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Abstract

Nodal diffusion methods have been used extensively in nuclear reactor calculations, specifi-
cally for their performance advantage, but also their superior accuracy. In this work a nodal
diffusion method is developed for three-dimensional cylindrical geometry. Recent develop-
ments in the Pebble Bed Modular Reactor (PBMR) project have sparked renewed interest
in the application of different modeling methods to its design, and naturally included in this
effort is a nodal method for cylindrical geometry. Moare specifically, the Analyvtic Nodale
Method (ANM) has been applied to numerous reactor problems with much success. The
multi-group ANM is applied to Cartesian geometry in the Necsa developed OSCAR-3 code
svstem used for the calculation of MTR and PWR tyvpe nuclear reactors. However, in support
of the PBMR project, a need has arisen to include the ANM in cylindrical geometry.

The ANM is based on a transverse integration principle, resulting in a set of one-
dimensional equations containing inhomogeneous sources. The issue of applyving this method
to 3D cylindrical geornetry has never been satisfactorily addressed, due to difficulties in per-
forming the transverse integration, and a proposed solution entails the use of conformal
mapping in order to circumvent these difficulties. This approach should yield a set of 1D
equations with an extra, geometrically dependent, “ghost” source. This thesis describes the
mathematical development of the conformal mapping approach, as well as the numerical
analvsis via a developed FORTRAN test code. The code is applied to a series of test prob-
tems, ranging from idealized constructions to realistic PBMR 400 MW designs. Results show
that the niethod is viable and vields much improved accuracy and performance, similar to

what may be expected from nodal methods.



Samevatting

Nodale diffusiemetodes word ekstensief gebruik in kernreaktorberekeninge. spesifiek vir die
spoed- en akkuraatheidsvoordele wat hulle bied. In hierdie verhandehng word n nodale dif-
fusiemerode ontwikkel vir die gebruik in meer-groep, drie-dimensionele silindriese geometrie.
Die onlangse verwikkelinge rakende die Korrelbedreaktorprojek het 'n nuwe inspuiting aan
berekeningsmetodes vir sulke reaktore gegee en die silindriese nodale diflusicmetode is 'n
belangrike bousteen van so 'n berekeningstelsel. Die Analitiese Nodale Metode {ANM) word
met groot sukses in hierdie veld van globale reaktorberekeninge gebruik. Hierdie metode is
ten volle geimplementeer in Kartesiese geometrie in die Necsa-ontwikkelde OSCAR bereken-
ingstelsel. Met die oog op die ondersteuning van die Korrelbedreaktorprojek. het die behoefte
ontstaan om ‘n silindriese oplossingsmetode by hierdie sisteern te voeg.

Die ANM word baseer op die beginsel van transversale integrasie, wat 'n reeks een-
dimensionele vergelvkings tot gevolg het. Elk van hierdie verpelykings bevar 'n stel nie-
homogene bronne en kan znalities opgelos word. Die toepassing van hierdie metodiek op
silindriese geometrie is nog nie in die verlede suksesvol aangespreek nie. aangesien daar
wiskundige sirnikelblokke in die transverse integrasie proses is. In hierdie verhandeling word
'n moontlike oplossing. via die gebruik van die konforme afbeeldingstegniek, bespreek. Hi-
erdie metode behoort ook 'n stel een-dimensionele vergelvkings te produseer, maar in hierdie
geval met 'n ekstra, nie-homogene, geometries-afhanklike bron. Die wiskundige ontwikkeling
en numeriese evaluasie van hierdie metode (via 'n ontwikkelde FORTRAN toetskode) word
in hierdie werk beskryf. en resultate word verskaf vir beide geidealiseerde opstellings en re-
alistiese karrelbedprobleme. Resultate dui daarop dat die metode aan die tipiese standaarde

van nodale metades voldoen.
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Chapter 1

INTRODUCTION

1.1 Reactor calculational methods and the South African

nuclear industry

The nuclear industry is carefully emerging from an era it would best forget. For manv
vears, partly due to international politics and partly due to accidents such as Chernobyl
and Three Mile Island. the nuciear landscape was bleak and empty, with verv few countries
actively developing new technologies, and building new reactors. In the more recent past,
the momentum has built up once again in this industry, and pockets of new and existing
technology development have opened up in various countries.

South Africa has plaved an active part in this resurgence, largely in the form of the
Pebble Bed Modular Reactor (PBMR) initiative - a generation IV reactor concept based
upon older German technology. It would be a blatant understatement to say that the design
and creation of a nuclear power plant is a complex process. and many specialized disciplines
have to merge and overlap svnergistically in a field with carefully controlled margins. At the
heart of such development surely would lie the design of the nuclear reactor core, and would
entail specialist areas such as neutronic design. thermal hydraulic design, reactor kinetics
and svstem dynamics.

Within these fields the primary focus is on safetv. and to this end computer simulations
liave become an invaluable tool. The ability to predict accuratelyv quantities such as neutron
and temperature distribution during operating, as well as accident conditions. dose levels
during maintenance. and operational parameters such as criticality. cvele length and power
levels are central to the design and operation of nuclear reactors.

This thesis falls within the domain of neutronic analvsis and presents a method for

determining the flux distribution throughout the reactor core in an accurate and efficient



niauner. Typically, such a flux distribution is obtained in two phases:

1. Detailed neutron transport calculations in fine energy groups to produce accurate flux-
and volume weighted cross-sections for each material region in the core. This cal-
culation is independently performed for each material region, and cross-sections are
tvpically tabulated against relevant state parameters. This 15 a once-ofl process and
results in a library of average cross-sections in broad energv groups and large homog-

enized material regions.

2. The average cross-sections obtained in the previous step are used as input data for
global core diffusion calculations. These calculations result in core wide-flux and power
profiles. Diffusion methods are derived as an approximation to neutron transpoert and
are therefore less accurate, but provide a substantial performance increase. Neverthe-
less, these calculations are run very often. both within the realm of steadyv-state and
time-dependent solutions, and require even further performance improvements. This
point approaches the subject of this thesis, and to be more specific, as it is applied to

cyvlindrical reactor core designs.

This two step process is described in more detail in [3].

1.2 Core solution methods in cylindrical geometry

In this work we will restrict ourselves to full core calculational flux solutions for which region-
homogenized cross-sections have been appropriately prepared. If we further assume that such
systems are adequately described by the neutron diffusion equation, (which qualitatively
assumes that the angular nentron flux is linearly anisotropic). we mayv procead to describe
the flux distribution within an annular cylindrical reactor by writing the three-dimensional
diflusion equation in cvlindrical geometry. We present the steadv-state form of thix equation

here purely for illustration. and will attack it in a more rigid mathematical sense much later.

= (D 2 0) 7 DI 2, 8] 4 P 2 VD, 2, 8) - QO (2. 8) =0 (1.1)

Here D#(r, z,¢) denotes the diflusion coefficient. and ™" (r, z. &) the effective removal
cross-section. In eq. (1.1} Q%(r, z, @) represents both the fission and scattering . Eq. {1.1)
is the problem we will later need to solve in order to obtain the criticality level of the core,
as well as the position and energy dependent distribution of the flux. We may attempt to
rewrite this equation in a more quantitative and understandable manner. by reshaping it as

an equation for average fluxes and currents. If we divide the syvstem into n zones {nodes).

10



as in Figure 1.1 below, integrate the diffusion equation over each zone and then divide the
equation by node volume, we will obtain a set of coupled 3D balance equations over all nodes
n. The details of this process will be described later and are not important here. What is
of importance, is that we have divided the heterogeneous svstem into a discretized set of

hemogeneous zones, or riodes,

Figure 1.1: 3D cvylindrical discretization scheme

[neq. {1.2) ¢, represents the node-averaged flux and j.,,, the side averaged net current
from node n to neighbour j. The surface-to-volume ratio for each bounding surface is denoted
by e?. This representation of the diffusion problem is much more intuitive, and allows one
to view the nodal equation as a balance of currents leaking out of all six sides of the node
{term 1), removals from the node and energy group (term 23, and sources adding neutrons to
the node and energy group in the form of fission or in-scattering (right hand side term). In
writing eq. (1.1) in this form. we have also accepted that we are only interested in average
quantities for each node, and since this is the case, eq. (1.2) also takes the form of the
eguation we atterpt to solve in this thesis. Before we can solve eq. (1.2, which is one
equation with multiple unknowns, we need a further relationship hetween node-averaged

flux and side-averaged currents in each direction. In attempting to find such a relationship,

11



suitable to the given problem and, as importantly, find it in an effective and efficient manner,
we require some special considerations.

The performance of any given discretized solution is defined by both the number of nodes
in the svstem, and the cost of each intra-node caleulation. The individual node volumes,

and therefore number of nodes in the system, are influenced by the following factors:

1. Regions of constant homogenized cross-section. This consideration is complex in na-
ture, but in the case of light water reactor calculations, is typically chosen to be in the
order of a fuel assembly. Within e.g. the PBMR reactor, this concept is not a priori
defined because of the absence of fixed fuel assemblies with well-defined dimensions.

This consideration typically sets the maximum diffusion node size.
2. Material interfaces, which influence the magnitude of flux gradients within the reactor.

3. Accuracy of solution method: The greater the analytic accuracy of each intra-node so-
lution, the larger the node size can be in order to recover the detailed reference solution
within the node. If therefore, with this in mind, we obtain the missing relationship in
eq. (1.2) via a finite-diflerence (FD) approximation (described in Chapter 2), the node
size is tyvpically limited to the order of a diffusion length in each part of the svstem.
In the case of nodal methods, and specifically the ANM, the relationship used involves
an analvtic solution of the intra-node flux {described in Chapter 3), and hence can ac-
commodate much larger nodes (53-8 diffusion lengths). This constitutes an important

potential for performance increase.

These considerations are at play when the required efficiency (referring to the combination
of accuracy and performance) of a solution algorithm is to be determined. If we return to
the issue of solving eq. (1.2}, these factors are to be carefully considered when choosing a
solution method. and in this case, in defining the node-averaged Hux to side-averaged current
relationship. Nevertheless, whatever the outcome may be, it is clear from the above con-
siderations that nodal methods potentially provide an important performance improvement
and in Section 1.4 we will present a brief discussion of nodal methods in general, and the
Analvtic Nodal Method (ANM) in particular. However, we first give a short description of

the South African PBMR, the industrial application area of the work in this thesis.

1.3 PBMR background

The application of this thesis does not lie solely with the PBMR, but with any reactor

definable by areas of constant, cvlindrically discretized. homogenized regions. Nevertheless,

12
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the current South African PBMR project signifies a direct application for this work and
therefore deserves some attention. The following extract regarding its background is taken
from [18].

“(as-cooled reactors have had a long and varied history dating back to the very early days
of the development of nuclear energy. The development proceeded along an evolutionary
path together with significant advances in supporting technologies, and in South Africa
has culminated in the design of the Pebble Bed Modular Reactor (PBMR). The PBMR is
expected to achieve the goals of safe, efficient, environmentally acceptable and economic
production of energy at high temperature for the generation of electricity and industrial
process heat applications. The PBMR power conversion is based on a single loop direct
Bravton thermodynamic cycle, with a helium-cooled and graphite-moderated nuclear core
assernbly as heat source. The coolant gas transfers heat from the core directly to the power
conversion svstem, consisting of gas turbo-machinery, a generator, gas coolers and heat
exchangers.”

The design of the reactor core is given briefly in Figure 1.2, and highlights some of the

major features important to the safetv and efficiency of the design.

13
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Figure 1.2: PBMR 400 MW schematic core lavout

The reactor exhibits some interesting characteristics, such as on-line fuel loading (mini-
mizing excess reactivity), a fixed inuer reflector, and control rods placed within borings in
the side reflector. Fuel elements are in the form of graphite fuel spheres or pebbles. con-
taining fine kernels of low enriched Uranium. At any given time the core will be filled by
approximately 400 000 fuel spheres. each containing about 15 000 fuel kernels. The fuel

design is shown in Figure 1.3.
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Figure 1.3: PBMR fuel design

It is clear that the tvpical caleulational approach of choosing fuel assemblies (in this case
individual pebbles) as homogeuization zones would not be feasible, and therefore PBMR
calculatious are performed on homogenization zones defined by other factors such as regional
burnup, changes in flux spectra, and drastic changes in matertal parameters, These issues,
although not the topic of this thesis, play an important role regarding the caleulational

efficiency. as referred to by the arguments in Section 1.2

1.4 Nodal methods

(General characteristics

The class of nodal methods, as applied to full reactor core diffusion problems, has grown into
a mature and trusted technique in recent times, Nodal formalisms have gained much favour

due to their increased performance and accuracy, and mostly share three characteristics [13].

1. Unknowns are defined in terms of volnme-averaged fluxes and surface-averaged net or

partial currents.

2. The volume (node) averaged flnxes and surface-averaged currents are related through
auxiliary relationships. Such relationships, in the case of modern nodal methods, are
often obtained via a transverse integration procedure. In older classes of nodal meth-
ods, termed nodal simulators. these relationships were typically obtained via auxiliary

fine-mesh finite-difference calculations.
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3. Transverse leakage terms appear due to the transverse integration procedure, and these
are approximated in some way. Typical approaches would include the “flat leakage”
approximation, and the “quadratic leakage” approximation. The latter introduces a
three node quadratic fit for the transverse leakage term in the transversely integrated

equations and has become the industry standard in Cartesian geomnetry.

Bevond these similarities, methods differ largely in the form of the intra-node solution. Two
classes of methods, which are most often utilized, are the analytic nodal method (ANM],
and the polvnomial method. In the case of the analvtic method, the intra-node flux shape
is solved directly from the one-dimensional transverselv integrated diffusion equations in
each direction. This approach requires no approximations other than the transverse ieakage
approximation in point three above. In one dimeunsion, therefore, the analytic method is
exact. A full description concerning the Analytic Nodal Method may be found in [11] and
Chapter 3 contains a detailed description of this approach.

In the case of the polynomial methods, the intra-node one-dimensional flux is approxi-
mated as an n‘* order polynomial on some set of basis functions. Expansion coefficients may
be determined in various ways, and the transverse leakage approximation is, of course, still
required. It may be noted that, in the case of these polynomial methods, the one-dimensional
flux, and therefore both the scattering and fission sources in the one-dimensional equations,
are approximated. Further details concerning the polvnomial method may be found in [15].

The pros and cons of these methods do not lead to any clear preference in selection,
but some arguments (13| suggest that the ANM does exhibit both slight performance aud
accuracy advantages over its polynomial counterpart. Other classes of nodal methods. which
do not require transverse integration, also exist and may be solved via various approaches
such as direct polvnomial expansion. analvtic solution, response matrix formalism and plane

wave approximation.

Cylindrical geometry

In this development, the focus will be placed upon the Analvtic Nodal Method. The ANM in
Cartesian geometry has been implemented and used within the Necsa developed OSCAR
code svstem for some vears, and extended to a full multi-group ANM formalisin [14]. Given
the views in Section 1.1, the need has been identified to extend the OSCAR system to
include the ANM iu cylindrical geometry, for possible application within the arena of
PBMR design, safety and core-follow calculations. It is important to examine the landscape
of nodal methods in cvlindrical geometry prior to such a development effort. and be aware

of the potential pitfalls and successes within this domain.

16



1. The ANM is based on a transverse integration principle. resulting in a set of one-
dimensional equations containing inhomaogeneous sources. The issue of applving this
method to 3D cylindrical geometry has never beeun satisfactorily addressed. Qugouag
[12] showed that the traditional transverse integration failsin producing a one-dimensional
equation in the #-direction. Instead, he proposed a two-dimensional solution in r and
¢. This yvields a set of equations that is analytically rather complex and difficult to

implement practically, and that is. at the time of this writing, still under development.

2. The polynomial class of methods has been applied to 3D cylindrical geometry, an
example of which may be found in the NEM (Nodal Expansion Method) code system.

Very limited 3D results are available.

3. Within the class of analytic function expansion methods, Cho [19] sugzests a solution
utilizing a set of analytic base funciions for a direct 3D solution. This approach shows
some promise, but some closer efficiency evaluation is necessary due to the large number

of unknowns per node.

4. Implementation of a nodal integral method for 2D (r, z) geometry has been developed
{6].

5. Within the PBMR project, so called core-follow calculations are currently performed
with the CITATION [9] code {or adaptation thereof), utilizing a finite-difference solu-
tion method.

6. In the implementation of the ANM in hexagonal geometry, which also suffers from
analytic difficulties, an approach was suggested by Chao [16] which entails the use of

conformal mapping to simplify the geometry of the problem.

From the above perspectives, the development of the ANM in 3D eylindrical geometry is an
outstanding issue, specifically within the context of the South African nuclear industry and
the PBMR project. In this work, the development of the ANM in cylindrical geometry is
undertakern, utilizing the technique of conformal mapping to circumvent the transverse inte-
gration difficulties experienced in a straight-forward application of the ANM. This approach

could potentially circumvent the issue in (1) above.



1.5 Goals of this thesis

Some background surrounding the area of concern has been sketched, and a more concise

formulation of the problem is now possible. The aim of this work, therefore, may be stated

as a uead to draw relevant conclusions regarding two main issues:

1.

ra

Does the proposed conformal mapping technique allow, for the first time, the formula-
tion and implementation of an Analvtic Nodal Method in cvlindrical geometry? The
assumptions within the nodal formalism, and furthermore within the conformal map-
ping approach (as suggested in this work), are difficult to quantifv analyvtically, and
somie aspects of these conclusions will have to be drawn from numerical arguments.
The method will have to adhere to the levels of performance and accuracy expected
from the ANAML

. Is the proposed solution applicable to the PBMR design, and can such a development

add value to the reactor calculations within the PBMR project? This question is not
directly analogous to point {1 above, due to the consideration mentioned in Section
1.2. The PBMR reactor design is sufficiently different from typical light water reactors
{LWR) to invalidate, or substantiaily influence, much of the experience gained from

applying nodal methods to LWRs.

In the course of addressing these issues, a series of papers has been produced, each signifving

an important milestone within the work. These papers are listed and described below.

L.

Rian H. Prinsloo, Djordje 1. Tomagevié, “Development of the Analytic Nodal Method in
Cylindrical Geometry,” Proceedings of Mathematics and Computation, Supercomput-
ing, Reactor Physics and Nuclear and Biological Application 2005, Avignon, France,
September 2005 on CD (2003). This publication describes the mathematical method
development, and illustrates its basic viability via simplified idealized numerical ex-
amples. The paper received an invitation for publication in the Journal for Nuclear

Science and Engineering {NSE).

. Rian H. Prinsloo, et al., “Application of SP2 and the Spatially Continuous SP2-P1

Equations to the PBMR Reactor,” Proceedings of Mathematics and Computation, Su-
percomputing, Reactor Physics and Nuclear and Biological Application 2003, Avignon,
France, September 2005 on CD {2005). In the course of this work, some interesting
fringe topics of patential future importance to PBMR modeling methods were explored.
This paper signifies one such investigation, but one which falls somewhat cutside the

scope of this thesis.
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3. Rian H. Prinsloo, Djordje I. Tomasevi¢, “Development of the Analyvtic Nodal Method
in Cylindrical Geometry for PBMR Application”, 3rd International Topical Meeting
on High Temperature Reactor Technology (HTR 2006), Johannesburg, South Africa,
October 2006 on CD (2006). This paper addresses the major goals of this thesis, and
applies the completed nodal methodology to the PBMR reactor design. The paper
received both an award for best research paper by a young researcher as well as an
invitation for publication in the Journal for Nuclear Engineering and Design (NED).
The NED paper will be submitted early in 2007.

4. Rian H. Prinsleo. Djordje 1. TomaSevi¢, “Approach to Singular Regions in the Con-
formally Mapped Analytic Nodal Method in Cylindrical Geometry”, Submitted and
accepted for publication at Mathematics and Computation, Supercomputing, Reactor
Physics and Nuclear and Biological Application 2007, Monterey, California, USA, April
2007 (2007).

1.6 Layout of the thesis

The thesis layout will follow, in most respects, the order in which the development of this
project was performmed. Chapter 2 will trace the development of a finite-difference based
test code, which is used to produce reference results for the proposed ANM based test code
to come. This development will be similar in nature to the code system currently used by
PBMR for full-core solutions (see 1.4 above). Hereafter, the development and mathematical
basis for the cvlindrical ANM is described in Chapter 3. This chapter forms the heart of the
thesis, since the mathematical formulation represents the major contribution in this work.
Apart from the use of conformal mapping, other relevant issues such as the nature of the
transverse leakage approximation in c¢ylindrical geometry, are formulated here. Chapter 4
addresses the existence of a fine-mesh limit for the developed conformal mapping approach.
This issue is important for numerical stability and accuracy of the method.

Chapters 5 and 6 numerically apply the nodal approach to idealized and realistic problems
respectively, and show the advantages, pitfalls, and potential improvements associated with
the proposed approach. Chapter 5 investigates the domain of applicability of the nodal
method. and addresses issues such as the treatment of severe azimuthal inhomogeneity,
as well as the effect of the center cut-out approximation required by conformal mapping.
Specifically, the application of the method to the PBMR 400 MW benchmark problem in
Chapter 6. gives some insight into the relevance of the method for its intended area of

application. Conclusions and {uture work are described in Chapter 7.

19



The reader is reminded that the work is eventually intended for application within an
already developed industrial code system [22]. and will be placed within the appropriate
infrastructure upon successful proof of concept demonstration, in which this thesis plays an
important part,

A foundation has now been laid, on top of which the technical description will be built,
and the process starts in the next chapter with the development and verification of the finite-
difference test code, SciFi, which will be used to validate the proposed nodal method. The
name refers to the obvious application of the code, namely SCllindrical FInite difference, but
hopefully also conveys the underlying attraction within any and all scieatific development:

The vision to transform SClence Fletion into science fact. ..



Chapter 2

DEVELOPMENT OF A 3D
FINITE-DIFFERENCE SOLVER

2.1 Introduction

Before proceeding with the development of a nodal method, we must address the question
of a reference or benchmark against which the success or failure of the nodal method may
be measured. Such a measure will be with respect to both accuracy and speed. Une option
may entail utilizing an off-the-shell cylindrical finite-difference calculational code, and one
may mention the CITATION [9] finite-difference code as an example, which is currently used
by PBMR and was noted in Section 1.4. This finite-difference solution scheme utilized by
PBMR results in very long calculational times, and in some cases reduced accuracy in order
to make such calculations practical.

The approach to use such an existing code, like CITATION, as reference for the nodal
niethodology to come, could accelerate the initial development of this work, but a price may
be paid in the latter stages due to a lack of flexibility. For this reason, the decision was made
to begin the work with the development and implementation of a custom 3D cvlindrical

finite-difference solver. Such a development has the following advantages:

e Opportunity to customize the functionality according to project requirements, and to

allow updates during the project development.

o Establishment of both a mathematical and a coding skeleton for the nodal development,

since many concepts are analogous within the finite-difference and nodal formalisms.

¢ [ntroduction of mathematical notation within a less complex environnent.
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¢ The potential to obtain relevant timing comparisons between nodal and finite-difference

codes, since similar acceleration schemes will be built into both codes.

The current chapter, therefore, is concerned with deriving and implementing the finite-
difference approximation [1], as applied to the multi-group neutron diffusion equation in
cvlindrical coordinates. The derivation is carried out in three dimensional (r. z, ) geometry
and will culminate in the development of a FORTRAN based numerical code. The chapter
will follow the approach of solving the within-group problem (diffusion equation for a single
energy group). In such an approach each within-group diffusion equation would contain a
generic multi-group source term, built up from a combination of a fixed, a scattering and
a fission source (as the problem requires}. These sources (non-linear in the case of multi-
group scattering and fission sources) mayv he resolved via an iterative process. The domain
1s assumed to be discretizable into cvlindrical segments, with material parameters constant
and appropriately averaged within each zone.

The derivation presented in the remainder of this chapter does not constitute new work.
and finite-difference-based solutions for the neutron diffusion equation in three dimensional
cylindrical geometry represent a standard (although inefficient) approach. Some alternatives
within such a formalism may be found in [2], including the mesh centered scheme chosen
within this chapter. Nevertheless, the finite-difference equations are developed in this chapter

in some detail due to the reasons just presemted.

2.2 (Geometric description

Before we construct the finite-difference equations required to implement a reference cylin-
drical solver, we introduce the foilowing notation in order to discretize the domain in r. z

and & coordinate directions:

e =y, 1y, ..ry describes the radial mesh boundaries, with ry at the center - enumerated

by index s:0,1,2...N.
e Further define the radial mesh width Ar, = v,y — 7.

e 0 =80, ..0p describes the azimuthal mesh boundaries, with #; as the 0 degree angle

(counter-clockwise rotation) - enumerate by index u : 0,1,2... P with ¢ = tp.

Further define the azimuthal mesh width as Af, =8,y — 4,.

® = 2,7, ..2x describes the radial mesh boundaries, with z; at the bottom - enumer-

ated by index ¢:0,1,2..M.

[
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e Further define the axial mesh width Az = z,,, — 2.

The following notational constructs are adopted for the remainder of this chapter. Where
appropriate these constructs will remain in use for all subsequent derivations, but in some

cases a different notation will be introduced within the nodal formalism in Chapter 3.

e Fluxes are defined at mesh centers, denoted by €., , within the region r, < r <

Poetyfr = 2 € 24,0, <8 <8, Note that mesh-edge fluxes could just as well have

been chosen at this point, and would not impact on the accuracy, or computational
efficiency of the method.

e @, denotes the mesh-averaged flux (note that this is different to the mesh centered
flux above, although the assumption will shortly be made that these quantities are

equal for sufficiently small meshes).

o JI, . denotes the side-averaged net current (in the direction of the outward unit
normal) for each mesh (s, ¢.1) at the right (=) or left {-) side in the given direction

v={r,f, 2}

» 77" denotes the mesh average macroscopic removal cross-section within mesh (s (, u).
AT , girEmy g batal g—g et
‘\Otf" t-hdt- U.!.!_J.' = E'r.i,l,.'r x I:Fs.!.:l_'

e D .. denotes the diffusion coeflicient within mesh (st u) and @,,, the source term
within the mesh (s, t «). Q.. will be expanded upon later in the text, but represents

a combination of all possible sources for the current energy group.

® f}"

L3

denotes the average mesh-edge diffusion coeffivient of mesh (s, t. v) on the right

() or left {-} side in direction v = {r, 8, z}.

o Vo= 2(rl, —72) & z A B, represents the volume of mesh (s, f. %),

i

e 5V, . denotes the cylindrical surface area of mesh (s, f, 1) on right (=} or left (-} side

in direction v = {r. 0, z}

o L'
direction ¢ = {r #. 2}
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2.3 Finite-difference equations in 3D cylindrical coordi-

nates

We return to the problem formulation in Section 1.2, and recall that the diffusion eq. {1.1)
was integrated over each mesh to vield the neutran balance equation (eq. {1.2}). We begin

by examining this process in more detail.

The balance equation

Let us start again with the within-group diffusion equation, but in this case consider a
system with cross-sections and diffusion coefficient which are spatially constant within a
given diseretized mesh (s, t,%) (as compared to eq. {1.1))

— DO )+ ol {2 8) - Qr. 2.8) =0 (2.1

s!J

Note that the group index g is not present, and eq. (2.1) represent the within-group neutron
diffusion equation. If we integrate eq. (2.1) over mesh (s, 1, u), the following balance relation

for mesh (s, ¢, u}) is obtained:

Z / ‘:.: B, :_:W L '\7‘1’(? 2, 9\“"!5”: = Qd.i.u‘/:«.f.h + "-T;::'I' i.r.I;L:S-.f.tl = D (22}

p={r#r}
Based upon eq. (2.2}, we may define:

o =D, .[negd(r 2 0)], denoted by Ji, . .. as the net current in the direction of the

outward pointing unit normal vector i, across each surface S bounding volume

NETR- -

Vi1 Note that due to the application of the divergence theorem to eq. (2.1), there is
a specific need for a surface-averaged diffusion coefficient D! T~

89— {,‘_‘1 f]f L.z fll?-':) b T(IJ::" 9] dk‘ A0,

My buundmy volume V.,

., as the leakage LY, . across each surface

e D}, . as the mesh-edge diffusion coefficient on the surface, which still remains to
be defined. Diffusion coeflicients are supplied and are constant within each mesh. but
some approximate inter-mesh averaged edge diffusion coefficient. will have to be defined

for use in eq. (2.2).

a2, I T fu 2

v rT;‘l’ = E @ g 7% as the mesh source term.
h=1 h=1.h#g



which will be handled as constant within the in-group problem, and later coupled via
an iteration scheme. The terms within this source term definition assume their usual
meaning within the domain of reactor analysis methods, and the reader is referred to

[3] for further description.

¢ Note that the assumption has now also been made that the mesh-averaged flux is equal

to the mesh-centered flux. Thus:

¢a.r.r; = q)s.l.u (23)

From this point onwards we will denote the mesh-asveraged flux by ¢, ,,. Rewriting eq.
(2.2}, we obtain:

Y. SesSigus + O BuaaVien = QuunVasa (24)
w102

Eq. (2.4) describes the sources and sinks for neutrons for a given mesh (s f u). The
summation term refers to the net currents crossing the six surfaces of the mesh, the second
term to the removal of neutrons through absorption or scattering to a different group and
the right hand side to the source term, potentially consisting of in-scattering, fission and

possible fixed sources within the mesh.

Application of the finite-difference approximation

Examining eq. (2.4) we notice that a further relationship is required between the mesh-
averaged flux and the net current, and in this chapter we choose to resclve this issue by
approximating the current by a finite-difference approximation. The finite-difference ap-
proximation 15 used to discretize the continuous gradient operator in eq. (2.2). Therefore.
starting with our expression for leakage in eq. (2.2), applying the finite-difference approxi-
mation and explicitly writing it for the outer radial boundary of mesh (s, ¢, u) as illustration,

we find

Lopus ﬁ/ Va5 = = / D" s [T 0 79 2, 0)1dST 1 4 (2.5)
Sn Jar

= .(b_'l _(I!.r. -
saie D'rﬂu,_l o BT -\.l..J. ds:“]._
L o %l‘ﬁrc "Lfﬁrs—:‘J) o

[l
Y



In the same wav the net currents on both sides in all directions may be approximated by
such a finite-difference expression. Although easv to implement, such an approach does limit
the mesh size quite severely due to the nature of the gradient approximation. It 1s further
also clear from eq. (2.2) that the mesh-edge diffusion coefficient must still be defined. We
must determine the edge diffusion coefficient, DY, . v = {r. 6.z}, so that flux and current
continuity are maintained within the finite-difierence approximation. To sclve this problem,
we introduce redundant side Huxes ¢, and @, . which refer to fluxes at left and right

mesh-edgzes. If we use these fluxes to express continuity of currents at the right radial surface

of mesh (= ¢, 1), and left radial surface of mesh (s + 1., u), we find:

- - ij’ R} (I):---J.,: TR #

T “ #+1tu 1 t e ) 5
']*-"- i "Un-l.u LA e = J.‘T'.,I.u‘— = “‘Ds~-1_.'_-.~ T _ (2-6}
alaary) FleTesy )

Nete that we have already enforced flux confinuity by setting &7, = @, and that the
mesh-centered diffusion coefficients D], | are used within this finite diffierence approximation
By solving for the redundant flux, and replacing the solution into eq. (2.6), we find the

current expression to be

where

L
d.,. = alu -2.9"-
s tu &7! |: 4

If we explicitly write the full expression for the averaged diffusion coefficient as

e d; d:«—l.t wlf&r‘ L3 ‘&".-"’—l] ('&'ra T J'—\"r';—lj'

F .5_.‘ u
Da..l.u.-— = d,— i dT = At Poraes (210)
T N A P W Tﬁr_ i

we find that the mesh-edge diffusion coefficient takes the form of the harmonic average of
neighbouring mesh diffusion coefficients. For the generic coordinate directions v eq. (2.8)

becomes far v = r :, 6 and i = s, t, u respectively:

& _ 2 didy
d o = ———="

(2.11)
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i = ,—D-—
ATy
D e
|J': = ﬁ (._).]2)
ety o
¥ AR
We may now insert the new formulation of J7,, _ {v = r,z or #} into eq. (2.4), taking

care to apply the process of eqs. (2.5-2.12) to each surface surrounding mesh (s, t. 11, namely
two surfaces in the axial direction (bottom and top). two in the azimuthal direction (left
and right) and two in the radial direction (inner and outer]. If we explicitly expand the

expressions, and for the moment describe only interior points. we obtain

—d;.;_u_ -:q’a.:.u T ‘I)s—!,r.u]rs & gu & Iy 4 'IJ;—],:.:: = ‘r’s‘.‘ 1._'7'51'»1 ﬁ QL ﬁ zy

=i d;- L1 +:
_df:_h__E':I‘l',s.:_n,- —= (IJs_.'.p—'Ii -f.ll—\ I's & Zp+ dq:_f_ul_iq):.!.rl. 1 ‘I'J:.r.ar: é " é—* '?T.J_

»

_{uﬂ;j_:‘u - ',qa':.! T 'p:..r—l.-uj Ja gu(T Bl &Tﬁ'l >:-! 1 “!._':.:_u_, ;(I).::,.'-—'I.'-; - q)j.-!.'.. it 'I'Julj__:.; T &r.s'l ':.!
_stt.u".-: b "T:cgn; :i.[.uv-.-t.z,u =0

(2.13)

s=l:2.. .N—=2t=12 M-—-2a=12.7—-2

4 A

The equation we obtained here is the discretized finite-difference form of eq. (2.4). This
equation is rather tedious, but when expressed in terms of the surface areas

= A Az

LN TR

r ; 5
F TR :?.‘:+1A9u£‘=~f

W
'E's.r.-.- - = AT" A %
i e A s
b.ﬂ.r.u =

Vi

L

S 3"‘]1.[ -v-ﬂi"‘.rjll

and finite-difference based surface-averaged currents
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i =l [Poan — Pay ]

Sotwee =~ 11 Paiiie = Pagal
Jf‘[.u = (};.e_., Pesn — Por-t
J_.“J_,‘-,_ = _&-I:_:_u‘.,‘.[q}s.l.u*l — ‘I‘s..r.-;i
J;.! g == r}-:.r.u.-..tps\!.m al q"-f.t--l.i-‘;

J_:- i _&J:-:.r.:._-f-.lll[’-x:-—l.-_ = to

-

we reconnect with the notation of eq. (2.4), now with currents defined as finite-difference

relations):

N S = QutaVarw D, Vi =0 (2.14)

with v = {r.f. z}. We are now ready to reformulate the diffusion equation as a set of coupled
linear equations, which may be solved via either direc! inversion or standard matrix iterative

methods.

2.4 3D solution process - the 7-point equations

Reformulating eq. (2.13) and grouping like flux terms, the following 7-point equations (linear

system of equations, each with seven coupled unknowns) are obtained:

o P G e l.ﬂ‘u_(‘:.f‘hq}j ia— e Banuet—Cu Py -1 C2 PR AT GE T P A
kego =0
with:
Cafm:= d; (e 75 Zy it Hu
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a:.!u = :‘z'f.u — /-l- 'E'?.gi Q- = L‘:J‘\;T',}

bysn = b 041, With d;.:-J.:. — ”!;.:.u.:—
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I == }
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§=193 N<=2t=123  .M-2u=12% P2

These expressions for the coupling coefficients, may be expressed in terms of surface areas:

§4u. - (216:'

b.i‘.i._:l = Qe pattm
e rem s
E?F.:.'u — 05_1:#1'5.!‘:1

ka.l.u e QS.I.u"?;.I.u

hs.!.u = Byt T bx..‘.t- + Cype T+ Qe T Eypon T f*.1.u T Dy

§=128 N-2¢t=123 M-2u=123.P=12

The (N —2) x (M —2) x (P - 2) equations (2.16) in (N x M x P) unknowns represent

an open, simultaneous set, and require appropriate boundary conditions to close
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Boundary conditions

Boundary conditions will be formulated in & general way, using diagonal albedo matrices to
allow user definable boundary conditions. To facilitate integration of the boundary conditions
into the existing equation structure, the domain will be enlarzed to (N — 1) radial and M
axial meshes, The albedo boundary condition will not be applied in the center of the evlinder
(rather zero net current condition at + = 0), and therefore the radial domain is only enlarged
at the outer boundary. Cyclic boundary conditions will be used in the azimuthal direction.
The enlargement of the domain will allow fictitious %, v =r z or ¢ and ®,,, values to be
defined in these outer zones, maintaining the existing equation structure for a more generic
implementation. We would then be able to extend the index ranges of s t and « in equation
(2.16) and close the set. Note: Zero-flux boundary conditions can not be formulated using
an albedo approach, and these have been implemented by adjusting coupling coefficients

explicitly in the boundary meshes.

Radial boundary conditions

By using the definition of albedo a _T where J= refer 1o partial currents on a particular
outer surface, as well as applving continuity of flux and current at mesh boundaries, outer
radial boundary conditions in the fctitious outer zone may be formulated, as described in

detail in [1}, as:

q".":‘f.(l = 0

Having defined these unknowns in the boundary zones. eq. (2.11) may be used to extend
the radial index in eq. (2.16) to run from 1 to (N — 1), For implementation of the r = 0
zero net current condition, inspection of egs. (2.13) and (2.16) shows that setting ¢y, =0
in (2.16) will suffice. This allows the radial index s to further be extended to run from 0 to
(N —=1). In the case of zero-flux boundary conditions, setting the flux to zero at the outer

Dy

boundary is equivalent to setting gy -y, = 0 and adding ===~ to hx_y1. in eq. (2.16).

Azimuthal boundary conditions (Cyclic)

For implementation of the cyclic boundary conditions in the azimuthal direction, the follow-
ing definitions are applied:

Starting angle boundary condition:
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Qo= Porr-i

Final angle boundary condition:

Using these definitions, and eq. (2.11), the index w in eq. (2.16) may be extended to run
from 0 te (P - 1)

Axial boundary conditions

Similar to the outer radial boundary, the following boundary conditions are applied in the
top and bottom fictitious axial zones:

Tup zone:

{I)s.“t!.u =0
Bottom zone:
. 11— Cllm .
ﬂ.; —iH T —
i J 41 LIl |||n|_.-
(I)\ ~lu = 0

Utilizing thess definitions. eq. (2.11) may be used to extend the axial index 1 of eq. (2.16)
to run from 0 to M — 1. In the case of zero-flux boundary conditions, setting the flux to
zero al the outer boundaries is equivalent to setting:

® i, — 0 and adding “— to Ry pe In (2.16) for the bottom boundary.

o b, 3. =0 and adding 22424 to h, y;, in (2.16) for the top boundary.
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Final form of 7-point equations

With the fictitious boundary fluxes and mesh-edge diffusion coefficients defined, eq. (2.16)
may now be extended in its current form to include the entire domain, and form a closed

et

II“I-Ta-'.l-'tlj-‘-T- II_'I:;‘Ihl.?-'(I).‘—T.P.?J_C.‘i.f.uq,!i—l.[.u _Jr-'l..!.uq)r.-’.u- !_"':-'.f-.tsq)-s.l.l_'—l _Fbﬁ.:.I.(I)J.ETJ 0t I.I(I-)a.! =1
{2.17]

""‘I-‘.iﬁl = n

with:
= iy
r-S.J‘,l,e = nr;.,r.l.-,—'ﬁs,!.h.—

et = Soyplitu

_ ]
e._‘.f.L- = i?’a_!,u.—bh.l.:l =
By = Gy g gt

bi.:.u = O t+1u

.'{-:--.f.u = Es1¢ i

ta+l

= ram s
95,1.1.-' — Yalut4elu

k.:‘.?.l.' == Qx.:.up:a.l "

R = Ayse dagu T Cotu T @sbu T Espu T .-|r.-n.t.1| s L

#=0,1,2. . N—-1t=02. M —-Yiu=01.F-1

This respresents a consistent formulation of the T-point equations, since internal and bound-

ary meshes are treated similarly.



2.4.1 Numerical implementation of solution

The et of equations presented 1n eq. (2.17), along with the described boundary conditions.
can be written in matrix notation. Standard linear iterative methods may be applied to solve
the system of (N x M x P) equations, since the matrix is sparse, and direct methods would
tbie highly inefficient. Ordering the unknowns lexicographically, (by traversing the problem

domain azimuthally. then radially and finally axially) eq. (2.17) may be writren as:

Wf =r (2.18)

with W representing the [N x A x P.N x M x P| coefficient matrix, f referring to the
ordered [N x M x P| vector of unknown fluxes, and r representing the source vector (&,
in eq. (2.17)). The matrix produced will be sparse and diagonally dominant. Eaq. (2.18) will
be solved using a Gauss-Seidel iteration scheme, described below.
From eq. (2.17). the flux in mesh [s,¢, %) may be expressed as follows:
GotanPiston FConuPottn TPt @etitn + 8siuPos 1

(I)*I_. = 44 f it H &L, o Kl (219)

- I:iJ't.!.L,e

.?’si..uq).w.i.u-l W t_'.'l.!.’.'@:..'.'.l—] =3 k:’-.'.._'-.'

Mgt
Since the fluxes on the right hand side are not known, the solution will be an iterative
one, starting with an initial estimate for all fluxes and continuing until convergence criteria
are reached. In our case, converzence will be measured by:

wtl ol

MAX —'—_I:—‘— <A =107 (2.20)
A& 4 1 (1)"-L= - e

Edau
where | denotes the iteration counter, and d the required number of significant digits
in the allowable relative error. A further important factor to note is that the Gauss-Seidel

iteration scheme makes use of new fluxes as they become available. Hence eq. (2.19] becomes:

PR e A e L Y 5 PR LR O I g
d)_i.::[_.: == Qs.tu 10w CL ¥ ].r.-}l in T eidlu sthutsi-1un 2l (221)
! (+1
fa.l.uq?.r..,'..:.c-é-l T Eadu I_q,1‘u_1 RN
Ff'.-. ]

Starting with an initial guess for @, . eqs. (2.20) and (2.21) fully describe the Gauss-

Seidel iteration scheme. Further acceleration can be achieved by applving the Successive

Over Relaxation Method. In this case the flux is estimated as a weighted average between
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i1y

the previous (&, ) and current ($},) iteration solution, and utilizes a fixed relaxation

parameter w (value typically in the order of 1.3). We therefore redefine &', in eq. (2.21)
i+1

as the intermediate quantity @, ,° and define the accelerated estimation of tI)f;_'.. 'oas

&4,

(I)I)_Il" = d};.l‘.ﬂ + u:[l[IJI:\-;:IH - (bI \I [\‘222J

&b

Power Iteration scheme - eigenvalue problem solutions

The equations and solution methods descnibed in this chapter are characterized as a within-
group problem. For the sake of a multi-group problem, these equations will be extended to
include a group index g. The solution will march through the groups. starting with the first
fast energy group ¢ = 1 and progressing up to a specified final thermal energy group index
G.

An eigenvalue problemn will be solved to include fissionable material within the source
term (), using a power iteration scheme. This scheme may be described as follows:

G
1. Choose a normalization for the total fission source F: Z oyl d¥r = [, Fd¥r =

R
"V sl . :
V", in other words normalize the fission source over the entire domain vo the volume of

the domain.

2. Begin with an initial guess for &, and F], . satisfying the chosen normalization. (n

represents the new outer iteration counter vs. [ which defines the inner Gauss Seidel

iteration counter),

3. Solve the fixed source problem of eq. (1.2) as described in Section 2.3 to obtain ¢, *
G
over all groups /t = 1 to G, using £,  lor L L"'crj;"lli'_, , ineq. (1.2).
he=i
4. Calculate
G
A—4 R
F_',.t.l.- = Z ".l. 'F'r_,"{r:"all.n -
h=1
5. Calculate .
S 0
Kol = g ~————r“2r H I
J‘.' F”I’.‘l"'l"
¥ & L 7= FI.Ir- I.I
6. Normalize the new fission source F,'[ ' = T
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7. Continue the process until convergence criteria are met for k, as well as convergence

for the flux or fission source. In other words:

.)\'“_I - ;I_ln

W

|~ 10

and

|EO —F) g
|. Flym+ “ < =10

where [/o]| denotes the magnitude of a quantity.

For a problem with no upscatiering, such a solution method only iterates cver the fission
source. If upscatter from lower thermal groups is included, nested Guuss-Seidel iterations

on the scattering source are used,

2.5 Code implementation and testing

The procedure described above was implemented by the author in a stand-alone FORTRAN
code named SciFi. SciFi (neglecting the obvious acronvmic deseription) is a 3D cyvlindrical,
finite-difference, multi-group, eigenvalue and fixed scurce solution implementation. making
use of macroscopic cross-section input. SciFi solves eq. (2.17), utilizing the numerical
iteration schemes in Section 2.4.1. The most important results obtained from the code is the
three-dimensional multi-group flux distribution, as well as the systern multiplication factor
OF Kery-

No explicit symmetry has been built into the code, and input must always be given as if
for an (r,z f) problem. In order to perform 1D and 2D calculations at least one zone in the
unused dimensions must still be defined and surrounded by fitting boundary conditions. E.g
if an infinite cylinder calculation is to be done, at least one axial zone has to be specified, and
associated zero net current (reflective) boundary conditions used. The code does however
allow for performing an azimuthal segment calculation, since periodic boundary conditions
are implemeunted in the azimuthal direction. The full input manual specification of SciFi is
given in Appendix A.

The SciFi code was further extended to include SP2 [20] and continuous P1-5P2 [21]
transport corrections, Although these additions fall outside the scope of this thesis, the
work is novel and was published in |24].

The SciFicode has been verified against various problems, and the results are summarized

in this section. Comparisons were done and results compared with:

e An analytic infinite cylinder eigenvalue solution,

[}
=



s a fixed source problem defined in [6],

¢ an eigenvalue problem defined in [7] and fully described in Appendix B.

Analytic infinite cylinder solution

The flux solution of a ecritical (ks = 1), axially infinite, homogeneous cylinder may be
calculated analvtically and written in terms of a zeroth order Bessel function of the first
kind in the following way:
j Lol
oir) = Jol—-)
R
where the geometric dimension is determined by equating material and geometric buckling,

as deseribed in |3], to maintain the critical condition (k. ;s = 1) for the cylinder:

Eﬂ".z._ VFf—CTn
R' D

Symbolis have their usual meaning with R referring to the outer radius of the cyvlinder and

(

oy to the first zero of the Bessel function =~ 2.40482556. In comparison, SciFi was run using
the following criteria, and produced the correct £, ¢+ value to within an accuracy of 0.2 pem
(1 pem = %lf_l“‘) :

| Parameter | Value |
Radial meshes (equi-distant) | 1 (200 times refined)
Axial meshes i 1
Azimuthal meshes | 1
Energy groups | 1
Hadial dimension 2. 40482556 ¢m
Tep and bottom boundaries Reflective
Quter radial boundary Zero-Flux
Convergence criteria 1%x10-° |
Cross-sections |
Diffusion coefficient (D, ) 0.33 cm |
Removal (o777 0.50 / em |
| NuFission (v ) | 0.83 ; cm |
| Self Scatter (¢!} | 0.50 / ¢m |
|

| K-eff from SciFi 1.0000016 (0.2 pcm error)

Table 2.1: Description and result of an infinite homogeneous cylinder
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In the case of this verification problem we were not interested in the full flux solution,
but purely in the verification of the analvtic cigenvalue solution (reproducing k., = 1), We
conclude that the result obtained in Table 2.1, namely an cigenvalue accuracy within 0.2
pem., shows that the power iteration scheme within Scil't is correctly implemented. For a
more detailed flux solution verification. we proceed to the next comparison, and specifically

with the fixed source problem described in [6].

Fixed source benchmark

The second comparison was done with a published one-group fixed source benchmark prob-
lemn |6], which includes results from the Exterminator IT finite-difference code system. This
one-group (r. z) problem is geometrically specified below (the results are compared to ex-

trapolated finite-differcuce results):

1.0

0.75

0.50

0.25

0.0 0.25 050 075 1.0

Figure 2.1: Azmi's (r. z) fixed source benchmark problem illustration

This evlindrical problem is specified with axial and outer radial zero-flux boundary con-
ditions. Figure 2.1 represents a finite, four zone, inhomogeneous cvlinder (the v-axis refers
to the axial- and the x-axis to the radial coordinate), with the origin at its center. The
fignre presents an axial top-half svmmetry segment of the problem, and may therefore be

interpreted as four cvlinders within each other. Table 2.2 further describes tiie problem
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by providing cross-sections for each zone (1 to 4), as well as by comparing results for the

volume-averaged fluxes in each zone,

[ Farameter | Zonel | Zone2 | Zone3 | Zoned |
- = Absorption {1/cm) | 400 100 36 25
Diffusion (cm) : 1 1 I 1
Source (neutrons/'cm”) 1.0 .l 0.0 0.0 0.0
Radial Meshing | 1D 10 10
Axial Meshing 10 10 10 10
Azimuthal Meshing 1 1 1 | 1
Radial Dimemsions (cm) 0.25 0.25 0.25 0.25
Axial dimensions (em) 0.25 0.25 | 025 0.25
Hesults
Average Flux - extrapoiated reference | 1.98E-03 | 2.68E-04 | 2.04E-05 | 2.43E-06
Average Flux - SciFi (40x40) [ 1.99E-03 | 2.63E-04 | 2.03E-05 | 2.42E-06
| Average Flux - CITATION | 1.99E-03 | 2.62E-04 | 2.03E-05 | 2.42E—[]ET_|
| Axial Leakage - extrapolated ref | | | [ 3.337E-05 |
[ Axial Leakage - Scik'i ] | [ | 3.331E-05 |
| Radial Leakage - extrapolated ref | | | [ 1.014E-04 |
| Radial Leakage - SciFi , | | | 1.022E-04 |

Tabie 2.2: Azmi's fixed source (r, z) verification problem

We may conclude that the obtained agreement between SciFi and both the CITATION
and extrapolated published results, are within acceptable margins (less than 1% in zone

averaged flux), and that the fixed source functionality in SciFi is correctly implemented.

2 Group eigenvalue solution - DODDS’ benchmark

The DODDS’ benchmark is a fixed cross-section (r, z) eylindrical reactor (heavy-water mod-
eratect) core model, with top and bottom reflector and blanket region in the outer radial
zones. The problem is illustrated in Figure 2.2 below. but a detailed probiemn description is

provided in Appendix B.
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Figure 2.2: DODDS’ benchmark model in (r, z) geometry

An independently published specification of the problem may be found in |7]. The pub-
lished results are compared to the Scil'i code using the input specification given in Appendix
A. The results in Table 2.3 refer to coarse-mesh and fine-mesh solutions. Coarsc-mesh in-
dicates the benchmark meshing of 18 radial x 28 axial meshes. and fine-mesh refers to a
four-time refinement of the coarse meshing. In comparison, Scili was run using the following

criteria, and prodncing the following results:
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. Parameter Value

Radial meshes (equi-volume) I8 |
Axial meshes | 28 |
Azimuthal meshes l 1
Energy groups | 2
Radial dimension 235.6 cm
Axial dimension 524.87 cmi
Top and bottom boundaries Zero-Flux
Outer radial boundary Zero-Flux
Convergence criterion I 573 v
Number of material types 9
Number of material regions 16 i
| Results | |
| k.ss from Benchmark (coarse-mesh) | 0.867053 |
| k. from SciFi (coarse-mesh) | 0.867053 |

| kers from SciFi (Bne-mesh - equi-distant) | 0.866467 |
| k.¢r trom SciFi (fine-mesh - equi-volurne) | 0.566468 |

| kugy from CITATION (coarse-mesh) | 0.867005 |

Table 2.3: DODDS’ benchmark description and results

Note that:

o The dimensions and discretization of DODDS' benchmark as listed in |7] (and in Figure
2.2 above) are not consistent with the results within that publication. Please refer to
[8] for the correct material and dimensioning data. Material zone definitions were kept
as are found in [7], but scaled to fit outer dimensions from (8§].

e There is an error in the cross-section data as given in [7]. The diffusion coefficient in
region 16 is 1.2997, and not 12.997 as indicated.

e All mentioned corrections are summarized in Appendix B.

From Table 2.3, we conclude that SciFi exactly reproduces the reference k.;¢ result [rom
this problem (0.867053). This result is obtained with the exact coarse-mesh structure used
in the benchmark problem. It is important to note that the true fine-mesh finite difference
solution is somewhat different from this coarse mesh discretization result (400 pem), and
these fine-mesh results are given [or two SciFi cases, namely equi-distant and equi-volume

sub-mesh refinement. As independant confirmation of the benchmark result, the commercial
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CITATION code is applied to the problem, and produces a result of 0.867005 (difference of
5 pem). This small discrepancy is most probably associated with a somewhat non-standard
implementation of zero-tlux boundary conditions in CITATION and is not further elaborated
upon here.

The input file for the DODDS' benchmark problem, utilizing a radially equi-distant

meshing, is included in Appendix C for illustration of the usaze of the code.

2.6 Conclusion

SciFi showed good agreement, specifically eigenvalue accuracy within 1 pem and flux accu-
racy within 1%, as compared to the chosen published results. Some components of the code
system were not tested within the scope of the above benchmarks. These include azimuthal
dependence, as well as multi-group upscattering problems. Examples featuring these re-
quirements will be evaluated as part of the results and discussions in Chapter 6. This brings
to an end the development of a cvlindrical finite-difference test code for use as reference for
the nodal test code to come. This cylindrical nodal method and associated code develop-
ment, described in the next chapter, forms the backbone of this thesis, and signifies a new

developrent within the field of full core reactor calculations.
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Chapter 3

DERIVATION OF ANALYTIC NODAL
METHOD IN CYLINDRICAL
GEOMETRY

3.1 Introduction

Nodal diffusion methads [13} [10] have been used extensively in nuclear reactor core cal-
culations, specifically [or their performance advantage, but also for their superior accuracy.
More specifically, the Analytic Nodal Method (ANAI) [11] utilizing the transverse integration
principle, has been applied to numerous reactor problems with much success [22]. Recent
developments in the PBMR reactor project have sparked renewed interest in the application
of different modeling methods to its design, and naturally included in this effort is a nodal
method for cylindrical geometry.

The ANM is based on a transverse integration principle, resulting in a set of one-
dimensional equations eontaining inhomogeneous sources. The issue of applying this method
to 3D eylindrical geometry has never been satisfactorily addressed. Ougouag showed that
the traditional transverse integration process [ails in producing a one-diumensional equation
in the f-direction [12]. Instead, he suggested a two-dimensional solution in » and #. This
vields a set of equations that are analytically rather complex, and difficult to implement
practically. In this chapter, a solution is proposed which entails the use of conformal map-
ping to circomvent these difficulties. This approach should yvield a set of one-dimensional
equations with an adjusted, geometrically dependent, inhomogeneous source. The concept
of applving conformal mapping to simplify geometric complexity has been used with much

success by Chao [16] to apply the ANM to hexagonal geometry, and the development in this
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chapter signifies the first such eflort with regard to cylindrical geometry reactor cores.

We will proceed by defining the nodal diffusion balance equation we wish to solve, and
spend the greater part of this chapter on formmlating the missing node-averaged fux to side-
averaged current relationships needed within this balance equation. The latter part of the
chapter will deal with representing the obtained relationships in & manageable form for nse

in a Fortran test code.

3.2 Balance equation in three dimensions

In order to sketch the problemm we need to solve, we begin once more with the diffusion
equation in three dimensions, and allow symbols to denote the same quantities as in Chapter
2 {eq. 2.1):

—D, 7 90 (r.2,8) + 05" (r, 2.0) — Q(r, 2.8) = 0 (3.1)

with

for a fixed source problem, or

G G
1 —
Q”[r. = 3) — k p y? § i'hU)r";&.uqﬂ: b f;f] 4 E (]‘_)?': {‘?-I x 9}|gf:_”!..'"
= h=1 h=14=y

in the case when the problem has multi-group scattering and, or fission source contributions.

We will however, solve this equation as a within-group problem, and therefore neglect
the group index ¢ in the coming derivation. In order to obtain a nodal balance relation,
we integrate eq. (3.1) over each volume element n, dennte the node number by subseript
n. and node boundaries between node 1 and node ; by subscript nj. We once more ohtain
the nodal balance relation, similar to eq. (2.2). but in this case maintaining the [unctional

dependence in the intra-nodal flux ¢{r &,z

6
Y Tin8ns — QuVa+05" BV, =0 (3.2)
J=1
with o
> e O [ (7.8, 2)dSn, (3.3)
: b“_, C—f-l’l' A -:1-\.
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G / Q(r. 0. z)dV, (3.5)

where S, is the surface area between node n and node j, .jjn is the surface-averaged net
current on surface n1j in the direction of the outward unit normal and @, is the node-averaged
flux of node n.

We proceed to divide eq. (3.2) with ¥, to vield:

H'r:-'j_-r. —J;_rmﬁr_ =), (3.6)

[]=

=4

with

i

il 3

a. =
- i
n

—

Note that the surface to volume ratios are different on opposite radial surfaces of node n.
We reiterate that the description of the balance equation in eq. (3.6) is equivalent to the
balance equation in Chapter 2 (eq. (2.2)), with the exceptions that all quantities in eq. (3.6)
are divided by node volume, and that the intra-nodal flux and boundary currents have not

been approximated.

Summative description of proposed solution

In eq. (3.6) we see that the surface-averaged currents and volume-averaged fluxes are the
primary unknowns. We therefore need a further relationship to create a complete equation
set. In order to find such a relationship we will apply a transverse integration procedure.
We will integrate eq. (3.1) over all directions transverse to a chosen direction, to yield
a one-dimensional equation in each of the coordinate directions. From each of these one-
dimensional equations we may then obtain an analyvtic solution for the transverse integrated
flux, and from there determine a relationship between volume-averaged flux and surface-
averaged net currents in the chosen direction. Substituting these current-to-flux relationships
back into the balance eq. (3.6) will vield a closed set of discretized equations.

This method of transverse integration works well in Cartesian coordinates [11] and can
be directly applied in cylindrical geometry to obtain a one-dimensional equation in the z-
direction. Some insurmiountable difficulties, however, are experienced while performing the

transverse integration procedure to obtain a one-dimensional 8 equation. This mathematical
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impasse is very clearly explained by Ougouag in [12]. An exercise in writing out the transverse
wiegrated one-dimensional equations quickly show an inconsistency in defining transversely-
averaged fluxes. The details hereof are referred to later in Section 3.4.2. To circumvent
these difficulties, we introduce an extra step in order to obtain one-dimensional equations
in the r and f-directions. We firstly integrate the diffision eqnation over the z direction
to obtain a two-dimensiona! equation in the (7 &) plane. Before we perform the second
transverse integration, we will use conformal mapping to locally map a discretized cvlindrical
quadrilateral area element {or node) in the (r. #) plane into a rectangular area element in the
(u.v) plane, and then transversely integrate the resulting nodal equation in the rectangular
coordinate.

The question must be asked why this transformation alone manages to circumvent the
transverse integration problem encountered in the original {r, #) coordinate system. In order
to circumvent the transverse integration difficulty we will apply a “separation of variables”
technique in the mapped Cartesian coordinate system. Although such an approximation is
extremely restrictive within the original cylindrical conrdinate system (the solution of the
(r. 0 diffusion equation is not separable), it 1s proposed that the penalty is much less savere
within the mapped Cartesian coordinate system. This statement will be proved numeri-
cally in this work, but future work may include a more rigorous analyvtic approach to this
staternent.

We proceed to solve the one-dimensional equations in each mapped direction, and obtain
the needed surface-averaged current to node-averaged flux relationship in mapped coordi-
nates. We transform the named relationship back to original cylindrical geometry before
inserting the expressions for current back into the balance equation (eq. (3.6}).

We continue to solve the balance equation in cylindrical geometry, and obtain a solution
in the original coordinate system. This conformal mapping technique is described in the
next section. There is. of course, a penalty to pay for the simplification of the transverse
integration process with eonformal mapping. As will be seen, this penalty arises in the shape
of an extra inhomogeneous “ghost” source introduced on the right hand side of the diffusion
equation in both mapped directions. Later in this chapter some time will be spent on dealing
with these ghost sources.

The approach very briefly described here sketches the flow of this chapter, and sumnmarizes
the ideas behind that which is new in this work. The chapter will elaborate in quite some

detail upon each of the above paragraphs by

e performing the conformal mapping.

o relating the original and mapped coordinate systems.
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o performing the transverse integration and handling the transverse leakage terms.
e solving the mapped one-dimensional equations and

e solving the eylindrical balance equation.

3.3 Conformal mapping

Mapping function

The technique of conformal mapping is a well-known matter arising from complex analvsis
and the reader is referred to [5] for a general overview of the topic and its properties. For the
purpose of this application, the most important properties relating to conformal mapping

are:
¢ the Laplacian operator in eq. (3.1) is invariant under conformal mapping.

e The mapping function from a ¢ylindrical element to a rectangular element is given by a
straight-forward analytic function. This is an advantage, since no numerical evaluation

of the mapping function is required.

In this section we will apply the conformal mapping strategy to a local cylindrical area
element in the complex plane Z (Z = i + iy = re'), and map it to a rectangular element
in the complex plane W (W = u + @) The mapping function which performs such a

transformation is given by:

W = Log(Z2) (3.7)

Equating components in eq. (3.7) yvields:

ut+iv=In|Z|+iArg(Z) (3.8)

su=lnir) iv=48

and
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Node scaling

We intend to locally map the discretized domain defined by 0 < r = R, and (0 < ¢ < 27.
We will, however, be forced to exclude the center point at r = 0 from the mapping. since the
logarithmic function exhibits a singularity at » = (). Our approach to this exclusion will be
to define & small ring at F.,..,. and normalize the domain to that point, thus excluding the
zero point from our mapping. A boundary condition shall be placed at R;,....(or at 1 after

normalization with F,.... . The mapping domain is therefore:

1 < prorm & S (3.9
- l—-l'lil'...l.r
02 ¢ <2n

We will use the conformal mapping technique to locally map a diseretized cylindrical area
element, in order to obtain a transversely integrated solution within that local node. Such a
local area element is defined as follows:

?,.r!,:-rr.-'. P r:l arIm o LROrm {310)

= = T4t

7

i e o i
T

" R,

'9_‘. E: 9’(9_:-]

Applyving eq. (3.7) to such a node will yield a transformed node with coordinates:

(™) € tinade < LU (3.11)
9__, f"_\- U= H_}"rl
and dimensions {h,, h.}:
. T N
by =1In{rig) —Infr} =In(——) (3.12)
'Ili
l’l,_ = 6{_7'—-1 = E"

From eq. 3.12 and onward we drop the radial superscript norm. Note that the radial

coordinate is now dimensionless, since it was divided by the inner radius of the syvstem. For

47



the rest of this derivation, R, will be assumed to be 1, and implemented in the test code

as such. The mapping procedure is graphically represented in Figure 3.1:

Node §: Ar, A8 Node | ;,_-h,@-ﬁ-_-.,hrz_.m
Y vA L
T an | "
< -n,'fr/."\ _W:fgg(Z].. |
P 1P it
w s % ™ r=ﬁ
w=ldir)
” L 7]
S — 1 W
f ; Al\R
u

Figure 3.1: Conformal mapping - cylindrical to rectangular mapping

It illustrates the geometric relationship between the original and mapped coordinate
systems. Furthermore, the figure graphically illustrates the logarithmically decreasing node
sizes in the W plane versus the cqui-distantly spaced radial node sizes m the 2 plane. The
largest mapped node sizes are found near the center. Note also the inner cut-out placed
upon the mapping domain,

Since we will later represent functional expressions in terms of Legendre polynomials, it
will be beneficial to obtain a svmmetric node, i.e. (‘—g** %*) after conformal mapping. To
achieve this we scale the original radial node with scaling factor \/7r prior to mapping.
This vields

proal — (3.13)

If we now return to the 3D diffusion equation in (3.1}, we sce that if we integrate eq.
(3.1) over the z-direction, and then apply the mentioned radial normalizations, we remain
with an equation purely in the (r*# #) plane for node n, appropriately scaled so that the

node is symmetric after mapping to (u, v). The z-integrated equation takes the form:

Dy 0, 0) + 0T DL (1, 8) = Qu (1. 6) — LEy(r.6) (3.14)

We may proceed to normalize the radial coordinate iu the node using eq. (3.13):
P ‘ . . s oa -
—D,, = .\72 (bz(r.w:al. 9) 4 O’;Un (I):(Tacat" 9) — Qn‘z(i"hmI. 9) _ L;H(raca{. 8) (31))
1
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with
.
n° =1, and

L™ 7)) = —Ly {g(b[r""”'!f),:]] ;
. h, [z <

ha
2

1
. ! . T \
Q. (r" " 0) = — [ Q(r*™, 8, 2)dz

hz b

Quatr*8) = o [ Q8,200
ts S

lt. represents the node size in z — direction

In order to transform this equation with conformal mapping, we need to transform the

differential operator as well and obtain:

VE[T. g:iq):{'?". Iﬂ) = vg 22, |';I'-I>‘__|'\.g,rl i)

T
g

The resulting mapped equation then takes the form

1 @E(I’:I:u- v) . P, (u.v)
du? ' G

)+ﬂ,’.‘""‘1’;l'tr- () = Qu..(u, v)g(u) =L (u, v)gl{u)®
(3.1

¢{1)* = £”* and denotes the area mapping function.

The resulring mapped node is rectangular and its size is:

- Ir {r_""_~| ‘I;l”::'i| [ 7. .
(h:i ———) in{ J“';‘I) = le—tin o | = (~h—“, b—“) (3.37)
WRTaL VT 2 2 2 2

|

After a translation of

the mapped v coordinate is:
(3.18)

=
=
i
&=L
|
/‘l—'\
S
b
e
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3.3.1 Relationship between mapped and unmapped quantities

The concept of the coordinate transformation, or mapping, is now defined and we begin,
in this section, by developing some critical relationships between important quantities in
original eyvlindrical and mapped Cartesian coordinates.

The mapped coordinate system, as mentioned above, will onlv be used to perform the
transverse integration process and obtain the required node-averaged flux to side-averaged
current relationship. This relationship must then be mapped back to the original coordinate
systemn and reinserted into the balance equation. To facilitate this “unmapping”, two primary
quantities, namely the node-averaged flux and the side-averaged currents, must be related
between Lhe two eoordinate systems. Let us therefore begin with this end in mind, and prior
to complering the transverse integration process, define these critical relationships between

the (r.8) and (u.v) coordinate systems.

Node-averaged flux definition
The definition of node-averaged flux in the original coordinate system may be written in
terms of a surface integral over the z-averaged flux (which was obtained in eq. (3.13)):

1
Gré

o, = f &, (r.O\rdrdd (3.19)
ré

If we apply the radial scaling prior to mapping, then

EII 1 7 ,E';:;J f . @:(J-Jclji.f.'l,!?':cu;d?""."'ldg (320)

1

T~ -dal i
S5

/ CI)I-.{?'LH;‘ 8'}7--"'-“-‘drscc.‘d6|
raealy

The node-averaged flux in original and scaled coordinates are of course equal. Now applying

the conformal mapping to this integral, ie.
u=Inr*™) v==0

vield

oy

D, = LLJ/. P_(u, v)e* dude (3.21)

Notice that if we express the mapped node-averaged flux directly in terms of the (u,v)

coordinate system, as per definition of a surface-averaged quantity, we would find that:
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/ G (w, v)dude (3.22)
]?,,J‘-: %

\We call this quantity the mapped node-averaged fux or simply the average one-dimensional
Hux. and strive to relate it to the node-averaged flux in the original coordinate svstem (relate
egs. 3.21 and 3.22).

Relationship between node-averaged flux and averaged one-dimensional flux (mapped
average)

Eqgs. (3.21) and (3.22) suggests that a relationship between one-dimensional average and

original node-averaged flux may be found. We perform the v-integration and rescale the u

variable to (=1,1) via £ = ,—“— in equation (3.21). The node-averaged flux is then written as
= !\, 4 F-ad - EE
‘T',I = = (Dzl |t |."_NIIEI-.": (323)
< Ja
where
. Pl Titisy . . - sy
s == (interpreted as ratio between scaled and mapped area) (3.24)
“n
with
2u
e
[

Within this coordinate system, eq. {3.22) for the one-dimensional average flux may also be

1
o= / ., (€)df
2/,

If we express, in eq. (3.23), the one-dimensional flux (®,.(£)) and the mapping function

written, per defintion, as:

(¢**] in terms of a Legendre polynoinial expansion, we find:

L L
e =" gPe) and 0.8 =D fIPIE) (3.25)

I=D =0

with
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Here we have truncated infinite snms to a finite number of terms L. Emploving these defini-

tions, we express the node-averaged Hux as:

v _ {
= maeaafl = - o f)' .
B, = K Y e et > T (3.26)
el [=1
since Feul : :
- sirnth(h,) = -__ = 1-;;: hr'-fr?-.-] = T:'J,' — o - 1
(e fly, a 2he T 2hharrisy hohurire, K

Eq. (3.26) is an important result, since it allows a clean expression for the node-averaged flux
in terms of the mapped average flux {one-dimensional average) obtained from the transversely
integrated equations. This relationship is the first of two which we need to relate the original

and mapped coordinate syvaten.

Side-averaged current definition

A second very important quantitv which we will have to map between coordinate svstems
is the surface-averaged current. Using the net current definitions before and after mapping.

we may relate mapped and unmapped currents on radial and azimuthal surfaces by:

A MBI Al -}:-I h{m_% |
TodfB5y = ’; Tt
Tnalf) = “: )

The above relationships in the #-direction assume that the net currents across azimuthal sur-
faces have been appropriately averaged along the radial direction. This averaging produces
Kiw 5 i s . .
the <~ factor which would otherwise not be expected, since the azimuthal coordinate is not

transformed during the mapping procedure.
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3.4 Transverse integration of mapped equations

The basis for this approach has now been laid, and in order to proceed we have to develop
the auxiliary one-dimensional equations in each direction, and solve them analvtically to
construct a balance relation which can be solved (in other words eq. (3.6) written in termns
of node-averaged flux only). The ANM in Cartesian coordinates naturally makes use of the
transverse integration process in order to obtain the auxiliary one-dirnensional equations
and this process, as applied to Cartesian geometry, is fully described by Smith in {11].
Nevertheless, due to the application of conformal mapping, some further complexities arise
in the application of transverse integration to the mapped Cartesian geometry, and therefore
this process is fully described here up until the end of Section 3.8.

We will now perform the first step of the transverse integration - firstly by integrating eq.
(3.16) over v to find a one-dimensional equation in u, and thereafter over u to vield a one-
dimensional equation in v. We also obtain a one-dimensional equation in the z-direction by
transversely integrating the cvlindrical diffusion equation (3.1) over r and @ directions. We
then solve these one-dimensional equations in u. v and z analytically to obtain the required

relationships between volume-averaged flux and surface-averaged currents in each direction.

3.4.1 Transverse integration over v : the u-equation

We begin by integrating equation (3.16) over v. We apply the integral:

1 %d
h_.,/_m'v
2

and find

1 dE - . e 9 2 1 i
—TIFDEI”-'\H,I—(T“ gfu] fuL[-') =_C_'(|-'!J an{u.l _Lli ..("-':;' (328)

where

1
Fala) = h—.:/h‘fD:(u. v)de

Qnlu) = Ll Q:(u,v)dv
h—'L‘. g

T,

i o e
Lo u)l= =Ly (ul+glu)*Li (u)
U '
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We move the inhomogenesus components to the right hand side and find:

1...d° - - .
= _.-.Dﬂ.lrul;u] = "-T;_-Jlu Tl[u:l == 5”{“)2(6211 i\'L‘.;I g 57:'11",' = LT:..‘.I.\” = n 1:(“ :' (329)

pf j
where

rEmi f ff

I-;I_I|;'.l;"’ = |:1 — g(u_::]?:!_fl'ﬁ __.nl__ll.l:l

Eq. (3.29) is now an ordinary inhomogeneous linear differential equation. which may be

solvei analvtically (assuming that we know the right hand side)

Summary term analysis of the u-equation

In order to solve eq. (3.29) we express the inhomogeneous sources on the right hand side in
terms of Legendre polynomial expansions. The details of the one-dimensional solution, and
exact formulation of these expansions will be described in Section 3.5, but for completeness
some notation and formalism will be introduced here,

1. L (u) and Ly (u) represent the transverse leakage terms and will be expressed as

l
ERTR

¥
2u ; .
Legendre polyoomials: [, . (u) = PP(—). These expansions are developed in
] [- 8 TR R | "}'. F P
1

- =0
Section 3.9.

L
o , 2 :
2. 8 (u) = {1 —glu) o™ fulu) = \ ..P,(h_“) These moments will be expressed as two

1=0

termes: on .
5 = h-: -/h(l - fi'.lz)'f’;'!mf, [fuf'ﬂl\';z—t)du.
S : . T 3
3 = G L) / ‘,I"r,l.'.')ﬂ{-—li_lr!u - / glu)” ,Lmegll——u-]f!'n
LM Jhy hu e h,‘

The first integral term will be classified as lux moments, the second as mapped

flux moments. These expressions will be developed in Section 3.5.1.
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3. glu) Qulu) = E q.."F,{_h—lj with gy = T__]" fL g[ujz(-.??:l_u)F{ul’L—l“ljnfu. These spurce nio-
=] ol

ment expressions will utilize the fiux moments also (in the case of fission and scattering
sources |, but will further require moments of the mapping function. These expressions

are also developed in Section 3.5.1,

Using these expansions we may express the right hand side of eq. (3.29) in terms of Legendre

polvnomials:
L 70y
Roulu) = ) diRil5=) (3.30)
=0 i
df =g +5 = [

3.4.2 Transverse integration over u : the v-equation

We proceed in a similar fashion by integrating equation (3.16) over u. We apply the integral

1 [
E ./.".-;.-. &

This process yields

B
_?—EDFITJ{T'.'}I - ﬂ:l':mq):.l-ll':'lj — Qﬂ[;'_','l — L.,; ,,l:.'_') — R.‘-..-.'["-"_;' (331)
with
ffz'\—l/‘I’“'*'Hi:
b= hu 2 2L, AU
1 T .
aln) = E— glu) Q. (U, vjdu
wdhy,
i 1 i
. . (v)= = glu)* P, (u,v)du
, : QR :
Ly a(t) = = L () + Lo )
2
e ‘Dll ':l-:’l ¢ 3 Jur!::;l'.rlll - ¢ -Jr'ulr_ll:'.h v)
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Lo (v)= —/ glu)? —T [a—fl fu, v, J} dii

B Ji, 9w ® (e, v, Ldu+ [, ; g{u)?J.(u v, ~ )du
a h.

It is important to notice that we deal, in this equation, with & troublesome issue. Firstly

we find two different definitions for the w-averaged flux. namely ®. (v} and [, [#), which
represent the one-dimensional flux in original and mapped coordinates, respectively. This 1s
a similar “impasse” found by Ougouag in [12], with the difference that we face this problem
from the perspective of the one-dimensional diffusion #quation in Cartesian, and no longe:
cylindrical, geometry. In order to circumvent this issue, we firstly perform the following
manipulation of the one-dimensional flux by expanding the mapping function onto a Legendre
polynomial base:

‘,_uﬁ—-——/ uI?QJ(u"mL—-——/ Za,]—’l—l@luz.w

A A

{ }'/Zgﬂf—‘lfblh 1)du
bus

Here we defined the Legendre moments of the mapping function as

N+1 (% . 2
9= oy, ORI

i

The same approach is used for the two-dimensional source term definition by writing

. 1
Calv) = [ )?Q:{u,v)du = +— a8 “)Q t, v)du
= s
- 800 L[S b auu v
M Jem

with

1
Tl = F_/ Q.lu.v)du
ty . by

With these expansions terminated at same fixed order L, eq. (3.31) may be rewritten as:

14 .
D fulv) 4 e F(0) = ) + On(v) — Lanlt) (3.32)
n? du? K



Here we have managed to successfully complete the transverse integration, and group the

problematic functional forms into the right-hand-side sources, specifically

TR
. - 1 i 2 i ;s
salt) =~ X :2:} aF| é_up;(u. v)du (3.33)
and
L) 1 E 2y
Qul) ===+~ f v 9P 7=) Qs (u, v)du (3.34)
'..J h" !:1 o

This formulation is the first important milestone in circumventing the transverse integration
problem described by Ougonag in [12]. The problem has now been reduced to handling the
non-linear source terms in eqs. (3.33) and (3.34).

The higher order terms in expressions (3.33) and {3.34) require some special treatment,
and in these cases the assumption of separation of varables leads to relatively manageable
constructions. The validity of thess assumptions are not obvious, and will be numerically
evaluated in later chapters. Assuming such an approach, two choices are available. These
concern the form of the separation of variables, either as a sum or a product, of two one-

dimensional solutions. The next four sections develop these approaches.

Summed variable separation - inhomogeneous source

In this instance, variable separation is assumed in the following form:
D.(u, 1\ = frvL'-',I T fr"'] 3 T (3'3‘5)
where

=

o

- 1 ,
falt) = / O_{u,v)du
Jh,

O (u, v)de

Pt =—
AR

by Jh,

1
h I:h: Fhu ki

f= & fu, v)dedu

This approximation is necessary in order to complete the transverse integration proce-
dure. In short, the motivation is based upon the fact that the solution of the homogeneous
diffusion equation in Cartesian coordinates is separable, but not so in cylindrical coordinates.

It is reiterated that this approximation will be evaluated numerically, and future work will

i



include a rigorous analysis of the error inherent to this approach. Applying this approach to

the inhomogeneous source term s, (v (eq. 3.33) vields:
eofe) = o Zg,a () + ful) = F)
hudna 15

Notice that the contributions from the f,(v) and f terms are zero, since the summation
counts from 1. Thus, the expression for the inhomogeneous source terin may be reduced as

follows:

_I'II

—
=]
L2
1

Ellij=

L
_/ ZQJRI Mnlu)du = — ”"ZE‘(;L

hu ha 12y bl

where we define the Logendre moments of the one-dimensional flux in u-direction as follows:

(W) B2

Note that this expression is actually constant in v, and this fact results from the summative
separation approximation.

Summative variable separation - standard source term

We also approximate the standard (fission and scattering) source term in the same way by

writing

Qlu,v) = Qulu) + Qaft) — @ (3.37)

. 1 ‘
Gl 00} = H_/ .y n)du

u) = l—] Q:(u, v)dv
ho Ja

T PR

b
Using the same arguments as for the inhomogeneous source, we may neglect the source
term contribution from @, [v] and . The resulting contribution is expanded into Legendre

polyvnomials as belore:
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L
1 47 . 2>,
r[ § g Pi(u)Q.{u, v)du = E % (3.38)

Bl S =1

with

g = 2’—1[ ) u}P(-—idu

The source term Q. (v) given in eq. (3.34) may then be expressed as:

- II'E j :-' ¥
Qo) = B2 3 00 539

This expression contains some inleresting charactenstics. The source term in the v—direction
is given as two components. The first as the standard one-dimensional source g, (v) scaled
by the mapped node size ratio K, and the second as a contribution of higher order saurce
moments from the radial direction. The mapped azimuthal source term carries a radial

contribution.

Factored variable separation - inhomogeneous geometric source

On the other hand, if we assume the following approximation for the two-dimensional flux:

B, (. v) = L20nl¥) (3.40)
J
and substitute it into eq. (3.33), we find:
1
Sl = u.._f (v} Zg‘p’k ) fon (1) dua
hu =1

Furthermore. we expanding both the u and v one-dimensional flux in Legendre polynomials:

Zfr Pe'.._

"[ i-
syly) = —om = Z
- Qv
L 5 Z }_
&y In! - 1-, m; _:';I ll :—T— (34])
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We notice that, using the factored separation, the inhomogeneous source in the « direction
maintains some functional dependence on v, with an average value equal to that of the

summative separation assumption in the previous section.
Factored variable separation - standard source term

We apply variable separation to the two-dimensional source term in product form and define:

gu(u)gnlt) :
Qu,v) = —=—— (3.42)
Q

We apply it to eq. (3.34) and write

ﬂ'{[ Gn )
('Jn'{'_':' = g / Zg’!Pl. .-_"O |2, l_ln!lluf. = : ) - ‘q—l—r-/ Ljfpr ﬂ]l:;},lfl..']f-!lu
I i

= I_J

Utilizing one-dimensional source moments in « and » direction, this equation may be reduced
to:

. I . L\l
v amlv) | galv) Z Gi ] =r g le) 1 gslv)
" 1 i = ——— - —_— Pll g - 3 — - i u
R K Q (hu hi R Qniuld K A-+1 @ Zl:l i

L
. 5-'_—1292%"

=quft) | =+ ———— (3.43)
K g3

Summary term analysis for v-equation

The four alternatives described above, namely the factored or summed approach applied
to both the standard and inhomogeneous v—dependent sources, all provide the means of
completing the transverse integration over u. For the sake of this work. the slightly simpler
summed approach will be applied to both sources, and the impact of the additional higher
order terrs from the factored variable separation will be left as future work.

To conclude the formulation of the one-dimensional v-equation. a summary of the required
expansions is given.

1. L; {v)and Ly (v) will be expressed in terms of Legendre polynomial as L, (v} =

A
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oy
Z ! P;(h—]. These expansions are described in Section 3.9.

L
2. sylv) = —ol™ E s~ This expression requires, once again. moments of the mapping
=1

function as well as flux moments in the « direction. These expansions are developed

in Section 3.5.1.

[
n

L
3. Q,(v) = B2 4 Z:‘—rj— . Notice here that the source in v direction is dependent
=1

upon the higher order source moments in u direction. Since the summative variable
approximation is to be initially implemented into the test code, it is only stated in the

SUIMMmary.

Final Form

With all the terms expressed as Legendre polvnomials, we may merge the source terms of
eq. (3.31):

. 2y :
e plt) = E di B{— 344
L; £ i i hl) ( )
j e 4
di = =734t for >
{ =i+ fori>0

L

- L .
5 o 4o a f* aiq;
e, BUCL (W Ao )
: 0T 7 " On ;2(——1 ;2!—1

3.4.3 Transverse integration over (r,8) - the z-equation

The process to find a one-dimensional equation in the z-direction is much more analogous to
that of pure Cartesiau geometry transverse integration [11). We begin with the cylindrical
diffusion equation in three dimensions {eq. (3.1}) and transversely integrate and average

over r and # to obtain:

_ o
£ T2 6, 2)8 - Di_;_f,i (2) + ™[ (2) = Qulz) (3.45)
5,-,{; S-a dz*
with
/ . / O(r. ¢.2)dS
S = Y d
: Srﬂ Srd



We transfer the first term of eq. (3.43) to the right hand side applyving the divergence theorem
in order to express transverse leakage in terms of transverse currents {as was done in the u
and v directions):

¥

—D{T_—E}'}_(z} +a™ ™ fo(z) = Qula) = Lo ol2) (3.46)

:D /c.- V(i 4,2)S = ;% f_"— 7,8, 2l

Ln :[(_:;I =

18 sy = (8, 2) +
oz = ey tﬁ-{’ll-,-;

Summary term analysis of z-equation

In order to solve equation (3.46) we need to calculate the following inhomogeneous terms

(expressed in terms of Legendre polynomials). The detailed form of the solution is given in
Section 3.7.

1. L7 (=) and L ,(2) - these are handled in Section 3.9, but will be expressed in terms

L
2z
of Legendre polynomials as L, .(z) = Z fff’g{}_—:l.
I=(i =

L 95
2. Qule) =) @R
=0 .

nel2) = ) diAG) (3.47)

where
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3.4.4 Summary

One-dimensional, auxiliary diffusion equations have now been developed in all three direc-
tions (Sections 3.4.1, 3.4.2 and 3.4.3). with the respective source terms in each direction
pxpanded upon a Legendre polynomial base. These equations are in the form of ordinary,
linear, inhomogeneous differential equations, and may be solved analytically. The follow-
ing section will address the issue of developing a one-dimensional solution to each of these
pquations, and to use it to obtain the elusive node-averaged flux to side-averaged current

relationships required to close the svstem of nodal balance equations (eq. 3.2).

3.5 Solution to the one-dimensional u-equation

The conformal mapping technique, as applied to the diffusion equation in ¢ylindrical ge-
ometry, allows us to solve the diffusion problem via the Analytic Nodal Method (ANM)
in Cartesian geometry [11]. In the following sections, this fact is exploited, since we now
cornplete the solution of the one-dimensional equations in mapped Cartesian gecmetry. The
only price to pay for the coordinate mapping manifests in the form of the additional inhomo-
geneous sources, as well as the additional mapping function and scaling factors introduced
in Section 3.3.

We may rewrite eq. (3.29) in terms of a normalized variable w = ﬁ— This step is useful,
since it transforms the node onto a local coordinate ranging from [—1, 1. and simplifies some
of the algebraic expressions to follow. The transversely integrated one-dimensional diffuston

equation in w then takes the form:

d? B TE y B T
T Salw) 4557 ) Fnlw) = —)ID,! { n’i)— 7Ry (w) {3.48)
where
Fe
HHU'".,:' = ZEEJPf{_tI')
=01

Here L is defined as the order of the source term expansion. In eq. (3.48) the moments of
the one-dimensional source, d; , are as yvet unknown. They will be developed shortly. I we
assume for the moment that they are known, the analytic solution of eq. (3.48) for node n

may then be written in the form:

L

fu(w) = Cyeosh{Ar™ w) + Cosinh (37 ™ w) + Z&*;—Px-(:-ﬂ') (3.49)

=
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We define

by as the moments of the particular solution

(1 =29+ (- —2)

& = ‘
Zeosh( 507
Cg = :\'..r_" - Z‘-l _’\__F - Z_:l
2sinh{57™)
B r*.,”“‘.fl-*_-;";_-v)'z _
grmyZ — [0 ; .
( ok _Dn [:
where once more (as described in Section 3.3)
2 - =4
=TT [301)

how = In{riey ) —In(r;)

/7. f7.Z7 and Z represents the side values of the flux and the particular solution.

Note here that 7™ refers to the one-group buckling term for node n, and r, and r,,
refer to the original inner and outer radial coordinates of radial zone n, respectively. Some
clarification is needed here, since the compound superscript index min, coupled with subscript
n, refers to the value of the variable for node n in the direction mn where node m is the

neighbour in the current direction of investigation - in this case direction u. Denote further:

A = Imag(32™) = /| (87m)?| (3.52)

It is possible. by utilizing the orthogonality properties of Legendre polynomuals, to express
the moments of the particular solution directly in terms of the source moments. The par-
ticular solution may be obtained directly from the souree term by the following recursive

relationship:
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E | -.j:llhtjl'a ! Q i § L :’IE.—H L
(3.53)
i' = r T2 =1 =
—1 ( ;””I . 2 Dn dL 1 rem Fas
(3 547
1 ,,?Jr.r L
h:’ = |I-i':|-'?-"'|2 \'_2—” '|_D;ld__' - Z G;;_—..’f,.“ - f = L — 25 . 1‘ D (3'5,5}
Lol | T
with
204+1 . o _
Bim = 3 |.1 -+ (_I)s—.ml mlm + '1}.| _ Ir(':. = 1)' (305)

These b coeficients are used in obtaining the expressions for 7 and Z~ in eq. (3.49).

5
Zt =y

fei=tf)

L
Z- =Y b(-1)f
k=0

We also denote the side fluxes as node interface fluxes
f_' = fjl::i:z- l

f_ = |I':l'I:-::-IjI]..-:

Here ¢,  refers to the side flux in direction mn on the surface between nodes n —1 and n.

]
=

Determination of source moments

The remaining i1ssue in completing the solution in the u-direction is constructing the Legendre
expansion moments for the source term in the radial direction. The source is constructed
in mapped u coordinates in eq. (3.57), and represents the summation of the regular (fission

and scattering), inhomogeneous and transverse leakage sources:

L
. R . : - T -
R.'. whl)] = Ql_-'x,I"Qn-r_U B 5_1,:|:U_‘.\ & £r| alld] = Z"—I'fl'.Pi I}— ) (3'0‘)

[
1=0 9

with
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L
g(u)*Qulu) = D gtAl
=0

[

20+1 o ermgll
¢t =22 [ EQuun
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hy

We rewrite these expressions in terms of normalized w coordinates to yield

L
R ulw) = g(w)*Qnlw) + Sy(w) = Lya(w)y= Y diRw) (3.58)
t=f)
with transverse leakage
L
Lou(w) = Y I Blw)
=0
and inhomogenecus source
&
Snfw} =(1— g(]tr)z)a’:m' ﬂ{u-] = Z .\'_FH('H,;)
[=0

- £ (s Eo g ,
= [ (1= e M)or () Alw)du

rl.*.‘?:.'zf' o 1 1 i
L e "2 4 (/ frlw) P{w)dw -/ e "fnfre:]Rf'?f-"ILfﬂi')
=1 =1

and the regular nodal source
L
gl ”“FQ:. |:z.:"J = Z qr“H{ h!‘)
=0
Qn[ll'\. = f,;_):_':‘.""w{u.) i Q.\L‘.l-:rhr'l:' Lt“) 4 erll::cu'

n L
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Once these moments are calculated:

('.f! = —|'I:'I == qfu -+ 5.:; (359)

Some investization of the definition of the required moments, will show that some support
quantities, to be termed flux moments and mapped flux moments, occur often and can
be independently calculated. These flux moments are used to construct the required source
moments, i.e. fission source, sgattering source and inhomogeneous source. These expansions
are developed in the next section largely as recurrence relationships to facilitate variable

expansion order calculations.

3.5.1 Calculation of moments

A significant component of this work is the efficient representation of non-linear sources in
the one-dimensional equations, and as such, the calculation for higher order expressions for
the one-dimensional flux. These expressions are developed in this section, so far pessible to

arbitrary polynormial order.

Flux Moments

The flux moments are calculated via recurrence relationships and some explicit integrals,
Expressions for the one-dimensional flux moments will allow the calculation of some ol the
components of 4; in exp. (3.59). We will proceed in order to find Legendre expansion

coefficients for the expression:

L
AOEDII (3.60)

l=0
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and term the coefficients f* lux moments. Using the analytic solution (3.49), we have

) 1

i 2 (i + ?_Fi“\.' + by (3.61)

where we define the hyperbolic cosine moments
i
Hir= / cosh({Fw) Fi(w)dw (3.62)
J=1

and hyperbolic sine moments

1

i =/ sinb({8w) Pl w]du {3.63)
-1

These moments are calculated via derived recurrence relations and are given in Appendix E.

Mapped Flux moments

We also come across expressions of the following form, and term the moments of this expres-

sion mapped flux moments:

L
gHw) fulw) = (fo)} Pilw) (3.64)
Using analytic solution (3.49), we have
. S+l COS | v /e ASIDY | fp N2 =
(fali = ——(Ci(fa)™ + Calfg) ) + (f9)i (3.65)

where we defined the mapped hyperbolic cosine moments

|

{(fgii™ =/ Coshtjt,l',l{‘j"'"“"f'}.-i et
-1
and the mapped hyperbolic sine moments
1

(fgii'™ = / Sinh(ﬁu’}r"‘"” Filudw
F=y

These mapped moments are calculated via recurrence relationships derived in Appendix E.
There are however difhculties in deriving a recurrence relationship for the particular solution

part of the one-dimensional flux, as this term forms a double Legendre - exponential integral:
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These integrals are calculated explicitly (13 in total since they are symmetric fourth order in-
tegrals) with the support of the software package Mathematica [4]. The expressions for these
integrals, in the form of both their analyvtic and Taylor series forms (required to eliminate

potential round-off errors|, are given in Appendix F.

Moments of the mapping function
Finally we need to define an expression for moments of the mapping function.

L
gh(u) = e = ¥ = oHw) = 3 gl Ai(w) (3.66)

with

o A+ Lo
gt = —— [ e pwdw
z -1

Using recurrence relation (E.1) we express:

; 20+1 20-1 s
9 5 5 )(— I fi-1 "-fz*z) (3.67)
2 2 ginh(hy)
2t -1
11 === I.'-—l a% IA‘—Z

g o

gy = _5

gy = Eﬂ

..l'll 2

Final form of source moments

The constructions in the previous section allow us to describe, in a clear form, all sources
within the one-dimensional u-equation. These expressions, now developed up to an arbitrary

order, are presented in this section.
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Scattering source moments

(¢
get = Y al?((fa)l) (3.68)
h=1lhdFe
Fission source moments
- 1 u
LR Fpd ot (i) (3.69)
(J'n “‘.e".";\ ; A \\f'-"u) ’)
[ o

Inhomogeneous Source moment expression

We may now put eqs. (3.61) and (3.67) together to yvield the following expression for the

inhomogeneous source moments in the mapped u direction:

1'.-|—. )f P 1
( l} (f fale) Blw)dw - / Eﬂlllh.fll.“l‘f‘}lP;{J_L")du;) (3.70)
-1

=00 LI = {/alt]

“n
 ~

Fixed source moment expression

IThe moments for the fixed source term may be expressed in terms of the mapping function
moments defined in eq, (3.67):

R 8T

rl
N i w I 2 T
= 7 4/—1t Filw)dw

= @ity

Transverse leakage moment expression

The transverse leakage moments are defined across multiple nodes, and their treatment is left
for Section 3.9 when all three one-dimensional equation solutions have been appropriately

formulated.

3.5.2 Current and flux expressions

From the one-dimensional solution (3.49), we can derive the expression for both the surface-

averaged current, as well as the expression for side-averaged fluxes. These solutions are
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derived from a constructed two-node problem, and are consistent with the formalism of the
standard ANM as implemented in the Necsa based MGRAC code [22|. We obtain

T = dTTSTAF. 7, ] = grngmn (371)
trin mnf e ! T :—Ir*":'.ll ey
GL'Inl-.m = \l‘:‘.- l_lr W zr!l'.\'.. == —m (-3-1;-}

4

were we have defined the “tensorial source” as:

42 1
L bl i ,
Emn = TS / (1 = cosh{ @™ = 2™ w) )Ry (wdi (373
—D, 26 /., '
1 1
— o [ (1 = cosh(E™ £ 85w Ra (e
“n —1
and
An
L - '
tanh(7™)
4 = (—=) Dot
hogin
< TTITS = QI':J‘::“

sinh{237m™)
Using equation (3.49) over two neighbouring nodes, and applying flux and current conti-
nuity conditions at the interface. expressions for the one-dimensional side-averaged current

may be obtained in terms of the node-averaged quantities,

J"‘.:".' e --:.'iﬁ:T-_-”Ii fn B Zr'r.-?.i == 'r:fmnﬂm-l-,.rm = fr::r.-.'l

i m

where

A = [(dy™) ™"+ () 7]

The side fluxes calculated in eq. (3.72) are necessarv in order to define the constants
C; and C. of the one-dimensional solution. An important difference from the standard
ANM is that the currents obtained in this formulation are defined as currents within the

mapped u direction, and have to be redefined per eq. {3.27) prior to inserting them into the



balance relation (3.2). We therefore present expression (3.74) as an important result from

this section:

j:ﬂh = C’I:'.-H(-Tn - Z""="‘ - Cl:':ll..T.‘.‘r I Z1|'II1 (3'_4)
with
1 :
C:nn = _d-'-.u::"lr.m
Tmn i
1
G el
mn

where 7., is the radial boundary between mesh m and mesh n. Stating for clarity the

relationship between mapped and unmapped currents:

R LS S (3.7

=l

5
T":—.'.D"t h‘ui.ﬂ )

Only two issues remain before reinserting eq. (3.74) into the balance equation (3.2), having

then obtained the necessary information from the auxiliary one-dimensional « equation.

e The quantity defined as the “tensorial source” must be expressed in terms of calculated
moments. We use the term “tensorial” because this source has different values at the

left and the right surfaces of the node.

e The earlier defined relationship between the original coordinate system node-averaged
flux and one-dimensional average flux (eq. 3.26) must be used to adjust eq. (3.74) in
such a way that the side-averaged current is expressed in terms of the node-averaged
flux in stead of one-dimensional average. This will be done by redefining the tensorial

source quantity.

Both the above two points are addressed in the following section in which the tensorial source

is described.

3.5.3 Tensorial source

Having obtained all moments related to the Legendre expansion for the source term in eq.
(3.73), we may proceed to calculate the tensorial source Z,,.,. The tensorial source is used in
the calculation of surface-averaged net currents, and carries the source lerms from iteration
to iteration (along with the moments of the particular solution used to calculate the one-

dimensional solution constants). We express

=]
AW
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Ln = e ({1 — cosh(A"™ + A w B, (1) dw 3.76
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1 L
/ ({1 --cosh(3™ + E"w) R, (w)dw = dy — -;—Z difcosh(Brm) f7°* 4 sinh{ Gnm) 5]
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=1 =0

Here f and {7 refer to the quantities defined in egs. (3.62) and (3.63) respectively. Afrer

some simplification, expressions for the tensorial source may be written as:

Ty 2 L
right __ (_1_-' 1 AR o T : T s e
Lo = —D,(Anm 2 d{"az dyjcosh{F5™) /i + sinh{5F™) £ (3.77)

=0

L"'-"_'-‘-z 1 L
fefl z / (R g e G 100 R T e -
24 = s (4= 53 dleoh GRS - G ) 679
+ ni

=0
Mapping impact on tensorial definition

The coordinate transformaticn implies a certain relationship between node-averaged flux
and one-dimensional averages in the u and ¢ direction. This relationship was developed
and presented in eq. (3.26). Within a purely Cartesian framework, one-dimensional average
fluxes are equal to node-averaged flux, and obviates this discussion. In our case, due to
the u-dependent mapping function, and the separation of variable approximation. a distinct
relationship between one-dimensional u and v-averages and node-averaged fluxes, exist. The
separation of variable approximation, and the definition of node-averaged flux are once more

stated below:

(Tf'n[u, L..E = f:: [ 'f"] T .frl (B} — _f (37!:5"

' huh./ / ®, (1w, v)g(u)*dudv (3.80)

rementbering that the area element rdrdd was mapped onto gu)*dude during conformal

mapping. Furthermore,



F=hL="F (3.81)

since

fulu) = f @, (u, v)d (3.22)
P

and

b= / &, (1, v)du (3.83)

[t is important to then apply the relationship between [ and ©,, since the side-averaged
current to node-averaged flux relationship can only be found if it is known. As stated in eq.
(3.74), we have:

-2 s T r i > ) < !
‘]r:-m = Cr.--.rul--'r L Z“l-':) - CP‘.".'l'f'r-'] e t’jl.,-: / (3841
We need to (after solving a two node problem to obtain this relationship) express this rela-
tionship in terms of node-averaged flux, and not purely in terms of one-dimensional average

We therefore need:

‘-_F:-!.-: — C;-;((T)r: B ‘SZJH?.-_‘.J — C:|I-'_v||$"I - ;ZTIYR\' (385}

We can, due to (3.81), only consider the relationship between one-dimensional average in u
and node-averaged flux (will be the same in v-direction). The obtained node-averaged flux

to one-dimensional average in u is (restated here for easy reference):

o e
T, =T, +KY 9-;* g . (3.86)
=1 7

Redefinition of tensorial source
Using eq. (3.86) we may, as an initial suggestion, redefine the tensorial quantity as follows:

o

. ; fa ]
'EZ,‘-"::'“I::J‘ - E-T:qfh.'_!nlr: T ]{ ~ [ 387
i mn ; 214+ 1 ( ‘)
and remain with
.'_:'!";:lg 3 C:”,-I:a;r.' - I"?2':--:”} ¥ "--‘:,.J@u. I 527:7;,) (3"‘5}

This approach will do and we have obtained the all important side-averaged current to

node-averaged current relationship. Nevertheless, exp. (3.88) may yield initial numerical
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instabilities, since eq. (3.51) is only guaranteed to be valid upon system convergence. It
would be preferable to include the node-averaged flux in the definition of tensorial in a slightly
more elegant fashion. The following approach is presented here purely as #n alternative when
and if such convergence problems arise.

Consider the contribution of the u-direction inhomogeneous source to the tensorial quan-

tity (define the remaining source contribution as Z7" ie. Z,,, = ZI9" + ZiI'y:

i

e ] 3 — LT v Fpr . (" ; bl ¥
A= 5 / (1 =cosh{B2™ £ 37" w)) (flw) — fluw)glw)) dw (3.89}

o ]. ’ . P ) 1 i " g Jn— , P 5
s ;5f (flw) — flwiglw)®) dw+ (—5/ cosh(37™ £ G0 w) (f(w) — flwg(w)?) dw)

a1 =1
(3.90)
We may identify the first of these integrals as possessing two components:
i r 5 & o
Zi = o f (fw) - flw)glw)?) dw =T, — &,
ct
Z:IT;I‘] = ?n = -{I—)F
defining the remaining integral as:
T . 1 13 o
Zr'.?:“l'h:'n”gh" ==3 f cosh({ 7™ + 0™ w) (f(u"l — flu)glw)®) dw
=1
Replacing this definition within eq. (3.84), vields:
Tran = Con( B = (ZTR2 4 Z0)) ~ Crn (B — (2 4- 2750 )) (3.91)

The remaining component of the inhomogeneous source needs to be calculated. and revolves

around the quantity:

s AL N \ : : -
.ﬁ'f,l"l = /1 cosh{@:™ & 37" w) [Flw)— fludglu ]’) du {3.92)

a

which may be written in terms of previously defined moments as:

L
Z'-n.'- a e

T

st eosh (A7) f£°* + sinh (G0} 777 3.93)
4 '\ T a1 b e f ]
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2‘»' TAITE | A

Definition (3.91) allows the definition of side-averaged currents in terins of node-averaged



fluxes by limiting the contribution of the inhomogeneous source to the tensorial, and further
limits the numerical dependence of the test code on calculated flux moments, which in turn
depends, in the initial stages of calculation, on potential disruptive initial guesses. Although
this method is more elegant, the structure of the test code is such that the appropriate
relationship between one-dimensional average and node-averaged flux is maintained during

all iteration levels. For this reason the approach as deseribed in eq. (3.87) is implemented.

3.6 Solution to the one-dimensional v-equation

The same analysis and development that had been performed in the previous section to
formulate a node-averaged fiux to side-averaged current relationship is now repeated for the
v-direction. The process is briefly restated, and issues particular to the solution in the ©-
direction are highlighted. The transverselv integrated one-dimensional diffusion equation in

v is given as

a2 — S, Y, e .
oz nw) + (B falw) = =5~ (B Rul) (3.94)
duw* —D.

L
Rr.'\_u') = Zd‘rﬂ;l‘l.’.'x‘ = Q,,‘Lf'?ﬂ o .‘;-”I:'-‘.':l = Lr__,.l_".";-

1=b

8

L 2 ‘
W(0) =0 (F = — [ glu)? fulu)du)
b i,

L
= nlt] 1 2u. . .
1] = : oy — I =—= m,l £5 0 e,
Qnlv) K huf,. 21 _q_p.(hu)ﬁ_x_u t1du

The analytical solution of equation (3.94) with w = ** for node » may be written in the

form:

1

fulw) = Cp yeoshi 377 w) + Cpasinh{ 3 w) + ZIJ,-_-P;_.[!L'_‘ {3.93)
il

]

=

where we define

(fr =28t (f~ ~27)

2eosh(B7™)

i
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(=21 - (=27

e i St
2sinh{3nm)
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with
122 = TrTarl (-39?)
o = A8y

and let further:

W/ 108y | (3.98)

The particular solution is obtained directly from the source term by the following recursive

ST
=

A = Imagl

relationship:
] ; ;lllhll'\ 2y
b= gty ) D (31%0)
1 wh "
bims = T (T ) P ey )
1 H}iu (e ] _1 L
I':'-' — { Gnm\2 (_z-j”Dn di I Z a."mbm : {= L= 2 .~ 1,0 (3101)
J n={+2
with
2+1 - it e :
Qhn == ‘—il- |1+ (—1]"“‘”'] mim+1) = I(l + 1)] (3.102)

These {; coefficients are used in obtaining the expressions for ¢y and C; in egs. (3.103) and
(3.104).

O e i e (3.103)
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3.6.1 Determination of source moments
(3.105)

ting :
in the azimuthal direction. The source is constructed from the following terms, here defined
The expressions for s,{v) and ,(v) have been expanded and

I'he issue once again is constructing the Legendre expansion moments for the source term
|\ ¥

in mapped wv-coordinat
simplified as described in Section 3.4.2
b 2
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We may rewrite these expressions for the normalized dimensionless coordinate u
i1y
8o
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denote the normalized u direction dimensionless variable with
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h=1

G

Q;s;tn:r:- (\'A'.! = Z o_:-:jl-r-l,r,- Jr~J: (1)
h=1hsy
L
Lofw) = > 1P (w)

i=0

¢ & ag
d=m=lt gt 2 g (3.107)

=1

G=—lP+q 121

The source term in the v -direction contains contributions from higher order terms in the
u-direction. Ewven though this contribution appeared due to the application of variable
separation, it is consistent with the central issue in cylindrical gecmetry that the solution in

the #-equation is dependent upon r. This derivaticn was given in Section 3.4.2.

Calculation of moments

In the u-direction only moments of the one-dimensional flux are required, and only for use in
the fission and scattering sources (the inhcmogeneous source in the »-direction is constant
in v. The definition and recurrence relations required are analogous to the development in
the u~direction in Section 3.5.1. and will not be rederived here. Flux moments are expressed
as:

: 2+1 v.COS 151
it === (G + o) < (3.108)

- 5,008 1,81 . ; : =
with f7“% and f"**'" recursively calculated as in Section 3.5.1.



Final form of source moments

For the sake of casv reference, the various source terms relevant to the solution in the -

direction are listed In this section.

Inhomogeneous source moment expression

The expression for s;. which is constant in w, is calenlated using eq. (3.109). This expression

nses the summative variable separation technique as discussed in Section 3.4.2. We refer to

eq. (3.36) and restate

L 9 .|“
S:. — e Jid]
= " ; 20+ 1

with

20+ ) .
g{ = _Tl_ ﬂh._..g.-.!j:(uﬂ;ldu

e

and

2l

=22 [ nw)ptue
o hy

Note that f* and g are calculated from Section 3.5.1.

Scattering source moments

&
ior ] roew iy
==y o (1Y)
n=1hety
Fission source moments

; G
o = LS gk (1)
Rt =t

Fixed source moment expression

The moments for the fixed source term may be expressed as:

. Q:r"u.:r:'
G =0
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Transverse leakage moment expression

The transverse leakars moments are defined across multiple nodes, and their treatment is left
for Section 3.9 when all thres one-dimensional equation solutions have been appropriately
formulated.

Total source moment in v-direction

The total v-dependent source, including the contribution from the w-direction. is given by:

- f =

, Gl ) : :
Qulu) = B 3 0 3113
o) K s 2+ 1 ( )

In the case of fission and scattering sources, a series of higher order terms from the u-direction

will contribute to the source term in the v-direction.

3.6.2 Current and flux expressions

Once arain, analogous to the development in the u-direction, but this time in the v-direction,

the expressions for side-averaged current and side-averaged flux are presented:

Ty = LS = ] — AT (3.114)
mR et [ 1 jmn =
Py — O I:‘I'I.'- - z"lrn- i (311:”

lHrl.l

with

1 x S\
Zijin = = / (1 — cosh("™ = A" w)) Ry (w)du (3.116)
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Yn

tanh '\';: L]

{f;rpﬂ — {_)D rrr:.'l
2_’.,_:'u_

sinh(QF"

T

These expressions culminate into a surface-averaged current to node-averaged flux re-
lationship, taking care to scale them appropriately to vield the side-averaged current ip

original coordinates (utilizing definitions from Section 3.3.1). Once more (as was the case in
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the u-direction) we obtain an important result in this séction as we define the net current

expressions in the v-direction:

=i =" — \ ] g
T = Ol = Zuin) — Crg (T o — L) (3.117)
with
h
Cl.l = T ] i L‘:,;;L
T &;,” it |
z T
(- I-:Ir-- = = "*l‘r:r."f‘.:: h
h T‘rl
where

1y =1 RS B |
dnm _ ,LQIT:NJ NINS,) ||] i,l i

v

Note that the side-averaged currents in the azimuthal direction have been radially averazed,

hence the L—T term.

3.6.3 Tensorial source

The expressions obtained for the tensorial source in the v-direction are identical to those in

the u-direction, with all parameters assuming their corresponding values in the v-direction.

- ik a2 L
| =) 1— t P p—_ . e R
Zrisht — Et(__w do — 5}_  dilcosh (B 7 + sinh (F7 )/ (3.118)
) (F.'T jl 1 L . Y o
i D.(5) dy — 5; dyleosh(Bom) fF** — sinh{Grm ) f10] (3.119)

Impact of variable separation on tensorial definition

We face here the identical situation as in the u-direction, needing to ralate the one-dimensional
average flux in ¢ to the node-averaged Hux. We proeeed similarly. We restate the relevant

definitions;

. (w,v) = fulu) + fulv) = f (3.120)

3, = L/ [ @, (4, v)g{uVdudy (3.121)
h-::'l“l:. hu v hy



We utilize the relationship between f and ®,, since the side-averaged current to node-
averaged flux relationship can only be found if it is known. As stated in eq. (3.117), we
have:

—p , s

J g — I:'-.r. -(?;_ i Zm.-n:.I - (—I:"“I.r._?m - lZrnn‘.l l3122)

mr mr

Redefinition of tensorial source

Using eqs. (3.86) and (3.81) we may redefine the tensorial quantity as we did in the u-

direction as follows:

5 Zpahtiett — Zrightiest 4 Z 3 (3.123)
and remain with
-—f e C:: ! 4T?i FE JZ!FI-YI) = ::m {q)ﬂ' = ' =g=|)j (3124)

This approach would once again successfully express the side-averaged current in terms of
node-averaged flux, but is dependent upon the fact that the ope-dimensional averages in u
and 1 directions areé equal. This might not be true at the start of the solution iteration
process.  On the other hand, if we once again consider the approach of separating the
inhomogeneous source contribution (but now in u-direction) from the tensorial quantity

in the v-direction, we may write:

1 1
/ (1 = cosh(p;™ £ 67" w)) (f = —/ 2(tn) fn (1) ) dul (3.125)
o =1 =1

1
Zmn = (Fi—=Bn) + (‘%/ YRR, "o g T h'”) (3.126)
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We may identify the first of these integrals as:

Zit =1, -3, (3.127)

mn

defining the remaining integral as:

L1

i
Z,:’I' . (—%/ cosh{;™ £ 57w (f — —/ ‘r_,r?{u.,}f,,i‘u.,:lrfun) du") (3.128)
£J-1 -1
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Replacing this definition within eq. (3.122), vields (once again denoting the tensorial con-

tribution from other sources by Z7%" ie. Z,,, = Z7°7 + ZInh):
T = O (B = (ZI002 + Z70mY) — C (@, — (Z5002 4 Z7em)) (3.129)

Relation (3.129) allows the definition of side-averaged currents in terms of node-averaged
fluxes by limiting the contribution of the inhomogenecus source to the tensorial, and further
limits the dependence of the numerical solution on calculated flux moments (especially from
the moments in u-direction}, which in turn depend. in the initial stages of calculation, on
potentially disruptive initial guesses. The remaining component of the inhomogeneous source

neads to be calculated, and evolves around tlie quantity:

1 rl
Zinb_ (_1 / cosh(FT™ 4 F5) (7_ 2 / Pl ‘udun) d.;-) (3.130)
| 3 ). coshla™ x Bmu) (T =5 | & ]

which may be written in terms of defined moments as:

Zfli.'l.E =

LEFR

Ty shlcosh(Fam) fo< & sinh{Arm) £ (3.131)

3.7 Solution to the one-dimensional z-equation

The solution of the one-dimensional equation in the z-direction is identical to that of Carte-
sian coordinates as described in [11]. The one-dimensional, transversely integrated equation

in the z-direction takes the form:

d* 1k

T () + (a0 = =5 (252 R () (3.132)
with
e ::F'rr ( ”T_ ) 3
S (3.133)
and
e = A-l'n
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w = e



Ru(uw) = Qu(w) — L, .{w)
The analytic solution to equation (3.132) is given by:
frulw) = Cp ycosh{ T w) + C, 2sinh (37 Lb;\ P(w) (3.134)

The particular solution was obtained directly from the source term by the following recursive

relationship:

1 Ay 1o
fl_r (1,'_?":' ) D dL, ('J13:)]
1 fi.,

bi-1 i"-’”'ﬁ~{ — 2Dy, (3.136)
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by = —— f yepo? = =2 .., 3.137)
= Ty D'y - m;:zo b —2,..:1,0 (3.137)

with
Al 2 : :

G = 2L [ (=10 frafm + 1) = (1 + 1) (3.138)

These ; coefficients are used in obtaining the expressions for ¢; and ¢; in eq. (3.134).
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fr=970 (3.141)
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3.7.1 Determination of source moments
The total source moment in the z-direction is thus giver as:

i

Ru(w) = Qqlw) = Lys(w) = > RiF(u)

J=l¥
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Calculation of moments

(3.143)

(3.144)

In the z-direction only moments of the one-dimensional flux is required. and only for use

in the fission and scattering sources. The definition and recurrence relations required are

analogous to the development for the w-direction in Section 3.5.1, and will not be rederived

here. Flux monments in the z-direction may then be expressed as:
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Final form of source moments

Scattering source moments
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Fixed source moment expression

The moments for the fixed source term may lie expressed as

a5 = Q7 (3.148)

Transverse leakage moment expression

The transverse leakage moments are defined across multiple nodes, and their treatment is
left for Section 3.9.

3.7.2 Current and flux expressions

Using the one-dimensional analytic solution over multiple nodes, two important expressions
are obtained. The first for surface-averaged current, and the second an expression for deter-
mining side-fluxes:

Ty = I8 By, = Zina] — ATSTD, (3.149)

ri M

which we may rewrite to solve for side-averaged flux as

= 3 '] L =
¢mn = M@, — Zoal — d:'ll (3.130)
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These expressions culminate into the required surface-averaged current to node-averaged flux
relationship in the z-direction:
Fon = Con(Bn = Zoin) — Ciis (B — Ziira) (3.152)
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Stating the relationship between scaled and unscaled currents for clarity:

a—— o1
l’ru.—].rl = %“’rrl—l.rl {3]33)
—=: h
‘]- n1 = e nn+l
it = 5

3.7.3 Tensorial source

The expressions obtained for the tensorial source in the z-direction are identical to those in
the u-direction, with all parameters defined as they are in the equations for z.

phy w2 L
rriphd I e 1 e T g TN ~
Za = DTJ& dy = EZ dj[cosh(Bnm ) f°* + sinh (Fym) £ (3.154)
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3.8 Balance equation

After quite some algebraic effort we have derived surface-averaged net current to node-
averaged flux relationships for all three directions. In the case of r and ¢ directions, the
relationship was indirectly obtained via the conformal mapping technique, while for z the
approach was as 1t is normally done within the Analvtic Nodal Method. All six relationship
are finally inserted into the balance equation (eq. 3.2). Eq. (3.156) presents the final form of
the balance equation for each node n. Note that the surfaces (m = 1.2...6) are numbered as
radial (ioner, outer), azimuthal(right, left) and axial{bottom, top). Therefcre, for example,
(s, would refer to the outer radial coupling coefficient of node n, and was defined in eq.
(3.74).
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3.9 Transverse leakage approximation

We conclude this chapter by formulating expressions for the transverse leakage terms in
all three directions. The transverse leakage terms appeared as sources in all three one-
dimensional equations, and expressions have to be developed for each of these. This section
is handled here. at the conclusion of the chapter, since it requires developed net current
expressions for all three directions. In this section both a flat and gquadratic approximation
will be developed, with the latter symbolizing a new contribution for nodal methods
in cylindrical geometry. Within equation (3.57), (3.105) and (3.143)} we face expressions
for the transverse leakage for respectively u,v and z directions. In each of these cases we
require one-dimensional currents on “top” and “bottom™ surfaces in each transverse direction,
which we do not have expressions for from the nodal solution. We do however have surface-
averaged net currents on all transverse surfaces, and these currents can be used to construct
a one-dimensional transverse leakage representation in an approximate way. Once a one-
dimensional transverse leakage term is found, the analytic solution of the one-dimensional

equations may be written in terms of these functions.

z-direction

Let us start by considering the equation in the z-direction (eq. 3.46). If we assume that radial
and azimuthal currents are constant in the z-direction within each node, we can calculate

the average transverse leakage in the z direction as

1 Tanlt2) + Jurlr2) | Tua(63) + Jus(62)

_-.,. . = — ARy = = - -+ J.157)
L_,._ h: h= Lrl.-\ I, A]"" T”‘mi,_,-jiﬂn [‘J j L

We know the quantities on the right hand side by assuming that the one-dimensional
equations in the transverse directions were solved. it is important to note that what we
calculate as currents from the solutions in the transverse directions are not directly radial and

azimuthal currents, but u and v currents - therefore they are the currents in the mapped u and
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v directions. We are thus required to map these currents back into  and #— directions before
using them to express the average transverse leakage in the z-direction. The expressions for
current in the one-dimensional solutions, as well as the mapping of these currents back into
r and #, were mven in Section 3.3.1.

From this point onwards. two approaches are possible. The first to be disenssed consti-
tutes the simplest and most approximate solution, namely the “flat leakage approximation™
Thereafter, the more accurate, but slightly more instability-prone “quadratic leakage approx-

imation™ will be discussed,

Flat leakage approximation

The flat leakage approximation maintains the average transverse leakage from each transverse
direction, and uses only information from the node under consideration. Eq. (3.157) gives
the expression for the average transverse leakage. The expressions on the right hand side are
known and constitute the r and f-currents in the original coordinate system. Therefore we
eXpress

—l

Lna(2) = L, {2) + L. (2] = L,

e )

(3.158)

Quadratic leakage approximation

In the case of the quadratic leakage approximation, we use expression (3.157) to calculate
the average transverse leakage in each of the three neighbouring nodes in the z-direction,
and gssume a quadratic polynomial shape over these three nodes.

L..(z)=qo+a 2+ (3.139)

We solve for g . g7, and ¢ , using the following clesed set of equations, since we now know

the average leakazes on the right hand side from eq. (3.157):

1 . "=
=Ty Ln_;l,-'_‘\ld:= Ll.—].:
}-'n—]..'. B
1 « —_—

T Lr ...'(-‘ZJK"I‘: = th:

Fin 2 Ain.e

1 ) Ei
o S Lo l2ldz = Laeqs
}.',‘._1 LI T

The detailed solution expressions for the quadratic fit mayv be found in Appendix G, and
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we find an expression for the one-dimensional transverse leakage source in terms of node
sizes in the z-direction, as well as average leakages in the r and #-directions. We apply this
transverse leakage shape L(2] only to node n. This method is elearly an approximation,
since it is not certain that a second-order polynomial will phyvsically represent the transverse
leakage function. It is convenient to express the solutions of L(z] in terms of Legendre

polynomials (for consistency with other one-dimensional sources). Therefore we would like:

2
Lnalz)= ) liPilz)
k=10
Equating coefficients with eq. (3.158) we find:
;. The - 2q; 5 :
lo=Gng+ 3 =, = L (3.160)

u-direction

The process is similar in the u and v-directions, taking care to handle the currents from

mapped and unmapped coordinates correctly. The transverse leakage term in the v-equation:

T e T i Tl WA . ] ¥2 1 gy
= J“|_"—2-, Y]+ J..I.,—%‘, v | n fmg(z:_‘l Je(uy v, G du 4 gl AL g{u)*J:(u, v, —=3 Jdu
= h k.

L H

(3.161)
We obtain the average transverse leakage in the v-direction (enalogous to the z-direction
transverse leakage):

T ke o it p AR o Rl g LS 1 SRS S S
e Jul Yy ..k (=) . itk th-'.. glu)*Jalu, v, ¥ )dudv + 5 fhm., g(u)*J:(u, v, =5 )dudt

R Ha

(3.162)
The term ;LJ- fj g(u*Ju{w, v, i%‘-)dudv presents a problem and carelul consideration of

the term is required. Notice firstlv that if we try to express the z-direction eurrent in terms

b e

of mapped coordinates, we find:

Ly d ) B d 1 g
Jf\I?J = "Dd—a_,lrn[.;] |-":'“_ —D'd—z (5_—1-”‘4‘1* (I)(T.g.-._.'.-'dfdg) |:__'.§;

& -

d i mar
=~He ( .q . f q)(rsc&!u* g 3:""--:,-:.!.ﬂl?'-‘":"‘i"rmI) Ii -
A S Seg ¥
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with K defined as in eq. (3.24). The manipulation allows us to write;

hy. 1

o hs
J(ig} = KHH]J..,}. !u’l'.f:|u,t;:-:%jd-y_du

Therefore we may rewrite the expression for the average transverse leakage in v-direction as:

=%, A 579 [ A .- N ST TN W) TS
AT IR S A )

i ha ' K,

(3.164)

Flat leakage approximation

Once again the flat leakage approximation entails the calculation of only the average trans-
verse leakage per node, and using that as a constant source term on the right hand side of

the one-dimensional v-equation. We express:
= Lo (3.165)

Quadratic leakage approximation

The transverse currents on the right hand side are once again known from the solution of
the one-dimensional equations in the u and z-directions. From here the process is identical
in nature to the z-direction treatment, ending with an expression of the cne-dimensional

transverse leakage in terms of Legendre polynomials. We approximate as before:

and apply

1 i =
solotdz =Ly o
h,,_],_.\/h L 1“—: L 1.u

n=1w

1 —
Lr:.r.'l:"":'dz = L.—. i
hn""‘ ‘/}:“,l

1 / L {l’..""'lz == —I-—ua la
[

hn-l.:.,_:
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and equate coefficients as in expression (3.160) to write (coefficients once again solved ac-

cording to solution in Appendix G):
2
Lus(v) =Y l:Pi(v) (3.166)
k=0

u-direction

The solution in the wy-direction is slightly different. The inhomogenecus scaling function
(#)* does not integrate out in the u-direction, and we have the following expression for the

transverse leakage (from eq.(3.28)}:

_ Jofu 2y + Jolu, =%y Llu, ) + Fofu, ~4)
L) = - = alul* — :

L) = Ly, (1) + g(w)L3 -

h.

(3.167)
In this case we may approximate the transverse leakage component in the axial direction in

three ways, and will present the first and third approaches in this section. We may aim to:
1. Use the flat leakage approximation.

2. Approximate, with a quadratic polynomial, the “transformed axial component of the

R Ray ola,— 0 3 1 : .
transverse leakage”s == 'ﬁ”_’ ==~ This approach could potentially generate higher

order terms, but will add complexity which might not add to the computational ac-
curacy. The evaluation of this approach will not be further investigated within this
thesis, and it is left as potential future work.

3. Approximate, with a quadratic polynomial, the “original axial component of the trans-
2’ \-\'."-'J.'L—.'r‘-'.i-1-lu,—’—_,_-'l' a5 M 5 4 .
verse leakage: g(u)* 1 h‘f‘ . This is the preferred implementation of quadratic

leakage in the u—direction, and will be further developed in this section.

We proceed by obtaining average transverse leakages in the u-direction:

nu

= Jo (%) + J'.-[_}'TI_] , OJ;I:LJ.J—if"|¢J:\r1,—’%1i:|
L ; + | gluy* ' =l
] B

and write analogousty to 3.163:

L-‘I.u = (BIGEJ




Flat leakage approximation

This is once again the simplest case, utilizing only the average of each transverse direction’s
contribution to the u-direction. Note that the contribution from z to u is identical to the

average contribution from z to v as found in the previous section. We may write:

L) =Ty (3.169)

Quadratic leakage (original axial component)

In this approach we would approximate the one-dimensional transverse leakage shape, namely:

Laaluy= L% (u) + g :JT-EL',':”_“{!:,I (3.170)

by

Lno(1) = G+ Guati + ¢ At (3.171)

with L, . (u) fitted in the normal way to conserve the average transverse leakage. Substituting
eq. (3.168} for the average transverse leakage in the u-direction into the set below, and solving

the set of equations once again as described in Appendix G:

1 =
/ Ln‘n(u)d'z = Ll.‘-i.u

hn—l.u

1 ) =
r /,‘ .. Lowitildz =k, 4

1 =
gei—— L-,,_“h.r\.riz = Ln-e—l.;.
Firsta :

Prmespu
After obtaining the g, , coefficients, we can express them as Legendre polynomial expansion

coefficients using (3.160) for node n:

Loa(t) =Y lePylu)

k=T

3.10 Conclusion

This concludes the discussion on the development of the conformal mapping approach to

the Analvtic Nodal Method. The chapter followed the derivation to the point of expressing
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all terms in the within-group diffusion balance equation in terms of the primary unknown,
namely node-averaged flux. Utilizing appropriate boundary conditions, the set of equations
are closed and may be solved numerically. The major obstacle, of not being able to ohtain the
necessary auxiliary one-dimensional #-equation in cylindrical geometry, was circumvented by
performing the transverse integration in mapped (u, v) Cartesian geometry, Some assump-
tions were introduced in this process, such as the separation of variables for the sake of
constructing the sources terms in the v—eguation. or the truncation of the Lezendre source
expansions after L terms (in practice to be implemented as 4 for the sake of the test code).
These issues will be numerically evaluated in the upcoming results chapters, and further
conclusions regarding their relevance will be drawn.

This chapter serves as the basis for the developmnent of a numerical FORTRAN code to
demonstrate the viability of this approach, and serves as a prototype for a possible future
implementation into the Necsa developed OSCAR code svstem [22]. Before describing the
developed test code (Chapter 3} the next chapter will establish whether an important re-
quirement of nodal methods is met by the conformal mapping approach, namely whether
or not a fine-mesh limit exists for the expressions obtained in this chapter. This property
is important, and directly relates the numerical stability of the solution algorithm to be

implemented.
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Chapter 4

FINE-MESH LIMIT

4.1 Introduction

The previous chapter concluded the development of the analvtic nodal method in cylindrical
geometry.  Prior to that, in Chapter 2, the development of the finite-difference solution
method was described. We now proceed to illustrate an important link between these two
developments, by deriving the fine-mesh limiting expressions for the analytic nodal method.
A necessary and important requirement of nodal methods in general is the existence of such
a fine-mesh limit, which specifically refers to the property of equivalence of nodal equations
and hnite-difference equations in the limit of fine nodal meshes. This property is especially
important for numerical stability of the nodal solution method and the ANM in Cartesian
coordinates exhibits this property [11]. This chapter addresses the question as to wliether or
not the conformal mapping adjustments to the ANM maintains the fine-mesh limit property.

A given nodal method may be said to exhibit a fine-mesh limit if the balance equation.
and hence node-averaged flux solution, is equivalent to the finite-diflerence solution on the
same sufficiently fine mesh. Therefore, we must show that all terms in eq. (3.136) reduce to
corvesponding teyms in eq. (2.14) in the limit of a fine-mesh, for one 1o be able to conclude
that the conformal mapping approach to the analytic nodal method does exhibit a fine-mesh
limit. In order to more clearly define the problem. we begin by attempting to restate these
equations in reconciled notation.

The nodal balance equation, as derived in the previous chapter {eq. (3.156)) is given as:

B 6

N AT Cr + 07 | B — Y 0 Crn By, = ia:;“' [ P = O 21 (4.1)

m=1 =1 m=1

96



G G

1 gkl = —
Ex‘-" Z ""J"lel'.r- (Q}H) + Z {I:ﬂ_}f (@,{)

=1 h=1h#g
If we substitute the expression for side-averaged net current in all three directions (3.152,

3.124 and 3.74) back into eq. (4.1), and muleiply the equation by node volume, we obtain:

]
> TinSin = QuVi + 00 B, V=0 (4.2)

i=l

with the expression for net current in each direction restated for clarity:

J:‘!II == {-‘l'rnﬂ {6“ - Zi:'l.‘l \-I o C’1r'.r.'|((1)"'" i Z..'!m’-
j:zn = C-'1rr:rn'-(a1- . Z:::n] = Cﬁ:n"l\d_‘,m N Z;:;.—::J ("13)

j':'u:; = C:':nr?{;"- - Z:"-x: = ("r::-nl-@"i B Z:m)

We find that eq. (4.2) is of course identical to the balance equation for the finite-difference
development (eq. (2.14)), with the exception that the net current expressions within the
finite-difference formalism have the following form (from eq. (2.14)):

Ji:m = E:un::q>n - q)r"- |
Jo= & (B, —d,] (4.4)

Jr:m = E:-.m,q)n - (IJ,_,,:
We may now formulate the requirement for a fine-mesh limit. We have to show that eq.
(4.3) reduces to eq. (4.4) im the limit of a small mesh size. We therefore aim to show that

85 M, — 0:

N nm

1. Nodal coupling coefficients tend to fimite-difference coupling coefficients: {7 = O =
o

nrm ¢

2. Tensorial contributions tend to 0: ZY¥ =0

for all directions w = {r.#, z}

In the coming sections, we show that points 1. and 2. above are satisfied for all directions
concerned. However, from the nature of the logarithmic mapping function the developed
discretization scheme is not defined in the coordinate origin. This was clear from Section
3.3, and hence we may expect that a fine-mesh limit does not exist in the coordinate origin
{or arbitrarily close to it). This is in fact the case, and we will illustrate this fact near the end
of the chapter. The arguments presented in Sections 4.2, 4.3 and 4.4 are therefore derived

for all regions excluding the center of the system.
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4.2

Axial direction

In order to demonstrate that nodal coupling coefficients limit to finite-difference coefficients,

we investigate the form of the nodal coupling coefficients. We will consider each direction in

turn, and begin with the axial direction, since no nrapping or scaling factors are introduced in

the axial direction, as is the case in radial and azimuthal directions. As stated, we are assured

that a fine-mesh limit does exist in Cartesian coordinates, and hence we are reasonably

assured that the axial nodal equations would limit to their finite-difference counterparts.

Coupling coefficients

The nodal axial coupling coeflicients on the interface between node n and node rn were given,

in Section 3.7, as

sinh{2dmm)
|II FeT
g __ Uy .fh"'--s"

no Ty E“—'—J—J

Considering eq. (4.3), the following may be deduced as h. — 0

G R

R}

e P —e 1

3. CF

Tt

and Cf . —

<

coefficients in eq. (‘.2'.'1

BN

1)

— g {see definition of finite-difference

FLen

axial coupling

We may therefore deduce that the axial nodal coupling coefficients correctly limit to finite-

difference coupling coefficients.
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Tensorial source

In order to determine the leading order term in the case of & fine-mesh limit for che tensorial
guantity. its expression will be expanded in a Taylor series and examined. The original

expression of the axial tensorial quantity was (eq. (3.154)):

(&9

e 5 ng/ (1 — cosh{ ™™ = 20w ) Fr{w)du [-1(’.))

..... ')I, (i _|- ”|\|

In order to investigate the behaviour of this quantity for a limiting niesh size, we expand the
cosine term (which contains node size as an argument) in a Taylor series as follows:
(Hnm + Ignruh,.l'-' l;j‘::m + .""ﬁ"”'rf'"';

cos(G5™ £+ i w) =1 + ~———== - T s et B L (4.7)

aZ
] a4
{ -|I'|1'||'-I 2 ol {1 4 _”.j-l...

Car =

We may substitute expression (4.7) into eq. (4.6), and obtain:

hm A hm ffzz (Ag) (4.8)
=0 k=1
dyezy ! i Bl e by
Apt = 45,1 5 (1w)™ Filw)dw

The calculation of the Ay terms are not important hers, but rather the fact that the expres-
sion of Z7  has as minimum leading order term a quantity of order h* |4y terms are all of
order 1 or hl_l:{het' orders of /). Therefore
hm Zm, = O[h%

From the above expression we may deduce that, since the leading order term in the expansion
is of order /i*. the tensorial quantity in axial direction does approach zero in the limit of the
fine-mesh, and furthermore does so according to the square of the mesh size.

This concludes the fine-mesh limit requirement for the equations in the axial direction,
since the coupling coeflicients linut to their finite-difference counterparts and tensorial quan-
tities limits to zero. The result in this section is bv no means unexpected, since the solution

in axial direction is identical to that in Cartesian coordinates, where a fine-mesh limit ex-
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ists for all directions [11]. We may proceed to investigate both the radial and azimuthal

directions,

4.3 Radial direction

We will follow an analogonus approach as in Section 4.2, investigating the behaviour of cou-
pling coeflicients and tensarial sources, but in this instance associated with the radial di-
rection, We reiterale here that r is finite and non-zero, and hence this section relates to

obtaining a fine-mesh limit in all regions of the svstem excluding the coordinate origin.

Coupling coefficients

The nodal radial coupling coefficients on the interface between node n and node m were

given. in Section 3.5, as:

T ety TV
CI:";I: — r'...,._ d"'l-‘-'f'c'-.- {49)
C:m = P d“"’"‘*qr !
¢ =1 =13~1
ey = ()7 +{d")
,_i'::”' e [L}qu:n
h.
$mn J;:Tﬁ
no i o
tanh(37™)
2B
50 = ——?
sinh(257™ )
S Ty
o [t nkay? ,
P S i
(= | (4.10)
7
where
2 A
’7 = T4
and

by = In(ra) = In(ry) = in (;r—_l) (4.11)

1
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We need to evaluate the behaviour of the coupling coefficients as Ar — 0, and we begin by

£1

investigating the buckling term 7™,

; _ forem . frilr L 4r) . [T+ Or .
hm""" ‘= lim \J' E) - !’En( - )1 =10 (4.12)

—} Ar—)

The above limit is clearly zero when v, is nou-zero. We will investigate the result as r,
approaches zero in Section 4.3, Furthermore, if we consider the behaviour of the mapped
node size as it appears in the expression for the coupling coefficient, we have

Ak s

lim A, = lim In(l+ /\:-F-) = lim —=10 (4.13)

dir—) Lir—l) T Lr—ll F

With these results from eqs. (4.13) and (4.12) in mind, we may deduce that as Ar — O

1 J :'..-I"u'..' e — 0

)

£ and & — 1

3 G and O =

- nm

(see definition of finite-difference radia! coupling

coefficients in eq. (‘211)} '

We may therefore deduce that the radial nodal coupling coeflicients correctly limit to finite-

difference coupling coefficients.

Tensorial source

In order to determine the leading order term in the case of a fine-mesh limit for the radial
tensorial quantity, we foilow an analogous approach to the tensorial in the axial direction.
The original expression of the radial tensorial quantity is:

(U-';Tl 1

AR T'?,_" D, _:Iil — cosh(A0™ & A w)) R, (w)dw (4.14)

We employ an identical expansion as in eq. (4.7), and substitute it into eq. (4.14) to obtain:

L o
Jlim 2, = lim WZ  (An) (4.15)
s 2 Ny p
Ay = _IDJ 5 (1 £w)" Filw)du

The quantity 7*h* does limit to zero (from eq. (4.12)). and hence we are sure that the

tensorial vanishes for small mesh sizes. Therefore
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lim Z, = O[hi] = O]Ar?)

FAY, e 11
From the above expression we mav deduce that, since the leading order term in the expansion
is of order k*, the tensorial quantity in radial direction does approach zero in the limit of
the fine-mesh. This concludes the fine~-mesh limit requirement for the equations in the radial
direction, since the coupling coefficients limit to their finite-difference counterparts and the

tensorial quantity limits to zero.

4.4 Azimuthal direction

Once more we follow an analogous approach as in Section 4.2, and investigate the behaviour

of azimuthal coupling coefficients and tensorial sources.

Coupling coefficients

The nodal azimuthal coupling coefficients on the interface between node n and node m were

given, in Section 3.6, as:

I e R
Cﬂ:n = ‘;"“ f-!l.n i -C":n'
C!J _ M J mn (416)
arm fiTn ‘:n'lr:u“,-l
Ve ammy=1 mn gy —11—1
duen = (7717 + (45"
2
T / i
d.l; = ‘\—)Dflrr.
I,
I
?.-r*.-. = My
" tanh{Gnm)
irn.T.- i z-crrrr“'
sinh(240™)
O.-'f-.'ll{y-Th- V2
n
where
2 .
= N
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h.‘.}'l!_..'"l'.llr_: hi.‘
Hré B E-{th’h,..'

and

Hee = (i) — i) =-in (7—_1) (4.18)

r

Note that the expressions in the azimuthal direction depend not only upon node size in the
azimuthal direction, but are also related to radial node size. We should begin by investigating
the coupling coefficient scaling term :'_i— within the limit (once again to reiterate that this

argument is valid for all regions excluding the center of the system):

has 1 At
lim 5% = lim (14 22 (4.19)
freel Ny Gr—d Ay, T

= lim . Inl1 £t = 1in ¢ fnl1 s O
N a'_:]j—.u Iﬁjlll . F' = I.:.;t. - r_'-.}—.l,-ln inTn. |I . ?: -L = l%;-
i gty e 2 P AL &
e 1+@ e A;h N af...] Ll
Lur—l) &Tn T 2'}". Ef'i d QFI _lI
T Ar, 12 L
: o _l_zrl((l;%n);o[ﬁn]):1+o[ 9
Ar—0 Ay Ty T s | i

We may therefore deduce that as Af — 0 and Ar — O

' [Jrm
2.0 —=0

3. 47" and s7" — 1

5 __l_'_"l_ L

4. €%, and Cf — === = 4 [see definition of finite-difference radial coupling
Fipn | Thbm A
coefticients in eq. (2.11])

We may therefore deduce that the azimuthal nodal coupling coefficients correctly limit to

finite-difference coupling coefficients.
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Tensorial source

In order to determine the leading order term in the case of a fine-mesh limit for the azimuthal
tensorial quantity, we follow an analogous approach to the tensorial in the radial direction.
The original expression of the azimuthal tensorial quantity is:

iy

hy 42 1
£ = _(—}’D/ (1 = cosh(G2™ £+ 30w ) ) Ry (w)dw (4.20)
_A:I.I,:'"r;"“ |= . . 1 B

-1

We employ an identical expansion as in eq. (4.7), and substitute it into eq. (4.20) to obtain:

lim 27 = lim [7*h2 )Y (A) (4.21)
Le=—=U AR
=0 k=1
die. ; 8l .
Ay = éii;:: / (1 =w)™ Piw)dw

We may therefore once more deduce that

Al TETTI

lim Zf = O[] = 0[AF*

2 | )
From the above expression we may deduce that, since the leading order term in the expansion
is of order A%, the tensorial quantity in azimuthal direction does approach zero in the limit
of the fine-mesh. This concludes the fine-mesh limit requirement for the equations in the
azimuthal direction, since the coupling coefficients limit to their finite-difference counterparts

and tensorial quantities limit to zero.

4.5 Fine-mesh expressions in the center

Radial direction

If we consider the behaviour of the radial direction coupling coefficient expressions arbitrarily
close to and in the c¢oordinate origin, we have to begin by investigating the behaviour of
both the buckling and node size terms in the case when r; also approaches zero (analogous

to equations (4.12) and (4.13), and the problem may then be formulated as:

gt of '.[l + 25) A

o ey LT 5 A
I.T:,.-,-\.l. =5 A { i ‘:- e — 4‘22
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leading us to three distinct cases:
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e Ay approaches zero faster than r,, and the limit 1s clearly zero.
o /\r approaches zern at the same rate as r;, and the limit remains zero.
e , approiches zero faster than Ar, and since 25 > = 1, the problem reduces to:
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We apply L'Hospital's theorem to this expression. Firstly we note:
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The limit of expression (4.12) is once again zero. We may then conclude that the limit of

expressions (4.12) is zero for all cases, and hence:

lim &7 = 0 evervwhere (4.23)
4

On the other hand, if we consider the node size term

o
lim h, = lim (In{] & E} == el é— =0ifand only if » > 0 (4.24)
P Lur=all r Lr—0 T

From eq. (4.24) we deduce that the coupling coefficients do not limit correctly to their
finite-difference counterparts in the center of the system, and as expected we do not achieve

a fine-mesh limit for the net current expressions in the radial direction.

Azimuthal direction

If we consider the limiting expression for azimuthal coupling coefficients in the center of the
system, we have to investigate the expression as both Zir and r, approach zero (analogous

to expression (4.19)}:
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In order to evaluate this limit, let r, = (Ar,)*, € > 0. and consider the following three cases:
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Hence I — o0 as both r,, &Ar — 0. We once again have to conclude that a fine-mesh limit

for the coupling cosfficients doeés not exist in the center for the azimuthal equations.

4.6 Conclusion

This chapter addressed the existence of a fine-mesh limit for the nodal equations, or more
precisely, the property of the nodal equations to yield finite-difference equivalent expressions

for limiting mesh sizes. Two major conclusions may be drawn from this discussion:

o The nodal] balance equation reduces to the finite-difference balance equation for small
mesh sizes in all regions of the system excluding the center (or arbitrarily elose to
it). This result is important, since we may subdivide calculational meshes in the
svstem and be sure that the accuracy would improve. The exclusion of the center
is due to, and consistent with, the fact that the mapping function is not defined in
the coordinate origin. Furthermore, some heuristic guidelines as to the distribution
of inner mesh sizes mayv be deduced from the discussions in Section 4.5, 1n that inner
mesh size (remembering that extra inmer meshes are required due to nature of the
inhomogeneous source) should be of the order of the absolute radial coordinate of the
mesh (e.z. eq. (4.24)) to avoid potential numerical instabilities.

e The point above constitutes some further motivation concerning special treatment

of the central region. In Chapter 3 the possibility of a central cut-out region, in
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order to exclude the logarithmic singularity in the mapping function, was introduced.
Results from the current chapter support such & suggestion, but provides another
potential solution, in the form of a hybrid finite-difierence nodal solution method. A
possible application of such an approach would be the use of finite-difference coupling
coefficients near the center (within a couple of neutron path lengths), and the developed
nodal solution method for the remainder of the system. Results further show that
finite-difference coupling coefficients for such a central hybrid approach may have 1o
be used explicitly, since the nodal coupling coeflicients do not limit correctly to their

finite-difference counterparts arbitrarily close to the center.
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Chapter 5

NODAL CODE VALIDITY

5.1 Introduction

Two test codes were developed based upon the derived equations in Chapters 2 and 3,
and the current chapter introduces the first numerical solutions utilizing these codes. The
development of the proposed nodal method, and subsequent nodal test code, contain some
models and assumptions which will have to be numerically justified. In this regard we may
consider the approximation of the inhiomogeneous mapping source by a Legendre polynomial
expansion, and the inner cut-out approximation to avoid the singularity in the coordinate
origin. In order to investigate the domain of applicability of these approximations, two test
problems are defined and calculated, which respectively represent the ideal and worst case
scenario for the proposed conformal mapping approach. The first is a homogeneous hollow
cylinder problem, and the second a two-dimensional “striped” (r,#) problem (see Figure
5.2). The definition and reasoning behind these problems are discussed later in this chapter.
However, utilizing these problems, we are able to investigate the domaio of relevancy of
the proposed method, and make some decisions regarding areas of practical application and
potential areas of future work. This chapter therefore serves as initial testing of the NoRTHZ

code. Validation will thus begin by considering:

¢ the code precision, referring to correctness of implenentation. The solution of the
NoRTHZ code should, e.g., be exact for a hollow infinite cylinder problem, since no
removal of the logarithmic singularity is necessary in this case. The current implemen-
tation places a small cut-out in the center of the system, with a reflective boundary
condition placed on the edge of the cut-out region. The hollow cylinder problem should
therefore be preciselv and accurately calculated by both the nodal and finite-difference

codes, and an analvtic solution in terms of Bessel functions may be written to confirm
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this.

e the code accuracy, referring to applicability and relevancy of assumptions. Here we
refer to issues which may degrade the quality of the solution, such as the inner cut-out
approximation, accuracy of solution near the center due to bioth a large inhomoge-
neous source contribution and/or azimuthal inhomogeneity near the center. Central
azimuthal inhomogeneity, or any corner material discontinuity within a system, poses
a challenge to both the nodal and finite-difference approaches, due to the corner sin-
gularity problem within the neutron diffusion equation. The analytic solution to this
problem, described by Cacuei [23], is rather complex, and relates to the unbounded
spatial derivative in the corner point. Here it is sufficient to note that even though
a fine-mesh finite-difference solution will be inaccurate in the center of a system, the
logarithmic singularity in the spatial derivative is mild in nature, and a reasonable

result may still be expected.

We continue with a short description of the test codes which were develaped in the course
of this work, and which serve the purpose of numerically evaluating the proposed conformal

mapping technique.

5.2 Test code description

e Scil'i is a 3D cylindrical multi-group mesh-centered finite-difference code with mesh
refinement. No outer acceleration is built into the code and limited inner accelera-
tion exists (Gauss Seidel with relaxation). Results from SciFi will be considered as
reference. The implemented solution proceeds in a group-by-group fashion, and hence
upscattering iterations are implemented. More detail regarding the implementation

was given in Chapter 2.

o NoRTHZ is a 2D cylindrical nodal (ANM) code, implementing the conformal map-
ping technique and represents and numerically describes the bulk of the developments
in Chapter 3. The code performs both fixed source and multi-group eigenvalue cal-
culations. Furthermore, both flat and quadratic leakage approximations have been
implemented. The group-by-group solution is also implemented, and fission, scattering
and inhomogeneous source terms are £xpanded in Legendre polynomial series [up to
the fourth order). Since the mapping approach forces an exclusion of the cocrdinate
origin, a small cut-out (1 ¢m) in the case of NoORTHZ is placed about the center. The
flux in this region then has to be calculated via an alternative method. Two rudi-

mentary methods are built into NoRTHZ, namely to approximate the center flux as
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an azimuthally weighted average of first radial ring average fluxes, or an azimuthally
weighted average of the first radial ring inner side fluxes (these are available from e.z
eq. (3.72) for the u side fluxes). More advanced methods are considered as future
development. A final note regarding the implementation should relate to nesting of
iteration levels. The standard nesting scheme regarding this class of nodal methods
would contain (from inner to outer) flux solution iterations, the energy group loop, up-
scattering source iterations, vuter eigenvalue iterations aud finally feedback iteratious
in the case where intra-nodal cross-section feedback is utilized (not implemented in
NoRTHZ). In the case of the conformal mapping approach, a further non-linear source
needs to be evaluated, namelyv the inhoniogeneous geometric source which appears
due to the geometric transformation. There are many options as to the placement of
this iteration level. but for the sake of the test code an extra iteration level has been
added outside of the inner flux iterations. This approach might not lead to optimized

performance, but seems to improve stability.

Acceleration schemes within NoRTHZ are equivalent to those in SciFi, and hence valid timing
comparizons between the two codes could be made. Absolute times reported in this work may
realistically be reduced by a further factor of at least 20 when the methods are built into an
appropriately accelerated code. Appropriate schemes would include Chebeshev Cyelic Semi
[terative (CCSI) for inner iterations and Wielandt shift acceleration for eigenvalue iterations.
Confirming realistic calculational time is important and therefore the cylindrical ANM will
be implemented into the Necsa developed MGRAC code [22] for this purpose.

5.3 Hollow cylinder problem

In order to validate the basic conformal mapping approach, we begin with a very simple
hollow, infinite cylinder. Problem 1 represents a 15 cm radius, radiallv homogeneous, ax-
ially infinite cylinder, with a 1 cm cut-out in the center for the nodal calculation (¢. =
05 cm D = 1cm, va; = 0.5 ¢m '), Three classes of independent results are produced

(the relative convergence criterion is set to 107% in flux):

o Reference finite-difference solution. with a 1 cm cut-out and accompanying internal
boundary condition (zero current) at the edge of the cut-out. This result should match
the nodal solution, since it is the precise problem solved by NoRTHZ. This result may
be used to investizate the accuracy of the inhomogeneous source near the center of the
systern. This solution set, within Table 5.1 below, is termed FD _CUT.
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o Fine-mesh finite-difference solution for a 15 em svstem without a center cut-out -
therefore a full axjally infinite cvlinder problem. This problem serves to quantifv the
error in introducing the cut-out, and defines a reference cut-out flux. This selution set
is termed FD _FULL.

o Multiple sets of nodal solutions. utilizing thres meshes. The first mesh is fixed at 1
cm for the inner cut-out, while the sizes of meshes two and three (zones 2 and 3 in
the table) are parametrically varied. This solution set is termed N{a,b), where (a.b}
refers to the sizes of meshes 2 and 3 respectively, As example, N{4.10) refers to a nodal

discretization with node sizes 1, 4 and 10 cm te cover the 15 cm syvstem.
The analysis of these results aim to quantify the following:

o How severe is the 1 em cut-out approximation for a problem which is small and homo-
geneous about the center, and do the implemented methods of estimating the cut-out
zone flux produce reasonable results. In Table 5.1, Inner Flur 1 refers to the cut-out
zone flux based upon the node-averaged fux method, and fnner Fiur 2 to the method
based upon inner side fluxes. These two approaches were described in Section 5.2.

o Which constraints apply to the choice of inner mesh sizes, given the fact that the

inhomogeneous source is largest where the ratio of consecutive radial meshes is greatest.

Results of applving both the SciFi and NoRTHZ codes to the hollow cylinder problem are
surnmarized in Table 5.1. In the table, FD_CU'T serves as reference for the nodal calculation
for the k. ¢, Zone 2 err and Zone 3 err fluxes, and the reference solution for both Inner fluz
1 and Inner flur 2 15 given by the FD _FULL solution. All percentages in the table refer to
relative percentage differences between the nodal and appropriate finite-difference sclution.
The final two entries in the table refer to nodal calculations with multiple nodes (four and

fifteen nodes respectively .
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| Method | k-eff | Inner flux 1 | Inner Flux 2 | Zone 2 err | Zone 3 err |
| FD_FULL | 1.9618351 | 5570 | NA T
| FD_CUT | 0.9613910 (48 pem) | NA NA ', NA | NA
'. N(3,11) | 09613916 (sub-pem) | 5.0065 (4.7%) | 5.1474 [2.09%) 0,0022% |  0.0003%
| N{4,10) | 0.9613917 (sub-pcm) | 4.9038 (6.7%) | 5.1474 (2.08%) 0.0020% | 0.0005%
N(5,8) | 0.9613918 (sub-pem) | 4.7764 (9.1%) | 5.1474 (2.08%) 0.0020% | 0.0007%
N(6.8) | 0.9613919 (sub-pem) | 4.6260 (12%) | 5.1475 (2.08%) 0.0020% | 0.0011%
N(7.7) | 0.9613921 (sub-pem) | 4.4525 (15.3%) | 5.1477 (2.08%) 0.0022% 0.0019%
| N[86) | 09613924 (sub-pem) | 4.2634 (18.9%) | 51480 (2.07%) 0.0024% | 0.0028%
| N(9.5 | 0.9613930 (sub-pem) | 4.0550 {22.9%) | 51485 (2.06%) 0.0026% | 0.0045%
N(24,8) | 0.9613917 (sub-pcm) NA NA [ NA | NA -
| N{LL1. | 0.9613918 (sub-pem) | NA | NA NA_ | NA |

Some immediate conclusions mav be drawn from the table above.

Table 3.1: Nodal results for hollow cvlinder problem

e Eigenvalues match between FD CUT and all the nodal discretizations (sub-pcm er-

rors}. This indicates that the basic nodal methodology performs as expected.

¢ An eigenvalue comparison between FD_ CUT (or nodal) and FD FULL shows an error

of 48 pem due to the cut-out. Given that this is a2 neutronically small reactor problem,

such a difference will become progressively smaller as the problem approaches realistic

reactor sizes. This will be further illustrated in Chapter 6. Problems exhibiting inner

azimuthal inhomogeneity may produce larger errors, and such a problen: is investigated

in Section 5.4.

s The inner flux approximation, utilizing the side flux method (“Inner Flux 2" in table),

is more accurate in reproducing the cut-out-zone flux, especially when the inner mesh

size grows. This is as expected, since the flux shape within the second mesh is taken

into account.

The eigenvalue and zone flux errors for the given problem. with a fourth order expansion

in the inhomogeneous source, are very small and it mav be difficult to extract useful trends

from the data. [n order to draw conclusions concerning possible restrictions upon the inner

meshing scheme, the above calculation is repeated with the inhomogeneous source ex-

pansion limited to the second order. Such a calcnlation would severely over emphasize

any limitations due to the inhomogeneous source, or more directly, due to the conformal

mapping approach. and hence allow as an heuristic evaluation of the behaviour of NoRTHZ.
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Figure 5.1 highlights these error trends by plotting eigenvalue errors and zone flux errors
(as compared to reference Scili results) against various nodal discretizations (as in Table
5.1). The results from the second order expansion calculation are presented as a graph to

highlight the fact that an optimum solution {point of minimum error) is obtained.
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Figure 5.1: Infinite cylinder flux and eigenvalue error trends - 2nd order expansion

The following conclusions may be drawn from Figure 5.1:

e Errors are substantially larger for the case with only a second order expansion in the
inhomogeneous source, with a couple of percent error in zone fluxes. and between 10
and 100 pcm in k.pp. This is due to the exponential nature of the inhomogeneous
source and is clear from a comparison between the order of the errors in Figure 3.1

and those in Table 5.1.

e The error in eigenvalue is minimized for a balanced mesh distribution (case (5.9)). If
the ratio of radial node boundaries are too large in either the inner or outer meshes,

the solution degrades,

Although the hollow cylinder problem is a very simple construction, it allows us to investigate
expected features of the method. The conclusion is drawn that practical problems might

require more inner calculational meshes than the material distribution demands, and that
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care must be taken in the choice of inner mesh sizes. We may consider some options in the

choice of such inner meshing schemes:

s Equi-distant radial spacing. Such an approach would lead to an inner mesh of approx-

imately 7 cm.

e Equi-volume radial spacing. This approach would lead to an inner mesh size of ap-

proximately 10.6 cm.

e Equi-logarithmic radial spacing. This would yield even sized meshes in mapped coor-

dinates, and lead to an inner mesh choice of approximately 3.9 cm.

An investigation into the presented results in Figure 5.1 leads us to believe that the last
option is preferable, since equi-logarithmic spacing (3.9 ¢cm) is nearest to minimizing flux
and eigenvalue errors. Such a conclusion is expected, since it would minimize the size of
the average inhomogeneous source in the system; large inhomogeneous sources could expose
truncation errors in the fourth order expansions implemented for these sources.

5.4 “Striped” (r,d) problem

The problem in this section can be described as a potential worst-case formulation for this
method, and will test the implementation much more severely. The problem will test the
mapping approach in multidimensional (r, #) coordinates, addressing issues such as azimuthal
inhomogeneity in the center, as well as the importance of quadratic transverse leakage within
cylindrical geometry. The (r, &) “striped” problem is illustrated in Figure 5.2 below. This
problem ainms to:

e Apply the conformal mapping approach to a multidimensional (r, #) problem. Figure
5.2 contains azimuthally alternating fuel (vo; = 0.3 cm, ¢,=0.2 cm, D=1/cm) and

absorber (¢,=0.5 cm, D=1/cm) regions.

o Investigate the accuracy of the Aux distribution and cut-out zone flux approximation
for a problem with azimuthal inhomogeueity, taking into account that the problem

contains severe inhomogeneity in the coordinate origin.

* Test the flat and quadratic transverse leakage options developed within NoRTHZ.
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Figure 5.2: (r,0) “Striped” problem geometric description

In order to understand the nature of the problemn, the finite-difference solution is illus-
trated in Figure 5.3 and depicts radial flux profiles (arbitrarv normalization) through both
the source and absorber zones of Figure 5.2 (profiles represent the azimuthal averages over

all finite-difference meshes within the zones).
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Figure 5.3: Reference solution for the “Striped” problem

We proceed and apply the NoRTHZ code to this problem. The cut-out indicated in

Figure 3.2 is used within the NoRTHZ code, and the inner flux is approximated via the

“inner side lux” method. Table 5.2 below presents global results for the problem, and shows

eigenvalues and inner flux results for the following four cases:

1. FD (ref): The reference finite-difference solution contains no cut-out.

2. Nodal (flat): NoRTHZ calculation utilizing the flat leakage approximation

3. Nodal (quad): NoRTHZ calculation utilizing the quadratic leakage approximation

4. FD (cut-out): The finite-difference calculation for the problem which contains a cut-

out. This result is added to provide some measure of the error introduced by adding

the cutout (this may be seen by comparing FD (ref) to FD (cut-cut)) . No inner Aux

result is of course available in this set.

Nodal results are calculated with the cut-out plus five radial (sizes of 1, 3, 5, 5, and 5 cm),

and twelve azimuthal meshes (30 degrees per node). Finite-difference reference results are

30 times refived in both directions, as compared to the nodal sizes.
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| Result |FD (ref) | Nodal (lat) | Nodal {quad) | FD (cut-out) |

k-eff 1.21999 | 1.22975 (800 pem) | 1.22167 (138 pem) | 1.22016 (14 pem) |
| Inner flux | 11.36714 | 12.16055 (7%) 13.03466 (14%) NA

Table 5.2: "Striped” problem global results

The following global trends are observed:

e The accuracy of the nodal solution improves significantly with the use of quadratic
leakage (800 pem to 138 pem), but an error of 138 pcm remains due to the inner

inhomogeneity.

o Although the eigenvalue improves significantly with quadratic leakage, the azimuthally-
averaged inmer flux approximation becomes worse (14% error in inner zone average).
This is an expected result due to the impact of the reflective boundary condition at
1 ¢m (from the solution in Figure 5.3 the flux is clearly not constant at 1 cm), which
would distort the three-node radial transverse leakage fit from its true shape. A note
is required here. The quadratic leakage approximation requires three nodes in order to
complete the fit (Section 3.9), which are of course not available for boundary nodes. At
these positions, and in this case for the zero net current (reflective) boundary condition
in the center, an identical fictitious outer node is assumed to complete the fit. Such
an assumption is consistent with the boundary condition, but propagates the error
introduced by the inner boundary condition (which is non-physical) some distance into

the system.

In order to investigate this further, Figures 5.4 and 5.5 show the radial profiles of the percent-
age flux error for both source and absorber azimuthal zones. The error is plotted for both
the quadratic and flat leakage approximations. In Figures 5.4 and 3.5, errors are given by

comparing nodal fluxes with reference finite-difference averages over the same nodal regions.
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Figure 5.4: “Striped” problem flux error (radial profile) along source zone
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Figure 5.5: “Striped” problem flux error (radial profile) along absorber zone

The above figures support prior observations. The quadratic leakage approximation im-
proves upon the percentage flux error within nearly all zones of the system, with the excep-
tion of the inner cut-out and the 2nd source zone. Within these inner regions, the zero net
current boundary condition placed at the edge of the inner cut-out distorts the quadratic
leakage shape. In this problem, therefore, the inner cut-out approximation impacts upon
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the solution in two distinct ways, namely by homogenizing the central disc, and secondly by
forcing a zero net current boundary condition at the edge of the central disc. In situations
where these assumptions are violated and where the size of the inner disc is significant in
comparison to the size of the system (as is the case in this problem), the method does lack
in accuracy. In these cases improved methods for approximating the solution in the center

have to be developed. Such approaches could include:

¢ An apalvtic solution for a homogenized central disc. Such an approach would still re-
quire smearing the azimuthal inhomogeneity, but would improve upon the flux profile
vs. the zero net current boundary coundition at the edge of the cut-out. A confor-
mal mapping approach by mapping a circle into a rectangle would yield a similar
solution. The simplest approach to vield a homogeneous solution might be a hybrid
finite-difference / nodal formalism, utilizing a finite-difference approximation within
the central disc, and applying appropriate interface conditions between finite-difference

and nodal currents at the edge of the disc.

e A rigorous (analytically correct) (r,#) solution, as proposed in [12] or [23], applied
only to the center region. Although these solution methods are complex to implement,
and may degrade performance, their limited use in the center of the system might be

viable.

The results from this problem conclude this chapter on initial verification and investigation of
the NoRTHZ code. Results were as expected for the two test problems and the implemented
quadratic leakage approximation yields a dramatic improvement in eigenvalue, and similarly
in node-averaged fluxes. The following chapter applies the NoRTHZ code to realistic reactor
problems, and will show that the approximations in the development are not as limiting in
these cases. Three reactor benchmark problems will be considered, and conclusions regarding

accuracy and performance will be drawn.
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Chapter 6

RESULTS AND DISCUSSION

6.1 Dodds’ benchmark application

The first problem under discussion for the verification of the NoRTHZ code, is the benchmark
problem published by Dodds in [7] and [8]. This problem also served as one of the verification
problems for the SciFi finite-difference code in Chapter 2 and was described there. In this
chapter, the 2D (r,z) Dodds’ steady state configuration is used (depicted in Figure 2.2)
to investigate the accuracy of the conformal mapping method. Since the model is {r,z)
only, a single homogeneous azimuthal node is used and only conformal mapping effects with
regard to the radial direction are considered. This represents a natural first test for the
method. Table 6.1 below gives global eigenvalue results for the NoRTHZ vs SciFi codes as
applied to Dodds' benchmark. In the table, the number of » and z meshes are given for each
calculational case; we may see that the finite-difference (“FD™) solution, as compared to the

“Nodal large” solution, is approximately 8 times refined.

l Method (r x z mesh points/nodes} | Eigenvalue (k,___fff)—[ Error (pcm) |
FD (120x112) 0.868139 — |

Nodal (quadratic leakage) (33x28) 0.868146 0.8 J
Nodal large (flat leakage) (16x14) 0.868282 | 16.4 |
Nodal large (quadratic leakage) (16x14) 0.868122 | 2 |

Table 6.1: Eigenvalue results for 2D Dodds’ benchmark problem

We note from the above table that all the nodal results, especially the nodal cases utilizing

quadratic leakage, demonstrate excellent agreement regarding eigenvalue. This is evident
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from the “Nodal large” result which reaches an accuracy of 2 pem. We further illustrate
this problem by presenting axial and radial nmlti-group flux profiles, radially and axially-
averaged respectively, Figures 6.1 and 6.2 present flux profiles from SciFi and NoRTHZ
which have been normalized to the same arbitrary quantities and are hence termed “Relative
finx". The nodal results represent region averages and the finite-difference profiles depict the

actual point-wise flux profiles.
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Figure 6.1: Dodds 2D (r, z) - radial profile (axially-averaged)
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Figure 6.2: Dodds 2D (r, z) - axial profile (radially-averaged)

Figures 6.1 and 6.2 show good agreement with FD for both fast and thermal groups
(groups 1 and 2 respectively), on both nodal meshing schemes. Since this problem is only a
2D construetion and exhibits only mild flux gradients, a more detailed accuracy and perfor-
mance evaluation of results is left for the subsequent PBMR and IAEA LWR model problermns.
We conclude this section by noting that, for the Dodds’ benchmark problem, NoRTHZ shows
excellent eigenvalue and flux agreement with fine-mesh finite-difference.

It may be interesting to note that, during the calculation of this problem and for some of
those to come, numerical difficulties were often experienced near systemn boundaries during
earty nodal iterations. This is caused by inaccurate initial-guesses for the transverse leakage
sources (which is the only source in these nodes in the fast group). These problems were
handled by neglecting transverse leakage contributions in non-fuel zones in the early itera-
tions (first couple of outers), but only for the nodes in which such problems are detected.
This approach, although not rigorous in nature, works well and is implemented as a standard

feature of the test code.

6.2 PBMR application

PBMR was identified as one of the primary applicatiou areas, and primary goals, of the work

in this dissertation (see Section 1.5). The chosen problem for such an application is the 400
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MW PBMR static benchmark [17]. The problem was chosen largely for its close relation to
the current PBMR design, and therefore will produce relevant comparisons between finite-
difference and nodal performance and accuracy. The benchmark represents an equilibrium
PBMR core at normal operating conditions. Since the benchmark is 2D only, we artificially
construct a 3D problem from the 2D specifications, with 24 azimuthally equidistant control
rods instead of the 2D absorber blanket. Rod cross-sections are appropriately (extensive
process) generated for the 3D case upon request to the PBMR company.

Two-dimensional description

The 2D problemn is graphically represented below. The z-axis describes the radial coordinate
(r) and the y-axis depicts the axial coordinate (z). Both axis are labeled with cross-section

region sizes in “cin”.
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Figure 6.3: PBMR 2D (r, z) material layout

Figure 6.3 separates broad material type regions by colour (reflector, core, rod, etc.) and
areas of different cross-sections are indicated by the overlayed mesh. It is worth noting (from
the figure) that the average radial mesh is in the order of 20 cm, while the diffusion length is
in the order of 40 ¢cm (this may be seen from the cross-sections for this problem listed in [17]).
The implication hereof was touched upon in Section 1.2, where the statement was made that
nodal methods reach their optimum performance when the mesh sizes (regions of constant

123




crass-section) are in the order of 5-8 diffusion lengths. The cross-section region sizes in this
PBMR problem, which are in the order of a single diffusion length, could therefore limit the
theoretical performance advantage which nodal methods may provide. This statement will
be further investigated in the subsequent sections.

The problem is implemented as described in the benchmark specification, with one ex-
ception regarding the modeling of void regions. Void regions (indicated in the above figure)
are modeled in the PBMR benchmark with zero removal cross-sections. Although this is not
an inherent problem for the nodal method, special numerical expansions are required which
are not vet implemented within the current test code. For the purpose of this comparison,

the void region will be replaced with reflector material.

Three-dimensional description

The 3D problem description superimposes the (r, #) layout in Figure 6.4 onto the (r, z) lavout
in Figure 6.3. Notice from Figure 6.4 that the only azimuthal inhomogeneity occurs in the
vicinity of the control rods. Note further that this figure represents the (r,8) cut of the
roded region of the core only, with the “Rod” cross-sections replaced with reflector material
everywhere below the level of the rod insertion.
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Figure 6.4: 3D PBMR 400 - (r,6) projection (not to scale)

Two- and Three-dimensional models within SciFi and NoRTHZ

Both the 2D and 3D model results are presented for different refinement levels, for which

certain terminology is defined here:

o Coarse-mesh - calculational mesh equal to the cross-section mesh in Figures 6.3 and
6.4.

e 2D FD reference mesh - ten times refined radial mesh, five times refined axial mesh.

This represents a converged finite-difference (FD) solution (10x3).

e 3D FD reference mesh - seven times refined radial mesh, twice refined axial mesh, three

times refined azimuthal mesh. This represents a converged FD solution (7x2x3).

Note that the presented 2D nodal calculation results are obtained ntilizing the conformal

mapping technique, making use of a single homogeneous azimuthal zone. The nodal calcu-
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lations are carried out on the Coarse-mesh, with the exception of some radial refinement
near the origin (three additional meshes). This is done to limit the magnitude of the "ghost”

inhomogeneous source as was suggested in Section 5.3.

Two-dimensional results

Eigenvalue results from the 2D problem are presented, along respective calculational times,
in Table 6.2,

| Calculation

| k-eff (error) | Time (min) |

FD Reference 1.00046 (0 pcm) 70 |
FD Coarse-Mesh 0.99147 (898 pcm) 0.2
Nodal (flat leakage) | 1.00079 (34 pcm) 3
Nodal (quad leakage) | 1.00060 {14 pcm) 3.2

Table 6.2: 2D PBMR global results (nodal vs FD)

The comparative results indicate that the nodal approach provides ruch improved accu-

racy at a fraction of the calculational cost. Figure 6.5 further supports the quantification of

this statement.
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Figure 6.5: FD convergence error vs performance (calculational time)
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In Figure 6.5 the finite-difference error vs. calculational time is tabulated for various
refinement levels (error largely sensitive to refinement in the r-direction). From the data
in the figure we deduce that a finite-difference calculation which produces nodal accuracy
would take between 30 and 40 minutes (quadratic leakage nodal accuracy is 14 pem). Since
the running time for the nodal calculation was 3.2 minutes, we may deduce that for the
PBMR (r, z) design, the nodal iinplementation provides an approximate 2D performance
advantage factor of 10 for equivalent finite-difference accuracy. This is an important
result, but conclusions and discussions concerning this result is left for later in this chapter.

As further illustration, Figures 6.6 and 6.7 below show the radially and axially-averaged
flux profiles respectively, of the (r,z) problem for both the reference FD and nodal ap-
proaches. The figures illustrate both fast (group 1) and thermal (group 2) flux profiles,

normalized to produce a full-core power level of 400 MW,
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Figure 6.6: PBMR benchmark radial multi-group flux profiles (axially-averaged)



2.50€+01 -

| TN [P
2.00E+01 / 2 Modal Group 1 ——

‘ —FD Group 2 |
_» Group J Modal|

1.50E+D1

| 1 / -

< |

F | \

E 1 BO0E+01 I / fﬁ \

5 \\

£ so0se00 r/ﬂ/f;/f T\t\\
0.00E+00 P — . : k. TS,

200 400 600 800 1000 1200 1400 1600

-5.00E+00

Axial Position {em}

Figure 6.7: PBMR benchmark axial multi-group flux profiles (radially-averaged)

It is clear that there is a good match between the nodal and the reference finite-difference
flux profiles. As discussed at the outset of this problem, the number of nodal meshes is not
optimal, but this is a result of relatively small regions of constant cross-section throughout
the benchmark configuration.

Figure 6.6 provides some insight as to why a radial 2.5 ¢cm FD mesh is required on a
reactor with an average 25 cin diffusion length. We notice that the reactor design causes
relatively large flux gradients and this fact requires a finer discretization than would be
otherwise expected (refer point 2 in Section 1.2).

We conclude that the 2D results indicate a definite nodal method advantage, although
somewhat less than may typically be expected for this class of methods as applied to light
water reactors. We will proceed to evaluate this advantage factor for a 3D calculation,
in which case the conformal mapping technique is applied fully (inhomogeneities in both
mapped directions).

Three-dimensional results

The results of the 3D calculations (performed with both the test codes) are presented in
Table 6.3.
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l Calculation | k-eff (error) | Time (min) |

FD Reference (extrapolated) 0.999682 -
FD Coarse-mesh 0.992558 (713 pcm) 1.6
| FD Intermediate-mesh ({x2x3) | 0.999275 (41 pem) 190
Nodal {flat leakage) 1.000290 (61 pem ) 16.6 .
Nodal (quad leakage) 0.999562 (12 pem) 15.5 [

Table 6.3: 3D PBMR global results {nodal vs FD)

Due to long calculational times, the reference FD solution was obtained via extrapolation
from a series of finite-difference calculations. Figure 6.8 shows 3D finite-difference accuracy

as a function of calculational time for various refinement levels,
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Figure 6.8: 3D FD convergence error vs performance (calculational time)

Utilizing Figure 6.8 and Table 6.3, and employing the same logic as in the 2D case,
a reasonable estimate for the nodal advantage factor for a 3D PBMR reactor
calculation is found to be in excess of 20. This is the major result from this chapter, and
we claim that this developed nodal method allows for a significant performance increase for
PBMR. Nevertheless, the factor 20 for PBMR is somewhat less than what could typically be
expected from nodal methods for light water reactors (the order of a factor 100 is reasonable),
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and this discrepancy could be attributed to the relatively small size of cross-section regions
as compared to the diffusion length within PBMR. The reasoning behind the choice of cross-
section region sizes for the published 400 MW PBMR benchmark [17] is outside the scope
of this work,

The ability of the nodal code to reproduce all the flux features inherent to a real 3D
PBMR problem is shown in Figure 6.9. The graph shows two azimuthally different radial
thermal (group 2) flux profiles, axially through the center of the first roded (containing a
coutrol rod) mesh. Zone I represents the azimuthal reflector region adjacent to the control

rod, and Zone 2 represeuts the radial profile through the control region itself.
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Figure 6.9: PBMR: Radial profile through and adjacent to control

It is interesting to note that, for the benchmark equilibrium operating state, the azimuthal
dependency, which exists only in the control rod region, causes a localized azimuthal flux
perturbation. This may imply that many calculational meshes are unnecessary and bighlights
the possible need for a non-standard azimuthal discretization (varying azimuthal refinement
for different radial zones).

Figure 6.10, in conclusion, presents the azimutha! group flux profiles through the radial
zone containing the control rod (see Figure 6.4) and axially at the level of the rod tip.
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Figure 6.10: PBMR: Group fluxes through control - azimuthal profile

Figure 6.10 once again reveals good general agreement, remembering that the nodal
results are averages for material regions. . From Figures 6.9 and 6.10 we may conclude that
the control rod region still acts largely as a 2D control blanket. This allows the practical use
of 2D calculations for many typical PBMR core calculations.

Concluding remarks

The PBMR design, as depicted in this section, is seen as the intended application area of this
work, and the successful application of the approach to the published benchmark signifies
one of the major goals of this thesis. Nevertheless, in order to test the method fully, and
to develop some future work areas, the conformal mapping approach, in the next section, is
applied to a2 much more difficult neutronic problem than represented by the PBMR design.
This problem will also conclude the results and discussion chapter,

6.3 IAEA cylindrical 3D benchmark

The final numerical problem addressed in this thesis, is a “cylindrisized” version of the 3D
IAEA PWR benchmark probleni described in [7]. For the sake of this work, the benchmark
has been adapted to cylindrical coordinates by closely matching the volumes of fuel, control
and reflector material, and hence preserving the nature of the Hux gradients in the problem.
This problem shonld test the conformal mapping approach thoroughly, since it exhibits

severe material inhomogeuneities in all three dimensions. The detailed description of the
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constructed problem may be found in Appendix D. As basic illustration, Figures 6.11, 6.12
and 6.13 describe the general material layout.

7 oam

- Rod in reflector

- Rod in core

- Core Region 2
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Figure 6.11: IAEA (r, z) layout - azimuthal ent at 45 degrees
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Figure 6.12: IAEA (r, 2) layout - azimuthal cut at 0 degrees
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Figure 6.13: IAEA (r.6) layout - top view
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The aim of applying the NoRTHZ code to this problem is two-fold:

e Evaluate the accuracy of the method for such a severely inhomogeneous neutronic
design.

o Identifv deficiencies in the proposed method and define future improvements.

Global results

Eigenvalue calculations were performed with both SciFi and NoRTHZ for the above configu-
ration, and global results are listed in Table 6.4. The nodal calculation was performed upon
a mesh with average axial- and radial sizes of approximately 20 cm, and the finite-difference
refinement factors upon this mesh are listed in Table 6.4. The final two columns, named
“RZ” and "R#", list the maximum and the average power error from two perspectives. The
“RZ"-column gives the (average and maximum) azimuthally-averaged (r, z) errors, and the
“Ré"-column gives the (average and maximum) axially-averaged (r, @) errors. “R&" may be
interpreted as the traditional assembly averaged powers for each axial channel. These def-
initions are introdnced in order to represent a very large number of results as concisely as

possible. The average and maximum power errors reported in the table are for fuel regions in
G

the system and the power in any node n is given by P, = z w?a? @7 where 17 represents
g=1
the energy released per fission. The mesh on which these results are generated is described

in Appendix D.

| Method (RxZxTh) | k.; | Time kg Error | RZ(Ave,Max) | R9(Ave,Max) |
Extrapolated 1.02420 — — | == —
FD{12x12x12) 1.02410 | 34378 min | 10 pem 1% (3%) 1% (1.7%)
FD (8x8x8) 1.02399 | 6202 min 21 pcm 2% (6.2%) 2% (3.5%)
FD (6x6x6) 1.02388 | 2105 min 31 pcm 3% (9.4%) 3% (5.4%)
FD (4x4x4) 1.02378 | 242 min 41 pcm 4.8% (15%) | 4.6% (B.7%)
FD {2x2x2) 1.02468 | 7.2 min 47 pem | 6.5% (20.2%) | 5.6% {12.5%)
FD (1x1x1) 1.02985 | 0.1 min 552 pcm | 6.1% (29.6%) | 6.6% (22.1%)
Nodal - Aat leakage | 1.02483 | 9.2 min 62 pcm | 0.84% (5.4%) | 0.8% (2.6%)
Nodal - quad leakage | 1.02424 | 10.2 min 4 pem 0.5% (6.9%) 0.5% (2.8%)

Table 6.4: Eigenvalue results for 3D IAEA benchmark problem
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The reference flux results were obtained via extrapolation using results from the (6 x6x6),
(8x8x8) and (12x12x12) finite-difference calculations as listed in Table 6.4. An extrapo-
lated solution was also obtained for the system eigenvalue (k.¢¢). This extrapolation function,
utilizing results from the same refinement levels as for the flux, and assuming a quadratic

approach to convergence, is found to be

y = 0.001z% — 0.0013z + 1.02420

and is plotted in in Figure 6.14. From this function the extrapolated value for %,y is found
for a 0 “Weighted refinement factor” and has a value of 1.02420. This approach is consistent
with the procedure followed in (7] for the Cartesian equivalent of this problem, and is not
further described here.
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Figure 6.14: IAEA eigenvalue extrapolation - 2nd order fit for uniform refinement

Firstly we notice, from Table 6.4, that the nodal solution is extremely accurate in eigen-
value {within 4 pcm of the extrapolated result). We may further utilize Table 6.4 to estimate
the performance advantage factor for the proposed nodal method over finite-difference re-
sults. We notice a much larger improvement in relative calculational time as compared to

the PBMR in the previous section and an estimation of the performance advantage factor
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over a finite-difference calculation of equivalent accuracy may once again be performed. In-
spection of Table 6.4 shows that the (8 x8x8) finite-difference calculation is approximately
equivalent in accuracy to the nodal calculation with quadratic leakage (considering both k, ;¢
and powers).

We therefore deduce, by considering the relative calculational times of these two calcula-
tions, that the performance advantage factor of nodal over finite-difference is well
in excess of 500. In the case of the IAEA benchmark problem, flux gradients are large in
all three dimensions, and are coupled with a much smaller neutron mean [ree path (order
of 1 cim). These factors cause that, for the JAEA problem, the nodal method provides a
much larger performmance advantage factor than for PBMR. As expected, the inclusion of the
quadratic leakage approximation significantly improves the eigenvalue for this problem.

We further note from Table 6.4, that the maximum nodal (r, z) power error is 6.9%, and
maximum nodal (r,§) error is 2.8%. These discrepancies require further attention and are

investigated in the next section.

Flux profile comparisons

In order to investigate the nature of the averaged nodal power errors, Figures 6.15 and
6.16 illustrate errors in the thermal flux within the core. Nodal flux errors, as compared
to extrapolated finite-difference, are presented firstly as an (r, z) contour plot and secondly
as an (r,#) contour plot (the contour plots are given for both flat and quadratic leakage
approximations). Once again (r, z) results are azimuthally-averaged and (r,#) results are

axially-averaged.
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Figure 6.15: IAEA (r, 2) thermal flux errors - (2) quadratic leakage (b) flat leakage
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Figure 6.16: IAEA (r, 6) thermal flux errors - (a) quadratic leakage (b) fat leakage

From the above results, the following may be deduced:

e The maximum flux errors (6% for the (r, z) case, 2.5% for the (r,#) case) occur near

the radial center of the system, and in the axial top of the model.

e It is visible that the quadratic leakage cases in (a) of both Figures 6.15 and 6.16 show
larger maximum errors, but in isolated positions. The flat leakage approximation in
(b) shows lower maximum errors, but a broader distribution of error throughout the
system, and hence a less accurate eigenvalue (see Table 6.4).

To provide some perspective on these errors, Figure 6,17 is presented and shows the reference
flux profiles for both the azimuthally-averaged (r, z) and axially-averaged (r, #) plots.
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Figure 6.17: IAEA thermal profiles

From the above, we notice that the errors in Figures 6.15 and 6.16 occur in relatively low
flux regions of the core (especially the larger (r, z) errors), and thus diminishes the importance

of these larger relative errors. Nevertheless, these errors are larger than would normally be

Apmpd b

expected from nodal methods and possible causes for these errors are now discussed.

Inner cut-out approximation

Figure 6.18 illustrates the radial thermal flux profile through the axial top of the model, and

supplies some insight into a further possible reason for the inner flux error.
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Figure 6.18: IAEA radial thermal profile through axial top of core
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In Figure 6.18 the adherence of the nodal solution to the inner boundary condition at
1 cm is visible, but does not signify a physical characteristic of the flux solution. In the
previous section, the PBMR model did not exhibit this problemn, since the flux solution was
near constant in the center of the system. Furthermore, this effect is compounded by the use
of the quadratic leakage approximation near the center, since this approach makes use of a
three node fit to approximate the transverse leakage terms. The error therefore propagates
some distance into the svstem. This result highlights the need to include the inner zone
within the solution process, even if this is done in an approximate manner.

Some future suggestions in this regard include:

1. A hybrid leakage approximation, making use of the flat approximation near the center,
and the quadratic approximation throughout the rest of the system. This approach

would avoid using the inner zone in leakage approximations near the center,

2. A hybrid finite-difference / nodal solution in the center of the system. Such an approach
would make use of the fact the the central cut-out region is small (in the order of 1
cm for the sake of current implementation), and therefore do not require many finite-
difference meshes to reproduce a reasonable result. Thus, such a solution would not
significantly affect the performance.

3. A representative energy dependent albedo boundary condition at the edge of the cut-
out, updated during the calculational procedure. Such an update may be based upon

the intra-nodal solution within the neighbouring mesh.

4. A rigorous analytic solution for the inner homogeneous disc. Such an approach would

be more accurate, but may incur complexity not justified by the improvement.

Inner radial quadratic leakage contamination

These prior four additions fall, in general, ontside the scope of the current thesis, Never-
theless, point 1 above has been implemented into the test code and is termed the mixed
leakage approximation. This approach entails nsing the flat (single node) transverse
leakage approximation within the first few radial meshes, and thereafter apply the quadratic
leakage approximation to the rest of the system. The motivation lies therein that the error
caused by the inner cut-out should not be allowed to propagate into the rest of the system,
Global results are presented in Table 6.5 and contour plots in Figure 6.19 ({r, 2) and (r., 8)).
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Method | Eigenvalue | Time | k Error | RZ(Ave,Max) | Rf(Ave,Max) |

Extrapolated 1.02420 —i == =
Nodal - Aat leakage 1.02483 9.2 min | 62 pem | 0.84% (5.4%) | 0.8% (2.6%)
Nodal - quad leakage | 1.02424 | 10.2 min | 4 pem | 0.5% (6.9%) | 0.5% (2.8%)
Nodal (mixed leakage) 1.02436 10 min | 15 pem | 0.4% (6.5%) 0.4% (1%)

Table 6.5: Eigenvalue results for IAEA benchmark - mixed leakage approximation
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Figure 6.19: JAEA thenmnal flux errors for the mixed leakage approximation

Table 6.5 shows a slight degradation in k.;y by using the mixed approximation, but
a dramatic improvement in the (r,#) plane maximum error from 2.8% to 1%. A general
improvement in error distribution is also visible by comparing Figure 6.19 with Figures 6.15
and 6.16. Although this mixed leakage approach does improve results for this problem, the
argument for its use is largely intuitive, and should be investigated further. The radial
position chosen for the change from flat to quadratic leakage was about one third into the
system. Note that the flat leakage approximation is only applied in the radial direction, and
that the one-dimensional equations in both azimuthal and axial directions still utilize the
quadratic leakage approximation throughout the system.

This approach resolves the discrepancy in the (r, ) plane, but the error in the (r, z) plot
improves only marginally. This can be seen from Table 6.5, where only a slight improvement

from 6.9% to 6.5% in the RZ maximum error oceurs.
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Nodal aspect ratios

The quadratic leakage approximation provides important improvements in results, and specif-
ically in cases where nodal aspect ratios (measure of nodal skewness) are not excessively large
(typically less thau a factor of 10). Figure 6.20 indicates nodal aspect ratios for the system.
Note that. since all axial zones are 20 c¢m in size, the z : r and z : # aspect ratios need only

be given for a single (r, &) plane.
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Figure 6.20: [AEA nodal aspect ratios

From Figure 6.20 it is clear that a wide range of aspect ratios exist, with many directional
ratios exceeding typical aspect ratios for quadratic leakage. This occurs mostly near the
center of the cylindrical system. Values which are especially large occur in the z : € ratio near
the center of the system and may be a contributing factor to the central errors. Solutions
to this situation are largely problem dependent, but become more prevalent in systemns
with central inhomogeneity. Here, once again, the coupled finite-difference /nodal hybrid is
suggested as a future extension in order to lessen the dependence on the quadratic leakage
approximation near the center of the system, particularly in situations where a flat leakage

approximation is not sufficiently accurate.

Concluding remarks

The application of the proposed method to the evlindrisized version of the IAEA benchmark
problem has provided valuable insight into both the advantages and shortcomings of the
method. This problem signifies a computationally and neutronically difficult problem, and
the accuracy achieved by NoRTHZ proves that the method works (4 pem error in eigenvalue)
and provides a substantial performance improvement (factor in excess of 500). On the other
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hand, the benchmark problem is also sufficiently difficult to highlight some shortcomings of
the approach, specifically associated with the center cut-out approximation and the usage of
the quadratic leakage approximation in this area. These factors lead to larger flux errors on
the periphery of the system. In these low flux areas, care must also be taken to implement
appropriate Taylor series expansions to eliminate possible round-off errors, specifically in
the calculation of higher order flux moments. These expansions are considered an important
future addition to the solution method as well as a coupled finite-difference/nodal solution
for the inner disc. A more consistently defined hybrid of the flat and quadratic leakage
approximation is also foreseen, since this approach reduced errors in axially integrated powers
to within acceptable levels for nodal methods.

Final remarks regarding results

Three problems were investigated in this chapter, all of which relate to published bench-
mark problems. The problems represent various degrees of difficulty, and the NoRTHZ
code performed well in all cases. It may be concluded that the needed assumptions in the
development, such as (a) the inner cut-out approximation (Section 3.3) (b) the variable sep-
aration for the one-dimensional azimuthal source terms (Section 3.4.2), and (c) the fourth
order polynomial approximation to the inhomogeneous geometric sources (Section 5.2), are
numerically justified in both accuracy and performance, although some small outstanding
issues remain. The final chapter now follows, and gives general conclusions concerning the

entire scope of this dissertation as well as potential future work.
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Chapter 7

CONCLUSIONS AND FUTURE
WORK

7.1 Introduction

The development, test implementation and verification of the conformal mapping approach
to the analytic nodal method, as described in this dissertation. signify some progress in the
field of method and code development for HTR reactors. The decision regarding the usage
of this method in daily PBMR design calculations is still under discussion, but results in this
thesis will go some way in supporting that objective. This chapter serves to summarize the
major conclusions gathered during the development of this work and supplies, at a glance,
the advantages and shorteomings of this approach. The development of this work has lead
to four international, refereed conference publications, received an award for best paper by
a young researcher, and has been nominated for publication in the Nuclear Engineering and

Design journal (submission in March 2007). These publications are listed below:

1. Rian H. Prinsloo, Djordje I. Tomasevié, “Development of the Analytic Nodal Method in
Cylindrical Geometry”. Proceedings of Mathematics and Computation, Supercomput-
ing. Reactor Physics and Nuclear and Biological Application 2005, Avignon, France,
September 2005 on CD (2005}.

2. Rian H. Prinsloo, et al.. “Application of SP2 and the Spatially Continuously SP2-P1
Equations to the PBMR reactor 7, Proceedings of Mathematics and Computation, Su-
percomputing, Reactor Physics and Nuclear and Biological Application 2003 , Avignon,
France. September 2005 on CD (2003)

3. Rian H. Prinsloo, Djordje 1. Tomasevié, “Development of the Analytic Nodal Method
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in Cylindrical Geometry for PBMR Application”, 3rd International Topical Meeting
on High Temperature Reactor Technology (HTR 2006), Johannesburg, South Africa.
October 2006 on CD (2006).

4. Rian H. Prinsloo, Djordje I. Tomasevié, “Approach ta Singunlar Regions in the Con-
formally Mapped Analvtic Nodal Method in Cylindrical Geometry”, Submitted and
aceepted for publication at Mathematics and Caomputation, Supercomputing. Reactor
Physics and Nuelear and Biological Application 2007, Monterey, California, USA, April
2007 on CD (2067).

The major stepping stones of this work are discussed throughout these publications. In
the following section, a more global perspective upon the work. its conclusions, relevant

coutributions and future work are presented.

7.2 General conclusions

1. Day-to-day design calculations for the South African PBMR reactor are largely per-
formed with lezacy code systems, and manyv advances in the field of method and code
development have not been incorporated into these systems. One such improvement
relates to the use of nodal methods for the sake of full core neutronic, diffusion solu-

tlons.

2. The diffusion equation in evlindrical geometry poses problems during transverie inte-
gration within the Analytic Nodal Method. A proposed solution to circumvent these
difficulties is to apply conformal mapping, to locally map a node in cvlindrical co-
ordinates into a rectangular one, and then apply transverse integration in Cartesian
coordinates. The important node-averaged flux to surface-averazed current relation-
ship is obtained in mapped coordinates and finallv mapped back to original evlindrical
coordinates for insertion into the balance equation. Care must however be taken in
the polynomial order of the approximation of the exponential mapping function. This

development is described in Chapter 3.

3. The equations derived in Chapter 3, based on the conformal mapping approach, are
practical and manageable, both for the sake of implementation and efficiency. The
final equations are similar in nature to nodal methods with intra-node residual sourees
(e.z. intra-node cross-section feedback), and were snccesfully implemented in a stan-
dalone FORTRAN code for numerical evaluation of the approach. A FORTRAN based
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finite-difference solver, based upon the methodclogy described in Chapter 2, was also

develaped to serve as a reference solution generator for the nodal test code.

As shown in Chapter 4, the derived equations exhibit a fine-mesh limit, which is an
important characteristic for the stability and accuracy of the method. Due tn the
nature of the conformal mapping approach, the derived fine-mesh limit is not valid in

the center of the system.

. Comparison with finite-difference results in Chapter 6 strongly supports the view that,

for the first time, successful transverse integration has indeed been achieved via con-
formal mapping. Detailed flux profiles and global values of reactivity, for a variety
of test problerns, show that the implemented conformal mapping technique works as
expected. Accuracy in eigenvalue, for the chosen set of test problems, is consistently

at the order of 10 pcm as compared to reference finite-difference solutions.

For the first time, as far as the author was aware at the time of writing, the quadratic
leakage approximation has successfully been applied to the ANM in cylindrical ge-
ometry. This addition provides a marked improvement in the quality of results for
multidimensional problemns, and based on the results in Chapter 6, may be seen as a

necessity for practical reactor calculations.

. It was shown in Chapter 6 that, although limited by PBMR design factors, the ANM

still provides a 3D performance advantage factor of the order of 20 for & given accuracy,
when compared to a finite-difference approach. In the case of a more typical LWR
reactor, as in the case of the IAEA benchmark problem, the performance advantage

factor is well in excess of 500,

As is visible from both Chapters 4 and 3, the conformal mapping approach does induce
a mild singularity in the center of the system, and this may be seen as a shortcoming of
the method. Due to this, a homogeneous cut-out is necessary in the center, making use
of some form of coupled auxiliary solutions for the cut-out region. A further impact
of the approach relates to some meshing restrictions near the center of the system.
requiring typically two or three more nodal meshes near the center than some material

distributions would require.

The inner cut-out approximation does not pose any difficulties for the PBMR reactor
design. but will need an improved formulation in the case of larger central inhomogene-
ity. The imposad zero net current boundary condition placed at the edge of the cut-out

disc distorts the quadratic leakage approximation in cases where the flux profile near
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the center is not constant. In such cases hybrid solutions between flat and quadratic
leakage, and/or a coupled finite-difference, nodal solutions may provide substantial im-

provements, These issues were discussed and shown in Section 6.3.

10. All the above considered, nodal metheds in general, and the developed conformal
mapping approach to the Analytic Nodal Method in particular, certainly have a place
in the arena of PBMR core calculational methods. Some improvements may still be
required for the method to became fully practical for dav-to-day calculations, and some

of these identified requirements are listed in the next section.

7.3 Future work

During the development of this work, further developments outside the scope of the thesis

were identified as natural next steps, These are:

1. The method will be implemented in the Necsa developed OSCAR code system [22],
which utilizes standard acceleration schemes. This will allow realistic ealculational
times (improvement by approximately a factor of 20) to be obtained, and support
decisions to be made regarding the inclusion of the methad in PBMR calculational

schemes,

2. Improved methods for the solution of the homogeneous central disc, and potentially

for the solution of an azimuthally inhomogeneous central disc.

3. Taylor series expansions for small arguments are required in the case of flux moment
calculations. These are of specific use in problems with large reflector nodes where the
flux reaches relatively low levels near system boundaries. Furthermore. such expansions
would allow increased flexibility, such as the calculation of void regions needed in
Section 6.2,

4. The PBMR design raises interesting potential improvement needs within the nodal
formalism. such as intra-node homogenization techniques to maximize the nodal per-
formance advantage. and non-standard or variable azimuthal discretizations applied to

localized azimuthal dependencies.

7.4 Final considerations

The successtul integration of the proposed method into an industrial code system will require

further testing, development, verification and validation. Furthermore. the optimal applica-
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tion of the method will require new methods, and adaptation of existing ores. in other areas
of the reactor calculational path. These adjustments and extensions will take some time and
focused effort. Nevertheless. this work provides a solid foundation for further development.

Other nodal solution methods, many of which were mentioned in the epening chapter.
may provide the final solution to the PBMR core diffusion problem. Decision makers in
this regard will make these choices at the appropriate time, but in the very least the South
African developed Cylindrical Analytic Nodal Method has now been added to this list.
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Appendix A

TEST CODE USER MANUAL

The input manuals for both SciFi and NoRTHZ are very similar, and hence. as illustration,

only the SciFi input manual is fully described in this appendix.

SciFi user manual

SciFi input is CARD type. with each card preceded with a compulsory comment field. The
data specification is free format and follows below. When multiple entrees are required per

line, the description will be separated by a semicolon.

Version Card
e COMMENT: STRING |253]
e VERSION: STRING [253)]
Example input:
s * COMMENT'
e 'SciFi V1.00°
Title Card
o COMMENT: STRING [253]
o TITLE: STRING [255]

Exarple input:

148



o " COMMENT"
o 'TEST Problem 1°
Date Card
o COMMENT: STRING [253]
e DATE: STRING [255]
Example input:
e " COMMENT"
e '04/05/2004
Description Card
o COMMENT: STRING [255)
¢ DESCRIPTION: STRING [255]
Example input:
e * COMMENT"

¢ ‘This problem is run as an input test’

Qutput file name Card

¢ COMMENT: STRING [253]

s OUTPUT FILENAME: STRING [255]
Example input:

» M COMMENT

o 'OUTPUT.PRT’
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Iteration Card
¢ COMMENT: STRING [253]

o Max outer iterations: INT; Max inuer iterations: INT; Relaxation parameter: REAL(S) Flux
converpence criteria: REAL(8) ; Power Normalization Factor: real(8): DEBUG PRINT-
OUT: INT; SP2 calculation:INT; SP2-P1 parameter: REAL(R)

Example input:
o " COMMENT’
e 200 400 1.3 0.0000001 1000000 2 0 0

Notes:
When the debug option < = 0, only standard output is written to the output file, when

greater to 1, incrementally more debugging information is written to the output file,

Energy Group Card

o COMMENT: STRING [253]

s Number of Groups: INT ; First thermal group: INT
Example input:

¢ * COMMENT'

e 22

Notes
All thermal groups are automatically used in upscatter calculations. (if the eross-sections

allow)

Fission Spectra Card

o« COMMENT: STRING [255]

¢ Fission neutron fragment per group for (1.. NUM_GROUPS): real(8) .
Example input:

o '* COMMENT’

e 1.00.0



Calculational Mesh discretization Card

¢ COMMENT: STRING [253]

¢ Number of calculational Radial meshes: INT ; Axial: INT ; Azimuthal: INT
Example input:

o ¥ COMMENT

e 40 404

Calculational Mesh Refinement Card
o COMMENT: STRING [255)
e Mesh refinement factor; Radial: INT ; Axial: INT; Azimuthal: INT
Example input:
e = COMMENT’
e 222
Outer Radial boundary condition
¢ COMMENT: STRING [253]
o ALBEDQO Value(1..G): real(8)
Example input:
s ¥ COMMENT - albedo for two group problem!’
e 1010

Notes:
An Albedo value of 1 indicates reflective boundary conditions,0 indicates Zero Incoming
Current, and -1.0 is used for Zero-flux condition. Any value between 0 and 1 may be used

for specific albedo value.



Bottom axial boundary condition
e COMMENT: STRING [233)
o ALBEDO Value(1..G): real{§)
Example input:
o " COMMENT
e 0.0

Notes;

An Albedo value of 1 indicates reflective boundary conditions.0 indicates Zero Incoming
Current, and -1.0 is used for Zero-flux condition. Any value between 0 and 1 may be used
for specific albedo value.

Top axial boundary condition
o COMMENT: STRING [253]
e ALBEDO Value(l..G); real(8);
Example input:
s " COMMENT - albedo for two group problem’
e -1.0-1.0

Notes:
An Albedo value of 1 indicates reflective boundary conditions. 0 indicates Zero Incoming
Current, and -1.0 is used for Zero-flux condition. Any value between 0 and 1 may be used

for specific albedo value,
Mesh and Source options

¢« COMMENT: STRING [253]

s MESH OPTION:; INT ; FIXED SOURCE FLAG: INT
Example input:

» " COMMENT!



e 10

Notes:

MESH OPTION = 0 indicates explicit mesh division input in card 14, MESH OPTION=1
indicates uniform, equi-distant mesh distribution defined in card 15, and MESH OPTION=2
indicates equi-volume remieshing described in card 16.

The FIXED SOURCE FLAG indicates the presence of fixed sources in some mesh regions,
and will be described in CARD 21

Explicit mesh definition (only given if MESH OPTION = 0 )
» COMMENT: STRING [255]
¢ Radial Mesh Sizes (1..Radial Meshes): real{8)
o Axial Mesh Sizes(1..Axial Meshes): real(8)
e Azimuthal Mesh Sizes (I..Azimuthal Meshes): real(8}
Example input:
o * COMMENT"
¢ 203.03.0404.0
e 1.01.01.02020
o 16711571 LT 1671
Uniform (equi-distant) mesh definition (only given if MESH OPTION = 1 )
e COMMENT: STRING (233]
o Radia! Mesh Size: real(8) ; Axial Mesh Size: real(R)
Example input:
o " COMMENT"

o 1.0 10 1571



Equi-Volume mesh definition (only given if MESH OPTION = 2 )
e COMMENT: STRING [255]
o Default Radial Mesh Size; real[R) ; Delault Axial Mesh Size: real(8)
» Number of Coarse Radia! Regions to Remesh: INT
¢ Boundaries for coarse regions(1..Num__regions+1): INT:
Example input:
o ¥ COMMENT’
¢ 8.000 18.75D0
L

» 16162127 33

Notes:

MESH OPTION = 2 requires an initial default mesh size to provide & reference for
coarse-mesh boundaries. The course mesh regions will be remeshed within their boundaries
specified in this eard according to an equi-volume radial condition. (the total number of

meshes will remain constant).

Material specification options

¢ COMMENT: STRING [255]

¢ Number of Materials: INT ; Materiel specification method (MSM) - 0 or 1: INT
Example input:

o * COMMENT

e 91

Notes:

Material Specification method[MSM) = 0 indicates explicit material identification for
each radial. axial and azimutbal zone and is described in CARD 15 below. MSM=1 indicates
combinational material placement, allowing for simultaneous assignment of a material to

muitiple indices and is described in CARD 19 below.
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Explicit Material assignment (only given if MSM=0)

e COMMENT: STRING [235]

o MATERIAL ID NUMBER (1..ZMax.1.. RMax,1.. ArcMax): INT
Example input:

o " COMMENT’

e 111

e 111

e 111

0 222

e 222

o333

Notes:

The above input describes a 2 axial layer cylinder with 3 radial zones and 3 azimuthal
zones. Material 1 is placed everywhere in axial zone 1, material 2 everywhere in axial zone
2, except the outer radial zone has material 3 in all azimuthal zones.

Combinational Material assignment (only given if MSM=1)
o COMMENT: STRING [255]
e The fellowing record 15 given until all axial zones are filied:
e Zone name: STRING[255]
e Number of axial zones filled by this entry (starting at the bottom }: INT
o The following 2 entrece are repeated until all radial meshes are filled.
e Number of radial zones filled by single material; INT
e Material Number: INT

Example input:
The following example describes the same core as nsed for example in CARD 18 (The

extracts in parenthesis serves for explanation. and are not compulsory input).
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" COMMENT

+ 'BOTTOM LAYER'
¢ 1 (one axial laver)

¢ 3 (3 radial layers)

¢ 1 (material number 1)

'TOP AXIAL LAYER'

e 1 (one axial layver)

e 2 (first two radial layvers)

2 (Material number 2)
e ] lone more radial laver - Last radial laver)
¢ 3 (Material number 3)

Notes:

The code will stop reading records when all axial and radial layers are fiiled. Please note
that azimuthal dependence is not catered for in this input specification, but still to be added
in the form of material specification method = 3.

Material definition
¢+ COMMENT: STRING [255)]
o Repeat the following record for each maferal type (Matnum number of times)
e Material Narne: String[253]
e Removal cross-sections (1..G): real(8)
o Diffusion cross-sections (1..G): real(8)
o Nufission cross-sections (1..G): real(8)
o Power cross-sections (1..G): real(8)

e Scatter Matrix (1..G,1..G): real(8)



Example input:

o " COMMEXT

“Top.Bot Ref 1°

2.80E-02 3.30E-03

1.0624D0 0.32051D0

0.0D0 0.0D0

1.0D0 1.0D0

0.0D0 2.60E-02

¢ 0.0D0 0.0D0

'FUEL type 17

1.04750E-02 1.30630E-02

1.3052D0 0.88857D0

1.1T760E-03 1.32680E-02

1.6D0 1.0D0

0.0D0 B.03510E-03

0.0D0 0.0D0

Notes:
Please note that the absorption cross-section specified should be removal cross-section,

which includes out of group scattering, therefore: o2 = o9 + Z o or equivalently

e gy
gitotat: pd— 0. seat
gl B o] ot

Fixed Source specification (only given if FIXED SOURCE FLAG in CARD
13=1)

o COMMENT: STRING [255]

¢ Number of source zones: INT



e COMMENT: STRING |25
¢ The following one line record is repeated “Number of Source zone” times

e START GROUP: INT ; END GROUP:INT; START RADIAL:INT; END RADIALINT
: START AXIAL: INT; END AXIAL: INT ; START AZIMUTHAL: INT : END AZ-
IMUTHAL: INT ; SOURCE STRENGTH: real (8)

Example input:
o * COMMENT
pl
o " COMMENT?
011134414135

Notes:
The above input describes a source of density 1.5 in group 1, placed in radial zones 1 to

3. on axjal layer 4, for first 4 azimuthal zones.

Results requirement specification

s COMMENT: STRING [255]

Number of result sets requested: INT

COMMENT: STRING [253]

The following one line record is repeated “Number of Result set” times

Primary results category: STRING {253]
e Secondary results category: STRING [233]

START GROUP: INT ; END GROUP:INT: START RADIAL:INT; END RADIAL:INT
: START AXIAL: INT; END AXIAL: INT ; START AZIMUTHAL: INT ; END AZ-
[MUTHAL: INT

Example input:

e ¥ COMMENT’



o 1

= COMMENT"

e 'FLUX’

o 'LIST

11146614

Notes:

The above input requests a list of fuxes in group 1, placed in radial zones 1 to 4, on axial
laver 6, for first 4 azimuthal zones. Available results requests include:

Primary: 'FLUX’

Serondary:

» 'LIST

‘AVERAGE'- volume-averaged flux for region

'RAVERAGE -axiallv and azimuthally-averaged (volume} fluxes for radial regions

'AAVERAGE'-radially and azimuthally-averaged(volume) fluxes for axial regions
¢ 'AZIAVERAGE' - radially and axially-averaged(volume) fluxes for azimuthal regions

o 'RZAVERAGE' - Map of radially x axial fluxes averaged azimuthally

'RTHAVERAGE' - Map of radially x azimuthally fluxes averaged axially

Primmary: 'POWER’

Secondary:

e 'LIST’

o 'AVERAGEL' - volume-averaged power for region

o 'RAVERAGE'-axially-averaged powers listed for radial and azimuthal region
¢ 'AAVERAGE -radially-averaged powers listed for axial and azimuthal region

Primaryv: ‘XS’ - cross-sections

Secondary:



o D"
¢ 'REMOVAL’
o 'SCATTER'

s 'FISSION

Primaryv: 'CQEFF’ - finite-difference coefficients

Secondary:

e 'RADIAL
s 'AXIAL

o 'ARC’

» 'CENTRAL

‘VOLUMES'
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Appendix B

DODDS BENCHMARK PROBLEM

The {r,z) published ([7] and [8]) 2-group DODDS’ benchmark problem is fully described
in this appendix. We first present the general material lavout of this two-group eigenvalue

probiem.

Iigatiy
[oE i

524,87 <

15T

A

8 PRk T S WA o0 RAa DR i

AR st Lo

Figure B.1: DODDS" benchmark model in (r, z) geometry

Zero-flux boundaryv conditions are used on all outer bounding surfaces, as described in

[8]. Cross-sections associated with each zone are listed in the table below.
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_ Hegion | G | Diem) | o™ | wef* | oiFt |
| 1.5 [ 1] 1.0684 | D028 (0 | 0.026
2 [D.32061 | 0.0033 0 |
204 [ 1] 1.3495 | 001201 | O 0.012
7 |0.87032| 0019 | 0
3411 | 1 | 1.3052 | 1.0475E-2 | 1.1776E-3 | 8.0351E-3
9 | 0.B8857 | 1.3063E-2 | 1.3268E-2
512 [ 1] 1.3052 | 1.0475E-2 | 1.1776E-3 | 8.0351E-3
2 | 0.88357 | 1.2623E-2 | 1.3268E-2
613 | 1| 1.3052 | 1.0475E-2 | 1.1776E-3 | 8.0351E-3 |
2 | 0.88857 | 1.2183E-2 | 1.3268E-2 _
| 7.8 | 1] 1.3052 | 1.0475E-2 | 1.1776E-3 | 8.0351E-3
2 | 088857 | 1.3435E-2 | [.3268E-2 |
9 1 | 1.3052 | 1.0475E-2 | 1.1776E-3 | 8.0351E-3
2 | 0.88857 | 1.2973E-2 | 1.3263E-2
10 [ 1] 1.3052 | 1.0475E-2 | 1.1776E-3 | 8.0351E-3
2 | 0.R3857 | 1.2933E-2 | 1.3268E-2
16 | 1| 1.2997 | 1.0470E-2 | 1.2875E-8 | 7.0061E-3
2 | 0.87051 | 1.3065E-2 | 1.4246E-2 _

Table B.1: DODDS’ benchmark cross-section description

The full input of this problem to the SciFi code is given as illustration in the next
appendix (Appendix C).
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Appendix C

TEST CODE INPUT EXAMPLES

SciFi input example (Dodds benchmark problem)

- VERSION
SaFi V1.00'
LB ) 1 ) 5
‘DODDS for corrected geometry RZ COMPARISON'
DATE
20 /04 2004"
™ DESCRIPTION'
Compare Cylindrical selution with ANL BENCHMARK®
"™ PRINTOUT FILE
'DODDS_bench.PRT’
"= MAX OUTER ITER, MAX INNER ITER, OUTER EPSILON, Extra POWER NORMALIZATION
FACTOR, DEBLG PRINTOQUT?
200 50 0.000001D0 L O
" NUMBER OF GROUPS, FIRST THERMAL GROUP’
%2
** Chi - fission spectrum distribution per energy group’
1.0D0 0.0D0
"* Number of Radial, Axial and Azimuthal meshes’
12281
“* Albedo boundary values on outer radial houndary for group (-1 for zero-Hux boundary condition)’
-1.004 -1.0D0
" Albedo boundary values on bottom axtal boundary for groups
-1.0D0 -1.6DO
* Albedo boundary values an top axial beundary for groups
-1.0D0 -1.0D0
“"Uniform mesn?, Fixed source specification”

10
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*if 1 then Default rz, size for meshes, if 2 then default rnz sizes followed by overlay coarse rad mesh,
else r.z; arc daltas’

13.05947D40 1R.74520D0

™ Number of Materials used, Method of material specification. 1 - combinational, U - explicit’

91

" Map of material specs, per axial layer, then radial zone; per agimuthal section’

“BOTTOM REF’
9

18

1

*INNER BOTTOM REF*
2z
18
2
*FUEL SECTION below mid '

0o

o Q1 N RO e LA GO

*FUEL SECTION mid *

L Do L =1 L0 O WO 0D

"*FUEL SECTION above mid ’

G = L W W O

G
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9
“INNER TOP REF'
2
18

*TOP REF

= T3
o

—

" multi-group eross-sections per material - ID, Removal, Difl, NuFiss, Power, Sratier Matrix'
"Inp.Bot Ref I’

2.80E-02 3.30E-03
1.068400 0,32051D0
0.0D0 0.0D0

0.0DG 0.0D0

0.0D0 2.60E-02

0.010 0.0D0

‘Tnner Top.Bot Ref 2
1.2010E-02 1.90E-02
1.3485D0 0.57032D0
(.00 (1.0DO

0.0DO 1.3D0

0.0DU 1.20E-02

0.0D0 0.0D0

FUEL type ¥
1.047501-02 1.30630E-02
1.3052D0 0.88557D0
1.17760E-03 1.32680E-02
L.17760E-03 1.32650E-(32
(.0D0 2.03510E-03
0.0Dt) 0.0D0

FUEL type 4
1.04750E-02 1.26230E-02
130520 (.8EESTD
1.17760E-03 1.32680E-02
1.17760E-03 1.32680E-02
0.000 8.03510E-03
0001 0.0D0

FUEL type §'
1.04750E-02 1.21830E-02
1.2052D00 05855700
L17760E-03 1.32680E-02
L17760E-(3 1.32680E-012
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0.0D¢ & 03510E-03
G.0D0 0000
'FUEL type 6
1.04750E-02 1.34530E-02
1.3052D40 0.88557D0
LIT760E-03 1.32650E-02
1.17760E-03 1.32680E-02
0.0D B.O3S10E-03
(.0D0 0.LDO
'FUEL type 7
1.04750E-02 1.29730E-02
13052100 0 255857D0
1.17760E-03 1.32680E-02
L17TE0E-NS 1.32480E-02
G.0D0 8.63510E-03
¢.0D0 D.ODO
*FLEL type &
1.04750E-02 1.29330E-02
1.305200 (L82857D0
LITTE0E-D] 1.326880E-02
1.17760E-03 1.32680E-02
0.0D14 8.03310E-03
0.0D0 0.0DO
'"BLANKET region’
LO4TONE-02 1.30850E-02
1.299700 0.87951D0
1.28750E-03 1.42460E-02
1.28750E-03 1.42460E-02
0.0D0 7.90610E-03
{.0D0 D.0DO
"RESULTS SPECIFICALLY REQUESTED. numiber of result sets’
i
"* Result descriptor, secondary descriptor (or operation), Group range, radial range, axial range, az-
imuthal range’
'POWER’
TIST
11118141411
FLEA
LIST!
22118141411
‘POWER’
‘RAVERAGE'VEHRSION'
1211812811
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POWER’
"AAVERAGE"
L2 1Ta 281 1
TKPUT EXND!

167



Appendix D

IAEA BENCHMARK DESCRIPTION
(CYLINDRICAL)

As basic illustration, Figures D.1, D.2 and D.3 describe the general material layout.

A
F i 176 em B

[l 7iod in reflector
- Rod in core
- Care Region 2
[ Core region 1
D Reflector

380 em

Figure D.1: JAEA (r, z) lavout - azimuthal cut at 45 degrees
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A
e 176 em s

. Rod in reflector

- Rod in core

- Core region 2
- Core region 1
D Raflector

380 cm

Figure D.2: IAEA (r, z) layout - azimuthal cut at 0 degrees

. Rod in reflector

. Rod in core

.Comregtonz
-Cm'eregion1

D Raflector

1/8 cut

Figure D.3: IAEA (r, 8) layout - top view
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The applied meshing scheme for the nodal calculation is as follows:

e Radial directiom; 1.0 2.0 3.0 4.0 20 25252020 8 22 25
e Axial direction: 19 x 20

e Azimuthal direction (radians): 0.130899693 0.179987079 0.179987079 0.19634954

Graphically, the nodal mesh and material layout may be represented as in Figures D.4 and
D.5 below. Four figures are presented, each representing a different axially homogeneous
(r, 8) slice. For ease of representation, the (r,#) slices are presented on an (x,y) grid, and
are therefore not to scale. The four figures represent 20 cm, 260 ¢m, 80 cm and 20 cm axial
slices (from bottom to top), respectively.

L g oy .
016 |
om | |
iy -~
(X1 } “
0.4t L

Figure D.4: IAEA Nodal mesh - bottom reflector and bottom core regions
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Figure D.5: IAEA Nodal mesh - top core and top reflector regions

The meshing scheme described in these figures define the mesh on which powers and
fluxes are reported in Chapter 6, with the exception that the first four meshes are averaged
to produce a single value for the central control rod.

Cross-sections

Five materials are utilized iu this benchmark, and cross-sections are provided in this section.
These cross-sections are specified in Table D.1 below:

| Region |G [ D(em)] o™ [ve!* [a% |

Reflector | 1 | 2.0 | 0.04 | 0.0 | 0.04

2 03 |00l 00 | 00

Fuel 1 1 1.5 0.03 0.0 | 0.02

21 04 | 008 |0.135| 0.0

" Fuel 2 1] 15 | 003 00 |[002
2 04 [0085]0.135' 0.0

Control /Fuel | 1 1.5 003 | 00 |0.02
2| 04 | 0130135 0.0

Control/Ref | 1 | 2.0 | 0.04 | 0.0 | 0.04
2] 03 [0.055] 00 | 0.0

Table D.1: TAEA Material cross-sections
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Appendix E

RECURRENCE RELATIONSHIPS
FOR FLUX MOMENTS

E.1 Flux moments

We first derive recurrence relationship for integrals of exponential-polyvnomial form.

ey ]
I = f e Pw)dw = —‘T]f.'-s thig a# 0 (E.1)
=1 2
with
2 2 sinhla)
Iy = Ssinh(a) , I = =(coshla) — 2n22) g £0
a a a

Utilizing the relationships

.l i 1 % l o =
cosh{d} = > (e? +e™") and sinh(d) = 3 (¥ — )

moments of one-dimensional flux are separately calculated in their cosh. sink and particular
solution components. Let us firstly define the hyvperbolie cosine moments, which exist only

for ! even:
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Similarly define:
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for

I=1.3.5 ...
E.2 Mapped flux moments
In this instance we may utilize eq. (E.1) by writing

. 1

(4 I'CGShI;.'_?::. = E (t.',"\--—--j A rf—.ﬂ'-l-n"]

Developirnig a similar recurrence relationship as in eq. (E.2), we mayv define:

¢4 e ; w o 1 o= GO cutE, 4 U=1 - i, ~
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And similarly:
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Appendix F

EXPANSIONS FOR DOUBLE
LEGENDRE INTEGRALS

In this appendix, Taylor series expansions for the moments of double Legendre integrals are
developed. These quantities can not be naturally derived from recurrence relationships, and
are implemented as explicit expansions as listed below. The analvtic expansions are listed,
and thereafter their Tavlor series counterparts. In the expressions below, [ and n represent
the individual orders of Legendre polynomials, and ¢ represents the mapped mesh size A,

]:O,H:O
2 - sinhlc)

C

1=0,n=1
2.c-goshic) =2 sinhie)

2

1=0,n=2
2[ =3 crcosh{c) + (3 + Fsinhic))

i

I:O,H:S

2(e{15 +¢°) - cosh(c] — 3(5 + 2¢°) - sinh(e])

p
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I=0,n=4

2(—5¢(21 + 2c%) - coshle] + (105 + 45c% + ] - sinh(¢))

r‘."

I=1m=}

2{=32 - c-cosh(e) + (2+ ¢*)sink(c))

(’3

I=1tm=2

2(e(9 4+ 2] - cosh{e) = (9 + 27 - sanh(e))

cl

|=] wi==:3

2(—(c{60 + Tc*) - cash{e)) + (60 + 27 + ¢*) - sink(e))
=1 .=
2(c(525 + 65¢2 + ¢*) - coshe) — (525 + 24027 + 11¢%) - sinh(e))

i

l=2n=2

2(—62(9 + ) - cosh(c)) + (54 + 246" + ¢*) - sink(e))

&

=2 1=3

2o(450 + 542 + ) - cashilc) — 3(525 + 2400% + 11(.‘*} -sinhi(e))

E‘IE'

I=2,n=4

2(—{e(4725 + 600c® + 13¢*) - cosh{c)) + (4725 + 2175¢% + 108c* + ) - sinh(e))
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I=3,n=3
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2(c{55125 L 7275 4+ 180c% + ) - cosh(e}) — (55125 + 256500 + 13R0c* + 16c8) - sinhlc))

A

—10¢( 77175 + 10500¢* + 291c¥ + 2c) - eosh(c)))
o

2((TT1T50 + 3622500 + 20760c" + 2490c® + ) - sink(c))
B

These expressions are prone to round-off error, and hence, if expressed in terms of Taylor

series expansions, become:
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Appendix G

TRANSVERSE LEAKAGE
QUADRATIC FIT

We assume that the transverse leakage across three neighbouring nodes will be adequately

described by a quadratic polynomial:

pooion 5
Liwl=gqg+rw+sw

We calculate the average leakage in each of the three nodes via

i f
2
E/_g L{w) du

and let the average leakage in each of the neighbouring nodes be denoted by LA, LB and LC
for nodes of sizes k.l and m respectivelyv. We find coefficients ¢, r, s such that the average

leakage in each of the three nodes are conserved:

B(I{LA — 2LB + LC) + k{—LB + LC) + (LA — LB)m)

W R = ,
¥ kL D0+ M)kt =m)

_ —=2k*(LB - LC) + PF(—LA + LC) 4 2(-LA + LB)m* — 3I(k(LB — LC) + (LA —~ LB)m)
B k+D0+m)(k+1+m)

_ 3(HLA - 2LB + LC) + k(~LB + LC} + (LA — LB)m)

= T

(k= D{+m)k=1+m)
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