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ABSTRACT

School mathematics education in South Africa is not doing very well at present, and has not
done so for some time. There are many problems, historically and socially. However, amidst
such a problematic situation, there are mathematicians who completed their school education in
South Africa and have become excellent in their field. As a mathematics teacher, | explored the
stories of such research mathematicians, specifically examining their perspectives of
mathematical knowledge for teaching. Avoiding all abbreviations and acronyms, in an attempt
to make this study more accessible to teachers, | used an interpretive narrative research design
and email-interviewed a number of these mathematicians, analysed the generated data in three
ways and then compared the results and findings with those of leading researchers and
mathematics educationists. All of them consider a teachers’ mathematical content knowledge to
be of utmost importance. Not one of the mathematicians worked alone to gain their knowledge
and understanding of mathematics, but collaborated in some way with teachers, parents or
fellow learners. In addition, according to them, the use of different types of knowledge is
instrumental for teachers, to realise the goal of meaningful learning of mathematical concepts.
To this end, effective continuous professional development is essential.

Key words for indexing: Mathematical knowledge for teaching; teaching proficiency in
mathematics; school mathematics; mathematics teacher; mathematics learner; continuous

professional development; research mathematician.



OPSOMMING

Skoolwiskundeonderwys vaar tans nie baie goed in Suid Afrika nie, en het vir ‘n lang ruk nie
goed gevaar nie. Daar is verskeie probleme, beide geskiedkundig en maatskaplik. Te midde
van die sodanige problematiese situasie, is daar tog navorsingswiskundiges wat hulle skool-
onderwys in Suid-Afrika voltooi het en uithemend in hulle veld presteer. As wiskunde-
onderwyseres het ek die verhale van die wiskundiges verken en in die besonder die verskynsel
van wiskundige kennis vir onderrig vanuit hulle ervaring aan die hand van ‘n interpretivistiese
narratiewe navorsingsopset ondersoek. Ten einde die studie ook vir onderwysers toeganklik te
maak, het ek die gebruik van afkortings en akronieme vermy. Ek het e-posonderhoude met ‘n
aantal van die wiskundiges gevoer, die ingesamelde data op drie maniere ontleed, en die
resultate en bevindings met dié van leidende wiskunde-onderrigvakkundiges en -navorsers
vergelyk. Al die wiskundiges beskou onderwysers se wiskundige inhoudskennis as uiters
belangrik. Verder het nie een van hierdie wiskundiges alleen gewerk om hulle kennis en begrip
van wiskunde te verwerf nie, maar het op een of ander wyse saam met onderwysers, ouers of
medeleerders gewerk, om dit te bereik. Volgens hulle is die gebruik van verskillende tipes
onderrigkennis instrumenteel vir die onderwyser om die doel van betekenisvolle leer van
wiskundige konsepte te verwesenlik. In hierdie verband is effektiewe deurlopende professionele

ontwikkeling noodsaaklik.

Sleutelwoorde vir indeksering:  Wiskundige kennis vir onderrig; onderrigbevoegdheid in
wiskunde; skoolwiskunde; wiskunde-onderwyser; wiskundeleerder; deurlopende professionele

ontwikkeling; navorsingswiskundige.
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CHAPTER ONE: PROBLEM STATEMENT AND PROGRAMME OF
INVESTIGATION

1.1 Discussion of research problem and motivation for study

South Africa is a country with many problems in its education system (Mouton, Louw, &
Strydom, 2013:8) and more specifically with the teaching and learning of mathematics (Adler,
2005:10). Teachers are central in the teaching and learning of mathematics and not many
learners at school achieve the results that are acceptable for them to pursue mathematics
further. | studied the lived experiences of South African research mathematicians in order to
identify from their perspective, aspects of their teachers’ mathematical knowledge which
contributed to their success in mathematics. Their insights could be used to challenge and

change the knowledge that South African teachers need to teach mathematics successfully.

A mathematician is someone who studies and practices mathematics and believes in that
system, and that truth is absolute under the axioms or conditions within which they work. A
research mathematician is a mathematician who is actively involved in researching and
discovering new theorems and new mathematics by means of rigorous deductive logic applied
to an axiomatic framework (McKnight, Magid, Murphy, & McKnight, 2000:1). Mathematics
education research is inquiry by carefully developed research methods, aimed at providing
evidence about the nature and relationships of many mathematics learning and teaching
phenomena (McKnight et al., 2000:1). In South Africa, there are research mathematicians, as

well as mathematical educationists, who are world leaders in their field of study.
1.2 Background: South African context

In my honours project (Labuschagne, 2013), | investigated the mandatory in-service training
that secondary school mathematics teachers receive. Although research (Darling-Hammond,
Wei, Andree, Richardson, & Orphanos, 2009: 43; Adler & Davies, 2006) indicates the
importance of these programmes, the conclusions from the project was that mandatory in-
service training does not lead to the type of professional development that is necessary.
Teachers who have participated in these programmes, found them a waste of money and the
training had no effect on the learning in their classrooms. In South Africa at present,
mathematics teachers are not receiving the kind of training which leads to sustainable or

effective professional development (Mouton et al., 2013: 33).

South African learners underachieve at mathematics, as can be seen in the results from many
local and international assessments of mathematical achievement (Spaull & Kotze, 2015:13). A

variety of studies indicated that numeracy rates amongst learners in schools in South Africa are
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among the lowest worldwide. Situations in classrooms are difficult for the learners, with
problems of poor discipline, overcrowding in classrooms, complications with communication and
a non-existence of resources (Mouton et al.,, 2013:32; Setati, 2008:106; Carnoy, Jacks,
Chisholm, & Chilisa, 2012). In addition to these problems, multilingual learners face the further
challenge of trying to learn mathematics at the same time as learning the language of
instruction (Setati, 2008:108). To compound the problem, the language of instruction is also

often different to the teacher’s mother tongue.

Teachers are often blamed for the poor performance of learners (Taylor, 2008:6). The role of
the teacher is, on the other hand, a direct outcome of the education system that is in place
(Lelliott, Mwakapenda, Doidge, Du Plessis, Mhlolo, Msimanga, & Bowie, 2009:49). Teachers
are just one of the many stakeholders involved. The influential policy makers, government,
teachers, learners, parents and educational officials, who decide on curriculum, are therefore all
responsible for the poor performance of learners (Long, 2007:14). Because of the educational
injustices of the past, it was critical to have a comprehensive overhaul of the national
curriculum. Sincere, committed and constructive interactions between all stakeholders involved

in education are essential for any curriculum change to be effective (Mouton et al., 2013:36).
1.3 Importance of the teacher and continuous professional development

| agree with Taylor (2008:11) that “the only way to improve outcomes is to improve instruction.”
The teacher is central to the solution in improving education, but there is a need to invest in an
alternative strategy of developing the teaching and learning of mathematics, and not merely
alternative methods of instruction or simply changing materials. Pre-service training is not
enough to teach teachers how and what to teach for their whole lifetime of their teaching
(Zakaria, Daud, & Meerah, 2009:226).

In-service training can be defined as structured activities designed exclusively, or primarily to
improve professional performance (Darling-Hammond et al., 2009:36). In-service training thus
has an important role to play in professional development. Mathematics teachers should be
seen as whole human beings and not just quasi-mathematicians. Teaching is a small part of a
complex social experience for teachers and their learning experiences come from a multitude of
formal and informal activities; in their own classrooms and schools, at a university course, or
through on-line activities. Professional development is noticeable when there are changes in a
teacher’s knowledge and practice (Desimone, 2009:182). Teachers also develop during the
actual teaching of mathematics. The development is not only in mathematical content
knowledge, but their beliefs and perceptions about mathematics are also constantly changing

and developing.



Teachers need to be life-long learners; however, there is a general dissatisfaction with in-
service training programmes, which are perceived to be ineffective (Taylor, 2008:22). Any
teacher can find opportunities for in-service training and continuous professional development,
yet for it to be effective; they need to be central in their own development. In the South African
context, teachers are seen as being actively uninvolved in their own professional development.
There are complaints that the in-service training is unrelated to the needs that the teachers face
(du Plessis & Webb, 2012:48).

1.4 Different aspects of teachers’ knowledge

Without knowledge, teaching cannot take place, though this knowledge is more than just
knowing the mathematics in the curriculum (Schoenfeld & Kilpatrick, 2008:322). A teacher’s
knowledge has many different facets. For example, content of the subject, mathematics,
pedagogical knowledge, pedagogical content knowledge and technological pedagogical
knowledge, to mention just a few. A teacher who understands the importance of knowledge will

provide opportunities for the learning that learners need.

New technologies such as, computers, educational games and the internet, have changed the
nature of the classroom or have the potential to do so (Mishra & Koehler, 2006:1023). Many
South African teachers have access to computer programs. These could be used to assist with
the teaching of topics, such as graphs, statistics and geometry but teachers either do not use
these technologies (Stols & Kriek, 2011:137) or else teach using them but with substandard
results (Schoenfeld, 1989:338).

The mathematical content demands of teaching are substantial (Ball, Thames, & Phelps,
2008:6). Teachers need to be able to go beyond merely the calculations assigned to the
learners. According to Taylor (2008: 12), a significant number of teachers in South Africa have
very low levels of subject expertise. A reason for the problems found in subject knowledge
could be that the training received by many teachers was in a different era to the one in which
they teach. Subsequently, teachers have not received adequate training, to teach what they are
currently teaching (Rakumako & Laugksch, 2010:139).

A teacher’'s own mathematical knowledge needs to improve through reflection on their new
mathematical knowledge in addition to how it is understood (Plotz, Froneman, & Nieuwoudt,
2012:80). Teachers must be capable of teaching mathematics using the multidimensional
nature of knowledge and understanding. Knowing the subject of mathematics in breadth and
depth, as well as knowing the learners as learners, and thinkers, needs to be included in the

framework for proficiency in teaching (Schoenfeld & Kilpatrick, 2008:108).



Teachers not making efficient use of the time available to teach will result in learners not having
sufficient opportunity to learn (Stols, 2013:16). Opportunity to learn is the amount of time
learners are exposed to the curriculum, in a given academic year (Reeves, Carnoy, & Addy,
2013:426). Hence lack of learning is a consequence of teachers not using teaching time in
specific teaching situations.

Professional development, union meetings and department meetings, all compete for a
teachers’ time (Taylor, 2015:16). Teachers find it difficult to balance time for various
assessments in the time allocated to teaching (Mouton et al., 2013:8). Time issues are
exacerbated by absenteeism in the teaching staff of schools. If in South Africa, the teachers
taught more mathematics lessons during the course of the academic year, most of the learners’

mathematical ability would improve (Reeves et al., 2013:434).
15 Mathematicians

Any person who is an expert or a student, in the study of mathematics, can be called a
mathematician. There are different categories of mathematicians and different types of
research that these mathematicians are involved in, but they all have a deep knowledge of
mathematics and a love for mathematics. Mathematics education research is not the same as
research in mathematics. As Adler (2005:2) puts it: “Mathematics advances through the
increasing solution of outstanding problems. Mathematics education is a very different research
field. Problems are not well defined, nor are they solved once and for all.” There is a clear
divide between mathematics educationists and research mathematicians, which some have
referred to as “math wars” (Schoenfeld, 2004:254).

There is a similar divide between mathematics teachers and mathematics educationists. This
manifests when theory and practice do not support each other. There is not a transfer from
teacher education into school practice (Kieran, Krainer, & Shaughnessy, 2013:361).
Educationists make recommendations in all their papers, but teachers do not read or apply the
recommendations. The issue of teacher education, which includes professional development, is
a much-investigated area of research (Venkat, Adler, Rollnick, Setati, & Vhurumuku, 2009:15).
This is predicated by the fact that if teachers are not developing continuously, teaching will not

improve.
1.6 Gaps in literature

In my reading of literature on mathematics education in South Africa and the problems that the
education system are facing, | discovered four gaps that | thought could be filled. My research

study adds to the body of scholarship on the topic of mathematics teacher education and



continuous professional development; by contributing to four gaps identified in South African

literature on Mathematics education that have not been adequately researched.

Mouton et al. (2013:40) have recommendations for an improvement in education in South
Africa. They recommend an emphasis on the importance of continuous professional
development; any training that teachers receive should be relevant and high quality training,
which is the first gap that | identified and addressed in this research. | added to the discussion
around the mathematical knowledge for teaching that it should be included in this continuous
professional development and training. As a mathematics teacher, | realised that this study is
part of my own continuous professional development and | think other teachers should be

encouraged to do the same.

Moremedi (2007:28) calls on SAMS, the South African Mathematics Society, to help with the
deficiencies in the content knowledge of the majority of teachers in South Africa, as in his
judgement, they are best placed to identify problem areas which need attention. Even though
this call was over nine years ago, in my opinion, it has not been adequately addressed. My
research is part of the response to this call. This is the second gap, as | approach research
mathematicians who are part of the SAMS organisation for their views and suggestions on how
teachers’ mathematical knowledge needs can be developed in order to address the

insufficiencies.

Vhurumuku and Mokeleche (2009:109) recommend future research focusing on developing
teachers’ beliefs, knowledge and pedagogical practices with regard to indigenous knowledge
systems. Pais (2011:219) expanded the common definition of ethno-mathematics as only
indigenous mathematics, to include learners’ social, historic, political and economic background
in the meaning of indigenous knowledge of mathematics. | concur with this expansion and use
this as the definition with which | work. Research mathematicians cannot be separated from
their own indigenous knowledge systems and beliefs. This is not the focus of this research but |
do believe that this research adds to this discussion. This is the third gap my research covers.
South Africa has its own specific indigenous knowledge systems. The narratives from research
mathematicians answer questions about conflict between indigenous knowledge and

mathematics, or finding ways of enhancing mathematical teaching by indigenous knowledge.

According to Adler (2005:2), mathematicians and mathematics educationists are very different
and often it is difficult for them to understand each other. By listening to the voices of research
mathematicians, | contribute to filling this fourth gap in research. In the current state of
mathematics education in South Africa, some learners have developed to the point of being

research mathematicians, and even world leaders in their field of research. Those are the



people, whose voices | investigate, and whose stories | tell of how they think the knowledge of

teachers should be improved.
1.7 Research question

As a mathematics teacher, | explored the stories of research mathematicians, specifically
examining the mathematical knowledge for teaching from their experiences. My central
question is: What insights on the content of mathematical knowledge for secondary school
teaching in South Africa are in their stories?

Adding to the central question, subordinate questions were:

e What mathematical knowledge did teachers have that was helpful, and what areas
needed improving?

¢ What influence, if any, did indigenous knowledge systems have on mathematical
knowledge?

¢ Should teachers use technology in teaching mathematics?

¢ What is the importance of having strong subject knowledge?

e What pedagogical knowledge has a positive effect?
1.8 Aims of this study

In this study, | explored the stories of South African research mathematicians, who managed to
excel in mathematics, notwithstanding the severe problems in its education system. From their
perspectives, insights were collected which were used to develop the importance of content of
mathematical knowledge for teaching secondary school, which in time can be used for
continuous professional development. This mathematical knowledge for teaching includes all
aspects of knowledge that a teacher needs, including indigenous knowledge relevant to the
South African context. In the process of this study, | minimise the gaps between research

mathematicians, mathematics education researchers and mathematics teachers.
1.9 Research design, methodology and methods
1.9.1 Research design

This is an interpretive narrative study that used purposeful sampling to select a group of
research mathematicians who have gone through the South African schooling system. Data
was generated from interviews. Biographical questionnaires were given to members of SAMS,
to help with the selection process. Data was analysed using content analysis, as well as other

methods (Merriam, as quoted in Creswell, 2009:199). As an inductive method, it will allow the



research findings to emerge. The research project is somewhat open-ended, which is suited to

an inductive method.
1.9.2 Methodology

Narrative enquirers do not begin with a definite problem, but with an interest in a phenomenon,
which could be understood narratively (Clandinin & Connelly, 1994:14). According to Clandinin
and Connelly (2000:2), the study of a narrative is a study of the ways humans experience the
world. A qualitative narrative methodology is specifically appropriate for this research task
because it focuses on investigating the way people experience the world and particularly the
mathematical knowledge for teaching that South African teachers need, in the mathematics

classroom.

Narrative methodology is not just a story, because a story could be fictional and therefore have
falsifications. A definition of narratives, according to Clandinin and Connelly (2000:20), is
“discourses with clear sequential order that connect events in a meaningful way for a definite
audience, which offers insights about the world and people’s experiences.” A narrative
methodology helped me understand how these specific people experienced their mathematics
education. The particular audience of this narrative is mathematicians in its broad inclusive
meaning, teachers and researchers. The life experiences are continuous from schooling to their
current position as research mathematician and keeping the continuous sense of time is

associated with a narrative study (Clandinin & Connelly, 1994:6).
According to Creswell (2009:190), the steps in a qualitative narrative study are as follows:

e Researcher gathers information to understand the life experience.

e Purposefully selected participants answer open-ended questions in interviews.

¢ Recorded data is analysed to form themes.

e A process of sequencing and organising is used to find broad patterns.

e Collaboration must exist between the researcher and the participants.

¢ The narrative outcome is compared with theories and general literature on the topic for

crystallisation.
1.9.3 Philosophical orientation

Any research project needs theory to block the reproduction of the obvious (MaclLure,
2010:280). Research gives rise to language and tools, which shape what we see and say about
the world around us (Pais, 2012:3). In my investigation, | use a constructivist-interpretive,
qualitative focus, which focuses on experience and the qualities of life and education (Clandinin
& Connelly, 2000:3).



An interpretivist paradigm uses qualitative methods, which is a “softer, more subjective,
participatory role” (Cohen et al. as quoted in Maree, 2007:32). It is a process of understanding,
where the researcher develops a complex picture and analyses it in its natural setting (Creswell,
2009:258). The key goal of this approach is to explore and understand the central phenomenon
that is being revealed, and to interpret it in its context, taking all factors that influence into
consideration (Creswell, 2009:259).

According to Maree (2007:59), an interpretivist perspective is based on the following

assumptions:

e Human life can only be understood from within a subjective study of phenomenon.

e Social life is a distinctly human activity, and understood in this social context.

e The human mind is the purposive source and through exploring phenomena, we
understand meanings.

¢ Human behaviour is affected by knowledge of the social world. There are multiple
perceived realities.

e The social world does not exist apart from human knowledge. Our own knowledge and

understanding constantly influences us.

In a qualitative narrative approach, a reader must understand the situation that the author was
in, to understand a text. Perceived reality in any situation of social life is subjective (Creswell,
2009:232), and all situations are unique. Behaviour is affected by the social world, by how we
know and understand situations, and therefore | explain my personal interest in this research. |
have been teaching secondary school mathematics for about twenty years. | do not aim to turn
all the learners in my classes into research mathematicians, but | do value mathematics and
want all the learners in my classes to see the significance and importance of mathematics. | do
not want to be accused of teaching anything that would place a stumbling block in the path of
their pursuit of mathematics at higher cognitive levels. Knowledge must be transferred or else it

will be lost, (Ball et al., 2008:398) and narrative is a powerful way of transferring knowledge.

There was a clash of paradigms between me as researcher and the participants. Most
mathematics research has positivism as its paradigm. In positivism, social behaviour is
explained only by observable entities (Creswell, 2009:6). The reaction to this is interpretivist,
where human behaviour is explained, by referring to the subjective states of the people acting in
it (Maree, 2007:49). Knowledge can be viewed in one of two ways, it can be either hard, real or
objective or a more subjective, participatory role as can be found in an interpretive, non-
positivist stance (Maree, 2007:31). This clash was noticed in the answering of questions and

the analysis of the data.



Another research challenge was the personal nature of this study. The social context involved
was purposefully explored to establish meanings applicable to improving knowledge that
teachers in South Africa need. | realise that there are multiple possible realities and hope this
can be used to help teachers who teach a class filled with learners who themselves also have a

variety of realities and understandings.
1.10 Sampling strategy

The group that | have named ‘research mathematicians’, was my study population from which
my sample group was purposefully selected. | distributed approximately one hundred
biographical questionnaires via email, to research mathematicians from the organization South

African Mathematical Society (SAMS) and invited them to participate voluntarily in this study.
These questionnaires used in the selection of the sample group had definite criteria:
e The research mathematicians must have been schooled in South African school system.

e Specifically, | would like participants to be from both urban and rural areas, as well as

private and government schools.

e They must be willing, and feel able to give their own perspectives in a narrative procedure,

on the following topics:
o The different aspects of a teachers’ mathematical knowledge for teaching.
o Positive aspects of their secondary school teachers’ mathematical knowledge.
o Negative aspects of their secondary school teachers’ mathematical knowledge.
o Indigenous knowledge systems that was relevant to their knowledge.

| interviewed ten participants who, as close as possible, fulfilled the criteria. The participants
were selected on convenience criteria to facilitate the interviews. These interviews were
conducted via email after | had attended the annual conference of the South African
Mathematical Society and had spoken to mathematicians who had volunteered to participate. |
was able to take an interactive role in the social context. These interviews covered the topics
that were in the original email, on which they agreed to give their perspectives. Data, generated

on improving a teachers’ mathematical knowledge for teaching, was collected.



1.11 Methods of data generation or collection

The three most commonly used methods of data collection for descriptive studies of teachers
and teaching is observation, interviews, and surveys or questionnaires (Desimone, 2009:188).
People were the source of information. The method | used for the generation of data was
unstructured individual interviews. Interviews were conducted via email, between the
participants and me. The interview was used to aid in understanding the ways in which the
experience had shaped the participants (Clandinin & Connelly, 2000:6). The interviews were
focused on the mathematical knowledge needed by teachers, from the participants’
perspectives.

The questions in the interview were (see Appendix C):

1. Reflecting on your own experience as a learner from grade 10 to matric in a South African
school, comment on different teaching styles in your school learning experiences and the
effect of these styles.

2. Explain your experiences of getting 'stuck' and what strategies were used for resolving these
types of problems.

What was the role of the teachers’ knowledge with the topics that you found easy or hard?
How would you compare mathematics with other subjects, in terms of the kind of work
expected and how you approached the subject matter and tasks?

5. What were your reasons for choosing mathematics at university?

6. As an accomplished research mathematician in order to help teachers trying to teach

mathematics, please answer the following:

6.1 What are your perspectives on the forms of knowledge that are involved in teaching
mathematics? | am referring to content knowledge, pedagogical knowledge and
technological knowledge.

6.2 Explain your perspectives on whether these different forms of knowledge are of equal
importance in teaching mathematics or is there a hierarchical order to the forms of

knowledge?

6.3 What is strong subject knowledge? What is the importance of strong subject

knowledge? What role do you think this strong subject knowledge plays in teaching?

6.4 From your experiences, is the traditional model of teaching, where the teacher is central

source of knowledge, effective?

6.5 Indigenous knowledge, a knowledge that learners and teachers have from their
background, is part of the pedagogical knowledge of a teacher. Should teachers have
10



knowledge of culture and habits unique to South Africa or is teaching more effective when

the teacher is aware of the culture of the learners?
6.6 Classroom discipline or control: is this essential to effective mathematics teaching?

6.7 In respect to technological knowledge, which includes the use of calculators, computers,
as well as black boards and overhead projectors, etc., what are your perspectives on this

topic at High school level, in terms of the teachers’ knowledge?

7. Any other views on what kind of approach from the teachers would lead to success in school
mathematics in the South African school.

1.12 Methods of data analysis

The process of data analysis is making sense of the data that has been generated (Creswell,
2009:183). An interpretive method was followed in the analysis. The steps | followed are well
described in Creswell (2009: 185). The data from the interviews was organised, and
transcribed. After making sure that all information was understood, by a thorough reading of all
the transcribed data, it was coded into various themes. The meaning of these themes was then
interpreted. The interpretations cannot be separated from me, as the researcher, and various

views can be formed from this approach.

There are two ways of interpreting these themes: deductively - where themes existed before
the research was done, or inductively - where themes are discovered from the narratives. |
used both an inductive analysis and a deductive analysis. | started with an idea of what
guestions | wanted to ask and | saw what emerged from the respondents. This is part of the
gualitative approach (Creswell, 2009:259; Lodico, Spaulding, & Voegtle, 2010: 5). Categories,
themes, and interrelationships with the focal point being, to understand the complexities of the
situation that the participants were schooled in, and specifically how this is associated with the

teachers’ mathematical knowledge for teaching.

According to Lodico et al. (2010:5) inductive reasoning is used when a researcher proceeds
from specific observations to general statements. Deductive reasoning is used when a general
statement is made and specific evidence is used to support or disconfirm that statement.
Specific practical insights from the data were used to explore this mathematical knowledge for
teaching. There were numerous perspectives that could have been discussed but the themes of

mathematical knowledge for teaching are what was analysed.

Generalisation cannot be made with this narrative enquiry. Any results from this research were

validated by comparing any outcomes with existing research and literature. This is explained as
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a crystallisation, which provides a deeper, complex, understanding of the topic (Tobin & Begley,
2004:388). A rich description of the participants, interactions, culture and background support
the transferability of this data (Lodico et al., 2010: 274). Trustworthy issues were addressed,
using the different data sources on mathematical knowledge for teaching and a comparison with
the results from this study. Member checks, where the participants have a copy of the
transcribed interviews as well as summaries, were used to insure that my own biased does not

influence how the perspectives have been portrayed.
1.13 Ethical considerations

Following Clandinin (2006:52), ethical considerations imply more than filling out forms with a
narrative inquiry. It is about co-operation, respect, support, and openness to multiple voices.
This enquiry was with adults. No identities were revealed throughout the report. All references
to place names, people or schools were omitted. Participants received feedback on the report,

to show their contribution to education in South Africa.

As researcher, | have a participatory role. My twenty years of teaching experience influenced
how | asked questions and interpreted responses. My own knowledge of the history of South
African education also added to me being involved in this project. | checked all conclusions

around the different themes with the participants, and with my supervisor, to avoid bias.

Ethical clearance was obtained from the NWU ethics committee. All necessary procedures
were followed, such as the data will be kept for a minimum period of five years. All interview

schedules and consent letters were attached to the ethics application form.

All participants completed an informed consent form. Sarantakos, as quoted in Creswell

(2009:89), states elements that must be in such a form:

Identification of the researcher.

e |dentification of the institution involved.

¢ Identification of the purpose of the research.
e Guarantee of confidentiality.

e Participants participate on a voluntary basis.

e Without stating their reasons, participants can withdraw at any time from the research and

without fear of any form of penalty for doing so.
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1.14 Conclusion

As mentioned, South African mathematics education is not flourishing according to many
reports. Many teachers feel discouraged by this situation. There have been changes made to
the syllabus by the Department of Education, and teachers’ knowledge is falling between the
cracks in this system. Teachers need a continuous development as a teacher. A four year
degree will not suffice for a life time of teaching. There are different aspects to the knowledge

of mathematics’ teacher as well as different beliefs about mathematics.

| found four significant gaps in literature, which | contribute to with this project. The division
between research mathematicians, educational mathematics researchers as well as the gap
between researchers and teachers - all do not focus on effective mathematics education.

Continuous professional development of teachers is something that should not be ignored.

My research project is a qualitative narrative study of stories from the research mathematicians
and what knowledge from their perspective, is important for mathematics teachers. |
interviewed research mathematicians who are part of the South African Mathematical Society.
All ethical considerations were taken into account. These results are part of my own life-long

learning as a mathematics teacher and part of my own continuous professional development.

The motivation for this study is similar to what McKnight et al. (2000:5), who posited that just as
a physician consults literature for the evidence of effectiveness to treat diseases, this should
lead to more success. This is my evidence—based study: as a teacher | consult the mathematics
education research literature for evidence of effectiveness and | select and evaluate
pedagogical method from this evidence. McKnight et al. (2000:5) goes on to say that there are
philosophical problems in the theory of knowledge, most people are probably intuitive. | try to

use my intuitiveness in study.
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CHAPTER 2: KNOWLEDGE FOR PROFICIENT TEACHING OF
MATHEMATICS

Shulman, (1986) and Ball, Thames & Phelps (2008), developed a widely accepted theoretical
model of “mathematical knowledge for teaching”. It is the philosophy of mathematical and
pedagogical knowledge required for teachers to be successful in teaching for meaningful
learning of mathematics. Since the development of the theory of mathematical knowledge for
teaching, there has been an increased emphasis on the nature of knowledge needed to teach
mathematics. Schoenfeld and Kilpatrick (2008:108) proposed a theoretical framework for
teaching proficiency in mathematics that added to the understanding from an educational

perspective of the phenomenon of proficient school mathematics teaching.

The theoretical model incorporates the fields of mathematical content knowledge and
pedagogical content knowledge, specifically aimed at the knowledge of mathematics, in the
curriculum, that is taught. With the increase in available technology in the teaching
environment, the model has been amended to also incorporate technological, pedagogical and
content knowledge (Mishra & Koehler, 2006).

All stakeholders in education will agree that without knowledge teaching cannot take place.
Knowledge is multifaceted, so a general view of knowledge is important. The different aspects
of the knowledge that are needed for teaching are interconnected in a way that makes
classifying knowledge, difficult. There is a specificity about the mathematical knowledge
needed for teaching that is unique to teachers (Adler & Davies, 2006) but an efficient teacher
will rarely, consciously be able to identify which category of knowledge is being used in the
classroom (Shulman, 1987:6).

All research needs a conceptual framework and the conceptual framework which guided this
research is the interpretivist—constructivist approach, as described by Stinson and Bullock
(2013:12). No researcher is a blank slate without any framework. It is through a certain
framework that the literature has been reviewed. In this chapter, | start with analysing the
framework | used in this research, before looking at the literature on the mathematical

knowledge needed for teaching.

| investigate this mathematical knowledge from teaching theories, firstly with a brief overview of
their history, and putting the theories in the context of the state of mathematical education in
South Africa, both as a learner and as a teacher. | applied the theories of the knowledge a
teacher needs. The chapter ends with a summary of the knowledge that South African

secondary school teachers’ need in order for effective mathematical learning to take place.
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2.1 Conceptual Framework

I have not done this research without my own beliefs, assumptions and values influencing the
way | think. According to Creswell (2009:15), the theoretical framework, which is guiding the
researcher, is based on personal beliefs, assumptions and values. My research is based on the

interpretivist—-constructivist framework.

In the interpretivist—constructivist moment, the aim of the researcher is no longer to predict
social phenomena but rather to understand it (Stinson & Bullock, 2013:12). The purpose of my
analysis is not to build a new theory of good or effective mathematics teaching and learning, but
rather to interpret the research mathematicians’ understandings of effective teaching and to
determine if their understandings were congruent with theories on knowledge needed for
effective teaching. Mathematics educational research does not work with strict logical deduction
but seeks instead to carefully build up evidence relevant to answering questions about the

phenomena with which it is concerned (McKnight et al., 2000:7).

The constructivist researcher understands meaning as something constructed through
experience. The focus of my research is on understanding and identifying the processes of how
people acquire or construct different meaning over time (Stinson & Bullock, 2013:13). The
broad framework of this research is the interpretivist approach but then to narrow it down, | use
a narrative approach, which is a study of the ways humans experience the world (Clandinin &
Connelly, 2000:2).

A cultural-historical activity theory is used to contextualise and support the data. According to
Engestrom (2001:134), cultural-historical activity theory was initiated by Lev Vygotsky in the
1920s and early 1930s. It was further developed by Vygotsky’s colleague and disciple Alexei
Leont’ev. | apply Engestréom’s modification of the original theory. It is particularly applicable in

the South African context with its diverse historical problems.

2.2 Activity theory

Hashim and Jones (2007:6) explain activity theory as a theoretical framework for the analysis
and understanding of human interaction through their use of tools and artefacts. It offers a
holistic and contextual method of discovery that can be used to support qualitative and
interpretive research. It is particularly relevant in situations that have a significant historical and
cultural context and where the participants, their purposes and their tools are in a process of

rapid and constant change.
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My project has examined a constructivist learning environment. The knowledge of teachers,
needed to teach effectively, has been analysed and examined, as to how that knowledge has
taught the research mathematicians fundamental mathematics at school level. According to
Jonassen and Rohrer-Murphy (1999:62), the most powerful structure for analysing needs, tasks
and outcomes in this type of environment, is using activity theory as a framework. | used this
framework to evaluate the collected data.

First Generation — Vygotsky

Mediating Artefacts (Tools)

A

Subject £ 3 Object ——Qutcome

Figure 2-1: The first generation activity theory [Source: Engestrom (1987:40)]

The activity theory framework was chosen, as it examines the data from a contextual
perspective. Figure 2-1 clearly demonstrates the first generation activity theory with subject,
artefacts or tools and object. | applied third generation cultural historical activity theory to the
data in my project (see figure 2-2). According to Hashim and Jones (2007:5), Engestrom’s
modification of Vygotsky’s original theory provides for two additional units of analysis, which
have an implicit effect on work activities. The original theory had three units of analysis, namely
the subject, the object and the mediating artefact or tools. The additional units are rules,
community and labour. Rules are sets of conditions that help to determine how and why
individuals may act, which are a result of social conditioning. Division of labour provides for the
distribution of actions and operations among a community of workers, which is the third unit that

was added.

According to Engestrom (2001:21), learning is usually depicted as a vertical process aimed at
elevating learners upward. He suggests that learning should have a complementary
perspective, namely that of horizontal or sideways. | chose this framework to view the bigger
picture of teacher’s knowledge within a South African community. The teachers in this narrative
are not in isolation because each of them comes from a different cultural, social and school
background. Cultural-historical activity theory is therefore appropriate since it looks at the

teacher in a general approach.
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| have taken this basic description of Cultural-historical activity theory from Jonassen and
Rohrer-Murphy (1999:61). Activity theory framework is a socio-cultural and socio-historical lens
through which human activity is analysed. It focuses on activity in a context. The activity
structures are placed in a triangle diagram, focusing on the activity.

Tools

#+ Qutcome

Rules Community Division of Labour

Figure 2-2: The third generation activity theory [Source: Engestrom, (1987:78)]

The different headings in the triangle diagram are matched to different aspects of data from the
research project. The relationship between the different aspects is in both directions. For
example, the tools affect the subject as well as the subject affecting the tools. Activity theory
focuses on this dynamic relationship rather than the process of knowledge transmission.

Activity theory focuses on the purposeful activities, recognised through conscious intentions.

Basically, it is saying that learning and doing are inseparable, and initiated through an intention.
All this happens in a community and not in isolation. The tools in the system alter that human
activity. Meaningful activity is not accomplished individually, but in a group. Jonassen and
Rohrer-Murphy (1999:62) describe the subject as the individual or group of people engaged in
an activity. This is the central driving character. The object is the physical or mental product
that is sought and the tools can be anything used in the transformation process.

In my research, the following meanings were applied to the different headings:

e Tools are the resources available to the teacher, such as textbooks, exercises, technological
resources, technological skills, etc. and the teachers’ technological knowledge of these

tools.

e The subject is the learners who are learning mathematics and the teachers’ content

knowledge of the subject.

e The object is effective mathematical teaching and learning.
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¢ Rules refer to teachers’ pedagogical knowledge, the discipline structures in the classroom.

e The community is all the stakeholders in the education. This includes the Department of
Education, teachers, principals, learners as well as parents.

o Division of labour refers to the work that must be done by learners and teachers.

e The outcome is effective mathematical learning that will give learners the opportunity to be

effective as mathematical learners.

Activity theory is the holistic, contextual lens through which | studied mathematical knowledge.
To understand mathematical knowledge for in depth teaching, | looked at literature on the topic.
| found a lot of really interesting and helpful information from many different parts of the world. |

have put this information together in a narrative manner.
2.3 Beginnings of the research of mathematical knowledge

Mathematics has been taught and learnt for millennia in many different continents of the world
but it was not until the past century that the nature and quality of teaching and learning
mathematics was studied (Kilpatrick, 2014:267). Teachers used to be self-taught and textbooks
were the sole form of knowledge, which was seen to be static (Schubring & Karp, 2014:263).
Many of the early researchers in mathematics education were mathematics teachers who had
become interested in how mathematics is taught and learnt and questioned classroom practice
(Kilpatrick, 2014:267).

Subsequently studies have been conducted on communication, the development of norms, and
how teachers and learners build relationships in classrooms (Fennema, Carpenter, Franke,
Levi, Jacobs, & Empson, 1996:404). Ball (1990) called for an analysis of practice, for better
understanding how teachers both use what they know and know what is needful to use in
practice. Research on the knowledge that is required for teaching has become a major aspect

of this current research in mathematics education (Kilpatrick, 2014:269).
2.3.1 Recent educational research frameworks

In his seminal work, Shulman (1986) outlined categories of teacher knowledge that support
teachers’ practices, including pedagogical content knowledge and subject matter knowledge.
The interest and research that followed formed an important knowledge base of understanding
and improved subject-specific teaching (Venkat & Adler, 2014:477). Numerous different

categorisation schemes and frameworks have been developed to define, and embody the types
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of knowledge and beliefs that appear relevant to the teaching of mathematics (Kilpatrick,
2014:270).

2.3.2 Research around the world

Researchers have done studies in different countries around the world comparing the learners
and the teachers’ knowledge, for example, China and USA (Ma, 1999:145). Ball et al., (2008)
have researched why teachers in the USA lack sound mathematical understanding and skill.
South Africa and Botswana have also done studies comparing learning and teaching in these
two countries (Carnoy et al., 2012) and found that South Africa has a low level of performance.

This is just a few of numerous studies between countries.

Studies from preschool to tertiary instruction on teaching and teachers in these diverse
countries have become a major strand of current research in mathematics education (Kilpatrick,
2014:268). Professional development and teacher training has been changed and adapted
because of these studies (Venkat & Adler, 2014:479).

2.3.3 Comparing primary and secondary school studies

Most of these studies of a teachers’ mathematical knowledge, for example, Ma (1999), Ball
(1990) and Fennema et al., (1996) have focussed on an elementary level of teaching, where
basic arithmetic is taught. Much of the knowledge needed to teach mathematics in the primary

school is the same type of knowledge needed for secondary school.

On the other hand, Speer, King, & Howell, (2015:107) researched the difference between
mathematical knowledge for teaching in the primary school compared to the secondary school.
They concluded that overgeneralising the current theoretical framework from primary school to
secondary school is missing both an opportunity for better understanding the nature of
mathematical knowledge for teaching more generally and is likely to develop unproductive

interventions for improvement of teacher learning that support their learners.
2.4 Mathematical knowledge frameworks

The mathematical knowledge for teaching model is the foremost model used in the USA and its
influence has changed research internationally (Venkat & Adler, 2014:478). Other frameworks
use it as a basis for comparison or validation of their own structures, even where those
philosophies may be different. The Knowledge Quartet framework was developed by Turner
and Rowland (2011), as mentioned in Speer et al., (2015:108). The United Kingdom uses this

framework to examine mathematical knowledge in teaching.
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Cognitively Guided Instruction is an approach that is used by Carpenter, Fennema, and Franke
(Fennema et al.,, 1996). The approach provides teachers with a framework to construct a
coherent, organised knowledge base that they can draw from to solve complex pedagogical
problems which are encountered in teaching primary school mathematics. It has a focus on the
learners thinking and understanding. It shows that knowledge is not static but is constantly
developing and changing (Fennema et al., 1996:416).

In the frameworks of Ball, Thames & Phelps (2008) and other researchers, the concept of
mathematical knowledge for teaching is used to describe the many different components of
knowledge used in the work of teaching and learning mathematics. In Shulman’s (1986)
definitions of teacher knowledge, there is a distinction between knowledge that is purely

mathematical and the knowledge that applies content to the tasks of teaching.
2.5 Fragmentation of research

Mathematics education is becoming fragmented by the diversity of theoretical approaches used
in research (Bergsten, 2014:379). There are a wide variety of aspects from around the world
that have been studied under the topic of teachers’ knowledge and more specifically a teacher
of mathematics’ knowledge. In the reading of research articles, | noticed many acronyms which
mathematics educationists use prolifically. Venkat and Adler (2014:479) also mention the

differences in nomenclature.

Reviews of Shulman’s work (1986) and categorisations argue that mathematical knowledge for
teaching categorised in separate components is unhelpful because of the collaborative and
active nature teaching. The knowledge for teaching should rather be seen as a characteristic of
pedagogic practices in a specific context and related to specific mathematical ideas; than a

generalised aspect of the teacher and teaching (Venkat & Adler, 2014:478).

To some extent, my research’s origin is similar to the beginning of mathematical education
research - | am a mathematics teacher who wants to improve teaching. Therefore to avoid
confusion and in an attempt to make this project readable to a wider audience, | prefer to avoid

all the abbreviations and acronyms.
2.6 Teachers content knowledge for teaching

It is obvious to all involved in education, that mathematics teachers need knowledge of
mathematical content but researchers have found it challenging to establish definitive
relationships between measures of teachers’ content knowledge and learners’ achievements
(Ball, Lubienski, & Mewborn, 2001:434). Qualitative and quantitative studies on learners’

achievements and teachers’ knowledge have failed to find how to teach teachers the knowledge
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that is needed (Adler & Davis, 2006:279). The question rises whether this knowledge is
teachable (Adler, 2005:5), or do teachers learn their own methods in the actual practice of
teaching. According to Speer et al. (2014:120), the answer to such questions is currently based
on the wisdom of practice, rather than in theoretical or empirical results.

2.6.1 Knowledge or skills?

There is research, which finds that teachers’ knowledge is not an important factor in teaching,
but their beliefs and practices have an influence on learners’ achievements. An example of this
is Eisenberg (1977:222), who claims that there is no correlation between teacher knowledge
and learner achievement, and that other factors appear to be responsible for learner success.
Spaull and Kotze (2015:23) state that knowledge, skills and values are imparted to the learner

via the teacher and the schooling system.

Shulman (1987:20) warned that we must be careful that the knowledge-based approach does
not produce an overly technical notion of teaching. Teaching and learning is about the people
in the classrooms. We need to have a proper understanding of the sources of knowledge as

well as the pedagogical intricacies involved.

Carnoy et al. (2012:157) concluded, after their research comparing teaching practices in
Botswana and South Africa that more knowledgeable teachers teach what they are trained to
teach, teaching effectively and covering more material. Learners with more knowledgeable
teachers learn more effectively. Included in their research report was the fact that being a more

knowledgeable teacher will obviously have the conclusion of more effective teaching.
2.6.2 Beliefs about mathematics

A teacher’s beliefs or understanding about what mathematics is, profoundly influence the form
of knowledge that they think is important. Mathematics is not just a list of rules to be learnt and
memarised, it is not just the science of computation (Radford, 2014:105). As the context of this
research is the South African schooling system, an explanation of what mathematics is, has
been defined in terms of the South African Department of Basic Education National Curriculum

Statement.

“Mathematics is a language that makes use of symbols and notations for describing numerical,
geometric and graphical relationships. It is a human activity, which involves observing,
representing and investigating patterns and qualitative relationships in physical and social
phenomena and between mathematical objects themselves. It helps to develop mental

processes that enhance logical and critical thinking, accuracy and problem solving that will
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contribute to decision-making. Mathematical problem solving enables us to understand the

world around us, and most of all, to teach us to think creatively “(DoE, 2003:4).
2.6.3 Mathematics as a search for truth

Mathematics is a subject that makes sense and is based upon a creative search for truth.
Justification of concepts is an important belief in mathematics, but its use has been shifted out
of school mathematics and replaced by production of technical answers (Radford, 2014:105).
According to Schoenfeld (2012:318), with mathematics everything fits in place beautifully.

Mathematics exists independently of the creator or the consensus of the community (Rowlands,
2007:100), for example, the angle property of the plane triangle is independent of any one
person and appears in textbooks because it accurately depicts the construction. Mathematics is
also independent of ideological persuasion. It is not masculine, Eurocentric or oppressive but
mathematics can only make sense within the context of the history of cultures and it operates
within the forces of society (Radford, 2014:106).

2.6.4 A vertically integrated subject

Mathematics is a vertically integrated subject (Spaull & Kotze, 2015:11), in that it requires
getting hold of higher order knowledge and intellectual skills. To accomplish this first
subordinate, skills need to be mastered and a clear foundational mathematical knowledge, and
arithmetic knowledge, needs to be in place. There is a difference between being able to work
with mathematical symbols and understanding the underlying mathematical ideas in that area
(Schoenfeld, 1989:3).

Learning proceeds along definite paths. Tasks that teachers chose for a group of learners
should fit logically into the path of the learner’s skills at the specific point along his learning,
which is the trajectory theory of learning (Simon, 2014:237). The logic of the learner becomes
more sophisticated over time and the teachers’ knowledge should include identifying this

learning curve (Sztajn, Confrey, Wilson, & Edgington, 2012:150).
2.6.5 Mathematical thinking

Schoenfeld (1994:55) explains mathematics by describing characteristics of mathematical
thinking. Mathematical thinking is the process of valuing mathematics and abstraction, and
being able to apply mathematical procedures. Mathematical thinking is sometimes concealed
by the procedures and calculations that characterise mathematics in the classrooms of today
(Radford, 2014:107).
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According to Ball (1990:462), the teachers' knowledge, ways of thinking, beliefs and feelings,
jointly affected their practice. All are important and cannot be isolated. The teachers'
knowledge, ways of thinking, beliefs and feelings, all play a role in the knowledge that the
teacher brings to the teaching and learning.

2.6.6 Mathematics as a set of rules

In Ball's study (1990:458) of student teachers’ understanding of division, fewer than half of the
secondary school mathematics teachers could provide a meaningful explanation for why
division by 0 is undefined, although they could produce the correct rule. Student teachers, who
professed to be good at mathematics, were only good at listing and using the rules. Many
children and adults perform mathematical calculations without understanding the underlying

principles or meaning, but see mathematics as a set of rules.
2.6.7 Components of content knowledge

Shulman (1987:20) suggests that the first source of knowledge is content knowledge. Content
knowledge rests on two foundations: accumulated literature and studies in the content. The
teacher has special responsibility as the primary source of content knowledge for the learners.
Shulman (1986:14) states that the ultimate test of understanding, rests on the ability to
transform one's knowledge into teaching. Teaching cannot be assessed without reference to
the content being taught. Teaching is more than high quality instruction. It requires a

sophisticated professional knowledge that goes beyond simple rules.

Content knowledge can be divided into common content knowledge, the mathematical
knowledge that is not unique to teaching (Ball et al., 2008:406), and specialised content
knowledge, the mathematical knowledge, expected of a teacher (Ball et al., 2008:389). Hill, Ball,
& Schilling, (2008:395) also conclude from their research that teachers have skills, insights and
wisdom beyond that of other well educated adults.

The mathematical way of thinking and teachers’ mathematical content knowledge, is strongly
related to the mathematical quality of their teaching (Speer et al., 2015:109). A teacher makes
decisions about the method used to explain mathematical concepts and representations. A
teacher responds to learners’ mathematical ideas, and needs to have the ability to avoid
mathematical mistakes (Hill et al., 2008:389).

A teachers’ mathematics is different from the mathematics that an engineer or salesman would
need. They have a different nature of mathematical understanding to that needed to research
mathematics. A teachers’ talk and the language used to teach students demonstrates this

understanding (Schoenfeld, 1989:335). The capacity to see the content from another’s
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perspective and to understand what another person is doing entails mathematical reasoning

and skill that are not needed to research mathematics.
2.6.7.1 Depth and breadth of knowledge

Content knowledge is more than just reading a mathematics textbook, it is knowing school
mathematics in depth and breadth (Schoenfeld & Kilpatrick, 2008:2). It is broad because a
teacher should have many ways of making the content understandable. The key aspects
should be obvious in explanations and any connections to other concepts in the learners’ grade,
should be seen. The depth is measured by teachers knowing the origins and relevant history,
as well as to where the mathematics will lead.

2.6.7.2 Profound understanding of mathematics

Ma (1999:145) studied teachers and teaching mathematics in US and China. These teachers
gave answers to mathematical tasks in the context of teaching. She described the flexibility,
depth, and coherence of the knowledge displayed by the Chinese teachers in their answers,
which showed their understanding of mathematics. She called this a “profound understanding
of mathematics”. Four essential components are connectedness, multiple perspectives, basic
ideas and longitudinal coherence. These “packages” of knowledge reveal the difference

between mathematical knowledge any adult has and knowledge that is effective in teaching.

Teachers claim to learn subject matter from teaching it, according to Ball (1990:464), but they
do not change their beliefs or ideas about mathematics. They cannot learn from teaching
unless they first have this profound understanding. Hill et al., (2008:396) conclude that content
knowledge for teaching is multidimensional in that it is put into operation with learners, in

conjunction with content.
2.6.7.3 Big ideas in content

The teacher must organise and prioritise the work done in the lessons guided by the curriculum
(Spaull & Kotze, 2015:23). Big ideas or major themes should be introduced to learners and not
get lost in the everyday teaching and focusing on passing the next exam. The content
knowledge needs to be grounded in the big ideas of mathematics, as these continue throughout
school mathematics (Van de Walle, Karp, & Bay-Williams, 2007:258). Big ideas are part of the

vertically integrated component of school mathematics.
2.6.7.4 Horizon content knowledge

Speer et al. (2015:108) refer to horizon content knowledge as essential knowledge preparing
learners for future mathematical studies. Sztajn et al. (2012:147) classify this knowledge as the
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most sophisticated understanding that sits at the top of a particular trajectory, representing the
ultimate mathematical goal of a learning progression. Horizon content knowledge is the

knowledge that is essential for research mathematicians.

According to Ball (1990:457), there are three goals in teaching mathematics, which rely on the
teachers’ content knowledge. Firstly, teachers' knowledge of concepts and procedures should
be correct, secondly, they must understand the underlying principles and meanings. Finally,
teachers must appreciate and understand the connections among mathematical ideas,
fundamental ideas and for future studies. For example, the connections between functions and

real-life situation.
2.6.7.5 Conceptual and procedural knowledge

A deep understanding of mathematics is the conceptual knowledge. According to Ma
(1999:182), a solid knowledge of what to represent in teaching is essential. It cannot be
replaced by knowledge of the lives of the learners. It cannot be replaced by motivation or
passion for the subject. Only an inflexible, solid conceptual knowledge can produce a

conceptually correct representation.

Learners need strong knowledge of concepts to build connections to new ideas and new
procedures (Van de Walle et al., 2007:29). Simple mathematical concepts and procedures go
before more complex concepts, and ways of thinking (Spaull & Kotze, 2015:14). For example,
before a student can factorise complex algebraic expressions, they should be able to
understand the concept of being able to factorise natural numbers. Procedural knowledge is
knowledge of the procedures involved in performing common tasks (Hill et al., 2008). A
mathematician may have knowledge of the definitions involved, but a mathematics teacher
should have the procedural knowledge. A teacher needs an understanding about the nature of
mathematical knowledge and how procedures are based on logic and convention and not
merely a set of rules (Ball, 1990:458). A teacher should be able to distinguish between

procedural and conceptual knowledge.
2.7 Teachers pedagogical knowledge

A teachers’ pedagogical knowledge is also referred to as a teachers’ professional knowledge,
as it is the knowledge needed in the profession of teaching. Shulman’s description of a
teachers’ pedagogical knowledge is “General pedagogical knowledge, with special reference to
those broad principles and strategies of classroom management and organization that appear
to transcend subject matter” (Shulman, 1987:8). Pedagogical knowledge is the general use of
instructional techniques, beyond lecture style. It includes classroom management skills and the
quality of teaching material (Shulman, 1986:10).
25



2.7.1 Pedagogy

Pedagogy is the process and practice, or methods of teaching and learning. It is the application
of the teachers’ content knowledge to the task of teaching. It is the understanding and skill
needed to teach mathematics (Blomeke, Buchholtz, Suhl, & Kaiser, 2014:133). A connection
between the assessment of learners’ knowledge, the teacher’'s knowledge and the learning, is
known as the mathematics teaching cycle. The cycle is meant to capture a progression in the
learning of mathematics. Learners’ knowledge is observed throughout and this monitoring

leads to a new understanding of learner thinking and learning (Kilpatrick, 2014:273).

The knowledge of pedagogical practices is understudied and not well understood, according to
Hill et al. (2008). They go on to explain why it is not understood, because of its multidimensional
nature. The knowledge is put into operation in unique situations, with a specific subject and

with particular learners.
2.7.2 Beliefs about pedagogy

A teacher’s beliefs about pedagogy, changes the teaching situation. For example, if a teacher
has a constructivist belief about teaching and learning, the learners will be able to solve
complex problems. Constructivism is a theory that learners can construct meaning, from their
experiences (Van de Walle et al., 2007:21). A consequence of constructivism is that
mathematics, including the basics such as arithmetical computation, should be taught through
problem solving (Cobb, Wood, & Yackel, 1991:394). In contrast to the constructivist belief, a
teacher could be a traditional teacher where knowledge is transmitted from a teacher to the
learners (Cobb et al., 1991:598).

2.7.3 Relationships part of teaching

Teaching is relational. Whichever belief is followed, teachers, subject matter and learners are
all in relation to each other, and can only be understood in this manner (Fennema et al.,
1996:412). Part of pedagogical knowledge is knowledge about these relationships. Teachers
and learners are engaged in a process which has a personal and moral aspect as well as the
study of mathematics (Grootenboer, 2013:324). These relationships are appreciated in actual
classroom practice, for example, discipline and teaching style. The teachers’ preparations for
lessons and contact with learners’ parents, colleagues, and departmental officials are examples

of relations outside the classroom.

Mouton et al. (2013:1) mention that lack of discipline in classrooms is a major concern in
classrooms in South Africa. Carnoy et al. (2012) in their comparison between schools in

Botswana and South Africa also mention classroom discipline as a concern. Classroom
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discipline and control is part of the pedagogical knowledge of teachers. Positive reinforcement
and recognition in learner's development cannot be overemphasised and teachers should
endeavour to exercise this relationship, far more often than control as a form of discipline
(Mouton et al., 2013:9).

2.8 Pedagogical content knowledge

Research has found that pedagogical content knowledge is the most predictive of learner
achievement (Blomeke et al.,, 2014:131). Venkat and Adler (2014:477) explain that this
knowledge forms a critical knowledge base for understanding and improving subject-specific
teaching. Therefore, to understand this knowledge, | compared many different explanations in
literature, of what this knowledge entails. All these descriptions are clarifying the same type of

knowledge, but from different points of view.
2.8.1 Understanding the complexities of the subject

The commencement of the discussion on pedagogical content knowledge is attributed to
Shulman’s 1985 speech. Shulman’s (1987:6) definition of pedagogical content knowledge
includes “an understanding of what makes the learning of specific topics easy or difficult: the
conceptions and preconceptions that students of different ages and backgrounds bring with
them to the learning of those most frequently taught topics and lessons” (Shulman, 1987:8). He
goes on to explain that this is the knowledge that separates the teachers from the content

specialist.
2.8.2 How learners think

Hill et al. (2008:375) refer to content knowledge being intertwined with knowledge of how
learners think. It provides a context in which teachers can interpret and apply general
pedagogical knowledge. Teachers construct their own understandings of learners' thinking
(Fennema et al., 1996:405). Learners have their own ideas, which could differ from traditional
methods. They need to be shown if their thinking is correct, (Rowlands, 2007:96) and not merely

told precise answers. Different opinions should also be acknowledged.

Understanding a learner’s typical understanding, and where it originated in mathematics,
provides a framework for teachers to develop understanding of other sides of learners’ thinking
(Bldmeke et al., 2014:135). Knowledge not only provides a basis for understanding learners'
thinking; it can also provide an outline for teachers' knowledge of mathematics and curriculum.
The teacher communicates truth, consciously or not, to the learners, which influences their
understanding (Shulman, 1987:9).
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2.8.3 Practical application of subject matter to teaching

Pedagogical content knowledge is that kind of understanding where knowledge of the discipline
and knowledge of its particular range of teachings intersect, to create a special kind of
knowledge (Shulman, 2011:5). Pedagogical content knowledge focuses more on knowing
learners, than on teaching or curriculum (Speer et al.,, 2015:115). A teacher develops a
knowledge that applies content of mathematics to the tasks of teaching (Speer et al., 2015:108).
Pedagogical content knowledge is a bridge between content knowledge and the actual practice
of teaching (Ball et al., 2008:403). It is a knowledge that is unique to teachers, with discussions
on topics relevant to teaching and learning.

Pedagogical content knowledge describes the difference between knowing something and
coming to know it well enough to teach it to someone else (Shulman, 2011: 5). Consequently,
content knowledge and pedagogical content knowledge issues are generally interconnected
(Speer et al., 2015:115). A gifted mathematician does not necessarily have a deep
understanding of the teaching and learning of mathematics. In the same way, an expert in
general principles of pedagogy is unlikely to be expert in the teaching and learning of non-

Euclidean geometries (Shulman, 2011:5).

A teacher with only content knowledge is likely to be as useless to teaching as teaching skill
without content. The teacher needs to be able to see the mathematical potential of any
particular learning situation (Grootenboer, 2013:340). The two aspects of a teacher's capacities
require that we pay as much attention to the content aspects of teaching as we have recently

devoted to the elements of the teaching process (Shulman, 1986:8).
2.8.4 Opportunity to learn

Carnoy et al. (2012:114) found in their research that opportunity to learn was a key factor
contributing to learner achievement in mathematics education. The teachers did not spend
enough time covering the syllabus, and the pace of work was very slow. Opportunity to learn is
part of pedagogical content knowledge, as it is the best explanation of the relationship between
teaching and learning (Stols, 2013:1). The opportunity to learn has also been used to explain
differences between countries in international comparative studies, in mathematics learning
(Hiebert & Grouws, 2007:371).

The teacher in the classroom is the only person who can directly create and shape the basic
elements of time-on-task, curriculum courage, coherence, and cognitive demand (Stols,
2013:14). Learning effectively requires a teacher whose focus is learners’ understanding and

performance. The knowledge of a teacher’s successful interpretation of the mathematical ideas
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and a learner’s contribution to a class discussion is more influential for learning opportunities

than the knowledge derived from other kinds of analyses (Speer et al., 2015:109).
2.8.5 Knowledge from experience

According to Hill et al. (2008:373), there is a knowledge of content and learners that is important
in teaching, and this knowledge is influenced by the experience of teacher. From this
experience, a teacher has knowledge of miscalculations that learners make and why they make
those errors. Although experience is important, Wolhuter (2014:17) mentions research that
recognises that teachers’ knowledge is a much better predictor of learners’ achievement than

the experience of teachers.

Although most stakeholders and researchers in education agree that knowledge from
experience exists and that it is essential in the teaching of mathematics, there is not much
evidence of what this knowledge is and the effect it has on learning. Many teachers have
learned how to solve the mathematical problems in their classrooms; but teachers do not

usually conceptualise and teach this knowledge to student teachers (Adler, 2005:10).

Adler (2005:9) explains how this knowledge is not properly understood. Even though there is
evidence that this knowledge is essential for teaching, it is not evident in any of the teacher
training courses or professional development courses. Maybe, knowledge from experience

cannot be taught to student teachers.
2.9 Learning mathematics

Learning and teaching mathematics are two sides of the same coin. You cannot have one
without the other. Even though this seems obvious, most research focuses on either learning or
teaching (Kilpatrick, 2014:270). After explaining the aspects of pedagogical content knowledge,
| look at how this learning should actually take place. What does literature say about the
learning of mathematics? | look at learning mathematics before concentrating on the teaching

side of the coin.
2.9.1 Learners’ informal mathematical knowledge

Children enter school with an informal or intuitive knowledge of mathematics and numbers,
which is a basis that needs to be built on, developed and not ignored (Kilpatrick, 2001:107).
Pedagogical knowledge about different situations is necessary to overcome and transform
those initial conceptions, and misconceptions, to develop an important component of the

understanding of subject matter (Shulman, 1986:10).
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Children are taught this basic arithmetic knowledge which in time develops into the formal
mathematics of the primary school curriculum. The development of abstract symbolic
procedures is learnt in the secondary school curriculum (Fennema et al., 1996:403). A learner
needs to be able to take the mathematical content knowledge at the secondary school level and
extend it to further studies in mathematics. There is often damage done in mathematics
classrooms as many learners leave school without an understanding of mathematics and this

limits their life opportunities (Grootenboer, 2013:340).
2.9.2 Learners thinking style

Mathematical thinking styles, the way an individual prefers to understand and think through
mathematical facts, has an effect on whether learners understand mathematics (Ferri, 2012:2).
One way of classifying thinking styles is that they are either visual, analytic or integrated and if a
learner has a different learning style to the teacher there will be problems in understanding
(Ferri, 2012:10). According to Simon (2014:273), even though learning takes place in personal

ways, there is unity in their ways of learning that can be the basis for instruction.

A learners understanding of mathematics does not only depend on ability. The way a learner
thinks and the way the teacher teaches all influence the outcome. A learner’s learning is
significantly affected by the opportunities and constraints that are provided by the structure and
content of the mathematics lessons (Simon, 2014:273). Classrooms today contain a range of
learner ability. An important work of the teacher is to plan for this difference. The problem-
based approach to teaching is the best way to teach mathematics and attend to this range of
abilities (Van de Walle et al., 2007: 64).

2.9.3 Learners assimilate knowledge

According to Fennema et al. (1996:404) learners construct rather than assimilate knowledge.
Learners are not blank slates with the teacher hammering knowledge into them. The
constructivist idea of learning explains how new knowledge is always built on preceding
knowledge (Van de Walle et al., 2007:20). Engestrom (1987) explains that learning is more
than a top down experience. Learning is built within the learner, and the classroom culture
contributes to the learner as well as the learner contributing to the classroom culture (Cobb et
al., 1991:390).

Learners are seen as the best judges of what they find problematic and they should construct
solutions that they find satisfactory (Cobb et al., 1991:395). In doing so, they change their ways
of knowing and new knowledge is integrated into their thinking, so that when obstacles or

contradictions arise they can make sense of the situations.
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New knowledge that is constructed is called a learning trajectory (Simon, 2014:272), which
consists of three components, a learning goal, a set of learning tasks and a learning process.
The learning is used as the basis for instructional decisions (Sztajn et al., 2012:147). These
trajectories can support growth in mathematical knowledge. Teachers need to make sense of

the learners’ thinking and keep that at the centre of the teaching that takes place.
2.9.4 Learning connections

At school, learners’ mathematical thinking should include; a knowledge of mathematical
concepts and procedures, the relationships among them and why they work (Shulman, 1987:9).
To learn mathematics with understanding, connections between different representations is
important. Knowledge gained, interconnects with previous knowledge. Meaningful learning
takes place if it is learning with understanding. Cobb et al. (1991:598) views mathematical
learning as an interactive, constructivist and problem-centred process. Learners should learn
about mathematical ways of knowing, so that they would be able to participate in mathematical
arguments (Ball, 1990:457). Mathematical arguments depend on an understanding of the

connections.
2.9.5 Cooperative learning

Cobb et al. (1991:406) describe three positive outcomes of learning opportunities when learners
work together on mathematical activities. Firstly, learners can use aspects of each other’s
solutions. Secondly, they have the opportunity to alter and rethink a problem in order that
miscalculations can be analysed. Thirdly, the learners have an opportunity to extend their own
conceptual framework, to make sense of another learner's solution in order to reach consensus.

These opportunities do not occur in traditional classrooms.

Van de Walle et al. (2007:67) explain in detail the importance of cooperative learning. It is
beneficial to all the learners, but be carefully planned by the teacher. A teacher should maintain

high expectations in the learning process.
2.9.6 Mathematical proficiency

A learner should have developed mathematical proficiency during their time at school. Kilpatrick
(2001:106) explained mathematical proficiency as five interwoven and interdependent strands.
Mathematical proficiency cannot be attained by only focussing on one strand, but for students to
progress in mathematical proficiency all strands need to be developed. The five strands of
mathematical proficiency are conceptual understanding, procedural fluency, strategic

competence, adaptive reasoning, and productive disposition.
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2.10 Teaching mathematics
2.10.1 Schoenfeld’s view of teaching mathematics

The goal of mathematics instruction depends on a teachers’ view of what mathematics is,
mastering facts or pattern seeking (Schoenfeld, 1992:334). Schoenfeld goes on to explain that
merely mastering facts belittles mathematics. It is important to develop learners who think
mathematically. Mathematics is a social activity where practitioners engage in the science of
patterns. Teachers need to educate and help learners to think mathematically. Mathematical
thinking is developing a mathematical point of view, valuing the processes of mathematics and
abstraction, as well as applying these processes (Schoenfeld, 1992:334). The learners need to

learn the tools of mathematics to make sense of the structures.

Schoenfeld (1992:334) stresses the importance of knowing the learners as thinkers. A
teachers’ goal should be to pose relevant problems, which learners have to solve (Schoenfeld,
1994:334). A perfect textbook or a faultless lesson plan will not help the teacher who is
confronted with learners who want to know why: 2° x 28 = 213, Teachers must understand
mathematics well themselves, to be able to respond adequately to learners’ questions.
Teachers could answer the question directly, or change the question so that students can figure
it out for themselves (Ball, 1990:458).

Teachers need an extensive knowledge of various interventions to help learners in areas where
problems are seen to be systemic. Learners are disadvantaged if they struggle or make
mistakes, without being corrected, as this can build up and develop into bad habits (Schoenfeld,
1989:13). Knowledge that the learners acquire comes in small pieces that can be grasped
individually; and these small pieces of knowledge are then built up and connected to other small
pieces of knowledge. The outcome of teaching does not depend exclusively on the teaching

aspects, but also on the input of the learners (Wolhuter, 2014:18).
2.10.2 Shulman’s view of teaching

A view of teaching by Shulman (1987:7), is that teaching starts with the teacher understanding a
topic and it ends with new comprehension by both the learner and the teacher. Teaching
mathematics is more of an art than a science, according to Taylor (2015:1). The practice of
teaching is guided by a formal knowledge base and a learner attempts to formalise this
knowledge, challenging the teacher’s own ideas and identities. The act of teaching always has

to be closely related to the idea of learning (Shulman, 2011:2).
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2.10.3 Ball’s ideas on teaching

Ball (1990:447) mentions a comparable goal of mathematics teaching: it is for learners to
develop mathematical understanding. This infers that learners should acquire knowledge of
mathematical concepts and procedures, the relationships between them and why they work.
Understanding equally implies learning about mathematical ways of knowing, as well as about

mathematical substance.
2.10.4 Adler’s view on teaching

Adler (2005:3) explains mathematics teaching as a special kind of mathematics problem
solving. For example, when dealing with the learners’ misconceptions and errors, the teacher
needs to be able to analyse the errors. Unpacking or decompressing is a description of the
distinctiveness of the mathematical work that teachers do. Unpacking is working with the
mathematics as it is learnt and the opposite is to compress mathematics into abstract forms.
Teaching should always use the learners’ misconceptions and as well as accurate perceptions
to influence the ensuing learning. Misconceptions need to be transformed into positive learning.
Teachers need to try to find new forms of thinking mathematically that is relevant to the culture

of the learners in their classes (Valero, 2004:11).
2.10.5 Transformation of knowledge

Mathematics teaching is more than knowledge and procedures that have been studied by the
teacher, a learner’s beliefs and attitudes toward the subject are also being developed. A
teacher is continually making pedagogical decisions that are morally informed and value-laden.
All learning occurs in relationship with others (Grootenboer, 2013:322). A teacher transforms
what he or she already knows and has learnt into new representations that can help learners to

make sense of the world.

Mathematics teachers have their own individual style of thinking and beliefs about the
mathematics, which will influence how they teach, and all explanations that are given (Ferri,
2012:10). It is important for the teacher to realise that they have their own thinking style and

beliefs, in order for them to give each learner an equal opportunity to excel.
2.10.6 Problem solving approach

A problem solving approach to teaching requires mathematical questions for which the solution
or method are unknown in advance. For Schoenfeld (1994:33), problem solving is a problem,
which has no immediate answer and no algorithm that can be used directly to solve it.

Teaching problem solving is difficult, because teachers need to know many different methods
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as well as the mathematical content involved. Learners need to analyse the question and use
all knowledge that they have, to work out a strategy and find a solution. For Cobb et al.,
(1991:399) an important aspect is that teachers accept right or wrong answers in a non-

evaluative way.

Teaching mathematics requires teachers to be flexible, answer questions and sort out
confusions as they occur in the classroom, which are not covered in training but learnt as a
teacher teaches. The mathematical identity of the learner is adapted and changed according to
these situations (Grootenboer, 2013:340). Therefore, the relations between teachers and
learners, and the relation between teacher educators and teachers should be included in any
training (Adler, Ball, Krainer, Lin, & Novotna, 2005:369).

Venkat and Spaull (2015:128) describe how, in the South African context, content needs to be
presented in ways that are well adjusted to the nature of mathematical working. The problem
solving approach, where given information is used to find unknown information, is an
appropriate approach. It emphasises the development of the teachers’ capacity for

mathematical explanations.
2.11 Technological knowledge

Knowledge of technology is separate from knowledge of pedagogy and content. Technology is
inclusive of basic properties common to all schools, such as chalkboards; and cutting-edge,
such as digital computers and smart boards. The use of these in teaching is complex.
Technologies often come with their own problems that affect the content that has to be taught.
Deciding what to use in teaching could be helpful or confusing to the students, so the
knowledge of technology is not isolated from knowledge of pedagogy and content (Mishra &
Koehler, 2006:1020).

2.11.1 Benefits of using technology in teaching

Social and contextual factors also complicate the relationships between teaching and
technology. Recently, many technological tools have been designed to facilitate learning
mathematics. These new tools enable new different practices to enrich learning. Some projects
incorporate dynamic mathematics applications, such as GeoGebra for group work on math
problems (Stols & Kriek, 2011:137). Groups of learners can share their mathematical
explorations and co-construct geometric figures online. The possibilities opened by new
technologies challenge the beliefs of mathematics teaching. Learners can work together for
long periods without a teacher guiding them and this challenges educational approaches for

which adult guidance is central for development (Schwarz, 2014:508).
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2.11.2 Challenges with technology

Teachers do not consider themselves sufficiently prepared to use all this new technology in the
classroom. They often do not realise its value to teaching and learning of mathematics.
Teachers would have to obtain new skills and new knowledge. According to Mishra and
Koehler (2006), the core of good teaching with technology are three components: content,
pedagogy, and technology, plus the relationships among and between them.

There have been discussions about providing technology in the form of laptops for every learner
in South Africa. However, Lavinas and Veiga (2013), in their article on the Brazil's one laptop
per child program, found that despite providing universal access and seemingly providing equal
opportunities for all learners, the non-poor benefit the most from this intervention. Their
research focused on the results derived from learners in both municipal and state public schools
in the five municipalities, and it showed that the project is underperforming, with operating

standards that vary considerably from site to site.

The teacher remains central to the teaching. Online interactive systems offer a new way of
learning, where the teacher is able to give individualised teaching. Teachers would have to
change their work process in order to integrate technology into th