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Abstract

In this work we examine two nonlinear partial differential equations of fluid mechan-
ics. The modified equal-width (MEW) equation, which is used in handling the sim-
ulation of a single dimensional wave propagation in nonlinear media with dispersion
process, is studied first. We compute the optimal system of one-dimensional subalge-
bras and then use it to perform symmetry reductions and obtain group-invariant so-
lutions. Also, we derive conservation laws of the MEW equation using the multiplier
approach and the Noether theorem. Secondly we study the generalized nonlinear
advection-diffusion equation, which describes the movement of a buoyancy-driven
plume in an inclined porous medium. We consider three cases of n and in each case,
we construct optimal system of one-dimensional subalgebras using the computed Lie
point symmetries and then obtain symmetry reductions and group-invariant solutions
based on these optimal systems of one-dimensional subalgebra. In addition, we de-
termine the conservation laws of the equation by employing the multiplier approach

and the new conservation theorem due to Ibragimov.
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Introduction

For many years nonlinear partial differential equations (NLPDEs) have proven to be
indispensable in modelling various nonlinear multidimensional systems which are
present in numerous and varied natural phenomena. In recent years, many re-
searchers have continuously explored the study of NLPDEs since they are funda-
mental to the understanding of the complex behaviours of these systems. Nonlinear

equations are observed to be of great importance to this our contemporary world.

In view of the aforementioned, many methods of importance have been developed
by notable scientists for generating exact solutions of NLPDEs. These include
the ansatz method [1], the homogeneous balance method [2], the Backlund trans-
formation [3], the inverse scattering transform method [4], the Darboux transfor-
mation [5], the simplest equation method [6], the Hirota bilinear method [7], the
(G'/G)—expansion method [8], the Kudryashov method [9], the Jacobi elliptic func-
tion expansion method [10] and also the Lie symmetry method [11-16], to mention

but a few.

Sophus Lie, a brilliant Norwegian mathematician in the late nineteenth century, de-
veloped an important revolutionary symmetry-based method for generating solutions
to differential equations, popularly known today as Lie group analysis. This in turn
has made it possible to obtain exact solutions to differential equations in a more
systematic way. A highly robust amount of research which is based on Lie’s work

has been published by a number of researchers [11-19].

It is observed that conservation laws are established and entrenched laws of nature

which have been experienced by many researchers in manifold scientific fields. Some



of the conservation laws that are common in this respect are conservation of electric
charge, conservation of linear momentum in an isolated system, the conservation
of mechanical energy in the absence of dissipative forces, conservation of energy
and many more. Moreover, in the field of applied mathematics, conservation laws
are paramount in determining the extent to which the integrability of differential
equations is ascertained, reduction and solutions of partial differential equations,
development of numerical schemes, amongst others. For example, we can see that

in [20-27] and the references contained therein.
The outline of this dissertation can simply be stated as follows:

In Chapter one, we give a brief presentation of some important preliminaries regard-
ing Lie point symmetries, the extended Jacobi elliptic function expansion method,
(G'/G)—expansion method, the Kudryashov method, Noether’s theorem, multiplier

approach and the conservation theorem due to Ibragimov.

In Chapter two, we study the potential Burgers equation as an illustrative exam-
ple. Firstly, we compute Lie point symmetries and then use them to construct the
commutator table. Furthermore, we obtain the one-parameter groups of the gener-
ated symmetries. We then compute the group-invariant solutions of the potential
Burgers equation and thereafter find the travelling wave solution of the equation.
Conclusively, we derive the conservation laws of the equation using the multiplier

approach.

In Chapter three, we obtain infinitesimal generators of the modified equal-width
(MEW) equation and then utilise the generators to construct an optimal system
of one-dimensional subalgebras. Thereafter, we use the optimal system of one-
dimensional subalgebras to obtain symmetry reductions as well as the group-invariant
solutions of the modified equal-width equation which are the cnoidal and snoidal wave
solutions of the equation. Penultimately, conservation laws are to be derived by the
application of the multiplier approach and thereafter we use Noether’s theorem also

to obtain the conservation laws of the equation.

In Chapter four, we study the generalized nonlinear advection-diffusion equation



with power law nonlinearity. The analysis of the equation prompts three different
cases for n. For each case, we compute Lie point symmetries and then use them
to construct optimal system of one-dimensional subalgebras. Thereafter, we obtain
symmetry reductions and group-invariant solutions based on these optimal systems
of one-dimensional subalgebras. Moreover, for each case we derive conservation laws
by two differential approaches: the multiplier method and the conservation theorem

due to Ibragimov.

In Chapter five, a summary of results discussed in the dissertation is provided and

future work is proposed.

Bibliography is given at the end of this dissertation.



Chapter 1

Preliminaries

In this chapter we present, very briefly, some basic concepts of Lie’s theory which we
will utilise in our dissertation. We also give some methods for finding exact solutions
and deriving the conservation laws for the nonlinear partial differential equations to

be studied in the dissertation.

1.1 Introduction

Marius Sophus Lie (1842-1899), a renowned and distinguished Norwegian mathemati-
cian in the later part of the nineteenth century developed a revolutionary symmetry-
based method for obtaining solution to differential equations. This developed method
is popularly known today as Lie group analysis which gives a more systematic and
robust way of generating the exact solutions of differential equations. In recent times,
several books based on Lie group analysis have been published, see [11-15]. Thus,
many definitions and results that are presented in this Chapter are taken from the

above-mentioned books.



1.2 Continuous one-parameter groups

Suppose x = (z!,--- ,2") is the independent variable with coordinates z' and u =
(u',---,u™) is the dependent variable with coordinates u® (n and m finite). We

consider the following change of the variables  and w:
T,: 7" = f'(z,u,a), @ = ¢*(z,u,a), (1.1)
where a is a real parameter which continuously takes values from a neighbourhood

D'cDCRofa=0,and f* and ¢* are differentiable functions.

Definition 1.1 A continuous one-parameter (local) Lie group of transformations in
the space of variables x and w is a set G of transformations (1.1) which satisfies the

following properties:

(i) If T,, T, € G where a,b € D' C D then T, T, = T. € G, ¢ = ¢(a,b) € D
(Closure)

(ii) Tp € G if and only if @ = 0 such that Ty T, = T, Ty = T, (Identity)
(iii) There exists T, € G, a € D' C D, T, ' =T,-1 € G, a~! € D such that

ToTy— =Ty T, =T, (Inverse)

We note that from (i) the associativity property is satisfied. The group property (i)

can be written as

K

fz( ) U b) = fi<z>ua gb(a,b)),
u® ¢“(z,u,b) = ¢%(x,u, d(a,b)) (1.2)

and the function ¢ is called the group composition law. A group parameter a is

called canonical if the group composition law is additive, i.e. ¢(a,b) = a + b.

Theorem 1.1 For any composition law ¢(a, b), there exists the canonical parameter

a defined by



where

1.3 Prolongation of point transformations and group

generator

The derivatives of u with respect to x are defined as

ui = Di(u®), wujy; = Di(uj) = D;D;(u”),---, (1.3)

% i

where the operator of total differentiation is defined by

0 0 0
Di= — bt T =1, 1.4
oxt T ou® U 8u]0-‘ + ¢ " (1.4)

The collection of all first derivatives uf is denoted by u), i.e.,

ugy ={uf} a=1,..m, i=1 ..n
Similarly
U(2) :{u%} o = 1,...,7’)7,, Z,j: 1,_._777/

and ug) = {uf,} and likewise u(y etc. Since uf; = uf;, ue) contains only ug; for

i < j. In the same manner w3 has only terms for i < j < k.

In group analysis all variables x,u,u()--- are considered functionally independent
variables connected only by the differential relations (1.3). Therefore the u are

called differential variables.
Considering a pth-order PDE, namely

E(x,u,ugy, ..., up)) = 0. (1.5)

1.3.1 Prolonged or extended groups

If z = (z,u), one-parameter group of transformations G is

ji:fi($7u7a)) fi|a:0:xi7



u® = ¢%(x,u,a), ¢*a=0 = u®. (1.6)

According to the Lie’s theory, finding the symmetry group G is equivalent to the

determination of the corresponding infinitesimal transformations:
Tt al(x,u), @ ~u®+an®(v,u) (1.7)

obtained from (1.1) by expanding the functions f and ¢* into Taylor series in a

about a = 0 and also taking into account the initial conditions
fi{a:[) ::L‘iv ¢a|a:0 :Ua.

Consequently, we have

_or

. a «
Ewu= | -
a=0

n* (v, u) %

(1.8)

a=0
We now introduce the symbol of the infinitesimal transformations by writing (1.7)

as
T~ (1+aX)r, @*=~(1+aX)u,

where the differential operator

X = £l<x7u) 0

(@)

e (1.9)

is known as the infinitesimal operator or generator of the group G. We say that X

is an admitted operator of (1.5) or X is an infinitesimal symmetry of equation (1.5),

if the group G is admitted by (1.5).
We now show how the derivatives are transformed.

The D; transforms as
D; = Di(f")D;, (1.10)
where Dj is the total differentiations in transformed variables 7. So

u = Dj;(u®), uy = Dj(ugt) = Di(u),--- .

)



Let us now apply (1.10) and (1.6)

Di(¢") = Di(f7)D;(a")
= Dy(f7)us. (1.11)
Thus
8fj ,Baf] —o 8¢a ﬂa¢a
((’%i + u; W)uj = —|—uiw. (1.12)

The quantities u§ can be represented as functions of z, u, u(;), for small a, i.e., (1.12)

is locally invertible:

«

uy =Pz, uumy,a), VYo = uy. (1.13)

The transformations in (z, u, u(1)) space given by (1.6) and (1.13) form a one-parameter
group called the first prolongation or just extension of the group G and denoted by
Gl

We now let
u; = ug + ag (1.14)

be the infinitesimal transformation of the first derivatives so that the infinitesimal
transformation of the group G is (1.7) and (1.14). Higher-order prolongations of
G, viz., G Gl can be obtained by derivatives of (1.11).

1.3.2 Prolonged generators

Using (1.11) together with (1.7) and (1.14) we obtain

Di(f7)(@§) =

Di(2? + a&’)(u§ + aCf) =
uf + a4+ aul Dg =

G =

D;(¢%)
D;(u® + an®)
uy + aDin®

Di(n®) — u§Dy(&7),

(sum on j).

(1.15)



This is called the first prolongation formula. Similarly, one can obtain the second

prolongation

5 = Di(n) —ugDi(€"), (sum on k). (1.16)

]
By induction (recursively)

Cglg ..... i Dip(gr,z‘z,...,ip,l) _U?l,ig,...,ip,ljDip(fj)v (sum on j). (1.17)

The first and higher prolongations of the group G form a group denoted by GIY, - - . | GIP!.

The corresponding prolonged generators are

0
x = X+Cf‘ﬁ (sum on i, @),
U;

X~ xlbil oy o > 1 1.18
+ T11ye-ny ip auzal """" ip p — Y ( )
where
X = €0 )4 ) (1.19)
1.4 Group admitted by a PDE
Definition 1.2 The vector field
X = &(z,u) 0 +n* (2, u)=— (1.20)
- ) al’l 77 ) aua7 .
is a Lie point symmetry of the pth-order PDE (1.5), if
XPE,_ =0, (1.21)

where the symbol |,_, means evaluated on the equation £ = 0.

Definition 1.3 An equation (1.21) that determines all the infinitesimal symmetries

of (1.5) is called the determining equation.



Definition 1.4 A one-parameter group G of continuous transformations (1.1) is
called a symmetry group of equation (1.5) if (1.5) is form-invariant (has the same

form) in the new variables Z and ¢, i.e.,
E(z,u,uq), - ,Up) =0, (1.22)

where the function F is the same as in equation (1.5).

1.5 Group invariants

Definition 1.5 A function F(x,u) is called an invariant of the group of transfor-

mation (1.1) if
F(z,u) = F(f'(z,u,a), ¢*(x,u,a)) = F(z,u), (1.23)

identically in x, v and a.

Theorem 1.2 A necessary and sufficient condition for a function F'(z,q) to be an

invariant is that

OF
+n°‘(m,u)% =0. (1.24)

~ OF
X F=¢&(z,u) o

It follows from the above theorem that every one-parameter group of point transfor-

mations (1.1) has n — 1 functionally independent invariants. One can take, as basic

invariants the left-hand side n — 1 first integrals
Jl(xv U,) =C1y Jn—1<x7> = Cp—1

of the characteristic equations

dz! B dz"™ B dut B B du™

Er,u)  enu) pieu) p(ra)

Theorem 1.3 If the infinitesimal transformation (1.7) or its symbol X is given, then

the corresponding one-parameter group G is obtained by solving the Lie equations
dz’ : du®

=&z, 0), — =n%x,a 1.25

), S =) (1.25)

subject to the initial conditions

i _ a _
T {a:[) =z, uW,_,=u.

10



1.6 Lie algebra

Let us consider two operators X; and X5 defined by

) 6 « 8
Xl = 51(1:7“)% + m ('T,U)%

and

; 0 N 0
Xy = 52(x,u)% + 75 (x,u)%

Definition 1.6 The commutator of X; and X5, written as [X;, X5], is defined by
(X1, Xo] = X1(X3) — Xo(X7).

Definition 1.7 A Lie algebra is a vector space L (over the field of real numbers) of

0 0
+n(x, u)a— with the following property. If the operators
u

operators X = £i(x,u)a ,
xZ

A 0 0
X2 = fé(:v,u)— + 77(21(%“)_

‘ 0
X1 =& (z,u) 5~ +ni(z,u) ox’ du

ozt ou’

are any elements of L, then their commutator
[X1, Xo] = X1 (Xs) — Xo(X)
is also an element of L. It follows that the commutator is
1. Bilinear: for any X,Y, 7 € L and a,b € R,
laX +bY, Z] = alX, Z] +b]Y, Z], [X,aY +0Z] = a[X,Y] + b|X, Z];
2. Skew-symmetric: for any X, Y € L,

(X, Y] = —[¥, X];

3. and satisfies the Jacobi identity: for any XY, Z € L,

HXv Y]>Z] + [[Ya Z]>X] + HZ’XLY] =0.

11



1.7 Solution methods of differential equations

In this section, we give a brief presentation of some methods for obtaining exact

solutions of differential equations.

1.7.1 The (G'/G)—expansion method

We give a compendium of the cogent features of the (G’/G)—expansion method.
This method was introduced by Wang et al. [8] in the year 2008. In this method, the
function G satisfies a second-order linear ordinary differential equation with constant
coefficients. This method presents travelling wave solutions that are expressed as
trigonometric, rational and hyperbolic functions. The (G’/G)—expansion method is
a method that can simply be applied on nonlinear differential equations. Consider a
NLPDE of the form

B, g, Wy Wty Uty Uy~ ) = 0. (1.26)

Firstly we transform the NLPDE (1.26) to a nonlinear ordinary differential equation
(ODE) by making use of the substitution

u(t,z) =U(¢), ¢=x—ct, (1.27)

where ¢ is a constant. Using the above substitutions, equation (1.26) then transforms

into the nonlinear ODE
EWU,—-cU U, U",—cU",U",---) = 0. (1.28)

Secondly we assume that

U6) =Y A (gggg ) (1.29)

where Ay, Ay, -+ A, are to be determined. The balancing procedure [2] is used to
obtain the value of m, a positive integer. Here G(¢) satisfies the second-order linear
homogeneous ODE

G"(6) + AG'(6) + nG(6) = 0, (1.30)

where A and p arbitrary constants. In equation (1.29) (G'/G) is given by

12



Case 1. When M = X2 — 41, >0

G'(¢) A Acosh(A;¢) + Bsinh(A1¢) A (1.31)
G(¢)  “'Asinh(A,0) + Beosh(A¢) 2 '
where Ay = /M /2.
Case 2. When M = X2 —4u <0
G'(¢) _ , —Asin(Ay9) + Beos(Az9) A
G(p) A2 Acos(Agp) + Bsin(Agp) 27 (12)
where Ay = /—M /2
Case 3. When M = \2 —4u =0
Glo)__B _AX (1.33)

G(¢) Bop+A 2

In all the three cases mentioned above, A, B and C' are arbitrary constants. The
substitution of the value of U(¢) in equations (1.29) and (1.30) into (1.28) produces
a polynomial in (G'/G)’. Conclusively, equating the coefficients of (G'/G)" to zero
and then solving the resultant system of algebraic equations yields the required values

of Az

1.7.2 The extended Jacobi elliptic function expansion method

We give a synoptic outline of the Jacobi elliptic function expansion method which is
another algorithm for deducing the exact solutions of differential equations. There
has being an extensive literature, out of which some date back to several decades,
covering various aspects of Jacobi elliptic functions [28-31] as to their interrelation-
ships, derivation and applications. Many researchers [10,32,33] in recent times have
utilised the properties of some of these elliptic functions in determining exact solu-

tions of differential equations.

The procedure involved in applying the extended Jacobi elliptic function expansion
method is explained as follows: Firstly the NLPDE (1.26) is transformed into the
nonlinear ODE (1.28).

13



Secondly, we assume that our solutions can be expressed in the form
M
Ug)= > AH(9), (1.34)
i=—M
where a positive integer M is obtained by the balancing procedure and

H(¢) = cn(olw), (1.35)

the cosine-amplitude function, is a solution to the first-order ODE [?,28]

H'(¢) = —V/(1 = H*(9))(1 — w + wH?(9)), (1.36)

and the sine amplitude function
H(z) = sn(¢|w) (1.37)

is a solution to the first-order ODE

H'(¢) = /(1 — H*(9))(1 - wH?(9)). (1.38)

The third step of our procedure includes substituting the value of U(¢) in equation
(1.34), which can be subjected to either equation(1.36) or (1.38), into equation (1.28)
in order to obtain a polynomial in powers of H(¢). Separating involved coefficients
with respect to like powers of H(¢) produces an algebraic system of equations. These

can then be solved to find the values of A;, with ¢=0,+1,+2,---+ M.

1.7.3 The Kudryashov method

This method is used in obtaining exact solutions of NLPDEs and it is as well de-

scribed in [9]. It can also be seen, for example, in the papers [34, 35].

Consider the NLPDE
El(t7x7u7ut7uxvutt7uxxu"') = 0. (139)

We recall the algorithm involved in Kudryashov method as follows:

14



Step 1. The substitution u(z,t) = U(¢), ¢ = kx + wt, with constants k and w,

transforms equation (1.39) to the ordinary differential equation
Ey(U,wU' kU, W*U" K*U",---) = 0. (1.40)

Step 2. Suppose that the exact solutions of equation (1.40) is presented as

N
U(g) =) a.Q"(9), (1.41)

n=0
where a,, (n =0,1,2,--- | N) are constants to be determined, such that ay # 0, and

Q(¢) becomes the solution of the first-order nonlinear ODE

Qs(0) = Q*(9) — Q¢). (1.42)

Thus, equation (1.42) has the solution

Q(¢) = : (1.43)

Step 3. Next we substitute the value of U(¢) into equation (1.40) and then use

equation (1.42) to generate an equation which involves the powers of Q.
Step 4.
Equating various powers of () to zero yields the system of algebraic equations

Pn(aNaa'Nfla"'7a07k'7w7"'):07 (n:O,,N) (144)

Step 5. Finally, the solution of the system of algebraic equations produces the values
of coefficients ag, ay, -+ ,an_1,ay and relations for parameters of equation (1.40).
Consequently, we obtain exact solutions of equation (1.40) in the form expressed in

equation (1.41).

1.8 Conservation laws

Conservation laws originate from the field of Physics [36]. They are of immense

importance because conservation laws give physical and conserved quantities for all

15



solutions u(t, z). It can be highlighted that they are useful in assessing the accuracy
and stability of numerical methods for the solutions of partial differential equations.

A local conservation law for a given PDE is a continuity equation
DT"+ D, T* =0,

where T" and T* are respectively the conserved density and the spatial flux functions
of t, x, u and the derivatives of u. D; and D, represent the total derivatives operators
with respect to independent variables t and x respectively. Suppose that there exists
a function @ (¢, x, u, uy, uy, ...) such that the conserved vector (T, T%) = (D, P, —D,P)
holds for every solution u(t, x), then this conservation law is said to be locally equiv-

alent. A nontrivial conservation law can be expressed in a general form as

d
— | T'de = —-T*
dt o X |a\1/>

with ¥ C R a fixed spatial domain.

Conservation laws are important in various fields of applications [37]. Precisely, they
are highly essential in the study of solutions, integrability as well as in developing
numerical solutions for PDEs. In view of this, several systematic approaches have
been developed for calculating conservation laws such as the direct construction
method popularly referred to as multiplier or variational derivatives approach, the

symmetry or adjoint symmetry pair method.

Consider an rth-order system of partial differential equations which contain n in-

dependent variables z = (x',2% -, 2") as well as m dependent variables u =
(u',u?, -+ u™), which are given by
Eo(z,u,uay, @) - ,uey) =0, a=1--- m, (1.45)

with ug; denoting the collection of all i-th-order partial derivatives of u. Moreover,
n-tuple vector which is defined as T = (T, T? ..., T"), T7¢ A, 7 = 1,...,n, (A
is the space of differential functions) is a conserved vector of (1.45) if T satisfies
equation

D;T"|(1.45) = 0. (1.46)
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1.8.1 The multiplier approach

Multiplier approach has been employed by several researchers. See for example [16,
36,38-43]. It is noteworthy that for a given differential system, a local conservation
law arises from a linear combination formed by local multipliers or characteristics
with each of the differential equations in the system, such that the multipliers A, are
functions of the independent and dependent variables and are of a finite number of
derivatives with respect to the dependent variables of the said system of differential

equations.

A multiplier A, (x,u,us,...) has the property that
A E, = D;T" (1.47)

holds identically. The determining equation for the multiplier A,, is

d(AoEy)
e VA0 1.48
5ua Y ( )
where 6 /0u® is the Euler-Lagrange operator
o 0 - 0
— = —-1)°D;,...D;, ——— a=1,...,m. 1.4
(5%04 8uf + ;( ) J1 Js 3“%1...]'5 y & ) , M ( 9)

Once the multipliers have been obtained from (1.48), we can determine conserved

vectors by invoking equation (1.47) as illustrated in [39].

1.8.2 The Noether theorem

The well-known theorem of an eminent and outstanding researcher and mathemati-
cian, Amalia ‘Emmy’ Noether [44] presented in 1918, plays an important fundamental
role in various branches of theoretical physics due to the fact that it provides a highly
straightforward connection between the conservation laws of a physical theory and
the invariances of the variational integral whose Euler-Lagrange equations are the
governing equations of that theory. In recent times, many researchers have applied
Noether’s theorem in various fields such as mechanics, and in finding conservation

laws of PDEs. See, for example [45-47]. It may be said that Noether’s theorem
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has placed the Lagrangian formulation in a position of primacy. Furthermore, the
theorem brought into existence a situation whereby the search for conservation laws
and selection rules have been reduced to a robust systematic study of the symmetries
of a theory as well as the corresponding invariances of its Lagrangian. We begin with
Euler-Langrange equations given as

0 (2

oue — due oug

> =0, a=1,..,m, (1.50)

where we have £(x,u,u1)) as a first-order Lagrangian, that is, it involves the first-
order derivatives w1y = {u$} only, along with the independent variables x = (z!, ..., 2™)
and the dependent variables u = (u, ..., u™).

Noether’s theorem states that suppose that the variational integral with the La-

grangian L£(x,u,u()) is invariant under a group G with a generator defined as

4 0 9]
X =& (x,u,upy, )E)xl +n%(x, u, ug), )%, (1.51)
then the vector field C'= (C',--- ,C™) defined by [45]
Ch = £k 4 (e - D
€ ( Z (g0 ))
(1.52)

L oc
+ § i) - B*
nl wx @ awzkzl

gives a conservation law for the Euler-Langrange equations (1.50), that is, obeys the

equation divC' = Dy (C*) = 0 for all solutions of system (1.45) that is

Di(C*)|(1.45) = 0. (1.53)

Any vector field CF satisfying equation (1.53) is referred to as a conserved vector for
equation (1.45).
1.8.3 The new conservation theorem due to Ibragimov

This relatively new method for generating the conservation laws states a general for-
mula on conservation laws [48] for arbitrary partial differential equations by combin-

ing Lie symmetry operator and adjoint together with formal Lagrangians. Recently,
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this method has been put to use by several researchers, for instance [37,49-51]. The
substance of the new conservation theorem due to Ibragimov is the fact that we
can obtain a conservation law from every Lie generator, Lie-Backlund and non-local
symmetry of a system of differential equations. We consider the system of nonlinear

partial differential equations (1.45) and its adjoint equations given by
EX(xz,u,v,. .., 00), Ue)) = ﬁ(v Ez) =0, (1.54)

where §/6u” is the Euler-Lagrange operator (1.49) and

m new dependent variables v = (v!,...,0™).

Theorem 1.4 Consider a system of m equations (1.45). The adjoint system given
by (1.54), inherits the symmetries of the system (1.45). Namely, if the system (1.45)
admits a point transformation group with an operator (1.20), then the adjoint system

(1.54) admits the generator (1.20) extended to the variable v® by the formula

0 o 0
y=¢ oz’ g e G (1.55)

+n®

with appropriately chosen 7% = n2(z, u,v).
In [48], the coefficients % in (1.55) are given by
nd = —[A507 + v Dy(¢)], (1.56)
where Aj can be computed by utilising the equation
X(E,) = N Ep. (1.57)

We can obtain a conserved vector, for instance, for a third-order Lagrangian by

applying the formula

, . oL oL oL
(e ol = _pD.—— 1+ D.D. [ =
C EL+W 8u§‘ ]au%-l- b k<au%k>—|—
wloc oL W OL
+ D; (W) ous —Dkau%k +... | +D;Dp(W )auijk +eee (1.58)
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where L is the Lagrangian of the system E and E* that is given by
L=v"E, (1.59)
and W¢ is the Lie characteristic function defined as

Wa:no‘—é’ju?‘,azl,...,m. (1.60)

1.9 Concluding remarks

In this chapter, we gave a brief introduction to Lie group analysis. We presented three
solution methods for obtaining the exact solutions of partial differential equations.
Furthermore, a synopsis of three methods for deriving the conservation laws were
discussed. The various techniques deliberated upon in this section will be utilised

throughout this dissertation.
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Chapter 2

Solutions and conservation laws
for the potential Burgers equation:

an illustrative example

In this chapter, we compute the Lie point symmetries of the potential Burgers equa-
tion. We then generate the commutator table for the Lie point symmetries, use Lie
equations to obtain one-parameter group transformations for each of the symmetries
and then utilise the symmetries to obtain the group-invariant solutions of the equa-
tion. Thereafter, we derive the conservation laws of the potential Burgers equation

using the multiplier approach.

2.1 Introduction

The Burgers equation [52] is of considerable physical as well as mathematical interest.
On one hand, it has a wide range of applications in hydrodynamics and other areas
due to the fact that it is the simplest partial differential equation that combines
a description of nonlinear effects with that of dissipative ones. Moreover, from a
mathematical point of view, it is the prototype of an equation that is linearizable

through a direct coordinate transformation. Indeed, the standard form of the Burgers
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equation is
Vp — 200, — VUpe = O. (2.1)
Let

V= Ug.

Substituting the above value of v in equation (2.1) and integrating it with respect to
x, we obtain the potential form of the Burgers equation, called the potential Burgers
equation [14, 53]

Up — U2 — Uy = 0, (2.2)

T

where u = u(t, x).

2.2 Solutions of the potential Burgers equation

In this section we obtain group-invariant solutions of the potential Burgers equation
(2.2) by using its Lie point symmetries. Thus we start by first finding the Lie point

symmetries of the potential Burgers equation (2.2).

2.2.1 Lie point symmetries

The potential Burgers equation (2.2) admits the one-parameter Lie group of trans-

formations with infinitesimal generator

0 0 0
X:T<t,$,u)a+£(t,l’,u)%+ﬁ(t,$,u)% (23)
if and only if

X0 (up — U2 — Uyy) w2 = 0 (2.4)

Here X is the second prolongation of X and is defined as

0 0 0 0 0

X=X +¢G— 2.5
+ Q1 +C2 +<113tt+<128 m+§22aum7 (2.5)

where (; and (, are given by equation (1.15), and (11, (12 and (s are given by

equation (1.16) which can simply be expressed as

G = Di(n) —uDi(T) — uz Di(§),
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G = Di(n) —uwDy(7) — us Dy (§)

and

G = Dt(Cl) - UttDt(T) - Utth(§)7
C12 = Dx(Cl) - uttD:c(T) - Ut:cDx<€)>
CQ2 - Dx(CQ) - utxDJ:(T) - ua:acDx(g)

where the total derivatives D, and D, are given by

0 0 0 0

D, = 8t+ut8 —i—uma +Utta—ut+ (2.6)
0 0 8 0

D, = £+Uxau+uma—%+utxa—m+'”- (2.7)

Thus equation (2.4) becomes

0 0 0 0 0 0
T(t,x,u)a+§(t,x,u)£+7](t,x,u)a +Cl +<2 Ua; +C1167tt
9 0 , B
+C12 Dure + Ca2 3um] <Ut — Uy — Um) ot 0,

which gives

G — 2uCo — Co2 =0. (2.8)

Uge =Ut—u2

Substituting the values of (3, {5 and (29 in equation (2.8), we obtain

N + Uty — UeTy — U?Tu — Uy — Uty §y — 2UgT)y — QUiﬁu + 22U, T,
F2uulT, + 2026, + 203y — Nw — 2UaNpw — UgaTh — UaTuu + 2Ug0s
Fliabar + 205y + Bliagby + UEuu + 2UtaTo + UsTag + 2UglUaToy

= 0. (2.9)

2
FUU g Ty + 2UpUpy Ty + utu$7uu|um:ui_u2
x

By replacing u,, by u; — u2 in the above equation, we obtain
U + UMy — UgTy — U’?Tu - U:cht - utuxgu - 2u:}c77:r - 2“3;% + 2Utuz7—m
20Ul Ty + 20580 4 256y — Naw — 2oy — Ul ~+ UsTly — UnTluu

2 2 2
FU Ty + 2UpUg Toy, + Up Ty — Ul Ty + 2Ugp Uy Ty, + Uty Tyn, = 0. (2.10)
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Since 7, £ and 7 depend only on ¢, x and u, we can split on the derivatives of u to

obtain an overdetermined system of linear homogeneous PDEs:

UtUty - Ty = O,
Uty * T = 0,

Uply & =0,

Uy - Sxx - anu - 27790 - St = 07

(2.11)

(2.12)

(2.13)

U2 Myw+Me =0, (2.14)
(2.15)

wp: o 26, — 1 =0, (2.16)
(2.17)

rest : M — Naz = 0.
From equations (2.11) and (2.12), we obtain
T = a(t),
where a(t) is an arbitrary function of ¢. From equation (2.13), we obtain
§ = b(t, ),

where b(t, x) is an arbitrary function of ¢ and z. Now, by substituting these values

of 7 and £ in (2.16) and integrating with respect to x yields
L,
b(t,z) = 3¢ (t)x + c(t),
where ¢(t) is an arbitrary function of ¢ and so
L,
E=¢(tx) = ¢ (t)x + c(t). (2.18)

Equation (2.14) is a second-order linear homogeneous PDE. Its solution is

n(t,z,u) = at,z) + p(t,x)e ™, (2.19)

where «(t, ) and [B(t, z) are arbitrary functions of ¢ and x. It follows by the substi-

tution of the values of £ and n from equations (2.18) and (2.19) into (2.15) that

an(t, ) = —%la”(t)x ——

24



By integrating the above equation with respect to x, we obtain
]' " 2 ]' /
a(t,x) = —g¢ (t)z — 3¢ (t)x + d(t),
where d(t) is an arbitrary function of ¢ and so
" 2 1 / —u
—g?@ ()2 = St +d(¢) + B(t, z)e™.

Substituting the value of 1 from the above equation in (2.17), we obtain

1 1 1
—ga”’(t):v2 - Ec"(t)x + Zal/(t) +d'(t) + Bi(t,x)e™ — Bra(t, z)e ™ = 0.

Splitting the above equation on e™", we obtain

e Bit,r) — Ber(t,x) =0, (2.20)
1 1 1
rest : —ga"'(t)x2 - éc”(t)x + Za"(t) +d'(t) =0. (2.21)
Splitting equation (2.21) on z, we obtain
22 d"(t) =0, (2.22)
z:  d(t)=0, (2.23)
1

rest : Za"(t) +d'(t) = 0. (2.24)

Integrating (2.22) and (2.23) with respect to () yields, respectively,
1
a(t) = 501# + Cot + C (2.25)

and

where C, Cy, Cs, Cy and Cj are arbitrary constants. It follows from (2.24) and (2.25)
that
1
d(t) = _cht + Cs, (2.27)

where (Y is an arbitrary constant. Hence the general solution of the system

(2.11) to (2.17) is

1
T(t) = §Clt2 + CQt + 03,
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1
f(t, ZL’) = E(Olt + CQ)ZE + C4t + 05,

1 1 1
n(t,z,u) = —gCle — 50430 — ZClt + Cs + B(t,x)e ™,

where the C's are constants and (¢, z) satisfies the heat equation f; = ;. Thus

the Lie point symmetries of the potential Burgers equation are given by

X, = ?;%

X2 = 8_5’

X3 = B

X, = 2t%+x%,

X5 = Qt%—x%,

X; = 4t2%+4tx%—(:c2+2t)(%,
Xp = ﬁ(t,x)e“a%,

which generate a Lie algebra of infinite dimension, where ((t, z) satisfies the heat
equation f; = .. It is worthy of note that potential Burgers equation (2.2) has
an infinite-dimensional Lie algebra of point symmetries and many higher symmetries

[53].

2.2.2 Commutator table for the symmetries

We now calculate the commutation relations for all the symmetry generators. We

first compute [X5, Xg]. By the definition of the Lie bracket, we have

(X2, Xo] = XoXo— X6Xo
0 0 0 0 0 0 0\ 0
= — (4= +dtx— — (22 +20)— | — (4= + dtx— — (2> + 2t)—
é?t( g g Tt )au> ( g g T )au)
0 0 0
= 4X,—2X;.

Proceeding in a similar manner we compute other commutation relations. In a

tabular form, these commutation relations are written as:
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X, X5 | X1 | X, X5 | Xy | X5 | Xe X4
X, 00 0 | X7 | —=Xs | 2X; X,
X, 00 0 |2Xy |2X; |4X,—2X5 | X,
X 010 0 |0 0 0 — X
X, —X, | —2X, 0 |0 X5 | 2Xg Xg
X X3 | —2X, 0 | —=X; |0 0 Xge
X —2X; | 2X5 —4X, |0 | —2X | 0 0 Xgs
Xg — Xs, | — Xg, Xp | —Xp | = Xgo | — Xgs 0

The values of 3!, 3% and /3% in the table above are given by,

pY = xB, +2t5,
ﬂQ = 2tﬂx+$57
B = Atxf, + 428, + (2° + 2t)p.

2.2.3 One-parameter groups of transformations

The corresponding one-parameter group of transformations can be obtained using

the Lie equations

dt _

% = fl(t,x,u), t’a:O = ta

dz

d_z = 52(t,x,u), j’azo =,
D e,

— = T, Ulg=o = u

da ne, x, ) 0

We now compute the one-parameter group of transformations for each Lie point sym-
metry of the potential Burgers equation. For each X;, let T;,. be the corresponding
group. Let us first calculate the one-parameter group corresponding to infinitesimal

generator Xy, namely

0 0
Xy = 2t— 4+ x—.
: ot * ox
Using Lie equations, we have
dt o dx du
= 2t, t’a:() = t, —x = j‘, i’|a:0 =, _U = O, ﬂ|a:0 = U.

i
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Solving the above equations we get
t=te?, T =uxe" u=nu.
Thus the one-parameter group 7, corresponding to the operator X, is given by
T,, : (£, Z,0) — (te*™, ze™, u).

If we continue in the same manner as above, we get the following one-parameter

groups:

T, (t,z,u) — (t,z + a1, u),

T, (t,Z,u) — (t + az, z,u),

Tas (_,:E,ﬂ) — (t,x,u—i—a;;),

Tas (t,2,u) — (t, 2 + 2ast,u — azt — asz),

T, : (Lz1) — ! (1 + 4tag), u +  In(1 — 4tag) zag
L LT, U — ag),u 4+ = In(1 — 4tag) — ———— |,
6 1 — 4tag 6 2 O/ 1 — 4dtag

T, (t,z,u) — (t,z,In[B(t, z)a; + €"]).

2.2.4 Symmetry transformations

In this subsection we make use of the symmetries calculated in Section 2.2.1 to obtain
special exact solutions for the potential Burgers equation. The Lie group analysis
supplies us with two basic ways for constructing exact solutions of PDEs: group
transformations of known solutions and construction of group-invariant solutions.
These methods are described in detail by means of examples.

If u = h(t,Z) is a solution of equation (2.2), then so is

o(t, z,u,a) = h(fi(t,z,u,a), fo(t,x,u,a))

or in solved form with respect to u : u = H,(t,x) is a one-parameter family of

solutions. For
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if u = h(t, ) is a solution, then
= h(t, T+ (1,1).

We now write down the generated solutions for the other cases:

To, :u = h(t+ as,x),

To, :u = h(t,z)—as,

T, :u = h(te*™ re™),

Tos :u = h(t,z+ 2a5t) + ait + asz,

Tog:u = h = 4ta6 z(1+ 4ta6)) - %ln(l — 4tag) + 1i2—Zt6a6’
Ts:u = In[e"t) — B(t x)al.

2.2.5 Construction of group-invariant solutions of (2.2)

Consider a Lie point symmetry

0
+ n(tax7u>_

0
—f—g(t,ZE,U)— ou

X = 7'(t,m,u)2 5
x

o (2.28)

of the potential Burgers equation (2.2). The group-invariant solutions under the one-
parameter group generated by X are obtained as follows. We calculate two linearly

independent invariants
J1 = ¢(t,z) and Jy = ¢(t, x)
by solving the first-order quasi-linear PDE

0J
+n(t,z,u)— =0

£t a.0)2 >

X(J) = 7t 2,u) 2L + o

ot
with characteristic equations otherwise known as the associated Lagrange system

dt dx du

T(t,l‘,u) a f(tﬂf,u) a 77(15,1'7“)'

Then we write one of the invariants as a function of the other, for example

Jr = f(N), (2.29)
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where f is a function of Ji, and solve (2.29) for w. Finally, the expression of wu is
substituted in equation (2.2) and an ODE is obtained for the unknown function f.

This procedure reduces the number of independent variables by one.

Let us now illustrate the above method by considering the five linearly independent
Lie point symmetries X7, X5, Xy, X5 and X4 and construct group-invariant solutions

under these operators.

Case 1. We first calculate the group-invariant solution under the symmetry operator

Xy. The operator X, is given by

The characteristics equations associated with X, are

dt_dx du
0o 1 0’

which provide the two invariants J; = ¢ and J, = w. Thus the group-invariant
solution is given by Jy = ¥(Jp), i.e.,

u=1(t).
Substituting this value of u in (2.2), we obtain

Y (t) = 0.

Thus the second-order potential Burgers PDE (2.2) reduces to first-order ODE

dip
— = 0.

dt

Solving the above equation, we obtain
Y(t) = C,

where C' is an arbitrary constant of integration. Hence the group-invariant solution

of (2.2) under X is given by

u(t,z) = C.
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Case 2. We now obtain the group-invariant solution under the symmetry operator

0

X, = —.
Sy

The Lagrangian system associated with X5 is

dt _dz _ du
1 0 0’

which provide the two group-invariants J; = x and Jy = u. Thus the group-invariant

solution is given by Jo = ¥(J;), i.e.,

Substituting this value of u in equation (2.2), we obtain
() + 4™ (z) = 0.
The solution to the above second-order nonlinear ODE is
Y(x) =In(z + Cy) + Oy,

where C] and (5 are arbitrary constants of integration. Hence the group-invariant

solution of equation (2.2) under X5 is given by

u(t,x) = In(x + C1) + Cs.

Case 3. The Lie point symmetry X3 defined by

0

Xq = —
27 ou

does not have a group-invariant solution.

Case 4. Let us now construct the group-invariant solution under the symmetry

generator

0 0

The characteristic equations associated with X, are

dt B dr du

2% oz 0°

31



Thus, one invariant is J; = u. The other is obtained from the equation

dt  dx
2
and is given by J, = 2/V/1.

Consequently, the group-invariant solution is J; = ¥(.Js), i.e.,

Then

1 ,( =z
w3 ()

Substitution of the above values of u;, u, and u,, in (2.2) gives us the second-order

ODE
le ,( =« 1,2(x) 1,,(17)
——— — ) —= — | —= — ] =0.
i () -1 () -1 (7
By letting y = x/v/t and ¢ = 9'(y), we obtain
2— +yq = —2¢".
The above is a Bernoulli equation with n = 2 whose solution is
2 Y -1
q= (ey4 <ﬁerf (§> + Cl>> ,
where (' is a constant of integration. Hence

PR GICHORD)

Integrating the above equation, we obtain

Y(y) =In (‘ﬁerf (g) + C

)+02,
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where (5 is a constant of integration. Reverting back to the original variables, we

obtain
u(t,z) = In (‘\/Eerf <2i\/g> + O > + Gy

Case 5. We now calculate the group-invariant solution under the symmetry gener-
ator X5 defined as

0 0
X5 =2t— — .
> dr " ou
The associated Lagrangian system is
dt dr  du
0 2t -z

Therefore one of the invariants is J; = t. The other is obtained from the equation

dr _ du
2J1 N —ZL‘7
and is given by Jo = u + (2%/4t).

Consequently, the group-invariant solution of (2.2) under X5 is J, = ¢(.J1), i.e.,

2.30
o (2:30)

where 1 is an arbitrary function. Substituting (2.30) into (2.2), gives the first-order
ODE

dy 1
— + —=0.
dt + 2t
Solving for v, we obtain
1

where C' is an arbitrary constant of integration. Hence, the group-invariant solution
of X5 is

4t

1 x?
u(t,z) = — <§lnt+ —) +C.
Case 6. Let us construct the group-invariant solution under operator Xg, namely

Xg = w2 +4m2 — (2 +2t) 0
ou

ot ox
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The characteristic equations associated with Xg are

dt dx du

42 Atz — (2 +2t)
Therefore, one invariant is J; = x/t. The other is obtained from the equation

dx du

Atz —(22 +2t)

and is given by

ZL‘2

1
J2:u+§lnx+4—t. (2.31)

As a result, the group-invariant solution is J, = ¥(.J;), i.e.,

e ()

Now

2

T, (T x
i ()

T 1

1,
e = 7Y (?)‘ﬂ_%’

1, (:1:) 1 + 1
Upr = —5 5] T 55 S o
12 t 2t 222
Substitution of the above values of u;, u, and u,, in (2.2) gives us the second-order

ODE

1 ,/x 1 ,2<IK> 1 ,(x) 3
t2¢ <t>+t2¢ t t:)sd) t +4x2_0

By letting J; = 2z =2/t and y = ¢/(2), we obtain the Riccati equation

3
2y + 22y — 2y + 1= 0. (2.32)
A particular solution of the above Riccati equation is y; = 1/2z. Thus letting
y =y + 1/v, we obtain
dy 1 1 dv
- =7 2.33
dz 222 v?dz (2:33)
Now substituting the above value of y and dy/dz in (2.32), we obtain
1 1dv 1 1\ 1/1 1 3
SN (R T (R 2.34
222 v?dz (2z+v) T (22+v> 422’ (2:34)
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which simplifies to
dv
—=1. 2.35
7 (2.35)
Integrating the above equation yields

v=2z+Cy, (2.36)

where (J; is a constant of integration. Hence

B 1+ 1
y_QZ Z+Ol
and so
d@[)i 1 1

dz _22+z—|—C’1'

Integrating the above equation, we obtain

1
P(z) = 5 Inz+In(z+ Cy) + Cy,

where (5 is a constant of integration. Reverting back to the original variables, we
obtain the group-invariant solution associated with Xg as
2

1 sz x

Travelling wave solutions

We can obtain travelling wave solutions of the potential Burgers equation by consid-

ering the linear combination X of the translation symmetries X; and Xj:

o 0
X =k . + % k a constant. (2.37)

The characteristic equations are

—=—=—. 2.38
1 k 0 ( )
Thus, one invariant is J; = u. The other is obtained from the equation
de dt
—=— 2.39
=1 (2.39)
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and is given by Jo, = x — kt. Thus, the group-invariant solution can be written as

J1 = w<<]2)7 Le.,
u=(z — kt), (2.40)

where 1 is an arbitrary function of its argument. Differentiation of u with respect

to x and t, gives us
w ==k, up =1, g ="
Substituting these expressions into (2.1) we obtain the reduced ODE
VY ke =0, (2.41)

which is a second-order ODE with constant coefficients. Suppose we let z = x — kt

and ¢'(z) = y, we obtain a simplified ODE of the form

v +vy*+ky=0, (2.42)
whose solution is
1 1

where C' is a constant of integration. Hence

V'(2) = ( - % + C’lekz) 71. (2.44)

Integrating the above equation, we obtain
¥(z) =In (|Cike™ —1|) — kz + C,

where Cy is an arbitrary constant of integration. Thus reverting to the original
variables, the travelling wave solution to the potential Burgers equation is of the

form

ult, z) = In <‘Clkek“"‘k2t . 1‘) — kx4 k% + o
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2.3 Conservation laws of the potential Burgers equa-

tion

In this section, we derive the conservation laws for the potential Burgers equation
(2.2) by employing the multiplier method. We recall the standard Euler-Lagrange

operator defined as

1) 0 0 0 0 0 0
—=—-D D D? D? D,D 2.4
du  Ou You, " ou, 5 Ouyy * T Ny + You, o (249)

where the total derivatives D; and D, are given by

= 2l iu 2 v RNV
t - 815 ta tta tmaugU ttxautx )
0 0 8 8 0

We achieve the aforementioned by using the zeroth-order multiplier A(¢, x,u). Fol-
lowing the procedure described in Section 1.8.1, the determining equation for the

multiplier A(¢, z,u) is

J

A )y — 2 = )] = 0. (247)

By expanding the above equation we obtain
Ny — U2y — tugeNy — DA + 2D (Au,) — D2A = 0. (2.48)
Substituting for D; and D, from equation (2.46) into (2.48), gives

2Ny — gy — Ay + 2up Ny 4 2upe A — Ay — 2up Ny — U2 Ay = 0. (2.49)

Splitting the above equation on the derivatives of u, we obtain the following system

of PDEs:

Upe: A=A, =0, (2.50)
Ut Ap— Ay =0, (2.51)
rest : Ay, + A =0. (2.52)
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Equation (2.50) yields
At,x,u) = C(t, x)e",

where C(t,z) is an arbitrary function depending on ¢ and x.

(2.53)

It is trivial to note that (2.53) satisfies equation (2.51). Substituting the value of A

from equation (2.53) into (2.52), we obtain
Cxweu -+ C’te“ =0.

Thus becoming

Coe +C, = 0.
To solve equation (2.54), we assume that
C(t,x) =T(t)X(z).
Substituting the above value of C(¢,x) in equation (2.54) gives
X'T+T'X =0.
Hence

X// Tl
X -7 % W)

where a is an arbitrary constant. Thus we have

T —alT =0
and
X"+aX =0.
Solving (2.56), we obtain
T(t) = C’leat,

where (] is a constant of integration. Solving equation (2.57) yields
X(z) = Ay sinvax + B cos az,
where A; and B; are arbitrary constants. Thus

C(t,z) = Cre™ (A; sinvaz + By cosax) .
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Putting C1A; = A and C1B; = B, the above gives
C(t,z) = e (A sin v/ax + B cos \/Ex) i
Therefore equation (2.53) becomes
A(t,z,u) = "t (Asin vaz + B cosvax) ,
which yields the two multipliers
A (t,z,u) = e" T sin ax

and

Ao(t, z,u) = e cos vax

for equation (2.2).

We first compute conservation law of (2.2) associated with the multiplier A (¢, z, u).

Therefore we have

A (t, 2, u){uy — v — upe} = DT+ DT,
where the density 7% and flux 7% are respectively defined as

T =T't,z,u) and T" = T"(t,x,u, u,).
Thus equation (2.58) becomes

et sin /ax (ut — ui — um) =D, 7"+ D, T".
The above yields
et sinvax (up — ul — ) = T} + T + T2 + u, T + ug, T2

Splitting the above equation over the second derivatives of u, we obtain

Uy : Ty = —e""sinv/az,

rest 1 T} +u, T, + T5 +u,Tr = (up — u?) €T sin v/az.
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Integration of equation (2.61) with respect to u, gives
T* = —uze" ™ sin ax + Q(t, z,u), (2.63)

where Q(t,x,u) is an arbitrary function of ¢, z and u. Substituting the above value

of T* into (2.62), we obtain
ﬂt%—utTi—\/augge“J““t cos \/5x+Qx—uie“+“t sin var+u,Q, = e sin/ax (ut — ui) .

Simplification of the above equation and splitting it on the derivatives of u yields

u T = """ sin ar, (2.64)
Uyt Qu —Vae" " cosaxr = 0, (2.65)
rest : T} +Q, = 0. (2.66)

Integrating equation (2.64) with respect to u produces
T" = " sinax + R(t,z), (2.67)
where R(t,x) is a function depending on ¢ and z. Equation (2.65) then gives

Q = Vae" ™ cos ax + S(t, ),

where S(t,z) is an arbitrary function of ¢ and x. We set R(t,z) = S(t,z) = 0 since
they both contribute to the trivial part of the conserved vector and consequently,
equation (2.66) is satisfied. Therefore the density 7% and flux 7% defined above
become

) = " sinvax,

TP = —uze" ™ sinvax + vae" ™ cos vax,

which is the conserved vector of (2.2) associated with the multiplier Ay (¢, x, u).

We now compute conservation law of (2.2) associated with the multiplier As(t, z, u).

The determining equation gives

Aot z, u){us — u? — tye = 0} = DT + D, T, (2.68)
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which implies

et cos vax (u — ul — ugy) = DT+ D, T,
where T" and T are as defined in (2.59) . The above equation becomes
et cosvax (w — uh — ugy) =T} +w Ty + T2 + u, Ty + ug, Ty . (2.69)
Splitting the above equation on the second derivatives of u, we have

Uy : Ty = —e""" cosv/az, (2.70)

rest 1 T} +u, Ty + T7 +u, Ty = (up — u?) et cos az. (2.71)
Integrating equation (2.70) with respect to u,, we obtain
T% = —ue" " cos Vaz + E(t, z,u), (2.72)

where E(t,z,u) is a function depending on ¢, = and u. Invoking the above value of

T* in (2.71), we obtain
T 4w T4+ auye" ™ sin vaz+E,—ule" " cos var+u, B, = """ cos vax (uy — ul) .

Simplifying and splitting the above equation on the derivatives of u yields

ug T = e cos vax, (2.73)
Uy : Fy +Vae" ™ sinvar =0, (2.74)
rest: T} + E, =0. (2.75)

Integrating equation (2.64) with respect to u gives
T" = """ cos v/ax + F(t,x),

where F'(t, ) is an arbitrary function depending on ¢ and z. Solving equation (2.74),
we obtain

E = —ae" ™ sinv/ax + G(t, r).

where G(t,z) is a function of ¢t and . We put F(t,z) = G(t,z) = 0 since both
functions contribute to the trivial part of the conservation law and so equation (2.75)

is satisfied. Therefore density 7% and flux 7% are

T: = e"“" cos+/ax,
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Ty = —uze"t cosvaxr — /ae" ™ sin+/azx,

which is the conserved vector of (2.2) associated with the multiplier Ay (¢, x, u).

2.4 Concluding remarks

In this chapter, we computed Lie point symmetries of the potential Burgers equation
(2.2). We then constructed a commutator table for these Lie point symmetries.
Sequel to that, we constructed the group-invariant solutions and also obtained the
travelling wave solution of the equation (2.2). Furthermore, we proceeded to derive
the conservation laws for the potential Burgers equation (2.2) using the multiplier

approach.
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Chapter 3

Solutions and conservation laws for

the modified equal-width equation

3.1 Introduction

In this chapter we study the third-order modified equal-width (MEW) equation
s + 30 uy — Buggs =0, (3.1)

where « and ( are non-zero real numbers. Equation (3.1) is used in handling the sim-
ulation of a single dimensional wave propagation in nonlinear media with dispersion
processes [54]. Researchers have used different techniques and methods to construct
travelling wave solutions of the modified equal-width equation. In [55], a dynamical
system technique for integer order was used to find travelling wave solutions of MEW
equation which comprises solitary, periodic waves as well as kink and anti-kink wave
solutions. Furthermore, the homotopy perturbation technique in [56] employed the

use of analytical approach to find the numerical solutions of (3.1).

MEW equation (3.1) was investigated by Lu et al. in [54] where the extended simple
equation method and the exp(—p(§)) expansion method were employed to generate

the travelling wave solutions of the equation.

Here, we find the Lie point symmetries of the third-order MEW equation and then
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use the symmetries to construct an optimal system of one-dimensional subalgebras.
Thereafter we use the optimal system of one-dimensional subalgebras to find system
reductions, and present the new group-invariant solutions of the modified equal-width
equation which are the cnoidal and snoidal solutions. Furthermore, we derive the
conservation laws of the MEW equation by engaging two different methods which

are the multiplier method and Noether approach.

3.2 Exact solutions of (3.1) constructed on opti-

mal system

In this section, we first compute Lie point symmetries of equation (3.1) and then
utilise the symmetries to construct an optimal system of one-dimensional subalge-
bras. Thereafter, we use this optimal system of one-dimensional subalgebras to find

symmetry reductions and group-invariant solutions of (3.1).

3.2.1 Lie point symmetries of (3.1)
The vector field

0 0 0
X = T(t,CL’,U)a + f(t,x,u)% + n(tul‘7u)%

is a Lie point symmetry of equation (3.1) if
X®Alazg =0, (3.2)
where
A = uy + 3auuy, — By,

and X is the third prolongation [13] of X defined as

0 0 0 0
(3) — —
X X + Ct aut + (m aum + Ct:n autq: + Ct:cm

aut:{:z
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Here (;, (;, (i and (e are determined by

G = Di(n) — wDy(7) — ua Dy(8),

G = Da(n) — wsDa(7) — us Dy (§),

Co = Da(Ce) — e Do (7) — e Do (€),
Caw = D(Cia) — Uste Do (T) — Ut Do (§),

(3.4)

where the total derivatives D, and D, are defined as

D — 24_ g_|_ i_|_ i+
A TR P Ouy e Ouy ’
0 0 0 0

ox ou Ouy ouy

Expanding (3.2) we obtain
(¢ + 6auugn + 3au’¢y — Blius) ‘ut+3au2uz—6um:0 =0,
which gives

BErunty + Buisbuutty, — 20 alyutil + 38U Eunts + Bl Tuutly — Bt

— Buiuntty + 288t + 200 ety + B Trwtth + BUF Tty + 4uamuy,

+ 2ulan,uy — &y — Uy, — 2uP b uy — 2ut 0Tty — 28U Nuuls

+ 3BuzrSiutis + 3PUUzeEuntle + 4PULEruts + 20U Tru U + 40U U Ty U

+ 2BU Tou Uz + 20Ttz tly + 3BEutiaatls — 20Nt — 2BUiNsunte + BEiaatiy
+ B paalie + 28U Traully + 28U Touutly + 28700 + 0 + weny + 2uan,

— wTy — U Ty — 20P U Ty + STyllar + 3BEutialer — BasTiu — BUlsliae Ty
= 28U N + 2PUseSte + 20WteaSou + PUtaler + BUtleeTow + 20Uty Tis

+ BUG Uy Tuu + ABU U Tow + Bl Tow + 2BTatlite — Butitzs + 268 0zs

+ BTtz + 20U Tullize + BEtUaze + BUutulicer — BNtee — BUtNrzu

+ ﬁutTtxz + Bu?szu|ut+3au2ux—5umx:0 =0.
Replacing u,,; by (us + 2cu?u,)/B in the above equation, we obtain

Butuiguuu - ﬁuintuu - 6utu;2,;77uuu - 2Bux77uuutx - 26ux77txu - 2ﬁutuxnxuu
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— Buiaal — Busuntiar — 2BUaNeu — BtNay + BULEmy + 3B Euntits
+ 25“3@% + 25%&“2&:% + 3BUp Uz €+ 3PUULE Vs + ABUL U E
+ Buséier + Burtiepan + 3BEulzatite + 20Uzpte + 20Uttpeon + Buatins
+ B Ugrs + Builytipes + ﬁuiuttTuu + 5utu;2t7—tuu + ﬁu?uiTuuu + 28Uy Ty Uty
+ 48U U Ty Uty + 2BUg Uy Ty + 28Ty Ug Uiy + 28U U5 T, + 2Bu152ux7_xuu
+ QﬂTuu?z + BTyl lpy + BUilpy Tey, + 28U Tey + Bu?Tuuuaxc + 48Uty Ty,
+ BupTes + 2BTpUits + BUiTize + 6U§Tmzu — Biga + Mt + 20U Ty,
+ 20wy uy — 200U, + ufru — &y + 2w iy + 2w, + 2au277x
+ 4au2§uui + 200 u éy + danuu, = 0.
Since the functions 7, £ and 1 depend only on ¢, x and u we split the above determin-

ing equation on the derivatives of v and obtain the following overdetermined system

of linear PDEs:

7. =0, (3.5)
7, =0, (3.6)
§u =0, (3.7)
N = 0, (3.8)
& +& =0, (3.9)
28t — M = 0, (3.10)
§ax — 2Ngu = 0, (3.11)
o — Blazu = 0, (3.12)
M+ 3au?n, — Bs = 0, (3.13)
BEtaz — 28Nz + 3au’n, + 6aun — & = 0. (3.14)

From equation (3.5) and (3.6), we have

where a(t) is an arbitrary function of t. Solving equation (3.7) gives

£(t7 CL’) = b<t’ ZE),
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where b(t, z) is an arbitrary function of ¢t and x. Equation (3.8) yields
n=c(t,z)u+d(t,x), (3.15)

where ¢(t,x) and d(t, z) are arbitrary functions of ¢ and x. Substituting the values

of 7, £ and 7 from the above equations into (3.14), we obtain
6au’c + 6aud — 2Bc¢, + 3aua’ + by, — by = 0.

Splitting the above equation on the powers of u, we obtain

u? : 2c(t,z) +d'(t) =0, (3.16)
w:d(t,z) =0, (3.17)
rest : Bbige — 2B¢ — by = 0. (3.18)

From equation (3.16) we have
1
c(t,x) = —§a’(t), (3.19)
and so equation (3.15) then becomes

n(t,z,u) = —%a'(t)u. (3.20)

Substituting the above value of 7 into equation (3.12), we obtain
b(t,x) = e(t), (3.21)

where e(t) is an arbitrary function of t. Substituting the values of ¢ and 7 in (3.19)

and (3.21) respectively into equation (3.18), we have
€(t) = 01,

where C] is a constant of integration. Trivially equations (3.9) and (3.11) are satis-
fied. Solving (3.10) we have
(l(t) = Czt + Cg,

where C; and ('3 are constants of integration. Obviously from the above value of 7,
equation (3.13) is satisfied. Therefore the solution to the above system (3.5)-(3.14)
is

7(t,z,u) = Cot + Cs,
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f(ta x, U) = Cl?

1
n(t,z,u) = —§C’Qu.

Therefore the Lie point symmetries of (3.1) are given by

0 0 0 0
E’ XQZ%, X3:2tat—U%

X, =
The infinitesimal generator X3 represents scaling symmetry whereas the one-parameter
groups generated by X; and X, demonstrate time and space-invariance of the MEW

equation.

3.2.2 Optimal system of one-dimensional subalgebras

We now use the Lie point symmetries of (3.1) computed above to construct an optimal
system of one-dimensional subalgebras in order to obtain symmetry reductions as
well as group-invariant solutions of equation (3.1). Thereafter we generate adjoint
representation using Lie series

n 52

2!

3

Ad(exp(eX;))X; = Z —(adX;)"(X;) = X; — e[Xo, Xy + o7 [Xi, [Xo, Xl — -+
n=0

n!

where ¢ is a real number and the commutator [X;, X;] is defined by

The table of commutators of Lie point symmetries of equation (3.1) and adjoint
representations of the symmetry group of (3.1) on its Lie algebra are presented in
Tables 1 and Table 2, respectively. Consequently, Table 1 and Table 2 are used to

compute an optimal system of one-dimensional subalgebras for equation (3.1).

Table 1. Lie brackets for equation (3.1)

1] X | X Xy
Xi| 0 |0 |2x
Xo| 0 | 0] 0
Xs | =2X;| 0| 0
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Table 2. Adjoint representation of subalgebras

Ad| X, | X X,
X | X1 | Xy | —2e X, + X5
Xo | X1 | X X3
X3 | X, | X, X3

Thus, following [13] and utilising Table 1 and Table 2, we obtain an optimal system

of one-dimensional subalgebras which is given by
{X1 + CXQ, X3 + (IXQ},

where ¢ and a are arbitrary constants.

3.2.3 Symmetry reductions and solutions of (3.1)

We now employ the optimal system of one-dimensional subalgebras obtained in the
previous subsection and find group-invariant solutions and symmetry reductions for

equation (3.1).

Consider the first member of the optimal system of one-dimensional subalgebras,
namely

X = X1 + CXQ.
The symmetry X yields the two invariants
E=x—ct and U =u,

which give the group-invariant solution U = U(§). Using £ as our new indepen-

dent variable, (3.1) is transformed into the nonlinear ordinary differential equation
(NLODE)
cBU" (&) + 3aU?(E)U'(€) — cU'(€) = 0. (3.22)

We now use the extended Jacobi elliptic function expansion method [?] to obtain

closed form solutions of (3.1). We assume that the solutions of the third-order
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NLODE (3.22) can be expressed in the form

U§) = > AH(E)" (3.23)

where M is a positive integer obtained by the balancing procedure. Here H(§)
satisfies the first-order ODE (1.36) or (1.38). We recall that

H() = en(€lw), (3.24)

the Jacobi cosine-amplitude function, is a solution to (1.36), whereas the Jacobi

sine-amplitude function

H(&) = sn(¢|w) (3.25)
is a solution to (1.38). Here w is a parameter such that 0 < w <1 [28,29].

We note that when w — 1, then cn(€|lw) — sech(§) and sn(€|w) — tanh(). Also,

when w — 0, then cn(§|w) — cos(§) and sn(&|w) — sin(&).

Cnoidal wave solution

Considering the NLODE (3.22), the balancing procedure yields M = 1, thus (3.23)
becomes

U)=AH' (&) + Ay + ALH(E). (3.26)

We now substitute the value of U from (3.26) into (3.22) and utilise (1.36) to obtain

H(&)'BeA = H(E)BeA + H(E)'BeAr —TH(E) BeA =128 cw A,
+6Bcw?A 1 +3H(E)YawA® —6H(¢)PawA® — H(€)3cw Ay
+6H(E) aAgA? +3H(E) awA® —3awA_* —3H()a A’
+3H(EPa AP — H(E) Ay + H(E) Ay + H(E) ' cA_, —3H(E)*a A_®

— H(§)’cA1 = 10H(§)°Bew® Ay =2 H(E) B ew? Ay = TH(E)*B ew A,

+ 14 H(E)PB cw? Ay — 6 H(E)"B cw? Ay + 21 H(€)*Bew A,
—14H(E)?Bew’ Ay —3H(E) Bew A —10H(E) Bew A,

+2H(E)* Bew? A+ 10 H(E)*Bew? A + 10 H(E) Bew Ay + H(E) Bew A,
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+3H(E)Paw A2 A1+ 3H(E)Paw A1 A2 + 6 H(E) aw AgA,>
—6H(&)awA *Ag—3H(E)*awA 1A —3H(E) awA_*A
+12H(E)PawA *Ag +3H(E) aw Ag® AL + 3H(E) aw A1 A
+6H(E) ' awA_ 1A +6H(E)'awA_12A + 6 H(E) aw AgA,>
—6H(¢) awA 124y — 6 H(¢) aw Ag?A; — 6 H(E)awA_1A?
—3H() awA 1A —3H() awA 24, —12H(E) aw AgA,?
F6H(E)aA2Ag+3H(E)2a A A2 + H(€) ew A_y + 3 H(€)2a A_ %A,
+6H(E) ?awA_ P —H(E) ' cw A —6H(E)PaA_12Ag — 2 H() cw Ay
—3H(O)*a A A -3 H(E)'a Ay A —3H(E)'a A_2A, —3H(6)*a A_1 Ap?
+2H(E) cw Ay —6 H(E)Pa AgA2 —3H(E) awA_ > +3H(€)a A_ 1A

(&)

+3H 5 GaAOZAl+H<€>6CWA_1+6BCA_1+30(A_13:O'

The above equation can be separated on like powers of H (&) to obtain an overdeter-

mined system of eleven algebraic equations

AgA? =0,

A_PAg—wA_*A; =0,

2wA_1?Ag— A_1?Ag =0,

ApAi% — 2w AgA% =0,

aA® —2BcwA; =0,

wAgA2 —wA_2A) — AgA? =0,

28cw?A 1 —awA P +aA P —4Bcw A +2BcA =0,

3awA 1A +3awAPA —6aw AP + 148 cw?A +3a A —TBcew Ay
—cwA; =0,

6awA 1P —3awA A —3awA 1A —14Bcw?A_; —3a A3
+3aA %A +30A AP +21Bcw A —TBcA 1+ cwA_| —cA_4 =0,
BawAPP —3awA A —3awA 1A —6aw A _1A2 —6aw Ay A,

—2Bcw? A+ 30 A 1A% — 108wl +3aAg?A —3a AP + Bew A,
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+108cw Ay — BcA1 +cw A1 +2cw Ay — cAy =0,

6awA 2A; —3awA P +6awA AP +3awA 1A+ 3aw A4,

+ 108 cw?A_; +28cw?A; —3aA_?A —3a A 1A —3aA_ A2 —3a AyA,
—108cwA_1 —3Bcw AL +BcA_1+cA —2cwA_1 —cw Ay + cA_1 +cA, = 0.

Solving the above system we obtain

8B +3k—1 B B \/c<3k+85—1) 384k
W = ]_66 s AQ—O, Al—zl: Sa s Afl— ﬁ—l—lAl

with k = /862 + 1.

Thus, the solution of equation (3.1) is

ulty) =y LI ) fentelor - (327 ) metelon}.

Snoidal wave solutions

We now obtain snoidal wave solutions for the equation (3.1). We recall that the
balancing procedure yields M = 1, thus substituting the value of U from (3.26) into
(3.22) and making use of (1.37) we obtain the determining equation

3H(E)Sa A — H(E) A + H(E)?cA 1 +3H(E)?a AP+ 3H() a A% A
fa AL AP+ HE B AL — H(E)'BeA s — H(E) BeA

2BeA +3H(O)'a A A+ 3H () a Ag® AL + 3H(6)Paw A®
Saw AP — H(E)Scw A — 6 H(E) a AgA® — 3 H(E) a A_ A2

)
)
)
E)Pa A? Ay + H(6)Pcw Ay + H(€)%cw Ay + 6 H(E)aw AgAy®
YawA_ P =30 AP —6H(¢) awAgA? —3H()awA_2A;
YPawA 1A —3H(E) awA 1A —3H(E) awAg® A —6 H(E) aw A_1* Ay
YawA PA+3H () awA AP +6H(E) awAgA® +3H(E)PawA A2
¥aw AP AL —3H(EPa A + H(E)cA, — H(&)*cA_,
—68cA L+ TH() Beaw A — H(E)'Bew A —8H (§)* Bew A,

—H(E)'Baw?A_1 +8H(E) Bew A1+ H(E) Bew A1 + H(E)°B w4,
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+ H(E)Bew? A —TH(E)PBcw Ay — TH(E)®Bew? Al —3H(E)?a A_1 A?
—6H(§)aA*Ag+3H( ) awA* —3H(E) a A1*Ay — H(E) 'ew A4
+6H(E) a0 A*Ag+ 6 H(E)"Bcaw® A + 6 H(E) aw A_1* Ay = 0.
Splitting on powers of H (&) yields the following overdetermined system of algebraic
equations:
A_1*Ay =0,
ApA2 =0,
aA_3+28cA_ =0,
wA_?Ag+ A_1?Ag =0,
wAgAL® + ApA2 =0,
aAP+2FcwA; =0,
wA_2Ag — AgA2 =0,
BawA 1A +3awAA —3awA® —TBaw’A —3a A’
—TPcwA; —cw A =0,
3awA P +3aA_ P —3aA A —3aA AP +TBcw A,
+T7BcA_1+cA_1 =0,
Bew?A_; —3awA_1?A; —3awA 1A —3awA_1 A2 —3aw A4,
+Bcw?A +3a A —3a0A 1A% —3aAlA +Bew A +8Fcw Ay
+pBcAi+cwA_1+cw A +cA =0,
3awA_ A —3awA_ P +3awA 1Ay — Bew?A_y
+3aA A +3a0A 1A +3aA A2 +3aA0A —8Bcw A,
—PewAy —BcA_1—PcAl —cwA_ 1 —cA_1 —cA; = 0.
Solving the above equations, the values of 5, A_;, Ay and A; are

1 2¢(B+1)
A=A =0, A =g 2
B 1—|—(U7 1 0 07 1 o (3 7)

Reverting to original variables we obtain

u(t,r) ==+ WSH (&|w) . (3.28)
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We now take into consideration the second operator X3+ aXs of the optimal system.
This symmetry operator produces two invariants J; = e*t~%? and J, = ut'/2. Thus

Jo = f(J1) gives a group-invariant solution to (3.1). That is
u=t"Y2f(e*t™Y?), (3.29)
Substituting the above value of w in (3.1), we obtain the third-order nonlinear ODE
aB2’ f"(2) + B(3a + 1) f"(2) + (aB — a + B)zf'(2) + 6az f*(2) f'(2) — f(2) =0,

where 2z = e*t~%/2,

3.3 Conservation laws of the MEW equation

In the section we derive conservation laws for (3.1) by employing two different meth-

ods, namely the multiplier method and Noether’s approach.

3.3.1 Conservation laws of (3.1) using the multiplier ap-

proach

We look for the zeroth-order multiplier A = A(¢, x,u). Thus, the determining equa-

tion for this multiplier is

%{A(zﬁ, T, u) (ut + 3au’u, — 5%”)} =0, (3.30)

where 6/0u is the Euler-Lagrange operator defined as

5§ 0 ) o) o)
—=——-Dy— — D,— — D,D?
ou ou taUt maux ! Iautmﬁ

(3.31)

and the total derivatives D; and D, are as defined in (1.4). The above equation
yields

uNy + 3auuy Ay — Bugee Ny + 6auu, A — Di(A) — D, (3au*A) + BD2D(A) = 0,
which on expanding gives

w\y, + 3auuy Ny — PggNy + 60uug A — Ay — w Ay, — 3au’A, — 6auu, A
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- BQUZUQ:AU + 5At:c:1: + ﬁutAu:c:E + ﬁuxAtu:U + ﬁutuxAuuz + 5utIAuz + 5umAtux

+ ﬁusztu + Buwzut/\uu + 6um$tAu = 0.
Splitting the above equation on the derivatives of u, we have

Auu = 07
Aua: - 07

Equation (3.32) yields
A =a(t,x)u+b(t,x),

where a(t, z) and b(t, x) are arbitrary functions of ¢ and x. From equation (3.33), we
obtain

a(t,x) = c(t),

where ¢(t) is an arbitrary function of t. Equation (3.34) gives
c(t) = Cy,
where (' is an arbitrary constant of integration. Thus
A =Ciu+b(t, x).
Invoking the above value of A into (3.35), we have
Bbize — 30u’b, — by = 0.

Splitting the above equation on u, we get

u? b, =0, (3.36)
rest : Bbipe — by = 0. (3.37)
Solving (3.36) we have
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where d(t) is a function of ¢. From (3.37) we obtain
d(t) = Cs,

where (5 is an arbitrary constant of integration. Thus the zeroth-order multiplier A
becomes

A(t,x,u) = Cru + Cs.

Therefore we have two multipliers for the MEW equation (3.1) which are
Atz u) =u (3.38)

and

Ao(t,z,u) = 1. (3.39)

We first generate conservation laws of (3.1) associated with the multiplier A (¢, z, u).

Therefore we have

Ay (t, 2, u) {ug + 3au*u, — Buge, ) = DT+ D, T* (3.40)
in which the density and flux are defined respectively as

T =T't, x,u,u,) and T = T*(t, 2, U, Uy, Usy ). (3.41)
Thus equation (3.40) becomes

u(uy + 3auu, — Puge) = DI+ DT,
The above equation yields
u{uy + 3auuy — B,y = T) + u,TE + Uthiz + T+ u Ty A gy Ty + U T,

Splitting the above equation on the third derivatives of u, we have

Uigr : Ty = —pu, (3.42)

vest : T} + w T, 4w T + T8 +u,TF + uge T = u(ue + 3ou’uy). (3.43)
Integrating (3.42) with respect to wu, gives

T% = —Puu, + G(t,z,u, uy),
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where G(t, z, u, u,) is a function depending on ¢, z, v and u,. Substituting the above

value of 77 in (3.43), we have
T + u, T + UmTﬁz + Gy — Buglyy + Up Gy + Upe G, = u(ug + 3auu,).  (3.44)

Splitting the above equation on the second derivatives of u, we have

U« T, — Pugy =0, (3.45)
Upe : G = 0, (3.46)
rest : T} + uT! 4+ Gy + u, Gy = u(uy + 3au?uy). (3.47)

Integration of equation (3.45) with respect to u, yields
TR
T = Eﬁux + H(t,z,u),
where H(t,z,u) is a function depending on ¢,  and u and equation (3.46) produces
G = L(t,z,u),
where L(t,z,u) is an arbitrary function of ¢, x and u. Equation (3.47), now becomes

H,+wH, + L, + uy Ly, = vy + 3auu,.

Splitting the above equation over the derivatives of u, we obtain

w : Hy = u, (3.48)
Uy : Ly = 3au?, (3.49)
rest : H,+ L, = 0. (3.50)
Equation (3.48) gives
1
H:§M+M@@, (3.51)

where M (t,x) is an arbitrary function of depending on t and x. Solving equation
(3.49), we obtain
3
L= Zau4 + K(t,x), (3.52)
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where K (t,z) is a function dependent of ¢t and z. We set K(t,z) = M(t,x) = 0
since they contribute to the trivial part of the conserved vector, values of H and L

respectively become

1 3
H= §u2 and L = —au’.

4

Thus, the conservation law of (3.1) associated with A (¢, z,u) is

1 1

G
3

v = Z—lau‘l—ﬁuum.

Next, we compute the conservation law of (3.1) related to the second multiplier

As(t,x,u). Thus we consider
Ao (t, z, u){us + 3auu, — B} = D;T" + D, T, (3.53)

where the density 7% and the flux 7% are as defined in (3.41). Therefore, equation
(3.53) becomes
us + 3o uy — By = DTt + D, T,

Expanding the above equation produces
U + 30 uy — Bugy = Ttt + utTﬁ + umTéx + T + u Ty + uge Ty, + U Ty, -
Splitting the above equation on the third derivatives of u, we obtain

e (3.54)

rest : T} + u,T" + umTiz + Ty + u, Ty + uge Ty = ug + 3autu,. (3.55)
Integration of equation (3.54) with respect to uy, gives
Tx = _ﬂutm + A(t7 €, U, Ux),

where A(t,z,u,u,) is an arbitrary function depending on ¢, z, u and wu,. Thus

equation (3.55) now becomes

T! + u, T + utzTim + Ay + Up Ay + U Ay, = Uy + S0P u,.
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Splitting the above equation over the second derivatives of u gives

ug - T, =0, (3.56)
Ugz * Ay, =0, (3.57)
rest : T} + u/T" + Ay + ug Ay = uy + 3auu,. (3.58)

Solving equations (3.56) gives the density
T' = B(t,z,u),

where B(t,x,u) is an arbitrary function of ¢, z and u. Equation (3.57) then becomes
A=Atz u),

where A(t, z,u) is an arbitrary function depending on ¢,  and w. Invoking the above

values of T* and A in equation (3.58), we have
B+ w;By + Ay + uy Ay = up + 3auu,.

Splitting the above equation over the derivatives of u gives

w : By =1, (3.59)
Uy + Ay = 3au?, (3.60)
rest : By + A, = 0. (3.61)

Integrating equation (3.59) with respect to u, we have
B=u+Q(t, ),
where Q(¢,z) is a function of ¢ and z. Equation (3.60) then yields
A= au® + R(t, 1),

where R(t,x) is an arbitrary function of ¢t and x. We take Q(t,z) = R(t,x) = 0
as they both contribute to the trivial part of the conserved vector and so B and A

become respectively

B=u and A= au’.
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Substituting back the above values of A and B, we have the conservation law of

equation (3.1) related to Ay(t,z,u) as stated below
T: = u,
TS = au® — Bug,.

Remark: It should be noted that the multiplier Ay = 1 tells us that the MEW

equation is itself a conservation law.

3.3.2 Conservation laws of (3.1) using the Noether theorem

In this subsection we derive the conservation laws for the modified equal-width equa-
tion (3.1) using the Noether theorem. This equation as it is, does not have a La-
grangian. In order to apply Noether’s theorem we transform equation (3.1) into
a fourth-order equation which has a Lagrangian. Thus using the transformation

u = V,, equation (3.1) becomes
Vie + 30V Veo — BViaew = 0. (3.62)

It can readily be verified that the second-order Lagrangian for equation (3.62) is

given by
c—-tyy ! V4—1BVV (3.63)
- 2 xVt 4Oé x 2 xx Vitx .
because §L/0V = 0 on (3.62). Here 6/0V is the Euler-Lagrange operator defined as
oL 0 9, 0 0 0 0
—=——-Di=——D, D} D? DDy — - - 3.64
sv =av ~ Pav Prav, T Pigw, T Pegv, PPy, o 080

where the total derivatives Dy, D, are as defined in (1.4).

Counsider the vector field

(t:cV)a

—l—ﬁ(t;z:V)a TR

X:T(t,a:,V)a 5

o (3.65)

where 7, € and 1 depend on ¢, x and V. To determine the Noether symmetries X of
(3.62) we insert the value of £ from (3.63) in

XPUL) + LIDy(7) + Do(€)] = Di(B") + Dy (B*), (3.66)
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where B! = Bi(t,x,V) and B® = B*(t,z,V) are the gauge terms and X is the
second prolongation of X defined as

0 0 0 0 0

X[Q} X ats x T T
+ G + Gy +<ttavtt+C .. + Gz mrr— oV,

57 G (3.67)

with ¢; and (, defined in (1.15) as well as (y, (z and (4, given in (1.16). Equation
(3.66) becomes

Vi V

Expansion of the above equation gives

1 1 1 1 1 1 1
—577tV:»c - 577\/‘/%‘/96 + §Ttv;€‘/x + §TVV,§2V:7: + 5&‘/93 + §§VViVx2 — §7th

1 1 1 1 1
_inVVtV:c + QTthZ + §Tth2Vx + észtV}c + §§VVth2 —an, V2 —any V!

Far V2 + an ViV 4 0fVE 4 a8y V2 — Vs — 2B ViVi
B ViVa = B ViaViw — 5B ViVaVis 2 BrViVis + 506:VicVio
BVl 4 5 FTViVa + B ViViVew + 3 8 ViVaVis + 567 VA Ve
BT ViV + 50T VaVitVia + 2By VEViVow 4 3 BEViVow + 2 BEVE,
BV Vi + BE VitV + 506 VIVE, + S BE VIV Vi — £ Vi
—BN2v Ve Vie — 5577\/‘/2:0‘/961 - —577VVV Vie + B&ViaVaa + = 551 VaVie
B V2 Vi + 3B ViViaVew + 3P ViVis + BTV 4 3 670 ViVie

1 1 1
+BTIVV;5V ‘/tm + _BTV%‘/MVMC + 57‘/‘/;:‘/33 + §5TVV‘/;§‘/;E2‘/;‘,:E - 57—1‘/‘/7&‘/;:

1 1 1 1 1 1
—ETVVQ fot fv‘/%VQ - Z—LCW'):V4 - Z—LOZT\/VQVf - Zafa:‘/f - Zafvvf
1
=B, + Bl + V;B’fv + V. By (3.69)
Splitting (3.69) on the derivatives of V' we obtain

‘/tt‘/xx Ty = O; (370)

VP2V, i =0, (3.71)

V2 & =0, (3.72)
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VieVaz + & = 0, 3.73
ViVZ2:ig, =0, 3.74
ViVe imu =0, 3.75

V2 ine =0, 3.76

V43¢, — 1 =0,
Vo —n = 2By,
Vii—m = QB@,

rest : B} + B = 0.

From (3.70) and (3.71) we have
T =a(t),

where a(t) is an arbitrary function of t. Equations (3.72-3.74) yield
£=0h,
where Cj is an arbitrary constant. Solving equations (3.75) and (3.76), we have
n=f(),
where f(t) is an arbitrary function of t. From (3.77), we obtain
a(t) = Cy,
where (' is an arbitrary constant of integration. Equation (3.78) equally yields
B = =310V +g(t,0),
where ¢(t, z) is an arbitrary function of ¢t and z. From (3.76) and (3.79), we have
B' = h(t,z),

where h(t,z) is an arbitrary function of ¢ and x. Here we can choose h(t,z) =
0 and g(t,z) = 0 as they contribute to the trivial part of the conserved vector,

thus satisfying equation (3.80). Therefore we have the following solution:

T = 02,
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n = f(),
B = 0,
B = _lepvw
= —5/'()

Thus we obtain the following Noether point symmetries and their corresponding

gauge functions:

0
X, = —, B'= B* =
1 at7 07 07
a t T
Xy = —, B'=0, B*=0,
ox
X, = 02, B—o, B —-Lruv
F- oV’ s D) '

Next, we use the above results to compute the conserved vectors of the fourth-order
equation (3.62). Using the formulae for the conserved vector (7% T°) in chapter
1 [45], we obtain the following three conserved vectors associated with the above

Noether symmetries X;, Xy and Xy as
1 1 1

1 1 1 1

1 1
T, = -V2—=
;o= V= 5 BVeVau,
. 1 1
Tf = _if‘/:fc + iﬁf(t)v:’vm’
x 1 3 1 1 / 1 /
TP = —5fOVi— af (V) + 58S ()Viaa = 5BF (O)Vew + ST (DV

respectively. Reverting to the original variables we obtain one local and two non-local

conserved vectors of (3.1) given by
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1, 1

T; = §u — éﬁuum,
3 1 1
Ty = ZCW4 - Eﬁuum + 55%%&;
) 1 1
Ty = —Euf(t) + Eﬁuwmf(t)7

Tf = —%f(t) /utdx —au’f(t) + %ﬁumf(t) - %5Uxf/(t) + %f/(t) /“d”

Remark: It should be noted that due to the presence of arbitrary function f(t) we

have infinitely many nonlocal conservation laws.

3.4 Concluding remarks

In this chapter we studied the modified equal-width equation (3.1). For the first time,
Lie point symmetries of (3.1) were computed and used to construct an optimal system
of one-dimensional subalgebras. Thereafter utilising this optimal system of one-
dimensional subalgebras, symmetry reductions and new group-invariant solutions
of MEW equation (3.1) were presented. The solutions obtained were cnoidal and
snoidal waves. Again for the first time, we computed the conservation laws for
(3.1) by employing two different methods; the multiplier method and the Noether
approach.
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Chapter 4

Exact solutions and conservation
laws of a generalized nonlinear

advection-diffusion equation

4.1 Introduction

The nonlinear advection-diffusion equation [57]
Uy — 200Uy — ui — Ulyy = 0, (4.1)

that recounts the movement of a buoyancy-driven plume in an inclined porous
medium, with constant « has a specific physical significance connected to the bed in-
clination. The solution is characterized by two moving boundaries for compactly
supported initial data, propagated with finite speed and spanning a distance of
O(v/t). In [57] the authors generated late-time asymptotic solutions to a nonlin-

ear advective-diffusion equation that has various applications in porous media flow.
In this chapter, we study the generalized nonlinear advection-diffusion equation
Uy — WU Uy — UZ — Ullyy = 0. (4.2)

We compute the Lie point symmetries of this equation for three different values of n.

For each case we obtain group-invariant solutions under their Lie point symmetries.
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We then proceed to find the travelling wave solutions for each case. Furthermore,
we derive conservation laws associated with each case by utilising the multiplier

approach and the new conservation theorem due to Ibragimov.

This work has been submitted for publication, See [58]

4.2 Exact solutions of (4.2)

In this section we present exact solutions of the generalized nonlinear advection-

diffusion equation (4.2) by applying Lie symmetry method.

4.2.1 Lie point symmetries of (4.2)

We begin by determining the Lie point symmetries of (4.2). Let the symmetry group
be generated by the vector field

0 0 0
X =71(t,, u)& + (¢, x,u)% + n(t, x,u)% (4.3)

Then X is a Lie point symmetry of (4.2) if

X, — wuuy —u? — Wty }| =0, (4.4)

Ut— WU Ug —UZ —UUzz =0

where X2 is the second prolongation of X as defined in (2.5). Expanding equation
(4.4), we obtain

G — wnu" tugn — wuCo — 2upCa — Ugeh) — ung‘ =0, (4.5)

Ut — WU U — U2 — Uz =0
where (1, (o and (y2 are as defined in chapter 1. Expansion of equation (4.5) gives

n—1

2

Mg + Wy — UeTy — Uy Ty — Up§y — UsUp&y — WNU

—wu"n, — wu"ugn, + wu"u T, + wuuu, T, + wuuLé, + wu"uiﬁu
2 2 2 3

—2UyMy — 205Ny + 2U Uy Ty 4 20, Ty + 28 + 2056, — UNgy

3
F3UUL U &y + VUL E gy + 2Ulgy Ty + UUTrg + 20Uy Toy + U Uy Ty
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42Uy Uy Ty 4 UL Ty e 0 0. (4.6)
Substituting wuu, + u? + wu,, for u; in equation (4.6), we obtain
e + wuugn, + uinu + Ul gy Ty — WU ULTE — ufcn — Uy Ty — wzu%uim
—2wu”ui7'u — 2wu™ N Ty, — uiTu — 2uuium7'u — u2u§w7'u — Ug&y
—wu”uigu — uiéu — WlpUpzy — wnU" Mgl — Ugen) — WUy — WU Uy,
FwuP u, Ty + WU T, + WU g, Ty + WU, + wuut T, + Wt U U Ty

Fwu"uz&, + wu”uigu — 2uym; — 2u§77u + 2wu”ui7x + QUiTx + 20Uy U T

+2wu"ui7'u + 2ui7’u + 2uu§uw7'u + 2u92E§$ + 2u2§u — UMy — 2UUp Mgy — Uz My

—uuinm + 2utpr &y + Ut pr + 2uuifm + Ut Uy &y + uuiém + 2UUpy T,

2
T

n+ n+1, 2

1 2 3
FWU T Uy Ty + VUL Tag + U gy Tog + 20U UL Ty + 20U Try

+1 2 2,2

2
F2U Uy Uy Ty, + WU U Uy Ty, + UG Uy Ty, + U UG, Ty + 2UlUg Uy Ty,

1,3 4 2.2
—|—wu"+ Uy Ty + Uy Ty, T U UL Ugy Ty, = 0.

Now splitting the above equation on the derivatives of u, we obtain

Tu:O7
szoa
fu:07

2ué, —ur, —n =0,
253} —UNyy — Ny — Tt = 07
Uy + wu"&, —wuT — & — wnu”_ln — 2Ny — 2ung, = 0,

M — WU N, — UNee = 0.

Equations (4.7) and (4.8) yield
T =A(l),

where A(t) is an arbitrary function depending on t. Solving (4.9) gives

5: B(t,l"),
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where B(t,z) is a function of ¢t and x. Substituting these values of 7 and ¢ into
(4.10), we obtain

n=2B,(t, z)u — A'(t)u.
We note that equation (4.11) is satisfied for the above values of 7, £ and 7. Now

substituting the values of 7, £ and 7 in equation (4.12) we have
wnA'(t)u™ + wBu" — 7By (t, x)u — wA'(t)u" — 2wn B, (t, z)u™ — By(t,z) = 0.

Splitting the above equation on the powers of u, provided n # 1, we have

u” :nA'(t) + B.(t,x) — A'(t) — 2nB,(t,z) = 0, (4.16)
u: Be(t,z) =0, (4.17)
rest : By(t,z) = 0. (4.18)

Equation (4.18) gives
B = B(z),
where B(z) is an arbitrary function of z. Equation (4.17) now yields

B(t, ZL’) = Cll' + CQ,

where C7 and Cy are constants of integration. Substituting the value of B into

equation (4.16) and solving for A(t), provided 2n # 1, n # 1, we obtain

_2n—1
n—1

We also note that equation (4.13) is satisfied for the above values of 7, £ and 7.

A(t) Cit + Cs.

Hence, the solution to the system of (4.7)-(4.13) is

2n — 1
T = n Clt+03,
n—1
§ = Cix + Oy,
2n — 1
n=2Cu — n Chu.
n—1

Thus, we obtain the following Lie point symmetries of (4.2) for n # 1/2 and n # 1:

0
X, = —
1 ata
0
X, = — 4.19
ngtg—i—n_l 0 1 0

ot " om—1"0r 2m—1"0u
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Case 2. n=1/2
We first consider the generalized nonlinear advection-diffusion equation (4.2) when

n = 1/2 which becomes
uy — wuu, — U2 — Uty = 0. (4.20)

The determining equations for (4.20) can be obtained from (4.7)-(4.13) with n = 1/2.

These are
7o =0, (4.21)
=0, (4.22)
§u =0, (4.23)
2ué, —ury —n =0, (4.24)
28 — UNuw — M — T = 0, (4.25)
UEpy + wu?E, — wu P — & — %wulpn — 21y — 22Uy = 0, (4.26)

e — wu'P1, = utee = 0. (4.27)

Equations (4.21) and (4.22) yield
T = P(t),
where P(t) is an arbitrary function ¢. Solving (4.23), we have
§=Q(t ),

where Q(t, z) is an arbitrary function depending on ¢ and x. Invoking the values of

7 and £ in (4.24) above , the 7 gives
n = 2Q.(t,x)u — P'(t)u. (4.28)

Obviously, equation (4.25) is satisfied. Substituting the value of n above in equation
(4.26) produces
1
TQue(t, z)u + 5wP’(t)ul/2 + Qy(t,z) = 0. (4.29)

Splitting (4.29) above over the derivatives of u, we have

U Que(t,x) =0, (4.30)
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u'?: P'(t) =0, (4.31)

rest : Q(t, z) = 0. (4.32)

Solving equation (4.32) gives
Q= Q(x),

where Q(x) is a function of z and subsequently (4.30) yields
Q = Ciz + Oy,
where C and Cy are constants. Equation (4.31) now becomes
P(t) = Cs,

where Cj is a constant of integration and we note that equation (4.27) is satisfied.

Therefore 7, £ and n become

T = 03,
§ = Ciz + Oy,
n = 2011,6

Thus, the Lie point symmetries of (4.20) are

0 0 0 0

Xi=—, Xo=—, Xg=2—+2u—. 4.33

Case 3. n=1
For the case when n = 1, the generalized nonlinear advection-diffusion equation (4.2)
becomes

Up — WUy — U2 — Ullyy = 0. (4.34)
The determining equations for (4.34) can be obtained from (4.7)-(4.13) with n = 1.

These are

T, = 0, (4.36)
§u =0, (4.37)
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2ué, —ut, —n =0, (4.38)
1 — Wiy — Uy = 0, (4.39)
U py — 2UTgy — WUEy — 21y — & = 0, (4.40)

(4.41)

N — WUty — Ulay = 0.
Equations (4.35) and (4.36) yields
T =G(1),
where G(t) is a function with argument ¢ and solving (4.37), we obtain
§=H(t ),

where H(t,z) is a function of ¢ and z. Substituting the values of 7 and ¢ in (4.38),
then
n=2H,(t,z)u — G'(t)u.

We note that (4.39) is satisfied. Equation (4.40) now becomes
TH,.(t,x)u + wH,(t,x)u+ H(t,z) = 0. (4.42)
Splitting the above equation on wu, we obtain

w: THy(t,x) + wH,(t,x) =0, (4.43)

rest : Hy(t,z) = 0. (4.44)

Solving equation (4.44) gives
H = H(x),

where H(z) is a function dependent on x. Solution to equation (4.43) yields
H = Cl -+ 026_%m,
where € and () are constants. Therefore £ and 1 become respectively

w 2 w
E=C1+Che 7" and n= —7wU02€_7$ —uG'(t).
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Substituting the above values of  and £ in (4.41), we obtain
48 w
uG" (t) + %W2U202€_7$ = 0.

Splitting the above equation over u, we have

_w
u? 1 Che 7% =0,

u:G"(t)=0.
Equation (4.45) obviously produces
Cy =0 since e 7% #£0.
Solving equation (4.46) gives

G(t) = Oyt + C4,

where C'5 and () are constants. Thus, variables 7, £ and n now become

T = Cst + Cy,
52 Cla
n = —Csu.

Thus, the infinitesimal generators of (4.34) are

0 0 0 0

X1:— X2:—7 X3:t——u—
X

ot’

4.2.2 Optimal system of one-dimensional subalgebras

(4.45)

(4.46)

(4.47)

We now use the Lie point symmetries of the three cases of n for equation (4.2)

computed above to construct an optimal system of one-dimensional subalgebras in

order to obtain symmetry reductions as well as group-invariant solutions.

Case 1. n# 1/2, 1

We first compute all the commutators of the Lie symmetries (4.19). This is then

presented in Table 1. Using the commutator Table 1 we construct the adjoint repre-

sentations of the symmetry group of (4.2) and present it in Table 2.
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Table 1. Commutator table of the Lie algebra of equation (4.2)

X, X, | X, X, X
X 0 0 X
X, 0 0 2oL X,
Xy | =Xi| —2ZLX, | 0

Table 2. Adjoint table of the Lie algebra of equation (4.2)

Ad| X, X X3

X, | Xy X, X5 —eX;
X | X, X, X; — 22LeX,
X5 | ef Xy | esn=1)/Cn=1) X X

Following the procedure given in [13], it turns out that an optimal system of one-

dimensional subalgebras is given by
{Xo, X1 + Xy, X3},

where ¢ € R.

Case 2. n=1/2
The commutators of the Lie symmetries (4.33) are presented in Table 3. Using this

commutator table we construct the adjoint representations of the symmetry group

of (4.20) and present it in Table 4.

Table 3. Commutator table of the Lie algebra of equation (4.20)

X, X | X1 | X | X
X, o] 0o |o
X, | 0] 0 |X,
Xs |0 |=Xy| 0
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Table 4. Adjoint table of the Lie algebra of equation (4.20)

Ad| X, | X, X
XXX, X
Xo | X0 | Xy | X3 —eX,
X | Xy | e£Xo X;

As before, following [13], an optimal system of one-dimensional subalgebras is given
by
{Xo, Xy + X, 0X1 + X3},

where b, c € R.

Case 3. n=1

Lastly, we compute all the commutators of the Lie symmetries (4.47) and present
them in Table 5. The adjoint representations of the symmetry group of (4.34) is
presented in Table 6.

Table 5. Commutator table of the Lie algebra of equation (4.34)

(X, X5 | Xa | Xo| X3
X1 0 0 | Xy
Xo 0 010
X3 X1/ 0] 0

Table 6. Adjoint table of the Lie algebra of equation (4.34)

Ad| Xi | Xy X3
X1 X1 | Xo| Xs—eXy
Xo | Xi | Xy X3
X3 | et Xy | Xy X3

Thus, in this case an optimal system of one-dimensional subalgebras is given by
{XQ, X1 + CXQ, bX2 + Xg},

where b, c € R.
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4.2.3 Symmetry reductions and solutions

We now engage the optimal system of one-dimensional subalgebras obtained earlier in
the previous subsection and find group-invariant solutions and symmetry reductions

for each of the three cases of n for equation (4.2).

Casel. n#1/2,1
In this case the optimal system of one-dimensional subalgebras is { X, X; +c¢Xs, X3}.
We find the group-invariant solutions under each of these three members of the

optimal system.

(i) X2
The associated Lagrangian system for X, is given by
dt dxr du
oo 4.48
ST o (4.48)
which produces two group-invariant solutions J; =t and J, = u. Therefore
Jo = f(Jp). Obviously
u= f(t). (4.49)
Substituting the above value of u in (4.2), we obtain
f'(t) =0. (4.50)
Solving the above equation yields
ft)=C, (4.51)

where C is a constant. Therefore

u(t,z) = C.

(i) X; +cXo
This symmetry operator will provide the travelling wave solutions. Following the
procedure adopted in chapter 2, we have the invariants J; = w and Jy, = x — ct, so
that from J; = f(J3), we obtain a group-invariant solution to (4.2) under X; + ¢Xs.
Thus

u= f(x —ct). (4.52)
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Substituting the above value of u in (4.2) with A = z — ¢t, we have
cf' ) +wf )+ (FVF (V) = 0.

(iii) X3
We now consider the group-invariant solution of scaling symmetry

0 n—1 0 1 0

X3 =1t— — = —. 4.53
’ 8t+2n—1x8x 2n—1u8u (4.53)
The Lagrangian system associated with X3 is

dt 2n—1)d 2n — 1)d

dt _ (2n—Ddr _ (2n—1)du (4.54)

t n—1 =z —u
The above system (4.54) generates two invariants J; = znt Jt and Jy = u/xﬁ

Hence, the group-invariant solution of (4.34) is Jo = f(J;) and so

(2n—1)/(n—1)
u= I_l/n_lf ('xf)

Substituting the above value of u into (4.2) and simplifying it, we obtain the ODE

f2)((2n* =9n+4) 2f" + (1 — 2n)?2° /" + (1 — n)w f(2)")

+zf ((1 —2n)2zf +(n—1)((2n — Dwf(2)" + (n — l)z)) +(n+1)f(z)*=0.

Case 2. n=1/2
The optimal system of one-dimensional subalgebras in this case is

{XQ, Xl + CXQ, le + X3}

(i) X;

The characteristic equations of Xy = d/0x are
= (4.55)

which give rise to two group-invariant solutions J; =t and J, = u. Thus
Jo = f(J1). Obviously
u= f(t). (4.56)
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Substituting the above value of u in (4.34), we obtain
7)) =o.

Therefore,
f (t) = Cl?

where (' is a constant of integration. Therefore,

u(t,z) = Ch.

(ii) X + X,

Following the procedural steps taken in chapter 2, we obtain
u= f(x —ct).
Therefore
u = —cf'(€), u,=f'(e) and wuy, = f"(¢), where e=ux—ct.

Substituting the above values of u;, u, and u,, in (4.34) and simplifying it, we obtain

the ordinary differential equation
cf'(e) +wf2(e)f'(e) + (f(e)f'(€)) = 0.

(iii) bX; + X3
We subsequently compute the group-invariant solution of the scaling symmetry Xy
stated as

0 0 0

The associated Lagrangian system with X} is

i _de
bz 2u

The above system generates two invariants J; = bln —¢ and J, = u/z?. Hence, the

group-invariant solution of (4.34) is J, = f(J;1) and eventually

w=2zf(blnz —t).
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Therefore, substituting the above values of u in (4.34), we have the first order ODE

() + (bw\/?+7bf+1) P20 4652 = 0.

Case 3. n=1

The optimal system of one-dimensional subalgebras in this case is

{XQ, Xl + CXQ, bXQ + X3}

(i) X2
The characteristic equations associated with Xy = 0/0x are

ﬂ_d:ﬂ du

0o 1 0’

which give rise to two invariants J; =t and Jy = u. Therefore J, = f(J;) and then

u(t,x) = f(t).

Substituting the above value of u into (4.34), we obtain

f(t) = Cl?

where (' is a constant. Hence, the group-invariant solution to Xs is

u(t,z) = Ch.

(ii) X + X,

Following the steps taken above we have

u= f(\), where \=ux—ct.

(4.57)

Substituting the above value of u in (4.34), we have the second order nonlinear ODE

cf' () +wfF )+ (FNF(N) =0

whose solution is given by

78



where ¢; is a constant of integration. Hence, the solution of (4.34) is

2c

W

w

u(t,z) = cre 2@ —

(iii) X + X3
Lastly, we generate the group-invariant solution under scaling symmetry X, defined

by

0 0 0

The associated Lagrangian system to Xy is

dt  de

du
= —. 4.59
t b —u ( )

System (4.59) yields two invariants J; = x — bInt and Jy = tu. Thus, the group-
invariant solution of (4.34) is Jy = f(J1) and so

1
u= ;f(x—blnt).
Substituting the above values of u in (4.34) yields

bf' +wff +(ff) +f=0.

4.3 Conservation laws of (4.2)

In this section we derive conservation laws of the generalized nonlinear advection-
diffusion equation (4.2) by considering its three cases. We use two different methods
of finding conservation laws; the multiplier method and the new conservation theorem

due to Ibragimov.

4.3.1 Conservation laws of (4.2) using multiplier method

In this subsection we employ the multiplier method to construct conservation laws

for the generalized nonlinear advection-diffusion equation (4.2).
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Case 1. n# 1/2, 1
We look for the zeroth-order multiplier A = A(%, z, u) and hence solve the determining

equation

J

5—{A(t, z,u) (u — wuuy — Uy — Uty } =0, (4.60)
u

which gives
Ny — wuug Ay — U2y — Utle Ay — wnu™ Mug A — g A — Dy(A)
+D, (wu™A) + D, (2u,A) — D2(Au) = 0.

Equation above expands to

w Ny, — wu"ug A, — uiAu — Ullgp Ny — wnu g A — ug A — Ay — wpAy,
+wuA, + wnu rug A + wuugAy + 2ugN, + 2uiAu + 2Uupe A — UM,
— U Ny — vt Nyy — Uy — uiAu — U\ — VUL Ay — u?CAu — uuiAuu

— Uy, = 0.
Simplifying and splitting the above equation on the derivatives of u, we obtain

Ugy - Ny =0, (4.61)
rest : wu"A, — Ay — ul,, = 0. (4.62)

Equation (4.61) yields
A=Q(, ),

where Q(t,z) is a function whose arguments are ¢ and x. Substituting the above

value of A in (4.62), we have
wu”Qw - ume - Qt = 0.
Splitting the above equation over u yields

u: Qu(t,x) =0,
U Que(t,z) =0,
rest : Q¢(t,z) = 0.
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Solving the above equations, we obtain

Q:Cb

where (] is a constant. Therefore A = 1 is the multiplier for (4.2). We obtain the

conservation law for the above multiplier by considering

Aty v, u){uy — wu™u, — Ul — Uy, } = DT+ DT, (4.63)
where density 7% and flux T are defined respectively as

T'=T'(t,z,u) and T% =T"(t,z,u,u,). (4.64)
and so equation (4.63) becomes
Uy — WU Uy — ui — g, = DT+ D, T,
which after simplification gives
Up — WU Uy — ui — Uy = Ttt + utTj + T+ u Ty + ug Ty

Now splitting the above equation on the second derivatives of u, we obtain

Uy : Ty = —u, (4.65)

rest : T} + u/ L%+ T + u,T* = uy — wuu, — u?. (4.66)
Integration of equation (4.65) with respect to u,, we obtain the flux
T% = —uu, + P(t,x,u),
where P(t,z,u) is a function of ¢, x and u. Consequently, equation (4.66) gives
Ttt + utTi + P, 4+ u, P, — ui = U — wu Uy — ui
Simplifying and splitting the above equation on the derivatives of u, we have

u T =1, (4.67)

Uy : Py = —wu", (4.68)
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rest : P, + T} = 0. (4.69)
Solving equation (4.67) gives

T'=u+Q(t, ),
where Q(t, z) is an arbitrary function of ¢ and z. Equation (4.68) then produces

n+1

P=— R(t
n+1w+ (7x)’

where R(t,x) is a function of ¢ and x. We now take R(t,x) = Q(¢,x) = 0 since both
functions contribute to the trivial part of the conserved vectors. Obviously, equation

(4.69) is satisfied. Therefore the density and flux (7%, 7%) for the (4.2) is

T' = u,
w
n+1

T = —uu, — u

Remark: It is worthy to note that the multiplier A = 1 gives us an inclination that
the generalized nonlinear advection-diffusion equation (4.2) is itself a conservation

law.

Case 2. n=1/2.
We look for the zeroth-order multiplier A = A(¢, x,u). The determining equation for

the multiplier is

;{A(t, T, u) (ut — wu'Py, — u? — uum) } =0, (4.70)
u

where 0 /0u is as defined in chapter 1. The above equation then becomes

1
u\y, — wu%uxAu —uiA, — utg Ay, — §wu_%ux/\ — Uz A — Dy(A)

+D,(wuzA) + Dy(2ugA) — D2(Au) = 0, (4.71)

which expands to

1 1

1 _1
w Ny, — wuzug\, — uiAu — Ulpy Ny — iwu 2Up A — Uga A — Ay — w Ay,

1
ot Ay + wu T+ wud sy + 2 + 200 + 2~ Ul
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—Up Ny — Ulp Ny — Uy — UE Ay — Uge A — WAy — U2 Ay — U2 Ay

— Uy Ny = 0. (4.72)

Splitting the above equation on the derivatives of u after further simplification,
we have

Ugpy : Ny = 0, (4.73)
rest : wu%/\x —ul,, — A = 0. (4.74)
From equation (4.73), we obtain

where Q(t,x) is an arbitrary function depending on ¢ and z. Substituting the above
value of A in (4.74), we obtain

W@ (t, :c)u% — Qu(t,x) — Quu(t, x)u = 0.

(4.76)
Splitting (4.76) on u, we have
ur: Qu(t,x) =0, (4.77)
U Quu(t,x) =0, (4.78)
rest : Q(t,z) = 0. (4.79)
Equation (4.77) and (4.79) yields
Q = Clu
where ) is a constant. Thus, the multiplier of (4.34) yields
A == Cl-
Therefore, A = 1. Obviously, (4.78) is satisfied.
Next, we derive the conservation law for the constant-valued multiplier. Therefore
we consider
A(t, z,u){uy — wut?uy — u? — wug,} = DT + DT, (4.80)
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where density 7" and flux 7% are as defined in (4.64). Equation (4.80) becomes
Hu, — wu'Pu, — u? — uty,} = DT+ D, T,
which simplifies to

Uy — wu/?

Uy — U2 — Ullge = T} + w,TE + T + u, T + Uga Ty
Splitting the above equation on second derivatives of u, we obtain

Uy : T,y = —1u, (4.81)

vest : T + T + T 4 u, T® = uy — wu'Pu, — u?. (4.82)
Integrating equation (4.81) with respect to u,, we obtain
T = —uu, + A(t, z,u),
where A(t, z,u) is an arbitrary function of ¢, x and u. Equation (4.82) then becomes
T! + T+ Ay + upgAy = up — wu'?uy,.

Splitting the above equation on the derivatives of u, we obtain

w T =1, (4.83)
Uy : Ay = —wu'/?, (4.84)
rest : T} + A, = 0. (4.85)

Equation (4.83) produces
T =u+ B(t,u).

where B(t, z) is a function depending on ¢ and . Solving equation (4.84) yields

2 3
A= —gwui + C(t, x),

where C'(t,x) is a function of t and x. We set B(t,z) = C(t,x) = 0 since they both
contribute to the trivial part of the conservation law and consequently equation

(4.85) is satisfied. Thus the local conserved vector related to multiplier A =1 is

T' = u,
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2
T = —uu, — Zwus.
3

Remark: It is worthy of note that the multiplier A = 1 tells us that the nonlinear

advection-diffusion equation (4.20) is itself a conservation law.

Case 3. n=1

We now compute the conservation laws for (4.2) with n = 1 which is (4.34). Looking

for the zeroth-order multiplier A = A(t, z, u) we obtain the determining equation for

(4.34) as
)
E{A(t,x, w) (ut — WUty — U2 — uum) } =0,

which simplifies to

ey — wutg Ay — U2 Ay — Ul Ny — WU — Uy A — Dy(A)

+D, (wul) + D,(2u,\) — D?(Au) = 0.

Expanding the above equation, we obtain

Ny — wutig Ay — A, — Wl Ny — WULA — Uge A — Ay — uy A,
+wul, + 2u Ay + wug A+ wuug Ay, + QuiAu + QU A — UM,

—Up Ny — utpAyy — UpNy — utip Ny — uiAu — uiAu — uuiAuu

—Ugp N — uttyy Ay = 0.

(4.86)

(4.87)

(4.88)

Simplification of the above equation and splitting on the various derivatives of u, we

obtain
A, =0,
wul, — Ay —ul,, = 0.
Solving equation (4.89), we obtain
A =Q(t, x),

where Q(t,z) is a function of ¢ and z. Substituting the value of A into
(4.90) gives
wuQ(t, ) — Q(t, x) — uQue = 0.

85

(4.89)
(4.90)

(4.91)

(4.92)



Splitting the above equation on u, we have

Q:i(t,z) =0, (4.93)
wQ(t,x) — Quz(t,x) = 0. (4.94)

Equation (4.93) yields
Q = Q(x), (4.95)

where () is a function of z. Substituting this value of @ in (4.94) and solving it
produces

Q(t,x) = Cre”” + (s, (4.96)

where C} and Cy are constant. Thus, the two multipliers for (4.34) are given as
Ai=1 and Ay =e“".

We first generate conservation laws of (4.34) associated with the multiplier Ay (¢, z, u).

Therefore we consider
Ay (t, 2, u){uy — wun, — u? — uug, } = D,T" + D, T, (4.97)

T

where the density 7" and flux 7% are as defined in (4.64). Thus the above equation
(4.97) then expands to

Up — WUU, — ui — UlUyy = Ttt + utT]j + T+ u, Ty + ug, Ty
Splitting the above equation on second derivatives of u

Uy : Ty = —u, (4.98)

rest : T} + uTh 4+ T + u, TE = vy — wut, — u2. (4.99)
Integrating equation (4.98) yields
T = —uu, + A(t, z,u),

where A(t,x,u) is an arbitrary function of ¢, z and u. Substituting the above value

of T in equation (4.99), we have

T + wTE 4+ Ay + up Ay = Uy — wutly,.
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Splitting the above equation on the derivatives of u, we obtain

w T =1, (4.100)
ug + Ay = —wu, (4.101)
rest : T} + A, = 0. (4.102)

Equation (4.100) produces
T'=u+ B(t,z),

where B(t,z) is a function of ¢t and z. Solving equation (4.101) then gives

1
A= —§wu2 + C(t, ),

where C(t,z) is a function depending on ¢ and x. We take functions B(t,z) and
C(t,z) to be zero since they both contribute to the trivial part of the conservation
law so that equation (4.102) is satisfied. Therefore, the conserved vector associated

with multiplier A, is

T = u,

1
T = —uu, — —wu?.
2

We now compute the conservation law for the second multiplier Ay = e**. Thus we
consider

Ao(t, 2, u){uy — wuny — u2 — utty, } = DT + D, T" (4.103)
and so we have
e {uy — wutly — U2 — Uty } = DT+ D,T".
Expanding the above equation, we have
e Uy — wutly — U2 — Ulgy } = T} + wTE 4+ TF 4+ u, T + Ugy Ty
Splitting the above equation on the second derivatives of u, we have

Uge T, = —ue*”, (4.104)
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rest : T} + w/ ! + T + u, TF = e {uy — wuu, — u’}. (4.105)
Integrating equation (4.104) with respect to u, gives flux
T% = —uugze*® + E(t,x,u),
where E(t,z,u) is a function of ¢, z and u. Consequently, equation (4.105) becomes
T! 4w ! — wugwe + By + up By — u2e” = e {uy — wuu, — u?}.

Simplifying the above equation further and splitting it on the derivative of u yields

u TP = ", (4.106)
u, : B, =0, (4.107)
rest : T} + E, = 0. (4.108)

Solving equation (4.106) produces
T" = ue” + F(t,z),
where F(t,z) is an arbitrary function of ¢ and z. Equation (4.107) then gives
E =E(t, ),

where E(t,z) is a function depending on ¢ and x. We set E(t,x) = F(t,x) = 0 due
to the fact that they contribute to the trivial part of the conserved vectors and so
equation (4.108) is satisfied. Thus, the conservation law for the second multiplier Ay

1S

t wxT
T" = ue™”,

T = —uu,e®*.

Remark: It should be noted that the multiplier A; = 1 tells us that the nonlinear

advection-diffusion equation (4.34) is itself a conservation law.
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4.3.2 Conservation laws of (4.2) using Ibragimov’s method

In this subsection we construct conservation laws of the three cases of the generalized
nonlinear advection-diffusion equation using the new conservation theorem due to

Ibragimov [48].

Case 1. n# 1/2, 1
We first derive the conservation laws of equation (4.2) when n # 1/2,1 by determin-

ing its adjoint equation using the formula

F* = g{v (ut — wu Uy — ut — uum) } =0, (4.109)
u

where v = v(t, z) and the Euler-Lagrange operator 6/du is defined as

) 0 0 0 0 0 0
—=—_——-D,— —D D? D? D,Dyj—— — - -.
du  Ou "ou, T Ouy 5 Ouy * Y gy + e "oy, ’

with the total derivatives D; and D, being given by

Dt = a—l—uta +'Uta +utt a +Utta +umi+vmi+
ot ou ov Ouy vy Ou, 0V, ’
D, = 3—i—u a—i—vg—ku i—i—v 8+uta+vta+--
‘ or “Ou “ov  Ouy vy Oy “ Ouy

Simplification of equation (4.109) gives the adjoint equation
F* = —v, + wu"v, — uvg, = 0. (4.110)

Considering equation (4.2) and its adjoint (4.110), we obtain the Lagrangian of the

equation as

L= (ut — wuuy — ut — uum) ) (4.111)

According to the Lagrangian (4.111) and the formula in equation (1.58), then the
expanded formulae for computing the conserved vectors corresponding to an infinites-

imal generator are

oL oL
Ct=rL4+W = 4+ W2= 4.112
TA T 8ut (%t ( )
oL oL oL
o 1 . 1
=L+ W L%x Dx_auxj + D, (W) . (4.113)
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We recall that (4.2) has three symmetries

0 0 0 n—1 0 1 0
=2 x,=2 Xy =t2 g 9.
LT o 27 or and 3 t8t+2n—1x8x 2n—1u8u

Let us first take into consideration the infinitesimal generator X;. We easily note
that the extension of the generator X; is the same translation symmetry X; = 9/0t.

In order to obtain the value of A we apply the equation

which produces A = 0. Again, we observe that
Dt (T) =0.

Applying (1.56), we obtain n* = 0. Consequently, the operator admitted by the
adjoint equation (4.110) is
0

We now use the above value of generator Y together with (1.60) to compute the Lie

characteristic functions which are
1 2
W*=—u, and W?* = —u,.

Therefore, the conserved vectors for equations (4.2) and (4.110) corresponding to the
infinitesimal generator X; = 0/0t can be obtained by using the values of C* and C*
in (4.112) and (4.113). Thus the following conserved vectors for the generator are

obtained:

t n 2
C" = —wu"vu, — VUl — UVUL,,

C* = wuvuy + vuguy — UV U + UV Uy

Similarly, we generate the conserved vector corresponding to the infinitesimal gen-
erator X; = 0/0x. In this case we have the Lie characteristics W' = —u, and
W? = —v, and so the conserved vector stipulated by applying (4.112) and (4.113)

gives

C' = —vu,,
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C% = vuy — UL Uy,

We now consider the third infinitesimal generator

X_t6+n—1 (9_ 1 0
5ot 2n—1x3x 2n—1u8u’

(4.114)
admitted by the generalized nonlinear advection-diffusion equation (4.2). The pro-
longation of X to the derivatives involved in the advection-diffusion equation is of

the form

0 n—1 0 1 0 0 0 0
X3 = ta + o — 133'% — oy — 1u% + Cta_ut + gma—% + Cg;x—aumc, (4.115)

where (;, ¢, are as defined in (1.15) and (,, in (1.16). Hence their values are given

as
—2n -n
Ct - 2n - 1ut7 Cx - QTL N 1“:5 and Cxx = —Ugyg, (4116)
which makes the equation (4.115) become
X, 0 n—-1 0 1 0 2n 0 n 0 0

ot T 10r  m 1" 2 —1"0u 2 —1"0u, "“ou.
Thus, application of equation (1.57) produces

2n
A= — . 4.11
2n — 1 ( 7)

We also note that by applying equation (1.56), we obtain

nﬁ=—<n_2>u (4.118)

2n —1

The values of D, and D, are

n—1
on—1"

Di(rt)=1 and D, =

Therefore the extension (1.55) of the operator (4.114) to v put up the form

Y_t8+n—1 8_ 1 8_71—2 0
ot 2n—1x8m 2n—1u8u 2n—1vc%‘

(4.119)

One can obviously verify that it is admitted by (4.2) and (4.110). Subsequently, from
(1.60) the Lie characteristic functions become

n—2 n—1

1 1 n—1 v — o —
Fon -1

——2n_1u— Up — ru, and W?=—

2n—1 2n—1

TU,.
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Thus, the conserved vector for the equation (4.2) and (4.110) corresponding to the Lie
operator X3 can then be obtained by using (4.112) and (4.113). Hence the conserved

vectors are

1 n—1
m—1" oy 1

n—1 1
c*r = 2n_1xvut+2n_1wu”+lv+wtu”vut+2n_1
1 9 ; n—1 .
U Vg — LUV UL — TUVL Uy
2n —1 P -1 2n —1
n—1

2n —1

t n 2
C" = —wtvu"u, — tvu, — tuvu,, —

UVUy

+  tvuzup —

+  tuvug, +

UV Uy .

Case 2. n# 1/2
We now compute the conservation laws of equation (4.20) by determining its adjoint

equation using the well-known formula
L_ 0 1/2 2
= 50 v (ut —wu Uy —uy — uum) =0, (4.120)
u
which yields the adjoint equation of (4.20) as
F* = —u, + wu'?v, — uvg, = 0. (4.121)

Now considering equation (4.20) as well as its adjoint (4.121), we then obtain the
Lagrangian of (4.20) as

L=v (ut — wu'?u, — u? — uum) ) (4.122)

We recall that equation (4.20) has the following Lie point symmetries:

Xlz2 X2:% and ngx%+2u%.

We first consider the symmetry generator X; = 9/9t. We note that the extension
of the generator X; to the new variable v produces the same translation symmetry
X; = 0/0t. In order to obtain the value of A we apply the equation (1.57) which
gives A\ = 0. We observe that D,(7) = 0 and so n* = 0. Eventually, the operator
admitted by the adjoint equation (4.121) is
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Using the above value of operator Y together with (1.60) to obtain the Lie charac-

teristic functions we have
1 2
W*=—u, and W= = —u,.

Hence, the conserved vectors for equations (4.20) related to the Lie symmetry X; =
0/0t can be established using the values of C* and C*. Thus, the conserved vectors

for the operator are

Ct = —wu'Pvu, — vui — UVUgy,

C* = wu'Pvuy + vuguy — UV + UVUL.

Likewise, we compute the conserved vector related to the Lie operator X; = 0/0x.
In this case we obtain the Lie characteristics W' = —u, and W? = —uv, and so the

conserved vectors acquired by applying equations (4.112) and (4.113) are

C' = —vuy,,

C”* = vuy — uv .

We next take the scaling Lie symmetry generator

0 0

admitted by the equation (4.20) and subsequently extend it to another variable v.
The prolongation of the above symmetry to the derivatives involved in the generalized
nonlinear advection-diffusion equation with n = 1/2 is of the form

0 0 0 0

We now use the equations (1.57) and (1.56) to obtain the values of A and n* respec-
tively, and so A = 2 and * = —3v. We equally note that D;(7) = 0 and D,(§) = 1.
Hence, the extension (1.55) of the generator to v is of the form

0 0 0

Using equation (1.60), the Lie characteristics functions become

Wl =2u—2u, and W?=—3v—zv,.

93



Finally, from equations (4.112) and (4.113) we obtain the conserved vectors C* and
C” which corresponds to the above scaling symmetry and satisfies the conservation

equation D;(C"*) + D,(C*) = 0. Therefore the required conserved vectors are

C" = 2uv — VU,

2

C* = xovuy — 2wu 2y — Suvuy + 2utv, — TUULU,.

Case 3. n=1
Conclusively, we generate the conservation laws of equation (4.34) by first obtaining

its adjoint equation using

F* = 5_{v (ut — WUty — U2 — uum) } = 0. (4.125)
u

The above equation produces the adjoint equation of (4.34) which is
F* = —v + wuv, — uvg, = 0. (4.126)

We note that considering equation (4.34) and its adjoint (4.126), we have the La-

grangian of (4.34) to be
L=v (ut — WUty — U2 — uum) ) (4.127)

We equally note that equation (4.34) has the following translational and scaling

symmetries:

0 0 0 0
a, X2:£ and ngta—lt%-

In the first place, we consider the infinitesimal generator X; = 0/0t of (4.34). We

X =

see that extending X; to the new variable v gives the same translation symmetry
X; = 0/0t. In a bid to determine the value of A we use the equation (1.57) so that
we obtain A = 0. We observe that D;(7) = 0 and so n* = 0. Consequently, the
operator that is being admitted by the adjoint equation (4.126) is

0

We now use the above equation together with (1.60) to obtain the values of W and
W? which are
Wl=—u, and W? = —u,.
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Therefore, the conservation law for (4.34) correlating to the translational symme-
try X; = 0/0t using the formula of C* and C* in equations (4.112) and (4.113)

respectively yields

Ot = —wuvu, — vui — UV Uy,

C? = wuvuy + vty — UVLUp + UV Uygy.

Correspondingly, we generate the conserved vector rendered to the Lie point sym-
metry X; = 9/0x. In this case we have the Lie characteristics W! = —u, and
W? = —v,, having realized that D,(£) = 0. Therefore, the conserved vectors ob-
tained by applying equations (4.112) and (4.113) produce

C' = —vuy,

C% = vuy — uv Uy,

Finally, we consider the scaling symmetry generator

0 0
Xg=t——u— 4.128
admitted by the nonlinear advection-diffusion equation (4.34) and then extend it to
a new variable v. The prolongation of X3 in (4.128) to the derivatives included in

the equation (4.34) is of the form
0 0 0 0 0

Xg=1t— —Uu——2U=— —Up=— — Uyy

ot ou ouy O, OUgy

Using equations (1.57) and (1.56) in order to obtain the values of A and n* respec-
tively, we have A = —2 and n* = v. We note that D;(7) =1 and D,(£) = 0 and the

extension (1.55) of the generator to v has the form

Applying equation (1.60), the Lie characteristics functions W' and W? then become
Wl=—u—tu, and W? =0v— ty,.
Therefore, the conserved vector for the equations (4.34) and (4.126) relating to the

infinitesimal generator X3 of the nonlinear advection-diffusion equation (4.34) can
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now be obtained by the application of the formulae in (4.112) and (4.113). Hence

the conserved vectors found are

t 2
C" = —uwv — wtuvu, — tou, — tuviy,,

C* = wuv + 2uvu, — uv, + wtuvu, + tougt, — tuvLus + tuvts,.

4.4 Concluding remarks

In this chapter we studied the generalized nonlinear advection-diffusion with power
law nonlinearity (4.2). The analysis of the equation prompted three different cases
for n. For each case Lie point symmetries were computed and then used to construct
an optimal system of one-dimensional subalgebras. Thereafter symmetry reductions
and group-invariant solutions were obtained based on these optimal systems of one-
dimensional subalgebras. Moreover, for each case conservation laws were derived by
two differential approaches: the multiplier method and the conservation theorem due

to Ibragimov.
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Chapter 5

Concluding remarks

Many of the real-world physical systems of fluid mechanics, material science, elas-
ticity, thermodynamics, biology, gas dynamics and so on are modelled by nonlinear
partial differential equations. It is therefore of importance to study such systems
with a view to finding their exact solutions and conservation laws. Thus, in this
dissertation we have studied two nonlinear partial differential equations namely the

modified equal-width and the nonlinear generalized advection-diffusion equations.

In Chapter one we presented the relevant literature which was used in this disserta-
tion. Various methods for finding the exact solutions of nonlinear partial differential
equations were described and different methods for deriving conservation laws were

discussed.

Chapter two studied the potential Burgers equation as an illustrative example. We
obtained the Lie point symmetries of the equation, computed the commutator table
for the symmetries and generated the one-parameter groups for them. We later
found group-invariant solutions including the travelling wave solution of the potential
Burgers equation. Moreover, we derived the conservation laws for the equation using

the multiplier approach.

In Chapter three we examined the modified equal-width equation by first computing

the infinitesimal generators of the equation. We proceeded into using the obtained
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generators to construct an optimal system of one-dimensional subalgebras. More-
over, the utilisation of the optimal system of one dimensional subalgebras, symmetry
reductions and new group-invariant solutions of the modified equal-width equation
(3.1) were presented. The solutions obtained were cnoidal and snoidal waves. We also
derived the conservation laws of the modified equal-width equation using the mul-
tiplier approach, which resulted in two multipliers and consequently, two conserved
vectors. Furthermore, we employed Noether’s theorem to obtain the conservation
laws of the equation which made it possible to generate one local and two nonlocal

conserved vectors of the equation.

In Chapter four, the generalized nonlinear advection-diffusion equation was investi-
gated, in which we had to consider three cases depending on the values of the parame-
ter n. Lie symmetry analysis for each case was performed in which the Lie symmetries
found were utilised for constructing the optimal system of one-dimensional subalge-
bras in each case. Furthermore, we engaged the optimal system of one-dimensional
subalgebras to obtain the symmetry reductions, group-invariant solutions as well as
the travelling wave solutions in all the cases. In addition, we then derived the con-
servation laws of the cases by applying the multipliers method as well as the new

conservation theorem due to Ibragimov.

In future work, we plan to use the conservation laws obtained here to construct exact

solutions for the partial differential equations studied in this dissertation.
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