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Abstract

This research studies two nonlinear problems arising in mathematical physics. Firstly
the Korteweg-de Vries-Burgers equation is considered. Lie symmetry method is
used to obtain the exact solutions of Korteweg-de Vries-Burgers equation.  Also

conservation laws are obtained for this equation using the new conservation theorem.

Secondly, we consider the generalized (2+1)-dimensional Zakharov-Kuznetsov (ZK)
equation of time dependent variable coefficients from the Lie group-theoretic point
of view. We classify the Lic point symmetry generators to obtain the optimal system
of one-dimensional subalgebras of the Lie symmetry algebras. These subalgebras are
then used to construct a number of symmetry reductions and exact group-invariant
solutions of the ZK equation. We utilize the new conservation theorem to construct

the conservation laws of the ZK equation.



Introduction

Nonlinear evolution equations (NLEEs) have been extensively studied in the past few
decades. These equations arise in various branches of applied sciences such as fluid
mechanics, plasma physics, optical fibers, biology, solid state physics. chemical kine-
matics, chemical physics, and so on. In recent years various methods of solving these
types of NLEEs have been proposed. Some of the important methods are solitary
wave ansatz method [1,2], homogencous balance method [3], Lie group analysis [4-6].
Weierstrass elliptic function expansion method [7], F-expansion method [8], G'/G

method [9], exponential function method [10], ete.

It is well known that conservation laws play an important role in the solution process
of differential equations. Finding the conservation laws of system of differential
equations is often the first step towards finding the solution. In fact, the existence
of a large number of conservation laws of a system of partial differential equations is

a strong indication of its integrability [4].

In this dissertation two such equations will be studied. These are the Korteweg-de
Vries-Burgers equation and the generalized (2+1)-dimensional Zakharov-Kuznetsov

equation of time dependent variable coefficients.

Firstly. the Korteweg-de Vries-Burgers equation of the form
uy + kuuy — aitgy + bz, = 0, (1)

were k, a > 0 and b arc arbitrary constants is studied. This equation was derived by
Su and Gardner [11] and is a model equation for a wide class of nonlinear systems in

the weak nonlinearity and long wavelength approximations. It possesses steady-state



solution which has been demonstrated to model weak plasma shocks propagating
perpendicular to a magnetic field [12]. This equation has also been used in the study
of wave propagation through a liquid-filled elastic tube [13] and for a description of

shallow water waves on a viscous fluid [14].

Secondly, the generalized (241)-dimensional Zakharov-Kuznetsov equation with time

dependent variable coefficients of the form
wy + f(t)ute + g(t)tpge + h(t)Uzy, = 0, (2)

where f(t).g(t) and h(t) are arbitrary smooth functions of the variable ¢ and f,
g and h # 0 is discussed. The equation (2) models the nonlinear development of
ion-acoustic waves in a magnetized plasma under the restrictions of small wave am-
plitude, weak dispersion, and strong magnetic fields [15]. This equation also appears
in different forms in many areas of physics, applied mathematics and engineering

(see for example [1,2]).
The outline of this research project is as follows:

In Chapter 1 the basic definitions and theorems concerning the one-parameter groups
of transformations are presented. The fundamental operators and their relationship
for the conservation laws are given. Also the variational method for a system and

its adjoint is presented.

Chapter 2 deals with the construction of exact solutions of the Korteweg-de Vries-
Burgers equation. The Lie symmetry method is used to find the exact solution of (1).
Furthermore. conservation laws are constructed for (1) by using the new conservation

theorem.

In Chapter 3, three special cases of the generalized (2+1)-dimensional Zakharov-
Kuznetsov equation (2) are considered and Lie symmetry method is employed to

obtain the exact solutions.

Chapter 4 deals with the construction of conservation laws for the three special
cases of the generalized (2+1)-dimensional Zakharov-Kuznetsov equation (2) that

are studied in Chapter 3. The new conservation theorem is used to construct the



conservation laws.

Chapter 5 summarizes the results of the dissertation and discusses some future pos-
sible work.

Bibliography is given at the end.
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Chapter 1

Lie symmetry methods for
differential equations and the

conservation theorems

In this chapter we give some basic methods of Lie symmetry analysis of differential
equations including the algorithm to determine the Lie point symmetries of partial
differential equations (PDEs). Also,we give the fundamental operators and their
relationships and the variational approaches to construct conservation laws for a

system of PDEs.

1.1 Introduction

In the late nincteenth century an outstanding mathematician Sophus Lie (1842-
1899) developed a new method, known as Lie group analysis, for solving differential
equations and showed that majority of adhoc methods of integration of differential
equations could be explained and deduced simply by means of his theory. Recently,
many good books have appeared in the literature in this field. We mention a few here,
Bluman and Kumei [4], Ovsiannikov [5], Olver [6], Stephani [16]. Ibragimov [17.18].
Cantwell [19]. See also Mahomed [20].

11



Definitions and results given in this Chapter are taken from the books mentioned

above,

1.2 Local one-parameter Lie group

Here a transformation will be understood to mean an invertible transformation, i.c.
a bijective map. Let £, x and y be three independent variables and u be a dependent
variable. We consider a change of the variables {, z, y and u:
Ta 2l = Jlbm 0 0) 2=gll:z,y,9,48),
y=g(l,z,y,u.a), i= h(t,z,y, u,a) (1.1)

with a being a real parameter, which continuously ranges in values from a neighbor-

hood D C DC Rofa=0and f. g. k and h are differentiable functions.

Definition 1.1 A continuous one-parameter (local) Lie group of transformations is

a set (3 of transformations (1.1) which satisfies the following three conditions:

(i) For T,, T, € G wherc a,b e D c DthenT,, T, =T, € G, ¢ = &(a,b) € D

(Closure),
(ii) Ty € G if and only if a = 0 such that T, T, = T, Ty = T, (Identity),
(iii) For T, € G,a €D c D, T; ! =T,-1+ € G, a’! € D such that

TeTo-1 = T,-1 T, = Ty (Inverse).

From (i) we see that the associativity property is satisfied. Also, if the identity
transformation occurs at a = ay # 0 i.e, T, is the identity, then a shift of the

parameter a = @ + ag will give Ty as above. The property (i) can be written as

[ = [({I.7.5.1,b) = [(t,z.y,u,6(a,b)),
z = g(tz,g.a,b)=g(t zy udab),
v = 9(1,2.9,4,b) = k(t, z,y, u.6(a,b)),
t = h(t.z,3.a,b) = h(t,z,y, u,.d(a,b)). (1.2)

12



The function ¢ is termed as the group composition law. A group parameter a is

called canonical if o(a,b) = a+b.

Theorem 1.1 For any ¢(a,b), there exists the canonical parameter a defined by

9 é(s,b)
ob |,

% ds
a= , where w(s) =
L e}

We now give the definition of a symmetry group for the third-order PDE

oF

h lgzx

g = PG 20U 1y Wiy Uy Vs irgys Wity Usnggia oo )b

(1.3)

Definition 1.2 (Symmetry group) A one-parameter group G of transformations
(1.1) is called a symmetry group of (1.3) if it is form-invariant (has the same form)

in the new variables ¢, Z, 7 and @, i.e. |
g = F(t, T, 7. 8,8 U, Usg, Usy Ussz, Baggs ) (1.4)

where the function F is the same as in (1.3).

1.3 Infinitesimal transformations
Lie’s theory tells us that the construction of the symmetry group @' is equivalent to
the determination of the corresponding infinitesimal transformations :

t~t+at(t.x,y,u), T+ af(t,z, y u),

gy+av(t,z.y,u), axu+an(l, x,yu) (1.5)

obtained from (1.1) by expanding the functions f, g, k and h into Taylor series in a

about a = 0 and also taking into account the initial conditions

oo =1t gleog=2% klmo=¥ hloq=1u.

Thus, we have

! _of _dg
T(ta"‘}ysu) v 8(1 o E(L,I._y,’U,) ol 8!’1 azﬁ:
ok oh
Yt e yu) = o= ntzyu)= oo (1.6)
a=0 a=0

13



Now one can write (1.5) as
I=(1+aX)t, T=(1+aX)z, g=(1+aX)y, t=(1+aX)u,
where
-_—. 1!
3y )30 (1.7)

This differential operator X is known as the infinitesimal operator (generator) of the

a o
X =7(tx,y, u)a +&(t,z,y, n)a% + ol a,y,u)=— +nlt,x, y,u o

group G. If the group G is admitted by (1.3), we say that X is an admitted operator
of (1.3) or X is an infinitesimal symmetry of (1.3).

1.4 Group invariants

Definition 1.3 A function F(,xz,y,u) is called an invariant of the group of trans-

formation (1.1) if

F(l,x,7,1)

1l

F(f(t,z,y u,a), g(t.x,y,u.a). k(t,z.y,u,a), h(t,z,y,u,a))

Il

F(t,z.y,u), (1.8)

identically in 4, #, y, n and a.

Theorem 1.2 (Infinitesimal criterion of invariance) A necessary and sufficient

condition for a function F(t.z,u) to be an invariant is that

JdF OF
XF =7(l.x, yu]—a—t + (L2, y, u)a
oF or
+U(t, 2y, ”—)—6; +n(t,z,y,4) 5= 0. (1.9)

From the above theorem it follows that every one-parameter group of point trans-
formations (1.1) has three functionally independent invariants, which can be taken

to be the left-hand side of any first integrals
Ji(t,z,y,u) =1, L(t.x,y.u) =c, J3(l.z,y.u)=cs,

of the characteristic equations

dt . dx % dy du
r(t,z,y,u)  E(t.z,y.u)

~ Ytz yu) ~ n(t,z,y,u)

14



Theorem 1.3 Given the infinitesimal transformation (1.5) or its symbol X, the

corresponding one-parameter group G is obtained by solving the Lie equations

dt dz 2
i v (t,Z.9,1u) E_EUJU'”)

TR SR B8 oo o _
ke Y(t,z,7,u), ST n(t,z, g, u) (1.10)

subject to the initial conditions

t| ., FEl._

a=0

1.5 Construction of a symmetry group

Here we describe the algorithm to determine a symmetry group for a given PDE but

first we give some definitions.

1.5.1 Prolongation of point transformations
Consider a third-order PDE
BT 0 0 Uy Uy Wiy Yy Ui Wi i) = 04 (1.11)
where t, r and y are three independent variables and u is a dependent variable. Let
¢] o 0] 3] ]
X=7(l,z.yu)— +€(t,z,y.u)— + ¢({t,z.y,u)— +n(t, r,y, u)—, 1.12
(t2,y w)z +E(t 2,y u)m + Yt 2.y u)dy n(t, ey u)z-, (1.12)

be the infinitesimal generator of the one-parameter group G of transformation (1.1).

The third prolongation of the operator X is denoted by X Pl and is given by

; ] J 0 0
I T P T S NS
+G T + (2 B, 4 szzauuw + Qa3 By ¥



where

G = Di(n) — uDy(r) — us Dy(§) — uy Do (¥),

G2 =" Di(n) = wDa(7) — us Da(€) — uy D (¥),

G2 = Dqo(C2) — e Do(7) — Upe Do (§) — 1y Do (9),
Gz = Dy(G2) — U Dy(7) — uze Dy(§) — uye Dy (),
G2 = Da(Co2) = e Di(T) = taze Do (§) — thyea Do (0),
Gszs = Dy(Ca3) = ey Dy(T) — Uaay Dy(€) — tayy Dy ()

Here, the total derivatives 1;, D, and D, arc given by, respectively

J J d 9] d
D, = +Up— + U +u + Uy — + 1.13
‘ ot 'ou " oy, | You, | “ow il
d d ('3 d
D, = —4u +u +u 1.14
T dl Uy )'Lf. TxT ()u:\: ud zy() ( )
d d 0 d 5‘
A R i - Tl e T 1 L L 1.15
4 ay = Ydu You,  You, owm {115)
Applying the definitions of D, D, and D, given above, we obtain
Cl = Mk + UpThy — WyTy — u?Tu - uxgt == 'utu:x:gu == uy'w!, 5= uyu!w-m (11{))
G = N+ Uy — WTe — UgUyTy — Uy — ui{u =t = Uttt (1.17)
C22 = Mgz + 2”17}':.-:1; i ':u:)rzr?nu T UggTy — WUtTyy — 2utu::;7-;m( ik 2“!.:!:7-.::
_uﬂ(u:c)z’rmd — UpUgy Ty — 2'u£zu.7:7u . uxg:r:.?.‘ N 2(ux)2‘5;ru
_Qu.:c:cga: P (uz)zfuu - 3“1“11511 L s uyw.rx = ng)um¢x11
— Uy — Uy (Uz) Vs — 2y Uty — Ugr Uy, (1.18)
CQ.'_’. = r"r.-‘;isy,r s ”y”xu & Wy Ty i Ug Uy Ty ¥ UgyThe — ut’ra:y — MUy Tey
Ul T — Ui Tay — Willg Uy Ty — Uality T — Uiligy T — BeEry
2
—uxuyéxu o u.?:ygﬁ: == (um) Euy —3 (u:c)zuygnu = zu:-:u:cygu - uywxy
2 /
_‘(uy)z"!{"xu A uyywx = Uyuz%y — Uy (uy) wuu T UpUyy Py
_2u'yu;cyif'i’u T Upa Ty — Uyl Ty — uxz&y e uzzuygu - uzyww (119)

16



C??‘Z = Tlezx _*: 3u:r Nezu + 3(“:: )2 Mruu + Suzzn:m T (u:c)anuu.n + 3uw'ux.rnuu
F Ui — W Tone — WalaToan — SWaTes — 3'”1:(“::)271111:
— B Uy T — gy Tow — gzt Ty — Uy (U ) Tuns — 3"-*::(?-'-3:_)27':;1‘
_Suturuw:ﬂﬂm E Sutz'uz:r Tu — Wlppe Ty — UgUggt Ty — ux&);u:x
_3{u;r)2<s:r:ru = 3Hzx§n = Q(Um)ggzm; — by — 3U1xz£x
_(ux)‘zgarﬂ.u i (ur)afuuu i 2“:“;1:2?613?1 e 3(“;:)2“—:.%5“1: = 3(um:)2£'u
_4”-'3.‘”:127:61; = uyir"r)x.rx i 3uzu'y'¢‘xxu s 3uy(uz)2wmm i 6'u;ruwy¢'ru
—Jy Wizt — Sty iz oy — Sty Wi — ty (1 )3 P — Sw.ry(ur)g'r;bu.,,

_Suzxyu;: Yy — Buzy uz;rwu il uz;ruyuxwuu s uxzxi‘[y'fr&m (120)

s i g Y2 i .
<22.'5 = MNeyy e 2uyn.ry-u. + (uyJ Nzwu + Uy M i Uy Thyyu i 2uz Uy Thyuu i+ 2”'23;7?3;-“
F () Vi + 2 Ty — 1 — iyt
Upl Uy ) Nuuu Uz UyyThiu & Uy Uy T e WayyTha L Toyy Mgty Tpyu
— Qb Ty — e (U ) Tou — UyyUt Tru — 2Uhayty Taw — UiyyTe — UgUsT,
ty ' xy Lty ruu Lyy Ut T ru iy Yy foru tyy 'z s AT
2
_Qu;ru!uyq-yuu = QILgyUgT_w =3 quyutTyu = “t"”:z(uy) Tuny — UyyUzU Tyy
— Uy Ug Uy Ty — 2Upy Uy Ty — 2UgyUgUy Ty — UsUiyyTu — UtUipyy Ty
, 2 :
“'u:‘s.ryy = 2“1”3;63;1;1: =3 2u:y£.ry == u':r(uy) £Iu:1 = u:ruyy‘fxu = 2”'3;”13;5:1:
. 4 2 2, - ’ 2y, 2
_"Lrny:r. 10 (”;r:) E-yyu -y 2(“1‘) ”'y"-_':ywm g {'l“'z”-;cyfy'u L (”';.':) (”‘y) _Emm
2 2 } J
— (g )ty Erre — Uy Uy €y — 2(Ugy) & — 20Uy € — UyWiryy — 20y Wy
A ) 3, B y all s 2.4/
_2uyyd'ry o (Uy) L juyuyy?i’;ru = Uyyy Ve — UgllyWyyn — 2“;::(?-5?;) Wy
{s iy 5] (s T f N Y2 s
“271:uyy1»"’yu — 4?1yu1y7€i‘yu - u-r(uy) Vyuu — suruyuyyu'uu = 3(“@;) Uy Y
—Flgy Uy Wy — Uy ety — S M Wy — Ui Tyy — Bl Ty — Mhpay Ty
2 ’
—(Uy) Upr Tuu — uyyutxfu == guyutzydru . uzzEyy ul 21£yux16yu - 2U'J:J:y£y

_(uy)zumxguu |5 uyyungn . 2uyu:|:1:y£u = uzywyy = Qua‘:yywy' (121)
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1.5.2 Group admitted by a PDE

The operator

X = T(t..r.y,u-)z—t;? + &t z, 9, u]:(% + (L, v, y, u);:% + n(i,x.y,u)% (1.22)
is a point symmetry of the third-order PDE (1.11) if
XB(E)=0 (1.23)
whenever £ = 0. This can also be written as (symmetry condition)
XBU(E)| gy =0, (1.24)

where the symbol |, _, means evaluated on the equation E = 0.

Definition 1.4 Equation (1.24) is called the determining equation of (1.11), because

it determines all the infinitesimal symmetries of (1.11).
The theorem below enables us to construct some solutions of (1.11) from known one.

Theorem 1.4 A symmetry of (1.11) transforms any solution of (1.11) into another

solution of the same equation.

1.6 Lie algebras

Let us consider two operators X, and X, defined by

d J J J
X1 = r,(i..r.y,u)a + & (t.z. y. ”)5; + (L, 2, v, 11)5; +m(t x,y. ”)E

0 a d d
X = mnltaz, y,‘u)a + &(t. z, . 11}55 + Yn(t. z, y, u)a—y + ne(t.x, v, u)a

Definition 1.5 (Commutator) The commutator of X; and X, written as [X;, X5,

is defined h\«' [XI,XQ] = XI(XQ) - = XQ(/\VI).

18



Definition 1.6 (Lie algebra) A Lie algebra is a vector space L of operators with

the following property : For all X;, X, € L, the commutator [X;. X5] € L.

The dimension of a Lie algebra is the dimension of the vector space L.

Theorem 1.5 The set of all solutions of any determining equation forms a Lie

algebra.

1.7 Fundamental operators and their relationship

In this section we briefly present the notation and pertinent results, which we utilize
later in this dissertation.

Consider a kth-order system of PDEs of n independent variables z = (z*, 2%, ..., 2")

1 ,.2

and m dependent variables u = (u',u®,...,u™), viz.,

Eo(z,u,uqy,....um)) =0, a=1,...,m, (1.25)

where gy, ug), . . ., U denote the collections of all first, second. ..., kth-order par-
tial derivatives, that is, uff = D;(u®),uf; = D;Di(u®),..., respectively, with the total

derivative operator with respect to z* given by

& . u D a0 :
D,-=Td.?+uj%+uija—u;+.... E—h AR T (126)

and the summation convention is used whenever appropriate.
The following are known (sce for e.g., [21] and the references therein).
The Euler-Lagrange operator, for each o, is given by

) a d

Su° :au“+;(_l) Ds.--‘f)i,m, == N (1.27)
and the Lie-Backlund operator is
i 6 (4] 6 : S
X—-E%*‘U auu, 5,7} EA, (128)

where A is the space of differeniial functions.

19



The operator (1.28) is an abbreviated form of infinite formal sum

15 15 d
X=£8— LS. &, i )
X =fegtniard Zf Bu L (1.29)

where the additional coefficients are determined uniquely by the prolongation for-

mulae

¢ = Di(W*)+&uj,

& = Dy...Dy(W*)+8ug 1. 8>1, (1.30)

il...f,\
in which W is the Lie characteristic function defined by

We = 9* — £, (1.31)

1

One can write the Lie-Backlundoperator (1.29) in characteristic form as

i o 0 o ad -
X=gD+Wos—+ ; Dy oDy (W) T (1.32)

The Noether operators associated with a Lie-Bicklund symmetry operator X are
given by
)

o k|
s>1 6uii|f3...i5

Ji i sty é o ’
Ni=¢+W 6—H-+ZD,-I...D,-,(M ) =1, 0040, (1.33)

s 3
;
where the Euler-Lagrange operators with respect to derivatives of u” are obtained

from (1.27) by replacing u® by the corresponding derivatives. For example,

) d 0
R R B T . RS0 I NSNSV QAP e B
du®  duf +;( ) D; J‘@?f;}mv__j. : ' 7 =l m. )

and the Euler-Lagrange, Lie-Backlund and Noether operators are connected by the

operator identity

X+ D;(&) =W* ¢

du

+ D;N*. (1.35)

The n-tuple vector 7 = (T*,T%,...,T"), T? € A, j =1,...,n,is a conserved
vector of (1.25) if T" satisfies

Da‘T:|{E,.{:.u.um.....u{k,)=o} =0. (1.36)

The equation (1.36) defines a local conservation law of system (1.25).
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1.8 Variational method for a system and its ad-
joint

The system of adjoint equations to the system of kth-order differential equations

(1.25) is defined by [22]

Bol@u Yoy s Ug) =0, o= 1,00,m, (1.37)
where
A d(v’Ep)
Ex(x,u, v, . Uy, Vi) = ~ e o B= Leem; v=24(%) (1.38)
and v = (v',v%,...,v™) arc new dependent variables.

We recall here the following results as given in Ibragimov [23].

A system of equations (1.25) is said to be self-adjoint if the substitution of v = u

into the system of adjoint equations (1.37) yields the same system (1.25).

Assume the system of equations (1.25) admits the symmetry generator

0 d
X = ?—. o ¥ A‘ -
¢ daxt i u® (L.59)
Then the system of adjoint equations (1.37) admits the operator
, O 7 d :
=1 O o a, 8 x 1
g _£1d__+ n' ﬂ‘i‘ma{;, ne = —[Agv” +v*D;(€)], (1.40)

where the operator (1.40) is an extension of (1.39) to the variable v® and the A§ are
obtainable from

X(Ea) = XE;. (1.41)

Theorem 3.1. We now state the new conservation theorem due to Ibragimov [23].
Every Lie point, Lie-Bécklund and non local symmetry (1.39) admitted by the system
of equations (1.25) gives rise tc a conservation law for the system consisting of the
equation (1.25) and the adjoint equation (1.37), where the components T* of the
conserved vector T = (T, ...,T") are determined by

T =¢L+ wa— ¥ ZDH ...Dg—,,(i-tm)-—‘i‘(‘—
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with Lagrangian given by
L=v"Ea(z,u,...,up). (1.43)

Remark: If we consider the differentiation of L up to third-order derivative only then

the equation (1.42) can be written as

e S ed 25 L G EEN ey | PR

ij ijk

oL oL oL
+1J_,-(u-"'){ (auc.=) - Dy (?L) } + D;D(W?) (au@.*) . (144)
1] 1k 1k

1.9 Conclusion

In this chapter we presented a brief introduction to the Lie group analysis of PDEs
and gave some results which will be used throughout this project. We also gave the
algorithm to determine the Lie point symmetries of PDEs. The fundamental oper-
ators and their relationship for the conservation laws are given, also the variational

method for a system and its adjoint.
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Chapter 2

Symmetries and Conservation laws
of KdV-Burgers equation:

Illustrative example

In this chapter we consider the Korteweg-de Vries-Burgers equation
Uy + kv, — attgy + by, = 0, (2.1)

where £, a and b are arbitrary constant. Equation (2.1) was constructed when
electron inertia effects in the description of weak nonlinear plasma waves where
included. In one hand, when the parameter a = 0 equation (2.1) will be the KdV
equation. The KdV equation has been focus considerable recent studies for finding

exact solution in [24-26] as well as numerical solution in [27-29].

Recently, exact solutions of equation (2.1) were obtained in [30] by using Exp-function
method.

In this chapter we use Lie symmetry analysis to obtain the exact solutions of equation
(2.1). Also, we apply the new conservation theorem [23] to calculate the conservation

laws of equation (2.1).
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2.1 Lie point symmetries of the KdV-Burgers equa-

tion

In this section we first determine the Lie point symmetries of (2.1) and then use

them to construct some exact solutions.

A Lie point symmetry of a differential equation is an invertible transformation of the
dependent and independent variables that leaves the equation unchanged. Determin-
ing all the symmetries of a differential equation is a formidable task. However, the
Norwegian mathematician Sophus Lie (1842-1899) realized that if we restrict ourself
to symmetries that depend continuously on a small parameter and that form a group
(continuous one-parameter group of transformations), one can linearize the symme-
try conditions and end up with an algorithm for calculating continuous symmetries.
The symmetry group of KdV-Burgers equation (2.1) will be generated by the vector
field of the form

X = T(t,x,u)—,(%+£(t,x,tz)§;+n(t,.r,u)5%. (2.2)
Applying the third prolongation to (2.1) yields the following over determined system

of linear PDEs:

T, =10 (2.3)

T (2.4)

£ =1, (2.5)

N = (2.6)

3¢, — =10, (2.7)

e+ kung — @z + gz = 0, (2.8)

—aT+ 2a€, + 3bny, — 3bE,. = 0, (2.9)

kury — & — ku€y — 200,y + a&zp + kN + 30Mzey — bEzzz = 0. (2.10)
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Equations (2.3) and (2.4) imply that
T = A(t).
Equation (2.5) impli;:s that
£= Bt
Equation (2.6) gives
n=C(tz)u+ D(L,z).
Substituting the above values of £ and 7 in (2.7), we obtain
K= %A’(r)x + E(t).
Now substituting the results of £, n and 7 in (2.9), we get
O(t,z) = %A’(t):r + F(t)
which give us
n= %A’(t)z;u +uF(t) + D(t, z)

and inserting the above value of 5 in (2.8), we obtain

wlak

EA”({:).I??: +uF'(t) + D, + 9%

9b

Separating (2.17) with respect to u, we obtain
u? : At) =0,
i 1 kD=0,
u’ o Dy —aDgy + bDypr = 0.
This implies that
T =10,

n=uF(t) + D(t, z),
& =E(t).

A'(t) +ukD, —aD,, +bD,pp = 0.

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)
(2.19)
(2.20)

(2.21)
(2.22)
(2.23)



Now substituting the new results of £, n and 7 in (2.10), we get
—E'(L) + kuF (1) + kD(L,z) =0 (2.24)
and splitting (2.24) with respect to u, we have

% ¢ F{ty=0, (2.25)
® B L EDE ) =0 (2.26)

Substituting (2.25) into (2.19), we obtain D, ({,x) = 0. This gives
5.5} =Gl (2.27)

and substituting (2.27) into (2.20), we get G'(#) = 0. This implies that G(1) = ¢,

where ¢y is an arbitrary constant and so D(t,z) = ¢,. Hence
n=c. (2.28)

Then equation (2.26) gives E'(t) = cok, which implics that E(t) = cokt + ¢3, where

cy is an arbitrary constant. Thus we obtain the value of £ as

5 - Cgkt -+ C3. (229)
Thus
T =oci, (2.30)
£ = &kt + cs, (2.31)
=1 (2.32)

and so the infinitesimal symmetries of the KdV-Burgers equation are

Xl = .;jtl
Xy = k848,
X3 = a:r

We note that X is the time translation symmetry, X, is a galilean boost and Xj is

the space translation symmetry.
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2.2 Exact group-invariant solutions for KdV-Burgers

equation

We now construct group-invariant solutions under the symmetry operators of the

KdV-Burgers equation. We start with the operator X,

Case 1.

Let us calculate the invariant solution under the operator X, namely

X1 =20, (2.33)
Let
aJ ] a.J
XiJ=—+0—+0—=0.
o di . 033.‘ A u /
The characteristic equations are
di —dr du
L™

which gives us two invariants .J; = r and J5 = u. Thus the invariant solution is given

by Jo = f(.J1), i.e,
u= f(x). (2.34)
Differentiating (2.34), and substituting the results in (2.2) we get
bf" —af +kff =0. (2.35)
Integration of (2.35) gives
" ’ k‘ 2 ~y P N
llJf = ﬂ-f + §f = o (11 = O, (2‘36)

where ] is an arbitrary constant on integration.

Case 2.

Let us now calculate the invariant solution under the operator X», namely

X, = ktd, + B, (2.37)
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Let

aJ oJ adJ

Xod = + kt— + — .
S R e
The characteristic equations are
di _dz_du
g ke 1

We obtain .J; = ¢ as one invariant. Solving

dr  du
kt 1
gives us the second invariant as J; = u — 5. Thus the invariant solution is given by
')'2 = f(Jl). i‘C,
L) (2.38)
U= — " :
kt

Differentiating (2.38), and substituting the results in (2.2) we get

4 f
- +5=0 (2.39)
Solving for f, we obtain
&4
I =7 (2.40)

where C' is an arbitrary constant and hence the invariant solution of (2.2) is

T+ kC

fult.x) = T

(2.41)

Case 3.

The symmetry X3 leads to the group-invariant solution J, = f(.J;), where J; = ¢

and J; = u. Substitution of this solution into the equation (2.2) gives the solution
wik ) =0, (2.42)
where C' is an arbitrary constant.

Case 4.
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Finally, we construct the invariant solutions under a lincar combination of the sym-

metry operators X; and X3, namely,
X =00, + (0 + kt)0, + 0,, (2.43)

where 4 is an arbitrary constant. Let
aJ aJ aJ
XJ=0—+@+kl)—+——=0
ot G s )i'h? 5 ou

The characteristic equations are

di dr du

0 (@+kt) 1°
We obtain J; = { as one invariant. Solving
de  du
o+kt 1

gives us the second invariant as Jo, = x — (8 + kt)u. Thus the invariant solution is
given by Jo = f(J,), i.e,

i 1 1

= - l). 2.44
el o =S e v L Wy
Differentiating (2.44), and substituting the results in (2.2) we get
df
= = >
= 0. (2.45)
Solving for f. we obtain
i) =0Cy, (2.46)

where Cy is an arbitrary constant and hence the invariant solution of (2.2) is

. "y
.1.—(..1

e e

(2.47)

2.3 Construction of conservation laws for KdV-

Burgers equation
In this section we construct the conservation laws of the Korteweg-de Vries-Burgers

equation

Uy + kuuy — QUy, + bz, =0 (2.48)

29



using the new conservation theorem due to Ibragimov [23].

The cquation (2.48) admits the following Lie point symmetry generators

X]. = afr
X‘z = kta_'r+ 61'_.[1
X3 = 6I

The adjoint equation of (2.48), by invoking (1.38), is
' J
L ({‘ Ly thy Vs vy Uggps U.r:r;r) = o‘_[‘f"(ut + kuu, — g, + bu:w:;r)] =0, (219)
u
where v = (¢, z) is a new dependent variable and (2.49) gives
v + kuv, + avey + bvg, = 0. (2.50)

It is obvious from the adjoint equation (2.50) that equation (2.48) is not seclf-adjoint.
By recalling (1.43), we get the following Lagrangian for the system of equations
(2.48) and (2.50):

L =uv(u + kuu, — augy + btiyrr) . (2.51)
(1) We first consider the Lie point symunetry generator X; = @;. It can be verified
from (1.40) that the operator Y; is the same as X; and hence the Lie characteristic
function is W = —wu,. Thus by using (1.44), the components 7%, ¢ = 1,2, of the
conserved vector T = (T, T?) are given by
T = (kuug — 0Uzz + bliges )V,

T? = (awy = kuy — buye,)v + (buy, — auy ) v, — buyv,,.

Remark: The conserved vector T contains the arbitrary solution v of the adjoint

equation (2.50) and hence gives an infinite number of conservation laws.

The same remark applies to all the following cases where we use the new conservation

theorem.

(ii) Now for the symmetry generator X, = ktd, + 0,, we have W = 1 — kt u,.

Hence, by invoking (1.44), the symmetry generator X, gives rise to the following
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components of the conserved vector

" = {(I=kiw)o,

T? = (ktu, + ku)v+ (@ — kat ugy + kbt ugz)v, — kbtu,v,,.

(iii) Finally, we consider the Lie symmetry generator X3 = d, has the Lic character-
istic function W = —u,. Hence using (1.44), one can obtain the conserved vector T

whose components are given by

TV = =wyw,

T? = ww+ (bugy — aug)v, — bugvg,.

Verification for the first conserved vectors that we obtained from symmetry X;.

DT* = DT+ D, T?
d d a d
DTt = [ = 4 Yy - Mg F g -+ ve | | Kl — it iy,
i (8& + Uy o + Uty o + Uy 9, + ) (.‘i'ort,t'mF U, + b u”I)

(6 d
F = F U + U

4o avtly, — ATU'UUI =2 bulx.rv
dr du

7 bE oy
i, T Oy
+bu v, — auv, — b-u,vw)

= kuu, vy + kugu, v + kuvily, — Uy, — QUULpy + bUULp0y + DU,

F VU QOUppr — KO — RV — DU 0y — DUMpre — QUL

— AU Uy + DU Uy + DU Uy — Dl Vpe — DUV = 0

on equations (2.48) and (2.50). Likewise, it can be verified that the other two con-
served vectors, which we derived above, satisfy the equation D;7" = 0 whenever

equations (2.48) and (2.50) are satisfied.

2.4 Conclusion

In this chapter we studied the KdV-Burgers equation using the Lie symmetry group

method. Firstly, we derived the Lie point symmetries of the KdV-Burgers equation
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and then used them to obtain the group-invariant solutions. Secondly, we employed
the new conservation theorem to construct the conservation laws of the KdV-Burgers

equation.
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Chapter 3

Symmetry reductions and exact
solutions of a variable coefficient
(24-1)-dimensional

Zakharov-Kuznetsov equation

In this chapter we consider three special cases of the generalized (24 1)-dimensional

Zakharov-Kuznetsov equation of time dependent variable coefficients
g + [y + gt)Uper + h(t)1gy,, =0. (3.1)

We classify the Lie point symmetry generators to obtain the optimal system of one-
dimensional subalgebras of the Lie symmetry algebras. These subalgebras are then
used to construct a number of symmetry reductions and exact group-invariant solu-

tions.
Part of this work has been aceepted for publication in [31].

Lie point symmetries and symmetry reductions
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31 (i) =1, glt) =yt and h(t) = by/t, where ay and

by are arbitrary constants

3.1.1 Lie point symmetries
Therefore, the equation that is going to be studied in this section takes the form

b
Uy + U, + 3 iy S s y Uzyy = 0. (3.2)

The symmetry group of ZK equation (3.2) will be generated by vector field of the

form

¢ )
X = T(f.‘:r,y,n) ’ +&(t,x y,'r.') + W(t, x, y‘");}% +n(t, z t}"”)(;" (3.3)

0

Applying the third prolongation to (3.2) yields the following over determined system
of lincar PDEs:
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ax
Tzu

Thuu

2Myu — Yy

-1/ 7 +1/tm, — 3/tE,

’?+Ttu'_££_§xu+b(}/tnyyu

m + Ne U+ G‘D/tnzzx & bl}ﬁ wa
—1/t* 7+ 1/t — 1/t & — 2/t

-

- = S~ - U —

L

-

-

e -

= I~ R - N — S —~ N

=

Solving the determining equations (3.4)-(3.19) for 7,£,¢ and 7, we obtain the fol-

lowing symmetry group generators given by

X1
X2
X3
X4

Bs

dy,

t 0y + Oy,
1O, —ud,.
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3.1.2 Symmetry reductions and exact group-invariant solu-

tions of the equation (3.2)

Here we first construct the optimal system of one-dimensional subalgebras of the Lie
algebra admitted by the equation (3.2). The classification of the one-dimensional
subalgebras are then used to reduce the equation (3.2) into a PDE having two in-
dependent variables. Then we also study the symmetry properties of the reduced
PDE to derive further symmetry reductions and exact group-invariant solutions for

the underlying equation.

The results on the classification of the Lie point symmetries of the equation (3.2)
arc summarized by the Tables 1, 2 and 3. The commutator table of the Lic point
symmetries of the equation (3.2) and the adjoint representations of the symmetry
group of (3.2) on its Lie algebra are given in Table 1 and Table 2, respectively. The
Table 1 and Table 2 are used to construct the optimal system of one-dimensional
subalgebras for equation (3.2) which is given in Table 3 (for more details of the

approach sce [6] and the references therein).

Table 1. Commutator table of the Lie algebra of equation (3.2)

X1 X Xz Xy

X ¢ 0 Q @
Xa G ] 0 0
Xs b 0 0 -Xa
Xs 0 0 X3 0

Table 2. Adjoint table of the Lie algebra of equation (3.2)

Ad Xh X3 X; Xy
X, Xy X X; X,
Xa X1 X2 X3 X
Xy X1 X2 X3 Xi+eXs
Xy X1 Xo e7'X; X

Table 3. Subalgebre, group-invariant solutions of (3.2)
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N X a B Group — invariant solution

1 Xag+AX +pXe z-Alnt y—plnt U= %h(a,ﬁ)

2 Xp+vX, t =y u= h(wx, 3)

3 Xs+eXy t y u=“—j,‘_7j+h{a,ﬁ)
4 Xz+0Xo+eX; dx — (L+¢)y u= g + hla, B)
5 X t y u = h(a, 3)

Here e = 0,41, § = +1 and A, and v are arbitrary constants.
Case 1.1 In this case, the group-invariant solution corresponding to the symmetry
generator Xy + AX; + pX; reduces the equation (3.2) to the PDE
Aha + pthsg — hhy + h — ag haaa — by hags = 0. (3.21)
Now the equation (3.21) admits the following symmetry generators given by
X, =8y, Xa=0s (3.22)
(a) The group-invariant solution corresponding to X; is h = H(8), the substitu-

tion of this solution into the equation (3.21) and solving we obtain a solution

u(t,z,y) = Ce ¥* for (3.2), here C is a constant.

(b) The generator X, + pX,, where p is a constant, leads to the group-invariant
solution h = H (B — pa). Substitution of this solution into the equation (3.21)

gives rise to the ordinary differential equation (ODE)
(pPag+ pbo)H +pHH + (u—Mp)H + H = 0. (3.23)
Case 1.2 The group-invariant solution arising from X, + vX; where v is a constant,

reduces the equation (3.2) to the PDE

2
h“+mw+gﬂ%§il

h'.dﬁﬁ — 0 (324)
The equation (3.24) admits the following three Lie point symmetry generators

Xl = 65, Xg =ﬂ:8§+6},. X3 =-—a3ﬂ+h6h. (325)

The optimal system of one-dimensional subalgebras are X3 + ¢X;, Xy + dX,, X},

where c is an arbitrary real constant and d = 0, £1.
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(a) The group-invariant solution corresponding to X3 + ¢X; where ¢ is a constant,

s h= ﬁH(_B + ¢ Ina), the substitution of this solution into the equation (3.24)

results in the following ODE

(ag+bov)H" + HH + agH — H = 0.

(3.26)

(b) The generater X, + dX; where d is a constant, leads to the group-invariant

solution h = ‘Ji’d + H(a). Substitution of this solution into the equation (3.24)

gives the solution
z—vy+C

U(t,.’b‘,y) = (i-{—d) )

where C' is a constant.

(3.27)

(c) The symmetry generator X, gives the trivial solution u(t, z,y) = C, where C

is a constant.

Case 1.3 The group-invariant solution that corresponds to X3 + €X; where € is a

constant, reduces the equation (3.2) to the PDE

h
o+ €

he + ==}

Hence the solution of the equation (3.2) is given by

x+ Hy)

u(t, &, y) = +o

where H(y) is an arbitrary function of its argument,

(3.28)

(3.29)

Case 1.4 The invariant solution that corresponds to X3 + 0 X5 + €X; where 4 and ¢

are constants, reduces the equation (3.2) to the PDE

h 5 bed(a 2
he + hs + dhhg + g, |:a{] Vi L }

(o +€) (a+¢€) o

(a) Fore=0.
In this case, the PDE (3.30) becomes

3
ha + p hs + dhhg + 5 + (Eci + by 50:) hggs = 0.
o o o
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The equation (3.31) admits the Lie algebra spanned by the following symmetry
generators

/\’] =ﬂ'85, ngrii)g, = ]./(YH;.. (332)

(i) The group-invariant solution corresponding to X is h = H(«), the sub-

stitution of this solution into the equation (3.31) and solving we obtain

the solution u(t,z.y) = €, where C' is a constant.

(ii) The group-invariant solution corresponding to X; + wX; where w is a
constant. is h = —f3/a(wa + §) + H(a), the substitution of this solution

into the equation (3.31) and solving we obtain the solution

we 4y +C

W ==

where ' is a constant.

(b) For ¢ # 0, the PDE (3.30) admits the following symmetry generators

*\’l :5('3,4 - 1/(ﬂ'+€)ah, ng 26(}'3_5—5“(/({}4‘()6;1. (3:3;3’)
(i) The group-invariant solution corresponding to Xy is h = —8/d (o + ¢) +

H{(e), the substitution of this solution into the equation (3.30) and solv-

ing we obtain the solution u(t, x,y) = ¥ + C', where (' is a constant.

(ii) The X9 + wX; where w is a constant, give us the invariant solution as
h = (e —w)B/0(ex + w)(a + ¢) + H(a), the substitution of this solution
into the equation (3.30) and solving we obtain the solution

br —(e—wy+C
ot +w)

u(t,z.y) =

where (" is a constant.

Case 1.5 The Xj-invariant solution reduces the equation (3.2) to h, = 0. Hence
the solution of the equation (3.2) is given by u(f.z,y) = H(y), where H(y) is an

arbitrary function of its argument.
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3.2 f(t)=t, g(t) =a/t and h(t) = bt’, where a and b

are arbitrary constants

3.2.1 Lie point symmetries
Then, equation that is going to be studied in this section takes the form
a 3 q
Uy + Lty + 7 ase + bt uzyy = 0. (3.34)

The symumetry group of ZK equation (3.34) will then be generated by the vector field

of the form

ad d d d
X = by Ly 1Y, - t,.,‘. 3 e }i,.,’,' i R 1 T e 3.35
s y_u)m +Etzy u)():r: +9lhz.y u)(}y + 1t 2,y u)r)r.’. (3:39

Applying the third prolongation to (3.34) yields the following over determined system

of linear PDEs:



ey = L (3.36)

Te = 4, (3.37)

& = 0, (3.38)

Yu = 0, (3.39)

r, = 0, (3.40)

Y =0, (3.41)

& = 0, (3.42)

¥ = 0, (3.43)

T = 0, (3.44)

€2 = 0, (3.45)

e = 0 (3.46)

My — Py = O, (3.47)
%?r‘%fzﬁtgr = 0, (3.48)
m-i-%nm-kbc“nmﬂum = 0 (3.49)
btPr, — bt’€, — 2bt®y, + 3bt*r = 0, (3.50)
tu*rt—£¢+tr}-£u§x+u‘r+bt3nwﬁ = g (3.51)

Solving the determining equations (3.36)-(3.51) for 7.£, ¢ and 7, we obtain the fol-

lowing symmetry group generators given by

X1 = O

Xy = @

X, = 120, +20,,

Xy = —to,— 2y0dy + 2ud,. (3.52)
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3.2.2 Symmetry reductions and exact group-invariant solu-

tions of the equation (3.34)

Here we first construct the optimal system of one-dimensional subalgebras of the Lie
algebra admitted by the equation (3.34). The classification of the one-dimensional
subalgebras are then used to reduce the equation (3.34) into a PDE having two
independent variables. Then we also study the symmetry properties of the reduced
PDE to derive further symmetry reductions and exact group-invariant solutions for

the underlying equation.

The results on the classification of the Lie point symmetries of the equation (3.34)
are summarized by the Tables 1, 2 and 3. The commutator table of the Lie point
symmetries of the equation (3.34) and the adjoint representations of the symmetry
group of (3.34) on its Lie algebra are given in Table 1 and Table 2, respectively. The
Table 1 and Table 2 are used to construct the optimal system of one-dimensional

subalgebras for equation (3.34) which is given in Table 3

Table 1. Commutator table of the Lie algebra of equation (3.34)

X, Xo X3 Xy

Xy 0 0 0 0
Xo 0 0 0 0
X; O 0 0 2X;
Xy 0 0 2X3 0

Table 2. Adjoint table of the Lie algebra of equation (3.34)

Ad X, X, X, X,
X1 X1 Xy Xs Xa
X Xy Xo Xy X
Xa X1 Xo X3 X4 —2eX3
X Xy X 22Xy Xy

Table 3. Subalgebra, group-invariant solutions of (3.34)
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N X ot B Group — invariant solution

(i |

i X t Y u = h(a, B)

2 Xo+pX, t x—py u=h(a,ps)

i Xx ° t Y. u = -Ei’- — Hh(e. B)

4 X x £ u= Fh(a,B)
Fh(a, B)

pX1+puXo+ Xy x+plnt P—jéﬂ u

Case 2.1 The X-invariant solution reduces the equation (3.34) to h, = 0. Hence
the solution of the equation (3.34) is given by u(t, z.y) = H(y), where H(y) is an

arbitrary function of its argument.

Case 2.2 In this case, the group-invariant solution corresponding to the symmetry
generator Xy + puX; where p is just a constant reduces the equation (3.34) to the
PDE

ha + ahhg + [g- + ba3,u,2} hgss = 0. (3.53)

Now the equation (3.53) admits the following symmetry generators given by

Xi=03 X5 =003+ 20, (3.54)

(a) The symmetry generator X gives the trivial solution u(t. z,y) = C, where C'

is a constant.

(b) The generator X, leads to the group-invariant solution h = ﬁ% — S H(a).

Substitution of this solution into the equation (3.53) gives the solution

2t — 2yp - C

u(t,z,y) = 3 ;

(3.55)
where C is a constant.

(c) The group-invariant solution corresponding to X, + pX; where p is a constant,

248
p+a?

is h = + H(a), the substitution of this solution into the equation (3.53)

and solving we obtain the solution

2 = 2py — C
p+ 12

u(t, z,y) =

where C is a constant.
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Case 2.3 The Xj-invariant solution reduces the equation (3.34) to A, = 0. Hence

the solution of the equation (3.34) is given by

2z — H(y .
u(t,z,y) = T T ) (3.56)
where H(y) is an arbitrary function of its argument.
Case 2.4 The X -invariant solution reduces the equation (3.34) to the PDE
—2h + 2Bhs + hhy + @hoaa + bB3has + b8 hass = 0. (3.57)

The equation (3.57) admits the Lie algebra spanned by the following symmetry

generator

The generator X leads to the group-invariant solution A = f(8). Substitution of
this solution into the equation (3.57) gives the solution
C E
u(t.z,y) = —. (3.59)
Y
where ¢ is a constant.
Case 2.5 In this case, the group-invariant solution corresponding to the symmetry
generator p X, + uXs + X, where p and p are just a constants reduces the equation

(3.34) to the PDE
—2h + pha — 2Bhg + hhe + ahaa + 4bhass = 0. (3.60)

The equation (3.60) admits the Lie algebra spanned by the following symmetry
gencrator

X] =— ao,. (3(]1)

The symmetry generator X leads to the group-invariant solution h = f(3). Substi-

tution of this solution into the equation (3.60) gives the solution

u(t,z,y) = (3.62)

p—2y

where ¢ is a constant,
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3.3 fit)=u, glt)=b and h(t) = k(t — d)?, where a, b

and k are arbitrary constants

3.3.1 Lie point symmetries
Therefore, we study the equation
wy + autly + bz, + k(L — d)guxw = (3.63)

The symmetry group of ZK equation (3.63) will then be generated by the vector field

of the form

%) d d d .
== Ly YU Yy i R p s Ly Y, T t--u . oy .0
K SThTH u)f).-’, +elhmyiy) dx + 92y u)()y +lt. 2,y u)r)'u. (=54)

Applying the third prolongation to (3.63) yields the following over determined system
of linear PDEs:
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. = 0, (3.65

)
T = 0, (3.66)
Eu = 0 (36?)

)

A, = 1. (3.68

7w = 0 (3.69)

Y. = 10, (3.70)

G =0 )

v = 0, (3.72)

New = 0, (3.73)

Lo = 0, (3.74)

s = 0, (3.75)

br, —3b€, = 0, (3.76)

e —Wgy = B, (3.77)

e+ gz + K(t — d)?1)yy + aun, = 0. (3.78)
aut, — & + an — auf, + k(t — d)znwu == (3.79)
k(t — d)*m — k(t — d)2€, — 2k(t — d)*, +2k(t —d)T = 0. (3.80)

Solving the determining equations (3.65)-(3.80) for 7.€, % and 7, we obtain the fol-

lowing symmetry group generators given by

X; = r')y.
1Y2 - BI.
Xz = atd,+ 0, (3.81)
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3.3.2 Symmetry reductions and exact group-invariant solu-

tions of the equation (3.63)

We now construct group-invariant solutions under the symmetry operators of the ZK

equation (3.63). The group-invariant solutions are illustrated by the following table.

Table 1. Group-invariant solutions of (3.63)

N X o 8 Group — invariant solution
1 X t u = h(e, 8)

2 Xi+pXs t z—py u = hlo, 8)

3 X3 £ 3 u= =+ hla. 3)

4 puX +0Xo4+ Xy t pr—(d4at)y u:;‘f+r{h(o,;3)

Case 3.1. The Xs-invariant solution reduces the equation (3.63) to h, = 0. Hence
the solution of the equation (3.63) is given by u(l, z,y) = I (y), where I/(y) is an
arbitrary function of its argument.
Case 3.2. In this case, the group-invariant solution corresponding to the symmetry
generator X + pXy where p is just a constant reduces the equation (3.63) to the
PDE

ha + ahhg + [b+ kp*(a — d)*|hgss = 0. (3.82)

Now the equation (3.82) admits the following symmetry generators given by

/\’1 = ()3 Xy = aadz + 0. (-383}

(a) The symmetry gencrator X; gives the trivial solution u(t. z,y) = C, where C'

is a constant.

o g 8
(b) The generator X3 leads to the group-invariant solution h = — — ;f;!!(cr).
Substitution of this solution into the equation (3.82) gives the solution
r—py—C

) = ——— (3.84)

where C is a constant.



(¢) The group-invariant solution corresponding to X + X2 where r is a constant,
8

is h = r+an

+ H(«), the substitution of this solution into the equation (3.82)
and solving we obtain the solution

zr—py+C

by ==

where C is a constant.

Case 3.3. The group-invariant solution that corresponds to X3 reduces the equation

(3.63) to the PDE

/
Ky o = = 0 (3.85)
a
Hence the solution of the equation (3.63) is given by
C‘
u(t,z,y) = 2 :tﬂ ] (3.86)

where (' is a constant.

Case 3.4. The pX, + 60X, + Xy-invariant solution reduces the equation (3.63) to
the PDE
ho + ahhs + |bp® + k(e — d)*(0 + aa)?| hgzs = 0. (3.87)

The equation (3.87) admits the Lic algebra spanned by the following symmetry
generators

Xl = 8;3, /Y*)_ = aa-c'),-; -+ E)h. (388)

(a) The X;-invariant solution reduces the equation (3.87) to h, = 0. Hence the

solution of the equation (3.63) is given by
1
u(t,z,y) = ;[y +C1,

where (7 1s a constant.

(b) The symmetry generator X, leads to the group-invariant solution h = 2= is

ey

the group invariant. Substitution of this solution into the equation (3.82) gives

the solution

_px—=90y-C

u(t.z,y) (3.89)

pat

where C' is a constant.
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3.4 Concluding remarks

In this chapter we studied the generalized (2+1)-dimensional ZK equation with time
dependent variable coefficients using the Lie symmetry group method. We derived
the Lie point symmetry generators of three special form of the underlying class of
equations. The Lie symmetry classification with respect to the special form of the
time dependent variable coeflicients equation was presented. We used this classifica-
tion of optimal system of one-dimensional subalgebras of the Lie symmetry algebras
to construct symmetry reductions and exact group-invariant solutions for the special

forms of the equations.
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Chapter 4

Conservation laws of a variable
coefficient (2+41)-dimensional

Zakharov-Kuznetsov equation

In this chapter, we study the conservation laws for some special cases of the gener-

alized (2+1)-dimensional Zakharov-Kuznetsov equation
wy + f(D)uug + glt)Uyre + h(t)uzyy =0, (4.1)

of time dependent variable coefficients. Here f(t), g(t) and h(t) are arbitrary smooth
functions of the variable ¢ and f, g and h # 0. We consider the three cases for the

functions of f, g and A, namecly

Case 1. f(t) =1, g(t) = ap/t and h(t) = by/t where ap and by are constants,
Case 2. f(t) =t, g(t) = a/t and h(t) = bt* where a and b are constants,

Case 3. f(t) = a, g(t) = b and h(t) = k(t — d)? where a, b and d arc constants.
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4.1 f(t) =1, g(t) = ag/t and h(t) = by/t where ay and

by are constants.

In this section equation (4.1) takes the form

bn

1
1y + ity + To”""“ + iy = 0. (4.2)

As seen in Chapter 3, the equation (4.2) admits the following Lie point symmetry

generators
Xl = a..f.‘
X, = 0,
X:; - |’ (:9_]: + fi)“.
Xy = 15 —ud,. (4.3)

The adjoint equation of (4.2), by invoking (1.38), is
E‘("? LY U Uy Uy Uiyyy Uprrs U.ryy) o
D e et B 5 By | = (4.4)
— |u(w + uty + —Uppr + —Uyyy) | =0, 4.4
Sul t g v
where v = v(f, 2, y) is a new dependent variable and (4.4) gives
zyy = 0. (4.5)

) {}u
v + uv, + TUJ_-J,.I + _i_”

It is obvious from the adjoint equation (4.5) that equation (4.2) is a self-adjoint.
By recalling (1.43), we get the following third order Lagrangian for the system of

equations (4.2) and (4.5):

y a b
L = v(uy + uu, + Tuum.y - —Fuxw). (4.6)

By reducing this third-order Lagrangian to second-order Lagrangian, we obtain

Ay by
L = vuy, + vuu, — Tvxum - Tvxuyy‘ (4.7)

(i) We first consider the Lie point symmetry generator

Xl — E);z:'



It can be verified from (1.40) that the operator Y] is the same as X; and hence this
will give us two Lie characteristic functions W' = —u, and W? = —uv,. Thus by
using (1.44) and the second order Lagrangian, the components 7", i = 1.2, 3, of the

conserved vector T = (T, T2, T?) are given by

™ = —pu,,
] ({1
2 . 0 0
T = vy — Tuxvn + Tvrun,
b b
4 0 0
12 = wauxy 1 Tuxvzy.

Remark: The conserved vector T contains the arbitrary solution v of the adjoint

equation (4.5) and hence gives an infinite number of conservation laws.

The same remark applies to all the following cases where we use the conservation

theorem.

(i1) Now for the symmetry generator
X? = ayu

we have W = —u,, and W? = —u,. Hence, by invoking (1.44) and the sccond order
Lagrangian, the symmetry generator X, gives rise to the following components of

the conserved vector

1 —_ 1
T = —wu,,
ap 2] bo ap
T? = —vul, — Tuytu - Tvyuu - Ti-yuw - Tlvru,y,
’ a b
3 ). . 0 )
T° = vwy + vuu, — Tvzuu — Tuyu,y.

(iii) The symmetry generator
X3 = ‘t({).x +

has the Lie characteristic functions W' = 1 — tu, and W? = v — tvu,. Hence using

(1.44) and the second order Lagrangian, one can obtain the conserved vector T' whose
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components are given by

' = v-tou,
. 0
T = tvuy + vu + Tl’“_- — QoUzVzz + ApUsUgs,
b
3 0
e T’uzy — bottzvyy + bovytyy.

(iv) Finally, we consider the Lie point symmetry generator
X-’l = f(?i - uﬁu.

From (1.41), it can easily be shown that

iy by ag by
Xa | wy + vy + Tum,, - Tu”” = —2 | uy + uu, + Tuﬂr =) Tury_,, ]

hence we get A = —2. Since D;(£') = 1, from (3.31) we obtain 7, = v. Therefore the
extending operator (3.31) of X is,

Y=t —ud,+vd,. (4.8)

It can be verified that the system of equations (4.2) and (4.5) admit the symmetry
generator Y;. Now the symmetry generator X has the Lie characteristic functions
W! = —u — tu, and W2 = v — tv,. Hence using (1.44) and the second-order La-
grangian, we obtain the following components of the conserved vector T

T' = tvuu, — GgUetiyy — bov,uy, — vu,

T = —pu®- (—?—uvﬂ — tvuy, — agl vy, — E;Qlfum

0 I
_T'”“uy + agUttee + bovyity, + —t—-vzua. + AUy,

] b
. N a.., Do
T = —Tu:.ru — bougvsy + Tuva + bovuyy.

One can easily verify, like we did in section 2.3, that the conserved vectors which we
derived above satisfy the equation D;T" = 0 whenever equations (4.2) and (4.5) are

satisfied.
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4.2 f(t)=t, g(t) = a/t and h(t) = bt> where a and b

are constants.

In this section equation (4.1) becomes

a P
w + tun, + T llzzz - bt‘iuzw == (); (4.9)

The equation (4.9) admits the four Lie point symmetry generators (sce Chapter 3)

Xi = B,
A’z — 811

X;j = t23x+26u,
Xy = —t0, —2y0, + 2ud,.

The adjoint equation of (1.25), by invoking (1.38), is

o i 4 —_—
E (L @, 90,0, g Ugyyy Vg Vaoyy) =

8 a
77 vy + tuw, + ?u,_” - b£3uwy) =1, (1.10)
where v = v(t. x. y) is a new dependent variable and (4.10) gives
(13 3 ;
v + tuv, + ?U,:” + bt vz, = 0. (4.11)

From equations (4.9) and (4.11). we sce that equation (4.9) is a self-adjoint.

By using (1.43), the third-order Lagrangian for the system of equations (4.9) and
(4.11) is given by

= a ;
L = v(u, + tuu, + l—u“_r - bf"u,w}. (4.12)
which can be reduced to a second-order Lagrangian,

a ’
[, = vu, + lvuu, — Iv_,_.un - bt":_sxuyy. (4.13)

(i) Consider the Lie point symmetry generator

X[ = c'?y.
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From (1.40) we note that the operator Y7 is the same as X; and hence this will give
us two Lie characteristic functions W' = —u, and W? = —v,. Thus by using (1.44)
and the second order Lagrangian, the components 7%, i = 1,2, 3, of the conserved

vector T' = (T, T?%,T?) are given by

¥ oo =
™ = =—uuy,,
; a a a
2 3
T® = =tuvy,— T UyVaa - 7 Vyllz + bt uy, v, + ~ Vallay,
g o a .
T3 = wvuy + tuvi, — 7 Vatlaz = b!.‘j-uy-vzy.

(ii) For the symmetry generator
X? - a:r.-

we have W' = —u, and W? = —u,. Hence, using (1.44) and the second-order
Lagrangian, the symmetry generator X, gives rise to the conserved vector T' =

(T, T?,T3) where TY, T? and T* are given by

T = —wvuy,
a a
"2 ay i
1 = vy — Tur:-‘rx o Il'.ruxr‘
3 = S G
T° = bl gy — b uzv,.

(iii) The symmetry gencrator
/Y"; - £'2 31- + 231“

gives W! = 2 — t?u, and W? = —t*v,. By using (1.44) and the sccond-order La-
grangian, the symmetry gencrator X gives rise to the following components of the

conserved vector

T = 2u—thum,,

o 9 2a
T = (*vuy + 2tuv + T'Um — UV + AlVptlyy,
T = Qbf%w — btPug vy, + bts‘vxuzy.

(iv) Finally, we consider the Lie point symmetry generator

X‘i = —f()t = 23}(99, -+ 2'!16“.



From (1.41), it can casily be shown that
% a 3 - a 3
3 (u; + tuu, + Iua'“ + bt u.zyy) =g (u,, + tuug + _.‘)-ur‘“ + bt gy | 5

hence we get A = 3. Since D,(€') = -3, from (3.31) we obtain 7, = 0. Therefore the

extending operator (3.31) of X is,
1= —t0, — 2ydy, + 2udy, + 00,.

It can be verified that the system of equations (4.9) and (4.10) admit the symmetry
generator Yy, Now the symmetry generator X, has the Lie characteristic functions
W1 = 2u+tu, +2yu, and W? = tv;+2yVy. Hence using (1.44) and the second-order

Lagrangian, we obtain the following components of the conserved vector T
g g

T! = —t*vuu, + aveugs + bt“vxuw + 2vu + 2yvu,,

; 2a 2a;
T? = 2tu’v + Tuvm + tPuvuy + U,y + 2ytuvuy, + Tyuyvu

2ay 4 2a
— AV lze — btivguy, — 7 Vylzz zby’-&“yuyy B R

2a
— AUtz — —~Vzlay,
, 2ay : 4
T? = —2yvu, — 2ytuvi, + T'E';'Uu- + 2()!‘*?1.1:1.9 + bttu, Vsy

+2yb[3uva — 4t u vy — bt v U,

Again it can be easily verified, like we did in section 2.3, that the conserved vectors
which we derived above satisfy the equation D;T" = 0 whenever equations (4.9) and

(4.11) are satisfied.

4.3 f(t)=a, g(t) =b and h(t) = k(t — d)* where a, b

and d are constants

Then for this section equation (4.1) becomes

Uy + auty + b, + k(t — d)zuzw = (4.14)



The equation (4.14) admits the three Lie point symmetry generators

Xl — 8y,
Xg — 61--
JYS = af f’z -+ ()u

The adjoint equation of (1.25), by invoking (1.38), is

]':-(f'* Ty WUV gy Yayys Ve T'.Tyy) =
d 2
T v(uy + aty + Diger + k(t — d) uzy,) | =0, (4.15)
ou

where v = v(¢, z, y) is a new dependent variable and (4.15) gives
W+ auvy + bvy, + k(t — ::f)QL'I!I,!,r = (. (1.16)

It is obvious from the adjoint equation (4.16) that equation (4.14) is a self-adjoint.
By recalling (1.43), we get the following third order Lagrangian for the system of

cquations (4.14) and (4.16):

L = v(wy + awng + btigp, + k(1 — r_f)z'u.rw)A (4.17)

By reducing this third-order Lagrangian to second-order Lagrangian, this give us

L = vuy + avuuy — bugie, — k(L — {f)gl.!_-,_'uw. (1.18)

(i) Consider the Lic point symmetry generator
Xy =8y

Here the operator Y7 is the same as X; and hence this will give us two Lie character-
istic functions W' = —u, and W? = —u,. Thus by using (1.44) and the second-order
Lagrangian, the components T", 7 = 1. 2,3, of the conserved vector ' = (1,77, 1%)

are given by

™ = — Uy,
T? = —auvty — buy vy, + buyug, + k(L — d)zvyuw + bugug,,
T = wvu + auvu, — bvu,, — k(t — d)zuva.
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(i) For the symmetry generator

X'z = “‘-.

we have W' = —u, and W? = —p,. Hence, by invoking (1.44) and the second-order
Lagrangian, the symmetry generator X, gives rise to the following components of

the conserved vector

T = —vu,
T = wvu — buve, + vy,
T® = —k(t — d)*uvzy + k(t — d)*v,tyy,.

(iii) Finally. we consider the Lie point symmetry generator
X 3 = at E)J» "} au,

we have W' = 1 —atu, and W? = —atv,. Hence, by invoking (1.44) and the second-
order Lagrangian, the symmetry generator X3 gives rise to the following components

of the conserved vector
T = » - atvu,,

T? = alvw + auv + bugy — ablugvg, + ablvgtiy,,

T = k(t- d)gvly — atk(t — d)z'u.xt-‘zy + alk(t — ri)zvrury.

It can easily be verified, like we did in section 2.3, that the conserved vectors which
we derived above satisfy the equation D;T" = () whenever equations (4.14) and (4.16)

are satisfied.

4.4 Concluding Remarks

In this chapter we constructed conservation laws for some special cases of the vari-
able coeflicient (241)-dimensional Zakharov-Kuznetsov equation. We consider three
special cases and used the new conservation theorem due to Ibragimov to construct

a number of conservation laws.



Chapter 5

Concluding remarks

In this research project we first reviewed some important definitions and results from

Lie group theory, which were later used in the dissertation.

In Chapter 2 we obtained the exact solutions of the Korteweg-de Vries-Burgers equa-
tion using the Lie symmetry method. Also the conservation laws of the Korteweg-de

Vries-Burgers equation were obtained by using the new conservation theorem.

In Chapter 3 we used the Lie syrametry group method and obtained exact solutions of
three special cases of the generalized (2+1)-dimensional Zakharov-Kuznetsov cqua-
tion of time dependent variable coeflicients.

Finally, in Chapter 4 we used the new conservation theorem to construct the conser-
vation laws for three special cases of the generalized (2+1)-dimensional Zakharov-
Kuznetsov equation of time dependent variable coefficients.

In future we will construct conservation laws for the gencralized (2+1)-dimensional
Zakharov-Kuznetsov equation of time dependent variable coeflicients using other

approaches.
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