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Abstract

In this MSc dissertation, we present modular metric spaces in asymmetric settings (called modular
quasi-pseudometric spaces). Our results generalise and extend the concept of a modular metric
on an arbitrary set, as presented in the work of Chistyakov. We show that Chistyakov’s results
also hold in an asymmetric framework. Furthermore, we show that most of Chistyakov’s results
do not need the symmetry property of a modular metric and prove that the results even hold
when the symmetric property is not assumed. Finally, we observe that for any modular quasi-
pseudometric which is convex on a set, its conjugate modular quasi-pseudometric is also convex

and its symmetrized modular pseudometric preserves convexity.
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Modular metric
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Introduction

In 2008, Chistyakov in [8] introduced the concept of a modular metric space induced by F-modulars.
For more details about the theory of F-modulars we refer the reader to [15, 19, 26]. Furthermore,
Chistyakov developed the theory of a modular on an arbitrary set and studied the notion of a
metric space induced by a modular that he called modular metric spaces (see [7, 8]). He defined a
modular metric on a set X as a function m : (0,00) x X x X — [0, 00] which for any z,y,z € X

satisfies the following conditions:
1. m(d,z,y) = 0 if and only if x = y whenever § > 0,
2. m(d,x,y) = m(d,y,z) whenever 6 > 0,
3. m(d+y,x,y) <m(d,x, z) +m(v, z,y) whenever §,v > 0.

For any z¢ € X, the set X,,(x9) = {x € X : 511}120 m(d, z,zg) = 0} is called a modular set. For
simplicity, we shall write X,,, for X,,,(z¢). Furthermore, Chistyakov defined the metric d,, on the
modular set X, by dp(z,y) = inf{d > 0: m(d,z,y) < §} whenever z,y € X,,, and he called the
pair (X, dn) a modular metric space. In [1], it was observed that the physical interpretation of
the theory of modular metric is that, while a metric on a set represents nonnegative finite distance
between any two points of the set, a modular metric on a set attributes a nonnegative, sometimes
infinite, valued field of generalized velocities to each time § > 0 (the absolute value of) an average
velocity m(d, z,y) is associated in such a way that in order to cover the distance between two points
x and y of X, it takes time § to move from x to y with velocity m(d,x,y). Recently, Abdou in
[1] introduced the concept of one-local retract in a more general setting in modular metric spaces
and proved the existence of common fixed points for a family of modular non-expansive mappings
defined on non-empty m-closed m-bounded subsets in a modular metric space. The main goal of
this MSc dissertation is to generalise and extend the concept of modular metric onto the framework
of modular quasi-pseudometric. We shall also study the concept of a modular on a real linear space
in an asymmetric context. For instance we show that many results of Chistyakov do not use the
symmetry axiom of a modular metric. Therefore they still hold in the framework of quasi-metric

space.
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Outline of the dissertation

Chapter 1. This chapter serves as a preliminary chapter for our dissertation as we recall some
of the relevant definitions that are going to be utilized right through the dissertation. In the first
section, we present the summary of quasi-pseudometric spaces and give examples. In the second
section of this chapter, we recall convergence in asymmetric framework. We revisit a modular on
a real linear space in the third section and lastly in the fourth section we look at convergence in

modular spaces.

Chapter 2. Within this chapter, we present the results of Chistyakov [7]. The first section of
this chapter reviews the definition of a modular metric and considers some examples. In the second
section, we discuss the concept of a modular set. We show that a modular set equipped with differ-
ent metrics turns out to be a metric space. An equivalence relation on a modular metric space and
an equivalence class of an element in a set are also reviewed in this section. From the definition of a
modular metric (see Definition 2.1.1), the triangle inequality axiom is modified, and this alteration
brings to life the concept of convex modular metric which is discussed in the third section. In the

fourth section, convergence in a modular metric space is reviewed.

Chapter 3. In this chapter we start with the first part of our own research. We generalise the
work of Chistyakov [7] to the setting of quasi-pseudometric spaces. The first section of this chapter
is devoted to the definition and discussion of the new concept of a modular quasi-pseudometric
spaces. In the second section of this chapter, we discuss the convexity of a non-empty set endowed
with a modular quasi-pseudometric. In the last section of this chapter, we learn about convergence

in modular quasi-pseudometric spaces.

Chapter 4. We commence with the second part of our own research in this chapter. The first
section of this chapter is devoted to the concept of a nonsymmetric modular and its structure.
After exploring the nonsymmetric modular, in the next section we compare it with a modular
quasi-metric which was investigated in Chapter 3. We show that [7, Theorem 3.11] does not de-
pend on the symmetry property of symmetric modular and modular metric, but still holds in a
nonsymmetric setting. We look at convergence of sequences in a modular space in the third section

and lastly we investigate a nonsymmetric modular on a normed lattice.

Chapter 5. In this chapter, we summarise our investigations and present some open problems

that set the way to future investigations.
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Preliminaries

In this chapter we give a brief introduction of the concept quasi-pseudometric space and recall the

necessary definitions that will be used in this dissertation.

We now define a quasi-pseudometric and other concepts as they form the basis of this disserta-

tion.

1.1. Quasi-pseudometric spaces

Definition 1.1.1. [17, Definition 2.1] Let S be a non-empty set and let q be a function
q:SxS — [0,00). The function q is called a quasi-pseudometric if it satisfies the following

conditions :
1. q(a,a) =0 for alla € S,
2. q(a,b) < q(a,c)+ q(c,b) for all a,b,c € S.

If g is a quasi-pseudometric on a set S, then we shall call the pair (5, q) a quasi-pseudometric space.
We say that a quasi-pseudometric ¢ is a Ty-quasi-metric on S if ¢ satisfies the condition
q(a,b) =0 = q(b,a) which implies that a = b for all a,b € S.

Note that in a Ty-quasi-metric space (S, q), we can have ¢(a,b) = 0, which does not imply that
a = b whenever a,b € S.

We give an example.

Example 1.1.1. Let ¢(a,b) be a “distance above sea level” function such that a is a point at sea
level and b is some point vertical to a. Now, if g(a,b) = 10, it means b is 10 units above a. But if
q(a,b) = 0, it does not necessarily mean that both a and b are at sea level. It could mean that b is
below sea level. So ¢(a,b) = 0 because the function is not defined for below sea level. Hence ¢(a, b)

is a Ty-quasi-metric space (S, q).
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Remark 1.1.2. Let g be a quasi-pseudometric on a non-empty set S. Then the function
¢ '8 xS — [0,00) defined as ¢~ (a,b) = q(b,a) for all a,b € S is also a quasi-pseudometric,

named the conjugate quasi-pseudometric of q.

1

Now if ¢ = ¢~ where q is a quasi-pseudometric, then q is called a pseudometric.

As usual, for any To-quasi-pseudometric q, ¢° = max{q,q¢ '} = qV ¢~ is a metric [17].

Example 1.1.2. Let R be the set of real numbers. The function
u(a,b) = max{a — b,0}
for all a,b € R is a quasi-pseudometric on R. Moreover
u® = |a —b|

for all a,b € R is the usual metric on R.

Example 1.1.3. Let R be the set of real numbers and the function ¢ defined by
et —eb ifa>b
q(a,b) =4 .
e’ —e ifa<bd

for all a,b € R is a Ty-quasimetric on R.

Remark 1.1.3. If (S, q) is a quasi-pseudometric space, then

1. the set By(a,r) = {b € S :q(a,b) <r} foralla €S and r > 0, is called an open ball with

centre a and radius r.

2. The collection of all open balls forms a base for a topology 7(q) and is called the topology
induced by q on S.

3. We also have Cy(a,r) = {b € S : q(a,b) < r} for alla € S and r > 0, which is called the

closed ball with centre a and radius r.

Note that Cy(a,r) is 7(¢7!)-closed but not 7(g)-closed in general.
Remark 1.1.4. The topology generated by q° (i.e. 7(q°)), is finer than other topologies (i.e. T(q)
and 7(q71)).
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1.2. Convergence in a quasi-pseudometric space

We now recall different concepts of Cauchyness of sequences in a quasi-pseudometric space. For

more details we refer the reader to [9, 11].

Definition 1.2.1. [4] Let (S,q) be a quasi-pseudometric space. A sequence (an) in (S,q) is said
to be Left-Cauchy if for each € > 0, there exists k € N such that

q(an,am) < €

forallm>n>k .

Definition 1.2.2. [4] Let (S,q) be a quasi-pseudometric space. A sequence (an) in (S,q) is said
to be Right-Cauchy if for each € > 0, there exists k € N such that

q(an,am) < €

foralln>m>k .

Definition 1.2.3. [2/] Let (S,q) be a quasi-pseudometric space. A sequence (a,) in (S,q) is said
to be a Cauchy sequence if

lim q(apn,am) =0.
n,Mm—00

Remark 1.2.4. [24] A sequence (ay) is a Cauchy sequence in (S,q) if (an) is a sequence in the

pseudometric space (S, q°).

Definition 1.2.5. [5, Definition 2] A sequence (ay) in a quasi-pseudometric space (S, q) is said to
be left K-Cauchy if for some € > 0, there exists ne € N such that

q(am,an) < € whenever ne <m < n.

Definition 1.2.6. [5, Defnition 2] A sequence (ay,) in a quasi-pseudometric space (S, q) is said to
be right K-Cauchy if for some € > 0, there exists ne € N such that

q(an,am) <€ whenever ne <m < n.
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1.3. Asymmetric normed linear space

Definition 1.3.1. [21] Let S be a real linear space and ||.| : S — [0,00) be a function. Then ||.| is

called an asymmetric norm on S if it satisfies the following conditions :
1. If |lla| = || —a] =0 thena=0 for alla € S,
2. ||0a| = dlla| for alla € S and § > 0,
3. |la+0b] < |la| + ||b] for all a,b e S.

The pair (S, |].|) shall be called an asymmetric normed linear space.

Remark 1.3.2. Suppose ||.| is an asymmetric norm on a real linear space S. Then |.|| : S — [0, 00)

defined by |a|| = || — a| for all a € S is also an asymmetric norm on S called the conjugate norm

of I ([21]).
Generally, an asymmetyric norm ||.| on S such that ||.| = |.|| is called a norm. Moreover, for any

asymmetric norm ||.|, the function
||| = max][.[, [[[}

is a norm and the pair (S,||.||) is called a normed real linear space. The asymmetric norm induces,

in a natural way, a quasi-metric q, on S defined by
q)./(a,b) = |[a — b|

for alla,be S ([21]).
Example 1.3.1. [9, Example 1.1.3] Let the set R of real numbers be equipped with an asymmetric
norm ||a| = a™ = max{a,0}. Then, for any a € R, |a|| = ¢~ = max{—a,0} and ||a|| = |al.

The topology 7(g),|) generated by g | is called the upper topology of R whereas the topology T(qml)
generated by qﬁ is called the lower topology of R.

Definition 1.3.3. [16] A norm ||.|| on a real linear space S is said to be equivalent to a norm ||.||o
on S if there are x,y € RT such that

allallo < [lal| < yllallo
foralla € S.
Note : Equivalent norms on S define the same topology for S.

Alegre, Ferrer and Gregory [2, 3, 12], introduced an asymmetric norm on a normed lattice and
studied the properties of the induced quasi-uniformity and topology in connection with the usual

properties of normed lattices.

Definition 1.3.4. [9] An ordered vector space is a real vector space S equipped with a partial order
relation such that a < b= a+c¢ < b+ c and da < b for all a,b,c € S and d > 0.




Chapter 1

Definition 1.3.5. [9] An ordered vector space (S, <) is called a vector lattice (also known as Riez

space) if every pair of elements a,b € S admits a least upper bound a \V b. Since
a<bs —b< —a,
it follows
aNb=—((=a)V(=b))
so that every pair of elements a,b € S has a greatest lower bound.

Definition 1.3.6. [9/ A norm ||.|| on an ordered pair (S, <) called a lattice norm if it satisfies one

of the following equivalent conditions :

1. |a| < |b| = ||a|| < |[b]| for all a,b e S,

2. (i) |[al [ = [lal| for all a € S,

(11) if 0 < a <b, then ||a|| < ||b]| for all a,b € S.

An ordered vector space equipped with a lattice norm is called a normed lattice and is denoted by
(S [l <)-
Definition 1.3.7. [9] A normed lattice (S,||.||,<) is called an L-space, M-space and E-space
respectively, provided that

1. |la +b|| = ||a|| +|[b]| for all a,b e S, (L)

2. |la Vv b|| = |la|| V ||b]| for all a,b € S, (M)

3. Jla+b|* + ||la — b]|> = 2||a|* + 2||b]|* for all a,b € S. (E)

Definition 1.3.8. [9] Let p be an asymmetric norm on a vector space S. We can associate the

following norms, defined by the equalities:

pi(a) =pla) +p(=a)  for all a€Ss,
pis(a) = p°(a) = p(a) V p(—a) for all a€s, (1.1)
ph(a) = v/pa@)?+p(—a)?  for all a€S.

The norm pj; is the usual norm p® that we have associated to an asymmetric norm p.

Note : All norms defined in Equation (1.1) are equivalent [9].
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1.4. Modular on a linear space

Definition 1.4.1. [18] Let S be a real linear space. A function o : S — [0,00] is said to be a

modular on S if it satisfies
1. o(a) =0 if and only if a =0 fora € S,
2. o(a) =o(—a) for alla €S,
3. o(aa + pb) < o(a) + o(b) for a,b € S and o, B > 0 such that o+ = 1.

Moreover, Musielak and Orlicz [18] introduced the concept of convexity on a modular and defined

it as follows.

Definition 1.4.2. [18] Let S be a real linear space. A function o : S — [0,00] is said to be a

convex modular on S if it satisfies
1. o(a) =0 if and only if a =0 fora € S,
2. o(a) =o(—a) for alla € S,
3. o(aa + pb) < ac(a) + Bo(b) for a,b e S and a, f > 0 such that o+ = 1.

Furthermore, Musielak and Orlicz in their paper [18], mentioned that if ¢ is a modular on S, then

the linear subspace S¥ (see Definition 1.4.5 on page 9) of S is called a modular space.

Definition 1.4.3. [18] Let S be a real linear space. If o is a modular on S, then

Se = {a € S: lim o(aa) :O}

a—0
is called a modular set and is a linear subspace of S.

According to [18], a modular space can be equipped with a norm. We see this in the following

definition.

Definition 1.4.4. [18] Let o be a modular on a real linear space S and S, be a modular set, then
: a
lalle = mf{e >0: a<> <e for ac SU}
€

Furthermore, if o is a convex modular on S, then a modular space is defined as follows.

18 a norm on Sy.
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Definition 1.4.5. [18] Let S be a real linear space and o be a convex modular on S, then a modular
space is defined as

Sr={aeS:3a>0, o(laa) < oo}

and the norm on S} is defined as
llallz = inf{e >0: a<a> <1 for ac S;}
€

Now, S, is equivalent to S¥ if ||a||, < 1 and ||a||} < 1. Moreover, if ||a|ls < 1 or ||a||¥ < 1, then
lallz < llallo < /llall}, otherwise /[lal[5 < [lallo < ||al[5-
We now give examples to emphasize the concept of a modular on a linear space.

Example 1.4.1. [25, Example 2.2(a)] Let R be the real line. Then the function o : R — [0, 00)
defined by

1 if 0
o(a) = ifa where a€R
0 ifa=0

is a modular.

Example 1.4.2. [20] Let (5, ]|.||]) be a normed space. Then S, is a modular set with modular ¢
defined as
o(a) =|lal| for a€S,.

Example 1.4.3. [20] From Example 1.4.2, it is clear that every norm is a modular. Moreover,

Example 3 of [20] shows that the converse is not true.

Example 1.4.4. Let I = [a,b] be an interval on the real line R, then

b
o(a) = / lla(s)]|ds
is a convex modular on 1.

We now recall convergence in a modular space.

1.5. Convergence in a modular space

Definition 1.5.1. [25, Definition 2.4.1] Let Sy be a modular space. The sequence (a,) in Sy is

said to converge to a € S, and it is denoted by

an — a whenever o(an —a) — 0.
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Definition 1.5.2. [25, Definition 2.4.2] Let Sy be a modular space. The sequence (a,) in Sy is
said to be Cauchy if
lim o(am —a,) =0.

m,n—00

In [7], Chistyakov unveiled the congruity between modular and modular linear spaces. This state-

ment is shown in the next theorem.

Theorem 1.5.3. [7, Theorem 3.11(a)] Let S be a real linear space. If m is a modular metric on
—b
m(d, a,b) —a(a 5 )

Theorem 1.5.4. [7, Theorem 3.11(b)] Let S be a real linear space. If m is a conver modular

S and o is a modular on S, then

for all a,b € S and § > 0.

metric on S and p is a convex modular on S, then

m(é,a,b)za(a;b>

for all a,b € S and § > 0.

Corollary 1.5.5. Let S be a real linear space. If Theorem 1.5.3 holds, then

is a linear subspace of S and
llalle = dim(a,0)

is @ norm on S for alla € S.
Corollary 1.5.6. Let S be a real linear space. If Theorem 1.5.4 holds, then
St = 52,(0) = S,

is a linear subspace of S and
llall5 = d7,.(a,0)

is a norm on Sy for all a € S7.

10



2

Modular metric spaces

In this chapter, we study the concept of modular metric spaces. The notion of modular metric
space was introduced by Chistyakov [7]. A modular metric is a function m on a non-empty set S
that satisfies certain properties (see Definition 2.1.1).

We recall an equivalence relation on a set S and an equivalence class of an element in a modular

set. Moreover, we also look at a convex modular metric and convergence in modular metric spaces.

Modular metric spaces have topological properties like convexity and convergence. This chapter is

dedicated to the study of these concepts with examples.

2.1. Modular metric spaces

We now give the definition of a modular metric.

Definition 2.1.1. [7, Definition 2.1] Let S be a non-empty set. A function

m : (0,00) xS xS — [0,00] is said to be a modular metric on S if it satisfies the following properties:
1. m(d,a,b) =0 if and only if a =b for all 6 € (0,00) and a,b € S, (non degeneracy),
2. m(6,a,b) =m(d,b,a) for all § € (0,00) and a,b € S, (symmetry),
3. m(6+7,a,b) < m(d,a,c)+m(v,c,b) foralld,v € (0,00) and a,b,c € S, (triangle inequality).

If m is a modular metric on S, then the pair (S, m) will be called a modular metric space.

Definition 2.1.2. [7] Let S be a non-empty set. A function m : (0,00) x S x S — [0,00] is said

to be a modular pseudometric on S if it satisfies the following properties :
1. m(6,a,a) =0 for all§ >0 and a € S,
2. m(d,a,b) =m(d,b,a) for all 6 > 0 and a,b € S,

3. m(6 +,a,b) <m(d,a,c)+m(v,cb) for all 5,y >0 and a,b,c € S.

11



Chapter 2

Remark 2.1.3. In the axziom (3) of Definition 2.1.1, if we set a =b and v =9 > 0, then we find
0 =m(26,a,a) <2m(J,a,c)
for all a,c € S and 6 > 0.

Remark 2.1.4. Let m be a modular metric on a set S, then :
1. If m(6,a,b) does not depend on a,b € S, then m =0,

2. If m(0,a,b) does not depend on § > 0 (i.e.m(6,a,b) =m(a,b)) and furthermore assume
m(d,a,b) € [0,00), then m in Definition 2.1.1 is a metric on S and m in Definition 2.1.2 is a

pseudometric on S.

The following lemma can be compared to Lemma 3.1.4 (see page 42).

Lemma 2.1.5. [7] Let m be a modular metric on a non-empty set S, then the function

A:(0,00) — [0, 00] defined by A\(0) = m(d, a,b) whenever a,b € S and & € (0,00) is non-increasing.

Proof. Let a,b € S and d,n € (0,00) with § > 7. Since § —n > 0, we have

A(9) =m(6,a,b)
=m(d —n+n,a,b)
< m(6 — n,a,a) + m(n,a,b).

Since m(d — n,a,a) = 0, by property (1) of Definition 2.1.1 as m is a modular metric on S. It
follows that
A(6) =m(d,a,b) <m(n,a,b) = A(n)

which means A(d) < A(n) for 0 < n < 6. Therefore A(§) is a non-increasing function. O

Here are some examples of a modular metric on a non-empty set S.

Example 2.1.1. [7, Example 2.4. (a)] Let S be a non-empty set. Define
m: (0,00) x S xS — [0,00] by

o ifa#b

m(é,a,b):{ 0 ifa=0b

for all a,b € S and § > 0, then m is a modular metric on S.

Proof. We show that m satisfies the properties of a modular metric.

12
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. If a = b, then we have m(d, a,b) = 0.

Moreover if m(d, a,b) = 0, by definition of m then we have a = b.
. We show that the symmetry condition holds. We have two cases (i.e. a =b and a # b).
(a) If a = b, then we have

m(d,a,b) =0 =m(d,b,a).

(b) If a # b, then we have
m(d,a,b) = oo =m(d,b,a).

. We show the triangle inequality property. Let a,b,c € S and §,y > 0. We consider different
cases. If we fix a = b, then we have two cases (i.e. (a =cand b=c) and (a # cand b # ¢)).
(A) Suppose a ="b .
(i) If b= c and a = ¢, then we have
m(d,a,b) =0

=0+0
=m(d,a,c) +m(d,b,c).

(ii) If a # c and b # ¢, then we have

m(d +v,a,b) =0
< 00+ 00

=m(d,a,c) + m(v,c,b).

Furthermore, if a # b, then we have three cases (i.e. (a = cand b # ¢), (a # c and b = ¢) and

(a#cand b#c)).

Note that we cannot have a = c and b = ¢ but a # b.
(B) Suppose a # b.
(i) If a = c and b # ¢, then we have
m(§+v,a,b) = o0

=0+o00
=m(d,a,c) +m(y,c,b).

13
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(ii) If a # c and b = ¢, then we have

m(d +y,a,b) = 0o
=o00+0
=m(d,a,c) +m(y,c,b).

(iii) If @ # c and b # ¢, then we have

m(d +y,a,b) = 0o
=00+ 00

=m(d,a,c) +m(y,cb).

After considering all possible cases, we have noted that

m(8 +,a,b) <m(,a,c) +m(y,c,b).
Therefore m(6, a,b) is a modular metric on S. O

Example 2.1.2. [7, Example 2.4. (b)] Let S be a non-empty set. Suppose the pair (5,d) is a
metric space. Then m : (0,00) x S x S — [0, 00| defined by

d(a,b)
f(9)

for any 6 > 0 and a,b,c € S where f : (0,00) — (0,00) is a non-decreasing function, is a modular

m(d,a,b) =

metric on S.

Proof. We show that the axioms of Definition 2.1.1 are satisfied.

1. We show for the symmetry condition. Since d is a metric on .5, then

d(a,b)

m(d,a,b) =

for all a,b € S and § > 0. Hence m(d, a,b) is symmetric.

2. Since d is a metric on S, then if a = b, then we have d(a,b) = 0. Therefore m(d,a,b) = 0 if

a=">b. Also if m(57 a, b) =0= d](f(L;S;))

, then d(a,b) = 0 implying a = b.

14
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3. We show that the triangle inequality holds. Let § > 0 and n > 0, then we have n+¢§ > n and
n—+d > 0. Since f is a non-decreasing function on (0, 00), then we have f(d +7) > f(J) and
f(6+mn) > f(n). Therefore we have

11
f@+mn) = f(9)

and furthermore we have ) )

fo+m = fo)

If we multiply (2.1) by d(a, ¢) and multiply (2.2) by d(c,b), then we have

d(a,c) d(a,c) d(c,b) d(c,b)
d .
R R I R R R ()
Moreover since d is a metric on S, which means we have d(a,b) < d(a,c) + d(c,b) for all
a,b,c €S, so
__d(a,b)
m(é +n,a,b) = o+
_ d(a,0) +d(c,b)
f(6+m)
d(a,c) d(c,b)
- fO+m)  fE+n)
d(a,c) d(c,b)
- f0) S
Finally we have
_ _d(a,b)
m(d +1n,a,b) = ot

d(a,c) d(c,b)
=@ )
=m(d,a,c) +m(n,c,b).

Hence m(d + n,a,b) < m(é,a,c) +m(n,c,b) for all a,b,c € S and 4,7 > 0.

Thus m(d,a,b) is a modular metric on S.

Example 2.1.3. [7, Example 2.4. (c)] Consider a non-empty set S. Suppose (S5,d) is a metric
space and m : (0,00) x S x S — [0, 00] is defined by

oo if 6 <d(a,b)

m(d,a,b) = )
0 ifd>d(a,b)

for all a,b € S and § > 0. Then m(4, a,b) is a modular metric on S.

15
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Proof. We show that m satisfies the properties in Definition 2.1.1.

1. If m(d,a,b) = 0, then we have 6 > d(a,b). The condition where ¢ can be strictly greater than
d(a,b) is when d(a,b) = 0 since 6 > 0. Therefore a = b since d is a metric on S.
If a = b, then d(a,b) = 0 and since § > d(a,b) = 0, then by definition of m we have
m(d,a,b) = 0.

2. To show the symmetry condition, we consider two cases (i.e. 6 < d(a,b) and § > d(a,b)).
(a) If 0 < d(a,b), then we have m(J,a,b) = co. Now since 6 < d(a,b) = d(b,a) because d is

a metric on S, then
m(d,a,b) = oo =m(d,b,a).

(b) If 6 > d(a,b), then we have m(d,a,b) = 0 and since 6 > d(a,b) = d(b,a) because d is a
metric on S, then
m(d,a,b) =0=m(4,b,a).

3. We now show that the triangle inequality holds. Let d,u > 0 and a,b,c € S. We consider
three cases (i.e. (6 > d(a,c) and p > d(c,b)), (6 > d(a,c) and p < d(c,b)) and (0 < d(a,c)
and y1 < d(c,b)).

(a) If 6 > d(a,c), > d(c,b) and 6 + p > d(a,b), then we have

m(d + p,a,b) =0
=0+0
=m(d,a,c) +m(u,c,b).

(b) If § > d(a,c), up < d(c,b) and 6 + p > d(a,b), then we have

m(d+ p,a,b) =0
<0+ 00

=m(d,a,c) +m(u,c,b).

(c¢) If § <d(a,c), p <d(c,b) and 6 + p < d(a,b), then we have

m(d + p,a,b) = oo
< 00+ 00

=m(d,a,c) +m(p,c,b).

Thus m(d + p,a,b) < m(d,a,c) +m(p,c,b). Therefore m is a modular metric on S. O

16
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2.2. Modular set

In this section we study the concept of a modular set equipped with a modular metric m. We
recall the definitions of an equivalence relation on a modular metric space and an equivalence class
of an element. Furthermore, it turns out that a modular set equipped with a metric defined on it
becomes a metric space (see Theorem 2.2.7 and Theorem 2.2.8). We also illustrate the theory of a

modular set by some basic examples.

Definition 2.2.1. [7] Let S be a non-empty set and m be a modular metric on S. Define a binary

relation ~ on S by
a~b if andonlyif 6lim m(d,a,b) =0
—00

for all a,b € S and § > 0.

Lemma 2.2.2. [7] Let S be a non-empty set. Then the binary relation a ~ b where a,b € S in

Definition 2.2.1 is an equivalence relation on S.
Proof. To show that ~ is an equivalence relation, we need to show that the properties of an
equivalence relation are satisfied (i.e. symmetry, transitivity and reflexivity).
(i) Let a € S and 6 > 0. Then m(d, a,a) = 0 since m is a modular metric. Therefore
lim m(d,a,a) =0
d—00
hence a ~ a.

(ii) Let a,b € S and § > 0. If a < b, then

lim m(d,a,b) =0 = lim m(d,b,a)

d—00 d—00

since m is a modular metric (i.e. m(d,a,b) = m(8,b,a)). Hence b < a.

(iii) Now suppose that a ~ ¢ and ¢ ~ b for all a,b,c € S. We want to show that a < b. Since m is

a modular metric, then we have

m(d,a,b) :m<g + g,a,b>
é + é b
m| 5,6,¢ m{ 5,60 ).

5 6
lim = lim m( =+
51 m(é,a,b) 61 m<2 2,a,b)

. o . J
< lim m( =,a,c) + lim m{ =,¢, b
d—00 2 d—00 2

=0-+0.

IN

Therefore
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Now
lim m(d,a,b) =0

d—00

m m . . .
hence a ~ b. Thus ~ is an equivalence relation on S.
O

Definition 2.2.3. [7] Let m be a modular metric on a non-empty set S with the equivalence relation

< defined on S above. We define an equivalence class of an element a € S as
Sp(a)={beS:b~a}

= {bGS: lim m(é,a,b):()}

d—00

and the quotient set of S with respect to ~ denoted by S/ ~ is

S/ ={Sn(a):ac S}

Definition 2.2.4. Let m be a modular metric on a non-empty set S and ~ be an equivalence

relation. If we fix a € S, set Sy,(a) = Sy, then we call the set S, a modular set.

Now we give examples of a modular set S, equipped with a modular metric m on a non-empty
set S.

Example 2.2.1. Let S be a non-empty set. Given m as a modular metric on S defined as

if b
m(d,a,b) = oo ifa#
0 ifa=0d

for all a,b € S and 6 > 0. Then its modular set is given by S,,(a) = {a}.

Proof. From Definition 2.2.4, the modular set is defined as

Sp(a) = {b €5 : lim m(5,a,b) = o}.

d—00

Since m is a modular metric on S then

lim m(d,a,b) =0 if m(d,a,b)=0

d—00

which implies that a = b. Therefore

Spn(a) = {b €S lim m(8,a,b) = o}

d—00
={beS:a<b}
={acS:bxa}
= {a}.
Thus the modular set S,,(a) is given by Sy, (a) = {a}. O
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Example 2.2.2. [7] Consider the modular metric m in Example 2.1.2 on a metric space (S, d).

Let a € S, then a modular set of a is given by

_ Cod(ad) o d(b,a)
Sm(a)_{bes.slggo 6 _0_51520 f(é)}

for any > 0. Now there are two possibilities for lim d(a,)

f(9) is not bounded from above) and d(a,b) > 0 which would imply Sp,(a) = S or f(6) is bounded
from above and d(a,b) = 0, which would imply S,,(a) = {a} if d is a Ty-quasi-metric on S.

= 0, either f(0) — oo as 6 — oo (i.e.

Proof. (a) If f(§) — oo as § — oo, then

Sp(a) = {b €S lim m(s,a,b) = o}

d—00

[ d(a,b)
{resem [t -0}
) d(b,a)
=4b 0 1 =0,.
{res:im [7] =0}
Since f(d) — oo as & — oo and (Slim m(d,a,b) =0, then d(a,b) > 0. Because d(a, b) # 0, then
—00
definitely a # b. Hence S, (a) cannot be a singleton but the whole set S. Thus S, (a) = S.

(b) If f(9) » oo as & — oo, meaning f(d) € (0,00) is bounded from above, then
lim f(6) < oo whenever §— oo
d—00

hence

. 1
lim —— < oo whenever & — oo

since f(J) € (0,00). We have
- d(a,b) _
s—00 f(0)
which implies that d(a,b) = 0 and d(b,a) = 0 for all a,b € S. Now if d is a Ty-quasi-metric
on S, then d(a,b) = 0 and d(b,a) = 0 implies a = b hence

Sm(a) ={a}.

But if d is not a Ty-quasi-metric on S, then
Sm(a) # {a}.
O

Remark 2.2.5. From FExample 2.2.1 and Example 2.2.2, we can conclude that the modular set

Sm C S where S is a non-empty set.
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Lemma 2.2.6. [7] Let S be a non-empty set and m be a modular metric on S. The function
d =(5/ %) x (S) =) —[0,00] defined by

d (Sm(a), Sm(b)) = lim m(é,a,b)

d—00

whenever Sp,(a), Sm(b) € S/ <~ is a metric on the quotient set S/ ~.
Proof. We refer the reader to [7]. O

The following theorem is one of the main theorems in Chistyakov’s paper [7]. It shows that a

modular set equipped with a metric on it is a metric space.

Theorem 2.2.7. [7, Theorem 2.6.] Let S be a non-empty set and m be a modular metric on S.
The function d, : Sy, X Sp — [0,00] defined by

dm(a,b) = inf{é > 0:m(d,a,b) <}
for all a,b € S,,, then d,, is a metric on Sy,.

Proof. For us to show that d,, is a metric on .S,,, we have to show that the function d,, satisfies
all the properties of a metric. But we start by checking if d,, is well defined.

Suppose a,b € S,,. Then a < b (ie 51320 m(d,a,b) = 0). Hence the smallest value of d,, is
dm(a,b) = 0.

Furthermore for any 6 > 0 we have some ¢y > 0 such that when ¢ > dg, we have m(d,a,b) < 1.

If we let §; = max{1,do}, then m(d,a,b) <1 <4d;. So we have

dm(a,b) =inf{d > 0:m(d,a,b) <} < < 0.

This implies that d,,(a,b) is finite. Therefore d,,(a,b) € [0, 00) for all a,b € S,,. Thus the function

d.y, is well defined. We now prove that d,, is a metric.

1. If a = b where a,b € S, then m(d,a,b) = 0 for all § > 0 since m is a modular metric on S.

Then we have

dm(a,b) =inf{é > 0:m(d,a,b) <4}
=0.

Therefore d,,,(a,b) = 0. If d,,(a,b) = 0, then
dm(a,b) =inf{é > 0:m(d,a,b) <4}

0 =inf{o > 0:m(d,a,b) <d}.

This implies that m(d,a,b) = 0 since § # 0. This means that a = b because m is a modular

metric on S.
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2. We prove the symmetry condition. Since m is a modular metric on S, then m possesses the

symmetry property. Thus we have

dm(a,b) =inf{é > 0:m(d,a,b) <}
=inf{d > 0: m(4,b,a) < d}
=dn(b,a)

Therefore d,,,(a,b) = dn (b, a).
3. Now we prove the triangle inequality (i.e. dy,(a,b) < dn(a,c)+ dn(c,b) for all a,b,c € Sy,).

By the definition of d,,,, for any 4,y > 0 we have
dm(a,b) <o and dm(c,b) <~
and furthermore we have
m(d,a,b) <6 and m(vy,c,b) <.
Since m is a modular metric on S, then

m(6 +,a,b) <m(d,a,c)+m(y,cb)
<d0+7.

Moreover by the definition of d,,(a, b) it follows that
dp(a,b) <6+ 7.
Furthermore

dm(a,b) = inf{d,y > 0:m(d +v,a,b) <d+~}
<inf{é > 0:m(6,a,c) <6} +inf{y > 0:m(y,c,b) <~}
= dm(a,c) + dpn(c,b).

Therefore we have
dm(a,b) < dp(a,c)+ dp(e,b) forall a,b,c€ S, and d,v>0.
Thus d,,, is a metric on the set on S,,. O]

We now give examples for Theorem 2.2.7.

Example 2.2.3. [7, Example 2.7. (a)] Let S be a non-empty set and m be a modular metric
on S. Consider the metric d,,, on a modular set S, in Theorem 2.2.7. If we let S,, = {a}, then
dm(a,b) =0 for all a,b € Sy,.
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Proof. Let a,b € Sy, and 6 > 0. If S,,, = {a}, then a = b since S,, is a singleton. Now, by definition

of d,,, we have

dm(a,b) =inf{é > 0:m(d,a,b) <}
=inf{d > 0:m(6,a,a) <4}
=0

since m(d,a,a) = 0 as m is a modular metric on S.

Thus d,,(a,b) = 0 for all a,b € S,,. O

Example 2.2.4. [7, Example 2.7. (b)] Consider the modular metric m in Example 2.1.2 on a
metric space (S,d). If f(9) is bounded from above, then S,, = Sy,(a) = {a}. Hence d,,(a,b) =0
for all a,b € S,,.

Proof. The proof is the same as that of Example 2.2.2. O

Example 2.2.5. [7, Example 2.7. (c)] Given the modular metric m in Example 2.1.2 on a metric
space (9,d). Let a,b € Sy,. If f(J) is not bounded from above (i.e. f(d) — oo as § — oo ), then

Sm =25 and dm(a,b) = g '[d(a,b)]
where g is a strictly increasing function defined on g : (0,00) — (0,00) by

9(8) = (9

for all § > 0 and g~! is the inverse function of g.

Proof. We leave the proof of S,, = S to the reader. We show that d,,(a,b) = g~*[d(a,b)].

Let a,b € S,,. From Example 2.1.2, m(d,a,b) = d!}(:é(’;;)) and by definition of d,,, we have
dm(a,b) =inf{é > 0:m(d,a,b) <}

Cin d(a,b)
= f{5>0. £00) S&}
=inf{é > 0:d(a,b) <5f(5)}.

Since g(6) = 6 f(6), then we have
dpm(a,b) =inf{é > 0:d(a,b) < g(d)}.

Since ¢ is strictly an increasing function on (0, 00), then d,,(a,b) < g(§) implies that g~ *[d(a, b)] < J.

Therefore
dm(a,b) = inf{6 > 0: g 'd(a,b)] < 6}
=g~ '[d(a,)].
Thus we have established that d,,(a,b) = g~*[d(a,b)]. O
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Example 2.2.6. [7, Example 2.7. (d)] Consider the modular metric m in Example 2.1.2 on a
metric space (5, d), where S = R and d(a, b) is the usual metric on R. Then

la — 0]

f(9)

m(d,a,b) =

is a modular metric on R for all a,b € R and § > 0.

Let f(0) = 0* where u > 0 is an arbitrary constant such that f(J) — oo as  — oo, then
1

dyn(a,b) = [d(a, b)] utl,

Proof. We refer the reader to Example 2.1.2 for the proof that
|a — ]
f(6)

m(d,a,b) =

is a modular metric on R.

1
Now we want to show that d,,(a,b) = |a — b|=+T.

From definition of d,,, we have

dm(a,b) =inf{é > 0:m(d,a,b) <d}

:inf{6>0: d}?(’;;) 55}
:inf{5>0: ’“(Wb' gd}

=inf{0 > 0:|a—b| <"}
= inf{5 > 0: |a — b|7+1 < 5.
Thus

dy(a,b) = |a — b5

1

_ [d(a, b)] o

O]

Example 2.2.7. [7, Example 2.7. (d)] Let R be a set of real numbers and ¢(a, b) be a usual metric
in R for all a,b € R. Let u be a positive constant and let f(J) = 0%, then

.0y — A0) _ aa.D

f(9) o

is a modular metric on R. Since a € R, then R,,(a) = R and

1

dm(a7 b) = [q(av b)] urt
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The next theorem is one of the main theorems in Chistyakov’s paper [7]. It shows that a modular
set equipped with a metric defined on it is a metric space. Later we will present a corollary
(see Corollary 2.2.9 on page 26) where we show that the metric d,, in Theorem 2.2.7 is equivalent

to metric D,,, in the Theorem 2.2.8. Moreover, we give examples to illustrate these theorems.

Theorem 2.2.8. [7, Theorem 2.8.] Let S be a non-empty set and m be a modular metric defined
on S. The function Dy, : Sy X Sy — [0, 00) defined by

Dy (a,b) =inf{é >0:6+ m(d,a,b)}
for all a,b € Sy, and 6 > 0 is a metric on Sp,.

Proof. We want to show that (S,,, D,,) is a metric space. Firstly we need to show that D,, is well
defined then proceed to show that the function D,, satisfies the properties of a metric.

Let us show that D,, is well defined. Suppose a,b € S;,. Then by Definition 2.2.3, we get that
m(8,a,b) in S, is finite. Thus the set {6 > 0: § +m(d,a,b)} is a non-empty subset of R* (i.e. the
set of positive real numbers ) and is bounded below. Hence D,,(a,b) € [0,00). Therefore D,, is
well defined.

We now show that D,, is a metric on S,,.

(i) If @ = b, then
Dp(a,b) =inf{6 >0:6+ m(d,a,b) =45}

because m is a modular metric and m(d, a,b) = 0 if and only if a = b for all a,b € S,,,. Hence
Dy, (a,b) = 0.

We want to show that if Dy,(a,b) =0 then a = b.
Let a,b € S,, and Dy,(a,b) = 0. For us to show that a = b, it is sufficient to show that
m(d,a,b) =0 for all § > 0. We show this by contradiction. Suppose there exists some §y > 0
such that for § > dp, we have

m(do, a, b) > 0.

Therefore § +m(d,a,b) > dyg. But if § < &g, then from Lemma 2.1.5 we have
m(507 a, b) < m(& a, b) <o+ m(57 a, b)

Let 61 = min{dp, m(dp, a,b)} for all § > 0. Then we have 6 +m(d, a,b) > ;. But by definition
of D,,, we have
Dy (a,b) =inf{é > 0:0+ m(d,a,b) > }.

This is a contradiction to the assumption that m(dp,a,b) > 0. Thus m(d,a,b) = 0 for all

0 > 0. Hence a = b since m is a modular metric on S,,.
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(ii) We show the symmetry property for D,, for a,b € S,,.

Dy (a,b) =inf{é >0:6+m(d,a,b)}
=inf{d >0:5+m(d,b,a)}
= Dm(ba CL)

since m is a modular metric and possesses the property m(d,a,b) = m(d,b,a). Therefore
Dy, (a,b) = Dy, (b, a).

(iii) We show the triangle inequality. According to the definition of D,,, for any € > 0, there exist
d =d(e) > 0 and v = 7(e) > 0 such that § +m(d,a,c) < Dy,(a,c) + € and v+ m(y,a,¢) <
Dy, (a,c) + e. Thus

Dy(a,b) < (0+7v)+m(6+,a,b)
<d4+v+m(d,a,c)+m(y,cb)
< Dp(a,c) + €+ Dp,(c,b) + €
= Dy(a,c) + Dp(c,b) + 2¢
= Dy (a,c) + Dp(c,b) as e — 0.

Therefore Dy, (a,b) < Dp,(a,c) + Dp(c,b) for all a,b,c € Sy,.

Thus D,, is a metric on Sy, and the pair (Sy,, D,,) is a metric space of modular m. ]

Example 2.2.8. [7, Example 2.9. (a)] Let S be a non-empty set. Given the modular metric m

defined in Example 2.1.2 as
d(a,b)

m(d,a,b) = @)

If f(0) = 6" where u > 0 is some constant, then

1

—u pras
Do) = -+ D [ d(a,)]
for all a,b € S, and 6,y > 0.

Proof. According to Theorem 2.2.8, D,, is defined as
Dp,(a,b) =inf{6d > 0:6+ m(d,a,b)}.

Substituting m and f(J) we get

Dyn(a, b) :inf{5 >0:0+ dﬁfé’é?)}
:inf{5>0:6+d(§;b)}.
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d(a,b)
o

Let ¢(8) =6 + . So we have

Dy, (a,b) =inf{d > 0: ¢()}.

The first derivative of ¢ with respect to ¢ yields

, d(a,b
#(6)=1- u(§3+1).

1
The derivative ¢/(§) = 0 only at the point dy = [ud(a,b)]"*T. Now, ¢/(§) < 0 for all § < dy and
¢'(6) > 0 for all § > dp. This implies that the slope of the ¢(d) changes from negative to positive
at the point (dg, ¢(do)). This implies that dp is a global minimum on the interval (0, c0). Therefore

at the global minimum, we have

Dy, (a,b) = inf

Thus at the global minimum,
—u 1
Dy, (a,b) = inf {(5 >0: (u+ 1)uwtt [d(% b)] sy }

O

Corollary 2.2.9. [7, Theorem 2.8. (b)] If d, is the metric in Theorem 2.2.7 and D, is the metric

in Theorem 2.2.8, then we have
dpm(a,b) < Dp,(a,b) < 2d,,(a,b)
for all a,b € Sy,.

Proof. We want to show that dp,(a,b) < Dy,(a,b) < 2dpy(a,b). Firstly we show that d,,(a,b) <
Dy, (a,b) and then show that D,,(a,b) < 2d,,(a,b).

(i) We show that d,,(a,b) < Dy,(a,b). Let 6 > 0 and if m(d,a,b) < §, then by definition of d,,
in Theorem 2.2.7, we have d,,(a,b) < 4. If m(d,a,b) > 0, then

dm(a,b) < m(d,a,bd).

Let v = m(d,a,b). Therefore we have 0 < § < v and d,(a,b) < . From Lemma 2.1.5, we
have m(vy, a,b) < m(d,a,b) =+ which implies that d,(a,b) <~y =m(y,a,b).
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Thus for any é > 0, we have
dm(a,b) < max{d,m(d,a,b)}
=46+ m(6,a,b).
Taking the infimum over all § > 0, we get
dm(a,b) <inf{d >0:0+ m(d,a,b)}
for all a,b € Sy,. Hence d,(a,b) < Dy,(a,b).

(i) Now we show that D,,(a,b) < 2d,,(a,b).
From Theorem 2.2.7, we have d,,(a,b) < § and m(9,a,b) < ¢ for § > 0. From Theorem 2.2.8,
we have

Dy, (a,b) <6 +m(6,a,b) <20
since m(9, a,b) < ¢§. Taking the limit as 6 — d,(a,b), we get
Dy(a,b) < 2dp,(a,b).
Thus dy,(a,b) < Dp(a,b) < 2d,,(a,b) for all a,b € Sy,.

O]

In the next example, we want to illustrate Corollary 2.2.9 using the metric space (Sy,, Dy,) in Ex-

ample 2.2.8 and the metric space (Sy,, d,,) in Example 2.2.6.

Example 2.2.9. If D,, is a metric in Example 2.2.8 and d,, is a metric in Example 2.2.6, then we
have
dpm(a,b) < Dp,(a,b) < 2d,,(a,b)

for all a,b € S,,.

Proof. We want to show that d,(a,b) < D,,(a,b) < 2d,,(a,b). We first show that
dm(a,b) < Dp,(a,b) and then show that D,,(a,b) < 2d,,(a,b).

(i) From Example 2.2.6, d,, is given by
dm(a,b) = [d(a, b)] =T
and from Example 2.2.8, D,, is given by
Dyn(a,b) = (u + 1)uis [d(a, b)] 7.
Comparing d,(a,b) and Dy,(a,b), they both have the part [d(a,b)] T, Now looking at the
factor (u + 1)uu;+u1 in Dy, (a,b), where u > 0, then we have

lg(u—i—l)uu;:lSQ for all u>0.
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This implies that D,,(a,b) is obtained by multiplying d,,(a, b) by (u-+ 1)uu;+u1 which is greater
than one. Hence d,,(a,b) < D,,(a,b).

(ii) We want to show that D,,(a,b) < 2d,,(a,b). If u = 1, then by definition of d,,(a,b) in

Example 2.2.6 we have

N

dm(a,b) = [d(a,b)]? = v/d(a,b)
and by definition of Dy, (a,b) in Example 2.2.8 we have

-1

Dy, (a,b) = (1 +1)(1)2 [d(a,b)]

N

= 2+/d(a,b)

for all a,b € S,,. Hence D,,(a,b) < 2d,,(a,b).
Thus d,,(a,b) < Dy,(a,b) < 2d,,(a,b) for all a,b € Sy,.
O

Theorem 2.2.10. [7, Theorem 2.10. (a)] Let m be a modular metric on a non-empty set S. Let
dp, be a metric on a modular set Sp,. If dn(a,b) < &, then

m(d,a,b) < dp(a,b) <o
for all a,b € Sy, and 6 > 0.

Proof. Consider v > 0 such that d,,(a,b) <~y < 6 for all a,b € S, and § > 0. By definition of d,,
in Theorem 2.2.7, then

m(vy,a,b) <~

and by Lemma 2.1.5, we have
m(d,a,b) < m(y,a,b)

hence

m(d,a,b) <.

Now, as v — dp,(a,b), we have
m(d,a,b) < dp(a,b) <o

Corollary 2.2.11. [7, Theorem 2.10. (b)] Let S be a non-empty set and m be a modular metric

defined on S. Consider d,, to be a metric on a modular set Sy,. If m(d,a,b) =4, then
dm(a,b) =9

for all a,b € S, and 6 > 0.
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Proof. By the definition of d,, in Theorem 2.2.7,
dm(a,b) <.
According to the previous theorem, Theorem 2.2.10, if we let m(4,a,b) = §, then

dpm(a,b) = 0.

2.3. Convex modular metric space

In this section, we look at the convexity of a non-empty set S endowed with a modular metric.

Definition 2.3.1. Let S be a non-empty set. A function m : (0,00) x S xS — [0,00] is said to be

a convex modular metric on S if it satisfies
1. m(d,a,b) =m(d,b,a) for 6§ >0 and a,b € S,
2. m(0,a,b) =0 if and only if a =0 for all a,b € S and § > 0,
5
3. m(0+ p,a,b) < mm((s, a,c)+ ﬁm(u, ¢, b) for all 6, > 0 and a,b,c € S.
We note that axiom (3) of Definition 2.3.1 implies property (3) of Definition 2.1.1 hence convex

modular metric is a modular metric which is convex.

Lemma 2.3.2. Let m be a modular metric on a non-empty set S. Then m is convex if and only

if the function m(0,a,b) = d0m(d,a,b) is a modular metric on S for all a,b € S and § > 0.

Proof. Suppose m is convex. We prove that m is a modular metric on S.

(i) If a,b € S and § > 0, then
m(d,a,b) = om(d,a,b)
= om(0,b,a)
=1m(d,b,a).
(ii) If m(d,a,b) =0 = dm(d,a,b) then a = b and it is obvious that if a = b then m(d, a,b) = 0.
(iii) We now prove the triangle inequality.
m(0 + p,a,b) = (6 + p)m(d + p, a,b)

)
< (6+p) <Mm(5a a,c) + ﬁm(ﬂa ¢, b))-
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Since m is convex, then

m(d + w,a,b) <om(d,a,c) + um(u,c,b)
m((S + s a, b) < m(57 a, C) + m(l% ¢, b)

Now we suppose that /m is a modular metric on S and we prove that m is convex on S. Since M is

a modular metric on .S, then we have
m(d + p,a,b) < m(d,a,c)+ 1m(u,c,b)
which implies that
(0 4+ p)m(6 + p, a,b) < dm(d,a,c) + pm(p, c,b).
Dividing throughout with (§ + ), then we have

0 7
+ < - e ,
m(d + p,a,b) < 5 Mm(é, a,c) + 5 Ium(,u, ¢, b)

Therefore m is convex on S. O

We now give examples of a convex modular metric on S.

Example 2.3.1. Consider the modular metric in Example 2.1.2.
If f(§) =6 (and not f(0) =1 for all 6 > 0), then

d(a,b)

m(d,a,b) = 5

is a convex modular metric on S for all a,b € S and 6 > 0.

Proof. To show that m is a convex modular metric on S, we need to show that m satisfies the

axioms in Definition 2.3.1.

1. If a = b, then

d(a,b)
)

because d(a,b) is a metric on S and d(a,b) = 0 if and only if a = b.

Then m(d, a,b) = 0.

m(d,a,b) = =0

If m(6,a,b) =0, then

which implies that d(a,b) = 0. Now since d(a, b) is a metric on S, then a = b.
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2. For the symmetry condition, we have

S
—

m(d,a,b) = ab

o
(b,a

0
=m(4,b,a)

QU
~—

since d(a, b) is a metric on S and d(a,b) = d(b,a). Hence m(4, a,b) = m(d, b, a).
3. Since d(a,b) is a metric on S, then d(a,b) < d(a,c) 4+ d(c,b). Then we have

d(a,b)
O+ p
< d(a,c) +d(c,b)
- O+
d(a,c)  d(e,b)
= +
o+p  d+p
0 d(a,c) o d(e,b)
04+ p 6 S+u p

m(d + p,a,b) =

0 p
= —m(J — b).
Thus m(§ + p,a,b) < Lm(é a,c) + Lm( ¢, b)
/’1” 9 — 5 _"_ u 9y 9 5 _"_ M /’L7 9y *
Hence m(9, a,b) is a convex modular metric on S. O

Example 2.3.2. Given the modular metric in Example 2.1.2, if f(§) = 1, then m(4, a,b) is not a

convex modular metric on S for all a,b € S and d > 0.

Proof. If f(6) =1, for any 6 > 0, then we have
m(d,a,b) = d(a,b).

Since d(a, b) is only a metric on S and d(a, b) does not posses the convexity property, thus m(d, a, b)

is not a convex modular metric. O

Example 2.3.3. Let (5,d) be a metric space and the function ¢ : [0,00] — [0, 0] be a convex

m(8,a,b) = g<d(0g b))

is a convex modular metric on S for all a,b € .S and § > 0.

function. Then

Proof. To show that m(d, a,b) is a convex modular metric, we need to prove that m(d, a,b) satisfies

the properties of Definition 2.3.1.
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1. If a = b, then

since d(a, b) is a metric on S and d(a,b) = 0 if a = b. Thus m(,a,b) = 0.

If m(6,a,b) =0, then
_ (d(a,b)
0= g( 5 )

d(a,b
Now g d(c;,b) = 0 if and only if m(s’) = 0, which implies that d(a,b) = 0. Moreover, if d

is a metric on S, then d(a,b) = 0 implies that a = b.
Thus a = b.

2. For the symmetry condition

since d is a metric on S and d(a,b) = d(b, a).

J p
3. Lastl t to show that m(8 b) < —"—m(5,a,¢) + ——m(u, c,b). We h
astly, we want to show that m(§ + u, a, )75+Mm( ,a c)+5+um(uc ). We have

since d is a metric on S and d(a,b) < d(a,c) + d(¢,b) and g is convex. Moreover, we have

m(8 + 1, 0,b) < —2 g(d(c;,c)>+ p g<d(cvb)>

T 0+ 0+ p 7
J p
= mm(d,a, c)+ mm(u, ¢,b).

4
Thus we have m(6§ + p, a,b) < mm(é, a,c) + ﬁm(u, e, b).

Hence m(d, a,b) is a convex modular metric on S for all a,b € S and 6 > 0.
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O]

The following lemma can be compared to Lemma 3.2.5 (see page 47).

Lemma 2.3.3. Let S be a non-empty set and m be a convexr modular metric on S. The function
A (0,00) — [0, 00] defined by
A(0) = dm(d,a,b)

for all 6 > 0 and a,b € S is non-increasing.

Proof. Let a,b € S and 0, u € (0,00) with § > p. Since 6 —p > 0 and m is a convex modular metric

on S, we have
m(57 a, b) = m((S — M + M, a, b)
< 7771((5 - a a) + %m(lu’a a, b)

Therefore we have

Hence
A(0) = om(d, a,b) < pm(u, a,b).

O

In the next section, we look at modular sets defined in a convex setting which Chistyakov called
modular sets of a convex modular metric on set S and denoted them as S},. Subsequently we
look at the relationship between a modular set of a modular metric and a modular set of a convex

modular metric.

2.4. Modular set of a convex modular metric space

Definition 2.4.1. Let m be a modular metric on an empty set S together with the modular set Sy,.
Let a € S, we define the set S}, (a) by

Sr(a)={be S:30 >0,m(d,a,b) < oo}.

For alla € S, we set Sy, = Sy, (a).

Remark 2.4.2. It is clear that from Section 2.2, the modular set Sy, C S}, that is, in general the

inclusion is strict.

Example 2.4.1. Given the modular metric m in Example 2.1.2 on a metric space (5, d), if S = {a},
then we have
Sm = {a} and Sy(a)=2S,, =5

33



Chapter 2

Proposition 2.4.3. If m is a convexr modular metric on a non-empty set S, then
Sm(a) = Sp(a)
foralla € S.

Proof. From Remark 2.4.2, we have S;,(a) C S}, (a), then we have only to show that Sp,(a) 2 S}, (a)
to show that Sy,(a) = S, (a). Let b € S} (a). Then we have m(y,a,b) < oo for some v > 0. For
any ¢ > vy, we have m(d,a,b) < ¥m(v,a,b). Since A(J) is a non-increasing function from Lemma
2.3.3, then

lim m(6,a,b) < lim lm(%a,b) = 0.
6—00 §—00 0

Therefore b € Sy, (a). This shows that S,,(a) 2 Sk, (a), hence S,,(a) = Sk (a). O

Remark 2.4.4. If m is a convexr modular metric on a non-empty set S and a € S, then

Si(a) = {b € S:35>0,m(8,a,b) < oo}
={be S:35>0,6m(5a,b) < oo}
={be S:36>0,m(dab) < oo}
= §* .

Hence S, (a) = S}, (a).

Remark 2.4.5. If m is a convexr modular metric on a non-empty set S and a,b € S, then

dyp(a,b) = inf{é6 > 0:m(d,a,b) <4}
=inf{é > 0:m(d,a,b) <4}
= inf{é > 0:m(d,a,b) < 1}.

Theorem 2.4.6. Let m be a convex modular metric on a non-empty set S. Then the function d,
defined by
dy, =inf{d > 0:m(,a,b) <1}

for all a,b € S}, is a metric on S7,.

Proof. We firstly show that dy, is well defined and then show that d},, satisfies the properties of a
metric. Let a,b € S},. Then there exists d,y > 0 such that

m(d,a,b) < oo and m(y,a,b) < oo.
Let u > 0 such that 1 > § 4+ 7. Since m is convex, we have

pm(p, a,b) > (6 4+ 7) +m(s +7,a,b)
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and 5
m(6 +,a,b) < gf;j§7n(5aa»c)‘+'5{%ﬁ;’”(7,0,b)
then
0 gl
m(:u’ a, b) < *m(év a, C) + 7m(75 ¢, b)
1Y Y
Moreover

d
lim m(p,a,b) < lim —m(d,a,c) + lim lm('y, e, b).

H—00 p—00 i H—00 L1
Hence li_>m m(p,a,b) = 0. By Lemma 2.3.3, A\(J) is non-increasing, then there exists p > po such
U—00

that m(uo,a,b) < 1. So d},(a,b) < po < co. Therefore d7, is well defined.
Now we show that d}, satisfies the properties of a metric.
(i) The symmetry condition is obvious i.e. d} (a,b) = d}, (b, a).

(ii) If @ = b, then m(d,a,b) = 0, hence d}, (a,b) =0 < 1. If d},(a,b) = 0, then m(d,a,b) <1 for
some 6 > 0. Let p > 0 such that § > p. It follows that

m(3,a,b) < Sm(u,a,b) < .
Since A(d) is non-increasing. Now we have
lim m(d,a,b) < lim K_o.

Thus m(d,a,b) = 0 for all § > 0. Hence a = b.

(iii) Now we show that the triangle inequality holds. Let 6 > d}, (a,c) and v > d,(c,b). By

definition of d,, we have

m(d,a,c) <1 and m(vy,c,b) < 1.

Since m is a convex modular metric, we have

m(8 + 7, a,b) < m@m@+—l;mw@w.

0+ 0+

Therefore we have
~

— =1
o+

1)
<7
m(d +,a,b) < 54_7—&-

This implies d,(a,b) < 6 + . Hence d},(a,b) < d¥ (a,c) + d},(c,b).
O

Theorem 2.4.7. Let m be a conver modular metric on a non-empty set S. Then the function

Dy, Sy x Sk —[0,00) defined by
Dy, (a,b) =inf{é > 0:6 4+ dm(d,a,b)}

for all a,b € S¥, is a metric on S,. Hence the pair (S, Dy,) is a metric space.
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Proof. Before we prove that D}, satisfies the axioms of a metric we start by showing that D}, is
well defined.

The set {6 > 0: 0+ 0m(d, a,b)} is non-empty and bounded from above (i.e 0 < D} (a,b) < oo) for
all a,b € S},. Hence the function D}, is well defined.

1. If @ = b, then by definition of D}, we have
D;.(a,b) =inf{6 > 0:6+ ém(d,a,b)}
=inf{0 >0:040(0)}
=inf{d > 0: 6}
=0
since m(4, a,b) is a convex modular metric m(d,a,b) =0 if a = b.
If D}, (a,b) =0, then we have

0=inf{d >0:6+dm(d,a,b)}.

Since 0 # 0, then m(d,a,b) = 0 which implies a = b for § > 0 and S},. Suppose on the
contrary, we have m(dp, a,b) > 0 for some dy. Now if § > dp, then § + édm(é,a,b) > 0. So we

have
{§>0:6+m(6,a,b)} > do.

If 0 < 6 < dg, then by Lemma 2.3.3, we have
dom(do, a,b) < dm(d,a,b) <6+ dm(d,a,b).
Now, for all 6 > 0, we have
d 4+ dm(4,a,b) > min{dy, dom(do, a,b)}.
Let min{dg, dom(dp, a,b)} = 1, then we have
Dy, (a,b) > 61

which is a contradiction since D}, (a,b) = 0. Thus m(,a,b) = 0 which suggests that a = b
for all 6 > 0. Thus a = b.

2. We have m(d,a,b) = m(d,b,a) since m is a convex modular metric. By definition of D}, we

have
Dy (a,b) =inf{é6 > 0:6 4 om(d,a,b)}

=inf{d >0:6+dm(d,b,a)}
= D} (b,a).
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3. We want to show that D} (a,b) < D} (a,c)+ D} (c,b). Let a,b € S}, and 6 > 0, by definition
of D}, we can find that § = d(e) > 0 and v = 7(e) > 0 for some € > 0 such that

d +dm(d,a,c) < Dy (a,b) + €
and
v+ ym(y,¢,b) > Dy (c,b) + €.
Since m is a convex modular metric, then we have
Dy (a,b) =inf{6 > 0:06+ om(J,a,b)}
<{0+7)+ (@ +7m(+7,a,b)}

0 gl
< I _
<{En+@en|srmba0+ s meen)|]
=0+ om(d,a,c) +v+ym(y,c,b)

Dr(a,c) + Dp,(c, b) 4 2¢
= D; (a,¢)+ D}, (c,b) as €—0.

Hence D}, (a,b) < D} (a,c) + D}, (¢c,b) for all a,b € S},.

Thus D, is a metric on S}, and the pair (S}, D})) is a metric space.
O

Corollary 2.4.8. Let m be a convexr modular metric on S. Suppose d}, is a metric defined in

Theorem 2.4.6 and D}, is a metric defined in Theorem 2.4.7, then
dy.(a,b) < D; (a,b) < 2d; (a,b)

for all a,b e S;,.

Proof. We will firstly show that d, (a,b) < Dy (a,b) then later show that D} (a,b) < 2d7, (a,b).

1. We want to illustrate that d} (a,b) < D} (a,b). Suppose § > 0 and m(d,a,b) < 1, then
by definition of d,(a,b) we have d} (a,b) < 6. But if m(d,a,b) > 1 for some 6 > 0, then
dr. (a,b) < om(0,a,b).

Let u = dm(d,a,b) such that 0 < § < u, then by Lemma 2.3.3,

pum(p, e,b) < om(d,a,b) = p
since . = dm(d,a,b). Dividing by u both sides we get that
m(u,a,b) < 1.
Thus d},(a,b) < u = 0m(d,a,b), which implies that

dy,(a,b) < max{d,dm(d,a,b)}
<o+ dm(d,a,b) for all 6 >0.
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But since by definition of D}, D (a,b) = inf{d > 0: 6+ Im(d,a,b)}, then we have d}, < D},
for all a,b € S7,.

2. Now we want to show that D} (a,b) < 2d (a,b).

From definition of d},(a,b), we note that m(d,a,b) <1 for all § > d7,(a,b). When we use the

same observation to the definition of D} (a,b), we get that
Dy (a,b) <6+ 0m(d,a,b)

<d+4(1)

< 26.
Now we let § — d (a,b), then D7 (a,b) < 20 = 2d},(a,b). Hence

Dy (a,b) < 2d;,(a,b).
Finally we have
dy.(a,b) < D} (a,b) < 2d;,(a,b)
for all a,b € S7,.
O

Theorem 2.4.9. [7, Theorem 3.9] Suppose m is a convexr modular metric on a non-empty set S
and let dy, and d,, be metrics defined in Theorem 2.4.6 and Theorem 2.2.7 respectively. If dy, <1
or d,, <1, then

dr.(a,b) < dp(a,b) < +/d¥ (a,b)
otherwise

d:,(a,b) < dp(a,b) <d; (a,b)

for all a,b € S},
Proof. We refer the reader to [7]. O

In the next example, we want to illustrate that in Theorem 2.4.9 if m is not convex, then the results
do not hold.

Example 2.4.2. Let (S, d) be a metric space. Let

_ _d(a,b)
m(d,a,b) = 5T da.b)

be a non-convex modular metric on .S. Then the inequalities in Theorem 2.4.9 do not hold.
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Proof. We start by substituting a non-convex modular metric in the definition of d;, and d,, then

compare.
By definition of d,,(a,b), we have

dm(a,b) =inf{é > 0:m(d,a,b) <4}
_ inf{é S0 4@ b)b) < 5}

5+ d(
=inf{6 > 0: d(a,b) < 6%+ dd(a,b)}
= inf{6 > 0:d(a,b) — 6% — éd(a,b) < 0}.

Now, solving d(a,b) — §% — §d(a,b) < 0 for § > 0, we get that

§== <\/[d(a, b)]2 + 4d(a,b) — d(a, b)).

—_

Therefore we have

don(a,b) = % <\/[d(a, D7 + dd(a,b) — d(a, b))
for all a,b € S.
By definition of d, (a, b), we have
dy,(a,b) =inf{é6 > 0:m(d,a,b) <1}
_inf{6>0 (éb))<1}

=inf{é > 0:d(a,b) <+ d(a,b)}
=inf{d >0:0 <4}
= 0.

Therefore we have d7,(a,b) = 0. Furthermore

a5 (a,b) =0<1 and dpn(a,b) = ;(\/[d(a, b))2 + 4d(a,b) — d(a, b)).

Moreover, inequalities in Theorem 2.4.9 do not hold.
Thus inequalities /d}, (a,b) < dy,(a,b) < df, (a,b) do not hold. O

2.5. Convergence in a modular space

Our next study is convergence of sequences in modular metric spaces.

Definition 2.5.1. ([7]) Let S be a non-empty set and m a metric modular on S. Consider a
sequence (a,) on modular set Sy,.
The sequence (ay) is said to converge to a € Sy, denoted as (an) — a if m(d, an,a) — 0 as n — oo

for all 6 > 0.
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Theorem 2.5.2. ([7, Theorem 2.13.]) Let S be a non-empty set and m be a modular metric on S.
If (an) is a sequence in Sy,, and a € Sy,, then dy,(an,a) = 0 asn — oo if and only if m(6, an,a) — 0
asn — oo for all § > 0.

Proof. Suppose dp,(an,a) — 0 as n — oco. Given any arbitrary € > 0, there exists n(e) € N such
that dp,(an,a) < € for all n > n(e). Since

dm(an,a) =inf{d > 0: m(d,an,a) < J}

for each € > 0 and some 6 > 0, we have two cases, either (a) 0 < e < d or (b) € > 0.

(a) If 0 < € < 0, then there exists n(e) € N such that for any n < n(e), d,(an,a) < e . We get
m(e, an,a) < € for n > n(e).
Moreover we have

m(0, an,a) < m(e,an,a) <e
for all n > n(e) since € < §. Hence m(d, an,a) — 0 as n — oo for all § > 0.

(b) If e >4, let 0 = % and we have

m(0, an,a) < m(i,an,a> <e

for n > n(e) hence m(d, an,a) — 0 as n — oo for all 6 > 0.

Suppose m(d, an,a) — 0 asn — oo for all 6 > 0. Then there exists n(J) € N such that m(4, an,a) <
d for all n > n(d). Thus d,, (0, apn,a) < § whenever n > n(d). Hence

dm(an,a) =0 as n— oo.
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Modular quasi-pseudometric spaces

In this chapter, we start our investigations on modular quasi-pseudometric spaces. Firstly, we define
a modular quasi-pseudometric and give some interesting examples, and secondly we define a convex
modular quasi-pseudometric. Thirdly, we then study convergence on modular quasi-pseudometric

spaces.

3.1. Modular quasi-pseudometric space

In this section, we define a modular quasi-pseudometric and its conjugate.

Definition 3.1.1. (Compare Definition 2.1.1) Consider a non-empty set X. A function w :
(0,00) x X x X — [0,00] is said to be a modular quasi-pseudometric on X if it satisfies the

following conditions:
(i) w(\ z,x) =0 whenever x € X and X\ € (0,00),
(i) wA+ p,z,y) <w( x,z) +w(y, z,y) whenever z,y,z € X and A\, pu € (0,00).

We shall say that w is a modular quasi-metric provided that w also satisfies the condition: whenever
z,y € X and \ € (0,00),
w(\, z,y) =0 and w(\,y,z) =0 imply = = y.

Remark 3.1.2. Let w be a modular quasi-pseudometric on a set X. Then the function
w1 (0,00)x X x X — [0, 00] defined by w= (N, z,y) = w(\,y,x) whenever z,y € X and \ € (0,00)
18 also a modular quasi-pseudometric on X that we call the conjugate modular quasi-pseudometric

of w. If w=w"", then w is a modular pseudometric on X.

Remark 3.1.3. For any quasi-(pseudo)metric modular w on X, the function
wi(\, z,y) = max{w(\, z,y), w (A, y,7)} whenever x,y € X and \ € (0,00) is a modular (pseudo)metric
on X in the sense of Chistyakov (see Definition 2.1.1).
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For any modular quasi-pseudometric w on a set X, if w = w™!, then w is a modular pseudometric
on X.

The following result is an asymmetric version of Lemma 2.1.5.

Lemma 3.1.4. If w is a modular quasi-pseudometric on a non-empty set X, then the function
¢ 1 (0,00) — [0,00] defined by ¢p(N) = w(\, z,y) whenever x,y € X and A € (0,00) is non-

Increasing.
Proof. Let z,y € X and A\, u € (0,00) with p < A. Since A — p > 0, we have

PN =wA\ z,y) =wA —p+p,x,y) <wA—p,r,x) +w(p,z,y)

by Definition 3.1.1(ii). It follows that

P(A) = wA z,y) <w(p, z,y) = ¢(u)
since w(A — p,z,x) = 0 as w is a modular quasi-pseudometric. Therefore ¢ is a non-increasing

function. O

Example 3.1.1. Let X = R. We define w : (0,00) x R x R — [0, 00| by

0 ) oo ifx>y
w ) x’ =
Y 0 otherwise

whenever A > 0. Then w is a modular quasi-metric on R. Furthermore, the symmetrized w® of w

is exactly the metric modular in Example 2.1.1.

Example 3.1.2. Let (X, d) be a quasi-(pseudo)metric space and v : (0,00) — (0,00) be a
non-decreasing function. Then the function w : (0,00) x X x X — [0, 0c| defined by

w(X, z,y) =
is a modular quasi-(pseudo)metric on X.

Proof. For any A > 0 and for any x € X, it is easy to see that w(\, z,x) = 0 since 1(\) # 0 and
d is a quasi-pseudometric on X.
Let us check that w satisfies condition (ii) of Definition 3.1.1. Let z,y,z € X and A, u > 0. Since,

1 is a non-decreasing function on (0,00), we have
1

1 1 1
PN R o R o wan R o

since A < A+ p and g < A+ p. By the triangle inequality of d, we have d(z,y) < d(z, z) + d(z, y).
It follows that

d(x,y) d(x, 2) + d(z,y) d(x,2)  d(zy)
TN B 7 6 w7y T 6V M B
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Therefore w(A + p,z,y) < w(\, z,2) + w(u, z,y) whenever z,y,z € X and A, u > 0. Furthermore,
if d is a quasi-metric and A > 0, then w(\, z,y) = 0 and w(\,y,z) = 0 imply d(z,y) = 0 and
d(y,x) = 0 which in turn imply that = = y. O

Remark 3.1.5. Observe that the w® of Example 3.1.2 is exactly the same as in Example 2.1.2.

Let w be a modular quasi-pseudometric on a non-empty set X. We define the relation ~ on X by

T~ Yy if and only if lim w(\, z,y) = 0= lim w(\,y,x).
A—00 A—00

Lemma 3.1.6. If w is a modular quasi-pseudometric on a non-empty set X, then the relation ~

defined above is an equivalence relation on X.

Proof. Since w is a modular quasi-pseudometric, then w(\, z,z) = 0 whenever z € X and A > 0.
It follows that

lim w(\, z,z) = 0.
A—00

w
So z =~ .

One observes that = is symmetric from the definition.

Let z,y,z € X, ifx % 7z and z ~ y, then we prove that x ~ y. Since x % z then

lim w(A,x,z> =0= lim w(A,z,x>
=00 2 =00 2

i (o) =0= e
im w| -, 2, =0= lim w(| =,y,2 ).
yose A2 yoee 277

2

. w
and since z = y then

We have w(, z,y) = w(é + ’Q\,x,y> < w(é,m,z) + (%,z,y) since w satisfies condition (ii) of
Definition 3.1.1. Hence
lim w(\, z,y) =0.

200
Similarly, one shows that

lim w(\,y,z) =0.

A
500

Therefore z ~ V.

O

Thus for any modular quasi-pseudometric w on a non-empty set X, the relation ~ is an equivalence
relation on X. Then for any z € X, we denote by X,,(z) ={y € X 1y ~ x} the equivalence class
of z and the quotient set is denoted by X/ ~ . Consider an element xo € X, we set X, = Xy (x0).

Then the set X, is called a modular set.
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Example 3.1.3. Let (X, d) be a quasi-pseudometric space and w be the modular quasi-pseudometric
in Example 3.1.2. Let a € X. Then

. d(x,a) . d(a,m)
Xw(a):{xEX',\h—?;o ey —O—/\h_>n;O ey }

(a) If ¥ (A\) — oo whenever A — oo, then

i 4% @) _

and
d(z,a)

o ey =0

Therefore, X, (a) = X.

(b) If ¢ is bounded above, then /\lim P(A) < oo. It follows that d(z,a) =0 and d(a,z) = 0.
—00
Thus X (a) = {a} if d is To-quasimetric on X. Moreover, if d is not a Ty-quasi-pseudometric
on X, then X, (a) # {a}.

The following result can be compared with [7, Theorem 2.6].

Theorem 3.1.7. Let X be a non-empty set and w be a modular quasi-metric on X. Then the
function d,, on X, defined by

dy(z,y) =nf{\ > 0: w(\z,y) <A}
whenever x,y € Xy, is a Ty-quasi-metric on X,,.

Proof. For any z,y € X,, we have that d,(z,y) € [0,00) since x ~ xo and 79 ~ y, it follows
that = ~ y le. )\ILIIOIO w\,z,y) =0 = )\ILHJO w(A,y,x). Moreover, there exists Ao > 0 such that
w(A, z,y) < 1 whenever A > )\g. By setting A\ = max{1, Ao}, it follows that w(\,z,y) <1 < Ap.
Then dy(z,y) = inf X : w(\, z,y) < A < A\ < oco. Therefore, the function d,, is well defined. Let
x € Xy. Then we have that w(\, z,x) = 0 < XA whenever A > 0, hence dy,(x,z) = 0. Lastly we
show that the triangle inequality holds. For all z,y,z € X,,. By definition of d,(z, z), it follows
that

A > dy(z,2) and wA, z,z) < A (3.1)

whenever A\ > 0. Furthermore, d(z,y) implies
p>de(z,y)  and  w(p,z,y) < p (3.2)
whenever p > 0. Thus,

WA+ p,x,y) <w\x,z) +w(p,z,y) <A+ u
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since w is a modular quasi-metric on X. Combining inequalities (3.1) and (3.2), we have dy,(z,y) <
A+ p. It follows that

dy(z,y) < dw(z,2) + dy(z,y) whenever x,y, 2 € Xy

Now we prove that d,, is To. Suppose that dy(z,y) = 0 and dy(y,z) = 0. From dy,(z,y) = 0, it
follows that w(p,z,y) = 0 for some p > 0. It follows that for any A > 0 with 0 < p < A and by
Lemma 3.1.4, we have w(\, z,y) < w(p,z,y) = 0. Thus

w(ha,y) =0 (3.3)
whenever A\ > 0. From d,,(y,z) = 0, it follows by a similar argument that

whenever A > 0. Therefore, by combining (3.3) and (3.4), x = y since w is a modular quasi-metric
on X. O

Example 3.1.4. Consider the modular quasi-pseudometric w in Example 3.1.2 on a quasi-pseudometric
(X,d). Let a € X. Since X,, = Xy(a) = X if (X)) — oo whenever A — oo from Example 3.1.3(a).
We have that

w(z,y) = nf{\:w\ z,y) <A}

d
d
We know that w(\, z,y) = éjm(,)\c)L)

on (0,00) into (0, 00) defined by ¢(A) = A\p(A) whenever A > 0. It follows that

< A. Then ¢~ (d(z,y)) < A where ¢ is a non-decreasing function

dw(z,y) = ¢~ (d(2,y))
whenever x,y € X,,.

Example 3.1.5. Let (X,d) be a Ty- quasi-metric space and w be the modular quasi-metric in
Example 3.1.2 on (X,d). Then, X,, = Xy(a) = {a} if ¥ is bounded above. Then obviously,
dy(z,y) = 0 whenever x,y € X,,.

Example 3.1.6. Consider the set of real numbers R equipped with its usual Ty-quasimetric u
u(z,y)
\P

1
a modular quasi-metric on R. If @ € R, then R, (a) =R and dy(z,y) = [u(z,y)] 7. Moreover,

defined by u(z,y) = max{z —y,0}. Let p be positive constant, observe that w(\, z,y) = is

1
ds (z,y) = |x — y|»+T, whenever z,y € R.

Let w be a modular quasi-pseudometric on a non-empty set X. For any z,y € X, and A > 0, the

quasi-pseudometric d,, on X,, satisfies the following conditions.
(a) If dy(z,y) < A, then w(A, z,y) < dw(z,y) < X;

(b) If w(A,z,y) = A\, then dy(z,y) = A.
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3.2. Convex modular quasi-pseudometric space

This section is devoted to convexity of a non-empty set endowed with a modular quasi-pseudometric.

Definition 3.2.1. Let w be a modular quasi-pseudometric on a non-empty set X. Let xg € X.
We define X (zo) by

Xo(zo) ={x € X:3IN>0, w\z,20) <o and w(\ xg,x) < oo}.
For any xop € X, we set X, = X ().

Example 3.2.1. Consider the modular quasi-metric w in Example 3.1.2 on a Ty -quasi-metric
space (X,d). Let zp € X. Then observe that X, = X.

Remark 3.2.2. Note that for any modular quasi-pseudometric w on a non-empty set X, X,, C X .

Example 3.2.2. Let w be a modular quasi-pseudometric on a non-empty set X. We say that w

is convex on X if w satisfies the inequality for any A, u > 0,

A
?,U()\ + N7$7y) < mw()‘7$7 Z) + ﬁw(/% Zvy)

whenever z,y € X. If a modular quasi-(pseudo) metric w is convex on a set X, we say that w is a

convex modular quasi-(pseudo)metric on X.

Remark 3.2.3. Let w be a modular quasi-(pseudo) metric on X. If w is a convex modular quasi-
(pseudo) metric on X, then its conjugate modular quasi- (pseudo) metric w=' on X is convez too.

Moreover, its symmetrized (pseudo) metric modular w® is convex on X.

Lemma 3.2.4. Let w be a modular quasi-(pseudo) metric on X. Then w is convex if and only
if the function w(\, x,y) = Aw(\, z,y) is a modular quasi- (pseudo) metric on X whenever X\ > 0

and z,y € X.

Proof. We first suppose that w is convex. We prove that @ is a modular quasi-pseudometric on
X. Indeed, for any z,y,z € X and p, A > 0 we obviously have that w(\, z,z) = Aw(A, z,z) = 0.
Moreover,
A @
WA+ p,z,y) = A+ pwA+p,z,y) < (A + —w\z,2) + —w(p, z,y) |-
(uy)(ﬂ)(uy)(u)/\ﬂb( )/\+M(uy)
Thus,
WA+ p,2,y) Sw(A, z,2) +w(p, z,y) = WA z,2) + D(p, 2,9).
If w(\, z,y) =0=w(\y,x) it is evident that z = y.
Secondly, suppose that @ is a modular quasi-pseudometric. Then we prove that w is convex on X.

Let z,y,2 € X and A\, > 0. Since w is modular quasi-pseudometric on X, we have

WA+ p,7,y) < DAz, 2) + (1, 2,9)
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which implies that
A+ pwA + p, 2, y) < Aw(d, z,2) + pw(p, 2, y).
Thus

A 7
A < 2 wh - .
w(A + p, 2, y) < AJFMw( ,x,z)+)\+uw(ﬂ,z,y)

Therefore, w is convex on X. ]

The following result can be compared to Lemma 2.3.3.

Lemma 3.2.5. If w is a convex modular quasi-pseudometric on a non-empty set X, then the

function p: (0,00) — (0,00] defined by
p(A) = w(\, z,y) = MAw(X, z,y)

whenever A > 0 and z,y € X is non-increasing.

Proof. Consider z,y € X and A\, u € (0,00) with p < A. Since w is a convex modular quasipseudo-

metric on X, we have
A
w(Ap A+, ,y) < 7’%(@, T, )+ %w(u, T,y).
Moreover, we have
wihz,y) < Swluz,y).
So p(A) = A\, z,y) < pw(p, x,y) = p(p). O

Proposition 3.2.6. Let w be a modular quasi-pseudometric on a non-empty set X. If w is convex

on X, then Xy (x0) = X (xo) whenever xy € X.

Proof. Tt is sufficient to prove that X, (z9) 2 X (xo) since Xy (z9) € X (z9) from Remark 3.2.2.
Let z € X (zo). Then w(u,z,z¢) < oo and w(u,xp, x) < oo for some p > 0. For any A\ > u, we
have that

w(A, z,xy) < %w(u,x,xo)

and

w(A, g, ) < gw(ﬂ, 0, T),
since the function p is non-increasing from Lemma 3.1.4. Hence,

lim w(\, z,x0) = lim Hw()\,x,xo) =0

A—00 - A—oo A
and
. .
1 =1 — =0.
)\grolow()\,xo,x) Jim )\w(/\,:):o,:n) 0
Therefore z € X, (o). O
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Remark 3.2.7. If w is a convex modular quasi-pseudometric on a non-empty set X and xg € X,
then

Xi(zo) ={x € X :3IXN>0, w\,z,x0) <oo and WA xo,z)< oo}
={r e X:IN>0, \w(\,z,x9) <oco and Iw(A xp,z) < oo}
={reX:A>0,w\z,z9) <o and w(\ zp,x) < o0}.
So X} (x0) = X5 (20).
Moreover, whenever x,y € X (o)
dy(z,y) =nf{\ > 0: W(\, z,y) <A}
=inf{A > 0: Aw(\,z,y) < A}
=inf{A>0:w(\z,y) <1}

In the following we denote X (xo) by X with xg € X and w is convex modular quasi-pseudometric
on X.

Theorem 3.2.8. Let w be a convexr modular quasi-(pseudo)metric on a non-empty set X. Then
the function d}, defined by

dy,(x,y) =inf{\ > 0:w(\ z,y) <1}

whenever x,y € X is a quasi-(pseudo)metric on X7. Moreover, (X7, dy)) is a quasi-(pseudo)metric

space.

Proof. Let z,y € X, then there exist A > 0 and p > 0 such that
w(\, z,x0) < oo and w(A, xg,x) < o0

and

w(p,y, o) < oo and w(p,xo,y) < oo.

Let ¢ > 0 such that A + u < ¢. Since w is convex, we have

pw(p,z,y) < A+ pwA + p,z,y) (3.5)

and
wA+ p, )<L+w()\a:x)+Lw( x0,Y) (3.6)
M, 7y_/\+u 5 Ly L0 )\—i—/.l, H,T0,Y)- .

Combining inequalities (3.5) and (3.6), we have

A
w(%%y) S ;w(Aw/L‘v*/EO) + %w(ﬂaﬂfo,?/)-

Furthermore,

A
lim w(p,z,y) < lim |—w(\ z,20) + %w(,u,xo,y) =0.

p—r00 =00 | P
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Thus,

gﬁw%%w=0

It follows that there exists ¢p > 0 such that w(p,z,y) < 1 and ¢ > @g. So, di,(z,y) < vy < 0.
Therefore dy, is well defined. Let z,y,z € X . Then whenever A > 0 such that
w\z,x) =0<1, d(z,x) = 0. Moreover, let A\ > d7 (x,z) and p > d,(z,y). Then by definition

of d, we have w(\, z,2z) <1 and w(y, z,y) < 1 and since
wA+p,z,y) < Lw()\ x,z)+ Lw( 2,Y)
WX, Y) = At y Ly Xt g w2,y

we have
I

< —+t— =1
TAtu o Atp
It implies that d},(z,y) < A+ p. Hence d,(z,z) < d}/(y,z) + d},(z,y). Let w be a convex modular

w(A+ p,2,y)

quasi-metric and d} (z,y) = 0 = d}, (y, ). We prove that z = y. If &}, (z,y) = 0, then w(p,z,y) <1
for some g > 0. Let A > 0 such that 0 < p < A. If follows that

MN%@S%M%%WS§

since the function p(A) = Aw(A\, z,y) is non-increasing. We have

. .
< — =0.
ilr%w(A,x,y) < im%] 3 0

Thus w(A, z,y) = 0 whenever A\ > 0. Similarly, one shows that w(\,y,x) = 0 whenever A > 0. It

follows that x = y since w is a modular quasi-metric on X. O

3.3. Convergence in a modular quasi-pseudometric space

Definition 3.3.1. Consider a modular quasi-pseudometric w on a non-empty set X. Let X, be a

modular set corresponding to w and (x,) be a sequence on X,,.

(a) The sequence (xy,) is said to be w-convergent to x € X,, denoted by (zy,) — = if w(\, Tp,z) — 0

as n — oo whenever A > 0.

(b) The sequence () is said to be w™!-convergent to x € X,, denoted by (x,,) — z if w(\, z,x,) —

0 as n — oo whenever A >0

(¢c) The sequence (xy) is said to be left K-Cauchy if w(\, zk, zn) — 0 as k,n — oo whenever
A>0.

(d) The sequence (xy) is said to be right K-Cauchy if w(\, x,,zr) — 0 as k,n — oo whenever
A>0.

(e) The sequence (xy,) is said to be w®-Cauchy if w¥(\, xg, xn) — 0 as n, k — co whenever A > 0.
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Proposition 3.3.2. Let w be a modular quasi-pseudometric on a set X and (x,) a sequence in
Xw.

1

(a) If (zy) is w-convergent to x € Xy and (z,,) is w™ -convergent to y € X, then w(\,y,x) =0

whenever X > 0.

(b) If (xy) is w-convergent to x € Xy and w(\,y,x) = 0 whenever A > 0, then (x,) is also

w-convergent to y € Xy,.

Proof. We prove (a) and leave (b) to the reader. Suppose that (z,) is w-convergent to x. Then for

any p > 0, we have w(u, z,,z) — 0 as n — oo. Moreover, for any ¢ > 0, we have w(p,y, z,) — 0

1

as n — oo since () is w™'-convergent to y. Then

w(e + w1, y,x) < w(e,y, Tn) + w(p, Ty, x).

For any A > 0 such that A > p + ¢, we have

wAy, ) Sw(e+ p,y,x) <w(e,y, xn) +wp, Tn, ).

Thus w(A,y,x) — 0 as n — oo whenever A > 0. O

Corollary 3.3.3. If (z,,) is w™!-convergent to x* € X,, and w(\,x,y) = 0 whenever A\ > 0, then

1

() is also w™"-convergent to y € X,,.

Theorem 3.3.4. Let w be a modular quasi-pseudometric on a set X. If (z,,) is a sequence in X,
and x € Xy, then dy(xn,x) — 0 as n — oo if and only if w(\,xy,x) — 0 as n — oo whenever
A> 0.

Proof. Suppose that dy,(x,, ) — 0 as n — oco. Then for any € > 0, there exists n(e) € N such that

dy(2n, ) < € whenever n > n(e). Since
dy(Tn, ) = Inf{\ : WA, 2y, ) < A},
then for some A > 0, we have two cases (0 < e < A or e > \).

Case 1. If 0 < € < A\, then there exist n(e) € N such that for any n > n(e) such that dy(z,,z) < €.

Hence w(e, x,, x) < € whenever n > n(e). Furthermore, we have
W\, Ty, ) < w(e, zp,x) <€
whenever n > n(e), since € < X\. Thus w(\, z,,z) — 0 as n — oo whenever A > 0.

Case 2. Suppose € > A. Let A = % It follows that

A A
w(A, Tp, ) Sw(2,xn,x) < 3 <A<e

whenever n > n(e). Hence w(\, x,, ) — 0 as n — oo whenever A > 0.
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Conversely, suppose that w(\, z,,z) — 0 as n — oo whenever A > 0. Then there exists n(A) € N
such that w(\, z,, z) < X whenever n > n(\). Thus dy(x,, ) < X whenever n > n(\). Hence

dy(zn,z) >0 as n — oo.

o1
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Nonsymmetric modulars

In [14], Herda studied the equivalence between a nonsymmetric modular and symmetrized modular
from the perspective of [18] on a real linear space. In this chapter, we study nonsymmetric modulars.
Then we investigate connections between nonsymmetric modulars and modular quasi-metric on a

real linear space.

4.1. Nonsymmetric modular

Definition 4.1.1. [27] Let V be a vector space over R. A function p : V — [0,00] is said to be a

nonsymmetric modular on V if :
(i) p(0) =0,
(ii) p(aa+ pb) < p(a) + p(b) for all a,b €V and o, € [0,00) with o + 3 = 1.
We shall say that p is a Tg-nonsymmetric modular provided that p satisfies the condition that
(13i) if p(a) =0 then a =0 for all a,b € V and «, 5 € [0,00) with a + 8 = 1.
We say that p is a convex nonsymmetric modular if condition (ii) in Definition 4.1.1 is replaced by
(iv) p(aa+ Bb) < ap(a) + Bp(b) for all a,b € V and «, B € [0,00) with v + 5 = 1.

Remark 4.1.2. Let p be a nonsymmetric modular for a vector space V' over R. Then the function
p~ LV = [0,00] defined by p~'(a) = p(—a) for a €V is a nonsymmetric modular on V.. We shall
call p~! the conjugate of the nonsymmetric modular p on V. Furthermore, the function p® defined
by p*(a) = max{p(a),p~1(a)} for a € V is a modular on V. From the perspective of [18], we shall
call p* a symmetrized modular on V' ([27]).

Example 4.1.1. Let (V,||.|) be a nonsymmetric normed linear space. Then the function p(a) = ||a
for a € V is a nonsymmetric modular on V. Therefore the conjugate nonsymmetric modular p~*
on V and the symmetrized modular on V is given by

p~a) = |al| and  p°(a) =||al| respectively for a€V.
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Example 4.1.2. (Compare [14, Example 2.1]) Consider the convex real continuous function

a’> ifa>0;
—a ifa<O.

fla) =

Let S = {(an) : (an) is a sequence of real numbers}. Then the function ps : S — [0, co] defined by

pr((an)) = Z f(an)
n=1

is a nonsymmetric modular on S. The conjugate nonsymmetric modular of py is given by

p3(lan)) = 3 f(-an)

and the symmetrized modular on S is the function

Pi(an)) =) f(a)
n=1

where
a’> ifa< -1 or a>1,;
ffla)=<X a f0<a<l;
—a if-1<a<0
for all a € R.

We recall the following important lemma that can be found in [14].

Lemma 4.1.3. [14, Lemma 2.1] Let p be a nonsymmetric modular on a real linear space S. Then

we have
(a) for alla € S and 5 € [0,00), p(Ba) is a non-decreasing function.

(b) If fori e {1,...,n}, a; € S and B; > 0 with

then

p < ZZ: /Biai> < ; p(Bi)-

Let p be a nonsymmetric modular on a real linear space S. We define the set S, by

—_ AR — ; -1 —
S, —{aES.g}lL%p(ﬁa)—O and él_)H%),O (ﬁa)—()}.
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We shall call the set S, the modular set with respect to a nonsymmetric modular p and it is a

subset of 5. Furthermore we define the set S by
* . -1
S,={ae€§:38>0,p(Ba) <oo and p (Ba) < oo}

and we call the set S} a convex modular set and it is a subset of ' [14, Lemma 2.1 (c)].

Remark 4.1.4. It is important for the reader to notice that the modular set

S, = {a €S :limp(Ba)=0 and limp~t(Ba) = 0} is not the same as the subset
o B8—0 B—0

Sp={ae€S:pla) <oo and p(—a) < oo}.

The same observation goes for the convex modular set
St ={aeS:38>0,p(Ba) <oco and p~'(Ba) < oo} and the subset
?: ={a€S,:BacS, for somef >0} of S in the setting of [14].

We next prove the convexity of the modular set with respect to nonsymmetric modular and show

that the convexity of S; and S, do not rely on the symmetry property of the modular.

Remark 4.1.5. For any nonsymmetric modular p on a real linear space S, we have that S, and

S, are convex subsets of S. Let a,b € S, and real numbers 5, such that 0 < a <1. Then
p(B(aa+ (1 —a)b)) < p(Ba) + p(Bb).

Thus
éig%) p(B(aa + Bb)) = 0.

Therefore aa + (1 — a)b € S),.

Example 4.1.3. Consider a real linear space R equipped with the nonsymmetric modular p where

(a) oo if a > 0;
a) =
p 0 ifa<0

for a € R. It is obvious that in this case S, = {0} C R.

Example 4.1.4. Let S = {(ay) : (an) is a sequence of real numbers } be a real linear space.
Consider the nonsymmetric modular py on Example 4.1.2 in S. Then its corresponding convex
subset S, = S.

Remark 4.1.6. We notice that for any nonsymmetric modular p on a real linear space S, the

conver subset S, of S is a subset of the conver subset S of S.

The next lemma extends the observation in Remark 4.1.6 (see [7, p.9]) when p is convex on S.
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Lemma 4.1.7. If p is a convex nonsymmetric modular on a real linear space S, then S, = S7.

Proof. By observations from Remark 4.1.6, we have that S, C S7. So we only need to prove that
Sp 25, and this will be sufficient to prove that S, = 5.
Let a € S;. Then there exists 3 > 0 such that p(8a) < oo and p~1(Ba) < oo by the definition of

S;‘. Hence

p~(Ba) = p[B(—a) + (1 - £)0]
< Bp(—a).

Therefore
lim p~'(Ba) =0.
Similarly we can show that
Jim, p(Ba) = 0.
Hence a € S), and so S; C S),.

Therefore

O

Remark 4.1.8. We notice that for any nonsymmetric modular p on a real linear space S, we have

Sp=S,-1 and Sps = S,. Furthermore, we have S;s = S} and S, = S;,l.

The following observation is important to prove since it has some variations from symmetric mod-
ular to nonsymmetric modular point of view. This result can be compared to [14, Lemma 2.1 (d)]

since we have seen that by Remark 4.1.4 S} and S, are different.

Lemma 4.1.9. If p is a conver nonsymmetric modular on a real linear space S, then S; is a real

linear subspace of S.

Proof. We have 0 € S since p(0) =0 < oo and p~10) =0 < oo. Let a,b € S5. Then there exists
some A1 > 0 such that
p(Aa) <oo and p t(Ma) < 0.

Furthermore, there exists some Ao > 0 such that
p(Ab) < 0o and p~H(\ab) < oco.

Suppose A = min{\;, A\2}. This means % < A1 and % < Ag. Then we have

A A

p(5a+ §b) <p

. Aa) + p(Ab)

(
< p(A1a) + p(A2d)

oQ.

N
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Similarly we have
-1 ia + ib < 00
P\2%T 3 '

Hence a +b € S;.

Let § € R and a € S;. Then there exists A > 0 such that p(Aa) < oo and p~1(\a) < co. We want

to show that da € S7. If § = 0, it is obvious that 0 € S7. So we have two cases to prove.

Case 1. If § > 0, then

and

and

(
= p ' (B(—Xa))
<p H(=Xa)
=p ' (A(~a))
= p(Aa)
< o0.
Thus da € 5.
Therefore S; is a real linear subspace of S. O
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We want to look at the relationship between a nonsymmetric modular and a modular quasi-metric
on a real linear space. We want to prove that [7, Theorem 3.11] does not rely on the symmetry
property of modular and modular metric. That is, Theorem 3.11 [7] still hold on nonsymmetric
setting.

We firstly need to recall some results that have been proven by Herda [14] which can be compared

to [18, 1.21,p.52] for symmetric modulars.

Lemma 4.1.10. [14, Lemma 3.1] Let p be a nonsymmetric modular on a real linear space. Then

Ha|p:inf{5 >0 p<§) < 5}

for a € S, satisfies the following properties :

the function

(i) |lal, >0 for alla € S,,
(it) ||al, =0 if and only if a =0 for a € S,
(i) lla+bl, < llal, + [1b], for a,b € S,
(w) If a € S,, then the function ¥ (5) = ||Bal, is non-decreasing for all B >0,

(v) If a real valued sequence o, converges to o and the sequence (an) in S, converges to
acS, (i.ella, —al, = 0), then
||onan — aal, — 0.
Definition 4.1.11. Let p be a nonsymmetric modular on a real linear space. The function

llal, = inf{5 > 0 : p(%) < 5

for all a € S, is called a nonsymmetric p-norm on the modular set S,.
Remark 4.1.12. Note that

llal,~+ = lall, forall a€S,

and

HQHP = Ha‘ps fOTall a e Sps.

Remark 4.1.13. Let p be a nonsymmetric modular on a real linear space S. Then the symmetrized
F-norm ||.||, defined by
|lall, = max{]|al,, |al[,}

for all a € Sys is equivalent to the F-norm in the sense of Orliz (see [7, 12]).

Definition 4.1.14. Let p be a conver nonsymmetric modular on a real linear space. Then the

function ||.|[}, defined by
llals = inf{6 >0 p(;) < 1}

for all a € S} is called a nonsymmetric p-norm on the set S; = 5,.
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4.2. Nonsymmetric modular and modular quasi-metric space

We now study connections between nonsymmetric modulars and modular quasi-metrics on a real
linear space. This study is inspired by the work of Chistyakov [8] on modulars on a real linear

space.

The following result generalises [7, Theorem 3.11] to an asymmetric context.

Theorem 4.2.1. (compare [7, Theorem 3.11]) Let S be a real linear space. Let a function

p: S — [0,00] be a nonsymmetric modular on S. The function m : (0,00) x S x S — [0,00] is

m(3,a,b) = p(a;b).

Then the function p is a (convex) nonsymmetric modular on S if and only if the function m is a

given by

(convex) modular quasi-metric on S.

Proof. Suppose that the function p is a nonsymmetric modular on a real linear space S. So we

want to prove that the function m is a modular quasi-metric on real linear space S.

(i) If 6 > 0 and a € S, then

(ii) If a,b,€ S such that m(d,a,b) =0 = m(d,b,a) for § > 0, then

o(557) 0= (5)

—-b b—a
0 =0= 0

(iii) Let a,b € S and d,« > 0. Then

m(5 + a,a,b) = p(;;i)

o5 (5) e ()]

By property (ii) of Definition 4.1.1, we have

for 6 > 0. Therefore ¢ . Hence a = b.

1) n «
d+a O+«
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So we have

Therefore m is a modular quasi-metric on S.

(iv) If p is a convex nonsymmetric modular on S, then for a,b,c € S and 4, > 0, we have

m(6+ o, a,b) = (a_b>
( 0 ) 6+a<6;b>]'

+
[ 0
_|_
By convexity of p, we have

5+ b < 1) a—-c n o c—b
m GCOU=50P\ TS s+a’\"a

)
= 5+am(5,a,c)+5+a

m(a, e, b).

Therefore m is a convex modular quasi-metric on S.

Conversely suppose that the function m is a modular quasi-metric on the real linear space S. We

want to show that the function p is a nonsymmetric modular on the real linear space S.

(i) Consider a € S and § > 0, then

Furthermore, if a # 0, then

(ii) Suppose a,b € S and §, > 0 such that § + a = 1. Then we have

o sty - = 1)

=m(1,da, —ab)
=m(d + «,da, —ab).
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Since m is a modular quasi-metric on S, then

p(da + ab) < m(d,da,0) + m(a,0, —aa)

(55%) of12)
(a) +

Therefore p is a nonsymmetric modular on S.

I
©

(iii) If m is a convex modular quasi-metric on S, then for a,b € S and 0, & > 0 such that +a =1,

oty = = 1)

=m(1,da, —ab)
=m(0 + «,da, —ab)

we have

IN
>,
-

m(d,da,0) + (L?_Lam(a, 0, —ab)

_l’_
0 da — 0 L@ 0— (ab)
+a’\ s s+a’\"a )

p(da + ab) < dp(a) + ap(b).

<

Since § + a = 1, then we have

Therefore p is a convex nonsymmetric modular on S.

O]

Corollary 4.2.2. Let S be a real linear space. If m and p are functions defined in Theorem
4.2.1 and satisfy Theorem 4.2.1, then the set S, = S;, and is a real linear subspace of S and the
nonsymmetric p-norm ||a|, = dy(a,0) for all a € S,.

Moreover, if m is a convex modular quasi-metric on S, then the set S; = Sy, and the nonsymmetric

p-norm |||} = d},(a,0) for alla € S;.

Remark 4.2.3. We observe that p(—a) = m(1,—a,0) = m~1(1,0, —a) for all a € S where m is a
modular quasi-metric on a real linear space S and p is a nonsymmetric modular on a real linear

space S.

Theorem 4.2.4. Consider a real linear space S. If the function m : (0,00) x S x S — [0, 0]
satisfies the conditions :

(i) m(d,aa,0) = m(g,a,O) and m(9,0,ab) = m(g,O, —b) for all a,b € S and 6,0 > 0,

(ii) m(d,a+ c,c+b) =m(d,a,b) for any a,b,c € S and 6 >0
and the function p : S — [0, 00] satisfies the condition

p(a) =m(1,a,0) forall ac€Sb,
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then m is a (convex) modular quasi-metric on S if and only if p is a (convex) nonsymmetric modular
on S.

Proof. Suppose m is a (convex) modular quasi-metric on S. We only prove that p is a nonsymmetric
modular on S and leave the convexity proof as it is the same as the convexity proof in Theorem
4.2.1.

(i) For a = 0, we have
p(0) =m(1,0,0) =0

and if a # 0, then we have
p(a) =m(1,a,0) # 0.
(ii) Suppose a,b,c € S and J,« > 0 such that 6 + « = 1. Then
p(da + ab) = m(1,da + ab,0)
=m(d + «,da + ab,0).
Since m satisfy condition (ii), then we have
p(da + ab) = m(0 + «, a4 ab,ab — ab)
=m(d + «a,da, —ab)
<m(d,da,0) +m(c,0, —ab).
By condition (i), then

p(da + ab) < m(d,da,0) +m(c,0, —ab)

1,a,0) +m(1,0,—b)

o(50) ()

p(a) + p(b)-

m(
m(

Therefore p(da + ab) < p(a) + p(b) for all a,b € S and §, > 0 such that 6 + « = 1. Hence p is a

nonsymmetric modular on S.

Conversely suppose p is a nonsymmetric modular on S. We want to show that m is a modular
metric on S.

(i) m(d,a,a) =p ag =0forallae S andd>0.

Furthermore, if m(d,a,b) = 0= m(d,b,a) for all a,b € S and ¢ > 0, then

(557) =0=ol(57)

Since p is a nonsymmetric modular on S, then a — b = 0 = b — a which implies a = b.
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(ii) Let a,b,c € S and 0, > 0. If ¢ = —b, then by conditions (i) and (ii), we have
m(d + o, a,b) =m(6 +a,a+c,c+b)
=m(d+ a,a—b,0)

:m((5+a, (5+a)§‘+_2,0)

o d+a a—> 0
N S+a’d+a’

Hence m(d + a, a,b) < m(4,a,c) +m(a,c,b).

Therefore m is a modular quasi-metric on S. O

4.3. Convergence in a modular set

Herda [14], introduced the theory of convergence in a nonsymmetric modular setting in 1967, and
the concept of convergence with respect to nonsymmetric settings has developed since then. We
know that a nonsymmetric distance function has its dual nonsymmetric function and its sym-
metrized distance function and it is important to approach convergence of a sequence with respect
to all three distance functions. Hence the convergence of sequences in a modular set needs to be
revisited and improved. Therefore in this section we will be revisiting and improving the conver-

gence of sequences in a nonsymmetric modular setting.

Definition 4.3.1. (compare [14, Definition 2.2]) Consider a nonsymmetric modular p on a real

linear space S.

(i) A sequence (an) in S, is said to be p-convergent to a € S, (that we denote by (an Loa)if
there exists k > 0 such that
lim p(k(a, —a)) =0.

n—o0

—1
L_convergent to a € S, (that we denote by (a, = a) if

(it) A sequence (ay) in S, is said to be p~
there exists k > 0 such that
lim p(k(a —ay)) =0.

n—o0

(iii) A sequence (an) in S, is said to be p®-convergent to a € S, (that we denote by (an 2 a) if
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there exists k > 0 such that
lim p*(k(a, —a)) = 0.

n—oo
Example 4.3.1. (compare [14, Example 2.1]) Consider the real linear space S of Example 4.1.2

equipped with its convex nonsymmetric modular p;. Consider the sequence (aj)ren where

1 1
(ak)kEN — (0,0,0, ....707 m, m7 ) S Sﬂf’

k terms

It follows that the sequence (ak)ken & (0) € Sp,, since

=1
pr((ag)) < Zﬁ <2
k=1
and
lim p¢(s((ax) —(0))) =0 with s=1.
k—0
Furthermore,

p7 () = ps((ar)) = —oo.
Hence (ay)ken is not p}l—convergent.

Example 4.3.2. Let S = [, the space of sequences in R whose series is absolutely convergent. The
function ||.| : S — [0, 00) defined by

(@n)nen| = Zmax{an,O}

for all (ap)nen € S is a nonsymmetric norm on S.

Moreover, its conjugate nonsymmetric norm |.|| is given by

oo
|(an)nenl| = Z max{—a, 0}
n=1
and its symmetrized norm ||.|| is given by

[[(an)nen|| = max{]|(an)nenl, [(an)nenl|}
= Z |-
n=1

It is readily checked that the function p((an)nen) = ||(an)nen|| is @ nonsymmetric modular on S.

Then
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and
(a) <1 11 1 1 >
a) = Ty oy ey Ty s )
2 22 omn 2n+1 neN
Observe that

lim (p(an, —a)) = lim ||a, — a

n—o0 n—o0
- 1
:nliralo Z max{—g,O}
j=n+1
=0

and

Jim (p(a —az)) = lim [la = ay|

Therefore (ay,)nen is p-convergent to (a) and (ay)nen is p~'-convergent to (a).

The following result can be compared to [14, Lemma 2.2].

Proposition 4.3.2. Consider a nonsymmetric modular p on a real linear space S and (ap)nen be

a sequence in S,. Then (an)nen is p°-convergent to a if and only if (an)nen is p-convergent to a

1

and is p~ -convergent to a.

Proof. Observe that the necessary condition is obvious and we prove the sufficient condition. Sup-

1

pose that (ap)nen is p-convergent to a and (an)pen is p~ -convergent to a. Then there exists

nl,n? € N for any € > 0 such that n > n!, we have

p(k1(an —a)) <

N

for some k1 > 0 and
_ €
o (kalan — a)) < §

for some kg > 0. Let k = min{ky, k2} and n. = max{n}l, n2}, then if n > n. we have

N o

(5l —0)) < oha(en - ) <

and




Chapter 4

k k
Hence p° (2(an - a)> < € for some 5> 0. Therefore (ap)nen is p*-convergent to a.

O

Proposition 4.3.3. [14, Lemma 2.5] Let p be a nonsymmetric modular on a real linear space S.
Consider two sequences (ap) and (by) in S,. If (an) is p-convergent to a and (by) is p-convergent

to b, then the sequence (da, + aby,) is p-convergent to da + ab where 6, > 0.

The next result follows by duality from the above proposition.

Corollary 4.3.4. Let p be a nonsymmetric modular on a real linear space S. Consider two se-

quences (an) and (by) in S,. If (ap) is p~* 1

1

-convergent to a and (by,) is p~*-convergent to b, then

the sequence (dan + aby,) is p~ -convergent to da + ab where 6, > 0.

4.4. Nonsymmetric modular on a normed lattice

In this final section we provide a method of generating a modular in the sense of [18] from a given
nonsymmetric modular on a real linear space and we study connections between norms induced
by this nonsymmetric modular. These ideas were used for the first time by Ferrer et al. [12].
Furthermore, we introduce a nonsymmetric modular on normed lattices and show that some results

due to Mabula and Conradie [10] still hold in the context of a nonsymmetric modular.

The following result can be compared to [12, Proposition 2.2].

Proposition 4.4.1. Let p be a nonsymmetric modular on a real linear space S. Then the functions

p1, and py, defined by
pila) =pla) +p(=a)  and  pp=+/p(a)® + p(-a)?
for all a € S are (symmetric) modulars on S.

Proof. It can be easily seen that pj and pj, satisfy the axiom (i) in Definition 4.1.1. So we prove
the non-trivial axiom. Let a,b € S and §,« > 0 with § + « = 1. Then

p7(da + ab)

A~ =~

da + ab) + p(—(da + ab))
a) + p(b) + p(—a) + p(—b)
1(a) + pL(b)

<

p
p
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1
2

pi(da + ab) = ( p(da + ab)? + p(—(da + ab))2>

e N
[l

{mw+me+wm—@+p@mF)

[NIES

< [p(a)® + p(0)%2 + [p(—a)® + p(~b)?]

Hence pj and p% are nonsymmetric modulars on S. U

Proposition 4.4.2. Let p be a nonsymmetric modular on a real linear space S. We have that
norms ||.|[ps, |[-|lps and |[.||ps, induced respectively by p®, pj and p% are equivalent norms on the

modular set S,,.

Proof. Let a € S, and § > 0. Then we have

ps(g) < g (Z) <pi (g) (4.1)

If [|al|ps = 61 and [|al|ps, = J2, then 61,02 > 0 and pSE((S%) < 02 and from (4.1) we have

It follows that

Hence lallg, < [lall; -
Similarly one proves that

llallps < llallpy,
for a € S5,. O
Corollary 4.4.3. If p is a conver nonsymmetric modular on a real linear space S, then we have
lallze < llallz, < llall3,

fora € S7.
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Lemma 4.4.4. Let (5, ||.||) be a normed lattice. Then the function pj | defined by
Py (@) = lla™|]
for all a € S where a™ = a V 0 is a nonsymmetric modular on S.

Proof. For a € S, the function pj||(a) = |la™|| is a nonsymmetric norm on S (see [12, Theorem

3.1]). Therefore pj| | |(a), @ € S is a nonsymmetric modular from Example 4.1.1. O

Let (S,]|.|]) be a normed lattice and (a,) be a sequence on the modular set S, We write

R(a,) ={a €Sy, : (an) ¥ a}.

If T is a Riesz space, then the subset A of T is called increasing whenever ¢ € A and ¢ € T such
that a <t, it follows that ¢ € A.

Proposition 4.4.5. Let (5, |.||) be a normed lattice. If (as) is a p||-convergent sequence in Sy,

then R(ay) is increasing.
Proof. Let a € R(ay,). Then there exists k > 0 such that
Jggo(k(an —a)) = 0.

If b € S such that a < b, then a — b < 0. For any s > 0

pi1(s(a = b)) = ||s(a — b)*]|

= sl[(a—b)"|]
=s.0
= 0.
Furthermore,
Pl <§(an - b)> =) (l;(an —a)+ g(a - b))
Moreover,

Pl <§(an - b)> < py.|((k(an — a) + k(a — b)).

Hence Pl <§ ap — b)) < pHH((k(an — CL))

lim (s(ap, — b)) =0.

n—o0

Therefore b € R(ay,). O
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Conclusion

In this MSc dissertation, we have successfully generalized and extended the concept of a modular
metric on an arbitrary set S from the work of Chistyakov [7] in asymmetric settings. We have suc-
cessfully proven that Chistyakov’s results hold in asymmetric framework. Moreover, we have shown
that Chistyakov’s results do not use the symmetric effects of a modular metric, and we have proven
that the results still hold even if the symmetric property is assumed not to be satisfied. Therefore
Chistyakov’s results hold in an asymmetric structure. In the second part of our investigation, we
have revealed that many classical results about a symmetric modular on real linear space do not
require the use of the symmetry property of the modular. Hence the results hold for nonsymmetric

modular, although sometimes in a roughly different form.

In the first part of our investigations, we generalised the work of Chistyakov [7] in quasi-pseudometric
setting. We defined a modular quasi-pseudometric and showed that it is a non-increasing func-
tion. We also defined an equivalence relation and equivalence class in the sense of modular quasi-
pseudometric. We studied how a modular quasi-pseudometric changes in convex set up and gave
examples. In the last section of the first part of our investigation, we looked at convergence and

Cauchy convergence of sequences in modular quasi-pseudometric space.

The second part of our investigation is focused on the nonsymmetric modular. We proved that the
modular set with respect to a nonsymmetric modular is convex and confirmed that the convexity
of S and S, do not depend on the symmetric property of the modular. We also confirmed that
[7, Theorem 3.11] does not depend on the symmetry property of symmetric modular and modular
metric but still hold in nonsymmetric setting. Convergence of sequences on a modular set was re-
visited and improved in an asymmetric framework. We finally introduced a nonsymmetric modular
on normed lattices and showed that some results due to Mabula and Conradie [10] still hold in the

context of a nonsymmetric modular.
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Our conclusion leads us to list some open problems that we came across throughout our present

investigations. We would like to study these problems in future work.
Problem 1. It seems natural to study the completion of modular quasi-metric spaces.
Problem 2. To investigate one-local retract sets in the framework of modular quasi-metric spaces.

Problem 3. Under what conditions on the quasi-metric induced by a modular quasi-metric space

is g-hyperconvex?
Problem 4. To investigate the compactness and connectedness of modular quasi-metric spaces.

Problem 5. Is there any connection between modular quasi-metric spaces and Fuzzy quasi-metric

spaces?
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