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Abstract

In this dissertation we study three nonlinear partial differential equations namely the
Korteweg-de Vries (KdV) equation as an illustrative example, a generalized (241)-
Dimesional Calogaro Bogoyavlenskii-Schiff equation and the (341)-Dimensional Boiti-
Leon-Manna-Pempinelli equation. We invoke the multiplier approach to obtain con-
servation laws. In addition, we use the classical symmetry method to obtain group

invariant solutions for the aforementioned equations.
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Introduction

Nonlinear partial differential equations (NLPDEs) have been used to model many
physical phenomena in various fields such as fluid mechanics, solid state physics,
plasma physics, chemical physics and geochemistry. Thus, it is important to inves-
tigate the exact solutions of NLPDEs. In general it is not easy to determine exact

solutions of these equations and rarely can one write down their solutions explicitly.

Conservation laws [1-3] have been used to determine the existence, uniqueness, sta-
bility of solutions and exact solutions of DEs. Steudel [3] introduced a different
approach of constructing conservation laws, that involves writing a conserved vector
in a characteristic form, where the characteristics are the multipliers of the differen-
tial equation. Conservation laws play a remarkable role in the study of differential
equations. The mathematical idea of conservation laws comes from the formulation
of well-known physical conserved quantities such as mass, momentum and energy.
Finding the conservation laws of differential equations is often the first step towards
finding the exact solutions. Thus, it is essential to study conservation laws of partial

differential equations (PDEs).

In the last few decades, a variety of effective methods for finding exact solutions, such
as homogeneous balance method [4], the ansatz method [5, 6], variable separation
approach [7], inverse scattering transform method [8], Backlund transformation [9],
Darboux transformation [10] and Hirota’s bilinear method [11] were successfully ap-

plied to NLPDEs.

In this dissertation we consider the Korteweg-de Vries (KdV) equation as an illustra-

tive example, a generalized (2+1)-Dimesional Calogaro Bogoyavlenskii-Schiff equa-



tion and the (3+1)-Dimensional Boiti-Leon-Manna-Pempinelli equation. Firstly, we

consider the Korteweg-de Vries equation of the form

as an illustrative example.

Secondly, we study a generalized (241)-Dimesional Calogaro Bogoyavlenskii-Schiff
equation [12] that is given by

Ut + QUG Uy + DUy Uy + Uggay = 0, (2)

where a and b are arbitrary constants and u = u(t, x, y) denotes the wave profile with
t, z and y representing time and space variables respectively. The (241)-Dimesional
Calogaro Bogoyavlenskii-Schiff is a typical so-called breaking soliton equation de-
scribing the (2+1)-dimensional interaction of a Riemann wave propagation along the

y-axis with a long wave along the x-axis.

Lastly, we consider a (3+1)-Dimensional Boiti-Leon-Manna-Pempinelli equation [13]
uyt + Ut + ux:pxy + Ugzzz — 3ux(uzy + u:vz) - Buxz (uy + uz) - 07 (3)

where u = u(t, z,y, z) denotes the wave profile.

The outline of this dissertation is as follows:

In Chapter one, the basic definitions and theorems concerning the multiplier method
and an illustrative example using multiplier approach to construct conservation laws

of the Korteweg-de Vries equation are presented.

In Chapter two, the multiplier method will be employed to derive conservation laws
of a generalized (2+1)-Dimesional Calogaro Bogoyavlenskii-Schiff equation. Fur-
thermore, the classical symmetry method will be used to construct Exact Solution

of (241)-Dimesional Calogaro Bogoyavlenskii-Schiff equation.



In Chapter three, the conservation laws of a (341)-Dimensional Boiti-Leon-Manna-
Pempinelli equation are obtained by employing the multiplier approach. In addition,
we derive the group invariant solutions of the (3+1)-Dimensional Boiti-Leon-Manna-

Pempinelli equation.

In Chapter four, a summary of the results of the dissertation is presented.

A bibliography is given at the end of this dissertation.



Chapter 1

Preliminaries

In this chapter, we present some basic methods on how to obtain conservation laws
and Lie point symmetries of differential equations, which will be utilized in this
dissertation. We further derive the conservation laws for the Korteweg-de Vries

equation via multiplier approach.

1.1 Fundamental relation on multiplier and Lie

point symmetries

In this section, we present the notation that will be used to construct conservation
laws of (1) by the multiplier method [14]. We will also give some basic definitions

on Lie point symmetries [15,16].

Consider a kth-order system of partial differential equations of n independent vari-

ables # = (2, 2?%,...,2") and m dependent variables u = (u',u?, ..., u™), viz.,
Eo(z,u,uqy, .., um) =0, a=1,...,m, (1.1)
where u1), ue), . .., u@r) denote the collections of all first, second, ..., kth-order par-

tial derivatives, that is, uf = D;(u®), uf; = D;D;(u®), ... respectively, with the total



derivative operator with respect to x' is given by

0 0
D; = — & o , t=1,...,n. 1.2
o i gue Mg T ! g (12)
The Fuler-Lagrange operator, for each «, is given by
o 0 0
— = —1)°D;, ... Dy, ———, =1,...,m. 1.3
5ua aua + ;( ) 1 s auializ,_is « m ( )

The n-tuple vector T = (TY, 7% ..., T"), T € A, j =1,...,n,is a conserved
vector of (1.1) if T* satisfies
D;T"|1.1)= 0. (1.4)

The equation (1.4) defines a local conservation law of system (1.1).

A multiplier Ay (z,u,u(),...) has the property
AE, = DT, (1.5)

that holds identically. Here we will consider multipliers of the zeroth order,
ie., A, = Ay(t,z,u). The right hand side of (1.5) is a divergence expression. The
determining equation for the multiplier A, is

(AL E,)

Sge =0 (1.6)

Definition 1.1 (Point symmetry) The vector field

X = §Z(x7u) 0

%’ (1.7)

is said to be a point symmetry of the kth-order partial differential equation (1.1), if
XM (E,) =0, (1.8)
whenever F, = 0. This can also be written as

XM E,|, =0, (1.9)

where the symbol |, _, means evaluated on the equation £, = 0.



Definition 1.2 (Generator) Consider the vector field

X = 7ty 2, 0) 2 + ety u)2 4tz 0) 2

ot O o’ (1.10)
which has the second-order prolongation
X=X+ cta% +¢ aix + Gy aitt + G afm + G a,ix, (1.11)
where
G = Di(n) —uDi(7) — uaDi(§),
G = Du(n) — wDy(7) = uz D (8),
Ge = Di(G1) — ueDi(7) — wia De(),
Go = Di(C1) = uuDa(7T) — e Dy (8),
Gz = Du(C2) = e Dy(7) — Uz D1 (§)
and
D, = g—l—utg—irutti—l—uwi—l— ;
ot ou ouy u,,
D, = £+ux£+um 0 + Uty +
ox ou Ouy ouy

1.2 An illustrative example on finding conserva-

tion laws via multiplier approach

In this section we will employ the multiplier method to construct the first-order mul-
tiplier of the Korteweg-de Vries equation. Thereafter, we will derive the associated

conservation laws of the KdV equation.

Consider the Korteweg-de Vries equation of the form

Uy + Uy + Upgy = 0 (1.12)



and take the first order multiplier A(¢, x,u,u;,u,). Then from equation (1.6), we

+ D!

(1.13)

(1.14)

have
5_[A(t7 T, u, U, ux)(ut + uu, + umzx)] = 07
u
where the Euler-Langrage operator 6 /du is defined by
) 0 0 0 0 0
— = - D D, D} D?
ou ou ou, Tt ou, t 5 o + T OUgy
0
D,D .
+ B, +
and the total differential operators are given by
Dy = 9 +u 0 +u 0 +u 0 +
t = ot ta A e te o o, )
D 0 + 0 + 0 + 0 +
ox ou ou,, ! ouy
Expanding equation (1.13) leads to
0 0 0 0 0 0
— —Dy— —Dy— + D} — + D?— — D,D>
ou o, au T e T Bt Bty

Ay (uy + vty + Ugpy) + ugA — Dy(Ay, (U + vty + Ugys) + A)
— Dy (A, (U + Uty + Upge) +ul) — D3(A) = 0.

T
au:c:m:x

Since A depends only on ¢, z, u, u; and u,, the coefficients of the like derivatives can

be equated to zero to yield the following system of overdetermined linear partial

differential equations:

Ay, =0,

Ay, =0,

Ay = —ul,,
wu = 0,

Ayz =0,

Ay =0



Integrating equations (1.15) and (1.16) with respect to u; and u,, respectively gives

A =0b(t,z,u). (1.21)

Differentiating equation (1.21) with respect to u twice, we obtain
Ay = bun. (1.22)
Then equation (1.18) implies that
byw = 0. (1.23)
Integrating (1.23) twice with respect to u, we obtain
b=uc(t,r) +d(t,z). (1.24)
Then equation (1.21) becomes
A = wuc(t,x) +d(t, z). (1.25)
Again differentiating equation (1.25) twice with respect to =, we obtain
Npy = UCyy + dyy. (1.26)
Now using equation (1.20), we get
UCpy + Ay = 0. (1.27)
Splitting the above equation with respect to u yields

U Cpy =0, (1.28)

1 : d, =0. (1.29)
Integrating equation (1.28) and (1.29) respectively, with respect to x gives
c(t,x) = ze(t) + f(1), (1.30)
and

d(t,x) = xg(t) + h(t). (1.31)



Therefore equation (1.25) yields the following
A =zue(t) +uf(t) +xg(t) + h(t). (1.32)
Again by differentiating equation (1.32) with respect to ¢ and x, we obtain

ANy = xue; + ufy + xgp + hy, (1.33)

A, =ue+g. (1.34)
Substituting equation (1.33) and (1.34) into (1.17), yields
zue; + uf, + xg + hy + u’e +ug = 0. (1.35)

Splitting the above equation with respect to the powers of u, we get

u? o e=0, (1.36)
u : xre,+ fi+9g=0, (1.37)
1 : zg +h=0. (1.38)

Again, splitting (1.37) and (1.38) respectively with respect to x, gives

x e =0, (1.39)
1 fi+g=0, (1.40)
and
x g =0, (1.41)
1 h =0 (1.42)

Now, simplifying the above equations, yields

[= —thi+ ko, (1.44)



Substituting (1.43), (1.44) and (1.45) into (1.32), we get the following multiplier

A= (l’ — ut)k:l + Ul{?g + /{33. (146)

We now recall equation (1.5), viz.,
A E, = DT, (1.47)

to construct the conservation laws of equation (1.12). Employing the above equation

(1.47), we get

[xky — tuky + uks + ks](uy + vty + Ugey)
:|:2+utg+utti+uti+ut i‘i‘utt i]Tl(txuu Usg)
ot ou Ouy “Ouy gy * Oy oo
[ 0 0 0 0 0

+

_+um_+umm_+utx_ _+utx:t

a 2
ox ou aucc _:| T (tax7u7ux7umm).

aut:v
Simplifying the above equation gives
[xky — tuky + uke + ks](us + utty + Ugzr) =

T 4 wTy + Ty 4w Ty 4+ To 4+ u,Te + g To 4 e, T . (1.48)

Splitting equation (1.48) on uy, Uiy, Usre and Uy, yields

ug T = aky — tuky + uky + ks, (1.49)
uy, T, =0, (1.50)
Uew @ T, =0, (1.51)
Upgy - Tfm = xky — tuky + uks + ks, (1.52)
1 TH4+T2 +u, T2+ umwa = kyuu,(z — tu) + uu, (uks + k3).  (1.53)

We can now solve the above equations for 7' and T2. From equation (1.49), we

obtain

tqu’l U2 k’g
2 2

Tl(t, Ty Uy Uy, Uy ) = XUk — + uks + A(t, x, ug, Ugy ), (1.54)

where A(t,x,u,, u,,) is an arbitrary function of ¢, z,u, and u,,. Using equation
(1.50) and equation (1.54), we get

tu2 k?l i U2 k’g

Tlt ) Uz ) — ky —
(t, 2, Uy Uy, Uy ) = TUKY 5 )

+ uks + B(t, z, Uyy), (1.55)

10



where B(t,x,u,,) is an arbitrary function of ¢,z and w,,. Differentiating equation

(1.55) with respect to u,, gives

T! =B,,.. (1.56)

Uz

Equating the above equation to zero using equation (1.51), we obtain

Ba,,, =0. (1.57)

Ugx

Integrating equation (1.57) with respect to uy,, yields
B =C(t,z). (1.58)

Thus equation (1.55) becomes

tu2k1 i U2k2
2 2

THt, 2, U, Ugy Upy) = TUK] — + uks + C(t, ), (1.59)

where C(t,z) is an arbitrary function of ¢t and x only. The integration of equation

(1.52) with respect to u,, yields
T (t, T, U, Uy, Upy) = TUgghy — Wllgehy + Uigpko + Ugyks + D(t, 2, u,uy), (1.60)

where D(t,x,u,u,) is an arbitrary function of ¢, z, u and wu,. Differentiating equation
(1.59) with respect to ¢t and equation (1.60) with respect to =, u and u, respectively
and substituting the resulting derivatives into equation (1.53), we obtain
U2k}1
2
—tuPugky + utugks + uugks. (1.61)

+ Ct + uxxkl + D.Z’ - tua:uxxkl + uxum:r:k? + uzDu + uxacDuJu - ZL‘Uka’l

Splitting the above equation with respect to wu,,, yields

Ugpr - kl — tuxkl -+ uxk'g + Duz = 0, (162)
U2k'1
2

1 : —

+ Cy+ Dy + up Dy = kjuug(x — tu) + uug (uks + k3).  (1.63)

Equation (1.62), implies that

tuikl _ Uikg

D = —u,k
u 1+ 9 9

+ E(t,x,u). (1.64)

11



Since D, = E, and D, = E,, then equation (1.63), implies that

t2uu,k tu’k
C(t,x) = ztuugky — LI + tuPugky + tuugks + u2 !

2
—/&ﬁ—%/ﬂm. (1.65)

Therefore equations (1.59) and (1.60) reduce to

2l€ t2 2 a:k;
u2 2 + uks + xtuuyk; — %

+tutugks + tuugks — /Exdt — ux/Eudt, (1.66)

Tt 2,0, Uy, Upy) = zuk; +

T2(ta T, U, Ug,y ua:x) = xumxkl - tuuxa:kl + uuxku + u:c:ck?) - uackl
tuzk 2k
-2 4B (1.67)

Now differentiating equation (1.66) with respect to u, and using equation (1.50), we
obtain

t2u2k1 2
E,dt = truk; — 5 + tuky + tuks. (1.68)

Simplifying equation (1.68), yields

xulky  tulky wlky  ulks

E(t = Ft, z). 1.6
Now we have

2k

B = Y8R (1.70)
2
t2u’k

/Eudt = tmukl - U2 ! + tu2k2 + tUk'g, (17].)

tu’k
/@w = z1+/aﬁ+a@m. (1.72)

Back substitution of equations (1.69)-(1.72) into (1.66) and (1.67) respectively, we

obtain
2k tu’k
THt, 2,0, Uy, Upy) = zuk) + u2 2t uky — u2 L /Fgcdt -G, (1.73)
tuk
T2(t7 T, U, Uy, uxw) = .CL"Lszkl - tuuzxkl + uumka + uzzki’) - u:pkl + u; !

ulky  zulky  tutky  wlky  ulks
—-=Z — F. 1.74
2 2 3 3 + 2 * ( )

12



Differentiating equation (1.73) with respect to u, gives
Ti = I’kfl + ukfg + kfg - tukl - Gu

Using equation (1.49), equation (1.75) can be written as

33]{?1 + Ul{ig + k‘g — tuk:l — Gu = xk’l — tukl + UkQ + k‘g.

Now equation (1.76), becomes

Equation (1.77) implies that
G = I(x).

Then equations (1.73) and (1.74), become

2k tu?k
7' = xuk:l—I—u 2 4 uky — u21—/F$dt—],

2
T? = zugky — tutgeky + wtgeks + Upeks — ugk; +
2k 2k tuk 3 2k
_ux 2 TU™ K1 _ U~ K1 U~ K9 4 U~ K3 i F
2 2 3 3 2

tuikl
2

(1.75)

(1.76)

(1.77)

(1.78)

(1.79)

(1.80)

Therefore the components of the conserved vectors associated with the above multi-

plier (1.46) are

tu
T, = zu——
1 2 )
- , N tu? N zu?  tu?
= TUgy — MUUzy — Uy 5 g
! 2 2 3
2
u
o= L
2 2 )
2 3
T Uy u
T2 = UUgy ? + g,
Ty = u,
2
u
Ty = Uz T 57
3 T3

respectively.

13



Chapter 2

Exact solutions and conservation
laws of a generalized
(24+1)-Dimesional Calogaro

Bogoyavlenskii-Schiff equation

2.1 Introduction

In this chapter we study a generalized (2+1)-Dimesional Calogaro Bogoyavlenskii-

Schiff equation
Uzt + QUG Uy + DUgg Uy + Uggay = 0, (2.1)

where a and b are arbitrary constants and u = wu(¢,x,y) denotes the brevity. The
CBS equation was initially constructed by Bogoyavlenskii and Schiff in different
ways [17-19]. Several authors have studied this equation for various values of the

parameters a and b. See for example [20-22].

When setting a = 4 and b = 2, Eq. (2.1) becomes the (2+1)-dimesional Calogero-

Bogoyavlenskii-Schiff equation, namely

Ut + AUgUsy + 2UgpUy + Uggey = 0. (2.2)

14



When setting a = —4 and b = —2, Eq. (2.1) becomes the (2+1)-dimesional breaking

soliton equation [23], viz.,
Ut — Ag Uy — Uy Uy + Uggay = 0. (2.3)

When setting a = 4 and b = 4, Eq. (2.1) becomes the (241)-dimesional Bogoyavlen-

skii’s breaking soliton equation [24], namely
Ut + AUy + AUgp Uy + Uggey = 0. (2.4)
In [12] Mohammed used the modified simple equation method to construct exact

solutions of a generalized (2 + 1)-dimensional nonlinear evolution equation (2.1).

The objective of this work is twofold. Firstly we seek to establish new exact solution
of the (2+1)-Dimesional Calogaro Bogoyavlenskii-Schiff equation (2.1) using the Lie
symmetry method. Thereafter, we aim to derive local conservation laws of equation
(2.1) using the invariance and multiplier approach based on the well known results

that the Euler-Lagrange operator annihilates the total divergence.

2.2 Symmetry analysis of (2.1)

In this section we obtain the Lie point symmetries of the Calagero-Bogoyavlenskii-

Schiff equation (2.1).

Consider the vector field
0 0 0 0
xoa9 29 39 v 2.5
ot e Ty e (2:5)
where £'i= 1, 2, 3 and 1 depend on t, z, y and u, is a generator of Lie point
symmetries of the (2+1)-dimensional Bogoyavlenskii-schiff equation (2.1) if and only
if
XM (gt + At tigy + DUyt + Upgay)| 2.1)= 0. (2.6)
Here XM is the fourth prolongation of the vector field X. The invariance condition

(2.6) yields the determining equations, which are systems of linear partial differential

15



equations, namely

& =0,
& =0,
& = 0,
;=0
& = 0,
& = 0,
& = 0,
Myu = 0,
N = 0,
&w = 0,
Net = 0,
New = 0,
n+& = 0,
bn, — & = 0,
an. — & = 0,

ATy — git + N = 07

52—53—77u+f§ = 0,

& = 0,
& = 0,
& = 0,
n, = 0.

Solving the above systems of equation, prompts the following cases
Case 1. a and b arbitrary but not in the form in Cases 2-3

This case gives us seven symmetries, viz.,

16



Xy = —wg =2 tus,
Xy = yagyjtt%,

X, = a%

X, = at%—i—x%,
P,

Xo = bF(t)%—yF’%,
X; = G(t)a%.

Case 2. a =2b

Here we obtain eight symmetries, namely

X = —%x — Z%t—k 8uu’
Xy = %y + %t,
X3 = (btu— xy)% - %mtb - 2%ytb - 2%()252,
Xe = 5
X5 = 2%&)4— (,%.75,
Xi = SR+ 5 Fioy
0

Case 3. a=0b

In this case we get seven symmetries, viz.,

17



0,, 0

Ox at 0
Xy = %y—k%t,
Xy = %ta—l—a x,
Xy = ot o Fioy
X; = %Flg(t)

2.2.1 Symmetry reduction and exact solutions of (2.1)

In this subsection we compute exact solutions and reductions of (2.1). Firstly, we
will consider the symmetries obtained in Case 1. We shall first begin with X,. The

characteristics equations are

dx_@_du

0 at oz

dt
0

Solving the above characteristics equation we get the following three invariants

uat — xy

f=x,9g=t0= (2.7)

at

Now considering 6 as the new dependent variable and g and f as new independent

variables, (2.1) transforms to a nonlinear PDE in two independent variables, viz.,
bfgff + agﬁgf + 9f = 0. (28)
Solving equation (2.8) yields

0(f.9)=C(g)+ / E(gf %) St dy, (2.9)

where C' and F are arbitrary functions of g and f. Now using the invariants (2.7) to-

gether with equation (2.9), we conclude that the group-invariant solution of equation

18



(2.1) for arbitrary a and b is

u(t, z,y) = lt (atC’ (t) + at /E’ (tx_%) 75 dz + :vy) (2.10)

a

Now choosing X, the associated Lagrange system is

—dt  —de dy d
—_=_Y_= (2.11)
2t x 0 u

Solving the above Lagrange system yields the three invariants, namely

f=%g=5%9=u¢i (2.12)

Now treating ¢ as the new dependent variable and ¢ and f as new independent

variables, (2.1) reduces to
2010, + 200,05 — 9045 + 205990 — 205 = 0. (2.13)

When finding the Lie symmetries of equation (2.13), we get

r o wlo2
T, = 2f%+98%+9%,
-2
oo 0

The use of the combination T = Y3 + pY4 (p is a constant), gives us the following

lagrange system

o df dg

- == 2.14
ST 10 (2.14)
Thus equation (2.14) gives the following two invariants
r=g.¢=—fp+0. (2.15)
Invoking the above invariants (2.15), equation (2.13) reduces to
¢ d¢
2p—1r)— —2— = 0. 2.1
(2p— )22 520 (2.16)
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The intergration of the above equation and reverting back to the original variables,

we obtain the following group-invariant solution of equation (2.1):

201bp— Cly — C2

u(t,z,y) = , (2.17)
t(2bp—y)
where € and () are abitrary constants of intergration.
Considering X5, we obtain the following associated Lagrange system
dat d d d
c__%_ o (2.18)

t 0 Y 0
When solving the above Lagrange system yields the three invariants, namely

f=wg=2¢=u (2.19)

Now treating ¢ as the new dependent variable and g and f as new independent

variables, (2.1) reduces to

agsdgr + bdrrdg — gbgr + dprrg = 0. (2.20)

When finding the Lie symmetries of equation (2.20), we get

Sa = S+ on
5y = a%’
no= e vl

The use of ¥4 gives us the following lagrange system

d d d
do _ df _ dg. (2.21)
f 0 a
Thus, the above system gives the following two invariants
s fo= 2019 (2.22)
a
Invoking the above invariants, equation (2.20) reduces to
bsd +af = 0. (2.23)

20



The intergration of equation (2.23) and reverting back to the original variables, we

obtain the following group-invariant solution of equation (2.1):

Cox~ 3t ta + Cita + zy

u(t,z,y) = o : (2.24)
where (] and C5 are intergration constants.
We now consider X; and the associated characteristic equations are
—dt —dr d du
Rk (2.25)
Solving equation (2.25) , we obtain the following three invariants
f=y,g=%,9=u\/¥. (2.26)

Now considering 6 as the new dependent variable and g and f as new independent

variables, equation (2.1) transforms to
2b9fegg + 2a9fg<99 — gegg + 2(9fggg — 299 =0. (2.27)

When finding the Lie symmetries of equation (2.27), we get

Oy = 2f(%—g(%+0%,
% = 4

Now choosing {2, gives us the following lagrange system

o df  dg

R — . 2.28

0 2f —g ( )
Solving the above Lagrange system yields the two invariants, namely

r= fg* ¢ = gb. (2.29)

Now treating ¢ as the new dependent variable and r as the new independent variable,

equation (2.27) reduces to
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1" ’

4ar®¢" ¢ +4br?d ¢ + 813" — 2argd + 2arg* — 2brd>

"

+241%¢" — 2r%¢" — agd + 2b¢d + 6rd —r¢ = 0. (2.30)

Consequently, the general group invariant solution of equation (2.1) is

u:‘ﬁ¢(%§>, (2.31)

r
where ¢ is any solution of the ordinary differential equation (2.30).

Now using X5, we get the following Lagrange system

—dt dr dy du
t 0y 0

(2.32)
The above system gives the following three invariants

f=x,9g=2%,0=u. (2.33)

o+ =

Invoking the above invariants, equation (2.1) reduces to
—aefﬁgf — beffﬁg + gﬁgf — Hgfff =0. (2.34)

When finding the Lie symmetries of equation (2.34), we get

When using I'5, the lagrange system is

o df dg
T =T (2.35)

Solving the above Lagrange system yields the two invariants, namely

0
m=g,¢= I (2.36)
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If we treat ¢ as the new dependent variable and m as the new independent variable,

equation (2.34) reduces to

app —me +¢" = 0. (2.37)

Consequently, the general group invariant solution of equation (2.1) is

1dtx40==x¢<%>, (2.38)

where ¢ is any solution of the ordinary differential equation (2.37).

Secondly, we now consider the symmetries obtained in Case 2. We start with Xj.

The Lagrange equations are

@_d_:r dy  du
o2 —x 0 u

After solving the above Lagrange system, we obtain the following three invariants,

namely

fz%g=;@¢=u¢i (2.39)

If we consider ¢ as the new dependent variable and f and ¢ as new independent

variables, (2.1) reduces to

4bpy Py + 2004405 + gogg + 20 + 204495 = 0. (2.40)

When finding the Lie symmetries of equation (2.40), we get

A = Qba%— a%’

Do = 2gtog o
N

A, = %.

The use of the combination A = Az + pAy (p is a constant), gives us the following

characteristic equation

o _ 9 _ %9 (2.41)
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Solving the above characteristic equation yields the two invariants, namely

r=g,0=—fp+o. (2.42)

Now treating # as the new dependent variable and r as the new independent variable,

equation (2.40) reduces to
17 1 " /
pbl — 57‘0 -0 =0. (2.43)

The intergration of the above equation and reverting back to the original variables,

we obtain the following group-invariant solution of equation (2.1):

2C1bp—Cly —C2

t,x,y 2.44
) =T Gy 24
where € and (), are arbitrary constants of integration.
If we consider X5, we obtain the following characteristic
dt dx dy du
t 0 y 0
The solution for the above Lagrange system is
_ _Yy
f=z9="1,0=u (2.45)
Invoking the above invariants, equation (2.1) reduces to
9bgr — 2b010gs — bdspdg — grpr = 0. (2.46)
When finding the Lie symmetries of equation (2.46), we get
0
o= =
1 8¢’
0 0
Ty = 20— —,
2 99 +f 90
0
T3 = —,
T = f— —20— — p—
The use of Ty, gives us the following Lagrange system
dop _df _dg
A 247
f 0 2b (247)
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Solving the Lagrange system (2.47) yields the two invariants, namely

e L1200 —fg
m=f,0= 5 (—b ) (2.48)

Now treating 6 as the new dependent variable and m as the new independent variable,

equation (2.46) reduces to
/ 1 "
o' — Smb" =0. (2.49)

The intergration of the above equation and reverting back to the original variables,

we obtain the following group-invariant solution of equation (2.1)

1 (2C btz + 2C5bt + 2%y
t == . 2.50
utte) = 5 (PO (2.50)
where (' and Cy are arbitrary constants of integration.
Now choosing Ty, gives us the following characteristic equation
d d d
o _df _dg (2.51)
o f 2
Solving equation (2.51), we obtain the following two invariants, namely
_ _ 9
m= f\/g,0 = (2.52)

va
We now consider 6 as the new dependent variable and m as the new independent

variable, equation (2.46) reduces to
3bmb 0" + 000" + 40" —mb” +mb" — 20 + 40" = 0. (2.53)

Thus, we conclude that

u(t,z,y) = %9 (m %) (2.54)

is a general group invariant solution of equation (2.1), where # is any solution of

equation (2.53).
Now we consider X, the Lagrange system is

dt de dy du
- 7 2.55
-2t —x 0 U ( )



Solving the Lagrange system (2.55) yields the three invariants, namely

fzy,g=%,¢=u\/¥. (2.56)

Taking ¢ as the new dependent variable and f and g as new independent variables,(2.1)

reduces to

209 — 4bg0gr — 2004001 + gPgg — 20gg9r = 0. (2.57)

When finding the Lie symmetries of equation (2.57), we get

0
= b— + f ¢
1 =
= g az g
0
3 = =,
0
I = —.
4 99
The use of Jo, gives us the following Lagrange system
d d d
o _ 4 _dg. (2.58)
¢ 2f -y
Solving equation (2.58) yields the two invariants, namely
r=fg% 60 = go. (2.59)
Invoking the above invariants, equation (2.57) reduces to
126r0'0" + 820" — 4b00" + 2002 4 2470 — 210" — 0 4+ 60" = 0. (2.60)

Therefore, we conclude that

ult, z,y) = 9(3/:’; ) (2.61)

t

is a general group invariant solution of equation where ¢ is any solution of (2.60)

Lastly, we now consider the symmetries obtained in Case 3. We begin with X5. The

Lagrange equations are

Yoo (2.62)



When solving the Lagrange equation (2.62), we obtain these three invariants

<

Now treating ¢ as the new dependent variable and f and ¢ as new independent

variables, (2.1) reduces to

GUrg — apthpg — athpphy — Yyrrg = 0. (2.64)

When finding the Lie symmetries of equation (2.64), we get

- 0

=1 = B

Ey = aagg—irf%,

- 0

= = 5

- .0 9, g,
By = fo——

29— —Y—.
of “og Tou
If we consider =5, we get the following lagrange system

dp df dg
F=5=2 (2.65)

Thus equation (2.65) gives the following two invariants
v fa= W=S9 (2.66)

Considering A as the new dependent variable and v as independent variables, (2.64)

reduces to
oA+ N =0. (2.67)

Now intergrating and reverting back to the original variables, we obtain the following

group-invariant solution of equation (2.1)

atCyInx + atCy + xy

- (2.68)

u(t, z,y) =

where ('} and Cy are arbitrary constants of intergration.
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Now choosing X7, we get the following characteristic equations

dy _di _du_do

=— = : 2.69
0 2t u —T ( )
Solving the characteristic equation (2.69) yields the three invariants, namely
x
=1, = —, = U\/¥ 270
f=uyg ﬁﬁ’ (2.70)

Now if we treat ¢ as the dependent variable and f and ¢ as independent variables,

(2.1) reduces to

GUgg — 200§ 0gq — 20D pg1hg — 205499 + gthg = 0. (2.71)

When finding the Lie symmetries of equation (2.71), we get

6 = ul sl

G, = 2f%—g%+w%,
oo 2

Gy - %.

The use of the combination G = G3 + dG4 (d is a constant), gives us the following

Lagrange system

dyp _df _dg
R 2.72
d 1 0 (272)
The above Lagrange system yields the following two invariants:
v=g,A=—fp+1. (2.73)

If we consider A as the dependent variable and v as the independent variable, then

equation (2.71) reduces to
1" ]_ " ’
apA + 51})\ - A =0 (2.74)

The intergration of equation (2.74) and reverting back to the original variables, we
obtain the following group-invariant solution of equation (2.1):

2Clap—Cly—(C2

[@ap—) (2.75)

u(t,z,y) =
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where € and () are arbitrary constants of integration.

Considering X4, we get the following characteristic equations

dy dt du dx
A 2.7
ta 0 T 0 (2.76)
Solving (2.76) yields the three invariants, namely
t—
at
Invoking the above invariants, equation (2.1) reduces to
fors — gtbpg + 0y = 0. (2.78)

Now intergrating and reverting back to the original variables, we obtain the following

group-invariant solution of equation (2.1):

atFy(t) + [ / %%)daz] at + xy

u(t,z,y) = (2.79)

at

where F and F, are arbitrary functions.

Remark 2.1 Likewise, one can construct more general group invariant solutions of
the generalized (3+1) dimensional Calogaro-Bogoyavlenskii-Schiff equation using the

other symmetries.

2.3 Conservation laws

In this section we construct the conservation laws of equation (2.1). We will consider
multipliers of the second order A(t,z,y, u, ut, Uy, Uy, Utr, Ugg, Uyy, Utg, Ugy, Ugy ). Thus

equation (1.6) becomes

@[A(t, T, Y, Uy Up, Uy, Uy, Ut Uy Uy Uy Uty Uty) (Ut F AUy Uy + DU Uy + Uy )] = 0,
(2.80)
where the Euler-Langrage Operator 6/du is given by

50 ) ) o, 0
5u = ou Pow  Poge,  Prgy, TP

+ D? 4

¢ 8utt v 8um
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0 9, 0 0

D D,D D,D DD,—— + - 2.81
o T e T Y au, T (2.81)
and the total differential operators are defined by
D—a—irua—l—uajtui—irui—l—
et o "ou, T Mou, Yo, ’
D A A A
ox ou Ou, ! ouy y@uy
0 0 0 0
D, = 6 +uya ~|—uyya +utya +uxya + e
Thus equation (2.80) gives
0 0 0 0 0 0 0
— D D,— — D D? D? D?
(8u taut ou,, Y Ou, 5 Oug + T Oy + Y Ouy,
0 0 0 0 0
D,D,—— + D,D D,D - D,D?—— + DD
* tauxt * ya xy * ! yauty zauymﬁ * yauya:xx)
(A(ugt + atzthy, + bugaty + Uyzes)) = 0. (2.82)

The expansion of equation (2.82) and split the monomial and simplify yields

Ugt _Ay(a - b)v

£
B
IS
5
=

g g
Il I
o 2 ¢

IS
<

I
=

R N
I
=)

Solving the above overdetermined systems of partial differential equations gives us

the following cases for the multiplier A.

Case 1: a and b arbitrary but not in the form of Case 2-3
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Case 2: a =2b

1 1! ! ! 3
Ay = 5 Y2 Fy () — 2yF, — 2yu, Fy + (§bu§ + umx) Fs + Fr(t)u, + Fx(t)
—2C, bt?u; — 2C,btyu, — Chbtru, — Cibtu — 2C30tu, + 4C5tu,

+202yuy + C’lxy + Cglﬂuw + CQU, + ng + C4Ut + C5Uy:|

Case 3: a=0
A1 = C’luz + Fg(t,y)

Using equation (1.5) on A; and solving the resulting determining equation, we obtain

the following conserved vectors corresponding to Cy, F» and Fj respectively

1 1
Tt - TT ~uf
1 1 Uy + 1 u,
T 1 2 1 2
v = gauux Ugy — gbuux Ugy + gbux Uy + éaux Uy
1 1
+Z U Uiy + g uu:mcxy + Z Ug Uy + g Uy umxy
3 1
_g Ugy u:vy + g Uz Uy,
1 1 1 1
Ty = =35 Ulgge + & aumg + = Uy Uggy — 5 QUUL Uy + 5 buux Upgy —
! 8 6 4 3 3
1
o um:2;
8
Ty, = 1aF(t)uu 1bFuu 1aFu2—|—1bFu2
2 4 2 T 4 2 TX 4 2 Uy 4 2 Wy
1
+5 (B (1) wy,
. 1 1 1 1
Ty = = Fuw = 5byFouu + 7 aylou, uy + 5 byFoug u,

1 1 1
—3 a’ Fyuu, Ugy — 3 b2 Fyuu, Uy — g angufuy

1 1 1 3
—1—1 ayFouu,, — 6 a2F2U$2Uy + 3 b2F2uw2uy ~3 bES Uyy Uy

1 1
-3 aFy gy uy + 3 bF 5ty wy — 1 bFyuu, — 1 aFoU g,
1 1 1 1
+Z blyuu, — 3 aFoulyg,, + 3 by Uy — 1 aFyu; u,
1 5 5 3
+Z bEyu;, u, — 3 alouy Upgy + 3 bEY Uy Uy + 3 Uy Ugy
1 3 12
—1-5 yFou, + 2 YE Uy — 5 ab(Fyu, + 3 DUy Uy )
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1 1 1
T2y = = yFQ/Uxam -5 CLbFQUUw Ugy + g (IQFQUU@ Uzz + g b2FQU,U$ Uz

4 3

1 1 1 1
- ay Fyutty, + 3 by Foutly, — G a’Fyu,® + 3 a Py,

1 1 1 1
_g bFQUxa,’Q + 6 abFQUZS + Z a'yFQUxQ + g aF Ul

1 1
_g bFQUszzz - Z aFZUx Ugzs + 4_1 bF2ux Ugzz
1
Té = §F3ux7

1 1 1 1
Ty = 1 aFsuu,, — 3 bEsuuy,, + 1 al3u, u, + 3 bFsu, u,

1 3 1
+§ 3ut+1 SUxmy_§ 3U,

1 1 1 1
Tél = ZCLF3U$2+ ZF?)uzxac - ZLCLFBUUxx + §bF3qu$

Following the same procedure as above, we get the following conserved vectors for

Ao

4 2 1 1
T = -3 b 2w, Ugy — 3 b2 Uty Uy — 3 bt?uuy, + 1 btxuty,
bt - Ly Ly L i,
—bt* Uy — btyuug, — = bt u u, — — btru,
v g U lay g O 4
L bt + L bt + L L
5 YUy Uy 1 Uy 5 TY Uy 5 Uy,
1
F = b tuu, Uy + bryu, uy — Oty Uy, v, — 3 bitruu, Ugy
2 2 1 1
+§ bityuu,, Uyy + 3 b%yuuxy Uy — 3 bt?u,? + 3 TY Uy
1 1 1 2
+Z TYUggy + 5% + 1 bu? — 1 Ty — 3 Ylgy + 3 b2 2wy, Uy
2 4 2
+§ b2t2uuty Uy — 3 b2t uy uy Uy — 3 b%xuﬁuy

2

4 1 1 1
—3 b tyu, Uy~ — 1 btxuuy, + 3 btyuug, — 3 IR TRT—

3 1 1 5
—i—Z blyutygy, — 1 btrxu, u, — 3 btyus u, — 3 bty Uggy

1 3 1 1
—3 bty g Ugy, + 3 bl Uy Ugy + 1 bty Uy, — 3 bt vy, uy

1 3 3 1
+btuu, + 3 bt uuy + 1 bt2uutmy 1 bt?u, Uggy + 3 bt uy, Ugy

1 1 1 1
1 bt Uy Uy — 3 bt? Uty Uy + 1 bt? Uy Ugg + 3 bzfyumy2
1 1
1 bxuu, + 3 bttty — 3 btu, Uy,
1 2 2 1
T} = — 7 Y + 3 b P uugy, uy — 3 Vtyu,*u, + 3 btTU U gy
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1 1 1
—— bty U Uy — 1 btru, Uypy — 1 btyu, Uy + 1 bty Uy Uy

1 1 1 1
1 bty Uggy Uy — 3 b tru,® + 3 b tuu,® + 1 b2 Ut

1 1 1 1
1 bt Uy Uggy + 1 bt Uy Uy — 1 bt Uy Uy + 3 by,
1 1 3 1
+§ b, — 3 byuu, + 3 btuty,, — 3 bty Uy,
2t L L
bt uy Uy + — XYUpzy — btyuuy, + = b txuu, Uy,
3 4 3
2 2
-3 b tyuu, Ugy — 3 b tyutg, Uy ;

8 4 1
3 btuuy, Uy + 3 blutly, Uy + tuty, — 1 TUUgy + 2 EU Uy
1 1

1
) YUlgy + tug uy + 1 xugg2 + 5 YUy Uy — 1 Uy, ,

2
—buug uy — tuly — Ty Uy + gy Uy + YUggy Uy + 3 b uy

3 1 1
—|-3 byu, u,” + 1 TUU — 3 Uy — 3 YUy + 3 LU gy
3 1 1
_Z YU Uggyy + 5 YUy Uy + 5 tutxz Uy — 5 tuty Upy + g LUz Uy
1 3 1 1
+§ YUy uxyy - g T Ugy uxy _ Z YUy uyy + g T Ugzy uy
3

4
+§ LU Uggy + 1 TUy Uy — 3 btuy, u, — 3 btuuyy, u,

1 2 2 8
—i—§ bruty Uy — 3 by, ty, — 3 by, u, + 3 btug uy uy
1 5 3 1

2
‘I—tut — Ul — 5 yuxy - 5 uu;vzy + 5 T U':vy7

4 1 2 2
——=btuty, uy — 3 bruuy, uy, + 3 byuug Uy, + 3 by, u,
4 1 2 1
+— btu, uy® + = bru,® + 3 byuﬁuy —3 buu,® + yuty,

3 3
1 1 3 1 1

_5 tuut:mcx - g TUUg gy + Z yuuzxmy + 5 tut Ugry — 5 tutm Uy
Ly 41 + L g~ L
S VlUggg Uy — LUy Uggy T YUy Uggy — 5 TUgy — & YlUgg Uy
g 1 1 g Yt Moy g g Mo
+1 3 n 1
T YlUggg Uy — 5 Ulgyy S Uy Ugy,
g Yt My g 8
L bt L bt +
— 0lUUyy — = OlUL U — LUy — —,
2 vo2 Y2 2

2 2 4 1
= b tuu, Uyy + 3 b2tuu$y Uy — 3 b tu, qu + 3 btuy,

3 1 1
+Z bl gy — 3 btu, u, — 3 bty Usyy + b uy vy + 1 bt Uy Uy
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1

1 1
—btumy Uy + 5 btuwyZ + —zu + - TUggy — 5

2 4

uiE)
2 2 2
-3 b tuu, Uy — 3 b2ty Uy — 3 b2tux2uy — btuuy,
1 1
1 blutlyygy + 3 bru,> — 1 btuy Upgy + 1 bt Uy Ugy

1 1
- Dl Uy Uy — 3 butly, + — Ty — Ugy /45

4

1 1
3 buty Uz, + 3 butiy, v, + 1 Ul + 3 Uy + 1 Up Uy,
1 1 2 1 3
— = buty, uy — < buty uy + 5 buy ug vy — — Uy — < Uy
3 3 3 4 8
1 3 1 1 1 1
+Z ut2 + g U uxxy - Z Uty uzy + g Uty uy + Z ut:ny Uy — g uty Ugg
1 1 1
5 buutz Uy + = but uz2 — 5 Ulhggre + = Ut Uggy — 5 Uty Uy
3 3 8 8 8
1
+-u zz Uz
g Ut
1 1
4 — Uy + Z_L Uy Uy
1 1 3
—3 buty ty, — 3 bu sy uy + 3 bu, qu 1 Uy — 3 Uy
1 1 1 1
+Z Up Uy + 1 Uy Ugyy — 3 Uz Uyy + B Uggy Uy — 1 uzyz,
1 1
= buug ugy + - butg, uy + - bufuy + = Uy + = Uy
3 3 3 2 8
1
+§ Uy, ux:ry - g Uy uxy + g Ugzg uy;
1

P { — 267 Fg (t) Wty Uy + b* Fgtip” + by Fiutty, — byFéuf}

1
{ - bF/uu:m:zx + bFﬁux Ugzy + y2F”uz }7

4b
1
— 508 { — 6y Fuy +6yFyu —ax + 6 y°uly — 9Y* Ff uyy, }
1
%{16 by Fiu, >y, + 3 byFitg, v, + 6 by Fyuug, }
1
%{15 by Fguy Uy + 6 byFgug g, — 9 by Fg gy, Uy, }
1 / 3 2 2
5 3 by Fulygyy — 18 D uFguy Uy — 12 b7 uFsusy, U,
1
51 { — 14 b*uFyu, Ugggy — 4 b2uF6umy um}
1
%{ — 14 D*uFy iy, Ugy + 14 b2 Fyty gy Ugy }
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— 12by° Ff uy uy, + 6 ubFyyu, + 867y Fiuuy, ty, },

8 b2 Fyuty Uy — S8b?Fyu,® + 12 byFéuxQ}

2ib{ — 146 Fyt, g 0, — 180°Fyu,*u, — 602 Fyu, “’"2}
ﬁ{ — 5V Fyty* tygy — 140* Fotigs 1, — 6 buFgty, }
ﬁ {6 bE§ Uy Ungazy — 3 DUFGUpppgy + 12 DFGU, Uy }
ﬁ { — 90 F§ Uy Ugzy — 60F 5 Uppy — 120F 505 Usy }
ﬁ) {6 bF§Upgag Uy — 9 OF5Upy Upgzy — 3 DF6Upggey Uy }
ﬁ { — 207 Fjuty® — 30F Uty + 3 bEU, Uy }

{

{

{

3bF5Ulygry — 6 DF5Uy Uggy + 3bF4ty> + 6 Y F6 Uy };

1 3

1
blru, uy — = uF7 + = Frup + — Frtg,,,

2 2 4

119177 (2 'U,x2 + uzm) .

Again, following the same procedure as above, we get the following conserved vector

associated with Aj

Ty

v

1 L
= Ul - Uy,
4 4
1, 1 5 3 1
5 QU uy + g uuzxzy + g Uy uxzy - g Ugg: u:ty + g Upgr uy
1 1
+Z_l Uy + Z_l Uy Ug,
1 + 3 4 1 2
— 5 Ulgrys = AUy = Uggy Uy — 5 Ugg
8 6 4 8
1
5 F2 (t> y) Ug
1 3 1 1 1
~1 yFou,, + 1 Fotlyg + 3 Fyu, — 1 ayukFsu, — 1 auFoug,

3 1
+Z_l alyu, u, — 3 ukFst,
1 1 1
1 aFyu,? + 1 auFsu,, + 1 Fougy,.
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2.4 Concluding remarks

In this chapter we performed a complete multiplier classification of a generalized
(2+1)-dimesional Calogero-Bogoyavlenskii-Schiff(CBS) equation. Thereafter we con-
structed the associated conservation laws of a generalized (2+1)-dimesional Calogero-

Bogoyavlenskii-Schiff(CBS) equation.
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Chapter 3

Conservation laws and exact
solutions of a (3+1)-dimensional
Boiti-Leon-Manna-Pempinelli

equation

In this chapter we consider (3+1)-dimensional Boiti-Leon-Manna-Pempinelli equa-

tion [13] given by
Uyt + Uzt + Uggzy + Upgasr — Uz (Ugy + Ugz) — SUge(uy + u,) = 0. (3.1)

The (341)-dimensional Boiti-Leon-Manna-Pempinelli equation arises in various phys-
ical phenomena such as fluids and plasma dynamics. Equation (3.1) degenerates into

the (241)-dimensional Boiti-Leon-Manna-Pempinelli equation
Uyt + Uy — FUgUsgy — SUggtty = 0, (3.2)

which occurs in the study of incompressible fluids [25,26]. The soliton solutions of
(3.1) have been obtained using the exp-function method [13] and the bilinear method
through the logarithm transformation [27]. Several authors have also used various

methods to obtain solutions of (3.1). See for example [13,28,29] and reference therein.
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Although a great deal of research work has been devoted to finding different methods

to solve nonlinear evolution equations, there is no unique method.

Thus, in this chapter we seek exact solutions of (3.1) using the classical Lie symmetry
method. Furthermore, conservation laws for (3.1) will be constructed by employing

the multiplier approach [30].

3.1 Lie point symmetries of (3.1)

The vector field operator

X - 51(t7x7y7z’u)2+§2(t7‘r7y7 z7u)%+§3(t7x’y7z7u)ﬁ+§4(t7l’7y7 z7u>£

ot y 0z
0
+n(t7x7yuz7u>% (33)

is a Lie point symmetry of (3.1) if

=0,

X[4]{ uyt + Uzt + uzx:py + Upgrz — 3u:p (uxy + u:pz) - 3u:vx(uy + uz) = 0}
(3.1)

where X is the fourth extension of (3.3). Expanding the above equation and
splitting the derivatives of u and simplifying, leads to an overdetermined system of

linear partial differential equations:

fl = 3F14 + 6x (QF(;),

ot
52 = F97
& = Fr,
¢t = 18F,

0
&F6(y727t> + _F6 = 07

0 0
a—szo(% 2, t) + &Fm =0,

0 0
a_yF14(y7 Z7t) + &Flél = Oa
0 0 0

0
8_yF7(y’ z) + &E - a—ng(ya z) — &Fg = 0.

38



Solving the above system with the aid of Maple and taking the arbitrary functions to

be linear with respect to their arguments yield the following symmetries of equation

(3.1):

0
(32_3y)a_x7
0 0
32&& —Z'%,
9
oz’

0
(Z_y)3_y7
9
oy’

0
(Z_y)a_a
9
0z’

0

(182 — 183/)&,
9 g0
Yor "ot T “ouw
9

ot’
(Z_y)aga
.9

ou’

9

ou’

3.1.1 Symmetry reductions of (3.1)

We first consider X; + Xy4. The characteristic equations are

@_dz
;=

dx dy

0 :32—3y:z—y'

Solving the above characteristic equation we get the following three invariants

1

f:z,g:t,h:y—gx,ezu. (3.4)
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Now considering # as the new dependent variable and f, g and h as new independent

variables, (3.1) transforms to a nonlinear PDE in three independent variables, viz.,

2 1 1 1 1
0 —0,,1,0 —0,0,+ — =010 0, — —0 — —0 = 0. )
hg+3 hh h+3 nOns = 30nn r+ 0y o7 Ui = o= Onnng 0 (3.5)
Solving equation (3.5) yields
0(f,g,h) = Cstanh(C3g — Cyf + Cyh + C1) + Cs, (3.6)

where (1, --C5 are arbitrary constants. Now using the invariants (3.4) together
with equation (3.6), we conclude that the group-invariant solution of equation (3.1)

is
u(t, z,y, z) = Cgtanh[Cst — Cyz + Cy(y — %x) + ] + Cs. (3.7)

We now consider X; + Xg. The characteristic equations are

d¢ dy  dx  dz
0 0 32-3y z—y

Solving the above characteristic equation, we get the following four invariants
1
f:y,g:t,h:z—ga:,ﬁzu. (3.8)

Treating 6 as the new dependent variable and f, ¢ and h as new independent vari-

ables, (3.1) reduces to a nonlinear PDE in three independent variables, viz.,

1 2 1 1 1
Hgf — §9h0hf — §0hh9h — §9hh9f -+ th — 2_79hhhf — 2_79hhhh =0. (39)
Solving equation (3.9), yields
0(f,g,h) = Cstanh(Csg — Cyf + Cyh + Cy) + Cs, (3.10)
where Cf, - Cg are arbitrary constants. Substituting equation (3.8) into equation

(3.10), we conclude that the group invariant solution of (3.1) is
1
u(t,z,y, z) = Cgtanh[Cst — Cyy + Cy(z — gx) + C4] + Cs. (3.11)

If we choose X; + Xg. The Lagrange equations are

dt _@_ dx dz

18:—18y 0 32-3y 0
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Solving the above characteristic equation, we get the following four invariants
1

Taking ¥ as the new dependent variable and f, g and h as the new independent

variables, (3.1) transforms to a nonlinear PDE in three independent variables, viz.,

1 1
and the integration thereof yields
VY (f,9,h) = Cstanh(Cof — Cog + Cush + Cy) + C5, (3.13)

where C,---Cg are arbitrary constants. Now using the invariants (3.12) together

with equation (3.13), we get the solution of (3.1) as
1
u(t, z,y, z) = Cgtanh[Coy — Coz + Cy(x — ét) + Ch] + Cs. (3.14)

We now consider X5. The characteristic equations are

dt dy dr du
=TT 3.15
0 0 3t x ( )
After solving the characteristic equation (3.15), we get the following four invariants

B 6tu + 22

= — 2 h=tVU
f=vy,9=z, ; o

(3.16)

Now considering ¥ as the new dependent variable and f, g and h as the new indepen-
dent variables, (3.1) transforms to a nonlinear PDE in three independent variables,

Viz.,
h\lfhf—Fh\I’hg—i-\I/f—l-\I’g =0. (317)

Solving equation (3.17) yields

Fl(g_f7h>h+F2(f7g>
h )

0(f,g9,h) = (3.18)

where F} and Fj are arbitrary functions of g, f and h. Now using the invariants

(3.16) together with equation (3.18), we get

1/6F(z—y,t)t —2®+6F
U(t,iK,y,Z):é(G 1(2 Y, ) t'r +6 2(yvz))

(3.19)
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as the group invariant solution of (3.1).

Lastly we now consider Xg. The characteristic equations are

dt dy dr du
3t 0 oz u’

Solving the characteristic equations, we get the following four invariants

Now considering ¥ as the new dependent variable and f, g and h as the new indepen-
dent variables, (3.1) transforms to a nonlinear PDE in three independent variables,
Viz.,

h\I/hf + h\I/hg + 9\11hh111f + 9\I/hh\llg + Q\Ph\llhf + lehlllhg

_S\Phhhf — S\I’hhhg + \I’f + \I/g =0. (321)
Thus, we conclude that
u(t, z,y,2) =t 30 (y, 2, 2t 75) (3.22)

is a general group invariant solution of equations (3.1) where ¥ is any solution of

(3.21)

Remark 3.1 Following the aforementioned procedure, one can obtain more group in-
variants solutions of the generalized (3+1)-dimensional Boiti-Leon-Manna-Pempinelli

equation using the other symmetries.

3.2 Conservation laws

This section aims to compute the conservation law of equation (3.1) using the mul-
tiplier method. Here we will consider multiplier of the zeroth order,
ie, A= A(t,z,y,z,u). The right hand side of (1.6) is a divergence expression. The

determining equation for the multiplier A is

M—Q(A(uyt + Usp + Uggay + Upzzs — 3y (Ugy + Uss) — SUgy(uy +u,))) = 0. (3.23)
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Expanding equation (3.23) with the help of Maple computer algebra system yields

Aty + Atz - O,
A, = 0,
A, = 0.

Solving the above systems of equation gives
AN=F;(z,y) +Fo(t,z2—y).

Thus, we conclude that the conservation laws associated with the above multiplier

A for Fy are:

T = —%qu(z,y)—%qu—l—%uyF—i-%uzF,

v = %uumFZ—ZuzuzF—i-ZuFum—i-Zuusz—%uzuyF
+EUFuzy_}luszz_iumey"i_Zuxsz"i_%umcyFa

T} = —ZUJGQF—%uumF—i-}lume—F%utF,

7 = —zusz—%uumF—i—;lume—i—%utF.

Likewise, the above multiplier A gives the following conservation laws for Fj:

1 1
Ty = §uyF(t,z—y)+§uzF,
9 3 9 3
Ty = _ZUIUZF+ZUFUIZ_ZuxuyF+ZUFuxy
3 3
+Zu:vzzF+Zuza;yF7
1 3 3 1 1
1 3 3 1 1

Here we notice that due to the presence of the arbitrary functions in the conserva-
tion laws, one can generate an infinite number of conservation laws for the (341)-

dimensional Boiti-Leon-Manna-Pempinelli equation.
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3.3 Concluding Remarks

In this chapter, we computed the conservation laws of the generalized (3+1)-dimensional
Boiti-Leon-Manna-Pempinelli equation. With the aid of Maple, we have assured the
correctness of the obtained solutions by substituting them back into the original

equation (3.1).
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Chapter 4

Conclusions and Discussion

Finding exact solutions and conservation laws for nonlinear partial differential equa-
tions is of great importance for the explanation of some practical physical problems.
The aim of this work was to obtain exact solutions and derive conservation laws of

some nonlinear partial differential equations by using symmetry analysis.

Chapter one provided relevant background material, such as, definitions and the-
orems of important concepts that were used to carry out the calculations in this

work.

In chapter two a complete classification was performed on a generalized (241)-
Dimesional Calogaro Bogoyavlenskii-Schiff equation. Thereafter we derived the group
invariant solutions of a generalized (2+1)-Dimesional Calogaro Bogoyavlenskii-Schiff
equation. Moreover, conservation laws of the underlying equation where constructed

by applying the multiplier method.

In chapter three the Lie symmetry method was used to find the exact solutions of
the (3+1)-dimensional Boiti-Leon-Manna-Pempinelli equation. We then employed
the multiplier approach to derive conservation laws of the (3+1)-dimensional Boiti-
Leon-Manna-Pempinelli equation. Lastly, in chapter four we summarised all the

work that was done in this dissertation.
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