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Abstract

We consider decentralized linear time-invariant (LTT) systems which consist of several interconnected sub-
systems. The communication structure between the subsystems is reflected by a block-zero pattern in the
system matrices. Such block zero patterns are determined by binary relations on the set P = {1, ..., p} where
p is the number of subsystems. Structured linear systems are linear systems that have an underlying binary
relation that determines the block zero pattern of the system matrices. Specifically, poset-causal systems,
introduced by Shah and Parrilo [412], have an underlying partial order that determines their structure.

Centralized LTT systems with proper real rational transfer functions can be represented via state space
realizations G(\) = C(Al — A)~'B + D. A state space realization (A4, B, C, D) is minimal if its state space
dimension is as small as possible. The dual concepts of controllability and observability play a fundamental
role in systems theory. A realization is minimal if and only if it is controllable and observable. Given a
non-minimal realization, it can be reduced to a minimal realization using its Kalman decomposition.

For a real rational transfer function whose block-zero structure is determined by a pre-order, we employ
a so-called block canonical shuffle to obtain a structured realization of the transfer function. We investigate
several notions of controllability and observability for poset-causal systems, and their relation under duality.
These new notions extend concepts of controllability and observability that were introduced in [23] for a
special class of poset-causal systems known as coordinated linear systems. We show that the class of poset-
causal systems is closed under duality, which is not the case for coordinated linear systems, and that duality
relations between the various notions of observability and controllability exist. With these notions, we define
a Kalman type reduction which compresses the poset-causal system to a poset-causal system with a much
smaller state space dimension.

The optimal control of structured linear systems proves to be challenging due to the additional struc-
tural constraint. In the classical centralized setting for the Hs-control problem, all stabilizing controllers
of a plant are given by the Youla parametrization. A reparameterized problem may then be solved in the
Youla parameter from which an optimal controller can be recovered. We consider the Hs-control problem for
poset-causal systems. In the state feedback case, a related reparameterized problem reduces to several local
classical problems which can readily be solved via a spectral factorization approach as is done in [39]. The
output feedback case is considerably more difficult. We consider various solution strategies to the output
feedback Ho-control problem for poset-causal systems based on a detailed analysis of various approaches to
the unstructured output feedback control problem. These approaches aim to reduce the structured control
problem to multiple unstructured local problems. Although an optimal structured solution is difficult to
obtain, various optimality considerations are taken into account in the construction of feasible controllers
for the output feedback case.

Keywords: Decentralized systems, Controllability and observability, Minimality, Kalman decomposition,
Optimal control
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Chapter 1

Introduction

In the wake of the fourth industrial revolution, control systems have become increasingly complex. In many
practical applications, the systems under consideration are large scale and consist of spatially distributed,
but interconnected subsystems. Information flow in such systems occur in a distributed manner. Such
systems lend themselves well to decentralized control strategies rather then classical centralized control
strategies. Examples of such practical applications include: large scale irrigation systems [0, 26, 32, 36, 51],
hydroelectricity plants [10, 9] inland navigation networks [33, 37], civil building systems [14, 28, 31] and
electric power systems [29)].

Interconnected systems are often approached using graph theoretic techniques where nodes represent

subsystems and directed edges represent communication flow (see for example [13, 46]). An equivalent
approach was introduced by Shah and Parrilo in [412] using partial orders, leading to the notion of poset-causal
systems, which were further studied in the papers [11, 10, 39] and the PhD thesis [38]. Following the lead

from Shah and Parrilo, we model communication structures in interconnected systems with underlying binary
relations, which are not necessarily posets. Suppose an interconnected system consists of p subsystems labeled
1,...,pand let P ={1,...,p}. A binary relation is a pair T = (P,T), where T'C P x P. Communication
is modelled by the binary relation in the following way. If a subsystem ¢ € P cannot communicate with
another subsystem j € P, then (i,7) ¢ T.

Partitioning the system matrices of a decentralized system into p x p blocks, the binary relation also
imposes a block zero pattern in the resulting block matrix. Given a system matrix M = [M;;] where M;;
is the block entry in the i*" row and j*® column, M;; = 0 if (j,i) € T. One can then define the set Zr
of all appropriately sized block matrices that have a block zero pattern determined by a binary relation
T. Such a set is clearly closed under addition and scalar multiplication, but not necessarily under matrix
multiplication. We then consider various properties of the binary relation and investigate the effect it has
on the communication structure of the interconnected system. A binary relation 7 = (P, T) is

(i) reflexive if (¢,4) € T for all i € P;
(ii) transitive if (¢,7) € T and (4, k) € T, then (i, k) for all 4,7,k € P;
(iii) anti-symmetric if (i, ) and (j,4), then i = j for all 4, j € P.

It turns out that Z7 is closed under matrix multiplication, provided the sizes correspond appropriately, if
and only if 7 is transitive. A binary relation satisfying all three conditions above is called a poset. In this
case we write ¢ = j if and only if (i,j) € T. Poset-causal systems are interconnected linear systems whose
communication structure is determined by an underlying poset. Equivalently, it is a linear system whose
system matrices are all in Zp for some poset P = (P,>). An important sub-class of poset-causal systems
are so-called coordinated linear systems, which were defined in [34]. The underlying poset P = (P, >) of a
coordinated linear system satisfies an additional property, namely that of in-ultra transitivity. The corre-
sponding underlying graphs of coordinated linear systems are out-trees, that is, rooted trees with all directed



edges pointing away from a single node called the root.

Poset-causal systems will be the main structured linear system that we will study. As such we now give
a more in depth description of poset-causal systems. Consider a decentralized system with p interconnected
subsystems labeled 1,2,...,p. Let »= be a partial order on P = {1,...,p}. In this setting, subsystem j
can ‘influence’ subsystem i in case j = i. We assume that each subsystem is locally given by an input-
state-output model with an input space Uf; = R™¢, a state space X; = R™ and an output space ); = R,
with m;, n;,r; € Z,. The local outputs y;(t) € V; and local states z;(t) € X; are determined by the states
xj(t) € &; and inputs u;(t) € U; of subsystems j that can ‘influence’ subsystem 4 via interconnected state
space system equations

#i(t) = Y Aya;(t) + Y Biyuy(t), 2:(0) = o,

jeti jeti )
yi(t) =Y Cijaj(t)+ > Dijui(t), >0,
jeti jeti

where 1% = {j € P : j = i} is the set of subsystems j that are upstream of subsystem ¢ in the communication
network. That is, if j € 1%, then subsystem j can ‘influence’ subsystem i. Here x; o € R™ is the initial
state of subsystem ¢ and A;; € R™*™  B;; € R™>*™i (C;; € R"*™ and D;; € R™*™ are given matrices
whenever j > 4. In case j # 4, set A;j, Bij, Ci; and D;; equal to zero matrices of appropriate sizes and
define

A= [Ayl}

1,j=1"

B=[Byl} =1, C=[Cyl};=1, D=I[Dyl},_ (1.2)

Then the combined input, state and output signals
P
u(t) = (ur(t), ..., up(t))T €U == P,
i=1
P
z(t) = (z1(2),...,2p(t)T € X := @Xi,
i=1

y(t) = ((0), - yp()T € Y = EBy

satisfy
x(t) = Ax(t) + Bu(t), z(0)=2xz9€ X,

y(t) = Cx(t) + Du(t), t>0, (1.3)

where g := (21,0,...,%p,0)T. Hence the decentralized system (1.1) can be written as a classical state space
system (1.3) with the communication structure embedded in a prescribed block zero pattern of the system
matrices determined by the underlying partial order. In particular, the state and output signals can be
represented in terms of the input and initial state by the classical integral formulas

t
z(t) = x(zo,u, t) = etag —|—/ eA=7) Bu(r) dr,
0
t
y(t) = y(xo,u, t) = CeMag + / CeA'=") Bu(t) dr + Du(t).
0
There are two main parts to this thesis. We develop a systems theory for poset-causal systems and secondly,
we consider an Hs-optimization problem for poset-causal system. In order to give a sketch of the theory in
the structured setting, we first consider the classical unstructured setting. In light of the classical results,

we then discuss some of the results that are obtained in the structured setting.

Consider a continuous time causal linear time invariant (LTI) input-output system X with input v and
output y. Such a system ¥ has an input-output map Gy : u — y. The system has a state space realization



if there exists a state z : [0,00) — X and matrices A, B, C and D such that the solution of the system of
equations

z(0) == t >0,

W) =Ca)+Du, U712

is given by y(t) = (Gg(u))(t) for ¢ > 0. In that case, we write ¥ ~ (A, B, C, D). Taking Laplace transforms,
the transfer function of the system is G: u+— y. If ¥ ~ (A, B,C, D), then

G(\) = C(AN[— A) "B+ D = {%‘%}

provided A € C is not an eigenvalue of A. A causal LTI system with a proper real rational transfer function
always has a state space realization. Such realizations are not unique. Given that there are many possible
state space realizations of a given system, we are interested in finding the realizations which are optimal
in some sense. In this regard the concepts of controllability and observability play a crucial role. These
concepts were first defined by R.E. Kalman in the 1960 paper [18]. Controllability is related to the state
equation

. {yb(t) = Ax(t) + Bul(t),

&(t) = Ax(t) + Bu(t), z(0) = o, t>0

of the system ¥ ~ (A, B,C, D). Let X = R™ be the state space. For any given initial state x, the state =
at a final time ¢ > 0 and any valid input w : [0,¢] — R™ can be solved by the classical integral formula

¢
z(zo,u,t) = el —|—/ eA=7) Bu(r) dr.
0

The system is controllable if for any initial state zo and any final time ¢ > 0 and any final state £ € R",
there exists a valid input w : [0,¢] — R™ such that x(zo,u,t) = £ The pair of matrices (A, B) is said to be
controllable if the corresponding linear system is controllable. Related to the pair (A, B) is the controllability
matrix

C(A,B):[B AB A’B ... A”le}
and the reachable subspace
R(A,B)=Im[B AB A’B ...A""'B],

the image of the controllability matrix. It can be shown that (A, B) is controllable if and only if the entire
state space is reachable, that is, R(A, B) = X.
On the other hand, observability is related to the equations

&(t) = Ax(t), x(0) = o
y(t) = Cu(t)

where the input is taken to be zero. The pair (C, A) is said to be observable if at any given time T > 0, it is
possible to determine the initial state xo from the outputs y(t) over the time interval [0,T]. Related to the
pair (C, A), is the observability matrix

C

CA
0(C, A) =

CAn—l
and the unobservable space
N(C,A) =kerO(C, A).

It can be shown that (C, A) is observable if and only if ker O(C, A) = {0}. It is well known that controllability
and observability are dual notions in the following sense.

3



Theorem 1.0.1.
The pair (C, A) is observable if and only if (AT,CT) is controllable.

Two realizations (A, B,C, D) and (A, B,C, D) are equivalent realizations if they give the same input-
output map, that is,

t t ~ ~ ~
/ CeA=7) Bu(r) dr + Du(t) = / Ce*"=") Bu(r) dr + Du(t)
0 0

for all inputs w and all times ¢ > 0. The dynamic order of a realization (A, B,C, D) is defined to be the
size of the square matrix A, that is if A € R"*™  then the dynamic order of (A4, B,C, D) is n. A realization
¥ ~ (A, B,C, D) with dynamic order n is said to be minimal if n < n for all other equivalent realizations
Y~ (1& B , C , 5) The following well-known theorem relates minimality to controllability and observability.

Theorem 1.0.2.
A realization (A, B, C, D) is minimal if and only if (A, B) is controllable and (C, A) is observable.

If a realization (A, B,C, D) with state space X is not minimal, one way of obtaining a minimal system
that has the same input-output map goes through the famous Kalman decomposition, first developed in [19].
Since controllability and observability play critical roles in minimality, the state space X is partitioned in
terms of the subspaces R := R(A, B) and N := N(C, A). Define the subspaces

Xo =RO(RNON), Xp:=RNN, Xop:=R+N)" and Xgm:=NoS(RNN).
Then

Xeo ® Xz =R,
X ® Xeg =N,
KXo XD X5 =R+N
Xeo ® X @ Xgo ® Xg = X

It can then be shown that there exists a similarity transform 7" such that A, B and C' partition into the
Kalman decomposition of (A, B, C):

Ain 0 A3 0 B
A1 Ass Az A B
-1 __ 21 22 23 24 o 2 -1 _
TAT = 170" "0 4. o | TB=|go| OT =[Ct 0 C3 0].
0 0 A43 A44 0

With the above decomposition, it holds that (Ajq,B;) is controllable, (Cy, A11) is observable and that
(A,B,C, D) and (A11, B1, C1, D) are equivalent realizations. Thus (411, By, C1, D) is minimal realization of
the system. The realization (A;1, B1,Cy, D) is called the Kalman reduction of (A, B,C, D).

In the structured setting, the realization problem is the following: given a proper real rational transfer
function G of some linear system where the structure of the transfer function is determined by a underlying
binary relation 7, find a realization (A, B, C, D) such that each system matrix has the structure determined
by 7. This problem is considered in the paper [24], for so-called systems over graphs. It can be shown that
systems over graphs are essentially the same as poset-causal systems. In the paper [24], the triple (A, B, C)
is also required to be stabilizable and detectable. In the absence of the stabilizability and detectability
requirements, we consider the structured realization problem for a system whose transfer function has a
structured determined by a pre-order, that is a binary relation 7 that is reflexive and transitive. Using a
so-called block canonical shuffle, we show that given a proper rational transfer function G of a causal LTI
system such that G has a structure determined by T, a structured realization (A, B,C, D) may always be

4



obtained. Since pre-orders are more general than partial orders, this result holds for poset-causal systems
as well.

Concerning the systems theory of structured linear systems, much of the research on the controllability of
decentralized systems take a graph-theoretic approach where leaders are to be chosen from multiple agents
in a communication topology in such a way that renders the system controllable. In [47], the controllability
of an interconnected system by choosing a single leader among first-order subsystems, is considered. This
was extended to multiple leaders in [16]. A graphical characterization of controllability in this context was
developed in [15]. In the paper [5], the concepts of formation controllability and complete controllability are
studied for multi-agent swarm systems where all the agents are LTI systems and have the same order. The
controllability of networked systems is studied in [50].

Several concepts of controllability and observability of coordinated linear systems with one leader and
two followers were studied in [23]. The aim in [23] was to develop concepts of controllability and observability
that respect the communication structure of the system. Our aim is to study controllability and observability
for the larger class of poset-causal systems. Due to the more intricate structures of such systems, our notions
are not based in leader-follower concepts, but rather use upstream and downstream subsystems from the
perspective of the given subsystems. These lead to notions of controllability that respect the poset-causal
structure, in the sense that the space of controllable state vectors decompose in direct sums of subspaces of
the local state spaces corresponding to the subsystems of the poset-causal system.

Since the poset-causal system (1.1) can be represented as a classical state space system (1.3) with struc-
tured system matrices, all the notions, results and constructions from classical state space theory apply.
However, most of these do not preserve the block zero-pattern. For example, the reachable subspace R(A, B)
and unobservable subspace AN (C, A) of the state space X cannot, in general, be written as direct sums of
subspaces of the local state spaces &; for j € P, so that the compression to a minimal system obtained from
the Kalman decomposition will in general not have the appropriate zero-pattern, destroying the poset-causal
structure. As a result, it is not clear how to determine if a poset-causal system is minimal, that is, whether
there does not exist a poset-causal system which generates the same input-output map but has smaller state
space dimensions. Neither is it clear whether there exists a Kalman-type decomposition if it is also required
that the block zero-pattern be preserved. New notions of controllability and observability are required that
do preserve the communication structure and still preserve some of the features of the classical notions.

For the subclass of coordinated linear systems defined in [34] various new concepts of controllability
and observability that preserve the underlying communication structure were studied in [23], see also [21].
Most of the controllability and observability notions in [23] are defined for a coordinated linear systems that
consists of a single coordinator and two followers. Here, the coordinator can communicate with the followers,
but the followers cannot communicate with each other or with the coordinator.

We introduce various notions of controllability and observability for poset-causal systems related to
upstream and downstream systems associated with the subsystems. When specialized to the setting of coor-
dinated linear systems, these reduce to notions of controllability and observability studied in [23], however,
the notions introduced here do not rely on the roles of “coordinator” or “follower” a subsystem may have.
While it is possible to study controllability and observability for systems defined on graphs from the perspec-
tive of assigning controllers, see e.g. [30], we do not try to assign specific roles to the subsystems. The class of
coordinated linear systems is not closed under duality. However, it turns out that this is the case for the class
of poset-causal systems, and we prove duality relations between the controllability and observability notions
defined in this thesis, as it occurs in the classical case. One notion, independently controllable, is stronger
than classical controllability, in the sense that it implies classical controllability, and one notion, weak local
controllability, is weaker, in the sense that it is implied by classical controllability. In fact, in a way (see
Theorem 6.2.3) weak local controllability is the strongest notion of controllability implied by controllability
that preserves the poset-causal structure. Similar notions exist for observability for poset-causal systems,
and it turns out that they are related through duality, as in the classical setting.

Finally, we investigate how our notions of controllability and observability can be used to perform a
Kalman type reduction of the system in a way that preserves the poset-causal structure. Most of the notions
of controllability and observability introduced here are based on variations on the classical reachable sub-
space and unobservable subspace, with the difference that they can be written as (orthogonal) direct sums of



subspaces of the local state spaces of the subsystems. As a result of this, we are able to present a variation on
the Kalman reduction formula. Despite that some of the controllability and observability notions introduced
here are optimal, this does not carry over to the Kalman-type reduction. Hence, although it may compress
the poset-causal system to a poset-causal system with a much smaller state space dimension, it need not be
the minimal poset-causal system with the same input-output map.

We now move on to Hs-optimal control. Again, we give an overview of the classical setting before
commenting on the structured case. An input-output system (a plant) may be controlled by connecting a
second linear system, called the controller, to the plant. As illustrated in Figure 1.1, the key idea is that of
feedback. The measured output y of the plant is fed to the controller as its control input. The controller
then feeds back its output into the control input w of the plant. Connecting a controller to a plant has the
effect of closing the feedback loop and results in a new linear system whose transfer function is the closed
loop transfer function of the plant-controller interconnection. This closed loop transfer function maps the
disturbance input w to the external output z. The aim of Hs-optimal control is to synthesize a controller
that minimizes the Ho-norm of the closed loop transfer function. The set-up is illustrated in the figure below

w 4
——> >
u
Y
K |e—

Figure 1.1: Hy-control feedback loop

We assume the plant G is a linear system with state space realization

A ‘ B, By ~ ~
G=|C, 1 0 Dy |= g“ 212 (1.4)
02 D21 O 21 22

and seek a controller in the form of a linear system with state space realization

> AK Bk
K{—‘F DK}

It can be shown that the closed loop transfer function after connecting the controller to the plant, is given
by the lower linear fractional transformation (LFT), F(G, K), of G and K, given by
ARV A AR A V1A A| B
F(G,K) =G11 +GroK(I —GpK) "Ga =: cTD |
A controller K stabilizes the plant G if the resulting closed loop matrix A above is stable, that is, if Re(A) < 0
for all A in the spectrum of A. The matrix pair (A, B) is stabilizable if there exists a matrix F such that
A + BE is stable and (C, A) is detectable if there exists M such that A + MC is stable. If (A, By, Cs) is

stabilizable and detectable, the famous Youla parametrization characterizes all stabilizing controllers of the
plant G in terms of some canonical system J. Specifically, if

J = E

A+ BE+MCy | -M B,
0
—Cy I

I,
0



then all stabilizing controllers of G are given by
K =F(J,R), for some R e RH
and the closed loop transfer function is given by
£<CA?,I/(\') :ﬁ11+ﬁ12§ﬁ21, where H=GxJ.

Here G .J is the so-called Redheffer star product of G and J. The ‘Ho-optimal control problem is to construct
a controller K such that the closed loop transfer function F (@, K ) is stable, strictly proper and such that

its Ho-norm is minimized. This can be stated as follows

minimize ||£(@,f?)||2
subject to K € RHo, £(CA¥, IA() € RH,.

A discussion of the Hardy spaces Hs, RHo and RHo, can be found in Section 2.4. Equivalently, one may
consider the reparameterized problem

minimize Hﬁu +ﬁ12§ﬁ21||2

subject to Re RH,.

The classical solution of the Hs-control problem contains stabilizing solutions of Riccati equations related
to the realization of G (see Theorem 4.3.4). The conditions in the theorem are sufficient for such stabilizing
solutions X = Ric(A, Bz, C1, D12) and Y = Ric(AT,CT, BT, DJ,) to the Riccati equations

ATX + XA+ CJCy — (XBy + CIDy2)Ry Y (B]JX + D],01) =0
AY +YAT + BB} — (YC] + B1DJ,)R; ' (C2Y + Do BT ) = 0

to exist. For more on Riccati equations refer to Section 3.7. Defining
F =—(D],Dy2) ' (BIX + D],C1) and L= —(YC]+ B,D},)(Ds1D3,) ",
the optimal solution is then given by

~

opt =

A+ ByF +LCy | —L
F Lo |

A special case of the Hs-control problem is the state feedback case. In this case, G has the simpler realization

A| B, B -~ ~
G-l 01 l)2 _|Gn G2
I 0 0 G21 G22

The state feedback Ha-control problem is closely related to the LQ-control problem and the optimal solution
is given by

K=F=—(D'D)"Y(BIX +D'C) where X =Ric(A,B,C,D).

Optimal control of structured linear systems proves challenging due to the additional requirement that
the controller must respect the communication structure of the decentralized system. For example the matrix
F appearing in the solution of both state and output feedback case in the classical setting, contains a solution
X of a Riccati equation. Riccati equations do not in general preserve the structure imposed on the system
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matrices of a structured linear system. Hence alternative approaches which avoid solving Riccati equations
which contain structured matrices, have to be considered.

The LQ-control problem was studied in [22] using a recursive bottom up optimization approach. More
generally, the state-feedback Ha-control problem for poset-causal systems was solved in [39] using a spectral
factorization approach. The output feedback case was considered in [25], but only for the simple two player
problem. We consider the output feedback Ha-control problem for more general poset-causal systems. In
this case, G is a poset-causal plant, that is, the system matrices in (1.4) all have the structure determined
by some poset P. Since the set of structured matrices determined by a poset is closed under multiplication
and inversion, it follows that if a controller has the poset-causal structure, it preserves the structure in the
closed loop transfer function. Hence the aim is to construct a controller K € RH

minimize H£(é,f()||
subject to £(CA¥, IA() € RH2, K €TIp.

Here, the requirement K e Ip enforces the poset-causal structure on the controller.
In the state feedback Ha-control problem for poset-causal systems considered in [39], the approach con-
siders the reparameterized problem

minimize Hﬁfn +ﬁ12@”

~ - (1.5)
subject to Q € RH2, Q€Ip,

where @ = ﬁﬁgl. Due to the special form of the realization (1.4) in the state feedback case, QA) and R
determine each other uniquely. In this form it can then be shown that the problem decomposes into p local
unstructured Ha-control problems. Each of these problems may be solved using a spectral factorization
technique to obtain an optimal solution (); for j = 1,...,p. These local solutions can in turn be used to
construct a controller QA) which satisfies the poset-causal structure and which is optimal for the reparameter-
ized problem. Again due to the special form of the matrices in the state feedback case a stable controller K
can then be recovered. This controller K is optimal for the original Hs-control problem.

The output feedback case is considerably more difficult. As in the state feedback, an optimal structured
solution to the reparameterized problem (1.5) may be obtained via decomposing to unstructured problems
and using the spectral factorization technique, but unlike the state feedback case, it is not possible to factor
Q in terms of Hy,. Hence it is not clear how to recover a feasible structured controller K from Q We
consider various different approaches to the output feedback problem, in each case taking into account opti-
mality considerations at certain stages of the construction of a feasible structured controller K. Though not
optimal, this gives options for constructing feasible solutions and in some cases it is possible to show that
these controllers are better performing than some of the alternatives.

We end this introduction with an overview of the structure of the thesis.

In Chapter 2, we review some mathematical preliminaries that are required in the rest of the thesis. In
Section 2.1, we consider binary relations, their properties and their relation to directed graphs. In Section
2.2, we give a summary of some concepts and results from linear algebra that will be important in the rest of
the thesis. We will have to work with block matrices frequently. In Section 2.3, we define some concepts and
notation that is required to effectively convey results regarding block matrices and their block zero structure.
Important in this section is the block incidence set and its closure under multiplication. The section also
ends with a description of the block canonical shuffle which plays an important role in our realization result.
Section 2.4 is a brief summary of Hardy spaces and its subspaces of real rational matrix functions.

Chapter 3 is a summary of realization and systems theory in the classical unstructured setting. Section
3.1 is a brief overview of rational matrix functions. Section 3.2 is about transfer functions and state space
realizations. In Section 3.3, the classical concepts of controllability, observability and their relation under
duality are summarized. We review equivalent realizations, minimal realizations and the Kalman reduction
of a realization in Section 3.4. Section 3.5 contains some basic operations on realizations. The section also
contains some more involved identities regarding realizations. The results in this section will be utilized
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frequently in the thesis. In Section 3.6, we give a review the relation of realizations to the Hardy spaces RH5
and H,. Section 3.7 is an important section on the algebraic Riccati equation. The section also reviews
inner-outer factorizations. Both Riccati equations and inner-outer factorizations play a fundamental role in
‘Ho-optimization.

In Chapter 4, we review the Hs-control problem in the classical unstructured setting. We also consider
some alternative approaches to standard techniques. Section 4.1 reviews the interconnections of linear
systems, when such interconnections are well posed and state space realizations of such interconnections. In
Section 4.2, we describe the famous Youla parametrization which gives a characterization of all stabilizing
controllers of a plant as well as a reparametrization of the closed loop transfer function. In Section 4.3 the
classical Ha-control problem is stated and solved via a standard technique involving Riccati equations and
inner functions. In Section 4.4, the state feedback case and its solution is presented. An alternative approach
to the state feedback case via spectral factorization is presented in Section 4.5. An alternative approach to
the output feedback case avoiding the use of Riccati equations in the Youla parametrization is considered
in Section 4.6 and finally a one-sided reparameterized problem for the output feedback case is described in
Section 4.7.

In Chapter 5, we define and describe structured linear systems. In Section 5.1, we define general structured
linear systems with an underlying binary relation and consider the effect of various properties of binary
relations on the structure of such systems. A brief discussion regarding quadratic invariance is also included
here. Section 5.2 develops the important subclass of poset-causal systems and also considers various derived
systems. It is also shown that systems over graphs and poset-causal systems are equivalent. Section 5.3 is a
brief section on coordinated linear systems and hierarchical systems.

In Chapter 6, we develop realization and systems theory for poset-causal systems. Section 6.1 describes
the results on the structured realization problem for structured linear systems with an underlying pre-order.
In Section 6.2 we develop various structured notions of controllability for poset-causal systems and show how
these concepts relate to one another. In Section 6.3 we describe similar results for observability. In Section 6.4
it is shown that these concepts are related under duality via so-called dual poset-causal systems. In Section
6.5, we use the various subspaces defined in the previous sections to develop a structured Kalman-type
decomposition.

Chapter 7 considers the Hs-control problem for poset-causal systems. In Section 7.1 we describe the
spectral factorization approach to the state feedback case and illustrate it via examples. In Section 7.2, we
consider the difficult problem of output feedback control for poset-causal systems. We describe some of the
difficulties that arise and consider various approaches to constructing feasible solutions.



Chapter 2

Mathematical Preliminaries

In this chapter we review some mathematical concepts that will be used frequently throughout this thesis.
We also establish notation that will be employed subsequently in later chapters.

2.1 Order Structures

A partially ordered set, or poset, is a pair P = (P, >) with P a set and > a partial order on P. That is, = is
a binary relation on P which is

(i) reflexive: i = i for all i € P;
(ii) transitive: if i = j and j > k, then ¢ > k for all 4,5, k € P;
(iii) anti-symmetric: if i = j and j > 4, then ¢ = j for all 4, j € P.

If a binary relation only satisfies (i) and (ii), then it is a pre-order. For i,j € P we write ¢ = j if i > j and
i # 7. Also, i < j and i < j is equivalent to j = ¢ and j > 4, respectively. In the sequel we will only consider
finite posets, usually with P = {1,2,...,p} for some positive integer p. Given a subset R C P of a poset
P = (P, =) we define its downstream set | R and its upstream set TR as

JR:={i € P:j=ifor some j € R} and TR:={i € P:i = j for some j € R}
respectively. In the case that R is a singleton, say R = {i}, we simply write Ji and 1i. By reflexivity it
follows that R C TR and R C |R. Transitivity implies that $(t1R) C TR and J(JR) C | R. Taking the above

two facts together gives 1(1R) = TR and [({R) = |R. In addition, we define the strict downstream set {R
and strict upstream set TR of R as

{R:={ie|R:i¢ R} and fR:={ietR:i ¢ R}

Again, these are abbreviated to {i and %4, respectively, when R = {i}.
Any poset P = (P,>) can be represented by a digraph Gp = (P, E~) where the nodes in Gp are the
elements of P and Ev = {(i,j) € P x P :i > j} is the set of directed edges in Gp. The Hasse diagram of a

poset P = (P, =) can be identified with the digraph Q}D = (P, Eé)7 where

Eé :={(i,j) € P x P:i> j and there is no k € P such that i = k > j}.

The digraph Q% omits all the directed edges that correspond to reflexivity and transitivity. This is illustrated
in the following example.
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Example 2.1.1 (Posets and Hasse diagrams).

Consider the poset P = (P, ) with P = {1,2,3,4} determined by the relations 1 = 2, 3 = 2 and 2 > 4
(along with the loops 1 = 1, 2 > 2, 3 = 3 and 4 > 4, induced by reflexivity, and the edges 1 = 4 and 3 > 4,
induced by transitivity). The digraph Gp = (P, Ex-) and Hasse diagram Q% = (P, Ei) of P are shown below:

096 o ppe—o®
gp G5
&) ‘
We also illustrate some upstream and downstream sets:
11 =A{1,2,4}, {1={2,4}, M™M4={1,2,3,4} =P and 12 ={1, 3}

In [4, 3, 2] stronger notions of transitivity are studied, which are defined as follows.

Definition 2.1.2 (Ultra transitive relations).
A binary relation 7 = (P, T) is said to be
(i) in-ultra transitive if for all i, j,k € P, (i,5) € T and (k, j) € T implies that (i,k) € T or (k,i) € T, and
(ii) out-ultra transitive if for all i, 5,k € P, (i,7) € T and (i, k) € T implies that (j,k) € T or (k,j) € T.
Recall that a directed tree is a connected acyclic digraph. An out-tree with a root r (see for example
p-999 of [3]) is a directed tree with all edges directed away from the single node . An in-tree is obtained
by reversing the direction of the edges. An out-forest is the disjoint union of out-trees and an in-forest is

the disjoint union of in-trees. By Theorem 4.1 in [4] out-tree forests correspond to posets which are in-ultra
transitive.

Definition 2.1.3 (Dual poset).
For a poset P = (P, =), we define its dual poset as Py = (P, =4) where

jrat = 17, for each j,i € P.

In the sequel we will use the symbols |, and 1, to indicate downstream and upstream sets, respectively,
associated with the dual poset P4. Clearly we have T,R = |R and | ;R = TR, for any R C P. The following
lemma follows directly from the definitions.

Lemma 2.1.4.
The dual of an in-ultra transitive relation is an out-ultra transitive relation.

Example 2.1.5 (Examples of posets).
Consider posets P, Pa, Ps3, Ps, Ps and Pg with Hasse diagrams given by:

. 1 . 1 . 3 2 1 . . 1 2 . 1
QY\ p h h QN h
2 3 3 2 2 3 2
1 3 4
4 5 6

4 3

Then g},l is the Hasse diagram of poset that is in-ultra transitive. 9%2 is an out-tree corresponding to a
more intricate poset that is in-ultra transitive. 97%3 is the dual of Qﬁl and hence corresponds to an out-ultra

transitive ordering (in-tree). 9%4 is also an in-tree. 9%5 is the Hasse diagram of a poset which is neither
in-ultra transitive nor out-ultra transitive. Lastly, Gp, corresponds to a complete order.
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2.2 Linear Algebra

In this section we summarize some concepts and results from linear algebra that are required in the rest of
the thesis. We also establish notation that will be employed in the remainder of the thesis.

2.2.1 Eigenvalues and the Companion Matrix

We briefly review concepts related to eigenvalues for the sake of convenience. The companion matrix plays
a prominent role in section 6.1 and hence we briefly summarize it here.

The characteristic polynomial of a square matrix G € R™*" is defined to be
pa(A) = det(A, — G), AeC,

where I, is the n X n identity matrix. The eigenvalues of G are the n (not necessarily distinct) roots of
the characteristic polynomial pg. The spectrum of G is the (multi)set of eigenvalues of G and is denoted
by o(G). The resolvent set p(G) is the complement of ¢(G) in C. A matrix G is said to be Hurwitz or
stable if each eigenvalue of G has a negative real part, that is, Re(A) < 0 for each A € o(G). The matrix
G is symmetric if GT = G. A real symmetric matrix has real eigenvalues and is said to be positive definite,
written G > 0, if A > 0 for each A € ¢(G) and G is positive semi-definite, written G > 0, if A > 0 for each
A€ o(G).

Definition 2.2.1 (Companion matrix).
Given a real monic polynomial p of degree n

PN = A"+ g A"+ g1+ g0,

with A € C and g, ...,9n—1 € R, the companion matriz of p is defined to be the following square matrix
G € R*":;
0 1 0 0
0 0 1 0
G= :
0 0 0 1
-9 —91 —92 ... —Gn-1

The key feature of the companion matrix of p is that its characteristic polynomial is equal to p, that is,
pa(A) = p(A) for all A € C.

2.2.2 Schur Complement and Block Matrix Inversion

We will frequently work with block matrices in this thesis. In this subsection, we consider the inverses of
block matrices. For this purpose, the Schur complement of a 2 x 2 block matrix will be a useful tool.

Definition 2.2.2 (Schur complement).
Suppose n = £ + m and consider a square block matrix A € R™"*"

A A
A= 2.1
[1421 Azz] ’ (2.1)

where A, € RO and Ay € R™*™ are also square matrices. If Aj; is non-singular, then

Ay = Agy — Ag A Arn (2.2)
is called the Schur complement of A1 in A. Similarly, if Ags is non-singular, then

Ag = Ayq — A12A2_21A21

is called the Schur complement of Ao in A.
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The following lemma shows how a 2 x 2 block matrix as in (2.1) can be factored using the Schur com-
plement of A1y or Asy (if they exist). Furthermore, it shows that the invertibility of the block matrix A
is intimately related to the invertibility of its diagonal entries and Schur-complements and gives inversion
formulas for A in cases where the complements are invertible.

Lemma 2.2.3 (cf. page 13-14 of [50]).
Let A be a square 2 x 2 block matriz as in (2.1). If A11 is non-singular, then

A_| 1 0] [Aix O] [I AlArn
T A AT I[| 0 A0 I ’

where A1 is the Schur complement of A11 in A. In this case A is non-singular if and only if A1 is non-
singular and in that case

-1 [AT AL ARAT Ay AL AL ApATT
—AT Ay A At '

Similarly, if Ao is non-singular, then

a1 ApAG [As 0 I 0
0 I 0 Ag| |A5) Ay I|”

where Ag is the Schur complement of Aas in A. In this case A is non-singular if and only if Ay is non-
singular and in that case

Al = Ay A A Ay,
—AG An A AL 4 AR A AT AR AL

As special cases, one can consider upper block triangular matrices (where As; = 0 in (2.1)) and lower
block triangular matrices (where A15 = 01in (2.1)). In those cases, the Schur complements reduce to A = Agy
and Ag = Aj; respectively. One then obtains the following inversion formula for block upper and block lower
triangular 2 x 2 matrices.

Corollary 2.2.4.
If A1 and Aso are invertible, then

A A - _ A1—11 —A1_11A12A2_21

[ 0 AQJ =1 Az and (2.3)
An o 0] _ A 0 (2.4)
Ag1 Agp — A An AT Ay .

Inductively applying (2.3) and (2.4) gives inversion formulas for non-singular triangular n x n block
matrices, in particular the inverse of non-singular 3 x 3 block triangular matrices is given in the following
Lemma.

Corollary 2.2.5.
If Ay1, Aas and Ass are invertible, then

-1

(A5 —ALARAS AL (AAg) Ass — Ars)Agy]

All A12 A13_

0 A22 A23 = 0 A;; —A;21A23A531 and (25)
| 0 0  Ass| | 0 0 Agg i
-All 0 0 171 [ "41_11 0 0
Ag Agg 0 = —A521A21A;11 A;; 0 . (26)
[ Az1 Asz Ass| | Ay (As2Azy Aoy — As) A —Agd A Ay Agd ]
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Similarly, the inverse of non-singular 4 x 4 block triangular matrices is given in the following Corollary.
This result can be obtained by combining Corollaries 2.2.4 and 2.2.5

Corollary 2.2.6.
If A11, Aga, Ass and Ayy are invertible, then

-1

A A Az Ay Anl —AGAA AL'BisAs AL BuAg

0 Ay Azs Ay _ 10 Az —142_21142314:;31 Asy Ba Ay (2.7)
0 0 A33 A34 0 0 Agjgl _Agjgl 143414;41 '
0 0 0 Ay 0 0 0 AZ41

where

Bz = A12A2_21A23 — A3, Bu= A12A2_21A24 - A12A2_21A23A§31A34 + A13A§31A34 — Ay and
Boy = A23A§31A34 — Agy.

Similarly,
A 0 0 0 A 0 0 0
Aoy A 0 0| _ [—Ay AnAf Ay 0 0
Asy Ass Ass 0 Azl B ATl AR Az AL Ay 0
A A Az Au AL BaAl A By —ALAsAs AL
where

Bay = AspAyy Aoy — Az1, By = ApAsy) Aoy — Ay Azl Agn Asy) Aoy + Ay Az Azy — Ay and
Byy = Ay3Azs Azg — Ago.
Lastly, the following lemma will sometimes be useful.

Lemma 2.2.7.
If A € R™™™ and B € R™*™ are matrices such that I, + AB and I, + BA are non-singular, then

(I, + AB)"*A = A(I,, + BA)~".

Proof.
Note that

(I, + AB)A = A+ ABA = A(I,, + BA).

Hence multiplying on the left by (I,, + AB)~! and on the right by (I,,, + BA)~?! yields the desired result. []

2.2.3 Linear Fractional Transformations

In this section we review linear fractional transformations (LFT’s) and the Redheffer star product. These
concepts play prominent roles in the connection of controllers to linear systems.

Linear fractional transformations or Md&bius functions are well know in complex function theory. A
complex function f: C+ Cis a LFT if it is of the form

a+ b\

f( ):m, a7b7C,d€(C, ad—bc#o

The above transformation can be generalized to the matrix case as follows.
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Definition 2.2.8 (Lower and upper linear fractional transformations (LFTs)).
Given a block matrix M and matrices L and U:

My Mo

M =
[Mm Moo

:| e R(nl—knz)x(ml—&-mg), Le R77L2><7L27 U € R™ ><n17

such that I,,, — Mo L and I,,, — M7, U are invertible, the lower linear fractional transformation (lower LFT)
of M and L is defined to be the map

F(M,:): Cm2*n2 oy ¢ > F(M,L) = My + MyoL(I — Moo L) ™" My;.
Similarly, the upper linear fractional transformation (upper LFT) of M and U is defined to be the map
F(M,:): C™*m y CM2X™m2 - F(M,U) = Mag + Moy U(I — M11U) ™" Mo,

In Chapter 4, LFT’s will allow us to give representations of the connections of controllers to linear systems.
We now define the Redheffer star product which will allow us to give representations of the interconnection
of two linear systems (see page 52 in Section 4.1).

Definition 2.2.9 (Redheffer star product).
Given two block matrices M and N with compatible dimensions

My My
My Moo

Nii Nio

M =
{ Na1 Nao

:| c R(n1+n2)><(m1+m2)’ N = |: :| c R(m2+m1)><(n2+n1)7

such that I,,, — M2 N1; and I,,, — N11 Moy are invertible, the Redheffer star product of M and N is defined
as

M N = My + MioNy1 (1, — Moo N11) ™t Moy Mis(Im, — N11Maz) ™1 Nyo
' Noi (1, — Moo Nyp) ™t Moy Nag + Noy Moo (I, — N1pMao) ™' Mo
_ F(M, N11) Mio(Im, — N11Maz) "' Nyo
Nai (I, — Moo Nyp) ™' Moy F(N, Mas)

2.3 Block Matrices and Prescribed Zero-Patterns

In this section we are interested in classes of block matrices with prescribed (block) zero-patterns, which are
not necessarily square, but are closed under (block) matrix multiplication, provided the sizes of the blocks
are compatible. In order to ease notation, we will define sets of block matrices and super-block matrices
using so-called partitions and sub-partitions.

Definition 2.3.1 (Partition of n).
Given some n € Z, we will say n = (n1,n2,...,n,) € Z-_is a partition of n if |n| := ny +na+...+npy = n.

Consider partitions n = (nq,n2,...,npy) € Z% and m = (m1,ma,...,mq) € Z% of n = |n| and m = |m|
respectively. With G = [G;;] € R2*™, we mean that G is an n x m matrix and a p x ¢ block matrix whose
i7" block G;; is a n; x m; matrix, that is,

R2XM . — {G = [G”] e R™*™ . Gij S Rnixmj}.
If r € Z% is another partition, then the block matrices G € R2*™ and H € R are said to be compatible

for block matriz multiplication HG and in that case the product HG is in RZ*™ These ideas are illustrated
in the following example.

15



Example 2.3.2.
Consider the partitions n = (2,3), m = (1,3,2) and r = (1,1) and the block matrices G = [G;;] € R2*™
and H = [Hy;] € RE*2 given by:

110 1 0|1 1
0lo 0 1]/0 0
G=|1]l0 1 01 0 and H (1)(1)(1)(1)(1)
111 0 1|1 0
110 1 01 0

Here, for example, the blocks G13 and Ho; are given by

G13 = l:é (1):| and H21 = [0 O]

The block matrices G and H are compatible for block matrix multiplication and their product is given by:

3/0 3 1[3 1 :
HG = REX,
¢ {11 0 1)1 0}6

Definition 2.3.3 (Sub-partition of n).
Given some n € Zy, we will say it = (1,19, ...,10,) € Z'? is a sub-partition of n if (ni,ng,...,n,) € Z8 is
a partition of n and for i = 1,2,...,p, each n; = (n},n?,...,nl) € Z is a partition of n; into r parts.

Note that a sub-partition 7 is itself also a partition of n and that |7 := n{ + ... +n, = n. Let
n = (ny,ny,...,n,) € Z¥ and m = (my,my,...,m,) € Z; be two given sub-partitions. We will write
G = [[G}]] € R®™ in which case it is to be understood that G is a super-block matriz with blocks
Gi;j € RY= each of which is itself a block matrix Gy; = [G}f] € R*® ™™ with blocks G}} € R™ X™j | that is,

REE = (G = [[GI]] € R™™ : Giy = [GLy] € R™¥™ | Gl € R™X™3

Again, we illustrate these ideas with an example.

Example 2.3.4.

Consider the sub-partitions @ = (ny,n,) and m = (m;, my, ms), where n, = (2,1), n, = (1,2,1), my = (1,1),
ms = (2,1) and ms = (1,2). Then an example of a super-block matrix G in R2*™ is given by:

1:0l1 0:1]/0:1 0
0:!1/0 1:0[0:1 1
1711 00011 0
G=|0:0/0 1:0[0:0 1
1Tol1r o100
0:1/0 1:0[1:0 1
L1710 0110 0]

Here, for example, the block G23 and the sub-block G33 are given by

0:0 1
Gos= | Cos G | = 1ig 1| ™4 GB=]y 4
@ el |t

Next, we are concerned with the (block)zero structure of (block)matrices as determined by a binary
relation. Given a binary relation 7 = (P,T) with P = {1,...,p} for some positive integer p, define the set
of matrices

Ir :={G = [g;j] e RP*P: g;; =0 if {k € P: (j,k), (k,i) € T} = 0}.
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By the theorem on page 258 of [7] and the subsequent remark on page 259 it follows that the set Z7 forms a
subalgebra of RP*? if and only if the relation 7 is transitive. It is then referred to as the incidence algebra
associated with 7. If P = (P, *) is a poset, then Zp is a unital matrix algebra which can also be written as

Ip ={G = [9;] € RP*P: g;; = 01if j £ i}.

By analogy of the incidence algebras defined above, we define the following set of block matrices with a
block-zero-pattern prescribed by a partial order.

Definition 2.3.5 (Block incidence vector space).

Given a pair 7 = (P,T), with P = {1,...,p} and T a relation on P and partitions n,m € Z% , we define the

block incidence vector space I%Xm C R2X™ a5 the subspace

I = {G = [Gy] e RE™: Gy = 0 if {k € P: (j, k), (ki) € T} = 0}.
If the binary relation T is reflexive and transitive (that is, a pre-order), then
IF™ = {G = [Gy] e R¥*™: Gy = 0if (5,4) ¢ T}
Similarly, if the binary relation T is also anti-symmetric, so that we have a poset P = (P, ), then
Ip ™ = {G = [Gy] e RE™: Gy = 0if j # i}

The fact that the set P = {1,2,...,p} is also ordered is not relevant to us, the choice to indicate P in
this way is just to clarify the relation to the columns and rows of the block matrices. Furthermore, since we
only consider finite sets, P can always be take in this form.

Example 2.3.6.
Consider the posets P3 and Ps given in Example 2.1.5 and partitions n,m € Z% . The matrices G and H given
below exhibit the block zero structures of matrices in the incidences spaces I%:m and I%sxm respectively:

Hy,; 0 0 0

Gll G12 G13
G = 0 Gao 0 and H = ; H022 IZ? 8
0 0 G33 31 33

Hyy Hy 0 Hy

The numbering of nodes of a poset P can always be done in such a way that the matrices in the
corresponding incidence spaces are block lower triangular (for example, for the poset P in Example 2.3.6
if we reorder (1,2,3) — (3,2,1), then G will be lower triangular). This is not necessarily the case for pre-
orders as anti-symmetry is required to guarantee for this to happen. Note that this also means that the
Hasse diagrams corresponding to posets, have no directed cycles (see also Section 5.1).

By arguments similar to those in [7] it follows that if T is reflexive and transitive, then the block zero
structure is preserved under block matrix multiplication, provided the block matrices are compatible for
block matrix multiplication. The block zero structure is also invariant under inversion (since the inverse
of an invertible matrix A is contained in its double commutant {A}"”). These facts are summarized in the
following proposition.

Proposition 2.3.7.
Let T = (P,T) be a pre-order with p elements and let n,m,r € Z% be given partitions. If G € Iffrxﬁ and
H € IF™, then GH € IF™. If G € I and det G # 0, then G~' € I,

Throughout this thesis we work with block compressions associated with subsets of P. Note that we
have defined partitions in such a way that zero entries are permitted. It will be convenient to define block
compressions by simply setting some of the entries in the partitions equal to zero.
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Definition 2.3.8 (Compressions of block matrices).
Let P ={1,...,p} and let R, S C P. Let G € R2*™ for partitions n,m € Z' . Then G(R,S) denotes the
block matrix in R2r*™s where

. 0 ifjé€R

ng = (N1,R,---Np,r) € ZE, with nj,R:{ e if;iR
j

. 0 ifjegs

mg = (mi,s,...,mgs) € Z%, with mjs = { - if; zS
j

and where G(R, S) = [Gyj]i,j=1,... p is defined by

Gij=G,;; ifieRandjelS and Gi; vacuous ifi ¢ Rorj ¢ S.

If R is a singleton, say R = {i}, we write G(i, S) and likewise if S = {j}, we write G(R, j). For one-sided
compressions, we follow MATLAB® notation, and write G(:, S) in case R = P, or G(R,:) in case S = P.
The following example illustrates the ideas in Proposition 2.3.7 and Definition 2.3.8.
Example 2.3.9.
Consider the poset Py in Example 2.1.5 and partitions n,m,r € Z as well as matrices G € Ip, ™, H € Ip. ™"
and K € Zp ", Looking at the product GH, we have

G111 0 0 Hyq 0 0 G11Hqq 0 0
Go1 G2 O Hy1 Hyp 0 | = |GorHii +GoaHar GagHoo 0
Gz 0 Gs3| [H; 0 Hss Gz1Hi1 + GazHzy 0 G33H3s

which illustrates that GH € I%IXK. Similarly, if the inverse of K exists, then by equation (2.6)

K, 0 07" Kt 0 0

Ky Ky 0O = |-Kyp KauK;' Ky' 0

Ky 0 Ky ~Kp'Ks Kb 0 Kgy
nxXn

and again, we see that K1 € 75,

Consider the poset Ps = (Ps, =) in Example 2.1.5 and partitions n,m € Z_ as well as a matrix H € I%:m

such as in Example 2.3.6. For P5, we have |1 = {1, 3,4}, 13 = {1,3}. Thus

Hyy
H; 0 0 0
H(|1,1) = |Hs |, H(13,:) = Hi 0y, o ™ H(4,2) = Hys.
Hyy

By standard matrix multiplication it follows for matrices G € RZ*2 and H € R2*™2 that (GH)(i,j) =
G(i,:)H(:,7). The following theorem is an important result on block compressions of products of block
matrices where the matrix on the right is in a block incidence space. In particular it follows that if G € RT*2
and H € I, then (GH)(i,j) = G(i,1j)H (1], j), because if k ¢ |j, then H(k,j) = 0 and hence has no
influence on the entry (GH)(i, 7).

Theorem 2.3.10.
Consider a poset P = (P, =) with P = {1,2,...,p}, partitions n,m,r € ZX_ and subsets Q,S C P. For any
block matrices G € RE*% and H € R2*™ we have

1. If H € T2, then (GH)(Q, S) = G(Q,R)H(R, S) for any subset R C P with |.S C R.
2. If G € 5", then (HTGT)(Q,S) = HT(Q, R)GT(R, S) for any subset R C P with 1S C R.
In particular, (GH)(Q,S) = G(Q, LS)H(S,5) and (HTGT)(Q,S) = HT(Q,15)GT(15, 5).
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Proof.

1. Assume that H € Z3*™. The block matrices (GH)(Q,S) and G(Q, R)H(R,S) are equally sized.
Therefore, they are equal if the corresponding block entries (GH)(%,j) and G(i, R)H(R, j) are equal
for each i € Q and each j € S. For j,k € P, if k ¢ |j, then j  k and thus Hy; = H(k,j) = 0. Let
i € @Q and j € S be arbitrary. Assume that [S C RC P. Now |j C LS CR,soif k ¢ R, then k ¢ |j.
Hence H(k,j) = 0 if k ¢ R. With this in mind, we now consider the (4,7)"" block entry of the block

matrix GH:
(GH)(’L,]) _ G(i, P)H(P,j) — Z G(i7 k)H(k‘7J) = Z G(i, kJ)H(]{,j) + Z G(’i, k)H(kvj)
=1 k¢R kER
=0+ Y _ G(i,k)H(k,j) = G(i, R) H (R, j),
kER

which is what we had to show.

2. Assume that G € Z5*™. As with the proof of 1, we need to show that (HTGT)(i, j) = HT (i, R)GT(R, j)
foreachi € Q andeachj € S. For j, k € P,ifk ¢ 1, then k ¥ j and thus G, = G(j, k) = GT(k,j) = 0.
Let i € Q and j € S be arbitrary. Assume that 1S € R C P. Now 1j C 1S C R, so if k ¢ R, then
k ¢ 1j. Hence GT(k,j) =0if k ¢ R. Thus

(HTGT)(i,j) = HT(i, P)GT(P,j) = Y  HT(i,k)GT (k, j)

k=1
=Y HT(i,k)GT(k,§) + Y H(i,k)GT(k, j)
kER k¢R
= > HT(i,k)GT(k,j) +0 = HT(Q, R)GT(R, ),
kER
which is what we had to show. O
Finally, we define the block identity matrix I, € R®*2 with respect to a partition n = (ny,...,n,) € Z5

as the block diagonal matrix in R2*2 with n; x n; identity matrices as diagonal blocks. Then, for any S C P,
the matrix I,,(:, S) can be viewed as the embedding of R%s into R® and I,,(S,:) as the projection from R®
onto R2%s.

The following result about the inverse of a block compression of an invertible matrix now follows easily
from Theorem 2.3.10.

Corollary 2.3.11.
If A€ I%Xﬂ is invertible, then

Al L)t = AT, L)
for each j € P.

Proof.
Since }(}j) = 7, it follows from Theorem 2.3.10 that for any j € P,

In(4,45) = (AA™Y (U4, 19)
AL LN AT L), 1)
AL 5 AT (LG L)

Similarly, Io(4, 1) = A1 (4, 1) AW, 1) Thus A(LG, 1) " = AL, ). O

19



Corollary 2.3.12.
Let H € I%Xm. For any S C P, we have H(R™s) C R™s. In particular, if m = n, then R™s is an
H -invariant subspace.
Proof.
Apply Theorem 2.3.10 with G = I,,, @ = P and S = |.S. This gives
Therefore, we have

H(R™s) =ImB(:,]S) = Iml,(:, .S)H (S, ]S) CImI,(:,]S) = R™%s. O
Definition 2.3.13 (Canonical shuffle).
Consider the set {1,2,...,kp} for k,p € Z and the numbers

=G —1)p+s and ¢ =(s—Dk+i (2.8)

fori=1,...,k and s = 1,...,p. Then the canonical shuffle ~ is the permutation on {1,2,..., kp} defined
by y(€5) = q..

Example 2.3.14.
Suppose k = 2 and p = 3, then the following table illustrates the canonical shuffle v : £5 + ¢% on the set
{1,2,...,6} withi=1,2 and s =1,2,3:

ils | E=({—Dp+s|v) =g =(s—1Dk+i
11 1 1
12 2 3
13 3 5
2|1 4 2
22 5 4
213 6 6

Definition 2.3.15 (Block canonical shuffle matrix).

Given a sub-partition @ = ((ni,...,n}),...,(n},...,nh)), define

n=((ng,....n}),...,(nY,...,n¥)) and let £ and ¢’ be as in (2.8). We define the block canonical shuffle
matriz associated with @ to be the block matrix I'y € R2*2 given by

rE:[ElT Bl o El i - E;k},

where E i € R™ * ig the 1 x kp block row matrix, whose (¢1)* block entry is the identity matrix I,s. Thus
Ir(:,65) = E; and Ty(ql,:) = Eps for i=1,2,...,kand s = 1,2,...,p or equivalently, Tr(q’, £;) = Iy:.

Example 2.3.16.
Suppose @ = ((ni,n?,n3), (ni,n3,n3)) is a sub-partition of n. Let v : £; — ¢% be the canonical shuffle as in
example 2.3.14. Then the block canonical shuffle matrix associated with @ is given by

[ L,y 030000 ]
00()1"00
oo |0t 0000 e
" 01050 ojfngio
0:0 (L[ 01010
L 000070 ;|

where 7 = ((n{,n3), (nf,n3), (n},n3)).
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By inspection, it is clear that TLT'y = I,, and I'zI'L = I,, so that I'T = T'-' = T'z. This also follows from
the next lemma, which shows that left- multlplylng by I'z shuffles the block rows of a super-block matrix
according to the canonical shuffle and that right-multiplying a super block matrix by I'T shuffles its block
columns. a

Lemma 2.3.17.

Letm = ((ni,. ca ) (ng,...,nh)) be a given sub- -partition and let n = ((ni,...,np)s. ., (nf,...,nh)).
Let v : €7 — ¢’ be the canom’cal shuffle with £ and ¢ as in (2.8). Let T'y be the block canonical shuffle
matriz assoctated with . If r = (r1,...,7p) and m = (m1,...,my) are partitions and we have matrices

G € REX™ gnd H € REXZ then
(FEG)(Qia :) = G(Zf, :) and
(TzG) € REX™  gnd

T o
=
3= 1314

)¢, ¢b) = H(:,£5)  and hence

) € REXZ,

In particular, if K € R2*Z then (IzKIL) € R2XZ gnd (FEKF%)(qg,qg) = (Ef,ﬁ;) fori,j=1,....k and
s, t=1,...,p - B

Proof.
Suppose G € R2*™_ Then by definition of the block canonical shuffle matrix I'z and the block row matrices
Ey: and by theorem 2.3.10, we have that

(F G)(st' [ qs?' G(vl) FE(Q; )G( ap)]
[EKSG 1) EgeG( ,p)]
=[G5,1) ... 5p)]
=G(4,:).
The proofs for (HT'Y)(:,¢%) = H(:,£5) and (I‘EKI%)(qg,qg) K(¢3,0%) follow similarly. O

The following example illustrates the idea captured in Lemma 2.3.17. Multiplying on the left and right
with the block canonical shuffle matrix and its transpose respectively, shuffles the block entries of a super
block matrix in a natural way.

Example 2.3.18.

Let m and I'y be the sub-partition and associated block canonical shuffle given in Example 2.3.16. If A =
[[A}7]] € RP*™ is given by

1 1 € R2*2

then

AL T AL | A2 0 A2 | A3 0 A28 o
11 12 11 12 11 12
[RATL = |- e R Lol R Sreos| e REXE

where 7 = ((n{,n3), (nf,n3), (n},n3)).
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The following result now follows from Lemma 2.3.17 and shows that if a super-block matrix has block
entries that all have the same zero-pattern, then left multiplying by the block canonical shuffle and right
multiplying by its transpose, transfers the zero-pattern the super-block level.

Corollary 2.3.19.

Suppose T = (ﬂl’”"ﬂk) € Z* where n; = (nll,,nf) € ZP and r = (7"17---77"17) € ZP and m =
(m1,...,my) € ZP are sub-partitions and partitions of n, r, m. Ifn = ((ni+...+ng),..., (nf+...4+nk)) € Z?
and
A = [[A7]] e REE, B =[B}"] e RP¥™ and C =[[C"]] € REXE, with
Aij = [A’fjt] € I?’iXEja B; = [Bf'| € I%Xm and Cj = [C’;t} c Ig_xﬂj

fori,j=1,... k and some relation T = (P,T) with P ={1,...,p}, then
(PgALD) € 7, (IgB) € Iy and (CTL) € 75"

Proof.
Define 2 = ((ni,...,nt),...,(nf,...,nL)) and let v : £§ — ¢’ be the canonical shuffle for i = 1,...,k and
s=1,...,p. Then 0 is a sub-partition of 7 and by Lemma 2.3.17, (TzAT']) =: A = [Ay] = [[A}}]] € R2*2 C
R™*™ with

A = Algs, k) = A, 65) = A3
fori,j =1,...,k and s,t = 1,...,p. Suppose A;; = [A]] eIﬂﬂr"Xﬂj for 7,7 =1,...,k. Then gzsjt = A5 =0
if {r € P: (t,r),(r,s) € T} =0 for 4,j = 1,...,k and s,t = 1,...,p. And hence Ay = [A?t] = 0 if

{r € P: (t,r),(r,s) € T} = 0. This shows that A = [Ay] € Z". The proofs that (I'zB) € Zr™ and

(CTL) € ZF" follow similarly. O

Example 2.3.20.
Consider the binary relation 7 = (P,T) where P = {1,...,6} and T' = {(1,1),(2,2),(2,3),(3,1)} and let
n = ((nt,n?,n?), (nd,n3,n3)). Suppose A = [[Aj]f]] € R®X2 is given by

(AL 0 AR A 0 AR
0 AR 0 |0 AR 0
Lo |0 AR o [0 tag o
Aty 0 1A | An i 0 1AR
LOARE OO AR 0
L0 AR 0 | 0 1A 0 |

Then A = [Af]] € Ig—ixﬂj for i,7 = 1,2. Let I'z be the block canonical shuffle matrix associated with 7.

Then, when we compute I'zAI'T. we see that

[ Al Ap | 00 0 | AR AR
Al Ay 0 0 AR AR
0 0 Azi Aig 0 0
0 0 |AZ AZ| o
0 0 Aii Agg 0
0 0 |A® 43| o

PzATL = € Ip",

o OO

where 7i = ((n{ + n3), (n{ + n3), (nf +n3)).
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2.4 Hardy Spaces

This subsection gives a brief review of Ha and H ., spaces. This summary is based on chapter 4 of [56]. As is
well known, the transfer functions of causal LTI systems correspond with proper rational matrix functions,
which, in the case that the functions are also stable, form a subspace of Ho, or Hs (in the strictly proper
case). We make use of the || - ||2-norm in a later chapter on optimal control (Chapter 4).

The Hilbert space £5*™ (iR) is defined to be the space of Lebesgue measurable matrix-valued functions

~

F : iR — C™*™ guch that the following integral on the imaginary axis is bounded:

/00 trace [F(iw)* F (iw)] dw < oo,

—00

where * is the conjugate transpose of a complex matrix. We will write £5*"™ instead of £5*™(iR) and if

the size of the matrix function is clear from the context, we simply write Lo, and similarly for other classes
of matrix functions, which we will define shortly. The inner product on £ is defined as

)

(F,G) := S /OO trace [F(iw)* G (iw)] dw.

21

—00

We note that

(F,GH) = 2i trace [F(iw)* G (iw) H (iw)] dw
™ —0o0
1 oo

o | trace (G (iw)* F(iw))* H (iw)] dw

= (G*F, H)

The above inner product induces the following 2-norm on £5*™:

|E|l2 :=\/(F,F) = \/2177 /_00 trace [F(iw)* F (iw)] dw. (2.9)

By the properties of the trace it follows that

IET]l2 = ¢ o / " trace[((F(iw)T)* (Pi)7] d

_ \/;ﬂ /Z trace[(ﬁ(iaJ)(ﬁ(iw))*)T] dw (2.10)

1 [ N
= \/27r Lm trace [F (iw)* F (iw)] dw
= [1F]2

The (closed) subspace Hy ™ C L5*™ consists of matrix-valued F': C — C™*™ that are analytic on the
open right-half plane Ct = {¢ + iw € C : 0 > 0}, with corresponding norm

~ 1 [ ~ ~
| |3 :sup{/ trace [F™ (o + iw)F (o + iw)] dw}.
o>0 21 — 00
It can be shown that the Hs-norm is the same as the L£o-norm, so that
~ 1 [ ~ ~ ~
| F||2 = 2—/ trace [F(iw)* F(iw)] dw for F' € Ha.
T

—0o0
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The space (H5 ™)L is the orthogonal complement of H5*™ in £5*™. In fact, Hy is the closed subspace

of Lo that consists of matrix valued functions F : C — C"*™ that are analytic on the open left-half plane
C ={o+iweC:0<0}.

The set £2™(iR) is the Banach space of matrix-valued functions F : C + C"™™ that are essentially
bounded on the imaginary axis iR, with norm

| F||oo := ess sup (trace [ﬁ(zw)*ﬁ(zw)]) .
w€eR

The closed subspace Hoo C Lo (iR) consists of functions that are analytic and bounded on the open right
half-plane C* with norm

| Fllo := sup (trace [ﬁ()\)*ﬁ()\)]) = esssup (trace [ﬁ(zw)*ﬁ(zw)]) .
Re(A)>0 weR

Similarly, the closed subspace H, C L (iR) consists of functions that are analytic and bounded on the
open left-half plane C~ with norm

1Pl == sup (trace [ﬁ(A)*ﬁ(A)]) — ess sup (trace [ﬁ(m)*ﬁ(m)}) .
Re(A\)<0 weR

We will use the prefix R to indicate the subspace of real rational matrix functions, so that

e RH, is the subspace of Ho that consists of strictly proper real rational stable matrix functions (that
is, all the poles are in the open left-half plane).

e RH7 is the subspace of Hs that consists of strictly proper real rational anti-stable matrix functions
(that is, all the poles are in the open right-half plane).

e RH is the subspace of Ha that consists of (not necessarily strictly) proper real rational stable matrix
functions. So RHs C RH -

o RH_, is the subspace of Hy that consists of proper real rational anti-stable matrix functions.
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Chapter 3

Linear Systems

In this chapter, we give a review of some concepts and results related to causal linear time invariant (LTI)
systems. Although it is difficult to find a single source that summarizes all the results, more information can
be found in [8], [13] and [56]. We include some proofs for the sake of clarity and completeness or because the
proof illustrates an idea that will be utilized later on. In the section on operations on systems (Section 3.5),
we include some results which will be used in later sections in computations. Specifically, Lemmas 3.5.1,
3.5.5 and 3.5.6 are stated with proofs and are useful for computations later in the thesis.

3.1 Rational Matrix Functions

Recall that a polynomial matrix A(\) of degree n and size m is a function A : C — C™*™ of the form
AN) = Ag+ A h + ...+ AT,

where A; € C™*™ for each j = 1,...,n. In Definition 2.2.1, we defined the companion matrix associated
with a real monic polynomial p. The characteristic polynomial of the companion matrix of p is exactly the
polynomial p. By analogy of Definition 2.2.1, given a real monic polynomial matrix

n—1

L) = ATy + A" 'Ly oy 4.+ ALy + Lo = AT, + >N,

§=0
where L; € R™*™ for j =0,...,n—1, its block companion matriz is defined to be the matrix G € R™"*™"
given by:

0 Iy 0 0
0 0 I, 0
G=|: : " :
0 0 0o ... I,
—Ly —Ly —Ly ... —Lj_1

As in the scalar case, it can be shown that
pa(A) =det(L(X)),  AeC,

in particular, the zeroes of the scalar polynomial det(L())) coincide with the eigenvalues of G.
A real rational function w: C — R is the quotient of two real polynomials p (of degree m) and ¢ # 0 (of
degree n):

P _ pmA™ + AT+ 4 pid +po

w(A) = .
9 q(A) @A+ @ A" g+ Qo

(3.1)
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In equation (3.1), it is assumed that p and ¢ have no common factors. The rational function w has a zero
at Ao if p(Ao) = 0 and a pole at g if g(Ao) = 0. If w(oo) := lim|y| 00 w(A) exists (equivalently if m < n),
then w is a proper rational function. If w(oo) = 0 (equivalently m < n), then w is a strictly proper rational
function. A proper rational function w can be written as

_n()
w()\) B q1(N)

where the degree of the polynomial p; is strictly less than that of the polynomial ¢;.

Similarly, a matrix function W = [w;;] : A — [w;;(N)] is real rational matrix function if each of its entries
wj; is a real rational function and we say W has a pole at Ag if any w;; has a pole at A\g. Furthermore, W is
proper if lim)y| oo W(X) =: W(00) exists and strictly proper if W(oo) = 0. As in the scalar case, a proper
rational matrix function can be written in terms of matrix polynomials and the limit at infinity.

+w(o0),

Proposition 3.1.1 (cf. the proof of Theorem 2.3.3 in [13]).
If W is a proper real rational matriz function, then

W(N) = HANLA) ™+ W(o0)

for a matriz polynomial H and a square monic matrixz polynomial L of degree strictly greater than H.

3.2 Transfer Functions and State Space Realizations

The following summary is based mainly based on [13] and [8]. More details on transfer functions and state
space realizations can be found in these sources. A continuous time (that is t € [0,00)) causal linear time-
invariant (LTI) input-output system 3 with inputs u(¢) € R™ and outputs y(t) € R" and with input-output
map Gy : u+— y has a state space realization if there exists a positive integer n € Z, a state x : [0, 00) — R
and matrices A € R"*", B € R"*™ (C € R"™"™ and D"*™ such that the solution of the system of equations

. {x'(t) = Axz(t) + Bu(t),

y(t) = Cx(t) + Du(t), 2(0) =m0 20, (3.2)

gives y(t) = (Gx(u))(t) for t > 0. In this case we write ¥ ~ (A, B,C, D) to denote that (3.2) is the state
space realization of the system Y. If A € C is not an eigenvalue of A, that is A € p(A4), then (A — A)~1

exists and the system (3.2) has a transfer function W given by
WA =CA—A)"'B+D  for A€ p(A). (3.3)

Taking the Laplace transforms u and g of the input u and output y, the transfer function /V[7, gives the
input-output relationship ¥ = Wu in the special case that 2(0) = 0. Consequently, an input-output system
Y has a state space realization determined by (A, B, C, D) if its transfer function W is given by equation
(3.3). By Cramer’s rule,

adj(A\I — A))
det(M — A)

where adj((AI — A)) is the adjugate of (AI — A). Recall that the adjugate of an n x n matrix is the
transpose of its cofactor matrix and that it has order less than n. On the other hand, det(Al — A) is the

characteristic polynomial of A, which has order n. As a consequence, the transfer function W in (3.3) of a

(A — At =

system X ~ (A, B,C, D) is a proper real rational matrix function (and Wis strictly proper if D = 0). The
following well-known theorem asserts that the converse also holds.

Theorem 3.2.1 (cf. Theorem 2.3.3 in [13]).

IfI//V\ is the transfer function of causal LTI system X, then X has a state space realization if and only zfﬁ/\
is a proper real rational matrix function.
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3.3 Controllability and Observability

Consider an LTI system ¥ ~ (A, B,C, D) as in (3.2). The state equation of the system is
z(t) = Ax(t) + Bu(t), x(0) = xo, t>0. (3.4)

For any given initial state xg, the state x at a final time ¢ > 0 and any valid input « : [0,¢] = R™ can be
obtained by the classical integral formula

¢
z(zo,u,t) = el —|—/ eA=7) Bu(r) dr.
0

The system X, or equivalently the pair (A, B), is controllable if it is possible to steer any initial state to any
other state in any given non-zero time by the appropriate choice of input.

Definition 3.3.1 (Controllable (cf. p.28 in [50])).
The system ¥ ~ (A, B,C, D), or the pair (4, B), is said to be controllable if for any initial state 2(0) = =y,
final time ¢; > 0 and final state £ € R”, there exists a valid input « : [0,¢] — R™ such that x(zg, u,t1) = &.

The related concept of reachability is concerned with the same question, except that the initial state
is taken to be zero, that is, g = 0. In the case of causal continuous time LTI systems, it turns out that
controllability and reachability coincide.

Definition 3.3.2 (Reachable, reachable set (cf. p.63 in [3])).
A state £ € R” is said to be reachable at time t > 0 if there exists a valid input function u such that
2(0,u,t) = &. For any fixed time ¢, the reachable set R is defined as

Ri={£ € R": 2(0,u,t) = & for some valid input function u : [0, 00) — R™}.
Due to the linearity of the state equation, the reachable set R, is a subspace of the state space.

Definition 3.3.3 (Controllability matrix, controllable subspace).
The controllability matriz C(A, B) associated with the matrix pair (A, B) is defined to be

C(A,B)=[B AB A?B ... A" !'B] eR™V™™,
The reachable subspace R(A, B) is defined to the image of the controllability matrix C(A, B), that is,
R(A,B)=Im[B AB A’B ...A""'B].
Yet another concept associated with the state equation is the controllability gramian.
Definition 3.3.4 (Controllability gramian).
For each ¢t > 0, the (time dependent) controllability gramian of a matrix pair (A, B) is the n X n matrix
t
X = / eATBBTeAT dr

0

and the controllability gramian of a matrix pair (A, B) is the n x n matrix

X, = / eA"BBTeA™ dt.
0

These Gramians are also solutions to the Lyapunov equations AX + X AT+ BBT =0 and ATY + YA+
CTC = 0 (see Theorem 3.6.3). It turns out that the previous three concepts are intimately connected.
Indeed, for each ¢ > 0, it holds that (see for example Theorem 2.2 in [3]),

Ri = R(A,B) =Im X! = Im X,.

Due to this result, there is no ambiguity in referring to R(A, B) as the reachable subspace. The following
theorem gives equivalent conditions for controllability. In particular, it follows that controllability and
reachability coincide, that is if you can reach any state from zero in any given finite time, then you can also
reach that state in the same time from any other initial state.

27



Theorem 3.3.5 (cf. example Theorem 3.1 in [56]).
The following statements are equivalent

1. The pair (A, B) is controllable;
R(A,B) = R";
The controllability matriz C(A, B) has full row rank n;

Xt >0 for any t > 0;

A N

X.>0.

Since the reachable space R(A, B) is the image of the controllability matrix, this gives a simple way to
determine whether a system is controllable or not. The following theorem provides an alternative method
for checking the controllability of a system.

Theorem 3.3.6 (Popov-Belevitch-Hautus (PBH) test (cf. Theorem 2.14 in [8])).
The pair (A, B) is controllable if and only if for each A € C it holds that

rank [A — Al B] =n.
In light of the previous theorem, the following definition is made.

Definition 3.3.7 (Controllable eigenvalue).
Suppose A € R" ™. An eigenvalue A of A is said to be a controllable eigenvalue of A if

rank [A — A B] =n.
If A does not satisfy the above condition, then it is said to be an uncontrollable eigenvalue.

Hence, the PBH test can be restated as follows: the pair (A, B) is controllable if and only if each eigenvalue
of A is controllable.

If we apply a static state feedback u(t) = Fuz(t) for some F' € R™*"  then the state equation (3.4)
becomes

#(t) = (A+ BF)z(t),  2(0) = zo.

The question of eigenvalue assignment is whether we can specify the eigenvalues of A+ BF' exactly by choice
of F. That is, given values A1, ..., A, € C (with complex numbers coming in conjugate pairs), is it possible
to find a F' € R™*™ such that 0(A + BF) = {\1,..., A, }? The answer is that this is possible exactly when
(A, B) is controllable.

Theorem 3.3.8 (cf. Theorem 2.19 in [8] and Theorem 3.1 in [56]).
The eigenvalues of A+ BF are freely assignable by choice of F if and only if (A, B) is controllable.

In particular, we may want to choose F' in such a way that all the eigenvalues of A + BF have negative
real parts, that is, such that A + BF' is Hurwitz.

Definition 3.3.9 (Stabilizable).
The pair (A, B) is said to be stabilizable if there exists a F' € R™*™ such that A + BF is Hurwitz.

As a corollary to the PBH test, we have the following result. This shows, that in order to test for
controllability, we only have to apply the PBH test for eigenvalues with non-negative real parts.

Corollary 3.3.10 (cf. Corollary 2.15 in [3]).
The pair (A, B) is stabilizable if and only if

rank [A — A B} =n, for all X € cr.
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We now turn to the dual notions of observability and detectability. In contrast to controllability, where
we considered a system (3.4) without an output y(t), we now consider a system without an input u(¢):

x(t) = Ax(t), x(0) =z

The second fundamental question in this section, that of observability, is concerned with whether we can
determine the value of the initial state xy by measuring the output y(t) over some time interval. Clearly,
the output at any given time ¢ > 0 can be solved by y(t) = Ce?txy.

Definition 3.3.11 (Observable).
A system ¥ ~ (A, B,C, D), or equivalently, the pair (C, A) is said to be observable if at any given time
T > 0, it is possible to determine the initial state xo from the outputs y(¢) over the time interval [0, 7.

Definition 3.3.12 (Observability matrix, unobservable subspace).
The observability matriz associated with the pair (C, A) is defined to be

C
CA
O(C,A) =
C«An—l
The unobservable subspace N'(C, A) is defined to be the null space of the observability matrix, that is
N(C,A) =kerO(C, A).
Definition 3.3.13 (Observability gramian).
For each t > 0, the (time dependent) observability gramian of a matrix pair (C, A) is the n X n matrix
¢
vi= [ errenoet dr
0

and the observability gramian of a matrix pair (C, A) is the n x n matrix
0 T
Y, = / e CTCeM dt.
0

As is well known, the concepts of controllability and observability are dual notions in the following sense.

Theorem 3.3.14 (cf. Proposition 2.21 in [3]).
The pair (C, A) is observable if and only if (AT,CT) is controllable.

As a consequence, via duality, we obtain results about observability from those about controllability.

Theorem 3.3.15 (cf. Proposition 2.22 in [8] or Theorem 3.3 in [56]).
The following are equivalent:

1. (C, A) is observable.
2. Yr >0 for anyt > 0.
3. ker O(C, A) = {0}.

4. rank {A _C/\I] =n for all A\ € C (PBH test).
5. The eigenvalues of A+ LC can be freely assigned by choice of L.
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Similarly, the dual notion of stabilizability is detectability.

Definition 3.3.16 (Detectable).
The pair (C, A) is said to be detectable if there exists an L € R™*" such that A+ LC' is stable.

Theorem 3.3.17 (cf. Theorem 3.4 in [50]).
The following are equivalent

1. (C,A) is detectable.

A—AI
C

3. (AT,CT) is stabilizable.

2. rank{ ] =n for all \ eC'.

3.4 Equivalent Realizations, Minimality and the Kalman Decom-

position
This section is based mainly on [56]. The concepts studied in this section were first developed by R.E.
Kalman in [19]. We consider a continuous time causal LTI system ¥ with input-output map Gy : v — y

with u(t) € R™ and y(t) € R" for all ¢ > 0. Recall that a state space system
x(t) = Az(t) + Bu(t), z(0) =xg
y(t) = Cx(t) + Du(t), t>0,

with z(t) € R™*™ for t > 0, may be solved to obtain

¢
y(xo,u,t) = Cettlag +/ CeA'=") Bu(r) dr 4 Du(t).
0

Also recall that (A, B, C, D) is a realization of Gy, written ¥ ~ (A, B, C, D), if
Gs(u(t)) = y(zo,u,1)

for each initial state xq, each input function u and each time ¢ > 0. We now consider the case where xy = 0
and define equivalent realizations as realizations which give the same input-output map.

Definition 3.4.1 (Equivalent realizations).
Suppose that A € R"*" A e Rm*™ B e R™™ BeR™"*™ (CecR™ CeR™ and D,D € R™*" for

some n and n;. We say that (A, B,C, D) and (A, B,C, D) are equivalent realizations if
¢ ¢ B B
/ CeA=7) Bu(r) dr + Du(t) = / CeA=7) Bu(r) dr + Dul(t)
0 0

for all inputs u : [0,00) = R™ and all times ¢ > 0.

Due to the matrix exponential appearing in the above integrals, an alternative characterization of equiv-
alent realizations may obtained.

Lemma 3.4.2 (cf. Lemma 2.25 and Lemma 2.26 in [8]).
Two realizations (A, B,C, D) and (A, B,C, D) are equivalent if and only if D = D and

Ce'B = aegté forallt >0
if and only if D = D and

CA*B=CA*B  for allk > 0.
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Among all equivalent realizations we are interested in finding those which are optimal in some sense.
One sense in which a system may be considered to be optimal, is that the system matrices be of as small as
possible dimension. The dynamic order of a realization (A, B,C, D) is defined to be the dimension of the
square matrix A, that is if A € R"*" then the dynamic order of (A, B,C, D) is n.

Definition 3.4.3 (Minimal realization).
A realization ¥ ~ (A, B,C, D) with dynamic order n is said to be minimal if n <7 for all other equivalent
realizations ¥ ~ (A, B,C, D).

We are interested in finding among all equivalent realizations those which are minimal. For this we will
make use of state space similarities.

Definition 3.4.4 (State space similar).

Two realizations (4, B, C, D) and (g, B,C, l~)) are state space similar if there exists a non-singular matrix
T € R™*™ such that

A=TAT™', B=TB, C=CT ' and D=D.
In that case the matrix T is called a state space similarity.

Since CA*B = CT~Y(TAT~1)TB, it follows from Lemma 3.4.2, that all state space similar realizations
are equivalent realizations. Furthermore, controllability and observability are preserved under state space
similarity.

Proposition 3.4.5 (cf. Proposition 2.10 in [8]).
If T € R™" ™ is non-singular, then

1. (A, B) is controllable if and only if (TAT—1,TB) is controllable.
2. (C, A) is observable if and only if (CT~, TAT 1) is observable.

Recall that a subspace V C R™ is A-invariant if AV C V. If V is also r-dimensional with r < n, then it
is possible to find a non singular matrix 7' € R"*™ such that

*

TV =Im [0

} and TAT_lz[A11 Au}

0 Ay

with A1 € R™*".

Proposition 3.4.6 (cf. Proposition 2.11 in [3]).
The reachable subspace R(A, B) is the smallest A-invariant subspace that contains Im B and the unobservable
subspace N'(C, A) is the smallest A-invariant subspace that contains Im (C1).

Theorem 3.4.7 (cf. Theorem 2.12 in [8] and Proposition 2.22 in [56]).

1. If dim R (A, B) = g, then there exists a non-singular T € R™*™ such that

Ac ACE

-1 _
TAT _[O A

] and TB = [B;)C} where A, € R?*? and B, € R¥*™ (3.5)

and the pair (A., B.) is controllable.

2. If dim N (A, B) = n — s, then there exists a non-singular T € R™*"™ such that

TAT ! = {AO 0 ] and CT '= [C’o 0] where A, € R**® and C, € R"** (3.6)

Aao AB
and the pair (C,, A,) is observable.
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If the pair (A, B) is transformed into the form (3.5), then we say that (A, B) is in controllability form.
Similarly, if the pair (C, A) is transformed into the form (3.6), then we say that (C, A) is in observability form.
Suppose some realization (A4, B,C, D) is transformed into controllability form as in (3.5) by a non-singular
matrix 7" and that

CT™'=[Cy Co.
Then (A, B,C,D) and (TAT—,TB,CT~1, D) are equivalent realizations and for all £ > 0 it holds that

k
_ — Ac ACE Bc
criwaryre [ o [y 4 [

} =CAFB,.

Thus (A, B,C, D) and (A., B.,C1, D) are equivalent realizations and the dynamic order of (A., B¢, Cy, D)
is less than that of (A, B,C, D) if (A, B) is not controllable. Similarly it is possible to find a realization of
lower dynamic order than that of (A, B,C, D) if (C, A) is not observable. This suggests that the necessary
and sufficient conditions for the minimality of a realization is controllability and observability.

Theorem 3.4.8 (cf. Theorem 2.28 and Proposition 2.27 in [3]).
A realization (A, B, C, D) is minimal if and only if (A, B) is controllable and (C, A) is observable.

If a realization (A, B, C, D) is not minimal, one way of obtaining a minimal system that has the same
input-output map goes through the famous Kalman decomposition. The Kalman decomposition is a gener-
alization of the controllability and observability forms in (3.5) and (3.6). Before continuing with the Kalman
decomposition, we state the following result which gives some general identities in finite dimensional inner
product spaces.

Lemma 3.4.9.
Let Y1,Yo, ..., Vn be subspaces of a finite dimensional inner product space Y. Then
(ﬂ yl-) =3 vt (3.7)
i=1 i=1
Similarly

ﬁyﬁ = (zn: yi)J_- (3.8)

Lastly, if Py, is the orthogonal projection in Y onto Vs, then

Py, (Vi) =226 (M1 N)s). (3.9)

Proof.

The first identity (3.7) follows from extending the well known and easily proved identity (V1 N Ya)t =
Vit + V5. Since we work in finite dimensional spaces, we have (Y;")1 = J;, and thus (3.8) also follows from
(3.7). For the last identity (3.9), we note that from the first identity (3.7), it follows that

VE+Ys =Nt =Y (inde) e Vs
Projecting onto Y, on both sides yields
Py, (V1) = Py,(2 6 (V1N ) ©Y5) =V © (V1 NA),
as claimed. O

Since controllability and observability play critical roles in minimality, the state space is partitioned in
terms of the subspaces R = R(A4, B) and N' = N(C, A). Define the subspaces

X =RO(RNN), Xo:=RNON, Xo:=(R+N)t and Xg:=NoS(RNN).
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Alternative formulas X, = Pr(N*) and Xz = Py (R1) also follow from (3.9) in Lemma 3.4.9. With the
above subspaces of X we obtain the following orthogonal sum decompositions:
Xeo & Xeg = R,
X @ Xs =N,
XCO@Xca@XE:R—’_N
XCO@XCB@XEOEBX%:X
Since R and N are the smallest invariant subspaces of A that contain ImB and (ImC)*, respectively, it

follows that with respect to this decomposition of the state space, there exists an invertible matrix T" which
decomposes the system matrices A, B and C' into the Kalman decomposition of (A, B,C):

An 0 Az 0 By
A A A A B
_1_ |Aor Ay Axz Ay | B -1
TAT = \"" 0" 4, o | TB=|o| ©T =[C. 0 C3 0].
0 0 Auz Apu 0

Furthermore it holds that
1. (411, B1) is controllable and (C1, A11) is observable;
2. ({ﬁi AOZJ , [gj) is controllable and ([C’l C’g] , [AOH ﬁ;g]) is observable.
The Kalman reduction of (A, B,C, D) is the realization (A11, B1,C1, D). Now it can be seen that
CA*B = CT Y TAT YTB = C1AY By, k=0,1,..

Hence (A, B,C, D) and (A4, By, C1, D) are equivalent realizations. Furthermore, since (A;1, By) is control-
lable and (C1, A11) is observable, the Kalman reduction of (A, B, C, D) is minimal.

In Section 6.5, we will consider systems with additional structure. We will have to consider subspaces
that are larger or smaller than R and N to maintain the structure. In the setting of the Kalman reduction,
one can compress the system to a subspace of R™ which contains X, in such a way that the moments are
maintained. The next lemma provides a suggestion for such a subspace.

Lemma 3.4.10.

Consider a state space system X ~ (A, B, C, D) with reachable space R and unobservable space N'. Suppose
R CRCR" and N' CN are subspaces. Define X{ :=R" & (R' NN"). Then X., C X|. Furthermore, if
A’, B" and C' are the compressions of A, B and C to X{, then (A, B,C, D) and (A’, B',C’, D) are equivalent
realizations.

Proof.
By definition, X, = RS (RNAN). Since, R C R” and (R'NN’) C (RNN), it follows that X., C X', which
is the first part.

Next, we prove the second part. By analogy of the Kalman decomposition, define

X =R"e (R NN"),
Xy =R NN,
X5 = (R + N')-
Xy :=N'o(R'NN') = Py ((R)™h).
Then we have the following orthogonal sum decompositions:
XX, =R"
Xy ® Xy =N
XXy X, =R+ N
X DX, DXy D Xy =R
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Since R’ C R and N/ C N, we have X| C X5. Also R C R”. Thus
R'=R®Z and Xz=X3® 2,
where Z; = R" © R and Z; = X5 © Xj. This leads to the following decomposition of R™:
Rn — R// o R/u_
— (R@Zl) @RHL
= (Xeo ® X5) ® Z1 @R
=X Xy D 2D 2 ®R'.

With respect to this decomposition of X', the matrices A, B and C' decompose as:

Ay 0 0 | Aix Ass B,
Agy Agp Agz | Aag Ass By
A= | A1 Az A3z | A3 Ass |, B=| B3 |, C=[C1 0 0]|Cs C5].
0 0 0 Agg  Ays 0
0 0 0 | Ass Ass 0

The left bottom zero block in A and the zeroes in B are due to the fact that R = X, & X§ ¢ Z5 is an

A-invariant subspace of R™ that contains ImB. The two zeroes in the left upper block of A and the zeroes in

C are due to the fact that X5 = X ® Z» C N, which is an A-invariant subspace of X that contains (ImC)*.
Now we compress A, B and C to the subspace X7, which is given by

X =R"o (R NN
=(R® Z1)0 X,
=(Xo®X; D 2,8 21) 0 X,
=X ® 220D 24,

which yields the matrices A, B’ and C' given by:

An 0 Ay By
A= |Ay Ass As|, B =|Bs|, ¢'=[C 0 .
0 0 Ayy 0
It follows that A’* has the form
Ako0 *
AR = Ak x|,
0 0 Ak

with * indicating unspecified entries. Therefore, we now see that
CA*B = C1AY B, =C'A*B! k=0,1,...
Thus by Lemma 3.4.2, (A, B,C, D) and (A’, B’,C", D) are equivalent realizations. O

Remark 3.4.11.

In Lemma 3.4.10 we take R” & (R’ N A), for subspaces R’ C R C R” and N’ C N, as an upper bound for
X.o = RS (RNN). The alternative formula X,, = Pr (N ") suggests we could also consider the subspace
Pry(N'4) = R" © (R" N N”). However, for this choice, the inclusion X., C Pr~(N’1) need not hold. For
instance, one can construct a system with state space R®, reachable space R = span{e; + e + ez} and
unobservable space N’ = span{e;, ez — ez}, in which case Nt = {e3 + e3} and X, = Pr(N*) = R. Taking
R" = span{e; + es,e3} and N = N, we find that Prv(N'+) = span{3v/2(e1 + e2) + e3} which does not
contain X,,.

34



3.5 Basic Operations on Realizations

In this section we consider some basic operations on state space realizations of systems. Any LTI system
with a real rational transfer function W has a state space realization (4, B,C, D) (see Theorem 3.2.1). In
that case, it holds that

W) =CW\ —A)"'B+D, Xep(A)cCC.
We will employ the following notation for the resolvent of a square matrix A € R"*":
Da(N) = (M — AL (3.10)

Here [ is the n x n identity matrix and A € C is a complex number for which the above inverse exists. The
following lemma relays some basic identities involving resolvents. These identities will be used frequently in
subsequent proofs and computations.

Lemma 3.5.1.
Let A, X € R"*"™. For the resolvent ® 4 of A, it holds that

1. X =0, — &L ¢ (or equivalently X = &' — ®");
2. DpXPprx =DPayx — Pa (or equivalently Py x X Py =DPa — Pa_x).

Proof.
The proofs follow simply from the definition of ® 4 in (3.10):

L@t =@l v =(M—-A4)— (M —(A+ X)) =X.
2. By 1, it follows that
PAXParx = [Pa(Py' — Pl )] Parx

= [I - (PA(I)XiX](I)AJrX

=Py x —Pa.
The identities in brackets follow by replacing A with A — X. O
As in [50] and [8], the following standard notation will be used for state space realizations of proper real

rational matrix functions W:

—

W(N) = (AN =C\ —A)'B+D=Cds(\)B+D.

A| B
C|D
— A| B
We will often omit A and simply write W = o1 D =Cd4B+ D.

Definition 3.5.2 (Conjugate (Definition 3.8 [50])).
The conjugate W*(A) of a proper real rational matrix function W () is defined as

W) = (W)
where the star operation on the right is the conjugate transpose of the matrix W (—\).
We note that in taking the conjugate of ® 4, we get
PN = PA(- N = (M —A)F = (M —-A) =N+ A7) =D 4 (N). (3.11)

Again, we will usually omit A and just write ® 4 instead of ® 4()), so that ®% = —D_ 4r.
The following proposition is the main result of this section and shows how we can apply standard oper-
ations on state space realizations of systems.
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Proposition 3.5.3 (cf. pages 34-35 in [56] and page 51 in [55]).
Given state space realizations

o~

A|B
C|D

o~

’ 1=

Al B1 —
and Wy =
Cy | Dy

A2 Bg
Co | Dy |’

the following holds, assuming that the matrices have the appropriate sizes in each case:

W1 + Wz

Wi W

[ ) =

Proof.

A O By T
=| 0 A By =D1+4 Dy +C1P4,B1 + Co® 4, By;
L C1 G ‘ D1+ Ds |
Ay BCy | B1Dy ] Ay 0 By
= 0 Ay B = | B1Cy Ay | B1Ds
L & DGy | DDy | | DiCy | DiDy
=D1Ds+ D1CoP4,Bys + C1®a, B1Ds + C1P 4, B1Ca® 4, Bs;
[ A-BD"'C | -BD™! I .
- e [ ot |” D' = D'C®4_pp-1c)BD
provided that D is invertible;
[ AT | OT
= BT | D =DT 4+ BT®4:CT
[ _AT | —CT7
= BT DT — DT _ BT@_ATCT i DT + BT@ZOT
A 0 | By O
= 0 Ay | 0 By
. G, | Di D

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

We only prove (3.14), the other identities follow easily. Let V be given by the formula in (3.14). We show
that V' is the inverse of W. By applying formula (3.13), it follows that

o~~~

wv

A|B][A-BD'C|-BD™!
clp p-'c | pt ]
A BD'C | BD!
—| 0o A-BDp"'c|-BD!
¢ DpD-'C | DD

_[C C} Dy (I)A(BD*C’)@A,BDAC BD!
o 0 CDAfBD_lc —BD-!

[+1

and by Lemma 3.5.1 (2), we then get

~~ _ 1 -1
WV =[c ] P’A 4= 45" C} {BD ]—H’

=CP,BD ' —CP,BD ' +CP,4_pp-1cBD ' —C®4_pp-1cBD L+ 1

=1.

VW = I follows similarly.

0 @A,BD—lc —BD!

Hence W is invertible and W—1 = V.
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Of course, these operations can also be used in combination, for example

—AT —CTC | -CT™D
WWw=|_ 0 A B =DTD + DTC® 4B+ BT®%CTD + BT®*CTCP,B (3.17)
BT D'C | D™D

and we can prove that (W, Ws)T = WQTWJ and (W, Wa)* = Wi Wy,

The following lemma shows that left and right inverses can also be determined. The proof follows
analogously to the proof of given in Proposition 3.5.3.

Lemma 3.5.4.
Suppose DI Dy > 0 and Dy DI > 0 and that

& _|AlLB .| ALB
el | " T el |
Define
f f : t
Wt [ A= BDIC 220 i _ | A= BDC | -BD}
! pic | D ? pic | D
where

D! =(DIDy)"'D] and D} = DI(D,DI)~".

Then ﬁv\f/MZ =1 and WQ/WQI =1.

The following lemma will be used often during proofs. It shows how, in a special case where the entries
take on a specific form, a state space realization may be written as the sum of two smaller state space
realizations.

Lemma 3.5.5.
If the matrices below have the appropriate compatible sizes, then
Al XA1 — AQX Bl A1 B1 + XBQ A2 32
0 Ay By = -+ and (318)
o o, Di+ Dy Ch Dy Cy—C1X | Dy
Ay XAy — A X B Ay | By — XBy Ay By
0 Ay By = | D + oroxX D, | (3.19)
a s D+ D, 1 1 2+ Ch 2
Similarly
I Ay 0 By )
A B Ay | Bo — XB
XA — A X A Bs :{C;CX D1]+[C2 2D 1] and (3.20)
| C1 Cy | D1+ Do | P ! ? :
i A1 0 Bl i
XAy — A X Ay| B = { & :4}] < gl ]+ [ éﬁ B BXBl ] (3.21)
] o) Cy | D1+ D | 1 2 1 2 2




Proof.
First, the resolvent is determined by applying equation (2.3):

(M ~ [Al XAy — AlXD_l [y, B, (XAs— A1X)q>A2]

0 A2 L 0 ¢A2
. _(I)Al ‘1{41()(‘427z‘h)(Jr/\)(7)\)()‘1)‘42
Lo D4,
@4, Pa (P4 X - XL )Pa,
|0 Dy,
_ [P, XPa, - P4, X
0 D4,
(X I
= I} D4, [0 I]+ M Da, [I —X].
Thus
Al XAy — AX B \ I B
0 Ay By =[C1 O] (L} Pa, [0 I+ M Dy, [1 —X]) [B } + (D1 + D»)
Ch Cs | D1+ D, 2

= CI(I)AlBl — C1‘I)A1XBQ + C1X(I)AZB1 + CQ‘I)A2BQ + D1+ Dy
=C1P4,(B1 — XBy)+ Dy + (Co + C1X)P 4, By + Dy
_ Al ‘ By — XBsy AQ ‘ By

Cy ‘ D; Co+C1 X ‘ Do

The equality (3.19) follows from the first (3.18) by replacing X with —X. The identities (3.20) and (3.21)
follow in a similar manner as (3.19) and (3.18). O

The final lemma of this section considers a special case of the sum of two state space representations
where the two representations have certain matrices in common. The identity is needed in a later proof.

Lemma 3.5.6.
For appropriately sized matrices, it follows that

A Ay Ap As+Ass| BB

A A A, A | B
1 12 Az | By Ay 412 413 @1 0 Ay O Az By
0 Ay Aoz | B n 0 A Az | By | _ 0 0 A +A. +B
0 0 As | Bs 0 0 Ay |By |~ . - :
o4 0 0 0 As Bs
Cl CQ C’3 Dl Cl CQ 03 D2

C, Cy Cy C3+C5 | Dy=+ Dy
(3.22)

In particular,

A B A1 Alg Bl A1 0+ glg B1 + El
71’71 +| 0 Apn|B | =] 0 Ay +B,
s ¢ Gy | Dy C, 0+Ch | Dy+Dy
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Proof.

We prove the sum case. The difference case then follows in a similar manner. Applying (2.5), yields

Ay A Az | By Ay %12 ;4:13 §1
0 A22 A23 B2 0 A22 A23 BQ
0 0 As |Bs |T] 0 0 A;|Bs
Ci Oy (3 ‘ Dy C, Cy Cs | Dy
Dy, Do, A12Pa,, Pa,A1aPay, Ass®Pa, + Pa, A13Pa, | [B1]
=[C1 Cy Cs5]| 0 D4y, A,y A2z P a, By | + D
0 0 Dy, Bs |
%A q’Algm‘Pgm q)Algu‘I)gzzgzs?Ag + D4, A3, ?1
+ [Cl CQ 03] 0 (I)gm (I)ngAggq)AS BQ + D2
0 0 D4, | B3
=D + +C1Pa, A12Pa,, By + CoP oy, Bo + C1P 4, A1pPa,, A2z a, Bz 4+ C1P 4, A13P 4, B3
+ CoPay, A2sPa, Bs + + D + +C10a, A1p® g By + Cod; By
+ 01(13,41}{12(1);22223(1),4333 + Clq)AlglgfI)AaBg + éz@gzzgggq)ABBg +
= (D1 + Dy) +C1®a, (A1s + ng)(I)AgBB‘ + + +C1Pa, A12Pa,, By

+ Ca®a,, Ba + C1P 4, A12Pa,, A23Pa, By + Ca®a,, A23Pa, Bs + Clq)Algl?q)&zBQ + 62(1)222§2
+C1®p, A1p® g Ags®a,Bs + Cod g Ags®4,Bs

= (D1 +D2) + [Cl Cy 52 (03 JFCN(B)} X

Pa, PaA12Pa,, Pa, 212@1122 D4, (A12Pa,, A2z + 212(1’1122;[23 + (A1s + A13)) P4,

0 Dy, 0 Dy,, 423@A3
0 0 Py D5, AxPa,
0 0 0 ® .,
(B1+ B1)
o
By
Bs
A Ay A A+ Az | Bi+ B
= 0 0 Ay Ass By
0 0 0 Az B3

C, Cy Cy C3+Cs ‘D1+D2

where the last equality follows by equation (2.7). In order to prove the difference case, it is noted that

Ay %12 %13 B, Ay %12 /113 *El Ay %12 *%13 *’Bél
| 0 Ax Az | By | _ | 0 Ay Aoz | By | _ | 0 A —Ax| —B»
0 0 As | By | 0 0 As | —=Bs | 0 0 As Bs

The difference case now follows by applying the above identity to the sum case. This completes the proof.
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3.6 Realizations and Hardy Spaces

According to Theorem 3.2.1, proper real rational matrix functions can be identified with transfer functions
of causal LTI systems. Let A € R"*" B e R"*™ (C € R™*" and D € R"™*™. Then

A|B A|B
C|D c|o

Proposition 3.6.1 (cf. p.2313 in [46]).
If G € Hs, then G* € Hj‘ Furthermore

o~ ~

€ RHZ™ and H=

€ RHL™

if A is stable.

1. if G € Hoo, then GHa C Ho;
2. if G € M, then GHE C Hi.

The following lemma gives a way to compute the Ho-norm of a transfer function G € R, in terms of the
controllability gramian X, of (A4, B) or the observability gramian Y, of (C, A).

Lemma 3.6.2 (Lemma 4.4 in [50]).

If
~ | A|B c RH
- C 0 2,
then ||G||2 = trace (BTY,B) = trace (CX.CT), where
X, = / eMBBTeA™ At and Y, = / ATt CTC A dt (3.23)
0 0

are the controllability and observability gramians of (A, B) and (C, A) respectively.

The following theorem gives a way to compute X, and Y,, without computing the integrals in (3.23), by
solving Lyapunov equations. These equations can be solved numerically by standard techniques.

Theorem 3.6.3 (Theorem 4.1 [3]).
If A is a stable matriz, then X. and Y, as in (3.23) are the unique solutions of the Lyapunov equations

AX + XAT+BBT=0 and ATY+YA+C'C=0 (3.24)
respectively.

Next we consider a class of functions that preserve the Ho-norm under multiplication. These so-called
inner functions play an important role in the Hs-control problem.

Definition 3.6.4 (Inner function, co-inner function).

A proper real rational matrix function G is said to be inner if G € RHo and G*G = I and co-inner if
G e RHe and GG* = 1.

Since @T(@T)* = @T(é*)T = (CA?*@)T it follows that @ is inner if and only if GT is co-inner. Hence they
are dual notions and the properties of co-inner functions follow from the properties of inner functions by
duality. Furthermore, if G is inner and Z € Lo, then it follows from (2.9) and (2.10), that

[ZTGT 2 = [|GZ]l2 = [[Z]l2 = [[Z7 |2,

because G*G = I = GT (@T)* It is due to this norm-preserving property that inner and co-inner functions
will play an important role in Hs-optimal control in a subsequent section.
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3.7 Algebraic Riccati Equations

This section is chiefly based on Section 6.2 of [3] and Section 12.1 of [56]. Algebraic Riccati equations (AREs)
play a central role in Ha-control. Associated with AREs are Hamiltonian matrices, which we will consider
first.

Definition 3.7.1 (Hamiltonian matrix).
A matrix H € R27%27 ig o called a Hamiltonian matriz if

JH = (JH)T =H"JT for J:[O In].

I, O
The matrix J is an orthogonal skew symmetric matrix (JT = J~1 = —J), so it can be seen that if H is
Hamiltonian then JH.J~! = —HT. That is, H and —HT are similar. But since any matrix is similar to its

transpose, it follows that H and —H are also similar. This shows that if A € o(H), then —\ € o(H). Thus
if A € C is an eigenvalue of H, then —\ is an eigenvalue of H of the same multiplicity. It is possible to show
that every Hamiltonian matrix H € R?"*2” has the form

H = {_AQ _}ZT] (3.25)

where A, R, € R"™™ with R = RT and Q = QT and every matrix of the above form is a Hamiltonian
matrix. Recall that a matrix A is said to be Hurwitz if Re(A) < 0 for each eigenvalue A of A. Given a
Hamiltonian matrix (3.25), we say H is in the domain of the Riccali operator and we write H € dom(Ric)
if there exists a Hurwitz matrix H_ and there exists a matrix X € R™*" such that

fn--a[3).

In this case the matrix X turns out to be uniquely determined, so we can define a function
Ric : dom(Ric) € R*"*?"  R™ " by  Ric(H) = X,

where H and X are as in (3.25) and (3.26) respectively.
The following theorem connects the Hamiltonian matrix (3.25) with the associated continuous time
algebraic Riccati equation (CARE)

ATX + XA+ Q— XRX =0. (3.27)

Theorem 3.7.2 (cf. Theorem 6.3 in [8] or Theorem 12.1 in [50]).
Given a Hamiltonian matriz H as in (3.25), if H € dom(Ric) and X = Ric(H), then

1 X =XT;
2. X solves the algebraic Riccati equation (3.27);
3. —X stabilizes the pair (A, R) (that is, the matriv A — RX 1is Hurwitz).

The previous theorem guarantees the existence of a symmetric stabilizing solution to the CARE (3.27)
associated with the Hamiltonian matrix (3.25) in the case that the Hamiltonian matrix is in the domain
of the Riccati operator. The following theorem gives necessary and sufficient conditions under which this
occurs.

Theorem 3.7.3 (cf. Theorem 12.2 in [56])
Let H be a Hamiltonian matriz as in (3.25) that has no purely imaginary eigenvalues. If R > 0 or R <0,
then

H € dom(Ric) <= (A, R) is stabilizable.
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In the next theorem, we consider the case where the sub-matrices Q and R in the Hamiltonian matrix
(3.25) are positive semi-definite and are given by Q = CTC and R = BBT for some matrices B and C. The
theorem gives necessary and sufficient conditions for such a Hamiltonian matrix to be in the domain of the
Riccati operator. Furthermore, it shows that, in this case, X = Ric(H) is positive semi-definite.

Theorem 3.7.4 (cf. Theorem 12.4 in [50]).
If H is a Hamiltonian matrixz given by

A BB
i = {—CTC —AT} :

then H € dom(Ric) if and only if (A, B) is stabilizable and (C,A) has no unobservable modes on the
imaginary axis. Furthermore, if H € dom(Ric), then X = Ric(H) > 0.

Corollary 3.7.5 (cf. Corollary 6.6 [8] or Corollary 12.5 in [56]).
If the triple (A, B, C) is stabilizable and detectable, then there exists a unique positive semi-definite symmetric
solution X of the CARE

ATX+ XA+C7C—-XBB™X =0 (3.28)

such that A — BBTX is stable.

Given a realization (4, B, C, D), we will later be concerned with the CARE
ATX + XA+ Q— (XB+ST)R™Y(BTX +5) =0, (3.29)

where @ = CTC, R= D7D and S = D7C. If the CARE (3.29) has a unique positive semi-definite symmetric
stabilizing solution X, then we write X = Ric(A, B,C, D). The inverse of R exists if and only if DTD > 0.
Realizations for which this holds will be called regular .

Definition 3.7.6 (Regular, in standard form).
1. A realization (A, B,C, D) is said to be regular if DTD > 0.
2. A realization (A, B, C, D) is said to be in standard form if DTC' =0 and D7D = I.

Note that if (A, B,C, D) is in standard form, then the Riccati equations (3.29) and (3.28) are identical.
The next theorem shows that we can always transform a regular realization into a realization in standard
form by a feedback transformation.

Theorem 3.7.7 (cf. page 213 in [19]).
Any system ¥ ~ (A, B,C, D) can be transformed into a system ¥ ~ (A, B,C, D) in standard form, where

A=A-BR'S, B=-BR 3, C=C-DR'S and D=-DR? (3.30)
by means of the feedback transformation
u(t) = —R™'Sz(t) — R~ v(t),
where R= D7D, S = DTC and v is the input variable of Y. Furthermore
1. (A, B) is stabilizable if and only if (A, B) is stabilizable;

A—-X B

2. (5,11) is detectable if and only if [ c D

} has full column rank for all A € T
3. X solves the CARE (3.28) in (Z,E,é,ﬁ) if and only if X solves the CARE (3.29) in (A, B,C, D).
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Proof.
Consider a regular LTI system ¥ ~ (4, B,C, D):

#(t) = Ax(t) + Bu(t)
y(t) = Cx(t) + Du(t).

Then by definition R = DTD > 0. Hence the feedback transformation u(t) = —R™1Sz(t) — R™2v(t) is well
defined. Applying this feedback to ¥ transforms it to the the system 3, given by:

i(t) = Az(t) + B(—R™'Sz(t) — R™2v(t)) = Axz(t) + Bu(t)
y(t) = Cx(t) + D(—R™'Sxz(t) — R 2v(t)) = Cx(t) + Du(t),
with A, B,C, D as in (3.30). Now
D'C=-R:DT(C—-DR'S)=-R2S+R25=0
and D'D=—R :D'(-DR" %) =R 3RR: =1,
which shows that £ ~ (A, B,C, D) is in standard form.
1. For F e R™*" set G=—R™ 1S — R 2F € R™*" Then F = —R~ 2S5 — R2( and hence
A+BF=A-BR'S—BR *F=A+B(-R'S—R *F)= A+ BG.
Which shows that (A, B) is stabilizable if and only if (A, B) is stabilizable.
2. By the PBH test (C, A) is detectable if and only if

_ [(A — ) - BR—ls} _ [A - AI} ) [B

A— )\
2 C — DR™! c D

C

} R™'S (3.31)

has full column rank (or equivalently has zero nullity) for all A € T . It can be seen that the above is
the Schur complement (see equation (2.2)) of the matrix

A-X B A-X B
¢ D|l=| C D |. (3.32)
S R D'C D™D

Form the factorizations in Lemma 2.2.3, it follows that the Schur complement (3.31) has zero kernel
if and only if its associated matrix (3.32) has zero kernel. However, since the second and third rows of
the matrix (3.32) are dependent, it follows that

A—X B
ker | C D | =ker [A _CM g} = {0}
DTC DTD

if and only if (C, A) is detectable.
3. Substituting in the values of 4, B,C in (3.30) into the left hand side of equation (3.28) gives
ATX +XA+C'C —XBB™X
= (AT-STR'BNX 4+ X(A—BR'S)+ (CT - STR™'DT)(C — DR™'S)
— X(~BR™?)(-R"2B")X
=ATX+XA+CC—[XBR 'S+ STR'B™X +STR™ 'S+ STR™'S
~STR'RR™'S + XBR 'BTX]
=ATX + XA+COTC - (XB+STHRY(BTX +9),
which is the left hand side equation (3.29). O
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Theorem 3.7.7 and Corollary 3.7.5 show that if the triple (Z, B, CN') is stabilizable and detectable then
there exists a solution X = Ric(g,é,é,D) and in that case it is also the solution X = Ric(4, B,C, D).
The converse is not true in general, see for example Remark 12.3 on page 244 of [56]. We also note that if

A—-X B

C D

So in that case, (C, A) is also detectable by the PBH test.

has full column rank for all A € C ', then in particular [A -

C I] also has full column rank.

Theorem 3.7.8 (cf. Corollary 12.7 in [56]).
If DTD > 0, then there exists a X = Ric(A, B,C, D) if and only if

1. (A, B) is stabilizable

5 [A—iw] B

c D} has full column rank for all w € R.

We note that if F is a matrix of appropriate size and we substitute A + BE for A and C' + DFE for C in
the left hand side of the Riccati equation (3.29), this yields

(A+BE)"X + X(A+ BE) + (C+ DE)T(C + DE)
—(XB+(C+DE)'D)D™D)"YBTX + DT(C + DE))

= ATX + EXB¥X + XA+ XBFE + CC + CIPE + EIPTC + EID¥DFE (3.33)
—(XB(D™D)™' + CTD(DTD)"' + E¥(BTX + DTC + DPE)

=ATX +XA+C'C— (XB+C™D)D'D)"Y(B™X + D7C),

which is the left hand side of equation (3.29). The above equality enables us to prove the following two
lemmas.

Lemma 3.7.9.
Suppose DTD > 0 and X = Ric(A, B,C, D). Let F = —(DTD)"Y(BTX + DTC) and set Ar = A+ BF and
Crp=C+ DF. Then

1. Ar is stable;
2. CTLCr =CTC —CTD(DTD)"'DTC + XB(DTD) 'BTX;
3. BT X+D7Cr =0 and
4. ALX + XAp +CLCp=ATX + XA+ C7C — (XB+ CTD)(DTD)"Y(BTX + D7C).
Proof.
1. By Theorem 3.7.7, it follows that X is a unique positive semi-definite symmetric solution of the CARE
ATX + XA+ C'C - XBB™X =0
where
A=A-B(D'D)"'D'C, B=-B(D'D)"* and C=C—D(DTD)"'DTC.
By Corollary 3.7.5, A — BBTX is stable. But
A—BB'X = (A— B(D'D)"'DTC) — (~B(DTD)")(—(DTD) 2 BT)X

= A+ B[-(D'D)"YDTC + BTX)]
= A+ BF

and hence Ap is stable.
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2. The claim follows by computing (C' + DF)7(C + DF):

(C+ DF)T(C+ DF) = (CT—(XB+CTD)(DTD)"'*DT)(C — D(DTD)"(BTX + DT(C))

=CTC - CTD(D'D)"Y(BTX + DTC) — (XB+ CTD)(DTD)"'DTC
+(XB+CTD)(D™D)"'DTD(DTD) " (BTX + DT0)

=CTC - CTD(D'D)"Y(BTX + DTC) — (XB+ CTD)(DTD)"'DTC
+(XB+CTD)(DTD)"Y(BTX + DTC)

=CTC+(XB+C™D)[(D™D)"Y(BTX + DTC) — (DTD)"'DT7(]
—~CTD(DTD)"YBTX + DTC)

=CTC+(XB+C™D)[(D™D)'BTX] - CTD(DTD)"Y(BTX + DT0)

=CTC+XB(D™D)'B™X —CTD(DTD)"'DTC.

3. With Cp = C+ DF and F = —(DTD)"Y(BTX + DT(C), it follows that

BTX + DTCp = BTX + DT(C — D(D™D)"Y(BTX + D'C))
= BTX +D'C — (BTX + DTC) = 0.

4. By substituting F = —(DTD)~}(BTX + DTC) for E in equation (3.33), it can be seen that

ALX + XAp +CLCF
= ALX + XAp + CLCp — (XB+ (C — D(DTD)"(BTX + DTC))TD)(DTD)~*(0)
= ALX + XAp + CLCr — (XB+ (C—D(DTD)"Y(BTX + DTC))TD)(DTD)~!
x (BTX +DT(C—D(DTD)"Y(BTX + DTC)))
= (A+BF)"X + X(A+ BF)+ (C+ DF)"(C + DF)
—(XB+(C+DF)™D)(D'D)"Y(BTX + DT(C + DF))
=ATX+XA+C'C—(XB+C™D)(D™D)"Y(BTX + DTC).

This completes the proof. O
In the above theorem, we saw that
ALX + XAp+CLCr = ATX + XA+ CTC — (XB+C™D)(DTD)"Y(BTX + DTC)

and we note that the left-hand side has the form of a Lyapunov equation as in (3.24). Theorem 3.6.3 gives
solutions of such Lyapunov equations. Lastly equation (3.33) showed that replacing A with A+ BE and C

with C'+ DF in the Riccati equation (3.29), results in the exact same equation. Taken together, this gives
the following result.

Lemma 3.7.10.

Suppose DTD > 0. There exists a unique solution X = Ric(A4, B,C, D) if and only if there exists a unique
solution Xg = Ric(A + BE,B,C + DE, D) for all appropriately sized matrices E. Furthermore, if such
solutions exist, then X = Xg = X,, where

X,= | eAFBOYC 4L DF)(C+ DF)eATBDt 4t F=—(DTD)"Y(BTX + DT0)
0

is the observability Gramian of the pair (A + BF,C + DF).
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Proof.
Suppose A € R"*™ and B € R"*™. Let E € R™*" be arbitrary. By assumption D7D > 0.

Secondly, if (A, B) is stabilizable, then there exists a matrix K such that A+ BK = (A+BE)+B(K—-E)
is stable and thus (A + BE, B) is stabilizable. Conversely, if (A + BE, B) is stabilizable, then there exists a
K such that (A+ BE)+ BK = A+ B(E + K) is stable and thus (A, B) is stabilizable.

Thirdly, since
I 0
E I

is invertible, the matrix

has full column rank for all w € R

A—iwl B
C D

if and only if

A—iwl B||I 0| |[((A+BE)—-iwl B ]
[ C D] [E I} = [ (C + DE) D} has full column rank for all w € R.

Thus, by Theorem 3.7.8, there exists a unique solution X = Ric(A4, B,C, D) if and only if there exists a
unique solution Xz = Ric(A+ BE, B,C + DE, D).
By Lemma 3.7.9 (4) and equation (3.33), it follows that

ALX + XAp+CLCr = ATX + XA+ CTC — (XB+C™D)(DTD)"Y(BTX + DTC)
=(A+BE)TX + X(A+ BE) + (C+ DE)T(C + DE) (3.34)
—(XB+ (C+DE)TD)(D™D)"Y(B™X + DT(C + DE)),

where Ap = A+ BF and Cr = C + DF. By Theorem 3.6.3, the solution to the Lyaponuv equation
ALX + XAp + CLCp = 0 is given by X,, the observability gramian of the pair (Cp, Ap). But since
X = Ric(A,B,C,D) and X = Ric(A+ BE,B,C + DE, D), it follows from equation (3.34) that these
solutions are all equal to each other, that is, X = X = X,. O]

Recall that a function U € R is said to be inner if U*U = I. As in Section 17.6 of [1], we now also
define invertible outer functions and inner-outer factorizations.

Definition 3.7.11 (Invertible outer function).

A square proper real rational matrix function L is said to be invertible outer if L € RHso is invertible and
L' e RH .

Definition 3.7.12 (Inner-outer factorization).
Given some proper real rational matrix function G, a factorization

A~

G=UL
is said to be an inner-outer factorization of GG if U is an inner-function and L is an invertible outer function.

The following theorem gives an inner-outer factorization of stable proper rational matrix functions. In
this factorization, both the inner and invertible outer factors contain the stabilizing matrix F' which depends
on the solution of the Riccati equation related to the realization of the rational matrix function. As the
formulation differs slightly from the one given in [1] and the result is given as an exercise in [56], we provide
a proof for the sake of completeness.
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Theorem 3.7.13 (cf. Theorem 17.26 in [1] and p.248 in [56]).

Suppose Ge RHo has the following realization
A| B
C

~

If
1. A is stable;

2. R=DTD > 0;

3 [A—iw] B

c D} has full column rank for all w € R,

then G admits an inner-outer factorization G = ﬁf, where
A+ BF | BR™3

1

C+DF | DR}

and where F = —R~Y(BTX + DTC) and X = Ric(4, B,C, D).
Proof.
Since the matrix A is stable, the pair (A, B) is stabilizable. Together with the other two conditions in
the Theorem, (A, B,C, D) satisfies the premises of Theorem 3.7.8. Thus there exists a unique stabilizing
X =Ric(A4, B,C, D). Since both A+ BF and A are stable, U € RH and L € RH . Clearly L is invertible
(because R? is invertible). Let Ap = A + BF and Cp = C 4+ DF. Then by equation (3.17),

o —AlL,  —CLCp —C}Dﬁl’*%

U'U = 0 Ap BR™ 2

RBT R3DTCy | R-3(DTD)R~>

Now by Lemma 3.7.9 (4), ALX + XAp + CLCp = 0, because X = Ric(4, B,C, D). Hence, —CLCp =
ALX + X Ap. So with X = Ric(A4,B,C, D), A; = —AL and Ay = Ap in (3.19) Lemma 3.5.5, it follows that

A | B
—R:F | R3

~

and L=

Gp — | Ak ~CILDR 2 — XBR 2 Ap | BR:
| RiBT 0 RD'Cr+RIBTX | T
| AL | -(DCr+ BTX)TR 3 . Ap | BR™3
| rREBT 0 R(D'Cp+ BTX) | I
—AL |0 Ar | BR™3
- 1 + = -[7
R3BT|0 o | 1

where DTCr + BTX = 0 by Lemma 3.7.9 (3). This shows that U is inner. Lastly, we confirm that G can be
factorized as UL. By equation (3.13) and Lemma 3.5.5, it follows that

[ A+ BF —BF|B
UL = 0 A | B
| C+DF -DF|D
| A+BF |B-B N A | B
| c+DF| 0 C+DF—-DF|D
[ A|B
| c|D |’
This completes the proof. O
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Chapter 4

Ho-Optimal Control

In this chapter, we consider the problem of synthesizing a controller which minimizes the Hs-norm of the
closed loop transfer function obtained after connecting the controller to a plant. This review is mainly
based on chapters 5 and 6 of [8] and chapters 5, 11 and 13 of [56]. We first consider the connection of a
controller to a plant, feasibility conditions for such a connection and state space formulas for the closed
loop system. It is required that the controller stabilizes the plant. The famous Youla parametrization gives
the general form of all stabilizing controllers and plays a prominent role in the solution of the Hy control
problem. The general Hs-optimal control problem and its solution is presented. We consider the special case
of state feedback control, which is closely related to the LQ-control problem. An alternative approach via
spectral factorization is considered for the state feedback case, because such an approach is required for the
control of structured linear systems in Chapter 7. We then consider an alternative solution strategy to the
‘Ho-control problem for the output feedback case which does not require the solutions of Riccati equations in
the Youla parameter. Lastly we consider the reparameterized control problem for the output feedback case
and compare the results to those of the preceding section.

4.1 Connecting a Controller to a Plant
In this review section, various interconnections between linear systems are considered. In particular, we

consider the lower linear fractional transformation and the Redheffer star product of linear systems. Such
interconnections have to be well-posed. For the Hs-control problem, we consider the following set-up with a

controller K connected to an LTI plant G in the following manner (see for example pages 195-196 in [55]):
— a ———p
U ’
Y
K [ —

Figure 4.1: Connection of a controller to a plant

Here w is an exogenous disturbance input which may include reference signals, noise and disturbances. The
variable v is the control input and is determined by the controller K. The external output of the plant is
represented by z and y is the measured output of the plant and is also the input of the controller K. The aim
is to minimize the effect of the disturbance w on the external output z. The plant also has a state variable
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z and the controller has a state variable x . In the above set-up, the plant is a state space system with the
following realization:
&(t) = Ax(t) + Biw(t) + Baul(t), z(0) = zo
Z(t) = Cll'(t) + Dllb.)(t) + Duu(t), t 2 0 (41)
y(t) = Coz(t) + Da1w(t) + Dagu(t).

This is a plant G ~ (A4, B, C, D) with states z(t) € R”, combined inputs [w(t) u(t)]" € R* ®R™, combined
outputs [z(t) y(t)]" € R" @ R® and

B=[B, B, O:{gl} and D:[

D11 Dyo
2

D1 Daa|’

where the input is a combined input consisting of the control input v and the disturbance w and where the
output is a combined output consisting of the external output z and the measured output y. The controller
is itself a LTI system with state space realization

i (t) = Axxi(t) + Bry(t), =x(0) =zko

u(t) = Crak(t) + Dy(t), t>0, (4.2)

where xj is the state variable of the controller. We note that the measured output y of the plant, is the
input of the controller and the output of the controller is the control input w of the plant. Connecting the
controller to the plant in this manner gives the following set of equations:

0)- 1 L] f2 2]l o

B

o -l ) e

The connection between the plant P and the controller K is said to be well-posed if unique solutions exist for
x(t), xzx (t), y(t) and u(t) for all initial conditions z(0) and zx(0) and all disturbance inputs w(t) (see page
174 in [3]). If the coefficient matrix of [u(t) y(t)]T in the second equation above is non-singular, then we
can solve for [u(t) y(t)] T uniquely. Using Schur complements, Lemma 2.2.3 gives the following equivalent
condition for well-posedness.

Proposition 4.1.1 (cf. Proposition 5.1 in [8] or Lemma 5.1 in [56]).

The connection between a plant G ~ (A, B,C, D) as in (4.1) and a controller K ~ (Ag,Bk,Ck,Dk) as in
(4.2) is well posed if and only if [ — Dag D (or equivalently I — D Do) is non-singular. In particular, the
connection between G and K is well posed if Das =0 or D = 0.

Next, we consider state space formulas for the closed loop system after connecting a controller to the
plant. This closed loop transfer function is given by the linear fractional transformation (see subsection
2.2.3) of the transfer functions of the plant and the controller. Passing to the frequency domain, if G and K
are the transfer functions of the plant and the controller respectively, then

A | B B ~ ~
o |4 | b b [C@ABl + Dy Ci®aBs +D12} _|Gu G| o (43)
Cy | Doy Doy Co®aB1 + D21 Co®aBa + Do Go1 Gaa

~ [Ax|B
K= {Tﬂﬁ] = Cg®a, Bk + Dx. (4.4)

Hence it follows that
|:A:|
g

Gll é;l2
G21 G22

w B
{ﬁ} and u= Ky.
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It can then be shown that closed loop transfer function from @ to z is
£(é, IA() =G+ élzf((f - é22f()71@217

where F (é, K ) is the lower linear fractional transformation (LFT) of G and K. If the connection between
the plant P and the controller K is well posed, then the LFT between their transfer functions G and K
is well defined and proper (see page 196 in [8]). Since the control problem is to minimize the effect of the
disturbance w on the external output z, the aim is to construct a viable controller which minimizes the
Ho-norm of the closed loop transfer function F(G, K) from @ to z. Given realizations of G and K as in (4.3)
and (4.4) respectively, the following theorem provides a realization of F (@, K ) in terms of the realizations of
G and K. Although these formulas are well known, we did not find a proof. As these formulas will appear
frequently, we provide a proof for the sake of completeness.

Theorem 4.1.2 (cf. p.224 in [8]).
If the connection between the plant G as in (4.3) and the controller K as in (4.4) is well posed, then the

closed loop transfer function after connecting the controller K to the system @, has realization (A, B,C, D),
that is,

~ o~ ~ ~ ~ o o~ A| B
F(G,K) =G11 +GoK(I — GpK) 'Gy = E B , (4.5)
where )
. A 0 n B, 0 I —-Dgl [0 Ck
= 0 AK 0 BK 7D22 I CQ 0 ’
p_[B 0 I -Dgl'[oO LB
= 0 BK _D22 I D21 01’
1
_ I —Dg 0 Cg
C=1[C1 0]+ D[l 0] [_D22 I ] {Cz 0 } and
-1
_ 1 —Dg 0
D =Dy + Dy [I 0] [Dzz I } [I] Doy
In particular, if Das = 0, then
o Al B A+ ByDgCy  ByCg | Bi+ BsDg Doy
F(G,K) = [T‘T] = By Cy Ak B Doy (4.6)

Ci+ D12DkCy  D1oCk | D11+ D12Dg Dy

Proof.
We will prove the special case, where Doy = 0. First consider (I — (A?QQK)’légl, which is computed by
applying the basic operations of system multiplication (3.13) and system inversion (3.14):

PPN A | By AKBKD1[A31}
I —GoK) tGo = (I —
0= 8l = (1 |51 [ e o Cr | D
[ A ByCr | BoDr ] 4| B
—| 0 Ax | Bgk 5
i 702 0 ‘ I 2 21
[ A+B2DK02 BQCK BQDK r A
By
= BKCQ AK By T‘T]
i c, 0 ‘ T | C2 21
[ A+ ByDgCy ByCg BoDgCy | BoDy Doy
- BrCs Ax BrCs Br Doy
o 0 0 A B,
L CQ 0 02 D21

50




Here

BQDKCQ o A+BQDKCQ BQCK 1 . I A
BKCQ n BKCQ AK 0 0 ’

Applying (3.18) with X = [I O]T, gives

[ A+ BosDCy ByCx BsDgCs | BoDg Doy
B Cy Ax B Csy B Dy
0 0 A B,
[ A+ ByDyCy ByCk | By + BoDy Doy Al B
= BrCo Ag B Dy + [ 0 01 }

which leaves only the first term since the second term is zero. We now compute

~ PN Ae | B A+ ByDgCy  ByCk | B1 + BaDg Doy
K(I — GoaK)™'Gyy = [Ti%} By Cs Ag By Doy

Co 0 | Do,
Ax B Cy 0 By Doy
_ 0 A+ ByDg(Cy; ByCg | By + BaDg Doy
o 0 BrCy Ag BrDa
Ck Dk Cy 0 | Dk D2
= [TK‘T} + BgCy Ax By D2y
D Cs Ck | Dy Doy
A+ ByDgCy ByCk | B+ BaDg Dy
= By Csy Ag By Dy
DgCs Ck | Dy Doy

by application of (3.19) with X = [0 I] in the third step, because

B A+ ByDkCy ByCr |
(BiCy 0] = [0 q[ ebicCe BhC ] 0 1] Ag.

Then

o L Al B A+ ByDgCy ByCk | By + BoDy Doy

Gng(I — GQQK)_1G21 = [T‘Dig} BKCZ AK BKD21
i DgCs Ck | Dy Doy

A B2DgCs B>Ck By Dk Doy

0 A+ BsDgCy ByCk | By + BysDgDoy

0 BrCs Ak Br Doy

| C1 D12DkC;  D1oCk | Di2DgDy

=1 5 } + Bk Cy Ak Bk Dy

! | C1+ D12DkCy  D12Ck ‘ D12Dg Doy

by application of (3.19) with X = [I O] in the third step, because

B [A+ ByDgCy  B2Ci
[BQDKC2 BQCK} - [I O] i BKOQ AK

]—[1 0] A.
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So finally,
f(é; f() =G + émf((f — GnK) Gy
A ‘ B, A ‘ _B, A+ By DgCy ByCk | By + BoDg Doy
= |G D +|& 0 + By Cy Ag By Doy
i ! C1+D13DCy D15Ck | D12Dg Dy
A+ ByDgCo ByCy Bi1+ BsDg Doy
Bk Co Ak B D2y ;

C1+ D12DgCy  D12Ck ‘ D11+ D12Dg Doy

which is what we had to show. O

In the preceding discussion an LTI plant G with two inputs u and w and two outputs z and y, was
connected to a controller K with input y and output u. That resulted in a closed loop system whose transfer
function is F(G, K) with input w and output z. More generally, the controller K itself can also be an LTI
system with two inputs y and w and two outputs v and Zz. In this case the measured output y of G is the
control input of K and the measured output u of K is the control input of G. In such a case G and K are
said to be compatible. Under certain conditions, G and K can be interconnected and this interconnection
results in a new system with two inputs and two outputs. The transfer function of this new system is given
by the Redheffer star product of G and K (see Section 2.2.3, Definition 2.2.9). In section 4.3, we will see
that it is reasonable to assume that both Dy; = 0 and Dys = 0. Given two compatible LTI systems G and
K with realizations G and K as below

A| B B =~ =~
< __p . B G=|"c; | 01 D122 _ |Gu G2
u ’ ’ Cy | D 0 Ga1 Ga
Yy | C2 | D2 @7
[ Ak | Bki Bko S '
—— % —L— K=|Crx; 0 Dr1s | = [Ifu Ifu]
<T 4(:)_ | Ck2 | D21 0 Ko Kz

the Redheffer star product of G and K represents the interconnection of the two systems as shown below.

[ z
— » . =
u
Yy
1
z K |43
R «—

The last result of this section gives a realization of G * K in terms of the realizations of G and K.

Theorem 4.1.3 (cf. pages 179-180 in [506]).

If G and K have compatible realizations as in (4.7), then

F(G, K1) Gro(I — K11Gao) 'K y»
| o1 (I — GoaK11) ™ 'Gon F(K,Ga2)

i A BQCKl Bl B2DK12

=)

G *

_ | _Br,C Ax By, Do Bk,
C D12Ck, 0 D13 Dk,
Di,,Cs  Ck, | DgyDai 0




4.2 Stabilizing Controllers and the Youla Parametrization

In this section, we consider a plant G and a controller K as given below in equation (4.8). It is assumed
that D13 = 0 and Dys = 0. Again, we mention that these assumptions are reasonable in the context of the
‘Ho-control problem, as will be justified in the following section. Let

G=|7Ci| 0 Dn|= g“ g” and K = %—K . (4.8)
CQ D21 0 21 22 CK DK

The connection between the plant G and K is well-posed, because Doy = 0. A controller K stabilizes the
plant G if the resulting closed loop matrix A in (4.6) is Hurwitz, that is, if Re(A) < 0 for all A € o(A).
Hence saying that K stabilizes G is the same as saying JF (CA?, K ) € RHo. The Ha-control problem, which
we will consider in the following section, is to construct a controller which stabilizes the plant and minimizes
the Ho-norm of the resulting closed loop transfer function F(G, K). This section is concerned with the first
aspect of Ho-control - the existence of controllers that stabilize the plant. In fact, a parametrization of all
such stabilizing controllers is provided. This parametrization was first introduced by Youla et al. in [53] and
[54] using coprime factorization techniques. We will, however, consider the state space approach as in [506].

The first task is to establish under which conditions stabilizing controllers of a plant such as in (4.8)
exist. The following well-known proposition gives both a necessary and sufficient condition for the existence
of stabilizing controllers.

Proposition 4.2.1 (cf. Lemma 11.1 in [56] or Proposition 5.6 in [3]).

A plant G as in (4.8) has a stabilizing controller K if and only if (A, Ba, C9) is stabilizable and detectable.
One such controller is

A+ ByE+MCy | -M

K= E o |

where E and M are matrices such that A+ BoE and A+ MCy are stable.

The above proposition guarantees the existence of a stabilizing controller for a plant with a stabilizable
and detectable realization. In optimal control problems we want to obtain a controller that is not only
stabilizing, but which gives the optimal performance of the closed loop system. To this end, we are interested
in characterizing all possible stabilizing controllers, after which an optimal controller may be determined.
In the case that the plant is already stable (that is G € RH ), stabilizing controllers are simply controllers
that preserve the stability of the plant. In this case the parametrization of stabilizing controllers is easy.

Theorem 4.2.2 (cf. Theorem 11.3 in [50]).
If a plant G as in (4.8) is stable (that is G € RHo ), then the set of all stabilizing controllers of G is

{f{ —R(I+GnR) ' :Re RHOO} .

The previous theorem shows that if G is stable and K is _a stabilizing controller for G then K =
(I + GQQR) ! for some R € RHo. However, in the case that G is not necessarily stable, it is much more
complicated to parametrize the set of stabilizing controllers of G.

The famous Youla parametrization shows that all stabilizing controllers K can obtained via the LFT
of some canonical system J and a arbitrary stable controller R € RHo. Furthermore, the closed loop
transfer function after connecting the controller K to G is the same as the closed loop transfer function after
connecting R to the plant H where H is a stable plant obtained by taking the Redheffer star product of the
original plant G and the canonical plant J.
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Theorem 4.2.3 (The Youla Parametrization (cf. Theorem 11.4 in [56])).

Consider a plant G as in (4.8) with (A, B, C2) stabilizable and detectable and let E and M be matrices such

that A+ BoFE and A+ MCs are stable. Define

 [A+BE+MC, | -M B,
J = E 0 1 (4.9)
—Cy 1 0
Then the set of stabilizing controllers for G is given by
S= {f{:g(ifz) : ]%ERHQO}.
Furthermore, the closed loop transfer function after connecting a stabilizing controller
~ ~ ~ Ar | B
K=F(J,R) where R=|—""1""| € RH,
CR DR
s given by
F (é, f() —F (é, F(J, }?)) —F (é wJ Fe) _F (I?I fz) — Hyy + HioRHy, (4.10)
A+ B3DRCy ByE — By DRCs ByCgr By + BaDgDoy
| BeDrCy —MCy A+ ByE+ MCy; — ByDRpCy  BoCr | BoDrDoy — M Doy
N BrCy —BRrCs AR BrDy ’
C1 + D12DgRCo D1oE — D12 DrC> D15Cr | D12DRpDoy
where H is given by the Redheffer star product of@ and J:
R R A ByE B, By
=5 s = Hu H12 —MCQ A+BZE+MCQ —MD21 BQ
H=GxJ=|" 2P = 411
[Hzl HQQ] Ch Do E 0 Dio (4.11)
Co —Cs Doy 0
Finally, with H as in (4.11), we have Hyy = 0.
The following illustration shows how G, J and R are interconnected to give
f(é,f{):f(ﬁ,ﬁ), where H =G«*J and I?:Z(j,ﬁ):
w > z >
| G | |
! . G - k u > Y - J -
—>u =
Y z
K
z > 2
5 J <T <+— — —»| R =
—
T
w > G Z_p K
J
—>  — U = a
! 1 5 z {7 R) [+

Figure 4.2: Youla parametrization
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Note that that the realization for H = G x J in (4.11) is state space similar to

A+ ByE —ByF B, By
0 A+ MCy | Bi+MDy; 0
0 CQ D21 0
. NP I 0 .
with state space similarity S = { 7 I]' It is then easy to see that
R A+ ByE —ByFE B,
Hi = 0 A+ MCy | Bi+MDs; |,
Ci+DpE  —DpE | 0 (4.12)

and ﬁgg =0.

= A+ ByE | B = A+ MCy | B+ MD
le:[ 2 ‘ 2]’ Hglz[ 2‘ 1 21

Ci1+ D12E | Do Co ‘ Doy

Since A+ BoE and A + MCy are stable, the plant H is stable. Hence by Theorem 4.2.2, any Re RHoo
stabilizes H. And so it follows from (4.10) that K = F(J, R) stabilizes G.
The Youla parametrization decomposes the closed loop transfer function into two terms:

F (é,f(> = ﬁn + ﬁ12§ﬁ21~

The first term is independent of R and the second depends on R. The last result of this section shows that
the R-independent term can further be decomposed into the sum of two terms.

Lemma 4.2.4.
Consider a plant G as in (4.8) with (A, By, Ca) stabilizable and detectable and let E and M be matrices such
that A+ BoE and A+ MCy are stable. Let H be as in (4.11) in the Youla parametrization. Then

ﬁll = éc —ﬁlzéf and hence £<@,I/(\'> = éc—ﬁ12éf +ﬁ12§ﬁ21.

where
G _ A+ BE | By and Cr— A+ MCy | By + MDy
cT | Gi+DE| 0 = E | 0

Proof.
By equation (3.13),

o A+ ByFE BFE 0

ngGf: 0 A+ MCsy | By + MDgyy

Ci+ Dk DipkE | 0

By a special case of (3.22), it follows that

A+ BoE ByE 0
G, — HisGy = fi%%%} 0 A+ MCy | By + MDy,

e Ci+DiE DpE | 0
A+ ByE 00— DByFE B1 -0

- 0 A+ MCy | By + MDy,
Ci+DiE 0—DpE|  0-0

= Hy

where the last equality follows by (4.12). O
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4.3 Hy-Control Problem Statement and Solution

In this review section, the Hs-optimal control problem is stated and its solution is provided. The solution
strategy makes use of the Youla parametrization (see Section 4.2) and inner functions (see Section 3.6). This
review is based on Chapter 6 of [3] and Chapter 13 of [50].

Definition 4.3.1 (#2-control problem).
For a LTI plant G with state space realization

z(t) = Az(t) + Byw(t) + Bau(t), 2(0) = xg
z(t) = Cyz(t) + D11w(t) + Digu(t), t>0 (4.13)
y(t) = Coz(t) + Dayw(t) + Dagu(t),
the Hsy-control problem is to synthesize a controller K:
tr(t) = Axxk(t) + Bry(t), zx(0) =zK,
u(t) = Crak(t) + Dry(t), t >0,

satisfying the following properties:

(4.14)

1. the connection between the plant G and the controller K is well posed;

2. f(@, I?) € RHz (that is, A is stable and D = 0 in (4.6)),
such that the closed loop performance of the system ||F (@7 K )||2 is minimized.

Before considering a solution strategy for the Hs—control problem, we consider under which assumptions
on the system, conditions 1. and 2. in the above definition are satisfied. Recall that by Proposition 4.1.1, the
connection between the plant G and the controller K is well posed if and only if I — Dg Do is non-singular.
In particular, if it is assumed that Doy = 0, then the connection between the plant and the controller is well
posed. On the other hand if the connection is well posed but Dss # 0, then I — Dy Dos is non-singular.
Assuming this is the case, define § = y — Dasu. Then 3(t) = Cox(t) + Dojw(t) (with no Dasu(t) term) and
y = Y + Dosu. Hence, the output equation of the controller in Definition 4.3.1 becomes

u(t) = CK.’EK(t) + DKy<t) = CK$K<t) + DK(g(t) + Dggu(t))
= Ckak(t) + Dxy(t) + Dk Dazu(t).
Rearranging the above equation gives
(I — DgDao)u(t) = Crrg(t) + Dry(t).
Since (I — Dy Da3) is non-singular, we can solve for u(t) to obtain
u(t) = (I — DKDQQ)_I(CKxK(t) + Dij(t))
Substituting this into the state equation of the controller yields
i‘K(t) = AK:CK(t) + BKy(t)
= Agrk(t) + Br(y(t) + Daau(t))
= Az (t) + Bry(t) + BxDaao(I — D D) N (Crax (t) + Dy(t))
= (Ak + BxDao(I — DgDao) ' Ci)x i (t) + (Bi + Br Das(I — DicDaz) ' D )y(2).
This yields the following controller:

7 _ | Ax | Bx

Cr | Di

_ |: AK +BKD22(I— DKDQQ)_ch ‘ BK +BKD22(I_DKD22)_1DK
(I — DxDyy) 1Ok ‘ (I — DxDa2) 1Dy

The following Lemma shows that for a well posed connection between a plant and a controller, we can assume
without loss of generality that Das = 0. This is because connecting a controller K as in (4.14) to a plant

with Das # 0 gives the same closed-loop transfer function as connecting K to a plant with Das = 0.
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Lemma 4.3.2. R R
Suppose the connection between a plant G and a controller K given by

~

Gll G12

A ‘ B1 By
= G G = Cl D11 D12 and K: |: éK gK :|
2 Cy | D1 D22 KVK
is well posed. Let
~ ~ A ‘ Bi By
G = gll gl2 = Cl D11 D12 and
21 22 Cy | Dy 0
~ Ak 4 Dog(I = DicD33) " 'Ck | Bk + Dag(I — D Dy2) ' Dy } = P
K = =I—-KD K.
[ (I = Dx Do)~ 'Ck | (I - DxD2) ™' D ( 2)

Then F(G,K) = F(G, K).
Proof. ~
By Proposition 4.1.1, I — Dg Do is non-singular and thus K is well defined. Now by equation (3.14) it

follows that

Ak | —BkDa -

Ck | I — DDy
[ Ak + BrDay(I — DgDy3) *Ci | BgDag(I — D Do) ™"
(I—DxDy) 'Cx | (I—DkDa)!

(I — KDyp) ' = [

and hence by equation (3.13) we get that

(I — KDg) 'K
Ag + BgDas(I — D D) 'Cx BgDao(I — D Das) 'Ck | Bk Dao(I — DiDas) 1Dk
(I — DKD22)_ICK (I — DKDQQ)_ch ‘ (I — DKDQQ)_lDK
Ak + BiDay(I — DgDy3) *Ck | Bk + BxDyo(I — DgDay) ' Di ] { Ak | Bk ]

- (I — DgDa) Cxk | (I — DgDa) 'Dg 0] 0

= K +0,

where we applied (3.18) with X = I in the second equality. This shows that K = (I — KDay) ‘K.
Furthermore, since
611 = 611, 612 = alz, 621 = 621 and 522 = 622 — Daa,
it follows by (4.5) that
f(é, f?) =G+ 512-’?(1 - ézzf?)71(~;21

= G114 Gro(I — KDyg) 'K (I — (Gaa — Da2)(I — KDoy) ' K) ™ 'Gar.

By Lemma 2.2.7 it follows that (I — KDy) 'K = K (I — Dy K)!. Hence

F(G,K) =Gy + G12K (I — Dy K) "' (I = (Gag — Dy2) K(I — D3y K) 1) "' Gy
= G11 + G1oK[(I — Gou K (I — D3y K) ™' + Do K (I — D3y K) ) (I — Dy K)) ™' Gy
= G + G12K[((I = DosK) — Goo K + D3y K)] LGy
=G+ éuff(f — éggff)_légl
= F(G, K),
which is what we had to show. O
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The previous lemma concludes our discussion on condition 1 in Definition 4.3.1 and shows that we may
without loss of generality consider plants with Doy = 0. Concerning condition 2 in Definition 4.3.1, we recall
from Theorem 4.1.2 that with Do = 0, the closed loop transfer function after connecting a controller as in
(4.14) to a plant as in (4.13), is given by

L A+ BaDgCy  BoCk | Bi+ BeDg Do
F(G,K) = BrCy Ax Br Doy
C1 + D12DCy  D12Ck | D1y + D13Dg Dy

Now f(@, I?) can only be in RHs if it is strictly proper, that is, if D11 + D12D g Doy = 0. This will be the
case if D113 = 0 and Dg = 0. This shows that it is reasonable to assume that D;; = 0 and to restrict to

controllers with Dy = 0. In order to satisfy conditions 1 and 2 in Definition 4.3.1, we will henceforth assume
that D11 =0 and D22 = 0.

We mention here that the LQ-control problem, the Kalman filtering problem and the linear quadratic
Gaussian (LQG) control problem can all be framed as Hs-control problems.

Assume that stabilizing solutions X = Ric(4, By, Cy, D12) and Y = Ric(AT,CJ, B, DJ,) exist and let
F:=—(D],D12) "(BJX + D],C1) and L:=—(YC]+ B1DJ,)(Ds1D3;)" ", (4.15)

then A + BoF and A 4+ LC5 are stable (see Lemma 3.7.9). By the Youla parametrization (Theorem 4.2.3),
if J° is given by equation (4.9) with F instead of E and L instead of M, then all stabilizing controllers of G
are given by

K= F (jo, E) with R € RHoo arbitrary

and £ (é, IA() = Hy, + HY,RHS, where

R R A+ B F —ByF By By
- [g; [ R ees v e ey (4.16)
0 Cs Doy 0
Lemma 4.2.4 shows that F (é, IA() can be decomposed into the sum of three terms:
F(G.R)=GCe— (A *) (RiGy) + (AR, *) (RERES) (R, A3, (4.17)

The following lemma shows that if we choose F = F' and M = L in the Youla parametrization and Lemma

~ 1 EEIPN
4.2.4, then transfer functions H{, R, > and R, 2 H3, appearing in the above decomposition (4.17) are inner
and co-inner functions respectively and furthermore, terms appearing in this decomposition are orthogonal.

Lemma 4.3.3 (c.f. Lemma 13.6 in [56]).
Assume Ry = DI,D15 > 0 and Ry = D9y DI, > 0 and let F and L be as in (4.15). Set

5~ [ A+B,F | B ~ [ A+LC:| B+ LDy
Ce= |Gy ¥ DF | 0 and Gr = F | 0

Then
N~ o~ 1 ~ 1
1. U =H}R, ? isinner and V = R, > H3, is co-inner;
2. U*G, € RHE and G;V* € RHL.
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Proof.
Let X = Ric(A, By, C1,D12) and let F be as in (4.15). Set Ap = A+ BoF and Cp = Cy + D12 F. With
1

E = F in (4.16), it follows that U = H%,R; ? is given by

- A+ By F —ByF By 1 [ A+ByF ‘ B, -1 | Ar BQR;%
U = 0 A+ MCy 0 R1 T TC, ¥ Do F ‘ D Rl - -3 |
Cr¥DaF —DioF | Di 1 12 12 Cr | D12R,

Using equation (3.15) to calculate U*, we get

~

*

AL | -CF
RUBL[RDY |

Then by the multiplication formula (3.13), it follows that

- ~AL  ~CICr | -CIDuR; o —AL  —CLCr |0
UU = 0 Ap BoR;? and U*G, = 0 Ar I
R;%Bg R;%DIQCF ‘ I Rl ZBg Rl ZD-{QCF ‘ 0
Define the similarity transform 7" by
I X
= {O I} ’

By Lemma 3.7.9 B]X + D,Cr = 0 and ALX + XAp + CLCr = 0, because X = Ric(A, By, C1, D12).
Applying the similarity transform 7" and these identities, we see that

I —X]|[-AL -CLCp|[I X] _ [—AL, —(ALX + XAp + CLCF) _ —AL 0
0 I 0 Ap 0 I | 0 Ap 0 Ap
17 r 1 _1
A I i L B S SR N
0 I BR: | | ByR; ® ByR; ? ByR, *
_1 1 I X] M1 1 1
[Rl %Bg R, %DI2CF} {0 1]~ [* éBzT R, é(BzTX"'DIzCF)} = [R1 %Bg 0} and
1 -x][o] [-X
o 1T
Now Arp = A+ By F is stable and
—AL 0 0
UT=|__ 0 Ar|BR* | =T+[riip] o Poap O O | —r4o0=1
—" : 172 0  ®ap] |ByR;® ’
R*B] 0| I
which shows that U is inner. Secondly, since —AL is anti-stable and
I P 0 X
N 1 AT — 1
UGe=|_0 Ar| I |= {Rl :B] 0} [ o o, } { 7 } =—R, *Bj®_,1 X
R’B] 0] 0 -
_ AL | =X
R *BJ| 0 |

it follows that ﬁ*éc € RHy. The claims regarding V follow in a similar way as the claims regarding U by
taking transposes and noting that GT is co-inner if and only if G is inner. O
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The following theorem gives the solution of the Hs-control problem and is the main result of this section.
It follows by taking £ = F and M = L in the Youla parametrization and Lemmas 4.2.4 and 4.3.3, where F'
and L are the stabilizing matrices in equation (4.15). In order to do this one needs that stabilizing solutions
to the Riccati equations X = Ric(4, B2, C1, D12) and Y = Ric(AT,CT, BT, DI,) exist. The existence of
these solutions can be guaranteed by imposing the conditions in Theorem 3.7.8 on the plant G. Hence these
are exactly the sufficient conditions which guarantee a unique solution to the Hs-control problem.

Theorem 4.3.4 (Solution of the Hs-optimal control problem (cf. Theorem 13.7 in [56])).
Consider a plant

A| B B L
A C1® 4By C1® 4By + D1a Gi1 Gz
= = = ~ ~ 4.1
¢ 1 0 Di Co® 4B + Doy Co® 4By ] Go1 Gaol|’ (4.18)

that satisfies the following conditions
1. the pairs (A, By) and (A, By) are stabilizable;
2. R = DIQD12 >0 and Ry = D21D;1 > O,'

3 [Azwf Bgil and [Azw[ By

o, Do Oy Dﬂ] have full column and row rank respectively for all w € R.

Then there exist unique positive semi-definite symmetric stabilizing solutions X = Ric(A, B2, Cy, D12) and
Y = Ric(AT,CT, BT, D1,) to the Riccati equations

ATX + XA+ CJCy — (XBy + CIDy2)Ry Y (B]X + D],C1) =0
AY +YAT + BB} — (YC] + B1DJ,)R; ' (C2Y + D91 BT) = 0

and subsequently, if the static feedback matrices F' and L are defined by
F=-R;BIX +D],C,) and L= —(YC]+ BDI,)R;",
then the unique optimal solution to the Ho-control problem 4.5.1 is

~

opt =

A+ ByF +LCy | —L
F Lo |

Furthermore, the closed loop performance achieved by the optimal controller Ky is
A 7 2 A 2 3A 12
IE(G, Kopt) Iz = 1Gellz + [ R Gz,

where

~ A+ ByF ‘B1 ~I A"‘LCQ‘Bl"_LDQl
G, = C’1—|—D12FO} and Gf[ Ia ‘ 0

Proof.
Let J° be given as in the Youla parametrization (Theorem 4.2.3), that is

A+ ByF+LCy | —L B

J° = F 0 I
—C, I 0
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Then
A —+ B2F 7BQF Bl BZ
o A 0 A+ LCy | By+LDyy O
H =G ] = C1+ Do —DpF 0 Dy
0 Csy Doy 0

All stabilizing controllers of G are given by
K = F(J°,R),

where R € RH is arbitrary. For such controllers, the closed loop transfer functions after connecting K to

G are also given by the Youla parametrization:
F (éf() - F (é,z(f‘),ﬁz)) F (é 7, fz) F (H ﬁz) = B, + H3, RS,

Lemma 4.2.4 gives that
~ 0~ ~ ~ 0~ ~ ~ 1 ~ ~ 1~ 1 ~
F (G,K) _F (G7£(J°, R)) —~G.—UR:G,;+URIRR}V.

By Lemma 4.3.3, U and @c are orthogonal. Thus

@R - 6.1 |
— |Gl + |U(R; Gy — R RR3V)|3.

Since U is inner, left multiplying by U preserves the Ho-norm, hence
~ =\ |2 ~ 02 1 L~ 1
|E(G.R)| = 1GIE +10(R? Gy — RYRR3 V)
~ 1 ~
= ||Gc||§ + || Rt Gy — Rl RRQ V”%

I3

By Lemma 4.3.3, VT and @} are also orthogonal, thus
~ ~\ 12 ~ 02 1~ N T
|E(G.E)|. = 1Gulg + |R? G, - RFRRF VI
A2 A )12 D PRIT2
=[|Gelz + [[Rf Gyllz + |[Rf RR3 V][5

But V is co inner, so right multiplying by V also preserves the norm, thus
~ ~\ 2 ~ 12 L, L~ 1 o
|E(G.R)| = 1GIE + 1R3G5+ |1RF RRF V3

~ 1 1
= |Gel3 + 1RF Gyll3 + | R RR 3.

Clearly this norm is minimized if the last term is zero, and this attained if R = 0. Thus, applying (4.6), the

optimal controller is given by
A+ ByF + LCy | —L

o A4+ ByF+LCy 0| —L+0
K = F(J°,0) = 0 0] o0 |= | ,
F+0 0] 0 F 0
O

which proves the theorem.
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Procedure 4.3.5 (Summary of solution strategy for the general Ha-control problem).
For a system

1. (A, B1,C3) and (A, By, C1) stabilizable and detectable;

A ‘ B4 B 2. Ry = DIQ-DIQ >0 and Ry = DQlD;l >0,
é = Cl 0 D12 o o
Cy| Ds; 0O 3. [A waj DBfJ nd [A C;w[ DB;J full column and row rank re-
spectively.

Step 1: Find solutions X = Ric(4, By, Cy, D12) and Y = Ric(AT,CT, BT, DI,).
Step 2: Set F = —R;*(BIX + DI,C,) and L = —(YC] + B, DI, )R;".
Step 3: Youla parametrization: set

~ A+ ByF+LCy | —L By
Jo = F 0o I |. (4.19)
-y I 0

All stabilizing controllers of@ are given by
I? = £(joa ﬁ)
with R € RHo arbitrary. Furthermore,

F(G.K) = Hyy + Hy RH;),

where
A + BQF —B2F Bl BZ
o A 0 A+LCy | Bi+LDyy 0
A =G ] = Ci+ Do —DF 0 Dy
0 Cy Doy 0

Step 4: (Lemmas /.2.4 and 4.5.3) It follows that
F(G.R) =G~ UR{ Gy + UR{RE;V,

where U and V' are inner and co-inner functions respectively, specifically

aC:|: A+BQF B1:|7

A+ LCs | By + LDy
Ci+DF | 0 ’

Gf:{ F 0
A+ LCy | By + LDy 1

A+ BF | ByR;®
R,*Cy | R,?Dy

Cl + D12F D12R1_§

~

and =

[/j:

Step 5: It follows (via Lemma 4.3.3) that
A 2\ |17 A2 3A 2 3 BRI 2
|E(G.R)|, = 1G5 + 1R Gy 3 + 1= RR3 |3

Step 6: Clearly the minimum occurs when R =0. Thus the minimizing controller is given by

A+ ByF + LCy | —L
F | 0

K = F(J°,0) =
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4.4 The State Feedback Case

In this section, we consider the special case of the Ho-control problem in Definition 4.3.1 where the controller
K has direct access to the state of the plant G. This means that Cy = I and Doy = 0 in (4.18), that is,

Al B B S,
G-|7ro b | = C‘I’AB‘LD}: Gu Gzl 4 2(0) = . (4.20)
I 0 0 P4 Da Ga1 Gag

Note that we cannot apply the solution procedure at the end of the previous section to the state feedback
case, because Dy; = 0 and hence the system (4.20) does not satisfy the conditions required for that solution
procedure. The following standard result provides sufficient conditions for the state feedback case of the
‘Ho-control problem to have a unique solution and provides the optimal solution.

Theorem 4.4.1 (cf. Theorem 13.3 in [56] ).
Consider a system with state feedback as in (4.20). If

1. DD > 0;
2. (A, B) is stabilizable;

3 [A—iw] B

c D} has full column rank for all w € R,

then there exists a unique optimal controller
K= {%‘L} =F, where F=—(DTD)"Y(BJX+DTC) and X =Ric(4,B,C,D)

with minimum value | F(G, K)||2 = trace(Bf X By).

Hence in the state feedback case, the optimal controller is a static state feedback controller. Note that, as
in the general output feedback case, the three conditions in the above theorem correspond with the conditions
in Theorem 3.7.8 and ensure that X = Ric(A4, B, C, D) exists.

In the next example we consider the LQ regulator problem (see for example Section 13.2 in [56]) and
show how it can be rephrased as an Hs-control problem with state feedback.

Example 4.4.2 (LQ optimal control).
The linear quadratic (LQ for short) optimal control problem was formulated and solved by Rudolf Kalman
in [17] and is now well known, see for example Chapter 10 in [19]. The LQ control problem considers a linear
system

#(t) = Ax(t) + Bu(t) x(0) =0

2(t) = Cx(t) + Du(t), t>0. (4.21)

Set
Q=C'C, R=D'D, S=DTC.

The aim of LQ-control is to keep all components of the output z(¢) as small as possible by finding an input
u such that the quadratic cost functional

(o, ) = /0 T e (TQu(t) + u(t)T Ru(t) + 2u(t)T Sx(t) dt (4.22)

is minimized. The solution of the LQ control problem is given by the following standard result (see for
example Theorem 10.19 in [19]).
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For a linear system (4.21), if DTD > 0 and the CARE

ATX + XA+ Q—(XB+ST)RY(BTX +5) =0,
has a unique stabilizing solution X, then

u*(t) = Fx(t) where ~F=RYBTX +9)
minimizes the quadratic cost functional (4.22) and the minimum value of the cost is

J*(z0) = 1}IelfU J(zo,u) = 2§ Xxo.

We now show that it is possible to obtain the same result using an Hs-control-setup and solution strategy.
By introducing the initial state as an instantaneous disturbance input, the state equation in the plant (4.21)
can be rewritten as

#(t) = Az(t) + w000 () + Bu(t),

where

1 t=0
do(t) = .
0 t#0
Hence, the initial state can be viewed as a momentary disturbance input that occurs at time t = 0. As a
consequence, the LQ plant (4.21) can be considered to be a special case of Ha-plant in (4.3) with w(t) = do(t)
and with

Bi=xy, Bo=B, Ci=C, Cy=1, D1 =0, Dia=D, Dy =0 and Dy =0,

that is

Gll G12

B CPyxg C‘I)AB+D:|
Go1 Gaa

T | ®axo ®,B

This is clearly a special case of the state-feedback Ho-control problem. The optimal solution is given by
Theorem 4.4.1:

K=F, where F=—(D'D)"Y(BTX +D'C) and X = Ric(4,B,C, D).

By Proposition 4.1.2,

[ A+BF 0] el
FGR)=| o 0|0 :[%WO]
C+DF 0] 0 "

where Ap = A+ BF and Crp = C'+ DF. By Lemma 3.7.10, X = X,,, where X, is the observability gramian
of the pair (Cr, Ar). Hence by Lemma 3.6.2, the optimal closed loop performance is given by

|E(G, K)||2 = trace (2] Xzo) = xf Xxo, where X =Ric(A,B,C,D).
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4.5 Spectral Factorization Approach to State Feedback Case

We now summarize the spectral factorization approach to the state feedback case. This approach can be
found in [46]. Some of the results in this section will be stated and proved in the more general setting of
output feedback in the Section 4.7. L

The first step will be to do a reparametrization of the closed loop transfer function F(G, K). For this, it
is required that Bj is square and invertible. We will assume that B; = I (and rename By = B) for the sake
of simplicity, that is,

A|I B ~ ~
G=|7Tlo D |= |2 C(I’AB+D]= Gu Gu (4.23)
Ilo o Ga1 G2

Dy d4B

Furthermore it is assumed that G satisfies the conditions in Theorem 4.4.1, that is
1. D7D > 0;
2. (4, B) is stabilizable;

3 [Aiw[ B

C D} has full column rank for all w € R.

These conditions guarantee the existence of a solution X = Ric(A4, B,C, D) (see Theorem 3.7.8). By the
stabilizability of (A, B), there exists a matrix E such that A + BE is stable. Furthermore, Lemma 3.7.10
guarantees that X = Xg = Ric(A + BE, B,C + DE, D). By an adaptation of the Youla parametrization
(Theorem 4.2.3), we get the following parametrization of stabilizing controllers K of G. Set

_[olo o
J=|0[E I
of1 o

Then
A+BE|I B
o= GwJ=|Hn Ho C+DE|0 D
H21 H22 I 0 0

is a stable system and the stabilizing controllers K of G are parametrized as
K=FJ,8)=5+E where §¢€RHs.
Furthermore, the closed loop transfer function can be written as
F(G,K)=F(H,8) = Hyy + H58(I — Hy,8) " Hy,.
Since ﬁgg is strictly proper, I — ﬁ22§ is invertible by Proposition 3.5.3. Hence if we define
R=5(I — HyS) ™,
then I + Hoy R is invertible by Proposition 3.5.3 and S is uniquely determined by R via
§ = B(I 4 i)
and hence the closed loop transfer function can be written as

f(é, IA() = Hyy + HiyRHy,.
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This parametrization is illustrated by the following figure:

H W > p Z k
——P|
u=FEx+wv €
P/
E I
] > —
—
x v
—P| S

This gives the following result.

Lemma 4.5.1 (cf. Lemma 9 in [16]).
If (A, B) is stabilizable and E is a matriz such that A+ BE is stable, then the set of stabilizing controllers
of the plant (4.23) is given by

{K=R(I+HpnR) "+E:RecRH}

and the closed loop transfer function is given by

o R o R H 1:_\1. A+ BE ‘ I B
f(G,K) — Hyy + HypRHyy,  where H= |21 212 _ "0 DE|0 D |. (4.24)
Hy  Hy I 0 0

Now H21 =D, pp in (4. 23) is square and invertible. Hence, if we define @ by @ }A%flgl, then the
closed loop transfer function F (G K ) can be re-written as H 11 + H 12Q and clearly Q and R determine
each other uniquely, indeed R= QH21 . Hence, a reparameterized problem of finding a controller Q that
minimizes ||ﬁI o+ H 12©||§ may be considered. However, R and hence K may be improper when recovered
from @ via

K = R(I+ HpR)™' + E = QHy' (I + HpQHy' ) ™' + B (4.25)
due to the f[gll = A —(A+ BE) term. Hence, for the stable system (4.24), we seck to synthesize a controller
Q ~ (Ag, Bg,Cq,0) satisfying the following properties

1. R= @ﬁl{ll is proper;
2. Ag is stable;

such that the closed loop performance |H1y + H12Q||2, is minimized.
Note that Hn, ng, H21, H22 € RH oo, because A + BE is stable. From the projection theorem (see for
example Section 3.3 in [27]), the following equivalent condition for Q to be a minimizer of

_min | Hi1 + ﬁu@”% (4.26)
QERH

can be derived (see for example Lemma 11 in [40]): if ﬁn € RHs and ﬁ12 € RHoo, then @ € R*Ho minimizes
(4.26) if and only if

HiyHiy + HipHi2Q € Hy (4.27)
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The standard spectral factorization theorem (see for example Theorem 13.6 in [1]) gives a factorization
H}yHis = L*L where L € Rt is square and invertible and L™! € RH (and hence L=* € RH). Here
L is given by

A+BE_| B ith F, (DTD)"Y(B™Xgp + DT(C + DE))
1 1 w1 = -
—(DTD)}Fy | (DTD)% " g (4.28)

» = Ric(A+ BE, B,C + DE, D),

E:

where we note that Xp exists under the conditions on G (see Theorem 3.7.8 and Lemma 3.7.10). But by
Lemma 3.7.10,

Xg = X = Ric(4, B, C, D).

Thus
Fp:=—(D'D)"Y(B"Xg + D7Cg) = —(DTD)"Y(BTX + DT(C + DE)) = F — E where
F=—(D'D)"YBTX + D7C)
and so
i A+BE | B
~ | (D™D (E-F) | (DTD)*
Furthermore, it can be shown that (see for example Lemma 13 in [10])
L~*H{yH\, = (DTD)?(E — F)Hy, — (DTD)"*BT®_ (4 p): X. (4.29)

In the above equation, the first term on the right hand side is in R#3 and the second term is in RHy. By
condition (4.27) and the factorization ngH 1o =1L* L the controller Q is optimal if and only if

HiyHyy + L*LQ € Hy.
Since L=* € RH,, this is equivalent to
L™*H{yHi + LQ € Hy .
Implementing (4.29) then gives the condition
(DTD)%(E — F)Hyy — (DTD) " 2BT®_ (4, gy X + LQ € Hy .

Now Q € RH and L € HRo, thus LQ € RHsy by Proposition 3.6.1. Since the terms (DTD)%(E — F)ﬁgl
and L@ are in RH, and the term (DTD)*%BTCI)_(A+BF)TX is in RH5, projecting onto RHs, gives the
following optimality condition

(D™D)?(E — F)Hy; + LQ = 0.
Multiplying by L1 and rearranging then gives

Q=-L"Y(D™D)*(E — F)Ha,.
Now by (3.14),

-

. | A+BF|B(D™D)"*
| F-E | (D"D)?

&=

= (F - E)(I’A+BFB(DTD)7 +(DTD)" 2.
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This enables us to determine @ as follows:
Q=-L"Y(D'D)*(E — F)Hy,

= —[(F — E)®a:ppB(DTD)"% + (D™D)"3|(DTD)*(E — F)® a1 pp
= —(F—E)®A,prB(E—~F)®4,55 — (FE— F)®4,55.

Since (A4+ BE) — (A+ BF) = B(E — F), it follows from Lemma 3.5.1 with X = BE— BF and A = A+ BF
that

Q44 prB(E - F)®aypp = Pare — PatBr.

Thus
Q=—(F—E)®s prBE—F)®a,pp — (E—F)®s pg
=(E-F)[®a+pr — Parpr| — (E—F)®ai1pE
=(F—-E)®ayBr,
that is

~

_ (4.30)

A+ BF | I
F—-FE |0
Here A + BF is stable, so it satisfies the second requirement. To show that @ also satisfies the first

requirement, note that with X = BFF — BE and A = A+ BFE in Lemma 3.5.1, it follows that

BF —BE=%,'pp — @' pp, so Hy'=@3) pp = @31, + BF - BE.
We use this fact to determine R = Q .
ﬁ = (F - E)CI)A+BF(I)Z~1HS’E
= (F— E)‘PA+BF(<I’;¢BF + B(F - E))
=(F —-E)+ (F—-E)®sprB(F - E),
that is

5_ [ A+BF|B(F - E)
| F-E| F-E

In particular, Ris proper, so @ satisfies the first requirement. Since @ in (4.30) satisfies both conditions of
the reparameterized problem, @ is an optimal solution to the problem (4.26). From this we can recover the
optimal controller K for the original state feedback control problem via equation (4.25):

K =QH; I+ Hy»QHy;Y)Y '+ E
= (F—E)®arr®,, gp(I + ®ayBe(BF — BE)®A1pr® ) pp)  +E
= (F=E)®as5r®, pp(I + (Paypr — Parse)®ipp)  + F
= (F=E)®ay5r®,, pp(®Parnr®ypp) ' + E
—F_-E+E
_F

which agrees with the standard result on the state feedback case in Theorem 4.4.1.
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In order to calculate the value of the norm
IE(G, K3 = |11 + HixQll3,

we compute

A+BE BF-BE |0

. [A+BE|B [ A+BF|I
H,0 = |25 + _ 0 A+BF |1
CHDEID J| F=E 0 C+DE DF—DE |0

With X =T in (3.19), it follows by (3.13) that

A+BE BF-BE |0

A.0=| 0 A+BF |1
C+DE DF—DE |0
A+BE | -1 A+BF | I . A+BF |1
| c+DE| 0 C+DF |0 YTl c+pFlo |

Thus

~

Hyy + HiQ = , where F=—(DTD)""(BTX +DTC) and X = Ric(4,B,C,D).

A+ BF |1
C+DF |0
where X, is the controllability gramian of the pair (A + BF,C + DF), but by Lemma 3.7.10, X, = X, so it

follows that the result agrees completely with the standard result in Theorem 4.4.1 with By = I.

A+BF |1
C+DF |0

Hence, by Lemma 3.6.2,

2
= trace (X,) = trace(X),

e+ Dl = H
2

Procedure 4.5.2 (Summary of solution strategy using spectral factorization for the state feedback case).
For a system

1. (A, B) is stabilizable;

2. R=DTD > 0;

A B
G=| C D and x(0) = xq
I 0

O O~

3 {A —wl B

C D} has full column rank.

Step 1: Find a matriz E such that A+ BE is Hurwitz.
Step 2: Youla parametrization (Lemma 4.5.1): set

~ 0
J:=10 (4.31)
0

~ |o
o~

Then all stabilizing controllers ofé are given by
K=F(J,R)=R(I+HynR) '+E
with R € RH o arbitrary and

f(é, IA() = Hyy + HyyRHy,
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where

[ A+BE|I B
H=G+«J=|C+DE|0 D (4.32)
I 0 0

Step 3: Set @ = ﬁﬁgl. Then

‘min ||F(G,K)|2= min |Hy+ H2Q|2, with K=QHy;'(I+ HpQHy) '+ E
KeRH QERH2

Step 4: By the projection theorem,
Q € RHMo minimizes |Hiy + H12Q|2  if and only if Hi,Hyy + HiyH12Q € Ha.

Step 5: Using the spectral factorization theorem, construct Le RHs for which both L'e RHo and
L*L = H}yHyy:

A+BE | B
RYE-F)| R

~

,  where X =Ric(A,B,C,D) and F=—(DTD)"*(BTX + DTC).

N

It then follows that

‘min |Hyy + HiQl2  if and only if L~ *Hi,Hyy + LQ € Ha.
QERH2

Step 6: Projecting onto RHso gives that

min ||Hyy 4+ H2Ql2  if and only if (DTD)%(E — F)Hy + LQ = 0.
QERH2

Step 7: Solving for @ gives

A+ BF | I
F-FE |0

~

Step 8: Solving for K via K = @f[{ll(_f + ﬁgg@ﬁ{ll)_l + E gives K = F = —(DTD)"Y(BTX + DTC).

_ We note that if we choose £ = F' in the above solution strategy, then the optimal solution is given by
@ = 0. So as in the solution strategy of Section 4.3, the optimal controller is obtained when @ = 0. In this
case, we again obtain the static optimal feedback controller via

K =QHy;'(I+ HpQHy Y '+ F=0+F.

We also note that with E' = F', it follows by Lemma 3.6.2, that

A+ BF | 1
C+DF |0
where X, is the observability gramian of the pair (A + BF,C + DF). But by Lemma 3.7.9, we have

X, =X =Ric(A, B,C, D), thus

2
|| = trace (X,),

||PA111 + ﬁ12@”% = ||ﬁ11||§ = H
2

“min ||F(G, K)|3 = trace (X).
KeRH-
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4.6 Alternative Approach to the Output Feedback Case

In section 4.3 the solution to the general output feedback case of the Hs-control problem was obtained in
Theorem 4.3.4. Following Procedure 4.3.5, we note that the solution to Riccati equations play an important
role in the Youla parametrization. Specifically the stabilizing matrices F' and L in (4.19) depend on the
solutions of Riccati equations. However, in Chapter 7, we consider the Ho-problem for structured linear
systems. For matrices (A, B,C, D) with a specified zero structure, the solution X = Ric(A4, B,C, D) of
the associated Riccati equation, if it exists, does not in general have the same zero structure. As such, we
consider an alternative approach similar to Procedure 4.3.5, but with arbitrary stabilizing matrices £ and
M in the Youla parametrization that do not depend on solutions of Riccati equations. This will allow us in
Chapter 7 to utilize stabilizing matrices £ and M in the Youla parametrization that preserve the structure
of the system.
Consider a system as in Theorem 4.3.4, that is

~ ~ A | B B
A_ Cj’n lez c ‘ 01 D2 _ C1® 4B, C1® 4B + D1a
Go1 Gao C’l D 012 Co® 4B + Doy Co® 4 B>
2 21

As in Theorem 4.3.4, the following assumptions are made about the plant:
1. the triples (A, By, Cs) and (A, By, C1) are stabilizable and detectable;
2. R = DIQDlg >0 and Ry = D21D.2rl > 07

3 [A—zw[ Bgil nd {A—zw[ B,

oy Dis , D21] have full column and row rank respectively for all w € R.

By the stabilizability and detectability of the triples (A, By, C5) and (A, By, C1), there exist matrices E and
M such that A+ BoFE and A+ MCy are stable. By the Youla Parametrization (Theorem 4.2.3), all stabilizing

controllers K of G are of the form

~

K = f(f, }AB) = J + :]\HIA((I - fggﬁ)_ljgl for some ReRHo.

Here J is the canonical system

E (4.33)

—Cy

<)
i

A+ BE+MCy | -M B,
0 I
1 0
Furthermore, after connecting such a stabilizing controller K , the closed loop transfer function is given by
f(é, f() =Hi + ﬁmﬁfbh

where H = G * J is the stable system with realization

5 At Bl 2Bl B B i|B B
i Hu Hi 0 A+ MCy | Bi+MDsy 0 =
=150, b, = = . (434
[Hm sz] C1+ Di2sE  —DpFE 0 Do Ci| 0 Di (4.34)
0 CZ D21 0 02 D21 O
Here
A A+ ByFE —ByFE ~ B B _ Bs
B 0 A+MCQ ’ L= Bl+MD21 ’ 2= O
51 = [Cl + Do F —DlgE] R 6’2 = [0 02] .
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We note that since A + BoFE and A + M C5 are stable, we have

R A+ ByFE —ByF B
Hi = 0 A+ MCy | By + MDy; € RHs,
| Ci+DE  —DiE | 0
5 _ [ A+BE | B
Hyy, = 00y
27 | C1 + Di2E | Di2 € RH (4.35)
ﬁ21 = A+ MG, ‘ By + MDo ] € RHo and
i Cy ‘ Dy,
Hjy = 0.

As in Definition 4.3.1, the goal is to minimize the closed loop performance
IE(G, K)||3 = | Hyy + HizRHo |3

Since ﬁu € RHo, ﬁlg € RHo and ﬁgl € RHo, it can be seen that f(@, I?) € RHq if Re RH-.
Let H® be as in Procedure 4.3.5, that is,

R R A+ ByF —BsF B B
= Hy, Hp 0 A+ LCy | By+ LDy O
e — |Hn Hiz| _ , 4.36
ngl 0 Ci+ DioF' —DppF 0 D1 (4.36)
0 Cs Dy, 0
where X = Ric(4, By, Cy, D12) and Y = Ric(AT,CT, BT, D],) and
F:=—(DI,D12) " (B]X + D],C1) and L:=—(YC]+ BD],)(D2y DY) (4.37)

We note that H does not contain matrices that depend on solutions of Riccati equations whereas He does.
We now follow the same approach as in Procedure 4.3.5 for H instead of H°. Recall that by Lemma 4.3.3,

~ ~ 1 . 1A
H?, =UR; and H3 =R3V

where U and V are inner and co-inner functions respectively. This allows one in step 4 of Procedure 4.3.5,
to write the closed loop transfer function in terms of the inner and co-inner functions U and V as

~ ~ -~ ~ ~ ~ ~ 1 ~ ~_ 1 .~ 1~
F(G,K)=HS, + H,QHS, =G. — UR?G; + URZQREV.

We now obtain an analogous result for ﬁlg and ﬁgl. This is done by applying Theorem 3.7.13 to get
inner-outer factorizations of Hqa and HJ,.

Corollary 4.6.1.
For Hyy and Hoy as in (4.35), it holds that

ﬁu:ﬁf and ]/‘\121:]/\4\‘7

where U and V' are inner and co-inner functions given by

~ A+ ByF | B St ~ 1| A+ LCy | B+ LD
= 2F | By Ry and V=R,? 2| By 2 (4.38)
C1+ Do F ‘ D; Co ‘ Doy
respectively and where L and M are stable invertible outer functions given by
~ 1 A+B2E B2 — A+MCQ‘M7L 1
L =R? and M = RS, (4.39)
E-F | I e | o1

respectively.
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Proof.
We consider the Riccati equations associated with

AT+ CIMT | C]

A+ ByFE ‘ By
BT + DL, MT | D],

Ci+ D12E | Dys

~ ~r
H12 = and H21 =

By Lemma 3.7.10, it follows that
X = RIC(A + BQE, BQ, Cl + D12E, D12) = RIC(A, Bg, 01, Dlg) and
Y = Ric(AT 4+ CgMT,CzT,BlT + DI2MT,D51) = Ric(AT,CzT,BlT,Dgl).
Thus with F' and L as in (4.37), it holds that
FE = 7(DIQD12)71(BgX + DIZ(Cl + DlgE)) =F—F and
Ly := —(D91 DY) " H(CoY + Doy B] + (Do DI,)MT) = LT — MT,

Since A+ BoE and AT + CJMT are stable and Ry = D],D12 > 0 and Ry = (DJ;)7(D7],) > 0, it follows by
Theorem 3.7.13 that
A+ BoFE ‘ By

A+ BsE+ ByFp | BaR;* j
~R}Fp | R}

—
Ci1+ Di2E + Do Fg ‘ DR, 2
A+ByF | BR[® A+BE | By

Hyip =

Nl

- —_T I I = ﬁf
C1+ DioF ‘ DioR, 2 —R{(F - E) ‘ Ry
and
ar _ [ AT+oruT o - mmy | opRyt ] [ AT+ CIMT| O
21 — — T 1 I
Bl + D3, MT™ + D3, (L — M) ‘ DR, > —R3 Lm ‘ R;
-3 T TMT T
_ | AT+ CILT ‘ C’QTR{Zl A; +CIMT | CzL S Vo
Bl + DL LT | DL, R, ? ~R} (LT~ M) | R}
which completes the proof. O

~ ~ 1 ~ 1 .~ ~ A~
Remark 4.6.2. By Lemma 4.3.3, HY; = UR{ and H5;, = R;V and by Corollary 4.6.1, Hi3 = UL and
Hy = MV. Importantly, Hio and Hyy have the same inner factor U and Hs; and H3; have the same outer
- ~ 1 — 1
factor V. Furthermore, if £ = F' and M = L in Corollary 4.6.1, then L = R} and M = R;, so that the
factorizations in Lemma 4.3.3 are in fact a special case of Corollary 4.6.1.

We now have fg\ctorizations of ﬁlg angl ﬁgl in terms of U and V. In the next Lemma, we also obtain a
decomposition of Hyq in terms of U and V.

Lemma 4.6.3. R R
Let Hy1 and Hyy be as in (4.35) and (4.36), respectively, with U and V as in (4.38). Then

Hy, =0y +UPV,

where
R ) A+ ByFE By E —L )
P =R? 0 A+MCy | L—-M | R:.
E—F E | 0
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Proof.

A+ MCsy | By + MDy ]

Let
=~ A+ BE | B =~
E _ 2 1 M _
GC_|:C1+D12E 0 ]’ G _[ FE ‘ 0 (4.40)
5 A+ ByF | B 5 A+ LC, | By + LD '
F_ 2 1 L _ 2 | b1 21
Gc‘[CﬁDmF o} and G_[ F 0 }
Then by Lemma 4.2.4
~ ~ ~ ~ ~ ~ ~ ~ ~ ~ -~ 1 ~ o~
Hyy — HYy = (GF - GI) + (H},Gf — Hi,GY') = (GF = GI) + UREGY — LGY).
Now by equation (3.12)
A—FBgF 0 _Bl
GF - GF = 0 A+ ByE | B
Ci1+ DioF Ci+ DioFE ‘ 0
Set
-~ B A+ By E | By
N =R [ BB B }
Then by equation (3.13),
A+BF By(E—-F) | 0
~ A+ ByF | B _1 1
+ 2 ‘ 2 Rl 2R12 |: AE‘?';B;’E %1 :| _ 0 A+B2E B]
Cl +D12F Dlg(EfF) ‘ 0

C1+ Dy F ‘ D

Applying the state space similarity T' = {é II} , it follows that

- A+ ByF 0 —B U
UN = 0 A+ BE | Bl | =G -GI
0

Ci1+ DioF Cy+ DioFE ‘

Thus
Hy — Hy = (GE = GF) + URFGE — LGY) = U(N + R GY — LGY).

~ o~ 1 ~ A~
We now consider the term N -+ LG?/[ - R} GJI? and show that we can write it as PV. By equation (3.13),

. [ A+B:E B:E 0
—LGY =R} 0 A+ MCy | —=(B1 + MDy)
E—F E | 0
and by equation (3.12)
L A+ BFE 0 B
N+ R?G% = R? 0 A+ LCy | By + LDy
E-F F 0



Thus by equation (3.12)

[ A+ BE ByE 0 0 0
~ ~ 1 .~ 1 0 A+MCQ 0 0 —(B1+MD21)
~LG}' + N + R:Gf = R} 0 0 A+ ByE 0 B
0 0 0 A+ LCy By + LDy
| E-F E E-F F ‘ 0
[ A+ B:E ByFE 0 B
_ g} 0 A+MC; 0 | —=(Bi+MDsy)
! 0 0 A+ LCy | B+ LDy
| E-F E F 0
I 0 -1
Applying the similarity [0 I I |, it follows that
0 0 I
[ A+ ByE By E —LCy — LDy,
_TAM -~ AL o3 0 A+ MCy (L—M)CQ (L—M)Dgl
LGy + N+ Ri Gy = R 0 0 A+LCy, | B+ LDy
| E-F E 0 | 0
[ A+ BE By E —L A
1 PR + LCy | B+ LD o
_ R} 0  A+MCy|L-M |RIR,? 211 2L _ BV,
T E-F E | 0 s D21
where the second equality follows by (3.13). Thus
5 fjo N SAL _ TAMY _ 77D
Hy — HY =U(N+ Ry Gy — LGy) =UPV,
which completes the proof. O

By Corollary 4.6.1 and Lemma 4.6.3, we now have a decomposition of the closed loop transfer function
in terms of the inner and co-inner functions U and V, specifically

F(G,K) = Hy, + HiyRHy = HY, + UPV + ULRMV = H?, + U(P + LRM)V.
Using the properties of inner and co-inner functions and Lemma 4.3.3, the norm of the closed loop transfer
function can be minimized by choosing R appropriately.

The following theorem, like Theorem 4.3.4, gives the optimal solution to the Hs-control problem in
Definition 4.3.1. The minimum norm agrees with Theorem 4.3.4.

Theorem 4.6.4.
The optimal solution to the Ha-control problem

minimize || F(G, K)||3 = ||Hy1 + Hio RHo |2
subject to R € RH,

is given by
R A+ ByF LCy —L
Ropt = 0 A+LCy | M—L |,
F—FE E | 0

where F' and L are as in (4.37). Furthermore
~ ~ ~ ~ ~ ~ 1 ~
[ Hvy + HyzRopeHon |3 = [ HP I3 = [|GE 13 + 1R GFI3,

where HY, is as in (4.36) and where éf and é]Lc are as in (4.40).
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Proof.
By Corollary 4.6.1 and Lemma 4.6.3, we have
F(G,K)=H, +U(P + LRM)V.

~ ~ ~ ~ ~ 1
By Lemma 4.2.4 Hyy = GE — Hng}%. Thus, since H{, = UR, *, it follows that

~ o~ ~ ~ o~ AN~ A~ ~ ~ 1 ~ ~ o~ AN~ A~

IE(G. K)|3 = |Hfy +U(P + LRM)V |3 = |G¢ — UR; Gf + U(P + LRM)V|[5.

As in the proof of Theorem 4.3.4, by employing Lemma 4.3.3 and the norm preserving properties of the
inner and co-inner functions U and V, it follows that

IE(G, K3 = G 15 + 1R GF 113 + 1P + LRM3.

Clearly this norm attains its minimum when the last term is zero. By Corollary 4.6.1, L and M are invertible
outer, thus the minimum is achieved when R = —L~'PM~!. Hence we calculate by equations (3.14) and
(3.13)
B i1
.| At BE ByE —L
R, *R} 0 A+MCy | L—-M R2R2
E—F E ] 0
A+ ByF Byo(F—E) —BE 0 0
0 A+ ByE ByE —LCy —L
= 0 0 A+MCy; (L-M)Cy |L—M
0 0 0 A+LCy, |L-M
F—E F—-E -F 0 0

A+ BoF | B
F-F I

A+LCy |L-M
c, | 1

0

With similarity transform T = it can be shown that

I

A+ ByF 0 0 —LCy —L
0 A+ BFE ByFE ByFE — L(Cy —L
R= 0 0 A+ MG, 0 0
0 0 0 A+LCy, |L—M
F-E 0 5 —E | 0
=(E—=F)Qayp,rL+ (F = E)®uyp,p(LC2)Pavrc,(M — L) + EQaypc, (M — L)

_r_ Pavpr Patp,r(LC2)Patre,| | —L
_[F-E E][ - ) o

O O O N~
OO NN

0

0 0
I —I|’
0

A+ ByF LCy —L
= 0 A+ LCy | M —L
F—F E 0
To show the optimal value of the norm, we compute
[ A+ By F LO, L
Ry, — 0  A+LCy | M-1L {A+CMCQ BlJ;DMDm }
| F-E E | 0 ? 2
[ A+ BoF LCy —LCy —LDsy
B 0 A+LCy (M —L)Cy | (M —L)Doy
- 0 0 A+ MCy By + MDoy;
| F-E E 0 \ 0
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and hence by equation 3.13,

A+ ByF LCy —LCy
ioBE [ A+BE | B, 0 A+LCy; (M—-L)Co
12 21__Cl+D12E\D12 0 0 A+ MCy

(M — L)D21
Bi + MDy;

F—E E 0 |
A+ ByE By(F—E) BE 0

0 A+ ByF LC, —LC, —LDy
= 0 0 A+ LCy, (M—L)Cy | (M—L)Dy
0 0 0 A+ MCy | By + MDy

|Ci+ DiE Diy(F—E) DipE 0 |

I -1 I
o -1 I
-1 1 Iy
0o 0 I

With similarity transform 7" =

O ~NO O

A—i—BgF —BQF 0 0 Bl

HyoRHyy = 0 0 A+ BoE —ByE -B,

and employing equation (3.12) it follows that

0 A+ LCs 0 0 By + LDy,

0 0 0 A+ MC;y | —(By + MDy,

L C1+ Do F —DxF  Cq+ DoFE —DoF ‘ 0

A+ ByF —ByF By A+ ByFE —ByFE

= 0 A+ LCs | By + LDy | — 0 A+ MCy | By + M Doy

= Hfl - Hlla
which proves that ﬁll + ﬁlgﬁﬁgl = ﬁfl, which completes the proof.

Corollary 4.6.5.
The optimal solution to the Ha-control problem
minimize |Hyy + H12Q)|3
subject to @ € RHs
CAQ = ﬁﬁgl for some Re RHo,

is given by
A+ ByF  LC, —LC, —LDy;
O 0 A+LCy (M —L)Cy | (M — L)Dyy
R 0 0 A+ MCy | By + MDy,
F—E E 0 | 0
and

~ ~ ~ ~ FIPN
1y + HiaQrll3 = | H 13 = IGE 13 + 1R GF3,
where HY, is as in (4.36) and where GE and éfc are as in (4.40).
We end this section with result similar to Theorem 4.6.4.

77

| C1+ D1sF —D1oF | 0 Ci+Di:E  —DpoE |

(4.41)



Theorem 4.6.6 (cf. Lemma 3 in [25]).

Consider realizations
A1 B1 . A2 B2 a0 A3 Bg
:| y F12 = |: 02 D2 :| and F21 = |: 03 D .

FH_{C& 0

such that
1. Ay, Ay and Az are stable;
2. Ry = D;D2 >0 and R3 = Dng > 0;
A-iwl By ] have full column and row rank respectively for all w € R.

9 A— iwl Bg and
’ Cl D12 02 D21

Define
Fy = —(DIDy) " (B]X + D]Cy) and L3 =—(YCJ] + B3DI)(D3D])™*,

where
X :RiC(AQ,BQ,CQ,DQ) and Y:RIC(A;;,C;-,B;-,D%-)

Then there exists unique solutions Zy and Zo to the Sylvester equations

(A2 + BQFQ)TZl + ZIAl + (Cg + DQFQ)Tcl =0 and
AZy + (Ag + LgCg)TZ; + Bl(Bg + L3D3)T =0.
Furthermore, a solution to the optimization problem
minimize ||ﬁ11 + ﬁlgﬁﬁglﬂg
subject to R € RH,
is given by
~ ~ A BDI + Z,CT | ~
R = 1 | PDIEBO] | G
BIZ, + DIC, | 0
where
> | Ay | By — | A3z | —Ls 1
L= R2[—F2 7 and M = oo T R3.
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4.7 Reparameterized H,-Problem for the Output Feedback Case

We have seen that by the Youla parametrization,

_min [|F(GK)|3 = min ||Hy + Hi2RHlf3
KeERH RERHo

where R € RH, is a parameter, J is a canonical stable system, K= E(j, ﬁ) and H = J* R. Let @ € RHa2
be another parameter. In Chapter 7, we will consider the Hs-control problem for linear systems that satisfy
an additional structure requirement. For such systems it is possible to reduce control problems of the form

minimize ||ﬁ11 +ﬁ12@”§

~ (4.42)
subject to Q € RH,

to_the unstructured case. On the other hand this can not necessarily be done when we have the form
||H11 + H12 RHo1||3. In this section, we solve the control problem (4.42) via a spectral factorization approach
similar to Section 4.5. In Section 4.5, the state feedback case of the Hs-control problem also reduced to
a problem of the form (4.42). Some of the results related to optimization and spectral factorization are
repeated in this section in a more general setting. As in previous sections, we assume we have a plant

~ ~ A | B B
A_ |Gun G| _ - | 01 D2 _ C1®aB; C1®4B2 + Dio (4.43)
Ga1 Gao C: Doy 012 Co®aB1 + Doy Co® 4By '

such that the following conditions are satisfied.

Conditions 4.7.1.
1. the triples (A, By, Cs) and (A, By, C1) are stabilizable and detectable;
2. Ry = D1,D12 >0 and Ry = Doy DI, > 0;

3 [Azwf Bz}and {Azw[ B,

o, Dis o, Dﬂ] have full column and row rank respectively for all w € R.

Let E and M be matrices such that A + BoE and A + MC, are stable and let J be as in (4.33). Set
H =G« J as in (4.34), that is

N . A + BQE —BQE B1 BQ A" ‘ B’l §2
o H11 H12 0 A+MCQ Bl+MD21 0 —
H = ~ ~ = == 4.44
[Hgl ng Ci+ DiE  —DpE 0 D1y Ci| 0 Dip |, (444
0 Cy Doy 0 Cy| D1 O

In the following definition of the reparameterized Ho-control problem, we do not require the state space
matrices of H to have the specific structure derived from G as above, we only require that A is stable. We
will return to the specific structure as given above after solving the general problem.

Definition 4.7.2 (Reparameterized Hz-control problem).
For

~

Al B
Hy =

Cy | Dis

A | B

— and Hyy = 4.45
clo 2 (4.45)

with A stable, the reparameterized Hsa-control problem is to synthesize a controller @ € RHs which minimizes
the closed loop performance

1 H11 + H2Ql3.
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Since A is stable, we have ﬁu € RHs and I?Ilz € RHo. The following lemma is derived from the
projection theorem and gives an equivalent condition for @ to be an optimal solution of the reparameterized
optimal control problem in Definition 4.7.2.

Lemma 4.7.3 (cf. in Lemma 11, [10]).
If H11 € RHso and ng € RHo, then Q is optimal for

minimize ||ﬁ11 + ﬁ12@||§
subject to @ € RH2

if and only if
Hi,Hyy + HiyH2Q € Hi.

In the above optimality condition, we apply spectral factorization to the term H12H12 In general,
ng and H12 are not invertible since Dys will generally not be invertible. Spectral factorization enables
us to factorize H12H12 as L*L for an invertible outer function L € RHs which also has a stable inverse

L€ RH o (and hence L™ ¢ RH5 also). This will enable us to take inverses in the optimality condition
given in Lemma 4.7.3 and hence solve for an optimal @

The following standard result on spectral factorization can be found for example in Theorem 13.6 in [I]
or Lemma 13 in [46]. We restate the result in our context and also give a proof using our notation.

Theorem 4.7.4 (Spectral Factorization).
Consider the transfer function Hio € RHo with a realization

. A| B,
Hyp = |—=
C1 | D12
satisfying the following conditions
1. Ry = D-lrQDlg >0
2. j(: = Ric(g, Eg, 51, D12) exists.
Define
R i | B _
L= —+—1—|, where F=—R7YBIX + DLC)). (4.46)
—RIF | R}
Then

1. L € RHo (and hence L* € RHZ );
2. L' € RHoo (and hence L™ € RHZ);
3. HiyHy» = L*L.
In particular, L is an invertible outer function.
Proof.

1. Since A is stable, L € RHo (and hence by Proposition 3.6.1, L* € RHL).
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2. By equation (3.14), it follows that
| BoR

F | m

~ A+ ByF N ~ ~ 1 1
L71: +~2 1% :F(I)X+§2ﬁB2R12 —|—R12. (447)

Since X = Ric(ﬁ, Eg, 51, Ds2) is a stabilizing solution, A+ Egﬁ is stable and hence L~! € RH -
3. Let Ry = (D],D13), W = BIX + DI,C; and F = —R7'W. Recall that by (3.11)
Oi=\-A)" and @5 =—(A+AT)""
Applying formula (3.17) to " 12, gives
HiyHyis = Ry + DL,C1® 1By + B} &*(D],C1)T + BJ&*CTC1® 1 Bs.
From the ARE (3.29) it follows that:
(XBs + (DI,C1))Ry {(BTX + D],C1) = ATX + XA+ CTCy
and so
WTR'W = ATX + XA+ CTCy + AX — X = CTCy + (M+21T))?—f( (M—Z)
=CIC -2 " X — X0 .
Applying (3.17) to E, gives
L*'L = Ry + BJ®*WT™ + W& 3B, + B]®*(WTR; 'W)® ;B
= Ry + BI®SWT + W 1By + BIo%(CTCh — &7 X — X&)® 1By
= Ry + BJ® W™ + W& 3B, + B]®*CTC1® ;B> — BIX® 3B, — B]®* X B,
= Ry + BJ®%(WT — XB,) + (W — B]X)® ;B + B]®%CTC1® ;B>
= Ry + (DL,C1)® 1By + B} ®*(D],C1)T + B} &*CTC1® 1 Bo,
which shows that H},Hy, = L*L. O
Form Lemma 4.7.3, we have that @ is an optimal solution if and only if
HiyHyy + HiHisQ € Hy
With L as in equation (4.28), it follows from Theorem 4.7.4 that L™ € RHL, and
HiyHyy + HiyH2Q = HiyHy + L' LQ.
Thus, by Proposition 3.6.1 (2), Cj is an optimal solution if and only if
L™ HiyHy + LQ € Hs.

The next lemma shows that the first term L—*H fsz 11 in the above optimality condition can be decomposed
into the sum of two terms; one of which is in R, and the other in RH5 .

Lemma 4.7.5 (cf. Lemma 13 in [16]).
For Hy1 and Hiz as in (4.45) and L and F as in (4.46), it holds that

~ ~. o~ 1~ ~ 1~ ~ ~
L™ H{yHy = —RiFO ;B — R, *BI®_ 1 5 5. XBi, (4.48)

1~ ~ _1 ~
with R} F® ;B € RH> and R, > B]®

_(g+§2ﬁ)TXB1 S 'RHQL
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Proof.

Fro m equation (3.15), it follows that <I>(;+B 5= —(M + (A + ByF)T) and from (3.29), it follows that:

CTC, = —FT(BIX + DI,Ch) — ATX — XA
and hence

CIC+FTDL,C =\ ~ )X — M+ (A+B.F)) =X + o7 o o X,

The following observation is also in order:

ByF = (M — (A — +ByF)) — (A — A) (4.49)
o —1 o (p—l

Applying (3.14), the inverse of LisL ! = R;% + ﬁ¢(g+§21;)§2R;% and ﬁlg = Dis + 51<I>g§2, hence by

equations (3.13) and (4.49), we get that

L™ = DioRy * + DisF® 5, 5 5 BaR, * ? 4 Gy 1ByRy T + Cy® BQF@(MB F)BQR

(AtBs F)BQRl —I-Cl(I) BgRl +C1 ( —o!

1
= D3R, ? + Do F® (A+BQF))(I)(A+B2F)

ByR;*
= .D12]%1_§ +D12F@(A+B 7) BQR +01@ BQR +Cl A+§2ﬁ)BQ‘R1 3 — OlfI)ZBQRl_i

1 ~
= D12R1 2 + (Cl + DIQF)@(AJrB F BgRl

Taking the adjoint via equation (3.15) gives

~ ~ 1 1~ % ~
L™ Hiy = R, *Dly+ Ry *BI @1 » & (CT + FTD,).

Multiplying on both sides by Hy=C <I>g§1 and applying (4.49), gives

L= HiyHy = R, ?D,C1® B, + R, * B]® “ii5.5(CIC + FTDTC® 1By

— R DIQClq) B1 +R 2BT (A+B F)(X(ﬁ +(I)(_; B, F)X)(I)ZBl

= R, *D],C1® B, + R, * B]® XB, + R, *B]X® B,

(A+B F)

= R, *(BIX + DI,C1)® By + Ry "‘BT<I>2‘A+B X B

1~ ~ _ 1~
=R{F®;B; + R, 2BQT<I>(A+B F)XBl,
which is what we needed to show. Lastly, since Aand A+ Bgﬁ' are stable, it follows that R? Fo gél € RH,
and R;§§;¢7(Z+E2F)TX§1 ERH%‘ O
The following theorem now gives the optimal solution to the reparameterized Ho-control problem. The

result follows quite easily from the previous lemmas. This is the main result of this section. Note that the
result agrees with the result in Section 4.5.
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Theorem 4.7.6 (cf. in Lemma 4.1 [38]).
Consider realizations
A | By

and ﬁlgz
Cy | Dy

ﬁn_[~
satisfying the following conditions
1. Ais stable;
2. Ry = D.lrQDlg >0,

/A{ —wl Eg

3. ~
Ch Dis

has full column rank for all w € R.

Then optimal solution of the Ha-control problem in Definition 4.7.2, is given by

A+ BoF | By
F 0
Proof.

By Lemma 4.7.3 Q € RH, minimizes ||ﬁ11 + ﬁhz@”g if and only if

~

where F = —R;l(égf( + Dbél) with X = Ric (X, ég,él,Dlg).

)

HiyHyy + HipHoQ = HiyHiy + I'LQ € My
where L is given by (4.46) in Theorem 4.7.4. Since L™ € RHZ, it follows by Proposition 3.6.1 (3) that
Q € RHs minimizes ||H11 + H12Q|)% if and only if

L™ HipHy + L7 L'LQ = L™ Hy, Hiy + LQ € Hy..
By Theorem 4.7.4, Le RH~ and @ € R*Hs by assumption, hence E@ € RHs. Furthermore, E_*ﬁfzf[u is
given by equation (4.48) in Lemma 4.7.5 with one term in H and the other in H5. Thus, projecting unto
Ha, gives

Py, (L H12H11+LQ) RZF® By +0+LQ = 0.

This equation can now be solved for Q. The inverse of L is given by (4.47). Now BoF = (I)Aj-B Pl 5
2

and so we obtain

Q=L 'RiFoB, = (R;* + Fog, 5 zBoRy ¥ ) Ri Fo 5B
=F®;, 5 #(B2F)® 1By + FO 1B,
= Fo5, 5,5(07 =07 5 @3B+ FO;B,
=Fo; 5 7B — Fo;B, + Fo ;5
[ A+BF|B
B F 0o |’
which completes the proof. O

In the above theorem, the conditions guarantees the existence of a unique solution X = Ric (g, Ez, C 1, D12).
Recall that for the reparameterized Ha-control problem, the results did not depend on the specific form of
the matrices A, By, By, C1 and (3. We now investigate the conditions in Theorem 4.7.6 and the related
Riccati equation if the matrices A, By, Bg, Cy and Cy are as in equation (4.44). The following lemma sheds
some light on the form of the solution X of the Riccati equation and consequently also on the matrix F.

83



Lemma 4.7.7.
Suppose

1. DIQD12 > 0;
2. (A, Bs) is stabilizable and (A, Cs) is detectable;

3. |:A —qwl BQ

oy Du} has full column rank for all w € R,

and that E and M are matrices such that A+ BoE and A+ MCy are stable. If Z, El, Eg, 61 and 52 are
as in equation (4.44), then there exists a unique solution X = Ric (A, Bs,C1,D12) and X and F are given

by

X = [)gl 8} where X7 = Ric(A, B2, C1, D12)

and
F=[F-E E| where F=—(D},Di2)(BJX;i+ DL,Ch).

Proof.
By assumption D], D19 > 0. Secondly, since A+ BoF and A + MC5 are stable, A is stable and thus (X, ég)
is stabilizable. Thirdly, since

I 0

E I

A—iwl By][I 0] [(A+BE)—iwl By
Ch Dy | |E I| Ci1+ Do E Do

is invertible,

has full column rank for each w € R. But since A + M5 is stable, (A + MCs) — iwl is invertible, thus

(A + BQE) —qwl 7B2E B2
0 (A+MCy) —iwl 0
Cy + DioF —D12E D12

has full column rank for each w € R. Thus, by Theorem 3.7.8, there exists a unique stabilizing solution
X = Ric (4, By, Cy, Dy3) to the Riccati equation

ATX + XA+ CTCy — (X By + CTD13)(DIyD12) " (BIX + DI, Cy) = 0. (4.50)
Since X is symmetric, we may take
- _ | X1 X3
- 3
With A, By, B, C; and Cs as in equation (4.44), the left hand side of equation (4.50) is given by

AT+ETB; O X1 X3 + X1 X3 A+BZE 7B2E
—ETB] AT+ CIMT| |X3 X5| ' |X3 Xo 0 A+ MG,

T TNDT
{Cl +E D12:| [01+D12E 7D12E]

7ETDIQ
X; X;3] [Bo CT + ETDT o X; X,
_ ([Xs X2] [O] + { 1—ETD{212 Dy ) R{M([BY 0 X: X + D], [C1 + D12E  —D12FE]
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which gives

ATX, + ETB] X, ATX3+ ETBI X3

|ATX3 + CIMTX; — ETBIX; ATX,+CIMTX, — ETB]X;

_XlA + XlBQE X3A + X3MCQ - XlBQE

| X3A+ X3BoE X2A+ XoMCy — X3BoF

[CTCy + ETDI,C, + CTD2E + ETR\E  —CTD13E — ETR\E
—ETDLC, — ETR\E ETR\E

(X1B2 +C{D12) + ETRy

| xR, B ((BIX4 DRC) 4B RYTBIX — B

Due to restrictions on space, we continue the calculation by considering each block entry separately. The
top left block entry gives
ATX, + E'BIX, + X1 A+ X BoE+ C]Cy + E"D],Ch + CID1sE+ ETR E
~((X1Ba + CTD1s) + ETRy)(R; Y (BIX, + D],C1) + E)
ATX, + E"BIX, + X1 A+ X1 BsE+ CTCy + ETD],C, + CTD12E + ETR\ E
—(X1Bs + CI D12)Ry /(B3 X1 + DI,C1) — (X1B2 + C{ D12)E — ET(B} X, + D,C1) — ETR\E
=  ATX;+ XA+ CJCy — (X1B2 + CID12) Ry '(BI X1 + D],Ch).

The top right block entry gives

ATX3+ ETBIX3 + X3A + X3MCy — X1 BoF — CID2,E — ETR\E
— ((X1B2 +CID13) + ETRy)(R;'BI X5 — E)
=ATX3 + ETBI X35+ X3A + X3MCy — X, BoE — CTD2E — ETR\E
— (X1By + CTD12)Ry ' BIX3 + (X1 By + CTD15)E — ETBI X5+ ETR E
=ATX3 + X3A + X3MCy — (X1 By + CT D12) Ry ' BI X3
=X3(A+ MCy) + (AT — (X1 By + CTD15) Ry ' B]) X3
=X3(A+ MCy) + (A+ BoF)T X3

The bottom left block entry is the transpose of the top right entry and thus is given by
(A+MCs)TX] + XT(A+ BoF).
The bottom right block entry gives
ATXy + CIMTXy — ETBI X354+ XoA+ XoMCy — X3BoE + ETRIE — (X3By — ETRy)(R; 'BI X3 — E)
:ATXQ + CgMTX2 - ETB;X;; + XQA + XQMCQ - X,SBQE + ETRlE
— XgBQRleng + X3BsE+ E"BIJ X5 — ETR E
=ATXy + CJMTX5 + XoA + XoMCy — X3Bo Ry ' BI X5
=(A+ MCo)T Xy + Xo(A+ MCy) — X3Bo Ry ' B] X3.
Hence, the Riccati equation (4.50) is equivalent to the following four equations
ATX| + X1 A+ CTCy — (X1 By 4+ CT D1o) Ry Y(BI X, + DI,C) =0,
X3(A+ MCy) + (A+ BE)T X3 =0,
(A+MCo)TX] + XJ(A+ BE)=0 and
(A+ MC3)TXo + Xo(A+ MCy) — X3ByRy ' BI X35 = 0.
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The first equation is a Riccati equation which has a unique solution X; = Ric(A, By, C1, D12) by The-
orem 3.7.8. Furthermore, X, = 0 and X3 = 0 solves the other three equations. But, the solution
= Ric (A Bg, C’l, D12) is unique, hence it is given by

),Z = |:)f)1 8:| where X1 = RIC(A, BQ, Cl, Dlg).

Lastly, computing F gives

F = —(D,D1o)"* ([BQT 0 ﬁi 0}

— (D], Do)~ [(BI X1 + DI,Ch) + (D]oD12) E —DI, D12 E]
=[F-E E]
where F = —(D],D15)"Y(BIX; + D],C1) and X, = Ric(A, By, Cy, D1a).

DI, [C1 + Di2E —DlgE]>

This completes the proof. O

The following result gives the optimal solution to the reparameterized Ha-control problem where the
state space matrices in H are derived from G as in equation (4.44).
Corollary 4.7.8.
Suppose the plant G in (4.43) satisfies the conditions 4.7.1. Let X1 = Ric (A, B, C1, D13). Let E and M be

matrices such that A+ BsE and A+ MCy are stable and let ﬁn and ﬁlg be as in (4.44). Then the optimal
solution of the Ha-control problem in Definition 4.7.2 is given by

R A+ ByF 0 B,
Qopt = 0 A+ MCy | By +MDy |, where F=—R;Y(BIX,+ DICy). (4.51)
F—F E | 0

Furthermore, the minimum norm is given by

C

SO _ _ A+ B.F | B
1By + Hi20opllz = |GF |2 where GF[ + D2 1]

(& +D12F‘ 0
Proof.

As shown in the proof of Lemma 4.7.7, the realizations H 11 and H 12 satisfy the conditions of Theorem 4.7.6.
Thus the optimal solution Q,p: is obtained from Theorem 4.7.6.

In order to determine the minimum norm, we compute ﬁlgéjopt by applying equation (3.13) as follows

A+ BFE —BFE B A+ By F 0 By
H15Qopt = 0 A+MCy| 0 0 A+ MC5 | By + MDy,
| G+ D1E —DpE | Dy F-E E | o0
A+ ByE  —ByE  ByF — BoE ByE 0
0 A+ MG,y 0 0 0
= 0 0 A+ ByF 0 By
0 0 0 A+ MCy | By + M Dy
L Cl + DlgE —D12E D12F - D12E D12E ‘ 0
By equation (3.19) in Lemma 3.5.5, it follows that
A+ByE  —BE ~Bi A+ ByF 0 By
H12Qopt = 0 A+MCy | —(Bi+MDy) | + 0 A+ MCy | By + MDy,
Ci+DiE  —DiE | 0 Ci+DF 0 | 0
= —f’jn + éc.
Thus ||H11 + HisQopt |2 = | GE |2 - O
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Let @R be as in (4.41) and let Q\Opt be as in equation (4.51) in Corollary 4.7.8. By Corollary 4.6.5, @R
corresponds to the optimal solution of the original Ho-control problem in Definition 4.3.1 with optimal norm

~ ~ ~ ~ ~ 1 .~ ~ ~ ~ ~
1Hy1 + Hi2Qrl3 = [Hi |3 = IGENE + |1 RE GFI3 # 1GE |2 = [Hiy + Hi2Qopell2.

This means that the optimal solution @Opt to the reparameterized problem in Definition 4.7.2 does not in
general correspond to the optimal solution of the original Hs-control problem in Definition 4.3.1. We note
here that in the state feedback case in Section 4.5, the optimal solution to the reparameterized problem
indeed also gave the optimal solution to the original Hs-control problem.

The next lemma considers what needs to be added to the solution Q,,: of the reparameterized problem

in order to give the parameter @ r which corresponds to the solution of the original Hs-control problem.

Lemma 4.7.9.
Let Qr and Qopt be given as in Corollaries 4.6.5 and 4.7.8 respectively. Set
A+ B F By F 0
Q= 0 A+ LCy | —(B1+ LDs)
F—FE Fo| 0
Then @opt + Q = @R'
Proof.
By a special case of equation (3.22)
R [ A+ ByF 0 By A+ By F By F 0
Qopt +Q = 0 A+ MCy | Bi+MDoy | + 0 A+ LCy | —(B1 + LDqy)
| F-FE E ‘ 0 F—-F F ‘ 0
[ A+ BoF 0 By F B +0
B 0 A+ MCy 0 B1 + M Do
o 0 0 A+ LCy | —(By + LDy)
| F-FE E F o 0+0
With state space similarity
I 0 1
T=1|0 I I,
0 0 I
it can be seen that
A+ ByF LCy —LCYy —LDoy;
~ < 0 A+LCy, (M—-L)Cy | (M—L)Dyy | A
Qopt + Q@ = 0 0 A+ MC, | By +MDy | =9
F—E E 0 | 0
which completes the proof. O
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Chapter 5

Structured Linear Systems

In this chapter, we consider decentralized systems, where decentralization is determined by requiring that
the system satisfies a certain sparsity constraint. Often this constraint is expressed by requiring that the
system matrices, appearing in a realization of the system, have a specified block-zero structure. We show how
binary relations impose such block zero structures on the system matrices. We will call a system a structured
linear system if it has an underlying binary relation that determines the block zero structure of its system
matrices. We investigate the properties of binary relations and how these properties manifest in the block
zero-structure of the system matrices. We show that various sub-classes of decentralized systems found
in the literature such as systems over graphs [24], poset-causal systems [38], coordinated linear systems
[34] and leader-follower systems [44] (also called two-player systems), correspond with systems that have
an underlying binary relation which determines their structure. Since any binary relation has a digraph
representation, we show the that the graph-theoretic and binary relation approach to decentralized systems
with sparsity constraints are equivalent.

5.1 Structured Linear Systems

Consider a decentralized linear system

K-
—~
~
~—
I

Az(t) + Bu(t), x(0)= =,

5.1
y(t) = Cx(t) + Du(t), ¢>0, o
consisting of p interconnected subsystems labeled 1,...,p. Each subsystem has its own local state x;, local
input u; and local output y;. Hence the system is given by the interconnected equations
P P
2i(t) = > Aijwi(t) + > Biju,(t), :(0) = o,
j=1 j=1
v v (5.2)
yi(t) =Y Cijwj(t) + > Dijuj(t), t>0
j=1 j=1
and the system matrices partition as
A11 . Alp Bll . Blp C11 . Clp D11 . Dlp
A= -~ L B=| . L C=1 ot bandD=| .o 0. (53)
Apt ... App Bpi ... Bpp Cpi ... Cpyp Dy ... Dy,
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From equation (5.2), it is clear that

x; influences x; if A;; #0, wu; influences x; if B;; # 0,
z; influences y; if C;; # 0, u; influences y; if D;; # 0.

Hence we see that the location of zeros in the system matrices, that is, the sparsity patterns of the system
matrices, reflect how the subsystems influence each other through their local states x; and local inputs u;.
Thus the sparsity patterns of the system matrices reflect the communication structure of the interconnected
subsystems. Let P = {1,...,p} and let T C P x P. Then 7 = (P,T) is a binary relation on P. Binary
relations can model the communication structure of decentralized systems in the following way. For A = [A4,;;]
as in (5.3), set A;; = 0if {k € P: (j,k),(k,i) € T} = (. Then T determines where the block matrix A
has block-zero entries and this reflects how the local states of the subsystems influence each other. Recall
that for a binary relation 7 and partitions n,m € Z , the block incidence vector space I%Xm C R2X™ wag
defined by

IF ™ = {G = [G,j] e RY™: Gy; = 0 if {k € P: (j,k), (k,i) € T} = 0}.

We now define structured linear systems as systems ¥ ~ (A, B, C, D) for which the block sparsity patterns
of A, B,C, D are all determined by the same binary relation 7.

Definition 5.1.1 (Structured linear system).
Consider a set P = {1,...,p}, a binary relation 7 = (P,T) and partitions n,m,r € Z%. A linear system
(5.1) is called a structured linear system if

AeIF™", BeIz ™, CeIy™, DeIy™

We write X7 ~ (A, B, C, D) to indicate that the underlying binary relation of the structured linear system
is T.

There is a one-to-one correspondence between the binary relation 7 = (P,T) and the digraph G = (P, T)
where P = {1,...,p} is the set of vertices and T' C {(i,j) € P x P} is the set of directed edges. Here a
directed edge (i, j) originates at 7 and terminates at j. Hence we can illustrate the underlying communication
structure of a structured linear system by its associated digraph.

Example 5.1.2.
Consider the binary relation 7 = (P,T) with P = {1,2,3} and

T={(1,1);(1,2);(2,3); (3,2)}.

The corresponding digraph and block sparsity pattern of a system matrix M of a structured linear system
Y7 ~ (A, B,C, D) is shown below.

My 0 0
M = J\/.[Ql 0 M23
2 3 0 M32 0

Note that if we multiply two system matrices, say C' and A, then the product

C11 0 0 A 0 0 Ci1A11 0 0
CA=|Cy 0 Cog| [An 0  Az| = [Co1A11 CazAs 0
0 Cs O 0 Az O C32A9; 0 C39A93

does not necessarily have the same block zero structure as the system matrices.

89



Example 5.1.2 shows that, in general, the moments
CA*B for k=1,...,p

of a structured linear system Yp ~ (A, B, C, D) do not necessarily have the same block zero pattern as the
system matrices.

We now investigate various properties of the underlying binary relation 7 = (P,T) and investigate the
effect on the associated digraph and structure of the system matrices. The various properties considered
correspond to various sub-classes of structured linear systems.

Recall from Subsection 2.1 that a binary relation 7 = (P,T) is reflexive if (i,i) € T for each i € P.
Structured linear systems X7 whose underlying binary relation 7T is reflexive have entries on the main
diagonals of the system matrices. The associated digraph of 7 has self loops at each node. Reflexivity
implies that the information at each subsystem is communicated to itself (or alternatively, is available to
itself). Thus it is natural to assume reflexivity.

Example 5.1.3.
In this example, we make the binary relation 7 in Example 5.1.2 reflexive. Hence, let

T={(1,1);(1,2);(2,2);(2,3);(3,2); (3, 3)}.

The corresponding digraph and block sparsity pattern of a system matrix M of a structured linear system
Yp ~ (A, B,C, D) is shown below.

> My 0 0
) M = | My My Mo
3 0  Mzy Mss

Again, if we multiply two system matrices, say C' and A, then the product

C11 0 0 A 0 0 Ci1A11 0 0
CA= |Cy Ca Co3| [Aa1 Ao Azz| = |Co1 A1 + CrAsr CoaAzg + CozAzs CaaAzz + CozAss
0 Cs Cs3 0 Az Asz U324 C30A99 + C33Azz  C30A23 + C33As3

does not necessarily have the same block zero structure as the system matrices.

A binary relation T = (P,T) is transitive if for all 4, j,k € P, (i,j) € T and (j,k) € T, then (i,k) € P.
A binary relation that is both reflexive and transitive is a pre-order. Structured linear systems Y7 whose
underlying binary relation 7 is transitive have directed edges from i to k if there are directed edges from
i to j and j to k. Inductively, this then also means that if there is a path from i to j, then there is an
edge from 4 to j. Transitivity implies that no information is lost when a subsystem ¢ communicates with
a subsystem k via a subsystem j that lies between ¢ and k. This is also a reasonable assumption to make.
As was mentioned in Section 2.3, it can be shown that the set Z4 is closed under multiplication if and only
T is transitive (see for example p.258 in [7]). Hence structured linear system X7 whose underlying binary
relation 7 is transitive have system matrices whose block zero pattern is preserved under multiplication.
Hence if ¥p ~ (A4, B,C, D) and T is a pre-order then

k TXm
CA*B e ™,

that is, the moments also have the prescribed block zero pattern.

Example 5.1.4.
In this example, we make the binary relation 7 in Example 5.1.3 transitive. Note that there (1,2) € T and
(2,3) € T, but (1,3) ¢ T. In order to make T transitive, we add (1, 3) to T, that is,

T ={(1,1);(1,2),(1,3); (2,2); (2,3); (3,2); (3,3)}.
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The corresponding digraph and block sparsity pattern of a system matrix M of a structured linear system
Y1 ~ (A, B,C, D) is shown below.

If we now multiply two system matrices, say C' and A, then the product

[Ci1 0 0 Ay 0 0

CA=|Cy Cop Coz| |Agr Az Ass

[C31 Cs2 O3] |A31 Az Ass

= [Co1 A1 + CooAgy + Co3 A3y CpAas + Co3Aszy CopAzz + Ca3Ass
| C31A411 + C32421 + C33A31  Cs2Azp + Cs3A30 Cs2Aa3 + C3A33

indeed has the same block zero structure as the system matrices.

A binary relation T = (P, T) is anti-symmetric if (i,7) € T and (4,4) € T implies that ¢ = j. A binary
relation T that is reflexive, transitive and anti-symmetric is a partial order > and in that case we write
i > jif (i,7) € T. Structured linear systems 37 whose underlying binary relation 7 is a poset are called
poset-causal systems and are studied in the next section. With posets it is customary to consider the Hasse
diagram (see Subsection 2.1) associated with the poset rather than the digraph. Recall that the Hasse
diagram omits directed edges that correspond to reflexivity and transitivity. If in addition to reflexivity and
transitivity, T is also anti-symmetric (that is if 7 is a poset), then the system matrices of X7 can always
be written as block lower triangular matrices and the associated Hasse diagram of T contains no directed
cycles. We note that in Example 5.1.4, the system matrices are not block lower triangular. This was due to
the fact that 7 was not anti-symmetric ((2,3) € T and (3,2) € T, but 2 # 3).

Example 5.1.5.
In this example, we make the binary relation 7 in Example 5.1.4 anti-symmetric. Let 2 = 3. Then P = {1,2}
and

T={(1,1);(1,2),(2,2)}.

The corresponding Hasse diagram and block sparsity pattern of a system matrix M of a structured linear
system X7 ~ (A, B,C, D) is shown below.

M = [M“ 0 ]

—]\/-[21 M22
2

The system matrices are block lower triangular.

The structured linear system in Example 5.1.5 is a leader-follower system.

Recall from Subsection 2.1 that a partial order > is in-ultra transitive if for all ¢,j,k € P, i = j and
k > j implies that k > i or k = 9. Structured linear systems 5 whose underlying binary relation 7T is a
partial order and in-ultra transitive are called coordinated linear systems and are studied in Section 5.3. As
mentioned in Section 2.1, the Hasse diagrams of in-ultra transitive partial orders are out-forests.
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5.1.1 Quadratic Invariance

In standard control problems, decentralization manifests by requiring the controller to be designed to be in
some constraint set. Thus a canonical decentralized control problem with plant with transfer function G and
controller with transfer function K, is to minimize some norm of the closed loop transfer function F (G K )
subject to a subspace constraint as follows [35]. In our case, we take the Hg-norm:

minimize IE(G, K|
subject to K stabilizes G
Kes.
For a general LTI plant and a general subspace S, there is no known tractable algorithm for computing
the optimal controller K. The paper [35] gives a condition, known as quadratic invariance, under which
the above problem may be recast as a convex optimization problem. Quadratic invariance is a algebraic
condition which relates the the plant G’ to the constraint set S. Let R;*™ and R ™ be the sets of proper

and strictly proper rational matrix functions of size r x m respectively. The sizes are omitted if they are
clear from the context or are not of particular importance.

Definition 5.1.6 (Quadratic invariance).
Given a transfer function G € Repy™ and a subspace S C R;**", the set S is called quadratically invariant

under G if R R
KGK e S for all KeS.

Define as in [35] the map h : R{ ™ x Rp"™" — REX" by
WG, K)=—-K(I - GK)™".
For a plant

Gll §12
G21 G22

it follows that
E(é,f() =G+ @12f((f — §22IA()_1@21 =Gy — @12[/1(@22, f()}ém
From the Youla parametrization, Rotkowitz and Lall obtain the following result.

Theorem 5.1.7 (cf. Theorem 19 and p.281 in [35]).
Given a plant as in (5.4), suppose Gos € Rsp and S C Ry is a closed subspace. If S is quadratically invariant
under G22 and Ko € RHoo NS stabilizes Ggg, then K is an optimal solution to

minimize IE(G, K)|
subject to K stabilizes G
KeS
if and only if

~

K = Ko — h(h(Ko, Gas), R)

where R is the optimal solution to

minimize Hfl + T, RTs 2
subject to Re RHoo
ReS,
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and where
T, = E(éyffo) =G+ élzf(o(f - 622f(0)71@21
T\Q = é12[/€0(l — I?()égg)il and
T\g = (I — 622[?0)71@21'

As mentioned in [38], the importance of the above theorem is that the reparameterized optimization
problem in the parameter R is a convex optimization problem. We now consider which structured linear

systems satisfy a quadratic invariance criteria. Suppose Xp ~ (A, B,C, D) is a structured linear system.
Then

XN nXMm XN TXm
Aelyz=, Bely—, Cely~, Dely—.

If 7 is a pre-order, then by Proposition 2.3.7 G(\) = C(Al — A)"'B + D € ™ for each A € p(A). We

TXm

will write G € 7~ for short. Again by Proposition 2.3.7, if Ke 7'%“, then
KGK e T2,

Thus if T is a pre-order and ¥p ~ (A, B,C, D) is a structured linear system with transfer function é, then
7;?“ is quadratically invariant under G.

5.2 Poset-Causal Systems

In this section, we study structured linear systems whose underlying binary relation is a poset. This class
of systems was defined by Shah in [38] as poset-causal systems. This will be the class of structured linear
systems that we will study in the most detail. We refer the reader back to Chapter 2 for the notation used
in this section.

Definition 5.2.1 (Poset-causal system).
Let P = (P, =) be a poset with P = {1,...,p}. A poset-causal system (with underlying poset P) is a LTI
system ¥p ~ (A, B,C, D)

with structured system matrices
nXn nXm T XN TXm
Aely Bely; —, Cely ™, Delyz—, (5.5)
for some partitions n, m,r € Zi and some initial state zg € X = R2.

Equivalently, the poset-causal system Yp is given by the interconnected equations

&i(t) = Z Aija;(t) + Z Biju;(t), :(0) = 0,

JETT JETI
vi(t) = > Cyya(t) + Y Dijus(t), >0,
jeti jeti

for i € P, determined by the non-zero blocks in the system matrices (5.5) and the components of the initial
state and with local input, state and output spaces of dimensions
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In short, we will write ¥p ~ (A, B,C, D, xo;P) to indicate the poset-causal system Xp, or usually, ¥p ~
(A, B,C, D) when the poset is clear from the context and the initial state is either clear from the context or
unspecified.

Given a poset-causal system $p ~ (A4, B, C, D), we have by definition that A € Z5**. Thus A(4,j) = 0
if j # i and consequently for the transpose AT we have AT(j,i) = 0 if j % i. Equivalently, in the dual poset,
AT(j,1) = 0if i 4 j. Consequently, for a poset-causal poset-causal system ¥p ~ (A, B,C, D), it holds that

AT e I3, BT eIp'™, CTeIlp™, DTeIp’™
This observation justifies the following definition.

Definition 5.2.2 (Dual poset-causal system).
For a poset-causal system Xp ~ (A4, B,C,D), its dual system is defined to be the poset-causal system
Yp, ~ (AT,CT,BT,DT).

For a finite dimensional space V = @, _p V; and S C P we define

JjeEP

Vs =PV cv. (5.6)

jes
Specifically, the following spaces will play an important role
XMZ@XJ‘, yu:@yj, XT’L:@X] and Z/[TZ:@UJ
jeli JELi JET JETI

In our analysis of poset-causal systems Yp, various derived systems play a role. Firstly, the global system

is just the overall classical state space system

#(t) = Az(t) + Bu(t), z(0) =1z € X,
y(t) = Cx(t) + Du(t), t>0

with state and output given by
t
z(t) = x(zo,u, t) = eAtrg —|—/ eA(t*T)Bu(T) dr,
0

t
y(t) = y(xo, u, t) = Cetla +/ Ce """ Bu(t) dr + Du(t).
0

Other derived systems are determined by a fixed choice of i € P. We define the i-th local system where we
only consider the impact of the local input u; on the subsystem i:

.Z‘Z(t) = A“J?Z(t) + Biiui(t), xl(O) = 1‘6 e X,

yl(t) = O”Z‘Z(t) + Diiui(t), t>0. (57)

Here, the state z' and output 3 at some final time ¢ > 0 are given by
t

x’(t) = xi(xé,ui,t) = eA'”(t)xé +/ eA”(t_T)BMui(T) dr,
0

t
yi (t) = yi (336, Uy, t) = CiieA“(t)xé + / C’iieA“(t_T)Biiui (T) dr + Dj;u; (t)
0

Next, for the i-th downstream system one considers the impact of the i-th input u; on the local states that
are downstream from subsystem i:

#(t) = AL, Li)at (8) + B(lii)ui(t),  2(0) = af’ € X,

) ) 5.8
yH () = Ci, )e¥ () + DU, Duilt), >0, %)
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Note that the state and output signals, 2** and y**, take values in the spaces X i and Y, respectively. In
this case the state z+* and output y** at some final time ¢ > 0 are given by

t
2V (t) = ¥ (xf ug, t) = eAW g “ +/ A E=T) B( 17 i) uy(7) dr,
0
Y (1) =y (g ui, 1) = O, e Vg’ 1+ DL, dyuq(t)+ (5.9)
+ / C(li, 1i)eAYIE=T) B (14 i), (1) dr.
0
By Corollary 2.3.12 it follows that the system matrices partition as
(AW #] o [BUid) *] _[CWidd) *] o _[DWidi)
A_[ 0 < B= 0 *’C_ 0 0 P= 0 x|

with * indicating unspecified entries.
Lastly, for the i-th upstream system, one considers the impact of the system on the i-th output component
generated by the subsystems that are upstream of the i-th subsystem:

@i (t) = A(ti, 1) (8) + B(ti, ti)ul (1), 2T(0) =2 € Xy,

. . . 5.10
yti(t) = C(i, 1)z (t) + D(i, ti)u'(t), ¢t >0. (5.10)

where the input and state signals u® and 2 take values in Uy; and Xy, respectively, while the output signal
y! takes values in ). In this case, applying Corollary 2.3.12 to the dual system, it follows that system
matrices partition as

. {A(Tj‘:ﬁ) 0}7 5o [B@i,m 0]702 {C(Ti,Ti) 0], b {D(Ti,Ti) 0}’

* * * *

with * indicating unspecified entries. As a consequence we see that the state and output of the i-th upstream
system are easily obtained from the global system via:

(@ a8 = 110, )z, u,t) and  yTi(2d, ' t) = yi(xo, u, t),
with y; the i-th component of the global output signal y and where zy and u can be any initial state and
input satisfying
‘To =I(1i,:)xo and w(t) = I(1i,:)u(t).
The relation between the signals of the i-th downstream system and the global and local systems is less

straightforward.

Lemma 5.2.3.
Consider a poset-causal system Yp ~ (A, B,C,D), a given input u = @,;cpu; and initial state xo =

Dicp Tio- Set zy = Djcyi w0 € X1 and To; := 1,,(J4, )30 € X); for alli € P. Then

x(xo, u,t) ZI xol,ul,t) and
er (5.11)
y(xo,u,t)—ZI (T4, uist), t>0.
i€P
Furthermore, for all i € P we have
€Z; (zéla Us s t) = xi(xi,07 U, t) and y;l,l(u“ t) = yZ (th Us, t)a t Z Oa (512)
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where z¥' (2} ¥

T (g ,ui,t) is the component of x¥'(xy', u;,t) taking values in X; and where yji(x$i7ui,t) s the

component of y“(:zrgi, u;, t) taking values in Y;. In particular, for all i € P we have

xi(x(),uat) = Cﬂi(l‘i,o, uiat) + Z xjj(gj,(),ujat)v
jelti
yi(IOauat) = yi(xi,Oauiat) + Z yij(ij,Ovu]at)7 t Z 0.

jeti

(5.13)

EE)iI:s)t(;}f; we note that for any ¢ € P, we have i = {i} U {7 and that if j € i, then j # i. In particular, for
j € $i we have A;; =0, B;; =0, C;; =0, D;j = 0 and (i, j) = 0. This implies that

I,(1,40)A(li,3) = AL, (3, )0)  and  I,,(3,49)C (14, 43) = Cyly (3, 14). (5.14)
The first identity yields I,,(i, [i)eAW 49t = eAut [ (i |i). Furthermore, by Theorem 2.3.10 we have

(i, 4i)B({i,i) = B(i,i) = By and I,(i,}4)D(li,i) = D(i,i) = Dy,
while Corollary 2.3.12 implies that eI, (:, i) = I, (:, Ji)eAt+)!. Next observe that

¢
z(zo,u, t) = etag —|—/ eAt=7) Bu(r) dr
0

t
= AtZI xlo—l—/ eA(t_T)ZB(:,i)u T)dr
0

ieP i€ P

= At T teA(th) L) u(T) dr
Se I<>Zo+/0 B(:,i)ui(r) d

ieP

t
_ ZeAq (L, z)x20+/ A1, (o, 1) B(ld, i)ui () dr
0

i€P

t
ST L, di)e A, o 4 / L, (, 4) e DD B iyu, (1) dr
0

i€eP

t
3 L) (eA(“"Li)tfw + / AT B, () dr )
icP 0

—ZI xol,ul,t)

i€EP

Hence the identity for x(zg,u,t) in (5.11) holds. A similar argument also gives the identity for y(zg,u,t) in
(5.11).

In order to prove the two identities in (5.12), we consider the i-th components of the solutions given in
(5.9):

wr (@l i, t) = Lo (i, i)Y (25 ug, t)

= I, (i, i)eAWDt g T (i) 14) / eAWADE=T) B( 14 i)y (1) dr
0

t
= eMiityd —|—/ e B (1) dr = 2 (u4, t).
0

A similar computation gives the identity for y; (xé’, u;,t). The two identities in (5.13) follow by combining

(5.11) and (5.12) noting that in (5.12) only the i-th component of the initial state xéi is relevant, so that '
in the left hand sides of both equations may be replaced by z; o. O
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5.2.1 Systems over Graphs

We now briefly describe systems over graphs as in [24] and show that they are poset-causal systems. Systems
over graphs are defined to be continuous times LT1 system satisfying an additional structure condition related
to a digraph. Let R, be the set of proper rational matrix functions. Consider a digraph G = (P, E') where
P ={1,...,p} is the set of vertices (nodes) and E C P x P is the set of edges. Write i — j if (i,5) € E.
An index set n is defined to be a p-tuple (nq,...,n,) of non-negative numbers. For index sets r and m and
a commutative ring F', the set Sg(F,n,m) is defined to be the set of matrices

A11 e Alp
A=
Ay .. Ay

such that A;; € F"*™i if j — ¢ and A;; = 0 otherwise. Given a digraph G, index sets r and m, a system
over the graph G is a continuous time LTI system with a proper transfer function G € Sg(R,,7,m). The
following assumptions are made regarding the digraph G:

1. i —iforalli e P;

2. ifi— j and j — k, then i — k;

3. there are no directed cycles of length 2 or greater.
Define a binary relation > C P x P by

i>=j ifand only if i — j. (5.15)

Then > is a partial order on P:

1. i > i for all i € P, so > is reflexive;

2. ifi > j and 7 > k, then ¢ = k, so > is transitive;

3. if there is no directed cycle of length 2 or greater, then it cannot hold that ¢ — j and 7 — ¢, except if
1 =74, thus if i > j and j > 4, then ¢ = j, that is > is anti-symmetric.

Thus a digraph satisfying the given assumptions corresponds exactly with the poset P = (P, >) with >

defined as in (5.15). The index sets r and m correspond to what we have called partitions r = (r1,...,7p)
and m = (mi,...,7y). The set Sg(Rp,r,m) corresponds to our block incidence set 75 ™. With these

correspondences, it is clear that systems over graphs are poset-causal systems.

5.3 Coordinated Linear Systems

Coordinated linear systems are studied in the thesis [20] and the articles [23, 22, 21]. In this section, we show
that coordinated linear systems, in the general sense, are poset-causal systems in which the partial order, in
addition to being reflexive, transitive and anti-symmetric, satisfies an additional property.

In the thesis [20] a coordinated linear system with one coordinator and two subsystems is defined as
follows. Consider a continuous-time linear-time-invariant (LTT) system %

z(t) = Cz(t (5.16)

~—

Let the state space, input and output spaces have the decompositions

X=X 4+X1+Xo, U=U+U+Us, Z=2.+2+2.
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The state-, input- and output spaces of the coordinator are denoted by X, U, and Y, respectively and their
dimensions are n., m. and r. respectively. The state-, input- and output spaces of subsystem 1 are denoted
by Xi, U; and Y7 and the state, input and output spaces of subsystem 2 are denoted by Xs, Us and Y3
respectively and they have dimensions n;, m; and r; for i = 1,2. The overall state-, input- and output
vectors are of the form

Tc Uc Zc
= |z1]|, uw= |uy|, and z=|z1]. (5.17)
T2 U2 22

This then also partitions the system matrices A, B and C' as follows

Acc Acl AC2 Bcc Bcl BcZ Occ Ccl CCZ
A=A Aun Awp|, B=|Bi. Bu Bi|, C=|C. Cu Cia. (5.18)
Age Axr Ag Bye DBa1 B Coe Ca1 Co

Replacing the decompositions (5.17) and (5.18) into the overall state space equations (5.16), we get the
following state space equations at subsystem level: for subsystem 1

1’1(t) = Alcxc(t) + Auxl(t) + Algl'z(t) + Blcuc(t) + Bllul(t) + 312U2(t)
z1 (t) = Clcgjc(t) + Ollllil(t) + ClgIQ(t),

for subsystem 2

ZL’Q(t) = Agcxc(t) + AQlfﬂl(t) —+ AQQIL’Q(t) + Bgcuc<t) -+ Bglul(t) + BQQUQ(t)
29(t) = Coce(t) + Cor21(t) + Cooxa(t)

and for the coordinator

l‘(-(t) = Accﬂjc(t) —+ Aclxl(t) —+ ACQIQ (t) —+ Bccuc(t) —+ Bclul (t) —+ BC2U2 (t)
Zc(t) = C’ccxc(t) + Cazy (t) + chxg(t).

The system X is called a coordinated linear system if the following conditions hold:
1. AX; € X; and AXs C X5 (X; and X3 are A-invariant),
2. BU; C X7 and BU; C X5,
3. CX1 CZy and CXy C Zs.

According to requirement 1 above, we must have that As; = 0, A;; = 0, A2 = 0 and A, = 0. By
requirement 2, Bo; = 0, B,y = 0, Bia = 0 and B.s = 0 and by requirement 3, Co; =0, C.; =0, C12 =0
and C.o = 0. Thus a coordinated linear system with one coordinator and two subsystems is a system of the
form

A, 0 0 x1(t) B.. 0 0 ue(t)
.’E(t): Alc A11 0 $2(t) + Blc Bll 0 ul(t) s
_AQC 0 A22 xc(t) BQC 0 BQQ Ug(t)

C.e O 0 Ze(t)
Z(t) = Clc 011 0 Il(t)
CQC 0 C22 CUQ(t)

We can also consider coordinated linear systems as poset-causal systems with underlying poset P = (P, =)
where P = {¢,1,2}. The requirement AX; C X is equivalent to A,y = 0 and Ag; = 0 which is equivalent
to requiring that A € I%Xﬁ with 1 % ¢ and 1 % 2. Similarly, the requirement AX, C X5 is equivalent to the
requirement that A € I%Xﬂ with 2 % ¢ and 2 # 1. The same holds for the requirements on B and C.

We can build linear systems with a more complicated structure using coordinated linear systems as

building blocks in the following ways
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1. change the number of subsystems;
2. nest subsystems by using another coordinated linear system as a subsystem.

Such more intricate linear systems are sometimes called hierarchical systems. Some examples of such systems
are given in the next example.

Example 5.3.1.

In the figure below, ¥ is the canonical example of a coordinated linear system. In 35 the number of followers
is reduced to one whereas in X3 the number of followers is increased to five. System X4 is obtained from ¥,
by replacing the follower 1 by ¥5. System Y5 is derived from Y; by replacing the follower subsystem 1 by
Y1 and replacing the follower subsystem 2 by 3.

Remark 5.3.2. Recall that the in-degree of a vertex ¢ in a digraph is the number of directed edges that
terminate at vertex i. We note that in the above graphs of hierarchical systems, the maximum in-degree
of all the vertices is one. Thus the Hasse diagrams of hierarchical systems correspond to out-trees (or out-
forests more generally). As was mentioned in Subsection 2.1, the Hasse diagram of a poset P = (P, =) is an
out-forest if and only if the partial order > is in-ultra transitive (see Theorem 4.1 in [3]). This shows that
hierarchical systems are poset-causal systems where the underlying poset is in-ultra transitive.

Remark 5.3.3. By Lemma 2.1.4, the dual system of a coordinated linear system is a poset-causal system
with an underlying partial order that is out-ultra transitive, which correspond to Hasse diagrams that are
in-tree forest. In particular, the dual of a coordinated linear system is not a coordinated linear system unless
when the partial order happens to be a total order.
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Chapter 6

Systems Theory of Structured Linear
Systems

In this chapter, we consider systems theory for structured linear systems and particularly poset-causal
systems. In Section 6.1, we consider whether we can obtain a structured realization of a linear system whose
transfer function satisfies the structure requirements determined by a pre-order. Of course these results then
also apply to transfer functions whose structure is determined by a poset (poset-causal systems). In Sections
6.2 and 6.3, we develop concepts of controllability and observability for poset-causal systems that respect
the structure determined by the given poset. In Section 6.4, we show that, as in the classic case, there
exist duality relationships between these concepts of controllability and observability. Lastly, in Section 6.5,
we use subspaces defined in Sections 6.2 and 6.3 to derive a Kalman-type reduction of a realization of a
poset-causal system which respects the structure. The results of Sections 6.2 to 6.5 were published in [48].

6.1 Structured Transfer Functions and Realizations

In this section we consider proper real rational transfer functions W such that W satisfies a prescribed block
zero-pattern as determined by a pre-order. Our aim is to construct a realization (A, B, C, D) such that these
system matrices have the same block zero-pattern determined by the pre-order.

Recall that if 7 = (P,T) is a pre-order on P = {1,...,p} and r,m € Z are given partitions, then the
set I%Xm consists of r x m block matrices whose block zero-pattern is determined by the pre-order 7. Given
a transfer function W and a pre-order 7 such that W(\) € Igjm for each A in its domain, we investigate
whether we can find a realization (A, B,C, D) such that the systems matrices are in the block incidence

spaces determined by 7, that is,
AeTF™ BeIr™, CeIy™ and DeIF™,

for some partition n € Z% .

The same problem is considered in the paper [24], for so-called systems over graphs. These systems, as
is mentioned in Subsection 5.2.1, are essentially the same as poset-causal systems. In the paper [24], the
triple (A4, B, C) is also required to be stabilizable and detectable. However in the absence of stabilizability
and detectability, the authors obtain a structured realization for a transfer function W : Dy — I%Xm, for
some poset P, some domain Dy, C C and some partitions r = (r1,...,rp) and m = (mq,...,my,). This is
done in the following manner:

Suppose W is a transfer function that satisfies the structured determined by a poset P, that is, W :
Dy — I5™. Partition W according to its block columns:



for A € Dy. Let (A;, B;, C;, D;) be a minimal realization for the transfer function W(:,4) for i = 1,...,p.
Suppose A; € R"*™ for ¢ = 1,...,p and define the partition n = (n1,...,n,). For these realizations,
we have C; € RE*™ | B; € R™*™i and D,; € RE*™ with C;(i,1) = 0 and D,(i,1) = 0 if j ¥ 4, because
Wi, j) =0if j % i. We have

A ... 0 By ... 0
A1 | By Ap | By R R B Al B
Cy | Dy Cp | Dy 0 ... 4 0 ... B, cl D
¢ ... ¢] | [0 ... D

Clearly we have Ac I%XQ and B € I%Xm, because any block diagonal matrix is in a block incidence space
determined by P. Lastly C € 75" and De 5™, because C;(i,1) = C(i,j) = 0 and D;(i,1) = D(i,§) =0
if j i

We now give an alternative method for determining structured realizations. We do this for zero-structures
determined by a pre-order, not necessarily a poset. It is also possible to generalize the method in [24],
illustrated above, to this more general case.

The next Lemma is the structured version of Proposition 3.1.1 and shows that a structured rational
matrix function as determined by a pre-order can be written in terms of structured matrix polynomials as
determined by the same pre-order. The proof follows the same idea as Theorem 2.3.3 in [13] for the classical
case.

Lemma 6.1.1.

If T is a pre-order and W : Dy — I%Xm is a proper rational matriz function, then there exists a matriz
polynomial L : C — I%Xm of degree k, a matriz polynomial H : C — I;Xm of degree less than k and a

matriz W (co) € I7™ such that
W(A) = HA)L\) ™' +W(o0), for all \ € Dy such that L(\) # 0.

Proof.
Suppose the domain of W is Dy, C C and that W(\) € I%-Xm for each A € Dy . Since W is proper,
W (00) = lim|y—00 W(A) exists and W (oco) € Z7™. Now the matrix function defined by

TXm

for A € Dy, is a strictly proper rational matrix function and V(A) € Z7-— for each A € Dyy. Let v;;(A) be
the scalar entries of V/(A). Then

()

v (A) = =2

N i (A)
for polynomials p;; : C — R and ¢;; : C — R, where we take the denominator polynomials to be monic.
Since each v;; is a strictly rational function, the degree of each polynomial p;; is strictly less than the degree

of the corresponding polynomial g;;. Define the monic polynomial r : C — R to be the product of the monic
polynomials ¢;; and suppose 7 has degree k. Then Dy = {A € C: r(\) # 0}. Define H : C — RE*2 by

HQ) =r(MV ()

for A € Dy. Since V(A\) € IF™, we also have H(\) € I7 ™ for each A\ € Dy . Furthermore L(\) :=
r(A)1,, € TF*™ for each A € C and L(\) = 0 if and only if 7(A\) = 0. Thus Dy = {A € C: L(\) # 0}. It
follows that

W) = HAN) LA™ + W(co)
for L(\) # 0. O
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The following theorem illustrates an alternative method for obtaining a structured realization using the
companion matrix of L and the matrix function H in the previous lemma. These matrix functions are
super-block matrices whose sub-blocks have the required structure. We then use the block canonical shuffle
(see Definition 2.3.15) to transfer this structure to the block level of the super-block matrices.

Theorem 6.1.2. .
If T is a pre-order and W : Dy, C C — I?Xm is a proper rational transfer function of the causal LTI system
3, then there exists a partition n such that ¥ has a state space realization (A, B,C, D) with

AeTF*® BeIy™, CeI¥™ and DeIF™

Proof.
By Lemma 6.1.1 and its proof, we know that W (\) = H(A)L(A)~! + W (oco) for each \ for which L()\) # 0,
where for some k it holds that

k—1 k—1
HQ\) =Y NH; and L(\) =r(\In = \Lp + > Mgl
§=0 §=0

with H; € Ig_Xm for each j = 1,...,p and some real monic polynomial 7(A) = \F +¢qp A\ 71+. ..+ @1 A+ qo.
Define n = km and @ = (m, m, ..., m) and let I';, be the block canonical shuffle matrix associated with the
sub-partition . Define the matrices A, B,C and D by

0 I, 0 0 0
0 0 I, 0 0
A= : : : - : . B=1|:
0 0 o ... I, 0 (6.1)
—qolm —q1l;m —@@ln ... —qg—1lnm I,
C=[Hy H Hy ... Hy] and D = W(c0).

By Theorem 3.2.1, % ~ (g, E, 5, D), but the matrices g, é, C do not necessarily have the prescribed zero
structured determined by 7. However, the block entries of the matrices g, B and C do indeed have the
prescribed structures. Hence, in order to impose the correct block zero structures on the system matrices,
we employ the block canonical shuffle I'z given in Definition 2.3.15. Define

A=TzATL, B=TzB and C=CIL

Then A € I7°*, B € I7*™, C € I7™ and D € I7*" by Corollary 2.3.19. Furthermore, we note that
(A,B,C,D) and (A, B,C, D) are equivalent realizations:
CA'B = (CTL)(TzATL)! (IzB) = CA’B

for j = 0,1,.... Hence W(\) = C(Al — A)"'B + D and A, B, C and D have the block zero structure
determined by the pre-order 7. O

We now follow the proofs of Lemma 6.1.1 and Theorem 6.1.2 to extract the following procedure for
obtaining a structured realization of a structured transfer function. We note that the realization that is
obtained is highly non-minimal.

Procedure 6.1.3. .
Given a pre-order T and a transfer function W : Dy +— I?rxﬁ of a causal LTI system X, we construct a

structured realization of W as follows:

1. Compute W(oo) = lim |y 500 /W(/\)
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2. Determine
V() = W) - W(co)

and the polynomials r;; appearing in the rational matriz function

=)

3. Determine the polynomial
k—1 '
r(A) =[] ri(N) =X+ > g N,
4,J j=0

its degree k and the coefficients qqo, .. ., qx—1-

4. Set
k—1 k1
HQO) =r(WV) =D NH; and L) =r(Nlp = Nl + Y Nl
j=0 3=0

and determine the matrices H;. Then W()\) =HM\L\)™ + W(oo)
5. Define n = km and @ as in Definition 2.3.15.

6. Define the matrices A € R2XZ, B € REXm (' € REXE gpd D € REX™ ysing equation (6.1):

0 I 0o ... 0 0
0 0 In ... 0 0
A= : Lo B=|:
0 0 0o ... I 0
—qolm, —qilyn —qaly ... —qu_1ln I,
C=[Hy H, Hy ... Hy1] and D = W (c0).

7. For the given p and k, construct the canonical shuffle v as in Definition 2.3.185.
8. Construct the sub-partition . and the block canonical shuffle I'y € REXZ g5 in Definition 2.3.15.
9. Define A=TzATL, B =TgzB and C = CTL.
Then
C(M, —A)"'B+D=W(\)
and A, B,C and D have the sparsity structure determined by the pre-order T .

The following example is considered in [24]. We apply the above procedure for this example.

Example 6.1.4.
Given partitions r = (1,1), m = (1,1) and the transfer function

_ _1
W= [T 3 | e
A—1 A+1

of a leader- follower system with underlying poset P = ({1,2}, =) with 1 = 2, we construct a structured
realization as follows:
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1. We compute W(oo):

W(e0) = \)\1|i£>noo W\()‘) B [8 8} '

o~

2. Determine V(\) = W(A) — W(oo) and the polynomials r;;:

1 A1

R 1 0 Pu(f\\) 0
V(A = [W 1 } = |l sy
A— ra1(A)  T22(A)

3. Determine the polynomial r, its degree k and coefficients qq, . . ., qx—1:
r(A) = [Tas(N) = ria(N)ras(Vrae(A) = A+ DA = DA +1) = M + X = A -1
-1j

and r has degree k = 3. The coefficients in r are g = —1, g1 = —1 and ¢ = 1.

4. Set H(A\) =r(A)V(A) and L(A) = r(A\)I, and determine the matrices H;:

A+ =1) 0

AN=1"0F s
=)\? E (1)]+/\[(2) 8}4—{11 _01]2)\2H2+)\H1+H0 and
RS PSP 0

Ly =1 0 )\3+)\2)\1]

Then W (A) = H(A)L(A\)~".
5. Definen=km=3-2=6and 7= ((1,1),(1,1),(1,1)).

6. Define the matrices A € REXZ, B € R2*m (' e RZX using equation (6.1):

0010 0 0 0
0001 0 0 0
~ 0 L 0 0000 1 0 _ |0 0
A=1| 0 0 I = B=1|0]| =
0000 0 1 0
—qol2 —q1ls —q2l> 1010 -1 0 I 1
0101 0 -1 0
~ <1 0 0 0 1 0
C=[H H HQ]:_l -1.2 0 1 1

7. For k = 3 and p = 2, construct the canonical shuffle v as in Definition 2.3.13:

i|s|G=>6-1)p+s|vU)=q¢ =(s—Dk+i
171 1 1
12 2 4
211 3 2
212 4 5
3|1 5 3
312 6 6
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d the block canonical shuffle I'y € R2*Z as in Definition 2.3.15:

n an

8. Construct the sub-partition

=((1,1,1),(1,1,1))

and

0

10 0 0 0 O

1

0 0 0O

01 0000

l

n

r

= 51“%:

I'-B and C

B

T
n’

[zAD

9. Define A

0 0 O

0 00 01O
0 1
0 000 01

0
0
1
0
0

0 01 0
0 0 01
0 0 0 O
0 0 0 O
1 0 1

01 01

10 0 0 0 O
0 01 0 00
0 00010
01 0000
000100
0 000 01

0

—-1]0 O

1

1

0

A

It can be seen that A, B and C have the sparsity structure

determined by the poset P and it can be confirmed that
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6.2 Downstream Reachable States and Upstream Controllability

In this section we investigate various notions of controllability for poset-causal systems that respect the
partitioning of the state space and the associated block zero-pattern of the system matrices. Two of these
concepts are generalizations of controllability notions that were defined in [23] for coordinated linear systems
with one leader system and two follower subsystems (P; in Example 2.1.5). In our approach to poset-causal
systems, we do not identify leaders and followers, but rather make use of the concept of downstream reachable
states.

6.2.1 Downstream Reachable States

Let Xp ~ (A, B,C, D) be a poset-causal system. For i € P, the i-downstream reachable set R;(A, B) consists
of the states that are reachable in the i-th downstream system (5.8), i.e., vectors in the subspace X); that
are reachable in the i-th downstream input-state system

B (t) = A(Jd, Li)ar (8) + B(li, i)us (),  2+(0) = 0.

Thus, vectors £ in R;(A, B) are given by the integral formula
t
€=t (0,u;,t) = / AW B( 17 i)u, (1) dr.
0

Equivalently, the i-downstream reachable set is given by
Ri(A, B) = R(A(Li, i), B(Li, 1)) = Im C(A(Yi, 13), B(Ji, ).

If £ € Ri(A, B), then we say that £ is i-downstream reachable. We note that R;(A, B) is the smallest
A(J4, di)-invariant subspace of X; that contains ImB(l4,4). In the sequel, when no confusion can arise we
will omit A and B in the notation, and simply write R; for R;(A, B), and apply similar relaxations of the
notation for derived subspaces defined below.

Lemma 6.2.1.
For a poset-causal system Xp ~ (A, B,C, D), we have

R(A,B) = Z I,(;, 1) R

i=1

Proof.
Fix some final time ¢ > 0. Then ¢ € R(A, B) if and only if there exists some input u = @?_, u; such that
¢ = 2(0,u,t). Now 2¥(0,u;,t) € R; for all i € P and by (5.11), we have

P

E=a(0,u,t) =Y In(:, }i)a*(0,us,1).
i=1
Hence £ € R(A, B) if and only if £ € Y7 I,,(:, Li)R;. O

6.2.2 Upstream Controllability
For each j € P and i € |j we define the following subspaces of X;:

R =RIA,B) == X,NR;(A,B) and R! =TRI(A, B):= PyR,(A B).

Here Py, is the orthogonal projection onto X;. One can view ﬁf as the set of local states x; € X; that can
be reached from a local input u; in such a way that the other states downstream from j remain unaffected.
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The subspace ﬁi , on the other hand, is the set of local states x; € &; that can be reached from a local input
u; while the other states downstream from subsystem j may also be affected. From the definitions of the

subspaces ﬁz and ﬁf , we directly get the following inclusions:

PRI CR; PR (6.2)

i€ly i€ly

Next we define subspaces, R, R° and 7€, of the state space X which respect the structure imposed by the
poset P:

R := @ﬁj, where ﬁj = Zﬁ; and R := @ﬁj7 where féj = Z ﬁ; (6.3)
jepr =i JjEP Sy

Note that the sums in (6.3) are over upstream sets, while the direct sums in (6.2) were over downstream
sets. An example illustrating these subspaces in given on page 109.

Definition 6.2.2. o
We call a poset-causal system Xp independently controllable if R = X, and weakly upstream controllable if
R=X.

In the context of coordinated linear systems, what we define as independent controllability above goes
by the same name in Definition 3.16 in [23]. Weak upstream controllability does not appear to have been
studied for coordinated linear systems yet, however, the subspaces ’ﬁj7 play a role in Lemma 3.15 of [23].

The main reason for studying the spaces R and R instead of R, is that they are structured as direct sums
of subspaces of the local state spaces &;. Hence compressions, restrictions and projections of the system
matrices to these subspaces exhibit the same poset-causal structure as the original system matrices. Such
subspaces will be called structured. B

Via the observation above, the subspace R; can be interpreted as the states in X; that can be reached
from inputs u; in the subsystems that are upstream from the j-th subsystem while states in the other
subsystems (that is, states z; with i # j) are allowed to be affected. For R; only states in X; are included
in case they can be reached from an input u; of an upstream subsystem (i.e., ¢ € 1j) such that no states x;
in local subspaces other than & are effected.

For theoretical purposes we also introduce the structured subspace R° of X defined by

R°:=EPR;, where Rj:=X,NR. (6.4)
jeP

There does not appear to be a clear interpretation of R° in terms of the communication structure of the
poset-causal system. Its relevance becomes clear from the following theorem, which is the main result of this
section.

Theorem 6.2.3.
For a poset-causal system ¥p ~ (A, B,C, D), we have

RCR°CRCR. (6.5)

In particular, if Xp is independently controllable, then YXp is controllable and if Xp is controllable, then Yp
is weakly upstream controllable. Furthermore, if

Q:@Qj and S:@Sj such that QCRCS,

JjeEP JjEP
where Q; C X; and S; C & for each j € P, then Q C R° and R CS.
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The last claim of the above theorem can be interpreted as saying that among all structured subspaces
of the state space X', the subspace R° is the largest included in the controllable subspace R and R is the
smallest structured subspace that includes R. In the context of coordinated linear systems (with underlying
structure P; in Example 2.1.5), the inclusions R C R C R were obtained in the proof of Lemma 3.15 in [23].
That R is not an maximal structured lower subspace of R results from the fact that for subspaces A, B and
C' the subspaces (AN B) + (ANC) and AN (B + C) need not coincide. The observation regarding R° leads
to the observation that R is the maximal structured lower subspace of R if and only if R; = X; N R for all

j € P. A geometric approach to LTI system was first considered in the book [52]. The proof of Theorem
6.2.3 is given later in this subsection, after we have proved the following two intermediate lemmas.
Lemma 6.2.4.

We have the following inclusions:

RCR°CRCR. (6.6)

Proof.
For the inclusion R C R°, note that for all j € P we have by Lemma 6.2.1 that

ﬁj = Zﬁ; = Z(XJ ﬂRZ) - Xj N (Z IQ(Z,\LZ')RZ‘)
i€T) S i€T]
c ;N (Z Iﬂ(:,u)Ri) —XNR=R.
ieP
To prove the second inclusion, R° C R, we see that
=Pr; =P nR) CRNEP X =RNX =R,
JjeEP jEP Jjepr

For the final inclusion R C R, define ®; = {(i,j): 7€ P, i€1j}and &3 ={(4,5) : i € P, j € li}. Then
®; = §y, because i € 15 if and only if j € Ji. By Lemma 6.2.1 and the second inclusion in (6.2),

R= LR €Y L( i) PR =D L 4i) > In(li, )R]

icP icP jeli icP jeli
= Y LEAWLULNR, = D> LEAR = Y ()R]
(4,5)EP2 (1,5)EP2 (i,7)€P1
Y L) TR @R =R
jep i€ty jep
This completes the proof. O

Lemma 6.2.5.
For each j € P, we have that _
R;:XjﬁR and Rj:PXjR.

Proof.
There is nothing to prove for the first identity. For the identity R; = Px,R we have by definition that

ﬁ; = Px;R; and we have X; 1L R; if i ¢ 1j. Thus, by the linearity of the projection Px,, we get that

EEDSLEDWLED SEA(ANDLY

i€ty i€ty i€t)
=Py, Y LR+ {0} =Px, Y I i)Ri+ Py, Y In(:, )R,
iets ISV igtj
= P, ZI Ji)R; = Py, R,
icP
where we have applied Lemma 6.2.1 in the last step. O
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Proof of Theorem 6.2.3.
The inclusion (6.5) was proved in Lemma 6.2.4, and the relations between controllability, independent
controllability, upstream controllability and weak upstream controllability are a direct consequence.

To see that R° and R are optimal, assume that

QZ@Qj and 82@5} such that Q C R C S,
JEP jEP
with @; C X; and §; C & for each j € P. Then, by Lemma 6.2.5, we have
Q;=XNQCXNR=R; and R;=PyRCPyS=S5,

for all j € P. Therefore, by (6.3), we have Q@ C R° and R CS. O

6.2.3 A Few Examples

We illustrate the above results with two examples. The first example shows in particular that all inclusions
in (6.6) can be strict.

Example 6.2.6.
Let P4 be the poset given in Example 2.1.5. Consider the poset-causal system Yp, ~ (A, B,0,0) with
AeIp™ and B € Ip ™, with n = (2,2,3,4) and m = (2,1,2,2), given by

10 10
00 0 0
1 0/1 0 1 00
0 0/0 0 0 11
0 0 1 10
A= 0 0 0 , B= 0 1
0 0 0 0 0
0 0/0 0/]0 0 0[]0 0 0 0 0 1/0[0 0]0 0
1 0/1 0/0 0 0/0 1 00 0 0/1]0 01 0
0 0/00[0 0 1[0 00 0 0 0/0[1 0[0 0
L0 0[0 0/0 =1 0[0 0 0 1| L0 0|00 1|0 1]

(The open white spaces in A and B represent appropriately sized zero matrices.) Then X; = span{ej,es},
Xy = span{es, es}, X3 = span{es, eg, e7} and Xy = span{esg, eg, €10, €11}. So that X = span{eq,--- ,e11} =
R''. Here e, is the i-th standard basis vector in R!!. Firstly, we note that
1={1,2,4}, [2={2,4}, [13={3,4}, J4={4}.
Using this, the space of reachable states R = ImC(A, B) as well as the downstream reachable sets R; =
ImC(A(}4, i), B({i,1)) for i = 1,2,3,4 can be determined as:
R = span{ey, e3, €4, (€5 + €10), €6, €8, €9, €11} & X

R1 = span{ey, e, (es +eg),e9} & A1 © X @ Xy

R2 = span{e4, 69} g; XQ (a2} X4

R3 = span{(es + e10), (e + €11)} & A3 © Xy

R4 = spanfeg,e11} & Xy.

Next we note that the spaces ﬁ; for i € P and j € i, are given by:

—1 —1 —1
R, = span{e; } & A7, Ry = spanfes} & Ao, R, = spanfeg} & Ay,
—2 —2 —3

R5 =span{es} & Xa, R, =span{eg} & Xy, R, ={0} ¢ X,

—3 —4

Ry ={0} & Xy, R, = spanfeg,e11} & Xy.
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From these the spaces ﬁj and Rj can be computed using (6.3) and ’ﬁj can be computed using Lemma 6.2.5:

Ry = span{e; }, R{ = span{e; }, Ry = span{e; },

R2 = span{es, e}, RS = span{es, 4}, Ry = span{es, e4},

Rs = {0}, RS = {es} R = span{es, eg ),

R4 = span{eg, €11}, Ry = span{es, €9, €11}, Ry = span{es, €9, €10, €11}

Finally, we can calculate R, R° and R using (6.3)

R = Spa'n{el7 €3, €4, €9, 611}7

o
R° = Spa’n{ela €3, €4, €g, €8, €9, 611}7
R = Spa’n{ela €3, €4, €5, €6, €8, €9, €10, ell}~

This shows that the following inclusions are all strict:

{0} CRECRGCRCERGA.

In particular, 3p, is not controllable, neither is it independently or weakly upstream controllable. Note also
that no structured subspaces of X' can be strictly included in between R° and R and in between R and ﬁ,
confirming the optimality claim of Theorem 6.2.3 for this example.

Finally, note that for this example we have

AR = AR° = AR =span{ey, e3, €9, €11 } and

AR =span{ey, es, g, €11, €5 + €10}

Hence R, R°, R and R are all invariant subspaces of A. For R this is true in general, but for the other
three this need not always happen, as illustrated in the next example.

Example 6.2.7. _

Now we consider an example where R, R°, and R are not invariant under A. In the context of coordi-
nated linear systems (with poset P; in Example 2.1.5), for R and R this follows from the controllability
decompositions in [23]. Consider a poset-causal system with poset Pg in Example 2.1.5, where n = (1,1, 2),
m=(1,1,1),

110l 0 0 1100
110] 0 0 01010
A=19T070 o ™ B= 97070
0/1]-=1 o 0010

In this case we have

R = R° = span{e; },
R = span{ey, (e2 +e3)} and

R = span{ey, e, e3},

so that o o _ B
AR = AR® =spanf{e; +es+e3} GR=R° and AR=R*'¢CR.
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6.2.4 Weak Local Controllability

We conclude this section with the study of a third controllability notion for poset-causal systems.

Definition 6.2.8.
We call a poset-causal system Xp weakly locally controllable if

7%2 =PyR,=2X; foreachieP.

Weak local controllability implies that each subsystem of Yp, without external influences, seen as a
system in its own right, is a controllable system. For coordinated linear systems it corresponds to Definition
3.10 [23].

Lemma 6.2.9.
A poset-causal system Lp is weak locally controllable if and only if each local pair (A, By;) is controllable,
that is, if and only if all local subsystems (5.7) are controllable.

Proof.
Using (5.14) and the fact that I,,(4, i) B({i,7) = B, it follows for all integers k > 0 that
1,(i, 1) A(li, Li)* B(li, i) = A% B;;. Hence

RE = I,(i, }i)Rs = I, (i, 1i) C(A(l4, 1), B(l4,1))
=Im|[B; A;B; - AL 'DBy]
=Im [B; A;By; - Al 'Byl
= Im C(Ayi, Bii) = R(Ais, Bij).

It follows that 7%; = X; if and only if (A;;, B;;) is a controllable pair. O

We next show that weak local controllability also implies controllability of Xp.

Theorem 6.2.10.
If a poset-causal system Xp is weakly locally controllable, then it is controllable.

Proof.
Assume that ¥Xp is weakly locally controllable. We show that X = R. Fix at > 0. Let £ = @jeP & ex
with §; € Xj. We seek an input u = @, pu; with u; taking values in U; so that { = z(0,u,t). For
k=1,2,...,p, set

Li={j € P:[tj| <k} (6.7)

and note that P = L, = (J;_, L and Ly C L; if k < £. We prove by induction that for k =1,2,...,p there
exist an input u so that {; = x;(0,u,t) for all j € L.

For k = 1,if i € Ly, then i = (. Thus by (5.13), for any input u = ;. pu; we have z;(0,u,t) =
2%(0,u;,t) with z; the state of the i-th subsystem (1.1) and x? the state of the i-th local system (5.7). Hence
x; depends only on u;. Since Yp is weakly locally controllable, for ¢ € Ly there exist inputs u; so that
z;(0,u,t) = 2"(0,u;,t) = &. Set uj =0 for j & Ly. Then u is an input with the required property.

Now let £ > 1 and assume we have an input u = @jepﬂj so that x;(0,u,t) =¢; forall j € L. f k=p
then we are done. Otherwise, set u; = u; for j & Ry :={j € Lyy1:j & L} and Ry, := 0. For i € L we
have 1% C Ly, so that & = z;(0,u,t) = x;(0,u,t), irrespectively of the choice of the inputs u; for j € Ry. It
remains to select u; for i € Ry, so that also & = x;(0,u,t). Let ¢ € Ry. In that case 17 C Lj. Hence, for all
Jj € 14, the input w; is fixed. By (5.13) in Lemma 5.2.3, we have that for any input w;

20, u,t) = 2 (0,ui, t) + Y 2 (0,u5,1),

jeti
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independent of the choice of the inputs u; for j € Ry, j # i. By assumption, the local system (5.7) is
controllable. Hence there exists an input u; so that

z'(0,u;,t) = & — Z 2 (0, u;,t),
jeti
noting that the right hand side is fixed by our selection of inputs u; for j € Lj. As observed above, we can
select u; independently of the choice of the inputs u; for j € Ly with j # 4. This gives us a way to select the
remaining inputs u; for ¢ € Ry, so that z;(0,u,t) = ¢, for all j € Ly11. By proceeding inductively we obtain
an input u so that z;(0,u,t) = ¢; for all j € L, = P, which proves our claim. O

For weak local controllability, we only show that it implies controllability, but no inclusion of subspaces.
Define R := ®@R:. By Theorem 6.2.10, if R = X, then R = X. In view of Theorem 6.2.3, a natural question
is whether R C R holds also if R # X. This turns out not to be the case, as shown in the next example.
Example 6.2.11.

Let P = (P, =) with P ={1,2} and 1 < 2. Take n = (1,1) and m = (1,1) and let £¥p ~ (4, B,0,0) be the
leader-follower system with

1

e a=[B] wa m=[35]

2
Then R = span{e; + e}, Ry = span{e; +es} and Ry = {0}. Hence R} = Py, Ry = span{e;} and R2 = {0}
and so R = span{e; }. This shows that R Z R.

It was pointed out in [23] that, for coordinated linear systems, weak local controllability is necessary
and sufficient for pole placement. We now show this is also the case for poset-causal systems. We shall
first prove the following lemma. Recall that px denotes the characteristic polynomial of a square matrix X.
The following Lemma shows that the characteristic polynomial of a matrix in I%XQ is the product of the
characteristic polynomials of its main diagonal blocks.

Lemma 6.2.12.
If A=[A;] € I5°", then

pa(A) = HpA“()\), so that o(A) = U o(Ai).
i€P i€P
Proof.

For k =1,...,p define Ly as in (6.7) and set Ry := {j € Lxy1: j & L} = Lg+1/Li and R, := 0 as in the
proof of Theorem 6.2.10 and recall that for i € R, we have T4 C L. For k=1,2,...,p, set

Ay = A(Lg, L) and Ay = A(Ry, Ry).

Since 14 C Ly, for all i € Ry, and Ry, N Ly, = 0, we have

. A and Ay = € Au,

1€R

Apg1 =

A, 0]

with % indicating an unspecified matrix. It now follows recursively that

Pz, (A) = H pa,;(A), so that o(Ay) = U o(Aii), keP.

i€Ly i€Ly

This proves out claim, since L, =P and A = /Alp. O
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Proposition 6.2.13.
A poset-causal system Xp ~ (A, B, C, D) is weakly locally controllable if and only if for any monic polynomial
p of degree n = ny + -+ +n, there exists a matriz F € Ip"" such that det(A, — (A + BF)) = p(\).

Proof.
Note that the observations about the structure of A with respect to the subspaces associated with L; and
Ry, also apply to B and to any matrix F' € I%Xﬂ. As a consequence, it follows from Proposition 2.3.7 and
Lemma 6.2.12 that
p(A-FBF)()\) = H p(Au-i-BnF“)()‘) (68)
i€P

In case Xp is weakly locally controllable, by the standard pole placement theorem (see Theorem 2.19 in [g]),
for all monic polynomials p; for i € P, with deg(p;) = n; we can find matrices Fi; so that pia,,4+5,,r,.)(A) =
pi(A). Now factor p(A) = [[,cp pi(A) with p; monic and deg(p;) = n;, and let Fj; be as above. Then the
block diagonal matrix F' = diag;cp(F};) is in Zp ™ and our claim follows by (6.8).

Conversely, assume Yp is not weakly locally controllable. Then by Lemma 6.2.9, there is a ¢ € P such
that the pair (A4;;, B;;) is not controllable. This means that A;; has an uncontrollable eigenvalue, say Ag.
But then A is an eigenvalue of A;; + B;; Fy; for all matrices Fy; € R™i*™i. Hence by (6.8), A is an eigenvalue
of A+ BF for all matrices F' € I%Xﬂ. Thus, any monic polynomial p with degree n which does not have g
as a root cannot appear as the characteristic polynomial of A + BF'. ]

Proposition 6.2.13 shows that weak local controllability corresponds to pole placement via a structured
feedback matrix F'. In case a poset-causal system is controllable but not weakly locally controllable, it follows
that pole placement is still possible, but not always via a structured feedback matrix. We illustrate this in
the following example, where we, in fact, show that state feedback stabilizability of the global system (in the
classical sense) need not imply that state feedback stabilizability can be achieved by a structured feedback
matrix.

Example 6.2.14.
Consider a poset-causal system Yp, ~ (A, B,0,0) with Pg as in Example 2.1.5, n = (2,2,1) and m = (2,1,1)
and with A € I3 and B € I ™ given by:

10 1 0

0 0 0 1
A=1]11 011 0 and B=|1 0]1

000 O 0 1

1 0]—-1 011 0 1]1]1

We have X = span{ej, ez}, Xo = span{es,es} and X3 = span{es}. So that X = span{e, e, e3,€4,¢5} =
R®. We note that |1 = {1,2,3}, |2 = {1,2} and |3 = {3}. Using this, we determine the reachable set
R =ImC(A, B) as well as the downstream reachable sets R, = C(A(}4, i), B({i,1)) for i = 1,2, 3:

R = span{ey, ea, €3, eq4,65} = X,
R1 = span{(e; +e3),e2,(ea+e5)} & X1 D Xy B A,
Ro = span{(eg + 65)} & Xo D X3, Rsz= span{e5} = Aj.

Next we compute the spaces ﬁ: =X, NR;:
R} =span{er,ex} = X1, RZ=span{es} C Xy, RJ =spanfes} = Xs.

Since R = X, the system Yp, is controllable, and hence A can be stabilized via state feedback: There exists a
matrix F' € R**5 so that A+ BF has eigenvalues only in the open left hand plane C~ := {z € C: Re(z) < 0}.
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However, ¥p, is not weakly locally controllable, because ﬁ% = span{ez} # Xy. Hence there should not exist
mxXn mxXn
[fi]

a matrix I' € Z; "~ so that A — BF has eigenvalues only in C™. Indeed, for F' = €1y "~ we have

(14 fi1)  fie
fa1 fo2
A+ BF = * k| (L+ f33) faa ,
* * 0 0
% * * * | (L+ fas5)

and it follows that 0 will necessarily be an eigenvalue of A + BF'.

6.3 Upstream Indistinguishable States and Downstream Observ-
ability

In this section we define notions of distinguishability and observability for poset-causal systems that are dual

to the notions of reachability and controllability considered in the previous section. We give the definitions

and main results, but without proofs. The results follow directly from duality relations determined in the

next section.
For a poset-causal system Xp ~ (A, B,C, D) and a i € P, in correspondence with (5.6), define

XTi = @ Xj and XP\Ti = @ Xj.
JETI J¢t

The i-upstream indistinguishable set A;(C, A) consists of the initial states xgi € X4, that cannot be dis-
tinguished from 0 using the output of subsystem ¢ only. It follows that N;(C, A) is contained in Xy; and
consists of the states { € X4; that are indistinguishable from 0 in the system

@ty = A(ti, 1) (), aT(0)=¢
yi(t) = C(i, 1) (),

that is, the i-th upstream system (5.10) with zero inputs. In this case we say that & is i-upstream indistin-
guishable. Tt follows that

Ni(C, A) = N(C(i, 14), A(1i, 14)) = ker O(C'(i, 1), A(T4, 7))

Also here we usually write N; rather than A;(C, A) if this does not cause confusion.
The following result is the analogue of lemma 6.2.1 for upstream indistinguishable sets. In the context
of the coordinated linear systems this results corresponds to Lemma 4.2 in [23].

Lemma 6.3.1.
For a poset-causal system ¥p ~ (A, B,C, D) we have

N =) (Ni® Xpypi) .-

ieP
Recall that N; C X}, and that X; C Ay, if j € 14. For each j € 14, we define
NI =NU(C,A) = Ny(C,A) N &; and N7 = N7 (C, A) := Px,Ni(C, A).
From these definitions, we immediately get the following inclusions:
PN c N PN,
JeTi JETI
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In analogy with (6.3) and (6.4) we define the following structured subspaces of X

N:z@ﬁj, N° = @Noj, N = @J\?j, where

jeP jep jeP (6.9)
N = ﬂﬁf, N®T = Py N, N7 = ﬂ./\N/'ZJ
€] i€ly

Definition 6.3.2. B
We call a poset-causal system Xp independently observable if N' = {0}, and weakly downstream observable

it V' = {0}.

In the context of coordinated linear systems, what we define as independent observability, goes by the
same name in Definition 4.17 in [23]. Downstream observability and weak downstream observability does
not appear to have been studied for coordinated linear systems yet, but the subspaces N play an important
role in Lemma 4.16 in [23].

The space N’ may be interpreted as the states in &) that are indistinguishable from each other when
observing outputs that are downstream from subsystem j (that is, outputs y; with i € |j), while not being
indistinguishable from states in other subsystems (that is x; with i # j). The space N consists of states in
& that are indistinguishable from each other when observing outputs that are downstream from subsystem
j (that is, outputs y; with ¢ € |j), while in this case these states are also allowed to be indistinguishable
from other states z; with i # j. There does not seem to be a clear interpretation of the states in the space
N°J in terms of the communication structure of the poset-causal system. Its importance is due to the fact
that it turns out to be the optimal structured subspace containing N, as is shown in the following theorem
- the main result of this section.

Theorem 6.3.3.
For a poset-causal system Xp ~ (A, B,C, D), we have

NCNCN°CN sothat NECNLCNECN® (6.10)

and iy i
N = X;NN  so that P;(j/\/'l =4 oN’.

In particular, if Xp is independently observable, then Yp is observable and if ¥p is observable, then ¥p is
weakly downstream observable. Furthermore, if

QZ@QJ', and Sz@Sj such that QCN CS,

jepr jeP

where Q; C X; and S; C X for each j € P, then Q C N and N° C S.

The above theorem shows that A is the largest structured subspace of X that is contained in N and that
N° is the smallest structured subspace of X which contains A/. We conclude this section with the analogue
of weak local controllability.

Definition 6.3.4.
The poset-causal system Yp is called weakly locally observable if
Nz = {0} for each i € P.
The analogues of Lemma 6.2.9 and Theorem 6.2.10 are collected in the following result.

Theorem 6.3.5.

The poset-causal system Xp is weakly locally observable if and only if each local pair (Cy;, Ayi;) is observable,
that is, if and only if all local systems (5.7) are observable. If Xp is weakly locally observable, then it is
observable.
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All inclusions in (6.10) can be strict and it need not be the case that e PJ\/'jj contains N. Examples
that prove these claims can be obtained from the examples in the previous section and the duality relations
explained in the next section. We present here an extension of Example 6.2.6 that will be useful in the
sequel.

Example 6.3.6.
Consider the poset P4 given in Example 2.1.5 and the poset-causal system p, ~ (4,0,C,0) with A € Zp**

and n as in Example 6.2.6, 7 = (1,1,1,1) and C' € Iy ", given by

10
C:Ol

el K==
O =
oo

0 0 1 0.

In this case
N = span{(—e2 + e4), (—e5 + €10), €3, €9, €11 }

and the upstream indistinguishable sets are given by
N1 = span{es} C X},
Ny = span{ey, (—e2 +es),e3} & A1 @ Ay,
N3 = span{es, er} & A,

Ny = span{es, e4, (—e5 + €10), €6, €8, €9, €11} & X.

One can further compute that

N' =N =N = {0},
NA:span{eg,eg,eu},
N = span{ey} = N,
N? = spanfes} = N°2,
N3 = span{es} = N°%
N4 = span{esg, g, €10, €11} = N°4,

from which it follows that

N = span{es, eg, €11},
./\7 = span{ey, e4, €5, €8, €9, €10, €11} = N°.
This shows that o _
I CNGENEN° =N g x.

Hence the system is not observable, neither is it independently nor weakly upstream observable. Furthermore,
no structured subspace can be strictly include between A’ and NV or between N and N° = N. In particular,
unlike in Example 6.2.6, here the two subspaces N and A of X associated with the poset-causal system are
the optimal structured subspaces that are included in A and include N, respectively.
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6.4 Duality

For classical centralized systems, controllability and observability are related through the duality identities
RY=Nt and N?=R.

Here R? = R(AT,CT) and N? = N(BT, AT) are the spaces of reachable and indistinguishable states,
respectively, of the dual system. In this section we show that there are similar duality relations for the
various notions of controllability and observability introduced in this paper. Such observations were not
made in [23], since the subclass of poset-causal systems considered there is not closed under duality of the
underlying posets.

The following theorem is the main result of this section.

Theorem 6.4.1.

Let Xp ~ (A, B,C, D) be a poset-causal system, with dual system Yp, ~ (Ag, Ba,Cq, Dg). Define R, R°,
R as in (6.3) and (6.4) and N, N°, N as in (6.9), and define (R)4, (R°)4, (R)?, (N)?, (N°)?, (N)4
analogously for ¥p,. Then

1

RY! =N (RO)! = N7 (R)! =

—1

M) =R (W) =R (M) =R
In particular, the following equivalences hold:

(i) Ep is upstream controllable if and only if Lp, is downstream observable.

(i) Ep is weakly locally controllable if and only if ¥p, is weakly locally observable.

The identities in Theorem 6.4.1 will be proved via several intermediate steps.

An essential role in our definitions of controllability and observability is played by the downstream
reachable and upstream unobservable sets R; and N; respectively. The next lemma explains the relation of
the two sets under duality. Here, we denote the downstream reachable and upstream unobservable sets of
the dual system Yp, by (R;)% and (N;)? respectively.

Lemma 6.4.2.
Let ¥p ~ (A, B,C, D) be a poset-causal system, with dual system Xp, ~ (Aq, Ba,Cq, Da). Then

X 6 (R = N; and X 6 (N))E=R; for each i€ P.

Proof.
Fix a i € P. Note that N; C A}; and (R4 C X, = Xpi. Now

(Ri)* = R(Aa(Lgi, L4i), Ba(l i, 1)) = R(AT (13, 14), CT(14,))
= R(A(1i, 10)T, C (i, 10)T).

By the standard duality identity, we have
Xyi © (Ri)* = Xy © R(A(1, 14)T, C(i, 19)T) = N(C(i, 1), A(1i, 1)) = Ni.

The identity X|; © (N;)? = R; follows similarly. O

The relations between the subspaces R, R, N}, /\fo and the related subspaces for the dual system,

denoted (R})4, (R7)4, (N ;)d, (/\~/';)d, respectively, is less straightforward. They are listed in Lemma 6.4.3,
the proof of which relies on some general identities in finite dimensional inner product spaces given in Lemma
3.4.9.
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Lemma 6.4.3.
Let ¥p ~ (A,B,C,D) be a poset-causal system, with dual system Sp, ~ (A4, Bq,Cq,Dg). Then for all
i,7 € P we have

W) =xe®, R)'=xeN, (W)'=xoRrl (R)'=xoA.
Proof.
Using Lemma 6.4.2 along with (3.9) with Y = X ;, Y1 = R, and Y, = X yields
(M) = Py, (Nj)? = Pr, (X, OR;) = X © (X, NRy) = X O R

A similar argument proves the identity (ﬁf)d =X, @W; Using the identity (3.8), withn =2, Y = &),
Vi = (N;)4 and Yy = A&;, gives

—iyd

W5 =X N (V)T = (X5 0 Xija) N (X ©Ry) = Xy © (X + Ry)

= le S} (P)Q.Rj D XJ,j\'L') =X, (P)QR]) =X, Rz

The identity (ﬁf)d =X @/\N/ji can be derived analogously. O

Corollary 6.4.4.
The poset-causal system Ep is weakly locally controllable (weakly locally observable) if and only if the dual
system Xp, is weakly locally observable (weakly locally controllable).

Proof.
By Lemma 6.4.3 it follows that

~nd —i\ ——ivd ~\+
DR - (DY) mi BEY - (D7)
icP icP icP icP
from which we immediately obtain the result. O
We now prove duality results for (R;)?, (ﬁj)d7 (R;?)d7 (Nj)d7 (NV7°)d and (N7)4.

Lemma 6.4.5.
Let ¥p ~ (A,B,C,D) be a poset-causal system, with dual system Sp, ~ (A4, Bq,Caq, Dg). Then for all
7 € P we have

(R))" = x; 0NV, (R9)" = X e N, (R)!=x; 6N,
V)" = x 0 R;, W) = x; e RS, (N = x; 0 R,

Proof.
By (6.3), Lemma 6.4.3 and (3.7), we have

R)' =Y R)' =Y (xeN)=x,0 N =x,0N.

1€Tqd 1€lg 1€elg

The identities for (ﬁj)d, (ﬁj)d and (./\7 J )d follow in a similar manner. The identity for (R;’)d follows from
Lemma 6.4.2 and the identity (3.8):

ond
(R$)" =& NRY = Xp ; NNT = (Xpy; + N)- = (Xpy; & Py, N) -
=X; o N,
The identity for (N7 O)d follows similarly. O

Theorem 6.4.1 now follows directly from the identities in Lemma 6.4.5. Note that Theorems 6.3.3 and
6.3.5 in Section 6.3 also follow directly from the result obtained in this section.
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6.5 Minimality and Kalman Reduction for Poset-Causal Systems

The concepts and theory of minimality for poset-causal systems are problematic due to the additional
structure in the form of the prescribed zero-block structure and the state space decomposition. The Kalman
decomposition in the classical setting was summarized in Section 3.4. If the system ¥ comes with the
additional structure of a poset-causal system, i.e., ¥ = Xp for some poset P, then, in general, the poset
structure is lost when Xp is compressed to the Kalman reduction ¥,,;,, and one may have to compress to a
larger structured subspace of the state space in order to preserve the poset structure.

Definition 6.5.1 (Poset-causal reduction).
Consider a poset-causal system Yp ~ (A, B,C, D) with state space X = @jep

®j6P /'?j such that )?J C & for each j. If g, E, C are the compressions of A, B, C to )?, respectively, and

X; and a subspace X =

CA*B=CA*B fork=0,1,...,
then the realization Sp ~ (ﬁ, §, C~', D) is called a poset-causal reduction of ¥p to the subspace X.

Using Lemma 3.4.10 and the state space sub-spaces that underlie our notions of controllability and
observability defined in Sections 6.2 and 6.3, we obtain the following candidate for a poset-causal reduction.

Proposition 6.5.2.

Consider a poset-causal system Xp ~ (A, B,C, D) with associated subspaces R, R and N as defined in (6.3)
and (6.9). Define the subspace X=Ro(RNN) and let A, B and C be the compressions of A, B and C
to X. Then Ep ~ (A B C , D) is a poset-causal reduction of ¥p. Furthermore, if Px, X = Px; Xeo for all

jEP, andX—EB X zsasubspaceof)(wzth)( CX; foralljePsothatXwCX then X C X.

Proof.
Using definitions (6.3) and (6.9), it follows that

jeEP

p .
=@, with X;=R;0 (R;NnN")cx
j=1

where XJ, R; and N are also as defined in (6.3) and (6.9). Hence X is a structured subspace of the state
space. Since R C R C Rand N C N by (6 5) and (6.10), respectively, it follows from Lemma 3.4.10 that

CAFB = CA*B for k = 0,1,... and hence Ep is a poset-causal reduction of ¥p.
For the final claim, assume X Py, X = Py, X, for all j € P and let X be as in the proposition, then

Xj =Py, X, CPy,X=X;, jeP O

In the above proposition we worked with the subspaces ﬁ, R and N since they have a natural interpre-
tation in the context of the poset-causal system ¥p and satisfy the inclusion conditions of Lemma 3.4.10.
Furthermore, R is the smallest structured subspace of X’ that contains R and N is the largest structured
subspace of X’ contained in A/, but R need not be the largest structured subspace of X contained in R, unless
R = R°. A potentially smaller structured subspace that contains X, is thus given by X’ := R & (R°NN).
However, despite the fact that R° is the largest structured subspace contained in R, it need not be the case
that Px, X I = Py, X, for all j € P, as illustrated in the next example.

Example 6.5.3.
Consider a leader-follower system Xp ~ (A, B,C, D), where P = (P, <) is the poset with P = {1,2} and
1 < 2. Suppose A € Ip"", B € I5"™ and A € T"* with n = (2,2), m = (2,1) and r = (1,1), are given by

1 0/0
0 1 1000
» B=1% 070 andc{lOlO]'
0 1|0
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Then X; = span{ej,es} and Xy = span{es,es}. Calculating the reachable space R and the unobservable
space N gives
R = span{e;,e2 + €4} and N = span{es, eq}.

In this case, we have X, = R © (RNN) = span{e;} and hence
Px, X, = span{e1} and P, X, = {0}.

Now we consider the structured space X' = R& (R° NN) = D,-1- )?j’ Then X} = )?j o (R5 ﬂﬁj) and we
can compute ﬁj, R and N7 for j = 1,2 using Lemma 6.2.5 and Theorem 6.3.3:

Ri1=Px,R=span{ey, ez}, 1=X1NR={ei}, N =X, NN =span{es},
Ry =Py, R=span{e,}, R5=X NR={0}, N =2, NN =span{e,},

which gives
X, =R16 (R} ﬂﬁl) =X, and Xj=TR.6 (RS HN2) = span{ey}.

For both j = 1,2, we see that Px,X., # Xj{. Hence, despite X, being a structured subspace of X', of
dimension 1, our approximation obtained from Proposition 6.5.2 is a structured subspace of dimension 3.
One can further check that in this case R = R°.

There are many different choices of state space subspaces to compress the matrices A, B and C to a
minimal realization, which may or may not be structured, and when it is not structured, there may or may
not be a natural way to embed this subspace in a structured subspace of X for which compressed matrices
preserve the moments. We have chosen to work with the space X, = RS (RNAN), since it appears naturally
in the Kalman decomposition of the system and there are natural structured analogues of the observability
and controllability spaces that meet the requirements. Alternatively, using a duality argument, one can also
work with N+ and R+ instead of R and N, respectively. In this case, the (possibly) non-structured subspace

becomes N - & (ML NRL), which can be embedded in the structured subspace N'* & (NL NRL), or in the

. L = . .
(possibly) smaller structured subspace A°+ & (N~ NRY). In the above example, in fact, it turns out that
all three subspaces of X are the same, so that in this case it is better to work with A/t and R* instead of

R and N.

Example 6.5.4. B
Let A, B and C as well as P be as in Example 6.5.3. In this case one can compute that N' = N° =N =
span{es, e, }, while it was already observed that N' = A/, R = span{e;,es + e} and R = span{ey, ea,e4}.
Hence _ _

N'= Nt= Not= ML= span{e;,es}, RY=span{es — ey, e3}, RY=span{es}.

From this we obtain that
Nt o WENRY) =spanf{e;} =Nt o (NJ_ NRL).

. . . v —L =~ .. . . . .
Hence, in this case, when compressing to N'* & (N~ N'R+Y), a minimal realization is obtained.
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Chapter 7

Control of Structured Linear Systems

We now want to investigate the optimal control of structured linear systems. In particular, we will look
at the Hs-optimal control problem for poset-causal systems. The solution to the classical (unstructured)
‘Ho-control problem was summarized in Section 4.3. The state feedback case was considered in Section 4.4
and the spectral factorization approach to the state feedback case was explained in Section 4.5. Poset-causal
systems were discussed in Section 5.2.

In the first section of this chapter, we consider the state feedback case of Hs-optimal control problem
for poset-causal systems using a spectral factorization approach as used by Shah in [38] and Swigart in [45].
We will loosen the state feedback assumption in Section 7.2 where we consider the output feedback case.
The output feedback Hs-control problem for poset-causal systems is significantly more difficult than the
state feedback case. In the state feedback case, the problem may readily be reduced to local unstructured
problems. Moreover a solution may be recovered from these local solutions. This depends essentially on
the form of the plant realization under the state feedback restrictions. These conditions do not hold in the
output feedback case.

7.1 State Feedback Control

In this section, a summary is given of the poset-causal Hs-control problem and solution strategy considered

by Shah in [38]. Similar results were also obtained in [15] by Swigart and Lall for systems defined over
graphs. Although the results are not new, we will consider continuous time systems and not discrete time
systems as in [38] and [45]. Furthermore, we will rewrite both the problem statement and solution strategy

in terms of the notation we have developed in Section 2. We hope that this will make the exposition of the
results more precise. Shah and Swigart assumes that full state feedback is available and this plays a critical
role in the solution strategy of the current section. In the next section, we will consider the more general
problem of output feedback control. We will only provide discussions and sketches of proof of some of the
results in this section as similar results will be proved in the more general context of output feedback control
in Section 7.2.

7.1.1 Definition of Poset-Causal H,-Control Problem (State Feedback Case)

Let P = (P,»), with P = {1,...,p}, be aposet and let n,m, r € Zi be partitions. Consider a P-poset-causal
plant with state space realization

#(t) = Az(t) + w(t) + Bu(t), z(0) = xg
2(t) = Cx(t) + Du(t), t>0 (7.1)
y(t) = z(b),
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where A € I%X27 B e I%Xm7 Ce I%X27 De I%Xm. The plant in (7.1) is a special case of the general plant
in (43) with Bl = Iﬂ, BQ = B7 Cl = C, Cg = IE’ Dll = 0, D12 = l)7 D21 =0 and D22 = 0. Hence, it is
given by

415, B Cd, CP4B+D] |Gu G
é — _ A A — ,\11 A12 7.9
IC 8 g { DA 4B ] Ga1 Gag ( )

At the subsystem level, the local subsystems have the following state space equations:

&i(t) = Z Ajz;(t) + Z Biju;(t), x:i(0) =z,

JET JETE
zi(t) =Y Cijzj(t) + Y Dijus(t), >0,
JET JETE
yi(t) = zi(t), i=1,...,p.

Communication restrictions are imposed by the underlying poset P, this can be seen in that the sums are
taken over upstream sets 1i. The following assumptions are made about the realization in (7.2):

1. A is stable. Hence én, @21, @22 € RHso and CA;, @12 € RHoo-
2. CTD=0and DD =1.

The above assumptions will be loosened in Section 7.2, where a more general problem is considered. The
assumption that A is stable is made for the sake of simplicity of presentation and can be relaxed to the
assumption that the local pairs (A;;, B;;) must be stabilizable for each ¢ = 1,...,p. In that case we can
apply the Youla parametrization in Lemma 4.5.1 with a block diagonal matrix F whose block diagonal
entries Fj; are such that A;; + B;; Ey; is stable for each ¢ = 1,...,p. In that case we obtain a new system
H with a stable state matrix A + BE, output matrix C + DE and all other matrices the same as in G (see
equation (4.24)). We may then proceed with H instead of G. Since the system matrices in (7.1) all have
the poset-causal structure determined by P, Proposition 2.3.7 guarantees that each one of the constituent
transfer functions of G also has the poset-causal structure, that is,

éll S I%Xﬂ, élg S I%Xm, égl S I%Xﬂ and 67'22 S I%Xm.

As in the classical Ha-control problem, the goal is to construct a controller that stabilizes the plant and
minimizes the Ho-norm of the resulting closed loop transfer function. For structured linear systems it is
more complicated since the communication structure of the plant needs to be preserved under feedback.
Shah restricts attention to the case where the controller has the same communication structure as the plant,
that is K € I%Xﬂ (see p.92 in [38]). In [415], Swigart considers the more general problem where the controller
may have a different communication structure than the plant. He then investigates conditions under which
such problems are “tractable”. The condition under which this occurs is that the transitive closures of the
underlying graphs of the plant and the controller must be equal (see Theorem 2 on p.17 in [45]). Since
Swigart also restricts attention to graphs that are acyclic, this is equivalent to the requirement that the
controller must satisfy the communication structure determined by the underlying poset of the plant, that
is K € I%Xﬂ. Hence, we also restrict attention to linear time invariant controllers that has the same
poset-causal communication structure as the plant.

By Proposition 4.1.2, connecting a controller K to the plant results in the closed loop transfer function

Al B

A+BDg BCk | I,
clo

- Bg Ag | 0 |, (7.3)

£(67 IA{) = 611 + élsz(f - @22E)71621 =
C+DDg DCk | 0

The classical (unstructured) Ha-control problem was given in Definition 4.3.1. Since Das = 0, the connection
between the plant and any controller is well-posed (see proposition 4.1.1). Hence the first condition of the
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classical problem in Definition 4.3.1 is satisfied. Furthermore F ((A}’7 K ) in (7.3) is a strictly proper rational

matrix function (note that D = 0, because D1; = 0 and Dy = 0). It follows then that .7-'(@ I?) is in RH-
if and only if A is stable. The Ha-control problem for poset-causal systems, has an additional requirement,

namely that the controller must preserve the poset-causal structure, that is, F (G K ) € Ip**. Theorem
mXxXn

2.3.10 guarantees that this will happen if attention is restricted to controllers K e I5 "~ with the same
communication structure as the plant. Consider a controller

K= {é—i%} . (7.4)

We shall assume that for some nx € Z4 and some partition ny € Zp of ny, we have
Ag € IS B eIy,  CxeIp ™%, DgelIp'™ (7.5)
Then K € I3 ". At the level of subsystems, we have

T i(t) = Z Ag ijrr j(t) + Z Brijzj(t), zri(0) =Ko,

jeti jeti
=Y Crijeki(t)+ Y Drijxi(t), t>0.
jeti jeti

Hence the stipulation K e I%Xﬂ means that the local input u; depends on states x; that are upstream from
subsystem i, that is, on x; for j € 19. While the full state z(t) of the poset-causal plant 7.1 is available to
the controller K in (7.4) via its input ug (t) = y(t) = x(t), the fact that the system matrices Ax, Bg, Ck
and Dy of the controller are structured as in (7.5), implies that, at the level of subsystems of the controller,
subsystem ¢ of the controller only has access to local states upstream from 4, that is to x; for j € 1i. Having
discussed the connection between an input-output framework and overall transfer function framework, we
will henceforth only consider the control problem on the transfer function level. The state feedback case of
the Hy-control problem for poset-causal systems may now be stated as follows.

Problem 7.1.1 (H state feedback control problem for poset-causal systems (cf. p.93 in [38])).
For a P-poset-causal plant as in (7.1), construct a controller

_ Ak | Bk satisfvin 1. K GI%XE;
Cr | Dk ymg
v

such that || £(G, K)|2 is minimized.

=)

Condition 1 requires that the controller K has the poset-causal structure. Proposition 2.3.7 then guaran-
tees that the poset-causal structure is preserved in the closed loop transfer function, that is, F(G, K) € I%Xﬂ.
Condition 2 requires that the controller is stabilizing, that is, that A in (7.3) is a stable matrix.

7.1.2 Reparametrization and Reduction to Local Classical Problems

Since we have the same control set-up as in Section 4.5 with an additional structural requirement, we can
use the same parametrization as in Procedure 4.5.2 if care is taken with regard to the poset-causal structure.
Since it is assumed that A is stable, we may take F = 0 in (4.31). Hence by the Youla parametrization
for the state feedback case (Lemma 4.5.1), all stabilizing controllers of G are given by
K= £(j7 E) = ﬁ(I + 622}?)71
with R € Hoo arbitrary (note that H=Gin (4.32)). Furthermore, the closed loop transfer function after

connecting K to G is

E(év f?) = 611 + éuﬁézy
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Let Q RG21 Then Q and R determine each other uniquely, because G21 is invertible. Furthermore,

since Gop € I3*", Proposition 2.3.7 ensures that Qe 5" if and only if Re I3 *". Now we have

f(é, f() =Gy + G1aQ
and
K = QG (I + GQG5 )1 (7.6)

Again, since Gy € 5" and Goy € Z5"™, it follows by Proposition 2.3.7 and equation (7.6) that K e "
if and only if @ € Ig Xn, that is, the controller K satisfies the structural requirement imposed by the poset
P if and only if the parameter () does. Finally, suppose

A _ | Aq | Bg
Q{CQ DQ]'

Then by equations (3.13) and (3.12), it follows that

A0 0 I

A BCq | BD 5

N A A Al Q @ 0 A BCq|BD
]:(G,K):G11+G12Q=[C 0}"‘ 0 Ao B 1o o AQQ BQ
¢ DCq [ DDq C C DCq | DDg

Now £(é,l?) € R*H, if the state matrix is stable and DDg = 0. Since A is stable by assumption, this
happens if Ag is stable and Dg = 0. Due to the above considerations, we obtain the following proposition
which shows that Problem 7.1.1 is equivalent to a reparameterized Ha-control problem (cf. p.96 of [38]).

Problem 7.1.2 (Reparameterized Ho-control problem for poset-causal systems for the state feedback case).
For G711 and G12 as in (7.2) find a controller

1. @ S I,%Xﬂ;

@ _ { Aq | Bg } satisfying 2. Ag is stable;
Co| O R L
o 3. K = QGL(I + G22QG5 M)t is proper
such that the cost ||G11 + G12Q)||3 is minimized.
Proposition 7.1.3 (cf. p.96 in [ 3))-
A controller K = QG21 (I+G22QG21 )=t is an optimal solution to the Ha-control problem in Problem 7.1.1

if and only zfQ is an optimal solution of the Ha-control Problem 7.1.2.

Next, we explain how we may reduce the above reparameterized control problem to p local control
problems. This can be done in such a way that, in contrast to the overall reparameterized control problem,
the local control problems have no structural restrictions. Hence the classical results of Chapter 4 can then
be applied to solve these local control problems. Due to the column separability of the Ho-norm, it follows
that the cost is equal to the sum of p terms

2

Jou + 0 = 3] (0 + 6 ]
j=1

2

Applying Theorem 2.3.10 to each of these p terms then gives

|G+ 600 ZHGH )+ Guole 1)U
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By Theorem 2.3.10 and Corollary 2.3.11, it follows that

Qg,4) = (Co(A\ — Ag) ™' Bg)(L4.4)

= Co(j. L)AL, 1) — Aq(L, 14)) ' Bo (L4, 4) =

A, 4j) | Bo(ld,4)
Colljli)| 0 '

Similarly,

o | LAWL) | In(dh )
CbD =16 | o

and élg(i, \l,]) =

C(:44) | D(:, ) (71)

AL, 49) | B, 49) ] .

~

Importantly, Q(lj,7) does not have a specific zero-structure. Furthermore, Ag is stable if and only if the
local matrices Ag(lJ,4j) are stable for j = 1,...,p. The previous discussion is a sketch of the proof of
following result which shows that solving the reparameterized problem is equivalent to solving p local control
problems.

Problem 7.1.4. R
For j € P and for G11(:,5) and G12(:,]j) as in (7.7), construct a controller

AL | BI
c | o

is minimized.

S RHQ,

J

R N 2
such that HGH(:,j) + Gi2(:, 1)@ )

Proposition 7.1.5 (cf. Theorem 4.2 in [38]).
The controller Q = [Im(:7¢1)@(¢1, 1) ... In(, ip)@(ip,p)} is an optimal solution of Problem 7.1.2 if and
only if @(i]}j) = @j for each j =1,...,p where @j is the optimal solution of the local Problem 7.1.4.

7.1.3 Solution to the Local Classical Problems

Since A is assumed to be stable, each sub-matrix A(lj,J)j) is stable. As a consequence, each triple
(A7,49), B(14,49),C(:,14)) is stabilizable and detectable. Furthermore, DTC' = 0 and D7D = I if and
only if DT({4,:)C(:,15) = 0 and D7(}j4,:)D(:,)j) = I({j,j). Hence, each one of the above mentioned
control problems is a classical optimization problem of the form in Definition 4.3.1. Set

ﬁn = all(:aj) € RH, and ﬁm = élQ(:a\Lj) € RHoo

as in (7.7). By Corollary 3.7.5, the conditions on (A(l4,17), B({7,17), C(:,14), D(:, 7)) guarantee the exis-
tence of a stabilizing solution to the related Riccati equation. Applying Theorem 4.7.6, we can now solve
each one of the local Hs-optimization problems in Problem 7.1.4.

Proposition 7.1.6 (cf. Lemma 4.2 in [38]).
The optimal controller for Problem 7.1./ is given by
5, — |ALLD) + BUG LD | 1L, )
4 F; 0

where
Fy = ~(BULj.4§)TX; + D(:, 5)TC(, 1)) € R <2 (7.9)
and
X; = Rie(AWd, 1), BUG,45), C ), D(:, 1)) € R <2,
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7.1.4 Notational Preliminaries

We interrupt our solution of the state feedback case with a subsection on notation in order to exhibit the
solution more clearly. In this subsection, we establish notation related to partitions, sub-partitions and the
sizes associated with them. This will be utilized in the following subsections to indicate the sizes of matrices
appearing in a solution of the poset-causal state feedback Hs-control problem.

Consider a poset P = (P,=) with P = {1,...,p}. For each j = 1,...,p, let ¢; be the size of the
downstream set |j and let ¢ be the sum of these sizes, that is

P
g =Wj| forj=1,...,p and q:qu.
j=1

Define the numbers rg,71,...,7; inductively as follows
ro =0 and rp=rj-1+¢=q+q+...+qj, ji=1,...,p.

Then in particular 71 = ¢; and r, = ¢. This enables us to enumerate each downstream set |j for j =1,...,p
as

li=A{rjo1+1, rjo1+2, rj-1+3,..., rjo1+(g; — 1), rj}.
Define the set Py as {1,...,q} enumerated in the following way:
P={1,....,q1, q1+1,...,r9, ro+1,...,m3, ... ,rpa+1,...,¢}=1{1,...,q}
and the auxiliary poset (P, =), where
1=12,...,q1, qaa+1= qn+2,..., rg, R rp—1+1>= 7mp-1+2,...q

This auxiliary poset (P}, > ) has the following Hasse diagram:

1 g1 +1 rp—1+1

2 3 q—1 qy1 +2 q1+3 1+ (g2 —1) 712 rp—1+2 rp_1+3 Tp—1+aqp—1 ¢

Furthermore, define the set P; as the set of leaders and P; as the set of followers in the above Hasse
diagram, that is

P={l,ri+1ro+1,...,7p_1+1} and

Pi’:{27...,7“1, T1+2,...,7‘27 ey Tp—1, Tp_1—|—2,...,q}:P¢/P1.
Then the sizes of the sets Py, P; and Pij are |P|| =gq, |P1| = p and |Pij| = q — p respectively. We note that
P, = | P, in the auxiliary poset (P, >]).

Suppose n = (n1,...,n,) € Zﬁ_. For each j =1,...,p, define

N; = Z N =MNp; 141+ Np; 42+ Ny 43+ oo+ Ny and let N = ZNj = Z Nk
kelj j=1 j=1kelj

Define the sub-partitions

2

2
ny = (ny,...,n,) € Z% and ﬂiz(ﬂil"”’@ip)ezﬁ"
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where n; € ZE and n. € 7% are defined as in Definition 2.3.8. Recall that the k™ entry of n,; and n. is
zero if k ¢ |j and k ¢ {j respectively. By omitting the zero-entries in n,; and n . the partitions n ; and
n. can also be interpreted as partitions in Z?ﬁ and Z?ﬂ_l respectively. In this case, we can represent the
partitions n ; and ny. as

~ =~ = q; ~ =~ g;—1
n; = (Mrj 1415 Tpy_yq2y ey Tpy) € LY and n .= (Mgy_1425 vy Npy) €LY

~ ~ . . o, . 2 2
respectively, where 7ny,...,m4 € {n1,n2,...,n,}. Similarly, the sub-partitions n, € ZE and n L€ ZE  can
also be interpreted as sub-partitions in Z% and Z% ? respectively, specifically

Q\L:(’fr\il, ﬁg, Cey ﬁqw ﬁql-&-la ﬁQ1+27 ey ﬁ(h-‘rqw ey ﬁTj71+1, ﬁrj,1+27 ey ﬁq) EZZ_ and

(5. = = = = = ~ ~ a—p
n, = (N2, N3, .oy Mgy Ngi42, Mg 43y -5 Ngidagns  ~-os Ty 142, M43, -o0y Ng) € 257",

(7.10)
Now by definition

gl =Nj, oy f=Nj—n;, oy [=N and o [=N-n

Note that P, € P, = {1,...,q} and Pi C P, ={1,...,q}. Interpreting n, and n| as vectors (or row

matrices) in Z% and Z% " respectively as in (7.10) and using the notation of Definition 2.3.8, it follows that

n (1,P) =neZi and Qi(l,Pi) =n ezi®
and hence
Iﬂl(PhPl) =1, and IﬂL(Pi’PL) :Iﬂi. (7.11)
Given m = (mq,...,mp) € Z% and r = (r1,...,rp) € Z1, define the (sub)-partitions my,m,ry and ry in

the same manner.

The following example illustrates the use of the notation defined above. In the next section, we will
consider an example of the state-feedback Hs-control problem for a poset-causal system given by Shah in
Section 4.5.4 of [38]. This example also illustrates the notation used in that example.

Example 7.1.7 (Notation for Shah’s example (Section 4.5.4 [38])).
Let P = (P, =) be the poset with P = {1,2,3,4} and 1 = 2, 1 > 3, 2 > 4 and 3 > 4 as illustrated by the
following Hasse diagram

Then

HW={1,2,3,4)  and q =1|=4

12={2,4} and g = |12 = 2
18=1{3,4} and g3 = |13 = 2
4= {4} and gy = [}4] =1

4
SO qzz% =9.
j=1

For the given poset P, the sets P, P, and Pi are given by
P ={1,2,3,4,5,6,7,8,9}, P, =1{1,5,7,9} and Pi =1{2,3,4,6,8} =P, /P,
and we see that

[P|=9=gq, [P|=4=p and |P|[=5=q—p
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Consider a partition n = (ny,n2,n3,n4). Then n = ny + ng + ng + ng, Ny = ny + n2 + n3 + Ny = n,
No =ng +ny, N3 =ng+ng, Ny =nyg and N = (n1 +n2—|—n3+n4)+(n2+n4) +(n3—|—n4)—|— (n4) By
Definition 2.3.8, we have
nyy = (n1,n2,n3,M4), N = (n2,n4), n3=(n3,n4) and ng, = (n4)
and we see that |QU\ = Nj for j = 1,2,3,4. The sub-partitions n | and n are given by
ﬂi - (nhn27n37n47n27n47n37n47n4) and ﬂ¢ = (712,713,714,714,714).

It is noted that

ﬂ¢(17pi) = ﬂjr(l? {2737476a8}) = (n27n37n47n47n4) = E:L and
ﬂ¢(17pl) = QJ,(L {1757779}) = (Tll,?’lg,?’lg,?’l4) = n.

Furthermore |n | = N and mi' =N —n.

For example, if n = (1,1,1,1), then n =4, Ny =4, Ny =2, N3 =2, Ny = 1 and N = 9. By Definition 2.3.8,

n;,=(L,1,1,1),n,=(1,1),n3=(1,1) and n, = (1), so we see that |n ;| = N; for j =1,2,3,4. In this
case, the sub-partitions n; and n | are simply given by
n, =(1,1,1,1,1,1,1,1,1) and ng = (1,1,1,1,1),

so that |n | =9 and mi| =5=9-4.

7.1.5 Solution to the Reparameterized Problem
By Theorem 2.3.10, it is clear that

Q=[061) o Qep)] = [InG10QULY o In(1DQUpD)] -

The optimal solution of the reparameterized problem is now constructed from the local optimal solutions
(7.8). Let F; € R™™™i be as in (7.9) and Q; as in (7.8). Set Q(lJ,j) = Q; for each j =1,...,p. Then

I (:4) Q4. §) = I, 14)Q; =

A, 43) + BULG ) Fy | In(Ld,4) 1

In(:40)F, 0
for each j =1,...,p. Using the row concatenation formula for realizations (3.16), it follows that

~ [ Aq | Bg

0- e
| Cqo| O
T AL L)+ BULIDF L 0 I,(11,1) ... 0

_ 1 1 1 : (7.12)
0 - A(lp,ip) + B(Ip, Ip) 0 - 1a(Ip.p)

I In(: 1) Py In(:, Ip)F, 0 .0

Here Ag € R ™ By € R ™ and Cg € R™*™ using the notation defined in the previous subsection.
Recall that in order for @ to be a solution, it has to satisfy the following conditions:

1. @ € I%Xﬂ;

2. Ag is stable;
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3. K = QG5 (I + G22QG5")~" is proper.
Since Ag and Bg are p x p block diagonal matrices, it is clearly the case that Ag € I?jxﬁL and Bg € Iﬁi o
Next, note that F; € R™ ™™ and that the j-th column of the matrix Cgq is the matrix I,,,(:,}j)F; which

itself has |]j| = ¢; columns. Thus the ij-th entry of the matrix Cg is the i-th row of the matrix I,,,(:, }.j) F;
that is,

CQ(i»j) = [Im(:vil)Fl Im(%ip)Fp] (27]) = (Im<:7¢j)Fj)(iaij)~
By Theorem 2.3.10 and the fact that ||j = |j, it follows that
Cqoli, ) = (Im(:, 49)) (6 W) Fi (1L, 1)

= Im(i,45)F; (47, 17)
I (i, 1) Fj
If j % i, that is, if ¢ ¢ |j, then I,,(i,]j) = 0. Thus Cq(i,7) = 0 if j # 4, which shows that Cg € Im><ﬂ¢
Since Ag € Iﬁixﬂi, Bg € Ifjxﬂ and Cg € I ‘. Proposition 2.3.7 guarantees that Q € 3", that is Q

satisfies the first condition.

Secondly, for each j = 1,...,p, the matrix A(lj,lj) + B(lj,lj)F; is stable. Since it is the j-th block-
diagonal entry of the block diagonal matrix Ag, the matrix Ag is stable. This shows that @ satisfies the
second condition.

The third condition will be verified in the next section, where a solution to the original problem is
constructed.

We illustrate the solution to the reparameterized problem for a poset-causal system with underlying poset
and partitions given in Example 7.1.7.

Example 7.1.8. (cf. Section 4.5.4 on p.116 of [38])

Let P = (P, =) be the poset with P ={1,2,3,4}and 1> 2,1 > 3,2 > 4 and 3 = 4 as in Example 7.1.7. Let
=(1,1,1,1), m = (1,1,1,1) and r = (2,2,2,2) be partitions of the state space, input space and output

space dimensions of the realization a poset-causal system respectively. From Example 7.1.7, we have that

n=4,m=4and N =9. Consider a poset-causal system of the form (7.1) and with system matrices

[—05 0 0 0 1000
-1 —025 0 0 1100
A= 0 -02 0 B=11 01 0
_—1 -1 -1 -0.1 1 1 1 1
1 0 0 0] 0 0 0 0]
000 0 1000
010 0 0000
0000 01 0 0
=10 0 1 0 D=19 0 0 0
0000 0010
00 01 00 0 0
0 0 0 0] 0 0 0 1]
Then A € I3™", B € I, C € I5 ™, D € T*™ and DTC = 0. Let

Al B C®, CO4B+D G G

@: _ A A 11 Uiz

? 8 10) Pa PaB ] Go1 Gao

Suppose we want to solve the optimization problem miny Hén + G1QQH§ In order to employ the solution
(7.12), we solve p local Riccati equations of the form (3.29):

Xj = Ric (A4, 15), B, 43), C(;, 15), D(:, Lj)- (7.13)

129



Hence, we calculate

A(l1,11) = A C[-025 0 [-02 0

A(14,44) = —0.1 A(¢2,¢2>—{ -1 01}’ A(¢3,¢3)—[_1 0 1] and

B(1,|1)=B B(2,12) = {1 0}7 B(13,13) = [1 o}

B(14,14) = 1 L !
[0 0] [0 0] [0]
1 0 0 0 0
0 0 1 0 0

cty=c  ct=|) of.  ceiy=1) o ct=]g|.
0 O 0 0 0
0 0 0 0 0
_0 0_ _O O_ _O_
[0 0] [0 0] [0]
0 0 0 0 0
0 0 0 0 0

DAy =D, DeA2 =) ¢, D) =0 ol De= ]
1 0 0 0 0
0 O 1 0 0
_0 1_ _O 1_ _1_

We obtain the p local continuous time Riccati equation solutions X; (7.13) using the MATLAB command
“icare”:

3.3490 —1.6008 —1.6643  0.6337
N _ | —L600S 17477 0.9948  —0.7902
"7 ] -1.6643 0.9948  1.8432 —0.8121
| 0.6337  —0.7902 —0.8121 0.8935
1.8248  —0.8011 1.9186  —0.8226
K2 = | —0.8011  0.9001 } » Xz = [ —0.8226  0.9019 ] » X4 =0.905.

Using the solutions X; of the local Riccati equations, we define the static feedback matrices
F; = —(D({4,45)TD(4,45)) "' B(l4,44)TX;. This is also given by the MATLAB command “icare”:

—0.7175 —0.3515 —0.3616 0.0751

0.9671 —0.9575 —0.1827 —0.1033 Jo —1.0237 —0.0990
1.0306 —0.2045 —1.0312 —0.0814 |’ 271 08011  —0.9001
—-0.6337 0.7902  0.8121 —0.8935

—1.0960 —0.0792

Fs=1 (8206 —0.9019 | 2" Fy = —0.905.

F =

So now we can compute the state space matrices of the optimal controller @ using equation (7.12):

Aq = diag (A(LJ, 14) + B(Lj, 45) Fy) € RV*H,
Bg = diag (I,(17,5)) € RY*™  and
Co=[ImC AP ... Iu(,lp)F,) € R™*N.
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This gives

_ [ 40| B
0= Q Q
Col| 0
[ 12175 —0.3515 —0.3616 0.0751 0 0 0 0 0 |1 00 0
—0.7505 —1.5589 —0.5443 —0.0282 0 0 0 0 0 |00 00
—0.6869 —0.5560 —1.5927 —0.0064 0 0 0 0 0 |00 00
—0.3535 —1.7232 —1.7634 —1.1032 0 0 0 0 0 |00 00
0 0 0 0 —1.2737 —0.0990 0 0 0 |01 0 0
0 0 0 0 —1.2226 —1.0991 0 0 0 |00 00
_ 0 0 0 0 0 0 —12960 —00792 0 |0 0 1 0
0 0 0 0 0 0  —12733 —10811 0 |0 0 0 O
0 0 0 0 0 0 0 0 —1.005/0 0 0 1
~0.7175  —0.3515 —0.3616  0.0751 0 0 0 0 0 [0 0 0 0
0.9671 —0.9575 —0.1827 —0.1033 —1.0237 —0.0990 0 0 0 |00 00
1.0306  —0.2045 —1.0312 —0.0814 0 0 —1.0960 —0.0792 0 |0 0 0 0
—0.6337 0.7902  0.8121 —0.8935 0.8011 —0.9001 0.8226 —0.9019 —0.905 |0 0 0 0

We can see that Ag, Bg and Cg have the structure

* ¥ O O
* O O O

* X X X
* O % O

as determined by the poset P.

7.1.6 Solution to the Original Problem

5_ | Ae | Be
9= [ Cq | 0 ]
as in (7.12) is the solution to the reparameterized problem on page 124. We showcase the approach taken by

Shah in [38] to obtain an optimal solution K to the original problem from the solution @ We will employ
the notation we have defined in Subsection 7.1.4. By applying Lemma 3.5.5 to (4.25), it is easy to see that

In this paragraph,

~ [ Ag—BgBCq |Bq | -1
K_{ o o o5t (7.14)

If it is possible to write
A+BDkg BCk |1

[ élQ E(’)Q ] _ Bx Ag |0 (7.15)
9 Dk Cx |0
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for some Ay, Bi,Ck, Dk, then by applying (7.14) to (7.15) above, it follows that

[ [A+BDx BCk] [B I
v LR P
0

[Dx Ck] |

[?:

A 0 |1

e

B Dy 0 Il .4
= [DK CK] LI)AKBKCI)A @Ax} {0] '

=Dk + CK(I)AKBK
| Ak | Bg
| Cx | Dk |’

In particular, K is proper, so Q in (7.12) satisfies the third condition on page 124. Now (7.15) holds if we
can find a state space similarity A and matrices Ag, Bx,Ck, Dk such that

L,

A ApA = |:A+BDK BCK]
O(N—n)xn

1 -
Bx  Ax AT Bq = [

:l and CgA = [DK CK} . (7.16)

Hence we need to construct a state space similarity A such that (7.16) holds for some Ay, Bx,Ck and Dg.
Define as on page 101 of [38], the embeddings

I = diagje p(I(1.3)) = Lo, (P, Pr) € BB <2

. S n, xn (7.17)
H2:dlangP(Iﬂ(\L.%;j)):Iﬂi(thpi) eR i7
where the sets P, P; and Pi and the sub-partitions n; and n | are defined on page 126.
Lemma 7.1.9.
The matriz [Hl Hg} is orthogonal.
Proof.
Since [P, = P, and iPi C JP, = Py, it follows from Theorem 2.3.10 and equation (7.11) that
7, = Ini(Pi,Pl)TIn (P, P)=1, (Pl,Pi)I (Pi,Pl) = IQL(Pl,Pl) = I,
11, = Inl(PuPi)TI (Pi,Py = Ini(PyPL) (PL,Pi) = IHL(PyPQ = Iﬂi
71, = Ini(Pl,PL)I ¢(P¢’Pi) =1, (Pl’Pi) = Opx(N—n) (7.18)
H2H1—In¢(Pi7P¢)I (P, P = (Piapl)—O(N n)xn
I 4 01 = L (P, P, (P P) + L, (PP (P P) = I,
So
[Hl HQ] [Hl HQ]T = H1HI + HQH.QI- = Iﬂl and
I, IIII I, 0
T 1 2 n
g ng = [ A -
and the result follows. O
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Let Ag, Bg,Cq be as in the solution (7.12), that is

AL L)+ BULIDE 0 ... 0 0 !
0 0
Ag = € R™ >
0 0
L 0 0 ... 0 A(p,dp)+B(p,ip)F,]
[1,(11,1) 0 0 0 ] (7.19)
0 0
Bg = € R X2 and
0 0
L 0 0 .. 0 L(pp)]
Cqo = [Im(:,¢l)F1 Im(:,ip)Fp} c RmXn,
With IT; € R%*2 and TI, € R™ "4 as in (7.17), define the matrices
R=[L( 1) .. LG lp)] € REXm
A = T AQIT, € R*L %L
(7.20)

B = H;Ain S RE:J: e

nxn

Cn=RII, e R™ =i,
The following lemma is a technical result that is required in subsequent computations.

Lemma 7.1.10. o m
With TI; € R2*2 and Tl € R4 as in (7.17) and Ag € R:*% By € RM*E and Cg € R™*% as in

(7.19), the following identities hold:
(H-lr + OHH;)AQl_h =A+ BCQHl (7 21)
(1T + CpII}) Ag (Il — I, Cyy) = BCq (Tl — I, Chy). '

Proof.
We first compute the factor (II] + CIIT), because it appears in both identities. Since |({j) = {j C Jj for
each j, it follows by Theorem 2.3.10 that

L1111 0 ... 0 0
0 0
Cn = RIly = [In(:,11) In(: 4p)] = [Ia(:, 1) Lu(:, 4p)] -
0 0
. 0 0 0 I,(Ip,ip)]
Thus
[1,(11,41) 0 0 0
0 0
Cnlll = [IE(:7 1) L(:, ip)]
0 0
. 0 0 0 I,(Ip,ip)]

= [In(:, 1)1, (41, 11)

Li(s, 4p) L (4. Ip)] -
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Since IIT = diag(I,,(4,17)) = [ W (1D 1,(1,41) oo Lu(s,p)In(p, ip)] we get that

] + Crll} = [Ly(5, DIn(1,11) ... L(p)la(pdp)] + [T A0 L, (L1,11) o0 Ln(, dp) Lu(ip, 1p)]
= L) - Ludp)].
Thus
(IIT 4+ CplIl)Ag = [IQ(:,J,I) IQ(:,i,p)}
(AL, )+ BULI)F, 0 ... 0 0 i
0 0
X
0 " 0
i 0 0 ... 0 A(p,ip)+ B(p,Ip)F,
—[AGAD) oo AGAD)] + [BGADE ... BGAp)F)
_A[ n(541) o (s p)] [ n(dD) L Iﬂ(:,ip)Fp}
AL 11) ... IL.(,1p)] + BCq.
And so, for the first equality, we compute
(7,(J1,1) 0 ... O 0
0 0
(HI+CHH§)AQH1:A[IQ(:,¢1) Iﬂ(:,ip)] : : + BCplly
0 0
. 0 0 ... 0 IL(pp)]
:A[Iﬂ(;l) IE(:,p)] + BCpll;

= A+ BCQHl.
We now prove the second equality. By the first equality, it follows that
(I} 4+ Cull})Aq (> — 11 Cn) = (I + Cnll})Aglle — [(II] + Cnll})AQIL]Cn
= (HI + CHH;)AQHz — [A + BCQHl]CH
= (HI + CHH;)AQHQ — ACh + BOQ(—ch'H).

We already computed the values of Cpy and (IIT 4+ Cpll])Ag in the first part of the proof, thus it follows
that

[1,(41,41) 0 ... 0 0 i
0 0
(II7 + CplIl)ApIl, = A [Iﬂ(:,il) Iﬂ(:,ip)] : : + BCgll,
0 0
L 0 0 ... 0 L(pip)]
= A[L(:,41) ... Ly(:ip)] + BColIl,
= ACh + BCgll,.
Thus
(O] + Cnlll)Ag(Il; — I, Cr) = ACH + BCglIl;, — ACH + BCo(—1I1,Chy)
= BCq (Il — I, Chy),
which completes the proof of the second identity. O
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Shah then defines the state space similarity

I, —Cn

A = [Hl H2 - HICH} = [Hl H2:| O In

€ R, (7.22)

Since [Hl Hg] is orthogonal, it follows by equation (2.3) that

—1

_ I, C
[H1 HQ] 1_ |in I

I, —Cn

Al = [
0 I,
-

0 I
B

7| (O] + Cplll
m| Iy )

By definition, Ay = IIJAgIl, and By = 11T AgIl;. Hence

_HI + CHH%-
Rt
-(HI + CHH;)Ain (HI + CHH;)AQ(HQ — chn)
i B A — BnCh

i [A + BCQHl BCQ(H2 - chn)

B B AH — B]‘[CH ’

A_IAQA = :l AQ [Hl Il — chn]

where the last equality follows from (7.21). Secondly, since By = II4, it follows from (7.18) that

_ 7T + Cplll II711, + CxIIIII I,+0
1 _ 1 JIEED) _ 1441 ImTtlo Ll n
A BQ_[ 7 }Hl_[ 11, }_[ 0 ’

Finally

ColA = [Colly  Co(l; —II,Cy)] .
The above equalities show that the realizations
A+ BCgll; BCq(lls —I;Cn) | I

0= { é{Q ff)Q } and 0= By An—BnCu | 0
< Colly Co(lly, —T,Cry) | 0

are state space similar with state space similarity given by A in (7.22). Since the optimal solution @ of the
reparameterized problem is now written in the form (7.15), it is possible to obtain a solution to the original
problem by applying (7.14) to @ above. Thus the optimal controller to the original is given by

_ [AKBK}:[ An—BuCn | Bn ] (7.23)

K =
Ck | Dk Co(Il; —II,Cn) | Colly

Example 7.1.11 (Construction of Iy, ITs and R for Shah’s example in Section 4.5.4).

Let P = (P, =) be the poset with P = {1,2,3,4}and 1 = 2,1 = 3,2 > 4 and 3 > 4 as in Example 7.1.7. Let
n=(1,1,1,1), m = (1,1,1,1) and r = (2,2,2,2) be partitions of the state space, input space and output
space dimensions of the realization the poset-causal system in Example 7.1.8 respectively. In Example 7.1.8,
the optimal solution @ to the reparameterized state feedback Ha-control problem was constructed. In this
example, the optimal solution K of the original problem is constructed from Q.
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We first construct the matrices Iy, IT; and R. By equation (7.17) we have

F1]0]0]0 [0 0 000
010(01]0 1 0 0(0]0
0]0|0]0 01 0010
0]0|0]0 0 0 1|00
= 0[1][0]0 | ermxn =170 0 0[0]0 | eR™™L.
0/]0|0]0 0 0 0|10
010]11]0 0 0 0[0]O0
010(01]0 0 0 0|01
0001 | 0 0 0[0][0 |
Lastly, by equation (7.20),
1 0 0 0|0 0|0 OfO
01001 0[0 0]0 em
R= [Iﬂ(:,il) Iﬂ(:,\Lp)] =loo0o10lool1 olo c REXZ,,
000 1(0 1|0 1]1

With Ag, Bg and Cg as in Example 7.1.8 and using 11, IIs and R, we can now construct the matrices A,
B and Cpp using equation (7.20):

Ap = TI] Agll,
[—1.5589 —0.5443 —0.0282 0 0
—0.5560 —1.5927 —0.0064 0 0
—|-1.7232 —1.7634 -1.1032 0 0
0 0 0 —1.0991 0
0 0 0 0 —1.0811
Br = [ Agll,
(—0.7505 0 0 0
—0.6869 0 0 0
—[-0.3535 0 0 0
0  —1226 0 0
0 0 —1.2733 0
Cn = RII,
0 0 0 0 0
1 o000
“l0 100 0
001 11

136



By equation (7.23), the optimal controller K is given by

~ Ax | Bk
R- o]

[ —1.5589 —0.5443 —0.0282 0 0 —0.7505 0 0 0 i
—0.5560 —1.5927 —0.0064 0 0 —0.6869 0 0 0
—1.7232 —1.7634 —1.1032 0 0 —0.3535 0 0 0
1.2226 0 0 —1.0991 0 0 —1.2226 0 0

= 0 1.2733 0 0 —1.0811 0 0 —1.2733 0
—0.3515 —0.3616 0.0751 0 0 —0.7175 0 0 0
0.0662 —0.1827 —0.1033 —0.0990 0 0.9671 —1.0237 0 0
—0.2045 0.0648 —0.0814 0 —0.0792 | 1.0306 0 —1.0960 0

L —0.0109 —-0.0106 0.0115 0.0049 0.0031 | —0.6337 0.8011 0.8226  —0.9050 ]

Note that Ax € Zp*", By € ", Ax € Tp*™ and Dg € I with 7 = (3,1,1,0), m = (1,1,1,1) and
7= (1,1,1,1). With these partitions, it can be seen that the system matrices of K have the poset-causal
structure

*x 0 0 0
* x 0 0
* 0 % 0
* k * *
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7.2 Output Feedback Control

In this section, we consider the significantly more difficult problem of structured output feedback control.
We do not obtain an optimal solution. We will, however, give feasible structured solution strategies that are
based on certain optimality considerations.

7.2.1 Definition of the Poset-Causal Hs-Control Problem

In Section 4.3, we reviewed the classical unstructured Hs-control problem for the output feedback case. We
saw that it is reasonable to assume that D13 = 0, Das = 0 and Dg = 0. For a poset-causal system whose
structure is determined by a poset P, we have the additional requirement to the control problem that the
controller must also have the structure determined by P, so that the structure of the system is preserved
under feedback.

Problem 7.2.1 (Poset-causal Hy-control problem).
Let P = (P,=) with P = {1,...,p} be a poset. Let n,¢,m,r,s € Zﬁ be partitions. For a P-poset-causal
plant

A| B B S
A Ci1® 4B, C1® 4B + Dia Gi1 Gz
= = = ~ ~ .24
¢ Ci| 0 D {C2‘I’A31 + Doy Co® 4By ] Gay Gasl|’ (7.24)

with
AeTEF™ B eIp’, ByeIi™ O eIp™ CyeIs™ DipcIy™, Dy eIy,

construct a controller

— 7> mXn,

K= Ax | B satisfying 1. Kelp™™

Cr| O ~ o~
2. F(G,K) € RHo;

such that ||£(@,I/(\')||§ is minimized.

Note here, that by applying a canonical shuffle as in Corollary 2.3.19, we can get

n m C r+s)Xn 0 D ris m
[B1  Bo] ezﬁx(&f)’ [C;] eL(),t)x,’ and [Dm 012] 617(;+,)><(£+7).

Thus G is indeed a poset-causal system as in Definition 5.2.1. By Proposition 4.1.2, we have
A ByCk By

f(é, IA() =G+ @mff(f - 622[?)71@21 = | BrCs Ax By Dy
& D12Ck ‘ 0

In the unstructured case there exists a stabilizing controller if and only if (A, By, Cy) is stabilizable and
detectable (Proposition 4.2.1). For the poset-causal system Yp, the system matrices can always be written
as block lower triangular matrices. Write A;; = A(4,) for the i*® diagonal entry of A. If E and M are block
diagonal matrices, then A + BoE and A + M Cs have the poset-causal structure and by Lemma 6.2.12,

O'(A—I—BQE) = U O'(Aii—i-BQ(i,i)Ei) and O'(A-i-MCg) = U O‘(Aii +Mi02(i,i)>,
ieP ieP
where F; and M; are the diagonal blocks of E and M respectively. Analogously to Proposition 4.2.1, we

have the following result.

Proposition 7.2.2 (cf. Theorem 4.1 in [38] and Lemma 30 in [45]).
Suppose the local pairs (A, Ba(i,1)) and (C2(i,1), Ay;) are stabilizable and detectable for i =1,...,p respec-

tively. Then the poset-causal plant G in (7.24) has a stabilizing controller K e I%Xﬁ.
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7.2.2 Youla Parametrization and Reformulation

We will henceforth assume that each local triple (A(%,4), Ba(4,4)), C2(7,4)) is stabilizable and detectable for
i € P. By Proposition 7.2.2; there exists matrices

EeIf™ and M €Iz suchthat A+ BoE and A+ MC, are stable. (7.25)

Furthermore, A + BoE and A + M5 still have the poset-causal structure. We now employ the Youla
parametrization (Theorem 4.2.3). Set

R A+ ByE+MCy | -M B,
J = E o I |. (7.26)
—Cy I 0
Let
R N A+ BFE —BFE B, B i ‘ El Ez
7 ST Hiy1 Hipe 0 A—FMCg Bi1 + MDs; 0 =
H=GxJ=|x ~ = —.
* [HQI sz} Ci+ Dl —DpE 0 Di» Cr| 0 Di
0 Cs Doy 0 Cy| Do O

Then, as before, applying the appropriate canonical shuffle, the matrices zzlv, El, Eg, 51 and 52 all have the
poset-causal structure and so do the following transfer functions

T ilB A+ ByE  —ByE B
H11: ~ ! = 0 A+MOQ B1+MD21 s
L G 0 C1+ Do FE —DoF ‘ 0
[ il B e L A+BE | B
Hip = |—= = 0 A+MCy| 0 [C+D2ED2]’
| C1 | D2 | Ci+DiE  —DinE | Dis 1 12 12
T il B [ A+ BoE  —BoFE B
~ A | B
Hyy = |=+——|= 0 A+ MCy | By + MDy, :[A+MC231}MD21] and
[ C2[ D | |7 s Dar ¢ [ Dxn
Hay = 0.

(7.27)

All stabilizing controllers of G are given by
K = F(J,R) with R € RH5* arbitrary
and the closed loop transfer functions are given by
F (@ f() =F (é,z(f, Fz)) =F (G* 7, FB) = F (fl,ﬁ) = Hyy + HisRHo,.

Since H 11, H 12 and ﬁgl all have the structure determined by the poset P, the closed loop transfer function
will also have it if R € I%Xé. Since P is a poset, I%X§ is quadratically invariant (see Subsection 5.1.1)

under the poset-causal plant G. Thus the Youla parametrization gives the following equivalent problem.

Proposition 7.2.3.
Let J be as in (7.26). Then K = F (j, ﬁ) is an optimal solution to the Ho-control Problem 7.2.1 if and

only zfl/%\ s an optimal solution to the Ha-control problem
mintmize Hﬁll +ﬁ12§ﬁ21”2

. e (7.28)
subject to ReRHy,, ReIF™™
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7.2.3 Recursive, Bottom-up Approach

In a bottom up approach, local optimal controllers are determined for subsystems at the end of the com-
munication chain, that is, subsystems that correspond to the nodes in a digraph that have out-degree zero.
A solution may then be recursively calculated for the following layers of subsystems in the communication
chain until a controller for the overall poset-causal system is determined. Such an approach was followed
in [22] for the LQ-optimization problem for coordinated linear systems. A similar approach was followed in
[25] for the output feedback Ha-control problem, but only for the 2-player problem. Such an approach may
possibly be extended to other hierarchical systems such as those with underlying graph structure given in
Example 5.3.1. However, this approach may not be appropriate to more general poset-causal systems such
as one with an underlying graph structure given below

1

Figure 7.1: Typical poset-causal structure

due to subsystem 4 which has an in-degree greater than one. In the Hasse diagrams of hierarchical
systems, there is at most one directed path between any two vertices in the graph. But in the Hasse diagram
of a poset-causal system as the one in the above figure, there are two directed paths from 1 to 4.

7.2.4 Construction of Structured Functions

In this approach, we consider the optimal solution obtained in Section 4.6 to the unstructured problem and
by analogy of that solution, we construct a (not necessarily optimal) solution in the structured case. With
Hy and ﬁfl as in (4.35) and (4.36) respectively, with U and V inner functions as in (4.38) and with L and
M invertible outer functions as in (4.39), it follows from Lemma 4.6.3 that

Hy = Hy, +UPV = HY, + ULL"'*PM ' MV

where
[ A+BE  BE ~L )
P =R} 0 A4+ MCy | L—M | RZ,
E—F E | 0

and where F' and L are given by (4.37). By Corollary 4.6.1, ﬁlg = UL and ﬁgl = MV. Thus
Py + AuoRiy, = A%, + DLL-\PAT-\RIV + yp Ry — FI%, + Bua(E- PRI~ + ) Finn.
As in the proof of Theorem 4.6.4, it follows that
IE(G, K)|3 = | Hiy + Hi2 RHo 3
= \H} 13 + [ Eno(L7 PM ™" + R)Hon 3.
Since U and V are inner and co-inner respectively, it follows that
IE@G, KI5 = I H7y 5 + | Hiz(Z7 PM + R) o3
= |73 + |ULL " PM ' + R)MV3
= |HR 5 + | L(L PM - + R)M] 5.
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Note that due to the solutions of Riccati equations appearing in F' and L in ﬁ E and ]\//.7 these functions
do not have the poset-causal structure. In the unstructured case, the optimal R is obtained by simply
computing R=-L"'PM-! , but in the structured case, this R will not in general have the poset-causal
structure. A possibility is to bulld a structured R € I* = in such a way that its non-zero blocks are equal

to the corresponding blocks in —L1PM~! and with zero blocks in the appropriate positions to ensure that
it has the poset-causal structure. If it is the case that L=TIand M= I, then

IE(G, K)II = | HL |3+ |27 PM " + RIS,
In this case, we solve the structured optimization problem
minimize ||E*1ﬁM\*1 +R|3
subject to Re I57e.
By the column-wise separability of the Hs-norm,
P
ILTPM + RIF =) I PM + R)G I3
j=1

and by definition of the Ha-norm (see equation (2.9)),

(L"PM~" + R)(;, j)| = % O:O trace[((fflﬁﬂfl + E)(,])) (tw)* ((Z’lﬁﬂ//f’l + ﬁ)(,])) (iw)] dw
= L [ trace (T PH 4 By Go) (EPH 4 R(:.5)) (i) do
= % o; trace [zp: (CPM + Ry (5,0)) (L'PM" + R)(i,j) ) (iw)] d

= Z 277/ trace L'pM! —|—R)(Z j)) (iw)* ((E_lﬁj/\i—l + fi)(%])) (iw)] dw

I(LT'PM ™" + R)(3, )13

|
AME

i=1

Thus
ILT'PM "+ Rl =YY IL7'PM (i, j) + R(i, j)I5.
j=1i=1

mXs

Since it is required that Re 75 "%, we define
5. 0 if jti
R(Z,]) = To1DAr—17+ = . . .
—L'PM~1(i,j) it j=i.
Then R is a structured approximation of the optimal solution —~L-'PM~!. With R as above, define
KE=F (f, ﬁ) .

Then K is a feasible controller for the poset-causal Ha-control Problem 7.2.1. However, this approach
only works if L= I and M = I, that is when H12 and H21 are inner and co-inner functions respectively
(since then His = U and Hy = V). Without this condition, even though L and MT are invertible outer
functions, they slgnlﬁcantly distort the problem since we have to minimize L-'PM~'+ R in the weighted
norm ||L( —1pM-t 4+ R)MH2
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7.2.5 Adjustment of the One-sided Optimal Solution

Consider the reformulated Ho-control control problem in (7. 28) By Proposition 7.2.3, if we can find an
optimal solution Ropt, then this also gives an optimal solution Kopt to the original poset-causal Hs-control
problem via K= F (J , R). We follow an approach inspired by the solution to the state feedback case. We
will call the related problem

minimize |H11 + H12Q)||
subject to Q € RHs (7.29)
Q e &,

the one-sided reparameterized problem. We first solve this problem and then endeavour to find an R from

which we can recover a controller K. The solution of the one sided reparameterized problem follows the

same approach as the solution of the poset-causal Hy problem for the state feedback case in Section 7.1.
Due to the column separability of the Ha-norm, it follows from Theorem 2.3.10 that

HﬁnJrﬁu@H ZH<H11+H12Q) H ZHHH ) + Hia(:, U)@(UJ)H;

Furthermore,

Importantly, @(U, j) does not have a specific zero structure. This allows us to solve p local unstructured
control problems using classical theory. An optimal solution @ to the reparameterized problem (7.29) can
then be reconstructed by applying (7.30).

Lemma 7.2.4 (cf. Theorem 4.2 in [38]).
Let the matrices E and M be as in (7.25) and Hy1 and Hyo as in (7.27). Then Q is the optimal solution to
the Ha-optimal control problem in (7.29) if and only if

QUii)=Q;  forjeP
where @j is the optimal solution of

~ N 2
minimize Hqi1(:,7) + Hi2(:, g H

H 1(7) + Hia (L)@ | (7.31)
subject to Qj € RHa.

We now seek local solutions @j to the control problems in (7.31). In order to do this, consider the local
transfer functions Hy1(:,j) and Hya(:,)j). By theorem 2.3.10, we get the following realizations

o AW ) | BiGsD) |
Hi(:,j) = Ci(:, 1) 0 ] "
o (\l/jal’-]) Eg(i]al])
Hyo(:,1j) = C1(:,49) | D12(:,19) ] .

We now to apply Theorem 4.7.6 to each of the local problems (7.31).
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Lemma 7.2.5. R
Consider a poset-causal plant G as in (7.24) satisfying the following conditions

1. (Ajj,B2(4,7),C2(4,7)) is stabilizable and detectable for each j € P;
2. R = DI2D12 > 05

3 [A—iw] B,

o D12} has full column rank for all w € R.

Let the matrices E and M be as in (7.25) and Hyi and Hiy as in (7.27). For each j € P, the optimal
solution to the local control problem

~ ~ 2
minimize HHll(:’j) + le(:’“)QjHQ
subject to @j € RHs,
is given by
5. _ | Al + Bals L) F; | Ba(did)
J ﬁ] ‘ O ,
where
Fy = —Ri(Lj, 1) (Ba(lgi 43)T X + Duz: ) TCu (5, L)) with
X, = Ric (A(Lj,43), Bo(4. 1), Cr (. 43), Dia(:, 14)-
Proof.

For j € P, we show that A(j,17), B2(1j,17), C1(:,47), D12(:, 1j) satisfy the conditions of Theorem 4.7.6:
1. Since A + BoE and A + MCy are stable, A is stable. Thus, by Lemma 6.2.12, g(ij, 1j) is stable.

2. By assumption, DI2D12 > 0, that is, D15 has full column rank. But then D15(:, }j) still has full column
rank and thus Dia(:,45)7D12(:,1j) > 0.

3. As in the proof of Lemma 4.7.7, since {A _CZWI 52 ] has full column rank for all w € R,
1 12
e o o (A + BQE) —iwl —BQE BQ
A 5“"1 52 = 0 (A+MCy) —iwl 0
! 12 Ci1+ DpoE D2 D12

has full column rank for each w € R. By Corollary 2.3.12, A and B, have the following block partitioning
i [Auj, ) } and By — [BQ (14, 44) } _
0 * 0 *

Thus
Aol B Z(¢j,¢%)_w1 ' Ezug,u) '
C Dia| Ty ,
! 12 Cl(:wLJ) * D12(:7\LJ) *

But then the block compression

A(14,45) —iwl  Ba(14, 15)
Cl(:7\lfj) D12(17\J/j)
must have full column rank for all w € R.

The result now follows from Theorem 4.7.6. O
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We now have local optimal solutions @j to the control problems 7.31. By Lemma 7.2.4 and the column
concatenation formula (3.16), we can construct a solution to the one-sided reparameterized problem from
these local optimal solutions.

Theorem 7.2.6. R
Given a P-poset-causal plant G as in (7.24) such that

1. (Ajj,B2(4,7),C2(4, 7)) is stabilizable and detectable for each j € P;
2. Ry = D-lrQDlg > 0;

3 [A—zw] B

o D12:| has full column rank for all w € R.

With matrices E and M as in (7.25) and Hyy and Hyy as in (7.27), the optimal solution to the reparame-
terized problem

-~ ~  ~2
minimize HH11 —|—H12QH
2

subject to @ € RHa, @ € I%XE.

is given by
AL 1) + Bo(1L, LD Fy .. 0 Bi(l1,1) ... 0
Ot = : e §~ N : e : 7
" 0 - AU, Ip) + BoUp, 1p) Fy 0 .. Bilp,p)
I, A1) Fy . In(: 1) F, 0 . 0

where for each 7 =1,...,p

Fj = —Ri(Lj, 43) " (Ba(j. 1) TX + Dia(:,45)TCi(, b)) and
),ZJ = RIC(‘ZQ«]) \lf.])a EQ(\L.]v \lr.])7 61(:a lf.])v DIQ(MLJ))

This gives an optimal solution @opt to the one-sided reparameterized problem (7.29). However, we are
looking for an optimal solution Ry to the reformulated problem (7.28). The difficulty is that it is not clear
that it is at all possible to factorize Qop: as

Q\Opt = Eoptﬁm with ﬁopt S I%Xé NRHs.

Remark 7.2.7. The approach in Subsection 7.1.6 to the structured state feedback Hs-control problem relies
heavily on the special form of the matrix B-matrix in (7.12). Now one can construct a state space similarity
so that an analogue of the realization (7.15) holds in the output feedback case, but the B-matrix there will
not have the form [I O] T. The difficulty is that this specific form of the B-matrix plays an essential role in
obtaining a stable realization for the the controller K.

Secondly, we already saw in the unstructured case in Section 4.7 that the solution of the one-sided
reparameterized problem for the output feedback case does not factor through Ho;.

Due to the above mentioned reasons, we propose to find some “reasonable” perturbation of @opt so that
it is indeed possible to factorize it as above. That is find structured RHs, functions Z, R € I%Xé such that

Q\opt + Z\ - EﬁQl.
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Equivalently, taking transposes, we have the following problem: find Zﬂ RT e I%:m such that

~ 51 BT Bt
opt 27 =Hy RT.

In the above, P, is the dual poset of P. Since ET, RT e I%jm, we can write

2" = Lul D270 D) o IuCo L) ZT(app)|  and

R = I LaDRT ALY o Tl dap) BT (Lapp)|
Applying Theorem 2.3.10, this allows us to consider the local equations

@Ipt(idjvj) + ZJT = HJ, (Laj, \Ldj)é}-

o (7.32)
subject to  Z], R] € RHa.

Here ZJT and ﬁ; do not have a specific zero structure. By analogy of Corollary 4.6.1, we get the following

inner-outer factorization of ﬁ2T1($dj> Lad)-

Lemma 7.2.8.
The function HY, (147,447) with realization

AT(Lgjy bad) + CF (ads dad)MT(Lads bad) | CFLady Lad)
BI (ad bad) + DL (bad bad) M7 (ads bad) | DIy (bad Lad)

HY (bajs bad) =

has the inner-outer factorization

H3y (Lagsdag) = VM

where
- AT (g bad) + CF (Vg bad) L] | C(Lajs bad) . o1
VT: L D ) DT ? 2 d
5T [ Bl (adbad) + DR Lad L] | DE (s bad) ] e lada) DR ) e .
— . o AT ) + CF (g bad) M (g bad) | CF (g Yad) '
M] = (Da1(44d, Lad) D31 (bads dad)) Mg ad) — LT ‘ 7
where
L]T' = —(Da1({aJ, idj)Dgl(idja idj))il(CQ(idj’ \Ldj)}/j + DQl(\Ldijdj)BI(\Ldjaerj)) and
Y; :Ric(AT(idj,idj), C;(idj,idj% BlT(idjaidj% Dgl(idjyidj))'
Proof.

We check the conditions of Theorem 3.7.13 for the realization of ﬁ2T1 (Jydad)-

1. By assumption A + MC5 is stable. Thus its transpose AT + CJMT is also stable. By Lemma 6.2.12,
AT(Lqds dad) + C3 (Lads 4ad) MT(Lag, L4d) is stable.

S

2. Note that DI, has the dual poset-causal structure, that is, DJ; € I%*. By assumption, DI, has
full column rank, so that DJ,(:,],7) also has full column rank. From Corollary 2.3.12 we get that

(D31 (ads 4ad)) T D3y (bads ad) = (D31 (55 4ad)) T D3y (55 Lad) > 0.
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3. The matrices appearing in

AT+ CIMTiwl  CJ
Bl + DL MT D},

have the dual poset-causal structure. By an argument similar to the one given in Lemma 7.2.5, but
utilizing the dual poset, it follows that

AT(Lgdsdad) + C3(Lady dad) MT(Lad, dad) —iwl  CF(Lag, Lag)
B (Lajsdad) + D3 (Lads dad) MT(Lags Laj) D3y (Lags bad)

has full column rank for all w € R.
Thus there exists a unique stabilizing solution to the Riccati equation
Y; = Ric(AT ({4, 4ad) + C3 (Lads $ad) M T (Lads Lad)s C3 (Ladsdad)s
Bl (Iaj: Yai) + D3 (Lad, dad) MT(Lad: 4ai)s D3y (Ladsdad))
= Ric(AT({gd,dad)s C3(Ladsdad), BT (Ladsdad)s D3y (badsyad))
and the result follows from Theorem 3.7.13. O
With ‘A/jT and ]\/Z]-T as in equation (7.33), we can find 2; and EJT as in (7.32).

Lemma 7.2.9.
For j € P, the functions

Z\JT = ‘/}jTP?'Q (‘//\}T)*Q\lpt(\l/djaj) - Q\lpt(idjaj) and ﬁ; = (M]T)ilPH’z (‘//\;’T)*Q\lpt(\l/djaj)
satisfy (7.32). Here Py, is the orthogonal projection onto Ha.

Proof.

The function 2; is chosen in such a way that @lpt (4ad,3) + 2; is the projection of @lpt(idj,j) onto the

range VjT, more precisely, onto the range of the Wiener Hopf operator Tp+ associated with the inner function
J

‘7; translated back to Hy functions on the right half plane via the Fourier transform, see [11, 12] for details.
Then

Qgpt(idjvj) + ZJT = P?'lz‘/jTP'Hz (V]T)* Zpt(*lfdjvj) = ‘/jTPH2 (‘/JT>* Zpt(\lfdjmj)

where the second projection onto Hsy dissapears because \7jT is stable. This shows that 2; is given by (7.32)
and with this choice of Z 7, it follows that

Qb (bad. ) + Z] = VIPau, (VI)* QL (ai )
= VM (M)~ Pa, (V1) QT (Lad 3)
= HJ, (L4j, idj)f‘z;,
with EJT as in (7.32). Moreover, since Z\/ZJ-T is invertible outer, EJT € RHa. O
Define R € RH> and 7 e RHo by
BT =[161,0B] . 16 Lw)By| and Z7=[1GL0Z] .. IGp)Z].
Then R and Z have the poset-causal structure, that is ﬁ, A= I%X§ and @Om + 7= ﬁf[gl. Define
K=F(J.R).

Then K is a feasible solution to the poset-causal Ho control Problem 7.2.1.
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7.2.6 Partial Structured Optimization Approach

As in the previous section, we aim to solve the reformulated Hs-control control problem in (7.28). By the
column-wise separability of the Hs-norm and Theorem 2.3.10, it follows that

p
|Hiy + Hi2RHo |5 = Z [H11(:, ) + Hi2RHx1 (:, )II3

[
M’ﬁ

P
[ Ey (c,3) + > (HiaR) (i) Har (i, 5) 13
=1 =1
JP P = N =N
=Y N Hui (. g) + > Hia(:, L) R(Ji, ) Haa (i, 5)|3
j=1 i=1
p
=S H () + Y His( 4 R(, ) Han (i, )13,
i=1 i€l

where the last equality follows because Hoy € ISXZ thus Hay(i,§) = 0 if j ¥ i, that is, Hay(i,4) = 0 if
i ¢ |j. In the above, R(u,z) does not have a specified zero-structure. Hence we consider p unstructured
local control problems

minimize |Hi1(:, ) + Z Hyo(:, 14) R Ha (i, §)II3
1€l]

subject to Eji € RHs.
for j € P and i € |j. Consider the case where ﬁji =0 for i # j, that is, for ¢ € {j. Then

1H11Gg) + > Hia(e Vi) RjiHon (i, )13 = 1 Hun(c,§) + Hia (L) Ry Hoa(5.9) 13-
i€l]

Referring to the realizations in equation (7.27) and applying Theorem 2.3.10, we have the following com-
pressed realizations

S| Add L) | Bidd.g)
D =175 T o 1
A4, 49) + Ba(Ld, L) E(L4, 15) —Bs (14, L) E(L4, 1) Bi (14, 4)
= 0 A, 4g) + M4, 1) Ca (g, ) | Bi(l, 4) + M (1, 13) D21 (U4, 4)
01(7\1/])+D12(7\L,])E(l«],\|,j) _DIQ(al«J)E(\Lja\L.]) ‘ 0
and
(e L) = A 43) | B2 1) [ A(j, 44) + Ba(Ld, L9 E (U}U)Bz(ij,ij)}
- | Ci(, ) | Dl ) C1(:,49) + Di2(5, ) B4 43) | Dra:, 44)
= AW | Bid,g)
Hnl3,d) = L 02(] $3) | D21(4, 4)
_ [LAWUG0) + M4, 45)Ca (s 1) | Bi(dds §) + M (L, 45) Dar (44, ) ]
CQ(];\I/]) ‘ D21(j7j) ’

We apply Theorem 4.6.6, to get local optimal solutions as follows.
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Lemma 7.2.10.

Consider a poset-causal plant G as in (7.24) satisfying the following conditions
1. (A(4,7),B2(4,7)),C2(4,7)) is stabilizable and detectable for j € P;
2. Ry = DI,D12 >0 and Ry; = Do1(4,7)D3,(4,7) > 0 for j € P;
3. A-iwl By has full column rank for all w € R;
C1 Dio

A, 1) + MU, 1) Co (U, L) — iwl  Bi(1.3) + M (L, 1) Do (1. 5)
¢ [ Ca (7, ¢j)2 ' Dor(7,7) 2 has full row rank for w € R
for each j € P.

Let E and M be as in (7.25) and let ﬁll, ]:AI12 and ﬁgl be as in (7.27). For j € P, the optimal solution to
the Ho-control problem

minimize  ||Hy1(:,§) + Hiz(:, 1) Ry;Hor (7,5) 13
subject to }A%jj € RHo

is given by

. ~ [ Ar|Bir | ~
Rjj — _Lj 1 CjR (J)R ; 1’
where
I 0 AL, 1) + M4, 4)Ca (4, 44)
o Bi(lj.J) A
Bin = [Bl (L.d) + M(T, w)Dzl(u,j)} D5G:3) + Wi G5 43)
Cir = BI(17.15)V; + DI,(14,:) [C1(:,44) + D125, L) E(LG, L) —Daa(:, L) E(L4,14)]
with

) | s BB | B
£y = (DL, ) Diali i)y | A BOADECI A Bl 1) |

A(lg,1j ,47)C2(44,47) | =L, . .
(049 + MU ADCUIAI) L= | (5,58, 5.9)
Fj = =(D{y(44, ) D12 (:,49)) 7 (B3 (14, 49) X + DI (L )(Ci (5, 45) + Daa(:, L) E(L, 1))

Lj = —(Y;C3 (44, 5) + (Br(44, 5) + M (44, 45) D21 (L, 4)) D3, (4, 4)) (D21 (4, 5) D3, (5, 4))

Xj :RIC(A(if]a\L])+BQ(\I/J7~L])E(\L]7~L.7)5 BQ(\J/]wL]a Cl(7\J/J)+D12(3J/J)E(\L]a\l«])a D21(jaj) and

We now define

=

N

j‘%: |:[(:7\l/1)§11 I(S,\l,p)ﬁpp

Then by construction R has the poset-causal structure. Furthermore, since }A%jj € RH- for each j € P, we
have R € RH,. Define

-~

K =F(J,R).
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Then K is a feasible controller for the poset-causal control Problem 7.2.1. Though K is not necessarily
optimal, we at least know its performance must be better than that of IA(O = F (j , O)7 because each }Aijj

optimizes the norm
|Hi1(:,5) + Hiz(:, 45) Ry Ha1 (5, ) 13-

The following example illustrates why we choose ﬁji =0 fori e {j.

Example 7.2.11.
Consider a poset-causal system with underlying poset whose Hasse diagram is given by

Then
W={1,3,4}, 12={24}, 13={3} and J4={4}.

The norm of the closed loop transfer function is equal to

|Hi1 + H12RH21||§

p
= Z Hﬁll —‘r Z H12 \LZ i’é Z)H21(Z j)”Q
=1

i€l
= ||H11(:,1) + Hia(, J1) RO, 1) Har (1,1) + Hia (5, 13)R(U3,3) Ha1(3,1) + Hiz(:, J4) R(14,4) Ha1 (4,1) |3
+ | Hi1 (5, 2) + His(:,42)R(12,2) Ho1 (2, 2) + Hio(:, J4)R(14, 4) Ha1 (4, 2)]3
[ Hii (2, 3) + Hio(, 43)R(13,3) Ha (3,3) |13 + | Hua (-, 4) + Hio(:, J4)R(14,4) Ha1 (4, 4) |3,

Note that §($4, 4) appears three times and §(¢3, 3) appears two times in the norm. This complicates matters
when consider the optimization problems

minimize |H11(:,5) + Z Hyo(:, i ﬁﬁm(w)llg
1€l]
subject to ﬁji € RHs.

But if Rji =0 for i € {j, then

Mﬁ

‘Hll + Z H12 l,l §1ﬁ21<173)||§
1 i€lj

J
= ||H11(:,1) 4 Hug(, W) Ryy Hoy (1,1)|[3 + || Hii (5, 2) + Hia(:,12) Roo Hoy (2, 2) |12
+ |[H11(:,3) + Hio(:, 13) Rag Hoy (3, 3)[|3 + | Hi1 (5, 4) + Hia(:, 14) Rag Hoy (4, 4) 3.

The above example shows that the entries I?iji are taken to be zero for i € {j in order to avoid compli-

cations in the reconstruction of R from the entries ﬁﬂ Furthermore, it is not clear how to optimize the
terms

| Hui(:, §) + Z Hya(:, Vi) Ry Hoa (3, )13
iedj

due to the sum appearing in the norm.
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7.2.7 Discussion of Solution Strategies

The recursive, bottom-up approach mentioned in Subsection 7.2.3 may be considered for hierarchical systems
with a tree like communication structure, but may be unsuitable for general poset-causal structures as the
one in Figure 7.1.

The approach taken in Subsection 7.2.4 aims to approximate a function appearing in the optimal solution
of the Ha-control problem considered as classical unstructured problem. This approach may work in the
special case where Hip and Hap are inner and co-inner functions respectively, and, more generally, when the
invertible outer factors L and M are block diagonal. If this does not happen, it is not clear how to choose a
structured parameter R due to the fact that we have a weighted norm in

|L(L~'PM~" + R)M|3.

The approach in Subsection 7.2.5 obtains an optimal solution to the one-sided reparameterized Hy-control
problem. There the optimal norm may be computed explicitly in terms of p localized Riccati equations. The
Riccati equations are not independent and, using ideas from the bottom up approach, one may be able to
get a better description of the Riccati solutions in relation to the Riccati solution from the unstructured
problem. In the second part of this approach, we project onto H, in determining Z; and R; in

~ ~

T = VTP, (V) QL 5) — QL (bag,d) and R = (M) "Pay, (V) * QT (Lad. 5)

As with the spectral factorization approach in Lemma 4.7.5, it may be possible to decompose (YZT)* Agpt(id 7,7)
into the sum of two terms, one which is analytic and the other which is anti-analytic. In that case a solution
R may be computed more explicitly. Since Q¢ is optimal for the one-sided problem, one may hope that
the solution obtained in this manner gives good performance.

The partial structured optimization approach of Subsection 7.2.6 is only applicable under additional local
constraints

L. Ryj = D21(j,§)D3,(4,4) > 0 for j € P;

' Ca(j,49) D214, 4)
for each j € P

has full row rank for w € R

on the poset-causal system. However, under those conditions, it may be seen that the performance is at
least better than that of the controller K = F(.J,0). The choice of Rj; =0 for ¢ € {j may seem arbitrary at
first, but, as is illustrated in Example 7.2.11, this is done in order to ensure that R may be constructed in
an unambiguous manner with entries in R being optimally determined under the condition that R;; = 0 for
i€ 4]
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List of Symbols

Special letters

C
CTL

(Cnxm

Cct

Arrows

the set of complex numbers IR downstream set of (the set) R
set of n x 1 vectors with complex entries TR upstream set of (the set) R
set of n X m matrices with Ji=1{i} downstream set of a singleton
complex entries T =1{i} upstream set of a singleton
set of complex numbers with positive IR strict downstream set of (the set) R
real part iR strict upstream set of (the set) R
set of complex numbers with i strict downstream set of a singleton
non-negative real part T4 strict upstream set of a singleton
set of complex numbers with negative
real part Greek letters
edge set in Hasse diagram do(t)  Dirac-delta function
lower linear fractional transformation of ~ A1 Schur complement
upper linear fractional transformation of A; Schur complement
Hasse diagram related to a poset P 7 the canonical sh.uﬂie )

'z the block canonical shuffle matrix

Hardy Hilbert space

Hardy space

n X n identity matrix

block n x n identity matrix

incidence algebra related to 7

n X m block incidence set related to P

p(A) resolvent set of a matrix A
o(A) spectrum of a matrix A

by linear system

®,  resolvent of A (A — A)™1)

Hilbert space of Lebesgue measurable Letter operators

n X m matrix functions

unobservable subspace

observability matrix

a poset

the set of real numbers

set of n x 1 vectors with real entries

set of n X m matrices with real entries
set of n x m block matrices

set of m x m super-block matrices
indicates a subspace of rational functions
set of integers

set of non-negative integers

set of vectors with integer entries
vectors with non-negative integer entries
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adj(A)
deg
det(A)
dim(V)
dom(Ric)
ess sup
Im(\)
ker(T)
rank(T")
Re(A)
Ric
span{-}

adjugate of a matrix S

degree

determinant of a matrix A
diagonal matrix with entries A;
dimension of linear space V'
domain of the Riccati operator
essential supremum

imaginary part of a complex number A
kernel of a matrix T

minimum or minimize

rank of a matrix T'

real part of a complex number A
solution to Riccati equation
linear span of a set of vectors



Superscripts Subscripts

St orthogonal complement of the set S E.  edge set related to a poset (P, )

AT transpose of a matrix A Gx  input-output map of linear system X

A1 inverse of a matrix A Gp digraph related to a poset P

A* conjugate transpose of a matrix A Pa dual poset of a poset P

W (A) conjugate of a proper real rational ~a  dual partial order of a partial order >
matrix function JgR downstream set of (the set) R in dual poset

Misjt sub-block entry in a super-block matrix T4R  upstream set of (the set) R in dual poset
occurring in s block row and #*" block M;;  block entry in a block matrix occurring in
column of the block entry M;; the it block row and j*™ block column

A characteristic polynomial of a matrix A Yy  time dependent observability gramian

Y, observability gramian

Other

Symbols M(R,S) block compression of a block matrix M
&) orthogonal direct sum with only block rows whose indices are
) orthogonal difference in the set R and block columns whose
> larger than or equal to indices are in the set S
> strictly larger than M(:,S)  block compression of a block matrix M
< less than or equal to with all block rows, but only block
< strictly less than columns whose indices are in the set S
b partial order M(R,:)  block compression of a block matrix M
- strict partial order (i > j if ¢ = and i # 7) with all block columns, but only block
=< partial order (i < j equivalent to j = ) rows whose indices are in the set R
=< strict partial order (i < j equivalent to j = 4) M(4,5)  block entry of block matrix M
7 not partially related to occurring in the the i* block row and
A not partially related to 4t block column
{}  set braces |S] cardinality of the set S
(-,-) ordered pair | size of the partition n
C subset of [M;;] block matrix with block entries M;;
C proper subset of ([M;;]] super-block matrix with entries M;;
€ element of np see Definition 2.3.8
¢ not an element of n a partition of n
0 the empty set n,n,n a sub-partition of n
* Redheffer star product F Laplace transform of F'
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List of Acronyms

ARE algebraic Riccati equation

CARE continuous time algebraic Riccati equation
LFT linear fractional transformation

LTI linear time invariant
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