
Lie group analysis of modified Camassa-Holm and 

3D Kadomtsev-Petviashvili-like equations  

   IK Mohapi 

orcid.org 0000-0002-8166-7960 

Dissertation accepted in fulfilment of the requirements for the 
degree Master of Science in Applied Mathematics at the 

North-West University 

Supervisor: Prof CM Khalique 

Graduation: 18 July 2024 

 



Contents

Declaration . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . iv

Dedication . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . vi

Acknowledgements . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . vii

Abstract . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . viii

Introduction 1

1 Preliminaries 3

1.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3

1.2 Lie group analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4

1.2.1 One-parameter groups of continuous transformations . . . . . 4

1.2.2 Prolongations . . . . . . . . . . . . . . . . . . . . . . . . . . . 4

1.2.3 Group admitted by a partial differential equation . . . . . . . 7

1.3 Euler formula . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

1.4 Exact solutions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

1.4.1 The simplest equation approach . . . . . . . . . . . . . . . . . 8

1.4.2 Kudryashov’s approach . . . . . . . . . . . . . . . . . . . . . . 9

1.5 Conserved vectors . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

1.5.1 The multiplier approach . . . . . . . . . . . . . . . . . . . . . 11

i



1.5.2 Noether’s theorem . . . . . . . . . . . . . . . . . . . . . . . . 11

1.5.3 Ibragimov’s theorem of conserved vectors . . . . . . . . . . . 12

1.6 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13

2 Symmetry reductions, solutions and conserved vectors for the po-

tential Burgers equation: an example 14

2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

2.2 Solutions of the pBe . . . . . . . . . . . . . . . . . . . . . . . . . . . 15

2.2.1 Lie symmetries . . . . . . . . . . . . . . . . . . . . . . . . . . 15

2.2.2 Commutator table for the Lie point symmetries . . . . . . . . 19

2.2.3 One-parameter groups Gi of transformations . . . . . . . . . . 20

2.2.4 Constructing group invariant solutions of (2.3) . . . . . . . . . 21

2.3 Conserved vectors of the pBe . . . . . . . . . . . . . . . . . . . . . . 27

2.4 Concluding remarks . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32

3 Solutions and conservation laws for the gsmCH equation 33

3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33

3.2 Lie point symmetries of (3.9) . . . . . . . . . . . . . . . . . . . . . . . 35

3.3 Symmetry reductions and solutions of (3.9) . . . . . . . . . . . . . . . 39

3.4 Solutions of (3.9) using the Kudryashov’s method . . . . . . . . . . . 41

3.5 Exact solutions of (3.9) using the simplest equation method . . . . . 44

3.6 Conservation laws of (3.9) . . . . . . . . . . . . . . . . . . . . . . . . 49

3.6.1 Conservation laws of (3.9) using multiplier method . . . . . . 49

3.6.2 Conservation laws using Ibragimov’s method . . . . . . . . . . 54

3.6.3 Conservation laws using Noether’s approach . . . . . . . . . . 56

ii



3.7 Concluding remarks . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58

4 Solutions and conservation laws of a (3+1)-dimensional KP-like

equation 60

4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 60

4.2 Lie symmetries of equation (4.8) . . . . . . . . . . . . . . . . . . . . . 64

4.3 Exact solutions of equation (4.8) . . . . . . . . . . . . . . . . . . . . . 65

4.3.1 Invariant solutions under the symmetries X1, . . . , X4 . . . . . 65

4.3.2 Exact solutions of (4.8) using the Kudryashov method . . . . 67

4.3.3 Invariant solutions under symmetry X5 . . . . . . . . . . . . . 69

4.3.4 Solution of (4.8) by direct integration. . . . . . . . . . . . . . 70

4.3.5 Invariant solutions under symmetry X6 . . . . . . . . . . . . . 71

4.3.6 Invariant solutions under symmetry X7 . . . . . . . . . . . . . 73

4.4 Conservation laws of the (3+1)-D KP-like equation (4.8) . . . . . . . 75

4.4.1 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77

5 Concluding remarks 78

iii



Declaration

I ISAAC KEOAGILE MOHAPI, student number 24479268, declare that this disser-

tation for the degree of Master of Science in Applied Mathematics at North-West

University, Mafikeng Campus, hereby submitted, has not previously been submitted

by me for a degree at this or any other University, that this is my own work in design

and execution and that all material contained herein has been duly acknowledged.

Signed: ..........................................................

MR. ISAAC KEOAGILE MOHAPI

Date: ............................................................

This dissertation has been submitted with my approval as a University supervisor

and would certify that the requirements for the applicable Master of Science degree

rules and regulations have been fulfilled.

Signed:..........................................................

PROF C.M. KHALIQUE

Date: ............................................................

iv



Declaration of Publications

C.M. Khalique, K. Plaatjie, I.K. Mohapi, Symmetry solutions and conservation laws

for the generalized modified simplified Camassa-Holm equation, under preparation

C.M. Khalique, O.D. Adeyemo, I.K. Mohapi, Solutions and conservation laws of a

(3+1)-dimensional KP-like equation, Appl. Math. Inf. Sci., 18, No. 2, 409–432

(2024)

v



Dedication

To my family

vi



Acknowledgements

First and foremost, I would like to give praises to the Almighty God for carrying

me throughout this research. Moreover, I give my deepest gratitude to my research

supervisor Prof. C.M. Khalique for his immense support, guidance and profound

knowledge. I would also like to thank Dr. O.D. Adeyemo for fruitful discussions.

Additionally I thank North-West University for providing me with necessary re-

sources and their post graduate bursary scheme for granting me with the financial

support in completing my research. Last but not least, I thank my loved ones for

their endless support, encouragement and love that they have been providing me

without boundaries.

vii



Abstract

In this work, we investigate two nonlinear partial differential equations that pos-

sess real-world applications, namely the generalized simplified Camassa-Holm and

(3+1)-dimensional Kadomtsev-Petviashvili like equation. Invoking Lie group analy-

sis, we reduce the differential order of the equations or systematically find optimal

variable changes, with an aim of finding analytical solutions. In addition, techniques

inclusive of direct integration, simplest equation method and Kudryashov’s approach

are implored in this research. Furthermore, we construct conserved vectors for the

underlying equations where diverse dimensional providings of selected solutions are

presented. Method for securing conserved vectors of differential equations which com-

prise Noether’s approach, multiplier technique as well as Ibragimov’s conservation

theorem are implored.

Keywords: Lie symmetry analysis; Nonlinear (3+1)-dimensional Kadomtsev-Petviashvili-

like and generalized simplified Camassa-Holm equations; Group-invariant and exact

solutions; Conservation laws.
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Introduction

Nonlinear partial differential equations (NLPDEs) are complex mathematical mod-

els used to approximate and understand natural and man-made occurrences. Some

famous NLPDEs include, but are not limited to, the Benjamin-Bona-Mahony equa-

tion [1] of fluid mechanics which is a refinement of the famous Korteweg-de Vries

equation [2], the Kadomtsev-Petviashvili equation [3] for shallow water waves, the

Logarithmic Schrödinger equation [4] for super-fluids and quantum gravity, the non-

linear Klein-Gordon equation [5] for relativistic quantum mechanics. Countless other

NLPDEs exist and they have captivated researchers in diverse fields such as engi-

neering, weather systems, fluid and plasma physics, financial markets and so on.

Inevitably, this has brought about immense innovation in solution methods for

NLPDEs and perhaps the resurgence of Lie groups, a unified approach to obtaining

analytical solutions of DEs. Lie groups were first introduced to the world by the

renowned mathematician Sophus Lie during the late nineteenth century [?, 6–9,23].

Numerous ad-hoc approaches for acquiring exact solutions of DEs have also been de-

veloped in the last several decades, for example, the homogeneous balance approach

[10], the (G′/G)−expansion approach [11], the simplest equation approach [12], the

Jacobi elliptic function expansion approach [13], the Kudryashov’s approach [14,15],

the Lie symmetry method [?, 6–9,23].

Conserved vectors present another interesting aspect of NLPDEs. Great scholars

have come up with different methods for their derivation such as Noether’s theorem

[17, 18], multiplier technique [7] and Ibragimov’s method [19, 20] Conserved vectors

can, amongst other things, be used to reduce the order of NLPDEs making it possible
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to solve them using the usual techniques.

Outline of the chapters

Mathematical concepts of Lie group analysis and some algorithms for computing

conservation laws are presented in chapter one.

In the second chapter, we exhibit an elucidative example of this work. We consider

the potential Burgers equation and compute its Lie point symmetries and then use

them to construct a one parameter groups of transformation and group-invariant

solutions. Moreover, we procure the conserved vectors of the equation utilizing the

multiplier techinique.

Next, we investigate the generalized simplified Camassa-Holm equation in chapter

three. Similarity reductions alongside simplest equation techniques, Kudryashov’s

method and direct integration method are invoked in achieving exact solutions of the

equation. In addition, conserved vectors are procured using the multiplier technique,

Ibragimov’s technique and Noether’s theorem.

In chapter four, we explore the (3+1)-dimensional Kadomtsev-Petviashvili like equa-

tion in nonlinear science and engineering where closed-form solutions are secured

through the use of symmetry reductions and the Kudryashov’s method. Thereafter,

the multiplier technique for conserved currents are implored in deriving the conserved

vectors.

Finally, an outline of findings specified in this work is given and prospective work is

alleged in chapter five.

Bibliography is provided at the end of this work.
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Chapter 1

Preliminaries

In this chapter, some basic concepts of Lie’s theory together with conserved vec-

tors of differential equations (DEs) are presented, which are used throughout this

work. Selected techniques for finding solutions and conserved vectors of DEs are also

outlined.

1.1 Introduction

DEs have proven to be of great importance in describing physical phenomena in

nature and solving them by quadrature has been a priority over the ages. During the

late 18th century a Norwegian mathematician Marius Sophus Lie (1842–1899), using

group theoretic method, inspired by E. Galois, discovered a revolutionary symmetry-

based technique for finding results to DEs. This algorithmic technique, also known

as Lie group analysis, provides a more organized and reliable method of producing

the exact solutions to DEs. Many publications have been made on Lie group analysis

of late. See for example refer to [6–9,23].
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1.2 Lie group analysis

1.2.1 One-parameter groups of continuous transformations

The setting is in Euclidean spaces Rn of x = (x1, . . . , xn) independent variables and

Rm of u = (u1, . . . , uλ) dependent variables. Consider the transformations

Tε : x̄i = φi(x, u, ε), ūλ = %λ(x, u, ε) (1.1)

accompanied by ε as a real constant which perpetually takes values from a neigh-

borhood D′ ⊂ D ⊂ R of ε equal to zero with differentiable functions φi and %λ.

Definition 1.1 A set H of transformations given by (1.1) is a local Lie group that

satisfies the properties:

(1) (Closure) If Tε1 , Tε2 ∈ H for ε1, ε2 ∈ D′ ⊂ D then Tε3 = Tε2 Tε1 ∈ H, where

ε3 = ψ(ε1, ε2) ∈ D.

(2) (Identity) There exists a unique T0 ∈ H if and only if ε = 0 such that T0 Tε1 =

Tε1 T0 = Tε1 .

(3) (Inverse) There exists a unique Tε1 ∈ H for every transformation T−1
ε = Tε−1 ∈

H, where ε ∈ D′ ⊂ D and ε−1 ∈ D such that

Tε Tε−1 = Tε−1 Tε = T0.

Associativity property from (1.1) is satisfied from (1).

1.2.2 Prolongations

The differential variables [9] are defined as

uλi = Di(u
λ), uλij = DjDi(u

λ
i ), . . . (1.2)

accompanied by the total differentiation operator with respect to xi given as

Di =
∂

∂xi
+ uλi

∂

∂uλ
+ uλij

∂

∂uλj
+ · · · . (1.3)
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The partial derivatives given below

u(1) = {uλi }, u(2) = {uλij}, . . . , u(k) = {uλi1···ik}

are the first-order, second-order and kth-order, respectively.

Prolonged or extended groups

Consider the local Lie group H given by the transformations

x̄i = φi(x, u, ε), φi|ε=0 = xi,

ūλ = %λ(x, u, ε), %λ|ε=0 = uλ.
(1.4)

The construction of the Lie group H is equivalent to the computation of correspond-

ing infinitesimal transformations:

x̄i ≈ xi + ξi(x, u)ε, φi|ε=0 = xi, ūλ ≈ uλ + ηλ(x, u)ε, %λ|ε=0 = uλ, (1.5)

obtained from equation (1.1) by a Taylor series expansion of the functions φi(x, u, ε)

and %λ(x, u, ε) in ε about ε = 0. Consequently, we have

ξi(x, u) =
∂φi(x, u, ε)

∂ε

∣∣∣∣
ε=0

, ηλ(x, u) =
∂%λ(x, u, ε)

∂ε

∣∣∣∣
ε=0

. (1.6)

The infinitesimal transformation is used to write (1.5) as

x̄i ≈ xi(1 + εX), ūλ ≈ uλ(1 + εX),

where

X = ξi(x, u)
∂

∂xi
+ ηλ(x, u)

∂

∂uλ
(1.7)

is the generator of the group H.

To find transformed derivatives from (1.1), we use the change of variable formula

Di = Di(φ
j)D̄j (1.8)

with D̄j as total differentiation in the variables x̄i. So

ūλi = D̄j(u
λ), ūλij = D̄j(ū

λ
i ) = D̄i(ū

λ
j ), . . . .

5



Applying (1.8) and (1.5), we have

Di(%
λ) = Di(φ

j)D̄j(ū
λ)

= Di(φ
j)ūλj . (1.9)

Expansion of (1.9) yields(
∂φj

∂xi
+ uβi

∂φj

∂uβ

)
ūλj =

∂%λ

∂xi
+ uβi

∂%λ

∂uβ
. (1.10)

The variable ūλj can be written as functions of xi, uλ, u(i), that is

ūλi = ψλi (xi, uλ, u(1), ε), ψλ
∣∣
ε=0

= uλi . (1.11)

The transformations in space of variables xi, uλ, u(1) given in (1.5) and (1.11) form

the first prolongation group of H [1].

Infinitesimal transformation of the first derivatives is

ūλi ≈ uλi + εζλi , (1.12)

where ζλi = ζλi (x, u, u(1), ε).

Prolonged generators

By using the relation given in (1.9) together with (1.5), we get

Di(φ
j)(ūλj ) = Di(%

λ)

Di(x
j + aξj)(uλj + aζλj ) = Di(u

λ + aηλ)

uλi + aζλi + auλjDiξ
j = uλi + aDiη

λ

ζλi = Di(η
λ)− uλjDi(ξ

j), (1.13)

labelled as the formula of first prolongation . Equivalently, we can get higher order

prolongations

ζλij = Dj(η
λ
i )− uλipDj(ξ

p),

...
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ζλi1,i2,...,ik = Dip(ζ
λ
i1,i2,...,ik−1

)− uλi1,i2,...,ik−1 j
Dik(ξ

j). (1.14)

The prolonged generators of the prolongations H [1], . . . , H [k] of the group H are

X [1] = X + ζλi
∂

∂uλi
,

...

X [k] = X [k−1] + ζλi1,...,ik
∂

∂uλi1,...,ik
k ≥ 1 (1.15)

with

X = ξi(x, u)
∂

∂xi
+ ηλ(x, u)

∂

∂uλ
. (1.16)

1.2.3 Group admitted by a partial differential equation

Consider a kth-order system of partial differential equations (PDEs)

Eλ(x, u, u(1), u(2), u(3), u(4), ..., u(k)) = 0, (1.17)

The PDEs system (1.17) is invariant under the generator

X = ξi(x, u)
∂

∂xi
+ ηλ(x, u)

∂

∂uλ
(1.18)

if and only if

X[k]Eλ(x, u, u(1), u(2), u(3), u(4), ..., u(k))|(1.17) = 0, (1.19)

which are known as the determining equations of all symmetries of (1.17).

Here X[k] denotes the kth prolongation of X and is given by

X[k] = ξi
∂

∂xi
+ ηλ

∂

∂uλ
+ ζλi

∂

∂uλi
+ · · ·+ ζλi1i2...ik

∂

∂uλi1i2...ik
(1.20)

with

ζλi =Di(η
λ)− uλjDi(ξ

j), (1.21)

...

ζλi1...is =Dis(ζ
λ
i1···is−1

)− uλji1...is−1
Dis(ξ

j), s > 1. (1.22)

The generator (1.18) of the symmetry group is called infinitesimal symmetry of (1.17).
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1.3 Euler formula

The Euler operator is defined by

δ

δuα
=

∂

∂uα
+
∑
s≥1

(−1)sDi1 . . . Dis

∂

∂uαi1i2...is
, α = 1, . . . ,m, (1.23)

and the Lie-Bäcklund operator is

X = ξi
∂

∂xi
+ ηλ

∂

∂uλ
+
∑
s≥1

ζλi1···is
∂

∂uλi1···is
. (1.24)

1.4 Exact solutions

This section provides a concise demonstration of few techniques for finding exact or

analytic solutions of DEs.

1.4.1 The simplest equation approach

The simplest equation approach can be used for finding analytic solutions of nonlinear

partial differential equations (NLPDEs). It was developed by Kudryashov [24, 25].

Many researchers have recently used this approach on different NLPDEs. It has

been proven to be a useful and influential mathematical tool for solving NLPDEs in

different disciplines of sciences applied. See, for example, the papers [26, 27, 29–31].

These are the fundamental steps of the strategy:

Consider the NLPDE of the form

W1(t, x, u, ut, ux, utt, utx, uxx, . . . ) = 0. (1.25)

Utilizing the transformation

u(t, x) = F (y), y = k1t+ k2x+ k3, (1.26)

reduces equation (1.25) to an nonlinear ordinary differential equation (NLODE)

W2[F (y), k1F
′(y), k2F

′(y), k3F
′(y), k2

1F
′′(y), k2

2F
′′(y), k2

3F
′′(y), . . . ] = 0. (1.27)
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The simplest equations that we use here are the Bernoulli equation

H ′(y) = aH(y) + bH2(y), (1.28)

the Riccati equation

G′(y) = aG2(y) + bG(y) + c (1.29)

with a, b and c as constants [25, 30, 31]. We look for solutions of the NLODE (1.27)

that are of the form

F (y) =
M∑
i=0

Ai(G(y))i, (1.30)

where G(y) satisfies the Bernoulli or Riccati equation, M is a positive integer that

can be determined by balancing procedure and A0, . . . , AM are parameters to be

determined.

The solution of Bernoulli equation (1.28) that we use here is given by

H(y) = a

{
cosh[a(y + S)] + sinh[a(y + S)]

1− b cosh[a(y + S)]− b sinh[a(y + S)]

}
(1.31)

where S is an integration constant. For the Riccati equation (1.29), the solutions to

be used are

G(y) = − b

2a
− θ

2a
tanh

[
1

2
θ(y + S)

]
(1.32)

and

G(y) = − b

2a
− θ

2a
tanh

(
1

2
θy

)
+

sech
(
θy
2

)
S cosh

(
θy
2

)
− 2a

θ
sinh

(
θy
2

) (1.33)

with θ =
√
b2 − 4ac and S is an integration constant.

1.4.2 Kudryashov’s approach

This approach is utilized in finding the exact solutions of NLPDEs and it is described

in [14]. It can also be seen, for example, in the papers [32,33].
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Consider the NLPDE

D1(t, x, u, ut, ux, utt, utx, uxx, uxxx, . . . ) = 0. (1.34)

The algorithm involved in Kudryashov’s approach is as follows:

Step 1. The substitution u(x, t) = U(ψ), ψ = sx + ωt, with constants s and ω,

transforms (1.34) to the NLODE

D2(U, ωU ′, sU ′, ω2U ′′, s2U ′′, . . . ) = 0. (1.35)

Step 2. Suppose that the exact solutions of (1.35) are presented as

U(ψ) =
N∑
n=0

anR
n(ψ), (1.36)

with an (n = 0, 1, 2, . . . , N) as constants to be determined, such that aN 6= 0, and

R(ψ) is the solution of the first-order NLODE

R(ψ) = R2(ψ)−R(ψ). (1.37)

The equation (1.37) has the solution

R(ψ) =
1

1 + eψ
. (1.38)

Step 3. Next we substitute the value of U(ψ) into (1.35) and then use (1.37) to

generate an equation which involves the powers of R.

Step 4.

Equating various powers of R to zero yields the system of algebraic equations

Pn(aN , aN−1, . . . , a0, s, ω, . . . ) = 0, (n = 0, . . . , N). (1.39)

Step 5. Finally, the solution of the system of algebraic equations produces the values

of coefficients a0, a1, . . . , aN−1, aN and relations for parameters of (1.35). Thus, we

acquire the exact solutions of (1.35) in the form expressed in (1.36).
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1.5 Conserved vectors

A conserved vector of (1.17) is an n-tuple T = (T 1, T 2, ..., T n), T i ∈ A, i = 1, 2, ..., n,

(A is the space of differential functions) such that

DiT
i = 0 (1.40)

holds for all solutions of (1.17). Equation (1.40) is called a local conservation law.

1.5.1 The multiplier approach

This approach involves the variational derivative. See for example [7]. Consider

Qλ(x, u, u(1) . . .) as a multiplier that has the property

QλEλ = DiT
i (1.41)

holds identically. The multiplier Qλ has the determining equation

δ

δuβ
(QλEλ) = 0, (1.42)

which holds for functions u(x1, x2, x3, x4, . . . , xn). Once we get the multipliers from

(1.42), we may find conserved vectors by invoking (1.41) [7].

1.5.2 Noether’s theorem

If L(x, u, u(1), u(2), u(3), u(4)..., u(s)) ∈ A, s ≤ k is a function, such that system

Eβ(x, u, u(1), u(2), u(3), u(4), ..., u(k)) = 0

is equivalent to

δL

δuβ
= 0, (1.43)

then L is called a Lagrangian of the system. Equations (1.43) are therefore the

corresponding Euler-Lagrange differential equations.
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If there exists a vector A = (A1,A2, ...,An) such that

X(L) + LDi(ξ
i) = Di(A

i) (1.44)

then the Lie-Bäcklund operator X is a Noether symmetry generator associated with

the Lagrangian L of Euler-Lagrange equations.

For each Noether symmetry generator X associated with a given Lagrangian L cor-

responding to the Euler-Lagrange differential equations, there corresponds a vector

T = (T 1, T 2, ..., T n), known as Noether conserved vector, defined by

T i = Bi − ξiL−W β δL

δuβi
−
∑
s≥1

Di1...is(W
β)

δL

δuβi1...is
, (1.45)

where W β = ηβ − ξjuβj , are the characteristic functions.

Noether conserved vector T can also be written as [34]

T k = ξiL+
(
η − uxjξj

){ ∂L
∂uxk

−
n∑
l=k

Dxi

(
∂L

∂uxjxk

)}

+
n∑
l=k

{
ζl − uxlxjξj

} ∂L
∂uxkxl

−Bi. (1.46)

1.5.3 Ibragimov’s theorem of conserved vectors

Definition 1.2 The adjoint equations of the system given by (1.17) are

E∗λ(x
i, uλ, vλ, . . . , v(s), u(s)) ≡

δ

δuλ
(vβEβ) = 0, (1.47)

where v is the new dependent variables [35].

Definition 1.3 Formal Lagrangian L of the system (1.17) and its adjoint equations

(1.47) is

L = vλEλ(x
i, uλ, u(1), . . . , u(s)). (1.48)

Theorem 1.1 Every infinitesimal symmetry X of the system given by (1.17) leads

to conservation laws (1.40), where the conserved vectors are [35]

Ci = ξiL+W λ

[
∂L
∂uλi
−Dj

∂L
∂uλij

+DjDk

(
∂L
∂uλijk

)
+ · · ·

]
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+Dj(W
λ)

[
∂L
∂uλij

−Dk
∂L
∂uλijk

+ · · ·

]
+DjDk(W

λ)
∂L
∂uijk

+ · · · . (1.49)

1.6 Conclusion

In this chapter, we outlined the basic introduction to Lie group theory. We also pre-

sented three solution approaches for finding the exact solutions of partial differential

equations and three approaches for deriving the conserved vectors. These various

approaches mentioned in this chapter will be utilized in this research.
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Chapter 2

Symmetry reductions, solutions

and conserved vectors for the

potential Burgers equation: an

example

The Lie point symmetries of the generalized potential Burgers equation (gpBe) are

presented in this chapter. Then, using Lie equations, we identify one-parameter

group transformations for each of the Lie point symmetries. Thereafter, we use

these Lie point symmetries to construct the group-invariant solutions of the pBe.

Finally, using the multiplier method, we get the equation’s conserved vectors.

2.1 Introduction

Burgers equation [36] is regularly encountered in several applied mathematics dis-

ciplines such as gas dynamics, fluid mechanics and nonlinear acoustics, with appli-

cations in hydrodynamics and other areas due to the fact that it is the simplest

partial differential equation with properties of nonlinear effects and dissipative char-

acteristics. Furthermore, in mathematics, it is the prototype of an equation that is

14



linearizable through a direct coordinate transformation. The following is the basic

form of the Burgers equation:

vt − 2vvx − vxx = 0. (2.1)

Let

v = ux,

replacing v in (2.1) with ux and integrating with respect to x, we get the potential

form of the Burgers equation (pBe), named as the potential Burgers equation [8,37]

ut − u2
x − uxx = 0, (2.2)

with u = u(t, x).

In this chapter, we shall investigate the pBe

ut − αu2
x − βuxx = 0, (2.3)

with α and β as non-zero constants.

2.2 Solutions of the pBe

In this section we determine the Lie point symmetries of the pBe (2.3) and then

proceed to find its group-invariant solutions of by using the Lie point symmetries of

equation (2.3).

2.2.1 Lie symmetries

The vector field

G = τ(t, x, u)
∂

∂t
+ ξ(t, x, u)

∂

∂x
+ η(t, x, u)

∂

∂u
(2.4)

is a Lie point symmetry of pBe (2.3) if

G(2)∆|∆=0 = 0, (2.5)

15



with

∆ ≡ ut − αu2
x − βuxx = 0,

and the second prolongation of G is defined by

G[2] = G+ ζ1
∂

∂ut
+ ζ2

∂

∂ux
+ ζ11

∂

∂utt
+ ζ12

∂

∂utx
+ ζ22

∂

∂uxx
, (2.6)

with ζ1 and ζ2 given by (1.13), and ζ11, ζ12 and ζ22 given by (1.14) which can simply

be expressed as

ζ1 = Dt(η)− utDt(τ)− uxDt(ξ),

ζ2 = Dx(η)− utDx(τ)− uxDx(ξ),

and

ζ11 = Dt(ζ1)− uttDt(τ)− utxDt(ξ),

ζ12 = Dx(ζ1)− uttDx(τ)− utxDx(ξ),

ζ22 = Dx(ζ2)− utxDx(τ)− uxxDx(ξ),

where the total derivatives Dt and Dx are given by

Dt =
∂

∂t
+ ut

∂

∂u
+ utx

∂

∂ux
+ utt

∂

∂ut
+ · · · , (2.7)

Dx =
∂

∂x
+ ux

∂

∂u
+ uxx

∂

∂ux
+ utx

∂

∂ut
+ · · · . (2.8)

Thus equation (2.5) becomes[
τ(t, x, u)

∂

∂t
+ ξ(t, x, u)

∂

∂x
+ η(t, x, u)

∂

∂u
+ ζ1

∂

∂ut
+ ζ2

∂

∂ux
+ ζ11

∂

∂utt

+ζ12
∂

∂utx
+ ζ22

∂

∂uxx

][
ut − αu2

x − βuxx
]∣∣∣

(2.3)
= 0,

which gives

ζ1 − 2αuxζ2 − βζ22

∣∣
(2.3)

= 0. (2.9)

Substituting the values of ζ1, ζ2 and ζ22 in equation (2.9), we acquire the following

determining equation:

ηt + utηu − utτt − u2
t τu − uxξt − utuxξu − 2αuxηx − 2αu2

xηu + 2αutuxτx

16



+2αutu
2
xτu + 2αu2

xξx + 2αu3
xξu − βηxx − 2βuxηxu − βu2

xηuu − βuxxηu

+2βutxτx + βutτxx + 2βutuxτxu + 2βutxuxτu + βutu
2
xτuu + βutuxxτu

+2βuxxξx + βuxξxx + 2βu2
xξxu + βu3

xξuu + 3βuxuxxξu
∣∣
uxx= 1

β
(ut−αu2x)

= 0

By replacing uxx by 1
β

(ut − αu2
x) in the above equation, we obtain

ηt − utτt − uxξt + 2utuxξu − 2αuxηx − αu2
xηu + 2αutuxτx + αutu

2
xτu

+2βutuxτxu − αu3
xξu − βηxx − 2βuxηxu − βu2

xηuu + 2βutxτx + βutτxx

+2βutxuxτu + βutu
2
xτuu + 2utξx + βuxξxx + 2βu2

xξxu + βu3
xξuu = 0. (2.10)

Splitting the above equation on the derivatives of u, we have

utx : τx = 0, (2.11)

uxu
2
tx : τu = 0, (2.12)

utux : ξu = 0, (2.13)

ut : 2ξx − τt = 0, (2.14)

u2
x : βηuu + αηu = 0, (2.15)

ux : βξxx − 2βηxu − 2αηx − ξt = 0, (2.16)

rest : ηt − βηxx = 0. (2.17)

Solving (2.11) and (2.12) produces

τ = p(t),

with arbitrary function p. Solving equation (2.13), we obtain

ξ = s(t, x),

with arbitrary function s depending on x and t . Substituting ξ and τ into (2.14)

and integrating with respect to x yields

s(t, x) =
1

2
xp′(t) + c(t),

with arbitrary function c depending on t. Hence, the value of ξ becomes

ξ =
1

2
xp′(t) + c(t). (2.18)
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Equation (2.15) gives

η(t, x, u) = ϑ(x, t) + χ(x, t)e−
αu
β , (2.19)

where ϑ and χ are arbitrary functions that depend on t and x. Next, with the

substitution of the values of ξ and η from (2.18) and (2.19) into (2.16) we get

ϑx(x, t) = − 1

4α
p′′(t)− 1

2α
c′(t).

By integrating the above equation with respect to x, we get

ϑ(t, x) = − 1

8α
x2a′′(t)− 1

2α
xc′(t) + ϕ(t),

with ϕ being an arbitrary function that depends on t. The value of η now becomes

η = − 1

8α
x2a′′(t)− 1

2α
xc′(t) + ϕ(t) + ϑ(t, x)e−

α
β
u. (2.20)

Substituting (2.20) into (2.17) produces

− 1

8α
x2p′′′(t)− 1

2α
xc′′(t) + ϕ′(t) +

β

4α
p′′(t) + χt(t, x)e−

α
β
u

− βχxx(t, x)e−
α
β
u = 0. (2.21)

Splitting equation (2.21) on e−
α
β
u, we get

e−
α
β
u :χt(t, x)− βχxx(t, x) = 0, (2.22)

rest :ϕ′(t)− 1

8α
x2p′′′(t)− 1

2α
xc′′(t) +

β

4α
p′′(t) = 0. (2.23)

If we split (2.23) on the powers of x, we have

x2 : p′′′(t) = 0, (2.24)

x1 : c′′(t) = 0, (2.25)

rest :
β

4α
p′′(t) + ϕ′(t) = 0. (2.26)

Integrating on (2.24) and (2.25) with respect to t, respectively, yields

p(t) =
1

2
Z1t

2 + Z2t+ Z3 (2.27)
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and

c(t) = Z4t+ Z5, (2.28)

with constants Z1, Z2, Z3, Z4 and Z5. It follows from (2.26) and (2.27) that

ϕ(t) = − β

4α
Z1t+ Z6, (2.29)

where Z6 is a constant. Therefore, the general solution of the system (2.11) to (2.17)

is

τ =
1

2
Z1t

2 + Z2t+ Z3,

ξ =
1

2
Z1tx+

1

2
Z2x+ Z4t+ Z5,

η = − 1

8α
Z1x

2 − 1

2α
Z4x−

β

4α
Z1t+ Z6 + χ(t, x)e−

α
β
u,

Finally, the Lie symmetries of the pBe (2.3) are given by

G1 =
∂

∂t
,

G2 =
∂

∂x
,

G3 =
∂

∂u
,

G4 = 2t
∂

∂t
+ x

∂

∂x
,

G5 = 2αt
∂

∂x
− x ∂

∂u
,

G6 = 4αt2
∂

∂t
+ 4αtx

∂

∂x
− (x2 + 2βt)

∂

∂u
,

Gβ =χ(t, x)e−
α
β
u ∂

∂u
,

which generate a Lie algebra of infinite dimension, with χ(t, x) satisfying the heat

equation χt = βχxx.

2.2.2 Commutator table for the Lie point symmetries

We work on the commutation relations for the symmetry generators. By the defini-

tion of Lie bracket, we first evaluate

[G1, G6] = G1G6 −G6G1
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= ∂t

(
4αt2∂t + 4αtx∂x − (x2 + 2βt)∂u

)
−
(

4αt2∂t + 4αtx∂x − (x2 + 2βt)∂u

)
∂t

= 4α

(
2t∂t + x∂x

)
− 2β∂u

= 4αG4 − 2βG3.

Similarly, one can calculate all the remaining commutation relations using the above

method. The table below represents all the commutation relations of the Lie sym-

metries of the pBe.

[Gi, Gj] G1 G2 G3 G4 G5 G6

G1 0 0 0 2G1 2αG2 4αG4 − 2βG3

G2 0 0 0 G2 −G3 2G5

G3 0 0 0 0 0 0

G4 −2G1 −G2 0 0 G5 2G6

G5 −2αG2 G3 0 −G5 0 0

G6 2βG3 − 4αG4 −2G5 0 −2G6 0 0

2.2.3 One-parameter groups Gi of transformations

The Lie equations below can be used to find the corresponding one parameter group

of transformations

dt̄

dε
= ξ1(t, x, u), t̄|ε=0 = t,

dx̄

dε
= ξ2(t, x, u), x̄|ε=0 = x,

dū

dε
= η(t, x, u), ū|ε=0 = u.

We now find the one-parameter group of transformations for each Lie point symmetry

of the pBe. For each Gi, suppose Tεi is the corresponding group. Let us first start

by calculating the one parameter group corresponding to infinitesimal generator G4,

namely

G4 = 2t
∂

∂t
+ x

∂

∂x
.

Using Lie equations, we have

dt̄

dε
= 2t̄, t̄|ε=0 = t,

dx̄

dε
= x̄, x̄|ε=0 = x,

dū

dε
= 0, ū|ε=0 = u.
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Solving the above equations we obtain

t̄ = te2ε, x̄ = xeε, ū = u.

Hence the one parameter group Tε4 corresponding to the operator G4 is

Wε4 : (t̄, x̄, ū) −→ (te2ε4 , xeε4 , u).

Similarly, following the very same method as above, we obtain the following one

parameter groups:

Wε1 : (t̄, x̄, ū) −→ (t+ ε1, x, u),

Wε2 : (t̄, x̄, ū) −→ (t, x+ ε2, u),

Wε3 : (t̄, x̄, ū) −→ (t, x, u+ ε3),

Wε5 : (t̄, x̄, ū) −→ (t, x+ 2αε5t, u− αε25t− ε5x),

Wε6 : (t̄, x̄, ū) −→
(

t

1− 4αε6t
,

x

1− 4αε6t
, u+

β

2α
ln(1− 4αε6t)−

ε6x
2

1− 4αε6t

)
,

Wε7 : (t̄, x̄, ū) −→
(
t, x,

β

α
ln

{
ε7
α

β
χ(x, t) + e

α
β
u

})
.

Since each group Wi is a symmetry group, if u = h(t, x) is a solution of the pBe, so

are the functions

Wε2 : u =h(t, x+ ε2),

Wε3 : u =h(te2ε4 , xeε4),

Wε5 : u =h(t, x+ 2αε5t) + αε25t+ ε5x,

Wε6 : u =h

(
t

1− 4αε6t
,

x

1− 4αε6t

)
− β

2α
ln(1− 4αε6t) +

ε6x
2

1− 4αε6t
,

Wχ : u =
β

α
ln[eαh(x,t)/β − αεχχ(x, t)/β].

2.2.4 Constructing group invariant solutions of (2.3)

Given a Lie symmetry

G = ξ1(t, x, u)
∂

∂t
+ ξ2(t, x, u)

∂

∂x
+ η(t, x, u)

∂

∂u
(2.30)
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the invariant solutions under the one parameter group generated by G are determined

as follows. We determine two linearly independent invariants

H1 = %(t, x) and H2 = σ(t, x, u)

by solving the quasi-linear of order one partial differential equation

G(H) ≡ ξ1(t, x, u)
∂H

∂t
+ ξ2(t, x, u)

∂H

∂x
+ η(t, x, u)

∂H

∂u
= 0,

with characteristic equations also known as the associated Lagrange system

dt

ξ1(t, x, u)
=

dx

ξ2(t, x, u)
=

du

η(t, x, u)
.

Then one of the invariants is written as a function of the other, for example

H2 = k(H1), (2.31)

with k as a function of H1 and solve (2.31) for u. In conclusion, the expression of

u is substituted in (2.3) and an ordinary differential equation is achieved for the

unidentified function k. This method decreases the number of independent variables

by one.

Let us now demonstrate the above technique by taking into account the six linearly

independent Lie symmetries G1, G2, G3, G4, G5 and G6, by composing invariant so-

lutions under these symmetries.

Case 1. Considering the symmetry G1 = ∂/∂t. The characteristic equations of the

symmetry G1 as

dt

1
=
dx

0
=
du

0
,

which gives the two invariants H1 = x and H2 = u. Thus the invariant solution is

given by H2 = λ(H1), i.e.,

u = λ(x).

Substituting the value of u into (2.3) yields the ordinary differential equation of order

two

βλ′′(x) + αλ′2(x) = 0,
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whose solution is

λ(x) =
β

α
ln(αx+ C1) + C2, (2.32)

where C1 and C2 are integration constants. Thus, the invariant solution of (2.3)

under G1 is

u(t, x) =
β

α
ln(αx+ C1) + C2. (2.33)

Case 2. Next, we consider the space translation symmetry G2 = ∂/∂x. The lagrange

system associated with this operator yields the invariants H1 = t and H2 = u. Thus,

the invariant solution is given by

U(t) = u.

Substitution of u = U(t) into (2.3), yield

U ′(t) = 0.

Eventually solving the above equation, we obtain

U = M,

with M as arbitrary constant of integration. Therefore, the invariant solution of

(2.3) under G1 is

u(t, x) = M.

Case 3. The symmetry operator G3 = ∂/∂u does not have invariant solutions.

Case 4. Now considering symmetry

G4 = 2t
∂

∂t
+ x

∂

∂x
,

with characteristic equations

dt

2t
=
dx

x
=
du

0
.
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Thus, one invariant is H1 = u.

dt

2t
=
dx

x

gives invariant H2 = x/
√
t.

Therefore, the group invariant solution is given byH1 = F (H2) with F as an arbitrary

function, i.e.,

u = F

(
x√
t

)
.

Then

ut = −1

2

x

t
3
2

F ′
(
x√
t

)
,

ux =
1√
t
F ′
(
x√
t

)
,

uxx =
1

t
F ′′
(
x√
t

)
.

Substituting ut, ux and uxx obtained above into (2.3) we get the ordinary differential

equation of order two

αF ′2(z) +
1

2
zF ′(z) + βF ′′(z) = 0,

with z = x/
√
t. By letting Q(z) = F ′(z), we obtain

2
dQ

dz
+

1

β
zQ = −2

α

β
Q2.

The above is a Bernoulli equation and its solution is

Q(z) =

[√
βe−

z2

4β

{
α
√
π erf

(
y

2
√
β

)
+
√
βC1

}]−1

,

here C1 is an integration constant. Hence

dF

dz
=

[√
βe−

z2

4β

{
α
√
π erf

(
y

2
√
β

)
+
√
βC1

}]−1

.

Integrating the above equation, we get

F (z) =
β

α
ln

{∣∣∣∣ α√β√π erf

(
z

2
√
β

)
C1 + C2

∣∣∣∣} ,
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where C2 is an integration constant. Reverting back to the original variables, we get

u(t, x) =
β

α
ln

{∣∣∣∣ α√β√π erf

(
x

2
√
βt

)
C1 + C2

∣∣∣∣} . (2.34)

Case 5. Now we construct the invariant solution under the symmetry generator G5

defined as

G5 = 2αt
∂

∂x
− x ∂

∂u
,

with characteristic equations

dt

0
=

dx

2αt
=

du

−x
.

Then one of the invariants is H1 = t and

dx

2αH1

=
du

−x
,

yields H2 = u+x2/4αt. Hence the invariant solution of (2.3) under G5 is H2 = Φ(H1),

i.e.,

u = Φ(t)− x2

4αt
, (2.35)

with arbitrary function Φ depending on t. Substitution of (2.35) into (2.3), gives the

ordinary differential equation of order one

dΦ

dt
+

β

2αt
= 0.

Solving for Φ, we get

Φ(t) = − β

2α
ln(t) + µ,

where µ is a constant. Hence, the invariant solution of G5 is

u(t, x) = −
{
β

2α
ln(t) +

x2

4αt

}
+ µ. (2.36)

Case 6. Lastly we consider the symmetry operator G6

G6 = 4αt2
∂

∂t
+ 4αtx

∂

∂x
− (x2 + 2βt)

∂

∂u
,
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with characteristic equations

dt

4αt2
=

dx

4αtx
=

du

−(x2 + 2βt)
.

Therefore, one invariant is H1 = x/t.

dt

4αt2
=

du

−(x2 + 2βt)

gives

H2 = u+
β

2α
ln t+

x2

4αt
. (2.37)

Thus, the group invariant solution is H2 = Γ(H1), i.e.,

u = Γ
(x
t

)
− x2

4αt
− β

2α
ln t.

Now

ut = − x
t2

Γ′
(x
t

)
+

x2

4αt2
− β

2αt
,

ux =
1

t
Γ′
(x
t

)
− x

2αt
,

uxx =
1

t2
Γ′′
(x
t

)
− 1

2αt
.

Substituting the above values of ut, ux and uxx into (2.3) gives us the second-order

nonlinear ordinary differential equation

βΓ′′(z) + αΓ′2(z) = 0,

where z = x/t. The above equation is called Liouville ordinary differential equation,

and with the aid of Maple we get its solution as

Γ(z) =
β

α
ln

{
α

β
(C1z + C2)

}
, (2.38)

with C2 and C1 as integration constants . Back substitution to the original variables,

the group-invariant solution of (2.3) under G6 is

u(t, x) =
β

α
ln

{
α

β

(
C1
x

t
+ C2

)}
− x2

4αt
− β

2α
ln t. (2.39)
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2.3 Conserved vectors of the pBe

In this section we determine the conserved vectors for the pBe (2.3) by applying the

method of multiplier. We remember the standard Euler-Lagrange operator defined

as

δ

δu
=

∂

∂u
−Dt

∂

∂ut
−Dx

∂

∂ux
+D2

t

∂

∂utt
+D2

x

∂

∂uxx
+DxDt

∂

∂utx
− · · · , (2.40)

with the total derivatives Dt and Dx given by

Dt =
∂

∂t
+ ut

∂

∂u
+ utt

∂

∂ut
+ utx

∂

∂ux
+ +uttx

∂

∂utx
+ · · · ,

Dx =
∂

∂x
+ ux

∂

∂u
+ uxx

∂

∂ux
+ utx

∂

∂ut
+ utxx

∂

∂utx
+ · · · . (2.41)

The above mentioned is reached by applying the multiplier Q(t, x, u) of order zero.

The determining equation for the multiplier Q(t, x, u) is

δ

δu
[Q(t, x, u)(ut − αu2

x − βuxx)] = 0. (2.42)

By expanding the above equation we get

utQu − αu2
xQu − βuxxQu −DtQ+ 2αDx(Qux)− βD2

xQ = 0. (2.43)

Substituting the values of Dt and Dx from equation (2.41) into (2.43), gives

αu2
xQu − 2βuxxQu −Qt + 2αuxQx + 2αuxxQ− βQxx

− 2βuxQux − βu2
xQuu = 0. (2.44)

If we split equation (2.44) on derivatives of , we get the following system of PDEs:

uxx :αQ− βQu = 0, (2.45)

u2
x :αQu − βQuu = 0, (2.46)

ux :αQx − βQux = 0, (2.47)

rest : βQxx +Qt = 0. (2.48)

Solving (2.45) gives

Q(t, x, u) = θ(t, x)e
αu
β , (2.49)
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with arbitrary function θ that depends on x and t. It is important to consider that

(2.49) satisfy (2.47) and (2.46). Substituting the value of Q from (2.49) into (2.48),

we get

βθxxe
αu
β + θte

αu
β = 0.

Thus, becoming

βθxx + θt = 0. (2.50)

To solve (2.50), we assume that

θ(t, x) = X(x)T (t). (2.51)

Now, replacing θ from (2.51) into (2.50) gives

βX ′′T + T ′X = 0.

Hence

− T ′

βT
=
X ′′

X
− µ2,

with µ as arbitrary constant. Hence we have

T ′ − βµ2T = 0 (2.52)

and

X ′′ + µ2X = 0. (2.53)

Solving (2.52), we obtain

T (t) = C1e
βµ2t,

with C1 being an integration constant. Solving equation (2.53) yields

X(x) = k1 sinµx+ k2 cosµx

where k1 and k2 are arbitrary constants. Thus,

θ(t, x) = C1e
βµ2t (k1 sinµx+ k2 cosµx) .

28



Letting C1k1 = B1 and C1k2 = B2, the above equation becomes

θ(t, x) = eβµ
2t (B1 sinµx+B2 cosµx) .

Now equation (2.49) can be written in the form

Q(t, x, u) = e
β2µ2t+αu

β (B1 sinµx+B2 cosµx) ,

which produces two multipliers

Q1(t, x, u) =

(
e
β2µ2t+αu

β

)
sinµx

and

Q2(t, x, u) =

(
e
β2µ2t+αu

β

)
cosµx

for (2.3).

Firstly we calculate the conserved vectors of (2.3) connected to the multiplierQ1(t, x, u).

Hence the following

Q1(t, x, u){ut − αu2
x − βuxx} = DtT

t +DxT
x, (2.54)

with the flux T x and density T t described as

T t = T t(t, x, u) and T x = T x(t, x, u, ux). (2.55)

Hence (2.54) becomes

e
β2µ2t+αu

β sinµx
(
ut − αu2

x − βuxx
)

= DtT
t +DxT

x.

The above equation yields

e
β2µ2t+αu

β sinµx
(
ut − αu2

x − βuxx
)

= T tt + utT
t
u + T xx + uxT

x
u + uxxT

x
ux . (2.56)

Splitting (2.56) on the derivatives of u, we get

uxx : T xux = −βe
β2µ2t+αu

β sinµx, (2.57)

ut : T tu = e
β2µ2t+αu

β sinµx, (2.58)
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rest : T tt + T xx + uxT
x
u = −αu2

xe
β2µ2t+αu

β sinµx. (2.59)

Integrating (2.57) with respect to ux gives

T x = −βuxe
β2µ2t+αu

β sinµx+ ψ(t, x, u). (2.60)

Equation (2.58) gives

T t =
β

α
e
β2µ2t+αu

β sinµx+ υ(t, x), (2.61)

with arbitrary function υ that depends on t and x. Substituting the aforementioned

values of T x and T t into (2.59), we get

ψx + υt + uxψu +
β2

α
e
β2µ2t+αu

β sinµx− βµuxe
β2µ2t+αu

β cosµx = 0.

Splitting the above equation with u derivatives produces

ux : ψu = βµe
β2µ2t+αu

β cosµx, (2.62)

rest : ψx + υt +
β2

α
e
β2µ2t+αu

β sinµx = 0. (2.63)

Integrating (2.62) with respect to u gives

ψ =
β2

α
µe

β2µ2t+αu
β cosµx+ Θ(t, x), (2.64)

with arbitrary function Θ that depends on t and x. Replacing this value of ψ into

(2.63) gives

υt + Θx = 0.

We set υ = Θ = 0, because the two play a part in the trivial part of the conserved

vector, and therefore, (2.63) is satisfied. Hence flux T x and the density T t above

changes to be

T t1 =
β

α
e
β2µ2t+αu

β sinµx,

T x1 =
β2

α
µe

β2µ2t+αu
β cosµx− βuxe

β2µ2t+αu
β sinµx,

being the conserved vectors of (2.3) of the multiplier Q1(t, x, u).
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Lastly the conserved vectors of (2.3) for the multiplier Q2(t, x, u) were calculated.

Thus, the following

Q2(t, x, u){ut − αu2
x − βuxx} = DtT

t +DxT
x, (2.65)

which implies

e
β2µ2t+αu

β cosµx
(
ut − αu2

x − βuxx
)

= DtT
t +DxT

x.

The above equation results in

e
β2µ2t+αu

β cosµx
(
ut − αu2

x − βuxx
)

= T tt + utT
t
u + T xx + uxT

x
u + uxxT

x
ux . (2.66)

Splitting (2.66) on derivatives of u, we obtain

uxx : T xux = −βe
β2µ2t+αu

β cosµx, (2.67)

ut : T tu = e
β2µ2t+αu

β cosµx, (2.68)

rest : T tt + T xx + uxT
x
u = −αu2

xe
β2µ2t+αu

β cosµx. (2.69)

Integrating (2.67) with respect to ux, we obtain

T x = −βuxe
β2µ2t+αu

β cosµx+ d(t, x, u), (2.70)

with arbitrary function d depending on t, x and u. (2.68) yields

T t =
β

α
e
β2µ2t+αu

β cosµx+ e(t, x), (2.71)

with arbitrary function e having x and t as independent variables. Substituting the

aforementioned values of T x and T t in equation (2.69), we get

et + dx + uxdu +
β2µ2

α
e
β2µ2t+αu

β cosµx+ βµuxe
β2µ2t+αu

β sinµx = 0.

If we split the above equation on u derivatives we obtain

ux : du + βµe
β2µ2t+αu

β sinµx = 0, (2.72)

rest : et + dx +
β2µ2

α
e
β2µ2t+αu

β cosµx = 0. (2.73)

Integrating (2.72) with respect to u gives

d = −β
2µ

α
e
β2µ2t+αu

β sinµx+ f(t, x),
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with arbitrary function f having x and t as independent variables. Replacing this

value of d into (2.73) gives

fx + et = 0.

We put f = e = 0, as the two add to the trivial part of the conserved vectors. Thus,

flux T x and density T t are

T t2 =
β

α
e
β2µ2t+αu

β cosµx,

T x2 = − βuxe
β2µ2t+αu

β cosµx− β2µ

α
e
β2µ2t+αu

β sinµx,

which are the conserved vectors of (2.3) associated with Q2(t, x, u) multiplier.

2.4 Concluding remarks

We investigated Lie group analysis of the pBe (2.3) in this chapter. Firstly, we

constructed Lie symmetries. Then, we used the obtained Lie symmetries to perform

a symmetry reductions. Moreover, we constructed the invariant solution for the

equation (2.3). Furthermore, we used the approach of multiplier to calculate the

conserved vectors for the pBe (2.3).
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Chapter 3

Solutions and conservation laws

for the gsmCH equation

3.1 Introduction

The equation [38]

ut − uxxt + (b+ 1)uux = buxuxx + uuxxx (3.1)

represents an important family of NLPDEs for different values of b. These equations

have been studied in one form or another over the years. These forms include,

amongst others, the famous Camassa-Holm (CH) equation [39]

ut − uxxt + 3uux = 2uxuxx + uuxxx, (3.2)

which is obtained when b = 2. Equation (3.2) was derived by Camassa and Holm in

[39] and it describes one-directional movement of shallow water waves in a medium of

even depth. Camassa and Holm found travelling wave solutions, N-soliton solutions

as well as the Bi-Hamiltonian structure of equation (3.2). The reader should note

that a general form of the Camassa-Holm equation also referred to in [39], is given

by

ut + 2αux − uxxt + 3uux = 2uxuxx + uuxxx, (3.3)
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where α is a constant denoting critical wave velocity in shallow water. When b = 3,

equation (3.1) becomes the Degasperis-Processi (DP) equation

ut − uxxt + 4uux = 3uxuxx + uuxxx, (3.4)

which was derived in [40] by applying the asymptotic integrability technique. The

same equation is seen in [41], where the author proved that the smooth solutions

of equation (3.4) have a limitless velocity of propagation which loses the property

of having compact support. Modified forms of equations (3.2) and (3.4) have been

studied as well, for instance, in [38] Wazwaz changed the nonlinear convection term

in equations (3.2) and (3.4) from uux to u2ux, thereby increasing the strength of

nonlinearity, see [42], this led to the modified CH equation [38]

ut − uxxt + 3u2ux = 2uxuxx + uuxxx (3.5)

and the modified DP equation

ut − uxxt + 4u2ux = 3uxuxx + uuxxx. (3.6)

The author in [38] investigated the effect of introducing the u2ux term by using

the sine-cosine and tanh algorithms and obtained bell-shaped solitons which are in

contrast to the expected peaked solitons associated with the family of equations (3.1).

The two equations (3.5) and (3.6) are derived from the modified DP-CH family [38],

given by

ut − uxxt + (b+ 1)u2ux = buxuxx + uuxxx. (3.7)

Evidently, by letting b = 2 in equation (3.7) we obtain the modified CH equation

(3.5). Tian and Song [43] investigated a modified form of equation (3.3), known as

the generalised CH equation

ut + 2αux − uxxt + βunux = 2uxuxx + uuxxx, (3.8)

where α, β 6= 0, and n is the strength of nonlinearity of the convection term. They

obtained travelling wave and peakon solutions by making use of direct integration.
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Based on the work of Tian and Song, Wazwaz in [42] considered equation (3.8)

without the two extra terms on the right hand side, that is,

ut + 2αux − uxxt + βunux = 0. (3.9)

According to Boyd [44], the two terms on the right hand side of equation (3.8) are

small for amplitude waves in shallow media. By making use of the sine-cosine method

in [42], bell-shaped solitons, compactons and periodic solutions were obtained. For

the case n = 2

ut + 2αux − uxxt + βu2ux = 0 (3.10)

was studied in several papers, for example in [45], explicit solitary wave solutions

of equation (3.10) were found using the exponential function method. Equation

(3.10) was studied again in [46] where the researchers introduced a fractional complex

transform to the exponential function method to find and analyse its solitary wave

solutions. In this work, we aim to investigate the generalized simplified modified

Camassa-Holm (gsmCH) equation (3.9).

We aim to obtain more solutions of the gsmCH equation (3.9) by utilising Lie sym-

metry method coupled with direct integration technique, Kudryashov’s method, as

well as the simplest equation method. Furthermore, we derive the conservation laws

of equation (3.9) by using the multiplier approach, and theorems by Ibragimov and

Noether.

3.2 Lie point symmetries of (3.9)

The vector field

X = τ(t, x, u)
∂

∂t
+ ξ(t, x, u)

∂

∂x
+ η(t, x, u)

∂

∂u

is a Lie point symmetry of equation (3.9) if and only if

X(3)∆|∆=0 = 0, (3.11)
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where

∆ ≡ ut + 2αux + βunux − utxx,

and X [3] is the third prolongation [7] of X defined as

X[3] = X + ζt
∂

∂ut
+ ζx

∂

∂ux
+ ζtxx

∂

∂utxx
. (3.12)

Here ζt, ζx, ζtx and ζtxx are determined by

ζt = Dt(η)− utDt(τ)− uxDt(ξ),

ζx = Dx(η)− utDx(τ)− uxDx(ξ),

ζtx = Dx(ζt)− uttDx(τ)− utxDx(ξ),

ζtxx = Dx(ζtx)− uttxDx(τ)− utxxDx(ξ),

(3.13)

where the total derivatives Dt and Dx are defined as

Dt =
∂

∂t
+ ut

∂

∂u
+ utt

∂

∂ut
+ utx

∂

∂ux
+ · · · ,

Dx =
∂

∂x
+ ux

∂

∂u
+ uxx

∂

∂ux
+ uxt

∂

∂ut
+ · · · .

The expansion of the ζ’s (3.13) gives

ζt = ηt + utηu − utτt − u2
t τu − uxξt − utuxξu,

ζx = ηx + uxηu − utτx − utuxτu − uxξx − u2
xξu,

ζtxx = ηtxx + uxxηtu + 2utxuxηuu + utxxηu + utηxxu + uxxutηuu + 2utuxηxuu

+ utu
2
xηuuu + 2utxηxu + u2

xηtuu + 2uxηtxu − utu3
xξuuu − u3

xξtuu − utxξxx

− 3utxu
2
xξuu − 2uxxutξxu − 2utxxξx − 2utu

2
xξxuu − 2u2

xξtxu − 4utxuxξxu

− 3utxxuxξu − 3uxxutuxξuu − utuxξxxu − 3uxxuxξtu − uxxxξt − 2uxxξtx

− uxxxutξu − 3uxxutxξu − uxξtxx − 4ututxuxτuu − utu2
xτtuu − uttu2

xτuu

− utτtxx − u2
tu

2
xτuuu − 2uttxuxτu − 2uttuxτxu − 2u2

tuxτxuu − 2utτtxuux

− 2utxτtuux − 2u2
txτu − 2ututxxτu − uxxuttτu − uxxu2

t τuu − 2uttxτx

− 4ututxτxu − uttτxx − u2
t τxxu − utxxτt − uxxutτtu − 2utxτtx.

Expanding the determining equation (3.11), we obtain(
ζt + 2αζx + βunζx + nβun−1uxη − ζtxx

) ∣∣
(3.9)

= 0,
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which upon substituting the values of ζt, ζx and ζtxx gives

ηt + utηu − utτt − u2
t τu − uxξt − utuxξu + 2α (ηx + uxηu − utτx − utuxτu − uxξx

−u2
xξu
)

+ βun
(
ηx + uxηu − utτx − utuxτu − uxξx − u2

xξu
)

+ nβun−1uxη + ηtxx − uxxηtu

− 2utxuxηuu − utxxηu − utηxxu − uxxutηuu − 2utuxηxuu − utu2
xηuuu − 2utxηxu − u2

xηtuu

− 2uxηtxu + utu
3
xξuuu + u3

xξtuu + utxξxx + 3utxu
2
xξuu + 2uxxutξxu + 2utxxξx + 2utu

2
xξxuu

+ 2u2
xξtxu + 4utxuxξxu + 3utxxuxξu + 3uxxutuxξuu + utuxξxxu + 3uxxuxξtu + uxxxξt + 2uxxξtx

+ uxxxutξu + 3uxxutxξu + uxξtxx + 4ututxuxτuu + utu
2
xτtuu + uttu

2
xτuu + utτtxx + u2

tu
2
xτuuu

+ 2uttxuxτu + 2uttuxτxu + 2u2
tuxτxuu + 2utτtxuux + 2utxτtuux + 2u2

txτu + 2ututxxτu + uxxuttτu

+ uxxu
2
t τuu + 2uttxτx + 4ututxτxu + uttτxx + u2

t τxxu + utxxτt + uxxutτtu + 2utxτtx
∣∣
(3.9)

= 0.

Replacing utxx by ut + 2αux + βunux in the above equation, we obtain

ηt + utηu − utτt − u2
t τu − uxξt − utuxξu + 2αηx + 2αuxηu − 2αutτx − 2αutuxτu

− 2αuxξx − 2αu2
xξu + βunηx + βunuxηu − βunutτx − βunutuxτu − βunuxξx

− βunu2
xξu + nβun−1uxη + ηtxx − uxxηtu − 2utxuxηuu − utηu − 2αuxηu − βunuxηu

− utηxxu − uxxutηuu − 2utuxηxuu − utu2
xηuuu − 2utxηxu − u2

xηtuu − 2uxηtxu + utu
3
xξuuu

+ u3
xξtuu + utxξxx + 3utxu

2
xξuu + 2utξx + 2uxxutξxu + 4αuxξx + 2βunuxξx + 2utu

2
xξxuu

+ 2u2
xξtxu + 4utxuxξxu + 3utuxξu + 6αu2

xξu + 3βunu2
xξu + 3uxxutuxξuu + utuxξxxu

+ 3uxxuxξtu + uxxxξt + 2uxxξtx + uxxxutξu + 3uxxutxξu + uxξtxx + 4ututxuxτuu + utu
2
xτtuu

+ uttu
2
xτuu + utτtxx + u2

tu
2
xτuuu + 2uttxuxτu + 2uttuxτxu + 2u2

tuxτxuu + 2utτtxuux + 2utxτtuux

+ 2u2
txτu + 2u2

t τu + 4αuxutτu + 2βunuxutτu + uxxuttτu + uxxu
2
t τuu + 2uttxτx + 4ututxτxu

+ uttτxx + u2
t τxxu + utτt + 2αuxτt + βunuxτt + uxxutτtu + 2utxτtx = 0.

Splitting the above equation on derivatives of u gives the following over determined

system of linear PDEs:

τx = 0, τu = 0, (3.14)

ξu = 0, ξt = 0, (3.15)

ηuu = 0, (3.16)

ηtu = 0, (3.17)
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ξxxx − 2ξx = 0, (3.18)

ηxxu − 2ξx = 0, (3.19)

βnun−1η − ξt + βunξx + 2αξx + 2ατt + βunτt = 0, (3.20)

ηt + 2αηx + βunηx + ηtxx = 0. (3.21)

From equations (3.14), we get

τ(t) = A(t),

with A(t) as an arbitrary function of t. Equation (3.15) implies that

ξ = B(x),

with B as arbitrary function of x. Integrating equation (3.16) twice with respect to

u yields

η = D(t, x)u+ C(t, x),

where D and C are arbitrary functions of t and x. Substituting the above value of

η into (3.17) we get Dt = 0, thus D = D(x). Hence

η = D(x)u+ C(t, x).

Substituting the above value of η into equation (3.21), we get

Ct + 2αD′u+ 2αCx + βun+1D′ + βunCx + Ctxx = 0.

Splitting the above equation on powers of u we get

un+1 : D′(x) = 0, (3.22)

un : Cx = 0, (3.23)

u0 : Ct + Ctxx = 0. (3.24)

From (3.22) we have D = k1, where k1 is a constant of integration. Equation (3.23)

implies that C = C(t). Substituting this value of C into equation (3.24) we get that
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C ′(t) = 0. This can easily be solved to obtain C(t) = k2, with k2 being an arbitrary

constant. Therefore

η = k1u+ k2. (3.25)

Substituting ξ into equation (3.19) we have B′(x) = 0, and this gives B = k3, where

k3 is an arbitrary constant. Hence

ξ = k3. (3.26)

Now substituting the values of η, ξ and τ into equation (3.20), we obtain

βnunk1 + βnun−1k2 + 2αA′ + βunA′ = 0.

Splitting the above equation on powers of u we have

un−1 : k2 = 0, (3.27)

un : nk1 + A′ = 0, (3.28)

u0 : A′ = 0. (3.29)

Hence from (3.28), we obtain k1 = 0 and solving equation (3.29) we get A = k4,

where k4 is an arbitrary constant. It can be easily seen that the obtained value of ξ

satisfies equation (3.18). Therefore the infinitesimals of equation (3.9) are

τ = k4, ξ = k3, η = 0.

Consequently, the Lie point symmetries of the gsmCH equation (3.9) are given by

X1 =
∂

∂t
, X2 =

∂

∂x
.

We note that these symmetries represent translations in t and x respectively.

3.3 Symmetry reductions and solutions of (3.9)

In this subsection we use the symmetries obtained in the previous subsection to

perform symmetry reductions and obtain exact solutions of the gsmCH equation

(3.9).
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Case 1. We start with the time translation symmetry X1 = ∂/∂t.

This symmetry leads to the two invariants

J1 = x, J2 = u.

Thus the group-invariant solution is given by u = f(x), where f is an arbitrary

function of x. Substituting this value of u into equation (3.9) we obtain the nonlinear

ordinary differential equation (NLODE)

2αf ′ + β(f)nf ′ = 0.

Solving the above NLODE we get

u(t, x) = K,

where K is an arbitrary constant of integration.

Case 2. We consider the space translation symmetry X2 = ∂/∂x.

This symmetry has the invariants

J1 = t, J2 = u.

Thus its group-invariant solution is given by u = φ(t). Substituting this value into

equation (3.9) yields φ′(t) = 0, whose solution is φ(t) = C1, where C1 is an arbitrary

constant of integration. Hence the group-invariant solution corresponding to this

operator is given by

u(t, x) = C1.

Case 3. X = X2 + cX1.

Solving the characteristic equations of X = X2 + cX1 gives the invariants

u(t, x) = U(ξ), ξ = x− ct. (3.30)

Inserting the invariant solution (3.30) into equation (3.9), gives the NLODE

−cU ′ + 2αU ′ + βUnU ′ − cU ′′′ = 0. (3.31)
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Employing the transformation

U(ξ) = F 1/n(ξ)

transforms equation (3.31) to the NLODE

(2αn2 − cn2)F 2F ′ + n2βF 3F ′ + (c− 3nc+ 2n2c)F ′
3

+ (3nc− 3n2c)FF ′F ′′

+ n2cF 2F ′′′ = 0. (3.32)

3.4 Solutions of (3.9) using the Kudryashov’s method

In this subsection we apply Kudryashov’s method in order to solve equation (3.32).

This is done by first assuming that the solution of (3.32) takes the form

F (ξ) =
N∑
k=0

AkR
k(ξ), (3.33)

where N is a positive integer whose value is obtained by employing the balancing

procedure, and R(ξ) satisfies the Riccati equation

R′(ξ) = R2(ξ)−R(ξ), (3.34)

whose solution

R(ξ) =
1

1 + eξ
. (3.35)

The balancing procedure of (3.32) gives N = 2, thus equatiom (3.33) becomes

F (ξ) = A0 + A1R(ξ) + A2R
2(ξ). (3.36)

Substituting equation (3.36) into equation (3.32) and using (3.34) gives

n2cA3
1R(ξ)3 + 2n2cA3

2R(ξ)6 + 2n2αA3
1R(ξ)4 − 2n2αA3

1R(ξ)3 + 4n2αA3
2R(ξ)7

− 4n2αA3
2R(ξ)6 + n2βA4

1R(ξ)5 − n2βA4
1R(ξ)4 + 2n2βA4

2R(ξ)9 + 18cA2
1A2R(ξ)5

+ 6cA2
1A2R(ξ)7 − 18cA2

1A2R(ξ)6 + 12cA1A
2
2R(ξ)8 − 36cA1A

2
2R(ξ)7 − 2n2βA4

2R(ξ)8

− 6cA2
1A2R(ξ)4 + 36cA1A

2
2R(ξ)6 − 12cA1A

2
2R(ξ)5 + 3ncA3

1R(ξ)4 + 12ncA3
2R(ξ)7
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+ 6n2cA0A1A2R(ξ)3 + 3ncA3
1R(ξ)6 − 6ncA3

1R(ξ)5 + 12ncA3
2R(ξ)9 − 24ncA3

2R(ξ)8

+ 2n2cA3
1R(ξ)6 − 3n2cA3

1R(ξ)5 + 4n2cA3
2R(ξ)9 − 6n2cA3

2R(ξ)8 + 18n2cA0A1A2R(ξ)4

+ 12n2αA0A1A2R(ξ)4 − 12n2αA0A1A2R(ξ)3 + 9n2βA2
0A1A2R(ξ)4 − cA3

1R(ξ)3

+ 24cA3
2R(ξ)7 − 9n2βA2

0A1A2R(ξ)3 + 12n2βA0A
2
1A2R(ξ)5 − 12n2βA0A

2
1A2R(ξ)4

+ 3cA3
1R(ξ)4 + 15n2βA0A1R(ξ)6A2

2 − 15n2βA0A1R(ξ)5A2
2 + 66ncA0A1R(ξ)4A2

− 6n2cA2
0A2R(ξ)2 − 18ncA0A1A2R(ξ)3 + 30ncA0A1R(ξ)6A2 − 78ncA0A1R(ξ)5A2

− 54n2cA0A1R(ξ)5A2 + 30n2cA0A1A2R(ξ)6 − 8cA3
2R(ξ)6 + cA3

1R(ξ)6 − 3cA3
1R(ξ)5

+ 8cA3
2R(ξ)9 − 24cA3

2R(ξ)8 − 66ncA1R(ξ)7A2
2 + 84ncA0A

2
2R(ξ)5 − 24ncA0A2

2R(ξ)4

+ 24n2cA2
0A2R(ξ)5 − 54n2cA2

0A2R(ξ)4 + 12ncA0A
2
1R(ξ)3 − 12n2cA2

0A1R(ξ)3

+ 12n2cA0A
2
2R(ξ)7 − 12n2cA0A

2
2R(ξ)6 + 12n2cA2

1R(ξ)7A2 − 21n2cA1
2R(ξ)6A2

+ 12n2cA1R(ξ)8A2
2 − 18n2cA1R(ξ)7A2

2 + 3n2cA0A
2
1R(ξ)2 − 12n2cA0A

2
2R(ξ)5

+ 12n2cA0A
2
2R(ξ)4 + 6n2cA2

1R(ξ)5A2 + 3n2cA2
1R (ξ)4A2 + 6n2cA1R (ξ)5A2

2

+ 2n2αA2
0A1R(ξ)2 − 2n2αA0

2A1R(ξ) + 4n2αA0
2A2R(ξ)3 − 4n2αA0

2A2R(ξ)2

+ 4n2αA0A
2
1R(ξ)3 − 4n2αA0A

2
1R(ξ)2 + 8n2αA0A

2
2R(ξ)5 − 8n2αA0A

2
2R(ξ)4

+ 8n2αA2
1R(ξ)5A2 − 8n2αA2

1R(ξ)4A2 + 10n2αA1R(ξ)6A2
2 − 10n2αA1R(ξ)5A2

2

− 3n2βA0A
3
1R(ξ)3 + 6n2βA0A

3
2R(ξ)7 − 6n2βA0A

3
2R(ξ)6 + 5n2βA3

1R(ξ)6A2

− 5n2βA3
1R(ξ)5A2 + 9n2βA2

1R(ξ)7A2
2 − 9n2βA2

1R(ξ)6A2
2 + 7n2βA1R(ξ)8A3

2

− 7n2βA1R(ξ)7A2
3 + n2βA3

0A1R(ξ)2 − n2βA3
0A1R(ξ) + 2n2βA3

0A2R(ξ)3

− 2n2βA3
0A2(ξ)2 + 3n2βA0

2A1
2R(ξ)3 − 3n2βA0

2A2
1R(ξ)2 + 6n2βA2

0A
2
2R(ξ)5

− 6n2βA0
2A2

2R(ξ)4 + 3n2βA0A
3
1R(ξ)4 + 6ncA0A

2
1R(ξ)5 − 15ncA0A

2
1R(ξ)4

− 96ncA0A
2
2R(ξ)6 + 18ncA2

1R(ξ)7A2 − 39ncA2
1R(ξ)6A2 + 30ncA1R(ξ)8A2

2

+ 24ncA2
1A2R(ξ)5 − 9n2cA0A

2
1R(ξ)4 − 6ncA1A

2
2R(ξ)5 + 6n2cA2

0A1R(ξ)4

− 3ncA0A
2
1R(ξ)2 − 3ncA2

1A2R(ξ)4 + 42ncA1A
2
2R(ξ)6 + 6n2cA0A

2
1R(ξ)5

+ 6n2cA0
2A1R(ξ)2 + 36n2cA2

0A2R(ξ)3 + 36ncA0A
2
2R(ξ)7 = 0. (3.37)

Decomposing equation (3.37) into various powers of R(ξ), we obtain

n2βA3
0A1 + 2n2αA2

0A1 = 0,
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βn2A4
2 + 2cn2A3

2 + 6cnA2
3 + 4cA3

2 = 0,

7βn2A1A
3
2 − 2βn2A4

2 + 12cn2A1A
2
2 − 6cn2A3

2 + 30cnA1A
2
2 − 24cnA3

2 + 12cA1A
2
2

− 24cA3
2 = 0,

n2βA3
0A1 − 2βn2A3

0A2 − 3βn2A2
0A

2
1 + 2n2αA2

0A1 − 4αn2A2
0A2 − 4αn2A0A

2
1

+ 6cn2A2
0A1 − 6cn2A0

2A2 + 3cn2A0A
2
1 − 3cnA0A

2
1 = 0,

6βn2A0A
3
2 + 9βn2A2

1A
2
2 − 7βn2A1A

3
2 + 4αn2A3

2 + 12cn2A0A
2
2 + 12cn2A2

1A2

− 18cn2A1A
2
2 + 36cnA0A

2
2 + 18cnA2

1A2 − 66cnA1A
2
2 + 12cnA3

2 + 6cA2
1A2

− 36cA1A
2
2 + 24cA3

2 = 0,

2βn2A3
0A2 + 3βn2A2

0A
2
1 − 9βn2A2

0A1A2 − 3βn2A0A
3
1 + 4αn2A2

0A2 + 4αn2A0A
2
1

− 12αn2A0A1A2 − 2αn2A3
1 − 12cn2A2

0A1 + 36cn2A2
0A2 + 6cn2A0A1A2 + cn2A3

1

+ 12cnA0A
2
1 − 18cnA0A1A2 − cA3

1 = 0,

15βn2A0A1A
2
2 − 6βn2A0A

3
2 + 5βn2A3

1A2 − 9βn2A2
1A

2
2 + 10αn2A1A

2
2 − 4αn2A3

2 − 8cA3
2

+ 30cn2A0A1A2 − 12cn2A0A
2
2 + 2cn2A3

1 − 21cn2A1
2A2 + 2cn2A3

2 + 30cnA0A1A2

− 96cnA0A
2
2 + 3cnA3

1 − 39cnA2
1A2 + 42cnA1A

2
2 + cA3

1 − 18cA2
1A2 + 36cA1A

2
2 = 0,

9βn2A2
0A1A2 − 6βn2A2

0A
2
2 + 3βn2A0A

3
1 − 12βn2A0A

2
1A2 − βn2A4

1 + 12αn2A0A1A2

− 8αn2A0A
2
2 + 2αn2A3

1 − 8αn2A2
1A2 + 6cn2A2

0A1 − 54cn2A2
0A2 − 9cn2A0A

2
1

+ 18cn2A0A1A2 + 12cn2A0A
2
2 + 3cn2A2

1A2 − 15cnA0A
2
1 + 66cnA0A1A2 − 24cnA0A

2
2

+ 3cnA3
1 − 3cnA2

1A2 + 3cA3
1 − 6cA2

1A2 = 0,

6βn2A2
0A

2
2 + 12βn2A0A

2
1A2 − 15βn2A0A1A

2
2 + βn2A4

1 − 5βn2A3
1A2 + 8αn2A0A

2
2

+ 8αn2A2
1A2 − 10αn2A1A

2
2 + 24cn2A2

0A2 + 6cn2A0A
2
1 − 54cn2A0A1A2 − 12cn2A0A

2
2

− 3cn2A3
1 + 6cn2A2

1A2 + 6cn2A1A
2
2 + 6cnA0A

2
1 − 78cnA0A1A2 + 84cnA0A

2
2 − 6cnA3

1

+ 24cnA2
1A2 − 6cnA1A

2
2 − 3cA3

1 + 18cA2
1A2 − 12cA1A

2
2 = 0.

Solving the above system using Maple gives

A0 = 0, A1 =
2c(n2 + 3n+ 2)

βn2
, A2 = −2c(n2 + 3n+ 2)

βn2
, c =

2αn2

n2 − 1
. (3.38)

Therefore the solution of the equation (3.9) is

u(t, x) =

{
2c(n+ 1)(n+ 2)

βn2

(
e(x−ct)

1− e(x−ct)

)}1/n

. (3.39)

43



Solitary wave solution

Integrating the NLODE (3.31) twice with respect to ξ and taking contants of inte-

gration to be zero gives

1

2
cU ′

2 − β

(n+ 1)(n+ 2)
Un+2 − 2α− c

2
U2 = 0. (3.40)

Next we let U(ξ) = V (ξ)1/n to transform the NLODE (3.40) to

V ′
2 − n2(2α− c)

c
V 2 − 2n2β

c(n+ 1)(n+ 2)
V 3 = 0 (3.41)

whose solution is

V (ξ) =
(n+ 1)(n+ 2)(c− 2α)

2β

{
sec

(√
n2(2α− c)

4c
(ξ + C)

)}2

, (3.42)

where C constant of integration. Thus going back to our original variables the

solution of equation (3.9) is

u(t, x) =

(n+ 1)(n+ 2)(c− 2α)

2β

{
sec

(√
n2(2α− c)

4c
(x− ct+ C)

)}2
1/n

.

(3.43)

3.5 Exact solutions of (3.9) using the simplest equa-

tion method

In this subsection, we use the simplest equation method [47–49] to solve the third-

order NLODE (3.31) for n = 1 and n = 2. The simplest equations that we use are

the Bernoulli equation

H ′(z) = aH(ξ) + bH2(ξ) (3.44)

and the Riccati equation

G′(ξ) = aG2(ξ) + bG(ξ) + c, (3.45)

where a, b and c are constants [31]. We look for solutions of the NLODE (3.31) that

are of the form

W (ξ) =
M∑
i=0

Ai(G(ξ))i, (3.46)
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whereG(ξ) satisfies the Bernoulli equation or Riccati equation, M is a positive integer

that can be determined by a balancing procedure and A0, . . . , AM are parameters to

be determined.

The solution of Bernoulli equation (3.44) we use here is given by

H(ξ) = a

{
cosh[a(ξ + C)] + sinh[a(ξ + C)]

1− b cosh[a(ξ + C)]− b sinh[a(ξ + C)]

}
,

where C is a constant of integration. For the Riccati equation (3.45), the solutions

to be used are

G(ξ) = − b

2a
− θ

2a
tanh

[
1

2
θ(ξ + C)

]
, (3.47)

and

G(ξ) = − b

2a
− θ

2a
tanh

(
1

2
θξ

)
+

sech

(
θξ

2

)
C cosh

(
θξ

2

)
− 2a

θ
sinh

(
θξ

2

) , (3.48)

with θ =
√
b2 − 4ac and C is a constant of integration.

Solutions of (3.9) using the Bernoulli equation as the simplest equation

Case 1. n = 1

In this case, the balancing procedure yields M = 2 and solutions of (3.31) are of the

form

W (ξ) = A0 + A1G+ A2G
2. (3.49)

We insert the above value of W (ξ) into equation (3.31). Then, using the Bernoulli

equation (3.44) and equating the coefficients of Gi to zero, we obtain an algebraic

system of five equations in terms of A0, A1, A2, namely

12 cm3A2 + β mA2
2 = 0,

cl3A1 + β lA0A1 + 2α lA1 − clA1 = 0,

54 clm2A2 + 6 cm3A1 + 2 β lA2
2 + 3 β mA1A2 = 0,

38 cl2mA2 + 12 clm2A1 + 3 β lA1A2 + 2 β mA0A2 + β mA1
2 + 4αmA2 − 2 cmA2 = 0,

45



8 cl3A2 + 7 cl2mA1 + 2 β lA0A2 + β lA1
2 + β mA0A1 + 4α lA2 + 2αmA1 − 2 clA2 − cmA1 = 0.

With the aid of Maple, we solve the above system and obtain

A0 = A0, A1 =
12lcmA0

cl2 + 2α− c
, A2 =

12cm2A0

cl2 + 2α− c
.

Therefore the solution of (3.9) is given by

u(t, x, y) =A0 + aA1

{
cosh[a(ξ + C)] + sinh[a(ξ + C)]

1− b cosh[a(ξ + C)]− b sinh[a(ξ + C)]

}
+ A2a

2

{
cosh[a(ξ + C)] + sinh[a(ξ + C)]

1− b cosh[a(ξ + C)]− b sinh[a(ξ + C)]

}2

, (3.50)

where C is an arbitrary constant of integration.

Case 2. n = 2

In this case, the balancing procedure yields M = 1 and and solutions of (3.31) are

of the form

W (ξ) = A0 + A1G. (3.51)

We insert the above value of W (ξ) into equation (3.31). Then, using the Bernoulli

equation (3.44) and equating the coefficients of powers of G to zero, we obtain an

algebraic system equations in terms of A0, A1 and solving the system using maple

we obtain

A0 = ±1

2

√
6β cl

β
, A1 = ±

√
6β cm

β
.

Therefore, the solution of equation (3.9) is given by

u(t, x, y) =A0 + aA1

{
cosh[a(ξ + C)] + sinh[a(ξ + C)]

1− b cosh[a(ξ + C)]− b sinh[a(ξ + C)]

}
,

where C is an arbitrary constant of integration.

Solutions of (3.9) using the Riccati equation as the simplest equation

Case 1. n = 1

For this case, the balancing procedure gives M = 2, equation (3.46) becomes

W (ξ) = A0 + A1G+ A2G
2. (3.52)
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The insertion of the value of W (ξ) into equation (3.31) and making use of the Ric-

cati equation (3.45) yields the following algebraic system of equations in terms of

A0, A1, A2

12 cl3A2 + β lA2
2 = 0,

6 cl3A1 + 54 cl2mA2 + 3 β lA1A2 + 2 β mA2
2 = 0,

2 cln2A1 + cm2nA1 + 6 cmn2A2 + β nA0A1 + 2αnA1 − cnA1 = 0,

12 cl2mA1 + 40 cl2nA2 + 38 clm2A2 + 2 β lA0A2 + β lA1
2 + 3 β mA1A2

+ 2 β nA2
2 + 4α lA2 − 2 clA2 = 0,

8 clmnA1 + 16 cln2A2 + cm3A1 + 14 cm2nA2 + β mA0A1 + 2 β nA0A2

+ β nA1
2 + 2αmA1 + 4αnA2 − cmA1 − 2 cnA2 = 0.

The solution of the above system using Maple gives

A0 = A0, A1 =
12mclA0

8 cln+ cm2 + 2α− c
, A2 =

12cl2A0

8 cln+ cm2 + 2α− c
.

Consequently, the solutions of the gsmCH equation (3.9) are

u(t, x, y) =A0 + A1

[
− b

2a
− θ

2a
tanh

{
1

2
θ(ξ + C)

}]
+ A2

[
− b

2a
− θ

2a
tanh

{
1

2
θ(ξ + C)

}]2

,

and

u(t, x, y) =A0 + A1

{
− b

2a
− θ

2a
tanh

(
1

2
θξ

)
+

sech

(
θξ

2

)
C cosh

(
θξ

2

)
− 2a

θ
sinh

(
θξ

2

)}

+ A2

{
− b

2a
− θ

2a
tanh

(
1

2
θξ

)
+

sech

(
θξ

2

)
C cosh

(
θξ

2

)
− 2a

θ
sinh

(
θξ

2

)}2

,

where C is an arbitrary constant of integration.

Case 2: n = 2

For this case, the balancing procedure gives M = 1, equation (3.46) becomes

W (ξ) = A0 + A1G. (3.53)
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The insertion of the value of W (ξ) into equation (3.31) and making use of the Riccati

equation (3.45) yields the algebraic system of equations in terms of A0, A1 whereby

with the aid of maple solving these equations we obtain

A0 = ±1

2

√
6βcm

β
, A1 = ±

√
6βcl

β
.

Consequently, the solutions of equation (3.9) are

u(t, x, y) = A0 + A1

[
− b

2a
− θ

2a
tanh

{
1

2
θ(ξ + C)

}]
, (3.54)

and

u(t, x, y) = A0 + A1

{
− b

2a
− θ

2a
tanh

(
1

2
θξ

)
+

sech

(
θξ

2

)
C cosh

(
θξ

2

)
− 2a

θ
sinh

(
θξ

2

)},
(3.55)

where C is an arbitrary constant of integration.

Solution of (3.9) using direct integration

In this subsection, we derive a solution of an ODE equation (3.31) by using direct

integration when n = 1. Integrating equation (3.31) twice gives

U ′2 =
2C1

c
U +

(2α− c)
c

U2 +
2β

3c
U3 +

2C2

c
, (3.56)

where C1, C2 are arbitrary constants. To gain the solution of equation (3.56), we

assume that r1, r2 and r3 are roots of cubic polynomial

U3 +
3(2α− c)

2β
U2 +

3c1

β
U +

3C2

β
= 0,

with r1 > r2 > r3. Equation (3.56) can be written as

U ′2 =
2β

3c
(U − r1)(U − r2)(U − r3),

whose solution [24,25] is

U(ξ) = r2 + (r1 − r2)cn2

{√
β(r1 − r3)

6c
(ξ − ξ0), R2

}
, R2 =

r1 − r2

r1 − r3

,
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where ξ0 is a constant and cn is the Jacobi cosine function. Consequently, the solution

for gsmCH equation (3.9) is

u(t, x) = r2 + (r1 − r2)cn2

{√
β(r1 − r3)

6c
(ξ − ξ0), R2

}
.

3.6 Conservation laws of (3.9)

In this section we derive conservation laws of gsmCH equation (3.9). We use three

different methods of finding conservation laws, namely, the multiplier method, Ibrag-

imov’s method and the classical Noether’s theorem.

3.6.1 Conservation laws of (3.9) using multiplier method

In this subsection we employ the multiplier method to construct conservation laws

for the gsmCH equation (3.9). We look for the zeroth-order multipliers Λ = Λ(t, x, u)

that are obtained by solving the determining equation

δ

δu

{
Λ(t, x, u) (ut + 2αux + βunux − utxx)

}
= 0,

which gives

utΛu + 2αuxΛu + βunuxΛu − utxxΛu − u2
xΛu − uuxx + βnun−1uxΛ

−DtΛ− 2αDxΛ− βDx(u
nΛ) +DtD

2
xΛ = 0.

The above equation expands to

− Λt − 2αΛx − βunΛx + Λtxx + 2uxΛtxu + u2
xΛtuu + uxxΛtu + utΛxxu

+ 2utuxΛxuu + 2utxΛxu + utu
2
xΛuuu + 2uxutxΛuu + utuxxΛxuu = 0.

Simplifying and splitting the above equation on the derivatives of u, we obtain

utx : Λxu = 0, (3.57)

uxx : Λtu = 0, (3.58)

utuxx : Λuu = 0, (3.59)
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rest : Λtxx − Λt − 2αΛx − βunΛx = 0. (3.60)

Integrating equation (3.59) twice with respect u yields

Λ = A(t, x)u+B(t, x),

where A(t, x) and B(t, x) are arbitrary function whose arguments are t and x. Sub-

stituting the above value of Λ into equation (3.57), we have that Ax = 0, which leads

to A = A(t), where A is an arbitrary function of t. Hence

Λ = A(t)u+B(t, x).

Substituting this new value of Λ into equation (3.58) we get that A′(t) = 0, which

implies that A(t) = C1, thus

Λ = C1u+B(t, x).

where C1 is a constant of integration. Equation (3.60) implies that

Btxx −Bt − 2αBx − βunBx = 0.

Splitting the above equation over powers of u yields

un : Bx = 0, (3.61)

rest : Btxx −Bt − 2αBx = 0. (3.62)

Equation (3.61) yields B = D(t). Substituting the value of B into equation (3.62),

we get D′(t) = 0, which is easily solved to obtain

D(t) = C2,

where C2 is a constant. Therefore Λ = C1u+C2 is the multiplier for equation (3.9).

We obtain the conservation law for the above multiplier by considering

Λ(t, x, u){(ut + 2αux + βunux − utxx)} = DtT
t +DxT

x, (3.63)

where density T t and flux T x are defined as

T t = T t(t, x, u) and T x = T x(t, x, u, ux), (3.64)
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and so equation (3.63) becomes

ut + 2αux + βunux − utxx = DtT
t +DxT

x.

Case 1. For Λ1 = u, equation (3.63) becomes

u(ut + 2αux + βunux− utxx) = T tt + utT
t
u + utxT

t
ux +T xx + uxT

x
u + uxxT

x
ux + utxxT

xutx.

Now splitting the above equation on the third derivatives of u, we obtain

utxx : T xutx = −u, (3.65)

rest : u(ut + 2αux + βunux) = T tt + utT
t
u + utxT

t
ux + T xx + uxT

x
u (3.66)

+ uxxT
x
ux .

Integration of equation (3.65) with respect to utx, we obtain the flux

T x = −uutx + P (t, x, u, ux),

where P is an arbitrary function of its arguments. Substituting the above

value of T x into equation (3.66) we have

u(ut + 2αux + βunux) = T tt + utT
t
u + utxT

t
ux + Px − uxutx + uxPu+ uxxPux.

Simplifying and splitting the above equation on the second derivatives of u, we have

uxx : Pux = 0, (3.67)

utx : −ux + T tux = 0, (3.68)

rest : u(ut + 2αux + βunux) = T tt + utT
t
u + Px + uxPu. (3.69)

Equation (3.67) implies that P = P (t, x, u). From equation (3.68) we get

T t =
u2
x

2
+ C(t, x, u),

where C is an arbitrary function of its arguments. Substituting the above value of

T t into equation (3.69) gives

u(ut + 2αux + βunux) = Ct + utCu + Px + uxPu.
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Splitting the above equation on derivatives of u we get

ut : Cu = u, (3.70)

ux : Pu = βun+1 + 2αu, (3.71)

rest : Ct + Px = 0. (3.72)

Equation (3.71) gives

P = β
un+2

n+ 2
+ αu2 +D(t, x),

where D is an arbitrary function of t and x. Integrating equation (3.70)yields

C =
u2

2
+ E(t, x),

where E is an arbitrary function of t and x. Substituting the values of P and C

into equation (3.72) gives Et + Dx = 0. We take note that E and D contribute to

the trivial part of the conservation law, thus we take them to be zero. Hence the

conservation law corresponding to first multiplier is given by

T t =
1

2
u2
x +

1

2
u2,

T x =− uutx +
β

n+ 2
un+2 + αu2.

Case 2. For the second multiplier Λ2 = 1, we expand equation (3.63) and get

ut + 2αux + βunux − utxx = T tt + T tuut + T tuxutx + T xx + T xuux + T xuxuxx + T xutxutxx.

Splitting the above equation on third derivatives of u yields

utxx : T xutx = −1, (3.73)

Rest : ut + 2αux + βunux = T tt + T tuut + T tuxutx + T xx + T xuux + T xuxuxx. (3.74)

Equation (3.73) implies that

T x = −utx + A(t, x, u, ux),

where A is an arbitrary function of its arguments. Substituting this value of T x into

equation (3.74) we get

ut + 2αux + βunux = T tt + T tuut + T tuxutx + Ax + Auux + Auxuxx.
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The above equation is split on second derivatives of u, to give

utx : T tux = 0, (3.75)

uxx : Aux = 0, (3.76)

rest : ut + 2αux + βunux = T tt + T tuut + Ax + Auux. (3.77)

Equations (3.76) implies that

A = A(t, x, u).

From equation (3.75) we get

T t = B(t, x, u),

where B is an arbitrary function of t, x and u. Substituting the value of T t into

(3.77) gives

ut + 2αux + βunux = Bt +Buut + Ax + Auux. (3.78)

Splitting equation (3.78) on the derivatives of u yields

ut : Bu = 1, (3.79)

ux : Au = 2α + βun, (3.80)

rest : Ax +Bt = 0. (3.81)

Integrating equation (3.79) we obtain

B = u+ C(t, x),

where C is an arbitrary function of t and x. Equation (3.80) gives

A = 2αu+ β
un+1

n+ 1
+D(t, x),

where D is an arbitrary function of t and x. Substituting the values A and B into

equation (3.81) we get Dx + Ct = 0. Since C and D contribute to the trivial part

of the conservation law, we therefore take C = D = 0. Thus the conservation law

corresponding to this multiplier is given by

T t = u,
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T x = 2αu+
β

n+ 1
un+1 − utx.

Remark. It is noted here that since we have the multiplier Λ = 1, this implies that

the gsmCH equation (3.9) is in conserved form.

3.6.2 Conservation laws using Ibragimov’s method

In this section we compute conservation laws for the gsmCH equation (3.9) using

the theorem due to Ibragimov as given in [35]. We begin by determining the adjoint

equation using the formula

F ∗ ≡ δ

δu
{v(ut + 2αux + βunux − utxx)} = 0. (3.82)

In this case the Euler-Lagrange operator is

δ

δu
=

∂

∂u
−Dt

∂

∂ut
−Dx

∂

∂ux
+D2

x

∂

∂uxx
−DtD

2
x

∂

∂utxx
, (3.83)

where the total differential operators Dt and Dx are

Dt =
∂

∂t
+ ut

∂

∂u
+ vt

∂

∂v
+ utt

∂

∂ut
+ vtt

∂

∂vt
+ utx

∂

∂ux
+ vtx

∂

∂vx
+ · · · ,

Dx =
∂

∂x
+ ux

∂

∂u
+ vx

∂

∂v
+ uxx

∂

∂ux
+ vxx

∂

∂vx
+ uxt

∂

∂ut
+ vxt

∂

∂vt
· · · .

Equation (3.82) yields the adjoint equation

F ∗ ≡ −vt − βvxun − 2αvx + vtxx = 0. (3.84)

We now consider the equation (3.9) and its adjoint (3.84). The Lagrangian of this

system is

L = vut + 2αvux + βvunux − vutxx. (3.85)

To compute the conservation laws of equation (3.9), we utilise the formula [35]

Ci = ξiL+Wα

(
∂L
∂uαi
−Dk

∂L
∂uαik

)
+Dk(W

α)
∂L
∂uαik

, (3.86)
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where Wα is the Lie characteristic fucntion given by Wα = ηα − ξjuαj . Recall that

equation (3.9) has the two translation symmetries

X1 =
∂

∂t
, (3.87)

X2 =
∂

∂x
. (3.88)

Let us first consider the infinitesimal generator (3.87). It can be easily shown that

extending the generator X1 to the new variable v produces the same translation

symmetry X1 = ∂/∂t. In order to determine the value of λ we apply the equation

X(F ) = λ(F ), (3.89)

which yields λ = 0. Again,

Dt(τ) = 0. (3.90)

Consequently, η∗ = 0 and the operator admitted by the adjoint equation (3.84) is

Y =
∂

∂t
. (3.91)

We now use equation (3.91) to compute the Lie characteristic functions

W 1 = −ut, W 2 = −vt.

The conserved vector for the equation (3.9) and its adjoint (3.84) corresponding to

the infinitesimal generator (3.87) can thus be obtained by using (3.86). The following

conserved vector is obtained

Ct = 2αvux + βunvux −
1

3
vxutx −

2

3
vutxx,

Cx = −2αvut − βunvut −
1

3
vtutx +

2

3
vtxut −

1

3
vxutt +

2

3
vuttx.

Similarly, we compute the conserved vector corresponding to the infinitesimal gen-

erator (3.88). In this case W 1 = −ux and W 2 = −vx and the conserved vector thus

rendered by applying (3.86) are

Ct = −vux −
1

3
vxuxx +

1

3
vxxux +

1

3
vuxxx,

Cx = vut −
1

3
vtuxx −

1

3
vxutx +

2

3
vtxux −

1

3
vutxx.
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3.6.3 Conservation laws using Noether’s approach

In this subsection we utilize Noether’s approach to derive conservation laws for the

gsmCH equation (3.9). This equation is of third order and as such does not have a

Lagrangian. To make it variational we increase its order by letting u = vx. Thus we

have

vtx + 2αvxx + βvnxvxx − vtxxx = 0. (3.92)

It can be verified that equation (3.92) has a second-order Lagrangian L given by

L = −1

2
vtvx − αv2

x −
1

2
vtxvxx −

β

(n+ 1)(n+ 2)
vn+2
x , n 6= −1,−2,

as δL/δv = 0 on the equation. Here the Euler-Lagrange operator is given by

δ

δv
=

∂

∂v
−Dt

∂

∂vt
−Dx

∂

∂vx
+DtDx

∂

∂vtx
+D2

x

∂

∂vxx
+ · · · .

The determining equation for Noether point symmetries is given by

X [2](L) + L [Dt(τ) +Dx(ξ)] = Dt(B
1) +Dx(B

2), (3.93)

where B1 = B1(t, x, v) and B2 = B2(t, x, v) are gauge terms and X [2] is the second

prolongation of the infinitesimal generator

X = τ(t, x, v)
∂

∂t
+ ξ(t, x, v)

∂

∂x
+ η(t, x, v)

∂

∂v
.

Hence expanding equation (3.93) with the Lagrangian L gives

− 1

2
vx
{
ηt + vtηv − vtτt − v2

t τv − vxξt − vtvxξv
}
− 1

2
vt {ηx + vxηv − vtτx − vtvxτv

−vxξx − v2
xξv
}
− 2αvx

{
ηx + vxηv − vtτx − vtvxτv − vxξx − v2

xξv
}
− β

n+ 1
{ηx

+vxηv − vtτx − vtvxτv − vxξx − v2
xξv
}
− 1

2
vxx {ηtx + vxηtv + vtηxv + vxtηv

+vtvxηvv − vxtτtv − vxtξxv − v2
t τxv − 2vtvxtτv − vxvttτv − v2

t vxτvv − vxξxt

−vxxξt − v2
xξtv − 2vxvxtξv − vtvxxξv − vtv2

xξvv
}
− 1

2
vtx {ηxx + 2vxηxv + vxxηv

+v2
xηvv − 2vxxξx − vxξxx − 2v2

xξxv − 3vxvxxξv − v3
xξvv − 2vxtτx − vtτxx

−2vtvxτxv − vtvxxτv − 2vxvxtτv − vtv2
xτvv

}
−B1

t − vtB1
v −B2

x − vxB2
v = 0.
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Splitting the above equation on derivatives of v yields

τt = 0, (3.94)

τx = 0, (3.95)

τv = 0, (3.96)

ξx = 0, (3.97)

ξt = 0, (3.98)

ξv = 0, (3.99)

ηx = 0, (3.100)

ηv = 0, (3.101)

B1
v = 0, (3.102)

B1
x +B2

t = 0. (3.103)

Solving these PDEs gives Noether point symmetries and gauge functions. We list

these below

X1 =
∂

∂t
, B1 = 0, B2 = 0,

X2 =
∂

∂x
, B1 = 0, B2 = 0,

Xf =f(t)
∂

∂v
, B1 = 0, B2 = −1

2
vf ′(t).

We now construct the conservation laws corresponding to each Noether point sym-

metry using [34]

T t = Lτ + (η − utτ − uxξ)
∂L
∂ut

+ (ζ2 − utxτ − uxxξ)
∂L
utx
−B1,

T x = Lξ + (η − utτ − uxξ)
{
∂L
∂ux
−Dt

(
∂L
∂utx

)
−Dx

(
∂L
∂uxx

)}
+ (ζ2 − utxτ − uxxξ)

∂L
uxx
−B2.

Case 1. The first Noether symmetry X1 = ∂/∂t has the conserved vector

T t1 = − 1

(n+ 1)(n+ 2)
βvn+2

x − αv2
x −

1

4
vxxxvt −

1

4
vxxvtx,
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T x1 =
1

(n+ 1)
βvtv

n+1
x +

1

2
v2
t +

1

2
v2
tx + 2αvxvt +

1

4
vxxvtt −

3

4
vtvtxx.

Case 2. The second operator X2 = ∂/∂x yields the consevation law

T t2 =
1

2
v2
x +

1

4
v2
xx −

1

4
vxvxxx,

T x2 =
1

(n+ 1)
βvn+2

x − 1

(n+ 1)(n+ 2)
βvn+2

x + αv2
x +

1

4
vxxvtx −

3

4
vxvtxx.

Case 3. Finally for the operator Xf = f(t)∂/∂v, we get the conserved vector

T tf = − 1

2
f(t)vx +

1

4
f(t)vxxx,

T xf = − 1

2
f(t)vt +

3

4
f(t)vtxx − 2αf(t)vx −

1

(n+ 1)
βf(t)vn+1

x − 1

4
f ′(t)vxx.

Reverting back to our original variable u, we have

T t1 = − 1

(n+ 1)(n+ 2)
βun+2 − αu2 − 1

4
uxx

∫
utdx−

1

4
uxut,

T x1 =
1

(n+ 1)
β

(∫
utdx

)
un+1 +

1

2

(∫
utdx

)2

+
1

2
u2
t + 2αu

∫
utdx

+
1

4
ux

∫
uttdx−

3

4

∫
utdxutx,

T t2 =
1

2
u2 +

1

4
u2
x −

1

4
uuxx,

T x2 =
1

(n+ 1)
βun+2 − 1

(n+ 1)(n+ 2)
βun+2 + αu2 +

1

4
uxut −

3

4
uutx,

T tf = − 1

2
f(t)u+

1

4
f(t)uxx,

T xf = − 1

2
f(t)

∫
utdx+

3

4
f(t)utx − 2αf(t)u− 1

(n+ 1)
βf(t)un+1 − 1

4
f ′(t)ux.

3.7 Concluding remarks

In this chapter, we investigated the gsmCH equation (3.9) using Lie symmetry anal-

ysis. Firstly, Lie point symmetries were derived and used to perform symmetry

reductions and obtain exact solutions of the gsmCH equation. As a result of sym-

metry reductions, equation (3.9) was transfomed to NLODE (3.31). Consequently,
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Kudryashov’s method, the direct integration and the simplest equation method were

used to find exact solutions which were in the form of exponential, rational, hy-

perbolic and elliptic functions. Lastly, the conservation laws were derived using

multiplier approach, Ibragimov’s method and Noether’s theorem. The conservation

laws that represent energy and momentum amongst others were produced with the

aid of Ibragimov’s method and Noether’s theorem. We also realized that Noether’s

theorem produced local and non local conservation laws .
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Chapter 4

Solutions and conservation laws of

a (3+1)-dimensional KP-like

equation

4.1 Introduction

In [50], Kadomtsev and Petviashvili relaxed the requirement that the waves be

strictly one-dimensional and obtained the fully integrable Kadomtsev-Petviashvili

(KP) equation in the form

(ut + 6uux + uxxx)x + auyy = 0, (4.1)

which describes the evolution of quasi-one-dimensional shallow-water waves when

surface tension and viscosity effects are negligible. Here u = u(t, x, y) is a scalar

function, x and y are respectively the longitudinal and transverse spatial coordi-

nates. The subscripts t, x, y denote partial derivatives and a = ±1. In equation (4.1)

for a = 1 the result is called Kadomtsev-Petviashvili II (KPII) equation [51]. This

equation models water waves with small surface tension. In addition when a = −1

, we have Kadomtsev-Petviashvili I (KPI) equation. This equation can be used to

model waves in thin films with high surface tension. Equation (4.1) which results
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from the reduction of a system with quadratic nonlinearity that admits weakly dis-

persive waves in a paraxial wave approximation, is one of the most often used models

in nonlinear wave theory. When just the leading order terms are kept and an asymp-

totic equilibrium between weak dispersion, quadratic nonlinearity, and diffraction

is assumed, the equation naturally arises as a distinctive limit in the asymptotic

description of such systems. The two spatial variables’ distinct functions are what

cause them to appear in the equation in an asymmetrical manner.

Many generalized KP equations have been investigated in the literature and these

have become a point of interest. For example, Ma et al. [52] researched a generalized

(3+1)-dimensional KP equation

uxxxy + 3(uxuy)x + utx + uty − uzz = 0 (4.2)

and produced Wronskian and Grammian formulations. Through utilisation of the

improved tan (θ(ξ)/2)−expansion method, the authors in [53] obtained exact solu-

tions of the equation (4.2) which gave them hyperbolic, trigonometric, exponential

and rational functions. Furthermore, the authors in [54] utilised the Hirota bilin-

ear method and they obtained one-solition, two-solition and N-solition solutions.

Wazwaz in [55] found multiple-soliton solutions and multiple singular soliton solu-

tions. In [56] a one-parameter class of Pfaffian extensions was made for equation (4.2)

by the Pfaffianization procedure. Wronski-type Pfaffian and Gramm-type Pfaffian

solutions of the resulting Pfaffianized bilinear systems of the generalized KP equa-

tion were constructed. Under a dimensional reduction, the results yielded a class

of Pfaffianized bilinear systems for the KP equation, which contained the standard

Pfaffianized bilinear KP system. Ma and Zhu [57] utilised the multiple exp-function

algorithm as a generalization of Hirota’s perturbation scheme, to construct multiple

wave solutions. The resulting solutions involved generic phase shifts and wave fre-

quencies containing many existing choices. Another form of KP like equation which

reads [58]

a(t)uxxxy + ρa(t)(uxuy)x + (ux + uy − uz)t + b(t)(uxx + uzz) = 0, (4.3)

where a(t) and b(t) are all arbitrary functions of t, and ρ, a real non-zero constant is
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called the generalized (3+1)-dimensional variable-coefficient B-type equation. This

equation describes the propagation of nonlinear waves in fluid dynamics. In [58],

the authors used the bell polynomials to derive the bilinear form and Bäcklund

transformation of the equation. In addition, the Hirota method was used to construct

the one-and two-soliton solutions for equation (4.3).

The authors in [59] started to study the equation (4.3) by using Hirota bilinear

method and their findings involved the lump and lump-type solutions of the gener-

alized (3+1)-dimensional variable-coefficient B-type KP equation.

Moreover, the authors in [60] studied a new (3+1)-dimensional generalized KP prob-

lem which read as

uxxxy + 3(uxuy)x + utx + uty + utz − uzz = 0 (4.4)

and they used the simplified Hirota’s direct method to derive multiple soliton solu-

tions for the new model where the coefficients of the spatial variables are left free. In

addition, the authors showed that the phase shifts depend on all these coefficients.

They also proved that the new model fails the Painlevè integrability test although it

gives multiple-soliton solutions.

Furthermore, the researchers in [61] studied equation (4.4) and used the linear super-

position technique to obtain the resonant multi-soliton solutions for the new (3+1)-

dimensional generalized KP equation.

Another KP hierarchy, known as the B-type KP (BKP) equation which is called

(3+1)-dimensional BKP equation reads [62]

utz − uxxxy − 3(uxuy)x + 3uxx = 0. (4.5)

The authors in [62] studied equation (4.5) where a linear superposition principle of

exponential traveling waves was analyzed for Hirota bilinear equations, with an aim

to construct a specific sub-class of N -soliton solutions formed by linear combinations

of exponential traveling waves. In [63], the author used the simplified form of the

Hirota’s method to investigate three variants of equation (4.5). Multiple-front wave
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solutions were formally derived. The dispersion relation and the phase shift of each

equation was established. The constraints, that arised between the coefficients of

the spatial variables, that will guarantee the existence of multiple solutions, were

analyzed.

In addition, the researchers in [64] used multiple exp-function method to explore the

shape changing and clevaging nature of anti-kink solutions of equation (4.5).

Moreover, in [65] an efficient method for developing fresh KP-like equations was

suggested. The authors in [65] used a transformation u = 2(ln f)x to transform

equation (4.5) into the Hirota bilinear form

(DzDt −D3
xDy + 3D2

x)f.f = 0. (4.6)

Furthermore, for equation (4.6) to provide much more information in physical situ-

ations, two terms were added and it was reconsidered as

(aDxDt + bDyDt + cDzDt − dD3
xDy + eD2

x)f.f = 0, (4.7)

where a, b, c, d and e are arbitrary parameters. Using the transformation u = 2(ln f)x

equation (4.7) was reversed to

autx + buty + cutz − duxxxy − 3uxuxy − 3uxxuy + euxx = 0. (4.8)

In addition, equation (4.8) was studied in [66] where the authors obtained hyperbolic

tangent and generic function solutions by using arbitrary linear combinations of Lie

point symmetries.

In this chapter, we study the general exact solutions of equation (4.8) by using Lie

group analysis together with various techniques which includes direct integration

and Kudryashov’s methods. Such solutions are in the form of elliptic integrals and

Jacobian elliptic functions. Furthermore, we will derive the conservation laws of

equation (4.8) by using the multiplier approach.

63



4.2 Lie symmetries of equation (4.8)

We begin by extracting the Lie symmetries associated with the NLEE (4.8). A

generic infinitesimal generator of our equation takes the form

X = ξ1 ∂

∂t
+ ξ2 ∂

∂x
+ ξ3 ∂

∂y
+ ξ4 ∂

∂z
+ η

∂

∂u
, (4.9)

where ξ1, ξ2, ξ3, ξ4 and η are functions of (t, x, y, z). Generator (4.9) must, however,

conform to the following condition:

X [4](autx + buty + cutz − duxxxy − 3uxuxy − 3uxxuy + euxx)|(4.8) = 0. (4.10)

Here X [4] is a third extension of (4.9) given by [9]

X [3] =X + ζx
∂

∂ux
+ ζy

∂

∂uy
+ ζtx

∂

∂utx
+ ζty

∂

∂uty
+ ζtz

∂

∂utz
+ ζxx

∂

∂uxx

+ ζxy
∂

∂uxy
+ ζxxxy

∂

∂uxxxy
(4.11)

with ζx, ζy, ζtx, ζty, ζtz, ζxx, ζxy and ζxxxy defined by

ζx = Dx(η)− utDx(ξ
1)− uxDx(ξ

2)− uyDx(ξ
3)− uzDx(ξ

4),

ζy = Dy(η)− utDx(ξ
1)− uxDx(ξ

2)− uyDx(ξ
3)− uzDx(ξ

4),

ζtx = Dx(ζt)− uttDx(ξ
1)− utxDx(ξ

2)− utyDx(ξ
3)− utzDx(ξ

4),

ζty = Dy(ζt)− uttDy(ξ
1)− utxDy(ξ

2)− utyDy(ξ
3)− utzDy(ξ

4),

ζtz = Dz(ζt)− uttDz(ξ
1)− utxDz(ξ

2)− utyDz(ξ
3)− utzDz(ξ

4),

ζxx = Dx(ζx)− uxtDx(ξ
1)− uxxDx(ξ

2)− uxyDx(ξ
3)− uxzDx(ξ

4),

ζxy = Dy(ζx)− uxtDy(ξ
1)− uxxDy(ξ

2)− uxyDy(ξ
3)− uxzDy(ξ

4),

ζxxx = Dx(ζxx)− uxxtDx(ξ
1)− uxxxDx(ξ

2)− uxxyDz(ξ
3)− uxxzDx(ξ

4),

ζxxxy = Dy(ζxxx)− uxxxtDy(ξ
1)− uxxxxDy(ξ

2)− uxxxyDy(ξ
3)− uxxxzDy(ξ

4),
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where Dt, Dx, Dy and Dz are the total derivatives, which are given by

Dt =
∂

∂t
+ ut

∂

∂u
+ utt

∂

∂ut
+ utx

∂

∂ux
+ uty

∂

∂uy
+ utz

∂

∂uz
+ · · · ,

Dx =
∂

∂x
+ ux

∂

∂u
+ uxx

∂

∂ux
+ uxt

∂

∂ut
+ uxy

∂

∂uy
+ uxz

∂

∂uz
+ · · · ,

Dy =
∂

∂y
+ uy

∂

∂u
+ uyy

∂

∂uy
+ uyt

∂

∂ut
+ uyx

∂

∂ux
+ uyz

∂

∂uz
+ · · · ,

Dz =
∂

∂z
+ uz

∂

∂u
+ uzz

∂

∂uz
+ uzt

∂

∂ut
+ uzy

∂

∂uy
+ uzx

∂

∂ux
+ · · · .

(4.12)

Solving equation (4.10) leads to the following nine-dimensional Lie algebras:

X1 =
∂

∂t
, X2 =

∂

∂x
, X3 =

∂

∂y
, X4 =

∂

∂z
,

X5 = ct
∂

∂t
− az ∂

∂x
− bz ∂

∂y
− cz ∂

∂z
,

X6 = 3ct
∂

∂t
− 3(bz − cy)

∂

∂y
+ cey

∂

∂u
,

X7 = 2ct
∂

∂t
− (az − cx)

∂

∂x
+ (bz − cy)

∂

∂y
− cu ∂

∂u
,

XF1 =F1(t)
∂

∂u
,

XF2 =F2(z)
∂

∂u
,

(4.13)

where F1 and F2 are arbitrary functions of t and z respectively.

4.3 Exact solutions of equation (4.8)

In this section we obtain different types of exact solutions of the NLEE (4.8).

4.3.1 Invariant solutions under the symmetries X1, . . . , X4

We will now explore various types of solutions emanating from the translation sym-

metries.

Hyperbolic solution of equation (4.8)

Using the time and space translations X1, . . . , X4 we have the group invariant

U(p) = u(t, x, y, z), p = αx+ βy + νz − γt, (4.14)
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where α, β, ν and γ are arbitrary constants. Using (4.14), equation (4.8) is reduced

to the fourth-order ODE

(eα2 − aαγ − bβγ − cνγ)U ′′ − 6βα2U ′′U ′ − dβα3U ′′′′ = 0. (4.15)

Integrating (4.15) once with respect to p gives

C0 + (eα2 − aαγ − bβγ − cνγ)U ′ − 3βα2U ′2 − dβα3U ′′′ = 0, (4.16)

where C0 is an integration constant. Multiplying equation (4.16) by U ′′ and inte-

grating once with respect to p leads to the second-order ODE

C1 + C0U
′ + AU ′2 −BU ′3 − EU ′′2 = 0, (4.17)

where A = (eα2 − aαγ − bβγ − cνγ)/2, B = βα2, and E = 1/2dβα3.

Solution of (4.8) using direct integration

Now letting Q(p) = U ′(p) , the resultant ODE (4.17) becomes

C1 + C0Q+ AQ2 −BQ3 − EQ′2 = 0. (4.18)

Then,

Q′
2

=
C1

E
+
C0Q

E
+
AQ2

E
− BQ3

E
,

Suppose that w1,w2 and w3 are real roots (w1 > w2 > w3) of a cubic equation

Q3 − AQ2

B
− C0Q

B
− C1

B
= 0. (4.19)

and satisfies the conditions

w1w2w3 =
C1

B
, w1w2 + w1w3 + w2w3 = −C0

B
, w1 + w2 + w3 =

A

B
.

Then equation (4.19) is written as

Q′
2

= −B
E

(Q− w1)(Q− w2)(Q− w3),
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and has the solution

Q(p) = w2 + (w1 − w2)cn2

{√
B(w1 − w3)

4E
(p− p0)

∣∣∣∣X2

}
, X2 =

w1 − w2

w1 − w3

, (4.20)

where p0 is a constant and cn is the Jacobi cosine function. Thus by returning to

the original variables we obtain the solution of (4.8) as

u(t, x, y, z) = S0[EllipticE
{

sn(S1(p− p0), X2), X2
}

]+

{
w2 − (w1 − w2)

1−X4

X4

}
(p−p0)+k1

(4.21)

with

S0 =

√
4E(w1 − w2)2

(w1 − w3)BX8
, S1 =

√
B(w1 − w2)

4E
,

where k1 is a constant p = αx+ βy + νz − γt.

Solution of (4.8) when C0 and C1 = 0

Now letting U ′(p) = V (p) and letting C0 and C1 = 0, the resultant ODE gives

V (p) =− A

B

{tanh

(√
EA (C3 − p)

2E

)}2

− 1

, (4.22)

where C3 is an integration constant. Recall that U(p) =
∫
V (p)dp, consequently, the

analytic solutions of ODE (4.15) are hyperbolic

u(t, x, y, z) =− 2EA

B
√
EA

tanh

{√
EA(C3 − p)

2E

}
− EA

B
√
EA

ln

{
tanh

(√
EA(C3 − p)

2E

)
− 1

}

+
EA

B
√
EA

ln

(
tanh

{√
EA(C3 − p)

2E

}
+ 1

)
+
A

B
p+ S0, (4.23)

where independent variable p = αx+βy+νz−γt and S0 as an integration constant .

Thus by extension, the solution of (4.23) is indeed a solution of the (3+1)-D KP-like

equation (4.8).

4.3.2 Exact solutions of (4.8) using the Kudryashov method

In this section we invoke the Kudryashov method [14] to determine exact solutions

of (4.8).
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We begin by assuming that the solutions to the fourth-order ODE (4.15) can be

written in the form

U(p) =
M∑
i=0

AiY
i(p), (4.24)

where Y (p) satisfies the Riccati equation

Y ′(p) = Y 2(p)− Y (p), (4.25)

whose solution is

Y (p) =
1

1 + ep
. (4.26)

The value of M in (4.24) can be determined by using the balancing procedure [14] and

Ai i = 0, 1, · · · ,M are constants which we will determine. We balance the highest

order derivative with the nonlinear term, that is, U ′′′′(p) and U(p)′U ′′(p) respectively.

This gives M = 1. Thus the solution (4.24) can be written as

U(z) = Y0 + A1Y (z). (4.27)

Substituting (4.27) into (4.15) and invoking (4.25) we obtain the following equation

in Q(z)

− 2 aa1α γ Y
3(p) + 3 aa1α γ Y

2(p)− aa1α γ Y (p)− 2 ba1β γ Y
3(p)

+ 3 ba1β γ Y
2(p)− ba1β γ Y (p)− 2 ca1ν γ Y

3(p) + 3 ca1ν γ Y
2(p)

− ca1ν γ Y (p)− 24 da1β α
3Y 5(p) + 60 da1β α

3Y 4(p)− 50 da1β α
3Y 3(p)

+ 15 da1β α
3Y 2(p)− da1β α

3Y (p)− 12 a1
2α2β Y 5(p) + 30 a1

2α2β Y 4(p)

− 24 a1
2α2β Y 3(p) + 6 a1

2α2β Y 2(p) + 2 ea1α
2Y 3(p)− 3 ea1α

2Y 2(p)

+ ea1α
2Y (p) = 0 (4.28)

Equating the coefficients of like powers of Y (p) in equation (4.28) we obtain the

following five algebraic equations in terms of a0 and a1

Y 5(p) : 2 da1β α
3 + a1

2α2β = 0,

Y 4(p) : da1β α
3 + a1

2α2β = 0,

Y 3(p) : 25 da1β α
3 + 12 a1

2α2β + aa1α γ − ea1α
2 + ba1β γ + ca1ν γ = 0,
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Y 2(p) : 5 da1β α
3 + 2 a1

2α2β + aa1α γ − ea1α
2 + ba1β γ + ca1ν γ = 0,

Y 1(p) : 25 γ3λ a1 + 16 γ2λ a1
2 + 8 γ λ2a1

2 − 4 γ va1 = 0. (4.29)

The solution of these equations is

a0 = a0,

a1 =
2(aα γ − α2e+ bβ γ + cγ ν)

α2β
,

d =
α2e− aα γ − bβ γ − cγ ν

α3β
. (4.30)

Thus ,the solution of (4.8) reads

u(t, x, y, z) = a0 +
2 aα γ − 2α2e+ 2 bβ γ + 2 cγν

α2β (1 + eαx+β y−γ t+ν z)
. (4.31)

4.3.3 Invariant solutions under symmetry X5

The characteristic equations of

X5 = ct
∂

∂t
− az ∂

∂x
− bz ∂

∂y
− cz ∂

∂z

yield the invariant solution G(p, q, k) = u(t, x, y, z), where

p = tz, q = cx− az, k = bx− ay.

Substituting the value of u into (4.8) produces

cpGpp + cGp + ac3dGqqkq + 3abc2dGqkkq + 3ab2cdGkkkq + ab3dGkkkk + 3ac2GkGqq

+ 9abcGkGkq + 6ab2GkGkk + 3ac2GqGkq + 3abcGqGkk + c2eGqq + 2bceGkq

+ b2eGkk = 0. (4.32)

Equation (4.32) have five symmetries, namely;

Γ1 =
∂

∂q
, Γ2 =

∂

∂k
, Γ3 =

∂

∂G
, Γ4 = ln p

∂

∂G
,

Γ5 = 3acp
∂

∂p
+ (3ack − 3abq)

∂

∂k
+ (beq − cek)

∂

∂G
.
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Characteristc equations from combination of translation symmetries, Γ = Γ1 + γΓ2,

where γ is a constant yields the invariant solutions: U(g) = G(p, q, k) where g =

k − γq. Now substituting the invariant into equation (4.32) , yields ODE

(3abc2dγ2 + ab3d− 3ab2cdγ − ac3dγ3)U ′′′′ + (6ac2γ2 − 12abcγ + 6ab2)U ′′U ′

+ (c2eγ2 + b2e− 2bceγ)U ′′ = 0, (4.33)

which can be written as

EU ′′U ′ + FU ′′ + ZU ′′′′ = 0, (4.34)

where

Z = 3abc2dγ2 + ab3d− 3ab2cdγ − ac3dγ3

E = 6ac2γ2 − 12abcγ + 6ab2

F = c2eγ2 + b2e− 2bceγ

4.3.4 Solution of (4.8) by direct integration.

In this section, we seek to find the general solution of a (3+1)-dimensional KP-like

equation (4.8), we utilise NLODE (4.34). Integrating (4.34) with respect to g yield

E
2
U ′2 + FU ′ + ZU ′′′ + P0 = 0, (4.35)

where P0 is an arbitrary constant of integration. Let ρ(g) = U ′(g), then equation

(4.35) becomes
E
2
ρ2 + Fρ+ Zρ′′ + P0 = 0. (4.36)

To integrate (4.36), we first multiply by ρ′(g) to get

E
2
ρ2ρ′ + Fρρ′ + Zρ′′ρ′ + P0ρ

′ = 0. (4.37)

Integrating (4.37) with respect to g yield

Z
2
ρ′2 +

E
6
ρ3 +

F
2
ρ2 + P0ρ+ P1 = 0, (4.38)
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where P1 is an arbitrary constant. Then,

ρ′2 +
E

3Z
ρ3 +

F
Z
ρ2 +

2

Z
P0ρ+

2

Z
P1 = 0. (4.39)

Suppose that r1, r2 and r3 are real roots (r1 > r2 > r3) of a cubic equation

ρ3 +
3F
E
ρ2 +

6

E
P0ρ+

6

E
P1 = 0. (4.40)

and satisfies the conditions

r1r2r3 = − 6

E
P1, r1r2 + r1r3 + r2r3 =

6

E
P0, r1 + r2 + r3 = −3F

E
.

Then equation (4.40) is written as

ρ′
2

= − E
3Z

(ρ− r1)(ρ− r2)(ρ− r3),

and has the solution

ρ(r) = r2 + (r1 − r2)cn2

{√
E(r1 − r3)

12Z
(g − g0) |K2

}
, K2 =

r1 − r2

r1 − r3

, (4.41)

where g0 is a constant and cn is the Jacobi cosine function. Thus by returning to

the original variables we obtain the solution of (4.8) as

u(t, x, y, z) = F0[EllipticE
{

sn(F1(g − g0), K2), K2
}

]+

{
r2 − (r1 − r2)

1−K4

K4

}
(g−g0)+k1,

(4.42)

where

F0 =

√
12Z(r1 − r2)2

(r1 − r3)EK8
, F1 =

√
E(r1 − r2)

12Z

with k1 as a constant and g = bx− ay − γ(cx− az).

4.3.5 Invariant solutions under symmetry X6

From the symmetry

X6 = 3ct
∂

∂t
− 3(bz − cy)

∂

∂y
+ cey

∂

∂u
,
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we get the invariants

p = x, q = z, k = (cy − bz)/t, F (p, q, k) = u− bz ln (bz − cy)

3c
+
e (bz − cy)

3c

and hence the group invariant solution is

u(t, x, y, z) =
bz ln (bz − cy)

3c
− e (bz − cy)

3c
+ F (p, q, k) . (4.43)

Substituting (4.43) into equation (4.8) results in the PDE

ak2Fkp + ck2Fkq + cdkFppkp + bqFpp + 3ckFppFk + 3ckFpFkp = 0. (4.44)

Equation (4.44) has the following operators as its Lie symmetries:

U1 =
∂

∂p
+ F 1(q)

∂

∂F
,

U2 = 3c
∂

∂q
−
{
b ln k − F 2(q)

} ∂

∂F
,

U3 = (2aq − cp) ∂
∂p
− cq ∂

∂q
+ 4ck

∂

∂k
+
{
cF + cF 3(q)

} ∂

∂F
,

(4.45)

where F 1, F 2 and F 3 are arbitrary functions of their arguments. Now, taking F 1,

F 2 and F 3 equal to 0, we obtain the simplified Lie symmetries for equation (4.44)

as:

Y1 =
∂

∂p
,

Y2 = 3c
∂

∂q
− b ln k

∂

∂F
,

Y3 = (2aq − cp) ∂
∂p
− cq ∂

∂q
+ 4ck

∂

∂k
+ cF

∂

∂F
.

(4.46)

We use operator Y2 to perform reductions on (4.44) which has the invariant

W (i, j) = F (p, q, k)− bq ln k

3c
, (4.47)

where i = p and j = k. Substituting (4.47) into (4.44) yields PDE

3ajWij − b+ 3cdWiiij + 9cWiiWj + 9cWiWij = 0. (4.48)
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The above equation has the following operator as its Lie symmetry

W1 =
∂

∂i
,

W2 = 3c
∂

∂j
− ai ∂

∂W
,

W3 =
∂

∂W
.

(4.49)

We use operator W2 to perform reductions on (4.48) which has the invariant

N (s) = W (i, j)− aij

3c
, (4.50)

where s = i. Substituting (4.50) into (4.48) yields an ODE

b+ 3asN ′′ + 3aN ′ = 0, (4.51)

whose solution is

N(s) = C1 ln(s)− bs

3a
+ C2, (4.52)

where C1 and C2 are arbitrary constants of integration. Hence, the group-invariant

solution of (4.8) under X6 is

u(t, x, y, z) =
bz ln (bz − cy)

3c
− e (bz − cy)

3c
+ C1 ln(x)− bx

3a
+ C2 −

bz

3c
ln

(
cy − bz

t

)
.

4.3.6 Invariant solutions under symmetry X7

The use of symmetry

X7 = 2ct
∂

∂t
− (az − cx)

∂

∂x
+ (bz − cy)

∂

∂y
− cu ∂

∂u
,

gives the invariant solution as

U (p, q, k) = u(t, x, y, z)t
1
2 , (4.53)

where p = z , q = (cx − az)/
√
tc and k =

√
t(cy − bz)/c . Substituting (4.53) into

(4.8) gives the reduced PDE

2eUqq − cUp − 2dUqqkq − 6UqqUk − 6UqUkq − cqUpq + ckUkp = 0. (4.54)
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Equation (4.54) has the following operators as its Lie symmetries:

Q1 =
∂

∂p
, Q2 =

∂

∂U
,

Q3 = 9p
∂

∂p
+ 3q

∂

∂q
+ (ek − 3U)

∂

∂U
,

Q4 = − 3q
∂

∂q
+ 9k

∂

∂k
+ (2ek + 3U)

∂

∂U
.

(4.55)

Case 1. We use operator Q3 to perform reductions on (4.54) which

has the invariant

H (i, j) = p
1
3U(p, q, k)− 1

3
p

1
3 ek, (4.56)

where i = q

p
1
3

and j = k. Substituting (4.56) into (4.54) yields

cH + 3ciHi − 6dHiiij − 18HiiHj − 18HiHij + ci2Hii − cjHj − cijHij = 0. (4.57)

The above equation has the following operator as its Lie symmetry

G = − i ∂
∂i

+ 3j
∂

∂j
+H

∂

∂H
. (4.58)

We use operator G to perform reductions on (4.57) which has the invariant

F (r) = iH(i, j), (4.59)

where r=ji3. Substituting (4.59) into (4.57) yields an ODE

18FF ′′ − 54r2dF ′′′′ − 216rdF ′′′ + (2rc− 120d)F ′′ + 2cF ′ − 108rF ′F ′′

− 72FF ′ = 0. (4.60)

Case 2. We consider symmetry Q4 to find the solution of equation (4.8)

Q4 = − 3q
∂

∂q
+ 9k

∂

∂k
+ (2ek + 3U)

∂

∂U
. (4.61)

We use operator Q4 to perform reduction on (4.54) which has the invariant

H(i, j) = qU(p, q, k)− 1

3
ekq, (4.62)

where i = p and j = kq3. Substituting the invariant (4.62) in the equation (4.54)

yields the PDE

18HjjH − 54dj2Hjjjj − 108HjjjHj − 216dj − 120dHjj − 36H2
j − 2cHij = 0. (4.63)
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Equation (4.63) has the following operators as its Lie symmetries

T1 =
∂

∂i
, T2 = i

∂

∂i
+ j

∂

∂j
. (4.64)

We use operator T2 to perform reduction on (4.63) which has the invariant

W (r) = H(i, j), (4.65)

where r = j
i
. Substituting this invariant into (4.63) we get ODE

2cW ′ − 54dr2W ′′′′ + 2crW ′′ + 216rdW ′′′ − 108W ′′W ′r − 120dW ′′ − 36W ′2

+ 18W ′′W = 0. (4.66)

Remarks

In this section we determined a nine-dimensional Lie algebra, which contained,

amongst others, two-infnite dimensional Lie Algebras. From the other seven vec-

tor fields we obtained group invariant solutions which gave us hyperbolic tangent,

Jacobian elliptic sine, logarithmic functions and an elliptic integral of the second

kind. The presence of elliptic and Jacobian functions suggests that these solutions

are general and other functions can be deduced from them. As alluded to earlier,

Jacobi elliptic functions can transform into standard functions depending on the

behaviour of the parameter S2.

4.4 Conservation laws of the (3+1)-D KP-like equa-

tion (4.8)

We now turn our attention to computing conservation laws of the (3+1)-D KP-like

equation (4.8) using the multiplier approach. To find multipliers of equation (4.8)

we need to solve the equation
δ

δu
(ΛE) = 0, (4.67)

where

E ≡ autx + buty + cutz − duxxxy − 3uxuxy − 3uxxuy + euxx = 0,
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parameter Λ takes the dependencies (t, x, y, z, u, ux, uy, uz) since in this work we aim

to calculate first-order multipliers (4.8) and the Euler-Lagrange operator δ/δu in this

instance is given by

δ

δu
=

∂

∂u
−Dx

∂

∂ux
−Dy

∂

∂uy
+DtDx

∂

∂utx
+DtDy

∂

∂uty
+DtDz

∂

∂utz

+D2
x

∂

∂uxx
+DxDy

∂

∂uxy
+D3

xDy
∂

∂uxxxy
.

The total derivativesDt, Dx, Dy andDz are as given in (4.12). Multiplier determining

equation (4.67) produces the nine linear PDEs

Λx = 0, Λt,y = 0, Λx = 0, Λu = 0, Λt,ux = 0, Λy,ux = 0,Λz,uz = 0, Λux,ux = 0,

bΛt,y + cΛt,z = 0.

Solving this system gives the three multipliers

Λ1 = ux, Λ2 = F (z, y), Λ3 = F (t, bz − cy). (4.68)

By evaluating the divergence identity

DtT +DxX +DyY +DzZ = EΛ (4.69)

with density T and spatial fluxes X, Y and Z we compute the following conservation

laws:

T1 =
1

4
au2

x −
1

4
auuxx −

1

4
buuxy −

1

4
cuuxz +

1

4
cuxuz +

1

4
buxuy,

X1 =− 3

2
u2
xuy +

1

2
eu2

x −
1

8
duxxxuy +

3

8
duxxuxy −

5

8
duxuxxy +

1

2
buuty

+
1

2
cuutz +

1

4
autux +

1

4
autx −

1

8
duuxxxy,

Y1 =
1

8
duuxxxx −

1

4
buutx −

1

2
u3
x −

1

4
duxuxxx +

1

8
u2
xx +

1

4
butux,

Z1 =
1

4
cutux −

1

4
cuutx;

T2 =
1

2
auxF (z, y)− 1

2
cuFz(z, y)− 1

2
buFy(z, y) +

1

2
cuzF (z, y) +

1

2
buyF (z, y),

X2 =
3

4
uuxFy(z, y) +

3

4
uuxyF (z, y)− 9

4
uxuyF (z, y) +

1

4
duxxFy(z, y)
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+ euxF (z, y) +
1

2
autF (z, y)− 3

4
duxxyF (z, y),

Y2 =
1

2
butF (z, y)− 3

4
u2
xF (z, y)− 3

4
uuxxF (z, y)− 1

4
duxxxF (z, y)

Z2 =
1

2
cutF (z, y);

T3 =
1

2
(aux + buy + cuz)F (t, ω),

X3 =
3

4
uuxyF (t, bz − cy)− 3

4
cuuxFω(t, ω)− 1

2
auFt(t, ω)

− 9

4
uxuyF (t, ω)− 1

4
cduxxFω(t, ω) +

1

2
autF (t, ω)

− 3

4
duxxyF (t, ω) + euxF (t, ω),

Y3 =
1

2
butF (t, ω)− 1

2
buFt(t, ω)− 3

4
u2
xF (t, ω)

− 3

4
uuxxF (t, ω)− 1

4
duxxxF (t, ω),

Z3 =
1

2
cutF (t, ω)− 1

2
cuFt(t, ω),

where ω = bz − cy.

4.4.1 Conclusion

In this chapter we studied a (3+1)-D KP-like equation (4.8). We determined the

Lie symmetries of this equation and symmetry reductions and reduced it to a ordi-

nary differential equation (ODE) (4.17) . Thereafter, the ODE (4.17) was solved by

direct integration and its solution was expressed in terms of the incomplete elliptic

integral. Secondly we considered solution of ODE (4.17) when C0 and C1 = 0 which

yielded hyperbolic tangent and natural logarithmic functions.These are considered

to be amongst the most general functions in Mathematics since they decompose to

trigonometric or hyperbolic functions depending on certain parameter values. Fur-

thermore, Kudrayshov’s method was used to obtain the solution of the ODE (4.17).

Lastly, the multiplier method using the first order was used to calculate the con-

servation laws of equation (4.8). Three multipliers were produced via the multiplier

approach, and three local conservation laws were obtained for the equation (4.8).
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Chapter 5

Concluding remarks

Amongst the plethora of real-world physical phenomena encountered such as in fluid

mechanics, material science, elasticity, thermodynamics, biology, gas dynamics to

mentioned a few are best described by nonlinear partial differential equations, thus

studying such systems is crucial with a view to finding their exact solutions and con-

servation laws. Thus, in this dissertation we have studied two nonlinear partial dif-

ferential equations namely generalised simplified Camassa-Holm(CH) equation and

(3+1)-dimensional KP-like equation.

In chapter one, we presented some mathematical concepts of Lie group analysis and

some algorithms for computing conservation laws.

In Chapter two, we presented an illustrative example of this work. We considered the

potential Burgers equation and computed it’s Lie point symmetries, used them to

construct a one parameter groups of transformation and group-invariant solutions.

Moreover, we derived the conservation laws of the equation using the multiplier

approach.

In the third chapter we studied the generalized simplified modified Camassa Holm

(gsmCH) equation. Reductions alongside Simplest Equation techniques, Kudryashov’s

method and direct integration method were invoked in achieving exact solutions of

the equation. In addition, conservation laws were also derived using the multiplier
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method, the theorem due to Ibragimov and Noether’s theorem.

In Chapter four, the (3+1)-dimensional KP-like equation was investigated in which

we had to find the symmetry reductions,group-invariant solutions and different ap-

proaches like kudryashov method, simplest equation just to meantion a few were

used to find solutions. Thereafter, the multiplier technique for conservation laws

were implored in the construction of the conservation laws.

In future work, we plan to study variety of higher-order partial differential equations

which have arbitrary functions.
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