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Abstract

In this work we examine two nonlinear partial differential equations of fluid mechan-

ics. The modified equal-width (MEW) equation, which is used in handling the sim-

ulation of a single dimensional wave propagation in nonlinear media with dispersion

process, is studied first. We compute the optimal system of one-dimensional subalge-

bras and then use it to perform symmetry reductions and obtain group-invariant so-

lutions. Also, we derive conservation laws of the MEW equation using the multiplier

approach and the Noether theorem. Secondly we study the generalized nonlinear

advection-diffusion equation, which describes the movement of a buoyancy-driven

plume in an inclined porous medium. We consider three cases of n and in each case,

we construct optimal system of one-dimensional subalgebras using the computed Lie

point symmetries and then obtain symmetry reductions and group-invariant solutions

based on these optimal systems of one-dimensional subalgebra. In addition, we de-

termine the conservation laws of the equation by employing the multiplier approach

and the new conservation theorem due to Ibragimov.

viii



Introduction

For many years nonlinear partial differential equations (NLPDEs) have proven to be

indispensable in modelling various nonlinear multidimensional systems which are

present in numerous and varied natural phenomena. In recent years, many re-

searchers have continuously explored the study of NLPDEs since they are funda-

mental to the understanding of the complex behaviours of these systems. Nonlinear

equations are observed to be of great importance to this our contemporary world.

In view of the aforementioned, many methods of importance have been developed

by notable scientists for generating exact solutions of NLPDEs. These include

the ansatz method [1], the homogeneous balance method [2], the Bäcklund trans-

formation [3], the inverse scattering transform method [4], the Darboux transfor-

mation [5], the simplest equation method [6], the Hirota bilinear method [7], the

(G′/G)−expansion method [8], the Kudryashov method [9], the Jacobi elliptic func-

tion expansion method [10] and also the Lie symmetry method [11–16], to mention

but a few.

Sophus Lie, a brilliant Norwegian mathematician in the late nineteenth century, de-

veloped an important revolutionary symmetry-based method for generating solutions

to differential equations, popularly known today as Lie group analysis. This in turn

has made it possible to obtain exact solutions to differential equations in a more

systematic way. A highly robust amount of research which is based on Lie’s work

has been published by a number of researchers [11–19].

It is observed that conservation laws are established and entrenched laws of nature

which have been experienced by many researchers in manifold scientific fields. Some
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of the conservation laws that are common in this respect are conservation of electric

charge, conservation of linear momentum in an isolated system, the conservation

of mechanical energy in the absence of dissipative forces, conservation of energy

and many more. Moreover, in the field of applied mathematics, conservation laws

are paramount in determining the extent to which the integrability of differential

equations is ascertained, reduction and solutions of partial differential equations,

development of numerical schemes, amongst others. For example, we can see that

in [20–27] and the references contained therein.

The outline of this dissertation can simply be stated as follows:

In Chapter one, we give a brief presentation of some important preliminaries regard-

ing Lie point symmetries, the extended Jacobi elliptic function expansion method,

(G′/G)−expansion method, the Kudryashov method, Noether’s theorem, multiplier

approach and the conservation theorem due to Ibragimov.

In Chapter two, we study the potential Burgers equation as an illustrative exam-

ple. Firstly, we compute Lie point symmetries and then use them to construct the

commutator table. Furthermore, we obtain the one-parameter groups of the gener-

ated symmetries. We then compute the group-invariant solutions of the potential

Burgers equation and thereafter find the travelling wave solution of the equation.

Conclusively, we derive the conservation laws of the equation using the multiplier

approach.

In Chapter three, we obtain infinitesimal generators of the modified equal-width

(MEW) equation and then utilise the generators to construct an optimal system

of one-dimensional subalgebras. Thereafter, we use the optimal system of one-

dimensional subalgebras to obtain symmetry reductions as well as the group-invariant

solutions of the modified equal-width equation which are the cnoidal and snoidal wave

solutions of the equation. Penultimately, conservation laws are to be derived by the

application of the multiplier approach and thereafter we use Noether’s theorem also

to obtain the conservation laws of the equation.

In Chapter four, we study the generalized nonlinear advection-diffusion equation

2



with power law nonlinearity. The analysis of the equation prompts three different

cases for n. For each case, we compute Lie point symmetries and then use them

to construct optimal system of one-dimensional subalgebras. Thereafter, we obtain

symmetry reductions and group-invariant solutions based on these optimal systems

of one-dimensional subalgebras. Moreover, for each case we derive conservation laws

by two differential approaches: the multiplier method and the conservation theorem

due to Ibragimov.

In Chapter five, a summary of results discussed in the dissertation is provided and

future work is proposed.

Bibliography is given at the end of this dissertation.
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Chapter 1

Preliminaries

In this chapter we present, very briefly, some basic concepts of Lie’s theory which we

will utilise in our dissertation. We also give some methods for finding exact solutions

and deriving the conservation laws for the nonlinear partial differential equations to

be studied in the dissertation.

1.1 Introduction

Marius Sophus Lie (1842-1899), a renowned and distinguished Norwegian mathemati-

cian in the later part of the nineteenth century developed a revolutionary symmetry-

based method for obtaining solution to differential equations. This developed method

is popularly known today as Lie group analysis which gives a more systematic and

robust way of generating the exact solutions of differential equations. In recent times,

several books based on Lie group analysis have been published, see [11–15]. Thus,

many definitions and results that are presented in this Chapter are taken from the

above-mentioned books.
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1.2 Continuous one-parameter groups

Suppose x = (x1, · · · , xn) is the independent variable with coordinates xi and u =

(u1, · · · , um) is the dependent variable with coordinates uα (n and m finite). We

consider the following change of the variables x and u:

Ta : x̄i = f i(x, u, a), ūα = φα(x, u, a), (1.1)

where a is a real parameter which continuously takes values from a neighbourhood

D′ ⊂ D ⊂ R of a = 0, and f i and φα are differentiable functions.

Definition 1.1 A continuous one-parameter (local) Lie group of transformations in

the space of variables x and u is a set G of transformations (1.1) which satisfies the

following properties:

(i) If Ta, Tb ∈ G where a, b ∈ D′ ⊂ D then Tb Ta = Tc ∈ G, c = φ(a, b) ∈ D

(Closure)

(ii) T0 ∈ G if and only if a = 0 such that T0 Ta = Ta T0 = Ta (Identity)

(iii) There exists Ta ∈ G, a ∈ D′ ⊂ D, T−1
a = Ta−1 ∈ G, a−1 ∈ D such that

Ta Ta−1 = Ta−1 Ta = T0 (Inverse)

We note that from (i) the associativity property is satisfied. The group property (i)

can be written as

¯̄xi ≡ f i(x̄, ū, b) = f i(x, u, φ(a, b)),

¯̄uα ≡ φα(x̄, ū, b) = φα(x, u, φ(a, b)) (1.2)

and the function φ is called the group composition law. A group parameter a is

called canonical if the group composition law is additive, i.e. φ(a, b) = a+ b.

Theorem 1.1 For any composition law φ(a, b), there exists the canonical parameter

ã defined by

ã =

∫ a

0

ds

w(s)
,
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where

w(s) =
∂ φ(s, b)

∂b

∣∣∣∣
b=0

.

1.3 Prolongation of point transformations and group

generator

The derivatives of u with respect to x are defined as

uαi = Di(u
α), uαij = Di(u

α
j ) = DiDj(u

α), · · · , (1.3)

where the operator of total differentiation is defined by

Di =
∂

∂xi
+ uαi

∂

∂uα
+ uαij

∂

∂uαj
+ · · · , i = 1, ..., n (1.4)

The collection of all first derivatives uαi is denoted by u(1), i.e.,

u(1) = {uαi } α = 1, ...,m, i = 1, ..., n.

Similarly

u(2) = {uαij} α = 1, ...,m, i, j = 1, ..., n

and u(3) = {uαijk} and likewise u(4) etc. Since uαij = uαji, u(2) contains only uαij for

i ≤ j. In the same manner u(3) has only terms for i ≤ j ≤ k.

In group analysis all variables x, u, u(1) · · · are considered functionally independent

variables connected only by the differential relations (1.3). Therefore the uαs are

called differential variables.

Considering a pth-order PDE, namely

E(x, u, u(1), ..., u(p)) = 0. (1.5)

1.3.1 Prolonged or extended groups

If z = (x, u), one-parameter group of transformations G is

x̄i = f i(x, u, a), f i|a=0 = xi,
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ūα = φα(x, u, a), φα|a=0 = uα. (1.6)

According to the Lie’s theory, finding the symmetry group G is equivalent to the

determination of the corresponding infinitesimal transformations:

x̄i ≈ xi + a ξi(x, u), ūα ≈ uα + a ηα(x, u) (1.7)

obtained from (1.1) by expanding the functions f i and φα into Taylor series in a

about a = 0 and also taking into account the initial conditions

f i
∣∣
a=0

= xi, φα|a=0 = uα.

Consequently, we have

ξi(x, u) =
∂f i

∂a

∣∣∣∣
a=0

, ηα(x, u) =
∂φα

∂a

∣∣∣∣
a=0

. (1.8)

We now introduce the symbol of the infinitesimal transformations by writing (1.7)

as

x̄i ≈ (1 + aX)x, ūα ≈ (1 + aX)u,

where the differential operator

X = ξi(x, u)
∂

∂xi
+ ηα(x, u)

∂

∂uα
. (1.9)

is known as the infinitesimal operator or generator of the group G. We say that X

is an admitted operator of (1.5) or X is an infinitesimal symmetry of equation (1.5),

if the group G is admitted by (1.5).

We now show how the derivatives are transformed.

The Di transforms as

Di = Di(f
j)D̄j, (1.10)

where D̄j is the total differentiations in transformed variables x̄i. So

ūαi = D̄j(u
α), ūαij = D̄j(ū

α
i ) = D̄i(ū

α
j ), · · · .
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Let us now apply (1.10) and (1.6)

Di(φ
α) = Di(f

j)D̄j(ū
α)

= Di(f
j)ūαj . (1.11)

Thus (
∂f j

∂xi
+ uβi

∂f j

∂uβ

)
ūαj =

∂φα

∂xi
+ uβi

∂φα

∂uβ
. (1.12)

The quantities ūαj can be represented as functions of x, u, u(i), for small a, i.e., (1.12)

is locally invertible:

ūαi = ψαi (x, u, u(1), a), ψα|a=0 = uαi . (1.13)

The transformations in (x, u, u(1)) space given by (1.6) and (1.13) form a one-parameter

group called the first prolongation or just extension of the group G and denoted by

G[1].

We now let

ūαi ≈ uαi + aζαi (1.14)

be the infinitesimal transformation of the first derivatives so that the infinitesimal

transformation of the group G[1] is (1.7) and (1.14). Higher-order prolongations of

G, viz., G[2], G[3] can be obtained by derivatives of (1.11).

1.3.2 Prolonged generators

Using (1.11) together with (1.7) and (1.14) we obtain

Di(f
j)(ūαj ) = Di(φ

α)

Di(x
j + aξj)(uαj + aζαj ) = Di(u

α + aηα)

uαi + aζαi + auαjDiξ
j = uαi + aDiη

α

ζαi = Di(η
α)− uαjDi(ξ

j), (sum on j). (1.15)
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This is called the first prolongation formula. Similarly, one can obtain the second

prolongation

ζαij = Dj(η
α
i )− uαikDj(ξ

k), (sum on k). (1.16)

By induction (recursively)

ζαi1,i2,...,ip = Dip(ζαi1,i2,...,ip−1
)− uαi1,i2,...,ip−1 j

Dip(ξj), (sum on j). (1.17)

The first and higher prolongations of the groupG form a group denoted byG[1], · · · , G[p].

The corresponding prolonged generators are

X [1] = X + ζαi
∂

∂uαi
(sum on i, α),

...

X [p] = X [p−1] + ζαi1,...,ip
∂

∂uαi1,...,ip
p ≥ 1, (1.18)

where

X = ξi(x, u)
∂

∂xi
+ ηα(x, u)

∂

∂uα
. (1.19)

1.4 Group admitted by a PDE

Definition 1.2 The vector field

X = ξi(x, u)
∂

∂xi
+ ηα(x, u)

∂

∂uα
, (1.20)

is a Lie point symmetry of the pth-order PDE (1.5), if

X [p] E
∣∣
E=0

= 0, (1.21)

where the symbol |E=0 means evaluated on the equation E = 0.

Definition 1.3 An equation (1.21) that determines all the infinitesimal symmetries

of (1.5) is called the determining equation.
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Definition 1.4 A one-parameter group G of continuous transformations (1.1) is

called a symmetry group of equation (1.5) if (1.5) is form-invariant (has the same

form) in the new variables x̄ and q̄, i.e.,

E(x̄, ū, ū(1), · · · , ū(p)) = 0, (1.22)

where the function E is the same as in equation (1.5).

1.5 Group invariants

Definition 1.5 A function F (x, u) is called an invariant of the group of transfor-

mation (1.1) if

F (x̄, ū) ≡ F (f i(x, u, a), φα(x, u, a)) = F (x, u), (1.23)

identically in x, u and a.

Theorem 1.2 A necessary and sufficient condition for a function F (x, q) to be an

invariant is that

X F ≡ ξi(x, u)
∂F

∂xi
+ ηα(x, u)

∂F

∂uα
= 0 . (1.24)

It follows from the above theorem that every one-parameter group of point transfor-

mations (1.1) has n− 1 functionally independent invariants. One can take, as basic

invariants the left-hand side n− 1 first integrals

J1(x, u) = c1, · · · , Jn−1(x, ) = cn−1

of the characteristic equations

dx1

ξ1(x, u)
= · · · = dxn

ξn(x, u)
=

du1

η1(x, u)
= · · · = dum

ηn(x, u)
.

Theorem 1.3 If the infinitesimal transformation (1.7) or its symbol X is given, then

the corresponding one-parameter group G is obtained by solving the Lie equations

dx̄i

da
= ξi(x̄, ū),

dūα

da
= ηα(x̄, ū) (1.25)

subject to the initial conditions

x̄i
∣∣
a=0

= x, ūα|a=0 = u .

10



1.6 Lie algebra

Let us consider two operators X1 and X2 defined by

X1 = ξi1(x, u)
∂

∂xi
+ ηα1 (x, u)

∂

∂uα

and

X2 = ξi2(x, u)
∂

∂xi
+ ηα2 (x, u)

∂

∂uα
.

Definition 1.6 The commutator of X1 and X2, written as [X1, X2], is defined by

[X1, X2] = X1(X2)−X2(X1).

Definition 1.7 A Lie algebra is a vector space L (over the field of real numbers) of

operators X = ξi(x, u)
∂

∂xi
+ηα(x, u)

∂

∂u
with the following property. If the operators

X1 = ξi1(x, u)
∂

∂xi
+ ηα1 (x, u)

∂

∂u
, X2 = ξi2(x, u)

∂

∂xi
+ ηα2 (x, u)

∂

∂u

are any elements of L, then their commutator

[X1, X2] = X1(X2)−X2(X1)

is also an element of L. It follows that the commutator is

1. Bilinear: for any X, Y, Z ∈ L and a, b ∈ IR ,

[aX + bY, Z] = a[X,Z] + b[Y, Z], [X, aY + bZ] = a[X, Y ] + b[X,Z];

2. Skew-symmetric: for any X, Y ∈ L,

[X, Y ] = −[Y,X];

3. and satisfies the Jacobi identity: for any X, Y, Z ∈ L,

[[X, Y ], Z] + [[Y, Z], X] + [[Z,X], Y ] = 0.

11



1.7 Solution methods of differential equations

In this section, we give a brief presentation of some methods for obtaining exact

solutions of differential equations.

1.7.1 The (G′/G)−expansion method

We give a compendium of the cogent features of the (G′/G)−expansion method.

This method was introduced by Wang et al. [8] in the year 2008. In this method, the

function G satisfies a second-order linear ordinary differential equation with constant

coefficients. This method presents travelling wave solutions that are expressed as

trigonometric, rational and hyperbolic functions. The (G′/G)−expansion method is

a method that can simply be applied on nonlinear differential equations. Consider a

NLPDE of the form

E(u, ut, ux, utt, utx, uxx, · · · ) = 0. (1.26)

Firstly we transform the NLPDE (1.26) to a nonlinear ordinary differential equation

(ODE) by making use of the substitution

u(t, x) = U(φ), φ = x− ct, (1.27)

where c is a constant. Using the above substitutions, equation (1.26) then transforms

into the nonlinear ODE

E(U,−cU ′, U ′, c2U ′′,−cU ′′, U ′′, · · · ) = 0. (1.28)

Secondly we assume that

U(φ) =
m∑
i

Ai

(
G′(φ)

G(φ)

)i
(1.29)

where A0, A1, · · ·Am are to be determined. The balancing procedure [2] is used to

obtain the value of m, a positive integer. Here G(φ) satisfies the second-order linear

homogeneous ODE

G′′(φ) + λG′(φ) + µG(φ) = 0, (1.30)

where λ and µ arbitrary constants. In equation (1.29) (G′/G) is given by

12



Case 1. When M = λ2 − 4µ > 0

G′(φ)

G(φ)
= ∆1

A cosh(∆1φ) +B sinh(∆1φ)

A sinh(∆1φ) +B cosh(∆1φ)
− λ

2
, (1.31)

where ∆1 =
√
M/2.

Case 2. When M = λ2 − 4µ < 0

G′(φ)

G(φ)
= ∆2

−A sin(∆2φ) +B cos(∆2φ)

A cos(∆2φ) +B sin(∆2φ)
− λ

2
, (1.32)

where ∆2 =
√
−M/2

Case 3. When M = λ2 − 4µ = 0

G′(φ)

G(φ)
=

B

Bφ+ A
− λ

2
(1.33)

In all the three cases mentioned above, A,B and C are arbitrary constants. The

substitution of the value of U(φ) in equations (1.29) and (1.30) into (1.28) produces

a polynomial in (G′/G)i. Conclusively, equating the coefficients of (G′/G)i to zero

and then solving the resultant system of algebraic equations yields the required values

of Ai.

1.7.2 The extended Jacobi elliptic function expansion method

We give a synoptic outline of the Jacobi elliptic function expansion method which is

another algorithm for deducing the exact solutions of differential equations. There

has being an extensive literature, out of which some date back to several decades,

covering various aspects of Jacobi elliptic functions [28–31] as to their interrelation-

ships, derivation and applications. Many researchers [10,32,33] in recent times have

utilised the properties of some of these elliptic functions in determining exact solu-

tions of differential equations.

The procedure involved in applying the extended Jacobi elliptic function expansion

method is explained as follows: Firstly the NLPDE (1.26) is transformed into the

nonlinear ODE (1.28).
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Secondly, we assume that our solutions can be expressed in the form

U(φ) =
M∑

i=−M

AiH(φ)i, (1.34)

where a positive integer M is obtained by the balancing procedure and

H(φ) = cn(φ|ω), (1.35)

the cosine-amplitude function, is a solution to the first-order ODE [?, 28]

H ′(φ) = −
√

(1−H2(φ))(1− ω + ωH2(φ)), (1.36)

and the sine amplitude function

H(z) = sn(φ|w) (1.37)

is a solution to the first-order ODE

H ′(φ) =
√

(1−H2(φ))(1− ωH2(φ)). (1.38)

The third step of our procedure includes substituting the value of U(φ) in equation

(1.34), which can be subjected to either equation(1.36) or (1.38), into equation (1.28)

in order to obtain a polynomial in powers of H(φ). Separating involved coefficients

with respect to like powers of H(φ) produces an algebraic system of equations. These

can then be solved to find the values of Ai, with i = 0,±1,±2, · · · ±M .

1.7.3 The Kudryashov method

This method is used in obtaining exact solutions of NLPDEs and it is as well de-

scribed in [9]. It can also be seen, for example, in the papers [34, 35].

Consider the NLPDE

E1(t, x, u, ut, ux, utt, uxx, · · · ) = 0. (1.39)

We recall the algorithm involved in Kudryashov method as follows:

14



Step 1. The substitution u(x, t) = U(φ), φ = kx + ωt, with constants k and ω,

transforms equation (1.39) to the ordinary differential equation

E2(U, ωU ′, kU ′, ω2U ′′, k2U ′′, · · · ) = 0. (1.40)

Step 2. Suppose that the exact solutions of equation (1.40) is presented as

U(φ) =
N∑
n=0

anQ
n(φ), (1.41)

where an (n = 0, 1, 2, · · · , N) are constants to be determined, such that aN 6= 0, and

Q(φ) becomes the solution of the first-order nonlinear ODE

Qφ(φ) = Q2(φ)−Q(φ). (1.42)

Thus, equation (1.42) has the solution

Q(φ) =
1

1 + eφ
. (1.43)

Step 3. Next we substitute the value of U(φ) into equation (1.40) and then use

equation (1.42) to generate an equation which involves the powers of Q.

Step 4.

Equating various powers of Q to zero yields the system of algebraic equations

Pn(aN , aN−1, · · · , a0, k, ω, · · · ) = 0, (n = 0, · · · , N). (1.44)

Step 5. Finally, the solution of the system of algebraic equations produces the values

of coefficients a0, a1, · · · , aN−1, aN and relations for parameters of equation (1.40).

Consequently, we obtain exact solutions of equation (1.40) in the form expressed in

equation (1.41).

1.8 Conservation laws

Conservation laws originate from the field of Physics [36]. They are of immense

importance because conservation laws give physical and conserved quantities for all

15



solutions u(t, x). It can be highlighted that they are useful in assessing the accuracy

and stability of numerical methods for the solutions of partial differential equations.

A local conservation law for a given PDE is a continuity equation

DtT
t +DxT

x = 0,

where T t and T x are respectively the conserved density and the spatial flux functions

of t, x, u and the derivatives of u. Dt and Dx represent the total derivatives operators

with respect to independent variables t and x respectively. Suppose that there exists

a function Φ(t, x, u, ut, ux, ...) such that the conserved vector (T t, T x) = (DxΦ,−DtΦ)

holds for every solution u(t, x), then this conservation law is said to be locally equiv-

alent. A nontrivial conservation law can be expressed in a general form as

d

dt

∫
Ψ

T tdx = −T x|∂Ψ,

with Ψ ⊆ R a fixed spatial domain.

Conservation laws are important in various fields of applications [37]. Precisely, they

are highly essential in the study of solutions, integrability as well as in developing

numerical solutions for PDEs. In view of this, several systematic approaches have

been developed for calculating conservation laws such as the direct construction

method popularly referred to as multiplier or variational derivatives approach, the

symmetry or adjoint symmetry pair method.

Consider an rth-order system of partial differential equations which contain n in-

dependent variables x = (x1, x2, · · · , xn) as well as m dependent variables u =

(u1, u2, · · · , um), which are given by

Eα(x, u, u(1), u(2) · · · , u(r)) = 0, α = 1, · · · ,m, (1.45)

with u(i) denoting the collection of all i-th-order partial derivatives of u. Moreover,

n-tuple vector which is defined as T = (T 1, T 2, . . . , T n), T jεA, j = 1, . . . , n, (A

is the space of differential functions) is a conserved vector of (1.45) if T i satisfies

equation

DiT
i|(1.45) = 0. (1.46)
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1.8.1 The multiplier approach

Multiplier approach has been employed by several researchers. See for example [16,

36,38–43]. It is noteworthy that for a given differential system, a local conservation

law arises from a linear combination formed by local multipliers or characteristics

with each of the differential equations in the system, such that the multipliers Λα are

functions of the independent and dependent variables and are of a finite number of

derivatives with respect to the dependent variables of the said system of differential

equations.

A multiplier Λα(x, u, u1, . . .) has the property that

ΛαEα = DiT
i (1.47)

holds identically. The determining equation for the multiplier Λα is

δ(ΛαEα)

δuα
= 0, (1.48)

where δ/δuα is the Euler-Lagrange operator

δ

δuαi
=

∂

∂uαi
+
∞∑
s=1

(−1)sDj1 . . . Djs

∂

∂uαij1···js
, α = 1, . . . ,m. (1.49)

Once the multipliers have been obtained from (1.48), we can determine conserved

vectors by invoking equation (1.47) as illustrated in [39].

1.8.2 The Noether theorem

The well-known theorem of an eminent and outstanding researcher and mathemati-

cian, Amalia ‘Emmy’ Noether [44] presented in 1918, plays an important fundamental

role in various branches of theoretical physics due to the fact that it provides a highly

straightforward connection between the conservation laws of a physical theory and

the invariances of the variational integral whose Euler-Lagrange equations are the

governing equations of that theory. In recent times, many researchers have applied

Noether’s theorem in various fields such as mechanics, and in finding conservation

laws of PDEs. See, for example [45–47]. It may be said that Noether’s theorem
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has placed the Lagrangian formulation in a position of primacy. Furthermore, the

theorem brought into existence a situation whereby the search for conservation laws

and selection rules have been reduced to a robust systematic study of the symmetries

of a theory as well as the corresponding invariances of its Lagrangian. We begin with

Euler-Langrange equations given as

δL
δuα
≡ ∂L
∂uα
−Di

(
∂L
∂uαi

)
= 0, α = 1, ...,m, (1.50)

where we have L(x, u, u(1)) as a first-order Lagrangian, that is, it involves the first-

order derivatives u(1) = {uαi } only, along with the independent variables x = (x1, ..., xn)

and the dependent variables u = (u, ..., um).

Noether’s theorem states that suppose that the variational integral with the La-

grangian L(x, u, u(1)) is invariant under a group G with a generator defined as

X = ξi(x, u, u(1), ...)
∂

∂xi
+ ηα(x, u, u(1), ...)

∂

∂uα
, (1.51)

then the vector field C = (C1, · · · , Cn) defined by [45]

Ck = Lτ k + (ξα − ψαxjτ j)

(
∂L
∂ψα

xk

−
k∑
l=1

Dxl

( ∂L
∂ψα

xlxk

))

+
n∑
l=k

(ηαl − ψαxlxjτ
j)

∂L
∂ψα

xkxl

−Bk

(1.52)

gives a conservation law for the Euler-Langrange equations (1.50), that is, obeys the

equation divC ≡ Dk(C
k) = 0 for all solutions of system (1.45) that is

Dk(C
k)|(1.45) = 0. (1.53)

Any vector field Ck satisfying equation (1.53) is referred to as a conserved vector for

equation (1.45).

1.8.3 The new conservation theorem due to Ibragimov

This relatively new method for generating the conservation laws states a general for-

mula on conservation laws [48] for arbitrary partial differential equations by combin-

ing Lie symmetry operator and adjoint together with formal Lagrangians. Recently,
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this method has been put to use by several researchers, for instance [37,49–51]. The

substance of the new conservation theorem due to Ibragimov is the fact that we

can obtain a conservation law from every Lie generator, Lie-Bäcklund and non-local

symmetry of a system of differential equations. We consider the system of nonlinear

partial differential equations (1.45) and its adjoint equations given by

E∗α(x, u, v, . . . , v(s), u(s)) ≡
δ

δuα
(vβEβ) = 0, (1.54)

where δ/δuα is the Euler-Lagrange operator (1.49) and

m new dependent variables v = (v1, . . . , vm).

Theorem 1.4 Consider a system of m equations (1.45). The adjoint system given

by (1.54), inherits the symmetries of the system (1.45). Namely, if the system (1.45)

admits a point transformation group with an operator (1.20), then the adjoint system

(1.54) admits the generator (1.20) extended to the variable vα by the formula

Y = ξi
∂

∂xi
+ ηα

∂

∂uα
+ ηα∗

∂

∂vα
(1.55)

with appropriately chosen ηα∗ = ηα∗ (x, u, v).

In [48], the coefficients ηα∗ in (1.55) are given by

ηα∗ = −
[
λαβv

β + vαDi(ξ
i)
]
, (1.56)

where λαβ can be computed by utilising the equation

X(Eα) = λβαEβ. (1.57)

We can obtain a conserved vector, for instance, for a third-order Lagrangian by

applying the formula

Ci = ξiL+Wα

[
∂L
∂uαi
−Dj

∂L
∂uαij

+DjDk

(
∂L
∂uαijk

)
+ · · ·

]

+Dj(W
α)

[
∂L
∂uαij

−Dk
∂L
∂uαijk

+ . . .

]
+DjDk(W

α)
∂L
∂uijk

+ · · · , (1.58)
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where L is the Lagrangian of the system E andE∗ that is given by

L = vαEα (1.59)

and Wα is the Lie characteristic function defined as

Wα = ηα − ξjuαj , α = 1, . . . ,m. (1.60)

1.9 Concluding remarks

In this chapter, we gave a brief introduction to Lie group analysis. We presented three

solution methods for obtaining the exact solutions of partial differential equations.

Furthermore, a synopsis of three methods for deriving the conservation laws were

discussed. The various techniques deliberated upon in this section will be utilised

throughout this dissertation.
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Chapter 2

Solutions and conservation laws

for the potential Burgers equation:

an illustrative example

In this chapter, we compute the Lie point symmetries of the potential Burgers equa-

tion. We then generate the commutator table for the Lie point symmetries, use Lie

equations to obtain one-parameter group transformations for each of the symmetries

and then utilise the symmetries to obtain the group-invariant solutions of the equa-

tion. Thereafter, we derive the conservation laws of the potential Burgers equation

using the multiplier approach.

2.1 Introduction

The Burgers equation [52] is of considerable physical as well as mathematical interest.

On one hand, it has a wide range of applications in hydrodynamics and other areas

due to the fact that it is the simplest partial differential equation that combines

a description of nonlinear effects with that of dissipative ones. Moreover, from a

mathematical point of view, it is the prototype of an equation that is linearizable

through a direct coordinate transformation. Indeed, the standard form of the Burgers
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equation is

vt − 2vvx − vxx = 0. (2.1)

Let

v = ux.

Substituting the above value of v in equation (2.1) and integrating it with respect to

x, we obtain the potential form of the Burgers equation, called the potential Burgers

equation [14,53]

ut − u2
x − uxx = 0, (2.2)

where u = u(t, x).

2.2 Solutions of the potential Burgers equation

In this section we obtain group-invariant solutions of the potential Burgers equation

(2.2) by using its Lie point symmetries. Thus we start by first finding the Lie point

symmetries of the potential Burgers equation (2.2).

2.2.1 Lie point symmetries

The potential Burgers equation (2.2) admits the one-parameter Lie group of trans-

formations with infinitesimal generator

X = τ(t, x, u)
∂

∂t
+ ξ(t, x, u)

∂

∂x
+ η(t, x, u)

∂

∂u
(2.3)

if and only if

X [2](ut − u2
x − uxx)

∣∣
uxx=ut−u2x

= 0. (2.4)

Here X [2] is the second prolongation of X and is defined as

X [2] = X + ζ1
∂

∂ut
+ ζ2

∂

∂ux
+ ζ11

∂

∂utt
+ ζ12

∂

∂utx
+ ζ22

∂

∂uxx
, (2.5)

where ζ1 and ζ2 are given by equation (1.15), and ζ11, ζ12 and ζ22 are given by

equation (1.16) which can simply be expressed as

ζ1 = Dt(η)− utDt(τ)− uxDt(ξ),
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ζ2 = Dx(η)− utDx(τ)− uxDx(ξ)

and

ζ11 = Dt(ζ1)− uttDt(τ)− utxDt(ξ),

ζ12 = Dx(ζ1)− uttDx(τ)− utxDx(ξ),

ζ22 = Dx(ζ2)− utxDx(τ)− uxxDx(ξ).

where the total derivatives Dt and Dx are given by

Dt =
∂

∂t
+ ut

∂

∂u
+ utx

∂

∂ux
+ utt

∂

∂ut
+ · · · , (2.6)

Dx =
∂

∂x
+ ux

∂

∂u
+ uxx

∂

∂ux
+ utx

∂

∂ut
+ · · · . (2.7)

Thus equation (2.4) becomes[
τ(t, x, u)

∂

∂t
+ ξ(t, x, u)

∂

∂x
+ η(t, x, u)

∂

∂u
+ ζ1

∂

∂ut
+ ζ2

∂

∂ux
+ ζ11

∂

∂utt

+ζ12
∂

∂utx
+ ζ22

∂

∂uxx

](
ut − u2

x − uxx
)∣∣∣

uxx=ut−u2x
= 0,

which gives

ζ1 − 2uxζ2 − ζ22

∣∣
uxx=ut−u2x

= 0. (2.8)

Substituting the values of ζ1, ζ2 and ζ22 in equation (2.8), we obtain

ηt + utηu − utτt − u2
t τu − uxξt − utuxξu − 2uxηx − 2u2

xηu + 2utuxτx

+2utu
2
xτu + 2u2

xξx + 2u3
xξu − ηxx − 2uxηxu − uxxηu − u2

xηuu + 2uxxξx

+uxξxx + 2u2
xξxu + 3uxuxxξu + u3

xξuu + 2utxτx + utτxx + 2utuxτxu

+utuxxτu + 2uxutxτu + utu
2
xτuu

∣∣
uxx=ut−u2x

= 0. (2.9)

By replacing uxx by ut − u2
x in the above equation, we obtain

ηt + utηu − utτt − u2
t τu − uxξt − utuxξu − 2uxηx − 2u2

xηu + 2utuxτx

+2utu
2
xτu + 2u2

xξx + 2u3
xξu − ηxx − 2uxηxu − utηu + u2

xηu − u2
xηuu

−2u2
xξx + 2utξx + uxξxx + 2u2

xξxu + 3uxutξu − 3u3
xξu + u3

xξuu + 2utxτx

+utτxx + 2utuxτxu + u2
t τu − utu2

xτu + 2uxutxτu + utu
2
xτuu = 0. (2.10)
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Since τ , ξ and η depend only on t, x and u, we can split on the derivatives of u to

obtain an overdetermined system of linear homogeneous PDEs:

ututx : τu = 0, (2.11)

utx : τx = 0, (2.12)

utux : ξu = 0, (2.13)

u2
x : ηuu + ηu = 0, (2.14)

ux : ξxx − 2ηxu − 2ηx − ξt = 0, (2.15)

ut : 2ξx − τt = 0, (2.16)

rest : ηt − ηxx = 0. (2.17)

From equations (2.11) and (2.12), we obtain

τ = a(t),

where a(t) is an arbitrary function of t. From equation (2.13), we obtain

ξ = b(t, x),

where b(t, x) is an arbitrary function of t and x. Now, by substituting these values

of τ and ξ in (2.16) and integrating with respect to x yields

b(t, x) =
1

2
a′(t)x+ c(t),

where c(t) is an arbitrary function of t and so

ξ = ξ(t, x) =
1

2
a′(t)x+ c(t). (2.18)

Equation (2.14) is a second-order linear homogeneous PDE. Its solution is

η(t, x, u) = α(t, x) + β(t, x)e−u, (2.19)

where α(t, x) and β(t, x) are arbitrary functions of t and x. It follows by the substi-

tution of the values of ξ and η from equations (2.18) and (2.19) into (2.15) that

αx(t, x) = −1

4
a′′(t)x− 1

2
c′(t).
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By integrating the above equation with respect to x, we obtain

α(t, x) = −1

8
a′′(t)x2 − 1

2
c′(t)x+ d(t),

where d(t) is an arbitrary function of t and so

η = −1

8
a′′(t)x2 − 1

2
c′(t)x+ d(t) + β(t, x)e−u.

Substituting the value of η from the above equation in (2.17), we obtain

−1

8
a′′′(t)x2 − 1

2
c′′(t)x+

1

4
a′′(t) + d′(t) + βt(t, x)e−u − βxx(t, x)e−u = 0.

Splitting the above equation on e−u, we obtain

e−u : βt(t, x)− βxx(t, x) = 0, (2.20)

rest : −1

8
a′′′(t)x2 − 1

2
c′′(t)x+

1

4
a′′(t) + d′(t) = 0. (2.21)

Splitting equation (2.21) on x, we obtain

x2 : a′′′(t) = 0, (2.22)

x : c′′(t) = 0, (2.23)

rest :
1

4
a′′(t) + d′(t) = 0. (2.24)

Integrating (2.22) and (2.23) with respect to (t) yields, respectively,

a(t) =
1

2
C1t

2 + C2t+ C3 (2.25)

and

c(t) = C4t+ C5, (2.26)

where C1, C2, C3, C4 and C5 are arbitrary constants. It follows from (2.24) and (2.25)

that

d(t) = −1

4
C1t+ C6, (2.27)

where C6 is an arbitrary constant. Hence the general solution of the system

(2.11) to (2.17) is

τ(t) =
1

2
C1t

2 + C2t+ C3,
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ξ(t, x) =
1

2
(C1t+ C2)x+ C4t+ C5,

η(t, x, u) = −1

8
C1x

2 − 1

2
C4x−

1

4
C1t+ C6 + β(t, x)e−u,

where the Cs are constants and β(t, x) satisfies the heat equation βt = βxx. Thus

the Lie point symmetries of the potential Burgers equation are given by

X1 =
∂

∂x
,

X2 =
∂

∂t
,

X3 =
∂

∂u
,

X4 = 2t
∂

∂t
+ x

∂

∂x
,

X5 = 2t
∂

∂x
− x ∂

∂u
,

X6 = 4t2
∂

∂t
+ 4tx

∂

∂x
− (x2 + 2t)

∂

∂u
,

Xβ = β(t, x)e−u
∂

∂u
,

which generate a Lie algebra of infinite dimension, where β(t, x) satisfies the heat

equation βt = βxx. It is worthy of note that potential Burgers equation (2.2) has

an infinite-dimensional Lie algebra of point symmetries and many higher symmetries

[53].

2.2.2 Commutator table for the symmetries

We now calculate the commutation relations for all the symmetry generators. We

first compute [X2, X6]. By the definition of the Lie bracket, we have

[X2, X6] = X2X6 −X6X2

=
∂

∂t

(
4t2

∂

∂t
+ 4tx

∂

∂x
− (x2 + 2t)

∂

∂u

)
−
(

4t2
∂

∂t
+ 4tx

∂

∂x
− (x2 + 2t)

∂

∂u

)
∂

∂t

= 4

(
2t
∂

∂t
+ x

∂

∂x

)
− 2

∂

∂u

= 4X4 − 2X3.

Proceeding in a similar manner we compute other commutation relations. In a

tabular form, these commutation relations are written as:
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[Xi, Xj] X1 X2 X3 X4 X5 X6 Xβ

X1 0 0 0 X1 −X3 2X5 Xβx

X2 0 0 0 2X2 2X1 4X4 − 2X3 Xβt

X3 0 0 0 0 0 0 −Xβ

X4 −X1 −2X2 0 0 X5 2X6 Xβ1

X5 X3 −2X1 0 −X5 0 0 Xβ2

X6 −2X5 2X3 − 4X4 0 − 2X6 0 0 Xβ3

Xβ −Xβx −Xβt Xβ −Xβ1 −Xβ2 −Xβ3 0

The values of β1, β2 and β3 in the table above are given by,

β1 = xβx + 2tβt,

β2 = 2tβx + xβ,

β3 = 4txβx + 4t2βt + (x2 + 2t)β.

2.2.3 One-parameter groups of transformations

The corresponding one-parameter group of transformations can be obtained using

the Lie equations

dt̄

da
= ξ1(t, x, u), t̄|a=0 = t,

dx̄

da
= ξ2(t, x, u), x̄|a=0 = x,

dū

da
= η(t, x, u), ū|a=0 = u.

We now compute the one-parameter group of transformations for each Lie point sym-

metry of the potential Burgers equation. For each Xi, let Tai be the corresponding

group. Let us first calculate the one-parameter group corresponding to infinitesimal

generator X4, namely

X4 = 2t
∂

∂t
+ x

∂

∂x
.

Using Lie equations, we have

dt̄

da
= 2t̄, t̄|a=0 = t,

dx̄

da
= x̄, x̄|a=0 = x,

dū

da
= 0, ū|a=0 = u.
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Solving the above equations we get

t̄ = te2a, x̄ = xea, ū = u.

Thus the one-parameter group Ta4 corresponding to the operator X4 is given by

Ta4 : (t̄, x̄, ū) −→ (te2a4 , xea4 , u).

If we continue in the same manner as above, we get the following one-parameter

groups:

Ta1 : (t̄, x̄, ū) −→ (t, x+ a1, u),

Ta2 : (t̄, x̄, ū) −→ (t+ a2, x, u),

Ta3 : (t̄, x̄, ū) −→ (t, x, u+ a3),

Ta5 : (t̄, x̄, ū) −→ (t, x+ 2a5t, u− a2
5t− a5x),

Ta6 : (t̄, x̄, ū) −→
(

t

1− 4ta6

, x(1 + 4ta6), u+
1

2
ln(1− 4ta6)− x2a6

1− 4ta6

)
,

Ta7 : (t̄, x̄, ū) −→ (t, x, ln[β(t, x)a7 + eu]).

2.2.4 Symmetry transformations

In this subsection we make use of the symmetries calculated in Section 2.2.1 to obtain

special exact solutions for the potential Burgers equation. The Lie group analysis

supplies us with two basic ways for constructing exact solutions of PDEs: group

transformations of known solutions and construction of group-invariant solutions.

These methods are described in detail by means of examples.

If ū = h(t̄, x̄) is a solution of equation (2.2), then so is

φ(t, x, u, a) = h(f1(t, x, u, a), f2(t, x, u, a))

or in solved form with respect to u : u = Ha(t, x) is a one-parameter family of

solutions. For

Ta1 : t̄ = t, x̄ = x+ a1, ū = u,
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if ū = h(t̄, x̄) is a solution, then

u = h(t, x+ a1).

We now write down the generated solutions for the other cases:

Ta2 : u = h(t+ a2, x),

Ta3 : u = h(t, x)− a3,

Ta4 : u = h(te2a4 , xea4),

Ta5 : u = h(t, x+ 2a5t) + a2
5t+ a5x,

Ta6 : u = h

(
t

1− 4ta6

, x(1 + 4ta6)

)
− 1

2
ln(1− 4ta6) +

x2a6

1− 4ta6

,

Tβ : u = ln[eh(t,x) − β(t, x)a].

2.2.5 Construction of group-invariant solutions of (2.2)

Consider a Lie point symmetry

X = τ(t, x, u)
∂

∂t
+ ξ(t, x, u)

∂

∂x
+ η(t, x, u)

∂

∂u
(2.28)

of the potential Burgers equation (2.2). The group-invariant solutions under the one-

parameter group generated by X are obtained as follows. We calculate two linearly

independent invariants

J1 = φ(t, x) and J2 = ψ(t, x)

by solving the first-order quasi-linear PDE

X(J) ≡ τ(t, x, u)
∂J

∂t
+ ξ(t, x, u)

∂J

∂x
+ η(t, x, u)

∂J

∂u
= 0

with characteristic equations otherwise known as the associated Lagrange system

dt

τ(t, x, u)
=

dx

ξ(t, x, u)
=

du

η(t, x, u)
.

Then we write one of the invariants as a function of the other, for example

J2 = f(J1), (2.29)
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where f is a function of J1, and solve (2.29) for u. Finally, the expression of u is

substituted in equation (2.2) and an ODE is obtained for the unknown function f .

This procedure reduces the number of independent variables by one.

Let us now illustrate the above method by considering the five linearly independent

Lie point symmetries X1, X2, X4, X5 and X6 and construct group-invariant solutions

under these operators.

Case 1. We first calculate the group-invariant solution under the symmetry operator

X1. The operator X1 is given by

X1 =
∂

∂x
.

The characteristics equations associated with X1 are

dt

0
=
dx

1
=
du

0
,

which provide the two invariants J1 = t and J2 = u. Thus the group-invariant

solution is given by J2 = ψ(J1), i.e.,

u = ψ(t).

Substituting this value of u in (2.2), we obtain

ψ′(t) = 0.

Thus the second-order potential Burgers PDE (2.2) reduces to first-order ODE

dψ

dt
= 0.

Solving the above equation, we obtain

ψ(t) = C,

where C is an arbitrary constant of integration. Hence the group-invariant solution

of (2.2) under X1 is given by

u(t, x) = C.
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Case 2. We now obtain the group-invariant solution under the symmetry operator

X2 =
∂

∂t
.

The Lagrangian system associated with X2 is

dt

1
=
dx

0
=
du

0
,

which provide the two group-invariants J1 = x and J2 = u. Thus the group-invariant

solution is given by J2 = ψ(J1), i.e.,

u = ψ(x).

Substituting this value of u in equation (2.2), we obtain

ψ′′(x) + ψ′2(x) = 0.

The solution to the above second-order nonlinear ODE is

ψ(x) = ln(x+ C1) + C2,

where C1 and C2 are arbitrary constants of integration. Hence the group-invariant

solution of equation (2.2) under X2 is given by

u(t, x) = ln(x+ C1) + C2.

Case 3. The Lie point symmetry X3 defined by

X3 =
∂

∂u

does not have a group-invariant solution.

Case 4. Let us now construct the group-invariant solution under the symmetry

generator

X4 = 2t
∂

∂t
+ x

∂

∂x
.

The characteristic equations associated with X4 are

dt

2t
=
dx

x
=
du

0
.
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Thus, one invariant is J1 = u. The other is obtained from the equation

dt

2t
=
dx

x

and is given by J2 = x/
√
t.

Consequently, the group-invariant solution is J1 = ψ(J2), i.e.,

u = ψ

(
x√
t

)
.

Then

ut = −1

2

x

t
3
2

ψ′
(
x√
t

)
,

ux =
1√
t
ψ′
(
x√
t

)
,

uxx =
1

t
ψ′′
(
x√
t

)
.

Substitution of the above values of ut, ux and uxx in (2.2) gives us the second-order

ODE

−1

2

x

t
3
2

ψ′
(
x√
t

)
− 1

t
ψ′2
(
x√
t

)
− 1

t
ψ′′
(
x√
t

)
= 0.

By letting y = x/
√
t and q = ψ′(y), we obtain

2
dq

dy
+ yq = −2q2.

The above is a Bernoulli equation with n = 2 whose solution is

q =

(
e

y2

4

(√
π erf

(y
2

)
+ C1

))−1

,

where C1 is a constant of integration. Hence

dψ

dy
=

(
e

y2

4

(√
π erf

(y
2

)
+ C1

))−1

.

Integrating the above equation, we obtain

ψ(y) = ln
(∣∣∣√π erf

(y
2

)
+ C1

∣∣∣)+ C2,
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where C2 is a constant of integration. Reverting back to the original variables, we

obtain

u(t, x) = ln

(∣∣∣∣√π erf

(
x

2
√
t

)
+ C1

∣∣∣∣)+ C2.

Case 5. We now calculate the group-invariant solution under the symmetry gener-

ator X5 defined as

X5 = 2t
∂

∂x
− x ∂

∂u
.

The associated Lagrangian system is

dt

0
=
dx

2t
=

du

−x
.

Therefore one of the invariants is J1 = t. The other is obtained from the equation

dx

2J1

=
du

−x
,

and is given by J2 = u+ (x2/4t).

Consequently, the group-invariant solution of (2.2) under X5 is J2 = ψ(J1), i.e.,

u = ψ(t)− x2

4t
, (2.30)

where ψ is an arbitrary function. Substituting (2.30) into (2.2), gives the first-order

ODE

dψ

dt
+

1

2t
= 0.

Solving for ψ, we obtain

ψ(t) = −1

2
ln t+ C,

where C is an arbitrary constant of integration. Hence, the group-invariant solution

of X5 is

u(t, x) = −
(

1

2
ln t+

x2

4t

)
+ C.

Case 6. Let us construct the group-invariant solution under operator X6, namely

X6 = 4t2
∂

∂t
+ 4tx

∂

∂x
− (x2 + 2t)

∂

∂u
.
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The characteristic equations associated with X6 are

dt

4t2
=

dx

4tx
=

du

−(x2 + 2t)
.

Therefore, one invariant is J1 = x/t. The other is obtained from the equation

dx

4tx
=

du

−(x2 + 2t)

and is given by

J2 = u+
1

2
lnx+

x2

4t
. (2.31)

As a result, the group-invariant solution is J2 = ψ(J1), i.e.,

u = ψ
(x
t

)
− x2

4t
− 1

2
lnx.

Now

ut = − x
t2
ψ′
(x
t

)
+
x2

4t2
,

ux =
1

t
ψ′
(x
t

)
− x

2t
− 1

2x
,

uxx =
1

t2
ψ′′
(x
t

)
− 1

2t
+

1

2x2
.

Substitution of the above values of ut, ux and uxx in (2.2) gives us the second-order

ODE

1

t2
ψ′′
(x
t

)
+

1

t2
ψ′2
(x
t

)
− 1

tx
ψ′
(x
t

)
+

3

4x2
= 0.

By letting J1 = z = x/t and y = ψ′(z), we obtain the Riccati equation

z2y′ + z2y2 − zy +
3

4
= 0. (2.32)

A particular solution of the above Riccati equation is y1 = 1/2z. Thus letting

y = y1 + 1/v, we obtain
dy

dz
= − 1

2z2
− 1

v2

dv

dz
. (2.33)

Now substituting the above value of y and dy/dz in (2.32), we obtain

− 1

2z2
− 1

v2

dv

dz
= −

(
1

2z
+

1

v

)2

+
1

z

(
1

2z
+

1

v

)
− 3

4z2
, (2.34)
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which simplifies to

dv

dz
= 1. (2.35)

Integrating the above equation yields

v = z + C1, (2.36)

where C1 is a constant of integration. Hence

y =
1

2z
+

1

z + C1

and so

dψ

dz
=

1

2z
+

1

z + C1

.

Integrating the above equation, we obtain

ψ(z) =
1

2
ln z + ln(z + C1) + C2,

where C2 is a constant of integration. Reverting back to the original variables, we

obtain the group-invariant solution associated with X6 as

u(t, x) = ln
1√
t

(x
t

+ C1

)
− x2

4t
+ C2.

Travelling wave solutions

We can obtain travelling wave solutions of the potential Burgers equation by consid-

ering the linear combination X of the translation symmetries X1 and X2:

X = k
∂

∂x
+
∂

∂t
, k a constant. (2.37)

The characteristic equations are

dt

1
=
dx

k
=
du

0
. (2.38)

Thus, one invariant is J1 = u. The other is obtained from the equation

dx

k
=
dt

1
(2.39)
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and is given by J2 = x − kt. Thus, the group-invariant solution can be written as

J1 = ψ(J2), i.e.,

u = ψ(x− kt), (2.40)

where ψ is an arbitrary function of its argument. Differentiation of u with respect

to x and t, gives us

ut = −k ψ′, ux = ψ′, uxx = ψ′′.

Substituting these expressions into (2.1) we obtain the reduced ODE

ψ′′ + ψ′2 + kψ′ = 0, (2.41)

which is a second-order ODE with constant coefficients. Suppose we let z = x − kt

and ψ′(z) = y, we obtain a simplified ODE of the form

y′ + y2 + ky = 0, (2.42)

whose solution is

y(z) =

(
− 1

k
+ C1e

kz

)−1

, (2.43)

where C1 is a constant of integration. Hence

ψ′(z) =

(
− 1

k
+ C1e

kz

)−1

. (2.44)

Integrating the above equation, we obtain

ψ(z) = ln
(∣∣C1ke

kz − 1
∣∣)− kz + C2,

where C2 is an arbitrary constant of integration. Thus reverting to the original

variables, the travelling wave solution to the potential Burgers equation is of the

form

u(t, x) = ln
(∣∣∣C1ke

kx−k2t − 1
∣∣∣)− kx+ k2t+ C2.
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2.3 Conservation laws of the potential Burgers equa-

tion

In this section, we derive the conservation laws for the potential Burgers equation

(2.2) by employing the multiplier method. We recall the standard Euler-Lagrange

operator defined as

δ

δu
=

∂

∂u
−Dt

∂

∂ut
−Dx

∂

∂ux
+D2

t

∂

∂utt
+D2

x

∂

∂uxx
+DxDt

∂

∂utx
− · · · , (2.45)

where the total derivatives Dt and Dx are given by

Dt =
∂

∂t
+ ut

∂

∂u
+ utt

∂

∂ut
+ utx

∂

∂ux
+ +uttx

∂

∂utx
+ · · · ,

Dx =
∂

∂x
+ ux

∂

∂u
+ uxx

∂

∂ux
+ utx

∂

∂ut
+ utxx

∂

∂utx
+ · · · . (2.46)

We achieve the aforementioned by using the zeroth-order multiplier Λ(t, x, u). Fol-

lowing the procedure described in Section 1.8.1, the determining equation for the

multiplier Λ(t, x, u) is

δ

δu
[Λ(t, x, u)(ut − u2

x − uxx)] = 0. (2.47)

By expanding the above equation we obtain

utΛu − u2
xΛu − uxxΛu −DtΛ + 2Dx(Λux)−D2

xΛ = 0. (2.48)

Substituting for Dt and Dx from equation (2.46) into (2.48), gives

u2
xΛu − 2uxxΛu − Λt + 2uxΛx + 2uxxΛ− Λxx − 2uxΛux − u2

xΛuu = 0. (2.49)

Splitting the above equation on the derivatives of u, we obtain the following system

of PDEs:

uxx : Λ− Λu = 0, (2.50)

ux : Λx − Λux = 0, (2.51)

rest : Λxx + Λt = 0. (2.52)
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Equation (2.50) yields

Λ(t, x, u) = C(t, x)eu, (2.53)

where C(t, x) is an arbitrary function depending on t and x.

It is trivial to note that (2.53) satisfies equation (2.51). Substituting the value of Λ

from equation (2.53) into (2.52), we obtain

Cxxe
u + Cte

u = 0.

Thus becoming

Cxx + Ct = 0. (2.54)

To solve equation (2.54), we assume that

C(t, x) = T (t)X(x). (2.55)

Substituting the above value of C(t, x) in equation (2.54) gives

X ′′T + T ′X = 0.

Hence
X ′′

X
= −T

′

T
= −a, (say)

where a is an arbitrary constant. Thus we have

T ′ − aT = 0 (2.56)

and

X ′′ + aX = 0. (2.57)

Solving (2.56), we obtain

T (t) = C1e
at,

where C1 is a constant of integration. Solving equation (2.57) yields

X(x) = A1 sin
√
ax+B1 cos

√
ax,

where A1 and B1 are arbitrary constants. Thus

C(t, x) = C1e
at
(
A1 sin

√
ax+B1 cos

√
ax
)
.
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Putting C1A1 = A and C1B1 = B, the above gives

C(t, x) = eat
(
A sin

√
ax+B cos

√
ax
)
.

Therefore equation (2.53) becomes

Λ(t, x, u) = eu+at
(
A sin

√
ax+B cos

√
ax
)
,

which yields the two multipliers

Λ1(t, x, u) = eu+at sin
√
ax

and

Λ2(t, x, u) = eu+at cos
√
ax

for equation (2.2).

We first compute conservation law of (2.2) associated with the multiplier Λ1(t, x, u).

Therefore we have

Λ1(t, x, u){ut − u2
x − uxx} = DtT

t +DxT
x, (2.58)

where the density T t and flux T x are respectively defined as

T t = T t(t, x, u) and T x = T x(t, x, u, ux). (2.59)

Thus equation (2.58) becomes

eu+at sin
√
ax
(
ut − u2

x − uxx
)

= DtT
t +DxT

x.

The above yields

eu+at sin
√
ax
(
ut − u2

x − uxx
)

= T tt + utT
t
u + T xx + uxT

x
u + uxxT

x
ux . (2.60)

Splitting the above equation over the second derivatives of u, we obtain

uxx : T xux = −eu+at sin
√
ax, (2.61)

rest : T tt + utT
t
u + T xx + uxT

x
u =

(
ut − u2

x

)
eu+at sin

√
ax. (2.62)
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Integration of equation (2.61) with respect to ux gives

T x = −uxeu+at sin
√
ax+Q(t, x, u), (2.63)

where Q(t, x, u) is an arbitrary function of t, x and u. Substituting the above value

of T x into (2.62), we obtain

T tt+utT
t
u−
√
auxe

u+at cos
√
ax+Qx−u2

xe
u+at sin

√
ax+uxQu = eu+at sin

√
ax
(
ut − u2

x

)
.

Simplification of the above equation and splitting it on the derivatives of u yields

ut : T tu = eu+at sin
√
ax, (2.64)

ux : Qu −
√
aeu+at cos

√
ax = 0, (2.65)

rest : T tt +Qx = 0. (2.66)

Integrating equation (2.64) with respect to u produces

T t = eu+at sin
√
ax+R(t, x), (2.67)

where R(t, x) is a function depending on t and x. Equation (2.65) then gives

Q =
√
aeu+at cos

√
ax+ S(t, x),

where S(t, x) is an arbitrary function of t and x. We set R(t, x) = S(t, x) = 0 since

they both contribute to the trivial part of the conserved vector and consequently,

equation (2.66) is satisfied. Therefore the density T t and flux T x defined above

become

T t1 = eu+at sin
√
ax,

T x1 = −uxeu+at sin
√
ax+

√
aeu+at cos

√
ax,

which is the conserved vector of (2.2) associated with the multiplier Λ1(t, x, u).

We now compute conservation law of (2.2) associated with the multiplier Λ2(t, x, u).

The determining equation gives

Λ2(t, x, u){ut − u2
x − uxx = 0} = DtT

t +DxT
x, (2.68)
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which implies

eu+at cos
√
ax
(
ut − u2

x − uxx
)

= DtT
t +DxT

x,

where T t and T x are as defined in (2.59) . The above equation becomes

eu+at cos
√
ax
(
ut − u2

x − uxx
)

= T tt + utT
t
u + T xx + uxT

x
u + uxxT

x
ux . (2.69)

Splitting the above equation on the second derivatives of u, we have

uxx : T xux = −eu+at cos
√
ax, (2.70)

rest : T tt + utT
t
u + T xx + uxT

x
u =

(
ut − u2

x

)
eu+at cos

√
ax. (2.71)

Integrating equation (2.70) with respect to ux, we obtain

T x = −uxeu+at cos
√
ax+ E(t, x, u), (2.72)

where E(t, x, u) is a function depending on t, x and u. Invoking the above value of

T x in (2.71), we obtain

T tt+utT
t
u+
√
auxe

u+at sin
√
ax+Ex−u2

xe
u+at cos

√
ax+uxEu = eu+at cos

√
ax
(
ut − u2

x

)
.

Simplifying and splitting the above equation on the derivatives of u yields

ut : T tu = eu+at cos
√
ax, (2.73)

ux : Eu +
√
aeu+at sin

√
ax = 0, (2.74)

rest : T tt + Ex = 0. (2.75)

Integrating equation (2.64) with respect to u gives

T t = eu+at cos
√
ax+ F (t, x),

where F (t, x) is an arbitrary function depending on t and x. Solving equation (2.74),

we obtain

E = −
√
aeu+at sin

√
ax+G(t, x).

where G(t, x) is a function of t and x. We put F (t, x) = G(t, x) = 0 since both

functions contribute to the trivial part of the conservation law and so equation (2.75)

is satisfied. Therefore density T t and flux T x are

T t2 = eu+at cos
√
ax,
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T x2 = −uxeu+at cos
√
ax−

√
aeu+at sin

√
ax,

which is the conserved vector of (2.2) associated with the multiplier Λ2(t, x, u).

2.4 Concluding remarks

In this chapter, we computed Lie point symmetries of the potential Burgers equation

(2.2). We then constructed a commutator table for these Lie point symmetries.

Sequel to that, we constructed the group-invariant solutions and also obtained the

travelling wave solution of the equation (2.2). Furthermore, we proceeded to derive

the conservation laws for the potential Burgers equation (2.2) using the multiplier

approach.
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Chapter 3

Solutions and conservation laws for

the modified equal-width equation

3.1 Introduction

In this chapter we study the third-order modified equal-width (MEW) equation

ut + 3αu2ux − βutxx = 0, (3.1)

where α and β are non-zero real numbers. Equation (3.1) is used in handling the sim-

ulation of a single dimensional wave propagation in nonlinear media with dispersion

processes [54]. Researchers have used different techniques and methods to construct

travelling wave solutions of the modified equal-width equation. In [55], a dynamical

system technique for integer order was used to find travelling wave solutions of MEW

equation which comprises solitary, periodic waves as well as kink and anti-kink wave

solutions. Furthermore, the homotopy perturbation technique in [56] employed the

use of analytical approach to find the numerical solutions of (3.1).

MEW equation (3.1) was investigated by Lu et al. in [54] where the extended simple

equation method and the exp(−ϕ(ξ)) expansion method were employed to generate

the travelling wave solutions of the equation.

Here, we find the Lie point symmetries of the third-order MEW equation and then
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use the symmetries to construct an optimal system of one-dimensional subalgebras.

Thereafter we use the optimal system of one-dimensional subalgebras to find system

reductions, and present the new group-invariant solutions of the modified equal-width

equation which are the cnoidal and snoidal solutions. Furthermore, we derive the

conservation laws of the MEW equation by engaging two different methods which

are the multiplier method and Noether approach.

3.2 Exact solutions of (3.1) constructed on opti-

mal system

In this section, we first compute Lie point symmetries of equation (3.1) and then

utilise the symmetries to construct an optimal system of one-dimensional subalge-

bras. Thereafter, we use this optimal system of one-dimensional subalgebras to find

symmetry reductions and group-invariant solutions of (3.1).

3.2.1 Lie point symmetries of (3.1)

The vector field

X = τ(t, x, u)
∂

∂t
+ ξ(t, x, u)

∂

∂x
+ η(t, x, u)

∂

∂u

is a Lie point symmetry of equation (3.1) if

X(3)∆|∆=0 = 0, (3.2)

where

∆ ≡ ut + 3αu2ux − βutxx

and X(3) is the third prolongation [13] of X defined as

X(3) = X + ζt
∂

∂ut
+ ζx

∂

∂ux
+ ζtx

∂

∂utx
+ ζtxx

∂

∂utxx
. (3.3)
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Here ζt, ζx, ζtx and ζtxx are determined by

ζt = Dt(η)− utDt(τ)− uxDt(ξ),

ζx = Dx(η)− utDx(τ)− uxDx(ξ),

ζtx = Dx(ζt)− uttDx(τ)− utxDx(ξ),

ζtxx = Dx(ζtx)− uttxDx(τ)− utxxDx(ξ),

(3.4)

where the total derivatives Dt and Dx are defined as

Dt =
∂

∂t
+ ut

∂

∂u
+ utt

∂

∂ut
+ utx

∂

∂ux
+ · · · ,

Dx =
∂

∂x
+ ux

∂

∂u
+ uxx

∂

∂ux
+ uxt

∂

∂ut
+ · · · .

Expanding (3.2) we obtain

(
ζt + 6αuuxη + 3αu2ζx − βζtxx

) ∣∣
ut+3αu2ux−βutxx=0

= 0,

which gives

βξtuuu
3
x + βutξuuuu

3
x − 2u2αξuu

2
x + 3βutxξuuu

2
x + βuttτuuu

2
x − βηtuuu2

x

− βutηuuuu2
x + 2βξtxuu

2
x + 2βutξxuuu

2
x + βutτtuuu

2
x + βu2

t τuuuu
2
x + 4uαηux

+ 2u2αηuux − ξtux − utξuux − 2u2αξxux − 2u2αutτuux − 2βutxηuuux

+ 3βuxxξtuux + 3βutuxxξuuux + 4βutxξxuux + 2βutxτtuux + 4βututxτuuux

+ 2βuttτxuux + 2βτuuttxux + 3βξuutxxux − 2βηtxuux − 2βutηxuuux + βξtxxux

+ βutξxxuux + 2βutτtxuux + 2βu2
t τxuuux + 2βτuu

2
tx + ηt + utηu + 2u2αηx

− utτt − u2
t τu − 2u2αutτx + βτuuttuxx + 3βξuutxuxx − βuxxηtu − βutuxxηuu

− 2βutxηxu + 2βuxxξtx + 2βutuxxξxu + βutxξxx + βutuxxτtu + 2βutxτtx

+ βu2
tuxxτuu + 4βututxτxu + βuttτxx + 2βτxuttx − βηuutxx + 2βξxutxx

+ βτtutxx + 2βutτuutxx + βξtuxxx + βutξuuxxx − βηtxx − βutηxxu

+ βutτtxx + βu2
t τxxu|ut+3αu2ux−βutxx=0 = 0.

Replacing uxxt by (ut + 2αu2ux)/β in the above equation, we obtain

βutu
3
xξuuu − βu2

xηtuu − βutu2
xηuuu − 2βuxηuuutx − 2βuxηtxu − 2βutuxηxuu
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− βuxxηtu − βutηuuuxx − 2βutxηxu − βutηxxu + βu3
xξtuu + 3βu2

xξuuutx

+ 2βu2
xξtxu + 2βutu

2
xξxuu + 3βuxuxxξtu + 3βutuxξuuuxx + 4βuxutxξxu

+ βuxξtxx + βutuxξxxu + 3βξuuxxutx + 2βuxxξtx + 2βutuxxξxu + βξxxutx

+ βξtuxxx + βutξuuxxx + βu2
xuttτuu + βutu

2
xτtuu + βu2

tu
2
xτuuu + 2βuxτtuutx

+ 4βutuxτuuutx + 2βuxuttτxu + 2βτuuxuttx + 2βutuxτtxu + 2βu2
tuxτxuu

+ 2βτuu
2
tx + βτuuttuxx + βutuxxτtu + 2βutxτtx + βu2

t τuuuxx + 4βututxτxu

+ βuttτxx + 2βτxuttx + βutτtxx + βu2
t τxxu − βηtxx + ηt + 2αu2τtux

+ 2αu2utτuux − 2αu2utτx + u2
t τu − ξtux + 2utξuux + 2utξx + 2αu2ηx

+ 4αu2ξuu
2
x + 2αu2uxξx + 4αηuux = 0.

Since the functions τ , ξ and η depend only on t, x and u we split the above determin-

ing equation on the derivatives of u and obtain the following overdetermined system

of linear PDEs:

τx = 0, (3.5)

τu = 0, (3.6)

ξu = 0, (3.7)

ηuu = 0, (3.8)

ξt + ξx = 0, (3.9)

2ξtx − ηtu = 0, (3.10)

ξxx − 2ηxu = 0, (3.11)

ξx − βηxxu = 0, (3.12)

ηt + 3αu2ηx − βηtxx = 0, (3.13)

βξtxx − 2βηtxu + 3αu2τt + 6αuη − ξt = 0. (3.14)

From equation (3.5) and (3.6), we have

τ(t) = a(t),

where a(t) is an arbitrary function of t. Solving equation (3.7) gives

ξ(t, x) = b(t, x),
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where b(t, x) is an arbitrary function of t and x. Equation (3.8) yields

η = c(t, x)u+ d(t, x), (3.15)

where c(t, x) and d(t, x) are arbitrary functions of t and x. Substituting the values

of τ , ξ and η from the above equations into (3.14), we obtain

6αu2c+ 6αud− 2βctx + 3αu2a′ + βbtxx − bt = 0.

Splitting the above equation on the powers of u, we obtain

u2 : 2c(t, x) + a′(t) = 0, (3.16)

u : d(t, x) = 0, (3.17)

rest : βbtxx − 2βctx − bt = 0. (3.18)

From equation (3.16) we have

c(t, x) = −1

2
a′(t), (3.19)

and so equation (3.15) then becomes

η(t, x, u) = −1

2
a′(t)u. (3.20)

Substituting the above value of η into equation (3.12), we obtain

b(t, x) = e(t), (3.21)

where e(t) is an arbitrary function of t. Substituting the values of c and η in (3.19)

and (3.21) respectively into equation (3.18), we have

e(t) = C1,

where C1 is a constant of integration. Trivially equations (3.9) and (3.11) are satis-

fied. Solving (3.10) we have

a(t) = C2t+ C3,

where C2 and C3 are constants of integration. Obviously from the above value of η,

equation (3.13) is satisfied. Therefore the solution to the above system (3.5)–(3.14)

is

τ(t, x, u) = C2t+ C3,
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ξ(t, x, u) = C1,

η (t, x, u) = −1

2
C2u.

Therefore the Lie point symmetries of (3.1) are given by

X1 =
∂

∂t
, X2 =

∂

∂x
, X3 = 2t

∂

∂t
− u ∂

∂u
.

The infinitesimal generatorX3 represents scaling symmetry whereas the one-parameter

groups generated by X1 and X2 demonstrate time and space-invariance of the MEW

equation.

3.2.2 Optimal system of one-dimensional subalgebras

We now use the Lie point symmetries of (3.1) computed above to construct an optimal

system of one-dimensional subalgebras in order to obtain symmetry reductions as

well as group-invariant solutions of equation (3.1). Thereafter we generate adjoint

representation using Lie series

Ad(exp(εXi))Xj =
∞∑
n=0

εn

n!
(adXi)

n(Xj) = Xj − ε[Xi, Xj] +
ε2

2!
[Xi, [Xi, Xj]]− · · · ,

where ε is a real number and the commutator [Xi, Xj] is defined by

[Xi, Xj] = XiXj −XjXi.

The table of commutators of Lie point symmetries of equation (3.1) and adjoint

representations of the symmetry group of (3.1) on its Lie algebra are presented in

Tables 1 and Table 2, respectively. Consequently, Table 1 and Table 2 are used to

compute an optimal system of one-dimensional subalgebras for equation (3.1).

Table 1. Lie brackets for equation (3.1)

[ , ] X1 X2 X3

X1 0 0 2X1

X2 0 0 0

X3 −2X1 0 0
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Table 2. Adjoint representation of subalgebras

Ad X1 X2 X3

X1 X1 X2 −2εX1 +X3

X2 X1 X2 X3

X3 e2εX1 X2 X3

Thus, following [13] and utilising Table 1 and Table 2, we obtain an optimal system

of one-dimensional subalgebras which is given by

{X1 + cX2, X3 + aX2},

where c and a are arbitrary constants.

3.2.3 Symmetry reductions and solutions of (3.1)

We now employ the optimal system of one-dimensional subalgebras obtained in the

previous subsection and find group-invariant solutions and symmetry reductions for

equation (3.1).

Consider the first member of the optimal system of one-dimensional subalgebras,

namely

X = X1 + cX2.

The symmetry X yields the two invariants

ξ = x− ct and U = u,

which give the group-invariant solution U = U(ξ). Using ξ as our new indepen-

dent variable, (3.1) is transformed into the nonlinear ordinary differential equation

(NLODE)

cβU ′′′(ξ) + 3αU2(ξ)U ′(ξ)− cU ′(ξ) = 0. (3.22)

We now use the extended Jacobi elliptic function expansion method [?] to obtain

closed form solutions of (3.1). We assume that the solutions of the third-order
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NLODE (3.22) can be expressed in the form

U(ξ) =
M∑

i=−M

AiH(ξ)i, (3.23)

where M is a positive integer obtained by the balancing procedure. Here H(ξ)

satisfies the first-order ODE (1.36) or (1.38). We recall that

H(ξ) = cn(ξ|ω), (3.24)

the Jacobi cosine-amplitude function, is a solution to (1.36), whereas the Jacobi

sine-amplitude function

H(ξ) = sn(ξ|w) (3.25)

is a solution to (1.38). Here ω is a parameter such that 0 ≤ ω ≤ 1 [28,29].

We note that when ω → 1, then cn(ξ|ω) → sech(ξ) and sn(ξ|ω) → tanh(ξ). Also,

when ω → 0, then cn(ξ|ω) → cos(ξ) and sn(ξ|ω) → sin(ξ).

Cnoidal wave solution

Considering the NLODE (3.22), the balancing procedure yields M = 1, thus (3.23)

becomes

U(ξ) = A−1H
−1(ξ) + A0 + A1H(ξ). (3.26)

We now substitute the value of U from (3.26) into (3.22) and utilise (1.36) to obtain

H(ξ)4β cA−1 −H(ξ)6β cA1 +H(ξ)4β cA1 − 7H(ξ)2β cA−1 − 12 β cω A−1

+ 6 β cω2A−1 + 3H(ξ)10αω A1
3 − 6H(ξ)8αω A1

3 −H(ξ)8cω A1

+ 6H(ξ)7αA0A1
2 + 3H(ξ)6αω A1

3 − 3αω A−1
3 − 3H(ξ)6αA1

3

+ 3H(ξ)8αA1
3 −H(ξ)6cA1 +H(ξ)4cA1 +H(ξ)4cA−1 − 3H(ξ)2αA−1

3

−H(ξ)2cA−1 − 10H(ξ)6β cω2A1 − 2H(ξ)6β cω2A−1 − 7H(ξ)8β cω A1

+ 14H(ξ)8β cω2A1 − 6H(ξ)10β cω2A1 + 21H(ξ)2β cω A−1

− 14H(ξ)2β cω2A−1 − 3H(ξ)4β cω A1 − 10H(ξ)4β cω A−1

+ 2H(ξ)4β cω2A1 + 10H(ξ)4β cω2A−1 + 10H(ξ)6β cω A1 +H(ξ)6β cω A−1
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+ 3H(ξ)8αω A0
2A1 + 3H(ξ)8αω A−1A1

2 + 6H(ξ)9αω A0A1
2

− 6H(ξ)αω A−1
2A0 − 3H(ξ)2αω A−1A0

2 − 3H(ξ)2αω A−1
2A1

+ 12H(ξ)3αω A−1
2A0 + 3H(ξ)4αω A0

2A1 + 3H(ξ)4αω A−1A1
2

+ 6H(ξ)4αω A−1A0
2 + 6H(ξ)4αω A−1

2A1 + 6H(ξ)5αω A0A1
2

− 6H(ξ)5αω A−1
2A0 − 6H(ξ)6αω A0

2A1 − 6H(ξ)6αω A−1A1
2

− 3H(ξ)6αω A−1A0
2 − 3H(ξ)6αω A−1

2A1 − 12H(ξ)7αω A0A1
2

+ 6H(ξ)αA−1
2A0 + 3H(ξ)2αA−1A0

2 +H(ξ)2cω A−1 + 3H(ξ)2αA−1
2A1

+ 6H(ξ)2αω A−1
3 −H(ξ)4cω A1 − 6H(ξ)3αA−1

2A0 − 2H(ξ)4cω A−1

− 3H(ξ)4αA−1A1
2 − 3H(ξ)4αA0

2A1 − 3H(ξ)4αA−1
2A1 − 3H(ξ)4αA−1A0

2

+ 2H(ξ)6cω A1 − 6H(ξ)5αA0A1
2 − 3H(ξ)4αω A−1

3 + 3H(ξ)6αA−1A1
2

+ 3H(ξ)6αA0
2A1 +H(ξ)6cω A−1 + 6 β cA−1 + 3αA−1

3 = 0.

The above equation can be separated on like powers of H(ξ) to obtain an overdeter-

mined system of eleven algebraic equations

A0A1
2 = 0,

A−1
2A0 − ω A−1

2A0 = 0,

2ω A−1
2A0 − A−1

2A0 = 0,

A0A1
2 − 2ω A0A1

2 = 0,

αA1
3 − 2 β cωA1 = 0,

ω A0A1
2 − ω A−1

2A0 − A0A1
2 = 0,

2 β cω2A−1 − αω A−1
3 + αA−1

3 − 4 β cω A−1 + 2 β cA−1 = 0,

3αω A−1A1
2 + 3αω A0

2A1 − 6αω A1
3 + 14 β cω2A1 + 3αA1

3 − 7 β cω A1

− cω A1 = 0,

6αω A−1
3 − 3αω A−1

2A1 − 3αω A−1A0
2 − 14 β cω2A−1 − 3αA−1

3

+ 3αA−1
2A1 + 3αA−1A0

2 + 21 β cω A−1 − 7 β cA−1 + cω A−1 − cA−1 = 0,

3αω A1
3 − 3αω A−1

2A1 − 3αω A−1A0
2 − 6αω A−1A1

2 − 6αω A0
2A1

− 2 β cω2A−1 + 3αA−1A1
2 − 10 β cω2A1 + 3αA0

2A1 − 3αA1
3 + β cω A−1
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+ 10 β cω A1 − β cA1 + cω A−1 + 2 cω A1 − cA1 = 0,

6αω A−1
2A1 − 3αω A−1

3 + 6αω A−1A0
2 + 3αω A−1A1

2 + 3αω A0
2A1

+ 10 β cω2A−1 + 2 β cω2A1 − 3αA−1
2A1 − 3αA−1A0

2 − 3αA−1A1
2 − 3αA0

2A1

− 10 β cω A−1 − 3 β cω A1 + β cA−1 + β cA1 − 2 cω A−1 − cω A1 + cA−1 + cA1 = 0.

Solving the above system we obtain

ω =
8β + 3k − 1

16β
, A0 = 0, A1 = ±

√
c(3k + 8β − 1)

8α
, A−1 = −3β ± k

β + 1
A1

with k =
√

8β2 + 1.

Thus, the solution of equation (3.1) is

u(t, x) = ±
√
c(3k + 8β − 1)

8α

{
cn (ξ |ω )−

(
3β ± k
β + 1

)
nc (ξ |ω )

}
.

Snoidal wave solutions

We now obtain snoidal wave solutions for the equation (3.1). We recall that the

balancing procedure yields M = 1, thus substituting the value of U from (3.26) into

(3.22) and making use of (1.37) we obtain the determining equation

3H(ξ)6αA1
3 −H(ξ)4cA1 +H(ξ)2cA−1 + 3H(ξ)2αA−1

3 + 3H(ξ)4αA−1
2A1

+ 3H(ξ)4αA−1A0
2 +H(ξ)6β cA1 −H(ξ)4β cA−1 −H(ξ)4β cA1

+ 7H(ξ)2β cA−1 + 3H(ξ)4αA−1A1
2 + 3H(ξ)4αA0

2A1 + 3H(ξ)10αω A1
3

− 3H(ξ)8αω A1
3 −H(ξ)8cω A1 − 6H(ξ)7αA0A1

2 − 3H(ξ)6αA−1A1
2

− 3H(ξ)6αA0
2A1 +H(ξ)6cω A−1 +H(ξ)6cω A1 + 6H(ξ)5αA0A1

2

− 3H(ξ)4αω A−1
3 − 3αA−1

3 − 6H(ξ)7αω A0A1
2 − 3H(ξ)6αω A−1

2A1

− 3H(ξ)6αω A−1A0
2 − 3H(ξ)6αω A−1A1

2 − 3H(ξ)6αω A0
2A1 − 6H(ξ)5αω A−1

2A0

+ 3H(ξ)4αω A−1
2A1 + 3H(ξ)4αω A−1A0

2 + 6H(ξ)9αω A0A1
2 + 3H(ξ)8αω A−1A1

2

+ 3H(ξ)8αω A0
2A1 − 3H(ξ)8αA1

3 +H(ξ)6cA1 −H(ξ)4cA−1

− 6 β cA−1 + 7H(ξ)2β cω A−1 −H(ξ)4β cω A1 − 8H (ξ)4 β cω A−1

−H(ξ)4β cω2A−1 + 8H(ξ)6β cω A1 +H(ξ)6β cω A−1 +H(ξ)6β cω2A1
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+H(ξ)6β cω2A−1 − 7H(ξ)8β cω A1 − 7H(ξ)8β cω2A1 − 3H(ξ)2αA−1A0
2

− 6H (ξ)αA−1
2A0 + 3H(ξ)2αω A−1

3 − 3H(ξ)2αA−1
2A1 −H(ξ)4cω A−1

+ 6H(ξ)3αA−1
2A0 + 6H(ξ)10β cω2A1 + 6H(ξ)3αω A−1

2A0 = 0.

Splitting on powers of H(ξ) yields the following overdetermined system of algebraic

equations:

A−1
2A0 = 0,

A0A1
2 = 0,

αA−1
3 + 2 β cA−1 = 0,

ω A−1
2A0 + A−1

2A0 = 0,

ω A0A1
2 + A0A1

2 = 0,

αA1
3 + 2 β cωA1 = 0,

ω A−1
2A0 − A0A1

2 = 0,

3αω A−1A1
2 + 3αω A0

2A1 − 3αω A1
3 − 7 β cω2A1 − 3αA1

3

− 7 β cω A1 − cω A1 = 0,

3αω A−1
3 + 3αA−1

3 − 3αA−1
2A1 − 3αA−1A0

2 + 7 β cω A−1

+ 7 β cA−1 + cA−1 = 0,

β cω2A−1 − 3αω A−1
2A1 − 3αω A−1A0

2 − 3αω A−1A1
2 − 3αω A0

2A1

+ β cω2A1 + 3αA1
3 − 3αA−1A1

2 − 3αA0
2A1 + β cω A−1 + 8 β cω A1

+ β cA1 + cω A−1 + cω A1 + cA1 = 0,

3αω A−1
2A1 − 3αω A−1

3 + 3αω A−1A0
2 − β cω2A−1

+ 3αA−1
2A1 + 3αA−1A0

2 + 3αA−1A1
2 + 3αA0

2A1 − 8 β cω A−1

− β cω A1 − β cA−1 − β cA1 − cω A−1 − cA−1 − cA1 = 0.

Solving the above equations, the values of β, A−1, A0 and A1 are

β = − 1

1 + ω
, A−1 = A0 = 0, A1 = ±

√
2c(β + 1)

α
. (3.27)

Reverting to original variables we obtain

u(t, x) = ±
√

2c(β + 1)

α
sn (ξ |ω ) . (3.28)
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We now take into consideration the second operator X3 +aX2 of the optimal system.

This symmetry operator produces two invariants J1 = ext−a/2 and J2 = ut1/2. Thus

J2 = f(J1) gives a group-invariant solution to (3.1). That is

u = t−1/2f(ext−a/2). (3.29)

Substituting the above value of u in (3.1), we obtain the third-order nonlinear ODE

aβz3f ′′′(z) + β(3a+ 1)z2f ′′(z) + (aβ − a+ β)zf ′(z) + 6azf 2(z)f ′(z)− f(z) = 0,

where z = ext−a/2.

3.3 Conservation laws of the MEW equation

In the section we derive conservation laws for (3.1) by employing two different meth-

ods, namely the multiplier method and Noether’s approach.

3.3.1 Conservation laws of (3.1) using the multiplier ap-

proach

We look for the zeroth-order multiplier Λ = Λ(t, x, u). Thus, the determining equa-

tion for this multiplier is

δ

δu

{
Λ(t, x, u)

(
ut + 3αu2ux − βutxx

)}
= 0, (3.30)

where δ/δu is the Euler-Lagrange operator defined as

δ

δu
=

∂

∂u
−Dt

∂

∂ut
−Dx

∂

∂ux
−DtD

2
x

∂

∂utxx
(3.31)

and the total derivatives Dt and Dx are as defined in (1.4). The above equation

yields

utΛu + 3αu2uxΛu − βutxxΛu + 6αuuxΛ−Dt(Λ)−Dx(3αu
2Λ) + βD2

xDt(Λ) = 0,

which on expanding gives

utΛu + 3αu2uxΛu − βuxxtΛu + 6αuuxΛ− Λt − utΛu − 3αu2Λx − 6αuuxΛ
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− 3αu2uxΛu + βΛtxx + βutΛuxx + βuxΛtux + βutuxΛuux + βutxΛux + βuxΛtux

+ βutuxΛuux + βu2
xΛtuu + βutu

2
xΛuuu + βutxuxΛuu + βutxΛux + βutxuxΛuu

+ βuxxΛtu + βuxxutΛuu + βuxxtΛu = 0.

Splitting the above equation on the derivatives of u, we have

Λuu = 0, (3.32)

Λux = 0, (3.33)

Λtu = 0, (3.34)

βΛtxx − 3αu2Λx − Λt = 0. (3.35)

Equation (3.32) yields

Λ = a(t, x)u+ b(t, x),

where a(t, x) and b(t, x) are arbitrary functions of t and x. From equation (3.33), we

obtain

a(t, x) = c(t),

where c(t) is an arbitrary function of t. Equation (3.34) gives

c(t) = C1,

where C1 is an arbitrary constant of integration. Thus

Λ = C1u+ b(t, x).

Invoking the above value of Λ into (3.35), we have

βbtxx − 3αu2bx − bt = 0.

Splitting the above equation on u, we get

u2 : bx = 0, (3.36)

rest : βbtxx − bt = 0. (3.37)

Solving (3.36) we have

b(t, x) = d(t),
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where d(t) is a function of t. From (3.37) we obtain

d(t) = C2,

where C2 is an arbitrary constant of integration. Thus the zeroth-order multiplier Λ

becomes

Λ(t, x, u) = C1u+ C2.

Therefore we have two multipliers for the MEW equation (3.1) which are

Λ1(t, x, u) = u (3.38)

and

Λ2(t, x, u) = 1. (3.39)

We first generate conservation laws of (3.1) associated with the multiplier Λ1(t, x, u).

Therefore we have

Λ1(t, x, u){ut + 3αu2ux − βutxx} = DtT
t +DxT

x (3.40)

in which the density and flux are defined respectively as

T t = T t(t, x, u, ux) and T x = T x(t, x, u, ux, utx). (3.41)

Thus equation (3.40) becomes

u(ut + 3αu2ux − βutxx) = DtT
t +DxT

x.

The above equation yields

u{ut + 3αu2ux − βutxx} = T tt + utT
t
u + utxT

t
ux + T xx + uxT

x
u + uxxT

x
ux + utxxT

x
utx .

Splitting the above equation on the third derivatives of u, we have

utxx : T xutx = −βu, (3.42)

rest : T tt + utT
t
u + utxT

t
ux + T xx + uxT

x
u + uxxT

x
ux = u(ut + 3αu2ux). (3.43)

Integrating (3.42) with respect to utx gives

T x = −βuutx +G(t, x, u, ux),
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where G(t, x, u, ux) is a function depending on t, x, u and ux. Substituting the above

value of T x in (3.43), we have

T tt + utT
t
u + utxT

t
ux +Gx − βuxutx + uxGu + uxxGux = u(ut + 3αu2ux). (3.44)

Splitting the above equation on the second derivatives of u, we have

utx : T tux − βux = 0, (3.45)

uxx : Gux = 0, (3.46)

rest : T tt + utT
t
u +Gx + uxGu = u(ut + 3αu2ux). (3.47)

Integration of equation (3.45) with respect to ux yields

T t =
1

2
βu2

x +H(t, x, u),

where H(t, x, u) is a function depending on t, x and u and equation (3.46) produces

G = L(t, x, u),

where L(t, x, u) is an arbitrary function of t, x and u. Equation (3.47), now becomes

Ht + utHu + Lx + uxLu = uut + 3αu3ux.

Splitting the above equation over the derivatives of u, we obtain

ut : Hu = u, (3.48)

ux : Lu = 3αu3, (3.49)

rest : Ht + Lx = 0. (3.50)

Equation (3.48) gives

H =
1

2
u2 +M(t, x), (3.51)

where M(t, x) is an arbitrary function of depending on t and x. Solving equation

(3.49), we obtain

L =
3

4
αu4 +K(t, x), (3.52)
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where K(t, x) is a function dependent of t and x. We set K(t, x) = M(t, x) = 0

since they contribute to the trivial part of the conserved vector, values of H and L

respectively become

H =
1

2
u2 and L =

3

4
αu4.

Thus, the conservation law of (3.1) associated with Λ1(t, x, u) is

T t1 =
1

2
u2 +

1

2
βu2

x,

T x1 =
3

4
αu4 − βuutx.

Next, we compute the conservation law of (3.1) related to the second multiplier

Λ2(t, x, u). Thus we consider

Λ2(t, x, u){ut + 3αu2ux − βutxx} = DtT
t +DxT

x, (3.53)

where the density T t and the flux T x are as defined in (3.41). Therefore, equation

(3.53) becomes

ut + 3αu2ux − βutxx = DtT
t +DxT

x.

Expanding the above equation produces

ut + 3αu2ux − βutxx = T tt + utT
t
u + utxT

t
ux + T xx + uxT

x
u + uxxT

x
ux + utxxT

x
utx .

Splitting the above equation on the third derivatives of u, we obtain

utxx : T xutx = −β, (3.54)

rest : T tt + utT
t
u + utxT

t
ux + T xx + uxT

x
u + uxxT

x
ux = ut + 3αu2ux. (3.55)

Integration of equation (3.54) with respect to utx gives

T x = −βutx + A(t, x, u, ux),

where A(t, x, u, ux) is an arbitrary function depending on t, x, u and ux. Thus

equation (3.55) now becomes

T tt + utT
t
u + utxT

t
ux + Ax + uxAu + uxxAux = ut + 3αu2ux.
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Splitting the above equation over the second derivatives of u gives

utx : T tux = 0, (3.56)

uxx : Aux = 0, (3.57)

rest : T tt + utT
t
u + Ax + uxAu = ut + 3αu2ux. (3.58)

Solving equations (3.56) gives the density

T t = B(t, x, u),

where B(t, x, u) is an arbitrary function of t, x and u. Equation (3.57) then becomes

A = A(t, x, u),

where A(t, x, u) is an arbitrary function depending on t, x and u. Invoking the above

values of T t and A in equation (3.58), we have

Bt + utBu + Ax + uxAu = ut + 3αu2ux.

Splitting the above equation over the derivatives of u gives

ut : Bu = 1, (3.59)

ux : Au = 3αu2, (3.60)

rest : Bt + Ax = 0. (3.61)

Integrating equation (3.59) with respect to u, we have

B = u+Q(t, x),

where Q(t, x) is a function of t and x. Equation (3.60) then yields

A = αu3 +R(t, x),

where R(t, x) is an arbitrary function of t and x. We take Q(t, x) = R(t, x) = 0

as they both contribute to the trivial part of the conserved vector and so B and A

become respectively

B = u and A = αu3.
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Substituting back the above values of A and B, we have the conservation law of

equation (3.1) related to Λ2(t, x, u) as stated below

T t2 = u,

T x2 = αu3 − βutx.

Remark: It should be noted that the multiplier Λ2 = 1 tells us that the MEW

equation is itself a conservation law.

3.3.2 Conservation laws of (3.1) using the Noether theorem

In this subsection we derive the conservation laws for the modified equal-width equa-

tion (3.1) using the Noether theorem. This equation as it is, does not have a La-

grangian. In order to apply Noether’s theorem we transform equation (3.1) into

a fourth-order equation which has a Lagrangian. Thus using the transformation

u = Vx, equation (3.1) becomes

Vtx + 3αV 2
x Vxx − βVtxxx = 0. (3.62)

It can readily be verified that the second-order Lagrangian for equation (3.62) is

given by

L = −1

2
VxVt −

1

4
αV 4

x −
1

2
βVxxVtx (3.63)

because δL/δV = 0 on (3.62). Here δ/δV is the Euler-Lagrange operator defined as

δL
δV

=
∂

∂V
−Dt

∂

∂Vt
−Dx

∂

∂Vx
+D2

t

∂

∂Vtt
+D2

x

∂

∂Vxx
+DtDx

∂

∂Vtx
− · · · , (3.64)

where the total derivatives Dt, Dx are as defined in (1.4).

Consider the vector field

X = τ(t, x, V )
∂

∂t
+ ξ(t, x, V )

∂

∂x
+ η(t, x, V )

∂

∂V
, (3.65)

where τ , ξ and η depend on t, x and V . To determine the Noether symmetries X of

(3.62) we insert the value of L from (3.63) in

X [2](L) + L[Dt(τ) +Dx(ξ)] = Dt(B
t) +Dx(B

x), (3.66)
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where Bt = Bt(t, x, V ) and Bx = Bx(t, x, V ) are the gauge terms and X [2] is the

second prolongation of X defined as

X [2] = X + ζt
∂

∂Vt
+ ζx

∂

∂Vx
+ ζtt

∂

∂Vtt
+ ζxx

∂

∂Vxx
+ ζtx

∂

∂Vtx
(3.67)

with ζt and ζx defined in (1.15) as well as ζtt, ζxx and ζtx given in (1.16). Equation

(3.66) becomes

−Vx
2
ζt −

Vt
2
ζx − αV 3

x ζx −
β

2
Vxxζtx −

β

2
Vtxζxx = Bt

t +Bx
x + VtB

t
u + VxB

x
u. (3.68)

Expansion of the above equation gives

−1

2
ηtVx −

1

2
ηV VtVx +

1

2
τtVtVx +

1

2
τV V

2
t Vx +

1

2
ξtV

2
x +

1

2
ξV VtV

2
x −

1

2
ηxVt

−1

2
ηV VtVx +

1

2
τxV

2
t +

1

2
τV V

2
t Vx +

1

2
ξxVtVx +

1

2
ξV VtV

2
x − αηxV 3

x − αηV V 4
x

+ατxVtV
3
x + ατV VtV

4
x + αξxV

4
x + αξV V

5
x −

1

2
βηtxVxx −

1

2
βηtV VxVxx

−1

2
βηxV VtVxx −

1

2
βηV VtxVxx −

1

2
βηV V VtVxVxx +

1

2
βτtVtxVxx +

1

2
βξxVtxVxx

+
1

2
βτxtVtVxx +

1

2
βτxVttVxx +

1

2
βτtV VtVxVxx +

1

2
βξxV VtVxVxx +

1

2
βτxV V

2
t Vxx

+βτV VtVtxVxx +
1

2
βτV VxVttVxx +

1

2
βτV V V

2
t VxVxx +

1

2
βξxtVxVxx +

1

2
βξtV

2
xx

+
1

2
βξtV V

2
x Vxx + βξV VxVxtVxx +

1

2
βξV VtV

2
xx +

1

2
βξV V VtV

2
x Vxx −

1

2
βηxxVtx

−βηxV VxVtx −
1

2
βηV VtxVxx −

1

2
βηV V V

2
x Vtx + βξxVtxVxx +

1

2
βξ1

xxVxVtx

+βξxV V
2
x Vtx +

3

2
βξV VxVtxVxx +

1

2
βξV V V

3
x Vtx + βτxV

2
tx +

1

2
βτxxVtVtx

+βτxV VtVxVtx +
1

2
βτV VtVtxVxx + βτV VxV

2
tx +

1

2
βτV V VtV

2
x Vtx −

1

2
τtVtVx

−1

2
τV V

2
t Vx −

1

2
ξxVtVx −

1

2
ξV VtV

2
x −

1

4
ατtV

4
x −

1

4
ατV VtV

4
x −

1

4
αξxV

4
x −

1

4
αξV V

5
x

−1

2
βτtVtxVxx −

1

2
βτV VtVtxVxx −

1

2
βξxVtxVxx −

1

2
βξV VxVtxVxx

= Bt
t +Bx

x + VtB
t
V + VxB

x
V . (3.69)

Splitting (3.69) on the derivatives of V we obtain

VttVxx : τx = 0, (3.70)

V 2
t Vx : τu = 0, (3.71)

V 2
xx : ξt = 0, (3.72)
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VtxVxx : ξx = 0, (3.73)

VtV
2
x : ξu = 0, (3.74)

VtVx : ηu = 0, (3.75)

V 3
x : ηx = 0, (3.76)

V 4
x : 3ξx − τt = 0, (3.77)

Vx : −ηt = 2Bx
V , (3.78)

Vt : −ηx = 2Bt
V , (3.79)

rest : Bt
t +Bx

x = 0. (3.80)

From (3.70) and (3.71) we have

τ = a(t),

where a(t) is an arbitrary function of t. Equations (3.72-3.74) yield

ξ = C1,

where C2 is an arbitrary constant. Solving equations (3.75) and (3.76), we have

η = f(t),

where f(t) is an arbitrary function of t. From (3.77), we obtain

a(t) = C2,

where C1 is an arbitrary constant of integration. Equation (3.78) equally yields

Bx = −1

2
f ′(t)V + g(t, x),

where g(t, x) is an arbitrary function of t and x. From (3.76) and (3.79), we have

Bt = h(t, x),

where h(t, x) is an arbitrary function of t and x. Here we can choose h(t, x) =

0 and g(t, x) = 0 as they contribute to the trivial part of the conserved vector,

thus satisfying equation (3.80). Therefore we have the following solution:

τ = C2,
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ξ = C1,

η = f(t),

Bt = 0,

Bx = −1

2
f ′(t)V.

Thus we obtain the following Noether point symmetries and their corresponding

gauge functions:

X1 =
∂

∂t
, Bt = 0, Bx = 0,

X2 =
∂

∂x
, Bt = 0, Bx = 0,

Xf = f(t)
∂

∂V
, Bt = 0, Bx = −1

2
f ′(t)V.

Next, we use the above results to compute the conserved vectors of the fourth-order

equation (3.62). Using the formulae for the conserved vector (T t, T x) in chapter

1 [45], we obtain the following three conserved vectors associated with the above

Noether symmetries X1, X2 and Xf as

T t1 = −1

4
αV 4

x −
1

2
βVxxVtx −

1

2
βVtVxxx,

T x1 =
1

2
V 2
t + αVtV

3
x −

1

2
βVtVtxx +

1

2
βV 2

tx +
1

2
βVxxVtt;

T t2 =
1

2
V 2
x −

1

2
βVxVxxx,

T x2 =
3

4
αV 4

x −
1

2
βVxVtxx +

1

2
βVxxVtx;

T tf = −1

2
fVx +

1

2
βf(t)Vxxx,

T xf = −1

2
f(t)Vt − αf(t)V 3

x +
1

2
βf(t)Vtxx −

1

2
βf ′(t)Vxx +

1

2
f ′(t)V,

respectively. Reverting to the original variables we obtain one local and two non-local

conserved vectors of (3.1) given by

T t1 = −1

4
αu4 − 1

2
βuxut −

1

2
βuxx

∫
utdx,

T x1 =
1

2

(∫
utdx

)2

+ αu3

∫
utdx−

1

2
βutx

∫
utdx+

1

2
βu2

t +
1

2
βux

∫
uttdx;
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T t2 =
1

2
u2 − 1

2
βuuxx,

T x2 =
3

4
αu4 − 1

2
βuutx +

1

2
βuxut;

T tf = −1

2
uf(t) +

1

2
βuxxf(t),

T xf = −1

2
f(t)

∫
utdx− αu3f(t) +

1

2
βutxf(t)− 1

2
βuxf

′(t) +
1

2
f ′(t)

∫
udx.

Remark: It should be noted that due to the presence of arbitrary function f(t) we

have infinitely many nonlocal conservation laws.

3.4 Concluding remarks

In this chapter we studied the modified equal-width equation (3.1). For the first time,

Lie point symmetries of (3.1) were computed and used to construct an optimal system

of one-dimensional subalgebras. Thereafter utilising this optimal system of one-

dimensional subalgebras, symmetry reductions and new group-invariant solutions

of MEW equation (3.1) were presented. The solutions obtained were cnoidal and

snoidal waves. Again for the first time, we computed the conservation laws for

(3.1) by employing two different methods; the multiplier method and the Noether

approach.
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Chapter 4

Exact solutions and conservation

laws of a generalized nonlinear

advection-diffusion equation

4.1 Introduction

The nonlinear advection-diffusion equation [57]

ut − 2αuux − u2
x − uuxx = 0, (4.1)

that recounts the movement of a buoyancy-driven plume in an inclined porous

medium, with constant α has a specific physical significance connected to the bed in-

clination. The solution is characterized by two moving boundaries for compactly

supported initial data, propagated with finite speed and spanning a distance of

O(
√
t). In [57] the authors generated late-time asymptotic solutions to a nonlin-

ear advective-diffusion equation that has various applications in porous media flow.

In this chapter, we study the generalized nonlinear advection-diffusion equation

ut − ωunux − u2
x − uuxx = 0. (4.2)

We compute the Lie point symmetries of this equation for three different values of n.

For each case we obtain group-invariant solutions under their Lie point symmetries.
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We then proceed to find the travelling wave solutions for each case. Furthermore,

we derive conservation laws associated with each case by utilising the multiplier

approach and the new conservation theorem due to Ibragimov.

This work has been submitted for publication, See [58]

4.2 Exact solutions of (4.2)

In this section we present exact solutions of the generalized nonlinear advection-

diffusion equation (4.2) by applying Lie symmetry method.

4.2.1 Lie point symmetries of (4.2)

We begin by determining the Lie point symmetries of (4.2). Let the symmetry group

be generated by the vector field

X = τ(t, x, u)
∂

∂t
+ ξ(t, x, u)

∂

∂x
+ η(t, x, u)

∂

∂u
. (4.3)

Then X is a Lie point symmetry of (4.2) if

X [2]{ut − ωunux − u2
x − uuxx}

∣∣
ut−ωunux−u2x−uuxx=0

= 0, (4.4)

where X [2] is the second prolongation of X as defined in (2.5). Expanding equation

(4.4), we obtain

ζ1 − ωnun−1uxη − ωunζ2 − 2uxζ2 − uxxη − uζ22

∣∣
ut−ωunux−u2x−uuxx=0

= 0, (4.5)

where ζ1, ζ2 and ζ22 are as defined in chapter 1. Expansion of equation (4.5) gives

ηt + utηu − utτt − u2
t τu − uxξt − utuxξu − ωnun−1uxη − uxxη

−ωunηx − ωunuxηu + ωunutτx + ωunutuxτu + ωunuxξx + ωunu2
xξu

−2uxηx − 2u2
xηu + 2utuxτx + 2utu

2
xτu + 2u2

xξx + 2u3
xξu − uηxx

−2uuxηxu − uuxxηu − uu2
xηuu + 2uuxxξx + uuxξxx + 2uu2

xξxu

+3uuxuxxξu + uu3
xξuu + 2uutxτx + uutτxx + 2uutuxτxu + uutuxxτu
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+2uuxutxτu + uutu
2
xτuu

∣∣
ut−ωunux−u2x−uuxx=0

= 0. (4.6)

Substituting ωunux + u2
x + uuxx for ut in equation (4.6), we obtain

ηt + ωunuxηu + u2
xηu + uuxxηu − ωunuxτt − u2

xτt − uuxxτt − ω2u2nu2
xτu

−2ωunu3
xτu − 2ωun+1uxuxxτu − u4

xτu − 2uu2
xuxxτu − u2u2

xxτu − uxξt

−ωunu2
xξu − u3

xξu − uuxuxxξu − ωnun−1uxη − uxxη − ωunηx − ωunuxηu

+ω2u2nuxτx + ωunu2
xτx + ωun+1uxxτx + ω2u2nu2

xτu + ωunu3
xτu + ωun+1uxuxxτu

+ωunuxξx + ωunu2
xξu − 2uxηx − 2u2

xηu + 2ωunu2
xτx + 2u3

xτx + 2uuxuxxτx

+2ωunu3
xτu + 2u4

xτu + 2uu2
xuxxτu + 2u2

xξx + 2u3
xξu − uηxx − 2uuxηxu − uuxxηu

−uu2
xηuu + 2uuxxξx + uuxξxx + 2uu2

xξxu + 3uuxuxxξu + uu3
xξuu + 2uutxτx

+ωun+1uxτxx + uu2
xτxx + u2uxxτxx + 2ωun+1u2

xτxu + 2uu3
xτxu

+2u2uxuxxτxu + ωun+1uxuxxτu + uu2
xuxxτu + u2u2

xxτu + 2uuxutxτu

+ωun+1u3
xτuu + uu4

xτuu + u2u2
xuxxτuu = 0.

Now splitting the above equation on the derivatives of u, we obtain

τu = 0, (4.7)

τx = 0, (4.8)

ξu = 0, (4.9)

2uξx − uτt − η = 0, (4.10)

2ξx − uηuu − ηu − τt = 0, (4.11)

uξxx + ωunξx − ωunτt − ξt − ωnun−1η − 2ηx − 2uηxu = 0, (4.12)

ηt − ωunηx − uηxx = 0. (4.13)

Equations (4.7) and (4.8) yield

τ = A(t), (4.14)

where A(t) is an arbitrary function depending on t. Solving (4.9) gives

ξ = B(t, x), (4.15)
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where B(t, x) is a function of t and x. Substituting these values of τ and ξ into

(4.10), we obtain

η = 2Bx(t, x)u− A′(t)u.

We note that equation (4.11) is satisfied for the above values of τ , ξ and η. Now

substituting the values of τ , ξ and η in equation (4.12) we have

ωnA′(t)un + ωBxu
n − 7Bxx(t, x)u− ωA′(t)un − 2ωnBx(t, x)un −Bt(t, x) = 0.

Splitting the above equation on the powers of u, provided n 6= 1, we have

un : nA′(t) +Bx(t, x)− A′(t)− 2nBx(t, x) = 0, (4.16)

u : Bxx(t, x) = 0, (4.17)

rest : Bt(t, x) = 0. (4.18)

Equation (4.18) gives

B = B(x),

where B(x) is an arbitrary function of x. Equation (4.17) now yields

B(t, x) = C1x+ C2,

where C1 and C2 are constants of integration. Substituting the value of B into

equation (4.16) and solving for A(t), provided 2n 6= 1, n 6= 1, we obtain

A(t) =
2n− 1

n− 1
C1t+ C3.

We also note that equation (4.13) is satisfied for the above values of τ , ξ and η.

Hence, the solution to the system of (4.7)-(4.13) is

τ =
2n− 1

n− 1
C1t+ C3,

ξ = C1x+ C2,

η = 2C1u−
2n− 1

n− 1
C1u.

Thus, we obtain the following Lie point symmetries of (4.2) for n 6= 1/2 and n 6= 1:

X1 =
∂

∂t
,

X2 =
∂

∂x
,

X3 = t
∂

∂t
+

n− 1

2n− 1
x
∂

∂x
− 1

2n− 1
u
∂

∂u
.

(4.19)
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Case 2. n=1/2

We first consider the generalized nonlinear advection-diffusion equation (4.2) when

n = 1/2 which becomes

ut − ωu1/2ux − u2
x − uuxx = 0. (4.20)

The determining equations for (4.20) can be obtained from (4.7)-(4.13) with n = 1/2.

These are

τu = 0, (4.21)

τx = 0, (4.22)

ξu = 0, (4.23)

2uξx − uτt − η = 0, (4.24)

2ξx − uηuu − ηu − τt = 0, (4.25)

uξxx + ωu1/2ξx − ωu1/2τt − ξt −
1

2
ωu−1/2η − 2ηx − 2uηxu = 0, (4.26)

ηt − ωu1/2ηx − uηxx = 0. (4.27)

Equations (4.21) and (4.22) yield

τ = P (t),

where P (t) is an arbitrary function t. Solving (4.23), we have

ξ = Q(t, x),

where Q(t, x) is an arbitrary function depending on t and x. Invoking the values of

τ and ξ in (4.24) above , the η gives

η = 2Qx(t, x)u− P ′(t)u. (4.28)

Obviously, equation (4.25) is satisfied. Substituting the value of η above in equation

(4.26) produces

7Qxx(t, x)u+
1

2
ωP ′(t)u1/2 +Qt(t, x) = 0. (4.29)

Splitting (4.29) above over the derivatives of u, we have

u : Qxx(t, x) = 0, (4.30)
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u1/2 : P ′(t) = 0, (4.31)

rest : Qt(t, x) = 0. (4.32)

Solving equation (4.32) gives

Q = Q(x),

where Q(x) is a function of x and subsequently (4.30) yields

Q = C1x+ C2,

where C1 and C2 are constants. Equation (4.31) now becomes

P (t) = C3,

where C3 is a constant of integration and we note that equation (4.27) is satisfied.

Therefore τ , ξ and η become

τ = C3,

ξ = C1x+ C2,

η = 2C1u.

Thus, the Lie point symmetries of (4.20) are

X1 =
∂

∂t
, X2 =

∂

∂x
, X3 = x

∂

∂x
+ 2u

∂

∂u
. (4.33)

Case 3. n=1

For the case when n = 1, the generalized nonlinear advection-diffusion equation (4.2)

becomes

ut − ωuux − u2
x − uuxx = 0. (4.34)

The determining equations for (4.34) can be obtained from (4.7)-(4.13) with n = 1.

These are

τu = 0, (4.35)

τx = 0, (4.36)

ξu = 0, (4.37)
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2uξx − uτt − η = 0, (4.38)

η − uηu − u2ηuu = 0, (4.39)

uξxx − 2uηxu − ωuξx − 2ηx − ξt = 0, (4.40)

ηt − ωuηx − uηxx = 0. (4.41)

Equations (4.35) and (4.36) yields

τ = G(t),

where G(t) is a function with argument t and solving (4.37), we obtain

ξ = H(t, x),

where H(t, x) is a function of t and x. Substituting the values of τ and ξ in (4.38),

then

η = 2Hx(t, x)u−G′(t)u.

We note that (4.39) is satisfied. Equation (4.40) now becomes

7Hxx(t, x)u+ ωHx(t, x)u+Ht(t, x) = 0. (4.42)

Splitting the above equation on u, we obtain

u : 7Hxx(t, x) + ωHx(t, x) = 0, (4.43)

rest : Ht(t, x) = 0. (4.44)

Solving equation (4.44) gives

H = H(x),

where H(x) is a function dependent on x. Solution to equation (4.43) yields

H = C1 + C2e
−ω

7
x,

where C1 and C2 are constants. Therefore ξ and η become respectively

ξ = C1 + C2e
−ω

7
x and η = −2ω

7
uC2e

−ω
7
x − uG′(t).
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Substituting the above values of η and ξ in (4.41), we obtain

uG′′(t) +
48

343
ω2u2C2e

−ω
7
x = 0.

Splitting the above equation over u, we have

u2 : C2e
−ω

7
x = 0, (4.45)

u : G′′(t) = 0. (4.46)

Equation (4.45) obviously produces

C2 = 0 since e−
ω
7
x 6= 0.

Solving equation (4.46) gives

G(t) = C3t+ C4,

where C3 and C4 are constants. Thus, variables τ , ξ and η now become

τ = C3t+ C4,

ξ = C1,

η = −C3u.

Thus, the infinitesimal generators of (4.34) are

X1 =
∂

∂t
, X2 =

∂

∂x
, X3 = t

∂

∂t
− u ∂

∂u
. (4.47)

4.2.2 Optimal system of one-dimensional subalgebras

We now use the Lie point symmetries of the three cases of n for equation (4.2)

computed above to construct an optimal system of one-dimensional subalgebras in

order to obtain symmetry reductions as well as group-invariant solutions.

Case 1. n6= 1/2, 1

We first compute all the commutators of the Lie symmetries (4.19). This is then

presented in Table 1. Using the commutator Table 1 we construct the adjoint repre-

sentations of the symmetry group of (4.2) and present it in Table 2.
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Table 1. Commutator table of the Lie algebra of equation (4.2)

[Xi, Xj] X1 X2 X3

X1 0 0 X1

X2 0 0 n−1
2n−1

X2

X3 −X1 − n−1
2n−1

X2 0

Table 2. Adjoint table of the Lie algebra of equation (4.2)

Ad X1 X2 X3

X1 X1 X2 X3 − εX1

X2 X1 X2 X3 − n−1
2n−1

εX2

X3 eεX1 eε(n−1)/(2n−1)X2 X3

Following the procedure given in [13], it turns out that an optimal system of one-

dimensional subalgebras is given by

{X2, X1 + cX2, X3},

where c ∈ R.

Case 2. n=1/2

The commutators of the Lie symmetries (4.33) are presented in Table 3. Using this

commutator table we construct the adjoint representations of the symmetry group

of (4.20) and present it in Table 4.

Table 3. Commutator table of the Lie algebra of equation (4.20)

[Xi, Xj] X1 X2 X3

X1 0 0 0

X2 0 0 X2

X3 0 −X2 0
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Table 4. Adjoint table of the Lie algebra of equation (4.20)

Ad X1 X2 X3

X1 X1 X2 X3

X2 X1 X2 X3 − εX2

X3 X1 eεX2 X3

As before, following [13], an optimal system of one-dimensional subalgebras is given

by

{X2, X1 + cX2, bX1 +X3},

where b, c ∈ R.

Case 3. n=1

Lastly, we compute all the commutators of the Lie symmetries (4.47) and present

them in Table 5. The adjoint representations of the symmetry group of (4.34) is

presented in Table 6.

Table 5. Commutator table of the Lie algebra of equation (4.34)

[Xi, Xj] X1 X2 X3

X1 0 0 X1

X2 0 0 0

X3 −X1 0 0

Table 6. Adjoint table of the Lie algebra of equation (4.34)

Ad X1 X2 X3

X1 X1 X2 X3 − εX1

X2 X1 X2 X3

X3 eεX1 X2 X3

Thus, in this case an optimal system of one-dimensional subalgebras is given by

{X2, X1 + cX2, bX2 +X3},

where b, c ∈ R.
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4.2.3 Symmetry reductions and solutions

We now engage the optimal system of one-dimensional subalgebras obtained earlier in

the previous subsection and find group-invariant solutions and symmetry reductions

for each of the three cases of n for equation (4.2).

Case 1. n 6= 1/2, 1

In this case the optimal system of one-dimensional subalgebras is {X2, X1+cX2, X3}.

We find the group-invariant solutions under each of these three members of the

optimal system.

(i) X2

The associated Lagrangian system for X2 is given by

dt

0
=
dx

1
=
du

0
, (4.48)

which produces two group-invariant solutions J1 = t and J2 = u. Therefore

J2 = f(J1). Obviously

u = f(t). (4.49)

Substituting the above value of u in (4.2), we obtain

f ′(t) = 0. (4.50)

Solving the above equation yields

f(t) = C, (4.51)

where C is a constant. Therefore

u(t, x) = C.

(ii) X1 + cX2

This symmetry operator will provide the travelling wave solutions. Following the

procedure adopted in chapter 2, we have the invariants J1 = u and J2 = x − ct, so

that from J1 = f(J2), we obtain a group-invariant solution to (4.2) under X1 + cX2.

Thus

u = f(x− ct). (4.52)
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Substituting the above value of u in (4.2) with λ = x− ct, we have

cf ′(λ) + ωf ′(λ)fn(λ) + (f(λ)f ′(λ))
′
= 0.

(iii) X3

We now consider the group-invariant solution of scaling symmetry

X3 = t
∂

∂t
+

n− 1

2n− 1
x
∂

∂x
− 1

2n− 1
u
∂

∂u
. (4.53)

The Lagrangian system associated with X3 is

dt

t
=

(2n− 1)

n− 1

dx

x
=

(2n− 1)du

−u
. (4.54)

The above system (4.54) generates two invariants J1 = x
2n−1
n−1 /t and J2 = u/x

1
n−1 .

Hence, the group-invariant solution of (4.34) is J2 = f(J1) and so

u = x−1/n−1f

(
x(2n−1)/(n−1)

t

)
.

Substituting the above value of u into (4.2) and simplifying it, we obtain the ODE

f(z)
((

2n2 − 9n+ 4
)
zf ′ + (1− 2n)2z2f ′′ + (1− n)ωf(z)n

)
+ zf ′

(
(1− 2n)2zf ′ + (n− 1) ((2n− 1)ωf(z)n + (n− 1)z)

)
+ (n+ 1)f(z)2 = 0.

Case 2. n=1/2

The optimal system of one-dimensional subalgebras in this case is

{X2, X1 + cX2, bX1 +X3}.

(i) X2

The characteristic equations of X2 = ∂/∂x are

dt

0
=
dx

1
=
du

0
, (4.55)

which give rise to two group-invariant solutions J1 = t and J2 = u. Thus

J2 = f(J1). Obviously

u = f(t). (4.56)
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Substituting the above value of u in (4.34), we obtain

f ′(t) = 0.

Therefore,

f(t) = C1,

where C1 is a constant of integration. Therefore,

u(t, x) = C1.

(ii) X1 + cX2

Following the procedural steps taken in chapter 2, we obtain

u = f(x− ct).

Therefore

ut = −cf ′(ε), ux = f ′(ε) and uxx = f ′′(ε), where ε = x− ct.

Substituting the above values of ut, ux and uxx in (4.34) and simplifying it, we obtain

the ordinary differential equation

cf ′(ε) + ωf 1/2(ε)f ′(ε) + (f(ε)f ′(ε))
′
= 0.

(iii) bX1 +X3

We subsequently compute the group-invariant solution of the scaling symmetry X4

stated as

X4 = b
∂

∂t
+ x

∂

∂x
+ 2u

∂

∂u
.

The associated Lagrangian system with X4 is

dt

b
=
dx

x
=
du

2u
.

The above system generates two invariants J1 = b ln−t and J2 = u/x2. Hence, the

group-invariant solution of (4.34) is J2 = f(J1) and eventually

u = x2f (b lnx− t) .
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Therefore, substituting the above values of u in (4.34), we have the first order ODE

b2 (ff ′)
′
+
(
bω
√
f + 7bf + 1

)
f ′ + 2ωf 3/2 + 6f 2 = 0.

Case 3. n=1

The optimal system of one-dimensional subalgebras in this case is

{X2, X1 + cX2, bX2 +X3}.

(i) X2

The characteristic equations associated with X2 = ∂/∂x are

dt

0
=
dx

1
=
du

0
,

which give rise to two invariants J1 = t and J2 = u. Therefore J2 = f(J1) and then

u(t, x) = f(t).

Substituting the above value of u into (4.34), we obtain

f(t) = C1,

where C1 is a constant. Hence, the group-invariant solution to X2 is

u(t, x) = C1.

(ii) X1 + cX2

Following the steps taken above we have

u = f(λ), where λ = x− ct. (4.57)

Substituting the above value of u in (4.34), we have the second order nonlinear ODE

cf ′(λ) + ωf(λ)f ′(λ) + (f(λ)f ′(λ))
′
= 0

whose solution is given by

f(z) = c1e
−ωz

2 − 2c

ω
,
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where c1 is a constant of integration. Hence, the solution of (4.34) is

u(t, x) = c1e
−ω

2
(x−ct) − 2c

ω
.

(iii) bX2 +X3

Lastly, we generate the group-invariant solution under scaling symmetry X4 defined

by

X4 = b
∂

∂x
+ t

∂

∂t
− u ∂

∂u
. (4.58)

The associated Lagrangian system to X4 is

dt

t
=
dx

b
=

du

−u
. (4.59)

System (4.59) yields two invariants J1 = x − b ln t and J2 = tu. Thus, the group-

invariant solution of (4.34) is J2 = f(J1) and so

u =
1

t
f (x− b ln t) .

Substituting the above values of u in (4.34) yields

bf ′ + ωff ′ + (ff ′)
′
+ f = 0.

4.3 Conservation laws of (4.2)

In this section we derive conservation laws of the generalized nonlinear advection-

diffusion equation (4.2) by considering its three cases. We use two different methods

of finding conservation laws; the multiplier method and the new conservation theorem

due to Ibragimov.

4.3.1 Conservation laws of (4.2) using multiplier method

In this subsection we employ the multiplier method to construct conservation laws

for the generalized nonlinear advection-diffusion equation (4.2).
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Case 1. n6= 1/2, 1

We look for the zeroth-order multiplier Λ = Λ(t, x, u) and hence solve the determining

equation
δ

δu

{
Λ(t, x, u)

(
ut − ωunux − u2

x − uuxx
)}

= 0, (4.60)

which gives

utΛu − ωunuxΛu − u2
xΛu − uuxxΛu − ωnun−1uxΛ− uxxΛ−Dt(Λ)

+Dx (ωunΛ) +Dx(2uxΛ)−D2
x(Λu) = 0.

Equation above expands to

utΛu − ωunuxΛu − u2
xΛu − uuxxΛu − ωnun−1uxΛ− uxxΛ− Λt − utΛu

+ωunΛx + ωnun−1uxΛ + ωunuxΛu + 2uxΛx + 2u2
xΛu + 2uxxΛ− uΛxx

−uxΛx − uuxΛux − uxΛx − u2
xΛu − uxxΛ− uuxΛux − u2

xΛu − uu2
xΛuu

−uuxxΛu = 0.

Simplifying and splitting the above equation on the derivatives of u, we obtain

uxx : Λu = 0, (4.61)

rest : ωunΛx − Λt − uΛxx = 0. (4.62)

Equation (4.61) yields

Λ = Q(t, x),

where Q(t, x) is a function whose arguments are t and x. Substituting the above

value of Λ in (4.62), we have

ωunQx − uQxx −Qt = 0.

Splitting the above equation over u yields

un : Qx(t, x) = 0,

u : Qxx(t, x) = 0,

rest : Qt(t, x) = 0.
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Solving the above equations, we obtain

Q = C1,

where C1 is a constant. Therefore Λ = 1 is the multiplier for (4.2). We obtain the

conservation law for the above multiplier by considering

Λ(t, x, u){ut − ωunux − u2
x − uuxx} = DtT

t +DxT
x, (4.63)

where density T t and flux T x are defined respectively as

T t = T t(t, x, u) and T x = T x(t, x, u, ux). (4.64)

and so equation (4.63) becomes

ut − ωunux − u2
x − uuxx = DtT

t +DxT
x,

which after simplification gives

ut − ωunux − u2
x − uuxx = T tt + utT

t
u + T xx + uxT

x
u + uxxT

x
ux .

Now splitting the above equation on the second derivatives of u, we obtain

uxx : T xux = −u, (4.65)

rest : T tt + utT
t
u + T xx + uxT

x
u = ut − ωunux − u2

x. (4.66)

Integration of equation (4.65) with respect to ux, we obtain the flux

T x = −uux + P (t, x, u),

where P (t, x, u) is a function of t, x and u. Consequently, equation (4.66) gives

T tt + utT
t
u + Px + uxPu − u2

x = ut − ωunux − u2
x.

Simplifying and splitting the above equation on the derivatives of u, we have

ut : T tu = 1, (4.67)

ux : Pu = −ωun, (4.68)
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rest : Px + T tt = 0. (4.69)

Solving equation (4.67) gives

T t = u+Q(t, x),

where Q(t, x) is an arbitrary function of t and x. Equation (4.68) then produces

P = − un+1

n+ 1
ω +R(t, x),

where R(t, x) is a function of t and x. We now take R(t, x) = Q(t, x) = 0 since both

functions contribute to the trivial part of the conserved vectors. Obviously, equation

(4.69) is satisfied. Therefore the density and flux (T t, T x) for the (4.2) is

T t = u,

T x = −uux −
ω

n+ 1
un+1.

Remark: It is worthy to note that the multiplier Λ = 1 gives us an inclination that

the generalized nonlinear advection-diffusion equation (4.2) is itself a conservation

law.

Case 2. n=1/2.

We look for the zeroth-order multiplier Λ = Λ(t, x, u). The determining equation for

the multiplier is

δ

δu

{
Λ(t, x, u)

(
ut − ωu1/2ux − u2

x − uuxx
)}

= 0, (4.70)

where δ/δu is as defined in chapter 1. The above equation then becomes

utΛu − ωu
1
2uxΛu − u2

xΛu − uuxxΛu −
1

2
ωu−

1
2uxΛ− uxxΛ−Dt(Λ)

+Dx(ωu
1
2 Λ) +Dx(2uxΛ)−D2

x(Λu) = 0, (4.71)

which expands to

utΛu − ωu
1
2uxΛu − u2

xΛu − uuxxΛu −
1

2
ωu−

1
2uxΛ− uxxΛ− Λt − utΛu

+ωu
1
2 Λx +

1

2
ωu−

1
2uxΛ + ωu

1
2uxΛu + 2uxΛx + 2u2

xΛu + 2uxxΛ− uΛxx

82



−uxΛx − uuxΛux − uxΛx − u2
xΛu − uxxΛ− uuxΛux − u2

xΛu − uu2
xΛuu

−uuxxΛu = 0. (4.72)

Splitting the above equation on the derivatives of u after further simplification,

we have

uxx : Λu = 0, (4.73)

rest : ωu
1
2 Λx − uΛxx − Λt = 0. (4.74)

From equation (4.73), we obtain

Λ = Q(t, x), (4.75)

where Q(t, x) is an arbitrary function depending on t and x. Substituting the above

value of Λ in (4.74), we obtain

ωQx(t, x)u
1
2 −Qt(t, x)−Qxx(t, x)u = 0. (4.76)

Splitting (4.76) on u, we have

u
1
2 : Qx(t, x) = 0, (4.77)

u : Qxx(t, x) = 0, (4.78)

rest : Qt(t, x) = 0. (4.79)

Equation (4.77) and (4.79) yields

Q = C1,

where C1 is a constant. Thus, the multiplier of (4.34) yields

Λ = C1.

Therefore, Λ = 1. Obviously, (4.78) is satisfied.

Next, we derive the conservation law for the constant-valued multiplier. Therefore

we consider

Λ(t, x, u){ut − ωu1/2ux − u2
x − uuxx} = DtT

t +DxT
x, (4.80)
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where density T t and flux T x are as defined in (4.64). Equation (4.80) becomes

1{ut − ωu1/2ux − u2
x − uuxx} = DtT

t +DxT
x.

which simplifies to

ut − ωu1/2ux − u2
x − uuxx = T tt + utT

t
u + T xx + uxT

x
u + uxxT

x
ux .

Splitting the above equation on second derivatives of u, we obtain

uxx : T xux = −u, (4.81)

rest : T tt + utT
t
u + T xx + uxT

x
u = ut − ωu1/2ux − u2

x. (4.82)

Integrating equation (4.81) with respect to ux, we obtain

T x = −uux + A(t, x, u),

where A(t, x, u) is an arbitrary function of t, x and u. Equation (4.82) then becomes

T tt + utT
t
u + Ax + uxAu = ut − ωu1/2ux.

Splitting the above equation on the derivatives of u, we obtain

ut : T tu = 1, (4.83)

ux : Au = −ωu1/2, (4.84)

rest : T tt + Ax = 0. (4.85)

Equation (4.83) produces

T t = u+B(t, u).

where B(t, x) is a function depending on t and x. Solving equation (4.84) yields

A = −2

3
ωu

3
2 + C(t, x),

where C(t, x) is a function of t and x. We set B(t, x) = C(t, x) = 0 since they both

contribute to the trivial part of the conservation law and consequently equation

(4.85) is satisfied. Thus the local conserved vector related to multiplier Λ = 1 is

T t = u,
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T x = −uux −
2

3
ωu

3
2 .

Remark: It is worthy of note that the multiplier Λ = 1 tells us that the nonlinear

advection-diffusion equation (4.20) is itself a conservation law.

Case 3. n=1

We now compute the conservation laws for (4.2) with n = 1 which is (4.34). Looking

for the zeroth-order multiplier Λ = Λ(t, x, u) we obtain the determining equation for

(4.34) as
δ

δu

{
Λ(t, x, u)

(
ut − ωuux − u2

x − uuxx
)}

= 0, (4.86)

which simplifies to

utΛu − ωuuxΛu − u2
xΛu − uuxxΛu − ωuxΛ− uxxΛ−Dt(Λ)

+Dx (ωuΛ) +Dx(2uxΛ)−D2
x(Λu) = 0. (4.87)

Expanding the above equation, we obtain

utΛu − ωuuxΛu − u2
xΛu − uuxxΛu − ωuxΛ− uxxΛ− Λt − utΛu

+ωuΛx + 2uxΛx + ωuxΛ + ωuuxΛu + 2u2
xΛu + 2uxxΛ− uΛxx

−uxΛx − uuxΛux − uxΛx − uuxΛux − u2
xΛu − u2

xΛu − uu2
xΛuu

−uxxΛ− uuxxΛu = 0. (4.88)

Simplification of the above equation and splitting on the various derivatives of u, we

obtain

Λu = 0, (4.89)

ωuΛx − Λt − uΛxx = 0. (4.90)

Solving equation (4.89), we obtain

Λ = Q(t, x), (4.91)

where Q(t, x) is a function of t and x. Substituting the value of Λ into

(4.90) gives

ωuQ(t, x)−Qt(t, x)− uQxx = 0. (4.92)
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Splitting the above equation on u, we have

Qt(t, x) = 0, (4.93)

ωQx(t, x)−Qxx(t, x) = 0. (4.94)

Equation (4.93) yields

Q = Q(x), (4.95)

where Q is a function of x. Substituting this value of Q in (4.94) and solving it

produces

Q(t, x) = C1e
ωx + C2, (4.96)

where C1 and C2 are constant. Thus, the two multipliers for (4.34) are given as

Λ1 = 1 and Λ2 = eωx.

We first generate conservation laws of (4.34) associated with the multiplier Λ1(t, x, u).

Therefore we consider

Λ1(t, x, u){ut − ωuux − u2
x − uuxx} = DtT

t +DxT
x, (4.97)

where the density T t and flux T x are as defined in (4.64). Thus the above equation

(4.97) then expands to

ut − ωuux − u2
x − uuxx = T tt + utT

t
u + T xx + uxT

x
u + uxxT

x
ux .

Splitting the above equation on second derivatives of u

uxx : T xux = −u, (4.98)

rest : T tt + utT
t
u + T xx + uxT

x
u = ut − ωuux − u2

x. (4.99)

Integrating equation (4.98) yields

T x = −uux + A(t, x, u),

where A(t, x, u) is an arbitrary function of t, x and u. Substituting the above value

of T x in equation (4.99), we have

T tt + utT
t
u + Ax + uxAu = ut − ωuux.
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Splitting the above equation on the derivatives of u, we obtain

ut : T tu = 1, (4.100)

ux : Au = −ωu, (4.101)

rest : T tt + Ax = 0. (4.102)

Equation (4.100) produces

T t = u+B(t, x),

where B(t, x) is a function of t and x. Solving equation (4.101) then gives

A = −1

2
ωu2 + C(t, x),

where C(t, x) is a function depending on t and x. We take functions B(t, x) and

C(t, x) to be zero since they both contribute to the trivial part of the conservation

law so that equation (4.102) is satisfied. Therefore, the conserved vector associated

with multiplier Λ1 is

T t = u,

T x = −uux −
1

2
ωu2.

We now compute the conservation law for the second multiplier Λ2 = eωx. Thus we

consider

Λ2(t, x, u){ut − ωuux − u2
x − uuxx} = DtT

t +DxT
x (4.103)

and so we have

eωx{ut − ωuux − u2
x − uuxx} = DtT

t +DxT
x.

Expanding the above equation, we have

eωx{ut − ωuux − u2
x − uuxx} = T tt + utT

t
u + T xx + uxT

x
u + uxxT

x
ux .

Splitting the above equation on the second derivatives of u, we have

uxx : T xux = −ueωx, (4.104)
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rest : T tt + utT
t
u + T xx + uxT

x
u = eωx{ut − ωuux − u2

x}. (4.105)

Integrating equation (4.104) with respect to ux gives flux

T x = −uuxeωx + E(t, x, u),

where E(t, x, u) is a function of t, x and u. Consequently, equation (4.105) becomes

T tt + utT
t
u − uuxωeωx + Ex + uxEu − u2

xe
ωx = eωx{ut − ωuux − u2

x}.

Simplifying the above equation further and splitting it on the derivative of u yields

ut : T tu = eωx, (4.106)

ux : Eu = 0, (4.107)

rest : T tt + Ex = 0. (4.108)

Solving equation (4.106) produces

T t = ueωx + F (t, x),

where F (t, x) is an arbitrary function of t and x. Equation (4.107) then gives

E = E(t, x),

where E(t, x) is a function depending on t and x. We set E(t, x) = F (t, x) = 0 due

to the fact that they contribute to the trivial part of the conserved vectors and so

equation (4.108) is satisfied. Thus, the conservation law for the second multiplier Λ2

is

T t = ueωx,

T x = −uuxeωx.

Remark: It should be noted that the multiplier Λ1 = 1 tells us that the nonlinear

advection-diffusion equation (4.34) is itself a conservation law.

88



4.3.2 Conservation laws of (4.2) using Ibragimov’s method

In this subsection we construct conservation laws of the three cases of the generalized

nonlinear advection-diffusion equation using the new conservation theorem due to

Ibragimov [48].

Case 1. n6= 1/2, 1

We first derive the conservation laws of equation (4.2) when n 6= 1/2, 1 by determin-

ing its adjoint equation using the formula

F ∗ ≡ δ

δu

{
v
(
ut − ωunux − u2

x − uuxx
)}

= 0, (4.109)

where v = v(t, x) and the Euler-Lagrange operator δ/δu is defined as

δ

δu
=

∂

∂u
−Dt

∂

∂ut
−Dx

∂

∂ux
+D2

t

∂

∂utt
+D2

x

∂

∂uxx
+DxDt

∂

∂utx
− · · · ,

with the total derivatives Dt and Dx being given by

Dt =
∂

∂t
+ ut

∂

∂u
+ vt

∂

∂v
+ utt

∂

∂ut
+ vtt

∂

∂vt
+ utx

∂

∂ux
+ vtx

∂

∂vx
+ · · · ,

Dx =
∂

∂x
+ ux

∂

∂u
+ vx

∂

∂v
+ uxx

∂

∂ux
+ vxx

∂

∂vx
+ uxt

∂

∂ut
+ vxt

∂

∂vt
+ · · · .

Simplification of equation (4.109) gives the adjoint equation

F ∗ ≡ −vt + ωunvx − uvxx = 0. (4.110)

Considering equation (4.2) and its adjoint (4.110), we obtain the Lagrangian of the

equation as

L = v
(
ut − ωunux − u2

x − uuxx
)
. (4.111)

According to the Lagrangian (4.111) and the formula in equation (1.58), then the

expanded formulae for computing the conserved vectors corresponding to an infinites-

imal generator are

Ct = τL+W 1 ∂L
∂ut

+W 2 ∂L
∂vt

, (4.112)

Cx = ξL+W 1

[
∂L
∂ux
−Dx

∂L
∂uxx

]
+Dx

(
W 1
) ∂L
∂uxx

. (4.113)

89



We recall that (4.2) has three symmetries

X1 =
∂

∂t
, X2 =

∂

∂x
and X3 = t

∂

∂t
+

n− 1

2n− 1
x
∂

∂x
− 1

2n− 1
u
∂

∂u
.

Let us first take into consideration the infinitesimal generator X1. We easily note

that the extension of the generator X1 is the same translation symmetry X1 = ∂/∂t.

In order to obtain the value of λ we apply the equation

X(F ) = λ(F ),

which produces λ = 0. Again, we observe that

Dt(τ) = 0.

Applying (1.56), we obtain η∗ = 0. Consequently, the operator admitted by the

adjoint equation (4.110) is

Y =
∂

∂t
.

We now use the above value of generator Y together with (1.60) to compute the Lie

characteristic functions which are

W 1 = −ut and W 2 = −vt.

Therefore, the conserved vectors for equations (4.2) and (4.110) corresponding to the

infinitesimal generator X1 = ∂/∂t can be obtained by using the values of Ct and Cx

in (4.112) and (4.113). Thus the following conserved vectors for the generator are

obtained:

Ct = −ωunvux − vu2
x − uvuxx,

Cx = ωunvut + vuxut − uvxut + uvutx.

Similarly, we generate the conserved vector corresponding to the infinitesimal gen-

erator X1 = ∂/∂x. In this case we have the Lie characteristics W 1 = −ux and

W 2 = −vx and so the conserved vector stipulated by applying (4.112) and (4.113)

gives

Ct = −vux,
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Cx = vut − uvxux.

We now consider the third infinitesimal generator

X3 = t
∂

∂t
+

n− 1

2n− 1
x
∂

∂x
− 1

2n− 1
u
∂

∂u
, (4.114)

admitted by the generalized nonlinear advection-diffusion equation (4.2). The pro-

longation of X to the derivatives involved in the advection-diffusion equation is of

the form

X3 = t
∂

∂t
+

n− 1

2n− 1
x
∂

∂x
− 1

2n− 1
u
∂

∂u
+ ζt

∂

∂ut
+ ζx

∂

∂ux
+ ζxx

∂

∂uxx
, (4.115)

where ζt, ζx are as defined in (1.15) and ζxx in (1.16). Hence their values are given

as

ζt =
−2n

2n− 1
ut, ζx =

−n
2n− 1

ux and ζxx = −uxx, (4.116)

which makes the equation (4.115) become

X3 = t
∂

∂t
+

n− 1

2n− 1
x
∂

∂x
− 1

2n− 1
u
∂

∂u
− 2n

2n− 1
ut

∂

∂ut
− n

2n− 1
ux

∂

∂ux
− uxx

∂

∂uxx
.

Thus, application of equation (1.57) produces

λ = − 2n

2n− 1
. (4.117)

We also note that by applying equation (1.56), we obtain

η∗ = −
(
n− 2

2n− 1

)
v. (4.118)

The values of Dt and Dx are

Dt(τ) = 1 and Dx =
n− 1

2n− 1
.

Therefore the extension (1.55) of the operator (4.114) to v put up the form

Y = t
∂

∂t
+

n− 1

2n− 1
x
∂

∂x
− 1

2n− 1
u
∂

∂u
− n− 2

2n− 1
v
∂

∂v
. (4.119)

One can obviously verify that it is admitted by (4.2) and (4.110). Subsequently, from

(1.60) the Lie characteristic functions become

W 1 = − 1

2n− 1
u− tut −

n− 1

2n− 1
xux and W 2 = − n− 2

2n− 1
v − tvt −

n− 1

2n− 1
xvx.
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Thus, the conserved vector for the equation (4.2) and (4.110) corresponding to the Lie

operator X3 can then be obtained by using (4.112) and (4.113). Hence the conserved

vectors are

Ct = −ωtvunux − tvu2
x − tuvuxx −

1

2n− 1
uv − n− 1

2n− 1
xvux,

Cx =
n− 1

2n− 1
xvut +

1

2n− 1
ωun+1v + ωtunvut +

1

2n− 1
uvux

+ tvuxut −
1

2n− 1
u2vx − tuvxut −

n− 1

2n− 1
xuvxux +

1

2n− 1
uvux

+ tuvutx +
n− 1

2n− 1
uvux.

Case 2. n6= 1/2

We now compute the conservation laws of equation (4.20) by determining its adjoint

equation using the well-known formula

F ∗ ≡ δ

δu

{
v
(
ut − ωu1/2ux − u2

x − uuxx
)}

= 0, (4.120)

which yields the adjoint equation of (4.20) as

F ∗ ≡ −vt + ωu1/2vx − uvxx = 0. (4.121)

Now considering equation (4.20) as well as its adjoint (4.121), we then obtain the

Lagrangian of (4.20) as

L = v
(
ut − ωu1/2ux − u2

x − uuxx
)
. (4.122)

We recall that equation (4.20) has the following Lie point symmetries:

X1 =
∂

∂t
, X2 =

∂

∂x
and X3 = x

∂

∂t
+ 2u

∂

∂u
.

We first consider the symmetry generator X1 = ∂/∂t. We note that the extension

of the generator X1 to the new variable v produces the same translation symmetry

X1 = ∂/∂t. In order to obtain the value of λ we apply the equation (1.57) which

gives λ = 0. We observe that Dt(τ) = 0 and so η∗ = 0. Eventually, the operator

admitted by the adjoint equation (4.121) is

Y =
∂

∂t
.
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Using the above value of operator Y together with (1.60) to obtain the Lie charac-

teristic functions we have

W 1 = −ut and W 2 = −vt.

Hence, the conserved vectors for equations (4.20) related to the Lie symmetry X1 =

∂/∂t can be established using the values of Ct and Cx. Thus, the conserved vectors

for the operator are

Ct = −ωu1/2vux − vu2
x − uvuxx,

Cx = ωu1/2vut + vuxut − uvxut + uvutx.

Likewise, we compute the conserved vector related to the Lie operator X1 = ∂/∂x.

In this case we obtain the Lie characteristics W 1 = −ux and W 2 = −vx and so the

conserved vectors acquired by applying equations (4.112) and (4.113) are

Ct = −vux,

Cx = vut − uvxux.

We next take the scaling Lie symmetry generator

X3 = x
∂

∂x
+ 2u

∂

∂u
, (4.123)

admitted by the equation (4.20) and subsequently extend it to another variable v.

The prolongation of the above symmetry to the derivatives involved in the generalized

nonlinear advection-diffusion equation with n = 1/2 is of the form

X3 = x
∂

∂x
+ 2u

∂

∂u
+ 2ut

∂

∂ut
+ ux

∂

∂ux
.

We now use the equations (1.57) and (1.56) to obtain the values of λ and η∗ respec-

tively, and so λ = 2 and η∗ = −3v. We equally note that Dt(τ) = 0 and Dx(ξ) = 1.

Hence, the extension (1.55) of the generator to v is of the form

Y = x
∂

∂x
+ 2u

∂

∂u
− 3v

∂

∂v
. (4.124)

Using equation (1.60), the Lie characteristics functions become

W 1 = 2u− xux and W 2 = −3v − xvx.
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Finally, from equations (4.112) and (4.113) we obtain the conserved vectors Ct and

Cx which corresponds to the above scaling symmetry and satisfies the conservation

equation Dt(C
t) +Dx(C

x) = 0. Therefore the required conserved vectors are

Ct = 2uv − xvux,

Cx = xvut − 2ωu3/2v − 3uvux + 2u2vx − xuuxvx.

Case 3. n=1

Conclusively, we generate the conservation laws of equation (4.34) by first obtaining

its adjoint equation using

F ∗ ≡ δ

δu

{
v
(
ut − ωuux − u2

x − uuxx
)}

= 0. (4.125)

The above equation produces the adjoint equation of (4.34) which is

F ∗ ≡ −vt + ωuvx − uvxx = 0. (4.126)

We note that considering equation (4.34) and its adjoint (4.126), we have the La-

grangian of (4.34) to be

L = v
(
ut − ωuux − u2

x − uuxx
)
. (4.127)

We equally note that equation (4.34) has the following translational and scaling

symmetries:

X1 =
∂

∂t
, X2 =

∂

∂x
and X3 = t

∂

∂t
− u ∂

∂u
.

In the first place, we consider the infinitesimal generator X1 = ∂/∂t of (4.34). We

see that extending X1 to the new variable v gives the same translation symmetry

X1 = ∂/∂t. In a bid to determine the value of λ we use the equation (1.57) so that

we obtain λ = 0. We observe that Dt(τ) = 0 and so η∗ = 0. Consequently, the

operator that is being admitted by the adjoint equation (4.126) is

Y =
∂

∂t
.

We now use the above equation together with (1.60) to obtain the values of W 1 and

W 2 which are

W 1 = −ut and W 2 = −vt.
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Therefore, the conservation law for (4.34) correlating to the translational symme-

try X1 = ∂/∂t using the formula of Ct and Cx in equations (4.112) and (4.113)

respectively yields

Ct = −ωuvux − vu2
x − uvuxx,

Cx = ωuvut + vuxut − uvxut + uvutx.

Correspondingly, we generate the conserved vector rendered to the Lie point sym-

metry X1 = ∂/∂x. In this case we have the Lie characteristics W 1 = −ux and

W 2 = −vx, having realized that Dx(ξ) = 0. Therefore, the conserved vectors ob-

tained by applying equations (4.112) and (4.113) produce

Ct = −vux,

Cx = vut − uvxux.

Finally, we consider the scaling symmetry generator

X3 = t
∂

∂t
− u ∂

∂u
, (4.128)

admitted by the nonlinear advection-diffusion equation (4.34) and then extend it to

a new variable v. The prolongation of X3 in (4.128) to the derivatives included in

the equation (4.34) is of the form

X3 = t
∂

∂t
− u ∂

∂u
− 2ut

∂

∂ut
− ux

∂

∂ux
− uxx

∂

∂uxx
.

Using equations (1.57) and (1.56) in order to obtain the values of λ and η∗ respec-

tively, we have λ = −2 and η∗ = v. We note that Dt(τ) = 1 and Dx(ξ) = 0 and the

extension (1.55) of the generator to v has the form

Y = t
∂

∂t
− u ∂

∂u
+ v

∂

∂v
.

Applying equation (1.60), the Lie characteristics functions W 1 and W 2 then become

W 1 = −u− tut and W 2 = v − tvt.

Therefore, the conserved vector for the equations (4.34) and (4.126) relating to the

infinitesimal generator X3 of the nonlinear advection-diffusion equation (4.34) can
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now be obtained by the application of the formulae in (4.112) and (4.113). Hence

the conserved vectors found are

Ct = −uv − ωtuvux − tvu2
x − tuvuxx,

Cx = ωu2v + 2uvux − u2vx + ωtuvut + tvutux − tuvxut + tuvutx.

4.4 Concluding remarks

In this chapter we studied the generalized nonlinear advection-diffusion with power

law nonlinearity (4.2). The analysis of the equation prompted three different cases

for n. For each case Lie point symmetries were computed and then used to construct

an optimal system of one-dimensional subalgebras. Thereafter symmetry reductions

and group-invariant solutions were obtained based on these optimal systems of one-

dimensional subalgebras. Moreover, for each case conservation laws were derived by

two differential approaches: the multiplier method and the conservation theorem due

to Ibragimov.
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Chapter 5

Concluding remarks

Many of the real-world physical systems of fluid mechanics, material science, elas-

ticity, thermodynamics, biology, gas dynamics and so on are modelled by nonlinear

partial differential equations. It is therefore of importance to study such systems

with a view to finding their exact solutions and conservation laws. Thus, in this

dissertation we have studied two nonlinear partial differential equations namely the

modified equal-width and the nonlinear generalized advection-diffusion equations.

In Chapter one we presented the relevant literature which was used in this disserta-

tion. Various methods for finding the exact solutions of nonlinear partial differential

equations were described and different methods for deriving conservation laws were

discussed.

Chapter two studied the potential Burgers equation as an illustrative example. We

obtained the Lie point symmetries of the equation, computed the commutator table

for the symmetries and generated the one-parameter groups for them. We later

found group-invariant solutions including the travelling wave solution of the potential

Burgers equation. Moreover, we derived the conservation laws for the equation using

the multiplier approach.

In Chapter three we examined the modified equal-width equation by first computing

the infinitesimal generators of the equation. We proceeded into using the obtained
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generators to construct an optimal system of one-dimensional subalgebras. More-

over, the utilisation of the optimal system of one dimensional subalgebras, symmetry

reductions and new group-invariant solutions of the modified equal-width equation

(3.1) were presented. The solutions obtained were cnoidal and snoidal waves. We also

derived the conservation laws of the modified equal-width equation using the mul-

tiplier approach, which resulted in two multipliers and consequently, two conserved

vectors. Furthermore, we employed Noether’s theorem to obtain the conservation

laws of the equation which made it possible to generate one local and two nonlocal

conserved vectors of the equation.

In Chapter four, the generalized nonlinear advection-diffusion equation was investi-

gated, in which we had to consider three cases depending on the values of the parame-

ter n. Lie symmetry analysis for each case was performed in which the Lie symmetries

found were utilised for constructing the optimal system of one-dimensional subalge-

bras in each case. Furthermore, we engaged the optimal system of one-dimensional

subalgebras to obtain the symmetry reductions, group-invariant solutions as well as

the travelling wave solutions in all the cases. In addition, we then derived the con-

servation laws of the cases by applying the multipliers method as well as the new

conservation theorem due to Ibragimov.

In future work, we plan to use the conservation laws obtained here to construct exact

solutions for the partial differential equations studied in this dissertation.
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