Alexander Friedmann [26].

Friedmann’s equations were based on two basic assumptions. Firstly, that the universe on a large
scale looks more or less uniform and symmetric in all directions (isotropy), for which the isotropic
nature of the CMB may be taken as evidence [9, 18]. The second assumption is the Copernican
principle that there is nothing special about our location, and there is no preferred direction or
centre of the universe [10]. Taking this assumption alongside the first assumption of isotropy im-
plies homogeneity [9]. The assumptions of isotropy and homogeneity may be taken together as the
cosmological principle [9-11]. Discussions and recent observational tests of this principle can be
found in [27-30]. Cosmological models exist which violate the cosmological principle and may be
inhomogeneous models, such as the Lemaitre -Tolman-Bondi model [31, 32] or anisotropic models

such as the Bianchi type models [33, 34].

Taking the cosmological principle into account, we can start solving the EFE (1.3) by determining
the metric tensor g,g, which describes the geometry of the expanding universe. The size of the
universe will be given by the dimensionless scale factor a(t), which indicates the size of the universe
relative to the present day. There are three different metrics which correspond to an expand-
ing isotropic and homogeneous geometry, these are flat, closed (spherical) and open (hyperbolic)
geometries [8-11]. From homogeneity, the spatial curvature must be the same at each point in
these geometries. A flat geometry will have zero spatial curvature everywhere, while for the closed
and open cases there is a constant positive or negative spatial curvature respectively. These three

metrics may be combined into a single metric by using a change of coordinates, yielding [8-11]

2
t
ds* = —dt* + 1a (k)er2 + a?(t)r2d6? + a®(t)r* sin® Od¢?, (1.5)
— kr
where the &k = +1,0, —1 is the curvature constant corresponding to a closed (spherical), flat or open
(hyperbolic) universe respectively (see Geometry of the universe for more on curvature). This is

known as the FriedmannLemaitre RobertsonWalker (FLRW) metric. In tensor form this is

-1 0 0 0
2
0 -2 0 0
o = 1=hr? (1.6)
0 a’(t)r? 0
2
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This metric is given in spherical coordinates (¢, 7,6 and ¢) and can be seen to be isotropic because
it only has diagonal entries and therefore has no preferred direction in space and time. It is
also homogeneous since the spatial part of this metric has the same form as a 3-sphere in four-
dimensional Euclidean space, while reducing to a three-dimensional Euclidean space at small scales
when curvature becomes negligible (as in the case k = 0 and a(t) = 1) [9]. Evaluating the Einstein
field equations (1.3) with this metric gives the Friedmann equation. For this derivation, we will be

working in normalized ¢ = 1 units.

1.3.2 Calculating the Christoffel symbols

In order to calculate the various components of the Einstein field equations for the FLRW metric
(1.6), the non-zero Christoffel symbols for this metric will first be needed. This will be used to
determine the components of the Ricci curvature tensor R, (1.10) as well as the scalar curvature

R (1.12). From here onwards, the time dependence of the scale factor will be implicit (a(t) = a).

The general expression for the Christoffel symbols I'g, is given by [8]:

1 890[6 09a 89,3 1 8gaﬁ 09a 895
1‘\5 _ - ad 2 2l re — - g0 2 Y . 1.
b1~ 39 (5567 0P T e Tt T Y 07 T 92P  oao (1.7)

Since there are no cross-terms in the FLRW metric (due to isotropy), (1.7) was simplified by setting
§ = a. Here g™ is the contravariant form of the FLRW metric tensor (1.6) such that:

—1 0 0 0
1—kr?
ad _ R ! (1.8)
0 0 3 0
0 0 0 a2r2£in20
Equations (1.7), (1.8) and (1.6) are used to determine all the non-zero Christoffel symbols:
Tl = —rsin?6 (1 — kr? L N
d .
Py =Dip =Ty = T3 = [y = 5y = a ; 9 = aar?
I'2, = —sin(f) cos § ; Y% = aar?sin?  (1.9)
1 kr
2, =02 =03, =03 == . rt=_"
12 21 13 31~ 1 ; L
I3, = T35 = cot ; I3y =-—r(1-k?),

where 0,1,2 and 3 in the spherical coordinates being used correspond to ¢, 7,6 and ¢.



Marcel van der Westhuizen 7

1.3.3 Calculating the Ricci curvature tensor

Now that all the non-zero Christoffel symbols have been determined (1.9), the Ricci curvature can

be expressed directly in terms of Christoffel symbols by:

v
r . Mag 0TG4,
B = Tpv Oxb

FTT0 = T, (110

The non-zero components of the Ricci curvature tensor are the diagonal elements Ryg, Ri1, Rao

and Rs3, which are calculated and given in tensor form as:

-3 (%) 0 0 0
0 aid+2a242k 0 0
Rop = 1—kr? o , . (1.11)
0 0 (ad + 2a* + 2k) r 0
0 0 0 (ai + 2a* + 2k) r?sin? 6

1.3.4 Calculating the scalar curvature

The scalar curvature R may now be calculated from the Ricci curvature R,p in (1.11) and the

contravariant of the FRLW metric ¢®® in (1.8) such that:
R = Raﬁgaﬂ. (112)
Repeated indices indicate summation, considering only the non-zero components:

R = Roog™ + Ri1g" + Raog®® + R33g™. (1.13)

Substituting the components from (1.11) and (1.8) into (1.14) and simplifying gives:

(1.14)

1.3.5 Calculating the stress-energy tensor

The FLRW metric, which is isotropic and homogeneous, is a perfect fluid solution. The perfect
fluid stress-energy tensor 7% (from which its contravariant form Tnp may be obtained) is given by

[9]:
T = (p+ P)uu’ + Pg*" = Tag=(p+ P)uqug+ Pgas, (1.15)

where p is the energy density, P is the pressure of the fluid and « is the four velocity. We will only

be using contravariant form 7,3 .
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Since the universe model is considered to be a totally isotropic and homogeneous fluid, the velocity
of the fluid should have no preffered direction and therefore only a temporal component. In the
frame of an observer at rest w.r.t. the fluid (which has constant density and pressure and is not

flowing around), the observer will then have a four velocity:

ua:<1 0 0 0) (1.16)

1.3.6 Obtaining the 1st Friedmann equation

The first Friedmann equation can now be obtained by considering the temporal part « = 5 = 0 of

the Einstein field equations in (1.3) with ¢ = 1:
1

Go() + Ag()o = 87TGT00 ) where GOO = Roo — §RQOO- (117)

Substituting into Goo the corresponding components from (1.11), (1.14) and (1.6) gives:

1 i\ 1 i a\> k a\>, k

Goo = Roo — =Rgoo = -3 (%) — = {6 |(2 )y rE Yy =3 (Y) + 2

00 = Foo — 5 Fgoo (a) 5 { [(a) + (a) + 3 }( ) [(a) + 3

Furthermore, the temporal component of the stress-energy tensor is given by (1.15), while substi-

(1.18)

tuting in the corresponding components from (1.16) and (1.6) gives:
Too = (p + P)uouo + Pgoo = (p + P) (1)(1) + P(=1) = p. (1.19)
Substituting (1.18), (1.19) and (1.6) into (1.17) gives:

3 [()2 R A1) = 86

2
<d>2 _8tGp kA

(1.20)

a

3 23
From considerations of dimensionality, the speed of light ¢ can be put back into (1.20). The L.H.S.
has dimensions of time™2, and both k and A have dimensions of length™2, needing only a ¢ to be

dimensionally consistent with the R.H.S.. Thus, the Friedmann equation becomes:

2\ 2 2 2
gz (4) 28GR A (1.21)
a 3 a? 3

where H = a/a is the time dependent Hubble parameter that indicates the rate of expansion. At

present this is equal to the Hubble constant Hy which corresponds with (1.1), if v = @ and d = a.
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1.3.7 Obtaining the 2nd Friedmann equation

The 2nd Friedmann equation, which is also known as the Raychaudhuri equation, is obtained by
considering the spatial part & = 5 = 1 (for each spatial component, the same equation is reached)

of the Einstein field equations in (1.3) with ¢ = 1:
1
G11 + A911 = 87TGT11 ) where G11 =Ry — §Rg11. (122)

Here the Ricci curvature component Ri; from (1.11) may be written as function of g;; from (1.6):

ai+2a2+2k 1, ., a? L, o
anwzﬁ(aa—i—Qa +2k) <1—k7"2 :g(aa+2a +2k) gi1- (123)

Furthermore, the stress-energy tensor is given by the spatial components of (1.15) with the corre-

sponding four velocity components from (1.16), giving:

T = (p+ P)uiur + Pgi1 = (p+ P) (0)(0) + Pg11 = Pgn1. (1.24)

Substituting (1.23), (1.24) and (1.14) into (1.22) gives:
L, . 1 i a\? k
o) (aa+2a +2k)g11 — 2{6 [(a) + (a) —i-?
Dividing both sides of (1.25) by (—g11) and simplifying gives:

i 1/a\> kA
ay Lfae) _ _ LA 1.26
(a> + 2 <a> AnGP 2a? + 2 (1.26)

The first Friedmann equation (1.20) can be substituted into (1.26) to obtain the second one:

(a>+1<87TGp_k2+A):_47rGP_k2+A

}gn + Agi1 = 817G Pgi1. (1.25)

2 2a% 2

¢ 3. an 3 “ (1.27)
By~ 4G, ap) 4 2
o) 3 V¥ 3"

Taking considerations of dimensionality into account, the speed of light ¢ can be put back into the
equation by dividing the pressure P by ¢? and multiplying A by ¢?. Thus, the second Friedmann

equation (or Raychaudhuri equation) is:

a 4rG 3P Ac?
=== = S 1.28
o) =T (%) 129

The two Friedmann equations (1.21) and (1.28) relate the expansion of the universe to the energy
density p and pressure P of the Components of the universe and will be used as the basis for all

cosmological models considered from here on forward.
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1.4 Geometry of the universe

From The Einstein field equations it is known that mass-energy curves the fabric of spacetime itself.
The large-scale geometry of the universe is thus determined by its energy density. The curvature
constant k which was introduced in the FLRW metric (1.5) (which has the dimensions of length—?2)
is constant in both time and space and therefore it has a fixed value in an expanding universe.
This value is determined by the total amount of mass-energy created in the Big Bang and stays the
same throughout the evolution of the universe. The universe can have any of three possible shapes
depending on the value of k. The curvature may either be positive (k = +1), there may be no
curvature (k = 0), or it may be negative (k = —1). These three scenarios lead to a universe having
either a closed, flat or open geometry respectively [11]. From the Friedmann equation (1.21) (with
A included in the energy density p as will be shown in (2.7)), it may be seen that a critical energy

density p., which leads to a flat universe (k = 0), may be obtained:

8 k¢ 8
H? = SnGp— o = 2nGp. 5 (k=0 when p= p,)
a ; (1.29)
- pe= ——H2.
G

The present critical density p(. ) may be determined by using G = 6.67 x 10~ m?kg~'s™2 and the
present Hubble parameter Hy = 67.4 km s~! Mpc™! = 2.18 x 10718 s~ (which has been converted
to units s71) as measured by the Planck telescope [4]. Using these constants, the present critical
density needed to obtain a flat universe is approximately:

35 3(2.18 x 10718 s71)2

o) = ———H2 = ~8.53 x 107* kg m ™. 1.30
Pled) = grG ™0 87(6.67 x 10-11 m3kg~'s~2) s (1.50)

Thus, if the current total energy density of the universe is greater than or less than pq), the
universe will either be closed or open respectively. This may be further simplified by introducing
another new quantity called the density parameter 2, which is a fractional density that describes

the ratio of energy density p to the critical density p.:

Qzﬂ_STFG,O

= —. 1.31
P~ 3E (1-31)

For any for any fluid x, (1.31) leads to the following useful relations between the density parameter

Qx and the energy density py (with Q) and p(y ) the present values), such that:

8tG ' 87G
x = 3@Px ) (x,0) = ﬁp(x,o)a
5 5 (1.32)
3H 3H§

Px = %Qx 7 P(x,0) = %Q(X,O)‘

This may be substituted into the Friedmann equation and yields the relation:
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e 86 ke
3 a?
1 8nGp kc?
3H2  a2H? (1.33)
1=0+Q
kcz k‘CQ
1-Q == ~ 2 (where at present Q. gy = _Fg) ,

with ) as the newly defined curvature parameter. From the curvature constant k, the density

parameter 2 and curvature parameter ) we have :

E=+1 5 p>p. 3 Q2>1 ; Q<0 (Closed Universe),
k= 0 ; p=p. ; Q=1 ; Q=0 (Flat Universe), (1.34)
E=—-1 5 p<pe ; Q<1 ; Q>0 (Open Universe).

The geometry of the universe is therefore determined by its total energy density. This geometry may
be measured directly from the CMB, since a light beam will follow a straight path (null geodesic)
on a curved surface, such that lines converge on a sphere (closed universe), remain straight on a
flat surface (flat universe) and diverge on a saddle (open universe) [8]. Different geometries predict

different sizes of the CMB anisotropies as shown in Figure 1.2.

Positive Curvature Flat Curvature Negative Curvature

Figure 1.2: Curvature of the Universe [1]

The geometry as measured by the Planck collaboration is discussed in Cosmological parameters.

The geometry of the universe also dictates its evolution, as may be seen in Tables 2.1 and 2.2.
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1.5 The conservation equation

The conservation equation, also known as the fluid equation, describes the evolution of the energy
densities of fluids contained in the universe. This equation can be derived from applying the first
law of thermodynamics to the universe as a whole [10]. The law states that the total energy in an

isolated system is constant:
E=Q-W, (1.35)

where E is the change in the internal energy of the system, @ is the heat flow out of the system,
and W is the work done by the system. The work is equal to the product of the pressure P of the

system and its change in volume V [35]. The work done on the system is therefore
W = PV. (1.36)

It is assumed that the universe is homogeneous and that its expansion is adiabatic, such that there

is a transfer of energy as work but not as heat. Since there is no heat flow, we have
Q=0. (1.37)
Substituting (1.37) and (1.36) into (1.35) gives:
E+ PV =0. (1.38)

If a sphere with a radius equivalent to the scale factor a is considered, then the change in the

volume of the sphere is:

o sY — mata =3 (tea?) (4 =
V_dt (371'@)—377(3)@ a—3<37ra)<a>—3VH, (1.39)

with H the Hubble parameter. From mass-energy equivalence (while noting that the mass m may

be written in terms of energy density p and the volume V'), the energy contained in the sphere is:
E =mc* = Vpct. (1.40)
The change in this energy is:
E =Vpct +Vpct. (1.41)
Substituting V' from (1.39) into (1.41) gives:

E=Vpt+3VHp? =V (p+3Hp). (1.42)
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The change in energy and volume can now be substituted back into the first law of thermodynamics.
So substituting (1.39) and (1.42) into (1.38) gives:

E+PV =0
Ve (p+3Hp)+ P(BVH) =0 (1.43)

P
C

This is the conservation for any fluid in the universe model. Note that the pressure and density have
the same value everywhere in our universe models due to the assumptions of homogeneity made
for the FLRW metric. The conservation equation may be simplified by introducing the equation of

state w, which relates the pressure of a cosmological fluid to its energy density:

P
w = —

pe (1.44)
P = wpc.

Substituting (1.44) into the conservation of energy equation (1.43) gives:

2
p+3H<p+“p; ) —0
C

p+3Hp(1+w) =0.

(1.45)

This differential equation may be solved to tell us how the energy density p of any fluid which is

conserved with an equation of state w evolves with the scale factor:

JCp=-sa [ (2o

Inp=-31+w)lna+d

—3(14wx)
)

(1.46)
Px = P(x,00a

where the subscript denotes some fluid z, and p( ) is the present energy density of the fluid
considered. From (1.46) it can be seen that the equation of state of a fluid wy determines the rate
at which its energy density pyx dilutes with increasing a as the universe expands. Using the relations
from (1.33) alongside (1.46), we obtain the following useful equations regarding the evolution of

the energy density px and density parameter €,:

2
P 3H0 Q(x 0)a—3(1+wx)’
8rG Hg —3(14wx) (47
QX = pr = ﬁQ(Xyo)a .

It is worthwhile to note that in general relativity, the energy density p and pressure P of these

fluids have different energy conditions of varying importance to consider.
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1.6 Energy conditions

In general relativity, the main energy conditions are given by [36—39]:

Strong Energy Condition (SEC): p+P>0 and p+3P>0 — w> —% (1.48)
Weak Energy Condition (WEC): p+P>0 and p >0 — w>-1 (149)
Dominant Energy Condition (DEC): p>0 and p >|P|] — w>-1 (1.50)
Null Energy Condition (NEC): p+P >0 — w>-1 (1.51)

It may be seen that if some of these conditions are violated, others will be as well, for instance if
the NEC is violated, then the WEC and SEC will also not be satisfied. The least restraining of
these conditions is the SEC.

One consequence of the SEC is that the active gravitational potential is always positive [40]. This
can be clearly seen from the Raychaudhuri equation (2.15) (with A is grouped in the p term). Any
fluid with an equation of state w > —1/3 will therefore decelerate the expansion of the universe
(since the R.H.S. of (2.15) will be negative). The opposite holds as well; in order to produce accel-
erated expansion, the SEC must be violated w < —1/3. This violation of the SEC is not regarded
as too exotic in cosmology due to the currently observed Cosmic acceleration at late times, as well
as the proposed early time accelerating expansion during the inflationary epoch [38]. The SEC has

also been used alongside the WEC to produce the Hawking-Penrose singularity theorems [36, 37].

The DEC was in turn used by Hawking and Ellis to develop their conservation theorem [36], which
results in energy-momentum not being able to appear from nowhere. The DEC, therefore, guar-
antees a system’s stability from vacuum decay, a process in which the vacuum decays into positive
and negative particles [41]. Any model in which the universe decays before the present age should
be theoretically ruled out. It should be noted that the violation of the DEC does not necessarily

imply vacuum decay but is dependent on the details of the model (see [41] for a discussion on this).

The NEC has the consequence that inertial mass density is always positive, as well as prohibiting
time travel and wormholes [38, 42]. Another consequence of violating the NEC is that fields can
appear which have negative kinetic energy. These fields are known as ghosts and would preferably
be avoided in a realistic cosmological model. [43]. It should further be noted that violating NEC
does not necessarily imply negative energy densities (p < 0). It may mean that the pressure is

amply negative P < 0 so that p + P < 0 holds, while energy density is still positive (p > 0) [44].

As a minimum requirement, all valid cosmological models we consider need to have energy densities

that remain positive throughout the past and predicted future expansion histories.



CHAPTER 2

ACDM and other non-interacting models

2.1 Components of the universe

The nature of any cosmological model is determined by the cosmological field equations (1.21) and
(1.28). These, in turn, depend on the constituents of the model, specifically their energy density p
and pressure P. Most cosmological models consist of different combinations of three fluids, which
are broadly grouped as radiation, matter, and dark energy [9-11]. In this section, we will assume
each of the three fluids to only interact gravitationally with one another and therefore be separately

conserved and uncoupled to each other.

2.1.1 Radiation

Radiation refers to ultra-relativistic particles with small or zero rest mass, which principally include
photons and neutrinos [11]. Neutrinos are neutral leptons that are divided into three groups or
‘flavours’ depending on their mass, namely the electron neutrino, muon neutrino and tau neutrino

[10].

The energy density of particles in a fluid x for any model may be written as p, = nFE, where
FE is the mean energy of the particles and n is the number density. The number density of both
relativistic and non-relativistic particles have the dependence n o a®, due to these particles diluting
with the expansion of the universe. This dependency holds as long as the energy of the fluid is

conserved [10]. Furthermore, the energy E of relativistic particles (which we assume to be massless)

15
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is given by the Planck-Einstein relation £ = he/\, with A the wavelength of the particle. This
wavelength A, will be linearly stretched with the scale factor a as the universe expands, such that

any observed photons have a cosmological redshift z [8]:

/\0 ag 1
14,=20_0% _- 2.1
LA et (2.1)

with Ag and A the observed and emitted wavelengths of the photons. The energy of radiation
therefore has the dependence E o« A~! o< a~!. Thus, taking the density dilution and cosmological
redshift into account, the energy density of radiation has the dependence p, = nE = n(hc/)\) x
a=3a™! o a=* [10]. This coincides with the pressure P and energy density p of radiation being
related to an equation of state w equal to P = 1/3p — w, = 1/3, such that the energy evolves

according to the conservation equation (1.46):

pr = pra—3(1+wr) _ P(r,O)G_S(Hl/?’) _ P(r,0)0_4- (2.2)

From (1.47) and (2.1), we may also obtain the following useful relations:

3H; 4 3H§ 4
r = Q T ; r = Q T 1 ’
=g oo =g Qo +2) 2.3
H 4 H§ 1
Qr = ﬁﬁ(rvo)a N Qr = ﬁQ(r,O)(l + Z) .

2.1.2 Matter

The first hints of dark matter were obtained from observations of galaxy clusters (by Fritz Zwicky
during the 1930s [23]) and studies of the rotation curves of galaxies (made by Vera Rubin during
the 1970s [24]) [45]. If the rotation of stars in a galaxy behave similar to the Keplerian motion of
planets in our solar system, then it would be expected that the centripetal force F. = muv(r)?/r of

the stars would be balanced by the Newtonian gravitational force Fg (1.4) such that :

muv(r)? _ GM (r)m
2

—o(r) = G]\f(r)) (2.4)

r r

with v(r) the rotational speed of the object at radius 7, m the mass of the object and M (r) the mass
contained within the radius . This implies that the rotational velocity of stars should decrease with
distance r from the center v(r) o< 1/4/r, but observations of spiral galaxies by Rubin showed that
rotational velocities instead increase with radial distance from the galaxy center [24]. From this,
she concluded that this phenomenon could be best explained by a spherical halo of non-luminous
matter extending beyond the visible galactic disk [24]. Newer observations since have supported her
claims and shown that these rotational velocity curves are typically flat with increasing distance
[2, 46-48], as seen in Figure 2.1. An early candidate to explain this behaviour was baryonic dark

matter or Massive Compact Halo Objects (MaCHO’s), which would include brown dwarfs and
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other dark stellar remnants. This theory has since become less popular as data from gravitational
lensing, CMB anisotropies, large scale structure, and the behaviour of the bullet cluster has been

found to be consistent with non-baryonic dark matter [2—4, 46-50].

) , -

Velocity (km/s)

I NGC 3198 data - B -
L Idealized Keplerian prediction -~ i

O Il Il Il 1 ‘ Il 1 1 1 ‘ 1 1 1 1
0 10 20 30
Radius (kpc)

Figure 2.2: Strong gravitational lens-
ing from dark matter around galaxy clus-

Figure 2.1: Rotational velocities of hy- ’
drogen (HI regions) in NGC 3198 [2] ter CLO024+17 [5].

Besides being non-baryonic, we also know dark matter should be electromagnetically neutral since
it does not seem to interact with radiation or baryonic matter in any non-gravitational way. Fur-
thermore, from the structure of dark matter halos and the bullet cluster, we know that it cannot
interact too strongly with itself [2, 47, 50, 51]. Due to these constraints, a possible dark matter
candidate has been proposed, called a Weakly Interacting Massive Particle (WIMP) [52]. Different
WIMPs have been proposed but have thus far remained elusive and have never been directly de-
tected [53]. Other popular candidates include axions, sterile neutrinos and primordial black holes
[54-58]. It has also been proposed that dark matter is an illusion and that the mass discrepancies
for which it was introduced can be explained away by modifying Newtonian dynamics at low ac-

celerations. These theories are broadly called Modified Newtonian Dynamics (MOND) [59, 60].

For our purposes, we only need to assume dark matter to be cold (non-relativistic), as opposed to
relativistic hot dark matter (HDM [61]). The matter component thus consists of baryonic matter
and cold dark matter, which is pressureless. The energy density will thus dilute with the expansion
of the universe as py, = nE = n(mc?) oc a=3. This coincides with a pressureless equation of state

equal P =0 — wy = 0 [11] which evolves according to the conservation equation (1.45) as:

—3(14+wm) —3(140)

Pm = P(mn,0)@ = P(m,0)@ = Pm,0)@ - (2.5)
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From (1.47), we may also obtain the following useful relations:

3H§ 3 3H§ 3
Pm = %Q(m,o)a i Pm = %Q(m,o)(1 + 2)

H? H?
O = Fgﬂ(mﬁo)a?’ D Q= FgQ(mm(l + 2)3.

2.1.3 Dark energy

Dark energy refers to a wide class of models that describe an energy source with a negative pressure
that causes a long-range repulsive force to counteract the force of gravity (see [62] for a taxonomy
of dark energy models, as well as [63—66] for reviews and recent developments on some of these dark
energy models). Later we will discuss Quintessence and phantom dark energy, where dark energy
is dynamical and considered to be a scalar field with w # —1. We will first consider the first dark

energy model.

The simplest and most common dark energy model is vacuum energy, which refers to a cosmo-
logical constant A that pervades all of space with a constant density [67]. We introduced this
cosmological constant into the Einstein-Hilbert action (1.2) to produce the Einstein field equations
(1.3) and in turn the cosmological field equations (1.21, 1.28). From these field equations (1.21,
1.28), we may see that the constant A may be interpreted as a fluid with an energy density pa that
can be grouped with the energy density term p if it has the form:

Ac?

== (2.7)

PA

The source of this vacuum energy is hypothesised to be quantum fluctuations in the vacuum [67, 68],
which we explore in some detail in section 2.6.1. These quantum fluctuations supposedly create a
negative pressure P = —pc? that results in an equation of state wy = —1. From the conservation

equation (1.45), this implies that vacuum energy evolves with scale factor as:

q—3(1+wa) —3(1+-1)

PA = P(A0) = paa = P(A0)- (2.8)

Thus, the energy density of the vacuum always has the same constant value. This is expected, as
the vacuum itself cannot be diluted. From (1.47), we may also obtain the following useful relations:

3H? H 3H?

pr=520%0 i =150 ¢ A="3"0) (2.9)

where the last relation is obtained by equating pa in (2.7) and (2.9). The importance of vacuum
energy for cosmological models is presently mostly associated with Cosmic acceleration, but we
will first discuss the reason for its initial introduction. This will brings us to the first modern

cosmological model, Einstein’s static universe.
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2.2 Einstein’s static universe

When Einstein first solved his field equations (1.3) for an isotropic and homogeneous universe he
found that there were no static solutions (¢ = a = 0; a = ag) [9, 14, 67]. This can be seen by
considering the Raychaudhuri equation (1.28) for a static model without the A term:

3P

This contradiction is true as long as the strong energy condition (p + 36—123 > 0) holds, which has
the consequence of gravitational attraction always being positive [14]. Since Einstein believed the
universe to be static (as the data at the time suggested), he added a positive A term to balance

out the gravitational force of matter (which is pressureless Py, = 0, with p, = p(m ) for a static

case), such that (2.10) becomes:

4G 3Pn Ac?
O=—F—1Pmo)yt— | + 5

2
¢ 3 (2.11)

Pm0) = & = 2p(r,0)5

where the last equality follows from (2.7). Substituting (2.11) into a static Friedmann equation

(1.21) with @ = 0, we can see that this model must have a closed geometry :

<d>2 _o= Chmo) | AC ke

a 3 3 ag
4
o = 8™CPm0) N TGP0 2 (2.12)
3 3
kc?
p(mvo) = R — A= k.

Thus k = +1, since A > 0. This was Einstein’s first cosmological model, which he published in 1917
[13], but was later dropped when the Hubble expansion was discovered. Besides this contradicting
observation, the static model is also unstable. From (2.11), it can be seen that the cosmological
constant has to be fine-tuned to exactly match the matter density of the universe. If a single proton
is added or removed, or if any matter decays into radiation, this fine balance will be upset, and the

universe will start contracting or expanding [9].

Einstein later dropped the cosmological constant (which he may have called his ’biggest blun-
der’ [69])and the idea of a static universe [14]. Later he proposed a dynamic universe alongside
de Sitter, a flat matter-only universe which expands while decelerating (Einstein-de Sitter universe
[70]). Cosmological models from here onwards were dynamic. The cosmological constant might
have been discarded alongside static universe models, but it would be resurrected once more to

describe late-time acceleration in The ACDM model.
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2.3 Hubble and deceleration parameters

We can now consider a more useful form of the Friedmann equation for dynamical models containing
matter, radiation and/or dark energy. This can be done by rewriting (1.21), with A (2.7) part of
the energy density p which is distributed between radiation p,, matter p,, and dark energy pa:

a 871G kc?

<a>2 = (et pmtpn) — 5 (2.13)

This can now be written in terms of the density parameter relations €, ,Qp,, Q5 and Q from (2.3),
(2.6), (2.3) (2.9) and (1.33) respectively, such that:

.\ 2 2
a 87G [ 3H _ - -
<> N <0) (Qeoa™ + Qmoa* + 2n0) + HoQpeoa™

3 81
Z ) i (2.14)
H2 = <a> = Hg (Q(r70)a_4 + Q(mma_?’ + Q(A,O) + Q(k70)a_2) .

The deceleration may be described by introducing the dimensionless deceleration parameter g =
— (da/a). An expression for ¢ may be obtained by first rewriting the Raychaudhuri equation (with
A grouped with the energy p (2.7)) in terms of the equation of state w (1.44) a:

é __47TG +£
a) 3 p c?

a A7 G
<a> = —T Px (1+3wx),

where summation is used since each fluid will have a different equation of state. We now substitute

(2.15)

in the density parameter py = %QX with H = a/a from (1.47):

(5)-05 (2 () o
q=- (Z‘;) = %Zﬁx(l-i-?)w).

From which we see ¢ > 0 (deceleration) if w > —1/3. Thus radiation (w = 1/3) and matter (w = 0)

(2.16)

decelerate, while a cosmological constant (w = —1) accelerates expansion. Substituting in each of

the density parameters in redshift space z and their corresponding equations of state w give:

H [0 (1+2)4 + 301 +2) - Q
=0t Lo, g2 A BOEATE (Lt 2 - D (2.17)
2 H?
Substituting in the Hubble parameter (2.14) yields:
Quoy(l+2)t+1Q 1+2)3-Q
. ,0)(1+2)" + 5Qm0) (1 +2)° — Q) (2.18)

N Qo) (1 + 2)4 + Qo) (1 + 2)3 + Qa0) + Qo) (1 4 2)?
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2.4 Single-fluid cosmological models

2.4.1 Friedmann and Lemaitre cosmological models

To get an intuitive understanding of how each of the fluids (and their density) affects the dynamics
of the universe, we will first consider some simplified cosmological models which only have a single
fluid. Due to the simplicity of these models, the Friedmann equation may be analytically solved,
which is usually very difficult for multi-fluid models. The dynamics of these models may therefore

be described by solving the Friedmann equation (2.14):

. 2

a

=) =HiQuoa + Qumoa > + Qa0 + Qna )
<a) 0(2(e0) (m.0) (a0 + 20c0) 2.19)

a = HO\/Q(LO)CL_Q + Q(mjo)a—l + (2(/\7())61,2 + Q(k,D)-

These models may be divided into two main classes. The first group are Friedmann models, which
have matter or radiation, but no cosmological constant Q) # 0 or Q) # 0 and Q5 o) = 0.
The second group is Lemaitre models where there is a non-zero cosmological constant, but we will

only be considering single-fluid models so we have Qo) = Q(m,0) = 0 and Q4 o) # 0 [9-11].

The Friedmann models consist only of radiation or matter, which both decelerate the expansion of
the universe (2.16). This leads to the curve for a(t) being convex everywhere, implying that a(t)
will always become zero in the past, leading to a big bang singularity. If the universe had a constant
expansion rate, it would have an age to = 1/Hj, but since the expansion for Friedmann models was
faster in the past, it must have taken less time for the universe to reach its current size such that

to < HLO. The future evolution of these models may be seen from their Friedmann equation:

a= HQ\/Q(LO)G_Q + Q(m,())a_l + Q(k,O) ~ H()\/m = H()\/l - (Q(r,O) + Q(m,o))- (2.20)

From (2.20) it can be seen that as the universe expands (a > 1) the first two terms will approach
zero (as a has a negative exponent) and the Qo) = 1 — (Q(no) + Q(m,O)) term will dominate the

equation. The density €, o) + Qo) Will therefore determine the destiny of these models [9, 10]:

Table 2.1: Ultimate fate of Friedmann models (t — o)

’ Curvature ‘ a ‘ a ‘ a ‘ Ultimate fate ‘
Open (Q(,0) + Qm,o) < 1) | — | +constant | co | Big chill (Heat death)
Flat (L) + Qmo) =1) | — 0 oo | Big chill (Heat death)

Closed (20 + Qm,0) >0) | — | O at amax | 0 Big crunch/bounce
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The big chill or heat death refers to the universe expanding forever (a — 0o0) and cooling over an
infinite amount of time until the universe reaches maximum entropy. These models will decelerate
and approach a constant velocity (Open case) or approach a static state (@ = 0) over an infinite
time (Flat case) but will never re-collapse. For closed models, the universe stops expanding a = 0
when it reaches a maximum size (amax). Since it is still decelerating (d < 0), the universe will
finally re-collapse into a singularity at the big crunch (a — 0). Depending on the solution of a, the
universe may start expanding again after the big crunch (in what is known as a big bounce) until

it collapses again. This cycle may be repeated indefinitely.

The Lemaitre models include a cosmological constant that always accelerates the expansion of
the universe (2.16). The curve of a(t) is thus concave everywhere, and the scale factor will always
become infinite in the future, leading to a big chill or heat death. The different past expansion

histories of these models may be seen from the Friedmann equation:

a= HD\/Q(A,O)CLQ + Q(k,O) — HO\/Q(k,O) = Hy,/1— Q(A,0)~ (2.21)

From (2.21) it can be seen that at early times when the universe was smaller (a < 1), the first

term will approach zero and the Qo) =1 — Q4 o) term will dominate the equation. The density

(a,0) will therefore determine the past and origin of these models.

Table 2.2: Distant past of Lemaitre models (t — —o0)

’ Curvature ‘ a ‘ a ‘ a ‘ Distant past / Origin
Open (Qx0) <1) | + | +constant | 0 Big bang
Flat (Qp0=1) | + 0 — 0 | No big bang singularity
Closed (2,00 >1) | + | 0 at amin oo | Non-singular big bounce

For these models, @ > 0 means that the universe will expand into the future and contract into the
past. Thus, an open universe with ¢ > 0 in the distant past will contract into a big bang singularity
a — 0. Conversely, a flat universe will contract infinitely into the past as it becomes smaller and
approaches a static state (@ = 0) but never reaches a big bang singularity. A closed universe will
stop contracting (@ = 0) in the past when it reaches a minimum size (apin). Since the curve of
a(t) is concave everywhere due to the accelerating expansion (a > 0), this must be a saddle point
where the scale factor increases further into the past and approaches a — oo. This is known as a
non-singular big bounce, as the universe bounces without a singularity (as in the closed Friedmann
model) [43].

To mathematically support these arguments, we will analytically solve the Friedmann equation
for models containing only radiation, matter or a cosmological constant, with each of the three

geometries. The full calculations of these solutions are found in Appendix A.
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2.4.2 Solutions for radiation-dominated Friedmann models

The Friedmann equation has been analytically solved for radiation-dominated Friedmann models
to obtain expressions for the evolution of the scale factor a(t), the time ¢ and the age of the universe
model tg. Here the phase 6 = Ho\/Q0) — In and ¢ = Ho /1T — Q; oyn, with 1 conformal time as
defined in (A.52). For closed and open geometries, the age of the universe is obtained at to = t(6p)

and t(¢g) respectively. The Hubble constant used is Hy = 67.4 km s~ 'Mpc~! ~ 0.069 Gyr—!.

Table 2.3: Friedmann equation solutions for radiation-dominated universes (Friedmann Models)

’ Curvature ‘ Scale Factor (a) ‘ Time (t) ‘ Age (to) ‘
Qe . A A 1-Qr
Open (Q(r,o) <1) \/15;?7)0) sinh(¢) W&?o)) [cosh(¢) — 1] | ¢ = sinh 1 \/Q(r(())O)
Flat (Q(r,O) = 1) 2Ht - to = ﬁ
Q(r,O) . \/Q(r,o) =1 Q(r,O)fl
Closed (Q(T,O) > 1) \/Q(r,o)_l Sln(9) m [1 - COS(@)] 00 = sin \/Q(r,O)
3.0

—— Open (k= —1; Q0 =2.5); Age = 8.51 Gyr
—— Flat (k= =%0; Q0 =1.0); Age = 7.26 Gyr
2.54 — Closed (k= +1; Q,0=0.5); Age = 5.63 Gyr
—— Present

N
o

Big chill (Heat death)|

Scale Factor (a)
= =
'c? Ul

Big crunch=24.99 Gyr

0.5

[Past] | [Future|

|
0.0 , : , ' .
—-10 0 10 20 30
Time (Billion Years)

Figure 2.3: Evolution of radiation-dominated Friedmann models

In Figure 2.3 it can be seen that the analytical solutions show the same behaviour predicted in table
2.1. All models begin with a big bang (with ¢y < 1/Hp)), from which the expansion decelerates.
The model will either expand forever (heat death) or re-collapse (big crunch), depending on whether
the density is less (€(;,9) < 1 open) or more (€, gy > 1 closed) than the critical density (o) = 1),
which corresponds to a flat geometry. The density, therefore, predicts the destiny of the system.
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2.4.3 Solutions for matter-dominated Friedmann models

The Friedmann equation has been analytically solved for matter-dominated Friedmann models to
obtain expressions for the evolution of the scale factor a(t), the time ¢ and either the age ¢y of
the universe model or the time of a single bouncing cycle t,. The phase 6 = Ho,/€(y,0) — 1 and
¢ = Ho\/T— Q(m)n- For the open geometry, the age of the universe model is to = t(¢o)-

Table 2.4: Friedmann equation solutions for matter-dominated universes (Friedmann Models)

k ‘ Scale Factor (a) ‘ Time (t) ‘ Age (to) / Bounce cycle () ‘
2(m,0) _ Qun.0) - _ _eoah—l 2(1-%m.0))
Open (=mo)) (cosh(¢) — 1) 2H0(179(m‘0>)3/2 [sinh(¢) — @] | ¢o = cosh <1 + Do)
Flat (%Hot)Q 3 - to = ﬁ
Q Q Q
1 (m,0) 1 _ (m,0) _ o _ T (m,0) _
Closed 72((20“,0)_1)( cos(6)) o) [0 — sin(6)] ty = 71 o177
3.0 .

—— Open (k= —1; Qm,o0 =0.5); Age = 10.94 Gyr
—— Flat (k= %0; Qm,0 =1.0); Age = 9.68 Gyr
2.54 — Closed (k= +1; Qm,0)=5.0) ; Age = »
—— Present

Big chill (Heat death)]

N
o

|Big bounce=28.51 Gyr cycle|

| Previous bounce=6.42 Gyr |
|Next bounce=22.09 Gyr]|

Scale Factor (a)
— =
tg Ul

0.51

i

i

i

i

i

i

i

i

0.0 - : . . '
-20 -10 0 10 20 30 40

Time (Billion Years)

Figure 2.4: Evolution of matter-dominated Friedmann models

In Figure 2.4 the behaviour is the same as predicted in table 2.1. The flat (also known as
the Einstein-de Sitter model [70]) and open cases behave qualitatively similar to the radiation-
dominated models in Figure 2.3. Conversely, the closed model is a cycloid with an infinite cycle of
expansion and re-collapse followed by a big bounce. This model will therefore have an infinite age
and continue bouncing indefinitely into the future. The time from the previous bounce and to the

next bounce is also calculated in Appendix A.
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2.4.4 Solutions for cosmological constant-dominated Lemaitre models

The Friedmann equation has been analytically solved for cosmological constant-dominated Lemaitre
models to obtain expressions for the evolution of the scale factor a(t), the time ¢ and either the age ¢
of the universe model or the time since the non-singular bounce t,. The phase ¢ = Ho/1 — (5 o)t
and ¢ = Ho/Qp0) — 11

Table 2.5: Friedmann equation solutions for A dominated universes (Lemaitre Models)

’ Curvature ‘ Scale Factor (a) ‘ Time () ‘ Age (tg) / Bounce time () ‘
1-Q0) _ 1 s —1 Qa0
Open () < 1) \/Q(A,o) sinh(yp) - to = =y sinh <\/1—Q<A,o)
Flat (0 =1) eHot - 00
Qa,op—-1 _ 1 -1 Q0
Closed (2(p 0y > 1) \/Q(A,m cosh(v)) - ty = Hoyfooa cosh (\/Q<A,o>—1
2.5 T !
—— Open (k= —1;Qn0=0.5); Age =18.10 Gyr
—— Flat (k= iO;Q(,\,o)=1.0);Age= 8]
—— Closed (k= +1;Q@n0=1.5); Age = »
2.07 __ present
O
< 1.51 Big chill (Heat death)]
2
@]
©
e
O]
< 1.0 |
(@] i
n i
i
|
0.5 | Non-singular bounce=23.54 Gyr ago I
|
i
|
|No big bang singularity| o i
-g bang|!
0.0 ' ; ' | '
—-80 —-60 -40 —-20 0 20 40

Time (Billion Years)

Figure 2.5: Evolution of cosmological constant-dominated Lemaitre models

In Figure 2.5 the behaviour is the same as predicted in table 2.2. All models have an accelerated
expansion which ends with a heat death. The density of the cosmological constant determines
the origin of the model. The model will either have a big bang (24 gy < 1 Open) or will have a
non-singular bounce (£ ,9) > 1 closed) at a minimum size asi,. The critical density (2(50) =1
flat geometry) is known as a de Sitter model and has no big bang singularity in the past and is

infinitely old. This model has particular interest due to its similarity to inflation models [9].
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2.5 The ACDM model

2.5.1 Cosmic acceleration

From our daily experience, we know that the universe contains matter and at least some radiation.
Therefore, most of the single-fluid models can immediately be discarded as an accurate description
of our universe. For many years matter-dominated universes (See Figure 2.4) were considered the
most probable models, and from (2.16), we know that these matter-dominated universes should be
decelerating. A complete paradigm shift occurred in 1998 when both the Supernova Cosmology
Project and the High-z Supernova Search Team from observations of Standard candles and type
Ia supernovae independently discovered that the expansion of the universe is not slowing down as
expected, but instead speeding up [19-22]. Since this discovery of the accelerating expansion (which
from (2.16) requires w < —1/3), the cosmological constant A (with w = —1) made an immediate
return as an obvious candidate for this unexpected observation. These developments led to a new
model which contains radiation, baryonic and dark matter and a cosmological constant A. This is

called the ACDM (Lambda cold dark matter) model and is the standard model of cosmology.

2.5.2 Cosmological parameters

To determine how the ACDM model evolves and which predictions it makes, the values of the
cosmological parameters (0 , Qm,o , 2a,0) need to be known. These parameters will tell us how
the energy of the universe is distributed between radiation, matter and the cosmological constant,

as well as tell us what geometry the universe has. All measurements are obtained from the CMB.

The present radiation density () consists of photons, which is dominated by CMB photons
QcmB,o) and neutrinos €2, gy. The energy density of the CMB photons is calculated using the
Stefan Boltzmann-law (pcymp = o7, é v With a the reduced Stefan Boltzman constant) with the
temperature measured directly from the blackbody radiation of the CMB [9, 10, 71]. This temper-
ature is measured by the WMAP telescope as Tovp = 2.7255 K [72]. Therefore, the CMB density
parameter is obtained from the ratio of the energy density of CMB photons poump to the critical

density p. (1.30) and has the value:

~ 5.44 x 1072,

87rG> (841 x 107% kg mPK ) (2.7255 K)*

PCMB 4
Q frd = O[T
(CMB,0) P ( CMB) <3H§ 8.53 x 1027 kg.m 3

C

(2.22)

The energy density of neutrinos should be comparable to those of CMB photons. A detailed
calculation shows that each neutrino flavour should have an energy of 0.277 Q(cmp o). Since there

are three neutrino flavours we have €, 9) = 3(0.277Qcmp o)) = 0.681Qcmp o) & 3.70 x 1077 [10].
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The present radiation density parameter is then:
Q.0) = Qempo) + Lpo) & 9 x 107°. (2.23)

The other cosmological parameters may be obtained from measurements of the temperature anisotropies
in the CMB, which were made by the Planck Telescope in 2018 [4].

Multipole moment, ¢
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Figure 2.6: Temperature anisotropies of the CMB [1]

From these measurements it was determined that the universe has an almost perfectly flat ge-
ometry such that ) = 0.001 + 0.002. The density of matter has also been determined to be
Q(m,0) = 0.315 £ 0.007, of which about 85% consists of cold dark matter Q(gm o) = 0.266 and only
about 15% is baryonic matter Q) = 0.049 [4]. Using these parameters, the dark energy density
Q(p,0) may be determined using equation (1.33):

1=9Q40)+ Qo) + Qa0 + 2
(,0) (m,0) (A,0) (k,0) (2.24)
= Q40 =1 =240 = Amo) ~ Qo) = 1 =9 1077 = 0.315 — 0.001 ~ 0.685.

Taking the sum of the dark matter and dark energy parameters qm o) + 2(r,0) = 0.685 + 0.266 =
0.951 we see that 95% of the energy budget of the universe is distributed between the dark sectors.
Finally, the Planck telescope also measured the Hubble constant to be Hy = 67.4 km s~ !Mpcs™!

[4]. The following cosmological parameters will thus be used throughout, unless stated otherwise:
Quoy=9%x10"" 5 Qg =0315 ; Q) =0.685 ; Hy=674kms 'Mpes™'. (2.25)

It should be noted that there are many other probes to measure these cosmological parameters.

For a review of the different measurements of cosmological parameters at the end of 2019, see [73].
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2.5.3 Radiation, matter and dark energy dominated epochs

The ACDM model is a multi-fluid model, with each of the fluids evolving independently of the
others. Since the energy densities of radiation, matter and the cosmological constant dilute at

4 a3 and x a

different rates as the universe expands (x a™ respectively ), each species will
dominate at different times in the history of the universe. This can be seen by plotting the energy
densities p and density parameters ) for radiation (2.3), matter (2.6) and dark energy (2.9) against

redshift (1 + z), using the cosmological parameters (2.25) as the present initial conditions.
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Figure 2.7: Fvolution of energy densities p Figure 2.8: Evolution of density parameters
with redshift (14 z) (ACDM) Q with redshift (1+z) (ACDM)

From Figures 2.7 and 2.8 we can see that there was an early period (a large redshift z equates

to small a, and thus the distant past) of radiation domination, which was followed by periods of

matter and dark energy domination respectively. The exact redshift where the radiation-matter

equality z;—, and the matter-dark energy equality z,—a happens is calculated in Appendix D.1 as:
Qm,0) 0.315

Zr=m = Qo L= o105 — L= 3499 (when p; = pm ~ 10.93 Joule m™3),

0 1/3 ) 1/3
Zmep = <(A0)) —1= <8§§Z> —1=0.3 (when py, = pp =~ 5.54 x 1071% Joule m™3).

(2.26)

The radiation, matter and dark energy dominated epochs will each leave their mark on the expansion

history of this model. This can be seen by considering the three fluids in the model as a single fluid

eff

with a dynamical effective equation of state w®'. This effective equation of state is given by the

ratio of the sum of each fluid’s pressure Pio over the total energy densities piot:

Pr+Pm+PA_wrpr+wmpm+wApA_ %Pr—PA . %Qr_QA

weﬂ:PtOt_ — —
Prot  Pr+ Pm T+ PA Pr + pm + pA Pr+pm+pr Q4+ Q4+ Q4

(2.27)
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Substituting the density parameters for radiation (2.3), matter (2.6) and dark energy (2.9) gives:

Wt = 5201 +2)" ~ Qg . (2.28)
Qr,0) (1 + 2)4 + Qo) (1 + 2)3 + Qa0

ff

This effective equation of state w® may be used alongside the deceleration parameter (2.18) with

parameters (2.25) to see the different phases of the expansion history.
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From Figure 2.9 it can be seen that the ACDM model mimics the behaviour of radiation fluid in
the distant past, since the effective equation of state is equal to that of radiation w®® = w, =1 /3.
This behaviour coincides with the deceleration parameter ¢ =~ 1 in the distant past in Figure
2.10, mimicking that of a flat radiation-dominated universe (which is indicated by the blue dashed
line). Similarly, as the universe expands it later mimics matter fluid w*® = wy, = 0 and finally

a cosmological constant weft

= wp = —1. These epochs, in turn, have a deceleration parameter
q = 0.5 and ¢ = —1, which mimic a flat matter (Einstein-de Sitter indicated by the dashed red line)
and flat cosmological constant (de Sitter indicated by the dashed green line) universe, respectively.
It can thus be seen that the expansion of the ACDM model decelerates during radiation and matter
domination before accelerating when dark energy becomes dominant enough. This transition from
deceleration to acceleration (called a cosmic jerk) occurs when ¢ = 0, which happens if Q4 =~ 205
D.8 or the effective equation of state is wf = 1/3. The exact transition redshift z where this

cosmic jerk occurs is calculated in Appendix D.1, giving:

20000\ 1/ 2(0.685)\ '/
A (Q(mm) ( 0.315 ) 0.63 (2:29)

Direct evidence from Type la supernovae for this cosmic jerk was discovered by one of the teams

who first discovered the cosmic acceleration [74, 75].
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2.5.4 Origin, evolution and fate of ACDM model

As seen in the previous section, the ACDM model should initially have a period of decelerating
expansion followed by accelerated expansion. This should be reflected in the way the scale factor
evolves with time. The Friedmann equation for the ACDM model (2.19) cannot be solved analyti-
cally in any simple manner and therefore numerical methods will be resorted to instead. The 4th
order Runge-Kutta method was adopted [76] which is generally recommended for numerical inte-
gration of first-order differential equations (This method is described in Appendix A.4). To ensure
the numerical integration works for the ACDM model, we will also use the numerical method to

reproduce some of the previous analytical solutions from Figures 2.3, 2.4 and 2.5.
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Figure 2.11: Origin, evolution and fate of ACDM model

From Figure 2.11 the expansion history of the ACDM model (solid purple line) can be seen, along-
side that of a de-Sitter universe (dashed purple line), Einstein-de Sitter universe (dashed red line),
closed matter-dominated universe (solid red line) and a flat radiation-dominated universe (dashed
blue line). The age of each model is calculated by numerical integration of the Friedmann equation

(2.19), which may be rewritten as [9]:

t a 1 a 1
dt = / ——da = / da. 2.30
/O 0 H(a) 0 Hj \/(Q(no)a—Q + Q(m70)a_1 + Q(A70)a2 -+ Q(k,O)) ( )
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The resulting plots and ages of each of the single-fluid models can be seen to coincide with the
analytical solutions obtained in Figures 2.3, 2.4 and 2.5. Therefore, we may conclude that the

numerical method is an accurate approximation of the true behaviour of the ACDM model.

It may therefore be seen that the ACDM model started from a big bang approximately 13.80
billion years ago [4]. The universe then started with an initial period of decelerating expansion
(where the plot is convex), followed by a recent period of accelerating expansion (where the plot is
concave), which should continue indefinitely into the future. This behaviour coincides with Figures
2.7, 2.8, 2.9 and 2.10, where there is an initial period of deceleration ¢ > 0 during radiation and
matter domination, followed by an infinite period of accelerating expansion ¢ < 0 during the final
era of dark energy domination. It can thus be seen that the ACDM model behaves qualitatively
similar to an Einstein-de Sitter universe in the distant past while behaving like a de-Sitter universe
at later times. It may also be seen that the Hubble parameter converges to a constant value as

a — oo which corresponds to (1 4 z) — 0, thus from equation (2.14) we have:

H = ];.’()\/9(7~70)(())4 + Q(d,O) (0)3 + Q(A,O) + Q(k70)(0)2 = Hy, /Q(Aﬂ) ~ 56 km/S/MpC. (2.31)

Since we now know how the scale factor evolves with time, and since the scale factor is related to
redshift by the relation a = 1/(1 + z), we can determine at which redshift z and time ¢ important
cosmic events in the ACDM model happened. Using the equations which relate energy density to
redshift (2.3, 2.6 and 2.9), we may also find the energy density of radiation p,, matter p,, and dark
energy pp at these events. These events include the big bang, the radiation-matter and matter-
dark energy equalities (2.26) as well as acceleration at the cosmic jerk (2.29). These results are

summarised in Table 2.6 below.

Table 2.6: Important events in the ACDM model (using CMB data [4])

Event ‘ Redshift z ‘ Time (Gyr) ‘ Pr ‘ Pm ‘ pa (J/m3) ‘
Big bang singularity 00 13.80 00 00 00
Radiation-matter equality 3499 13.80 10.9 10.9 5.5e-10
Cosmic jerk (¢ = 0) 0.63 6.12 5.2e-13 | 1.2e-9 | 5.5e-10
Matter-dark energy equality 0.30 3.50 2.1e-13 | 1.1e-9 5.5e-10

with A &~ 1.09 x 1075 m~2 from (2.9). From Table 2.6 it is seen that the radiation-matter equality
occurred soon after the big bang, leading to a period of matter domination that lasted approxi-
mately 10 billion years before dark energy became dominant. The universe then started accelerating
at approximately half its present age, when pn, =~ 2px. This accelerated expansion then continues

indefinitely until the universe cools with a slow heat death over billions of years.

These conclusions and observations all rely on the ACDM model being an accurate description

of the universe we live in. To know if this is the case, we should also consider it’s shortcomings.
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2.6 Problems with the ACDM model

The ACDM model has proven to be very successful [4], but crucial problems with the ACDM
model remain. These include the well-known flatness (fine-tuning needed to produce flat curvature
we observe today), horizon (the universe being highly homogeneous, though distant regions are
causally disconnected) and magnetic monopole (lack of predicted magnetic monopoles at high
energies) problems for which early time accelerated expansion in the form of inflation was introduced
by Alan Guth [8—11, 77-80]. We will only briefly mention these, as we will be primarily concerned
with problems associated with the nature of the dark sectors, which make up 95% of the universe’s

energy budget. We will explore three of these problems in some detail.

2.6.1 The cosmological constant problem

The cosmological constant problem or vacuum catastrophe refers to the measured energy density
of the vacuum being over 120 orders of magnitude smaller than the theoretical prediction [9, 68].
A simplified way to show how this result is obtained is by calculating the amount of energy that
a quantum vacuum fluctuation can contribute within a Planck volume [68, 81]. To do this, first

consider the Heinsenberg uncertainty principle:

AEAt > (2.32)

h
5
with AF and At the uncertainties in energy and time, respectively. The vacuum cannot have zero
energy, as this would imply a zero uncertainty in the value of the energy AE = 0, which would
violate Heisenberg’s uncertainty principle. Therefore, the vacuum must have energy in the form of
quantum fluctuations created by the need for a non-zero uncertainty in energy AE. Furthermore,
these quantum energy fluctuations AFE cannot take on any value but are constrained by how long

the fluctuation lasts At. Thus, the energy of a quantum fluctuation is obtained by rewriting (2.32):

AE > th. (2.33)

The maximum amount of energy that a vacuum fluctuation can have may only exist in the minimum
amount of time. From (2.33), it can be seen that energy would become infinite in the limit of zero
time as At — 0 causes AE — oo. This can be avoided by noting that the smallest scale our current
physical theories can probe is the Planck scale, which implies a lower limit to both space and time.
This is denoted by the Planck length lpjane and the Planck time tpjanck, which are constructed
from the fundamental constants: Planck’s constant h, the universal gravitational constant G and
the speed of light ¢. The Planck length is the minimum length that can be meaningfully studied
while the Planck time is the time it takes light to travel one Planck length. The Planck length
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Iplanck and the time tpiane are thus mathematically defined as [8, 10]:

hG
Iplanec = \/ 3 = 1.616 x 107" m, (2.34)

z hG
Hlandk — \ [= = 5.319 x 107 s, (2.35)
C C

tPlanck =

This Planck time acts as a temporal limit to the Heisenberg uncertainty principle. The largest
energy fluctuation must therefore occur within the Planck time and can be defined as the Planck
energy Fpianck. This is obtained by substituting the Planck time (2.35) into the Heisenberg uncer-
tainty principle (2.33:

h A hed 9
~ — —_— — 2-36
Eplanck ~ 7 hy/ e o = 1.96 x 10" Joule. (2.36)

This may be used to determine the maximum energy density due to vacuum fluctuations. This
should occur at the minimum volume, which is just the cube of the Planck length and is known as

the Planck volume vpjanek:

3
hG R3G3 _
vPlanck = (IPlanck)’ = ( C3> = \/CT = 4.222 x 1079 m?. (2.37)

The predicted vacuum energy density pp is thus obtained by dividing the Planck energy FEpianck
(2.36) by the Planck volume vpjanek (2.37):

Eplanck heS cl ¢’ 114 -3
p(A,predicted) = UPlanck = ?rng = i = 7G2h ~ 10 Joule.m™°. (238)

This is an enormously large energy density. Conversely, the current measured value of the vacuum

energy is much smaller and given by:

3H? B B
P(A,measured) = ﬁQ(A’O) ~ 10 10 Joule.m 3. (239)

The magnitude of the difference between the theoretical predicted vacuum energy p( predicted @and

the measured vacuum energy density is (,0( A measured) 1S:

P(A predicted) 10" Joule.m™? ~ 1010 Joulemn—3 ~ 1024, (2.40)

P(A,measured) B 10-10 Joule.m 3

Thus, the predicted energy density of the vacuum from quantum mechanics is over 120 orders
of magnitude larger than the cosmologically measured value. This is also known as the vacuum
catastrophe and has been referred to as the worst prediction in the history of physics [9]. The
cosmological constant problem, therefore, casts doubt on dark energy being a cosmological constant,

motivating research into alternative dark energy models [82].
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2.6.2 The cosmic coincidence problem

The cosmic coincidence problem states that the dark matter and dark energy densities have the
same order of magnitude at the present moment of cosmic history while differing with many orders
of magnitude in the past and predicted future [83]. This is due to dark matter scaling as pgm o a3
(2.5), while cosmological constant scales as py o< a’. This causes pgm to vary greatly with time while
pa stays constant (as shown in Figure 2.7). Therefore, the distant past is completely dominated by
dark matter (pqm > pa), while the distant future is dominated by dark energy (pa > pam), but we
happen to be observing the universe when the dark matter to dark energy ratio is approximately
one to two. This coincidence seems unlikely, and a possible explanation to this problem would add

more viability to any cosmological model [84].

The magnitude of this problem is indicated by the ratio r = ’;dT’“. For conserved fluids (where

Pdm/de evolves according to (1.46)), as well as for the special ACDM case, this ratio is:

—3(14wdm) -3

a a

r— Pdm _ P(dm,0) e _ Toa_g(wdm_wde) © rACDM = Pdm _ P(dm,0) _ 7“()(1_3, (2.41)
Pde P(de,0)@ de PA P(A,0)

where g = (P(dm,o)//)(de,o)) = (Q(dm,o)/Q(de,O)) is the present ratio of dark matter to dark energy.
To understand the order of magnitude of this problem, it is informative to calculate r at the Planck
scale as an indicator of the amount of fine-tuning the ACDM model needs from initial conditions
[82]. This may be done by considering that the cosmic microwave background (CMB) temperature

scales as T = Tpa™ ! — a = % [9]. This ratio can then give the scale factor at the Planck scale:

To
TP lanck

GPlanck = (242)

The current temperature of the CMB is Ty = 2.725K [72] and the temperature at the Planck
scale is Tplanck = C{};Z = 1.416 x 10%2K [85]. Substituting (2.42) into (2.41) for the ACDM case
(w=—1;Qqm = 0.266; Q4o = 0.685), gives the size of the coincidence problem at the Planck scale:

To >‘3 ~0.266 < 2.725K

-3
- =51x 10" ~10%. (243
0.685 \ 1.416 x 1032K> 5.1 107 ~ 107, (2:43)

-3
TPlanck = T0%p1anck — 70 <TP1 .
anc

This indicates that the initial conditions of dark matter and dark energy should be fine-tuned to
about 95 orders of magnitude to produce a universe where the two densities nearly coincide today,
approximately 14 billion years later [86]. The magnitude of this problem for any specific model can

be denoted by the constant ¢, which is defined from the relation:

o< roaC. (2.44)
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If ( =0, then r is a constant throughout cosmic evolution, and the coincidence problem is solved.
The magnitude of the deviation from ¢ = 0, indicates the magnitude of the coincidence problem
(used from here on forward to denote cosmic coincidence problem) [82-84]. Thus for the ACDM
case (2.41), the value of this constant is (xcpm = 3. Therefore, any model which has ¢ > 3 will

worsen the coincidence problem, while { < 3 alleviates the problem (relative to the ACDM model).

¢ >3 worsens the coincidence problem
CacbMm =3 = § ¢ < 3 alleviates the coincidence problem (2.45)

¢ =0 solves the coincidence problem

Furthmore, from the first equation in (2.41), we see that for the general case { = 3 (Wdm — Wde)-
This shows that the magnitude of the coinicidence problem is determined by the difference in the
equation of state of dark matter wqgy and dark energy wgye, which causes the fluids to redshift and
dilute at different rates. The coincidence problem would also be solved if ( = 0, which happens
when wgym = wge. This may also be obtained if some exotic interaction causes dark matter and
dark energy to redshift at the same rate, causing similar Effective equations of state, such that
wgil = wgg. Finally, if dark matter is pressureless wgm = 0, then ( = —3wge. This implies that
models where wgqe. > —1 alleviate, while wge < —1 worsen the coincidence problem. These models

are known as Quintessence and phantom dark energy respectively and will be discussed shortly.

Therefore, the coincidence problem motivates research into dark matter and dark energy mod-

els that maintain a small or constant ratio r in either the past or future expansion.

2.6.3 The Hubble tension

The Hubble tension concerns the 4.40 level discrepancy between values of the Hubble constant
Hy, that the ACDM model predicts using data either from early time probes (mainly the Cosmic
Microwave Background) and late time determinations using redshift and distances (mostly from

Type Ia Supernovae using a calibrated local distance ladder) [87-89].

As we have mentioned, the Planck collaboration has measured the Hubble constant to be ap-
proximately Hy = 67.4 & 0.5km s~ 'Mpcs™* [4]. Conversely, recent measurements of Type Ia su-
pernovae (calibrated with Cepheid variables) have obtained a best estimate for Hubble constant
of Hy = 74.03 + 1.42km s~ 'Mpcs™! [90] in 2019 and more recently Hy = 73.0 & 1.4km s 'Mpecs ™!
in 2021 [91]. As measurements have become more accurate, this tension has only become greater.
This discrepancy has hinted at new physics beyond the standard model. This problem has become
one of the most relevant issues in all of cosmology. This may be seen from a recent review article
on the problem and its possible solutions [88], which include over 1000 references while concluding

that no specific proposal makes a strong case for solving this tension.
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2.7 Quintessence and phantom dark energy

Due to these problems associated with the ACDM model, it has been proposed that dark energy
might not be the cosmological constant A, but some other dynamical dark energy with w # —1.
Due to the observed Cosmic acceleration, we still require w < —1/3. However, the equation of
state may either be greater or smaller than w = —1, dividing these models broadly into either the
quintessence or phantom regimes, respectively. For discussions on quintessence and phantom dark
energy see [92-96]. This leads to a proposed fluid (usually in the form of a scalar field) with an

energy density pge, which evolves according to the conservation equation (1.46), such that:

3(l+w)<0 if —-1<w<-1/3 uintessence
Pde = P(de,o)CfS(Hw) ( ) /3 ) (2.46)
-3(1+w)>0 if w< —1 (phantom).

From (2.46), it can be seen that pge decreases with expansion in the quintessence regime, while
increasing in the phantom regime. Since pqn decreases with expansion, quintessence alleviates,
whilst phantom dark energy worsens The cosmic coincidence problem. Only measurements of the
dark energy equation of state will tell us which regime is the best description of our universe (for
recent observations, see [97, 98]). To understand the cosmological consequences of dynamical dark

energy, it is worthwhile first to discuss some horizons in cosmology.

2.7.1 Particle horizon and Hubble distance

The largest physical distance that anything could have travelled since the big bang is limited by
the speed of light, and that maximum travel radius is known as the particle horizon [8-11]. The
physical distance to this horizon as measured by an observer at any time, is given by Dyoiz [8]. A
closely related phenomenon is the Hubble distance Dy, which defines the largest physical distance
over which physical processes can operate coherently in the universe at any time [9)].

dt’

Dyoriz = C/ BTN ) Dy =

@ (2.47)

c
T
This Hubble distance is in the same order as the particle horizon (proper distance to particle
horizon D, is approximately D,(t) ~ ct ~ cH™! ~ Dy) and may be called the horizon size [9].
The horizon size may denote the area which is causally connected in the universe[9]. Using the
Friedmann equation (2.13) for a flat FLRW universe, as well as the relationship between energy
density and the scale factor (1.46), we may determine a proportionality relationship between the

horizon size H~1 and the scale factor:

H?>x poxa 3049 5 g 1?2049 4 Dy xa where e = — (1 +w)  (2.48)

[\CR GV
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This relationship may be used to determine how the horizon size evolved with the expansion history

of the universe, such that:

if w > —% — e>1 : Horizon size grows faster than scale factor
Do o af if —l<w< —% - 0<e<1 : Horizon size grows slower than scale factor
" if w=-1— e=0 : Horizon size constant as scale factor grows
\if w<—1— e<O0 : Horizon size decreases as scale factor grows
(2.49)

For the radiation (w = 1/3 — € = 2) and matter (w = 0 — ¢ = 3/2) dominated eras, which
constitute most of the expansion history of the universe, ¢ > 1, which implies an exponential
increase of horizon size with time. This has the physical consequence that the number of visible
galaxies will grow as more galaxies enter the horizon [9, 95]. Contrary to this, during dark energy
domination (in the quintessence regime —1 < w < —1/3 — 0 < € < 1 and for a cosmological
constant w = —1 — € = 1) the horizon either stays constant or grows slower than the scale factor,
causing distant galaxies to disappear beyond the cosmic horizon over time and become unobservable
to us. Only gravitationally bound objects (such as the Milky Way and our local galactic cluster)

will remain causally connected and observable in the distant future [95].

2.7.2 Big rip

A more dramatic consequence awaits phantom dark energy. This can be seen by considering how the
Hubble distance dp evolves for phantom energy. From (2.49) it is seen that during phantom dark
energy domination (w < —1 — € < 0), the horizon size decreases as the scale factor and expansion
rate keeps growing. The disappearance of galaxies beyond the horizon will therefore be accelerated
as the horizon closes in on us [95]. Since the horizon indicates the largest distance over which
physical processes operate [9], the shrinking of the horizon will dissociate the structure of bound
objects. As this horizon grows smaller and approaches the Planck scale, all gravitationally bound
objects will be stripped apart. Eventually, even individual molecules and atoms will be ripped
apart; effectively making all communication between any two parts impossible. This scenario is
called the "big rip” singularity [94, 95]. The big rip is also characterised by both the energy density
of dark energy and the scale factor becoming infinite pge — o0 ; @ — o0 in a finite amount of time
trip, which indicates a late time singularity [10, 95]. The evolution of the scale factor and the time

of the big rip singularity ¢, is calculated in Appendix E.1 and found to be:

2
_3H0(1 + w) 1-— Q(m,O) .

trip ~

(2.50)

This coincides with what was found by [95]. This rip behaviour can be seen by plotting the evolution

of the scale factor and energy density against time; for models containing either a cosmological
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constant; quintessence or phantom dark energy. All cosmological parameters are the same as in
(2.25), except the dark energy equation of state w. These are used to calculate the time of the big

rip and the age for each model.
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Figure 2.12: FEwvolution of energy density and scale factor for quintessence and phantom dark
energy universes (big rip)

From the left panel in Figure 2.12 it can be seen that while a cosmological constant has a con-
stant density with expansion, quintessence and phantom dark energy are dynamical instead. In the
quintessence regime, the dark energy density has an exponential decay with expansion. Quintessence
models will still have an accelerated expansion, but the acceleration rate will decrease with time,
relative to a cosmological constant. Conversely, in the phantom model, the energy density increases
exponentially with time, resulting in an increase of the rate of the accelerated expansion. This con-
tinues until both the energy density and the scale factor becomes infinite at time ¢, ~ 23 billion
years, which coincides with the rip age for w = —1.5, calculated in [95]. It can also be seen from
the right panel in Figure 2.12 that quintessence models predict a younger age for the universe (age
~ 12.4 billion years), while the phantom model predicts an older age (age ~ 14.6 billion years),
relative to the ACDM model (age ~ 13.8 billion years).

It should be noted that if the validity of phantom dark energy models is considered, special atten-
tion should be paid to how these models violate the Energy conditions of general relativity and the

consequences of doing so [41].

Quintessence and phantom dark energy models open up an entirely new world of possibilities
for what dark energy could be, beyond the cosmological constant A. For our purposes, we will
now consider a specific set of dynamical dark energy models which could alleviate and even solve
The cosmic coincidence problem, while being a potential candidate for addressing the The Hubble

tension. These models have a non-gravitational interaction between dark matter and dark energy.



CHAPTER 3

Interacting dark energy models

3.1 Interactions between dark matter and dark energy

Thus far, we have assumed that the various Components of the universe are separately conserved
and only interact gravitationally with each other on cosmological scales. This assumption is espe-
cially reasonable in the case of baryonic matter, for which strong constraints have been imposed on
a ‘fifth-force’ beyond gravity, electromagnetism and the strong and weak nuclear forces [99]. Fur-
thermore, a new significant interaction with photons would probably cause deviations from photons
following a geodesic path, contradicting measurements from solar eclipses [82]. This leaves us with
the possibility of non-gravitational interactions between the two dark sectors, which dominate the

energy density of the universe; dark matter (DM) and dark energy (DE) [83, 100].

The properties of both dark matter and dark energy are not well constrained, so it is not unreason-
able to assume that they might have, as of yet, undiscovered interactions amongst themselves. If
there is an interaction in the dark sector, it cannot be too strong since the ACDM has no interaction
and is incredibly successful [4, 82]. The nature of any such interaction might be hinted at from the
Problems with the ACDM model, especially The cosmic coincidence problem. This problem could
be addressed by proposing a coupling between dark matter and dark energy, which could stabilise

the ratio of the two throughout expansion history.

A coupling between dark matter and dark energy may be proposed in which dark matter and

dark energy are not separately conserved, but the energy (and momentum) of the total dark sector

39
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is conserved. These are known as interacting dark energy models (IDE). This conservation of the

dark sector is expressed mathematically from the conservation equation (1.46) for both fluids:

pdm+pde+3H (pdm+pde+Pdm+Pde) = 0. (31)

This total conservation equation may be decoupled into separate equations for dark matter and
dark energy by assuming an arbitrary interaction equation ). This creates a mechanism where
the components can exchange energy (or momentum) in a non-gravitational way, such that dark

matter and dark energy have the following separate conservation equations [82, 84, 87, 101-109]:

pdm + 3H (pam + Pam) = Q pde + 3H (pae + Pae) = —Q. (3.2)

We will still assume pressure-less dark matter (Pgy, = 0 — wgm = 0), and note that baryonic matter
wpm = 0 and radiation w, = 1/3 are uncoupled @ = 0, as in the ACDM model. We thus have the

following conservation equations for interacting dark energy models:

pdm + 3dem = Q ; pde + 3H,0de(1 + w) = _Qa
Pom +3Hpom =0 5 pr4+3Hp(141/3) =0.

(3.3)

The dark energy equation of state (wge = w from here onwards) is left as a free variable, since the
dark energy may be either vacuum energy (w = —1), in the quintessence (—1 < w < —1/3) or
phantom (w < —1) regime. Here @ is an arbitrary coupling function whose sign determines how
energy (or momentum) is transferred between dark energy and dark matter. If @ > 0, then the
energy (or momentum) is transferred from dark energy to dark matter and vice versa for @ < 0,
such that [82, 84, 87, 101-109]:

>0 Dark Energy — Dark Matter (iDEDM regime)
@ =1 <0 Dark Matter — Dark Energy (iDMDE regime) (3.4)

=0 No interaction.

Here we have denoted the interacting case where energy flows from dark energy to dark matter (Q >
0) as the interacting Dark Energy Dark Matter regime (iDEDM), and vice versa as the interacting
Dark Matter Dark Energy regime (iDMDE) [109]. Since there is currently no fundamental theory
for the coupling equation (), the coupling in most works is purely phenomenologically motivated;
and must be tested against observations [82, 84, 87, 101-106, 108, 109]. The coupling is thus freely
chosen, but we will only consider models where the coupling function @ is either proportional to
the dark matter or the dark energy density, which could have a strong field theoretical ground
[110]. The core publications we considered for these types of models are [101, 103, 104]. For recent
developments and observational constraints see [87, 105-110]; and for comprehensive review articles
on interacting dark energy, see [82, 84]. Before examining any specific models, we will discuss some

general features that hold for interaction function Q).
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3.2 Properties of interacting dark energy models

3.2.1 Effective equations of state

An informative approach to understanding the effect of a coupling in the dark sector, is to define
a dynamical effective equation of state parameter wﬁffn and wgg, for dark matter and dark energy
respectively. These effective equations of state may be used to describe the background equations
which are equivalent to (3.3) for the uncoupled case (Q = 0), such that [84, 101-103]:

Pdm + 3dem(1 + wffn) =0 ) Pde + 3HPde<1 + wgg) =0. (3'5)
The energy densities pgy/qe should thus evolve according to (1.46) with w = wﬁifn Jde’
pam = Plamoya i L pde = Plaeya UHE (3.6)

It can therefore be seen that the effective equations of state will determine the rate at which the
eff

fluids redshift. Rewriting (3.5) and substituting in (3.3), gives an expression for the w§’ in terms
of the interaction term Q:
pam + 3H pam + 3H pame, =0
Q + 3H pamey, = 0 (3.7)
Q
S w§ = — .
Similarly, for dark energy, we first rewrite (3.3)
Pde + 3H pge = —Q - 3H pgewde- (38)

Rewriting (3.5) and substituting (3.8) in, gives an expression for the wST in terms of the interaction
term @, such that:
pae + 3H pae + 3H paews = 0
—Q — 3H paewde + 3H paew§t = 0 (3.9)

— wgg = Wqe +

3dee .

Comparing (3.6) and (3.8) to the uncoupled equations of state (noting wamy = 0), the effects of an
interaction may be understood to imply that if [84, 102, 103]:
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] w$f <0 Dark matter redshifts slower than a=> (less DM in past),
Q > 0 (iDEDM) (3.10)

w(eig > wge Dark energy has less accelerating pressure,

) w$f >0  Dark matter redshifts faster than a=* (more DM in past),
Q < 0 (iDMDE) (3.11)

wfig < wge Dark energy has more accelerating pressure.

This implies that even if wge = —1, when @ < 0 or Q > 0, then the dark energy may behave like
either uncoupled quintessence wgg > —1 or uncoupled phantom wgg < —1 dark energy respectively.
If there is no interaction between dark matter and dark energy (Q = 0), the effective equations of

state reduces back to the uncoupled model, such that wgﬁl = Wym = 0 and wﬁf = Wie-

3.2.2 Addressing the coincidence problem

These effective equations of state allow us to make predictions regarding the consequences of a dark
coupling; and why it is introduced to address The cosmic coincidence problem. This can be seen
by considering the ratio ripg of pgm to pge from (3.6) for interacting dark energy models:
_ eff
Pdm P(dm,0)@ 3(1+wdm)

_ _ — —(IDE . : _ eff eff
TIDE = = — —— =Toa ; with  (ipg =3 (de - wde) , (3.12)
Pde paega i)

with ¢ indicating the magnitude of the coincidence problem as introduced in (2.44). Thus, from
(3.13) and (3.12), we see that the smaller the difference between w§l and wSf the more the coin-
cidence problem will be alleviated, while being solved if ( = 0, which happens when w(fn = wgg.
This can be achieved if dark matter redshifts slower wﬁﬁl < wgm and dark energy redshifts faster

WSl > wge, which coincides with the iDEDM (Q > 0) scenario.

In the iDEDM (Q > 0) scenario, energy flows away from DE, causing pqe to redshift faster wgg > Wye
and decrease with expansion. The DM in turn receives this lost energy, which causes pgm to red-
shift and dilute at a slower rate wgfrfn < Wim- Both fluids in this scenario dilute with expansion and
redshift at a more similar rate, which is indicated by the smaller difference (wﬁﬁl — wgg), relative
to the uncoupled case. This has the immediate consequence of alleviating the coincidence problem
(3.12). Thus, in the extreme case when w(‘fn = wgg; DM and DE redshift at the same rate, fixing the
ratio of DM to DE r o a® — ¢ = 0, effectively solving the coincidence problem. The opposite holds
for the iDMDE (@ < 0) scenario, where energy flows away from DM, causing DM to redshift and
dilute at a faster rate. Conversely, DE receives energy and the density increases with expansion.
This leads to an even bigger difference in the rate at which DM and DE redshifts, indicated by the

larger difference in (w$f — wST). Thus, iDMDE models will worsen the coincidence problem.
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From (3.10),(3.11) and (3.12), while noting that {(x\cpm = 3, we may conclude:

Q@ > 0 (iDEDM): (ipg < Cacpm  alleviates coincidence problem,

F F
CipE = 3 (Wfim - Wfie)

@ < 0 (iDMDE): (mpr > {acpm  worsens coincidence problem.

(3.13)

3.2.3 Cosmological implications of a dark coupling

Besides addressing the coincidence problem, IDE models have other far reaching cosmological con-
sequences. Since wgffn < 0 for iDEDM, DM redshifts slower, which leads to less DM in the past and
the radiation-matter equality happening later [103]. Similarly, wgg > Wye, such that DE redshifts
faster, causing more DE in the past. Less DM and more DE in the past, has the consequence that
both the cosmic jerk and the matter-dark energy equality happens earlier in cosmic history. From
the Friedmann equation (2.13), we can see that this overall suppression of dark matter density
causes a lower value of the Hubble parameter at late times. This lower value of Hy, worsens the
Hubble tension with regard to late time probes [109] (see [87, 105, 106, 108, 109] for how IDE
models address the Hubble tension). Since the Hubble parameter; and therefore the expansion rate
is lower, throughout most of expansion, the universe must have taken a longer time to reach its
current size. Since more time was needed to reach current conditions, the universe should also be
older. The opposite of this holds for iDMDE scenario. These various consequences of a coupling in

the dark sector, is summarised in Table 3.1 below:

Table 3.1: Consequences of interacting dark energy models (relative to uncoupled models)
Q>0 ‘ Q<0
Energy flow DE — DM (iDEDM) DM — DE (iDMDE)

Effective equations of state

ff . ff
Wiy < Wdm 5 Wae > Wde

ff . ff
ng > Wdm 3 W(eie < Wde

Coincidence problem

Alleviates ((ipg < (AcDM)

Worsens (¢ipg > (AcDM)

Hubble tension

Worsens

Alleviates

Age of universe

Older

Younger

Radiation-matter equality

Later (zipg < 2AcDM)

Earlier (21pg > zacpMm)

Cosmic jerk (¢ = 0)

Earlier (zipg > zacpMm)

Later (zipg < 2AcDM)

Matter-dark energy equality

Earlier (21pg > zacDM)

Later (z1pg < zAcDM)

These implications will only hold if the IDE model is viable. Any cosmological model may be con-
sidered unviable due to theoretical concerns, such as internal inconsistencies, instabilities, negative
energy densities etc. A model that is free of these problems can only be deemed viable if it meets
observational constraints, such as predicting an expansion history that coincides with cosmolog-
ical data. This chapter will consider theoretical constraints before constraining our models with

cosmological data in the next chapter.
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3.2.4 Instabilities and the doom factor

The coupling between the dark sectors will influence the evolution of dark matter and dark energy
perturbations. A complete perturbation analysis of these models is not within the scope of this
study but can be found in [101] and [103]. For our purposes, we only want to know what combination
of parameters may be used to avoid instabilities. This can be found in [103], by introducing the

so-called doom factor d:

Q

d=——"—_. 3.14
3Hpae(1 +w) ( )

This is called the doom factor since this factor is proportional to the coupling function ) and may
induce non-adiabatic instabilities in the evolution of the dark energy perturbations [103]. The sign
of d will determine if there is an early time instability. It was shown that if the doom factor is
positive and large d > 1; the dark energy perturbations will become dominated by the terms which
are dependent on the coupling function @, leading to a runaway; unstable growth regime [103]. As
long as d < 0, the model should be free of non-adiabatic instabilities at large scales. This doom
factor can therefore provide the range of parameters that will give a priori stable universe, as is
often done in literature [87, 103, 105, 106, 108, 109].

It should be noted that IDE models may often suffer from negative energy densities, depend-
ing on the interaction function ) and cosmological parameters chosen. We will consider models
with negative energy densities as unphysical. To see whether IDE models can solve the coincidence
problem while being physically viable, we need to investigate how the energy density of dark matter

and dark energy evolves.

3.2.5 Evolution of energy densities and phase portraits

Since the coupling function () is phenomenologically motivated, many different interaction func-
tions exist, which could either be simple linear or complex non-linear interactions [82, 84]. This
often leads to difficulties when trying to solve the coupled conservation equations (3.3) to obtain
analytical expressions for how pgm and pqe evolve. It is therefore informative to consider how the
derivatives of the density parameters )y evolve for any arbitrary coupling . This can be used
to obtain phase portraits with flow lines in the (Q4m, Qqe)-plane that has attractor and repulsor
points. These attractor and repulsor points can tell us about how the ratio of DM to DE evolves and
indicate whether the coupling solves the coincidence problem. Furthermore, these phase portraits
can also tell us if the DM or DE energy densities become negative at any points, which indicates

that the interaction () is unphysical.

For this analysis, we will consider models which contain radiation €2;, baryonic matter €, dark
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matterQg, and dark energy €24.. This may be done by first considering how the density parameters

evolve with time, which is done by taking the derivative of {2 from (1.47), giving:

87G 81 . 2H
Pz — PH] : (3.15)

0= 5] =5 || = 3

fr 2H] &G

From the conservation equations for interacting dark energy models (3.3) we have:
px = —3Hp (1 +w,) £ Q, (3.16)

where + = + for + =dm and £ = — for x =de. Substituting (3.16) into (3.15) gives:

2H
—3Hpx(1 +wy) £Q — pr

_ 8nG

2, = 3H?

o (3.17)
= LprH [_3(1 + OJx) -

72| T3

2H IrG
3H

Where we also have that:

(3.18)

Substituting (3.18) and px = %QX into (3.17) gives:

. &G
Oy = O H [-3(1 + w,) + 2+ 1] £ é@

887G

(3.19)

Here we note that the deceleration parameter g for IDE models is obtained from (2.16), such that:

q= % [Qr (1 + 3Wr) + Qbm (1 + 3&)bm) + Qdm (1 -+ 3wdm) —+ Qde (1 + BW)]
q= % [Q (1 +3 (;)) + Qbm (14 3(0)) + Qam (1 +3(0)) + Qae (1 + 3@] (3.20)

1 1 1
qg=" + §Qbm + §Qdm + §Qde (14 3w).

Substituting in the expression for the deceleration parameter ¢ (3.20) gives:

&rG
3H?2 Q

1 1 1
Qx = QXH |:2 (Qr + igbm + §Qdm + §Qde (]. + 3Wde)> —1- wa:| +

= QXH [QQI» + Qbm + Qdm + Qde (1 + 3wde) —1- 3wz] + ?TJJC;Q

(3.21)
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This relation holds for either dark matter or dark energy, with any coupling function Q. If Q =0,
this reduces back to the same expression for the uncoupled case and may be used, not only for dark
matter and dark energy, but for radiation (w, = 1/3) and baryonic matter (wpy, = 0) as well. For

the different components one therefore has:

: 871G
Q@:Q®HDQNH%m+Qm+Q®ﬂ+&%J—1—&%4—é%Q,
Qam = QamH 22 + Qom + Qam + Qe (143 )—1]+—8”G

dm T Sdm SRR T S b T R dm T e “de 3H2 (3.22)

Qbm = QomH 20 + Qo + Qam + Qe (1 + 3wae) — 1],
Q= 0 H 2% + Qo + Qam + Qe (1 + 3wae) — 2] -

Equation (3.21) reduces back to the ACDM case if @ = 0 and wge = —1, which can be found in [9].
For our purposes, we are interested in the parameter space of how dark matter and dark energy
evolve with regard to each other. This can be obtained by dividing corresponding dark matter Qdm
and dark energy Qq. evolution equations (3.22) by each other, such that:

dee QdeI_I [ZQr + Qbm + Qdm + Qde (1 + 3wde) —-1- 3wde] - ?TTCQ;Q

_ . 3.23
dQam QamH 20 + Qo + Qam + Qe (1 + 3wae) — 1]+ 575Q (3.23)

This can be used to obtain a set of trajectories or flow lines in the (24, 24e)-plane, which in turn
have stable attractor and unstable repulsor points. These will be used to see if the ratio of dark
matter to dark energy becomes fixed in the past or present, thus addressing the model’s potential
to solve the coincidence problem. Before considering any IDE models, we will first show how these
phase portraits work for the ACDM model, as this will be the standard model to which we will

compare our later results.
3.2.6 Phase portrait primer: ACDM model

For the ACDM case there is no coupling (@ = 0) and the dark energy is a cosmological constant

(wWdge = wpa = —1), so (3.23) becomes:

Ay Qp 29 + Qpm + Qam — 294 + 2]
dQam o Qdm [QQr + Qpm + Qgm — 204 — 1] ’

(3.24)

Noting that baryonic matter may be grouped with dark matter (Qpm + Qdm = 2,) and assuming

negligible radiation 2, = 0 (during matter and dark energy domination), the evolution of matter

and dark energy with regard to one another can be analysed more clearly, thus (3.24) becomes:
dQa N [Qm—QQA—FZ]

= . 2
A Qo [ — 20 — 1] (3:25)

Using (3.25), the evolution of matter and dark energy may now be expressed with a phase portrait

in the (£, Qa)-plane:
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Figure 3.1: Phase portraits for Qaqm and Qqe (ACDM)

Every point on the plane defines a unique trajectory (as indicated by the blue arrows). However,
for convenience, we have specified different trajectories (red lines) which pass through specific
values for the present dark matter and dark energy densities. In the left hand panel of Figure 3.1,
trajectories pass through the points Q) = 0.3 and Q) = 0.1,0.2,..., 1.1, while in the right
hand panel the trajectories passes through €, gy = 0.7 and Qo) = 0.1,0.2,...,1.1. These values
have been chosen to reproduce the figures found in [9]. These various trajectories all have the same
equilibrium points, which are calculated in Appendix B.1 as:

(Qm, Q) = (1,0) 5

(Qrm QA)+ = (1’ 0) : (3'26)

From Figure 3.1, it can be seen that each of the trajectories start at (1,0), which is an unstable
repulsor point from which all the trajectories diverge. Finally, these paths all converge again at

the stable point (0,1), which is known as an attractor [9]. This implies that for a wide range

of present cosmological parameters, each universe model starts with complete matter domination

(Qm, Q4)-=(1,0) and evolves differently, but always ends up with complete dark energy domination

(Qm, 24)4+=(0,1) [9]. This behaviour coincides with Figures 2.7, 2.8, 2.9, 2.10 and 2.11. These

equilibrium points also highlight the coincidence problem, as the ratio of their coordinates indicate

which value r tends to in the past r_ or the future r:
Qm,—) 1

— — 00 ; Ty

Qay 0

= =-=0.

T_—

(3.27)

From (3.27), we can see that the ratio of DM to DE tends to r— — oo in the past, whilst approaching
r+ — 01in the future. This again indicates the magnitude of the coincidence problem for the ACDM
model. IDE models that can find a constant non-zero or non-infinite value, for either r_ or ry,

should solve the coincidence problem in either the past or the future, respectively.
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3.3 Interaction model 1: Q)1 = 0H pqm

Now that the general properties of IDE models have been discussed, we will move on to two
case studies. This will show that these properties hold for different coupling functions () while
highlighting significant differences between the couplings. First, we will consider two of the most
common IDE models in literature, where we have a linear coupling function () proportional to

either the dark matter or dark energy density. These couplings will have the form:

Q1 = 0H pam ; Q2 = 0H pge, (3.28)

where H is the Hubble parameter and § is a dimensionless coupling constant which determines the
strength of the interaction between dark matter and dark energy [84, 103, 104]. It should be noted
that the coupling constant § is often indicated by « [101, 102] (which has an opposite sign to §) or
¢ in the literature [82, 87, 105, 106, 108, 109]. For these models we assume that 6 < —3w (so that
the coupling strength |J| is not too strong [101]) This condition implies (6 < —3w) — (§ + 3w < 0).
Furthermore, since we require that H > 0 ; pgm > 0 ; pge > 0 the sign of § will determine the
direction of energy flow. Therefore, § > 0 — @ > 0 corresponds to the iDEDM regime and
0 < 0 — @ < 0tothe iDMDE regime. The greatest qualitative difference between the two coupling
functions, is that Q1 «x pqm and Q2 x pge, which implies that the effect of the coupling will be either
most prominent during early dark matter domination, or later dark energy domination respectively.
For all subsequent figures and calculations we use cosmological parameters (2.25), with § = 0.25
for iDEDM) and 6 = —0.25 for (iDMDE), while temporarily choosing wge = w = —1, so that the

coupling is the only variable that differs from the ACDM model, thus easing comparisons.

3.3.1 Phase portraits - Q1 = 0H pgm

We start by considering the phase portrait for )1, before moving onto analytical expressions for

how the energy densities evolve. Assuming the coupling Q1 = dH pqm, equation (3.22) becomes:

dQe  QaeH 20 + Qm + Qam + Qe (1 + 3wae) — 1 — 3wae] — 553 (6H pam)
dQim QamH 22 + Qb + Qam + Qe (1 + 3wae) — 1] + 525 (0H pam)

(3.29)
_ Qde [2Qr + Qbm + Qdm + Qde (1 + 3wde) -1- 3wde] - 6Qdm
Qdm [2Qr + Qbm + Qdm + Qde (1 + 3wde) -1+ 5] ’
where we have used the fact that %Pdm = Qqm- It can also be seen that the dependence on the

Hubble parameter has been removed by this coupling. If we investigate the simple case where there

is only dark matter and dark energy present (2, = Qpy, = 0), (3.24) becomes:

dQge - Qde [Qdm + Qge (1 + 3wde) -1 3wde] —0Q4m
dem o Qdm [Qdm + Qde (1 =+ 3wde) -1+ (5]

(3.30)
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Using (3.30), the evolution of coupled dark matter and dark energy may now be expressed with a

phase portrait in the (Q4m, Qde)-plane:
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1.4\ ! TR RV | - Negative energy crossings 1.41 \ ° :, + s » = —== Negative energy crossings
| |
Sl e (Qan Qae)- Lol D1 DTS e e
1.2k C T (Qum, Que)+ 12 0 T m (Qum Que)s
* 6=0.25 (iDEDM) S 6= —0.25 (iDMDE)
N = N
1.09 - 1.09 - o e i Tt S S, S
. C X N NN NN NNNNNN
1
08 v 08 . : NS N NN
. A NG xR
(] [J] |
S o0 b o . I NN N
G o6 ! G o6{ | )
« ‘ \ ‘ ‘ AN LN N\ AN AN
041 . . 0.41 . NN N\ N
02 02 : \\\\\\
NN
0.0l e 0.0
-0.2 LS ML B I BN -0.2
-0.2 00 02 04 06 08 10 12 14 16 -0.2 00 02 04 06 08 10 12 14 16
Qdm Qdm

Figure 3.2: Phase portraits for Qam and Qqe (Q1 = 0H pam)

In Figure 3.2, the left panel shows the phase portrait of a positive § (iIDEDM regime), while the
right panel shows a negative ¢ (iDMDE regime). The arrows and red lines are as defined in Figure
3.1. The repulsor and attractor points are indicated by the purple circle and square on Figure 3.2

respectively, and are calculated in Appendix B.2 to have the following coordinates:
4] 0
(Qam, Qe)— = (1 + 5, —5— ; (Qam, Qae)+ = (0,1). (3.31)

Similar to the ACDM model (Figure 3.1), there is a stable attractor endpoint at (0,1) for both
couplings, but the unstable repulsor point has shifted. This change in the repulsor point can be
seen to coincide with how this model solves the coincidence problem in the, past by fixing the ratio

r of dark matter to dark energy at early times:

Q(dm -) 1+ % 0+ 3w Q(m +) 0
r_ = > — W_)_ ; r :7’:7—)0, 3.32
Vtery  —55 o T Qe 1 (332

where we note the condition 0 + 3w < 0. This implies that if 6 > 0 (iDEDM) such that energy flows
from DE to DM, that r_ becomes a positive constant and the coincidence problem should be solved
in the past. Conversely, if § < 0 (iDMDE) and energy flows from DM to DE, then r_ becomes a

negative constant. This implies that either DM or DE has a negative energy density, which makes
[

T 3w

(with w < 0) must have been negative in the past if § < 0. This is shown in the right panel of

the solution unphysical. From (3.31), we can see that the DE density parameter Qq,_ =

Figure 3.2, where g, does indeed become negative. To obtain the exact conditions that lead to
negative energy densities, as well as finding out how r evolves between r_ and r, we need to first

find analytical solutions for how the energy densities of DM and DE evolve.
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3.3.2 Background analytical equations - Q)1 = 0 H pgn,

To obtain analytical solutions for how the dark matter pgn, and dark energy pg. densities evolve,

we need to solve the conservation equations (3.3) with @ = 0H pam:
Pdm + 3H pam = 0H pam ; Pde + 3Hpge(1 + w) = —0H pam. (3.33)
The differential equations (3.33) are solved in Appendix C.1, yielding expressions for pqm, and pge:

Pam = Pam,0ya’ Y, (3.34)

(1 - a6+3w>] a 30+, (3.35)

4]
Pde = |P(de,0) + P(dm,0) 5+ 3w
The solutions (3.34) and (3.35) match with the energy densities found in [84, 101, 103]. The
effective equation of states for this model can be obtained by substituting the coupling equation

Q1 = 6Hpam into (3.7) and (3.9). Thus, the effective equation of state for dark matter wS is:

o0H 0
et =@ OHpam 0 (3.36)
3dem 3dem 3
Similarly, the effective equation of state for dark energy w'jlg is then:
eff Q 5dem 5
= = = -7, 3.37
e Wie 3dee e 3dee e 3T ( )

which matches with [84, 101, 103]. It can be seen be seen that wfﬁl is constant throughout cosmic
evolution, while wgg is dynamic with a dependence on the coincidence problem ratio r = pam/pde-
Equations (3.34), (3.35), (3.36) and (3.37) can be seen to reduce back to the ACDM model when
0 =0 and w = —1. Using the relation p( ) = %Q(x,o) from (1.32) as well as the scalefactor

redshift relation a = (1 + 2)~!, we obtain useful relations for pqm (3.34) and pge (3.35):

Pdm = ;ngg(dmm(l + 2)"@=3), (3.38)
Pde = :fg [(Q(de,o) + Q(dm’0)5—i—63w [1 —(1+ z)(5+3w)]> (1+ 2)3(1+w)] . (3.39)
From the relation Qy = %px , we can obtain g, and Qg from (3.34) and (3.35) as:
Qi = iga(dm oy(1+2)7C=%), (3.40)
H2 )
Qe = Zé [(Q(de,o) + Q(dm’o)éf&u [1 - (14 z)—(6+3w)D (1+ z)3(1+w)] . (3.41)

These analytical background equations can be used to explicitly show the consequences predicted
in Table 3.1. Before doing this we should first determine the exact conditions to avoid the negative

energy densities seen in Figure 3.2.
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3.3.3 Positive energy conditions - ()1 = 0H pq

From equation (3.34), it can be seen that the dark matter density pqn is always positive, since
a®=3) > 0 throughout the entire expansion history for all values of §. Conversely, this is not
necessarily the case for the dark energy density pqe (3.35), due to the presence of the negative term.
To ensure that the dark energy density is always positive, we need to determine where the dark
energy density crosses the zero density boundary and becomes negative so that conditions may be
chosen to avoid this zero crossing. For this derivation, we follow a similar approach to [101]. This
zero-crossing point can be found by setting the dark energy density (3.35) equal to zero:

6 1 - w
0= pae = [p(de,O) +Pam0) 530 (1 —a’t? )] a~30+w)

0
0= P(de,0) + Plam,0) e (1 - a6+3w>

0 1
_ —— (1= +3w —
p(dm,O)(S + 3w ( a ) P(de,0) (3 42)
w P(de,0) 0+ 3w ’
—1 4¢3 = LD
Pdmo) O

g — 1 4 Pde0) 0+ 3w
P(dm,0) d
o ) ’

where rg = (P(dm,o)/P(dep)) = (Q(dm,o)/Q(dep))- From this derived relation, we find that for the
dark energy density to cross zero and become negative (pge < 0), there must be some solution to
(3.42) for a within the domain of applicability. Using (3.42) and the relation a = (1 4 z)~!, the

zero crossing (pde = 0) happens at exactly redshift z(ge—o):

1
1 (64 3w\] 75
Z(de=0) — |:1 + — < + w):| —1. (343)

o )

Using (3.42), we may explore four scenarios ((A) - (D)) where the energy density may possibly
cross zero and become negative. These scenarios will be either the iDMDE (6 < 0) or iDEDM
(0 > 0) regime, for either the past or the future. This leads to:

1

a3 =1+ - <5 +63w) where (0 4+ 3w < 0) (3.44)
0

Past (a<1) — (LHS.>1 ; RHS.>1) (A)

0<0=
Future (a>1) — (0<LHS. <1 ; RHS. >1) (B)

Past (a<1l) — (LHS.>1 ; RHS.<1) (C)
0>0=>

Future (a>1) — (0<LHS. <1 ; RHS.<1) (D)
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Here we can immediately see that for both (B) and (C) the L.H.S. and R.H.S. will never cross,
which means that there will be no solution for (3.44) and thus the dark energy density will never
cross zero and become negative. The energy density will therefore always remain positive for
scenario’s (B) (Future expansion with § < 0) and (C) (Past expansion with ¢ > 0). Furthermore,
scenario (A) will always have a solution, and the dark energy density will therefore always become
negative in the past, which coincides with what was found in Figure 3.2. In scenario (D), there
will not be a solution or zero-crossing as long as the R.H.S.< 0. To ensure this, we may obtain the
following condition by solving the R.H.S. of (3.44) for ¢:

1+1(5+3w> <0

To 1)
6+ 3w < —dor
“ 0 (3.45)
1) (1 + 7'0) < —3w
3w
—-0< ——.
(1 + T'o)

Thus, if condition (3.45) is met, then scenario (D) (Future expansion with § > 0) will always
have positive energy densities. Therefore, since both (C) and (D) will always have positive energy

densities, the positive coupling 6 > 0 (with the necessary conditions met) may be seen as physical.

It may also be seen that if condition (3.45) holds, then the condition § < —3w must necessar-
ily hold as well. Finally putting all these conditions (§ > 0);(§ < —3w); ((5 < —(117“7’,0)) together,
we may obtain the following general condition to ensure that the energy densities will always remain

positive for the coupling model Q@ = 6 H pqr,- This condition is:

3w
0<d< ———. 4
(1 —I—To) (3 6)

The energy densities for all these conditions may be encapsulated in Table 3.2 below:

Conditions ‘ pam (Past) ‘ pam (Future) ‘ pde (Past) ‘ pde (Future) ‘ Physical ‘
3
0<d< -t + + + + v
) 3
d>0;6> —ﬁ + + + - X
5 <0 + + - + X

Table 3.2: Conditions for positive energy densities throughout cosmic evolution (Q1 = 6H pam)

Here (+) means that the energy densities will always remain positive, (—) means that the energy
densities will always become negative somewhere in the cosmic evolution. Any scenario which could
lead to negative energy densities should be considered unphysical. Thus, only systems that abide
by the condition (3.46) may be considered physical. Therefore, for the coupling Q1 = dH pgm, the
iDMDE regime (6 < 0) should be considered unphysical, while the iDEDM (4 < 0) regime may be
physical if condition (3.45) is met.
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3.3.4 Cosmic coincidence problem - @)1 = 0H pan,

We have already seen in (3.32) that this model should be able to solve the coincidence problem
in the past r_ for the iDEDM regime. We want to see if we can reproduce that result from the
analytical expression for pqy (3.34) and pge (3.35). Furthermore, we are also interested in how r

evolves from r_ to ro. Thus we will obtain an expression for r:

Pdm
rT =
Pde
— P(dm,O)a(‘;_g)
P(de,0) T P(dm,o)ﬁ (1-— a5+3w)} a—3(14w)
— p(dm,O)a((s_g)
[ - 3.47
_ﬁ s (1 a6+3w)} P(am,0)a31H) (3.47)
_ 1
L+ i (1 ab)] 0=+
1

1 5 (543 5
(% + 5+3w) a=(+3w) — 5+3w
In terms of redshift z this becomes:

1

r(z) =

1 5 5’ (3.48)
(% + 6+3w> (14 2)0H3%) — 55
which matches [82]. From (3.47), it can be seen that r has the proportionality:
roc al0t3w) — (q, = —3w — 9, (3.49)

where ( is defined as r o< roa™¢ in (2.42). For the ACDM model {pscpm = 3, while for a general
uncoupled model ¢ = —3w, thus from (3.49) it can be seen that:

if § >0 (iDEDM) — (q, <( alleviates coincidence problem
oy = —3w—10 — (3.50)

if 0 <0 iDMDE) — (q, > ( worsens coincidence problem.

This behaviour of iDEDM and iDMDE coincides with the previous analysis in (3.13). Furthermore,
this behaviour becomes more extreme in both the distant past (at large redshifts (14 z) — oco) and
the distant future (at redshifts (1 4+ z) — 0). This is seen by considering these limits for (3.48),
while noting the condition § + 3w < 0, thus:

0+3
lim r_ — — i w’ ; lim ry =—0. (3.51)
(142z)—o0 o (1+2)—0

This result exactly matches what was found from the phase portrait in Figure 3.2, with the repulsor

point r_ and attractor point r4 (3.32) being the same as the (14 z) — oo and (1 + z) — 0 redshift
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limits found for r in (3.51), respectively. Furthermore, in the distant past r has the proportionality:

T = (o) =0 (3.52)

Since 7 is constant and ((q, —) = 0, this model solves the coincidence problem for large redshifts
during the distant past. This only holds for the 6 > 0 (iDEDM) regime, since § < 0 (iDMDE) will
lead to a negative constant 7_ due to pge Which becomes negative at z(ge—eo) (3.43) as shown in

Table 3.2, which is unphysical. Thus, for large redshifts in the distant past we have:

if § >0 — r_ = 4constant solves coincidence problem
lim g, =0 (3.53)
(1+z)—00 if 6 <0 — r_ = —constant negative energy densities (unphysical).

To understand why this model has this behaviour, we can consider how the effective equations of
state we for IDE models can be used for Addressing the coincidence problem. To do this, we first

need the explicit relation for w§l, which is obtained by substituting in r from (3.48) into (3.37):

1) 1) 1
Wil = Wae + o7 = Wae + 5

3 3(1 ) w 5
(% + 5m) A+ 2)0) — i

(3.54)

In the distant past the ratio r_ — 5*%, while in the distant future r.. — 0, as was seperately

shown in both (3.32) and (3.51). Noting that w$ = —% from (3.36), we can see how the dynamical

effective equation of state wﬁfef behaves in both the distant past and future:

: . ff __ [ 0+3 _ 6 _  eff
o 5 | Distant past (r=r_): Wie = Wde T § (—%) = =5 = Wim

Wie = Wde + T

. (3.55)

Distant future (r =ry): w§t = wae + %(0) = We-

The effective equations of state for dark matter and dark energy is therefore the same in the dis-
tant past (wgﬁl = wgg). This shows that both dark matter and dark energy redshifts and dilutes
at the same rate in the past, which effectively solves the coincidence problem for past expansion,
as previously discussed with regards to (3.12) in section 3.2.2. This also explicitly shows that the

limit where r = +constant — { = 0, corresponds with where wggn = wgfef

Furthermore, we can also see that in the distant future wgfef = wge- The effect of the coupling
on dark energy will thus become negligible in the future, effectively mimicking the behaviour of
uncoupled dark energy. Therefore, we should expect the deviation of this model’s behaviour from
the ACDM model to be most prominent in the past, while approaching the ACDM model closer to

the present and into the future. This behaviour will be seen in all subsequent figures for this model.

To more clearly see this close connection between the effective equations of state w®f and how
this model addresses the coincidence problem, it is instructive to plot r (3.48) alongside both wﬁi
(3.54) and wST (3.36).
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Figure 3.3: Coincidence problem and effective equations of state (QQ1 = 6H pam)

From the left panel in Figure 3.3 it can be seen that for the uncoupled case, r differs with many
orders of magnitude in the past and future, indicating the coincidence that we live at a time when
both pam to pge has the same order of magnitude. For the coupled model with 6 > 0 (iDEDM), this
coincidence problem is solved for the past expansion history, since r flattens and becomes constant
r — r_ (indicated by the dashed green line) in the past, as predicted by (3.32) and (3.51). This
coincides with the right panel where wffn = wgg, as shown in (3.55). It may also be seen that the
coincidence problem is alleviated for the future expansion, since the slope is smaller (as predicted
by (3.50)), which coincides with wSl < wqm from (3.12), causing a smaller difference (w§i — wgT)

relative to the uncoupled case.

Conversely, for § < 0 (iDEDM), we have wSl > wqy which worsens the coincidence problem
for the future expansion (since the slope is greater than the case 6 = 0). For the past expansion, it
can also be seen that r approaches infinity before plummeting down, while wgg completely diverges.
This is due to the dark energy density pge which approaches zero and then becomes negative in the
past at redshift z(ge—g) (indicated by red dotted line) from (3.43). Thus the results from (3.51),
(3.50), (3.53) and (3.55) can clearly be seen in Figure 3.3 and may be generalised such that:

Past expansion: we = el (¢o, =0)  solves coincidence problem
§ > 0 (iDEDM) m = Wi (01 =0)
Future expansion: wﬁffn < wdm (€q; < ¢) alleviates coincidence problem,

(3.56)

Past expansion: wffn = wgg (pge < 0) negative energy densities

§ < 0 (iDMDE)
Future expansion: wgffn > wdm (q, > {) worsens coincidence problem.

These results hold due to how energy flows between dark matter and dark energy, causing the fluids
to redshift and dilute at different rates, as discussed in section 3.2.2. To explicitly see how this

happens, we will consider how the energy densities of dark matter and dark energy evolve.
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3.3.5 Evolution of energy densities and cosmic equalities - ()1 = 0 H pgn,

As discussed in section 3.2.2, the energy exchange between the dark sectors causes these fluids to
have a different effective equation of state, which in turn causes pqm and pge to redshift and dilute

at different rates. This can be clearly seen by plotting pam (3.38) and pge (3.39) against redshift:

10°

fffff Pdm (6= 0.25 ; IDEDM)
—— Pdm (6= 0.00 ; ACDM)

Pdm (6= -0.25; iDMDE)
————— Pde (6= 0.25 ; IDEDM)
—— pPde (6= 0.00 ; ACDM)
--------- Pde (6= -0.25 ; iDMDE)
——=- Present

105
10t
10-3

1077

10—11

10—15

Energy Density p; (Joule.m~3)

10—19

105 10 101 10-1 10-3 T10-5
Redshift (1+2)

Figure 3.4: Energy densities p vs redshift - (Q1 = 6H pam)

In Figure 3.4, we can see that for the uncoupled case pgqm o a~3 dilutes, while pge stays constant
with expansion, as was previously shown in Figure 2.7. This difference in the slope between how
Pdm and pge redshifts, is indicative of the coincidence problem. We can see that for 6 > 0 (iD-
EDM), dark energy loses energy and redshifts faster (greater slope), while dark matter receives
energy and redshifts slower (smaller slope). This causes the slope at which pgy and pqe redshift
to be the same in the past, while being smaller in the future. This coincides with wﬁﬁl = wflg and
a constant value of r (solving the coincidence problem) for the past, while wgffn < wgm which al-

leviates the coincidence problem in the future, as was shown in Figure 3.3 and summarised in (3.56).

The opposite of this holds for 6 < 0 (iDMDE). In this case, dark matter loses energy and red-
shifts even faster (greater slope), while dark energy receives energy, thus having a net increase
in energy density over time and redshifts slower (smaller slope). This causes a greater difference
in the slopes between how pgqm and pge redshifts, coinciding with wflf; > wgm Wwhich, worsens the
coincidence problem as shown in (3.56). Since pqe increases with expansion, there was a time in
the past when pge = 0 at redshift z(ge—g) (3.43), before which pge < 0 and thus unphysical. This

can clearly be seen in Figure 3.5, where the predicted redshift z(ge—¢) is indicated by the red marker.

A general point for both scenarios, is that the difference in the dark energy behaviour is only

in the past, while being identical to the ACDM model in the future. This is due to wgg approxi-

mating that of the uncoupled scenario wgg = wqe in the future, as shown in (3.55).
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The evolution of these energy densities may be further used to confirm some Cosmological implica-
tions of a dark coupling. This can be done by plotting the density parameters of dark matter Qqy,
(3.40), dark energy 4. (3.41), radiation Q, (2.3) and baryonic matter Qpy, (2.6):

1.2 Q, (6= 0.25)
Q (6= 0.00)

1.0 Qr (6=-0.25)
5 - Qdm +bm (6= 0.25)
CE Qdm + bm (6= 0.00)
g 08 Q-+ bm (6= -0.25)
Q Qqe (6= 0.25)
£ 0.6 Qqge (6= 0.00)
© Qqe (6= -0.25)
© Z(de=0)
: 0.4 Z(r=dm+bm) (6= 0.25)
= Z(r=dm+bm) (6= 0.00)
2 0.2 Z(r=dm +bm) (6= -0.25)
v Z(dm + bm = de)
a Present

0.0

—0-3%8 10° 10% 10° 102 10! 100 1071 1072
Redshift (1+2)

Figure 3.5: Density parameters vs redshift - (Q1 = 0H pam)

From Figures 3.4 and 3.5 it is seen that for § > 0 (iDEDM), there is less dark matter and more
dark energy in the past, and vice versa for 6 < 0 (iDMDE). This has the effect that for § > 0 the
radiation-matter equality happens later in cosmic history, while the matter-dark energy equality
happens earlier, with the opposite holding for § < 0, which matches with [103]. The exact redshift
where the radiation-matter z(;—qm4bm) and matter-dark energy 2(qmybm=de) €qualities happen, is
calculated in Appendix D.3 and given by equations (D.13) and (D.18) respectively. These equations
were numerically solved with cosmological parameters (2.25), predicting the equalities indicated by
the markers in Figure 3.5, which match with where the corresponding densities intersect. The
matter-dark energy equality for all three cases is indicated by a single marker, as they happen at
close redshifts. The exact redshift, cosmic time and energy density of each component at these
equalities is found in Tables 3.5 and 3.6. These results confirm some predictions from Table 3.1:
Radiation-matter equality: 2IDE < zacDMm  happens later than ACDM

0 > 0 (iDEDM)
Matter-dark energy equality:  zipg > zacpm happens earlier than ACDM,

(3.57)

Radiation-matter equality: ZIDE > zacpM  happens earlier than ACDM
0 < 0 (ibMDE)
Matter-dark energy equality:  zipg < zacpm  happens later than ACDM,

It may also be seen from Figure 3.4 that for the coupled models, dark matter never completely
dominates (Qdm,2de)— = (1,0) as in the ACDM case, but instead both dark matter and dark
energy have the density parameters (Qqm, Qde)— = (1 + 3%, —3%) from repulsor point (3.31) during

matter domination. During dark energy domination (Q4m, 24e)+ = (0, 1), as in the ACDM case.
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3.3.6 Evolution of deceleration parameter - ()1 = 0 H pan,

This change in the value of the density parameters will influence how the deceleration parameter

evolves for this model. This can be seen from the deceleration parameter for IDE models (3.20):

1 1
q="0+ 5 (Qbm + Qdm) + §Qde (1 + 3“}) : (3'58)

Furthermore, we have the effective equation of state for the total fluid in this model given by 2.27

_ wWrr + Wombm + Wam2dm + Wde 2de _ %Qr + wdeL2de

weﬂ _ iDtot —
Qr + Qbm + Qdm + Qde Qr + Qbm + Qdm + Qde

_ (3.59)
Ptot

Plotting (3.58) and (3.59), with the density parameters of dark matter Qqy, (3.40), dark energy Qqe
(3.41), radiation 2, (2.3) and baryonic matter Qy,,, (2.6), yields the following figures:
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Figure 3.7: FEvolution of deceleration pa-
rameter q with redshift (1+ z) (Q1 = dH pam)

Figure 3.6: FEvolution of effective equation
of state w with redshift (Q1 = 6H pam )

It can be seen that both the deceleration parameter ¢ and effective equation of state w® for IDE
models follow the same qualitative evolution as the uncoupled case in Figures 2.9 and 2.10. Initially,
the rate of expansion decelerates (w*® > —1/3 ; ¢ > 0) before starting to accelerate (w*f < —1/3 ;
q < 0) from the cosmic jerk onwards. This cosmic jerk occurs at the transition redshift z;, which
is found by setting ¢ = 0 in equation (3.59), which is calculated in Appendix D.2 and given by
equation (D.24). Equation (D.24) was numerically solved and the predicted value for z is indicated
on Figures 3.6 and 3.7 with a single marker, as the value of z; is very close for all three models.
The exact redshift of the cosmic jerk for each model is shown in Tables 3.5 and 3.6, from which we

see that:

§ >0 (iDEDM):
§ < 0 (iDMDE):

ZIDE > zacDM happens earlier than ACDM,

Cosmic jerk (z) (3.60)

2IDE < zacDM  happens later than ACDM
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This confirms another prediction from Table 3.1. Furthermore, in section 2.5.3 we saw that during
domination of a fluid x, such that Qx = 1, we have from (2.16) that ¢ = (1 + 3wy) and from
(3.59) wf = w,. Tt can thus be seen that this IDE model experiences radiation, matter and dark
energy-domination as indicated by w®f in Figure 3.6 that approaches wy, wm and wge respectively.
w°T and ¢ converge to three different values that correspond to each terms in equation (3.58) and
(3.59) dominating at different epochs. For radiation domination (£2;, Qqm+bm, 2de) ~ (1,0,0) —

g = 1; ' = 1/3, and dark energy domination, (2, Qqmibm, 2e) ~ (0,0,1) = ¢ = —1 ;

eff

w = —1, which matches with the ACDM model. Conversely, for matter-domination the density

parameters are given by the repulsor point (3.31), such that (2, Qqm+bm, Qde) ~ (0, 1+ %, —%).

The deceleration parameter (3.58) then becomes:

1 4] 1 4]
Q + = (Qbm+Qdm)+ Qde (1+3w) ( ) 2 <1+3w> ‘|‘§ (_3(0) (1+3w)
(3.61)
1 0 1 1
For the effective equation of state (3.59) we have:
) )
Qr"‘Qbm"i_Qdm"i_Qde (O)+(1+3%)+(_3%) 1 3 m

where both (3.61) and (3.62) reduce back to the ACDM case when either § = 0 or wS = wyy,.
We can calculate ¢ and w®f for the parameters used in Figures 3.6 and 3.7. Thus, for § = 0.25
(iDEDM) we have ¢ = £(1 — 0.25) = 0.375; and w°® = (—223) = —0.083, while for § = —0.25
(iDMDE) we have g = (1 +0.25) = 0.625 and w® = (—=022) = 0.083 for matter-domination. It
should be noted that these are just approximations, as we assumed the absence of baryonic matter
(Qm = 0) in determining the repulsor point (3.31). These results can be seen to approximately
match the values of ¢ and w®® in Figures 3.6 and 3.7 during matter-domination. This change in ¢

and w* will directly affect the expansion rate and thus the age of the universe.

3.3.7 Hubble parameter and age of the universe - )1 = 0H pam

To determine how an interaction between dark matter and dark energy will affect the age of the

universe (2.30), we consider the evolution of the scale factor from the Friedmann equation (2.13):

t @ 1 a\® 8rG kc?
dt = | ——d . H?*a)= (- . - m ) — —, 3.63
/0 /O Tt (a) (a) —3 (Pr+ pom + pam + pae) = 5 (3.63)

where we use the energy densities p; (2.3), pom (2.6), pam (3.38) and pge (3.39) and k£ = 0. To
see how a coupling changes the expansion rate throughout cosmic history, the Hubble parameter
(2.13) relative to the non-interacting case (H/Hs—p), may be plotted for both a positive and neg-

ative coupling against redshift z. We also plot the evolution of the scale factor against time, by
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numerically integrating (3.63) with the 4th order Runge Kutta method, as specified in Appendix
A.4. We then obtain the following figures:
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Figure 3.8: Relative Hubble parameter Figure 3.9: FEwvolution of scale factor with
(H/Hs=o) vs redshift (Q1 = 0H pam) time (Q1 = 0H pam)

In Figure 3.8, whenever the relative Hubble factor is smaller than 1, then the expansion rate is
slower than the uncoupled scenario (H/Hs—g < 1 — slower expansion rate). Conversely, when
the relative Hubble factor is larger than 1, the expansion rate is faster than the uncoupled case
(H/Hs—y > 1 — faster expansion rate). Therefore, it may be seen that throughout most of the
past and future expansion history ¢ > 0 (iDEDM) expands slower, while 6 < 0 (iDMDE) expands

faster than the uncoupled case.

For § > 0 (iDEDM), this behaviour can be understood to be due to the overall suppression of
dark matter and increase in dark energy density (Figures 3.4, 3.5), which in turn causes a lower
value for the deceleration parameter ¢ and effective equation of state w®® throughout most of the
expansion history (Figures 3.6 and 3.7). When evolving the Friedmann equation backwards from
present conditions, a lower deceleration parameter may be understood as causing the universe to
decelerate slower from its current size a = 1 into the past singularity a = 0, thus causing a slower
expansion rate. Due to 6 > 0 (iDEDM) having a slower expansion rate, more time is needed for
the universe to evolve from a singularity (¢ = 0) to its current size (a = 1). This implies that
0 > 0 (iDEDM) should increase the calculated age of the universe, which can be seen to be the case
in Figure 3.9. The opposite of this holds for § < 0 (iDMDE), such that the universe has a faster

expansion rate which leads to a younger universe. Thus, we have:

6 >0 (iDEDM):  tpE) > to,acpmy  Older universe than ACDM,
Age of universe (o) ’ ’

6 <0 (iDMDE):  tompE) < to,acpm) Younger universe than ACDM.
(3.64)
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It may also be noted that the earlier H/Hs—y peak for 6 = —0.25 and later peak for § = 0.25
in Figure 3.8, corresponds to the earlier and later radiation-matter equality (and thus matter
domination) respectively, which can be seen in Figure 3.5. Besides changing the universe’s age, a
coupling in the dark sector could lead to instabilities, which, if avoided, leads to a more dramatic

end to the universe.

3.3.8 Doom factor and big rip - Q1 = 0H pgm

Thus far, we have assumed dark energy to have an equation of state w = —1, consistent with
interacting vacuum energy. This was done to ease comparisons with the ACDM model, such
that the interaction strength J would be the only free parameter whose effect can be studied.
Unfortunately, this is not realistic, as w = —1 causes the perturbation equations to diverge, causing
gravitational instabilities [108, 109]. To know wheteher this IDE model is stable, we should consider
the Instabilities and the doom factor for this model. We mentioned, if the doom factor d < 0, the
model should be free of non-adiabatic instabilities at large scales, providing the range of parameters

that will give an a priori stable universe. Thus, for Q1 = 0 H pgy, we have the doom factor (3.14):

_ Q1 _ 6Hpgwm 0 pam
- — — , (3.65)
3Hpae(l +w)  3Hpae(l+w)  3(1+w) pde

d;

where we also apply the conditions that pgm > 0 ; pge > 0. Since we need d < 0 to ensure a stable
universe, we can see from (3.65) that this will only occur if ¢ and (1 + w) have opposite signs [103].

This then implies that:

<0 ; w>-1 (Quintessence regime) _ o
d; <0 — No instabilities expected
>0 ; w< -1 (Phantom regime)
(3.66)
0>0 ; w>-1 (Quintessence regime)
d, >0 — Instabilities can develop if d> 1
0<0 ; w<—1 (Phantom regime)

These results should be combined with the positive energy condition 0 < § < — (1?1::0) from (3.46)

and Table 3.2. This implies that pge < 0 if 6 < 0 (iDMDE), which is unphysical and should be
ruled out. The results from (3.65), (3.66) and (3.46) are taken together in the following table:

’ 1) ‘ Energy flow ‘ w ‘ Dark energy ‘ d ‘ a priori stable ‘ Pdm > 0 ‘ Pde > 0 ‘ Viable ‘

+|[DE—DM | <-1]| Phantom | - N WV Y WV
+ | DE - DM | > —1 | Quintessence | + X Vv Vv X
- | DM—=DE | <-1 Phantom + X Vv X X
- | DM — DE | > —1 | Quintessence | - Vv vV X X

Table 3.3: Stability and positive energy criteria (Q1 = 0H pam)
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From Table 3.3, we see that the only scenario that is free from both negative energy densities and
instabilities is phantom dark energy w < —1 in the § > 0 (iDEDM) regime. This has the conse-
quence that these models will be plagued by the problems associated with phantom dark energy,
violating the Energy conditions of general relativity; and the consequences of doing so [41]. Since
wgg = wge (3.55) in the future, an immediate consequence of dark energy being in the phantom

regime, is that the universe model will experience a late time Big rip singularity as noted by [107].

An equivalent equation to (2.50) for the time of the big rip ¢, [10, 95] is derived for this IDE
model in Appendix E.2 as:

2

3Ho(1 + w)\/l — om0y — (1 - M%) Qam)

trip ~ -

)

(3.67)

which reduces back to (2.50) when § = 0. The predicted time of the big rip (3.67) is plotted
alongside the evolution of the scale factor (3.63) in Figure 3.10:
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Figure 8.10: Fuvolution of energy density, scale factor and the big rip for phantom (w = —1.15)
IDE models - (Q1 = 0H pam)

In Figure 3.10, we can see that both the a — 0o ; pge — 00 at a finite time t,;p, as was previously

also seen in Figure 2.12. For 6 > 0 (iDEDM), pq. dilutes similar to dark matter in the past (when

wflg = Wdm), after which it shows phantom behaviour by increasing in energy density with time

(when wgg = wye). Furthermore, the coupling changes the time of the big rip such that:

§ > 0 (iDEDM):
§ < 0 (iDMDE):

t(ri > b Later big rip than ACDM,
Big rip (rip,IDE) (rip, ACDM) g r1p (3.68)

t(rip,IDE) < t(rip,ACDM) Earlier big rip than ACDM.
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3.3.9 Concluding remarks on IDE model Q)1 = 0H pgn,

Thus far we have seen that all the Cosmological implications of a dark coupling predicted in Table

3.1 have held for the model Q1 = §H pgm,- We will now summarise these results.

For this model, we have derived the positive energy condition 0 < § < —(13_7“;0) (3.46), from which

we see that the 6 < 0 (iDMDE) regime will always lead to pqe < 0 during past expansion. This
implies that only the 6 > 0 (iDMDE) regime should be taken seriously as a potential candidate
for dark energy. For this 6 > 0 (iDMDE) regime, we have seen that this model can solve the

coincidence problem in the past, whilst aleviating the problem for the future (3.56). This is due to

eff
dm

the ACDM model in the future wS = wqe (3.55). Furthermore, this energy flow from DE to DM

dark energy deviating from the ACDM model in the past expansion wS: = wgfef, while mimicking
causes a later radiation-matter equality and both an earlier matter-dark energy equality (3.57) and
cosmic jerk (3.68), while predicting an older age for the universe (3.68). The opposite holds for
0 < 0 (iDMDE). Using the cosmological parameters from (2.25), the exact redshift, cosmic time and
energy densities during these important events, for the cases 6 = 0 (ACDM); 6 = 0.25 (iDEDM)
and 0 = —0.25 (iDMDE), can be found in Tables 3.4, 3.5 and 3.6 respectively.

Table 3.4: Important events in interacting dark energy model § = 0.00 (ACDM) - Q1 = 6H pam

’ Event Redshift z ‘ Time (Gyr) ‘ Pr ‘ Pm ‘ pa (J/m3) ‘
Big bang singularity 00 13.80 00 00 00
Radiation-matter equality 3499 13.80 10.9 10.9 5.5e-10

Cosmic jerk 0.63 6.12 5.2e-13 | 1.2e-9 5.5e-10
Matter-dark energy equality 0.30 3.50 2.1e-13 | 1.1e-9 5.5e-10

Table 3.5: Important events in interacting dark energy model 6 = 0.25 (iDEDM) - Q1 = 6H pam

Event Redshift z ‘ Time (Gyr) ‘ Pr ‘ Pdm-+bm ‘ pde (J/m3) ‘
Big bang singularity 00 14.51 00 o0 00
Radiation-matter equality 1061 14.51 9.2e-2 | 9.2e-2 4.0e-3
Cosmic jerk 0.77 7.42 7.2e-13 | 1.3e-9 6.3e-10
Matter-dark energy equality 0.34 3.32 2.4e-13 | 5.8e-10 5.8e-10

Table 3.6: Important events in interacting dark energy model 6 = —0.25 (iDMDE) - Q1 = §H pam

Event Redshift z ‘ Time (Gyr) ‘ Pr ‘ Pdmt-bm ‘ pde (J/m?) ‘
Big bang singularity 00 13.13 o0 o0 00
Radiation-matter equality 43 138 13.13 2.5e5 2.5eH -1.9e-4
Cosmic jerk 0.53 5.43 4.0e-13 | 1.0e-9 5.0e-10
Matter-dark energy equality 0.26 3.14 1.8e-13 | 5.4e-10 5.4e-10

Finally, it should also be noted from Table 3.3 that the only viable regime for these models, to
avoid both negative energy densities and gravitational instabilities, is phantom dark energy w < —1
in the 6 > 0 iDEDM) regime. This has the direct consequence that these models will end with a

big rip singularity after time ¢, for which we have derived expression (3.67).
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3.4 Interaction model 2: Q) = IH pgeo

We will now consider our second case study, where the interaction is proportional to the dark energy
density Q2 x pge- The same analysis will be applied to this model that was done for Interaction
model 1: Q1 = dH pgm to show that many of the conclusions from section 3.3.9 hold in general for
IDE models while noting key differences. The model Q2 = d H pge is more common in the literature
than the previous model considered. A possible explanation for this, is that in the iDMDE regime
for Q1 = dHpqm model, pge < 0 in the past, as was pointed out in [103]. These authors then
advocated for coupling Q2  pge, since all energy densities remain positive throughout the past
universe history, even in the iDMDE (6 < 0) regime [103]. This result has often been taken at
face value in the literature. However, we would like to focus attention to the fact that in the
iDMDE (§ < 0) regime, these models will always suffer from negative dark matter energy densities
(Pam < 0) during future expansion. This observation should render these models less favourable
and should have been noted by many recent papers that have neglected to mention this problem
[87, 105, 106, 108]. The exact conditions for positive energy densities will be calculated in section

3.4.3, but this result can immediately be seen from the phase portraits of these models.

3.4.1 Phase portraits - ()2 = 0 H pge

Assuming the coupling Q2 = dH pqe, equation (3.22) becomes:

dQe  QaeH 20 + Qm + Qam + Qe (1 + 3wae) — 1 — Bwae] — 553 (6H pae)
dQm QumH [2Q% + Qo + Qam + Qe (1 + 3wae) — 1] + 52G (6H pae)
. Qde [QQr + Qbm + Qdm + Qde (1 =+ 3wde) —1- Swde — (5]

Qam 2% + Qom + Qdm + Qe (1 + 3wge) — 1] + 0Q4e

(3.69)

where we have used the fact that %pde = {24e. Since this coupling is not proportional to the dark

matter density, it may be seen from (3.22) that the evolution of baryonic matter and dark matter

may be grouped together:

Qm = Qdm + Qbm
= (Qdm + Qom) H 22 + (Qbm + Qam) + Qe (1 + 3wde) — 1] + 0Q4e (3.70)
= QnH 29 + Qy + Qge (1 + 3wge) — 1] + 6Q4e.

It should be noted that baryonic matter is still separately conserved here and experiences no new
interaction. Thus, investigating the case where dark matter is grouped with baryonic matter and

radiation is negligible (2, = 0), (3.69) becomes:

dQ4e . Qge [Qm + Q4e (1 + 3wde) —1—3wge — 5]
de a Qm [Qm + Qde (1 + 3wde) - 1] + 5Qde

(3.71)
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Using (3.71), the evolution of matter and dark energy may now be expressed with a phase portrait

in the (Qy,, Qqe)-plane:
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Figure 3.11: Phase portraits for Qaqm and Qqe (Q2 = 0H pge)

In Figure 3.11, the left panel shows the phase portrait of a positive § (iDEDM), while the right
panel shows a negative ¢ (iDMDE). The equilibrium points are calculated in Appendix B.3 to be:

0 1)

iy Qge)— = (1,0 ; Qun, Q =(-—=,14+—. 3.72

@)= (L0) 5 (S = (514 5 ) (3.72)
In contrast to the previous @ x pgm, model (Figure 3.2) where the repulsor point moved, here the
repulsor point is similar to the ACDM case (Figure 3.1), but the attractor point is instead shifted
by the dark coupling. This highlights the point that the effect of the coupling is more dominant
in the matter dominated past for Q) o pqm, while being more dominant during later dark energy
dominance for Q o pge (due to the behaviour of wS (3.55) and Wil (3.96)). Therefore, this model
will not solve the coincidence problem in the past as r_ does in (3.32), but will instead stabilise r
in the future r,, thereby solving the coincidence problem for future expansion:
U _ 1 _ Qmt) Q) —3 0

= - =00 ; =g A — — . (3.73)

r_ = =
Qde,—y 0 dect)  Dder) 1+ 6+ 3w

The same point holds as discussed with regards to (3.32), where positive § > 0 (iDEDM) solves
the coincidence problem, but § < 0 (iDMDE) causes negative energy densities. This brings us to
the often overlooked problem of the iDMDE regime for this model. It is clear from (3.72) that
Qamt ~ Qpyy = —%, alongside (w < 0), must imply that § < (iDMDE) leads to a negative energy
attractor solution for Q4,,. We should also note that baryonic matter is grouped with dark matter,
but in the distant future it dilutes as in the ACDM model and its contribution in the distant future

should become negligible, validating the approximation Qg + ~ , 4.
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3.4.2 Background analytical equations - Q)3 = 0 H pge

This model will have the conservation equations obtained by substituting the coupling Q) = dH pge
into (3.3), which gives:

pdm =+ 3dem = 5dee ) pde + 3H;0de(1 + w) = _6H/0de' (374)

The analytical expressions for both pgn, and pge are derived in Appendix C.2 by solving the differ-

ential equations in (3.74), yielding the following expressions:

Pdm = <p(dm,o) P05 5, [1 - a_(5+3w)]> a”?, (3.75)

pde — a—(5+3w+3)_ (376)

Here (3.75) and (3.76) match with the energy densities found in [84, 103, 106, 108]. The effective
equation of states for this model can be obtained by substituting the coupling equation Q) = § H pge
into (3.7) and (3.9). The dark matter effective equation of state is then:

off ___ Q@ _ OHpm _ 9 pde

well — S = ) 3.77
dm 3dee 3dem 3 Pdm ( )
Similarly, for dark energy we have the effective equation of state:
eff Q 6dee 6
= = = —. 3.78
e w 3dee © Sdee w 3 ( )

which matches with [84, 103, 106, 108]. In contrast to Q1 = 6H pam; wgﬁl is dynamical with a
dependence on 7, while, in contrast w§l is constant. Equations (3.75), (3.76), (3.77) and (3.78) also
reduce back to the ACDM model when § = 0 and w = —1. Using the relation p( o) = %Q(Xm
from (1.32) as well as the scalefactor redshift relation a = (1 + 2)~!, we obtain useful relations for
Pdm and pge from (3.75) and (3.76) as:

3H§ d 0+3w 3

Pdm =57 <Q(dm,0) + Q(de,0) 513w [1 — (1+2)0F )} (1+2)° (3.79)
3H§ 0+3w+3

Dde :787TGQ(de’O)(1 + 2)(043w+3), (3.80)

From the relation Q = %px , we obtain Qg and Q4. from (3.75) and (3.76) as:

Hg 0 0+3w 3
O =173 (Vamo + Vo [1 - 1+ 2759 ) (4 29, (3.1
0 7£8Q 1 (6+3w+3) 3.892
de 2 (de70)< + Z) : ( : )

As before, we first determine the exact conditions to avoid the negative energy densities which were

seen in Figure 3.11 and frequently avoided in the literature.
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3.4.3 Positive energy density conditions - ()2 = 0 H pge

In Positive energy conditions - Q1 = 0 H pam, the dark matter density pqm, was always positive, while
the dark energy density pge could become negative. For this model, it can instead be seen that
pae (3.76) is always positive (since a~(0+3%+3) > ( or all values of ), while pgm (3.75) has multiple
terms which could become negative. We will follow the same approach as we did in Positive energy
conditions - Q1 = §H pqm to find the exact condition to ensure that the pgn is always positive in
this case. We need to find out where the dark matter energy density crosses the zero energy density
boundary and becomes negative so that conditions may be chosen to avoid this zero crossing. This

is found when we set the dark matter energy density (3.75) equal to zero:

0 — (643w -

[1 _ a—(5+3w)}

0= Plamo) + Peo) 55

d —(8+3w
P05 3y {1 — a0 )] = P(dm,0)

{_1 N af<a+3w>] _ f/’)(dm(»“é&ﬂ
(de,0)

(3.83)

g~ (+3w) _ 1 | Pldm) 0+ 3w

P(de0) O

ENECEE ™ N <5+53w) '

Using (3.83), we can find solutions where the dark matter energy density crosses zero and becomes
negative (pgm < 0). Using (3.83) and the relation a = (1 + 2)~!, the zero crossing (pgm = 0)
happens at exactly the redshift z(gm,—g):

1
6 3 5+3w
Z(dm=0) = [1 + 70 ( —; w)] -1 (3.84)

Using (3.83), we may explore four scenarios, (E) - (H), where the energy density may possibly
cross zero and become negative. These scenarios will be either the iDMDE (§ < 0) or iDEDM
(6 > 0) scenarios, for either the past or the future. This leads to:

a—+3) Z 1 4 <6 +5 3w> where (6 + 3w < 0) (3.85)

Past (a<1l) — (0<LHS. <1 ; RHS. >1) (E)
0<0=

Future (a>1) — (LHS.>1 ; RHS.>1) (F)

Past (a<l) — (0<LHS. <1 ; RHS. <1 (G)
0>0=

Future (¢>1) — (LHS.>1 ; RHS. <1) (H)
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Here we can immediately see that for both (E) and (H) the L.H.S. and R.H.S. will never cross,
which means that there will be no solution for (3.85) and thus the pq, will never cross zero and
become negative. Therefore, pgn, will always remain positive for scenerio’s (E) (Past expansion
with 0 < 0) and (H) (future expansion with 6 > 0). Furthermore, scenario (F) will always have a
solution and therefore the dark energy density will always become negative in the future, as shown

by the attractor point in Figure 3.11.

147 <(5 —|—53w> <0

1
0+ 3w < —0—
To
(3.86)
1) <1 + 1) < —3w
0
— 0 < — 3w

T
(1+2)
Thus, if condition (3.86) is met, then scenario (G (Past expansion with § > 0) will always have

positive energy densities. Therefore, since both (G) and (H) will always have positve energy den-

sities, the positive coupling 6 > 0 (with condition (3.86) met) may be seen as physical.

Since the condition (3.86) holds, it implies that the condition § < —3w must necessarily hold

as well. Taking the conditions (§ > 0); (0 < —3w) and ((5 < —%) together, a general condi-

tion is obtained to ensure positive energy densities for the IDE model Q2 = 6 H pge. This condition

is:

1+ %

0

0<d< —ﬁ. (3.87)

The energy densities for all these conditions may be encapsulated in Table 3.7 below:

Conditions ‘ pam (Past) ‘ pam (Future) ‘ pde (Past) ‘ pde (Future) ‘ Physical ‘
3w
0<d< (ir) + + + + Vv
6>0;6>—(13°;0> — + - + X
6 <0 + - + + X

Table 3.7: Conditions for positive energy densities throughout cosmic evolution (Q2 = §H pae)

From positive energy conditions (3.46) and (3.87) it may be concluded that only IDE models where
energy flows from dark energy to dark matter iDEDM (§ > 0) should be seriously considered, as
couplings where energy flows from dark matter to dark energy iDMDE (6 < 0) will always lead to
either negative energies in the past or the future. This only holds for the couplings Q1 = §H pam

and Q2 = 6 H pge, and may not be the case for other coupling models.
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3.4.4 Cosmic coincidence problem - Q)5 = 0H pge

For this model, the coincidence problem is not solved in the past but instead in the future. This
can be seen from the repulsor point r_ = oo (3.73) being the same as in the ACDM model (3.27).
Conversely, the attractor point ri in (3.73) shows that this model should solve the coincidence
problem in the future, at least for the iDEDM regime. We will now reproduce these results from

the analytical expression for pgm (3.75) and pge (3.76). First, we need an expression for r:

Pdm
r =
Pde
_ Pam0) " + paeo) 5 [1—a” ]
p(de,O)a_(6+3w+3)
P(dm,0) s —(6+3w -3
_ (Piie,t?) t o (L o )]) P(de,0)4 (3.88)
- Pldeya OF3+3)
)
_ 1— 7(6+3w)} (64-3w)
<TO * 0+ 3w [ @ @
) )
_ (0+3w) _ _ “
(T0+5+3w)a 5+ 3w’
In terms of redshift z this becomes:
r(z)={ro+ (14 2)~@+3) _ 0 (3.89)
0+ 3w 0+ 3w
From (3.88), it can be seen that r has the same proportionality as (3.49), such that:
Foca®™) L g = oy = —3w =0, (3.90)

For the ACDM model {acpm = 3, and for a general uncoupled model {( = —3w, thus from (3.90) it

can be seen that:

if § > 0 iDEDM — < alleviates coincidence problem
Cop = —3w— 6 = (DEDM) == dq, << P (3.91)

if § <0 (ibMDE) — (q, >( worsens coincidence problem.

This behaviour coincides with both (3.50) and the original analysis in (3.13). Furthermore, this
effect becomes more extreme in both the distant past (at large redshifts (1 + z) — oo) and the
distant future (at redshifts (1 4+ z) — 0). This can be seen by considering these limits for (3.48),
while noting the condition § + 3w < 0, thus:

. ) 0
lim 7r_ — oo, ; lm ry=—

(142)—o0 ’ (142)—0 * 043w (3.92)

These results match what was found from the phase portrait in Figure 3.11, with the repulsor point

r_ and attractor point 74 (3.32) being the same as the (1+z) — oo and (1 + z) — 0 redshift limits
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found for r in (3.92), respectively. Furthermore, in the distant future r has the proportionality:

(1413;)11%0 ryoca® = ¢(Qa,—) = 0. (3.93)

Since 7 is constant and ((q,,4+) = 0, this model solves the coincidence problem for future expansion.
This only holds for the § > 0 (iDEDM) regime, since 6 < 0 (iDMDE) will lead to a negative
constant r4 due to pam which becomes negative at zm—o) (3.84), as shown in Table 3.7, which is

unphysical. Thus, for (1 + z) — 0 in the future, we have:

) if § >0 — r_ = +constant solves coincidence problem
lim (q, =0 (3.94)
(1+2)—=0 if § <0 — r_ = —constant negative energy densities (unphysical).

To understand why this model differs from Q1 = d H pgm, we can consider how the effective equations

of state wff for this model evolve. To do this, we first need the explicit relation for wgifn, which is
obtained by substituting in r from (3.89) into (3.77):
51 ) 1
ff _ —
Wim = T3 = 73 (3.95)

3 5 (643w 5
(ro+ 5%) (1 2) 70089 — b

_6—1—%’ as was independently

shown in both (3.73) and (3.92). Noting that wSf = w+g from (3.78), we can see how the dynamical

In the distant past the ratio r— — oo, while in the distant future r. —

effective equation of state ngl behaves in both the distant past and future:

of 51 | Distant past (r=r_): Wit = —gé =0 = wdm (3.96)
Wam = 5~ :
37 | Distant future (r=ry): Wit = —% <5+53w) =w+ g = Wi,

The effective equations of state for dark matter and dark energy are therefore the same in the dis-
tant future (wSl = wST). This shows that both dark matter and dark energy redshift and dilute at
the same rate in the future, which effectively solves the coincidence problem for future expansion by
the mechanisms discussed with regards to (3.12) in section 3.2.2. This again shows that whenever

r = 4+constant — ¢ = 0, we also have wggl = wcelg.

Furthermore, we can also see that in the distant past wgg = wge- The effect of the coupling
on dark matter will thus become negligible for past expansion, effectively mimicking the behaviour
of uncoupled dark matter. Therefore, we should expect the deviation of this model’s behaviour
from the ACDM model to be most prominent in the future while behaving similarly to the ACDM
model in the past. This feature, where Q2 x pq. deviates from ACDM in the future (3.55), while

Q1 X pam deviates in the past (3.96), can be seen as the largest difference between the two models.
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These predictions may be confirmed by plotting r (3.89) alongside both w§l (3.95) and w§T (3.78):
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Figure 3.12: Coincidence problem and effective equations of state (Q2 = 6H pae)

From the left panel in Figure 3.3 it can be seen that for the coupled model with § > 0 iDEDM), r
differs with many orders of magnitude in the past, but converges to a constant value in the future
r — r4 (indicated by the dashed green line), as predicted by (3.73) and (3.92), making the present
value less coincidental. The coincidence problem is thus solved for the future expansion history.
This coincides with the right panel where wﬁﬁl = w(‘f, as shown in (3.96). The coincidence problem
is also alleviated for the past expansion, since the slope of r is smaller (as predicted by (3.91)),

which coincides with w§l > wyqe from (3.12), causing a smaller difference in (w§l — w§h).

Conversely, for § < 0 (iDEDM) we have wgg < Wqe, which worsens the coincidence problem for the
past expansion history (since the slope is greater than the case § = 0). For the future expansion,
it can also be seen that r becomes zero, while wﬁfef diverges at the same point. This is due to the
dark matter density pqm which becomes zero in the future at redshift z(4m—g) (red dotted line) from
(3.84), and then stays negative for the rest of the future expansion. Thus, the results from (3.92),
(3.91), (3.94) and (3.96) can clearly be seen in Figure 3.12 and may be summarised as:

Past expansion: W > whe (Ca, < ¢ alleviates coincidence problem
§ > 0 (iDEDM) e > wae (60, < <)
Future expansion: wffn = wgg (Cq, = 0) solves coincidence problem,

(3.97)

Past expansion: W < wae (Cq, > ¢)  worsens coincidence problem
§ < 0 (iDMDE) o < wae (60 > <)
Future expansion: wﬁﬁl = wgfef (pge < 0) negative energy densities.

These results hold due to how energy flows between the dark sectors, causing dark matter and dark
energy to redshift and dilute at different rates, as discussed in section 3.2.2. To see this, we will

consider the evolution of pgm and pge.
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3.4.5 Evolution of energy densities and cosmic equalities - ()3 = 6 H pge

For Q1 in section 3.3.5, we saw that the energy densities pqm (3.79) and pge (3.80) evolved with the
same slope in the past, thus diluting at the same rate, which coincided with wggl = wgg and the
coincidence problem being solved. For this model, we saw that the coincidence problem is solved
for the future (3.97), thus we expect the same behaviour that was seen in Figure 3.13, but for future

expansion. This can be clearly seen by plotting pqm (3.79) and pge (3.80) against redshift:

10°

_____ Pdm (6= 0.25 ; iDEDM)
—— Pdm (6= 0.00 ; ACDM)

Pdm (6= -0.25; iDMDE)
_____ Pde (6= 0.25 ; iDEDM)
—— pPge (6= 0.00 ; ACDM)
......... Pde (6=-0.25 ; iDMDE)
——- Present

105_
101_
10—3.

10—7_

10—11_

10—15_

Energy Density p; (Joule.m™3)

10—19_

105 103 101 10-1 1073 10-5
Redshift (1+2z)

Figure 3.13: FEnergy densities p vs redshift - (Q2 = 0H pge)

In Figure 3.13, we see that for § > 0 (iDEDM), dark matter receives energy from dark energy,
causing pam to redshift slower w§l < wqy, (smaller slope), while pqe redshifts faster (greater slope).
This behaviour alleviates the coincidence problem in the past. In the future the slope at which pgm,
and pge redshift becomes the same, coinciding with w(fn = wgg (3.96) and the coincidence prob-

lem being solved, while pg, dilutes similar to the ACDM model in the past where wgf; = Wam (3.96).

The opposite holds for § < 0 (iDMDE). Here, dark matter loses energy and redshifts faster
wfi]frfn > wqm (greater slope), while dark energy receives this energy and redshifts slower (smaller
slope). This greater difference between the slopes of pgm and pqe, worsens the coincidence problem.
There will also be a time in the future when pqy, = 0 at redshift 2(gm—g) (3.84), after which pgy, <0
for the rest of expansion, which is unphysical. The predicted value for z(qy—g) is indicated by the

red marker in Figure 3.14. All these observations coincide with (3.97).

It may also be noted that § > 0 (iDEDM) pge decreases over time, while 6 < 0 (iDMDE) pge
increases over time. The dark energy therefore effectively behaves like either quintessence or phan-
tom dark energy respectively, with an equation of state wcelg =w+ g. Since this effect continues

into the future, it will have consequences for the final fate of the universe model.
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We can now show that the Cosmological implications of a dark coupling hold for both coupling
functions considered. This is done by plotting the density parameters of dark matter Qq,, (3.81),
dark energy Qg0 (3.82), radiation €2, (2.3) and baryonic matter Qpy, (2.6):

1.2 Q; (6= 0.25)

Q; (6= 0.00)

Q; (6= -0.25)

Qdm + bm (5: 025)
Qdm+bm (6= 0.00)
Qdm +bm (6= -0.25)
Qge (6= 0.25)

Qqe (6= 0.00)

Qe (6=-0.25)
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Figure 3.14: Density parameters vs redshift - (Q2 = 6H pqe)

From Figures 3.13 and 3.14 it is seen that for 6 > 0 (iDEDM), there is less dark matter and more
dark energy in the past, and vice versa for § < 0 (iDMDE), as was previously seen in Figures 3.4
and 3.5. For § > 0 the matter-radiation equality still happens later and the matter-dark energy
equality earlier in cosmic history, with the opposite holding for § < 0. Here the deviation from
the ACDM model is significantly smaller than in Figure 3.4, with the equalities for all models hap-
pening very close to each other, as also seen in [103]. Expressions giving the exact redshift where
the radiation-matter z,—dqm4+bm) (D.29) and matter-dark energy z(ambm=de) (D-36) equalities hap-
pen, are derived in Appendix D.3. Equation (D.29) was numerically solved and (D.36) analytically
solved, with the results shown in Tables 3.10 and 3.11. These results are indicated by the markers
in Figure 3.14, matching with where the corresponding densities intersect. From these results, we
once again confirm what was shown in (3.57) and in Table 3.1:
Radiation-matter equality: ZIDE < ZAcDM  happens later than ACDM

9 > 0 (iDEDM)
Matter-dark energy equality:  zipg > zacpm  happens earlier than ACDM,

(3.98)

Radiation-matter equality: Z > ZA happens earlier than ACDM
5<0 (iDMDE) q Yy IDE CDM PP

Matter-dark energy equality:  zipg < zacpm = happens later than ACDM,

In Figure 3.13 it may also be seen that unlike Figure 3.4, there is complete matter domination
(Qdm, Q4e)— = (1,0), as in the ACDM case. For this model, dark energy never completely
dominates in the future, but instead dark matter and dark energy have the density parameters

(Qam+bm, Qde)+ = ( 0 1+ %) from the attractor point (3.72).

—35)
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3.4.6 Evolution of deceleration parameter - ()2 = 0 H pge

For this model, we have seen that the density parameters mostly deviate from the ACDM model
during dark energy domination. We, therefore, expect this coupling function to change the be-
haviour of the deceleration parameter ¢ and the effective equation of state for the fluid w®® most
dramatically in the future expansion. The expressions for both ¢ and w*f are the same for all IDE

models, with only the density parameters €y differing. Thus, for this model, we have:

%Qr + wllge

_ S (3.99)
Qr + Qbm + Qdm + Qde

1 1
0=+ 5 (Qm+ Qam) + 5% (1430) 5 W™

where the density parameters for this model are that of dark matter Qq,,, (3.81), dark energy Qqe
(3.82), radiation €2, (2.3) and baryonic matter Qp,, (2.6). Plotting (3.99) with these parameters
yields the following figures:
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Figure 8.15: Ewvolution of effective equation Figure 3.16: Ewvolution of deceleration pa-
of state W with redshift (Qa = 0H pye) rameter q with redshift (1 + z) (Q2 = dH pge)

From Figures 3.15 and 3.16 we can see that the past behaviour for the coupled models are almost
identical to that of the ACDM model, with initial deceleration followed by acceleration from the
cosmic jerk onwards. This cosmic jerk occurs at the transition redshift z;, for which an analytical
expression (D.36) is derived in Appendix D.3. The transition redshift for all three models are
calculated from (D.36) and indicated by the marker in Figure 3.15 and 3.16, while the exact redshift
for each can be found in Tables 3.10 and 3.11. Based on these results, we can again confirm the

conclusions from (3.99) and Table 3.1, which state that:

6 >0 (iDEDM): zipg > z happens earlier than ACDM,
Cosmic jerk (z;) ( ) 7DE > 2zacpM  happ (3.100)

9 <0 (iDMDE): zipg < zacpm  happens later than ACDM.

From Figures 3.6 and 3.16 it can also be seen that similar to the ACDM model, these models
experience complete radiation-domination (€, Qamibm, Qe) ~ (1,0,0) = ¢ = 1 ; w*f = 1/3,

followed by complete matter-domination (2, Qdm-+bm, Qe) ~ (0,1,0) = ¢ = 1/2; w*f = 0. Asseen
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in Figure 3.14, these models don’t show complete dark energy domination, but instead the density
parameters are obtained from the attractor point (3.72), such that we have (€, Qam-+bm, Qde) =

(0, —%, 1+ %) The deceleration parameter (3.99) during dark energy domination then becomes:

=0+ = (Qbm+9dm)+ Qde(1+3w) (0)+1<—6>+1<1+5)(1—|—3w)

2 3w 2 3w (3.101)
_! —i+ 1+i+(1+3) LY WY —1(1+36ﬁ) |
“ 23w 3w )2 “T3]) T2 e )
For the effective equation of state (3.99) we have:
T+ wQqe Lo 1+.2 )
weﬁ: 3 + wilq _ 3( )+5w( +3w)5 :w+3 :w‘{’é—wgg, (3102)
O + Qpm + Qdm + Qe (0)4‘(—%)4— (1—}—%) 1 3

where both (3.101) and (3.102) reduce back to the ACDM case when either § = 0 or w§l = wge. We
can now calculate ¢ and w°® for the parameters used in Figures 3.15 and 3.16. Thus, for § = 0.25
(iDEDM) we have ¢ = 1 (1 +3 [—1 + %]) — —0.875 and w° = ( 1+ %25)) — 0.916, while
for § = —0.25 (iDMDE) we have g = 4 (1+3 [-1+ 22/]) = ~1.125 and o = (-=42) = 1.083
for dark energy-domination. These results can be seen to exactly match the values that ¢ and w®ff

converge to in Figures 3.15 and 3.16 during dark energy-domination.

This change in the deceleration parameter and effective equations of state can thus make the total
fluid effectively behave as quintessence or phantom dark energy, without necessarily having a dark
energy equation of state in that regime. Dark energy may have an equation of state w < —1, but
will only have the consequences of the phantom-regime if there is a large enough negative coupling
such that wd‘g < -1—-w+ g < —1 [103]. Thus, dark energy may behave like quintessence if
wdc > —1 which corresponds to § > 0 (iDEDM) or phantom dark energy w < —1 when § <0

(iDMDE) as seen in Figures 3.15. This will have important consequences for the final fate of these

IDE model universes, which will be discussed in section 3.4.8.

3.4.7 Hubble parameter and age of the universe - Q) = 6 H pqe

The interaction @2 will affect the age of the universe in the same way as ()1 in section 3.3.7. We

consider the age of the universe from the evolution of the Friedmann equation from (2.13):

t @1 a\? &G kc?
dt = d ; H? =\ T m m e)] T T o 3.103
/O /0 Ha™ (a) <a) —3 (P pom & pam + pae) — 3 (3.103)

where in this model we use the energy densities pr (2.3); ppm (2.6); pam (3.79); pde (3.80) and
k = 0. Since both the deceleration parameter and the total effective equation of state deviates

mostly during dark energy domination, we expect the expansion rate to mostly change for future
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expansion. This may be seen by plotting the Hubble parameter (3.103), relative to the non-
interacting case (H/Hjs—g), against redshift. The evolution of the scale factor against time is also
plotted and the age of the universe calculated, by numerically integrating (3.103) with the 4th-order
Runge Kutta method, as detailed in Appendix A.4. This yields:

‘ 4.0 T
4.0{ - 6=0.25 } —— 6= 0.25; Age = 14.44 Billion years
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Figure 3.17: Relative Hubble parameter Figure 3.18: FEwvolution of scale factor with
(H/Hs=o) vs redshift (Q2 = 0H pac) time (Qy = 0H pae)

In Figure 3.17, H/Hs—o evolves similarly to @; in Figure 3.17. In both cases H/Hs—y < 1 for
0 > 0 (ibEDM) throughout most of the expansion history, indicating a faster expansion rate. This
is again due to the overall suppression of dark matter seen in Figure 3.14, which causes a lower
value for ¢ and w®f and therefore a slower expansion rate, as explained in section 3.3.7. This slower
expansion rate in turn causes an older age for the universe as seen in Figure 3.18. The opposite of
this holds for § < 0 (iDEDM). We therefore confirm the following result from (3.68) and Table 3.1:

6 >0 (iDEDM):  t(opE) > to,acpm)  Older universe than ACDM,
Age of universe (tp) ’ ’

6 <0 (iDMDE):  tmE) < to,acpm) Younger universe than ACDM.
(3.104)

In Figure 3.17, it can also be seen that H/Hs_q slightly deviates from the ACDM model in the
past, while greatly deviating for future expansion. Before considering this future expansion, we

need to consider the stability of this model.

3.4.8 Doom factor and big rip - ()2 = 0H pge

As previously discussed with regard to the coupling @ in section (3.3.8), an equation of state
w = —1, causes gravitational instabilities [108, 109]. The stability of this model will once again be
dependent on the doom factor d (3.14). This condition d < 0 guarantees an a priori stable universe
as discussed in section 3.2.4. Thus, for Q2 = §H pge we have the doom factor (3.14) [103]:

_ Q2 __ O0Hpe 9
3Hpge(l +w) 3Hpae(1 +w) 3(1+w)’

d, (3.105)
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where we require d < 0 to ensure the stability of the universe. We can see from (3.65) that similar
to @1 in (3.66), this only occurs if § and (1 + w) have opposite signs [87, 103, 105, 106, 108, 109]:

§<0 ; w>-1 (Quintessence regime)
ds <0 — No instabilities expected
>0 ; w< -1 (Phantom regime)
(3.106)
>0 ; w>-1 (Quintessence regime) o )
d; >0 — Instabilities can develop if d> 1.
0<0 ; w< -1 (Phantom regime)

Besides being stable, these models need to have positive energy throughout the entire past and fu-
ture expansion to be considered viable. We therefore need to consider the positive energy condition
0<0<—3w/(l+ %) in (3.87) and Table 3.7. Here it was shown that we will always have pgy, < 0
in the future if 6 < 0 (iDMDE), which is unphysical. The results from (3.106) and (3.43) can be
taken together in the following table to determine the viability of the model:

’ ) ‘ Energy flow ‘ w ‘ Dark energy ‘ d ‘ a priori stable ‘ Pdm > 0 ‘ Pde > 0 ‘ Viable ‘

+| DE—DM | <-1]| Phantom | - WV Y WV v
+ | DE - DM | > —1 | Quintessence | + X vV Vv X
-| DM = DE | < -1 Phantom + X X vV X
- | DM — DE | > —1 | Quintessence | - V X vV X

Table 3.8: Stability and positive energy criteria (Q2 = 6H pye)

From Table 3.8, we see that similar to @)1, the only scenario that is free from both negative energy
densities and instabilities, is phantom dark energy w < —1 in the § > 0 (iDEDM) regime. These
models will thus violate the Energy conditions of general relativity; and suffer from the conse-
quences of doing so [41]. Since w§l = wil = w —i—g (3.96) in the future, the value of § will determine
if the universe model will experience a late time Big rip singularity. For a big rip to occur we need
Pde — 00 in a finite time. This will only occur for this model if pge (3.76) increases with scale factor

as the universe expands, which only happens if the effective equation of state wgg =w+ % < -1

5 5
Pde = p(dmp)a*?’(”w%) . -3 <1 +w+ 3> >0 if wf=w+ 3 <L (3.107)

If condition (3.107) is obeyed, the equivalent equation to (2.50) for the time of the rip ¢, [10, 95]
can be derived for this IDE model (see Appendix E.3) as:

2

3Ho(14+w + g)\/(l - M%) (1 = 2dmtbm,0))

trip ~ - ’

(3.108)

which reduces back to (2.50) if 6 = 0. The predicted time of the big rip (3.108) is plotted alongside

the evolution of the scale factor (using the Friedmann equation (3.103) in Figure 3.19:
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Figure 3.19: Fuvolution of energy density, scale factor and the big rip for phantom (w = —1.15)

IDE models - (Q2 = §Hpge)

In Figure 3.19, we can see that the predicted time of the big rip singularity ¢, (3.108) coincides

with the time at which both a — oo and pge — 00. The time ¢, is significantly affected by the

coupling, which coincides with what was found for @ (3.68), such that:

0 > 0 (iDEDM):
Big rip
0 <0 (iDMDE):

L(rip,IDE) > t(rip,ACDM)

t(rip,IDE) < t(xip, ACDM)

Later big rip than ACDM,

(3.109)

FEarlier big rip than ACDM.

Unlike @1, these models can still be viable (w < —1 in the 6 > 0 (iDEDM) regime) and avoid a big

rip, as long as condition (3.107) is not met, such that wfig =w+ % > —1, while quintessence models

with w > —1 may also have a big rip if wgg < —1. These scenarios are expressed in Figure 3.20:
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Figure 3.20: Ewvolution of energy density, scale factor and the big rip for vacuum (w = —1),

quintessence (w = —0.9) and phantom (w = —1.1) IDE models - (Q2 = §H pge)



Marcel van der Westhuizen 79
3.4.9 Concluding remarks on IDE model Q)3 = 0 H pge

We have seen that all the Cosmological implications of a dark coupling predicted in Table 3.1 hold
for both Q1 = dH pgm and Q2 = §H pge- The results for ()2 will be summarised below.

For this model, we have derived the often neglected positive energy condition 0 < § < —3w/(1+ %)
(3.87), from which we note the important fact that the § < 0 (iDMDE) regime will always lead
t0 pdm < 0 in the future. This implies that the § < 0 (iDMDE) regime should not be taken seri-
ously as a potential dark energy candidate. For the more viable § > 0 (iDMDE) regime, we saw
that this model can solve the coincidence problem in the future, whilst alleviating the problem for
the past (3.97). Furthermore, as seen in model @1, the iDMDE regime predicts a later radiation-
matter equality, while both the matter-dark energy equality (3.98) and cosmic jerk will occur earlier
(3.109). The age of these universe models will also be older (3.104). The opposite holds for 6 < 0
(iDMDE). These important events may be quantitatively described with cosmological parameters
(2.25), for the cases § = 0 (ACDM), 6 = 0.25 (iDEDM) and 6 = —0.25 (iDMDE), in Tables 3.9,
3.10 and 3.11 respectively.

Table 3.9: Important events in interacting dark energy model § = 0.00 (ACDM) - Q3 = 6 H pqe

Event Redshift z ‘ Time (Gyr) ‘ Pr ‘ Pdm-+bm ‘ pa (J/m?) ‘
Big bang singularity o0 13.80 o0 00 00
Radiation-matter equality 3499 13.80 10.9 10.9 5.5e-10
Cosmic jerk 0.63 6.12 5.2e-13 | 1.2e-9 5.5e-10
Matter-dark energy equality 0.30 3.50 2.1e-13 | 1.1e-9 5.5e-10

Table 3.10: Important events in interacting dark energy model 6 = 0.25 (iDEDM) - Q2 = §H pqe

Event Redshift z ‘ Time (Gyr) ‘ Pr ‘ Pdmt-bm ‘ pde (J/m?) ‘
Big bang singularity 00 14.44 00 o0 00
Radiation-matter equality 2807 14.44 4.5 4.5 4.0e-9
Cosmic jerk 0.82 7.23 8.0e-13 | 1.3e-9 6.4e-10
Matter-dark energy equality 0.39 4.35 2.7e-13 | 6.0e-10 6.0e-10

Table 3.11: Important events in interacting dark energy model 6 = —0.25 (iDMDE) - Q2 = §H pge

Event Redshift z ‘ Time (Gyr) ‘ Pr ‘ Pm ‘ pde (J/m?) ‘
Big bang singularity 00 13.34 o0 00 00
Radiation-matter equality 4084 13.34 20.3 20.3 6.6e-11
Cosmic jerk 0.52 5.29 7.8e-13 | 1.3e-9 6.4e-10
Matter-dark energy equality 0.24 2.93 1.7e-13 | 5.3e-10 5.3e-10

From Table 3.8, we see that the only viable regime for these models, which avoid both negative en-
ergy densities and gravitational instabilities, is phantom dark energy w < —1 in the 6 > 0 (iDEDM)
regime. Unlike @1, these models will only experience a big rip future singularity at t, (3.108) if
the condition wsf = w + g < —1 (3.107) is met. Even if all theoretical constraints are met, any

viable model should also be consistent with observational data, which we will consider next.



CHAPTER 4

Constraining interacting dark energy models with supernovae data

4.1 Observational constraints and MCMC simulations

In this chapter, we will apply some observational constraints to interacting dark energy models.
There are many different cosmological data sets which include early time probes such as the CMB
[4] and large scale structure constraints from baryonic acoustic oscillations (BAO) [111-113], but

we will be considering Type la supernovae which were first used to discover Cosmic acceleration.

Utilising Type Ia supernovae, we will try to find the best Cosmological Parameters for our two
IDE models (within their domain of viability), followed by a Statistical analysis to see if the pre-
dicted expansion histories of our IDE models agree with the observations from supernovae data.
This will be done using a data set of 359 Type-Ia Supernovae. This data is used with a previously
developed Markov Chain Monte-Carlo (MCMC) simulation for a flat FLRW universe. See [114-116]
for the details of the MCMC simulation, which was originally developed to test f(R) gravity models
against the ACDM model [115]). Once the Distance modulus for any model is specified, this sim-
ulation finds the best luminosity distance function value for different combinations of cosmological
parameters. It then performs the relevant statistical analysis on these results as well. We therefore
only need to specify the distance modulus equations for our IDE models, edit the MCMC code
and then interpret the results obtained from the simulation. This MCMC simulation will first be
used on the ACDM model to obtain a baseline, against which we will compare our IDE models.
Once the best cosmological parameters for the interacting dark energy models have been found,
the results will be statistically compared to those of the ACDM model. Before doing this, we will

briefly discuss what Type Ia Supernovae are; and their significance as cosmological probes.

80
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4.2 Standard candles and type la supernovae

Type Ia supernovae are often used as data points in cosmology since they are considered standard
candles. Standard candles are objects whose absolute luminosity L are known; and thus their ob-
served luminosity flux is only dependent on their distance from the observer and no other stellar
properties [9]. This distance may be approximated with redshift z, and in an expanding universe,
the distances and redshift of these objects may be used together to determine the rate of expansion
at different times. These objects may therefore be used to test the Friedmann equation for any

model as a description of the expansion history of the universe.

Type Ia supernovae, like all supernovae, are exploding stars. The reason type la supernovae may be
considered standard candles is due to the process which ignites the explosion. Type Ia supernovae
are formed from a white dwarf in a binary system, which accretes mass from a main sequence stellar
companion [8]. White dwarfs are stellar remnants that mainly composed of carbon and oxygen.
These stars are supported against gravity not by nuclear fusion but by the quantum mechanical
effect known as electron degeneracy pressure, resulting from the Pauli exclusion principle. This
effect can support the gravity of a white dwarf up until it reaches a maximum mass limit, known
as the Chandrasekhar limit [117] which is approximately M =~ 1.4Mg [8, 118]. When the white
dwarf exceeds this limit (by accreting mass from its stellar companion), the dwarf collapses and
the increased density and pressure triggers a runaway nuclear fusion reaction within the star. This
reaction blows the star away in a massive explosion, the brightness of which can temporarily out-
shine all other stars in its host galaxy [10, 119, 120]. These explosions rise to a peak brightness
within a period of a few weeks, after which the brightness slowly fades over a few months, yielding
a characteristic light curve [8]. Since all type Ia supernovae happen by this same mechanism and
at the same critical mass, the explosions should have similar absolute luminosities and light curves.
The absolute luminosity may then be used to determine the distance to the supernovae. Type Ia

supernovae can therefore be regarded as standard candles.

The data used for this simulation is a set of 123 low redshift (0.01 < z < 0.1) and 236 inter-
mediate redshift (0.1 < z < 1.1) Type-Ia Supernovae (obtained from the SDSSII/SNLS2 Joint
Light-curve Analysis (JLA)), which may be found on the NASA extragalactic database (NED).
The full JLA dataset will not be used due to inefficiencies of the MCMC simulation as explained in
[114]. For these supernovae, the calculated absolute magnitude in the B-filter will be used (which
are found in [121-123])*

! The complete supernovae dataset and the full code for the MCMC simulation, which produced all the
results in this chapter, can be found in the Google drive folder https://drive.google.com/drive/folders/
1Y3MhWzDrRC5v4D9jSCsAv_2X1QDwf7PW?usp=sharing


https://drive.google.com/drive/folders/1Y3MhWzDrRC5v4D9jSCsAv_2X1QDwf7PW?usp=sharing
https://drive.google.com/drive/folders/1Y3MhWzDrRC5v4D9jSCsAv_2X1QDwf7PW?usp=sharing
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4.3 Distance modulus

To compare the supernovae data with the predictions of our models, we need a distance modu-
lus equation which relates the difference u between the apparent magnitude m and the absolute

magnitude M of an object, such that [10]:
u=m—M =25+5 x log,,(Dr) (4.1)

where Dy, is the luminosity distance. We want this quantity in terms of redshift z, so Dy, will be

related to the transverse comoving distance Dj;, such that:
Dy, = (1+2)Dy, (4.2)

where Dy is in turn related to the curvature parameter :

DHQ%{ sinh (\/Qk gg) for Q>0
Dy = | D, for =0 (4.3)
DHﬁ sinh (\/Qk g;) for Qy <0;

where Dy is the Hubble distance and D, is the line-of sight co-moving distance (LSCD). Since we
are making the simplifying assumption that the universe is flat (€ = 0), the transverse comoving
distance will be equal to the LSCD (Dy = D). The LSCD D, may in return be defined as [9]:

to cdt c [* dY zod
== g =P | #4)

with 2’ the redshift of the object you are observing and h(z’) the normalised Hubble parameter

h(z) = %j) Finally, we also have the current Hubble distance Dy ) as:

¢ 3x10°ms!
Ho 100k km.s 'Mpc ™!

D) =

= 3000h"'Mpec, (4.5)

with A the uncertainty in the measured value of Hy (with h = 0.674 for CMB data [4]) [11]. Taking
all this together (substituting (4.5) into (4.4), substituting that result into (4.3), which is again
substituted into (4.2), which is finally substituted into (4.1)) gives the distance modulus as:

B z d /
u=m— M =25+5 x log, (3000]11(1 + z)/ Z, > , (4.6)
o h()
where the corresponding normalised Hubble parameter h(z) can be substituted in for each model.
To do this analysis, we now need to obtain the normalised Hubble parameter h(z) for the ACDM
model, as well as the IDE models Q1 = 6 H pam, and Q2 = 0 H pge.
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4.3.1 Distance modulus ACDM

To simplify our models, we will assume a flat universe in which the radiation density is negligible
(such that Qx = Q, = 0). For the ACDM model, the normalised Hubble parameter h(z) is obtained
from H(z) (2.19):

H)
Hy

h(z) = \/Q(r,o)(l 4 2/)4 4+ Qm 0y (1 + 27)3 + Qp0) + Qi) (1 + 27)2

= \/Q(m,())(l —+ Z’)g + Q(A,O) (47)

= \/Q(m,(])(l + Z/)g + (1 - Q(m,O))a

where in the second step we assumed the universe to be flat, with a negligible contribution from
radiation (such that € = Q, = 0, while noting that in a flat universe Q5 gy = 1 — Q0 (1.33)).
The distance modulus for the ACDM model is then obtained by substituting in the normalised
Hubble parameter from (4.7) into (4.6), which gives:

+ Z) /Z dzl
0 /Um0 (142 + (L= Um)

u=m—M=25+5xlog, | 3000n(1 (4.8)

where we can see that for the ACDM model under these assumptions, there are only K = 2 free

parameters: h and Q(m,0)-

4.3.2 Distance modulus @ = 0H pgn,

To find the normalised Hubble parameter h(z) for this model, we take the corresponding Friedmann

equation (3.63) with energy densities ppy, (2.6), pam (3.38), pde (3.39) and k = p, = 0, yielding:

81tG
h(Z) = (pbm + Pdm + pde)
\/ 3HZ

o
_\/<Q(de,0) + Q(dm,o)m 1-(1+ z’)—(5+3w)]> (14 z)3(14w)

\/+Q(dm,0)(1 +2) 7073 + Qpm,0) (1 + 2/)3

)
_\/<(1 — Q(bm,O) — Q(dm,O)) + Q(dm,O) 7(5 130 [1 — (1 + Z/)_(5+3W)]> (1 + 2)3(1+w)

\/+Q(dm70)(1 +2/)=(0=3) 4 Q(bm,O)(l + 2/)3.

This IDE model has at least K =5 free parameters: h ; Qqm,0) ; bm,0) ; w and d. This is three
more than the uncoupled ACDM model.
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4.3.3 Distance modulus Q)3 = dH pge

To find the normalised Hubble parameter h(z) for this model, we take the corresponding Friedmann

equation (3.103) with energy densities ppym (2.6), pam (3.79) and pge (3.80) and k = p, = 0, thus:

rG
h Al 570 m m e
(2) \/3[—[3 (Pbm + Pdm + Pde)

o
:\/<Q(dm70) + Q(de’o)m [1 —(1+ z’)(5+3‘“)}> (14 2)3 + Q(de,o)(l 4 27)(B+3w)

\/+Q(bm,0)(1 + Z/)?’

:\/((1 + Z/)(3w+6) + 5 _fgw [1 _ (1 + Z/)(5+3w)]) Q(de,O)(l + Z/)3
)

\/+ (Qam,0) + Qpm,0)) (14 2/)3

) 1)
:\/Kl ~ 5T 3w> (14 2/)Bw+d) 4 n 3w] Qde,0) (1 + 20 + (Qdm,0) + Lbm,0)) (1 +27)3

) ) 5
= _ (Bw+96) _ N3 N3
\/Kl 5+3w) (1+2) + 5+3w] (1= Qm0)) (1+ 2% + Qpn0y (1 + 2)

(4.10)

This coupled model has K = 4 free parameters: h ; Qm,) ; w and ¢. This is two more than
the uncoupled ACDM model, but one less than the Q1 = 6Hpgm coupling. This is due to the
dark matter and baryonic matter that can be grouped together (Q2(m0) + Qbm,0) = Lm,0)), as
was originally done in (3.71); due to the coupling function being proportional to the dark energy
density Q2 x pge- Conversely, in coupling ()1, the coupling strength is proportional to only the
dark matter density ()1 < pam, and not the total matter density. Thus, dark matter and baryonic
matter cannot be grouped together. This can be seen in the difference between the Friedmann

equations (4.10) and (4.9).

4.4 Cosmological Parameters

Using the MCMC simulation, the distance modulus for each model can be fitted to the supernovae
data from which it can determine the most probable set of free parameter values for each model.
From Tables 3.3 and 3.8 we saw that for both IDE models, the only viable regime (avoiding both
negative energy densities and gravitational instabilities) is phantom dark energy w < —1 in the
0 > 0 (iDEDM) regime. These constraints on the free parameters are used to establish priors,

which were chosen as:

0<Qpam <1 5 0<h<l ;3 —15<w<—1 ; 0<d<1 5 0<Qyy<0.1 (4.11)
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These constraints are used for the ACDM, @)1 and ()2 models, with the applicable set of parameters
for each model. These priors ensure that we have matter in the universe (0 < Qp,/q, < 1),
that the universe is expanding ( 0 < h < 1); all energy densities remain positive throughout
past and future evolution 0 < § < 1, while avoiding the presence of any early time instabilities
—1.5 < w < —1. In the MCMC simulation, we used 100 random walkers, each taking 10000 steps.
These parameters were chosen by trial and error to produce meaningful results while constrained

by available computational power. We may now consider the results for the baseline ACDM model.

4.4.1 Cosmological parameters - ACDM

For the ACDM model, we only have two free parameters, which are h and Q(m,0) in (4.8). Therefore,
only the first two constraints 0 < Q, < 1;0 < h < 1in (4.11) will apply, with the other parameters
fixed such that w = —1 and § = 0. Running the MCMC simulation [114] produces Figure 4.1:

Q. = 0.268*3:332
1

— +0.005
I
I
1
I
I
1

Figure 4.1: MCMC simulation results - (A\CDM)

In Figure 4.1, the most probable parameter value is indicated by the middle dashed line for each
parameter, assuming a Gaussian distribution [114]. The other two dashed lines on either side of the
best value indicate a single standard deviation ¢ error on this calculated value. Thus, from Figure
4.1 we obtain the parameters ), = 0.268f8:8§28 and h = O.697f8:88§. Comparing these results with
the Planck CMB parameters (2.25), we find that our analysis yields a slightly lower value for Q,,
which in turn may cause the larger obtained value of h (as discussed in sections 3.3.7 and 3.4.7).

This larger value of h is characteristic of analysis using type Ia supernovae data, as discussed in
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The Hubble tension. It should be noted that the value of h = 0.697 is also lower than the value
found of A = 0.743 by [90, 91] who also used type Ia supernovae data. This may be due to the
limited capabilities of our MCMC simulation. We should therefore expect this MCMC simulation

to predict slightly lower values of h than other more sophisticated models.

Using the parameters from Figure 4.1 alongside the distance modulus (4.8), the ACDM model
may be fitted to the supernovae data. This yields Figure 4.2

Theoretical predictions for the ACDM model Residuals for the ACDM model results on the data
2

—— Model: Q,, = 0.268, h= 0.697 —— Ave =-0.0387 and 0 = 0.21480

w B & & S
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o
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Figure 4.2: ACDM model fitted with supernovae data

The predicted distance modulus for the ACDM model (4.8) is indicated by the purple line in the
left panel of Figure 4.2, with its error margins indicated by the barely visible green lines on either
side of the purple line. The different coloured data points correspond to the absolute magnitudes
calculated in [121] (cyan), [122] (red) and [123] (green). It can immediately be seen that the ACDM
model is a good fit, as the predicted values fit the data points well. On the right panel, we have
also plotted the residual distance between the predicted distance modulus (4.8) and the distance
from data at any given redshift. This average residual distance from all points can be seen to be
calculated as Tyes = —0.0387, with a standard deviation of oy = 0.21480, matching what was
found in [114, 115]. These values are very small and indicative of how well the ACDM model with
the parameters from Figure 4.1 fit the data. We will now move on to the first IDE model.

4.4.2 Cosmological parameters - ()1 = 0H pan

For IDE model Q; = 6H pgm, we have 5 free parameters, which are h ; Qdm,0) 5 P(bm,0) ; w and
d from (4.9), thus all the constraints in (4.11) will apply for this model. We use the results from
Figure 4.1 as priors for the MCMC simulation, such that h = 0.697, 6 = 0 and w = —1. For dark
and baryonic matter, we use Qg = 0.266 and Qy,,, = 0.049 from the Planck CMB parameters
(2.25). Running the MCMC simulation [114] with distance modulus (4.9) produces Figure 4.4:
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Figure 4.3: MCMC simulation results - (Q1 = 0H pam)

From Figure 4.3 we can see that Qqn = 0.370700% and 7 = 0.67270019 have a Gaussian dis-
tribution and can be seen to be well constrained, (g, more so than h. Here Q4 is much larger
than the ACDM model, which corresponds to a slower expansion rate and therefore a lower value of
h. Conversely, the parameters Q4m,, w and § show a more uniform distribution, indicating that all
the previous parameter values in the range considered have an almost equal probability of occurring
[114]. This implies that these parameters are unconstrained with the present MCMC simulation
and dataset. These parameters do show a tendency for a one-sided tail, which indicates that some
parameter values did fit the data better than others [114], but this effect is small for this model.
To constrain these parameters satisfactorily, we need to consider more datasets or use a more so-

phisticated MCMC simulation.

Despite the parameters being unconstrained, we can still use the distance modulus (4.9) to fit

the @1 = dH pqm model to the supernovae data, which yields Figure 4.4:
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Theoretical predictions for Q; = 6Hp4m Mmodel Residuals for Q1 = 6Hpgm model results on the data
2
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Figure 4.4: Q1 = 0Hpam model fitted with supernovae data

In Figure 4.4 we can see that this model fits the supernovae data well, as the predicted distance
modulus corresponds with the data points. This can be also be seen by the small average residual
distance of Z,es = —0.0364 and standard deviation of o, = 0.21460, both smaller than the results

found for the ACDM model in Figure 4.2. This observation will be discussed in the next section.

4.4.3 Cosmological parameters - ()3 = 0 H pqe

For IDE model Q3 = 6 H pge, we have 4 free parameters, which are h ; Qm,0) ; w and J from (4.10).
The first four constraints in (4.11) will thus apply. The results from Figure 4.1 is used as priors for
the MCMC simulation. The MCMC simulation with distance modulus (4.9) produces Figure 4.5:

Qqm +bm = 0.345%0:343
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Figure 4.5: MCMC simulation results - (Q2 = 0Hpge)



Marcel van der Westhuizen 89

From Figure 4.5 we can see that once again Qg = 0.345f8:8§§ and h = 0.696f8:88§ have a Gaussian

distribution and are constrained, with h being far better constrained than for @Q; in Figure 4.3.
Similarly, the parameters w and § are not well constrained, but show a more prominent one-sided
tail than Q1. Even though w and § are not well constrained, it may be interesting to note that these
parameters yield a dark energy effective equation of state (3.78) of wgg =w+ g =—-1.116+ % =
—1.005, which effectively mimics a cosmological constant. One should therefore expect this model
to fit the data in a similar manner to the ACDM model. Thus, using the distance modulus (4.10)
to fit the Q@ = d H pge model to the supernovae data yields Figure 4.6:

Theoretical predictions for Q; = 6Hpg4e model Residuals for Q, = 6Hp4e model results on the data
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Figure 4.6: Q2 = 6Hpg. model fitted with supernovae data

As expected, this model shows a good fit to the supernovae data, as the predicted values are
consistent with the data points. This is again reflected by the small average residual distance of
Tres = —0.0372 and standard deviation of oo = 0.21498. It should be noted that there are more
free parameters for both 1 and )2, which makes it easier to fit a data set without necessarily
implying that the underlying physics of these models are a better description of the data considered.
To clarify how well the IDE models fit the data in comparison to the ACDM model, we will need

to do a Statistical analysis that takes the number of free parameters into account.

4.4.4 Implications of observational parameters

We have used a MCMC simulation to produce the results in Figures 4.1, 4.3 and 4.5. The best set

of cosmological parameters obtained for each model is summed up in Table 4.2 below:

’ Model Q(m,O) Q(dm,o) Q(bm,o) fL w 0
0.025 0.005 0.000 0.000
ACDM | 0.2687005, - - 0.697 0002 | —1.00070:6500 | 0.00075:000
Q1 = 0H pam - 0.37070-9%8 | 0.0561000 | 0.672F00% | —1.2917015% | 0.47175:327
Q2 = 6Hpqe | 03457005 - - 0.69675:9% | —1.11613973 | 0.33270-3%3

Table 4.1:

Cosmological parameters from MCMC simulation with type Ia supernovae data
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In Table 4.2 we can see that dark matter and baryonic matter may be grouped together (£(qm,0) +
Qbm,0) = Q(m,O)) for the ACDM and @2 = §H pge models, while being separately constrained for
Q1 = 0Hpgm, due to the coupling strength being proportional to only the dark matter density
@1 X pam, and not the total matter density. It may again be noted that both IDE models were
theoretically constrained to have phantom dark energy (w < —1), with an interaction in the iDEDM
regime (§ > 0). Furthermore, Q2 was found to have a dark energy effective equation of state (3.78)

of wgg =w+ % =—-1.116 + O'%ﬁ = —1.005, which mimics a cosmological constant.

For both IDE models, we see a supposed non-zero detection of an interaction between dark matter
and dark energy within the error bars. This result, § > 0, physically implies energy flow from dark
energy to dark matter (iDEDM regime). This result should not be taken too seriously since the
parameters in Figures 4.3 and 4.5 were not reliably constrained and suffer from degeneracies. More
data sets and more sophisticated MCMC models will be needed to provide reliable cosmological
constraints. For a recent discussion on ‘fake’ interacting dark energy detections and how to address

this problem, see [124].

Besides this fake detection of d, we can see that the IDE models predict more matter Qqy/m
in the universe, which coincides with a slower expansion rate and a thus smaller value of h, espe-
cially in the case of Q1. In this case, the lower value of A = 0.672 is closer to the measured value
of h = 0.674 from the CMB by the Planck collaboration [4]. This may seem to alleviate the The
Hubble tension greatly, but this would be a premature conclusion as the calculated value of h is
model dependent. We would thus need to constrain h for a single model, using both CMB and
supernovae datasets. The potential of these IDE models to solve the Hubble tension has shown
great promise, as seen in [87, 105, 106, 108, 109]. Here the general conclusion seems to be that
iDMDE (6 < 0) alleviates, while iDEDM (6 > 0) worsens the Hubble tension. This is an active
area, of research, and for us to contribute to this discussion, we will need to consider additional sets

of cosmological data and use more developed MCMC simulations.

4.5 Statistical analysis

4.5.1 AIC and BIC values

A statistical analysis of the viability of IDE models will now be done, using the Akaike information
criterion (AIC) as well as the Bayesian/Schwarz information criterion (BIC or SIC'), as was done
by [114, 115] who developed the MCMC simulation. Both the AIC and BIC selection need a prior
‘true’ model with which the new model will be compared. For this ”true” model, the ACDM model
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is chosen. The AIC and BIC values are obtained from their definitions:

AIC = —2In (E (é\dam)) 42K, (4.12)

BIC = —2In (E (é|data)) + Klog (n), (4.13)

with £ (é]data) the likelihood function of a model, K the number of free parameters and n the
amount of data points. The likelihood function is obtained by assuming a Gaussian distribution,

which has a distribution function:

N 1 Hdata — Htheoretica
L (mdata) = exp (—2 Z [( dat agh ! 0]) , (4.14)

with ¢ the standard deviation, w44, the distance modulus for each supernova data point and

Utheoretical the distance modulus predicted for each model using (4.6). Substituting (4.14) into
(4.12) and (4.13) gives:

AIC = Z |:(:U'data - Ngheoretical):| + QK, (415)
g
BIC _ Z |:(:u’data - Z;heoretical):| + K log (n) (416)

The AIC and BIC values only gain significance when compared with the ‘true’ model. This is
done by working out the difference between AIC and BIC values for the coupled models and the
ACDM model, thus:

|AAIC| = AICmodel - AICtrue (417)
|ABIC| = BICmodel - BIC’true‘ (418)

These values tell you whether your model can be seen as valid with regard to the ‘true’ model. A

useful scale that was previously adopted for the MCMC simulation [114], is the Jeffrey’s scale:

|AIC| <2 — well supported
4 <|AIC| <7 — less supported (4.19)
|AIC| >10 — not supported.

It should be noted that this is ‘supported’ with regard to the ‘true’ (ACDM) model. The Jeffrey’s
scale is not the only scale for this type of analysis and should be handled cautiously. It should

therefore not be seen as a final verdict, but as a rule of thumb to the validity of these models [125].

This statistical analysis was built into the MCMC simulation we have used [114, 115]. Besides
determining the likelihood function £ (é]data) (4.14), AIC (4.12), BIC (4.14), |AAIC| (4.17) and
|ABIC| (4.18) values for a given cosmological model, the simulation also calculates the x? and

reduced y? values. The results from the analysis will be discussed next.
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4.5.2 Results from the statistical analysis

It should be noted that the £ (é ydam), 2 and reduced y2 will tell us if the model fits the super-
novae data. In general, a reduced x? value of 0.5 < x? < 3 indicates a good fit, while the largest
likelihood function £ (é\data) value has the highest likelihood of being viable [114, 115].

To do this analysis we need the average residual deviation Z.s and standard deviation oes for

each model, which were found in Figures 4.2, 4.4 and 4.6 and summarised in Table 4.2 below.

| Model Tres Ores
ACDM | —0.0387 | 0.21480
Q1 = 6Hpam | —0.0364 | 0.21416
Q2 = Hpge | —0.0372 | 0.21498

Table 4.2: Average residual deviation Tyes and standard deviation with type Ia supernovae data

Taking the above into consideration, the statistical analysis for our models yielded Table 4.3:

Model L (é|data> X2 Reduced y? AlIC |AAIC| BIC |ABIC|
Q2 = 0Hpge | —120.6976 | 241.3953 0.6799 249.3953 | 3.9787 | 264.9286 | 11.7454
ACDM —120.7083 | 241.4166 0.6762 245.4166 0 253.1832 0
Q1 =0Hpam | —121.9973 | 243.9946 0.6892 253.9946 | 8.5780 | 273.4112 | 20.2280

Table 4.3: Statistical analysis results of each model against type Ia supernovae data

In Table (4.3), we have listed the models in the order of the largest £ (é\data) (most viable) to
the smallest (least viable). Here we see that model Q2 = §H pq, fits the data even better than the
ACDM model. We also see from the reduced y? results that all three models fit the data well, as
they are close to the lower bound of the criteria 0.5 < x? < 3. When we consider the |[AAIC| and

|ABIC)| results, these models start performing worse.

Using the Jeffrey’s scale (4.19), the IDE model Q1 = 0 H pgn, has little to no support, even though
the average residual distance T.os and standard deviation oyes of this model was smaller than that of
the ACDM model. This may be due to the AIC and BIC values taking into account the amount of
free parameters, which caused this model to suffer. Conversely, the coupling function Q2 = § H pge
can be seen to be within the criteria to have observational support for |[AAIC|, while being rejected

using |ABIC| criteria.

The @1 = §H pgm model may therefore be observationally rejected from this criteria, while the
Q2 = 0Hpge model performed better and may still be viable. This motivates future research

with additional cosmological datasets.



CHAPTER D

Conclusions

In this dissertation, we have explored the theoretical and observational viability, as well as the

cosmological implications of interacting dark energy models.

To do this, we first needed to understand why there is a need for new exotic cosmological models.
Therefore, we looked at the historical development of cosmology to understand how we got to the
present standard ACDM model, as well as its limitations and the need for developments beyond this
standard model. Our study began with the foundations of modern cosmology, General relativity
and the cosmological field equations, where we saw that what we experience as the force of gravity
can be explained by the The Einstein field equations which, relates the curvature of spacetime to
its stress-energy content. These field equations can, in turn, be applied to the universe as a whole,
relating its total energy content to its curvature and subsequent evolution. This was done in our
Derivation of the cosmological field equations, where we assumed an isotropic and homogeneous
universe (as described by the The Friedmann-Lemaitre-Robertson-Walker metric). This yielded
the two most essential equations in cosmology, the two Friedmann equations, which can be used
to determine the origin, evolution and fate of the universe from its energy content (which is inti-
mately related to the Geometry of the universe). Determining the density and properties of the

Components of the universe should thus determine the nature of a cosmological model.

Once we had these foundational tools for our study, we considered the ACDM and other non-
interacting models, these are cosmological models that contain Radiation, Matter and Dark energy,
of which the total energy of each component is separately conserved. The first modern cosmological

model we examined was Einstein’s static universe. This model first introduced dark energy in the
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form of a cosmological constant A, but was discarded due to being unstable, as well as contradicting
the discovery of the Hubble-Lemaitre law, which indicated an expanding universe. Our study then
moved on to early expanding universe models, the Friedmann and Lemaitre cosmological models.
For these models, we could analytically solve the Friedmann equations to determine each model’s
entire expansion history and age. Here we also saw that the density of radiation, matter and dark
energy determines whether the universe experiences a big bang or a big bounce origin; and either a
big crunch or a big chill (heat death) end. These models were informative but had to be discarded
due to the discovery of Cosmic acceleration in 1998, which paved the way to the present standard
model of cosmology, the ACDM model. From the Cosmological parameters, obtained from the
Planck telescope in 2018, it was shown that the ACDM model predicts a universe that presently
consists of approximately 5% baryonic matter, 26% dark matter and 69% dark energy (in the form
of vacuum energy or a cosmological constant A). Thus 95% of the energy density in the universe
is distributed between the dark sectors, of which very little is known. Using these parameters, the
ACDM model was shown to have a big bang origin 13.8 billion years ago, followed by Radiation,
matter and dark energy dominated epochs. The universe was initially decelerating before entering
an epoch (about 6 billion years ago) of indefinite accelerating expansion, in which the universe ends
with a slow heat death. The predictions of this model agree remarkably well with observations, but

Problems with the ACDM model remain.

These problems include the The cosmological constant problem, in which the measured energy
density of the vacuum is over 120 orders of magnitude smaller than the theoretical prediction. This
casts doubt on dark energy being a cosmological constant, thus motivating research into alternative
dark energy models. The second problem is The cosmic coincidence problem, which refers to the
coincidence that the dark matter and dark energy densities are the same order of magnitude at
the present, when we happen to observe the universe, but differ with many orders of magnitude
in the past and the predicted future. This motivates research into dark matter and dark energy
models that maintain a small or constant ratio in the past or future expansion. Finally, The Hubble
tension concerns the 4.40 level discrepancy between the value of the Hubble constant Hy predicted
by the ACDM model, using data either from the CMB or Type Ia supernovae. Therefore, any
model which can alleviate this discrepancy may be a viable candidate for dark energy. Due to the
problems associated with a cosmological constant, we took a brief look at Quintessence and phan-

tom dark energy models, showing how phantom dark energy leads to a future Big rip singularity.

To address these problems, we introduced Interacting dark energy models (IDE), where dark mat-
ter and dark energy are coupled and may have non-gravitational interactions. Since 95% of the
universe’s energy density is located in the dark sectors, and since the properties of both dark matter
and dark energy are not well constrained, there may be undiscovered interactions in the largest
sector of the universe. These dark interactions were grouped into two regimes where energy flows

from dark energy to dark matter, as the interacting Dark Energy Dark Matter regime (iDEDM) and
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vice versa as the interacting Dark Matter Dark Energy regime (iDMDE). There are many different
IDE models (specified by a coupling function @), but some general Properties of interacting dark
energy models were found to hold. The most important of these, and the reason these models were
introduced, is their potential for Addressing the coincidence problem. Here we saw that if energy
flows from dark energy to dark matter (iDEDM), then dark matter and dark energy may red-
shift and dilute with cosmic expansion at a more similar rate, alleviating the coincidence problem.

This effect may even cause dark matter and dark energy to redshift at the exact same rate (when

eff _ | eff
Wim = wde)

expansion. This would mean that the presently observed ratio of dark matter to dark energy is

, which will completely stabilise the ratio of dark matter to dark energy throughout

not coincidental, but a general property of the universe, thus solving the coincidence problem. The
opposite holds for the iDMDE regime, which worsens the magnitude of the coincidence problem.
Besides addressing the coincidence problem, there are other Cosmological implications of a dark
coupling. It was shown that relative to the ACDM model, in the iDEDM regime, we find that
the radiation-matter equality happens at a later time. In contrast, both the matter-dark energy
equality and the cosmic jerk happen earlier. The age of these universe models will also be older.

The opposite holds for the iDMDE case. These results are summarised in Table 3.1.

Due to the potential for these models to solve the coincidence problem, IDE models may be seen as
an attractive alternative to the ACDM model. To be a valid alternative, these models need to be
free of theoretical problems such as predicted negative energy densities and instabilities while also
meeting observational constraints. Due to the energy flow between dark matter and dark energy,
these models may easily suffer from negative energy densities, which we considered unphysical. We,
therefore, derived general expressions which may be used to find the Evolution of energy densities
and phase portraits for IDE models with any coupling function (). These phase portraits may be
used to see whether there are repulsor or attractor solutions with negative energy densities, thus
ruling out the model considered. Furthermore, to ensure that these models are a priori stable, we
considered the Instabilities and the doom factor for IDE models. Thus, to avoid negative energy

densities and instabilities, the combination of cosmological parameters must be carefully chosen.

To explicitly show that these properties hold, we considered two IDE case studies that have linear
coupling functions, Interaction model 1: @)1 = dH pgin and Interaction model 2: Qo = §H pgo. The
central difference between the two models was that the effect of the coupling is most prominent in
the past expansion for Q1 = §H pgm, while being more prominent in the future for Qs = dH pge.
This can be seen by the fact that both models alleviate the coincidence problem in the iDEDM
(6 > 0) regime, but @1 = dHpqm completely solves the problem for past expansion (see Figure
3.3), while Q2 = dH pqe solves the problem for future expansion (see Figure 3.12). Furthermore,
for both models we derived explicit equations for the redshift at which Important events in cosmic
history occur, this includes radiation-matter equality, matter-dark energy equality and the cosmic

jerk. From these results, we found that all the predictions in Table 3.1 hold for both models.
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To ensure that these models are theoretically viable, we derived the Positive energy conditions

- Q1 = 0Hpam: 0 < § < —(117“7{0); and Positive energy density conditions - Q2 = 0H pge:

0<d<— 11"1 From these conditions we find that the iDMDE regime 6 < 0 always leads to

negative energi(és. For Q1 = dH pam, the iDMDE regime always leads to negative dark energy den-

sities in the past, while for Q2 = dH pg. the iDMDE regime causes negative dark matter densities
in the future expansions. This fact may also be directly observed from the repulsor and attractor
points in the phase portraits for both models (Figures 3.2 and 3.11). Since negative energy densities
are unphysical (even those predicted to occur in the future), the iDMDE regime should not
be taken seriously as a potential dark energy candidate. This fact is often neglected in
literature, where Qs = 0 H pge in the iDMDE regime is regularly used, without any reference to the
negative dark matter density in the future. It should be made clear that this point only holds for
the couplings Q1 = dH pam and Q2 = IH pge, and may not be the case for other IDE models.

From the doom factor analysis for both IDE models, we saw that the only way to ensure a priori
stable universes is if the coupling constant § and the dark energy equation of state (1 + w) have
opposite signs, as often noted in literature. Combining this with the positive energy conditions,
we find that the only viable scenario, which is free of negative energy densities and a priori stable,
is phantom dark energy w < —1 in the iDEDM regime (see Tables 3.3 and 3.8). For both IDE
models, the dark energy will thus violate the Energy conditions of general relativity associated with
phantom dark energy. This immediately makes both IDE models less attractive from a theoretical
viewpoint. For Q1 = §H pqm, the phantom dark energy will have the consequence that the universe
will end in a future big rip singularity (see Figure 3.10). For Q2 = 0 H pge, the big rip may still be
off

avoided as long as the dark energy effective equation of state wj, = w+ g < —1 (which can be seen

in Figures 3.19 and 3.20). For both models, we derived expressions for The time of the big rip.

Finally, we used Standard candles and type Ia supernovae to see if the predicted expansion his-
tory from our IDE models (within their domain of viability 6 > 0 ; w < —1) could meet ob-
servational constraints. This was done using a data set of 359 Type-la supernovae with a pre-
viously developed MCMC simulation. The MCMC simulation used the Distance modulus for
a model, to determine the best combination of Cosmological Parameters for that model. For
Q1 = 0H pam, this analysis resulted in the parameters Qqm o) = O.370f8:8?§ i Qbm,0) = 0.0561“8:8%?
s ho=0.67270500 s w = —1.291701% and & = 047170337, For Q2 = §Hpge we obtained the pa-
rameters {2y, o) = 0.34570:032: h = 0.696 79002 ; w = —1.11615:0%3 and ¢ = 0.332703%3. Here w and
0 were unreliably constrained for both models (see Figures 4.3 and 4.5), thus any indication of a
non-zero detection of § should not be taken seriously. Furthermore, both IDE models indicated a
lower Hubble constant than what the ACDM model found with the same supernovae data. These
lower values are closer to the Hubble constant measured from the CMB and may seem to relieve

the The Hubble tension. This conclusion can unfortunately not be made, since these results are

model dependent and our parameters were unreliably constrained.
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Using the cosmological parameters obtained from the MCMC simulation, we fitted the distance
modulus of both IDE models to the supernovae data to see whether the predicted expansion histories
of our models coincide with observations. For both models we found a good fit, with Q1 = § H pgm
having an average residual distance of Zes = —0.0364 and a standard deviation of o, = 0.21460
(see Figure 4.4), which was even smaller than the results obtained from the ACDM model. Simi-
larly, Q2 = dH pqe had a small average residual distance of Z,es = —0.0372 and a standard deviation
of ores = 0.21498. These results may be attributed to the larger amount of free parameters causing
degeneracies, making it easier to fit the data. We therefore applied a larger Statistical analysis
to the IDE models, which takes the number of free parameters into account. The Results from
the statistical analysis can be seen in Table 4.3. Here it was found that Q2 = §Hpg. had the
highest likelihood function, indicating that this model fits the supernovae data even better than
the ACDM model. In terms of the likelihood function @1 = 6 H pan, did slightly worse, but showed
an overall good fit as well. When the |AAIC| and |ABIC]| results were considered, it was found
that @1 = 0H pgm was completely rejected, while Q2 = § H pge showed some observational support.
The |[AAIC| and |[ABIC| shows how well a model is ‘supported’ with regard to the ‘true’ (ACDM)
model. Thus, Q2 = §H pq. may have performed better since the dark energy in this model has an ef-

fective equation of state w(’“}g = w—l—% =—1.116+ % = —1.005, mimicking a cosmological constant.

To make any sound conclusions on the potential of IDE models, to address the Hubble tension
and determine if observations rule out or support our models, we will need to consider more data
sets from different cosmological probes. These may include constraints from the CMB and large-
scale structure. This may be seen as a departure point for future work. Furthermore, the research
on the theoretical viability of IDE models should be expanded. A complete perturbation analysis
of these models, to move beyond the doom factor, is also recommended; and a more in-depth study
of instabilities should be considered. A further expansion on this research, to include additional

IDE models and investigate their strengths and weaknesses, is also proposed.

In conclusion, we find that interacting dark energy models may alleviate and even solve the cosmic
coincidence problem by stabilising the ratio of dark matter to dark energy in both the past and
future. For both models considered, we find that negative energy densities are inevitable if energy
flows from dark matter to dark energy and that consequently we should only seriously consider mod-
els where energy flows from dark energy to dark matter. To additionally ensure models free from
early time instabilities, we need to ensure that dark energy is in the phantom regime. This has the
consequence that model Q1 = d H pgy, will end with a future big rip singularity, while Q2 = 0 H pge
may avoid this fate with the right choice of cosmological parameters. When the predicted expansion
history from these models are statistically compared to supernovae data and the ACDM model, we
find that Q1 = dH pgn, is statistically rejected, while Q2 = § H pge may be considered viable. Thus,
IDE models have shortcomings but show potential to address long-standing issues in cosmology. It

is, therefore, worthwhile to continue investigating dark interactions beyond the ACDM model.
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APPENDIX A

Solving the Friedmann equation

This appendix shows the detailed calculations for the solutions of the Friedmann equation (2.19)
for various single fluid cosmological models. The models considered are Friedmann models, with
either only radiation or matter, and Lemaitre models with only a cosmological constant. To show
the critical role that density plays in these models, we will also consider the flat, open and closed

case for each model.

A.1 Calculations for radiation-dominated Friedmann models

radiation-dominated Friedmann models have an energy distribution such that gy # 0, while
Qm,) = 0 and Q5 gy = 0. Substituting this into (2.19) yields the Friedmann equation for the

radiation-dominated Friedmann models:

-\ 2
a — —
<a> = Hy [Q00™" + Q00 7] (A1)
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A.1.1 Calculations for a radiation-dominated flat model

For a radiation-dominated flat model, we have Q) = 0 ; Q) = 1. The Friedmann equation

(A.1) thus becomes:

N
(Z) = H2(1)a™ - (0)a™2
0\ 2
w :H2 —4
(a) —ie
a t (A.2)
/ ada—Ho/ dt
0 0
L2 = o
ia = Ho(t)
— a = \/2Hyt.

The present age for this universe model tg can be found by considering how much time elapsed
until the scale factor reached its present value of ag = 1. This is easily obtained by solving (A.2)

for to:

1 (A3)

A.1.2 Calculations for a radiation-dominated closed model
For a radiation-dominated closed model, we have Qo) < 0. The Friedmann equation (A.1) thus
becomes:

.\ 2
a _ _
<a> = Hg [Qeoya" + Qo]

rO) _
Ty kO)\/ !
Ho\/— k0) | (r,o) 2 (A.4)
a

Qk,0)

T

a =

/ _ Qa0
- Qa0

We can parametrize this equation by introducing conformal time 7, given by:

tdt
a

7’]:

0
t
/ dt = na.
0
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Substituting (A.5) into (A.4) gives:

_ Ho/—Q )

a 1
/ da = na
0 Q40 o a
\\ " Qo) ¢ (A.6)
/ da = Hoy /=, 0)77
[ 9¢0
Qo)

Qa0
Q1,0

_ Q0
Qi,0)

Using substituting, we let ¢ =

0= H01 /_Q(k,O)n This yields:

—q = , with Q. gy < 0. We also substitute in

0. (A.7)

@ 1
| vt

From an integral table we may obtain [126]:

¥da = sin~! (a>. (A.8)
0 V¢%—a? q

Substituting (A.8) into (A.7) gives:

sin~! <a> =0
q
(a) = sin(6)
q
Q0
ay | — . = sin(6#
Q
(r,0) .
a=4]— sin (6
Qo (0)
Q
o (r,0) .
—a= Qoo — 1 sin(6)

The time t as parameterized by the conformal time 7 is obtained from the relation:

t
/dt:na
0
t n
/ dt = / adn (A.10)
0 0

B Qeoy (M.
t—0=4/—=— [ sin(0)dn.
Q0) Jo

3 — _ 0 _ 1
Since 0 = H() —Q(k’o)n, thus n= m and dn = m

obtain:

df. Doing this substitution, we
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P B () / im0~ g
Q,0) Jo Ho/—Q 0
Q¢
t= VO [ cos(9)])
~Hof0) (A.11)
VAT 1 — cos(6)]
—HoQ 0
Qe
t= 0 11— cos(6)]

The age of this model is found by setting a = ap = 1 in (A.9) to obtain the present value for y:

Q
ap =1 w0 sin(6o)
Qo) — 1 (A12)
Qo) — 1 '
fo = sin™! (L)

Qo)

Substituting this back into the time ¢ (A.11) gives the age ty of the universe model:

Q) 1 Qe —1
—tg=——~—""———|1—cos|sin” "/ ——— || . (A.13)
" Ho(Qe0) — 1) [ ( Qe0)

From the solution it may be seen that this model has a cyclic nature with a big bang at § = 0 and
a big crunch at § = 7 (making half a circle). This can be seen in Figure 2.3. Thus, these models
should have a lifetime ¢; and can be found by the difference between § = m and 6 = 0 in ¢ (A.11,

giving:

(A.14)
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The amount of time until the big crunch . can therefore be calculated by the difference between

the lifetime of the universe ¢; (A.14) and the current age to (A.55):

te =1; —to

2./, /S Qo —1
te = _OVEE0) ) VD) 1—cos | sin™! G
Ho(Q0)— 1) Ho(Qp0) — 1) Q0 (A.15)

Qo —1
1+ cos [ sin™! () B .
Qr0)

A.1.3 Calculations for a radiation-dominated open model

Q)

—Ste= —i———
HO(Q(r,O) - 1)

For a radiation-dominated closed model, we have € g) > 0. The Friedmann equation (A.1) thus

becomes:

-\ 2
<CL> sz[ +Qk0 2

a = Ho/Q ) U ks)
Ho\/Q ) ) Qo
a

(A.16)

a =

Q(m,0)

e [y,
a 0

/ da =
1+ 2w 42

Qr,0)
We can parametrize this equation by using conformal time 7. Substituting (A.5) into (A.16) gives:

Ho\/Q 0

@ 1
/ da = na
0 ,/1+i§§<(kvg; a? ¢
(A.17)
/ S ———da = Hy (,0)7]-
[1 4+ =0 ;2
+ Q(r 0)
. . . 2 Q,0) a2 (k,0) Q0 Q(r,0)
Using substituting, we let ¢ = = Q4o M and dq = 4/ Q( ) da — da = W/Q(k >

This yields:
1 Q)
—dq = Ho+/Q.0\n
/0 V1+a\ Qo OV

a 1
/ V1+ g2

dq = ¢,
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vi

where we introduced ¢ = Ho,/Q( 0)n. From an integral table we may obtain [126]:

dg =In(q+ vV ¢* + u?)
dg=In(qg+ v¢*>+1

I e
e

where for the current case, u = 1. Substituting (A.19) into (A.18) gives:

In(g+vg*+1)=¢
We consider the special trigonometric function [126]:

sinh™! n(qg++vq>+1

Substituting (A.21) into (A.20) gives:

sinh™(¢) = ¢
(q) = sinh(¢)

(r,0) .
— a = 4| ——=——sinh(¢).
1 =)

The time t as parameterized by the conformal time 7 is:

t
/dt:na
0
t n
/dt:/ adn
0 0

Qeoy [ .
t—0= sinh(¢)dn.
Li0)

(A.19)

(A.20)

(A.21)

(A.22)

(A.23)
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Since ¢ = Ho/Sx 0yn, thus n = Hov/Tom) and dn = \/mdgb Doing this substituting, we
obtain:
(rO /
t—0= sinh(¢ do
Q(ko ( Q,0) )
I VALTTR s
_H‘)Q(kﬂ) (A.24)
t o) [cosh(¢) — 1]
—Ho$ i o)
Q.
—t= x0)

Ho(l——Q(no)) [cosh(¢) —1].

The age of this model is found by setting a = ap = 1 in (A.22) to obtain the present value for ¢:

Qeoy .
ag =1= | ——=>"—sinh(¢)
]. - Q(r,O)
(A.25)
1-0Q
c - (r,0)
¢o =sinh ™! [ ——2,
" L)
Substituting this back into the time ¢ (A.24) gives the age ty of the universe model:
Qr0) 1 =8¢
—tg=—~—22 _ lcosh [ sinh~t,/[——=2 | —1]. (A.26)
"7 Ho(1— Q) [ ( Q)

A.2 Calculations for matter-dominated Friedmann models

matter-dominated Friedmann models have an energy distribution such that @, # 0, while
Qr0) = 0 and Q4 o) = 0. Substituting this into (2.19) yields the Friedmann equation for matter-

dominated Friedmann models:

L\ 2
a
(a) = Hy [Qmoa™ +Qucna] - (A.27)
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A.2.1 Calculations for a matter-dominated flat model

For a matter-dominated flat model, we have Qo) = 0 ; Q¢ 0) = 1. The Friedmann equation
(A.27) thus becomes:

a
aa® = g
a t
/ a2da:Ho/ dt (A.28)
0 0
2
ga% = H()t

The present age for this universe model ty can be found by setting a = ag = 1. This is easily
obtained by solving (A.28) for to:

3 3
a():l— (2H0t> (A )
.29

A.2.2 Calculations for a matter-dominated closed model

For a matter-dominated closed model, we have 2 gy < 0. The Friedmann equation (A.27) thus

becomes:
Y
<> = H§ [Qm g0~ + Q007

Q(rnO
a= Hy,/— —1—1
0 kO\/ kO)

- (k,O) Qo)

' (A.30)

Q0

V_Q(ko /dt

Q(k 0)
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We can parametrize this equation by using conformal time 7. Substituting (A.5) into (A.30) gives:

—0)

/“ 1 p Hy
a = na
0 Qo a Va
Q“‘ Y (A.31)
/ —da = H01 / _Q(k,O)n'
w0 _

Q,0)

Using substituting, we let ¢> = a — ¢ = \/a and dq = %Tda — da = 2y/adq. We also substitute

0 = Ho\/—0yn- This yields:

/ 2\/6dq =0
_ Qw0
Qi0)
g 1 (A.32)
[ et
0 Qo) o
o) 1
Once again, substitute b? = —% —b=4/- %((m 9 with Qk,0) < 0. This gives:
g 1 1
————dq = =0. A.33
/0 = ) (A.33)
From an integral table we may obtain [126]:
q 1 q
————dg=sin""! <> A34
/0 — e (A.34)
Substituting (A.34) into (A.33) gives:
-1(4 1
- ==0
s (1) =
1 1
q<b> = sin(§9)
A.35)
Q0 1 (
Vay [ — &0 _ sin(—=6

We consider the trigonometric identity [126]:

sin?(z) = %(1 ~ cos(22)), (A.36)
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where for the current case z = (16). Substituting (A.36) into (A.35) gives:

a= <—Q(m’0)) (1 —cos(h))

L(m,0)
—a=—F———""—-(1—cos(0)).
2 (Qm,0) — 1)

(A.37)

The time t as parameterized by the conformal time 7 is:

t
/dt:na
0
t n
/dt:/ adn (A.38)
0 0

t—0= (_Q(m,o)> /n(l — cos(0))dn.
2Quw,0)/ Jo

Since 6 = Ho\/—Qc )7, thus 1 = Ho\/ﬁ and dn = Wd@. Doing this substituting, we
obtain:

L= 0= <—Q<m°>> /6(1—005(9)) S S
2Qu,0)/ Jo Ho\/—=Q1,0)

Q(m 0) 0 0
t = ’ 372 (/ 1dn — / cos(@)d@)
2H0 (_Q(k,ﬂ)) 0 0

Q2 m,0 .

t= ( (m,0) 3/2> [0 — sin(6)]] (A.39)

2Ho (~Q0))
Q m,0 .
t= (m.0) 57 [0 — sin(6)]
2Ho (—Qq0))
Q
t= (m.0) [0 — sin(0)],

2Hy (o) — 1)

with 6 = HO _Q(k,())n'

From the solution it may be seen that this solution is a cycloid as shown in Figure 2.4. This
universe model therefore has an infinite age, which consists of sequential big bounces and big
crunches. The time that elapsed since the last bounce may be obtained by setting a = ag = 1 in

(A.37) to obtain the present value for 6y:

Q
(m,0)
an = 1 = -
" 2 (o) — 1)

(A.40)
By = cos (1 — —2 (Q(m,o) _ 1)> .
(m,0)

(1 — cos(by))
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Substituting this back into the time ¢ (A.39) gives the time since the previous bounce ¢ py:

Q 2 (2 —1 2 (0 —1
e = o 3/2 [(Cos_l (1 - ((mo))>> — sin (cos_1 (1 — ((mO))))] .
2Ho (Qm,0) — 1) Qum,0) Qm,0)

(A.41)

Since this model is cyclical with a big bang at & = 0 and big crunch at 8 = 27, the time per bounce

cycle t, and can be found by the difference between 6 = 2w and # = 0 in ¢ (A.39), giving:

Q
(m,0) . 2T
b 10— sin(@)
2Ho (Qm,0) — 1) /
Qim . :
tb _ (m,0) 572 [(271' — sm(27r)) — (O — SIH(O))] (A42)
2Ho (Q(m,0) — 1)
™ Q(m 0)
—tp= .
HO (Q(m, ) — 1)3/2

This matches with [10]. The amount of time until the next bounce ¢y can therefore be calculated
by the difference in time between one bounce cycle ¢, (A.42) and the time since the previous bounce
tpy (A.41):

tNy =ty — tpp

PR L L . N
Ho (0 0) — 1)

0 2 (o) — 1 2 (o) — 1
@0 [008_1 (1 2 (o) )) i (COS_1 <1 2 (Qmyo) )))]
2H0 (Q(m70) — 1) Q(mvo) Q(m,())

Qim 2(Qmoy —1 2(Qmoy —1
tny = (m,0) 372 [277 —cos™! (1 — ((O))> + sin (cos_1 (1 — ((0))>>] .
2H, (Q(m,O) — 1) Q(mvo) Q(m,O)

It may also be noted that the scale factor reaches a maximum size amax atf = 7, thus from (A.37)

we have:

—_— (— ) ) (1 - cos(r)

Q(m,0)
(Qmo) = 1)

(A.44)

Omax =

which also matches with [10].
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A.2.3 Calculations for a matter-dominated open model

For a matter-dominated open model, we have 4 ) > 0. The Friedmann equation (A.1) thus

becomes:

2
() [Q(m 0)(1 —|— Q(k 0)(1

kO
1= Hoy/Qmo)y[1+
0

ﬁ (A.45)
&= (m,0)
Q(mO)
a 1 t
va da:/ dt.
Ho\/Qm,0) Jo 14 Qoo 0
Q(m,0)

Vva

a
]'IO\/Q m,0) / \/1+ Q(k,o)a
1 /a 1
da =n.
Hy Q(m,O)a 0 ll_i_wa
(m,0)

Using substituting, we let ¢? = «&2% _ ¢ = %(:‘ O)) (with Q) > 0) and dg = \/7 %da —

Qm,0)
Q(m 0)
da =2,/ dg. This yields:
Q(m,o)ad

1 /q 1
2
Ho\/Qm0a Jo \/1+q2() Qk,0)
a 1
5Hoy/Qaco)n (A.47)

1
——dg=
/o V1+ g2 2

q 1
—F—=dq = 59,
/o V1+ g2 2

where we reintroduced ¢ = Ho,/€,0)n. Where we introduced ¢ = Ho/€,0)n. From an integral
table we can again substitute (A.19) into (A.47) gives [126]:

g+ V@ +1) = %¢. (A.48)

(A.46)
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We again substitute the special trigonometric function given in (A.21) into (A.48):

1
sinh™(¢) = 5®

(q) = sinh(¢)

Q a 1
(k,0) .

0T _ ginh ¢>)

Q1,0 <2

We consider the trigonometric identity [126]:

sinh2(z) = %(cosh(?x) _ ),

where for the current case x = (3¢). Substituting (A.50) into (A.49) gives:

_ ( Boo)
a = <2§2(k70)> (COSh(QZ)) — 1)

_ (S
—a= <2(1—Q(nlo))> (cosh(¢) — 1),

The time t as parameterized by the conformal time 7 is:

t
/dt:na
0
t
/dt:/ adn
0 0

"
t—0= /77 <Q(m’0)) (cosh(¢) — 1)dn
0 \2Qp0) .

(A.49)

(A.50)

(A51)

(A.52)
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Since ¢ = Ho/Sx 0yn, thus n = Ho\/ﬁ and dn = Ho\/ﬁdgb. Doing this substituting, we

obtain:

t—0= /77 <Q<m0)> (cosh(®) — 1) [ ————d¢
0 \2Qq0) Ho\/Q 0

Q(m,O) ] ]
t=| —————— h(p)do — 1d
<2HO (Q(k,O))3/2> ( /0 cosh()do /0 o)
(m,0) ) : 6
t= [sinh(¢) — ¢] A53
<2H0 (Q(1<,0))3/2 ’ ( )
Q(m,0) ) .
t=|———""=7 | [sinh(¢) — 4]
<2H0 (Q(1<,0))3/2

9)
—t= ( (m.0)
2H, (1 — Q(mvo))

with ¢ = Ho\/Qu0yn = Ho/T = Q(m0)7 -

3/2) [Slnh(d)) - (b} )

The age of this model is found by setting a = ap = 1 in (A.51) to obtain the present value
for ¢o:

2(1-9Q
éo = cosh™! (1—1—((m’0))>.

Qm,0)

ap=1= (Q(m())> (cosh(¢g) — 1)
2( )
(A.54)

Substituting this back into the time ¢ (A.24) gives the age to of the universe model:

Qi 2(1—=Qp 2(1=Qp
— to = Ll 373 sinh [ cosh™! [ 1+ —( (n0) —cosh™! [ 1+ —( (n0) .
2H0 (1 — Q(m,O)) Q(mvo) Q(mvo)

(A.55)

A.3 Calculations for cosmological constant dominated Lemaitre

models

Cosmological constant dominated Lemaitre models have an energy distribution such that 5 ¢y # 0,

while Q. ¢y = 0 and Q, 0y = 0. Substituting this into (2.19) yields the Friedmann equation for
(r,0) (m,0)
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cosmological constant dominated Lemaitre models:

.\ 2
a _q _ _
() =y {Qm,o)a D) 1+ Qg ppa 2}

“ (A.56)

-\ 2
a _
(a) = Hg [0 + Q0007 -

A.3.1 Calculations for a cosmological constant-dominated flat model

For a cosmological constant-dominated flat model, we have Q gy = 0 ; (5 ) = 1. The Friedmann

equation (A.56) thus becomes:

(-
a (A.57)
/ —da = HO/ dt
0 0
a = eflot

Due to this exponential nature of the solution, it can be inferred that the size of the universe will
decrease in the past but will have no big bang singularity. The model, therefore, has an infinite

age. This may be seen in Figure 2.5.

A.3.2 Calculations for a cosmological constant-dominated closed model

For a cosmological constant-dominated closed model, we have € gy < 0. The Friedmann equation

(A.56) thus becomes:

-\ 2
a _
(a) = Hg [0 + Q00077

a—H()\/Q(AO a2+Qk0)

[ AO A.58
@ 1
/ e da = Hy\[~Qup) / dt.
0 Quame? 1 0
0
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. . . 2 _ Qp,00° Qo) (4,0 (kO
Using substituting, we let ¢ Qo) —> q=ay/ g M nd dq = , / =0y )da — da = \/ Q(A 0

with € o) < 0. This yields:

q 1 Q(k(]) /t
—dq = Hp,/—8 dt
/0 V-1 \/ Qa0 4 0 &0 J,
q 1
———dqg = Hp,/—N t
/0 \/q?i—l q 0 (k,0)
0 v¢>—1

where 1) = Hy/—Q oyt. From an integral table we may obtain [126]:

q="1,

=1In(g+ V¢? £ u?)

q 1
/0 VG2 £ u?
q
=In(¢g+v¢* - 1),

1
—d
/0 V-1 1

where for the current case, +u = —1. Substituting (A.60) into (A.59) gives:

In(g++v¢*=1) =14

We consider the special trigonometric function [126]:

cosh™? =In(q+ vq¢*> —

Substituting (A.62) into (A.61) gives:

coshfl(q) =1
(q) = cosh(y)
Q
o _ cosh(1))
—Q0)
-0
a= (0) cosh(2))
Q@0
Q -1
A o €0 cosh(2)),
Qa,0)

where ¢ = Hy _Q(k,O)t = Hy Q(A70) — 1t

(A.59)

(A.60)

(A.61)

(A.62)

(A.63)

From this solution it may be seen that the expansion has a parabolic nature, and will therefore

have no big bang, but instead have a non-singular big bounce at some finite time in the past. This
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bounce will occur at ¢ = 0, from (A.63) this happens when the universe has a scale factor a;

Qrg) — 1
c LA (A.64)

ap =

Q(a,0)

The time since the bounce t; will be the amount of time elapsed for the universe to grow from a

size ay, to a size ag = 1. Thus, after a time t; the universe will be size ag. Solving (A.63) for t; with

ap =1 and ¥ = Ho/Qp,0) — 11 gives:
Q) —1 a1
ag = 1= m COSh( Q(A 0) — 1tb)

—tp =

(A.65)

Ho\/Qpr0) — 1 Qa0 — 1
A.3.3 Calculations for a cosmological constant-dominated open model

For a cosmological constant-dominated open model, we have € gy > 0. The Friedmann equation

(A.56) thus becomes:

.\ 2
a _
(a> = Hq [Qn0) + Qe
&= HO\/ Qapa® + Qo)

Qa0 a” a2 (A.66)

a—H()

@ 1
/ ——da = H(), /Q(k,O) / dt.
0 Q(A,O)ULQ 0
V' Qo) +1
: . S, 2 Qp,00° Q4,00 (k0) g
Using substituting, we let ¢° = Qo) 1/ and dg = 4/ Qo da — da = ”Q<A 0

with Q) > 0. This yields:
1 [Qu o [
~dq = Hy, /0 / dt
/0 V2 +1\ Qo (0) 0
q 1
— / A.67
/0 \/mdq H() Q(k,(])t ( )

E 1
————dq = ¢,
/0 V-1
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where ¢ = Hy,/Q0)t. From an integral table [126] we can again substitute (A.19) into (A.67)

gives:

In(g+ vVg>+1)=¢. (A.68)

We again substitute the special trigonometric function given in (A.21) into (A.68):

sinh~!(q) = ¢
(q) = sinh(p)
Q
Q(A 0 _ = sinh(y)
(0) (A.69)

= / smh
A O3] sinh(p
A ,0)

where ¢ = Ho./Q 0t = Hoy/1 — p0)t- The age of this model ¢y is found by setting a = ap =1
in (A.69) to obtain the present value for ¢:

ag=1= 1;2(91\(;\)’(])1nh( ﬁ/l—Q(AO)t())

—)to

(A.70)

1 -1 (A,0)
= Sll’lh s — .
Ho\/1 = Q50 L =800



Marcel van der Westhuizen Xix

A.4 Solving the Friedmann Equation with 4th-order Runge-Kutta
Method

To numerically solve the differential equation (2.19), the Friedmann equation can be written as:

a= CLH() \/(Q(r70)a_4 + Q(m70)a—3 + Q(A,O) + Q(k70)a—2) ( )
A7l

— =aHy \/(Q(r,O)a_4 + Qm,0)a 3 + Qa0 + Quo)a2) = f(t,a(t)).

Since this study will be quantitative, it should be noted that the scale factor a and the density
parameters () are unitless. The only units are determined by the Hubble constant Hp, whose units

has been converted to per billion years such that Hy =67.4 km s~ !Mpc~! = 0.069 Gyr—".

The 4th order Runge-Kutta Method can now be used to determine the scale factor a, at vari-
ous time intervals t,, for n intervals. The initial condition was chosen such that ag = 1 at t = 0, and
the Runge-Kutta method could then be used to calculate the scale factor in the past and future.

For a time step of h, the next time interval will be given by:
thy1 =tn + 0. (A72)

The formula used to determine the next scale factor a,4; from the previous scale factor a, will
now be considered. For each interval, the following four increments on the slope will need to be

calculated:

K1 = hf(tn, an)
K,

h
K2 = hf(tn + 5,@11 + 7)

; P (A.73)
Ky = hf(ta+ 500+ )

Ky = hf(tn +h,an + K3)7

where K, Ko, K3 and K, are increments based on the slope at the beginning, midpoint (both K
and K3) and end of each interval respectively. Using the weighted average of these four increments,

the next scale factor at next increment a,1 can now be calculated:

Ky Ky Kz K,y
' A.74
anp+1 = Qp + 6 + 3 + 3 + 6 ( )



APPENDIX B

Phase portrait equilibrium points

In this appendix the equilibrium points of the phase portraits (Figures 3.1, 3.2 3.11) are calculated
for the ACDM, @1 = 0H pgm and Q2 = dH pge models. This is done by setting the derivative of the

energy densities to zero in (3.22) and obtaining the coordinates for the equilibria points.

B.1 Calculations for equilibrium points - ACDM

The equilibria points for the ACDM model is obtained by setting €, = 0 and Q, = 0 in (3.25)
such that:

Qp = QpH [Qm — 294 + 2] = 0, (B.1)

O = QO H [Qn — 20 — 1] = 0. (B.2)

The non-trivial solutions can be obtained by taking the solution 25 = 0 in (B.1), then substituting
in (B.2) gives:

[Qu — 2(0) — 1] = 0
Q= 1.
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Thus the first equilibrium point is at the coordinates (m, 24)1 = (1,0). The second equilibrium
point is obtained similarly by the solution €, = 0 in (B.2), then (B.1) becomes:

[(0) — 204 +2] =0
Qp =1.

(B.4)

The second equilibrium point is then the coordinates (2, 24)2 = (0,1). These two points match
with the unstable starting point (1,0) and the stable attractor (0,1) in Figure (3.1).

B.2 Calculations for equilibrium points - ()1 = 0 H pqm

The equilibria points for this interacting model is obtained by setting Qgm = 0 and Qge = 0 in
(3.30) such that:

Qde = QaeH [Qam + Qe (1 + 3w) — 1 — 3w] — FH Qg = 0, (B.5)
Qdm = QamH [Qdm + Qe (1 + 3“) -1+ 5] =0. (BG)

The first equilibrium point can be obtained from the solution Q4,, = 0 in (B.6). Substituting this

solution into (B.5) gives:

QueH [(0) + Que (1 + 3w) — 1 — 3w] — SH(0) =0
Qge (1 4 3w) =(1 + 3w) (B.7)
Que =1.

Thus, the first equilibrium point is at (Qgm, 2de)1 = (0,1). The second point can be obtained by
taking the other solution for (B.6), such that:

[Qdm+Qde(1+3w)_1+5]:0
Qdm:—ﬂde(1+3w)+1—5.

(B.8)

Substituting (B.8) into (B.5) gives:

QaeH [(—4e (1 +3w) + 1 —0) + Qge (1 + 3w) — 1 — 3w] — IHQgm, =0

(B.9)
Qge [0 — 3w] = 0Qqm-
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Substituting (B.8) into (B.9) gives:

Qe [ — 30] = § (= Qe (14 30) + 1)
—0Q4e — 30gew = —0Qge + 30Qgew + 6 — 52

B.10
—3wge (1 =6) =5 (1 —9) ( )
J
Qg = ——.
de 3w
Substituting (B.10) into (B.8) gives:
J
Qim=—|—5—)1+3w)+1-9
w
0 B.11
Qi = — +0+1—16 (B.11)
3w
5
Qim =14+ —.
d N dw
The second equilibrium point is at (Qqm, Q2qe)2 = (1 + %, —%). These two points match with the
unstable starting point (1 + %, —%) and the stable attractor (0,1) in Figure 3.2, while reducing

back to the ACDM case when 6 = 0 and w = —1.

B.3 Calculations for equilibrium points - ()2 = 0 H pge

The equilibrium points for this interacting model is similarly obtained by setting Qn, = 0 and
Q4e = 0in (3.71) such that:

Qde = Qe H [Qm + Qe (1 +3w) — 1 — 3w — 6] =0, (B.12)

O = D H [Qun + Qe (14 3w) — 1] + 6HQge = 0. (B.13)

The first equilibrium point can be obtained from the solution 4, = 0 in (B.12). Substituting this

solution into (B.12) gives:

Qu [Qm + (0) (1 +3w) —1]+6(0) =0
Qn = 1.

(B.14)
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Thus, the first equilibrium point is at (Qy, Q4e)1 = (1,0). The second point can be obtained by
taking the other solution for (B.12), such that:

O + Qe (1+3w) — 1 — 3w —6=0

Q. — Omt1+3w+0 (B.15)
de ™ (1 + 3w)
Substituting (B.15) into (B.13) gives:
—Qn+1 )
O H | Oy o T 13w (1+3w)—1}+(5Hw:0
(1+ 3w) (B.16)

O [+ 3w] = —6Qe.

Substituting (B.15) into (B.16) gives:

—OQn+1

(1+ 3w)
Om (04 3w) (1 +3w) =60y, — 0 (1 + 3w+ 9)
Qu (6 4 3w + 9w + 3wd) = 6y — 6 (1 + 3w + 6) (B.17)
Om (3w + 9w? + 3wd) = =0 (143w +6)
30 (1 + 3w+ 8) = —6 (1 + 3w + )
)
Qm = 35
Substituting (B.17) into (B.16) gives:
N [0 + 3w] = =92
3w - de
1
Qde = — [0 + 3w] (B.18)
3w
5
Qie =1+ —.
de + 3

The second equilibrium point is at (Qm, Q4e)2 = (—% , 1+ %) These two points match with
the unstable starting point (1 , 0) and the stable attractor (—3% , 1+ 3%) in Figure 3.11, while
reducing back to the ACDM case when § =0 and w = —1.



APPENDIX C

Solving the conservation equations

In this appendix we will solve the conservation equations for interacting dark energy models (3.3)
to obtain analytical expressions for the energy density of dark matter pgqy and dark energy pge.
This will be done for the interacting dark energy models with the coupling functions Q1 = §H pgm
and Q2 = 6H pge.

C.1 Interacting dark energy model - )1 = 6H pg,

The background conservation equations obtained for this model are:

Pam + 3Hpagm = 0H pam; (C.1)
Pde + 3H pae(1 + w) = —0H pam. (C.2)

To see how the energy density of dark matter and dark energy evolves, we can solve the conservation

equations for pgm and pge.

xXxiv
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C.1.1 Calculations for dark matter energy density pg,

We now solve the conservation equation (C.1) for pqp:

Pdm + 3dem = 5H,0dm
p = Hpam (0 —3)

Pdm G
— =—-(6—-3
Pdm CL( )

pdlmdpdm =(6-3) / éda (C.3)
In|pdm| = (6 — 3) Inja| + C
In pam| = In a3 4+ C
o = a5 C

— Pdm = P(dm,o)a(5_3),

where p(gm,0) I8 an integration constant such that el = P(dm,0)- This may also be written in terms

of the dark matter effective equation of state wgifn = —% (3.36), such that:
— _ _s _ _eff
Pdm = p(dm,O)a(5 3 = P(dm,0)a 3(1 5) = P(dm,0)@ 3(1 wdm)_ (C4)

which reduces back to the uncoupled case if 6 = 0 or wgﬁl = Wdm-

C.1.2 Calculations for dark energy density pg.

To obtain an analytical expression for the dark energy density, we substitute pgn, from (C.3) into
(C.1):
pae + 3Hpae(1 + w) = —H p(am 0yal®

. a a _
pde + 3 <a) pde(1 +w) = =0 <a> Pam,0ya®

_ 1. (5—4) - (G:5)
pac +3—apac(l +w) = =0p(amo)a’® Va

pde 1 5—4
e + [3(1 +w)a] Pde = [_5p(dm,0)a( )} :

We may now notice that equation (C.5) is a first order linear differential equation, and that if we
let pge =y and a = x, we have the general form:

dy

Lt playy = f(a). ()
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[3(14+w)i] and f(z) =

equation, we invent two new functions v and v,

where p(z) =

[—6p(dm,0)x(5_4)]. To solve a first order linear differential

dy _

7_udz

such that y = uv and therefore 72

+Udv

Rewriting the differential equation (C.6) in terms of v and v gives:

ud—v +vd—u +3(1 +w)uv —0P(dm 0)95(5_4)
dx dv x ’ c.7)
d’U dU (574) ( ’
u— +v o +3(1+ w) = —0p(dm,0)T )
We now set the term which includes v (the second term in (C.7)) to zero and solve for u:
du
3(1 =0
[dv + 3( —HU)J
du u
dx ( +w)$
1 1 .
/du =-31+w) / —dz (C.8)
u
In |u| = In|z730+9)| 4 C
U= p(de,O)x_g(H_w)-

We can now substitute u from (C.8) back into equation (C.7) and solve to find v (keeping in mind

that the second term was set to zero):

dv

Bk (6—4)
—3(14w)) AV _
(P(de,O)x 31+ )) i _6P(dm,0)x(5 D
dv _ Plmo) 204
o e o (©9)
/d — —6 (dmO) /x§+3w—1dx ’
P(de,0)
vt D Pamo 0 [xmw n C}
P(de,0) 0 + 3w
_ p(dm,O) Y |:x5+3w + Oi| + D.
P(de,0) 0 + 3w
Now we substitute u (C.8) and v (C.9) into y = uv, which gives:
Y = uv
_ —3(14w) {_ Pmpo) O §+3w ]
Y = P(de,0)T —_— |z +C|+D

y =z 30+ [—p(

y= [Dp(de,()) + P(dm,0)

dm.0) 573,
6
0+ 3w

[m6+3w + C} + Dp(de,O):|

[C’ _ x5+3wH —304w)
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Now we let y = pge and = = a, this becomes:

Y — w
Pde = [Dp(de,O) om0 55 [C — a5+3wH g—301+w) (C.11)

Finally, defining new integration constants p(ge,0) = Dp(de,0) a0d p(dm,0) = CP(dm,0), We have:

) : _ w
— Pde = (P(de,o) + p(dm,O)(S T 3w [1 - aéﬁwD a3 )7 (C.12)

which matches with [84, 101, 103].

C.2 Interacting dark energy model - ()s = 0 H pqe

The background conservation equations obtained for this model are:

pdm + 3H,0dm = 5dee; (013)
Pde + 3dee(1 + w) = —0H.pge (014)

To see how the energy density of dark matter and dark energy evolves, we can solve the conservation

equations for pgm, and pge.

C.2.1 Calculations for dark energy density pq.

We now solve the conservation equation (C.14) for pqe:

ﬂde + 3dee(1 + w) = —(5de€
0
Pde = _3dee <1 +w+ )

3
. . 5
Pde _ _3% <1+w+>
Pde a 3

1 0 1
—dpge = —3 <1 + w4+ > /da
Pde 3 a

5 (C.15)
In|pge] = —3 <1—|—w—|—3> In|a| +C
In|pge| = In \a_?’(l‘“’*‘g)‘ +C

Pde = o 3(1Hwtg) O
_ s
Pde = P(de,0)@ 3(1+w+3)

— Pde = p(de,O)a_(6+3w+3)’
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where p(ge,0) i an integration constant such that ec = p(de,0)- We may also substitute in the

effective equation of state for dark energy w§l = w + 9 (3.78) into (C.15), giving:
— [ _ eff
= Pde = P(de,0)d 3(1twtg) = P(de,0) @ 3(1e), (C.16)

which reduces back to the uncoupled case if § = 0 or wfifef = We-

C.2.2 Calculations for dark matter energy density pgn,

To obtain an analytical expression for the dark matter density, we first substitute pqe from (C.15)
into (C.13), which gives:

Pdm + 3H pam = 5]—Ip(de,())a_g(1+W+g)
. : "
pdm + 3 < ) Pdm = 0 ( ) P(de,0)@ ~3(1+ets) (C.17)
m 1 —4—3w—
P [3} Pdm = [5p(de,0)a 3 5] ‘
a a

If we let pgm = y and a = z, Equation (C.5) is a first order linear differential equation, which has

the general form:

— +p(x)y = f(2), (C.18)

where p( )= [ l] and f(z) = [5p(de,0):v*4*3”*5]. As in Appendix A, we let y = uv and therefore

T
ZZ udy Fria Ed o Rewriting the differential equation (C.18) in terms of u and v gives:

d d
“dﬁ T *du + 3* = 0p(aeoyr
o (C.19)
dv du —4—3w—4
U +v T + 3 = 0p(de,0)T .

We now set the term which includes v (the second term in (C.19)) to zero and solve for w, which

gives:

du U
—+3—| =0
[dv * a:]

d
Y 3

P

In|u| =1In|z73 + C

U= plamoyr
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We can now substitute u from (C.20) back into equation (C.19) and solve to find v (keeping in

mind that the second term was set to zero):

dv
5 —4—3w—04
U = 0P(de0)T
_3y dv 43—
(Pamoz~?) In = 6p(geyr I

—4—3w—4§

dx P(dm,0) z3

/dv = 5p<de’o)/x_1_3“’_6dx
P(dm,0)

P(dm,0) 0 + 3w

dv 5P de0) @

_ Pdeo) O
P(dm,0) 0 + 3w

[:c‘(“?’“’) + C] + D.

Now we substitute v (C.20) and v (C.21) into y = uwv, which gives:

Y= uv

_ P(de,0) o
Pldm,0) 3 (w + 3)

_ o (543w

y=a"° <—P(de,0)5 e [3«" (03w) 4 C} + DP(dm,0)>

5 ezl
Y= <Dp(dm,o) + P(de,0) [C — g (0F3 )D a .

[x‘?’(“”g) + C} +D

Y= ﬂ(dm,o)fﬂ_?’ [

0+ 3w

Now we substitute back y = pgm and z = a, (C.22) then becomes:

T30 [C — a(‘”?’“)}) a”3.

Pdm = (Dp(dm,o) + P(de,0)

(C.21)

(C.22)

(C.23)

Finally, defining new integration constants p(ge,0) = Dp(de,0) a0d p(am,0) = CP(dm,0), We have:

) (643w _
Pdm = <P(dm,0) + P(do,o)m [1 — = (OF3 )]> a 3;

which matches with [84, 103, 106, 108]

(C.24)



APPENDIX D

Important events in cosmic history

In this appendix, explicit equations will be derived for the scale factor a and redshift z at which
important events in cosmic history occurred. These events are the radiation-matter equality (which
initiates the period of matter-domination), the matter-dark energy equality (starting the dark
energy-dominating epoch) and the cosmic jerk; when cosmic acceleration starts. Equalities that do
not have analytical solutions will be written in a simplified manner and then be solved numerically.

This will be done for each of the models.

D.1 ACDM model

In the ACDM model, the universe consists of radiation r, matter (which is the sum of baryonic and

dark matter, since both evolve as ppm X pam X a~2) m = dm + bm and dark energy de.

D.1.1 Calculations for the radiation-matter equality

The radiation-matter equality occurs when:

Pm = Pm- (D-l)
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Substituting in the energy densities of radiation (2.2) and matter (2.5), gives:

3H{ 4 _ 3H§ 3
81G ro® = SWGQ(m’O)a (D.2)
Q.0 '
a=—.
Q(m,0)
In redshift z, the radiation-matter equality occurs at:
1 Qo
(1 + Z) Q(m,O) (D 3)
Qm,0) '
—z=——1.
Q)

If Qm,0) = QLbm,0); then (D.3) and (D.5) gives the radiation-baryonic matter equality for all of the

models.

D.1.2 Calculations for the matter-dark energy equality

The matter-dark energy equality occurs when:

Pm = Pde- (D'4)
Substituting in the energy densities of matter (2.2) and dark energy (2.8), gives:

3H? _3  3H?
&G (m,0)% :87TGQ(de’O)

1 D.5
<Q(de,o)> 3 (D-5)
a=|—"—> .
Qm,0)
In redshift z, the matter-dark energy equality occurs at:

1

1 (Q(de,0)> 3
(1 + Z) Q(m,O) (D 6)

1
Qde 3
—z = ( (d’0)>3 — 1.
Q(dm,0)
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D.1.3 Calculations for the cosmic jerk

The cosmic jerk occurs when the deceleration (2.17) parameter is equal to zero, such that :

q=0
. (D.7)
Qm + §Qdm — Qge = 0.

If we assume the contribution of radiation is negligible (2, =~ 0), (D.7) may be simplified to become:

1

*Qdm - Qde =0
2 (D.8)
Qam = 2Q4e-

Substituting in the density parameters of matter (2.5) and dark energy (2.8), gives:

Q(m,O)G_3 = 2Q(de,0) (D.9)

(D.10)
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D.2 Interacting dark energy model - )1 = 0 H pgn,

In the interacting dark energy model Q1 = 0 H pgn, the universe consists of radiation r, baryonic

matter bm, dark matter dm and dark energy de.

D.2.1 Calculations for the radiation-matter equality
The radiation-matter equality occurs when:

Pm = Pbm T+ Pdm- (Dll)

Substituting in the energy densities of radiation (2.2), baryonic matter (2.5) and dark matter (3.34),

gives:
3H§Q —4 3Hg 0 -3 0 60—3
871G @0 = 871G ( (bm,0)@ ~ F 2(dm,0)@ )
Q00" = Qom0)a ™ + Qam)a’” (D.12)
Qbm Qdm
1= —bm0) oy 2(dm0) 541
Qr0) Q)
In terms of redshift this becomes:
Qbm Qdm
1= ék(’ 0;” (1+2)7 + éc(‘ 0;’) (14+2)71, (D.13)

Equation (D.12) and (D.13) can not be simplified further and needs to be solved numerically.

An analytical solution may be obtained for models which don’t contain baryonic matter (2, = 0).
This may alternatively be interpreted as the radiation-dark matter equality. Equation (D.12) then

becomes:

, (D.14)

In terms of redshift this becomes:

(D.15)
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which reduces back to the ACDM case (D.3) when ¢ = 0 and Q(4m,0) = Qm,0)-

D.2.2 Calculations for the matter-dark energy equality

The matter-dark energy equality occurs when:

Pom + Pdm = Pde- (D16)

Substituting in the energy densities of baryonic matter (2.5), dark matter (3.34) and dark energy
(3.35), gives:

SHg -3 0—3 SHg J 0+3w —3(14w
3G (Q(bm,o)a + Qam,0)a ) =G Q(e,0) + Q(dm,O)m (1 —a’t ) =30+

_ _ 5 g - y
Uom0)0"" + Qamoya’ > = [Q(de,O) +Qam0) 535 (1 —a’t3 )] g~ (3+3w)

53 (1 - amw)

Qom,0)0™ + Qam,0)a” ™ = Qe ) + Q(dm 0)

0+
Qom,0) a9 4 g0t3w Q(deO ( 5+3w)
Q(am,0) Q(am,0) e 3w (D.17)
Som0) s gorsw - Saen) 00 s
Q(dm 0) Q(dm,O) (S + 3w 5 + 3w
Qom0 s ovsw (10 ) _ ey 0
Q(dm,O) 0+ 3w Q(dm,O) d + 3w
Q(bm,o) Q(de,o) )
Eam,0) a3 g o+ — | Samo) | OF3w
) )
(1 + 6+3w) (1 + 5+3w>
In terms of redshift this becomes:
Q(bm,0) Q(de,0) 5
Qdm.o) Qdmo) | 03w
Dm0 ) (1 4 2) 73 4 (14 )~ (043) = [ D T T (D.18)

5 5
(1 + 5+3w) (1 - 5+3w>

Equation (D.12) and (D.13) can not be simplified further and needs to be solved numerically.

An analytical solution may be obtained for models which don’t contain baryonic matter (Qpy, = 0).

This may alternatively be interpreted as the dark matter-dark energy equality. Equation (D.17)



Marcel van der Westhuizen XXXV

then becomes:

Q(de,0) 5

Q(dm,O) 043w

a6+3w _

5
1+ (5+3w>
(D.19)

Q(de,0) 5 (ﬁ)

Q(dm,O) 0+3w

)
(1 + 6+3w>

In terms of redshift this becomes:

Q(de,0) 5 (ﬁ)

]. Q(dm,O) 5“1‘30.)

1+2 (1 + (5-530.1)
(D.20)

1
Q(de,0) 5 —( 5+3w)
Q(dm,(]) 6-‘1‘30} B 1
’

)
(1 + 5+3w>

which reduces back to the ACDM case (D.6) when § =0, w = —1 and Q(4m,0) = 2(m,0)-

D.2.3 Calculations for the cosmic jerk

The cosmic jerk occurs when the deceleration (3.58) parameter is equal to zero, such that:

q=20
(D.21)

1 1
D + 5 (Qom + Q) + 5 2ae(1 +3w) = 0.

If we assume the contribution of radiation is negligible (Q,, ~ 0), (D.21) may be simplified to

become:

1 1

—(Qm + Qdm —N4e(14+3w) =0

2(b + d)+2d(+w) (D.22)
Qbm + Qam = —Qae(1 + 3w).
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Substituting in the density parameters of baryonic matter (2.5), dark matter (3.34) and dark energy
(3.35), gives:

Hg -3 6—3 ]_IO2 0 6+3w —3(14+w
m (Q(bm,o)a + Q(dm’o)a ) = —m Q(de,O) + Q(dm’o)m (1 —a + ) a ( + )(1 + 30.})
)
-3 6-3 _ _ 643w —(34+3w)
Q(bmyo)a + Q(dm’o)a [Q(d&o) + Q(dm,o) 5+ 3w (1 a )] a (1+ 3w)
1)
3w 0+3w __ 0+3w
Q(bm,O)a + Q(dmo)a T — —Q(de’g)(l + 3w) — Q(dm’o)m (1 —a’t ) (1+ 3w)
LY RS UG I (1 3 a6+3w>  Oemo
(1 + 3&)) Q(dm,O) ) + 3w Q(dm,(])(]- + 3W)
U oo _Paen) 0 0 s Qom0 sy
(14 3w) Qdm,o) 6+3w 6+ 3w Q(dm,0) (1 + 3w)
a5+3w ( 1 B ) > _ Q(de,O) - o o Q(bm,O) a3
(1+3w) 43w Qam,o)  6+3w  Qdm,o0)(1+3w)
Q(de,0) B
a6+3w _ Q(dm,O) 0+3w _ Q(bHLO) 3w
1 ) w
T130) ~ 043w Q(dm,0) (1 - 5%:;, ))
(D.23)
In terms of redshift this becomes:
Q(de,0) 5

. Qo T 5780 Qi .

(14 2)~0F3) — _ Q(df"o) 7:3 _ (b 703(1+3w) (1+2)73%. (D.24)
(I+3w) — 3+3w Q(am,0) (1 - W)

Equation (D.23) and (D.24) can not be simplified further and needs to be solved numerically.

An analytical solution may be obtained for models which don’t contain baryonic matter (Qpy, = 0).

Equation (D.24) then becomes:

Q(de,0) 5
543w _ Qam,0) ~ 0+3w
a P —
1 5
(1+3w) 0+3w
. (D.25)
Q(de,o) ) (6+3w)
o= — Q(dm,O) 5+3w

1 6
(14-3w) 0+3w
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In terms of redshift this becomes:

1

Q(de,0) 5 ( 513w )

1 o Q(dm,O) 6+3w
- 1 5
1+2 (I+3w)  d+3w
) (D.26)

Q(de,0) 5 513w

Q(dm,()) 0+3w
FEC T 5 -1

(I+3w) ~ d+3w

which reduces back to the ACDM case (D.10) when § =0, w = —1 and Q(4m 0) = Qm,0)-

D.3 Interacting dark energy model - (s = 0 H pge

In the interacting dark energy model Q2 = 0 H pan, the universe consists of radiation r, baryonic

matter bm, dark matter dm and dark energy de.

D.3.1 Calculations for the radiation-matter equality

The radiation-matter equality occurs when:

Pm = Pbm + Pdm- (D27)

=

Substituting in the energy densities of radiation (2.2), baryonic matter (2.5) and dark matter (3.75),

gives:
3Hg -4 _ 3Hg 0 -3 0 -3 0 0 1 —(64+3w)| ,—3
SnG e = grg \Pem0® T H Bam0)d T e 5 - Ja
6
-1 _ — (643w
a” = Qmo) + dm,0) T Q(de,o)m [1 —a F )} (D.28)
) 9
ot = [ Stomo) o) F Qaeo5izs | | (Le0 5355 | e
r0) r0)
In terms of redshift this becomes:
Qbm.0) + dm0) + Lde.0) 5755 Qo gy~
(1+Z) _ (bm,0) (dm,0) (de,0) 553w + M (1+Z)(6+3w)' (D.29)
Qe 0) Lr0)

Equation (D.28) and (D.29) can not be simplified further and needs to be solved numerically. This
reduces back to the ACDM case (D.3) when § = 0,w = —1 and Qpm,0) + Q(dm,0) = Lm,0)-



Marcel van der Westhuizen xxxVvili

D.3.2 Calculations for the matter-dark energy equality
The matter-dark energy equality occurs when:

Pbm T Pdm = Pde- (DSO)

Substituting in the energy densities of baryonic matter (2.6), dark matter (3.75) and dark energy
(3.76), gives:

SHS -3 4 — (043w -3 3H§ —(0+3w+3
FPe (Q(bm,o)a + (Q(dm,o) + Q(de,0)6+ e [1 —aOF )} a”’) = %Q(de,o)a (6+3+3)

[1 _ a—(5+3w)]> - Q(de70)a—(5+3w+3)

<Q(bm,0) + Qam,0) + Q(de,o)m

—(0+3w)

[1 _ g~ (043w

Qbm,0) + Q(dm,0) T P(de,0) } = Q(ge,0)a@

0+ 3w

)
0+3w 0+3w
Q(de,O) (—a ( ) + ﬁ(, [1 —a ( )}> = _Q(bm,O) - Q(dan)

. 0 1)
— (043w

G N I R R ~ Qom,0) + Liam,0)
5 + 30.) (5 + 3w Q(de,O)
Q(bm,0) +2(dm,0) + 5
q—(0+3w) $2(de,0) o+3w
- )
L+ 5950
Q(bm,0) 2 (dm,0) + 5 _(ﬁ)
Q(de,()) 6+3w a
3 =a.
1+ 0+3w
(D.31)
In terms of redshift this becomes:
Q(bxl\,0)+Q(dm,0) + ) 7(&‘1»%)
1 B Q(de,0) 0+3w
142 )
* (1 + 6+3w> (D.32)
Q(bm,0) T2 (dm,0) + 5 («H—ﬁ) '
— 2z = fae,0) 5 AR ,—1
(1 + 6+3w>

which reduces back to the ACDM case (D.6) when 6 =0, w = —1 and Qpm,0) + Q(dm,0) = Lm,0)-
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D.3.3 Calculations for the cosmic jerk

The cosmic jerk occurs when the deceleration parameter (3.99) is equal to zero, such that :

q=0
) ) (D.33)
O + i(Qbm + Qdm) + EQde(l + 3w) = 0.

If we assume the contribution of radiation is negligible (2, ~ 0), (D.33) may be simplified to

become:

1 1
f(Qbm + Qdm) + *Qde(l + 3w) =0
2 2 (D.34)

Qpm + Qam = —Qde(l + 3w).

Substituting in the density parameters of baryonic matter (2.6), dark matter (3.75) and dark energy
(3.76), gives:

H 0 _otsw)]\ -3 3 —(5+3w+3)
72 Qbm,0) + L(dm,0) + Q(de,ﬂ)m [1 —a } a’ = _ﬁg(de,o)a (1+3w)

o — w — w
Qbm,0) + L(dm,0) + Q(de,o)m [1 —q T3 )] = —Qen)a (1 + 3w)

Q(dejo) (a—(5+3w)(1 + 3w) + [1 _ a—(6+3w)D = —Q(bm,o) — Q(dm,o)

0+ 3w
(de,0) | @ tow s s T sy ) T im0 T fdmo)
o Qbm,0) T Ldm,0
7(54»3&)) 1 3 — _ ( 1m, ) ( m, )
¢ < N w+6+3w)+5+3w Qaeo)
Q(bm,0) +2(dm,0) L0
q—O+3w) — [ __ fhaeo) o+3w
)
1 + 30) + 5+3w
Q(bm,0) +2(dm,0) L8 _(ﬁ)
N Q(de,O) 5“1‘3&) —a
143w+ 555 '
(D.35)
In terms of redshift this becomes:
Qom0 Hlamo) 6 ‘(Wlsw))
1 _ N Q(dc,()) 5+3w
1+z 143w+ 525
. (D.36)
Q(bm,0) +2(dm,0) 5 (m)
Q(de,()) 5+3UJ

— 1.

1+3w+5+%

This reduces back to the ACDM case (D.10) when § =0, w = —1 and Q,m,0) + L(dm,0) = 2(m,0)-



APPENDIX E

The time of the big rip

E.1 Calculations for the big rip - phantom dark energy

The big rip is also characterised by the scale factor and dark energy density becoming infinite
a — 00 ; pde — 00 in a finite amount of time ¢y, which indicates a late time singularity [10, 95].
This may be seen by considering the evolution of the Friedmann equation for a flat uncoupled

universe (2.19):

<Z> = Hy \/Q(Lo)af4 + Q(mjo)afg’ + Q(de,O)a73(1+w)- (El)

Since the big rip will only happen at late times when the universe is almost completely dominated
by dark energy, we may neglect the first two terms, as well writing the current dark energy density
parameter as Q(ge0) = 1 = Qm,0) — Lr0) ® 1 — Q(m,0). The Friedmann equation (E.1) can now be

integrated from the present time tg at ap = 1 to the the time of the big rip ¢, at a = oo:

<Z> = Ho\/(1 = Qo) a3+
da [T 143w
E = Ho 1— Q(mp)a 2

trip 1 S 143w (E2)
dt = a 2 da
to Ho/1 = Q) J1
; ; 1 2 3(14w) |00
i — = a 2 s
o 0 Hy,/1— Q(m70) 3(1 + w) 1

xl1
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(+w)
For phantom energy w < —1 we have 3/2(1 + w) < 0, which will cause the integral a7 &0 at

a = oo. Thus (E.2) becomes:

ot 2 (o M) b3
rip 0 3H0(1+OJ) 1_Q(m,0) 3H0(1 —l—w) 1—Q(m70) ( )

This coincides with the predicted time of the big rip that was found by [95].

E.2 Calculations for the big rip - )1 = 0 H pgn

In this coupled model, the dark energy density (3.39) is proportional to:

[1 _ a6+3wH q—3(1+w)

0
-3(14w) _ 53
) a Q(dm,0) 5T 3wa .

) ) 5 :; )
(E.4)

x (Q(de,o) + Q(dm,0) 5T 30

In the distant future as a becomes increasingly large, the last term will become negligible (if § < 3),

and so we can approximate the dark energy density to become:

0 - w
Pde X (Q(de,O) + Q(dm,O) 5T 3w> a 3(1+ ) (E5)

Using this approximation, the Friedmann equation for this IDE model (2.13), with the energy
densities py (2.3), pom (2.6), pam (3.38) and pge (3.39) and k = 0 becomes:

)
0+ 3w

(Z) ~ Hy \/Q(r,o)a4 + Qom,0)0 2 + Q(dm,0)a®3) + (Q(de,o) + Q(am,0) > a=30+). (E.6)

Since the big rip will only happen at late times when the universe is almost completely dominated
by dark energy, we may neglect the first three terms, as well as writing the current dark energy
density parameter as Q(de,()) =1- Q(dm,O) — Q(bm,O) — Q(T‘,O) ~1-— Q(dm,()) — Q(bm,O)' The Friedmann

equation (E.6) then becomes:

a 5
ay _ B _ —3(14w)
(a) HO\/<1 Odm,0) = Bom,0) + am0) 57 3w> !

) 3 (14w
B HO\/1 = Qom,) — <1 e 3w> Qamoya” 2.
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This can now be integrated from the present time ¢y at ag = 1 to the the time of the big rip ¢, at

a = OQ!

da ) _ 143w
e HO\/l = Qbm,0) — <1 - 5+3w> Qamoya 2

tri e8] p
/ ’ dt = ! / aH2SW da
¢ 5 1 E.8

’ HO\/ 1= Qmo) — (1= 555 ) Yamo) (E8)

1 2 3(14w) |00
trip - tO = a 2

3(14+w) 1
5
HO\/l = Qbm,0) — <1 - m) Q(am,0)

301

For phantom energy w < —1 we have 3/2(1 + w) < 0, which will cause the integral a > ~ 0 at

a = oo. Thus (E.8) becomes:

2 (1+w)
. (0- 1242
3Ho(1 + w)\/l — Qbm,0) — (1 - H%) Q(dm,0)
2

3H0(1 + w) \/1 - Q(bm,O) - (1 — 5_*_%) Q(dm,o)

—)trjp—t[)%—

which is the predicted time of the big rip for IDE model Q1 = 6 H pgqm,. This reduces back to the
uncoupled case (2.50) if § = 0.

E.3 Calculations for the big rip - ()2 = 0H pge

For this model, it is important to note that in the distant future dark energy never completely
dominates the other fluids (as usually indicated by Q4. — 1 in the distant future). This is due to
this model solving the coincidence problem for future expansion, thereby fixing the ratio of dark
matter to dark energy. Radiation and baryons may become negligible in the distant future, but
some terms from the dark matter energy density should still be included. The Friedmann equation
(3.103) for this coupled model with only dark matter (3.80) and dark energy (3.80) is:

a 0 — (643w _ —3(14w+¢

0 0 3(14wt s
= HO\/<Q(dm,0) + Q(de,()) 75 n 3w) a3+ <1 — 75 n 3w> Q(de,O)a 31+ Jr3).

In the future, as the scale factor a grows large, the contribution from the first two terms in (E.10)

(E.10)

becomes small relative to the other terms and may be neglected. Doing this, the Friedmann equa-

tion (E.10) becomes:
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a g —3(14wt3
<a> ~ HO\/<1 T+ 3w> Dge0)a T, (E.11)

The current dark energy density parameter may also be written as (ge,0) = 1 — Q(dam,0) = bm,0) —

Qr0) ® 1= Qdmtbm,0)- The Friedmann equation (E.11) then becomes:

: g T
(a> N HO\/(1 - 5+3w> (1= Qamsbmo)a” 275, (B.12)

This can now be integrated from the present time ¢y at ap = 1 to the the time of the big rip ¢,

at a = oo:

da g —1(1+3w+d
dt HO\/<1 - 6+3w> (1 = Qamsbmoy)a 2340

tri 00
/ T — 1 1 / o~ 313w+ g,
to Hy \/(1 5 1 (E.13)

- m) (1 = Qdm+bm,0))

1 2 3(1+w+3§/3) |
2

trip — t(] = — a .
Ho 31+w+3 1
\/(1 - 5+63w) (1 = Qambm0)) ( )

For the integral on the right hand side to become zero, we need 3/2(1 + w + ¢/3) < 0. Phantom

dark energy does not necessarily imply this. For this to hold we can need the effective equation

of state for dark energy to be smaller than —1. If wfig = w+ 6/3 < —1 then it follows that
3(14+w+6/3)

3/2(1 4w+ 6/3) < 0 which will cause the integral ¢~ 2 ~ 0 at a = co. Thus (E.8) becomes:

bip — to = = (0_1W)
3Ho(1+w+ g>\/(1 — M%) (1 = Qdmtbm,0))
2

3H(](1 +w + g)\/<1 - H%) (1 - Q(dm—&—bm,()))

(E.14)

—>trip—t0=—

)

which is the predicted time of the big rip for IDE model Q2 = §H pge. This reduces back to the
uncoupled case (2.50) if 6 = 0.
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