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A B S T R A C T

Flow and heat transfer dynamics inside different industrial chambers play a vital role in understanding
momentum and heat transfer during industrial operations. Analysis of such flow and heat transfer helps
operators to know how the system works. To better understand the filtration process, the current study
analytically investigated the internal flow and heat transfer through a porous horizontal filter channel under the
influence of a uniform magnetic field while removing unwanted contaminations from the fluid inside the filter
chamber. Thus, the novelty of the current study is to advance the filtration process by investigating how the top
moving wall, which aims to minimise filter cake formation, affects permeates outflow (the current design). The
partial differential equations (PDEs) model representing the internal flow and heat transfer during filtration is
transformed into a system of ordinary differential equations (ODEs) using Lie point symmetry reduction without
changing the dynamics under investigation. After that, the transformed equations are solved analytically using
the perturbation approximation technique. The comparative analysis between the obtained semi-analytical
and NDSolve numerical solutions was used to show the correlation of internal flow, temperature, and pressure
profiles. The obtained solutions are used to find the best combination of dimensionless parameters that arise
from flow and heat transfer dynamics that lead to optimum outflow. Graphical analysis of flow and heat
transfer dynamics are used to indicate the combination of parameters that leads to maximum outflow based
on scientific evidence. It is observed that, on average, the velocity increases significantly by 122.55% across
all cases of 𝑅𝑒 ranging from 0 to 3.2 at the top permeable wall 𝑦 = 1. This significant increase is due to
the motion of the moving wall and fluid injection happening at 𝑦 = 1. The results show that more chamber
volume, small pores size, weak injection, weak magnetic force, and less Joule heating are crucial to increase
internal temperature and permeate outflow velocity during filtration.
1. Introduction

It is crucial to consider several important factors when processing
liquid for human consumption or industrial purposes. The effectiveness
of the filtration method used to reduce/remove deposited particles in a
liquid depends mainly on the type of particles, the quality of the filter
media, and the design of the filter. This important process of filtering
contaminants from the fluid is one process that scientists and engineers
must understand to fully implement filtering processes that meet a
particular standard requirement to achieve various clean industrial
fluids. Such processes can be understood through research works, such
as theoretical analysis and experiments, to name a few. To comprehend
the experimental findings, designers and engineers need a theoretical
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foundation (model) to construct practical and optimal filtering designs.
From the correlation of experiments and model analysis, designers get
an idea and better grasp of how the system works. Thus, such models
and experiments are important solutions to the industry.

Driven by the quest to understand various flow and heat transfers
between parallel plates and their applications in the compression pro-
cess, fluid purification, polymer process, transportation inside living
bodies, filtration, and flow inside syringes. There has been a rise in
considering these flows for research interest, and numerous scientific
studies have focused their efforts on understanding such flows. The
work of Thorpe1 conducted the squeezing of a film of liquid bounded
by two parallel surfaces. Siddiqui et al.2 disclosed an analytical proce-
dure for solving equations describing the squeezing flow between two
vailable online 7 May 2024
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NOMENCLATURE

𝑡 time (𝑠)
𝑇 temperature (𝐾)
𝑥̄ axial coordinate (𝑚)
𝑦̄ normal coordinate (𝑚)
𝑢̄ axial velocity (m/s)
𝑣̄ normal velocity (m/s)
𝑃 internal pressure (Pa)
𝑞𝑟 radiative heat flux (W∕m2 )
𝑔 gravitational acceleration (m∕s2)
𝑈𝑤 velocity at wall (m/s)
𝑘 permeability (H∕m)
𝑐𝑝 heat capacitance (J∕(kgK))
𝐵0 magnetic field strength (A∕m)

Greek symbols

𝜈 kinematic viscosity (m2∕s)
𝜎 electrical conductivity (S∕m)
𝜙 porosity parameter (cm2∕s)
𝜌 fluid density (kg∕m3)
𝛽 thermal expansion (1∕𝐾)

Non-dimensional variables

𝑡 non-dimensional time
𝑥 non-dimensional axial coordinate
𝑦 non-dimensional normal coordinate
𝑢 non-dimensional axial velocity
𝑣 non-dimensional normal velocity
𝑃 non-dimensional internal pressure
𝑅𝑒 Reynolds permeation number
𝐺𝑟 Grashof number
𝑁 Stuart number
𝑃𝑟 Prandtl number
𝐽 Joule heating parameter
𝑅 radiation parameter
𝐾 permeation parameter
𝛼 wall dilation rate
𝐶𝑓 skin friction coefficient
𝑁𝑢 Nusselt number

Subscripts

𝑤 wall condition
ℎ filter height

parallel plates. The authors noted that the method gives freedom of
selecting the homotopy parameter 𝑅, and it is not limited to 𝑅 being
small, unlike in the case of the perturbation method. A similar study by
Domairy and Aziz3 was investigated between two infinite disks with
ne porous disk to allow fluid injection/suction while the other disk
as impermeable.

Rashidi et al.4 investigated the unsteady squeeze of a viscous fluid
etween two parallel plates. Similarity transformations were used to re-
uce the Navier–Stokes equations to fourth-order nonlinear ODEs, and
fter that, solutions were found using the Homotopy Analysis Method.
arious researchers have concentrated their efforts towards finding
olutions of such flows of industrial importance in different geometries,
uch as the works of Refs. 5–10 to name a few. Most industrial fluids
re electrically conducting and possess a presence of electromagnetic
r magnetic field, which can change the flow dynamics. Hence, it is
2

important to study flow under the effect of magnetic strength to observe
how magnets influence the flow dynamics. The squeeze flow in various
designs under the influence of magnetic force has been investigated
in Refs. 11–13 by researchers. Khan et al.14 modelled the equations of
flow behaviour between two squeezing plates in the presence of mag-
netic strength. The authors used the parametric continuation method
to solve the flow equation. They found that swelling of the magnetic
strength enhances the temperature. The squeezing magnetohydrody-
namic flow was investigated over a permeable stretching surface in
the presence of nanoparticles by Hayat et al.15 The authors found that
strengthening the magnetic parameter decreases the velocity profiles
for the suction case.

Since most squeezing flows of industrial importance experience
temperature variation, much research has been done to understand the
impact of heat transfer within such flow dynamics. To gain a better
understanding of the behaves of squeeze flow and heat transfer, the
solutions of such flows can be obtained using numerical simulations
such as the works of Salehi et al.16 or analytical procedures used in
the study by Rahimi-Gorji et al.17 The works of Abbas et al.18 have
investigated the effects of heat transfer in hybrid nanofluid flow over
a nonlinear curved stretching surface. A similar study has been done,
such as the works of Gumber et al.,19 in which the heat transfer in
micropolar hybrid nanofluid flow past a vertical plate in the presence of
thermal radiation and suction/injection effects have been investigated.

The use of the Homotopy perturbation method to investigate var-
ious flow and heat transfer systems was done by Akinshilo.20–22 In
the paper,20 the author studied heat and mass transfer of Prandtl
nanofluid flow over a vertically heated curved surface to investigate the
effects of the magnetohydrodynamics (MHD), thermal radiation, and
chemical reactions on the system. The author also studied a magneto-
hydrodynamic nanofluid’s flow and heat transfer characteristics with
internal heat generation in a rotating system.21. Lastly, in, Ref. 22
the author focused on a non-Newtonian third-grade fluid’s flow and
heat transfer characteristics between parallel plates held horizontally
layered with a porous medium under the influence of an internal heat
source. A different perturbation technique called the homotopic analy-
sis method was used to study flow and heat transfer by Rasheed and co-
authors.23–25 The joint work of Rasheed et al.23 investigated the impact
of heat transfer in various applications, focusing on utilising non-
Newtonian fluids in biological and engineering disciplines. Rasheed
et al.24 studied the unsteady magnetohydrodynamic (MHD) mixed
convective and thermally radiative behaviour of Jeffrey nanofluid flow
around a vertical stretchable cylinder. Recently, Haroon et al.25 investi-
gated the thermal characteristics and mass transfer in a non-Newtonian
fluid system. They focused on viscoelastic nanofluid flow driven by a
permeable stretchable surface.

Reducing the complex mathematical model that describes the
squeeze flow and heat transfer dynamics to a solvable model became
a prominent part of research over the years. Researchers in Refs. 26–
30 used different methods to find similarity transformation to reduce
partial differential equations to ordinary differential equations. For
those models where the similarity solutions cannot be found easily
using the usual similarity transformations method, Sophus Lie discov-
ered a mathematical tool called Lie group analysis to cater for such
problems. The group invariant similarity transformation can be utilised
as an impressive tool to solve initial BVP (Boundary Value Problems)
see Refs. 31–34. This method gives various similarity transformations
which map the PDEs under investigation into simpler and solvable
ODEs.

During the filtration process, forming a filter cake is one challenge
when permeable surfaces effectively restrict particles from entering the
filter chamber. The current study seeks to deal with this formation of
filter cake during the filtration process by studying a flow and heat
transfer inside the filter chamber that allows the top wall to move in
the axial direction to minimise the formation of the filter cake. Thus,

for the first time, the current study advances the filtration process by
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Fig. 1. Geometry of the flow.

investigating horizontal flow behaviour which arises from moving the
top wall (the current design). The current case study aims to analyse
the effects of thermal physical parameters that arise from the current
filter chamber and the inclusion of heat effects on the system, such as
Prandtl number, radiation and Joule heating on permeate outflow.

2. Theoretical model

We consider a two-dimensional flow model of a viscous magnetohy-
drodynamic fluid in a horizontal squeezing (expanding or contracting)
filter channel with a porous upper plate moving with constant speed 𝑈𝑤
to minimise filter cake formation. The flow is two-dimensional since
the current design is such that the work done by the chamber walls
in the 𝑧-direction does not yield any momentum variation. The lower
plate is fixed and impermeable while kept at a constant temperature
𝑇𝑤 to decrease viscous effects at the bottom of the filter chamber. Also,
the normal velocity remains unchanged as the flow approaches the
lower plate, i.e. 𝑣𝑦 = 0 at 𝑦 = 0. Pressure 𝑝𝑤 due to work done by
the lower plate affects the system such that the pressure towards the
upper is either minimum or maximum. The fluid flow inside the filter
chamber is due to constant fluid injection velocity 𝑉𝑤, perpendicular to
the upper plate, the plate movement and pressure difference due to the
filter chamber being closed on the left and open on the right to allow
outflow as shown in Fig. 1. Thus the two-dimensional flow of a viscous
magnetohydrodynamic fluid and heat transfer inside a filter chamber
is mathematically represented as follows31

𝜕𝑥̄𝑢̄ + 𝜕𝑦̄𝑣̄ = 0, (1)

𝜕𝑡𝑢̄ + 𝑢̄𝜕𝑥̄𝑢̄ + 𝑣̄𝜕𝑦̄𝑢̄ + 𝜌−1𝜕𝑥̄𝑝̄ − 𝜈
[

𝜕𝑥̄𝑥̄𝑢̄ + 𝜕𝑦̄𝑦̄𝑢̄
]

+
𝜈𝜙
𝑘
𝑢̄ +

𝜎𝐵2
0

𝜌
𝑢̄ = 0, (2)

𝜕𝑡𝑣̄ + 𝑢̄𝜕𝑥̄𝑣̄ + 𝑣̄𝜕𝑦̄𝑣̄ + 𝜌−1𝜕𝑦̄𝑝̄ − 𝜈
[

𝜕𝑥̄𝑥̄𝑣̄ + 𝜕𝑦̄𝑦̄𝑣̄
]

+
𝜈𝜙
𝑘
𝑣̄ − 𝑔𝛽(𝑇 − 𝑇ℎ) = 0, (3)

𝜕𝑡𝑇 + 𝑢̄𝜕𝑥̄𝑇 + 𝑣̄𝜕𝑦̄𝑇 − 𝑘̄
𝜌𝑐𝑝

[

𝜕𝑥̄𝑥̄𝑇 + 𝜕𝑦̄𝑦̄𝑇
]

− 1
𝜌𝑐𝑝

𝜕𝑦̄𝑞𝑟 −
𝜎𝐵2

0
𝜌𝑐𝑝

𝑢̄2 = 0, (4)

subject to the following constraints

(i) 𝜕𝑦̄𝑢̄(𝑥̄, 1, 𝑡) = 𝑈𝑤, 𝑣̄(𝑥̄, 1, 𝑡) = −𝑉𝑤, 𝜕𝑦̄𝑝̄(𝑥̄, 1, 𝑡) = 0, 𝜕𝑦̄𝑇 (𝑥̄, 1, 𝑡) = 0,

(ii) 𝑢̄(𝑥̄, 0, 𝑡) = 0, 𝑣̄𝑦̄(𝑥̄, 0, 𝑡) = 0, 𝑝̄(𝑥̄, 0, 𝑡) = 𝑝̄𝑤, 𝑇 (𝑥̄, 0, 𝑡) = 𝑇𝑤,

(iii) 𝑢̄ = 0 at 𝑥̄ = 0.
(5)

For radiative heat flux 𝑞𝑟, we consider the Rosseland approximation
for optically thick medium defined in Refs. 35, 36 as

𝑞𝑟 = − 4 ∇𝑒𝑏, (6)
3

3𝑘∗
where the Stefan–Boltzmann radiative law allows us to define 𝑒𝑏 to be
𝑒𝑏 = 𝜎∗𝑇 4. Thus, nonlinear radiation35,36 is defined mathematically as

𝑞𝑟 =
−4𝜎∗
3𝑘∗

𝜕𝑦𝑇
4 = −4𝜎∗

3𝑘𝑟
𝜕𝑦

[

4𝑇 3
ℎ𝑇 − 3𝑇 4

ℎ
]

, (7)

where 𝑇 4 ≅ 4𝑇 3
ℎ𝑇 − 3𝑇 4

ℎ is represented as a linear combination of
temperatures using series expansion around 𝑇ℎ.

Using the radiative heat flux (7) and invoking the following dimen-
sionless relations31

𝑢 = 𝑢̄
𝑉𝑤

, 𝑣 = 𝑢̄
𝑉𝑤

, 𝑥 = 𝑥̄
ℎ(𝑡)

, 𝑦 =
𝑦̄

ℎ(𝑡)
, 𝑝 =

𝑝̄
𝜌𝑉 2

𝑤
,

𝑡 =
𝑡𝑉𝑤
ℎ

, 𝛼 = ℎℎ̇
𝜈
, 𝜃 =

𝑇 − 𝑇ℎ
𝑇𝑤 − 𝑇ℎ

, 𝑉𝑤 = 𝜈
ℎ
, (8)

we get the transformed form of Eqs. (1)–(4) and boundary condi-
tions (5) in dimensionless form as

𝜕𝑥𝑢 + 𝜕𝑦𝑣 = 0, (9)

𝜕𝑡𝑢 + 𝑢𝜕𝑥𝑢 + 𝑣𝜕𝑦𝑢 + 𝜕𝑥𝑝 − 𝑅𝑒
−1

[

𝛼𝑦𝜕𝑦𝑢 + 𝜕2𝑥𝑢 + 𝜕2𝑦𝑢
]

+𝐾−1𝑢 +𝑁𝑢 = 0,

(10)

𝜕𝑡𝑣 + 𝑢𝜕𝑥𝑣 + 𝑣𝜕𝑦𝑣 + 𝜕𝑦𝑝 − 𝑅𝑒
−1

[

𝛼𝑦𝜕𝑦𝑣 + 𝜕2𝑥𝑣 + 𝜕2𝑦𝑣
]

+𝐾−1𝑣 − 𝐺𝑟𝜃 = 0,

(11)

𝜕𝑡𝜃 + 𝑢𝜕𝑥𝜃 + 𝑣𝜕𝑦𝜃 − 𝑃−1
𝑟 𝑅−1

𝑒

[

𝜕2𝑥𝜃 + (1 − 4𝑅)𝜕2𝑦𝜃
]

−𝐽𝑢2 = 0, (12)

where 𝑅𝑒 = ℎ𝑉𝑤
𝜈 , 𝐾 = 𝑘𝑉𝑤

𝜈ℎ𝜙 , 𝑁 =
𝜎ℎ𝐵2

0
𝜌𝑉𝑤

, 𝐺𝑟 = ℎ𝑔𝛽(𝑇𝑤−𝑇ℎ)
𝜈2

, 𝑃𝑟 = 𝜌𝐶𝑝𝜈
𝑘 ,

𝐽 =
𝜎𝐵2

0ℎ𝑉𝑤
𝜌𝐶𝑝(𝑇𝑤−𝑇ℎ)

, and 𝑅 =
4𝜎𝑟𝑇 3

ℎ
3𝑘𝑟𝑘

. The boundary conditions take the
following form

(i) 𝜕𝑦𝑢(𝑥, 1, 𝑡) = 1, 𝑣(𝑥, 1, 𝑡) = −1, 𝑝𝑦(𝑥, 1, 𝑡) = 0, 𝜕𝑦𝜃(𝑥, 1, 𝑡) = 0,

(ii) 𝑢(𝑥, 0, 𝑡) = 0, 𝑣𝑦(𝑥, 0, 𝑡) = 0, 𝑝(𝑥, 0, 𝑡) = 1, 𝜃(𝑥, 0, 𝑡) = 1,

(iii) 𝑢 = 0 at 𝑥 = 0.
(13)

For the steady-state operation of the filter chamber, the above system
of equations and its boundary conditions reduce to

𝜕𝑥𝑢 + 𝜕𝑦𝑣 = 0, (14)

𝑢𝜕𝑥𝑢 + 𝑣𝜕𝑦𝑢 + 𝜕𝑥𝑝 − 𝑅𝑒
−1

[

𝛼𝑦𝜕𝑦𝑢 + 𝜕2𝑥𝑢 + 𝜕2𝑦𝑢
]

+𝐾−1𝑢 +𝑁𝑢 = 0, (15)

𝑢𝜕𝑥𝑣 + 𝑣𝜕𝑦𝑣 + 𝜕𝑦𝑝 − 𝑅𝑒
−1

[

𝛼𝑦𝜕𝑦𝑣 + 𝜕2𝑥𝑣 + 𝜕2𝑦𝑣
]

+𝐾−1𝑣 − 𝐺𝑟𝜃 = 0, (16)

𝑢𝜕𝑥𝜃 + 𝑣𝜕𝑦𝜃 − 𝑃−1
𝑟 𝑅−1

𝑒

[

𝜕2𝑥𝜃 + (1 − 4𝑅)𝜕2𝑦𝜃
]

−𝐽𝑢2 = 0, (17)

as well as the following boundary conditions

(i) 𝜕𝑦𝑢(𝑥, 1) = 1, 𝑣(𝑥, 1) = −1, 𝑝𝑦(𝑥, 1) = 0, 𝜕𝑦𝜃(𝑥, 1) = 0,

(ii) 𝑢(𝑥, 0) = 0, 𝑣𝑦(𝑥, 0) = 0, 𝑝(𝑥, 0) = 1, 𝜃(𝑥, 0) = 1,

(iii) 𝑢 = 0 at 𝑥 = 0. (18)

According to the current design, the filter chamber is such that the
upper wall (at 𝑦 = 1) accelerates at and maintains constant acceleration
while allowing fluid injection. Also, the wall does not allow heat to
flow through. Due to the bottom stationary wall, the layers near the
bottom wall approximate the velocity of the wall (no-slip condition).
The bottom wall is maintained at a constant temperature and exerts a
constant pressure.

3. Solution method

The Lie-point symmetries method32,37,38 has now been introduced
to reduce the dimensionless system of Eqs. (14)–(17) governing flow
and heat transfer inside a filter channel to a system of ordinary differ-
ential equations.
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3.1. Calculating Lie-point symmetries

The one-parameter Lie group of transformation for (14)–(17) and
the corresponding vector field 𝑋 is defined as follows39

𝑥∗ = 𝑥 + 𝜀𝜉1(𝑥, 𝑦, 𝑢, 𝑣, 𝑝, 𝜃) + 0(𝜀2),

𝑦∗ = 𝑦 + 𝜀𝜉2(𝑥, 𝑦, 𝑢, 𝑣, 𝑝, 𝜃) + 0(𝜀2),

𝑢∗ = 𝑢 + 𝜀𝜂1(𝑥, 𝑦, 𝑢, 𝑣, 𝑝, 𝜃) + 0(𝜀2), (19)
𝑣∗ = 𝑣 + 𝜀𝜂2(𝑥, 𝑦, 𝑢, 𝑣, 𝑝, 𝜃) + 0(𝜀2),

𝑝∗ = 𝑝 + 𝜀𝜂3(𝑥, 𝑦, 𝑢, 𝑣, 𝑝, 𝜃) + 0(𝜀2),

𝜃∗ = 𝜃 + 𝜀𝜂4(𝑥, 𝑦, 𝑢, 𝑣, 𝑝, 𝜃) + 0(𝜀2),

and

𝑋 = 𝜉1
𝜕
𝜕𝑥

+ 𝜉2
𝜕
𝜕𝑦

+ 𝜂1
𝜕
𝜕𝑢

+ 𝜂2
𝜕
𝜕𝑣

+ 𝜂3
𝜕
𝜕𝑝

+ 𝜂4
𝜕
𝜕𝜃

, (20)

where 𝜉1, 𝜉2, 𝜂1, 𝜂2, 𝜂3 and 𝜂4 are infinitesimal transformation.
By carrying out the tedious algebra with the help of maple, we

finally obtain that the non-linear system of Eqs. (14)–(17) admits the
following three Lie-point symmetries:

𝑋1 =
𝜕
𝜕𝑥

, 𝑋2 = 𝑦𝐺𝑟
𝜕
𝜕𝑝

+ 𝜕
𝜕𝜃

, 𝑋3 =
𝜕
𝜕𝑝

. (21)

or a more detailed procedure of finding symmetries of the system of
quations, the reader is referred to the works of.40

The one-parameter group generated by the translation symmetries
1 leaves the solutions 𝑢 = 𝑢(𝑥, 𝑦), 𝑣 = 𝑣(𝑥, 𝑦), 𝑝 = 𝑝(𝑥, 𝑦) and 𝜃 = 𝜃(𝑥, 𝑦)

unchanged while reducing the number of independent variable, if

𝛷𝑢 = 𝑋(𝑢 − 𝑢(𝑥, 𝑦)) = 0, 𝛷𝑣 = 𝑋(𝑣 − 𝑣(𝑥, 𝑦)) = 0, (22)

𝛷𝑝 = 𝑋(𝑝 − 𝑝(𝑥, 𝑦)) = 0, 𝛷𝜃 = 𝑋(𝜃 − 𝜃(𝑥, 𝑦)) = 0 (23)

while the boundary conditions are not changed by this action.

3.2. Reduction

The steady-state regime of the case study is given by the translation
symmetry 𝑋1, which yields the following invariant surface condition
solutions

𝑢 = 𝑈 (𝑦), 𝑣 = 𝑉 (𝑦), 𝑝 = 𝑃 (𝑦), 𝜃 = 𝛩(𝑦), (24)

where the new variables 𝑈 , 𝑉 , 𝑃 , and 𝛩 represent axial and normal
velocities, as well as pressure and temperature, respectively. It should
be noted that the above invariants illustrate the dynamics of fully
developed flow during the filtration process. Invoking (24) into the
system of Eqs. (14)–(17) and boundary conditions (18) yields the
following steady-state system

𝑉 ′ = 0, (25)

𝑉 𝑈 ′ − 1
𝑅𝑒

[

𝛼𝑦𝑈 ′ + 𝑈 ′′] + 1
𝐾
𝑈 +𝑁𝑈 = 0, (26)

𝑉 𝑉 ′ + 𝑃 ′ − 1
𝑅𝑒

[

𝛼𝑦𝑉 ′ + 𝑉 ′′] + 1
𝐾
𝑉 − 𝐺𝑟𝛩 = 0, (27)

𝑉 𝛩′ −
(1 − 4𝑅)
𝑃𝑟𝑅𝑒

𝛩′′ − 𝐽𝑈2 = 0, (28)

subject to the boundary conditions below

(i) 𝑈 ′(1) = 1, 𝑉 (1) = −1, 𝑃 ′(1) = 0, 𝛩′(1) = 0,

(ii) 𝑈 (0) = 0, 𝑉 ′(0) = 0, 𝑃 (0) = 1, 𝛩(0) = 1, (29)

where all the differentiations are executed with respect to 𝑦.
Solving (25) subject to boundary condition (29), gives

𝑉 (𝑦) = −1. (30)
4

The above results holds for 𝑦 > 0.
With the findings above, the remaining equations from the system
of ordinary differential Eqs. (25)–(28) become

𝑈 ′(𝑦) + 1
𝑅𝑒

[

𝛼𝑦𝑈 ′(𝑦) + 𝑈 ′′(𝑦)
]

− 1
𝐾
𝑈 (𝑦) −𝑁𝑈 (𝑦) = 0, (31)

𝑃 ′(𝑦) − 1
𝐾

− 𝐺𝑟𝛩(𝑦) = 0, (32)

−𝛩′(𝑦) −
(1 − 4𝑅)
𝑃𝑟𝑅𝑒

𝛩′′(𝑦) − 𝐽𝑈2(𝑦) = 0, (33)

and the boundary conditions take the following form

(i) 𝑈 ′(1) = 1, 𝑃 ′(1) = 0, 𝛩′(1) = 0,

(ii) 𝑈 (0) = 0, 𝑃 (0) = 1, 𝛩(0) = 1. (34)

3.3. Approximate analytical solutions

The perturbation method31,41–43 is utilised in this subsection to
obtain the approximate analytical solutions of the system of ordinary
differential Eqs. (31)–(33) subject to the boundary conditions (34). The
top moving wall is such that fluid permeation into the chamber is weak.
Thus, the axial velocity solution 𝑈 is represented in a series form in
terms of weak permeation 𝑅𝑒 as follows

𝑈 = 𝑈1 + 𝑅𝑒𝑈2 + 𝑅2
𝑒𝑈3 + 𝑂(𝑅3

𝑒 ), (35)

where 𝑈 ′
𝑖 𝑠 are independent of the parameter 𝑅𝑒 for 𝑖 = 1, 2, 3. Sub-

stituting (35) into Eq. (31) and boundary conditions (34) generate the
zeroth, first and second order equations of 𝑅𝑒 together with appropriate
boundary conditions below

−𝛼𝑦𝑈 ′
1(𝑦) − 𝑈 ′′

1 (𝑦) = 0, (36)
𝑈1(𝑦)
𝐾

+𝑁𝑈1(𝑦) − 𝛼𝑦𝑈 ′
2(𝑦) + 𝑈 ′

1(𝑦) − 𝑈 ′′
2 (𝑦) = 0, (37)

𝑈2(𝑦)
𝐾

+𝑁𝑈2(𝑦) − 𝛼𝑦𝑈 ′
3(𝑦) + 𝑈 ′

2(𝑦) − 𝑈 ′′
3 (𝑦) = 0 (38)

s well as boundary conditions

i) 𝑈 ′
1(1) = 1, (ii) 𝑈1(0) = 0, (39)

iii) 𝑈 ′
2(1) = 0, (iv) 𝑈2(0) = 0, (40)

v) 𝑈 ′
3(1) = 0, (vi) 𝑈3(0) = 0. (41)

ince the chamber walls dilate slowly and at a constant rate, the pa-
ameter 𝛼 is utilised as a secondary perturbation parameter for velocity
1(𝑦), 𝑈2(𝑦) and 𝑈3(𝑦) such that

1(𝑦) = 𝑈10(𝑦) + 𝛼𝑈11(𝑦) + 𝛼2𝑈12(𝑦) + 𝑂(𝛼3), (42)

2(𝑦) = 𝑈20(𝑦) + 𝛼𝑈21(𝑦) + 𝛼2𝑈22(𝑦) + 𝑂(𝛼3), (43)
nd

3(𝑦) = 𝑈30(𝑦) + 𝛼𝑈31(𝑦) + 𝛼2𝑈32(𝑦) + 𝑂(𝛼3). (44)

ubstituting the above equations into Eqs. (36), (37) and (38), as
ell as their corresponding boundary conditions, we obtain a set of
quations by equating powers of the wall dilation rate (𝛼). Solving those
esulting equations, we obtain the axial velocity variation inside the
ilter chamber as

(𝑦) = 1
10080𝐾2

[

𝑦

(

𝑅2
𝑒

{

−36𝛼
{

𝐴4𝑦
2(𝐾𝑁 + 1) + 105𝐴2𝐾𝑦5 − 105𝐴6𝐾𝑦3

+ 420𝐴11𝐾𝑦 + 9𝐴2
2𝑦

6 − 21𝐴5𝑦
4 + 𝐴3

}

+𝛼2 ( 576𝐴2𝐾𝑦7 − 3780𝐴1𝐾𝑦5

+ 1890𝐴6𝐾𝑦3 − 126𝐴10𝐾𝑦 + 43𝐴2
2𝑦

8 − 36𝐴9𝑦
6 + 126𝐴7𝑦

4 − 84𝐴8𝑦
2

+ 𝐴12 + 14607
)

+1512
[

𝐾2
(

𝑁2(𝑦2 − 5
)2 + 10𝑁𝑦(𝑦 − 3)(𝑦 + 1) + 80𝑁

+ 20[(𝑦 − 3)𝑦 + 3]
)

+2𝐾
(

𝑁
(

𝑦2 − 5
)2 + 5

[

𝑦(𝑦 − 3)(𝑦 + 1) + 8
])

+
(

𝑦2 − 5
)2

]

}

+3 6𝐾𝑅
{

−42𝛼
[

−20𝐴 𝑦2 + 𝐴 + 4𝑦4(𝐾𝑁 + 1) + 15𝐾𝑦3 − 30𝐾𝑦
]

𝑒 1 13
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Fig. 2. Comparison of semi-analytical and numerical profiles.
)

+ 𝛼2(23𝐴2𝑦
6 − 21𝐴14𝑦

4 + 35𝐴15𝑦
2 − 7𝐴10 + 105𝐾𝑦5 − 315𝐾𝑦3 + 315𝐾𝑦

)

+ 840
[

𝐾
{

𝑁
(

𝑦2 − 3
)

+ 3(𝑦 − 2)
}

+ 𝑦2 − 3
] }

+1512𝐾2
[

𝛼
{

15(𝛼 + 4)

+ 3𝛼𝑦4 − 10(𝛼 + 2)𝑦2
}

+120
]

)]

, (45

here 𝐴𝑖 are constants defined in the Appendix. Similarly, the series
olution of the temperature 𝛩 is such that

(𝑦) = 𝛩 + 𝑅𝑒𝛩 + 𝑅2
𝑒𝛩 + 𝑂(𝑅3

𝑒 ). (46)

Substituting the temperature series form (46) together with velocity
45) into the energy Eq. (33) and boundary conditions (34) yields
system of equations together with appropriate boundary conditions

rom equating zeroth, first and second order equations of 𝑅𝑒, which
ere rigorously solved to give the internal temperature variation below

see the work of Magalakwe et al.39 for more details)

(𝑦)

1
3632428800𝐾(1 − 4𝑅)2

[

𝐽 (4𝑅 − 1)𝑦𝑅𝑒𝑃𝑟

(

𝑅𝑒

(

17920
{

𝛼
[

𝛼{𝛼(957𝛼 + 7358)

+ 29172} + 55341
]

+54054
}

+𝐾
(

𝑁
(

17920
[

𝛼
{

(

𝛼[𝛼(957𝛼 + 7358) + 29172]

+ 55341
}

+54054
]

+4554𝛼4𝑦13 − 91𝛼3(671𝛼 + 964)𝑦11 + 4004𝛼2[𝛼(99𝛼 + 284)

+ 288]𝑦9 − 3003𝛼
(

𝛼[𝛼(557𝛼 + 2320) + 4320] + 2640
)

𝑦7 + 14014
{

𝛼
[

𝛼{𝛼(331𝛼

+1832) + 4800} + 5760
]

+2880
}

𝑦5 − 105105[𝛼(𝛼 + 4) + 8][𝛼(83𝛼 + 240)
5

+360]𝑦3
)

+21
(

13𝛼2[𝛼(49285𝛼 + 443036) + 2037420] + 480480(127𝛼 + 150)

+ 1155𝛼4𝑦12 − 1638𝛼4𝑦11 − 10374𝛼3(𝛼 + 2)𝑦10 + 16016𝛼3(𝛼 + 2)𝑦9 + 5005𝛼2

[9𝛼(𝛼 + 4) + 52]𝑦8 − 4290𝛼2[19𝛼(𝛼 + 4) + 112]𝑦7 − 107250𝛼(𝛼 + 2)[𝛼(𝛼

+4) + 8]𝑦6 + 240240𝛼(𝛼 + 2)[𝛼(𝛼 + 4) + 8]𝑦5 + 135135[𝛼(𝛼 + 4) + 8]2𝑦4

−450450[𝛼(𝛼 + 4) + 8]2𝑦3
)

)

+4554𝛼4𝑦13 − 91𝛼3(671𝛼 + 964)𝑦11 + 4004𝛼2

[𝛼(99𝛼 + 284) + 288]𝑦9 − 3003𝛼
(

𝛼[𝛼(557𝛼 + 2320) + 4320] + 2640
)

𝑦7

+14014
(

𝛼
{

𝛼[𝛼(331𝛼 + 1832) + 4800] + 5760
}

+2880
)

𝑦5 − 105105[𝛼(𝛼 + 4)

+ 8][𝛼(83𝛼 + 240) + 360]𝑦3
)

+273𝐾
[

−256
{

(

𝛼
(

𝛼[𝛼(131𝛼

+1210) + 5775] + 13860
)

+17325
}

+63𝛼4𝑦11 − 616𝛼3(𝛼 + 2)𝑦9 + 165𝛼2 [ 19𝛼

(𝛼 + 4) + 112
]

𝑦7 − 9240𝛼(𝛼 + 2)[𝛼(𝛼 + 4) + 8]𝑦5 + 17325[𝛼(𝛼 + 4) + 8]2𝑦3
]

)

+7𝐽𝐾𝑦𝑅2
𝑒𝑃

2
𝑟

(

9009
[

𝛼
{

𝛼[𝛼(99𝛼 + 932) + 4560] + 11200
}

+ 14400
]

+ 189𝛼4𝑦12

−2184𝛼3(𝛼 + 2)𝑦10 + 715𝛼2[19𝛼(𝛼 + 4) + 112]𝑦8 − 51480𝛼(𝛼 + 2)[𝛼(𝛼 + 4)

+ 8]𝑦6 + 135135[𝛼(𝛼 + 4) + 8]2𝑦4 − 4992
[

𝛼
{

𝛼
[

𝛼(131𝛼 + 1210) + 5775
]

+13860
}

+17325
]

𝑦
)

+3632428800𝐾(1 − 4𝑅)2
]

, (47)
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Fig. 3. Effects of parameters on axial velocity.
+
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−

To solve for pressure gradient, by substituting Eq. (47) into Eq. (32) and
integrating the resulting equation, between the bottom wall pressure
𝑃 = 𝑃𝑤 = 1 and the top wall pressure at 𝑑𝑃

𝑑𝑦 = 0, yields pressure
variation as

𝑃 (𝑦)

= 1
217945728000𝐾(1 − 4𝑅)2

×

[

𝑦𝐺𝑟

(

𝐽 (4𝑅 − 1)𝑦𝑅𝑒𝑃𝑟

{

𝑅𝑒

[

𝐾
{

4𝑁
(

134400(𝛼(𝛼(𝛼

(957𝛼 + 7358) + 29172) + 55341) + 54054) + 4554𝛼4𝑦13 − 105𝛼3(671𝛼 + 964)𝑦11

5460𝛼2[𝛼(99𝛼 + 284) + 288]𝑦9 − 5005𝛼
[

𝛼
(

𝛼{557𝛼 + 2320} + 4320
)

+ 2640
]

𝑦7

30030
(

𝛼
[

𝛼{𝛼(331𝛼 + 1832) + 4800} + 5760
]

+ 2880
)

𝑦5 − 315315
[

𝛼(𝛼 + 4)

8
] [

𝛼(83𝛼 + 240) + 360
]

𝑦3
)

+105
(

78
[

𝛼
{

𝛼
[

𝛼(49285𝛼 + 443036) + 2037420
]

4693920
}

+5544000
]

+990𝛼4𝑦12 − 1512𝛼4𝑦11 − 10374𝛼3(𝛼 + 2)𝑦10

17472𝛼3(𝛼 + 2)𝑦9 + 6006𝛼2[9𝛼(𝛼 + 4) + 52]𝑦8 − 5720𝛼2[19𝛼(𝛼 + 4)

112]𝑦7 − 160875𝛼[𝛼 + 2][𝛼(𝛼 + 4) + 8]𝑦6 + 411840𝛼[𝛼 + 2][𝛼(𝛼 + 4) + 8]𝑦5

270270
[

𝛼(𝛼 + 4) + 8
]2𝑦4 − 1081080

[

𝛼(𝛼 + 4) + 8
]2𝑦3

)

}

+4
(

134400
[

𝛼
{

𝛼

𝛼(957𝛼 + 7358) + 29172] + 55341
}

+54054
]

+4554𝛼4𝑦13 − 105𝛼3(671𝛼
6

964)𝑦11 + 5460𝛼2
[

𝛼(99𝛼 + 284) + 288
]

𝑦9 − 5005𝛼
(

𝛼
{

𝛼(557𝛼 + 2320) + 4320
}

2640
)

𝑦7 + 30030
[

𝛼
(

𝛼
{

𝛼(331𝛼 + 1832) + 4800
}

+ 5760
)

+ 2880
]

𝑦5 − 315315
[

𝛼(𝛼

4) + 8
]

[𝛼(83𝛼 + 240) + 360]𝑦3
)

]

+420𝐾
(

−4992
(

𝛼
{

𝛼[𝛼(131𝛼 + 1210) + 5775]

13860
}

+17325
)

+189𝛼4𝑦11 − 2184𝛼3(𝛼 + 2)𝑦9 + 715𝛼2[19𝛼(𝛼 + 4) + 112]𝑦7

51480𝛼(𝛼 + 2)[𝛼(𝛼 + 4) + 8]𝑦5 + 135135[𝛼(𝛼 + 4) + 8]2𝑦3
)

}

+210𝐽𝐾𝑦𝑅2
𝑒𝑃

2
𝑟

[

9009
{

𝛼
(

𝛼
[

𝛼(99𝛼 + 932) + 4560
]

+ 11200
)

+ 14400
}

+27𝛼4𝑦12 − 364𝛼3(𝛼

+2)𝑦10 + 143𝛼2[19𝛼(𝛼 + 4) + 112]𝑦8 − 12870𝛼(𝛼 + 2)[𝛼(𝛼 + 4) + 8]𝑦6

+45045[𝛼(𝛼 + 4) + 8]2𝑦4 − 3328
(

𝛼
{

𝛼
[

𝛼(131𝛼 + 1210) + 5775
]

+ 13860
}

+17325
)

𝑦
]

+217945728000𝐾(1 − 4𝑅)2
)

+217945728000(1 − 4𝑅)2(𝐾 + 𝑦)

]

. (48)

As much as the perturbation method is valuable for analysing
various flow dynamics involving small parameter variations, it can
be computationally demanding to obtain more accurate results due to
higher-order expansion. The technique is also sensitive to the choice of
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Fig. 4. Effects of parameters on internal temperature.
boundary condition; small changes in this condition can significantly
affect the accuracy of the perturbation solution.

Because of the shear stress on the bottom wall caused by fluid mo-
tion, the skin friction coefficient is a parameter of physical significance
since it shows how internal drag in a system behaves. Nusselt number
physically illustrates the heat flux and radiation, which evaluate the
quantity of heat exchange between the body and fluid at the boundary.
Thus, these parameters of physical significance are defined as skin
friction coefficient 𝐶𝑓 and Nusselt number 𝑁𝑢 below:

𝐶𝑓 =
2𝜏𝑤
𝜌𝑉𝑤2

and 𝑁𝑢 =
𝑥̄𝑞𝑤

𝑘(𝑇𝑤 − 𝑇ℎ)
, (49)

where 𝜏𝑤 denotes the shear stress along the chamber’s walls and 𝑞𝑤 is
the wall heat flux are defined as:

𝜏𝑤 = 𝜇
(

𝜕𝑢̄
𝜕𝑦̄

)

𝑦̄=0 𝑦̄=1
and 𝑞𝑤 = −𝑘

(

𝜕𝑇
𝜕𝑦̄

+
16𝜎𝑟𝑇𝑤3𝜕𝑇
3𝑘𝑟𝑘𝜕𝑦̄

)

𝑦̄=0 𝑦̄=1
, (50)

Skin friction and Nusselt number occur at the chamber’s top and bottom
when 𝑦 = 1 and 𝑦 = 0, respectively. According to the current filter
esign, the above physical quantities take the following dimensionless
orm:

𝑓 = 2
(

𝜕𝑢
)

and 𝑁𝑢 = 𝑥
(

1 + 4𝑅
) (

𝜕𝛩
)

. (51)
7

𝑅𝑒 𝜕𝑦 𝑦=0 , 𝑦=1 𝜕𝑦 𝑦=0 , 𝑦=1
The above dimensionless quantities will be used to analyse skin friction
coefficient and heat flux during the filtration process in the next section.

4. Comparisons of solutions

In this section, we graphically compare the semi-analytical solutions
obtained in the previous section with numerical solutions obtained
using the mathematica package built-in function NDSolve.

According to Fig. 2 there is a correlation between the velocity,
temperature, and pressure dynamics. The deviation noticed between
the semi-analytical and numerical solutions for temperature, and pres-
sure is caused by truncation error resulting from semi-analytical. Both
solutions approximate similar profiles, which agree with the physics
of the case study. For one to minimise the error between the numerical
and semi-analytical solutions of temperature and velocity, the following
parameters play an important role;

• Radiation (𝑅): from the temperature, an acceptable error is
achieved when radiating parameter is small enough, which phys-
ically, according to the system, acts as an emission radiation
parameter meaning the fluid emits the radiation in the form of

temperature.
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Fig. 5. Effects of parameters on internal temperature.
• Permeation Reynolds number (𝑅𝑒): for better or acceptable error,
this parameter should also be small since higher values of 𝑅𝑒
bring uncertainty in the output velocity. This is happening due
to transition flow which is not allowed in this design since the
flow is laminar; therefore, 𝑅𝑒 should be between 0 ≤ 𝑅𝑒 ≤ 1.

When these two parameters are kept lower, the error in the solutions
is also minimal. The numerical outcomes of the axial fluid velocity are
validated by comparing the current flow results at different channel
positions with those of Jafaryar et al.44 The Table 1 shows that the
results of the current study are accurate to order 2 with those of44

solved by the optimal homotopy asymptotic method.

5. Results and discussion

This section depicts the impact of the relevant parameters on the
velocity, temperature, and pressure of a steady, incompressible fluid
inside the filter channel. How the pertinent parameters lead to optimal
permeate outflow and temperature distribution, have been analysed
in detail. Imperative graphs are enlisted to enrich the section. The
drag coefficient and local heat transfer are also discussed in depth. For
simulation, the parametric inputs are considered as

𝛼 = 1, 𝑃𝑟 = 0.6, 𝐾 = 1, 𝐺𝑟 = 1, 𝑁 = 1, 𝑅𝑒 = 2, 𝑅 = 1, 𝐽 = 0.5,

According to the filter design, the ranges of physical parameters are
8

such that the permeation Reynolds number ranges between 0 ≤ 𝑅𝑒 ≤
Table 1
Numerical outcomes of outflow velocity for 𝑁 = 𝐺𝑟 =
𝐺𝑐 = 𝑃𝑟 = 𝐽 = 𝑅 = 0 and 𝐾 ⟶ ∞ compared with
OHAM.

𝛼 = 0, 𝑅𝑒 = 1

𝑦 Present OHAM44

0.0 0 0
0.1 0.17421 0.17176
0.2 0.33539 0.337421
0.3 0.49838 0.491359
0.4 0.62953 0.628838
0.5 0.74937 0.746307
0.6 0.84699 0.841553
0.7 0.91240 0.91371
0.8 0.96911 0.963137
0.9 0.98356 0.991199
1 0.99992 1

3.2 to maintain laminar flow through a porous medium. The values
−1 ≤ 𝛼 ≤ 1 are picked to study how flow properties are affected by
the filter chamber volume. 𝛼 > 0 represents expansion, while 𝛼 < 0
show contraction. The Prandtl number range 𝑃𝑟 is chosen to examine
how momentum diffusivity (𝑃𝑟 < 1) and thermal diffusivity (𝑃𝑟 > 1)
dominance behaves inside the filter chamber. For analysis, 𝑃𝑟 < 1 is
picked to maximise the permeates outflow. For the effectiveness of the
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Fig. 6. Effects of parameters on internal pressure variation.
permeability, 1 ≤ 𝐾 ≤ 5 is picked since smaller values of 𝐾 indicate big
ores and bigger values of small pores of the medium. The values 𝑁 ≥ 0

effectively restrict the magnetic reactive impurities from entering the
filter chamber while minimising reverse flow. The values 𝑅 ≥ 0 were
preferred to investigate how emission (𝑅 > 0) influences fluid flow
properties. Since high resistance (electrically conducting fluid acting as
a resistor) produces more heat, the Joule/resistive heating parameter
was chosen as 𝐽 ≥ 0.

5.1. The effects of various parameters on the axial velocity

Fig. 3 represents how the changes in the axial velocity profiles
are affected by parameters such as 𝛼, 𝑅𝑒, 𝐾 and 𝑁 during the stable
filtration.

Fig. 3(a) outlines the axial velocity changes due to the chamber
wall dilation rate. Expanding the filter chamber (𝛼 > 0) while injecting
the fluid increases the axial fluid velocity. This is because the mass
flow rate increases when expanding and injecting to preserve mass
conservation.. It can be observed that the axial fluid velocity diminishes
when the filter chamber space is reduced (𝛼 < 0) due to the difficulty
of fluid particle movement within a small area. In Fig. 3(b), the axial
velocity enhances for 𝑅𝑒 > 0. The effects seem minor near the bottom
wall due to the no-slip condition, but near the upper wall, variation
is noticed due to the impact of fluid injection and moving wall. The
fluid injection inside the chamber increases momentum, increasing
9

axial velocity. Fig. 3(c) portrays the reduction of axial fluid velocity
inside the filtering chamber as the pore sizes become large. Bigger pore
sizes cause a delay in fluid movement in the axial direction as particles
move towards the pore surfaces. Fig. 3(d) addresses the impression of
the magnetic force (N) on the axial fluid velocity. It is observed that
stronger magnetic force gives rise to axial velocity. The increase in
axial velocity is due to the binding effects that arise when a magnet
pulls particles towards the upper moving wall such that the moving
wall increases the movement of the internal flow.

5.2. Temperature distribution under the effects of various parameters

Figs. 4 and 5 display how different parameters affect the internal
fluid temperature profiles during the stable filtration process.

The internal fluid temperature profiles in Figs. 4(a) and 4(b) in-
crease when the chamber expands, and there is more fluid injection.
This is due to increased internal fluid bulk, which improves heat
absorption when the system introduces more particles that absorb
temperature better than with few particles. Also, work done on the
fluid during expansion increases the internal temperature. Enlarging
the filter medium pore sizes (decrease in permeation) enhances the
temperature profile, as shown in Fig. 4(c). The fluid outflow delay is
experienced, leading to more temperature absorption than when filter
medium pore sizes are small. Fig. 4(d) exhibits the magnetic force
intensity on the internal fluid temperature profiles. The internal fluid
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temperature is found to increase as the values of the magnetic force
increase. Practically, higher magnetic force values bind particles such
that they become heavier, increase contact with the heated wall, and
absorb more heat; thus, internal temperature increases.

It is depicted in Fig. 5(a) that internal temperature profiles increases
as the values of the Prandtl number increases. The internal fluid parti-
cles absorbs enough heat since the thermal diffusion dominates inside
the filter chamber, leading to an increased internal temperature. Since
the system emits energy in a form of radiation, thus, increasing R leads
to an internal temperature drop, as shown in Fig. 5(b). The internal
fluid temperature profiles rise, as shown in Fig. 5(c), for higher values
of the Joule heating parameter as higher values of the Joule heating
parameter increase heat resistance in the chamber, leading to a increase
in temperature.

5.3. Pressure distribution under the effects of various parameters

Fig. 6 depicts that the internal pressure increases when the chamber
volume, injection, Prandtl number and Stuart number increase. This
pressure increase results from the internal velocity and temperature
increase when these parameters increase.

It can be noted that in Fig. 7(a), the increase in permeation pa-
rameter decreases internal pressure whereas, the increase in radiation,
Grashof number and Joule heating increases pressure, as shown in
10

Figs. 7(b)–7(d) respectively. These behaviours are due to the result of
permeation leading to a decrease in the internal temperature as well
as the increase in temperature due to the increase in Joule heating.
The increase due to the density variation, which increases movement
along the direction of gravity when the Grashof number increase, which
leads to an increase in internal work done and pressure, as depicted in
Fig. 7(c).

5.4. The skin friction effects of various parameters on the axial velocity

Fig. 8 illustrates the impact of parameters on the internal friction
coefficient during steady-state operation.

Figs. 8(a) and 8(b) reveal that expansion and enhancement of
injection amplify the drag coefficient. Injection and wall expansion
increase the internal fluid bulk resulting in more friction coefficient
caused by heavier fluid bulk moving at higher velocity. An increase in
magnetic force leads to a swelling in the internal drag coefficient due
clustering of particles generated by the strengthening magnetic force
see Fig. 8(d). According to Fig. 8(c), the internal friction coefficient
growth is caused by the difficulty of fluid particles moving through the
smaller pore sizes leading to internal drag generation.

5.5. Effects of Nusselt number 𝑁𝑢 on temperature

Figs. 9 and 10 illustrate how parameters affect the heat transferred

between the filter walls and internal fluid during steady-state operation.
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From Figs. 9(a) and 9(b), it can be noted that the transfer of heat
ecreases when the filter chamber walls expand and as well as when
he fluid injection rate increases. Heat transfer happens faster when the
nternal fluid bulk is more than when the internal fluid bulk is small
ince fewer particles reach internal thermal equilibrium faster than
ore fluid particles. Fig. 9(c) discloses that reducing the filter medium
ore sizes (high permeation) enhances the heat transfer inside the filter
hamber. Since small pore sizes decrease the internal fluid bulk due
o the porous medium occupying the chamber space such that the
ystem allows fewer internal particles, which enhances heat transfer.
he increase in magnetic force, as shown in Fig. 9(d), decreases heat
ransfer since stronger magnetic force pulls particles away from the
ottom wall and decreases contact between the top wall and the fluid
ulk such that heat absorption of the bottom wall decrease.

Higher values of Prandtl number result in less internal thermal
iffusion leading to a decrease in heat transfer, as shown in Fig. 10(a).
ccording to Figs. 10(b) and 10(c), the system experiences more inter-
al heat flux when fluid radiates more and when the Joules heating
arameter is less. This heat flux is caused by high radiation heating
p the fluid faster, such that the temperature gradient decreases. In
ontrast, less Joule heat leads to a higher internal temperature; thus,
11

eat transfer from the wall becomes less.
. Concluding remarks

The flow and heat distribution in an horizontal filter channel during
iltration were investigated using Lie symmetry analysis and the double
erturbation method. The wall dilation (𝛼), Reynolds number (𝑅𝑒),
rashof number (𝐺𝑟), Prandtl number (𝑃𝑟), Radiation number (𝑅),
nd Joule heating parameter (𝐽 ) are critical characteristics that affect

the internal flow and heat distribution during the filtering process
which were analysed to find optimum permeates outflow. Additionally,
the problem’s mathematical representation follows the fundamental
conservation laws for mass, momentum, and energy, respectively. Ac-
cording to the study’s conclusions, the following dynamics are essential
to maximise permeates production during the filtration process.

(1) Internal velocity: To increase outflow velocity, more wall dila-
tion, injection, magnetic force, and small pore size are required
throughout. The movement of the top wall while injecting fluid
also increases the internal velocity.

(2) Internal temperature: When the permeates outflow increases,
the internal temperature increases since the internal temperature
enhances the internal work done such that the system outflow

increases.
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(3) Internal pressure: Throughout the operation, the internal pres-
sure increases when the internal work done increases. Since the
system is pressure driven, thus the increase in pressure drives
permeates out of the chamber.

(4) Friction coefficient: More chamber volume, fluid injection and
Stuart number, as well as small pores size, are needed to minimise
internal friction during operation.

(5) Nusselt number: To increase heat flux during operation, less
chamber volume, fluid injection, magnetic force, Prandtl number,
and Joule heating are required.

To understand the dynamic filtration process better, one can study
he transition from the steady state regime to the unsteady state regime
nd study the dynamics of the filtration process in three dimensions by
ncluding the analysis of momentum variation in the 𝑧-direction. Also,
he effects of density variation can be investigated.
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Appendix. Appendix section

𝐴1 = 𝐾𝑁 +𝐾 + 1, 𝐴2 = 𝐾𝑁 + 1,

𝐴3 = −21

[

𝐾

(

𝐾
[

𝑁
(

43𝑁 + 110
)

+ 60
]

+ 86𝑁 + 110

)

+ 43

]

,

𝐴4 = 35
[

𝐾
(

13𝑁 + 28
)

+ 13
]

, 𝐴5 = 𝐾

[

𝐾
(

𝑁
(

5𝑁 + 8
)

− 12
)

+ 10𝑁 + 8

]

+ 5,

6 = 𝐾
(

5𝑁 + 6
)

+ 5, 𝐴7 = 𝐾

[

𝐾
(

𝑁
(

25𝑁 + 48
)

− 18
)

+ 50𝑁 + 48

]

+ 25,

8 = 𝐾
[

𝐾
(

2𝑁
(

53𝑁 + 105
)

+ 45
)

+ 212𝑁 + 210
]

+ 106,

9 = 𝐾
[

𝐾
(

𝑁
(

16𝑁 + 23
)

− 45
)

+ 32𝑁 + 23
]

+ 16,

𝐴10 = 𝐾
(

83𝑁 + 90
)

+ 83, 𝐴11 = 𝐾
(

2𝑁 + 3
)

+ 2,

𝐴12 = 9𝐾
[

𝐾
(

𝑁
(

1623𝑁 + 3296
)

+ 1260
)

+ 3246𝑁 + 3296
]

,

𝐴13 = 20𝐾

(

2𝑁 + 3

)

+ 40, 𝐴14 = 𝐾
(

7𝑁 + 6
)

+ 7, 𝐴15 = 𝐾
(

11𝑁 + 12
)

+ 11.
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