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Abstract

In this study, cosmological models are considered, where dark matter and dark energy are coupled

and may exchange energy through non-gravitational interactions with one other. These interacting

dark energy (IDE) models are introduced to address problems with the standard ΛCDM model of

cosmology, in which dark energy is assumed to be a cosmological constant. The central problem

addressed in this study is the cosmic coincidence problem (regarding the presently measured coin-

cidental ratio of dark matter to dark energy). Assuming two different linear dark energy couplings,

Q1 = δHρdm and Q2 = δHρde, we find that interacting dark energy models may alleviate and even

solve the cosmic coincidence problem by stabilising the ratio of dark matter to dark energy in both

the past and future. Furthermore, we examine how these dark interactions affect crucial events in

the expansion history of the universe. These events include the big bang and cosmic acceleration,

as well as the radiation-matter and matter-dark energy equality.

Besides studying the cosmological consequences of an interaction between the dark sectors, we

also investigate the viability of IDE models on both theoretical and observational grounds. For

both models considered, we find that negative energy densities are inevitable if energy flows from

dark matter to dark energy and that consequently we should only seriously consider models where

energy flows from dark energy to dark matter. To additionally ensure that these models are free

from early time instabilities, we need to require that dark energy is in the ‘phantom’ (ω < −1)

regime. This has the consequence that model Q1 = δHρdm will end with a future big rip singularity,

while Q2 = δHρde may avoid this fate with the right choice of cosmological parameters. Cosmo-

logical parameters for these models are obtained from type-Ia supernovae data using a previously

developed Markov Chain Monte-Carlo (MCMC) simulation. The predicted expansion history from

these models are then statistically compared to the supernovae data and the ΛCDM model, where

we find that Q1 = δHρdm is statistically rejected, while Q2 = δHρde may be considered viable.

Keywords: cosmology, cosmic acceleration, ΛCDM model, dark energy, dark matter, interacting

dark energy, cosmic coincidence problem, big rip, type Ia supernova, MCMC simulation
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CHAPTER 1

General relativity and the cosmological field equations

1.1 A brief history of cosmology

As long as we humans have been around, we have looked up at the stars and pondered nature’s

greatest mysteries. Where do we come from? What is this world around us? What will be our

ultimate fate? Countless answers to these questions have been suggested from countless cultures

and philosophical systems and are encapsulated in the rich mythological stories, and creation myths

found the world over. These answers have varied widely but have tended to invoke supernatural

forces and are commonly teleological, meaning everything was designed with a purpose; usually,

one centred around human beings [5].

This anthropocentric view started to fade with the discovery of a heliocentric universe in the 16th

century by Copernicus, Galileo and Kepler, showing that the location of earth is not special, but

just another planet orbiting the sun [5]. This was complemented by the publication of Newton’s

Principia in 1687, in which he showed that the dynamics of objects on earth and the heavens above

are dictated by the same set of observable natural laws. Furthermore, in the 19th century, the geol-

ogist Charles Lyell advocated in his Principles of Geology that the key to understanding geological

phenomena is by way of gradual natural processes that can still be directly observed today [6].

Since these processes are slow, he also concluded that the earth (and the universe) must be much

older than the commonly believed 6000 years. Lyell’s view, in turn, inspired Charles Darwin to

write his 1859 book On the Origin of Species which formed the foundation of evolutionary biology

[6]. Darwin showed us how the great diversity of life may arise from natural processes which are

1
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still observable today, but more significant questions remained. How did the universe evolve to its

current form? What observable natural laws guide its evolution? Did the universe have a begin-

ning, and how will it end? Answering these more significant questions with explanations based on

natural observable processes may be seen as the primary goal of the field of cosmology.

Cosmology in its modern scientific form can be said to have begun with the publication of Einstein’s

theory of general relativity in 1915 [7–11]. This theory suggested that what we experience as gravity

is actually the effect of energy bending spacetime itself and successfully explained the precession

of the perihelion of mercury and predicted the gravitational lensing of light, both of which New-

ton’s gravity failed to do [8, 9]. This theory also predicted an expanding universe, as was shown

independently by the Russian mathematician Alexander Friedmann in 1922 and the Belgian priest

George Lemâıtre in 1927, both by solving The Einstein field equations [12]. Einstein himself was

aware of Friedmann’s work but believed it to be mathematical speculation with no physical basis

[12]. Einstein instead was so convinced that the universe must be static that he modified his theory

by adding the notorious cosmological constant Λ into his equations to balance the effect of gravity

[13, 14] (The relevance of the cosmological constant is still a matter of debate today and will be a

central point discussed in this dissertation). Einstein’s static universe which was eternal and had

no beginning or end, was held as the standard model by most of the scientific community of the

early twentieth century as no observations indicated otherwise.

At this time, Lemâıtre believed that if the universe is expanding, that distant stars and galax-

ies should be receding away from us and that their electromagnetic radiation should be Doppler

shifted to longer wavelengths at the ’redder’ end of the spectrum [12]. The groundbreaking work of

both Friedmann and Lemâıtre remained obscure and unknown. This changed in 1929 when Edwin

Hubble measured the redshift of distant galaxies and found that these galaxies are receding away

from us with a relative velocity v proportional to their distance d from the earth [15]:

v = H0d → H0 =
v

d
, (1.1)

with H0 a proportionality constant known as the Hubble constant (with units kilometres per sec-

ond per megaparsec km s−1Mpc−1) indicating how the recessional velocity v (in km s−1) of any

object increases with every megaparsec in distance d. This is known as the Hubble-Lemâıtre law

since Hubble made the empirical discovery, but the interpretation and prediction that such redshift

should be indicative of an expanding universe was made by Lemâıtre [12]. Since the universe was

expanding, it could be inferred that at some time in the distant past, all galaxies must have been at

the same point in space, the singularity (called the ‘primeval atom’ by Lemâıtre [12]) from which

the universe was born. Thus, the first evidence for the big bang model was discovered.

Additional evidence for the big bang was found by Alpher and Gamow in 1948 by considering the
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formation of light elements in the universe (primordial helium from hydrogen in a hot big bang) by

a process known as big bang nucleosynthesis [16]. In this same paper, it was predicted that from

the conditions needed for successful nucleosynthesis, radiation should have been released when the

early universe transitioned from opaque plasma to a more neutral state which was transparent to

radiation. This radiation was predicted to be observable in the present as isotropic blackbody ra-

diation with a temperature of a few Kelvin [17]. This prediction became direct evidence for the big

bang model with the discovery of the cosmic microwave background radiation (CMB) by Penzias

and Wilson in 1965 [18]. A more recent analysis of the CMB by the Planck telescope in 2018 has

given our most accurate measurements of the Cosmological parameters [4].

After discovering the Hubble-Lemâıtre law and the CMB, static models and the cosmological con-

stant were mostly abandoned. It was widely accepted that the universe was expanding and was born

during the big bang. Friedmann and Lemâıtre cosmological models became standard, where the

expansion is decelerating due to the attractive force of gravity. Another paradigm shift occurred in

1998 with the discovery of Cosmic acceleration from observational evidence of Type Ia supernovae

[19–22]. This discovery reintroduced the cosmological constant Λ for the wider class of models

called Dark energy as a reference to the earlier discovery of a mysterious form of non-luminous

dark Matter by Zwicky and Rubin in the 1930’s and 1970’s [23, 24].

After these discoveries, the current model of cosmology was in place, The ΛCDM model (Λ cold

dark matter). This model considered the universe to start with a big bang, followed by a short

period of rapid expansion called inflation, after which the universe expands and cools to its current

state. This expansion is predicted to accelerate and continue indefinitely into the future.

Figure 1.1: Expansion of the Universe from the Big Bang [1]

However, Problems with the ΛCDM model still remain, especially regarding the nature of dark

matter and dark energy. Investigating the viability of Interacting dark energy models that may

solve these problems will be the main goal of this dissertation. Before doing this, we will first

consider general relativity and the cosmological field equations from which all cosmology flows.
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1.2 The Einstein field equations

The Einstein field equations (EFE) are the most fundamental equations in general relativity, which

relate the curvature of spacetime to its stress-energy content. These equations also describe which

path energy will take through a curved spacetime [8, 9]. This path may thus be obtained by

applying the principle of least action δS = 0 to the full Einstein-Hilbert action S, which includes

terms for the cosmological constant Λ, as well as the Lagrangian LM of the matter fields [11]:

δS = δ

∫ √
−g
[

1

2κ
(R− 2Λ) + LM

]
dx4 = 0, (1.2)

where g = det (gαβ) is the determinant of the metric, R the Ricci scalar and κ = 8πG
c4

is the Einstein

gravitational constant (with G the universal gravitational constant and c the speed of light). The

presence of dx4 indicates that integration takes place over all four dimensions of spacetime. From

this variational principle one may derive the Einstein field equations as1 [8, 9, 11]

Gαβ + Λgαβ =
8πG

c4
Tαβ ; where Gαβ ≡ Rαβ −

1

2
Rgαβ. (1.3)

With Gαβ the Einstein tensor, Λ is the cosmological constant (which is discussed in detail in sections

2.1.3, 2.2, 2.5.1 and 2.6), gαβ the metric tensor, G the universal gravitational constant, c the speed

of light, Tαβ the stress-energy tensor, Rαβ the Ricci curvature tensor and R the scalar curvature.

This equation (without Λ , as originally formulated) may be understood intuitively by comparing

it to Newton’s equation for gravitation:

Gαβ =
8πG

c4
Tαβ ; F =

Gm1m2

r2
. (1.4)

In Newton’s equation, there is mass m on the R.H.S., which creates a gravitational force F on

the L.H.S. of the equation. Conversely, in the Einstein field equations, there is the stress-energy

tensor Tαβ (which describes the mass-energy content of the system) on the R.H.S., which creates

the curvature of spacetime as described by the Einstein tensor Gαβ on the L.H.S. Thus, the matter

and energy of any system will create the curvature within it, which in turn determines the path

taken by the matter and energy. This idea can be encapsulated by the famous quote from John

Wheeler: Spacetime tells matter how to move; matter tells spacetime how to curve [25]

From the equivalence principle, the local properties of spacetime at small distances should be

indistinguishable from the flat spacetime of special relativity [8–11]. Overall curvature is still taken

into account, such that the metric tensor gαβ describes the geometry of the spacetime considered.

Solving the Einstein field equations with the correct metric, leads to the Friedmann equations.

1The full derivation of the Einsteil field equations from the Einstein-Hilbert action; as well as the derivation of the
Friedmann equations, with all calculations shown, can be found in the Google drive folder https://drive.google.

com/drive/folders/1Y3MhWzDrRC5v4D9jSCsAv_2X1QDwf7PW?usp=sharing

https://drive.google.com/drive/folders/1Y3MhWzDrRC5v4D9jSCsAv_2X1QDwf7PW?usp=sharing
https://drive.google.com/drive/folders/1Y3MhWzDrRC5v4D9jSCsAv_2X1QDwf7PW?usp=sharing
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1.3 Derivation of the cosmological field equations

1.3.1 The Friedmann-Lemâıtre-Robertson-Walker metric

The cosmological field equations, also known as the Friedmann equations, are the most important

equations in all of cosmology and was first derived in 1922 from general relativity by Russian physi-

cist and mathematician Alexander Friedmann [26].

Friedmann’s equations were based on two basic assumptions. Firstly, that the universe on a large

scale looks more or less uniform and symmetric in all directions (isotropy), for which the isotropic

nature of the CMB may be taken as evidence [9, 18]. The second assumption is the Copernican

principle that there is nothing special about our location, and there is no preferred direction or

centre of the universe [10]. Taking this assumption alongside the first assumption of isotropy im-

plies homogeneity [9]. The assumptions of isotropy and homogeneity may be taken together as the

cosmological principle [9–11]. Discussions and recent observational tests of this principle can be

found in [27–30]. Cosmological models exist which violate the cosmological principle and may be

inhomogeneous models, such as the Lemâıtre -Tolman-Bondi model [31, 32] or anisotropic models

such as the Bianchi type models [33, 34].

Taking the cosmological principle into account, we can start solving the EFE (1.3) by determining

the metric tensor gαβ, which describes the geometry of the expanding universe. The size of the

universe will be given by the dimensionless scale factor a(t), which indicates the size of the universe

relative to the present day. There are three different metrics which correspond to an expand-

ing isotropic and homogeneous geometry, these are flat, closed (spherical) and open (hyperbolic)

geometries [8–11]. From homogeneity, the spatial curvature must be the same at each point in

these geometries. A flat geometry will have zero spatial curvature everywhere, while for the closed

and open cases there is a constant positive or negative spatial curvature respectively. These three

metrics may be combined into a single metric by using a change of coordinates, yielding [8–11]

ds2 = −dt2 +
a2(t)

1− kr2
dr2 + a2(t)r2dθ2 + a2(t)r2 sin2 θdφ2, (1.5)

where the k = +1, 0,−1 is the curvature constant corresponding to a closed (spherical), flat or open

(hyperbolic) universe respectively (see Geometry of the universe for more on curvature). This is

known as the FriedmannLemâıtre RobertsonWalker (FLRW) metric. In tensor form this is

gαβ =


−1 0 0 0

0 a2(t)
1−kr2 0 0

0 0 a2(t)r2 0

0 0 0 a2(t)r2 sin2 θ

 . (1.6)



Marcel van der Westhuizen 6

This metric is given in spherical coordinates (t, r, θ and φ) and can be seen to be isotropic because

it only has diagonal entries and therefore has no preferred direction in space and time. It is

also homogeneous since the spatial part of this metric has the same form as a 3-sphere in four-

dimensional Euclidean space, while reducing to a three-dimensional Euclidean space at small scales

when curvature becomes negligible (as in the case k = 0 and a(t) = 1) [9]. Evaluating the Einstein

field equations (1.3) with this metric gives the Friedmann equation. For this derivation, we will be

working in normalized c = 1 units.

1.3.2 Calculating the Christoffel symbols

In order to calculate the various components of the Einstein field equations for the FLRW metric

(1.6), the non-zero Christoffel symbols for this metric will first be needed. This will be used to

determine the components of the Ricci curvature tensor Rαβ (1.10) as well as the scalar curvature

R (1.12). From here onwards, the time dependence of the scale factor will be implicit (a(t) = a).

The general expression for the Christoffel symbols Γαβγ is given by [8]:

Γδβγ =
1

2
gαδ

(
∂gαβ
∂xγ

+
∂gαγ
∂xβ

−
∂gβγ
∂xα

)
→ Γαβγ =

1

2
gαα

(
∂gαβ
∂xγ

+
∂gαγ
∂xβ

−
∂gβγ
∂xα

)
. (1.7)

Since there are no cross-terms in the FLRW metric (due to isotropy), (1.7) was simplified by setting

δ = α. Here gαδ is the contravariant form of the FLRW metric tensor (1.6) such that:

gαδ =


−1 0 0 0

0 1−kr2

a2 0 0

0 0 1
a2r2 0

0 0 0 1
a2r2 sin2 θ

 . (1.8)

Equations (1.7), (1.8) and (1.6) are used to determine all the non-zero Christoffel symbols:

Γ1
33 = −r sin2 θ

(
1− kr2

)
; Γ0

11 =
aȧ

1− kr2

Γ1
01 = Γ1

10 = Γ2
02 = Γ2

20 = Γ3
03 = Γ3

30 =
ȧ

a
; Γ0

22 = aȧr2

Γ2
33 = − sin(θ) cos θ ; Γ0

33 = aȧr2 sin2 θ (1.9)

Γ2
12 = Γ2

21 = Γ3
13 = Γ3

31 =
1

r
; Γ1

11 =
kr

1− kr2

Γ3
32 = Γ3

23 = cot θ ; Γ1
22 = −r

(
1− kr2

)
,

where 0, 1, 2 and 3 in the spherical coordinates being used correspond to t, r, θ and φ.
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1.3.3 Calculating the Ricci curvature tensor

Now that all the non-zero Christoffel symbols have been determined (1.9), the Ricci curvature can

be expressed directly in terms of Christoffel symbols by:

Rαβ =
∂Γγαβ
∂xγ

− ∂Γγαγ
∂xβ

+ ΓγαβΓδγδ − ΓγαδΓ
δ
βγ . (1.10)

The non-zero components of the Ricci curvature tensor are the diagonal elements R00, R11, R22

and R33, which are calculated and given in tensor form as:

Rαβ =


−3
(
ä
a

)
0 0 0

0 aä+2ȧ2+2k
1−kr2 0 0

0 0
(
aä+ 2ȧ2 + 2k

)
r2 0

0 0 0
(
aä+ 2ȧ2 + 2k

)
r2 sin2 θ

 . (1.11)

1.3.4 Calculating the scalar curvature

The scalar curvature R may now be calculated from the Ricci curvature Rαβ in (1.11) and the

contravariant of the FRLW metric gαβ in (1.8) such that:

R = Rαβg
αβ. (1.12)

Repeated indices indicate summation, considering only the non-zero components:

R = R00g
00 +R11g

11 +R22g
22 +R33g

33. (1.13)

Substituting the components from (1.11) and (1.8) into (1.14) and simplifying gives:

R =6

[(
ä

a

)
+

(
ȧ

a

)2

+
k

a2

]
. (1.14)

1.3.5 Calculating the stress-energy tensor

The FLRW metric, which is isotropic and homogeneous, is a perfect fluid solution. The perfect

fluid stress-energy tensor Tαβ (from which its contravariant form Tαβ may be obtained) is given by

[9]:

Tαβ = (ρ+ P )uαuβ + Pgαβ → Tαβ = (ρ+ P )uαuβ + Pgαβ, (1.15)

where ρ is the energy density, P is the pressure of the fluid and u is the four velocity. We will only

be using contravariant form Tαβ .
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Since the universe model is considered to be a totally isotropic and homogeneous fluid, the velocity

of the fluid should have no preffered direction and therefore only a temporal component. In the

frame of an observer at rest w.r.t. the fluid (which has constant density and pressure and is not

flowing around), the observer will then have a four velocity:

uα =
(

1 0 0 0
)

(1.16)

1.3.6 Obtaining the 1st Friedmann equation

The first Friedmann equation can now be obtained by considering the temporal part α = β = 0 of

the Einstein field equations in (1.3) with c = 1:

G00 + Λg00 = 8πGT00 ; where G00 = R00 −
1

2
Rg00. (1.17)

Substituting into G00 the corresponding components from (1.11), (1.14) and (1.6) gives:

G00 = R00 −
1

2
Rg00 = −3

(
ä

a

)
− 1

2

{
6

[(
ä

a

)
+

(
ȧ

a

)2

+
k

a2

]}
(−1) = 3

[(
ȧ

a

)2

+
k

a2

]
. (1.18)

Furthermore, the temporal component of the stress-energy tensor is given by (1.15), while substi-

tuting in the corresponding components from (1.16) and (1.6) gives:

T00 = (ρ+ P )u0u0 + Pg00 = (ρ+ P ) (1)(1) + P (−1) = ρ. (1.19)

Substituting (1.18), (1.19) and (1.6) into (1.17) gives:

3

[(
ȧ

a

)2

+
k

a2

]
+ Λ(−1) = 8πGρ(

ȧ

a

)2

=
8πGρ

3
− k

a2
+

Λ

3
.

(1.20)

From considerations of dimensionality, the speed of light c can be put back into (1.20). The L.H.S.

has dimensions of time−2, and both k and Λ have dimensions of length−2, needing only a c2 to be

dimensionally consistent with the R.H.S.. Thus, the Friedmann equation becomes:

→ H2 =

(
ȧ

a

)2

=
8πGρ

3
− kc2

a2
+

Λc2

3
, (1.21)

where H = ȧ/a is the time dependent Hubble parameter that indicates the rate of expansion. At

present this is equal to the Hubble constant H0 which corresponds with (1.1), if v = ȧ and d = a.
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1.3.7 Obtaining the 2nd Friedmann equation

The 2nd Friedmann equation, which is also known as the Raychaudhuri equation, is obtained by

considering the spatial part α = β = 1 (for each spatial component, the same equation is reached)

of the Einstein field equations in (1.3) with c = 1:

G11 + Λg11 = 8πGT11 ; where G11 = R11 −
1

2
Rg11. (1.22)

Here the Ricci curvature component R11 from (1.11) may be written as function of g11 from (1.6):

R11 =
aä+ 2ȧ2 + 2k

1− kr2
=

1

a2

(
aä+ 2ȧ2 + 2k

)( a2

1− kr2

)
=

1

a2

(
aä+ 2ȧ2 + 2k

)
g11. (1.23)

Furthermore, the stress-energy tensor is given by the spatial components of (1.15) with the corre-

sponding four velocity components from (1.16), giving:

T11 = (ρ+ P )u1u1 + Pg11 = (ρ+ P ) (0)(0) + Pg11 = Pg11. (1.24)

Substituting (1.23), (1.24) and (1.14) into (1.22) gives:

1

a2

(
aä+ 2ȧ2 + 2k

)
g11 −

1

2

{
6

[(
ä

a

)
+

(
ȧ

a

)2

+
k

a2

]}
g11 + Λg11 = 8πGPg11. (1.25)

Dividing both sides of (1.25) by (−g11) and simplifying gives:

(
ä

a

)
+

1

2

(
ȧ

a

)2

= −4πGP − k

2a2
+

Λ

2
. (1.26)

The first Friedmann equation (1.20) can be substituted into (1.26) to obtain the second one:(
ä

a

)
+

1

2

(
8πGρ

3
− k

a2
+

Λ

3

)
= −4πGP − k

2a2
+

Λ

2(
ä

a

)
= −4πG

3
(ρ+ 3P ) +

Λ

3
.

(1.27)

Taking considerations of dimensionality into account, the speed of light c can be put back into the

equation by dividing the pressure P by c2 and multiplying Λ by c2. Thus, the second Friedmann

equation (or Raychaudhuri equation) is:

→
(
ä

a

)
= −4πG

3

(
ρ+

3P

c2

)
+

Λc2

3
. (1.28)

The two Friedmann equations (1.21) and (1.28) relate the expansion of the universe to the energy

density ρ and pressure P of the Components of the universe and will be used as the basis for all

cosmological models considered from here on forward.
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1.4 Geometry of the universe

From The Einstein field equations it is known that mass-energy curves the fabric of spacetime itself.

The large-scale geometry of the universe is thus determined by its energy density. The curvature

constant k which was introduced in the FLRW metric (1.5) (which has the dimensions of length−2)

is constant in both time and space and therefore it has a fixed value in an expanding universe.

This value is determined by the total amount of mass-energy created in the Big Bang and stays the

same throughout the evolution of the universe. The universe can have any of three possible shapes

depending on the value of k. The curvature may either be positive (k = +1), there may be no

curvature (k = 0), or it may be negative (k = −1). These three scenarios lead to a universe having

either a closed, flat or open geometry respectively [11]. From the Friedmann equation (1.21) (with

Λ included in the energy density ρ as will be shown in (2.7)), it may be seen that a critical energy

density ρc, which leads to a flat universe (k = 0), may be obtained:

H2 =
8

3
πGρ− kc2

a2
=

8

3
πGρc ; (k = 0 when ρ = ρc)

→ ρc =
3

8πG
H2.

(1.29)

The present critical density ρ(c,0) may be determined by using G = 6.67×10−11 m3kg−1s−2 and the

present Hubble parameter H0 = 67.4 km s−1 Mpc−1 = 2.18× 10−18 s−1 (which has been converted

to units s−1) as measured by the Planck telescope [4]. Using these constants, the present critical

density needed to obtain a flat universe is approximately:

ρ(c,0) =
3

8πG
H2

0 =
3(2.18× 10−18 s−1)2

8π(6.67× 10−11 m3kg−1s−2)
≈ 8.53× 10−27 kg m−3. (1.30)

Thus, if the current total energy density of the universe is greater than or less than ρ(c,0), the

universe will either be closed or open respectively. This may be further simplified by introducing

another new quantity called the density parameter Ω, which is a fractional density that describes

the ratio of energy density ρ to the critical density ρc:

Ω =
ρ

ρc
=

8πGρ

3H2
. (1.31)

For any for any fluid x, (1.31) leads to the following useful relations between the density parameter

Ωx and the energy density ρx (with Ω(x,0) and ρ(x,0) the present values), such that:

Ωx =
8πG

3H2
ρx ; Ω(x,0) =

8πG

3H2
0

ρ(x,0),

ρx =
3H2

8πG
Ωx ; ρ(x,0) =

3H2
0

8πG
Ω(x,0).

(1.32)

This may be substituted into the Friedmann equation and yields the relation:
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H2 =
8πGρ

3
− kc2

a2

1 =
8πGρ

3H2
− kc2

a2H2

1 = Ω + Ωk

1− Ω = Ωk = − kc2

a2H2

(
where at present Ω(k,0) = −kc

2

H2
0

)
,

(1.33)

with Ωk as the newly defined curvature parameter. From the curvature constant k, the density

parameter Ω and curvature parameter Ωk we have :

k = +1 ; ρ > ρc ; Ω > 1 ; Ωk < 0 (Closed Universe),

k = 0 ; ρ = ρc ; Ω = 1 ; Ωk = 0 (Flat Universe),

k = −1 ; ρ < ρc ; Ω < 1 ; Ωk > 0 (Open Universe).

(1.34)

The geometry of the universe is therefore determined by its total energy density. This geometry may

be measured directly from the CMB, since a light beam will follow a straight path (null geodesic)

on a curved surface, such that lines converge on a sphere (closed universe), remain straight on a

flat surface (flat universe) and diverge on a saddle (open universe) [8]. Different geometries predict

different sizes of the CMB anisotropies as shown in Figure 1.2.

Figure 1.2: Curvature of the Universe [1]

The geometry as measured by the Planck collaboration is discussed in Cosmological parameters.

The geometry of the universe also dictates its evolution, as may be seen in Tables 2.1 and 2.2.
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1.5 The conservation equation

The conservation equation, also known as the fluid equation, describes the evolution of the energy

densities of fluids contained in the universe. This equation can be derived from applying the first

law of thermodynamics to the universe as a whole [10]. The law states that the total energy in an

isolated system is constant:

Ė = Q−W, (1.35)

where Ė is the change in the internal energy of the system, Q is the heat flow out of the system,

and W is the work done by the system. The work is equal to the product of the pressure P of the

system and its change in volume V̇ [35]. The work done on the system is therefore

W = PV̇ . (1.36)

It is assumed that the universe is homogeneous and that its expansion is adiabatic, such that there

is a transfer of energy as work but not as heat. Since there is no heat flow, we have

Q = 0. (1.37)

Substituting (1.37) and (1.36) into (1.35) gives:

Ė + PV̇ = 0. (1.38)

If a sphere with a radius equivalent to the scale factor a is considered, then the change in the

volume of the sphere is:

V̇ =
d

dt

(
4

3
πa3

)
=

4

3
π(3)a2ȧ = 3

(
4

3
πa3

)(
ȧ

a

)
= 3V H, (1.39)

with H the Hubble parameter. From mass-energy equivalence (while noting that the mass m may

be written in terms of energy density ρ and the volume V ), the energy contained in the sphere is:

E = mc2 = V ρc2. (1.40)

The change in this energy is:

Ė = V ρ̇c2 + V̇ ρc2. (1.41)

Substituting V̇ from (1.39) into (1.41) gives:

Ė = V ρ̇c2 + 3V Hρc2 = V c2 (ρ̇+ 3Hρ) . (1.42)
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The change in energy and volume can now be substituted back into the first law of thermodynamics.

So substituting (1.39) and (1.42) into (1.38) gives:

Ė + PV̇ = 0

V c2 (ρ̇+ 3Hρ) + P (3V H) = 0

ρ̇+ 3H

(
ρ+

P

c2

)
= 0.

(1.43)

This is the conservation for any fluid in the universe model. Note that the pressure and density have

the same value everywhere in our universe models due to the assumptions of homogeneity made

for the FLRW metric. The conservation equation may be simplified by introducing the equation of

state ω, which relates the pressure of a cosmological fluid to its energy density:

ω =
P

ρc2

P = ωρc2.

(1.44)

Substituting (1.44) into the conservation of energy equation (1.43) gives:

ρ̇+ 3H

(
ρ+

ωρc2

c2

)
= 0

ρ̇+ 3Hρ(1 + ω) = 0.

(1.45)

This differential equation may be solved to tell us how the energy density ρ of any fluid which is

conserved with an equation of state ω evolves with the scale factor:∫ (
1

ρ

)
dρ = −3(1 + ω)

∫ (
1

a

)
da

ln ρ = −3(1 + ω) ln a+ d

ρx = ρ(x,0)a
−3(1+ωx),

(1.46)

where the subscript denotes some fluid x, and ρ(x,0) is the present energy density of the fluid

considered. From (1.46) it can be seen that the equation of state of a fluid ωx determines the rate

at which its energy density ρx dilutes with increasing a as the universe expands. Using the relations

from (1.33) alongside (1.46), we obtain the following useful equations regarding the evolution of

the energy density ρx and density parameter Ωx:

ρx =
3H2

0

8πG
Ω(x,0)a

−3(1+ωx),

Ωx =
8πG

3H2
ρx =

H2
0

H2
Ω(x,0)a

−3(1+ωx).

(1.47)

It is worthwhile to note that in general relativity, the energy density ρ and pressure P of these

fluids have different energy conditions of varying importance to consider.
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1.6 Energy conditions

In general relativity, the main energy conditions are given by [36–39]:

Strong Energy Condition (SEC): ρ+ P ≥ 0 and ρ+ 3P ≥ 0 → ω ≥ −1

3
(1.48)

Weak Energy Condition (WEC): ρ+ P ≥ 0 and ρ ≥ 0 → ω ≥ −1 (1.49)

Dominant Energy Condition (DEC): ρ ≥ 0 and ρ ≥ |P | → ω ≥ −1 (1.50)

Null Energy Condition (NEC): ρ+ P ≥ 0 → ω ≥ −1 (1.51)

It may be seen that if some of these conditions are violated, others will be as well, for instance if

the NEC is violated, then the WEC and SEC will also not be satisfied. The least restraining of

these conditions is the SEC.

One consequence of the SEC is that the active gravitational potential is always positive [40]. This

can be clearly seen from the Raychaudhuri equation (2.15) (with Λ is grouped in the ρ term). Any

fluid with an equation of state ω > −1/3 will therefore decelerate the expansion of the universe

(since the R.H.S. of (2.15) will be negative). The opposite holds as well; in order to produce accel-

erated expansion, the SEC must be violated ω < −1/3. This violation of the SEC is not regarded

as too exotic in cosmology due to the currently observed Cosmic acceleration at late times, as well

as the proposed early time accelerating expansion during the inflationary epoch [38]. The SEC has

also been used alongside the WEC to produce the Hawking-Penrose singularity theorems [36, 37].

The DEC was in turn used by Hawking and Ellis to develop their conservation theorem [36], which

results in energy-momentum not being able to appear from nowhere. The DEC, therefore, guar-

antees a system’s stability from vacuum decay, a process in which the vacuum decays into positive

and negative particles [41]. Any model in which the universe decays before the present age should

be theoretically ruled out. It should be noted that the violation of the DEC does not necessarily

imply vacuum decay but is dependent on the details of the model (see [41] for a discussion on this).

The NEC has the consequence that inertial mass density is always positive, as well as prohibiting

time travel and wormholes [38, 42]. Another consequence of violating the NEC is that fields can

appear which have negative kinetic energy. These fields are known as ghosts and would preferably

be avoided in a realistic cosmological model. [43]. It should further be noted that violating NEC

does not necessarily imply negative energy densities (ρ < 0). It may mean that the pressure is

amply negative P < 0 so that ρ+ P < 0 holds, while energy density is still positive (ρ > 0) [44].

As a minimum requirement, all valid cosmological models we consider need to have energy densities

that remain positive throughout the past and predicted future expansion histories.



CHAPTER 2

ΛCDM and other non-interacting models

2.1 Components of the universe

The nature of any cosmological model is determined by the cosmological field equations (1.21) and

(1.28). These, in turn, depend on the constituents of the model, specifically their energy density ρ

and pressure P . Most cosmological models consist of different combinations of three fluids, which

are broadly grouped as radiation, matter, and dark energy [9–11]. In this section, we will assume

each of the three fluids to only interact gravitationally with one another and therefore be separately

conserved and uncoupled to each other.

2.1.1 Radiation

Radiation refers to ultra-relativistic particles with small or zero rest mass, which principally include

photons and neutrinos [11]. Neutrinos are neutral leptons that are divided into three groups or

‘flavours’ depending on their mass, namely the electron neutrino, muon neutrino and tau neutrino

[10].

The energy density of particles in a fluid x for any model may be written as ρx = nE, where

E is the mean energy of the particles and n is the number density. The number density of both

relativistic and non-relativistic particles have the dependence n ∝ a3, due to these particles diluting

with the expansion of the universe. This dependency holds as long as the energy of the fluid is

conserved [10]. Furthermore, the energy E of relativistic particles (which we assume to be massless)

15
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is given by the Planck-Einstein relation E = hc/λ, with λ the wavelength of the particle. This

wavelength λe will be linearly stretched with the scale factor a as the universe expands, such that

any observed photons have a cosmological redshift z [8]:

1 + z =
λ0

λe
=
a0

a
=

1

a
, (2.1)

with λ0 and λe the observed and emitted wavelengths of the photons. The energy of radiation

therefore has the dependence E ∝ λ−1 ∝ a−1. Thus, taking the density dilution and cosmological

redshift into account, the energy density of radiation has the dependence ρr = nE = n(hc/λ) ∝
a−3a−1 ∝ a−4 [10]. This coincides with the pressure P and energy density ρ of radiation being

related to an equation of state ω equal to P = 1/3ρ → ωr = 1/3, such that the energy evolves

according to the conservation equation (1.46):

ρr = ρra
−3(1+ωr) = ρ(r,0)a

−3(1+1/3) = ρ(r,0)a
−4. (2.2)

From (1.47) and (2.1), we may also obtain the following useful relations:

ρr =
3H2

0

8πG
Ω(r,0)a

−4 ; ρr =
3H2

0

8πG
Ω(r,0)(1 + z)4,

Ωr =
H2

0

H2
Ω(r,0)a

4 ; Ωr =
H2

0

H2
Ω(r,0)(1 + z)4.

(2.3)

2.1.2 Matter

The first hints of dark matter were obtained from observations of galaxy clusters (by Fritz Zwicky

during the 1930s [23]) and studies of the rotation curves of galaxies (made by Vera Rubin during

the 1970s [24]) [45]. If the rotation of stars in a galaxy behave similar to the Keplerian motion of

planets in our solar system, then it would be expected that the centripetal force Fc = mv(r)2/r of

the stars would be balanced by the Newtonian gravitational force FG (1.4) such that :

mv(r)2

r
=
GM(r)m

r2
→ v(r) =

√
GM(r)

r
, (2.4)

with v(r) the rotational speed of the object at radius r, m the mass of the object and M(r) the mass

contained within the radius r. This implies that the rotational velocity of stars should decrease with

distance r from the center v(r) ∝ 1/
√
r, but observations of spiral galaxies by Rubin showed that

rotational velocities instead increase with radial distance from the galaxy center [24]. From this,

she concluded that this phenomenon could be best explained by a spherical halo of non-luminous

matter extending beyond the visible galactic disk [24]. Newer observations since have supported her

claims and shown that these rotational velocity curves are typically flat with increasing distance

[2, 46–48], as seen in Figure 2.1. An early candidate to explain this behaviour was baryonic dark

matter or Massive Compact Halo Objects (MaCHO’s), which would include brown dwarfs and
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other dark stellar remnants. This theory has since become less popular as data from gravitational

lensing, CMB anisotropies, large scale structure, and the behaviour of the bullet cluster has been

found to be consistent with non-baryonic dark matter [2–4, 46–50].

Figure 2.1: Rotational velocities of hy-
drogen (HI regions) in NGC 3198 [2]

Figure 2.2: Strong gravitational lens-
ing from dark matter around galaxy clus-
ter CL0024+17 [3].

Besides being non-baryonic, we also know dark matter should be electromagnetically neutral since

it does not seem to interact with radiation or baryonic matter in any non-gravitational way. Fur-

thermore, from the structure of dark matter halos and the bullet cluster, we know that it cannot

interact too strongly with itself [2, 47, 50, 51]. Due to these constraints, a possible dark matter

candidate has been proposed, called a Weakly Interacting Massive Particle (WIMP) [52]. Different

WIMPs have been proposed but have thus far remained elusive and have never been directly de-

tected [53]. Other popular candidates include axions, sterile neutrinos and primordial black holes

[54–58]. It has also been proposed that dark matter is an illusion and that the mass discrepancies

for which it was introduced can be explained away by modifying Newtonian dynamics at low ac-

celerations. These theories are broadly called Modified Newtonian Dynamics (MOND) [59, 60].

For our purposes, we only need to assume dark matter to be cold (non-relativistic), as opposed to

relativistic hot dark matter (HDM [61]). The matter component thus consists of baryonic matter

and cold dark matter, which is pressureless. The energy density will thus dilute with the expansion

of the universe as ρm = nE = n(mc2) ∝ a−3. This coincides with a pressureless equation of state

equal P = 0→ ωm = 0 [11] which evolves according to the conservation equation (1.45) as:

ρm = ρ(m,0)a
−3(1+ωm) = ρ(m,0)a

−3(1+0) = ρ(m,0)a
−3. (2.5)
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From (1.47), we may also obtain the following useful relations:

ρm =
3H2

0

8πG
Ω(m,0)a

−3 ; ρm =
3H2

0

8πG
Ω(m,0)(1 + z)3

Ωm =
H2

0

H2
Ω(m,0)a

3 ; Ωm =
H2

0

H2
Ω(m,0)(1 + z)3.

(2.6)

2.1.3 Dark energy

Dark energy refers to a wide class of models that describe an energy source with a negative pressure

that causes a long-range repulsive force to counteract the force of gravity (see [62] for a taxonomy

of dark energy models, as well as [63–66] for reviews and recent developments on some of these dark

energy models). Later we will discuss Quintessence and phantom dark energy, where dark energy

is dynamical and considered to be a scalar field with ω 6= −1. We will first consider the first dark

energy model.

The simplest and most common dark energy model is vacuum energy, which refers to a cosmo-

logical constant Λ that pervades all of space with a constant density [67]. We introduced this

cosmological constant into the Einstein-Hilbert action (1.2) to produce the Einstein field equations

(1.3) and in turn the cosmological field equations (1.21, 1.28). From these field equations (1.21,

1.28), we may see that the constant Λ may be interpreted as a fluid with an energy density ρΛ that

can be grouped with the energy density term ρ if it has the form:

ρΛ =
Λc2

8πG
(2.7)

The source of this vacuum energy is hypothesised to be quantum fluctuations in the vacuum [67, 68],

which we explore in some detail in section 2.6.1. These quantum fluctuations supposedly create a

negative pressure P = −ρc2 that results in an equation of state ωΛ = −1. From the conservation

equation (1.45), this implies that vacuum energy evolves with scale factor as:

ρΛ = ρ(Λ,0)a
−3(1+ωΛ) = ρΛa

−3(1+−1) = ρ(Λ,0). (2.8)

Thus, the energy density of the vacuum always has the same constant value. This is expected, as

the vacuum itself cannot be diluted. From (1.47), we may also obtain the following useful relations:

ρΛ =
3H2

0

8πG
Ω(Λ,0) ; ΩΛ =

H2
0

H2
Ω(Λ,0) ; Λ =

3H2
0

c2
Ω(Λ,0), (2.9)

where the last relation is obtained by equating ρΛ in (2.7) and (2.9). The importance of vacuum

energy for cosmological models is presently mostly associated with Cosmic acceleration, but we

will first discuss the reason for its initial introduction. This will brings us to the first modern

cosmological model, Einstein’s static universe.
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2.2 Einstein’s static universe

When Einstein first solved his field equations (1.3) for an isotropic and homogeneous universe he

found that there were no static solutions (ä = ȧ = 0; a = a0) [9, 14, 67]. This can be seen by

considering the Raychaudhuri equation (1.28) for a static model without the Λ term:(
ä

a

)
= 0 = −4πG

3

(
ρ+

3P

c2

)
→ (L.H.S = 0 ; R.H.S < 0) . (2.10)

This contradiction is true as long as the strong energy condition (ρ + 3P
c2

> 0) holds, which has

the consequence of gravitational attraction always being positive [14]. Since Einstein believed the

universe to be static (as the data at the time suggested), he added a positive Λ term to balance

out the gravitational force of matter (which is pressureless Pm = 0, with ρm = ρ(m,0) for a static

case), such that (2.10) becomes:

0 = −4πG

3

(
ρ(m,0) +

3Pm

c2

)
+

Λc2

3

ρ(m,0) =
Λc2

4πG
= 2ρ(Λ,0),

(2.11)

where the last equality follows from (2.7). Substituting (2.11) into a static Friedmann equation

(1.21) with ȧ = 0, we can see that this model must have a closed geometry :

(
ȧ

a

)2

= 0 =
8πGρ(m,0)

3
+

Λc2

3
− kc2

a2
0

0 =
8πGρ(m,0)

3
+

4πGρ(m,0)

3
− kc2

ρ(m,0) =
kc2

4πG
→ Λ = k.

(2.12)

Thus k = +1, since Λ > 0. This was Einstein’s first cosmological model, which he published in 1917

[13], but was later dropped when the Hubble expansion was discovered. Besides this contradicting

observation, the static model is also unstable. From (2.11), it can be seen that the cosmological

constant has to be fine-tuned to exactly match the matter density of the universe. If a single proton

is added or removed, or if any matter decays into radiation, this fine balance will be upset, and the

universe will start contracting or expanding [9].

Einstein later dropped the cosmological constant (which he may have called his ’biggest blun-

der’ [69])and the idea of a static universe [14]. Later he proposed a dynamic universe alongside

de Sitter, a flat matter-only universe which expands while decelerating (Einstein-de Sitter universe

[70]). Cosmological models from here onwards were dynamic. The cosmological constant might

have been discarded alongside static universe models, but it would be resurrected once more to

describe late-time acceleration in The ΛCDM model.
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2.3 Hubble and deceleration parameters

We can now consider a more useful form of the Friedmann equation for dynamical models containing

matter, radiation and/or dark energy. This can be done by rewriting (1.21), with Λ (2.7) part of

the energy density ρ which is distributed between radiation ρr, matter ρm and dark energy ρΛ:(
ȧ

a

)2

=
8πG

3
(ρr + ρm + ρΛ)− kc2

a2
. (2.13)

This can now be written in terms of the density parameter relations Ωr ,Ωm, ΩΛ and Ωk from (2.3),

(2.6), (2.3) (2.9) and (1.33) respectively, such that:

(
ȧ

a

)2

=
8πG

3

(
3H2

0

8πG

)(
Ω(r,0)a

−4 + Ω(m,0)a
−3 + Ω(Λ,0)

)
+H0Ω(k,0)a

−2

H2 =

(
ȧ

a

)2

= H2
0

(
Ω(r,0)a

−4 + Ω(m,0)a
−3 + Ω(Λ,0) + Ω(k,0)a

−2
)
.

(2.14)

The deceleration may be described by introducing the dimensionless deceleration parameter q =

− (äa/ȧ). An expression for q may be obtained by first rewriting the Raychaudhuri equation (with

Λ grouped with the energy ρ (2.7)) in terms of the equation of state ω (1.44) a:(
ä

a

)
= −4πG

3

(
ρ+

3P

c2

)
(
ä

a

)
= −4πG

3

∑
ρx (1 + 3ωx) ,

(2.15)

where summation is used since each fluid will have a different equation of state. We now substitute

in the density parameter ρx = 3H2

8πGΩx with H = ȧ/a from (1.47):

(
ä

a

)
= −4πG

3

∑(
3

8πG

(
ȧ

a

)2

Ωx

)
(1 + 3ωx)

q = −
(
äa

ȧ2

)
=

1

2

∑
Ωx (1 + 3ω) .

(2.16)

From which we see q > 0 (deceleration) if ω > −1/3. Thus radiation (ω = 1/3) and matter (ω = 0)

decelerate, while a cosmological constant (ω = −1) accelerates expansion. Substituting in each of

the density parameters in redshift space z and their corresponding equations of state ω give:

q = Ωr +
1

2
Ωm − ΩΛ =

H2
0

[
Ωr(1 + z)4 + 1

2Ωm(1 + z)3 − ΩΛ

]
H2

. (2.17)

Substituting in the Hubble parameter (2.14) yields:

q =
Ω(r,0)(1 + z)4 + 1

2Ω(m,0)(1 + z)3 − Ω(Λ,0)

Ω(r,0)(1 + z)4 + Ω(m,0)(1 + z)3 + Ω(Λ,0) + Ω(k,0)(1 + z)2
. (2.18)
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2.4 Single-fluid cosmological models

2.4.1 Friedmann and Lemâıtre cosmological models

To get an intuitive understanding of how each of the fluids (and their density) affects the dynamics

of the universe, we will first consider some simplified cosmological models which only have a single

fluid. Due to the simplicity of these models, the Friedmann equation may be analytically solved,

which is usually very difficult for multi-fluid models. The dynamics of these models may therefore

be described by solving the Friedmann equation (2.14):

(
ȧ

a

)2

= H2
0 (Ω(r,0)a

−4 + Ω(m,0)a
−3 + Ω(Λ,0) + Ω(k,0)a

−2)

ȧ = H0

√
Ω(r,0)a−2 + Ω(m,0)a−1 + Ω(Λ,0)a2 + Ω(k,0).

(2.19)

These models may be divided into two main classes. The first group are Friedmann models, which

have matter or radiation, but no cosmological constant Ω(r,0) 6= 0 or Ω(m,0) 6= 0 and Ω(Λ,0) = 0.

The second group is Lemâıtre models where there is a non-zero cosmological constant, but we will

only be considering single-fluid models so we have Ω(r,0) = Ω(m,0) = 0 and Ω(Λ,0) 6= 0 [9–11].

The Friedmann models consist only of radiation or matter, which both decelerate the expansion of

the universe (2.16). This leads to the curve for a(t) being convex everywhere, implying that a(t)

will always become zero in the past, leading to a big bang singularity. If the universe had a constant

expansion rate, it would have an age t0 = 1/H0, but since the expansion for Friedmann models was

faster in the past, it must have taken less time for the universe to reach its current size such that

t0 <
1
H0

. The future evolution of these models may be seen from their Friedmann equation:

ȧ = H0

√
Ω(r,0)a−2 + Ω(m,0)a−1 + Ω(k,0) ≈ H0

√
Ω(k,0) = H0

√
1−

(
Ω(r,0) + Ω(m,0)

)
. (2.20)

From (2.20) it can be seen that as the universe expands (a� 1) the first two terms will approach

zero (as a has a negative exponent) and the Ω(k,0) = 1 −
(
Ω(r,0) + Ω(m,0)

)
term will dominate the

equation. The density Ω(r,0) + Ω(m,0) will therefore determine the destiny of these models [9, 10]:

Table 2.1: Ultimate fate of Friedmann models (t→∞)

Curvature ä ȧ a Ultimate fate

Open (Ω(r,0) + Ω(m,0) < 1) − +constant ∞ Big chill (Heat death)

Flat (Ω(r,0) + Ω(m,0) = 1) − 0 ∞ Big chill (Heat death)

Closed (Ω(r,0) + Ω(m,0) > 0) − 0 at amax 0 Big crunch/bounce
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The big chill or heat death refers to the universe expanding forever (a → ∞) and cooling over an

infinite amount of time until the universe reaches maximum entropy. These models will decelerate

and approach a constant velocity (Open case) or approach a static state (ȧ = 0) over an infinite

time (Flat case) but will never re-collapse. For closed models, the universe stops expanding ȧ = 0

when it reaches a maximum size (amax). Since it is still decelerating (ä < 0), the universe will

finally re-collapse into a singularity at the big crunch (a→ 0). Depending on the solution of a, the

universe may start expanding again after the big crunch (in what is known as a big bounce) until

it collapses again. This cycle may be repeated indefinitely.

The Lemâıtre models include a cosmological constant that always accelerates the expansion of

the universe (2.16). The curve of a(t) is thus concave everywhere, and the scale factor will always

become infinite in the future, leading to a big chill or heat death. The different past expansion

histories of these models may be seen from the Friedmann equation:

ȧ = H0

√
Ω(Λ,0)a2 + Ω(k,0) → H0

√
Ω(k,0) = H0

√
1− Ω(Λ,0). (2.21)

From (2.21) it can be seen that at early times when the universe was smaller (a � 1), the first

term will approach zero and the Ω(k,0) = 1− Ω(Λ,0) term will dominate the equation. The density

Ω(Λ,0) will therefore determine the past and origin of these models.

Table 2.2: Distant past of Lemâıtre models (t→ −∞)

Curvature ä ȧ a Distant past / Origin

Open (Ω(Λ,0) < 1) + +constant 0 Big bang

Flat (Ω(Λ,0) = 1) + 0 → 0 No big bang singularity

Closed (Ω(Λ,0) > 1) + 0 at amin ∞ Non-singular big bounce

For these models, ȧ > 0 means that the universe will expand into the future and contract into the

past. Thus, an open universe with ȧ > 0 in the distant past will contract into a big bang singularity

a → 0. Conversely, a flat universe will contract infinitely into the past as it becomes smaller and

approaches a static state (ȧ = 0) but never reaches a big bang singularity. A closed universe will

stop contracting (ȧ = 0) in the past when it reaches a minimum size (amin). Since the curve of

a(t) is concave everywhere due to the accelerating expansion (ä > 0), this must be a saddle point

where the scale factor increases further into the past and approaches a → ∞. This is known as a

non-singular big bounce, as the universe bounces without a singularity (as in the closed Friedmann

model) [43].

To mathematically support these arguments, we will analytically solve the Friedmann equation

for models containing only radiation, matter or a cosmological constant, with each of the three

geometries. The full calculations of these solutions are found in Appendix A.
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2.4.2 Solutions for radiation-dominated Friedmann models

The Friedmann equation has been analytically solved for radiation-dominated Friedmann models

to obtain expressions for the evolution of the scale factor a(t), the time t and the age of the universe

model t0. Here the phase θ = H0
√

Ω(r,0) − 1η and φ = H0
√

1− Ω(r,0)η, with η conformal time as

defined in (A.52). For closed and open geometries, the age of the universe is obtained at t0 = t(θ0)

and t(φ0) respectively. The Hubble constant used is H0 = 67.4 km s−1Mpc−1 ≈ 0.069 Gyr−1.

Table 2.3: Friedmann equation solutions for radiation-dominated universes (Friedmann Models)

Curvature Scale Factor (a) Time (t) Age (t0)

Open (Ω(r,0) < 1)

√
Ω(r,0)

1−Ω(r,0)
sinh(φ)

√
Ω(r,0)

H0(1−Ω(r,0))
[cosh(φ)− 1] φ0 = sinh−1

√
1−Ω(r,0)

Ω(r,0)

Flat (Ω(r,0) = 1)
√

2H0t - t0 = 1
2H0

Closed (Ω(r,0) > 1)

√
Ω(r,0)

Ω(r,0)−1 sin(θ)

√
Ω(r,0)

H0(Ω(r,0)−1) [1− cos(θ)] θ0 = sin−1

√
Ω(r,0)−1

Ω(r,0)

Figure 2.3: Evolution of radiation-dominated Friedmann models

In Figure 2.3 it can be seen that the analytical solutions show the same behaviour predicted in table

2.1. All models begin with a big bang (with t0 < 1/H0)), from which the expansion decelerates.

The model will either expand forever (heat death) or re-collapse (big crunch), depending on whether

the density is less (Ω(r,0) < 1 open) or more (Ω(r,0) > 1 closed) than the critical density (Ω(r,0) = 1),

which corresponds to a flat geometry. The density, therefore, predicts the destiny of the system.
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2.4.3 Solutions for matter-dominated Friedmann models

The Friedmann equation has been analytically solved for matter-dominated Friedmann models to

obtain expressions for the evolution of the scale factor a(t), the time t and either the age t0 of

the universe model or the time of a single bouncing cycle tb. The phase θ = H0
√

Ω(m,0) − 1η and

φ = H0
√

1− Ω(m,0)η. For the open geometry, the age of the universe model is t0 = t(φ0).

Table 2.4: Friedmann equation solutions for matter-dominated universes (Friedmann Models)

k Scale Factor (a) Time (t) Age (t0) / Bounce cycle (tb)

Open
Ω(m,0)

2(1−Ω(m,0))
(cosh(φ)− 1)

Ω(m,0)

2H0(1−Ω(m,0))
3/2 [sinh(φ)− φ] φ0 = cosh−1

(
1 +

2(1−Ω(m,0))
Ω(m,0)

)
Flat

(
3
2H0t

)2/3
- t0 = 2

3H0

Closed
Ω(m,0)

2(Ω(m,0)−1)
(1− cos(θ))

Ω(m,0)

2H0(Ω(m,0)−1)
3/2 [θ − sin(θ)] tb = π

H0

Ω(m,0)

(Ω(m,0)−1)
3/2

Figure 2.4: Evolution of matter-dominated Friedmann models

In Figure 2.4 the behaviour is the same as predicted in table 2.1. The flat (also known as

the Einstein-de Sitter model [70]) and open cases behave qualitatively similar to the radiation-

dominated models in Figure 2.3. Conversely, the closed model is a cycloid with an infinite cycle of

expansion and re-collapse followed by a big bounce. This model will therefore have an infinite age

and continue bouncing indefinitely into the future. The time from the previous bounce and to the

next bounce is also calculated in Appendix A.
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2.4.4 Solutions for cosmological constant-dominated Lemâıtre models

The Friedmann equation has been analytically solved for cosmological constant-dominated Lemâıtre

models to obtain expressions for the evolution of the scale factor a(t), the time t and either the age t0

of the universe model or the time since the non-singular bounce tb. The phase ϕ = H0
√

1− Ω(Λ,0)t

and ψ = H0
√

Ω(Λ,0) − 1t.

Table 2.5: Friedmann equation solutions for Λ dominated universes (Lemâıtre Models)

Curvature Scale Factor (a) Time (t) Age (t0) / Bounce time (tb)

Open (Ω(Λ,0) < 1)

√
1−Ω(Λ,0)

Ω(Λ,0)
sinh(ϕ) - t0 = 1

H0

√
1−Ω(Λ,0)

sinh−1

(√
Ω(Λ,0)

1−Ω(Λ,0)

)
Flat (Ω(Λ,0) = 1) eH0t - ∞

Closed (Ω(Λ,0) > 1)

√
Ω(Λ,0)−1

Ω(Λ,0)
cosh(ψ) - tb = 1

H0

√
Ω(Λ,0)−1

cosh−1

(√
Ω(Λ,0)

Ω(Λ,0)−1

)

Figure 2.5: Evolution of cosmological constant-dominated Lemâıtre models

In Figure 2.5 the behaviour is the same as predicted in table 2.2. All models have an accelerated

expansion which ends with a heat death. The density of the cosmological constant determines

the origin of the model. The model will either have a big bang (Ω(Λ,0) < 1 Open) or will have a

non-singular bounce (Ω(Λ,0) > 1 closed) at a minimum size amin. The critical density (Ω(Λ,0) = 1

flat geometry) is known as a de Sitter model and has no big bang singularity in the past and is

infinitely old. This model has particular interest due to its similarity to inflation models [9].
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2.5 The ΛCDM model

2.5.1 Cosmic acceleration

From our daily experience, we know that the universe contains matter and at least some radiation.

Therefore, most of the single-fluid models can immediately be discarded as an accurate description

of our universe. For many years matter-dominated universes (See Figure 2.4) were considered the

most probable models, and from (2.16), we know that these matter-dominated universes should be

decelerating. A complete paradigm shift occurred in 1998 when both the Supernova Cosmology

Project and the High-z Supernova Search Team from observations of Standard candles and type

Ia supernovae independently discovered that the expansion of the universe is not slowing down as

expected, but instead speeding up [19–22]. Since this discovery of the accelerating expansion (which

from (2.16) requires ω < −1/3), the cosmological constant Λ (with ω = −1) made an immediate

return as an obvious candidate for this unexpected observation. These developments led to a new

model which contains radiation, baryonic and dark matter and a cosmological constant Λ. This is

called the ΛCDM (Lambda cold dark matter) model and is the standard model of cosmology.

2.5.2 Cosmological parameters

To determine how the ΛCDM model evolves and which predictions it makes, the values of the

cosmological parameters (Ωr,0 , Ωm,0 , ΩΛ,0) need to be known. These parameters will tell us how

the energy of the universe is distributed between radiation, matter and the cosmological constant,

as well as tell us what geometry the universe has. All measurements are obtained from the CMB.

The present radiation density Ω(r,0) consists of photons, which is dominated by CMB photons

Ω(CMB,0) and neutrinos Ω(ν,0). The energy density of the CMB photons is calculated using the

Stefan Boltzmann-law (ρCMB = αT 4
CMB with α the reduced Stefan Boltzman constant) with the

temperature measured directly from the blackbody radiation of the CMB [9, 10, 71]. This temper-

ature is measured by the WMAP telescope as TCMB = 2.7255 K [72]. Therefore, the CMB density

parameter is obtained from the ratio of the energy density of CMB photons ρCMB to the critical

density ρc (1.30) and has the value:

Ω(CMB,0) =
ρCMB

ρc
=
(
αT 4

CMB

)(8πG

3H2
0

)
=

(
8.41× 10−33 kg m−3K−4

)
(2.7255 K)4

8.53× 10−27 kg.m−3 ≈ 5.44× 10−5.

(2.22)

The energy density of neutrinos should be comparable to those of CMB photons. A detailed

calculation shows that each neutrino flavour should have an energy of 0.277 Ω(CMB,0). Since there

are three neutrino flavours we have Ω(ν,0) = 3(0.277Ω(CMB,0)) = 0.681Ω(CMB,0) ≈ 3.70 × 10−5 [10].
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The present radiation density parameter is then:

Ω(r,0) = Ω(CMB,0) + Ω(ν,0) ≈ 9× 10−5. (2.23)

The other cosmological parameters may be obtained from measurements of the temperature anisotropies

in the CMB, which were made by the Planck Telescope in 2018 [4].

Figure 2.6: Temperature anisotropies of the CMB [1]

From these measurements it was determined that the universe has an almost perfectly flat ge-

ometry such that Ω(k,0) = 0.001 ± 0.002. The density of matter has also been determined to be

Ω(m,0) = 0.315± 0.007, of which about 85% consists of cold dark matter Ω(dm,0) = 0.266 and only

about 15% is baryonic matter Ω(bm,0) = 0.049 [4]. Using these parameters, the dark energy density

Ω(Λ,0) may be determined using equation (1.33):

1 = Ω(r,0) + Ω(m,0) + Ω(Λ,0) + Ω(k,0)

→ Ω(Λ,0) = 1− Ω(r,0) − Ω(m,0) − Ω(k,0) = 1− 9× 10−5 − 0.315− 0.001 ≈ 0.685.
(2.24)

Taking the sum of the dark matter and dark energy parameters Ω(dm,0) + Ω(Λ,0) = 0.685 + 0.266 =

0.951 we see that 95% of the energy budget of the universe is distributed between the dark sectors.

Finally, the Planck telescope also measured the Hubble constant to be H0 = 67.4 km s−1Mpcs−1

[4]. The following cosmological parameters will thus be used throughout, unless stated otherwise:

Ω(r,0) = 9× 10−5 ; Ω(m,0) = 0.315 ; Ω(Λ,0) = 0.685 ; H0 = 67.4 km s−1Mpcs−1. (2.25)

It should be noted that there are many other probes to measure these cosmological parameters.

For a review of the different measurements of cosmological parameters at the end of 2019, see [73].
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2.5.3 Radiation, matter and dark energy dominated epochs

The ΛCDM model is a multi-fluid model, with each of the fluids evolving independently of the

others. Since the energy densities of radiation, matter and the cosmological constant dilute at

different rates as the universe expands (∝ a−4, ∝ a−3 and ∝ a0 respectively ), each species will

dominate at different times in the history of the universe. This can be seen by plotting the energy

densities ρ and density parameters Ω for radiation (2.3), matter (2.6) and dark energy (2.9) against

redshift (1 + z), using the cosmological parameters (2.25) as the present initial conditions.

Figure 2.7: Evolution of energy densities ρ
with redshift (1 + z) (ΛCDM)

Figure 2.8: Evolution of density parameters
Ω with redshift (1 + z) (ΛCDM)

From Figures 2.7 and 2.8 we can see that there was an early period (a large redshift z equates

to small a, and thus the distant past) of radiation domination, which was followed by periods of

matter and dark energy domination respectively. The exact redshift where the radiation-matter

equality zr=m and the matter-dark energy equality zm=Λ happens is calculated in Appendix D.1 as:

zr=m =
Ω(m,0)

Ω(r,0)
− 1 =

0.315

9× 10−5
− 1 = 3499 (when ρr = ρm ≈ 10.93 Joule m−3),

zm=Λ =

(
Ω(Λ,0)

Ω(m,0)

)1/3

− 1 =

(
0.685

0.315

)1/3

− 1 = 0.3 (when ρm = ρΛ ≈ 5.54× 10−10 Joule m−3).

(2.26)

The radiation, matter and dark energy dominated epochs will each leave their mark on the expansion

history of this model. This can be seen by considering the three fluids in the model as a single fluid

with a dynamical effective equation of state ωeff . This effective equation of state is given by the

ratio of the sum of each fluid’s pressure Ptot over the total energy densities ρtot:

ωeff =
Ptot

ρtot
=
Pr + Pm + PΛ

ρr + ρm + ρΛ
=
ωrρr + ωmρm + ωΛρΛ

ρr + ρm + ρΛ
=

1
3ρr − ρΛ

ρr + ρm + ρΛ
=

1
3Ωr − ΩΛ

Ωr + Ωm + ΩΛ
. (2.27)
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Substituting the density parameters for radiation (2.3), matter (2.6) and dark energy (2.9) gives:

ωeff =
1
3Ω(r,0)(1 + z)4 − Ω(Λ,0)

Ω(r,0)(1 + z)4 + Ω(m,0)(1 + z)3 + Ω(Λ,0)
. (2.28)

This effective equation of state ωeff may be used alongside the deceleration parameter (2.18) with

parameters (2.25) to see the different phases of the expansion history.

Figure 2.9: Evolution of the effective equa-
tion of state ωeff with redshift (1+z) (ΛCDM)

Figure 2.10: Evolution of deceleration pa-
rameter q with redshift (1 + z) (ΛCDM)

From Figure 2.9 it can be seen that the ΛCDM model mimics the behaviour of radiation fluid in

the distant past, since the effective equation of state is equal to that of radiation ωeff = ωr = 1/3.

This behaviour coincides with the deceleration parameter q ≈ 1 in the distant past in Figure

2.10, mimicking that of a flat radiation-dominated universe (which is indicated by the blue dashed

line). Similarly, as the universe expands it later mimics matter fluid ωeff = ωm = 0 and finally

a cosmological constant ωeff = ωΛ = −1. These epochs, in turn, have a deceleration parameter

q = 0.5 and q = −1, which mimic a flat matter (Einstein-de Sitter indicated by the dashed red line)

and flat cosmological constant (de Sitter indicated by the dashed green line) universe, respectively.

It can thus be seen that the expansion of the ΛCDM model decelerates during radiation and matter

domination before accelerating when dark energy becomes dominant enough. This transition from

deceleration to acceleration (called a cosmic jerk) occurs when q = 0, which happens if Ωdm ≈ 2ΩΛ

D.8 or the effective equation of state is ωeff = 1/3. The exact transition redshift zt where this

cosmic jerk occurs is calculated in Appendix D.1, giving:

zt =

(
2Ω(Λ,0)

Ω(m,0)

)1/3

− 1 =

(
2(0.685)

0.315

)1/3

− 1 = 0.63. (2.29)

Direct evidence from Type Ia supernovae for this cosmic jerk was discovered by one of the teams

who first discovered the cosmic acceleration [74, 75].
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2.5.4 Origin, evolution and fate of ΛCDM model

As seen in the previous section, the ΛCDM model should initially have a period of decelerating

expansion followed by accelerated expansion. This should be reflected in the way the scale factor

evolves with time. The Friedmann equation for the ΛCDM model (2.19) cannot be solved analyti-

cally in any simple manner and therefore numerical methods will be resorted to instead. The 4th

order Runge-Kutta method was adopted [76] which is generally recommended for numerical inte-

gration of first-order differential equations (This method is described in Appendix A.4). To ensure

the numerical integration works for the ΛCDM model, we will also use the numerical method to

reproduce some of the previous analytical solutions from Figures 2.3, 2.4 and 2.5.

Figure 2.11: Origin, evolution and fate of ΛCDM model

From Figure 2.11 the expansion history of the ΛCDM model (solid purple line) can be seen, along-

side that of a de-Sitter universe (dashed purple line), Einstein-de Sitter universe (dashed red line),

closed matter-dominated universe (solid red line) and a flat radiation-dominated universe (dashed

blue line). The age of each model is calculated by numerical integration of the Friedmann equation

(2.19), which may be rewritten as [9]:∫ t

0
dt =

∫ a

0

1

H(a)
da =

∫ a

0

1

H0

√
(Ω(r,0)a−2 + Ω(m,0)a−1 + Ω(Λ,0)a2 + Ω(k,0))

da. (2.30)
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The resulting plots and ages of each of the single-fluid models can be seen to coincide with the

analytical solutions obtained in Figures 2.3, 2.4 and 2.5. Therefore, we may conclude that the

numerical method is an accurate approximation of the true behaviour of the ΛCDM model.

It may therefore be seen that the ΛCDM model started from a big bang approximately 13.80

billion years ago [4]. The universe then started with an initial period of decelerating expansion

(where the plot is convex), followed by a recent period of accelerating expansion (where the plot is

concave), which should continue indefinitely into the future. This behaviour coincides with Figures

2.7, 2.8, 2.9 and 2.10, where there is an initial period of deceleration q > 0 during radiation and

matter domination, followed by an infinite period of accelerating expansion q < 0 during the final

era of dark energy domination. It can thus be seen that the ΛCDM model behaves qualitatively

similar to an Einstein-de Sitter universe in the distant past while behaving like a de-Sitter universe

at later times. It may also be seen that the Hubble parameter converges to a constant value as

a→∞ which corresponds to (1 + z)→ 0, thus from equation (2.14) we have:

H = H0

√
Ω(r,0)(0)4 + Ω(d,0)(0)3 + Ω(Λ,0) + Ω(k,0)(0)2 = H0

√
Ω(Λ,0) ≈ 56 km/s/Mpc. (2.31)

Since we now know how the scale factor evolves with time, and since the scale factor is related to

redshift by the relation a = 1/(1 + z), we can determine at which redshift z and time t important

cosmic events in the ΛCDM model happened. Using the equations which relate energy density to

redshift (2.3, 2.6 and 2.9), we may also find the energy density of radiation ρr, matter ρm and dark

energy ρΛ at these events. These events include the big bang, the radiation-matter and matter-

dark energy equalities (2.26) as well as acceleration at the cosmic jerk (2.29). These results are

summarised in Table 2.6 below.

Table 2.6: Important events in the ΛCDM model (using CMB data [4])

Event Redshift z Time (Gyr) ρr ρm ρΛ (J/m3)

Big bang singularity ∞ 13.80 ∞ ∞ ∞
Radiation-matter equality 3499 13.80 10.9 10.9 5.5e-10

Cosmic jerk (q = 0) 0.63 6.12 5.2e-13 1.2e-9 5.5e-10

Matter-dark energy equality 0.30 3.50 2.1e-13 1.1e-9 5.5e-10

with Λ ≈ 1.09× 10−53 m−2 from (2.9). From Table 2.6 it is seen that the radiation-matter equality

occurred soon after the big bang, leading to a period of matter domination that lasted approxi-

mately 10 billion years before dark energy became dominant. The universe then started accelerating

at approximately half its present age, when ρm ≈ 2ρΛ. This accelerated expansion then continues

indefinitely until the universe cools with a slow heat death over billions of years.

These conclusions and observations all rely on the ΛCDM model being an accurate description

of the universe we live in. To know if this is the case, we should also consider it’s shortcomings.
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2.6 Problems with the ΛCDM model

The ΛCDM model has proven to be very successful [4], but crucial problems with the ΛCDM

model remain. These include the well-known flatness (fine-tuning needed to produce flat curvature

we observe today), horizon (the universe being highly homogeneous, though distant regions are

causally disconnected) and magnetic monopole (lack of predicted magnetic monopoles at high

energies) problems for which early time accelerated expansion in the form of inflation was introduced

by Alan Guth [8–11, 77–80]. We will only briefly mention these, as we will be primarily concerned

with problems associated with the nature of the dark sectors, which make up 95% of the universe’s

energy budget. We will explore three of these problems in some detail.

2.6.1 The cosmological constant problem

The cosmological constant problem or vacuum catastrophe refers to the measured energy density

of the vacuum being over 120 orders of magnitude smaller than the theoretical prediction [9, 68].

A simplified way to show how this result is obtained is by calculating the amount of energy that

a quantum vacuum fluctuation can contribute within a Planck volume [68, 81]. To do this, first

consider the Heinsenberg uncertainty principle:

∆E∆t ≥ ~
2
, (2.32)

with ∆E and ∆t the uncertainties in energy and time, respectively. The vacuum cannot have zero

energy, as this would imply a zero uncertainty in the value of the energy ∆E = 0, which would

violate Heisenberg’s uncertainty principle. Therefore, the vacuum must have energy in the form of

quantum fluctuations created by the need for a non-zero uncertainty in energy ∆E. Furthermore,

these quantum energy fluctuations ∆E cannot take on any value but are constrained by how long

the fluctuation lasts ∆t. Thus, the energy of a quantum fluctuation is obtained by rewriting (2.32):

∆E ≥ ~
2∆t

. (2.33)

The maximum amount of energy that a vacuum fluctuation can have may only exist in the minimum

amount of time. From (2.33), it can be seen that energy would become infinite in the limit of zero

time as ∆t→ 0 causes ∆E →∞. This can be avoided by noting that the smallest scale our current

physical theories can probe is the Planck scale, which implies a lower limit to both space and time.

This is denoted by the Planck length lPlanck and the Planck time tPlanck, which are constructed

from the fundamental constants: Planck’s constant ~, the universal gravitational constant G and

the speed of light c. The Planck length is the minimum length that can be meaningfully studied

while the Planck time is the time it takes light to travel one Planck length. The Planck length
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lPlanck and the time tPlanck are thus mathematically defined as [8, 10]:

lPlanck =

√
~G
c3

= 1.616× 10−35 m, (2.34)

tPlanck =
lPlanck

c
=

√
~G
c5

= 5.319× 10−44 s. (2.35)

This Planck time acts as a temporal limit to the Heisenberg uncertainty principle. The largest

energy fluctuation must therefore occur within the Planck time and can be defined as the Planck

energy EPlanck. This is obtained by substituting the Planck time (2.35) into the Heisenberg uncer-

tainty principle (2.33:

EPlanck ∼
~

∆t
= ~

√
c5

~G
=

√
~c5

G
= 1.96× 109 Joule. (2.36)

This may be used to determine the maximum energy density due to vacuum fluctuations. This

should occur at the minimum volume, which is just the cube of the Planck length and is known as

the Planck volume vPlanck:

vPlanck = (lPlanck)3 =

(√
~G
c3

)3

=

√
~3G3

c9
= 4.222× 10−105 m3. (2.37)

The predicted vacuum energy density ρΛ is thus obtained by dividing the Planck energy EPlanck

(2.36) by the Planck volume vPlanck (2.37):

ρ(Λ,predicted) =
EPlanck

vPlanck
=

√
~c5

G

c9

~3G3
=

√
c14

G4~2
=

c7

G2~
∼ 10114 Joule.m−3. (2.38)

This is an enormously large energy density. Conversely, the current measured value of the vacuum

energy is much smaller and given by:

ρ(Λ,measured) =
3H2

0

8πG
Ω(Λ,0) ∼ 10−10 Joule.m−3. (2.39)

The magnitude of the difference between the theoretical predicted vacuum energy ρ(Λ,predicted and

the measured vacuum energy density is (ρ(Λ,measured) is:

ρ(Λ,predicted)

ρ(Λ,measured)
=

10114 Joule.m−3

10−10 Joule.m−3 ∼ 10−10 Joule.m−3 ∼ 10124. (2.40)

Thus, the predicted energy density of the vacuum from quantum mechanics is over 120 orders

of magnitude larger than the cosmologically measured value. This is also known as the vacuum

catastrophe and has been referred to as the worst prediction in the history of physics [9]. The

cosmological constant problem, therefore, casts doubt on dark energy being a cosmological constant,

motivating research into alternative dark energy models [82].
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2.6.2 The cosmic coincidence problem

The cosmic coincidence problem states that the dark matter and dark energy densities have the

same order of magnitude at the present moment of cosmic history while differing with many orders

of magnitude in the past and predicted future [83]. This is due to dark matter scaling as ρdm ∝ a−3

(2.5), while cosmological constant scales as ρΛ ∝ a0. This causes ρdm to vary greatly with time while

ρΛ stays constant (as shown in Figure 2.7). Therefore, the distant past is completely dominated by

dark matter (ρdm � ρΛ), while the distant future is dominated by dark energy (ρΛ � ρdm), but we

happen to be observing the universe when the dark matter to dark energy ratio is approximately

one to two. This coincidence seems unlikely, and a possible explanation to this problem would add

more viability to any cosmological model [84].

The magnitude of this problem is indicated by the ratio r = ρdm
ρde

. For conserved fluids (where

ρdm/de evolves according to (1.46)), as well as for the special ΛCDM case, this ratio is:

r =
ρdm

ρde
=
ρ(dm,0)a

−3(1+ωdm)

ρ(de,0)a−3(1+ωde)
= r0a

−3(ωdm−ωde) ; rΛCDM =
ρdm

ρΛ
=
ρ(dm,0)a

−3

ρ(Λ,0)
= r0a

−3, (2.41)

where r0 =
(
ρ(dm,0)/ρ(de,0)

)
=
(
Ω(dm,0)/Ω(de,0)

)
is the present ratio of dark matter to dark energy.

To understand the order of magnitude of this problem, it is informative to calculate r at the Planck

scale as an indicator of the amount of fine-tuning the ΛCDM model needs from initial conditions

[82]. This may be done by considering that the cosmic microwave background (CMB) temperature

scales as T = T0a
−1 → a = T0

T [9]. This ratio can then give the scale factor at the Planck scale:

aPlanck =
T0

TPlanck
. (2.42)

The current temperature of the CMB is T0 = 2.725K [72] and the temperature at the Planck

scale is TPlanck =
√

~c5
GkB

= 1.416 × 1032K [85]. Substituting (2.42) into (2.41) for the ΛCDM case

(ω = −1; Ωdm = 0.266; Ωde = 0.685), gives the size of the coincidence problem at the Planck scale:

rPlanck = r0a
−3
Planck = r0

(
T0

TPlanck

)−3

=
0.266

0.685

(
2.725K

1.416× 1032K

)−3

= 5.1× 1094 ≈ 1095. (2.43)

This indicates that the initial conditions of dark matter and dark energy should be fine-tuned to

about 95 orders of magnitude to produce a universe where the two densities nearly coincide today,

approximately 14 billion years later [86]. The magnitude of this problem for any specific model can

be denoted by the constant ζ, which is defined from the relation:

r ∝ r0a
−ζ . (2.44)
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If ζ = 0, then r is a constant throughout cosmic evolution, and the coincidence problem is solved.

The magnitude of the deviation from ζ = 0, indicates the magnitude of the coincidence problem

(used from here on forward to denote cosmic coincidence problem) [82–84]. Thus for the ΛCDM

case (2.41), the value of this constant is ζΛCDM = 3. Therefore, any model which has ζ > 3 will

worsen the coincidence problem, while ζ < 3 alleviates the problem (relative to the ΛCDM model).

ζΛCDM = 3→


ζ > 3 worsens the coincidence problem

ζ < 3 alleviates the coincidence problem

ζ = 0 solves the coincidence problem

(2.45)

Furthmore, from the first equation in (2.41), we see that for the general case ζ = 3 (ωdm − ωde).

This shows that the magnitude of the coinicidence problem is determined by the difference in the

equation of state of dark matter ωdm and dark energy ωde, which causes the fluids to redshift and

dilute at different rates. The coincidence problem would also be solved if ζ = 0, which happens

when ωdm = ωde. This may also be obtained if some exotic interaction causes dark matter and

dark energy to redshift at the same rate, causing similar Effective equations of state, such that

ωeff
dm = ωeff

de . Finally, if dark matter is pressureless ωdm = 0, then ζ = −3ωde. This implies that

models where ωde > −1 alleviate, while ωde < −1 worsen the coincidence problem. These models

are known as Quintessence and phantom dark energy respectively and will be discussed shortly.

Therefore, the coincidence problem motivates research into dark matter and dark energy mod-

els that maintain a small or constant ratio r in either the past or future expansion.

2.6.3 The Hubble tension

The Hubble tension concerns the 4.4σ level discrepancy between values of the Hubble constant

H0, that the ΛCDM model predicts using data either from early time probes (mainly the Cosmic

Microwave Background) and late time determinations using redshift and distances (mostly from

Type Ia Supernovae using a calibrated local distance ladder) [87–89].

As we have mentioned, the Planck collaboration has measured the Hubble constant to be ap-

proximately H0 = 67.4 ± 0.5km s−1Mpcs−1 [4]. Conversely, recent measurements of Type Ia su-

pernovae (calibrated with Cepheid variables) have obtained a best estimate for Hubble constant

of H0 = 74.03± 1.42km s−1Mpcs−1 [90] in 2019 and more recently H0 = 73.0± 1.4km s−1Mpcs−1

in 2021 [91]. As measurements have become more accurate, this tension has only become greater.

This discrepancy has hinted at new physics beyond the standard model. This problem has become

one of the most relevant issues in all of cosmology. This may be seen from a recent review article

on the problem and its possible solutions [88], which include over 1000 references while concluding

that no specific proposal makes a strong case for solving this tension.
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2.7 Quintessence and phantom dark energy

Due to these problems associated with the ΛCDM model, it has been proposed that dark energy

might not be the cosmological constant Λ, but some other dynamical dark energy with ω 6= −1.

Due to the observed Cosmic acceleration, we still require ω < −1/3. However, the equation of

state may either be greater or smaller than ω = −1, dividing these models broadly into either the

quintessence or phantom regimes, respectively. For discussions on quintessence and phantom dark

energy see [92–96]. This leads to a proposed fluid (usually in the form of a scalar field) with an

energy density ρde, which evolves according to the conservation equation (1.46), such that:

ρde = ρ(de,0)a
−3(1+ω)

−3(1 + ω) < 0 if − 1 < ω < −1/3 (quintessence)

−3(1 + ω) > 0 if ω < −1 (phantom).
(2.46)

From (2.46), it can be seen that ρde decreases with expansion in the quintessence regime, while

increasing in the phantom regime. Since ρdm decreases with expansion, quintessence alleviates,

whilst phantom dark energy worsens The cosmic coincidence problem. Only measurements of the

dark energy equation of state will tell us which regime is the best description of our universe (for

recent observations, see [97, 98]). To understand the cosmological consequences of dynamical dark

energy, it is worthwhile first to discuss some horizons in cosmology.

2.7.1 Particle horizon and Hubble distance

The largest physical distance that anything could have travelled since the big bang is limited by

the speed of light, and that maximum travel radius is known as the particle horizon [8–11]. The

physical distance to this horizon as measured by an observer at any time, is given by Dhoriz [8]. A

closely related phenomenon is the Hubble distance DH , which defines the largest physical distance

over which physical processes can operate coherently in the universe at any time [9].

Dhoriz = c

∫
dt′

a(t′)
; DH =

c

H
. (2.47)

This Hubble distance is in the same order as the particle horizon (proper distance to particle

horizon Dp is approximately Dp(t) ∼ ct ∼ cH−1 ∼ DH) and may be called the horizon size [9].

The horizon size may denote the area which is causally connected in the universe[9]. Using the

Friedmann equation (2.13) for a flat FLRW universe, as well as the relationship between energy

density and the scale factor (1.46), we may determine a proportionality relationship between the

horizon size H−1 and the scale factor:

H2 ∝ ρ ∝ a−3(1+ω) → H−1 ∝ a3/2(1+ω) → DH ∝ aε where ε =
3

2
(1 + ω) (2.48)
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This relationship may be used to determine how the horizon size evolved with the expansion history

of the universe, such that:

DH ∝ aε



if ω > −1
3 → ε > 1 : Horizon size grows faster than scale factor

if − 1 < ω < −1
3 → 0 < ε < 1 : Horizon size grows slower than scale factor

if ω = −1→ ε = 0 : Horizon size constant as scale factor grows

if ω < −1→ ε < 0 : Horizon size decreases as scale factor grows

(2.49)

For the radiation (ω = 1/3 → ε = 2) and matter (ω = 0 → ε = 3/2) dominated eras, which

constitute most of the expansion history of the universe, ε > 1, which implies an exponential

increase of horizon size with time. This has the physical consequence that the number of visible

galaxies will grow as more galaxies enter the horizon [9, 95]. Contrary to this, during dark energy

domination (in the quintessence regime −1 < ω < −1/3 → 0 < ε < 1 and for a cosmological

constant ω = −1→ ε = 1) the horizon either stays constant or grows slower than the scale factor,

causing distant galaxies to disappear beyond the cosmic horizon over time and become unobservable

to us. Only gravitationally bound objects (such as the Milky Way and our local galactic cluster)

will remain causally connected and observable in the distant future [95].

2.7.2 Big rip

A more dramatic consequence awaits phantom dark energy. This can be seen by considering how the

Hubble distance dH evolves for phantom energy. From (2.49) it is seen that during phantom dark

energy domination (ω < −1→ ε < 0), the horizon size decreases as the scale factor and expansion

rate keeps growing. The disappearance of galaxies beyond the horizon will therefore be accelerated

as the horizon closes in on us [95]. Since the horizon indicates the largest distance over which

physical processes operate [9], the shrinking of the horizon will dissociate the structure of bound

objects. As this horizon grows smaller and approaches the Planck scale, all gravitationally bound

objects will be stripped apart. Eventually, even individual molecules and atoms will be ripped

apart; effectively making all communication between any two parts impossible. This scenario is

called the ”big rip” singularity [94, 95]. The big rip is also characterised by both the energy density

of dark energy and the scale factor becoming infinite ρde →∞ ; a→∞ in a finite amount of time

trip, which indicates a late time singularity [10, 95]. The evolution of the scale factor and the time

of the big rip singularity trip is calculated in Appendix E.1 and found to be:

trip ≈ −
2

3H0(1 + ω)
√

1− Ω(m,0)

. (2.50)

This coincides with what was found by [95]. This rip behaviour can be seen by plotting the evolution

of the scale factor and energy density against time; for models containing either a cosmological
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constant; quintessence or phantom dark energy. All cosmological parameters are the same as in

(2.25), except the dark energy equation of state ω. These are used to calculate the time of the big

rip and the age for each model.

Figure 2.12: Evolution of energy density and scale factor for quintessence and phantom dark
energy universes (big rip)

From the left panel in Figure 2.12 it can be seen that while a cosmological constant has a con-

stant density with expansion, quintessence and phantom dark energy are dynamical instead. In the

quintessence regime, the dark energy density has an exponential decay with expansion. Quintessence

models will still have an accelerated expansion, but the acceleration rate will decrease with time,

relative to a cosmological constant. Conversely, in the phantom model, the energy density increases

exponentially with time, resulting in an increase of the rate of the accelerated expansion. This con-

tinues until both the energy density and the scale factor becomes infinite at time trip ≈ 23 billion

years, which coincides with the rip age for ω = −1.5, calculated in [95]. It can also be seen from

the right panel in Figure 2.12 that quintessence models predict a younger age for the universe (age

≈ 12.4 billion years), while the phantom model predicts an older age (age ≈ 14.6 billion years),

relative to the ΛCDM model (age ≈ 13.8 billion years).

It should be noted that if the validity of phantom dark energy models is considered, special atten-

tion should be paid to how these models violate the Energy conditions of general relativity and the

consequences of doing so [41].

Quintessence and phantom dark energy models open up an entirely new world of possibilities

for what dark energy could be, beyond the cosmological constant Λ. For our purposes, we will

now consider a specific set of dynamical dark energy models which could alleviate and even solve

The cosmic coincidence problem, while being a potential candidate for addressing the The Hubble

tension. These models have a non-gravitational interaction between dark matter and dark energy.



CHAPTER 3

Interacting dark energy models

3.1 Interactions between dark matter and dark energy

Thus far, we have assumed that the various Components of the universe are separately conserved

and only interact gravitationally with each other on cosmological scales. This assumption is espe-

cially reasonable in the case of baryonic matter, for which strong constraints have been imposed on

a ‘fifth-force’ beyond gravity, electromagnetism and the strong and weak nuclear forces [99]. Fur-

thermore, a new significant interaction with photons would probably cause deviations from photons

following a geodesic path, contradicting measurements from solar eclipses [82]. This leaves us with

the possibility of non-gravitational interactions between the two dark sectors, which dominate the

energy density of the universe; dark matter (DM) and dark energy (DE) [83, 100].

The properties of both dark matter and dark energy are not well constrained, so it is not unreason-

able to assume that they might have, as of yet, undiscovered interactions amongst themselves. If

there is an interaction in the dark sector, it cannot be too strong since the ΛCDM has no interaction

and is incredibly successful [4, 82]. The nature of any such interaction might be hinted at from the

Problems with the ΛCDM model, especially The cosmic coincidence problem. This problem could

be addressed by proposing a coupling between dark matter and dark energy, which could stabilise

the ratio of the two throughout expansion history.

A coupling between dark matter and dark energy may be proposed in which dark matter and

dark energy are not separately conserved, but the energy (and momentum) of the total dark sector

39
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is conserved. These are known as interacting dark energy models (IDE). This conservation of the

dark sector is expressed mathematically from the conservation equation (1.46) for both fluids:

ρ̇dm + ρ̇de + 3H (ρdm + ρde + Pdm + Pde) = 0. (3.1)

This total conservation equation may be decoupled into separate equations for dark matter and

dark energy by assuming an arbitrary interaction equation Q. This creates a mechanism where

the components can exchange energy (or momentum) in a non-gravitational way, such that dark

matter and dark energy have the following separate conservation equations [82, 84, 87, 101–109]:

ρ̇dm + 3H (ρdm + Pdm) = Q ; ρ̇de + 3H (ρde + Pde) = −Q. (3.2)

We will still assume pressure-less dark matter (Pdm = 0→ ωdm = 0), and note that baryonic matter

ωbm = 0 and radiation ωr = 1/3 are uncoupled Q = 0, as in the ΛCDM model. We thus have the

following conservation equations for interacting dark energy models:

ρ̇dm + 3Hρdm = Q ; ρ̇de + 3Hρde(1 + ω) = −Q,

ρ̇bm + 3Hρbm = 0 ; ρ̇r + 3Hρr(1 + 1/3) = 0.
(3.3)

The dark energy equation of state (ωde = ω from here onwards) is left as a free variable, since the

dark energy may be either vacuum energy (ω = −1), in the quintessence (−1 < ω < −1/3) or

phantom (ω < −1) regime. Here Q is an arbitrary coupling function whose sign determines how

energy (or momentum) is transferred between dark energy and dark matter. If Q > 0, then the

energy (or momentum) is transferred from dark energy to dark matter and vice versa for Q < 0,

such that [82, 84, 87, 101–109]:

Q =


> 0 Dark Energy → Dark Matter (iDEDM regime)

< 0 Dark Matter → Dark Energy (iDMDE regime)

= 0 No interaction.

(3.4)

Here we have denoted the interacting case where energy flows from dark energy to dark matter (Q >

0) as the interacting Dark Energy Dark Matter regime (iDEDM), and vice versa as the interacting

Dark Matter Dark Energy regime (iDMDE) [109]. Since there is currently no fundamental theory

for the coupling equation Q, the coupling in most works is purely phenomenologically motivated;

and must be tested against observations [82, 84, 87, 101–106, 108, 109]. The coupling is thus freely

chosen, but we will only consider models where the coupling function Q is either proportional to

the dark matter or the dark energy density, which could have a strong field theoretical ground

[110]. The core publications we considered for these types of models are [101, 103, 104]. For recent

developments and observational constraints see [87, 105–110]; and for comprehensive review articles

on interacting dark energy, see [82, 84]. Before examining any specific models, we will discuss some

general features that hold for interaction function Q.
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3.2 Properties of interacting dark energy models

3.2.1 Effective equations of state

An informative approach to understanding the effect of a coupling in the dark sector, is to define

a dynamical effective equation of state parameter ωeff
dm and ωeff

de , for dark matter and dark energy

respectively. These effective equations of state may be used to describe the background equations

which are equivalent to (3.3) for the uncoupled case (Q = 0), such that [84, 101–103]:

ρ̇dm + 3Hρdm(1 + ωeff
dm) = 0 ; ρ̇de + 3Hρde(1 + ωeff

de ) = 0. (3.5)

The energy densities ρdm/de should thus evolve according to (1.46) with ω = ωeff
dm/de:

ρdm = ρ(dm,0)a
−3(1+ωeff

dm) ; ρde = ρ(de,0)a
−3(1+ωeff

de ) (3.6)

It can therefore be seen that the effective equations of state will determine the rate at which the

fluids redshift. Rewriting (3.5) and substituting in (3.3), gives an expression for the ωeff
dm in terms

of the interaction term Q:

ρ̇dm + 3Hρdm + 3Hρdmω
eff
dm = 0

Q+ 3Hρdmω
eff
dm = 0

→ ωeff
dm = − Q

3Hρdm
.

(3.7)

Similarly, for dark energy, we first rewrite (3.3)

ρ̇de + 3Hρde = −Q− 3Hρdeωde. (3.8)

Rewriting (3.5) and substituting (3.8) in, gives an expression for the ωeff
de in terms of the interaction

term Q, such that:

ρ̇de + 3Hρde + 3Hρdeω
eff
de = 0

−Q− 3Hρdeωde + 3Hρdeω
eff
de = 0

→ ωeff
de = ωde +

Q

3Hρde
.

(3.9)

Comparing (3.6) and (3.8) to the uncoupled equations of state (noting ωdm = 0), the effects of an

interaction may be understood to imply that if [84, 102, 103]:
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Q > 0 (iDEDM)

ωeff
dm < 0 Dark matter redshifts slower than a−3 (less DM in past),

ωeff
de > ωde Dark energy has less accelerating pressure,

(3.10)

Q < 0 (iDMDE)

ωeff
dm > 0 Dark matter redshifts faster than a−3 (more DM in past),

ωeff
de < ωde Dark energy has more accelerating pressure.

(3.11)

This implies that even if ωde = −1, when Q < 0 or Q > 0, then the dark energy may behave like

either uncoupled quintessence ωeff
de > −1 or uncoupled phantom ωeff

de < −1 dark energy respectively.

If there is no interaction between dark matter and dark energy (Q = 0), the effective equations of

state reduces back to the uncoupled model, such that ωeff
dm = ωdm = 0 and ωeff

de = ωde.

3.2.2 Addressing the coincidence problem

These effective equations of state allow us to make predictions regarding the consequences of a dark

coupling; and why it is introduced to address The cosmic coincidence problem. This can be seen

by considering the ratio rIDE of ρdm to ρde from (3.6) for interacting dark energy models:

rIDE =
ρdm

ρde
=
ρ(dm,0)a

−3(1+ωeff
dm)

ρ(de,0)a
−3(1+ωeff

de )
= r0a

−ζIDE ; with ζIDE = 3
(
ωeff

dm − ωeff
de

)
, (3.12)

with ζ indicating the magnitude of the coincidence problem as introduced in (2.44). Thus, from

(3.13) and (3.12), we see that the smaller the difference between ωeff
dm and ωeff

de the more the coin-

cidence problem will be alleviated, while being solved if ζ = 0, which happens when ωeff
dm = ωeff

de .

This can be achieved if dark matter redshifts slower ωeff
dm < ωdm and dark energy redshifts faster

ωeff
de > ωde, which coincides with the iDEDM (Q > 0) scenario.

In the iDEDM (Q > 0) scenario, energy flows away from DE, causing ρde to redshift faster ωeff
de > ωde

and decrease with expansion. The DM in turn receives this lost energy, which causes ρdm to red-

shift and dilute at a slower rate ωeff
dm < ωdm. Both fluids in this scenario dilute with expansion and

redshift at a more similar rate, which is indicated by the smaller difference (ωeff
dm − ωeff

de ), relative

to the uncoupled case. This has the immediate consequence of alleviating the coincidence problem

(3.12). Thus, in the extreme case when ωeff
dm = ωeff

de ; DM and DE redshift at the same rate, fixing the

ratio of DM to DE r ∝ a0 → ζ = 0, effectively solving the coincidence problem. The opposite holds

for the iDMDE (Q < 0) scenario, where energy flows away from DM, causing DM to redshift and

dilute at a faster rate. Conversely, DE receives energy and the density increases with expansion.

This leads to an even bigger difference in the rate at which DM and DE redshifts, indicated by the

larger difference in (ωeff
dm − ωeff

de ). Thus, iDMDE models will worsen the coincidence problem.
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From (3.10),(3.11) and (3.12), while noting that ζΛCDM = 3, we may conclude:

ζIDE = 3
(
ωeff

dm − ωeff
de

)Q > 0 (iDEDM): ζIDE < ζΛCDM alleviates coincidence problem,

Q < 0 (iDMDE): ζIDE > ζΛCDM worsens coincidence problem.

(3.13)

3.2.3 Cosmological implications of a dark coupling

Besides addressing the coincidence problem, IDE models have other far reaching cosmological con-

sequences. Since ωeff
dm < 0 for iDEDM, DM redshifts slower, which leads to less DM in the past and

the radiation-matter equality happening later [103]. Similarly, ωeff
de > ωde, such that DE redshifts

faster, causing more DE in the past. Less DM and more DE in the past, has the consequence that

both the cosmic jerk and the matter-dark energy equality happens earlier in cosmic history. From

the Friedmann equation (2.13), we can see that this overall suppression of dark matter density

causes a lower value of the Hubble parameter at late times. This lower value of H0, worsens the

Hubble tension with regard to late time probes [109] (see [87, 105, 106, 108, 109] for how IDE

models address the Hubble tension). Since the Hubble parameter; and therefore the expansion rate

is lower, throughout most of expansion, the universe must have taken a longer time to reach its

current size. Since more time was needed to reach current conditions, the universe should also be

older. The opposite of this holds for iDMDE scenario. These various consequences of a coupling in

the dark sector, is summarised in Table 3.1 below:

Table 3.1: Consequences of interacting dark energy models (relative to uncoupled models)

Q > 0 Q < 0

Energy flow DE → DM (iDEDM) DM → DE (iDMDE)

Effective equations of state ωeff
dm < ωdm ; ωeff

de > ωde ωeff
dm > ωdm ; ωeff

de < ωde

Coincidence problem Alleviates (ζIDE < ζΛCDM) Worsens (ζIDE > ζΛCDM)

Hubble tension Worsens Alleviates

Age of universe Older Younger

Radiation-matter equality Later (zIDE < zΛCDM) Earlier (zIDE > zΛCDM)

Cosmic jerk (q = 0) Earlier (zIDE > zΛCDM) Later (zIDE < zΛCDM)

Matter-dark energy equality Earlier (zIDE > zΛCDM) Later (zIDE < zΛCDM)

These implications will only hold if the IDE model is viable. Any cosmological model may be con-

sidered unviable due to theoretical concerns, such as internal inconsistencies, instabilities, negative

energy densities etc. A model that is free of these problems can only be deemed viable if it meets

observational constraints, such as predicting an expansion history that coincides with cosmolog-

ical data. This chapter will consider theoretical constraints before constraining our models with

cosmological data in the next chapter.
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3.2.4 Instabilities and the doom factor

The coupling between the dark sectors will influence the evolution of dark matter and dark energy

perturbations. A complete perturbation analysis of these models is not within the scope of this

study but can be found in [101] and [103]. For our purposes, we only want to know what combination

of parameters may be used to avoid instabilities. This can be found in [103], by introducing the

so-called doom factor d:

d =
Q

3Hρde(1 + ω)
. (3.14)

This is called the doom factor since this factor is proportional to the coupling function Q and may

induce non-adiabatic instabilities in the evolution of the dark energy perturbations [103]. The sign

of d will determine if there is an early time instability. It was shown that if the doom factor is

positive and large d > 1; the dark energy perturbations will become dominated by the terms which

are dependent on the coupling function Q, leading to a runaway; unstable growth regime [103]. As

long as d < 0, the model should be free of non-adiabatic instabilities at large scales. This doom

factor can therefore provide the range of parameters that will give a priori stable universe, as is

often done in literature [87, 103, 105, 106, 108, 109].

It should be noted that IDE models may often suffer from negative energy densities, depend-

ing on the interaction function Q and cosmological parameters chosen. We will consider models

with negative energy densities as unphysical. To see whether IDE models can solve the coincidence

problem while being physically viable, we need to investigate how the energy density of dark matter

and dark energy evolves.

3.2.5 Evolution of energy densities and phase portraits

Since the coupling function Q is phenomenologically motivated, many different interaction func-

tions exist, which could either be simple linear or complex non-linear interactions [82, 84]. This

often leads to difficulties when trying to solve the coupled conservation equations (3.3) to obtain

analytical expressions for how ρdm and ρde evolve. It is therefore informative to consider how the

derivatives of the density parameters Ω̇x evolve for any arbitrary coupling Q. This can be used

to obtain phase portraits with flow lines in the (Ωdm, Ωde)-plane that has attractor and repulsor

points. These attractor and repulsor points can tell us about how the ratio of DM to DE evolves and

indicate whether the coupling solves the coincidence problem. Furthermore, these phase portraits

can also tell us if the DM or DE energy densities become negative at any points, which indicates

that the interaction Q is unphysical.

For this analysis, we will consider models which contain radiation Ωr, baryonic matter Ωbm, dark
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matterΩdm and dark energy Ωde. This may be done by first considering how the density parameters

evolve with time, which is done by taking the derivative of Ωx from (1.47), giving:

Ω̇x =
˙[

8πG

3H2
ρx

]
=

8πG

3

[
ρ̇x
H2
− ρ2Ḣ

H3

]
=

8πG

3H2

[
ρ̇x − ρ

2Ḣ

H

]
. (3.15)

From the conservation equations for interacting dark energy models (3.3) we have:

ρ̇x = −3Hρx(1 + ωx)±Q, (3.16)

where ± = + for x =dm and ± = − for x =de. Substituting (3.16) into (3.15) gives:

Ω̇x =
8πG

3H2

[
−3Hρx(1 + ωx)±Q− ρx

2Ḣ

H

]

=
8πG

3H2
ρxH

[
−3(1 + ωx)− 2Ḣ

H2

]
± 8πG

3H2
Q.

(3.17)

Where we also have that:

Ḣ =
d

dt
ȧa−1 =

ä

a
−
(
ȧ

a

)2

→ Ḣ

H2
=
äa

a2
− 1 = −q − 1.

(3.18)

Substituting (3.18) and ρx = 3H2

8πGΩx into (3.17) gives:

Ω̇x = ΩxH [−3(1 + ωx) + 2q + 1]± 8πG

3H2
Q

= ΩxH [2q − 1− 3ωx]± 8πG

3H2
Q.

(3.19)

Here we note that the deceleration parameter q for IDE models is obtained from (2.16), such that:

q =
1

2
[Ωr (1 + 3ωr) + Ωbm (1 + 3ωbm) + Ωdm (1 + 3ωdm) + Ωde (1 + 3ω)]

q =
1

2

[
Ωr

(
1 + 3

(
1

3

))
+ Ωbm (1 + 3 (0)) + Ωdm (1 + 3 (0)) + Ωde (1 + 3ω)

]
q = Ωr +

1

2
Ωbm +

1

2
Ωdm +

1

2
Ωde (1 + 3ω) .

(3.20)

Substituting in the expression for the deceleration parameter q (3.20) gives:

Ω̇x = ΩxH

[
2

(
Ωr +

1

2
Ωbm +

1

2
Ωdm +

1

2
Ωde (1 + 3ωde)

)
− 1− 3ωx

]
± 8πG

3H2
Q

= ΩxH [2Ωr + Ωbm + Ωdm + Ωde (1 + 3ωde)− 1− 3ωx]± 8πG

3H2
Q.

(3.21)
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This relation holds for either dark matter or dark energy, with any coupling function Q. If Q = 0,

this reduces back to the same expression for the uncoupled case and may be used, not only for dark

matter and dark energy, but for radiation (ωr = 1/3) and baryonic matter (ωbm = 0) as well. For

the different components one therefore has:

Ω̇de = ΩdeH [2Ωr + Ωbm + Ωdm + Ωde (1 + 3ωde)− 1− 3ωde]−
8πG

3H2
Q,

Ω̇dm = ΩdmH [2Ωr + Ωbm + Ωdm + Ωde (1 + 3ωde)− 1] +
8πG

3H2
Q,

Ω̇bm = ΩbmH [2Ωr + Ωbm + Ωdm + Ωde (1 + 3ωde)− 1] ,

Ω̇r = ΩrH [2Ωr + Ωbm + Ωdm + Ωde (1 + 3ωde)− 2] .

(3.22)

Equation (3.21) reduces back to the ΛCDM case if Q = 0 and ωde = −1, which can be found in [9].

For our purposes, we are interested in the parameter space of how dark matter and dark energy

evolve with regard to each other. This can be obtained by dividing corresponding dark matter Ω̇dm

and dark energy Ω̇de evolution equations (3.22) by each other, such that:

dΩde

dΩdm
=

ΩdeH [2Ωr + Ωbm + Ωdm + Ωde (1 + 3ωde)− 1− 3ωde]− 8πG
3H2Q

ΩdmH [2Ωr + Ωbm + Ωdm + Ωde (1 + 3ωde)− 1] + 8πG
3H2Q

. (3.23)

This can be used to obtain a set of trajectories or flow lines in the (Ωdm, Ωde)-plane, which in turn

have stable attractor and unstable repulsor points. These will be used to see if the ratio of dark

matter to dark energy becomes fixed in the past or present, thus addressing the model’s potential

to solve the coincidence problem. Before considering any IDE models, we will first show how these

phase portraits work for the ΛCDM model, as this will be the standard model to which we will

compare our later results.

3.2.6 Phase portrait primer: ΛCDM model

For the ΛCDM case there is no coupling (Q = 0) and the dark energy is a cosmological constant

(ωde = ωΛ = −1), so (3.23) becomes:

dΩΛ

dΩdm
=

ΩΛ [2Ωr + Ωbm + Ωdm − 2ΩΛ + 2]

Ωdm [2Ωr + Ωbm + Ωdm − 2ΩΛ − 1]
. (3.24)

Noting that baryonic matter may be grouped with dark matter (Ωbm + Ωdm = Ωm) and assuming

negligible radiation Ωr = 0 (during matter and dark energy domination), the evolution of matter

and dark energy with regard to one another can be analysed more clearly, thus (3.24) becomes:

dΩΛ

dΩm
=

ΩΛ [Ωm − 2ΩΛ + 2]

Ωm [Ωm − 2ΩΛ − 1]
. (3.25)

Using (3.25), the evolution of matter and dark energy may now be expressed with a phase portrait

in the (Ωm, ΩΛ)-plane:
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Figure 3.1: Phase portraits for Ωdm and Ωde (ΛCDM)

Every point on the plane defines a unique trajectory (as indicated by the blue arrows). However,

for convenience, we have specified different trajectories (red lines) which pass through specific

values for the present dark matter and dark energy densities. In the left hand panel of Figure 3.1,

trajectories pass through the points Ω(m,0) = 0.3 and Ω(Λ,0) = 0.1, 0.2, ..., 1.1, while in the right

hand panel the trajectories passes through Ω(m,0) = 0.7 and Ω(m,0) = 0.1, 0.2, ..., 1.1. These values

have been chosen to reproduce the figures found in [9]. These various trajectories all have the same

equilibrium points, which are calculated in Appendix B.1 as:

(Ωm,ΩΛ)− = (1, 0) ; (Ωm,ΩΛ)+ = (1, 0) . (3.26)

From Figure 3.1, it can be seen that each of the trajectories start at (1, 0), which is an unstable

repulsor point from which all the trajectories diverge. Finally, these paths all converge again at

the stable point (0, 1), which is known as an attractor [9]. This implies that for a wide range

of present cosmological parameters, each universe model starts with complete matter domination

(Ωm,ΩΛ)−=(1, 0) and evolves differently, but always ends up with complete dark energy domination

(Ωm,ΩΛ)+=(0, 1) [9]. This behaviour coincides with Figures 2.7, 2.8, 2.9, 2.10 and 2.11. These

equilibrium points also highlight the coincidence problem, as the ratio of their coordinates indicate

which value r tends to in the past r− or the future r+:

r− =
Ω(m,−)

Ω(Λ,−)
=

1

0
→∞ ; r+ =

Ω(m,+)

Ω(Λ,+)
=

0

1
→ 0. (3.27)

From (3.27), we can see that the ratio of DM to DE tends to r− →∞ in the past, whilst approaching

r+ → 0 in the future. This again indicates the magnitude of the coincidence problem for the ΛCDM

model. IDE models that can find a constant non-zero or non-infinite value, for either r− or r+,

should solve the coincidence problem in either the past or the future, respectively.
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3.3 Interaction model 1: Q1 = δHρdm

Now that the general properties of IDE models have been discussed, we will move on to two

case studies. This will show that these properties hold for different coupling functions Q while

highlighting significant differences between the couplings. First, we will consider two of the most

common IDE models in literature, where we have a linear coupling function Q proportional to

either the dark matter or dark energy density. These couplings will have the form:

Q1 = δHρdm ; Q2 = δHρde, (3.28)

where H is the Hubble parameter and δ is a dimensionless coupling constant which determines the

strength of the interaction between dark matter and dark energy [84, 103, 104]. It should be noted

that the coupling constant δ is often indicated by α [101, 102] (which has an opposite sign to δ) or

ξ in the literature [82, 87, 105, 106, 108, 109]. For these models we assume that δ < −3ω (so that

the coupling strength |δ| is not too strong [101]) This condition implies (δ < −3ω)→ (δ+ 3ω < 0).

Furthermore, since we require that H > 0 ; ρdm > 0 ; ρde > 0 the sign of δ will determine the

direction of energy flow. Therefore, δ > 0 → Q > 0 corresponds to the iDEDM regime and

δ < 0→ Q < 0 to the iDMDE regime. The greatest qualitative difference between the two coupling

functions, is that Q1 ∝ ρdm and Q2 ∝ ρde, which implies that the effect of the coupling will be either

most prominent during early dark matter domination, or later dark energy domination respectively.

For all subsequent figures and calculations we use cosmological parameters (2.25), with δ = 0.25

for (iDEDM) and δ = −0.25 for (iDMDE), while temporarily choosing ωde = ω = −1, so that the

coupling is the only variable that differs from the ΛCDM model, thus easing comparisons.

3.3.1 Phase portraits - Q1 = δHρdm

We start by considering the phase portrait for Q1, before moving onto analytical expressions for

how the energy densities evolve. Assuming the coupling Q1 = δHρdm, equation (3.22) becomes:

dΩde

dΩdm
=

ΩdeH [2Ωr + Ωbm + Ωdm + Ωde (1 + 3ωde)− 1− 3ωde]− 8πG
3H2 (δHρdm)

ΩdmH [2Ωr + Ωbm + Ωdm + Ωde (1 + 3ωde)− 1] + 8πG
3H2 (δHρdm)

=
Ωde [2Ωr + Ωbm + Ωdm + Ωde (1 + 3ωde)− 1− 3ωde]− δΩdm

Ωdm [2Ωr + Ωbm + Ωdm + Ωde (1 + 3ωde)− 1 + δ]
,

(3.29)

where we have used the fact that 8πG
3H2 ρdm = Ωdm. It can also be seen that the dependence on the

Hubble parameter has been removed by this coupling. If we investigate the simple case where there

is only dark matter and dark energy present (Ωr = Ωbm = 0), (3.24) becomes:

dΩde

dΩdm
=

Ωde [Ωdm + Ωde (1 + 3ωde)− 1− 3ωde]− δΩdm

Ωdm [Ωdm + Ωde (1 + 3ωde)− 1 + δ]
. (3.30)
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Using (3.30), the evolution of coupled dark matter and dark energy may now be expressed with a

phase portrait in the (Ωdm, Ωde)-plane:

Figure 3.2: Phase portraits for Ωdm and Ωde (Q1 = δHρdm)

In Figure 3.2, the left panel shows the phase portrait of a positive δ (iDEDM regime), while the

right panel shows a negative δ (iDMDE regime). The arrows and red lines are as defined in Figure

3.1. The repulsor and attractor points are indicated by the purple circle and square on Figure 3.2

respectively, and are calculated in Appendix B.2 to have the following coordinates:

(Ωdm,Ωde)− =

(
1 +

δ

3ω
,− δ

3ω

)
; (Ωdm,Ωde)+ = (0, 1) . (3.31)

Similar to the ΛCDM model (Figure 3.1), there is a stable attractor endpoint at (0, 1) for both

couplings, but the unstable repulsor point has shifted. This change in the repulsor point can be

seen to coincide with how this model solves the coincidence problem in the, past by fixing the ratio

r of dark matter to dark energy at early times:

r− =
Ω(dm,−)

Ω(de,−)
=

1 + δ
3ω

− δ
3ω

→ −δ + 3ω

δ
; r+ =

Ω(m,+)

Ω(de,+)
=

0

1
→ 0, (3.32)

where we note the condition δ+3ω < 0. This implies that if δ > 0 (iDEDM) such that energy flows

from DE to DM, that r− becomes a positive constant and the coincidence problem should be solved

in the past. Conversely, if δ < 0 (iDMDE) and energy flows from DM to DE, then r− becomes a

negative constant. This implies that either DM or DE has a negative energy density, which makes

the solution unphysical. From (3.31), we can see that the DE density parameter Ωde,− = − δ
3ω

(with ω < 0) must have been negative in the past if δ < 0. This is shown in the right panel of

Figure 3.2, where Ωde does indeed become negative. To obtain the exact conditions that lead to

negative energy densities, as well as finding out how r evolves between r− and r+, we need to first

find analytical solutions for how the energy densities of DM and DE evolve.
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3.3.2 Background analytical equations - Q1 = δHρdm

To obtain analytical solutions for how the dark matter ρdm and dark energy ρde densities evolve,

we need to solve the conservation equations (3.3) with Q = δHρdm:

ρ̇dm + 3Hρdm = δHρdm ; ρ̇de + 3Hρde(1 + ω) = −δHρdm. (3.33)

The differential equations (3.33) are solved in Appendix C.1, yielding expressions for ρdm and ρde:

ρdm = ρ(dm,0)a
(δ−3), (3.34)

ρde =

[
ρ(de,0) + ρ(dm,0)

δ

δ + 3ω

(
1− aδ+3ω

)]
a−3(1+ω). (3.35)

The solutions (3.34) and (3.35) match with the energy densities found in [84, 101, 103]. The

effective equation of states for this model can be obtained by substituting the coupling equation

Q1 = δHρdm into (3.7) and (3.9). Thus, the effective equation of state for dark matter ωeff
dm is:

ωeff
dm = − Q

3Hρdm
= −δHρdm

3Hρdm
= −δ

3
. (3.36)

Similarly, the effective equation of state for dark energy ωeff
de is then:

ωeff
de = ωde +

Q

3Hρde
= ωde +

δHρdm

3Hρde
= ωde +

δ

3
r, (3.37)

which matches with [84, 101, 103]. It can be seen be seen that ωeff
dm is constant throughout cosmic

evolution, while ωeff
de is dynamic with a dependence on the coincidence problem ratio r = ρdm/ρde.

Equations (3.34), (3.35), (3.36) and (3.37) can be seen to reduce back to the ΛCDM model when

δ = 0 and ω = −1. Using the relation ρ(x,0) =
3H2

0
8πGΩ(x,0) from (1.32) as well as the scalefactor

redshift relation a = (1 + z)−1, we obtain useful relations for ρdm (3.34) and ρde (3.35):

ρdm =
3H2

0

8πG
Ω(dm,0)(1 + z)−(δ−3), (3.38)

ρde =
3H2

0

8πG

[(
Ω(de,0) + Ω(dm,0)

δ

δ + 3ω

[
1− (1 + z)−(δ+3ω)

])
(1 + z)3(1+ω)

]
. (3.39)

From the relation Ωx = 8πG
3H2 ρx , we can obtain Ωdm and Ωde from (3.34) and (3.35) as:

Ωdm =
H2

0

H2
Ω(dm,0)(1 + z)−(δ−3), (3.40)

Ωde =
H2

0

H2

[(
Ω(de,0) + Ω(dm,0)

δ

δ + 3ω

[
1− (1 + z)−(δ+3ω)

])
(1 + z)3(1+ω)

]
. (3.41)

These analytical background equations can be used to explicitly show the consequences predicted

in Table 3.1. Before doing this we should first determine the exact conditions to avoid the negative

energy densities seen in Figure 3.2.
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3.3.3 Positive energy conditions - Q1 = δHρdm

From equation (3.34), it can be seen that the dark matter density ρdm is always positive, since

a(δ−3) > 0 throughout the entire expansion history for all values of δ. Conversely, this is not

necessarily the case for the dark energy density ρde (3.35), due to the presence of the negative term.

To ensure that the dark energy density is always positive, we need to determine where the dark

energy density crosses the zero density boundary and becomes negative so that conditions may be

chosen to avoid this zero crossing. For this derivation, we follow a similar approach to [101]. This

zero-crossing point can be found by setting the dark energy density (3.35) equal to zero:

0 = ρde =

[
ρ(de,0) + ρ(dm,0)

δ

δ + 3ω

(
1− aδ+3ω

)]
a−3(1+ω)

0 = ρ(de,0) + ρ(dm,0)
δ

δ + 3ω

(
1− aδ+3ω

)
−ρ(dm,0)

δ

δ + 3ω

(
1− aδ+3ω

)
= ρ(de,0)

−1 + aδ+3ω =
ρ(de,0)

ρ(dm,0)

δ + 3ω

δ

aδ+3ω = 1 +
ρ(de,0)

ρ(dm,0)

δ + 3ω

δ

aδ+3ω = 1 +
1

r0

(
δ + 3ω

δ

)
,

(3.42)

where r0 =
(
ρ(dm,0)/ρ(de,0)

)
=
(
Ω(dm,0)/Ω(de,0)

)
. From this derived relation, we find that for the

dark energy density to cross zero and become negative (ρde < 0), there must be some solution to

(3.42) for a within the domain of applicability. Using (3.42) and the relation a = (1 + z)−1, the

zero crossing (ρde = 0) happens at exactly redshift z(de=0):

z(de=0) =

[
1 +

1

r0

(
δ + 3ω

δ

)]− 1
δ+3ω

− 1. (3.43)

Using (3.42), we may explore four scenarios ((A) - (D)) where the energy density may possibly

cross zero and become negative. These scenarios will be either the iDMDE (δ < 0) or iDEDM

(δ > 0) regime, for either the past or the future. This leads to:

aδ+3ω = 1 +
1

r0

(
δ + 3ω

δ

)
where (δ + 3ω < 0) (3.44)

δ < 0⇒

Past (a < 1) → (L.H.S. > 1 ; R.H.S. > 1) (A)

Future (a > 1) → (0 < L.H.S. < 1 ; R.H.S. > 1) (B)

δ > 0⇒

Past (a < 1) → (L.H.S. > 1 ; R.H.S. < 1) (C)

Future (a > 1) → (0 < L.H.S. < 1 ; R.H.S. < 1) (D)
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Here we can immediately see that for both (B) and (C) the L.H.S. and R.H.S. will never cross,

which means that there will be no solution for (3.44) and thus the dark energy density will never

cross zero and become negative. The energy density will therefore always remain positive for

scenario’s (B) (Future expansion with δ < 0) and (C) (Past expansion with δ > 0). Furthermore,

scenario (A) will always have a solution, and the dark energy density will therefore always become

negative in the past, which coincides with what was found in Figure 3.2. In scenario (D), there

will not be a solution or zero-crossing as long as the R.H.S.< 0. To ensure this, we may obtain the

following condition by solving the R.H.S. of (3.44) for δ:

1 +
1

r0

(
δ + 3ω

δ

)
< 0

δ + 3ω < −δr0

δ (1 + r0) < −3ω

→ δ < − 3ω

(1 + r0)
.

(3.45)

Thus, if condition (3.45) is met, then scenario (D) (Future expansion with δ > 0) will always

have positive energy densities. Therefore, since both (C) and (D) will always have positive energy

densities, the positive coupling δ > 0 (with the necessary conditions met) may be seen as physical.

It may also be seen that if condition (3.45) holds, then the condition δ < −3ω must necessar-

ily hold as well. Finally putting all these conditions (δ > 0) ; (δ < −3ω) ;
(
δ < − 3ω

(1+r0)

)
together,

we may obtain the following general condition to ensure that the energy densities will always remain

positive for the coupling model Q = δHρdm. This condition is:

0 < δ < − 3ω

(1 + r0)
. (3.46)

The energy densities for all these conditions may be encapsulated in Table 3.2 below:

Conditions ρdm (Past) ρdm (Future) ρde (Past) ρde (Future) Physical

0 < δ < − 3ω
(1+r0) + + + +

√

δ > 0 ; δ > − 3ω
(1+r0) + + + − X

δ < 0 + + − + X

Table 3.2: Conditions for positive energy densities throughout cosmic evolution (Q1 = δHρdm)

Here (+) means that the energy densities will always remain positive, (−) means that the energy

densities will always become negative somewhere in the cosmic evolution. Any scenario which could

lead to negative energy densities should be considered unphysical. Thus, only systems that abide

by the condition (3.46) may be considered physical. Therefore, for the coupling Q1 = δHρdm, the

iDMDE regime (δ < 0) should be considered unphysical, while the iDEDM (δ < 0) regime may be

physical if condition (3.45) is met.
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3.3.4 Cosmic coincidence problem - Q1 = δHρdm

We have already seen in (3.32) that this model should be able to solve the coincidence problem

in the past r− for the iDEDM regime. We want to see if we can reproduce that result from the

analytical expression for ρdm (3.34) and ρde (3.35). Furthermore, we are also interested in how r

evolves from r− to r+. Thus we will obtain an expression for r:

r =
ρdm

ρde

=
ρ(dm,0)a

(δ−3)[
ρ(de,0) + ρ(dm,0)

δ
δ+3ω (1− aδ+3ω)

]
a−3(1+ω)

=
ρ(dm,0)a

(δ−3)[
ρ(de,0)

ρ(dm,0) + δ
δ+3ω (1− aδ+3ω)

]
ρ(dm,0)a−3(1+ω)

=
1[

1
r0

+ δ
δ+3ω (1− aδ+3ω)

]
a−(δ+3ω)

=
1(

1
r0

+ δ
δ+3ω

)
a−(δ+3ω) − δ

δ+3ω

.

(3.47)

In terms of redshift z this becomes:

r(z) =
1(

1
r0

+ δ
δ+3ω

)
(1 + z)(δ+3ω) − δ

δ+3ω

, (3.48)

which matches [82]. From (3.47), it can be seen that r has the proportionality:

r ∝ a(δ+3ω) → ζQ1 = −3ω − δ, (3.49)

where ζ is defined as r ∝ r0a
−ζ in (2.42). For the ΛCDM model ζΛCDM = 3, while for a general

uncoupled model ζ = −3ω, thus from (3.49) it can be seen that:

ζQ1 = −3ω − δ →

if δ > 0 (iDEDM) → ζQ1 < ζ alleviates coincidence problem

if δ < 0 (iDMDE) → ζQ1 > ζ worsens coincidence problem.
(3.50)

This behaviour of iDEDM and iDMDE coincides with the previous analysis in (3.13). Furthermore,

this behaviour becomes more extreme in both the distant past (at large redshifts (1 + z)→∞) and

the distant future (at redshifts (1 + z) → 0). This is seen by considering these limits for (3.48),

while noting the condition δ + 3ω < 0, thus:

lim
(1+z)→∞

r− → −
δ + 3ω

δ
, ; lim

(1+z)→0
r+ =→ 0. (3.51)

This result exactly matches what was found from the phase portrait in Figure 3.2, with the repulsor

point r− and attractor point r+ (3.32) being the same as the (1 + z)→∞ and (1 + z)→ 0 redshift
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limits found for r in (3.51), respectively. Furthermore, in the distant past r has the proportionality:

lim
(1+z)→0

r− ∝ a0 → ζ(Q1,−) = 0. (3.52)

Since r is constant and ζ(Q1,−) = 0, this model solves the coincidence problem for large redshifts

during the distant past. This only holds for the δ > 0 (iDEDM) regime, since δ < 0 (iDMDE) will

lead to a negative constant r− due to ρde which becomes negative at z(de=e0) (3.43) as shown in

Table 3.2, which is unphysical. Thus, for large redshifts in the distant past we have:

lim
(1+z)→∞

ζQ1 = 0

if δ > 0→ r− = +constant solves coincidence problem

if δ < 0→ r− = −constant negative energy densities (unphysical).
(3.53)

To understand why this model has this behaviour, we can consider how the effective equations of

state ωeff for IDE models can be used for Addressing the coincidence problem. To do this, we first

need the explicit relation for ωeff
de , which is obtained by substituting in r from (3.48) into (3.37):

ωeff
de = ωde +

δ

3
r = ωde +

δ

3

1(
1
r0

+ δ
δ+3ω

)
(1 + z)(δ+3ω) − δ

δ+3ω

. (3.54)

In the distant past the ratio r− → δ+3ω
δ , while in the distant future r+ → 0, as was seperately

shown in both (3.32) and (3.51). Noting that ωeff
dm = − δ

3 from (3.36), we can see how the dynamical

effective equation of state ωeff
de behaves in both the distant past and future:

ωeff
de = ωde +

δ

3
r

Distant past (r = r−) : ωeff
de = ωde + δ

3

(
− δ+3ωde

δ

)
= − δ

3 = ωeff
dm

Distant future (r = r+) : ωeff
de = ωde + δ

3(0) = ωde.
(3.55)

The effective equations of state for dark matter and dark energy is therefore the same in the dis-

tant past (ωeff
dm = ωeff

de ). This shows that both dark matter and dark energy redshifts and dilutes

at the same rate in the past, which effectively solves the coincidence problem for past expansion,

as previously discussed with regards to (3.12) in section 3.2.2. This also explicitly shows that the

limit where r = +constant→ ζ = 0, corresponds with where ωeff
dm = ωeff

de

Furthermore, we can also see that in the distant future ωeff
de = ωde. The effect of the coupling

on dark energy will thus become negligible in the future, effectively mimicking the behaviour of

uncoupled dark energy. Therefore, we should expect the deviation of this model’s behaviour from

the ΛCDM model to be most prominent in the past, while approaching the ΛCDM model closer to

the present and into the future. This behaviour will be seen in all subsequent figures for this model.

To more clearly see this close connection between the effective equations of state ωeff and how

this model addresses the coincidence problem, it is instructive to plot r (3.48) alongside both ωeff
dm

(3.54) and ωeff
de (3.36).
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Figure 3.3: Coincidence problem and effective equations of state (Q1 = δHρdm)

From the left panel in Figure 3.3 it can be seen that for the uncoupled case, r differs with many

orders of magnitude in the past and future, indicating the coincidence that we live at a time when

both ρdm to ρde has the same order of magnitude. For the coupled model with δ > 0 (iDEDM), this

coincidence problem is solved for the past expansion history, since r flattens and becomes constant

r → r− (indicated by the dashed green line) in the past, as predicted by (3.32) and (3.51). This

coincides with the right panel where ωeff
dm = ωeff

de , as shown in (3.55). It may also be seen that the

coincidence problem is alleviated for the future expansion, since the slope is smaller (as predicted

by (3.50)), which coincides with ωeff
dm < ωdm from (3.12), causing a smaller difference (ωeff

dm − ωeff
de )

relative to the uncoupled case.

Conversely, for δ < 0 (iDEDM), we have ωeff
dm > ωdm which worsens the coincidence problem

for the future expansion (since the slope is greater than the case δ = 0). For the past expansion, it

can also be seen that r approaches infinity before plummeting down, while ωeff
de completely diverges.

This is due to the dark energy density ρde which approaches zero and then becomes negative in the

past at redshift z(de=0) (indicated by red dotted line) from (3.43). Thus the results from (3.51),

(3.50), (3.53) and (3.55) can clearly be seen in Figure 3.3 and may be generalised such that:

δ > 0 (iDEDM)

Past expansion: ωeff
dm = ωeff

de (ζQ1 = 0) solves coincidence problem

Future expansion: ωeff
dm < ωdm (ζQ1 < ζ) alleviates coincidence problem,

(3.56)

δ < 0 (iDMDE)

Past expansion: ωeff
dm = ωeff

de (ρde < 0) negative energy densities

Future expansion: ωeff
dm > ωdm (ζQ1 > ζ) worsens coincidence problem.

These results hold due to how energy flows between dark matter and dark energy, causing the fluids

to redshift and dilute at different rates, as discussed in section 3.2.2. To explicitly see how this

happens, we will consider how the energy densities of dark matter and dark energy evolve.
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3.3.5 Evolution of energy densities and cosmic equalities - Q1 = δHρdm

As discussed in section 3.2.2, the energy exchange between the dark sectors causes these fluids to

have a different effective equation of state, which in turn causes ρdm and ρde to redshift and dilute

at different rates. This can be clearly seen by plotting ρdm (3.38) and ρde (3.39) against redshift:

Figure 3.4: Energy densities ρ vs redshift - (Q1 = δHρdm)

In Figure 3.4, we can see that for the uncoupled case ρdm ∝ a−3 dilutes, while ρde stays constant

with expansion, as was previously shown in Figure 2.7. This difference in the slope between how

ρdm and ρde redshifts, is indicative of the coincidence problem. We can see that for δ > 0 (iD-

EDM), dark energy loses energy and redshifts faster (greater slope), while dark matter receives

energy and redshifts slower (smaller slope). This causes the slope at which ρdm and ρde redshift

to be the same in the past, while being smaller in the future. This coincides with ωeff
dm = ωeff

de and

a constant value of r (solving the coincidence problem) for the past, while ωeff
dm < ωdm which al-

leviates the coincidence problem in the future, as was shown in Figure 3.3 and summarised in (3.56).

The opposite of this holds for δ < 0 (iDMDE). In this case, dark matter loses energy and red-

shifts even faster (greater slope), while dark energy receives energy, thus having a net increase

in energy density over time and redshifts slower (smaller slope). This causes a greater difference

in the slopes between how ρdm and ρde redshifts, coinciding with ωeff
dm > ωdm which, worsens the

coincidence problem as shown in (3.56). Since ρde increases with expansion, there was a time in

the past when ρde = 0 at redshift z(de=0) (3.43), before which ρde < 0 and thus unphysical. This

can clearly be seen in Figure 3.5, where the predicted redshift z(de=0) is indicated by the red marker.

A general point for both scenarios, is that the difference in the dark energy behaviour is only

in the past, while being identical to the ΛCDM model in the future. This is due to ωeff
de approxi-

mating that of the uncoupled scenario ωeff
de = ωde in the future, as shown in (3.55).



Marcel van der Westhuizen 57

The evolution of these energy densities may be further used to confirm some Cosmological implica-

tions of a dark coupling. This can be done by plotting the density parameters of dark matter Ωdm

(3.40), dark energy Ωde (3.41), radiation Ωr (2.3) and baryonic matter Ωbm (2.6):

Figure 3.5: Density parameters vs redshift - (Q1 = δHρdm)

From Figures 3.4 and 3.5 it is seen that for δ > 0 (iDEDM), there is less dark matter and more

dark energy in the past, and vice versa for δ < 0 (iDMDE). This has the effect that for δ > 0 the

radiation-matter equality happens later in cosmic history, while the matter-dark energy equality

happens earlier, with the opposite holding for δ < 0, which matches with [103]. The exact redshift

where the radiation-matter z(r=dm+bm) and matter-dark energy z(dm+bm=de) equalities happen, is

calculated in Appendix D.3 and given by equations (D.13) and (D.18) respectively. These equations

were numerically solved with cosmological parameters (2.25), predicting the equalities indicated by

the markers in Figure 3.5, which match with where the corresponding densities intersect. The

matter-dark energy equality for all three cases is indicated by a single marker, as they happen at

close redshifts. The exact redshift, cosmic time and energy density of each component at these

equalities is found in Tables 3.5 and 3.6. These results confirm some predictions from Table 3.1:

δ > 0 (iDEDM)

Radiation-matter equality: zIDE < zΛCDM happens later than ΛCDM

Matter-dark energy equality: zIDE > zΛCDM happens earlier than ΛCDM,

(3.57)

δ < 0 (iDMDE)

Radiation-matter equality: zIDE > zΛCDM happens earlier than ΛCDM

Matter-dark energy equality: zIDE < zΛCDM happens later than ΛCDM,

It may also be seen from Figure 3.4 that for the coupled models, dark matter never completely

dominates (Ωdm,Ωde)− = (1, 0) as in the ΛCDM case, but instead both dark matter and dark

energy have the density parameters (Ωdm,Ωde)− =
(
1 + δ

3ω ,−
δ

3ω

)
from repulsor point (3.31) during

matter domination. During dark energy domination (Ωdm,Ωde)+ = (0, 1), as in the ΛCDM case.
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3.3.6 Evolution of deceleration parameter - Q1 = δHρdm

This change in the value of the density parameters will influence how the deceleration parameter

evolves for this model. This can be seen from the deceleration parameter for IDE models (3.20):

q = Ωr +
1

2
(Ωbm + Ωdm) +

1

2
Ωde (1 + 3ω) . (3.58)

Furthermore, we have the effective equation of state for the total fluid in this model given by 2.27

ωeff =
Ptot

ρtot
=
ωrΩr + ωbmΩbm + ωdmΩdm + ωdeΩde

Ωr + Ωbm + Ωdm + Ωde
=

1
3Ωr + ωdeΩde

Ωr + Ωbm + Ωdm + Ωde

(3.59)

Plotting (3.58) and (3.59), with the density parameters of dark matter Ωdm (3.40), dark energy Ωde

(3.41), radiation Ωr (2.3) and baryonic matter Ωbm (2.6), yields the following figures:

Figure 3.6: Evolution of effective equation
of state ωeff with redshift (Q1 = δHρdm)

Figure 3.7: Evolution of deceleration pa-
rameter q with redshift (1 + z) (Q1 = δHρdm)

It can be seen that both the deceleration parameter q and effective equation of state ωeff for IDE

models follow the same qualitative evolution as the uncoupled case in Figures 2.9 and 2.10. Initially,

the rate of expansion decelerates (ωeff > −1/3 ; q > 0) before starting to accelerate (ωeff < −1/3 ;

q < 0) from the cosmic jerk onwards. This cosmic jerk occurs at the transition redshift zt, which

is found by setting q = 0 in equation (3.59), which is calculated in Appendix D.2 and given by

equation (D.24). Equation (D.24) was numerically solved and the predicted value for zt is indicated

on Figures 3.6 and 3.7 with a single marker, as the value of zt is very close for all three models.

The exact redshift of the cosmic jerk for each model is shown in Tables 3.5 and 3.6, from which we

see that:

Cosmic jerk (zt)

δ > 0 (iDEDM): zIDE > zΛCDM happens earlier than ΛCDM,

δ < 0 (iDMDE): zIDE < zΛCDM happens later than ΛCDM
(3.60)
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This confirms another prediction from Table 3.1. Furthermore, in section 2.5.3 we saw that during

domination of a fluid x, such that Ωx = 1, we have from (2.16) that q = 1
2(1 + 3ωx) and from

(3.59) ωeff = ωx. It can thus be seen that this IDE model experiences radiation, matter and dark

energy-domination as indicated by ωeff in Figure 3.6 that approaches ωr, ωm and ωde respectively.

ωeff and q converge to three different values that correspond to each terms in equation (3.58) and

(3.59) dominating at different epochs. For radiation domination (Ωr,Ωdm+bm,Ωde) ≈ (1, 0, 0) →
q = 1 ; ωeff = 1/3, and dark energy domination, (Ωr,Ωdm+bm,Ωde) ≈ (0, 0, 1) → q = −1 ;

ωeff = −1, which matches with the ΛCDM model. Conversely, for matter-domination the density

parameters are given by the repulsor point (3.31), such that (Ωr,Ωdm+bm,Ωde) ≈
(
0, 1 + δ

3ω ,−
δ

3ω

)
.

The deceleration parameter (3.58) then becomes:

q = Ωr +
1

2
(Ωbm + Ωdm) +

1

2
Ωde (1 + 3ω) = (0) +

1

2

(
1 +

δ

3ω

)
+

1

2

(
− δ

3ω

)
(1 + 3ω)

=
1

2

(
1 +

δ

3ω
[1 + (1− 3ω)]

)
=

1

2
(1− δ) =

1

2

(
1 + 3ωeff

dm

)
.

(3.61)

For the effective equation of state (3.59) we have:

ωeff =
1
3Ωr + ωΩde

Ωr + Ωbm + Ωdm + Ωde
=

1
3(0) + ω

(
− δ

3ω

)
(0) +

(
1 + δ

3ω

)
+
(
− δ

3ω

) =

(
− δ

3

)
1

= −δ
3

= ωeff
dm, (3.62)

where both (3.61) and (3.62) reduce back to the ΛCDM case when either δ = 0 or ωeff
dm = ωdm.

We can calculate q and ωeff for the parameters used in Figures 3.6 and 3.7. Thus, for δ = 0.25

(iDEDM) we have q = 1
2(1 − 0.25) = 0.375; and ωeff =

(
−0.25

3

)
= −0.083, while for δ = −0.25

(iDMDE) we have q = 1
2(1 + 0.25) = 0.625 and ωeff =

(
−−0.25

3

)
= 0.083 for matter-domination. It

should be noted that these are just approximations, as we assumed the absence of baryonic matter

(Ωbm = 0) in determining the repulsor point (3.31). These results can be seen to approximately

match the values of q and ωeff in Figures 3.6 and 3.7 during matter-domination. This change in q

and ωeff will directly affect the expansion rate and thus the age of the universe.

3.3.7 Hubble parameter and age of the universe - Q1 = δHρdm

To determine how an interaction between dark matter and dark energy will affect the age of the

universe (2.30), we consider the evolution of the scale factor from the Friedmann equation (2.13):

∫ t

0
dt =

∫ a

0

1

H(a)
da ; H2(a) =

(
ȧ

a

)2

=
8πG

3
(ρr + ρbm + ρdm + ρde)−

kc2

a2
, (3.63)

where we use the energy densities ρr (2.3), ρbm (2.6), ρdm (3.38) and ρde (3.39) and k = 0. To

see how a coupling changes the expansion rate throughout cosmic history, the Hubble parameter

(2.13) relative to the non-interacting case (H/Hδ=0), may be plotted for both a positive and neg-

ative coupling against redshift z. We also plot the evolution of the scale factor against time, by
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numerically integrating (3.63) with the 4th order Runge Kutta method, as specified in Appendix

A.4. We then obtain the following figures:

Figure 3.8: Relative Hubble parameter
(H/Hδ=0) vs redshift (Q1 = δHρdm)

Figure 3.9: Evolution of scale factor with
time (Q1 = δHρdm)

In Figure 3.8, whenever the relative Hubble factor is smaller than 1, then the expansion rate is

slower than the uncoupled scenario (H/Hδ=0 < 1 → slower expansion rate). Conversely, when

the relative Hubble factor is larger than 1, the expansion rate is faster than the uncoupled case

(H/Hδ=0 > 1 → faster expansion rate). Therefore, it may be seen that throughout most of the

past and future expansion history δ > 0 (iDEDM) expands slower, while δ < 0 (iDMDE) expands

faster than the uncoupled case.

For δ > 0 (iDEDM), this behaviour can be understood to be due to the overall suppression of

dark matter and increase in dark energy density (Figures 3.4, 3.5), which in turn causes a lower

value for the deceleration parameter q and effective equation of state ωeff throughout most of the

expansion history (Figures 3.6 and 3.7). When evolving the Friedmann equation backwards from

present conditions, a lower deceleration parameter may be understood as causing the universe to

decelerate slower from its current size a = 1 into the past singularity a = 0, thus causing a slower

expansion rate. Due to δ > 0 (iDEDM) having a slower expansion rate, more time is needed for

the universe to evolve from a singularity (a = 0) to its current size (a = 1). This implies that

δ > 0 (iDEDM) should increase the calculated age of the universe, which can be seen to be the case

in Figure 3.9. The opposite of this holds for δ < 0 (iDMDE), such that the universe has a faster

expansion rate which leads to a younger universe. Thus, we have:

Age of universe (t0)

δ > 0 (iDEDM): t(0,IDE) > t(0,ΛCDM) Older universe than ΛCDM,

δ < 0 (iDMDE): t(0,IDE) < t(0,ΛCDM) Younger universe than ΛCDM.

(3.64)



Marcel van der Westhuizen 61

It may also be noted that the earlier H/Hδ=0 peak for δ = −0.25 and later peak for δ = 0.25

in Figure 3.8, corresponds to the earlier and later radiation-matter equality (and thus matter

domination) respectively, which can be seen in Figure 3.5. Besides changing the universe’s age, a

coupling in the dark sector could lead to instabilities, which, if avoided, leads to a more dramatic

end to the universe.

3.3.8 Doom factor and big rip - Q1 = δHρdm

Thus far, we have assumed dark energy to have an equation of state ω = −1, consistent with

interacting vacuum energy. This was done to ease comparisons with the ΛCDM model, such

that the interaction strength δ would be the only free parameter whose effect can be studied.

Unfortunately, this is not realistic, as ω = −1 causes the perturbation equations to diverge, causing

gravitational instabilities [108, 109]. To know wheteher this IDE model is stable, we should consider

the Instabilities and the doom factor for this model. We mentioned, if the doom factor d < 0, the

model should be free of non-adiabatic instabilities at large scales, providing the range of parameters

that will give an a priori stable universe. Thus, for Q1 = δHρdm we have the doom factor (3.14):

d1 =
Q1

3Hρde(1 + ω)
=

δHρdm

3Hρde(1 + ω)
=

δ

3(1 + ω)

ρdm

ρde
, (3.65)

where we also apply the conditions that ρdm > 0 ; ρde > 0. Since we need d < 0 to ensure a stable

universe, we can see from (3.65) that this will only occur if δ and (1 +ω) have opposite signs [103].

This then implies that:

d1 < 0

δ < 0 ; ω > −1 (Quintessence regime)

δ > 0 ; ω < −1 (Phantom regime)
→ No instabilities expected

(3.66)

d1 > 0

δ > 0 ; ω > −1 (Quintessence regime)

δ < 0 ; ω < −1 (Phantom regime)
→ Instabilities can develop if d> 1

These results should be combined with the positive energy condition 0 < δ < − 3ω
(1+r0) from (3.46)

and Table 3.2. This implies that ρde < 0 if δ < 0 (iDMDE), which is unphysical and should be

ruled out. The results from (3.65), (3.66) and (3.46) are taken together in the following table:

δ Energy flow ω Dark energy d a priori stable ρdm > 0 ρde > 0 Viable

+ DE → DM < −1 Phantom -
√ √ √ √

+ DE → DM > −1 Quintessence + X
√ √

X

- DM → DE < −1 Phantom + X
√

X X

- DM → DE > −1 Quintessence -
√ √

X X

Table 3.3: Stability and positive energy criteria (Q1 = δHρdm)
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From Table 3.3, we see that the only scenario that is free from both negative energy densities and

instabilities is phantom dark energy ω < −1 in the δ > 0 (iDEDM) regime. This has the conse-

quence that these models will be plagued by the problems associated with phantom dark energy,

violating the Energy conditions of general relativity; and the consequences of doing so [41]. Since

ωeff
de = ωde (3.55) in the future, an immediate consequence of dark energy being in the phantom

regime, is that the universe model will experience a late time Big rip singularity as noted by [107].

An equivalent equation to (2.50) for the time of the big rip trip [10, 95] is derived for this IDE

model in Appendix E.2 as:

trip ≈ −
2

3H0(1 + ω)

√
1− Ω(bm,0) −

(
1− δ

δ+3ω

)
Ω(dm,0)

,
(3.67)

which reduces back to (2.50) when δ = 0. The predicted time of the big rip (3.67) is plotted

alongside the evolution of the scale factor (3.63) in Figure 3.10:

Figure 3.10: Evolution of energy density, scale factor and the big rip for phantom (ω = −1.15)
IDE models - (Q1 = δHρdm)

In Figure 3.10, we can see that both the a→∞ ; ρde →∞ at a finite time trip, as was previously

also seen in Figure 2.12. For δ > 0 (iDEDM), ρde dilutes similar to dark matter in the past (when

ωeff
de = ωdm), after which it shows phantom behaviour by increasing in energy density with time

(when ωeff
de = ωde). Furthermore, the coupling changes the time of the big rip such that:

Big rip

δ > 0 (iDEDM): t(rip,IDE) > t(rip,ΛCDM) Later big rip than ΛCDM,

δ < 0 (iDMDE): t(rip,IDE) < t(rip,ΛCDM) Earlier big rip than ΛCDM.
(3.68)
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3.3.9 Concluding remarks on IDE model Q1 = δHρdm

Thus far we have seen that all the Cosmological implications of a dark coupling predicted in Table

3.1 have held for the model Q1 = δHρdm. We will now summarise these results.

For this model, we have derived the positive energy condition 0 < δ < − 3ω
(1+r0) (3.46), from which

we see that the δ < 0 (iDMDE) regime will always lead to ρde < 0 during past expansion. This

implies that only the δ > 0 (iDMDE) regime should be taken seriously as a potential candidate

for dark energy. For this δ > 0 (iDMDE) regime, we have seen that this model can solve the

coincidence problem in the past, whilst aleviating the problem for the future (3.56). This is due to

dark energy deviating from the ΛCDM model in the past expansion ωeff
dm = ωeff

de , while mimicking

the ΛCDM model in the future ωeff
de = ωde (3.55). Furthermore, this energy flow from DE to DM

causes a later radiation-matter equality and both an earlier matter-dark energy equality (3.57) and

cosmic jerk (3.68), while predicting an older age for the universe (3.68). The opposite holds for

δ < 0 (iDMDE). Using the cosmological parameters from (2.25), the exact redshift, cosmic time and

energy densities during these important events, for the cases δ = 0 (ΛCDM); δ = 0.25 (iDEDM)

and δ = −0.25 (iDMDE), can be found in Tables 3.4, 3.5 and 3.6 respectively.

Table 3.4: Important events in interacting dark energy model δ = 0.00 (ΛCDM) - Q1 = δHρdm

Event Redshift z Time (Gyr) ρr ρm ρΛ (J/m3)

Big bang singularity ∞ 13.80 ∞ ∞ ∞
Radiation-matter equality 3499 13.80 10.9 10.9 5.5e-10

Cosmic jerk 0.63 6.12 5.2e-13 1.2e-9 5.5e-10

Matter-dark energy equality 0.30 3.50 2.1e-13 1.1e-9 5.5e-10

Table 3.5: Important events in interacting dark energy model δ = 0.25 (iDEDM) - Q1 = δHρdm

Event Redshift z Time (Gyr) ρr ρdm+bm ρde (J/m3)

Big bang singularity ∞ 14.51 ∞ ∞ ∞
Radiation-matter equality 1061 14.51 9.2e-2 9.2e-2 4.0e-3

Cosmic jerk 0.77 7.42 7.2e-13 1.3e-9 6.3e-10

Matter-dark energy equality 0.34 3.32 2.4e-13 5.8e-10 5.8e-10

Table 3.6: Important events in interacting dark energy model δ = −0.25 (iDMDE) - Q1 = δHρdm

Event Redshift z Time (Gyr) ρr ρdm+bm ρde (J/m3)

Big bang singularity ∞ 13.13 ∞ ∞ ∞
Radiation-matter equality 43 138 13.13 2.5e5 2.5e5 -1.9e-4

Cosmic jerk 0.53 5.43 4.0e-13 1.0e-9 5.0e-10

Matter-dark energy equality 0.26 3.14 1.8e-13 5.4e-10 5.4e-10

Finally, it should also be noted from Table 3.3 that the only viable regime for these models, to

avoid both negative energy densities and gravitational instabilities, is phantom dark energy ω < −1

in the δ > 0 (iDEDM) regime. This has the direct consequence that these models will end with a

big rip singularity after time trip, for which we have derived expression (3.67).
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3.4 Interaction model 2: Q2 = δHρde

We will now consider our second case study, where the interaction is proportional to the dark energy

density Q2 ∝ ρde. The same analysis will be applied to this model that was done for Interaction

model 1: Q1 = δHρdm to show that many of the conclusions from section 3.3.9 hold in general for

IDE models while noting key differences. The model Q2 = δHρde is more common in the literature

than the previous model considered. A possible explanation for this, is that in the iDMDE regime

for Q1 = δHρdm model, ρde < 0 in the past, as was pointed out in [103]. These authors then

advocated for coupling Q2 ∝ ρde, since all energy densities remain positive throughout the past

universe history, even in the iDMDE (δ < 0) regime [103]. This result has often been taken at

face value in the literature. However, we would like to focus attention to the fact that in the

iDMDE (δ < 0) regime, these models will always suffer from negative dark matter energy densities

(ρdm < 0) during future expansion. This observation should render these models less favourable

and should have been noted by many recent papers that have neglected to mention this problem

[87, 105, 106, 108]. The exact conditions for positive energy densities will be calculated in section

3.4.3, but this result can immediately be seen from the phase portraits of these models.

3.4.1 Phase portraits - Q2 = δHρde

Assuming the coupling Q2 = δHρde, equation (3.22) becomes:

dΩde

dΩdm
=

ΩdeH [2Ωr + Ωbm + Ωdm + Ωde (1 + 3ωde)− 1− 3ωde]− 8πG
3H2 (δHρde)

ΩdmH [2Ωr + Ωbm + Ωdm + Ωde (1 + 3ωde)− 1] + 8πG
3H2 (δHρde)

=
Ωde [2Ωr + Ωbm + Ωdm + Ωde (1 + 3ωde)− 1− 3ωde − δ]

Ωdm [2Ωr + Ωbm + Ωdm + Ωde (1 + 3ωde)− 1] + δΩde
,

(3.69)

where we have used the fact that 8πG
3H2 ρde = Ωde. Since this coupling is not proportional to the dark

matter density, it may be seen from (3.22) that the evolution of baryonic matter and dark matter

may be grouped together:

Ω̇m = Ω̇dm + Ω̇bm

= (Ωdm + Ωbm)H [2Ωr + (Ωbm + Ωdm) + Ωde (1 + 3ωde)− 1] + δΩde

= ΩmH [2Ωr + Ωm + Ωde (1 + 3ωde)− 1] + δΩde.

(3.70)

It should be noted that baryonic matter is still separately conserved here and experiences no new

interaction. Thus, investigating the case where dark matter is grouped with baryonic matter and

radiation is negligible (Ωr = 0), (3.69) becomes:

dΩde

dΩm
=

Ωde [Ωm + Ωde (1 + 3ωde)− 1− 3ωde − δ]
Ωm [Ωm + Ωde (1 + 3ωde)− 1] + δΩde

. (3.71)
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Using (3.71), the evolution of matter and dark energy may now be expressed with a phase portrait

in the (Ωm, Ωde)-plane:

Figure 3.11: Phase portraits for Ωdm and Ωde (Q2 = δHρde)

In Figure 3.11, the left panel shows the phase portrait of a positive δ (iDEDM), while the right

panel shows a negative δ (iDMDE). The equilibrium points are calculated in Appendix B.3 to be:

(Ωm,Ωde)− = (1, 0) ; (Ωm,Ωde)+ =

(
− δ

3ω
, 1 +

δ

3ω

)
. (3.72)

In contrast to the previous Q ∝ ρdm model (Figure 3.2) where the repulsor point moved, here the

repulsor point is similar to the ΛCDM case (Figure 3.1), but the attractor point is instead shifted

by the dark coupling. This highlights the point that the effect of the coupling is more dominant

in the matter dominated past for Q ∝ ρdm, while being more dominant during later dark energy

dominance for Q ∝ ρde (due to the behaviour of ωeff
dm (3.55) and ωeff

de (3.96)). Therefore, this model

will not solve the coincidence problem in the past as r− does in (3.32), but will instead stabilise r

in the future r+, thereby solving the coincidence problem for future expansion:

r− =
Ω(m,−)

Ω(de,−)
=

1

0
→∞ ; r+ =

Ω(dm,+)

Ω(de,+)
≈

Ω(m,+)

Ω(de,+)
=
− δ

3ω

1 + δ
3ω

→ − δ

δ + 3ω
. (3.73)

The same point holds as discussed with regards to (3.32), where positive δ > 0 (iDEDM) solves

the coincidence problem, but δ < 0 (iDMDE) causes negative energy densities. This brings us to

the often overlooked problem of the iDMDE regime for this model. It is clear from (3.72) that

Ωdm,+ ≈ Ωm,+ = − δ
3ω , alongside (ω < 0), must imply that δ < (iDMDE) leads to a negative energy

attractor solution for Ωdm. We should also note that baryonic matter is grouped with dark matter,

but in the distant future it dilutes as in the ΛCDM model and its contribution in the distant future

should become negligible, validating the approximation Ωdm,+ ≈ Ωm,+.
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3.4.2 Background analytical equations - Q2 = δHρde

This model will have the conservation equations obtained by substituting the coupling Q = δHρde

into (3.3), which gives:

ρ̇dm + 3Hρdm = δHρde ; ρ̇de + 3Hρde(1 + ω) = −δHρde. (3.74)

The analytical expressions for both ρdm and ρde are derived in Appendix C.2 by solving the differ-

ential equations in (3.74), yielding the following expressions:

ρdm =

(
ρ(dm,0) + ρ(de,0)

δ

δ + 3ω

[
1− a−(δ+3ω)

])
a−3, (3.75)

ρde = a−(δ+3ω+3). (3.76)

Here (3.75) and (3.76) match with the energy densities found in [84, 103, 106, 108]. The effective

equation of states for this model can be obtained by substituting the coupling equation Q = δHρde

into (3.7) and (3.9). The dark matter effective equation of state is then:

ωeff
dm = − Q

3Hρde
= − δHρm

3Hρdm
= −δ

3

ρde

ρdm
. (3.77)

Similarly, for dark energy we have the effective equation of state:

ωeff
de = ω +

Q

3Hρde
= ω +

δHρde

3Hρde
= ω +

δ

3
. (3.78)

which matches with [84, 103, 106, 108]. In contrast to Q1 = δHρdm; ωeff
dm is dynamical with a

dependence on r, while, in contrast ωeff
de is constant. Equations (3.75), (3.76), (3.77) and (3.78) also

reduce back to the ΛCDM model when δ = 0 and ω = −1. Using the relation ρ(x,0) =
3H2

0
8πGΩ(x,0)

from (1.32) as well as the scalefactor redshift relation a = (1 + z)−1, we obtain useful relations for

ρdm and ρde from (3.75) and (3.76) as:

ρdm =
3H2

0

8πG

(
Ω(dm,0) + Ω(de,0)

δ

δ + 3ω

[
1− (1 + z)(δ+3ω)

])
(1 + z)3, (3.79)

ρde =
3H2

0

8πG
Ω(de,0)(1 + z)(δ+3ω+3). (3.80)

From the relation Ωx = 8πG
3H2 ρx , we obtain Ωdm and Ωde from (3.75) and (3.76) as:

Ωdm =
H2

0

H2

(
Ω(dm,0) + Ω(de,0)

δ

δ + 3ω

[
1− (1 + z)(δ+3ω)

])
(1 + z)3, (3.81)

Ωde =
H2

0

H2
Ω(de,0)(1 + z)(δ+3ω+3). (3.82)

As before, we first determine the exact conditions to avoid the negative energy densities which were

seen in Figure 3.11 and frequently avoided in the literature.
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3.4.3 Positive energy density conditions - Q2 = δHρde

In Positive energy conditions - Q1 = δHρdm, the dark matter density ρdm was always positive, while

the dark energy density ρde could become negative. For this model, it can instead be seen that

ρde (3.76) is always positive (since a−(δ+3ω+3) > 0 or all values of δ), while ρdm (3.75) has multiple

terms which could become negative. We will follow the same approach as we did in Positive energy

conditions - Q1 = δHρdm to find the exact condition to ensure that the ρdm is always positive in

this case. We need to find out where the dark matter energy density crosses the zero energy density

boundary and becomes negative so that conditions may be chosen to avoid this zero crossing. This

is found when we set the dark matter energy density (3.75) equal to zero:

0 = ρdm =

(
ρ(dm,0) + ρ(de,0)

δ

δ + 3ω

[
1− a−(δ+3ω)

])
a−3

0 = ρ(dm,0) + ρ(de,0)
δ

δ + 3ω

[
1− a−(δ+3ω)

]
−ρ(de,0)

δ

δ + 3ω

[
1− a−(δ+3ω)

]
= ρ(dm,0)[

−1 + a−(δ+3ω)
]

=
ρ(dm,0)

ρ(de,0)

δ + 3ω

δ

a−(δ+3ω) = 1 +
ρ(dm,0)

ρ(de,0)

δ + 3ω

δ

→ a−(δ+3ω) = 1 + r0

(
δ + 3ω

δ

)
.

(3.83)

Using (3.83), we can find solutions where the dark matter energy density crosses zero and becomes

negative (ρdm < 0). Using (3.83) and the relation a = (1 + z)−1, the zero crossing (ρdm = 0)

happens at exactly the redshift z(dm=0):

z(dm=0) =

[
1 + r0

(
δ + 3ω

δ

)] 1
δ+3ω

− 1. (3.84)

Using (3.83), we may explore four scenarios, (E) - (H), where the energy density may possibly

cross zero and become negative. These scenarios will be either the iDMDE (δ < 0) or iDEDM

(δ > 0) scenarios, for either the past or the future. This leads to:

a−(δ+3ω) = 1 + r0

(
δ + 3ω

δ

)
where (δ + 3ω < 0) (3.85)

δ < 0⇒

Past (a < 1) → (0 < L.H.S. < 1 ; R.H.S. > 1) (E)

Future (a > 1) → (L.H.S. > 1 ; R.H.S. > 1) (F)

δ > 0⇒

Past (a < 1) → (0 < L.H.S. < 1 ; R.H.S. < 1) (G)

Future (a > 1) → (L.H.S. > 1 ; R.H.S. < 1) (H)
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Here we can immediately see that for both (E) and (H) the L.H.S. and R.H.S. will never cross,

which means that there will be no solution for (3.85) and thus the ρdm will never cross zero and

become negative. Therefore, ρdm will always remain positive for scenerio’s (E) (Past expansion

with δ < 0) and (H) (future expansion with δ > 0). Furthermore, scenario (F) will always have a

solution and therefore the dark energy density will always become negative in the future, as shown

by the attractor point in Figure 3.11.

1 + r0

(
δ + 3ω

δ

)
< 0

δ + 3ω < −δ 1

r0

δ

(
1 +

1

r0

)
< −3ω

→ δ < − 3ω(
1 + 1

r0

) .
(3.86)

Thus, if condition (3.86) is met, then scenario (G (Past expansion with δ > 0) will always have

positive energy densities. Therefore, since both (G) and (H) will always have positve energy den-

sities, the positive coupling δ > 0 (with condition (3.86) met) may be seen as physical.

Since the condition (3.86) holds, it implies that the condition δ < −3ω must necessarily hold

as well. Taking the conditions (δ > 0) ; (δ < −3ω) and
(
δ < − 3ω

(1+1/r0)

)
together, a general condi-

tion is obtained to ensure positive energy densities for the IDE model Q2 = δHρde. This condition

is:

0 < δ < − 3ω(
1 + 1

r0

) . (3.87)

The energy densities for all these conditions may be encapsulated in Table 3.7 below:

Conditions ρdm (Past) ρdm (Future) ρde (Past) ρde (Future) Physical

0 < δ < − 3ω(
1+ 1

r0

) + + + +
√

δ > 0 ; δ > − 3ω(
1+ 1

r0

) − + + + X

δ < 0 + - + + X

Table 3.7: Conditions for positive energy densities throughout cosmic evolution (Q2 = δHρde)

From positive energy conditions (3.46) and (3.87) it may be concluded that only IDE models where

energy flows from dark energy to dark matter iDEDM (δ > 0) should be seriously considered, as

couplings where energy flows from dark matter to dark energy iDMDE (δ < 0) will always lead to

either negative energies in the past or the future. This only holds for the couplings Q1 = δHρdm

and Q2 = δHρde, and may not be the case for other coupling models.
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3.4.4 Cosmic coincidence problem - Q2 = δHρde

For this model, the coincidence problem is not solved in the past but instead in the future. This

can be seen from the repulsor point r− =∞ (3.73) being the same as in the ΛCDM model (3.27).

Conversely, the attractor point r+ in (3.73) shows that this model should solve the coincidence

problem in the future, at least for the iDEDM regime. We will now reproduce these results from

the analytical expression for ρdm (3.75) and ρde (3.76). First, we need an expression for r:

r =
ρdm

ρde

=
ρ(dm,0)a

−3 + ρ(de,0)
δ

δ+3ω

[
1− a−(δ+3ω)

]
a−3

ρ(de,0)a−(δ+3ω+3)

=

(
ρ(dm,0)

ρ(de,0)
+ δ

δ+3ω

[
1− a−(δ+3ω)

])
ρ(de,0)a

−3

ρ(de,0)a−(δ+3ω+3)

=

(
r0 +

δ

δ + 3ω

[
1− a−(δ+3ω)

])
a(δ+3ω)

=

(
r0 +

δ

δ + 3ω

)
a(δ+3ω) − δ

δ + 3ω
.

(3.88)

In terms of redshift z this becomes:

r(z) =

(
r0 +

δ

δ + 3ω

)
(1 + z)−(δ+3ω) − δ

δ + 3ω
(3.89)

From (3.88), it can be seen that r has the same proportionality as (3.49), such that:

r ∝ a(δ+3ω) → ζQ1 = ζQ2 = −3ω − δ. (3.90)

For the ΛCDM model ζΛCDM = 3, and for a general uncoupled model ζ = −3ω, thus from (3.90) it

can be seen that:

ζQ2 = −3ω − δ →

if δ > 0 (iDEDM) → ζQ2 < ζ alleviates coincidence problem

if δ < 0 (iDMDE) → ζQ2 > ζ worsens coincidence problem.
(3.91)

This behaviour coincides with both (3.50) and the original analysis in (3.13). Furthermore, this

effect becomes more extreme in both the distant past (at large redshifts (1 + z) → ∞) and the

distant future (at redshifts (1 + z) → 0). This can be seen by considering these limits for (3.48),

while noting the condition δ + 3ω < 0, thus:

lim
(1+z)→∞

r− →∞, ; lim
(1+z)→0

r+ =→ − δ

δ + 3ω
. (3.92)

These results match what was found from the phase portrait in Figure 3.11, with the repulsor point

r− and attractor point r+ (3.32) being the same as the (1 + z)→∞ and (1 + z)→ 0 redshift limits
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found for r in (3.92), respectively. Furthermore, in the distant future r has the proportionality:

lim
(1+z)→0

r+ ∝ a0 → ζ(Q2,−) = 0. (3.93)

Since r is constant and ζ(Q2,+) = 0, this model solves the coincidence problem for future expansion.

This only holds for the δ > 0 (iDEDM) regime, since δ < 0 (iDMDE) will lead to a negative

constant r+ due to ρdm which becomes negative at z(dm=0) (3.84), as shown in Table 3.7, which is

unphysical. Thus, for (1 + z)→ 0 in the future, we have:

lim
(1+z)→0

ζQ2 = 0

if δ > 0→ r− = +constant solves coincidence problem

if δ < 0→ r− = −constant negative energy densities (unphysical).
(3.94)

To understand why this model differs from Q1 = δHρdm, we can consider how the effective equations

of state ωeff for this model evolve. To do this, we first need the explicit relation for ωeff
dm, which is

obtained by substituting in r from (3.89) into (3.77):

ωeff
dm = −δ

3

1

r
= −δ

3

1(
r0 + δ

δ+3ω

)
(1 + z)−(δ+3ω) − δ

δ+3ω

. (3.95)

In the distant past the ratio r− →∞, while in the distant future r+ → − δ
δ+3ω , as was independently

shown in both (3.73) and (3.92). Noting that ωeff
de = ω+ δ

3 from (3.78), we can see how the dynamical

effective equation of state ωeff
dm behaves in both the distant past and future:

ωeff
dm = −δ

3

1

r

Distant past (r = r−) : ωeff
dm = − δ

3
1
∞ = 0 = ωdm

Distant future (r = r+) : ωeff
dm = − δ

3

(
δ

δ+3ω

)
= ω + δ

3 = ωeff
de .

. (3.96)

The effective equations of state for dark matter and dark energy are therefore the same in the dis-

tant future (ωeff
dm = ωeff

de ). This shows that both dark matter and dark energy redshift and dilute at

the same rate in the future, which effectively solves the coincidence problem for future expansion by

the mechanisms discussed with regards to (3.12) in section 3.2.2. This again shows that whenever

r = +constant→ ζ = 0, we also have ωeff
dm = ωeff

de .

Furthermore, we can also see that in the distant past ωeff
de = ωde. The effect of the coupling

on dark matter will thus become negligible for past expansion, effectively mimicking the behaviour

of uncoupled dark matter. Therefore, we should expect the deviation of this model’s behaviour

from the ΛCDM model to be most prominent in the future while behaving similarly to the ΛCDM

model in the past. This feature, where Q2 ∝ ρde deviates from ΛCDM in the future (3.55), while

Q1 ∝ ρdm deviates in the past (3.96), can be seen as the largest difference between the two models.
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These predictions may be confirmed by plotting r (3.89) alongside both ωeff
dm (3.95) and ωeff

de (3.78):

Figure 3.12: Coincidence problem and effective equations of state (Q2 = δHρde)

From the left panel in Figure 3.3 it can be seen that for the coupled model with δ > 0 (iDEDM), r

differs with many orders of magnitude in the past, but converges to a constant value in the future

r → r+ (indicated by the dashed green line), as predicted by (3.73) and (3.92), making the present

value less coincidental. The coincidence problem is thus solved for the future expansion history.

This coincides with the right panel where ωeff
dm = ωeff

de , as shown in (3.96). The coincidence problem

is also alleviated for the past expansion, since the slope of r is smaller (as predicted by (3.91)),

which coincides with ωeff
de > ωde from (3.12), causing a smaller difference in (ωeff

dm − ωeff
de ).

Conversely, for δ < 0 (iDEDM) we have ωeff
de < ωde, which worsens the coincidence problem for the

past expansion history (since the slope is greater than the case δ = 0). For the future expansion,

it can also be seen that r becomes zero, while ωeff
de diverges at the same point. This is due to the

dark matter density ρdm which becomes zero in the future at redshift z(dm=0) (red dotted line) from

(3.84), and then stays negative for the rest of the future expansion. Thus, the results from (3.92),

(3.91), (3.94) and (3.96) can clearly be seen in Figure 3.12 and may be summarised as:

δ > 0 (iDEDM)

Past expansion: ωeff
de > ωde (ζQ2 < ζ) alleviates coincidence problem

Future expansion: ωeff
dm = ωeff

de (ζQ2 = 0) solves coincidence problem,

(3.97)

δ < 0 (iDMDE)

Past expansion: ωeff
de < ωde (ζQ2 > ζ) worsens coincidence problem

Future expansion: ωeff
dm = ωeff

de (ρde < 0) negative energy densities.

These results hold due to how energy flows between the dark sectors, causing dark matter and dark

energy to redshift and dilute at different rates, as discussed in section 3.2.2. To see this, we will

consider the evolution of ρdm and ρde.
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3.4.5 Evolution of energy densities and cosmic equalities - Q2 = δHρde

For Q1 in section 3.3.5, we saw that the energy densities ρdm (3.79) and ρde (3.80) evolved with the

same slope in the past, thus diluting at the same rate, which coincided with ωeff
dm = ωeff

de and the

coincidence problem being solved. For this model, we saw that the coincidence problem is solved

for the future (3.97), thus we expect the same behaviour that was seen in Figure 3.13, but for future

expansion. This can be clearly seen by plotting ρdm (3.79) and ρde (3.80) against redshift:

Figure 3.13: Energy densities ρ vs redshift - (Q2 = δHρde)

In Figure 3.13, we see that for δ > 0 (iDEDM), dark matter receives energy from dark energy,

causing ρdm to redshift slower ωeff
dm < ωdm (smaller slope), while ρde redshifts faster (greater slope).

This behaviour alleviates the coincidence problem in the past. In the future the slope at which ρdm

and ρde redshift becomes the same, coinciding with ωeff
dm = ωeff

de (3.96) and the coincidence prob-

lem being solved, while ρdm dilutes similar to the ΛCDM model in the past where ωeff
dm = ωdm (3.96).

The opposite holds for δ < 0 (iDMDE). Here, dark matter loses energy and redshifts faster

ωeff
dm > ωdm (greater slope), while dark energy receives this energy and redshifts slower (smaller

slope). This greater difference between the slopes of ρdm and ρde, worsens the coincidence problem.

There will also be a time in the future when ρdm = 0 at redshift z(dm=0) (3.84), after which ρdm < 0

for the rest of expansion, which is unphysical. The predicted value for z(dm=0) is indicated by the

red marker in Figure 3.14. All these observations coincide with (3.97).

It may also be noted that δ > 0 (iDEDM) ρde decreases over time, while δ < 0 (iDMDE) ρde

increases over time. The dark energy therefore effectively behaves like either quintessence or phan-

tom dark energy respectively, with an equation of state ωeff
de = ω + δ

3 . Since this effect continues

into the future, it will have consequences for the final fate of the universe model.
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We can now show that the Cosmological implications of a dark coupling hold for both coupling

functions considered. This is done by plotting the density parameters of dark matter Ωdm (3.81),

dark energy Ωde (3.82), radiation Ωr (2.3) and baryonic matter Ωbm (2.6):

Figure 3.14: Density parameters vs redshift - (Q2 = δHρde)

From Figures 3.13 and 3.14 it is seen that for δ > 0 (iDEDM), there is less dark matter and more

dark energy in the past, and vice versa for δ < 0 (iDMDE), as was previously seen in Figures 3.4

and 3.5. For δ > 0 the matter-radiation equality still happens later and the matter-dark energy

equality earlier in cosmic history, with the opposite holding for δ < 0. Here the deviation from

the ΛCDM model is significantly smaller than in Figure 3.4, with the equalities for all models hap-

pening very close to each other, as also seen in [103]. Expressions giving the exact redshift where

the radiation-matter z(r=dm+bm) (D.29) and matter-dark energy z(dm+bm=de) (D.36) equalities hap-

pen, are derived in Appendix D.3. Equation (D.29) was numerically solved and (D.36) analytically

solved, with the results shown in Tables 3.10 and 3.11. These results are indicated by the markers

in Figure 3.14, matching with where the corresponding densities intersect. From these results, we

once again confirm what was shown in (3.57) and in Table 3.1:

δ > 0 (iDEDM)

Radiation-matter equality: zIDE < zΛCDM happens later than ΛCDM

Matter-dark energy equality: zIDE > zΛCDM happens earlier than ΛCDM,

(3.98)

δ < 0 (iDMDE)

Radiation-matter equality: zIDE > zΛCDM happens earlier than ΛCDM

Matter-dark energy equality: zIDE < zΛCDM happens later than ΛCDM,

In Figure 3.13 it may also be seen that unlike Figure 3.4, there is complete matter domination

(Ωdm,Ωde)− = (1, 0), as in the ΛCDM case. For this model, dark energy never completely

dominates in the future, but instead dark matter and dark energy have the density parameters

(Ωdm+bm,Ωde)+ =
(
− δ

3ω , 1 + δ
3ω

)
from the attractor point (3.72).
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3.4.6 Evolution of deceleration parameter - Q2 = δHρde

For this model, we have seen that the density parameters mostly deviate from the ΛCDM model

during dark energy domination. We, therefore, expect this coupling function to change the be-

haviour of the deceleration parameter q and the effective equation of state for the fluid ωeff most

dramatically in the future expansion. The expressions for both q and ωeff are the same for all IDE

models, with only the density parameters Ωx differing. Thus, for this model, we have:

q = Ωr +
1

2
(Ωbm + Ωdm) +

1

2
Ωde (1 + 3ω) ; ωeff =

1
3Ωr + ωΩde

Ωr + Ωbm + Ωdm + Ωde
, (3.99)

where the density parameters for this model are that of dark matter Ωdm (3.81), dark energy Ωde

(3.82), radiation Ωr (2.3) and baryonic matter Ωbm (2.6). Plotting (3.99) with these parameters

yields the following figures:

Figure 3.15: Evolution of effective equation
of state ωeff with redshift (Q2 = δHρde)

Figure 3.16: Evolution of deceleration pa-
rameter q with redshift (1 + z) (Q2 = δHρde)

From Figures 3.15 and 3.16 we can see that the past behaviour for the coupled models are almost

identical to that of the ΛCDM model, with initial deceleration followed by acceleration from the

cosmic jerk onwards. This cosmic jerk occurs at the transition redshift zt, for which an analytical

expression (D.36) is derived in Appendix D.3. The transition redshift for all three models are

calculated from (D.36) and indicated by the marker in Figure 3.15 and 3.16, while the exact redshift

for each can be found in Tables 3.10 and 3.11. Based on these results, we can again confirm the

conclusions from (3.99) and Table 3.1, which state that:

Cosmic jerk (zt)

δ > 0 (iDEDM): zIDE > zΛCDM happens earlier than ΛCDM,

δ < 0 (iDMDE): zIDE < zΛCDM happens later than ΛCDM.
(3.100)

From Figures 3.6 and 3.16 it can also be seen that similar to the ΛCDM model, these models

experience complete radiation-domination (Ωr,Ωdm+bm,Ωde) ≈ (1, 0, 0) → q = 1 ; ωeff = 1/3,

followed by complete matter-domination (Ωr,Ωdm+bm,Ωde) ≈ (0, 1, 0)→ q = 1/2 ; ωeff = 0. As seen
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in Figure 3.14, these models don’t show complete dark energy domination, but instead the density

parameters are obtained from the attractor point (3.72), such that we have (Ωr,Ωdm+bm,Ωde) ≈(
0,− δ

3ω , 1 + δ
3ω

)
. The deceleration parameter (3.99) during dark energy domination then becomes:

q = Ωr +
1

2
(Ωbm + Ωdm) +

1

2
Ωde (1 + 3ω) = (0) +

1

2

(
− δ

3ω

)
+

1

2

(
1 +

δ

3ω

)
(1 + 3ω)

=
1

2

(
− δ

3ω
+

[
1 +

δ

3ω
+ (1 + 3ω)

])
=

1

2

(
1 + 3

[
ω +

δ

3

])
=

1

2

(
1 + 3ωeff

de

)
.

(3.101)

For the effective equation of state (3.99) we have:

ωeff =
1
3Ωr + ωΩde

Ωr + Ωbm + Ωdm + Ωde
=

1
3(0) + ω

(
1 + δ

3ω

)
(0) + (− δ

3ω ) +
(
1 + δ

3ω

) =
ω + δ

3

1
= ω +

δ

3
= ωeff

de , (3.102)

where both (3.101) and (3.102) reduce back to the ΛCDM case when either δ = 0 or ωeff
de = ωde. We

can now calculate q and ωeff for the parameters used in Figures 3.15 and 3.16. Thus, for δ = 0.25

(iDEDM) we have q = 1
2

(
1 + 3

[
−1 + 0.25

3(−1)

])
= −0.875 and ωeff =

(
−1 + 0.25

3(−1)

)
= 0.916, while

for δ = −0.25 (iDMDE) we have q = 1
2

(
1 + 3

[
−1 + 0.25

3(−1)

])
= −1.125 and ωeff =

(
−−0.25

3

)
= 1.083

for dark energy-domination. These results can be seen to exactly match the values that q and ωeff

converge to in Figures 3.15 and 3.16 during dark energy-domination.

This change in the deceleration parameter and effective equations of state can thus make the total

fluid effectively behave as quintessence or phantom dark energy, without necessarily having a dark

energy equation of state in that regime. Dark energy may have an equation of state ω < −1, but

will only have the consequences of the phantom-regime if there is a large enough negative coupling

such that ωeff
de < −1 → ω + δ

3 < −1 [103]. Thus, dark energy may behave like quintessence if

ωeff
de > −1 which corresponds to δ > 0 (iDEDM) or phantom dark energy ωeff

de < −1 when δ < 0

(iDMDE) as seen in Figures 3.15. This will have important consequences for the final fate of these

IDE model universes, which will be discussed in section 3.4.8.

3.4.7 Hubble parameter and age of the universe - Q2 = δHρde

The interaction Q2 will affect the age of the universe in the same way as Q1 in section 3.3.7. We

consider the age of the universe from the evolution of the Friedmann equation from (2.13):

∫ t

0
dt =

∫ a

0

1

H(a)
da ; H2(a) =

(
ȧ

a

)2

=
8πG

3
(ρr + ρbm + ρdm + ρde)−

kc2

a2
, (3.103)

where in this model we use the energy densities ρr (2.3); ρbm (2.6); ρdm (3.79); ρde (3.80) and

k = 0. Since both the deceleration parameter and the total effective equation of state deviates

mostly during dark energy domination, we expect the expansion rate to mostly change for future
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expansion. This may be seen by plotting the Hubble parameter (3.103), relative to the non-

interacting case (H/Hδ=0), against redshift. The evolution of the scale factor against time is also

plotted and the age of the universe calculated, by numerically integrating (3.103) with the 4th-order

Runge Kutta method, as detailed in Appendix A.4. This yields:

Figure 3.17: Relative Hubble parameter
(H/Hδ=0) vs redshift (Q2 = δHρde)

Figure 3.18: Evolution of scale factor with
time (Q2 = δHρde)

In Figure 3.17, H/Hδ=0 evolves similarly to Q1 in Figure 3.17. In both cases H/Hδ=0 < 1 for

δ > 0 (iDEDM) throughout most of the expansion history, indicating a faster expansion rate. This

is again due to the overall suppression of dark matter seen in Figure 3.14, which causes a lower

value for q and ωeff and therefore a slower expansion rate, as explained in section 3.3.7. This slower

expansion rate in turn causes an older age for the universe as seen in Figure 3.18. The opposite of

this holds for δ < 0 (iDEDM). We therefore confirm the following result from (3.68) and Table 3.1:

Age of universe (t0)

δ > 0 (iDEDM): t(0,IDE) > t(0,ΛCDM) Older universe than ΛCDM,

δ < 0 (iDMDE): t(0,IDE) < t(0,ΛCDM) Younger universe than ΛCDM.

(3.104)

In Figure 3.17, it can also be seen that H/Hδ=0 slightly deviates from the ΛCDM model in the

past, while greatly deviating for future expansion. Before considering this future expansion, we

need to consider the stability of this model.

3.4.8 Doom factor and big rip - Q2 = δHρde

As previously discussed with regard to the coupling Q1 in section (3.3.8), an equation of state

ω = −1, causes gravitational instabilities [108, 109]. The stability of this model will once again be

dependent on the doom factor d (3.14). This condition d < 0 guarantees an a priori stable universe

as discussed in section 3.2.4. Thus, for Q2 = δHρde we have the doom factor (3.14) [103]:

d2 =
Q2

3Hρde(1 + ω)
=

δHρde

3Hρde(1 + ω)
=

δ

3(1 + ω)
, (3.105)
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where we require d < 0 to ensure the stability of the universe. We can see from (3.65) that similar

to Q1 in (3.66), this only occurs if δ and (1 + ω) have opposite signs [87, 103, 105, 106, 108, 109]:

d2 < 0

δ < 0 ; ω > −1 (Quintessence regime)

δ > 0 ; ω < −1 (Phantom regime)
→ No instabilities expected

(3.106)

d2 > 0

δ > 0 ; ω > −1 (Quintessence regime)

δ < 0 ; ω < −1 (Phantom regime)
→ Instabilities can develop if d> 1.

Besides being stable, these models need to have positive energy throughout the entire past and fu-

ture expansion to be considered viable. We therefore need to consider the positive energy condition

0 < δ < −3ω/(1 + 1
r0

) in (3.87) and Table 3.7. Here it was shown that we will always have ρdm < 0

in the future if δ < 0 (iDMDE), which is unphysical. The results from (3.106) and (3.43) can be

taken together in the following table to determine the viability of the model:

δ Energy flow ω Dark energy d a priori stable ρdm > 0 ρde > 0 Viable

+ DE → DM < −1 Phantom -
√ √ √ √

+ DE → DM > −1 Quintessence + X
√ √

X

- DM → DE < −1 Phantom + X X
√

X

- DM → DE > −1 Quintessence -
√

X
√

X

Table 3.8: Stability and positive energy criteria (Q2 = δHρde)

From Table 3.8, we see that similar to Q1, the only scenario that is free from both negative energy

densities and instabilities, is phantom dark energy ω < −1 in the δ > 0 (iDEDM) regime. These

models will thus violate the Energy conditions of general relativity; and suffer from the conse-

quences of doing so [41]. Since ωeff
dm = ωeff

de = ω+ δ
3 (3.96) in the future, the value of δ will determine

if the universe model will experience a late time Big rip singularity. For a big rip to occur we need

ρde →∞ in a finite time. This will only occur for this model if ρde (3.76) increases with scale factor

as the universe expands, which only happens if the effective equation of state ωeff
de = ω + δ

3 < −1:

ρde = ρ(dm,0)a
−3(1+ω+ δ

3
) ; −3

(
1 + ω +

δ

3

)
> 0 if ωeff

de = ω +
δ

3
< −1. (3.107)

If condition (3.107) is obeyed, the equivalent equation to (2.50) for the time of the rip trip [10, 95]

can be derived for this IDE model (see Appendix E.3) as:

trip ≈ −
2

3H0(1 + ω + δ
3)

√(
1− δ

δ+3ω

) (
1− Ω(dm+bm,0)

) , (3.108)

which reduces back to (2.50) if δ = 0. The predicted time of the big rip (3.108) is plotted alongside

the evolution of the scale factor (using the Friedmann equation (3.103) in Figure 3.19:
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Figure 3.19: Evolution of energy density, scale factor and the big rip for phantom (ω = −1.15)
IDE models - (Q2 = δHρde)

In Figure 3.19, we can see that the predicted time of the big rip singularity trip (3.108) coincides

with the time at which both a → ∞ and ρde → ∞. The time trip is significantly affected by the

coupling, which coincides with what was found for Q1 (3.68), such that:

Big rip

δ > 0 (iDEDM): t(rip,IDE) > t(rip,ΛCDM) Later big rip than ΛCDM,

δ < 0 (iDMDE): t(rip,IDE) < t(rip,ΛCDM) Earlier big rip than ΛCDM.
(3.109)

Unlike Q1, these models can still be viable (ω < −1 in the δ > 0 (iDEDM) regime) and avoid a big

rip, as long as condition (3.107) is not met, such that ωeff
de = ω+ δ

3 > −1, while quintessence models

with ω > −1 may also have a big rip if ωeff
de < −1. These scenarios are expressed in Figure 3.20:

Figure 3.20: Evolution of energy density, scale factor and the big rip for vacuum (ω = −1),
quintessence (ω = −0.9) and phantom (ω = −1.1) IDE models - (Q2 = δHρde)
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3.4.9 Concluding remarks on IDE model Q2 = δHρde

We have seen that all the Cosmological implications of a dark coupling predicted in Table 3.1 hold

for both Q1 = δHρdm and Q2 = δHρde. The results for Q2 will be summarised below.

For this model, we have derived the often neglected positive energy condition 0 < δ < −3ω/(1+ 1
r0

)

(3.87), from which we note the important fact that the δ < 0 (iDMDE) regime will always lead

to ρdm < 0 in the future. This implies that the δ < 0 (iDMDE) regime should not be taken seri-

ously as a potential dark energy candidate. For the more viable δ > 0 (iDMDE) regime, we saw

that this model can solve the coincidence problem in the future, whilst alleviating the problem for

the past (3.97). Furthermore, as seen in model Q1, the iDMDE regime predicts a later radiation-

matter equality, while both the matter-dark energy equality (3.98) and cosmic jerk will occur earlier

(3.109). The age of these universe models will also be older (3.104). The opposite holds for δ < 0

(iDMDE). These important events may be quantitatively described with cosmological parameters

(2.25), for the cases δ = 0 (ΛCDM), δ = 0.25 (iDEDM) and δ = −0.25 (iDMDE), in Tables 3.9,

3.10 and 3.11 respectively.

Table 3.9: Important events in interacting dark energy model δ = 0.00 (ΛCDM) - Q2 = δHρde

Event Redshift z Time (Gyr) ρr ρdm+bm ρΛ (J/m3)

Big bang singularity ∞ 13.80 ∞ ∞ ∞
Radiation-matter equality 3499 13.80 10.9 10.9 5.5e-10

Cosmic jerk 0.63 6.12 5.2e-13 1.2e-9 5.5e-10

Matter-dark energy equality 0.30 3.50 2.1e-13 1.1e-9 5.5e-10

Table 3.10: Important events in interacting dark energy model δ = 0.25 (iDEDM) - Q2 = δHρde

Event Redshift z Time (Gyr) ρr ρdm+bm ρde (J/m3)

Big bang singularity ∞ 14.44 ∞ ∞ ∞
Radiation-matter equality 2807 14.44 4.5 4.5 4.0e-9

Cosmic jerk 0.82 7.23 8.0e-13 1.3e-9 6.4e-10

Matter-dark energy equality 0.39 4.35 2.7e-13 6.0e-10 6.0e-10

Table 3.11: Important events in interacting dark energy model δ = −0.25 (iDMDE) - Q2 = δHρde

Event Redshift z Time (Gyr) ρr ρm ρde (J/m3)

Big bang singularity ∞ 13.34 ∞ ∞ ∞
Radiation-matter equality 4084 13.34 20.3 20.3 6.6e-11

Cosmic jerk 0.52 5.29 7.8e-13 1.3e-9 6.4e-10

Matter-dark energy equality 0.24 2.93 1.7e-13 5.3e-10 5.3e-10

From Table 3.8, we see that the only viable regime for these models, which avoid both negative en-

ergy densities and gravitational instabilities, is phantom dark energy ω < −1 in the δ > 0 (iDEDM)

regime. Unlike Q1, these models will only experience a big rip future singularity at trip (3.108) if

the condition ωeff
de = ω + δ

3 < −1 (3.107) is met. Even if all theoretical constraints are met, any

viable model should also be consistent with observational data, which we will consider next.



CHAPTER 4

Constraining interacting dark energy models with supernovae data

4.1 Observational constraints and MCMC simulations

In this chapter, we will apply some observational constraints to interacting dark energy models.

There are many different cosmological data sets which include early time probes such as the CMB

[4] and large scale structure constraints from baryonic acoustic oscillations (BAO) [111–113], but

we will be considering Type Ia supernovae which were first used to discover Cosmic acceleration.

Utilising Type Ia supernovae, we will try to find the best Cosmological Parameters for our two

IDE models (within their domain of viability), followed by a Statistical analysis to see if the pre-

dicted expansion histories of our IDE models agree with the observations from supernovae data.

This will be done using a data set of 359 Type-Ia Supernovae. This data is used with a previously

developed Markov Chain Monte-Carlo (MCMC) simulation for a flat FLRW universe. See [114–116]

for the details of the MCMC simulation, which was originally developed to test f(R) gravity models

against the ΛCDM model [115]). Once the Distance modulus for any model is specified, this sim-

ulation finds the best luminosity distance function value for different combinations of cosmological

parameters. It then performs the relevant statistical analysis on these results as well. We therefore

only need to specify the distance modulus equations for our IDE models, edit the MCMC code

and then interpret the results obtained from the simulation. This MCMC simulation will first be

used on the ΛCDM model to obtain a baseline, against which we will compare our IDE models.

Once the best cosmological parameters for the interacting dark energy models have been found,

the results will be statistically compared to those of the ΛCDM model. Before doing this, we will

briefly discuss what Type Ia Supernovae are; and their significance as cosmological probes.

80
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4.2 Standard candles and type Ia supernovae

Type Ia supernovae are often used as data points in cosmology since they are considered standard

candles. Standard candles are objects whose absolute luminosity L are known; and thus their ob-

served luminosity flux is only dependent on their distance from the observer and no other stellar

properties [9]. This distance may be approximated with redshift z, and in an expanding universe,

the distances and redshift of these objects may be used together to determine the rate of expansion

at different times. These objects may therefore be used to test the Friedmann equation for any

model as a description of the expansion history of the universe.

Type Ia supernovae, like all supernovae, are exploding stars. The reason type Ia supernovae may be

considered standard candles is due to the process which ignites the explosion. Type Ia supernovae

are formed from a white dwarf in a binary system, which accretes mass from a main sequence stellar

companion [8]. White dwarfs are stellar remnants that mainly composed of carbon and oxygen.

These stars are supported against gravity not by nuclear fusion but by the quantum mechanical

effect known as electron degeneracy pressure, resulting from the Pauli exclusion principle. This

effect can support the gravity of a white dwarf up until it reaches a maximum mass limit, known

as the Chandrasekhar limit [117] which is approximately M ≈ 1.4M� [8, 118]. When the white

dwarf exceeds this limit (by accreting mass from its stellar companion), the dwarf collapses and

the increased density and pressure triggers a runaway nuclear fusion reaction within the star. This

reaction blows the star away in a massive explosion, the brightness of which can temporarily out-

shine all other stars in its host galaxy [10, 119, 120]. These explosions rise to a peak brightness

within a period of a few weeks, after which the brightness slowly fades over a few months, yielding

a characteristic light curve [8]. Since all type Ia supernovae happen by this same mechanism and

at the same critical mass, the explosions should have similar absolute luminosities and light curves.

The absolute luminosity may then be used to determine the distance to the supernovae. Type Ia

supernovae can therefore be regarded as standard candles.

The data used for this simulation is a set of 123 low redshift (0.01 < z < 0.1) and 236 inter-

mediate redshift (0.1 < z < 1.1) Type-Ia Supernovae (obtained from the SDSSII/SNLS2 Joint

Light-curve Analysis (JLA)), which may be found on the NASA extragalactic database (NED).

The full JLA dataset will not be used due to inefficiencies of the MCMC simulation as explained in

[114]. For these supernovae, the calculated absolute magnitude in the B-filter will be used (which

are found in [121–123])1

1 The complete supernovae dataset and the full code for the MCMC simulation, which produced all the
results in this chapter, can be found in the Google drive folder https://drive.google.com/drive/folders/

1Y3MhWzDrRC5v4D9jSCsAv_2X1QDwf7PW?usp=sharing

https://drive.google.com/drive/folders/1Y3MhWzDrRC5v4D9jSCsAv_2X1QDwf7PW?usp=sharing
https://drive.google.com/drive/folders/1Y3MhWzDrRC5v4D9jSCsAv_2X1QDwf7PW?usp=sharing
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4.3 Distance modulus

To compare the supernovae data with the predictions of our models, we need a distance modu-

lus equation which relates the difference u between the apparent magnitude m and the absolute

magnitude M of an object, such that [10]:

u = m−M = 25 + 5× log10(DL) (4.1)

where DL is the luminosity distance. We want this quantity in terms of redshift z, so DL will be

related to the transverse comoving distance DM , such that:

DL = (1 + z)DM, (4.2)

where DM is in turn related to the curvature parameter Ωk:

DM =


DH

1
Ωk

sinh
(√

Ωk
Dc
DH

)
for Ωk > 0

Dc for Ωk = 0

DH
1
|Ωk| sinh

(√
Ωk

Dc
DH

)
for Ωk < 0;

(4.3)

where DH is the Hubble distance and Dc is the line-of sight co-moving distance (LSCD). Since we

are making the simplifying assumption that the universe is flat (Ωk = 0), the transverse comoving

distance will be equal to the LSCD (DM = Dc). The LSCD Dc may in return be defined as [9]:

Dc =

∫ t0

0

cdt

a
=

c

H0

∫ z

0

dz′

jh(z′)
= D(H,0)

∫ z

0

dz′

h(z′)
, (4.4)

with z′ the redshift of the object you are observing and h(z′) the normalised Hubble parameter

h(z) = H(z)
H0

. Finally, we also have the current Hubble distance D(H,0) as:

D(H,0) =
c

H0
=

3× 108 m.s−1

100h̄ km.s−1Mpc−1
= 3000h̄−1Mpc, (4.5)

with h the uncertainty in the measured value of H0 (with h = 0.674 for CMB data [4]) [11]. Taking

all this together (substituting (4.5) into (4.4), substituting that result into (4.3), which is again

substituted into (4.2), which is finally substituted into (4.1)) gives the distance modulus as:

u = m−M = 25 + 5× log10

(
3000h̄−1(1 + z)

∫ z

0

dz′

h(z′)

)
, (4.6)

where the corresponding normalised Hubble parameter h(z) can be substituted in for each model.

To do this analysis, we now need to obtain the normalised Hubble parameter h(z) for the ΛCDM

model, as well as the IDE models Q1 = δHρdm and Q2 = δHρde.
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4.3.1 Distance modulus ΛCDM

To simplify our models, we will assume a flat universe in which the radiation density is negligible

(such that Ωk = Ωr = 0). For the ΛCDM model, the normalised Hubble parameter h(z) is obtained

from H(z) (2.19):

h(z) =
H(z)

H0
=
√

Ω(r,0)(1 + z′)4 + Ω(m,0)(1 + z′)3 + Ω(Λ,0) + Ω(k,0)(1 + z′)2

=
√

Ω(m,0)(1 + z′)3 + Ω(Λ,0)

=
√

Ω(m,0)(1 + z′)3 + (1− Ω(m,0)),

(4.7)

where in the second step we assumed the universe to be flat, with a negligible contribution from

radiation (such that Ωk = Ωr = 0, while noting that in a flat universe Ω(Λ,0) = 1 − Ω(m,0) (1.33)).

The distance modulus for the ΛCDM model is then obtained by substituting in the normalised

Hubble parameter from (4.7) into (4.6), which gives:

u = m−M = 25 + 5× log10

3000h̄−1(1 + z)

∫ z

0

dz′√
Ω(m,0)(1 + z′)3 + (1− Ω(m,0))

 , (4.8)

where we can see that for the ΛCDM model under these assumptions, there are only K = 2 free

parameters: h̄ and Ω(m,0).

4.3.2 Distance modulus Q1 = δHρdm

To find the normalised Hubble parameter h(z) for this model, we take the corresponding Friedmann

equation (3.63) with energy densities ρbm (2.6), ρdm (3.38), ρde (3.39) and k = ρr = 0, yielding:

h(z) =

√
8πG

3H2
0

(ρbm + ρdm + ρde)

=

√(
Ω(de,0) + Ω(dm,0)

δ

δ + 3ω

[
1− (1 + z′)−(δ+3ω)

])
(1 + z)3(1+ω)

√
+Ω(dm,0)(1 + z′)−(δ−3) + Ω(bm,0)(1 + z′)3

=

√((
1− Ω(bm,0) − Ω(dm,0)

)
+ Ω(dm,0)

δ

δ + 3ω

[
1− (1 + z′)−(δ+3ω)

])
(1 + z)3(1+ω)

√
+Ω(dm,0)(1 + z′)−(δ−3) + Ω(bm,0)(1 + z′)3.

(4.9)

This IDE model has at least K = 5 free parameters: h̄ ; Ω(dm,0) ; Ω(bm,0) ; ω and δ. This is three

more than the uncoupled ΛCDM model.
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4.3.3 Distance modulus Q2 = δHρde

To find the normalised Hubble parameter h(z) for this model, we take the corresponding Friedmann

equation (3.103) with energy densities ρbm (2.6), ρdm (3.79) and ρde (3.80) and k = ρr = 0, thus:

h(z) =

√
8πG

3H2
0

(ρbm + ρdm + ρde)

=

√(
Ω(dm,0) + Ω(de,0)

δ

δ + 3ω

[
1− (1 + z′)(δ+3ω)

])
(1 + z′)3 + Ω(de,0)(1 + z′)(3+3ω+δ)

√
+Ω(bm,0)(1 + z′)3

=

√(
(1 + z′)(3ω+δ) +

δ

δ + 3ω

[
1− (1 + z′)(δ+3ω)

])
Ω(de,0)(1 + z′)3

√
+
(
Ω(dm,0) + Ω(bm,0)

)
(1 + z′)3

=

√[(
1− δ

δ + 3ω

)
(1 + z′)(3ω+δ) +

δ

δ + 3ω

]
Ω(de,0)(1 + z′)3 +

(
Ω(dm,0) + Ω(bm,0)

)
(1 + z′)3

=

√[(
1− δ

δ + 3ω

)
(1 + z′)(3ω+δ) +

δ

δ + 3ω

] (
1− Ω(m,0)

)
(1 + z′)3 + Ω(m,0)(1 + z′)3

(4.10)

This coupled model has K = 4 free parameters: h̄ ; Ω(m,0) ; ω and δ. This is two more than

the uncoupled ΛCDM model, but one less than the Q1 = δHρdm coupling. This is due to the

dark matter and baryonic matter that can be grouped together (Ω(dm,0) + Ω(bm,0) = Ω(m,0)), as

was originally done in (3.71); due to the coupling function being proportional to the dark energy

density Q2 ∝ ρde. Conversely, in coupling Q1, the coupling strength is proportional to only the

dark matter density Q1 ∝ ρdm, and not the total matter density. Thus, dark matter and baryonic

matter cannot be grouped together. This can be seen in the difference between the Friedmann

equations (4.10) and (4.9).

4.4 Cosmological Parameters

Using the MCMC simulation, the distance modulus for each model can be fitted to the supernovae

data from which it can determine the most probable set of free parameter values for each model.

From Tables 3.3 and 3.8 we saw that for both IDE models, the only viable regime (avoiding both

negative energy densities and gravitational instabilities) is phantom dark energy ω < −1 in the

δ > 0 (iDEDM) regime. These constraints on the free parameters are used to establish priors,

which were chosen as:

0 < Ωm/dm < 1 ; 0 < h̄ < 1 ; −1.5 < ω < −1 ; 0 < δ < 1 ; 0 < Ωbm < 0.1 (4.11)
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These constraints are used for the ΛCDM, Q1 and Q2 models, with the applicable set of parameters

for each model. These priors ensure that we have matter in the universe (0 < Ωm/dm < 1),

that the universe is expanding ( 0 < h̄ < 1); all energy densities remain positive throughout

past and future evolution 0 < δ < 1, while avoiding the presence of any early time instabilities

−1.5 < ω < −1. In the MCMC simulation, we used 100 random walkers, each taking 10000 steps.

These parameters were chosen by trial and error to produce meaningful results while constrained

by available computational power. We may now consider the results for the baseline ΛCDM model.

4.4.1 Cosmological parameters - ΛCDM

For the ΛCDM model, we only have two free parameters, which are h̄ and Ω(m,0) in (4.8). Therefore,

only the first two constraints 0 < Ωm < 1 ; 0 < h̄ < 1 in (4.11) will apply, with the other parameters

fixed such that ω = −1 and δ = 0. Running the MCMC simulation [114] produces Figure 4.1:

Figure 4.1: MCMC simulation results - (ΛCDM)

In Figure 4.1, the most probable parameter value is indicated by the middle dashed line for each

parameter, assuming a Gaussian distribution [114]. The other two dashed lines on either side of the

best value indicate a single standard deviation σ error on this calculated value. Thus, from Figure

4.1 we obtain the parameters Ωm = 0.268+0.0268
−0.024 and h̄ = 0.697+0.005

−0.005. Comparing these results with

the Planck CMB parameters (2.25), we find that our analysis yields a slightly lower value for Ωm,

which in turn may cause the larger obtained value of h̄ (as discussed in sections 3.3.7 and 3.4.7).

This larger value of h̄ is characteristic of analysis using type Ia supernovae data, as discussed in
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The Hubble tension. It should be noted that the value of h̄ = 0.697 is also lower than the value

found of h̄ = 0.743 by [90, 91] who also used type Ia supernovae data. This may be due to the

limited capabilities of our MCMC simulation. We should therefore expect this MCMC simulation

to predict slightly lower values of h̄ than other more sophisticated models.

Using the parameters from Figure 4.1 alongside the distance modulus (4.8), the ΛCDM model

may be fitted to the supernovae data. This yields Figure 4.2

Figure 4.2: ΛCDM model fitted with supernovae data

The predicted distance modulus for the ΛCDM model (4.8) is indicated by the purple line in the

left panel of Figure 4.2, with its error margins indicated by the barely visible green lines on either

side of the purple line. The different coloured data points correspond to the absolute magnitudes

calculated in [121] (cyan), [122] (red) and [123] (green). It can immediately be seen that the ΛCDM

model is a good fit, as the predicted values fit the data points well. On the right panel, we have

also plotted the residual distance between the predicted distance modulus (4.8) and the distance

from data at any given redshift. This average residual distance from all points can be seen to be

calculated as x̄res = −0.0387, with a standard deviation of σres = 0.21480, matching what was

found in [114, 115]. These values are very small and indicative of how well the ΛCDM model with

the parameters from Figure 4.1 fit the data. We will now move on to the first IDE model.

4.4.2 Cosmological parameters - Q1 = δHρdm

For IDE model Q1 = δHρdm, we have 5 free parameters, which are h̄ ; Ω(dm,0) ; Ω(bm,0) ; ω and

δ from (4.9), thus all the constraints in (4.11) will apply for this model. We use the results from

Figure 4.1 as priors for the MCMC simulation, such that h̄ = 0.697, δ = 0 and ω = −1. For dark

and baryonic matter, we use Ωdm = 0.266 and Ωbm = 0.049 from the Planck CMB parameters

(2.25). Running the MCMC simulation [114] with distance modulus (4.9) produces Figure 4.4:
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Figure 4.3: MCMC simulation results - (Q1 = δHρdm)

From Figure 4.3 we can see that Ωdm = 0.370+0.098
−0.078 and h̄ = 0.672+0.019

−0.029 have a Gaussian dis-

tribution and can be seen to be well constrained, Ωdm more so than h̄. Here Ωdm is much larger

than the ΛCDM model, which corresponds to a slower expansion rate and therefore a lower value of

h̄. Conversely, the parameters Ωdm, ω and δ show a more uniform distribution, indicating that all

the previous parameter values in the range considered have an almost equal probability of occurring

[114]. This implies that these parameters are unconstrained with the present MCMC simulation

and dataset. These parameters do show a tendency for a one-sided tail, which indicates that some

parameter values did fit the data better than others [114], but this effect is small for this model.

To constrain these parameters satisfactorily, we need to consider more datasets or use a more so-

phisticated MCMC simulation.

Despite the parameters being unconstrained, we can still use the distance modulus (4.9) to fit

the Q1 = δHρdm model to the supernovae data, which yields Figure 4.4:
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Figure 4.4: Q1 = δHρdm model fitted with supernovae data

In Figure 4.4 we can see that this model fits the supernovae data well, as the predicted distance

modulus corresponds with the data points. This can be also be seen by the small average residual

distance of x̄res = −0.0364 and standard deviation of σres = 0.21460, both smaller than the results

found for the ΛCDM model in Figure 4.2. This observation will be discussed in the next section.

4.4.3 Cosmological parameters - Q2 = δHρde

For IDE model Q2 = δHρde, we have 4 free parameters, which are h̄ ; Ω(m,0) ; ω and δ from (4.10).

The first four constraints in (4.11) will thus apply. The results from Figure 4.1 is used as priors for

the MCMC simulation. The MCMC simulation with distance modulus (4.9) produces Figure 4.5:

Figure 4.5: MCMC simulation results - (Q2 = δHρde)
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From Figure 4.5 we can see that once again Ωdm = 0.345+0.042
−0.039 and h̄ = 0.696+0.005

−0.005 have a Gaussian

distribution and are constrained, with h̄ being far better constrained than for Q1 in Figure 4.3.

Similarly, the parameters ω and δ are not well constrained, but show a more prominent one-sided

tail than Q1. Even though ω and δ are not well constrained, it may be interesting to note that these

parameters yield a dark energy effective equation of state (3.78) of ωeff
de = ω+ δ

3 = −1.116 + 0.332
3 =

−1.005, which effectively mimics a cosmological constant. One should therefore expect this model

to fit the data in a similar manner to the ΛCDM model. Thus, using the distance modulus (4.10)

to fit the Q2 = δHρde model to the supernovae data yields Figure 4.6:

Figure 4.6: Q2 = δHρde model fitted with supernovae data

As expected, this model shows a good fit to the supernovae data, as the predicted values are

consistent with the data points. This is again reflected by the small average residual distance of

x̄res = −0.0372 and standard deviation of σres = 0.21498. It should be noted that there are more

free parameters for both Q1 and Q2, which makes it easier to fit a data set without necessarily

implying that the underlying physics of these models are a better description of the data considered.

To clarify how well the IDE models fit the data in comparison to the ΛCDM model, we will need

to do a Statistical analysis that takes the number of free parameters into account.

4.4.4 Implications of observational parameters

We have used a MCMC simulation to produce the results in Figures 4.1, 4.3 and 4.5. The best set

of cosmological parameters obtained for each model is summed up in Table 4.2 below:

Model Ω(m,0) Ω(dm,0) Ω(bm,0) h̄ ω δ

ΛCDM 0.268+0.025
−0.024 - - 0.697+0.005

−0.005 −1.000+0.000
−0.000 0.000+0.000

−0.000

Q1 = δHρdm - 0.370+0.098
−0.078 0.056+0.030

−0.031 0.672+0.019
−0.029 −1.291+0.181

−0.146 0.471+0.347
−0.322

Q2 = δHρde 0.345+0.042
−0.039 - - 0.696+0.005

−0.005 −1.116+0.073
−0.059 0.332+0.363

−0.240

Table 4.1: Cosmological parameters from MCMC simulation with type Ia supernovae data
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In Table 4.2 we can see that dark matter and baryonic matter may be grouped together (Ω(dm,0) +

Ω(bm,0) = Ω(m,0)) for the ΛCDM and Q2 = δHρde models, while being separately constrained for

Q1 = δHρdm, due to the coupling strength being proportional to only the dark matter density

Q1 ∝ ρdm, and not the total matter density. It may again be noted that both IDE models were

theoretically constrained to have phantom dark energy (ω < −1), with an interaction in the iDEDM

regime (δ > 0). Furthermore, Q2 was found to have a dark energy effective equation of state (3.78)

of ωeff
de = ω + δ

3 = −1.116 + 0.332
3 = −1.005, which mimics a cosmological constant.

For both IDE models, we see a supposed non-zero detection of an interaction between dark matter

and dark energy within the error bars. This result, δ > 0, physically implies energy flow from dark

energy to dark matter (iDEDM regime). This result should not be taken too seriously since the

parameters in Figures 4.3 and 4.5 were not reliably constrained and suffer from degeneracies. More

data sets and more sophisticated MCMC models will be needed to provide reliable cosmological

constraints. For a recent discussion on ‘fake’ interacting dark energy detections and how to address

this problem, see [124].

Besides this fake detection of δ, we can see that the IDE models predict more matter Ωdm/m

in the universe, which coincides with a slower expansion rate and a thus smaller value of h̄, espe-

cially in the case of Q1. In this case, the lower value of h̄ = 0.672 is closer to the measured value

of h̄ = 0.674 from the CMB by the Planck collaboration [4]. This may seem to alleviate the The

Hubble tension greatly, but this would be a premature conclusion as the calculated value of h̄ is

model dependent. We would thus need to constrain h̄ for a single model, using both CMB and

supernovae datasets. The potential of these IDE models to solve the Hubble tension has shown

great promise, as seen in [87, 105, 106, 108, 109]. Here the general conclusion seems to be that

iDMDE (δ < 0) alleviates, while iDEDM (δ > 0) worsens the Hubble tension. This is an active

area of research, and for us to contribute to this discussion, we will need to consider additional sets

of cosmological data and use more developed MCMC simulations.

4.5 Statistical analysis

4.5.1 AIC and BIC values

A statistical analysis of the viability of IDE models will now be done, using the Akaike information

criterion (AIC) as well as the Bayesian/Schwarz information criterion (BIC or SIC), as was done

by [114, 115] who developed the MCMC simulation. Both the AIC and BIC selection need a prior

‘true’ model with which the new model will be compared. For this ”true” model, the ΛCDM model
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is chosen. The AIC and BIC values are obtained from their definitions:

AIC = −2 ln
(
L
(
θ̂|data

))
+ 2K, (4.12)

BIC = −2 ln
(
L
(
θ̂|data

))
+K log (n), (4.13)

with L
(
θ̂|data

)
the likelihood function of a model, K the number of free parameters and n the

amount of data points. The likelihood function is obtained by assuming a Gaussian distribution,

which has a distribution function:

L
(
θ̂|data

)
= exp

(
−1

2

∑
n

[
(µdata − µtheoretical)

σ2

])
, (4.14)

with σ the standard deviation, udata the distance modulus for each supernova data point and

µtheoretical the distance modulus predicted for each model using (4.6). Substituting (4.14) into

(4.12) and (4.13) gives:

AIC =
∑
n

[
(µdata − µtheoretical)

σ2

]
+ 2K, (4.15)

BIC =
∑
n

[
(µdata − µtheoretical)

σ2

]
+K log (n). (4.16)

The AIC and BIC values only gain significance when compared with the ‘true’ model. This is

done by working out the difference between AIC and BIC values for the coupled models and the

ΛCDM model, thus:

|∆AIC| = AICmodel −AICtrue (4.17)

|∆BIC| = BICmodel −BICtrue. (4.18)

These values tell you whether your model can be seen as valid with regard to the ‘true’ model. A

useful scale that was previously adopted for the MCMC simulation [114], is the Jeffrey’s scale:

|∆IC| ≤ 2 → well supported

4 ≤|∆IC| ≤ 7 → less supported

|∆IC| > 10 → not supported.

(4.19)

It should be noted that this is ‘supported’ with regard to the ‘true’ (ΛCDM) model. The Jeffrey’s

scale is not the only scale for this type of analysis and should be handled cautiously. It should

therefore not be seen as a final verdict, but as a rule of thumb to the validity of these models [125].

This statistical analysis was built into the MCMC simulation we have used [114, 115]. Besides

determining the likelihood function L
(
θ̂|data

)
(4.14), AIC (4.12), BIC (4.14), |∆AIC| (4.17) and

|∆BIC| (4.18) values for a given cosmological model, the simulation also calculates the χ2 and

reduced χ2 values. The results from the analysis will be discussed next.
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4.5.2 Results from the statistical analysis

It should be noted that the L
(
θ̂|data

)
, χ2 and reduced χ2 will tell us if the model fits the super-

novae data. In general, a reduced χ2 value of 0.5 < χ2 < 3 indicates a good fit, while the largest

likelihood function L
(
θ̂|data

)
value has the highest likelihood of being viable [114, 115].

To do this analysis we need the average residual deviation x̄res and standard deviation σres for

each model, which were found in Figures 4.2, 4.4 and 4.6 and summarised in Table 4.2 below.

Model x̄res σres

ΛCDM −0.0387 0.21480

Q1 = δHρdm −0.0364 0.21416

Q2 = δHρde −0.0372 0.21498

Table 4.2: Average residual deviation x̄res and standard deviation with type Ia supernovae data

Taking the above into consideration, the statistical analysis for our models yielded Table 4.3:

Model L
(
θ̂|data

)
χ2 Reduced χ2 AIC |∆AIC| BIC |∆BIC|

Q2 = δHρde −120.6976 241.3953 0.6799 249.3953 3.9787 264.9286 11.7454

ΛCDM −120.7083 241.4166 0.6762 245.4166 0 253.1832 0

Q1 = δHρdm −121.9973 243.9946 0.6892 253.9946 8.5780 273.4112 20.2280

Table 4.3: Statistical analysis results of each model against type Ia supernovae data

In Table (4.3), we have listed the models in the order of the largest L
(
θ̂|data

)
(most viable) to

the smallest (least viable). Here we see that model Q2 = δHρde fits the data even better than the

ΛCDM model. We also see from the reduced χ2 results that all three models fit the data well, as

they are close to the lower bound of the criteria 0.5 < χ2 < 3. When we consider the |∆AIC| and

|∆BIC| results, these models start performing worse.

Using the Jeffrey’s scale (4.19), the IDE model Q1 = δHρdm has little to no support, even though

the average residual distance x̄res and standard deviation σres of this model was smaller than that of

the ΛCDM model. This may be due to the AIC and BIC values taking into account the amount of

free parameters, which caused this model to suffer. Conversely, the coupling function Q2 = δHρde

can be seen to be within the criteria to have observational support for |∆AIC|, while being rejected

using |∆BIC| criteria.

The Q1 = δHρdm model may therefore be observationally rejected from this criteria, while the

Q2 = δHρde model performed better and may still be viable. This motivates future research

with additional cosmological datasets.



CHAPTER 5

Conclusions

In this dissertation, we have explored the theoretical and observational viability, as well as the

cosmological implications of interacting dark energy models.

To do this, we first needed to understand why there is a need for new exotic cosmological models.

Therefore, we looked at the historical development of cosmology to understand how we got to the

present standard ΛCDM model, as well as its limitations and the need for developments beyond this

standard model. Our study began with the foundations of modern cosmology, General relativity

and the cosmological field equations, where we saw that what we experience as the force of gravity

can be explained by the The Einstein field equations which, relates the curvature of spacetime to

its stress-energy content. These field equations can, in turn, be applied to the universe as a whole,

relating its total energy content to its curvature and subsequent evolution. This was done in our

Derivation of the cosmological field equations, where we assumed an isotropic and homogeneous

universe (as described by the The Friedmann-Lemâıtre-Robertson-Walker metric). This yielded

the two most essential equations in cosmology, the two Friedmann equations, which can be used

to determine the origin, evolution and fate of the universe from its energy content (which is inti-

mately related to the Geometry of the universe). Determining the density and properties of the

Components of the universe should thus determine the nature of a cosmological model.

Once we had these foundational tools for our study, we considered the ΛCDM and other non-

interacting models, these are cosmological models that contain Radiation, Matter and Dark energy,

of which the total energy of each component is separately conserved. The first modern cosmological

model we examined was Einstein’s static universe. This model first introduced dark energy in the

93
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form of a cosmological constant Λ, but was discarded due to being unstable, as well as contradicting

the discovery of the Hubble-Lemâıtre law, which indicated an expanding universe. Our study then

moved on to early expanding universe models, the Friedmann and Lemâıtre cosmological models.

For these models, we could analytically solve the Friedmann equations to determine each model’s

entire expansion history and age. Here we also saw that the density of radiation, matter and dark

energy determines whether the universe experiences a big bang or a big bounce origin; and either a

big crunch or a big chill (heat death) end. These models were informative but had to be discarded

due to the discovery of Cosmic acceleration in 1998, which paved the way to the present standard

model of cosmology, the ΛCDM model. From the Cosmological parameters, obtained from the

Planck telescope in 2018, it was shown that the ΛCDM model predicts a universe that presently

consists of approximately 5% baryonic matter, 26% dark matter and 69% dark energy (in the form

of vacuum energy or a cosmological constant Λ). Thus 95% of the energy density in the universe

is distributed between the dark sectors, of which very little is known. Using these parameters, the

ΛCDM model was shown to have a big bang origin 13.8 billion years ago, followed by Radiation,

matter and dark energy dominated epochs. The universe was initially decelerating before entering

an epoch (about 6 billion years ago) of indefinite accelerating expansion, in which the universe ends

with a slow heat death. The predictions of this model agree remarkably well with observations, but

Problems with the ΛCDM model remain.

These problems include the The cosmological constant problem, in which the measured energy

density of the vacuum is over 120 orders of magnitude smaller than the theoretical prediction. This

casts doubt on dark energy being a cosmological constant, thus motivating research into alternative

dark energy models. The second problem is The cosmic coincidence problem, which refers to the

coincidence that the dark matter and dark energy densities are the same order of magnitude at

the present, when we happen to observe the universe, but differ with many orders of magnitude

in the past and the predicted future. This motivates research into dark matter and dark energy

models that maintain a small or constant ratio in the past or future expansion. Finally, The Hubble

tension concerns the 4.4σ level discrepancy between the value of the Hubble constant H0 predicted

by the ΛCDM model, using data either from the CMB or Type Ia supernovae. Therefore, any

model which can alleviate this discrepancy may be a viable candidate for dark energy. Due to the

problems associated with a cosmological constant, we took a brief look at Quintessence and phan-

tom dark energy models, showing how phantom dark energy leads to a future Big rip singularity.

To address these problems, we introduced Interacting dark energy models (IDE), where dark mat-

ter and dark energy are coupled and may have non-gravitational interactions. Since 95% of the

universe’s energy density is located in the dark sectors, and since the properties of both dark matter

and dark energy are not well constrained, there may be undiscovered interactions in the largest

sector of the universe. These dark interactions were grouped into two regimes where energy flows

from dark energy to dark matter, as the interacting Dark Energy Dark Matter regime (iDEDM) and
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vice versa as the interacting Dark Matter Dark Energy regime (iDMDE). There are many different

IDE models (specified by a coupling function Q), but some general Properties of interacting dark

energy models were found to hold. The most important of these, and the reason these models were

introduced, is their potential for Addressing the coincidence problem. Here we saw that if energy

flows from dark energy to dark matter (iDEDM), then dark matter and dark energy may red-

shift and dilute with cosmic expansion at a more similar rate, alleviating the coincidence problem.

This effect may even cause dark matter and dark energy to redshift at the exact same rate (when

ωeff
dm = ωeff

de ), which will completely stabilise the ratio of dark matter to dark energy throughout

expansion. This would mean that the presently observed ratio of dark matter to dark energy is

not coincidental, but a general property of the universe, thus solving the coincidence problem. The

opposite holds for the iDMDE regime, which worsens the magnitude of the coincidence problem.

Besides addressing the coincidence problem, there are other Cosmological implications of a dark

coupling. It was shown that relative to the ΛCDM model, in the iDEDM regime, we find that

the radiation-matter equality happens at a later time. In contrast, both the matter-dark energy

equality and the cosmic jerk happen earlier. The age of these universe models will also be older.

The opposite holds for the iDMDE case. These results are summarised in Table 3.1.

Due to the potential for these models to solve the coincidence problem, IDE models may be seen as

an attractive alternative to the ΛCDM model. To be a valid alternative, these models need to be

free of theoretical problems such as predicted negative energy densities and instabilities while also

meeting observational constraints. Due to the energy flow between dark matter and dark energy,

these models may easily suffer from negative energy densities, which we considered unphysical. We,

therefore, derived general expressions which may be used to find the Evolution of energy densities

and phase portraits for IDE models with any coupling function Q. These phase portraits may be

used to see whether there are repulsor or attractor solutions with negative energy densities, thus

ruling out the model considered. Furthermore, to ensure that these models are a priori stable, we

considered the Instabilities and the doom factor for IDE models. Thus, to avoid negative energy

densities and instabilities, the combination of cosmological parameters must be carefully chosen.

To explicitly show that these properties hold, we considered two IDE case studies that have linear

coupling functions, Interaction model 1: Q1 = δHρdm and Interaction model 2: Q2 = δHρde. The

central difference between the two models was that the effect of the coupling is most prominent in

the past expansion for Q1 = δHρdm, while being more prominent in the future for Q2 = δHρde.

This can be seen by the fact that both models alleviate the coincidence problem in the iDEDM

(δ > 0) regime, but Q1 = δHρdm completely solves the problem for past expansion (see Figure

3.3), while Q2 = δHρde solves the problem for future expansion (see Figure 3.12). Furthermore,

for both models we derived explicit equations for the redshift at which Important events in cosmic

history occur, this includes radiation-matter equality, matter-dark energy equality and the cosmic

jerk. From these results, we found that all the predictions in Table 3.1 hold for both models.
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To ensure that these models are theoretically viable, we derived the Positive energy conditions

- Q1 = δHρdm: 0 < δ < − 3ω
(1+r0) ; and Positive energy density conditions - Q2 = δHρde:

0 < δ < − 3ω
1+ 1

r0

. From these conditions we find that the iDMDE regime δ < 0 always leads to

negative energies. For Q1 = δHρdm, the iDMDE regime always leads to negative dark energy den-

sities in the past, while for Q2 = δHρde the iDMDE regime causes negative dark matter densities

in the future expansions. This fact may also be directly observed from the repulsor and attractor

points in the phase portraits for both models (Figures 3.2 and 3.11). Since negative energy densities

are unphysical (even those predicted to occur in the future), the iDMDE regime should not

be taken seriously as a potential dark energy candidate. This fact is often neglected in

literature, where Q2 = δHρde in the iDMDE regime is regularly used, without any reference to the

negative dark matter density in the future. It should be made clear that this point only holds for

the couplings Q1 = δHρdm and Q2 = δHρde, and may not be the case for other IDE models.

From the doom factor analysis for both IDE models, we saw that the only way to ensure a priori

stable universes is if the coupling constant δ and the dark energy equation of state (1 + ω) have

opposite signs, as often noted in literature. Combining this with the positive energy conditions,

we find that the only viable scenario, which is free of negative energy densities and a priori stable,

is phantom dark energy ω < −1 in the iDEDM regime (see Tables 3.3 and 3.8). For both IDE

models, the dark energy will thus violate the Energy conditions of general relativity associated with

phantom dark energy. This immediately makes both IDE models less attractive from a theoretical

viewpoint. For Q1 = δHρdm, the phantom dark energy will have the consequence that the universe

will end in a future big rip singularity (see Figure 3.10). For Q2 = δHρde, the big rip may still be

avoided as long as the dark energy effective equation of state ωeff
de = ω+ δ

3 < −1 (which can be seen

in Figures 3.19 and 3.20). For both models, we derived expressions for The time of the big rip.

Finally, we used Standard candles and type Ia supernovae to see if the predicted expansion his-

tory from our IDE models (within their domain of viability δ > 0 ; ω < −1) could meet ob-

servational constraints. This was done using a data set of 359 Type-Ia supernovae with a pre-

viously developed MCMC simulation. The MCMC simulation used the Distance modulus for

a model, to determine the best combination of Cosmological Parameters for that model. For

Q1 = δHρdm, this analysis resulted in the parameters Ω(dm,0) = 0.370+0.098
−0.078 ; Ω(bm,0) = 0.056+0.030

−0.031

; h̄ = 0.672+0.019
−0.029 ; ω = −1.291+0.181

−0.146 and δ = 0.471+0.347
−0.322. For Q2 = δHρde we obtained the pa-

rameters Ω(m,0) = 0.345+0.042
−0.039; h̄ = 0.696+0.005

−0.005 ; ω = −1.116+0.073
−0.059 and δ = 0.332+0.363

−0.240. Here ω and

δ were unreliably constrained for both models (see Figures 4.3 and 4.5), thus any indication of a

non-zero detection of δ should not be taken seriously. Furthermore, both IDE models indicated a

lower Hubble constant than what the ΛCDM model found with the same supernovae data. These

lower values are closer to the Hubble constant measured from the CMB and may seem to relieve

the The Hubble tension. This conclusion can unfortunately not be made, since these results are

model dependent and our parameters were unreliably constrained.
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Using the cosmological parameters obtained from the MCMC simulation, we fitted the distance

modulus of both IDE models to the supernovae data to see whether the predicted expansion histories

of our models coincide with observations. For both models we found a good fit, with Q1 = δHρdm

having an average residual distance of x̄res = −0.0364 and a standard deviation of σres = 0.21460

(see Figure 4.4), which was even smaller than the results obtained from the ΛCDM model. Simi-

larly, Q2 = δHρde had a small average residual distance of x̄res = −0.0372 and a standard deviation

of σres = 0.21498. These results may be attributed to the larger amount of free parameters causing

degeneracies, making it easier to fit the data. We therefore applied a larger Statistical analysis

to the IDE models, which takes the number of free parameters into account. The Results from

the statistical analysis can be seen in Table 4.3. Here it was found that Q2 = δHρde had the

highest likelihood function, indicating that this model fits the supernovae data even better than

the ΛCDM model. In terms of the likelihood function Q1 = δHρdm did slightly worse, but showed

an overall good fit as well. When the |∆AIC| and |∆BIC| results were considered, it was found

that Q1 = δHρdm was completely rejected, while Q2 = δHρde showed some observational support.

The |∆AIC| and |∆BIC| shows how well a model is ‘supported’ with regard to the ‘true’ (ΛCDM)

model. Thus, Q2 = δHρde may have performed better since the dark energy in this model has an ef-

fective equation of state ωeff
de = ω+ δ

3 = −1.116+ 0.332
3 = −1.005, mimicking a cosmological constant.

To make any sound conclusions on the potential of IDE models, to address the Hubble tension

and determine if observations rule out or support our models, we will need to consider more data

sets from different cosmological probes. These may include constraints from the CMB and large-

scale structure. This may be seen as a departure point for future work. Furthermore, the research

on the theoretical viability of IDE models should be expanded. A complete perturbation analysis

of these models, to move beyond the doom factor, is also recommended; and a more in-depth study

of instabilities should be considered. A further expansion on this research, to include additional

IDE models and investigate their strengths and weaknesses, is also proposed.

In conclusion, we find that interacting dark energy models may alleviate and even solve the cosmic

coincidence problem by stabilising the ratio of dark matter to dark energy in both the past and

future. For both models considered, we find that negative energy densities are inevitable if energy

flows from dark matter to dark energy and that consequently we should only seriously consider mod-

els where energy flows from dark energy to dark matter. To additionally ensure models free from

early time instabilities, we need to ensure that dark energy is in the phantom regime. This has the

consequence that model Q1 = δHρdm will end with a future big rip singularity, while Q2 = δHρde

may avoid this fate with the right choice of cosmological parameters. When the predicted expansion

history from these models are statistically compared to supernovae data and the ΛCDM model, we

find that Q1 = δHρdm is statistically rejected, while Q2 = δHρde may be considered viable. Thus,

IDE models have shortcomings but show potential to address long-standing issues in cosmology. It

is, therefore, worthwhile to continue investigating dark interactions beyond the ΛCDM model.
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APPENDIX A

Solving the Friedmann equation

This appendix shows the detailed calculations for the solutions of the Friedmann equation (2.19)

for various single fluid cosmological models. The models considered are Friedmann models, with

either only radiation or matter, and Lemâıtre models with only a cosmological constant. To show

the critical role that density plays in these models, we will also consider the flat, open and closed

case for each model.

A.1 Calculations for radiation-dominated Friedmann models

radiation-dominated Friedmann models have an energy distribution such that Ω(r,0) 6= 0, while

Ω(m,0) = 0 and Ω(Λ,0) = 0. Substituting this into (2.19) yields the Friedmann equation for the

radiation-dominated Friedmann models:(
ȧ

a

)2

= H2
0

[
Ω(r,0)a

−4 + Ω(k,0)a
−2
]
. (A.1)

i
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A.1.1 Calculations for a radiation-dominated flat model

For a radiation-dominated flat model, we have Ω(k,0) = 0 ; Ω(r,0) = 1. The Friedmann equation

(A.1) thus becomes:

(
ȧ

a

)2

= H2
0 (1)a−4 − (0)a−2

(
ȧ

a

)2

= H2
0a
−4

∫ a

0
ada = H0

∫ t

0
dt

1

2
a2 = H0(t)

→ a =
√

2H0t.

(A.2)

The present age for this universe model t0 can be found by considering how much time elapsed

until the scale factor reached its present value of a0 = 1. This is easily obtained by solving (A.2)

for t0:

a0 = 1 =
√

2H0t0

→ t0 =
1

2H0
.

(A.3)

A.1.2 Calculations for a radiation-dominated closed model

For a radiation-dominated closed model, we have Ω(k,0) < 0. The Friedmann equation (A.1) thus

becomes: (
ȧ

a

)2

= H2
0

[
Ω(r,0)a

−4 + Ω(k,0)a
−2
]

ȧ = H0

√
−Ω(k,0)

√
−

Ω(r,0)

Ω(k,0)
a−2 − 1

ȧ =
H0
√
−Ω(k,0)

a

√
−

Ω(r,0)

Ω(k,0)
− a2

∫ a

0

1√
−Ω(r,0)

Ω(k,0)
− a2

da =
H0
√
−Ω(k,0)

a

∫ t

0
dt.

(A.4)

We can parametrize this equation by introducing conformal time η, given by:

η =

∫ t

0

dt

a∫ t

0
dt = ηa.

(A.5)
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Substituting (A.5) into (A.4) gives:

∫ a

0

1√
−Ω(r,0)

Ω(k,0)
− a2

da =
H0
√
−Ω(k,0)

a
ηa

∫ a

0

1√
−Ω(r,0)

Ω(k,0)
− a2

da = H0

√
−Ω(k,0)η.

(A.6)

Using substituting, we let q2 = −Ω(r,0)

Ω(k,0)
→ q =

√
−Ω(r,0)

Ω(k,0)
, with Ω(k,0) < 0. We also substitute in

θ = H0
√
−Ω(k,0)η This yields: ∫ a

0

1√
q2 − a2

da = θ. (A.7)

From an integral table we may obtain [126]:∫ a

0

1√
q2 − a2

da = sin−1

(
a

q

)
. (A.8)

Substituting (A.8) into (A.7) gives:

sin−1

(
a

q

)
= θ(

a

q

)
= sin(θ)

a

√
−

Ω(k,0)

Ω(r,0)
= sin(θ)

a =

√
−

Ω(r,0)

Ω(k,0)
sin(θ)

→ a =

√
Ω(r,0)

Ω(r,0) − 1
sin(θ).

(A.9)

The time t as parameterized by the conformal time η is obtained from the relation:∫ t

0
dt = ηa∫ t

0
dt =

∫ η

0
adη

t− 0 =

√
−

Ω(r,0)

Ω(k,0)

∫ η

0
sin(θ)dη.

(A.10)

Since θ = H0
√
−Ω(k,0)η, thus η = θ

H0

√
−Ω(k,0)

and dη = 1
H0

√
−Ω(k,0)

dθ. Doing this substitution, we

obtain:
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t− 0 =

√
−

Ω(r,0)

Ω(k,0)

∫ θ

0
sin(θ)

1

H0
√
−Ω(k,0)

dθ

t =

√
Ω(r,0)

−H0Ω(k,0)
[− cos(θ)]θ0

t =

√
Ω(r,0)

−H0Ω(k,0)
[1− cos(θ)]

t =

√
Ω(r,0)

H0(Ω(r,0) − 1)
[1− cos(θ)] .

(A.11)

The age of this model is found by setting a = a0 = 1 in (A.9) to obtain the present value for θ0:

a0 = 1 =

√
Ω(r,0)

Ω(r,0) − 1
sin(θ0)

θ0 = sin−1

√
Ω(r,0) − 1

Ω(r,0)
.

(A.12)

Substituting this back into the time t (A.11) gives the age t0 of the universe model:

→ t0 =

√
Ω(r,0)

H0(Ω(r,0) − 1)

[
1− cos

(
sin−1

√
Ω(r,0) − 1

Ω(r,0)

)]
. (A.13)

From the solution it may be seen that this model has a cyclic nature with a big bang at θ = 0 and

a big crunch at θ = π (making half a circle). This can be seen in Figure 2.3. Thus, these models

should have a lifetime tl and can be found by the difference between θ = π and θ = 0 in t (A.11,

giving:

tl =

√
Ω(r,0)

H0(Ω(r,0) − 1)
[1− cos(θ)]π0

tl =

√
Ω(r,0)

H0(Ω(r,0) − 1)
[(1− (−1))− (1− (1))]

→ tl =
2
√

Ω(r,0)

H0(Ω(r,0) − 1)
.

(A.14)
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The amount of time until the big crunch tc can therefore be calculated by the difference between

the lifetime of the universe tl (A.14) and the current age t0 (A.55):

tc = tl − t0

tc =

(
2
√

Ω(r,0)

H0(Ω(r,0) − 1)

)
−

( √
Ω(r,0)

H0(Ω(r,0) − 1)

[
1− cos

(
sin−1

√
Ω(r,0) − 1

Ω(r,0)

)])

→ tc =

√
Ω(r,0)

H0(Ω(r,0) − 1)

[
1 + cos

(
sin−1

√
Ω(r,0) − 1

Ω(r,0)

)]
.

(A.15)

A.1.3 Calculations for a radiation-dominated open model

For a radiation-dominated closed model, we have Ω(k,0) > 0. The Friedmann equation (A.1) thus

becomes: (
ȧ

a

)2

= H2
0

[
Ω(m,0)a

−4 + Ω(k,0)a
−2
]

ȧ = H0

√
Ω(r,0)

√
a2 +

Ω(k,0)

Ω(r,0)

ȧ =
H0
√

Ω(r,0)

a

√
1 +

Ω(k,0)

Ω(m,0)
a2

∫ a

0

1√
1 +

Ω(k,0)

Ω(r,0)
a2

da =
H0
√

Ω(r,0)

a

∫ t

0
dt.

(A.16)

We can parametrize this equation by using conformal time η. Substituting (A.5) into (A.16) gives:

∫ a

0

1√
1 +

Ω(k,0)

Ω(r,0)
a2

da =
H0
√

Ω(r,0)

a
ηa

∫ a

0

1√
1 +

Ω(k,0)

Ω(r,0)
a2

da = H0

√
Ω(r,0)η.

(A.17)

Using substituting, we let q2 =
Ω(k,0)

Ω(r,0)
a2 → q = a

√
Ω(k,0)

Ω(r,0)
and dq =

√
Ω(k,0)

Ω(r,0)
da → da =

√
Ω(r,0)

Ω(k,0)
dq.

This yields:

∫ q

0

1√
1 + q2

√
Ω(r,0)

Ω(k,0)
dq = H0

√
Ω(r,0)η∫ q

0

1√
1 + q2

dq = H0

√
Ω(k,0)η∫ q

0

1√
1 + q2

dq = φ,

(A.18)
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where we introduced φ = H0
√

Ω(k,0)η. From an integral table we may obtain [126]:∫ q

0

1√
u2 + q2

dq = ln(q +
√
q2 + u2)∫ q

0

1√
1 + q2

dq = ln(q +
√
q2 + 1),

(A.19)

where for the current case, u = 1. Substituting (A.19) into (A.18) gives:

ln(q +
√
q2 + 1) = φ. (A.20)

We consider the special trigonometric function [126]:

sinh−1(q) = ln(q +
√
q2 + 1). (A.21)

Substituting (A.21) into (A.20) gives:

sinh−1(q) = φ

(q) = sinh(φ)

a

√
Ω(k,0)

Ω(r,0)
= sinh(φ)

a =

√
Ω(r,0)

Ω(k,0)
sinh(φ)

→ a =

√
Ω(r,0)

1− Ω(r,0)
sinh(φ).

(A.22)

The time t as parameterized by the conformal time η is:∫ t

0
dt = ηa∫ t

0
dt =

∫ η

0
adη

t− 0 =

√
Ω(r,0)

Ω(k,0)

∫ η

0
sinh(φ)dη.

(A.23)
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Since φ = H0
√

Ω(k,0)η, thus η = φ

H0

√
Ω(k,0)

and dη = 1
H0

√
Ω(k,0)

dφ. Doing this substituting, we

obtain:

t− 0 =

√
Ω(r,0)

Ω(k,0)

∫ φ

0
sinh(φ)

(
1

H0
√

Ω(k,0)

dφ

)

t =

√
Ω(r,0)

−H0Ω(k,0)
[cosh(φ)]φ0

t =

√
Ω(r,0)

−H0Ω(k,0)
[cosh(φ)− 1]

→ t =

√
Ω(r,0)

H0(1− Ω(r,0))
[cosh(φ)− 1] .

(A.24)

The age of this model is found by setting a = a0 = 1 in (A.22) to obtain the present value for φ0:

a0 = 1 =

√
Ω(r,0)

1− Ω(r,0)
sinh(φ)

φ0 = sinh−1

√
1− Ω(r,0)

Ω(r,0)
.

(A.25)

Substituting this back into the time t (A.24) gives the age t0 of the universe model:

→ t0 =

√
Ω(r,0)

H0(1− Ω(r,0))

[
cosh

(
sinh−1

√
1− Ω(r,0)

Ω(r,0)

)
− 1

]
. (A.26)

A.2 Calculations for matter-dominated Friedmann models

matter-dominated Friedmann models have an energy distribution such that Ω(m,0) 6= 0, while

Ω(r,0) = 0 and Ω(Λ,0) = 0. Substituting this into (2.19) yields the Friedmann equation for matter-

dominated Friedmann models:(
ȧ

a

)2

= H2
0

[
Ω(m,0)a

−3 + Ω(k,0)a
−2
]
. (A.27)
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A.2.1 Calculations for a matter-dominated flat model

For a matter-dominated flat model, we have Ω(k,0) = 0 ; Ω(m,0) = 1. The Friedmann equation

(A.27) thus becomes:

(
ȧ

a

)2

= H2
0 (1)a−3 + (0)a−2

aȧ2 = H2
0∫ a

0
a

1
2da = H0

∫ t

0
dt

2

3
a

3
2 = H0t

a =

(
3

2
H0t

) 2
3

.

(A.28)

The present age for this universe model t0 can be found by setting a = a0 = 1. This is easily

obtained by solving (A.28) for t0:

a0 = 1 =

(
3

2
H0t

) 2
3

→ t0 =
2

3H0
.

(A.29)

A.2.2 Calculations for a matter-dominated closed model

For a matter-dominated closed model, we have Ω(k,0) < 0. The Friedmann equation (A.27) thus

becomes: (
ȧ

a

)2

= H2
0

[
Ω(m,0)a

−3 + Ω(k,0)a
−2
]

ȧ = H0

√
−Ω(k,0)

√
−

Ω(m,0)

Ω(k,0)
a−1 − 1

ȧ =
H0
√
−Ω(k,0)√
a

√
−

Ω(m,0)

Ω(k,0)
− a∫ a

0

1√
−Ω(m,0)

Ω(k,0)
− a

da =
H0
√
−Ω(k,0)√
a

∫ t

0
dt.

(A.30)
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We can parametrize this equation by using conformal time η. Substituting (A.5) into (A.30) gives:

∫ a

0

1√
−Ω(m,0)

Ω(k,0)
− a

da =
H0
√
−Ω(k,0)√
a

ηa

∫ a

0

1√
a

1√
−Ω(m,0)

Ω(k,0)
− a

da = H0

√
−Ω(k,0)η.

(A.31)

Using substituting, we let q2 = a → q =
√
a and dq = 1

2
1√
a
da → da = 2

√
adq. We also substitute

θ = H0
√
−Ω(k,0)η. This yields: ∫ q

0

1√
a

1√
−Ω(m,0)

Ω(k,0)
− q2

2
√
adq = θ

∫ q

0

1√
−Ω(m,0)

Ω(k,0)
− q2

dq =
1

2
θ.

(A.32)

Once again, substitute b2 = −Ω(m,0)

Ω(k,0)
→ b =

√
−Ω(m,0)

Ω(k,0)
with Ω(k,0) < 0. This gives:

∫ q

0

1√
b2 − q2

dq =
1

2
θ. (A.33)

From an integral table we may obtain [126]:∫ q

0

1√
b2 − q2

dq = sin−1

(
q

b

)
. (A.34)

Substituting (A.34) into (A.33) gives:

sin−1

(
q

b

)
=

1

2
θ

q

(
1

b

)
= sin(

1

2
θ)

√
a

√
−

Ω(k,0)

Ω(m,0)
= sin(

1

2
θ)

a =

(
−

Ω(m,0)

Ω(k,0)

)
sin2(

1

2
θ).

(A.35)

We consider the trigonometric identity [126]:

sin2(x) =
1

2
(1− cos(2x)), (A.36)
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where for the current case x = (1
2θ). Substituting (A.36) into (A.35) gives:

a =

(
−

Ω(m,0)

2Ω(k,0)

)
(1− cos(θ))

→ a =
Ω(m,0)

2
(
Ω(m,0) − 1

)(1− cos(θ)).

(A.37)

The time t as parameterized by the conformal time η is:∫ t

0
dt = ηa∫ t

0
dt =

∫ η

0
adη

t− 0 =

(
−

Ω(m,0)

2Ω(k,0)

)∫ η

0
(1− cos(θ))dη.

(A.38)

Since θ = H0
√
−Ω(k,0)η, thus η = θ

H0

√
−Ω(k,0)

and dη = 1
H0

√
−Ω(k,0)

dθ. Doing this substituting, we

obtain:

t− 0 =

(
−

Ω(m,0)

2Ω(k,0)

)∫ θ

0
(1− cos(θ))

(
1

H0
√
−Ω(k,0)

dθ

)

t =

(
Ω(m,0)

2H0

(
−Ω(k,0)

)3/2
)(∫ θ

0
1dη −

∫ θ

0
cos(θ)dθ

)

t =

(
Ω(m,0)

2H0

(
−Ω(k,0)

)3/2
)

[θ − sin(θ)]θ0

t =
Ω(m,0)

2H0

(
−Ω(k,0)

)3/2 [θ − sin(θ)]

→ t =
Ω(m,0)

2H0

(
Ω(m,0) − 1

)3/2 [θ − sin(θ)] ,

(A.39)

with θ = H0
√
−Ω(k,0)η.

From the solution it may be seen that this solution is a cycloid as shown in Figure 2.4. This

universe model therefore has an infinite age, which consists of sequential big bounces and big

crunches. The time that elapsed since the last bounce may be obtained by setting a = a0 = 1 in

(A.37) to obtain the present value for θ0:

a0 = 1 =
Ω(m,0)

2
(
Ω(m,0) − 1

)(1− cos(θ0))

θ0 = cos−1

(
1−

2
(
Ω(m,0) − 1

)
Ω(m,0)

)
.

(A.40)
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Substituting this back into the time t (A.39) gives the time since the previous bounce tPb:

→ tPb =
Ω(m,0)

2H0

(
Ω(m,0) − 1

)3/2
[(

cos−1

(
1−

2
(
Ω(m,0) − 1

)
Ω(m,0)

))
− sin

(
cos−1

(
1−

2
(
Ω(m,0) − 1

)
Ω(m,0)

))]
.

(A.41)

Since this model is cyclical with a big bang at θ = 0 and big crunch at θ = 2π, the time per bounce

cycle tb and can be found by the difference between θ = 2π and θ = 0 in t (A.39), giving:

tb =
Ω(m,0)

2H0

(
Ω(m,0) − 1

)3/2 [θ − sin(θ)]2π0

tb =
Ω(m,0)

2H0

(
Ω(m,0) − 1

)3/2 [(2π − sin(2π))− (0− sin(0))]

→ tb =
π

H0

Ω(m,0)(
Ω(m,0) − 1

)3/2 .
(A.42)

This matches with [10]. The amount of time until the next bounce tNb can therefore be calculated

by the difference in time between one bounce cycle tb (A.42) and the time since the previous bounce

tPb (A.41):

tNb =tb − tPb

tNb =
π

H0

Ω(m,0)(
Ω(m,0) − 1

)3/2−
Ω(m,0)

2H0

(
Ω(m,0) − 1

)3/2
[

cos−1

(
1−

2
(
Ω(m,0) − 1

)
Ω(m,0)

)
− sin

(
cos−1

(
1−

2
(
Ω(m,0) − 1

)
Ω(m,0)

))]

tNb =
Ω(m,0)

2H0

(
Ω(m,0) − 1

)3/2
[

2π − cos−1

(
1−

2
(
Ω(m,0) − 1

)
Ω(m,0)

)
+ sin

(
cos−1

(
1−

2
(
Ω(m,0) − 1

)
Ω(m,0)

))]
.

(A.43)

It may also be noted that the scale factor reaches a maximum size amax atθ = π, thus from (A.37)

we have:

amax =

(
−

Ω(m,0)

2Ω(k,0)

)
(1− cos(π))

amax =
Ω(m,0)(

Ω(m,0) − 1
) , (A.44)

which also matches with [10].
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A.2.3 Calculations for a matter-dominated open model

For a matter-dominated open model, we have Ω(k,0) > 0. The Friedmann equation (A.1) thus

becomes: (
ȧ

a

)2

= H2
0

[
Ω(m,0)a

−3 + Ω(k,0)a
−2
]

ȧ = H0

√
Ω(m,0)

√
1 +

Ω(k,0)

Ω(m,0)
a−1

ȧ =
H0
√

Ω(m,0)√
a

√
1 +

Ω(k,0)

Ω(m,0)
a

√
a

H0
√

Ω(m,0)

∫ a

0

1√
1 +

Ω(k,0)

Ω(m,0)
a

da =

∫ t

0
dt.

(A.45)

We can parametrize this equation by using conformal time η. Substituting (A.5) into (A.45) gives:

√
a

H0
√

Ω(m,0)

∫ a

0

1√
1 +

Ω(k,0)

Ω(m,0)
a

da = ηa

1

H0
√

Ω(m,0)a

∫ a

0

1√
1 +

Ω(k,0)

Ω(m,0)
a

da = η.

(A.46)

Using substituting, we let q2 =
Ω(k,0)a

Ω(m,0)
→ q =

√
Ω(k,0)a

Ω(m,0)
(with Ω(k,0) > 0) and dq = 1

2

√
Ω(k,0)

Ω(m,0)a
da →

da = 2

√
Ω(m,0)a

Ω(k,0)
dq. This yields:

1

H0
√

Ω(m,0)a

∫ q

0

1√
1 + q2

(2)

√
Ω(m,0)a

Ω(k,0)
dq = η∫ q

0

1√
1 + q2

dq =
1

2
H0

√
Ω(k,0)η∫ q

0

1√
1 + q2

dq =
1

2
φ,

(A.47)

where we reintroduced φ = H0
√

Ω(k,0)η. Where we introduced φ = H0
√

Ω(k,0)η. From an integral

table we can again substitute (A.19) into (A.47) gives [126]:

ln(q +
√
q2 + 1) =

1

2
φ. (A.48)
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We again substitute the special trigonometric function given in (A.21) into (A.48):

sinh−1(q) =
1

2
φ

(q) = sinh(φ)√
Ω(k,0)a

Ω(m,0)
= sinh

(
1

2
φ

)
a =

(
Ω(m,0)

Ω(k,0)

)
sinh2

(
1

2
φ

)
.

(A.49)

We consider the trigonometric identity [126]:

sinh2(x) =
1

2
(cosh(2x)− 1), (A.50)

where for the current case x = (1
2φ). Substituting (A.50) into (A.49) gives:

a =

(
Ω(m,0)

2Ω(k,0)

)
(cosh(φ)− 1)

→ a =

(
Ω(m,0)

2
(
1− Ω(m,0)

)) (cosh(φ)− 1),

(A.51)

The time t as parameterized by the conformal time η is:∫ t

0
dt = ηa∫ t

0
dt =

∫ η

0
adη

t− 0 =

∫ η

0

(
Ω(m,0)

2Ω(k,0)

)
(cosh(φ)− 1)dη.

(A.52)
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Since φ = H0
√

Ω(k,0)η, thus η = φ

H0

√
Ω(k,0)

and dη = 1
H0

√
Ω(k,0)

dφ. Doing this substituting, we

obtain:

t− 0 =

∫ η

0

(
Ω(m,0)

2Ω(k,0)

)
(cosh(φ)− 1)

(
1

H0
√

Ω(k,0)

dφ

)

t =

(
Ω(m,0)

2H0

(
Ω(k,0)

)3/2
)

(

∫ φ

0
cosh(φ)dφ−

∫ φ

0
1dφ)

t =

(
Ω(m,0)

2H0

(
Ω(k,0)

)3/2
)

[sinh(φ)− φ]φ0

t =

(
Ω(m,0)

2H0

(
Ω(k,0)

)3/2
)

[sinh(φ)− φ]

→ t =

(
Ω(m,0)

2H0

(
1− Ω(m,0)

)3/2
)

[sinh(φ)− φ] ,

(A.53)

with φ = H0
√

Ω(k,0)η = H0
√

1− Ω(m,0)η .

The age of this model is found by setting a = a0 = 1 in (A.51) to obtain the present value

for φ0:

a0 = 1 =

(
Ω(m,0)

2
(
1− Ω(m,0)

)) (cosh(φ0)− 1)

φ0 = cosh−1

(
1 +

2
(
1− Ω(m,0)

)
Ω(m,0)

)
.

(A.54)

Substituting this back into the time t (A.24) gives the age t0 of the universe model:

→ t0 =

(
Ω(m,0)

2H0

(
1− Ω(m,0)

)3/2
)[

sinh

(
cosh−1

(
1 +

2
(
1− Ω(m,0)

)
Ω(m,0)

))
− cosh−1

(
1 +

2
(
1− Ω(m,0)

)
Ω(m,0)

)]
.

(A.55)

A.3 Calculations for cosmological constant dominated Lemâıtre

models

Cosmological constant dominated Lemâıtre models have an energy distribution such that Ω(Λ,0) 6= 0,

while Ω(r,0) = 0 and Ω(m,0) = 0. Substituting this into (2.19) yields the Friedmann equation for



Marcel van der Westhuizen xv

cosmological constant dominated Lemâıtre models:(
ȧ

a

)2

= H2
0

[
Ω(Λ,0)a

−3(1+(−1)) + Ω(k,0)a
−2
]

(
ȧ

a

)2

= H2
0

[
Ω(Λ,0) + Ω(k,0)a

−2
]
.

(A.56)

A.3.1 Calculations for a cosmological constant-dominated flat model

For a cosmological constant-dominated flat model, we have Ω(k,0) = 0 ; Ω(Λ,0) = 1. The Friedmann

equation (A.56) thus becomes:

(
ȧ

a

)2

= H2
0

[
(1) + (0)a−2

]
(
ȧ

a

)2

= H2
0∫ a

0

1

a
da = H0

∫ t

0
dt

a = eH0t.

(A.57)

Due to this exponential nature of the solution, it can be inferred that the size of the universe will

decrease in the past but will have no big bang singularity. The model, therefore, has an infinite

age. This may be seen in Figure 2.5.

A.3.2 Calculations for a cosmological constant-dominated closed model

For a cosmological constant-dominated closed model, we have Ω(k,0) < 0. The Friedmann equation

(A.56) thus becomes:

(
ȧ

a

)2

= H2
0

[
Ω(Λ,0) + Ω(k,0)a

−2
]

ȧ = H0

√
Ω(Λ,0)a2 + Ω(k,0)

ȧ = H0

√
−Ω(k,0)

√
Ω(Λ,0)a2

−Ω(k,0)
− 1∫ a

0

1√
Ω(Λ,0)a

2

−Ω(k,0)
− 1

da = H0

√
−Ω(k,0)

∫ t

0
dt.

(A.58)
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Using substituting, we let q2 =
Ω(Λ,0)a

2

−Ω(k,0)
→ q = a

√
Ω(Λ,0)

−Ω(k,0)
and dq =

√
Ω(Λ,0)

−Ω(k,0)
da→ da =

√
−Ω(k,0)

Ω(Λ,0)
dq,

with Ω(k,0) < 0. This yields:

∫ q

0

1√
q2 − 1

√
Ω(k,0)

Ω(Λ,0)
dq = H0

√
−Ω(k,0)

∫ t

0
dt∫ q

0

1√
q2 − 1

dq = H0

√
−Ω(k,0)t∫ q

0

1√
q2 − 1

dq = ψ,

(A.59)

where ψ = H0
√
−Ω(k,0)t. From an integral table we may obtain [126]:∫ q

0

1√
q2 ± u2

dq = ln(q +
√
q2 ± u2)∫ q

0

1√
q2 − 1

dq = ln(q +
√
q2 − 1),

(A.60)

where for the current case, ±u = −1. Substituting (A.60) into (A.59) gives:

ln(q +
√
q2 − 1) = ψ. (A.61)

We consider the special trigonometric function [126]:

cosh−1(q) = ln(q +
√
q2 − 1). (A.62)

Substituting (A.62) into (A.61) gives:

cosh−1(q) = ψ

(q) = cosh(ψ)

a

√
Ω(Λ,0)

−Ω(k,0)
= cosh(ψ)

a =

√
−Ω(k,0)

Ω(Λ,0)
cosh(ψ)

→ a =

√
Ω(Λ,0) − 1

Ω(Λ,0)
cosh(ψ),

(A.63)

where ψ = H0
√
−Ω(k,0)t = H0

√
Ω(Λ,0) − 1t.

From this solution it may be seen that the expansion has a parabolic nature, and will therefore

have no big bang, but instead have a non-singular big bounce at some finite time in the past. This
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bounce will occur at ψ = 0, from (A.63) this happens when the universe has a scale factor ab

ab =

√
Ω(Λ,0) − 1

Ω(Λ,0)
. (A.64)

The time since the bounce tb will be the amount of time elapsed for the universe to grow from a

size ab to a size a0 = 1. Thus, after a time tb the universe will be size a0. Solving (A.63) for tb with

a0 = 1 and ψ = H0
√

Ω(Λ,0) − 1t gives:

a0 = 1 =

√
Ω(Λ,0) − 1

Ω(Λ,0)
cosh

(
H0

√
Ω(Λ,0) − 1tb

)
→ tb =

1

H0
√

Ω(Λ,0) − 1
cosh−1

(√
Ω(Λ,0)

Ω(Λ,0) − 1

)
.

(A.65)

A.3.3 Calculations for a cosmological constant-dominated open model

For a cosmological constant-dominated open model, we have Ω(k,0) > 0. The Friedmann equation

(A.56) thus becomes:

(
ȧ

a

)2

= H2
0

[
Ω(Λ,0) + Ω(k,0)a

−2
]

ȧ = H0

√
Ω(Λ,0)a2 + Ω(k,0)

ȧ = H0

√
Ω(k,0)

√
Ω(Λ,0)a2

Ω(k,0)
+ 1∫ a

0

1√
Ω(Λ,0)a

2

Ω(k,0)
+ 1

da = H0

√
Ω(k,0)

∫ t

0
dt.

(A.66)

Using substituting, we let q2 =
Ω(Λ,0)a

2

Ω(k,0)
→ q = a

√
Ω(Λ,0)

Ω(k,0)
and dq =

√
Ω(Λ,0)

Ω(k,0)
da → da =

√
Ω(k,0)

Ω(Λ,0)
dq,

with Ω(k,0) > 0. This yields:

∫ q

0

1√
q2 + 1

√
Ω(k,0)

Ω(Λ,0)
dq = H0

√
Ω(k,0)

∫ t

0
dt∫ q

0

1√
q2 + 1

dq = H0

√
Ω(k,0)t∫ q

0

1√
q2 − 1

dq = ϕ,

(A.67)
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where ϕ = H0
√

Ω(k,0)t. From an integral table [126] we can again substitute (A.19) into (A.67)

gives:

ln(q +
√
q2 + 1) = ϕ. (A.68)

We again substitute the special trigonometric function given in (A.21) into (A.68):

sinh−1(q) = ϕ

(q) = sinh(ϕ)

a

√
Ω(Λ,0)

Ω(k,0)
= sinh(ϕ)

a =

√
Ω(k,0)

Ω(Λ,0)
sinh(ϕ)

→ a =

√
1− Ω(Λ,0)

Ω(Λ,0)
sinh(ϕ),

(A.69)

where ϕ = H0
√

Ω(k,0)t = H0
√

1− Ω(Λ,0)t. The age of this model t0 is found by setting a = a0 = 1

in (A.69) to obtain the present value for t0:

a0 = 1 =

√
1− Ω(Λ,0)

Ω(Λ,0)
sinh

(
H0

√
1− Ω(Λ,0)t0

)
→ t0 =

1

H0
√

1− Ω(Λ,0)

sinh−1

(√
Ω(Λ,0)

1− Ω(Λ,0)

)
.

(A.70)
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A.4 Solving the Friedmann Equation with 4th-order Runge-Kutta

Method

To numerically solve the differential equation (2.19), the Friedmann equation can be written as:

ȧ = aH0

√
(Ω(r,0)a−4 + Ω(m,0)a−3 + Ω(Λ,0) + Ω(k,0)a−2)

da

dt
= aH0

√
(Ω(r,0)a−4 + Ω(m,0)a−3 + Ω(Λ,0) + Ω(k,0)a−2) = f(t, a(t)).

(A.71)

Since this study will be quantitative, it should be noted that the scale factor a and the density

parameters Ω are unitless. The only units are determined by the Hubble constant H0, whose units

has been converted to per billion years such that H0 =67.4 km s−1Mpc−1 = 0.069 Gyr−1.

The 4th order Runge-Kutta Method can now be used to determine the scale factor an at vari-

ous time intervals tn for n intervals. The initial condition was chosen such that a0 = 1 at t = 0, and

the Runge-Kutta method could then be used to calculate the scale factor in the past and future.

For a time step of h, the next time interval will be given by:

tn+1 = tn + h. (A.72)

The formula used to determine the next scale factor an+1 from the previous scale factor an will

now be considered. For each interval, the following four increments on the slope will need to be

calculated:

K1 = hf(tn, an)

K2 = hf(tn +
h

2
, an +

K1

2
)

K3 = hf(tn +
h

2
, an +

K2

2
)

K4 = hf(tn + h, an +K3),

(A.73)

where K1, K2, K3 and K4 are increments based on the slope at the beginning, midpoint (both K1

and K2) and end of each interval respectively. Using the weighted average of these four increments,

the next scale factor at next increment an+1 can now be calculated:

an+1 = an +
K1

6
+
K2

3
+
K3

3
+
K4

6
. (A.74)



APPENDIX B

Phase portrait equilibrium points

In this appendix the equilibrium points of the phase portraits (Figures 3.1, 3.2 3.11) are calculated

for the ΛCDM, Q1 = δHρdm and Q2 = δHρde models. This is done by setting the derivative of the

energy densities to zero in (3.22) and obtaining the coordinates for the equilibria points.

B.1 Calculations for equilibrium points - ΛCDM

The equilibria points for the ΛCDM model is obtained by setting Ω̇m = 0 and Ω̇Λ = 0 in (3.25)

such that:

Ω̇Λ = ΩΛH [Ωm − 2ΩΛ + 2] = 0, (B.1)

Ω̇m = ΩmH [Ωm − 2ΩΛ − 1] = 0. (B.2)

The non-trivial solutions can be obtained by taking the solution ΩΛ = 0 in (B.1), then substituting

in (B.2) gives:

[Ωm − 2(0)− 1] = 0

Ωm = 1.
(B.3)

xx



Marcel van der Westhuizen xxi

Thus the first equilibrium point is at the coordinates (Ωm, ΩΛ)1 = (1, 0). The second equilibrium

point is obtained similarly by the solution Ωm = 0 in (B.2), then (B.1) becomes:

[(0)− 2ΩΛ + 2] = 0

ΩΛ = 1.
(B.4)

The second equilibrium point is then the coordinates (Ωm, ΩΛ)2 = (0, 1). These two points match

with the unstable starting point (1, 0) and the stable attractor (0, 1) in Figure (3.1).

B.2 Calculations for equilibrium points - Q1 = δHρdm

The equilibria points for this interacting model is obtained by setting Ω̇dm = 0 and Ω̇de = 0 in

(3.30) such that:

Ω̇de = ΩdeH [Ωdm + Ωde (1 + 3ω)− 1− 3ω]− δHΩdm = 0, (B.5)

Ω̇dm = ΩdmH [Ωdm + Ωde (1 + 3ω)− 1 + δ] = 0. (B.6)

The first equilibrium point can be obtained from the solution Ωdm = 0 in (B.6). Substituting this

solution into (B.5) gives:

ΩdeH [(0) + Ωde (1 + 3ω)− 1− 3ω]− δH(0) =0

Ωde (1 + 3ω) =(1 + 3ω)

Ωde =1.

(B.7)

Thus, the first equilibrium point is at (Ωdm, Ωde)1 = (0, 1). The second point can be obtained by

taking the other solution for (B.6), such that:

[Ωdm + Ωde (1 + 3ω)− 1 + δ] = 0

Ωdm = −Ωde (1 + 3ω) + 1− δ.
(B.8)

Substituting (B.8) into (B.5) gives:

ΩdeH [(−Ωde (1 + 3ω) + 1− δ) + Ωde (1 + 3ω)− 1− 3ω]− δHΩdm = 0

Ωde [−δ − 3ω] = δΩdm.
(B.9)
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Substituting (B.8) into (B.9) gives:

Ωde [−δ − 3ω] = δ (−Ωde (1 + 3ω) + 1− δ)

−δΩde − 3Ωdeω = −δΩde + 3δΩdeω + δ − δ2

−3ωΩde (1− δ) = δ (1− δ)

Ωde = − δ

3ω
.

(B.10)

Substituting (B.10) into (B.8) gives:

Ωdm = −
(
− δ

3ω

)
(1 + 3ω) + 1− δ

Ωdm =
δ

3ω
+ δ + 1− δ

Ωdm = 1 +
δ

3ω
.

(B.11)

The second equilibrium point is at (Ωdm, Ωde)2 = (1 + δ
3ω ,−

δ
3ω ). These two points match with the

unstable starting point (1 + δ
3ω ,−

δ
3ω ) and the stable attractor (0, 1) in Figure 3.2, while reducing

back to the ΛCDM case when δ = 0 and ω = −1.

B.3 Calculations for equilibrium points - Q2 = δHρde

The equilibrium points for this interacting model is similarly obtained by setting Ω̇m = 0 and

Ω̇de = 0 in (3.71) such that:

Ω̇de = ΩdeH [Ωm + Ωde (1 + 3ω)− 1− 3ω − δ] = 0, (B.12)

Ω̇m = ΩmH [Ωm + Ωde (1 + 3ω)− 1] + δHΩde = 0. (B.13)

The first equilibrium point can be obtained from the solution Ωde = 0 in (B.12). Substituting this

solution into (B.12) gives:

Ωm [Ωm + (0) (1 + 3ω)− 1] + δ(0) = 0

Ωm = 1.
(B.14)
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Thus, the first equilibrium point is at (Ωm, Ωde)1 = (1, 0). The second point can be obtained by

taking the other solution for (B.12), such that:

Ωm + Ωde (1 + 3ω)− 1− 3ω − δ = 0

Ωde =
−Ωm + 1 + 3ω + δ

(1 + 3ω)
.

(B.15)

Substituting (B.15) into (B.13) gives:

ΩmH

[
Ωm +

−Ωm + 1 + 3ω + δ

(1 + 3ω)
(1 + 3ω)− 1

]
+ δHω = 0

Ωm [δ + 3ω] = −δΩde.

(B.16)

Substituting (B.15) into (B.16) gives:

Ωm (δ + 3ω) = −δ
(
−Ωm + 1 + 3ω + δ

(1 + 3ω)

)
Ωm (δ + 3ω) (1 + 3ω) = δΩm − δ (1 + 3ω + δ)

Ωm

(
δ + 3ω + 9ω2 + 3ωδ

)
= δΩm − δ (1 + 3ω + δ)

Ωm

(
3ω + 9ω2 + 3ωδ

)
= −δ (1 + 3ω + δ)

3ωΩm (1 + 3ω + δ) = −δ (1 + 3ω + δ)

Ωm = − δ

3ω
.

(B.17)

Substituting (B.17) into (B.16) gives:(
− δ

3ω

)
[δ + 3ω] = −δΩde

Ωde =
1

3ω
[δ + 3ω]

Ωde = 1 +
δ

3ω
.

(B.18)

The second equilibrium point is at (Ωm, Ωde)2 = (− δ
3ω , 1 + δ

3ω ). These two points match with

the unstable starting point (1 , 0) and the stable attractor (− δ
3ω , 1 + δ

3ω ) in Figure 3.11, while

reducing back to the ΛCDM case when δ = 0 and ω = −1.



APPENDIX C

Solving the conservation equations

In this appendix we will solve the conservation equations for interacting dark energy models (3.3)

to obtain analytical expressions for the energy density of dark matter ρdm and dark energy ρde.

This will be done for the interacting dark energy models with the coupling functions Q1 = δHρdm

and Q2 = δHρde.

C.1 Interacting dark energy model - Q1 = δHρdm

The background conservation equations obtained for this model are:

ρ̇dm + 3Hρdm = δHρdm; (C.1)

ρ̇de + 3Hρde(1 + ω) = −δHρdm. (C.2)

To see how the energy density of dark matter and dark energy evolves, we can solve the conservation

equations for ρdm and ρde.

xxiv
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C.1.1 Calculations for dark matter energy density ρdm

We now solve the conservation equation (C.1) for ρdm:

ρ̇dm + 3Hρdm = δHρdm

ρ̇ = Hρdm (δ − 3)

˙ρdm

ρdm
=
ȧ

a
(δ − 3)∫

1

ρdm
dρdm = (δ − 3)

∫
1

a
da

ln |ρdm| = (δ − 3) ln |a|+ C

ln |ρdm| = ln |a(δ−3)|+ C

ρdm = a(δ−3)eC

→ ρdm = ρ(dm,0)a
(δ−3),

(C.3)

where ρ(dm,0) is an integration constant such that eC = ρ(dm,0). This may also be written in terms

of the dark matter effective equation of state ωeff
dm = − δ

3 (3.36), such that:

ρdm = ρ(dm,0)a
(δ−3) = ρ(dm,0)a

−3(1− δ
3) = ρ(dm,0)a

−3(1−ωeff
dm). (C.4)

which reduces back to the uncoupled case if δ = 0 or ωeff
dm = ωdm.

C.1.2 Calculations for dark energy density ρde

To obtain an analytical expression for the dark energy density, we substitute ρdm from (C.3) into

(C.1):

ρ̇de + 3Hρde(1 + ω) = −δHρ(dm,0)a
(δ−3)

ρ̇de + 3

(
ȧ

a

)
ρde(1 + ω) = −δ

(
ȧ

a

)
ρ(dm,0)a

(δ−3)

ρ̇de + 3
1

a
ȧρde(1 + ω) = −δρ(dm,0)a

(δ−4)ȧ

ρ̇de

ȧ
+

[
3(1 + ω)

1

a

]
ρde =

[
−δρ(dm,0)a

(δ−4)
]
.

(C.5)

We may now notice that equation (C.5) is a first order linear differential equation, and that if we

let ρde = y and a = x, we have the general form:

dy

dx
+ p(x)y = f(x), (C.6)
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where p(x) =
[
3(1 + ω) 1

x

]
and f(x) =

[
−δρ(dm,0)x

(δ−4)
]
. To solve a first order linear differential

equation, we invent two new functions u and v, such that y = uv and therefore dy
dx = u dvdx + v dudv .

Rewriting the differential equation (C.6) in terms of u and v gives:

u
dv

dx
+ v

du

dv
+ 3(1 + ω)

uv

x
= −δρ(dm,0)x

(δ−4)

u
dv

dx
+ v

[
du

dv
+ 3(1 + ω)

u

x

]
= −δρ(dm,0)x

(δ−4).
(C.7)

We now set the term which includes v (the second term in (C.7)) to zero and solve for u:[
du

dv
+ 3(1 + ω)

u

x

]
= 0

du

dx
= −3(1 + ω)

u

x∫
1

u
du = −3(1 + ω)

∫
1

x
dx

ln |u| = ln |x−3(1+ω)|+ C

u = ρ(de,0)x
−3(1+ω).

(C.8)

We can now substitute u from (C.8) back into equation (C.7) and solve to find v (keeping in mind

that the second term was set to zero):

u
dv

dx
= −δρ(dm,0)x

(δ−4)(
ρ(de,0)x

−3(1+ω)
) dv
dx

= −δρ(dm,0)x
(δ−4)

dv

dx
= −δ

ρ(dm,0)

ρ(de,0)

x(δ−4)

x−3(1+ω)∫
dv = −δ

ρ(dm,0)

ρ(de,0)

∫
xδ+3ω−1dx

v +D = −
ρ(dm,0)

ρ(de,0)

δ

δ + 3ω

[
xδ+3ω + C

]
v = −

ρ(dm,0)

ρ(de,0)

δ

δ + 3ω

[
xδ+3ω + C

]
+D.

(C.9)

Now we substitute u (C.8) and v (C.9) into y = uv, which gives:

y = uv

y = ρ(de,0)x
−3(1+ω)

[
−
ρ(dm,0)

ρ(de,0)

δ

δ + 3ω

[
xδ+3ω + C

]
+D

]
y = x−3(1+ω)

[
−ρ(dm,0)

δ

δ + 3ω

[
xδ+3ω + C

]
+Dρ(de,0)

]
y =

[
Dρ(de,0) + ρ(dm,0)

δ

δ + 3ω

[
C − xδ+3ω

]]
x−3(1+ω).

(C.10)
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Now we let y = ρde and x = a, this becomes:

ρde =

[
Dρ(de,0) + ρ(dm,0)

δ

δ + 3ω

[
C − aδ+3ω

]]
a−3(1+ω). (C.11)

Finally, defining new integration constants ρ(de,0) = Dρ(de,0) and ρ(dm,0) = Cρ(dm,0), we have:

→ ρde =

(
ρ(de,0) + ρ(dm,0)

δ

δ + 3ω

[
1− aδ+3ω

])
a−3(1+ω), (C.12)

which matches with [84, 101, 103].

C.2 Interacting dark energy model - Q2 = δHρde

The background conservation equations obtained for this model are:

ρ̇dm + 3Hρdm = δHρde; (C.13)

ρ̇de + 3Hρde(1 + ω) = −δH.ρde (C.14)

To see how the energy density of dark matter and dark energy evolves, we can solve the conservation

equations for ρdm and ρde.

C.2.1 Calculations for dark energy density ρde

We now solve the conservation equation (C.14) for ρde:

ρ̇de + 3Hρde(1 + ω) = −δHρde

ρ̇de = −3Hρde

(
1 + ω +

δ

3

)
˙ρde

ρde
= −3

ȧ

a

(
1 + ω +

δ

3

)
∫

1

ρde
dρde = −3

(
1 + ω +

δ

3

)∫
1

a
da

ln |ρde| = −3

(
1 + ω +

δ

3

)
ln |a|+ C

ln |ρde| = ln |a−3(1+ω+ δ
3)|+ C

ρde = a−3(1+ω+ δ
3)eC

ρde = ρ(de,0)a
−3(1+ω+ δ

3)

→ ρde = ρ(de,0)a
−(δ+3ω+3),

(C.15)
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where ρ(de,0) is an integration constant such that eC = ρ(de,0). We may also substitute in the

effective equation of state for dark energy ωeff
de = ω + δ

3 (3.78) into (C.15), giving:

→ ρde = ρ(de,0)a
−3(1+ω+ δ

3) = ρ(de,0)a
−3(1+ωeff

de ), (C.16)

which reduces back to the uncoupled case if δ = 0 or ωeff
de = ωde.

C.2.2 Calculations for dark matter energy density ρdm

To obtain an analytical expression for the dark matter density, we first substitute ρde from (C.15)

into (C.13), which gives:

ρ̇dm + 3Hρdm = δHρ(de,0)a
−3(1+ω+ δ

3)

ρ̇dm + 3

(
ȧ

a

)
ρdm = δ

(
ȧ

a

)
ρ(de,0)a

−3(1+ω+ δ
3)

ρ̇dm

ȧ
+

[
3

1

a

]
ρdm =

[
δρ(de,0)a

−4−3ω−δ
]
.

(C.17)

If we let ρdm = y and a = x, Equation (C.5) is a first order linear differential equation, which has

the general form:

dy

dx
+ p(x)y = f(x), (C.18)

where p(x) =
[
3 1
x

]
and f(x) =

[
δρ(de,0)x

−4−3ω−δ]. As in Appendix A, we let y = uv and therefore
dy
dx = u dvdx + v dudv . Rewriting the differential equation (C.18) in terms of u and v gives:

u
dv

dx
+ v

du

dv
+ 3

uv

x
= δρ(de,0)x

−4−3ω−δ

u
dv

dx
+ v

[
du

dv
+ 3

u

x

]
= δρ(de,0)x

−4−3ω−δ.
(C.19)

We now set the term which includes v (the second term in (C.19)) to zero and solve for u, which

gives: [
du

dv
+ 3

u

x

]
= 0

du

dx
= −3

u

x∫
1

u
du = −3

∫
1

x
dx

ln |u| = ln |x−3|+ C

u = ρ(dm,0)x
−3.

(C.20)
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We can now substitute u from (C.20) back into equation (C.19) and solve to find v (keeping in

mind that the second term was set to zero):

u
dv

dx
= δρ(de,0)x

−4−3ω−δ

(
ρ(dm,0)x

−3
) dv
dx

= δρ(de,0)x
−4−3ω−δ

dv

dx
= δ

ρ(de,0)

ρ(dm,0)

x−4−3ω−δ

x−3∫
dv = δ

ρ(de,0)

ρ(dm,0)

∫
x−1−3ω−δdx

v +D = −
ρ(de,0)

ρ(dm,0)

δ

δ + 3ω

[
x−(δ+3ω) + C

]
v = −

ρ(de,0)

ρ(dm,0)

δ

δ + 3ω

[
x−(δ+3ω) + C

]
+D.

(C.21)

Now we substitute u (C.20) and v (C.21) into y = uv, which gives:

y = uv

y = ρ(dm,0)x
−3

[
−
ρ(de,0)

ρ(dm,0)

δ

3
(
ω + δ

3

) [x−3(ω+ δ
3) + C

]
+D

]

y = x−3

(
−ρ(de,0)

δ

δ + 3ω

[
x−(δ+3ω) + C

]
+Dρ(dm,0)

)
y =

(
Dρ(dm,0) + ρ(de,0)

δ

δ + 3ω

[
C − x−(δ+3ω)

])
x−3.

(C.22)

Now we substitute back y = ρdm and x = a, (C.22) then becomes:

ρdm =

(
Dρ(dm,0) + ρ(de,0)

δ

δ + 3ω

[
C − a−(δ+3ω)

])
a−3. (C.23)

Finally, defining new integration constants ρ(de,0) = Dρ(de,0) and ρ(dm,0) = Cρ(dm,0), we have:

ρdm =

(
ρ(dm,0) + ρ(de,0)

δ

δ + 3ω

[
1− a−(δ+3ω)

])
a−3, (C.24)

which matches with [84, 103, 106, 108]



APPENDIX D

Important events in cosmic history

In this appendix, explicit equations will be derived for the scale factor a and redshift z at which

important events in cosmic history occurred. These events are the radiation-matter equality (which

initiates the period of matter-domination), the matter-dark energy equality (starting the dark

energy-dominating epoch) and the cosmic jerk; when cosmic acceleration starts. Equalities that do

not have analytical solutions will be written in a simplified manner and then be solved numerically.

This will be done for each of the models.

D.1 ΛCDM model

In the ΛCDM model, the universe consists of radiation r, matter (which is the sum of baryonic and

dark matter, since both evolve as ρbm ∝ ρdm ∝ a−3) m = dm+ bm and dark energy de.

D.1.1 Calculations for the radiation-matter equality

The radiation-matter equality occurs when:

ρm = ρm. (D.1)

xxx
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Substituting in the energy densities of radiation (2.2) and matter (2.5), gives:

3H2
0

8πG
Ω(r,0)a

−4 =
3H2

0

8πG
Ω(m,0)a

−3

a =
Ω(r,0)

Ω(m,0)
.

(D.2)

In redshift z, the radiation-matter equality occurs at:

1

(1 + z)
=

Ω(r,0)

Ω(m,0)

→ z =
Ω(m,0)

Ω(r,0)
− 1.

(D.3)

If Ω(m,0) = Ω(bm,0), then (D.3) and (D.5) gives the radiation-baryonic matter equality for all of the

models.

D.1.2 Calculations for the matter-dark energy equality

The matter-dark energy equality occurs when:

ρm = ρde. (D.4)

Substituting in the energy densities of matter (2.2) and dark energy (2.8), gives:

3H2
0

8πG
Ω(m,0)a

−3 =
3H2

0

8πG
Ω(de,0)

a =

(
Ω(de,0)

Ω(m,0)

)− 1
3

.

(D.5)

In redshift z, the matter-dark energy equality occurs at:

1

(1 + z)
=

(
Ω(de,0)

Ω(m,0)

)− 1
3

→ z =

(
Ω(de,0)

Ω(dm,0)

) 1
3

− 1.

(D.6)
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D.1.3 Calculations for the cosmic jerk

The cosmic jerk occurs when the deceleration (2.17) parameter is equal to zero, such that :

q = 0

Ωm +
1

2
Ωdm − Ωde = 0.

(D.7)

If we assume the contribution of radiation is negligible (Ωm ≈ 0), (D.7) may be simplified to become:

1

2
Ωdm − Ωde = 0

Ωdm = 2Ωde.

(D.8)

Substituting in the density parameters of matter (2.5) and dark energy (2.8), gives:(
H2

0

H2
Ω(m,0)a

−3

)
= 2

(
H2

0

H2
Ω(de,0)

)
Ω(m,0)a

−3 = 2Ω(de,0)

a =

(
2Ω(de,0)

Ω(m,0)

)− 1
3

.

(D.9)

In redshift z, the cosmic jerk occurs at:

1

1 + z
=

(
2Ω(de,0)

Ω(m,0)

)− 1
3

→ z =

(
2Ω(de,0)

Ω(m,0)

) 1
3

− 1.

(D.10)



Marcel van der Westhuizen xxxiii

D.2 Interacting dark energy model - Q1 = δHρdm

In the interacting dark energy model Q1 = δHρdm, the universe consists of radiation r, baryonic

matter bm, dark matter dm and dark energy de.

D.2.1 Calculations for the radiation-matter equality

The radiation-matter equality occurs when:

ρm = ρbm + ρdm. (D.11)

Substituting in the energy densities of radiation (2.2), baryonic matter (2.5) and dark matter (3.34),

gives:

3H2
0

8πG
Ω(r,0)a

−4 =
3H2

0

8πG

(
Ω(bm,0)a

−3 + Ω(dm,0)a
δ−3
)

Ω(r,0)a
−4 = Ω(bm,0)a

−3 + Ω(dm,0)a
δ−3

1 =
Ω(bm,0)

Ω(r,0)
a+

Ω(dm,0)

Ω(r,0)
aδ+1.

(D.12)

In terms of redshift this becomes:

1 =
Ω(bm,0)

Ω(r,0)
(1 + z)−1 +

Ω(dm,0)

Ω(r,0)
(1 + z)−δ−1. (D.13)

Equation (D.12) and (D.13) can not be simplified further and needs to be solved numerically.

An analytical solution may be obtained for models which don’t contain baryonic matter (Ωbm = 0).

This may alternatively be interpreted as the radiation-dark matter equality. Equation (D.12) then

becomes:

1 =
Ω(dm,0)

Ω(r,0)
aδ+1

a =

(
Ω(r,0)

Ω(dm,0)

) 1
δ+1

.

(D.14)

In terms of redshift this becomes:

1

1 + z
=

(
Ω(r,0)

Ω(dm,0)

) 1
δ+1

z =

(
Ω(dm,0)

Ω(r,0)

) 1
δ+1

,

(D.15)
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which reduces back to the ΛCDM case (D.3) when δ = 0 and Ω(dm,0) = Ω(m,0).

D.2.2 Calculations for the matter-dark energy equality

The matter-dark energy equality occurs when:

ρbm + ρdm = ρde. (D.16)

Substituting in the energy densities of baryonic matter (2.5), dark matter (3.34) and dark energy

(3.35), gives:

3H2
0

8πG

(
Ω(bm,0)a

−3 + Ω(dm,0)a
δ−3
)

=
3H2

0

8πG

[
Ω(de,0) + Ω(dm,0)

δ

δ + 3ω

(
1− aδ+3ω

)]
a−3(1+ω)

Ω(bm,0)a
−3 + Ω(dm,0)a

δ−3 =

[
Ω(de,0) + Ω(dm,0)

δ

δ + 3ω

(
1− aδ+3ω

)]
a−(3+3ω)

Ω(bm,0)a
3ω + Ω(dm,0)a

δ+3ω = Ω(de,0) + Ω(dm,0)
δ

δ + 3ω

(
1− aδ+3ω

)
Ω(bm,0)

Ω(dm,0)
a3ω + aδ+3ω =

Ω(de,0)

Ω(dm,0)
+

δ

δ + 3ω

(
1− aδ+3ω

)
Ω(bm,0)

Ω(dm,0)
a3ω + aδ+3ω =

Ω(de,0)

Ω(dm,0)
+

δ

δ + 3ω
− δ

δ + 3ω
aδ+3ω

Ω(bm,0)

Ω(dm,0)
a3ω + aδ+3ω

(
1 +

δ

δ + 3ω

)
=

Ω(de,0)

Ω(dm,0)
+

δ

δ + 3ω Ω(bm,0)

Ω(dm,0)(
1 + δ

δ+3ω

)
 a3ω + aδ+3ω =

 Ω(de,0)

Ω(dm,0)
+ δ

δ+3ω(
1 + δ

δ+3ω

)
 .

(D.17)

In terms of redshift this becomes: Ω(bm,0)

Ω(dm,0)(
1 + δ

δ+3ω

)
 (1 + z)−3ω + (1 + z)−(δ+3ω) =

 Ω(de,0)

Ω(dm,0)
+ δ

δ+3ω(
1 + δ

δ+3ω

)
 . (D.18)

Equation (D.12) and (D.13) can not be simplified further and needs to be solved numerically.

An analytical solution may be obtained for models which don’t contain baryonic matter (Ωbm = 0).

This may alternatively be interpreted as the dark matter-dark energy equality. Equation (D.17)
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then becomes:

aδ+3ω =

 Ω(de,0)

Ω(dm,0)
+ δ

δ+3ω(
1 + δ

δ+3ω

)


a =

 Ω(de,0)

Ω(dm,0)
+ δ

δ+3ω(
1 + δ

δ+3ω

)
( 1

δ+3ω )

.

(D.19)

In terms of redshift this becomes:

1

1 + z
=

 Ω(de,0)

Ω(dm,0)
+ δ

δ+3ω(
1 + δ

δ+3ω

)
( 1

δ+3ω )

z =

 Ω(de,0)

Ω(dm,0)
+ δ

δ+3ω(
1 + δ

δ+3ω

)
−( 1

δ+3ω )

− 1,

(D.20)

which reduces back to the ΛCDM case (D.6) when δ = 0 , ω = −1 and Ω(dm,0) = Ω(m,0).

D.2.3 Calculations for the cosmic jerk

The cosmic jerk occurs when the deceleration (3.58) parameter is equal to zero, such that:

q = 0

Ωm +
1

2
(Ωbm + Ωdm) +

1

2
Ωde(1 + 3ω) = 0.

(D.21)

If we assume the contribution of radiation is negligible (Ωm ≈ 0), (D.21) may be simplified to

become:

1

2
(Ωbm + Ωdm) +

1

2
Ωde(1 + 3ω) = 0

Ωbm + Ωdm = −Ωde(1 + 3ω).

(D.22)
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Substituting in the density parameters of baryonic matter (2.5), dark matter (3.34) and dark energy

(3.35), gives:

H2
0

H2

(
Ω(bm,0)a

−3 + Ω(dm,0)a
δ−3
)

= −H
2
0

H2

[
Ω(de,0) + Ω(dm,0)

δ

δ + 3ω

(
1− aδ+3ω

)]
a−3(1+ω)(1 + 3ω)

Ω(bm,0)a
−3 + Ω(dm,0)a

δ−3 = −
[
Ω(de,0) + Ω(dm,0)

δ

δ + 3ω

(
1− aδ+3ω

)]
a−(3+3ω)(1 + 3ω)

Ω(bm,0)a
3ω + Ω(dm,0)a

δ+3ω = −Ω(de,0)(1 + 3ω)− Ω(dm,0)
δ

δ + 3ω

(
1− aδ+3ω

)
(1 + 3ω)

1

(1 + 3ω)
aδ+3ω = −

Ω(de,0)

Ω(dm,0)
− δ

δ + 3ω

(
1− aδ+3ω

)
−

Ω(bm,0)

Ω(dm,0)(1 + 3ω)
a3ω

1

(1 + 3ω)
aδ+3ω = −

Ω(de,0)

Ω(dm,0)
− δ

δ + 3ω
+

δ

δ + 3ω
aδ+3ω −

Ω(bm,0)

Ω(dm,0)(1 + 3ω)
a3ω

aδ+3ω

(
1

(1 + 3ω)
− δ

δ + 3ω

)
= −

Ω(de,0)

Ω(dm,0)
− δ

δ + 3ω
−

Ω(bm,0)

Ω(dm,0)(1 + 3ω)
a3ω

aδ+3ω = −

 Ω(de,0)

Ω(dm,0)
+ δ

δ+3ω

1
(1+3ω) −

δ
δ+3ω

−
 Ω(bm,0)

Ω(dm,0)

(
1− δ(1+3ω)

δ+3ω

)
 a3ω.

(D.23)

In terms of redshift this becomes:

(1 + z)−(δ+3ω) = −

 Ω(de,0)

Ω(dm,0)
+ δ

δ+3ω

1
(1+3ω) −

δ
δ+3ω

−
 Ω(bm,0)

Ω(dm,0)

(
1− δ(1+3ω)

δ+3ω

)
 (1 + z)−3ω. (D.24)

Equation (D.23) and (D.24) can not be simplified further and needs to be solved numerically.

An analytical solution may be obtained for models which don’t contain baryonic matter (Ωbm = 0).

Equation (D.24) then becomes:

aδ+3ω = −

 Ω(de,0)

Ω(dm,0)
+ δ

δ+3ω

1
(1+3ω) −

δ
δ+3ω


a = −

 Ω(de,0)

Ω(dm,0)
+ δ

δ+3ω

1
(1+3ω) −

δ
δ+3ω

( 1
δ+3ω )

.

(D.25)
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In terms of redshift this becomes:

1

1 + z
= −

 Ω(de,0)

Ω(dm,0)
+ δ

δ+3ω

1
(1+3ω) −

δ
δ+3ω

( 1
δ+3ω )

z = −

 Ω(de,0)

Ω(dm,0)
+ δ

δ+3ω

1
(1+3ω) −

δ
δ+3ω

−( 1
δ+3ω )

− 1,

(D.26)

which reduces back to the ΛCDM case (D.10) when δ = 0 , ω = −1 and Ω(dm,0) = Ω(m,0).

D.3 Interacting dark energy model - Q2 = δHρde

In the interacting dark energy model Q2 = δHρdm, the universe consists of radiation r, baryonic

matter bm, dark matter dm and dark energy de.

D.3.1 Calculations for the radiation-matter equality

The radiation-matter equality occurs when:

ρm = ρbm + ρdm. (D.27)

Substituting in the energy densities of radiation (2.2), baryonic matter (2.5) and dark matter (3.75),

gives:

3H2
0

8πG
Ω(r,0)a

−4 =
3H2

0

8πG

(
Ω(bm,0)a

−3 + Ω(dm,0)a
−3 + Ω(de,0)

δ

δ + 3ω

[
1− a−(δ+3ω)

]
a−3

)
a−1 = Ω(bm,0) + Ω(dm,0) + Ω(de,0)

δ

δ + 3ω

[
1− a−(δ+3ω)

]
a−1 =

(
Ω(bm,0) + Ω(dm,0) + Ω(de,0)

δ
δ+3ω

Ω(r,0)

)
+

(
Ω(de,0)

δ
δ+3ω

Ω(r,0)

)
a−(δ+3ω).

(D.28)

In terms of redshift this becomes:

(1 + z) =

(
Ω(bm,0) + Ω(dm,0) + Ω(de,0)

δ
δ+3ω

Ω(r,0)

)
+

(
Ω(de,0)

δ
δ+3ω

Ω(r,0)

)
(1 + z)(δ+3ω). (D.29)

Equation (D.28) and (D.29) can not be simplified further and needs to be solved numerically. This

reduces back to the ΛCDM case (D.3) when δ = 0,ω = −1 and Ω(bm,0) + Ω(dm,0) = Ω(m,0).
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D.3.2 Calculations for the matter-dark energy equality

The matter-dark energy equality occurs when:

ρbm + ρdm = ρde. (D.30)

Substituting in the energy densities of baryonic matter (2.6), dark matter (3.75) and dark energy

(3.76), gives:

3H2
0

8πG

(
Ω(bm,0)a

−3 +

(
Ω(dm,0) + Ω(de,0)

δ

δ + 3ω

[
1− a−(δ+3ω)

])
a−3

)
=

3H2
0

8πG
Ω(de,0)a

−(δ+3ω+3)(
Ω(bm,0) + Ω(dm,0) + Ω(de,0)

δ

δ + 3ω

[
1− a−(δ+3ω)

])
a−3 = Ω(de,0)a

−(δ+3ω+3)

Ω(bm,0) + Ω(dm,0) + Ω(de,0)
δ

δ + 3ω

[
1− a−(δ+3ω)

]
= Ω(de,0)a

−(δ+3ω)

Ω(de,0)

(
−a−(δ+3ω) +

δ

δ + 3ω

[
1− a−(δ+3ω)

])
= −Ω(bm,0) − Ω(dm,0)

Ω(de,0)

(
−a−(δ+3ω)

(
1 +

δ

δ + 3ω

)
+

δ

δ + 3ω

)
= −Ω(bm,0) − Ω(dm,0)

−a−(δ+3ω)

(
1 +

δ

δ + 3ω

)
+

δ

δ + 3ω
= −

Ω(bm,0) + Ω(dm,0)

Ω(de,0)

a−(δ+3ω) =

 Ω(bm,0)+Ω(dm,0)

Ω(de,0)
+ δ

δ+3ω

1 + δ
δ+3ω


 Ω(bm,0)+Ω(dm,0)

Ω(de,0)
+ δ

δ+3ω

1 + δ
δ+3ω

−( 1
δ+3ω )

= a.

(D.31)

In terms of redshift this becomes:

1

1 + z
=

 Ω(bm,0)+Ω(dm,0)

Ω(de,0)
+ δ

δ+3ω(
1 + δ

δ+3ω

)
−( 1

δ+3ω )

→ z =

 Ω(bm,0)+Ω(dm,0)

Ω(de,0)
+ δ

δ+3ω(
1 + δ

δ+3ω

)
( 1

δ+3ω )

,−1

(D.32)

which reduces back to the ΛCDM case (D.6) when δ = 0 , ω = −1 and Ω(bm,0) + Ω(dm,0) = Ω(m,0).
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D.3.3 Calculations for the cosmic jerk

The cosmic jerk occurs when the deceleration parameter (3.99) is equal to zero, such that :

q = 0

Ωm +
1

2
(Ωbm + Ωdm) +

1

2
Ωde(1 + 3ω) = 0.

(D.33)

If we assume the contribution of radiation is negligible (Ωm ≈ 0), (D.33) may be simplified to

become:

1

2
(Ωbm + Ωdm) +

1

2
Ωde(1 + 3ω) = 0

Ωbm + Ωdm = −Ωde(1 + 3ω).

(D.34)

Substituting in the density parameters of baryonic matter (2.6), dark matter (3.75) and dark energy

(3.76), gives:

H2
0

H2

(
Ω(bm,0) + Ω(dm,0) + Ω(de,0)

δ

δ + 3ω

[
1− a−(δ+3ω)

])
a−3 = −H

2
0

H2
Ω(de,0)a

−(δ+3ω+3)(1 + 3ω)

Ω(bm,0) + Ω(dm,0) + Ω(de,0)
δ

δ + 3ω

[
1− a−(δ+3ω)

]
= −Ω(de,0)a

−(δ+3ω)(1 + 3ω)

Ω(de,0)

(
a−(δ+3ω)(1 + 3ω) +

δ

δ + 3ω

[
1− a−(δ+3ω)

])
= −Ω(bm,0) − Ω(dm,0)

Ω(de,0)

(
a−(δ+3ω)

(
1 + 3ω − δ

δ + 3ω

)
+

δ

δ + 3ω

)
= −Ω(bm,0) − Ω(dm,0)

a−(δ+3ω)

(
1 + 3ω +

δ

δ + 3ω

)
+

δ

δ + 3ω
= −

Ω(bm,0) + Ω(dm,0)

Ω(de,0)

a−(δ+3ω) =

− Ω(bm,0)+Ω(dm,0)

Ω(de,0)
+ δ

δ+3ω

1 + 3ω + δ
δ+3ω


− Ω(bm,0)+Ω(dm,0)

Ω(de,0)
+ δ

δ+3ω

1 + 3ω + δ
δ+3ω

−( 1
δ+3ω )

= a.

(D.35)

In terms of redshift this becomes:

1

1 + z
=

− Ω(bm,0)+Ω(dm,0)

Ω(de,0)
+ δ

δ+3ω

1 + 3ω + δ
δ+3ω

−
(

1
(δ+3ω)

)

→ z =

− Ω(bm,0)+Ω(dm,0)

Ω(de,0)
+ δ

δ+3ω

1 + 3ω + δ
δ+3ω

( 1
δ+3ω )

− 1.

(D.36)

This reduces back to the ΛCDM case (D.10) when δ = 0 , ω = −1 and Ω(bm,0) + Ω(dm,0) = Ω(m,0).



APPENDIX E

The time of the big rip

E.1 Calculations for the big rip - phantom dark energy

The big rip is also characterised by the scale factor and dark energy density becoming infinite

a → ∞ ; ρde → ∞ in a finite amount of time trip, which indicates a late time singularity [10, 95].

This may be seen by considering the evolution of the Friedmann equation for a flat uncoupled

universe (2.19): (
ȧ

a

)
= H0

√
Ω(r,0)a−4 + Ω(m,0)a−3 + Ω(de,0)a−3(1+ω). (E.1)

Since the big rip will only happen at late times when the universe is almost completely dominated

by dark energy, we may neglect the first two terms, as well writing the current dark energy density

parameter as Ω(de,0) = 1−Ω(m,0) −Ω(r,0) ≈ 1−Ω(m,0). The Friedmann equation (E.1) can now be

integrated from the present time t0 at a0 = 1 to the the time of the big rip trip at a =∞:(
ȧ

a

)
= H0

√(
1− Ω(m,0)

)
a−3(1+ω)

da

dt
= H0

√
1− Ω(m,0)a

− 1+3ω
2∫ trip

t0

dt =
1

H0
√

1− Ω(m,0)

∫ ∞
1

a
1+3ω

2 da

trip − t0 =
1

H0
√

1− Ω(m,0)

2

3(1 + ω)
a

3(1+ω)
2

∣∣∣∞
1
,

(E.2)

xl
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For phantom energy ω < −1 we have 3/2(1 + ω) < 0, which will cause the integral a
3(1+ω)

2 ≈ 0 at

a =∞. Thus (E.2) becomes:

trip − t0 ≈
2

3H0(1 + ω)
√

1− Ω(m,0)

(
0− 1

3(1+ω)
2

)
≈ − 2

3H0(1 + ω)
√

1− Ω(m,0)
(E.3)

This coincides with the predicted time of the big rip that was found by [95].

E.2 Calculations for the big rip - Q1 = δHρdm

In this coupled model, the dark energy density (3.39) is proportional to:

ρde ∝
[
Ω(de,0) + Ω(dm,0)

δ

δ + 3ω

[
1− aδ+3ω

]]
a−3(1+ω)

∝
(

Ω(de,0) + Ω(dm,0)
δ

δ + 3ω

)
a−3(1+ω) − Ω(dm,0)

δ

δ + 3ω
aδ−3.

(E.4)

In the distant future as a becomes increasingly large, the last term will become negligible (if δ < 3),

and so we can approximate the dark energy density to become:

ρde ∝
(

Ω(de,0) + Ω(dm,0)
δ

δ + 3ω

)
a−3(1+ω). (E.5)

Using this approximation, the Friedmann equation for this IDE model (2.13), with the energy

densities ρr (2.3), ρbm (2.6), ρdm (3.38) and ρde (3.39) and k = 0 becomes:

(
ȧ

a

)
≈ H0

√
Ω(r,0)a−4 + Ω(bm,0)a−3 + Ω(dm,0)a(δ−3) +

(
Ω(de,0) + Ω(dm,0)

δ

δ + 3ω

)
a−3(1+ω). (E.6)

Since the big rip will only happen at late times when the universe is almost completely dominated

by dark energy, we may neglect the first three terms, as well as writing the current dark energy

density parameter as Ω(de,0) = 1−Ω(dm,0)−Ω(bm,0)−Ω(r,0) ≈ 1−Ω(dm,0)−Ω(bm,0). The Friedmann

equation (E.6) then becomes:

(
ȧ

a

)
= H0

√(
1− Ω(dm,0) − Ω(bm,0) + Ω(dm,0)

δ

δ + 3ω

)
a−3(1+ω)

= H0

√
1− Ω(bm,0) −

(
1− δ

δ + 3ω

)
Ω(dm,0)a

− 3
2

(1+ω).

(E.7)
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This can now be integrated from the present time t0 at a0 = 1 to the the time of the big rip trip at

a =∞:

da

dt
= H0

√
1− Ω(bm,0) −

(
1− δ

δ + 3ω

)
Ω(dm,0)a

− 1+3ω
2∫ trip

t0

dt =
1

H0

√
1− Ω(bm,0) −

(
1− δ

δ+3ω

)
Ω(dm,0)

∫ ∞
1

a
1+3ω

2 da

trip − t0 =
1

H0

√
1− Ω(bm,0) −

(
1− δ

δ+3ω

)
Ω(dm,0)

2

3(1 + ω)
a

3(1+ω)
2

∣∣∣∞
1
.

(E.8)

For phantom energy ω < −1 we have 3/2(1 + ω) < 0, which will cause the integral a
3(1+ω)

2 ≈ 0 at

a =∞. Thus (E.8) becomes:

trip − t0 ≈
2

3H0(1 + ω)

√
1− Ω(bm,0) −

(
1− δ

δ+3ω

)
Ω(dm,0)

(
0− 1

3(1+ω)
2

)

→ trip − t0 ≈ −
2

3H0(1 + ω)

√
1− Ω(bm,0) −

(
1− δ

δ+3ω

)
Ω(dm,0)

,

(E.9)

which is the predicted time of the big rip for IDE model Q1 = δHρdm. This reduces back to the

uncoupled case (2.50) if δ = 0.

E.3 Calculations for the big rip - Q2 = δHρde

For this model, it is important to note that in the distant future dark energy never completely

dominates the other fluids (as usually indicated by Ωde → 1 in the distant future). This is due to

this model solving the coincidence problem for future expansion, thereby fixing the ratio of dark

matter to dark energy. Radiation and baryons may become negligible in the distant future, but

some terms from the dark matter energy density should still be included. The Friedmann equation

(3.103) for this coupled model with only dark matter (3.80) and dark energy (3.80) is:

(
ȧ

a

)
≈ H0

√(
Ω(dm,0) + Ω(de,0)

δ

δ + 3ω

[
1− a−(δ+3ω)

])
a−3 + Ω(de,0)a

−3(1+ω+ δ
3

)

= H0

√(
Ω(dm,0) + Ω(de,0)

δ

δ + 3ω

)
a−3 +

(
1− δ

δ + 3ω

)
Ω(de,0)a

−3(1+ω+ δ
3

).

(E.10)

In the future, as the scale factor a grows large, the contribution from the first two terms in (E.10)

becomes small relative to the other terms and may be neglected. Doing this, the Friedmann equa-

tion (E.10) becomes:
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(
ȧ

a

)
≈ H0

√(
1− δ

δ + 3ω

)
Ω(de,0)a

−3(1+ω+ δ
3

). (E.11)

The current dark energy density parameter may also be written as Ω(de,0) = 1−Ω(dm,0)−Ω(bm,0)−
Ω(r,0) ≈ 1− Ω(dm+bm,0). The Friedmann equation (E.11) then becomes:

(
ȧ

a

)
≈ H0

√(
1− δ

δ + 3ω

)(
1− Ω(dm+bm,0)

)
a−

3
2

(1+ω+ δ
3

). (E.12)

This can now be integrated from the present time t0 at a0 = 1 to the the time of the big rip trip

at a =∞:

da

dt
= H0

√(
1− δ

δ + 3ω

)(
1− Ω(dm+bm,0)

)
a−

1
2

(1+3ω+δ)

∫ trip

t0

dt =
1

H0

1√(
1− δ

δ+3ω

) (
1− Ω(dm+bm,0)

)
∫ ∞

1
a−

1
2

(1+3ω+δ)da

trip − t0 =
1

H0

1√(
1− δ

δ+3ω

) (
1− Ω(dm+bm,0)

) 2

3(1 + ω + δ
3)
a

3(1+ω+δ/3)
2

∣∣∣∞
1
.

(E.13)

For the integral on the right hand side to become zero, we need 3/2(1 + ω + δ/3) < 0. Phantom

dark energy does not necessarily imply this. For this to hold we can need the effective equation

of state for dark energy to be smaller than −1. If ωeff
de = ω + δ/3 < −1 then it follows that

3/2(1 + ω + δ/3) < 0 which will cause the integral a
3(1+ω+δ/3)

2 ≈ 0 at a =∞. Thus (E.8) becomes:

trip − t0 =
2

3H0(1 + ω + δ
3)

√(
1− δ

δ+3ω

) (
1− Ω(dm+bm,0)

) (0− 1
3(1+ω+δ/3)

2

)

→ trip − t0 = − 2

3H0(1 + ω + δ
3)

√(
1− δ

δ+3ω

) (
1− Ω(dm+bm,0)

) ,
(E.14)

which is the predicted time of the big rip for IDE model Q2 = δHρde. This reduces back to the

uncoupled case (2.50) if δ = 0.
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