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A B S T R A C T

This paper aims to derive analytical solutions of an extended (2+1)-dimensional constant coefficients new
coupled Korteweg–de Vries system. This will be achieved by implementing the classical symmetry method in
conjunction with some simplest equation methods. The simplest equations that will be utilised includes among
others the Bernoulli and Riccati equations. Furthermore, the conservation laws will be constructed through the
multipliers approach, which subsequently reveals the conserved quantities. Moreover, a brief presentation of
results obtained consisting of a variety of profile structures which include the kink type, bell and inverted bell
shaped and singular wave solutions will be discussed.
1. Introduction

The research in constructing exact solutions of nonlinear partial
differential equations (NLPDEs) has intensified in the recent years.
The motive behind this is to enhance the understanding of the non-
linear physical wave phenomena appearing in mathematical problems
described by these equations. Nonlinear partial differential equations
have been widely used in describing many problems in the field of
applied mathematics, engineering in areas such as fluid dynamics, solid
state, plasma and quantum physics, optical fibre, ecology, chemistry,
biology, oceanology and in many other areas of nonlinear science.1,2

The importance of finding the exact solutions of NLPDEs together with
the development of computational software packages such as Maple
and Mathematica has led to the establishment of powerful and efficient
methods to solve these equations. Some of the methods include the
inverse scattering method,3 the Darboux transformations method,4 the
homogeneous balance method,5 the Hirota bilinear method,6–12 the
tanh-function methods,13 the extended tanh-function method,14,15 the
Jacobi elliptic method16 the Lie symmetry method17–19 and many
others. Recently, Qin20 used a finite-dimensional integrable system to
derive a new hierarchy of nonlinear evolution equations. An interesting
system in this hierarchy is a new coupled Korteweg–de Vries system

𝑢𝑡 = 𝛽𝑢𝑥𝑥𝑥 + 𝛼(𝑢𝑣)𝑥 + 𝛾(𝑣𝑤)𝑥,

𝑣𝑡 = 𝛽𝑣𝑥𝑥𝑥 + 𝜆(𝑢𝑤)𝑥,

𝑤𝑡 = 𝛽𝑤𝑥𝑥𝑥 + 𝜆(𝑢𝑣)𝑥, (1)
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where 𝛽, 𝛼, 𝜆 and 𝛾 are arbitrary constants. In general, coupled KdV
systems are encountered in various physical phenomena, particularly
in dynamical fluids.21 Further work on this new coupled KdV system
(1) was investigated by the authors in Refs. 22–24. Wu,22 studied some
exact travelling wave solutions of this new coupled equations using the
extended tanh-function method with 𝛽 = − 1

4 , 𝛼 = 3
2 , 𝛾 = 3

4 , 𝜆 = 3
2 .

In Ref. 23, Wazwaz further extended system (1) into a new coupled
Kadomtsev–Petviashvili system and studied the integrability of both
systems with 𝛽 = −1, 𝛼 = 3

2 , 𝛾 = 3
2 and 𝜆 = −3. In addition, soliton

solutions were also derived by employing Hirota’s bilinear method.
Inspired by the results in Ref. 23, Seadawy24 extended system (1) to
obtain a new coupled Zakharov–Kuznetsov system. Thereafter, explicit
travelling wave solutions for both systems using the modified extended
direct algebraic method were obtained.

Motivated by all the above extensions we propose a new extended
(2+1)-dimensional NCKdV system of the form

𝑢𝑡 = 𝑝1𝑢𝑥𝑥𝑥 + 𝑝2(𝑢𝑣)𝑥 + 𝑝3(𝑢𝑣)𝑦 + 𝑝4(𝑣𝑤)𝑥 + 𝑝5(𝑣𝑤)𝑦,

𝑣𝑡 = 𝑝1𝑣𝑥𝑥𝑥 + 𝑝6(𝑢𝑤)𝑥 + 𝑝7(𝑢𝑤)𝑦,

𝑤𝑡 = 𝑝1𝑤𝑥𝑥𝑥 + 𝑝6(𝑢𝑣)𝑥 + 𝑝7(𝑢𝑣)𝑦, (2)

where 𝑝1, 𝑝2, 𝑝3, 𝑝4, 𝑝5, 𝑝6 and 𝑝7 are arbitrary parameters.
The structure of this paper is to study an extended (2+1)-dimensio

nal new coupled KdV system (2). Since there is no unified technique
to solve nonlinear partial differential equations, we therefore aim to
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utilise the classical symmetry method together with the simplest equa-
tion method in order to construct exact solutions of system (2). We
also employ the multiplier method to derive the conservation laws of
the system (2).

2. Point symmetries of system (2)

Lie point symmetries of the extended (2+1)-dimensional system (2)
are obtained using the symmetry generator

𝑋 = 𝜉1 𝜕
𝜕𝑡

+ 𝜉2 𝜕
𝜕𝑥

+ 𝜉3 𝜕
𝜕𝑦

+ 𝜂1 𝜕
𝜕𝑢

+ 𝜂2 𝜕
𝜕𝑣

+ 𝜂3 𝜕
𝜕𝑤

,

where the coefficients of the partial derivatives are functions of (𝑡, 𝑥, 𝑦,
, 𝑣, 𝑤). Applying the third prolongation pr(3)𝑋 to system (2) and

splitting on the derivatives of 𝑢, 𝑣 and 𝑤 yields an overdetermined
system of equations. Solving the resulting system of equations prompts
the following two cases.
Case 1. (𝑝1, 𝑝2, 𝑝3, 𝑝4, 𝑝5, 𝑝6, 𝑝7) arbitrary parameters but not in the form
in Case 2 In this case, system (2) admits, respectively, three translations
and a scaling symmetries spanned by

𝑋1 =
𝜕
𝜕𝑡
, 𝑋2 =

𝜕
𝜕𝑥
,𝑋3 =

𝜕
𝜕𝑦
,

4 = −3𝑡 𝜕
𝜕𝑡

− 𝑥 𝜕
𝜕𝑥

− 𝑦 𝜕
𝜕𝑦

+ 2𝑢 𝜕
𝜕𝑢

+ 2𝑣 𝜕
𝜕𝑣

+ 2𝑤 𝜕
𝜕𝑤

. (3)

It is worth noting that these four symmetries are referred to as the
principal Lie algebra of system (2).
Case 2. 𝑝2𝑝7 − 𝑝3𝑝6 = 0 and 𝑝4𝑝7 − 𝑝5𝑝6 = 0.

The principal algebra of system (2) extends by one. Hence the Lie
algebra is five dimensional. It is spanned by (3) and an additional
scaling and space-dependent shift symmetry given by

𝑋5 = 3𝑝7𝑡
𝜕
𝜕𝑡

+ (2𝑝6𝑦 + 𝑝7𝑥)
𝜕
𝜕𝑥

+ 3𝑝7𝑦
𝜕
𝜕𝑦
. (4)

2.1. Symmetry reductions of system (2)

This subsection aims to transform system (2) into a nonlinear sys-
em of pdes or nonlinear system of odes by solving the associated
haracteristic equations, viz.,
d𝑡
𝜉1

= d𝑥
𝜉2

=
d𝑦
𝜉3

= d𝑢
𝜂1

= d𝑣
𝜂2

= d𝑤
𝜂3
. (5)

irstly, we consider Case 1 and take the linear combination of the trans-
ation symmetries 𝑎1𝑋1 + 𝑎2𝑋3 + 𝑎3𝑋2 where (𝑎1, 𝑎2, 𝑎3) are arbitrary

constants. Solving the associated Lagrange systems (5) we obtain the
following five invariants

𝑓 = 𝑎1𝑥 − 𝑎3𝑡, 𝑔 = 𝑎3𝑦 − 𝑎2𝑥, 𝜃 = 𝑢, 𝜙 = 𝑣, 𝜓 = 𝑤. (6)

Using these invariants, system (2) transforms into a nonlinear system
of pdes in two new independent variables 𝑓 and 𝑔 given by
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⎪
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𝑎3𝜃𝑓 + 𝑝1𝑎31𝜃𝑓𝑓𝑓 + 3𝑝1𝑎1𝑎2(𝑎2𝜃𝑓𝑔𝑔 − 𝑎1𝜃𝑓𝑓𝑔)

−𝑝1𝑎32𝜃𝑔𝑔𝑔 + 𝑝2𝜙(𝑎1𝜃𝑓 − 𝑎2𝜃𝑔)

+𝑝2𝜃(𝑎1𝜙𝑓 − 𝑎2𝜙𝑔) + 𝑝3𝑎3(𝜃𝜙𝑔 + 𝜙𝜃𝑔) + 𝑝4𝜓(𝑎1𝜙𝑓 − 𝑎2𝜙𝑔)

+𝑝4𝜙(𝑎1𝜓𝑓 − 𝑎2𝜓𝑔) + 𝑝5𝑎3(𝜓𝜙𝑔 + 𝜙𝜓𝑔) = 0,

𝑎3𝜙𝑓 + 𝑝1𝑎31𝜙𝑓𝑓𝑓 + 3𝑝1𝑎1𝑎2(𝑎2𝜙𝑓𝑔𝑔 − 𝑎1𝜙𝑓𝑔𝑔)

−𝑝1𝑎32𝜙𝑔𝑔𝑔 + 𝑝6𝜓(𝑎1𝜃𝑓 − 𝑎2𝜃𝑔)

+𝑝6𝜃(𝑎1𝜓𝑓 − 𝑎2𝜓𝑔) + 𝑝7𝑎3(𝜓𝜃𝑔 + 𝜃𝜓𝑔) = 0,

𝑎3𝜓𝑓 + 𝑝1𝑎31𝜓𝑓𝑓𝑓 + 3𝑝1𝑎1𝑎2(𝑎2𝜓𝑓𝑔𝑔 − 𝑎1𝜓𝑓𝑓𝑔)

−𝑝1𝑎32𝜓𝑔𝑔𝑔 + 𝑝6𝜙(𝑎1𝜃𝑓 − 𝑎2𝜃𝑔)

+𝑝6𝜃(𝑎1𝜙𝑓 − 𝑎2𝜙𝑔) + 𝑝7𝑎3(𝜙𝜃𝑔 + 𝜃𝜙𝑔) = 0.

(7)

System admits two translation symmetries, namely

𝑌1 =
𝜕 , 𝑌2 =

𝜕 . (8)

𝜕𝑓 𝜕𝑔 𝑧

2 
Taking the linear combination of 𝑏1𝑌1 + 𝑏2𝑌2, where 𝑏1 and 𝑏2 are
arbitrary constants and solving the associated characteristic Eq. (5)
yields the following four invariants

𝑧 = 𝑏1𝑔 − 𝑏2𝑓, 𝑃 = 𝜃,𝑄 = 𝜙,𝑅 = 𝜓, (9)

where 𝑃 , 𝑄 and 𝑅 are new dependent variables while 𝑧 is a new inde-
pendent variable. Making use of these invariants (9), system reduces
to a third order nonlinear system of odes

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝑎3𝑏2𝑃 ′(𝑧) + 𝑝1𝛿3𝑃 ′′′(𝑧) + 𝛶1 (𝑃 (𝑧)𝑄(𝑧))
′ + 𝛶2 (𝑄(𝑧)𝑅(𝑧))

′ = 0,

𝑎3𝑏2𝑄′(𝑧) + 𝑝1𝛿3𝑄′′(𝑧) + 𝛶3 (𝑃 (𝑧)𝑅(𝑧))
′ = 0,

𝑎3𝑏2𝑅′(𝑧) + 𝑝1𝛿3𝑅′′′(𝑧) + 𝛶3 (𝑃 (𝑧)𝑄(𝑧))
′ = 0,

(10)

here 𝛿 = 𝑎1𝑏2 + 𝑎2𝑏1, 𝑧 = −𝛿𝑥 + 𝑎3𝑏1𝑦 + 𝑎3𝑏2𝑡, 𝛶1 = 𝛿𝑝2 − 𝑎3𝑏1𝑝3,
2 = 𝛿𝑝4 − 𝑎3𝑏1𝑝5 and 𝛶3 = 𝛿𝑝6 − 𝑎3𝑏1𝑝7.

Secondly, by invoking symmetry 𝑋4 in Case 1 and proceeding as
bove we obtain the following five invariants

=
𝑦
𝑥
, 𝑔 = 𝑡

𝑥3
, 𝜃 = 𝑢𝑥2, 𝜙 = 𝑣𝑥2, 𝜓 = 𝑤𝑥2. (11)

Consequently, the group invariant solutions of the system (2) are

𝑢(𝑥, 𝑦, 𝑡) = 1
𝑥2
𝜃
(

1
𝑥
, 𝑡
𝑥3

)

, 𝑣(𝑥, 𝑦, 𝑡) = 1
𝑥2
𝜙
(

1
𝑥
, 𝑡
𝑥3

)

,

𝑤(𝑥, 𝑦, 𝑡) = 1
𝑥2
𝜓
(

1
𝑥
, 𝑡
𝑥3

)

, (12)

where 𝜃(𝑓, 𝑔), 𝜙(𝑓, 𝑔) and 𝜓(𝑓, 𝑔) are any solutions of the following
ystem of nonlinear equations

27𝑝1𝑔2(𝑓𝜃𝑓𝑔𝑔 + 𝑔𝜃𝑔𝑔𝑔) + 𝑝1𝑓 2(𝑓𝜃𝑓𝑓𝑓 + 9𝑔𝜃𝑓𝑓𝑔) + 6𝑝1(2𝑓 2𝜃𝑓𝑓

+15𝑓𝑔𝜃𝑓𝑔 + 27𝑔2𝜃𝑔𝑔) + 3𝑝2𝑔(𝜙𝜃𝑔 + 𝜃𝜙𝑔) + 3𝑝4𝑔(𝜙𝜓𝑔 + 𝜓𝜙𝑔)

+(1 + 186𝑝1𝑔)𝜃𝑔 + (𝑝2𝑓 − 𝑝3)(𝜙𝜃𝑓 + 𝜃𝜙𝑓 ) + (𝑝4𝑓 − 𝑝5)(𝜙𝜓𝑓 + 𝜓𝜙𝑓 )

+36𝑝1𝑓𝜃𝑓 + 4(𝑝2𝜃 + 𝑝4𝜓)𝜙 + 24𝑝1𝜃 = 0,

27𝑝1𝑔2(𝑓𝜙𝑓𝑔𝑔 + 𝑔𝜙𝑔𝑔𝑔) + 𝑝1𝑓 2(𝑓𝜙𝑓𝑓𝑓 + 9𝑔𝜙𝑓𝑓𝑔) + 6𝑝1(2𝑓 2𝜙𝑓𝑓 + 15𝑓𝑔𝜙𝑓𝑔

+27𝑔2𝜙𝑔𝑔) + 3𝑝6𝑔(𝜓𝜃𝑔 + 𝜃𝜓𝑔) + (1 + 186𝑝1𝑔)𝜙𝑔 + (𝑝6𝑓 − 𝑝7)(𝜓𝜃𝑓 + 𝜃𝜓𝑓 )

+36𝑝1𝑓𝜙𝑓 + 4𝑝6𝜃𝜓 + 24𝑝1𝜙 = 0,

27𝑝1𝑔2(𝑓𝜓𝑓𝑔𝑔 + 𝑔𝜓𝑔𝑔𝑔) + 𝑝1𝑓 2(𝑓𝜓𝑓𝑓𝑓 + 9𝑔𝜓𝑓𝑓𝑔) + 6𝑝1(2𝑓 2𝜓𝑓𝑓 + 15𝑓𝑔𝜓𝑓𝑔

+27𝑔2𝜓𝑔𝑔) + 3𝑝6𝑔(𝜙𝑔𝜃 + 𝜃𝜙𝑔) + (1 + 186𝑝1𝑔)𝜙𝑔 + (𝑝6𝑓 − 𝑝7)(𝜙𝑓 𝜃 + 𝜃𝜙𝑓 )

+36𝑝1𝑓𝜓𝑓 + 4𝑝6𝜃𝜙 + 24𝑝1𝜓 = 0.

(13)

Lastly, we consider Case 2 and take the linear combination of 𝑝7𝑋4+𝑋5.
Solving the related characteristic Eq. (5), we get five invariants

𝑓 = 𝑡, 𝑔 = 𝑦 −
𝑝7
𝑝6
𝑥, 𝜃 = 𝑢

𝑝6𝑦
, 𝜙 = 𝑣

𝑝6𝑦
, 𝜓 = 𝑤

𝑝6𝑦
. (14)

Using these invariants, system (2) reduces to a system of nonlinear pdes
in two independent variable 𝑓 and 𝑔, namely,

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝑝1𝑝37𝜃𝑔𝑔𝑔 − 𝑝
3
6𝜃𝑓 − 2𝑝46

(

𝑝3𝜃 + 𝑝5𝜓
)

𝜙 = 0,

𝑝1𝑝37𝜙𝑔𝑔𝑔 + 𝑝
3
6𝜙𝑓 − 2𝑝7𝑝46𝜃𝜓 = 0,

𝑝1𝑝37𝜓𝑔𝑔𝑔 + 𝑝
3
6𝜓𝑓 − 2𝑝7𝑝46𝜃𝜙 = 0.

(15)

This system possess three point symmetries, viz.,

𝑌1 =
𝜕
𝜕𝑔
, 𝑌2 =

𝜕
𝜕𝑓

, 𝑌3 = 3𝑓 𝜕
𝜕𝑓

+ 𝑔 𝜕
𝜕𝑔

− 3𝜃 𝜕
𝜕𝜃

− 3𝜙 𝜕
𝜕𝜙

− 3𝜓 𝜕
𝜕𝜓

. (16)

Invoking the linear combination of the translation symmetries 𝑌1 + 𝑌2
nd solving the associated Lagrange system (5) gives four invariants,
amely,

= 𝑓 − 𝑔, 𝐸 = 𝜃, 𝐹 = 𝜙,𝐺 = 𝜓, (17)
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which gives the group invariant solutions of the system (2) as

𝑢(𝑥, 𝑦, 𝑡) = 𝑝6𝑦𝐸(𝑧), 𝑣(𝑥, 𝑦, 𝑡) = 𝑝6𝑦𝐹 (𝑧), 𝑤(𝑥, 𝑦, 𝑡) = 𝑝6𝑦𝐺(𝑧), (18)

where 𝐸(𝑧), 𝐹 (𝑧) and 𝐺(𝑧) are any solutions of the following system of
third-order nonlinear equations

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝑝1 𝑝37𝐸
′′′(𝑧) − 𝑝36𝐸

′(𝑧) + 2𝑝46(𝑝5𝐺(𝑧) + 𝑝3𝐸(𝑧))𝐹 (𝑧) = 0,

𝑝1 𝑝37𝐹
′′′(𝑧) − 𝑝36𝐹

′(𝑧) + 2𝑝7𝑝46𝐸(𝑧)𝐺(𝑧) = 0

𝑝1 𝑝37𝐺
′′′(𝑧) − 𝑝36𝐺

′(𝑧) + 2𝑝7𝑝46𝐸(𝑧)𝐹 (𝑧) = 0,

(19)

with 𝑧 = 𝑡 − 𝑦 +
𝑝7
𝑝6
𝑥.

Employing symmetry 𝑌3 gives the following invariants

𝑧 =
𝑓
𝑔3
, 𝐸 = 𝜃𝑔3, 𝐹 = 𝜙𝑔3, 𝐺 = 𝜓𝑔3. (20)

Thus, the group invariant solutions of the system (2) are obtained as

𝑢(𝑥, 𝑦, 𝑡) =
𝑝46𝑦𝐸(𝑧)

(

𝑝6𝑦 − 𝑝7𝑥
)3
, 𝑣(𝑥, 𝑦, 𝑡) =

𝑝46𝑦𝐹 (𝑧)
(

𝑝6𝑦 − 𝑝7𝑥
)3
, 𝑤(𝑥, 𝑦, 𝑡) =

𝑝46𝑦𝐺(𝑧)
(

𝑝6𝑦 − 𝑝6𝑥
)3
,

(21)

where 𝐸(𝑧), 𝐹 (𝑧) and 𝐺(𝑧) are any solutions of the following system of
hird-order nonlinear equations

60𝑝1𝑝37𝐸(𝑧) + 2𝑝46(𝑝3𝐸(𝑧) + 𝑝5𝐺(𝑧))𝐹 (𝑧) − 𝑝
3
6𝐸

′(𝑧) + 276𝑝1𝑝37𝐸
′(𝑧)𝑧

+189𝑝1𝑝37𝐸
′′(𝑧)𝑧2 + 27𝑝1𝑝37𝐸

′′′(𝑧)𝑧3 = 0,

60𝑝1𝑝37𝐹 (𝑧) + 2𝑝7𝑝46𝐸(𝑧)𝐺(𝑧) − 𝑝
3
6𝐹

′(𝑧) + 276𝑝1𝑝37𝐹
′(𝑧)𝑧

+189𝑝1𝑝37𝐹
′′(𝑧)𝑧2 + 27𝑝1𝑝37𝐹

′′′(𝑧)𝑧3 = 0,

60𝑝1𝑝37𝐺(𝑧) + 2𝑝7𝑝46𝐸(𝑧)𝐹 (𝑧) − 𝑝
3
6𝐺

′(𝑧) + 276𝑝1𝑝37𝐺
′(𝑧)𝑧

+189𝑝1𝑃 3
7𝐺

′′(𝑧)𝑧2 + 27𝑝1𝑝37𝐺
′′′(𝑧)𝑧3 = 0,

(22)

with 𝑧 =
𝑝36𝑡

(

𝑝6𝑦 − 𝑝7𝑥
)3

.

2.2. Exact solutions using the simplest equation method

In this subsection, we derive exact solutions of system (2) by solving
the system of nonlinear odes using the simplest equation method.
The simplest equation method developed by Kudryashov25,26 is a very
powerful technique for computing exact solutions of NLPDEs. The
method has also been successfully applied, extended and modified by
the authors in Refs. 27–29 to solve a variety of NLPDEs. The outline of
the simplest equation method is as follows.

The first step is to assume that the solutions of system take the form

𝑃 (𝑧) =
𝐿
∑

𝑘=0
𝐸𝑘𝐻(𝑧)𝑘, 𝑄(𝑧) =

𝑀
∑

𝑘=0
𝐹𝑘𝐻(𝑧)𝑘, 𝑅(𝑧) =

𝑁
∑

𝑘=0
𝐺𝑘𝐻(𝑧)𝑘, (23)

where 𝐻(𝑧) satisfies the Bernoulli or Riccati equations, 𝐿, 𝑀 and
𝑁 are positive integers obtained by the balancing procedure while
𝐸0,… , 𝐸𝐿, 𝐹0,… , 𝐹𝑀 and 𝐺0,… , 𝐺𝑁 are parameters to be determined.
The Bernoulli equation has the form

𝐻 ′(𝑧) = 𝑎𝐻(𝑧) + 𝑏𝐻(𝑧)2, (24)

where 𝑎 and 𝑏 are constants and its solution is given by

𝐻(𝑧) = 𝑎
{

cosh[𝑎(𝑧 + 𝐶)] + sinh[𝑎(𝑧 + 𝐶)]
1 − 𝑏 cosh[𝑎(𝑧 + 𝐶)] − 𝑏 sinh[𝑎(𝑧 + 𝐶)]

}

. (25)

The Riccati equation is defined by

𝐻 ′(𝑧) = 𝑎𝐻(𝑧)2 + 𝑏𝐻(𝑧) + 𝑐, (26)
3 
where 𝑎, 𝑏 and 𝑐 are constants. Its solutions are obtained as

𝐻(𝑧) = − 𝑏
2𝑎

− 𝜎
2𝑎

tanh
[1
2
𝜎(𝑧 + 𝐶)

]

, (27)

nd

(𝑧) = − 𝑏
2𝑎

− 𝜎
2𝑎

tanh
( 1
2
𝜎𝑧

)

+
sech

( 1
2
𝜎𝑧

)

𝐶 cosh
( 1
2
𝜎𝑧

)

− 2𝑎
𝜎

sinh
(1
2
𝜎𝑧

)
, (28)

here 𝜎2 = 𝑏2 − 4𝑎𝑐 > 0 and 𝐶 is a constant of integration.

emark 1. It is observed that the cases 𝑏2 − 4𝑎𝑐 = 0 and 𝑏2 − 4𝑎𝑐 < 0
ield rational and periodic wave solutions, respectively.

The second step is to determine the values of 𝐿, 𝑀 and 𝑁 by taking
he homogeneous balance between the highest-order nonlinear terms
nd the highest-order derivatives appearing in the system of odes .
astly, we determine the values of the parameters 𝐸0,… , 𝐸𝐿, 𝐹0,… , 𝐹𝑀
nd 𝐺0,… , 𝐺𝑁 by substituting the values of 𝐿, 𝑀 and 𝑁 into Eq. (23).
aking use of the Eqs. (24) and (26) and splitting on powers of the

unction 𝐻(𝑧) and thereafter, solving the resulting system of equations,
e get the values of 𝐸0,… , 𝐸𝐿, 𝐹0,… , 𝐹𝑀 and 𝐺0,… , 𝐺𝑁 .

.3. Bernoulli equation as the simplest equation method

Balancing the powers of the term 𝑃 ′′′(𝑧) with 𝑅′(𝑧)𝑄(𝑧), the term
′′′(𝑧) with 𝑃 ′(𝑧)𝑅(𝑧) and the term 𝑅′′′(𝑧) with 𝑃 ′(𝑧)𝑄(𝑧) in Eq. yields
= 2, 𝑀 = 2 and 𝑁 = 2. Thus the solutions of system take the form

𝑃 (𝑧) = 𝐸0 + 𝐸1𝐻(𝑧) + 𝐸2𝐻(𝑧)2,

(𝑧) = 𝐹0 + 𝐹1𝐻(𝑧) + 𝐹2𝐻(𝑧)2,

𝑅(𝑧) = 𝐺0 + 𝐺1𝐻(𝑧) + 𝐺2𝐻(𝑧)2. (29)

ubstituting (29) into the system and invoking the Bernoulli Eq. (24),
hereafter, equating the coefficients of powers of the function 𝐻(𝑧)
o zero yields an algebraic system of equations in terms of 𝐸𝑘, 𝐹𝑘
nd 𝐺𝑘 for (𝑘 = 0, 1, 2). Solving the resulting system with the aid of
aple, prompts the following eight cases with 𝜔 = 𝑎1𝑏2 + 𝑎2𝑏1, 𝛺1 =
3𝑏1𝑝3 − 𝑝2𝜔,𝛺2 = 𝑎3𝑏1𝑝7 − 𝑝6𝜔 and 𝛺3 = 𝑎3𝑏1𝑝5 − 𝑝4𝜔.
ase 1.

4 =
𝑎3𝑏1𝑝5
𝜔

,𝐸0 =
𝑎2𝑝1𝜔3 − 𝐺0𝛺1 + 𝑎3𝑏2

𝛺2
, 𝐸1 =

6𝑎𝑏𝑝1𝜔3

𝛺2
, 𝐸2 =

𝑏𝐸1
𝑎
,

𝐹0 = 𝐺0, 𝐹1 =
𝑎𝐹2
𝑏
, 𝐹2 =

6𝑏2𝑝1𝜔3

𝛺1
, 𝐺0 = 𝐺0, 𝐺1 = 𝐹1, 𝐺2 = 𝐹2. (30)

Case 2.

𝑝4 =
𝑎3𝑏1𝑝5
𝜔

,𝐸0 =
𝐹0𝛺1 − 𝑎2𝑝1𝜔3 − 𝑎3𝑏2

𝛺2
, 𝐸1 =

−6𝑎𝑏𝑝1𝜔3

𝛺2
, 𝐸2 =

𝑏𝐸1
𝑎
,

𝐹0 = 𝐹0, 𝐹1 =
𝑎𝐹2
𝑏
, 𝐹2 =

6𝑏2𝑝1𝜔3

𝛺1
, 𝐺0 = −𝐹0, 𝐺1 = −𝐹1, 𝐺2 = −𝐹2. (31)

ase 3.

4 =
3𝛺2

1 + 16𝑎3𝑏1𝑝5𝛺2

16𝜔𝛺2
, 𝐸0 =

𝑎2𝑝1𝜔3 + 𝑎3𝑏2
2𝛺2

, 𝐸1 =
𝑎𝐸2
𝑏
,

𝐸2 =
6𝑏2𝑝1𝜔3

𝛺2
, 𝐹0 =

2(𝑎2𝑝1𝜔3 + 𝑎3𝑏2)
3𝛺1

, 𝐹1 =
𝑎𝐹2
𝑏
,

2 =
8𝑏2𝑝1𝜔3

𝛺1
, 𝐺0 = 𝐹0, 𝐺1 = 𝐹1, 𝐺2 = 𝐹2. (32)

ase 4.

4 =
3𝛺2

1 + 16𝑎3𝑏1𝑝5𝛺2

16𝜔𝛺2
, 𝐸0 = −

𝑎2𝑝1𝜔3 + 𝑎3𝑏2
2𝛺2

, 𝐸1 =
𝑎𝐸2
𝑏
,

𝐸2 =
−6𝑏2𝑝1𝜔3

𝛺2
, 𝐹0 =

2(𝑎2𝑝1𝜔3 + 𝑎3𝑏2)
3𝛺1

, 𝐹1 =
𝑎𝐹2
𝑏
,

𝐹2 =
8𝑏2𝑝1𝜔3

𝛺1
, 𝐺0 = −𝐹0, 𝐺1 = −𝐹1, 𝐺2 = −𝐹2. (33)
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Case 5.

𝑝3 =
6𝑝1𝑏2 𝜔4(6𝑏2𝑝1𝜔2 + 𝑝2𝐹2) −𝛺2𝛺3𝐹 2

2

6𝑎3𝑏1𝑝1𝑏2𝜔3𝐹2
, 𝐸0 =

𝑎2𝑝1𝜔3 + 𝑎3𝑏2
2𝛺2

,

𝐸1 =
𝑎𝐸2
𝑏
, 𝐸2 =

6𝑏2𝑝1𝜔3

𝛺2
, 𝐹0 =

(𝑎2𝑝1𝜔3 + 𝑎3𝑏2)𝐹2
12𝑏2𝑝1𝜔3

,

𝐹1 =
𝑎𝐹2
𝑏
, 𝐹2 = 𝐹2, 𝐺0 = 𝐹0, 𝐺1 = 𝐹1, 𝐺2 = 𝐹2. (34)

Case 6.

𝑝3 =
6𝑏2𝑝1𝜔4(6𝑏2𝑝1𝜔2 + 𝑝2𝐹2) −𝛺2𝛺3𝐹 2

2

6𝑏2𝑎3𝑏1𝑝1𝜔3𝐹2
, 𝐸0 = −

(𝑎2𝑝1𝜔3 + 𝑎3𝑏2)
2𝛺2

,

𝐸1 =
𝑎𝐸2
𝑏
, 𝐸2 = −

6𝑏2𝑝1𝜔3

𝛺2
, 𝐹0 =

(𝑎2𝑝1𝜔3 + 𝑎3𝑏2)𝐹2
12𝑏2𝑝1𝜔3

,

1 =
𝑎𝐹2
𝑏
, 𝐹2 = 𝐹2, 𝐺0 = −𝐹0, 𝐺1 = −𝐹1, 𝐺2 = −𝐹2. (35)

Case 7.

𝑎3 =
𝑎2𝑝1𝜔3

5𝑏2
, 𝑝4 =

𝑝1𝜔2(10𝑏2𝑏2𝐸2 + 𝑎2𝑏1𝑝5𝐹 2
2 )

5𝑏2𝐹 2
2

, 𝐸0 =
𝑎2𝐸2

10𝑏2
,

𝐸1 =
𝑎𝐸2
𝑏
, 𝐸2 =

30𝑏2𝑏2𝑝1𝜔2

𝑎2𝑏1𝑝1𝑝7𝜔2 − 5𝑏2𝑝6
, 𝐹0 =

𝑎2𝐹2
10𝑏2

, 𝐹1 =
𝑎𝐹2
𝑏
,

2 =
40𝑏2𝑏2𝑝1𝜔2

𝑎2𝑏1𝑝1𝑝3𝜔2 − 5𝑏2𝑝2
, 𝐺0 = 𝐹0, 𝐺1 = 𝐹1, 𝐺2 = 𝐹2. (36)

Case 8.

𝑎3 =
𝑎2𝑝1𝜔3

5𝑏2
, 𝑝4 =

𝑝1𝜔2(𝑎2𝑏1𝑝5𝐹 2
2 − 10𝑏2𝑏2𝐸2)

5𝑏2𝐹 2
2

, 𝐸0 =
𝑎2𝐸2

10𝑏2
,

𝐸1 =
𝑎𝐸2
𝑏
, 𝐸2 =

30𝑏2𝑏2𝑝1𝜔2

5𝑏2𝑝6 − 𝑎2𝑏1𝑝1𝑝7𝜔2
, 𝐹0 =

𝑎2𝐹2
10𝑏2

, 𝐹1 =
𝑎𝐹2
𝑏
,

2 =
40𝑏2𝑏2𝑝1𝜔2

𝑎2𝑏1𝑝1𝑝3𝜔2 − 5𝑏2𝑝2
, 𝐺0 = −𝐹0, 𝐺1 = −𝐹1, 𝐺2 = −𝐹2. (37)

hus the travelling wave solutions of an extended (2+1)-dimensional
ew coupled KdV system (2) using the Bernoulli equation as the sim-
lest equation method are given by

𝑢(𝑥, 𝑦, 𝑡) = 𝐸0 + 𝐸1𝑎
{

cosh [𝑎(𝑧 + 𝐶)] + sinh [𝑎(𝑧 + 𝐶)]
1 − 𝑏 cosh [𝑎(𝑧 + 𝐶)] − 𝑏 sinh [𝑎(𝑧 + 𝐶)]

}

+ 𝐸2𝑎
2
{

cosh [𝑎(𝑧 + 𝐶)] + sinh [𝑎(𝑧 + 𝐶)]
1 − 𝑏 cosh [𝑎(𝑧 + 𝐶)] − 𝑏 sinh [𝑎(𝑧 + 𝐶)]

}2
, (38)

𝑣(𝑥, 𝑦, 𝑡) = 𝐹0 + 𝐹1𝑎
{

cosh [𝑎(𝑧 + 𝐶)] + sinh [𝑎(𝑧 + 𝐶)]
1 − 𝑏 cosh [𝑎(𝑧 + 𝐶)] − 𝑏 sinh [𝑎(𝑧 + 𝐶)]

}

+ 𝐹2𝑎
2
{

cosh[𝑎(𝑧 + 𝐶)] + sinh[𝑎(𝑧 + 𝐶)]
1 − 𝑏 cosh [𝑎(𝑧 + 𝐶)] − 𝑏 sinh [𝑎(𝑧 + 𝐶)]

}2
, (39)

𝑤(𝑥, 𝑦, 𝑡) = 𝐺0 + 𝐺1𝑎
{

cosh [𝑎(𝑧 + 𝐶)] + sinh [𝑎(𝑧 + 𝐶)]
1 − 𝑏 cosh [𝑎(𝑧 + 𝐶)] − 𝑏 sinh [𝑎(𝑧 + 𝐶)]

}

+ 𝐺2𝑎
2
{

cosh [𝑎(𝑧 + 𝐶)] + sinh [𝑎(𝑧 + 𝐶)]
1 − 𝑏 cosh [𝑎(𝑧 + 𝐶)] − 𝑏 sinh [𝑎(𝑧 + 𝐶)]

}2
, (40)

where 𝑧 = −(𝑎1𝑏2 + 𝑎2𝑏1)𝑥 + 𝑎3𝑏1𝑦 + 𝑎3𝑏2𝑡.

2.4. Riccati equation as the simplest equation method

By following a similar procedure as above, the balancing procedure
yields 𝐿 = 2, 𝑀 = 2 and 𝑁 = 2. Consequently, the solutions of Eq. take
the form

𝑃 (𝑧) = 𝐸0 + 𝐸1𝐻(𝑧) + 𝐸2𝐻(𝑧)2,

𝑄(𝑧) = 𝐹0 + 𝐹1𝐻(𝑧) + 𝐹2𝐻(𝑧)2,

𝑅(𝑧) = 𝐺0 + 𝐺1𝐻(𝑧) + 𝐺2𝐻(𝑧)2. (41)

Inserting Eq. (41) into Eq. and employing Eq. (26), thereafter, equating
all coefficients of the exponents of 𝐻(𝑧) to zero, we obtain a system of

algebraic equations in terms of (𝐸𝑗 , 𝐹𝑗 , 𝐺𝑗 ) for (𝑗 = 0, 1, 2). Solving the
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resulting system with the aid of Maple, we obtain the following eight
cases.
Case 1.

𝑝4 =
𝑎3𝑏1𝑝5
𝜔

,𝐸0 =
𝑝1𝜔3(𝑏2 + 8𝑎𝑐) − 𝐺0𝛺1 + 𝑎3𝑏2

𝛺2
, 𝐸1 =

6𝑎𝑏𝑝1𝜔3

𝛺2
,

𝐸2 =
𝑎𝐸1
𝑏
, 𝐹0 = 𝐺0, 𝐹1 =

6𝑎𝑏𝑝1𝜔3

𝛺1
, 𝐹2 =

𝑎𝐹1
𝑏
, 𝐺0 = 𝐺0, 𝐺1 = 𝐹1,

2 = 𝐹2. (42)

ase 2.

𝑝4 =
𝑎3𝑏1𝑝5
𝜔

,𝐸0 =
𝐹0𝛺1 − 𝑝1𝜔3(𝑏2 + 8𝑎𝑐) − 𝑎3𝑏2

𝛺2
, 𝐸1 =

−6𝑎𝑏𝑝1𝜔3

𝛺2
,

𝐸2 =
𝑎𝐸1
𝑏
, 𝐹0 = 𝐹0, 𝐹1 =

6𝑎𝑏𝑝1𝜔3

𝛺1
, 𝐹2 =

𝑎𝐹1
𝑏
, 𝐺0 = −𝐹0,

1 = −𝐹1, 𝐺2 = −𝐹2. (43)

ase 3.

3 =
6𝑎2𝑝1𝜔4(6𝑎2𝑝1𝜔2 + 𝑝2𝐹2) −𝛺2𝛺3𝐹 2

2

6𝑎2𝑎3𝑏1𝑝1𝜔3𝐹 2
2

, 𝐸0 =
𝑝1𝜔3(𝑏2 + 8𝑎𝑐) + 𝑎3𝑏2

2𝛺2
,

1 =
6𝑎𝑏𝑝1𝜔3

𝛺2
, 𝐸2 =

𝑎𝐸1
𝑏
, 𝐹0 =

(𝑝1𝜔3(𝑏2 + 8𝑎𝑐) + 𝑎3𝑏2)𝐹2
12𝑎2𝑝1𝜔3

,

𝐹1 =
𝑏𝐹2
𝑎
, 𝐹2 = 𝐹2, 𝐺0 = 𝐹0, 𝐺1 = 𝐹1, 𝐺2 = 𝐹2. (44)

ase 4.

3 =
6𝑎2𝑝1𝜔4(6𝑎2𝑝1𝜔2 + 𝑝2𝐹2) −𝛺2𝛺3𝐹 2

2

6𝑎2𝑎3𝑏1𝑝1𝜔3𝐹2
, 𝐸0 = −

𝑝1𝜔3(𝑏2 + 8𝑎𝑐) + 𝑎3𝑏2
2𝛺2

,

𝐸1 =
−6𝑎𝑏𝑝1𝜔3

𝛺2
, 𝐸2 =

𝑎𝐸1
𝑏
, 𝐹0 =

(𝑝1𝜔3(𝑏2 + 8𝑎𝑐) + 𝑎3𝑏2)𝐹2
12𝑎2𝑝1𝜔3

,

𝐹1 =
𝑏𝐹2
𝑎
, 𝐹2 = 𝐹2, 𝐺0 = −𝐹0, 𝐺1 = −𝐹1, 𝐺2 = −𝐹2. (45)

ase 5.

3 =
𝑝1𝜔3(𝑏2 − 4𝑎𝑐)

5𝑏2
, 𝑝4 =

𝑝1𝜔2(10𝑎2𝑏2𝐸2 + 𝑏1𝑝5(𝑏2 − 4𝑎𝑐)𝐹 2
2 )

5𝑏2𝐹 2
2

,

0 =
(𝑏2 + 6𝑎𝑐)𝐸2

10𝑎2
, 𝐸1 =

𝑏𝐸2
𝑎
, 𝐸2 =

30𝑎2𝑏2𝑝1𝜔2

𝑏1𝑝1𝑝7𝜔2(𝑏2 − 4𝑎𝑐) − 5𝑏2𝑝6
,

0 =
(𝑏2 + 6𝑎𝑐)𝐹2

10𝑎2
, 𝐹1 =

𝑏𝐹2
𝑎
, 𝐹2 =

40𝑎2𝑏2𝑝1𝜔2

𝑏1𝑝1𝑝3𝜔2(𝑏2 − 4𝑎𝑐) − 5𝑏2𝑝2
,

𝐺0 = 𝐹0, 𝐺1 = 𝐹1, 𝐺2 = 𝐹2. (46)

Case 6.

𝑎3 =
𝑝1𝜔3(𝑏2 − 4𝑎𝑐)

5𝑏2
, 𝑝4 =

𝑝1𝜔2(𝑏1𝑝5(𝑏2 − 4𝑎𝑐)𝐹 2
2 − 10𝑎2𝑏2𝐸2)

5𝑏2𝐹 2
2

,

0 =
(𝑏2 + 6𝑎𝑐)𝐸2

10𝑎2
, 𝐸1 =

𝑏𝐸2
𝑎
, 𝐸2 =

30𝑎2𝑏2𝑝1𝜔2

𝑏1𝑝1𝑝7𝜔2(4𝑎𝑐 − 𝑏2) + 5𝑏2𝑝6
,

0 =
(𝑏2 + 6𝑎𝑐)𝐹2

10𝑎2
, 𝐹1 =

𝑏𝐹2
𝑎
, 𝐹2 =

40𝑎2𝑏2𝑝1𝜔2

𝑏1𝑝1𝑝3𝜔2(𝑏2 − 4𝑎𝑐) − 5𝑏2𝑝2
,

𝐺0 = −𝐹0, 𝐺1 = −𝐹1, 𝐺2 = −𝐹2. (47)

ase 7.

4 =
3𝛺2

1 + 16𝑎3𝑏1𝑝5𝛺2

16𝜔𝛺2
, 𝐸0 =

𝑝1𝜔3(𝑏2 + 8𝑎𝑐) + 𝑎3 𝑏2
2𝛺2

,

𝐸1 =
6𝑎𝑏𝑝1𝜔3

𝛺2
, 𝐸2 =

𝑎𝐸1
𝑏
, 𝐹0 =

2(𝑝1𝜔3(𝑏2 + 8𝑎𝑐) + 𝑎3𝑏2)
3𝛺1

,

𝐹1 =
8𝑎𝑏𝑝1𝜔3

𝛺1
, 𝐹2 =

𝑎𝐹1
𝑏
, 𝐺0 = 𝐹0, 𝐺1 = 𝐹1, 𝐺2 = 𝐹2. (48)

ase 8.

4 =
3𝛺2

1 + 16𝑎3𝑏1𝑝5𝛺2
, 𝐸0 = −

𝑝1𝜔3(𝑏2 + 8𝑎𝑐) + 𝑎3𝑏2 ,

16𝜔𝛺2 2𝛺2
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𝐸1 =
−6𝑎𝑏𝑝1𝜔3

𝛺2
, 𝐸2 =

𝑎𝐸1
𝑏
, 𝐹0 =

2(𝑝1𝜔3(𝑏2 + 8𝑎𝑐) + 𝑎3𝑏2)
3𝛺1

,

𝐹1 =
8𝑎𝑏𝑝1𝜔3

𝛺1
, 𝐹2 =

𝑎𝐹1
𝑏
, 𝐺0 = −𝐹0, 𝐺1 = −𝐹1, 𝐺2 = −𝐹2. (49)

herefore the solutions of system (2) using Riccati simplest equation
ethod are

𝑢(𝑡, 𝑥, 𝑦) = 𝐸0 + 𝐸1

{

− 𝑏
2𝑎

− 𝜎
2𝑎

tanh
[ 1
2
𝜎(𝑧 + 𝐶)

]}

+ 𝐸2

{

− 𝑏
2𝑎

− 𝜎
2𝑎

tanh
[ 1
2
𝜎(𝑧 + 𝐶)

]}2
, (50)

𝑣(𝑡, 𝑥, 𝑦) = 𝐹0 + 𝐹1
{

− 𝑏
2𝑎

− 𝜎
2𝑎

tanh
[ 1
2
𝜎(𝑧 + 𝐶)

]}

+ 𝐹2
{

− 𝑏
2𝑎

− 𝜎
2𝑎

tanh
[1
2
𝜎(𝑧 + 𝐶)

]}2
, (51)

(𝑡, 𝑥, 𝑦) = 𝐺0 + 𝐺1

{

− 𝑏
2𝑎

− 𝜎
2𝑎

tanh
[ 1
2
𝜎(𝑧 + 𝐶)

]}

+ 𝐺2

{

− 𝑏
2𝑎

− 𝜎
2𝑎

tanh
[ 1
2
𝜎(𝑧 + 𝐶)

]}2
, (52)

and

𝑢(𝑡, 𝑥, 𝑦) = 𝐸2

⎧

⎪

⎨

⎪

⎩

− 𝑏
2𝑎

− 𝜎
2𝑎

tanh
(𝜎𝑧

2

)

+
sech

(𝜎𝑧
2

)

𝐶 cosh
(𝜎𝑧

2

)

− 2𝑎
𝜎

sinh
(𝜎𝑧

2

)

⎫

⎪

⎬

⎪

⎭

2

𝐸1

⎧

⎪

⎨

⎪

⎩

− 𝑏
2𝑎

− 𝜎
2𝑎

tanh
(𝜎𝑧

2

)

+
sech

(𝜎𝑧
2

)

𝐶 cosh
(𝜎𝑧

2

)

− 2𝑎
𝜎

sinh
(𝜎𝑧

2

)

⎫

⎪

⎬

⎪

⎭

+ 𝐸0, (53)

𝑣(𝑡, 𝑥, 𝑦) = 𝐹2

⎧

⎪

⎨

⎪

⎩

− 𝑏
2𝑎

− 𝜎
2𝑎

tanh
(𝜎𝑧

2

)

+
sech

(𝜎𝑧
2

)

𝐶 cosh
(𝜎𝑧

2

)

− 2𝑎
𝜎

sinh
(𝜎𝑧

2

)

⎫

⎪

⎬

⎪

⎭

2

+𝐹1

⎧

⎪

⎨

⎪

⎩

− 𝑏
2𝑎

− 𝜎
2𝑎

tanh
(𝜎𝑧

2

)

+
sech

(𝜎𝑧
2

)

𝐶 cosh
(𝜎𝑧

2

)

− 2𝑎
𝜎

sinh
(𝜎𝑧

2

)

⎫

⎪

⎬

⎪

⎭

+ 𝐹0, (54)

(𝑡, 𝑥, 𝑦) = 𝐺2

⎧

⎪

⎨

⎪

⎩

− 𝑏
2𝑎

− 𝜎
2𝑎

tanh
(𝜎𝑧

2

)

+
sech

(𝜎𝑧
2

)

𝐶 cosh
(𝜎𝑧

2

)

− 2𝑎
𝜎

sinh
(𝜎𝑧

2

)

⎫

⎪

⎬

⎪

⎭

2

+𝐺1

⎧

⎪

⎨

⎪

⎩

− 𝑏
2𝑎

− 𝜎
2𝑎

tanh
(𝜎𝑧

2

)

+
sech

(𝜎𝑧
2

)

𝐶 cosh
(𝜎𝑧

2

)

− 2𝑎
𝜎

sinh
(𝜎𝑧

2

)

⎫

⎪

⎬

⎪

⎭

+ 𝐺0, (55)

where 𝜎2 = 𝑏2 − 4𝑎𝑐 > 0, 𝑧 = −(𝑎1𝑏2 + 𝑎2𝑏1)𝑥 + 𝑎3𝑏1𝑦 + 𝑎3𝑏2𝑡.

3. Analysis and discussions of solutions

In this section, a graphical demonstration in the form of
3-dimensional, 2-dimensional and density profiles of the solutions of
the (2+1)-dimensional new coupled KdV system (2) is presented. We
consider Case 1 solutions for both the Bernoulli and Riccati simplest
equation methods. A careful observation resulted in the omission of
profiles of the remaining solutions cases since they portray similar
structures. Since nonlinear partial differential equations have found a
great application in a variety of physical phenomena, it is therefore of
paramount importance to derive and analyse their analytical solutions
so as to have an in-depth comprehension of the physical dynamics of
the problems they model. Thus, we determine the physical represen-
tations of the derived solutions. Firstly, we consider solutions derived
using the Bernoulli equation.

In Fig. 1, we demonstrate 3D, 2D and contour graphs of solutions
(38) describing bright soliton solution within the intervals −15 ≤ 𝑥 ≤ 10
and −5 ≤ 𝑦 ≤ 5.

The solution structures in Fig. 2 are 3D, 2D and contour graphs of
solution (39) which portray dark soliton solution within the intervals

−15 ≤ 𝑥 ≤ 10 and −5 ≤ 𝑦 ≤ 5.

⎩
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In Fig. 3, we exhibit 3D, 2D and contour graphs of solution (40)
representing a singular wave solution with the spatial variables ranging
between −15 ≤ 𝑥 ≤ 10 and −5 ≤ 𝑦 ≤ 5.

Lastly, we present graphs of Case 1 solutions derived using the
Riccati equation.

The graphs in Fig. 4 represent 3D, 2D and contour plots of solution
(50) that resemble a kink type wave solution where the spatial variables
range from −15 ≤ 𝑥 ≤ 10 and −5 ≤ 𝑦 ≤ 5.

In Fig. 5, we display 3D, 2D and contour structures of solution
(51) which demonstrate an inverted singular wave solution within the
intervals −15 ≤ 𝑥 ≤ 10 and −5 ≤ 𝑦 ≤ 5.

4. Conservation laws

This section aims to investigate the conservation laws for the ex-
tended (2+1)-dimensional new coupled KdV system (2). In order to
compute conserved densities and fluxes, we resort to the invariance
criteria and multiplier method due to the well-known result that the
Euler–Lagrange operator annihilates a total divergence. A conserved
vector (𝑇 𝑡, 𝑇 𝑥, 𝑇 𝑦) associated with a conservation law satisfies

𝐷𝑡 𝑇
𝑡 +𝐷𝑥 𝑇

𝑥 +𝐷𝑦 𝑇
𝑦|
|

|𝜀
= 0, (56)

which vanishes of the solution space 𝜀 of the system (2). Furthermore,
if nontrivial functions 𝛬1, 𝛬2 and 𝛬3 called multipliers of system (2)
exist, such that

𝐸𝑢
[

𝛬1
(

𝑢𝑡 − 𝑝1𝑢𝑥𝑥𝑥 − 𝑝2(𝑢𝑣)𝑥 − 𝑝3(𝑢𝑣)𝑦 − 𝑝4(𝑣𝑤)𝑥 − 𝑝5(𝑣𝑤)𝑦
)

+ 𝛬2
(

𝑣𝑡 − 𝑝1𝑣𝑥𝑥𝑥 − 𝑝6(𝑢𝑤)𝑥 − 𝑝7(𝑢𝑤)𝑦
)

+ 𝛬3
(

𝑤𝑡 − 𝑝1𝑤𝑥𝑥𝑥 − 𝑝6(𝑢𝑣)𝑥 − 𝑝7(𝑢𝑣)𝑦
)]

= 0, (57)
𝐸𝑣

[

𝛬1
(

𝑢𝑡 − 𝑝1𝑢𝑥𝑥𝑥 − 𝑝2(𝑢𝑣)𝑥 − 𝑝3(𝑢𝑣)𝑦 − 𝑝4(𝑣𝑤)𝑥 − 𝑝5(𝑣𝑤)𝑦
)

+ 𝛬2
(

𝑣𝑡 − 𝑝1𝑣𝑥𝑥𝑥 − 𝑝6(𝑢𝑤)𝑥 − 𝑝7(𝑢𝑤)𝑦
)

𝛬3
(

𝑤𝑡 − 𝑝1𝑤𝑥𝑥𝑥 − 𝑝6(𝑢𝑣)𝑥 − 𝑝7(𝑢𝑣)𝑦
)]

= 0, (58)

𝑤
[

𝛬1
(

𝑢𝑡 − 𝑝1𝑢𝑥𝑥𝑥 − 𝑝2(𝑢𝑣)𝑥 − 𝑝3(𝑢𝑣)𝑦 − 𝑝4(𝑣𝑤)𝑥 − 𝑝5(𝑣𝑤)𝑦
)

+ 𝛬2
(

𝑣𝑡 − 𝑝1𝑣𝑥𝑥𝑥 − 𝑝6(𝑢𝑤)𝑥 − 𝑝7(𝑢𝑤)𝑦
)

𝛬3
(

𝑤𝑡 − 𝑝1𝑤𝑥𝑥𝑥 − 𝑝6(𝑢𝑣)𝑥 − 𝑝7(𝑢𝑣)𝑦
)]

= 0, (59)

hen the following equation holds

𝑡𝑇
𝑡 +𝐷𝑥𝑇

𝑥 +𝐷𝑦𝑇
𝑦 =

(

𝑣𝑡 − 𝑝1𝑣𝑥𝑥𝑥 − 𝑝6(𝑢𝑤)𝑥 − 𝑝7(𝑢𝑤)𝑦
)

𝛬2

+
(

𝑤𝑡 − 𝑝1𝑤𝑥𝑥𝑥 − 𝑝6(𝑢𝑣)𝑥 − 𝑝7(𝑢𝑣)𝑦
)

𝛬3

+
(

𝑢𝑡 − 𝑝1𝑢𝑥𝑥𝑥 − 𝑝2(𝑢𝑣)𝑥 − 𝑝3(𝑢𝑣)𝑦 − 𝑝4(𝑣𝑤)𝑥 − 𝑝5(𝑣𝑤)𝑦
)

𝛬1, (60)

here 𝐸𝑢, 𝐸𝑣, and 𝐸𝑤 are the standard Euler–Lagrange
perators.18,19,30–32 The analysis of Eqs. (57)–(59) prompts the follow-
ng theorem.

heorem 1. Let (𝛬1, 𝛬2, 𝛬3) being nontrivial differential functions then the
xtended (2+1)-dimensional new coupled KdV system (2) admits zeroth
rder multipliers of the form

1(𝑡, 𝑥, 𝑦, 𝑢, 𝑣,𝑤) = 𝐴(𝑡, 𝑥, 𝑦), 𝛬2(𝑡, 𝑥, 𝑦, 𝑢, 𝑣,𝑤) = 𝐵(𝑡, 𝑥, 𝑦),

3(𝑡, 𝑥, 𝑦, 𝑢, 𝑣,𝑤) = 𝐶(𝑡, 𝑥, 𝑦), (61)

f and only if linear coupled third-order partial differential equations of the
orm

(𝑝2𝑝5 − 𝑝3𝑝4)𝐴𝑥 + 𝑝5𝑝6𝐶𝑥 + 𝑝5𝑝7𝐶𝑦 = 0,

𝑝4𝐴𝑥 + 𝑝5𝐴𝑦 = 0,

𝑝6𝐵𝑥 + 𝑝7𝐵𝑦 = 0,

𝑝1𝐴𝑥𝑥𝑥 − 𝐴𝑡 = 0,

𝑝1𝐵𝑥𝑥𝑥 − 𝐵𝑡 = 0,

𝑝 𝐶 − 𝐶 = 0,

(62)
1 𝑥𝑥𝑥 𝑡
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Fig. 1. Wave profile of solution (38) for 𝑎 = 0.5, 𝑏 = −0.25, 𝑝1 = −1 and 𝑝6 = −1 with other parameters set to unity. (a) 3D plot. (b) 2D plot. (c) Contour plot.
Fig. 2. Solution (39) profile for 𝑎 = 0.5, 𝑏 = −0.25 and 𝑝2 = −1 with other parameters set to one. (a) 3D plot. (b) 2D plot. (c) Contour plot.
Fig. 3. Wave structure of solution (40) for 𝑎 = 0.5, 𝑏 = 0.25 and 𝑝1 = −0.5 where the remaining parameters are chosen to be one. (a) 3D plot. (b) 2D plot. (c) Contour plot.
Fig. 4. Profile of solution (50) for 𝑎 = 0.25, 𝑐 = 0.1 and 𝑝6 = −1 while the values of the other parameters are set to unity. (a) 3D plot. (b) 2D plot. (c) Contour plot.
6 
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Fig. 5. Wave structure of solution (51) for 𝑎 = 0.25, 𝑏 = 0.5, 𝑐 = −0.5 and 𝑝2 = −1 with other parameters set to unity. (a) 3D plot. (b) 2D plot. (c) Contour plot.
exist.

Proof. A tedious but straightforward computations from Eqs. (57)–(59).

Lemma 1. Suppose the extended (2+1)-dimensional new coupled KdV
system (2) admits zeroth-order multiplier functions of the form

𝛬1(𝑡, 𝑥, 𝑦, 𝑢, 𝑣,𝑤) = 0, 𝛬2(𝑡, 𝑥, 𝑦, 𝑢, 𝑣,𝑤) = 0, 𝛬3(𝑡, 𝑥, 𝑦, 𝑢, 𝑣,𝑤) = 𝐶(𝑡, 𝑥, 𝑦),

(63)

then there exists a linear third-order system of equations given by

⎧

⎪

⎨

⎪

⎩

𝑝6𝐶𝑥 + 𝑝7𝐶𝑦 = 0,

𝑝1𝐶𝑥𝑥𝑥 − 𝐶𝑡 = 0,
(64)

such that Eq. (2) possesses an infinite local conservation law of the form

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝑇 𝑡1 = 𝑤𝐶,

𝑇 𝑥1 = −(𝑝6𝑢𝑣 + 𝑝1𝑤𝑥𝑥)𝐶 + 𝑝1𝑤𝑥𝐶𝑥 − 𝑝1𝑤𝐶𝑥𝑥,

𝑇 𝑦1 = −𝑝7𝑢𝑣𝐶.

(65)

Lemma 2. Let the extended (2+1)-dimensional new coupled KdV system
(2) establish a nontrivial differential functions of zeroth-order, namely

𝛬1(𝑡, 𝑥, 𝑦, 𝑢, 𝑣,𝑤) = 𝐴(𝑡, 𝑥, 𝑦), 𝛬2(𝑡, 𝑥, 𝑦, 𝑢, 𝑣,𝑤) = 0, 𝛬3(𝑡, 𝑥, 𝑦, 𝑢, 𝑣,𝑤) = 0,

(66)

then the associated infinite conserved vectors are

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝑇 𝑡2 = 𝑢𝐴,

𝑇 𝑥2 = −(𝑝2𝑢𝑣 + 𝑝1𝑢𝑥𝑥 + 𝑝4𝑣𝑤)𝐴 + 𝑝1𝑢𝑥𝐴𝑥 − 𝑝1𝑢𝐴𝑥𝑥,

𝑇 𝑦2 = −(𝑝3𝑢 + 𝑝5𝑤)𝑣𝐴.

(67)

provided the linear system of equations

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝑝4𝐴𝑥 + 𝑝5𝐴𝑦 = 0,

(𝑝2𝑝5 − 𝑝3𝑝4)𝐴𝑥 = 0,

𝑝1𝐴𝑥𝑥𝑥 − 𝐴𝑡 = 0,

(68)

holds.

Lemma 3. Assume that the extended (2+1)-dimensional new coupled KdV
system (2) formally admits zeroth-order multiplier functions of the form

𝛬1(𝑡, 𝑥, 𝑦, 𝑢, 𝑣,𝑤) = 0, 𝛬2(𝑡, 𝑥, 𝑦, 𝑢, 𝑣,𝑤) = 𝐵(𝑡, 𝑥, 𝑦), 𝛬3(𝑡, 𝑥, 𝑦, 𝑢, 𝑣,𝑤) = 0,

(69)
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then there exists a linear third-order system of equations given by

⎧

⎪

⎨

⎪

⎩

𝑝6𝐵𝑥 + 𝑝7𝐵𝑦 = 0,

𝑝1𝐵𝑥𝑥𝑥 − 𝐵𝑡 = 0,
(70)

and the corresponding infinite conserved vectors are

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝑇 𝑡3 = 𝑣𝐵,

𝑇 𝑥3 = −(𝑝6𝑢𝑤 + 𝑝1𝑣𝑥𝑥)𝐵 + 𝑝1𝑣𝑥𝐵𝑥 − 𝑝1𝑣𝐵𝑥𝑥,

𝑇 𝑦3 = −𝑝7𝑢𝑤𝐵.

(71)

Proof. The proofs of the above Lemmas are straightforward, but a bit
lengthy. They consist of the application of the divergence equation
𝐷𝑡𝑇 𝑡𝑖 +𝐷𝑥𝑇 𝑥𝑖 +𝐷𝑦𝑇

𝑦
𝑖 = 0 for (𝑖 = 1, 2, 3) which holds for all solutions of

system (2).

5. Concluding remarks

In this work exact solutions of the extended (2+1)-dimensional new
coupled KdV system (2) were derived using the symmetry method.
Other analytical solutions were obtained with the aid of Bernoulli and
Riccati equations as the simplest equation method. In order to have an
in-depth conception of the derived results a variety of profile structures
which includes among others the bell shaped, inverted bell shaped,
kink and singular wave solutions were obtained. It is observed that the
aforementioned system admits infinitely many conservation laws. The
correctness of the obtained results have been verified with the aid of
Maple software package.
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