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Summary 
One of the main objectives of this dissertation is the development of a new method of evaluating 

the performance of bootstrap-based tests. The evaluation method that is currently in use in the 

literature has some major shortcomings, for example, it does not allow one to determine the robust­

ness of a bootstrap estimator of a critical value. This is because the evaluation and the estimation 

are based on the same data. This traditional method of evaluation often leads to too optimistic 

probability of type I errors when bootstrap critical values are used. 

We show how this new, more robust, method can detect defects of bootstrap estimated critical 

values which cannot be observed if one uses the current evaluation method. Based on the new 

evaluation method, some theoretical properties regarding the bootstrap critical value are derived 

when testing for the mean in a univariate population. These theoretical findings again highlight the 

importance of the two guidelines proposed by Hall and Wilson (1991) for bootstrap-based testing, 

namely that resampling must be done in a way that reflects the null hypothesis and bootstrap tests 

should be based on test statistics that are pivotal (or asymptotically pivotal). 

We also developed a new nonparametric bootstrap test for Spearman's rho and, based on the re­

sults obtained from a Monte-Carlo study, we recommend that this new test should be used when 

testing for Spearman's rho. A semiparametric test based on copulas was also developed as a useful 

benchmark tool for measuring the performance of the nonparametric test. 

Other research objectives of this dissertation include, among others, a brief overview of the nonpara­

metric bootstrap and a general formulation of methods which can be used to apply the bootstrap 

correctly when conducting hypothesis testing. 
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Opsomming 
Een van die vernaamste mikpunte van die proefskrif is die ontwikkeling van 'n nuwe metode om die 

gedrag van skoenlusgebaseerde toetse te evalueer. Die evalueringsmetode wat huidiglik in die liter-

atuur gebruik word, besit ernstige tekortkominge. Dit kan byvoorbeeld nie aangewend word om die 

robuustheid van 'n skoenlusberamer van 'n kritiekewaarde te bepaal nie. Die rede hiervoor is dat 

die evaluering en beraming gebaseer is op dieselfde data. Die tradisionele metode van evaluering 

lei dikwels na 'n te optimistiese waarskynlikheid van tipe I fout, wanneer skoenlus kritiekewaardes 

gebruik word. 

Daar word aangetoon hoe hierdie nuwe, meer robuuste, evalueringsmetode tekortkominge van 

skoenlus kritiekewaardes kan opspoor, wat nie vasgestel kan word as die huidige evalueringsme­

tode aangewend word nie. Gebaseer op hierdie nuwe metode, word daar teoretiese eienskappe vir 

die skoenlus kritiekewaarde afgelei, indien daar getoets word vir die gemiddeld in 'n eenveranderlike 

populasie. Hierdie teoretiese bevindinge beklemtoon weereens die belangrikheid van die twee riglyne 

wat Hall en Wilson (1991) voorgestel het, naamlik dat hersteekproefneming toegepas word op so 

'n manier dat die nulhipotese gereflekteer word en skoenlustoetse gebaseer word op toetsstatistieke 

wat spilgroothede ( of asimptotiese spilgroothede ) is. 

'n Nuwe effektiewe nie-parametriese skoenlustoets vir Spearman se rho is ontwikkel. 'n Semi-

parametriese toets gebaseer op "copulas" is ook ontwikkel as 'n nuttige maatstaf om die prestasie 

van die nie-parametriese toets te meet. 

Ander navorsingsdoelwitte sluit onder andere in, 'n kort oorsig van die nie-parametriese skoenlus­

metode en 'n algemene formulering van metodes wat gebruik kan word om die skoenlusmetode reg 

toe te pas, wanneer hipotesetoetsing uitgevoer word. 
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Chapter 1 

Introduction 

1.1 Overview 

The basic objective of statistical analysis is "extracting all the information from the data" 

(Rao, 1989) to deduce properties about the population that generated the data. Most statistical 

analyses are based on functions of data, called statistics. Prior to obtaining data, uncertainty exists 

as to what value of any particular statistic will result. A statistic is, therefore, a random variable 

with a probability distribution, called the sampling distribution of the statistic. A central objective 

of statistical inference is to characterise this sampling distribution. Knowledge of this distribution 

enables, among other things, measurement of the precision and bias of the estimate, development 

of confidence intervals and the testing of hypotheses about the parameter being estimated. 

The basic idea of any sort of hypothesis test is to compare the observed value of the test statistic 

with the distribution that it would follow if the null hypothesis were true (null distribution). The 

null hypothesis is then rejected if the observed value of the test statistic is sufficiently large/small 

relative to the null distribution. 

In most cases, however, the null distribution will be unknown because it depends on the under­

lying population. We therefore have to compare the observed value of the test statistic with a 

distribution that is only approximately correct. Traditionally, the approximation used was based 

on asymptotic theory. However, hypothesis tests based on asymptotic theory may not give good 

results, especially in small samples. Many such examples exist, for example, Davidson and MacK­

innon (1992) reported a simulation in which a version of the information matrix test rejects a true 

null hypothesis 99.9% of the time, even for large samples; Stewart (1997) and Dufour and Khalaf 
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(2002) found that in the case of multivariate regression models, standard asymptotic tests often 

over reject severely, while Boos and Brownie (1989) found that , when testing for homogeneity of 

variances, the asymptotic test does not give satisfactory results in terms of estimated sizes. 

Another approach would be to estimate or approximate the sampling distribution of the statistic 

(or the null distribution in the case of hypothesis testing) from the observed data. Efron (1979) 

introduced a general resampling scheme, the "bootstrap", which can be used to do exactly this. 

Asymptotic theory indicates that bootstrap tests will generally perform better in finite samples 

than asymptotic tests, in the sense that the errors made based on the bootstrap tests will be of a 

lower order in the sample size (see, among others, Beran, 1988; Hall, 1992). 

This resampling technique applied to hypothesis testing will form the cornerstone of this thesis: 

"Bootstrap-based hypothesis testing". 

1.2 Objectives 

The main objectives of this dissertation can be summarized as follows: 

• Provide an overview of the nonparametric bootstrap. 

• Present a general formulation of three methods which can be used to apply the bootstrap 

correctly when conducting hypothesis testing. 

• Investigate the application of bootstrap-based testing for some common statistical problems. 

• Develop a new method to evaluate the performance of bootstrap-based tests. 

• Derive some theoretical properties regarding the bootstrap estimator of the critical value, 

when testing for the mean in a univariate population. This will be based on the new method 

to evaluate the performance of a bootstrap-based test. 

• Develop a new semiparametric bootstrap test for Spearman's rho based on copulas. 

• Develop a new nonparametric bootstrap test for Spearman's rho. 

1.3 Thesis outline 

Chapter 2 provides a brief overview of some recent developments concerning the nonparametric 

bootstrap methodology. Most topics will be discussed under the assumption of independent data. 
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The chapter concludes with a discussion on the application of the bootstrap to dependent data. 

In Chapter 3 we discuss two methods to apply the bootstrap correctly to hypothesis testing. We 

will make use of some examples of common statistical problems to illustrate how these methods 

can be applied. 

Chapter 4 introduces a new method which can be used to evaluate the performance of bootstrap-

based tests. We also derive some theoretical properties regarding the bootstrap estimator of the 

critical value when testing for the mean in a univariate population. This will be based on the new 

method for evaluating the performance of a bootstrap-based test. The results of a Monte-Carlo 

study that substantiate the theoretical findings will also be presented. 

In Chapter 5 we discuss how to resample residuals in order to apply the bootstrap correctly to 

hypothesis testing. The shortcomings associated with resampling incorrectly will be analysed by 

making use of a simple example. 

Chapter 6 provides an overview of copulas, focusing especially on how to simulate from different 

families of copulas. The chapter concludes with a discussion on two measures of association, namely 

Spearman's rho and Kendall's tau. 

In Chapter 7 we consider bootstrap-based testing for Spearman's rho. We propose two new tests for 

Spearman's rho: a semiparametric bootstrap test, based on copulas, and a nonparametric bootstrap 

test. In the last part of the chapter we propose a nonparametric bootstrap test to test whether the 

Spearman's rho of two bivariate populations are equal to one another. 

Chapter 8 contains the results of numerous Monte-Carlo studies. The chapter concludes by looking 

at possible future research in the area of bootstrap-based testing. 
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Chapter 2 

An overview of the bootstrap 

This chapter provides a brief overview of some recent developments concerning the nonparametric 

bootstrap methodology, concentrating on basic ideas and applications rather than theoretical con­

siderations. Topics include statistical error, confidence intervals, double bootstrapping, bootstrap 

calibration, bootstrap partial likelihood, bootstrapping complicated data sets and the modified 

bootstrap. The above topics will be discussed under the assumption of independent data. A major 

development in bootstrap methods has been their application to dependent data. Topics which will 

be discussed under this heading include the moving block bootstrap and the autoregressive sieve 

bootstrap. 

2.1 Introduction 

As was mentioned in Chapter 1, Efron (1979) introduced a very general resampling scheme (the 

"bootstrap") for estimating or approximating the sampling distributions of statistics. Efron and 

Tibshirani (1993) defined this technique as follows: 

"A computer-based method for assigning measures of accuracy to statistical estimates." 

An alternative definition would be: A computer-based technique that enables one to estimate the 

distributional properties of a statistic. The bootstrap is essentially a method that attempts to 

mimic the process of sampling from a population (like one does in Monte-Carlo simulations), by 

instead drawing samples from the observed sample data. 

It has many attractive properties, especially for the statistical practitioner: it requires few assump­

tions, little modelling or analysis is required and it can be applied in an automatic way in a wide 

variety of situations. Efron an Tibshirani (1985) summarizes one of the most important benefits of 

the bootstrap methodology as follows: 
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"The bootstrap can answer questions which are too complicated for traditional statistical analysis." 

2.2 Bootstrap estimate of standard error 

Assume we have a random sample X„ = {Xi,X%,... ,Xn) from an unknown distribution function 

(d.f.) F. Bootstrap methods depend on, what is referred to as, a bootstrap sample: 

Let Fn be the empirical distribution function of X„ that places probability 1/n on each Xi, i — 

1 , . . . , n. A bootstrap sample is defined as a random sample of size n drawn from Fn, say 

n — ^ I J ^ - 2 ) • • • i^nJ-

The star notation indicates that Xj^ is not the same as the actual data set X„ , but rather a 

randomised, or resampled version of X n . In other words, X* is a random sample of size n, drawn 

with replacement from the "population" of n objects (X±,..., Xn). 

More formally, we write, for j = 1 , . . . , n, 

P*{X* = Xi) = 1/n, for i = 1 , . . . , n, 

where P* denotes the conditional probability law of X* given X„ . 

Suppose 9 = 9(Xi,X2,..., Xn) is some estimator of a parameter 6. 

The standard error of 6 is 

a{F) = {VarF{6)}1'2 

and the bootstrap estimate of a(F) is simply 

a = a(Fn) = {Van(e*)}^2, where 

6* = 6(XI,..., X*) and Var* denotes the variance under P*. 

One reason for the success of the bootstrap method is that a simple and accurate Monte-Carlo 

approximation can be given for a (Efron, 1979): 

i) For b = 1 ,2 , . . . , B (large), generate independent bootstrap samples from Fn: 

xXb) = (x*1(b),xt(b),...,x*n(b)). 

ii) Calculate 0*(1), 0*(2) , . . . , 8*(B) (so-called bootstrap replications), where 

9*(b) = 9(X?(b),X*2(b),...,X*n(b)). 
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iii) Approximate a by 

YJ{e\b)-e*{-))2\ , where 
6=1 J 

6=1 

Remarks: 

(a) The strong law of large numbers implies that &B —► o a.s. as B —► oo. 

(b) Booth and Sarkar (1998) suggest that a choice of B between 200 and 800 is satisfactory for the 

estimation of standard errors and the construction of confidence intervals. With the powerful 

computers we have nowadays a safe choice to use is B=1000. 

(c) Bootstrap estimators of other measures of statistical error (or accuracy), such as bias or 

prediction error, can be obtained in a similar manner. 

(d) The bootstrap method, discussed above, is often called the nonparametric bootstrap. 

(e) If F(-) — G(-, 6), with G a known cumulative distribution function (c.d.f.) and 6 a vector of 

unknown parameters, we can estimate 0 by their sample estimate, 9, and generate bootstrap 

random samples X* = ( X * , ^ , . . . ,X*) from G(-,0) and then continue as before. This is 

known as the parametric bootstrap. 

2.3 The double bootstrap 

The question of how accurate a is (the bootstrap estimate of the standard error of 6, denned in 

Section 2.2) now arises. What is, for example, the standard error of the bootstrap standard error? 

The bootstrap can, once again, be applied to estimate this quantity. The standard error of the 

bootstrap estimate of standard error of 6 is denoted by: 

r(F) = {VarF{a)}1/2. 

The bootstrap estimator is then simply 

f = r(Fn) = {Var^a*)}1'2, 

where a* = a(X*,... ,X*). 

The double bootstrap thus involves resampling resampled data, i.e., bootstrapping the bootstrap 
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(see, e.g., Chapman and Hinkley, 1986). The following Monte-Carlo approximation can be given 

for f: 

i) Generate a bootstrap sample X*,..., X* from Fn: 

(a) Generate a bootstrap sample X * * , . . . , X** from F*, the e.d.f. of X*,..., -X"*, and cal­

culate 

6** = 6(X{*,...,X*n*) 

Denote this by 0**(1). 

(b) Repeat step (a) C times independently, to obtain bootstrap replications 

§**(1),...,9**{C). 

(c) Calculate 
2\ 1/2 

ii) Repeat step i) B times independently, to obtain <7c( l ) , . . . , ac(B). 

iii) Calculate 
2>, V2 

*a,c , B 
6=1 \ 6=1 / 

Note that the strong law of large numbers implies that 

TB,C —* T a.s. as B, C —> oo. 

Remarks: 

(a) The double (or nested) bootstrap has been applied to various problems in the statistical 

literature (see, e.g., Tibshirani, 1988; Davison and Hinkley, 1997). 

(b) Important applications include, among others, its application to the construction of "boot­

strap calibration confidence intervals" (which will be discussed later) and the construction of 

"bootstrap partial likelihoods". 
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2.4 Partial likelihood approach 

The bootstrap partial likelihood approach estimates the likelihood function of 9, an estimator for 

9, using a double bootstrap procedure. In order to estimate this likelihood function Davison et al. 

(1992) proposed the following procedure: 

i) Generate bootstrap samples X* (1), X* (2) , . . . , X* (B), giving bootstrap replications Q*,...,0*B. 

ii) From each of X* (b), b = 1 , . . . , B, generate C second stage bootstrap samples, giving second 

stage bootstrap replicates 9**(b),..., 9*^{b). 

iii) Calculate, e.g., the kernel density estimate 

for b = 1 , . . . , B. Here k is a known symmetric density function and h the bandwidth. 

iv) Evaluate f{9\(%) for b = 1 , . . . , B. 

v) f(9\9l) provides an estimate of the likelihood of 9 for a parameter value 9 = 9^. 

A smooth estimate of the likelihood of 9 is then obtained by applying a scatter plot smoother to the 

pairs [9l,f(9\§l) J , b = 1 , . . . , B. This construction is called bootstrap partial likelihood because 

it estimates the likelihood of 9 based on 9 rather than on the full data set X n . The interested 

reader is referred to Davison et al. (1992) for a more in depth discussion of this partial likelihood 

approach. 

2.5 Estimation of sampling distributions 

Consider the problem of estimating the sampling distribution of a random variable i?n(Xn; F) : 

HF{x) = PF(iJn(Xn ; F) <x), i £ R. 

The bootstrap estimator of Hp{x) is simply 

H{x) = HFn(x) = P*(Rn(X*n;Fn) < x). 

Note: If, e.g., i?„(Xn; F) = s/n(Xn — ft)/Sn(Xn), with Xn and 5n(Xn) defined as the sample mean 

and sample standard deviation respectively, then the bootstrap statistic becomes 

Rn(X*n; Fn) = MK - Xn)/Sn(X*n). 
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The Monte-Carlo approximation of H[x) is then simply: 

1 B 

HB{X) = - ^2l(Rn (K(b);Fn) < x), 
b = l 

where X*( l ) , . . . , X*(B) are independent bootstrap samples of size n drawn from Fn. 

Remarks: 

(a) The approximation Hpn(x) ~ Hp{x) is asymptotically (n —> oo) valid in a large number of 

situations. This is usually established by proving theorems of the form: 

sup \HFn(x) - HF(x)\ = o(l), 
—oo<x<oo 

almost surely (or in probability). We shall also refer to this by saying that the bootstrap 

estimator is "first-order accurate". If o(l) can be replaced by o(n - 1 ' 2 ) , the bootstrap estima­

tor is said to be "second-order accurate". In this case the bootstrap approximation is better 

than the normal approximation, which is typically of the order 0 (n - 1 / 2 ) . 

(b) First- and second-order accuracy results have been proved for a large number of statistics 

in the literature, including L-estimators, M-estimators, [/-statistics, nonparametric density 

and regression estimators, [/-quantiles, empirical and quantile processes, and general classes 

of statistical functionals (see, e.g., Hall, 1992; Shao and Tu, 1995; Janssen, 1997; Jimenez-

Gamero et al., 2003). 

2.6 Bootstrap confidence intervals 

Suppose that X\,X2, ■ ■ ■,Xn are i.i.d. random variables with c.d.f. F and 9 = 9(Xi,X2, ■ ■ ■, Xn) 

is an estimator for a parameter 9. Let a be the estimated standard error of 9. 

A 100(1 — a)%-confidence interval (c.i.) for 9 based on the traditional standard normal method is: 

where z(a/2) is the 100(1 — a/2)% percentile point of $ (the standard normal distribution), e.g., 

if 1 - a = 0.95, then z(a/2) = z(0.025) = 1.96. 

However, these standard intervals for 9 can often be quite inaccurate, because they rely on the 
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central limit theorem and the conditions under which this theorem is valid. For small to moderate 

sample sizes, 

\p{Q € Ii-a) - (1 - <*)l can be large. 

The bootstrap can be used to construct c.i.'s that frequently perform better, especially for small 

and moderate sample sizes. 

Since the early 1980's, a bewildering array of methods for constructing bootstrap confidence inter­

vals have been proposed (see, e.g., Hall, 1988, 1992; Swanepoel, 1990; Efron and Tibshirani, 1993; 

Shao and Tu, 1995; DiCiccio and Efron, 1996; Davison and Hinkley, 1997). 

Carpenter and Bithell (2000) wrote an interesting paper addressing the questions of when boot­

strap confidence intervals should be used, which method should be chosen and how it should be 

implemented. 

Suppose F is unknown. The best-known procedures for constructing nonparametric bootstrap 

confidence intervals are: 

1. percentile, bias-corrected percentile (BC), accelerated bias-corrected percentile (BCa) and 

2. bootstrap-^ intervals. 

We now provide a quick summary of these procedures (a more detailed discussion can be found, 

e.g., in the books by Efron and Tibshirani, 1993; Shao and Tu, 1995). 

2.6.1 Percentile Intervals 

Let G denote the c.d.f. of 6* = §(Xf, ...,X*), i.e., 

G(t) = P*(0*<t). 

The percentile 100(1 - a)% c.i.'s are given by 

h~a= [G~l(a/2),G-l(l-a/2)\, 

which can be approximated by the Monte-Carlo method as follows: 

i) Draw B independent bootstrap samples of size n and calculate 0f, 0^ ■ ■ • > ®*B-

ii) Calculate the corresponding order statistics 07^ < 672\ < • • • < 07B^. 
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iii) Approximate I\-a by 

h-a = 

where r = [Ba/2\, s = \B (1 - a /2 ) ] and |a;J denotes the largest integer less than or equal 

to x. 

Remarks: 

(a) An alternative percentile interval, in the literature known as the "basic c.i." (see, e.g., Davison 

and Hinkley, 1997), is given by 

2 0 - 0 ^ , 2 0 - 0 ^ . 

(b) The BC percentile c.i.'s are merely adjustments of the percentile intervals and they attempt 

to eliminate the effects of the bias of the bootstrap distribution of 0*. They can be calculated 

similarly as h~a, except that they make use of other values of r and s. 

(c) The BCa percentile method is an improved version of the BC percentile method. It incorpo­

rates both a bias and skewness correction. The BCa percentile c.i.'s can also be calculated 

as I\-a, using different values of r and s (these values are somewhat complex to compute). 

2 .6 .2 B o o t s t r a p - t In terva l s 

A 100(1 — a)% two-sided symmetric bootstrap-t c.i. is given by 

§-q(Fn)a,9 + q(Fn)a\, 

where q(Fn) is defined by 

P*(\e*-§\/a*<q(Fn))*l-a. 

q(Fn) can be approximated by obtaining B independent bootstrap replications 

TZ(b) = \8*(b)-§\/a*(b), 6 = 1 , . . . , B 

and then finding the [B(l — a) ] - th smallest among the T*(fc)'s. 

Remarks: 

(a) Two-sided equal-tailed and one-sided bootstrap-t c.i.'s can be derived similarly. 

(b) Both the BCa percentile interval and the bootstrap-t interval are second-order accurate; that 

is, their coverage probabilities differ from the nominal 1 — a level by only 0(n~l), instead of 

(^(n"1 /2) , which is usually achieved by the standard c.i.'s based on quantiles of the standard 

normal distribution (Hall, 1988). 
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(c) However, these procedures also have some drawbacks. The BCa procedure depends on some 

tuning parameter a that has to be estimated satisfactorily. The performance of the bootstrap-

t procedure is highly dependent on the quality of the estimator a. For nonlinear statistics the 

derivation of a good estimator a can be problematic. 

(d) In view of (c) above, the use of the simple percentile method for small and moderate sample 

sizes is encouraged, provided these intervals are calibrated. 

2.7 Bootstrap calibration 

Bootstrap calibration confidence intervals were first proposed by Beran (1987) and Loh (1987) and 

have become very popular in recent years. The basic idea is to improve the original c.i. h-a by 

adjusting its nominal level 1 — a through a double bootstrap. This is accomplished as follows: 

Recall that G(t) = P*0* < t), hence 

pF{deI^a) = PF (|2G(0) - 1| < 1 - a ) 

=: UF{l-a). 

Suppose 

I I F ( 1 - a) ^ 1 - a, 

then choose a A, 0 < 1 — a + A < 1, such that 

n j ? ( l - a + A) = l - a . 

Note that A is unknown, since 

A = n ^ 1 ( l - a ) - ( l - a ) . 

The bootstrap estimator of A is simply 

A = n ^ ( l - a ) - ( l - a ) 

and the adjusted interval is, therefore, 

h-a+\ G - M ^ - M , G - M I - ^ 

Remarks: 

(a) Booth and Hall (1994) provide a discussion of the Monte-Carlo approximation of I1_ a +^. 

(b) Hall and Martin (1989) cautioned that bootstrap calibration of percentile-method intervals 

has no role to play in quantile problems and thus cannot be used to improve coverage accuracy. 
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2.8 Bootstrapping complicated data sets 

The bootstrap can be applied to much more complicated situations. A regression model is a familiar 

example of a complicated data structure. Consider, for example, the following model: 

Yi = 3(/3;xj) + £j, i = l,...,n. 

Here, (3 is a (p x 1) vector of unknown parameters; for each i, Xj is a (p x 1) observed vector of 

covariates and g is a known function. The e '̂s are i.i.d. random errors with unknown c.d.f. F such 

that E(ei) = 0, i = 1 , . . . , n. 

Suppose that (3 is estimated by J3 (e.g., the least-squares estimator). The bootstrap can be applied 

to approximate the sampling distribution of 

3 = )9((yi,xi) , . . . , (yn ,x7 , )) 

as follows: 

(1) Let F„ be the e.d.f. of the centered residuals, defined for % = 1 , . . . , n, by 

^ = Yi- g&; xi) - - it,{YJ - 9& xi)i-

(2) Generate i.i.d. bootstrap residuals e*, e | , . . . , e* from Fn. 

(3) Calculate bootstrap observations 

Y* =g{J3;xi) + e*, i = l,...,n. 

(4) Approximate the sampling distribution of (3 by the bootstrap distribution of 

)9*=3((n , ,xi), . . . ,(yn*,xn)). 

Remeirks: 

(a) The above resampling scheme is called "bootstrapping residuals" or "resampling residuals" 

in the literature. 

(b) If the covariates Xj are random, researchers often apply the so-called "pairs bootstrap", which 

is less dependent on the underlying model assumption than the bootstrap based on residuals: 

Bootstrap data (Y*, x*) , . . . , (Y*, x*) are generated by simple random sampling with replace­

ment from (Yi ,xi) , . . . , (yn,x„) and the sampling distribution of J3 is approximated by the 

bootstrap distribution of 

)9* = )9((y1*,xi),...,(yn*)<)). 

(c) The case where the Ej's are heteroscedastic errors will be discussed in Chapter 5. 
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2.9 The modified bootstrap 

Bickel and Freedman (1981) provided counter-examples to show where the standard (naive) boot­

strap fails (i.e., the bootstrap estimators are not first-order accurate). Examples include degenerate 

[/-statistics, extreme order statistics and spacings of the observations. 

Swanepoel (1986) showed how these counter-examples can be mended by introducing the "modified 

bootstrap" or "m-out-of-n bootstrap", as it is more popularly known. 

For any random variable i2n(Xn ; F), the modified bootstrap consists of approximating the sampling 

distribution of i ? n (X n ; F) under F by the bootstrap distribution of Rm(X.^n; Fn) under Fn, i.e., 

P* (Rm(X*m; Fn) <x)^PF (En(Xn; F) < x), 

where X ^ = (X%,..., X ^ ) , for some suitable choice of the bootstrap sample size m. 

Since 1986 several new cases have been reported, illustrating the failure of the naive bootstrap. 

However, in each case the "m-out-of-n bootstrap" led to consistent (first-order accurate) bootstrap 

estimators, emphasising the ongoing success of the methodology. 

Some of the above-mentioned cases include applications of the naive bootstrap to: 

• the mean in the infinite variance case (Athreya, 1987; Knight, 1989); 

• extreme order statistics (Deheuvels et al., 1993); 

• the Cramer-von Mises goodness-of-fit test statistic with doubly censored data (Bickel and 

Ren, 1995); 

• unstable first-order autoregressive processes (Basawa et al., 1991; Datta, 1996; Heimann and 

Kreiss, 1996); 

• critical branching processes with immigration (Sriram, 1994); 

• estimation of the distribution of the Studentized mean (Hall and LePage, 1996); 

• a sample quantile when the density has a jump (Huang et al., 1996); 

• confidence intervals for endpoints of a c.d.f. (Athreya and Fukuchi, 1997); 

• the maximum of a stationary process (Athreya et al., 1999); and 

Recent papers on the modified bootstrap caused a revival of this idea: 
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• Chung and Lee (2001) applied the modified bootstrap to correct coverage error in the con­

struction of bootstrap confidence bounds. They showed that the coverage error of a standard 

bootstrap percentile method confidence bound, which is of order Oin-1'2) typically, can be 

reduced to 0 ( n _ 1 ) by use of an optimal bootstrap sample size m in the modified bootstrap. 

The authors also conducted a simulation study to illustrate their findings, which suggest 

that the modified bootstrap method yields intervals of shorter length and greater stability 

compared to competitors of similar coverage accuracy (see also Lee, 1999). 

• Janssen et al. (2001), and also Janssen et al. (2002), showed that , compared to the standard 

(naive) bootstrap, the modified bootstrap provides faster consistency rates for the bootstrap 

distributions of U-quantiles and Kaplan-Meier quantiles (comprehensive surveys of bootstrap­

ping [/-statistics and bootstrapping in survival analysis were written by Janssen (1997) and 

Veraverbeke (1997), respectively). 

The results of Chung and Lee (2001) and those of Janssen et al. (2001), and also Janssen 

et al. (2002), illustrate that the modified bootstrap is useful, not only in cases where the 

standard bootstrap fails, but also in situations where it is valid. 

Remarks: 

(a) It is well-known that the ordinary delete-1 jackknife fails (i.e., it is not asymptotically con­

sistent) when estimating, for example, the variance of a sample quantile (Efron, 1979). It 

is known (see, e.g., Wu, 1986) that by carefully choosing d, a delete-d jackknife estimator 

overcomes some of the deficiencies of the ordinary jackknife. 

(b) Unlike the delete-d jackknife, however, which suffers from a combinatoric explosion of com­

putation with increasing d, the modified ("m-out-of-n") bootstrap is just the opposite. The 

smaller the resample size m, the easier it is to resample and to compute. 

Further Remarks: 

• The choice of m is crucial. In order to make the modified bootstrap accessible for the statistical 

practitioner, a data-dependent rule to choose m is very important. 

• Research on this topic has only started recently. Data-based choices of m were proposed, for 

example, by Sakov (1998); Gotze and Rackauskas (1999) and Sakov and Bickel (2000). 
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2.10 The smoothed bootstrap 

The e.d.f. Fn is a discrete distribution function and this seems undesirable when dealing with a 

continuous e.d.f. F. Efron (1979) suggested the smoothed bootstrap: 

Instead of resampling from Fn, resample from a smoothed version of Fn denoted by Fn- This 

smoothed distribution function can be expressed as 

where Kn{-) is a sequence of continuous distribution functions and * denotes convolution. We have 

/

+00 
Kn(x-y)dFn(y). 

-oo 

Kn(-) is mostly a kernel sequence: 

Kn(t) = K(t/h), 

where K is a known continuous distribution function (e.g., K = $) and h = hn is a bandwidth. 

In this case 
x ~ Xi 

h 

A bootstrap sample Yf,...,Y* from Fn can be obtained in a simple way: 

Let Xi,...,X* be i.i.d. rv's with e.d.f. Fn and let Ri,...,Rn be i.i.d. rv's with e.d.f. K. If 

(Xf,..,, X*) and ( i?i , . . . , Rn) are independent, we may take 

Y? = x; + hRi, i = l,...,n. 

Remarks: 

(a) Romano (1988) showed that if a parameter 9, which can be viewed as a functional T(f) of the 

density / , is to be estimated, the standard bootstrap can fail (i.e., it is inconsistent) unless 

the resampling is done from Fn. 

(b) Hall and DiCiccio (1989) showed that in estimating the variance of a sample quantile, the rate 

of convergence of the relative error can be improved by using a smoothed bootstrap instead 

of the standard bootstrap (see also the review paper by De Angelis and Young, 1992). 

(c) The correct choice of the bandwidth h is crucial. In order to make the smoothed bootstrap 

more accessible for the statistical practitioner, a reliable data-dependent bandwidth is of the 

utmost importance. 

(d) Polansky (2001) derived a bandwidth selector for the smoothed bootstrap applied to construct 

one-sided percentile confidence intervals. 
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2.11 Bootstrapping dependent data 

A major development of bootstrap methods since the mid-1980's has been their application to 

dependent data. Two well-known methods relating to dependent data will now be discussed, 

namely the Moving Block Bootstrap and the Autoregressive Sieve Bootstrap. In Section 2.11.3 a 

comparison is made between these two procedures. 

Throughout the discussion, we will assume that Xi,X2,..- is a sequence of strictly stationary 

random variables (or vectors). 

2.11.1 The Moving Block Boots trap(MBB) 

The MBB was suggested by Kunsch (1989) and is implemented as follows: 

(1) Define blocks Bj = (X,-,..., Xj+i-i), for j = 1 , . . . , N, where iV = n - ^ + l a n d l < ^ < n 

denotes the block size. 

(2) Let b = [n/£\. Select a random sample B\,... ,B^ from {Bi,...,BN}-

(3) Arrange the components of B*,..., B^ into a sequence. 

(4) This yields ni = bt bootstrap observations X*x = (X*, X%,..., X*J . Note that n\/n —> 1 as 

n —> oo. 

Remzirks: 

(a) It has been shown that the MBB is asymptotically valid for a wide range of statistics and a 

wide range of data generating models, as long as they are short-range dependent (Buhlmann, 

1995; Buhlmann and Kunsch, 1995). 

(b) Gotze and Kunsch (1996) as well as Lahiri (1996) proved that the MBB applied to certain 

statistics is second-order accurate. 

(c) The correct choice of the block length I is crucial and requires careful consideration. 

Data-based choice of block length 

Hall et al. (1995) derived a simple rule for choosing I data-dependently. They consider the per­

formance of the MBB with different block lengths for subsamples of length m < n, yielding an 
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optimal block length £m. The estimated optimal block length is then derived with a Richardson 

extrapolation adjusting to the original sample size n : 

in = {n/m)llkim, where 

k = 3 when estimating bias or variance of 9n, k = 4 for estimating the distribution function of 

{On—Q)/an and k — 5 for estimating the distribution function of | 8n —8 \ /an. The method described 

above is not fully data-driven, since m is another tuning constant. Moreover, the behaviour of 

bootstrapped nonlinear statistics 9n for small m is unsatisfactory. 

When the MBB is applied to estimate the bias or standard error of a statistic, Buhlmann and 

Kunsch (1999) propose a fully data-driven procedure for the selection of the block length £. It 

is based on an equivalence of £ to the inverse of the bandwidth of a lag weight estimator of the 

spectral density at zero. The procedure can easily be implemented and performs at least as well as 

the procedure of Hall et al. (1995). 

2 . 1 1 . 2 T h e A u t o r e g r e s s i v e S i e v e B o o t s t r a p 

The Autoregressive Sieve Bootstrap method was originally proposed by Swanepoel and Van Wyk 

(1986). We will now provide a short discussion on this method: 

Let {Xj, —oo < j < oo} denote a strictly stationary, invertible linear time series: 
oo 

Xj = fJ, + ^ ai£j~i > (2-1) 
i=0 

for constants n, aj and i.i.d. rv's {ej} with E(si) = 0, i = 1 , . . . ,n . 

Inverting (2.1), we obtain an Ai?(oo)-process 
oo 

xi ~ M = Y, & ( X J - * ~ V) + e J ' (2-2) 
i=l 

for constants /%. 
The basic idea of the AR(oo)-sieve bootstrap is to approximate the AR(oo)-model in (2.2) with a 

AR(p) model: 
p 

Xi ~ V = Yl Pi(Xi-i ~~ ^) + er 
i=l 

Choose an estimate p of p by, e.g., the AIC model selection procedure with Gaussian innovations 

(Shibata, 1980 has shown optimality of the AIC for prediction in Ai?(oo)-models). Some researchers 

recommend the use of the AICC criterion, which is a bias-corrected version of AIC (Hurvich and 

Tsai, 1989). One then proceeds further by applying classical "resampling residuals." (See also 

Buhlmann, 1995, 1997, 1998; Bickel and Buhlmann, 1999; Choi and Hall, 2000.) 

18 



2.11.3 Comparison between the MBB and the AR(oo)-sieve bootstrap 

• The AR(oo)-sieve bootstrap yields bootstrap pseudo-data X* that are conditionally (given 

X n ) stationary. 

• Sieve bootstrap samples do not exhibit any of the artefacts that typically appear in series 

generated by the MBB, as the result of joining together randomly selected blocks of data. 

• Since the v4i?(oo)-sieve bootstrap does not corrupt second-order properties, it may be used 

in a double-bootstrap form and potentially leads to higher-order accuracy. For example, 

the A.R(oo)-sieve double bootstrap can be employed to calibrate a basic percentile method 

confidence interval. This gives second-order accuracy, without requiring variance estimation 

of the underlying statistic (Choi and Hall, 2000). Moving block double bootstrapping does 

not seem promising since the block bootstrap in the first iteration corrupts dependence of the 

data where blocks join (Buhlmann, 2002). 

• The AR(oo)-sieve bootstrap adapts to the degree of dependence: its accuracy improves as the 

degree of dependence decreases. This is not the case with the block bootstrap (Buhlmann, 

2002). 

• Finally, empirical results of many authors in the literature show that the v4i?(oo)-sieve boot­

strap seems generally less sensitive to selection of a model in the sieve (i.e., the choice of p) 

than the blockwise bootstraps to the block length £. 

2.12 Further topics 

In recent years the bootstrap has become an active and broad topic for research and application. 

Significant research areas where the bootstrap found extensive application (which have not been 

dealt with in this chapter) are, among others, efficient bootstrap simulations, survey sampling, 

nonparametric curve estimation, sequential analysis, directional data, categorical data, Bayesian 

inference, discriminant analysis and nonparametric autoregression. 

In the next chapter the application of the bootstrap to hypothesis testing will be discussed. 
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Chapter 3 

Two methods to apply the bootstrap 

to hypothesis testing 

In this chapter we will discuss two methods to apply the bootstrap to hypothesis testing. The 

first method involves transforming the data in order to "mimic" i?o (or, in the case of power 

calculations, H& ). The second method involves keeping the data values fixed, but instead changing 

the probabilities on each data value in order to conform to HQ or HA-

3.1 Introduction 

In Section 2.6 a brief overview of bootstrap confidence intervals was provided. The construction of 

bootstrap confidence intervals are linked to the execution of bootstrap hypothesis tests because of 

the duality between confidence intervals and hypothesis tests, i.e., the null hypothesis is rejected 

if the hypothesized value under the null hypothesis lies outside the confidence interval. Shao and 

Tu (1995), however, provided a few reasons why it is important to consider bootstrap hypothesis 

testing seperately: 

"Firstly, finding a test directly is much easier than getting a test through constructing a confidence 

interval, which is impossible in some cases. Secondly, the test obtained directly may be better since 

they usually take account of the special nature of the hypothesis." 

MacKinnon (2002) also argues that there are many more ways to construct bootstrap confidence 

intervals (e.g., percentile intervals, bootstrap-i intervals, etc.) than there are to perform bootstrap-
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based tests. As a result, these alternative ways to compute bootstrap confidence intervals may lead 

to different results and can be confusing. Hall and Wilson (1991) highlighted two important guide­

lines for bootstrap hypothesis testing. Their first guideline states that, when one wants to estimate 

the critical value, resampling must be done in a way that reflects the null hypothesis. This must 

be done even if the data were generated from a distribution specified by the alternative hypothesis. 

This guideline is crucial to the success of bootstrap hypothesis testing and have been mentioned 

by, among others, Young (1986); Beran (1988); Hinkley (1988); Fisher and Hall (1990); Westfall 

and Young (1993) and most recently by Martin (2007). In some tests, however, it is not so easy 

to "mimic" the null hypothesis when resampling, and careful thought should be given as to how 

this resampling might take place. In their second guideline, Hall and Wilson (1991) recommended 

that bootstrap hypothesis tests should be based on test statistics that are (asymptotically) pivotal. 

The importance of using pivotal statistics in the bootstrap was considered by, among others, Beran 

(1987, 1988) and Hall (1992). 

Although there is a very large literature on bootstrapping in Statistics, only a small proportion of 

it is devoted to bootstrap-based testing. The focus, however, is usually on estimating bootstrap 

standard errors and constructing bootstrap confidence intervals. The books by Westfall and Young 

(1993); Efron and Tibshirani (1993) and Davison and Hinkley (1997) cover bootstrap testing in 

some detail. Hypothesis testing based on the bootstrap has also been discussed by several authors 

in Econometrics (see, e.g., Horowitz, 2001; MacKinnon, 2002; Park, 2003; Davidson and MacKin­

non, 2004). 

In a very recent article, Martin (2007) investigated bootstrap hypothesis testing for some common 

statistical problems. One of the key things that he remarked on was that the bootstrap estimate 

of power has not been a focus of any previous studies of bootstrap testing. In order to use the 

bootstrap to estimate the power of a test, at a specific alternative, resampling must be done in a 

way that reflects the alternative hypothesis. 

Two methods which can be used to apply the bootstrap to hypothesis testing will be discussed in 

this chapter. These methods will be referred to as the transformation method and the exponentially 

tilted version of the e.d.f. A general formulation for the transformation method will be provided, 

as well as an algorithm for obtaining the bootstrap critical value and another algorithm for using 

the bootstrap to estimate the power of a test at a specific alternative. The chapter concludes with 
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an overview of the exponentially tilted version of the e.d.f. 

3.2 Transformation method 

3.2.1 General formulation 

Let X„ = {X]_,X2,..., Xn) be a random sample from some unknown distribution F. 

Consider, without loss of generality, the right-sided alternative hypothesis: 

H0: 9(F) = 60 vs. HA : 9{F) > 9Q, (3.1) 

where the parameter 0(F) is some functional of F. 

The test rejects Ho if and only if 

T„(X„) > Cn(a), where 

PHo(Tn(Xn) > Cn(a)) ^ a. (3.2) 

Tn(Xn) is an appropriate test statistic, Cn(a) is the critical value and a is the nominal significance 

level of the test. 

Remarks: 

(a) The critical value Cn(a) is unknown, since F is unknown. 

(b) We wish to estimate Cn(a) by the bootstrap estimator C n (a ;X n ) , defined in (3.3). 

When the bootstrap is applied, the following bootstrap sample is obtained: X* = (X%, X%,. • •, X*), 

where the components of X* are i.i.d. drawn from Fn, the e.d.f. of X n . In the bootstrap world 

(for fixed Xn) we would like to have that 9(Fn) = OQ- However, this is seldom, if ever the case, 

hence we need to transform X\, X2,..., Xn. 

Denote the transformed variables by 

V;° = V?(Xn;0o), t = l ) 2 , . . . ) n . 

The bootstrap random sample is now given by V°* = (V®*, V®*, ■ • •, V®*) drawn from Gn, the e.d.f. 

of V° = (Vf>, V2°,..., V;0). The transformed variables ^°(X n; #o)> i = 1) 2 , . . . , n, are chosen such 

that 6(Gn) = 9o, in the bootstrap world. 

The bootstrap estimator C„(o:;Xn) is now chosen such that (see (3.2)) 
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PHS {Tn(V°n*) > Cn(a; Xn)) * a. (3.3) 

The critical value Cn(a;Xn) can be approximated by Cn(a;Xn) using the following Monte-Carlo 

algorithm: 

i) Obtain your first bootstrap sample V°* and calculate Tn(V°*). Denote this by T*. 

ii) Independently repeat step i) a number B times to obtain B bootstrap replications T*, T2*,..., Tg. 

iii) Obtain the order statistics 27U < TjL <■■■ < 77U. 

iv) C'n(a;Xn)=T (*LB(1_a)J). 

The bootstrap p-value is given by 

Pboot = -P^(T n(V°*)>T n(X n)) , 

which can be approximated by 

1 B 

hoot = £ £ TO Z T„(Xn)). (3.4) 

ft=i 

Bootstrap estimate of power 

Again, consider testing the hypothesis stated in (3.1): 

H0:e(F) = eQ vs. HA:e(F)>eQ. 

The following procedure can be used to estimate the power of the test (by making use of the 

bootstrap), at a specific alternative HA '■ 0(F) = 0A-

a) Obtain Cn(a;Xn), as described above. 

b) Since 0(Fn) is hardly ever equal to 6A (in the bootstrap world), we need to transform {Xi, i = 

1,2,. ..,n}. 

Denote the transformed variables by 

Vj
A = Vj

A(Xn;eA), i = l,2,...,n. 

The bootstrap random sample is given by VA* = (ViA*, V2
A*,..., VA*) obtained from Hn, the 

e.d.f. of V^ = (V^, V2
A,..., VA). The transformed variables Vi

A(Xn; 0A), i = 1,2,..., n, are 

chosen such that 6(Hn) = $A, in the bootstrap world. 
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c) The estimated power of the test, at the specific alternative, is then given by 

P 6 t t = P ^ ( T „ ( V ^ ) > C n ( a ; X n ) ) . 

It is possible to approximate P^oot by P^ot using the following Monte-Carlo algorithm: 

i) Calculate C n (a ;X n ) , as previously discussed. 

ii) Obtain your first bootstrap sample V^* and calculate Tn(V^*). Denote this by T*. 

iii) Independently repeat step ii) a number B times to obtain B bootstrap replications T*, T | , . . . , T%. 

1 B 

iv) Pb
A

00t=B^I{n-dn{a'^n))-
6=1 

In the next section a number of different hypothesis tests will be considered, and techniques used 

to apply the transformation method in order to test these hypotheses will be discussed. We also 

describe how to estimate the power of these tests at a specific alternative. 

3.2.2 Transformation method applied to various statistical tests 

(a) The mean in the univariate case 

Let X„ = (X\, X2,..., Xn) denote a random sample from an unknown univariate distribution F 

with finite mean //. 

Suppose we wish to test the hypothesis: 

H0 : fj, — Ho vs. HA: n> /x0-

Application of the bootstrap for testing this hypothesis has been considered by a number of authors, 

including Young (1988); Noreen (1989); Hall and Wilson (1991) and Efron and Tibshirani (1993). 

One usually applies the (asymptotic) pivotal test statistic 

T „ ( X n ) = ^ g " x - ) ^ , (3.5) 

where 

Xn = LYJXi and S2
n(Xn) = - V(X, - Xnf. 

The test rejects HQ if and only if 

.. n _. n 
^ - V x i a n d S 2 ( X „ ) = -

n *r~i n . „ 
i = i i = i 

Tn{Xn) > Cn{a), where 

Pu0(Tn(Xn) > Cn(a)) ^ a. 
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Consider the following transformation of the data {Xi, i = 1,2,..., n}: 

V? = Xi-Xn + no, » = l , 2 , . . . , n . 

The sample mean of {V °̂, i = 1,2,..., n} is now /Lto- Choose C^p(a; X„), the bootstrap estimator 

of Cn(a), such that 

where V°* = l £ v f and S « W ) = ^ ( V ? * - V? ) 2 . 

Because of the transformation, C^p(a;Xn) is therefore given by 

J% ( ^ S c " / n ) - * ( a ; Xn)) " a' (3'6) 

where Tn = ^ X * and ^ ( X * ) = i £ ( X ? -X*nf. 
i=l i = l 

Remarks: 

(a) If the data are not transformed to have mean no, then (3.6) becomes 

(b) The symbol R in the notation of C^P{a\~K.n) is used to denote the critical value obtained 

when the bootstrap is applied "correctly", whereas the W in the notation of C^p(a;X n ) 

is used to indicate the critical value derived when the bootstrap is applied "wrongly". The 

subscript P in both these critical values refers to the fact that it is a pivotal (or asymptotically 

pivotal) statistic being used. We will elaborate on these concepts later on in the text. 

(c) In Chapter 4 some properties of these two estimators ( C^p(a; Xn) and C^P(a; Xn) ) as well 

as their non-pivotal counterparts C^N_p{a; Xn) and C^N_P(a; Xn) will be discussed. 

In order to estimate the power of the test, at a specific alternative HA, transform the data as follows: 

Vf = Xi-Xn + tiA, * = l , 2 , . . . , n . 

By construction, the sample mean of {V{
A, i = 1,2,... ,n} is \IA-
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The estimated power of this test, at the specific alternative, is then given by 

PA _ p* (Vn(Vn* - M Q ) R \ 
Pboot - PH*A (̂  5 n ( VA*) ^ ^ , p ( « , X n ) J , 

where F f = I j S ^ and SftVj**) = ± £ ( V * " ^ T ' 

Using the transformation, the estimated power is therefore given by 

pA __ p* (V^(X*n-Xn-W + »A) > CR , „ A ,„ 7) 
Pboot-PHI ^ 5 n ( x , } > 6 n ; P ( a , X n ) j . [3.7) 

Chapter 8 presents the results of a Monte-Carlo study where we compare the bootstrap estimate 

of power with the Monte-Carlo estimate of the true power. 

(b) Comparing two means 

Let X„ = (Xi,X2,---,Xn) and Ym = (Yj,Y"2,... ,Ym) be independent random samples from 
1 n ■. m 

unknown distributions F and Q respectively, with sample means Xn — — yXi and Ym = —y Yj 
n^—' mL-J 

and sample variances S^(Xn) = - ] P ( X j -Xn)2 and 5^(Ym) = — ] P ( l j - F m ) 2 . 

Consider testing the hypothesis 

Ho : /j,x = ny vs. HA-HX> fJ-y, 

where /J,X is the mean of F and /Xj, is the mean of O. 

Application of the bootstrap for testing this hypothesis was considered in some detail by Efron and 

Tibshirani (1993); Westfall and Young (1993); Davison and Hinkley (1997) and more recently by 

Martin (2007). 

If equal variances are assumed, one can use the following test statistic: 

rw1(xw ,YH 1)= * n r y w ; , (3-8) 
SP\J n + m 

where _ /nSl(Xn)+mSl(Ym) 
bP-\l n + m-2 

Further, if it is assumed that F and Q are normally distributed, then Tn,m(Xn, Y m ) has a tn+m-2 

distribution under the null hypothesis. 
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If we do not assume that the variances in the two populations are equal, we could base the test on 

the test statistic 
r(2) (X Y 1 - Xn-Ym 

/g2(x„) Sl(Ym) 
V n ' m 

(2) 

However, even if F and G are assumed to be normally distributed, T ^ ^ X n , Ym ) no longer has a 

^-distribution. In the literature this is known as the Behrens-Fisher problem. 

For the purpose of this discussion the statistic Tn,m{Xn, Ym) will be deemed the appropriate test 

statistic. 

The test rejects Ho if and only if 
T(%(Xn,Ym)>Cn(a), where 

PHo(Tgl(Xn,Ym)>Cn(a))^a. 

Consider the following transformations of {Xi, % = 1,2,..., n} and {Yj,j = 1,2,..., m}: 

Vf = Xi-Xn,i = l,2,...,n 

Vf = Yj-Ym,j = 1,2,..., vj ~ x3 m. 

By construction both {V?°, i = 1,2,..., n} and {V* , j = 1, 2 , . . . , m} have sample means equal 
3 

toO. 

Remarks: 

(a) There are numerous other ways to transform the Xj's and Ij 's to "mimic" Ho. 

Efron and Tibshirani (1993) proposed the following transformations: 

Vf = Xi-Xn + Z ,i = l,2,...,n 

Vf = Yj-Ym + Z ,j = l,2,...,m, 

E ^ + E^ 
m 

where Z is the mean of the combined sample, i.e., Z = -
m + n 

The sample means of {V?°, i = 1, 2 , . . . , n} and {V?/ , j = 1,2,..., m} are now equal to Z. 

(b) Another possible transformation proposed by Martin (2007) is: 

Vf = Xh i = l , 2 , . . . , n 

V f - y j - - F m + X n , i = l , 2 , . . . , m . 

The sample means of {Vf, i — 1, 2 , . . . , n} and {V?' , j = 1, 2 , . . . , m} are now equal to Xn. 
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(c) The choice of transformation is not important, as long as both {V?0, i = 1,2,... ,n} and 

{VV°, j = 1,2,..., m} have equal sample means, as required by the null hypothesis. 

(d) In the case of the transformation proposed by Efron and Tibshirani (1993), the combined 

sample mean ~Z will disappear in the test statistic. The same will happen with the quantity 

Xn in the transformation proposed by Martin (2007). 

Define C n (a ;X n , Y m ) , the bootstrap estimator of Cn(a), by 

, n m==>Cn(a;Xn,Ym)\ = a, 
,/sg(vg°») i sixvT) J 
V n ' m ' 

where 

yxo* = (yxO*t v2
x0*,..., V*0*) and the components of Vf* are i.i.d. drawn from the e.d.f. of 

Vx0 = (Vx0j yxo^ _ ; yxO). yy0* = (yf* ,vf*,..., V$0*) and the components of vT are i.i.d. 
.. n -. m 

drawn from the e.d.f. of V * = {Vf, vf,..., V*); V? = ± £ V**; V^ = l £ Vf0*; n . TTI . 
i = l 3=1 

.. n .. m 

S2
n(VXn°*) = -J2(V^* - n0*)2 and SI(VT) = ^ £ ( * f * - ^ ) 2 -

fl . Til . 
t = l J = l 

Using the transformations above, C n (a ;X n , Ym) is therefore chosen such that 

P*H, | K-K-(Xn-Yr^ ^ Cn(a;Xn,Ym) | - «, 
V " m 

Jo 

where X* = (Xj*, X | , . . . , X*) and the components of X* are i.i.d. obtained from the e.d.f. of X n ; 

Y£j = (Y]*,X|,... ,Y^) and the components of Y^ are i.i.d. obtained from the e.d.f. of Y m ; 
1 n 1 m .. n 

*n = ^EX^ r m - - E Y r ^ to = T ( I * - r n f and 
n*-^ m*-^ J Ti\ ^ 

i = i j = i i = i 

.7=1 

Next, consider estimating the power of this test, at a specific alternative, say fj,x — fiy = SA-

Martin (2007) described one possible approach that can be used to do this. Consider the following 

transformed data: 

rxA Vf* = Xi-Xn + 5A, i = l,2,...,n 

Vf = Yj-Ym, j = l , 2 , . . . ,m . 
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The sample mean of {VfA, i = 1, 2 , . . . , n} is equal to 8A, while the sample mean of {Vj , j = 

1,2,..., m} is equal to 0. 

The estimated power of the test, at the specific alternative JJLX — fxy = 5 A, is given by 

P<A p * 
boot — rH* 

( yxA* _ yyA* 

> C n ( a ' ) X n , Y m ) 
A \ J f t W ) ■ SUWA* 

\ V n m 

where 

yxA* = (yxA^yxA*^ ^yxA*) a n d t h e c o m ponents of VlA* axe i.i.d. drawn from the e.d.f. of 
yxA = (yxA} yxA^ _ > yxA}. yyA* = (yyA^yyA*^ ^ yyA^ a n d ^ c o m p o n e n t s o f V ^ * ^ 

1 n 

i.i.d. drawn from the e.d.f. of V ^ = (V?A, V$A,..., Vm
A); F„ = - ^ l f A * ; F ^ f = 

z=i 

Ilb lb Tib 

]=l z=l j = l 

Using the transformations, the estimated power of the test is therefore given by 

pA _ TJ* [ Xn ~ Ym ~ (Xn ~ ^ m ) + 6A „ , „ V \ 1 

\ V n m / 

(c) One-way ANOVA models 

Assume that a random sample {Yij,i = 1,2,...,r;j = 1,2,... ,m} is available, where r is the 

number of treatments and n, is the number of responses within the ith treatment group. Thus, Yij 

is the value of the response variable in the j th trial for the ith factor level or treatment. 

The one-way ANOVA model can be stated as follows: 

M j — Mi ~r &ij, 1> — 1, *•■> ■ ■ ■ > r', J — i., Z, . . . rii 

where in is the mean response for the ith treatment and s,j are i.i.d. with unknown distribution 

Fi, i = 1, 2,... r, with zero mean. 

An alternative, but entirely equivalent, formulation of the single-factor ANOVA model is: 

*ij = M. + Ti + £ij, l = 1, ^, • ■ ■ ,r',3 = 1, ^, ■ ■ ■ ,ni, 

r 

where fit = 2_^ Mi/r> Ti = fa — fi. is the ith factor level effect and £,j, j — 1,2,..., nj are i.i.d. with 
i = i 

unknown distribution Fi,i = 1,2,... ,r, with zero mean. 

The first model is called the cell means model, where as the second model is known as the factor 

effects model. 
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Normally, one would begin a single-factor study by determining whether or not the factor level 

means m are equal or, equivalently, whether all the factor effects are zero. 

Thus, for the cell means model interest centers around testing the hypothesis 

Ho : Hi = [i2 = ■ ■ • = fir vs. HA '■ not all /z$ are equal, 

or, for the factor effects model, 

Ho : TI = r2 = • • • = rr = 0 vs. HA : not all TJ equal zero. 

Bootstrap-based testing in ANOVA models have been considered in some detail by Fisher and Hall 

(1990); Westfall and Young (1993) and recently by Martin (2007). 

Fisher and Hall (1990) considered two possible test statistics, namely: 

r 

{nT-r)Yni{Yi.-Y..)2 

Ti(Yi,Y2,..., Y r) = ^ and 

i = l j=l 

r 

r2(Yi,Y2,...,Yr) = E 

i = l 

where 
r _ 1 n* 

Y- = ~illlYi3 ^ d Yi = (Y<ljYa,...,Y4ni). 
71 i=l j=l 

The statistic 7\ is the classic F-ratio introduced by Fisher, while T2 is a statistic proposed by 

James (1951). 

Remarks: 

(a) When Ho holds and it is assumed that each F{, i = 1,2,..., r, are normally distributed with a 

constant variance a2, then 7i has a -Fr-i,nT-r distribution. However, if i^ ~ N(0,af), Ti has 

a distribution depending on the o-j's in a complex manner. In this situation the distribution 

of T2, however, does not depend on the unknown cr̂ 's (see Fisher and Hall, 1990). 

n < ( n < - l ) ( Y i . - Y . . ) 2 

E(y«-n)2 
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(b) If the assumption that Fi is normally distributed is dropped, but one still allows for het-

eroscedasticity, the distribution of T2 converges to a Xr-2 distribution, while the limiting 

distribution of 7\ does depend on the cr;'s (see James, 1951; Fisher and Hall, 1990). Thus, 

T2 is an asymptotically pivotal statistic in the heteroscedasticity scenario, but T± is not. 

(c) In the homoscedastic case it is recommended that T± should be used as the test statistic, 

since the use of T2 in homoscedastic cases leads to a less powerful test (James, 1951; Beran, 

1988). 

We will first discuss a bootstrap-based test for the heteroscedastic scenario and then discuss a 

modification of the test for the homoscedastic scenario. 

Heteroscedast ic scenario 

The test rejects Ho if and only if 

T 2 (Yi , Y 2 , . . . Y r ) > Cn(a), where 

P* 0 (T 2 (Yi , Y 2 ) . . . Y r ) > Cn(a)) 21 a. 

Consider the following transformation of {Yij,% — 1 ,2 , . . . , r; j = 1 ,2 , . . . , n^} proposed by Fisher 

and Hall (1990): 

V^Yij-Yi. , t = l , 2 , . . . , r ; j = l , 2 , . . . n i . 

The sample mean of each {V$,j = 1 ,2 , . . . , rij}, i = 1 ,2 , . . . r, is now equal to 0. 

Remark: 

Martin (2007) proposed the transformation V$ = Yy — Yi, + Y.., i = 1 ,2, . . . r; j = 1 ,2 , . . . , n*. 

With this transformation, the sample mean of each {V$, j — 1 ,2 , . . . , rij}, % = 1 ,2 , . . . r, is equal 

to Y... This value will be cancelled out in the test statistic. 

Choose Cn (a; Y i , Y 2 , . . . , Y r ) , the bootstrap estimator of Cn(a), such that 

( _ \ 

V 3=1 J 
where 
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V**, V°*,..., V£ are i.i.d obtained from the e.d.f. of V* V&,..., V&., i = 1, 2 , . . . , r; 

^T = i E ? = i ^ and V°: = iJZ=1Z"L1V*. 
The homoscedastic scenario will now be considered. 

Homoscedastic scenario 

In this case the test rejects Ho if and only if 

Ti(Yi, Y 2 , . . . , Y r) > Cn(a), where 

^ o ( r i ( Y i , Y 2 , . . . Y r ) > Cn(a)) * a. 

Consider the following transformation of [Yij, i = 1,2,..., r; j = 1,2,..., m}: 

V?3 = ^ ~S
Yi' ■» = 1.2,.. .r; j = 1,2,.. ■ ,nu 

where 

^ = ̂ £o^-n)2. 
By construction each {V^, j = 1,2,..., n^}, i = 1,2,..., r has a sample mean equal to 0 and a 

sample variance equal to 1. 

Remark: 

Martin (2007) proposed a transformation where each {V$, j = 1,2,..., m}, i = 1,2,..., r has a 
r 

sample mean equal to V.. and a sample variance equal to S"l = 2_]ni'^i/(nT — r ) - Again, this 
t = i 

quantity will disappear in the test statistic. 

We define Cn '(a; Y\, Y 2 , . . . , Y r ) , the bootstrap estimator of Cn(a), by 

>4 1 ) (a;Y 1 ,Y 2 , . . . ,Y r ) n0 r rii 

r0* T7°*\2 
V t=i j=i j 

(d) Testing the equality of two distributions 

Let X\,X2,--.,Xn be i.i.d. random variables with unknown distribution function F and let 

Y\, Yi, ■ ■ ■, Ym be i.i.d. random variables with unknown distribution function O. Assume F and G 

are continuous and consider testing the following hypothesis: 

H0:F = G vs. HA-F^L G. 
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Efron and Tibshirani (1993) proposed testing this hypothesis using (3.8) as the test statistic. Under 

Ho there is no difference between the probability structures that generated Xn = (Xi, X2, . . . , Xn) 

and Y m = (Yi,Y%,... ,Ym) and thus, must have come from the same probability structure. The 

transformation suggested by Efron and Tibshirani (1993) to transform the data to "mimic" Ho is 

simple: Pool all the data together to form a new data set, i.e., 

V n + m = (X\,X2, ■ ■ ■ ,Xn,Y\,Y2,... ,Ym). 

Let the distribution function H denote the distribution function of the data under Ho (i.e., H = 

F = G). Thus, generating n elements from F and then m elements from G is the same as generating 

n + m elements from H, if Ho is true. 

It is now possible to create an empirical distribution function, Hn, from the null distribution by 

placing probability on each of the elements in the pooled sample V ° + m . 
n + m 

The bootstrap sample is then given by: Vj0*, V2°*>..., V®+m i.i.d. from Hn. 

Now, denote the first n observations by V£°* and the remaining m observations by V^*. 

Choose Cn(a; X n , Y m ) , the bootstrap estimator of the critical value, such that 

2 " > C n (a ;X n , Y„ 

where 

rrXO* J- ^ ^ -\/-x0* 

s2(vx0* \ry°*) — 

1 

1 m 

Vt* = -YV^and 

<(Vf)+m52(vf) 
n + m — 2 

Remark: 

Various other tests have been developed to test Ho : F = G. Permutation tests are often applied in 

practice. The interested reader is referred to, among others, Anderson et al. (1994); Jing (1995); 

Allen (1997) and Cao and Van Keilegom (2006). 

(e) The variance in the univariate case 

In this section we consider a bootstrap test for the hypothesis 

Ho : <r2 = OQ vs. HA : a2 > OQ 
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from a random sample X„ = (Xi, X2, ■ ■ ■, Xn) taken from an unknown distribution F with variance 

a2. 

The test statistic most commonly used for testing this hypothesis is 

nS2
n(Xn) Tn\X.n) — 
(T, 

Martin (2007) proposed the following transformation of {Xi, i = 1,2, . . . , n } : 

v? = irrh;-a° > * = 1 , 2 , - . . , n . (3.9) 

By construction, the sample variance of {V^°, i = 1, 2 , . . . , n} is GQ. 

Cn(a; X n ) , the bootstrap estimator of the critical value, is now defined by 

^ ( ^ ^ > C > ; X n ) ) * a . 

Because of the transformation, C^(a; X n ) can also be computed from 

^OK^'0*')"0- (3io) 
If, however, the data are not transformed to have variance CTQ, then (3.10) becomes 

^ ( ^ ^ J f r ( a i X " ) ) - a ' ( 3 - 1 1 } 

The following theorem states that the size of the test based on C™(a;Xn) converges to zero as 

n —> oo. 

T h e o r e m 3.2.1 

Proof. 

P f f o [ ' ^ ^ > C ^ ( a ; X n ) ] - > 0 as n - oo. 
CT6 

a - ^(^p^^r^x^)) 
^ ( i x f ^ ^ ^ i ) - (»■") 

Recall that C^(a;H.n) is defined by (see (3.10)) 

P*H*0 ( ^ ^ ^ C > ; X n ) ] - a. (3.13) 

It now follows from (3.12) and (3.13) that 

C™(a; X n ) = < 7 " i ? ( a ; X " 2
) ' 5 ' " ( X w ) . (3.14) 

ao 
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Hence, from (3.14) it follows that 

\ CTo / \ CT0 

nS2(Xn) > CK(a;Xn)S2
n(Xn) 

<% 
= PHo(n>CK(a;Xn)) 

—> 0 as n —> c«, 

since it follows from Section 2.4 of Hall (1992) that 

< £ _ 1 ( l - a ) a.s. as n —> co. 
C^(a;X r a ) -n 2 

2n 

Q . E . D J 

In Chapter 8 we will present the results of a Monte-Carlo study where we compare the performance 

of the test based on C^(a ; X n ) with the test based on C™ {a; X n ) . 

In order to estimate the power of the test, at a specific alternative o\, transform {Xi, i = 1 ,2 , . . . , n} 

as follows: 

ViA = Q cv \-aA >* = 1,2, . . . , n . 

The transformed data {V^0, i = 1 ,2 , . . . , n} now have a sample variance equal to o\. 

The estimated power of the test, at the specific alternative, is given by 

pA _ p* (nSn(Vn*) > rR(n..^r \] 
^boot — -Tff* I ^2 - ° n l a ' **n) I • 

From the transformation, the estimated power of the test, at the specific alternative, is therefore 

given by 

pA _ p * 

(f) Test ing the equality of variances 

Let X n = (X\,X2, ■ ■ ■ ,Xn) and Y m = (Y\,Y2, ■ ■ ■, Ym) be independent random samples from 

unknown distributions F and G, respectively. Consider testing the hypothesis: 

HQ : ol = a2 vs. HA;o\> cr2, 

where a2 is the variance of F and a2 is the variance of G. 

The test statistic most commonly used for this test is 

T r v v \ _ ^Tt(X") 
-in,7M-'vn; *-m) — 0 9 / ■ . , \ , 5 r o ( Y m ) 
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77 (TTh 1 1 
where —; r rT n m (X„ ,Y m ) has a Fn-\ m_i-distribution under HQ, if F and G are normally 

m(n - 1) 
distributed. 

Boos and Brownie (1989) and Boos et al. (1989) discussed two possible procedures that can be 

used to test this hypothesis. 

The first procedure that they describe involves transforming {Xi,i = 1,2, ...,n} and {Yj,j = 

1,2,..., m) as follows: 

Vx0 _ Xi j _ i o n 

By construction, both {Vf0, i — 1, 2 , . . . , n} and {K? , j = 1,2,..., m} have a sample variance of 

1, thus satisfying Ho. 

Remark: 

Another possible transformation would be to transform X„ and Y„ to have a sample variance equal 

to Sp, the pooled variance. This, however, will yield exactly the same results as the transformation 

described above, because Sp will disappear in the test statistic. 

Choose Cn(a; X„, Y m ) , the bootstrap estimator of the critical value, such that 

P^(ix^)- c" ( a ; X"'Y m ))"a ' 
which is equivalent to choosing C„(a;X nYm ) such that 

2 

In order to estimate the power of the test, at a specific alternative HA : —§ = fe > 1, the data need 

to be transformed as follows: 

VVA = ^ 7 = 1 2 m 
"m\ * m) 

The sample variance of {V?A, i = 1,2,..., n} is equal to k, while the sample variance of {V? , j = 

1,2,..., m} is equal to 1. 
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2 
The estimated power of the test, at the specific alternative —§ = k, is given by 

uy 

or equivalently by 

52 tyyA*\ - Cn(a;X.n,Ym) J , 

TDA _ r>* ( K&n^-A-n) /dm\ * m) -^ ^ f^,.-y "V U 

The second procedure proposed by Boos and Brownie (1989) is very similar to the one used for 

testing the equality of two distribution functions. 

First they make a location-scale assumption. That is, they assume that F(x) = H 

G(y) = H ) , with H unknown and /j,x and /j,y unknown location parameters. 

The data {Xi,i = 1,2, ...,n} and {Yj,j = 1,2,... ,m} are then transformed in the following 

manner: 

Ai = X-i — Xn , i = 1,2,... ,n 

Yj = Yj-Ym, j = l,2,...,m. 

The next step is to pool the newly transformed data, {Xi, % = 1 ,2 , . . . , n} and {Yj,j = 1,2, . . . m } , 

to form a new data set 

~Vn+m
 = (Xi,X2,.. ■ ,Xn,Yi,Y2,... ,Ym). 

Resampling is now done, in exactly the same manner as described in Subsection (d) - Test ing the 

equality of two distributions. 

Boos et al. (1989) showed that both procedures will have the correct significance level asymptoti­

cally. They also indicated that the pooled procedure has an advantage over the other procedure in 

small to moderate sample sizes. 

Remark: 

The same procedures, as described in this section, can be used to test the equality of variances of 

more than two populations. The only difference is that we will base the test on a different test 
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statistic, for example Bartlett 's A:-sample test statistic given by: 

T = 

k a2 

Y^(ni - 1) log - | 

1 + 3 ( ^ T ) ^ \ m - \ ) nT-
. 1=1 x ' 

where k is the number of samples, rij is the number of elements in the ith sample, S? is the sample 

variance of the i th sample, S^ is the pooled sample variance and UT = } ^rij. 

(g) Pearson's correlation coefficient 

Let Z„ = [(Xi,Y\),..., (Xn,Yn)) be a bivariate random sample from a population {X,Y) with 

unknown joint distribution function H(x,y) and variance-covariance matrix 

°"x PpVxVy 

where pp denotes Pearson's correlation coefficient. 

Consider testing the hypothesis 

HQ : pp = 0 vs. HA : pp > 0. 

A test statistic often used in this scenario is 

TnyZtn) — 
pp(Zn)y/n - 2 

where 

v / l - ^ Z n ) 2 ' 

1 n — — 
— / X-Xi ~ Xn)(Yi — Yv 

pp(Zn) = 

is an estimator for pp; X „ = (Xi , X2, ■ ■ ■, X„) and Y n = (Fi, Y2,. ■ ■, 5^). If H(x, y) is a bivariate 

normal distribution, then T(Z„) has a t„_2-distribution (see e.g., Neter et al., 1996). 

Westfall and Young (1993) proposed the following bootstrap approach to enable us to test this 

hypothesis: 

(a) Consider X „ and Y „ separately. 

(b) Independently obtain resample data Vf * = (Vf °*, Vf*,..., V*0*) and 

VH * = (V^ *, V$ * , . . . , V% *), where the components of V^°* are i.i.d. drawn from the e.d.f. 

of X „ , and the components of VH * are i.i.d. drawn from the e.d.f. of Y„ . 
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(c) Now, construct the vector Z°* = {(Vf*,Vf*), (Vf*,Vf*),..., (Vf\ Vf*)). 

Westfall and Young (1993) thus obtained resamples according to the independence hypothesis and 

they choose Cn(a; Z„), the bootstrap estimator of the critical value, such that 

Pbs(pP{Zfr)>C„(a;Zn))*ia, 

i " 

where 

n 
PP(K*) = 

i = i 

Sn(V£°*).S„(Vf*) 

Note that the correlation coefficient itself is used as the test statistic and not a pivotal test statistic. 

This choice of test statistic is due to the difficulty of forming a reliable variance estimator for the 

sample correlation coefficient (Hall et al., 1988). 

Next, consider testing the more general hypothesis: 

Ho : pp = po vs. HA ■ pP > Po-

In order to test this hypothesis, Martin (2007) proposed the following transformation of {(Xi, Yi),i = 

1,2,. ..,n}: 

yxO = 0 5('^i~ ^) 
bn\X-n) 

0 5f~^ ~ ^) 
<->n(Xn) 

1 + P 0 
+ 

1 + P 0 

1-/30 
1 + pp{Zn) V 1 - pp{Zn) 

1 - Po 
1 + pp(Zn) y 1 - pp(Zn) 

+ 

, t = l , 2 , . . ,n, (3.15) 

y — Y 

1+pO 1 - PO 
l+pp(Zn) Vl-pp(Zn) 

l + po 
+ 

1 - Po 
l+pp{Zn) Vl-pp(Zn) 

+ 

, i = 1,2,. . . , n . (3.16) 

Some calculations show that Pearson's sample correlation coefficient between {V?°, i = 1 ,2 , . . . , n} 

and{V/° , t = l , 2 , . . . , n } is now equal to po- Resampling is done from the pairs ( V ^ 0 , ^ ^ ( V ^ 0 , ^ ), 

■ • •, (Vf, Vf) to obtain the bootstrap sample Z°n* = ((Vf0*, Vf*), (V2
x0*t Vf*),..., (V*0*, V£°*)). 

The appropriate bootstrap estimator of the critical value, Cn(a; Zn), is then denned by 

P^{pp(Z°n*)>Cn(a;Zn))^a. 
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To estimate the power, at a specific alternative pp = PA, transform {(Xi,Yi),i = l , 2 , . . . , n } as 

follows: 

V, xA 

n 5f^ ' ~ ^) 

I+PA 
+ 

1 - PA 
1 + pp(Zn) Y 1 - /5p(Zn) 

I + PA 1 - P A 
1 + /Op(Zn) V * - Pv^n) 

+ 

, t = l , 2 , . . . , n , 

y- — Y 

\+pA 1 - PA 
1 + pp(Z„) V l - Pp(Zn) + 

I + PA 
+ 

1 - P A t = l , 2 , . . . , n. 1 + /3p(Zn) y 1 - /3p(Zn) 

By construction, Pearson's sample correlation coefficient between {V^4 , t = 1,2, . . . , n } and 

{V^ , i = 1 ,2 , . . . , n} is equal to pA- Resampling is now done from the pairs (V*A, V^ ), (V^, V$ ), 

• • •, {V£A, V%A) to obtain the bootstrap sample ZA* = {{V^M,V?M),{VfM,V^M),..., {V*M, V%M)). 

The estimated power of the test, at the specific alternative pp = PA, is then given by: 

Pb
Aoot = Pm{PpCZA*)>Cn(a;Zn)). 

3.3 Exponentially tilted version of the e.d.f. 

In Section 3.2 we discussed methods to transform the data to "mimic" HQ or HA- An alternative 

approach is to leave the data values fixed and instead change the probability (pi) on each data 

value Xi to "mimic" H0 or HA (Efron, 1981). 

To be more specific, consider the hypothesis in (3.1). 

Let p = (pi,p2, ■ ■ ■ ,pn) and let Fxut be the distribution which places probability Pi on each 

Xi, i = 1 ,2 , . . . , n. It is now possible to choose p in such a way that the distance between Fput 

and Fn is minimised, subject to the constraints: 

O{FTM) = 0O and J > i = l . 

Denote this solution by p° = (Pi,£>2, ■ • • ,p°) 

i = i 

R e m a r k : In the literature F^ilt (i.e., FTM based on p°) is often referred to as the exponentially 

tilted version of Fn. 
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A useful distance measure for this constrained minimisation problem is the reverse information 

distance or Kullback-Leibler distance 
n 

^ Pi log (np*). 
i = i 

n ™ 1 / 1 \ 
Alternative measures that can be used include maximising IT Pj (or minimise > — log —— ) or 

to minimise the expression: maxj 1 
Pi 

n 
(Young, 1988; Davison and Hinkley, 1997). 

After obtaining p° , the solution to the constrained minimisation problem, the bootstrap random 

sample (V^0*, V2
0*,.. . , V®*) drawn from F^ilt can be obtained. The bootstrap estimator of the 

critical value, Cn(a; X n ) , is then defined by 

Pbs(Tn(V?*, V2
0*,..., C ) > Cn(a; X„)) - a. 

In order to estimate the power of the test, at the specific alternative 6A, the vector p = (pi,P2) • • • ,Pn) 

is chosen in such a way that the distance between F^ut and Fn is minimised, subject to the con­

straints: 
n 

0(FTilt)=6A and 5 > i = l-
i=i 

Denote this solution by pA = ( p ^ , p ^ , . . . , p^ ) . 

The bootstrap random sample is then given by (V^*, V^*,..., V^*) obtained from F^ilt (i.e., Frut 

based on pA). The bootstrap estimated power, at a specific alternative, is given by 

PLt = PH\ CWi4*, V2
A*,..., O > Cn(a; Xn)). 

Two common testing scenarios will be used to illustrate this method, namely testing the mean 

(see Efron, 1981) and testing the variance in the univariate case. Chapter 8 contains the results 

of a Monte-Carlo study conducted to compare the transformation method to this method in terms 

of estimated sizes for testing the variance in the univariate case. For a Monte-Carlo comparison 

between the two methods for the mean in the univariate case, the interested reader is referred to 

Young (1988). 

3.3.1 The mean in the univariate case 

Refer to Section 3.2.2(a), where the notation for testing the mean was introduced. 
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The probability vector p° = (p? ,^ , ■ ■ ■ ,p„) is obtained by minimising 2^pjlog(npj), subject to 
t= i 

n 
the constraint that the mean of Fxnti Xv = /Jpt-Xt) is equal to /̂ o and / J p i = 1-

t = i t = i 
The solution of this constrained minimisation problem is given by: 

Vi n ' 

£ eAX, 

3=1 
n 

where A is chosen such that ^^P^Xi = /J,Q (Efron, 1981). 
t = i 

3.3.2 The variance in the univariate case 

Refer to Section 3.3.2(e) for the notation used for testing the variance. 

In order to obtain p° we minimise the Lagrange expression 

L(p,X) = J2Pilog(nPi) - A ( J2pi(Xi - Xpf - ag ] , 
i=l \ i = l 

where 2_.Pi(Xi — Xp)2 is the variance of Frm, with Xp = }]pjXj. 
t = i t = i 

Setting the derivative, with respect to pi, equal to zero produces the following equality: 

log{npi) + l~X(Xi~Xp)2 = Q, 
n 

which together with the constraint \~]Pi = 1> gives the implicit solution 
i=l 

P! = -4 ■ (3-17) 

■, n 

If we assume that Xp = X = — / J X j , (3.17) becomes: 

eX(Xi-X)2 

n ■ 1 

1=1 

ri n 

yy(X,-X)2 

J'=l 

n 

where A is chosen such that ^^P^iXi — X)2 = OQ. That is, A is chosen such that 
i=i 

n 
Y.iXi-Xfe^-V2 

i~\ .2 
n a0. 
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Two drawbacks of the tilted bootstrap are that a solution for A can not always be obtained (espe­

cially in small samples) and that the method is very computationally intensive. 

In the next chapter a new method to evaluate the performance of bootstrap-based tests will be 

discussed. 
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Chapter 4 

A new method of evaluating the 

performance of bootstrap-based tests 

In this chapter we discuss two methods to evaluate the performance of bootstrap-based tests: the 

first method is one that is traditionally used in the literature, while the second is an alternative, 

more robust, method that we propose. The chapter concludes by applying these two methods to 

an example. 

4.1 Introduction 

When a bootstrap-based test is proposed, one would like to evaluate the performance of the test in 

order to assess how "good" the proposed test is. This evaluation can be done theoretically and/or 

by means of a Monte-Carlo simulation. 

In Section 4.3 the evaluation method that is currently in use in the literature is discussed. We will 

refer to this evaluation method as Method I. In Section 4.4 we propose a new method of evaluating 

the performance of a bootstrap-based test. We will refer to this new evaluation method as Method 

II. Section 4.2 introduces the basic notation that will be used in discussing these two methods. 

4.2 Notation 

Assume that observations Xi, X2, ■ ■ ■, Xn are available from some model with joint d.f. FQU(X\,. .. ,xn), 

depending on some unknown parameters 6 and v. Again, let X n = {X\,X<z,... ,Xn) and denote 

by xn = (x±,X2,... ,xn) an observed realization of X n . 
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Consider the hypothesis 

Ho:0eOo vs. HA:6e SA, 

where Go and <dA are two disjoint subsets of some parameter space 0 = 0o U @A-

Assume, without loss of generality, that the test procedure is of the form: 

Reject HQ if and only if 

Tn(Xn) > Cn(a;Xn), 

where T n (X n ) is an appropriate test statistic, Cn(a;Xn) is a bootstrap critical value and a is the 

significance level of the test. 

For testing Ho we consider i / a s a nuisance parameter, which will be replaced by an estimator that 

is strongly consistent under both HQ and H&. These estimated nuisance parameters are therefore 

not indicated in the notation of T n (X n ) and Cn(a; X n ) . 

Furthermore, let Or denote the true value of the parameter. If Or £ ©o it is denoted by 0 , 

otherwise we write it as 6 . 

4.3 Method I 

In order to assess the accuracy of the bootstrap critical value Cn(a; X n ) , the following measure is 

currently in use in the literature: 

Pe0(Tn(Xn) > Cn(a;Xn)). 

(See, e.g., De Beer and Swanepoel, 1989; Boos et al., 1989; Boos and Brownie, 1989; Fisher and 

Hall, 1990; Rayner, 1990; Nankervis and Savin, 1996; Cao and Van Keilegom, 2006; Davidson and 

Mackinnon, 2007; Martin, 2007.) 

The power of the bootstrap-based test is evaluated similarly: 

PeA(Tn(Xn)>Cn(a;Xn)). 

It is important to note that Cn(a; X n ) is a random variable which depends on the sample. Sakov 

(1998) remarked that "this is exactly the problem in using the bootstrap to estimate the critical 

value. One property that a 'good' estimate of the critical value should satisfy is that the critical 

value estimate should be the same whether the null hypothesis is correct or not". 

This remark by Sakov (1998) led us to develop an alternative, more robust, evaluation method. 
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4.4 Method II 

Suppose that V° = (Vj0, V2°,...,V®) is a "pseudo random 'test' sample" with joint d.f. Fno (■) 

and assume that V° is independent of the "training" sample X n . Here, r is a nuisance parameter 

which may differ from i/, the nuisance parameter defined in Section 4.2. It will also be replaced by 

some strongly consistent estimator. In order to assess the accuracy of the bootstrap critical value 

C n (a ;X n ) , we propose the following measure: 

P(Tn(\°n)>Cn(a;Xn)). 

Remark: 

Let / ( x n ) = P(Tn(V°n) > Cn(a;xn)), then 

P(Tn(V°) > Cn(a; Xn)) = EQ (P(Tn(V°) > Cn(a; Xn) |Xn)) 

= E0(tp°(Xn)), 

since 

P(Tn(V°n) > Cn(a;Xn)\Xn = x„) = P(Tn(V°n) > C„(a;xn) |X„ = x„) 

= P ( T n ( V ° ) > C n ( a ; x n ) ) 

= ¥>°(Xn). 

The power of the bootstrap-based test can be evaluated similarly: 

P ( T n ( V ^ ) > C n ( a ; X n ) ) = E 0 ( ^ ( X n ) ) , 

where 

</ (x n ) = P ( T n ( V ^ ) > C n ( a ; x n ) ) . 

Now, V^ = (V^, V<2, •• ■, V^), has joint d.f. F„A (•) and is independent of the training sample X n . 

Next, these two evaluation methods will be applied in a simple example. 

4.5 Example: The mean in the univariate case 

Let X n = (Xi,X2, •.. ,Xn) denote a random sample from an unknown univariate distribution F 

with finite mean \x and finite variance a2. In this section we will derive some theoretical properties 
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of the bootstrap estimate of the critical value for the test 

H0 : n = no vs. HA: n> fi0, 

based on both evaluation methods. This will be done using the "right" and "wrong" bootstrap 

critical value for the pivotal and non-pivotal test statistic. The term "right" refers to the case 

where resampling is done from data that are transformed in order to "mimic" HQ, whereas the 

term "wrong" refers to resampling being done from the original sample (see Section 3.2.2(a)). 

Results of a Monte-Carlo study, where both methods are used, will also be presented. 

4.5.1 Method I 

Suppose the procedure is to reject Ho if and only if 

Tn,N-p(X-n) = Vn(Xn - MO) > C^ J V_P(a;Xn) , 

or if and only if 

VM-X-n) s , x s > C n p(a , An) , 

where C^N_p(a;X.n) is defined by 

P*H* (yfrtXn - Xn) > C*N_P{a; X n ) ) = a, 

where C^p(a;X.n) is defined by 

p* ( Vn(Xn ~ Xn) R , . \ 
PHO [ Sn(X*n) ~ C"Aa>*n)j - a. 

Henceforth, we shall denote the above test procedures by (R,N-P) and (R,P), respectively. 

Beran (1988) and Sakov (1998) showed that both 

PHo {yfc(Xn - »o) > C ^ _ P ( a ; X „ ) ) 

and 

converges to a. 

Next, suppose the procedure is to reject Ho if and only if 

Tn,N-p{Xn) = Vn(Xn - MO) > CnN_P{a;'Kn), 
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where C^N__P{a\ X„) is defined by 

PH*Q (Vn(X*n ~ fj,0) > C%N_P(a; X„)J ^ a. 

Refer to this test procedure as (W,N-P). 

Theorem 4.5.1 If a < 0.5, then 

PH0(Vn(Xn - yu0) > C%N_P(a; X„)) -^ 0 as n -> oo. 

Proof. 

a S P ^ ( v ^ ( ^ - M o ) > C 5 v _ p ( a ; X „ ) ) 

= P ^ . ( V ^ ( x ; - X n ) > C ^ v _ p ( a ; X n ) + V^(|Uo-Xn)) . (4.1) 

Recall that C^N_P(a; X„) is defined by 

PZs(yfrQCn-?Cn) > a „ V P ( a ; X „ ) ) S Q . (4.2) 

It now follows from (4.1) and (4.2) that 

C%N_P(a; X„) = C*N_P(a; Xn) + Vn~(Xn - M o) . (4.3) 

Hence, from (4.3) and (4.12) below, it follows that 

PH0(Vn(Xn - /io) > C^v_ P (a ;X„)) 

= PHo(Vn~(Xn - /xo) > C*N_P(a; Xn) + Vn~(Xn - /z0)) 

= PHo(0>C*N_P(a;Xn)) 

-> 7(0 ^ ^ - ^ l - a ) ) 

= 0. 

Q . E . D . B 

Suppose now the procedure is to reject Ho if and only if 

rp / v x _ y/n(Xn - no) w , 

where C^P(a; X„) is defined by 

PH°\ Sn(X*) >Cn,p(«,Xn)j-a. 

We will refer to this test procedure as (W,P). 
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Theorem 4.5.2 Suppose that E(Xf) < oo. Then 

Proof. Clearly, 

PH0 ( ^ ( X ^ > gyp(a;Xn) ) -> 0 as n - oo. 

(Vn(X*n-Vo) ^^w 

where 

p^{ sSx*n]""S^p(«;X.)J3a 

A* y /n(Xn - /ip) ^ ^ ( X n ) - g n ( X * ) ) „ 
Sn(Xn) ^ ( X * ) 

The CLT implies that, under H0, Ani -^ JV(0,1) as n -> oo, so that Arei = Op(l). Also, applying 

classical bootstrap theory (see, e.g., Shao and Tu, 1995) it readily follows, using the assumption 

E(Xf) < oo, that 

A; 2 U JV(0, (M4 - c74)/4a4) a.s. as n —► oo, (4.5) 

where d* denotes convergence in conditional, given X n , distribution (i.e. weak convergence in the 

bootstrap world ) and fi^ = E((Xi — /i)4). 

Let an = n_1 / /2logn. Then, using the fact that Ani = Op(l) and (4.5) we have that 

P ^ n - ^ I A ^ O = P*( |A n l | . |A ; 2 | > logn) 

= Oa.s.(l) as n —> oo. (4.6) 

From (4.4), (4.6) and the Lemma given on pp. 228 - 229 by Serfling (1980) we therefore have that 

d> (cn^(a;Xn) - ^fj^f) = 1 - « + 0M.(1), 

implying that 

< P ( a ; Xn) = ^ " " ^ + $ _ 1 ^ - a ) + °"-(1)- ( 4 ' 7 ) 

Hence, from (4.7) it follows that 

f y/n(Xn - HQ) w \ 

fy/K(Xn-no) y/n{Xn-no) lf , , A 
= M 5n(Xn) ^ 5n(Xn) + * (l-«) + ̂ .(Dj 
—» 0 as n —> oo. 

Q.E.D.B 

Remark: Hall (1992, p. 149) provides a heuristic proof of this theorem. 
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4.5.2 Monte-Carlo study: Method I 

In this section we present the results of a Monte-Carlo study, based on Method I, in order to 

compare the sizes of the tests based on (R,P), (W,P), (R,N-P) and (W,N-P) for sample sizes n = 

20,30,50,100 and 200, respectively. A nominal significance level of a — 0.05 was used throughout 

and data were generated from five different distributions: 

• Normal distribution with mean no and variance 1; 

• Uniform distribution with mean no and variance 1/12; 

• Double exponential distribution with mean no and variance 2; 

• Exponential distribution with mean no and variance 1; 

• Chi-squared distribution with mean no and variance 6. 

Size estimates were calculated as the proportion of 20 000 Monte-Carlo samples that resulted in 

rejection of Ho using the bootstrap critical values C^N_p{a;X.n), C^P(a;X.n), ( 7 ^ v _ p ( a ; X n ) 

and C^p(a\ X n ) , respectively. The standard errors of the estimated sizes are less than or equal to 

^0 .25 /20 000 = 0.0035. Bootstrap critical values were based on B = 1000 independent replica­

tions. 
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Table 4.1: Estimated size of bootstrap hypothesis tests for the mean using 

evaluation Method I 

Distribution (Mi n (R,P) (W,P) (R.N-P) (W,N-P) 

Normal 0.0 

20 

30 

50 

100 

200 

0.048 

0.049 

0.049 

0.051 

0.050 

0.000 

0.000 

0.000 

0.000 

0.000 

0.060 

0.059 

0.055 

0.054 

0.050 

0.000 

0.000 

0.000 

0.000 

0.000 

Uniform 0.5 

20 

30 

50 

100 

200 

0.037 

0.043 

0.048 

0.049 

0.050 

0.000 

0.000 

0.000 

0.000 

0.000 

0.065 

0.059 

0.058 

0.054 

0.052 

0.000 

0.000 

0.000 

0.000 

0.000 

Double exponential 0.0 

20 

30 

50 

100 

200 

0.062 

0.060 

0.057 

0.054 

0.050 

0.000 

0.000 

0.000 

0.000 

0.000 

0.060 

0.056 

0.053 

0.051 

0.050 

0.000 

0.000 

0.000 

0.000 

0.000 

Exponential 1.0 

20 

30 

50 

100 

200 

0.038 

0.044 

0.047 

0.050 

0.050 

0.000 

0.000 

0.000 

0.000 

0.000 

0.024 

0.025 

0.028 

0.031 

0.036 

0.000 

0.000 

0.000 

0.000 

0.000 

Chi-squared 3.0 

20 

30 

50 

100 

200 

0.043 

0.045 

0.048 

0.050 

0.050 

0.000 

0.000 

0.000 

0.000 

0.000 

0.030 

0.030 

0.032 

0.033 

0.039 

0.000 

0.000 

0.000 

0.000 

0.000 

From Table 4.1 we can conclude the following: 

(1) The estimated sizes of (W,N-P) and (W,P) are 0, even for large sample sizes. This agrees 

with the results of Theorem 4.5.1 and Theorem 4.5.2. 
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(2) For the tests (R,N-P) and (R,P), the estimated sizes converge to the nominal significance 

level as n —> oo. 

(3) In most cases the test (R,P) outperforms the test (R,N-P), especially for small sample sizes. 

4.5.3 M e t h o d I I 

Again, consider the hypothesis 

HQ : \x = /iio vs. HA : M > Mo-

Suppose the procedure is to reject HQ if and only if 

TnyN-p(Xn) = y/n(Xn - /io) > C™N_P(a;Xn), 

where C^N_P(a;Xn) is defined by 

P*H, [MK - Mo) > Copier, X„)) * a. 

Theorem 4.5.3 Suppose that E(\Xi\3) < oo, E{X\) — no and a2 = a2(V®), the variance ofV®. 

Then, as n —> oo; 

p(^(^-Mo)>C5v_P(a;X„)) - i - * ( f ^ , 

where z\-a = &~1(1 — a). 

Proof. By applying the Berry-Esseen theorem in the bootstrap world (w.r.t. P*) we deduce that 

« = ^ ( ^ ( ^ ; - M O ) > C „ V P ( « ; X „ ) ) 

= I _ P* I y ^ " I ^ ) < C'iyftr-P^X") _ y/n(Xn ~Mo) | 
Ho y 5„(Xn) - 5n(Xn) 5n(X„) J 

Hence, as n —> oo, we have that 

Cn,Ar-p(a; X„) = y/n{Xn — /io) + -S'n(Xn)zi_a + -S,„(Xn)oa,s. (1). (4.8) 

Using the Berry-Esseen theorem in the real world (w.r.t. P) we find that 

/(x„) = p(v^(F°n-w)>cnVp(«;x„)) 

= l-#^-^ ( a ; X B )]+Q(n-^). 
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From (4.8), the CLT and Kolmogorov's Strong Law of Large Numbers, it follows that 

/ ( X „ ) 4 1 - $(Z + zi -a) as n —> oo, (4.9) 

where Z is a N(0,1) random variable. 

Consequently, we conclude from (4.9) and Theorem 5.4 of Billingsley (1968) that 

P(yfr(y°n-l«>)>C%N_p(<*-,X«J) = ^ ( / (Xn) ) 
1 - E($(Z + zi-a)) 

Zl-a 
= 1 - $ , r-

The last step follows from the fact that 

Remark: If we assume in Theorem 4.5.3 that E(X\) = HA, then 

P (y/n(Vn - no) > C^p(a;X n)J -> 0 or 1, if HA > A*o or HA < A*o, respectively. 

Next, suppose the procedure is to reject HQ if and only if 

rp / Y x y/n(Xn - Ho) ^ nw / Y >> 
In,P{X*n) = ~g"(x. ) ~ Cn,P\a^n), 

where C^p(a; Xn) is defined by 

Pffo ^ Sn(X*) " <VKX«)J ~ a-

Theorem 4.5.4 Suppose that E(\Xi\3) < oo ana! i?(Xi) = /XQ- 77ien, as n —> oo, 

^ — o (\ro\ ^ °n,p(a. X J 1 ^i-<s>>Zl-a 

Q.E.D. 

w/iere 5n(V°) is the sample standard deviation based on V° = (V®, V^0! • • • i Vn)-

Proof. From (4.7) we have that 

<p(«;xn) = V"(
q
X;~?o)+z1-a + oa.sXi). (4.io) 

53 



Using the Berry-Esseen theorem in the real world (w.r.t P) we find that 

= l-*(C%P(a;xn))+0(n-1'2). 

From (4.10) and the CLT it follows that 

V ° (X„)^1-$(Z + zi-a) as n —► oo, (4.11) 

where Z is a iV(0,1) random variable. 

Hence, from (4.11) and Theorem 5.4 of Billingsley (1968) it follows that 

p(^fer1-^p(a;Xri)) = E^™ 
- 1 - E{Q{Z + zi_a)) 

= 1 - $ Z l - a 
V2 

Remark: If we assume in Theorem 4.5.4 that E{X\) — HA, then 
p \s%\)o) - cnAa'x")) ~" ° o r x' if ^ > ^ ° o r ^ < ̂ ' resPect ive ly-

Lemma 4.1 Suppose that £ ( | X L | 5 ) < oo. Then, as n —► oo, 

a) £(Sn(Xn) - a) = -{**£*?) + 0(n~2), 
b) ^ p C ) - a)2) = ^ i - = ^ + 0(n-*). 

Proof. Using a Taylor series expansion we deduce that 

E(Sn(Xn)) = (E(Sl(Xn))^ - I- J g ^ ^ 2 + 0(n"2). 

Applying the result in (27.4.1) and (27.4.2) of Cramer (1945) we conclude that 

n- 2 ) 

Q . E . D J 
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which proves a). 

Furthermore, from a) and (27.7.2) of Cramer (1945) it follows that 

E((Sn(Xn) - a)2) = Var(5n(Xn)) + {E(Sn(Xn)) - a}2 

= - ^ 2 - + 0{Tl } ' 

which proves b). Q . E . D . B 

Next, suppose the procedure is to reject HQ if and only if 

Tn,N-p(Xn) = Vn(Xn - Mo) > CnN_p{a;Xn), 

where C^N_p(a;Xn) is defined by 

P*H, (yfo(Tn-Xn) > C ^ _ P ( a ; X n ) ) * a 

^HS\ 5n(X„) - 5„(Xn) ) a-

From Hall (1992) it follows that a Cornish-Fisher expansion for C^N_p(a; Xn) is given by 

C*N_P(a; Xn) = Sn(Xn){z^a + n'1>2!/f\zX-a) + n"1P2
c J>i_a) + 0P{rTzl2)} (4.12) 

where zi-a = 3>-1(l — a), and 

P1
c/(z1_a) = -P 1 (^ i -a) ; (4.13) 

P 2
C / ( z ! _ a ) = P i ( « l - a ) ^ ( « l - a ) - ^ l - a ( A ( « l - a ) ) 2 " A ( « l - a ) ; (4-14) 

A ( « l - a ) = «3(1 - « l - a ) / 6 ; A ( * l - a ) = - « 3 « l - a / 3 ; (4.15) 

P2(^l-a) = - Z l - a < 24 •" 72 / ' ^ > 

n n 
k3 = S-^Xn)^1 ^(Xi - Xnf; «4 = S ^ X ^ n " 1 £ ( * i - X n ) 4 - 3; 

j = l i = l 

S2
n(Xn)=n-1J2(Xi~Xnf 

Throughout the discussion below, P denotes the Lebesgue-Stieltjes probability measure determined 

by the distribution function F of the Xj's. 
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Theorem 4.5.5 Suppose E{\X\\h) < oo, a2 — cr2(V®) and that Cramer's continuity condition 

holds, i.e., 

limsup|x(t)| < 1, 
|t]-»oo 

where x(t) is the characteristic function of X\. Then, as n —> oo, 

P (Vn~(V°n ~ Mo) > C*N_P(a; X n)) = a + Cn + 0(n" 3 / 2 ) , 

where 
<^i- a ){^L a ( /M - a4) + (M4 + 3a4)} 

° n ~ 8a4n 
Proof. Applying an Edgeworth expansion (see, e.g., Hall, 1992) we deduce that 

/ ( X n ) = P ( V ^ - M 0 ) > < i V - p ( a ; X n ) ) 

l p /VE(v°n - Mo) ^ C „ V P ( Q ; X B ) \ 

i _ f (CZ,N-P(<*\X«)\ + n-H2Ri (Cn,N-p(^*n) 

+ n ^ 2 — ! + Op(n A/z) } , 

where 

(4.17) 

Rj(x) = Pj(x)<j)(x); (4.18) 

P1(X) = K3(1-X2)/6- K3 = E((X1-lif)/a3; (4.19) 

P2(x) = -x{^x2-3h^x4-10x2 + l5)); M ^ ( ( X l ; M ) 4 ) - 3 . (4.20) 
[ 2 4 72 J <T4 

Let 

c„,«(x„) = *i-a + ^ ^ ^ ( z i - a ) + n - 1
J ^ / ( z i _ a ) + Op(n"3/2). (4.21) 

Using (4.12), (4.22) and a Taylor series expansion, we find that 

= ^(Cn,a(xn)) + (cn,a(Xn)/o-)^(c„)a(x„))(5„(x„) - a) 

- o-(cn,a(xn)/o-)3<f>(cn,a(xn))(Sn(xn)-o-)2/2 + Op(n-3/2) 

= l~a + </>(Zl-a) {P1
c /(^i-a)n-1 / 2 + P2

c /(^i-a)n-1} 

- ^1_a(?i(^1_a){P1
c/(^1_a)}2n-1/2 

+ (^l-a/^)<^(^l-a)('S'„(xn) - O") 

- a(zi_ a /a)V(«i-a)(5„(x„) - <r)2/2 + Op(n"3/2). (4.22) 
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From (4.19), (4.22) and Taylor's theorem it easily follows that 

= JRl(cn,a(x„)) + JRi(cn,a(Xn))c„,a(xn)(5'„(x„)-0-)/o- + C>p(n X) 

= Pl(zi-a)<l>(zi-a) + n-^2Pf(z^a)(l>(zi-a) X 

{P[{zi-a) - ^ l - a ^ l ^ l - a ) } + Op{n'X). (4.23) 

A first-order Taylor series expansion also yields 

i?2 ! \ = R2[ " --CnA^ri) 

= P2(z1-a)4>(z1-a) + Op(n-1/2). (4.24) 

From (4.13) - (4.21) and (4.23) - (4.25) we find, after tedious calculations, that 

p0(Xn) = « - (zi-a/"M*i-a)(<Sn(X„) - a) + a(^i_a/a)3^(21_a)(-S„(X„) - a)2 /2 

- n - ^ 2 ( « 3 - «3)(*?_a - l)^(«l-a)/6 

- n_1(&3 - K3)A(^l - a )^(^ l -a)^ l -a( -Z 2 -a ~ 3 ) / 6 

+ n-1{P2(z1-a) - P2(z1-a)}ct>(z1-ol) + Op(n-z'2). (4.25) 

From the results in Chapter 7 of Cramer (1945) it follows that 

E{k3) = K3 + 0(n-1), E(k4) = K4 + 0(n-1). (4.26) 

Hence, from Lemma 4.1, (4.26) and (4.27) we conclude that 

p ( v ^ - M o ) > C * i v _ p ( a ; X „ ) ) = E > ° ( X „ ) ) 

= a + (Zl^a/a)4)(z^a)(^ + ^4)/8na3 

+ a(zi-a/af(t>(zi-a){n4: -a4)/8na2 

+ 0(n-V2) 

= a + ^ X ^ ^ - ^ ~ ̂  + (M4 + 3^4)} 
+ 0(rT3 /2) , 

which completes the proof of the theorem. Q . E . D . B 

Remark: It is important to note that Cn > 0 in Theorem 4.5.5. 
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Lemma 4.2 Suppose that -El'IXil6) < oo. Then we have that as n —> oo, 

BY- ^ ■ ^ ( 2 1 ^ + 15/J4) - 12a2/i5 , ^ _ 2 , 
E(K3) = K3 + ^f^ h 0{n ) . 

Proof. Using Taylor's theorem we deduce that 

E(m3) 15 E(m3) „ , x 

-l-jE^wc^m^)+0{n"2)' <4-27) 
where m3 = n"1 X)"=1(Xj ~ Xnf and m2 = ^ ( X ^ ) . 

Note that from (27.4.5) and (27.5.1) of Cramer (1945) and Taylor's theorem we find that 

E(m3) _ 1 / l V 3 / V i 3 
= -^ 1 - - 1 - - U s + 0(n-') (£(m2))3/2 a3 \ nj \ n , 

- © ) ( 1 - ^ ) + 0 < » - 2 > - <4-28' 
Equations (27.4.2) and (27.5.6) of Cramer (1945) also reveal that 

Cov(m2, m3) = M5 4/ i3Cj2 + 0(n-2). (4.30) 

Var(m2) = ^ — ^ + 0(n" 2 ) , (4.29) 
n 

and 

13C2 

n 

The proof of the Lemma now follows directly by substituting (4.29), (4.30) and (4.31) 

into (4.28). Q . E . D . B 

Lastly, suppose the procedure is to reject HQ if and only if 

rp / Y s _ y/n(Xn - no) R . 
J-n,P\-^n) - g / x s > G„p(a,X„J, 

where C^ P ( a ;X n ) is defined by 

(y/jj(Xn-Xn) > CR , x A „ PHO[ Sn(X*n) >Cn,p(«,Xn)j - a . 

From Hall (1992) it follows that a Cornish-Fisher expansion for C^P{a\ Xn) is given by 

C*P(a; Xn) = zi-a + n-ll2Q\f (^_Q) + n'1 Qc
2

f {z^a) + ... (4.31) 

where 

Qc/(zi-a) = -Qi(zi-a); (4-32) 
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Qlf(zX-a) = Ql(«l-a)Qi(«l-a) - ^ l - a (Q l (« l - a ) ) 2 " ^ l - a ) ; (4.33) 

1 2 
Qi(zi-a) = - K 3 ( 1 + 2«?_a); Qi(«i-a) = 3^321-a; (4-34) 

Q2(«l-a) = Z!-a { ^ ( ^ - a " 3) " ^«l(«i4-a + 2*?_a - 3) - l(*?_a + 3) J • 

(4.35) 

Theorem 4.5.6 Suppose that E(Xf) < oo and that Cramer's continuity condition holds. Then, 

as n —> oo, we have that 

P ^ f f v o f 0 ) > ^ P ( « ; X n ) ) = a + Dn + 0(n-% 

where 
_ (1 + 2z*__a)(t>(z1-a){fi3(2la± + 15M4) ~ 12(7^5} 

48a7n3/2 

Proof. Applying an Edgeworth expansion (see, e.g., Hall, 1992) we derive that 

= 1 - {$(C^ P (a ;x n ) ) + n - 1 / 2 Q 1 ( ^ p ( a ; X n ) ) ^ ( ^ p ( a ; X n ) ) 

+ n-lQ2(C*P(a; x n ) ) ^ P ( a ; xn)) + . . . }, (4.36) 

where 

and 

Qi(x) = K 3(l + 2x2)/6, (4.37) 

Q2(x) = x i ^ M ( x 2 - 3) - ±4(x4 + 2x2 - 3) - \{x2 + 3 ) | . (4.38) 

Using (4.32) and a Taylor series expansion, we find that 

<D(C*P(a;xn)) = l-a + c/>(zl-a){n-1/2Qc
l
f(zl-a) + n-1Qc

2
f(z1-a) + ...} 

- 2 i _ a ^ 1 _ a ) ( Q 5 / ) 2 n - 1 / 2 - (4-39) 

Prom (4.32) and Taylor's theorem it follows that 

Q 1 ( ^ p ( a ; x n ) ) ^ ( ^ P ( a ; x n ) ) 

= Qi(zi- a)0(3l-a) + {Ql(«l-a) ~ S l - a G l ^ l - a ) } ^ ! - * ) ^ 1 / 2 ^ ( « i - a ) + • ■ • (4.40) 
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A first-order Taylor series expansion also yields 

Q 2 (C£ F ( a ;x„MC*p(a ;x„ ) ) - Q2(zi-a)4>(zi-a) + ■■■ (4.41) 

From (4.33) - (4.42) we find, after laborious calculations, that 

(1 + 2zl_a)<t>(zi-a)(K3 - K3) 
<^(X„) = a + 6nV2 

- U _ 1 ( K 3 - K3)Ql(zi-a)(j)(zi-a)zi-a(3 ~ 2 Z i _ J / 6 

+ n - ^ ^ ^ l - a ) - Q 2 ( « l - a ) M « l - a ) + • • • (4-42) 

Hence, from Lemma 4.2, (4.27) and (4.43) we conclude that 

p ( v ^ S ~ ^ o ) - c " f i p ( a ; X w ) ) = E ^° ( x " } ) 
(1 + 2z1

2_J<K.zi-a){M3(21<74 + 15^4) - 12a2M5> 
a 48a7n3/2 
+ 0 (n - 2 ) , (4.43) 

which completes the proof of the theorem. Q . E . D . B 

4.5.4 Monte-Carlo study: M e t h o d II 

In this section we present the results of a Monte-Carlo study, based on Method II, in order to 

compare the sizes of the tests based on (R,P), (W,P), (R,N-P) and (W,N-P) for sample sizes n = 

20,30, 50,100 and 200, respectively. A nominal significance level of a = 0.05 was used throughout 

and data were again generated from five different distributions: 

• Normal distribution with mean fi and variance 1; 

• Uniform distribution with mean \i and variance 1/12; 

• Double exponential distribution with mean /j, and variance 2; 

• Exponential distribution with mean \i and variance 1; 

• Chi-squared distribution with mean \i and variance 6. 

The column label "Data from" in the tables that follow refers to the training sample X„ generated 

from a distribution with the specified parameter. The no column refers to the pseudo test data V° 

generated from a distribution with parameter ^o-
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Size estimates (p ) were calculated according to 

MCX 

p=^X> MCi 
J'=I 

where 
MC2 

Pi = -MW2 £ I (Tn(Ki) ^ Cn(a; X>)) , j = 1, 2 , . . . , MCX. 
i = l 

The statistic T„ was replaced by rn>p or Tn^-p, while C„(a;X^) was replaced by C^P (a ,Xn) , 

C^p(a, x£) , C*N_P{a, Xl) or C™N_P{a, x£) , for independent training samples xl, j = 1,2,..., MCi. 

The standard errors of the estimated sizes were calculated according to 

1 
MCi ^ 

J'=I 
MCi 

In our Monte-Carlo study we took MCi = 15 000 and MC2 — 10 000. All standard errors were 

found to be negligibly small and are not reported in the tables. Bootstrap critical values were again 

based o n S = 1000 independent replications. 
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Table 4.2: Estimated size of bootstrap hypothesis tests for the mean using Method II (normal 

distribution). 

Data from: p, = 0.0 Data from: /j, — 0.2 

Mo n (R,P) (W,P) (R.N-P) (W,N-P) (R,P) (W,P) (R.N-P) (W,N-P) 

0.0 

20 

30 

50 

100 

200 

0.051 

0.051 

0.051 

0.050 

0.050 

0.130 

0.127 

0.125 

0.124 

0.122 

0.063 

0.059 

0.056 

0.053 

0.052 

0.136 

0.131 

0.128 

0.126 

0.123 

0.051 

0.051 

0.051 

0.051 

0.050 

0.040 

0.029 

0.017 

0.005 

0.001 

0.064 

0.059 

0.056 

0.053 

0.052 

0.044 

0.031 

0.018 

0.005 

0.001 

Table 4.3: Estimated size of bootstrap hypothesis tests for the mean using Method II (double 

exponential distribution). 

Data from: p, = 0.0 Data from: /j, = 0.2 

Mo n (R,P) (W,P) (R.N-P) (W,N-P) (R,P) (W,P) (R.N-P) (W,N-P) 

0.0 

20 

30 

50 

100 

200 

0.050 

0.051 

0.051 

0.050 

0.050 

0.131 

0.130 

0.127 

0.126 

0.126 

0.072 

0.066 

0.060 

0.055 

0.053 

0.144 

0.139 

0.132 

0.128 

0.128 

0.050 

0.050 

0.051 

0.050 

0.050 

0.052 

0.042 

0.029 

0.014 

0.004 

0.072 

0.066 

0.060 

0.055 

0.053 

0.066 

0.052 

0.034 

0.016 

0.005 

Table 4.4: Estimated size of bootstrap hypothesis tests for the mean using Method II (uniform 

distribution). 

Data from: p, = 0.5 Data from: /j, = 0.6 

Mo n (R,P) (W,P) (R.N-P) (W,N-P) (R,P) (W,P) (R.N-P) (W,N-P) 

0.5 

20 

30 

50 

100 

200 

0.051 

0.051 

0.051 

0.051 

0.050 

0.132 

0.129 

0.127 

0.121 

0.122 

0.060 

0.057 

0.054 

0.052 

0.052 

0.134 

0.130 

0.127 

0.121 

0.122 

0.051 

0.051 

0.051 

0.051 

0.050 

0.017 

0.007 

0.002 

0.000 

0.000 

0.060 

0.056 

0.054 

0.053 

0.052 

0.016 

0.007 

0.002 

0.000 

0.000 
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Table 4.5: Estimated size of bootstrap hypothesis tests for the mean using Method II (exponential 

distribution). 

Data from: // = 1.0 Data from: (j, = 1.2 

Mo n (R,P) (W,P) (R,N-P) (W,N-P) (R,P) (W,P) (R.N-P) (W,N-P) 

1.0 

20 

30 

50 

100 

200 

0.043 

0.046 

0.048 

0.049 

0.050 

0.159 

0.155 

0.146 

0.140 

0.133 

0.080 

0.072 

0.064 

0.058 

0.054 

0.172 

0.165 

0.151 

0.143 

0.134 

0.043 

0.046 

0.047 

0.049 

0.050 

0.047 

0.029 

0.014 

0.004 

0.000 

0.080 

0.071 

0.064 

0.058 

0.054 

0.071 

0.047 

0.025 

0.009 

0.000 

Table 4.6: Estimated size of bootstrap hypothesis tests for the mean using Method II (chi-squared 

distribution). 

Data from: fj, — 3.0 Data from: ji — 3.2 

Mo n (R,P) (W,P) (R.N-P) (W,N-P) (R,P) (W,P) (R.N-P) (W,N-P) 

3.0 

20 

30 

50 

100 

200 

0.045 

0.046 

0.048 

0.050 

0.050 

0.154 

0.149 

0.143 

0.137 

0.130 

0.075 

0.068 

0.061 

0.056 

0.054 

0.165 

0.157 

0.147 

0.139 

0.131 

0.044 

0.046 

0.048 

0.050 

0.050 

0.099 

0.083 

0.066 

0.044 

0.024 

0.076 

0.067 

0.062 

0.056 

0.054 

0.116 

0.010 

0.076 

0.051 

0.029 

Table 4.7 presents the values of the constant Cn (defined in Theorem 4.5.5) and the constant D. 

(defined in Theorem 4.5.6) for the five distributions under consideration. 
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Table 4.7: Values of the constants Cn and D,, 

Distribution n Cn Dn 

Normal 

Mean: 0.0 

Variance: 1.0 

20 

30 

50 

100 

200 

0.012 

0.008 

0.005 

0.002 

0.001 

0.000 

0.000 

0.000 

0.000 

0.000 

Uniform 

Mean: 0.5 

Variance: 1/12 

20 

30 

50 

100 

200 

0.007 

0.005 

0.003 

0.001 

0.001 

0.000 

0.000 

0.000 

0.000 

0.000 

Double exponential 

Mean: 0.0 

Variance: 2.0 

20 

30 

50 

100 

200 

0.035 

0.024 

0.014 

0.007 

0.003 

0.000 

0.000 

0.000 

0.000 

0.000 

Exponential 

Mean: 1.0 

Variance: 1.0 

20 

30 

50 

100 

200 

0.036 

0.024 

0.014 

0.007 

0.004 

-0.033 

-0.018 

-0.008 

-0.003 

-0.001 

Chi-squared 

Mean: 3.0 

Variance: 6.0 

20 

30 

50 

100 

200 

0.027 

0.018 

0.011 

0.005 

0.003 

-0.021 

-0.012 

-0.005 

-0.002 

-0.001 

64 



Various conclusions can be drawn from Tables 4.2 - 4.7: 

(1) The estimated sizes of (W,N-P) and (W,P) converge to 1 - $ ( ^ ) « 0.123 as n increases, 

when the data X n are generated from a distribution with the parameter specified by the null 

hypothesis. This agrees with the results of Theorem 4.5.3 and Theorem 4.5.4. 

(2) The estimated sizes of (W,N-P) and (W,P) converge to 0 as n increases, when the data X n 

are generated from a distribution with the parameter specified by the alternative hypothesis. 

(3) It is clear that the tests (R,P) and (R,N-P) produce the same results when the data are 

generated from a distribution with the parameter specified by the null and alternative hy­

potheses. These findings are not surprising, because both C^p(a; X n ) and C^N_p(a; X n ) 

are location-invariant. 

(4) The estimated sizes of (R,N-P) decreases monotonically to the nominal significance level as 

n increases. This is in accordance with the result of Theorem 4.5.5, where it was shown that 

Cn > 0. This test, therefore, tends to be "liberal". It is clear from Table 4.1, that if we 

use evaluation Method I, the estimated sizes of (R,N-P) do not necessarily decrease to the 

nominal significance level as n —> oo (see, e.g., the results from the exponential distribution). 

(5) For the symmetrical distributions (Tables 4.2-4.4) the constant Dn (defined in Theorem 4.5.6) 

is equal to zero. The estimated sizes of (R,P) for these symmetrical distributions attain the 

nominal significance level, even for small values of n. 

(6) For the asymmetric distributions (Table 4.5 and 4.6) we find that , while the estimated sizes 

of (R,P) are slightly more conservative than their symmetric counterparts, they are still close 

to the nominal significance level, even for small sample sizes. 

(7) From Tables 4.2 - 4.6 we can see that the estimated sizes of (R,P) appear to converge much 

quicker to the nominal significance level than the test (R,N-P). This agrees with the results 

of Theorem 4.5.5 and Theorem 4.5.6, where it was shown that 

P (V^(V°n - MO) > C£jv-p(a;Xn)) = <* + o ^ - 1 ) , 

and 
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Next, we present the results of a Monte-Carlo study, again based on Method II, in order to evaluate 

the robustness of the tests (R,P) and (R,N-P). 

Data were generated in the following three ways: 

• V° was generated from a iV(0,1) distribution, while X„ was generated from a iV(0,4) distri­

bution. We tested the hypothesis 

H0 : n = 0 vs. HA: n> 0. 

• V° was generated from an exponential distribution with mean and variance 1, while X n was 

generated from an exponential distribution with mean 1.2 and variance 1.22. We tested the 

hypothesis 

Ho : y. = 1 vs. HA : /i > 1. 

• V^ was generated from a JV(0,1) distribution, while X n was generated from a contaminated 

normal distribution defined by 0.6$(a;) -I- 0.4<&(;4=). We tested the hypothesis 

HQ : fj, = 0 vs. HA ■ n > 0. 

Table 4.8: Estimated sizes. 

Normal Exponential Con-Normal 

n (R,P) (R.N-P) (R,P) (R.N-P) (R,P) (R,N-P) 

20 0.051 0.003 0.044 0.051 0.049 0.038 

30 0.051 0.002 0.046 0.046 0.051 0.036 

50 0.050 0.001 0.047 0.038 0.051 0.031 

100 0.050 0.001 0.050 0.031 0.050 0.028 

200 0.050 0.000 0.050 0.028 0.050 0.028 

From the results in Table 4.8 it is clear that (R,N-P) performs poorly with regard to estimated 

sizes. This can, among others, be ascribed to the fact that (R,N-P) is not scale-invariant. This 

defect of (R,N-P) cannot be observed if one uses evaluation Method I. In contrast with this, (R,P) 

behaves satisfactorily. This is to be expected in the normal and exponential cases, since (R,P) is 

location and scale-invariant. However, the good performance of (R,P) in the contaminated normal 

case shows that it is robust with respect to contamination of the X n data. 
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Concluding remarks: 

It is clear from the discussions in this section, that it is preferable to make use of a pivotal test 

statistic and the "right" bootstrap critical value. These findings are in agreement with the two 

guidelines proposed by Hall and Wilson (1991). 
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Chapter 5 

Resampling residuals to apply the 

bootstrap to hypothesis testing 

In this chapter we present a general formulation for resampling residuals when applying the boot­

strap methodology to hypothesis testing. The chapter concludes with the application of this tech­

nique to three common testing scenarios. 

5.1 Introduction 

When working with complicated data sets (like regression models), transforming the data in order 

to "mimic" Ho (or HA) can be very difficult. An alternative way is to resample residuals, and then 

make use of the resampled residuals to build a model that conforms to Ho (or HA) • Examples of 

where this technique is applied to perform bootstrap-based testing are especially common in the 

econometric literature. Some of these applications include: 

• bootstrapping p-values and power in the first-order autoregression model (Rayner, 1990); 

• the level and power of the bootstrap t—test in the AR(l)-model with trend (Nankervis and 

Savin, 1996); 

• bootstrap testing in nonlinear models (Davidson and MacKinnon, 1999); 

• implementing the bootstrap in static or stable dynamic regression models (van Giesbergen 

and Kiviet, 2002); 

• bootstrap unit root tests (Park, 2003); and 
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• testing for autoregressive conditional heteroscedasticity (Davidson and MacKinnon, 2007). 

In Section 5.2 a general formulation, based on two models (Model I and Model II), will be provided 

to show how this resampling scheme can be implemented correctly. Some of the notation used when 

discussing Model I in this section is similar to that found in Paparoditis and Politis (2005). 

5.2 Model based method 

We will first provide a general formulation based on Model I, followed by a formulation based on 

Model II. 

5.2.1 General formulation (Model I) 

Consider data ((Xi, Yi), (X2, Y2), • ■ • > 0^n,Yn)). Suppose we are interested in testing hypotheses 

concerning parameters from the following model: 

Yt = G{Xt,{3, Y%, <(>) + et, t = p + l,p + 2,...,n, 

where 

• Yn = (Yi, Y2,..., Yn)T are the response variables; 

• {et} are i.i.d. random errors from an unknown distribution F, such that E(et) = 0 and 

E(e?) = <# 

• Xt = (Xt,\, Xt,2, ■ • ■ 1 Xttk+m) are regressors (which can be fixed or random); 

• (3 = (6, v) € II = 9 x JV C Uk X Km is a set of parameters associated with X t; 

• Y\ = (Yt-x, Yj_2,..., Yt-P) are the lagged values of the response variables; 

• <j> = (p, 7) € fi = P X T C Rg X E s is a set of parameters associated with Y^, q + s = p ; and 

• G is some known function. 

Let 6 be the parameter of interest and suppose we wish to test the hypothesis: 

H0 : r'6 = r'60 vs. HA : r'B > r'60, 
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where r is a known k-dimensional column vector and u,p and 7 are a set of m, q and s nuisance 

parameters, respectively. 

The test rejects HQ if and only if Tn(Yn,xn) > Cn(of) , where 

PHo(Tn(Yn,xn)>Cn(a))^a 

and xn = (Xp+1,Xp+2,...,Xn). 

The critical value Cn(a) is unknown, since F is unknown. However, a bootstrap estimator Cn(a; Y n , X, 

can be derived for Cn(a). 

Bootstrap algorithm 

The following residual-based bootstrap algorithm can be used to find the bootstrap estimator 

C„(a;Yn,x„): 

i) Let 0n = (8n,i>n) £ II and 4>n = (p n ,7 n ) € fi be estimators for f3 and (f>, respectively. 

ii) Define centered residuals by: 

et = Yt-G(Xt,pn,Y?,4n)--!— V (Yj-GiXj^^Yf,^)), t = p + l,p + 2, ...,n. 
^ j=P+i 

(5.1) 

iii) Under HQ, Yt can be represented as: 

V? = G(XU 3 0 , Vt
L0, </,) + £?, t=p + l,p + 2,...,n, 

where 

3 0 = (0O, v); Vf = {Vt\,Vl2, ■■■, Vt%) 

and {e°} are unknown error terms under Ho-

iv) Under HQ, V° can be represented as: 

Vt°* = G(Xt, km Vf°*,j>n) + e*t, t = p + l ,p + 2 , . . . , n, 

where /30 n = (0o>£n) and {e£} are i.i.d from F n , the e.d.f. of {it}-

Remarks: 
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(a) There are various ways of obtaining the initial values {V^0*, £ = 1,2, . . . ,p}. The simplest 

and most commonly used method is to set {V®*,t — 1 ,2, . . . ,p} equal to the original 

values {Yu t = 1,2, . . . , p} , i.e., Vt°* = Yt, t = 1 ,2, . . . ,p . 

(b) Another method, which is probably more suitable for hypothesis testing as it allows 

one to "mimic" HQ more accurately, is to use the so called "burn-in" period (see, e.g., 

Davison and Hinkley, 1997). This procedure entails generating n + k + 1 bootstrap 

residuals to obtain e*_k,e*_k+l,..., £Q, . . . , e* (the number k is usually chosen to be a 

fairly large number). Set 

V% = e*_k 

V0°* = G(Xt,P0n,V%4>n)+e*0 

v„°* = G(Xt,P0nX-i,k) + el 

In the end, the terms V%,..., V$* are discarded. 

v) Define Cn(a; Yn, xn) by 

PZs(Tn(Vt,Xn) > Cn(a;Yn,Xn)) = a, 

where 

Next, an algorithm which can be used to estimate the power of this test at the specific alternative 

r'Q = T'QA will be provided: 

a) Obtain Cn(a; Yn, xn) by following the residual-based bootstrap algorithm as discussed above. 

b) Under HA, Yt can be represented as: 

Vt
A = G{Xt^A,V^A,<j>) + et £ = p + l , p + 2 , . . . , n , 

where 

0A = {OA,"Y, V^A = (VA
1,VA

2,...,VA
p) 

and {e^} are unknown error terms under HA-
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c) Under HA, VA can be represented as: 

Vt
A* = 0(Xt,hAn,V^A*,^n) + et t=p+l,p + 2,...,n, 

where J3An = (0A, ^n) and {e^} are i.i.d from Fn, the e.d.f. of {it} (obtained in (5.1)). 

d) The estimated power of the test, at the specific alternative, is then given by: 

PLt = P*H*A(Tn(VA*,Xn) > Cn(a;Yn,Xn)), 

where 

VA* = (V1
A*,V2

A*,...,Vf*)T. 

5.2.2 General formulation (Model II) 

Consider data ((Xi, Yi), (X2, Y2),... , (Xn , Yn)). Interest centers around testing the parameters 

from the model: 

Yt = H(Xt, X)+ut, £ = l , 2 , . . . , n , 

where 

• Y n = (Yi, Y2,. . . , Yn)T are the response variables; 

• Xt = (Xtti,Xtt2, ■ ■ ■ ,Xt,k+m) are regressors (which can be fixed or random); 

• A = ( ( 5 , ^ ) e T = A x $ c l ' i x Rm is a set of parameters associated with X4; 

• H is some known function; and 

• {ut} is a stationary process given by: 

ut = J ( u f , 0 ) + et, t = p+l,p + 2,...,n, 

where 

* l l f = (ut-l,Ut-2,...,Ut-p); 
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* 4> — (P) 7) £ &■ = P X T C K9 x W is a set of parameters, q + s ~ p; 

* J is a known function; and 

* {st} are i.i.d. random errors from an unknown distribution F, such that E(et) = 0 and 

£(e?) = «# 

Consider the following two scenarios: 

(1) Let p be the parameter of interest and suppose we wish to test the hypothesis: 

H0 : d'p = d'po vs. HA : d'p > d'p0, 

where d is a known ^-dimensional column vector and S, if) and 7 are a set of k, m and s 

nuisance parameters, respectively. 

(2) Let 8 be the parameter of interest, and suppose we wish to test the hypothesis: 

#0 : r'S = r'S0 vs. HA : r'S > r'S0, 

where r is a known fc-dimensional column vector and t/>,p and 7 are a set of m, q and s 

nuisance parameters, respectively. 

We will present a general formulation only for scenario (1), since the formulation for scenario (2) 

is analogous. 

Suppose the hypothesis in (1) is rejected if and only if Tn(Yn, xn) ^ Cn(a), where 

PHo(Tn(Yn,Xn) > Cn(a)) ^ a and Xn = (X i ,X 2 , . . . ,X n ) . 

The critical value Cn(a) is unknown, since F is unknown. However, a bootstrap estimator Cn(a; Yn, xn) 

can be derived for Cn(a). 

Bootstrap algorithm 

The following residual-based bootstrap algorithm can be used to find the bootstrap estimator 

Cn(a;Yn,xn)-

i) Let Xn = {Sn, V>n) S f b e estimators for A in the regression equation: 

Yt = H(Xt,\) + ut, t = l , 2 , . . . , n . 

ii) Define residuals for this model by: 

ut=Yt-H(Xt,Xn), i = l , 2 , . . . , n . 
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iii) Estimate 4> by 4>n = ( p n , 7 n ) € fHn the regression equation: 

where 

u^ = {ut-i,ut-2,---,Ut-P), t=p + l,p + 2,...,n. 

iv) Define centered residuals by: 

1 " 
£t = ut-J(xjt,<f>n) V iuj-J(uj,<l>n)), t = p + l , p + 2 , . . . , n . (5.2) 

* j=P+i 

v) Under HQ, Yt and ut can be represented as: 

Vt° = H(Xt,\) + u°t, 

u°t = J (u t
L O ,0 o ) + e°, i = p + l , p + 2 , . . . , n , 

where 0O = (p 0 , 7 ) ; u f ° = (•£?_ 
-l' '"t-2' • • •' ■"?-?) a n ( i i e t } a r e ^ n e unknown error terms under 

vi) Under HQ , V* and tt° can be represented as: 

Vt°* = H(Xt,\n) + u°*, 

u°t* = J(u t
LO*,0on) + £t ! t = p+l,p + 2,...,n, 

where 0 O n = (p 0 , 7n) ; ^t°* = ('"?-i>'"t-2>.. .,v%lp) and {e^} are i.i.d. from Fn, the e.d.f. of 

{it} (obtained in (5.2)). 

vii) Choose Cn(a;Yn,xn) s u c n that 

P*H*(Tn(yn^Xn) > Cn(a;Yn,XJ) = a, 

where 

Vo* n/0* T/O* T/0*\T 
n — \vl iv2 > • • • ) Kn J • 

The following procedure can be used to estimate the power of this test, at the specific alternative 

r ' p = r'pA: 

a) Obtain Cn(a; Y n , xn) by following the residual-based bootstrap algorithm as discussed above. 
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b) Under HA,Yt and ut can be represented as: 

VA = H(Xt,X) + uA, 

uA = J{ufA,4>A) + ef, t = p + l,p + 2,...,n, 

where 4>A — {PA-,I)\ &tA — (uA_1,uA_2, ■ ■ ■, uA_p) and {sA} are the unknown error terms 

under HA. 

c) Under HA, Vt
A and uA can be represented as: 

VA* = H ( X t , A „ ) + ut
A*, 

uA* = J(i$A\%An) + e*t, t = p + l,p + 2,...,n, 

where 4>An = (pA,ln); x$A* = (uf*^^,.. .,uA*p) and {et*} are i.i.d. from Fn, the e.d.f. 

of {it} (obtained in (5.2)). 

d) The estimated power of the test is then given by: 

Pbiot = i ' H - ( r n ( V ^ > X „ ) > Cn(a;Yn,Xn)), 

where 

VA* = (VA*,VA*,...,VA*f. 

Mode l s w i th heteroscedast ic i ty 

In equations (5.1) and (5.2) we obtained the residuals under the assumption that -B(ef) = cr% for 

all t. If, however, we work with models that are heteroscedastic, i.e., E{e1) = of, t — l,2,...,n, 

bootstrap samples must be generated in such a way that the relationship between the variance of 

each error term and the corresponding regressors is retained. One possible way to do this is to use 

the wild bootstrap proposed by Wu (1986), Liu (1988) and further developed by Mammen (1993). 

The wild bootstrap is implemented by first obtaining the residuals in (5.1) or (5.2), without center­

ing them. The bootstrap residuals {e*, t = 1 ,2 , . . . , n} are then obtained from a distribution with 

probability mass in two points. That is 

{ a, with probability p 

b, with probability 1 — p, 

so that -B*(e*) = 0, K^e*) 2 = e2 and K , ^ ) 3 — e3. One possible choice for a,b and p suggested by 

Mammen (1993) is a = e t ( l - y/E)/2, b = e t ( l + y/E)/2 and p = ( ^ 5 + l)/(2y/E). 
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Another possible choice for the two-point distribution is the Rademacher distribution. For this 

distribution a = £t,b = —it and p = —. 

Remark: The reason why it is not necessary to center the residuals {it, t — 1 ,2 , . . . , n} is because 

the two-point distribution already has mean 0 (in the bootstrap world). 

After obtaining the bootstrap residuals {Sf,t = 1,2, . . . , n } using the wild bootstrap, one can 

proceed with the residual-based bootstrap algorithm as previously described. 

In the next section we discuss three models (the location-scale model, the multiple linear regression 

model and the simple linear regression model with correlated errors), where residuals are resampled 

in order to perform the bootstrap hypothesis tests. 

5 .2 .3 R e s a m p l i n g re s idua l s a p p l i e d t o c o m m o n t e s t i n g s c e n a r i o s 

(a) Location-scale mode l 

Let X n = (X\,X2, ■ ■ ■ ,Xn) denote a random sample from an unknown univariate distribution F 

with mean \i and variance a2. 

Consider the model: 

Xt = n + ast, t = l,2,...,n, (5.3) 

where {et} are i.i.d. random errors with zero mean and variance 1. 

Suppose we wish to test the hypothesis: 

H0 : A* = MO vs. HA:(i> no, 

where, once again, Ho is rejected if and only if 

^/n{Xn - MO) > C„(a). 
"Jn(Xn) 

We can estimate Cn(a) by the bootstrap estimator C n ( a ; X n ) , by following the residual-based 

bootstrap algorithm discussed in the previous section (Model I): 

i) Fit the model and obtain the residuals: 

Xt — Xn 

<Jn(X n ) 

ii) Under Ho, Xt can be represented as: 
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iii) Under HQ, Vt° can be represented as: 

Vt°* = m + Sn(Xn)e*t, (5.5) 

where {e%} are i.i.d. from the e.d.f. of {it} (obtained in (5.4)). 

iv) Define Cn(a; X n ) by 

^(^fer^^"* (5'6) 
It is an elementary exercise to show that (5.6) is equivalent to 

^ ( ^ @ ^ P > ^ ( « ; X „ ) ) ^ , (5.7) 

which is indeed identical to the expression given in (3.6). 

If, however, we obtain our residuals in (5.4) by enforcing the null hypothesis, and we do not center 

the residuals, i.e., 
„ _ Xt - ^ o 

it is a simple matter to verify that (5.7) becomes 

It was shown in Chapter 4 that using a bootstrap test based on the critical value defined in (5.8), 

leads to a test that performs extremely poorly. 

For the bootstrap estimate of power for the test 

HQ: ii = no vs. HA ■■ V > no, 

the reader is referred back to Section 3.2.2 (a). 

Next, consider testing 

HQ : o2 = Op v s - HA ■ o2 > 0o, 

where HQ is rejected if and only if 
n ̂ (X . nV-^-n) 

-I 
> Cn(a). 

Following the residual-based bootstrap algorithm, we can estimate Cn(a) by the bootstrap estima­

tor Cn(a;X.n) as follows: 
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i) Fit the model and obtain the residuals: 

et = X * ~ * n , (5.9) 

ii) Under HQ, Xt can be represented as: 

Vt° = n + a0e°t. 

iii) Under HQ , V® can be represented as: 

Vt°* = Xn + a0e*t, (5.10) 

where {e^} are i.i.d. from the e.d.f. of {it} (obtained in (5.9)). 

iv) Define Cn(a; Xn) by 

P*H* ( " g y ) > Cn(a; X n ) ) = a. (5.11) 

It is easy to see that (5.11) is the same as 

^(w-^^H (5-i2) 
which is indeed identical to the expression given in (3.10). 

If, however, we obtain our residuals in (5.9) by enforcing the null hypothesis, i.e., 

Xt — Xn 
£t = , 

00 

it is a simple matter to verify that (5.11) becomes: 

PH* (nS^*n) > Cn(a;Xn)) * a, (5.13) 

which is identical to the expression given in (3.11). 

It was shown in Theorem 3.2.1 that using the critical value denned in (5.13) leads to a bootstrap 

test that performs very poorly. Further evidence of this poor performance will be illustrated in 

Chapter 8. 

The reader is again referred back to Section 3.2.2 (e) for the bootstrap estimate of power for the 

test 

H0:(T2 = OQ VS. HA : a2 > a2,. 
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Remarks: 

(a) It is clear from the location-scale model, that if we follow the residual-based bootstrap algo­

rithm, we end up with the same bootstrap test as when we transform the data in order to 

"mimic" H0 (see Section 3.2.2 (a) and 3.2.2 (e)). 

(b) Imposing the null hypothesis when obtaining the residuals can lead to serious problems. For 

testing the mean, this problem can be overcome by centering the residuals, but centering the 

residuals will not help to solve this problem when testing for the variance. 

(c) We therefore advocate that unrestricted residuals (i.e., where we do not impose the null 

hypothesis) must be used when the residuals are resampled in order to apply the bootstrap 

to hypothesis testing. 

(b) Multiple linear regression 

Consider the model: 
p 

Yt = lh + ^2l3iXt,i + £t, t = l , 2 , . . . , n , (5.14) 
i = l 

where there are n observations (Xi, Yi), (X2,l2)> • • • > (Xn,Yn) and {fii,i = 0,1,2,... ,p} are 

parameters; X t — (X^i,... ,Xt,p)T is a vector of covariates; Yn = {Y\, Y2, ■ ■ ■, Yn)T are the 

response variables and {e^} are the random errors with some unknown d.f. F. 

Suppose we are interested in testing the following hypothesis: 

H0:pl=b1 vs. HA:P\>bl. 

The test rejects HQ if and only if 

T„(Yn >xJ = § - = £ > C n ( a ) , 

where (3\ — (3\(Yn, xn)'i Xn = (Xi,X2,. • . ,X n ) and Sn0i) denotes the estimated standard error 

of A-

Bootstrap-based testing in the multiple linear regression framework was discussed by, among others, 

Davison and Hinkley (1997); Davidson and MacKinnon (2004) and Paparoditis and Politis (2005). 

In order to obtain the bootstrap critical value, Cn(a;Yn,xn)> w e again follow the residual-based 

bootstrap algorithm: 
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i) Fit the model in (5.14) to obtain estimates {A,i — 0 , 1 , . . . ,p}. 

ii) Obtain the centered residuals: 
n -. n n 

it = rt - A, - E &x*,i - - E ^ - & - E to*)- (5-15) n i = l j = l i = l 

iii) Under HQ, Yj can be represented as: 
n 

vt° = A) + &i*t,i + E & X M + e°- ( 5 J 6 ) 

iv) Under HQ, Vt° can be represented as: 
n 

Vt°* = A) + 6i*t,i + E &*M + et*, (5-17) 
i=2 

where {e£} are i.i.d. from the e.d.f. of {it} (obtained in (5.15)). 

v) Cn(a;Yn,xn) is defined by 

pnf(i-0"(a;Y"'*" ,ra' 
where/3f = ft(V»x„). 

In order to estimate the power of this test, at the specific alternative A = b^, we replace b\ in 

(5.16) and (5.17) by bA to obtain 
n 

Vt
A* = A, + 6AX*,I + ^ AXt>i + e*, 

i=2 

where {E%} are i.i.d. from the e.d.f. of {et} (also obtained in (5.15)). 

The estimated power of the test, at the specific alternative A = b^, is then: 

where /3;=A(V^' ,x„) . 

(c) Simple linear regression model with errors following an AR(1) process 

Consider the simple linear regression model: 

Yt = 0o + (hXt + ut, (5.18) 
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with 

ut = put-i + et, i = 2 , 3 , . . . , n (5.19) 

and \p\ < 1. 

Here, /3o and /3i are parameters; Y4 is the value of the response variable in the tth trial; Xt is the 

value of the covariate in the tth trial and {et} are the random errors with some unknown d.f. F , 

t = 1,2, . . . ,n . Let X n = {XUX2,.. .,Xn)T and Y n = (Yi, Y 2 , . . . ,Yn)T. 

Consider testing the hypothesis: 

Ho ■ p = po vs. HA: p> p0. 

The test rejects i?o if and only if 

T n ( Y n , X n ) > C n ( a ) . 

We can obtain C n ( a ; X „ , Y n ) , the bootstrap estimator of Cn(a), by following the residual-based 

bootstrap algorithm for Model II: 

i) Estimate (3Q and fi\ by /3o and fii in the regression equation: 

Yt = Po + /31Xt + ut, i = l , 2 , . . . , n . 

ii) Obtain the residuals: 

ut = Yt-J3o- PiXt. 

iii) Estimate p by p in the regression equation: 

ut = put-i+£t, t = 2,3,...,n. 

iv) Obtain the centered residuals as: 

1 n 

it = ut-put-i — 7 ^ 2 ( U J - puj-i), i = 2,3, . . . , n . (5.20) 

v) Under i?0)^t and Ut can be represented as: 

V? = Po + PiXt + u°t, 

i% = poUt-i+£t, i = 2,3, . . . , n . 
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vi) Under HQ , Vt and w° can be represented as: 

Vt°* = Po + faXt + v?, 

u°t* = Pouti + £*t, t = 2 ,3 . . . ,n , 

where {e^} are i.i.d. from the e.d.f. of {it} (obtained in (5.20)). 

In order to obtain the bootstrap residual value at t = 1 we can choose u^* = u\ or alternatively 

we can again make use of a "burn-in" period. 

vii) Define C „ ( a ; X „ , Y „ ) by 

P*H. (T„(V°*,Xn) > C „ ( a ; X n , Y n ) ) <* a. 

Remarks: 

(a) If we combine (5.19) with (5.18) by substituting put-i + et for ut and then replacing ut-i by 

Y t_i — fio — PiXt-i, we obtain the nonlinear regression model 

Yt = fo(l - p) + faXt - pfhXt-i + pYt-! + eu t = 2 , 3 , . . . , n . (5.21) 

In order to test the hypothesis 

Ho : p - po vs. HA: p> pQ, 

we can now obtain the bootstrap critical value by following the residual-based bootstrap 

algorithm for Model I. It is just important to note that (5.21) is linear in the regressors, but 

nonlinear in the parameters p and P±, and it therefore needs to be estimated by nonlinear 

least squares or some other nonlinear estimation method. 

(b) Davidson and Mackinnon (1999, 2004) used a variant of Newton's Method, namely Gauss-

Newton regression (GNR) to test the specific hypothesis: 

Ho : p = 0 vs. HA ■ p > 0 

in model (5.21). 

The power of the test, at the specific alternative p — PA, can be estimated as follows: 

a) Obtain C n ( a ; X „ , Y n ) . 
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b) Under HA,Yt and ut can be represented as: 

VA = fo + PiXt + ut 
uA = PAuf^+ef, t = 2,3,...,n. 

c) Under H\, VA and u^ can be represented as: 

vA* = pQ + hxt+uA\ 
uA* = pAU?*i+eh t = 2 ,3 , . . . ,n , 

where {e^} are i.i.d. from the e.d.f. of {st} (obtained in 5.20). 

We can again choose uA* = u\ or make use of a "burn-in" period. 

d) The estimated power of the test, at the specific alternative HA '■ P = PA, is then given by: 

PLt = PH*A (r n (V^,Xn) > Cn(a;Xn, Yn)) . 

5.2.4 Concluding remarks 

In a Monte-Carlo study we found, that for the test 

H0 : p = 0 vs. HA : p > 0, 

the performances of the following three tests were almost identical: 

• the test described in Section 5.2.3 (c); 

• the test described in Section 5.2.3 (c), with the exception that the null hypothesis was imposed 

in (5.20); 

• the test based on GNR. 

Moreover, MacKinnon (2002) also found that for the hypothesis he considered, resampling the resi­

duals from either a restricted (where the null hypothesis is imposed when obtaining the residuals) 

or unrestricted (where the null hypothesis is not imposed in the residual estimation step) model, 

made little difference to the performance of their tests. In the literature there are also some ex­

amples of authors choosing to resample residuals from a restricted model (see, e.g., Nankervis and 

Savin, 1996; Park, 2003; Davidson and MacKinnon, 2007). 
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However, many authors, including Van Giersbergen and Kiviet (2002); Paparoditis and Politis 

(2005) and Martin (2007) have advocated that residuals must be resampled from an unrestricted 

model. In this chapter we also gave an example (the location-scale model), where failing to resample 

from an unrestricted model, leads to a test that performs dismally. We therefore strongly advise 

that residuals should always be resampled from an unrestricted model (i.e., the null or alternative 

hypothesis must not be imposed when obtaining the residuals). 
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Chapter 6 

A brief survey of copulas and two 

measures of association 

In this chapter a very brief overview of copulas is provided, focusing specifically on how to simulate 

from different families of copulas. The chapter concludes with a discussion on two measures of 

association, namely Spearman's rho and Kendall's tau and how these measures can be expressed 

in terms of copulas. 

6.1 Introduction 

Nelsen (2006) informally defines a copula as "a function which joins or 'couples' a multivariate 

distribution function to its one-dimensional marginal distribution functions." Fisher (1997) notes 

in the Encyclopedia of Statistical Sciences that "Copulas [are] of interest to statisticians for two 

main reasons: First, as a way of studying scale-free measures of dependence; and secondly as a 

starting point for constructing families of bivariate distributions ..." 

In this dissertation we make use of copulas for precisely these two reasons: a way to simulate data 

from different bivariate distributions and secondly, because of the fact that Spearman's rho and 

Kendall's tau (and other measures of association) can be expressed in terms of copulas. 

We do not attempt to give a comprehensive overview of copulas in this chapter, partly because 

copulas are not the primary topic of this dissertation, but rather a means to an end (which will 

become clear in Chapters 7 and 8). 

Readers seeking to learn more about copulas (and related topics) are referred to, among others, 

Hutchinson and Lai (1990); Joe (1997) and the excellent monograph on copulas by Nelsen (2006). 
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In what follows we shall, for simplicity, restrict our discussion to bivariate observations only. How­

ever, most of the definitions and theorems would be just as relevant in higher dimensions. 

6.2 Copulas: some basic concepts 

Let X and Y denote two continuous random variables with distribution functions F(x) = P(X < x) 

and G(y) = P(Y < y), x,y e M and joint distribution function H(x,y) = P(X < x,Y < y) for 

(x,y)eR2. 

Definit ion 6.2.1 A copula is a function C : [0, l ] 2 —> [0,1] which satisfies: 

(a) for every u,v in [0,1], C(u, 0) = 0 = C(0,v) and C(u, 1) = u and C(l,v) = v; and 

(b) for every u\,u<i, vi, ^2 in [0,1], such that u\ < ui and v\ < vi, 

C(u2,V2) -C(u2,vi) -C(ui,v2) + C(u1,vi) > 0. 

The importance of copulas in statistics is described in Sklar's Theorem (see Sklar, 1959): 

Theorem 6.2.1 Let X and Y be random variables with joint distribution function H and marginal 

distribution functions F and G respectively. Then there exists a copula C such that 

H{x,y) = C(F(x),G(v)) (6-1) 

for all x,y inM. If F and G are continuous, then C is unique. Otherwise, the copula C is uniquely 

determined on Range(F) x Range(G). Conversely, if C is a copula and F and G are distribution 

functions, then the function H defined by (6.1) is a joint distribution function with margins F and 

G. 

A proof of this theorem can be found in Schweizer and Sklar (1983) and in Nelsen (2006). 

Thus, given a joint distribution function H with continuous marginals F and G as in Theorem 

6.2.1, it is easy to construct the corresponding copula: 

C(u,v) = H(F~1(u),G-1(v)). 

6.3 Conditional distribution and random variate generation 

Given a copula C(u,v), how does one simulate random variables from this given copula? This is a 

very important question as Nelsen (2006) noted: "one of the primary applications of copulas is in 

simulations and Monte-Carlo studies". 
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One possible way would be to use the so-called conditional distribution method. For this method, 

one needs the conditional distribution function for V given U = u. Denote this conditional distri­

bution by Cu(v), then 

Cu(v) = P(V<v\U = u) 

, P(u < U < u + 8, V < v) 
= hni —, — ?r 

s->o P{u<U <u + 8) 

_ C(u + 8,v) -C(u,v) 
6->0 8 

The following algorithm, based on the conditional distribution function (Nelsen, 2006), can be used 

to simulate pairs (U, V) from a given copula C(u, v): 

1) Generate a continuous uniform variable U from (0,1). 

2) Simulate V from Cu(v) as follows: 

- generate a second continuous uniform variate U\ from (0,1), independent of U; 

- set V = C^IJJx). 

3) The pair of variables is then (U, V). 

Remark: There exist other methods to simulate data from a given copula (see, e.g., Devroye, 1986). 

In the next section we give examples of some families of copulas as well as algorithms which can 

be used to simulate observations from these copulas. 

6.4 Examples of copulas 

Nelsen (2006) noted that "if we have a collection of copulas, then as a consequence of Sklar's 

Theorem, we automatically have a collection of bivariate or multivariate distributions with whatever 

marginal distributions we desire." 

It is thus desirable, for the purpose of statistical modelling, to have a collection of copulas at one's 

disposal. Numerous examples of copulas can be found in the literature (see, e.g., Hutchinson and 

Lai, 1990; Joe, 1997; Nelsen, 2006). 
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In our discussion we will only focus on a few single parameter families of copulas, denoted by 

CQ(U, V). Where possible, an explicit expression for the copula as well as an algorithm for simulating 

variates from the specific copula will be given. 

An algorithm which allows one to simulate a single pair (U, V) which has uniform marginals and 

the desired copula will be given. By repeating the algorithm n times, one then obtains a sample of 

n i.i.d. bivaxiate random variables from the desired copula. 

6.4.1 Normal copula 

The normal copula is a single parameter family of copulas and is given by: 
-(s2-26st + t2) 

f$-!(") r3>-Hv) e 2(1 - e2) 
/ 

-oo J — ( 
-dsdt, 2-Ky/l^ff2 

where - 1 < 6 < 1. 

The following algorithm can be used to simulate random variates (U, V) from the bivaxiate normal 

copula (see Fishman, 1996): 

1 P12 
1) Let R = be an arbitrary correlation matrix, where pi2 = P21 is the correlation 

P21 1 
coefficient between two variables X and Y. 

2) Obtain a Cholesky-decomposition (see, e.g., Burden and Faires, 1989) of the matrix R, i.e. 

R = BBT, where B is a (2 x 2) lower triangular matrix. The Cholesky-decomposition can 

be computed by most mathematical and statistical software. 

3) Generate two i.i.d. standard normal random variables Y = (Yi,Y2)T. 

4) Compute the matrix product Z = BY. Then Z = (Zi,Z2)T has a bivaxiate normal distribu­

tion. 

5) Obtain U = $(Zi) and V = $(Z2). 

6.4.2 Farlie-Gumbel-Morgenstern copula (FGM) 

The Farlie-Gumbel-Morgenstern copula is given by (Faxlie, 1960): 

Ce(u, v)=uv + duv(l - w)(l -v), - 1 < 6 < 1. 

Johnson (1986) proposed the following algorithm to simulate random variables (U, V) from the 

FGM copula. 



1) Generate two independent continuous uniform variables U and U\ from (0,1). 

2) Set A = 1 + 0(1 - 2U); B = sJA2 - 4(4 - 1 ) ^ . 

4) The pair of variables is then (17, V). 

Remark: This algorithm is based on the conditional distribution method. 

6.4.3 Plackett family of copulas 

The Plackett family of copulas is given by (Plackett, 1965): 

C K « , . ) - [1 + (f l~1)(" + v)]'^+ <'~1) (" + v)?"4<"""*~T}, . > . , . # ! . 
2(0 - 1) 

For 6 ~ 1, CQ{U, V) ~ uv, the independence copula. 

Johnson (1986) proposed the following algorithm, based on the conditional distribution method, to 

simulate from a Plackett copula: 

1) Generate two independent continuous uniform variables U and U\ from (0,1). 

2) Set A = Ui(l -Ux); B = 9 + A(6 - l)2 ; C = 2A{U62 + \-U) + 0{\- 2A) and 

D = y/0(9 + AAU(1 -U)(l- 0)5. 

3) Set V = \C-(1~ 2U1)D}/(2B). 

4) The pair of variables is then (U, V). 

6.4.4 Cuadras-Auge copula 

The Cuadras-Auge copula is given by (Cuadras and Auge, 1981): 

C0(u,v) = [mm(u,v)}9[uv]1'e, 0 < 6 < 1. 

The following algorithm based on the conditional distribution method can be used to generate 

random variables (U, V) from the Cuadras-Auge copula. 

1) Generate two independent continuous uniform variates U and U\ from (0,1). 



2) Set 

' — , if o < c/i < (i - ep1-6 

V = { 

l - i 

u, if (i - e)ul'e <U!<u i-e 

v. i 

3) The desired pair is then ([/, V). 

6.4.5 Clayton copula 

The Clayton copula is given by (Clayton, 1978): 

Ce(u, v) = [max(ire + v~e - 1,0)]"i, 0 > - 1 , 6 + 0. 

Two algorithms to simulate variables (U, V) from the Clayton copula are presented. 

The first one is proposed by Devroye (1986) and the second one is based on the conditional distri­

bution method. 

Algorithm 1 

1) Generate two standard exponential variables X and Y and a gamma variable Z (indepen­

dently), with parameters a — 9,(3 = 1. 

2) Set U = {\ + ~)~e and V = (1 + %)~e. 
z z 

3) The pair is then (U, V). 

Algorithm 2 

1) Generate two independent continuous uniform variables U and U\ from (0,1). 
2) Set V = [l + U-e{uf^e - l)]~le. 

3) The desired pair is then (U, V). 

6.4.6 Ali-Mikhail-Haq copula 

The Ali-Mikhail-Haq copula is given by (Ali et al., 1978): 

111) 

g » C - ' ) - t - ^ - . ) ( ! - . ) ■ - ^ » S 1 . 
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In order to simulate random variates from this copula, we can again make use of the conditional 

distribution method. Johnson (1986) proposed the following algorithm: 

1) Generate two independent continuous uniform variables U and U\ from (0,1). 

2) Set A = l - l / ; B = -9{2AU1+l) + 292A2U1 + l and C = 92(AA2U1 -4AUi + l) ~9(4AU1 -

4[ / i+2) + l. 

3) Set V = 2Ui(A0 - 1)2/(B + VC). 

4) The pair of variables is then {U,V). 

Remarks: 

(a) The two copulas discussed in Sections 6.4.5 and 6.4.6 are part of a class of copulas known as 

Archimedean copulas. 

(b) For a detailed discussion on Archimedean copulas, the interested reader is referred to Nelsen 

(2006). 

6.4.7 Raftery's bivariate exponential distribution 

Although this distribution does not represent a copula, we discuss it in this section due to the 

fact that this bivariate exponential distribution is going to be used extensively in our Monte-Carlo 

studies (see Chapter 8). 

The Raftery distribution is generated by considering 

X = (1-9)Z1+IZ3 and 

Y = {1-9)Z2 + IZ3, 

where Z\,Zi and Z3 are i.i.d. exponential random variables with parameter A > 0 and I is a 

Bernoulli random variable with parameter 9, independent of Zj, i = 1,2,3. 

This bivariate exponential distribution is due to Raftery (1984). 

6.5 Measures of association 

In this section we discuss the two most commonly used nonparametric measures of association for 

two random variables, namely Kendall's tau (r) and Spearman's rho (ps). The relationship between 

these two measures is, e.g., discussed in Fredricks and Nelsen (2007). 
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6.5 .1 K e n d a l l ' s t a u 

The nonparametric measure of association known as Kendall's tau was first discussed by Kendall 

(1938). Underpinning the definition of Kendall's tau are the concepts of concordance and discor­

dance. 

Definition 6.5.1 Let (Xj, Yj) and (Xj,Yj) denote two observations from a vector (X,Y) of con­

tinuous random variables. pQ,Yj) and (Xj,Yj) are concordant if 

sgn(Xi -Xj) = sgn(Yi - Yj). 

Correspondingly, a discordant pair is a pair, as defined above, where 

sgn(Xi - Xj) = ~sgn(Yi - Yj) 

and the sign function, sgn, is defined as 

sgn(x) = 

The population version of Kendall's tau for a vector [X, Y) of continuous random variables, with 

joint distribution function H(x,y), can now be defined as follows (see, e.g., Kruskall, 1958): 

Definit ion 6.5.2 Let (Xi,Yi) and (X2,Y2) be i.i.d. random vectors, each with joint distribution 

function H(x,y). The population version of Kendall's tau is then the probability of concordance 

minus the probability of discordance: 

r = P{sgn{Xl-X2) = sgn{Yl-Y2))-

P(sgn(X1 - X2) = -sgn(Y1 - Y2)) 

= P ( ( X : - X2)(Yi - Y2) > 0) - P((Xi - X2)(Y1 - Y2) < 0). 

The population version of Kendall's tau can also be expressed in terms of the copula C associated 

with the vector (X, Y) as follows (Schweizer and Wolff, 1981): 

T = ±[ f C{u,v)dC{u,v)-l. (6.2) 
JO Jo 

If C is absolutely continuous, then (6.2) becomes 

1 A f1 fl3C( ^ C l W A 
r = l — 4 / / —— lu.v)—-{u,v)dudv. 

Jo Jo du dvK 
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Table 6.1 given at the end of this chapter contains expressions for r (where possible) for the various 

families of copulas discussed in Section 6,4. 

Sample version of Kendall 's t au 

In order to estimate the parameter r from a random sample of n observations (Xi,Y{), (X2, Y2); 

. . . , (XnYn) drawn from a vector (X, Y) of continuous random variables, one must find estimates 

for the probability of concordance and discordance. This can be done as follows (Kruskal, 1958; 

Noether, 1967; Kendall, 1970): 

For each set of pairs (JQ, Yi), (Xj,Yj) of sample observations, define the indicator variables: 

Iij = sgn(Xi - Xj)sgn(Yi - Yj), i = 1,2, . . . n; j = 1 ,2, . . . n. 

The values assumed by 1^ are then: 

1 if these pairs are concordant 

—1 if these pairs are discordant hj = < 

0 else. 

Now, since I%j — Ijj, and la — 0, there are only [ J sets of pairs to be considered. 

An estimator for r is, therefore, given by: 

l<i <j<n I 

Kendall (1970), and many other authors, use f in yet another form, namely: 

Let c denote the number of concordant pairs (corresponding to lij = 1) and d denote the number 

of discordant pairs (corresponding to i y = —1), then Kendall's tau for the sample is defined as 

c — d c — d 
T = c + d fn\ ' 

2. 
When ties exist in the data, the following adjusted formula is used for f (Kendall, 1970): 

c~ d 
T = 

y/n(n - l ) / 2 - T ■ ^n{n - l ) / 2 : r T 7 ' 

where T = | / J * ( £ — 1) and t is the number of X observations that are tied at a given rank and 
t 

U = \ J> u(-u — 1), where tx is the number of Y observations tied at a specific rank. 
u 

Remark: Many of the current statistical software can compute f for both untied and tied cases. 
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6.5.2 Spearman's rho 

Spearman's rho, denoted by ps, was first discussed by the psychologist Charles Spearman (1904). 

If X and Y are random variables with respective distribution functions F(x) and G(y), then the 

population version of Spearman's rho is defined to be the Pearson correlation coefficient between 

the random variables F{X) and G(Y): 

pa{X,Y)=pp(F(X),G(Y)). 

Because of this fact, Spearman's rho is sometimes referred to as the rank or grade coefficient of 

correlation. 

Like Kendall's tau, ps is also based on the concepts of concordance and discordance. 

Definition 6.5.3 Let (Xi, Yi), (X2, Y2) and (-^3^3) be three independent random vectors with a 

common joint distribution H(x,y). Spearman's rho coefficient associated with the vector (X, Y) 

distributed according to H, is then defined as (see Kruskall, 1958): 

ps(X,Y) = 3[P((Xi - X2)(Y1 - Y3) > 0) - P({X1 ~ X2)(Y1 - Yz) < 0)]. 

The population version of Spearman's rho can also be expressed in terms of the copula C associated 

with the vector {X,Y) as follows (Schweizer and Wolff, 1981): 

ps(X,Y) = 1 2 / f C(u,v)dudv-3 
Jo Jo 

= 12 / / uvdC(u, v) - 3. 
Jo Jo 

Table 6.1 contains expressions for ps (where possible) for the various families of copulas discussed 

in Section 6.4. 

Sample version of Spearman's rho 

Let (Xi, Yi), (X2, Y2), • ■ •, {Xn, Yn) be a random sample of n observations drawn from a bivariate 

distribution. 

Let {Rf, i = 1, 2 , . . . ,n} and {R\, i = 1, 2 , . . . ,n} denote the ranks of {Xj, i = 1,2, ...,n} and 

{Yi, i = l ,2, . . . ,n}, respectively. An estimator for ps, denoted by ps, is then simply the Pearson 

correlation coefficient between these ranks: 

fcs^2JM_i (6.3) 
jTLiiRf-*?)2y/TLiW-&)2' 
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where Rx = - V Rf and W = - V Rv
t. If there are no tied ranks in the data, then (6.3) becomes 

t = i t = i 

where Dj, i = 1,2,..., n, are the differences between the ranks of corresponding values of X and 

Y (see, e.g., Kruskall, 1958). If tied ranks exist, Pearson's correlation coefficient between the ranks, 

equation (6.3), has to be used to calculate Spearman's rho, instead of equation (6.4). In this case, 

each member of a group of tied observations is assigned the average of the ranks they would have 

if they were distinguishable. This method of assigning ranks to tied observations is referred to as 

the midranks method (see, e.g., Noether, 1967; Kendall, 1970). 
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Table 6.1: Kendall's tau and Spearman's rho for some families of copulas/bivariate distributions. 

Family Kendall's tau (r) Spearman's rho (ps) 

Normal 
2 
— arcsin(0) 
TV 

6 . (9\ -arcsin^-j 

FGM ¥ i* 

Plackett No closed form 
0 + 1 201n0 
0 - 1 (0 -1 )2 

Cuadras-Auge 
9 

2-9 
30 

4 - 0 

Ali-Mikhail-Haq 
3 0 - 2 2(1 - 0 ) 2 

30 302 l n ( 1 0) 
12(1 + 0) rl_e Int M 

02 Ji l-tdt 

24(l-«)lnfl n 3(0 + 12) 
02 l n ( 1 ") 0 

Clayton 9 
0 + 2 No closed form 

Raftery 20 
3 - 0 

0(4 - 30) 
(2 - 0)2 
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Chapter 7 

A new semiparametric and 

nonparametric bootstrap test for 

Spearman's rho 

In this chapter bootstrap-based tests for Spearman's rho are considered. We propose two new 

tests for ps, viz. a semiparametric bootstrap test based on copulas and a nonparametric bootstrap 

test. We conclude the chapter by proposing a nonparametric bootstrap test for the equality of the 

Spearman's rho of two bivariate populations. 

7.1 Introduction 

Let Zn = {(Xi,Yi),..., (Xn,Yn)) be a random sample from a population (X,Y) and denote by 

H(x,y) the joint distribution function of (X,Y). We once again use the notation F{x) and G(y) 

for the marginal distribution functions of X and Y, respectively. 

Suppose we wish to test the hypothesis: 

Ho : Ps {X, Y) = pSo vs. HA : ps (X, Y) > pso. 

The test rejects Ho if and only if 

Tn(Zn) > Cn(a), 

where 

PH0(Tn(Zn) > Cn(a)) = a. 
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Possible test statistics for this testing scenario are 

T^(Zn) = ps(Zn) and TP(Zn) = y/(n - 3) (zh - z0 - ^ T ^ y ) » 

where Zp3 and zo denote Fisher's Z transformation (see Fisher, 1921) given by: 

1 (l + ps(Zn)\ 1 (l + pSo 
zPs — ~ m I ~ ~ , „ ( I and zo = - In ' 2 \l-ps(Zn)J 2 Vi-p^o 

If H(x,y) is the bivariate normal distribution function, then T„ (Zn) follows approximately a 

standard normal distribution (Fisher, 1970; Anderson, 1984) and Cn{a) « $ _ 1 ( 1 — a ) . 

However, if H(x, y) is not the bivariate normal distribution function, then the distribution of T n (Z n ) 

is unknown. 

Next, we propose a semiparametric bootstrap test for Spearman's rho. 

7.2 Semiparametric bootstrap test 

Again, let CQ(U,V) be a parametric family of copulas indexed by a single parameter 6. Assume 

further that F(x) and G(y) are unknown nuisance parameters and that 

H(x,y) = Cg(F(x),G(y)). 

First, note that testing the hypothesis 

pSQ vs. HA : ps(X,Y) > pSo 

is equivalent to testing 

H0:6 = 60 vs. HA--6> 00, 

for some 9Q = 0o(Pso)-

The test rejects HQ if and only if 

Ps(Zn) > Cn(a), 

where 

PHo(ps(Zn) > Cn(a)) * a. 

The critical value Cn(a) is unknown, since H is unknown (F and G are unknown). However, a 

bootstrap estimator Cn(a; Zn) can be derived for Cn(a). 

The following procedure can be used to obtain Cn(a; Z n ) : 

1) Simulate (Ui,Vi), i = 1 ,2 , . . . , n from Ce0, using the techniques discussed in Chapter 6. 
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2) Estimate F(x) and G{y) by Fn(x) and Gn{y), the e.d.f.'s of {Xt, i = 1,2,..., n} and {YJ, i = 

1,2,..., n}, respectively. 

3) Set V?°* = F~l{Ui) and vf* = G ^ 1 ^ ) , » = 1,2,..., n. 

This can be done as follows: 

Obtain the order statistics X^ < Xp) < ■ • • < -X"(n) > then 

yzo* _ I *Wo if n?7i is a n i n t e § e r 

I X^n[ /.j+1) if nUi is not an integer. 

The V? * can be obtained similarly. 

(4) Define Cn (a; Z n ) t y 

P*H,(ps(Z°n*)>Cn(a;Zn))^a, 

where 

zo* = ((^,^*),(y:fO*,v2i'0*),.. .,{V«*,Vf)). 

We call this a semiparametric bootstrap test because a parametric family of copulas is assumed, 

but F(x) and G(y) are unknown nuisance parameters. 

In the next section we propose a completely nonparametric bootstrap test for ps. 

7.3 Nonparametric bootstrap test 

Again, assume that F(x) and G(y) are unknown nuisance parameters. 

Note that testing the hypothesis 

H0 : ps (X, Y) = pSo vs. HA : ps (X, Y) > pSo 

is equivalent to testing 

H0 : Pp(F(X), G(Y)) = p30 vs. HA : pp(F(X), G(Y)) > pso. 

The test rejects Ho if and only if 

P»(Z„) > Cn{a), 

where 

PHo(ps(Zn) > Cn{a)) <* a. 

Consider the following transformation of (X,Y): 
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X° = VS(F(X) - 0.5) 

V3(G(Y) - 0.5) 

Y° = V3(F(X)-0.5) 

V3(G(Y) - 0.5) 

1 + A so + 
Ps0 

l + ps(X,Y) Vl-pB(X,Y) + 

1 + A so 1 - A so 

l + ps(X,Y) Vl-ps(X,Y) 

1 + A 'so 1 - A 'so 
l + ps(X,Y) Vl-ps(X,Y) + 

1 + A so + 
1 - A so 

i + Ps(x,y) V i - f t (x ,y ) 

(7.1) 

(7.2) 

Theorem 7.3.1 /9p(X°,r0) = /9So. 

Proof. It follows, after some algebra, that E(X°Y°) = pSo, E(X°) = E(Y°) = 0 and E((X0)2) 

E((Y0)2) = 1. Hence, 

PP(XU,Y») = Cov(X°X 0 V0\ 

^/Var(X°)y/Var(Y°) = Ps0-

Q.E.D. 

Consider data Z°n = {(V?°, vf), i = l , 2 , . . . , n} where V?° is given by the expression in (7.1) 

with: 

R? • F(X) replaced by Fn(Xi) — —- (if F is continuous), where {Rf, % = 1,2,..., n} denote the 
n 

ranks of {Xi, i — 1,2,..., n}. 

• G(y) replaced by Gn(Yi) — —- (if G is continuous), where {R\, i = 1, 2 , . . . ,n} denote the 
n 

ranks of {Yj, i — 1, 2 , . . . , n}. 

• /9s(X,y) replaced by /3s(Zn). 

V^ is defined similarly using equation (7.2). 

Resampling under HQ corresponds to sampling with replacement from the pairs Z° = {(V?0, V? ), 

i = 1 ,2 , . . . ,n}. 

100 



Refer to these resampled pairs as 

Z°n* = {(V?0*,V?°*),i = l,2,...,n}-

The bootstrap critical value Cn(a; Zn) is now chosen such that 

P*H*(pP(Z°n*)>Cn(a;Zn))*a. 

We can approximate Cn(a; Zn) by Cn(a; Zn) as follows: 

1) Obtain a first bootstrap sample Z°* and calculate pp(Z®*) (Pearson's correlation between 

{V?0*, i = 1,2,..., n} and {Vf*, i = 1,2,..., n] ). Denote this by T{. It is important to 

note that one needs to calculate /3P(Z^*) and not ps{Z^). 

2) Independently repeat step 1) a number B times to obtain B bootstrap replications r:*, T | , . . . , Tg. 

3) Obtain the order statistics Tfa < T(*2) < • • • < T£B). 

4) SetCn(a;Zn) = T*[B(1_a)i). 

Hence, reject the null hypothesis if and only if 

ps{Zn)>Cn{a;Zn). 

The bootstrap p-value for testing 

H0 : ps(X, Y) = pS0 vs. HA : ps(X, Y) > pSo 

can be approximated by 
B 

B 
^ / ( T b * > ^ ( Z n ) ) . 

6=1 

Chapter 8 contains the results of a Monte-Carlo study conducted to compare the performance of 

the test based on the assumption that H(x,y) is the bivariate normal distribution (discussed in 

Section 7.1) with the semiparametric and nonparametric bootstrap tests. The semiparametric test 

was developed as a useful benchmark tool for measuring the performance of the nonparametric 

test. 
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7.4 Nonparametr ic boo ts t rap test for the equality of two Spear­

man's rho's 

Let Z ^ = ((X[1\Y}1)),...,(X£\Y£))) be a random sample from a population ( X W , Y ( 1 ) ) . 

Denote by Hi(x,y) the joint distribution function of (X^\Y^) and by Fi(x) and G\(y) the 

marginal distribution functions of X^1' and Y^1', respectively. 

Let Z $ = ((x[2),Y}2)),...,(XJn),Y^))) be a random sample from a population (X^2\Y^). 

Denote by H2(x,y) the joint distribution function of (X^,Y^) and by F2(x) and G2(y) the 

marginal distribution functions of X^ and Y^2\ respectively. Let Z n + m = (Z„ , Z ^ )• 

Consider testing the hypothesis: 

H0 : ft(^),y«) = p.(x<2>, y<2>) vs. HA : p^w.yW) > ft(^),yP)). (7.3) 

The test rejects i?o if and only if 

where 

Ps{zW)-pa(zV>)>Cn{a), 

PHo ( p s ( Z « ) - p , ( Z $ ) > C n ( a ) ) = a. 

The critical value Cn(a) is unknown, since H\(x,y) and H2(x,y) are unknown. However, a boot­

strap estimator Cn(a; Z„ , Z ^ ) can be derived for Cn(a): 

First, note that testing (7.3) is equivalent to testing 

HQ : pp(F1(X^),G1(Y^)) = pp(F2(X^),G2(Y^)) 

vs. 

tfA : P p ( J F 1 (xW) ,G 1 (y ( 1 ) ) ) > pp( JF2(X(2)) ,G2(y(2))) . 

Consider the following transformation of ( X W , y W ) and (X( 2 ) ,y( 2 ) ) : 

I ( 1 » ° = V 3 ( J F i ( X W ) - 0 . 5 ) 

V 3 ( G i ( y ( x ) ) - 0 . 5 ) 

y W ° = v ^ ( F i ( x W ) - 0 . 5 ) 

v ^ ( G i ( y W ) - 0 . 5 ) 

1 + Ps(Zn-(-m) 
+ 

1 — P s (Z n + m ) 

i + ps(x(D,y(D) V i - ^ ^ ^ y W ) + 
1 + ps(Z„+m) 1 — ps(7in+r 

l + p^xw.yd)) Vi-p^xw.yd)) 

1 + Ps(Z„+m) 1 — p s ( Z n + m ) 

i + ps(xw,yd)) Vi-ps(x(i),y(D) + 
1 + Ps(Zn+m) 

+ 
1 — Ps (Z n + r 

i + ps(xw,yW) Vi-ft(xw,yW) 

(7.4) 

(7.5) 
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X^° = V3(F2(X^)-0.5) 

V3(G2(y(2))_o.5) 

y(2)° = V3(F2(X^)-0.5) 

V3(G2(YM) _ 0.5) 

1 + PsiZn+m) 
+ 

1 — ps(Zn+m) 
i + p8(x(2),y(2)) Vi - P f l (x (2) ,y (2) ) + 

1 + Psi^n+m) 1 — f>s{7in+m) 

i + Ps(x(2),y(2)) V i - P , ( x (2 ) ,yM) 

1 + ps(Zn+m) 1 -p s(Z. 'ri+my 
i + p8(X(2),y(2)) y i_ P s (x (2 ) , y (2 ) )_ + 

1 + As(Z„+m) 
+ 

1 — p s(Zn + m) 
i + P8(x(2),y(2)) V i -p s (x (2 ) , y (2 ) ) 

(7.6) 

(7.7) 

It follows from Theorem 7.3.1 that: 

Pp( (XW°,YW°) = pJX^Y®0) = Ps{1 n+mj-

Denote by Fln, Gin, F2m and G2m the empirical d.f.'s of {X\ ', i = 1,2, . . . , n } , {Y± , i = 

1,2, . . . , n } , {JQ , i = 1 ,2 , . . . , m} and {Yf ', i = 1 ,2, . . . , m } , respectively. 

Consider data Z ^ = { (V#\ vg), i = 1 ,2, . . . n} and Z ^ 2 = { ( V $ \ V $ ) , t = 1 ,2 , . . . , m } , where 

{V^0, i = 1 ,2 , . . . , n} are given by the expression in (7.4) with: 

• F i (X ( 1 ) ) replaced by F^X^) = -^- (if F1 is continuous), where {R^, i = l , 2 , . . . , n } 

denote the ranks of {X> ', i = 1,2, . . . , n } . 

• Gi(Y ( 1 ) ) replaced by Gi„ (y / 1 ) ) = - ^ (if d is continuous), where {Ry
iV i = l , 2 , . . . , n } 

denote the ranks of {Y> ', i = 1 ,2 , . . . , n } . 

• Pa(X^,Y^) replaced by p ^ Z ^ ) . 

{V-*!, i = 1 ,2 , . . . , n} are defined similarly using expression (7.5). 

{V^2°, 2 = 1 ,2 , . . . , m} are given by the expression in (7.6) with: 

• F2(XW) replaced by F2m{xf)) = -& (if F2 is continuous), where {Rf2, i = 1, 2 , . . . , m} 

denote the ranks of {X> ', i — 1 ,2 , . . . , m } . 
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Si 
m 

• G2(yW) replaced by G2m(Yi
{2)) = -&■ (if G2 is continuous), where {R?2, i = 1,2,..., m} 

denote the ranks of {Ŷ  , i = 1,2,..., m}. 

• Pa(XW,YW) replaced by ,3S(Z$). 

{^2 i * = 1) 2, • • •, rn} are denned similarly using expression (7.7). 

Resampling under HQ now corresponds to sampling with replacement from the pairs T?n;1 and Z ^ 2 , 

separately. Refer to such resampled pairs as 

Z& = { ( * # * * # * ) , < = 1,2,... ,n} and 

Z ,̂2 = mt,V$*), i=l,2,...,m}-

Define C„(a; Z ^ . Z ^ ) by 

P£. ( p p ( Z ^ ) - pp(Z^)2) > Cn(a; Z « Z<?)) - a. 

We can approximate C„(a; Z„ , Z ^ ) by (?„(«; Z^ , Z;J) as follows: 

1) Obtain bootstrap samples Z ^ and Z ^ 2 . Calculate 2\* = / ^ ( Z ^ ) - p p (Z^ 2 ) . 

2) Independently repeat step 1) a number B times to obtain B bootstrap replications T± ,T$,... ,TB. 

3) Obtain the order statistics T(*} < T(*2) < • • • < T(*B). 

4) Set Cn(a; Zn , Z m ) = T^B^_a^y 

The bootstrap p-value for testing 

H0 : P . ( x w Y W ) = PS(XM,YW) VS. H A : p s ( x « Y « ) > PS(XW,YM) 

can be approximated by 
B 

B ^ / ( 2 7 > P . ( Z ^ ) ) - p . ( z P ) ) ) . 
6=1 

Chapter 8 contains the results of a Monte-Carlo study where we compare the performance of this 

nonparametric bootstrap test with the following parametric test discussed in Neter et al. (1996): 

Let 

T ( Z « Z £ > ) * " * 
Y n-3 ^ m-3 
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where z\ and Z2 denotes Fisher's Z transformation given by 

'l±M^\ and 

l + pa{Z$)\ 
\-pa{7®))' 

If Hi(x,y) and H2(x,y) are independent bivariate normal distribution functions, then under HQ, 

T(Zn , Zfn ) is distributed approximately as a standard normal variable and Cn(ct) ss <&_1(1 — a). 
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Chapter 8 

Empirical studies 

8.1 Introduction 

Recall that simulation results for testing the mean in the univariate case were presented and 

discussed in Chapter 4. In this chapter we present the results of some further Monte-Carlo studies. 

Section 8.2 displays the simulation results for the following tests: 

• The variance in the univariate case. (Discussed in Sections 3.2.2(e) and 3.3.2.) 

• Spearman's rho for a bivariate distribution. (Discussed in Sections 7.2 and 7.3.) 

• The equality of two Spearman's rho's. (Discussed in Section 7.4.) 

All of these tests were evaluated by using evaluation Method I and Method II. 

A nominal significance level of a = 0.05 was used throughout and all bootstrap critical value cal­

culations were based on B = 1000 independent bootstrap replications. All calculations were done 

using double precision arithmetic in FORTRAN and routines from the IMSL library. 

For the tests evaluated by using Method I, all size (or power) estimates were calculated as the 

proportion of 20 000 Monte-Carlo samples that resulted in Ho (or HA) being rejected, using the 

associated bootstrap critical values. All standard errors of the estimated probabilities are less than 

or equal to ^0 .25 /20 000 = 0.0035. 

For the tests evaluated by using Method II, the estimated sizes (or powers) were calculated according 

to 
1 M d 

3=1 

106 



where 
MC2 pl = W^ Y,l(Tn(Ki) > Cn(a;X{)) ,j = 1,2,...,Md, 
i=i 

for estimated sizes and 
MC2 

Pi = MC~2 E I (T-(V^) ^ Cn{a-y.i)) ,j = 1,2,...,Md, 
i=l 

for estimated powers. Here, Tn refers to the test statistic under consideration, whilst Cn(a;X.Jn) 

refers to the bootstrap critical value. The standard errors of the estimated probabilities were 

calculated according to 

\ 

MCX . = 1 

MCx 

In each of the Monte-Carlo studies we took MC\ = 10 000 and MC2 = 5 000. All standard errors 

were found to be negligibly small and are not reported in the tables. 

In Section 8.3 we present the results of a Monte-Carlo study where the bootstrap estimate of 

power is compared to the Monte-Carlo approximation of the true power for testing the mean in the 

univariate case (refer to Section 3.2.2(a)). 

The chapter concludes with a few concluding remarks concerning bootstrap hypothesis testing and 

future research in this area. 

8.2 Monte-Carlo results for various tests 

8.2.1 The variance in the univariate case 

Consider testing the hypothesis 

H0:a2 = al vs. HA : a2 > <rg. (8.1) 

In this section we present the results of a simulation study where we compare the estimated sizes of 

the tests (R), (W) and (T). Here, (R) refers to the test where the bootstrap critical value is obtained 

by resampling from transformed data in order to "mimic" #0 (see expression (3.10)), (W) refers 

to the test where the bootstrap critical value is obtained by resampling from the original data (see 

expression (3.11)) and (T) refers to the test where the bootstrap critical value is obtained by using 

the exponentially tilted version of the e.d.f. (see Section 3.3.2). Sample sizes n = 30, 50,100, 200 

and 400 were used. 
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The results displayed in Tables 8.1-8.5 were based on the statistic defined in Section 3.2.2(e), viz. 

-l-n\-^-n) — 2 

Data were generated from four distributions: 

• Normal distribution with mean 0 and variance a2; 

• Uniform distribution with mean 0 and variance a2; 

• Double exponential distribution with mean 0 and variance a2; 

• Exponential distribution with mean 1 and variance a2. 

The (7Q column in Tables 8.2-8.5 refers to the pseudo test data V° generated from a distribution 

with parameter OQ. 
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Table 8.1: Estimated size for testing the variance using 

evaluation Method I. 

Distribution -I n (R) (W) (T) | 

Normal 1.0 

30 

50 

100 

200 

400 

0.089 

0.078 

0.069 

0.058 

0.054 

0.000 

0.000 

0.000 

0.000 

0.000 

0.057 

0.054 

0.054 

0.051 

0.051 

Uniform 1.0 

30 

50 

100 

200 

400 

0.107 

0.092 

0.082 

0.074 

0.061 

0.000 

0.000 

0.000 

0.000 

0.000 

0.052 

0.052 

0.051 

0.052 

0.050 

Double exponential 2.0 

30 

50 

100 

200 

400 

0.092 

0.075 

0.061 

0.055 

0.050 

0.000 

0.000 

0.000 

0.000 

0.000 

0.061 

0.058 

0.056 

0.055 

0.054 

Exponential 1.0 

30 

50 

100 

200 

400 

0.099 

0.082 

0.066 

0.054 

0.049 

0.000 

0.000 

0.000 

0.000 

0.000 

0.072 

0.071 

0.065 

0.062 

0.059 
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Table 8.2: Estimated size for testing the variance using Method II (normal). 

Data from: a2 = = 1.0 Data from: a2 = = 1.2 

°l n (R) (W) (T) (R) (W) (T) 

30 0.091 0.201 0.082 0.091 0.093 0.070 

50 0.078 0.176 0.070 0.078 0.060 0.060 

1.0 100 0.067 0.162 0.060 0.067 0.027 0.055 

200 0.061 0.145 0.056 0.061 0.009 0.053 

400 0.056 0.136 0.053 0.056 0.001 0.052 

Table 8.3: Estimated size for testing the variance using Method II (uniform). 

Data from: a2 = 1.0 Data from: a2 = 1.1 

<% n (R) (W) (T) (R) (W) (T) 

1.0 

30 

50 

100 

200 

400 

0.079 

0.071 

0.064 

0.059 

0.056 

0.166 

0.154 

0.142 

0.138 

0.136 

0.056 

0.053 

0.052 

0.051 

0.050 

0.078 

0.071 

0.064 

0.060 

0.057 

0.087 

0.060 

0.032 

0.014 

0.004 

0.044 

0.042 

0.042 

0.041 

0.041 

Table 8.4: Estimated size for testing the variance using Method II (double exponential). 

Data from: a2 -= 2.0 Data from: a2 -= 2.2 

^ n (R) (W) (T) (R) (W) (T) 

30 0.111 0.248 0.110 0.111 0.194 0.111 

50 0.096 0.214 0.097 0.096 0.165 0.091 

2.0 100 0.082 0.189 0.079 0.082 0.120 0.078 

200 0.070 0.169 0.068 0.070 0.084 0.068 

400 0.062 0.157 0.061 0.062 0.053 0.064 
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Table 8.5: Estimated size for testing the variance using Method II (exponential). 

Dati a, from: a1 = = 1.0 Data from: a2 = 1.2 

«l n (R) (W) (T) (R) (W) (T) 

30 0.129 0.268 0.168 0.130 0.196 0.155 

50 0.113 0.247 0.138 0.112 0.159 0.122 

1.0 100 0.095 0.207 0.104 0.095 0.105 0.100 

200 0.081 0.188 0.085 0.081 0.065 0.086 

400 0.072 0.171 0.072 0.071 0.033 0.078 

Various conclusions can be drawn from Tables 8.1-8.5: 

Method I 

(1) The estimated sizes of the test (W) are 0, even for small sample sizes. This agrees with the 

result of Theorem 3.2.1. 

(2) The estimated sizes of the test (T) are in most of the cases closer to the nominal significance 

level than those of (R), especially for smaller sample sizes. 

Method II 

(3) When the data X n are generated from a distribution with the parameter specified by the null 

hypothesis, (W) perform extremely poorly. Even for very large sample sizes the estimated 

sizes do not come close to the nominal significance level. If the data X„ are generated from 

a distribution with the parameter specified by the alternative hypothesis, the estimated sizes 

of the test (W) converge to 0 as n —> oo. 

(4) It is clear that the test (R) produces the same results when the data are generated from a 

distribution with the parameter specified by the null and alternative hypotheses. This finding 

is not surprising, because C^(a;X„) is scale-invariant. However, this is not the case for the 

test (T) ( see, for example, Tables 8.3 and 8.5) and the test (W). 

(5) In most cases (T) performs slightly better than (R), when the data X n are generated from 

a distribution with the parameter specified by the null hypothesis. The exception being the 

case when the underlying distribution is exponential (see Table 8.5). 

It is clear from both evaluation methods that neither the test (R) nor the test (T) perform sat­

isfactorily for small sample sizes. This is especially true when the underlying distribution is skew 
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and/or has heavy tails. However, testing the variance is a challenging problem, not only for the 

bootstrap, but also for most other techniques. These findings are in agreement with the findings 

of Schenker (1985) as far as the construction of bootstrap confidence intervals for the variance is 

concerned. 

However, the statistic considered above is a pivot under normality, but is non-pivotal for other 

distributions. An asymptotic pivotal statistic is given by 

T r ^ _ y / ^ ( X » ) - q 0
2 ) 

where 
1 " — 

M4 = -^(Xi ~Xn)4. 
i=l 

Prom Table 8.6 below, it is clear that the estimated sizes when this statistic is used, are closer to 

the nominal significance level compared to those when the non-pivotal statistic (Tables 8.1-8.5) is 

used. This is once again in agreement with the results obtained for the non-pivotal and pivotal 

statistics used in Chapter 4 for testing the mean of a population. 

Table 8.6: Estimated size for testing the variance using Method II. 

Double exponential 

Data from: a2 — 2 

Exponential 

Data from: a2 = 1 

°l n (R) <% n (R) 

2.0 

30 

50 

100 

200 

400 

0.031 

0.037 

0.041 

0.045 

0.047 

1.0 

30 

50 

100 

200 

400 

0.025 

0.030 

0.036 

0.040 

0.043 
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8.2.2 Spearman's rho 

Consider testing the hypothesis 

H0: p s = pS0 vs . HA-ps> Ps0- (8.2) 

In this section we present the results of a simulation study where we compare the estimated sizes 

and estimated powers of the tests (S), (N) and (Norm) for the hypothesis in (8.2). Here, (S) refers 

to the semiparametric test based on copulas (see Section 7.2), (N) refers to the nonparametric 

bootstrap test (see Section 7.3) and (Norm) refers to the test based on the normal critical values 

(see Section 7.1). Estimated powers are only presented in cases where estimated sizes of the tests 

were comparable. Sample sizes n = 20, 30,50 and 100 were used. 

Data were generated from two copulas: 

• Cuadras-Auge with Spearman's correlation ps; 

• Plackett with Spearman's correlation ps; 

and from two bivariate distributions: 

• Bivariate normal distribution with Spearman's correlation ps\ 

• Raftery's bivariate exponential distribution with Spearman's correlation ps. 

For the semiparametric test we used F(x) = 1 — e~x and G(y) = 1 — e~y as the marginal distribu­

tions. The semiparametric test was only evaluated for the data generated from the two copulas. 

The pSo (or pSA) column in Tables 8.11-8.15 refers to the pseudo test data generated from a 

copula/distribution with parameter pSo (or pSA)-
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Table 8.7: Estimated size for testing Spearman's rho using evaluation Method I. 

Copula Pso n (S) (N) (Norm) 

Cuadras-Auge 

Pso = 0.1 

20 

30 

50 

100 

0.052 

0.050 

0.054 

0.054 

0.045 

0.045 

0.048 

0.051 

0.064 

0.060 

0.059 

0.058 Cuadras-Auge 

Ps0 = 0.5 

20 

30 

50 

100 

0.051 

0.050 

0.052 

0.048 

0.042 

0.042 

0.041 

0.042 

0.114 

0.105 

0.098 

0.092 

Plackett 

Ps0 = 0.1 

20 

30 

50 

100 

0.050 

0.051 

0.050 

0.053 

0.045 

0.047 

0.046 

0.050 

0.050 

0.050 

0.049 

0.052 Plackett 

Pso = 0.5 

20 

30 

50 

100 

0.050 

0.051 

0.051 

0.051 

0.056 

0.054 

0.053 

0.047 

0.067 

0.062 

0.064 

0.063 

Table 8.8: Estimated power for testing Spearman's rho using evaluation Method I. 

Copula PsA n (S) (N) (Norm) 

Plackett 

PsA = 0.2 

20 

30 

50 

100 

0.108 

0.132 

0.171 

0.267 

0.095 

0.127 

0.167 

0.261 

0.106 

0.130 

0.171 

0.266 Plackett 

PsA = 0-3 

20 

30 

50 

100 

0.218 

0.294 

0.407 

0.654 

0.206 

0.271 

0.389 

0.641 

0.215 

0.292 

0.408 

0.652 



Table 8.9: Estimated size for testing Spearman's rho using evaluation Method I. 

Distribution Pso n (N) (Norm) 

Normal 

Pso = 0.1 

20 

30 

50 

100 

0.048 

0.048 

0.045 

0.050 

0.051 

0.052 

0.047 

0.050 Normal 

Pso = 0.5 

20 

30 

50 

100 

0.051 

0.051 

0.049 

0.048 

0.053 

0.054 

0.051 

0.053 

Exponential 

Pso = 0-1 

20 

30 

50 

100 

0.046 

0.046 

0.047 

0.047 

0.060 

0.058 

0.053 

0.052 Exponential 

Pso = 0.5 

20 

30 

50 

100 

0.056 

0.054 

0.054 

0.057 

0.077 

0.075 

0.076 

0.076 

Table 8.10: Estimated power for testing Spearman's rho using evaluation Method I. 

Copula PsA n (N) (Norm) 

Normal 

PSA = °-6 

20 

30 

50 

100 

0.138 

0.171 

0.233 

0.381 

0.143 

0.176 

0.245 

0.394 Normal 

PSA = 0-7 

20 

30 

50 

100 

0.316 

0.448 

0.631 

0.897 

0.334 

0.470 

0.665 

0.912 



Table 8.11: Estimated size for testing Spearman's rho using evaluation Method II. 

Data from: ps = 0.1 Data from: ps = 0.2 

Copula Ps0 n (S) (N) (S) (N) 

20 0.051 0.053 0.051 0.046 

Cuadras-Auge Ps0 = 0 . 1 30 0.051 0.052 0.051 0.045 

50 0.051 0.052 0.051 0.045 

100 0.051 0.051 0.051 0.045 

20 0.051 0.052 0.051 0.050 

Plackett Ps0 = 0 . 1 30 0.051 0.052 0.051 0.050 

50 0.051 0.051 0.051 0.049 

100 0.051 0.051 0.051 0.049 

Table 8.12: Estimated size for testing Spearman's rho using evaluation Method II. 

Data from: ps = 0 . 1 Data from: pa = 0.2 

Distribution Ps0 n (N) (N) 

20 0.052 0.052 

Normal Ps0 = 0.1 30 0.052 0.051 

50 0.051 0.050 

100 0.051 0.050 

20 0.053 0.050 

Exponential Pso = 0.1 30 0.053 0.050 

50 0.052 0.048 

100 0.052 0.048 
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Table 8.13: Estimated size for testing Spearman's rho using evaluation Method II. 

Data from: ps — 0.5 Data from: ps = 0.6 

Copula Pso n (S) (N) (S) (N) 

20 0.050 0.060 0.050 0.045 

Cuadras-Auge Pso = 0.5 30 0.050 0.055 0.050 0.040 

50 0.051 0.052 0.051 0.040 

100 0.051 0.051 0.051 0.041 

20 0.049 0.052 0.050 0.046 

Plackett Pso = 0.5 30 0.050 0.050 0.050 0.045 

50 0.050 0.050 0.051 0.043 

100 0.051 0.049 0.051 0.043 

Table 8.14: Estimated size for testing Spearman's rho using evaluation Method II. 

Data from: ps — 0.5 Data from: ps = 0.6 

Distribution Ps0 n (N) (N) 

20 0.051 0.049 

Normal Ps0 = 0.5 30 0.051 0.049 

50 0.050 0.048 

100 0.050 0.049 

20 0.058 0.055 

Exponential Ps0 = 0.5 30 0.057 0.053 

50 0.057 0.052 

100 0.055 0.052 
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Table 8.15: Estimated power for testing Spearman's rho using evaluation Method II. 

Data from: ps = 0.1 Data from: ps — 0.2 

Copula Ps n (S) (N) (S) (N) 

Cuadras-Auge 

Ps = 0.2 

Ps = 0.3 

20 

30 

50 

100 

0.115 

0.137 

0.175 

0.259 

0.118 

0.138 

0.175 

0.258 

0.115 

0.137 

0.175 

0.259 

0.104 

0.126 

0.163 

0.241 

Cuadras-Auge 

Ps = 0.2 

Ps = 0.3 

20 

30 

50 

100 

0.222 

0.287 

0.403 

0.628 

0.225 

0.288 

0.403 

0.626 

0.221 

0.288 

0.404 

0.629 

0.206 

0.268 

0.383 

0.602 

Plackett 

Ps = 0.2 

Ps = 0.3 

20 

30 

50 

100 

0.110 

0.128 

0.173 

0.262 

0.112 

0.127 

0.173 

0.261 

0.111 

0.127 

0.173 

0.263 

0.108 

0.124 

0.167 

0.255 

Plackett 

Ps = 0.2 

Ps = 0.3 

20 

30 

50 

100 

0.216 

0.286 

0.413 

0.654 

0.217 

0.285 

0.411 

0.652 

0.216 

0.285 

0.412 

0.655 

0.208 

0.277 

0.402 

0.644 

From Tables 8.7 - 8.15 we can conclude the following: 

Method I 

(1) All estimated sizes of the tests (S) are very close to the nominal significance level, as one 

would expect. 

(2) The test (Norm) performs well (in terms of estimated sizes) when the underlying bivariate 

distribution/copula has a weak Spearman's correlation (ps — 0.1). However, if the underlying 

distribution has a stronger Spearman's correlation (ps = 0.5) the test (Norm) tends to be 

"liberal". 

(3) The estimated sizes of (N) are also close to the nominal significance level, even if the under­

lying distribution has a relatively strong Spearman's correlation (ps = 0.5). 
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(4) The performances of the three tests are very similar with regard to estimated powers (see 

Tables 8.8 and 8.10). 

Method I I 

(5) All estimated sizes of (S) are very close to the nominal significance level. These results hold 

for the data generated from a copula with the parameter specified by the null and alternative 

hypothesis. 

(6) Most of the estimated sizes of (N) are close to the nominal significance level. These results 

also hold for the data generated from a bivariate distribution/copula with the parameter 

specified by the null and alternative hypotheses. 

(7) In terms of estimated powers, the performances of (S) and (N) are almost identical (see Table 

8.15). 

Conclusion: Based on the overall good performance with regard to estimated size and power, we 

recommend that the nonparametric test (N) be used for testing the hypothesis 

H0: ps= pSo vs. HA: ps> pSo. 

Remark: Naturally, if one knows the underlying copula, the semiparametric test should be the 

best choice for testing the hypothesis in (8.2). 

8.2.3 The equality of two Spearman's rho's 

Consider the hypothesis 

#0 : P«i = Ps2 vs. HA : pSl > pS2. (8.3) 

In this section we present the results of a Monte-Carlo study where we compare the estimated 

sizes of the tests based on (N) and (Norm) for the hypothesis in (8.3). Here, (N) refers to the 

nonparametric bootstrap test (see Section 7.4) and (Norm) refers to the test based on the normal 

critical values (see Section 7.4). Sample sizes n = m = 20,30,50 and 100 were used. 

Data were generated from two copulas: 

• FGM with Spearman's correlation pSl and pS2 ; 

• Cuadras-Auge with Spearman's correlation pSl and pS2; 
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and from two bivariate distributions: 

• Bivariate normal distribution with Spearman's correlation pSl and pS2 ; 

• Raftery's bivariate exponential distribution with Spearman's correlation pSl and pS2. 

The ps column in Tables 8.17 - 8.18 refers to the pseudo test data generated from a copula/ 

distribution with parameter pSl and pS2, respectively. 
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Table 8.16: Estimated size for testing the equality of 

two Spearman's rho's using evaluation Method I. 

Copula Ps n (N) (Norm) 

FGM pSl = o.i 

pS2 = 0 . 1 

20 

30 

50 

100 

0.051 

0.047 

0.051 

0.051 

0.061 

0.058 

0.056 

0.056 

Cuadras-Auge 

pai = 0.1 

pS 2 = 0.1 

20 

30 

50 

100 

0.048 

0.050 

0.052 

0.053 

0.060 

0.056 

0.057 

0.056 Cuadras-Auge 

pSl = 0.5 

Ps2 = 0.5 

20 

30 

50 

100 

0.057 

0.052 

0.051 

0.054 

0.104 

0.095 

0.090 

0.096 

Normal 

pSl = 0.1 

pS2 = 0.1 

20 

30 

50 

100 

0.046 

0.051 

0.051 

0.051 

0.048 

0.050 

0.051 

0.050 Normal 

Psi = 0.5 

Ps2 = 0-5 

20 

30 

50 

100 

0.055 

0.054 

0.052 

0.052 

0.056 

0.056 

0.054 

0.053 

Exponential 

pSl = 0.1 

Ps, = 0.1 

20 

30 

50 

100 

0.048 

0.050 

0.050 

0.051 

0.051 

0.055 

0.054 

0.053 Exponential 

psi = 0.5 

Ps2 = 0.5 

20 

30 

50 

100 

0.056 

0.056 

0.055 

0.055 

0.077 

0.076 

0.072 

0.071 
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Table 8.17: Estimated size for testing the equality of two Spearman's rho's using evaluation 

Method II. 

Data from: pSl = 0 . 1 

pS2 = 0.1 

Data from: pSl = 0.2 

pS2 = 0.1 

Copula Ps n (N) (N) 

FMG pSl = o.i 

pS2 = 0.1 

20 

30 

50 

100 

0.057 

0.055 

0.053 

0.052 

0.058 

0.056 

0.055 

0.054 

Cuadras-Auge pai = 0.1 

pS2 = 0.1 

20 

30 

50 

100 

0.057 

0.055 

0.053 

0.052 

0.057 

0.054 

0.052 

0.052 

Normal pSl = o.i 

pS2 = 0.1 

20 

30 

50 

100 

0.056 

0.055 

0.053 

0.052 

0.058 

0.057 

0.054 

0.054 

Exponential pSl = 0.1 

pS2 = 0.1 

20 

30 

50 

100 

0.057 

0.055 

0.054 

0.053 

0.057 

0.056 

0.055 

0.053 
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Table 8.18: Estimated size for testing the equality of two Spearman's rho's using evaluation 

Method II. 

Data from: pSl = 0.5 

Ps2 = 0.5 

Data from: pSl = 0.6 

Ps2 = 0.5 

Copula Ps n (N) (N) 

Cuadras-Auge pSl = 0.5 

Ps2 = 0.5 

20 

30 

50 

100 

0.068 

0.064 

0.058 

0.055 

0.078 

0.071 

0.065 

0.059 

Normal psi = 0.5 

Ps2 = 0-5 

20 

30 

50 

100 

0.064 

0.062 

0.059 

0.055 

0.076 

0.075 

0.071 

0.065 

Exponential psi = 0.5 

Ps2 = 0-5 

20 

30 

50 

100 

0.072 

0.068 

0.064 

0.061 

0.083 

0.080 

0.074 

0.070 

Various conclusions can be drawn from Tables 8.16 - 8.18 : 

Method I 

(1) From Table 8.16 it is clear that the test (Norm) performs satisfactorily (in terms of estimated 

sizes) when the underlying bivariate distributions/copulas have a weak Spearman's correlation 

(Psi = Ps2 — 0.1). However, if the underlying distributions have a stronger Spearman's 

correlation (pSl = pS2 = 0.5), (Norm) tends to be too "liberal", especially for the Cuadras-

Auge copula and the bivariate exponential distribution. 

(2) The estimated sizes of (N) are all very close to the nominal significance level. 

Method II 

(3) If the underlying distributions/copulas have a weak Spearman's correlation, all estimated 

sizes of (N) are very close to the nominal significance level. These results hold for the data 

generated from a copula with the parameter specified by the null and alternative hypotheses 
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(see Table 8.17). However, if the underlying distributions/copulas have a stronger Spearman's 

correlation, the nonparametric test seems to be slightly "liberal" (see Table 8.18). 

Conclusion: Based on the overall good performance with regard to estimated size, we recommend 

that the non-parametric test (N) be used for testing the hypothesis 

Ho:pSl=Ps2 vs. HA:pSl>pS2. 

8.3 Evaluation of the performance of the bootstrap critical value 

and the bootstrap estimate of power for the mean 

In this section Monte-Carlo simulations will be used to determine some properties of the bootstrap 

critical value C^P(a; Xn) , such as the mean squared error (MSE) and bias. Recall that C%P(a; Xn) 

is the bootstrap estimator of the critical value Cn(a) for testing (see Section 3.2.2(a)) 

HQ : \i = no vs. HA : M > /x0, (8.4) 

and is defined by 

Ht[ sn(x*) ><V(«.x„)J-«-
We will also illustrate some properties of the bootstrap estimator of power (see expression (3.7)) 

for the test in (8.4), at a specific alternative \XA-

First, we introduce some new notation and discuss some Monte-Carlo approximations: 

Let Cn(a) denote the Monte-Carlo approximation of Cn(a). It is then possible to calculate Cn(a) 

as follows: 

1) Obtain X n = (XL, X 2 , . . . , Xn) from a distribution with parameter [JLQ. 

2) Calculate T„ iP(Xn). Denote this by Ti. Recall that T„ jP(Xn) = ^ * % J o ) . 

3) Independently repeat steps 1) and 2) 1 000 000 times to obtain Ti,T2,. . . ,T\ 000 ooo-

4) Obtain the order statistics: T(i) < T(2) < • • • < T^ Ooo ooo)-

5) Set Cn(a) = T^ Ooo ooo(i-a)j)-

The value of MSE(C^P(a; Xn)) can now be approximated by 

1 MC 
MSB = — ^ ( C « P ( a ; XJ,) - Cn(a))2 , 

MC 
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while the value of Bias(C^p(a; X„)) can be approximated by 

1 MC _ 

i=l 

The estimated variance of C^P(a; X„) is given by 

Var = MSE - Bias . 

Next, let Pfoot denote the bootstrap estimator of the power for the test in (8.4), at a specific 

alternative /J,A- Let P^c denote the Monte-Carlo approximation of PA, the true power of the test 

at a specific alternative fiA- We can calculate P^jc a s f ° n o w s : 

1) Obtain X„ = (X\, X2, ■ ■ ■, Xn) from a distribution with parameter /x^. 

2) Calculate T„ ;p(X„). Denote this by T\. 

3) Independently repeat steps 1) and 2) 500 000 times to obtain T\,T<i,... ,T5oo ooo-

_ 1 500 000 _ 

4) PMC=MC E ^ * ^W)" 
i=l 

We can now approximate MSE(P^ot) and Bias(P^)ot) by 

1 MC „ 1 MC ~ 
McY,^ot(i)-Pfiic? and ^ ^ ^ P ^ ^ - ^ c -

i=l i=l 

Data were generated from four distributions: 

• Normal distribution with mean 0 and variance 1; 

• Double exponential distribution with mean 0 and variance 2; 

• Exponential distribution with mean 1 and variance 1; 

• Chi-squared distribution with mean 3 and variance 6. 

Sample sizes n = 20,30,50 and 100 were used and we chose MC — 40 000. All standard errors were 

found to be negligibly small. The bootstrap power estimates were averaged over the 40 000 data 

sets for which the power was evaluated at numerous alternatives to form bootstrap estimated power 

curves. It is important to note that the difference (at a specific alternative) between the bootstrap 

estimated power curve and the Monte-Carlo approximation of the true power curve, represents the 

estimated bias of P^ot- In Figures 8.1, 8.4, 8.7 and 8.10, the dotted lines represent the bootstrap 

estimated power curves, while the solid lines represent the Monte-Carlo approximation of the true 

power curves. 
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Normal distribution: HQ : /j, — 0 vs. H& : /J. > 0 

Table 8.19: Estimated Bias, Variance and 

MSEof C*P(a;Xn) 

n Bias Var ItfSE 

20 0.011 0.026 0.026 

30 0.004 0.013 0.013 

50 -0.002 0.006 0.007 

100 -0.003 0.005 0.005 

n=20 n=30 

0 0.2 0.4 0.6 0.8 

Alternative 
1.2 1.4 0 0.2 0.4 0.6 0.8 1 

Alternative 
1.2 1.4 

n=50 n=100 

0 0.2 0.4 0.6 0.8 

Alternative 
1.2 1.4 0.4 0.6 0.8 

Alternative 
1.4 

Figure 8.1: Bootstrap estimated power curves. 
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0.04 

0.03 

0.02 

0.01 

-0.01 
Alternative 

n=20 
n=30 
n=50 

Figure 8.2: Estimated bias of P^ot 

0.02 

n=20 
n=30 
n=50 
n=100 

0.2 0.4 0.6 0.8 

Alternative 

Figure 8.3: Estimated variance of P£ boot 

0.02 

0.015 

UJ 

w 0.01 

0.005 

.V \ 

/ X • 

0.2 0.4 0.6 0.8 
Alternative 

Figure 8.4: Estimated MSE of P^ o t 
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Double exponential distribution: Ho : n = 0 vs. HA : /x > 0 

Table 8.20: Estimated Bias, Variance and 

MSEofC* p ( a ;X n ) 

n Bias Var MSE 

20 0.062 0.096 0.100 

30 0.033 0.046 0.047 

50 -0.009 0.020 0.020 

100 0.001 0.009 0.009 

n=20 n=30 

0.8 1.2 
Alternative 

0.8 1.2 
Alternative 

n=50 n=100 

0.8 1.2 
Alternative 

0.8 1.2 
Alternative 

Figure 8.5: Bootstrap estimated power curves. 
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0.04 

0.03 

2 0.02 
$ 

0.01 

n=20 
- - - -n=30 

n=50 
n=100 

Alternative 

Figure 8.6: Estimated bias of P^ot 

0.4 0.8 1.2 
Alternative 

Figure 8.7: Estimated variance of P^oot 

0.04 

n=20 
n=30 
n=50 
n=100 

0.8 1.2 
Alternative 

Figure 8.8: Estimated MSE of PA boot 
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Exponential distribution: Ho : n = 1 vs. HA '• M > 1 

Table 8.21: Estimated Bias, Variance and 

MSEofC« p ( a ;X n ) 

n Bias Var MSE 

20 0.072 0.013 0.018 

30 0.045 0.009 0.011 

50 0.025 0.006 0.007 

100 0.009 0.005 0.005 

n=20 n=30 

1.2 1.4 1.6 
Alternative 

1.8 1.2 1.4 1.6 
Alternative 

n=50 n=100 

1.2 1.4 1.6 1.8 
Alternative 

1.4 1.6 
Alternative 

Figure 8.9: Bootstrap estimated power curves. 
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-0.02 

-0.04 

-0.06 
Alternative 

Figure 8.10: Estimated bias of Pb
A

0{ boot 

0.04 

1.2 1.4 1.6 1.8 2 
Alternative 

Figure 8.11: Estimated variance of P^oot 

0.05 

0.04 

0.03 

0.02 

0.01 

0 

.'/ \ \ \ / \ \ r\ \N 

1.2 1.4 1.6 
Alternative 

1.8 

n=20 
n=30 
n=50 
n=100 

Figure 8.12: Estimated MSE of PA boot 
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Chi-squared distribution: Ho : n = 3 vs. HA : // > 3 

Table 8.22: Estimated Bias, Variance and 

MSEofC^ P ( a ;X n ) 

n Bias Var MSE 

20 0.060 0.013 0.017 

30 0.037 0.010 0.011 

50 0.020 0.007 0.007 

100 0.006 0.005 0.005 

n=20 n=30 

3.4 3.8 4.2 4.6 

Alternative 

1 -
,•' ^*^~~ 

0.8 .' y ^ 
L_ 

o * ^T 
5 0.6 / / 
o . f Q. s / 

0.4 / / 
JS 

0.2 J 

n -
^ 

3.4 3.8 4.2 4.6 
Alternative 

n=50 n=100 

3.8 4.2 

Alternative 
3.8 4.2 

Alternative 

Figure 8.13: Bootstrap estimated power curves. 
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0.16 

3.8 4.2 
Alternative 

Figure 8.14: Estimated bias of P^ot 

0.04 

Figure 8.15: Estimated variance of P^ot 

Figure 8.16: Estimated MSE of P£ot 
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From Figures 8.1 - 8.16 we can conclude the following: 

(1) In most cases the bootstrap estimated power curves lie very close to the Monte-Carlo power 

curves. 

(2) In the case where the data are generated from the chi-squared distribution, the bootstrap 

seems, on average, to overestimate the power slightly, even for large n. This can be seen from 

Figure 8.14 

(3) When the data are generated from the double exponential and exponential distributions, the 

bootstrap overestimates the power (on average) up to a certain point, whereafter it slightly 

underestimates the power. This can be seen from Figures 8.6 and 8.10. 

Note the interesting shapes formed by the estimated MSE, Bias and Var graphs for the estimated 

powers. These shapes can possibly be explained by the fact that the estimated power values for 

alternatives which produce true power values close to 0.5 have a greater variation and bias than 

those estimated powers for alternatives which produce true powers close to 0 or 1. 

Overall, the simulation results of this section present a positive case for using the bootstrap to 

estimate the critical value and the power, when testing for the mean in the univariate case. Recall 

that similar positive results were also obtained in the simulation studies of Chapter 4, where we 

investigated the performance of bootstrap critical values with regard to sizes of the relevant tests. 

Similar simulations can be done, e.g., when testing for the variance or Spearman's correlation co­

efficient. 

8.4 Concluding remarks and future research 

One of the reasons for the success of the bootstrap methodology can be attributed to the ease with 

which it can be applied in practice. As was shown previously, accurate and simple Monte-Carlo 

procedures can be used to obtain approximations for bootstrap estimates (see, e.g., Sections 2.2 

and 3.2.1). However, in the case of bootstrap hypothesis testing, care should be taken to ensure 

that the correct procedures are followed (as was explained throughout this dissertation). 
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Future research 

Suppose Xi,X2,---,Xp are p random variables with variance-covariance matrix S , i.e., S is a 

(p x p) matrix with elements Oij = Cov(Xi, X,) in the ith row and j t h column, i,j = 1,2, . . . ,p. 

Denote by So the (p x p) hypothesized matrix for the population variance-covariance matrix and 

write X = {X\,X2,. ■., Xp). Consider decomposing the matrices S and So as follows: 

S = A A T and 

S 0 = B B T , 

where A and B are (pxp) matrices (one could, for example, make use of a Cholesky-decomposition 

to obtain these matrices). 

If S - 1 exists, then it is possible to transform X in such a way that it has the specified variance-

covariance matrix So. The following theorem describes this transformation. 

T h e o r e m 8.4.1 If S " 1 exists and Cov(y?) = S , S = A A T and S 0 = B B T , then 

Cot; (BA- 1 X T ) = S 0 . 

Proof. 

Cot ; (BA- 1 X T ) = B A " 1 S ( B A - 1 ) T 

= B A - 1 A A T ( A " 1 ) T B T 

= B B T 

= So 

Q.E.D.B 

In Section 3.2.2 (e) a bootstrap test for testing the variance in the univariate case was discussed 

whereby the data were transformed to have a sample variance equal to OQ. This transformation 

(given by expression (3.9)) is a special case of Theorem 8.4.1 with p — 1. 

In Section 3.2.2 (g) a bootstrap test for testing the hypothesis 

# 0 : Pp = Po vs. HA: pv> p0 , 

was considered. Recall that Z n = {(X\, Y\),..., (Xn,Yn)) denoted a bivariate random sample from 

a population (X,Y) with unknown joint distribution function H(x,y) and variance-covariance 
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matrix 

£ = 
0"x PpVxVy 

ppCTxCTy (Ty 

s = 

In order for the data to have a sample Pearson's correlation equal to po, Martin (2007) proposed 

the transformation given by expressions (3.15) and (3.16). Another possible transformation can be 

obtained by using Theorem 8.4.1: 

Let 
^n(-^-n) PpSn(X.n)Sn(Yn) 

PpSn\X-n)&n\in) <^n(*n) 

denote the sample variance-covariance matrix and let 

^ n ( ^ n ) poSn(Xn)Sn(Yn) 

PoSn(X-n)Sn(Yn) Sn(Yn) 

where X„ = (X\,X2,... ,Xn) and Y„ = (Yi,Y2,...,Yn). Using similar arguments as before, the 

matrix S can be decomposed as follows: 

S = C C T , 

where C is a (2 x 2) matrix. 

Assume that S _ 1 exists and consider the following transformation of {(Xi, Yi),i = 1,2,... ,n}: 

yxO 

yy° 
= B C - 1 

Yi 
, i = l , 2 , . . . , n . 

It now follows from Theorem 8.4.1 that the sample Pearson's correlation between {V?°, i = 

1,2, . . . , n } and {V? , i — 1,2, . . . , n } is equal to po. Resampling can now be done from the 

pairs {Vf, Vf), (Vf, vf),..., {Vf, Vf). 

Future research will entail using Theorem 8.4.1 to transform multivariate data to have a specified 

variance-covariance structure. This will enable one to perform bootstrap-based tests for situations 

involving the variance-covariance matrix, for example, testing for an equal correlation structure 

in principle component analysis, hypotheses relating to factor analysis and canonical correlation 

analysis. 

In addition to the above-mentioned research problems, another challenging problem would be to 

develop bootstrap-based tests for other measures of association (such as Kendall's tau), using 

similar arguments as those used to develop the test for Spearman's rho in Chapter 7. 
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