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Abstract 

This research studies two nonlinear problems arising in mathematical physics. F irstly 

the Korteweg-de Vrics-Burgers equation is considered. Lie symmetry method is 

used to obtain t he exac t solutions of Korteweg-de Vries-Burgers eq uation. Also 

conservat ion laws ;:~re obtained for this equat ion using the new conservation theorem. 

Secondly, we consider the generalized (2+ 1)-dimensional Zakharov-Kuznctsov (ZK) 

equat ion of time dependent variable coefficients from the Lie group-theoretic point 

of view. vVc classify the Lie point symmet ry generat ors to obta in the optimal system 

of one-dimensional s ubalgebras of t he Lie symmetry a lgebras. T hese subalgebrns a rc 

then used to construct a number of symmetry reductions and exact group-invariant 

solutions of the ZK equation. We ut ilize the new conservation theorem to construct 

the conservation laws of t he ZK equation. 
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Introduction 

:'\o nlinea r evolution equations (:'\LEEs) have been extensively studied in l hc past few 

Jecades. These equa tions a rise in various ura tH:hcs of applied scien<:cl; sudt as fluid 

mechanics. plasma physics, opt ical fibers . biology. solid state physic·s. chemical kine­

matics. chemical physics, and so on. In recent yea rs various methods of solving t hese 

types of NLEEs have been proposed. Some of the important methods a rc solitary 

wave ansatz method [1,2], homogeneous balance method [3], Lie group analysis [Ll-6], 

Weierstrass elliptic function expansion method [7], F-cxpansion method [ ], C' JG 

method [9], exponentia l function method [10], etc. 

l t is well known t hat conservation laws play an important role in the solution process 

of cl iffN~nti al CXJ Uat ion. . Fincling th<' <'011S<'rva1 ion laws of sy. t <'m of d iffe rential 

equations is often t he first step towards finding the solution. In fact, the existence 

of a larg<' munbc:r of C'Onscrva tion laws of a system of part ial differenti a l crptations is 

a s trong indication o f its integrability [4]. 

In this dissertat ion two s uch equations will be studied . These a rc the l<ortcwcg-dc 

Vric -Burgers equation a nd t he genera lized (2+ ! )-dimens ional Zakharov-I< uznctso\' 

eq uation of t ime dependent variable coefficients. 

Firstly, the Kortcwcg-de Vrics-Burgcrs equ a tion of t he form 

(1) 

were k. a > 0 and b a re a rbitra ry constants is studied. T his equat ion was derived by 

Su and Gard ner [11] a nd is a model equation for a wide class of nonli near systems in 

the weak nonlinearity and long wavelen gth approximations. It possesses steady-state 
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solution which has been demonstrated to model weak plasma shocks propagating 

perpendicular to a magnetic field [12] . This equation has also been used in the study 

of wave propagation through a liquid-filled clastic tube [13) and for a description of 

shallow water waves on a viscous fluid [14). 

Secondly. the generalized {2+ I )-dimensional Zakharov-Kuznctsov equation with time 

dependent variable coefficients of the form 

Ut + f (t)uux + g(L)Uxxx + h(t)uxyy = 0, (2) 

where f(t). g(t) and h(t) arc arbitrary smooth functions of the variable t and f, 

g and h =I 0 is discussed. The equation (2) models the nonlinear development of 

ion-acoustic waves in a magnetized plasma under the restrictions of small wave am­

plitude, weak dispersion, and strong magnetic fields [15). This equation also appears 

in different forms in many areas of physics, applied mathematics and engineering 

(sec for example [1, 2]). 

The outline of this research project is as follows: 

In Chapter 1 the basic d0finitions and t h0orcms concerning the on<'-paramrt cr groups 

of transformations arc presented. The fundamental operators and their relationship 

for the conservation laws are given. Also the variational method for a system and 

its adjoint is presented. 

Chapter 2 deals with the construction of exact solutions of the Korteweg-dc Vrics­

Burgers equation. T'hc Lie symmetry method is used to find the cxacl solution of (1). 

Furthermore, conservation laws arc constructed for (1) by using the new conservation 

theorem. 

In Chapter 3, three special cases of the generaliwd (2+ 1)-dimem;ional Zakharov­

Kuznetsov equation (2) arc considered and Lie symmetry method is employed to 

obtain the exact solutions. 

Chapter 4 deals with the construction of conservation laws for the three special 

cases of the generalized (2+1)-dimensional Zakharov-Kuznetsov equation (2) that 

arc studied in Chapter 3. The new conservation theorem is used to construct the 
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conservation laws. 

Chapter 5 summarizes the results of the dissertation and discusses some future pos­

sible work. 

Bibliography is given at the end. 

10 



Chapter 1 

Lie symmetry methods for 

differential equations and the 

conservation theorems 

In this chapter we give some basic methods of Lie symmetry analysis or difi'erenl.ial 

equations including the algorithm to determine the Lie point symmetries of partial 

differential equaLions (PDEs). Also,we give the fundamental operators and their 

relationships and the variational approaches to construct conservation laws for a 

system of PDEs. 

1.1 Int roduction 

In the late nineteenth century an outstanding mathematician Sophus Lie (1842-

1899) developed a new method, known as Lie group analysis, for solving differential 

equations and showed that majority of adhoc methods of integration of differential 

equations could be explained and deduced s imply by means of his theory. Recently, 

many good books have appeared in the litera ture in this field. We mention a few here. 

Bluman and I<umei [4], Ovsiannikov [5], Olver [6], Stephani [16], Ibragimov [17.18]. 

Cantwell [19]. Sec a.lso Mahomcd [20]. 
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Definitions a nci results g iven in this C hapter 8f(' taken from the books mcntionrd 

above. 

1.2 Local one-parameter Lie group 

Here a transformation will be understood to mean an invertible transformation, i.e. 

a b ijective map. Let t , x a nd y be three independent variables and u be a dependent 

variable. We consider a cha nge of the variables I , x, y and ·u: 

Ta : l = f(l. :r. y, u. a) .. i: = g(l. x. y. u, a). 

fj = g(t, x, y, u, a). u = h(t, x , y, u, a) (1.1) 

with a being a real para meter, which cont inuously ra nges in values from a neighbor­

hood 1)' c 1) c lR of a= 0 and j , g. k and hare differentiable functions. 

D efinition 1.1 A continttous one-parameter (local) Lie group of transformations is 

a set G of transformations (1.1) which s~tisfies t he fo llowing t hree conditions: 

(i) For T0 • Tb E G where a. b E 1Y c 1J then Tb. Ta = Tc E G. c = o(a. b) E V 

(Closure) , 

(ii ) T0 E G if and only if a= 0 such that To Tn. = Ta T0 = Ta ( Identity), 

( iii) For Ta E G. a E V' C V. Ta-t= Ta- l E G. a-1 E V such that 

1:, T11 1 = Ta 1 Ta = To (Inverse). 

From (i) we sec thaL t he associativi ty properLy is satis fi ed. Also, if t he idcnt.ily 

t ransformation occurs at a = a0 =f 0 i.e, T00 is t he identity. t hen a sh ifl of the 

paramctC'r a= a+ a0 will give T0 as above. The property (i) can be written as 

[ - f (l , x . fi , u, b)= f(t, x, y, u, o(a, b)), 

x - g(l,x,y,u,b) = g(l ,x,y,u,¢(a,b)), 

fl - g(l,x,y,u, b) = k(t,x,y, u.¢(a,b)), 

u - h(l.x,y,u, b) = h(t,x,y,u,.c/>(a,b)). (1.2) 
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The function </> is termed as the group composition law. A group parameter o is 

called canonical if </>(a, b) = a + b. 

Theorem 1.1 For afiy <I>( a, b), there exists the canonical parameter a defined by 

_ i·a ds a </>(s, b) I 
a= w( ) , where w(s) = ab . 

· 0 S b=O 

We now give the defini t ion of a ::;yrnmetry group for t he t hird-order POE 

(1.3) 

D efin ition 1.2 (Symmetry group) A one-parameter group C of t ransformations 

(1.1) is called a symmetry group of (1.3) if it is form-invariant (ha.s t he same form) 

in the new variables t, x, y and u, i.e. , 

(1.4) 

where the funct ion F is the same as in (1.3). 

1.3 Infinitesimal transformations 

Lie's theory tells us that the construction of the symmetry group C is equi valent to 

the determination of the corresponding infinitesimal transformations : 

[ ~ t + ar(t, x, y, u), x ~ x + a~(t, x, y . u) . 

fj ~ y + a '!jJ(t, x, y , u), u ~ u + ar,(L, x, y, u) (1.5) 

obtained from (1.1) ?Y expanding the functions f , g, k a nd h into Taylor series in a 

about o. = 0 and also taking into account the initial condit ions 

T hus, we have 

r(t,x,y,u) = aaj l , 
a a=O 

agl ~(t,x , y,u)= -8 , 
a a=O 

8kl 7/J(t , X, y, u) = -
8 

, 
a a= O 

ah l ry(t, x, y, u) = -a . 
a a= O 

(1.6) 
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:\ow one can write (1.5) as 

[ :::::: (1 + aX)t, x :::::: (1 + aX)x, fj :::::: (1 + aX)y, u :::::: (1 + aX)u, 

where 

a a a a 
X =r(l.,.c, y,u)-

0 
+~(i-,::~;,y,1L)-a +'tf;( t ,:~:,y,n)-0 +q(t,,.t,y,tL)-

0 
. (1.7) 

t X Y tL 

T his d ifferential operator X is known as the infinitesimal operato1- (generator) of the 

group G. If the group G is admitted by (1.3), we say that X is an admitted opemtor 

of (1.3) or X is an infinitesimal symmetry of {1.3). 

1.4 Group invariants 

D efinit ion 1.3 A function F (L, x, y, 1L) is called an invariant of the group of trans­

! ormation ( 1.1) if 

F(l, .t, y, u) _ F(J(t, x . y. u, a), g(t, x, y, u. a). k(t, x . y, u, a), h(t, x, y, u, a)) 

= F(t ,x.y,u), (1.8) 

identically in 1., ~c, y , u and a. 

Theorem 1.2 (Infinitesimal criterion of in variance) A ncrcssnry I'I.Jl(! sufficient 

condi tion for a function F(t, x, u) to be an invariant is t hat 

fJF &F 
XP = r (t.x , y.u)~ + ~(t.x, y,u)-0 ut X 

aF aP 
+w(t,r, y,11.) fJy +1J(t,r,y,n) au= o. (1.9) 

From the above theorem it follows that every one-parameter group of point trans­

formations (1.1) has three functionally independent invariants, which can be taken 

to be the left-hand side of any first integrals 

of the characteristic equations 

& ~ ~ ~ 
r(l,x,y,u) = ~(t ,x, y,u) = 'lj;(L,x, y,u) = 77(L,x,y,u)' 
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Theorem 1.3 GiYen the infinitesimal t ransformation (1.5) or it~ symbol X , the 

corrc~ponding one-parameter group G is obtained by ~olving the Lie equations 

d[ -
. da = r(l, :(;, y, u) , 

dy - - - -
-d = 'lj;(t, x, y, u), 

a 

subject to the initial conditions 

dx _ 
da = E(L. :T: , fj, ?!) , 

du _ ) 
da = TJ(t , x, fj , ii 

xla=O = x, Yla=O = y, fi l = u. a=O 

1. 5 Construction of a symmetry group 

(l.JO) 

Here we describe the algorithm to determine a symmetry group for a given PDE but 

fi rst we give some definitions. 

1.5.1 Prolongation of point transformations 

Consider a third-order PDE 

(1.11) 

where l , x and y arc three independent variables and u is a dependent va ri able. Let 

fJ a a a 
X = r(t , x, y, u)-;;) + ~(L , x , y , u)~ + '1/;(i, x. y , n)~ + ry(t , x, y, n)~, (1.12) 

ut u X vy uu 

be the infin itesimal generator of the one-parameter group G of transformation (1.1) . 

The third prolongation of the operator X is denoted by X l31 and is given by 
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where 

(I - Dt(rJ) - UtDt(T)- UxDt(E)- UyDt('I/J) , 

(2 - D x(rJ)- UtDx(r)- UxDx(O- uyDx('ifJ), 

(22 - Dx((2) - UtxDx(r)- UxxDx(~)- UyxDx('ifJ ), 

(23 - Dy((2)- UtxDy(r)- UxxDy(O- UyxDy('I/J), 

(222 - Dx((22)- 'titxxDx(r)- 'IJ,xxxDx(E) - 11.yxxDx(·t/;) , 

(233 - Dy((23) - UtxyDy(r) - UxxyDy(~) - UxyyDy('I/J). 

Here, the total derivatives Dt, D x and Dy arc given by, respectively 

8 a a a a 
~ + Ut!:l + 'Uxt~ + 'Uty~ + Utt~ + · · · , 
ut u'U uUx uUy uUt 

(1.13) 

8 a 8 8 8 
~ + Ux!l + Uxxn-- + Uxt~ + 'Uxyn- + · · · , 
UX uU UUx UUt U'Uy 

(1.14) 

8 a 8 8 8 
~ + Uy~ + UX1Jn-- + Uyyn-- + Uty~ + · · ·. 
uy UU UUx UUy UUt 

(1.15) 

Applying the definitions of Dt, Dx and Dy given above, we obtain 

(I = 'r/t + UtrJu -1tt7t- UZTu. -ttx~t -1ttUx~tt - Uy'l/;t- 'Uy1tt'I/J1, (1.16) 

(2 = 'r/x + UxrJu -1ttTx- UtUxTu- Ux~x - u;~u- UyWx - UyUx'I/Ju, (1.17) 

-2Uxx~x - (ux?~uu - 3ttxUxx{u.- 1tyWxx - 2UyUx'l/Jxu 

- 2Uxy'I/Jx - Uy(ux)
2
1/Juu.- 2UxyUx'I/J14 - 1txxUy'I/Ju, (1.18) 

-UxUy~xu.- Uxy~x- (ux)2~uy- (ttx)2Uy~uu- 2UxUxy~u- Uy'I/Jxy 

-(uy)
2
1/Jxu- Uyyl/Jx- UyUx'l/Juy- Ux(uy)

2
'1/Juu- UxUyy'I/Ju 

(1. 19) 
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-3(ux?~xxu- 3Uxx~xx - 2(ux)3~xm•. - 9ux'Uxx~xt•· - 3uxxx~x 

-(u,;)2~xuu - (ux)3~11uu- 2Ux'Uxx~uu- 3(ux)2Uxx~tltl - 3(uxx?~u 

Ux~xyy - 2Ux 'Uy~xyu - 2Uxy~xy - 'Ux ( 'Uy) 
2 ~xuu - 'Ux 'Uyy~xu - 2 tLy 7Lxy~xu 

-'ILxyy~x - (nx )
2
l;yyu- 2(1tx) 2

ny(yut•- 4nx'ILxy~yu - (nx)2 ('u.y)2
t;uuu 

( 1.20) 

-(u x?nyy(uu- 4uxUy'Uxy(uu - 2(uxy)2(u- 2ux'Uxyy(u- 'Uy l);xyy- 2 uyW3:y'U 

3 2 
- 2uyy't/Jxy- (uy) 'I/Jx11u - 3uy'Uyy1/Jxu - 'Uyyy'I/Jx- 'U.xUy7/;yyu - 2ux('uy) 1./lyuu 

(1.21) 
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1.5.2 Group admitted by a PDE 

T he operator 

·a a a a 
X = T(l, x . y , u)-D + ~(t, x, y, u)-{) + 1/J(l, x, y , u)-

0 
+ r,(t,, x, y, u)-

0 
(1.22) 

I X y LL 

is a point symmetry of the third-order PDE (1.11) if 

( 1.23) 

whenever E = 0. T his can also be written as (symmetry condition) 

x l31 (E) I ~ = o 
t:;=O ' 

(1.24) 

where the symbol IE=O means evaluated on the equation E = 0. 

D efinition 1.4 Equation (1.24) is called the determinmg equationof ( l.ll ), because 

it determines a ll the infinitesimal symmetries of (1. 11). 

The theorem below enables us to construct some solutions of ( 1.11 ) from known one. 

Theorem 1.4 A symmetry of (1.11) transforms any solution of (1.11) into another 

solution of t he same equation. 

1.6 Lie a lgebras 

Let us consider two operators X 1 and X 2 defined by 

and 

a a a a 
X2 = T2(t . X. y, u) -

0 
+ (2(t. X. y. u)-a + 'I/J2(l. X , y, u)~ + 1]2(t, ;z;, y, u)-a · 

t X uy U 

D e finition 1.5 (Commu tator ) The commutator of X1 and X 2, written as [Xt, X2J, 

is rt0fincd by [Xt , X2] = X 1 (X2)- X2(X1). 
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D efinit ion 1.6 (Lie a lgebra) A Lie algebra is a vector space /, of operators with 

the following property : For all X11 X2 E L, the commutator [X1 , X2] E L. 

The dimension of a I.;ie algebra is the dimension of the vector space L. 

T heorem 1.5 T he set of all solutions of any determining equation forms a Lie 

algebra. 

1. 7 FUndam ental operators and t heir relationship 

In this seclion we briefly present the notation and pertinent results, whi<.;h we utilize 

later in this dissertation. 

Consider a kth-order system of PDEs of n independent variables x = (x1, x2 .... , :rn) 

and m dependent variables u = (u1, u2 , ... , um), viz., 

Eo.(x, u, U(l), . . . , U(k)) = 0, a= 1, ... , m, (1.25) 

where u{ll' uc2>, .. . , U(k) denote the collections of all first , second . .... kth-order par­

tial derivatives. that is, uf = o.~u0 ), u~~ = D3 Di(u0
), ••. , respectively, with the total 

derivative operator with respect to x' given by 

D a (I> 8 ( r 8 
i = ~ + ui ~ + ui3·~ + .. . , i = 1, ... , n, 

uX' uUO' uu'. 
J 

and the summation convention is used whenever appropriate. 

The following arc known (sec for e.g., [21] and the references therein). 

T he Ettler-Lagrange operator, for each a, is given by 

and the Lie- Biicklund operator is 

X 1 8 ~ 8 •~ A 
= ~· ()xi + rr auo ) ~· ,f)~ E I 

where A is the space of differeniial functions. 

19 
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The opcra.tor (1.28) is an abbreviated form of infinite formal sum 

X _i a aa L a a - -+ -+ .. . ~ &xi TJ &ua (It •2. ··'$ &u<:t . . · 
s;:: 1 ttt2···'• 

(1. 29) 

where the additional coefficients are determined uniquely by the prolongation for-

mulac 

(1.30) 

in which Iva is t he Lie characteristic j1mction defined by 

(1.31) 

One can write the Lie-Backlund operator {1.29) in characteristic form as 

(1.32) 

The Noether operators associated with a Lie-Backlund symmetry operator X arc 

given by 

Nt- 1 IA /<1'~ "'""' D· D· (1Af0:) 8 - ~ + vv 6u~ + ~ ,, . . . '• ,, 8ul:l . . ' 
t s~l "t'2···' • 

i = 1, ... , n, (1.33) 

where the Euler-Lagrange operators with respect to derivatives of u" arc obtained 

from (1.27) by replacing U 0 by the corresponding derivatives . For example, 

/ =-;}

0 
+ "'""' (- l YDj1 ... Dj

0 
° , i= 1, .. . ,n, a= l , ... ,m. (1.34) 

u~ u~ ~ • u~ 
t t s;:: 1 tJtJ2 ... ]. 

and the Euler-Lagrange, Lie-Backlund and Nocther operators a rc connected by the 

operator identity 

X + Di(C) = wo 0~(}' + DiNi . {1.35) 

The n-tuplc vector T = (T1 , T2, . .. , r n), T i E A , j = 1, ... , n , is a conserved 

vector of (1.25) if Ti satisfies 

{1.36) 

T he equation (1. 36) defines a local conservation law of system (1.25). 
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1.8 Variational method for a system and its ad­

joint 

The system of adJoint equations to the system of kth-order differential equations 

(1.25) is defined by [22] 

E~(x, u, v .. . . , u(k)> v(kl) = 0, a= 1, ... , m .. (1.37) 

where 

(1.38) 

and v = ( v 1 , v2 , .. . , vm) arc new dependent variables. 

We recall here the following results as given in Ibragimov [23]. 

A system of equations (1.25) is said to be self-adjoint if the substitution of v = 7.L 

into the system of adjoint equations (1.37) yields the same system (1.25). 

Assume the system of equations (1.25) admits the symmetry generator 

X i a cr a 
=~-a · + ry -a · xt ua (1.39) 

Then the system of adjoint equations (1.37) admits the operator 

y J:i 8 + a 8 + a a n*et = - [/\
13
avf3 + vuD,(J:i)], = '> 0Xi fJ av.a fJ* OVal 'I ''> (1.40) 

where the operator (1.40) is an extension of (1.39) to the variable va and the,\~ arc 

obtainable from 

(1.41) 

Theorem 3. 1. We now state the new conservation theorem due to Ibragimov [23]. 

Every Lie point, Lie-Backlund and non local symmetry (1.39) admitted by the system 

of equations (1.25) gives rise to a conservation law for the system consisting of the 

equation (1.25) and the adjoint equation (1.37), where the components Ti of the 

conserved vector T = (T1 , ... , Tn) arc determined by 

Ti = e L + wa :~ + L D il ... Di. (Wa) ou:.L . l i = 1, ... ) n . 
t s2:1 tt1 t2 ... t ., 

(1.42) 
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with Lagrangian given by 

(1.43) 

Remark: If we consider the differentiation of L up to thi rd-order derivative only then 

the equation (1.42) can be written as 

1.9 Conclus ion 

In this chapter we presented a brief introduction to the Lie group analysis of PDEs 

and gave some results which will be used throughout this project. We also gave the 

algorithm to determine the Lie point symmetries of PDEs. T he fundamental oper­

ators and their relationship for the conservation laws arc given, also the variational 

method for a system and its adjoint. 
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Chapter 2 

Symmetries and Conservation laws 

of KdV-Burgers equation: 

Illustrative example 

In this chapter we consider the Kortewcg-dc Vrics-Burgcrs equation 

(2.1) 

where k, a and b arc arbitrary constant. Equation (2.1) was constructed when 

electron inertia effects in the description of weak nonlinear plasma waves where 

included. In one hand, when the parameter a = 0 equation (2.1) will be the KdV 

equation. The KdV equation has been focus considerable recent studies for finding 

exact solution in [24-26] as well as numerical solution in [27- 29]. 

Recently, exact solutions of equation (2.1) were obtained in [30] by using Exp-fun<:tion 

method. 

In this chapter we use Lie symmetry analysis to obtain the exact solutions of equation 

(2.1). Also, we apply the new conservation theorem [23] to calculate the conservation 

laws of equation (2.1). 
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2.1 Lie point symmetries of the KdV -Burgers equa-

tion 

In this section we first d etermine the Lie point symmetries of (2.1) and then use 

them to construct some exact solutions. 

A Lie point symmetry of a differential equation is an invertible transformation of the 

dependent and independent variables that leaves the equation unchanged. Determin­

ing a ll the symmetries of a differentia l equation is a formidab le task. However, the 

~orwegian mathematician Sophus Lie (1842-1899) realized that if we restrict ourself 

to symmetries that depend continuously on a small parameter and that form a group 

(continuous one-parameter group of transformations) , one can linearize t he symme­

try conditions and end up with an algorit hm for calculating conti nuous symmetries. 

T he symmetry group of KclV-Burgers equation (2.1) will be generated by the vector 

field of t he form 

() f) () 
X = r(t, x , u) :-

1 
+ ~(l, x, u)!) + ry(t, .1:, u)-;-. 

vl v x v 'U 
(2.2) 

Applying the third prolongation to (2. 1) yields the following over detennined system 

of linear PDEs: 

T, = 0. 

Tx = 0, 

~u = 0. 

17ut' = 0, 

3 ~X - Tt = 0, 

1Jt + kuryx - a1Jxx + bT!xxx = 0. 

-a Tt + 2a ~x + 3bT!xu - 3b~xx = 0, 
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(2.3) 

(2.4) 

(2.5) 

(2.6) 

(2.7) 

(2.8) 

(2.9) 

(2.10) 

-...J 



Equations (2.3) and (2.4) imply that 

T = A(t). (2.11) 

Equation (2.5) implies that 

f.= B(t, x). (2.12) 

Equation (2.6) gives 

7J = C(t, x)u + D(t, x). (2.13) 

Substituting the above values of~ and 77 in (2.7) , we obtain 

1 
~ = 3A'(t)x + E(t). (2.14) 

Now substituting the results of C 7J and T in (2.9) , we get 

a 
C(t ,x) = 

9
bA'(t)x + F(t) (2.15) 

which give us 

a 
77 = 

9
b A'(t)xu + uF(t) + D(t , x) (2.16) 

and inserting the above value of 7] in (2.8) , we obtain 

:~ A"(t;)xn + nF'(t) + Dt + u~~k A'(t) + nkDx- aDxx + bDxxx = 0. (2.17) 

Separating (2.17) with respect to u , we obtain 

u 

This implies that 

A'(t) = 0, 

F'(t) + kDx = 0, 

Dt - aDxx + bDxxx = 0. 

77 = uF(t) + D(t, x) , 

~ = E(t). 
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(2.18) 

(2.19) 

(2.20) 

(2.21) 

(2.22) 

(2.23) 



Now substituting the new results of(, 17 and Tin (2.10), we get 

- E'(L) + knF(t.) + kD(t, x) = 0 

and splitting (2.24) with respect to tL, we have 

F(t) = 0, 

- E'(t) + kD(t,x) = 0. 

Substit uting (2.25) into (2.19), we obtain DxU, :c)= 0. This gives 

(2.24) 

(2.25) 

(2.26) 

(2.27) 

and substitut ing (2.27) into (2.20), we get G'(t) = 0. This implies that G(t) = </.! , 

where c2 is an arbitrary constant and so D(t , x) = C:l · Hence 

(2.28) 

Then equation (2.26) gives E'(t) = c2k , which implies that E(t) = c2k t + c3 , where 

c3 is an arbitrary constant. Thus we obtain the value of ~ as 

~ = c2kl + c3. (2.29) 

Thus 

T = c1, (2.30) 

~ = c2kt + C3, (2.31) 

''7 = c2 (2.32) 

a.nd so the infinitcsima.l symmetries of t he KdV-Burgers equation a.rc 

X 2 = kt ax + au, 
x3 ax · 

We note that X 1 is the time translation symmetry, X2 is a galilean boost and X3 is 

the space translation symmetry. 
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2.2 Exact group-invariant solutions for KdV-Burgers 

equation 

We now construct group-invariant solutions under the symmetry operators of the 

KdV-Burgcrs equation. We start with the operator X 1. 

Case 1. 

Let us calculate the invariant solution under the operator X 1 , namely 

(2.33) 

Let 

X J = VJ 0 DJ 0 uJ = 0 
1 at + ox + ott · 

The characteristic equations arc 

which gives us two invariants ./1 = :z: and J2 = n. T hus the invariant solution is given 

by J2 = f (JI), i.e, 

tl = f( x) . (2.34) 

Differentiating (2 .34), and substituting the results in (2 .2) we get 

b('- a/ '+ kf / = 0. (2.35) 

Integration of (2.35) gives 

(2.36) 

where C1 is an arbit rary constant on integration. 

Case 2. 

Let us now calculate the invariant solution under the operator X 2 , namely 

x2 = ktox + 8u· (2.37) 

27 



Let 

fJJ fJJ fJJ 
X2J = 0- + kt- + - = 0. 

fJt ox fJu 

The characteristic equations are 

dt dx du 
-=-=-
0 k:t, 1 

We obtain J 1 = l as one invariant. Solving 

dx du 
-=-
kt 1 

gives us the second invariant as J2 = u - ft. Thus the invariant solution is given by 

J2 = f(Jt), i.e, 

X 
u = kt + f (t) . 

Differentiating (2.38), and substituting the results in (2.2) we get 

Solving for f , we obtain 

c 
f(t) = t' 

where C is an arbitrary constant and hence the invariant solution of (2 .2) is 

( ) 
_ ~c + kC 

U t, X - k . 
~t 

Case 3 . 

(2 .38) 

(2.39) 

(2.40) 

(2.41) 

The symmetry x3 leads to the group-invariant solution J2 = f(JI), where J l = t 

and J2 = n. Substitution of this solution into the equation (2.2) gives the solution 

v(l;,x) = C, (2.42) 

where C is an arbitrary constant. 

Case 4 . 
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Finally, we construct the invariant solutions under a linear combination of thr sym­

metry operators X 1 and X3, namely, 

X = 08t + (6 + kl}O;~: + 8,, (2.43) 

where 6 is an a rbitra ry constant. Let 

, oJ oJ aJ x.1 = o!:l + (8 +kt)~ + -
8 

= o. 
ul u x U 

The characteristic equat ions arc 

dt dx du 
- = =-
0 (<5 + kt) 1 

We obtain J 1 = l as one invariant. Solvi ng 

dx du - -- =-
<5 + kt 1 

gives us t he second invariant as J2 = x- (6 + kt)u. Thus the invariant solution is 

given by J2 = f(J t), i.e, 

x· 1 
u = <5 + ki- <5 + kJ(f) . 

Differentiat ing (2 .-14 ), a nd substit uting the result::; in (2.2) we gel 

df = 0. 
dt 

Solving for f. we obta in 

where C4 is an a rbitra ry constant and hence the invariant solution of (2.2) is 

x-C, 
u( t, .:z:) = <5 k . + ·t 

(2.44) 

(2.'1.5) 

(2. 16) 

(2.'1 7) 

2.3 Construction of conservation laws for KdV-

Burgers equation 

In this section we construct the conservation laws of the Kortewcg-dc Vrics-Burgcrs 

equation 

(2.4 ) 
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using the new conservation theorem due to Ibragimov [23]. 

The equation (2.48) admits the fo llowing Lie point symmetry generators 

x1 = at> 

x2 = ktox + a.u, 
X 3 - Bx· 

The adjoint equation of (2.48), by invoking (1.38) , is 

E* ( l' .c' 'U , 'V ) ... ' 'Uxx3;, 'Uxxx) = :u [v ('ut + k'u·ux - auxx + lruxxx) l = 0 l 

where v = v(t , x ) is a new dependent variable and (2.49) gives 

(2.49) 

(2.50) 

It is obvious from the adjoint equation (2.50) that equation (2.48) is not self-adjoint. 

By recalling (1 .43) , we get t he following Lagrangian for the system of equations 

(2.48) and (2.50): 

(2 .51) 

(i) We first c.:ousidcr the Lie point symmetry generator X 1 = rJ1• It can be vcrificu 

from (1.40) that the operator Y1 is the same as X 1 and hence the Lie characterist ic 

function is IV = - ut. T hus by using (1.44), the components T i, i = 1. 2, of th(' 

conserved vector T = (T1, T 2 ) arc given by 

T 1 
= (kuux - aUxx + buxxx)v. 

T2 = (auu, - kuut - bUtxx)v + (butx- aut)Vx- butVxx· 

Remark: The conserved vector T contains the arbitrary solution v of the adjoint 

equat ion (2 .50) auu hence gives an infinite number of conservation laws. 

The same remark applies to a ll the following cases where we usc the new conservation 

theorem. 

(ii) Now for the symmetry generator X 2 = kt Ox + Ou, we have W = 1 - ki Ux . 

Hence, by invoking (1.44), the symmetry generator X2 gives rise to the following 
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components of the conserved vector 

T1 = (1 - kt Ux)v, 

T 2 = (klut + ku)v +(a - katux + kbtUxx)Vx - kbtuxVxx · 

(iii) Finally, we consider the Lie symmetry generator X3 = Ox has the Lie character­

istic function W = -ux. Hence using (1.44), one can obtain the conserved vector T 

who::;e components are given by 

Verification for the first conserved vectors that we obtained from ::;yrnmetry X1 . 

Di Ti = ( :t + Ut :u + Utx O~x + Utt O~t + · · · ) ( kvuvux - auxx + bvu.xxx ) 

+ ( ~~ + Ux: + Uxx :la + Utx ~0 + · · · ) ( avutx - kuvut - bu1.xxv 
v.7: un vnx vnt 

+bUtx'Ux - aUt.Vx - bUt'Uxx ) 

= kUUx'Ut. + kUtUxV + kUVUtx - aVtUxx - aVUxxt + bVUxxxt + bVtUxxx 

on equations (2.48) and (2.50). Likewise, it can be verified that the other two con­

served vectors, which we derived above, satisfy the equation DiT i = 0 whenever 

equations (2.48) and (2.50) are satisfied. 

2.4 Conclusion 

In this chapter we studied the KdV-Burgers equation using the Lie symmetry group 

method. Firstly, we derived the Lie point symmetries of the KdV-Burgcrs equation 
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and then used them to obtain the group-invariant solutions. Secondly, w(' employed 

the new conservation theorem to construct t he conservation laws of the I<dV-l3mgcrs 

equation. 
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Chapter 3 

Symmetry reductions and exact 

solutions of a variable coefficient 

( 2+ 1 )-dimensional 

Zakharov-Kuznetsov equation 

In this chapter we consider three special cases of the generalized (2+ 1)-d imcnsional 

Zakharov-Kuznctso\· equation of time dependent variable coefficient s 

Ut + f (t)uux + g(l )Uxx.c + h(l)Uxyy = 0. (3.1 ) 

\Ve classify the Lie point symmetry generators to obtain the optimal system of one­

dimensional subalgcbras of the Lie symmetry algebras. These subalgcbras arc then 

used to construct a number of symmetry reductions and exact group-inv<1riant solu­

tions. 

Part of this work has been accepted for publication in [31]. 

Lie point symmetries and symmetry reductions 
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3.1 f(t) = 1, g(t) = a0jt and h(t) = bo/ t, where ao and 

b0 are arbitrary constants 

3.1.1 Lie point symmetries 

Therefore, the equation that is going to be studied in this section takes the form 

ao bo 
Ut + UUx + -Uxxx + -Uxyy = 0. 

l t 
(3.2) 

The symmetry group of ZK equation {3.2) will be gcneralcd by vector field of the 

form 

a a a a 
X = T(t:,:r , y , u) ~ +~( t., x , y , u) !.l +'1/J(t , .x , y , n) -a + ry(t. ,x, y ,u)!.l· {3.3) 

ut ux y uu 

Applying the third prolongation to {3.2) yields the following over determined system 

of linear PDEs: 
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Tu = 0, (3.4) 

Tx = 0, (3.5) 

(u = 0, (3.6) 

VJ.u - 0, (3.7) 

Ty = 0, (3.8) 

'1/J.x = 0, (3.9) 

(y = 0, (3. 10) 

'tPt = 0, (3.11) 

(xx - 0, (3.12) 

Tfxu - 0, (3. 13) 

TJv.u. - 0, (3 .14) 

27]yu - '1/Jyy - 0, (3. 15) 

- 1/t2 r + 1 / tTt - 3/L(~: = 0, (3.16) 

TJ + Tt tt - ~L - (xU + bo/ t 7]yyu - 0, (3. 17) 

TJt + TJx 'U + ao/ t TJxxx + bo/ t 7J:r:yy - 0, (3.18) 

-l/ L2 
T + 1/lTt -1/l Ex- 2/L'I/Jy = 0. (3.19) 

Solving the determining equations (3.4)-(3.19) for T, (, '1/J and 17, we obtain the fol­

lowing symmetry group generators given by 

xl Ox, 

x2 = 8y, 

x3 - l Ox + Ott> 

x4 - lOt- UOu· (3.20) 
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3.1.2 Symmetry reductions and exact group-invariant solu­

tions of the equation (3.2) 

Here we firsL construct lhe optimal system of one-dimensional subalgebras of the Lie 

algebra admitted by the equation (3.2). The classification of the one-dimensional 

subalgcbras arc then used to reduce the equation (3.2) into a P OE having two in­

dependent variables. Then we also study the symmetry properties of the reduced 

POE to derive further symmetry reductions and exact group-invariant solutions for 

the underlying equat ion. 

Th<' r<'sttlt s on the dassifi<'ation of th<' Li<' point symmetriC's of the equation (3.2) 

arc summarized by the Tables 1, 2 and 3. The commutator table of the Lie point 

symmetries of the equation (3.2) and the adjoint representations of the symmetry 

group of (3.2) on its Lie algebra are given in Table 1 and Table 2, respectively. T he 

Table 1 and Table 2 arc used to construct the optimal system of one-dimensional 

subalgcbras for equation (3.2) which is given in Table 3 (for more details of the 

approach sec (6] a.nd the references therein) . 

Table 1. Commutator table of t he Lie algebra of equation {3.2) 

x1 x2 X3 x. 
x . 0 0 0 0 

x2 0 0 0 0 

x3 0 0 0 - X3 

x4 0 0 x3 0 

Table 2. Adjoint table of the Lie algebra of equation (3.2) 

Ad x. x2 x 3 x<l 
x. XJ x2 x 3 x4 
x2 x1 x2 X3 x4 
X3 x1 x2 x3 X4 + cX3 

x4 x. x2 e-•x3 x4 

Table 3. Subalgebra, group-invariant solutions of {3.2) 
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N X 0: /3 Group - invariant solution 

X4+AXJ + ~J-X2 x- >.lnt y - fdn t 'IJ, = fh(a:,,B) 

2 X2 + vX 1 x- vy u = h(a:,.B) 

3 X3 + cX 1' y 1t= (t ~<) + h(o.,,B) 

4 X 3+oX2 +tX1 ox-(t +<.)y u = (t~<) + h( Ct, 13) 

5 x1 t y u = h(a:,{J) 

Here c: = 0, ± 1, fJ = ± 1 and >. , fJ- and v arc arbitrary constants. 

Case 1.1 In this case, the group-invariant solution corresponding to the symmetry 

generator X 4 + >.X1 + J.LX2 reduces the equation (3.2) to the PDE 

(3.21) 

1 ow the equation (3.21) admits the following symmetry generators given by 

(3.22) 

(a) The group-invariant solution corresponding to X1 is h = H(/3), the substitu­

tion of this solution into the equation (3.21) and solving we obtain a solution 

u(t, X, y) = Ce- Y/It for (3.2), here C is a COnStant. 

(b) The generator X 1 + pX2 , where pis a constant, leads to the group-invariant 

solution h = 11 ({3 - po:). Substitution of this solution into the equation (3.21) 

gives rise to the ordinary differentia.! equation (ODE) 

(p3a0 + pb0 )H"' + plf !-!' + (J.L- >.p)!l + H = 0. {3.23) 

Case 1.2 The group-invariant solution arising from X 2 + vX 1 where IJ is a constant. 

reduces the equation (3.2) to the POE 

(ao + bo v2
) 

h0 + hh13 + h{3f3(J = 0. 
a 

(3.24) 

The equation (3.24) admits the fo llowing three Lie point symmetry generators 

(3.25) 

The optimal system of one-dimemional subalgebras arc X3 + cX 1• X 2 + dX1, X1, 

where cis an arbitrary real constant and d = 0, ±1. 
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(a) The group-invariant solution corresponding to X 3 + cX 1 where c is a constant , 

ish= ~H(~ +c In a) , the substitution of this solution into the equation (3.24) 

results in the following ODE 

(ao + b0 z})I-i'" + H H' + a0 H'- H = 0. (3.26) 

(b) The generater X 2 + dX1 where d is a constant, leads to the group-invariant 

solut ion h = a!d + H(a). Substitution of this solut ion into the equation (3 .24) 

gives the solution 

where C is a constant. 

x-vy + C 
u(t,x , y) = (t+d) , (3.27) 

(c) The symmetry generator X1 gives the trivial solut ion u(t, x , y) = C, where C 

is a constant. 

Case 1.3 The group-invariant solution that corresponds to X 3 + EX 1 where E is a 

constant , reduces the equation (3.2) to the POE 

h 
ha + - - = 0. 

a+E 

Hence the solution of the equation (3.2) is given by 

:c + H(y) 
·u(i,:c, y) = ( ) , 

t + E 

where H(y) is an arbitrary function of its argument. 

(3.28) 

(3.29) 

Case 1.4 The invariant solution that corresponds to X3 + 8X2 + EX1 where 8 and E 

arc constants, reduces t he equation (3.2) to the POE 

(3.30) 

(a) For E = 0. 

In this case, the POE (3.30) becomes 

(3 .31) 
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The equation (3.31) ad mits the Lie algebra spanned by the following symmetry 

generators 

(3.32) 

(i) The group-invariant solut ion corresponding to X1 is h = H(cx), the sub­

stitution of this solution into t he equation (3.31) and solvin~ we obtain 

the solution u(L, x . y) = x~c. where C is a constant. 

(ii) The group-invariant solution corresponding to X 1 + wX2 where w is a 

constant. ish = -/3/o:(wo. + <5) ~ // (a), t he substitution of this solution 

into the equation (3.31) and solving we obtain the solution 

. . , ) _ W.l; + y + (' 
u(l,x,y - :;: , 

· w l +u 

where C is a constant. 

(b) For c =/: 0, t he PDE (3.30) admits the following symmetry generators 

(3 .33) 

(i) The group-invariant solution corresponding to X1 is h = -B/6 (n + <) + 

1/ (o:), the substitution of this solution into the equation {3.30) and solv­

ing we obtain the solution u(t, x, y) = ~ + C, where C is a constanL. 

(ii) The X2 + ..vX1 where ....; is a constant. give us the invariant solution a~ 

h = (< - ...;)f1/(5(n + w)(a +c)+ 1/ (o), the subst itution of this solution 

into the equation (3.30) and solving we obtain the solution 

(l )
_ox-(c -w)y +C 

u ,x, y - 6(L+w) ' 

where C is a constant. 

Case 1.5 The X 1-invariant solution reduces the eq uation (3.2) to hn = 0. Ilencc 

the solution of the equation (3.2) is given by u(l.x,y) = 1-I (y), where 1-/(y) is an 

arbitrary function of its argument. 
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3.2 f(t) = t, g(t) = ajt and h(t) = bt3, where a and b 

are arbitrary constants 

3.2.1 Lie point symmetries 

Then. equation that is going to be studied in this section takes the form 

The ~ylllmctry group of ZK equation (3.34) will l hen be geucra.tetl by the vcdor field 

of the form 

a a a D 
X = r(t,x,y , u)~) +~(t,x,y,u)-0 +'1/J(l ,x, y,u)-;-) + q(l. x,y,u:)-:--) . (3 .35) 

<l :1: <y (11. 

Apply ing t he t hird prolongation to (3.34) yields the following over determined system 

of linear PDEs: 
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Tu = 0, (3.36) 

T:r. = 0, (3.37) 

~'U = 0, (3.38) 

1/Ju = 0, (3.39) 

Ty = 0, (3.'10) 

1/J:r. - 0, (3Al) 

~y = 0, (3.42) 

t/Jt = 0, (3.43) 

"7uu = 0 , (3.<14) 

~:r.:r. - 0, (3.45) 

"7.xu = 0, (3.46) 

2'1}yu- '1/Jyy = 0, (3.47) 
n 3a a 

(3.'18) - Tt - -~ + -T = 0, 
t t :r. t 2 

a 3 
0, (3.49) '1Jt + - TJxx:r. + bt "7:r.yy + tU'l}x = 

t 

bt3Tt - bt3f,:r; - 2bt31/Jy + 3bt2T = 0, (3 .50) 

3 
tUTt - f,1 + l'1] - tU~:r. + UT + bt 1]yyt• = o. (3 .51) 

Solving the determining equations {3.36)-(3.51) for r. f,, '1/J and '7, we obtain the fol­

lowing ~ymmetry group generators given by 

XI Ox , 

x2 8y· 

x3 t2 Ox+ 28,., 

)(4 -tOt- 2y8y + 2u8u· (3 .52) 
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3.2.2 Symmetry r eductions and exact group-invariant solu­

tions of the equation (3.34) 

Here we first construct the optimal system of one-dimensional s ubalgebras of the Lie 

a lgebra admitted by the equation (3 .. 34). The classification of the one-dimensional 

subalgcbras arc then used to red uce the equation (3.34) into a PDE .having two 

independent variables. Then we also study the symmetry properties of the reduced 

PDE to derive further symmetry reductions and exact group-invariant solut ions for 

the underlying equa t ion. 

The results on the classification of the Lie point symm<'trics of tile' equation (3.31) 

arc summarized by the Tables 1. 2 and 3. The commutator table of the Lie point 

symmetries of the equation (3.34) and the adjoi nt representations of the symmetry 

group of (3.3,1) on its Lie a lgebra arc €~ivcn in Ta blc 1 and Table 2, respectively. The 

Table 1 and Table 2 arc used to con::;truct the optimal system of one-dimensional 

subalgcbras for <'quation (3.3'1) which is given in Table 3 

Table 1. Commutator table of the Lie a lgebra of equation (3.34) 

XI x2 x3 x4 
XI 0 0 0 0 

x2 0 0 0 0 

.x3 0 0 0 2X3 

x4 0 0 2X3 0 

Table 2. Adjoint table of the Lie algebra of equation (3.3·1) 

Ad XI X:! x3 X,, 

x, XI X:! x3 x,, 
x 2 x1 X:! x3 x,, 

.x3 x • x2 x3 X.1 - 2cX3 

.x4 X I X:! e2<X3 x4 

Table 3. Subalgcbra , group-invariant solution:; of (3.34) 
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N X Q /3 Group - invariant solution 

1 XI y ·u = h(a,/3) 

2 X2 +J-LX1 X-fJ,y u = h(a, /3) 

3 X3 y . u = ~ - f,h(a,/3) 

4 x4 X ~ u = -[.rh(a, /3) y 

5 pX1 + J.,tX2 + X4 x +J.t lnt "'~l'' u = -/.h(a, /3) 

Case 2.1 The X 1-invariant solution reduces the equation (3.34) to hu = 0. Hence 

the solution of the equation (3.34) is given by u(t, x , y) = H(y), where H(y) is an 

arbitrary function of its argument. 

Case 2.2 In this case, the group-invariant solution corresponding to the symmetry 

generator X 2 + J.LX 1 where J.t is just a constant reduces the equation (3.34) to the 

PDE 

ha + o:hh13 + [ ~ + bo:3 
j.t

2
] h(3{3f3 = 0. (3.53) 

ow the equation (3.53) admits the following symmetry generators given by 

(3.54) 

(a.) The symmetry generator X 1 gives the trivial solution u(t, x, y) = C, where C 

is a constant. 

(b) The generator X2 leads to the group-invariant solution h = ~ - ;2 H (o:) . 

Substitution of this solution into the equation (3.53) gives the solution 

( ) 
2:c - 2y JL - C 

tL t, X, y = t2 , (3.55) 

where Cis a constant. 

(c) The group-invariant solution corresponding to X2 + pX1 where pis a. constant, 

ish= P!!2 + H(o:) , the substitution of this solution into the equation (3.53) 

and solving we obtain the solution 

2x- 2py- C 
u(t,x,y) = p+ ~,2 , 

where C is a constant. 
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Case 2.3 The X3-invariant solution reduces the equation (3.34) to he. = 0. Hence 

the solut ion of the equation (3.34) is given by 

u(t 't: y) = 2x - H(y) ) . , --t2__:..;_.;.. ' (3.56) 

where H(y) is an arbitrary function of its argument. 

Case 2.4 The X4-invariant solut ion reduces the equation (3.34) to the PDE 

(3.57) 

The equation (3.57) admits the Lie algebra spanned by the fo llowing symmetry 

generator 

(3.58) 

The generator X 1 leads to the group-invariant solution h = f (/3). Substitution of 

this solution into the equation (3.57) gives the solut ion 

where c is a constant. 

c 
u(t. x, y) = - . 

y 
(3 .59) 

Case 2.5 In this case, the group-invariant solution corresponding to the symmetry 

generator pXt + pX2 + X 4 where p and f..t are just a constants reduces the equatiou 

(3.34) to the PDE 

- 2h + ph0 - 2/3hs + hho + ah000 + 4bho:{3{3 = 0. (3.60) 

The equat ion (3.60) admits the Lie algebra spanned by the following symmetry 

generator 

(3.61) 

The symmetry generator X 1 leads to the group-invariant solut ion h = .f(/3). Substi­

tution of this solution into the equation (3.60) gives the solution 

c 
u(t , x,y) = , 

f.,L - 2y 
(3 .62) 

where cis a constant . 
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3.3 f (t ) = a, g(t ) =band h(t) = k(t - d? , where a, b 

and k are arbitrary constants 

3.3.1 Lie point symmetries 

Therefore, we study the equation 

(3.63) 

The symmetry group of ZK equation (3.63) will then be generated by the vector field 

of the form 

a fJ fJ fJ 
X = r(t , x, y, u)~ + ~(t, x, y. u)~ + 7/J(t, x, y, u) 71 + rJ(t, x, y, tt)~) . (3.64) 

vi v~D oy r. 'IJ, 

Applying the third prolongation to (3.63) yields the following over determined system 

of linear PDEs: 
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Tu = 0, (3.65) 

Tx = 0, (3.66) 

C:u = 0, (3.67) 

'l};u - 0, (3.6 ) 

Ty = 0, (3.69) 

Wx - 0, (3.70) 

~y = 0, (3.71) 

1/Jt = 0. (3.72) 

TJxu = 0. (3 .73) 

~XX = 0, (3.74) 

TJuu = 0, (3.75) 

bTt - 3b~x = 0, (3 .76) 

2TJyu - 11Jyy = 0. (3. 77) 

T7t + brJx.xx + k(L - d) 2 TJxyy + aurJx = 0. (3.7 ) 

aur, - ~t +aT]- au~.c + k(l - d)2
TJyyu = 0. (3. 79) 

k(L- d?Tt - k(l - d) 2~x- 2k(t- d) 21/Jv + 2k(t- d)r = 0. (3.80) 

Solving the determining equat ions (3.65)-(3.80) for r. C w and rJ , we obtain the fol­

lo\\'ing symmetry group generators given by 

X 1 - 8y. 

x2 - Ox, 

x3 - al8x + 8". (3.81) 
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3.3.2 Symmetry reductions and exact group-invariant solu­

tions of the equation (3.63) 

We now construct group-invariant solut ions under the symmetry operators of the ZI< 

equation (3.63). The group-invariant solutions arc illustrated by the following table. 

Table 1. Group-invariant solutions of (3.63) 

N X Q fJ Group - invariant solut ion 

x2 y u = h(a, /3) 

2 Xt +pX2 X -py u = h(a,/3) 

3 x3 1J u = a"a + h(a,/3) 

4 p,X1 + 6X2 + X3 t px- (8 + at)y u = 1!. + l h( Q. /3) 
Jl ' 

Case 3.1. The X2-invariant solution reduces the equation (3.63) to hOt = 0. Hence 

the solution of the equation (3.63) is given by u(L,x,y) = 1/ (.y), where JI (y) is an 

arbitrary function of its argument. 

Case 3.2. In this case, the group-invariant solu tion corresponding to the symmetry 

generator X 1 + pX2 where p is just a constant reduces the equation (3.63) to the 

POE 

(3.82) 

Now the equation (3.82) admits the following symmetry generators given by 

(3 . 3) 

(a) The symmetry generator xl gives the trivial solution u( l , X, y) = c, where c 
is a constant. 

(b) The generator X 2 leads to the group-invariant solution h = ! - a.~ H(o:). 

Substitution of this solu tion into the equation (3.82) gives the solution 

X- PY - C 
u(l,x,y) = , 

at 
(3.84) 

where Cis a constant. 
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(c) The group-invariant solution corresponding to X 1 + rX2 where r is a constant .. 

is h = r:ao. + 11 ( o ), the substitution of this solution into t he equation (3.82) 

and solving W(' obtain the solution 

x-py+C 
tt(t , X. y) = . 

r + al 

where C is a constant. 

Case 3.3. The group-invariant solution that corresponds to X3 reduces the equation 

(3.63) to t he PDE 
h 

ho +- = 0. 
0 

lienee the solution of t he equation (3.63) is given by 

x+aC 
u(t ,x,y)= , 

at 

where C is a constant. 

(3.85) 

(3. 6) 

Case 3.4. T he J..LX1 + c5Xz + X3-invariant solution reduces the equation (3.63) to 

the POE 

(3. 7) 

The equation (3. 7) admits the Lie algebra spanned by the following symmetry 

generators 

(3.88) 

(a) The Xrinvariant solution reduces the equation (3.87) to h, = 0. I knee the 

solution of the equation {3.63) is given by 

where C is a constant. 

1 
u(t, x, y) = - ly + CJ, 

Jl 

(b) The symmetry generator X2 leads to the group-invariant solution h = /Jm~ is 

the group invariant. Substitution of this solution into the equation (3. 2) gives 

the solution 
J-tx- oy- c 

u(t,x.y) = , 
Jlal 

(3. 9) 

where C is a cons tant. 
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3.4 Concluding remarks 

In this chapter we studied the generalized (2+ 1 )-dimells ional ZK cquatio11 with time 

dependent variable coefficients using the Lie symmetry group method. We derived 

the Lie point symmetry generators of three special form of the underlying class of 

equations. The Lie symmetry classification with respect to the special form of the 

l ime dependent variable coefficients equation was presented. We used this classifica­

t ion of optimal system of one-dimensional subalgebras of tho Lie symmetry algebras 

to construct symmetry reductions and exact group-invariant solutions for the special 

forms of the equations. 
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Chapter 4 

Conservation laws of a variable 

coefficient ( 2+ 1 )-dimensional 

Zakharov-K uznetsov equation 

In this chapter, we study the conservation laws for some spccia.l cases of the gener­

alized (2+ 1)-dimcnsional Zakharov-Kuznetsov equation 

'Ut + .f(t)uux + g(L)Uxxx + h(t)uxyy = 0, (4 .1) 

of time dependent variable coefficients . Here f(t) , g(t) and h(t) arc arbitrary smooth 

functions of the variable t and J, g and h =I= 0. We consider the three cases for the 

functions of f, g and h, namely 

Case 1. f (t) = 1, g(t) = a0 jt and h(t) = b0 j l where a0 and b0 a rc constants, 

Case 2. f(l) = t, g(t) =aft and h(l) = bt3 where a and b arc constants, 

Case 3. f(t) =a, g(t) = band h(t) = k(t- d)2 where a, band d arc constants. 
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4.1 f(t) = 1, g(t) = ao/t and h(t) = bo/t where ao and 

b0 are constants. 

In this section equation ( 4 .1 ) takes the form 

no bo 
'1ft + IL"Ilx + - "U.xxx + -'ILxyy = 0. 

t l 
(4.2) 

As seen in Chapter 3, the equation (4.2) admits the following Lie point symmetry 

generators 

X I = ax , 
x2 = av , 
x3 = f8x+ 011 , 

Xt - t a,- ua1J. (4.3) 

The adjoint equation of (4.2) , by invoking (1.38), is 

E*(t , X, y. U , V, ... , Uxx..c 1 U x yy > Vxxx 1 Uxyy) = 
8 [ ao bo ] T v(ut + UUx + -Uxxx + -Uxyy) = 0, 

u·u l t 
( 4.4) 

where v = v( l , x. y) is a new dependent variable and (4.4) gives 

ao bo 
Vt + UVx + -Vx:r;x + -Vxyy = Q. 

t i 
(4.5) 

It is obvious from the adjoint equation (4.5) that equation (4 .2) is a self-adjoint. 

By recalling (1.43), we get the following third order Lagrangian for the system of 

equations (4.2) and (4.5): 

- ao bo 
L = v(ut + U7.Lx + -Uxx:r + -Uxyy)· 

L I 
(4.6) 

By reducing this third-order Lagrangian to second-order Lagrangian, we obtain 

ao bo 
L = VUt + VUUx- lVxUxx - lVxUyy· (4.7) 

{i) We first consider the Lie point symmetry generator 

51 



It <'an be verified frqm {1.40) that the operl\tor Y1 is the same as X 1 and hence this 

will give us two Lie characteristic functions W 1 = -ux and W2 = - vx . Thus by 

using (1.44) and the second order Lagrangian, the components T1 , i = 1. 2, 3, of the 

conserved vector T = (T1
, T2, T3) arc given by 

yl = - VUx, 

2 ao ao T = VUt - -Ux Vxx + -VxU.xx• 
l t 

bo bo 
T3 = TVxUxy - TUxV:cy-

Remark: T he conserved vector T contains the arbitrary solut ion v of the adjoint 

equation ( 4.5) and hence gives an infinite number of conservation laws. 

The same remark applies to all t he following cases where we usc the conservation 

theorem. 

(ii) Now for the symmetry generator 

we have W1 = - uy and W 2 = -vy. Hence, by invoking (1.44) and the second order 

Lagrangian, the symmetry generator X2 gives rise to the following components of 

the conserved vector 

T l = vu - Y• 

(iii) The symmetry generator 

has the Lie characterist ic functions W1 = 1 -tux and W2 = v - tvux. Hence using 

(1.44) and the second order Lagrangian, one can obtain the conserved vector T whose 
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components arc given by 

T 1 = v- tvux, 

T 2 
- lU1Lt + vu + aoV.cx- aoUxVxx + ao~'.rUxx. 

I 
bo 

T 3 = TVxy- boUxVxy + boVxUxy · 

(iv) Finally, we consider the Lie point symmetry generator 

From {1. ll ), it can easily be shown that 

( 
ao bo ) ( ao bo ) 

X 4 Ht + UUx + -U:r.u + -Uxyy = - 2 lLt + UUx + -tLxxx + -Uxy11 , l t l l . 

hence we get>.= -2. Since Di(~i) = 1, from (3.31) we obtain7J,. = v. Therefore the 

extending operator (3.31) ofX4 is, 

( l. ) 

It can be verified that the system of equations (4 .2) and (4 .5) admit the symmet ry 

generator ) :1• :\ow the symmetry generator X4 has the Lie characteristic functions 

l\11 = -u - I,Ut and W 2 = v - tut. Hence using (1.44) and the second-order La­

grangian, we obtain the following components of the conserved vector T: 

One can easily verify. like we did in section 2.3. that the conserved vectors which we 

derived above satisfy the equation DiTi = 0 whenever equations (4.2) and (t1. .5) arc 

satisfied. 
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4 .2 f (t) = t , g(t) = aj t and h(t ) bt3 where a and b 

are constants. 

In this section equation (4. 1) becomes 

(tl.9) 

T lw equation (4.9) admits the four Lie point symmetry generators (sec Chapter 3) 

x, Dy. 

x2 = ax, 
x:J t2 ox+ 2EA., 

x., = -tat - 2yoy + 2ua". 

The adjoint eq uation of (1.25) , by invoking (1.38) , is 

E. (I .. I' , y . ll, II, .... IL.~:.~:x• 'llxyy· llxxx• ll.~:yy} = 

b [ a 3 ] -. v(llt + Luux +-Urn+ bt Uxyy) = 0, ou t 

where v = v( l, x. y) is a new dependent va riable and (4. 10) gives 

a 3 
Ut + lUVx + /V.cxx + bi Vxyy = 0. (tl.ll) 

From equations (4.9) and (4 .11). we sec that equation (t1.9) is a self-adjoint. 

By using (1.13), the third-order Lagrangian for the system of equations (4.9) and 

( 4 . ll ) is gi vcn by 

(.J. l2) 

which can be red uced to a second-order Lagrangian, 

(i) Consider the Lie point symmetry generator 
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From (1.40) we note. that the operator Y1 is t he same as X 1 and hence th is will give 

us two Lie characteristic functions W 1 = -uy and W 2 = -vv· Thus by using (1.44) 

and the second order Lagrangian, the components Ti, i = l , 2, 3, of the conserved 

vector T = (T 1, T2
, T 3) a rc given by 

a a 3 a 
-tuvuy- tUyVxx + tVyUxx + bt UyyVy + t'VxUxy, 

a . 3 
1J71.t + fv.vnx- tVa)Lxx- bt VyVxy· 

(ii) For the symmetry generator 

we have W 1 = -ux and W2 = -vx. Hence, using (1.44) and the second-order 

Lagrangian, t he symmetry generator X 2 gives r ise to the conserved vector Ti = 

(T 1, T 2 , T 3) where T 1, T 2 and T3 arc given by 

T l = -VUx, 

T2 a a 
= VUt- -UxVxx + - VxUxx' t. L 

y3 = b(\•x'Uxy - bl
3
UxVxy · 

(iii) The symmetry generator 

gives W1 = 2 - l 2u x and W 2 = -L2vx . By using (1.44) and t he second-order La­

grangian, the symmetry generator x4 gives rise to the following components of the 

conserved vector 

T 1 = 2v - l 2vux, 

T2 2 2 2a = l 'll1.Lt + lU'O + -Vxx - a//nxVxx + af.Vx'llxx' 
t 

T 3 
- 2bt3

V xy - bt5
UxVxy + bt5

VxUxy · 

(iv) Finally, we consider the Lie point symmetry generator 
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From (1.4.1) , it can easily be shown that 

hence we get A = 3. Since Di (O = - 3, from (3.31) we obtain 71* = 0. Therefore the 

extending operator (3.31) of x4 is , 

It can be verified that the system of equations ( 4.9) and ( 4.10) admit the symmetry 

generator V4 . Now the symmetry generator X 4 has the Lie characteristic functions 

Hfl = 2u + tttt + 2yuy and W 2 = tv t +2yVy. Hence using (1.44) and the second-order 

Lagrangian, we obtain the following component::; of the conserved vector T: 

T1 = - t 2·uttUx + aVxUxx + bt4VxUyy + 2v u + 2yvuy , 

2 2 2a 2 . 2ay 
T = 2tu v + - UVxx + t UVUt + aUtVxx + 2ytuvuv + - UyVxx t ·' t 

4 2ay 3 2a 
- aVtUxx - bt VtUyy- -l-VyUxx - 2byt VyUyy- t VxUx 

2ay 
- aVxUtx- - t-· VxUxy' 

3 2ay 3 4 T = -2yvut- 2ytum.Lx + -VxUxx + 2bt UVxy + bl UtVxy 
l 

3 3 4 + 2ybl UyV.xy - 4bt UyVx - bt VxUxy· 

Again it can be easily verified , like we did in section 2.3 , that the conserved vectors 

which we derived above satisfy the equation DiTi = 0 whenever equations ( 4.9) and 

( 4.11) are satisfied. 

4.3 f(t) = a, g(t) = b and h(t) k(t - d)2 where a, b 

and d are constants 

Then for this section equation ( 4.1) becomes 

(4.14) 
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The equation (4.11.1) admits the three Lie point symmetry generators 

The adjoint equation of (1.25), by invoking (1.38), is 

E* (f., :1;, Y, 11 , 11, · · · , 1Lxxx, 1lxyy, 11xxx> 11xyy) = 

8~ [v(ut + attu.c + buxxx + k(l - d)2
uxyy)] = 0, (4. 15) 

where v = v(f,x.y) is a new dependent variable and (4. 15) gives 

(4. 16) 

It is obvious from the adjoint equation ( 4.16) that equation ( 4.14) is a self-adjoint. 

By recall ing (1.43) , we get the following third order Lagrangian for the system of 

equations (tl.ltJ ) and (4.16): 

( 1.1 7) 

By reducing this third-order Lagrangian to second-order Lagrangian, this give us 

c~. 1 s) 

(i) Consider the Lie point symmetry generator 

Here the operator Y1 is the same as X 1 and hence this will g iVP us two Lie character­

istic functions 11 ' 1 = - ny and 1112 = -vv. Thus by using ( l.tl J) and the second-order 

Lagrangian, the components T'. i = 1. 2, 3, of the conserved vector T = (T1 , T 2 . T 3 ) 

arc given by 

T 1 = -VUy, 

T 2 = -auvuy- buyVxx + bvyUxx + k(t- d)2
vyUyy + bvxUxy 1 

T3 = VUt + auvux- bVxUxx - k(t- d)2
uyVxy· 
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(ii) For the symmetry generator 

we have \t\' 1 = -tlx and 11\12 = - v.c. Hence, by invoking (1.'14) and the sccoud-order 

Lagrangian, the symmetry generator X2 gives rise to the followiug components of 

the conserved vector 

= 

(ii i) Finally. we consider ~he Lie point symmetry generator 

we have Hrl = 1- atux and W2 = -atv.c. lienee, by invoking (1.44) and the second­

ord<'r Lagrangian, the symmetry generator x3 gives rise to the following compon<'nts 

of the con~ervcd vector 

It can easily be verified, like we did in section 2.3. that the conserved vectors which 

we derh-cd above satisfy the equation DiT' = 0 whenever equations (4.14) and ( 1.16) 

are satisfied. 

4.4 Concluding Remarks 

In this chapter we constructed conservation laws for some special cases of the vari­

able coefficient (2+ 1 )-dilllensional Zakharov-K uznetsov cqua t ion. We cousidcr three 

special cases and used the new conservation theorem due to lbragimov to construct 

a number of conservation laws. 
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Chapter 5 

Concluding remarks 

In this research project we fi rst reviewed some importa ut definitions and results from 

Lie group theory, which were later used in the dissertation. 

In Chapter 2 we obtained the exact solutions of the Kortcwcg-de Vries-Burgers equa­

tion using the Lie symmetry method. Also .the conservation laws of the l< ortewug-dc 

Vrics-Burgcrs equation were obtained by using the new conservation theorem. 

In Chapter 3 we used t he Lie symmetry group method aud obtained exact solutions of 

three special cases of the generalized (2+ 1)-dimensional Zakharov-J<uznetso,· equa­

tion of time dependent variable coefficients. 

Finally, in Chapter 4 we used the new conservation t heorem to construct the conser­

vation Jaws for three special cases of the generalized (2+1)-dimem;ional Zakharov­

Kuznetsov equation of ti111e dependent ,·ariablc coefficients. 

In future we will construct con~ervation laws for the gcneraJized (2+ 1)-dimensional 

Zakha rov-Kuzuetsov equation of titHe depeudcut variable coefficients u!:>ing other 

approaches. 
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