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Abstract 

In many industrial systems, a bellow is necessary to minimise the amplitude and/or 

forces on the structures that are transferred by vibrations. This study focusses on the 

application of an in-line rubber bellow and how the change in operating conditions 

affects the dynamic properties. The vibration and fluid energy are also simulated to 

understand the energy that is transferred to the fluid of the system and not absorbed 

by the bellow. 

Mathematical models were constructed and implemented. These models were used 

to characterise and evaluate the dynamic properties of an in-line rubber bellow system. 

The vibration energy and power were evaluated along with the amount of vibration 

energy that was transferred to the fluid in the system. A single degree-of-freedom 

mathematical model was implemented and numerically calculated to predict the 

transient behaviour of the bellow; these predicted calculations were compared to 

experimental results. 

The input values of the numerical model were characterised, where the phase angle 

of the system was calibrated for a damping-free condition. The acceleration and 

excitation force of the system were also measured and used as part of the input 

parameters for the numerical model. This characterisation process was conducted at 

multiple frequencies between 2.5 Hz and 25 Hz, pressures between -30 kPa and 50 

kPa, and excitation forces ranging from 50% to 100% of the unbalance motors’ 

capacity.  

The experimental results were evaluated and discussed, where the change in dynamic 

properties of the system was compared to the change in amplitude, frequency, and 

pressure difference, respectively. Although the change in stiffness was not definable, 

the dependence of the damping in the system with respect to the change in amplitude 

and frequency was significant and evaluated to aid future design selection for the 

application of in-line rubber bellows. The damping ratio at lower amplitudes (<5 mm) 

was lower. (<30%) than at higher amplitudes (6-9 mm). The damping ratio also 

decreased with the increase in frequency. If the operating design criteria are known in 
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terms of amplitude or operating frequency, the damping ratio of the system can be 

predicted by using the results in the table below. 

Known design criteria Damping-ratio expectation Notes 

Amplitude <5 mm 0-30% See frequency dependence 

Amplitude 6-9 mm 30-80% See frequency dependence 

Operating frequency 𝑦 = 1.765𝑥−1.035 
𝑦 (Damping ratio) 

𝑥 (Frequency [Hz]) 

The vibration energy was simulated to determine where the vibration energy will be 

dissipated. Here, the amount of vibration energy transferred to the fluid in the system 

was also determined, where up to 72% of the vibration energy was transferred to the 

fluid in certain conditions. The evaluation of the energy transferred to the fluid was 

significant to understand what effect the vibrations will have on the internal fluid, 

depending on the system design this could have a positive or negative effect on the 

system. 

Keywords: Rubber bellow, dynamic properties, vibration, characterisation, energy, 

transient behaviour. 
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1 Introduction and Problem Statement 

1.1 Introduction 

Rubber bellows are widely used in various engineering applications, allowing thermal 

expansion or movement and isolating vibrations in applications where dynamic forces 

are induced. Some of the industries where rubber bellows are widely used include 

automotive, aerospace, manufacturing, and robotics. Understanding their dynamic 

properties is essential for optimising their performance and ensuring the reliability and 

longevity of the systems into which they are integrated. Flanged in-line rubber bellows, 

as illustrated in Figure 1-1 below, are commonly used in fluid pumping systems.   

 

 

Figure 1-1: Rubber bellow example (Willbrandt-Cummitechnik, n.d.) 

An installation of a in-line bellow application is shown in Figure 1-2, that is used to 

minimise the vibrations transferred from the pump to the discharge piping. 

 

Figure 1-2: In-line rubber bellow application example (ChangYuanFlex, n.d.) 
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The process of selecting the correct rubber bellow focusses primarily on the material 

being transported, the temperature, and pressure of the system, as outlined in 

Appendix A. In-line rubber bellows are usually also subjected to dynamic forces and 

vibrations. Under these conditions, the bellows must withstand and respond effectively 

to varying levels of mechanical stress and oscillations. Failure to adequately 

understand their dynamic behaviour can lead to premature wear, decreased 

operational efficiency, and potentially catastrophic system failures. Rubber bellows 

also play a vital role in mitigating the transmission of vibrations and noise within piping 

systems. By dampening vibrations, bellows help to maintain system stability and 

reduce noise levels. However, achieving optimal vibration isolation requires a thorough 

understanding of the bellows' dynamic characteristics, such as stiffness and damping 

properties, to determine the critical frequencies. 

 

This dissertation aims to better understand the change in dynamic properties of an in-

line rubber bellow used in a fluid pumping system under different operating conditions. 

Understanding the change in dynamic properties of an in-line rubber bellow in this 

application could assist in recommendations on how to choose the most efficient 

rubber bellow based on the expected operating conditions in a similar setup. 

1.2 Background 

In-line rubber bellows are integral components that are used in engineering systems 

for their ability to mitigate vibrations, offering damping and flexibility to absorb dynamic 

forces. When installed for vibration reduction purposes, specific criteria must be 

considered to optimise their dynamic properties, including damping and stiffness, to 

achieve effective vibration isolation. Vibration isolation is the technique used to reduce 

unwanted vibrations that results in a reduction in transmitted forces or suppresses the 

displacement of a device (Yang, 2005). 

 

Critical criteria in the installation of in-line rubber bellows for vibration reduction are the 

selection of appropriate bellows stiffness and damping characteristics. Stiffness refers 

to the bellows' resistance to deformation under applied loads, while damping refers to 

their ability to dissipate energy. Balancing these properties is essential to ensure 

effective vibration isolation without inducing excessive stiffness or compromising 
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damping capacity. The most suitable rubber bellow should therefore be soft enough 

to reduce transmitted forces and hard enough to limit the relative displacement, as the 

process followed during the selection of a hydraulic engine mount (Marzbani et al., 

2014). 

 

Consideration must also be given to the operational conditions and environmental 

factors that may influence the dynamic properties of an in-line rubber bellow 

installation. Temperature variations, exposure to fluids, and pressure can affect the 

dynamic properties of the bellows, necessitating appropriate bellow selection (Sjöberg 

, 2002). However, in general, the datasheet of a typical rubber bellow only states the 

static properties of the bellow and does not mention the damping coefficient of the 

bellow.  

 

In order to illustrate this, a section of a rubber bellow specification sheet is shown in 

Figure 1-3 below, the full specification sheet can be seen in Appendix A. In the 

specification sheet, no damping properties are provided, along with an indication that 

these properties can differ by up to 25% under different operating conditions.  

 

Figure 1-3: Example of rubber bellow properties 
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The most effective way to determine the dynamic properties of flexible rubber 

connections is through experimental testing (Yang et al., 2020). In their experimental 

study to determine the effectiveness of flexible pipes (like in-line rubber bellows) in 

isolating unwanted vibrations, it was seen that pipes made of assorted rubber types, 

each offered distinct advantages across different frequency ranges. The dynamic 

properties (stiffness and damping) were found to be installation dependent and unique, 

therefore, complicating the bellow selection to achieve sufficient vibration isolation for 

all operating conditions. 

1.3 Problem Statement 

 

In many piping applications, in-line rubber bellows are used to isolate vibrations and 

accommodate dynamic movements. However, the dynamic properties of the rubber 

bellows vary with operating conditions such as pressure, frequency, and amplitude. 

These variations can cause changes in the behaviour of the bellows’, potentially 

leading to the transmission of unwanted vibrations and forces to the piping and 

surrounding structures.  

 

Currently, manufacturers typically provide rubber bellow specifications based on static 

conditions, which may not accurately represent their dynamic performance. This 

discrepancy poses a challenge in selecting the appropriate rubber bellow for 

applications with varying operating conditions.  

 

Therefore, a critical need exists for an improved understanding of how changes in 

operational amplitude, frequency, and pressure affect the dynamic properties and 

vibration energy distribution of in-line rubber bellows under realistic operating ranges. 
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1.4 Aims and Objectives. 

Using the Willbrand Type 50 SP as a representative case study of a typical rubber 

bellow used in piping systems, this research aims to: 

• Understand how the dynamic properties of this specific rubber bellow change 

under varying operating conditions. 

• Develop an improved selection criteria for its application based on these 

dynamic behaviours. 

 

The insights gained from this study will support a more effective implementation of the 

Willbrand Type 50 SP bellow and provide guidance applicable to similar rubber 

bellows and compensators in piping systems with varying operating conditions. 

The objectives that will help to achieve the aim of this study are the following: 

• Conduct a literature review on the characteristics of rubber bellows and 

numerical modelling approaches for their dynamic properties and vibration 

energy. 

• Develop a numerical model of the Willbrand Type 50 SP rubber bellow that 

incorporates its dynamic properties and varying operating conditions. 

• Experimentally evaluate the in-line hydraulic rubber bellow’s dynamic 

properties (stiffness and damping) across various frequencies, pressures, and 

amplitudes. 

• Validate the numerical model through comparison with experimental 

measurements. 

• Assess the accuracy of the numerical integration model by validating its 

predictive capability. 

• Simulate the vibration energy and quantify the energy transferred to the fluid 

within the rubber bellow system. 

• Propose a set of dynamic properties for the Willbrand Type 50 SP rubber bellow 

as a test case to demonstrate the characterisation process. Instrumentation 
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1.5 Research Methodology 

The waterfall graph below illustrates the research methodology used for this study.  

  

Problem statement, aims and 
objectives:

•Determine and clarify problem statement

•Identify aims and objectives

•Establish Scopes and constraints

Literature review:

•Investigate diferent rubber compensators

•Review mathematical modelling of rubber bellows

•Consider different experimental setups to characterize 
rubber bellows

Experimental setup and methodology:

•Determine and decide which excitation force, 
instrumentation and system is required

•Design and manufacture experimental setup based on 
literature review

Mathematical model:

•Develop mathematical model based on literature study 
and experimental setup

•Express model in terms of:

•Dynamic properties

•Vibration energy and power

•Hydraulic energy and power

•Energy transfered to fluid

•Implement mathematical model in MATLAB environment

Experimental characterization and validation:

•Characterize system in terms of agreed scope and 
constraints

•Evaluate dynamic properties of system and extract dynamic 
properties of rubber bellow

•Validate numerical model for transient behaviour
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1.6 Scopes and Constraints 

 

The experimental setup was chosen considering the practical constraints, the 

availability of resources, and the functional requirements of the study. 

 

A Willbrand Type 50 SP bellow was selected as the core component of the 

experimental system. The decision was based on two primary considerations. Since 

the focus of the study is to study and evaluate the dynamic properties of the bellow, 

any fluid will suffice. Therefore, the choice was made to use water as the transport 

fluid. Since the faculty had a Willbrand Type 50 SP bellow available from a previous 

study, and the fact that the bellow is designed to operate with water and is a 

representative example of bellows used in piping systems, this bellow was an 

appropriate selection for the study. 

 

The dynamic properties of the bellow needs to be determined by oscillating/vibrating 

the bellow in a controlled manner. Vertical vibrations were a critical element of the 

experimental procedure. To generate these vibrations, two identical unbalanced 

motors were used. The decision to use unbalanced motors over an electromagnetic 

shaker was driven by the fact that there was a concern that the weight of the setup 

would exceed the recommended capabilities of the available shaker. Unfortunately, 

the electrodynamic shaker available in the faculty was damaged during a previous 

study, and it was considered an unacceptable risk that a possible water leak could 

further damage the shaker. Due to budget constraints with respect to repair or 

replacement, it was therefore not a realistic option for the current study. The advantage 

of using unbalanced motors is that these motors are robust and simple to install and 

operate. 

 

In Chapter 3 the chosen experimental setup is discussed further. 
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1.7 Chapter Layout 

In Chapter 1 the introduction and problem study of the study is given. In this Chapter, 

the background of the use of rubber bellows and similar setups are explained, which 

leads to a problem statement that defines the aim and objectives of the study, 

whereafter the research methodology was defined. The scope and constraints of the 

study are described. 

 

In Chapter 2, a review of the literature is given. The literature study begins with 

introducing different, applicable, rubber compensators that relate to the use of a rubber 

bellow. The applications of these compensators are explained and the advantages of 

these compensators are discussed. Hydraulic rubber mounts are discussed. With the 

focus of the study being on the rubber bellow, the rubber bellow is discussed along 

with some examples of the applications for which these bellows are used.  

 

In Chapter 3 the experimental methodology was developed, starting with the 

mathematical modelling of rubber bellows. In this Chapter the mathematical modelling 

of the rubber bellow system was developed in terms of the equation of motion and the 

vibrational energy and power of the bellow system. To enable the mathematical 

modelling of the transient behaviour of the system, an iterative numerical calculating 

software had to be implemented, and the modelling thereof was discussed in this 

Chapter. Different evaluation methods for rubber bellows were discussed. After 

considering the different evaluation methods, the experimental setup was developed 

in terms of the type of excitation force inducer and the vibration instrumentation 

required. The rubber bellow system was developed and defined. 

 

In Chapter 4 the mathematical models for the rubber bellow system are developed. 

The mathematical model to calculate the dynamic properties and response of the 

system was developed. The vibration energy and the power of the system were 

mathematically modelled along with the fluid energy to determine the portion of energy 

transferred from the mechanical elements of the system to the fluid.  
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In Chapter 5 the MATLAB scripts used to implement the mathematical models for this 

study are explained and illustrated. The process flow diagrams of the MATLAB 

implementation are illustrated for each mathematical model developed. Process flow 

diagrams are illustrated for the calculation of phase angle, dynamic properties, 

vibration energy and power, fluid flow power, and fluid energy transfer ratio, 

respectively. 

 

In Chapter 6, the experimental results of the bellow system are listed and discussed. 

The experimental results were divided into two tests, high frequency and low 

frequency tests. At the end of the chapter the conclusions of the results are discussed. 

 

In Chapter 7 the transient numerical model is validated, and the experimental results 

are evaluated. In this Chapter the transient numerical integration (MATLAB 

implemented) model is evaluated and discussed. The dynamic properties, vibration 

energy and power, and the portion of energy transferred to the fluid of the bellow 

system are evaluated in terms of amplitude, frequency, and pressure dependency, 

respectively. At the end of the Chapter the summary of the experimental evaluation 

results is discussed. 

 

In Chapter 8 the conclusions of the study are discussed, with possible 

recommendations for future studies in similar systems.  
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2 Literature Review 

2.1 Introduction 

This literature review reviews different rubber compensators used in the engineering 

industry with a focus on rubber bellows. The mathematical equations required to model 

a rubber compensator in terms of vibration are reviewed along with the experimental 

methodologies designed to characterise the dynamic properties of rubber bellows. 

 

From the literature study, the rubber bellow application, mathematical model, and 

experimental setup was chosen for this study. 

2.2 Rubber Compensators 

In this Section, different rubber compensators are briefly discussed. The main concept 

regarding each compensator is discussed in terms of appearance, application, 

advantages, and frequency range.  

2.2.1 Cylindrical Mounts 

These rubber mounts are used mainly to dampen the noise and vibration of stationary 

machinery at a frequency greater than 20 Hz (IAC-Acoustics, 2018), such as pumps 

and gearboxes. It is used to absorb compression in the axial direction; however, it 

cannot handle high shear forces. These rubber mounts usually have two galvanised 

plates (one at each end) with a central thread on each plate (IAC-Acoustics, 2018). 

From a catalogue obtained from IAC-Acoustics, it is seen that these mounts can 

handle a maximum load of 5 𝑘𝑔 up to 1000 kg per mount and a static deflection of up 

to 11.5 mm (IAC-Acoustics, 2018). Figure 2-1 shows an example of a cylindrical rubber 

mount where the arrows illustrate the usual direction of amplitude. 

 

Figure 2-1: Example of a cylindrical rubber mount 
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Since the study focusses on the change in dynamic properties due to pressure 

changes in a process, this rubber mount will not be suitable for the study since it is not 

fluid filled or internally pressurised.   

2.2.2 Rubber Turret Mounts 

These rubber mounts are used mainly to protect smaller machinery against noise and 

vibration (IAC-Acoustics, 2018). These mounts help with isolation, which indicates that 

the mount is advantageous at high frequencies (Rao, 2011). These mounts provide 

relatively high deflection and can withstand high loads in multiple directions (IAC-

Acoustics, 2018). From a catalogue obtained from IAC-Acoustics, it is seen that these 

mounts can handle a maximum load of 3.5 kg up to 3400 kg with a deflection range of 

2.5 mm up to 45 mm depending on the type used (IAC-Acoustics, 2018). These 

mounts are similar to a cylindrical rubber mount, but with a small change in design to 

give a larger diameter base that tapers towards the smaller diameter top plate. Figure 

2-2 shows an example of a rubber turret mount. 

 

Figure 2-2: Example of a Turret Rubber Mount 

Since the study is focussed on the change in dynamic properties due to pressure 

changes in a process, this rubber mount won’t be suitable for the study since it’s not 

fluid filled or internally pressurized.   

2.2.3 Hydraulic Rubber Mounts 

Hydraulic rubber mounts, also known as hydro mounts, are used in many applications. 

Hydro mounts consist of a spring and a hydraulic shock absorber in a single compact 

mount. The hydraulic aspect implemented in these mounts enables the mounts to be 

highly shock resistant (IAC-Acoustics, 2018). These mounts are mainly designed to 

provide isolation, reducing the forces transferred from an engine to the chassis of a 

vehicle (Wang et al., 2014), this will then provide isolation when driving and shock 

absorbance when there is a sudden impact. From an IAC-Acoustics catalogue, it is 

seen that these mounts can handle a maximum load from 30 kg up to 410 kg with a 
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deflection capability of up to 8 mm depending on the type selected (IAC-Acoustics, 

2018). Hydraulic rubber mounts can provide more damping at lower frequencies; 

however, they are usually amplitude dependent in properties (Chai et al., 2014). There 

are many designs for hydraulic rubber mount. One of the most sophisticated and 

widely used hydraulic rubber mounts is the engine mount. 

2.2.3.1 Hydraulic Engine Mounting (HEM). 

Used as a vibration isolation part in a vehicle (Steyn, 2011), HEMs are highly valuable 

in the design of a vehicle assembly. These mounts reduce the vibration transferred 

from the engine to the chassis of a vehicle (Hosseini and Marzbanrad, 2017). Figure 

2-3 below shows a typical HEM listing the main components. 

 

 

Figure 2-3: Schematic representation of a typical HEM (Hosseini and Marzbanrad, 

2017) (Mansour, 2010) 

The chambers in Figure 2-3, are filled with fluid, where vibrations from the engine 

increase the pressure in the upper chamber, forcing the fluid to the lower chamber, 

however if the pressure is increased too quickly the decoupler will restrict the fluid 

passing to the lower chamber that will make the mount more rigid to avoid excessive 

amplitudes. This enables the mount to have different dynamic properties under 

different conditions. 

 

With HEMs, the change in dynamic properties is included in the design of the mount 

to manipulate these properties to ensure that optimal vibration isolation occurs at 

multiple amplitudes. From the review of the HEM internal fluid and pressure influence 
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the dynamic properties of a rubber mount. However, the HEM as such is not designed 

to allow fluid moving in piping applications, which leads to the need for the next type 

of component, namely rubber bellows. 

2.2.4 Rubber Bellow 

A rubber bellow, also known as a rubber compensator, is an elastomer that is usually 

used to absorb unwanted vibrations in a vibrating system. In a piping system, the 

bellow works as an elastic flexible connection between two rigid pipes. The rubber 

bellow dampens and isolates the vibrations generated by the surrounding equipment 

such as pumps and other machinery. This damping protects the equipment and piping 

from damage as a result of unwanted vibrations. The flexibility in the rubber of a bellow 

absorbs the energy/vibrations that would normally be transferred in the pipeline. By 

isolating vibrations in the pipeline, the noise in the operating environment is also 

reduced. 

 

The benefits of having a well selected rubber bellow is that more than 90% of 

unwanted vibrations could be absorbed and that not only the axial vibration/movement 

can be countered, but the lateral, tortional and angular movement as well (ORIA, n.d.). 

Normally the axial movement is used to absorb unwanted vibrations whereas the 

angular, lateral and tortional movement accommodates misalignment and thermal 

expansion. This study is focussed on the axial vibration of the in-line rubber bellow. In 

many studies on rubber bellows the study focusses on the axial vibration as it is the 

main direction of absorption (Mendia-Garcia et al., 2023) (Zheng et al., 2025). 
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Figure 2-4 illustrates a schematic example of an in-line rubber bellow application of a 

pump, where both the vibrations of surrounding equipment and the vibrations of the 

pump acting on the bellow. The deformation of the rubber bellow is also illustrated. 

 

 

 

Figure 2-4: In-line rubber bellow schematic example 

 

Because the bellow is made of an elastomer, there are a few factors regarding the 

material that plays a role in the dynamics of the bellow.  

The stiffness of a rubber bellow or elastomer under static conditions differs from that 

under dynamic conditions and has been proven by numerous researchers (Nel & 

Wyngaardt, 2014). Elastomers provide a higher damping coefficient than steel, which 

is favourable when operating at or near resonance (Bloem, 2015). The dynamic 

stiffness of a rubber bellow was seen to depend on the amplitude of the dynamic 

vibration, with the dynamic stiffness and damping decreasing as the amplitude 

increased (Nel & Wyngaardt, 2014). 
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The rubber bellow is widely used in the industry for various applications, with a typical 

example shown in Figure 2-5. With multiple different types of rubber bellows available, 

it is mandatory to choose a rubber bellow that is most suitable for your application. 

Some bellows can withstand extreme temperatures, while others are made of an 

elastomer that can withstand aggressive chemicals.  

 

 

Figure 2-5: Typical in-line rubber bellow (Willbrandt-Cummitechnik, n.d.) 

 

In many applications of these bellows, the process conditions change significantly in 

pressure, amplitude, and frequency. Some applications are in-line where different 

fluids are transferred through. Some of these bellows can also withstand extreme high 

vibrating forces. For this study a Willbrandt Type 50 bellow was selected since these 

bellows are widely used in the industrial environment and because this bellow was 

used in a previous study at the University, making it available. According to 

Willbrantd’s catalogue, the maximum repetitive axial deflection that a type 50 red DN 

65 rubber compensator can withstand is 30 mm. From a study conducted on the 

properties of a type 50 red DN 65 Willbrandt bellow, the static stiffness was found to 

be 25 N/mm (Kent, 2015). This was determined at atmospheric pressure, where the 

stiffness of this bellow is seen to increase with an increase in pressure, as seen in 

Appendix A. With a maximum deflection of 30 mm and a stiffness of 25 N/mm  the 

maximum static force that could be applied to the bellow is 750 N. However, this does 

not represent the forces that could be applied to the bellow dynamically.  
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In the following section, the modelling techniques that can be applied to a rubber below 

are described in terms of its appropriate system representations and relevant laws of 

motion. This is followed by an overview of typical experimental approaches with which 

to characterise this kind of dynamic system. 

2.3 Mathematical Modelling of Rubber Bellows 

A single degree-of-freedom forced excitation could be used to model a rubber bellow. 

Using this equation of motion, the equation could be derived to determine the work 

done by the system and, ultimately, the vibration power or energy. This Section gives 

a high-level explanation of the modelling of a rubber mount by using a single degree-

of-freedom system. 

2.3.1 Single Degree-of-Freedom System 

An equation of motion for a vibrating or mechanical system is a differential equation 

that determines the change in position, with respect to time, of a vibrational system 

(Cai, 2016). Newton’s second law of motion, also known as the equation of motion 

(𝐹 = 𝑚𝑎), governs the motion of a physical system (Cai, 2016). From Newton’s second 

law, the equations of motions for a dynamic vibrational system can be derived. 

Vibrational systems are usually categorised into four groups. These groups are 

undamped, underdamped, critically damped, and overdamped (Cai, 2016). Figure 2-6 

is an example of an undamped single degree-of-freedom system, where 𝑘 is the 

stiffness, 𝑚 is the mass and 𝑥 is the position of the mass (Rao, 2011).  

 

Figure 2-6: Undamped single-degree-of-freedom system 

Without an external force applied to the mass, the equation of motion is as follows. 

 

𝑘𝑥 + 𝑚𝑥̈ = 0 
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If a vibrating system consists of some form of damping, the equation of motion could 

be derived and illustrated in Figure 2-7, where c is the damping coefficient of the 

system. 

 

Figure 2-7: Damped single-degree-of-freedom system 

 

Without an external force applied to the mass, the equation of motion is now: 

𝑘𝑥 + 𝑐𝑥̇ + 𝑚𝑥̈ = 0 

Where  𝑥 is a function of time written as: 

𝑥 = 𝑋𝑠𝑖𝑛(ωt) (Rao, 2011) 

Where 𝑋 is the maximum amplitude of the displacement, 𝑥. The velocity and 

acceleration can be written as: 

𝑥̇ = 𝑑𝑥/𝑑𝑡 

𝑥̈ = 𝑑𝑥̇/𝑑𝑡 

2.3.1.1 Forced excitation steady state 

Steady-state vibration refers to a harmonic and persistent vibrational response of a 

system (Cai, 2016). Figure 2-8 illustrates a schematic representation of a forced 

excitation system with a single degree-of-freedom. 

 

Figure 2-8: Forced excitation, damped single-degree-of-freedom system 

From the equation of motion (Newton’s second law), a steady-state equation of motion 

could be derived where an external harmonic force is applied: 

𝐹(𝑡) = 𝑘𝑥 + 𝑐𝑥̇ + 𝑚𝑥̈ 

Here, 𝐹(𝑡) is the external harmonically force applied to the mass as a function of time.  
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2.3.1.2 Forced excitation transient state 

Transient-state vibration refers to a system response due to external forced excitations 

directly after the start of the excitation until the response reaches a steady-state 

response, as mentioned in Section 2.5.1.1 (Cai, 2016). The equation of motion 

remains the same as a function of time. Figure 2-9 illustrates a typical transient 

response when a harmonic excitation is applied to a damped system. 

 

Figure 2-9: Response example of transient behaviour, adapted from (Cai, 2016) 

Here, the red line is the displacement of the mass, and the green line is the forced 

excitation. 

The mathematical modelling of a single degree-of-freedom system is further explained 

and utilised in Chapter 4. 

2.3.2 Vibrational Energy and Power 

From the equation of motion derived from Newton’s second law of motion, the work 

(𝑈) done by the bellow system, between two points, 𝑥1 and 𝑥0, could be expressed as: 

𝑈 =  ∫ 𝐹(𝑡)
𝑥1

𝑥0
. 𝑑𝑥 (Gross et al., 2014) 

The work done over a period of time is known as the power and can be further derived 

where the power, ℙ, used by the system due to the force, 𝐹, at a velocity, 𝑣, is: 

ℙ = 𝐹 𝑣 (Gross et al., 2014) 

By applying the power equation above to the steady state equation of motion, where 

an external harmonic force is applied as a function of time, the vibrational power could 

be expressed as: 

ℙ = 𝐹(𝑡)𝑥̇ 

From the above equation, the vibrational power could be modelled mathematically and 

implemented in a MATLAB environment, as discussed in Section 5.4. 
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Since the study and setup are based on a hydraulic filled rubber bellow, it is important 

to determine the amount of energy transferred from the bellow movement to the fluid 

to determine the degree to which the fluid complements the damping force of the 

rubber material itself to recognise how much the fluid acts as a damper in a fluid filled 

scenario. Section 2.3.2.1 reviews the hydraulic energy transfer in a fluid filled system. 

2.3.2.1 Hydraulic Energy Transfer 

The two main energy transfers that occur in a hydraulic machine is the contact of the 

fluid with the moving solid surfaces that produces a boundary layer, producing 

frictional losses, and the fluid that changes direction and separates, causing shock 

losses (Douglas et al., 1985).  

 

For the application of an in-line rubber bellow, the vibration energy transferred from 

the bellow to the fluid is a portion of damping provided by the fluid itself. Similar to any 

pumping system, the energy transferred from the mechanical (vibrational) energy to 

the fluid can be calculated by determining the flow and pressure of the fluid caused by 

the oscillation/rotation of the pump, using Bernoulli’s equation (Douglas et al., 1985). 

The mathematical calculation of the energy transferred to the fluid is further discussed 

in Chapter 4.  

2.3.3 Iterative Numerical Calculating Software 

To model the vibration energy of a rubber bellow, a numerical calculating programming 

language is required. Although there are many different software available such as 

Python, GNU Octave and R that has built in numerical solvers capable of modulating 

a numerical model, MATLAB has been used in many studies (Bloem, 2015) (Nel and 

Steyn, 2012) and vibration handbooks (Cai, 2016) (Rao, 2011) to simulate, calculate, 

and validate vibration experimental studies. Therefore, it is better to implement the 

mathematical model in a MATLAB environment since the implementation can be 

referenced to previous studies. In a study to optimise the design of a vibrating screen, 

ode23 was used to predict the transient response of a rubber mount, Figure 2-10 

illustrates the predicted startup (top graph) and stop (bottom graph) response of a 

rubber mount as calculated by using ode23 in a MATLAB environment.  
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Figure 2-10: ode23 transient implementation example (Bloem, 2015) 

From previous studies, (Bloem, 2015) and (Steyn, 2011), using the build in MATLAB 

script ode23, delivered a good correlation between the predicted and experimental 

results. 

2.4 Experimental Evaluation of Rubber Bellows 

A well-controlled setup and analyser(s) are required to enable the experimental 

evaluation of the mathematical modelling as discussed in Section 2.3. By evaluating 

the equation of motion, the variables are force, stiffness, damping, mass, and motion 

(displacement velocity and acceleration) as a function of time. Where the displacement 

in a harmonic vibrating system could be seen as (Rao, 2011): 

𝑥(𝑡) = 𝑋𝑠𝑖𝑛(𝜔𝑡 − 𝜙) 

𝑥̇(𝑡) = 𝑋̇ cos(𝜔𝑡 − 𝜙) 

𝑥̈(𝑡) = 𝑋̈ sin(𝜔𝑡 − 𝜙) 
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Where 𝑥, 𝑥̇ and 𝑥̈ is the displacement, velocity and acceleration, respectively, as a 

function of time, 𝑡. 𝑋, 𝑋̇ and 𝑋̈ is the displacement-, velocity- and acceleration 

amplitudes, respectively. 𝜔 and 𝜙 is the frequency and phase angle. The phase angle 

can be seen as the 'lag' between the applied force and the motion of the mass, which 

is caused by the damping in the system (Rao, 2011). Figure 2-11 illustrates the 

difference in displacement motion and applied force, also known as phase angle 

(Marscher, 2020).  

 

 

Figure 2-11: Phase angle illustration 

 

The phase angle can be calculated by (Rao, 2011): 

𝜙 = 𝑡𝑎𝑛−1 [
𝑐𝜔

𝑘 − 𝑚𝜔2
] 

 

This Section will review different experimental setups used to characterise rubber 

bellows. 
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2.4.1 Dynamic Mechanical Analyser 

Dynamic Mechanical Analysis (DMA) is a method used to characterise the viscoelastic 

properties of materials such as polymers, by applying an oscillating load to the 

material. The stress and strain of the sample are measured to determine the properties 

of the material (NETZSCH, 2025). Figure 2-12 illustrates a DMA system, this specific 

model has a built-in oven where the material that is tested can be heated up to the 

desired experimental temperature.  

 

 

Figure 2-12: Example of a Dynamic Mechanical Analyser (Lubomirsky, 2025) 

Although these setups are used mainly for stress and strain tests, it could be 

implemented to characterise the properties of a rubber bellow by determining the force 

required to oscillate the bellow at a certain frequency.  
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2.4.2 Electrodynamic Shaker 

A commonly used excitation source to evaluate the properties of a rubber mount is an 

electromagnetic shaker, also known as a vibration shaker. These shakers are usually 

air cooled and create a forced frequency by means of electromagnetic oscillation. 

Figure 2-13 shows a typical experimental setup of electromagnetic shakers. 

 

 

Figure 2-13: Electromagnetic shaker engine mount setup (Nel and Steyn, 2012) 

By attaching accelerometers to the base and the mass, the two acceleration 

responses can be taken and processed by an FFT analyser. 
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2.4.3 Impact Hammer Modal Testing 

An impact hammer is a setup that is used to apply a short force to a structure or 

system. To evaluate the properties of a rubber bellow with an impact hammer, an FFT 

analyser with accelerometers or a force transducer is required. Some modern impact 

hammers have built in sensor analysers, where the setup can be more consequent 

than your conventional impact hammer.  

 

Figure 2-14: Modern impact hammer (GmbH, n.d.) 

 

In a study to evaluate the stiffness and damping of a frequency-dependent rubber 

mount an impact hammer setup was used. The method of experimental setup was 

then validated by comparing the results with a mechanical shaker test. The results 

were that the impact hammer test was a quick and easy way to evaluate the rubber 

mount, although some adjustments had to be made in terms of the weight of the impact 

and how hard the hammer should be (Lin et al., 2004).  

 

Since the impact hammer cannot create a steady state forced frequency, this setup 

will not be advisable to determine the dynamic properties of a fluid filled rubber bellow. 
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2.4.4 Experimental Setup Excitation Source with Unbalanced 
Motors 

As mentioned in Section 1.6, the excitation source was chosen as two unbalanced 

motors. These unbalanced motors are commonly used to excite vibrating screens 

(Bloem, 2015).  

 

Figure 2-15: Example of unbalanced motor used in a screening application (Bloem, 

2015) 

 

In Section 3.3, examples of accelerometers and FFT analysers are shown. These 

responses can be downloaded to a PC and uploaded to a programming language, 

such as MATLAB, where the frequency, amplitude, and phase angle can be 

determined. Using these values, the equation of motion can be determined. 

2.5 Conclusions 

The literature study reviews different rubber compensators and the application of these 

compensators. The properties of these compensators were briefly discussed along 

with the advantages of these compensators. For this study a rubber bellow was 

selected and the modelling of a typical rubber bellow was reviewed, this included the 

modelling of the equation of motion, the vibrational energy and power, and the iterative 

numerical integration software to evaluate the transient behaviour of the bellow. 

Different experimental evaluation methods of a rubber bellow were reviewed. From 

the literature review, the experimental methodology and setup were determined and 

discussed in Chapter 3, the mathematical models were developed in Chapter 4 and 

the implementation of the models were determined in Chapter 5.  
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3 Experimental Methodology 

By combining relevant concepts from previous literature, a test rig was designed and 

constructed to investigate the dynamic properties of a rubber bellow. In this Chapter 

the experimental setup is discussed and illustrated along with the instrumentation 

required to characterise the rubber bellow. 

 

Figure 3-1 illustrates the schematical representation of the experimental setup that will 

be discussed in this Chapter. 

 

Figure 3-1: In-line rubber bellow schematic experimental setup 
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Vibration was induced by two electrical shakers for higher frequencies, and at lower 

frequencies a camshaft driven by an electrical motor gearbox was used. Vacuum and 

pressure gauges were used to determine the pressure differential in the rubber bellow. 

In order to determine the amount of energy transferred to the fluid of the system, two 

one-way valves were installed, as seen in the Figure, before and after the bellow. This 

requirement and mathematical approach are explained further in Chapter 4.To 

measure the flow rate, a 25 litre container that is transparent and marked in increments 

of 0,25 litres was used along with a stopwatch. To measure vibrations, an 

accelerometer with a Fast Fourier Transform (FFT) analyser was used, and an eddy 

current probe was used to calibrate the phase angles of the vibration system. In the 

lower-frequency tests, a load cell was used to measure the forces transferred to the 

rubber compensator by the camshaft and gear reduction gearbox.  

 

The experimental evaluation was conducted at frequencies ranging from 2.5 Hz to 25 

Hz. Where the high frequency test ranged from 12,5 to 25 Hz and the low frequency 

tests ranged from 2,5 to 5 Hz. At each frequency the inlet and outlet valves were used 

to manipulate the pressure in the system to test each steady state condition at a 

differential pressure range from -30 kPa (vacuum) to 50 kPa, unless the fluid flow was 

unstable at one of these operating conditions, where the results were neglected as 

they aren’t deemed as accurate.  

 

For frequencies between 12.5 and 25 Hz, the unbalance mass of the electromotor 

shakers was adjusted to manipulate the amplitude of the condition by changing the 

unbalance mass, where the low frequency test was conducted with one camshaft with 

a fixed offset distance (amplitude).). The unbalance percentage ranged from 50% to 

100%.  
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Table 3-1 and Table 3-2 illustrates the measuring points or matrix of the experimental 

evaluation for the low frequency and high frequency tests, respectively. Where 6 

measuring points were completed for each frequency for the low frequency tests, one 

test for each pressure differential at each frequency, and 12 measuring points were 

completed for each frequency at the high frequency tests, one test for each pressure 

differential, at 50% and 100% unbalance mass, at each frequency. 

Table 3-1: Low frequency experimental matrix 

𝑓 
[Hz] 

𝑃𝐷 
[kPa] 

2,5 [Hz] 

-30 

-20 

0 

20 

35 

50 

3,5 [Hz] 

-30 

-20 

0 

20 

35 

50 

5 [Hz] 

-30 

-20 

0 

20 

35 

50 
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Table 3-2: High Frequency experimental matrix 

𝑓 
[Hz] 

Unbalance percentage 
[𝜂] 

𝑃𝐷 [kPa] 

12,5 [Hz] 

50% 

-30 

-20 

0 

20 

35 

50 

100% 

-30 

-20 

0 

20 

35 

50 

18,75 [Hz] 

50% 

-30 

-20 

0 

20 

35 

50 

100% 

-30 

-20 

0 

20 

35 

50 

25 [Hz] 

50% 

-30 

-20 

0 

20 

35 

50 

100% 

-30 

-20 

0 

20 

35 

50 
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3.1 Calibration and Calculation of Phase Angle 

A reference phase angle of “zero” degrees was determined to determine the phase 

angle of the bellow in each condition. If there was no damping in the bellow system, 

𝑐𝑝, is zero, the phase angle would also be zero as determined by Equation (4-12). 

Steel springs have a very low damping ratio approximately 𝜁=0.005 (Hutchinson, 

2018), therefor the phase angle can be simplified to zero if the system only consists 

of springs for the phase angle calibration process. The bellow’s rigid mass and 

unbalance motors were mounted upon the 8 steel springs without the bellow rubber to 

eliminate as much damping as possible. The equivalent stiffness, 𝑘𝑠, of the 8 steel 

springs was 24 N/mm and the weight of the mass, 𝑚, used for the calibration was 45 

kg. Thus the natural frequency, 𝑓𝑛, of the calibration system was calculated as 3.68 

Hz (𝑓𝑛 = √
𝑘𝑠

𝑚
(

1

2𝜋
))  (Rao, 2011). The calibration was done at a frequency of 25 Hz, 

which was more than 6 times the natural frequency. With a frequency ratio of three or 

more and a low damping coefficient, 𝜁, of 0.005, the phase angle, 𝜙,  could be 

assumed to be 180 degrees (Rao, 2011). Thus, the damping present in the phase 

angle calibration setup could be neglected. 

The EC displacement sensor was attached to the shell of the unbalance motor on the 

bottom side of the unbalance motor facing a vertical upward direction, as shown in 

Figure 3-2. 

 

Figure 3-2: EC displacement sensor mounted to motor 
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By placing the PCB accelerometer on the rigid body mass and neglecting damping as 

described, the excitation force, 𝐹𝑒, of the motor was in sync with the acceleration of the 

body. The EC sensor only read the distance between the unbalance weight and the 

sensor, where the reference calibration phase angle 𝜙𝑒𝑖𝑘 was measured from the FFT 

signals. Figure 3-3 and Figure 3-4 show the schematic representation of the calibration 

setup for 100% and 50% unbalance. A similar process was followed to calibrate other 

unbalance settings. 

 

Figure 3-3: 100% phase angle representation 

 

Figure 3-4: 50% phase angle representation 

 

  

 

EC signal peak (-) & 

Unbalance force 

𝜙𝑒𝑖𝑘  = 0 

100% 

 

Unbalance force 

EC signal peak (-) 

𝜙𝑒𝑖𝑘  

50% 
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3.2 Excitation Force 

Two Venanzetti VV10B/4 electric shaker motors were attached to opposite sides of 

the top plate of the bellow system, as shown in Figure 3-5.  

 

 

Figure 3-5: Unbalance motor attachment 

The rotating direction of the motors should be opposite as described in the user 

manual (VENANZETTI-VIBRAZIONI-MILANO, 2003) and as seen in Figure 4-2, to 

ensure a vertical induced vibration (motors stays in phase). 

 

The angular speed of the shaker motors was controlled with a Variable Speed Drive 

(VSD). The shaker motors have a maximum rotating speed of 25 Hz and deliver a 

maximum vibration force of 2.1 kN at this frequency. The unbalanced mass of the 

motors is variable and can be adjusted to a percentage of the total unbalanced mass-

radius given by the manufacturer as 0.087 kgm (Vipro, n.d.).  

 

Figure 3-6 shows the specifications of the unbalance vibration motors used.  

 

Figure 3-6: Unbalance motor specification sheet (Vipro, n.d.) 
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The unbalance percentage 𝑛 was adjusted for each condition of the characterisation 

scope. Figure 3-7 shows the changeable unbalance mass-radius of the motor. The 

unbalance force was solved by Equation (4-2) for each characterisation measurement. 

 

Figure 3-7: Adjustable unbalanced mass-radius 

3.3 Vibration Instrumentation 

Some vibration instruments were required to successfully characterise the bellow. 

Characterisation was performed by implementation of an accelerometer and an eddy 

current (EC) probe. 

 

A 100 mV/g PCB accelerometer was used with a cable that was connected to a two-

channel Diagnostic Instruments (DI) 2200 FFT Analyser. Figure 3-8 shows the 

accelerometer that was used during the experimental characterisation of the system.  

 

Figure 3-8: Accelerometer 

A non-contact EC displacement sensor was used to measure where the unbalance 

mass was in relation to the acceleration of the bellow, as explained in Section 3.1. The 
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Shinkawa model VK-602P EC sensor with transducer was used, the transducer 

supplied a voltage that is proportional to the distance between the unbalance weight 

and the sensor and was attached to the second available channel of the DI. Figure 3-9 

shows the EC sensor transducer box. 

 

Figure 3-9: Transducer box 

Figure 3-10 shows the DI FFT analyser that was used to analyse the signal that was 

received from the accelerometer and the eddy current probe. 

 

Figure 3-10: FFT Analyser 

 

The signal received from the accelerometer and the EC probe that was recorded by 

the analyser was downloaded to a personal computer. The data obtained from the 

analyser were used to calibrate the phase angle and to characterise the dynamic 

properties of the bellow system.  



35 
 

3.4 Bellow System 

The setup shown in Figure 3-11 consisted of the rubber bellow, additional springs, top 

mass which comprises of the top plate, motors with brackets, discharge pipes and the 

water inside the discharge pipes, two excitation motors and two one-way valves on 

each end of the bellow. A small section of the discharge pipe is also seen. 

 

Figure 3-11: Bellow system rigid body mass and discharge one-way valve 
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The discharge pipe section consisted of a set of 2-inch galvanised steel pipes with a 

gate valve, pressure gauge and one-way valve along with a helical plastic pipe with a 

diameter of 50 mm, as seen in Figure 3-12. Two tanks were used in the system, also 

seen in Figure 3-12, with a valve between the two tanks. The top tank, also referred 

to as the discharge tank was transparent with markings on, where the inlet tank was 

a 200-litre tank that is blue of colour and was used as the main reservoir for the system. 

 

Figure 3-12: Discharge pressure gauge, gate valve, and two tanks 

The inlet pipe section consisted of a set of 2-inch galvanised steel pipes with a gate 

valve, vacuum gauge, and one-way valve with a diameter of 50 mm. 

 

Figure 3-13: Inlet/suction pressure gauge, one-way valve, and gate valve 
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The piping consisted of an inlet pipe segment, shown in Figure 3-13, and discharge 

pipe segment, shown in Figure 3-12. These segments consisted of gate valves on 

each pipe segment along with three pressure gauges. These pressure gauges were 

at the inlet of the system, shown in Figure 3-13, the bellow itself, shown in Figure 3-14 

and one at the discharge pipe shown in Figure 3-12.  

 

Figure 3-14: Pressure gauge 𝑃𝐵, situated at the inlet of the bellow 

A summary of all the measured dimensions and required parameters in terms of the 

characterisation used in the mathematical model, are indicated in Table 3-3. 

Table 3-3: Characterisation Parameters 

Parameter Magnitude 

𝑚𝑚 58 kg 

𝑙1 1080 mm 

𝑙2 1120 mm 

ℎ0 550 mm 

ℎ𝐴 395 mm 

ℎ𝐵 175 mm 

ℎ𝐶 590 mm 

ℎ𝐷 1280 mm 

𝐷1 50 mm 

𝐷2 50 mm 

𝜌  1000 kg/m3 

𝑔 9.81 m/s2 

𝜇 1.002e-3 Ns/m2 

𝑃𝑎𝑡𝑚 86 kPa 

 

The density and dynamic viscosity (Munson et al., 2010) of the fluid 𝜌 and 𝜇 was 

chosen as 1000 and 1.002e-3 respectively and the gravitational constant is 9.81 

(Halliday et al., 2014). 

Chapter 4 provides more detail on the specific mathematical models used. 
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4 Mathematical Models 

4.1 Introduction 

For this study, four mathematical models were developed. From the literature review, 

the mathematical model was developed by implementing the parameters to the 

experimental setup as discussed in Chapter 3. The first model was developed to 

characterise the dynamic properties of the bellow. The second model was developed 

to describe the vibration energy. The third model was developed to describe the water 

flow energy of the bellow, determining the energy transferred by the bellow, and the 

fourth model was developed to describe the fluid energy transfer ratio of the bellow 

system.  

4.2 Dynamic Properties of Bellow 

A single degree-of-freedom model was developed to characterise the dynamic 

properties of the bellow. The bellow was idealized as a spring, that consisted of the 

stiffness of the rubber 𝑘𝑟 and the steel springs 𝑘𝑠 and a viscous damper 𝑐𝑚 attached 

to a rigid foundation with a rigid body on top of the spring with a mass 𝑚𝑚 and two 

non-return valves as shown in Figure 4-1. The 8 steel springs were added to the 

system to assist with the deflection caused by the equivalent mass 𝑚𝑚, these springs 

are shown in Figure 3-11 as two springs where 𝑘𝑠 is the equivalent stiffness of all 8 

steel springs. The one-way valves before and after the bellow were considered part of 

the bellow system because they restrict flow in the opposite direction and are shown 

in Figure 4-1 as two square blocks with a cross through them. The translational mode 

for movement in the vertical direction was considered. The equivalent vertical stiffness 

of the bellow is 

 

 𝑘𝑚 = 𝑘𝑟 + 𝑘𝑠 (4-1) 
 

A viscous damping model was used to describe the damping characteristics of the 

bellow. The vertical viscous damping coefficient of the bellow is 𝑐𝑚. Note that the 

above was applicable regardless of whether the bellow is full of fluid or air. 
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The mass on top of the spring was subjected to oscillating forces produced by two 

identical exciter motors, fastened to opposite sides of the body mass to achieve linear 

oscillation (Venanzetti, 2013). These two electrical motors rotated in opposite 

directions relative to each other. The resulting force was produced only in the vertical 

direction (Venanzetti, 2013). The two motors were placed equally apart from the centre 

of gravity of the bellow to maintain a balanced system. The excitation force produced 

by the exciter motors 𝐹𝑒 caused linear vertical movement of the mass. 

 

Figure 4-1: Bellow in single degree of freedom 

One excitation motor produces an unbalance force 𝐹𝑢 that consists of the equivalent 

unbalance product of the motor 𝑚𝑒𝑟𝑒 

 𝐹𝑢 =
𝑛

100
𝑚𝑒𝑟𝑒𝜔2𝑠𝑖𝑛(𝜔𝑡) (4-2) 

where 𝜔 is the rotational speed of the motor and 𝑛 is the percentage of unbalance that 

the motor is set to (varies from 0 to 100). The resultant force produced by the two 

exciter motors can be described as an excitation force 𝐹𝑒. The magnitude of the 

resultant shaking force as a function of time 𝑡 is 

 𝐹𝑒 = 2
𝑛

100
𝑚𝑒𝑟𝑒𝜔2𝑠𝑖𝑛(𝜔𝑡) (4-3) 

 

  

 

 

𝑚𝑝  

𝑐𝑚  𝑘𝑟  

𝑥 

1

2
𝑘𝑠 

1

2
𝑘𝑠 
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where the equivalent unbalance product of the exciter motors 𝑚𝑒𝑟𝑒 is related to the 

unbalance mass 𝑚𝑒 of the motor with its respective radius of gyration 𝑟𝑒, thus the force 

magnitude can be described as  

 𝐹𝑒 = 2
𝑛

100
𝑚𝑒𝑟𝑒𝜔2 (4-4) 

From Figure 4-1 and Newton’s second law (Rao, 2011), for the equilibrium of dynamic 

forces, the differential equation of motion is 

 𝐹𝑒(𝑡) = 𝑘𝑚𝑥 + 𝑐𝑚 𝑥̇ + 𝑚𝑚𝑥̈  (4-5) 

where 𝑥, 𝑥̇ and 𝑥̈ are the displacement, velocity and acceleration in the vertical 

direction respectively. The vertical displacement 𝑥 at time 𝑡 can also be expressed in 

terms of the corresponding displacement amplitude 𝑋 as 

𝑥(𝑡) = 𝑋𝑠𝑖𝑛(𝜔𝑡 − 𝜙) (4-6) 

where 𝜙 is the phase angle and can be calculated as 

𝜙 = Δ𝜙 − 𝜙𝑒𝑖𝑘 (4-7) 

where Δ𝜙 is the measured phase angle and 𝜙𝑒𝑖𝑘 is the calibrated phase angle as 

described in Chapter 3. Similarly, the vertical velocity 𝑥̇ at time 𝑡 can also be expressed 

in terms of corresponding velocity amplitude 𝑋̇ as 

𝑥̇(𝑡) = 𝑋̇𝑐𝑜𝑠(𝜔𝑡 − 𝜙) (4-8) 

Similarly, the vertical acceleration 𝑥̈ at time 𝑡 can also be expressed in terms of 

corresponding acceleration amplitude 𝑋̈ as 

𝑥̈(𝑡) = 𝑋̈𝑠𝑖𝑛(𝜔𝑡 − 𝜙) (4-9) 

The natural frequency (Rao, 2011) of the bellow is  

𝜔𝑛
2 =

𝑘𝑚

𝑚𝑚
 (4-10) 

This natural frequency can also be expressed as 

𝑓𝑛 =
𝜔𝑛

2𝜋
   (4-11) 
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4.2.1 Dynamic Displacement and Forces 

The phase angle 𝜙 of the bellow as described in the equation below: 

𝜙 = 𝑡𝑎𝑛−1 [
𝑐𝑚𝜔

𝑘𝑚 − 𝑚𝑚𝜔2
] (4-12) 

with damping ratio 

𝜁 =
𝑐𝑚

𝑐𝑐
 (4-13) 

and critical viscous damping 

𝑐𝑐 = 2√𝑘𝑚 𝑚𝑚 (4-14) 

 
If there is no damping in the system, the phase angle, 𝜙, will be 0 degrees if the system 

is operated below its natural frequency, and 180 degrees if the system is operated 

above its natural frequency (Rao, 2011). However, there is always damping in a 

system, and therefore we conclude that the phase angle will be between 0 and 180 

degrees, and the system will not be perfectly in or out of phase. This was brought into 

consideration in the characterisation of the bellow to ensure that all the dissipated 

energies are accounted for. Where 𝐹𝑒cos (𝜔𝑡), in the operational environment of the 

bellow, can represent the force applied by an oscillating member in the wind, a crank 

shaft that is driven by a motor or any other mechanical/electrical mechanism. 

 

From Equation (4-5) the force experienced/delivered by each component of the bellow 

can be seen where the force that the bellow spring component 𝐹𝑚𝑘
 experiences is 

 𝐹𝑚𝑘
= 𝑘𝑚𝑥    (4-15) 

and the force that the damper component 𝐹𝑚𝑐
 experiences is 

 𝐹𝑚𝑐
= 𝑐𝑚𝑥̇    (4-16) 

and the force that the mass component 𝐹𝑚𝑚
 experiences is 

 𝐹𝑚𝑚
= 𝑚𝑚𝑥̈    (4-17) 

These forces ultimately contribute to the energy that is experienced by the bellow due 

to the excitation force 𝐹𝑒. The displacement amplitude (Rao, 2011) of the bellow for 

steady-state conditions is 

𝑋 =
F𝑒

√(𝑘𝑚 − 𝑚𝑚𝜔2)2 + (𝑐𝑚𝜔)2
 

(4-18) 
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4.3 Vibration Energy and Power  

An external force will exert work on an object when the object displaces in the direction 

of the force, therefor from the forces described in Section 2.3.1, the work done by the 

bellow is (Hibbeler, 2010) 

 𝑑𝑊 = 𝐹𝑒𝑑𝑥 (4-19) 

By differentiation over time and integration of 𝑑𝑊, from (Rao, 2011) the vibration work 

done by the bellow in one cycle  Δ𝑊v is 

 

Δ𝑊v = ∫ 𝐹𝑒𝑥̇ 𝑑𝑡

2𝜋
𝜔

0

 

(4-20) 

By substitution of (4-18) and integration, the vibration work done by the bellow for 

steady state conditions in one cycle Δ𝑊v is 

 Δ𝑊v = 0 + 𝑐𝑚𝜔𝑋2𝜋 + 0 (4-21) 

The three terms on the right-hand side of Equation (4-21) represent the work done by 

the spring component, the damper component, and the mass component of the bellow, 

respectively. The work done in Equation (4-21) is in Joules per cycle where the power 

dissipated by the damper is in Joules per second. By calculation of the product of the 

work done by the damper in one cycle and the frequency, 𝑓, of the bellow, the vibration 

power dissipated by the bellow for steady-state conditions is 

 
ℙv =

1

2
𝑐𝑚𝜔2𝑋2 

(4-22) 

The power delivered to the bellow is (Hibbeler, 2010) 

 
ℙ(𝑡) =

𝑑𝑊

𝑑𝑡
 

(4-23) 

By substitution of Equation (4-21) into (4-23) and by differentiation of 𝑑𝑥/𝑑𝑡 (Steward, 

2009) the instantaneous power (Hibbeler, 2010) is calculated as 

 ℙ(𝑡) = 𝐹𝑒𝑥̇ (4-24) 
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From Equation (4-5) 𝐹𝑒 can be divided into three components such as the spring force, 

damping force and the mass component. The maximum power delivered by the exciter 

motors ℙv𝑚𝑎𝑥
 is the peak value of ℙ. That means that from (Rao, 2011), ℙ can also be 

divided into the spring power ℙv𝑘
 

 ℙv𝑘
(𝑡) = 𝐹𝑚𝑘

𝑥̇ (4-25) 

and damping power ℙv𝑐
 

 ℙv𝑐
(𝑡) = 𝐹𝑚𝑐

𝑥̇ (4-26) 

with the mass component ℙv𝑚
 

 ℙv𝑚
(𝑡) = 𝐹𝑚𝑚

𝑥̇ (4-27) 

A standard sine wave function (Steward, 2009) is described as 

 𝑦(𝑡) = 𝑍𝑠𝑖𝑛(𝑡) + 𝐶 (4-28) 

and a standard cosine wave function (Steward, 2009) is described as 

 𝑦(𝑡) = 𝑍𝑐𝑜𝑠(𝑡) + 𝐶 (4-29) 

where Z is the amplitude and 𝐶 is the mean. The power delivered to the bellow for 

steady state conditions from Equation (4-25) for the spring power ℙv𝑘
 can then be 

determined in a cyclic manner by 

 ℙv𝑘
(𝑡) =  

1

2
𝑘𝑚𝜔𝑋2𝑠𝑖𝑛(2𝜔𝑡 − 2𝜙) (4-30) 

and the damper power ℙv𝑐
 

 ℙv𝑐
(𝑡) =  

1

2
𝑐𝑚𝜔2𝑋2 cos(2𝜔𝑡 − 2𝜙) +

1

2
𝑐𝑚𝜔2𝑋2 (4-31) 

and the mass power ℙ𝑣𝑚
 

 ℙv𝑚
(𝑡) =  −

1

2
𝑚𝑚𝜔3𝑋2sin (2𝜔𝑡 − 2𝜙) (4-32) 

 

From the equations above it is clear that the amplitude values of the power delivered 

to the spring, damper and mass are (1/2)𝜔𝑋2𝑘𝑚, (1/2)𝑐𝑚𝜔2𝑋2 and (1/2)𝑚𝑚𝜔3𝑋2 

respectively with the damper power that is the only component that consist of an 

average power of (1/2)𝑐𝑚𝜔2𝑋2. This average power correlates with the vibration 

power dissipated by the bellow ℙv calculated in Equation (4-22), thus it can be 

concluded that the only component of the bellow that dissipates energy is the damper. 
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4.4 Hydraulic Energy Transfer 

This hydraulic energy model was used to evaluate the power of the fluid that was 

transported. The model consists of two water tanks (inlet and discharge) that is inter-

connected with a gate valve that closes the circuit to measure the flow rate the system 

delivers in the discharge tank, three pressure gauges to measure the inlet pressure 𝑃𝐴, 

discharge pressure 𝑃𝐷 and pressure inside the bellow 𝑃𝐵, two gate valves to 

manipulate the pressure of the pressure gauges along with the bellow shown in Figure 

4-2. The model is considered between points A and D, where ℎ𝐴 is the height of the 

inlet pressure gauge, ℎ𝐵 is the height of the pressure gauge inside the bellow 𝑃𝐵, ℎ𝐶 is 

the height of the outlet of the bellow and ℎ𝐷 is the height of the outlet pressure gauge. 

The height of the inlet tank’s water level is ℎ0. The model consists of two in-line spring-

type check valves, one at the inlet of the bellow and the other at the outlet of the bellow, 

as shown in Figure 4-2. Two pipe segments were used for the model, pipe segment 1 

with a length 𝑙1 and a diameter 𝐷1 and pipe segment 2 with a length 𝑙2 and a 

diameter 𝐷2. 

 

Figure 4-2: In-line rubber bellow schematical experimental setup (Hydraulic energy 

system highlighted green) 
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4.4.1 Equivalent Piston Pump 

In the current industry, some manufacturers produce a bellow pumping system that 

acts on a positive displacement principle, similar to a piston pump, for metered 

pumping. One of these metering pumps are manufactured by GRI pumps and works 

on a positive displacement principle, where the inlet and outlet to the bellow are 

separate and installed with poppet valves to ensure that the flow is in one direction 

(GRI-Pumps, n.d.). From this design, similar to the experimental setup for this study, 

a flexible, volume changing component with two one-way valves are used to induce 

flow, where the working principle of flow creation is based on positive displacement 

pumps. 

 

The system was modelled as a reciprocating piston pump to simplify the calculations,. 

This is an accurate assumption due to the change in volume that the bellow has in 

each cycle and the one-way valves that ensure that the flow is limited to one direction. 

An equivalent piston model of the bellow was developed by determining the volume 

change per cycle of the bellow. 

 Δ𝑉 =
𝑄

𝑓
 (4-33) 

   

where Δ𝑉 is the volume displaced by the bellow per cycle, 𝑄 is the average flow rate 

delivered by the bellow and 𝑓 is the frequency of the bellow. 

From Equation (4-33), the cross-sectional area of the equivalent piston, 𝐴𝑝, can be 

determined as 

  

 Ap =
Δ𝑉

2𝑋
 (4-34) 

where the stroke length of the piston is 2𝑋, two times the displacement amplitude of 

the bellow. The equivalent piston diameter 𝐷𝑝 is 

 𝐷𝑝 = √
4𝐴𝑝

𝜋
 (4-35) 

By means of the law of continuity (Douglas et al., 1985), the velocity of the fluid in the 

delivery and suction pipes can be determined as 
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 v1 =
𝐴𝑝

𝐴1
𝑥̇ (4-36) 

 v2 =
𝐴𝑝

𝐴2
𝑥̇ (4-37) 

where v1 and v2 is the velocity of the fluid in the suction and delivery pipe respectively, 

where the cross-sectional area of the suction  𝐴1 and discharge 𝐴2 pipes are 

  

 𝐴1 =
𝜋𝐷1

2

4
 (4-38) 

 𝐴2 =
𝜋𝐷2

2

4
 (4-39) 

 

with 𝐷1 and 𝐷2 the diameters of the suction and delivery pipes respectively. Thus, the 

acceleration of the fluid in the suction 𝑎1 and delivery 𝑎2 pipes are 

 𝑎1 =
𝐴𝑝

𝐴1
𝑥̈ (4-40) 

 𝑎2 =
𝐴𝑝

𝐴2
𝑥̈ (4-41) 

4.4.2 Hydraulic Energy Losses 

4.4.2.1 Inertia 

During each cycle, the fluid comes to a complete standstill twice, once with the suction 

stroke and once with the delivery stroke. At the beginning of the stroke, an additional 

head is required to accelerate the fluid that is at a standstill, and an equal opposite 

head is required to stop the fluid at the end of the stroke (Douglas & Matthews, 1996). 

The inertia of the fluid does not contribute to the losses in the system because the 

harmonic motion of the bellow, where the inertia required at the beginning of the stroke 

being equal to the inertia supplied at the end of the stroke. Although the inertia of the 

fluid does not contribute to losses, it is, however, important when the suction 

capabilities of the bellow is evaluated and can give a rating on the maximum 

reciprocating speed of the bellow before cavitation. The additional head required to 

overcome the stationary fluid in the suction pipe ℎ𝑖1
 and stop the moving fluid in the 

delivery pipe ℎ𝑖2
 are 
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 ℎ𝑖1
= −

𝑙1

𝑔
𝑎1 (4-42) 

 ℎ𝑖2
= −

𝑙2

𝑔
𝑎2 (4-43) 

where 𝑙1 and 𝑙2 are the length of the suction and delivery pipes respectively. 

4.4.2.2 Friction 

In a reciprocating pumping system, the frictional loss in a pump is a function of the 

velocity of the fluid, Figure 4-3 shows a simple PV (pressure vs velocity) diagram 

where the head is illustrated for a single cycle. 

 

Figure 4-3: Typical PV diagram of a piston reciprocating pump (Douglas & Matthews, 

1996) 
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Where abcd represents the suction stage of the cycle and defa represents the delivery 

stage. However, the diagram changes with the addition of the inertia head (ℎ𝑖1
, ℎ𝑖2

) 

and the frictional head loss (ℎ𝑓1
, ℎ𝑓2

) as shown in the figure above. The head loss due 

to pipe friction at any point in the cycle is calculated from the Darcy equation and 

depends on the velocity of the fluid (Douglas & Matthews, 1996). The friction head in 

the suction ℎ𝑓1
 and delivery ℎ𝑓2

 is 

 ℎ𝑓1
=

4𝑓1𝑙1v1
2

𝐷12𝑔
 (4-44) 

 
ℎ𝑓2

=
4𝑓2𝑙2v2

2

𝐷22𝑔
 

(4-45) 

where 𝑓1 and 𝑓2 is the frictional factors of the suction and delivery pipe respectively. 

Friction factors can be calculated as in (Douglas et al., 1985). 

for 𝑅𝑒1 < 2100 

 f1 = 16/𝑅𝑒1 (4-46) 

for 𝑅𝑒1 > 2100 

 
1

√f1

=  −1.8 log [(
𝜖/𝐷1

3.7
)

1.11

+
6.9

𝑅𝑒1
 ] (4-47) 

for 𝑅𝑒2 < 2100 

 f2 = 16/𝑅𝑒2 (4-48) 

for 𝑅𝑒2 > 2100 

 
1

√f2

=  −1.8 log [(
𝜖/𝐷2

3.7
)

1.11

+
6.9

𝑅𝑒2
 ] (4-49) 

where 𝜖 is the roughness of the pipe and the Reynolds number for the suction pipe 𝑅𝑒1 

and the delivery pipe 𝑅𝑒2 can be determined as 

 𝑅𝑒1 =
𝜌v1𝐷1

𝜇
 (4-50) 

 𝑅𝑒2 =
𝜌v2𝐷2

𝜇
 (4-51) 
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where 𝜇 is the dynamic viscosity of the fluid transferred and 𝜌 is the density of the fluid. 

From the Darcy equation it is clear that the frictional head loss is a parabola, the work 

done against friction is two thirds of the maximum frictional loss (Douglas & Matthews, 

1996), thus the power loss due to pipe friction for the suction ℙ𝑓1
and delivery ℙ𝑓2

 are  

 

 ℙ𝑓1  =  (
2

3
) ((

4𝑓
1
𝑙1

2𝑔𝐷1

) (v1max
)

2
) 𝜌𝑔𝑄  (4-52) 

 ℙ𝑓2  =  (
2

3
) ((

4𝑓2𝑙2

2𝑔𝐷2
) (v2max

)
2
) 𝜌𝑔𝑄 (4-53) 

 

where v1𝑚𝑎𝑥
 and v2𝑚𝑎𝑥

 is the maximum fluid velocity in the suction and delivery pipes 

respectively. 

4.4.2.3 One-way valves 

To ensure that the energy transferred to the fluid can be determined, two one-way 

valves are required to ensure that the flow of the fluid is in one direction, this is crucial 

to accurately determine the energy delivered to the fluid of the system. 

 

In an article on cavitation in reciprocating pumps, valve characteristics are said to have 

little effect at speeds lower than 100 rpm (Sahoo, 2006). The volumetric efficiency of 

the reciprocating pump will be higher at a lower operating speed with a higher valve 

spring constant (Sahoo, 2006). The head required to lift the valve must be determined 

to take into account the friction head required to open the valve. To measure this head 

loss, the difference in pressure over the valve should be taken into account.  

To determine this loss, the flow rate should be zero and the gate valve at point D, as 

seen in Figure 4-2 should be fully closed. Figure 4-4 shows a simple example of valve 

geometry. 

 

Figure 4-4: One-way valve representation 
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When the flow is brought to a standstill, it is taken that the fluid has no velocity, which 

eliminates the friction loss and the inertia head required by the system in relation to 

the fluid in the pipe system. Thus, the only loss due to head required to lift the valve ℎ𝑣  

by analysing the discharge valve is 

 ℎ𝑣 =
𝑃𝐶1

− 𝑃𝐶2

𝜌𝑔
 (4-54) 

where 𝑃𝐶1
and 𝑃𝐶2

 is the pressure right before and after the one-way valve at point C 

as seen in Figure 4-2 and is determined by 

 𝑃𝐶1
 = 𝜌𝑔 ((ℎ𝐵 − ℎ𝐶) + (

𝑃𝐵

𝜌𝑔
))  (4-55) 

 
𝑃𝐶2

 = 𝜌𝑔 ((ℎ𝐷 − ℎ𝐶) + (
𝑃𝐷

𝜌𝑔
)) 

(4-56) 

 

4.4.3 Head Delivered by the Bellow System 

The internal head delivered by the bellow is a function of all the pressures in the 

system at a certain time instance and is expressed as (Douglas et al., 1985). 

 ℎ𝑖𝑛 = ℎ𝑝 + ℎ𝑖1
+ ℎ𝑖2

+ ℎ𝑓1
+ ℎ𝑓2

 (4-57) 

where ℎ𝑚 is the head delivered by the bellow and is 

 ℎ𝑚  =  (ℎ𝐷 − ℎ𝐴) + (
𝑃𝐷 − 𝑃𝐴

𝜌𝑔
) + (

𝑣2
2 − 𝑣1

2

2𝑔
) + ℎ𝑣 (4-58) 

4.4.4 Hydraulic Power 

The hydraulic power ℙℎ can be calculated as (Douglas et al., 1985) 

 ℙℎ =  𝜌𝑔𝑄ℎ𝑚 + ℙ𝑓1 + ℙ𝑓2 (4-59) 
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4.5 Vibration Energy Transferred to Fluid 

The vibration power delivered by the excitation motors, denoted as ℙ𝑣, represents the 

effective mechanical power transmitted to the system after accounting for the electrical 

and mechanical losses within the motors. This power is determined from the measured 

displacement amplitudes of the rigid body mass 𝑚𝑚. 

 

The hydraulic power ℙℎ, calculated in Equation (4-59), corresponds to the power 

imparted to the fluid by the bellows and is obtained from the product of the system’s 

head gain and the volumetric flow rate. In other words, ℙℎ represents the portion of 

mechanical energy effectively transferred from the vibrating bellows to the fluid. 

 

The difference between ℙ𝑣 and ℙℎ therefore accounts for the mechanical and 

volumetric losses within the bellows, which define its efficiency. Considering ℙ𝑣 as the 

input power and ℙℎ as the output (transferred) power, the fraction of vibration energy 

transferred to the fluid, also referred to as the transfer ratio in this study,  𝜂𝑚 is given 

by (Sayers, 1990): 

 

 
𝜂𝑚 =

ℙℎ

ℙv
 

(4-60) 

4.6 Conclusions 

Four mathematical models were constructed to characterise the bellow in terms of the 

dynamic properties, vibration energy and power, fluid flow power, and fluid energy 

transfer ratio of the bellow. These mathematical models were computerised and 

implemented in a MATLAB environment. The implementation of these models is 

described in Chapter 5.  
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5 MATLAB Implementation 

5.1 Introduction 

The four mathematical models described in Chapter 4 were implemented as scrips in 

a MATLAB environment. The first script was implemented to calibrate and determine 

the phase angle of the bellow, the second script was to retrieve and plot the data points 

from the FFT analyser, the third script was implemented to determine the dynamic 

properties of the bellow. The fourth script was implemented to determine the vibration 

energy and power of the bellow for steady state, as well as the transient behaviour of 

the bellow. The fifth script was implemented to determine the flow properties of the 

bellow, and the sixth script was used to determine the amount of energy transferred 

to the fluid. These scripts are listed in Appendix B. 

5.2 Phase-Angle Calibration of the Bellow System 

The flow chart shown in Figure 5-1 describes the script used to determine the phase 

angle, 𝜙, of the bellow. The input data consists of the calibration signals measured by 

the DI, and the signals measured for each characterisation condition. From the signals, 

FFT calculations are done, and Equation (4-7) is solved in a MATLAB environment. 

The MATLAB program is included in Appendix B. 

 

Figure 5-1: Phase angle flow chart 

Output: 

Phase angle: 𝜙 

Computation: 

FFT calculations in a 

MATLAB environment on all 

4 signals. 

Solve Equation (4-7) in a 

MATLAB environment.  

 Input: 

Two time domain signal data 

(calibration) 
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5.3 Dynamic Properties of the Bellow 

The flow chart shown in Figure 5-2 describes the MATLAB script based on the 

mathematical model described in Section 4.2. The input data consists of the equivalent 

mass 𝑚𝑚 that is on top of the bellow, frequency 𝑓, phase angle 𝜙, the displacement 

peak 𝑋 of the vibration and unbalance properties 𝑚𝑒𝑟𝑒 and 𝑛. From the input values 

given, Equations (4-12) and (4-18) were solved simultaneously to determine the 

dynamic properties 𝑘𝑚 and 𝜁. The MATLAB program is included in Appendix B. 

 

Figure 5-2: Dynamic Properties Flow Chart 

  

Output: 

Stiffness coefficient: 𝑘𝑚 

  Damping ratio: 𝜁 

Computation: 

Equations (4-12) and (4-18) 

are solved simultaneously in 

a MATLAB environment. 

 Input: 

Phase angle: 𝜙 

Amplitude: 𝑋 

Equivalent mass: 𝑚𝑚  

Forced frequency: 𝑓 

Unbalance properties: 𝑚𝑒𝑟𝑒 , 𝑛 
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5.4 Vibration Energy and Power  

5.4.1 Steady State 

The flow chart shown in Figure 5-3 describes the MATLAB implementation based on 

the mathematical model described in Section 4.3 for steady state behaviour of the 

bellow. The input data consists of the dynamic properties of the bellow, 𝑘𝑚 and 𝜁, the 

equivalent mass 𝑚𝑚, forced frequency 𝑓 and unbalance properties 𝑚𝑒𝑟𝑒 and 𝑛. 

Equations (4-21), (4-22), (4-24), (4-25), (4-26) and (4-27) were solved in a MATLAB 

environment. The MATLAB program is included in Appendix B. 

 

Figure 5-3: Dynamic energy and power flow chart 

  

 

 Input: 

Dynamic properties: 𝑘𝑚, 𝜁 

Unbalance properties: 𝑚𝑒𝑟𝑒 , 𝑛 

Forced frequency: 𝑓  

Equivalent mass: 𝑚𝑚 

Computation: 

Equations (4-21), (4-22), (4-24), 

(4-25), (4-26) and (4-27) were 

solved in MATLAB. Where the 

vibration power was plotted as a 

function of time and the average 

power calculated. 

Output: 

Power: ℙ, ℙ𝑣𝑘
, ℙ𝑣𝑐

, ℙ𝑣𝑚
, ℙ𝑣 

Energy: Δ𝑊𝑣 
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5.4.2 Start-up Transient Prediction 

The flow chart shown in Figure 5-4 describes the MATLAB implementation based on 

the mathematical model described in Section 4.2, for the transient behaviour of the 

bellow. The input parameters consist of the rigid body mass 𝑚𝑚, frequency 𝑓, 

unbalance properties 𝑚𝑒𝑟𝑒 and 𝑛, bellow stiffness 𝑘𝑚 and damping ratio 𝜁. This 

computation is done to ultimately determine what the required power is to start up the 

bellow system. Second-order differential Equation (4-5) is converted to two first-order 

differential equations. These equations were then solved in a MATLAB environment 

by numerical integration with 𝑜𝑑𝑒23. 𝑚. From this predicted response, the required 

power to start the bellow system can be solved. Further Equation (4-25), (4-26) and 

(4-27) were solved to plot the power of each component as described in Chapter 4. 

The MATLAB program is included in Appendix B. 

 

Figure 5-4: Transient prediction flow chart for start-up conditions 

 

Input: 

Rigid body mass: 𝑚𝑚 

Forced frequency: 𝑓 

Unbalance properties: 𝑚𝑒𝑟𝑒, 𝑛 

Dynamic properties: 𝑘𝑚, 𝜁 

Sub program: 

Equation (4-5) is converted to 

two first-order differential 

equations and numerically 

integrated by 𝑜𝑑𝑒23. 𝑚. 

Computation: 

Equations (4-25), (4-26) and 

(4-27) was solved and 

plotted. The maximum power 

delivered ℙvmax
 is calculated 

by an inbuild MATLAB 

function, max(). 

 

Output: 

Power: ℙ(𝑡), ℙv𝑘
(𝑡), ℙv𝑐

, ℙv𝑚
 

Maximum power: ℙv𝑚𝑎𝑥
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5.5 Fluid Flow Power 

The flow chart shown in Figure 5-5 describes the MATLAB script based on the 

mathematical model described in Section 4.4. The input data consists of the flow rate 

delivered by the bellow, 𝑄, the inlet and outlet pressure gauge values 𝑃𝐴 and 𝑃𝐷, fluid 

density and dynamic viscosity 𝜌 and 𝜇, gravitational constant 𝑔, heights of each point 

in the system as shown in  Figure 4-2,  ℎ0, ℎ𝐴, ℎ𝐵, ℎ𝐶 and ℎ𝐷. The length and diameter 

of suction pipe 𝑙1 and 𝐷1 and the delivery pipe 𝑙2 and 𝐷2. The equations (4-44), (4-45), 

(4-52), (4-53), (4-54), (4-57), (4-58), and (4-59) were solved in a MATLAB environment 

to calculate the hydraulic power ℙℎ. The MATLAB program is included in Appendix B. 
 

 

Figure 5-5: Fluid power flow chart 

  

 

Input: 

Pressures: 𝑃𝐴, 𝑃𝐷 , 𝑃𝐵 

Flow rate: 𝑄 

Heights: ℎ0, ℎ𝐴, ℎ𝐵,ℎ𝐶,ℎ𝐷  

Constants: 𝑔, 𝜌, 𝜇, 𝜖 

Pipe diameters: 𝐷1, 𝐷2 

Pipe lengths: 𝑙1, 𝑙2  

Computation: 

Equations (4-44), (4-45), 

(4-52), (4-53), (4-54), (4-57),  

(4-58), and (4-59) in a 

MATLAB environment.  

Output: 

Head delivered: ℎ𝑚 

Hydraulic power: ℙℎ 
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5.6 Energy Transferred to fluid 

The flow chart shown in Figure 5-6 describes the MATLAB script based on the 

mathematical model described in Section 4.5.The input data consists of the hydraulic 

power delivered by the bellow, ℙℎ, and the vibration power delivered by the excitation 

motors ℙ𝑣 for steady state conditions. Equation (4-60) is solved in a MATLAB 

environment. The MATLAB script is included in Appendix B. 

 

Figure 5-6: Fluid energy transfer ratio flow chart 

 

5.7 Conclusions 

The mathematical models described in Chapter 4 were implemented in a MATLAB 

environment, and the flow charts of these MATLAB scripts were described in Chapter 

5.  These MATLAB scripts are used to characterise the bellow system that is discussed 

in Chapter 6.  

 

Input: 

Power: ℙℎ, ℙv 

Computation: 

Equation (4-60) solved in a 

MATLAB environment. 

Output: 

Fluid energy transfer 

ratio: 𝜂𝑚 



58 
 

6 Experimental Results 

6.1 Introduction 

The dynamic properties of the bellow can be characterized by examining the power 

and energy that are delivered by the excitation motors to the bellow and the portion of 

power delivered to the fluid by the bellow. The fluid power transfer was experimentally 

determined and formed an important characteristic to determine the portion of energy 

transferred to the fluid, compared to the vibrational energy absorbed by the bellow 

material and structure. To ensure that the results are consistent and accurate, the flow 

and pressure had to be stable for two readings in the FFT analyser, where the 3rd 

reading was used. 

 

Table 6-1 indicates the phase angle calibration results at 100% unbalance, 50% 

unbalance, and 20% unbalance as described in Section 3.1. 

Table 6-1: Phase angle calibration results 

𝑛 [%] 𝜙𝑒𝑖𝑘 [Deg]  

100 -0.33 

50 60.63 

20 86.22 

6.2 High Frequency Test 

6.2.1 Bellow System Dynamic Properties 

The dynamic properties of the bellow was primarily characterised by processing the 

acceleration time response signals measured at each test point. The EC sensor is 

connected to the transducer that is connected to the Diagnostic Instrument (DI) that 

plots the signal that represents the distance between the EC sensor and the unbalance 

mass. The DI plots the acceleration signal, and the EC sensor signal simultaneously. 

The signals are then analysed in a MATLAB environment to determine the phase 

angle and dynamic properties. A response signals are shown in Figure 6-1. 
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Figure 6-1: Response signals from DI (25 [𝐻𝑧]) 

Table 6-2 illustrates the phase angle (𝜙), excitation amplitude (𝑋), stiffness (𝑘𝑚) and 

damping ratio (𝜁) of the bellow system for each condition of the experimental 

characterisation at a frequency, 𝑓, of 12.5 Hz. 

Table 6-2: Bellow dynamic properties @ 12.5 Hz 

𝑛 50% 100% 

𝑃𝐴 
[kPa] 

𝑃𝐷 
[kPa] 

𝜙 
[Deg] 

𝑋 
[mm] 

𝑘𝑚 
[N/mm] 

𝜁 [-] 
𝜙 

[Deg] 
𝑋 

[mm] 
𝑘𝑚 

[N/mm] 
𝜁 [-] 

0 0 -19.52 1.9 84.5 0.28 -10.69 4.7 132.3 0.098 

0 20 -22.88 2.6 170.8 0.16 -20.59 4.6 138.9 0.18 

0 35 -19.33 2.8 174.8 0.13 -17.83 4.9 147.7 0.15 

0 50 -19.45 2.9 182.0 0.12 -16.29 5.0 151.8 0.13 

-20 0 -17.94 2.6 164.8 0.13 -18.49 4.5 134.0 0.17 

-30 0 -17.98 2.6 164.7 0.13 Cavitation 

 

Table 6-3 illustrates the phase angle, excitation amplitude, stiffness and damping ratio 

of the bellow system for each condition of the experimental characterisation at a 

frequency, 𝑓, of 18.75 [𝐻𝑧]. 

Table 6-3: Bellow dynamic properties @ 18.75 𝐻𝑧 

𝑛 50% 100% 

𝑃𝐴 
[kPa] 

𝑃𝐷 
[kPa] 

𝜙 
[Deg] 

𝑋 
[mm] 

𝑘𝑚 
[N/mm] 

𝜁 [-] 
𝜙 

[Deg] 
𝑋 

[mm] 
𝑘𝑚 

[N/mm] 
𝜁 [-] 

0 0 -10.23 1.8 128.7 0.19 -6.88 3.7 163.7 0.11 

0 20 -6.22 1.9 169.3 0.094 -7.78 3.8 170.8 0.12 

0 35 No flow -6.10 3.8 172.9 0.09 

0 50 No flow -6.32 3.8 177.4 0.092 

-20 0 Cavitation -6.21 3.7 153.5 0.10 

-30 0 Cavitation -6.20 3.7 159.6 0.098 
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Table 6-4 illustrates the phase angle, excitation amplitude, stiffness and damping ratio 

of the bellow system for each condition of the experimental characterisation at a 

frequency, 𝑓, of 25 [𝐻𝑧]. 

Table 6-4: Bellow dynamic properties @ 25 𝐻𝑧 

𝑛 50% 100% 

𝑃𝐴 
[kPa] 

𝑃𝐷 
[kPa] 

𝜙 
[Deg] 

𝑋 
[mm] 

𝑘𝑚 
[N/mm] 

𝜁 [-] 
𝜙 

[Deg] 
𝑋 

[mm] 
𝑘𝑚 

[N/mm] 
𝜁 [-] 

0 0 -4.73 1.6 133.2 0.12 -7.25 3.3 789.3 0.04 

0 20 -4.98 1.7 141.5 0.13 -5.79 3.3 790.7 0.03 

0 35 No flow -5.01 3.3 789.8 0.026 

0 50 No flow -5.47 3.4 794.0 0.027 

-20 0 Cavitation -5.98 3.3 793.4 0.03 

-40 0 Cavitation -9.2 3.3 782.8 0.05 

 

The MATLAB script used to determine the dynamic properties is included in Appendix 

B. 

6.2.2 Vibration Energy and Power 

The power and energy elements of the bellow was calculated to illustrate the 

vibrational energy distribution as it is dissipated in the bellow system. Note that this 

section only describes the mechanical vibrational aspect of the energy and that the 

energy transferred to the fluid was handled separately. All computations were done in 

a MATLAB environment, included in Appendix B. 

 

The power of the below system was calculated using Equations (4-24), (4-25), (4-26) 

and (4-27) with the instantaneous power of each vibration system element plotted over 

time and is shown in Figure 6-2. The red line represents the damping power of the 

system, the light blue line represents the mass component of the vibration power, the 

dark blue line represents the spring component of the vibration power, and the green 

line represents the overall vibration power. The averages of each power curve are also 

plotted, where the light blue and dark blue lines have an average of zero, indicating 

that the average power of the spring and mass is zero. The green and red lines had 

the same average, indicating that the average damping power equals the average 

overall vibrational power, which was higher than zero. 
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Figure 6-2: Power plot 

From Figure 6-2, the nett power delivered to the spring component and the mass 

component is zero, where the average power dissipated by the damping component 

and the average power delivered is equal, at a value greater than zero. The MATLAB 

script used to determine and plot the vibration power is included in Appendix B. 

6.2.2.1 Steady state 

The vibration energy that was delivered to the bellow for a complete cycle and the 

vibration power under steady state conditions were calculated. Table 6-5 illustrates 

the vibration energy and power of the bellow system for each condition of the 

experimental characterisation at a frequency, 𝑓, of 12.5 [𝐻𝑧]. 

 

Table 6-5: Bellow system energy and power @ 12.5 𝐻𝑧 

𝑛 50% 100% 

𝑃𝐴 
[kPa] 

𝑃𝐷 
[kPa] 

Δ𝑊𝑣  
[J] 

ℙ𝑣 
[W] 

Δ𝑊𝑣  
[J] 

ℙ𝑣 
[W] 

0 0 1.04 13.04 2.93 36.57 

0 20 1.73 21.67 5.44 68.04 

0 35 1.54 19.31 5.02 62.77 

0 50 1.62 20.20 4.73 59.12 

-20 0 1.37 17.18 4.87 60.82 

-30 0 1.38 17.20 Cavitation 
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Table 6-6 illustrates the vibration energy and power of the bellow for each condition of 

the experimental characterisation at a frequency, 𝑓, of 18.75 [𝐻𝑧]. 

Table 6-6:  Bellow system energy and power @ 18.75 𝐻𝑧 

𝑛 50% 100% 

𝑃𝐴 
[kPa] 

𝑃𝐷 
[kPa] 

Δ𝑊𝑣  
[J] 

ℙ𝑣 
[W] 

Δ𝑊𝑣  
[J] 

ℙ𝑣 
[W] 

0 0 1.18 22.20 3.40 63.74 

0 20 0.78 14.55 3.88 72.66 

0 35 No flow 3.06 57.45 

0 50 No flow 3.19 59.86 

-20 0 Cavitation 3.02 56.69 

-30 0 Cavitation 3.05 57.13 

 

Table 6-7 illustrates the vibration energy and power of the bellow for each condition of 

the experimental characterisation at a frequency, 𝑓, of 25 [𝐻𝑧]. 

Table 6-7: Bellow system energy and power @ 25 𝐻𝑧 

𝑛 50% 100% 

𝑃𝐴 
[kPa] 

𝑃𝐷 
[kPa] 

Δ𝑊𝑣  
[J] 

ℙ𝑣 
[W] 

Δ𝑊𝑣  
[J] 

ℙ𝑣  
[W] 

0 0 0.92 22.94 5.65 141.15 

0 20 0.97 24.28 4.53 113.36 

0 35 No flow 3.93 98.18 

0 50 No flow 4.04 100.96 

-20 0 Cavitation 4.71 117.64 

-40 0 Cavitation 7.05 176.26 

 

6.2.2.2 Transient behaviour 

For the transient behaviour, an operating condition was characterised experimentally 

to compare the results with that of the numerical integration in a MATLAB environment. 

This allowed the determination of the dynamic properties of the bellow during  transient 

conditions. Figure 6-3 shows the experimental acceleration signal of the bellow during 

transient behaviour. The acceleration amplitude of the system starts at zero and 

increases with each cycle. After 4 cycles the maximum acceleration was achieved.  
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Figure 6-3: Transient acceleration signal (experimental) 

 

Figure 6-4 shows the predicted transient acceleration, calculated by the numerical 

integration model in MATLAB. 

 

Figure 6-4: Numerical integration acceleration signal 

Figure 6-5 shows the predicted transient vibration power, calculated by the numerical 

integration model in MATLAB. 
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Figure 6-5: Numerical integration vibration power signal 

Figure 6-6 shows the predicted transient vibration power for each component of the 

system, calculated by the numerical integration model in MATLAB. The equivalent 

power, spring power, damping power and mass power signals are shown. 

 

Figure 6-6: Numerical integration vibration power signals for each component 
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Table 6-8 illustrates the dynamic properties, steady state vibration energy and power 

and the transient properties of the bellow at 20% unbalance and 25 Hz.  

Table 6-8: Dynamic properties, energy, power, and transient properties @ 25 Hz 

𝑛 20% 

𝑃𝐴 
[kPa] 

𝑃𝐷 
[kPa] 

𝜙 
[Deg] 

𝑋 
[mm] 

𝑘𝑝 

[N/mm] 

𝜁  
[-] 

Δ𝑊𝑣 
[J] 

ℙ𝑣 
[W] 

𝑥̈𝑎𝑐𝑡𝑢𝑎𝑙 
[m/s2] 

𝑥̈𝑝𝑟𝑒𝑑𝑖𝑐𝑡

[m/s2] 

ℙ𝑚𝑎𝑥 
[W] 

0 0 -6.53 0.66 131.81 0.17 0.20 5.04 18.36 20.07 92.80 

 

The transient behaviour is important since the largest amount of vibrational energy is 

transferred during start-up and stop conditions. From the table above it is seen that 

the predicted value, 20.07 m/s2, of the transient behaviour correlates well with the 

measured response, 18.36 m/s2. 

6.2.3 Flow Properties 

The layout of the flow system of the bellow is shown in Figure 4-2. The values of the 

vacuum gauge, 𝑃𝐴, and pressure gauge, 𝑃𝐷, was taken along with the maximum 

pressure reading of the bellow pressure gauge, 𝑃𝐵, and the flow rate of the fluid was 

determined by means of a stopwatch and the reading the volume of water displaced 

in that time. The discharge tank consists of a volume indicator that was graded in 250 

ml intervals. To ensure that the readings are accurate and repeatable, the minimum 

required volume of water pumped to determine the flow rate was at least 7 litres. The 

stopwatch used to time the fluid flow rate is shown in Figure 6-7. 

 

Figure 6-7: Stopwatch timer 
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Table 6-9 illustrate the flow properties of the bellow for each condition of the 

experimental characterisation at a frequency, 𝑓, of 12.5 Hz. 

Table 6-9: Flow properties @ 12.5 Hz 

𝑛 50% 100% 

𝑃𝐴 
[kPa] 

𝑃𝐷 
[kPa] 

𝑄  
[l/s] 

ℎ𝑚 
[m] 

ℙℎ  
[W] 

𝑄  
[l/s] 

ℎ𝑚 
[m] 

ℙℎ  
[W] 

0 0 0.35 1.06 3.66 0.42 6.47 26.53 

0 20 0.12 3.09 3.54 0.34 8.50 27.99 

0 35 0.07 4.62 3.05 0.17 10.02 17.15 

0 50 0.03 6.15 1.72 0.14 11.55 15.36 

-20 0 0.04 3.25 1.13 0.20 8.65 16.89 

-30 0 0.03 4.27 1.44 Cavitation 

 

Table 6-10 illustrate the flow properties of the bellow for each condition of the 

experimental characterisation at a frequency, 𝑓, of 18.75 Hz. 

Table 6-10: Flow Properties @ 18.75 Hz 

𝑛 50% 100% 

𝑃𝐴 
[kPa] 

𝑃𝐷 
[kPa] 

𝑄  
[l/s] 

ℎ𝑚 
[m] 

ℙℎ  
[W] 

𝑄  
[l/s] 

ℎ𝑚 
[m] 

ℙℎ  
[W] 

0 0 0.17 4.21 6.92 0.16 6.46 10.29 

0 20 0.04 6.25 2.75 0.09 8.50 7.32 

0 35 No flow 0.06 10.02 6.28 

0 50 No flow 0.04 11.55 4.75 

-20 0 Cavitation 0.14 8.65 11.74 

-30 0 Cavitation 0.03 9.67 2.45 

 

 

Table 6-11 illustrate the flow properties of the bellow for each condition of the 

experimental characterisation at a frequency, 𝑓, of 25 Hz. 

Table 6-11: Flow properties @ 25 Hz 

𝑛 50% 100% 

𝑃𝐴 
[kPa] 

𝑃𝐷 
[kPa] 

𝑄  
[l/s] 

ℎ𝑚 
[m] 

ℙℎ  
[W] 

𝑄  
[l/s] 

ℎ𝑚 
[m] 

ℙℎ  
[W] 

0 0 0.08 3.70 3.05 0.23 4.73 10.83 

0 20 0.07 5.74 3.72 0.03 6.76 2.06 

0 35 No flow 0.01 8.29 0.95 

0 50 No flow 0.002 9.82 0.24 

-20 0 Cavitation 0.15 6.92 10.01 

-40 0 Cavitation 0.22 8.95 19.35 
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6.2.4 Fluid Energy Transfer Ratio of the Bellow System 

The fluid energy transfer ratio 𝜂𝑚 of the bellow in terms of hydraulic power delivered, 

was calculated at a frequency of 12.5, 18.75, and 25 Hz and resulting values are 

illustrated in Table 6-12, Table 6-13, and Table 6-14 respectively. 

Table 6-12: Fluid energy transfer ratio @ 12.5 Hz 

𝑛 50% 100% 

𝑃𝐴 
[kPa] 

𝑃𝐷 
[kPa] 

𝜂𝑚  
[%] 

𝜂𝑚  
[%] 

0 0 28.07 72.55 

0 20 16.34 41.14 

0 35 15.79 27.32 

0 50 8.51 25.98 

-20 0 6.58 27.77 

-30 0 8.37 Cavitation 

 

Table 6-13: Fluid energy transfer ratio @ 18.75 Hz 

𝑛 50% 100% 

𝑃𝐴 
[kPa] 

𝑃𝐷 
[kPa] 

𝜂𝑚  
[%] 

𝜂𝑚  
[%] 

0 0 31.17 16.14 

0 20 18.90 10.07 

0 35 No flow 10.93 

0 50 No flow 7.94 

-20 0 Cavitation 20.71 

-30 0 Cavitation 4.29 

 

Table 6-14: Fluid energy transfer ratio @25 Hz 

𝑛 50% 100% 

𝑃𝐴 
[kPa] 

𝑃𝐷 
[kPa] 

𝜂𝑚  
[%] 

𝜂𝑚  
[%] 

0 0 13.30 7.67 

0 20 15.32 1.82 

0 35 No flow 0.97 

0 50 No flow 0.24 

-20 0 Cavitation 8.51 

-30 0 Cavitation 10.98 
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From the results obtained it was clear that the fluid energy transfer ratio was greater 

at lower frequencies, and the vibration power was smaller at lower frequencies. The 

damping coefficient of the vibration rubber bellow was also higher at lower 

frequencies. Thus, the need to characterise the bellow system at lower frequencies 

than what can be generated by the unbalance motors arose.  

 

Subsequently, the bellow system was also tested at lower frequencies with a higher 

amplitude by using an alternative excitation setup as is now discussed in Section 6.3. 

 

6.3 Low Frequency Test 

6.3.1 Introduction 

The experimental setup was modified to be able to characterise the bellow system at 

lower frequencies. By changing the excitation force source to a crank shaft that was 

driven through a reduction gearbox, the desired low frequency was obtained. Figure 

6-8 shows the modified experimental setup. 

 

Figure 6-8: Motor-gearbox-crankshaft experimental setup 
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A HBM U2A tension/compression load cell with a full bridge strain-gauge 6-wire 

configuration (HBM, 2017) was used to measure the force that was transferred to the 

bellow system. Figure 6-9 shows the load cell connection between the crankshaft and 

the bellow system. The top mass was still guided by the linear bearings and guide 

shafts as used in the previous setup to ensure that the vibration of the system remains 

vertical. 

 

Figure 6-9: Load cell connection 
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As seen in Figure 6-10 the only difference when compared with the high frequency 

mathematical models discussed in Chapter 4, was that the excitation force 𝐹𝑒(𝑡) 

comprised of one source. Thus, the existing mathematical models were still applicable. 

 

Figure 6-10: Low frequency single degree of freedom model 

Section 6.3.2 describes how the load cell’s read-out is calibrated to allow accurate 

measurements of the force transferred to the bellow system. 
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6.3.2 Excitation Force Calibration 

The voltage signal supplied by the load cell is too low for the FFT Analyser to 

accurately measure a signal. To amplify the signal, a load cell read-out, as seen in 

Figure 6-11, was used. The analogue signal was then connected to one of the 

channels of the FFT Analyser.  

 

Figure 6-11: Load cell read-out 

To calibrate the load cell, the difference in voltage of the signal supplied to the FFT 

analyser due to the change in load applied was determined. Therefore, five different 

loads were applied to the load cell and the difference in signal voltage was determined. 

Figure 6-12 shows the mass of the steel blocks used for the load cell calibration. 

 

 

Figure 6-12: Mass measurements of weights 
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Figure 6-13 shows the zero-load condition of the load cell calibration where the only 

mass on the load cell was that of the strap used with a shackle. 

 

Figure 6-13: Zero load condition 

Figure 6-14 shows how the calibration of the load cell was done at different loads. 

 

Figure 6-14: Calibration of load cell at 21.50 kg 
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Table 6-15 illustrates the signal voltage at different loads. 

Table 6-15: Load-cell calibration results 

Load kg Signal output mV 

“Zero” 43.39 

21.50 47.80 

24.50 50.30 

43.02 54.47 

46.02 55.11 

 

The linear correlation between the load and the signal output, as illustrated in Table 

6-15, was determined by means of a MATLAB build in correlation evaluator. Table 

6-16 illustrates the correlation calculation results. 

Table 6-16: Load-cell correlation results 

Correlation 
variable 

Result 

SSE 1,557 

𝑅2 0,9835 

𝑅2 adjusted 0,978 

RMSE 0,7205 

Linear model 𝑓(𝑥) = 𝑝1𝑥 + 𝑝2 

𝑝1 0,2582 

𝑝2 43,23 

. 

From the results it is clear that the coefficient of determination, 𝑅2, and the adjusted 𝑅2 

is a good fit for this linear curve where the Sum of Squares due to Error (SSE)  and 

the Root Mean Squared Error (RMSE) is a low value relative to the magnitude of the 

voltage output (less than 4%). Thus, the linear fit is assumed to be accurate and 

correct. As seen in Table 6-16, the straight-line equation from the curvature fit is 

 𝑆𝑂 = 0.2582𝐿 + 43.23 (6-1) 

Where 𝑆𝑂 and 𝐿 is the signal output voltage and applied load respectively. The 

gradient is 0.2582, this value is used to determine the excitation force that the crank 

shaft will transfer to the bellow system. From Equation (6-1), the excitation force can 

be determined as 

 𝐹𝑒 = (
𝑆𝑃

0.2582
× 9.81) sin (𝜔𝑡) (6-2) 

 



74 
 

Where 𝑆𝑃 is the amplitude of the signal obtained from the load cell read-out. The force 

amplitude, F𝑒, can be determined as 

 F𝑒 =
𝑆𝑃

0.2582
× 9.81 (6-3) 

Thus, the remaining mathematical models are still applicable. 

The excitation force amplitude (𝐹𝑒) of the bellow system was calculated at the different 

pressure differentials at 2.5, 3.5 and 5 Hz and are illustrated in Table 6-17, Table 6-18 

and Table 6-19 respectively. 

Table 6-17: Low frequency excitation force @ 2.5 Hz 

𝑃𝐴 
[kPa] 

𝑃𝐷 
[kPa] 

F𝑒  
[N] 

0 20 1412.5 

0 35 1529.6 

0 50 1457.8 

-20 0 1306.4 

-30 0 1379.4 

 

Table 6-18: Low frequency excitation force @ 3.5 Hz 

𝑃𝐴 
[kPa] 

𝑃𝐷 
[kPa] 

F𝑒  
[N] 

0 0 961.36 

0 20 1137.3 

0 50 1181.5 

-30 0 1012.1 

 

Table 6-19: Low frequency excitation force @ 5 Hz 

𝑃𝐴 
[kPa] 

𝑃𝐷 
[kPa] 

F𝑒  
[N] 

0 0 757.92 

0 20 853.58 
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6.3.3 Dynamic Properties (Low Frequency) 

The rubber bellow was investigated in terms of the dynamic properties present at each 

measurement taken. The load cell was connected to the bellow as shown in Figure 

6-9, the signal delivered by the load cell was then sent to a load cell readout to amplify 

the signal that delivered an analogue voltage signal to the FFT Analyser. The analyser 

plotted the acceleration signal and the load cell signal simultaneously. The signals 

were then analysed in a MATLAB environment to determine the phase angle and 

dynamic properties. An example of the response signals is shown in Figure 6-15. 

 

Figure 6-15: Response signal example from Analyser 

Table 6-20 illustrates the dynamic properties of the bellow for each condition of the 

low frequency experimental characterisation at a frequency, 𝑓, of 2.5 Hz. 

Table 6-20: Dynamic Properties @ 2.5 Hz 

𝑃𝐴 
[kPa] 

𝑃𝐷 
[kPa] 

𝜙 
[Deg] 

𝑋 
[mm] 

𝑘𝑝 

[N/mm] 

𝜁  
[-] 

0 20 17.80 7.3 191.7 0.82 

0 35 15.61 6.9 220.5 0.77 

0 50 14.89 7.1 205.1 0.70 

-20 0 19.29 7.5 170.5 0.84 

-30 0 17.09 7.7 177.09 0.75 
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Table 6-21 illustrates the dynamic properties of the bellow for each condition of the 

low frequency experimental characterisation at a frequency, 𝑓, of 3.5 Hz. 

Table 6-21: Dynamic properties @ 3.5 Hz 

𝑃𝐴 
[kPa] 

𝑃𝐷 
[kPa] 

𝜙 
[Deg] 

𝑋 
[mm] 

𝑘𝑝 

[N/mm] 

𝜁  
[-] 

0 0 13.83 7.8 132.98 0.35 

0 20 11.44 8.2 149.33 0.31 

0 50 10.37 6.5 193.02 0.32 

-30 0 12.22 8.5 130.41 0.30 

 

Table 6-22 illustrates the dynamic properties of the bellow for each condition of the 

low frequency experimental characterisation at a frequency, 𝑓, of 5 Hz. 

Table 6-22: Dynamic properties @ 5 Hz 

𝑃𝐴 
[kPa] 

𝑃𝐷 
[kPa] 

𝜙 
[Deg] 

𝑋 
[mm] 

𝑘𝑝 

[N/mm] 

𝜁  
[-] 

0 0 14.85 7.0 132.44 0.23 

0 20 18.60 6.2 156.79 0.33 

 

6.3.4 Energy and Power (Low Frequency) 

Table 6-23 illustrates the vibration energy and power of the bellow for each condition 

of the experimental characterisation at a frequency, 𝑓, of 2.5, 3.5 and 5 Hz. 

 

Table 6-23: Vibration energy and power @ 2.5 Hz 

𝑃𝐴 
[kPa] 

𝑃𝐷 
[kPa] 

Δ𝑊𝑣  
[J] 

ℙ𝑣 
[W] 

0 20 9.87 24.67 

0 35 8.92 22.29 

0 50 8.36 20.90 

-20 0 10.21 25.53 

-30 0 9.86 24.66 

 

Table 6-24 illustrates the vibration energy and power of the bellow for each condition 

of the experimental characterisation at a frequency, 𝑓, of 3.5 Hz. 
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Table 6-24: Vibration energy and power @ 3.5 Hz 

𝑃𝐴 
[kPa] 

𝑃𝐷 
[kPa] 

Δ𝑊𝑣  
[J] 

ℙ𝑣 
[W] 

0 0 5.63 19.72 

0 20 5.81 20.34 

0 50 4.32 15.12 

-30 0 5.69 19.90 

 

Table 6-25 illustrates the vibration energy and power of the bellow for each condition 

of the experimental characterisation at a frequency, 𝑓, of 5 Hz. 

 

Table 6-25: Vibration energy and power @ 5 Hz 

𝑃𝐴 
[kPa] 

𝑃𝐷 
[kPa] 

Δ𝑊𝑣  
[J] 

ℙ𝑣 [W] 

0 0 4.25 21.26 

0 20 5.34 26.72 

 

6.3.5 Flow Properties (Low Frequency) 

The fluid model has not changed, and the same mathematical model used in Chapter 

4 was applicable. The bellow system remains unchanged. Table 6-26 illustrates the 

flow properties of the bellow system for each condition of the experimental 

characterisation at a frequency, 𝑓, of 2.5, 3.5 and 5 Hz. 

 

Table 6-26: Flow properties @ 2.5 Hz 

𝑃𝐴 
[kPa] 

𝑃𝐷 
[kPa] 

𝑄  
[l/s] 

ℎ𝑝 

[m] 

ℙℎ  
[W] 

0 20 0.149 2.80 4.09 

0 35 0.089 4.33 3.76 

0 50 0.082 5.86 4.69 

-20 0 0.210 2.92 6.03 

-30 0 0.020 3.94 7.93 
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Table 6-27 illustrates the flow properties of the bellow system for each condition of the 

experimental characterisation at a frequency, 𝑓, of 3.5 Hz. 

Table 6-27: Flow properties @ 3.5 Hz 

𝑃𝐴 
[kPa] 

𝑃𝐷 
[kPa] 

𝑄  
[l/s] 

ℎ𝑝 

[m] 

ℙℎ  
[W] 

0 0 0.352 0.77 2.70 

0 20 0.194 2.80 5.34 

0 50 0.120 5.86 5.88 

-30 0 0.339 3.94 13.15 

 

Table 6-28 illustrates the flow properties of the bellow system for each condition of the 

experimental characterisation at a frequency, 𝑓, of 5 Hz. 

Table 6-28: Flow properties @ 5 Hz 

𝑃𝐴 
[kPa] 

𝑃𝐷 
[kPa] 

𝑄  
[l/s] 

ℎ𝑝 

[m] 

ℙℎ  
[W] 

0 0 0.541 0.78 4.29 

0 20 0.423 2.81 11.74 

 

6.3.6 Fluid Energy Transfer Ratio (Low Frequency) 

Table 6-29 illustrates the fluid energy transfer ratio of the bellow for each condition of 

the experimental characterisation at a frequency, 𝑓, of 2.5, 3.5 and 5 Hz. 

Table 6-29: Fluid energy transfer ratio @ 2.5 Hz 

𝑃𝐴 
[kPa] 

𝑃𝐷 
[kPa] 

𝜂  
[%] 

0 20 16.59 

0 35 16.87 

0 50 22.43 

-20 0 23.63 

-30 0 32.16 
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Table 6-30 illustrates the fluid energy transfer ratio of the bellow for each condition of 

the experimental characterisation at a frequency, 𝑓, of 3.5 Hz. 

Table 6-30: Fluid energy transfer ratio @ 3.5 Hz 

𝑃𝐴 
[kPa] 

𝑃𝐷 
[kPa] 

𝜂  
[%] 

0 0 13.68 

0 20 26.25 

0 50 38.88 

-30 0 66.05 

 

Table 6-31 illustrates the fluid energy transfer ratio of the bellow for each condition of 

the experimental characterisation at a frequency, 𝑓, of 5 Hz. 

Table 6-31: Fluid energy transfer ratio @ 5 Hz 

𝑃𝐴 
[kPa] 

𝑃𝐷 
[kPa] 

𝜂  
[%] 

0 0 20.16 

0 20 43.95 

6.4 Conclusions 

The phase angle was successfully experimentally calibrated for each condition. The 

dynamic properties of the bellow were successfully experimentally characterised for 

each condition. The vibration energy and power of the bellow were successfully 

experimentally determined for each operating condition along with the power required 

at transient behaviour at one operating condition. The flow properties were also 

experimentally characterised for each operating condition. The fluid energy transfer 

ratio of the bellow was also successfully experimentally determined for each operating 

condition.  

 

In Chapter 7 the numerical integration model is validated, and the experimental results 

are evaluated in more detail.   
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7 Validation of Numerical Model and Experimental 
Evaluation 

7.1 Introduction 

In this Chapter, the measured transient response is compared to the predicted values 

calculated to validate the numerical integration model. The bellow was evaluated in 

terms of dampening properties, vibrational mechanical energy and power transferred 

to the bellow and the fluid power transferred from the bellow. These properties were 

evaluated against the amplitude, frequency and pressure dependence of the operating 

condition. Note that all the results are given during the evaluation, where anomalies 

and grouping of results were explained where necessary. 

7.2 Transient Validation 

The transient responses were measured for a condition during start-up of the bellow 

system as described in Section 6.2.2.2. As seen in Figure 6-3 and Figure 6-4 the 

predicted acceleration and the experimentally obtained signals were plotted. Table 

7-1illustrates the predicted and actual acceleration amplitude of the transient condition 

of the bellow system at 20% unbalance.  

 

Table 7-1: Predicted and measurable responses for transient condition 

𝑛 20% 

𝑃𝐴 
[kPa] 

𝑃𝐷 
[kPa] 

𝜙 
[Deg] 

𝑋 
[mm] 

𝑘𝑝 

[N/mm] 

𝜁  
[-] 

𝑥̈𝑎𝑐𝑡𝑢𝑎𝑙 
[m/s2] 

𝑥̈𝑝𝑟𝑒𝑑𝑖𝑐𝑡

[m/s2] 

Deviation 
[%]  

0 0 -6.53 0.66 131.81 0.17 18.36 20.07 9.3 

 

There is a difference between the actual acceleration and predicted acceleration of 

9,3%. The small difference could be due to the change in dynamic properties such as 

stiffness and damping with a change in amplitude during start-up.  
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7.3 Dynamic Properties Evaluation 

The dynamic properties of the rubber bellow system were evaluated in terms of the 

change in amplitude, frequency and pressure respectively, with the findings discussed 

accordingly. 

7.3.1 Amplitude Dependency 

Figure 7-1 shows the amplitude dependency of all the test results of the stiffness 

coefficient for the bellow system, with most results were in the range of 80-200 N/mm, 

where 220 N/mm is indicated in orange and 80 N/mm  in grey. It was noted that the 

stiffness evaluated for the bellow system at a frequency of 25 Hz and 100% unbalance 

mass, were much larger than the other results, grouped at roughly 780 N/mm. This 

group of results could be due to the increase of frequency at 100% unbalance mass 

operating conditions. From the results below it is clear that the stiffness of the bellow 

isn’t constant with a change in amplitude, although the values don’t seem to have a 

correlation with the change in amplitude. 

 

 

 

Figure 7-1: Stiffness coefficient vs. amplitude (experimental), results at 100% 

unbalance and 25 Hz highlighted 



82 
 

Figure 7-2 shows the amplitude dependency of the damping ratio for the bellow 

system. From the plot below it is visible that at lower amplitudes (<5 mm) the damping 

ratio is less than 30%, where the damping ratio varies more and could be as great as 

84% at higher amplitudes (6-9 mm). This could be due to the frictional damping caused 

by the increase in material deformation of the rubber bellow. 

 

Figure 7-2: Damping ratio vs. amplitude (experimental)  
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7.3.2 Frequency Dependency 

In Chapter 3 the bellow system’s dynamic properties were experimentally 

characterised. Although most results varied from 80 to 200 N/mm, it was noted that 

the stiffness evaluated for the bellow system at a frequency of 25 Hz and 100% 

unbalance mass, were much larger than the other results, grouped at ≈790 N/mm. A 

further study at higher frequencies could supply some clarity on the effect of higher 

frequencies at higher excitation forces. 

 

 

Figure 7-3: Stiffness coefficient vs. frequency (experimental) 
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Figure 7-4 shows the damping ratio vs the frequency of the rubber bellow system. 

From the figure below it is clear that there is a decrease in damping ratio with an 

increase in frequency. 

 

 

Figure 7-4: Damping ratio vs. frequency (experimental) 
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7.3.3 Pressure Dependency 

Figure 7-5 shows the stiffness coefficient vs the pressure difference over the bellow 

system. Although the most results varied from 80 to 200 N/mm, it was noted that the 

stiffness evaluated for the bellow system at a frequency of 25 Hz and 100% unbalance 

mass, were much larger than the other results, with an average of 790 N/mm. 

Excluding the results that were around 790 N/mm, it seems that there is an inclining 

trend with the increase of pressure. By characterizing the bellow system at higher 

pressures will enable sufficient evaluation of this possible trend. 

 

 

Figure 7-5: Stiffness coefficient vs pressure (experimental) 
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Figure 7-6 shows the pressure dependency for the damping ratio of the bellow system. 

Due to the strong correlation between the operating frequency and damping ratio, as 

discussed in Section 7.3.2, the results were grouped in different operating frequencies 

to better isolate the change in damping ratio due to a change in pressure. From the 

figure below there is a slight increase in damping ratio when there is no differential 

pressure in the system. 

 

 

Figure 7-6: Damping ratio vs. pressure (experimental) 
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To better understand the pressure dependence of the damping ratio, the damping ratio 

of the rubber bellow system was plotted at a change in absolute pressure difference, 

as seen in Figure 7-7. Although there is no clear correlation between the damping ratio 

and the absolute pressure difference of the system, it is seen from the figure below 

that the damping ratio of the system decreases with an increase in pressure difference. 

If the pressure range was increased in a future study, this decrease in damping ratio 

could be confirmed. 

 

Figure 7-7: Damping ratio vs. absolute pressure (experimental) 

7.4 Vibration Power Evaluation 

In this Section the vibrational energy transfer was evaluated in terms of a change in 

amplitude, frequency and pressure. From Section 4.3, it is clear that the average 

power that is transferred to the bellow is due to the damping power element of the 

system. The only dependency and relation, as seen in Equation (4-22) can be 

expressed as: 

ℙv =
1

2
𝑐𝑚𝜔2𝑋2 
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7.4.1 Amplitude Dependency 

From the equation of the vibration power, the vibration power is proportional to the 

square of the amplitude, if the damping in the system stays constant. From Section 

7.3 it is clear that the damping in the system is not constant when there is a change in 

amplitude.  Figure 7-8 shows the vibration power of the system with a change of 

amplitude. To illustrate the change in vibration power with a change in amplitude, the 

results were grouped in four categories, lower frequencies (2.5, 3.5 and 5 Hz), 12.5, 

18.75, and 25 Hz respectively. From the figure below it is clear that the vibration energy 

of the system increased with an increase in amplitude at the same frequency. It is also 

clear that that the rate of increase is less at lower frequencies. The trendline for 12.5, 

18.75 and 25 Hz had a high correlation rate of 0.74, 0.93 and 0.84 respectively. The 

highlighted section of the figure illustrates the lower frequency results that showed 

minimal correlation between the amplitude and the vibration power since the amplitude 

range is relatively small. To obtain better characterisation for the amplitude 

dependencies at lower frequencies, the bellow system should be characterised at a 

wider range of amplitudes at lower frequencies. 

 

Figure 7-8: Vibration power vs. amplitude (experimental) 
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7.4.2 Frequency Dependency 

From the equation of the vibration power, the vibration power is proportional to the 

square of the frequency, if the damping in the system stays constant. From Section 

7.3 is clear that the damping in the system is not constant when there is a change in 

frequency.  Figure 7-9 shows the vibration power of the system with a change in 

frequency. To illustrate the change in vibration power with a change in frequency, the 

results were grouped in three categories, lower frequency ranges, at 50% unbalance 

and 100% unbalance respectively. From the figure below there is not a significant 

change in the vibration power with a change of frequency for the lower frequency range 

or the 50% unbalance results. The 100% unbalance results indicate an increase in 

vibration power with an increase in frequency.  

 

Figure 7-9: Vibration power vs. frequency (experimental) 
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7.4.3 Pressure Dependency 

Figure 7-10 shows the vibration power of the system with a change in pressure for 

each characterisation condition. From the figure below there it wasn’t a clear 

correlation between the vibration power and the change of pressure, although it is 

noted that there seems to be a slight decrease in power at higher pressure differences. 

 

 

Figure 7-10: Vibration power vs. pressure (experimental) 
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7.5 Flow Energy Evaluation 

In this Section the flow energy is evaluated in terms of a change in amplitude, 

frequency and pressure. This flow energy gives an indication of the portion of energy 

transferred to the fluid in the system from the vibration energy of the system (with the 

remainder of the vibrational energy that is absorbed by the inherent mechanical 

damping of the components). 

7.5.1 Amplitude Dependency 

Since the hydraulic power is directly proportional to the vibration energy, a similar 

amplitude dependency was expected for the hydraulic power as seen in Section 7.4.1. 

Figure 7-11 shows the hydraulic power of the system vs a change of amplitude. The 

results were divided in two groups for more clarity, one for higher frequencies, 

including the characterisation at 12.5, 18.75 and 25 Hz, and at lower frequencies, 

including 2.5, 3.5 and 5 Hz, to better evaluate the amplitude dependency of the 

hydraulic power. From the figure below it is clear that the hydraulic power of the system 

increased with an increase in amplitude at higher frequencies, however the correlation 

at lower frequencies were not clear to determine. This might be attributed to secondary 

flow effects inside the bellow caused by increased wall movement and possible energy 

loss through fluid heating.  

 

Figure 7-11: Hydraulic power vs. amplitude (experimental) 
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Figure 7-12 shows the fluid energy transfer ratio of the system vs the change in 

amplitude. Although it seems that there is an increase in fluid energy transfer ratio with 

the increase in amplitude, the correlation of this dependency is unclear and could be 

better defined at higher amplitudes to determine if there is an external effect on the 

dependency. 

 

 

Figure 7-12: Fluid energy transfer ratio vs. amplitude (experimental) 
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7.5.2 Frequency Dependency 

Figure 7-13 shows the hydraulic power of the system vs a change of frequency. From 

the figure below there is no clear correlation between the hydraulic power of the 

system and the amplitude since the correlation coefficient is very low, even when the 

results are considered respectively for different frequency ranges and unbalance 

masses. 

 

Figure 7-13: Hydraulic power vs frequency (experimental) 
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Figure 7-14 shows the fluid energy transfer ratio of the system vs the change in 

frequency. From the figure it is seen that the fluid energy transfer ratio of the system 

reduces at higher frequencies. This indicates that at higher frequencies, less of the 

vibration power will be transferred to the fluid. Although the correlation between the 

increase in frequency and the fluid energy transfer ratio is not great, it is seen in the 

figure below that the range of fluid energy transfer ratio reduces with an increase in 

frequency (As indicated by the green trendlines). 

 

 

Figure 7-14: Fluid energy transfer ratio vs. frequency (experimental) 
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7.5.3 Pressure Dependency 

Figure 7-15 shows the hydraulic power of the system vs a change of pressure. From 

the figure below there is a weak correlation between the hydraulic power of the system 

and the amplitude, although it seems that the hydraulic power of the system decreases 

with the increase in absolute pressure difference at higher frequencies and increases 

at lower frequencies. 

 

Figure 7-15: Hydraulic power vs. absolute pressure difference (experimental) 
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Figure 7-16 shows the fluid energy transfer ratio of the system vs the change in 

pressure. From the figure there is no clear correlation between the fluid energy transfer 

ratio of the system with a change in pressure delivered, although it is seen that the 

fluid energy transfer ratio at lower frequencies increases with an increase in pressure 

of the system. 

 

Figure 7-16: Fluid energy transfer ratio vs. pressure (experimental) 
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7.6 Summary of Results 

 

In Section 7.2 it was seen that the predicted excitation of the bellow during transient 

behaviour correlated well with the actual excitation, with a correlation of 9.3%. The 

small difference could be related to the amplitude dependency on the dynamic 

properties of the rubber bellow (Chai et al., 2014). Therefor the transient modelling of 

the system can be accepted as accurate for the evaluation of the results. 

 

In Section 7.3 the dynamic properties of the bellow were evaluated in terms of the 

amplitude dependency of the system. Although the stiffness of the system measured 

between 150 and 200 N/mm, the damping coefficient of the system increased 

substantially as seen in Figure 7-2. This is helpful if this bellow’s application has a 

certain amplitude, then the expected damping could be brought into consideration with 

initial design specifications. If the expected amplitude is less than 5 mm, you can 

expect a maximum damping ratio of 30%, where if you have an expected amplitude of 

6 to 9 mm, the damping ratio of the bellow system could be as high as 80%. Figure 

7-17 shows the illustration of the two scenarios discussed.  

 

 

Figure 7-17: Damping ratio vs. amplitude summary 
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In Section 7.3.2 the dynamic properties of the bellow were evaluated in terms of the 

frequency dependency of the system. Although there is no clear relation seen between 

the stiffness and the frequency of the system, the damping coefficient of the system 

decreased with the increase of frequency. This is helpful if the operating frequency of 

the system is known, the damping ratio of the system could be anticipated which will 

help in the design of the system. The trendline used in Figure 7-4 has a strong 

coefficient of correlation (0.88), which could be used to determine the damping 

coefficient at different frequencies. Figure 7-18 shows the trendline details and an 

example of using the trendline equation to determine the damping ratio of the system 

when the operating frequency is 10 Hz. 

 

Figure 7-18: Damping ratio vs. frequency with trendline details 

In Section 7.3.3 the dynamic properties of the bellow were evaluated in terms of the 

pressure dependency of the system. No explicit correlation between the operating 

pressure and the dynamic properties of the bellow was found, implying that the bellow 

damping properties can be used without adjusting for pressure conditions.  
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In Section 7.4 the vibration power of the bellow system was evaluated in terms of 

dependency towards amplitude, frequency and pressure. The only clear indication is 

that the vibration energy increase with an increase in amplitude, and that the rate of 

increase is dependent on the operating frequency. As discussed in Section 7.4.1 and 

seen in Figure 7-8. 

 

In Section 7.5 the flow energy of the bellow system was evaluated in terms of 

dependency towards amplitude, frequency and pressure. From Figure 7-11 it is seen 

that the energy transferred to the fluid increases with an increase in amplitude, 

although the fluid energy transfer ratio or percentage of vibration energy that is 

transferred to the fluid doesn’t have a clear correlation, as seen in Figure 7-12. From 

Figure 7-14 it is seen that the fluid energy transfer ratio of the energy transferred to 

the fluid decreases with an increase in frequency. This indicates that the proportion of 

vibration energy that is transferred to other equipment and structures will be more at 

higher frequencies. 

 

In Section 7.5 the fluid energy transfer ratio of the system reaches a maximum of 72%, 

this is important if the desired application of this bellow system is to transfer energy to 

the fluid in the system. Possible solutions would be to implement a dual function 

system, responsible for reducing the transferred vibrations to nearby structures and to 

circulate fluid as an auxiliary system. 

 

The numerical integration model, implemented in MATLAB, was successfully 

validated, and the experimental results were successfully evaluated. 

 

In Chapter 8 the conclusion and recommendations from this study are discussed. 
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8 Conclusions and Recommendations 

8.1 Conclusions 

Mathematical models were successfully developed and implemented in a MATLAB 

environment to characterise and investigate the change in dynamic properties of a 

rubber bellow system under different operating conditions and to provide an indication 

of the expected transient behaviour in such a system. A single degree-of-freedom 

mathematical model was developed and used to predict the dynamic properties at 

steady-state conditions and vibrational behaviour at transient conditions.  

 

The input parameters required for the mathematical model were described and 

included the mass of the system, the length of the pipes used for in the inlet and 

discharge sections of the system, the applicable elevation heights, the water lever of 

the inlet tank, the respective pressure gauges and the height of the one-way valves, 

and the diameters of the piping. 

 

An experimental setup was designed and manufactured, where a closed-loop 

hydraulic system was used with an in-line rubber bellow that was excited vertically by 

means of unbalanced vibration motors. A second setup was used to excite the system 

at lower frequencies; in this setup a gear-reduction motor was used. An accelerometer, 

eddy current probe and load cell were used as vibration instruments to characterise 

the acceleration response, phase angle and excitation force, respectively. To 

characterise the dynamic properties of the system, the phase angle of the system was 

calibrated under neglectable mechanical damping conditions and used as a reference 

for future characterisation.  The dynamic properties were experimentally determined, 

where the stiffness and damping coefficient of the system were characterised at 

different frequencies, excitation forces, and pressures. The vibration and fluid energy 

were characterised at these frequencies, excitation forces, and pressures. The fluid 

energy transfer ratio of the power transferred to the fluid from the vibration energy was 

also measured, in order to determine the split between vibrational energy absorbed by 

the bellow material, and that absorbed by the fluid. 
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The numerical integration model was firstly validated by comparing the predicted 

transient behaviour with the transient response obtained experimentally. The dynamic 

properties were evaluated in terms of the change in amplitude, frequency and pressure 

in the system respectively, where the most significant changes were discussed and 

analysed. The vibration energy was evaluated in terms of the change in amplitude, 

frequency and pressure in the system respectively, where the most significant results 

were discussed.  

 

When evaluating the dynamic properties of the rubber bellow system, there was a 

clear indication that the damping ratio of the system increased with an increase in 

amplitude. In applications where the amplitude of the system is known, the damping 

ratio could be predicted and introduced into the design calculations. Should the 

amplitude be less than 5 𝑚𝑚, the expected damping ratio can be expected to be less 

than 30%, where the damping ratio could be up to 80% at amplitudes higher than 6 

𝑚𝑚. The damping ratio’s dependency with regards to a change in frequency was 

declining with an increase in frequency, where the evaluated results had a correlating 

trendline. By using the equation of power, the expected damping ratio could be 

determined at the operating frequency. Table 8-1 illustrates the damping ratio 

guideline gathered from the evaluation, which will aid in the correct application design. 

 

Table 8-1: Damping ratio expectation guideline 

Known design criteria Damping-ratio expectation Notes 

Amplitude <5 [mm] 0-30% See frequency dependence 

Amplitude 6-9 [mm] 30-80% See frequency dependence 

Operating frequency 𝑦 = 1.765𝑥−1.035 
𝑦 (Damping ratio) 

𝑥 (Frequency [Hz]) 

 

 

The fluid energy and power were evaluated in terms of the change in amplitude, 

frequency, and pressure, respectively, with the goal of determining how much energy 

is transferred to the fluid from the system. These evaluations and results were 

summarised. By simulating the vibration energy and the amount of energy transferred 

to the fluid in the system, efficiencies of more than 70% were observed. However, no 

correlation between amplitude, frequency, or pressure was conclusive.  

 



102 
 

8.2 Recommendations 

It is recommended to characterise and investigate higher pressure systems up to 

differentials of 30 bars, where different rubber bellows are used to fully understand the 

change in dynamic properties of any rubber bellows when subjected to increased 

pressure loadings. The current experimental setup for example was restricted to only 

deliver a maximum pressure difference of 50 kPa where the operating range of the 

bellow is up to 16 bar. This study is based on an in-line rubber bellow application, 

although the recommendation is to evaluate higher pressure tests with a rubber bellow 

that is not in-line with the main flow path. Figure 8-1 shows the experimental setup 

recommended for higher pressure tests, where the single point flow entry and exit can 

be seen at the bottom of the bellow, and one-way valves are used for flow control. 

 

 

Figure 8-1: High pressure experimental setup recommendation 
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By removing the in-line application of the bellow, it allows for an additional pressure 

increasing port as shown in the figure, which will allow for an external increase in 

pressure in the system. 

 

Another recommendation is to investigate the application of a rubber bellow as a 

vibration isolator with the function of circulating fluid in an auxiliary system. An example 

of this is to implement the bellow in a by-pass system that circulates cooling water of 

a gearbox while implemented as a vibration isolator for the gearbox or surrounding 

pipelines.  
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Appendixes 

Appendix A – Bellow Rubber Properties 
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Appendix B – MATLAB scripts 

The following sub routine programs are listed in the appendix. 

B-1  Phase angle calibration, where the phase angle is calibrated. 

B-2  Signal FFT, where the FFT signals is extracted, and the phase angle and 

amplitude are calculated, the expected steady state- (B-2.1) and transient- 

behaviour (B-2.2) is then plotted. 

B-3  Dynamic properties of bellow system, where the dynamic properties of the 

system are calculated. 

B-4  Vibration energy and power, where the energy and power of the system is 

calculated for steady state- (B-4.1) and transient- behaviour (B-4.2) are 

calculated. 

B-5  Fluid flow energy, where the fluid energy of the system is calculated. 

B-6  Fluid energy transfer ratio 

B-1 Phase Angle Calibration 

clear all 

  
%%-----Input values------%% 

  

%%Load of measured data%% 

  
filename1_eik = 'EC503A.dat';                   %Define acceleration file 

name for calibration process 
filename2_eik = 'EC503B.dat';                   %Define eddy current signal 

file name for calibration process 

  
%%-------------------------------------------------------------------------

---------%% 
%%                          Phase angle Calibration                                         

%% 
%%-------------------------------------------------------------------------

---------%% 

  

  
tt1_eik = load(filename1_eik);                      %Load acceleration data 

from file 
t1_eik=tt1_eik(:,2);                                %Define time array of 

data from signal[s] 
Ro1_eik=9.81*tt1_eik(:,1);                          %Define acceleration 

array of data from signal and convert Gs to [m/s^2] 

  
tt2_eik = load(filename2_eik);                      %Load Eddy current 

signal data from file 
t2_eik=tt2_eik(:,2);                                %Define time array of 

data [s] 
Ro2_eik= tt2_eik(:,1);                              %Define eddy current 

voltage array of data [V] 
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fs1_eik=1/t1_eik(2);                                %Sample frequency of 

acceleration [Hz] 
fs2_eik=1/t2_eik(2);                                %Sample frequency of 

Eddy current signal [Hz] 

  
np1_eik=length(t1_eik);                             %Sample total time of 

data [s] 
f1_eik=fs1_eik*(0:np1_eik-1)/np1_eik;               %Frequency domain [Hz] 

  
np2_eik=length(t2_eik);                             %Sample total time of 

data [s] 
f2_eik=fs2_eik*(0:np2_eik-1)/np2_eik;               %Frequency domain [Hz] 

  
len1_eik = (np1_eik/2.56)+1;                        %Define number of data 

points in acceleration signal measured 
len2_eik = (np2_eik/2.56)+1;                        %Define number of data 

points in Eddy current signal measured 

  
FRo1_eik=fft(Ro1_eik);                              %Discrete Fourier 

transform of acceleration signal  
PRo1_eik=abs(FRo1_eik)*2/np1_eik;                   %Determine acceleration 

amplitude of fft at each frequency 
aRo1_eik=angle(FRo1_eik);                           %Determine phase angle 

at each frequency 
npl_eik=1:(len1_eik);                               %Declare range of 

frequency 

  
FRo2_eik=fft(Ro2_eik);                              %Discrete Fourier 

transform of Eddy current signal 
PRo2_eik=abs(FRo2_eik)*2/np2_eik;                   %Determine Eddy current 

amplitude of fft at each frequency 
aRo2_eik=angle(FRo2_eik);                           %Determine phase angle 

at each frequency 
np2_eik=1:(len2_eik);                               %Declare range of 

frequency 

  

  
%Array data points of FFT%% 

  
datRo1_eik=[2*pi*f1_eik(npl_eik); PRo1_eik(npl_eik)'; aRo1_eik(npl_eik)']; 
datRo2_eik=[2*pi*f2_eik(np2_eik); PRo2_eik(np2_eik)'; aRo2_eik(np2_eik)']; 

  

  
%%Reconstruction of signals%% 
for j=1:np1_eik; 
Ros1_eik(j)=sum(datRo1_eik(2,:).*cos(datRo1_eik(1,:)*t1_eik(j)+datRo1_eik(3

,:))); 
Ros2_eik(j)=sum(datRo2_eik(2,:).*cos(datRo2_eik(1,:)*t2_eik(j)+datRo2_eik(3

,:))); 
end 

  
%%Determine dominant frequency, corresponding amplitude and phase angle%% 

  
[sortedX_eik, sortedInds_eik] = sort(PRo1_eik(:),'descend');    %Sort 

maximum accelerations 
top4_eik = sortedInds_eik(1:4);                                 %Sort top 4 
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%List dominant frequencies from 1 to 4 
FF1_eik = f1_eik(top4_eik(1)); 
FF2_eik = f1_eik(top4_eik(2)); 
FF3_eik = f1_eik(top4_eik(3)); 
FF4_eik = f1_eik(top4_eik(4)); 

  
maxXValue_eik = FF1_eik;                                        %Dominant 

frequency [Hz] 
phi1_eik = aRo1_eik(top4_eik(1));                               %Phase 

angle at dominant frequency of acceleration [rad] 
phi2_eik = aRo2_eik(top4_eik(1));                               %Phase 

angle at dominant frequency of Eddy current probe [rad] 

  
f_dom_eik = maxXValue_eik                                       %Dominant 

frequency of eik signals 
phi_acc_eik = phi1_eik*180/pi;                                  %Convert 

phase angle of acceleration at dominant frequency to [deg]  
phi_ec_eik = phi2_eik*180/pi;                                   %Convert 

phase angle of Eddy current at dominant frequency to [deg] 
deltaphi_eik = phi_ec_eik-phi_acc_eik                           %Eik phase 

angle [deg] 

  
X_eik = (max(PRo1_eik(npl_eik))/((maxXValue_eik*2*pi)^2));      

%Displacement amplitude of dominant frequency [m] 
RosddotX_eik = 

(max(PRo1_eik(npl_eik)))*cos(t1_eik*maxXValue_eik*2*pi+phi1_eik);    

%Reconstruction of acceleration signal 
RosX_eik = -

(max(PRo1_eik(npl_eik))/((maxXValue_eik*2*pi)^2))*cos(t1_eik*maxXValue_eik*

2*pi+phi1_eik);  %Reconstruction of displacement signal 

  
%Plot original signals along with reconstructed signals%% 

  
figure 
subplot(2,1,1) 
plot(t1_eik,Ros1_eik,t1_eik,Ro1_eik,'g') 
title('EIK Acceleration signal vs reconstructed') 
xlabel('Time [s]') 
ylabel('Acceleration [m/s^2]') 
legend('Reconstructed','Acceleration meter') 
subplot(2,1,2) 
plot(t2_eik,Ros2_eik,'r',t2_eik,Ro2_eik,'g') 
title('EIK Eddy current signal vs reconstructed') 
xlabel('Time [s]') 
ylabel('Volts') 
legend('Reconstructed','Optical eye') 
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B-2 Signal FFT 

B-2.1 Steady-state 

clear all 

  
%%-----Input values------%% 

  
%%Load of measured data%% 

  
filename1 = 'VPT105A.dat';                       %Define acceleration file 

name of measured signal 
filename2 = 'VPT105B.dat';                       %Define eddy current 

signal file name measured signal 

  

%%-------------------------------------------------------------------------

---------%% 
%%                    Determine phase angle and X                                   

%% 
%%-------------------------------------------------------------------------

---------%% 

  
tt1 = load(filename1);                      %Load accelaration data from 

file 
t1=tt1(:,2);                                %Define time array of data [s] 
Ro1=9.81*tt1(:,1);                          %Define acceleration array of 

data and convert G to [m/s^2] 

  
tt2 = load(filename2);                      %Load Eddy cunnert signal data 

from file 
t2=tt2(:,2);                                %Define time array of data [s] 
Ro2= tt2(:,1);                              %Define eddy current voltage 

array of data [V] 

  
fs1=1/t1(2);                                %Sample frequency of 

acceleration [Hz] 
fs2=1/t2(2);                                %Sample frequency of Eddy 

current signal [Hz] 

  
np1=length(t1);                             %Sample total time of data [s] 
f1=fs1*(0:np1-1)/np1;                       %Frequency domain [Hz] 

  
np2=length(t2);                             %Sample total time of data [s] 
f2=fs2*(0:np2-1)/np2;                       %Frequency domain [Hz] 

  
len1 = (np1/2.56)+1;                        %Define number of data points 

in acceleration signal measured 
len2 = (np2/2.56)+1;                        %Define number of data points 

in Eddy current signal measured 

  
FRo1=fft(Ro1);                              %Discrete Fourier transform of 

acceleration signal 
PRo1=abs(FRo1)*2/np1;                       %Determine acceleration 

amplitude of fft at each frequency 
aRo1=angle(FRo1);                           %Determine phase angle at each 

frequency 
npl=1:(len1);                               %Declare range of frequency 
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FRo2=fft(Ro2);                              %Discrete Fourier transform of 

Eddy current signal 
PRo2=abs(FRo2)*2/np2;                       %Determine Eddy current 

amplitude of fft at each frequency 
aRo2=angle(FRo2);                           %Determine phase angle at each 

frequency 
np2=1:(len2);                               %Declare range of frequency 

  
%Array data points of FFT%% 

  
datRo1=[2*pi*f1(npl); PRo1(npl)'; aRo1(npl)']; 
datRo2=[2*pi*f2(np2); PRo2(np2)'; aRo2(np2)']; 

  

  
%%Reconstruction of signals%% 
for j=1:np1; 
Ros1(j)=sum(datRo1(2,:).*cos(datRo1(1,:)*t1(j)+datRo1(3,:))); 
Ros2(j)=sum(datRo2(2,:).*cos(datRo2(1,:)*t2(j)+datRo2(3,:))); 
end 

  
%%Determine dominant frequency and corresponding aplitude and phase angle%% 

  
[sortedX, sortedInds] = sort(PRo1(:),'descend');    %Sort maximum 

accelerations 
top4 = sortedInds(1:4);                             %Sort top 4 

  
%List dominant frequencies from 1 to 4 

  
FF1 = f1(top4(1)); 
FF2 = f1(top4(2)); 
FF3 = f1(top4(3)); 
FF4 = f1(top4(4)); 

  
maxXValue = f1(top4(1));                            %Dominant frequency 

[Hz] 
phi1 = aRo1(top4(1));                               %Phase angle at 

dominant frequency of acceleration [rad] 
phi2 = aRo2(top4(1));                               %Phase angle at 

dominant frequency of Eddy current probe [rad] 

  
f = maxXValue                                       %Dominant frequency of 

signals 
phi_acc = phi1*180/pi;                              %Convert phase angle of 

acceleration at dominant frequency to [deg] 
phi_ec = phi2*180/pi;                               %Convert phase angle of 

Eddy current at dominant frequency to [deg] 
deltaphi = phi_ec-phi_acc                           %Eik phase angle [deg] 

  
X = (max(PRo1(npl))/((maxXValue*2*pi)^2))           %Displacement amplitude 

of dominant frequency [m] 
RosddotX = (max(PRo1(npl)))*cos(t1*maxXValue*2*pi+phi1);    %Reconstruction 

of acceleration signal 
RosX = -(max(PRo1(npl))/((maxXValue*2*pi)^2))*cos(t1*maxXValue*2*pi+phi1);  

%Reconstruction of displacement signal 

  
%%Plot original signals along with reconstructed signals%% 

  
figure 
subplot(2,1,1) 
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plot(t1,Ros1,t1,Ro1,'g') 
title('Acceleration signal vs reconstructed') 
xlabel('Time [s]') 
ylabel('Acceleration [m/s^2]') 
legend('Reconstructed','Acceleration meter') 
subplot(2,1,2) 
plot(t2,Ros2,'r',t2,Ro2,'g') 
title('Eddy current signal vs reconstructed') 
xlabel('Time [s]') 
ylabel('Volts') 
legend('Reconstructed','Optical eye') 

 

B-2.2 Transient 

clear all 

  
%%-----Input values------%% 

  
%%Load of measured data%% 

  
filename1 = 'VPT101A.dat';                       %Define acceleration file 

name of measured signal 
filename2 = 'VPT101B.dat';                       %Define eddy current 

signal file name measured signal 

  
%%-------------------------------------------------------------------------

---------%% 
%%                    Determine maximum X                                           

%% 
%%-------------------------------------------------------------------------

---------%% 

  
tt1 = load(filename1);                      %Load acceleration data from 

file 
t1=tt1(:,2);                                %Define time array of data [s] 
Ro1=9.81*tt1(:,1);                          %Define acceleration array of 

data and convert G to [m/s^2] 

  
tt2 = load(filename2);                      %Load Eddy current signal data 

from file 
t2=tt2(:,2);                                %Define time array of data [s] 
Ro2= tt2(:,1);                              %Define eddy current voltage 

array of data [V] 

  
fs1=1/t1(2);                                %Sample frequency of 

acceleration [Hz] 
fs2=1/t2(2);                                %Sample frequency of Eddy 

current signal [Hz] 

  
np1=length(t1);                             %Sample total time of data [s] 
f1=fs1*(0:np1-1)/np1;                       %Frequency domain [Hz] 

  
np2=length(t2);                             %Sample total time of data [s] 
f2=fs2*(0:np2-1)/np2;                       %Frequency domain [Hz] 

  
len1 = (np1/2.56)+1;                        %Define number of data points 

in acceleration signal measured 
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len2 = (np2/2.56)+1;                        %Define number of data points 

in Eddy current signal measured 

  
FRo1=fft(Ro1);                              %Discrete Fourier transform of 

acceleration signal 
PRo1=abs(FRo1)*2/np1;                       %Determine acceleration 

amplitude of fft at each frequency 
aRo1=angle(FRo1);                           %Determine phase angle at each 

frequency 
npl=1:(len1);                               %Declare range of frequency 

  
FRo2=fft(Ro2);                              %Discrete Fourier transform of 

Eddy current signal 
PRo2=abs(FRo2)*2/np2;                       %Determine Eddy current 

amplitude of fft at each frequency 
aRo2=angle(FRo2);                           %Determine phase angle at each 

frequency 
np2=1:(len2);                               %Declare range of frequency 

  
%Array data points of FFT%% 

  
datRo1=[2*pi*f1(npl); PRo1(npl)'; aRo1(npl)']; 
datRo2=[2*pi*f2(np2); PRo2(np2)'; aRo2(np2)']; 

  

  
%%Reconstruction of signals%% 
for j=1:np1; 
Ros1(j)=sum(datRo1(2,:).*cos(datRo1(1,:)*t1(j)+datRo1(3,:))); 
Ros2(j)=sum(datRo2(2,:).*cos(datRo2(1,:)*t2(j)+datRo2(3,:))); 
end 

  

%%Determine maximum acceleration of signal%% 

  
ddotX_abs = abs(Ro1); 
ddotX_max = max(ddotX_abs) 

  

  
%%Plot original signals along with reconstructed signals%% 

  
figure 
plot(t1,Ro1) 
title('Transient acceleration') 
xlabel('Time [s]') 
ylabel('Acceleration [m/s^2]') 
legend('Acceleration meter') 

  
figure 
subplot(2,1,1) 
plot(t1,Ros1,t1,Ro1,'g') 
title('Acceleration signal vs reconstructed') 
xlabel('Time [s]') 
ylabel('Acceleration [m/s^2]') 
legend('Reconstructed','Acceleration meter') 
subplot(2,1,2) 
plot(t2,Ros2,'r',t2,Ro2,'g') 
title('Eddy current signal vs reconstructed') 
xlabel('Time [s]') 
ylabel('Volts') 
legend('Reconstructed','Optical eye') 
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B-3 Dynamic Properties of Bellow system 

clear all 

  
%%-----Input values------%% 

  
f = 25;                                         %Frequency [Hz] 
deg = -20;                                      %Phase angle [deg] 
X = 0.0034;                                     %Displacement amplitude [m] 

  

  
%%Vibration input parameters%% 

  
n = 100;                                        %Persentage unbalance set 

[%] 
m_p = 58;                                       %Mass on top of bellow [kg] 
m_er_e = 0.087;                                 %Unbalance force of 1 motor 

[kgm] 

  
%%-------------------------------------------------------------------------

---------%% 
%%                       Determine k_p and zeta                                     

%% 
%%-------------------------------------------------------------------------

---------%% 

  
%%INPUT CALCULATIONS%% 

  
%deg = deltaphi - deltaphi_eik       %Calculate phase angle [Deg] 

  
phi = deg*(pi/180);                 %Phase angle [rad] 
omega= f*2*pi;                      %Frequency [rad/s] 
F_e = 2*(n/100)*m_er_e*omega^2;     %Unbalance force of motors [N] 

  
%%Calculate dynamic properties%% 

  
syms k c;                                                   %Declare two 

variables 

  
%%Solve two equations simultaneously%% 

  
eq1 = ((F_e)/(sqrt((k-m_p*(omega)^2)^2+(c*omega)^2)))-X ;   %First equation 
eq2 = atan((c*omega)/(k-m_p*(omega)^2))-phi;                %Second 

equation 

  
[c,k] = solve(eq1,eq2);                                     %Solve 

simultaneously with build in function 

  
Styfheid1 = double(k);                                      %List two 

senarios for stiffness 
Demping1 = double(c);                                       %List two 

senarios for damping 

  
%%Damping coefficient must be positive because from eq1 it is seen that c 

has a square root relationship to k%%  
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c_p = max(Demping1);                                        %Damping 

coeficient [Ns/m] 

  
%%Determine stiffness that matched the corresponding damping%% 

  
if Demping1(1) == c_p 
    k_p = abs(Styfheid1(1))                                 %Stiffness 

coefficient [N/m] 
else 
    k_p = abs(Styfheid1(2))                                 %Stiffness 

coeficient [N/m] 
end 

  
%%Test if stiffness and damping coefficient are correct%% 

  
X_test = (F_e)/(sqrt((k_p-m_p*omega.^2)^2+(c_p*omega).^2)) %Test 

displacement amplitude from k_p and c_p determined [m] 
f_n = (sqrt(k_p/m_p))/(2*pi)                               %Natural 

frequency [Hz] 

  
%%Logic test if calculated amplitude and measured amplitude is equal to 

one%% 
%%another or at least within 0.1 mm of each other and if natural 

frequency%%  
%%is a logical lower than 20 [Hz]%% 

  
if (abs(X_test-X)<0.0001 && f_n < 20) 
    mb = msgbox('Test match','sucess');                 %Display message 

box if test matches 
else 
    mb = msgbox('k value wrong','Error','error');       %Display message 

box if test is failed 
end 

  
%%Determine damping ratio and critical damping coefficient%% 

  
c_c = 2*sqrt(k_p*m_p);                                  %Critical viscous 

damping [Ns/m] 
zeta = c_p/c_c                                          %Damping ratio [-] 
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B-4 Vibration Energy and Power 

B-4.1 Steady-State 

clear all 

  
%%Vibration input parameters%% 

  
n = 100;                                        %Persentage unbalance set 

[%] 
m_p = 58;                                       %Mass on top of bellow [kg] 
m_er_e = 0.087;                                 %Unbalance force of 1 motor 

[kgm] 
f = 25;                                         %Frequency [Hz] 

  

X = 2e-3;                                       %Displacement amplitude [m] 
k_p = 136e3;                                    %Stiffness of bellow [N/m] 
zeta = 0.12;                                    %Damping ratio of bellow [-

] 
deg = -10;                                      %Phase angle [Deg] 

  
%%-------------------------------------------------------------------------

---------%% 
%%                          Power and energy                                        

%% 
%%-------------------------------------------------------------------------

---------%% 

  
%%-------------------------------INPUT CALCULATIONS------------------------

--%% 

  
omega = 2*pi*f;                         %Frequency [rad] 
c_c = 2*sqrt(k_p*m_p);                  %Critical viscous damping [Ns/m] 
c_p = zeta*c_c;                         %Damping coefficient of bellow 

[Ns/m] 
F_T = sqrt((k_p*X)^2+(c_p*omega*X)^2);  %Force transmitted [N] 
phi = deg*(pi/180);                     %Phase angle [rad] 

  

  
%%---------------------------FURTHER CALCULATIONS--------------------------

-%% 

  
c = f*50;                               %Time variable size [s] 
b = 0.8;                                %Interval size of calculations [s] 
a = (1/f)/c;                            %Start time [s] 

  
t = linspace(a,b,c);                    %Declare time domain [s] 

  
x = X*sin(omega*t-phi);                 %Displacement [m] 
dotx = omega*X*cos(omega*t-phi);        %Velocity [m/s] 
ddotx = -omega^2*X*sin(omega*t-phi);    %Acceleration [m/s^2] 

  
F = k_p*x + c_p*dotx + m_p*ddotx;       %Differential equation of motion 

[N] 
F_p_k = k_p*x;                          %Stiffness force [N] 
F_p_c = c_p*dotx;                       %Damping force [N] 
F_p_m = m_p*ddotx;                      %Mass force {N] 
P = F.*dotx;                            %Power [Watt] 
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P_v_k = F_p_k.*dotx;                    %Stiffness power [Watt] 
P_v_c = F_p_c.*dotx;                    %Damping power [Watt] 
P_v_m = F_p_m.*dotx;                    %Mass power [Watt] 

  
P_v = (1/2)*c_p*omega^2*X^2             %Mean power delivered [W] 
PP_v = mean(P);                         %Mean power delivered determined  

  
DeltaW_v = c_p.*omega.*X^2.*pi          %Energy dissipated in one cycle [J] 

  
%%---------------------------------------Plot signals----------------------

----%% 

  
%%Plot power signals%% 

  
figure 
subplot(4,1,1) 
plot(t,P,'g',t,P_v_k,'b',t,P_v_c,'r',t,P_v_m,'c',t,mean(P),'g*',t,mean(P_v_

k),'b*',t,mean(P_v_c),'ro',t,mean(P_v_m),'co') 
title('Power components') 
xlabel('Time [s]') 
ylabel('[Watt]') 
legend('Power delivered','Spring power','Damper power','Mass power') % 
subplot(4,1,2) 
plot(t,P,'g',t,P_v_c,'r',t,mean(P),'g*') 
title('Compare dissipated Power') 
xlabel('Time [s]') 
ylabel('Power [W]') 
legend('Power delivered','Damping power') 
subplot(4,1,3) 
plot(t,F,'g') 
title('Force delivered') 
xlabel('Time [s]') 
ylabel('Force [N]') 
legend('Force excitation') 
subplot(4,1,4) 
plot(t,ddotx,'g') 
title('Acceleration') 
xlabel('Time [s]') 
ylabel('Acceleration [m/s^2]') 
legend('Acceleration') 
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B-4.2 Transient Behaviour 

B-4.2.1 Script File 

clear all 

  
global k_p zeta m_p f m_er_e n omega F_e c_c c_p phi  

  
%%---------------------------------INPUT VALUES----------------------------

---%% 

  
k_p = 131.81e3;          %Dynamic system stiffness [N/m] 
zeta = 0.1713;           %Damping ratio [%] 
m_p = 58;                %Mass on top of system [kg] 
m_er_e = 0.087;          %Unbalance force of 1 motor [kgm] 
n = 20;             %Persentage unbalance set [%] 
f = 25;           %Frequency 

  
%%-------------------------------INPUT CALCULATIONS------------------------

--%% 

  
omega = f*2*pi();                         %Frequency [rad/s] 
F_e = 2*(n/100)*m_er_e*omega^2;           %Unbalance force of motors [N] 
c_c = 2*sqrt(k_p*m_p);                    %Critical viscous damping [Ns/m] 
c_p = c_c.*zeta;                          %Viscous damping of system [Ns/m] 
phi = atan((c_p*omega)/(k_p-m_p*omega^2));  %Phase angle [rad] 
deg = phi*180/pi 
%%-----------------Declare numerical integration boundary conditions-------

--%% 

  
Y0 = [0 0];                 %Assign boundary conditions for each array 

  
domain = 0:1/(25*100):20/25; %Declare domain of numerical integration 

  
[tt,y] = ode23('RungakuttaMotor_rev5_final',domain,Y0); %Internal numerical 

integration MATLAB function 

  
%------------------------Convert to desired variables-----------------%% 

  
x = y(:,1);                                             %Displacement [m] 
dotx = y(:,2);                                          %Velocity [m/s] 
ddotx = ((F_e*sin(omega*tt)-(k_p)*x-(c_p)*dotx)/m_p);    %Acceleration 

[m/s^2] 

  
%-------------------------Power Calculations--------------------------%% 

  
F = k_p*x + c_p*dotx + m_p*ddotx; %Force [N] 
F_p_k = k_p*x;                       %Stiffness force [N] 
F_p_c = c_p*dotx;                    %Damping force [N] 
F_p_m = m_p*ddotx;                   %Mass force {N] 
P = F_e*sin(omega*tt).*dotx;         %Equivalent power [W] 
P_v_k = F_p_k.*dotx;                   %Stiffness power [Watt] 
P_v_c = F_p_c.*dotx;                   %Damping power [Watt] 
P_v_m = F_p_m.*dotx;                   %Mass power [Watt] 

  
%-----------------------Maximum power Calculations-------------------------

-%% 
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ddotx_abs = abs(ddotx);                                          

%Determmine absolute values of acceleration [m/s^2] 
P_abs = abs(P);                                                  %Determine 

absolute values of power [W] 

  
ddotx_max = max(ddotx_abs)                                       %Maximum 

acceleration of System [m/s^2] 
P_max = max(P_abs)                                               %Maximum 

power of system [W] 

  
%-----------------------Plots-----------------------------% 

  
figure                                          %Plot transient 

displacement    
plot(tt,x,'g') 
title('Transient displacement') 
xlabel('Time [s]') 
ylabel('[m]') 
legend('Displacement') 

  
figure                                          %Plot transient velocity    
plot(tt,dotx,'g') 
title('Transient velocity') 
xlabel('Time [s]') 
ylabel('[m/s]') 
legend('Velocity') 

  
figure                                          %Plot transient 

acceleration    
plot(tt,ddotx,'g') 
title('Transient acceleration') 
xlabel('Time [s]') 
ylabel('[m/s^2]') 
legend('Acceleration') 

  
figure                                          %Plot transient power    
plot(tt,P,'g') 
title('Transient vibration power') 
xlabel('Time [s]') 
ylabel('Power [W]') 
legend('Power') 

  
figure                                          %Plot power 
plot(tt,P,'g',tt,P_v_k,'b',tt,P_v_c,'r',tt,P_v_m,'c') 
title('Power') 
xlabel('Time [s]') 
ylabel('Power [Watt]')  
legend('Equivalent','Spring power','Damper power','Mass power') 
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B-4.2.2 Function 

function r = RungakuttaMotor_rev5_final(tt,y) 

  
global k_p zeta m_p f m_er_e n omega F_e c_c c_p phi  

  

  
%----------------------------NUMERICAL INTEGRATION--------------------%% 

  
r = zeros(2,1);             %Create array of zeros 

  
r(1) = y(2);                %Integrate velocity to displacement 
r(2) = ((F_e.*sin(omega.*tt))-k_p.*y(1)-c_p.*y(2))/m_p; %Integrate 

acceleration to velocity 

  

  
end 

 

B-5 Fluid-Flow Power 

clear all 

  
%%-----Input values------%% 

  
X = 0.0034;                                     %Displacement amplitude [m] 
f = 25;                                         %Frequency [Hz] 
deg = -20;                                      %Phase angle [Deg] 
P_v = 392;                                      %Vibration power [W] 

  
%%Flow input parameters%% 

  
P_A = 0;                                        %Gauge pressure in inlet 

pipe [Pa] 
P_D = 20e3;                                     %Guage pressure at 

discharge end of cycle [Pa] 
P_B = 65e3;                                     %Maximum gauge pressure 

inside of bellow [Pa] 

  
Q = (10/29.84)*10^(-3);                         %Measured flow rate [m^3/s] 

     
P_Dv = 178e3;                                   %Pressure built up in 

discharge pipe with no flow [Pa] 
P_Bv = 245e3;                                   %Pressure supplied by the 

bellow with no flow [Pa] 

  
h_0 = 0.55;                                     %Height of water level in 

inlet tank [m] 
h_A = 0.395;                                    %Height of inlet pressure 

gauge [m] 
h_B = 0.175;                                    %Height of bellow inlet [m] 
h_C = 0.590;                                    %Height of bellow outlet 

[m] 
h_D = 1.28;                                     %Height of outlet pressure 

gauge [m] 
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D_1 = 0.05;                                     %Bellow inlet steel pipe 

diameter [m] 
D_2 = 0.05;                                     %Bellow outlet steel pipe 

diameter [m] 

  
l_1 = 1.08;                                     %Length of inlet pipe [m] 
l_2 = 1.12;                                     %Length of discharge pipe 

[m] 

  
epsilon = 0.15*10^(-3);                         %Equivalent roughness of 

galvinized iron [m] 

  
P_atm = 86e3;                                   %Atmospheric pressure 

  
g = 9.81;                                       %Gravitational acceleration 

[m/s^2] 
rho = 1000;                                     %Density of fluid [kg/m^3] 
mu = 1.002e-3;                                  %Dynamic viscosity of fluid 

[N.s/m^2] 

  

  
%%-------------------------------------------------------------------------

---------%% 
%%                            Flow energy                                           

%% 
%%-------------------------------------------------------------------------

---------%% 

  
%%Input Calculations%% 

  
phi = (deg/180)*pi;                     %Phase angle [rad] 

  
c = f*50;                               %Time variable size [s] 
b = 0.8;                                %Interval size of calculations [s] 
a = (1/f)/c;                            %Start time [s] 

  
t = linspace(a,b,c);                    %Declare time domain [s] 

  
omega = 2*pi*f;                         %Frequency [rad/s] 

  
x = X*sin(omega*t-phi);                 %System displacement [m] 
dotx = omega*X*cos(omega*t-phi);        %System velocity [m/s] 
ddotx = -omega^2*X*sin(omega*t-phi);    %System acceleration [m/s^2] 

  
DeltaV = Q/f;                       %Volume displaced by system per cycle 

[m^3] 

  
A_p = DeltaV/(2*X);                 %Area of equivalent piston [m^2] where 

Vol is the volume displacement 
D_p = sqrt((4*A_p)/pi)              %Diameter of equivalent piston 

  

  
A_1 = (pi/4)*D_1^2;                 %Area of inlet pipe [m^2] 
A_2 = (pi/4)*D_2^2;                 %Area of discharge pipe [m^2] 

  

  
%%Determine velocity and acceleration of fluid in pipe where v 

=(A_p/A)dotx_p as the law of continuety%% 
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v_1 = (A_p/A_1)*dotx;               %Velocity of fluid in suction pipe 

[m/s] 
v_2 = (A_p/A_2)*dotx;               %Velocity of fluid in delivery pipe 

[m/s] 

  
a_1 = (A_p/A_1)*ddotx;              %Acceleration of fluid in suction pipe 

[m/s^2] 
a_2 = (A_p/A_2)*ddotx;              %Acceleration of fluid in delivery pipe 

[m/s^2] 

  

  

  
%%Determine static head required to overcome inertia of fluid 

  
h_i1 = -(l_1/g)*a_1;               %Acceleration head of inlet stage [m] 
h_i2 = -(l_2/g)*a_2;               %Acceleration head of discharge stage 

[m] 

  

  
%%Determine frictional head loss due to pulsating fluid 

  
Re_1 = rho*Q*D_1/(A_1*mu);         %Reynolds number in suction pipe [-] 
Re_2 = rho*Q*D_2/(A_2*mu);         %Reynolds number in delivery pipe [-] 

  

  
%%Determine friction factor 
if Re_1 < 2100                      %For laminar flow 
    f_1 = 16/Re_1;                  %Friction factor of inlet pipe [-]    
else                                %For turbulant flow- assume that 

transitional are 2100<Re<4000 is also turbulant 
    f_i1 = (-1.8*log((((epsilon/D_1)/3.7)^1.11)+6.9/Re_1)); %Equation is 

f_i1 = 1/sqrt(f), just rewritten to simplify 
    f_1 = (1/f_i1)^2;               %Friction factor of inlet pipe [-] 
end 

  
if Re_2 < 2100                      %For laminar flow 
    f_2 = 16/Re_2;                  %Friction factor for discharge pipe [-] 
else                                %For turbulant flow 
    f_i2 = (-1.8*log((((epsilon/D_2)/3.7)^1.11)+6.9/Re_2)); %Equation is 

f_i1 = 1/sqrt(f), just rewritten to simplify 
    f_2 = (1/f_i2)^2;               %Friction factor for discharge pipe [-] 
end 

  
%%Determine frictional head loss 

  
h_f1 = ((4*f_1*l_1)/(2*g*D_1))*(v_1).^2;           %Frictional head loss in 

suction pipe [m] 
h_f2 = ((4*f_2*l_2)/(2*g*D_2))*(v_2).^2;           %Frictional head loss in 

delilvery pipe [m] 

  
%%Determine work to overcome friction in pipes 

  
P_f1 = (2/3)*(((4*f_1*l_1)/(2*g*D_1))*(max(v_1))^2)*rho*g*Q       %Work 

done to overcome inlet friction [W] 
P_f2 = (2/3)*(((4*f_2*l_2)/(2*g*D_2))*(max(v_2))^2)*rho*g*Q       %Work 

done to overcome discharge friction [W] 
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%%Determine pressure just before and just after the one-way valve 

  
P_C2 = rho*g*((h_D-h_C)+(P_Dv/(rho*g)))     %Pressure just after one-way 

valve [Pa] 
P_C1 = rho*g*((h_B-h_C)+(P_Bv/(rho*g)))     %Pressure just before one-way 

valve [Pa] 

  
h_v = (((P_C1-P_C2))/(rho*g));               %Head loss over valve [m] 

  
%Determine head delivered to pipe system%% 

  
if P_A == 0                         %Use water level if suction valve is 

open to determine head 
    h_p = (h_D-h_0)+(P_D/(rho*g))+((rms(v_2).^2)/(2*g))+h_v                     

%Head delivered to pipe system [m] 
else 
    h_p = (h_D-h_A)+((P_D-P_A)/(rho*g))+((rms(v_2).^2-

rms(v_1)^2)/(2*g))+h_v    %Head delivered to pipe system [m] 
end 

  

  
h_in = h_p+h_i1+h_i2+h_f1+h_f2;                                                 

%Internal pressure of System [W] 

  
P_h = rho*g*Q*(h_p) + P_f1 + P_f2                                               

%Hydraulic power [W] 

  

  
%%Fluid energy transfer ratio%% 
eta_p = P_h/P_v 

  
%%Plot fluid figures%% 

  
%Instantanious head in bellow 

  
figure 
plot(t,h_in) 
title('Instantanious pressure in bellow') 
xlabel('Time [s]') 
ylabel('Pressure [m]') 
legend('Internal head of bellow') 

  
%Fluid velocity ad acceleration 

  
figure 
subplot(2,1,1) 
plot(t,v_1,'r',t,v_2,'g') 
title('Fluid velocity') 
xlabel('Time [s]') 
ylabel('Velocity [m/s]') 
legend('Velocity of suction fluid','Velocity of delivery fluid') 
subplot(2,1,2) 
plot(t,a_1,'r',t,a_2,'g') 
title('Fluid acceleration') 
xlabel('Time [s]') 
ylabel('Acceleration [m/s^2]') 
legend('Acceleration of suction fluid','Acceleration of delivery fluid') 
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%%create points for PV diagram 

  
h_atm = P_atm/(rho*g);      %Atmospheric pressure [m] 
h_as = max(h_i1);           %Fluid inertia for inlet pipe [m] 
h_fs = max(h_f1);           %Friction head for inlet pipe [m] 

  
if P_A == 0 
    h_s = h_0 - h_A;        %Suction head [m] 
else 
    h_s = (P_A/(rho*g))+h_A %Suction head [m] 
end 

  
h_d = h_p-h_s;              %Delivery head [m] 
h_ad = max(h_i2);           %Fluid inertia for discharge pipe [m] 
h_fd = max(h_f2);           %Friction head for disharge pipe [m] 

  

  
%%Set data points%% 

  
vv1 = 0.005+0; 
vv2 = 0.005+DeltaV/2; 
vv3 = 0.005+DeltaV; 
vv4 = 0.005+DeltaV; 
vv5 = 0.005+DeltaV/2; 
vv6 = 0.005+0; 
vv7 = vv1; 

  
%%Set matching head points%% 

  
hh1 = h_atm+h_s-h_as; 
hh2 = h_atm+h_s-h_fs; 
hh3 = h_atm+h_s+h_as; 
hh4 = h_atm+h_d+h_ad; 
hh5 = h_atm+h_d+h_fd; 
hh6 = h_atm+h_d-h_ad; 
hh7 = hh1; 

  
%%Array points created in table format for plotting%% 

  
vvv = [vv1,vv2,vv3,vv4,vv5,vv6,vv7]; 
hhh = [hh1,hh2,hh3,hh4,hh5,hh6,hh7]; 
h_atmos = [h_atm,h_atm,h_atm]; 
h_suct = [h_atm+h_s,h_atm+h_s,h_atm+h_s]; 
h_deliver = [h_atm+h_d,h_atm+h_d,h_atm+h_d]; 

  
%Plot PV diagram 

  
figure 
plot(vvv(1:7),hhh(1:7),'go',vvv(1:7),hhh(1:7),'g',vvv(1:3),h_atmos(1:3),'b'

,vvv(1:3),h_suct(1:3),'r',vvv(1:3),h_deliver(1:3),'m') 
title('PV diagram') 
xlabel('Volume [m^2]') 
ylabel('Pressure [m]') 
legend('Data points','PV diagram','Atmospheric pressure','Suction 

head','Delivery head') 
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B-6 Fluid energy transfer ratio 

clear all 

  
P_h = 7.6526;           %Hydraulic power [W] 
P_v = 15.43;            %Vibration Power [W] 

  
eta = P_h/P_v           %bellow fluid transfer ratio[-] 

 

 


