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ABSTRACT. We revisit the generalisation of Calderon’s Transfer Principle as espoused
in [7]. This principle is used to generate weak type maximal inequalities for er-
godic operators in the setting of o-compact locally compact Hausdorff groups acting
measure-preservingly on o-finite measure spaces. In particular we develop a much
more robust protocol for transferring weak and strong type inequalities from Orlicz
spaces in the group setting to Orlicz spaces in the measure space setting. This is an
important addition to the protocol developed in [7], which to date has only yielded
weak type inequalities. The current approach also places fewer restrictions on the
underlying Young functions describing the Orlicz spaces involved.

Mathematics Subject Classification (2020): Primary: 37A15, 37A30, 46E30; Secondary:
22F10, 37A05, 37A46.

Key words: Transfer Principle, strong/weak maximal inequalities, Banach function
spaces, pointwise ergodic theorems

1. Introduction. Weak type inequalities feature prominently in establishing
pointwise ergodic convergence results (see for example [7, Section 5]). Strong type
inequalities on the other hand feature prominently in interpolation theory (see
[3, Section 4.1]). Much work has already been done on this topic, but the vast
majority of these results focus on LP-spaces. We revisit the agenda of [7] which
is to generalise Calderon’s transfer principle [5] both as far as the actions are
concerned (here we have in view group actions on measure spaces) and as far as
the spaces in view are concerned. A large number of authors have of course already
explored various versions of the transfer principle. Readers wishing to have a clear
explanation of exactly how the present approach differs from other approaches,
may refer to the explanation preceding Definition 1.1 of [7]. In Calderon’s transfer
principle a given operator T' in the group context is used to construct an operator
T# in the measure space context. A further part of this programme then consists
of transferring maximal inequalities for T in the group context to inequalities for
T# in the measure space context. If this can be done, then by an application
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of the Banach principle one is able to also transfer convergence properties from
the group context, to pointwise ergodic convergence results in the measure space
context. In the present setting the transfer of maximal inequalities from the group
context to the measure space context, is done by means of a calculus involving
fundamental and Young function inequalities. In Section 4 of [7] several such results
were established wherein a set of only two fundamental function inequalities were
needed. However the approach used there made essential use of delicate changes in
the order of integration at various points, which had the unforeseen consequence
at times restricting the class of Young functions to which the results applied, and
which also failed to yield strong type inequalities. In the present note we revise the
strategy for transferring such maximal inequalities. Ultimately we will here need
a set of four fundamental function inequalities to effect the transfer. However the
advantage of the present approach is that it seems to be more robust holding for a
much larger class of Young functions, and also has the advantage of yielding strong
type inequalities.

2. Preliminaries. Our primary objective is to establish weak and strong type
inequalities for Orlicz spaces. However to appreciate the nature of the spaces
involved in these inequalities, a little bit of background regarding Banach function
spaces and fundamental functions is needed. For this we shall follow the doctrine
of Bennett and Sharpley [3]. Given a measure space (2,3, ) we shall write M
for the measurable functions and M9 for the measurable functions that are finite
a.e. For us a simple function will just be a measurable finite valued function. It is
not difficult to see that such functions are just linear combinations of characteristic
functions x g corresponding to measurable sets. We shall for the most part be
concerned with what Bennett and Sharpley call resonant measure spaces. These
turn out to be o-finite measure spaces which are either non-atomic, or fully atomic
with all atoms having equal measure [3, Theorem 2.2.7]. It is an interesting exercise
to show that the product of two o-finite measure spaces will be non-atomic, if any
one of the a priori given spaces is non-atomic. (See the appendix.) Since the
product of two atomic measure spaces is clearly atomic, this in turn shows that the
product of two resonant measure spaces is again resonant.

A (Banach) function norm p on the cone M (2, %, 1) of non-negative measur-
able functions is then defined to be a mapping p : M, — [0, co] satisfying

e p(f)=0iff f=0ae.
p(Nf) = Ap(f) forall f e LY, x> 0.
p(f+9) < p(f) + plg) for all £, g.

o [ < gimplies p(f) < p(g) for all f,g € LY, with p(f,) 7 p(f) if fu /7 f
[-a.e.

o u(E) < oo implies p(xg) < oo.

For any E € ¥ with u(F) < oo there exists 0 < Cg,p, < oo such that
fE fdﬂ < CE,Pp(f)'
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Such a p may be extended to all of M by setting p(f) = p(|f]), in which case
we may then define LP (2,3, u) to be the space LP(Q, X, u) = {f € M(Q, %, u) :
p(f) < oo} equipped with the norm || f||, = p(|f]). We shall refer to this space as
the Banach Function Space corresponding to p. These spaces all satisfy a version
of Fatou’s lemma, which in turn ensures their completeness [3, Lemma 1.1.5]. Such
spaces are said to have an absolutely continuous norm if for any f € LP and any
sequence (E,) of measurable sets for which (xg,) converges a.e. to 0, we have that
lfxE,llp = 0 as n — co. Every Banach function norm p as defined above admits
an associate norm p' on M given by p'(g) = sup{[ fgdu: f € My, p(f) <1}
The associate norm is itself also a Banach function norm, with LP" referred to as
the associate space of LP. This space is commonly denoted by (L?)’.

Given an a.e. finite measurable function f on (2, ), we may define the dis-
tribution function by s — m(f,s) = p{w € Q : |f(w)] > s}. The decreasing
rearrangement f* of f is then defined as

f7(s) = sup{t : m(f,t) < s}.

Note that if f and g are equimeasurable functions on (2, u) then f*(t) = g*(¢t)
for all ¢ > 0. When the function norm p that defines the Banach function space
has the property that p(f) = p(g) for all equi-measurable functions f and g,
the Banach space is called rearrangement invariant - see [3, Definitions 1.1, 4.1].
Rearrangement invariant Banach function spaces LP have the property that for
any two finitely measurable sets E; and Es with the same measure, we have that
IxE:llp = lIXEsllp- This fact then enables us to introduce the notion of a funda-
mental function for such spaces. Given such a space LP, the fundamental function
corresponding to L” is given by

©0p(t) = ||xElx for all E € ¥ with pu(E) =t

where the domain of ¢, consists of all t € [0, 00) for which there is some measurable
set E with u(E) = t.

We briefly summarise the essential facts regarding fundamental functions which
we shall need hereafter. The reader will find an excellent survey of fundamental
functions in [3, Section 2.5]. We firstly note that the associate space of any rear-
rangement invariant Banach function space is again rearrangement invariant. It
is then a deep fact that the fundamental functions of the pair (L?, (LP)’) satisfy
the equality ¢, (t)pp (t) = t for all admissible values of ¢ > 0 [3, Theorem 2.5.2].
It further follows that these functions correspond to the class of so called quasi-
concave functions which are functions ¢ that are 0 only at 0, are non-decreasing,
and for which ¢ — £ is non-increasing. On the basis of what we noted above,

¢
the function
co={% 120
= ¢
will also be a quasi-concave (fundamental) function. This function may be viewed
as the “dual” fundamental function of .

Although a fundamental function may a priori not be defined on all of [0, 00),
it is for resonant measure spaces always possible to extend a fundamental function
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p corresponding to some space X to a quasi-concave function defined on all of
[0,00). If say () is finite with ¢ defined on [0, 1(£2)), then for any « € [0, %],
one may extend ¢ by defining its action on [u(£2),00) by means of the formula
o) = alt — u(Q)) + |Ixallx. If on the other hand (€, ) is discrete with atoms
having a measure of ¢, and with ¢ say defined on ¢N, then one simply assigns ¢ the
value (1 —A)p(cn) + Ap(c(n+1)) at any point (1—A)en+Ae(n+1) (0 < A< 1)in
the interval [cn, ¢(n 4 1)]. It is an exercise to see that the resultant extension will
in either of these cases still be quasi-concave. Hence we shall hereafter assume all
fundamental functions to be defined on all of [0, c0). We finally note that although
fundamental functions may not actually be concave, any fundamental function
is always equivalent to a concave fundamental function [3, Proposition 2.5.10].
Any Banach function space on a resonant measure space may correspondingly
be equivalently renormed in such a way that the fundamental function is in fact
concave [3, Proposition 2.5.10].

There may be several Banach function spaces corresponding to any specific
quasi-concave function ¢, but in the family of rearrangement invariant Banach
function spaces corresponding to a such a function, there is in the case where
(Q,%, 1) is resonant always a largest and smallest space - the so-called maximal
and minimal Lorentz spaces corresponding to ¢ (see [3, Corollary 2.5.14] and the
comment following it). Assuming ¢ to actually be concave these spaces are respec-
tively defined by

@50 = {7 e M sp 2D [ sy as < o)
t Jo

0<t<oo

and

M@ E0) = (f e MO [T () dpls) < o)

with the norms given by

t [e’e]
7], = sup ‘Pit)/o f*(s)ds and ||f||A¢:/O £5(s) dg(s).

o0

Given a fundamental function ¢ there is in fact a larger space we may construct
from this function, namely

MEQS ) = {f € MY sup (t) (1) < o},

0<t<oo

but this space is in general at best a quasi-normed space (with the quasi-norm
given by g (f) = SuPg o 9(£)F(1)).

In the family of rearrangement invariant spaces corresponding to a specific fun-
damental function, the so-called Orlicz spaces occupy a special place. We proceed
with introducing this class and justifying this claim. By the term Young func-
tion we understand a convex function A : [0,00) — [0, 0] satisfying A(0) = 0
and lim,,_, o, A(u) = oo, which is neither identically zero nor infinite valued on all
of (0,00), and which is left continuous at by = sup{u > 0 : A(u) < oo}. It is
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worth pointing out that any Young function must also be increasing, and contin-
uous on [0,b4]. In the family of Young functions, the so-called N-functions form
a particularly elegant subclass. A Young function is said to be an N-function if
it is continuous on all of [0,00) and also satisfies the additional conditions that
lim; o0 @ = oo and lim o @ =0.

There are various growth conditions by means of which Young functions are
classified in the literature. One very common growth condition which will be
relevant for us, is the so-called Ay condition. A Young function A is said to satisfy
Ag globally if there exists a constant ¢ > 0 such that A(2s) < cA(s) for all s > 0.

The so-called right-continuous inverse A~1 : [0, 00) — [0, 0] of a Young function
is given by the formula

A7L(t) = sup{s : A(s) < t}.

We further note that each Young function A induces a complementary Young
function A* which is defined by A*(u) = sup,-q(uv — A(v)). The pair A and
A* satisfy the following Hausdorfl-Young inequality:

st < A(s) + A*(t) s,t > 0.
The Orlicz space LA(Q, 3, i) associated with A is defined to be the set
LA ={f e M°(, %, 1) - AN|f|) € LY for some A = A(f) > 0}.

This space turns out to be a linear subspace of M%(€, %, ) which becomes a
Banach space when equipped with the so-called Luxemburg-Nakano norm

[flla = inf{A >0 [JACf]/A)]L < 1}

An equivalent norm (the Orlicz norm) is given by the formula

17112 = sup{| [ fgdu| : g € L, |lglla- < 1}.

As Banach function spaces the space (L4, || - [|9.) is precisely the associate Banach
function space of (L4, ]| - ||4) [3, Corollary 4.8.15]. From our discussion of Banach
function spaces it therefore follows that the fundamental function of the space
(LA ]| - 19), is nothing but ;.

The Lebesgue L? spaces (with 1 < p < 00) are of course just Orlicz spaces cor-
responding to the Young function t(¢) = t?. The astute reader will have noted that
the notational conventions for Banach function spaces, Orlicz spaces and Lebesgue
spaces are all different. Rather than overturning well established conventions for
the sake of harmonising the notation, we shall leave the notation as presented
above in the hope that this warning will suffice to ward of confusion that might
have arisen.

Although the Luxemburg and Orlicz norms are equivalent, we shall hereafter
prefer the Luxemburg norm for the simple fact that it encodes a strong link between
the given Young function A, and the fundamental function of the Orlicz space
LA(Q, %, u) in that

1

(2.1) pa(t) = A0/
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(see [3, Lemma 4.8.17].) Thus the fundamental function can be constructed from
the given Young function. However more is true. Assuming ¢ to be a concave
fundamental function, it is an exercise to see that A(t) = W then defines a

Young function for which A‘+(l/t) = ¢(t). So there is an almost bijective corre-

spondence between fundamental functions and Young functions (and hence also
Orlicz spaces). In our analysis we may therefore use Young functions rather than
fundamental functions as our starting point. Given a fundamental function ¢ for
which ¢ = ¢4 for some Young function, we shall therefore write Ay, M4 and M}
for the spaces Ay, M, and M.

If we wish to give meaning to the notion of strong and weak type in this context,
then given a pair of Young functions (A, B) and a sublinear operator T defined on
the locally integrable functions L!°¢(Q, %, i), it is natural to define strong type
(A, B) to be the fact that T(f) € L for every f € LA with |T(f)|z < c||f|la for
some ¢ > 0 (independent of f), and weak type (A, B) to be the fact that T'(f) € Mp
for every f € LA with ||T(f)||ary < ¢l f]|a for some ¢ > 0 (independent of f). In the
literature weak type (A, B) is sometimes also defined as the claim that T restricts
to a bounded operator from L4 to Mp. We shall in this note however prefer the
slightly stronger definition given above. We will hereafter consistently write A, B,
C,and X, Y, Z for Young functions.

In our analysis we shall have occasion to make use of Orlicz-Bochner spaces.
For the sake of the reader we briefly survey the essentials. Given a measure space
(©,%, 1) and a Banach space X, a vector valued function F : Q — X is said to be
Borel measurable if it is measurable with respect to ¥ and the Borel o-algebra of
X. The function F is said to be strongly measurable if it is both Borel measurable
and separably valued. It is not difficult to see that if F' is strongly measurable,
then ¢t — ||Fy||x is a u-measurable real-valued function. (See the introduction to
Appendix E of [6].) For a given Young function A, the space LA((Q, %, u), X) is
defined to be the space of all (equivalence classes of) strongly measurable functions
F from € to & for which the function ¢ — || Fy||x belongs to LA(Q, ¥, i), with the
norm given by || F|lax = || ||F()|lx ||a- Where there is no possibility of confusion,
we will simply write || F'|| 4 for the norm. Readers will find references to these spaces
throughout the literature.

A closely related concept, is that of a mized norm space. For any two rear-
rangement invariant Banach function spaces X and )’ on resonant measure spaces
(1,21, p1) and (Q2, Xo, ps) respectively, the mixed norm space X[))] (in the sense
of Benedek and Panzone [2]) is defined to be the space of all p1q x po-measurable
functions (x,y) — f(x,y) on Q; x s for which  — ||f.||y belongs to X. (Here
fu 1s for any fixed x of course the function y — f(x,y). The canonical norm
on such a mixed norm space X'[V] is just || f|lxp) = || |fzlly |x- The reader will
find a very useful discussion of such spaces in [4]. In the case where X = LA
for some Young function, the Bochner space L4(Q;,)) may also be regarded
as a space of uy X ps-measurable functions (x,y) — f(x,y) where each vector-
valued function F' € L4(;,)) corresponds to the function fr : Q; x Qy given
by fr: (z,y) — [F(2)](y). With LA(£;,)) represented in this form, the ;-
measurability of z — ||F(z)||y then ensures that L*(Qy,)) is isometrically a sub-
space of LA[)].
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The question now arises as to when the spaces L4(Qy,)) and L4[))] are equal.
It is an easy exercise to see that characteristic functions of measurable rectangles
(christened rectangular simple functions by Blozinski [4]) all actually belong to the
“smaller” space L4(, Y). So whenever the rectangular simple functions are dense
in LA[Y)], we must have that L4(Q,Y) = L4[)]. For such density to actually hold
true, one must at least have absolute continuity of the norms involved. See for
example Proposition 3.4.

In our analysis we shall be concerned with operators T' : £ — F between
locally convex spaces of measurable which are ordered spaces with respect to the
order structure inherited from the measurable functions. We allow T to be either
linear or sublinear, where sublinearity means that |T'(f + g)| < |T(f)| + |T(g)]
and |T'(Af)| = |A[|T(f)| for all f and ¢ in £ and all scalars A. Such an operator
is said to be quasi-bounded if for some set of seminorms {p,} determining the
topology of £, we can find a set of seminorms {¢gs} determining the topology
of F and a positive scalar ¢, such that for any a we can find an o’ such that
Pa(T(x) — T(y)) < cqor(x — y) for all z,y € €. Clearly, quasi-bounded operators
are continuous.

Denoting the space of locally integrable functions by L'°¢ (that is the space of
measurable functions which are integrable on measurable sets of finite measure),
the crucial information we shall need regarding such maps is contained in the
result below. Apart from the claim regarding L“, this result corresponds to [7,
Proposition 2.8]. The proof of the claim regarding L“ runs along similar lines to
that of the first claim, and hence we forgo the proof.

ProroSITION 2.1. Let T, £ and F be as before with T quasi-bounded. Further
let (2, 1) be a o-finite measure and A a Young function. Writing S(2,E) for the
E-valued simple functions, the map T: S(Q,&) = S(Q, F) canonically defined by
f(f) := T o f, extends to a continuous mapping from L'°¢(Q,€) to L'°¢(Q,F),
and also to a continuous mapping from L*(Q,&) to LA(Q, F). (In the case of a
linear map, the first extension corresponds to the linear map I®T : L'¢(Q)®,E —
L°¢(Q)&, F.)

For us a dynamical system consists of a multiplicative locally compact group
G acting on a measure space (€2, ) via an integrable action ¢ — a4 of G on
by a. The action is assumed to be measure-preserving with & : 2 x G —  :
t X w — og(w) in addition being measurable. Our interest will be in identifying
ways to transfer dynamical phenomena in the group context, to the measure space
context where in the group context such phenomena are encoded by what we call
transferable operators T from L'°°(G) to C(G). Unless otherwise stated we shall
generally assume G to also be o-compact. The “transfer” hinted at above consists
of constructing an operator T# : (L' 4+ L>)(Q2) — L°¢(Q2) from T. With the term
transferable operator we have in mind the following concept:

DEFINITION 2.2. An operator T : L!°¢(G) — C(G) is called transferable if

(1) T is a linear or positive valued sublinear operator which is also quasi-
bounded.
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(2) T is semilocal in that there exists an open neighbourhood U of 1 € G with
compact closure such that if supp(f) is contained in a set V', then supp(7'(f))
is contained in VU;

(3) T is right translation invariant in that for all ¢t € G and f € L°¢(Q),

7o T(f) =Tom(f),

where 74(f) is the operator defined by s — f(st) for all measurable f and
s €.

We pass to describing how a transferable operator 1" induces a related operator
T# in the measure space context. For this we shall need to expand our menagerie
of spaces (see [7] for details). We specifically introduce the space L"~'¢(2; x
Q5) which is the space of all measurable functions which are locally integrable
on finitely measurable rectangles. It is a locally convex space whose topology is
generated by seminorms of the form ppyp(f) = [, @ [fld(p1 X p2) where E x F
is a finitely measurable rectangle. The space L"~!°¢(Q x G) may be identified
with L'¢(Q)&, L'¢(@G), which in turn may be identified with L'¢(Q, L'¢(Q)) |7,
Propositions 2.7 & 2.10].

With the foundational concepts in place we pass to the construction of T#. For
any f € (L' + L*>)(Q) and any measurable subset K C G, define f ®, xx by
(w,t) = flar(w))xk(t) for allw € Q and t € G.

e For a fixed measurable subset K of G the prescription f — f ®, xx yields a
map Lo,k from (L' + L>®)(Q) to L™71°¢(Q x G) = L°¢(Q, L'°(G)).

e As described in Proposition 2.1 above, we may extend 7' to the map T:
Llo¢(Q, L°¢(@)) — L'°¢(Q, C(Q)) (equivalently to a map from
L)@, L (G) to L¢(Q)@,C(G)).

e With . denoting point evaluation at the group unit e, 1 ® d, will now map
Ll¢(0)®,C(G) = L'¢(Q, C(Q)) to L¢(Q)®,C = L°¢(9Q).

e The composition (1 ® 6.) o To ta,k then yields a sublinear map 7| # from
(L' + L>®)(Q) into L¢(2). In the case where K = G we write T# for T}

As is pointed out in Remark 2.4, there is a slight challenge to working with 7%,
which is the fact that elements of the form f ®, 1 lie in a much smaller class of
spaces than those of the form f ®, xx where K is compact. The good news is that
we may obtain 7% as a limit of maps of the form T;gé with K a compact set.

PROPOSITION 2.3. Let T : L'¢(G) — C(G) be a transferable operator, E be a
compact neighbourhood of e € G and U the neighbourhood guaranteed by semilo-
cality. For any compact set K containing U~ 'E, we have that Tﬁ =T#,

Proof.  For the sake of clarity we will here write J, for point evaluation at e on
C(G), and 9§, for the same process on L°¢(Q), C(Q)).
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We start by analysing the effect of semilocality on the action of T. Let E
be a compact neighbourhood of e € G. For any compact set K D U~ 'E, the
support of T'(xke) (where K¢ = G — K) will be contained in K°U. On arguing
as in [7, Lemma 2.14], it follows that K°U N E is empty, and hence that we will
for any f € L'¢(G) have that 6.(T(xx-f)) = 0. For any simple tensor f ®
a (with f € L'¢(G) and a € L'¢(Q)) direct computation therefore shows that
6T (fxx®a) =0.T(f®a). Next select a net {P,} of linear combinations of simple
tensors converging to X x ®q a in L¢(Q)@,L¢(G). If say P, = S 1, v (fx @ ag)
we may make sense of (xx @ 1)P, by identifying it with > ;" vk (Xx frx @ ak).
Observe that {(xx ® 1)P,} is then still a net of simple tensors. For the sake
of simplicity we will in the following simply write P, (t) for > ", vi(fx(t)ax)-
Similarly [(xx ®1)P,](t) means > ;" v&(Xx (t) fx(t)ar). The canonical seminorms
determining the topology on L¢(Q)®,L¢(G) = L'*¢(Q, L'*¢(@G)) are known to be
of the form pa,p = [, [5(-) dhdp where A and B respectively range over finitely

measurable subsets of and G (see [7]). For any F € L'°¢(Q, L'°¢(@Q)) we clearly

have that
[ [ xxlFidna
AJB
// \F| dh dp
KNA
//|F|dhdu

= pAB

PaB((xxk ® 1)F)

IN

This proves that the net {(xx ®1) P, } converges to x K ®aa. From what we showed
earlier for simple tensors, it is clear that 0.7(Py,) = 6.T((xx ® 1)P,) for each n.
Hence for any a € LT°°(Q) we have by continuity that T#( ) =0T (XK @ a) =
6.T(1 ®4 a) = T#(a). O

The usefulness of the above proposition is highlighted by the ensuing remark.

REMARK 2.4. One can show that for any compact set K and f € L'¢(), f ® xx
and f ®, xx are equimeasurable. So if for example one of them is in LP(2 x G), so
is the other one. The reason why in a case like this we work with f ®, xx and not
f ®q 1, is that if f € LP(Q), it will for non-compact groups then be f ® xx that
belongs to LP(Q2 x G), rather than f ® 1. For simplicity of notation we will often
write F for f ®, 1 and Fgp-1 for f ®q Xgpy-1-

We close the discussion regarding T as defined above by investigating its action
on spaces of measurable functions. For this task we introduce two new spaces
(fully described in [7]). We firstly write L¥~1¢(G) for the space of measurable
functions on G which are integrable on compact subsets of G. This space is also a
locally convex space with the topology generated by seminorms of the form px (f) =
Ji. | f1dh (where K ranges over the compact sets). It is clear that C'(K') continuously
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embeds into L*~1°¢(G). This fact then ensures that we may also regard T as a
continuous map from L!°¢(Q, LI°¢(@Q)) to L'°¢(Q, L*~!°¢(G)). However the space
Llo¢(Q, LF~1°¢(@)) is known to be equivalent to the space LK"~°¢(Q) x G) which
is the space of measurable functions on {2 x G which are integrable on measurable
rectangles of the form E x K where E has finite measure and K is compact.
The relevance of this is that for any triple A, B, C' of Young functions, the spaces
LA[LP](2 x G) and LE (2 x G) are contained in both L'¢(Q x G) and LK™ 1°¢( x
G). So if for example we know that 7" maps LZ(G) into L¢(G) and then use
Proposition 2.1 to from T construct a map from LA(Q, LB(G)) to LA(Q, LC(Q)),
that map will of necessity be a restriction of the map 7' from Llo¢(Q, L*¢(@)) to
Llo¢(Q, L*~!°¢(G)). When this does happen we shall retain the same notation for
the restriction. We may then of course also interpret this map as either a vector
valued map on L# or as the restriction of a map on L'°*(Q2 x G), as the situation
demands.

The actual process of using the above structure to obtain ergodic convergence
results runs as described below:

REMARK 2.5. At ground level the process for obtaining ergodic convergence results
follows a three step programme. We summarise the essentials from [7, Section 5].

(1) One starts with a sequence (T),) of transferable linear operators in the
group context. From this one constructs the sublinear operator T : f —
sup,, |Tn(f)| checking if it is still transferable.

(2) Given the weak (alt. strong) type of the operator T, one then uses that
information to obtain the weak (alt. strong) type of T#. It is this step that
is the focus of this paper.

(3) The next step is to identify a dense subset D of the domain of T# computed
in step (2), for which the pointwise convergence of (77 f) can be verified for
all f € D. This step is achieved by results like [7, Proposition 5.3].

(4) The final step is to then use an appropriate version of Banach’s Principle
(like for example [7, Proposition 5.1]) to extend the a.e. convergence noted
in step (3) to the whole domain of T%.

We illustrate the process by means of a simple example.

ExXAMPLE 2.6. Let G be the additive group R and 7,, the operator T,, : v —
L X=n.0) * v where v € L'“(R). We know from [7, Lemma 2.16] that each T, is a
transferable operator. For each f € (L'+ L>°)(Q) and each compactum K C R, the
operator T, will map the simple tensor F(w,t) = (f ®a xx)(w,t) = xx () f (0w (w))
to the function %T(F) given by T(F)(w,t) = T(F,)(t) = Jr X(=n,0p(t — s)xx (t —
8)f(o— 5( ))ds. Point evaluation at the group unit ¢ = 0 yields (Tn)ﬁ(f)(w) =
Je X[=n 0] XK( s)f(a_s(w))ds. Letting K increase we then obtain 77 (f)(w) =
Sz Xi=n,0/(8) fa—s(w)) ds = [, f(as(w)) ds. The process described above may then
be used to show that under acceptable restrictions, convergence of the T s at the
group level, ensures a.e. convergence of the averages T/ ( f =1 f M ) ds.
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In refining the above theory we shall as in [7] develop a theory where ergodic
convergence results may be obtained by means of inequalities involving either fun-
damental functions or Young functions. For this the following two facts are useful.

PROPOSITION 2.7. ([3]) For an arbitrary Young function A we have that A(A~1(t))
<t < A7Y(A(t)) for any t > 0.

COROLLARY 2.8. Let A, B and C be Orlicz spaces. Then the validity of B(u)C(v)
< A(Ouv) for some 0 > 0 and all u,v > 0 implies that oc(s)pp(t) < Opa(st) for
all s,t > 0. Analogously the validity of ¢c(s)ep(t) > 0pa(st) for some 6 > 0 all
s,t > 0 implies that B(u)C(u) > A(Quv) for all u,v > 0.

3. Continuity of T. Given Young functions A and Z, our primary goal in this
section is to provide criteria under which 7' canonically induces a bounded linear
map from LZ(Q x G) into LA(Q x G) (respectively into M (2 x G)). The strategy
we shall use to achieve this objective is to combine Proposition 2.1 with results
comparing mixed norm spaces of the form LA[LE](Q x Q) and LA[Mp](Q; x Q2)
with spaces of the form LE(Q; x Qy) and Mo (Q1 x Q). Apart from the works of
Maligranda [11], Milman [13, 12] and O’Neil [14] and some earlier work by Ando,
there is - almost surprisingly - very little in the literature regarding the type of
inclusion results we need. There does not seem to be any operator theoretic results
of the type we need in print. It is therefore incumbent on us to clearly show how
what we need may be extracted from what is available. The following two theorems
are the crucial ingredients in achieving this objective.

THEOREM 3.1. (Theorem 3; [11]) Let X, Y and Z be Young functions. Then the
following holds:

(1) The space L?(2; x Q) continuously embeds into LX[LY](Qy x Qg) for
any pair of o-finite measure spaces (§0;,%;, ;) (i = 1,2) if and only if
X(w)Y (v) < Z(Ouv) for all u,v > 0.

(2) The space LX[LY](Q; x ) continuously embeds into L% (Qy x Q5) for any
pair of o-finite measure spaces (0;, X;, ;) (i = 1, 2) if and only if Z(6uv) <
X(w)Y (v) for all u,v > 0.

The claim below corresponds to the implication (i)=-(iii) in [13, Theorem 1].
Milman’s result relies on an inequality involving inverses of Young functions. It
is however clear from Proposition 2.7 that the Young function inequality given
in the result below implies the inequality used by Milman. Theorem 1 of [13] is
actually formulated for the Lebesgue space ([0,00), %#[0,00),A) only. We claim
that the implication just mentioned holds whenever the measure spaces involved
are resonant o-finite measure spaces. To see this note that in [13], Milman uses [13,
Lemma 2.2] to prove this implication. This lemma in turn corresponds to Theorem
3.1 of [12]. Although also formulated for ([0, c0), [0, 00), A) only, a careful perusal
of the proof of [12, Theorem 3.1] shows that all we really need for the proof to
go through, is Fubini’s theorem for o-finite measure spaces, a refined formula for
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the “second decreasing rearrangement” as given in [3, Proposition 2.3.3(a)], and a
Holder inequality up to the task (see [3, Corollaries 2.4.3 & 2.4.5]). As just noted
all of these are also available for resonant o-finite spaces. We therefore obtain the
following

PROPOSITION 3.2. Let A, B and C be Young functions and let (;,%;, ;) (i =
1,2) be resonant o-finite measure spaces. If 0pc(uv) < @ a(u)pp(u) for some 6 > 0
and all u,v > 0, then LA[Mp](2; x Q) continuously embeds into Mc(Q x Q).

For our purposes we actually need versions of the above results that hold for
Orlicz-Bochner spaces rather than mixed norm spaces. Hence a bit of refinement
is needed. The first step in this refinement is given by the following result.

PRrROPOSITION 3.3. Let X, Y and Z be Young functions satisfying X (u)Y (v) <
Z(Ouv) for some 6 > 0 and all u,v > 0. Suppose that LZ(Qy x Q) is an Orlicz
space in which the span of characteristic functions corresponding to measurable

rectangles of finite measure is dense. Then L?(2; x §s) continuously embeds into
LX(Qq, LY ().

Proof. We know from Theorem 3.1 that LZ(Q; x ) continuously embeds into
LX[LY]. However each simple function corresponding to characteristic functions of
measurable rectangles of finite measure is easily shown to belong to the “smaller”
subspace LX (1, LY (Q2)). When combined with the density assumption, the con-
tinuity of the embedding into LX[LY] now ensures that L?(£2; x Q) actually maps
into LX(Ql,LY(QQ)). O

Having noted the above result, the question of how large the class of Young
functions Z are that actually satisfy the criteria stipulated in the above result now
arises. We pass to answering this question. The first step in answering this question
is provided by the following result:

PROPOSITION 3.4. Let (2, %;, i) (i = 1,2) be resonant o-finite measure spaces
and let X = LP(Qq x Q2) be a rearrangement-invariant Banach function space with
absolutely continuous norm. If o x(t) — 0 ast — 0, the span of the characteristic
functions corresponding to measurable rectangles with finite measure, will then be
norm dense in LP(Q; X Qa, 1 X o).

Although arguably well-known, we provide details for the sake of the reader.

Proof.  Suppose that gx(t) — 0 as t — 0. We know from [3, Theorems I1.5.4 &
I1.5.5] that the integrable simple functions will then be norm dense in X. (To see
the veracity of this claim, note that it is clear from for example the first paragraph
of the proof of [3, Theorem I.1.4], that Bennett and Sharpley reserve the term
“simple function” for what we call integrable simple functions.) The theorem will
therefore follow if we can show that for any measurable subset £ C Q1 x Qo with
finite measure, the function yg is the norm limit of integrable simple functions
composed of characteristic functions of measurable rectangles with finite measure.
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Given such an E we know from the outer measure approach to constructing 1 X pio
[8, 251] that (u1 x p2)(E) = inf{3°, ) p1(An)p2(Bn): E C Up>1(4, x Bn)}. So
given € > 0 we may select {A,} C ¥; and {B,} C 3 so that E C U,>1(A4, X
B,) and (i1 % 12)(Un>1(An % Ba) < Yoy 11 (Aa)ia(Ba) < (1 x o) (E) + €.
This then in particular implies that (@1 x po)(E — Up>1(A4, X By)) < € and
(pa x ﬂ2)(Un21(An x By) — UNanl(An X Bp)) < (p1 X NZ)(Un2N+1(An x Bp) <
Y ons N1 M1 (An)p2(By) — 0 as N — oco. We may then apply [3, Lemma 1.3.4] to
firstly see that (Xuy.,.,(A,xB,)) converges to Xu,.,(A,xB,) in norm and that
on letting € \, 0, one may select a sequence composed of terms of the form
XUps1(A, xB,,) Which converges in norm to xg. The claim then follows from not-
ing that it is a straightforward exercise to, if necessary, write Un>pn>1(An X By,)
as a finite union of disjoint rectangles, in which case we will then have that

XUnsnot (AnxBn) = 2 N>n>1 X(AnxB,)- O

Examples of Orlicz spaces L? satisfying the criteria of Proposition 3.3 are there-
fore those with absolutely continuous norm, for which we also have that ¢z (t) — 0
as t \( 0. As is shown by the following two results, all Orlicz spaces constructed
from N-functions satisfying the Ay-property satisfy these criteria.

LEMMA 3.5. Let LA(Q, %, 1) be an Orlicz space for which A satisfies the Ay con-
dition. Then p4(t) - 0 ast — 0.

Proof.  Suppose that A satisfies the Ay condition. That is suppose that there
exists a constant ¢ > 0 such that A(2s) < cA(s) for every s > 0. We may clearly
assume that ¢ > 1. Recalling that A=1(¢) is defined as A~1(t) = sup{s: A(s) < t},
the A, condition clearly ensures that {s: A(s) < £} C {s: A(2s) < t} which
in turn ensures that A7'(t/c) < sup{s: A(2s) < t} = A7(¢). Given that the
fundamental function of L4 when equipped with the Luxemburg norm is exactly
walt) = A*+(1/t)’ it now easily follows that p(t/c) < 2¢(t) for every t > 0. This
clearly shows that as claimed p4(t) — 0 as t — 0. O

The following theorem was noted by Krasnoselskii and Rutitskii in the discus-
sion following [9, Theorem I1.10.3]

THEOREM 3.6. Let A be an N-function and (0, %, 1) a o-finite measure space.
Then A satisfies the Ay property if and only if L4(Q, %, i) has absolutely contin-
uous norm.

We need to take note of one more result before we are able to state the main
theorem of this section.

PROPOSITION 3.7. Let (2,v) be a o-finite measure space admitting an integrable
group action of some locally compact group G and T a transferable operator from
L'°¢(@) to C(G). Let A, B and C be Young functions, and suppose that T maps
LB(G) into LC(G) (respectively LB(G) into Mc(G)). Then T maps L4(Q, LB(G))
into LA(Q, LY(Q)) (respectively into L4(Q, Mc(Q))).
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Proof. The argument of Corollary 2 on p 134 of [16] goes through as is. a

With all the preparation done, the main theorem of this section is now an easy
consequence. We remind the reader that a o-locally compact group is a topological
group which is both locally compact and o-compact. It is well-known that the
o-compactness will then force the associated Haar measure to be o-finite.

THEOREM 3.8. Let (Q,v) be a o-finite measure space admitting an integrable
group action of some c-locally compact group G and T a transferable operator
from L'°¢(G) to C(G). Let A, B, X, Y and Z be Young functions satisfying
X ()Y (v) < Z(01uv) and px(s)pp(t) > O2pa(st) for all u,v,s,t > 0, and suppose
that LZ(Qx G) is an Orlicz space in which the span of characteristic functions corre-
sponding to measurable rectangles of finite measure is dense. If T maps LY (G) into
LB(G) (respectively LY (G) into Mp(G)), then T maps LZ( x G) into L*(Q x G)
(respectively into M4 (2 x G)).

Proof. The validity of the first claim follows from the continuity of each of the
following maps:
LZ(Q x G) = L*(Q,LY (@)

)
T:LX(Q,LY(G)) = LX(Q, LB(@))
LX(Q,LB(G)) — LY(Q x Q).

The second claim follows similarly. 0O

4. Maximal inequalities for T#.

THEOREM 4.1. Let (92, v) be a measure space admitting an integrable group action
of some locally compact group G and T a transferable operator from L'¢(G) to
C(@G). Suppose that B(u)C(u) < A(6uv) for all u,v > 0. Then the following holds:

(1

) T(Fru) € LA x Q) = oo((KDIT#(H)llp < OIT(Fr—1)] a5
(2) T(Fru-1) € Ma(@x G) = o KDIT* (st < 01T (o) s
)

(3) T(Fry—1) € Mi(Qx G) = oc(KNIT# ()l < OIT(Frv-1)ars-

Here the spaces M7 and M7j; are the “weaker” Lorentz type spaces defined in the
introduction. Since our definition of weak type does not make use of these spaces,
the final claim above is therefore not really relevant for us, but rather mentioned
for the sake of completeness.

Proof.  Claims 2 and 3: We know from [7, Lemma 4.6] that |K|m(T#(f),s) <
m(T(Fgy-1),s) for all s > 0 which in turn implies that (T#(f))*(t/|K|) <
(T(Frp-1))*(t () for all ¢ > 0. But this last inequality further ensures that
@ fOt(T#( N*(s)ds <% fo (Fry-1))*(s)ds for all ¢ > 0.
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Since by Corollary 2.8 we have that oo (s)ep(t) < Opa(st) for all t,s > 0, it
therefore follows that

T (Frv—)llar = Osup pa(S)ugp,, 1) (8) = Osup pa(s)ur# (s (s/IK])

2 wc(lKl)§1>IIO>wB(S/IKI)uT#(f)(S/IKI) = o (IKN)INT# (F)llary-

On_using the second inequality noted above, a similar proof shows that
T (Frev—1)llas = oo (IKDIT#(f)lla1s

Claim 1: For any € > 0 we will by the definition of the Luxemburg norm have that

Ammeﬁmmwﬂnm+QMnn.

From the above we conclude that

AmAmﬁwh,xwmwﬂme#umB+@mt
>/MMMWU@AMdeWMWﬂﬁM+QMt

C(/oc (1K) B(prs ¢/ |KN/ITH(H)l 5 + €) dt

/ A(A
/ C(C™H/IED)Burw )t/ IEN/ T ()5 + €) dt
/ w7 B

; prw () (/KD IIT# ()|l + €)) dt

/OOO Blur# 5y ($)/IIT* (Pl s +¢)) ds
1.

V

It now clearly follows from the definition of the Luxemburg norm that
T (Fxy-)lla < ec(IKN)(IT#(f)|ls + €). The fact that € > 0 was arbitrary
now ensures that 0||T(Fxy-—1)|la < oc(|KDIT# ()| 5. O

LEMMA 4.2. Let (Q,v) be a measure space admitting an integrable group action
of some locally compact group G. Suppose that Opx(s)py(t) > wz(st) for all
t,s > 0. For any f € LY (Q) and any compact K C G, we have that Fiy -1 =
f ®a xxu-1 € L#(Q x G) with ||Fxy-1]lz < 0px ([KU).[ flly

Proof. By [7, Lemma 24| f ®, xxv-1 and f ® xxy-1 are equimeasurable and
hence have the same || - || z-norm. The lemma now follows from [14, Theorem 8.15].
See also [1, Theorem 6. O

The following theorem now clearly follows.
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THEOREM 4.3. Let (2, v) be a measure space admitting an integrable group action
of some amenable locally compact group G and T a transferable operator from
L°¢(G) to C(G). Suppose that B(u)C(v) < A(Quv) for all u,v > 0, and that
Oa0x (8)py (t) > z(st) for all t,s > 0. If px < O3¢¢, then the following holds:

(1) If T boundedly maps LZ(Q x G) into L*(Q x G), then T# boundedly maps
LY (Q) into LB(Q) with | T#|| < 0,020 T)|.

(2) If T boundedly maps LZ(Q x G) into M (Q x G), then T# boundedly maps
LY (Q) into Mp(Q) with ||T#|| < 610205|/T].

(3) If T boundedly maps LZ (2 x G) into M (2 x G), then T# boundedly maps
LY (Q) into M%5(Q) with | T#| < 0160:205|T].

Proof. We prove only the first claim. The other cases are entirely analogous. The
preceding lemmata ensure that for any compact subset K of G and any f € LY ()
we will have that

pc(IKDIT*(f)lp < OIT(Fru-)lla < OIT| | Fru—: 112
< O1020x (KU DT flly-

Hence

ox(|K])
ox(|[KUL|)

vo(|K])

_reANTr # ~

IT#(F)ll5 < 05

If we are able to show that supg #lgpll) = 1, the claim will follow. Since

-1
px is non-decreasing, we clearly have that % > 1 for any compact

U

set K, and hence that infg %‘KKD > 1. However we also have that ¢t —
Px(t)
t

is non-increasing on (0, 00) [3, Corollary 2.5.3]. This fact then ensures that

; ex(KUT') _ ox(KU™') |[KU|
we will for any compact set K have that OB KU1 ox(IK]) <

“"X‘%(D Lﬁ%;“) = ‘K‘[Igl‘. Now recall that it is shown in the proof of 7, Theo-

rem 4.8] that supg % = 1. We therefore also have that infx

ex(IKU') _ :
ox (KD — 1 as required. O

ex (IKU~))
ox(xn =L

which then ensures that inf g

5. An illustrative application. Throughout this section 7" will be a transfer-
able operator in the group context and T# the resultant operator in the measure
space context, where we assume the ambient measure space (2, 3, i) to be o-finite.
Assuming T to be of weak type (A, B), Theorems 3.8 and 4.3 provide us with a
mechanism for computing the allowed weak types of T# from that of 7. The chal-
lenge in doing such a computation is to write down a set of Young/fundamental
function inequalities that give us the required access to these theorems. So the ef-
fectiveness with which we can compute the weak type of T# is in some sense depen-
dent on our skill in writing down such inequalities. The “tighter” the inequalities
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the better the transfer. For Young functions like t — tP (where 1 < p < c0) with
very regular polynomial growth these required inequalities become equalities in the
sense that (ts)? = t?sP. Hence here we can exercise very tight control with opera-
tors of weak type (p,p) transferring to operators of the same weak type. However
for Orlicz spaces like L¢*P or Llog(L) built using Young functions with extremely
rapid or extremely slow growth, controlling this process tightly becomes all the
more difficult.

To start off with we note that for any Young function A satisfying
0 = inf{t: A(t) > 0} and oo = sup{t: A(t) < oo}, there is a set of 2-variable
inequalities of “last resort” we always have access to. These are formulated in
terms of functions associated with L' 4+ L> and L' N L>. These spaces are known
to be Orlicz spaces. On employing the short-hand Y31, and Yineo for the associ-
ated Young functions, we remind the reader that

0 ifo<t<1

t Hfo<t<l1
Vipoo(t) = { t—1 otherwise

and Yinoo(t) = { 50 otherwise

When both spaces are equipped with their Luxemburg norms, we may use equation
2.1 to see that for any allowed valued ¢ > 0 we have that p11.,(f) = tﬁ and
V1n00(t) = max(1,t). We shall henceforth assume that these functions are defined
on all of [0,00) (which will be the case if our measure space is ([0, 00)%([0,00)))

equipped with Lebesgue measure).

LEMMA 5.1. For any Young function A with 0 = inf{¢t: A(t) > 0} and oo =
sup{t: A(t) < oo} we have that

A(8) Y1400 (t) < A(251), A(Lst) < A(s)Yineo(t)

and
0A(8)P11+00(t) < 204 (s1), wa(st) <204(8)P1n00(t)
for all s,t > 0.

Proof.  Each quasi-concave (fundamental) function ¢ admits a so-called con-
cave majorant ¢ for which we have that %(ﬁ < ¢ < @. (See for example the
exposition on fundamental functions in [3].) The function ¢ is the smallest con-
cave quasi-concave function majorising ¢. Using these facts the concavity of @4
when combined with the fact that p14.(¢) < min(1,t) for all ¢ > 0, ensures
that ©1100(t)pa(s) < P1100(t)Pa(s) < PalPr400(t)s) < Palts) < 2palts) for
all t,s > 0. Similarly pa(ts) < 2¢1n00(t)pa(s) for all ¢,s > 0. The inequal-
ity A(1st) < A(s).Yino(t) now follows from an application of Corollary 2.8 to
wa(st) < 204(8).¢01n00(t). For the remaining inequality notice that by equation
2.1 and the facts noted in the preceding discussion, we may in the case where t > 0
rewrite pA(5)P1400(t) < 20a(st) as A1 (%) < 2 (HE) A7(2). The assumptions
on A ensure that in this case A71(A(v)) = v = A(A7!(v)). Thus on respectively
replacing % and % with v and A(v), the resultant inequality can then be seen to
lead to the fact that uA(v) < A(2(1 + w)v) for all u,v > 0. On setting w =u+ 1,
this yields the fact that Y11 (w).A(v) = (w — 1)A(v) < A(2vw) for all v > 0 and
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w > 1, which then verifies the remaining claim. O

To simplify computations we now take A = Z in both Theorems 3.8 and 4.3
assuming also that this Young function satisfies the criteria mentioned in the hy-
pothesis of Theorem 3.8. If we are able to find Young functions B, X and Y such
that

01 A(st) > X(s)Y (¢) and Oapa(uv) < px(u)pp(u)

for all allowable s, t, u and v, then Theorems 3.8 and 4.3 ensure that any transfer-
able operator T' of weak(strong) type (Y, B), ultimately yields an operator T# of
weak(strong) type (B,Y). As mentioned earlier if we hope to prove convergence
of ergodic averages on a space corresponding to a Young function with either very
rapid or very slow growth, finding such a pair may be very difficult. In the case
where A = Z, obtaining such a pair can be a significant challenge. So in such
settings one may either need additional restrictions for the result to go through, or
else be willing to slightly modify the Young function in view in order to obtain a
useful result.

We shall illustrate these principles for the Young function Aj.g(t) = tlog(1l+t)
which generates the space Llog(L + 1). The significance of this Young function
for quantum physics has already been pointed out in [10]. In [7, Section 6] it was
shown how under mild additional assumptions one may obtain ergodic convergence
results for the space Llog(L + 1). We now show how convergence results may
be obtained by modifying the function ¢ — tlog(t + 1). A Young function is
said to satisfy the A’ condition globally if there exists some # > 0 such that
A(st) < 0A(s)A(t) for all s,t > 0. Recall that two Young functions Ag and A; are
said to be equivalent if there exists a constant § > 0 so that §7'A4; < Ay < §A4;.
The function ¢ — tlog(t + 1) can be shown to be equivalent to the Young function
t — (t+1)log(t + 1) — ¢t which in turn is known to fail the A’ condition globally
(see the example on page 33 of [15]). ! We specifically modify the behaviour of
Ajog near 0 to try and ensure more regular behaviour. Consider the Young function
Alog +e given by

Alog +(t) = tlog(l + €+ 1t) for all t > 0.

We clearly have that Ajog e > Alog. Though more regular than A, this class of
Young functions nevertheless do approximate Ajog very closely. We record further
facts in the following lemma.

LeMMA 5.2. The Young function Ao+ satisfies the A condition globally. In
addition

Atog 1+ (0T 51) < Ajog 1 (t). Atog 1c(s) for all s, > 0

!The claimed equivalence follows from the fact that limg g % = % and

lim oo % = 1. These limits together with the fact that the function ¢t —
(t+1) log(t4+1)—t
tlog(t+1)
where 0 < a < b ensures the existence of a constant § > 0 such that 07 (¢t + 1) log(t + 1) — ¢ <

tlog(t+1) < 6(t+ 1)log(t + 1) — ¢t for all ¢.

must have a positive minimim and maximum on each interval of the form [a, b
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and
(%)@Alog +e (St) S @Alog +e (t)’SOAlog +e (8) fOI’ al] S, t Z 0.

Proof.  To see that Ajog . satisfies the Ay condition globally, notice that when

combined with continuity, the fact that for any & > 0 we have that lim,\ o Alog 1 (kt)

Alog +e(t)
=k and lim; ~o %ﬁf&t)) = klimy ~oo % = k2, guarantees the existence of

a constant 0y such that Ajog y(kt) < 0 Aiog +e(t) for all t > 0. Since here we have
that Algé re(Alog 1e(t) =t = Ajog +6(A1;é +(t)), the second claimed inequality will
follow from the first. The first inequality follows on noting that we will for all
s,t > 0 have that

log(1+ e+ st) <log((l1+e+s)(1+e+t)) =log(l+e+s)+log(l+e+t)

< (m)log(l+e+s).log(1+€+t). O

Our efforts to date have now yielded the pair of equations

2
Alog +¢(5t) > ———Alog +¢(5) Y1100 (t
lg+(5> log(1+ €) 1g+(5) 1400 (t)

and

Plog +¢(UV) < Plog +¢(U)-Prog +¢(v)

valid for all allowable s, ¢, u and v. So in this case Theorems 3.8 and 4.3 ensure
that any transferable operator T' of weak(strong) type (Y1400, Alog+e), yields an
operator T# of weak(strong) type (Ajog+es Yi+oo)-

In conclusion then, the results obtained in this paper are not a silver bullet
which magically make all problems disappear. What they do offer is on the one
hand an accessible calculus which will enable anyone who is willing to get his/her
hands dirty, to get a very good idea of the kinds of convergence results that may
reasonably be expected to hold for a particular Orlicz space, and on the other to
present an algorithm for then proving such convergence.

(log(21+e) )

Appendix.

LEMMA. The product of two o-finite measure spaces is nonatomic if one of the
factors is nonatomic

Proof. Let (21,%1, 1) and (22, 3o, p2) be o-finite with say (21, X1, 1) nonatomic.
To prove the claim we need to show that for any measurable subset E C (21 X §22)
with positive measure, we can find a measurable subset Eg with 0 < (1 x p2)(Ep) <
(1 x p2)(Eg). Since both (21,31, p1) and (Qo, Yo, us) are o-finite we can find
countable families {A,} C Q; and {B,} C Qs of disjoint sets of finite measure
such that Q1 x Qg = Uy, n>1(Asn X By,). By countable additivity at least one of the
sets EN (A, x By,) must then have positive (finite) measure. If a priori we had that
w(E) = oo we are done as we may then take Ey to be such a EN(A,, x B,,). We may
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therefore assume that u(E) < oco. By the outer measure approach to construct-
ing pu1 X o [8, 251] we have that (1 x p2)(E) = inf{}, 5, p1(Crn)p2(Dn): E C
Un>1(Cr x Dy)}. On selecting some € > 0 which is at least less that u(E)/2, we
may therefore select a family {C,, x D, } of rectangles with E C U,,>1(C), x D,,)
and > oy p1(Cp)pa(Dpn) < (1 X p2)(E) + €/2. We therefore further have that
(p1 X p2) (Up>n (Cp x Dy)) < > sy #1(Cn)p2(Dy) — 0as N — co. Hence we may
select N € Nso that (1 X p2)(Un>1(CnXDyp))—€/2 < (p1 X pi2) (Un>n>1(Cn X Dy,)).
Together these two facts ensure that (p1 X pi2) (Up>1(Chn X Dp) = [EN(Un>p>1(Ch, X
D,))]) < e, guaranteeing that (u; x p2)(E N (Un>n>1(Cp X Dy)) > 0. It is
not difficult to see that if necessary we may rewrite Uy>,>1(C, X D,) as a
union of disjoint rectangles. We may now use the non-atomicity of (Qq,%1, u1)
to partition each C), into two disjoint measurable subsets X, and Y,, such that
(X)) = m(Yn) = @ for each n. This partitions Uy>n>1(C, x D,,) into
two disjoint sets Un>n>1(Xn X Dy) and Unsp>1(Y, X Dy) each with half the
measure of the original set Un>p>1(Cr, X Dy). The intersection of E with at
least one of the disjoint sets Un>n>1(Xy X Dy) and Uy>p>1(Y, x D,,) must then
have positive measure. If say E N (Uy>n>1(X, X D,,)) has positive measure, the
halving we have just noted ensures that (11 X p2)(E N (Unsn>1(X, X Dy))) <

3 2nsns1 11(Cu)pa(Dy) < 5[(pn X p2)(E) + €/2] < p(E) as required. O
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