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Abstract: We study in optimal control the important relation between in-
variance of the problem under a family of transformations, and the existence
of preserved quantities along the Pontryagin extremals. Several extentions of
Noether’s theorem are given, in the sense which enlarges the scope of its ap-
plication. The disssertation looks at extending the second Noether’s theorem
to optimal control problems which are invariant under symmetry depending
upon k arbitrary functions of the independent variable and their derivatives
up to some order m. Furthermore, we look at the Conservation Laws, i.e.
conserved quantities along Euler-Lagrange extremals, which are obtained on

the basis of Noether's theorem.

And finally we obtain a generalization of Nocther’s theorem for optimal con-
trol problems. The generalization involves a one-parameter family of smooth
maps which may depend also on the control and a Lagrangian which is in-

variant up to an addition of an exact differential.



Chapter 1
Introduction

Let L(t, z, £(t)), be a given C'(fa, b] x R* x R, R) function (the Lagrangian).
The fundamental problem of the calculus of variations can be posed as fol-

Jows: minimize the integral functional

TeO)] = [ L s, a0, (L1)

over a class x of functions z : [a, b) — R". This problem is usually solved
by applying Euler-Lagrange equation:

o, 2(0,5(0) = (20 (12)
which is a first-order necessary optimality condition. Each solution of (1.2)
is called a Euler-Lagrange extremal. In the last situation the Euler-Lagrange
equations are often interpreted as holding everywhere except possibly at

finitely many points. However if there exist boundary conditions
z(a) = a; x(b) =5,

then (1.1) is called a fixed-end calculus of variations problem. In addition

if either @ or A or both are not given (1.1) is called a free-end calculus of

2



____Introduction 3

variations problem. In general fixed-end problems can be solved by apply-
ing (1.2) whereas free-end problems can be solved by applying (1.2) and a

transversality condition.

We begin this paper rather in a peculiar fashion, we start off by posing an
interesting problem in the calculus of variations field. Calculus of variations
is considered deareét to mathematicians in that it spanned the revolution for
the development of mathematics and development, of physics for centuries.
Today, the calculus of variations and its generalisation known as the theory
of optimal control, remains relevant and useful, generating new exciting and
deep questions. There is a substantial progress in fundamental issues of both

theory and applications.

We make this early observation which is exclusively supported by literature
(old and current). The observation we make is that the invariance of the inte-
gral function (1.1) under a group of transformations depending on a parame-
ter s, implies the existence of a conserved quantity along the Euler-Lagrange
extremals. This was well captured in the work by Emmy Amalie Noether
(1971) who proved that, conservation laws in the calculus of variations are
a manifestation of the following very general principle: “The invariance of a
system with respect to a parameter-transformation implies the existence of
a conserved law for that system”. This result embraces all theorems on first

integrals known in classical mechanics.

Thus, for example, the invariance relative to translation with respect to time
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vields the energy integral, while conservation of linear and angular momenta
reflect, respectively, translational and rotational invariance. As noted by
Torres (2000) Noether’s theorem is applicable also in quantum mechanics,
field theory, electromagnetic theory. It also has applications in the general
theory of relativity. We posed the problem and it is only natural that we
hope to illustrate the mentioned principle using examples. We want to make
this early note that the intention of this paper is to tap into a strange world
of optimal control and even extend some tools which ensures conservation of
quantities. The tools I am referring to here are the Noether’s theorems (both

the first and the second)

This paper’s quest is to address questions like: How to obtain quantities
which are conserved along the Euler-Lagrange extremals? This is an impor-
tant, profound, and far-reaching question. Such conserved quantities can be
used to lower the order of the Hamiltonian system of differential equations
and simplify the solutions of optimal control problem. They are also impor-
tant for many other reasons. In the calculus of variations they have been used
to synthesise the Lavrentiev phenomenon while in control , to analyse the
stability and controllability of nonlinear control systems, they are used for
the system decomposition in terms of simpler lower dimensional subsystems.
These are just few examples, however many other applications are possible:
proving existence of minimizers, solving Hamilto-Jacobi-Bellman equation.
And also that they are a useful tool to proof Lipschitzian regularity of the
minimising trajectories.

In most formulations of Noether’s principle, the Noether transformations

keep the integral functional invariant {4]. It is possible, however, to consider
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transformation of the problem up to an exact differential, called a gauge-
term. The Noether transformations mentioned above are considered to be
point-transformations, in a sense that they are functions of coordinates and
time. However one can always consider more general transformation depend-
ing also on velocities and higher derivatives, as argued by Gelfund and Fomin
(1963) or within the broader context of dynamical symmetries in the lecture
notes on Optimal Control Theory (2003) by Fhiri. For example of an inte-
gral of motion which comes from an invariance transformation depending on

velocities, see Torres (2003).

Here we are interested in formulation of the Noether's theorem for optimal
control problem. Moreover we present a general and constructive method to
obtain conserved quantities along the Pontryagin extremals of optimal con-
trol problems, which are invariant under a family of transformations that

explicitly change all (time, state, control) variables [9].

Now that we have mentioned how pivotal calculus of variations has been
to the development of both the mathematics and physics branches, and we
have mentioned that under calculus of variations we have conserved quanti-
ties under a group of transformations. We now would like to depart and do
the same for optimal control, as this was mentioned as a generalisation of
caleulus of variations. We want to clearly create a picture where we are con-
vinced that even for optimal control problem we are able to obtain conserved
quantities, for reasons mentioned earlier. (We have mentioned the impor-
tance of us having conservation of quantities). To ensure that we ultimately

attain our goal we depart as follows:

In chapter 2 we start off by stating the optimal control problem in Lagrange

T NWU
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__Introduction 6

form on the compact interval [a,b). This problem can be solved using meth-
ods of calculus of variations, which are in any case dealing with finding the
maxima and minima of a function of several variables, subject to one or more
constraints. We further define other important concepts, which are utilised
later in the paper. Our illustrative example shows that the problem under

consideration is invariant under some gauge symmetry given by

g(t,,z(), u(t), p(t), b(t), B(1))
= (p(t) + 1, (B(1) + 1)(t), 26(D)x(t) + (B(E) + Du(®),

In concluding this chapter we point out few important facts which are help-
ful in this paper. Amongst others we point out that for the optimal control
problem which depend upon time ¢ explicitly (non-autonomous problems)
the property of the Pontryagin extremals amounts to the fact that the to-
tal derivative with respect to t of the corresponding Hamiltonian equals the

partial derivative of the Hamiltonian with respect to .

Chapter 3 lays down the foundation of establishing or extending the second
Noether’s theorem such that it covers even the optimal control problems It

is mentioned that the second Noether’s theorem is related to:

i) parameter invariant variational problems .i.e., problems of the calcu-
lus of variations, as in the homogeneous-parametric form, which are
invariant under arbitrary transformations of the independent variable

4

ii) the singular Lagrangians and the constraints in the Hamiltonian form.
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iii) the physics of gauge theories, such as the gauge transformations of

electrodynamics, electromagnetic field, hydromechanics and relativity.

We define some concept which we use in the second Noether’s theorem. Chap-
ter 3 is concluded with an illustrative example which manage to show how

the family of transformations maintain the problem invariant.

Chapters 4 deals with an important concept of this paper; the conservation
laws. We note that a number of conservation laws first integral of Euler-
Lagrange differential equations are well known in physics. The most famous
conservation law is the energy integral which states that when the Lagrangian
L corresponds to a conservative system of point masses, then:

-L+ g—iu = constant (1.3)

holds along the solutions of the Euler-Lagrange equations. For an au-
tonomous case i.e. When the Lagrangian L does not depend explicitly on
time ¢
dhapter 4 goes further and looks at maximum principle for the optimal con-
trol problem, where the Pontryagin maximum principle gets its mention as
a theorem. And this chapter like all the chapters is concluded with an illus-
trative example, which highlights the universal principle: “The invariance of
a system with respect to a parameter-transformation, implies the existence

of the conservation law for the system.”

In chapter 5, it is mentioned that in the optimal control setting, the relation

between invariance of a problem and the existence of expressions which are
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constant along any of its extremals, has been obtained following the classical
Noether's approach based on the transversality condition. Chapter 5 looks
exclusively at the invariance definition, the fundamental invariance theorem
and the Noether’s theorem and conservation laws. This chapter is concluded
like all the other chapters, with an example. And we note that the paper
has dealt with important concepts at local level without necessarily losing

generality.

The ultimate chapter of this paper is Chapter 6 which deals exclusively with
two concepts (i) Noether’s theorem with no transformation of the time vari-
able, and (i7) Noether’s theorem with transformation of the time variable.
This chapter delivers this powerful concept under optimal control and con-
firms that indeed the Noether’s theorem has been extended to cover the

problems of optimal control.



Chapter 2

Optimal Control Problems

2.1 Introduction

In this chapter we state the optimal control problem and we make an ob-
servation that an optimal control problem can be solved using methods of
calculus of variations. This is possible when the problem is transformed as
shown below. The chapter outlines the two critical results due to the value
of 1 of a Pontryagin extremal. The pontryagin is normal if ¢ # 0 and
abnormal for 1o = 0. We further present the first integral which we say is
constant in ¢ along every Pontryagin extremal. In this chapter we mainly

{ocus on definitions, that we later use.

2.2 Main Outcomes

Optimal control is a generalization of the classical calculus of variations. In
turn the mention of calculus of variations evokes the notion of dealing with a

problem of finding the maxima and minima of function of several variables,
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subject to one or more constraints, with further focus on the determination
of necessary (though not sufficient) conditions for maximising or minimising
a quantity which depends on the functions in a given set as presented by
Phiri (2003). We further find that the optimal control applies to all calculus
of variations problems as stated in [16]. We can now pose an optimal control
problem in Lagrange form on the compact interval [a, b] as follows:

Minimise
Te()u() = [ Lt a(0), u(®)dt, (2.)
over all admissible pairs (z(-), u()),
() € Wia(la, B, %), u() € Lao(fa, ] U)
satisfying the control {dynamics) equation:
©(t) = p(t, z(t),u(t)) ae telab] (2.2)

If u(t) is replaced by #(t) then the objective function (2.1) depends on x(t),
(t) and t so that the problem can be solved using calculus of variations.

Ini the above W, ; denotes the class of absolutely continuous functions, Wi
represent the class of Lipschitzian functions and L, stands for the class of

measurable and essentially bounded functions.

We remark that the optimal control problems are normally treated without
necessarily knowing the initial and terminal conditions. The results obtained

are valid for arbitrary boundary constraints.
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Definition 2.1

We say that (z(-),u(-), %o, ¥(-)); with admissible pairs (z(-),u(*)); o € R
and ¥(-) € Wi, ([a, b, R") (¥(t) isalxn covector); is a Pontryagin extremal
of (2.1), if the following two conditions are satisfied for almost all the adjoint
system

z(-) € Wi (la, ], R*),
u() € Loo([a, 0}, U)
. OH
() = —E(t,w(t),U(t),%,w(t)) (2.3)
the maximality condition
$() € IV1'1([CI, b], }R"),
U() € Lw([av b]a U)
H(t,(t), u(t), Yo, ¥(t) = max H(t, 2(t), u(t), o, (1)) (24)
where the Hamiltonian equals
2(-) € Wi ([a, 0, R"), u(") € Leo(le, 8}, U)
H{t,z,u, %0, %) = YoL(t, z,u) + ¥ - p(t, 7, u) (2.5)
The remark we make now is that a Pontryagin extremal
z(-) € Win(la, 0], R™), u() € Loo([a, 8], U)

(z(), (), %0, ®(-)) is called normal if 3 # O and abnormal if ¢ = 0. For
normal extremals we can always consider by scaling, that ¢ takes value
—1. Although there are no abnormal extremals in the basic problem of
calculus of variations, the existence of abnormal minimizers in the calculus

of variations and optimal control theory is a common phenomena as outlined
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in Torres(2002b) paper.

We further remark that Torres(2002a) stated it correctly when mentioning
that if (z(-),u(-)) is a minimizer of (2. 1), then there exists a nonzero pair
(tho, ¢(-)) such that (z(-),u(, %o, ¥ ¥(-)) is a Pontryagin extremal. Moreover,
the function H(t,z,u,%o,¢) is an absolutely continuous function of t and

satisfies the equality
aH _oH
] dat ~ ot’
this is called the Maximum Principle.

(2.6)

Definition 2.2

A quantity C(t,z(t), u(t), o, P(t})) which is constant in ¢ along every Pon-
tryagin extremal (z(-),u(-), %o, ¥(-)) of (2.1) is called a first integral as stated
by Torres(2002a).

The definition established in this chapter would be greatly utilised in the
body of this work. Like we mentioned earlier, this chapter was all about
paving a way for more intensive engagement. We would like to conclude it

by considering an example on time-optimal problem

2.3 Time-Optimal Problem

Example 2.1

We consider the basic problem of the calculus of variations with n =r =1
and U =R as follows:
Minimise
b
[ war (27)

where
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In this case the Lagrangian is given by L = u? while ¢ = u. Definition
6.2 which is given much later in this work (however is relevant for our ex-
ample now) shows that the problem is invariant under the one-parameter

transformations.
he(t, ) = z + st(h°(t, z) = x) (2.8)
Indeed we observe that for
O (t,z) = 87t + 253 (2.9)
and
w(t, @) = ult) + s(u(t) (2.10)

One obtains:

JPLuw@)dt = [Lu(t) + s)dt
= [B((u(t)? + s + 2su(t))dt (2.11)
= [2(L(u(t) + £8°(t, x(1)))dt,

Lhs(t,z(t)) = () +s
elu(t)

We use the theorem which states that If (P) is invariant under the transfor-

(2.12)

I

mations h*(t,z,u) up to ®*(t,z,u), in the sense of Definition 6.1, then
(t) é R (8, z(t), u(t J 3¢, x(t), ult 2.13
wlt) - goh (62, ul D,y + Y052 (0 (), u )], (2.13)

is a first integral.  to state that ¥i(t)t + 2¢oz(t) is constant in ¢ along the

extremals for the basic problem of calculus of variations is always the case

¥(t) = 22, 2(t), u(0) (2.14)
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and
Yo =1 (2.15)

So the conclusion we draw is that @(t)t — z(t) is a first integral of the Euler-

Lagrange differential equations.
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2.4 Conclusion

What we observe here is that for v a constant, the Noether current (3.11)
elaborates to us that the corresponding Hamiltonian f is constant along the
Pontryagin extremals of the problem. This is validated by the autonomity
of the problem under consideration. The Noether current (3.12) can be

understood with the following maximality condition in mind:

H{(t,x(t), u(t), Yo, $(8)) = max H(t, 2(2), v, Yo, ¥ (1))

where

oH

We conclude this chapter by pointing out that at the core of optimal control
theory is the Pontryagin maximum principle, the

celebrate first order necessary optimality condition, whose solution are called
(Pontryagin) extremals and which are obtained through a function H called
Hamiltonian, akin to the Lagrangian function. For autonomous problems of
optimal control, i.e. when the Hamiltonian H does not depend explicitly on
time {; a basic property of the Pontryagin extremals is the remarkable fea-
ture that the corresponding Hamiltonian is constant along the extremals. In
classical mechanics this property corresponds to energy conservation, while
in the calculus of variations it corresponds to the second Erdmann necessary
optimality condition. For problems of optimal control that depend upon
time t explicitly (non-autonomous problems), the property amounts to the
fact that the total derivative with respect to time of the corresponding Hamil-
tonian equals the partial derivative of the Hamiltonian with respect to time
as equation(2.6) illustrates. And this is called the Maximum Principle.

The example clearly establishes the way to obtain first integral. Another
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phenomenon which is important and central to our work (and is hopefully

worthy mentioning here) is the concept of invariance.



Chapter 3

Symmetries

3.1 Introduction

In this chapter we look at ways of extending the second Noether theorem to
accommodate the optimal control problems, which are invariant under sym-
metries depending upon k arbitrary functions of the independent variable
and their derivatives up to some order m. The study of invariant variational

problems

Minimise:
b
Je(),u() = / L(t, 2(2), u(t))dt (3.1)

in the calculus of variations was initiated by Emmy Noether who, afterward
published the current classical results known as (first) Noether theorem and
Second Noether theorem, showing that invariance with respect to a group of
Lransformatk;ns of the variables t and z imply the existence of certain con-
served quantities. These results, also known as Noether’s symmetry theorem

have profound implication in all physical theories explaining the correspon-

17

NWU
LIBRARY



Symmetries 18

dence between symmetries of the systems and the existence of the conserva-

tion laws as Torres(2000) states.

The (first) Noether theorem establishes the existence of p first integrals
(Noether currents) of the Euler-Lagrange differential equations. When the
Lagrangian L is invariant under a group of transformations containing p
parameters. This means that the invariance hypothesis leads to quantities
which are constant along the Euler-Lagrange extremals. This work provides
extensions for the Pontryagin extremals of optimal control problems in Chap-

ter 4 and Chapter 6.

The second Noether theorem establishes the existence of k(m + 1) first in-
tegrals when the Lagrangian is invariant under an infinite continuous group
of transformations which, rather than dependence on parameter, as in the
first theorem, depend upon k arbitrary functions and their derivatives up to
order m. If we take an autonomous case and consider the functional of the
basic problem of the calculus of variations (3.1), the classical Weiestrass's

necessary optimality condition:
oL
L{t,z(t),v) = = L{t, z(t), u(t) 2 5 (t2(1), u(t)) - (v — u(t))
vV veR, (3.2)

can be deduced from the fact that the integral (??) is invariant under trans-

formations of the form:
T =1+ p(t) (3.3)
X =z(t) (3.4)

for the arbitrary function p(-). The second Noether theorem is related to:
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i) parameter invariant variational problems .i.e., problems of the calcu-
lus of variations, as in the homogeneous-parametric form, which are
invariant under arbitrary transformations of the independent variable

t.
ii) the singular Lagrangians and the constraints in the Hamiltonian form.

iii) the physics of guage theories, such as the gauge transformations of

electrodynamics, electromagnetic field, hydromechanics and relativity.

According to the current literature there is no second Noether type theorem
available for the optimal control setting. Chapter 4 provides an effortless
derivation of first Noether theorem by means of elementary techniques with
a simple and direct approach, and it is motivated by the novelities introduced
by Torres. Even in the classical context and in the simplest possible situation,
for the basic problem of the calculus of variations, the outcome is new since
we consider symmetries of the system which transform the cost functional up
to an exact differential, an introduciion of a semi-invariant notion with some
weights A°, ..., A™ (possible different from zero), and transformation group
may also depend on u (the control). The outcome holds both in the normal

and abnormal cases.

3.2 Discussions on the Noether’s Theorems

We need to have a working knowledge of two important concepts for us to
begin to formulate Noether’s theorem in the optimal setting. These two
concepts are just known as invarience and Noether current and for them we

propose the following ones:
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3.2.1 Second Noether Theorem for Optimal Control

Definition 3.1

A function C(t,z(t),u(t), 0,) which is constant along every Pontryagin
extremal (z(-), u(-), ¢o, ¥(-)) of the problem:

C(t,x(t), ult), Yo, ¥(t) =k t € [a,8] (3.5)

for some constant k, will be called a Noether current. (3.5) is the conservation

law corresponding to the Noether current C'.
Definition 3.2

Let
C™3p:la,b] — R

be an arbitrary function of the independent variable. Using the notation.
alt) = (f,2(t), u(t), p(t), p(t), - - -, p™ (1))

we say that the optimal control problem is semi-invariant if there exists a c’

transformation group
g1lab] x R" x Q@ x R 5 R x R xR

9(a(t) = (T(a(t), X (a(t)), U((t))),

which for p(t) = p(t) = - - = p’™ = 0 corresponds to the identity trans-
formation g(t,,u,0,0,- - -,0) = (t,z,u) for all (t,z,u) € [a,b] x R" x Q,

satisfying the equations:

(A0 p(0) + A1 -0 - +X" - pP () L L{E (1) ()
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+ L{t,a(),ult) + %F(a(t))
d

— Lig(alt) 7)), (36)
L X(a(t) = plola) 5T((b) (37)

for some function F of class C' and for some A%, -+, A™ € RE. In this case
the group of transformation g will be called a gauge symmetry of the opti-
mal control problem. We remark that the term “gauge symmetry” is used
to emphasise that Lhe group of transformations “g " depends on arbitrary
functions. The terminology originates from gauge invariance in electromag-
netic theory and in Yang- Mill theories, but it refers here to a wider class of
symmetries. Further, we remark that the identity transformation is a gauge

symmetry for any given optimal control problem.

Theorem 3.1 [Second Noether Theorem for Optimal Control] If the Opti-

mal Control problem is semi-invariant under

g(a(®) = (T(a(®), X (1), U(a())

called a gauge symmetry, then there exist k(m + 1) Noether currents of the
form:
AF (a(t)) i 6Y(a t))
o (_——ap("b A + ASL(t 2(t),u + (1) e —

— H(t,z(t), u(t), o, V(1)) a(::z()f))
j

(3.8)

(i=0,--+,m; j=1,---k) where H is the corresponding Pontryagin Hamil-
tonian '

H(t,a’:,u, 1/10,11)) =¢0L(t111 u) +¢‘p(tv$1u)' (39)
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We remark that p© () = p(t) is used as a standard convention and the

following notation for the evaluation of a term:

(M)l = () lpy=p(ty=-=pm™i(n)=0 (3.10)

And again for the basic problem of the calculus of variations, i.e. when ¢ = u,
Theorem 3.1 coincides with the classical formulation of the second Noether
theorem if one puts A =0 i =0,---,mand F = 0 in Definition 3.2 and the
transformation group g is not allowed to depend on the derivatives of the state
variables (on the control variables). These small but important alterations
are very in establishing the Noether’s theorem for optimal control problems.
We now would like to look at the time-optimal problem and later (still on

this chapter) the invariance transformations of the (¢, 21, ..., T4, uy, ug)-space

3.3 Time-Optimal and The Invariance Trans-
formation Problems
Example 3.1

We consider the time-optimal problem with n = r = 1 and @ = (-1,1).
Given two points o and f in the state space R, we are supposed to choose

an admissible pair (z(-), u(-)), solution of the control equation

and satisfying the boundary conditions z(0) = a, z(T') = B, in such a way

that the time of transfer from o and 3 is minimal:

T — min
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In this case the Lagrangian is given by L = 1 while ¢ = u. This problem is

invariant under the gauge symmetry given by:

g(t,, z(t), u(t), p(t), B(1), B(2))
= (p(t) +t, (B(t) + 1)%2(1), 25(D)z(2) + (B(2) + Du(t)),

that is, under

T p(t) +¢,
X = p(t) +1)’z(t),

U = 25()z(t) + (B(1) + Du(d),

I

where p(-) is an arbitrary function of class C*([0, T};®). For that we take
F = p(t), A% = A = A? = 0, and condition (3.6) and (3.7) follows:

d d
L(T, X, U)EET = a(ﬂ(t) +1)
d

= EF + L(t, z(8), u(t)),

o(T, X, U)%T = [2B(®)a(t) + () + Du()]EE) + 1)
d

= a[ﬁ(t) " 1>2z(t)]

d.
—-d—t)\.

Then we obtain the two non-trivial Noether currents upon application of
Theorem 3.1 and they are given as:

Yo — H, (3.11)

2)(t)z(t), (3.12)
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Example 3.2

Here we consider the invariance transformations of the (s 1y i Ty Uy U )~
space which depend upon r small real independent parameter sy, ..., 5. How-
ever for the problem under consideration we take (n = 4,7 = 2) and solved

as follows:

/ * (un () + (walt))?dt — min,

7(t) = zs(t)

Lo(t) = za(t) (3.13)
ds(t) = —mO(@(H) + (22)%) +u )

dalt) = —m)((@ )+ @2(1)?) +ua(t)

and look for a one-parameter family of transformations without changing
the time-variable (L = u2 4+ u2) and with F = 0, under which the prob-

lem is invariant. Making necessary transformations we obtain the following

conditions:
A I
"9 - - ¥ Bs e
ax| %
dt ds |,_, ~ 0s |,y
doxl %
dt s |_, 05|
d 80X, _ 2, 20X1
Gos |, ~ emtElg|
X, oy
=2I333==—| kg s
0s |,_y 95 |—
CdoXy |, 0%
dt 9s |, 2795 20
X oU.
_(z? 4 3222 k|
(z7 + 323 3s |,y D5 |, (3.14)
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Equation (3.14) is satisfied for

au,
“Bs
X,
Bs
8X;
s

=0

5=0

5=0

And now choosing

we obtain

d
=T
Loh T

d
S—T
proh i

. d
pooh dtT

d
M-T
paoh i

oU, u
= ~u2, - = Uy,
0s |,
09X, .
—T2, o = T1,
BS 5=0
Xy z
—T4, T/ = T3
05 |,

Uy = w1 —ugs,
Uy = ug + 118,
Xy =z — 1258,
X2 =z + T18,
X3 = I3 — I4S,

Xy =1x4+ 238,

= (uy — us)? + (uz +wi5)®

= (@+u)+ (o] +ub)s

= L+o(s),

= 1y mis = Sl - 29)

= 3 4S8 = s Ty FOT]
d

£ az\u

d
= T4+ I35 = E(xg +218)
= —(z;1 — 198)((z1 ~ 228)°
(29 4 218)%) + 1y — uzs
= [zl +wm

+za(z243)s — uys)

25
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+{(225 — 21)(z343)57)

d
= aXa + ofs),
: d
WOhSET — (22 + 218) (21 — T28)?

+(z +118)%) +up +uys
= [—za(ei+)) + us

—z(z243)s — u 8]

+{(—z2 — 315) (2} 43)57]

d
= d_th + o(s).

The example above illustrate how family of transformations maintain the

problem invariant.

3.4 Conclusion

In the preceding chapter we mentioned and established the first integral C
of the problem and maintained that it is constant along every Pontryagin
extremals, in this chapter the same function is called Noether current and
if it is constant then it is known as a conservation law corresponding to the
Noether current C.

The second Noether theorem is stated in this chapter with the intention of
establishing it for optimal control setting. This is achieved by making nec-
essary and important alterations to Definition (3.2). The outcomes how-
ever is shown to have relation with other fields particularly in branches
of both Mathematics and Physics. We look at two examples at the end
namely the Time-optimal problem and the Invariance Transformation of the
(t,zy, ..., T4, U1, up)-space problem which assisted a great deal in obtaining

Noether currents and in illustrating how the family of transformations main-
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tain the problem invariant, respectively.



Chapter 4

Conservation Laws

4.1 Introduction

In this chapter we look at conservation laws, i.e. conserved quantities along
Euler-Lagrange extremals, which are obtained on the basis of Noether's the-
orem, which in turn play a prominent role in mathematical analysis and
physical applications. We note that a number of conservation laws first inte-
gral of Euler-Lagrange differential equations are well known in physics. The
most famous conservation law is the energy integral which states that when

the Lagrangian L corresponds to a conservative system of point masses, then:

-L+ g—i—«l = constant (4.1)

holds along the solutions of the Euler-Lagrange equations. For an au-
tonomous case.i.e. When the Lagrangian L does not depend explicitly on
time ¢, relation (4.1) is a first-order necessary optimality condition of the
correspondiné basic problem of the calculus of variations. Conservation law

(4.1) is now known as the second Erdmann condition.

28



Conservation Laws 29

Typical application of conservation laws is to lower the order of the dif-
ferential equations as outlined in [8]. In this direction conservation laws may
also simplify the solution of the optimal control problems. Chapter 6 makes
a generalisation of the Noether’s theorem from calculus of variations to opti-
mal control problems. Chapter 6 also provides a wholesome extention of the
work presented in this chapter especially on transformations which depend

on the independent and control variable as well for time-reparameterisation.

We deal with a parameter-transformation depending and acting simultane-
ously on time, state and control variables. The proof of the outcome is based
on a necessary and sufficient condition that is obtained from the definition

of conservation law and from the definition of the Pontryagin extremals.

4.2 Presentations on Maximum principle for
the optimal control problem and Noether
Theorem for Optimal Control

The classical Noether’s theorem for calculus of variations have been formu-
lated as an implication that “invariance implies a conservation law”. We
would like to launch some discussions firstly on Maximum principle for the
optimal control problem and ultimately on Noether Theorem for Optimal

Control.
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4.2.1 Maximum principle for the optimal control prob-

lem

As state in the introduction, this chapter serves as continuation of Chapter 3
which looked at the symmetries, we continue and discuss maximum principle

in more details.

The best known 1%-order necessary optimality condition for the Lagrange
problem is the Maximum principle. The Maximum principle is one of the
central results of optimal control theory. We now would like to consider the
following optimal control problem, denoted by (P): to minimise the integral

functional

b
Te()u() = [ L0, ut)dt (42)
over the class W', of absolutely continuous state trajectories

OESCHORENO)!

mapping {a,b] to R", and the class L™ of measurable and essentially bounded
controls (uy(+), ..., um(-)) mapping [a,b] to a given set 2 C R™, subject to the

dynamic control system
&(t) = p(t, z(t),u(t)) for aa.t€]a,bd] (4.3)

where L and ¢ are assumed to be C".
With the next theorem we wish to show the summary of the Pontryagin
maximum principle, which is the 1*-order necessary optimality condition of

optimal control theory.
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Theorem 4.1 (Pontryagin maximum principle) Let (z(-),u(:)) be a min-
imiser of the optimal control problem (P). Then, there ezists a nonzero pair
of the Hamiltonian multipliers (o, 9(-)), where o < 0 is a constant and
¥(-) an n-vector absolutely continuous function with domain [a,b], such that

the following hold for almost all t € [a,b]:

(i) the Hamiltonian system

st = 2Hz0)ult) Yo 9(t)

i
(4.4)
lb(t) = _(9H(t, ‘T(t)vg](:t‘))djﬂy 1/’(t))
(ii) the maximality condition
H{(t, x(t), u(t), vho, ¥(2))
= max H(t, z(t), v, Yo, ¥(1)); (4.5)
with the Hamiltonian

H(t,z,u,¢0,%) = hoL{t,z,u) + 4 - p(t,2,u) (4.6)

Furthermore, the function H (¢, z,u,v4, ) is an absolutely continuous func-
tion of ¢ and satifies the equality

aH _oH

dt ot
Definition 4.1

A quadruple (£(-), u(-), %o, ¥(-)) satisfying the Hamiltonian system and max-
imality condition is called a (Pontryagin) extremal which was mentioned in
chapter 2.

We remark that depending on the specific boundary condition under con-

sideration in problem (P), transversality conditions may also appear in the
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Pontryagin maximum principle.

We further remark, that Classical Noether’s theorem is formulated for Euler-
Lagrange extremals of the basic problem of the calculus of variations. And
that we have just established the Noether theorem for the Pontryagin ex-

tremals of optimal control problems.

4.2.2 Noether Theorem for Optimal Control

We will deal with problems of optimal control in Lagrange form, like the
one given by (4.2). As chapter 3 puts it, this chapter provides an effortless
derivation of (first) Noether’s theorem by means of elementary techniques
with simple and direct approach. It present a notion of invariance, which
one would find, it admits an explicit one-parameter transformation of the
control variable «, not only that but also generalises the previous notions of

invariance used in connection with the Noether theorem.

Definition 4.2

Let h* be a one-parameter family of C! mappings,
B o, b x R x Q = R x R x R,

r(t, z,u) = (T(t, =, v, 5), X(t, 2,4, 8) Ut, 7,u,5)), 4.7)
RO(t,z,u) = (t,x,u), V(t,z,u)€ [a,b x R" x Q.
If for all proceéses (x(+), u(-)) the following two conditions hold:
(i) There exists a function F(t,z,u,s) € C'([e, b), R™, £, R) such that
Lit,a(t),u(®) + S F(ta(t)u(t)s)

Lo ht(t,a(t), u(t) &

7 Tt (), u(t), )
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(ii)

aX(i, x.(t), u(t), s) = o h'(t, z(t), u(t))—%(t,z(t), u(t), s); (4.8)

then the problem (P) is said to be invariant under transformations h®. We

remark that the functions (¢, z,u, s) and X(t, z,u, s) are assumed to be dif-
ferentiable in t.

Theorem 4.2 If the Langrange optimal control problem (P) is invariant
under the family of transformations (4.7), then

YoF(t,z,u) +1p - X{1,z,u) — H(t,z,u,v0, )T (¢, 2,u) (4.9)
is a conservation law, where

) = 2l B)

4.1
75 " (4.10)
L
X(t,2,u) = %’?“) , (4.11)
5=0

Bl 5 = OF(t,z,u,s)

. (4.12)
ds =
We remark that the triple T'(t,z,u,s), X(t, z,u,),U(t, z,u,) is called the

tangent vector field of {h*} and the constructed conservation law is the value

of the Cartan differential 1-form w = ydx — Hdt on the tangent vector field.

NWU
LIBRARY
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4.3 Some Example
Example 4.1

(n =3,m = 1). We now consider the time-optimal problem L = 1 with the
control system

i = 1+y2—22,

From the fundamental invariance theorem we are able to obtain one-parameter

transformation
Rt 2,y 2,u) = (8,20 + 8)s + 2, y(s + 1), 2(s + 1), uls + 1)),

for which the problem is invariant (F = 0):

d

d
Ly = Lpa-ts+x
th dt[ (x —t)s + ]

= 2s+ 1)@ -2 +1

= 1+Y2-2Z%-o0(s)

Iy = S+
= z(s+1)
= Z

%Z = %[z(s +1))
= u(s+1)
= U

with o(s) = s2(y? — z*). The first integral associated to the transformation is

2. (z — 1) + Yy + Y2, (4.13)
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4.4 Conclusion

We started the chapter by noting the usefulness of the conservation laws or
first integrals particularly in physics. The chapter proceeded to present the
much awaited principle, “ invariance implies a conservation law”. For us to
obtain some quantities conserved for a problem, the problem needs to be

invariant under some group of transformations.

The chapter further presented on Maximum principle for the optimal control
problem and Noether theorem for optimal control. The former, presents the
fact, that maximum principle is central and key results of optimal control
theory. The one that is the focus of this work. And it managed to establish,
the Noether’s theorem for the Pontryagin extremal of optimal control prob-

lem.

The subsection on Noether theorem for optimal control rather takes a look at
Lagrange extremal of optimal control problem. It established the important
tool called the tangent vector field of some mappings given by A°.

Lastly this chapter illustrated to us the importance of invariance through an
example presented. We consider invariance as important because it enables
the problem under consideration to yield the first integral. And that is very
important. This chapter presented a powerful principle that: “The invariance
of a system with respect to a parameter-transformation, implies the existence
of the conservation law for the system” as Torres(2000a) puts it. And this

fact is also emphasised by the two concluding examples.



Chapter 5

Invariance Principle

5.1 Introduction

This work has tried thus far to outline the importance of the relation be-
tween invariance of the problem under a family of transformation and the
existence of preserved quantities along the Pontryagin extremals. We tried
to provide some extensions of Noether’s theorem so as to cater for a large
spectrum in its application. The literature asserts that invariance of the in-
tegral functionals with respect to a family of transformations results in the
existence of a certain conservation law or equivalently the first integral of
the corresponding Euler-Lagrange differential equation. This first integral is
computed in terms of the Lagrangian and the family of transformations. This
result is of great importance in physics, engineering, systems and control and
their applications. One important application of the Noether theorem is, for

example, to the n-body problem.

In the optimal control setting, the relation between invariance of a prob-

lem and the existence of expressions which are constant along any of its ex-

36
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tremals, has been obtained following the classical Noether’s approach based
on the transversality condition. In this chapter we extend the very concept
of invariance (Definition 5.1) allowing several parameter and equalities up to
first order terms in the parameters. This extensions allow us to formulate a
Noether type theorem for optimal control problem (Theorem 5.2) in a much
broader way, enlarging the scope of its application. Examples not covered
by the previous optimal control versions of Noether’s theorem are provided

in detail.

5.2 Extentions of Various Concepts

To be specific, we would like to extend the very concepts that are driving this
work at present, the concept of invariance, on this we wish to give a formal
definition, run with the idea of when and how this is applied. We move
swiftly to formalise this by looking at the fundamental invariance theorem.
This is a useful tool because among other uses, it assists in the derivation
of the conservation laws for a given invariant problem. Also it gives the
condition which we use in determining a family of transformations under
which a given optimal control problem is invariant. Beyond this, we extend
the Noether's theorem in an anticipation to obtain a way of constructing

conserved quantities along the Pontryagin extremals of the problem.

5.2.1 Definition of Invariance

The invariance definition used previously in some of Noether’s theorems up
to first-order terms in the r parameters sy, - -, s, are now considered and

some generalisation is put forth. (cf. e.g. [Chapter 4. Definition 4.2])
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Definition 5.1
Consider a C* smooth r-parameter family of transformations,
h* i a,b) x R x Q- R x R" x R™,
h(t, z,u) = (T(t,z,u,s), X(t,z,u,s),Ut,z,u,s)), (5.1)

T

Si= (511"'151‘)!”5“= Z(Sk)z <€

k=

which for s = 0 reduce to the identity map, h°(¢,z,u) = (¢, z,u) for all
(t,z,u) € {a,b] x R" x , and satisfying

Lty 2(0), ) + P (6,20, u(0),5) + o(s)

= Lo (e, (0, ut) ST 2(0),u(2), ), (52)

;t\’(tz (£}, u(t), s} + o(s)

= o h(t, z(t), u(t) Tt z(t), u(t), s). (5.3)

For some function F of class C' and where o(s) denotes terms which go to

zero faster than ||s]], i.e.,
o(s)
im ——= =0,
fisli=0 |}s]]
then problem (P) is said to be invariant under /°.
We then make this remark that the types of invariance transformations that
we consider are transformations of the (¢, 1, Tn, u1, -+, Um) -space which

depends upon r small real independent parameters sy, - -, Sr.

5.2.2 Tfle Fundamental Invariance Theorem

The next fundamental theorem is useful in many ways. However we consider

only two: firstly; it assist in the derivation of the conservation laws for a given
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invariant problem (P). And secondly; in giving the condition which enable
us to determine a family of transformations under which a given optimal
control problem is invariant. If only the transformations are known, equation
(5.4) and equation (5.5) in the following theorem represent first- order partial
differential equations in the unknown functions L and ¢, and the fundamental
theorem can be used to characterise a set of optimal control problem which

possess given invariance properties.
Theorem 5.1 Necessary condition for problem (P) to be invariant under
the v~ parameter family of transformations (5.1) are k=1, ...,7:

2ok
dt Bsk

oLox
oz Bsk

_aLaT
_55‘;3=0

d oT
s,

5=0 s=0

L
du Bsk

= s=0

d X

ao0x| _ el
dt Osy.

a Eask $=0
R G
Bu Bsr|,_,” dt Osx

We remark that the possibility of invariance up to first-order terms in the

200X
ox ask

s=0 3=0

(5.5)

5= 5=0

parameter is important as this assists in the derivation of the conservation

laws for a given problem.

5.2.3 The Noether Theorem and Conservation Laws

We now consider yet another Theorem for optimal control problem that will
enable us to construct conserved quantities along the Pontryagin extremals of
the problem. The theorem under consideration gives  linearly independent
conservation laws when problem (P) is invariant under a family of transfor-

mations containing 7 parameters. We can state it as follows:
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Theorem 5.2 If problem (P) is invariant under an r-parameter family of

transformations 5.1-cf. Definition 5.1 - then, for any quadruple

CORTORRAQ)

satisfying the Pontryagin mazimum principle for (P), the r ezpressions hold

true (k=)

AF(t,z(t), u(t), s)
1#0‘———7’ ™ i
W) - AX(t, z((ats)’: u(t), s)

20, 0), o, () X 2]

s=0
= constant,

t € [a,b], with H the Hamiltonian associated to the problem (P):
H(t,z,u,%0,9) = YoL(t, z,u,) + - Pt 2, u). (5.7)

We remark that a function C(t,z,u,,%) which is constant along every

Pontryagin extremals (z(-), u(-), v, %(-)) of (P),
C(t,x(t), ult), o, V(1)) = k, (58)

for some constant k, is called a constant of the motion or a first integral.

The equation (5.8) is called the conservation law corresponding to the first

We further remark that thus far everything under consideration, including
the Pontryagin maximum principle, is of local character, the fact that we
restrict ourselves to state variable in Euclidean spaces R" does not lead to
any loss of generality. In particular, Theorem 5.2 is easily formulated on

manifolds.
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We wish to wrap this chapter by considering the following examples which
are illustrating the concept of invariance which in turn is appreciated for its
ability to assist in constructing the first integrals or conserved quantities

take two examples as illustrations of the theory we went through.

5.3 Illustrative example
Example 5.1
We consider problem (P) for which n = 3 and m = 2 and with

L=ul+ul (5.9)

T
= g i 2252
12 12

/b(ul(t))2 + (ua(t))?dt — min,

and

71(t) = w(t),
Zo(t) = wup(t),
Z3(t) = wua(t)

The problem is invariant under:
1,
he(t,m1, T2, T3, ur, Ug) = (8,71 + st, 2o + st 23 + %28t us + 8, up s):

- ROt 3, T, T3, U, Ug) = (H, 31, Tg, T3, U, Ug)

Lo h“%(t) (uy + 8) + (ug + s)?

(uf + u3) + 25(uy + ug) + 25



Invariance Principle 42

and equation (5.2) is satisfied with F(zy, 72, s = 2s(x) +22)) and o(s) = 2%

d d
proh E(t) . u1+s~E(xl+st),

sd d
paoh E(t) = u+s= E(m—{»st),

(ua + 5) (w2 + st)?
2
upzd 1
= % + is(vg + 2a9ust)
+(u2f? + 2xgt) + 253

2
_ o4 a1,
= E(z + szst> + o(s),

Ud pa—
prohtSlt) =

and (5.3) is also satisfied.

Example 5.2

Let us consider the minimum-time problem for which (n = 4 and m = 1)

under the control system

Z1(t) = 14 mza(t),

Ty(t) = za(t),

Z3(t) = ult),

da(t) = (@a(t)® — (z2(1))%

In this case the Lagrange is given by L = 1 and in order to satisfy condition
(5.2) of the fundamental invariance theorem we fix T' = t (no transformation

of the time-variable) and f = 0. The function is absolutely invariant and
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condition (5.3) of Theorem 5.2 simplifies to

Now choosing

X,
s=0 s |,
_ o
=0 s s=0
SNoU
- Ol X
e —2z2——2 + 21— =
s=0 95 |40 9s |,
X, = (z—t)s+uz,
Xy = zo(s+1),
Xy = =z3(s+1),
Xy = z4(2s+ 1),
U = u(s+1)
and using Definition 5.1 we can conclude that the problem is invariant:
d ., d
:i—t)\l = o (z) ~ t)s + 71)
= (131 - 1)5 + (L:l
= Zos+xa+1
=i ;1 + Xz,
d s d
a?\g = a[(x;(s +1)]
= Zo(s+1)
= X,
d d
ey = — 1
th3 dt{(is(ﬁ' i
= u(s+1)
= U,
d d
~d—tX4 = a[(lq(Qs + 1)]

aox,
dt 0s
d 80X,

@ os |

d0Xs

dt ds |,_

40X,
dt Os

= 24(2s+1)

43
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(22 — 22)(2s + 1)

X§ - X3 = ols),

with o(s) = s*(z% — z%). Applying Theorem 5.2 we obtain the conservation

law

Di{t)(zi(t) ~ 1)+ Ya(t)z2(t) + Ya(t)as(t)
+ 2¢u(t)ay(t) = constant. (5.11)

5.4 Conclusion

In Examples 5.2 and 4.1, if instead of the time-optimal problem we consider
problem (P) with
b
Jlu()] = / u(t)dt — min, (5.12)
a

the same parameter-transformations are in order choosing appropriate func-
tions F : F' = sz3 and F = sz respectively. The new functionals become
invariant up to an exact differential and the terms yoz3 and ¥pz must be
added respectively to the conservation law (5.11) and to the constant of mo-

tion (4.13)

It is now becoming more clearer and convenient to appreciate the fact in-
deed this endeavor succeeds in bringing to the surface, the important and
working reality for optimal control problem. We focussed solely on investi-
gating and determining ways and means of extending the Noether theorem
to cover even the optimal control setting. We are now almost certain that
this has been accomplished under both the Pontryagin extremals and Euler-

Lagrange extremals.
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This is not just a vanity fact, however can be affirmed by a series of examples
which commonly illustrated that “ invariance do indeed imply conservation
laws.” We move on just one more step to formalise our quest by presenting

important discussions under the last chapter of this dissertation.



Chapter 6

Noether’s Theorems

6.1 Introduction

We now consider what we refer to as one of the foci of this dissertation,
the Noether's theorems for the Lagrange problem of optimal control. We
give due attention to Noether's theorem with no transformation of the time

variable and Noether’s theorem with transformation of the time variable.

6.2 General approach to Noether theorem for
problem of optimal control.

To me what is key in dealing with Physical or Mathematical scenarios is being
clear with the approach. We battled in extending the Noether theorem to
accommodate the optimal control setting. One can breath a sigh of relief to
notice, that battled has been won and now we are off to discuss strategies to
generalise this important concept to manifest it even better. We do this by
looking at Noether’s theorem with no transformations of the time variable

and the Noether’s theorem with transformations of the time variable, we

46
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proceed as follows:

6.2.1 Noether’s Theorem with no transformation of

the time variable
Definition 6.1

Let b : [a,b) x R x U — R"(s € (—¢,€)) be a one-parameter family of ¢t
maps and hO(t, z, u) = z, Y(t,z,u) € [a,b] x R x U. If there exists a function
®5(t, z,u) € C1([a,b], R", U;R) and ¥ s € (—¢, ¢) and admissible (z(+), u())
there exists a control u*(-) € Leo([a, b}; U) such that:
i)

[: L(t, b (¢ (1), u(®)), w*(£))dt

= /; (L(t=f(t):“(t)) -+ %‘I”(f,z(t),u(t))> dt (6.1)

for all B € [a,d);
ii)
%h’(tﬂ(t): u(t)) = @(t, (8, (), u(®)), w’(t)); (6.2)

then the problem (P) is said to be invariant under the transformations
he(t,z,u) up to ®*(t,z, u).

The following assumption comes as a remark that u®(:) = u(-) and that the
derivative u’(-) exist and belong to Lo

We further make a remark that condition (6.1) can clearly be satisfied if and

only if:
Lt B (6 2(0),u(0), 0 (0) = Lt (0, u(0) + 8, 2(0,u(0)  (63)

However the integral sign in Definition 6.1 will be retained.

Further we remark that many applications of the parameter-transformations
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are groups of transformations (e.g. the Galilean group, the Lorentz group,
or the conformal group), here we are fortunate that the group concept is not
required for the formulation of the Noether's theorem. Sometimes in other

instance Lie groups of transformations are considered.

Theorem 6.1 If (P) is invariant under the transformations h*(t,x,u) up to
®(t,,u), in the sense of Definition 6.1, then

0

$(t) - o-h*(t, (), u(t))]

a s
- + 05 @ (t,a(t)u®)] _, (6.4)

5=0

is a first integral.

We make a remark the quantity (t) - %hs(t,z(t),u(t))L:O is the classical
momentum map, corresponding to the symmetry action. Lovelock and Rund
present a direct and rather almost effortless approach in their work, by means
of elementary techniques; in which they avoid the use of transversality condi-
tions as the original work by Emmy Noether would prefer. This dissertation
ultimately drives the point home that Theorem (6.1) extends this approach

from calculus of variations to optimal control.

6.2.2 Noether’s Theorem with transformation of the

time variable

We now generalise the notion of invariance given in the Definition 6.1, with
possible admission of a one-parameter transformation of the independent

variable t.

Definition 6.2

Let h*(t,z,u) = (hi(t,z,u), h3(t, 2, )}, hf ¢ [a,8) x R" x U — R and Ay :

o) x R*x U — Ri(s € (—¢¢)), be a one-parameter family of C' maps
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and hO(t, z,u) = (t,z) for all (¢,z,u) € [a,b] x R" x U. If there exists a func-
tion ®*(t,z,u) € C'(la,b],R",U;R) and for all s € (—¢,¢) and admissible
(z(+),u(")) there exists a control u*(-) € Lo([a, b]; U) such that:

i)

h{(B.a(B)u(B))
Loy A2 200, D), ()

A ( )u(t) + T (1,2 ), t)) (6.5)
for all 8 € [a, b];
ii)
dts R(t, 2(87), u()) = @(t*, ha(t*, a(t*), u(t")) v (*); (6.6)

for t° = Hi(t,z(t), u(t));

then the problem (P) is said to be invariant under the transformations
hi(t, =, u), hi(t,,u) up to O5(t, z,u).

We remark that if we consider transforming the integral on the left-hand side
of 6.5 to the interval [a,b], then we will have condition 6.5 as equivalent to

the condition:

L(t, hy (27, 2(t*), u(t)), u' (£))at" = L(t, 2(t), u(t)) + :fl’s(t (1), u(t) (6.7)

for ## = hi(t,=(t),u(t)). In the particular case of Definition 6.1 we have
hs =t and the condition (6.3) is obtained.

Theorem 6.2 If (P) is invariant under the transformations
hi(t,z,u), hi(t, z, u)

_ up to ®*(t,z,u), in the sense of Definition 6.2, then
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V) - (e 20, w0, + Yoo 2(t), u(0)

5=0

~H (20, (0), Yo, () i (4 2,0)

(6.8)

5=0
is a first integral.

We further remark that in the formulation, the Hamiltonian H given hy

H(t,fE,‘U,'z/}gw) =¢0L(t,z,u,)+1p‘¢(t,z,u) (69)

is associated with problem (P)

6.3 Illustrative example
Example 6.1
Consider the problem for which n =3 and r =2
[ @)+ (ualt) 2 = min,
Bt) = ),

. us(t)
“() 1+ azi(t)’

Z3(t) = (z2(t) ur(t).

Here the Hamiltonian equals

aeR

oty

H(x1, 2o, 0y, us, Yo, Y1, Y2, ¥3) = to(ud +u3) + Pruy + T

+ 1/)373§Uh
(6.10)
and trivial first integrals are ¥; and H (H does not depend on z3 and ¢, and

the conclusion follows directly from the adjoint system

. b= _BH(t,z(t),;it),%,zp(t)) (6.11)

and the equality)
dH _8H

di ot (6.12)
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%, is also a trivial first integral for the problem. Using the Noether theorem
with transformation of the time-variable, new nontrivial first integrals can be
obtained. We shall consider two cases: @ = 0 (flat case) and « # 0 (non-flat
case).

For a # 0, the assumption of Theorem 6.2 are verifiable with

o= hi(t)
= ™,
B (@(t) = em(1),
h2 (z2(t)) = era(t),
B (za(t)) = eay(t),
and §* = 0. Indeed, the problem is invariant under these transformations,
in the sense of 6.2, as long as for uf(t? == e~*u;(t)) and uj(t* = e us(t)) we

obtain:

[ e+ e = [ o+ oL

{(a) a

= [ + s e

a

z'::(hix(zl(t’))) aent)

(0]

. d(ys
Ly = g

It
®
|
-
8.
I
=
=
=

I

e uy(t)
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d 8 s
<y (as()) =
= *(an(N) (1)
= (I, (e ()Y g (1),
Since
0 5 e 7 o W
5;(}11,(11“ ” Y {,—);(’ (1)) Y
= 1),
(7200 Y 0.
HLEE| = G|
= uay(t),
7] Doy
—(h® (z4(1" = (e gy(l
R CRCHCD) I O ))[A ”
= Suy(t),
J 0,
—(t*) = (1)
s - 177 il
= 2
From Theorem 6.2 we are guaramtecd that
() + )+ Bl (4) - 2L = copstand, (6.17)

t € b alung every Pontryagin extronsl
ooy gomlegoing ) ouglef n, ynly (o) 0

of e Bat probiess.

Foro 4 the probless B dnvariag in e sense of Definition 6.2, under

e ki,
L) «foay T i
ke Ly (0] g
AR A T A
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It follows from Theorem 6.2 that

() (1 (t) + i) + az3(t) — 2ht (6.14)

is a first integral.

6.4 Conclusion

This chapter being the last before the main conclusion provided a general
approach to Noether theorem for problems of optimal control. Even for
the basic problem of the calculus of variation, we are in a position to cover
situations which are not treated by the known results. The chapter dealt
with non-autonomous problems, under which we consider the parameter-
transformations depending on time, state and control variable, and treated

both normal and abnormal extremals.



Chapter 7

Conclusion

In this work we provide an extension of second Noether theorem to the opti-
mal control framework. It is noted that these results are rather peculiar even
for the problems of calculus of variations. It is also noted that in Chapter 3,
the theorem was derived as in the original work by Noether as outlined by
Torres (2000). This theorem also admits a generalisation for optimal control
problems which are invariant under a group of transformations depending
upon p parameters and upon k arbitrary functions and their derivatives up
to some given order. i.e. optimal control problems which are invariant in a
mixed sense.

We have also seen this dissertation illustrating in example 5.2 that indeed
invariance implies a conservation law. This paper continued relentless to
highlight that we need transformation of the time-variable in order to ob-
tain the conservation law. We also provide a general approach to Noether’s
theorem for problems of optimal control. Even for the basic problem of the
calculus of \:ariation, we were able to deal with situations which were not
treated by the known results. For Noether theorem in the optimal control

setting, we dealt with. non-autonomous problems, we considered parameter-

54
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transformations depending on time, state and control variable, and treated
both normal and abnormal extremals. The first integrals we obtained in Ex-
ample 6.1 can neither be deduced from state transformations only nor can

they be obtained by introducing an extra state variable ¢ (¢' = 1)

This dissertation has in not so many words managed to attain its intended
purpose “Extend the Noether theorem to optimal control setting”. Moved
beyond that to confidently generalise these results. And succeeded in making
a living fact, that indeed “Invariance does imply conservation laws”

However one thing I pick up from this is pouring inquisitiveness about vast
areas where conserving quantities is key. How do we extend this concept
to even such areas. Not only was this work focussing on conservation laws,
however we touched on important concepts along the way. Concepts such
as transformations and we understand that future focus might need to be
devoted in answering questions such as “How the transformations, which de-
fine the equivalence of two problems, affect the Pontryagin extremals.” Or
even more pressing question such as “How to assure that the set of extremals

include the minimisers predicted by the existence theory”

This work is just a platform where extensions and important concepts can

be developed beyond our imaginations.
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