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Abstract

Different numerical methods for solving the fuel depletion equations in the depletion module of a
reactor core analysis system are compared with each other, in order to find the best method and
the best implementation of this method to be used in NECSA'’s OSCAR system. It is assumed that
the neutron flux is constant with time over each burnup step, giving a linear system of first order
differential equations with constant coefficients that has to be solved. Using the special properties
of the fuel depletion equations of stiffness, sparseness and essential-nonnegativity, it is shown how
the various methods can be optimally implemented. By using a sample global reactor depletion
and an assembly depletion problem, it is then shown that the Taylor expansion method, using a

generalised uniformization technique, performs the best under most circumstances.
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Abstract

Different numerical methods for solving the fuel depletion equations in the depletion module of a
reactor core analysis system are compared with each other, in order to find the best method and
the best implementation of this method to be used in NECSA’s OSCAR system. It is assumed that
the neutron flux is constant with time over each burnup step, giving a linear system of first order
differential equations with constant coefficients that has to be solved. Using the special properties
of the fuel depletion equations of stiffness, sparseness and essential-nonnegativity, it is shown how
the various methods can be optimally implemented. By using a sample global reactor depletion
and an assembly depletion problem, it is then shown that the Taylor expansion method, using a
generalised uniformization technique, performs the best under most circumstances.
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Samevatting

Verskeie numeriese metodes, wat gebruik kan word om die brandstofbrandingsvergelykings in die
verbrandingsmodule van ’n analisestelsel van 'n reaktorkern op te los, word met mekaar vergelyk om
daardeur die beste metode en die beste implementering van die metode te bepaal. Deur te aanvaar
dat die neutron vioed nie met tyd verander tydens elke verbrandingstap nie, word ’n lineére stelsel
van eerste orde differensiaalvergelykings met konstante koéffisiénte gevorm wat opgelos moet word.
Deur die brandstofbrandingsvergelykings se spesiale eienskappe van styfheid, ylheid en essensieel-
nie-negatiwiteit te gebruik, word aangetoon hoe die verskeie metodes optimaal geimplementeer kan
word. 'n Globale reaktorverbrandings en elementverbrandings probleem is as voorbeeld gebruik
om aan te toon dat die Taylor uitbreidingsmetode, wat gebruik maak van die veralgemeende uni-
formisasietegniek, die beste is om onder die meeste omstandighede te gebruik.
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Chapter 1

Introduction

1.1 Nuclear energy industry

Since the first reactor went critical in 1942, nuclear reactors developed from expensive research tools
into economically competitive power plants. Today there are 438 nuclear power plants in operation,
producing 16% of the world’s electricity. This is the largest share produced by any non-greenhouse-
gas-emitting source. It is expected that in the future, nuclear energy will not only be able to meet
the growing demand in electricity, but that it could also be used as an energy source in district
heating, to generate hydrogen and to desalinate water (NERAC, 2002:1). Although the current
generation of power plants produce electricity at competitive cost, they have very high construction
costs (NERAC, 2002:5). South Africa is one of ten countries that are part of the Generation IV
International Forum to develop future-generation nuclear energy systems. The main goals of this
new generation of nuclear power plants are sustainability, economic viability, safety and reliability.

For the optimal design, construction, operation and decommissioning of a new nuclear power plant, a
fundamental knowledge of the physical processes in the plant is necessary. Because of the complexity
of the processes, a wide range of computer codes is used to help to understand, model and predict
the behavior of nuclear power plants. To meet the four goals of sustainability, economic viability,
safety and reliability, it is important to be able to model the behavior of a power plant as accurately
as possible beforehand. For example, to meet the goal of safety, a minimum amount of radicactive
fission products must be released to the outside. It is therefore important to model the amount of
fission products in'a reactor and their behavior under various accident conditions. Another example
is that to be economical in operation, the power plant must make optimum use of the fuel and it
is therefore important to be able to model the burnup of the fuel, the generation and transport of
heat to the generator, and the efficiency of the generator in producing electricity.

South Africa is highly involved in the nuclear energy industry. It not only has a nuclear energy plant,
Koeberg, but is also developing a Generation IV nuclear energy plant, called the Pebble Bed Modular
Reactor (PBMR). To aid in the modelling of the reactors, NECSA (Nuclear Energy Corporation
of South Africa) has a Radiation and Reactor Theory (RRT) group that is involved in theoretical
reactor physics analysis. This group focuses on the research, development and implementation of
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advanced calculation methods in the field of reactor physics. The RRT group has developed OSCAR,
a reactor core analysis system, and is also working on defining and developing next generation core
analysis tools for the PBMR.

A reactor core analysis system consists of a number of modules that solve different types of equations
that describe the behavior of the core of a nuclear reactor. Some of the main modules (Duderstadt &
Hamilton, 1975:461) are the thermal-hydraulic module that computes the temperature, pressure and
density profiles in the core, the flux-power-reactivity module that solves the Boltzmann transport
equation, and the depletion module that solves the equations which describe the amount of each
isotope that is present in the reactor core.

The huge increase in computer speed and memory over the past few years, along with new numerical
methods that are constantly being developed, makes it possible to model nuclear reactors, and
therefore also nuclear power plants, in much more detail than a few years ago. To refine the
modelling of reactors, the older computer codes have to be updated or rewritten. The purpose
of this dissertation is to investigate various numerical methods that can be used to improve the
depletion module in the OSCAR system.

First some terms, that will be used in the rest of the dissertation, are introduced in Section 1.2
before a general overview of the depletion module is given in Section 1.3. In Section 1.4 the purpose
of the dissertation is given in more detail. Section 1.5 gives an overview of current computer codes
and methods that are available and used in the depletion module, and the specific goals of the
dissertation. Section 1.6 gives the criteria that will be used in comparing the different codes and
methods and Section 1.7 gives the methodology that is followed in this dissertation.

1.2 Nuclear fission reactor core

A nuclear power plent utilizes the energy released by nuclear fission reactions inside a reactor
core. The energy is released inside a large number of fuel rods that are surrounded by coolant
that transports the heat away from the core. The fission reactions occur when a fissile isotope,
like 235U, splits or fissions into two lighter isotopes, called fission products (Stamm’ler & Abbate,
1983:378). These reactions normally occur when a fissile isotope captures a free neutron, but it can
also occur spontaneously. In each fission reaction few free neutrons are released, which are necessary
to establish a chain reaction. For a continuous release of energy, the number of free neutrons must
stay constant over time, and the reactor is then called critical. If the number of neutrons increases
or decreases over time, the reactor is called super-critical or sub-critical respectively. The number
of neutrons is controlled by inserting or withdrawing isotopes, called poison, that absorb neutrons.

One type of fissile isotope can split into a large number of different fission products. The probability
that a fissile isotope will give a certain fission product is called the fission yield of the specific fission
product. Many of the fission products are unstable isotopes and undergo radioactive decay. When
an isotope undergoes a reaction to form a new isotope, the original isotope is called the parent
isotope or precursor of the new isotope, called the daughter isotope. Some of the fission products
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undergo a long chain of radioactive decay before a stable isotope is reached. The fission products
can also capture a free neutron forming a new isotope, which is usually unstable again. Some
isotopes, called fertile isotopes, can become a fissile isotope after capturing a neutron. Because of
all the possible reactions that an isotope can take part in, the reactor core contains a large number
of different chemical elements and even a number of different isotopes of one element.

1.3 Depletion module

The change in the amount of fissile isotopes and fission products in a fuel element over time is
referred to as fuel burnup or fuel depletion. It is measured as the amount of energy that is released
for a given amount of initial fissile isotopes and the unit megawatt-days per ton (MWD/t) is typically
used.

There are a number of reasons why it is important to keep track of the fuel burnup for each fuel
element in the reactor core:

Some fission products, like 35Xe, can very easily capture neutrons (it has a large neutron
capture cross section), which makes the reactor sub- or super-critical if the amounts of these
isotopes change. It is important to monitor the build-up of these isotopes so that control
adjustments can be made to keep the reactor critical.

e During burnup the amount of fissile isotopes decreases and the amount of fission products
increases. After some time some fuel elements reach a burnup level where much more free
neutrons are absorbed than produced in the fuel element and the fuel element must then be
replaced.

¢ To obtain a uniform distribution of energy production in the core, fuel with different burnup
levels is placed at different positions in the reactor core. This is done by placing fuel with a
higher burnup level at places where there are more neutrons and fuel that has burnt less at
places where there are fewer neutrons, in order to get the same fission rate per fuel element.
It is therefore sometimes necessary to swap fuel elements with different burnup levels around
inside the core to get the desired optimal distribution of energy production.

e Some of the fission products that are formed are in the gas phase. As these fission products
build up, the fuel element can get pressurized. Certain fission products can also leak out of the
fuel elements into the coolant. During the design of the fuel elements, it is therefore necessary
to know how much of each fission product will be formed.

The depletion module in a reactor core analysis system gives the amount of each isotope as a
function of time. This is done by solving the isotope depletion equations which describe the rate
of change in the amount of each isotope in the core due to radioactive decay, neutron capture and
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fission as described in Section 1.2. Using certain approximations, that will be described in Chapter
2, these depletion equations can be written as a system of ordinary first order differential equations

dN(Tt) _ AN D), (1.1)
di
with the initial conditions at time £ =0
N(70) = No(7), (1.2)

where N is a vector containing the number densities of all the isotopes. The matrix A is called the
coefficient matrix and it contains all the radioactive decay constants, the fission yields of the fissile
isotopes, and the neutron capture terms. The main purpose of the depletion module is therefore to
solve a system of fuel depletion equations having the form of (1.1) and (1.2). Because the purpose
of this dissertation is to find an optimal method for the depletion module, varicus methods to solve
such systems will be explored in this dissertation.

During reactor core analyses, the depletion module is used in two different types of calculations:
global reactor calculations and assembly calculations.

1.3.1 Global reactor calculations

In global reactor calculations, also called core calculations, the properties and behaviour of the
reactor core as a whole are calculated. In light water reactors a number of fuel rods and control
rods are placed together into a fuel assembly. The reactor core is then made up of a number
of such fuel assemblies placed next to each other. To simplify the analysis of the whole reactor
core, the assemblies are not modelled in detail, but a simplified model is used for each assembly.
The parameters of these simplified models are chosen such that the models give (almost) the same
answer in the global reactor calculation that a detail model of the assembly would have given. These
parameters are then called equivalent parameters.

The global reactor calculations are done over large time intervals, that can span the whole lifetime
of the core. Because of the coupling between the neutron flux and rate of change of the isotope
number densities (as will be explained in Chapter 2), large time intervals must be divided into
smaller time intervals and the depletion module is then used to calculate the depletion in each
small time interval. This results in the depletion module being called many times in a single core
calculation, requiring that the depletion module should be able to solve the depletion equations
very fast.

In a core calculation, all the isotopes are not important and the depletion module needs not keep
track of all of them. The depletion module only has to account for the fuel burnup, the conversion
of fertile isotopes to fissile isotopes and the build-up of fission products (Duderstadt & Hamilton,
1975:464). This requires only a few important isotopes to be modelled explicitly. The remaining
isotopes are grouped together into a few pseudo-fission products (Stamm’ler & Abbate, 1983:378).
Table B.1 gives an example of the isotopes in a typical core calculation.
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1.3.2 Assembly calculations

In order to use simplified assembly models that behave the same as detailed assembly models, equiv-
alent parameters must be calculated for each assembly. This is done by modelling each assembly
in detail on its own. Because the behavior of the assemblies are not independent of each other, the
effect of the other assemblies is approximated by suitable boundary conditions. As the burnup of
the assembly changes, the equivalent parameters also change. The calculation of the parameters is
therefore done at different fuel burnup levels and tabulated (Stamm’ler & Abbate, 1983:389). In
the global reactor calculation, the necessary equivalent parameters are then interpolated between
the tabulated values.

In the assembly calculations fewer isotopes, if any, are grouped together than in a global reactor
calculation, resulting in a systemn of depletion equations that can consist of more than a hundred
isotopes. Some of these isotopes have half-lives that are much shorter than the time over which the
depletion equations are solved. When this is the case, the equation is called stiff and the stability
and roundoff errors of numerical methods becomes a problem as will be explained in Chapters 3
and 5.

1.4 Motivation and purpose

The reactor core analysis systems that NECSA has developed uses the GAUGE code (Wagner,
1968) in its depletion module to solve the depletion equations. This code performs well in both
global reactor and assembly calculations. However, the method imposes restrictions on the depletion
mechanisms that can be described (Wagner, 1968:28). It must be possible to arrange the isotopes
in a list, so that the daughter isotopes of all the reactions will be lower in the list than their parents.
This can almost always be done for radio-active decay reactions, but when an isotope captures a
neutron it can be its own precursor. For example if a neutron capture reaction is followed by a
neutron decay reaction, the initial isotope is obtained again. When such reactions, called feedback
reactions, are included, the isotopes can not be arranged in a downward list. With the GAUGE
code it is therefore impossible to include any feedback reactions in the fuel depletion equations.

The purpose of this dissertation is to find a calculational method for the depletion module that
performs as well, or better, as the current code with respect to accuracy, stability and speed, but
without this restriction. In assembly calculations, where there are a large number of simultaneous
equations to be solved, having a wide range of time constants, stability and roundoff errors become a
problem. The new method must therefore be stable and accurate for stiff problems. In global reactor
calculations, the number of equations is substantially less, but computational speed is critical. The
new method must therefore also be fast, especially for small problems. These criteria will be
discussed in Section 1.6. In the next section it is first shown which computer codes are currently
available and what their shortcomings are.
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1.5 Review of current methods and computer codes

Before reviewing current methods and computer codes that are used to solve the fuel depletion
equations, the difference between the terms method, algorithm and implementation, as used in this

dissertation, are first explained.

1.5.1 Definition of methods, algorithms and implementations

A method is a particular procedure for accomplishing or approaching something. In this dissertation
a method is the particular procedure, consisting of a number of mathematic equations, that can
be used to calculate the solution of the system of fuel depletion equations. These equations are
mathematically derived by using mathematical identities and approximations. A method for solving
the fuel depletion problem (1.1) and (1.2) is therefore some set of equations that can be used to
calculate the isotope concentration N(7,t) at a time ¢, by using the coefficient matrix A and the
initial isotope concentration No(7).

An glgorithm is a process or set of rules to be followed in calculations and in this dissertation it
describes the way and order in which the equations of a method must be computed. Because the
order in which some equations are evaluated is not mathematically important, there are normally
many different algorithms for the same method, differing only in the order in which the equations
are evaluated. But, although these algorithms are mathematically equivalent, when computer time
and roundoff errors are considered, they could behave differently.

A certain algorithm of a certain method is implemented (put into effect) by using a specific computer
language, specific routines and a specific compiler, resulting in a piece of computer code that can
be executed on a certain type of computer. During the implementation, important decisions, like
how the computer memory is used and which type of floating point representation is used, must
be made. These decisions could have a significant influence on the computer time required by the
implementation, and the accuracy of the final results.

1.5.2 Methods

The solution of the system of first order iinear differential equations, Eqgs. (1.1) and (1.2), is formally
N7 t) = AN (), (1.3)

when the coefficient matrix A is independent of time. Solving the system of differential equations
is therefore equivalent to computing the exponential of a matrix. Moler and Van Loan (1978) give
a review of methods that can be used to compute the exponential of a matrix and conclude that all
the methods are ‘dubious’ in the general case and that the best method will depend on the details
of implementation and on the particular problem being solved (Moler & Van Loan, 1978:828). They
also state (Moler & Van Loan, 1978:827) that the Padé approximation method using scaling and
squaring is the best generally competitive series method when implemented properly.
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A relatively new numerical method that is being used to compute the matrix exponential is the
Krylov subspace approximation method. In this method the exponential of a large matrix is pro-
jected onto a small Krylov subspace. The matrix exponential calculation is then performed on the
much smaller matrix (Saad, 1992:209). Saad (1992:226) showed that these techniques can provide
an effective tool for approximating the matrix exponential. Modern routines aimed at computing
the matrix exponential, like EXPOKIT, use a combination of Krylov subspace approximations and
Padé approximations (Sidje, 1998).

Except for the newer Krylov subspace approximation, the methods that are used in this dissertation
are those discussed by Moler and Van Loan (1978).

1.5.3 Implementations

Although there is a wide range of well known numerical methods to solve equations of the form
of Eq. (1.1}, the details of how the methods are implemented for the specific problem can have a
large influence of the performance of these methods {Moler & Van Loan, 1978:801). Because general
computer codes to solve these equations are far from optimal, it is necessary to develop calculation
methods that are optimally implemented to solve the system of depletion equations (1.1).

The GAUGE code, developed by Gulf General Atomic in 1968 (Wagner, 1968), solves the fuel
depletion equations analytically. A triangular form is assumed for the coefficient matrix, excluding
all feedback reactions from the depletion chain (Wagner, 1968:28) as described in Section 1.4 above.
This restricts the depletion mechanisms that can be described. A further problem of this analytical
method is that when two eigenvalues of the coefficient matrix are the same (confiuent) or nearly
the same, large roundoff errors can be introduced as will be shown in Chapter 4.

The restriction of the GAUGE code can be overcome by triangulating the coefficient matrix or by
treating the feedback terms as small perturbations. Moler and Van Loan (1978:823) show how a
general matrix can be block triangulated using a Schur decomposition method. If the feedback
coefficients in the coefficient matrix are treated as small perturbations, the preconditioning method
of Castillo and Saad (1998) can be used to generalise the GAUGE method. These methods will
be further discussed in Chapter 4 as no depletion code is known to the author that uses these two
methods.

The well known ORIGEN-S code (Hermann & Westfall, 1998), developed by Oak Ridge National
Laboratory, uses the Taylor series expansion method to solve the depletion equations. This method
can not be used for stiff systems (Moler & Van Loan, 1978:807), making it necessary to remove the
short half-life isotopes by assuming that they are in equilibrium. Because of this assumption, the
computed isotope densities asymptotically approach the correct values over time as successive time
intervals are executed, and at least five to ten time intervals must be used (Hermann & Westfall,
1998:F.7.2.7). Thomas and Barber (1994:309) showed that the ORIGEN-S code can have significant
departures from the exact results at short depletion times because of the removal of the short half-life
isotopes.
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Although there are many, well analysed, methods that can be used to solve the fuel depletion
problem, only a few of them are implemented in depletion modules. To find the best method to be
used in the depletion module, which is the goal of this dissertation, it is therefore first necessary to
develop implementations for various methods, in order to be able to compare the methods against
each other.

1.6 Criteria used for comparing methods

In order to compare the different methods and their implementations, some criteria are necessary.
Moler and Van Loan (1978) give the following attributes, listed in decreasing order of importance,
to assess the value of a numerical method in calculating matrix exponentials:

Generality: The generality of a method is the range of classes of matrices for which the method
can solve the matrix exponential. In solving the depletion equations, the generality will be
the range of depletion mechanisms that can be included in the coefficient matrix.

Reliability: A reliable method gives an indication of the global error or warns if excessive errors
are introduced. If large errors are introduced in the depletion module, the whole core analysis
could be rendered useless. Even if the possibility for large errors is small, a method that can
not warn the user of such errors will be unreliable.

Stability: A method is stable if small perturbations (for example roundoff errors) do not grow
faster than what is inherent in the problem itself. Every numerical method has a region of
stability and when a problem lies outside this region it will be unstable. When the depletion
equations are stiff, a large region of stability will be necessary.

Accuracy: Errors can be introduced when infinite series are truncated or when numbers are
rounded off due to the finite word length of a computer. Normally a tolerance is specified and
it is required that these errors must be smaller than the given tolerance.

Efficiency: The efficiency of a method is the amount of computer time it requires to solve a
particular problem. The computer time is measured in the amount of floating-point operations,
or ‘flops’, executed by a method. A flop is defined as the computer time necessary to compute
the FORTRAN statement:

A(LN=A(L,))+T*A(LK) (1.4)

Most of the elements in the coefficient matrix are zero, making the matrix sparse. A method
that operates only on the non-zero elements will be more efficient than a method that operates
on all the elements.

Ease of use: The depletion module is part of a larger reactor core analysis system and is normally
called from other modules. Because it is not directly called by the user, it will be the best if
the minimum amount of user input is necessary for the method used in the depletion module.
When a method requires input parameters, these parameters must preferably be automatically
calculated as part of the algorithm used in the module.



1.7 Method of the investigation 9

These attributes will be mathematically defined in Chapter 5 where they are used.

1.7 Method of the investigation

In developing numerical algorithms and implementations that are optimized for solving the fuel
depletion, the special properties of the system of depletion equations must be exploited. Firstly, in
Chapter 2, the fuel depletion equations are derived. In the derivation the properties of the system
are shown, like how the coefficient matrix depends on the neutron flux, that the matrix is sparse
and essential nonnegative, and that the system of depletion equation can be stiff.

In Chapter 3 and 4 algorithms are given and explained for a number of different methods, including
the methods mentioned in Section 1.5. Most of the algorithms are well known, although some
small changes are made to some algorithms to optimise them for usage in the depletion module.
Chapter 3 starts with a general overview of polynomial methods and then the Taylor expansion, Padé
approximation, Krylov subspace approximation and Chebyshev approximation polynomial methods
are discussed in more detail. Various algorithms that solve the depletion problem analytically are
given in Chapter 4, including the GAUGE algorithm and Schur decomposition. In the second half
of Chapter 4 algorithms are given that solve the depletion problem by using a solution of a similar
depletion problem to precondition the system of depletion equations.

In Chapter 5, it is shown how the algorithms of Chapter 3 and 4 are implemented. By using a
sample assembly calculation and sample global reactor calculation, the different implementations
are compared against each other in order to find the best implementation for each method. The
different methods are then compared against each other, using their best implementations, and
against the criteria of Section 1.6. Chapter 6 then concludes the dissertation by stating which of
these selected methods are the best to be used in the depletion module for solving the fuel depletion
equations.

The goal of the dissertation, as stated earlier, is to find the best method to solve the depletion
problem. The method of investigation that is followed to reach this goal can be summarised as
follows:

1. Investigate the special properties of the system of fuel depletion equations {Chapter 2).
2. Give an overview of numerical methods and select a number of them (Chapter 3 and 4).

3. Using the special properties of the system, develop new or modify existing algorithms for each
selected method where necessary (Chapters 3 and 4).

4. Implement each algorithm in one or more ways by using the special properties of the system
(Chapter 5, Section 5.1).

5. Find the best implementation for each selected method by comparing the different implemen-
tations using a sample assembly and global reactor calculation (Chapter 5, Section 5.5).
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6. Compare the selected methods, using their best implementation, against each other and
against the GAUGE method using the criteria of Section 1.6 (Chapter 5, Section 5.6).

7. Conclude which single method will perform the best in the depletion module (Chapter 5,
Section 5.7 and Chapter 6).



Chapter 2
Fuel Depletion Equations

To solve the fuel depletion equations optimally in the depletion module, the special properties and
structure of the depletion equations must be exploited. First the definitions of neutron cross section
and neutron flux are given Section 2.1, before the system of depletion equations is derived in Section
2.2. The various properties of the system of equations are discussed in Section 2.3 and it is shown
how some of these properties can be exploited when implementing a numerical method. '

2.1 Definitions

The neutron flux ¢(¥,t, E)dE is the average number of neutrons per unit time that crosses a surface
of unit area (of any orientation) at position 7 with an energy between F and E + dE at time ¢,

@(7, t, E)dE = Number of incident neutrons/area/time.

The microscopic cross section oi(t, E) of an isotope i and for incident neutrons having an energy E
can be formally defined as follows (Duderstadt & Hamilton, 1975:18)

Number of reactions/nucleus/time

o(t,E) = — —.
(6 B) Number of incident neutrons /cm?/time

In this sense, then, if the target has a total cross sectional area S, all of which is uniformly exposed
to the incident beam, then

oi(t, E) _ Probability per nucleus that a neutron in the
S beam having an energy E will interact with it =

The macroscopic cross section L;(7,t, E) can be interpreted as the probability per unit path length
traveled that the neutron having an energy = will interact with a nucleus of the isotope 4. The
macroscopic cross section is related to the microscopic cross section by

Ei(F,t,E) = N,'('F, t)a,;(t, E), (21)

11
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where N;(7,t) is the number density of isotope i, which is the number of atoms of the isotope in
a unit volume, at time ¢£. The reaction rate R;(7,t) is the number of neutron interactions per unit

time in a unit volume:

R(1) = fom&(ﬁt,E)é(ﬁt,E)dE
= N’i(Fr t)Ei(th)¢(Fﬂt)a (22)

where -~
o7, t) = f 6(7,t, E)dE
0

is the flux of neutrons of all energies, and 7;{, 1) is the flux weighted cross section, defined by

_ J o B\ t)e(7, b, EYIE

g:(7,t) = P (2.3)
2.2 Derivation of the depletion equation
The depletion equation describes the rate of change of the number density N;(t) of isotope i:
N (i
d c;t( ) _ gain rate - loss rate. ' (2.4)

In a reactor core there is a gain in the number of atoms of an isotope in a certain volume due to:

1. fission products produced by fission,
2. neutron capture of a parent isotope,
3. radio-active decay of a parent isotope,

4. movement of material from a neighboring volume into the volume.

For every gain term there is a corresponding loss term:

1. neutron capture that leads to fission,
2. neutron capture forming a daughter isotope,
3. radio-active decay into a daughter isotope,

4. outward movement of material into neighboring volume.

The next four subsections will show how each of these four types of gain and loss mechanisms give
rise to terms in (2.4). It will be assumed that all the cross sections are flux weighted, using (2.3).
The position dependence of all the variables will also not be shown.
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2.2.1 Fission terms

A fission reaction is the reaction in which one fissile isotope fissions into two lighter fission products.
For the fissile isotope 7 the loss rate is given by the fission reaction rate Ry ; :
dN;(t
- _c;tLl = Rf’i(t) = O'f’,-(t)d)(t)Ni(t) + )\f,iNi(t), (2.5)
fission

where the first term on the right hand side is fission due to the neutron capture of the fissile isotope
having a microscopic fission cross section oy ;. The second term is fission due to spontaneous fission
if the isotope has a decay constant of As; where A;; =In2/t, 5, with t; /5 the half-life of the isotope
for spontaneous fission.

The fission yield y;; gives the probability that a fissile material ¢ gives rise to the fission product j.
Because the fission yield for the neutron capture fission and spontaneous fission differ, the gain in
the fission product j due to the fission of isotope i is

dN;(t)
dt

= 7i0 51V N:(£) + v g Ni(2), (2.6)

fissionofi

where +;; is the fission yield for neutron capture fission and fy;,-, the fission yield for spontaneous
fission.

All the fissile isotopes are actinides which have a much higher atomic mass than the fission products.
This makes it possible to divide all the isotopes into two groups, the actinides and the fission
products. Other non-actinide isotopes that are present in the core are also included in the fission
product group. Usually the n isotope number densities are written as a vector, N , with the first n,
isotopes the actinides and the other n — n, isotopes the fission products. Using (2.5) for the loss
rate of the actinides and (2.6) for the gain rate of the fission products, the equations can be written
in matrix form as:
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—0f1 0 0 ... 0
v 0 - 0 ... 0 -
= = L N
fission ’Yn“+1’lo-f!1 T 7“a+1,nao-fyna 0 e O
L Tm10f1 e Frna O fing 0o ... 0 |
[ 0 0 ... 0]
0 -A 0 ... 0| -
+ 7 - nﬂrf N (2‘7)
FYna,-{-l,lAl,f SRR ’Tna+1,na)\na,f 0 ... 0
TmiMS o TnnaAnaf 0 ... 0
= (#(t)F1 +Fy)N. (2.8)

As shown in (2.8), the matrix can be divided into two matrices, one containing the neutron capture
fission terms, F;, and the other one containing the spontaneous fission terms, Fs. These two
matrices can also be divided into four sub-matrices as shown in (2.7). Because these sub-matrices
will later be further divided into sub-matrices, they will be called quadrants. The first quadrant is
a N,-by-n, matrix containing the loss rates of the actinides and the reactions between the actinides.
The fourth quadrant is a (n —ng)-by-(n — n,) matrix containing the loss rates of the fission products
and the reactions between the fission products. The second quadrant contains the reactions having a
fission product as parent and an actinide as daughter and the third quadrant contains the reactions
having an actinide as parent and a fission product as daughter.

For the fission reactions, the first quadrants are diagonal and contain all the loss terms of (2.5).
The fission of a fissile isotope can produce many different isotopes, making the third quadrants of
the matrices, that contains all the fission products, dense. Because a fission product can not be a
fissile isotope or the parent of a fissile isotope, the second and fourth quadrants are zero.

2.2,.2 Radio-active decay terms

Many of the fission products are unstable so that the decay reactions (a), (v), (6), (67), (87 .n),

(87,a), (BT ), (B%,a), (57,p) and (p) are all possible inside a nuclear reactor {Forrest, 1997:11).
The most common radio-active decay types are:

Alpha decay
24X — 474X + $He, (2.9)

Beta deday
4X -, 4X+ 8 (2.10)
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or
4X - , 41X + 87, (2.11)
Neutron decay
4X ALK +n, (2.12)
Gamma decay
X' > 3X +7, (2.13)

where X* is an excited state of the isotope. The changes in the mass number A and the atomic
number Z are shown in the above reactions.

Normally the isotopes in the isotope vector N can be ordered such that the parent isotope’s index
for all the decay reactions is higher than the daughter’s. The decay terms in the depletion equations

are then
dN;(t)

dat = —-MN; + Z )\ijj. (2.14)

decay j<i

The summation on the right hand side is the gain of the daughter isotope ¢ due to the decay of
the parent isotope j with A;; the decay constant of the reaction. The first term is the loss rate of
isotope ¢ due to all the decay reactions of which the isotope is the parent, with A; the total decay

constant

In?2
A=Y da=—. (2.15)
k>i t1/2

Because there is no radic-active decay between an actinide and fission product, the decay chains
of the fission products and actinides are independent. When all the parent isotope indices are
higher than their daughter’s indices, the decay coefficient matrix will be triangular. Separating
the actinides and fission products, like in (2.7), the second and the third quadrants of the decay
coefficient matrix will be zero and the first and the fourth quadrants triangular:

[\ 0 0o ... 0 ]
N Aal o —An 0 o 0| - .
Nl Anad o N=VN, (2.16)
dt decay 0 ... 0 —Ang+1 0

0 ... 0 Mgt -+ —An |

Each isotope has only a few radio-active decay terms, making the decay coefficient matrix V sparse.
Two decay chains are said to be independent if there is no isotope in one chain that is the parent or
daughter of an isotope in the other chain. When there are a number of independent decay chains,
the two triangular quadrants in V can be divided into smaller triangular matrices on the diagonal,
as will be shown in Subsection 2.3.2.
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2.2.3 Neutron capture terms

In neutron capture reactions a parent isotope i captures a neutron forming a daughter isotope j.
The only exception is fission, where two daughter isotopes are formed for each neutron capture,
which was treated separately in Subsection 2.2.1. The loss rate of the parent isotope and gain rate
of the daughter isotope are given by the neutron capture reaction rate

Rc,i—>j (t) = Gc,iﬁj(t)qﬁ(t)Nf (t), (2.17)

where o.;—.; is the microscopic cross section for the neutron capture reaction. Except for fission,
there is only a small change in mass number between the parent and daughter isotopes in all neutron
capture reactions and radio-active decay reaction. Some examples of neutron capture reactions,
showing the changes in mass number A and atomic number Z, are

4Xi+n — A+21Xj1 + 7, (2.18)
8Xi+n — 573X, +a, (2.19)
4Xi+n — Z 41X +p, (2.20)
2Xi+n — 41X, +2n (2.21)

Normally the isotopes are almost arranged by their mass numbers. This will result in a capture
coefficient matrix, when written in four quadrants as in (2.7), with all the neutron capture terms
close to the diagonal,

[ —ous 0 0 0
dﬁ 0 T - —Uen 0 o 0 — —
= = Tena 6N = CoN. (2.22)
capture 0 s 0 —Ocng+1 . 0
0 - 0 0 —oen |

Because it is possible that an isotope can be its own precursor, feedback effects occur and the
coefficient matrix can not always be written as a triangular matrix.

Although a large number of different reactions are possible, most isotopes are only involved in one
or two types of neutron capture reactions. This makes the capture coefficient matrix C sparse.

2.2.4 Movement of material

If there is no movement of material between different regions, the sysiem of depletion equations for
the different regions will be loosely coupled through the neutron flux and can be solved independently
in the depletion module. When movement of material is present, all the depletion equations of the
different regions will be coupled, forming one very large system of first order differential equations.
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These equations can be decoupled by assuming a constant rate of material movement between the
regions in each time step. Let the gain or loss rate due to movement in a region be constant over a

time step AT
dN(t) AN _

SV 28 G 2.23
dt AT = (2.23)

loss

This will add a constant term to the depletion equation (1.1),

d]:;t(t) = Aﬁ(t) + Gioss (2.24)
By defining
N'(t) = N(t) + A @ross, (2.25)

the system of depletion equations (2.24) with initial conditions (1.2) can be rewritten as the system
of equations

dN'

-0 = ANQ), (2.26)

with initial conditions
A_“T,(O) = ﬁﬂ + A-lézloss» (2.27)

This system has the same form as (1.1) and (1.2). It is therefore possible to eliminate all the
constant gain and loss terms in the fuel depletion equation, by rewriting the system of equations
(Wagner, 1968:33; Gallopoulos & Saad, 1992:1238).

2.2.5 Coefficient matrix

Combining the fission, the radio-active decay and the neutron capture gain and loss terms given by
(2.8), (2.16) and (2.22), the system of depletion equations can be written as

dN(t) dN(t) dN(t) dN(t)
a . dt | dt dt (2.28)
fission decay capture
= [p(t)(F1+ C)+F3 + V] N(t) (2.29)
= A(t)N(1), (2.30)

where A is the coefficient matrix as in (1.1). The properties of this equation are described in the

next section.

2.3 Properties of the coefficient matrix

From the derivation of the system of depletion equations in Section 2.2, some properties of the
system of equations can be deduced. The properties that will be discussed in this section are
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the dependence of the coefficient matrix on the neutron flux (Subsection 2.3.1), the structure and
sparseness of the coeflicient matrix (Subsection 2.3.2), and the stiffness of the system of equations
(Subsection 2.3.4). The coefficient matrix is also an essential nonnegative matrix (Subsection 2.3.5),
and certain upper and lower limits can be given for the matrix norm {Subsection 2.3.3).

2.3.1 Constant flux approximation

In the depletion module, the microscopic neutron cross sections are assumed to be constant over
the entire time step for which the depletion equations have to be solved. From the definition of the
flux weighted cross section (2.3) it can be seen that this assumption will be valid as long as the
neutron energy spectrum stays the same. Using this assumption, the coefficient matrix A, as was
constructed in (2.29), can be written as

A(t) = Ao + Ayé(2), (2.31)
where the matrices Ag and A, are independent of time.

To solve the fuel depletion equations, the neutron flux ¢(t) must be known. The neutron flux is cal-
culated in the flux-power-reactivity module by solving the Boltzmann transport equation (Stamm’ler
& Abbate, 1983:29). The Boltzmann equation contains the macroscopic cross sections (2.1) of all
the isotopes, which depend on the isotopic number densities. The depletion and Boltzmann equa-
tions are therefore coupled and can not be solved separately. To solve the depletion equations, the
neutron flux ¢(t) is usually assumed to be constant over a burnup time step AT. This constant
flux assumption then gives the coefficient matrix that is independent of time

A=Ao+A6(0), 0<t< AT (2.32)

When the constant flux approximation can not be made, a non-linear method will have to be used
in the depletion module, which is discussed in Chapter 6.

When a reactor is operating, the flux is normally varied to keep the power that the reactor produces
constant. The power per unit volume is given by

P=¢(t) Y opNi(thwi+ Y ApiNi(t)uj, (2.33)

which is the sum of the capture fission reaction rate (2.5) for all fissile isotopes ¢ multiplied by
the energy released per neutron capture fission, w;, and the spontaneous fission rate for all fissile
isotopes ¢ multiplied by the energy released per spontaneous fission event, w/.

When the fissile isotope concentrations decrease with AN;, from N;{tp) at time g to N;(t) at time
1y,
Ni(tl) = Ni(to) —AN; (234)

the flux must increase from ¢(tg) to ¢{t1) for the power to stay constant. When spatial dependence
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is neglected, the change in neutron flux is given by

¢(to) 325 0 ANiwi + 3 2; AgiANaw;

p(t1) — ¢(to) = PR (2.35)
The change in the coefficient matrix will then be
AA = A(t1) — Alto) = Ay [¢(t1) — ¢(to)] - (2.36)

To solve the fuel depletion equations at a constant power, the burnup time step is divided into a
number of small time steps. Over each of these small time steps the neutron flux is assumed to
be constant and the system (1.1) is solved. After each time step the neutron flux and coefficient
matrix are updated using (2.35) and (2.36) to keep the power constant.

Some methods for solving the fuel depletion equations can make use of a previous solution if the
change in the coefficient matrix is not large. These methods can be used when a constant power
approximation is made by calculating the first time step fully and then using only the change in
the coefficient matrix when solving the subsequent time steps. Especially when the system contains
fast decaying isotopes, the matrix Ay will have large coefficients, which are not contained in AA.
This has the effect of reducing the stiffness of the problem.

2.3.2 Sparseness and structure

The three types of reactions forming the coefficient matrix in (2.28), can all be written as matrices
that are divided into four quadrants as explained in Subsections 2.2.1, 2.2.2 and 2.2.3. When the
matrices given by Egs. (2.7), (2.16) and (2.22) are added, the four quadrants of the coefficient
matrix have the form (Wagner, 1968:28)

—dy 0 ... 0
—dy, 0 ... 0 B 0
A= = = [ | ] H (237)
A':rz.c.-kl,lF‘l ot )\nﬂ+1,n.m-F'ml _dna+1 ‘ C ‘ D
Aﬂ,l-Fl Tt An,nGFna _dn ]

with n, and n the number of actinides and the total number of isotopes, respectively. The fission
yield terms, contained in the third quadrant, matrix C, were shown to be a dense matrix in Sub-
section 2.2.1. The matrix C is therefore stored as a nyx(n — n,) matrix. The first and fourth
quadrants, matrices B and D, are sparse, with elements on the diagonal, and the radio-active decay
and neutron capture terms close to and mainly below the diagonal (see Subsections 2.2.2 and 2.2.3).
To effectively store and use these two sparse matrices, a band storage scheme, index storing scheme
or sub-matrix storing scheme can be used. These three schemes are now described and explained
by applying it to the coefficient matrix
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~1.40x10~8  5.60x10 33 0 0 0 0 0 0 0
2.79x10~°  —2.45x107% 0 ) 0 0 0 0 0
0 0 —3.87x1010 0 0 i} 0 0 0
0 0 o -3.97x107%  4.20x107 12 0 0 0 0
A= o 0 ] 1.43x10~%  —3.96x10~%  2.80x107 % 0 0 0
0 0 o 0 3.93x10~%  —3.95x10~%  4.90x107 13 0 0
0 0 0 0 0 9.47x10"%  —1.l14x1078 0 0
7.11x1071°  6.95x10712 2.76x10"12 1.58x10~° 1.76x10~ 11 2.01x10~% 1.27x107%1  —2.91x10~% 0
2071073 1.61x10712  7.06x1075  2.63x1071Y 1.35x107%2  5.92x10~!  re2x1071? 291x107% -6.72x107F
{2.38)

as an example.

2.3.2.1 Band storage scheme

Because all the elements in the matrices B and D are around the diagonal, they can be stored in a
band storage scheme (Golub & Van Loan, 1990:21). If the furthest elements from the diagonal are
p and q positions above and below the diagonal, all the elements can be stored in a (p+ g+ 1)-by-n
matrix. In an assembly calculation, for example, with about 130 isotopes, p and g are around 4 or
5 and in a core calculation with about 10 isotopes, p and ¢ are normally 1 or 2. The band matrix is
therefore much smaller than the full coefficient matrix. For example, the coefficient matrix (2.38)
originated out of a core calculation and has p = ¢ = 1, giving the band matrix shown in Figure
2.1. The advantage of the band storage method is that no index look up has to be done, as will
be explained in the next paragraph. On the other hand, there may still be many zero elements in
the band matrix that are being stored and used in calculations. Especially if there exists a reaction
where the index of the parent and daughter isotope differ much, p or g will have to be large, making
the band storage scheme less effective.

2.3.2.2 Index storage scheme

In an assembly calculation only about 3% of the matrix elements in B and D are non-zero and in
a core calculation, about 30% of these elements are non-zero. Storing and using only the non-zero
matrix elements in B and D will result in the minimum amount of flops. This can be done by
storing, for each reaction, the index of the parent and daughter isotope and the reaction rate, in
three vectors. The disadvantage of this storage scheme is that for every calculation a look up is
required in the vectors containing the parent and daughter isotope index to find the position of the
reaction in the coefficient matrix. In small matrices these look ups can take longer than just doing
zero calculations. This will be shown in Chapter 5, where the same methods using different storage
schemes are compared with each other.

p = L agq=1
5.60x10~ 13 0 0 4.20x10”13  2.80x1071%  4.90x10713 0 o
Band Matrix = 1.40x1078  2.45x107%  3.87x1071° 3.9ovx10~%  3.96x107%  3.05x1078 1.14x107%  2.91x10™%  6.72x107%
2.79x10~° 0 0 1.43x1078  3.63x1078 9.47x10~% 0 2.81x10~5

Fission Yield

7.11x10710  6.95x10712  2.76x10712  1.58x107%  1.7éx1071!  2.01x107%  1.27x107 11
2.97x107 % 1.61x107%  T.06x107'%  2.63x10710  1.38x107'%2  s.92x10”'1  1.62x10713

Figure 2.1: Band storage for the core sample problem
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Diagonal = [ 1.40x10™% 2.45x1079 3.87x107'¢ 3.97x107% 3.96x:0™% 3.95x107% 1.14x107% 2.91x107% 6.72x107F |
Numberofparents = [ 1 1 © 1 2 2 1 7 8]
Parent Index [2 1L 5 4 6 5 7 6 1 2 3 4 5 6 7 1 2 3 4 5 6 7 8]
[ 5.60x10~%  279x107°  4.20x10'% 1.43x107%  2.80x107'*  3.93x107%  4.90x107!%  9.4rx10~®
Decay constants = 7.11x10710  .95x10712  2.76x107 1% 1.58x107?  1.76x107%1  2.01x107%  127x107 2.97x0” M
1.61x3071%  7.06x1071%  2.63x107 1  1.35x10717  s.92x10”' 162xi07'? 2.91x1078 ]
Figure 2.2: Index storage of parents in a vector for the core sample problem (2.38)
Diagonal = [ 1.40x10°% 2.45x10°? 3.87x1071%  3.97x1078 3.96x10"% 3.95x107% 1.14x107% 2.91x107% 6.72x1075 |
Number of parents = [ 1 1 0 1 2 2 1 0 1]
ParentIndex = [ 2 1 5 4 6 5 7 6 8]
Decay constants = [ 5.60x10°1%  2.78x107°  4.20:107'%  1.43x10~%  2.80x1071%  3.93x107% 4.90x107'%  9.47x107%  291x1075 ]
Fission Yield = [7.11;(10:11? 6.95x10:11: 2.76):10:':: 1.58x10__15:3 1.76x10::; 2.01::10_—1‘5‘1 1.27):10::;
2.97x10 1.61x10 7.06x10 2.63x10 1.35x10 5.92x10 1.62x10

Figure 2.3: Index storage of parents
problem (2.38)

Diagonal = [ 1.40x107°% 2.45x107% 3.87x107!1Y  3.97x107% 3.96x107% 3.95x107% 1.14x107% 2910 "
Numberof parents = [ 1 1 o0 1 2 2 1 1 0]
DeaugtherIndex = [ 2 1 &5 4 6 &5 7 6 9 ]
Decay constants = [2.79x10‘9 5.60x10~ 13  1.43x10~% 4.20x107'%  3.03x10-% 2.80x10™1% 9.47x10~° 4.90x10~13
Fission Yield = [7.11x10::? 6.95x10::: 2.76x10:1: 1.58110:190 1.76x10:i; 2.(11::10_‘191 1.27x10:11;]
2.97x10 1.61x10 7.06x10 2.63x10 1.35x10 5.92x10 1.62x10

in a vector and a fission yield matrix for the core sample

6.72x107% |

2.91x10~5 ]

Figure 2.4: Index storage of daughters in a vector and a fission yield matrix for the core sample

problem (2.38)

Number of actinide blocks = 3
Number of FP blocks = 1
Blocksize = [ 2 1 4 2]
- . T.11x1071%  6.95x10~ 1'% 2.76x10712  1.58x10~?  1.76x10~ 11
F 4 =
ission Yield 2.97x10~11  1.61x10713  706x107'%  263x1071°  1.35x107 12
—-3.07x10~8%  4.20x10718 0
—1.40x10~%  5.80x10713 Z10, 1.43x107%  _3.96x107%  2.80x10-13
Blocks = ; —3.87x10 17, —
° 2.79x10~°  —2.45x10~? x o 3.93x107%  _3.95x10 %
0 i 9.47x10~°
[ -1.40xt0™%  5.60x1071%  279x1079 —2.45x10"% 3.87x1071°
-3.97x10~%  4.20x1012 0 0 1.43x1073
= —~3.96x10~%  2.80x10~13 0 o 3.93x10~8
~3.95x10™%  4,90x10713 0 0 9.47x10~ 9
-1.14x107% —2.91x10~% 0 2.81x16”%  —6.72x107% ]

2.01x107°

5.92x10~ 11

0

0
4.90x10 12
—1.14x1078

Figure 2.5: Block storage scheme for the core sample problem (2.38)

3

1.27x107 11

1.62x10~ 13
—2.91x1075 0
2.01x10"%  —6.72x10"3
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In the GAUGE code (Wagner, 1968:28) it is assumed that every isotope can have only one daughter
due to radio-active decay and one due to neutron capture. Five vectors are used to store the decay
constants, the fission cross sections, the neutron capture cross sections and the index of the decay
and neutron capture daughter isotopes for each parent isotope respectively. The i-th element in
these vectors contains the reactions having the i-th isotope as parent and may contains zeros if
there are no reactions having this isotope as parent. This implementation does not require a vector
containing the parent isotope’s index and therefore one less look up is necessary for each calculation,
but it places a severe restriction on the possible decay chains that can be described.

Another way to store the coefficient matrix is to store the parent or daughter isotopes for each
isotope as shown in Figure 2.2. One vector is used to store the diagonal elements for each isotope.
In the parent index storage scheme, a second vector is used to store the number of parent isotopes
for each isotope. The index of these parent isotopes and the reaction rates are stored in another
two vectors. The fission yield terms can also be stored separately as shown in Figures 2.3 and 2.4.

2.3.2.3 Sub-matrix decomposition

Another way to reduce the amount of zero calculations is to divide the elements around the diagonal
into a number of square sub-matrices D; (Wagner, 1968:29) on the diagonal

[ D, 0 o ... 0 |
0 D 0 ... 0
A= d . (2.39)
Farin Foi1a | Dan 0
| Fan Fod 0 D, |

Each matrix D; represents an independent decay chain. If there are no feedback reactions in a
decay chain, the corresponding sub-matrix D; will be triangular. In this scheme, the sub-matrices
can be stored in one vector as shown in Figure 2.5, together with the size of each sub-matrix. This
requires much fewer lookups than the index storage scheme, but more zero computations need to
be done.

The advantage of this scheme, when compared to the band storage scheme, is that the block
structure stays the same in matrix-matrix multiplication and matrix inversion. Also, if a sub-matrix
D; is triangular, it will stay triangular. This scheme can therefore be used when matrix-matrix
calculations are done without a change of structure.

2.3.3 Norm

The ¢-th column in the coefficient matrix gives the loss rate of the i-th isotope at the diagonal
element and the gain rate of its daughter isotopes at the off-diagonal elements. In fission reactions
each individual fissile isotope gives rise to two fission products. In all the other reactions each
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individual parent isotope gives rise to only one danghter isotope. For the fission product isotopes,
the sum of all the elements in a column, except the diagonal element, is therefore always smaller
than or equal to the absolute value of the diagonal element,

Za,;j < |aj;| for all fission products j. (2.40)
i#]

For the figsile isotopes, the sum is always smaller than or equal to double the absolute value of the
diagonal element,

Za’if < 2|ay;| for all fissile isotopes j. (2.41)
i#5

These properties can be used to calculate lower and upper limits for the norm of the coefficient
matrix. The 1, 2 and oc matrix p-norms are defined as (Golub & Van Loan, 1990:56):

A, = mjﬂZlaijl, (2.42)
|All, = ngw”, ' (2.43)
Al = mgXZI%L (2.44)

The 2-norm has the property that (Golub & Van Loan, 1990:56)

max la;;| < |All, < nmax|ayl. (245)
iJ &J

Let Dmar = max; |a;|. By using (2.41) and (2.40), the matrix norms of the coefficient matrix must
satisfy

Doz < ||All;, £ 3Dmas (2.46)
Dma:c < ”A“z < anaa; (2.47)
Dimas < “A“oo < nDmay. (248)

It is clear that the largest diagonal element of the coefficient matrix, Dmqz, determines the norm of
the matrix.

Anocther norm that is sometimes used in the analysis of numerical methods is the Lapidus and Luus
norm (Hermann & Westfall, 1998:F7.2.3):

[A] = min m?,x;miji,mfx;laijl . (2.49)

For the coefficient matrix this norm has an upper limit

[A] < 3Dmaz- (2.50)
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The largest diagonal element Dy,q, in the coeflicient matrix is given by the largest decay constant
or the product of the largest neutron capture cross section and the neutron flux

Dipas = max {—E-L max(ac,z-)qS} . (2.51)

mini (t1/2,i) ’ 7
2.3.4 Stiffness

The following definition of stiffness is given by Shampine (1985):

Consider the numerical solution of the initial value problem for a system of n first-
order ordinary differential equations:

-

¥ = f(z.9) a<z<hb, (2.52)

with (a) given. The standard assumption about f{z,#) is that it has many continuous
derivatives and that it satisfies the Lipschitz condition:

Hf(a:, @) - flz, fa)H <Lli—d| for alla<e<b and all Zandd,  (2.53)

where L is a real constant independent of 4 and .
A problem is termed stiff if L(b — a) is large.

For the depletion equation (1.1) the condition (2.53) can be written as
|a¥| <]~ franw
Using Eq. {2.43), the Lipschitz constant L for the coefficient matrix can be given by

L=]Af,.

A system of depletion equations is therefore stiff if ||A||, At is large, with At being the burnup time
step. It is immediately clear that the stiffness is directly proportional to the length of the time
step. Because the 2-norm is always bigger than the maximum diagonal element Dpq,, according to
(2.47), a lower limit for the stiffness can be given by the half-life of the element with the smallest
half-life:

Atln?2

Stiffness) = |A ||, At 2 Dpaz At > —————.
( ) H ”2 = mln(tl/g)

(2.54)

When isotopes with a half-life of few order of magnitudes smaller than the burnup time step are
present, the problem is very stiff. Stiffness has an influence on the stability and roundoff errors of
numerical methods, as will be shown in Chapter 3.
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2.3.5 Essential nonnegativity

The coefficient matrix has the property that all the diagonal elements are loss terms and therefore
negative, and all the off-diagonal terms are gain terms and therefore positive. A matrix with
nonnegative off-diagonal elements is called essential nonnegative. This property makes it possible
to use some special numerical techniques, like the uniformization technique of Section 3.2.

In the next three chapters it will be shown how various numerical methods to solve the fuel depletion
equations can be optimally implemented using the properties given in this section.



Chapter 3
Polynomial Expansion Methods

There is a wide range of known methods to solve a system of first order differential equations like
(1.1). Moler and Van Loan (1978) give a review of methods that can be used and conclude that
the Taylor and Padé methods are the most effective methods when properly implemented. In this
chapter the family of methods that makes use of polynomial expansion, which includes these two
methods, is investigated. In the next chapter two other methods, that are not polynomial expansion
methods, are considered. The performance of the different methods which are investigated in these
two chapters is then compared with each other in Chapter 5.

Section 3.1 first gives an overview of polynomial methods. This includes the methods given by Moler
and Van Loan (1978), interpolation methods as introduced by Iserles (1981) and the newer Krylov
subspace approximation (Gallopoulos & Saad, 1992). Four of these methods, the Taylor, Padé,
Krylov and Chebyshev approximations, are then further investigated in this chapter. Of these four
methods, only the Taylor method is currently used in depletion modules, for example in ORIGEN-S.
In Section 3.2 a new, more efficient, implementation of the Taylor method is developed, using the
uniformization technique suggested by Sidje and Stewart (1999). In Sections 3.3, 3.4 and 3.5 it is
shown how the general Padé, Krylov and Chebyshev approximation methods, as implemented by
Arioli ef. al. (1996) and Sidje (1998), can be optimally implemented to solve the fuel depletion
equations,

3.1 Overview of polynomial expansion methods

In the depletion module, the fuel depletion equation (1.1) has to be solved over a burnup time
interval At, starting with an initial isotope concentration No = N(fg) to give the final isotope
concentration Ny = N (t1), t1 = to + At. The coefficient matrix A is assumed to be constant over
the burnup time interval, as explained in Subsection 2.3.1.

The simplest way to compute the final isotope concentration is to use a Taylor expansion of

26
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N1 = N(to + At) around t:

- AtdN(®) (A2 2N (t) (AL dB N (2)
e —= . 1
Ny=No+ 1 dt T T ot T T @1
t=tg i=tp t=tg
By calculating the time derivatives of {1.1), the ¢-th derivative of N (¢) is found to be
dON(@) _
5 = AN, (3
This can be used in the Taylor expansion {3.1) to give
- At At -
N =(I+ A+( 2) A+ +( ) A"+ .. )Np. (3.3)
Alternatively, the Taylor expansion can be done for Ny = N(¢; — At) around #;, giving
2 -—
(- %A + —(/';f) PO At) . )Ny = N, (3.4)
which can then be solved to compute ﬁl.
Polynomial expansion methods to compute N, are methods that can be written as
(col + c1AtA + c2A12A% + .. )N, = (dol + diAAL + d2A2A? + .. ) Ng. (3.5)

This includes the Taylor methods (3.3) and (3.4). This equation includes all the methods to calculate
N that use the basic matrix operations on A. In practice, the two summations must be truncated
after a number of terms, say » and g terms,

(col + c1ALA + 2 APA% + .. 4+ ¢ AANN, =
(dol + d1 AtA + dpAt?A? + .. . d, AP AP) Ny, (3.6)

giving the two matrix polynomials D, and C,:
C,(AtA)N; = D,(AtA)N,. (3.7)

Any method that has only the one term c{)ﬁl on the left hand side, like Eq. (3.3) with ¢p = 1, is
called explicit. Explicit methods can be implemented using a number of matrix-vector multiplica-
tions to calculate d; A* Ny and the computer time needed is of order O(n2). Methods that have more
terms on the left hand side, like Eq. (3.4), are called implicit and must be solved in two phases.
First the two polynomials given in (3.6) have to be calculated and then the linear system (3.7) has
to be solved (Gallopoulos & Saad, 1992:1237). This requires matrix-matrix computations, which
requires computer time of order O{n®).

There are a number of ways to chose the coefficients cg, .. ., ¢, and dy, . . ., dp so that 1\71 approximates
the solution of the depletion equation. Some of the most common ways are by using a Taylor
expansion, Padé approximation, Padé interpolation, Krylov approximation, Chebyshev rational
approximation, or by computing the coefficients analytically using the Cayley-Hamilton theorem.
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Fach of these methods will now be introduced and some will then be described in more detail in
the remainder of this chapter.

Taylor expansion: The truncation in Eq. {3.3) after & terms gives the k-th order Taylor expansion
method (Moler & Van Loan, 1978:807) with the coefficients of (3.6) defined as

d; = ;1, fori=0,1,...,k
co 1 (3.8)
g = 0 fori>0

Padé approximation: The Padé approximation method is a generalisation of the Taylor expan-
sion method, with the (k, 0) Padé approximation being the above Taylor expansion, and the
(0, k) Padé approximation being the Taylor expansion using {3.4). The polynomial coefficients
of the (p, ¢) Padé approximation are chosen to match the Taylor expansion up to order p+ ¢
(Sidje, 1998:305; Gallopoulos & Saad, 1992:1243) for scalars,

> .’L'k T
?;% 5= g:((m)) + O(zP+a+, (3.9)

The resulting coefficients are then (Moler & Van Loan, 1978:808)

dipg = ;ﬁ:ﬁ;gﬁﬂ-n fori=0,1,...,p
’ o . : (3.10)
{ Cipg = (—1) éﬁ‘fﬂw_‘]—m fori=0,1,.

- g

When p = ¢ then ¢; = {—1)%d; and it is called the diagonal Padé approximation method.

Krylov subspace approximation: The Krylov subspace approximation method is an explicit
method. This approximation reformulates the problem of finding the best coeflicients d; in
(3.6) (with ¢g =1 and ¢; = 0, 7 > 0) to calculate 1\71, using only p < n terms,

ﬁl = doﬁo + dlAﬁg + d2A2ﬁ0 + e+ dpApflﬁo, (3.11)
to finding the element in the subspace
K, = span {Nfo, AN, ANy, -+, AP—W'O} (3.12)

that best approximates N; {(Saad, 1992:210). This projects the large, sparse, n-by-n, coefficient
matrix A onto a smaller, dense p-by-p matrix. The matrix exponential of this smaller matrix
is then obtained with another method like the Padé approximation method or Chebyshev
rational approximation method, to give an element in K, that best approximates the matrix
exponential.

Padé interpolation. The common feature of the Taylor, Padé and Krylov approximation methods
is that they fit the matrix exponential (1.3) only at the origin. These three methods are
therefore very accurate near the origin, but may be inaccurate far away from it (Gallopoulos &
Saad, 1992:1242). Iserles (1981:1) gives interpolation methods that interpolate the exponential
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along an equispaced mesh instead of using a high-degree interpolation at the origin. The
polynomial coefficients of (3.6) are therefore chosen such that the exponential is calculated
accurately at the mesh points. Although he found that the Padé interpolation is more accurate
than the Padé approximation for stiff systems, it was found that the Padé interpolation was
unstable due to oscillation of the interpolation error between the mesh points. This restricted
the mesh size to small values (Iserles, 1981:9), giving a method that behaves much the same
as the Padé approximation. This method will therefore not be considered further.

Chebyshev rational approximation. In the (p, ¢)-Chebyshev rational approximation method,
the coefficients dy, ..., dp and ¢;, ..., ¢ are chosen such that

do+d dox® + ...+ dyaP
max (TGS H BT A FHT (3.13)
O<z<oo | g+ 1T + 2z + ...+ ¢yt

is a minimum (Sidje, 1998:133). Instead of fitting the exponential at the origin or at a number
of fixed points, this approximation uses the best fit to e over the interval 0 < z < o©
(Moler & Van Loan, 1978:811; Gallopoulos & Saad, 1992:1242). It is also possible to fit the
exponential over the interval (A1, A,) where A} and A, are the largest and smallest eigenvalue
of the coefficient matrix. Bergamaschi and Vianello (2000) show how the largest and smallest
eigenvalue can be approximated and the coefficients d; be calculated for a (p,0) approximation.
In this dissertation only the diagonal (p, p) Chebyshev approximations will be considered over
the interval 0 < z < oo , for they are more stable than the (p,0) approximations.

Cayley-Hamilton theorem. The characteristic polynomial of an n-by-n matrix A is defined
(Moler & Van Loan, 1978:815} as

2" - Zqz = ¢(z) = det(2I — A). (3.14)

The Cayley-Hamilton theorem states that ¢{A) = 0 and hence that

n—1
=) aAl (3.15)
i=0
Any power of A can therefore be expressed in terms of I A, . .. JA™L
n—1 .
= BuA. (3.16)
=0

The infinite Taylor expansion (3.3) can then be written as

e* =D, 1(A) = Z[Zﬁ’”} (3.17)

=0 Lk=0

Therefore, there exist coefficients d;, i = 0,...,n — 1 that give the matrix exponential exactly
(Moler & Van Loan, 1978:815). There is a whole range of methods that make use of this fact,
like Lagrange interpolation, Newton interpolation and inverse Laplace transform (Moler &
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Van Loan, 1978:816). In these methods the characteristic polynomial, ¢(z), must be known.
A disadvantage that these methods share with the analytical methods of the next chapter, is
that although they give e == D,,(A) exactly, it is possible that D,,(A+E), where E is a small

A+E  This makes these methods unstable in the presence

perturbation, is very different from e
of roundoff errors (Moler & Van Loan, 1978:816). Although these methods are equivalent to
the analytical methods considered in the next chapter, they are much more expensive, O(n*),

to implement and are, therefore, not further considered in this dissertation.

In the remainder of this chapter, algorithms are given to show how the Taylor, Padé, Krylov
and Chebyshev approximation methods can be optimally implemented to solve the fuel depletion
equation.

3.2 Taylor expansion method

The Taylor method is used in the well known depletion code QORIGEN-S (Hermann & Westfall,
1998). In Subsection 3.2.1 it is shown how the Taylor expansion is recursively implemented in this
code. In Subsection 3.2.2 it is shown how roundoff errors may influence the Taylor expansion and
the limit that is, therefore, imposed by the ORIGEN-S code. In Subsection 3.2.3 the number of
terms that are necessary in the expansion is considered. This is then used in Subsection 3.2.4 to
develop a new algorithm using the optimal integration step size.

Instead of using integration time steps as in the ORIGEN-S code, the Taylor method can be imple-
mented using the uniformization technique of Sidje and Stewart (1999:351). In Subsection 3.2.5 it
is shown how this technique can be generalized and then optimized, giving a new algorithm for the
Taylor approximation method.

In Subsection 3.2.6 it is shown how the average isotope concentration can also be calculated by a
slight modification to the Taylor algorithms, using almost no extra computations.

3.2.1 Recursive implementation

It is well known that the k-th order Taylor expansion can be calculated recursively (Hermann &
Westfall, 1998:F7.2.3) by constructing the vectors C;:

Co = No
3 AAL -
C-L' = —?.— i—-1 fori=1...k. (318)
Then
- koS
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This can be seen by rewriting (3.3) as

L L AAt (- AAE, - AAL,
N1=N0+AAt[Ng+-—-2—{N0+ — (Mo + = (N0+...))H (3.20)

Just one matrix-vector multiplication is necessary to calculate each C’}, and no matrix-matrix op-
erations are required. When the matrix A is sparse, the matrix-vector multiplication can be done
efficiently by using an index storage scheme. If every depletion equation has on average m terms,
then the coefficient matrix, consisting of n isotope depletion equations, will have mn non-zero el-
ements. One matrix-vector multiplication will then need mn lookups and mn flops and the whole
recursive algorithm of a k-th order Taylor expansion will need nmk flops.

3.2.2 Roundoff errors

When the system of equations is stiff, large roundoff errors may be introduced. To illustrate this,
consider a single isotope with a decay constant R, described by

dN(t)
dt

= —RN(1). (3.21)

The Taylor expansion then consists of alternating negative and positive terms

RAt)2  (RAt®  (RA*
N(A) = N(0)(1 — RAt + & Sy 4!) _

2. (3.22)

If | RAt] is defined as the largest integer smaller than or equal to RAf, the maximum term in the

expansion cannot exceed
{ RA t) [RAt]

[RAL]! (3-23)

If the computer uses D significant digits, a roundoff error of the order of ¢ = (RAt)IRAI10-D/ | RAL|!
may be introduced. For example, having 13 significant figures, and RAt = 100, the roundoff error
can be as large as € = 1.07 - 1042 . 10713 = 1,07 - 10%.

Lapidus and Luus (Herman & Westfall, 1998:F7.2.3) have shown that for a matrix A, the maximum

ALt

term in the summation of any element in the Taylor expansion of e cannot exceed

([A]AL)" /nl, (3.24)

where n = |[A] At| is the largest integer smaller than [A] At. Roundoff errors therefore place a
limit on the maximum step size At that can be used. In the ORIGEN-S code roundoff errors are
limited (Herman & Westfall, 1998:F7.2.4) by requiring that

[A] At < —21n(0.001) = 13.8155. (3.25)

For stiff systems, {A] At > max; |a;;| At > 0, the above requirement must be satisfied by removing
all the short half-life isotopes from the coefficient matrix, or by dividing the burnup time step At
into smaller integration time steps At;. In ORIGEN-S the short half-life isotopes are removed,
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with the effect that significant departures from the exact result are possible for small burnup times
(Thomas & Barber, 1994:309). This removal of isotopes can be used in conjunction with any of
the methods described in this chapter. In order to compare the different methods, no isotopes are
removed from the system of depletion equations, but the burnup time step is divided into smaller
integration time steps. In Subsection 3.2.4 it is shown how to choose the integration step lengths.

3.2.3 Number of terms

Given a tolerance of accuracy for the local truncation error, ¢ = 10™%, the Taylor expansion (3.3)
must be continued for k terms, such that the (k+1)-st term will contribute less than . This implies
that

10—31\70 - (3.26)

(Am)’““ i
k+ 1) E;

where the < sign means that each element in the vector on the left hand side is smaller than the
corresponding element in the right hand side vector. Using (3.19) this can also be stated as

k
ék+1,j < Zéi,jlo_s forj=1...n. (327)
=)

An upper limit, Ampqzr, for the number of terms necessary to achieve (3.26) for all the isotopes is

given by
A At kmaz+1 s
Although this means that
kmaz > [A] At — 1, (3.29)

which may be quite large, the actual amount of terms necessary may be much smaller when the
short half-life isotopes are in equilibrium. It is therefore much more efficient to test whether the
given tolerance is reached, using (3.26), after each term is calculated and then to truncate the
expansion when the tolerance is reached, rather than to use k... terms.

A widely used stability criterion is that of A-stability, saying that a numerical method is A-stable
if its region of absolute stability (defined in Subsection 5.6.4) contains the whole of the left-hand
complex half-plane, Re(z) < 0 (Cash 1985:71). For the scalar k-th order Taylor expansion, the
complex number z will lie inside the region of stability if |R(z}| < 1, with R(z) given by

LI kL

R{z) = Z% ~ e — CESIA (3.30)

Assuming the coefficient matrix to be triangular, the k-th order Taylor expansion will be stable if
all the eigenvalues, lying on the diagonal, satisfy |R(2)| < 1. Let 2 = —Anac At where Ao, is the
largest decay constant. The k-th order Taylor expansion will then be A-stable if k > kmin, with
kmin the smallest positive integer satisfying

\ (Amm At) kmin+1

—Amaaz At
P <l-e . (3.31)
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Table 3.1: Computer time and number of terms required in the Taylor expansion when solving the
sample assembly problem using different step sizes

Stiffness Number -
Step size lower of terms Sta.mbll{ty Number of | 11;3;:1 £ Computer
(AmaAt) | limit | required | ™ | timesteps | oo ot
([A] At) (k) (kmin) (S x10 )
1 1.36 4 1 375 1500 7.1
2 2.72 4 3 188 750 3.7
2.5 3.40 4 4 150 600 3.1
3 4.08 6 6 125 750 3.6
5 6.80 11 11 75 835 3.9
10 13.6 24 24 38 900 4.3
20 27.2 51 51 19 956 4.6

By approximating the right hand side of this inequality as one and using Inz! > zlnz — z, knyin is
given as the smallest integer satisfying

kmin > AmazOte — 1. (3.32)

Comparing Equations (3.29) and (3.32) it is clear that kmip < Kmgr and the number of terms
necessary must lie between these two limits.

3.2.4 Optimum step length

When large integration time steps are used, the number of terms in the Taylor expansion is limited
by the stability criteria and when very small time steps are used, the number of terms is limited
by the required accuracy. The optimum integration step size lies at the point where these two
limitations meet. In the ORIGEN-S code a fixed step size is specified as given in (3.25). Table 3.1
gives an example how the computer time varies with different integration step lengths. This was
calculated using the Taylor method as implemented in the ORIGEN-S code on the sample assembly
problem, which will be described in Chapter 5, Subsection 5.2.1. For this test problem, using the
ORIGEN-S limit (3.25), the computational time was 4.3x10~2 seconds, which is not far from the
optimum 3.1x10~2 seconds. This optimum is found to be the smallest integration step size for which
the number of terms required, &, is equal to the stability criteria minimum, Kpin.

When a ia.rge integration time step is chosen, [A] At will be large. Although ke will be large,
after a few time steps the short half-life elements will be in equilibrium, requiring much less terms.
kmin Will also be large, so that a given tolerance, as specified by Eq. {3.26), is normally reached for
k < kmin. The number of terms is then only limited by the stability criterion, & = km;,. If the time
step At is divided into halves, the number of integration time steps will double, but the number of
terms in each integration time step k¥ = ki will be a bit less than half as can be seen from (3.32)
and Table 3.1. Smaller time steps will therefore require a bit less computer time.
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Algorithm 1 Taylor algorithm 1
1. Calculate [A] using (2.49) .

2. Do one Taylor step with [A] At = 1 and let ks, be the number of terms in the expansion.
3. Use (3.32) to calculate the optimum step size At.

4. Do steps 5 and 6 for each time interval.

5. Let Nt = Nt_l.

6. Do steps 7 and 8 until ¢ > kmin, and C;; < Ny ;1073 Eq. (3.27), for each isotope j.

Calculate C; using (3.18).

@ N

Add every C; to ﬁt, Eq. (3.19): Nie=N,+C;.

When [A] At is small (about one) the number of terms required is larger than kmin and therefore
not determined by the stability criteria. As can be seen in Table 3.1 the number of terms, k, does
not double if the time step doubles, but stays constant. Larger time steps will therefore, in this
case, require much less flops.

Algorithm 1 shows how the Taylor method can be optimally implemented. One small integration
time step, with [A] At = 1, is done to find the minimum number of terms, ki, that are necessary
to obtain the required accuracy. The optimal integration time step At is then calculated by setting
kmz'n = k] in (332)

3.2.5 Generalised uniformization technique

Because the coefficient matrix is essential non-negative, the uniformization technique of Sidje and
Stewart {1999:351) can be used. In this technique the diagonal of the coefficient matrix is scaled with
a constant & = Dy = max;(a;;) to form the non-negative matrix P = A + al. The exponential
of the coefficient matrix is then given by

eAM Ny = ¢ OB PALN, (3.33)

The matrix exponential of P can be recursively calculated by computing C_",;,

PA?
= Ci—l, (334)

Ci= —
i
which is combined with scaling the initial isotope densities,

Co = e~ 22N, (3.35)

or the final isotope densities,

k
eAAtﬁo = 6#(1'/'“ Z C_;i, (336)
i=0
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—aAt —adt

by e In this method no integration time steps are necessary. Only when e is close
to the smallest number that can be represented by the computer, the burnup time step has to
be divided into smaller time steps. When double precision is used this will be necessary when

|eAt| > In(1039%) ~ 700.
This method of Sidje and Stewart can be generalised by using
a = (1~ 8) Dy, (3.37)

with 0 < 8 < 1. When 8 = 1, (3.33) reduces to the normal Taylor expansion, and when 3 = 0 the
above uniformization technique is recovered. The higher the value of 3, the smaller the maximum
number of terms k.., will be and the fewer terms will be necessary in the expansion. If 8 is too
high, roundoff errors will corrupt the answer.

Let ¢ = B[A] At. An upper limit for the roundoff error in the Taylor expansion of eFAt

(3.23) with n = |/, is

, given by

Ermas = 2_D%e_°‘m, (3.38)

with D the word length of the computer. Taking the logarithm, and making use of the fact that

Inz! > zlnzx — z, an upper limit for E,g; is

In27 P + ¢ln(c) — eln(e) 4 ¢ — oAt
In2=0 + (¢ — ahw),

In Koz

A

so that
Ema,a: S 2—De(C—QAt). (3.39)

Requiring that the roundoff errors will be smaller than 277, (3.39) gives the requirement that
{c — aAt) < 0, which can be rewritten as

B< =

~ ([A]/Dpac + 1) (3.40)

. Algorithm 2 shows how the generalised uniformization technique can be used to solve the fuel
depletion problem. For the core and assembly depletion sample problems, that are considered in
Chapter 5, the right-hand side of (3.40) is about 0.5 and 0.4 respectively. Using these values for
3 makes this new generalised method about twice as fast as the uniformization technique used by
Sidje and Stewart, having 3 = 0.

3.2.6 Average isotope concentration

Sometimes it is required that the depletion module must give both the final isotope concentrations
and the average isotope concentrations over the burnup time. The average isotope concentrations
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Algorithm 2 Generalised uniformization Taylor algorithm
1. Calculate « using (3.40) and (3.37).

2. If aAt > 700 divide the total time step into smaller time steps such that oAt < 700.
3. Scale the initial isotope densities using (3.35).

4. Do steps 5 and 6 until C; ; < N1 ;107 for j = 1...n, (3.27).

5. Calculate C; usilig (3.34) and index matrix storage.

Add C; to Ny, Ny = Ny + G, as in (3.19).

&

can be computed, after the final isotope concentrations N (At) are calculated, with

= 1 At =
N = ZE / et Nodt'
= AtA‘ (e*2 — 1) Ny
= AtA (ﬁ(At)—Ng). (3.41)

This formula has the disadvantage that it is expensive to invert large matrices and it is not always
possible to invert a matrix exactly. If the isotope concentrations do not change much during an
integration time step, the average concentrations can be approximated by

= No+N
N=20
2

If the exact average concentrations are important, they can be directly calculated with a Taylor
expansion

N= iA‘l(eAm Z (AA” N(O) (3.42)

This is called the Volterra integral solution {Hermann & Westfall, 1998:F7.2.11). The final isotope
concentrations can then be calculated as

Ny = No+ AALN. (3.43)

In the Volterra integral solution km:in and Kmg: are one less than in the normal Taylor expansion
and one less term will be necessary in (3.42). But the total number of matrix-vector multiplications
will be the same because of the extra multiplication in (3.43).

3.3 Padé diagonal approximation

In this section it is shown how Arioli et. al. (1996:114) calculated the Padé approximation (Sub-
section 3.3.1), using the Horner algorithm (Subsection 3.3.2) and using scaling and squaring. In
Subsection 3.3.3 it is shown how the implementation can be made more efficient by combining the
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Algorithm 3 Padé algorithm 1(Arioli ef. al., 1996:114)

1. Determine the minimum integer m = 2* such that |[AAt||, /m < 0.5.
2. Compute A = AAt/m.
3. Compute Cyq(A) and Dyy(A) using the Horner algorithm (Subsection 3.3.2).

4. Compute e = Cuy(A)"IDy(A), by solving Cye(A)e? = D,,(A), using Gaussian elimina-
tion.

k
5. Compute e® = (.e‘")2 by squaring e® k times.

scaling and squaring with time stepping. In Subsection 3.3.4 an upper limit for the roundoff errors
of the Padé algorithms is given.

3.3.1 Implementation

Algorithm 3 shows how the diagonal Padé method was implemented by Arioli et. al.. The diagonal
Padé approximation is the most efficient because if p<g, about ¢n® flops are required to calculate
C, 'D, and the approximation is of order p+q. The diagonal Padé approximation C; Dy uses the
same number of flops, but has an order of 2¢ > p + g (Moler & Van Loan, 1978:808; Arioli etf. al.
1996). The same argument can be used if ¢ > p.

The method of scaling and squaring requires that C;IDP be explicitly calculated. This makes it
necessary to compute the two polynomials C, and D, explicitly and to invert the matrix C,. These
full matrix computations are expensive for large systems. But it can be done more efficiently by
using the block matrix storage scheme, given in Subsection 2.3.2.

3.3.2 Horner’s algorithm

When a matrix polynomial has to be calculated explicitly, it can be done with the minimum amount
of matrix-matrix multiplications by using the Horner algorithm.

Given a matrix polynomial P{A} of order ¢,
P(A) = bol + by A + b A% 4 ... + b AY, (3.44)

it can be computed using s + r — 1 matrix multiplications, where s is the largest integer smaller
than /g and r is the largest integer smaller than g/s (Golub and Van Loan, 1989:552). s — 1
multiplications are used to calculate A?, ..., A and the 7 multiplications are used to calculate all
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the products with the matrix A®:

P(A) = (bo+...+b1A%1)
+ A by + ...+ bos_1 AT L
+A%...
+A%(bes + ...+ by A7) . ]} (3.45)

3.3.3 Scaling and squaring

Because the Padé approximation, as given by (3.10), approximates the exponential at the origin, it
has the same problem as the Taylor expansion with roundoff errors and stability when the problem
is stiff. This is solved by scaling the coefficient matrix, computing the matrix exponential of the

scaled matrix, and then squaring the matrix exponential:

- 2
eA Ny = (eA/Qk) No.

Instead of squaring the matrix ¢ k times and then multiplying it with the vector ﬁg, which requires

A

k full matrix operations, the matrix e® can be multiplied 2* times with the vector ﬁg,

eANo — PA/Qk(eA/Qk(_ .. (eA/j,iﬁo) .. )),

g

2% times

requiring 2¥ matrix-vector operations. This effectively divides the burnup time into 2* integration

time steps.

If there are n? elements in the matrix A (or in the blocks of A when sub-matrices are used),
squaring k times will need kn® flops. 2* matrix-vector products will require about 2*n2 flops and
will therefore be better if

n>2%/k. (3.46)

The two methods can be combined, as in Algorithm 4, by squaring k; times and multiplying 2%
times, with k; + k2 = k and k; the largest integer satisfying (3.46).

3.3.4 Roundoff errors

In this section it is shown how the repeated squaring and the matrix inversion of Algorithms 3 and
4 can introduce roundoff errors and an upper bound for the roundoff error is given.

When there are large transients at the beginning of the time interval At, but the isotopes are in
equilibrium at the end of the time interval, it is possible that (Moler and Van Loan, 1978:804)

leA2e]], < [leraerm|™. (3.47)
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Algorithm 4 Padé algorithm 2 using integration time steps (Arioli et. al., 1996:114)

1. Determine the minimum integer m = 2% such that {AA¢t|, /m < 0.5.

Compute A = AAt/m.

Compute Cgy(A) and Dyy(A) using Horner’s scheme.

Compute e = Co(A) 7 Dyy(A), by solving Cyqy(A)e? = Dyy(A) using Gaussian elimination.

AR

Let k2 be the largest integer satisfying (3.46) and ki = m — ka.
k
6. Compute e = (eA)2 by squaring e® k; times.

7. Compute N = AN by 2% matrix-vector multiplications.

Then, although the roundoff errors introduced in Algorithm 3 are relative small compared to
HeAAt/ m||2, they may be relative large compared to ||e"’mt||2 because of the repeated squaring.

The inversion of the matrix C, can also introduce roundoff errors. The condition of an invertible
matrix C is denoted by cond(C) defined as (Moler & Van Loan, 1978:805)

cond(C) = ||C|; [T, - (3.48)
The larger the condition of a matrix is, the larger round errors can be introduced when the matrix
is inverted.

Moler and Van Loan (1978:808) have shown that for large enough g,
cond(C,(A)) > eiAn)/2) (3.49)

where A} and ), are the largest and smallest eigenvalue of A. In Algorithms 3 and 4 the matrix is
scaled such that
m >~ 2 ||AAtY, ~ 4D, AL, (3.50)

from (2.46), where Dy,,, is the maximum absolute diagonal element in A. Because the coefficient
matrix is nearly triangular, the diagonal elements can be taken as estimates for the eigenvalues. It
then follows that the largest eigenvalue can be approximated by

— Doz At —~
o — o~

1
M "t (3.51)

thereby limiting the condition of C,.

When (3.50) is used to calculate the scaling factor m, Arioli ef. al. (1996) have proven that for
essentially non-negative matrices, an upper bound for the roundoff error due to the inversion and
squaring of the matrices is:

/1 (Re(AAL/m)™) — Ro(AAL/m)
[R(AAL/m)™||;

Wcum{nrerprameniee)} @5

where Ry(z) = (Cy(z)) ™! Dy(x) is the (g, ¢) Padé approximation computed with no roundoff errors
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Algorithm 5 Krylov algorithm to compute w(t) = eAfv (Sidje, 1998:135)
w= Tt =0
H = zeros[m + 2, m + 2|
while ty < t do

5= = |7l

1 =0/

for j =1:m do {Arnoldi process}

7= A7,

hit1; = [Pl
if hjy1; < tol || Al happy-breakdown
Tj41 = P/ hjt15
end
hm+2,m+l =1
repeat
T = step-size
F = ™™ {Padé approzimation}
&= 8VE
err_loc=local error estimate (Sidje, 1998:137)
until err_loc< dtol
te =+ 71
end

and fi(Rq(z)) the Padé approximation computed using floating point calculations with a relative
precision of u = 27,

For example, in an assembly depletion calculation, if the coefficient matrix is 100-by-100, and a (6,6)
Padé approximation is used, using double precision (z = 10~!4), the upper bound for the roundoff
error will be 5.6 - 10~Lm, where m is about 2 [|AA¢|;.

3.4 Krylov subspace approximation

In this section an algorithm given by Sidje (1998) for using the Krylov subspace approximation is
briefly described and an upper limit for the roundoff error of this algorithm is given.

3.4.1 Algorithm of Sidje

In the Krylov approximation, the element in the subspace Ky, given by (3.12), that best approxi-

mates eAAtNj is calculated. First an orthonormal basis V), is calculated for K, using the Arnoldi

algorithm (Saad, 1992:210; Gallopoulos & Saad, 1992:1238). The first basis vector U7 = V€] is

taken as .
. No
]

(3.53)

[
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In the Arnoldi process an upper Hessenberg matrix H,, is formed, having the relation
H,=VIAV, (3.54)

H,, represents the projection of A to the subspace K, with respect to the basis Vp. The optimal
vector Nopt approximating eAAtN is then (Steward & Leyk, 1996:360)

vageAAtl\_fg
= || o] vp (VEer2Vy) &1 (3.55)

Nopt(At)

VIeAAV, can be approximated by eHr4! (Gallopoulos & Saad, 1992:1240), giving the Krylov
approximation of the matrix exponential

cADLN “1\70” V,etrite (3.56)

H,, is a dense matrix, having dimensions p-by-p. When p is much less than the dimension of A, it
will be much faster to calculate the matrix exponential of Hy, in (3.56) than to calculate the matrix
exponential of A.

Algorithm 5 shows the algorithm used in EXPOKIT (Sidje, 1998) to calculated (3.56). Sidje
(1998:11) also shows how (3.56) can be implemented using a time-stepping strategy. This strategy
is more stable and accurate than using a single time step. The time-stepping is done by calculating
a local error estimate at each step. If the error is larger than a given tolerance, the step size is
decreased and the previous time step is repeated. If the error is much smaller, the step size is
increased.

3.4.2 Accuracy

Because the n eigenvalues of A are approximated by the p eigenvalues of Hy, Krylov subspace
methods benefit from a clustering of eigenvalues in A (Hochbruck & Lubich, 1997:1918). A rough
upper bound for the error introduced in the Krylov approximation is (Steward & Leyk, 1996:360;
Saad, 1992:220)

fAaah
2 plar-1 -
Gallopoulos and Saad (1992:1242A) give a smaller upper bound, using the logarithmic norm, which
is more difficuit to calculate.

s vz <, o

3.5 Chebyshev rational approximation

In this section it is shown how the Chebyshev rational approximation can be calculated using the
Horner algorithm (Subsection 3.5.1), or by using partial fractions (Subsection 3.5.2) as implemented
by Sidje (1998). In Subsection 3.5.3 the accuracy and stability of the algorithms are discussed.
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Algorithm 6 Chebyshev rational approximation using Horner’s algorithm

1. Calculate ﬁa(At) = D14(AAt)ﬁg, using 14 matrix-vector products.
2. Calculate C14(AAt) with Horner’s algorithm, using 6 matrix-matrix products.
3. Solve C14(AAt)N(At) = N,(At).

3.5.1 Horner’s algorithm

Algorithm 6 shows how the Chebyshev rational approximation method, (3.7} with coefficients calcu-
lated using (3.13), can be implemented using the Horner algorithm. p matrix-vector multiplications
are used to calculate N,(At) = D, (AAt)I\_fo and the Horner algorithm (Subsection 3.3.2) is used to
calculate C,(AAt). For p = 14, the Horner algorithm needs 6 matrix-matrix products to calculate
Ci4(AAt). Lastly, the system C,(AAt)N(At) = N,(At) is solved.

3.5.2 Partial fractions

When using partial fractions, the matrix Cq4(A) does not need to be explicitly calculated, therefore
having the advantage that no matrix-matrix calculations are necessary. The price to pay is that
complex number computations have to be done. But even on scalar machines, the partial fraction
methods represent the best way of computing Nl, requiring fewer operations than a straight-forward
calculation of (3.7) (Gallopoulos and Saad, 1992:1245). In the partial fraction implementations, the
ratio of the two polynomials of (3.6), with ¢ = p, is divided into partial fractions

N(At) = (col + c1AtA + ...+ APAP)  (dol + diAAL + ... + d,APAP) Ny

P
= oaoNo+ > ai(AAt— M) N, (3.58)

i=1

This can be done for the Chebyshev approximation because all the roots A; are distinct (Saad,
1992:214). The complex coefficients a; and A; are given by Gallopoulos and Saad (1992:1261) for
p = 10 and 14. Because all the roots are complex they form complex conjugate pairs and it is
therefore only necessary to use the real part of the fraction twice for one root of each pair:

P/?
N(At) = aoNo+2) R{m(AAt— A1) N

=1

This can be computed by solving
(AAt— ADGi(At) =Ny, i=1...p/2, (3.59)

to compute #%; and then adding the terms

p/2
N(At) = apNo+2) R(aifi(At)). (3.60)

i=1
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Algorithm 7 Chebyshev rational approximation using partial fractions

1. Calculate ; by solving the linear systems (3.59), using block matrix storage and p = 14.
2. Add the real parts of all the 7;, Eq. (3.60).

This partial fraction algorithm is shown in Algorithm 7. Because no full matrix computations are
used, the computer time is of order @(n?). The linear equations (3.59) can be solved very fast when
the block storage scheme and the property that the coefficient matrix is nearly triangular, are used.

3.5.3 Accuracy

In order to calculate the matrix exponential accurately using a polynomial method, two conflicting
goals must be met. The first one is that the method must approximate the exponential of the
eigenvalues to a high accuracy and secondly it must fit the exponential to a high order at the
origin. This is proven in Appendix A. The Taylor and Padé approximation methods focused on
the second goal in choosing the polynomial constants and use scaling to reach the first goal. In
the pg-Chebyshev rational approximation the coefficients of (3.6) are chosen by minimising (3.13).
This ensures that the first goal is met. By approximating the exponential on the whole interval
(—00,0), the region of stability includes the whole negative real line and scaling is unnecessary for
stiff systems. Cody et. al. (1969:60) have calculated that the maximum absolute difference between
€” and the value calculated by the pp-Chebyshev rational approximation in the interval [—c0,0) is
1.8x10~" for p=14 .

The Chebyshev rational approximation has the problem that the second goal of a high order fit
at the origin is not fully met. The result is that it is possible that the matrix exponential will be
less -accurate if there are confluent or nearly confluent eigenvalues. The eigensystem may therefore
have a subtle influence on this method, although it is not explicitly involved. This may make the
Chebyshev approximation unreliable when the system of eigenvectors is poorly conditioned (Sidje,
1998:304). A further problem is that the Chebyshev approximation is not A-acceptable, because
small eigenvalues near the origin may be amplified (Gallopoulos & Saad, 1992:1248).

3.6 Summary

Various algorithms were described in this chapter, using different polynomial methods, different
ways to calculate the matrix polynomials, and different methods to handle stiff systems, as shown
in Table 3.2. These algorithms were implemented in FORTRAN and compared with each other, as
will be shown in Chapter 5, to determine which methods perform the best for different depletion
problems.
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Table 3.2: Summary of polynomial expansion algorithms given in Chapter 3

Polynomial

Algorithm | approximation T?chmque used for_ Polynox.mal
stiff system evaluation
method
Algorithm 1 | Taylor Integration time Becurswe '
steps implementation
. Taylor with Very hlgb order Recursive
Algorithm 2 . . L. polynomial . .
uniformization . implementation
expansion
Algorithm 3 | Padé Scaling and squaring | Horner’s schemne
Algorithm 4 | Padé Sca.h_n 8, squanng Horner’s scheme
and integration steps
. . . Projection on small
Algorithm 5 | Krylov Scaling and squaring subspace
Algorithm 6 | Chebyshev - Horner'’s scheme

Algorithm 7

Chebyshev

Partial fractions




Chapter 4

Analytical Methods

In Chapter 3 some algorithms using polynomial methods which can be used to solve the fuel de-
pletion equation were given. In this chapter, algorithms for two other classes of methods are given,
analytical methods and preconditioning methods. First it is shown in Section 4.1 how a triangular
system can be solved analytically, as is done in the GAUGE code (Wagner, 1968), or by using the
recursive method of Parlett (1976). In Section 4.2 it is then shown how a non-triangular system
can be solved by using its Schur decomposition to make it triangular. Secondly, it is shown how the
Runge-Kutta preconditioning method of Castillo and Saad (1998) can be used to solve the fuel de-
pletion equations if the solution of a similar system of equations is known. Although this technique
was already proposed by Lawson (1967), it is not a very well known technique.

4.1 Analytical solution of a triangular system

In this section, the source of roundoff errors in analytical methods is first discussed and two equations
are derived to estimate the maximum roundoff error. It is then shown how the algorithms of GAUGE
and Parlett can be used to solve a triangular system of fuel depletion equations.

4.1.1 Roundoff errors

To explain the roundoff errors that can be introduced in analytical methods due to the finite word
length of a computer, consider the 3x3 triangular coefficient matrix

—an 0 0
A= aszy —an3y 0 - (41)
azl a3z —ass

The matrix exponential of this matrix is

45
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eont 0 0

- i —agat
At e~911t_g—o2z —age
= = an—~———— [ 0
F € a2 —a1]
—~ay1t_,—agat aaoa e—ant_e—agzt e—uggt_e——aaat e—aggt_e—n;;at _
a318__.—._e__ + — a9 ——m——— e aszz
agz—ail a33—ai1 (a22—a11) (aaz—az2) aaz—oz2

(4.2)
In general, when two eigenvalues a; and aj;, i # j, are close together, aj; = a;;(1 +¢€), e < 1,
large roundoff errors may be introduced during the subtractions in the numerator and denominator
(Moler & Van Loan, 1978:820; Thomas & Barber, 1993:408) when computing the element F;,

e—ai,'t —ajjit

— €
Fij = ai |

4.3
@jj — @ii 43)

Let the roundoff errors that are introduced be e; = a;;10™° and ez = e~ %#'10™*° respectively, with s

being the available number of significant digits to represent a floating point value by the computer.

These two roundoff errors then introduce an error AF;;(e;, e2) in Fj; given by

e %t — 7855t | ey

Fyj + AF;(e1, e2) = aij PyPE—— (4.4)
The change in Fj; due to e; only is
Aﬂj(el) _ 10—° 109
‘ Fj | e+10—* " ¢’ “5)
and due to ez only
AF;(e2)  107° 10—
Fy  1—e @t eaut’ (46)

The first roundoff error, €;, is independent of the burnup time step ¢t and the size of the eigenvalue
ai;, but the second roundoff error, ez, decreases with larger time steps and larger eigenvalues. Unlike
numerical methods where roundoff errors build up over large time intervals, the roundoff errors in
analytical methods can therefore decrease with increasing time step size. Egs. (4.5) and (4.6) can
be used to warn the user when roundoff errors larger than the specified tolerance can be expected.

In numerical methods that explicitly evaluate expression (4.3), the roundoff errors for nearly con-
fluent eigenvalues a;; = a;;{1 + €), can be eliminated by using the truncated Taylor expansion

—aut _ eyt .
i 6“2" ), (4.7)

Qi3 — Ay

which is accurate to order O(e?).

4.1.2 GAUGE code

The GAUGE code uses the eigenvalues and eigenvectors (Wagner, 1968:33) of the triangular coef-
ficient matrix to solve the fuel depletion equation (1.1). When A is triangular, the eigenvalues lie
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Algorithm 8 GAUGE algorithm (Wagner, 1968:33)

1. Construct the triangular matrix V containing the eigenvectors, with the diagonal elements
equal to one, v; = 1, by solving the eigenvalue problem (4.8):

i—1
@ij + D p—j1 BikVkj
A7 — Q4

Vij =

(4.11)
2. Calculate the diagonal elements of B with
i—1
by = N; — Z vi; N
=1

and the triangular matrix VB with b;; = v;;b;;.

3. Calculate the final isotope concentration using (4.10):
. N
N(t) =) Bje %, (412)
=1

where gj is the j-th column of the triangular matrix VB.

on the diagonal, and the eigenvectors can be computed by solving the eigenvalue problem
(A —a;D)v; = 0. (4.8)

The matrix exponential has the property that if A = VDV ™1, then e* = VePV~!(Moler & Van
Loan, 1978:818). When D is a diagonal matrix with the eigenvalues a;; on the diagonal and V is
a triangular matrix containing the corresponding eigenvectors ¢; of the triangular matrix A, then
(4.8) can be written as A = VDV ™!, The solution of the fuel depletion equation is then

Ny = VePV™IN,. (4.9)

By constructing a diagonal matrix B having the elements of V-1N, on its diagonal, it follows that
V-IN (to) = BT, where I = col [ 11 ...1 ] Expression (4.9) can then be written as

N(t,) = VePBF
= (VB)ePI. (4.10)

Algorithm 8 shows how (4.10) is solved in the GAUGE code.

When two eigenvalues are close together, the roundoff errors e; and ey will be introduced in (4.11)
and (4.12) respectively. Because they are not introduced together as in (4.4), (4.7) can not be
used to eliminate the roundoff errors. When the matrix A does not have a complete set of linearly
independent eigenvectors, V™! can not be calculated (Moler & Van Loan, 1978:820) and the GAUGE
method can not be used. When cond(V) is large, the computation of B, which implicitly involve
V!, may introduce large roundoff errors.
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Algorithm 9 Parlett recursive algorithm (Assuming a lower triangular coefficient matrix A)

A

1. Calculate the diagonal elements of the matrix exponential, Frr = et r =1...n.

2. For each sub-diagonal below the main diagonal, starting with the first sub-diagonal and going
downward, do step 3.

3. For each element in the sub-diagonal calculate F,, using {4.15).

4. Calculate the matrix-vector product N t)= Fﬁg.

4.1.3 Parlett recursive algorithm

Parlett (1976) showed that a simple relation exists among the elements of F = f(A) when f is an
analytic function and matrix A is triangular. When A is a lower block triangular matrix

All 0 . 0
A A e 0

N e (4.13)
Anl An2 e A'rm

the elements of the matrix F = f(A) can be calculated recursively with the formula

r—ge1

A F —Fr A= Z (F'r,r—kAr—k,s - Ar,s+kF5+k,s), (4.14)
k=0

for r > s. We start with the diagonal elements F,, r = 1,...,n and end with F,;. When A is
lower triangular, the above equation reduces to the scalar equation

—s—1
i (Fr,r—kAr—k,s - Ar,s+kFa+k,s)

F., = =k=0 Y — , (4.15)
which can also be expressed as
F,, = Ars(Fr = Foa) + Tl (FrsriAsris = ArsiForis) (4.16)

Ar'r - Ass

Using F = e®, the diagonal elements, F;; = e®+, are first computed and one of the above two
expressions is then used to calculate the other elements of the matrix exponential, as shown in
Algorithm 9. The Parlett recursive method is mathematically equivalent to the method used in the
GAUGE code. When two eigenvalues, A, and A,,, are nearly confluent, Eq. (4.7) can be used for
the first term in (4.16), but the second term may still introduce roundoff errors. This can be seen
when a;; is close to asz in the 3x3 example (4.1) by rewriting the second term of F3; in (4.2) as

a32a21 [e—aut _ e—azzt B e—agzt _ e—aaat
(as3 —a11) | (@22 —an) (a33 — az)
a32a91 l:e—a.ut — e—aggt e—a.ut - 8-—-a33t]

(a33 —ax) | (azz—en)  (ass —ai)
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Algorithm 10 QR iterations

To=A

for k=1,2,...
Compute orthogonal Uy and triangular Ry such that Tx—; = UiRy, using QR factorisation.
Ty = RkUk

The last term has the same form as (4.3) and can introduce roundoff errors.

As in the GAUGE method, the block storage scheme can also be used in the Parlett method to
store both matrices A and F. This speeds up the summations in (4.15) and (4.16) because only the
terms that use elements inside the blocks are non-zero.

4.2 Schur decomposition method

In this section two algorithms are shown which can be used to solve the fuel depletion equations
analytically when they include feedback reactions. It is first shown how it is possible to transform
the system of equations to a triangular system without feedback reactions by using QR iterations.
Then it is shown how the method can be implemented using the block matrix storage scheme.

4.2.1 QR factorisation

The coefficient matrix A can be transformed to another matrix T by using the property of the
matrix exponential {Moler & Van Loan, 1978:818) that

e* =QeTQ™! with T=Q'AQ, (4.17)

for any invertible matrix Q. By using an orthogonal matrix Q, having the property that Q~! = Q7,

no matrix inversions have to be done.

Golub and Van Loan (1989:335) have proven that for any real n-by-n matrix A, there exist an
orthogonal matrix S such that A = STS”, where T is a quasi-triangular matrix, with the real
eigenvalues of A on the diagonal and the complex eigenvalues represented by 2x2 blocks on the
diagonal. The matrices S and T are called the Schur decomposition of A and the columns of
S, S, are referred to as Schur vectors. They also showed that the matrices T constructed in
the QR iterations, Algorithm 10, converge to an upper triangular matrix T, giving the orthogonal
Schur matrix 8 = UgU;... Uy (Golub & Van Loan, 1989:351). 1t is also shown that each iteration
in the QR factorization needs O(n?®) flops for a general matrix A, but only O(n?) when A is in
Hessenberg form (triangular but with non-zero elements on the first sub-diagonal). Any matrix
can be transformed to Hessenberg form by using Givens rotations, where each rotation is used to
make one element above the first sub-diagonal zero, or by using Householder reflections, where each
reflection can transform a whole column to zeros above the first sub-diagonal (Golub & Van Loan,
1989:195-208).
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Algorithm 11 Schur decomposition algorithm using GAUGE routine

1. For each diagonal block matrix D; reduce the matrix to a Hessenberg matrix H; using the
Givens rotations G;:
H; = GID;G;,

using QZHES.
2. Compute the Schur decomposition of each diagonal block matrix D;,
H; = 8;T;87,

by using the QR algorithm DHSEQR, where S; is an orthogonal matrix containing the Schur
vectors and T; is a quasi-triangular matrix . Instead of forming S; explicitly, the QR algorithm
can be implemented to form the product Q; = G;S;. Then T; = QI D;Q..

3. For the fission product block matrices F;; compute T;; = Q?Fiquj.
4. Compute the matrix-vector product N = QI\_f (to)-
5. Solve Ny = eT2tN; using the GAUGE code, Algorithm 8 (or Parlett’s method).

6. Compute the matrix-vector product N(t;) = QT N,.

Algorithm 11 shows how the Schur decomposition is normally implemented by first transforming
the coefficient matrix, using the notation of Eq. (2.39), to Hessenberg form before doing the Schur
decomposition. Because the coefficient matrix has only a few terms above the diagonal, and fewer
above the first sub-diagonal, it is more effective to use Givens rotations to transform the matrix to
Hessenberg form than Householder reflections.

In Algorithm 11 the transformation is done by the subroutine QZHES that form part of the package
of eigenvalue routines EISPACK (Smith et. al., 1976) and the Schur decomposition is done by the
subroutine DHSEQR of the package LAPACK (Anderson ef. al., 1999). The depletion problem can
then be solved by computing

ANy = Q (eT(QTNfD)) , (4.18)

using matrix-vector multiplications and computing e using one of the algorithms of Section 4.1.

Instead of using (4.10) when solving the triangular system, (4.9) can also be used if the eigenvectors
are known. This is used in Algorithm 12 which is mathematically equivalent to Algorithm 11. In
Algorithm 12 the program HQR from the LAPACK package is used to calculate both the Schur
decomposition and eigenvectors of the coefficient matrix, giving A = QVDV™1Q?, where V is
triangular and D diagonal.

The QR factorisation gives S = QR, where Q is orthogonal and R is triangular. The condition of S
is the same as the condition of R {(Moler & Van Loan, 1978:822) which can be estimated reliably and
efficiently in order to estimate the roundoff errors that can be introduced in solving the triangular
system.

The Schur decomposition, using QR iterations, requires about 25n3 flops and the error introduced,
E, defined by QT(A + E)Q = T, is about {[E|, = u||A}j, which is well behaved (Golub & Van
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Algorithm 12 Schur decomposition algorithm using eigenvectors

1. Reduce A to a Hessenberg matrix H using the Givens rotations G, giving A = GHGT, by
using QZHES.

2. Compute the Schur decomposition H = STST, and form the product Q = GS explicitly
using HQR. :

Compute the eigenvectors V; of T using Eq. (4.11) with HQR, giving A = QVDV~1QT.
Compute the matrix-vector product N = QTﬁ (to)-

Solve the triangular system N; = V‘lﬁl.

AR S S

Calculate the exponential of each eigenvalue N3 ; = e’ N, ;.

I

Compute the triangular matrix-vector product Ny =VN;.

8. Compute the matrix-vector product N (t1) = QNy.

Loan, 1989:380). The accuracy of the two algorithms is therefore mainly determined by the roundoff
errors that are introduced in solving the triangular system as was explained in Section 4.1.

4.2.2 Block storage scheme

The block structure of the coefficient matrix can also be exploited when computing the Schur
decomposition as shown in Algorithm 11. If the coefficient matrix has the form as in (2.39), each
diagonal block D; can be transformed to a triangular matrix T; = Q;-FD,-Q,;. Because the Schur
decomposition needs O(n?®) flops, it will be much faster to transform all the blocks separately than
transforming the whole n-by-n coefficient matrix. The blocks containing the fission products, F;;,
can then be transformed by T;; = Q}PF,er,:, giving the triangular matrix

QIDQ, 0 0 0
0 D 0 0
T=|— TQd dQd - (4.19)
Qa1 Far1,1 Q- QguiFar14dQa | Qi 1De1Qatr 0
QIF,1Q1 - QIFn4Qu 0 QID.Q. |

When the block storage scheme is used to implement Algorithm 12, step 3 of Algorithm 11 must
be included.

4.3 Preconditioning methods

The following question is asked in this section: If we know the solution of a similar system of
depletion equations, is it then possible to use this knowledge to solve the fuel depletion equations
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more efficiently? For example, can the triangular analytical methods be used to solve the lower
triangle of the system of equations and then some correction technique used for the feedback terms
above the diagonal? Because the fuel depletion equations are coupled to the neutron transport
equations, the depletion module is called many times with only slight changes in the neutron flux
and therefore only small changes in the coefficient matrix. This will happen, for example, when the
reactor is operated at constant power, as shown in Subsection 2.3.1. Can the matrix exponential of
the coefficient matrix then be calculated only the first time, and the next time only some correction
technique be used?

In order to motivate the discussion, two very inefficient transformations will first be introduced.
Then the preconditioning method of Lawson (1967) is discussed.

Consider the coefficient matrix A of the system of depletion equations (1.1). Suppose there is a
similar matrix B, such that E = A — B has a much smaller norm and much smaller eigenvalues
than A, and that F = e'B is already computed.

Since the two systems with coefficient matrices A and B are similar, it is tempting to construct a
variable Z(t) = N(t) — /BNy, which would not change much over time. The system of depletion
equations then becomes

PO _ Az + (a-B)®R,
2 = 0.

Using the Taylor expansion to calculate Z it is found that

) = (t—&;—tB + ot Eﬁ)li%(@)—i + ) No

= (e"’A —- etB) ﬁo.

Therefore, to calculate Z it is necessary to calculate both e*2 and *®. The number of terms required
will not necessarily be smaller than those required in (3.3). This can be seen by noting that, for
any eigenvalue X,

(A1 4+ €)™ = A" ~ neA™,

when the change in eigenvalue £ < 1, and there will only be a reduction in the number of terms if
€ < 1/Amaks- Since double the amount of work is necessary per term, it make this method more
expensive than a normal Taylor expansion to calculate eAf,

Another possibility is to try to calculate e!B+E) uging the Taylor expansion:

eA = o(B+E)
B2+ BE + EB + E?
2!
+B3 + B°E + BEB + EB? + E?B + EBE + BE? + E3 "
3!

B B2 B B?
—_ B
= e +E(I+—2!+—3I +...)+(—2!+—3! +...)E+...

= I+A+
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Algorithm 13 Fourth order general Runge-Kutta algorithm (Castillion & Saad, 1997:9)

1. Calculate F = ¢~ 3B

2. ¥, =N,

3. & = FY,

4. §=FiEY,

5 Yo=w+1iq

6. Y3 = @ + LEY>
7. Y4 = F( + tEY3)

o
31
Il
s |

+
sy 12,1 ¥, v Lpv
(7 + 3q+ 3BT + To)) + HET,

Because there is no efficient way to calculate this expansion, it is impractical to use this possibility.

A third possibility is to consider the function #(t) = e *BN(t), as was suggested by Lawson
(1967:372), giving the nonlinear initial value problem

fi% = e BEeBZ(t) (4.20)
#(0) = No.

The eigenvalues of e *BEe!® are those of E (Lawson, 1967:373). When the matrix B is very similar
to A, E will have small eigenvalues, and the resulting system will be non-stiff even if the system
of fuel depletion equations is stiff. To solve this non-linear system, a whole range of ODE methods
can be used. Castillion and Saad (1997) show how the fourth order general Runge-Kutta method
can be used to solve (4.20):

i = Ny
Y, = e—%BA‘foJr-;-e*%BEﬁ
. t -
Y;: = 6_%BN(]+§EY2 (421)
Y, = e BN, 4+ te :BEY;
Lt . - - -
N = e™BNo+; (e“‘BEYl + 2¢$BEY, + 2 1BEY; + EY4) .

An optimal algorithm for calculating (4.21) is given in Algorithm 13. This algorithm requires 9
matrix-vector multiplications per time step. This is almost double the amount that is necessary in
a fourth order Taylor expansion, but the system is much less stiff, making it possible to use larger
integration time steps.

Algorithm 14 shows how Algorithm 13 can be combined with the Parlett method to solve the
depletion equations. The Parlett method is used to solve the lower triangle of the coefficient matrix

and a number of correction steps are done for the feedback terms above the diagonal by repeating
the Runge-Kutta algorithm 13.
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Algorithm 14 Parlett and fourth order general Runge-Kutta algorithm

1. Let B be the lower triangle of the coefficient matrix A, stored using the block storage scheme
and E be the feedback terms of A, stored using index notations.

2. Determine the amount of correction steps s needed.

3. Scale E with t/s: E={E
4. Calculate F = ezlsBusing the recursive Parlett algorithm, Algorithm 9.
5. Repeat steps 6 to 11 s times, starting with N = Np, and ending with N(t) = N.
6. @=FN
7. §=FEN
8. Yo=w+iq
9 Y3 =+ 1EY;
10. Yy = F(& + EY3)
1. N=F(d+ 3+ 3BT+ %) + §E:

Algorithm 15 Fourth order general Runge-Kutta algorithm using a previous solution

1. The first time the depletion module is called, calculate F =_‘e?nt“A using_.Algorithm 3, store both
F and A; = A, calculate the final isotope concentration N(t) = F*N and exit.

2. Calculate E = %(A — A;), with A the coefficient matrix and A; the previous coefficient
matrix used in step 1.

3. If E is too large, do step 1.

4. Repeat steps 5 to 10 s times, starting with N = Np, and ending with N(t) = N.
5. @=FN

6 ¢=FEN

7 Vo=w+1q

10.  N=F(d+3+3ET+7)) + BV,
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When the depletion module is called many times with only small variations in the neutron flux, the
Runge-Kutta method can be combined with the Padé approximation as shown in Algorithm 15. The
first time the depletion module is called, the Padé approximation is used and the resulting matrix
exponential is stored. When the depletion module is called again, the changes in the coefficient
matrices are determined and if they are small, Algorithm 13 is used.

4.4 Summary

The matrix exponential of a triangular coefficient matrix can be determined by computing the
eigenvalues and eigenvectors, which is done optimally in the GAUGE code, Algorithm 8, or by
using the Parlett recursive function evaluation, Algorithm 9.

When the coefficient matrix is non-triangular, it can be transformed to a triangular matrix by using
QR iterations to compute the Schur form of the matrix. Algorithms (11) and (12) show how this can
be implemented using EISPACK and LAPACK routines. When eigenvalues are nearly confluent,
large roundoff errors can be introduced in the analytical methods. If the eigenvalues are known,
these roundoff errors can be estimated using (4.5) and (4.6).

When the solution of a similar fuel depletion problem is known, this solution can be used to precon-
dition the fuel depletion equation, giving a non-stiff nonlinear system of equations. Algorithm (13)
then shows how this system can be solved efficiently using the fourth order Runge-Kutta method.

In the next chapter the algorithms described in Chapters 3 and 4 will be compared with each other
to determine which algorithm and which method will perform the best in the depletion module
under various conditions.



Chapter 5
Comparison of Selected Methods

In this chapter the different methods, given in Chapters 3 and 4, to solve the fuel depletion equation
are compared with each other. In Section 5.1 it is shown how these methods were implemented and
in Sections 5.2 to 5.4 the performance of the different implementations and different algorithms of
the same method are compared with each other in order to find the fastest implementation for each
method. The fastest implementation for each method is then compared with each other in Section
5.5. In Section 5.6 the methods are evaluated using the criteria mentioned in Section 1.6. In Section
5.7 it is summarised which method is the best to be used in the depletion module under various

conditions.

5.1 Implementation of algorithms

In Chapters 3 and 4 eight methods were described to solve the system of fuel depletion equations.
In Chapter 3 four polynomial methods where described: The Taylor, Padé, Krylov and Chebyshev
approximation methods. In Chapter 4 the Gauge and Parlett triangular methods, the Schur de-
composition method and the Runge-Kutta preconditioning method were introduced. For each of
these eight methods one or more algorithms were given.

Table 5.1 gives a short description of the algorithms that were given in Chapters 3 and 4. Each of
these algorithms was implemented using one of the three storage schemes of Subsection 2.3.2, the
full matrix storage scheme, the block matrix storage scheme or the index storage scheme. Table 5.2
shows the thirteen algorithms and which storage scheme was used for each algorithm. In order to
compare the different storage schemes, some algorithms were implemented more than once using
different schemes.

The EXPOKIT (Sidje, 1998) FORTRAN 77 code was used for both Padé algorithms, the Krylov
algorithm and the partial fraction Chebyshev algorithm. Because this code uses full matrix calcu-
lations, all the matrix calculations in the code were changed to support the block matrix scheme or
index matrix scheme. LAPACK and EISPACK routines were used to do the Schur decomposition
in Algorithms 11 and 12. All the other algorithms were coded by the author in FORTRAN 90. All

56
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Table 5.1: Description of algorithms given in Chapters 3 and 4

| Algorithm| Method | Description | Reference |
lon Taylor expansion for each integration ORIGEN-5
34 Taylor 1 i te (Hermann &
page 1me SLEp- Westfall, 1998)
. This dissertation.
2 on Tavlor 2 Single step Taylor expansion with scaled | Generalisation of
page 36 ylor diagonal (uniformization technique}. Sidje and
Steward (1999)
Arioli et. al.
3 on Pade 1 Padé method using Horner’s algorithm (1996:114), Moler
page 37 with scaling and squaring. & Van Loan
(1978:808)
4 on Padé method using Horner’s algorithm
Padé 2 with scaling, squaring and matrix-vector | This dissertation
page 39 s -
multiplications.
Sidje (1998:135),
5 on Krvlov Krylov method using the Arnoldi process [ Saad (1992:210),
page 40 Ty and the Padé approximation, Gallopoulos and
Saad (1992:1238)
6 on Chebyshev 1 Cheb‘yshev method using Horner’s This dissertation
page 42 algorithm,
7 on Chebyshev 2 Cheb.yshev method using partial Sidje (1998:135)
page 43 fractions.
8 on Solving a triangular system of equations )
page 47 GAUGE using eigenvalues and eigenvectors. Wagner (1968:33)
9 on Parlett So-lvmg a tna:ngular s'ystem of equations Parlett (1976)
page 48 using Parlett’s recursive formula.
. . This dissertation.
page 50 | decomposition 1 8 P & A% Golub and Van
' Loan (1989:380)
o | | TS BT ST Gy v
page 51 | decomposition 2| Cco o P g Loan (1989:380)
eigenvectors.
. . This dissertation.
14 on Parlett & Solve 'lower triangle of system with Modification of
Algorithm 9 and use Runge-Kutta .
page 54 | Runge-Kutta Castillo and Saad
method for feedback terms.
(1997:9)
Use a previous solution, calculated by This dissertation.
15 on RungeKutta Algorithm 3, and the Runge-Kutta Modification of
page b4 8 method to make corrections for the Castillo and Saad
difference. (1997:9)
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Table 5.2: Implementations of each algorithm in FORTRAN

Method Algorithm Matg:;;;slic;rage Language Reference
Taylor 1 1 on page 34 | Full, Block, Index | FORTRAN 90 | This dissertation
Taylor 2 2 on page 36 Index FORTRAN 90 | This dissertation
Padé 1 3 on page 37 Full FORTRAN 77 | EXPOKIT

Padé 2 4 on page 39 Full, Block FORTRAN 77 | EXPOKIT
Krylov 5 on page 40 Index FORTRAN 77 | EXPOKIT
Chebyshev 1 6 on page 42 Full FORTRAN 90 | This dissertation
Chebyshev 2 7 on page 43 Full, Block FORTRAN 77 | EXPOKIT
GAUGE 8 on page 47 Full, Block FORTRAN 90 | GAUGE

Parlett 9 on page 48 Full, Block FORTRAN 90 | This dissertation
Schur 11 on page 50 |  Full, Block | FORTRAN g9p | LAPACK
decomposition 1 routines

Schur 12 on page 51 Full FORTRAN gp | LAPACK
decomposition 2 routines

Parlett & 14 on page 54 Block & Index FORTRAN90 | This dissertation
Runge-Kutta

Runge-Kutta 15 on page 54 Index FORTRAN 90 | This dissertation

the implementations use double precision floating point computations, with only the partial fraction
Chebyshev algorithm using complex numbers.

For the comparison of the various methods, a tolerance of 10~'? was specified. This required a (6, 6)
Padé and a (14, 14) Chebyshev approximation. For the Krylov subspace approximation, a subspace
of dimension 30 was used as suggested by Sidje (1998). The efficiency of the codes was measured by
comparing the computer time needed to solve a system of depletion equations on an Intel Pentium
IIT 1 GHz processor with 128MB RAM when compiled and optimised by Fortran Power Station 4.0
of Microsoft Developer Studio.

5.2 General methods

In order to compare the different implementations of the same method, the computer time needed
by the implementations to solve some sample depletion problems was measured and compared.

The Taylor, Padé, Krylov and Chebyshev approximation methods, together with the Schur decom-
position analytical method can be used to solve any depletion problem. In this section the different
implementations of these methods are compared with each other using the sample problems in-
troduced in Subsection 5.2.1. Subsection 5.2.2 gives the resulting computer time needed by each
algorithm. These results are discussed in Subsection 5.2.3 to 5.2.6.

Because different sample problems were used to compare the implementations of the Runge-Kutta

method and the Gauge and Parlett methods, these comparisons are discussed separately in Sections
5.3 and 5.4.
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5.2,.1 Test problems

To test the performance of the various implementations in solving the fuel depletion equations
under different conditions, a small system with 9 isotopes and a large system with 126 isotopes
were considered. These two systems are examples of how the system of fuel depletion equations will
typically look like in a global reactor calculation and in an assembly calculation.

5.2.1.1 Core calculation

As explained in Subsection 1.3.1 only the burnup of the fuel and the most important fission products
are included in the depletion equations during a global reactor calculation. In the core sample
problem the actinides U235, U236 (1238 pyu23¢ py240 py24! and Pu?%2, and the two fission products
'35 and Xe!3 were included. In Table B.1 the initial isotope number densities are listed. The
fission cross sections and the fission yields of the two fission products for the 7 fissile isotopes are
listed in Table B.2. The decay constants of Pu?*!, I'3 and Xe!3® are given in Table B.3 and the
neutron capture cross sections and the corresponding daughter products are given in Table B4. A

neutron flux of ® = 3.892x10'* neutrons.s~!.cm~2 was assumed to be present. Using these nuclear
data, the coefficient matrix A can be constructed as explained in Section 2.2. Expression (2.38) on

page 20 shows the resulting coefficient matrix, in units of s=1.

Some properties of coefficient matrix (2.38) are that the Lapidus and Luus norm (2.49) and the
i-norm (2.42) are given by the maximum diagonal element

Dpnaz = [A] = ||A]]; = 6.72x107%57 1, (5.1)
and that the matrix infinity norm (2.44) is
| All,, = 9.63x107 5571, (5.2)

The stiffness of the core sample problem is then given by (2.54). For example, if the burnup time
step over which the system must be solved is 10 days, then the stiffness given by (2.54) is 58.1,
which is of moderate stiffness.

When using the index storage scheme, there are 32 non-zero elements as shown in Figures 2.2 to
2.4, and when using the block storage scheme, shown in Figure 2.5, there are 3 fissile isotope blocks
and one fission product block.

5.2.1.2 Assembly calculation

To test the performance of the methods in solving the fuel depletion equations during an assembly
calculation, a sample system of depletion equations was used. This system contains 126 isotopes
of which 22 are actinides, as listed in Table B.5. This was taken out of an assembly calculation,
as explained in Subsection 1.3.2, for a reactor core that had already burned for some time with a
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neutron flux of 3.69x10'% neutrons.s™!

.cm~2. All the fast decaying isotopes are therefore already
in semi-equilibrium with their parent isotopes. The maximum diagonal element of the coefficient
matrix is

Diaz = 4.338x107%577, (5.3)

giving a stiffness (2.54) of greater than 37.5 for a burnup time step of 10 days.

The coefficient matrix has 1751 non-zero terms, which is much less than the total number of terms
in the matrix, 1262 = 15876, resulting in a very sparse coefficient matrix. When using the block
storage scheme, {2.39), the actinides are all in one group and the fission products can be divided
into 8 independent decay chains and 15 single isotopes. These 15 isotopes form 15 blocks of size
one. The 126 isotopes, as divided into these 24 groups, are listed in Table B.5. The blocks contain
1751 non-zero and 257 zero elements, which is a large reduction in the number of zero elements that
have to be stored.

5.2.2 Results

In solving the two sample problems, a number of different burnup times, ranging from 2.4 hours
(0.1 days) to 2.8 years (1000 days), were considered. Because the stiffness of the system is directly
proportional to the burnup time step, (2.54), the effect of stiffness on a particular method can be
seen by looking at the effect of the burnup time.

For each burnup time, a reference solution was calculated using the Taylor expansion with small
integration time steps. The integration step size was chosen such that halving the step size would
have no influence on the result within the tolerance of 107*2. In the core problem the analytical
methods gave results that differed less than 10! for each isotope, which is smaller than the
specified tolerance of 10710, In the assembly test problem, the analytical methods also gave results
that differed less than 107! for most of the isotopes. This confirms that the reference solution is
indeed correct. The reference solutions of the core sample problem when burned for 100 and 1000
days are given in Table B.1.

To compare the accuracy of the various implementations, the maximum relative difference between
the final isotope number densities and the reference isotope number densities was calculated. Iso-
topes having a number density smaller than 10~° times the largest number density were neglected.

The computer time needed to solve the two sample depletion problems and the maximum relative
difference in the final isotope number densities, for the Taylor, Padé, Krylov, Chebyshev and Schur
implementations, are given in Tables B.6 and B.7. These results will be discussed in the remainder
of this section.
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Figure 5.1: Computer time used by the Taylor implementations to solve the assembly depletion
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5.2.3 Taylor implementations
Fastest implementation

The two Taylor algorithms, Taylor 1 and 2, as described in Section 3.2 and implemented as described
in Section 5.1 were used to solve the two sample depletion problems described in Subsection 5.2.1.
Figures 5.1 and 5.2 show the computer time, taken from Tables B.6 and B.7 respectively, needed
for solving the two sample depletion problems for different burnup time lengths.

The first Taylor algorithm was implemented three times, using full matrix computations, index
matrix storage and block matrix storage as explained in Subsection 2.3.2. Comparing the speed of
the three implementations in solving the large assembly problem, shown in Figure 5.1, it is found
that the index storage scheme is about four times faster than the full matrix scheme, with the block
matrix scheme lying between the other two. For large systems, which typically have a very sparse
coefficient matrix, using index storage will therefore be the fastest.

In the smaller core problem the three implementations of the first Taylor algorithin use about the
same amount of computer time as can be seen in Figure 5.2. The reason for this is that the coefficient
matrix in the core sample problem is not very sparse and that the time gained by doing less zero
computations in the block and index schemes is lost with the look up that has to be done.

In order to compare the standard Taylor algorithm 1 as used in the ORIGEN-S code against the
second Taylor algorithm using the uniformization technique, both algorithms were implemented
using the index storage scheme. As shown in Figures 5.1 and 5.2, the uniformization technique is
about two to three times faster in solving both sample problems for burnup times longer than one
day. For small burnup time steps, when the system of fuel depletion equations is non-stiff, both
algorithms will need only one integration time step with only a few terms in the Taylor expansion.
Because the uniformization method has to scale the diagonal of the coefficient matrix and the initial
number densities, which is not needed in the normal Taylor algorithm, it is a bit slower than the
normal Taylor algorithm at very small burnup time steps.

The fastest implementation for the Taylor method will therefore be the second Taylor algorithm
implemented using index matrix storage.

Effect of stiffness on speed

The size of the integration time steps in the first Taylor algorithm depends on the norm of the
coefficient matrix, as explained in Subsection 3.2.4, which is independent of the total burnup time.
The number of integration time steps is therefore directly proportional to the burnup time. If the
same number of terms in the Taylor expansion would have been used for each integration time step,
the computer time would also be directly proportional to the burnup time. But, as can be seen from
Figures 5.1 and 5.2, the first few integration time steps need more computer time, meaning that
more terms are necessary to obtain the required tolerance. This is because all the short-lifetime
isotopes are not fully in equilibrium with their parent isotopes at the beginning of the burnup time.
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As the short-lifetime isotopes reach equilibrium, the number of terms in each expansion becomes
constant and the computer time becomes almost proportional to the burnup time.

Although only one integration time step is used in the uniformization Taylor algorithm, it seems
to have the same behaviour as the first Taylor algorithm for large burnup times, i.e. the computer
time becomes almost proportional to the burnup time. This is suggested by the linear dependence
of both the upper limit, (3.29), and the lower limit, (3.32), of number of terms in the expansion on
the burnup step size.

Because the stiffness of the depletion problem is directly proportional to the burnup time, (2.54),
both algorithms of the Taylor method have the drawback that the computer time depends strongly
on the stiffness, making the Taylor algorithms slow for very stiff problems.

5.2.4 Padé implementations

Fastest implementation

As shown in Table 5.2, Padé algorithm 1 was implemented using full matrix calculations, and Padé
algorithm 2 was implemented twice, using full matrix and block matrix calculations. The computer
time needed by these three implementations to solve the two sample depletion problems for different
burnup times is shown in Figures 5.3 and 5.4.

The only difference in the two Padé algorithms is that some of the matrix squaring in the first
algorithm is replaced by matrix-vector products in the second algorithm. For non-stiff problems,
for example the assembly problem with a burnup time of 0.1 days, no scaling is necessary and the
two methods are equivalent. In solving stiff problems, the second algorithm is slightly faster than
the first. This can be seen from the blue and red solid lines in Figures 5.3 and 5.4, where both
methods were implemented using full matrix computations.

The second Padé algorithm was also implemented using block matrix storage. As can be seen in
Figures 5.3 and 5.4 the block storage scheme (dotted red line) is about 3.5 times faster in solving
the assembly problem and about 1.5 times slower in solving the core sample problem, than the full
matrix implementation (solid red line). Because the core sample problem is small, containing only
9 isotopes, and not very sparse, it is faster to do one matrix calculation on the full matrix than
doing matrix calculations with the individual blocks.

The fastest implementation for the Padé method will therefore be the second Padé algorithm using
full matrix calculations for small problems and using block matrix calculations for large problems.

Effect of stiffness on speed

Because of the scaling and squaring used in the Padé algorithms, one extra matrix-matrix product is
necessary each time the burnup time doubles. The computer time therefore increases logarithmically
with the burnup time, as can be seen in Figures 5.3 and 5.4, for burnup times longer than one day.
Both Padé algorithms are therefore not very sensitive to the stiffness of the system.
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5.2.5 Chebyshev implementations
Fastest implementation

The two Chebyshev algorithms, Algorithms 6 on page 42 and 7 on page 43, use no scaling or
integration time steps and the computer time used is therefore independent of the burnup time.
Unlike the Padé implementations, where the full matrix implementation is faster than the block
matrix implementation in solving the core problem, the block implementation (dotted green line)
of the partial fraction Chebyshev algorithm, Chebyshev 2, is three times faster than the full matrix
implementation (solid green line), as shown in Figure 5.4. This is because the partial fraction
algorithm uses complex number operations which each need four flops, making it four times more
expensive to do calculations.

The first Chebyshev algorithm, which uses real matrix computations and a matrix inversion, has
the same characteristics as the Padé algorithms for different matrix storage schemes. Because full
matrix computations are much slower than matrix-vector calculations for large matrices, the first
Chebyshev algorithm will only be competitive in solving small systems and, like the Padé algorithms,
the full matrix implementation will then be faster than the block matrix implementation.

Comparing the speed of the first Chebyshev algorithm using full matrix computations (solid black
line) with the second Chebyshev algorithm using block matrix computations (solid green line), as
shown in Figure 5.4, it is found that the first method is only slightly faster. For larger problems,
the second partial fraction algorithm will be a lot faster than the first algorithm and it is there-
fore generally the best to use the second Chebyshev algorithm, implemented with block matrix

computations.

Effect of stiffness on accuracy

As mentioned above, the burnup time, and therefore the stiffness of the depletion problem, does
not influence the speed of the Chebyshev algorithms, because only one time step is used, but the
accuracy is influenced by the stiffness.

The (14,14) Chebyshev method is slightly less accurate than the (6,6) Padé method. For the very
long burnup time of 1000 days there is a loss of accuracy from 10~ to 10~7 in the assembly example
and from 10713 to 107! in the core example, as given in Tables B.6 and B.7. The reason for this

T

loss of accuracy is that the Chebyshev approximation to e is less accurate for large z.

5.2.6 Non-triangular analytical implementations
Fastest implementation

Table 5.3 shows the computer time needed by the two Schur decomposition algorithms to solve the
assembly and core problems. The first Schur decomposition algorithm, Algorithm 11 on page 50,
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Table 5.3: Computer time used by the Schur decomposition implementations to solve the assembly
and core depletion problems

Assembly calculation Core calculation
Algorithm | Storage Scheme Computer time Computer time
(s x10-%) (s x107)
Schur 1 Full 12.6 79.5
Block 4.0 50.7
Schur 2 Full 7.4 47.3

was implemented twice, using full matrix and block matrix computations, and the second Schur
decomposition algorithm, Algorithm 12 on page 51, was implemented once, using full matrix com-
putations.

As with the triangular analytical methods, which will be discussed in Section 5.4, the block imple-
mentation of the first Schur method is faster than the full matrix implementation for both sample
problems. The second Schur decomposition algorithm uses about 40% less computer time than the
first algorithm when both are implemented using full matrix calculations, but is slower in the assem-
bly calculation than the first algorithm when the first algorithm is implemented using block matrix
calculations. The fastest implementation for the Schur decomposition method during an assembly
calculation is the first algorithm using block matrix calculations, and during a core calculation the
second algorithm using full matrix calculations.

5.3 Preconditioning methods

The preconditioning methods can only be used if the preconditioning matrix is close to the coefficient
matrix. These methods are therefore less general than the methods discussed in the previous section,
and the sample problems of the previous section can therefore not directly be used to compare the
implementations of these methods. In Subsection 5.3.1 it is shown how the two sample problems of
Subsection 5.2.1 can be slightly modified, so that it can be used in Subsections 5.3.2 and 5.3.3 to
compare the Runge-Kutta implementations.

5.3.1 Test problems

Because the order of the Runge-Kutta algorithm, Algorithm 15, is fixed to 4 and can not easily
be varied as with the Taylor algorithms, very small time steps will be necessary at the beginning
of the burnup time step when the initial isotope concentrations are not in equilibrium with their
precursors. Because Algorithm 15 does not have step-size control, the core sample problem of
Subsection 5.2.1 had to be burned for 10 days, using a 1% and 0.1% smaller neutron flux, to ensure
that all the fast transients have died out. The final isotope concentrations which are obtained, for
the 1% and 0.1% smaller neutron flux, are then used as initial isotope concentrations, giving two
new core problems. These two core problems have the same coefficient matrix as the initial core
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Figure 5.5: Computer time used by the Runge-Kutta implementations to solve the core depletion
problem

problem and only slightly different initial isotope concentrations, because the first initial isotope
concentrations were already close to equilibrium. Using the new initial isotope concentrations, the
reference solutions were calculated again as explained in Subsection 5.2.2.

5.3.2 Runge-Kutta implementation using previous solution

The matrix exponential of the preconditioning coefficient matrices, having a 1% and 0.1% smaller
neutron flux, was calculated using the Padé method, and used to precondition the coefficient matrix
when solving the two core problems with the Runge-Kutta algorithm, Algorithm 15 on page 54.

Because the Runge-Kutta method uses vector-matrix multiplications, which were also used in the
Taylor algorithms, the index matrix storage implementation was used for the Runge-Kutta algo-
rithm, because it was found to be the fastest implementation for the Taylor algorithms.

Accuracy

The solid blue line in Figure 5.5 shows the computer time needed by the Runge-Kutta implemen-
tation to solve the depletion problem when the flux was changed by 1% and the tolerance was set
at 1078, If the computer time is fixed, the accuracy of the Runge-Kutta algorithm depends on the
change in the neutron flux, because the largest eigenvalue of the preconditioned system depends on
the neutron flux. As can be seen in Table B.7, when the neutron flux changes by 0.1% the same
computer time will give an accuracy of 10~2.
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Table 5.4: The effect of one fourth order Runge-Kutta step for the feedback terms in the core
problem

Accuracy when Accuracy with one
Burnup time (days) ::I-glile:tmg feedback Runge-Kutta step
0.1 1.9x10°7 8.9x10~ 12
1 1.9x107% 1.5x10~1°
10 1.9x10~7 1.4x10~8
100 2.0x10~° 2.2x10~7
1000 3.7x107° 5.4x10~°

As shown in Subsection 2.3.1, the radio-active decay terms will not be included in the preconditioned
system. In the core sample problem the largest eigenvalue of the coefficient matrix is given by the
neutron capture rate (2.17) of Xe'3, which depends linearly on the neutron flux. Therefore, if the
flux increases by 1%, the largest eigenvalues of the coefficient matrix will increase by 1% and the
largest eigenvalue of the preconditioned system will be 1% of the largest eigenvalue of the coefficient
matrix. The stiffness (2.54) of the preconditioned system will therefore be 1% of the stiffness of the
coefficient matrix. The accuracy therefore depends on the largest eigenvalue of the preconditioned
system, which depends on the largest neutron capture rate and the change in neutron flux.

Computer time

Because both the step size and the order of the Runge-Kutta algorithm are fixed, the computer
time needed is directly proportional to the burnup time for times longer than one day. For shorter
burnup times the required tolerance is met with only one Runge-Kutta time step. Although the
fourth order Runge-Kutta method requires about double the amount of calculations per time step
than a fourth order Taylor expansion, it can use larger integration time steps, because of reduced
stiffness of the problem it must solve. Therefore, for a burnup time of 0.1 to 1 days, for which the
core problem is not very stiff, the fourth order Runge-Kutta algorithm (solid blue line} needs only
one time step, making it faster than the fastest Taylor algorithm (dotted red line), as shown in
Figure 5.5.

5.3.3 Runge-Kutta implementation using lower triangular solution
Accuracy

When the feedback terms, the terms above the diagonal of the coefficient matrix, are small compared
to the diagonal terms, which is the case for the core problem as can be seen in (2.38), the Parlett
& Runge-Kutta algorithm, Algorithm 14 on page 54, can be used.

Table 5.4 shows the maximum relative difference in final isotope concentrations when the feedback
terms are neglected and when one Runge-Kutta correction step is used. In depletion modules that
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use triangular codes, like the GAUGE code, the accuracy will be much improved at small burnup
times by adding a single Runge-Kutta correction step.

Computer time

In the Parlett & Runge-Kutta implementation, the lower triangle of the coefficient matrix was
stored in block notation, because the Parlett algorithm is used to solve the lower triangle, and the
feedback terms were stored using the index storage scheme, which is the fastest for vector-matrix
calculations.

For long burnup times, the preconditioned system also becomes stiff and only one fourth order
Runge-Kutta step becomes insufficient when a high accuracy is required. Figure 5.5 shows the
computer time needed by the Parlett & Runge-Kutta implementation when only one Runge-Kutta
step is done (solid black line) and when more steps are done for longer burnup times to obtain an
accuracy of 10719 (dotted black line). For long burnup times the computer time used by this Runge-
Kutta algorithm, like the Runge-Kutta algorithm of the previous subsection, increases linearly with
time, making the algorithm slow for stiff systems.

5.4 Triangular methods

In this section the computer speed and accuracy of the GAUGE and Parlett implementations are
discussed. In Subsection 5.4.1 some sample triangular problems are constructed and the performance
of these implementations in solving the problems is discussed in Subsection 5.4.2.

5.4.1 Test problems

Because both the analytical GAUGE and Parlett methods, described in Chapter 4, can only solve
systems with a lower triangular coefficient matrix, the implementations of these two methods were
compared by solving the systems containing the lower triangular terms of the core and assembly
examples of Subsection 5.2.1. Because the terms above the diagonal of the coefficient matrices are
small and few compared to the terms on and below the diagonal, the eigenvalues and stiffness of
the triangular depletion problems are almost the same as those of the full depletion problems.

To compare the effect of confluent eigenvalues on the analytical methods, three simple test deple-
tion systems, having no feedback terms, were considered. The reference solution was calculated
analytically using (4.2). The initial isotope number densities were assumed to be zero except for
the first isotope with the number density normalised to one. The test systems, described by their
coefficient matrices A, are:

Test 1:
A=[_1 0 ] (5.4)
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which describes two isotopes with almost the same decay constants, —~1 and ~1 — ¢, with the
first isotope the parent of the second isotope. The eigenvectors of the coefficient matrix are

0 e
Vz[ll], (5.5)

having cond(V)=0(1). From (4.1) and (4.2), the solution of this test problem is
1 et
At
= —t et |- 5.6
€ [O] [ e :_i t—et :I ( )

A=]1 -1-¢ 0 , (5.7)
0 1 -1 —2¢

the columns of the matrix

Test 2:

describing three isotopes with almost the same decay constants where the first isotope is the
parent of the second isotope and the second isotope is the parent of the third isotope. The
golution of this system is

1 et
At o | = _e’_‘—i;“_ﬁ . (5.8)
0 e_a_‘;::—za +5i7 [e_t_2e_t_et+e—t—2et]
Test 3:
-1 0 0
A= 1 —1000 o0 |, (5.9)

0 1000 —1-e

which describes two isotopes with almost the same decay constant, with a fast decaying isotope
in-between them in the decay chain. The solution of this system is

1 e
At e—t_g 1000
e 0| = —m . (5.10)
1 [e~t_g—1000t o= 1000t _ ,—t—et
0 € 999 T000—e

The roundoff errors introduced by the analytical methods in solving these three systems are discussed
in the next subsection.

5.4.2 Analytical GAUGE and Parlett implementations
Computer time

Both the GAUGE algorithm, Algorithm 8 on page 47, and the Parlett algorithm, Algorithm 9 on
page 48, were implemented twice, using the full matrix storage and the block matrix storage scheme
respectively. Table 5.5 shows the computer time needed by these four implementations for solving
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Table 5.5: Computer time used by the GAUGE and Parlett implementations to solve the core and
assembly depletion problems having no feedback terms

Assembly calculation Core calculation
Algorithm | Storage Scheme Computer time Computer time
(s x1073) (s x1079)
GAUGE Full 3.6 10.6
Block 1.7 9.8
Parlett Full 4.6 8.2
Block 1.0 6.1

Table 5.6: Roundoff errors of analytical algorithms when solving test case 1, (5.4)

. GAUGE Parlett Parlett gﬁzﬁtﬁrﬁgg
algorithm algorithm 1 algorithm 2 (s = 15)p on

10~ 3.9x 101 6.0 x 1011 6.0 x 10711 1.0 x 107?

107% [1.0x 1078 2.5 x%x 1077 1.0 x 10~ 1.0 x 107

10010 [ 1.4 x 1077 3.9 x 1077 1.0 x 10710 1.0 x 107

10721 1.1 x 1074 4.3 x 107° 3.3x 10718 1.0 x 10—

Table 5.7: Roundoff errors of analytical algorithms when solving test case 2, (5.7)

. GAUGE Parlett, Parlett
algorithm algorithm 1 algorithm 2
10°% [1.1x107¢ 5.3 x 105 1.0x10°¢
108 |- - 19 x 1078
10°10 | - - 3.9 x 107
10712 | . - 1.5x 1072

Table 5.8: Roundoff errors of analytical algorithms when solving test case 3, (5.9)

. GAUGE Parlett Parlett
algorithm algorithm 1 algorithm 2
10-% | 20x 10717 7.4 % 10711 74x 1071
107% [1.0x 1079 8.6 % 10~° 8.6 x 10~°
10~ [ 8.6 x 10~7 1.4 x 1075 14 x107°
1072 [ 55 x 10~° 1.9x 1074 1.9x 1074
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the triangular core and assembly sample problems. Because the computer time of the two analytical
methods is independent of the length of the burnup time, these values were calculated by averaging
the computer times given in Tables B.6 and B.7. It can be seen that the computer time of the two
methods is very similar, with the Parlett method slightly faster than the GAUGE method. The
block matrix implementations are faster than the full matrix implementations for both methods.
Because the GAUGE method, implemented with block matrix computations, is currently used in
depletion modules, it will be used in Section 5.5 where the different methods are compared against
each other.

Accuracy

As shown in Table B.6, the roundoff errors introduced by the two analytical methods for the
assembly sample problem are about 1077, which is much larger than the errors of around 10~
that are introduced in the polynomial methods. This is due to nearly confiuent eigenvalues.

To investigate the effect of nearly confluent eigenvalues on the roundoff errors, the three simple
test cases, given in Subsection 5.4.1, were solved with the GAUGE and Parlett algorithms. The
maximum relative roundoff errors introduced by the three algorithms in solving the three test
problems, (5.4), (5.7) and (5.9), are given in Tables 5.6, 5.7 and 5.8 respectively. The closeness of
the eigenvalues, €, was changed from 10~° to 1072 to show how the roundoff error increases as the
eigenvalues approach each other. From the three tables it can be seen that the roundoff errors of
the GAUGE algorithm and first Parlett algorithm are nearly the same.

In Section 4.1 it was shown that the loss in accuracy is due to subtractions in the numerator and
denominator in both methods. To show that this is indeed the case, a second Parlett algorithm
was constructed. This second Parlett algorithm uses (4.16) which is equivalent to (4.15) used in the
first Parlett algorithm. But, when the decay constant of a parent and daughter is very close, the
second Parlett algorithm uses (4.7) to eliminate the roundoff errors introduced. In Table 5.6 it can
be seen that the second Parlett algorithm is much more accurate then the first Parlett and GAUGE
algorithms in solving the first test case. In this table it is also shown that the roundoff errors for
the first Parlett and GAUGE algorithms are smaller than the theoretical maximum roundoff error,
which was computed with (4.5).

When the one isotope, having almost the same decay constant as one of its precursors, is not the
direct daughter of this precursor, (4.7) used in the second Parlett algorithms can not eliminate the
roundoff error and the two Parlett algorithms are equivalent. This can be seen in Table 5.8 for the
third test case (5.9).

When three eigenvalues in a decay chain are nearly confluent, as in the second test case (5.7) much
larger roundoff errors are introduced. Table 5.7 shows how both the GAUGE and first Parlett
implementations give totally wrong isotope concentrations for € < 1078 when solving the third test

case.

All the analytical methods suffer the drawback that roundoff errors are introduced for nearly con-
fluent eigenvalues. When the coefficient matrix is triangular, the eigenvalues are given by the decay
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Table 5.9: Fastest algorithm and implementation for each method to solve the core and assembly
problems

| Method | Assembly problem | Core problem B
Taylor expansion Taylor 2: Index Taylor 2: Index
Padé approximation Padé 2: Block Padé 2: Block
Krylov.subsvpa,ce Krylov: Index -
approximation
Chebyshev Chebyshev 2: Block Chebyshev 1: Full
Schur decomposition 1 Schur 1: Block Schur 2: Full
Runge-Kutta using lower Parlett & Runge-Kutta:
triangular solution ) Block & Index
Runge—Kutta 1_1$1ng - Runge-Kutta: Index
previous solution
GAUGE GAUGE: Block GAUGE: Block

constants and the roundoff errors can be estimated using (4.5) and (4.6). If these errors are larger
than the specified tolerance, numerical methods have to be used.

5.5 Fastest implementations

In Sections 5.2 to 5.4 the different implementations and algorithms of the same method were com-
pared with each other to find the fastest implementation for each method, as summarised in Table
5.9. In this section the computer times used by these fastest implementations are compared with
each other. Although different implementations of the Krylov algorithms were not compared in the
previous sections, the index implementation of Krylov Algorithm 5 on page 40, will be compared
against the other methods in this section. Although slightly different problems were solved by the
GAUGE and Runge-Kutta implementations, it is assumed that the slight change in the problems
did not influence the speed of the implementations.

Figures 5.6 and 5.7 show the computer time used to solve the sample depletion problems for different
burnup times for the implementations given in Table 5.9. The values are given in Tables B.6 and
B.7.

For a large system, like the assembly depletion problem, the Taylor method is by far the fastest
method for small burnup time intervals, when the systemn is non-stiff, as shown by the red line in
Figure 5.6. For larger burnup times, when the system is stiff, the Chebyshev method (dotted blue
line) performs the best, requiring about the same amount of time as the GAUGE method (dotted
green line), because it has no matrix-matrix operations and the computer time is independent of
the stiffness. The Schur method (solid green line) and Padé method (solid blue line) are slower
because of the matrix-matrix operations that are necessary. Although the Krylov method (black
line) is faster than the Padé method for small burnup time steps, it gets slower at larger burnup
times because it has to use integration time steps. Therefore, by using the Taylor method for small
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Table 5.10: Fastest method for different stiffness and sizes of the depletion problem

Laree svstem Small system Small system
ge &Y (high accuracy) (low accuracy)
Non-stiff | Taylor 2: Index Taylor 2: Index Runge-Kutta

Taylor 2: Index _
Chebyshev 2: Block | Cnebyshev 1: Full | Parlett & Runge-Kutta

Very stiff | Chebyshev 2: Block | Chebyshev 1: Full | Parlett & Runge-Kutta

stiff

burnup times and the Chebyshev method for longer burnup times the same, or less, computer time
will be necessary than the time used by the GAUGE code.

For small systems, as shown in Figure 5.7 for the core problem, the Schur (solid green line), Padé
(solid blue line) and Chebyshev (dotted blue line) methods perform almost the same, with the
Padé method about two times slower than the other two methods. For small burnup times, the
Taylor method (solid red line) is faster than these three methods, but still slower than the analytical
GAUGE method {dotted green line). For larger burnup times, the three methods are faster than the
Taylor method, but about four times slower than the GAUGE code. When speed is important, the
Runge-Kutta methods, which have a low accuracy, can be used. If a previous solution of the core
problem is known for a 1% smaller neutron flux, and used to precondition the coefficient matrix,
the Runge-Kutta algorithm (dotted red line) will solve the system in one time step for small burnup
time, which is faster then the GAUGE method. When the preconditioned system becomes stiff, the
computer time of the Runge-Kutta method increases linearly with time, making it much slower than
the GAUGE method for long burnup times. When the Parlett & Runge-Kutta algorithm (black
line} is used, the computer time is longer than the GAUGE method’s time because the Parlett
method alone takes the same amount of time as the GAUGE method. When accuracy is not very
important only a few Runge-Kutta steps will be necessary, and this method will be the fastest
general method for small, stiff systems.

Table 5.10 gives a summary of the fastest methods for different stiffness and size of the depletion
problem. Before these methods can be accepted as the best, it is first necessary to investigate the
generality, accuracy, reliability, stability, and ease of use of the methods, which will be done in the
next section.

5.6 Comparison of methods against criteria

In Section 5.5 the different methods to solve the fuel depletion equations were compared against
each other by measuring the computer time necessary to solve the two sample depletion problems.
The computer time gives an indication of the efficiency of the methods, which is only one of the
criteria mentioned in Section 1.6. In order to choose the best method, this section will evaluate the
8 fastest implementations, as listed in Table 5.9, according to the criteria mentioned in Section 1.6.
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5.6.1 Generality

All the methods listed in Table 5.9, except the GAUGE method, can solve any linear system of
first order differential equations having a coeflicient matrix independent of time. This includes any
system of the form (1.1) and (1.2), with A a constant matrix. This includes all feedback mechanisms
where a daughter isotope may be its own precursor.

The implementations using the block storage scheme assume that it is possible to separate the
actinides and fission products, which is a valid assumption as explained in Section 2.2. All the
methods can be used for large and small depletion problems, except the Krylov method which is
only applicable to large systems having more than 30 isotopes. For small matrices it reduces to the
Padé approximation.

Therefore, unlike the GAUGE method in which the coefficient matrix must be triangular, none of
the other 7 methods has any restrictions on the type of depletion mechanisms that can be described.

5.6.2 Efficiency

There are a number of factors that influence the computer time needed by the various methods:

Type of operations: Methods that use only matrix-vector operations, which use @(n?) flops,
will be faster than methods using matrix-matrix operation, which use ©@(n?®) flops, when the
number of isotopes n is large. The Taylor, Chebyshev and Runge-Kutta algorithms are of order
O(n?) and the Schur, Padé and GAUGE algorithms are of order @(n®) as shown in Table
5.11. The Krylov approximation use both matrix-vector muitiplications and matrix-matrix
computations on a dense 30-by-30 matrix.

Implicit or Explicit: Implicit numerical methods must have some sort of matrix inversion or must
solve a linear system, which is not necessary in explicit methods.

Complex numbers: Methods using complex operations, like the Chebyshev method, are in gen-
eral slower than methods using only real operations.

Zero calculations: When there are many elements in the coefficient matrix, methods that use a
look up scheme to eliminate zero computations will be more efficient.

Dependence on stiffness: The computer time used by some methods is independent of the stiff-
ness of the problem, like the Chebyshev and analytical methods, or increases logarithmically
with stiffness, like the Padé method. When the problem is stiff, these methods will perform
better than methods whose computing time increases almost linearly with the stiffness of the
problem, like the Taylor method.

Table 5.11 gives a summary of which factors influence each method.
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Table 5.11: Factors influencing the efficiency of each method

. . Number of Time ..
Matrix-matrix | Complex . Implicit
Method . . calculations dependence of
computations | computations | method
with zeros method
Almost linear
Taylor O(n?) No None for stiff No
systems
Pade O(n?) No Some Logarithmic Yes
Krylov O{n*)+0(30%) | No None Logarithmic No
Chebyshev O(n?) Yes Some Constant Yes
Schur O(n*) No Some Constant No
Parlett & 3 .
Runge Kutta O(n°) No Some Linear No
Padé & , .
Runge Kutta O(n?) No None Linear No
GAUGE O(n?) No Some Constant No

The efficiency depends strongly on how the methods are implemented, which type of compiler is
used and on what type of computer the code is executed. For example, some computers can do
complex number calculations in parallel, using the same time for a complex number operation than
for a flop, and some computers can do vector calculations very efficiently by using pipelining. The
best way to compare the efficiency is therefore to compare the computer time needed by various
implementations to solve some sample problems, as was done in Section 5.5 and summarised in
Table 5.10.

5.6.3 Accuracy and reliability

Accuracy is the difference between the true selution and the solution given by the numerical method.
There are two sources of error:

Roundoff errors are errors that are introduced due to the finite word length of the computer. This
is typically introduced when two large numbers are subtracted, like when a matrix having a
small condition, is inverted.

Truncation errors are errors that are introduced when non-exact arithmetical expressions are
used. For the analytical methods the truncation error is zero and the truncation errors for
the polynomial methods are derived in Appendix A and shown in Table A.1.

When there is a possibility that large errors can be introduced without warning, a method is called
unreliable. Even if such a method gives only very small roundoff errors for most problems, such a
method can not be used. On the other hand, if a method can give a good estimate for the errors
introduced or give a warning if some errors are above a certain tolerance, the method is reliable.
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Table 5.12: Accuracy and reliability of each method

[ Method | Accuracy | Reliable |
Taylor Always Yes
Padé Always Yes
Krylov Not for very stiff systems Yes
Chebyshev | Not for confluent eigenvalues Yes
Schur Not for confluent eigenvalues Yes
Runge-Kutta Depends on stiffness Yes
GAUGE Not for confluent eigenvalues Yes

Table 5.12 gives a summary of the accuracy and reliability of each method. This table will be
explained in the remainder of this subsection.

Taylor The truncation error of the Taylor expansion is given by (3.28) and can always be reduced
below a given tolerance by using enough terms in the expansion. An upper limit for the
roundoff error in the uniformization Taylor technique is given by (3.39), which can be reduced
below the tolerance by choosing the right 8 in (3.40). The Taylor method is therefore always
accurate and reliable when correctly implemented.

Padé The roundoff errors in the Padé methods are limited by scaling and squaring, as can be seen
in the upper limit given by (3.52). By increasing the amount of scaling and squaring, the
roundoff errors can thus be reduced below a given tolerance. The truncation errors of the
(p, g)-Padé approximation are of the same magnitude as the truncation error for the (p + g)-
th order Taylor expansion and can therefore also be limited below the tolerance by using a
sufficiently high p and ¢. The Padé method is therefore also reliable.

Krylov Eq. (3.57) gives an upper limit, for the truncation error in the Krylov approximation, which
can be used to make the method reliable. When using the Krylov expansion with the subspace
dimension of p, the roundoff error may increase like (At)? if the time increases by a factor At.
For stiff systems the roundoff error may therefore become very large. These roundoff errors
can be reduced by using a time stepping strategy as was done by Sidje (1998).

Chebyshev The maximum truncation error of the (14,14) Chebyshev approximation for scalars in
the interval (0,~oc) is 1.8x107'%, When all the eigenvalues are distinct, roundoff errors are
small and this is then also the accuracy of the matrix exponential. When confluent eigenvalues
are present, the truncation error depends on the size of the confluent eigenvectors as shown
in Table A.1. If the eigenvalues can be estimated by the diagonal of the coefficient matrix, it
is possible to warn the user if there is a possibility of large confluent eigenvalues.

Analytical methods In the Schur and GAUGE methods, roundoff errors are introduced when
eigenvalues are nearly confiuent. Because the eigenvalues are known when using the GAUGE
method and are calculated by the Schur decomposition, it is possible to estimate the roundoff
errors using (4.5) and (4.6). The analytical methods are therefore reliable, although a given
accuracy will not always be achievable.
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Runge Kutta The accuracy of the Runge Kutta method was discussed in Subsection 5.3.2, and
its reliability is similar to that of the Taylor method.

5.6.4 Stability

Although roundoff errors can amplify small perturbations, over many time steps these roundoff
errors will tend to cancel each other out. Truncation errors are normally in one direction only,
which could result in a build-up of errors. In order to evaluate this build-up of truncation errors
in a numerical algorithm, a test equation ¢ = Ay is used to compute the values ¥, after each time
interval t,,. The region of absolute stability {Gear, 1971:9) is then defined as the set of values of A
for which a perturbation in a single value y, will produce a change in subsequent values which does
not increase from step to step. A method solving the system of equations (1.1) will be absolutely
stable if all the eigenvalues lie inside the region of absolute stability.

When a method is stable in the region —2m,gr < z < 0, it can be made stable for any system by
scaling the system with a factor Apax/Zmaz, Where Ayq, is the largest eigenvalue, and dividing the
burnup time step AT into a number of integration time steps At = zmaz/Amaz AT

A method is called A-stable if its region of absolute stability contains the whole of the left-hand
half-plane (Cash, 1985:72). Gallopoulos and Saad (1992:1248) use the A-stability of the diagonal
Padé approximations to prove that the Krylov method is also A-stable. They also state that the
Chebyshev approximation can not be guaranteed to be stable because small eigenvalues near zero
may be amplified. In Subsection 3.2.3 it was shown that the stability of the Taylor method can be
ensured by specifying a minimum number of terms, using (3.32).

Because analytical methods have no truncation errors, they are all stable.

5.6.5 KEase of use

Table 5.13 gives the parameters used in each algorithm. Most of the parameters are automatically
calculated, but some have to be specified by the user as shown. Normally these input parameters
can be fixed, resulting in computer codes requiring no additional input parameters, which makes it
easy to use it as part of a larger analysis system.

5.7 Summary

Among the eight methods that were considered, given in Table 5.9, only the GAUGE method has
severe restrictions on the type of depletion mechanisms that can be described. All eight methods
were also seen to be stable and reliable if properly implemented.

When accuracy is most important, the Taylor and Padé methods will be the best, with the Taylor
method the fastest for non-stiff systems and the Padé method the fastest for stiff systems, as shown
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Table 5.13: Parameters used and input parameters required by the different algorithms

| Algorithm Method | Required Parameters | Input Parameters |

Integration step size At,

1 on page 34 Taylor 1 accuracy € = 10~ €
Scale factor «,

2 on page 36 Taylor 2 accuracy € = 10, £
Scaling factor m,

3 on page 37 Padé 1 Order of expansion g. )
Scaling factor m,
Number of matrix-vector mul-

4 on page 39 Padé 2 tiplications kz, ]
Order of expansion gq.

5 on page 40 Krylov 2::;P$ ;ilzmlegglfn m, m,

6 on page 42 Chebyshev 1 Order of expansion p. -

7 on page 43 Chebyshev 2 Order of expansion p. -

8 on page 47 GAUGE - -

9 on page 48 Parlett - -

11 on page 50 Schur decomposition 1 g;:;:lu;a:cylco)f_fchur decomposi- £

12 on page 51 Schur decomposition ?iz;:lu;aiylgf_?chur decomposi- €
Order of Runge-Kutta p,

14 on page 54 Parlett & Runge-Kutta Number of steps s. s
Order of Runge-Kutta p,

15 on page 54 Runge-Kutta Number of steps s. 5

Table 5.14: Best methods when accuracy is important for different stiffness and sizes of depletion

problem

[ | Large system

[ Small system |

Non-stiff | Taylor 2: Index Taylor 2: Index

. ) Taylor 2: Index
Stiff Taylor 2: Index Padé 2: Full
Very stiff | Padé 2: Block Padé 2: Full

Table 5.15: Best methods when speed is important for different stiffness and sizes of the depletion
problem (copy of Table 5.10)

Large system

Small system

Small system
(low accuracy)

Non-stiff

Taylor 2: Index

Taylor 2: Index

Runge-Kutta

Stiff

Taylor 2: Index
Chebyshev 2: Block

Chebyshev 1; Full

Parlett & Run

ge-Kutta

Very stiff

Chebyshev 2: Block

Chebyshev 1: Full

Parlett & Run

ge-Kutta
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in Table 5.14. When speed is important, the Chebyshev method will be better than the Padé method
for stiff systems, because it is faster but less accurate. The Taylor method will still be the best for
non-stiff systems, as shown in Table 5.15. When a previous solution is known, the Runge-Kutta
methods can be used for small systems to give a solution very fast, although the solution would not
be very accurate. For small stiff systems, it is best to combine the Runge-Kutta method with an
analytical method, like the Parlett method, and for large systems the best is to use a method like
the Padé method which explicitly calculates the matrix exponential.



Chapter 6

Conclusion

In Chapters 3, 4 and 5 various methods to solve the fuel depletion equations (1.1) and (1.2), having
a constant coefficient matrix A, were compared. In Section 5.7 the results were summarised and it
was seen that different methods perform best under different conditions. In the depletion module,
the method that performs the best under most conditions must be used, as will be discussed in
Section 6.1.

In Section 6.2 it will be shown how the results of Chapter 5 can be used to qualitatively compare
non-linear methods. Although only linear methods, requiring a time constant coefficient matrix,
were investigated in this dissertation, non-linear methods may, in the future, become important.

6.1 Best linear method

The depletion module is typically called in two situations, as explained in Section 1.3. In both
situations the constant flux approximation limits the maximum burnup time to less than 20 days,
thereby limiting the stiffness of the system. In Chapter 5 the Taylor, Padé, Krylov and Chebyshev
approximation methods, the Schur decomposition method and the Runge-Kutta preconditioning
method were compared with each other, using the criteria of Section 1.6. Tables 5.14 and 5.15
give the best method under various conditions. The method that performed the best under most
conditions is the Taylor method. This is because the Taylor method has the advantages that
it can be guaranteed to be accurate within a given tolerance, it has no problem with confluent
eigenvalues and it is stable when properly implemented. The only input parameter that is required
is the tolerance, which can be fixed, thereby requiring no input from the user. The generalized
uniformization algorithm, Algorithm 2 on page 36, which was found to be the fastest algorithm, is
recommended. It is also recommended to use the index notation matrix storage scheme which is
the fastest implementation, although any matrix storage scheme can be used. Because any matrix
storage scheme can be used, it is easy to implement the method in an existing code system.

When speed is crucial, the Runge-Kutta method, using the triangular Parlett or GAUGE method as
preconditioning, may be used, which is about four times faster than the Taylor method. The price
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that must be paid is that this method is less accurate than the Taylor method and severe roundoff
errors may be introduced with nearly confluent eigenvalues. This method can be investigated for
specialised applications, such as core ‘simulators’, which normally treat a limited number of isotopes

explicitly.

In their well-known article, Moler and Van Loan (1978:827) have compared 19 ways to calculate
the matrix exponential, and concluded that all the methods are dubious in one way or another
and that the performance will depend mainly on the type of problem and detail implementation of
the methods. They also stated that the Taylor and Padé methods are the most effective methods
we know of, when properly implemented. In a more recent paper, Sidje and Stewart (1999:367)
have shown that for large, essential non-negative systems, the uniformization technique performs
the best when the system is non-stiff and the Krylov subspace approximation is the best for stiff
systems. Although the type of problems considered in these two papers are more general than the
system of fuel depletion equations considered in this dissertation, their conclusions confirm that the
uniformization Taylor method is one of the best methods to solve the fuel depletion equations.

6.2 Non-linear methods

When very accurate results of the depletion module are required, or when the neutron flux or isotope
number densities are changing relatively fast in comparison with the burnup time step, like for a
fresh core, the constant flux approximation breaks down. The fuel depletion equations then have
the form

dN q

PO s, (6.)
where A(t) = A(®(¢, F)) depends on the neutron flux ®(z, E). The neutron flux ®(¢, E) is calculated
by solving the Boltzmann neutron transport equations and depends, among other time varying

parameters, on the isotope number densities N(t}. Eq. (6.1) can therefore be written as

d—];@ = A(t, N(t))N{2). (6.2)
When the isotope number densities N and the coefficient matrix A change relatively slow compared
to the fastest decay constants, this system of ordinary differential equations (ODE)} is stiff. Shampine
and Gear (1979) give an overview of methods to solve stiff ODEs and Press et. al. (1993) give a
number of methods for solving non-stiff ODEs. To individually discuss these methods is outside the
scope of this dissertation, but some general similarities with the linear methods discussed in this
dissertation will be shown.

Explicit ODE methods, like the well-known Runge-Kutta methods and a variety of multistep meth-
ods, behave like the Taylor method in that the integration step size is limited by stability and that
the computation time increases almost linearly with stiffness. Explicit methods are therefore best
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when solving non-stiff systems, as was seen with the Taylor method. If the system is not very stiff,
a preconditioning method can be used to decrease the stiffness before an explicit method is used.

In the linear case, implicit methods like the Padé method were slow due to the fact that linear
system had to be solved at each time step. In the nonlinear case, implicit methods require a non-
linear system to be solved. This non-linear system is much slower to solve than the linear system
as it includes the Boltzmann transport equation. The non-linear system must therefore be solved
iteratively using some form of Newton iteration. The advantage of implicit methods is that they
are A-stable and that the step size is therefore only determined by the accuracy and not by the
stiffness. This was seen in the case of Chebyshev method, which required only one time step, and
the Padé method where the step size was determined by the accuracy. Large step sizes can therefore
be used, once all the fast decaying isotopes are in equilibrium with their precursors. For very stiff
systems implicit methods will therefore be the best.

Multistep methods have the disadvantage that they are not A-stable and therefore do not share the
advantage of the implicit methods, and are therefore in the same class as the explicit methods. The
only exception is the two-step trapezoidal rule which is A-stable.

Press ef. al. (1993:747) conclude in their paper that for low precisions, the explicit adaptive step
size Runge-Kutta methods dominate, for high precisions and expensive function evaluations the
implicit Bulirsh-Stoer methods dominate, and that the predictor-corrector methods are applicable
between these two extremes. Because most of the systems which must be solved by the depletion
module lie somewhere between non-stiff and very-stiff, the predictor-corrector methods seem like
an attractive possibility. Most predictor-corrector methods consist of an explicit predictor equation
and an implicit corrector equation. The explicit predictor is used to calculate a first approximation,
which is then used (sometimes iteratively) in the corrector to evaluate the corrector explicitly.
Predictor-corrector methods have better stability than explicit methods and do not require the
solution of a non-linear system like implicit methods (Shampine & Gear 1979:9).

In the linear case it was found that analytical methods were not significantly faster than numerical
methods, but that they had the drawback that confluent eigenvalues could introduce large roundoff
errors. The Laplace transformation method, which is a more general analytical method, could be
used, but as mentioned by Moler and Van Loan (1978:818) this method is O(n?), which would make
it much slower than the analytical methods considered, which were of @(n3), and it could also be
seriously affected by roundoff errors. It is therefore not expected that analytical methods will be
better than well implemented numerical methods in both speed and accuracy, which was seen in
this dissertation for the linear case.

6.3 Conclusion

When the time constant neutron flux approximation is used, the Taylor method, implemented with
the uniformization algorithm and index matrix storage, was found to be the best method to use
in the depletion module for solving the fuel depletion equations. Only for very long burnup time
steps, which are not used in practise, do other numerical methods become competitive.
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As the demand for more accurate reactor modelling increases, the constant flux approximation,
which was necessary for a time constant coefficient matrix, has to be revised and general ODE
methods will have to be used. Using the results obtained in this dissertation, it is expected that
the preconditioned Runge-Kutta method or some predictor-corrector method will be the best ODE
method to use in the depletion module.



Appendix A

Polynomial Approximation

When using a polynomial expansion to approximate the exponential of a scalar, the question arises
whether this polynomial can also be used to compute the exponential of a matrix. In this appendix
it is proven that:

1. If all the eigenvalues of a matrix are distinct, the polynomial expansion will approximate the
matrix exponential to the same order of accuracy with which it approximates the exponential
of the eigenvalues.

2. If eigenvalues are confluent, the order of accuracy depends on the order at which the polyno-
mial expansion method fits the exponential at the origin.

In Section A.1l it is proven that if the above statements are true for all triangular matrices, they
will be valid for all matrices. In Section A.2 the first statement is proven and in Section A.3 the
second statement.

In this appendix the polynomial method to approximate the matrix exponential is given in terms
of the two polynomials Dy(z) and Cy(z), of order p and g, giving

e~ % — DP('T) _ T
=2o O(l) = Ryylx) + O(1), (A.1)
in the scalar case and
e A= Cq(A)_le(A) = qu(A)v (A-2)

to approximate the matrix exponential.

A.1 Triangularization

It is possible to translate the coefficient matrix A to a triangular matrix T by using an orthogonal

transformation Q:
A=QTQ. (A.3)

36
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For any polynomial P(A) it then follows that
P(A) = QP(T)Q", (A4)

and because the matrix exponential can be written as a polynomial by using its Taylor expansion,
the matrix exponential has the property that e* = QeTQ~!. To prove that Rpq(A) indeed ap-
proximates e, where A is any coefficient matrix, it is therefore sufficient to prove that R,q(T)
approximates e¥, where T is any triangular matrix, with negative eigenvalues.

A.2 Distinct eigenvalues

We use induction to prove (A.2). When the dimension of the n-by-n triangular matrix T is one,
n = 1, (A.2) is the same as (A.1) and is therefore true. Let us state that (A.2) is true for all -

dimensions smaller than n. An n-by-n triangular matrix can be written as

Ty 0
T n — ) AS5
" [ Tys Tas } (45)

where T, and Ty, are a r-by-r and a s-by-s triangular matrices, with r + s = n. Let

[ b

C 0
C T — L ,
9{Tnn)  Cpe Cu |
and _ i
D 0
D, (T.,) = i A6
P( nn) L Drs Dss | ( )
Then we can write
C.r = co+a1Te +To + ...
Css = co+aTs+ chgs + .. (A.7)
B,y = bo+bTe 4+ bT2 +... _
B., = bo+5Tae+bT2, + ... (A.8)
Eq. (A.2) can then be written as
Cc.'D 0
F= e_T’"‘ = 1 L 1 T 1 (Ag)
c_.b,, - C;lC,,C'D,, C;'D,,
T
= e ol o) . (A.10)
Cs_s Drs - C;:g Crsc:rlDrr e "+ O(l)

F,, = ¢ T 4+ O(l) and F,s = e~ T*s + O(l) and, for distinct eigenvalues, the third term must be
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(using Parlett recursive formula)
TesFrs — FrsTrr = FogTrs — TrgFyr. (A.11)
It must therefore be proven that F,, does indeed sa,tisff this formula. F,, can be written as
Frs = C;)(Dys—CrCr'Dyy). (A.12)

Constructing the sequence Sg = 0, 81 = Ty, S2 = (TrsTer + TsS1), 8; = (TrsTi 1 + TysSi1),
it follows that
D,, = doSo + d1S1 + daS2 + ... (A.13)

Using the property that TysS; — S;T,r = T, T,s — TrsTL, it then follows that
TSSD‘I"S - DraTrr = DssTrs - TraDrr- (A14)
The same can be proven for C,;:

TesCrs — CrsTrr = CysTys = TrsCor. (A.15)

It then follows that T,;¥r: — Fy3'Tr is given as follows:

TosFrs — FrsTrr = TSSC;sl(DTS - CrsFrr) - C;sl(Drs - CrsFrr)Trr
= FssTrs - TrsFrr
(e7T* + O(1))Tys — Trsle™ T + O()). (A.16)

The polynomial methods are therefore mathematically equivalent to the analytical Parlett method
when eigenvalues are distinct, meaning that the polynomial does indeed approximate the matrix
exponential.

A.3 Confluent eigenvalues

When there are confluent eigenvalues (T, T;s = TrsTyr), the above proof breaks down and we
must prove F,; is equal to the true solution

Fr‘s,true = TrseT"- (A17)

When T,;Tys = TrsT,r, the sequence S; reduces to S; = iT,,(T: ), and
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F‘l"s = C—I(Drs - CrsC,:}Drr)

83

= T, (i cin.,)— [(i z‘d,-Ti;l) — (i iciTi;“l) F"} : (A.18)
i=1

=0 =]

The difference between the true solution and the polynomial expansion is then

TrsE = F'rs,t'ru.e - F'rs

E (qu ciTir) = (qu d,-Tf..,,) - (i z'diTi:l) + (i z'c,-T:’.:l) For, (A.19)

i=0 i=0 i=1

=1

which can be written as

dF,,
E = —Fpr.
dTrr rr
Now, if we introduce the time variable ¢
F(t) = €T,

and suppose a method has an error of order p, E = ¢(tT)P, then
E = c(tTyP = T—li"-F% —F(),

which can be used to calculate the derivatives of F(t)

dF(t)

= = TF({t)+ cTPHigp
2F(t
d dt2( ) _ T2F(t) + ctPTPH 4 pcTPH P!

The derivatives at ¢ = 0 are then

dngt) lt=o = T
dz;;gt) k=0 = T, i=1,...,p
% li=o = TP +plcTPH,
Because () _
™ k=0 = A',

this means that the first p derivatives must fit the exponential at the origin. Therefore, if we require
a method to be accurate to order p when there are confluent eigenvalues, the polynomial must fit
the exponential to degree p at the origin.
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Table A.1: Truncation error due to confluent eigenvalues in polynomial methods

Order of truncation | Order of truncation
Method p | q | error E for confluent | error (No confluent
eigenvalues eigenvalues)
Taylor p | 0| TP/p APt /(p+ 1)
Taylor [ 0 | g | T9/¢! AT /(g +1)!
Pade | p [ ¢ | T"/(p+q)! AP /(p+ g +1))
1.9-10714
+2.1.107 T
+4.1-107 172
—10m3
Chebyshev | 14 | 14 jj:g:ig_g,r{ 1.8x10~14
+3.5-1079T%
+6.2:107°T%
+8.2-1079T74....

Table A.1 gives the truncation error of the Taylor, Padé and Chebyshev methods when there are
confluent eigenvalues and when there are not. Note that the Taylor and Padé methods fit the
exponential at the origin and confluent eigenvalues have the same effect as reducing the order of the
approximation with one. The Chebyshev method fits the exponential on the whole interval [0,—oc)

and is therefore always accurate when there are no confluent eigenvalues. Because it does not fit

the exponential well at the origin, confluent eigenvalues could introduce large truncation errors.
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Test Problems

In Table B.1 the initial and two final reference isotope number densities for the core calculation
sample problem are listed. In Tables B.2, B.3 and B.4 the neutronic data, used in constructing the

coefficient matrix (2.38), are given.

In Table B.5 the isotopes included in the assembly sample problem are listed, divided in one actinide
group, eight fission product groups and 15 single isotopes.

Tables B.6 and B.7 show the computer time required and maximum errors introduced by the various
implementations in solving the two sample problems for a burnup time ranging from 0.1 to 1000
days. Note that the GAUGE and Parlett methods solve a slightly different problem having no
feedback term and the Runge-Kutta method, that exploits a small change in the neutron flux,
solves the problem starting with equilibrium initial isotope concentrations. The results of these
methods are therefore separated by double lines.

Because the timing routine used in FORTRAN does not give the CPU time with an accuracy better
than 0.01 seconds, the computer time was measured by repeating a code until the CPU time used
was longer than 1 second, and then dividing the CPU time by the number of repetitions.

Table B.1: Initial and final isotope number densities for the core depletion problem

Initial number density Refert?nce R)efert?nce

Isotope . solution solution
(per unit volume) 100 days 1000 days
[0 8.90x10~° 7.89x107° 2.65x107°
p¥e | 2.35x10° 2.50x10~5 3.00x1073
[OEE 6.62x10~9 6.60x1073 6.40x10~%
Pu 2.55x10~° 1.81x107° 8.25x10~7
Pu%0 9.93x10~% 0.28x10° % 1.34x10-%
Pu?T 7.80x1078 8.32x10~% 3.11x10°°
Pu?*? 2.02x107° 2.46x10~° 3.86x10~°
1% 4.70x10~ 4.12x10~° 1.52x10~°
Xel% 2.19x10~7 1.90x107° 6.79x10~10
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Table B.2: Fission yields used in the core depletion problem

Isotope | Daughter % Fission cross section
‘[135 Xel35 (10—24cm2)

U%s 6.326 | 0.264 28.9167
238 6.061 0.140 0.2945
[ U%® 6.552 | 0.017 0.1084
Pu®™ | 6195 | 1.035 65.3574
Pu?®@ 7.031 0.537 0.6444
Pu?*! 7.070 0.208 73.1890
Pu?® 6.836 | 0.087 0.4769

Table B.3: Decay constants used in the core depletion problem

Parent | Decay constant (s—*) | Daughter
Pyt 1.5253x10~7 -

1135 2.9129x10~° Xel®
Xel3? 2.1182x107° -

Table B.4: Capture reactions included in the core depletion problem

Parent | Daughter | Capture cross section (10™%4cm?)
U235 U236 7.166
U - 6.008
[26% U5 1.439x10~7
U - 0.8856
Pu Pu®®! 36.641
Pu?40 Pu?l 101.095
[ Pu®* | Pu®® 1.079x10-3
Pu?4 Pu®*? 24.322
Pu?i*| Py 7.192x10~7
Pu?% - 28.772
Pu?¥?*| Pyl 1.259x1073
135 - 1.359x1073
Xel3® - 1.183x10°
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Table B.5: Isotope blocks in the assembly depletion problem

[Actinides | FP1 | FP2 | FP3 | FP4 | FP5 | FP6 | FP7 | FP8 | Single |
Th?32 Zr95 | 1131 | Cel4l | Smlb4 | Dyl6l | Gd154 | Erl66 | Hf176 | Kr83
Pa’3? Zr96 | 1135 | Celd42 | Eulb3 | Dy162 | Gd155 | Erl67 | Hf177 | Y89
U3 Nb96 | Xel31 | Celdd | Eul54 | Dyl63 | Gd156 | Erl68 | Hf178 [ Zr9l
U Mo95 | Xel32 | Prl4l | Euls5 Gd157 | Erl70 | Hft79 | Zr93
U Mo96 | Xel33 | Pr143 | Eul56 Gd158 | Tml169 | Hf180 | Cd113
U6 Mo97 | Xel35 | Nd143 | Euls7 Tml71 In115
UE7 Mo98 | Cs133 | Ndl44 | Gd135 Ybi71l 1127
UE Mol00 | Cs134 | Nd145 | Gd156 1129
Np27 Tc99 | Cs135 | Nd146 | Gd157 Lal39
Np? | Rul00 | Bal34 | Nd147 | Gd158 Tb159
Pu®®® Rul01l Nd148 Pseudo
Pu®® | Rul02 Nd150 B10
Pu®™® | Rol03 Pm147 Agl07
Pu®! | Rul04 Pmi48 Agl09
Pu?®? | Rul05 Pm148* Hf174
Am?*1 | Rh103 Pm149
Am#% | Rh105 Pmi51
Am*B | Pdl0o4 Sm147
Cm?*¢ | Pd105 Sm148
Cm?%# Pd106 Sm159
Cm?¥ | Pd107 Sm150
Cm~* Pd108 Smisl

Agl09 Sm152
Cd110 Sm153
Cd111
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Table B.6: Computer time used by and accuracy of each implementation when solving the sample
assembly depletion problem

Computer time (s) | x107? x1073 x107* x10~% x10~%
Max difference E log(E) log(E) log(E) log( E) log(E)
Burnup time: Days | 1000 100 10 1 0.1
Taylor 1: Full 495 -13 65.1 -12 13.7 -11 2.5 -12 1.0 -12
Taylor 1: Index 124 -18 17.2 -12 3.66 -11 0.751 -12 0.17 -12
Taylor 1: Block 250 -18 33.0 -12 7.21 -11 1.5 -12 0.4 -12
Taylor 2: Index 493 -11 9.0 -12 1.12 -11 0.4 -11 0.26 -14
Padeé 1: Full 66 -12 56 -12 51.5 -11 41.1 -11 35.6 -14
Padé 2: Full 58.1 -12 50 -12 40.7 -11 35.1 -11 35.2 -14
Padé 2: Block 17 -12 13.7 -12 11.5 -11 10.2 -11 10.1 -14
Krylov 21 -10 9.8 -12 8.9 -11 4.0 -11 3.3 -14
Chebyshev 2: Full 44.2 -7 43.6 -10 43.9 -11 43.5 -11 43.5 -11
Chebyshev 2: Block | 1.48 -7 1.72 -10 1.81 -11 1.44 -11 1.80 -11
Schur 1: Full 13 -7 13 -7 12 -7 13 -8 12 -8
Schur 1: Block 3.8 -7 44 -7 44 -7 3.3 -8 42 -8
Schur 2: Full 7.3 -8 7.6 -7 7.4 -7 7.5 -7 7.3 -7
GAUGE: Full 3.7 -9 3.6 -7 3.6 -7 3.7 -7 3.6 -7
GAUGE: Block 1.9 -9 1.7 -7 1.3 -7 1.9 -7 1.6 -7
Parlett: Full 4.6 -8 46 -7 4.6 -8 4.6 -7 4.6 -7
Parlett: Block 1.0 -8 11 -7 1.0 -8 1.0 -7 1.0 -7
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Table B.7: Computer time used by and accuracy of each implementations when solving the sample

core depletion problem

Computer time (s) | x107° x107° x107° x107° x107°

Max difference £ log(E) log(E) log(E) log(E) log(E)
Burnup time: Days | 1000 100 10 1 0.1

Taylor 1: Full 981 -13 109 -14 24 -14 6.8 -12 0.8 -12
Taylor 1: Index 831 -13 92 -14 20 -14 5.2 -12 1.7 -12
Taylor 1: Block 891 -13 103 -14 23 -14 6.2 -12 1.2 -12
Taylor 2: Index 326 -11 34 -12 5.9 -12 1.8 -11 1.1 -13
Padé 1: Full 13 -12 12 -13 9.8 -13 8.1 -12 7.1 -14
Padé 2: Full 12 -12 11 -13 8.8 -13 7.4 -12 6.7 -14
Padé 2: Block 20 -12 15 -13 13 -13 10 -12 8.1 -14
Chebyshev 1: Full 4.7 -11 4.7 -13 5.0 -13 4.9 -12 4.8 -13
Chebyshev 2: Full 18 -11 17 -11 18 -11 17 -11 18 -11
Chebyshev 2: Block | 5.7 -11 5.6 -1 6.0 -11 5.9 -11 59 -11
Schur 1: Full 7.4 -12 7.8 -11 7.9 -11 8.5 -11 8.1 -11
Schur 1: Block 5.1 -12 4.8 -11 5.6 -11 5.2 -11 4.6 -11
Schur 2: Full 4.6 -11 4.1 -11 5.4 -11 4.7 -11 4.8 -11
Parlett&Runge- 12 5 | 11 7 | 14 8 | 15 -10 | 12 -1l
Kutta: one step

iﬁfgfﬁiﬁ%‘fm - 73 10 | 73 10 | 15 10 | 12 11
Runge-Kutta:

1% fux var. - 61 -8 6.1 -8 0.6 -8 0.6 -8
Runge-Kutta:

0.1% fiux var. - 61 -9 6.1 -9 0.6 -9 0.6 -9
GAUGE: Full 1.2 -12 1.0 -11 1.2 -11 0.89 -11 1.0 -10
GAUGE: Block 0.87 -12 0.96 -11 1.1 -11 11 -11 0.88 -10
Parlett: Full 0.76 -12 0.71 -11 0.82 -12 1.0 -11 0.82 -12
Parlett: Block 0.52 -12 (.46 -11 0.70 -12 0.79 -11 0.55 -12
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