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A novel mathematical model for a hybrid (Cu–CuO/blood) Jeffrey nanofluid
passing a vertical symmetric microchannel along with an electroosmosis pump
is presented. The focuses on the advancement of mathematical modeling tech-
niques, its comprehensive analysis of microfluidic system dynamics, and its
potential to inform the optimal design of devices using nanofluids with broad
applications in various fields. Arrhenius’s law is used to analyze endothermic–
exothermic reactions and activation energy. The governing partial differential
equations of the fixed frame are transformed into ordinary differential equa-
tions of the wave frame using self-similarity transformations. Low Reynolds
number and long-wavelength approximations helped to find solutions of the
equations by applying a suitable BVP solver in MATLAB. The fluid’s velocity,
temperature, concentration, and electroosmosis properties are studied graph-
ically. Two-dimensional contour plots of fluid velocity and three-dimensional
surface plots of fluid properties are discussed. Physically significant quantities of
mass transfer rate, skin friction coefficient, entropy generation, and heat trans-
fer rate are studied using contour plots. Artificial neural network simulation
using Bayesian regularization backpropagation algorithms is analyzed for train-
ing state, error histogram, fit, performance, and regression plots. Conclusively,
the comprehensive analysis of the fluid dynamics, entropy generation, mass
and heat transfer, and in the microchannel, coupled with the successful imple-
mentation of artificial neural network simulation, contributes to an improved
understanding of the system’s behavior. Entropy generation was raised for
enhanced Brownianmotion number and reduced values of thermophoresis, acti-
vation energy, and endothermic–exothermic reaction parameters. This study’s
results can be used to improve the efficiency and effectiveness of microfluidic
devices used in fields as diverse as electrical cooling and medicine delivery.
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1 INTRODUCTION

Nanofluids are liquids where the nanoscale particles are hanging in a base liquid. In a paper they published in 1995,
Choi and Eastman [1] first described nanofluids. They found that nanoparticle suspension in the base liquid increased
the temperature of the mixture, leading to the idea of using nanofluids as heat transfer fluids. Aytaç et al. [2] explored
the usage of a water gatherer with a MgO–CuO/H2O hybrid nanoliquid, analyzing its impacts on heat transfer efficiency.
Farooq et al. [3] created a computational framework to simulate a radiative hybrid nanofluid on a shrinking or stretching
surface with entropy production. The influence of hybrid nanofluid pull–push on heat transfer and fluid flow over parallel
surfaceswas studied numerically and analytically byAbdollahi et al. [4]. The transformation ofmechanical to internal heat
energy resulting from frictional force experienced by a fluid as itmoves through a channel or over a surface is called viscous
dissipation. Using heat radiation and viscous dissipation, Kho et al. [5] investigated magnetohydrodynamic behavior of
an Ag–TiO2 hybrid nano liquid via a porous wedge. Using an optimization technique, Manzoor et al. [6] investigated the
entropy optimization of theMarangoni flow of a hybrid nanofluid under the influence of viscous dissipation and activation
energy, withmelting phenomena. Joule heating is the heat generated when an electric current travels through a nanofluid
due to the fluid’s resistance. Raju [7] investigates micropolar and hybrid nanofluids’ dynamical dissipative and radiative
flow of nanofluids with relative irreversibility along a Joule-heating inclined channel. Ramesh et al. [8] offer ANNmodels
of hybrid nanofluids alongside Ohic heating and magnetorheological radiation effects.
An inclined magnetic field can provide a Lorentz force, improving nanofluids’ fluid flow. The magnetic field interacts

with the charged particles in the fluid, producing propelling force in a specific direction. Selimefendigil and Öztop [9]
looked into the behavior of several porous cylinders and an angled unfirm magnetic strength on forced convection of
a hybrid nano liquid and discovered that these characteristics improve heat transfer performance. Vijayalakshmi and
Sivaraj [10] investigated the effects of an inclinational magnetic field and radiation on the heat transport characteristics
of a micropolar alumina–silica–water nanofluid in a square cavity. Gravitational acceleration can greatly impact the flow
of nanofluids, especially in natural convection. When a nanofluid is heated, it loses density and rises due to gravity’s
buoyant force. Surendar and Muthtamilselvan [11] offered a gravitational quasiperiodic sinusoidal modulation approach
for reducing chaos in an Ag–MgO/H2O hybrid nanofluid actuator and sensor array system. Rana et al. [12] looked at the
thermal instability of a magneto-hybrid nanofluid layer sandwiched between rough surfaces with varying gravity and a
space-dependent heat source. By boosting the heat transfer rate and decreasing the pressure drop, highly porousmedia can
improve the performance of nanofluid flow. It increases the heat transfer surface area and is a filter to catch nanoparticles.
Khosravi et al. [13] used a hybrid nanofluid to estimate entropy generation in a combined high-concentration solar panel
with amicrochannel heat sinkwith porous fins. Rashad et al. [14] investigated the effects of the flow of amagnetic Eyring–
Powell hybrid nanofluid in a porousmedia that generates thermal radiation and heat production. By producing an electric
field that causes the charged nanoparticles to move and increase their dispersion within the fluid, electroosmosis can be
utilized to improve heat transfer performance and flow stability in nanofluid flow. Sridhar et al. [15] used entropy analysis
to investigate the blood–copper/platinum nanofluid thermal and electroosmotic transfer in a microfluidic device. Blood
flow changes due to electroosmotic forces of fractional ternary nanofluid during slip circumstances were investigated by
Shahzadi et al. [16].
Heat transfer enhancement can be examined using a nanofluid flow heat source. The heat transfer rate could be

improved and made more efficient by including a heat source in the nanofluid flow. Sajid et al. [17] used a unique tetra
hybrid Tiwari and Das nanofluid model to investigate the flow of magnetized cross-tetra hybrid nanofluid via a stenosed
artery with a nonuniform heat source (sink) and thermal radiation. Mahmood and Khan [18] studied the turbulent flow
of a polymer-based ternary-hybrid nanofluid past a stretching surface equipped with suction and a heat source. Ther-
mophoresis is the movement of particles in a fluid caused by a temperature gradient. Thermophoresis can be used to
control themotion and deposition of nanoparticles in nanofluid flow. Abbas et al. [19] performed a computational analysis
of the Marangoni convective flow of a hybrid nanofluid across an infinite disc with particle deposition by thermophore-
sis. Researchers Madhukesh et al. [20] studied the thermophoretic action and the impacts of convective heat on a hybrid
nanofluid as it moved across a tiny needle. Brownian motion is significant in nanofluid flow because it affects particle
distribution and transport parameters. Because of the small size of the nanoparticles, Brownianmotion is themajormech-
anism of particle dispersion in nanofluids. Rashid et al. [21] demonstrated a homotopic solution to a hybrid nanofluid’s
chemically reactive magnetohydrodynamic flow across a rotating disc with Brownianmotion and thermophoresis effects.
Kalpana et al. [22] used a computermethod to study themagnetohydrodynamic boundary layer flow of a hybrid nanofluid
exhibiting thermophoresis and Brownian motion in a nonuniform channel.
Chemical reactions can influence nanofluid flow by changing fluid characteristics and the heat transfer mechanism.

This can substantially impact the system’s convective heat transfer coefficient and thermal performance. Ramzan et al.
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[23]modeled theCattaneo–Christov heat flux andHall current in an engine oil engineering cross-hybrid nanofluidwith an
autocatalytic chemical reaction. Using a stretching sheet, a chemical reaction, andmobilemicroorganisms, Shah et al. [24]
study the bio-convection effects of Prandtl hybrid nanofluid flow. Endothermic reactions take heat from their surround-
ings, resulting in a drop in temperature. Exothermic processes, on the other hand, release heat into the surrounding envi-
ronment, increasing its temperature. Ullah et al. [25] investigated entropy creation in an endothermic/exothermic chemi-
cal reaction andmagnetic nanofluid flow across a curved regionwith porousmedium and variable permeability. To reduce
the entropy produced by higher-order endothermic/exothermic chemical reactions requiring activation energy, Sharma
et al. [26] employedMHDmixed convective flow across a stretching surface. The activation energy determines howquickly
chemical reactions can take place in amoving nanofluid. The activation energy is the lowest possible activation energy for
a chemical process. The activation energy of Arrhenius and the efficiency of convective heat transfer in radiative hybrid
nanofluid flow are investigated by Jayaprakash et al. [27]. Raza et al. [28] investigated the dynamic behavior of mono-
and hybrid nanofluids passing through porous surfaces while subjected to a binary chemical reaction, uniform magnetic
strength, and activation energy. Haq et al. [29] performed a computational investigation of MHD Darcy–Forchheimer
hybrid nanofluid flow across a stretching surface under the impact of the chemical reaction and activation energy.
Nonmagnetic particles, such as microspheres or nanoparticles, can be employed in blood flow studies as tracers or

imaging agents. These particles do not respond to magnetic fields, allowing for their controlled introduction into the
bloodstream to visualize and analyze flow patterns, study vascular dynamics, or track drug delivery within the circulatory
system. Their inert nature ensures minimal interference with the physiological properties of blood while providing valu-
able insights for medical and research purposes. Rani et al. [30] introduce a reversible polypropylene waste-based sensor
for detecting copper ions in blood andwater, presenting an environmentally friendly approach with potential applications
in environmentalmonitoring andhealthcare. JP et al. [31] propose a zirconiumcopper oxidemicro flowers-based nonenzy-
matic electrochemical sensor for glucose detection in saliva, urine, and blood serum, showcasing a versatile diagnostic tool
with potential applications in point-of-care testing and continuous glucosemonitoring. Khan et al. [32] provide knowledge
of the dynamics of transient blood-carrying gold nanoparticles, considering significant factors such as entropy generation
and Lorentz force. This study contributes to the understanding of the complex interactions between nanoparticles and
blood components, with potential implications for biomedical applications. Rana et al. [33] investigate the energy system
dynamics of a conductive solid bodywith bottom circular heaters, Ag–MgO (50:50)/water hybrid nanofluid, finite element,
and neural computations for a comprehensive analysis. Rana et al. [34] explore the impact of different configurations
involving heated elliptical bodies, fins, and a differential heater on magnetohydrodynamic convective transport within an
inclined cavity, employing a hybrid nano liquid, with artificial neural network predictions aiding in the understanding of
the phenomena.
A feedforward neural network is an artificial neural network in which information goes only one way, from the input

layer to the output layer. It comprises three layers: an input layer, one or more hidden layers, and an output layer. Each
layer comprises numerous neurons that receive input from the previous layer and produce output that is passed on to the
following layer. The weights associated with the connections between neurons are modified during training to optimize
the network’s performance. When it comes to using neural networks, backpropagation is the supervised learning method
of choice. To update the network’s weights, the technique computes the gradient of the loss function with respect to the
weights. First, the network is run forward with the input data to generate an output, and then, in a second pass, the
network is run backwards with the difference between the generated output and the desired output to adjust the weights.
Figure 1 depicts the study’s simple feedforward network architecture with a backpropagation solver.
The Bayesian Regularization Backpropagation (BRBP) algorithm is a neural network training method that adjusts the

regularization parameter during training using Bayesian inference. This enables the algorithm to change the network’s
complexity automatically andminimize overfitting. The BRBP algorithm changes the weights based on the gradient of the
error function and the weights’ estimated posterior probability, which is derived using a prior distribution and the data
likelihood. The study employed MATLAB as the software for analysis, leveraging the BRBP algorithm for neural network
simulation. The comprehensive list ofweights and biases in this algorithmconstitutes a set of optimized parameters crucial
for accurate predictions, illustrating the intricate adjustments made during the training process to enhance the model’s
performance and predictive capabilities. The BRBP algorithm finds the training weight values experientially during the
model training.
To predict data, the Bayesian regularization approach is used in conjunction with the binary sigmoid (logsig) activation

function and the linear (purelin) function used in this study. The choice of activation functions in this study, specifically
the binary sigmoid (logsig) and linear (purelin) functions, is underpinned by a strategic rationale. The binary sigmoid
function, characterized by its sigmoidal shape, is well-suited for binary classification tasks, offering a smooth transition
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F IGURE 1 Feed-forward network architecture with a backpropagation solver.

between 0 and 1. Its nonlinearity facilitates the neural network’s ability to capture complex relationships within the data.
Complementing this, the linear function, purelin, is employed to ensure a straightforward linear combination of inputs,
allowing the model to capture linear patterns effectively. The combination of these activation functions, when integrated
with the Bayesian regularizationmethod, aims to strike a balance between nonlinearity and linear adaptability, optimizing
the neural network’s predictive capacity across diverse data patterns and structures. The selection of these architectural
parameters involves a delicate balance; too few neurons or layers may result in inadequate model complexity to capture
intricate patterns, while an excessive number could lead to overfitting. The number of neurons and layers is experimentally
selected here. Here, it is 40 in number, which is experimentally selected by the authors based on the literature review and
hit-and-try method in MATLAB.
A study by Kanti et al. [35] showed that a Bayesian-optimized neural network with K-cross-fold validation can be used

to predict the thermophysical properties of graphene oxide and MXene hybrid nanofluids for use in renewable energy
applications. An artificial neural network trainedwith Bayesian regularization is used byÇolak [36] to predict the effects of
viscous dissipation on themagnetohydrodynamic heat transfer flow of a copper-polyvinyl alcohol Jeffrey nanofluid across
a stretchy surface. For the thermo-physical investigation of 3D MHD nanofluidic flow over an exponentially stretched
surface, Awan et al. [37] provided a Bayesian regularization knack-based intelligent network. To represent the peristaltic
motion of a third-grade fluid in a planar channel, Mahmood et al. [38] created adaptive Bayesian regularization networks.
Shoaib et al. [39] provided a BRBP approach based on an intelligent computer system to investigate the viscous dissipative
transport of a ferrofluid (Fe3O4) model. Artificial neural networks have been used in a variety of applications related to
nanofluids, including the prediction of entropy generation [40], heat transfer performance [41], optimization of nanofluid
properties [42], prediction of viscosity [43], cooling towers [44], and engines [45].
Considering the preceding insightful literature review, the authors believe that there is no published research work on

cilia-regulated hybrid nanofluid (Cu–CuO/blood) with the effects of electroosmotic MHD, Joule heating, viscous dissipa-
tion, thermophoresis, Brownian motion, activation energy, and endothermic-exothermic chemical reactions in a vertical
channel. The novelty of the present study is as follows:
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∙ Entropy generation analysis for cilia-regulated hybrid nanofluid (Cu–CuO/blood) flow through a highly porous
microchannel

∙ Investigated activation energy, an inclined external magnetic field, Brownian motion, endothermic-exothermic
reactions, gravity, heat source or sink, highly porous medium, thermophoresis, and viscous dissipation effects.

∙ Scrutinization of the physical significance quantities of mass transfer rate, heat transfer rate, skin friction coefficient,
entropy generation, and Bejan number.

∙ The BRBP algorithm is used to predict the velocity, temperature, concentration, and electroosmosis properties of the
fluid.

2 PROBLEM FORMULATION

Contemplate a hybrid nanofluid composed of Cu–CuO–blood, exhibiting symmetry, incompressibility, laminar flow,
steadiness, pseudoplasticity, and thermal and electrical conductivity, according to the Jeffrey model. Cartesian coordi-
nates are considered in the mathematical formulation of the model. The vertical direction is represented by the 𝑋∗-axis,
while the horizontal direction is represented by the 𝑌∗ axis. The fluid is flowing in the positive 𝑋∗-axis direction. The
space within the cilia walls is permeable, characterized by the permeability constant 𝑘1. An external uniform magnetic
field is applied to the flow. The magnetic field possesses a magnitude represented by 𝐵0 and acts at an inclination of 𝜔
to the flow direction. Gravitational acceleration acts on the flow. The flow is considered under viscous dissipation when
the fluid propagates. A heat source is present with the 𝑞0 denoting the heat source or heat sink that is, 𝑞0 < 0 represents
heat sink and 𝑞0 > 0 represents the heat source. The Arrhenius law incorporates endothermic and exothermic chemical
reactions with activation energy into equations involving heat energy and concentration. The walls of cilia contain neg-
ative charges are located on the inner side, while positive charges are situated on the outer side. The channel is formed
through the application of an axial electric field 𝐸𝑥. According to Sleigh’s experimental research [46], the cilia are thought
to follow elliptical motion pathways, hence the horizontal positions are mathematically expressed as

𝑋∗ = 𝑔
(
𝑋∗, 𝑋∗

0
, 𝑡∗
)
= 𝑋0 + 𝑑𝑙𝛼 sin

[
2𝜋

𝜆
(𝑋∗ − 𝑐𝑡∗)

]
(1)

The mathematical representation of the symmetrical metachronal undulating walls of a microchannel is articulated
through their geometry:

𝐻∗ = 𝑓 (𝑋∗, 𝑡∗) = 𝑑 + 𝑑𝑙 cos

[
2𝜋

𝜆
(𝑋∗ − 𝑐𝑡∗)

]
(2)

The components in both the horizontal and vertical directions of the flow velocity at the electroosmotic pump
microchannel walls can be calculated using the chain rule as follows:

𝑊∗ =

(
𝜕𝑋∗

𝜕𝑡∗

)
𝑋0

=
𝜕𝑔

𝜕𝑡∗
+

𝜕𝑔

𝜕𝑋∗

𝜕𝑋∗

𝜕𝑡∗
=

𝜕𝑔

𝜕𝑡∗
+

𝜕𝑔

𝜕𝑋∗
𝑊∗, 𝑈∗ =

(
𝜕𝐻∗

𝜕𝑡∗

)
𝑋0

=
𝜕𝑓

𝜕𝑡∗
+

𝜕𝑓

𝜕𝑋∗

𝜕𝑋∗

𝜕𝑡∗
=

𝜕𝑓

𝜕𝑡∗
+

𝜕𝑓

𝜕𝑋∗
𝑊∗ (3)

Equation (3) can be further solved using Equations (1) and (2) and can be obtained in this form:

𝑊∗ =
−
(
2𝜋

𝜆

){
𝑙𝛼𝑑𝑐 cos

[
2𝜋

𝜆
(𝑋∗ − 𝑐𝑡∗)

]}
1 −
(
2𝜋

𝜆

){
𝑙𝛼𝑑 cos

[
2𝜋

𝜆
(𝑋∗ − 𝑐𝑡∗)

]} , 𝑈∗ =

(
2𝜋

𝜆

){
𝑙𝑑𝑐 sin

[
2𝜋

𝜆
(𝑋∗ − 𝑐𝑡∗)

]}
1 −
(
2𝜋

𝜆

){
𝑙𝛼𝑑 cos

[
2𝜋

𝜆
(𝑋∗ − 𝑐𝑡∗)

]} (4)

TheCauchy stress tensorT and additional stress tensor S, in the context of an incompressible Jeffrey fluid, are articulated
as per [47].

𝑇 = −𝑃𝐼 + 𝑆, 𝑆 =
𝜇ℎ𝑛𝑓

1 + 𝜆1

(
.
𝛾 +𝜆∗

2

𝑑
.
𝛾

𝑑𝑡∗

)
(5)

where 𝑃 is the pressure, and 𝐼 is the identity tensor. The hybrid nanofluid flow problem to be investigated in this study is
illustrated in Figure 2. Building upon thework of Ying-Qing et al. [48] andCao et al. [49], we incorporatedmodifications to
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F IGURE 2 Geometrical description of the cilia problem.

Buongiorno’s Nanofluid Model in both the energy and concentration equations. This adjustment accounts for the effects
of thermo-migration and the randommotion of nanoparticles, which arise from changes in concentration. The governing
equations of this fluid with the environment mentioned above are written in the following fashion [42, 43]:

Continuity equation:

𝜕𝑈∗

𝜕𝑋∗
+

𝜕𝑊∗

𝜕𝑌∗
= 0 (6)

Momentum equations:

𝜌ℎ𝑛𝑓

[
𝜕𝑈∗

𝜕𝑡∗
+ 𝑈∗ 𝜕𝑈

∗

𝜕𝑋∗
+𝑊∗ 𝜕𝑈

∗

𝜕𝑌∗

]
= −

𝜕𝑃∗

𝜕𝑋∗
+
𝜕𝑆∗𝑋∗𝑋∗

𝜕𝑋∗
+
𝜕𝑆∗𝑋∗𝑌∗

𝜕𝑌∗
+ 𝜌ℎ𝑛𝑓𝑔𝛽𝑡 (1 − 𝐶0) (𝑇

∗ − 𝑇0)

−
(
𝜌𝑝 − 𝜌𝑓

)
𝑔𝛽𝑐 (𝐶

∗ − 𝐶0) − 𝜎ℎ𝑛𝑓𝐵
2
0
𝑈∗sin

2
𝜔 −

𝜇ℎ𝑛𝑓

𝑘1
𝑈∗ − 𝐹0𝑈

∗2 + 𝜌𝑒𝐸𝑥 (7)

𝜌ℎ𝑛𝑓

[
𝜕𝑊∗

𝜕𝑡∗
+ 𝑈∗ 𝜕𝑊

∗

𝜕𝑋∗
+𝑊∗ 𝜕𝑊

∗

𝜕𝑌∗

]
= −

𝜕𝑃∗

𝜕𝑌∗
+
𝜕𝑆∗𝑋∗𝑌∗

𝜕𝑋∗
+
𝜕𝑆∗𝑌∗𝑌∗

𝜕𝑌∗
−
𝜇ℎ𝑛𝑓

𝑘1
𝑊∗ − 𝐹0𝑊

∗2 (8)

Energy equation:

(
𝜌𝑐𝑝
)
ℎ𝑛𝑓

[
𝜕𝑇∗

𝜕𝑡∗
+ 𝑈∗ 𝜕𝑇

∗

𝜕𝑋∗
+𝑊∗ 𝜕𝑇

∗

𝜕𝑌∗

]
= 𝑘ℎ𝑛𝑓

(
𝜕2𝑇∗

𝜕𝑋∗2
+
𝜕2𝑇∗

𝜕𝑌∗2

)
+

[
𝑆∗𝑋∗𝑋∗

𝜕𝑈∗

𝜕𝑋∗
+ 𝑆∗𝑋∗𝑌∗

(
𝜕𝑈∗

𝜕𝑌∗
+
𝜕𝑊∗

𝜕𝑋∗

)
+ 𝑆∗𝑌∗𝑌∗

𝜕𝑊∗

𝜕𝑋∗

]

+𝜏
(
𝜌𝑐𝑝
)
ℎ𝑛𝑓

[
𝐷𝐵

(
𝜕𝑇∗

𝜕𝑋∗

𝜕𝐶∗

𝜕𝑋∗
+
𝜕𝑇∗

𝜕𝑌∗

𝜕𝐶∗

𝜕𝑌∗

)
+
𝐷𝑇

𝑇0

{(
𝜕𝑇∗

𝜕𝑋∗

)2
+

(
𝜕𝑇∗

𝜕𝑌∗

)2}]
+𝜎ℎ𝑛𝑓𝐵

2
0
sin

2
𝜔𝑈∗2 + 𝑞𝑜 (𝑇

∗ − 𝑇0) + 𝑘2𝑟 𝜍 (𝐶
∗ − 𝐶0) 𝑅𝑐 (9)
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TABLE 1 Presents the thermophysical characteristics of Cu–CuO/blood.

Nanoparticle Base fluid
Properties Notation Cu CuO Blood
Specific heat (J/Kg K) 𝐶𝑝 385 540 3617
Density (Kg/m3) 𝜌 8933 6510 1150
Thermal conductivity (W/m K) 𝑘 400 18 0.53

Concentration equation:

𝜕𝐶∗

𝜕𝑡∗
+ 𝑈∗ 𝜕𝐶

∗

𝜕𝑋∗
+𝑊∗ 𝜕𝐶∗

𝜕𝑌∗
= 𝐷𝐵

(
𝜕2𝐶∗

𝜕𝑋∗2
+
𝜕2𝐶∗

𝜕𝑌∗2

)
+
𝐷𝑇

𝑇0

(
𝜕2𝑇∗

𝜕𝑋∗2
+
𝜕2𝑇∗

𝜕𝑌∗2

)
− 𝑘2𝑟 (𝐶

∗ − 𝐶0) 𝑅𝑐 (10)

Poisson–Boltzmann equation:

𝜕2𝜙∗

𝜕𝑋∗2
+

𝜕2𝜙∗

𝜕𝑌∗2
= −

𝜌𝑒
𝜀𝜀0

(11)

With the following boundary conditions:

𝑈∗ = −

(
2𝜋

𝜆

){
𝑙𝑑𝑐𝑠𝑖𝑛

[
2𝜋

𝜆
(𝑋∗−𝑐𝑡∗)

]}
1−
(
2𝜋

𝜆

){
𝑙𝛼𝑑𝑐𝑜𝑠

[
2𝜋

𝜆
(𝑋∗−𝑐𝑡∗)

]} , 𝑇∗ = 𝑇0 , 𝐶
∗ = 𝐶0 𝑎𝑡 𝑌∗ = −𝐻∗

𝑈∗ =

(
2𝜋

𝜆

){
𝑙𝑑𝑐 sin

[
2𝜋

𝜆
(𝑋∗−𝑐𝑡∗)

]}
1−
(
2𝜋

𝜆

){
𝑙𝛼𝑑 cos

[
2𝜋

𝜆
(𝑋∗−𝑐𝑡∗)

]} , 𝑇∗ = 𝑇1 , 𝐶
∗ = 𝐶1 𝑎𝑡 𝑌∗ = +𝐻∗

⎫⎪⎪⎪⎬⎪⎪⎪⎭
(12)

where 𝑔 denotes the strength of gravitational acceleration, 𝜌ℎ𝑛𝑓, 𝜎ℎ𝑛𝑓, 𝜇ℎ𝑛𝑓, 𝑘ℎ𝑛𝑓, and (𝐶𝑝)ℎ𝑛𝑓
are density, electrical

conductivity, dynamic viscosity, thermal conductivity, and specific heat of the hybrid nanofluid, respectively. The thermo-
physical properties of the current hybrid nanofluid, along with their corresponding values, are detailed in Table 1 and are
mathematically represented as per [50]:

𝜇ℎ𝑛𝑓

𝜇𝑓
= [(1 − 𝜙𝐶𝑢) (1 − 𝜙𝐶𝑢𝑂)]

−2.5
,

𝜌ℎ𝑛𝑓

𝜌𝑓
= (1 − 𝜙𝐶𝑢)

[
(1 − 𝜙𝐶𝑢𝑂) + 𝜙𝐶𝑢𝑂

𝜌𝐶𝑢𝑂
𝜌𝑓

]
+ 𝜙𝐶𝑢

𝜌𝐶𝑢
𝜌𝑓

,

(
𝜌𝐶𝑝
)
ℎ𝑛𝑓(

𝜌𝐶𝑝
)
𝑓

= (1 − 𝜙𝐶𝑢)

⎡⎢⎢⎣(1 − 𝜙𝐶𝑢𝑂) + 𝜙𝐶𝑢𝑂

(
𝜌𝐶𝑝
)
𝐶𝑢𝑂(

𝜌𝐶𝑝
)
𝑓

⎤⎥⎥⎦ + 𝜙𝐶𝑢

(
𝜌𝐶𝑝
)
𝐶𝑢(

𝜌𝐶𝑝
)
𝑓

𝜎ℎ𝑛𝑓

𝜎𝑛𝑓
=

[
𝜎𝐶𝑢𝑂 + 2𝜎𝑛𝑓 − 2𝜙𝐶𝑢𝑂

(
𝜎𝑛𝑓 − 𝜎𝐶𝑢𝑂

)
𝜎𝐶𝑢𝑂 + 2𝜎𝑛𝑓 + 𝜙𝐶𝑢𝑂

(
𝜎𝑛𝑓 − 𝜎𝐶𝑢𝑂

) ] ,
𝜎𝑛𝑓

𝜎𝑓
=

[
𝜎𝐶𝑢 + 2𝜎𝑓 − 2𝜙𝐶𝑢

(
𝜎𝑓 − 𝜎𝐶𝑢

)
𝜎𝐶𝑢 + 2𝜎𝑓 + 𝜙𝐶𝑢

(
𝜎𝑓 − 𝜎𝐶𝑢

) ] ,
𝑘ℎ𝑛𝑓

𝑘𝑛𝑓
=

[
𝑘𝐶𝑢𝑂 + 2𝑘𝑛𝑓 − 2𝜙𝐶𝑢𝑂

(
𝑘𝑛𝑓 − 𝑘𝐶𝑢𝑂

)
𝑘𝐶𝑢𝑂 + 2𝑘𝑛𝑓 + 𝜙𝐶𝑢𝑂

(
𝑘𝑛𝑓 − 𝑘𝐶𝑢𝑂

) ] ,
𝑘𝑛𝑓

𝑘𝑓
=

[
𝑘𝐶𝑢 + 2𝑘𝑓 − 2𝜙𝐶𝑢

(
𝑘𝑓 − 𝑘𝐶𝑢

)
𝑘𝐶𝑢 + 2𝑘𝑓 + 𝜙𝐶𝑢

(
𝑘𝑓 − 𝑘𝐶𝑢

) ] ,
𝜙 = 𝜙𝐶𝑢 + 𝜙𝐶𝑢𝑂

(13)
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The fluid flow problem is converted from a fixed frame to a wave frame using the following transformations:

𝑋∗ = 𝑥∗ + 𝑐𝑡∗, 𝑌∗ = 𝑦∗ , 𝑈∗ = 𝑢∗ + 𝑐, 𝑊∗ = 𝑤∗ , 𝑃∗ (𝑋∗, 𝑌∗, 𝑡∗) = 𝑝 (𝑥∗, 𝑦∗) , 𝑇∗ = 𝑇, 𝐶∗ = 𝐶 (14)

Now, to convert the dimensional PDEs into dimensionless PDEs, the following transformations are used:

𝑥 =
𝑥∗

𝜆
, 𝑦 =

𝑦∗

𝑑
, 𝑢 =

𝑢∗

𝑐
, 𝑤 =

𝑤∗

𝑐
, 𝑡 =

𝑐𝑡∗

𝜆
, ℎ =

𝐻

𝑑
, 𝛿 =

𝑑

𝜆
, 𝑝 =

𝑑2𝑝∗

𝑐𝜆𝜇𝑓
, 𝜆∗

2
=
𝑐𝜆2
𝑑
, 𝑆 =

𝑆∗𝑑

𝑐𝜇𝑓
,

𝜓 =
𝜓∗

𝑐𝑑
, 𝜙 =

𝜙∗

𝜁
, 𝜃 =

𝑇∗ − 𝑇0
𝑇1 − 𝑇0

, Θ =
𝐶∗ − 𝐶0
𝐶1 − 𝐶0

, Ω =
𝑇1 − 𝑇0
𝑇0

, , Π =
C1 − C0

𝐶0
(15)

In the context where dimensionless pressure is denoted by 𝑝, dimensionless temperature by 𝜃, dimensionless concen-
tration by Θ, electro-osmotic potential by 𝜙, temperature ratio by Ω, and concentration ratio by Π, the rate constant for
both endothermic and exothermic chemical reactions, characterized by activation energy 𝑅𝑐, is assumed to rely on the
absolute temperature 𝑇∗. This relationship is expressed mathematically through the modified Arrhenius law [51]:

𝑅𝑐 =

(
𝑇∗

𝑇0

)𝑛
𝑒
−

(
𝐸𝑎

𝑘𝑏𝑇
∗

)

After solving the Nernst–Planck equation and considering the effects of long wavelength, low Reynolds number, and
low zeta potential, the electric charge density is determined according to the methodology outlined in Ref. [52]:

𝜌𝑒 = −
2𝑚0(𝑒𝑧)

2
𝜙∗

𝑘𝑏𝑇𝑎𝑣𝑒

After using the above-mentioned transformations (14–15) and substitutions, Equations (7)–(11) can be converted from
dimensional PDEs to dimensionless ODEs as described below:

𝐴1𝑅𝑒𝛿

[
(1 + 𝑢)

𝜕𝑢

𝜕𝑥
+
𝑤

𝛿

𝜕𝑢

𝜕𝑦

]
= −

𝜕𝑝

𝜕𝑥
+ 𝐴2

(
𝛿
𝜕𝑆𝑥𝑥
𝜕𝑥

+
𝜕𝑆𝑥𝑦

𝜕𝑦

)
+ 𝐴1𝐺𝑟𝜃 − 𝐺𝑐Θ

−

[
𝐴3𝑀

2sin
2
𝜔 +

𝐴2

𝐷𝑎
+ 𝑅𝑒𝐹𝑟 (1 + 𝑢)

]
(1 + 𝑢) + 𝑈𝐻𝑆𝐾

2𝜙, (16)

𝐴1𝑅𝑒𝛿
2

[
(1 + 𝑢)

𝜕𝑤

𝜕𝑥
+
𝑤

𝛿

𝜕𝑤

𝜕𝑦

]
= −

𝜕𝑝

𝜕𝑦
+ 𝐴2

(
𝛿2
𝜕𝑆𝑥𝑦

𝜕𝑥
+ 𝛿

𝜕𝑆𝑦𝑦

𝜕𝑦

)
− 𝐴2𝛿

𝑤

𝐷𝑎
− 𝛿𝑅𝑒𝐹𝑟𝑤2, (17)

𝐴4𝑅𝑒𝛿

[
(1 + 𝑢)

𝜕𝜃

𝜕𝑥
+
𝑤

𝛿

𝜕𝜃

𝜕𝑦

]
=
𝐴5

𝑃𝑟

(
𝛿2
𝜕2𝜃

𝜕𝑥2
+
𝜕2𝜃

𝜕𝑦2

)
+ 𝐸𝑐

[{
𝐴2𝛿𝑆𝑥𝑥

𝜕𝑢

𝜕𝑥
+ 𝑆𝑥𝑥

(
𝜕𝑢

𝜕𝑦
+ 𝛿

𝜕𝑤

𝜕𝑥

)
+ 𝛿𝑆𝑦𝑦

𝜕𝑤

𝜕𝑦

}
+ 𝐴3𝑀

2(1 + 𝑢)
2
sin

2
𝜔

]

+𝑁𝑏

(
𝛿2
𝜕𝜃

𝜕𝑥

𝜕Θ

𝜕𝑥
+
𝜕𝜃

𝜕𝑦

𝜕Θ

𝜕𝑦

)
+𝑁𝑡

[
𝛿2
(
𝜕𝜃

𝜕𝑥

)2
+

(
𝜕𝜃

𝜕𝑦

)2]
+ 𝑄𝜃 + 𝐾𝑟1𝐾𝑟2Θ(1 + Ω𝜃)

𝑛
𝑒
−
(

𝐸∗

1+Ω𝜃

)
, (18)

𝑆𝑐𝑅𝑒𝛿

[
(1 + 𝑢)

𝜕Θ

𝜕𝑥
+
𝑤

𝛿

𝜕Θ

𝜕𝑦

]
=

(
𝛿2
𝜕2Θ

𝜕𝑥2
+
𝜕2Θ

𝜕𝑦2

)
+

𝑁𝑡

𝑁𝑏

(
𝛿2
𝜕2𝜃

𝜕𝑥2
+
𝜕2𝜃

𝜕𝑦2

)
− 𝐾𝑟1𝑆𝑐Θ(1 + Ω𝜃)

𝑛
𝑒
−
(

𝐸∗

1+Ω𝜃

)
, (19)

𝛿2
𝜕2𝜙

𝜕𝑥2
+

𝜕2𝜙

𝜕𝑦2
= 𝐾2 𝜙 (20)
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𝐴1−4 denote the ratios of thermophysical properties in hybrid nanofluid to those in the base fluid. They are specified as

𝐴1 =
𝜌ℎ𝑛𝑓

𝜌𝑓
, 𝐴2 =

𝜇ℎ𝑛𝑓

𝜇𝑓
, 𝐴3 =

𝜎ℎ𝑛𝑓

𝜎𝑓
, 𝐴4 =

(
𝜌𝑐𝑝
)
ℎ𝑛𝑓(

𝜌𝑐𝑝
)
𝑓

, 𝐴5 =
𝑘ℎ𝑛𝑓

𝑘𝑓

where 𝐺𝑟 (thermal Grashof number) = 𝜌𝑓𝑔𝛽𝑡(1−𝐶0)(𝑇−𝑇0)𝑑
2

𝜇𝑓𝑐
, 𝐺𝑐 (solutal Grashof number) = (𝜌𝑝−𝜌𝑓)𝑔𝛽𝑐(𝐶

∗−𝐶0)𝑑
2

𝜇𝑓𝑐
, 𝑅𝑒

(Reynolds number) = 𝑐𝑑

𝑣𝑓
, 𝑀 (magnetic number) =

√
𝜎𝑓

𝜇𝑓
𝐵0𝑑, 𝐷𝑎 (Darcy number) = 𝑘1

𝑑2
, 𝐹𝑟 (Forchheimer num-

ber) = 𝐹0𝑑

𝜌𝑓
, 𝐸𝑐 (Eckert number) = 𝑐2

(𝑐𝑝)𝑓
(𝑇1−𝑇0)

, 𝑃𝑟 (Prandtl number) =
𝜇𝑓(𝑐𝑝)𝑓

𝑘𝑓
, 𝑁𝑏 (Brownian motion parameter)

=
𝜏𝐷𝐵(𝐶1−𝐶0)

𝑣𝑓Δ𝐶
, 𝑁𝑡 (thermophoresis parameter) = 𝜏𝐷𝑇(𝑇1−𝑇0)

𝑇0𝑣𝑓
, 𝐾 (electroosmotic parameter) = 𝑑𝑧𝑒

√
2𝑚0

𝑘𝑏𝑇𝑎𝑣𝑒𝜀𝜀0
, 𝑈𝐻𝑆

(Helmholtz–Smoluchowski velocity)=−
𝐸𝑥𝜀𝜀0𝜁

𝜇𝑓𝑐
,𝐾𝑟1 (chemical reaction parameter)=

𝑘2𝑟 𝑑
2

𝑣𝑓
,𝐾𝑟2 (endothermic–exothermic

reaction parameter) = 𝜍

(𝜌𝑐𝑝)𝑓

(
𝐶1−𝐶0

𝑇1−𝑇0
), 𝐸∗ (activation energy parameter) = 𝐸𝑎

𝐾𝑏𝑇0
, 𝐵𝑟 (Brinkman number) = 𝑃𝑟𝐸𝑐, 𝑆𝑐

(Schmidt number) = 𝑣𝑓

𝐷𝐵
, 𝑄 (heat generation parameter) = 𝑞𝑜𝑑

2

(𝜌𝑐𝑝)𝑓
𝑣𝑓
, 𝐿𝑒 (Lewis number) = 𝑘𝑓

𝐷𝐵𝐶0
.

Now, we would use the stream function 𝜓 satisfying the continuity equation as

𝑢 =
𝜕𝜓

𝜕𝑦
and 𝑤 = −𝛿

𝜕𝜓

𝜕𝑥

Therefore, the stress components are represented by the following form:

𝑆𝑥𝑥 =
2𝛿𝜇𝑓

1 + 𝜆1

[
1 +

𝜆2𝑐𝛿

𝑑

(
𝜕𝜓

𝜕𝑦

𝜕

𝜕𝑥
−
𝜕𝜓

𝜕𝑥

𝜕

𝜕𝑦

)]
𝜕

𝜕𝑦

(
𝜕𝜓

𝜕𝑥

)
,

𝑆𝑥𝑦 =
𝜇𝑓

1 + 𝜆1

[
1 +

𝜆2𝑐𝛿

𝑑

(
𝜕𝜓

𝜕𝑦

𝜕

𝜕𝑥
−
𝜕𝜓

𝜕𝑥

𝜕

𝜕𝑦

)](
𝜕2𝜓

𝜕𝑦2
− 𝛿

𝜕2𝜓

𝜕𝑥2

)
,

𝑆𝑦𝑦 =
2𝛿𝜇𝑓

1 + 𝜆1

[
1 +

𝜆2𝑐𝛿

𝑑

(
𝜕𝜓

𝜕𝑦

𝜕

𝜕𝑥
−
𝜕𝜓

𝜕𝑥

𝜕

𝜕𝑦

)]
𝜕

𝜕𝑦

(
𝜕𝜓

𝜕𝑥

)
Applying the long wavelength (𝜆 → ∞, 𝛿 → 0) and low Reynolds number (𝑅𝑒 → 0) approximations to the stress

components and dimensionless governing equations mentioned above, Equations (16)–(20) become

𝜕𝑝

𝜕𝑥
=

𝐴2

1 + 𝜆1

𝜕3𝜓

𝜕𝑦3
+ 𝐴1𝐺𝑟𝜃 − 𝐺𝑐Θ −

[
𝐴3𝑀

2sin
2
𝜔 +

𝐴2

𝐷𝑎
+ 𝑅𝑒𝐹𝑟

(
1 +

𝜕𝜓

𝜕𝑦

)](
1 +

𝜕𝜓

𝜕𝑦

)
+𝑈𝐻𝑆𝐾

2𝜙, (21)

𝜕𝑝

𝜕𝑦
= 0, (22)

𝐴5
𝜕2𝜃

𝜕𝑦2
+ 𝐵𝑟

[
𝐴2

1 + 𝜆1

(
𝜕2𝜓

𝜕𝑦2

)2
+ 𝐴3𝑀

2

(
1 +

𝜕𝜓

𝜕𝑦

)2
sin

2
𝜔

]

+ 𝑃𝑟𝑁𝑏
𝜕𝜃

𝜕𝑦

𝜕Θ

𝜕𝑦
+ 𝑃𝑟𝑁𝑡

(
𝜕𝜃

𝜕𝑦

)2
+ 𝑄𝜃 + 𝑃𝑟𝐾𝑟1𝐾𝑟2Θ(1 + Ω𝜃)

𝑛
𝑒
−
(

𝐸∗

1+Ω𝜃

)
= 0, (23)

𝜕2Θ

𝜕𝑦2
+

𝑁𝑡

𝑁𝑏

𝜕2𝜃

𝜕𝑦2
− 𝐾𝑟1𝑆𝑐Θ(1 + Ω𝜃)

𝑛
𝑒
−
(

𝐸∗

1+Ω𝜃

)
= 0, (24)

𝜕2𝜙

𝜕𝑦2
= 𝐾2 𝜙 (25)
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Equation (22) is trivially satisfied. From Equation (21), the pressure gradient w.r.t 𝑥 is eliminated via cross-difference,
that is, by taking the first derivative w.r.t 𝑦 on both sides. The final equation is obtained as follows:

𝐴2
𝜕4𝜓

𝜕𝑦4
−

[
𝐴3𝑀

2sin
2
𝜔 +

𝐴2

𝐷𝑎
+ 2𝑅𝑒𝐹𝑟

(
1 +

𝜕𝜓

𝜕𝑦

)]
𝜕2𝜓

𝜕𝑦2
+ 𝐴1𝐺𝑟

𝜕𝜃

𝜕𝑦
− 𝐺𝑐

𝜕Θ

𝜕𝑦
+ 𝑈𝐻𝑆𝐾

2 𝜕𝜙

𝜕𝑦
= 0 (26)

With the following boundary conditions:

𝜓 = +
𝐹

2
,
𝜕𝜓

𝜕𝑦
= −1 −

2𝜋𝑙𝛿 sin(2𝜋𝑥)

1−2𝜋𝑙𝛼𝛿 cos(2𝜋𝑥)
, 𝜃 = 0,Θ = 0, 𝜙 = 𝜁1 , 𝑎𝑡 𝑦 = −ℎ,

𝜓 = −
𝐹

2
,
𝜕𝜓

𝜕𝑦
= −1 +

2𝜋𝑙𝛿 sin(2𝜋𝑥)

1−2𝜋𝑙𝛼𝛿 cos(2𝜋𝑥)
, 𝜃 = 1,Θ = 1, 𝜙 = 𝜁2 , 𝑎𝑡 𝑦 = +ℎ

⎫⎪⎪⎬⎪⎪⎭
(27)

Below, the relevant physical quantities are defined. This study investigates quantities such as heat transfer rate, mass
transfer rate, and coefficients related to shear stress or drag force for the specified hybrid nanofluid. The mathematical
expressions for the Nusselt number, skin friction coefficient, and Sherwood number are provided as follows [53]:

𝑁𝑢 =
𝑑𝑞𝑤

𝑘𝑓 (𝑇1 − 𝑇0)
, 𝐶𝑓 =

𝜏𝑢
𝜌𝑓𝑐2

, 𝑆ℎ =
𝑑𝑚𝑤

𝜌𝑓𝐷𝐵 (𝐶1 − 𝐶0)
(28)

where, 𝑞𝑤 is the heat flux, 𝜏𝑢 is the axial stress, and𝑚𝑤 is the mass flux. They are defined as

𝑞𝑤 = −𝑘ℎ𝑛𝑓

(
𝜕𝑇∗

𝜕𝑌∗

)
𝑌∗= 0

, 𝜏𝑢 =
𝜇ℎ𝑛𝑓

1 + 𝜆1

(
𝜕𝑈∗

𝜕𝑌∗

)
𝑌∗=0

, 𝑚𝑤 = −𝜌𝑓𝐷𝐵

(
𝜕𝐶∗

𝜕𝑌∗

)
𝑌∗= 0

(29)

Equation (29) is used to convert Equation (28) into their nondimensional form as

𝑁𝑢 = −𝐴5𝜃
′ (0) , 𝐶𝑓𝑅𝑒 = 𝐴2

1

1 + 𝜆1
𝑢′ (0) , 𝑆ℎ = −Θ′ (0) (30)

Next, an analysis of entropy generation will be conducted for the previously mentioned hybrid nanofluid. It is assumed
that the primary contributors to entropy in the channel are the effects of mass transfer, viscous dissipation, Joule heating,
friction, and heat transfer. In accordance with the second law of thermodynamics, the expression for entropy in the wave
frame is as follows [54]:

𝑆𝑔𝑒𝑛 =
𝑘𝑡ℎ𝑛𝑓

𝑇2
0

(∇𝑇∗)
2
+
𝜇𝑡ℎ𝑛𝑓

𝑇0

(
𝜕2𝜓∗

𝜕𝑦∗2

)2
+
𝜇𝑡ℎ𝑛𝑓

𝑇0

(
1

1 + 𝜆1

)(
𝜕2𝜓∗

𝜕𝑦∗2

)2

+
𝜎𝑡ℎ𝑛𝑓𝐵

2
0
sin

2
𝜔

𝑇0

(
𝑐 +

𝜕𝜓∗

𝜕𝑦∗

)2
+
𝐷𝐵

𝐶0
(∇𝐶∗)

2
+
𝐷𝐵

𝑇0
(∇𝑇∗∇𝐶∗) (31)

By substituting Equations (14) and (15) into Equation (31), we obtain the characteristic entropy, lubrication
approximations, and the expression for the total entropy generation number as follows:

𝑁𝐺 =
𝐴5

(
𝜕𝜃

𝜕𝑦

)2
⏟⎴⎴⏟⎴⎴⏟

𝑵𝑻

+
𝐵𝑟

Ω

(
𝜕2𝜓

𝜕𝑦2

)2
⏟⎴⎴⏟⎴⎴⏟

𝑵𝑽

+ 𝐴2
𝐵𝑟

Ω

(
1

1 + 𝜆1

)(
𝜕2𝜓

𝜕𝑦2

)2
⏟⎴⎴⎴⎴⎴⎴⎴⏟⎴⎴⎴⎴⎴⎴⎴⏟

𝑵𝑭

+ 𝐴3
𝐵𝑟𝑀2sin

2
𝜔

Ω

(
1 +

𝜕𝜓

𝜕𝑦

)2
⏟⎴⎴⎴⎴⎴⎴⎴⎴⏟⎴⎴⎴⎴⎴⎴⎴⎴⏟

𝑵𝑱

+

(
Π

Ω

𝜕Θ

𝜕𝑦

)2
+

Π

Ω𝐿𝑒

(
𝜕𝜃

𝜕𝑦

𝜕Θ

𝜕𝑦

)
⏟⎴⎴⎴⎴⎴⎴⎴⎴⎴⏟⎴⎴⎴⎴⎴⎴⎴⎴⎴⏟

𝑵𝑴

(32)

𝑁𝑇 represents thermal irreversibility, 𝑁𝑉 stands for viscous irreversibility, 𝑁𝐹 denotes fluid friction irreversibility, 𝑁𝐽

corresponds to Joule heating irreversibility, and 𝑁𝑀 signifies mass transfer irreversibility. The Bejan number, denoted as
Be, is a ratio that quantifies the irreversibility caused by heat transfer in relation to the total irreversibility. Mathematically,
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it is defined as

𝐵𝑒 =
𝐴5

(
𝜕𝜃

𝜕𝑦

)2
𝐴5

(
𝜕𝜃

𝜕𝑦

)2
+

𝐵𝑟

Ω

(
𝜕2𝜓

𝜕𝑦2

)2
+ 𝐴2

𝐵𝑟

Ω

(
1

1+𝜆1

)(
𝜕2𝜓

𝜕𝑦2

)2
+ 𝐴3

𝐵𝑟𝑀2sin
2
𝜔

Ω

(
1 +

𝜕𝜓

𝜕𝑦

)2
+
(
Π

Ω

𝜕Θ

𝜕𝑦

)2
+

Π

Ω𝐿𝑒

(
𝜕𝜃

𝜕𝑦

𝜕Θ

𝜕𝑦

) (33)

3 NUMERICAL SOLUTION

A convenient BVP solver is used to tackle the generated ODEs (23–26) and boundary conditions (27). The following are
some substitutes:

𝑌1 = 𝜓, 𝑌2 =
𝜕𝜓

𝜕𝑦
, 𝑌3 =

𝜕2𝜓

𝜕𝑦2
, 𝑌4 =

𝜕3𝜓

𝜕𝑦3
, 𝑌5 = 𝜃, 𝑌6 =

𝜕𝜃

𝜕𝑦
,

𝑌7 = Θ, 𝑌8 =
𝜕Θ

𝜕𝑦
, 𝑌9 = 𝜙, 𝑌10 =

𝜕𝜙

𝜕𝑦
, 𝑌′

6
= 𝜉1, (34)

As a consequence of these replacements, an initial value problem composed of nine first-order differential equations
emerges:

𝑌′
1
= 𝑌2 ,

𝑌′
2
= 𝑌3 ,

𝑌′
3
= 𝑌4 ,

𝑌′
4
=

[
𝐴3𝑀
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2
𝜔+

𝐴2
𝐷𝑎

+2𝑅𝑒𝐹𝑟(1+𝑌2)
]
𝑌3−𝐴1𝐺𝑟Y6+𝐺𝑐Y8−𝑈𝐻𝑆𝐾
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1
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2
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2(1+𝑌2)
2
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2
𝜔
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𝑒
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𝐸∗

1+Ω𝑌5

)
𝐴5

,

𝑌′
7 = 𝑌8 ,

𝑌′
8
= −

𝑁𝑡

𝑁𝑏
𝜉2 + 𝐾𝑟1𝑆𝑐𝑌7(1 + Ω𝑌5)

𝑛
𝑒
−

(
𝐸∗

1+Ω𝑌5

)
,

𝑌′
9
= 𝑌10 ,

𝑌′
10
= 𝐾2 𝑌9

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

(35)

With the following boundary conditions,

𝑌1 (−ℎ) =
𝐹

2
, 𝑌2 (−ℎ) = −1, 𝑌5 (−ℎ) = 0, 𝑌7 (−ℎ) = 0, 𝑌9 (−ℎ) = 𝜁1 ,

𝑌1 (+ℎ) = −
𝐹

2
, 𝑌2 (+ℎ) = −1, 𝑌5 (+ℎ) = 1, 𝑌7 (+ℎ) = 1, 𝑌9 (+ℎ) = 𝜁2

⎫⎪⎬⎪⎭ (36)

The MATLAB function BVP5C is used to produce numerical results for Equation (35) using the boundary conditions of
Equation (36).

4 RESULTS VALIDATION

Figures 3a and 3b depict a comparative representation of 𝑢 and 𝜃. The current model aligns with a previously published
study by Alla et al. [42], as evidenced in Figure 3a displaying the curve for a set of dimensionless parameters and Figure 3b
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F IGURE 3 (a) Comparative analysis of 𝒖. (b) Comparative analysis of 𝜽.

illustrating the temperature curve. Both figures indicate the consistency between the present investigation and the earlier
work. Subsequent sections delve into the specifics of this study, offering detailed insights. Various profiles, encompassing
velocity, temperature, concentration, and inducedmagnetic field, are graphed for different combinations of dimensionless
parameters. The ranges and references of nondimensional numbers obtained from the literature review conducted above
are summarized in Table 2.

5 RESULTS AND DISCUSSIONS

5.1 Velocity profiles

Figure 4 illustrates the impact of magnetic field inclination, Reynolds number, copper concentration, and Helmholtz–
Smoluchowski velocity parameters on the axial velocity. Figure 4a depicts the effect of magnetic field inclination on
velocity. The magnetic field strength increases by enhancing the inclination angle, generating the Lorentz force. This
Lorentz force provides more resistance to the nanoparticle’s flow, decreasing the flow velocity. Figure 4b shows the impact
of the Reynolds number on axial velocity. The figure shows that the velocity profiles go down by enhancing the Reynolds
number. Physically, as the Reynolds number boosts up, the viscous force effect decreases, and the velocity profiles decrease
for the flow. Figure 4c illustrates the effects of changes in copper concentration on the fluid’s velocity. On increasing
the copper concentration, the velocity decreases. This happens because, on increasing the copper nanoparticle amount
in the fluid, the nanoparticles experience more resistance and the fluid experiences less velocity. Figure 4d represents
the flow velocity change for Helmholtz–Smoluchowski velocity. This figure shows that by increasing the Helmholtz–
Smoluchowski velocity, the velocity increases.HigherHelmholtz–Smoluchowski velocity strength reduces the viscoelastic
effects and plays a crucial role in the acceleration of velocity values.

TABLE 2 References and ranges of flow parameters.

Parameter 𝑮𝒓 𝑮𝒄 𝑹𝒆 𝑴 𝑫𝒂 𝑼𝑯𝑺 𝑩𝒓 𝑸 𝑭 𝝓 𝑭𝒓

Range [0–8] [0–8] [0–8] [0–10] [0–1] [0–20] [0–5] [−10,10] [0–1] [0–1] [0–20]
Default 0.5 0.5 0.5 2 0.03 0.5 0.5 0.5 0.05 0.1 0.5
Reference [60] [60] [56] [55–65] [61] [64] [57] [55] [65] [59] [61–66]
Parameter 𝝀𝟏 𝒏 𝑲 𝛀 𝑺𝒄 𝑵𝒃 𝑵𝒕 𝑲𝒓𝟏 𝑲𝒓𝟐 𝑬

Range [0–5] [0–1] [0–20] [0–1] [0–10] [0–5] [0–5] [0–15] [−10,10] [−10,10]
Default 1 1 2 1 0.3 0.5 0.5 0.5 0.5 1
Reference [42] [63] [64] [58] [58] [62] [62] [63] [63] [63]
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F IGURE 4 (a) Velocity for magnetic field inclination. (b) Velocity for Reynolds number. (c) Velocity for copper concentration. (d)
Velocity for Helmholtz–Smoluchowski velocity.

5.2 Temperature profiles

Figure 5 represents the impact of the Forchheimer number, temperature ratio, fitting constant, and activation energy
parameter on the fluid’s temperature profiles. Figure 5a shows the effect of the Forchheimer number on temperature.
This shows that by increasing the Forchheimer number, the temperature of the fluid goes down. As the Forchheimer
number increases, the porosity of the medium increases. Figure 5b depicts the effect of the temperature ratio parameter
on the fluid temperature. On increasing the temperature ratio parameter, the temperature of the fluid increases. Figure 5c
shows the effect of the fitting constant parameter on the temperature profiles. The temperature ratios increase and the
fluid’s temperature profiles increase with an increase in the fitting constant parameter. A temperature-fitting constant is
used to adjust the viscosity and thermal conductivity of the nanofluid to account for these differences. Figure 5d represents
the changes in activation energy parameters with temperature. The figure shows that the temperature profiles decrease
with increasing activation energy. The activation energy is the lowest possible amount of energy required to initiate a
chemical reaction. In other words, the energy barrier must be overcome to transform reactants into products.

5.3 Concentration profiles

Figure 6 illustrates the impact on concentration profiles of copper oxide concentration, chemical reaction parameter,
endothermic–exothermic reaction parameter, and Schmidt number. Figure 6a shows the effect of copper oxide concentra-
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F IGURE 5 (a) Temperature for Forchheimer number. (b) Velocity for temperature ratio. (c) Velocity for fitting constant. (d) Velocity for
activation energy parameter.

tion on the concentration profiles. By increasing the concentration of copper oxide, the concentration of fluid increases.
Physically, on increasing the nanoparticle concentration, the concentration increases are obvious. The fluid concentra-
tion is the sum of the nanoparticle concentrations. Figure 6b shows that the concentration increases with increasing the
endothermic–exothermic parameter. The parameter value for an exothermic reaction is negative, and it is positive for an
endothermic reaction. Nanoparticles absorb energy from their surroundings to surmount the activation energy barrier
during an endothermic reaction. The ambient temperature decreases while the fluid temperature rises. Figure 6c depicts
the effect of chemical reaction parameters on the fluid concentration. This shows that the concentration also increaseswith
increasing parameter values. An incline in concentration behavior is observed for a growing chemical reaction’s parameter
value. It is believed that the expansion of the chemical reaction parameter near the surface of walls increases the concen-
tration of the hybrid nanofluid and the thickness of the boundary layer, thereby enhancing the collision between fluid
particles. Figure 5c shows the change in Schmidt number with the fluid concentration. As the Schmidt number increases,
the concentration of hybrid nanofluids increases. Increasing the Schmidt number decreases themolecular diffusivity. The
Schmidt number is one of the dimensionless numbers and is defined as the relationship between momentum and mass
diffusivity. Consequently, as the Schmidt number increases, the hybrid nanofluid concentration rises.

5.4 Electroosmosis profiles

The effect of zeta potential and electroosmotic number on the electroosmosis process is depicted in Figure 7. The effect
of the electroosmotic number (K) on electroosmosis is depicted in Figure 7a. Upon increasing K, electroosmosis ini-
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F IGURE 6 (a) Concentration for copper oxide concentration. (b) Concentration for endo-exo parameters. (c) Concentration for
chemical reaction parameter. (d) Concentration for Schmidt number.

F IGURE 7 (a) Electroosmosis for electroosmotic parameters. (b) Electroosmosis for Zeta potential.
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tially decreased and then increased. This behavior is anticipated because an increase in Debye thickness induces a
thin electric double layer, resulting in a significant increase in liquid flow at the epicenter of the pump. Figure 7b
depicts the effect of the right wall’s zeta potential on electroosmosis. It demonstrates that as the zeta potential increases,
the electroosmosis process weakens. Mathematically, the zeta potentials are utilized in this model’s boundary condi-
tion. Physically, the potential distribution is proportional to the electrical field intensity. The greater the zeta potential,
the greater the concentration of ions adjacent to the channel wall, and the quicker the potential rises. Consequently,
the electrical field intensity is confined to a thin layer close to the channel wall, decreasing as the zeta potential
increases. When the zeta potential is sufficiently high, the electrical field strength at the interface dominates the thin
layer.

5.5 Velocity contours

Figure 8 represents the impact of the Darcy number, Forchheimer number,magnetic number, and solutal Grashof number
on the velocity of the hybrid nanofluid. Figure 8a shows the effect of the Darcy number on the velocity. On increasing the
Darcy number, the size of the boluses, the size of the annulus, and the gap between the layers increase. For𝐷𝑎 = 5, 10, and
a velocity value of 3, boluses are formed in themiddle of bubbles. ForDa= 1 andDa= 10, there is also a sufficient increase
in the distance between the layers. Figure 8b depicts the effect of increasing the Forchheimer number. For 𝐹𝑟 = 1, 2,

and 3, the size of the boluses decreases. The size of the annulus remains constant for all Forchheimer number values.
For 𝐹𝑟 = 2 to 𝐹𝑟 = 3, the bolus size is again increased. Figure 8c represents the effects of the changes in the magnetic
field on the velocity. The bolus size first increases by making 𝐹𝑟 = 2 from 𝐹𝑟 = 1. Then, the bolus size decreases for the
𝐹𝑟 = 3 value. On increasing 𝐹𝑟, there is a merging effect of annulus regions. For 𝐹𝑟 = 3, there is almost a merging of
the annulus. Figure 8d depicts the solutal Grashof number effect on the velocity. It shows a decline of the annulus region
with increasing 𝐺𝑐. The gap between the waves remains constant for all 𝐺𝑐 values. Higher values of boluses are formed
for 𝐺𝑐 = 5 from 𝐺𝑐 = 3.

6 VELOCITY SURFACE PLOTS

Figure 9 shows the effect of the Forchheimer number and the time-average flow rate parameter. Figure 9a shows
that the velocity decreases when enhancing the values of the Forchheimer number. For enhanced values of the
Forchheimer number, the highly porous nature of the microchannel increases. The figure also shows that the lay-
ers’ left and right sides meet at the plot’s upper part. Figure 9b illustrates the impact of the time-average flow
rate parameter on fluid velocity. It shows that the velocity increases for enhanced values of the time-average flow
rate parameter. The time-average flow rate parameter is used in the boundary conditions of the flow’s governing
equations.

6.1 Temperature surface plots

Figure 10 gives a glimpse of the temperature surface plots for the heat source andDarcy number. Figure 10a shows that the
temperature increases with higher values of the heat source parameter. As the heat source strengthens, the amount of heat
energy in the flow system and the temperature increase. Figure 10b represents the enhancement of the Darcy number on
the temperature. The figure shows that the temperature increases for enhanced values of the Darcy number. On boosting
up the Darcy number, the porous nature of the microchannel increases. The nanoparticles experience more resistance to
movement. This increases the frictional heating and, hence, the temperature.

6.2 Concentration surface plots

Figure 11 shows the effect of the thermophoretic parameter and the Brownian motion parameter on the fluid concentra-
tion. Figure 11a depicts the thermophoresis parameter effect on the fluid. It is demonstrated that greater thermophoretic
parameter values result in increased concentration. This is because particles close to the channel walls generate a ther-
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F IGURE 8 (a) Velocity contours for Darcy number (Da = 1, 5, 10). (b) Velocity contours for Forchheimer number (Fr = 1, 2, 3). (c)
Velocity contours for magnetic number (M = 1, 5, 10). (d) Velocity contours for Solutal Grashof number (Gc = 1, 3, 5).

mophoretic force that assists particle disintegration away from the fluid regime, thereby increasing concentration and
boundary layer thicknesses. The impact of the Brownian parameter on concentration is seen in Figure 11b. Particles in
a fluid exhibit Brownian motion, or random motion, because of the fast-moving atoms or molecules of the base fluid.
Particle size and Brownian motion are connected, and agglomerates of small particles are common. Because Brownian
motion is so weak for heavy particles, their values will be near the bottom of the range.
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F IGURE 9 (a) Velocity surface plots for Forchheimer number (Fr = 0.05, 2.5, 5). (b) Velocity surface plots for time-average flow rate (F =
0.01, 0.1, 0.5).

F IGURE 10 (a) Velocity surface plots for Forchheimer number (Q = 1, 2.5, 5). (b) Velocity surface plots for Forchheimer number (Da =
0.01, 0.1, 1).
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F IGURE 11 (a) Concentration surface plots for thermophoresis parameters (Nt = 0.1, 0.5, 1). (b) Concentration surface plots for
Brownian motion parameter (Nb = 0.1, 0.5, 1).

6.3 Electroosmosis surface plots

Figure 12a gives information about the changing effect of the electroosmosis parameter on the electroosmosis surface
waves. The plot shows that for enhanced parameter values, the electroosmosis decreases for the first half and then
increases for the second half. The change happens at 𝑦 = 0. This behavior is anticipated because an increase in Debye
thickness induces a thin electric double layer, resulting in a significant increase in liquid flow at the epicenter of the pump.

6.4 Physical significance quantities

Figure 13 depicts the effect on skin friction coefficient, heat transfer rate, mass transfer rate, entropy generation, and
Bejan number for various flow parameters. Figure 13a shows the effect of Forchheimer and solutal Grashof numbers on
the skin friction coefficient. For larger values of the Forchheimer number, the skin friction increases. For enhanced values

F IGURE 1 2 (a) Electroosmosis surface plots for electroosmosis parameters (K = 1, 5, 10).



SHARMA et al 20 of 34

F IGURE 13 (a) Skin friction for Fr and Gc. (b) Skin friction for K and Re. (c) Nusselt number for Da and Q. (d) Nusselt number for E
and Kr2. (e) Sherwood number for𝛀 and n. (f) Sherwood number for Kr1 and Sc. (g) Entropy generation for Nt and Nb. (h) Entropy
generation for E and Kr2. (i) Bejan number for Nt and Nb. (j) Bejan number for E and Kr2.

of the solutal Grashof number, the skin friction coefficient boosts up. Figure 13b represents the effect of the electroosmo-
sis parameter and Reynolds number on the skin friction coefficient. The figure shows that the skin friction coefficient
increases with the enhanced electroosmosis parameter. On increasing the Reynolds number, the coefficient decreases.
Figure 13c depicts the effect of the Darcy number and heat source parameters on the heat transfer rate, or the Nusselt
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F IGURE 13 (Continued)

number. The figure shows that for enhanced values of the Darcy number, the Nusselt number decreases in the negative
direction. On boosting the heat source parameter, the Nusselt number increases in the negative direction.
Figure 13d shows the effect of the activation energy and endothermic–exothermic reaction parameters on the Nusselt

number. The figure shows that the Nusselt number increases in the negative direction when increasing the activation
energy parameter. For stronger values of the endothermic–exothermic reaction parameter, the Nusselt number decreases
negatively. Figure 13e represents the impact of the temperature ratio parameter and the temperature fitting constant on
the mass transfer rate, or the Sherwood number. The figure shows that for enhanced values of the temperature ratio, the
Sherwood number decreases. On increasing the fitting constant parameter, the Sherwood number again lowers. Figure 13f
shows the changes in the chemical reaction parameter and Schmidt number on the Sherwood number. The figure shows
that for enhanced chemical reaction parameters, the Sherwood number decreases. The figure also shows that by boosting
the Schmidt number, the Sherwoodnumberweakens. Figure 13g depicts the thermophoresis andBrownianmotion param-
eters of the entropy generated in the fluid. The figure shows that when the thermophoresis parameter is increased, the
entropy generation increases in the negative direction. For boosted values of the Brownianmotion parameter, the entropy
decreases in the negative direction. Figure 13h represents the impact on the entropy of the activation energy parameter
and the endothermic–exothermic chemical reaction. The figure shows that increasing the activation energy parameter
makes the fluid’s generated entropy weak. The entropy generated is reduced for enhanced values of the endothermic–
exothermic parameter. Figure 13i displays the impact on the Bejan number of changing thermophoresis and Brownian
motion parameter values. The figure shows that for increasing values of the thermophoresis parameter, the Bejan num-
ber decreases in the negative direction. For larger values of the Brownian parameter, the Bejan number increases on the
negative side. Figure 13j gives information on activation energy and endothermic–exothermic reaction parameters. The
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figure shows that the Bejan number increases with enhanced activation energy. Then, the Bejan number decreases for a
larger endothermic–exothermic parameter.

7 ARTIFICIAL NEURAL NETWORK ANALYSIS

After getting the solutions of the ODEs (23–26), the axial velocity, temperature, concentration, and electroosmosis val-
ues are used to train an artificial neural network using the BRBP algorithm. This trained network consists of data points
obtained from the various values of dimensionless numbers. The obtained networks are graphically analyzed using train-
ing state, performance, fit, regression, and error histogram plots. From this analysis, the reader can get a glimpse of how
to set the flow parameter values to obtain the desired network. The accuracy of the trained model is analyzed using the
regression plots. The regression coefficient, R is the representative of the accuracy. For a perfect model, R= 1. Any other R
value shows significant deviations in the model. The current section discussed the accuracy of the current models based
on the R values.

7.1 Training state plots

Figure 14 shows the training state plots for the BRBP algorithm trained for various values of magnetic field number,
Forchheimer number, activation energy parameter, and solutal Grashof number. Figure 14a depicts the training plot for the
magnetic parameter. The number of epochs used for training decreases by increasing the magnetic number. The gradient
value rises, andmu, the learning rate, decreases by 100 times. The numerical parameters increases. The sumof the squared
parameters boosts up for a sufficient margin. The validation failure checks remain the same at 0. Figure 14b shows the
training plot for the Forchheimer number. It shows that increasing the Forchheimer values increases the number of epochs
used for training the plot. The learning rate, mu, increases by 10 times. The numerical parameters increase a bit. The
sum of the squared parameters decreases, and the validation checks remain constant. There is no validation failure seen
throughout the model training. Figure 14c represents the training state plots for the activation energy parameter. The
figure shows that the epoch used for training the model increased with increasing parameter values. The learning rate,
mu, increased by 10 times. The numerical parameter values decreased by a smaller magnitude. The sum of the squared
parameters decreased by half. There are no validation failures seen again. Figure 14d depicts the effect of the solutal
Grashof number on themodel’s training. For larger values of the solutal Grashof number, the number of epochs increased
drastically. From 12, they reached 152. The learning rate decreased by 10 times. The numerical parameters increased a bit.
The sum of the squared parameters increased by around 2000. Again, the validation check value remained constant, that
is, 0.

7.2 Performance plots

Figure 15 shows the performance plot for the ANN model training for magnetic numbers, Forchheimer numbers, activa-
tion energy parameters, and solutal Grashof numbers. The purpose of figure 14a is to show how, on changing themagnetic
strength, the model’s performance varied. The training error decreased continuously for every epoch with𝑀 = 1. Then,
for 𝑀 = 5, the training error decreased until the 20th epoch and became constant. The same can be seen for testing
errors. For smaller magnetic numbers, the testing error saw a good drop until the 10th epoch. Figure 15b shows the effect
of the Forchheimer number on the model’s performance. The figure tells us that the training and testing errors stagnated
for the lower Forchheimer number after the 10th epoch. For larger Forchheimer values, both errors decreased first dras-
tically, then kept on dropping. The best-fit line corresponds to the errors of the last epoch for higher Forchheimer values.
Figure 15c represents the impact of the activation energy parameter on the algorithm’s performance. The training and
testing errors could not get a constant value until the stopping condition was met for both values of the parameter. For
smaller parameter values, the testing error decreased first, then increased again after the 150th epoch. However, the train-
ing error follows the same decreasing effect until the end. Figure 15d illustrates the changes in solutal Grashof number on
the training plots. The plot shows that for smaller solutal Grashof number values, there is a wavy nature to the errors for
the epochs. The training error reached the minimum error at the last epoch. The errors were almost stable for the larger
solutal Grashof number for the first 10 epochs. Still, the decreasing effect continued.
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F IGURE 14 (a) Training state plots for magnetic parameters (M = 1, 5). (b) Training state plots for Forchheimer numbers (Fr = 1, 5). (c)
Training state plots for activation energy parameters (E = 5, 10). (d) Training state plots for solutal Grashof number (Gc = 1, 3).
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F IGURE 15 (a) Performance plots for magnetic parameters (M = 1, 5). (b) Performance plots for Forchheimer number (Fr = 1, 5). (c)
Performance plots for activation energy parameter (E = 5, 10). (d) Performance plots for solutal Grashof number (Gc = 1, 3).
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7.3 Error histogram plots

Figure 16 shows the error histograms for magnetic numbers, Forchheimer numbers, activation energy parameters, and
solutal Grashof numbers. Figure 16a represents the effect of magnetic field numbers on the error histograms. For lower
magnetic strengths, all the instances fall into the zero-error bin. This can be considered the ideal state of the model. The
zero line corresponds to the zero error. This line falls into the zero-error bin. For higher magnetic number values, some
nonzero-error bins are formed around the main bin.
The number of testing dataset instances also decreased for the zero-error bin. Figure 16b represents the Forchheimer

number effect on the model’s error histograms. The figure shows that for enhanced values of the Forchheimer number,
there are decreases in the zero-error bin instances. For lower Forchheimer values, the zero-error bin lines up between
250 and 300. This comes to 200−250 if you increase the Forchheimer values. Some higher error bins are also formed
on the right of the zero line. Figure 16c shows the activation energy parameter and the model’s performance plot. The
figure reveals that the model reached an ideal lower activation energy parameter condition and gave perfect results. On
enhancing the activation energy parameter, one nonzero-error bin forms before the zero line. Figure 16d represents the
effect of the solutal Grashof number on the performance plot. It can be observed in the figure that for raised values of
the solutal Grashof number, the model performance decreases heavily. For the lower solutal Grashof number, there are
around 340 zero-error instances. These come to around 180 instances. There are also many instances to the left of the zero
line.

7.4 Regression plots

Figure 17 illustrates the regression plot for the BRBP algorithm for magnetic number, Forchheimer number, activation
energy parameter, and solutal Grashof number. Figure 17a reveals the magnetic field number effect on the regression
testing of the obtainedmodel. The figure shows that the regression coefficient remained constant, that is, 1 for both values
of the magnetic number. However, it can be seen that a greater number of data points can be seen on the upper end of
the regression line for the lower magnetic field parameter. The points are evenly distributed for higher magnetic values.
Figure 17b depicts the effect of the Forchheimer number. Again, the regression constant remained the same for both values
of the Forchheimer number. However, a change in the constants of the regression equations can be seen.
The equation constants increased by a unit on increasing the Forchheimer number. Plot 17c represents the effect of the

activation energy parameter on the mode’s regression plot. Again, there is not much change in the enhanced activation
energy parameter. One unit difference exists in the equation’s constant for testing data, training data, and all datasets.
Now, Figure 17d reveals how the solutal Grashof number changes the regression plots. The regression coefficient remained
constant for the enhanced solutal Grashof number, indicating that the model again predicted all correct values. A minute
difference in the dataset distribution can be seen for all three datasets.

7.5 Fit plots

Figure 18 illustrates the fit plots of the model again for the magnetic number, Forchheimer number, activation energy
parameter, and solutal Grashof number. Figure 18a shows the fit plot for the magnetic number. For enhanced values of
magnetic numbers, there is an upward shift in the targets and outputs. The error remains the same and comesmostly from
the starting pointetic number, Forchheimer number, activation energy parameter, and solutal Grashof number. Figure 18a
shows the fit plot for the magnetic number. For enhanced values of magnetic numbers, there is an upward shift in the
targets and outputs. The error remains the same and comes mostly from the starting point. All the data are in accordance
with the best-fit line. Figure 18b shows the fitting state of the model and the Forchheimer number. Both of these curves
show almost identical behavior. All the output and target values revolve around the zero line itself. In the case of errors,
there is a significant number of errors in the case of lower Forchheimer. It shows errors at the start as well as at the end.
Both microchannel walls can see the errors. For higher Forchheimer numbers, there are error values only for smaller y-
values. The plot in Figure 18c reveals the activation energy parameter effect on the fit plot. Error-wise, there are a greater
number of error values in the case of a higher activation energy parameter. There is no error behavior seen for 𝑦 = 0

values. There are fewer error instances for lower activation energy parameters, but the magnitude of error is very high
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F IGURE 16 (a) Error histogram plots for magnetic parameters (M = 1, 5). (b) Error histogram plots for Forchheimer number (Fr = 1, 5).
(c) Error histogram plots for activation energy parameter (E = 5, 10). (d) Error histogram plots for solutal Grashof number (Gc = 1, 3).
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F IGURE 17 (a) Regression plots for magnetic parameters (M = 1, 5). (b) Regression plots for Forchheimer number (Fr = 1, 5). (c)
Regression plots for activation energy parameter (E = 5, 10). (d) Regression plots for solutal Grashof number (Gc = 1, 3).
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F IGURE 18 (a) Fit plots for magnetic parameter (M = 1, 5). (b) Fit plots for Forchheimer number (Fr = 1, 5). (c) Fit plots for activation
energy parameters (E = 5, 10). (d) Fit plots for solutal Grashof number (Gc = 1, 3).
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for lower and higher y-values. Figure 18d is for the sole Grashof number impact on the models’ fit plot. It reveals that for
lower solutal Grashof numbers, there are almost no errors for lower 𝑦-values. It is especially evident in this case. However,
the number of errors is higher on the upper 𝑦-values.
The outputs and inputs are in accordance with each other. For larger solutal Grashof numbers, the input–output curve

takes on a different shape, but still, the results are fine. The results follow the best-fit line. There is also a sufficiently large
number of errors seen for lower y-values.

8 CONCLUSION

This research investigates a hybrid nanofluid, comprising copper (Cu), and copper oxide (CuO)nanoparticles suspended in
blood as the base fluid. The analysis considers the combined impacts of various factors such as viscous dissipation, gravity,
an inclined external magnetic field, a highly porous medium, thermophoresis, Brownian motion, a heat source or sink,
activation energy, and endothermic–exothermic chemical reactions. Graphical representations, along with appropriate
justifications, are employed to discuss velocity, temperature, concentration, electroosmosis, heat transfer rate (Nusselt
number), mass transfer rate (Sherwood number), skin friction coefficient, entropy generation, and Bejan number. The
study yields several significant findings, including

(i) The fluid velocity increases by decreasing the magnetic field inclination, Reynolds number, and copper
concentration and by increasing Helmholtz–Smoluchowski velocity.

(ii) The fluid temperature increased for the enhanced temperature ratio parameter, the temperature fitting constant,
and by reducing the Forchheimer number, the activation energy parameter.

(iii) The concentration improves by raising the endothermic–exothermic reaction parameter, chemical reaction
parameter, copper oxide concentration, and Schmidt number.

(iv) The electroosmosis profiles increased with the declining zeta potential of the right wall. It first declined and then
inclined toward enhanced values of the electroosmosis parameter.

(v) Skin friction coefficient increases by increasing the Forchheimer, solutal Grashof, electroosmosis parameter, and
Reynolds number.

(vi) The Nusselt number increases on the negative side by increasing the heat source and activation energy parameters
and decreasing the endothermic–exothermic and Darcy numbers.

(vii) Sherwood number increases for reducing the temperature ratio, Schmidt fitting constant, and chemical reaction
parameters.

(viii) Entropy generation improves the values of Brownianmotion parameters and reduces the values of thermophoresis,
activation energy, and endothermic–exothermic reaction parameters.

(ix) Bejan numbers increased by reducing the Brownian motion and endothermic–exothermic reaction parameters and
increasing the thermophoresis and activation energy parameters.

A BRBP algorithm to predict the fluid’s velocity, temperature, concentration, and electroosmosis properties is used and
evaluated for its training state, performance, fit, regression, and error histogram plots for various flow parameters. Hybrid
nanofluids find applications in various fields, such as electronic cooling, solar energy harvesting, and automobile engines.
They have shown promising results in enhancing thermal conductivity and heat transfer performance. The computational
time for neural network predictions signifies the speed at which the artificial intelligence model processes and predicts
results. This efficiency is particularly relevant for real-time applications or scenarios where rapid analyses are crucial. On
the other hand, the simulation time achieved with the BVP solver represents the computational cost of a more traditional
numerical method. Understanding and comparing these times provide valuable insights into the relative strengths and
limitations of both methodologies, aiding in the selection of the most appropriate approach for similar problems in the
future.

NOMENCLATURE

(𝐶0, 𝐶1) concentration at walls
(𝑇0, 𝑇1) temperature at walls
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(𝑈∗,𝑊∗) velocity of HNF in (𝑋∗, 𝑌∗) direction
(𝑋∗, 𝑌∗) fixed frame (in rectangular coordinates)
(𝑢, 𝑤) velocity of HNF in (𝑥, 𝑦) direction
(𝑥, 𝑦) wave frame (in rectangular coordinates)

𝐵0 strength of uniform magnetic field
𝐷𝐵 Brownian motion coefficient
𝐷𝑇 thermophoretic diffusion coefficient
𝐸𝑎 activation energy
𝐸𝑥 electrokinetic body force
𝐹0 porous medium coefficient

𝑇𝑎𝑣𝑒 average temperature
𝑐𝑝 specific heat
𝑘∗ absorption coefficient
𝑘1 permeability of porous medium
𝑘𝑏 Boltzmann constant
𝑘𝑟 chemical reaction constant
𝑛0 bulk concentration
𝑞0 heat source/sink
𝛽𝑐 volumetric concentration coefficient
𝛽𝑡 volumetric thermal coefficient
.
𝛾 shear rate
𝜀0 permittivity of free space
𝜆1 ratio of relaxation to retardation times
𝜆2 retardation time
𝜌𝑒 electric charge density
𝜌𝑝 density of nanoparticles
𝜎∗ Stefan–Boltzmann constant
+𝐻 right cilia wall
ℎ𝑛𝑓 hybrid nanofluid
𝐶 concentration
𝐹 time-average flow rate

−𝐻 left cilia wall
𝑆 stress tensor
𝑇 temperature
𝑐 wave speed
𝑑 channel half width
𝑒 electronic charge
𝑓 fluid
𝑔 gravitational acceleration
𝑘 thermal conductivity
𝑙 cilia length
𝑛 fitting constant

𝑛𝑓 nanofluid
𝑝 pressure
𝑡 time
𝑣 kinematic viscosity
𝑧 charge balance
𝛼 eccentricity parameter
𝛿 wavenumber
𝜀 permittivity of medium
𝜁 zeta potential
𝜆 wavelength
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𝜇 dynamic viscosity
𝜌 density
𝜍 endothermic–exothermic reaction coefficient
𝜎 electrical conductivity
𝜏 effective heat capacity
𝜓 stream function
𝜔 angle of magnetic field
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