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Abstract

Let H? be the Hardy space of p-integrable functions on the unit circle T in the complex
plane that have an analytic extension to the open unit disk ID. Suppose that w is a rational
function with poles on the unit circle. The topic of this thesis is the analysis of a Toeplitz-
like operator T,, in H? generated by such an w. We investigate Fredholm properties, the
spectrum and the adjoint in case w is a scalar function and explore the Fredholm properties
of Tq in case € is a rational matrix function with poles on T.

We show that, in general, the operator T, is a well-defined, closed, densely defined linear
operator whose domain contains the polynomials. It is shown that the operator is Fredholm
if and only if the symbol has no zeroes on the unit circle, and a formula for the index is given
as well. A matrix representation of the operator is discussed.

A description of the spectrum of T, and its various parts, i.e., point, residual and con-
tinuous spectrum, is given, as well as a description of the essential spectrum. In this case,
it is shown that the essential spectrum need not to be connected in C. Various examples
illustrate the results.

The adjoint operator 7T} is described. In the case where p = 2 and w has poles only on
the unit circle T, a description is given for when 775 is symmetric and when T admits a
selfadjoint extension. We compare the operator with unbounded Toeplitz operators studied
earlier and show that if w is a proper rational function, then 77} coincides with an unbounded
Toeplitz operator studied earlier by Sarason.

We extend the analysis of the Toeplitz-like operator to the case where it is generated
by a rational matrix function having poles on T. A Wiener-Hopf type factorization of
rational matrix functions with poles and zeroes on T is introduced and then used to analyse
the Fredholm properties of Toeplitz-like operators. A formula for the index, based on the
factorization, is given. Furthermore, it is shown that the determinant of w having no zeroes
on T is not sufficient for T;, being Fredholm, which is in contrast to the classical case, where
the symbol has no zeroes on T is sufficient for the operator T, being Fredholm.

Keywords: Toeplitz operators, unbounded operators, Hardy Space, Fredholm operators,
Adjoint operator, Wiener-Hopf factorization, rational symbol
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Summary

Let H? be the Hardy space of p-integrable functions on the unit circle T in the complex
plane that have an analytic extension to the open unit disk ID. Let P denote the space of
complex polynomials in z, i.e., P = C[z], and P,, C P the subspace of polynomials of degree
at most n. Let Rat denote the space of rational complex functions, and Rat, the subspace
of strictly proper rational complex functions. We will also need the subspaces Rat(T) and
Ratg(T) of Rat consisting of the rational functions in Rat with all poles on T and the strictly
proper rational functions in Rat with all poles on T, respectively.

Suppose that w is a rational function with poles on the unit circle. The topic of this
thesis is the analysis of a Toeplitz-like operators T, in H? generated by w: in this case we
say w is the symbol of the operator T,,. We investigate Fredholm properties, the spectrum
and the adjoint in case w is a scalar function and explore the Fredholm properties of Tq in
case {2 is a rational matrix with poles on T.

In their study of the spectral properties of Toeplitz operators, in articles appearing 1950
and 1954, P. Hartman and A. Wintner showed that the Toeplitz operator generated by w on
H? is bounded if and only if w is essentially bounded on T or equivalently w € L>(T). Here
they introduced the Toeplitz matrix on ¢? that is equivalent to the Toeplitz-like operator on
H? generated by a function a € L?, which is not necessarily bounded but is a closed, densely
defined unbounded operator. Toeplitz operators generated by functions f in H?,p < 1 were
studied by H. Helson (1988) in his study on large analytic functions. D. Sarason, in 2008,
looked at unbounded Toeplitz operators in H? generated by functions in the Smirnov class,
NT. Note that the Smirnov class includes L?,p < 1 and the Toeplitz operator of Helson and
Sarason are closed, densely defined operators, but their domains generally do not include all
the polynomials, whereas the domain of the Toeplitz operator of Hartman and Wintner does
include all polynomials.

For w € Rat, possibly having poles on T, we define a Toeplitz-like operator T,,( H? — H?),
for 1 < p < o0, as follows:

Dom(T,)={g € H? |wg = f + p with fe L? peRato(T)}, T,9 = Pf.

where PP is the Riesz projection of LP onto HP, due to M. Riesz and not the Riesz projection
in spectral operator theory, due to F. Riesz . Note that in case w has no poles on T, then
w € L* and the Toeplitz-like operator T}, defined above coincides with the classical Toeplitz
operator T,, on HP. If w, however, is a rational function with poles on T then w ¢ LP, p > 1
and if, furthermore, w has poles in D then it is not in N .
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Basic properties: In general, for w € Rat, the operator T, is a well-defined, closed,
densely defined linear operator. By the Euclidean division algorithm, one easily verifies that
all polynomials are contained in Dom(7,,). Moreover, it can be verified that Dom(7,) is
invariant under the forward shift operator T, and that the following classical result holds:

T..T,T.f =1T,f, f € Dom(T},).

For w € Rat(T) we have a complete description of the domain and range of the operator
as below:

Theorem A. Let w € Rat(T), say w = s/q with s,q € P co-prime. Factor s = s_sgs, with
s_, So and si having roots only inside, on, or outside T. Then

Ker(T,,) = {ro/s+ | deg(ro) < deg(q) — deg(s_s0)} ;
Dom(7,,) = qH? 4 Paeg(q)—1; Ran(T,,) = sH” + ’ﬁ,

where P is the subspace of P given by
P = {reP|rqg=ris+ry for ri,72 € Pacg(g)—1} C Paeg(s)-1-

Furthermore, H? = Ran(T,,) + Q forms a direct sum decomposition of H?, where

Q="P;_1 with k= max{deg(s_)— deg(q),0},

following the convention P_y := {0}.

Fredholm properties: For the case that w has no poles on T, when T, is a classical
Toeplitz operator, the operator T, is Fredholm if and only if w has no zeroes on T, a result
of R. Douglas. We show that this result remains true in case w € Rat. Note that a closed
Fredholm operator in a Banach space necessarily has a closed range.

We establish the following analogue of Wiener-Hopf factorization: for w € Rat we can
write

w(z) = w_ () (Fen(=))ws (2)
where k is the difference between the number of zeroes of w in D and the number of poles of

w in D, w_ has no poles or zeroes outside I, w, has no poles or zeroes inside D and wy has
all its poles and zeroes on T. Based on the choice of the domain it can then be shown that

Tw - waTz“wo Wi

This factorization eventually allows to reduce the questions on Fredholm properties to the
case where w has only poles on T. It also allows us to characterize invertibility of T, and to
give a formula for the inverse of T, in case it exists.



Theorem B. Let w € Rat. Then T, is Fredholm if and only if w has no zeroes on T. In
case T, is Fredholm, the Fredholm index of T, is given by

taken into account taken into account

Index (T,,) = ¢ {pOl@S of win D multz.} _y {zemes of win D multz.} |

and T, s either injective or surjective. In particular, T, is injective, invertible or surjective
if and only if Index (T,,) < 0, Index (T,,)) = 0 or Index (T,,) > 0, respectively.

It should be noted that when we talk of poles and zeroes of w these do not include the
poles or zeroes at infinity.

Matrix representation: Since all polynomials are in the domain of 7, we can write down
the matrix representation of T, with respect to the standard basis of HP. It turns out
that this matrix representation has the form of a Toeplitz matrix. In addition, there is an
assertion on the growth of the coefficients in the upper triangular part of the matrix.

Theorem C. Let w € Rat possibly with poles on T. Then we can write the matrixz repre-
sentation [T,,] of T,, with respect to the standard basis {z"}5°, of H? as

n=

ap a—1 A_92 A_3 A_4
aq Qo a_1 Q_9 a_3
(05} aq Qo a_1 Qa_9

[Tw] =

In addition a_; = O(jM~1) for j > 1 where M is the largest order of the poles of w in T and
(a;)52 € £

The spectrum: Using the fact that ANl g» —T,, = T\_,,, our extended analysis of the operator
T, enables us to describe the spectrum of T,,, and its various parts. Our first main result is
a description of the essential spectrum of T}, i.e., the set of all A € C for which X\ y» — T,
is not Fredholm.

Theorem D. Let w € Rat. Then the essential spectrum oes(T,,) of T,, is an algebraic curve
in C which is given by

Oess(T) = W(T) == {w(e?) | 0 < 0 < 27, € not a pole of w}.

Furthermore, the map \ — Index (T\_,) s constant on connected components of C\w(T)
and the intersection of the point spectrum, residual spectrum and resolvent set of T, with
C\w(T) coincides with sets of A € C\w(T) with Index (T\_,) being strictly positive, strictly
negative and zero, respectively.

We show that the algebraic curve w(T), and thus the essential spectrum of T, need not
be connected in C. Our next main result provides a description of the spectrum of T, and
its various parts.
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Theorem E. Let w € Rat, say w = s/q with s,q € P co-prime. Define

k, = #{roots of q inside D} = #{poles of A — w inside D},
ky = t{roots of \q — s inside D} = f{zeroes of A\ — w inside D},
kS = t{roots of \g — s on T} = #{zeroes of A\ — w on T},

where in all these sets, multiplicities of the roots, poles and zeroes are to be taken into
account. Then the resolvent set p(1T,,), point spectrum o,(T,,), residual spectrum o.(T,,) and
continuous spectrum o.(T,) of T,, are given by

p(T,)={\€C| K} =0 and k, = k },
op(T,) = {A € Clky > ky + K3}, 0u(TL) ={A € C |k, <k},
0.(T,)={N€C K >0 and ky <k, <k;, +k3}.

Furthermore, 0ess(T,) = w(T) = {\ € C | kY > 0}.

Examples will be given where T, has a bounded resolvent set, even with an empty
resolvent set. This is in sharp contrast to the case where w has no poles on the unit circle
T. For in this case the operator is bounded, the resolvent set is a nonempty unbounded set
and the spectrum a compact set, and the essential spectrum is connected.

The adjoint: In case w has no poles on T, in fact for any w € L*, the adjoint of the
Toeplitz operator T,, on HP can be identified with the Toeplitz operator T~ on H? , with
1 < p' < oo such that 1/p+ 1/p’ = 1 and with w* defined as w*(z) = w(z) on T.

For the Toeplitz-like operators generated by rational functions with poles on the unit
circle the situation is more complicated. However, we do obtain that T can be identified
with the restriction of the Toeplitz-like operator T, on H? to a dense subspace of its domain.
Like for the operator T, in case w is in Rat(T) we obtain a more explicit description of T*.

The degree of a polynomial r € P is denoted as deg (). Given r € P with deg (r) = k,

we define the polynomial r# by 7#(2) = 2*r(1/%). The following theorem describes the basic
properties of the adjoint.

Theorem F. Let w = s/q € Rat with s,q € P co-prime and 1 < p < co. Factor s = s_s¢s4
and ¢ = q_qoq+ with s_,q_ having roots only inside T, sg,qo having roots only on T, and
St,qs+ having roots only outside T. Set m = deg(q), n = deg(s), m+ = deg(qs), ne =
deg (s+) mo = deg (qo), no = deg (so) and let 1 < p' < oo with 1/p+1/p" = 1. Then

Dom(T}}) = (go)*H” C Dom(T,.) and T} =T,

(qo0)tH?'

Furthermore, we have

Ran(T:) - sz*”(er)ﬁ/(qu)ﬁQno—o—n,—mg—m, (S())ﬁHp )

i iy

| deg(r) <n_ —m_ — mo} :
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Here Qp, = Iy — Pp,_,, with Pp,_, the standard projection in H” onto Pr_y C HY to be
interpreted as 0 if k <0, i.e., Qp = Iy if K < 0. Thus, for ng +n_ < mg + m_ we have
Ran(T}%) = Tym-n (g, 1 (s450)*H? . Moreover,

dim Ker (7)) = max {O, #{zeroes of w inside D} — #{poles of w in ﬁ}} ,

where the multiplicities of the zeroes and poles are taken into account. Hence, dim Ker(T)
15 the mazimum of 0 and n— — m_ — mg. In particular, T); is injective if and only if the
number of poles of w inside D is greater than or equal to the number of zeroes of w inside I,
multiplicities taken into account.

By comparing the results on T,, and T* on H?, it is obvious T, cannot be selfadjoint,
except when w has no poles on T. Below we describe in terms of w when 77} is symmetric, in
which case T}, C T}, and whenever T} is symmetric we describe when 7~ admits a selfadjoint
extension.

Theorem G. Let w = s/q € Rat(T) with s,q € P co-prime. Consider T,, on H?. Then
T7 is symmetric <= w(T) C R.

In particular, if T is symmetric, then deg(s) < deg(q) < 2deg(s). Furthermore, if T is
symmetric, then T admits a selfadjoint extension if and only if the number of roots of s —1iq
and s + iq in D, counting multiplicities, coincide. This happens in particular if w(T) # R,
but cannot happen in case deg(q) is odd.

We show that if w € Rat(T) is proper, then the adjoint operator 77 is precisely a Toeplitz-
like operator of the type studied by Sarason, i.e. Toeplitz operators generated by functions
in the Smirnov class. Hence in this case our Toeplitz-like operator 7,, = 1* coincides with
the adjoint of the Toeplitz-like operator considered by Sarason. We also show that H (D),
the space of functions analytic on a neighborhood of D, is contained in Dom(7},) and in fact
is a core of T,.

Sarason introduces a class of closed, densely defined Toeplitz-like operators on H? deter-
mined by algebraic properties, which was further investigated by Rosenfeld. In particular,
this class of Toeplitz-like operators contains the unbounded Toeplitz-like operator studied
by Sarason and is closed under taking adjoints, and hence contains our Toeplitz-like oper-
ators with proper symbols in Rat(T). In fact, we show that T, is contained in the class of

Toeplitz-like operators introduced by Sarason for any w in Rat.

Matrix symbols: Let € Rat™ ™ with possibly poles on T and detQ(z) # 0. Define
To (Hy, — HE) by

Qf = h+r where h € LP (T),

_ D . _
Dom(Tq) = { feHr: and 7 € Rat™(T) } : Tof =Ph

where P is the Riesz projection of L, (T) onto H?,. We will consider the square case only for
simplicity but many of the results in this chapter extend to the non-square case, i.e. m # n.
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The Wiener-Hopf factorization of matrices with no poles on the unit circle allows one
to determine invertibility conditions and Fredholm-properties of the block Toeplitz operator
generated by rational matrix functions with entries in L*>°(T).

Using an adaptation of the construction of the Wiener-Hopf factorization due to N.
Wiener and E. Hopf, and made accessible by K. Clancy and I. Gohberg, we prove a Wiener-
Hopf type factorization for a rational matrix function with poles on the unit circle. We show,
for Q € Rat™ ™ with det Q # 0 that we can write

Q(2) = 27FQ_(2)Q(2) Py(2)Q4(2)

for some k > 0. Here _ and (2_)~! are minus functions , 2, and (€2, )~! are plus functions,
Qo = Diagj,(¢;) with ¢; a scalar rational function with poles and zeroes only on T and Py
is a lower triangular matrix polynomial with det(FPy(z)) = 2" for some N > 0.

Note that, if we choose P, to be lower triangular then the degree of the entries on the
diagonal need not be in any order (increasing or decreasing), and conversely, if we choose
to have either increasing or decreasing order of the degree of the entries on the diagonal, F
is not necessarily lower triangular. This is in sharp contrast to the classical Wiener-Hopf
factorization result where the entries on the diagonal has increasing degree. As is the case
for rational matrix functions in L*°, the Wiener-Hopf type factorization of rational matrix
functions with poles on T, Q(z), allows us to write

To = T To-+To,Tp,Ta,

where Q(2) = 27*Q_(2)Q0(2) Py(2)2, (2) is the Wiener-Hopf type factorization of Q. From
this we show that the following classical result holds:

Tz—llmTQTzImf = TQf7 f € DOIH(TQ)

where I,,, is the n-dimensional indentity matrix.

Using the factorization we reduce the questions on Fredholm properties to the case where
the operator is generated by a rational matrix function that is the product of a diagonal
rational matrix function, y(z) € Rat{”*™(T) with zeroes only on T, and a lower triangular
polynomial matrix Py(z) with determinant 2%, N > 0.

Theorem H. Let Q(z) = 27*Q_(2)Q0(2) Py (2)Q,(2) be the Wiener-Hopf type factorization
of Q described above.

Then Tg is Fredholm if and only if T, is Fredholm, and, in particular, if and only if
each of the entries, ¢;, of Qo has no zeroes on T. In case Tq is Fredholm,

IndexTq = mk+ Index T, + Index Tp,
=mk + Zdegqj Zk
where ¢; = % and q; has roots only on T and k; are the powers of z on the diagonal of .
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Further analysis of the factor 27%Q(2)Py(2) reveals that when T is Fredholm, we have

dim KerTy, = Z max(k + degq; — k;,0), codim RanTy = Z max(k; — degq; — k,0)

J=1 J=1

and that T is invertible exactly when k + degg; = k; for each j.
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Preface

This thesis is presented in article format. In slightly altered form, the content of the following
journal articles are included in Chapters 2 to 4:

1. G.J. Groenewald, S. ter Horst, J. Jaftha and A.C.M. Ran, A Toeplitz-like operator
with rational symbol having poles on the unit circle I: Fredholm properties, Oper.
Theory Adv. Appl., Vol. 271 (2018), 239 — 268.

2. G.J. Groenewald, S. ter Horst, J. Jaftha, and A.C.M. Ran, A Toeplitz-like operator
with rational symbol having poles on the unit circle II: the spectrum, Oper. Theory
Adv. Appl., Vol. 272 (2019), 133 - 154.

3. G.J. Groenewald, S. ter Horst, J. Jaftha, and A.C.M. Ran, A Toeplitz-like operator
with rational symbol having poles on the unit circle III: the adjoint, Integr. Equ. Oper.
Theory 91 (2019), no. 43, https://doi.org/10.1007 /s00020-019-2542-2.

Permission had been obtained from Springer Nature for the articles published in the
series Operator Theory: Advances and Applications for use in Chapters 2 and 3 with Licence
numbers 4680810020102 and 4680801010172 of 2 October 2019, respectively. The article
published in the journal Integral Equations and Operator Theory used in Chapter 4 had
been published open access under the Creative Commons CC BY licence.

The first two sections of Chapter 1 is a literature review with well known results from
the theory of Toeplitz operators that are relevant to the results in this thesis. The rest of
the chapter is a summary of the results found in chapters 2 - 5 and a comprehensive example
that illustrates the main results. Chapter 5 is in the form of an article that will be submitted
for publication later.

The origin for the study of this dissertation was a manuscript on the matrix case that
I submitted but that was not accepted for publication. Following the rejection, a series
of discussions were initiated by Rien Kaashoek with Sanne ter Horst, Gilbert Groenewald
and Andre Ran at the North-West University at Potchefstroom on the substance of the
submitted manuscript, and the necessity to understand better the scalar case first. These
discussions lead to the PhD proposal and the participants became the thesis supervisors.
Toeplitz-like operators with rational symbol having poles on the unit circle was the thrust of
the original manuscript and the ideas embedded therein became points of departure for the
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second chapter as well as the final chapter of the dissertation. The plan for the contents of
chapters 3 and 4 were constructed through discussions where I took a leading role in the
initial research plan.

All co-authors of the articles are thesis supervisors and so permission for inclusion of the
articles in the thesis is implicit.
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Chapter 1

Introduction

In this thesis we analyse a Toeplitz-like operator on H?(1 < p < oo) generated by a rational
function having a pole on the unit circle. We explore Fredholm properties of the operator,
the adjoint of the operator and the spectrum where the operator is generated by a scalar
function, and we end with a chapter on Fredholm properties for the case where the operator
is generated by a matrix valued function. Apart from Sections 1.3 and 1.4, this chapter is a
literature review with well known results from the theory of Toeplitz operators.

Let w be a rational function with poles on the unit circle, T. Then w ¢ L? (1 < p < 00)
and so a Toeplitz operator T, generated by w will not be bounded. In particular, w & L?, and
so the Toeplitz operator generated by w is not in the class of unbounded Toeplitz operators
on H? studied by Hartman and Wintner (cf. [18]). Furthermore, if w has poles in D then w
is not analytic and so w is not in the Smirnov class. The Toeplitz operator generated by such
an w will not be in the class of unbounded Toeplitz operators on H? studied by H. Helson
(cf. [20]) and by Sarason (cf. [26]).

There are many areas in which Toeplitz operators play an important role such as infor-
mation and control theory, physics, probability theory, and several other areas. Examples of
the interplay between quite diverse topics in mathematics such as operator theory, complex
analysis, harmonic analysis and the theory of Banach algebras, can be found in the study
of Toeplitz and Wiener-Hopf operators, which, together with differential operators, forms
an important class of non-selfadjoint operators. For example, Toeplitz operators are very
useful for proving index theorems in the framework of non-commutative geometry. Many
mathematicians such as A. Bottcher, A.P. Calderon, A. Devinatz, R.G. Douglas, I. Gohberg,
M.A. Kaashoek, B.V. Khvedelidze, M.G. Krein, S.G. Mikhlin, S. Profidorf, D. Sarason, B.
Silbermann, I.B. Simonenko, H. Widom and others, have contributed to the study of Toeplitz
-and Wiener-Hopf operators in the past half century.

Good references for bounded Toeplitz operators are the texts Analysis of Toeplitz Op-
erators by A. Bottcher and B. Silbermann [3], Basic Classes of Linear operators chapters
IIT and IV [15] and Classes of Linear Operators Vol 11, Part VI and Chapter XXXII by I.
Gohberg, S. Goldberg and M.A. Kaashoek [14] and for unbounded Toeplitz operators the
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articles Unbounded Toeplitz operators by D. Sarason [26] and On the spectra of Toeplitz
Matrices by P. Hartman and A. Wintner [18], and references contained therein. Selected
references for applications of Toeplitz operators are J. Andersen and J. Blaavand [1] in Topo-
logical Quantum Field Theory, Z. Zhu and M. Wakin [31] in Information Theory and Signal
Processing and P. Deift, A. Its and I. Krasovky [8] in Statistical Mechanics.

1.1 Bounded Toeplitz operators

In this section we gather background results on bounded Toeplitz operators on H? and start
with the origins and some applications of Toeplitz operators.

1.1.1 Toeplitz operators: origins and applications

In his Habilitationsschrift Otto Toeplitz initiated the study of quadratic forms ) ¥,z ys
with coefficients ¢j, = 1;_) and the associated Toeplitz matrices T,,(¢) = {¥j_x }o<jr<n—1
with determinants D, (¢)) = det(7,(¢)). In [28] Toeplitz showed that the polynomial

p(2) =co+ 1z + 2’ + -+ 2"
has an analytic extension v (z) in the unit disk with

where d; = ¢;,0 < j < n and with nonnegative real part (Re (1(2)) > 0) in the unit disk if
and only if the (n 4+ 1) x (n 4 1) Toeplitz matrix

2co C1 Co st Cpe1  Cp

Cc_1 200 C1 e . e Cn—1

C_2 C—]_ 260 ... PR CTL—2
C_n+1

Cn Copt1 Copy2 -+ = 2¢q

with c_j = ¢, is non-negative. This provided an algebraic characterisation of a problem intro-
duced by C. Carathéodory ([4]) and which Carathéodory characterised by using Minkowski’s
theory of convex bodies.

Toeplitz matrices were applied in the analysis of the Ising Model in Statistical Mechanics.
W. Lenz introduced the Ising model in statistical mechanics named after a student of his,
E. Ising [21]. In the two-dimensional Ising model it represents a model of ferromagnetism
based on the interaction of random spins o;; = +1 at site (i,j) € Z*. B. Kaufman and
L. Onsager in articles [23], [24] and [25] discussed an analysis of the two-dimensional Ising
model without a magnetic field present. In their analysis

N[

(1.1.1)

My = lim (011,01 14n)
n—oo



where M, is the spontaneous magnetization of the two-dimensional Ising model and
(011,01140) 1s a correlation function. Kaufman and Onsager produced two approaches to
solving Equation (1.1.1). Firstly, (01.1,01,14n) is written as a sum of two n x n Toeplitz
determinants. This requires the computation of the asymptotics of n x n Toeplitz determi-
nants for which G. Szeg6 provided a solution in the celebrated Szego Strong Limit Theorem
of 1952, cf. [27].

The other approach is to write (o 1, 01145) as a single n x n Toeplitz determinant. On-
sager recognised the eigenvalue equation for the Toeplitz determinant as a discrete analogue
of a Milne-type integral equation which could be solved using the Wiener-Hopf technique, a
technique Onsager was familiar with. See, for example, [8] for additional discussion of the
application of Toeplitz operators in the analysis of the Ising model.

A more recent application of Toeplitz operators is in the area of Topological Quantum
Field Theory (TQFT). In [1], J.E. Andersen and J.L. Blaavand show how Toeplitz operators
defined on the holomorphic part of the space of endomorphisms on a compact manifold are
used to confirm that the geometric constructions proposed by E. Witten in [30] satisfy the
Atiyah-Segal-Witten TQFT axioms.

1.1.2 Bounded multiplication and Toeplitz operators on L”

In this section, we review relevant material on bounded multiplication and Toeplitz operators
on LP generated by a function a € L*>. Results contained in this section concerning the scalar
case can be found in [3] and [15] and those results concerning the matrix case, in [14].

Let T be the unit circle in the complex plane. For 1 < p < oo, we denote by L?(T), or
simply LP, the Banach space of complex valued measurable functions f on T such that |f|P
is integrable, i.e.,

1/p
el |fll, = ( / |f|pdm> < o0,

where m is the Lebesgue measure. By L* we shall mean the measurable and essentially
bounded functions on T, i.e.,

fel” = |flw:= 38 Sup £ (2)] < oo
Then
L*c L cL*clLt forl1<s<r<oo.
For a € L*™ and 1 < p < oo define the multiplication operator M, by
M, : I — LP f—af.

Then M, is called the multiplication operator generated by a or equivalently with symbol
a. Clearly, M, is a bounded operator on LP and, in fact, M, is a bounded operator on L? if
and only if @ € L* with

[Mallp = llalloo-
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Let H? C L? (1 < p < o0) be the Hardy space of functions in L? that have an analytic
extension to the open unit disk in the complex plane. Then

H® Cc H c H® c H* for 1 <s<r<oo.

For 1 < p < oo, let P : LP — HP be the projection due to M. Riesz, see for example
pages 149 - 153 in [16]. We shall refer to this as the Riesz projection, not be confused with
the Riesz projection occurring in spectral theory, which is due to F. Riesz, see for example
pages 9 - 13 in [13]. Then P is a bounded projection for 1 < p < co. For p = 2 the Riesz
projection coincides with the orthogonal projection of L? onto H?2.

For a € L*, the Toeplitz operator T, on H? (1 < p < oo) generated by a is defined by
T,: H? — H?, f=Plaf).
Note that
Ta = ]P)Ma|HP

and so T, is bounded and we say that a is the symbol of T,. It is well known that the
operator T, is bounded if and only if a € L™ (c¢f. Hartman and Wintner, 1950, [18]). If
p = 2 then

1Tall2 = [[Mall2 = llallo

and for p # 2 we have
1 Tallp < IP[lllallo

where P is the Riesz projection on LP.

1.1.3 Shift invariance

Define the bilateral shift M, on L? (1 < p < 00) as the multiplication operator generated by
z and the unilateral shift 7, on H? (1 < p < o0) as the Toeplitz operator generated by z.
Thus

M,: L = LP, f(z)— 2f(2),2z€T

and
T,: H* — H?, f(2)—P(zf(2)),z € T.

The backward bilateral shift M,-1 is the multiplication operator generated by z~! and the
backward unilateral shift T,-1 is the Toeplitz operator generated by z~!.

Note that

L. (T,)"=Tm and (T,-1)" =T,-n, n € Zy,
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2. T,-1T, = I on H? but T,T,-1 is not the identity operator on HP,
3. T7 is an isometry on H?, has closed complemented range with codimension n,

4. T", is surjective with dimension of its null-space n.

Let a € L™ then
MM, =M,M, and T, T,T,="1T,

and we say that the multiplication operators are shift invariant. In fact, bounded multipli-
cation and Toeplitz operators on LP and HP, respectively, are the only operators with the
above property, as the next result shows.

Proposition 1.1.1. Let A be a bounded operator on LP (1 < p < 00) and B a bounded
operator on H? (1 < p < o0) with M,-1AM, = A and T,-1BT, = B where M, is the
bilateral shift on LP and T, the unilateral shift on HP. Then there are a,b € L* with
M, = A and T, = B where M, is the multiplication operator generated by a and Ty, the
Toeplitz operator generated by b.

For a,b € L* the product of multiplication operators M,, M, generated by a and b is
again a multiplication operator, M,, = M, M, but it is not always the case that T,T} is again
a Toeplitz operator. However, we have the following result.

Proposition 1.1.2. Let a,b € L. Then T, T, is a Toeplitz operator if and only if @ or b is
analytic where a(z) = a(z). In case @ and b are analytic, for any ¢ € L™ we have

7;% ::TLJEJE

1.1.4 Fourier coefficients and the matrix representation

Define the function e, (n € Z) by e,(z) = 2" (2 € T) which we will denote by z". Then
{2"}nez is a basis for LP (1 < p < 00) and an orthogonal basis for L2. The set {2"},>0 is a
basis for H? (1 < p < 0o) and an orthogonal basis for H?.

Given f € LP we define its Fourier coefficient f,,(n € Z) by
fu= (F:).2) = o [ ST = 52 [ e dm(e)

Since {2"}nez is a basis for LP (1 < p < o0) and {2"},>¢ is a basis for H? (1 < p < o0),
for f € L? and g € H? we can write

= Z fn2" and g(z) = Zgnz”, z €T,

neL n>0



where f,, and g, are the n-th Fourier coefficients of f and g respectively.
The harmonic extension of f € L' is the function fdeﬁned on D by

F2) =Y farlem® (0<r<1,0<6 < 2n)

nel

where z = re”® € D and f, is the n-the Fourier coefficient of f. If f € H! then its harmonic
extension is analytic and so is referred to as its analytic extension with

J?(z) = anz" (z € D).

Note that for f € H? the non-tangential limits

lim f(z) (z€D)

z—vet?
exist almost everywhere and coincide with f(e?). Thus we will identify the analytic extension
f of f € H? with f.

Note that for f € LP, in terms of Fourier coefficients, we have
(Pf),, = fn for n >0, (Pf),=0forn <0

where (Pf),, is the n-th Fourier coefficient of Pf.
Let a € L™ and T, be the Toeplitz operator on H? (1 < p < 0o) with symbol a. Then

) 1 A 1 ,

(T, 27, 2% = — / azl 2 Fdm(z) = — / az"*dm(2) = ar_;
2 T 2 T

the (k — j)-th Fourier coefficient of a. This is a defining characteristic of Toeplitz operators,

as can be seen in the next result.

Theorem 1.1.3. Let A be a bounded operator on HP (1 < p < 00), and suppose (ap)nez 1S
a sequence of complex numbers with (Az7,2%) = ay_; for all k,j € Z,. Then there is an
a € L such that A =T, and a, is the n-th Fourier coefficient of a.

Let a € L™ then the set of polynomials, P, is contained in the domain of 7}, and so
we can determine the action of 7, as an infinite matrix. From Theorem 1.1.3 the matrix
representation is a Toeplitz matrix, i.e., the matrix [T,] of T, is one with constant diagonals
that are parallel to the main diagonal

ap a_—1 a_o9 Qa_3

aq Qo a_1 Qa_9
R— — oo J—

[T, =M = [mij]i,j:o =lay a ay a_;

as az ai Qo




where a; € C is the j-th Fourier coefficient of a. Note that we can write m;; = a;_;.

For p = 2, the Toeplitz operator T, on H? and the Toeplitz matrix [T,] defined on ¢? are
unitarily equivalent through the isomorphism

H 523 o o {entnen.. (1.1.2)

neZly

1.1.5 Rational symbols

Let C be the space of all continuous complex-valued functions on T. Suppose a € L™ is a
rational function, then a has no poles on T and a € C. Because the Toeplitz-like operators
we consider only have rational symbols, we discuss the case of rational L> symbols here,
but many results remain true for continuous symbols. For the rest of this section we assume
that a € L™ is a rational function.

A function is called a plus function if its Fourier coefficients with negative index are all
zero, and called a minus function if its Fourier coefficients with strictly positive index are all
zero. Suppose a is a rational function with no poles on T. If a has no zeroes on T we can
write

a(z) =a_(z)z"ay(z), ze€T,

-1 -1

for some k € Z where a_ and (a_)~' are minus functions, and a; and (a;)”' are plus
functions. Here x is the difference between the number of zeroes of a in D and poles of a
in D, counting multiplicities, and is equal to the winding number of a. This factorization is
called the Wiener-Hopf factorization of a relative to T.

Theorem 1.1.4. Let a € L*> be a rational function without zeroes on T and T, the Toeplitz
operator with symbol a on HP (1 < p < 00). Suppose

a(z) =a_(z)z"a(z), =z€T,
is the Wiener-Hopf factorization of a relative to T. If k > 0 then
1, =T, T T,
and if k < O then
T, =T, (T,1)"T,

— a4 -

1.1.6 Fredholm Theory

An operator A from Banach space X to Banach space Y is called Fredholm if it has a closed
range with finite dimensional nullspace (KerA) and its range (RanA) has finite codimension.
The index of a Fredholm operator A is given by

Index A = Dim KerA — codim RanA. (1.1.3)



Theorem 1.1.5. Let T, be the Toeplitz operator generated by a € L™ on HP (1 < p < 00).

Then T, is injective or has dense range. In particular, T, is invertible on H? if and only if
T, s Fredholm with IndexT, = 0.

Let T° = T\{—1} and suppose a € C with no zeroes on T. Then there is a real-valued
function b on T° with @ = |a|e’™. The increment in b as the result of a counter-clockwise
rotation on T is an integer dependent on a only and not on the choice of a particular b. This
integer is called the winding number of a and denoted by wind(a).

Theorem 1.1.6. Let T, be the Toeplitz operator generated by a € L™ on HP (1 < p < 00)
and suppose a is a rational function. Then T, is Fredholm if and only if a(z) # 0 for z € T.
If T, is Fredholm, then Index T, = —wind(a).

Let T, be the Toeplitz operator generated by a € L™ on HP(1 < p < oo). From the
above we have that T, is Fredholm if and only if a has no zeroes on T and in this case
Index T}, = —wind(a) which is equal to the difference between the number of zeroes of a and
the number of poles of a in D, counting multiplicities. Furthermore, T, is invertible if and
only if T, is Fredholm with index zero and so in this case a has the same number of poles as
zeroes in D, multiplicities counted.

Theorem 1.1.7. Let a € L™ be a rational function without zeroes on T and T, the Toeplitz
operator with symbol a on HP (1 < p < 00). Suppose

a(z) =a_(2)z"ar(z), z€T

1s the Wiener-Hopf factorization of a relative to T. Then IndexT, = —k and so T, is
wnwvertible if and only if k = 0 and in this case

(Ta)_l = T(a+)—1T(a7)—1.
If k > 0 then T, is left invertible with a left inverse given by

T =T,

a (a+)—1(TZ—1)NT(a7)—1.
If k < 0 then T, is right invertible with a right inverse given by

T =T (T2) " Tia ).
The essential range R(a) of an L> function a is defined by
R(a):={ e C:m{zeT:|a(z) — A <e} >0 forevery ¢ > 0}

where m is the Lebesgue measure. Observe that R(a) = a(T) if a is continuous. For an
operator A on a Banach space X the spectrum o(A) is defined by

o(A):={AeC:A— Al isnot invertible}
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and the essential spectrum o.s(A) by

Oess(A) :={A € C:A— A is not Fredholm}.

The point spectrum of A is the set
op(A) ={A€c(A): A— Al isnot injective},
the continuous spectrum of A is the set
o.(A)={ € cg(A): A— A is injective and has dense range}
and the residual spectrum of A is

o-(A) ={A€c(A): A— Al is (injective and) but does not have dense range}.

Let T, be the Toeplitz operator generated by a € L on H? (1 < p < o0). Hartman
and Wintner in [18] showed that the point spectrum of T, on H? is empty in case a is
rational real-valued and posed the problem of specifying the spectral properties. In case a is
continuous, Gohberg in [11], and more explicitly in [12], showed that T} is Fredholm exactly
when the symbol has no zeroes on T, and in this case the index of the operator coincides
with the negative of the winding number of the symbol with respect to zero. This implies
that the essential spectrum of a Toeplitz operator with continuous symbol is the image of
the unit circle under a.

Hartman and Wintner in [19] followed up on their earlier question by showing that
if a is real valued, then the spectrum of T, on H? is contained in the interval bounded
by the essential lower and upper bounds of @ on T. They also showed that the point
spectrum is empty whenever a is not a constant. Halmos, after posing in [17] the question
whether the spectrum of a Toeplitz operator is connected, with Brown in [2] showed that the
spectrum cannot consist of only two points. Widom, in [29], established that T, on H? has
connected spectrum, and later extended the result for general H?, with 1 < p < co. That
the essential (Fredholm) spectrum of a bounded Toeplitz operator in H? is connected was
shown by Douglas in [9]. For the case of bounded Toeplitz operators in H? it is posed as an
open question in Bottcher and Silbermann in [3, Page 70] whether the essential (Fredholm)
spectrum of a Toeplitz operator in H? is necessarily connected.

For A € C and a € L* the operator T, — AI is the Toeplitz operator T,_, so that questions
on the spectrum of T, can be related to questions on Toeplitz operators with an additional
complex parameter. For a = 2 € L* rational we can describe the spectrum and its subsets
in terms of the winding number of a and thus in terms of the difference between the poles
of a in D and the zeroes of A — a in . This is summarised as follows:

Theorem 1.1.8. Let a € L™ be a rational function and suppose wind (a|\) is the winding
number of a with respect to X € C. Then



1. The essential spectrum of T, is given by

Oess(Ty) = a(T).

2. The spectrum of T, is given by
o(T,) =a(T)U{X € C: wind (a|)) # 0}.
(a) The point spectrum of T, is the set
op(T,) ={A € C: wind (a|\) < 0}.
(b) The continuous spectrum of T, is the set
0c(Ta) = a(T)
(¢) The residual spectrum of T, is the set

o.(T,) = {\ € C: wind (a]\) > 0}.

1.1.7 The adjoint operator and selfadjoint Toeplitz operators
The dual space of H? (1 < p < oo) is (H?)* = L¥ /P(L*) (% + :z% = 1) where P is the Riesz

projection in L?. There is an isomorphism between (H?)* and H? given by

G(f) = %/ngdm, G e (HP) +— g e H”.

This is an isometry for p = 2.

With this identification, it is clear that for a € L™, the adjoint T} of T}, in H? can be
identified with T on H”, the Toeplitz operator generated by .

Let a be a real valued function, i.e., [T,] Hermitian matrix, then 7, is a self-adjoint
operator on H?. Furthermore, o(7T,) = R(a) = [m, M| where m, M are the (essential) lower
and upper bounds of a. Also, if a is not a constant, then the point spectrum o,(7,) of T, is
empty.

1.1.8 Matrix symbols

Many results similar to the scalar case holds for the matrix case as well. We will confine
ourselves to results in Fredholm theory related to rational matrix symbols in this section.

By L? and H? we shall mean complex-valued functions, f, on T with m-components

with each component in LP and HP, respectively. Let a = (aij)?jzl be an n X n rational
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matrix function with no poles on T. Then a(z) is continuous on T. The block Toeplitz
operator T, defined on H? (1 < p < 00) is given by

T.:HY = HY, (), — (Z ws f )

where Ty, . is the Toeplitz operator on H? generated by ay;, the kj-th entry of a. We say that
T, is the block Toeplitz operator with defining function a or equivalently 7T, is generated by
a.

n

k=1

Theorem 1.1.9. Let a be an n x n rational matriz function with no poles on T and suppose
T, is the block Toeplitz operator generated by a. Then T, is Fredholm if and only if

deta(z) # 0, z e T.

Theorem 1.1.10. Let a be an n xXn rational matriz function with no poles on T and suppose
T, is the block Toeplitz operator generated by a. Assume that deta(z) # 0 for all z € T.
Then T, is Fredholm and the index of T, s the negative of the winding number relative to
the origin of the curve parametrised by the function

p:|—mm = C, p(t) = det a(e™).

Recall that a Toeplitz operator which is Fredholm with zero index is invertible (Theorem
1.1.5). There is a decisive difference between the scalar case and matrix case (n > 1) in
that a block Toeplitz operator with index zero need not be invertible. A case in point is
a(z) = Diag(z,27!). Here the block Toeplitz operator T, generated by a is clearly not
invertible but both dim Ker(7,) and codim Ran(7},) are equal to 1.

Let a be an n x n rational matrix function with no poles on T. We call a a plus function
if @ has no poles on the closed unit disk I which means that each entry of ¢ has no poles
on the closed unit disk D. This is equivalent to the fact that the Fourier coefficients a;, with
negative index are zero, i.e.

1 ™

ag == — e *a(eydt = 0, k=-1,-2,....
2 ),

We call a a minus function if a has no poles on |z| > 1 with the point at infinity included.

As with the scalar case, it is not the case that if a and b are n x n defining functions of
block Toeplitz operators that the product of block Toeplitz operators T, and T}, would again
be a block Toeplitz operator with defining function ab.

Theorem 1.1.11. Let a; and as be n X n rational matriz functions with no poles on T. If
ay 1S a minus function or as is a plus function then

TalTaQ == TCL1€L2
where Ty, , Ty, and T}, ., are the block Toeplitz operators generated by ay,as and ajay respec-

tively.
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Recall that a (scalar) function a with no zeroes or poles on T has a (non-canonical)
Wiener-Hopf factorisation relative to T in the form

a(z) = a_(2)2"a (2),z € T

where a_ and a~! are minus functions and a, and ajrl are plus functions. The result below

provides a matrix equivalent of the Wiener-Hopf factorization.

Theorem 1.1.12. Let a be an n X n rational matriz function with no poles on T and assume
that det a(z) # 0 for z € T. Then there exist integers k1 < ko < -+ < Kk, and rational matrix
functions a_ and a, that have no poles on T, such that

and
1. ay has no poles on the closed unit disk, |z| <1,
2. detay(z) #0 for |z| <1,
3. a_ has no poles for |z| > 1 (point at infinity included),
4. deta_(z) # 0 for |z| > 1 (point at infinity included).

In particular a=' and ajrl exist, the functions a_,a”"

plus functions.

are minus functions and ay,a;' are

The factorization in the theorem above is called a (non-canonical) Wiener-Hopf factor-
ization of the rational matrix a relative to T and the indices x;,j = 1,2,...,n are uniquely
determined by a. The factors a_ and a, are, however, not uniquely determined by a.

Theorem 1.1.13. Let a be an n X n rational matriz function with no poles on T and assume
that deta(z) # 0 for z € T with

a(z) = a_(z)Diag (2", 2", ..., 2" ) a;(2), ze€T

a Wiener-Hopf factorization of a relative to T. Then the block Toeplitz operator T, generated
by a is Fredholm with

dim Ker(7,) = Z Kj, codim Ran(7,) = Z K;

k5 <0 k>0
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and a generalised inverse of T, is given by the operator

T
T

z

—K
T7r

Ks+1
T S‘1

2

K
T,

where T, is the unilateral (forward) shift operator on HP, T.-1 the unilateral backward shift
operator, Ki,...,kK, are the negative factorization indices and Kgyi1, ..., Kk, are the positive
factorization indices. Note that for the middle factor in the generalised inverse we use the
identification Hy = &%_ H”.

From the above theorem it follows that 7, will be invertible exactly when all indices are
Z€ero, i.e. k1 = Ko = - -+ = K, = 0, and in this case we have

T;l = Ta—lTa—l.
+ —

1.2 Unbounded Toeplitz operators: L? symbols and
symbols in the Smirnov class

In this section we discuss results on two types of unbounded Toeplitz operators that have
been considered in the literature. Of course we cannot do justice to the breadth of topics in
the literature on these classes of operators and so we will confine ourselves to results relating
to the aim of this thesis, namely basic results in Fredholm characteristics, the spectrum and
the adjoint.

1.2.1 Unbounded Toeplitz operators on H? with L? symbols

Let f € L? and g € H? then fg € L' but not necessarily in L2. In [18] and [19], P. Hartman
and A. Wintner investigated the spectra of infinite Hermitian Toeplitz matrices on £? where
they assert that the related problem for infinite Laurent matrices are comparatively simple.
Here they introduced the infinite unbounded Toeplitz matrix associated with the Toeplitz
operator Tfh, defined below, to fill the gap in the literature on the location of the spectra of
such infinite Toeplitz matrices. Note that the infinite Toeplitz matrix on ¢? is isometrically
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equivalent to the Toeplitz operator on H?, cf. Equation 1.1.2. In this subsection we review
some results contained in [18] and [19].

The Toeplitz operator T} (H* — H?) with symbol f € L? is defined by
Dom(T}") ={h € H* | fh = g1+g2 € L', q1 € H?, g5 € L', (g2),, = 0,n > 0}, Ti"h = gi,

where (gs), is the n-th Fourier coefficient of g,. Note that Ter is not bounded, unless if
f € L. Tts domain contains the polynomials and so T}{r is densely defined. Let M be the
subspace of H? whose elements have only a finite number of nonzero Fourier coefficients, i.e.
M is the space of polynomials in H?, and suppose that T7° is the restriction of the Toeplitz

operator T%{r with symbol f restricted to M. Then

o\* __ rHr Hr\x __ 770
@y =T, (T =T

where T_?o is the smallest closed extension of T?°. From this it follows that T}{r is a closed

operator as it is an adjoint operator and

Ty C (T30 C Ty, (T =15

Suppose that f € L? is real-valued. Then (T}{r)* is a closed symmetric operator and so
T7 C (Tf") C Tf" = (T7")™.

The following results contain conditions that ensures that T}{r is selfadjoint or has a
selfadjoint restriction.

Lemma 1.2.1. Let f € L? be real-valued. Then T}Ir is self-adjoint if and only if Ran(Ty) =
H? where g = f 1.

Proposition 1.2.2. Let f € L? be real-valued. If f is bounded below , i.e. f(z) > c for
some ¢ € R™, then T}{r 1s self-adjoint.

Note that there exist real-valued functions f € L? such that T}" is not self-adjoint but
have a self-adjoint restriction (see for example (I*) on page 879 in [18]).

1.2.2 Unbounded Toeplitz operators on H? with Smirnov class
symbols

A function ¢ € H* is called an inner function if |¢(z)| = 1 for almost all z € T. A function
g € H! is said to be outer if its analytic extension, g, can be represented in the form

1 2 30 )
g(z) = cexp (—/ ‘ +z log w(eze)dQ) ,
0

o e — 2
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where ¢ € T, ¢ € L', 1) > 0 a.e. on T, logt € L'. The inner-outer factorization theorem
says that for every function f € H? (1 < p < oo) which is not identically zero there is an
inner function ¢ € H* and an outer function g € H? such that f = pg. This factorization
is unique up to a multiplicative constant. Note that if f € H'! is outer, then

~

1. its analytic extension f(z) # 0 for z € D, and
2. fHP? is dense in HP.

The Smirnov class N is the class of analytic functions that are quotients of H* functions
where the denominator is an outer function. An alternate definition for the Smirnov class

(cf. [20]) is
N* = {f analytic on D : log |f| € L, for g € H? fg € L* = fg € H*}.

Every ¢ € NT can be written uniquely as ¢ = % where a,b are in the unit ball of H,

a an outer function with a(0) > 0 and |a(z)|* + |b%z | =1 for z € T. This is called the
canonical form of ¢ € N™.

For ¢ = 2 € N* define the Toeplitz operator T5*(H* — H?) (cf. [20], [26]) by
Dom(T3*) ={h € H* | ¢h € H*},  T3*h = ¢h.

Suppose ¢ = g € N7 is the canonical form of ¢ then Dom(Tga) = aH? and so Tg’a is
closed and is densely defined as a is an outer function.

Let H(D) be the space of functions that are analytic on a neighbourhood of D. Then
H(D) C Dom(T;*)* for ¢ € N

Let ¢ € N* and define Tg(H(ﬁ) — H?) by

D) > B, fo S (z afm) "
m=0 \n=0

where ¢, and f,, are the n-th and m-th Fourier coefficients of ¢ and f respectively. Then
T is closable and T2 = (T5*)*. We denote (T*)* by Tga.

Let ¢ € N* and ¢ € H*®. For f € Donga we have

Sa __mSa ¢ __ 1 _mSa

Let ¢ € Nt be real-valued on T, for example ¢(z) = —z;j Then
1. T ga is symmetric, and

2. if ¢ is non-negative then Tga has a selfadjoint extension but is not selfadjoint.
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1.3 Toeplitz-like operators with rational symbol hav-
ing a pole on the unit circle

In this section we discuss the main results contained in the thesis. But, first we introduce
some notation. By Rat and Ratg we shall mean the space of rational functions and the space
of strictly proper rational functions, respectively. By Rat(T) and Raty(T) we shall mean the
spaces of rational functions with poles only on T and the strictly proper rational functions
with poles only on T, respectively. By P and Py we shall mean the spaces of polynomials
and polynomials of degree at most k, respectively.

By Rat™ " and Rat{"*" we shall mean the matrix equivalent, i.e. the space of m x n
rational matrix functions with each entry a rational function and the space of strictly proper
rational functions (identically zero at infinity), respectively. The other symbols are extended
to the matrix case in a similar manner.

1.3.1 Basic and Fredholm Properties

Results in this section appear in Chapter 2 and in Chapter 3.

Let w € Rat with poles on T. Then w &€ L for 1 < p < oo, and in particular w ¢ L2
To see this, suppose w has a pole of order n at « € T. Then |w(2)| ~ |z —a|™ as z — a.
From this it follows that [ |w[Pdz diverges. Furthermore, if w € Rat has poles in D as well
as on T then w € N*. From this it follows that Toeplitz operators generated by rational
functions with a pole in D will be an unbounded Toeplitz operator not covered by the classes
investigated in Section 1.2.

Let w € Rat with possible poles on T. Define the Toeplitz-like operator T,,(H? — HT)
for 1 < p < oo as follows:

Dom(T,)={g € H?|wg = f + p with fe L2 peRato(T)}, T,g9 = Pf, (1.3.1)

where P is the Riesz projection from LP onto HP.

Note that in case w has no poles on T then w € L*>* and the Toeplitz-like operator T,
defined above coincides with the classical Toeplitz operator T, on HP discussed in Section
1.1.2. In general, for w € Rat, the operator 7, is a well-defined, closed and densely defined
linear operator. By the Euclidean division algorithm, one easily verifies that all polynomials
are contained in Dom(7,,). Moreover, it can be verified that Dom(7},) is invariant under the
unilateral (forward) shift operator 7, and that the following classical result holds:

TT,T.f=T,f, f€Dom(T,). (1.3.2)

For w = 2 € Rat(T), the definition as the Toeplitz-like operator in Equation (1.3.1) above
can be simplified as

Dom(T,)= {g € H? |wg=h+ r with he H? rEPdeg(q)l} , T.,g =h, (1.3.3)
q
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which looks decidedly similar to the definition of T}Ir in Section 1.2.1.

In case w € Rat(T), we have a complete description of the operator.

Theorem 1.3.1. Let w € Rat(T), say w = s/q with s,q € P co-prime. Factor s = s_s¢s,
with s_, sg and sy having roots only inside, on, or outside T. Then

Ker(T,,) = {ro/s | deg(ro) < deg(q) — deg(s_so)};

Dom(7,,) = qH? 4 Paeg(q)—1; Ran(T,,) = sH” + 75, (1.34)
where P is the subspace of P given by
P = {reP|rqg=ris+ry for ri,72 € Pacg(q)—1} C Pdeg(s)-1- (1.3.5)
Furthermore, HP = Ran—(Tw)—i— 8) forms a direct sum decomposition of HP, where
Q="P,1 with k=max{deg(s_)— deg(q),0}, (1.3.6)

following the convention P_q := {0}.

If w=s/q € Rat(T) with ¢ having at least one root on T then ¢H? is dense in H?. Note
that if the polynomial ¢ has a root on T then ¢H? 4 Pyegq—1 # HP but is only dense in
HP(1 <p<o0).

Theorem 1.3.2. Let s € P, s #0. Then H? = sHP 4 Pyeg(s)—1 if and only if s has no roots
on the unit circle T.

The description of the nullspace and range of T, in case a € Rat(T) can be used to
determine the index of T}, similarly as in Theorem 1.1.5 for a € L*.

Theorem 1.3.3. Let w € Rat(T). Then T, is Fredholm if and only if w has no zeroes on
T. If T,, is Fredholm, the Fredholm index of T, is given by

Tndex (T,,) = # {poles of w multi. t} _y {zemes of winD multz.} .

taken into accoun taken into account

and T}, s either injective or surjective. In particular, T, is injective, invertible or surjective
if and only if Index (T,,) < 0, Index (T,,)) = 0 or Index (T,,) > 0, respectively.

For w € Rat we construct the following analogue of the Wiener-Hopf factorization:

w(z) = w-(2)(z"wo(2))w(2)

where « is the difference between the number of zeroes of w in D and the number of poles of
w in D, w_ has no poles or zeroes outside D, w, has no poles or zeroes inside D and wy has
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all its poles and zeroes on T. Based on the choice of the domain in equation (1.3.1) it can
then be shown that

1, = Tw_TzNwo w4+ (137>

This factorization, together with the fact that T, is shift invariant (Equation 1.3.2)
trivially extends Proposition 1.1.2 to this case, namely

Ta Tw Tb = Tawb

where @ and b are rational functions that are analytic on D and w € Rat with possibly
poles on T. In addition, this factorization eventually allows the questions on Fredholmness
to be reduced to the case where w has only poles on T. It thus allows us to characterize
invertibility of T, and to give a formula for the inverse of T, in case it exists.

Theorem 1.3.4. Let w € Rat. Then T, is Fredholm if and only if w has no zeroes on T.
In case T, is Fredholm, the Fredholm index of T, is given by

taken into account taken into account

Index (T,,) = ¢ {poles of winD multz.} _y {zeroes of win D multz.} ’

and T,, 1s either injective or surjective. In particular, T, is injective, invertible or surjective
if and only if Index (T,) < 0, Index (7)) = 0 or Index (T,,) > 0, respectively.

The result of Theorem 1.3.4 may also be expressed in terms of the winding number as
follows: Index (7},) = —lim,}; wind (w|rT). In the case where w is continuous on the unit
circle and has no zeroes there, it is well-known that the index of the Fredholm operator T, is
given by the negative of the winding number of the curve w(T) with respect to zero (Theorem
1.1.6). However, if w has poles on the unit circle, the limit lim, ; cannot be replaced by either
lim,_,; or lim,4; in this formula.

Proposition 1.3.5. Let w € Rat with at least one pole on T and let k be the difference
between the number of zeroes of w in D and the number of poles of w in . Then T, is
wnvertible if and only if w has no zeroes on T and k is also equal to the number of poles of
w on T. In that case w factorizes as

w4 (2),

where w_ has no poles or zeroes outside D, wy has no poles or zeroes inside D and qy is a
polynomial of degree k with all its roots on T, and moreover,

T, =T, TaT, .
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Since the polynomials P are contained in the domain of the closed operator T, defined
in (1.3.1), by inspecting the action of T}, on the monomials z" and expressing the result as a
power series, it is possible to determine a matrix representation [7T,,] of the operator T,,( H? —
HP) with respect to the basis {2"}2°,. This matrix representation [T,] has a Toeplitz
structure, i.e., [T,] = [am_n|p o for some sequence (an)nez. Here a, has a polynomial
bound, a,, = O(n’) for some j € N.

Theorem 1.3.6. Let w € Rat possibly with poles on T. Then we can write the matriz
representation [T,,] of T,, with respect to the standard basis {z"}5, of H? as

ap a—1 A9 A_-3 Q_4
aq Qo a_1 a_9 Qa_3
a9 aq Qo a_1 Q-9

[Tw] =

In addition a_; = O(j™~1) for j > 1 where M is the largest order of the poles of w in T and

1.3.2 The spectrum

Results in this section appear in Chapter 3.

Using the fact that A\ g» — T,, = T)\_,, enables us to describe the spectrum of T, and its
various parts. We start with the essential spectrum.

Theorem 1.3.7. Let w € Rat. Then the essential spectrum oess(T,,) of T, is an algebraic
curve in C which is given by

ess(Ti) = w(T) := {w(e?) | 0 < 0 < 27, € not a pole of w}.

Furthermore, the map \ — Index (T\_,) is constant on connected components of C\w(T)
and the intersection of the point spectrum, residual spectrum and resolvent set of T,, with
C\w(T) coincides with sets of A € C\w(T) with Index (T\_,,) being strictly positive, strictly
negative and zero, respectively.

In the next two results the various parts of the spectrum of T, are described using the
facts that A g» — T, = Th—,, and that Index (7},) = — lim,; wind (w|rT).

Theorem 1.3.8. Let w € Rat, say w = s/q with s,q € P co-prime. Define

k, = #{roots of q inside D} = #{poles of X\ — w inside D},
ky = t#{roots of \q¢ — s inside D} = #{zeroes of A — w inside D}, (1.3.8)
kS = t#{roots of \g — s on T} = #{zeroes of A\ — w on T},
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where in all these sets multiplicities of the roots, poles and zeroes are to be taken into account.
Then the resolvent set p(T,,), point spectrum oy, (1,,), residual spectrum o.(1,,) and continuous
spectrum o.(T,,) of T,, are given by

p(T,)={\€C| K} =0 and k, = k },
oo(T,) ={N€C | ky>ky +K}, o(TL)={ eC |k, <k}, (1.3.9)
0.(T,)={AN€C K >0 and ky <k, <k; +k3}.
Furthermore, 0us(T,) = w(T) = {\ € C | kY > 0}.

For the case where w € Rat(T) is proper we can be a bit more specific.

Theorem 1.3.9. Let w € Rat(T) be proper, say w = s/q with s,q € P co-prime. Thus
deg (s) < deg(q) and all roots of q are on T. Let a be the leading coefficient of q¢ and b the
coefficient of s corresponding to the monomial 2429 hence b = 0 if and only if w is strictly
proper. Then o.(T,,) = 0, and the point spectrum is given by

05(T,) = w(C\D) U {b/a}.

Here w(C\D) = {w(z) | z € C\D}. In particular, if w is strictly proper, then 0 = b/a is in
op(Ts,). Finally,

o(T,) ={A € C | K} > 0 and all roots of \qg — s are in D}.

Examples for w € Rat with poles on T so that T}, has a bounded resolvent set, even with
an empty resolvent set, are given below. This is in sharp contrast to the case where w has
no poles on the unit circle T. For in this case the operator is bounded, the resolvent set is
a nonempty unbounded set and the spectrum a compact set, and the essential spectrum is
connected. Furthermore, an example is given where the essential spectrum is not connected.

Let w(z) = ﬁ for some integer £ > 1. This is an example where the Toeplitz-like
operator generated ~iay w has an empty resolvent set. In this case,

op(T,) = o(1,) = C, 0.(T,) = ou(To,) = p(T.,) = 0,

and the essential spectrum is given by
1
Oess(T) = w(T) = {(zt — §)k|t € R}

which is a parabola Re(z) = 1 — Im(2)? for k = 2. See Figure 1.1.

Let w(z) = 727- This is an example where the Toeplitz-type operator generated by w
has an essential spectrum that is the union of disjoint sets. In this case,

Oess(Tw) = w(T) = (=00, —=1] U [1,00) = 0.(T,), 0p(Te) = C\w(T)
and so o.(T,) = p(T,,) = 0.
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Figure 1.1: Spectrum of T,, where w(z) = ﬁ The black curve is the essential spectrum
and the colors in the other regions codify the Fredholm index, where red indicates index 2
and blue indicates index 1.

1.3.3 The adjoint operator and selfadjoint extensions

Results in this section appear in Chapter 4.

Given r € P with deg (T’) = ]C, say T(Z) =7r9+&r1+---+ zkrk, we define the p()lynomial
r

ri(z) = 2r(1/7) = ot + T T
Note that on T, w* is defined as w*(2) = w(z), i.e., w*(z) = s(2)/q(z). Then w*(z) =
2™ "s8(2)/q*(2), but it is not always a representation as the ratio of two polynomials. Note
in particular that w* € Rat(T) in case w is proper, while this need not be the case if w is not
proper for then 2™ "s%(2) is not a polynomial.
From a theorem of Cohn [6] it follows that in the transformation » — r* the nonzero
roots of r (including multiplicity) transfer via the map o — 1/@ = |a| 2a, while the degree
decreases by the multiplicity of 0 as a root of r. We write (s, )* rather than si, etc., to avoid

confusion with what one may interpret as (s*).

In case w € Rat has no poles on T, in fact for any w € L*> as we saw earlier in Section
1.1.7, the adjoint of the Toeplitz operator T, on H? can be identified with the Toeplitz
operator Ti; on HP', with 1 < p’ < oo such that 1/p 4 1/p’ = 1.

For the Toeplitz-like operators with a rational symbol having a pole on T, the situation
is more complicated than for Toeplitz operators with L* symbols.

Theorem 1.3.10. Let w = s/q € Rat with s,q € P co-prime and 1 < p < oco. Factor
s = s_Sos4+ and q = q_qoq+ with s_,q_ having roots only inside T, sg,qy having roots only
on T, and sy, q. having roots only outside T. Set m = deg(q), n = deg(s), my+ = deg (q+),
ny = deg (s+) mo = deg (qo), no = deg (so) and let 1 < p' < oo with 1/p+ 1/p' = 1. Then

Dom(T};) = (qo)*H” € Dom(T.-) and T7 =T,

(qo)qu/. (1310)

Furthermore, we have

Ran(T:) - sz*”(er)ﬁ/(qu)ﬁQno—o—n,—mg—m, (S())ﬁHp )

i iy

1.3.11
|deg(7")<n_—m_—m0}. ( )
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Here Qp, = Iy — Pp,_,, with Pp,_, the standard projection in H” onto Pr_y C HY to be
interpreted as 0 if k <0, i.e., Qp = Iy if K < 0. Thus, for ng +n_ < mg + m_ we have
Ran(T}%) = Tym-n (g, 1 (s450)*H? . Moreover,

dim Ker(T};) = max {0, #{zeroes of w inside D} — #{poles of w in D} }

where the multiplicities of the zeroes and poles are taken into account. Hence, dim Ker(T)
15 the mazimum of 0 and n_ — m_ — mg. In particular, T); is injective if and only if the
number of poles of w inside D is greater than or equal to the number of zeroes of w inside D,
multiplicities taken into account.

For w € Rat, the second adjoint 773" is well-defined and 7173 = T,,. Now consider w €
Rat(T) and p = 2. From Theorem 1.3.10 it is obvious that T}, # T.%, except in the degenerate
case where ¢ is constant. Consequently, T}, cannot be selfadjoint. Next, we describe when is
T~ symmetric and when is it selfadjoint. Note that a polynomial r # 0 is called self-inversive
in case r = yr¥ for a constant v e C.

Theorem 1.3.11. Let w = s/q € Rat(T) with s,q € P co-prime. Set n = deg(s) and
m = deg(q). Then the following are equivalent.

(1) T is symmetric;
(2) w(T) CR;
z+1

(3) w(z) = w(—iZ) with W a real rational function with poles only on R;

(4) the essential spectrum oess(T,,) of T, is contained in R;

(5) w is proper, s = 2™7"S with s self-inversive and qoS, = GmSm-—n holds, where s(z) =
oo sk and q(2) = >, k"

Moreover, if T} is symmetric, then T,: C T, and if w = s/q € Rat(T) with s,q € P then
deg(s) < deg(q) < 2deg(s).

The next result uses the fact that the Fredholm index of T,, is constant on connected
subsets of the spectrum to provide a condition for 77} to have a selfadjoint extension.

Proposition 1.3.12. Let w = s/q € Rat(T), with s,q € P coprime, be such that T is
symmetric. Then T,,.; and T,,_; are both Fredholm and T admils a selfadjoint extension if
and only if the Fredholm indices of T,; and T,,_; coincide.

We have the following corollaries.

Corollary 1.3.13. Let w = s/q € Rat(T), with s,q € P coprime, be such that T is
symmetric. Assume w(T) # R. Then T admits a selfadjoint extension.
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Corollary 1.3.14. Let w = s/q € Rat(T), with s,q € P co-prime, be such that T has a
selfadjoint extension. Then deg(q) is even.

It is not the case, however, that if deg(q) is even that 7 must admit a self-adjoint
extension.

Let w = s/q € Rat(T) with s,q € P co-prime. Set n = deg (s) and m = deg (q). Assume
w is proper, i.e., n < m. Then w*(z) = 2™ "s*/¢* € Rat(T). Since ¢* has zeroes only on T
it is outer and thus w* € NT. If, however, w is not proper i.e. m > n then w* is not in N*
as it has a pole at 0. While in general T}, and T°% are different, the following proposition
shows that in case w is proper, T,, coincides with 752, and hence T,, = T** = (T52)*. Here
T5 is defined as in Section 1.2.2.

Proposition 1.3.15. Let @ = 5/q € Rat(T) with 3,q € P co-prime. Then Dom(T5*) = GH?
and T5* = Ts|zg2. In particular, if w € Rat(T) is proper, then T = T52.

1.3.4 Matrix symbols

The results in this section appear in Chapter 5.

As indicated earlier, the spaces Rat™*", Rat™*"(T), Raty*" and Ratg"(T) are the mxn
matrix equivalent of the rational functions, i.e., each entry is a rational function. Similarly,
P and P™ are the matrix equivalent of the polynomials. As before in Section 1.1.8,
by LP and HP we shall mean functions with m-components and each component is in L?
and HP, respectively.

A pole of rational matrix function is a pole of any of its entries. The zero of a square
rational matrix function, €2(z), is a pole of its inverse, Q7!(z), see for example [10]. For a
square matrix polynomial P(z), this means that a zero is a point z € C where det P(z) = 0.

Let w € Rat™ ™, i.e. w is an m X m rational matrix function with possibly poles on T,
and detw #Z 0. We define the block Toeplitz-like operator T;, generated by w as

_ o . wf=h+rwhereh e L} (T), _
Dom(T,) {feHm. and 1+ € Ratt(T) . T.f=Ph

where PP is the Riesz projection of L? onto HP.

Using similar arguments as in the scalar case, cf., Chapter 2, we determine various basic
properties of the Toeplitz-like operator Tg. Some of these results can be derived by restricting
to the entries of €). For example, we show that Tq is a well-defined, closed, densely defined
linear operator on HP. More specifically, P™ C Dom(7Ty). As with Toeplitz-like operators
with scalar symbols, we show that

S_ToS.f =Taf f € Dom(Ty),
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where Sy =T, and S_ =1T,-1; on HPE.

Unlike the scalar case, though, getting a complete description of the domain, range and
kernel of operator beyond the diagonal case appear significantly more complicated. The
following lemma contains the best results we have at this stage.

Lemma 1.3.16. Let Q € Rat™™ and write Q@ = Qp + Qy where Qy € L™ and Qy €
Rat(™"™(T). Then Dom(Tq) = Dom(Ty,). Let Qo = g~ P for some polynomial q with zeroes

only on T and P a matrixz polynomial. Suppose g = [ZTZ] and let ¢; = LCM" {q;;}, i.e.,
the least common multiple of the denominators in the j-th column of 5. Then

¢H}, + Pitgg1 C @5 (417 + Pacgq,—1) C Dom(T,,) (1.3.12)

and both inclusions can be strict.

We prove the construction of a Wiener-Hopf type factorization of rational matrix func-
tions with poles and zeroes on T. The construction relies on the Smith decomposition of
polynomial matrices and is an adaptation of the proof of Theorem 2.1 in [7].

Theorem 1.3.17. Let Q2 € Rat™ ™ with det Q £ 0. Then

Q=2""0_QyPQ, (1.3.13)
for some k > 0, Q_ and (Q_)~! are minus functions, Q0 and ()~ are plus functions,
Qg = Diag?lzl(gzﬁj) with ¢; a scalar rational function with poles and zeroes only on T and Py
is a lower triangular matriz polynomial with det(Py(z)) = 2V for some N > 0.

We call the factorization in (1.3.13) a Wiener-Hopf type factorization for a rational matrix
function, 2, with poles and zeroes on T. If €2 has no poles and zeroes on T, then it coincides
with the classical Wiener-Hopf factorization where €1y is the identity and Fy is a diagonal
matrix with each of its entries a non-negative power of z. Note that, if we choose Fj in
(1.3.13) to be lower triangular then the degree of the entries on the diagonal need not be in
any order (increasing or decreasing), and conversely, if we choose to have either increasing
or decreasing order of the degree of the entries on the diagonal, F, is not necessarily lower
triangular. This is in sharp contrast to the classical Wiener-Hopf factorization result where
the entries on the diagonal has increasing degree. Using this factorization allows us to
factorize the Toeplitz-like operator T, as

To = To. To-+ToyTr,Ta, (1.3.14)

where Q0 = 27*Q_Qy Py, is the factorization of € in Theorem 1.3.17.

The factorization in (1.3.14) reduces the question on Fredholm properties to the case
where € is a product of a diagonal matrix function, Q(z) € Raty"*™(T) with zeroes only on

T, and a lower triangular polynomial matrix Py(z) with determinant 2%, N > 0.
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Theorem 1.3.18. Let Q(z) = 27*Q_(2)Q(2) Py (2)Q.(2) be the Wiener-Hopf type factor-
wzation of Q as in Theorem 1.3.17. Then Tq is Fredholm if and only if Tq, is Fredholm,
which happens exactly when each of the entries ¢; of of Qo has no zeroes on T. In case Ty
18 Fredholm, we have

IndexTq = mk + Index T, + Index T,
=mk+ Zdegqj — Zk‘j,
j=1 j=1

where ¢; = % and q; has roots only on T and k; are the powers of z on the diagonal of Fy.
J

In addition we can use the factorization to find the dimension of the kernel, the codimen-
sion of the range as well as when the Toeplitz-like operator is invertible. This is expressed
in terms of the factor z=¥Q P, in the Wiener-Hopf factorization in Theorem 1.3.17.

Proposition 1.3.19. Let
Q2) = 27FQ_(2)Q(2) Py(2)Q4(2)

be the Wiener-Hopf type factorization of Q0 as in Theorem 1.3.17. Suppose that Tq is Fred-
holm then

dim KerTy, = Z max(k + degq; — k;,0)
j=1
and
codim RanTq = Z max(k; — deggq; — k,0)
j=1

where ¢; = % are the entries of 2y, q; has roots only on T and k; are the powers of z on

the diagonal Z)f b.

Corollary 1.3.20. Let
Q(2) = 2770 (2)Q(2) Py (2).(2)

be the Wiener-Hopf type factorization of € as in Theorem 1.3.17. Then Tq is invertible
exactly when k + degq; = k; for each j.

1.3.5 An example

We conclude with an example that illustrates some of the main results. In this example we
discuss all the topics for the scalar case whereas other examples in the text only discuss one
aspect.

Let w(z) = (sz—SQ,a # —1.
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Fredholm properties: Since w € Raty(T), from Theorem 1.3.1 the Toeplitz-like operator
T,(H? — H?),1 < p < oo with symbol w has

Dom(T,) = (2 — 1)?H? + P, and Ran(T,) = (2 + a)H? +C.

From Theorem 1.3.3 we have that T, is Fredholm if and only if a ¢ T. In this case, i.e.,
la| # 1, T, is surjective.

Furthermore, if |o| > 1 then

Ker(T,) = { |re 771} : Index (T},) = 2,

zZ+
and if || < 1 then

Ker(7,) = C, Index (7,,) = 1.
Matrix representation: Write

(2) zZ+« 1 N 1+«
w(z) = = .
(z—=12 2z—-1 (z—1)2

For N > 2, by Lemma 2.6.1 twice, we have

N-1
ZN:(Z—l)ZZj+2
§=0
Ns (1.3.15)
=(2=1%Y (N—j—-1DZ+(z—1)+2
§=0
and so
N_ Fta y
w(z)z CEE
N-1 N-2
, 2 24+ N(z—-1
=) Z+(1+a) (N—j—l)zj-l-—-l-(l—f— )—(z )
: : 1 (z—1)
7=0 7=0
N-2

204+ a)+(N1+a)+2)(z—1)
(z—1)? '

=Y (N=j-1(1+a)+1)27+"""+

Thus, for N > 1,

N-2
N—j—1D(14+a)+1)z 4N

M

J=0
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from which it follows that the matrix representation [T},] of T, is given by

0 1 2+a 3+2a

00 1 2+a
=0 o o0 1

00 0 0

The spectrum: For the parts of the spectrum, details of the proofs can be found in Example
3.6.1 in Section 3.6. Note that

Oess(T) = w(T) = {(it — L)+ 1+ a)(it — 1)* | t e R}. (1.3.16)

Define the circle
T(—3,3) ={2€C||z+ 3| = 5},

and write D(—3, 1) for the open disc formed by the interior of T(—3, 1) and D°(—1,1) for

the open exterior of T(—3, 3).
For a ¢ T(—3,3) the curve w(T) is equal to the parabola in C given by

w(T) ={—(a+1)(z(y) +1iy) |y € R}, where
o+ 1 2 (Re(@) + D)ja + 1|21m(04)y |o*(1 — |o?)
(laf? + Re())? (laf? + Re())? (laf* + Re(a))*’

z(y) =

while for v € T(—1, 1) the curve w(T) becomes the half-line given by

W(T) = {—(a +1)r— <O‘;Z11>_(1‘J2?a> = o} .

As w is strictly proper, we have 0,(T,) = (. For the remaining parts of the spectrum we
consider three cases.

(i) For o € D(—3,3) the points —1 and 0 are separated by the parabola w(T) and the con-
nected component of C\w(T) that contains —1 is equal to p(T,), while the connected
component that contains 0 is equal to 0,(7,). Finally, 0es(1,) = w(T) = 0.(T,).

(ii) For v € T(—%,3) we have

p(1o) =0, 0c(T,) = w(T) = 0es(T0),  0p(T) = C\w(T),

and for each A € w(T), A\ — w has two zeroes on T.

(ili) For a € D*(—%, 3) we have o,,(T,,) = C, and hence p(T,,) = o.(T,,) = 0.
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The adjoint: Since w(z) = 28 = (szgg € Raty(T) we have

_2msi(z) z(z 4 @)
T E R

and so from Theorem 1.3.10
Dom(T) = (2 — 1)*H?

and for g = (z — 1)*¢ € (z — 1)?H?,

T g = z(z + a)i.

Since w(T) is a parabola and a degenerate parabola (or half-line) when o € T(—3, 1), the
adjoint T3 of T,, can be symmetric only for @ € T(—1,1). But w(T) C R only when a € R
and so T is symmetric when o € RNT(—3, 1), i.e., « =0,—1. If a = —1 then w(z) = &5

and so T} does not have a selfadjoint extension for & = —1. So 77} has a self-adjoint extension
only when o = 0.

1.4 Outline of rest of the thesis

In Chapter 2, the basic properties, as well as Fredholm characteristics of the Toeplitz-like
operator T,,(H? — HP), where w is a rational function with poles on T are discussed. In
addition, a matrix representation is illustrated. This chapter appeared as:

G.J. Groenewald, S. ter Horst, J. Jaftha, A.C.M. Ran, A Toeplitz-like operator with ra-
tional symbol having poles on the unit circle I: Fredholm properties, Oper. Theory AdvAppl.,
Vol. 271 (2018), 239 - 268.

Chapter 3 continuous the analysis of a Toeplitz-like operator with a rational symbol
having a pole on T. A description of the spectrum of the Toeplitz-like operator, T, is given,
as well its various parts, i.e., the point spectrum, residual spectrum and the continuous
spectrum. Various examples are given that illustrates the results. This chapter appeared as:

G.J. Groenewald, S. ter Horst, J. Jaftha, A.C.M. Ran, A Toeplitz-like operator with
rational symbol having poles on the unit circle II: The adjoint, Oper. Theory Adv. Appl.,
Vol. 272 (2019), 133 - 154.

In Chapter 4, we continue the analysis of the Toeplitz-like operator with rational symbol
having a pole on T. The adjoint of the Toeplitz-like operator, T,,(H? — HP), is discussed.
In case p = 2, conditions are given when 7™ is symmetric and when it has a self-adjoint
extension. This chapter is accepted for publication and will appear as:

G.J. Groenewald, S. ter Horst, J. Jaftha, A.C.M. Ran, A Toeplitz-like operator with
rational symbol having poles on the unit circle III: The spectrum, Integral Equations and
Operator Theory (to appear).
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In Chapter 5, the analysis of the Toeplitz-like operators is extended to operators with
matrix valued functions as symbols. The basic properties and the Fredholm characteristics
of Toeplitz-like operator To(HP, — HP)) are discussed. A Wiener-Hopf type factorization of
rational matrix functions with poles and zeroes on T are introduced that is used to describe
the Fredholm characteristics.
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Chapter 2

Fredholm properties

Abstract. In this paper a definition is given for an unbounded Toeplitz-like operator with rational
symbol which has poles on the unit circle. It is shown that the operator is Fredholm if and only if
the symbol has no zeroes on the unit circle, and a formula for the index is given as well. Finally, a

matrix representation of the operator is discussed. *

Mathematics Subject Classification (2010). Primary 47B35, 47A53; Secondary 47A68.
Keywords. Toeplitz operators, unbounded operators, Fredholm properties.

2.1 Introduction

The Toeplitz operator T,, on H? = HP(D), 1 < p < oo, over the unit disc D with rational
symbol w having no poles on the unit circle T is the bounded linear operator defined by

T,: H” — H?, T,f=Pwf (f € H?),

with IP the Riesz projection of LP = LP(T) onto H?. This operator, and many of its variations,
has been extensively studied in the literature, cf., [1, 3, 5, 16] and the references given there.
In this chapter the case where w is allowed to have poles on the unit circle is considered.
Let Rat denote the space of rational complex functions, and Raty the subspace of strictly
proper rational complex functions. We will also need the subspaces Rat(T) and Rato(T) of
Rat consisting of the rational functions in Rat with all poles on T and the strictly proper
rational functions in Rat with all poles on T, respectively. For w € Rat, possibly having
poles on T, we define a Toeplitz-like operator T,,(H? — HP), for 1 < p < oo, as follows:

Dom(T,)={g € H”|wg = f + p with fe L} peRaty(T)}, T.g = Pf. (2.1.1)

1Up to some minor modifications, this chapter has been published as
G.J. Groenewald, S. ter Horst, J. Jaftha and A.C.M. Ran, A Toeplitz-like operator with rational symbol
having poles on the unit circle I: Fredholm properties, Oper. Theory Adv. Appl., Vol. 271 (2018), 239 — 268.
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Note that in case w has no poles on T, then w € L* and the Toeplitz-like operator T, defined
above coincides with the classical Toeplitz operator T, on HP. In general, for w € Rat, the
operator T, is a well-defined, closed, densely defined linear operator. By the Euclidean divi-
sion algorithm, one easily verifies that all polynomials are contained in Dom(7,). Moreover,
it can be verified that Dom(7,,) is invariant under the forward shift operator T, and that
the following classical result holds:

T...T.,T.f =T,f, f € Dom(T,).

These basic properties are derived in Section 2.2.

This definition is somewhat different from earlier definitions of unbounded Toeplitz-like
operators, as discussed in more detail in a separate part, later in this introduction. The
fact that all polynomials are contained in Dom(7,), which is not the case in several of
the definitions in earlier publications, enables us to determine a matrix representation with
respect to the standard basis of HP and derive results on the convergence behaviour of the
matrix entries; see Theorem 2.1.3 below.

In this chapter we are specifically interested in the Fredholm properties of T,,. For the
case that w has no poles on T, when T, is a classical Toeplitz operator, the operator T, is
Fredholm if and only if w has no zeroes on T, a result of R. Douglas; cf., Theorem 2.65 in
[1] and Theorem 10 in [17]. This result remains true in case w € Rat. We use the standard
definitions of Fredholmness and Fredholm index for an unbounded operator, as given in [4],
Section IV.2: a closed linear operator which has a finite dimensional kernel and for which the
range has a finite dimensional complement is called a Fredholm operator, and the index is
defined by the difference of the dimension of the kernel and the dimension of the complement
of the range. Note that a closed Fredholm operator in a Banach space necessarily has a closed
range ([4], Corollary IV.1.13).The main results on unbounded Fredholm operators can be
found in [4], Chapters IV and V.

Theorem 2.1.1. Let w € Rat. Then T, is Fredholm if and only if w has no zeroes on T.
Moreover, in that case the index of T, is given by

. [poles of w in D multi. 4 Jzeroes of w in D multi.

Index (T.,) = {taken into account : taken into account ’

It should be noted that when we talk of poles and zeroes of w these do not include the
poles or zeroes at infinity.

The result of Theorem 2.1.1 may also be expressed in terms of the winding number as
follows: Index (7},) = —lim,}; wind (w|rT). In the case where w is continuous on the unit
circle and has no zeroes there, it is well-known that the index of the Fredholm operator T,
is given by the negative of the winding number of the curve w(T) with respect to zero (see,
e.g., [1], or [6], Theorem XVI.2.4). However, if w has poles on the unit circle, the limit lim,;
cannot be replaced by either lim,_,; or lim,4; in this formula.

The proof of Theorem 2.1.1 is given in Section 2.5. It relies heavily on the following
analogue of Wiener-Hopf factorization given in Lemma 2.5.1: for w € Rat we can write
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w(z) = w_(2)(2"wo(z))ws(z) where x is the difference between the number of zeroes of w
in D and the number of poles of w in D, w_ has no poles or zeroes outside I, w, has no
poles or zeroes inside D and wy has all its poles and zeroes on T. Based on the choice of
the domain as in (2.1.1) it can then be shown that T,, = T, T.ey, 10 .- This factorization
eventually allows to reduce the proof of Theorem 2.1.1 to the case where w has only poles on
T. It also allows us to characterize invertibility of 7T, and to give a formula for the inverse
of T,, in case it exists.

If w has only poles on T, i.e., w € Rat(T), then we have a more complete description of
T, in case it is a Fredholm operator. Here and in the remainder of the chapter, we let P
denote the space of complex polynomials in z, i.e., P = C[z], and P, C P the subspace of
polynomials of degree at most n.

Theorem 2.1.2. Let w € Rat(T), say w = s/q with s,q € P co-prime. Then T, is Fredholm
if and only if w has no zeroes on T. Assume s has no roots on T and factor s as s = s_s,
with s_ and s, having roots only inside and outside T, respectively. Then

Dom(7,,) = ¢H? + Paeg(q)-1, Ran(T,,) = sH? + 757

o 212
Ker(T,,) = {; | deg(ro) < deg(q) - deg<s>}. 212)

Here P is the subspace of Peg(s)—1 given by
P = {reP|rq=ris+ry for ri,79 € Pacg(q)-1}-

Moreover, a complement of Ran(T,,) in H? is given by Pacg(s_)—deg(q)—1 (t0 be interpreted as

{0} in case deg(s—) < deg(q)). In particular, T, is either injective or surjective, and both

injective and surjective if and only if deg(s_) = deg(q), and the Fredholm index of T, is
given by

. | poles of w multi. 4 Jzeroes of w in D multi.

Index (7o) = £ {taken into account : taken into account ’

The proof of Theorem 2.1.2 is given in Section 2.4. In case w has zeroes on T, so that T,
is not Fredholm, part of the claims of Theorem 2.1.2 remain valid, after slight reformulation.
For instance, the formula for Ker(7;,) holds provided that the roots of s on T are included in
s+ (see Lemma 2.4.1) and of the identities for Dom(7,,) and Ran(7;,) only one-sided inclusions
are proved in case zeroes on T are present (see Proposition 2.4.5 for further detail).

Since all polynomials are in the domain of T, we can write down the matrix representation
of T,, with respect to the standard basis of H?. It turns out that this matrix representation
has the form of a Toeplitz matrix. In addition, there is an assertion on the growth of the
coefficients in the upper triangular part of the matrix.
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Theorem 2.1.3. Let w € Rat possibly with poles on T. Then we can write the matriz
representation [1,,] of T,, with respect to the standard basis {z"}5°, of H? as

ap a1 G2 Q-3 G4

aq Qo a_1 a_9 Qa_g3

a9 aq Qo a_1 Q_o

[Tw] =

In addz’tion2 a_j = OFM1) for j > 1 where M is the largest order of the poles of w in T and

In subsequent chapters we will discuss further properties of the class of Toeplitz operators
given by (2.1.1). In particular, in [7] the spectral properties of such operators are discussed.
In further subsequent chapters a formula for the adjoint will be given, and several properties
of the adjoint will be presented, and the matrix case will be discussed.

Connections to earlier work on unbounded Toeplitz operators Several authors
have considered unbounded Toeplitz operators before. In the following we shall distinguish
between several definitions by using superscripts.

For w : T — C the Toeplitz operator is defined usually by T, f = Pwf with domain
given by Dom(7T,,) = {f € H? | wf € LP}, see e.g., [9]. Note that for w rational with a
pole on T this is a smaller set than in our definition (2.1.1). To distinguish between the
two operators, we denote the classical operator by T\ Hartman and Wintner have shown
in [9] that the Toeplitz operator T is bounded if and only if its symbol is in L, as was
established earlier by Otto Toeplitz in the case of symmetric operators. Hartman, in [8],
investigated unbounded Toeplitz operators on £? (equivalently on H?) with L2-symbols. The
operator in (8] is given by

Dom(TEr):{f6H2|wf:g1+g2 € L' g€ H? g Ezﬁ}; Tfrf:gy

Observe the similarity with the definition (2.1.1). These operators are not bounded, unless
w € L. Note that the class of symbols discussed in the current chapter does not fall into this
category, as a rational function with a pole on T is not in L?. The Toeplitz operator T with
L?-symbol is necessarily densely defined as its domain would contain the polynomials. The
operator THT is an adjoint operator and so it is closed. Necessary and sufficient conditions
for invertibility have been established for the case where w is real-valued on T in terms of
w £ 4. Of course, T!" is symmetric in this case.

In [14] Rovnyak considered a Toeplitz operator in H? with real-valued L? symbol W such
that log(TW) € L'. The operator is symmetric and densely defined via a construction of a
resolvent involving a Reproducing Kernel Hilbert Space. This leads to a self-adjoint operator
and clearly, the construction is very different from the approach taken in the current chapter.

Janas, in [11], considered Toeplitz operators in the Bargmann-Segal space B of Gaussian
square integrable entire functions in C". The Bargmann-Segal space is also referred to as the
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Fock space or the Fisher space in the literature. The symbol of the operator is a measurable
function. A Toeplitz-like operator, 777, is introduced as

Dom(Ti):{f€B|wf:h+7", heB,/r]?d,u:O, for all p € P}, ij:h.

Again, observe the similarity with the definition (2.1.1). Consider also the operator 73 on
the domain {f € B |wf € Ly(u)} with TBf = Pwf. Tt is shown in [11] that

1. T9B C T ie. TY is an extension of the Toeplitz operator 75,
2. T7 is closed,

3. T8 is closable whenever Dom(7"B) is dense in B,

4. if P C Dom(T"B) and w is an entire function then T8 = TJ.

Let N* be the Smirnov class of holomorphic functions in D that consists of quotients
of functions in H*® with the denominator an outer function. Note that a nonzero function
w € N7 can always be written uniquely as w = g where a and b are in the unit ball of H*°, a
an outer function, a(0) > 0 and |a|?* 4 |b]> = 1 on T, see [15, Proposition 3.1]. This is called
the canonical representation of w € NT. For w € NT the Toeplitz operator TH° on H? is
defined by Helson in [10] and Sarason in [15] as the multiplication operator with domain

Dom(TH®) = {f € H? |wf € H?}

and so this is a closed operator. Note that although a rational function with poles only on
the unit circle is in the Smirnov class, the definition of the domain in (2.1.1) is different
from the one used in [15]. In fact, for w € Rat(T), the operator (2.1.1) is an extension of
the operator TH¢ i.e., THe C T,,. In [15] it is shown that if Dom(72) is dense in H? then
w € NT. Also, if w has canonical representation w = g then Dom(71) = aH?; compare
with (2.1.2) to see the difference. By extending our domain as in (2.1.1), our Toeplitz-like
operator T, is densely defined for any w € Rat, i.e., poles inside D are allowed.

Helson in [10] studied T} in H? where w € N with w real-valued on T. In this case T°
is symmetric, and Helson showed among other things that 71 has finite deficiency indices

if and only if w is a rational function.

Overview The chapter consists of six sections, including the current introduction. In
Section 2.2 we prove several basic results concerning the Toeplitz-like operator T,. In the
following section, Section 2.3, we look at division with remainder by a polynomial in H”.
The results in this section form the basis of many of the proofs in subsequent sections, and
may be of independent interest. Section 2.4 is devoted to the case where w is in Rat(T). Here
we prove Theorem 2.1.2. In Section 2.5 we prove the Fredholm result for general w € Rat,
Theorem 2.1.1, and in Section 2.6 we prove Theorem 2.1.3 on the matrix representation of
T,. Finally, in Section 2.7 we discuss three examples that illustrate the main results of the
chapter.
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Notation We shall use the following notation, most of which is standard: P is the space
of polynomials (of any degree) in one variable; P, is the subspace of polynomials of degree
at most n. Throughout, K? denotes the standard complement of H? in L”; W, denotes
the analytic Wiener algebra on D, that is, power series f(z) = >, f,2" with absolutely
summable Taylor coefficients, hence analytic on I and continuous on D. In particular,
P C W, C L? for each p.

2.2 Basic properties of 7,

In this section we derive some basic properties of the Toeplitz-like operator T,, as defined in
(2.1.1). The main result is the following proposition.

Proposition 2.2.1. Let w € Rat, possibly having poles on T. Then T, is a well-defined
closed linear operator on HP with a dense domain which is invariant under the forward
shift operator T,. More specifically, the subspace P of polynomials is contained in Dom(T,,).
Moreover, T, T, T.f =T,f for f € Dom(T,).

The proof of the well-definedness relies on the following well-known result.

Lemma 2.2.2. Let ¢ € Rat have a pole on T. Then v & LP. In particular, the intersection
of Rato(T) and LP consists of the zero function only.

Indeed, if 1) € Rat has a pole at a € T of order n, then |¢(2)| ~ |z —a]™ as z — «, and
therefore the integral [i.[¢(2)[? dz diverges.

Proof of well-definedness claim of Proposition 2.2.1. Let g € Dom(7,,) and assume
f1, f2 € LP and pq, po € Rato(T) such that f; +p1 = wg = fo+pe. Then f1 — fo =ps—p1 €
LP N Rato(T). By Lemma 2.2.2 we have f; — fo = ps — p1 = 0, i.e., fi = fo and p; = po.
Hence f and p in the definition of Dom(T},) are uniquely determined. From this and the
definition of T, it is clear that T}, is a well-defined linear operator. Il

In order to show that 7, is a closed operator, we need the following alternative formula
for Dom(7},) for the case where w € Rat(T).

Lemma 2.2.3. Let w € Rat(T), say w = s/q with s,q € P co-prime. Then
Dom(T,,) ={g € H?: wg=h+1/q, h € H?, 1 € Paeg(g)-1}, Twg = h. (2.2.1)
Moreover, Dom(T,) is invariant under the forward shift operator T, and
T.T,T.f=1T,f f € Dom(T,).

Proof. Assume g € H? with wg = h+1/q, where h € H? and 7 € Peeg(q)—1. Since H? C L?
and r/q € Raty(T), clearly g € Dom(7,,) and T,,g = Ph = h. Thus it remains to prove the
reverse implication.
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Assume g € Dom(7,,), say wg = f+p, where f € LP and p € Rato(T). Since p € Rato(T),
we can write gp as qp = 1o + po With 1o € Paeg(q)—1 and py € Raty(T). Then

sg=qwg=qf +qp=qf + 10+ po, ie., po=s59—qf —ro€ L’

By Lemma 2.2.2 we find that pg = 0. Thus sg = qf +rg. Next write f = h+k with h € H?
and k € KP. Then ¢k has the form gk = r; + k; with r; € Pyeg(q)—1 and k; € KP. Thus

sg=qh+qgk+ro=qh+ ki +ri+ry, ie., ki=sg—qh—1ri —1r9g€c H".

Since also k; € KP, this shows that k; = 0, and we find that sg = ¢h +r with r =r¢g+1r €
Poeg(q)—1- Dividing by ¢ gives wg = h +r/q with h € H? as claimed.

Finally, we prove that Dom(7},) is invariant under T,. Let f € Dom(T,), say sf = gh+r
with h € HP and r € Pyeg(q)—1- Then szf = qzh + zr. Now write 2r = c¢q + 19 with c € C
and 7y € Paeg(q)—1- Then szf = q(zh + ¢) + 1y is in ¢HP 4 Pyeg(q)—1- Thus zf € Dom(T,,),
and T,,T.f = zh + c. Hence T, T,)T.f = h =T, f as claimed. n

Lemma 2.2.4. Let w € Rat. Then w = wy + wy with wy € Raty(T) and w; € Rat with no
poles on T. Moreover, wy and wy are uniquely determined by w and the poles of wy and w,
correspond to the poles of w on and off T, respectively.

Proof. The existence of the decomposition follows from the partial fraction decomposition
of w into the sum of a polynomial and elementary fractions of the form ¢/(z — z;)".

To obtain the uniqueness, split w; into the sum of a strictly proper rational function 14
and a polynomial p;. Assume also w = w(, + v| + p} with wj in Raty(T), v; € Raty with no
poles on T and p} a polynomial. Then (wy — w() + (w1 —w}) = pj — p1 is in Raty NP, and
hence is zero. So p; = p|. Then wy — w) = w] —w; is in Raty and has no poles on C, and
hence it is the zero function. O

Proof of closedness claim of Proposition 2.2.1. By Lemma 2.2.4, w € Rat can be
written as w = wp + w; with wy € Raty(T) and w; € Rat with no poles on T, hence
wy € L*°. Then T, =T, + 171, and T, is bounded on H?. It follows that T, is closed if and
only if T, is closed. Hence, without loss of generality we may assume w € Rat(T), which
we will do in the remainder of the proof.

Say w = s/q with s,q € P co-prime, ¢ having roots only on T and deg(s) < deg(q). Let
g1, g2, - - - be a sequence in Dom(7,,) such that in H? we have

gn — g € H? and T,g9, - he€ H? asn— oo. (2.2.2)

We have to prove that g € Dom(T,) and T,g = h. Applying Lemma 2.2.3 above, we know
that wg, = hy, +r,/q with h,, € H? and 7, € Pgeg(q)—1. Moreover h, = T,,g, — h. Using
(2.2.2) it follows that

Tn = S¢n — qhp, — sg — qh =:r as n — oo, with convergence in HP.

Since deg(r,) < deg(q) for each n, it follows that r = lim,, o, 7, is also a polynomial with
deg(r) < deg(q). Thus r/q € Ratg(T), and r = sg — gh implies that wg = h + r/q. Thus
g € Dom(T,) and T,,g = h. We conclude that T, is closed. O
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Proof of Proposition 2.2.1. In the preceding two parts of the proof we showed all claims
except that Dom(7T,,) contains P and is invariant under 7,. Again write w as w = wp + w
with wy € Ratg(T) and w; € Rat with no poles on T. Let r € P. Then wr = wor + wyr.
We have wyr € Rat with no poles on T, hence wyr € LP. By Euclidean division, wor =
¥+ ro with ¢» € Rato(T) (having the same denominator as wy) and ro € P C LP. Hence
wr € LP + Rato(T), so that r € Dom(7T,). This shows P C Dom(7,). Finally, we have
Dom(7T,) = Dom(T,,) and it follows by the last claim of Lemma 2.2.3 that Dom(7,,) is
invariant under 7. ]

2.3 Intermezzo: Division with remainder by a polyno-
mial in H?

Let s € P, s # 0. The Euclidean division algorithm says that for any v € P there exist
unique u,r € P with v = us + r and deg(r) < deg(s). If deg(v) > deg(s), then deg(v) =
deg(s) + deg(u). We can reformulate this as:

P = SP—i—Pdeg(s)—l and Pn = Spn—deg(s)—i—Pdeg(s)—la n > deg(s),

with + indicating direct sum. What happens when P is replaced with a class of analytic
functions, say by H?, p > 07 That is, for s € P, s # 0, when do we have

HP = SHp—f-Pdeg(s)_l? (2.3.1)

Since P C H?, we know that P = sP+Peg(s)—1 C SHP + Paeg(s)—1. Hence SHP + Peg(s)—1
contains a dense (non-closed) subspace of H?. Thus question (2.3.1) is equivalent to asking
whether s H? +Pgeg(s)—1 is closed. The following theorem provides a full answer to the above
question.

Theorem 2.3.1. Let s € P, s #0. Then H? = sHP + Pqeg(s)—1 if and only if s has no roots
on the unit circle T.

Another question is, even if s has no roots on T, whether s H? + Pgeg(s)—1 is a direct sum.
This does not have to be the case. In fact, if s has only roots outside T, then 1/s € H*>
and sH? = H?, so that sH? + Pgeg(s)—1 is not a direct sum, unless if s is constant. Clearly,
a similar phenomenon occurs if only part of the roots of s are outside T. In case all roots of
s are inside T, then the sum is a direct sum.

Proposition 2.3.2. Let s € P, s # 0 and having no roots on T. Write s = s_s, with
s_, 84 € P having roots inside and outside T, respectively. Then HP = sHP + Pgeg(s_)—1 5 @
direct sum decomposition of HP. In particular, sH? 4 Pgeg(s)—1 15 a direct sum if and only if
s has all its roots inside T.

We also consider the question whether there are functions in H? that are not in sH? +
Paeg(s)—1 and that can be divided by another polynomial q. This turns out to be the case
precisely when s has a root on T which is not a root of q.
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Theorem 2.3.3. Let s,q € P, s,q # 0. Then there exists a f € qHP which is not in
SHP + Pyeg(s)—1 if and only if s has a root on T which is not a root of q.

In order to prove the above results we first prove a few lemmas.
Lemma 2.3.4. Let s € P and o € C a root of s. Then sH? + Pgeg(s)-1 C (2 — a)H? 4 C.

Proof. Since s(a) =0, we have s(z) = (z — a)so(z) for some sy € P, deg(sy) = deg(s) — 1.
Let f = sg+7 € sH? 4+ Pyeg(s)—1- Then r(z) = (2 —a)ro(z) +cfor arg € P and c € C. This
yields

f(z) = s(2)g(2) +r(2) = (z — a)(s0(2)g(2) +ro(2)) +c € (z —a)H? 4 C. O

Lemma 2.3.5. Let o € T. Then there exists a f € Wy such that f & (z — a)H? 4 C.

Proof. By rotational symmetry we may assume without loss of generality that a = 1. Let
hy, 1 0 such that h(z) = > 07 h,z" is analytic on D but h ¢ H?. Define fy, f1, ... recursively
by

fO - _h07 fn—l—l = (hn - hn+1)7 n = 0.

Then f(z) = (2 — )h(2) and S, | fi] = 2ho — hy — 2ho. Hence the Taylor coefficients of
f(z) =>"02, frz" are absolutely summable and thus f € W,.

Now assume f € (z — 1)HP +C, say f = (z — 1)g+ ¢ for g € H? and ¢ € C. Then
h =g+ c/(z —1). Since the Taylor coefficients of ¢/(z — 1) have to go to zero, we obtain
¢ =0 and h = g, which contradicts the assumption h ¢ H?. Il

Proof of Theorem 2.3.1. Assume s has no roots on T. Since s € P C H*, we know from
Theorem 8 of [17] that the range of the multiplication operator of s on H? is closed (i.e.,
sHP closed in H?) if and only if |s| is bounded away from zero on T. Since s is a polynomial,
the latter is equivalent to s having no roots on T. Hence sH” is closed. Since Pgeg(s)—1 is a
finite dimensional subspace of H?, and thus closed, we obtain that sHP + Pgeg(s)—1 is closed
2, Chapter 3, Proposition 4.3]. Also, sH? 4 Pgeg(s)—1 contains the dense subspace P of HP,
therefore sH? + Pyeg(s)—1 = HP.

Conversely, assume s has a root & € T. Then by Lemmas 2.3.4 and 2.3.5 we know
SHP + Pyeg(s)-1 C (z —a)H? + C # HP. ]

Proof of Proposition 2.3.2. Assume s € P has no roots on T. Write s = s_s; with
s_,s € P, s_ having only roots inside T and s, having only roots outside T. Assume s
has roots outside T, i.e., deg(sy) > 0. Then 1/s, is in H* and s; H? = H? and hence
sHP = s_HP. Using Theorem 2.3.1, this implies that

H? =s_HY + Pdeg(s_)fl = sH" + PdEg(s—)*l'

Next we show that sH? + Pyeg(s_)—1 is a direct sum. Let f = shy + 1 = shy + 1, €
SHP + Peg(s_y—1 With hi,he € HP, 11,19 € Paeg(s_)—1. Then ry — 19 = s(hy — hy). Clearly,
each root a of s_ with multiplicity n, is also a root of s with multiplicity n. Evaluate both
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sides of r; — ry = s(hy — hy) at «, possible since a € D, as well as the identities obtained
by taking derivatives on both sides up to order n — 1, this yields <= (r; — ro)(a) = 0 for
m =0...n— 1. Since deg(r; — ry) < deg(s_), this can only occur when r; — 9 = 0, i.e.,
r1 = ry. We thus arrive at s(he — hy) = 0. Since s has no roots on T, we have 1/s € L*™ so
that hy — hy = s7's(hy — h1) = 0 as a function in LP. Hence h; = hy in LP, but then also
hy = hy in HP. Hence we have shown sH? + Pyeg(s_)—1 is a direct sum.

In case s has all its roots inside T, we have s = s_ and thus Paegs)-1 = Pdeg(s_)-1
so that sH? + Pgeg(s)—1 is a direct sum. Conversely, if s has a root outside T, we have
deg(s_) < deg(s) and the identity sHP? + Pyegs)-1 = SH? + Paeg(s_)—1 shows that any
7 € Paeg(s)—1 With deg(r) > deg(s_) can be written as r = 0 4+ r € sHP 4 Pyeg(s)—1 and
as 7 = sh + 1" € SHP + Pyeg(s)—1 With deg(r’) < deg(s_) and h € H?, h # 0. Hence
SHP + Pgeg(s)—1 is not a direct sum. O

Proof of Theorem 2.3.3. Assume all roots of s on T are also roots of q. Let f = q]7 € qHP.
Factor s = s, sos_ as before. Then ¢ = s0q for some ¢ € P. From Theorem 2.3.1 we know
that s_s, H? + Paeg(s_s,)-1 = HP. Hence ¢f = s_s, f +r with f € H? and r € P with
deg(r) < deg(s_s). Thus

qu: Soﬁjf: Sf + Sor € sH?P + Pdeg(s)flv

where we used deg(sor) = deg(so) + deg(r) < deg(so) + deg(s_s;) = deg(s). Hence ¢H? C
sHP + Pdeg(s)—L

Conversely, assume o € T such that s(a) = 0 and ¢(a) # 0. By Lemma 2.3.5 there
exists a fe W, C HP which is not in (z — a) H? + C, and hence not in sH? + Pgeg(s)—1, by
Lemma 2.3.4. Now set f = ¢f € ¢H?. We have ¢(z) = (2 — a)q1(z) + ¢; for a ¢ € P and
1 = q(a) #0. Assume f € (z —a)HP + C, say f(z) = (2 — a)g(z) + ¢ for a g € HP and
c € C. Then

((z = @)qi(z) + ) f(z) = qa(2) f(2) = f(z) = (z — @)g(2) + c.
Hence f(z) = (z — a)(9(z) — q1(2) f(2)) /1 + ¢/c1, z € D, which shows f € (z — a)H? + C,
in contradiction with our assumption. Hence f & (2 — «)H? 4+ C. This implies, once more
by Lemma 2.3.4, that there exists a f € ¢H? which is not in sH” + Pyeg(s)—1- O

The following lemma will be useful in the sequel.

Lemma 2.3.6. Let q,s. € P, q,s+ Z 0 be co-prime with s, having roots only outside T.
Then s3* (¢HP + Pacg(q)-1) = ¢H? + Pacg(q)—1-

Proof. Set R := Sjrl(qu+79deg(q)_1). Since s, has only roots outside T, we have sjrl e H*
and S;al = HP. Thus

R = 57" (qH? 4 Pacg(q)—1) = ¢H + 57" Paeg(q)-1-
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This implies ¢H? C R. Next we show Pgeg(q)—1 C R. Let 7 € Peg(g)—1- Since P C qH? +
Poeg(q)—1, We have s € gHP+Pgeg(q)—1 and thus r = sll(rer) € R. Hence ¢H? +Paeg(g)-1 C
R.

It remains to prove R C qH? + Paeg(q)—1- Let g = s7'(¢h +r) € R with h € H? and
T € Pdeg(q)—1- Since g and s, have no common roots, there exist polynomials a,b € P with
qa + s;b =1 and deg(a) < deg(s,), deg(b) < deg(q). Since rb € P C qHP? + Peeg(q)-1, We
have

si'r=s'r(qa + s4b) = qsi'ra+rb € H? 4 Paeg(q)-1-

Also qurlh € qHP, so we have g € qH? + Pyeg(q)—1- This shows that R C ¢HP + Pyeg(q)—1
and completes the proof. Il

Remark 2.3.7. For what other Banach spaces X of analytic functions on D do the above
results hold? Note that the following properties of X = HP? are used:

(1) PC W, C X, and P is dense in X;

(2) Wi X C X;

(3) It g=>""ygn2" € X then g, — 0;

(4) If g € X and o € T, then g(z/a) € X as well;

(5) If s € P has no roots on T, then sX is closed in X.

To see item 3 for X = HP: note that by Holder’s inequality H? C H', and for p = 1
this follows from the Riemann-Lebesgue Lemma ([12, Theorem 1.2.8]), actually a sharper
statement can be made in that case by a theorem of Hardy, see [12, Theorem III 3.16], which
states that if f € H' then > |f,|n"! < .

Other than X = HP, 1 < p < oo, the spaces of analytic functions AP on D with Taylor
coefficients p-summable, c.f., [13] and reference ([1-5]) given there, also have these properties.
For a function f € AP the norm || f|| 4» is defined as the [P-norm of the sequence (]/C\) . of Taylor
coefficients of f. Properties (1), (3) and (4) above are straightforward, property (2) is the
fact that a function in the Wiener algebra is an {? multiplier (see e.g., [13]). It remains to
prove property (5).

Let s be a polynomial with no roots on T, and let f,, be a sequence of functions in AP
such that sf,, converges to g in AP. We have to show the existence of an f € AP such that
g = sf. Note that f, and g are analytic functions, and convergence of sf, to g in A”? means
that ||sf, — gl — 0. Consider the Toeplitz operator Ty : I — [P. Then sf, = Tsf,. So
IT.fn — Gllw — 0. Since s has no roots on T the Toeplitz operator T, is Fredholm and has
closed range, and since s is a polynomial 7§ is injective. Thus there is a unique fe P such
that T, f = g. Now define (at least formally) the function f(z) = >°2 (f)x2". Then sf =7,
so at least formally s(z)f(z) = g(z). It remains to show that f is analytic on D). To see this,
consider z = r with 0 < r < 1. Then by Holder’s inequality

00 R R 00 1/q R 1/q
DDl < 1l <Z ’f) = [11h» (1 _qu) ,
k=

0 k=0
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showing that the series f(z) = Z;O:O(f)kzk is absolutely convergent on . Since f(z) = ggz;
is the quotient of an analytic function and a polynomial it can only have finitely many poles

on D, and since the series for f(z) converges for every z € D it follows that f is analytic in
D.

2.4 Fredholm properties of T, for w € Rat(T)

In this section we prove Theorem 2.1.2. We start with the formula for Ker(7},).

Lemma 2.4.1. Let w € Rat(T), say w = s/q with s,q € P co-prime. Write s = s_s¢s4
with the roots of s_, sg, sy inside, on, or outside T, respectively. Then

Ker(T,) = {i | deg(7) < deg(q) — (deg(s—) + deg(so))} . (2.4.1)

Proof. If g = 7/s; where deg(7) < deg(q) — (deg(s—) + deg(so)), then sg = s_sor which is
a polynomial with deg(s_sor) < deg(q). Thus wg = s_so7/q € Rato(T) which implies that
g € Dom(T,,) and T,g = 0. Hence g € Ker(T,,). This proves the inclusion D in the identity
(2.4.1).

Conversely suppose g € KerT,,. Then T,g = 0, i.e., by Lemma 2.2.3 we have wg = #/q or
equivalently sg = 7 for some 7 € Pgeg(q)—1. Hence s_so(s;g) = sg = 7. Thus g = /s, with
7 :=s,g € HP. Note that s_so7 = 7, so that 7 = 7/(s_s¢). Since 7 € H? and s_s, only has
roots in D, the identity 7 = #/(s_s¢) can only hold in case s_sq divides 7, i.e., 7 = s_sor;
for some r; € P. Then 7 = r; € P and we have

deg(r) = deg(s;g) = deg(7) — deg(s_sg) < deg(q) — (deg(s_) + deg(so)).

Hence g is included in the right hand side of (2.4.1), and we have also proved the inclusion
C. Thus (2.4.1) holds. O

We immediately obtain the following corollaries.

Corollary 2.4.2. Let w € Rat(T). Then

dim(Ker(T,)) =
— max {0711 {poles of w, multz.t} _y {zemes of win D, multz.}} ‘

taken into accoun taken into account

In particular, T,, is injective if and only if the number of zeroes of w inside D is greater than
or equal to the number of poles of w (all on T), in both cases with multiplicity taken into
account.

Corollary 2.4.3. Let w € Rat(T) with all zeroes inside D. Then
Ker(7,,) = {r | deg(r) < deg(q) — deg(s)} C P.
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Corollary 2.4.4. Let w € Rato(T), say w = s/q with s,q € P co-prime. Then
Poeg(q)—deg(s)—1 C Ker(T,) and thus T, is not injective.

Next we prove the inclusions for Dom(7},) and Ran(7},) in (2.1.2).
Proposition 2.4.5. Let w € Rat(T), say w = s/q with s,q € P co-prime. Then

qH? + Paeg(q)—1 C Dom(T,,);

- (2.4.2)
Tw(qu + 7)deg(q)fl) =sHY +P C Ran(Tw),
where P is the subspace of P given by
P = {reP|rqg=ris+ry for r1,72 € Pacg(q)—1} C Pdeg(s)-1- (2.4.3)

Proof. We start with the first inclusion of (2.4.2). Let g € ¢HP + Paeg(q)-1, i-€., g = qgh + 11
where h € HP and deg(ry) < deg(q). Write sry = rq + ro with deg(r2) < deg(g). Then

deg(r) + deg(q) = deg(rq) = deg(rq + r2) = deg(sr)
= deg(s) + deg(r1) < deg(s) + deg(q).

Hence deg(r) < deg(s), and we have

wg:sh—kﬁ:(shqw“)—f—@GHp—I—RatO(']I‘).
q q

Hence g € Dom(7;,) and T.,g = sh 4+ 1 C sSH? 4 Pgeg(s)—1- This proves the first inclusion in
(2.4.2).
Further, observe that sr; = rq + ry implies rq = sr; — r9 and we have deg(r1) < deg(q)
and deg(rs) < deg(q), so that 7 € P. This gives the inclusion T (qH? +Paeg(g)—1) C sHP+P.
To complete the proof of (2.4.2) it remains to prove the reverse inclusion. Let f € sH? —|—7i
say f = sh+r with h € HP, r € P. Hence qr = 118 + 19 With 71,79 € Paeg(q)—1. We seek
g € qHP 4 Paeg(q)—1 and T € Pyeg(q)—1 such that wg = f +7/q, or equivalently

sg=qf +r=qsh+qr+7=5sqh+sri+ro+7=5(gh+1)+rs+T7.

Since deg(ry) < deg(q), this is clearly satisfied for g = gh + r and ¥ = —ry. In particular,
T.(qgh + 1) = sh+r. Hence (2.4.2) holds. O

In the following lemma we determine a complement of P in Pacg(s)—1-

Lemma 2.4.6. Letw € Rat(T), sayw = s/q with s,q € P co-prime. Define P by (2.4.3) and
set Q = Peg(s)—deg(q)—1 if deg(s) > deg(q) and Q = {0} otherwise. Then Peg(s)—1 =
with + indicating a direct sum. In particular, Paegs—1 = P if and only if deg(s) < deg(q).
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Proof. For deg(s) < deg(q) we have Q = {0}. Hence it is trivial that P + Q is a direct sum.
Also, in this case Pyeg(s)—1 C Pdeg(q)—1 and consequently sHP + Paeg(g)—1 = SH? + Paeg(s)—1
and this subspace of H? contains all polynomials. In particular, for any r € Pgeg(s)—1 We
have qr € sPaeg(q)—1 T+ Pdeg(q)—1, Which shows r € P. Hence P = Paeg(s)—1-

Next, assume deg(s) > deg(q). Let r € Q, i.c., deg(r) < deg(s) — deg(q). In that case
deg(rq) < deg(s) so that if we write rq as rq = r1s 4+ ro then 7 = 0 and ry = rq with
deg(rq) > deg( ) Thus rq is not in sPgeg(q)—1 + Pdeg (¢)-1 and, consequently, r is not in
P. Hence PN Q = {0}. Tt remains to show that P+Q= Peg(s)—1- Let 7 € Peg(s)—
Then we can write rq as rq = 15 + o with deg(r;) < deg(q) and deg(ry) < deg(s).
Next write ry as ro = 71q + 72 with deg(7) < deg(q). Since deg(rq) < deg(s), we have
deg(71) < deg(s) — deg(q). Thus 7, € Q. Moreover, we have

rq=r1s+ 19 =118+ 7119+ 72 = (118 +72) +71¢q, hence (r —ry)qg = ris + 7.

Thusr—?leﬁ,andwecanwriter:(r—ﬁ)jLﬂEﬁ—i—@. O
We now show that if s has no roots on T, then the reverse inclusions in (2.4.2) also hold.

Theorem 2.4.7. Let w € Rat(T), say w = s/q with s,q € P co-prime. Then T, has closed
range if and only if s has no roots on T, or equivalently, sH” + P is closed in HP. In case s
has no roots on T, we have

Dom(T,,) = qH” + Pacgtgy1  and Ran(T,) = sH? + P. (2.4.4)

Proof. The proof is divided into three parts.

Part 1 In the first part we show that s has no roots on T if and only if sH? + P is closed
in H?. Note that for deg(s) < deg(q) we have P = Poeg(s)—1, and the claim coincides with
Theorem 2.3.1. For deg(s) > deg(q), define Q as in Lemma 2.4.6, viewed as a subspace of
HP?. Since Q is finite dimensional, Q is closed in H?. Hence, if sH? + P is closed, then so is

sHP + P+ Q = HP + Paeg(s)—1- By Theorem 2.3.1, the latter is equivalent to s having no
roots on T. Conversely, if s has no roots on T, then sH? is closed, by Theorem 8 of [17] (see
also the proof of Theorem 2.3.1). Now using that P is finite dimensional, and thus closed in
H?, it follows that sH? + P is closed.

Part 2 Now we show that sH? + P being closed implies (2.4.4). In particular, this shows
that s having no roots on T implies that 7;, has closed range. Note that it suffices to show
Dom(7,,) C ¢H? + Paeg(q)—1, since the equalities in (2.4.4) then follow directly from (2.4.2).
Assume sH? + P is closed. Then also sHP + Pleg(s)—1 is closed, as observed in the first part
of the proof, and hence sH? + Pgeg(s)—1 = HP. This also implies s has no roots on T.

Write s = s_s, with s_,s; € P, with s_ and s, having roots inside and outside T only,
respectively. Let g € Dom(7,,). Then sg = gh + 1 for h € H? and r € Pyeg(q)—1. Note that
sH? = s_HP since s, H? = HP. By Theorem 2.3.1 we have HP = sH? + Pdeg(s . Since
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h € HP = sHP + Pyeg(s_)—1, We can write h = sh’' 41" with A’ € H? and v’ € Pgeg(s_)-1. Note
that deg(qr’ + r) < deg(s_q). We can thus write ¢r' +r = r1s_ + o with deg(r1) < deg(q)
and deg(rz) < deg(s—). Then

sg=qh+r=qsh' +qr' +r=qsh +ris_ +ry=s(qgh’ +ris") +ro.

Hence 1y = s(g—gqh’' —rys;"). Since deg(ry) < deg(s_), we can evaluate both sides (as well as
the derivatives on both sides) at the roots of s_, to arrive at 7o = 0. Hence s(g—qh'—r; sjrl) =
0. Dividing by s, we find g = gh’ + rlsjrl. Since ¢ and s are co-prime and 71 € Pyeg(q)—1,
by Lemma 2.3.6 we have 7’1811 € qHP + Pyeg(q)—1- Thus g = gh' + Tlsjrl € qH? + Peg(q)-1-

Part 3 In the last part we show that if s has roots on T, then T, does not have closed range.
Hence assume s has roots on T. Also assume Ran(7,,) is closed. Since sH? + P C Ran(T,)

and Ran(T},) is closed, also sH? + P C Ran(T},). Since Q is finite dimensional, and hence
closed, sH? + P + Q is closed and we have

sHP + P+ Q=sH? + P+ Q = sHP + Paeg(s) 1 = H".
Therefore, we have
HP” = sH? + P+ Q C Ran(T},) + Q C H”.

It follows that Ran(T},) + Q = HP.
Let h € H? such that gh & sHP? + Pyeg(s)—1, Which exists by Theorem 2.3.3. Write

h = h' +r" with ' € Ran(T,) and " € Q. Since A’ € Ran(T,), there exist ¢ € H? and
re Pdeg(q)—l such that

sg=qh' +r=qh—7")+r=qh—q’ +r.

Write r as r = sry + ro with r,79 € P, deg(ry) < deg(s). Note that r' € é, so that
deg(gr') < deg(s). Thus

qgh=sg+qr' —r=sg+qr' —sri —ry = s(g —r1) + (qr' —r2) € SH” 4+ Pyeg(s)-1,
in contradiction with gh & sH? + Pgeg(s)—1. Hence Ran(7,) is not closed. O

When s has no roots on T we have Ran(7,) = sH? + P and thus, by Lemma 2.4.6,
Ran(T,) + Q = HP. However, this need not be a direct sum in case s has roots outside T.
In the next lemma we obtain a different formula for Ran(7;,), for which we can determine a
complement in HP.

Lemma 2.4.8. Let w € Rat(T), say w = s/q with s,q € P co-prime. Assume s has no roots
on T. Write s = s_s, with the roots of s_ and s, inside and outside T, respectively. Define

P — {reP|rq="ris_ +75 for 71,72 € Paeg(q)-1}
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and define Q_ = Poeg(s_)—deg(q)—1 if deg(s—) > deg(q) and Q_ = {0} if deg(s_) < deg(q).
Then
Ran(T,) = s_H?+P_ and Ran(T,)+Q_ = H”.

In particular, codim Ran(T,,) = max{0, deg(s_) — deg(q)}.

Proof. It suffices to prove that Ran(T,) = s_ H? + 75_, that is, sH? + P =s_HP+ 73_, by
Theorem 2.4.7. Indeed, the direct sum claims follow since H? = s_H p—FPdeg(s_) is a direct

sum decomposition of H”, by Proposition 2.3.2, and Pyeg(s_) = P_+Q_ is a direct sum
decomposition of Pyeg(s_), by applying Lemma 2.4.6 with s replaced by s_.

We first show that sH? +P C s_HP? +P_. Let f = sh+r with h € H? and r € 75, say
rq = sry 4+ ry. Then rq = s_(syry) + ro. Now write s r; = ¢r; + 7 with deg(r2) < deg(q).
Since 75 and 75 have degree less than deg(q) and

q(r —s_11) = 5_(5471) + 19 — q5_T1 = 5_T3 + 13,
it follows that r — s_7r] € P_. Therefore
f=sh+r=s_(sch+7)+(r—s_7)es_H +P_.

Thus sH? + P C s_H? +P_. B
To complete the proof we prove the reverse implication. Let f = s_h+1r € s HP + P_
with h € HP and r € P_, say rq = s_71 + 73 With 7,75 € Paeg(q)—-1- Set

9= Sll(qh +71) € Sll(qu + Paeg(q)-1) = ¢H” + Pacg(q)-1,

with the last identity following from Lemma 2.3.6. Then g € Dom(T,) and T,,g € sH? + P.
We show that T,,g = f resulting in f € sH? + P, as desired. We have

sg=5_(qgh+7)=s_qh+s_1 =s_qgh+rq—T3
= Q(S—h + 7“) —Ty € qH? + Pdeg(q)fl-
This proves T,,g = s_h +r = f, which completes our proof. n

Before proving Theorem 2.1.2 we first give a few direct corollaries.

Corollary 2.4.9. Let w € Rat(T) have no zeroes on T. Then

codim Ran(T,,) =
— max {O, u{zemes of win D multz.} _ ﬁ{poles of w multi. }} .

taken into account taken into account

In particular, T,, is surjective if and only if the number of zeroes of w inside D is less than
or equal to the number of poles of w (all on T), in both cases with multiplicity taken into
account.
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Corollary 2.4.10. Let w € Rat(T). Then T, is Fredholm if and only if w has no zeroes on
T. In that case the Fredholm index of T, is given by

Index (T,) = {POZ@S of w multi. } _y {zemes of winD multz.} .

taken into account taken into account

Corollary 2.4.11. Let w € Rat(T) have no zeroes on T. Then T, is either injective or
surjective, and T, is both injective and surjective if and only if the number of poles of w
coincides with the number of zeroes inside D.

Proof of Theorem 2.1.2. Theorem 2.1.2 follows by combining the various results from the
present section. The claim that T, is Fredholm if and only if w (or equivalently s) has no
zeroes on T along with the formula for the Fredholm index was given in Corollary 2.4.10, as
a consequence of Theorem 2.4.7 and Lemma 2.4.8. The formula for Ker(7},) in (2.1.2) follows
from Lemma 2.4.1, noting that sy = 1, and the formulas for Dom(7,,) and Ran(T;,) follow
from Theorem 2.4.7. The formula for a complement of Ran(7},) is obtained in Lemma 2.4.8,
and, finally, the claims regarding injectivity and surjectivity of 7T, are listed in Corollary
2.4.11. O

2.5 Fredholm properties of 7,: General case

In this section we prove Theorem 2.1.1 in the general case, i.e., for w € Rat. In order
to do this we need some preliminary results, which are closely connected to non-canonical
Wiener-Hopf factorization.

Lemma 2.5.1. Let w € Rat and denote by k = [T — I~ the difference between the number
I™ of zeroes of w in D and the number 1= of poles of w in D. Then we can write

w(z) = w_(2)(Zwn(2))ws (2)

where w_ has no poles or zeroes outside D, w, has no poles or zeroes inside D and wy has
all its poles and zeroes on T, i.e. wy € Rat(T). The functions w_,wy,w, are unique up to a
multiplicative constant. In this case we have

T, =T, T, .

Proof. Suppose that w = s/q with s,q € P co-prime, and let s = s_sgs, where s_ is monic
and has all its roots in I, sy has all its roots on T and s, has all its roots outside I. Let
q = q_qoq+ be similarly defined, i.e. ¢_ monic with all its roots in D, gy has all its roots on T
and ¢, has all its roots outside D. Let tj,7 =1...17 be the roots of s_ and 75,7 = 1,...1~
be the roots of ¢q_, possibly with repetitions. Then we can write

so WLz —t) - (1 —t;27h)
q- H§;1(z ) H§;1(1 — 727
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where k =T — 7. Put wy = X,

1s. 115 (z—t))
w_. =—— = ——=—
zhg- 21 (2 — 1)

and w, = Z—: Then w_ has no zeroes or poles outside D including infinity, as lim,_,., w_(z) =

1, wy has no poles and zeroes inside D, wy € Rat(T) and we have the desired factorization
w=w_(z"wy)wy.

The uniqueness may be seen as follows: clearly x is uniquely determined by w. Suppose
w' wiw, = w_wows. Then (W) w_wy = ww’, (wy) !, and it follows that this is a function
in Rat(T). It is then easily seen that there are constants cy,c_,cy such that w) = cowo,
W =c_w_ and W, = cyw,, with c_cocq = 1.

Note that f € Dom(T,,_T.x.,T., ) if and only if

Ty, f=wyf € Dom(T,,_ Tiry) = Dom(Tngy, ).

Now let f € Dom(T,,_T.ru,T., ). So there are h € LP and p € Rato(T) with 2 wy(w f) =
h+ p and Tyry,wo f = Ph. Furthermore,

wf=w_(2"wwif)=w_(h+p) =w_h+w_p.

Now w_p is a rational function which has poles only in the closed unit disc. Moreover, as
lim, ;o w_(2) = 1 and p € Raty(T) we have that w_p is strictly proper. Hence, by Lemma
2.2.4, we can write w_p uniquely as w_p = g + p’ with g a rational function with poles only
inside D and p’ € Raty(T). Then also g is a strictly proper rational function, as both w_p
and p’ are strictly proper. We conclude that

wf=(w-h+g)+p

and since w_h + g € LP we have f € Dom(T,) and T,,f = P(w_h + g). Now since g is a
rational function which is strictly proper and it has all its poles in D, g has a realization
9(2) = c(z — A)7'b, with A a stable matrix. Then g(z) = 7%, b and hence Pg = 0.
Thus we see that f € Dom(T,,) and T,,f = P(w_h).

On the other hand

Ty Tovy T, f = Ty Torywsf = T,,_(Ph) = P(w_Ph).

Write h = h_ + hy, where hy = Ph. Then P(w_h_) = 0 since both w_ and h_ are anti-
analytic. Thus w_h =w_h_ +w_h; and P(w_h) = P(w_h,). This implies that

T, =1, T 1o, ,

provided Dom(T),) is equal to Dom(7T}, Ty, T, ).
We already proved that Dom(7}, T.s.,T., ) C Dom(T,,). To prove the reverse inclusion,
suppose that f € Dom(T,,). Then there are g € LP and p € Raty(T) with wf = g + p. Since
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w”'p € Rat has poles only in D, by Lemma 2.2.4 we can write w™'p uniquely as w™'p = ¢'+ '
with ¢’ strictly proper and with poles only in D and p' € Raty(T). Also, w™'g € L? because
w”" has no poles on T. But then 2"wow, f = w_'g+w™p = (w='g+g)+p is in LP+Rate(T).
Hence w, f € Dom(7%x.,), which implies f € Dom(T,_ T.rwy 15, ). O

Remark 2.5.2. Compare this with Theorem 16.2.3 of [6] and Proposition 2.14 of [1] from
which it follows that if a,b € H*, ¢ € L* then Ty, = T,1T.T}.

Observe that T,,_ and T;,, are bounded and have a bounded inverse, in fact T, w‘f =T

and Tw_j = ij. Hence the Fredholm properties of T,, are the same as the Fredholm
properties of T,«,,. If kK > 0, then these properties are described by the results of the
previous section. It remains to study the case where k < 0. For this case we have the
following lemma.

Lemma 2.5.3. Let w € Rat(T) and K < 0. Then T,x, = TxT,. Moreover, T,=T, is
Fredholm if and only iof T, T~ is Fredholm.

Proof. Let w = 2, where s and ¢ are coprime and ¢ has all its roots on T. First we show
that Toe, = TunTl,.

Let f € Dom(T,), then wf = h + ¢, with h € LP and ¢ € Rato(T). Then zfwf =
2"h + 2"¢. Clearly z"h € LP. Write 2"¢ = ¢’ + ¢', where ¢’ is rational, strictly proper
and has a pole only at zero (recall, kK < 0), and ¢’ is in Rato(T); see Lemma 2.2.4. Then
2Pwf = (2°h+¢') + ¢, and hence f € Dom(T,x,). This shows Dom(T.<T,,) = Dom(T,) C
Dom(7Try,).

Conversely, if f € Dom(7},x,) then there is a ¢ € L and a p € Raty(T) such that
Z"wf =g+ pand Tor,f = Pg. Then wf = 27"g + 27 %p. Since k < 0 and p € Raty(T),
we have 27" € P and, by Euclidean division, we can write z7"p = r + ¢ with r € P_,_
and ¢ € Rato(T). Clearly z7"g € LP. Thus wf = (27"g +r) + ¢ is in L 4+ Rato(T).
Hence f € Dom(T,) = Dom(7T,«T,) and T, = Pz"g + r. In particular, this implies
Dom(7T.,~T,,) = Dom(T;x,).

To complete the proof of the first claim, it remains to show that

Pg=Toof =TT, f = Tox(Pz"g+1r) =P2"(Pz""g +1).

Since deg(r) < —k, we have Pz"r = 0. Thus we have to show that Pg = Pz"Pz""g. Write

o0

9(2) =372 7 g;. Then Pz7"g = >°% g;2/7". Since x < 0, we have

Pz'Pz g =P (Z gjzj> = Zgjzj = PPy,
j=x =0

which finalizes the proof of the claim that T,«, = T,<T,,.

To prove the second part of the statement, we show that the difference T,+T,, — T, T, is a
bounded finite rank operator, from which the result follows. More specifically, we show that
T.xT,—T,T,~ is zero on z~"HP. Note that z~"Dom(T},) is dense in z~*H?, since Dom(T,,) is
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dense in HP. Thus it suffices to show that T,-T,,f = T,,T.~ f for all f = z7"g € z~"Dom(T,);
note that by the last claim of Lemma 2.2.3 we have z~"Dom(7;,,) C Dom(7,,) since s < 0.
Thus, let f = z7"g € z7"Dom(T,,), say sg = gh + r with h € H? and deg(r) < deg(q).
Note that T,«f = g, so that T,,T,«f = T,g = h. On the other hand, sf = qz7"h +
27" = q(27"h 4+ 13) + 11, where 19,71 € P, deg(rs) < —k, deg(r;) < deg(q) are such that
2 fr = qrg + r1. Then T, f = z7"h 4 ry, which shows T,-«T,f = P(h + 2"ry) = h, since
deg(ry) < —k. Thus T,«T, f = T, T.«f, as claimed, and the proof is complete. O

Proof of the Fredholm claim of Theorem 2.1.1. Let w = s/q € Rat(T) where s and
q are coprime. Put w = w_2"wyw, as in Lemma 2.5.1 above, where w, has all its poles
and zeroes outside D, wy € Rat(T) and w_ has all its poles and zeroes in . Then T}, =
T, Ty, . Clearly T, and T, are boundedly invertible, so T;, is Fredholm if and only
if T,ry, is Fredholm.

If kK > 0 it follows from Corollary 2.4.10 that T.x,, is Fredholm if and only if wy has no
zeroes on T. This proves the Fredholm claim of Theorem 2.1.1 for the case where x > 0.

Now let k < 0. Then T,x,, = T.+T,,, by Lemma 2.5.3. Suppose first that wy has no
zeroes on T, so that T}, is Fredholm by Corollary 2.4.10. As T~ is Fredholm as well, T,~T,,,
is Fredholm. Conversely, assume T, is Fredholm. Then T,-T,, = T.x,, is Fredholm, and
thus 7., 7.~ is Fredholm, again using Lemma 2.5.3. Now 71,+7,-« = I, and T,-« is Fredholm.
Hence (see [4], Theorem 1V.2.7) T,,, T.+»T,-« = T, is Fredholm. By Corollary 2.4.10 again,
this implies that wy has no zeroes on T, and hence also w has no zeroes on T. [l

For w € L* we have the following result by L. A. Coburn (see [1] Theorem 2.38): If
w € L™ and w does not vanish identically then either the kernel of T,, in H? is trivial or T,
has dense range in HP.

For w € Rat with poles in T the theorem of Coburn does not hold in full generality
but we do have the following, which also proves the second part of Theorem 2.1.1, i.e., the
statement on the index.

Theorem 2.5.4. Let w € Rat with possibly poles on T. If T,, is Fredholm then
poles of w in D multz’.} _y {zemes of winD multz’.}

taken into account taken into account

Index (T},) = ¢ {

and T, is invertible if and only if Index (T,,) = 0, i.e.
4 {poles of winD multi} — {zeroes of winD multi.}

taken into account taken into account
Furthermore, if T,, is Fredholm then T, is either injective or surjective.

Proof. If T, is Fredholm then w has no zeroes on T. Let w = w_2"wyw, be the factorization
ofwasin Lemma 2.5.1. ThenT,, = T, T.r,, 1., . AsT,, and T, arebounded and invertible,
it follows that Index (T,,) = Index (T}« ). If £ > 0 then by Corollary 2.4.10

Index (Tyny,) =t {poles of wp multi. } B

taken into account
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Since kK = [T — [~ is the difference between the number of zeroes of w in the open unit disc
and the number of poles of w in the open unit disc we see that

Index (T,,) = ¢ poles of w in D multi. _y zeroes of w in D multi.
N taken into account taken into account

as stated.

If k < 0 then, as observed in the proof of the previous lemma, T’xy, = 1.1, = T, Tor +
U for some bounded ¥ of finite rank. By [4], Theorem V.2.1 we have Index (T,xy,) =
Index (T,,,T.~), and by [4], Theorem IV.2.7 this is equal to Index(7,,) + Index (T.~) =
Index (7,,,) — . From here on the proof is the same as in the case k > 0.

Clearly, in case T, is Fredholm, T}, is injective if and only if 7}« is injective, and similarly
T, is surjective if and only if Ti«,, is surjective. In case k > 0 then z"w, € Rat(T) and
from Corollary 2.4.11 it follows that 7T, is either injective or surjective. On the other hand
let kK < 0. For h € H?, f = (2"wg) 'h € Dom(T,x,) (recall that wy has no zeroes on T as
T, is Fredholm) with T,x,, f = h showing that T,«,, is surjective. In addition, T,x, is not
injective as {27 : j < M} C Ker(Tyx,,,) where M = r + #{poles of wy}. O

We conclude this section with a characterization of invertibility of 7, and a formula for
the inverse when it exists. Here invertibility means that T, is bijective, so that the inverse
is bounded. The classical result for continuous symbols is that T, is invertible if and only if
w has no zeroes on T and T}, is Fredholm of index zero; the inverse is then provided using
the factors in the Wiener-Hopf factorization [6, Theorem XVI.2.2].

Proposition 2.5.5. Let w € Rat with at least one pole on T and let k be the difference
between the number of zeroes of w in D and the number of poles of w in . Then T, is
inwvertible if and only if w has no zeroes on T and Kk is also equal to the number of poles of
w on T. In that case w factorizes as

ZN

q(2)

w(z) = w-(2)—=w(2),

where w_ has no poles or zeroes outside D, w, has no poles or zeroes inside D and qqy is a
polynomial of degree k with all its roots on T, and moreover,

T, =T, To T,

Proof. Let w = w_(2"wp)w; be the factorization of Lemma 2.5.1. Then T, and T, are
invertible with inverses 7 -1 and T, o and thus it is seen that the inverse of T exists 1f and
only if the inverse of Tx,,, exists. Smce an invertible operator is certainly Fredholm with
index zero, it follows that wy has no zeroes on T, and so wy = 1/¢o for some polynomial gg
with roots only on the unit circle. The Fredholm index being zero implies that £ = deg(qo)-
Conversely, if wy is of this form, then 7}«,, is one-to-one by Corollary 2.4.2 and onto by
Corollary 2.4.9.
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It remains to show the formula for the inverse, and here too it suffices to show that
T =Ta.
a0 ="
Note that qu is a bounded operator. To show that this is the inverse of Tzn let f € H? and

write go(z )f( ) = 2"h(z) + r(z) where h € HP and r is a polynomial with deg( ) < k. Then
Taw f = h, and on the other hand, from go(2) f(2) = 2"h(2)+7(2) we have that h € Dom (T~ )

with T h = f. B
q0

2.6 Matrix representation

For n € Z, let e, be the function e,(z) = 2",z € T. Then {e,}>2, is the standard basis for
H?. Where convenient, we shall denote e,, simply by 2".

Now let w € Rat with possibly poles on T. Since the polynomials P are contained in
the domain of the closed operator T, defined in (2.1.1), by inspecting the action of T}, on
the monomials 2" and expressing the result as a power series, it is possible to determine a
matrix representation [T,,] of the operator T,,(H? — HP?) with respect to the basis {e, }22.

In this section we shall prove Theorem 2.1.3, which states that this matrix representation
[T.,] has a Toeplitz structure, i.e., [T,,] = [am_n]pr = for some sequence (ap)nez. Here a,
has a polynomial bound, a, = O(n’) for some j € N.

We first prove the following lemma, which is an explicit formulation of the Euclidean
algorithm for dividing 2z — 1 by (z — 1)™, where m < N.

Lemma 2.6.1. For any natural number N and any m < N
N—m i +m 1 m—1
N o m - N m—i
—1=(z—1) ;(m_l) +Z< )z—l (2.6.1)
= J=
Proof. The proof is by induction on m. The case m = 1 is just the well-known formula
N 1=-1DE" T 4+ 22 24 1),
For m > 1, to show that (2.6.1) holds, we have to prove the following:
N—m N—-m—1
t+m—=1\ Nopmei L+mY\ Nom—i-1 N
Z;(m_1>z = (2 1>;(m>z ) (2.6.2)

To see this, we shall make use of the so-called hockey-stick formula, which implies that

N—-m ,.
Z (Z +m — ].> _ (N) . Thus’ the I‘lght hand side of (262) is equal to
pa m—1 m

(2 —1) _Z;l(i;m) Nm“+2(z+m_1). (2.6.3)

1=
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1+m—1

L1 ) N7~ ypon dividing by z — 1 is equal to

N—m
Note that the remainder of Z (
i=0

N-m ,.
Z <Z —ZTI 1), so the remainder term in (2.6.2) is correct.
i=0

To finish the proof it remains to compare the coefficients of z* on the left and right hand

sides of (2.6.2) with &k > 1. A straightforward rewriting of the right hand side shows that
the equality (2.6.2) follows from the basic property of binomial coefficients. O]

Example 2.6.2. Let w(z) = (2 —1)™™, i.e,, s =1 and ¢(2) = (z — 1)™. From Proposition
2.2.1 we know ¢H? + P,,_; C Dom(T,,) which contains all the polynomials. Put

;= (Hm_l),i:o,m,...
m—1

b 0 7 <m
o A —j ]Zm

and

From Lemma 2.6.1 above, for N > m we can write

= fitm—1 (N
N _1\m - N—-—m—i 1\
2No=(2-1) Z( m— 1 )Z —i—o(j)(z 1) +1

J=0 J
N—-—m m—1 N
N—m—i j
=aq(z —i + . —-1)7+1
)Y a3 () -
1= 7=0
N—-—m ' m—1 N
= q(z) Z A (N—m—j)2° + (]) (z—1) +1
=0 =0

Put

Then r is a polynomial with deg(r) < m = deg ¢ and since s = 1,

N—m

s(2)2Y = q(2) Z a—(N-m—)? + T
=0

and so from Lemma 2.2.3, for N > m we have
N—m N—m N
TN =) acom—p? = ) bo-p? =) bov-p?’
§=0 j=0 j=0

since b_; = 0 for j < m. From Lemma 2.4.1 we have Ker(T},) = span{z?,j < m} and so
the matrix representation of T, will be an upper triangular Toeplitz matrix with the first
m-columns zero.
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Proposition 2.6.3. Let w € Raty(T), say w = s/q with s,q € P co-prime, q having all its
roots in T and deg(s) =n < m = deg(q). Then, for N > m —n,

N—m-+n+1
TwZN = E aijZme‘F"JFl*J

J=1

where a_; = O(FM~Y) with M the mazimum of the orders of the poles of w on T. Thus the
matriz representation [T,)] of T,, with respect to the standard basis {2}, of HP is given by

0---0 apg a_1 a_o Qa_g
0---0 O Qo a_1 a_9

[Tw] = 0---0 0 0 ay G_q
—~—

Proof. Since w € Raty(T), by Corollary 2.4.4 we have P,,_,,_1 C Ker(T,).
Suppose ¢(z) = H;Zl(z — a;)™ with o; € T the poles of w with multiplicities m;. By
partial fractions decomposition we can write w = 22:1 wj, where

Sj(z) -, for SjGij_l, j=1---t1
z = a )™

wj(z) = (

Note that [T}] = Z;Zl[ij] and if s;(2) = co + 12 + 2% + -+ 4 ¢p;—12™ 7 then
[1.,;] = Z:’f&l CilT%i(z—a,yms]. From this it follows that it suffices to prove the result for
w(z) = z"/(z —a)™. To this end, assume w = s/q where s(z) = 2" and ¢(z) = (z — a)™ for
some o € T. By Lemma 2.6.1 we have

& j+m—1 /N

N_ (., 1\m - N-m—j Y

2 =(2-1) EO( m— 1 )z +El(j>(z 1)? + 1.
J= J=

By replacing z with £ we can write

B -G-rE ()R 0) Gy e

J=0 J=1

Multiplying with oV results in
N—m . m—1
N =(z—a)™ (‘7 e 1> ol NI Z (?f) N (2 —a) + o,
e =1
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So, for N > m — n,

m—1
N (N—i—n) QNI (5 — )i 4 ot
— J
7j=1
Put
s t+m—1 _0.1.2 b, = 0 ?fj'<m—n
m—1 a_(j—(m—n)) fj=>=m—n
and
m—1

—

<.

Then deg(r) < m = deg(q) and

s(2)2Y = q(2) Nim (J + ”: 1) LN | p(7)

Jj=0
N+n—m

—q(z) Y N 4(e)

=0
N+n—m

=q(2) Z a—(N4n)-m—j)2" +7(2)

Jj=0
N+n—m

Z b_(N_j)Zj +7"(Z)
=0

from which it follows that

=0 §=0
as b_; = 0 for j < m —n. Thus the matrix representation of 7, is given by
0---0 apg a—1 Aa_o9 a_3

0---0 O Qo a_1 a_9
0---0 0O 0 Qo a_1

~—~—

m—-n

Since

j+m—1 G+m—-1)G+m—-2)--m _(j+m—1)""!
G—J:( m— 1 >: (m —1)! = (m—1)!

we have a_; = O(jm71).
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Proof of Theorem 2.1.3. Let w = s/q € Rat with s,¢ € P co-prime and ¢ having a root
on T. By Lemma 2.2.4, w can be written uniquely as w = wy + wy with wy € Ratg(T) and
wy € Rat with no poles on T. In particular, wy € L*(T). Then [T, = [1.,] + [1,] and [7,,,]
is as in Proposition 2.6.3. Moreover, [1,,] has the form as in Theorem 2.1.3 and the Fourier
coefficients of w; are square summable. This completes the proof. n

2.7 Examples

In the final section we discuss three examples.

Example 2.7.1. Let w(z) = (2—1)"' € Rato(T). Thenw = s/q with s = 1 and ¢q(z) = 2—1.
By Theorem 2.1.2 we have

Dom(T,) = (2 — 1)H? + C, Ker(T,) = Py = C, Ran(T,) = H”

and so T}, is Fredholm. These facts can also be shown explicitly. By Proposition 2.4.5 it
suffices to establish that Dom(7},) C (¢ — 1) H? and so consequently H? C Ran(7,,). To this
end let ¢ € Dom(7,,). Then there are h € H?” and ¢ € C with wg = (2 —1)"'g = h+ %5.
Then g = (2 — 1)h + ¢ showing than g € (z — 1)H? 4+ C. For h € H? put g = (2 — 1)h, then
g € H? with wg = (z — 1)7'(2 — 1)h = h, showing that g € Dom(T,,) and T,,g = h.

That Ker(7,,) = C is also easily verified directly, as for ¢ € C, we = 0+ %5. Thus
T.,c =0 and so C C Ker(7,,). The converse follows from Lemma 2.2.3 as for g € Ker(7,),
g = c for some c € C.

For the matrix representation, note that

= 1l=(4z+2 4 +2"D(z-1)

or equivalently
-1 =142+ 4+ 2" (217!
and so
T.2"=14z+224+---+2"L

From this it follows that the matrix representation [T;,] with respect to the standard basis
{2}, of H? is given by

011 1 1

001 1 1

Td=1000 1 1

Let [T»] be given by

0 O 0 0 0
1 -1 0 0 0
(T3] = 0O 1 -1 0 O
0 O 1 -1 0
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This is the matrix representation of T, = S + P, — [ where S = T, is the forward shift
operator, P; the projection onto the first component and I the identity operator on HP.
Then T5 is a generalised inverse of T,, and a right-sided inverse of T,,.

z—

Example 2.7.2. Let w(z) = T € Rat(T) for « € C, o # 1. From Lemma 2.2.3

Z_
Dom(Tw):{géH”:wgzh—i—%,hEH”,cEC}.
Z_

For a ¢ T by Theorem 2.4.7,
Dom(T,) = (z = 1)H? +C,  Ran(T,) = (2 —a)H” + P = (2 — a)H? + C,

since P={ce€ C:c(z—1) =ci(z —a)+cs c1,c € C}=C by Lemma 2.4.6. This
can be shown explicitly, and also holds for a € T. By Proposition 2.4.5 it suffices to show
Ran(T,) C (z — a)H? + C. Note that for h € H? we have h € Ran(T,,) if and only if there
exist g € H? and ¢ € C such that

z— c ) z—1 c

g=h+——, ie, h + =g € HP.
z—1 z—1 Z—Q Z—Q

Now use that % =1+ % and h € HP, to arrive at

-1
h € Ran(T,,) <= j_ah+zf&€H”, for some ¢ € C
c z—a«
<~ h+ € HP = (z — a)H?, for some ¢ € C

a—1 a-—1
< he(z—a)H?+C.

So Ran(T,) = (2 — a)H? + C.

Z—
For the matrix representation with respect to the basis {2"}2%, note that L=
Z j—
—«
1+ P 1+ c(z —1)"" where ¢ = 1 — a. Then the matrix representation with respect
Z p—
to the standard basis {2"}52, of H? is given by
1 ¢cc ¢ ¢
01 c ¢ c
Tdl=1001 ¢ ¢

From Theorem 2.1.1, T}, is Fredholm if and only if o ¢ T, which also follows from the
fact that Ran(7,) = (z — o) H? 4+ C. From Theorem 2.5.4 T}, is invertible for & € D and by

Lemma 2.4.1,
Ker(T,) = {c¢/(z —a): c € C}

29



in case a ¢ .
For o € D, let T be the operator on H? with the matrix representation with respect to
the standard basis {z"}22, of H? be given by

1 —¢ —ca —ca? —cad
N 0 —c  —ca —ca?
[17] = 0 0 1 —c —ca

Then T is the bounded inverse for T,,.
For a € D, T, is surjective and the operator 7% with the matrix representation with
respect to the standard basis of H? given by

1 0 0 0 0
i . ca™t 1 0 0 O
[T] =« ()™ et 1 0 0

is a right-sided inverse for T,,.

Example 2.7.3. Let w(z) = (sz11)2 € Rato(T). From Lemma 2.2.3

Dom(Tw):{geH”:wg:h+ 2,her,deg(r)gl}.

,
(z-1)
From Proposition 2.4.5 we see that (z—1)*H?+P; C Dom(T,,) and (2+1)H?+C C Ran(T,).
In this case w has a zero on T, so T, is not Fredholm. Nonetheless, we will show that
(z+1)H? + C = Ran(T,,) and (2 — 1)2H? + P; = Dom(T,).

To this end, let h € Ran(7T,). Then there exists an f € HP and a polynomial r with
deg(r) < 1 with

2
/= (Zz+11) h+ g et
Note that (22111)2 =z—3+ Z;il and 5 = ¢; + ;27 for ¢1,¢; € C. So we have
h € Ran(T,,) — (z—3)h+zi+1h+cl+% € HP, for some c1,cp € C
— zjlh—i_zjfl € HP, for some ¢y € C
<:>h—|—%€ Zl_al:(z+1)Hp, for some ¢y € C

< he(z+1)H" +C.

So Ran(T,,) = (z+1)H? + C. From Theorem 2.1.1 it follows that 7, is not Fredholm, which
can also be seen directly from the fact that Ran(7,,) = (z + 1) H? + C which is not closed.
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To show Dom(T,,) = (2 — 1)2H? + Py, let f € Dom(T,) then there are h € H? and
az +b=1r € P; with

az+b _ (2 —1)? az+b
o or equivalently, f = P h + 1

wf=h+

Since h € Ran(T},) = (2 + 1)H? + C there are g € H? and c € C with h = (2 + 1)g + ¢. As

(szrll)2 =z—-3+ zil and a;::_b a—+ _+1, we find that
(z—1)° az+b
= 1
f o] ((z + )g+c)+z+1

b—a

=(2—1) — :
(2 )79+ (2 — 3)c 1 a P

This implies that

de+b—a

e e G C R AR

4c+b—a __
which, by Lemma 2.2.2, can only happen if ++1 =0.

As 4C+Jf ¢ = f—(2—1)%g — (cz — 3c + a) € H? from Lemma 2.2.2 we get 4C+f1“ = 0.
Thus f = (z — 1)%g+ (cz — 3c+a) € (z — 1)2H? + Py and so Dom(T,,) = (z — 1)*H? + P;.
From Lemma 2.4.1 it follows that Ker(7,,) = C and for the matrix representation with

respect to {2"}5°, note

k—1
1 2 — (2 1
z+ & Z(2n+1)zk_”_1+< k+3)z—(2k+1)

(z-12 & (z 1)

and so the matrix representation [T,] given by

013 5 7
001 3 5
T=1000 1 3
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Chapter 3

The spectrum

Abstract. This paper is a continuation of our study of a class of Toeplitz-like operators with
a rational symbol which has a pole on the unit circle. A description of the spectrum and its
various parts, i.e., point, residual and continuous spectrum, is given, as well as a description of
the essential spectrum. In this case, the essential spectrum need not be connected in C. Various

examples illustrate the results. !

Mathematics Subject Classification (2010). Primary 47B35, 47A53; Secondary 47A68.
Keywords. unbounded Toeplitz operator, spectrum, essential spectrum.

3.1 Introduction

This chapter is a continuation of Chapter 2 where Toeplitz-like operators with rational
symbols which may have poles on the unit circle were introduced. While the aim of Chapter
2 was to determine the Fredholm properties of such Toeplitz-like operators, in the current
chapter we will focus on properties of the spectrum. For this purpose we further analyse this
class of Toeplitz-like operators, specifically in the case where the operators are not necessarily
Fredholm.

We start by recalling the definition of our Toeplitz-like operators. Let Rat denote the
space of rational complex functions. Write Rat(T) and Raty(T) for the subspaces of Rat
consisting of the rational functions in Rat with all poles on T and the strictly proper rational
functions in Rat with all poles on the unit circle T, respectively. For w € Rat, possibly having
poles on T, we define a Toeplitz-like operator T,,(H? — HP), for 1 < p < oo, as follows:

Dom(T,)={g € H?|wg = f + p with fe L} peRaty(T)}, T.g = Pf. (3.1.1)

Here P is the Riesz projection of L” onto HP.

1Up to some minor modifications, this chapter has been published as
G.J. Groenewald, S. ter Horst, J. Jaftha, and A.C.M. Ran, A Toeplitz-like operator with rational symbol
having poles on the unit circle II: the spectrum, Oper. Theory Adv. Appl., Vol. 272 (2019), 133 - 154.
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In Chapter 2 it was established that this operator is a densely defined, closed operator
which is Fredholm if and only if w has no zeroes on T. In case the symbol w of T, is in Rat(T)
with no zeroes on T, i.e., T,, Fredholm, explicit formulas for the domain, kernel, range and
a complement of the range were also obtained in Chapter 2. Here we extend these results
to the case that w is allowed to have zeroes on T, cf., Theorem 3.2.2 below. By a reduction
to the case of symbols in Rat(T), we then obtain for general symbols in Rat, in Proposition
3.2.4 below, necessary and sufficient conditions for 7, to be injective or have dense range,
respectively.

Main results Using the fact that A\l g» — T, = T\_,,, our extended analysis of the operator
T, enables us to describe the spectrum of T,,, and its various parts. Our first main result is
a description of the essential spectrum of T, i.e., the set of all A € C for which A\ g» — T,
is not Fredholm.

Theorem 3.1.1. Let w € Rat. Then the essential spectrum oess(T,,) of T, is an algebraic
curve in C which is given by

Oess(T0) = W(T) == {w(e?) | 0 < § < 27, € not a pole of w}.

Furthermore, the map X — Index (T\_,) is constant on connected components of C\w(T)
and the intersection of the point spectrum, residual spectrum and resolvent set of T, with
C\w(T) coincides with sets of A € C\w(T) with Index (Th\_,,) being strictly positive, strictly
negative and zero, respectively.

Various examples, specifically in Section 3.5, show that the algebraic curve w(T), and
thus the essential spectrum of 7T;,, need not be connected in C.

Our second main result provides a description of the spectrum of T, and its various
parts. Here and throughout the chapter P stands for the subspace of HP consisting of all
polynomials and Py for the subspace of P consisting of all polynomials of degree at most k.

Theorem 3.1.2. Let w € Rat, say w = s/q with s,q € P co-prime. For X\ € C, define
k, = t{roots of q inside D} = #{poles of A — w inside D},

ky = t{roots of \q¢ — s inside D} = #{zeroes of A — w inside D}, (3.1.2)
kS = t{roots of A\g — s on T} = #{zeroes of A\ —w on T},

where in all these sets, multiplicities of the roots, poles and zeroes are to be taken into
account. Then the resolvent set p(1,,), point spectrum o,(1,,), residual spectrum o.(T,,) and
continuous spectrum o.(T,) of T,, are given by

p(T,)={\€C| K =0 and k, = ky },
oo(T,) ={N€C | ky>ky +K}, o(T,)={ e C |k, <k}, (3.1.3)
0 (T,)={N€C K >0 and ky <k, <k, +k3}.

Furthermore, 0us(T,,) = w(T) = {\ € C | kY > 0}.
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Again, in subsequent sections various examples are given that illustrate these results. In
particular, examples are given where T, has a bounded resolvent set , even with an empty
resolvent set. This is in sharp contrast to the case where w has no poles on the unit circle
T. For in this case the operator is bounded, the resolvent set is a nonempty unbounded set
and the spectrum a compact set, and the essential spectrum is connected.

Both Theorems 3.1.1 and 3.1.2 are proven in Section 3.3.

Discussion of the literature In the case of a bounded selfadjoint Toeplitz operator on
¢, Hartman and Wintner in [11] showed that the point spectrum is empty when the symbol
is real and rational and posed the problem of specifying the spectral properties of such a
Toeplitz operator. Gohberg in [7], and more explicitly in [8], showed that a bounded Toeplitz
operator with continuous symbol is Fredholm exactly when the symbol has no zeroes on T,
and in this case the index of the operator coincides with the negative of the winding number
of the symbol with respect to zero. This implies immediately that the essential spectrum of
a Toeplitz operator with continuous symbol is the image of the unit circle.

Hartman and Wintner in [12] followed up their earlier question by showing that in the case
where the symbol, ¢, is a bounded real-valued function on T, the spectrum of the Toeplitz
operator on H? is contained in the interval bounded by the essential lower and upper bounds
of o on T as well as that the point spectrum is empty whenever ¢ is not a constant. Halmos,
after posing in [10] the question whether the spectrum of a Toeplitz operator is connected,
with Brown in [1] showed that the spectrum cannot consist of only two points. Widom, in
[16], established that bounded Toeplitz operators on H? have connected spectrum, and later
extended the result for general H?, with 1 < p < co. That the essential (Fredholm) spectrum
of a bounded Toeplitz operator in H? is connected was shown by Douglas in [5]. For the
case of bounded Toeplitz operators in H? it is posed as an open question in Bottcher and
Silbermann in [2, Page 70] whether the essential (Fredholm) spectrum of a Toeplitz operator
in H? is necessarily connected. Clark, in [3], established conditions on the argument of the
symbol ¢ in the case p € L9, q > 2 that would give the kernel index of the Toeplitz operator
with symbol ¢ on L”, where % + é =1, to bem € N.

Janas, in [13], discussed unbounded Toeplitz operators on the Bargmann-Segal space and
showed that oess(7),) C Ngrso closure {¢(2) : |z| > R}.

Overview The chapter is organized as follows. Besides the current introduction, the chap-
ter consists of five sections. In Section 3.2 we extend a few results concerning the operator
T,, from Chapter 2 to the case where T, need not be Fredholm. These results are used in
Section 3.3 to compute the spectrum of 7, and various of its subparts, and by doing so
we prove the main results, Theorems 3.1.1 and 3.1.2. The remaining three sections contain
examples that illustrate our main results and show in addition that the resolvent set can be
bounded, even empty, and that the essential spectrum can be disconnected in C.

Figures We conclude this introduction with a remark on the figures in this chapter illus-
trating the spectrum and essential spectrum for several examples. The color coding in these
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figures is as follows: the white region is the resolvent set, the black curve is the essential
spectrum, and the colors in the other regions codify the Fredholm index, where red indicates
index 2, blue indicates index 1, cyan indicates index —1, magenta indicates index —2.

3.2 Review and new results concerning 7,

In this section we recall some results concerning the operator 7,, defined in (3.1.1) that
were obtained in Chapter 2 and will be used in the present chapter to determine spectral
properties of T,,. A few new features are added as well, specifically relating to the case where
T, is not Fredholm.

The first result provides necessary and sufficient conditions for T, to be Fredholm, and
gives a formula for the index of T, in case T, is Fredholm.

Theorem 3.2.1 (Theorems 2.1.1 and 2.5.4). Let w € Rat. Then T, is Fredholm if and only
if w has no zeroes on T. In case T, is Fredholm, the Fredholm index of T, is given by

taken into account taken into account

Index (T,,) = ¢ {pOl@S of win D multz.} _y {zemes of win D multz.} |

and T,, 1s either injective or surjective. In particular, T, is injective, invertible or surjective
if and only if Index (T,) < 0, Index (7)) = 0 or Index (T,,) > 0, respectively.

Special attention is given in Chapter 2 to the case where w is in Rat(T), since in that
case the kernel, domain and range can be computed explicitly; for the domain and range
this was done under the assumption that 7}, is Fredholm. In the following result we collect
various statements from Proposition 2.4.5 and Theorems 2.1.2 and 2.4.7 and extend to or
improve some of the claims regarding the case that T, is not Fredholm.

Theorem 3.2.2. Let w € Rat(T), say w = s/q with s,q € P co-prime. Factor s = s_s¢s4
with s_, sg and s, having roots only inside, on, or outside T. Then

Ker(T,,) = {ro/s | deg(ro) < deg(q) — deg(s_s0)} ;

Dom(7},) = ¢H? 4 Paeg(q)—1; Ran(T,,) = sH” + P, (82.1)
where P is the subspace of P given by
P={reP|rqg=ris+rs for r1,7s € Pacgg)—1} C Pacg(s)-1- (3.2.2)
Furthermore, HP = RaT(Tw)—i— 8) forms a direct sum decomposition of HP, where
Q=P with k= max{deg(s_) — deg(q), 0}, (3.2.3)

following the convention P_q := {0}.

The following result will be useful in the proof of Theorem 3.2.2.
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Lemma 3.2.3. Factor s € P as s = s_s0S4+ with s_, so and sy having roots only inside,
on, or outside T. Then sH? = s_sqgH? and sHP = s_HP.

Proof. Since s; has no roots inside D, we have s, H? = HP. Furthermore, sy is an H*
outer function (see, e.g., [14], Example 4.2.5) so that soH? = HP. Since s_ has all its roots
inside D, T, : HP — HP is an injective operator with closed range. Consequently, we have

sHP = s_sos  HP = s_sgHP = s_sqHP = s_HP?,
as claimed. O

Proof of Theorem 3.2.2. In case T, is Fredholm, i.e., so constant, all statements follow
from Theorem 2.1.2. Without the Fredholm condition, the formula for Ker(7,,) follows from
Lemma 2.4.1 and for Dom(7;,) and Ran(7;,) Proposition 2.4.5 provides

qH? + Pieg(g)—1 C Dom(T,);

~ (3.2.4)
Tw(qu + Pdeg(q)—l) =sHP +P C Ran(Tw).

Thus in order to prove (4.2.1), it remains to show that Dom(7,,) C ¢HP + Paeg(q)-1-

Assume g € Dom(7,,). Thus there exist h € H? and r € Pgeg(q)—1 50 that sg = gh + 7.
Since s and ¢ are co-prime, there exist a, b € P such that sa+gb = 1. Next write ar = gqr{+7
for r1, 7o € P with deg(r2) < deg(q). Thus sg = gh+1r = gh+qbr+sar = q(h+br+sry)+srs.
Hence g = q(h + br 4 sr1)/s + ra. We are done if we can show that i := (h + br + sr1) /s is
in H?.

The case where g is rational is significantly easier, but still gives an idea of the complica-
tions that arise, so we include a proof. Hence assume g € RatNHP. Then h = (sg—r)/q is also
in RatN H?, and h is also rational. It follows that q(h+br+sr)/s = qh = g—ry € RatNH?
and thus cannot have poles in D. Since g and s are co-prime and h cannot have poles inside
D, it follows that h = (h +br + sr1)/s cannot have poles in D. Thus A is a rational function
with no poles in I, which implies h e HP. B B

Now we prove the claim for the general case. Assume gh + ry = g € HP but h = (h+
br+sr1)/s ¢ HP, i.c., hisnot analytlc onDor [, |h(2)|Pdz = co. Set h= h+br—|—s7“1 € H?,
so that 7 = h/s We first show A must be analytic on ID. Since h = h/s and h € HP, I is
analytic on D except possibly at the roots of s. However, if h would not be analytic at a
root zg € D of s, then also g = gh + ry should not be analytic at 2y, since g is bounded away
from 0 on a neighborhood of zy, using that s and ¢ are co-prime. Thus h is analytic on D.
It follows that [ |h(z)[Pdz = oo

Since s and ¢ are co-prime, we can divide T as Ty U Ty with T; N Ty = @) and each of T}
and Ty being nonempty unions of intervals, with T containing all roots of s on T as interior
points and Ty containing all roots of ¢ on T as interior points. Then there exist Ni, No > 0
such that |¢(z)| > Ny on T; and |s(z)| > N2 on Ty. Note that

(2)Pdz = [ |h(2)/s(2)[Pdz < Ny " / [h(2)[Pdz < Ny 7P| < oo.
2

Tg T2
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Since [ |h(2)]Pdz = oo and I, |h(2)|Pdz < oo, it follows that I, |h(2)|Pdz = co. However,
since |g(z)| > Ny on Ty, this implies that

lg = ralt = /yg I ypdz_/|q dz > [ la()h(2)Pdz
T

> NP [ |h(2)]Pdz = o0

Ty

in contradiction with the assumption that g € H?. Thus we can conclude that h € HP so
that g = gh + 7y is in gH? + Peg(g)—1-

It remains to show that H? = Ran(T,,) + Q is a direct sum decomposition of H?. Again,
for the case that T, is Fredholm this follows from Theorem 2.1.2. By the preceding part of
the proof we know, even in the non-Fredholm case, that Ran(7T,) = sH? + P. Since P is
finite dimensional, and thus closed, we have

Ran(T,) = sH? + P = s_H” + P,
using Lemma 3.2.3 in the last identity. We claim that
Ran(T,) = s_H? +P=s_H +P_,
where P_ is defined by
P_= {reP|qr=ris_ +ryfor ri,rs € Paeg(q)-1} C Pleg(s_)—1-

Once the above identity for Ran(7,,) is established, the fact that Qis a complement of
Ran(T},) follows directly by applying Lemma 2.4.8 to s = s_.

We first show that Ran(7,,) = s_ H? 4+ P is contained in s_ H? + P_. Let g = s_h +r
with h € HP and r € 75, say qr = 115 + 72 with 71,79 € Paeg(q)—1- Write 115051 = 71q + 75
with deg(r2) < deg(g). Then

qr =1r18_S0S4+ + o = qr1S_ + Tes_ + 1y, so that ¢(r —T1s_) = ras_ + 1o,
with 75,75 € Paeg(g)—1- Thus r —715_ € P Therefore, we have
g=s_(h+7)+(r—rFs.)es_H +P_,

proving that Ran(7,,) C s_ H? 4+ P_.

For the reverse inclusion, assume g = s_h+1r € s_HP + P_. Say qr = ris_ + ry with
1,72 € Paeg(q)—1- Since sos; and ¢ are co-prime and deg(r1) < deg(q) there exit polynomials
7 and 7 with deg(71) < deg(q) and deg(r2) < deg(sps;) that satisfy the Bézout equation
71508+ + r2q = 1. Then

T1S + 19 = T180848_ + 19 = (11 —T2q)S_ + 1o =11S_ + 719 — qras_ = q(r —Tas_).

Hence 1 — 7ps_ is in P, so that g = s_h+r = s_(h+73) + (r — fas_) € s_H? + P. This
proves the reverse inclusion, and hence completes the proof of Theorem 3.2.2. Il
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The following result makes precise when 7, is injective and when 7, has dense range,
even in the case where T}, is not Fredholm.

Proposition 3.2.4. Let w € Rat. Then T, is injective if and only if

f poles of w in D multi. < zeroes of w in D multi.
taken into account taken into account '

Moreover, T,, has dense range if and only if

f poles of w in D multi. > ¢ zeroes of w in D multi.
taken into account taken into account ’

In particular, T, is injective or has dense range.

Proof. First assume w € Rat(T). By Corollary 2.4.2, T, is injective if and only if the
number of zeroes of w inside D is greater than or equal to the number of poles of w, in both
cases with multiplicity taken into account. By Theorem 3.2.2, T;, has dense range precisely
when Q in (4.2.3) is trivial. The latter happens if and only if the number of poles of w is
greater than or equal to the number of zeroes of w inside D, again taking multiplicities into
account. Since in this case all poles of w are in T, our claim follows for w € Rat(T).

Now we turn to the general case, i.e., we assume w € Rat. In the remainder of the proof,
whenever we speak of numbers of zeroes or poles, this always means that the respective
multiplicities are to be taken into account. Recall from Lemma 2.5.1 that we can factor
w(z) = w_(2)2"wy(2)wy(z) with w_,wp,ws € Rat, w_ having no poles or zeroes outside D,
w4 having no poles or zeroes inside D and wy having poles and zeroes only on T, and &
the difference between the number of zeroes of w in D and the number of poles of w in D.
Moreover, we have T, = T, _T.~,,1,,, and T,  and T, are boundedly invertible on H?.
Thus T, is injective or has closed range if and only if T~ is injective or has closed range,
respectively.

Assume k£ > 0. Then z"wy € Rat(T) and the results for the case that the symbol is in
Rat(T) apply. Since the zeroes and poles of wy coincide with the zeroes and poles of w on T,
it follows that the number of poles of z"wy is equal to the number of poles of w on T while
the number of zeroes of z"wy is equal to k plus the number of zeroes of w on T which is equal
to the number of zeroes of w in D minus the number of poles of w in D. It thus follows that
T’rw, 1s injective, and equivalently T, is injective, if and only if the number of zeroes of w in
D is greater than or equal to the number of poles of w in D, as claimed.

Next, we consider the case where k < 0. In that case T,x,, = T.xT,,,, by Lemma 2.5.3.
We prove the statements regarding injectivity and 7;, having closed range separately.

First we prove the injectivity claim for the case where k < 0. Write wy = s¢/qo with
S0,qo € P co-prime. Note that all the roots of sy and ¢y are on T. We need to show that
T.ry, is injective if and only if deg(sg) > deg(qo) — K (recall, k is negative).

Assume deg(so) + £ > deg(qo). Then deg(sg) > deg(qo), since k < 0, and thus T, is
injective. We have Ker(T%.x) = Pjj—1. So it remains to show Py,_1NRan( WO) {O} Assume
7 € Plj—1 is also in Ran(T,,,). So, by Lemma 2.2.3, there exist g € H? and 1" € Peg(go)—
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so that sog = qor + 7', i.e., g = (qor + 1’)/so. This shows that g is in Rat(T) N H?, which
can only happen in case g is a polynomial. Thus, in the fraction (qor + r’)/s¢, all roots
of sp must cancel against roots of gor + r’. However, since deg(sg) + £ > deg(qo), with
k <0, deg(r) < deg|r| — 1 and deg(r’") < deg(qo), we have deg(qor + ') < deg(sp) and it is
impossible that all roots of sg cancel against roots of gor 47/, leading to a contradiction. This
shows Py, -1 N Ran(7,,,) = {0}, which implies T’x,, is injective. Hence also T, is injective.

Conversely, assume deg(sg) + x < deg(qo), i.e., deg(so) < deg(qo) + |k| =: b, since k < 0.
Then

50 € Po—1 = qoPjxj=1 + Pacg(go)—1-

This shows there exist 7 € Pl -1 and 1" € Pqeg(g)—1 50 that so = gor + r’. In other words,
the constant function g =1 € H? is in Dom(7,,) and T,,,g = r € Pjs—1 = Ker(1%.«x), so that
g € Ker(T.x,,). This implies T,, is not injective.

Finally, we turn to the proof of the dense range claim for the case k < 0. Since K < 0
by assumption, w has more poles in D (and even in D) than zeroes in I. Thus to prove the
dense range claim in this case, it suffices to show that x < 0 implies that 7~,, has dense
range. We have Tx,, = T.+T,,, and T~ is surjective. Also, wy € Rat(T) has no zeroes inside
D. So the proposition applies to wy, as shown in the first paragraph of the proof, and it
follows that T, has dense range. But then also T.x,, = T.~T,,, has dense range, and our
claim follows. N

3.3 The spectrum of 7,

In this section we determine the spectrum and various subparts of the spectrum of T, for
the general case, w € Rat, as well as some refinements for the case where w € Rat(T) is
proper. In particular, we prove our main results, Theorems 3.1.1 and 3.1.2.

Note that for w € Rat and A € C we have A\ — T, = T,_,. Thus we can relate
questions on the spectrum of T}, to question on injectivity, surjectivity, closed rangeness, etc.
for Toeplitz-like operators with an additional complex parameter. By this observation, the
spectrum of T}, and its various subparts, can be determined using the results of Section 3.2.

Proof of Theorem 3.1.1. Since A\l — T, = T\_,, and T)_, is Fredholm if and only if A —w
has no zeroes on T, by Theorem 3.2.1, it follows that A is in the essential spectrum if and
only if A = w(e®) for some 0 < # < 27. This shows that ce(T},) is equal to w(T).

To see that w(T) is an algebraic curve, let w = s/q with s,q € P co-prime. Then
A=u+1w=w(z) for z =z + iy with 2* + y*> = 1 if and only if A\g(z) — s(z) = 0. Denote
q(2) = q1(z,y) +ige(z,y) and s(z) = s1(x,y) +isa2(x,y), where z = x + iy and the functions
¢1, G2, S1, S2 are real polynomials in two variables. Then A = u + iv is on the curve w(T) if
and only if

a(z,y)u — gz, y)v = s1(x,y),
q2<CL’,y)U, + QI(m7y)U = 82<J],y),
v+ =1

71



Solving for u and v, this is equivalent to

(1 (z,y)* + g2z, ) u — (@ (z,y)s1(x,y) + q2(x, y)s2(2, y)
(q1(z,9)* + @z, 1)) — (@@, y)s2(z,y) — g2(2, y)s1(x,y)

x2+y2=

Y

~— —

)

I
_ O O

This describes an algebraic curve in the plane.
For A in the complement of the curve w(T) the operator \I — T, = T)_,, is Fredholm,
and according to Theorem 3.2.1 the index is given by

Index (M — T,,) = #{ poles of w in D} — #{zeroes of A\ — w inside D},
taking the multiplicities of the poles and zeroes into account. Indeed, A —w = % and since
q and s are co-prime, A\q — s and ¢ are also co-prime. Thus Theorem 3.2.1 indeed applies
to T\_,. Furthermore, A — w has the same poles as w, i.e., the roots of ¢q. Likewise, the
zeroes of A — w coincide with the roots of the polynomial \¢ — s. Since the roots of this
polynomial depend continuously on the parameter A, the number of them is constant on
connected components of the complement of the curve w(T).

That the index is constant on connected components of the complement of the essen-
tial spectrum in fact holds for any unbounded densely defined operator (see [15, Theorem
VIL.5.2]; see also [4, Proposition XI1.4.9] for the bounded case; for a much more refined
analysis of this fact see [6]).

Finally, the relation between the index of T\_, and A being in the resolvent set, point
spectrum or residual spectrum follows directly by applying the last part of Theorem 3.2.1
to T)\,w. ]

Next we prove Theorem 3.1.2 using some of the new results on T, derived in Section 3.2.

Proof of Theorem 3.1.2. That the two formulas for the numbers k&, k and k% coincides
follows from the analysis in the proof of Theorem 3.1.1, using the co-primeness of \q — s
and q. By Theorem 3.2.1, T)_,, is Fredholm if and only if £ = 0, proving the formula for
Oess(Tl,). The formula for the resolvent set follows directly from the fact that the resolvent
set is contained in the complement of oeg(T,), i.e., £ = 0, and that it coincides there with
the set of A’s for which the index of T)_,, is zero, together with the formula for Index (7)_,,)
obtained in Theorem 3.2.1.

The formulas for the point spectrum and residual spectrum follow by applying the criteria
for injectivity and closed rangeness of Proposition 3.2.4 to T)_,, together with the fact that
T\_,, must be either injective or have dense range.

For the formula for the continuous spectrum, note that o.(7},) must be contained in the
essential spectrum, i.e., £} > 0. The condition ky < k, < ky + k3 excludes precisely that A
is in the point or residual spectrum. Il

For the case where w € Rat(T) is proper we can be a bit more precise.
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Theorem 3.3.1. Let w € Rat(T) be proper, say w = s/q with s,q € P co-prime. Thus
deg (s) < deg(q) and all roots of q are on T. Let a be the leading coefficient of q¢ and b the
coefficient of s corresponding to the monomial 2429 hence b = 0 if and only if w is strictly
proper. Then o.(T,,) = 0, and the point spectrum is given by

0,(T,) = w(C\D) U {b/a}.

Here w(C\D) = {w(2) | z € C\D}. In particular, if w is strictly proper, then 0 = b/a is in
op(Ts,). Finally,

oo(T,,) = {N € C | kY > 0 and all roots of \q — s are in D}.

Proof. Let w = s/q € Rat(T) be proper with s,q € P co-prime. Then k, = deg(q). Since
deg (s) < deg(q), for any A € C we have

ky + kS < deg(Ag — s) < deg(q) = k.

It now follows directly from (3.1.3) that o.(T,) = 0 and 0.(T,,) = {\ € C | k§ > 0, k; + k) =
deg(q)}. To determine the point spectrum, again using (3.1.3), one has to determine when
strict inequality occurs. We have deg(Ag —s) < deg(q) precisely when the leading coefficient
of A\g is cancelled in Ag — s or if A = 0 and deg(s) < deg(q). Both cases correspond to
A = b/a. For the other possibility of having strict inequality, ky + & < deg(Ag — s), note
that this happens precisely when Ag — s has a root outside D, or equivalently A = w(z) for
az¢&D. m

3.4 The spectrum may be unbounded, the resolvent
set empty

In this section we present some first examples, showing that the spectrum can be unbounded
and the resolvent set may be empty.

Example 3.4.1. Let w(z) = =% for some 1 # « € C, say a = a +ib, with a and b real. Let

z—1

L C C be the line given by

L={z=z+iycC|2y=(a®>+b*—1)+(2—2a)z}. (3.4.1)
Then we have

10<Tw> = W(D)a Uess(Tw)
op(1i) = w(C\

w(T) =L =o0.(T,),
)7 Ur(Tw)

Sl

Moreover, the point spectrum of 7;, is the open half-plane determined by L that contains 1
and the resolvent set of T, is the other open half-plane determined by L, see Figure 3.1.
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z—1?

Figure 3.1: Spectrum of T, where w(z) =

To see that these claims are true, note that for A # 1,

_2A-D4a-X 1 253
A—w(z) = po— “N_1 a_1

while for A = 1 we have A — w(z) = 2=2. Thus A = 1 € 0,(T,,) for every 1 # a € C as in
that case k, =1 > 0=k, + k3. For A # 1, A — w has a zero at i—:’l\ of multiplicity one. For
A =z + iy we have |a — A\| = |\ — 1] if and only if (a — x)? + (b — y)* = (z — 1) + y?, which
in turn is equivalent to 2by = (a? + b* — 1) 4+ (2 — 2a)x. Hence the zero of A — w is on T
precisely when \ is on the line L. This shows 0.s(T,,) = L. One easily verifies that the point
spectrum and resolvent set correspond to the two half-planes indicated above and that these
coincide with the images of w under C\D and I, respectively. Since A\ —w can have at most
one zero, it is clear from Theorem 3.1.2 that o.(7,) = 0, so that 0.(T,,) = L = 0ess(T.,), as
claimed. U

Example 3.4.2. Let w(z) = ﬁ for some positive integer £ > 1. Then

and the essential spectrum is given by

Oess(T) = w(T) = {(it — 1) [t € R}.

For k = 2 the situation is as in Figure 3.2; one can check that the curve w(T) is the
parabola Re(z) = 1 — Im(2)2. (Recall that different colors indicate different Fredholm

1
indices, as explained at the end of the introduction.)
To prove the statements, we start with the observation that for |z| = 1, Z—il is of the

form it — 3,t € R. Thus for z € T with 5 =4t — § we have

1

e R G

w(z) =

This proves the formula for ge(7,,). For A = re? # 0 we have

AMz—1F—1

A—w(z) = L
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Figure 3.2: Essential spectrum of T, where w(z) = L

Thus A—w(z) = 0 if and only if (z—1)* = A7 ie., 2 = 147 Vhel@F2mD/k for | =0, ... k—1.
Thus the zeroes of A\ — w are k equally spaced points on the circle with center 1 and radius
r~1/k. Clearly, since k > 1, not all zeroes can be inside D, so k, > & + k;, and thus
A € o,(T,). It follows directly from Theorem 3.1.2 that 0 € o,(7,). Thus o,(7,) = C,
as claimed. The curve w(T) divides the plane into several regions on which the index is a

positive constant integer, but the index may change between different regions.
OJ

3.5 The essential spectrum need not be connected

For a continuous function w on the unit circle, it is obviously the case that the curve w(T) is
a connected and bounded curve in the complex plane, and hence the essential spectrum of T,
is connected in this case. It was proved by Widom [16] that also for w piecewise continuous
the essential spectrum of T, is connected, and it is the image of a curve related to w(T)
(roughly speaking, filling the jumps with line segments). Douglas [5] proved that even for
w € L™ the essential spectrum of T, as an operator on H? is connected. In [2] the question is
raised whether or not the essential spectrum of T;, as an operator on H? is always connected
when w € L™,

Returning to our case, where w is a rational function possibly with poles on the unit
circle. Clearly when w does have poles on the unit circle it is not a-priori necessary that
Oess(12,) = w(T) is connected. We shall present examples that show that indeed the essential
spectrum need not be connected, in contrast with the case where w € L™>.

Consider w = s/q € Rat(T) with s, ¢ € P with real coefficients. In that case w(z) = w(Z),
so that the essential spectrum is symmetric with respect to the real axis. In particular, if
w(T) MR = (), then the essential spectrum is disconnected. The converse direction need not
be true, since the essential spectrum can consist of several disconnected parts on the real
axis, as the following example shows.

Example 3.5.1. Consider w(z) = 755 Then

Oess(Tis) = w(T) = (o0, =1JU[1,00) = 0(Ts,), 0p(Te) = C\w(T),
and thus o.(T,) = p(T,,)) = (. Further, for A & w(T) the Fredholm index of T, is 1.

Indeed, note that for z = € € T we have

(2) = 1 B 1 B 1
T T 2Re(z)  2cos(f)

€ R.

75



—
e

3 2 K] 0 1 2 3 ] 2 K] [ 1 2 3

Figure 3.3: Spectrum of T, where Figure 3.4: Spectrum of 7T, where
3 4
w(z) = 24z w(z) = 24t

Letting 6 run from 0 to 27, one finds that w(T) is equal to the union of (—oo, —1] and [1, ),
as claimed. Since w is strictly proper, o.(T,) = @ by Theorem 3.3.1. Applying Theorem
3.2.1 to T,, we obtain that T, is Fredholm with index 1. Hence T, is not injective, so that
0 € o,(1,). However, since C\w(T) is connected, it follows from Theorem 3.1.1 that the
index of T)_,, is equal to 1 on C\w(T), so that C\w(T) C 0,(1,). However, for A on w(T) the
function A\ — w has two zeroes on T as well as two poles on T. It follows that w(T) = o.(7},),
which shows all the above formulas for the spectral parts hold.

As a second example we specify ¢ to be 22 — 1 and determine a condition on s that
guarantees oqg(T,,) = w(T) is not connected.
Example 3.5.2. Consider w(z) = % with s € P a polynomial with real coefficients. Then
for z € T we have

zZs(z)  Zs(z) —izs(2)

_ _ —Re(zs(2))
z2—7z 2iIlm(z) 2Im(z)’

so that Im(w(z)) = 2Im(z)

w(z) =

Hence Im(w(z)) = 0 if and only if Re(Zs(z)) = 0. Say s(z) = Z?:o a;z?. Then for z € T we
have

Re(zs(z)) = Z a;Re(z771).

Since |Re(z7)| < 1, we obtain that |Re(zs(z))] > 0 for all z € T in case 2|a;| > Z?:o |aj|.
Hence in that case w(T) NR = () and we find that the essential spectrum is disconnected in
C.

We consider two concrete examples, where this criteria is satisfied.

Firstly, take w(z) = 25221 Then

i 2(cosf +1/4)* +7/4
2 sin 0 ’

- 1
w(e?) = 5(2 cosf — 1) —

which is the curve given in Figure 3.3, that also shows the spectrum and resolvent set as
well as the essential spectrum.

4 .

Secondly, take w(z) = 2 ;3_21* L Figure 3.4 shows the spectrum and resolvent set and the

essential spectrum. Observe that this is also a case where the resolvent set is a bounded set.
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3.6 A parametric example

In this section we take wy(z) = (z “ta for € C, a # —1 and for various integers k > 1. Note

that the case kK = 0 was dealt w1th in Example 3.4.2 (after scaling with the factor 1 + «).
The zeroes of A\ — wy, are equal to the roots of

Prak(2) = Aq(2) —s(2) = Mz — 1)* — (2" 4+ a).

Thus, A is in the resolvent set p(7T,, ) whenever p, , x has at least two roots in D and no roots
on T. Note that Theorem 3.3.1 applies in case k = 1,2. We discuss the first of these two
cases in detail, and then conclude with some figures that contain possible configurations of
other cases.

Example 3.6.1. Let w(z) = wy(2) = (ZZ+10§2

for a # —1. Then
Oess(T) = w(T) = {(it — 3) + (1 + @) (it — 1)* | t € R}. (3.6.1)
Define the circle
T(—3,3) ={2 €C| |2+ 3| =3},

and write D(— 2, 5) for the open disc formed by the interior of T(—%, %) and ]DC(—%; %) for
the open exterior of T(—1,1).

202

For o ¢ T(—3,3) the curve w(T) is equal to the parabola in C given by

w(T) = {—(a+D(=(y) +iy) |y €R},  where

o) = oo+ 1]* s (Re(a) + 1)|a + 1/*Tm(«) N loa?(1 = |a?)
77 (a4 Re()?” (ol + Refa)? 7" (Jaf? + Re(a))>

while for o € T(—1, 1) the curve w(T) becomes the half-line given by
(a+1)(1 + 2@)
T)=4{— r — > :
w(T) { (+1)r 10—l |7 >0

As w is strictly proper, we have 0,(T,) = (. For the remaining parts of the spectrum we
consider three cases.

(i) For v € D(—3, 3) the points —1 and 0 are separated by the parabola w(T) and the con-

nected component of C\w(T) that contains —3 is equal to p(T,), while the connected
component that contains 0 is equal to o, (7). Finally, 0es(7h,) = w(T) = o.(T.,).

(ii) For a € T(—3,5) we have

p(To) =0, 0e(To) = w(T) = 0ess(Te),  0p(Te) = Chw(T),

and for each A\ € w(T), A —w has two zeroes on T.

(iii) For o € D¢(—3, 1) we have 0,(T},) = C, and hence p(T,,) = o.(T,,) = 0.

272

The proof of these statements will be separated into three steps.
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Step 1. We first determine the formula of w(T) and show this is a parabola. Note that

_ Z+Oé . Z—]_ 1+Oé . 1 a ]-
w(Z)_(z—l)Q_(z—1)2+(2—1)2_2—1+< +1)(Z—1)2'

Let |z| = 1. Then —L; is of the form it — § with ¢ € R. So w(T) is the curve
w(T) ={(it — 3) + («+ 1)(it — 5)* | t € R}

Thus (3.6.1) holds. Now observe that

(it — ) + (a+ 1)(it — §)? =
= —t*(a+1) +t(i — (a+ 1)i) + (=5 + (e + 1))
= —t*(a+ 1)+ (—ai)t + (-1 + 1a)

The pre-factor —(1 4+ «a) acts as a rotation combined with a real scalar multiplication, so
w(T) is also given by

W(T) = —(a +1) {t%t(jﬁd—i(jli) |teR}. (3.6.2)

Thus if the above curve is a parabola, so is w(T). Write
ot 1l /fa—-1
t)=Re(t*+1t —=
z(t) e( ra 4(a+1))’

ol 1l /-1
) =TIm (t*+t - = .
y(t) m( * 1+« 4(a+1))

Since
o —Im(a) +i(|af®* + Re(a)) and &7 1 (Jaf* = 1) + 2idIm(a)
a+1 oo+ 1]2 a+1 lov +1]2
we obtain that
I 21 2 I
o @, aP-1 P 4Re(),  Tna)

Cla+1P 4a+1p la+12  2a+ 1]

Note that |a + 1|* = |a|? + Re(a) 4 ;. Therefore, we have |a|* + Re(e) = 0 if and only
if [a + 4] = 1. Thus |a|? + Re(a) = 0 holds if and only if o is on the circle T(—1, 3).
In case o ¢ T(—3,3), Le., |o]> + Re(a) # 0, we can express t in terms of y, and feed this

into the formula for z(¢). One can then compute that

a1, Re(@) 4 Dlat 1) o2 - Jaf?)
) = P + Re(@) 2 (o +Re(@? Y T (o + Re(@) P
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Inserting this formula into (3.6.2), we obtain the formula for w(T) for the case where o ¢

T(—2,3).

202
In case a € T(—1,1), i.e, |a|? + Re(a) = 0, we have

ja+1=1—a]* =1+Re(a), Im(a)*=laf*(1-|a])
and using these identities one can compute that

—2Im(a) Im(a) o1+ 2Re(a)
y(t) = 0 —]aP) and  x(t) = (t - W) 41— o)

Thus {z(t) +iy(t) | t € R} determines a half-line in C, parallel to the real axis and starting
in 429 ; and moving in positive direction. It follows that w(T) is the half-line

1(1—|al?
_J T_(a+1)(1+2@) .
w(T) = { (a+1) 11— [a]) | 20}7

as claimed.

Step 2. Next we determine the various parts of the spectrum in (C\w('JT)_. Since w is strictly
proper, Theorem 3.3.1 applies, and we know 0,(7,,) = 0 and o, = w(C\D) U {0}.
For k = 1, the polynomial py (2) = pra1(z) = Az? — (1 4+ 2X\)z + A — « has roots

(1+2)) + /T + 401 + )

2\
We consider three cases, depending on whether « is inside, on or outside the circle
T(_%a %)
Assume o € D(—1,1). Then w(T) is a parabola in C. For A = —1 we find that A —w has

zeroes +i4/1 + 2a, which are both inside D, because of our assumption. Thus —% € p(T,),
so that p(T,) # 0. Therefore the connected component of C\w(T) that contains —3 is
contained in p(7,), which must also contain w(D). Note that 0 € w(T) if and only if |a| = 1.
However, there is no intersection of the disc a € D(—3, 3) and the unit circle T. Thus 0 is in
op(T.,), but not on w(T). Hence 0 is contained in the connected component of C\w(T) that
does not contain —%. This implies that the connected component containing 0 is included
in 0,,(7,,). This proves our claims for the case a € D(—1,1).

Now assume o € T(—3,3). Then w(T) is a half-line, and thus C\w(T) consists of one
connected component. Note that the intersection of the disc determined by |o+ 1| < 3 and
the unit circle consists of —1 only. But aw # —1, so it again follows that 0 ¢ w(T). Therefore
the C\w(T) = 0,(T,,). Moreover, the reasoning in the previous case shows that A = —1 is
in 0.(T,,) since both zeroes of —% — w are on T.

Finally, consider the case where « is in the exterior of T(—3,1), i.e., [@+ 1| > 1. In this
case, |a| = 1is possible, so that 0 € o,,(7;,) could be on w(T). We show that o = w(0) € w(D)

is in 0,(7,). If @ = 0, this is clearly the case. So assume « # 0. The zeroes of a — w are
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then equal to 0 and 22, Note that [2£2%| > 1 if and only if |1 + 2a|* — |a|? > 0. Moreover,
we have
1+ 20 — Jaf? = 3laf? + 4Re(a) + 1 = 3la + 2 - &

? > ¢ Since the disc
indicated by | + 2| < 3 is contained in the interior of T(— , it follows that for «

1
— 2’
satisfying |+ 3| > 3 one zero of a —w is outside D, and thus w(0) = « € 0,(T,). Note that

Thus, the second zero of a — w is outside D if and only if |a +
1

NS

C = w(C) = w(D) Uw(T) Uw(C\D),

and that w(ID) and w(C\D) are connected components, both contained in o,,(7,,). This shows
that C\w(T) is contained in o, (7},).

Step 3. In the final part we prove the claim regarding the essential spectrum oe(7,) =
w(T). Let A € w(T) and write z; and 25 for the zeroes of A — w. One of the zeroes must be
on T, say |z1] = 1. Then A € 0,(T) if and only if |2125] = |22| > 1. From the form of p,,
determined above we obtain that

A2 — (142N z+ A —a= Mz —21)(z — z).
Determining the constant term on the right hand sides shows that Az;2o = A — a. Thus

A —a
A

|22| = |2122| =

This shows that A € 0,(T},) if and only if |]A —a| > |A], i.e., A is in the half-plane containing
zero determined by the line through %a perpendicular to the line segment from zero to a.

Consider the line given by |A —«a| = |A| and the parabola w(T), which is a half-line in case
o € T(—1,3). We show that w(T) and the line intersect only for v € T(—3,1), and that in
the latter case w(T) is contained in the line. Hence for each value of a # —1, the essential
spectrum consists of either point spectrum or continuous spectrum, and for o € ’IF(—%, %)
both zeroes of A —w are on T, so that w(T) is contained in o.(7},).

As observed in (3.6.1), the parabola w(T) is given by the parametrization (it — 3)?(a +
1) 4 (it — 3) with ¢ € R, while the line is given by the parametrization o + sic with s € R.
Fix a t € R and assume the point on w(T) parameterized by t intersects with the line, i.e.,
assume there exists a s € R such that:

(it — $)*(a+1) + (it — 1) = La + sia,

Thus
(—t? —it+ H(a+1) + (it — 3) = 1o+ sia,

and rewrite this as
i(—tla+ 1)+t —as)+ (- +Ha+1) -1 -1a)=0,
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which yields
—ai(t+s) + (a+1)(—t* = 1) = 0.

Since t? + }1 > 0, this certainly cannot happen in case a = 0. So assume « # 0. Multiply
both sides by —a to arrive at

laf*i(t + 5) + (Jal* +@)(t* + 7) = 0.
Separate the real and imaginary part to arrive at
(Ja* + Re(@))(t* + 1) + i(Jaf*(t + s) — (t* + })Im(a)) = 0.

Thus
(Jo* +Re(a))(t*+ 1) =0 and |af*(t+s) = (£ + 1)Im(a).

Since t? + i > 0, the first identity yields |a|*> + Re(a) = 0, which happens precisely when
o € T(—1,3). Thus there cannot be an intersection when a ¢ T(—3,3). On the other
hand, for a € T(—%, %) the first identity always holds, while there always exists an s € R
that satisfies the second equation. Thus, in that case, for any ¢t € R, the point on w(T)
parameterized by ¢ intersects the line, and thus w(T) must be contained in the line.

We conclude by showing that w(T) C oy,(7.,) when |a + 3| > 1 and that w(T) C o.(T,)
when |a+21] < 1. Recall that the two cases correspond to [a|*+Re(a) > 0 and |a[*+Re(a) <
0, respectively. To show that this is the case, we take the point on the parabola parameterized
by t =0, ie., take A\ = (@ +1) — 3 = (@ —1). Then A —a = —1(3a+1). So

A —af> = £(9a]* + 6Re(a) +1) and |A]> = ;= (|a”| — 2Re(a) + 1).

1
16
It follows that [A — a| > |A| if and only if

L(9faf? + 6Re() + 1) > |12 = L(|a?| — 2Re(a) + 1),

or equivalently,
8(Jal* + Re(a)) > 0.

This proves our claim for the case |\ + %| > % The other claim follows by reversing the
directions in the above inequalities.

Figure 3.5 presents some illustrations of the possible situations.
O

The case k = 2 can be dealt with using the same techniques, and very similar results are
obtained in that case.
The next examples deal with other cases of wy, now with £ > 2.

Example 3.6.2. Let w = %% Then

(z=1)%"
S +a 3 1+«
w(z) = CESE :(z—l)+3+z_1+(z_1)2.
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Figure 3.5: Spectrum of T,,, where w(z) = (jff;2 for some values of a, with « = 1, and o = 0

top row left and right), @ = 1/2 and a = —2 (middle row left and right), o = — + 1i and
g o) 2 T 1
a = —2+ 1 (bottom row).

For z € T, X5 has the form —3 + ¢i,¢ € R and so w(T) has the form

1 1 1 2
T) = 34+3(—=+ti)+ (1 ——+ti teR .
w(T) {_%HZAr + 3( 5+ i) + ( +a)< 5+ z) Jte }

Also A —w(z) = % and so for invertibility we need the polynomial py,(z) =
Az — 1)? — 2% — a to have exactly two roots in D. Since this is a polynomial of degree
3 the number of roots inside ID can be zero, one, two or three, and the index of A\ — T,
correspondingly can be two, one, zero or minus one. Examples are given in Figure 3.6.

Example 3.6.3. To get some idea of possible other configurations we present some examples

with other values of k.
For w(z) = ﬁ (so k = 4 and a = 0) the essential spectrum of T}, is the curve in

Figure 3.7, the white region is the resolvent set, and color coding for the Fredholm index is

as earlier in the chapter. For w(z) = ifll)g (so k =6 and a = 1.7) see Figure 3.8, and as a

final example Figure 3.9 presents the essential spectrum and spectrum for w(z) = 2411

IR
w(z) = ijf)g In the latter figure color coding is as follows: the Fredholm index is —3 in the

yellow region, —4 in the green region and —5 in the black region.

and
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Chapter 4

The adjoint

Abstract. This chapter contains a further analysis of the Toeplitz-like operators T,, on HP with
rational symbol w having poles on the unit circle that were previously studied in [5, 6]. Here the
adjoint operator T}; is described. In the case where p = 2 and w has poles only on the unit circle T,
a description is given for when 77" is symmetric and when 7% admits a selfadjoint extension. If in
addition w is proper, it is shown that 7% coincides with the unbounded Toeplitz operator defined
by Sarason in [12] and studied further by Rosenfeld in [10, 11]. !

Mathematics Subject Classification (2010). Primary 47B35, 47A53; Secondary 47A68.
Keywords. Toeplitz operators, unbounded operators, adjoint, symmetric operators.

4.1 Introduction

In this chapter we proceed with our study of unbounded Toeplitz-like operators on H?”
with rational symbols that have poles on the unit circle T which was initiated in Chapter
2.0ur previous work on such Toeplitz-like operators focused on their Fredholm properties
(in Chapter 2) and the various parts of their spectra (in Chapter 3). Here we determine
properties of the adjoint operator and conditions under which the operator is symmetric and
when it has a selfadjoint extension.

Before we can define our Toeplitz-like operators, some notation has to be introduced.
We write Rat for the space of rational complex functions, Rat(T) for the subspace of Rat
consisting of rational complex functions with poles only on the unit circle T, and Ratq(T)
for the subspace of strictly proper functions in Rat(T). Now let w € Rat, possibly with poles
on T. As in [5], we define the Toeplitz-like operator T, (H? — HP?), for 1 < p < oo, via

Dom(7,)={g € H? |\wg=f+p with f € L” p € Rato(T)}, T,g9 = Pf. (4.1.1)

1Up to some minor modifications, this chapter has been published as
G.J. Groenewald, S. ter Horst, J. Jaftha, and A.C.M. Ran, A Toeplitz-like operator with rational
symbol having poles on the unit circle II: the adjoint, Integr. Equ. Oper. Theory 91 (2019), no. 43,
https://doi.org/10.1007/s00020-019-2542-2.
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Here P is the Riesz projection of L” onto HP. The operator T, is densely defined and closed.
In case w € Rat(T), explicit formulas for the domain, kernel, range, and a complement of
the range were obtained in Chapter 3, as an extension of a result in Chapter 2 for the case
where T, is Fredholm. We recall these results in Section 4.2, as they will be frequently used
throughout the chapter.

If w has no poles on T, in fact for any w € L*°, the adjoint of the Toeplitz operator T,
on HP can be identified with the Toeplitz operator T, on H? | with 1 < p’ < 0o so that
1/p+1/p’ =1 and with w* defined as w*(z) = w(z) on T. The identification of (H?)" and
H? goes via the usual pairing

<f7 g>P7P/ - % fTﬁf<Z> dZ (f € Hpvg € Hp/).

In the sequel we use the same notation for the similarly defined pairing between L? and L¥
to identify (L?) and L*', and in both cases the indices will often be omitted.

For the Toeplitz-like operators studied in this chapter the situation is more complicated
than for Toeplitz operators with L* symbols. However, we do obtain that 7% can be iden-
tified with the restriction of the Toeplitz-like operator T,,- on H? to a dense subspace of its
domain. Like for the operator 7, in case w is in Rat(T) we obtain a more explicit description
of T, which we present after introducing some further notation.

Throughout the chapter P denotes the space of complex polynomials and Py, for any
non-negative integer k, denotes the subspace of P of polynomials of degree at most k. The
degree of a polynomial r € P is denoted as deg(r). Given r € P with deg(r) = k, say
r(z) = 1o+ 211 + - - - + 2y, we define the polynomial 7* by

ri(z) = 2Mr(1/7) =most + T 4+ T
The following theorem is our first main result.

Theorem 4.1.1. Let w = s/q € Rat with s,q € P co-prime and 1 < p < oo. Factor
s = s_Sos4+ and q = q_qoq+ with s_,q_ having roots only inside T, sg,qo having roots only
on T, and sy, q. having roots only outside T. Set m = deg(q), n = deg(s), m+ = deg (q+),
ny = deg (s+) mo = deg (qo), no = deg (so) and let 1 < p' < oo with 1/p+ 1/p' = 1. Then

Dom(T};) = (go)*H” C Dom(T,,+) and T3 = Tooe| (g yep1v'- (4.1.2)

Furthermore, we have
Ran(T%) = Tamn(s, )% /(. )t Qno-tn—mo—m_ (50)*H ,

TIRYS
Ker(Tj) _ {(Q—()sz(;)

Here Qp = Iy — Pp,_,, with Pp,_, the standard projection in H? onto Pr_, C HP to be
interpreted as 0 if k <0, i.e., Qp = Iy if K < 0. Thus, for ng +n_ < mg + m_ we have
Ran(T}2) = Tym-n (g, 1s(s450)*H? . Moreover,

4.1.3
|deg(r)<n—m—m0}. ( )

dim Ker(T};) = max {0, #{zeroes of w inside D} — #{poles of w in D} }
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where the multiplicities of the zeroes and poles are taken into account. Hence, dim Ker(T)
15 the mazimum of 0 and n_ — m_ — mg. In particular, T}, is injective if and only if the
number of poles of w inside D is greater than or equal to the number of zeroes of w inside D,
multiplicities taken into account.

Before giving a proof of Theorem 4.1.1 in Section 4.4, we prove the specialization of this
result for the case w € Rat(T) in Section 4.3. For this purpose we first provide a description
of T, in Section 4.2.

The injectivity result, but not the description of Ker(7}*), can also be derived from general
theory and results on T;,. Indeed, according to Theorem I1.3.7 in [4], T is injective if and
only if T, has dense range, so that the claim follows from Proposition 3.2.4. More can be
obtained in this way, since H?, 1 < p < o0, is reflexive. By Theorem 11.2.14 of [4] it follows
that 1" = T,,, with the usual identifications of the dual spaces. Hence, applying the above
to T we find that 7% has dense range if and only if 7}, is injective; see also Theorem I1.4.10
in [4]. By Banach’s Closed Range Theorem, cf., [14], T} has closed range if and only if T,
has closed range. Again applying results from Chapter 3 now gives the following result.

Corollary 4.1.2. Let w € Rat and 1 < p < oo. Then T} has closed range if and only if w
has no zeroes on T, or equivalently, w* has no zeroes on T. Moreover, T)' has dense range if
and only if

4 {poles of w inside D } < {zemes of w inside D }
o= .

multi. taken into accoun multi. taken into account

Beyond Section 4.4, and in the remainder of this introduction, we only consider the case
p =2 and w € Rat(T). By comparing the results on T, and T it is obvious T, cannot be
selfadjoint, except when w has no poles on T. In Section 4.5 we describe in terms of w when
17 is symmetric, in which case T}, C T;,, and whenever T7; is symmetric we describe when 7«
admits a selfadjoint extension. The following theorem collects some of the main results of
Section 4.5; it follows directly from Theorem 4.5.1, Corollaries 4.5.2 and 4.5.7, Propositions
4.5.4 and 4.5.9.

Theorem 4.1.3. Let w = s/q € Rat(T) with s,q € P co-prime. Consider T,, on H*. Then
T is symmetric <= w(T) C R.

In particular, if T is symmetric, then deg(s) < deg(q) < 2deg(s). Furthermore, if T is
symmetric, then T admits a selfadjoint extension if and only if the number of roots of s —1iq
and s +iq in D, counting multiplicities, coincide. This happens in particular if w(T) # R,
but cannot happen in case deg(q) is odd.

Several other conditions for 7}* to be symmetric and/or have a selfadjoint extension are
derived in Section 4.5.

In [12] Sarason introduced and studied an unbounded Toeplitz-like operator with symbol
in the Smirnov class. In Section 4.6 we show that if w € Rat(T) is proper, then the adjoint
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operator 17" is precisely a Toeplitz-like operator of the type studied by Sarason. Hence in
this case our Toeplitz-like operator 7, = 1;* coincides with the adjoint of the Toeplitz-like
operator considered in [12]. Based on ideas in [12], we also show that H (D), the space of
functions analytic on a neighborhood of D, is contained in Dom(7,,) and in fact is a core of
T,.

In the last section of [12], Sarason introduces a class of closed, densely defined Toeplitz-
like operators on H? determined by algebraic properties, which was further investigated
by Rosenfeld in [10, 11]. In particular, this class of Toeplitz-like operators contains the
unbounded Toeplitz-like operator studied by Sarason and is closed under taking adjoints,
and hence contains our Toeplitz-like operators with proper symbols in Rat(T). In fact, we
will show in Section 4.6 that T}, is contained in the class of Toeplitz-like operators for any w

in Rat.

4.2 The operator T, for w € Rat(T)

In this section we recall some results from Chapter 2 and Chapter 3 on the operator T, for
w € Rat(T) that we will use in the sequel, and apply them to the operator T,-. Hence,
throughout this section let w = s/q € Rat(T), with s,q € P co-prime. We set m = deg(q)
and n = deg(s). Furthermore, factor s = s_sgs; with s_, so and s, polynomials having
roots only inside, on, or outside T, respectively. We then recall from Theorem 3.2.2 that

Ker(T,) = {r/s; | deg(r) <m — deg(s,so)N}; (42.1)
Dom(T,) = ¢H? + P,,—1; Ran(T,) = sH? + P,
where P is the subspace of P given by
P = {reP|rq=ris+ryforry,rg € Pp_1} C Pus. (4.2.2)
Furthermore, H? = Ran—(Tw) + O forms a direct sum decomposition of H?, where
Q="P,, with k=max{deg(s_)—m,0}, (4.2.3)

using the convention P_; := {0}. Furthermore, the action of T}, is as follows:

T.9=sh+7 (9=qh+r¢€qH? + P,y =Dom(T,)),
where 7 € P,,_1 is such that rs = rqg + ry for some 5 € P,,_1.

We also recall from Lemma 2.5.3 that

T.n, = T.xT, for any integer x < 0. (4.2.4)

Recall that w* is defined as w*(z) = w(z) on T, i.e., w*(z) = s(2)/q(z). For z € T

1 1 ﬂ
@) =¥z F TG = DA G Ty = 0 (2):




Hence ¢*(z) = 2™q(z), and likewise s*(2) = 2"s(z). Thus we have

m—n
w*(z) = z—sﬁ(z) ifm>n and w*(z)=
q*(2)

In fact, the formula w*(2) = 2™ "s%*(2)/¢*(2) holds in both cases, but is not always a repre-
sentation as the ratio of two polynomials. Note in particular that w* € Rat(T) in case w is
proper, while this need not be the case if w is not proper. Thus, if w is proper, the above
formulas apply directly, while for the non-proper case, using (4.2.4) we can reduce certain
questions to questions concerning the Toeplitz operator T .+ with symbol s* /¢ which is in
Rat(T).

A polynomial r # 0 is called self-inversive in case r = vrf for a constant v € C, which
necessarily is unimodular. In fact, 7 is the ratio ro/7, with ro = r(0) and r, the leading
coefficient of . By a theorem of Cohn [2], a polynomial r has all its roots on T if and only
if 7 is self-inversive and its derivative has all its roots in the closed unit disc . Hence, any
polynomial with roots only on T is self-inversive. In particular, ¢ = v¢* and sy = p(so)* for
unimodular constants v and p.

More generally, in the transformation r — 7%, the nonzero roots of r (including multiplic-
ity) transfer along the unit circle via the map a +— 1/a = |a|?«, while the degree decreases
by the multiplicity of 0 as a root of r. Consequently, in the factorization s* = (s )*(s0)?(s_ ),
the polynomials (s )*, (s9)* and (s_)* contain the roots of s* inside, on and outside T, re-
spectively, taking multiplicities into account. We write (s )* rather than si, etc., to avoid
confusion with what one may interpret as (s*),.

We now apply the above to T~ acting on H?, 1 < p/ < oo, to fit better with the
remainder of the chapter.

s8(2)

———if . 4.2.
(2] ifm<n (4.2.5)

Proposition 4.2.1. Let w = s/q € Rat(T), with s,q € P co-prime, m = deg(q) and
n = deg(s). Factor s = s_sosy with s_, so and sy polynomials having roots only inside, on,
or outside T, respectively. Then for Ty« on HY , with 1 < p' < 0o, we have

Ker(T,-) = {ro/(s_)" | deg(ro) < deg(s_)}, Dom(T,-) = ¢ H” + Py

Moreover, we have N
Ran(T,«) = 2t Y 4 P, if m>n,

;= (4.2.6)
Ran(T,,-) = Tom-n(s*HY +P,) ifm <n,
where for m > n the subspace P, is given by
P.o={reP|r¢d=2""rs" +ry forr,r € Pmu_i} C Prn—ntdeg(st)—15
while for m < n we have
P, = {reP|r¢ =rs*+ry forr,ry € Pp_1} C Pcg(st)—1-

Furthermore, Ran(T,,+) is dense in HP'.
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Proof. We separate the cases m > n and m < n.

For m > n, we have w* = 5/¢ € Rat(T) with 5 = 2™ "s* and ¢ = ¢*. Hence 5 factors
as 5 = (2™ (54 )")(s0)*(s_)*, where the factors have all their roots inside, on, or outside
T, respectively. Also, deg(q*) = deg(q) and deg((s;)*) = deg(s;). So the formulas for
Dom(T,+) and Ran(T,,+) follow directly from (4.2.1), while the formula for Ker(7,) follows
because the bound on the degree of ry can be computed as

m — deg (=" (2 )H(s0)t) =n — deg((s3 (s0)?) = n — deg(s.50) = deg(s_).

Finally, a complement of the closure of Ran(7,,+) is given by Py_; with k& the maximum of
0 and deg(z™"(s;)*) —m = deg((s4)*) —n < 0. Hence P_; = {0}. Thus T - has dense
range, as claimed.

In case m < n, we have T« = T.m-nTy and s*/¢* is in Rat(T). Applying the above
results for T, to Ty, directly gives the formulas for Dom(7T,,-) and Ran(7,-).

To see that the formula for Ker(7,+) holds, we follow the argumentation of the proof of
Lemma 2.4.1. For g € Dom(7,~) = Dom(T}: ) to be in Ker(T,-) is equivalent to Ty .9 €
Pr—m—1. In other words, by Lemma 2.3.2, to s*g = ¢*7 4+ r; with r; € Py and 7 € Ppy_p_1,
since then Ty ;g = 7. The latter happens precisely when g = 7/(s_)* with 7 € Paeg(s_)1-
Indeed, in that case deg((s;)*(so)*r) < n which in the equation (s, )*(so)fr = s*g = ¢! +
corresponds to deg(r) < m—1, as required. Finally, we note that a complement of Ran (7 /4 )
in H" is given by Pr_; with & = max{0,degs * —m} < n —m. Let f € H” and write
2 f =h+r € Ran(Ty)q) + Pr_1. Then f = Tomn2""f = Tom-n(h +7) = Tom-nh €
Tom-—nRan(Ty /q¢) C Ran(Tom—nTy ) = Ran(T,~). Thus also in this case Ran(7},+) is dense
in H'. O

We conclude this section with a lemma which will be of use in the sequel.
Lemma 4.2.2. Let r1,75 € P. Set n; = deg(r;), i = 1,2, and n = deg(r1 +12). Then
(r1 +19)f = z”_"lrﬁl + z"‘”%‘g.

In case n < max{ny,na}, then ny = ny and 0 is a root of 7’% + Tg with multiplicity n — ny, so
that the left hand side in the above identity still is a polynomial without a root at 0.

Proof. By definition, for z € T we have

(r1 4+ 72)f(2) = 2"(r1(1/2) + 12(1/2)) =

= 2" MM (1/Z) + 27222 (1/2) = 27" (2) + 272 (2). O

4.3 The adjoint of T, for w € Rat(T)

In this section we prove the first main result, Theorem 4.1.1, for the special case that
w € Rat(T). In this case, the result specializes to the following theorem, which we prove in
this section.
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Theorem 4.3.1. Let w = s/q € Rat(T) with s,q € P co-prime and 1 < p < oco. Set
m = deg(q), n =deg(s) and let 1 < p' < oo with 1/p+1/p' = 1. Then

Dom(T*) = ¢*H” C Dom(T,-) and T =T,

q’ij/. (4.3.1)

In fact, for g = ¢*v € ¢*H” we have T*g = Tom-ns*v. Moreover, factorize s = s_sgs, with
s_, 8o and sy polynomials having roots only inside, on, or outside T, respectively. Then

Ran(T*) = Tom-ns"HY

by
Ker(T}) = {ﬁ | deg(r) < deg (s—) — m} :

(4.3.2)

In particular, we have
dim Ker (7)) = max {0, # { zeroes of w* outside T} — # {poles of w* on T}},

where the multiplicities of the zeroes and poles are taken into account. Thus T is injective if
and only if w has at least as many poles inside T as zeroes inside T unequal to 0, multiplicities
taken into account.

We first present some auxiliary lemmas. Throughout, let 1 < p,p’ < oo such that
1/p+1/p) = 1. We will consider T}, as an operator with domain in H? and T, as an
operator with domain in H?'.

Lemma 4.3.2. Let w = s/q € Rat(T) with s,q € P co-prime, m = deg (q) and n = deg (s).
Then
¢'H” C Dom(T}) NDom(T,-) and T} cpw = Tor

qqu/ .

Moreover, for g = q*v € ¢! H” , withv € H?' , we have T*g = Tym-ns*v, and thus T (¢* H”) =
sz—nSﬁHp/ .

Proof. The inclusion ¢* H” C Dom(T,) follows from Proposition 4.2.1. Let g be in ¢*H”',
say g(z) = ¢*(2)v(z) for v € H”. We show that for f € Dom(T,,) we have (T,,f,q)ppy =
(f, T+ g)py- Let f € Dom(T,) and h =T, f € H?, i.e., sf = gh + r for some r € P,,_1, by
[5, Lemma 2.3]. Then

<wa’ g>P7P/ = <h7 qﬁv>P,P' = <h7 quv>p,p' = <qh7 va>p,p/ = <Sf =T ZmU>P»P’
= (sf,2™),, (because deg(r) < m, v € H")
= (f,2"50) = (f, 2" ")y = (f, Tom-n5*v),,y (because f € HP).
It remains to show that T,-g = Tom-nsfv. If m > n, then w* = 2™ "s*/¢* is in Rat(T) and

w*g = 2™ sty € HY | so that, T,.g = 2™ "s*v = T,m-nstv, by Lemma 2.3 in [5]. If m < n,
we have Ty g = Tom—nTy )19 = Tom-nsv. O
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Lemma 4.3.3. Let w = s/q € Rat(T) with s,q € P co-prime, m = deg (q) and n = deg(s).
Let g € Dom(T*) and k =T g € H”. Then for any r € P,_, and r, € P,,_1 so that

sr1 = qr + 1o for some vy € Pp_1 (4.3.3)

we have
(11, k) p = (1, 9) pp'-

Moreover, we have
2"ty — 'k € Py if m > n and s'g — 2"k € Py if m < n. (4.3.4)

In particular, Dom(T%) C Dom(7T,+) and T} = T,

Dom(T})-

Proof. Let g € Dom(7T}}) and k = T%g. Hence (1., f, 9)py = (f, k) for each f € Dom(T,).
Since w € Rat(T), we have Dom(T},) = ¢H? + Pp_1. Let f = gh + r; € Dom(T,), with
h € H? and ry € P,,_1. Then T,f = sh + r where r € P,_; is uniquely determined by
(4.3.3). Thus

(sh,g) + (r,g)=(sh +r,g)=(1f, 9)=(f, k) =(qh + 11, k) =(qh, k) + (r1, k).

We obtain that
<Sh> g> - (qh, k> = <’I“1, k> - <7“, g)'

However, in choosing f € Dom(T,) we can choose h € H? and r; € P,,_; independently,
and in particular set one or the other equal to zero, so that

(sh,g) = (qgh. k) (h € H"),
(ri,k) =(r,g9) (r € Py_1,m € Pp_1 as in (4.3.3)).

The second identity proves the first claim of the lemma. From the first identity we obtain
that

0= (h,5g — qk)py = (h, 2 sty — Z_mqﬁk>p7p’ (h € H”).
Thus P(z "s*g — 27™¢*k) = 0. On the other hand, for | = max{m,n} we have
Azstg — 2t k) = 2 sbg — 2Pk € HY

This can only occur if 2! "sfg — 2/=™¢*k € P,_;, which proves the second claim.
To complete the proof, we show that g € Dom(7,+) and T,,-g = k. For m > n we have
w* € Rat(T) and the first inclusion of (4.3.4) can be rewritten as

m—n 4
2 _ ~
w g = ( 7 )g:k+r/qﬁ, for some 7 € P,,_;1.
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Since deg(q¢*) = deg(q) = m, it now follows that g € Dom(T,-) and T ~g = k. In case m < n
we have Ty« = Tom—nTy ) and s*/¢* € Rat(T). Now the second inclusion of (4.3.4) gives

#
(S—ﬁ) g=2"""k+7/¢", forsome TEP, ;.
q

Write 7 = 7,¢* 4+ 75 with 75 € Py,_1. Then 7/¢* = 7, + 72/¢* and deg(7;) < m — n. Since
72/q" € Rato(T) it follows that g € Dom(Tys ) = Dom(T,+) and Tyt jpg = 2"~k + 71. But
then Tw*g = sz—nTsu/qug = sz—n(zn_mk -+ Fl) = k D

A special case of the following result was proven as part of the proof of Theorem 3.2.2.
Lemma 4.3.4. Let r,7 € P be co-prime. Then rH? "\THP = rrHP.

Proof. Let rf = rg with f,g € H?. Then f =r- g/ € HP, so we should show f:: g/r €
H? ie., f analytic on D and [, [f(z)[P dz < cc.

Since g € HP, the function f can only fail to be analytic at the roots of 7 inside ID.
However, if this were the case, then f = rf would also fail to be analytic in D, since r and
7 are co-prime. Thus f is analytic on .

Divide T as T; U Ty with T; N Ty = @) in such a way that T; and Ty are both nonempty
finite unions of line segments of T so that the interior of T; contains the roots of r and
the interior of Ty the roots of ¥. Then [7(z)] > Ny on T; and |r(z)] > Ny on Ty for some

N1, Ny > 0. Note that f =rf and g = rf. We then obtain
fPdz= | [f)/r(2)Pdz < NP [ 1f(z)Pdz < 20NE) 7 £I%,.
T2 T2 To

Using g = 7f, one obtains similarly that Jr, 1f(2)[Pdz < (20 NP)7Y||g||%,». Thus Jr 1f(2)|Pdz <
00. [l

Proof of Theorem 4.3.1. By Lemma 4.3.2; in order to prove (4.3.1), the formula for the
action of T* on ¢* H?' and for the range of T)* in (4.3.2), it remains to show that Dom(7}*) C
¢ H”.

View P and Py, k = 1,2, ..., as subspaces of H? or H? , write P, for the projection onto
Pi—1 and set Qp = I — Py. Also, the standard k£ x k compression of a Toeplitz operator Ty
on H? (or H") is denoted by Ty, i.e., Ty = PiTylp,_,. Now, the relation (4.3.3) between
r € P,_1 and r; € P,,_1 can be rewritten as

or, equivalently, as
QstPmrl = Qstrl = QmTqr = QmTanT- (435)

We now consider the cases m > n and m < n separately.
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First assume m > n. We can then decompose Q,,TsF,, and Q,,T, P, as

_ 0 Ts*ﬂ nTz*m_” . _ Pm—n Pn—l
QmT,st — |: O 0 :| . mel - |: szinpn_l :| — |: T;”Hp 1 y

T n Pn—l
QmTan: |: q(;, 1 ZIPn,1 — |iTanp 1 .

Hence, in this case the identity in (4.3.5) can be written as

o (Thary) = T

stn q

Since all Toeplitz matrices are upper triangular, we in fact have

5T r=T, T

stym® zm—nm q

Note that TJ,j , is invertible, because ¢ has only roots on T so that ¢(0) # 0. We obtain that
for given r; € P,,_1, the polynomial r € P,,_; that satisfies (4.3.3) is uniquely determined

by

T:( q*ﬁ,m)i1 s*;,m :m*",mrl = s*;,m z*,%in( ;ﬁ,m)ilrh

where the commutation of Toeplitz matrices can occur since they all have analytic symbols.
Now take r; € P,,_; arbitrary, and define r as above, so that (4.3.3) holds. Then, by Lemma
4.3.3, we have

<7"1, Pmk>77m71 = <7ﬁ17 k>P,P’ = <T7 g>p,p/ = <7", ng>7jm71
= (T, T (T )~ 1, Pg) P,

= <7ﬁ17 (Tqﬁ,m)_lTer;nTsﬁ,umgh’mfl'

Since 11 € Pp,—1 is arbitrary, we have P,k = (T, am)_sz“}n_”Tsu’umg, and thus

q
PmTquk‘ = anmpm/f = T?T;nTsn7umg = P, T "Tug.

This shows that P,,¢*k = P,,2™ "s*g. Together with the first inclusion in (4.3.4) we obtain
that
¢k = 2" sty

Since ¢! and 2™ "sf are co-prime, we can apply Lemma 4.3.4 to conclude g € ¢*H?' .

Now assume m < n. By Lemma 2.2.4, we can write w = wg + w; uniquely with wy €
Raty(T) and w; € Rat without poles on T, i.e, w; € L>®°(T). In fact w; € P, since all poles
of ware on T, and wy = §/q with s € Pp,_;1. It now follows that Dom(T}; ) = ¢'H”', and
since T,,, is bounded, Dom(T}) = Dom(T? ) = ¢*H?. Furthermore, T} = T3 + 15 v =
Twa ’qﬁH;D’ + Tw{ gtHY — T qgtHP

In the next part of the proof we prove the formula for Ker(7,+), without distinguishing
between the proper and non-proper case. Let ¢ = ¢*v € Dom(T*) with v € H?. Then
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g € Ker(T7) if and only if g € Ker(T,+), i.e., g = ¢*v = r1/(s_)* for r1 € Paeg(s_)—1, see
Proposition 4.2.1. Thus v = 71/((s_)*¢*) € Rat N H”". Then v € H? implies r; = ¢*r, and
deg(r) = deg(r;) —m < deg(s_) —m. Hence g = ¢*r/(s_)* with deg(r) < deg(s_) —m. That
all such functions are in Ker(T?*) = Ker(T,,-) N ¢* H” follows directly from the formula for
Ker(T,+) obtained in Proposition 4.2.1. The formula for the dimension of Ker(T*) follows
directly and the condition for injectivity follows since deg(s_)* is equal to the number of
nonzero roots of s_, counting multiplicity. O]

4.4 The adjoint of 7,,: General case

In the section we prove Theorem 4.1.1 in full generality. Hence let w = s/q € Rat with
s,q € P co-prime. As in Theorem 4.1.1, factor s = s_sps; and ¢ = q_qoqs with s_,q_
having roots only inside T, sg,qo having roots only on T, and s;,q, having roots only
outside T. Set m = deg(q), n = deg(s), my = deg(q+), ny = deg (s1), and my = deg (qo),
ny = deg(sp). By Lemma 2.5.1, and its proof, we can factor w as w = w_(z"wp)w, with
kK=mn_—m_, w_ = s_/(2"q_) having only poles and zeroes inside T, wy = s¢/qo having
only poles and zeroes on T, and w; = s; /¢, having only poles and zeroes outside T, and we
have T,, = T.,_T.r., 1., . Moreover, T;,_ and T, are bounded and boundedly invertible.

Note that T,, T.x,, is closed and densely defined and Ran(7,,) = HP, and thus by
Corollary 1 in [13]

T =15 (To Torwy) -

Furthermore, T,,_ is bounded and T« is closed and densely defined. By Theorem 4 in [1]
one has
(T Torwy)” = T2, T

2Rwo T w_"

Combining this and using that T3} =T.,+ and T = T,,- we see that

T, =T, T T = Tor Toeyy Tir - on Dom(T7).

2Rwo T w—
Note that
# i
P R
(C]—)ij QO)ﬁ
# #
(ZHWO)* — ,Mo—no—K (so)ﬁ’ Wi — M+ <3+)ﬁ.
(QO) Q+)

By construction, w_ and 1/w_ are both anti-analytic. Consequently, w* and 1/w* are both
analytic functions. This implies T (qo)*H” C (qo)*H?', and thus T, (qo)*H? = (go)*H"".
Since T, is invertible, to see that Dom(7}) = (g0)*H? it suffices to show Dom(T%,, ) =
(qo)*H?' . For the case where x > 0, so that 2"w, € Rat(T), this follows directly from Theorem
4.3.1. For k < 0, note that Tir,, = TtrT,,, so that T}, = 17 T7. = T} T.-~, again using
Theorem 4 of [1]. Then g € Dom(T%,,, ) holds if and only if 2*g € Dom(T) = (qo)*H”.

By Lemma 4.3.4 this is the same as g € (qo)* H?', since z~* and qg are co-prime. Thus in both
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cases we arrive at Dom(7}%) = (go)*H?'. Moreover, we also find that T}, = Tizrwn) | (o) v
so that

1, = TwiT;mUTW*_ = TwiT(Z"wo)*Twi ’(qo)ﬂle = To- ‘(qo)ﬁHP,'
Hence (4.1.2) holds.

Next we derive the formula for Ker(7*). For k > 0 we have g € Ker(T}) if and only if
T g € Ker(T2,,) = (q0)*Pr—mo—1, where the last identity follows by applying Theorem 4.3.1
to z"%wp. Thus g € Ker(T}) if and only if ((s_)*/(¢_)")g = (q)*r, i.e., g = (q_)(qo)*r/(s_)F,
for some r € P,_n,—1, as claimed. For k < 0 we have g € Ker(7}}) if and only if 2 "w* g €
Ker(T}; ). However, Ker(T} ) = {0}, by Theorem 4.3.1, so that Ker(7}) = {0}, in line with
the formula in (4.1.3). The formula for the dimension of Ker(T}*) follows directly.

Now we turn to the formula for Ran(77}). Note that

Ran(77) = To: Ran(17., Ti ) = Tor Ran(T7x,, ). (4.4.1)

zRwo - w_

We first show that Ran(T%, ) = Tome-no-x(50)*H? . Again, for the case £ > 0 this follows

directly from Theorem 4.3.1. Assume x < 0. Then T7., = T T.-~. Hence,
Ran(T7.,,,) = T;‘O(z_“Hp, N Dom(7,,)) = T:O(z_“Hp, N (qo)*HY)
= Tjoz_“(qo)ﬁHp/.
The last identity follows by Lemma 4.3.4. Now the action of T} , as described in Theo-

rem 4.3.1, shows that Ran(T7,) = Tumo-noz "(80)*HP = T,mo-no—«(s0)*H”. Since 1/q; is
analytic, 1/(q,)? is anti-analytic, and therefore, independent of the sign of m, —n., we have

Ty = TryqeyTomsns Ty s

Thus
Ran(Tj) = Tl/(q+)usz+_"+T(er)ﬁszo—no—n(So)ﬁHp .

Note that T(, y: and T,mo-no-» need not commute, in case mg —ng — £ < 0. However,
we do have T{,, s T.mo-no—r = Tomo—no—rT (5, )t CQring—mo- Moreover, since (s, )* is analytic,
T(s+)ﬁQf-c+no—mo = Qn+no—moT(s+)ﬁQn+no—mo and we have

sz+7'n+ sz07"07NQ5+n0—m0 — sz+7n++m07n07mQH+no_m0

= zm—"QnJrnOme'
Therefore, we have
Ran(T5) = T g ¢ T Tis )t Qs mo-mo (50) H”
- Zm‘”(5+)ﬁ/(fJ+)ﬁQn+no—mo(30)”{1)7

again using that 1/(qy)* is anti-analytic and (s, )* is analytic. This gives the general formula
for Ran(T};). In case K+ ng —mg < 0, we have Quing—mo = I and Ty, )i Qusng—mo(S0)* =
(5150)%, as claimed.
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4.5 Symmetric operators and selfadjoint extensions

For w € Rat, the second adjoint 7}'* is well-defined and 773 = T}, since T, is a closed, densely
defined operator on a reflexive Banach space [8, Theorem I11.5.24]. Now consider w € Rat(T)
and p = 2. From Theorem 4.1.1 it is obvious that T, # T, except in the degenerate
case where ¢ is constant, since Dom(7},) = ¢H? + Pgeg(q—1 contains all polynomials while
Dom(T?*) = ¢*H? only contains the polynomials that contain ¢* as a factor. Consequently,
T,, cannot be selfadjoint. In this section we consider the question when 77% is symmetric, and,
if this is the case, when does T} have a selfadjoint extension L. The first topic is addressed
in the following theorem.

Theorem 4.5.1. Let w = s/q € Rat(T) with s,q € P co-prime. Set n = deg(s) and
m = deg(q). Then the following are equivalent.

(1) T is symmetric;
(2) w(T) CR;

(3) w(z) = 0(—i%3) with @ a real rational function with poles only on R;

(4) the essential spectrum oess(T,,) of T, is contained in R;

(5) w is proper, s = z™7"3 with § self-inversive and oS, = GmSm-—n holds, where s(z) =
Sor_o sk and q(z) = >y k"

Moreover, if T is symmetric, then T C T,,.

Proof. We first prove the equivalence of (1) and (2), and that (1) implies 7% C T;,. Assume
(2). For z € T, not a root of ¢, we have w*(z) = w(z) = w(z). Hence w* = w. Since ¢ has
only roots on T, we have ¢ = v¢* for a unimodular constant v. Hence ¢H? = ¢*H?. This
shows 105 = Tope| g2 = Tis|quz C To,. Since (T33)* = To,, it follows that T is symmetric and
T* C T,. Conversely, assume (1). Then we still have ¢H? = ¢*H? and T* C (T}*)* = T,.
Hence T} = T,,|,n2. In particular, we have w*q = T,~q = T}}q = T, = wq. This implies
w = w*. Hence w(z) = w(z) for z € T, not a root of ¢. Thus w(T) C R.

That (2) and (3) are equivalent follows simply because in (3) w is the composition of
w and the inverse Cayley transform, which maps the circle T bijectively onto R. The fact
that w is real rational, i.e., w = §/q with s and ¢ real polynomials, is equivalent to w(R) :=
{w(t): t e R, q(t) # 0} C R. Also, the equivalence of (2) and (4) is a direct consequence of
the fact that oes(7,,) = w(T), by [6, Theorem 1.1].

=

Finally, we prove (2) < (5). Since ¢ = v¢*, we have

Thus, we have w = w* if and only if 2™ "ys* = s. Hence (2) is equivalent to 2™ "ys = s.
Now assume (2). Since deg(s*) < deg(s), the identity 2™ "ys* = s can only occur if m > n,
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i.e., if w is proper. The identity also shows that s = 2™~ "5 for 5§ = vs*. On the other hand,
st = (zm"5) = §¥. Thus § = ~ys* = ~5*, which shows 5 is self-inversive, with constant +.
Note that v = qo/m. Also, we have s = -+ = s, _,_1 = 0 and 5(2) = izm Sm—nak 2.
Since 3 is self-inversive, 3§ = §s* with § = s,,_,,/5,. But also d = 7, 80 Sy, /5 = qo/Gm. Thus
40Sn = GmSm—n- Hence (5) holds. Conversely, assume (5). Reversing the above argument, it
follows that o3, = GmSm_n implies § = 05 with § = 7. Thus vs* = 43" = 5. This implies

s =2"""5 =2z "ys* and hence (2). O

Corollary 4.5.2. Let w = s/q € Rat(T) with s,q € P co-prime.Assume T is symmetric.
Then deg(s) < deg(q) < 2deg(s).

Proof. By Theorem 4.5.1 condition (5) holds with m = deg(q) and n = deg(s). Since s
is self-inversive, we have 5(0) # 0. Consequently, 0 would be a non-removable singularity
of s = 2™ s in case m < n, which gives a contradiction. Hence m > n. Furthermore,
comparing the degrees on both sides of s = 275 yields, n = m — n + deg(s) > m — n.
Hence m < 2n. O

When T7; is symmetric, it need not be the case that T}, has a selfadjoint extension. In
Proposition 4.5.4 below we characterize when 77} does have a selfadjoint extension. However,
we first give a concrete example that shows this does not always happen.

Example 4.5.3. In [7] Helson considered the functions wy(z) = (—zzf—})k for £ € N. For
all k& we have wy(T) C R, see Theorem 4.5.1 (3) above, hence T7 is symmetric by Theorem
4.5.1. In fact, for k even wy,(T) = R, while for £ odd we have w;(T) = R. We show that 77,
does not have a selfadjoint extension for £ = 1. In Example 4.5.8 we return to this example

for general k.

For k = 1 we have w(z) = w(z) = —iZ5. Hence Dom(T,) = (z — 1)H? 4+ C and
Dom(T*) = (2 — 1)H? Suppose T* has a selfadjoint extension L. Then L = L* and
thus T ¢ L = L* C T} = 1T,. Since T, is not selfadjoint, the inclusions are strict.
Hence Dom(7}) € Dom(L) C Dom(7,), with strict inclusions. However, the complement of
Dom(77) in Dom(T},) is one-dimensional, hence not both inclusions can be strict. Thus T,

does not admit a selfadjoint extension.

Proposition 4.5.4. Let w = s/q € Rat(T), with s,q € P coprime, be such that T is
symmetric. Then T admils a selfadjoint extension if and only if the number of roots of
s —1iq and s +1q in D, counting multiplicities, coincide.

Proof. The operator T} is an adjoint, and hence closed, and by assumption symmetric.
Following definition X.2.12 from [3] we define the deficiency subspaces of T} as the spaces

Ly =Ker (T** —4) = (Ran (T +i))*, L£_ =Ker (T +1i) = (Ran (T —4))*,
and the deficiency indices as the integers ny = dim L. Since T7}* = T,,, we have
ny =dimKer (7, —¢) and n_ = dimKer (T}, + ).
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Also, we have T,, £ i = T,4;. By item (b) of Theorem X.2.20 in [3], T,, has a selfadjoint
extension if and only if n, = n_. Note that w i = (s £ iq)/q. We now apply Corollary
2.4.2 to T,4,, to obtain that ny is equal to the maximum of 0 and the difference of m and
the number of roots of s +ig in D, counting multiplicities. However, since T* is symmetric,
w is proper so the number of roots cannot exceed m. Note also that w(T) C R, so s + ig
cannot have roots on T. It thus follows that T has a selfadjoint extension if and only if the
number of roots in D of s — iq and s + iq, counting multiplicities, coincide, as claimed. [J

Since T% is never selfadjoint for w € Rat(T) having at least one pole on T, the formulas
for ny in the above proof along with item (a) of Theorem X.2.20 in [3] directly give the
following corollary.

Corollary 4.5.5. Let w = s/q € Rat(T), with s,q € P coprime, be such that T is symmet-
ric. Then s+ iq or s —iq must have a root in D.

Proposition 4.5.4 can be rephrased in terms of the index of the operators T},4;.

Proposition 4.5.6. Let w = s/q € Rat(T), with s,q € P coprime, be such that T is
symmetric. Then T,.; and T,_; are both Fredholm and T} admils a selfadjoint extension if
and only if the Fredholm indices of T,,; and T,,_; coincide.

Proof. This follows directly from Proposition 4.5.4 and Theorem 2.1.1 applied to w + i and
w — 1, using that w £ i = (s +iq)/q. O

Corollary 4.5.7. Let w = s/q € Rat(T), with s,q € P coprime, be such that T is symmet-
ric. Assume w(T) # R. Then T admits a selfadjoint extension.

Proof. The Fredholm index of T,,_, is constant with respect to A € C on the connected
components of C separated by the essential spectrum of T, which is equal to w(T); see [6,
Theorem 1.1]. Hence if w(T) # R, but w(T) C R since T} is symmetric, then ¢ and —i are in
the same connected component and thus 7,,,; and T, ; have the same index. The conclusion
now follows from Proposition 4.5.6. O]

Example 4.5.8. We return to the functions wy(z) = (—@i’j)k considered in Example 4.5.3.

Since wy(T) = R, for k even, we obtain directly from Corollary 4.5.7 that T7; admits a
selfadjoint extension in case k is even.

For odd values of k& we have wi(T) = R, and thus no conclusion can be drawn from
Corollary 4.5.7. To deal with the odd case we resort to Proposition 4.5.4. Take s(z) =
(—i)k(z +1)* and ¢ = (z — 1)¥ and write k as k = 2] + 1. The polynomials s % iq are given
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For odd values of | one obtains:

(21 A+1\ 5o (2A+1\ 4
s(z) —iq(z) = —2i (( 0 ) +- 4 <2l N 2)2 + NEERE
(241 A+ 1\ 5y (241 5
s(z)+zq(z)—2z(( ) )z—{— +(21_1)z + 211)?
(241 A+1\ 5, (241 4
=2
zz(( 91 )—1— —i—( 9 )z +< 0 )z

Observe that s + iq is of the form izp, (z?) where p, is a real polynomial of degree 2/ and
that s —ig is of the form ip_(2?) where p_ is a real polynomial of degree 2{. Because p, and
p_ are real polynomials and the fact that 22 is the variable rather than z itself, the nonzero
roots of zp,(z?) come either in pairs (z and —z) for real nonzero roots or in quadruples
(z,z,—z,—%) for nonreal roots, while zero appears as a simple root. Similarly, the roots of
p_(2%) come in pairs (z and —z) or quadruples (z,z,—2z,—2) and there is no root at zero.
Hence s+ iq has an odd number of roots inside the unit disc, and s —iq has an even number
of roots inside the unit disc, so that the indices n, and n_ can never coincide. One further
observes that p_ = pi. In a similar way, for even values of [ the polynomial s + iq will
have an even number of roots inside the unit disc and s — 7¢g will have an odd number of
roots inside the unit disc. Hence, in all cases where k is odd, 77} does not have a selfadjoint

extension.

We now present a proposition that rephrases the criteria of Proposition 4.5.4 in terms
of the roots of s +iq (or s — iq) only. The observation that 77 in Example 4.5.8 has
no selfadjoint extension follows as a special case. In general, 7% cannot have a selfadjoint
extension whenever deg(q) is odd for any w € Rat(T).

Proposition 4.5.9. Let w = s/q € Rat(T), with s,q € P coprime, be such that T is
symmetric. Set ly =m — deg(s +iq) and define

zeroes of w £ 1 inside T _ zeroes of w 1 outside T
multi. taken into account +27 1]

ki,l:#{ multi. taken into accoun
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Then
T has a selfadjoint extension < I+ ki =k & [_+k_s=Fk_.
In particular, if T} has a selfadjoint extension, then deg(q) must be even.

The basis for the proof of Proposition 4.5.9 lies in the following lemma, which clarifies
the relation between s + iq and s — ¢ under the assumption that 77} is symmetric.

Lemma 4.5.10. Letw = s/q € Rat(T), with s,q € P coprime, be such that T is symmetric.
Set I = deg(q) — deg(s £ iq) and let vy be the unimodular constant such that ¢ = vq*. Then

s +ig = v27F (s Fig)". (4.5.1)

Moreover, we have l+ = 0 if and only if w(0) = %i. In particular, only one of I, and l_ can
be nonzero.

Proof. Since T} is symmetric, by assumption, w has the properties listed in Theorem 4.5.1.
In particular, w is proper, m := deg(q) > deg(s) =: n, and s = 2™~ "s with § self-inversive
and the unimodular constants that establish the self-inversiveness of s and ¢ coincide (equiv-
alently, ¢oS, = GmSm—n)-

Note that deg(s £ iq) # m occurs precisely when deg(s) = deg(q) and the leading
coefficients s, and ¢, of s and ¢, respectively, satisfy s,, +i¢,, = 0, i.e., $;,/¢m = Fi. Since
m = n, the identity ¢oS, = @mSm—n shows w(0) = s0/qo = Sm/Gm- Hence deg(s +iq) # m
holds if and only if w(0) = Fi = =44, as claimed.

We first prove (4.5.1) for the case w(0) = 0. So assume w(0) = 0, or equivalently, s(0) = 0.
In this case [ =1_ = 0. Since s = 2™ "5 and 5(0) # 0 (because § is self-inversive), we have
m > n. Also note that m — n is equal to the multiplicity of 0 as a root of s. We now employ
Lemma 4.2.2, using that deg(s + iq) = m = deg(iq), to obtain

(s F i)t = BTGy gt 1 (—i)ygt = 2y g
="""s+tiqg = s+ iq.

Hence (4.5.1) holds.

Now assume w(0) # 0, i.e., s(0) # 0. In that case s = 5. Hence s is self-inversive with the
same constant v that establishes the self-inversiveness of ¢. This also yields m = n. Since s
and q are self-inversive with the same constant ~, we have

Som—kQk = Gm—kSm—tY = Gm_rSk  for k=0,...,m.
Hence for all & we have
Sm—k(Sk +iqk) = $k(Fm—k + 1Gm—r) and Gm_r(sk + k) = @(Sm—r + 1 Gm—r)-

In case s, = 0 and ¢, = 0, also s = 0 and g = 0, since s = VS;m_x and qx = Y@m—k,
and thus s + iqr = 0 = Y(Sp_k + iGm_x). If either s, # 0 or ¢k # 0, divide the first
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identity by s,,_x or the second identity by G, to arrive at sy + iqx = Y(Sm—k + 1 Gm—t)-
Hence
Sk +1q = V(Sm—k — 1Gm—r) for k=0,...,m. (4.5.2)

Thus s + g, = 0 if and only if s,,_p — iq,_r = 0. It follows that 0 is a root of s 4 iq with
multiplicity [;. Comparing coefficients, it follows that the identities in (4.5.1) correspond to
the identities in (4.5.2). Hence (4.5.1) holds. O

Proof of Proposition 4.5.9. Since T} is assumed to be symmetric, (4.5.1) holds. Together
with the fact that the f§ operator reflects roots over T, this implies that the number of roots
of s + 1q inside T are equal to [4 plus the number of roots of s F iq outside T, counting
multiplicities. In other words, we have

k+’1 =1_ + k_,g and ]f_’l = l+ + k?_;'_’g. (453)

By Proposition 4.5.6, 77 has a selfadjoint extension if and only if s + i¢ and s — iq have
an equal number of roots inside T, again counting multiplicities, equivalently, ki ; = k_ .
Given (4.5.3), it follows that k,; = k_; is equivalent to ki ; = 1 + ki o, and likewise to
k_1 =1_+ k_,. This proves the two criteria for 75 to have a selfadjoint extension.

By Lemma 4.5.10, either [, =0 or [_ = 0. Say [, = 0. Since s+ iq cannot have roots on
T, we have deg(q) = deg(s +iq) = k41 + k4 2. If T admits a selfadjoint extension, then we
have ki =4 + ki = k2. Hence deg(q) = 2k is even. For [_ = 0 the arguments goes
similarly. O]

Combining the fact that 7}* cannot have a selfadjoint extension in case w = s/q € Rat(T),
s, q co-prime, and deg(q) odd with Corollary 4.5.7 immediately yields the following result.

Corollary 4.5.11. Let w = s/q € Rat(T), with s,q € P co-prime, be such that T* is
symmetric and deg(q) is odd. Then w(T) =R.

The next example shows that also with deg(q) even it can occur that T does not admit
a selfadjoint extension.

Example 4.5.12. Let w = s/q with
s(z) =i(1+az+2%), forsome0#a€R, and q(z)=1-2%

Then m = n and

So T7* is symmetric by Theorem 4.5.1 (5). Also, we have
(s+1iq)(z) =i(2+az) and (s—iq)(z) =iz(a+ 22).

Hence the number of roots of s —ig inside D is 1 if |a| > 2 and 2 if 0 # |a| < 2, while the
number of roots of s + iq inside D is 1 if |a| > 2 and 0 if 0 # |a| < 2. Thus 7% admits a
selfadjoint extension if and only if |a| > 2.
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4.6 Comparison with the unbounded Toeplitz operator
defined by Sarason

The Smirnov class N consists of quotients g with a and b H°°-functions such that the
denominator a is an outer function. The function p = 2 € N is said to be in canonical
form if a(0) > 0 and |a|]?> + [b]* =1 on T. By Propos1t10n 3, 1 of [12], every function p € Nt
can be uniquely written in canonical form.

In [12], Sarason investigated an unbounded Toeplitz operator T, sa with symbol ¢ in NT,
which is defined by

Dom(T;*) ={f € H* : pof € H*}, Tf=¢f (fecDom(T;%)).

More generally, Tg’a can be defined in this way for any holomorphic function ¢ on D, but for
T3* to be densely defined, ¢ must be in N* [12, Lemma 5.2].

Let ¢ = 2 € N* be the canonical representation of ¢. Then it is shown in Proposition
5.3 of [12] that Dom(Tsa) = aH?. The adjoint of the operator TSa is motivated by the action
of the conjugate transpose of the matrix representation of Tsa7 which is lower triangular.
The domain of the adjoint operator is shown to contain the space H(D) of functions that
are analytic on some neighborhood of the closed unit disc D, and the adjoint is equal to the
closure of the operator on H(D); see [12, Lemmas 6.1 and 6.4].

Let w = s/q € Rat(T) with s,q € P co-prime. Set n = deg (s) and m = deg (q). Assume
w is proper, i.e., n < m. Then w*(z) = 2™ "s*/¢* € Rat(T). Since ¢* has zeroes only on
T it is outer and thus w* € N*. While in general T, and T5* are different, the following
proposition shows that T}, coincides with 752, and hence T,, = T** = T52. Without the

w*

properness assumption, w* is not in N+, because w* has a pole at 0, and hence TS is not
defined.

Proposition 4.6.1. Let @ = 5/q € Rat(T) with 3,q € P co-prime. Then Dom(T5?) = qH?
and T5* = Ts|zg2. In particular, if w € Rat(T) is proper, then T = T52.

Proof. We first show Dom(75*) = gH?. Let @ = a/b be the canonical form of &@. As noted
above, Dom(75%) = aH?. By the Fejér-Riesz Theorem there is a polynomial 7 such that on
T we have |r|> = [5]* 4+ |g]?,  has no roots in D and arg(r(0)) = arg(q(0)). The latter is
possible since ¢(0) # 0 and implies g(0)/r(0) > 0. Note that r also has no roots on T, since
s and ¢ are co-prime. It follows that ¢/r and s/r are both H*-functions, ¢/r is outer and
¢(0)/r(0) > 0. Hence a = ¢q/r and b = s5/r, by the uniqueness of the canonical form. Also,
since all the roots of r are outside T, r~'H? = H?, so that aH? = ¢H?>.

Now let f € Dom(72*), say f = qh with h € H?. Then T5*f = @f = sh. On the other
hand, the fact that @f = $h and sh € H? shows T f = Psh = 5h. Hence T5% = Tg|zp2. O

Next we employ some of the ideas from [12] to derive the following result. Recall that
for a Hilbert space operator 7' : Dom(7") — H a linear submanifold D C Dom(7) is called a
core in case the graph G(T'|p) of T'|p is dense in the graph G(T') of T’; cf., page 166 in [8].
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Theorem 4.6.2. Let w € Rat(T). Then H (D) is contained in Dom(T,). If w is proper,
then H(D) is a core of T,,.

Proof of H(D) C Dom(T,,). Write w = 2 € Rato(T) with s,q € P coprime. Let f € H(D).
Then there exists a R > 1 such that f is still analytic on an open neighborhood of the
closed disc with radius R. Set f(z) = f(Rz), q(z) = q(Rz) and 5(z) = s(Rz). Then
f € H? and ¢ is a polynomial with no roots on T and deg(q) = deg(q). By Theorem 2.3.1,
H? = GH? 4 Paeg(q)—1. Thus 5f = qh +7 for some h € H2 and 7 € P with deg(7) < deg(q).
Now set r(z) = ?(Z/R) and h(z) = h(z/R). Then r € P with deg(r) = deg(7) < deg(q) and
h € H? even h € H(D). Also, we have sf = ¢gh +r. Thus f € Dom(T},). O

Before proving the second claim of Theorem 4.6.2 it is useful to consider the value of T,
when applied to the evaluation functional or reproducing kernel element ky(z) = (1 —Az)~!,
where A € D. Note that ky € H(D), hence ky € H?, and k) has the reproducing kernel
property for H?:

span{ky: A € D} dense in H?> and (h,ky) = h(\) (h€ H? A€D).

See [9] for a recent account of the theory of reproducing kernel Hilbert spaces and further
references.

Lemma 4.6.3. Let w = s/q € Rat(T), with s,q € P co-prime, be proper. Then
T.ky = w*()\)/@\ ()\ € D)

Proof. Suppose g = T,ky then s(2)(1 — X\2)™' = q(2)g(2) + r(2), where r € P,,_;. Here
m = deg(q). Hence (1—Xz2)g = (s+ (1 —Az)r)/q is in Rat(T) as well as in H?. This can only
occur if (1 — Az)g is a polynomial, i.e., g = ks7 for some 7 € P. Thus s + (1 — Az)r = qr.
Since w is proper, the degree of the left hand side is at most m. But then 7 is constant, say
with value ¢. This shows T, ,k\ = ck,.

To determine ¢ we evaluate the identity s + (1 — A2)r = ¢¢ at 1/X. This gives s(1/\) =
q(1/))¢. Note that

sH(A) = N"s(1/A) and  ¢*(A) = A"q(1/),

where n = deg(s). Hence

s(1/A) =X "st(A) and  q(1/XN) =X "gE(N).

This gives

S_ATE0) (A
o~ S = (Fay ) = -

Proof of Theorem 4.6.2. It remains to prove that H(D) is a core for T, in case w is
proper. So, assume w is proper. We need to show that the graph of T, u(®) 1s dense in the
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graph of T,,. In other words, let f,g € H? with (f, g) perpendicular to G(To| (), then we

need to show (f,g) is perpendicular to G(T,). Since k) € H(D), for A € D, we have

0=1((f,9), (kx, Tukx)) = (f, k) + (g, w*(N)ka) = fF(A) +w (X)g(A) (A € D).

Hence w*g = —f. In particular, w*g € H2. Thus g € Dom(T5%) = Dom(T}) and T*g = —f,
by Proposition 4.6.1. For any h € Dom(T,,) we have

<(f7 g)? (h’Twh» = <(_T:gag)a (h’Twh» = _<T:ga h) + <97Twh> =0. O

In Section 8 of [12], Sarason introduced the class of closed, densely defined operators T
on H? which satisfy

(1) T, Dom(T) C Dom(T);
2) T*TT, = T;
(3) f € Dom(T), f(0) =0 = T;f € Dom(T).

This class of operators was further studied by Rosenfeld in [11, 10] in which he referred to
such operators as Sarason-Toeplitz operators. The operators Tﬁa, for ¢ € N*t, are Sarason-
Toeplitz operators, and the class of operators is closed under taking adjoints, by Proposition
2.1 in [11]. Hence, by Proposition 4.6.1, T,, is a Sarason-Toeplitz operator whenever w €
Rat(T) is proper. We show that in fact T}, is a Sarason-Toeplitz operator for any w € Rat.

Proposition 4.6.4. Let w € Rat. Then T,, on H? is a Sarason-Toeplitz operator.

Proof. First consider w € Rat(T). That T, satisfies (1) and (2) was proved in Lemma
2.2.3. We claim that 77 Dom(7,) C Dom(7,). Write w = s/q with s,q € P co-prime.
Then Dom(T,,) = qH? + Paeg(q)—1- Let f = gh +r € Dom(T,) with h € H* and r € P,
deg(r) < deg(q). Then T% f = ¢Th+h(0)T:q+ T r, which is in ¢H? + Pyeg(q)—1 = Dom(T,).
Hence T,, is a Sarason-Toeplitz operator in case w € Rat(T).

Now take w € Rat arbitrarily. By Lemma 2.5.1, see also Section 4.4 above, w = w_ z"wow
with k¥ € Z, and w_, wy and wy in Rat with zeroes and poles only inside, on or outside T,
respectively. In particular, wy € Rat(T), w_ and w_' are both anti-analytic, and w, and
wfrl are both analytic. Also, T,, = T}, T.r.,T.,. Note that 2w, € Rat(T) in case K > 0
and Tr,, = T.xT,, in case k < 0 (by Lemma 2.5.3). In both cases it now easily follows that
T,x., is a Sarason-Toeplitz operator. The claim for T, follows since T Uisz =T szf and
TETY =TT O

In fact, by the same arguments one can show that T, on H?, 1 < p < oo, satisfies (1)-(3)
in case 77 is replaced by T,-1.
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Chapter 5

Matrix symbols

Abstract. This chapter concerns the analysis of a Toeplitz-like operator generated by a rational
matrix function having poles on T. It extends the analysis of such operators generated by scalar
rational functions with poles on T found in [7], [8] and [9]. A Wiener-Hopf type factorization of
rational matrix functions with poles and zeroes on T is introduced and then used to analyse the
Fredholm properties of Toeplitz-like operators. A formula for the index, based on the factorization,
is given. Furthermore, it is shown that the determinant having no zeroes on T is not sufficient for
the operator being Fredholm, which is in contrast to the classical case.

5.1 Introduction

This chapter is a continuation of Chapters 2, 3 and 4 where Toeplitz-like operators with
rational symbols which may have poles on the unit circle, T, were introduced. Whilst the
aim of the preceding chapters was to analyze such Toeplitz-like operators with scalar symbols,
in this chapter we will focus on such Toeplitz-like operators with matrix symbol.

Let Rat™ ™ denote the space of m x n rational matrix functions. For positive integers
m and n we denote by Rat”™ "(T) the set of all m x n rational matrix functions with poles
only on T and by Rat{*"(T) all strictly proper m x n rational matrix functions with poles
only on the unit circle T. The column vectors Rat™ ' (T) and Raty*!(T) will be written as
Rat™(T) and Rat{'(T), respectively. For the special case m = 1 = n, i.e. the scalar case, as
in the earlier chapters we will use Rat, Rat(T) and Raty(T) for rational functions, rational
functions with poles only on T and strictly proper rational functions with poles only on T,
respectively.

The space of m x n matrix polynomials will be denoted by P™*™ and the column vector
polynomials P"*! will be denoted by P™ and, as before, the polynomials by P. By P;"*"
we shall mean all m x n matrix polynomials of degree at most k. As before in Section 1.1.8,
by L? and HP we shall mean functions with m-components and each component is in L?
and HP, respectively.

109



A pole of rational matrix function is a pole of any of its entries. The zero of a rational
matrix function, Q(z), is a pole of its inverse, 271(2), see for example [3]. However, the
zeroes of a matrix polynomial P(z), are the z € C where det P(z) = 0.

Let © € Rat™ ™ with possibly poles on T and det (z) # 0. Define Tg (HE, — HP,) by
Qf = h+r where h € L? (T)

— D . m )

Dom(7§) { feHp: and r € Rat!(T) }

Tof = Ph where P is the Riesz projection of L? (T) onto H?,.

For simplicity we will consider the square case only but many of the results in this chapter
extend to the non-square case, i.e., m # n.

The aim of this chapter is the determination of Fredholm-properties of Toeplitz-like
operators with matrix symbol having poles on the unit circle. For the scalar case, the
Fredholm-properties of Toeplitz-like operators received attention in Chapter 2. For the
classical case, i.e., bounded block Toeplitz operators with rational symbol having no poles
on the unit circle, the Fredholm-properties appear in Chapters XXIII and XXIV of [6] and
are summarised in Section 1.1.8. In the classical case, the bounded block Toeplitz operator
is Fredholm exactly when the determinant of the symbol has no zeroes on T (Theorem
XXIIL.4.3 in [6]). As we will see later, cf. Section 5.6, this is not the case for Toeplitz-like
operators having poles on the unit circle due to possible pole-zero cancellation.

The Wiener-Hopf factorization of matrices with no poles on the unit circle (see for ex-
ample Theorem 1.1.12 and Theorem XXIV.3.1 of [6]) allows one to determine invertibility
conditions and Fredholm-properties of the block Toeplitz operator (see for example Theorem
1.1.13 and Theorem XXIV.4.1 and Theorem XXIV.4.2 of [6]).

Main Results. In our first main result, using an adaptation of the construction in [2]
we prove a Wiener-Hopf type factorization for a rational matrix function with poles on the
unit circle. As before in Section 1.1.8, we call an m x m rational matrix function a plus
function if it has no poles on the closed unit disk D and we call it a minus function if it no
poles on |z| > 1 with the point at infinity included.

Theorem 5.1.1. Let Q € Rat™ ™ with det Q # 0. Then Q = 27 *Q_QyPyQ. for some k > 0,
Q_ and (Q-)~" are minus functions , Q4 and (Qy)~" are plus functions, Qo = DiagiL, (¢;)
with ¢; a scalar rational function with poles and zeroes only on T and Fy is a lower triangular
matriz polynomial with det(Py(2)) = 2V for some N > 0.

Note that, if we choose F, to be lower triangular then the degree of the entries on the
diagonal need not be in any order (increasing or decreasing), and conversely, if we choose
to have either increasing or decreasing order of the degree of the entries on the diagonal,
Py is not necessarily lower triangular. This is in sharp contrast to the classical Wiener-
Hopf factorization result in Theorem 1.1.13 where the entries on the diagonal has increasing
degree.
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As is the case of rational matrix functions, the Wiener-Hopf type factorization of rational
matrix functions, {2(z), allows us to first factorise the Toeplitz-like operator T, and then
determine its Fredholm properties by reducing it to the case of a diagonal matrix followed by
a polynomial matrix function with determinant 2", for some N > 0. Our second main result
is the factorization of Toeplitz-like operator based on the Wiener-Hopf type factorization
below.

Theorem 5.1.2. Let Q = 27 *¥Q_Qy Py, be the Wiener-Hopf type factorization of Q as in
Theorem 5.1.1. Then
To = To_To-+To,Tr, Tor, -

Our third main result is using the factorization to reduce the question on Fredholm
properties to the case where the operator is generated by a matrix that is the product
of a diagonal rational matrix function, Qy(z) € Raty”™™(T) with zeroes only on T, and a

polynomial matrix Py(z) with determinant z%, N > 0.

Theorem 5.1.3. Let Q(z2) = 27*Q_(2)Q0(2) Po(2)Q4(2) be the Wiener-Hopf type factoriza-
tion of ) as in Theorem 5.1.1. Then Tq is Fredholm if and only if T, s Fredholm, which
happens exactly when each of the entries ¢; of Cdy has no zeroes onT. In case Tq is Fredholm,

IndexTq = mk + Index T, + Index Tp,

=mk+ Y degq; — Y kj,
j=1

=1

where ¢; = Z—j and q; has roots only on T and k; are the powers of z on the diagonal of Fy.

Comparison with literature. There are not many known results concerning un-
bounded (or closed) Toeplitz operators with matrix symbols. We use a factorization based
on the Smith form for polynomial matrices (Theorem 1 and Theorem 2 of Gantmacher, chap-
ter VI [4]) which is related to the Wiener-Hopf factorization for rational matrix functions
without poles on the unit circle appearing in Theorem 2.1 of [2]. The proof of Theorem 2.1
in [2], in fact, uses the Smith form as a strating point.

Factorization of matrices, however, have a long tradition. Wiener-Hopf type factorization
of matrices with no poles on the contour, for example, appears in Gohberg and Krein [11] and
Clancey and Gohberg [2]; factorization of matrix functions as solutions to barrier problems
in complex function theory appear as early as 1908 in Plemelj [12], whereas factorization
of rational matrix functions relative to the unit circle appears as spectral factorization in
electrical engineering in Belevitch [1] and Youla [14]. In all of these, however, there is a
restriction of no poles on the contour or the unit circle.

The Wiener-Hopf type factorization for a rational matrix function with poles on the unit
circle we use is based on the approach found in [2]. However, there is a slight oversight in
the proof of Theorem 2.1 in Chapter 1 of [2]. An application of Lemma 5.3.2 below would
eliminate this. It is not true that ED(z)P(z) = D(z)EP(z) where E is a lower triangular
elementary matrix with ones on the main diagonal and only one row of nonzero entries off
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the main diagonal, D(z) = Diag(z%) is a diagonal matrix with k; > ky > ... > k,, and
P(z) a polynomial matrix function with det P(z) having a zero at z = 0. Applying Lemma
5.3.2 we write L(z)D(z)P(z) = D(z)EP(z) where L(z) is a lower triangular minus matrix
function with ones on the main diagonal. And so the result of Theorem 2.1 in Chapter 1 of
2] follows using this adaptation.

The factorization allows us to consider the Fredholm properties of T by reducing to the
case 2 € Rat(T U {0}). Using this, we determine the index, dimension of the kernel as well
as the codimension of the range in case the operator is Fredholm.

There is some divergence from the situation where 2 has no poles on T. In that case,
from Theorem 4.3 in [6] we have that T, is Fredholm if and only if det Q(z) # 0 for z € T.
When poles on T are allowed there could be pole-zero cancellation in the determinant of Q(z)
for z € T, for example Q(z) = Diag(24}, 24) has det Q = 1. However, Tg is not Fredholm.
Thus, there are cases where det §2(z) # 0 for z € T but Ty is not Fredholm, which does not
happen in the case where {2 has no poles on T.

Overview. The chapter is organized as follows: Besides the current introduction, the
chapter consists of five sections. In Section 5.2 we prove basic results concerning the Toeplitz-
like operator Tg. In the following section, Section 5.3, we prove the Wiener-Hopf type
factorization of rational matrix functions with poles on the unit circle, Theorem 5.1.1. The
next section, Section 5.4, is devoted to an example that illustrates the factorization. In
the section that follows, Section 5.5, we prove the factorization of the Toeplitz-like operator,
Theorem 5.1.2. This is then used to establish the shift invariance of the Toeplitz-like operator
as stated in 7?7 below . Finally, Section 5.6 is devoted to the Fredholm properties of Tq, and
in particular, we prove Theorem 5.1.3.

5.2 Basic properties of 1

Using similar arguments as in the scalar case, cf., Chapter 2, we determine various basic
properties of the Toeplitz-like operator Tg. Some of these results can be derived by restricting
to the entries of 2, in which case we give minimal details of the proof. We start with an
analogue of Proposition 2.2.1.

Proposition 5.2.1. Let 2 € Rat™*™, possibly with poles on T. Then Tq is a well-defined,
closed, densely defined linear operator on HE . More specifically, P™ C Dom(Tg). Moreover,

S TS, f=Tof for all f € Dom(Tg), (5.2.1)

where Sy =T, and S_ =T,-1;,, on HP,.

Proof that T;, is well-defined, has dense domain and is a closed linear operator.
The proof will follow by direct generalization of the arguments in Chapters 2 and 3, some-
times reducing to results for 7., ;, where = [w;;]7%_;.

112



For p € Rat('(T), using a similar argument as in Lemma 2.2.2 on its entries, it follows
that p is identically zero whenever p € L? . Now following the argument in Proposition 2.2.1
shows that Tq is well-defined.

Let Q € Rat™ ™. By entrywise application of Lemma 2.2.4 we can write Q = Q; + (s,
where 0 € L7*™ and €y € Raty”™"™(T). Then Tq = T, + T, and the domains of Ty, and
Tq, coincide. To see this, note that f € Dom(Tg) if and only if f € Dom(7Tg,) and that the
latter is the case if and only if Qs f = hy + p where hy € LT and p € Rat('(T). Now for such
a function f consider Qf = Oy f + Qo f. Since ; € L™, also €, f € LJ'. Moreover, we
have

Qf291f+92f:(Qlf+h2)+p:h+p,
where h = Q1 f + hy. Now

Ph = P(Qlf) +Ph=To f+Ta,f="Taf

as desired. From this it follows that we only need to look at the case © € Ratg*™(T).

Let © € Raty”"™(T). Then we can write 2 = ¢~' P where ¢ € P, has zeros only on T
and P € P;";™ for some ¢ € N. Using a similar argument as in the proof of Lemma 2.2.3
we can show that f € Dom(Ty) if and only if Qf = h+ ¢ 'r, where h € H?, and r € P}" .
Moreover, r and h are unique, and in that case T f = h. Now using a similar argument
as in the proof of Proposition 2.2.1 it follows that T is closed and that the domain of T
contains all the polynomials and so Tg, is densely defined.

The proof of 5.2.1 is postponed to Section 5.5. O

For further basic properties we restrict to the case where Q € Rat™*™(T), i.e., all poles
on T, or 2 € Rat™™(T U {0}), where also a pole at 0 is allowed. In order to determine
the Fredholm properties of T, via the factorization of Section 5.3 below, we reduce to the
case of a diagonal matrix function in Rat™*™(T), with zeroes all on T. Therefore we will
not attempt here to give an explicit description of the kernel, range and domain for the case
Q € Rat™ ™ (T) in the form of an analogue of Theorem 3.2.2. For the diagonal matrix case,
results are easily obtained by reduction to the scalar case. Here, and in the sequel, we shall
identify the orthogonal sum H? @ --- @& H? of m copies of H? with HP .

Proposition 5.2.2. Suppose that Q(z) € Rat™ ™ (T) with

wi(2)
Q(z) = wa(2)
W (2)

and wj(z) € Rat(T),j =1,2,...m. Then

1. Dom(Ty) = Dom(7},,) ® Dom(T,,) ® - - - ® Dom(T,, ).
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2. Ran(Ty) = Ran(7,,,) @ Ran(7,,,) ® - -- & Ran(T,,,).
3. Ker(Tg) = Ker(T,,,) @ Ker(T,,,) ® - - - ® Ker(T,,,).

Proof. Suppose that f; € Dom(T.,,) then w;f; = h; + p; with h; € H? and p; € Rato(T).
But then

Qf =h+p
where
h hy 1
f2 hQ P2
f: y h = . ; P = y

and so f € H? h € H? and p € Raty'(T), showing that f € Dom(7y) from which it follows
that Dom(T,,) ® Dom(T,,) & - - - ® Dom(T,,,) C Dom(Tq).

To show the converse, suppose that f € Dom(75,) then there are h € HP and p € Raty'(T)
with Qf = h + p. But then w;f; = hj + p; for each j showing that f; € Dom(T,,).

Clearly, the fact that the domains coincide will also imply that the ranges coincide.

Suppose now that f € Ker(Tg), then Qf = p where p € Rat{*(T). But then w;f; = p;
for p; € Rato(T) from which it follows that f; € Ker(T,,,). The converse is immediate. [

J

Getting an explicit formulation of the domain of T, beyond the diagonal case or the case
where 2 € Rat("*™(T), i.e., where the entries of {2 are proper rational functions with poles
only on T, is much more complicated than in the scalar case. Let € Rat{*™(T) and write
Q) = ¢ 'P where ¢ is a scalar polynomial and P € P™*™, Using a similar argument as in
the proof of Lemma 2.2.3 we have

Dom(Tq) = {g € H?, : Qg =h+q 'p}
where h € HP and p € Pyeg (q)—1 and Tog = h.

Lemma 5.2.3. Let Q@ € Rat™ ™ and write Q = Q1 + Qo where Q; € L7 and Qg €
Raty”*™(T). Then Dom(Tq) = Dom(Tq,). Let Qy = ¢ 1P for some polynomial q with zeroes

SZ_]

only on T and P a matrixz polynomial. Suppose gy = [qT-j] and let ¢; = LCM"{q;;}, i.e.,
the least common multiple of the denominators in the j-th column of Qy. Then

qHE, + Pty oy 1 C @5 (¢;H” + Pacgq—1) € Dom(T,) (5.2.2)
and both inclusions can be strict.
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Proof. The first inclusion follows from the fact that zeroes of each ¢; will be included in
the zeroes of ¢ and gH? + Paegq-1 C qjH? + Paegq;—1 follows by extending the argument in
Lemma 2.3.4 as follows: If r, s € P and r divides s then sH? + Pyeg (s)—1 C rHP + Paeg (r)—1

Let
fi
f2

Jm
and suppose f; = qjh; +71; € ¢;H? + Pyegq;—1- Then q; = u;;q;; for some polynomial u;; and

o s
SO 4 = 24U gnd
qij qj

fi = aqhi+r; N
= UijGishy + Qg7 +7;

for some 7; € Pyegq,;—1 and ry; € P.

Since the i-th entry in Qyf is given by > 7" i1 Z” f; we have
Sii " Sii ~
(Qa2f); Z —f; = Z q—j (uijqishj + qijrij +75)
aij j=1 11
= Z (uijsijhj + Sijrij) -+ Z —]
=1 =1 i

Writing 5415 = kjqi; 4+ 7; for some k; € P and 7j € Pyeg (q,;)-1 We arrive at

m

- SiJT; 7~
(Quf); =D (wysighy + sigriy) + Y = = hi+p;

=1 =1 i

where p; = = € Rato(T) and h; € HP. From this it follows that if f is as described, then
f € Dom(Th,). O

We give an example that shows that the second inclusion is strict i.e., it is not necessarily
true that Dom(Tg) is the direct sum @72, Dom(7'1 ) where g; is the LCM of the denominators
K j 1
of the j-th column of €. Take, for example, Q(z) = ( At a1
Z+1 1+ z+1

24221 # 0 and f = (f;,—f1)7 is in the domain of Ty for each f; € HP. Also 22—1_1 is the

2201

LCM for the denominators in both columns of €2(z). Suppose

). Then det Q(z) =

(_f}l) € Dom(T B )@Dom(T J )

then fi € Dom(T_1_ ) But for f; & Dom( _ 1) we still have ( f}) € Dom(Tg) and so
22— 2-1 —J1

Dom(7Tq) # Dom(T_1_) & Dom(T_, ).

221 z4—1
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For q(z) = z? — 1, from Theorem 2.3.3 there exists an f € (z — 1)H? with f & ¢H? + P.
Thus (f,0) € ¢HY + P? and so ¢HY +P? # ((z — 1)H? + C) & ((2 + 1)H? + C). From this
it follows that the first inclusion in 5.2.2 can also be strict.

5.3 Matrix Function Factorization

In this section we prove the construction of the Wiener-Hopf type factorization, Theorem
5.1.1, with respect to T for m x m rational matrix functions which are allowed to have poles
on T.

The construction relies strongly on the Smith decomposition of matrix polynomials; see
Gantmacher [4] for a proof. The following theorem is an easy consequence of the Smith form.

Theorem 5.3.1. Let R(z) € P™*™. Then we can write

where E, F are polynomial matrices with nonzero constant determinants and D a diagonal
polynomial matriz that factors as

D(2) = D_(2)Do(=) D (2)

with D_, Dy and D also diagonal polynomial matrices with the entries of D_(z), Do(2) and
D, (2) having their zeroes in D, on T and outside D respectively.

The next result will be used to repair the oversight in the construction in [2].

Lemma 5.3.2. Let F(z) € P™™ with det F(2) = 2*. Then
2™ 0
F() = L(2) e
0 | Znm

where R(z) is a matriz polynomial with nonzero constant determinant, n; > 0 with Y " | n; =
k and L(z) is a lower triangular matriz where each entry in the strictly lower part is a poly-
nomial in 271 and z while the main diagonal entries are one. In addition, L(z)Diag(z™) €

’Pme i
Proof. First write
"2

Nm
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where R;(z) is a matrix polynomial and n; is the highest power of z dividing all the entries
in row i. Then det Ry(2) = z* with ¥ = k — > n;. If 37" n; = k we are done and
L(z) = I. Otherwise, write

r1(z)
Ru(z) = r2§z)

Tm(2)

Then 71(0),72(0),...,7,(0) are linearly dependent. Let p be the smallest integer such that
r1(0),...,7r,(0) are linearly dependent. Then there are numbers ay, s, . .., a,—1 such that

a7 (0) + 0127"2(0) + -+ Oép_l’l"p_l(()) + Tp(O) =0.

Put
1
1
10 0 1 i
E= Q1 Qg - Op 1 0 0 prow
0O 0 O 0 1 0
0O 0 O 0 0 1
Then
z™M
2"
F(z) = E'ER,(2).
Znm
Now
r1(2) 1
rp-1(2) 1
ERy(z) = Zleaﬁi(z) = 2 Ry(2)
Tpr1(2) 1
rm(2) 1

for some [ > 1 and for a matrix polynomial Ry(z), since > " «;r;(z) has a zero at zero.
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Note that

1
1
0 0 .- 1
—1 _nth
E o —Q; —Qy - —0p g 1 0 0 b row
0 0 0 e 0 1 0
0 0 0 0 N (|
and by direct computation it follows that
PA ™
2" 2"
E~' = L(2)
Zhm Zhm
where
1
1
- 0 0 EE 1 . th
L(Z) = —Qp 2T T2 L _ap_lznpfnp,l 1 0 0 D TOwW.
0 0 0 e 0 1 0
0 0 0 0 0 1
We now have
P
Z"r—t
F(z)=L(z) 2t Ry(2),
2N+l
Z"m
and
det Ry(z) = P L
Put n; = n; for j # p and n, = n, + . Note that > ;" n; = (3%, ni) + 1 and
P
F(z) = Ry(2)

n
Z‘IYL
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is a matrix polynomial with det F(z) = det F(z) = z*. If Yo, n; =k, then we are done,
otherwise repeat the argument. ]

We are now ready to prove Theorem 5.1.1.

Proof of Theorem 5.1.1. The proof is an adaptation of the proof of Theorem 2.1 in [2].
Firstly, write

q(2)Qz) = Pi(2),

where P is a polynomial matrix and ¢ a scalar polynomial function. Then we can write the

scalar rational function ¢7'(2) = w_(2)wy(z)2z"w,(2) as in Lemma 2.5.1 where w_ and w_"

are minus functions, w, and w;l are plus functions and wy has zeroes and poles only on T.
As in [2], by Theorem 5.3.1, the Smith form for polynomial matrices, we can write

Pi(z) = Eq(2) Dy (2) D (2) Dy (2) Fi(2)
where Fy, I} are polynomial matrices with nonzero constant determinants, Dy = Diag(d; )
with d; having roots only inside D, Df = Diag(d}) having roots only on T and DY =

Diag(d}) with df having roots only outside D and so D; F} is invertible in D. Then
det (E1(2)Dy (2)D{(2)) has its zeroes only in D. Let N > 0 be such that

Py(z) = 2N Ex(=7") Dy (27 DY (=)

is a polynomial matrix then the zeroes of P, can only be on T, outside D except at co or at
zero. And so
Pi(2) = 2N Py (2" Df (2)Fi(2).

As above, using the Smith form for polynomial matrices, we can write
Py(2) = Es(2) Dy (2)Dy(2) D5 (2) Fa(2)

where Es, F, are polynomial matrices with nonzero constant determinants, D, = Diag(e;)
with e; having roots only outside D, DY = Diag(t;) with 1; having roots only on T and
D3 = Diag(z") with n; > 0.

Since DY(z) is a diagonal matrix with each of its entries a polynomial with roots only
on T, we can write DJ(1) = D3(2)Dj (2) where DJ(2) is a diagonal matrix with each of its
entries a polynomial with roots only on T and 152_ (2) a diagonal matrix with each of its entries
of the form 2% and n; < 0. For some integer K > 0, P3(z) = 25Dy (2)Df (7)) Fy(z71) is a
polynomial matrix function such that det Ps(z) is zero only at zero. And so

Pi(2) = 2NN Ey(z7") Dy (=71 D3(2) Pa(2) DY (2) F ().

From Lemma 5.3.2 it follows that we can write Ps(z) = L(z)Ds(z)F3(z) where L(z) is a
lower triangular matrix function where each entry in the strictly lower part is a polynomial
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in z~! and z while the diagonal entries are one, D3(z) = Diag(z") with n; > 0 and F3(z) is
a polynomial matrix with constant determinant.
Note that

Ey(z)Dy () DY(27) = 27V Py(2) = 27V Ba(2) Dy (2) Dy (2) D3 (2) Fa(2)

and so

From this it follows that

Q(2) =q'(2)Pi(2) N
— N-Kir,, (Z)EQ(Z_I)D; (Z—l)wO(Z)Dg(z)L(z)D3(2)UJ+(Z)F3(Z)DT<Z)Fl(Z)
= 2MQ_(2)Q0(2) Po(2)Q24 (2),

where Q_(2) = 2"w_(2)Ey(271) Dy (27!) is such that Q_ and its inverse Q-' are minus
functions for a suitable n, M +n = N — K + &, Q,(2) = w,(2)F3(2)D{ (2)F1(2) and its
inverse are plus functions, Qy(2) = wo(z)D3(2) and Py(z) = L(z)D3(2). O

Corollary 5.3.3. Let 2 € Rat™ ™ with det Q £ 0 and suppose
Q(2) = 27FQ_(2)Q(2) Py(2)Q,(2)

is the factorization of Q as in Theorem 5.1.1. Then the zeroes and poles of 2 on T correspond
to the zeroes and poles of ; where Qo(z) = Diag (¢(2))7, -

5.4 An example

1 L
We present an example illustrating the factorisation procedure. Let (z) = (O Zil) then

q(z) =z—1and ¢q(2)Q(z) = (z 8 1 ; i 1). The Smith decomposition of ¢f2 is given by

D1 (Z)Fl (Z)
1(2) Dy (2) DY(2) Dy (2) Fi (2)

_ (0 1 (z—1)> 0 1 0
-1 z- z—
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where D; (z) = I, = D] (2), the 2 x 2 identity matrix. Then

Er(2)Dy (2)D)(2) = <_( ’ : )

z2—1)2 2-1

and so

P =B = (Lot 1 1) = (Ll 27

z z 2 —(1-1)?% 1-1 —(z—1)% 2-22
The Smith decomposition of Py(z) is given by

Py(z) = Ez(Z)Dz(Z)F2(22) -
B (_Zl_ 1 Z_—Z 1) ((Z _01) ) (1)) ((z - 1)_2@ +1) 2(z2 —_i - 1))

and so
DJ()—<202 (1)> Dg():((z—ol)Q (1)) and Dy (2) = I,
Put
DY) = D(=)D; (=) = (6—0 )’ tl)) _ ((1 ~ (3) <202 (1))
Now

- pomer= () (ot 1ot

Since the sum of the row multiplicities = 1 < 4 with r(0) = [-1, —1] and r9(0) = [1, 1] we
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1 0 —1 —1
1 1)\ 2 —22—241 1—2—22

The sum of the row multiplicities = 2 < 4 with r{(0) = [—1, —1] and 75(0) = [-1, —1] we

1 0
I
put £ = (_1 1).

0 1 0 -1 —1
1 -1 1 2—z—1 —1—2

The sum of the row multiplicities is still less than 4 and so we continue the process. Now

r1(0) = [-1, —1] = r3(0) and so we put E” = (—11 (1)) >

Ps(2) IL”(zl)D”(zO)R2(1Z) T)LN<21>1)0”(Z)(?”>_01E”R2—<i> B
Bt T

1 —

1

(DO NG
= L"(2)D"(2)Ry(2).

From the above we see that

=y 1) 2= 8)0 me=(3 )
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2(2)D3 (1) Dy(2) L(2) Dy (2) Fy 2)
=) (VT DA D6 N E )

Since ¢(z) =z — 1, w_(2) = 1wy (2) = 1,k = 0 and wo(z) = -1 we have

96 = (5 77) =0 EREAEE)

where k = 2,

-t (o5 () (b 0

5.5 Factorization of the Toeplitz operator

In this section we prove Theorem 5.1.2 by using the Wiener-Hopf type factorization of
Q € Rat™*™ with possible poles on T. We first prove some technical lemmas.

Theorem 5.5.1. Suppose that 2 € Rat™ ™, U and its inverse U~! are mxm minus rational
matriz functions and V is an analytic m x m rational matriz function. Then Tqy = ToTy
and TUQ = TUTQ

Proof. Let f € Dom(Tqy). By Proposition 5.2.1, we have QV f = h + p € L2, 4+ Raty'(T)
and Tqy f = Ph. Now since V is analytic, Ty, f = Vf. Put ¢ = V f, then by the above
relation we have g € Dom(7Tg) and Tog = Ph. This just says that ToTy f = Tovf. So
Dom(Tqy) € Dom(ToTy ), and on Dom(7Tqy) the two operators coincide.

Conversely, suppose that f € Dom(7TqTy). Then Ty f = Vf € Dom(T,). Since V is
analytic we have QV f = h+ p € LP, + Rat('(T), and so f € Dom(Tqy).

Note that for every f € LP, we have PU(I —P)f = 0 because U is analytic outside D. Let
f € Dom(Tygq), then UQLf = h+p, with h € LP, and p € Raty(T). Then Qf = U th+U"1p.
Now, since U~! is a rational matrix function analytic outside D, the function U~'p can
be written as h; + p; with h; € LP a rational function with poles only in the unit disc
and p; € Raty'(T). In particular, Phy = 0. So, Qf = U 'h + hy + p;, which shows that
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f € Dom(Ty) and Tof = P(U*h + hy) = P(U'h). Then TyTof = PUP(U'h). Since
PU(I —P)(U'h) = 0, we have

TyTof = PUP(U'h) = PUP(U *h) + PU(I — P)(U 'h) = PUU 'h = Ph = Tyqf
as was claimed. 0
Lemma 5.5.2. Let Q € Rat™ ™ (T). Then fork >0, T,-xrq = T,-+Tq.

Proof. We need to show that Dom(Tq) = Dom(7T,-rq) and that T,-xq and T,-+Tg coincides
on Dom(7g). Suppose that f € Dom(T,-xg). Then 27 *Qf = h + p € [P, + Rat{*(T) and so
Qf = 2*h + z%p € LP, + Rat™(T). Apply the Euclidian algorithm to write 2z¥p = p; + py €
LP + Raty’(T). Then Qf = (2*h + p1) + p2 € LP, + Raty'(T) from which it follows that
f € Dom(Tj).

Conversely suppose f € Dom(Tg). Then Qf = h + p € LP, + Rat](T) so Qz7Ff =
2 *h + z7%p € LP, + Raty (T U {0}). Now write 2~ %p = p; + py with p, € Rat{'(T) and
p1 € Rat™, with only a pole at 0. Then p; € LP, and Pp; = 0. We now have 27 *Qf =
(27*h + p1) + p2 € L2, + Rat{(T) and so f € Dom(T,-rg). From this it follows that
Dom(Tq) = Dom(T,-«q).

Now, suppose f € Dom(Tg). Then, from the above and the fact that Pz=%(I — P) = 0,
we have
To-rof =P(z"h + py) = P(z7"h) = P2 *Ph = T,-«Ph = T, Ty f.
O

Proof of Theorem 5.1.2. Factor Q = 27 *Q_Qy Py, as in Theorem 5.1.1. Then from
Theorem 5.5.1 we can write
To="Ta T.-ro,TrTa,

and applying Lemma 5.5.2 we have
To=To T,~+To,TpTa.
O

Proof of 5.2.1 in Proposition 5.2.1. Since 27 'I,, is a minus function, S_ = T,-1;
commutes with To_ and since 21, is a plus function, S, = T;, commutes with T Tq, .
Applying Theorem 5.1.2 along with the factorization Q(z) = 27%Q_(2)Q0(2) Py(2)Q(2) from
Theorem 5.1.1, on Dom(7y), we get
S_ToSy = T, To T,~«To,Tp, 10, 1.1,
= To T, +T,,ToyT.1,TrTa,
= To T, -+T.—1g

m

T.00TrT0, follows by applying Theorem 5.5.1 to Tl.q,
= To T,-+T,1,0,TpTa, follows by applying Lemma 5.5.2 to T,-1,q,
= To T,-+To,Tp,To,

= Tq.

This completes the proof of Proposition 5.2.1. n
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5.6 Fredholm properties

Using the Wiener-Hopf type factorization for m x m rational matrix functions with poles
(and zeroes) on T, we are able to reduce the Fredholm properties to the diagonal case, in
particular we obtain Theorem 5.1.3. We start with the diagonal case.

Theorem 5.6.1. Suppose that Q(z) € Rat™ ™ (T) with

wi(2)
Q) = wo(2)

Wm<z>

and wj(z) € Rat(T),j = 1,2,...,m. Then Ty is Fredholm if and only if T,,, is Fredholm for
each j = 1,...m, i.e., if and only if w; has no zeroes on T for each j = 1,...,m. In case
Tq is Fredholm we have

IndexTq = Z Index T,

Jj=1

Proof. From Proposition 5.2.2 we have Ran(T) = Ran(7T,,) & Ran(T,,,) & - -- & Ran(T,,,,)
and so Ran(Ty) is closed if and only if Ran(7,,) is closed for each j. It follows, thus, that
Tq is Fredholm if and only if each T, is Fredholm. Given that we also have Ker(Tq) =
Ker(T,,) ® Ker(T,,,) ® - - - ® Ker(7,,) it now follows that IndexTq = > 7", IndexT,,. [

Note that, in contrast to the case when €2 has no poles on the unit circle, it is not true that
Tq is Fredholm if and only if det € is not zero on T. Take, for example, Q(z) = Diag(iﬂ, zjr})
then det €2(z) = 1, but T is not Fredholm.

We are now ready to prove Theorem 5.1.3.

Proof of Theorem 5.1.3. Applying Theorem 5.1.2 allows us to write
To="To T,-+To,Tp,Tq, .

Given that Q_(2) and its inverse are minus functions, To_ is invertible with 75" = Ty-1.

Similarly To, is invertible and T, = Tp,-1, as Q4 (2) and its inverse are plus functions. Thus
+ +
To_, To-1, Ta, and T, o, are Fredholm and

TiTo Ty = Ty TaTy 0.

Applying Theorems IV.2.7 and 1V.2.10 from [5] (see also [10]) it now follows that Tq is
Fredholm if and only if T,-+Tg,Tp, is Fredholm and in that case we have

Index T = Index (T,-+ T, Tp,)-
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Since 2 and z 7% are diagonal matrices, the question on Fredholm properties of T, -«q,
viz-a-viz T,-+Tq, reduces to the scalar case. From Theorem 5.6.1 it now follows that T,-«q,
is Fredholm if and only if Ty, is Fredholm, and in case Tg, is Fredholm we have

IndexT,-rq, = Index T, -« + Index T, .

Suppose T, is Fredholm. Since Fy(z) is a polynomial matrix function with zeroes only
at z = 0, Tp, is a bounded Fredholm operator. Then, again from [5], we have that T,-1qTp,
is Fredholm.

Conversely, suppose T,-rqTp, is Fredholm. By Theorem 3.4 of [13] we have that T,-xq is
Fredholm. From this it now follows that T, is Fredholm if and only if Tq, is Fredholm.

Given that Py(z) = L(z)P»(z) is a polynomial matrix function with zero as the only root
of det Py and that det L(z) = 1 it follows that IndexTp, = IndexTp, = — > " k; where
k; are the powers of z on the diagonal of P»(z). This can be seen from the fact that if
L(z)Py(2) = M(z)D+(z)P(2) is a Wiener-Hopf factorization of L(z)Ps(z) then det D, (z) =
2N with N =370 k;

Suppose now that T, is Fredholm with €y = Diag(¢;) where ¢; = Z—j then without loss of
generality s; = 1 and so ¢; = qij. Then, as Index T = IndexT, = 0 and IndexT,-» = mk,

IndexTn = IndexTq_ + IndexT,—« + Index Tq, + Index Tp, + Index T,
IndeXT -1 + Index T, + Index Tp,

=mk + Z zeroes of ¢; mult. counted — Z k;

7j=1
=mk + Zdegqj — ij.
j=1 j=1
This concludes the proof of Theorem 5.1.3. O]

Remark 5.6.2. It now follows from the decomposition of 2(z) = ((1)

1) in the example
in Section 5.4 that Tq is not Fredholm.

Proposition 5.6.3. Let

Q2) = 27FQ_(2)Q(2) Py (2)Q4(2)
be the Wiener-Hopf type factorization of Q as in Theorem 5.1.1 and put Z(z) = 27%Qy(2) Py(2).
Suppose that Tq is Fredholm then
dim KerTz = dim KerTy, = Z max(k + degq; — k;,0)
j=1
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and
codim RanTz = codim RanTy, = Z max(k; — deggq; — k,0)
7=1
where ¢; = % are the entries of €y, q; has roots only on T and k; are the powers of z on
the diagonal of Py(z).

Proof. Since Tg is Fredholm, 2y = Diag(qj_l) where ¢; is a polynomial with roots only on
T. From Lemma 5.3.2, we can write Py(z) = L(2)Dy(z) where D, (z) = Diag(z%) and L
is a lower triangular polynomial matrix function with ones on the diagonal and its entries
polynomials in z and z7%. So

E(z) = z’kﬂo(lz)Po(z) = 27" (2)L(2) Dy (2)

1 2k
1 ko
_ - 91 1 z
— 5 k q2
1 Q1 Qa2 - 1 ka

qm

If f € KerTs then Z=f = h + p where Ph = 0 and p € Raty'(T). Also
Q)7 (h+p) = LD, f € H},.

Suppose f - <f17f27 T 7fm)T7 h = <h17h27 to 7hm)T and p= (p17p27 T 7pm)T‘

Now let us look at the components of f. It follows that 2% f; = zFq,(hy + p1). As 2Fq is
a polynomial, Ph; = 0 and p; € Rato(T) with z8q,(hy + p1) € HP we have that z8q,(hy + p1)
is a polynomial of degree at most k + degq; — 1. But then z*' f, is a polynomial of degree
at most k 4+ degq; — 1 from which it follows that f; is a polynomial of degree at most
(k4 degqy — 1) — ky. If, however, k + deg ¢y < k; then f; = 0 and so the degree of freedom
we have in the choice for f; is max(k + degq; — k1, 0).

For the second component we have
k1 ke g _ k P
a2 f1 + 2" fo = 27qa(he + p2) € HP.

As above, we have that 2¥gy(hg + p2) is a polynomial of degree at most k + deg g, — 1 from
which it follows that as; 2%t f1 +2*2 f5 is a polynomial of degree at most k+deg g, —1. We now
have two cases, namely deg (a2 f1) < k + deg gy — 1 and deg (a912" 1) > k + degqo — 1.

Suppose now that deg (a12" f1) < k+deg g, — 1. In this case we need 2*2 f, a polynomial
of degree at most k + deg g2 — 1 and hence f; is a polynomial of degree at most (k+ deg go —
1) — ]{?2.

If, however, deg (a2 f1) > k + deg ga — 1 then 2*2f, is a polynomial of degree at most
deg (04212’“1 f1) but it needs to cancel the terms of the polynomial a912" f1 that are of power
higher than k + deg g, — 1. So f is a polynomial of degree at most deg (a; 2% f1) — ky with
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a9 2" f1 + 2%2 f, a polynomial of degree at most k + deg gy — 1. Thus we have freedom only
in the first (k + degq2) — ko terms of the polynomial fs.

So in both cases we have only max(k 4 deggs — k2,0) degrees of freedom in the choice
for fg.

Let us now look at the third component. In this case we have
a2 fi + ag2® fo + 2 fs = 24q3(hs + ps) € HP.

As above, zFq3(hs+ p3) is a polynomial of degree at most k +deg gz — 1 from which it follows
that a1 2" fi 4+ age2 fo + 27 f5 is a polynomial of degree at most k+deg g3 —1. We now have
two cases, namely deg (312" fi + as02™ fo) < k+degqs — 1 and deg (a312% f1 + asp2®2 fy) >
k+degqs — 1.

In case deg (a3 2™ f) + a322k2f2) < k +degqs — 1 then it would suffice for ¥ f5 to be a
polynomial of degree at most k + deggs — 1 and thus f3 is a polynomial of degree at most
(k+degqs — 1) — ks.

If, however, deg (as312" fi + az02*2f3) > k + degqs — 1 then 2% f3 is a polynomial of
degree at most deg (a3 2% fi + a2 f5) but it needs to cancel the terms of the polynomial
12" fi 4+ a0 f5 that is of power higher than k + deggs — 1. So f3 is a polynomial of
degree at most deg (a3 2% f1 + az02%2 fo) — ks with az1 2 f1 + 30252 f, + 2% f3 a polynomial
of degree at most k + deggs — 1. Thus we have freedom only in the first (k + degqs) — k3
terms of the polynomial f3.

Again, in both cases we have max(k + deg g3 — k3, 0) degrees of freedom in the choice for
JEY

Continuing in this way, we find f,, to be a polynomial of degree at most max(deg (a2 f1+
Q2™ fod 4 an(n,l)zk”—lfn_l), k+degq, — 1) — k, in which we have freedom in the terms
fn up to (k + degq,) — k. Thus we have max(k + deg g, — kn,0) degrees of freedom in the
choice for f,.

From this it follows that
dim KerTz = Z max(k + degq; — k;,0).
j=1
Given that Tz is Fredholm, from Theorem 5.1.3 we have

IndexT: = dim Ker7z — codim RanT=

= Z max(k + degq; — k;,0) — codim RanTz

j=1
=mk + Zdegqj - ij
=1 j=1

(k + deg Qj — kj>

NE

Jj=1
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and so it follows that

codim RanTz = Z max(k; — degq; — k,0).

=1

Lemma 5.6.4. Let
Q(2) = 27FQ_(2)Q(2) Py(2)Q4(2)

be the Wiener-Hopf type factorization of ) as in Theorem 5.1.1 and suppose Tq is Fredholm.
Then Tq s injective exactly when k + degq; < k; for each j.

Proof. Let =,€, L and D, be as in the proof of Proposition 5.6.3 above and suppose f €
Ker7z. Then f; is a polynomial of degree at most k+deg q; —1—k;. So, if k+deg g < k; then
f1 = 0. Also, f, is a polynomial of degree at most k-+max{deg (a9 2" f1), deg go—1} — ko and
Q912" f1 4272 f5 is a polynomial of degree at most k+deg g, — 1. Suppose that k+deg ¢ < k.
As f1 =0 we have f5 is a polynomial of degree at most k 4+ degqs — 1 — ko and so fo = 0.
Continuing in this way we see that if k 4+ deggq; < k; for each j = 1,--- ,m then Tq, is
injective. We can reverse the argument and so we can conclude that 7§, is injective exactly
when k£ 4 degq; < kj for each j =1,--- ,m. n

Corollary 5.6.5. Let
Q(2) = 2770 (2)Q(2) Py (2)2.(2)

be the Wiener-Hopf type factorization of Q) as in Theorem 5.1.1 and suppose Tq is Fredholm.
Then Tg s invertible exactly when k + deg q; = k; for each j.

Proof. For T to be invertible we need Index T, = 0 as well as Tq injective. For T, injective
we have k +degq; < kj and so 3 7", (k; — k — degg;) > 0 and for each of the terms we have
kj —k —degg; > 0. But IndexTq = >_" | (k; — k — deg¢;) = 0 from which it follows that

j=1
each of the terms are zero, or equivalently k; = k +degq;, j =1,2,...,m. O]

Using a similar argument as found on page 590 in [6] we can show the following.
Proposition 5.6.6. Let Q0 € Rat™ ™ with det Q) #Z 0 and suppose
Q2) = 27FQ_(2)Q(2) Py(2)Q4(2)

is a Wiener-Hopf type factorization of Q w.r.t. T as in Theorem 5.1.1 and assume that Tq is
Fredholm. Then the number of times r € Z,. appears in the sequence of indices k; —deg q; —k
is equal to codim Ran(T,1--q) — 2codim Ran(7,-rq) + codim Ran(7,-r—1q).

Proof. Let € Rat™ ™ with Q(z) = 27%Q_(2)Q(2) Py(2)24(2) be the Wiener-Hopf type
factorisation of Q w.r.t. T. Then, for r € N, Z,(2) = 27"(27"Q(2) F) can be written as

=,(2) = 2% Diag(¢;) L(2)Diag(z").

129



Applying Proposition 5.6.3 we have

d(Tz,) := codim Ran(7%,) = Z kj —deg(q;) — (k+1)
k}j —deg (qj)—(k+r)20

and so

A(T,) — d(T

-—"r+1)

= Y k- des() — (k)
kj—deg (q;)—(k+r)>0
- b — deg (4) — (+ 7+ 1)
kj—deg (q;)—(k+r+1)>0

= Y hy—dea(g)—(k+7)

kj—deg (q;)—(k+r)>1
- Ky — deg (q) — (k + 7+ 1)
kj—deg (g;)—(k+r+1)>1

= > 1
kj—deg (g;)—(k+r)>1
= t{jlk; — deg(q;) — k >r+1}.

From this we get
8{jlk; — deg(q;) =k =r} =d(1z,_,) — 2d(Tz,) + d(1z,,,)

and so the result follows.
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List of Symbols

(H?)* Dual space of HP.

[T,] Matrix representation of T, with re-
spect to the usual basis.
Complex plane.
Open unit disk in C.
Projection of LP onto HP due to M.
Riesz, not the Riesz projection in spec-
tral operator theory, due to F. Riesz.
R Real numbers.
T The unit circle in the complex plane.
T° T\{-1}
Z Integers

Space of continuous complex valued
functions.

P Space of polynomials.

P, Space of polynomials of degree at most
k.

W  The Wiener class of functions.

W,  Analytic functions in the Wiener class.

Dom(A) Domain of the operator A.

Ker(A) Kernel or Null space of the operator
A

w(T) Image of T under w.

D Closed unit disk in C.
Ran(A) Range of the operator A.
Rat  Space of rational functions.

Rat(T) Space of rational functions with poles
only on T.

Rat™ "™ Space of m x m rational matrix val-
ued functions.

Rato(T) Space of strictly proper rational
functions with poles only on T.

Raty"™*"™ Space of strictly proper m x m ratio-
nal matrix valued functions.

Rat("(T) Space of strictly proper m x m
rational matrix valued functions with
poles only on T.

p(A) Resolvent set of the operator A.
o(A) Spectrum of the operator A.

o.(A) Continuous spectrum of the operator

A
(A
(A

0ess(A) Essential (Fredholm) spectum of the
operator A.

o,(A) Point spectrum of the operator A.
o-(A)

Residual spectrum of the operator A.

a;(z) Right Wiener-Hopf factor in the non
canonical Wiener-Hopf factorization.
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a_(z) Left Wiener-Hopf factor in the non

en(2)

Jn

HP

HP

KP

LOO

LP

M,

N+

canonical Wiener-Hopf factorization.
en(2) =2"2€T

n-th Fourier coeflicient of the function

f-

Hardy space of p summable functions
on T.

Hardy space of p’ summable functions
where % + ]% = 1.

Space of functions with m components
where each component is in HP.

Sub space of anti-analytic functions in
Lr.

Space of essentially bounded functions
on T.

Space of p summable functions on T.

Space of functions with m components
where each component is in LP.

Multiplication operator generated by
the function a

Bilateral shift or multiplication opera-
tor generated by the function a(z) = z.

Smirnov class of analytic functions.

O(3%) Sequence of numbers bounded by

polynomial of degree N.

qHP + Py Space of functions of the type qh+

qH?

r where h € H? and r € P;,.

Space of functions of the type ¢h where
h e HP.

50
cl,B
TUJ

Tcl

THe

For a polynomial 7, rf(z) = r(1).

The factor of the polynomial s that
have roots outside T.

The factor of the polynomial s that
have roots inside .

The factor of the polynomial s that
have roots on T.

Classical Toeplitz operator on the
Bargmann-Segal space.

Classical Toeplitz operator

Unbounded Toeplitz operator defined
by H. Helson and D. Sarason.

Unbounded Toeplitz operator on the
Bargmann-Segal space defined by
Janas.

Unbounded Toeplitz operator defined
by D. Sarason.

Toeplitz operator generated by the
function a.

Adjoint operator of the Toeplitz oper-
ator T,.

Unbounded Toeplitz operator defined
by P. Hartman and A. Wintner

Unilateral shift or Toeplitz operator
generated by the function a(z) = 2.

Unilateral backward shif or the

Toeplitz operator generated by the

function a(z) = 271

wind(a) winding number of the complex val-
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Index

analytic extension, 6 projection of L” onto H?, 4

) ‘ proper rational function, 33
Bézout equation, 69

Bargmann-Segal space, 36 residual spectrum, 9
bilateral shift, 4 resolvent set, 66
block Toeplitz operator, 11 Riesz projection, iv, 4
bounded below, 14 root, v

canonical representation in Smirnoff class, 37 shift invariant, 5
closed extension, 14 Smirnov class, 15
closed Fredholm operator, 34 Smith form, 111
continuous spectrum, 9 spectrum, 8

standard basis, 54

essential range, 8 strictly proper rational function, 33

essential spectrum, 9
Euclidian division algorithm, 40 Taylor coefficients, 41
Toeplitz matrix, 6

Fisher space, 37 Toeplitz-like operator, 16

Fock space, 37

Fourier coefficient, 5 unbounded Fredholm operator, 34
Fredholm index, 7 unbounded Toeplitz matrix, 13
Fredholm operator, 7 unbounded Toeplitz operator, 14

unilateral shift, 4
harmonic extension, 6

Wiener-Hopf factorization, 7

matrix representation, 6, 19 winding number, 8

matrix symbol, 109
minus function, 7 zero of rational matrix function, 23, 110
multiplication operator, 3

outer function, 15

partial fraction decomposition of rational func-
tion, 39

plus function, 7

point spectrum, 9

pole of rational matrix function, 23, 110

poles and zeroes of rational functions, vi, 34
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