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Abstract

In this work, we investigate two nonlinear partial differential equations that pos-
sess real-world applications, namely the generalized simplified Camassa-Holm and
(3+1)-dimensional Kadomtsev-Petviashvili like equation. Invoking Lie group analy-
sis, we reduce the differential order of the equations or systematically find optimal
variable changes, with an aim of finding analytical solutions. In addition, techniques
inclusive of direct integration, simplest equation method and Kudryashov’s approach
are implored in this research. Furthermore, we construct conserved vectors for the
underlying equations where diverse dimensional providings of selected solutions are
presented. Method for securing conserved vectors of differential equations which com-
prise Noether’s approach, multiplier technique as well as Ibragimov’s conservation

theorem are implored.

Keywords: Lie symmetry analysis; Nonlinear (3+1)-dimensional Kadomtsev-Petviashvili-
like and generalized simplified Camassa-Holm equations; Group-invariant and exact

solutions; Conservation laws.
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Introduction

Nonlinear partial differential equations (NLPDESs) are complex mathematical mod-
els used to approximate and understand natural and man-made occurrences. Some
famous NLPDEs include, but are not limited to, the Benjamin-Bona-Mahony equa-
tion [1] of fluid mechanics which is a refinement of the famous Korteweg-de Vries
equation [2], the Kadomtsev-Petviashvili equation [3] for shallow water waves, the
Logarithmic Schrodinger equation [4] for super-fluids and quantum gravity, the non-
linear Klein-Gordon equation [5] for relativistic quantum mechanics. Countless other
NLPDEs exist and they have captivated researchers in diverse fields such as engi-

neering, weather systems, fluid and plasma physics, financial markets and so on.

Inevitably, this has brought about immense innovation in solution methods for
NLPDEs and perhaps the resurgence of Lie groups, a unified approach to obtaining
analytical solutions of DEs. Lie groups were first introduced to the world by the

renowned mathematician Sophus Lie during the late nineteenth century [?,6-9,23].

Numerous ad-hoc approaches for acquiring exact solutions of DEs have also been de-
veloped in the last several decades, for example, the homogeneous balance approach
[10], the (G’/G)—expansion approach [11], the simplest equation approach [12], the
Jacobi elliptic function expansion approach [13], the Kudryashov’s approach [14,15],
the Lie symmetry method [?,6-9,23].

Conserved vectors present another interesting aspect of NLPDEs. Great scholars
have come up with different methods for their derivation such as Noether’s theorem
[17,18], multiplier technique [7] and Ibragimov’s method [19,20] Conserved vectors
can, amongst other things, be used to reduce the order of NLPDEs making it possible



to solve them using the usual techniques.
Outline of the chapters

Mathematical concepts of Lie group analysis and some algorithms for computing

conservation laws are presented in chapter one.

In the second chapter, we exhibit an elucidative example of this work. We consider
the potential Burgers equation and compute its Lie point symmetries and then use
them to construct a one parameter groups of transformation and group-invariant
solutions. Moreover, we procure the conserved vectors of the equation utilizing the

multiplier techinique.

Next, we investigate the generalized simplified Camassa-Holm equation in chapter
three. Similarity reductions alongside simplest equation techniques, Kudryashov’s
method and direct integration method are invoked in achieving exact solutions of the
equation. In addition, conserved vectors are procured using the multiplier technique,

Ibragimov’s technique and Noether’s theorem.

In chapter four, we explore the (3+1)-dimensional Kadomtsev-Petviashvili like equa-
tion in nonlinear science and engineering where closed-form solutions are secured
through the use of symmetry reductions and the Kudryashov’s method. Thereafter,
the multiplier technique for conserved currents are implored in deriving the conserved

vectors.

Finally, an outline of findings specified in this work is given and prospective work is

alleged in chapter five.

Bibliography is provided at the end of this work.



Chapter 1

Preliminaries

In this chapter, some basic concepts of Lie’s theory together with conserved vec-
tors of differential equations (DEs) are presented, which are used throughout this
work. Selected techniques for finding solutions and conserved vectors of DEs are also

outlined.

1.1 Introduction

DEs have proven to be of great importance in describing physical phenomena in
nature and solving them by quadrature has been a priority over the ages. During the
late 18th century a Norwegian mathematician Marius Sophus Lie (1842-1899), using
group theoretic method, inspired by E. Galois, discovered a revolutionary symmetry-
based technique for finding results to DEs. This algorithmic technique, also known
as Lie group analysis, provides a more organized and reliable method of producing
the exact solutions to DEs. Many publications have been made on Lie group analysis

of late. See for example refer to [6-9,23].



1.2 Lie group analysis

1.2.1 One-parameter groups of continuous transformations

The setting is in Euclidean spaces R™ of z = (2!, ..., z") independent variables and
R™ of u = (u!,...,u") dependent variables. Consider the transformations
T.: 7 = ¢'(z,u,¢), @ = 0*(x,u,¢) (1.1)

accompanied by € as a real constant which perpetually takes values from a neigh-

borhood D’ C D C R of ¢ equal to zero with differentiable functions ¢ and o*.

Definition 1.1 A set H of transformations given by (1.1) is a local Lie group that

satisfies the properties:

(1) (Closure) If T.,, T., € H for 1,60 € D' C D then 1., = 1.,T., € H, where
E3 = w(é‘l,&g) e D.

(2) (Identity) There exists a unique Ty € H if and only if € = 0 such that Ty T, =
T.. Ty =T.,.

(3) (Inverse) There exists a unique 7., € H for every transformation 7. = T,-1 €
H, where e € D' C D and e~ ! € D such that
T.To =TT, = T,

Associativity property from (1.1) is satisfied from (1).

1.2.2 Prolongations

The differential variables [9] are defined as

(2

accompanied by the total differentiation operator with respect to 2% given as

0,0 0

D;



The partial derivatives given below

are the first-order, second-order and kth-order, respectively.

Prolonged or extended groups

Consider the local Lie group H given by the transformations

EA - Q)\(ZL',U7€>, Q)\|6:0 - UA.

(1.4)

The construction of the Lie group H is equivalent to the computation of correspond-

ing infinitesimal transformations:

A

Tt 4 §i(a:, u)e, ¢i|€:0 =z, Wt~ ut nA(x,u)g, (Q)‘|€:0 =u’, (1.5)

obtained from equation (1.1) by a Taylor series expansion of the functions ¢'(z, u, €)

and o*(z,u,¢) in € about ¢ = 0. Consequently, we have

: ' (z,u,¢) N oM, u,€)
i _ = 1.6
o) = gD e = TR (16)
The infinitesimal transformation is used to write (1.5) as
T o1+ eX), @t =u(l+ eX),
where
X =¢&(x u)i + M@, u) = (1.7)
B g T g '

is the generator of the group H.

To find transformed derivatives from (1.1), we use the change of variable formula
D, = Di(¢/)D; (1.8)
with D; as total differentiation in the variables 7'. So

@ =Di(w"), @y =D;@)=Dia),....



Applying (1.8) and (1.5), we have

Di(¢") = Di(¢')D;(a")

Expansion of (1.9) yields

0¢7 09\ _\_ 00" 500"
A L 7 S I 2 1.10
(8351 i ouf )" T i i ouP (1.10)
The variable ﬂj‘ can be written as functions of z¢, u?, u;), that is
i) = w?(xi,uk,u(l),e), @/J’\L:O = . (1.11)

The transformations in space of variables z’, u*, u() given in (1.5) and (1.11) form

the first prolongation group of H.

Infinitesimal transformation of the first derivatives is
a} =~ u) + e, (1.12)

where ¢} = Gz, u, uqy, €).

Prolonged generators

By using the relation given in (1.9) together with (1.5), we get
Di(¢")(@}) = Di(e")
Dj(z7 + afj)(u; + aC;‘) = Di(u* +an)
u) + a + au?Difj = u}+aDn
G = D) —u;Di(€), (1.13)

labelled as the formula of first prolongation . Equivalently, we can get higher order

prolongations

5= D) —up,Di(€),



S = DG ) Dy, (€). (1.14)

01,02, 050k 11,02,y 0k—1 11,02,5050k—1 ]
The prolonged generators of the prolongations H, ... H* of the group H are
0
X o= x4
C’L auz)\7
XMW = Xkl e 0 k> 1 1.15
- + Ci1 ..... T au)\ ] = ( ' )
11 4oyl
with
, 0 0
X=¢ - —. 1.16
)+ (w0 (1.16)

1.2.3 Group admitted by a partial differential equation

Consider a k'*-order system of partial differential equations (PDEs)

E,\({E, u, u(l), U(Q), U(g), U(4), ceey U(k)) = O, (1.17)

The PDEs system (1.17) is invariant under the generator

i 0 A
if and only if
XE B\ (2, u, wy, ey, ), ugay, - )| @ar) = 0, (1.19)
which are known as the determining equations of all symmetries of (1.17).
Here X¥I denotes the kth prolongation of X and is given by
o, 0 0 0
X — g 9 x_Y AT L. A7 1.20
é- axZ + 77 8u)\ + C’L auz)\ + + Czllg...zk auz)\lwwc ( )
with
G =Di(n*) = uz Di(&), (1.21)
A A A '
11...0g = D'Ls( i1~~~i571) - ujil...isleis (fj)7 s> ]‘ (122)

The generator (1.18) of the symmetry group is called infinitesimal symmetry of (1.17).



1.3 Euler formula

The Euler operator is defined by

) 0 0
— = —1)*D;, ... D; ———, =1,...,m, 1.2
6ua aua + ;( ) 1 s augiQ._,is «Q m ( 3)
and the Lie-Backlund operator is
-0 0 )
X=¢— R A 1.24

1.4 Exact solutions

This section provides a concise demonstration of few techniques for finding exact or

analytic solutions of DEs.

1.4.1 The simplest equation approach

The simplest equation approach can be used for finding analytic solutions of nonlinear
partial differential equations (NLPDEs). It was developed by Kudryashov [24,25].
Many researchers have recently used this approach on different NLPDEs. It has
been proven to be a useful and influential mathematical tool for solving NLPDEs in
different disciplines of sciences applied. See, for example, the papers [26,27,29-31].
These are the fundamental steps of the strategy:

Consider the NLPDE of the form

Wi (L, w, U,y U, Uggy Uggy Uy - - ) = 0. (1.25)
Utilizing the transformation

u(t,z) = F(y), y= kit + kax + ks, (1.26)
reduces equation (1.25) to an nonlinear ordinary differential equation (NLODE)

WalF(y), k F'(y), ko F'(y), ks F' (y), K F"'(y), k3 F" (y), k3F" (y), .. .] = 0. (1.27)



The simplest equations that we use here are the Bernoulli equation
H'(y) = aH (y) + bH*(y), (1.28)
the Riccati equation
G'(y) = aG*(y) + bG(y) + ¢ (1.29)

with a, b and ¢ as constants [25,30,31]. We look for solutions of the NLODE (1.27)

that are of the form
F(y) =Y A(G(y)), (1.30)

where G(y) satisfies the Bernoulli or Riccati equation, M is a positive integer that
can be determined by balancing procedure and Ay, ..., Ay, are parameters to be

determined.

The solution of Bernoulli equation (1.28) that we use here is given by

coshla(y + S)] + sinh[a(y + 5] } (1.31)

H(y) = a{ 1 — beosh[a(y + S)] — bsinh[a(y + S)]

where S is an integration constant. For the Riccati equation (1.29), the solutions to

be used are

b 0 1
and
b 0 1 sech (%y)
Gly) = 2 %tanh <§9y) - S cosh (%y) — 2 sinh (%y) (133)

with = v/b? — 4ac and S is an integration constant.

1.4.2 Kudryashov’s approach

This approach is utilized in finding the exact solutions of NLPDEs and it is described

in [14]. It can also be seen, for example, in the papers [32,33].



Consider the NLPDE
Dl(ta T, U, Uty Ugy Utgy Uiz Uggy Ugzzy - - - ) =0. (134)

The algorithm involved in Kudryashov’s approach is as follows:

Step 1. The substitution u(x,t) = U(y), ¥ = sx + wt, with constants s and w,
transforms (1.34) to the NLODE

Dy(U,wU’, sU',w?U", s*U",...) = 0. (1.35)

Step 2. Suppose that the exact solutions of (1.35) are presented as

U) =) a,R"(¥), (1.36)

with a, (n = 0,1,2,...,N) as constants to be determined, such that ay # 0, and
R(%)) is the solution of the first-order NLODE

R(¢) = R*(¥) — R(¥). (1.37)

The equation (1.37) has the solution

1

R($) = 14— (1.38)

Step 3. Next we substitute the value of U(%)) into (1.35) and then use (1.37) to

generate an equation which involves the powers of R.
Step 4.
Equating various powers of R to zero yields the system of algebraic equations

P.(ay,an—1,...,00,8,w,...) =0, (n=0,...,N). (1.39)

Step 5. Finally, the solution of the system of algebraic equations produces the values
of coefficients ag, ay,...,an_1,ay and relations for parameters of (1.35). Thus, we

acquire the exact solutions of (1.35) in the form expressed in (1.36).

10



1.5 Conserved vectors

A conserved vector of (1.17) is an n-tuple T' = (T, T?,...,T"), T' € A, i = 1,2, ....n,

(A is the space of differential functions) such that
DT" =0 (1.40)

holds for all solutions of (1.17). Equation (1.40) is called a local conservation law.

1.5.1 The multiplier approach

This approach involves the variational derivative. See for example [7]. Consider

Qxr(z,u,u() . ..) as a multiplier that has the property
Q\E\ = D, T" (1.41)
holds identically. The multiplier ), has the determining equation

)
W(QAEA) =0, (1.42)

which holds for functions u(z!, 2%, 23, 2%, ..., 2™). Once we get the multipliers from

(1.42), we may find conserved vectors by invoking (1.41) [7].

1.5.2 Noether’s theorem
If L(z,u,uny, ueo), Ues), Ua)-.., Us)) € A, s < ks a function, such that system
Eﬁ(%U,Uu),U(z),u(g),u(zx), ---,U(k)) =0

is equivalent to

oL

55=0, (1.43)

then L is called a Lagrangian of the system. Equations (1.43) are therefore the

corresponding Euler-Lagrange differential equations.

11



If there exists a vector A = (A, A2 ..., A™) such that
X (L) + LD;(¢") = Dy(AY) (1.44)

then the Lie-Backlund operator X is a Noether symmetry generator associated with

the Lagrangian L of Euler-Lagrange equations.

For each Noether symmetry generator X associated with a given Lagrangian L cor-
responding to the Euler-Lagrange differential equations, there corresponds a vector
T = (T, T?...,T"), known as Noether conserved vector, defined by

oL

T = 'L — Wﬁ—— D;, .., (W"?) 1.45
é / 8>21 1- q 5u“ . ( )
where W# = nf — ¢ uf , are the characteristic functions.
Noether conserved vector T' can also be written as [34]
EL+ (n— g’ {am Z (au )}
— — B 1.46
+§{Cz Mf} T (1.46)
1.5.3 Ibragimov’s theorem of conserved vectors
Definition 1.2 The adjoint equations of the system given by (1.17) are
E(x ,u’\,vA,...,v(s),u(s)) = w(vﬁEg) =0, (1.47)

where v is the new dependent variables [35].

Definition 1.3 Formal Lagrangian £ of the system (1.17) and its adjoint equations
(1.47) is

L= v E\(z', 0t uay, . ug)). (1.48)

Theorem 1.1 Every infinitesimal symmetry X of the system given by (1.17) leads
to conservation laws (1.40), where the conserved vectors are [35]

oL oL oL
)

zgk

12



oL oL oL
1) 1) 7,

1.6 Conclusion

In this chapter, we outlined the basic introduction to Lie group theory. We also pre-
sented three solution approaches for finding the exact solutions of partial differential
equations and three approaches for deriving the conserved vectors. These various

approaches mentioned in this chapter will be utilized in this research.

13



Chapter 2

Symmetry reductions, solutions
and conserved vectors for the
potential Burgers equation: an

example

The Lie point symmetries of the generalized potential Burgers equation (gpBe) are
presented in this chapter. Then, using Lie equations, we identify one-parameter
group transformations for each of the Lie point symmetries. Thereafter, we use
these Lie point symmetries to construct the group-invariant solutions of the pBe.

Finally, using the multiplier method, we get the equation’s conserved vectors.

2.1 Introduction

Burgers equation [36] is regularly encountered in several applied mathematics dis-
ciplines such as gas dynamics, fluid mechanics and nonlinear acoustics, with appli-
cations in hydrodynamics and other areas due to the fact that it is the simplest
partial differential equation with properties of nonlinear effects and dissipative char-

acteristics. Furthermore, in mathematics, it is the prototype of an equation that is

14



linearizable through a direct coordinate transformation. The following is the basic

form of the Burgers equation:
Uy — 200, — Vg = 0. (2.1)
Let
V= Uy,

replacing v in (2.1) with w, and integrating with respect to x, we get the potential

form of the Burgers equation (pBe), named as the potential Burgers equation [8,37]
Uy — U2 — Uyy = 0, (2.2)

with v = u(t, z).

In this chapter, we shall investigate the pBe
wy — o’ — By, = 0, (2.3)

with « and 3 as non-zero constants.

2.2 Solutions of the pBe

In this section we determine the Lie point symmetries of the pBe (2.3) and then
proceed to find its group-invariant solutions of by using the Lie point symmetries of
equation (2.3).

2.2.1 Lie symmetries

The vector field

0 0 0
G =1(t, x,u)a +&(t, x, u)% + n(t, z,u)% (2.4)
is a Lie point symmetry of pBe (2.3) if
GPAla—g =0, (2.5)

15



with
A_ut—au — Bug, =0,

and the second prolongation of GG is defined by

0 0 0 0 0
GP=qg+ Cl —i— Cz + Cn + Ci2 + (22 ;
Ut aUtm aum

(2.6)

with ¢; and (, given by (1.13), and (11, (12 and (o3 given by (1.14) which can simply

be expressed as

G = Di(n) —uDi(7) — usDi(§),
G = Do(n) —uiDo(7) — up Dy(§),

and

ST Dt(Cl) - UttDt(T) - Uta:Dt(f),
G2 = Dx(Cl) - uttDac(T) - Utme<f)>
C22 - Da:(C2) - utmD:c(T) - ux$Dw(§)7

where the total derivatives D, and D, are given by

0 0 0 0
p = <2 <4 2.
t 3t+uta +Utxaux+uttaut+ ) (2.7)
0 0 0 0
Thus equation (2.5) becomes
0 0 0 0 0 0
T(t,x,u)Eij(t,x,u)%—i—n(t,x,u)a —l—Cl —l—Cz +C11a »
0 0 9
iz Oy G2 6um] [ut T e 5%4 23) 0
which gives
G — 20u,C — 5(22|(2_3) =0. (2.9)

Substituting the values of (i, ¢» and (a2 in equation (2.9), we acquire the following

determining equation:

2 2
Tt + UgThy, — UgTy — ut Ty — u$§t - utu$§u - 204“337733 - 2aux77u + 2autua¢7—x

16



+2Butm7—m + ButTmm + 26utuz7—mu + 2Butxux7—u + /ButuiTuu + Butuxaﬂ—u

+2ﬁuzx£x + ﬂumémc + 2ﬁui§ru + Buiguu + Bﬂumumcé-u’um:%(ut,au% =0

By replacing u,, by % (u; — au?) in the above equation, we obtain

M — Wy — W&y + 20uu,E, — 200u,n, — auinu + 200U U, Ty + autuiTu
+25utum7—mu - Oéuifu - 5”9% - 25uxn:pu - Buz«nuu + QButmTz + Buthm

2Bty T+ BUUS T+ 2y + BaEig + 20U5E e + Pugun = 0. (2.10)
Splitting the above equation on the derivatives of u, we have

Upg - T =0,

2. —
UplUy, Ty =0,

UtUy - £u = Oa

Ui : Bnuu + Qany, = 07
Uy - ﬁga:x - 26771% - 205773: - £t = 07

(2.11)
(2.12)
(2.13)
w2 — 1 =0, (2.14)
(2.15)
(2.16)
rest : 1y — Bnee = 0. (2.17)

Solving (2.11) and (2.12) produces
T =p(t),
with arbitrary function p. Solving equation (2.13), we obtain

§ = s(t,x),

with arbitrary function s depending on z and ¢ . Substituting ¢ and 7 into (2.14)

and integrating with respect to x yields
1 /
S(t,l’) = Exp (t) + C(t)a
with arbitrary function ¢ depending on t. Hence, the value of £ becomes

£ = %xp’(t) + c(t). (2.18)

17



Equation (2.15) gives
0tz u) = 9z, 1) + x(x )%, (2.19)

where ¥ and y are arbitrary functions that depend on ¢ and x. Next, with the

substitution of the values of £ and 7 from (2.18) and (2.19) into (2.16) we get

1

9ol 1) =~ "(1) - %c’(t).

By integrating the above equation with respect to x, we get

1 / 1 /
Dt ) = —oa%a"(t) — 5w (1) + (o)

with ¢ being an arbitrary function that depends on ¢. The value of n now becomes

1

n=——aa"(t) - ﬁxc'(t) + o(t) +O(t, z)e 5", (2.20)

Substituting (2.20) into (2.17) produces

1 1 _ay,
— @pr’"(t) — ﬁxc"(t) +¢'(t) + %p"(t) + xe(t, x)e” ?
— BXaa(t,x)e 7" = 0. (2.21)

Splitting equation (2.21) on e 7", we get

e A xe(t, @) — BXaa(t,z) =0, (2.22)

1 1
rest : ¢'(t) — @xzp"’(t) — Exc”(t) - %p"(t) =0. (2.23)

If we split (2.23) on the powers of x, we have

z? :p"(t) =0, (2.24)
zt i d(t) =0, (2.25)
rest : %p”(t) +¢'(t) = 0. (2.26)

Integrating on (2.24) and (2.25) with respect to ¢, respectively, yields

1
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and

o(t) = Zyt + Zs, (2.28)

with constants 21, Zy, Z3, Z4 and Zs. It follows from (2.26) and (2.27) that

p(t) = —%Zﬂf + Z, (2.29)

where Zg is a constant. Therefore, the general solution of the system (2.11) to (2.17)

18

1
T = —Z1t2 —|— th + Zg,

2
1 1
f = §Z1tl’ -+ 52256' -+ Z4t -+ Z5,
1 1 3 i
= — —Zwa’ — — Ty — —Zit+ 7 t Che
K 8o T T 4 2+ x(tw)e T

Finally, the Lie symmetries of the pBe (2.3) are given by

G, —%,

Gy :%,

Gy =5,

Gy :2t% —i—:z:((%,

Gs :4at2% + 4am;8% — (2% + 2&)%,

Gﬂ - X<t7 x>6_gu%7

which generate a Lie algebra of infinite dimension, with x (¢, x) satisfying the heat
equation x; = BXaz-
2.2.2 Commutator table for the Lie point symmetries

We work on the commutation relations for the symmetry generators. By the defini-

tion of Lie bracket, we first evaluate

[G1.Gs] = G1Gs — GeGh
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= 0, (4at28t +datzd, — (2* + Zﬂt)ﬁu) - (404252@ + datwd, — (2° + 2ﬁt)8u> O

= da <2t8t + x@x) — 230,
= 40&G4 — 25G3
Similarly, one can calculate all the remaining commutation relations using the above

method. The table below represents all the commutation relations of the Lie sym-

metries of the pBe.

(G, Gj] | Gy G Gs | Gy Gs | Gg

G1 0 0 0 |2G, |2aGs | 4aGy —2B8Gs
Go 0 0 0 | Gy —G3 | 2G5

Gs 0 0 0 |0 0 0

e —2G4 —Gy |0 |0 Gs | 2Gg

Gs —2aGy Gy |0 | =G5 |0 0

Ge 26Gs —4aGy | —2G5 |0 | —2Gs | 0 0

2.2.3 One-parameter groups G; of transformations

The Lie equations below can be used to find the corresponding one parameter group

of transformations

dt _

E :fl(t,.’lf,u), t’e:ﬂ = ta
d7

d—fZSQ(t,.T,U), f’e:[):xa
W ),

== T, u),  Uleg = u.
dE e, x, 9 0

We now find the one-parameter group of transformations for each Lie point symmetry
of the pBe. For each G}, suppose T, is the corresponding group. Let us first start

by calculating the one parameter group corresponding to infinitesimal generator Gy,

namely
0 0
Gy =2t— —.
! ot + Y or
Using Lie equations, we have
dt - dz du
- = 2t, tlez(] = t, _317 = Li, 1_3‘6:0 =, _U = O, 7?6|E:0 = U.

de

20



Solving the above equations we obtain
t=te*, T =uxe, U=u.
Hence the one parameter group 7, corresponding to the operator G, is

We, : (t,z,u) — (te** ze, u).

Similarly, following the very same method as above, we obtain the following one

parameter groups:

We, :(t,z,0) — (t + €1, z,u),
We, : (t,7,0) — (t,z + €, u),
We, : (t,7,0) — (t,z,u + €3),
We, : (£, Z,0) — (t,z + 2aest, u — aest — e5x),
_ t x B €61’
W, (L7, 4) — , 2 n(1 - daegt) — —ST ),
o (62,0) (1—4ae6t T daegt’ U T 2q 1L~ dacst) 1—4a66t>

=

Lotz a) — (t,x, éln {@gx(x,t) + eg“}) .
oY g
Since each group W is a symmetry group, if u = h(t, z) is a solution of the pBe, so

are the functions

VV62 = h(t T+ 62)
We, : u = h(te** we™),
We, 1 u=h(t,r + 2aest) + aeit + ez,
t x & ee’
We :u=h , — —In(1 — 4aept) + ——,
6t ¥ (1 —4doegt’ 1 — 4a€6t> 2a0 n( acst) + 1 — 4ovegt
W, tu= p In[e®™@D/8 — qe, x(x,t)/8).

«

2.2.4 Constructing group invariant solutions of (2.3)

Given a Lie symmetry

0
+ n(twruu)_

+ &(t, x, u)2 50

=€ty .

5 (2.30)
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the invariant solutions under the one parameter group generated by G are determined

as follows. We determine two linearly independent invariants
Hy = o(t,x) and Hy = o(t, x,u)
by solving the quasi-linear of order one partial differential equation

oH oH oH
G(H)=¢ (t,a:,u)—at + & (t, x,u) pe +n(t,z,u) 5 0,

with characteristic equations also known as the associated Lagrange system

dt dx du

E(t,z,u)  2(tx,u)  nt,x,u)

Then one of the invariants is written as a function of the other, for example
H, = k(Hy), (2.31)

with & as a function of H; and solve (2.31) for w. In conclusion, the expression of
u is substituted in (2.3) and an ordinary differential equation is achieved for the
unidentified function k. This method decreases the number of independent variables

by one.

Let us now demonstrate the above technique by taking into account the six linearly
independent Lie symmetries G1, Gs, G3, G4, G5 and Gg, by composing invariant so-

lutions under these symmetries.

Case 1. Considering the symmetry G; = 9/0t. The characteristic equations of the
symmetry G, as

dt  dr  du

1 0 0’
which gives the two invariants H; = z and Hy = w. Thus the invariant solution is

given by Hy = \(H,), i.e.,
u = \x).

Substituting the value of u into (2.3) yields the ordinary differential equation of order
two

BN'(z) + aN?(z) =0,
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whose solution is
_ s
AMz) = - In(ax + C) + Cy, (2.32)

where C) and C, are integration constants. Thus, the invariant solution of (2.3)

under G is

u(t,z) = g In(ax + Cy) + Cs. (2.33)

Case 2. Next, we consider the space translation symmetry Go = 0/0z. The lagrange
system associated with this operator yields the invariants H; =t and Hy = u. Thus,

the invariant solution is given by
Ut) = u.
Substitution of u = U(t) into (2.3), yield
U't)=0.
Eventually solving the above equation, we obtain
U=»M,

with M as arbitrary constant of integration. Therefore, the invariant solution of

(2.3) under G, is

u(t,z) = M.

Case 3. The symmetry operator Gz = d/0u does not have invariant solutions.

Case 4. Now considering symmetry

0 0
Gy =2t— —
4 ot * Tor
with characteristic equations
dt dr  du
2t r 0
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Thus, one invariant is H; = .

dt  dx
2t o«
gives invariant Hy = x/v/t.

Therefore, the group invariant solution is given by H; = F'(H;) with F' as an arbitrary

-+(3)

function, i.e.,

Then

Substituting wu;, u, and u,, obtained above into (2.3) we get the ordinary differential

equation of order two

aF"?(z) + %zF’(z) + BF"(2) =0,

with z = x/v/t. By letting Q(z) = F'(z), we obtain

dQ

The above is a Bernoulli equation and its solution is

Q(z) = [\/_e i {a\/_erf( )+\/_01H ,

here ('} is an integration constant. Hence

= [VBeE {aviat (;12) + via })

Integrating the above equation, we get

F(z) ——ln{‘\/_\/_erf(\/_>01+02

24
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where () is an integration constant. Reverting back to the original variables, we get

u(t,x) =

\/_erf( )Cl+02

{‘\/_ NG J (234)

Case 5. Now we construct the invariant solution under the symmetry generator Gj

defined as

0 0
Gs =2at— — v—
o ox ou’
with characteristic equations
dt  dx du

0 2at -z
Then one of the invariants is H; = t and

dx B du
2a0H, —1’

yields Hy = u+x?/4at. Hence the invariant solution of (2.3) under G5 is Hy = ®(Hy),
ie.,

1’2

u:CD(t)—4—

2.35
— (235)

with arbitrary function ® depending on ¢. Substitution of (2.35) into (2.3), gives the

ordinary differential equation of order one

dd I6;
@t 2t
Solving for ¢, we get
O(t) = _h In(t) + p
200 ’

where p is a constant. Hence, the invariant solution of Gy is

ult,z) = —{%m( )+f—t} + o (2.36)

Case 6. Lastly we consider the symmetry operator Gg

0 0 0
2_ —_—
G¢ = dat T + 404txax (2% + 2515) 5’
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with characteristic equations

dt dx du

4ot datr  —(x2+28t)

Therefore, one invariant is H; = z/t.

dt du

4at?  —(x2 +2ft)

gives

5 ?
Hs = —Int+ —. 2.37
2= Ut 2x nt+ 4ot ( )

Thus, the group invariant solution is Hy = I'(H;), i.e.,

2
u:f‘(£>—x——£1nt.
t dat 2«

Now

T, (T 22 B
)
e + 4ot?  2at’

1 €T 1
Tz — =T (_> - .
Yer =50 \7) 7 20t

Substituting the above values of u;, u, and u,, into (2.3) gives us the second-order

nonlinear ordinary differential equation
BT (2) 4+ al(2) = 0,

where z = z/t. The above equation is called Liouville ordinary differential equation,

and with the aid of Maple we get its solution as

I(z) = éln{% (01z+02)}, (2.38)

(0%

with Cy and C] as integration constants . Back substitution to the original variables,

the group-invariant solution of (2.3) under Gg is

2
u(t,x)zgln{% <C’1%+Cg)}—%—%lnt. (2.39)
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2.3 Conserved vectors of the pBe

In this section we determine the conserved vectors for the pBe (2.3) by applying the

method of multiplier. We remember the standard Euler-Lagrange operator defined

as
) 0 0 0 0 0 0
—=——-D,— —D, D? D? D,Dy—— —---, (240
ou  Ou “ou, ou,, 5 Ouy * T Oy + "oy, ( )
with the total derivatives D; and D, given by
D, = 2+u£+ui+u i4—4—u i+
oot tou T "ow T o, " Dy, ’
0 0 0 0 0
8x+u 8u+u 8ux+ut 8ut+ut auer ( )

The above mentioned is reached by applying the multiplier Q(t, z,u) of order zero.
The determining equation for the multiplier Q(t,x, u) is

J

@[Q(t, L, u)(ut - Ozui - Bumi)] = 0. (2'42)

By expanding the above equation we get

wQy — au2Qy — P Qu — DiQ + 2aD,(Qu,) — BD2Q = 0. (2.43)

Substituting the values of D; and D, from equation (2.41) into (2.43), gives

aui@u - QBuszu - Qt + ZQUIQ:E + 2auzzQ - BQQM

If we split equation (2.44) on derivatives of , we get the following system of PDEs:

Usy » Q) — BQy = 0, (2.45)
2 :aQy — AQuu = 0, (2.46)
e :0Qy — BQua = 0, (2.47)

rest : $Qq + Q¢ = 0. (2.48)

Solving (2.45) gives

u

Q(t,x,u) = 0(t, x)ea?, (2.49)
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with arbitrary function # that depends on x and t. It is important to consider that

(2.49) satisfy (2.47) and (2.46). Substituting the value of @ from (2.49) into (2.48),

we get

69;”6% + 0,7 =0.

Thus, becoming

To solve (2.50), we assume that

O(t,x) = X(x)T(t).

Now, replacing 6 from (2.51) into (2.50) gives

BX"T+T'X = 0.

Hence
T/ X// 9
o7 T Ty T M
gT X
with p as arbitrary constant. Hence we have
T — Bu*T =0
and
X"+ 12X = 0.
Solving (2.52), we obtain

T(t) = Cre*™,

with C} being an integration constant. Solving equation (2.53) yields

X(z) = ky sin px + ko cos px

where k; and ky are arbitrary constants. Thus,

0(t,z) = CLe’™t (ky sin pa + ko cos px) .
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Letting C1k; = B; and C1ky = Bs, the above equation becomes
O(t,z) = et (B sin px + By cos uz) .
Now equation (2.49) can be written in the form

ﬂ2u2t+au

Q(t,z,u) =e 7  (Bysinpux + By cosux),

which produces two multipliers

82,244 au
Q:1(t,z,u) = (e o )sin/m;

and

82,20 1o
Qs(t, x,u) = <e i )cos,ux

for (2.3).

Firstly we calculate the conserved vectors of (2.3) connected to the multiplier Q1 (¢, z, u).

Hence the following

Qi(t, z,u){u; — au? — Bug,y = DT + D, T?, (2.54)
with the flux 7% and density 7" described as

T'=T't,z,u) and T" = T*(t,7,u, u,). (2.55)
Hence (2.54) becomes
B2u2t+au
e F  sinux (ut — ozui — Bum) =D, 7"+ D,T".

The above equation yields

ﬁ2,u.2t+au

e 7 sinpz (w — oul — Pug,) =T) + w Tl + TF 4+ u,T7 +ug,Tr . (2.56)

Splitting (2.56) on the derivatives of u, we get

82,214 o
Upe : T, =—fe 5 sin U, (2.57)
2 2t au
u o TP = e sin pz, (2.58)

29



B2u2t+au

rest :  Tf +T% +u,T" = —auZe 7  sinpax. (2.59)

Integrating (2.57) with respect to u, gives

T = —Buxeﬂ T sin px + Pt x,u). (2.60)
Equation (2.58) gives
2u2t au
T" = éeﬁ 5 sin px +v(t,x), (2.61)

(0%

with arbitrary function v that depends on ¢ and z. Substituting the aforementioned

values of T% and T" into (2.59), we get

/62 52u2t+au . [32u2t+au
Ve + Uy + ugthy, + Ee f sinpur — Buuze 7 cospux = 0.

Splitting the above equation with u derivatives produces

62u2t+o¢u

Uy : Y, = Ppe  F cospur, (2.62)
rest : Y, + U + ﬁ—eﬁ = sin px = 0. (2.63)
«

Integrating (2.62) with respect to u gives

P = B—Meﬁ T Cos pux + O(t, x), (2.64)
o

with arbitrary function © that depends on ¢ and z. Replacing this value of ¥ into
(2.63) gives

Ut—}-@x:().

We set v = © = 0, because the two play a part in the trivial part of the conserved
vector, and therefore, (2.63) is satisfied. Hence flux 7% and the density 7" above

changes to be

" ﬁ B2u2t+o¢u .
Ty = —e 7  sinpux,
a
- /82 62u2t+au 62u2t+au .
1Y = —pe 7 cospx — Puge P sinpux,
!

being the conserved vectors of (2.3) of the multiplier Q4 (¢, x, u).
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Lastly the conserved vectors of (2.3) for the multiplier Q»(¢, x,u) were calculated.

Thus, the following
Qo (t, z,u){u; — au? — Bug,} = D,T" + D,T7, (2.65)
which implies

ﬁ2u2t+au

e  F  Ccosux (ut — aui — Bum) =D, T+ D,T".

The above equation results in

52 p2t+au

e F  cosuw (ut —au? — 5um) =T} +uT + TF + u, T + U Ty, . (2.66)

Splitting (2.66) on derivatives of u, we obtain

['32 2t tau

Upo : T, = —Pe T cos ux, (2.67)

82,204 o
u . Ti=e T cos u, (2.68)

t x x 2 B2t
rest: T, +Tr +u, T, =—au,e 7 cOSux. (2.69)
Integrating (2.67) with respect to u,, we obtain

[32u2t+au

T = —fuze 7 cospx+d(t,z,u), (2.70)

with arbitrary function d depending on ¢, z and w. (2.68) yields

242 t+0u
T = éeﬂ T cos pux + e(t, x), (2.71)
a

with arbitrary function e having x and ¢ as independent variables. Substituting the
aforementioned values of T and T" in equation (2.69), we get

52//(/2 ﬂ2u2t+au [32u2t+au

e+ dy + updy, + e  F  cospur+ Puuze F sinpux = 0.

If we split the above equation on u derivatives we obtain

52u2t+au

Uy © dy+ Bpe  F sinux =0, (2.72)
2,2 2,2 au
rest : e+ dy + Cal e cos px = 0. (2.73)
Integrating (2.72) with respect to u gives
2 2,244 o
d= —B—Meﬁ E sin px + f(t, ),

«

31



with arbitrary function f having z and t as independent variables. Replacing this

value of d into (2.73) gives
fx + e = 0.

We put f = e =0, as the two add to the trivial part of the conserved vectors. Thus,
flux 7% and density 7" are

+ f}2y.2t+o¢u
T, =—e 7  cospuz,
«

ﬁ2y2t+au /B2l,[, B2u2t+au

Ty = — Puze 7 cospux — — € 5 sinux,

which are the conserved vectors of (2.3) associated with Qo(t, z,u) multiplier.

2.4 Concluding remarks

We investigated Lie group analysis of the pBe (2.3) in this chapter. Firstly, we
constructed Lie symmetries. Then, we used the obtained Lie symmetries to perform
a symmetry reductions. Moreover, we constructed the invariant solution for the
equation (2.3). Furthermore, we used the approach of multiplier to calculate the

conserved vectors for the pBe (2.3).
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Chapter 3

Solutions and conservation laws

for the gsmCH equation

3.1 Introduction

The equation [38]
Up — Uggr + (b4 1Duty = gy, + Utlge, (3.1)

represents an important family of NLPDEs for different values of b. These equations
have been studied in one form or another over the years. These forms include,

amongst others, the famous Camassa-Holm (CH) equation [39]
Up — Uggr + Uy = 2Uglpy + Ullgpy, (3.2)

which is obtained when b = 2. Equation (3.2) was derived by Camassa and Holm in
[39] and it describes one-directional movement of shallow water waves in a medium of
even depth. Camassa and Holm found travelling wave solutions, N-soliton solutions
as well as the Bi-Hamiltonian structure of equation (3.2). The reader should note

that a general form of the Camassa-Holm equation also referred to in [39], is given

by

Up + 200Uy — Uggr + 3UUE = 2UplUgy + Ullpgy, (3.3)
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where « is a constant denoting critical wave velocity in shallow water. When b = 3,

equation (3.1) becomes the Degasperis-Processi (DP) equation
Up — Ugpr + AUl = BUplpy + Ullpes, (3.4)

which was derived in [40] by applying the asymptotic integrability technique. The
same equation is seen in [41], where the author proved that the smooth solutions
of equation (3.4) have a limitless velocity of propagation which loses the property
of having compact support. Modified forms of equations (3.2) and (3.4) have been
studied as well, for instance, in [38] Wazwaz changed the nonlinear convection term

2

in equations (3.2) and (3.4) from wu, to u®u,, thereby increasing the strength of

nonlinearity, see [42], this led to the modified CH equation [38]

Up — Ut + 30Uy = 2Upllpy + Ullppy (3.5)
and the modified DP equation

Up — Ugyr + AU Uy = SUplipy + Ul (3.6)

The author in [38] investigated the effect of introducing the u?u, term by using
the sine-cosine and tanh algorithms and obtained bell-shaped solitons which are in
contrast to the expected peaked solitons associated with the family of equations (3.1).
The two equations (3.5) and (3.6) are derived from the modified DP-CH family [38],
given by

Uy — Uggy + (b + D)ty = bglyy + Ullyag. (3.7)

Evidently, by letting b = 2 in equation (3.7) we obtain the modified CH equation
(3.5). Tian and Song [43] investigated a modified form of equation (3.3), known as
the generalised CH equation

Up + 200Uy — Uggr + BU Uy = 2UpUgy + Ullpey, (3.8)

where «, # # 0, and n is the strength of nonlinearity of the convection term. They

obtained travelling wave and peakon solutions by making use of direct integration.
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Based on the work of Tian and Song, Wazwaz in [42] considered equation (3.8)

without the two extra terms on the right hand side, that is,
Up + 200Uy — Upgr + Puu, = 0. (3.9)

According to Boyd [44], the two terms on the right hand side of equation (3.8) are
small for amplitude waves in shallow media. By making use of the sine-cosine method
in [42], bell-shaped solitons, compactons and periodic solutions were obtained. For

the case n = 2
Up + 200Uy — Ugyr + Bulu, =0 (3.10)

was studied in several papers, for example in [45], explicit solitary wave solutions
of equation (3.10) were found using the exponential function method. Equation
(3.10) was studied again in [46] where the researchers introduced a fractional complex
transform to the exponential function method to find and analyse its solitary wave
solutions. In this work, we aim to investigate the generalized simplified modified

Camassa-Holm (gsmCH) equation (3.9).

We aim to obtain more solutions of the gsmCH equation (3.9) by utilising Lie sym-
metry method coupled with direct integration technique, Kudryashov’s method, as
well as the simplest equation method. Furthermore, we derive the conservation laws
of equation (3.9) by using the multiplier approach, and theorems by Ibragimov and
Noether.

3.2 Lie point symmetries of (3.9)

The vector field

X = itz )2+ et w2 it w,u)

ot ox ou
is a Lie point symmetry of equation (3.9) if and only if
X®Alazo =0, (3.11)
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where
A = u + 20, + fuuy — Upgy,

and X is the third prolongation [7] of X defined as

0 0 0
B — i i _Z
Here (;, (4, (;» and (., are determined by
G = Di(n) — wDy(7) — uz Di(§),
' (3.13)

Gtz = Dx(Ct) - uttDz(T) - Utsz(f)a
Ctmx = Dw(Ctz) - uttmDaz(T) - utxxDx(£)7

where the total derivatives D, and D, are defined as

D —Q+u£+u i_{_u i+
ot ou T Mou, T o, ’

D—g_{_ ﬁ_{_ i_|_ i_|_
T or Mgy e Ouyg uwtﬁut '

The expansion of the (’s (3.13) gives

2
Ct =M + Uy — UeTy — Uy Ty — uxft - utuxgua
2
CLE ="Mz + UgNy — UtTy — UtUg Ty — umfz - Uxfm
Ctxac = ntzx + u:pxntu + 2ut:pua:77uu + utm:rnu + utnzxu + uzzutnuu + 2utuxnxuu
2 9 2 2) - 3 .3 -
x ! luuw x![xu x!ltuu x!ftxu rSuuw xStuu rSxT
T UUy N+ 2Uta o + Uy Neun + 2Uz T (TS u, Ut
2 2 2
- 3ut1’ug;€uu - 2uwxut€xu - 2utxa:€x - Qutuxga:uu - 2ux€ta:u - 4utazux§:cu
- Sutxwuxgu - Surzutum&m - utuwgzxu - 3urzua¢§tu - umxwét - 2uwm€tm
2 2
- u:vxmuté_u - 3u:pxutx£u - uxftwm - 4ututxux7—uu - ututhuu - uttuzTuu
T 2 2 2u? 2
— UtTigr — ut uxTuuu — 2UptgUg Ty — Ut Uz Tyy — ut Uz Truu — 2UtTiguUyx
2 2
- 2utx7—tuu:c - 2uta)7—u - 2ututxacTu — Uz Ut Ty — ua:acut Tuuw — 2utta:7—ac

2
- 4ututx7—mu — Ut Tyx — ut Tezu — Utze Tt — Uga Ut Ty — 2utx7—tz-

Expanding the determining equation (3.11), we obtain

(G 20Cs + Bu"Ge + B ) = Guae) |5 = 0.
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which upon substituting the values of (;, (, and (;,, gives

2
nt + utlrlu — UTy — ut Ty — u:cgt - utumgu + 20é (77:1: + uxnu — UtTy — UtUgTy — ua:gx
2 B n 2 ﬁ n—1

—up&u) + U (Ne + Usy — Wiy — U Ty — Uzl — UZy) + U™ Ul + Nizw — U tu
— QU Uy T — — — —2 — U D — 2 —

tx znuu utmxnu utnmzu uzxutnuu utuznzuu utux/’?uuu utmnwu uxntuu

3 3 2 2

- 2ux77txu + utuq;guuu + uxgtuu + ut:chx + 3ut:cuq;£uu + Qu:t:cutfxu + 2ut$£€€$ + 2utum€xuu

2
+ 2u1~§t1’u + 4utmux§a:u + 3uta;acuac€u + 3um1’utux§uu + utux§$$u + Suxa:u:tgtu + ua:a:acgt + 2ua:a:§ta;

2 2 2. 2

+ uxmmutgu + Suxxutzgu + ngtxm + 4Ututmuw7_uu + ututhuu + uttumTuu + Ut Tzx + ut u;pTuuu

2 2
+ 2uttmuxTu + zuttuzTaﬁu + 2ut Uz Truu + 2ut7—txuum + 2utx7—tuum + 2utx7—u + 2ututxm7—u + UgrUtt Ty

2 2
+ uxocut Tuu _I' 2utthx + 4utut:c7—ocu + Ut Tex + ut Texu + Upga Tt + Ugz Ut Tty + 2utr7—tx (3'9) = O
Replacing wy, by u; + 2au, + fu™u, in the above equation, we obtain

2
M+ Wiy — WeTy — Uy Ty, — Uy — WUy, + 2000, + 200U, M)y, — 2000,T, — 20004U, T,
2 n n n n n
— 20,8, — 2008, + Pu"n, + Bulugn, — PuuT, — Puuiug T, — Puus,
n, 2 n—1 n
- BU uxé.u + TLBU UgT) + Mtzx — UzaTtu — 2ut$uz77uu = Uy — 2aux7]u - 6“ Uz Ny
. o -9 o 2 -9 2 —9 3
utnzxu umxutnuu utu:rna:uu utuxnuuu utznzu uzntuu uxnt:vu + utuméuuu
3 2 n 2
2 2 n, 2
2
+ Suzmumftu + uma:atgt + 2“179351593 + ummmutfu + 3ua3atutz§u + U/atgta::n + 4Ututmua37_uu + utumTtuu
2 202 2 2 2u? 2 2
+ Ut Uy T + Ut Tt + U Uy Ty + Ut Uy Ty + UttUg T + U Uz Truu + Ut Ttgu Uy + Utz Tt Uy
2 2 2
+ 2up, T, + 2up T, + Ao, ui Ty + 28U U Ty F Ugr Uit Ty, + Wag Uy Ty + 2Use To 4 AU U Toy,
2
+ Ut Tea + ut Tezu + UgT + QQUmTt + /Bunuth + Ugz Ut Tty + 2utaz7—tx = O

Splitting the above equation on derivatives of u gives the following over determined

system of linear PDEs:

7, =0, 7, =0, (3.14)
&u=0,&=0, (3.15)
Nuw = 0, (3.16)
Niw = 0, (3.17)
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Bru" 'y — & + Bu"Es + 206, + 207 + Bu"r, = 0, (3.20)
(3.21)

From equations (3.14), we get

with B as arbitrary function of z. Integrating equation (3.16) twice with respect to

u yields
n=D(t,2)u+C(t,z),

where D and C' are arbitrary functions of ¢t and x. Substituting the above value of

n into (3.17) we get D; = 0, thus D = D(x). Hence
n = D(z)u+ C(t,x).
Substituting the above value of 7 into equation (3.21), we get
Cy + 2aD'u + 2aC, + fu" D' + pu"C, + Cipr = 0.

Splitting the above equation on powers of u we get

"t D'(x) =0, (3.22)
u": Cp =0, (3.23)
u’ : Cy + Chyy = 0. (3.24)

From (3.22) we have D = ky, where k; is a constant of integration. Equation (3.23)

implies that C' = C(t). Substituting this value of C' into equation (3.24) we get that
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C’(t) = 0. This can easily be solved to obtain C(t) = ks, with ks being an arbitrary

constant. Therefore

Substituting £ into equation (3.19) we have B'(x) = 0, and this gives B = k3, where

ks is an arbitrary constant. Hence
& = ks. (3.26)
Now substituting the values of 7, £ and 7 into equation (3.20), we obtain
Bnu"ky + Bnu™ ke + 20A" 4+ Bu" A’ = 0.

Splitting the above equation on powers of u we have

u" i ky =0, (3.27)
u" :nky + A =0, (3.28)
u’: A =0. (3.29)

Hence from (3.28), we obtain k; = 0 and solving equation (3.29) we get A = kuy,
where k4 is an arbitrary constant. It can be easily seen that the obtained value of &

satisfies equation (3.18). Therefore the infinitesimals of equation (3.9) are
T:k47 §:k37 77:0

Consequently, the Lie point symmetries of the gsmCH equation (3.9) are given by

We note that these symmetries represent translations in ¢ and x respectively.

3.3 Symmetry reductions and solutions of (3.9)

In this subsection we use the symmetries obtained in the previous subsection to
perform symmetry reductions and obtain exact solutions of the gsmCH equation

(3.9).
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Case 1. We start with the time translation symmetry X; = 0/0t.

This symmetry leads to the two invariants
Jl =, J2 = Uu.

Thus the group-invariant solution is given by u = f(x), where f is an arbitrary
function of z. Substituting this value of u into equation (3.9) we obtain the nonlinear

ordinary differential equation (NLODE)
2af"+ B(f)"f = 0.

Solving the above NLODE we get

u(t,z) = K,
where K is an arbitrary constant of integration.
Case 2. We consider the space translation symmetry X, = 0/0x.
This symmetry has the invariants

Ji=t, Jo=u.

Thus its group-invariant solution is given by u = ¢(¢). Substituting this value into
equation (3.9) yields ¢'(¢) = 0, whose solution is ¢(t) = Cy, where C is an arbitrary
constant of integration. Hence the group-invariant solution corresponding to this

operator is given by
u(t,z) = Ch.

Case 3. X = X, +cXj;.

Solving the characteristic equations of X = X5 + c¢X; gives the invariants
u(t,z) =U(), {=x—ct. (3.30)
Inserting the invariant solution (3.30) into equation (3.9), gives the NLODE

—cU' +2aU" + pU™U" — cU" = 0. (3.31)
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Employing the transformation
U(€) = F"(¢)
transforms equation (3.31) to the NLODE

(2an? — en®)F2F' + n?BF3F' + (¢ — 3nc + 2n2¢)F° + (3nc — 3nc) FF'F"

+n?cF*F" = 0. (3.32)

3.4 Solutions of (3.9) using the Kudryashov’s method

In this subsection we apply Kudryashov’s method in order to solve equation (3.32).

This is done by first assuming that the solution of (3.32) takes the form

F(§) =) ARM(©), (3.33)

where N is a positive integer whose value is obtained by employing the balancing

procedure, and R(§) satisfies the Riccati equation

R'(€) = R*(€) — R(¢), (3.34)

whose solution

R(€) = 1 +1 = (3.35)

The balancing procedure of (3.32) gives N = 2, thus equatiom (3.33) becomes
F(§) = Ao+ A1R(E) + A2 R*(€). (3.36)
Substituting equation (3.36) into equation (3.32) and using (3.34) gives

n2cATR(€)® + 2n2cASR(€)% 4 2n*a A3 R(€)* — 2n°a A3R(€)® + 4n2a ASR(€)T

— An?a ASR(€)S + n?BALIR(E)® — n?BAIR(E)! + 2n2BAIR(€)° 4+ 18cA2 AL R(€)P
+6cAZAR(E)T — 18cAZALR(€)® + 12cA 1 AZR(€)® — 36cAL AZR(E)" — 2n*BASR(E)®
— 6cAZALR(6)* 4 36c A AZR(€)® — 12¢ALAZR(€)® + 3ncA3R(&)* + 12ncASR(€)T
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+6n2cAg AL AsR(€)? + 3ncATR(€)® — 6ncAZR(€)® + 12ncASR(€)? — 24ncASR(€)®
+2n%cAZR(€)® — 3n?cAPR(€)° + 4n?cASR(E)? — 6n?cASR(E)® + 18n%cAg AL A R(€)*
+ 12020 Ag AL Ay R(€)* — 12n%a A Ay A R(€)® + In?BA2 AL A R(€)* — cASR(€)?

+ 24cASR(E)" — In*BALAL AL R(€)® + 12n° BAGA2 A R(€)P — 12n°BA A2 AL R(€)!

+ 3cA3R(6) + 15n*BA AL R(€)5 A2 — 15n?BA AL R(E)° A2 + 66ncAg A R(€)* A,

— 6n%cAZAR(€)? — 18ncAg AL A R(€)? 4+ 30ncAg AL R(€)P Ay — T8ncAg AL R(€)% Ay

— 54n?cAgALR(€)° Ay + 30n*cAg AL A R(€)® — 8cASR(€)® + cASR(£)® — 3cATR(€)?
+ 8cASR(£)? — 24cASR(€)® — 66ncAL R(€) A2 + 84ncAgAZR(€) — 24ncAgA*R(€)?
+24n2cAZALR(€)® — 54An2cAZ AL R(€)* 4 12ncAg AT R(€)? — 12n°c A2 A R(€)?
+12n2cAg ASR(€)" — 12n°cAg ASR(£)® + 12n2cATR(€)" Ay — 21n2cA*R(€)% Ay
+12n%cA L R(€)P A5 — 18n°cA L R(€)" A5 + 3n*cAgATR(E)? — 12n*cAgASR(E)°
+12n2cAgAZR(E)* + 6n2cAZR(£)° Ay + 3n’cAZR (€)* Ay + 6n’cA R (€)° A3

+ 20 AZALR(€)? — 2n2a A ALR(E) + 4n*aAg® Ay R(€)? — 4n’a Ay Ay R(€)?
+4n*aAgATR(€)® — dnaAgATR(E)? + 8n*aAgASR(£)° — 8naAgAZR(€)*

+ 8n*aATR(£)° Ay — 8n*aATR(€)" Ay + 10n*a A R(£)° A3 — 10n*a A R(€)° A

— 3n*BAGATR(E)? + 6n° BAGAZR(E)" — 6n*BAGASR(E)° + 5 BATR(E)" Ay

— 5n*BATR(E)° As + 9n* BATR(E)" A3 — In*BATR(E)° A3 + Tn BAIR(E)° A3

— T?BAIR(E)T A + n?BASAIR(€)* — n?BAJAIR(E) + 2n° BASALR(€)?

— 202 BA3AL(€)” + 3n°BA AP R(€)® — 3n* BAGPATR(E)® + 6n* BATASR(E)°

— 6n2BACASR(E)* + 3n?BAGASR(E)* + 6ncAgATR(€)® — 15ncAgATR(€)*

— 96ncAgAZR(€)% + 18ncAZR(£)" Ay — 39ncA?R(€)° Ay + 30ncA R(£)® A2

+ 24ncAT Ay R(€)° — InPcAgATR(€)* — 6ncA ASR(E)° + 6ncAZ A R(€)*

— 3ncAgATR(E)? — 3ncAT A R(€)" + 42ncA1 ASR(E)® + 6ncAgATR(E)°

+ 6n%cAg? AL R(€)* 4 36n2cAZALR(€)? 4 36ncAg AR ()" = 0. (3.37)

Decomposing equation (3.37) into various powers of R(), we obtain

77,25143141 + 27120(148141 = 0,
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Bn? A + 2en® A3 + 6en Ay’ + 4cAjy = 0,

TBn* AL A3 — 260 A5 4+ 12en* A1 A3 — 6en® A3 + 30cn A AS — 24cn A3 + 12cA, Aj

— 24cA} =0,

n2BARAL — 2Bn*AJ Ay — 3Bn*ASAT + 2n2aAZA; — dan? A2 A, — dan® Ag AT

+ 6cn2A(2)A1 — 6cn?Ag2 A, + 3cn2A0A% - 307114014% =0,

68n? Ag A3 + 9Bn*ATAS — TAn* AL A3 + dan® A + 12en® Ag A3 + 12cn* A2 A,

— 18cn?A A3 + 36cnAgA; + 18cn A2 Ay — 66cnA; A; + 12cn A3 + 6cAT A,

— 36cA; A3 + 24cA5 =0,

26n2 A3 Ay +3n2A3AT — 9B AZAL Ay — 3Bn? Ag A3 + 4an? AZA; + 4an? Ay A?

— 12an?AgA Ay — 20m2A? — 120n2A3A1 + 360n2A3A2 + 6en?Ag AL Ay + cn2A§’

+ 12cn4¢ A2 — 18cnAgA1 Ay — cA3 =0,

158n% AgA1 A3 — 680> AgAs + 5812 AT Ay — 98n* A2 A3 + 10an* A A5 — dan® A5 — 8cAj
+30cn?AgA; Ay — 12en? AgA2 4 2en? A3 — 21en® A2 Ay + 2en? A3 + 30cnAg AL Ay

— 96cnAgA3 + 3enA? — 39cnAT Ay + 42cn Ay AL + cA — 18cAT Ay + 36cA A3 = 0,
9Bn2 AT AL Ay — 68n° AZAS + 38n* Ag AT — 128n2 AgAT Ay — Bn? AT + 12an?Ag A, Ay
— 8an?Ag A3 + 2an® A3 — 8an? AT Ay + 6cn* A A — 5den? A2 Ay — 9en? Ag AT
+18cn%AgA 1 Ay + 120n2A0A§ + 3cn2A%A2 — 15an0A? + 66cnAygA Ay — 24an0A%
+ 3cnA? — 3enA3 Ay + 3cA? — 6cATA; = 0,

68n* AZAS + 128n* AgATA; — 15812 Ag A, A5 + Bn® Al — 58n* AT Ay + 8an® Ay Aj

+ 8an?AT Ay — 10an® Ay A3 + 24cn* A Ay + 6cn” Ag A — Sden® Ag A1 Ay — 12cn* Ay As
— 3en? A3 4 6cn? A2 Ay + 6en? Ay A2 + 6enAgA? — T8cnAgA Ay + 84cnAg A2 — 6en A3
+24en A3 Ay — 6enA Ay — 3cAT + 18cAT Ay — 12¢A 1 A3 = 0.

Solving the above system using Maple gives
2¢(n* + 3n + 2)
Bn?
Therefore the solution of the equation (3.9) is

ult,z) = {20(” +ﬁ172 (n+2) ( 1 i(:(t_)t)) }W | (3.39)

2¢(n® + 3n + 2) 2an?

A= 0,4, = o

7A2:_

43



Solitary wave solution

Integrating the NLODE (3.31) twice with respect to £ and taking contants of inte-
gration to be zero gives

I — g n+2 2a —c

ScU” — Urt? — ——U?=0. 3.40
2° (n+1)(n+2) 2 (3.40)
Next we let U(&) = V(€)Y/™ to transform the NLODE (3.40) to
V/2 — M 2 _ 277/2/8 V3 — 0 (3 41)
c cn+1)(n+2) '

whose solution is

V(¢ = (n+ D —2|—52)(c = 22) {SGC ( —nZ(ZZC_ ) &+ C)) } , (3.42)

where C' constant of integration. Thus going back to our original variables the

solution of equation (3.9) is

wlt.z) = m+nm;?@-%o%m( ﬁQ%;Q@_d+CO}

o1 1/n

(3.43)

3.5 Exact solutions of (3.9) using the simplest equa-

tion method

In this subsection, we use the simplest equation method [47-49] to solve the third-
order NLODE (3.31) for n = 1 and n = 2. The simplest equations that we use are
the Bernoulli equation

H'(z) = aH(¢) + bH?(£) (3.44)
and the Riccati equation
G'(€) = aG*(§) + bG (&) + c, (3.45)

where a, b and ¢ are constants [31]. We look for solutions of the NLODE (3.31) that

are of the form

W) = > AlG©), (3.46)



where G () satisfies the Bernoulli equation or Riccati equation, M is a positive integer
that can be determined by a balancing procedure and Ao, ..., Aj; are parameters to

be determined.

The solution of Bernoulli equation (3.44) we use here is given by

B coshla(§ + C)] + sinh[a(§ + O]
H(&) = “{ T~ beoshla(e + O] — bsinh[a(é + O) }

where C' is a constant of integration. For the Riccati equation (3.45), the solutions

to be used are

Gle) = -2~ %tanh Be(g + C)] | (3.47)

h il
G(¢) = L itanh (195) + " (?>
2a. 2a 2 C' cosh (9—5) — %l sinh (9—2€>

and

(3.48)

with 8 = v/b? — 4ac and C' is a constant of integration.

Solutions of (3.9) using the Bernoulli equation as the simplest equation

Casel. n = 1

In this case, the balancing procedure yields M = 2 and solutions of (3.31) are of the

form
W () = Ay + ALG + AG2. (3.49)

We insert the above value of W (&) into equation (3.31). Then, using the Bernoulli
equation (3.44) and equating the coefficients of G* to zero, we obtain an algebraic

system of five equations in terms of Ay, Ay, As, namely
12emP Ay + BmAy* =0,

ClsAl + 5 leAl + 2« lAl — ClAl = 0,

54 clm2A2 + 6 cm3A1 + 2 /B lA22 + 3 /B mA1A2 = O,

38cl’mAy 4+ 12clm? Ay + 3 B1A1 Ay + 2 BmAgAs + FmAL? +4damAs —2cemAy = 0,
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8Cl3A2 + 7cl2mA1 + 26[140142 + BZA12 -+ ﬁonAl —+ 4OélA2 + 2 amA1 -2 CZAQ — cmA1 =0.

With the aid of Maple, we solve the above system and obtain

12lem Ay 12em? A,
A=Ay, A= ——"—— it
0 T 2 20 —¢ T A2+ 2a—c

Therefore the solution of (3.9) is given by
cosh[a(§ 4+ C)] + sinh[a(§ + O)] }
1 — bcosh[a(¢ + C)] — bsinh[a(§ + C)]

) coshla(¢ + C)] +sinhla(¢ + C)]
ke { 1= beoshla(¢ + C)] — bsinh[a(¢ + C)] } |

U(t, z, y) :AO + aAl{

(3.50)

where C' is an arbitrary constant of integration.
Case 2. n = 2

In this case, the balancing procedure yields M = 1 and and solutions of (3.31) are

of the form
W) = Ay + A1G. (3.51)

We insert the above value of W (&) into equation (3.31). Then, using the Bernoulli
equation (3.44) and equating the coefficients of powers of G to zero, we obtain an
algebraic system equations in terms of Ay, A; and solving the system using maple

we obtain
165 ¢l
2 5
Therefore, the solution of equation (3.9) is given by

cosh[a(§ + C)] + sinh[a(§ + C)]
1 — bceoshla(§ + C)] — bsinh[a(§ + O] }’

V65 cm
B

A()::i: ,Alzil:

u(t,z,y) =Ao + aAl{

where C' is an arbitrary constant of integration.

Solutions of (3.9) using the Riccati equation as the simplest equation

Casel. n =1

For this case, the balancing procedure gives M = 2, equation (3.46) becomes

W (€) = Ay + MG + AyG2. (3.52)
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The insertion of the value of W(¢) into equation (3.31) and making use of the Ric-
cati equation (3.45) yields the following algebraic system of equations in terms of
Ao, A1, A

12clPAs + BlA? =0,

6clPA; + 54 clPmAy +3B1A Ay +2mA* =0,

2cln®A; + em®nAy + 6 emn®As + fnAgA; +2anA, —cnd; =0,

12c®mA; + 40 cl’>nA; + 38 clm? Ay + 2 B1A Ay + BLA2 +38mA Ay

+268nA% +4alAy —2clAy =0,

8clmnAy + 16 cln®Ay + em® Ay + 14 em®nAy + BmAgA; + 2 FnAgAs

+ BnA® +2amA; +4ands —emA, — 2ends = 0.

The solution of the above system using Maple gives

12mecl Ay B 12¢l? Ay
Scin+em2+2a—c 2 Scdn+em:+2a—c

AO = A07 Al =
Consequently, the solutions of the gsmCH equation (3.9) are

u(t, z,y) :A0+A1[— % - %tanh{%Q(erC)}}

+A2[_ﬁ_itanh{%0(§+0)}r,

20 2a
73
h( =
sec (2)

)+ oot (%)~ Z (@)}

2 9

sech (06)

- 2
+A2{—£—itanh (295)—1— 2 } ,
2a  2a 2 0 2a . 0¢
C cosh ( > ) sinh (?)

1
u(t,x,y) =Ag + Al{ b itanh (—9§
a a 2

2

where C' is an arbitrary constant of integration.

Case2: n =2

For this case, the balancing procedure gives M = 1, equation (3.46) becomes

W(E) = Ay + AiG. (3.53)
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The insertion of the value of W (¢) into equation (3.31) and making use of the Riccati
equation (3.45) yields the algebraic system of equations in terms of Ay, A; whereby

with the aid of maple solving these equations we obtain

14/68cm V605¢l
0 2 /B ) 1 B
Consequently, the solutions of equation (3.9) are
(tay) = Ao+ Ar| — 2= — L iann Lo 1 ) (3.54)
ut,r,y) = Ag 1 %2 %, an 2 ) .

and

73
) ) X sech (—2 )
u(t’m’y):AO+A1{__2a__2atanh(§9§)+C . (9_5 g % }7
CoS 5 7 sin 5

(3.55)

where C' is an arbitrary constant of integration.

Solution of (3.9) using direct integration

In this subsection, we derive a solution of an ODE equation (3.31) by using direct

integration when n = 1. Integrating equation (3.31) twice gives

2 20!
@1J2+-§§lf3+-—23, (3.56)

20 20 —
_ 2y, 20
C C

U/2

where C4, Cy are arbitrary constants. To gain the solution of equation (3.56), we

assume that r1, ro and r3 are roots of cubic polynomial

U3 4 3(2(1/ — C) U2 301 302

+ U+ 22 =,
26 B B
with r; > ry > r3. Equation (3.56) can be written as
_ 2

U (U — 1) (U — 1) (U — 73),

-~ 3c
whose solution [24,25] is

5(7“1 - 7”3)
6c¢

ry—7re

U(f):T2+(Tl—T2)Cn2{ (5—50)732}> R* =

7“1—7“37
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where & is a constant and cn is the Jacobi cosine function. Consequently, the solution

for gsmCH equation (3.9) is

B(ry —r3)

6e (5_50)7}%2}'

u(t,x) = ry + (1) — ro)en? {

3.6 Conservation laws of (3.9)

In this section we derive conservation laws of gsmCH equation (3.9). We use three
different methods of finding conservation laws, namely, the multiplier method, Ibrag-

imov’s method and the classical Noether’s theorem.

3.6.1 Conservation laws of (3.9) using multiplier method

In this subsection we employ the multiplier method to construct conservation laws
for the gsmCH equation (3.9). We look for the zeroth-order multipliers A = A(¢, z, u)

that are obtained by solving the determining equation

0

5—{A(t, X, U) (Ut -+ 20[Um + Bunux - utazw) } - 07
u

which gives

utA“ + 2&u1AU + BunuxAu - ut:):xAu - uiAu — Ul gy + ﬁnunflux/\

— DA —2aD, A — BD,(u"A) + D;D?A = 0.
The above equation expands to

- At - 20&/\1 - BunAm + Ata:a: + 2umAtmu + uiAtuu + Uma:Atu + UtArzu

+ QUtUxAxuu + 2utzAxu + utu?gAuuu + 2uzut:):Auu + utu:prxuu = 0

Simplifying and splitting the above equation on the derivatives of u, we obtain

P w—) (3.57)
Uy : Ny = 0, (3.58)
Uty @ Nyy = 0, (3.59)
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rest : Ay — Ay — 20, — Su"A, = 0. (3.60)

Integrating equation (3.59) twice with respect u yields
A= A(t,x)u+ B(t,x),

where A(t,x) and B(t, x) are arbitrary function whose arguments are ¢ and z. Sub-
stituting the above value of A into equation (3.57), we have that A, = 0, which leads
to A = A(t), where A is an arbitrary function of ¢. Hence

A=A{t)u+ B(t, z).

Substituting this new value of A into equation (3.58) we get that A’(t) = 0, which
implies that A(t) = C, thus

A =Ciu+ B(t, x).
where C is a constant of integration. Equation (3.60) implies that
By — By — 2aB, — pu" B, = 0.
Splitting the above equation over powers of u yields

u": B, =0, (3.61)

rest : By — Bi — 2aB, = 0. (3.62)

Equation (3.61) yields B = D(t). Substituting the value of B into equation (3.62),

we get D'(t) = 0, which is easily solved to obtain
D(t) = Cy,

where C5 is a constant. Therefore A = Cyu + Cy is the multiplier for equation (3.9).

We obtain the conservation law for the above multiplier by considering
Aty 2, u){ (ug + 200, + Buuy — Ugee)} = DT + DT, (3.63)
where density 7% and flux T are defined as

T =T'(t,z,u) and T® = T(t,z,u,u,), (3.64)
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and so equation (3.63) becomes
g + 20, + Buuy — Uy = DT+ DT,
Case 1. For Ay = u, equation (3.63) becomes
u(ug 4 200, + Buuy — wge) = T, + Ty +ue Ty + T8 + Ty + Uy T+ e T Uy

Now splitting the above equation on the third derivatives of u, we obtain

Ut @ T Uy = —u, (3.65)
rest : u(u; + 20u, + fuu,) = T} + u,T" + Uthim +T7 + u, Ty (3.66)
+ U Ty

Integration of equation (3.65) with respect to uy,, we obtain the flux
T = —uuy, + P(t, z,u, uy),

where P is an arbitrary function of its arguments. Substituting the above

value of T into equation (3.66) we have
u(ug + 2au, + Puuy) = Ttt + uthj + uthsz + P, — Upty + Up P+ Upy P

Simplifying and splitting the above equation on the second derivatives of u, we have

Ugy : Py =0, (3.67)
Upy @ — Uy + Tq’jz =0, (3.68)
rest : u(u; + 20u, + fu"u,) = T} + u T + P, + u, Pu. (3.69)

Equation (3.67) implies that P = P(t,z,u). From equation (3.68) we get
02
T = 7“3 + C(t,x,u),

where C' is an arbitrary function of its arguments. Substituting the above value of

T" into equation (3.69) gives

u(uy + 2au, + fu"u,) = Cy + u,Cy + Py + u, Pu.
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Splitting the above equation on derivatives of u we get

u 2 Cy = u, (3.70)
U, © P, = Bu™t + 2au, (3.71)
rest : Cy + P, = 0. (3.72)
Equation (3.71) gives
u"t? ,
P:ﬂn+2 + au® + D(t, x),

where D is an arbitrary function of ¢t and x. Integrating equation (3.70)yields

C= “5 v B(t,2),

where F is an arbitrary function of ¢ and z. Substituting the values of P and C'
into equation (3.72) gives E; + D, = 0. We take note that E and D contribute to
the trivial part of the conservation law, thus we take them to be zero. Hence the

conservation law corresponding to first multiplier is given by

Tt __ 2 — 0,2
2u$ + 2u ,
T = — uuy, + iu”Jr2 + au?.
n+2

Case 2. For the second multiplier Ay = 1, we expand equation (3.63) and get
U + 20, + Buuy — Uppy = Ttt + Tiut + Tiwum + T + Tiug + Ty Uge + T, Ut
Splitting the above equation on third derivatives of u yields

Ut - T = —1, (3.73)

Utz

Rest : wy + 2au, + fuuy, =T + Towy + T we + T + Tiug + Ty e (3.74)
Equation (3.73) implies that
T = —uy + At, x,u, uy),

where A is an arbitrary function of its arguments. Substituting this value of T* into

equation (3.74) we get

Uy + 20u, + Puu, = Ttt + Tiut + Tizum + A, + Ayug + Ay, Uy
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The above equation is split on second derivatives of u, to give

u Ty, =0, (3.75)
Uge © Ay, = 0, (3.76)
rest : uy + 20, + Buu, = T} + Tiuy + Ay + Ayt (3.77)

Equations (3.76) implies that

A= A(t,z,u).
From equation (3.75) we get

T"' = B(t,x,u),

where B is an arbitrary function of ¢, x and u. Substituting the value of T" into

(3.77) gives
Uy + 20, + fu'u, = By + Byuy + Ay + Ayug. (3.78)

Splitting equation (3.78) on the derivatives of u yields

up : By =1, (3.79)
Uy » Ay = 200 + Pu, (3.80)
rest : A, + B, = 0. (3.81)

Integrating equation (3.79) we obtain
B=u+C(t,z),

where C'is an arbitrary function of ¢ and . Equation (3.80) gives

n+1

A:2au—|—ﬁu

D(t
n+1+ (7‘1.)7

where D is an arbitrary function of ¢ and z. Substituting the values A and B into
equation (3.81) we get D, + Cy = 0. Since C' and D contribute to the trivial part
of the conservation law, we therefore take C' = D = 0. Thus the conservation law

corresponding to this multiplier is given by

T = u,
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T = 20u + b u" Tt — .
n+1

Remark. It is noted here that since we have the multiplier A = 1, this implies that

the gsmCH equation (3.9) is in conserved form.

3.6.2 Conservation laws using Ibragimov’s method

In this section we compute conservation laws for the gsmCH equation (3.9) using
the theorem due to Ibragimov as given in [35]. We begin by determining the adjoint

equation using the formula

F* = %{v(ut + 20, + PBu"uy — Uer) } = 0. (3.82)

In this case the Euler-Lagrange operator is

) 0 0 0 0 0
—=—-Dy——D, D? — D,D? .
ou  Ou You, Ouy + T Ougy T s (3.:83)
where the total differential operators D; and D, are
D—g—i-ug—i-vﬁ—i-ui%—vi%—u i—i—v i%—
ot o tou T ou, T Mo Tou, o, ’
O R R B R R S
C Ox ou “ov Uy O, ot ouy ot vy
Equation (3.82) yields the adjoint equation
F* = —v; — fogu" — 200, + V4zp = 0. (3.84)

We now consider the equation (3.9) and its adjoint (3.84). The Lagrangian of this

system is
L = vuy + 200U, + Bouuy — Vg (3.85)

To compute the conservation laws of equation (3.9), we utilise the formula [35]

A A oL oL
i e -D D, (W
C'=¢L+ ng k&%)+ W)

P (3.86)
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where W< is the Lie characteristic fucntion given by W = n* — & uf. Recall that

equation (3.9) has the two translation symmetries

0
0

Let us first consider the infinitesimal generator (3.87). It can be easily shown that
extending the generator X; to the new variable v produces the same translation

symmetry X; = 0/0t. In order to determine the value of A we apply the equation
X(F) = A\(F), (3.89)
which yields A = 0. Again,
Dy(1) = 0. (3.90)

Consequently, n* = 0 and the operator admitted by the adjoint equation (3.84) is

0

(3.91)
We now use equation (3.91) to compute the Lie characteristic functions
Wl = — Uy, W2 = —U.

The conserved vector for the equation (3.9) and its adjoint (3.84) corresponding to
the infinitesimal generator (3.87) can thus be obtained by using (3.86). The following

conserved vector is obtained

1 2
C! = 2avu, + fuvu, — gvzutm — gvutm,
1
C% = =2avu; — Bu vy — =Vl + =ViglUs — —VpUp + = VUstg-
tﬁt3tt g Vet = S UaUn + 3 VU

Similarly, we compute the conserved vector corresponding to the infinitesimal gen-
erator (3.88). In this case W' = —u, and W? = —uv, and the conserved vector thus

rendered by applying (3.86) are

1 1
Ct = —VUyp — gvxuzx + gvxxum + gvuxxazy
- 1 1 2 1
C" = vuy — 3Utlles — Vsl + 3Vtatle — 3VUtag-
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3.6.3 Conservation laws using Noether’s approach

In this subsection we utilize Noether’s approach to derive conservation laws for the
gsmCH equation (3.9). This equation is of third order and as such does not have a
Lagrangian. To make it variational we increase its order by letting u = v,. Thus we

have
Utz + 200055 + PULVpy — Vggar = 0. (3.92)

It can be verified that equation (3.92) has a second-order Lagrangian £ given by

1 1 3
L= ——00, — QU — =0 Ups n+2

2 r T Tt Dn+2)

n# —1,-2,

as 0L/0v = 0 on the equation. Here the Euler-Lagrange operator is given by

50 ) ) ) , 0

The determining equation for Noether point symmetries is given by
XPI(L) + L[Dy(7) + Do (€)] = Di(B') + Dy(B?), (3.93)

where B! = BY(t,z,v) and B2 = B2(t,z,v) are gauge terms and X is the second

prolongation of the infinitesimal generator

0 0 9,
X = T(t,x,v)a + £(t,x,v)% + n(t,x,v)%.

Hence expanding equation (3.93) with the Lagrangian £ gives

1 1
— v {ne + vy — v — 0Ty — V& — VLG, — S (N + VaTly — ViTy — VLT
_ngaz N Uigv} — 200, {nw T Uy = ViTy — VU Ty — ngx - Uigv} N n f— 1 {7755

1
2
+Ux771) — UtTy — ViU Ty — 'U:Eé_x - Uva} - §Ux:p {nt:p + Umntv + Utnzv + Uxtn'u
2 2
+Utvm77vv — UgtTty — Uxté-xv - Ut Tev — 2vtvxt7—v — VUt Ty — Ut VgTyv — /U:vgxt
2 2 2 1 2
_'wagt - Umgtv - U:vvactgv - Utvmmgv - Utvxgvv} - §Uta; {nzac + Ve Nzw + VzzT

2 2 3
‘H)z%u - 2vxw€z - Uacgacac - 2Uz€x’l} - 32}:16”38:551} - vzgvv - QthTw — UtTyq

2 1 1 2 2
— 20V Ty — VpUg Ty — 2Vg Vgt Ty — vtvme} - B, —vwB, — B, —v,.B, =0.
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Splitting the above equation on derivatives of v yields

7 =0,
7. =0,
7, =0,
& =0,
& =0,
& =0,
Nz =0,
m =0,
B! =0,
Bl + B} =0.

Solving these PDEs gives Noether point symmetries and gauge functions.

these below

o
X,=—., B'=0, B’=0
1 at7 ) )
0 1 2
X,=—, B'=0, B*=0,
ox
X :f(t)2 B'=0, B*= —lvf’(t)
! ov’ ’ 2 '

We list

We now construct the conservation laws corresponding to each Noether point sym-

metry using [34]

oL oL
T'= L7+ (n—uT —uz€) 2 + (G — T — uge€) — — B,
Gut Uty
oL oL oL
1" = £§+(77—Ut7—ux§){%—Dt (%) - D, (%)}
oL
+ (CQ — Utg T — uzxé) — BQ'

Tx

Case 1. The first Noether symmetry X; = 0/0t has the conserved vector

1
(n+1)(n+2)

1 1
n+2 2
B’U — OV, — 7 UggaVUt — —VUggVta,
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TF = T 1)51),:%“ + évf + §Ut2z + 2av,v; + 7 VeVt = 3 VeVt

Case 2. The second operator Xy = 0/0z yields the consevation law

1 1 1
T2t - §U§ + Zviz - szvﬂt.m
1 1 1 3
TS = ot — V2 b an? 4 S0V — — VgVt

Case 3. Finally for the operator X; = f(t)0/0v, we get the conserved vector

TF = — SO0+ 5 (O)teee — 20f (s — (ni A - v

Reverting back to our original variable u, we have

1 1 1
n+2 2 - dr — =
CESCE Q)BU au 4um/ut T = Ualt,

2
1 1 1
TP = o 1)5</utdx> w4 3 (/utdaz> + §ut2 + Zau/utd:c
1 3
+ Zux/uttdw— Z/utdxutx,

TH= —

1 1 1
Ty = §u2 + Zui = JUlazs
1 1 1 3
TS = ut? w4 o 4 Sugus — — Uy,
2 (n+1)ﬂ (n+1)(n+2)5 4ot !
. 1 1
Tf - = §f(t)u + Zf(t)uxxv

Tr = — %f(t) /utd:c n Zf(t)utx —2af(t)u - ﬁﬁf@)“nﬂ - if'(t)“x'

3.7 Concluding remarks

In this chapter, we investigated the gsmCH equation (3.9) using Lie symmetry anal-
ysis. Firstly, Lie point symmetries were derived and used to perform symmetry
reductions and obtain exact solutions of the gsmCH equation. As a result of sym-

metry reductions, equation (3.9) was transfomed to NLODE (3.31). Consequently,
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Kudryashov’s method, the direct integration and the simplest equation method were
used to find exact solutions which were in the form of exponential, rational, hy-
perbolic and elliptic functions. Lastly, the conservation laws were derived using
multiplier approach, Ibragimov’s method and Noether’s theorem. The conservation
laws that represent energy and momentum amongst others were produced with the
aid of Ibragimov’s method and Noether’s theorem. We also realized that Noether’s

theorem produced local and non local conservation laws .
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Chapter 4

Solutions and conservation laws of
a (341)-dimensional KP-like

equation

4.1 Introduction

In [50], Kadomtsev and Petviashvili relaxed the requirement that the waves be
strictly one-dimensional and obtained the fully integrable Kadomtsev-Petviashvili

(KP) equation in the form
(ug + 6utly + Uggy ) + iy, = 0, (4.1)

which describes the evolution of quasi-one-dimensional shallow-water waves when
surface tension and viscosity effects are negligible. Here u = u(t,x,y) is a scalar
function, x and y are respectively the longitudinal and transverse spatial coordi-
nates. The subscripts ¢, x, y denote partial derivatives and a = +1. In equation (4.1)
for a = 1 the result is called Kadomtsev-Petviashvili II (KPII) equation [51]. This
equation models water waves with small surface tension. In addition when a = —1
, we have Kadomtsev-Petviashvili I (KPI) equation. This equation can be used to

model waves in thin films with high surface tension. Equation (4.1) which results
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from the reduction of a system with quadratic nonlinearity that admits weakly dis-
persive waves in a paraxial wave approximation, is one of the most often used models
in nonlinear wave theory. When just the leading order terms are kept and an asymp-
totic equilibrium between weak dispersion, quadratic nonlinearity, and diffraction
is assumed, the equation naturally arises as a distinctive limit in the asymptotic
description of such systems. The two spatial variables’ distinct functions are what

cause them to appear in the equation in an asymmetrical manner.

Many generalized KP equations have been investigated in the literature and these
have become a point of interest. For example, Ma et al. [52] researched a generalized

(341)-dimensional KP equation
Ugzzy + 3(uxuy)a: + Uy + Uy — Uz =0 (4.2)

and produced Wronskian and Grammian formulations. Through utilisation of the
improved tan (0(£)/2) —expansion method, the authors in [53] obtained exact solu-
tions of the equation (4.2) which gave them hyperbolic, trigonometric, exponential
and rational functions. Furthermore, the authors in [54] utilised the Hirota bilin-
ear method and they obtained one-solition, two-solition and N-solition solutions.
Wazwaz in [55] found multiple-soliton solutions and multiple singular soliton solu-
tions. In [56] a one-parameter class of Pfaffian extensions was made for equation (4.2)
by the Pfaffianization procedure. Wronski-type Pfaffian and Gramm-type Pfaffian
solutions of the resulting Pfaffianized bilinear systems of the generalized KP equa-
tion were constructed. Under a dimensional reduction, the results yielded a class
of Pfaffianized bilinear systems for the KP equation, which contained the standard
Pfaffianized bilinear KP system. Ma and Zhu [57] utilised the multiple exp-function
algorithm as a generalization of Hirota’s perturbation scheme, to construct multiple
wave solutions. The resulting solutions involved generic phase shifts and wave fre-
quencies containing many existing choices. Another form of KP like equation which

reads [58]
a(t)Uszay + palt)(uztty)e + (Ue + uy — uz)e + () (Uee + usz) = 0, (4.3)

where a(t) and b(t) are all arbitrary functions of ¢, and p, a real non-zero constant is
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called the generalized (341)-dimensional variable-coefficient B-type equation. This
equation describes the propagation of nonlinear waves in fluid dynamics. In [58],
the authors used the bell polynomials to derive the bilinear form and Backlund
transformation of the equation. In addition, the Hirota method was used to construct

the one-and two-soliton solutions for equation (4.3).

The authors in [59] started to study the equation (4.3) by using Hirota bilinear
method and their findings involved the lump and lump-type solutions of the gener-

alized (3+1)-dimensional variable-coefficient B-type KP equation.

Moreover, the authors in [60] studied a new (3+1)-dimensional generalized KP prob-

lem which read as
Uzzry + 3(u:vuy):r + U + Uty + Uy — Uy, = 0 (44)

and they used the simplified Hirota’s direct method to derive multiple soliton solu-
tions for the new model where the coefficients of the spatial variables are left free. In
addition, the authors showed that the phase shifts depend on all these coefficients.
They also proved that the new model fails the Painleve integrability test although it

gives multiple-soliton solutions.

Furthermore, the researchers in [61] studied equation (4.4) and used the linear super-
position technique to obtain the resonant multi-soliton solutions for the new (3+1)-

dimensional generalized KP equation.

Another KP hierarchy, known as the B-type KP (BKP) equation which is called
(3+1)-dimensional BKP equation reads [62]

Uty — Uy — 3(Uzlly)y + 3y = 0. (4.5)

The authors in [62] studied equation (4.5) where a linear superposition principle of
exponential traveling waves was analyzed for Hirota bilinear equations, with an aim
to construct a specific sub-class of N-soliton solutions formed by linear combinations
of exponential traveling waves. In [63], the author used the simplified form of the

Hirota’s method to investigate three variants of equation (4.5). Multiple-front wave
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solutions were formally derived. The dispersion relation and the phase shift of each
equation was established. The constraints, that arised between the coefficients of
the spatial variables, that will guarantee the existence of multiple solutions, were

analyzed.

In addition, the researchers in [64] used multiple exp-function method to explore the

shape changing and clevaging nature of anti-kink solutions of equation (4.5).

Moreover, in [65] an efficient method for developing fresh KP-like equations was
suggested. The authors in [65] used a transformation u = 2(In f), to transform

equation (4.5) into the Hirota bilinear form
(D.D; — DD, + 3D2)f.f = 0. (4.6)

Furthermore, for equation (4.6) to provide much more information in physical situ-

ations, two terms were added and it was reconsidered as
(aDyDy +bDy,D; + ¢D,D; — de;Dy +eD)f.f =0, (4.7)

where a, b, ¢, d and e are arbitrary parameters. Using the transformation v = 2(In f),

equation (4.7) was reversed to
AUy + by + Uy, — AUy — 3Uplyy — 3Ugyly + €Uy, = 0. (4.8)

In addition, equation (4.8) was studied in [66] where the authors obtained hyperbolic
tangent and generic function solutions by using arbitrary linear combinations of Lie

point symmetries.

In this chapter, we study the general exact solutions of equation (4.8) by using Lie
group analysis together with various techniques which includes direct integration
and Kudryashov’s methods. Such solutions are in the form of elliptic integrals and
Jacobian elliptic functions. Furthermore, we will derive the conservation laws of

equation (4.8) by using the multiplier approach.
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4.2 Lie symmetries of equation (4.8)

We begin by extracting the Lie symmetries associated with the NLEE (4.8). A

generic infinitesimal generator of our equation takes the form

6
3
€ e E L

(4.9)

where ¢t €2, €3, €4 and 7 are functions of (¢,z,y, z). Generator (4.9) must, however,

conform to the following condition:
X W(aum + by + Cup, — AUgzzy — SUzlzy — SUzaly + EUgy)|(a8) = 0.

Here X is a third extension of (4.9) given by [9]

9 9 9 9 9 9
ﬂﬁﬂ#@%—w%u+@at+%at+@at+@
T Y T Y z

0 0
+ Czy au + C:Jc:v:vya

Uy

Wlth <r7 Cya Ct:va Cty7 Ctzv <x:r; ny and Cx:pxy deﬁned by

Dy (1) — wDy(€") = up D (€2) = uy Dy (€7) — u.Da(€Y),

Dy(n) = uDy(€") = up Dy(€%) — uy Dy (€%) — u-Dy(€1),

= D, (G) — utth(é) — U Dy (€%) — ugy D (€3> — g Dy (€Y),

Dy(G) = unDy(E') = ua Dy (€2) — ury Dy (€%) — us D,y (€Y),

= D.(¢) — uD=(€') — waD-(€%) — uy Do(E) — up D= (€7)
= Dy(Ce) = et D (E") = a0 Do (%) = 1y Do (€%) — 11 Do (€Y),
= Dy(Ce) = uat Dy(€") = e Dy(€?) =ty Dy (€7) — ua Dy (€7),

Coae = Da(Cow) = Uaat Da(€") = taw Do (€?) = Uy D= (€%) — thnaz Dy (€7,

Y

Oy

(4.10)

(4.11)

C:mvxy = Dy((mxx) - ummmtDy(gl) - uxwwny(£2) - u:pxxyDy<£3) - uzmxsz(£4)7
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where Dy, D,, D, and D, are the total derivatives, which are given by

0 0 0 0 0 0
Dt_ a—i—ut%—i-utta—m—i-uma +Utya +Utzauz+,
D—2+ug+ua+ua+ua+ua+
T 0r T Tou TOu, | ou,  You,  Ou, ’ 1o
D—g—i-ug—ku a+ui+u a—i—u 8—1— e
YT 9y You T Mou,  You | ou, | PCou, ’
D, = 2—i—ug—l—u i—i—u i—l—u i—l—u i—l—
P09z Cou ! Fou,  ow, | You, T Ou,
Solving equation (4.10) leads to the following nine-dimensional Lie algebras:
0 0 0 0
Xl_§7 XQ_%7 X?)_a_y; X4_&7
0 0 0 0
X5 cta—aza—x bza—y—czaz,
X —30t2—3(bz—c )g+ce —
0 0 0 (4.13)
X7:2cta—(az—cx)—%—(bz—cy)a—y—cua,
0
Xp —Fl(t)%,
0
XF2 —FQ(Z)%,

where F; and F, are arbitrary functions of ¢ and z respectively.

4.3 Exact solutions of equation (4.8)

In this section we obtain different types of exact solutions of the NLEE (4.8).

4.3.1 Invariant solutions under the symmetries X;,..., X,

We will now explore various types of solutions emanating from the translation sym-
metries.
Hyperbolic solution of equation (4.8)

Using the time and space translations X,..., X; we have the group invariant

U(p> :u(t,x,y,z), p:a$+5y+vz—7t, (414)

65



where «, 5, and «y are arbitrary constants. Using (4.14), equation (4.8) is reduced

to the fourth-order ODE
(ea? — aary — bBy — cvy)U" — 63a*U"U’ — dBa’*U™ = 0. (4.15)
Integrating (4.15) once with respect to p gives
Co + (ea® — aary — bBy — cvy)U’ — 3pa*U” — dBa’U" =0, (4.16)

where Cj is an integration constant. Multiplying equation (4.16) by U” and inte-
grating once with respect to p leads to the second-order ODE

Cy + CoU’ + AU — BU” — EU™ =0, (4.17)

where A = (ea? — aay — b3y — cvy)/2, B = Ba?, and E = 1/2dBa3.

Solution of (4.8) using direct integration
Now letting Q(p) = U’(p) , the resultant ODE (4.17) becomes
Ci+CoQ+ AQ? — BQ®* — EQ” = 0. (4.18)

Then,

C1 G AQ*  BQ@?
G, GQ  AQ  BQ

12
Q_E E E E "’

Suppose that wy, wy and ws are real roots (w; > wy > ws) of a cubic equation
QP 02y, (4.19)
and satisfies the conditions
1 0
U WaW3 = —, W We + W W3 + WoW3 = ——, W + Wo + W3 = —.
1Waly = o, Wiy 1Ws3 2 W3 5w 2 5= g

Then equation (4.19) is written as
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and has the solution

B(w1 — W3)
4F

(P — po)

w; — W3

Q(p) = wy + (w; — wy)cn? { XQ} L X? = i ng (4.20)

where pg is a constant and cn is the Jacobi cosine function. Thus by returning to

the original variables we obtain the solution of (4.8) as

oy 1— X!
u(t,z,y, z) = So[EllipticE {SH(Sl(p —p0)7X2)7X2}]+{U12 — (w — w2)T (p—po)+ki1
(4.21)
with
4E(w1 — w2)2 B('U)l — 'U)Q)
So = s Si=A
(w) — w3) BX? AE
where ky is a constant p = ax + Sy + vz — ~t.
Solution of (4.8) when Cy and C; = 0
Now letting U’(p) = V(p) and letting Cy and Cy = 0, the resultant ODE gives
2
A VEA(Cs — p)
=— = h -1 4.
V(p) 7 {tan ( 2 ) (4.22)

where Cj is an integration constant. Recall that U(p) = [ V(p)dp, consequently, the
analytic solutions of ODE (4.15) are hyperbolic

20 v G| B (EACG) )

ully i,y 2) = = o tan 2E BVEd 2E
EA VEA(C; - p) A

where independent variable p = ax + Sy + vz —~t and Sy as an integration constant .
Thus by extension, the solution of (4.23) is indeed a solution of the (3+1)-D KP-like
equation (4.8).

4.3.2 Exact solutions of (4.8) using the Kudryashov method

In this section we invoke the Kudryashov method [14] to determine exact solutions

of (4.8).
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We begin by assuming that the solutions to the fourth-order ODE (4.15) can be

written in the form

M
Ulp) =Y _ AY'(p), (4.24)
i=0
where Y'(p) satisfies the Riccati equation
Y'(p) = Y*(p) = Y(p), (4.25)

whose solution is
1

T lter

Y(p)

The value of M in (4.24) can be determined by using the balancing procedure [14] and

(4.26)

A; 1 =0,1,--- , M are constants which we will determine. We balance the highest
order derivative with the nonlinear term, that is, U""(p) and U(p)'U" (p) respectively.
This gives M = 1. Thus the solution (4.24) can be written as

U(z) =Yy + A Y (2). (4.27)

Substituting (4.27) into (4.15) and invoking (4.25) we obtain the following equation
in Q(2)

—2aaavY?(p) + 3aaiay Y?(p) — aayay Y (p) — 2ba v Y?(p)
+3ba1ByY?(p) — barBYY (p) — 2cawyY?(p) + 3 cayv vy Y?(p)
—carvyY(p) — 24da, 8 a®Y?(p) 4 60 dai 3 a*Y*(p) — 50 day 3 *Y?(p)
+15da, B oY (p) — dai B ®Y (p) — 12a,2*BY(p) + 30 a1 2*BY*(p)
—24a.%?BY?(p) +6a.2*BY?(p) + 2ea,a’Y?(p) — 3ea;a’Y?(p)

+ ea;0”Y (p) =0 (4.28)

Equating the coefficients of like powers of Y(p) in equation (4.28) we obtain the

following five algebraic equations in terms of ag and a,

Y®(p) : 2daiBo® + a;*a®B =0,
Y4(p): dayBa® + a;*a®B =0,

Y3(p) : 25da1 o’ +12a:%*B + aaiay — eara”® + bai Sy + cavy =0,
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YZ3(p) : 5day B’ +2a,°a’B + aajay — eara® + bai By + cavy =0,

Yi(p): 2593 a; +16v*Na,? + 8y \%a,? — 4y va, = 0. (4.29)

The solution of these equations is

ap = Qop,
2(aay — a*e + by + cyv)
ay = 2 )
o*f
a’e —aay —bBy—cyv
d= : 4.30
— (4.30)
Thus ,the solution of (4.8) reads
2 — 20?2 2b 2
w(t,z,y,2) = ag + 2200~ 207¢ 2005+ 2cqy. (4.31)

a2ﬁ (1 _|_eax+,3?j—’yt+l/z)

4.3.3 Invariant solutions under symmetry Xj;

The characteristic equations of

0 0 0
X = — — by — ,r—_
5 = ct 5 az o bz ay cz %

yield the invariant solution G(p,q, k) = u(t,x,y, z), where
p=tz, q=cxr—az, k=0bxr — ay.
Substituting the value of u into (4.8) produces

CpGpp + CGp + ac3dqukq + 3achdqukq + 3ab2chkkkq + ab3dekkk + 3ac2Gquq
+ 9abcGiGrq + 6ab>GyGrr + 3&02Gquq + 3abeG Gy, + c2equ + 2bceGyy

+ b?eGyy = 0. (4.32)

Equation (4.32) have five symmetries, namely;

0 0 0

0
aq? 2 aka 3 y 14 np )

T = oG oG

s = 3acp§p + (3ack — 3abq)(% + (beq — cek)%.
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Characteristc equations from combination of translation symmetries, [' = I'y 4+ Iy,
where 7 is a constant yields the invariant solutions: U(g) = G(p,q, k) where g =

k — ~vq. Now substituting the invariant into equation (4.32) , yields ODE

(3abc*dy? + ab*d — 3ab*cdy — ac*dy*)U"" + (6ac*y* — 12abey + 6ab*)U"U’

+ (ey? + b*e — 2bcey)U" = 0, (4.33)
which can be written as
EU'U' + FU" + ZU™ =0, (4.34)
where

Z = 3abctdy? + ab*d — 3ab*cdy — ac*d?
£ = 6ac’y* — 12abey + 6ab®

F = ey’ + b%e — 2bcey

4.3.4 Solution of (4.8) by direct integration.

In this section, we seek to find the general solution of a (3+1)-dimensional KP-like

equation (4.8), we utilise NLODE (4.34). Integrating (4.34) with respect to g yield

E
§U’2 + FU' + ZU" + Py =0, (4.35)
where P, is an arbitrary constant of integration. Let p(g) = U’(g), then equation
(4.35) becomes

£
§p2 +Fp+Zp + Py =0. (4.36)

To integrate (4.36), we first multiply by p'(g) to get

£
Epzp/ +Fpp +Zp"p + Pyp = 0. (4.37)

Integrating (4.37) with respect to g yield

zZ, €4 F
S 5P  Rp+ =0, (4.38)
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where P, is an arbitrary constant. Then,

£ F 2 2
P —pP+ =+ =Pp+ =P =0. 4.
PP+ 50+ S0+ ZRp+ P =0 (4.39)

Suppose that 7, 75 and 73 are real roots (1 > 15 > r3) of a cubic equation

3F 6 6
34+ 024+ =P —P, =0. 4.40
T R (4.40)

and satisfies the conditions

6 3F
1213 = ——Pl, IARD) —+ ™73 + 13 = —PO, ™ -+ T + 3 = ——=.
& E £
Then equation (4.40) is written as
&
P =z o= —m)o— 1),
and has the solution
5(7’1—7“3) " — T
2 2 2
_ _ AL S, K Ké=— = 4.41
p(r) T + (7“1 7"2)(311 { 122 (9 90) | ) ro— 1y ( )

where ¢ is a constant and cn is the Jacobi cosine function. Thus by returning to

the original variables we obtain the solution of (4.8) as

1— K*
u(t, z,y, z) = Fo[EllipticE {Sn(]:l(g — 90), K?), K2}]+{7"2 —(n — TQ)T} (9—9g0)+k1,
(4.42)
where
O 12Z(r — n)? _ JE(r— )
fo_ (7“1—7'3)5[(8’ fl_ 122

with k; as a constant and g = bz — ay — y(cx — az).

4.3.5 Invariant solutions under symmetry X

From the symmetry

9] 9] 0
X = — — —cy)— —
6 = 3ct g 3(bz — cy) a5 + ceyz
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we get the invariants

bz1n (bz — cy) 46 (bz — cy)

p=x, qg=%, k::(cy—bz)/t, F(p7Q7k):u_

3¢ 3¢
and hence the group invariant solution is
bzln (bz —cy) e (bz —cy)
t F k). 4.43
u(t, z,y, z) = %% 5 TPk (4.43)
Substituting (4.43) into equation (4.8) results in the PDE
ak® Fyp + ck*Fyy + cdk Fypry + bqFyy + 3¢k Fy, Fy, + 3¢k FyFy, = 0. (4.44)

Equation (4.44) has the following operators as its Lie symmetries:

0 0

U1:8_p+F()6F

U —3c2—{b1nk—F2() 9 (4.45)

Y V1 oF |
0 0 0 3 0

Us = (2aq—cp)a—p—cqa —i—4ck——i— {cF + cF?(q) EYal

where F!, F? and F? are arbitrary functions of their arguments. Now, taking F!,
F? and F? equal to 0, we obtain the simplified Lie symmetries for equation (4.44)

as:

0
Y1 = o
Yy = 30(% —bln kaaF (4.46)
Y3 =(2aq — cp)agp — cq((? + 4Ck% + cFa%
We use operator Y, to perform reductions on (4.44) which has the invariant
W (i,5) = F(pg. k) — L2 (4.47)
where ¢ = p and j = k. Substituting (4.47) into (4.44) yields PDE
3ajWij — b+ 3cdWi; + 9eWy W, 4+ 9eW,W,; = 0. (4.48)
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The above equation has the following operator as its Lie symmetry

0
Wy ==
LT a0
0 0
Wy =3c=— — aim— 4.49
2 caj at 6W’ ( )
0
W5 = —.
oW
We use operator Wy to perform reductions on (4.48) which has the invariant
N (s) = W (i,§) — =2, (4.50)
3c
where s = 4. Substituting (4.50) into (4.48) yields an ODE
b+ 3asN" + 3aN' =0, (4.51)
whose solution is
bs
N(s) = Cyln(s) — 0 + Cs, (4.52)
a

where C; and C5 are arbitrary constants of integration. Hence, the group-invariant

solution of (4.8) under Xg is

bzln (bz —cy) e(bz —cy) bx bz cy — bz

¢ - . In(z) — 2%+ Cy — 21 .
ult,z,y,2) 3c 3c + Ciln(z) 3a +C 3¢ t
4.3.6 Invariant solutions under symmetry X;
The use of symmetry

X; = 2ct% — (az — cx)% + (bz — cy)% — cu((%,
gives the invariant solution as
U (p.g,k) = ult,z,y, 2)t2, (4.53)

where p = 2z , ¢ = (cx — az)/V/tc and k = V/t(cy — bz)/c . Substituting (4.53) into
(4.8) gives the reduced PDE

2€qu — CUp — Zquqkq — 6quUk — 6Uquq — Cquq —+ C]CUkp =0. (454)
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Equation (4.54) has the following operators as its Lie symmetries:

0 0
Ql - a_p7 QQ - @7
0 0 0
0 0 0

Case 1. We use operator @3 to perform reductions on (4.54) which

has the invariant
1
where { = i% and j = k. Substituting (4.56) into (4.54) yields
p
cH + 3ciH; — 6dH;;;; — 18 Hy H; — 18H;H;j + ci*Hy; — cjH; — cijH;; = 0. (4.57)

The above equation has the following operator as its Lie symmetry

G=—i2 32 . m

5 97 EYVd (4.58)
We use operator G to perform reductions on (4.57) which has the invariant
F(r)=1H(i,j), (4.59)
where r=ji%. Substituting (4.59) into (4.57) yields an ODE
I8FF" — 54r*dF" — 216rdF" + (2rc — 120d)F" + 2cF’ — 1087 F'F”
— T2FF' = 0. (4.60)
Case 2. We consider symmetry )4 to find the solution of equation (4.8)
Qs = — 3qé% + 9]{:% + (2ek + 3U)%. (4.61)
We use operator 4 to perform reduction on (4.54) which has the invariant
H (i, ) = U (p,0.k) — 5eka (1.62)

3
where i = p and j = k¢®. Substituting the invariant (4.62) in the equation (4.54)
yields the PDE

18H;H — 54dj* Hy;5; — 108H,;j H; — 216dj — 120dH;; — 36H? — 2cH;; = 0. (4.63)

3337
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Equation (4.63) has the following operators as its Lie symmetries

0 0 0
I'=—, Th=1—=+j=—. 4.64
We use operator T, to perform reduction on (4.63) which has the invariant
W(r) = H(i,j), (4.65)

where r = Z. Substituting this invariant into (4.63) we get ODE

2eW! — 54dr* W™ + 2erW" + 216rdW" — 108W"W'r — 120dW" — 36W"
+ 18W"W = 0. (4.66)

Remarks

In this section we determined a nine-dimensional Lie algebra, which contained,
amongst others, two-infnite dimensional Lie Algebras. From the other seven vec-
tor fields we obtained group invariant solutions which gave us hyperbolic tangent,
Jacobian elliptic sine, logarithmic functions and an elliptic integral of the second
kind. The presence of elliptic and Jacobian functions suggests that these solutions
are general and other functions can be deduced from them. As alluded to earlier,
Jacobi elliptic functions can transform into standard functions depending on the

behaviour of the parameter S2.

4.4 Conservation laws of the (3+1)-D KP-like equa-
tion (4.8)

We now turn our attention to computing conservation laws of the (3+1)-D KP-like
equation (4.8) using the multiplier approach. To find multipliers of equation (4.8)
we need to solve the equation

4]

= (AE) =0, (4.67)

where

E = augy + bugy + cuy, — duggry — 3Uzplay — 3Ugally + €Uyy = 0,

1)



parameter A takes the dependencies (¢, z,y, 2, u, u;, u,, u,) since in this work we aim
to calculate first-order multipliers (4.8) and the Euler-Lagrange operator §/du in this

instance is given by

0 0 0 0 0 0 0
-2 p,% p 2 +pD,- +DD, DD
ou  Ou Ou, yauy T+ OUy T+ y@uty L Ouy,
0 0 0
D? D,D,—— D3D .
e, T, T

The total derivatives Dy, D,, D, and D, are as given in (4.12). Multiplier determining
equation (4.67) produces the nine linear PDEs

Aoc = 07 At,y = 07 Ax = 07 Au = 07 At,uz = 07 Ay,uz = Oa Az,uz = 0, Auz,uz = 07
bAt,y + CAt,Z = O

Solving this system gives the three multipliers
A =y, Ao =F(z,y), A3 = F(t,bz — cy). (4.68)
By evaluating the divergence identity
DT +D, X +D,)Y +D.Z = FEA (4.69)

with density T" and spatial fluxes X, Y and Z we compute the following conservation

laws:
1 1 1 1 1 1
T :Z—laui — Zauum - Zbuuacy - Zcuum + Zcuzuz + Zb“wuya
1
X, =— §uiuy + éeui — gduxxxuy + édumzuxy - gduxumy + §buuty
+ i1 i1 d
—CUU; + —QUUL + — AUy — = AQUUggqy,
o Cut i T 3 Y
1 1 1 1 1 1
1 1

1 1 1 1 1
T, zéaurF(z,y) — §CUFZ(Z,y) — §bqu(z,y) + §CUZF(Z, y) + ibuyF(z,y),

3 3 9 1
X, :ZuuxFy<z> y) + ZuuxyF(z, y) — ;luxuyF(z, y) + Zdux:cFy(za Y)
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1 3
+ BUIF(Z7y) + §autF(z7y) - ZduxxyF(za y)a
1 3, 3 1
}/2 :gbutF<Z7y) - ZuxF(Za y) - Zuume(Z, y) - ZduMUIF(Zv y)

1
Zy :§cutF(z,y);

1
T3 zi(aux + buy, + cu,) F(t,w),

3 3 1
X3 :ZuuxyF(t, bz — cy) — Zcuuwa(t,w) - EauFt(t,w)

9 1 1
- Z—luxuyF(t,w) — chume(t,w) + éautF(t,w)

3
— Z—ldumyF(zﬁ,w) + eu, F(t,w),

1 1 3
Yo =SbuiF(t,w) = SbuFy(t,w) = JuF(t,w)

xT

3 1
= Z—luumF(t,w) - ZduxxxF(t,w),

1 1
Zs zécutF(t,w) — §cht(t,w),

where w = bz — cy.

4.4.1 Conclusion

In this chapter we studied a (3+1)-D KP-like equation (4.8). We determined the
Lie symmetries of this equation and symmetry reductions and reduced it to a ordi-
nary differential equation (ODE) (4.17) . Thereafter, the ODE (4.17) was solved by
direct integration and its solution was expressed in terms of the incomplete elliptic
integral. Secondly we considered solution of ODE (4.17) when Cj and C} = 0 which
yielded hyperbolic tangent and natural logarithmic functions.These are considered
to be amongst the most general functions in Mathematics since they decompose to
trigonometric or hyperbolic functions depending on certain parameter values. Fur-
thermore, Kudrayshov’s method was used to obtain the solution of the ODE (4.17).
Lastly, the multiplier method using the first order was used to calculate the con-
servation laws of equation (4.8). Three multipliers were produced via the multiplier

approach, and three local conservation laws were obtained for the equation (4.8).
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Chapter 5

Concluding remarks

Amongst the plethora of real-world physical phenomena encountered such as in fluid
mechanics, material science, elasticity, thermodynamics, biology, gas dynamics to
mentioned a few are best described by nonlinear partial differential equations, thus
studying such systems is crucial with a view to finding their exact solutions and con-
servation laws. Thus, in this dissertation we have studied two nonlinear partial dif-
ferential equations namely generalised simplified Camassa-Holm(CH) equation and

(341)-dimensional KP-like equation.

In chapter one, we presented some mathematical concepts of Lie group analysis and

some algorithms for computing conservation laws.

In Chapter two, we presented an illustrative example of this work. We considered the
potential Burgers equation and computed it’s Lie point symmetries, used them to
construct a one parameter groups of transformation and group-invariant solutions.
Moreover, we derived the conservation laws of the equation using the multiplier

approach.

In the third chapter we studied the generalized simplified modified Camassa Holm
(gsmCH) equation. Reductions alongside Simplest Equation techniques, Kudryashov’s
method and direct integration method were invoked in achieving exact solutions of

the equation. In addition, conservation laws were also derived using the multiplier
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method, the theorem due to Ibragimov and Noether’s theorem.

In Chapter four, the (34+1)-dimensional KP-like equation was investigated in which
we had to find the symmetry reductions,group-invariant solutions and different ap-
proaches like kudryashov method, simplest equation just to meantion a few were
used to find solutions. Thereafter, the multiplier technique for conservation laws

were implored in the construction of the conservation laws.

In future work, we plan to study variety of higher-order partial differential equations

which have arbitrary functions.
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