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Abstract

Let Hp be the Hardy space of p-integrable functions on the unit circle T in the complex
plane that have an analytic extension to the open unit disk D. Suppose that ω is a rational
function with poles on the unit circle. The topic of this thesis is the analysis of a Toeplitz-
like operator Tω in Hp generated by such an ω. We investigate Fredholm properties, the
spectrum and the adjoint in case ω is a scalar function and explore the Fredholm properties
of TΩ in case Ω is a rational matrix function with poles on T.

We show that, in general, the operator Tω is a well-defined, closed, densely defined linear
operator whose domain contains the polynomials. It is shown that the operator is Fredholm
if and only if the symbol has no zeroes on the unit circle, and a formula for the index is given
as well. A matrix representation of the operator is discussed.

A description of the spectrum of Tω and its various parts, i.e., point, residual and con-
tinuous spectrum, is given, as well as a description of the essential spectrum. In this case,
it is shown that the essential spectrum need not to be connected in C. Various examples
illustrate the results.

The adjoint operator T ∗
ω is described. In the case where p = 2 and ω has poles only on

the unit circle T, a description is given for when T ∗
ω is symmetric and when T ∗

ω admits a
selfadjoint extension. We compare the operator with unbounded Toeplitz operators studied
earlier and show that if ω is a proper rational function, then T ∗

ω coincides with an unbounded
Toeplitz operator studied earlier by Sarason.

We extend the analysis of the Toeplitz-like operator to the case where it is generated
by a rational matrix function having poles on T. A Wiener-Hopf type factorization of
rational matrix functions with poles and zeroes on T is introduced and then used to analyse
the Fredholm properties of Toeplitz-like operators. A formula for the index, based on the
factorization, is given. Furthermore, it is shown that the determinant of ω having no zeroes
on T is not sufficient for Tω being Fredholm, which is in contrast to the classical case, where
the symbol has no zeroes on T is sufficient for the operator Tω being Fredholm.

Keywords: Toeplitz operators, unbounded operators, Hardy Space, Fredholm operators,
Adjoint operator, Wiener-Hopf factorization, rational symbol
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Summary

Let Hp be the Hardy space of p-integrable functions on the unit circle T in the complex
plane that have an analytic extension to the open unit disk D. Let P denote the space of
complex polynomials in z, i.e., P = C[z], and Pn ⊂ P the subspace of polynomials of degree
at most n. Let Rat denote the space of rational complex functions, and Rat0 the subspace
of strictly proper rational complex functions. We will also need the subspaces Rat(T) and
Rat0(T) of Rat consisting of the rational functions in Rat with all poles on T and the strictly
proper rational functions in Rat with all poles on T, respectively.

Suppose that ω is a rational function with poles on the unit circle. The topic of this
thesis is the analysis of a Toeplitz-like operators Tω in Hp generated by ω: in this case we
say ω is the symbol of the operator Tω. We investigate Fredholm properties, the spectrum
and the adjoint in case ω is a scalar function and explore the Fredholm properties of TΩ in
case Ω is a rational matrix with poles on T.

In their study of the spectral properties of Toeplitz operators, in articles appearing 1950
and 1954, P. Hartman and A. Wintner showed that the Toeplitz operator generated by ω on
H2 is bounded if and only if ω is essentially bounded on T or equivalently ω ∈ L∞(T). Here
they introduced the Toeplitz matrix on ℓ2 that is equivalent to the Toeplitz-like operator on
H2 generated by a function a ∈ L2, which is not necessarily bounded but is a closed, densely
defined unbounded operator. Toeplitz operators generated by functions f in Hp, p < 1 were
studied by H. Helson (1988) in his study on large analytic functions. D. Sarason, in 2008,
looked at unbounded Toeplitz operators in H2 generated by functions in the Smirnov class,
N+. Note that the Smirnov class includes Lp, p < 1 and the Toeplitz operator of Helson and
Sarason are closed, densely defined operators, but their domains generally do not include all
the polynomials, whereas the domain of the Toeplitz operator of Hartman and Wintner does
include all polynomials.

For ω ∈ Rat, possibly having poles on T, we define a Toeplitz-like operator Tω(Hp → Hp),
for 1 < p <∞, as follows:

Dom(Tω)={g ∈ Hp |ωg = f + ρ with f ∈Lp, ρ∈Rat0(T)} , Tωg = Pf.

where P is the Riesz projection of Lp onto Hp, due to M. Riesz and not the Riesz projection
in spectral operator theory, due to F. Riesz . Note that in case ω has no poles on T, then
ω ∈ L∞ and the Toeplitz-like operator Tω defined above coincides with the classical Toeplitz
operator Tω on Hp. If ω, however, is a rational function with poles on T then ω 6∈ Lp, p ≥ 1
and if, furthermore, ω has poles in D then it is not in N+.
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Basic properties: In general, for ω ∈ Rat, the operator Tω is a well-defined, closed,
densely defined linear operator. By the Euclidean division algorithm, one easily verifies that
all polynomials are contained in Dom(Tω). Moreover, it can be verified that Dom(Tω) is
invariant under the forward shift operator Tz and that the following classical result holds:

Tz−1TωTzf = Tωf, f ∈ Dom(Tω).

For ω ∈ Rat(T) we have a complete description of the domain and range of the operator
as below:

Theorem A. Let ω ∈ Rat(T), say ω = s/q with s, q ∈ P co-prime. Factor s = s−s0s+ with
s−, s0 and s+ having roots only inside, on, or outside T. Then

Ker(Tω) = {r0/s+ | deg(r0) < deg(q)− deg(s−s0)} ;
Dom(Tω) = qHp + Pdeg(q)−1; Ran(Tω) = sHp + P̃ ,

where P̃ is the subspace of P given by

P̃ = {r ∈ P | rq = r1s+ r2 for r1, r2 ∈ Pdeg(q)−1} ⊂ Pdeg(s)−1.

Furthermore, Hp = Ran(Tω) + Q̃ forms a direct sum decomposition of Hp, where

Q̃ = Pk−1 with k = max{deg(s−)− deg(q), 0},

following the convention P−1 := {0}.

Fredholm properties: For the case that ω has no poles on T, when Tω is a classical
Toeplitz operator, the operator Tω is Fredholm if and only if ω has no zeroes on T, a result
of R. Douglas. We show that this result remains true in case ω ∈ Rat. Note that a closed
Fredholm operator in a Banach space necessarily has a closed range.

We establish the following analogue of Wiener-Hopf factorization: for ω ∈ Rat we can
write

ω(z) = ω−(z)(z
κω0(z))ω+(z)

where κ is the difference between the number of zeroes of ω in D and the number of poles of
ω in D, ω− has no poles or zeroes outside D, ω+ has no poles or zeroes inside D and ω0 has
all its poles and zeroes on T. Based on the choice of the domain it can then be shown that

Tω = Tω−Tzκω0Tω+ .

This factorization eventually allows to reduce the questions on Fredholm properties to the
case where ω has only poles on T. It also allows us to characterize invertibility of Tω and to
give a formula for the inverse of Tω in case it exists.
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Theorem B. Let ω ∈ Rat. Then Tω is Fredholm if and only if ω has no zeroes on T. In
case Tω is Fredholm, the Fredholm index of Tω is given by

Index (Tω) = ♯

{
poles of ω in D multi.
taken into account

}
− ♯

{
zeroes of ω in D multi.
taken into account

}
,

and Tω is either injective or surjective. In particular, Tω is injective, invertible or surjective
if and only if Index (Tω) ≤ 0, Index (Tω) = 0 or Index (Tω) ≥ 0, respectively.

It should be noted that when we talk of poles and zeroes of ω these do not include the
poles or zeroes at infinity.

Matrix representation: Since all polynomials are in the domain of Tω we can write down
the matrix representation of Tω with respect to the standard basis of Hp. It turns out
that this matrix representation has the form of a Toeplitz matrix. In addition, there is an
assertion on the growth of the coefficients in the upper triangular part of the matrix.

Theorem C. Let ω ∈ Rat possibly with poles on T. Then we can write the matrix repre-
sentation [Tω] of Tω with respect to the standard basis {zn}∞n=0 of Hp as

[Tω] =


a0 a−1 a−2 a−3 a−4 · · ·
a1 a0 a−1 a−2 a−3 · · ·
a2 a1 a0 a−1 a−2 · · ·
...

. . .

 .

In addition a−j = O(jM−1) for j ≥ 1 where M is the largest order of the poles of ω in T and
(aj)

∞
j=0 ∈ ℓ2.

The spectrum: Using the fact that λIHp−Tω = Tλ−ω, our extended analysis of the operator
Tω enables us to describe the spectrum of Tω, and its various parts. Our first main result is
a description of the essential spectrum of Tω, i.e., the set of all λ ∈ C for which λIHp − Tω
is not Fredholm.

Theorem D. Let ω ∈ Rat. Then the essential spectrum σess(Tω) of Tω is an algebraic curve
in C which is given by

σess(Tω) = ω(T) := {ω(eiθ) | 0 ≤ θ ≤ 2π, eiθ not a pole of ω}.

Furthermore, the map λ 7→ Index (Tλ−ω) is constant on connected components of C\ω(T)
and the intersection of the point spectrum, residual spectrum and resolvent set of Tω with
C\ω(T) coincides with sets of λ ∈ C\ω(T) with Index (Tλ−ω) being strictly positive, strictly
negative and zero, respectively.

We show that the algebraic curve ω(T), and thus the essential spectrum of Tω, need not
be connected in C. Our next main result provides a description of the spectrum of Tω and
its various parts.
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Theorem E. Let ω ∈ Rat, say ω = s/q with s, q ∈ P co-prime. Define

kq = ♯{roots of q inside D} = ♯{poles of λ− ω inside D},
k−λ = ♯{roots of λq − s inside D} = ♯{zeroes of λ− ω inside D},
k0λ = ♯{roots of λq − s on T} = ♯{zeroes of λ− ω on T},

where in all these sets, multiplicities of the roots, poles and zeroes are to be taken into
account. Then the resolvent set ρ(Tω), point spectrum σp(Tω), residual spectrum σr(Tω) and
continuous spectrum σc(Tω) of Tω are given by

ρ(Tω) = {λ ∈ C | k0λ = 0 and kq = k−λ },
σp(Tω) = {λ ∈ C | kq > k−λ + k0λ}, σr(Tω) = {λ ∈ C | kq < k−λ },

σc(Tω) = {λ ∈ C | k0λ > 0 and k−λ ≤ kq ≤ k−λ + k0λ}.

Furthermore, σess(Tω) = ω(T) = {λ ∈ C | k0λ > 0}.

Examples will be given where Tω has a bounded resolvent set, even with an empty
resolvent set. This is in sharp contrast to the case where ω has no poles on the unit circle
T. For in this case the operator is bounded, the resolvent set is a nonempty unbounded set
and the spectrum a compact set, and the essential spectrum is connected.

The adjoint: In case ω has no poles on T, in fact for any ω ∈ L∞, the adjoint of the
Toeplitz operator Tω on Hp can be identified with the Toeplitz operator Tω∗ on Hp′ , with
1 < p′ <∞ such that 1/p+ 1/p′ = 1 and with ω∗ defined as ω∗(z) = ω(z) on T.

For the Toeplitz-like operators generated by rational functions with poles on the unit
circle the situation is more complicated. However, we do obtain that T ∗

ω can be identified
with the restriction of the Toeplitz-like operator Tω∗ onHp′ to a dense subspace of its domain.
Like for the operator Tω, in case ω is in Rat(T) we obtain a more explicit description of T ∗

ω .
The degree of a polynomial r ∈ P is denoted as deg (r). Given r ∈ P with deg (r) = k,

we define the polynomial r♯ by r♯(z) = zkr(1/z). The following theorem describes the basic
properties of the adjoint.

Theorem F. Let ω = s/q ∈ Rat with s, q ∈ P co-prime and 1 < p <∞. Factor s = s−s0s+
and q = q−q0q+ with s−, q− having roots only inside T, s0, q0 having roots only on T, and
s+, q+ having roots only outside T. Set m = deg(q), n = deg(s), m± = deg (q±), n± =
deg (s±) m0 = deg (q0), n0 = deg (s0) and let 1 < p′ <∞ with 1/p+ 1/p′ = 1. Then

Dom(T ∗
ω) = (q0)

♯Hp′ ⊂ Dom(Tω∗) and T ∗
ω = Tω∗|(q0)♯Hp′ .

Furthermore, we have

Ran(T ∗
ω) = Tzm−n(s+)♯/(q+)♯Qn0+n−−m0−m−(s0)

♯Hp′ ,

Ker(T ∗
ω) =

{
(q−)

♯(q0)
♯r

(s−)♯
| deg(r) < n− −m− −m0

}
.
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Here Qk = IHp′ − PPk−1
, with PPk−1

the standard projection in Hp′ onto Pk−1 ⊂ Hp′ to be
interpreted as 0 if k ≤ 0, i.e., Qk = IHp′ if k ≤ 0. Thus, for n0 + n− ≤ m0 +m− we have
Ran(T ∗

ω) = Tzm−n/(q+)♯(s+s0)
♯Hp′. Moreover,

dimKer(T ∗
ω) = max

{
0,#{zeroes of ω inside D} −#{poles of ω in D}

}
,

where the multiplicities of the zeroes and poles are taken into account. Hence, dimKer(T ∗
ω)

is the maximum of 0 and n− − m− − m0. In particular, T ∗
ω is injective if and only if the

number of poles of ω inside D is greater than or equal to the number of zeroes of ω inside D,
multiplicities taken into account.

By comparing the results on Tω and T ∗
ω on H2, it is obvious Tω cannot be selfadjoint,

except when ω has no poles on T. Below we describe in terms of ω when T ∗
ω is symmetric, in

which case T ∗
ω ⊂ Tω, and whenever T ∗

ω is symmetric we describe when Tω∗ admits a selfadjoint
extension.

Theorem G. Let ω = s/q ∈ Rat(T) with s, q ∈ P co-prime. Consider Tω on H2. Then

T ∗
ω is symmetric ⇐⇒ ω(T) ⊂ R.

In particular, if T ∗
ω is symmetric, then deg(s) ≤ deg(q) ≤ 2 deg(s). Furthermore, if T ∗

ω is
symmetric, then T ∗

ω admits a selfadjoint extension if and only if the number of roots of s− iq
and s + iq in D, counting multiplicities, coincide. This happens in particular if ω(T) 6= R,
but cannot happen in case deg(q) is odd.

We show that if ω ∈ Rat(T) is proper, then the adjoint operator T ∗
ω is precisely a Toeplitz-

like operator of the type studied by Sarason, i.e. Toeplitz operators generated by functions
in the Smirnov class. Hence in this case our Toeplitz-like operator Tω = T ∗∗

ω coincides with
the adjoint of the Toeplitz-like operator considered by Sarason. We also show that H(D),
the space of functions analytic on a neighborhood of D, is contained in Dom(Tω) and in fact
is a core of Tω.

Sarason introduces a class of closed, densely defined Toeplitz-like operators on H2 deter-
mined by algebraic properties, which was further investigated by Rosenfeld. In particular,
this class of Toeplitz-like operators contains the unbounded Toeplitz-like operator studied
by Sarason and is closed under taking adjoints, and hence contains our Toeplitz-like oper-
ators with proper symbols in Rat(T). In fact, we show that Tω is contained in the class of
Toeplitz-like operators introduced by Sarason for any ω in Rat.

Matrix symbols: Let Ω ∈ Ratm×m with possibly poles on T and detΩ(z) 6≡ 0. Define
TΩ (Hp

m → Hp
m) by

Dom(TΩ) =

{
f ∈ Hp

m :
Ωf = h+ r where h ∈ Lpm(T),
and r ∈ Ratm0 (T)

}
, TΩf = Ph

where P is the Riesz projection of Lpm(T) onto Hp
m. We will consider the square case only for

simplicity but many of the results in this chapter extend to the non-square case, i.e. m 6= n.
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The Wiener-Hopf factorization of matrices with no poles on the unit circle allows one
to determine invertibility conditions and Fredholm-properties of the block Toeplitz operator
generated by rational matrix functions with entries in L∞(T).

Using an adaptation of the construction of the Wiener-Hopf factorization due to N.
Wiener and E. Hopf, and made accessible by K. Clancy and I. Gohberg, we prove a Wiener-
Hopf type factorization for a rational matrix function with poles on the unit circle. We show,
for Ω ∈ Ratm×m with detΩ 6≡ 0 that we can write

Ω(z) = z−kΩ−(z)Ω0(z)P0(z)Ω+(z)

for some k > 0. Here Ω− and (Ω−)
−1 are minus functions , Ω+ and (Ω+)

−1 are plus functions,
Ω0 = Diagmj=1(ϕj) with ϕj a scalar rational function with poles and zeroes only on T and P0

is a lower triangular matrix polynomial with det(P0(z)) = zN for some N ≥ 0.
Note that, if we choose P0 to be lower triangular then the degree of the entries on the

diagonal need not be in any order (increasing or decreasing), and conversely, if we choose
to have either increasing or decreasing order of the degree of the entries on the diagonal, P0

is not necessarily lower triangular. This is in sharp contrast to the classical Wiener-Hopf
factorization result where the entries on the diagonal has increasing degree. As is the case
for rational matrix functions in L∞, the Wiener-Hopf type factorization of rational matrix
functions with poles on T, Ω(z), allows us to write

TΩ = TΩ−Tz−kTΩ0TP0TΩ+

where Ω(z) = z−kΩ−(z)Ω0(z)P0(z)Ω+(z) is the Wiener-Hopf type factorization of Ω. From
this we show that the following classical result holds:

Tz−1ImTΩTzImf = TΩf, f ∈ Dom(TΩ)

where Im is the n-dimensional indentity matrix.
Using the factorization we reduce the questions on Fredholm properties to the case where

the operator is generated by a rational matrix function that is the product of a diagonal
rational matrix function, Ω0(z) ∈ Ratm×m

0 (T) with zeroes only on T, and a lower triangular
polynomial matrix P0(z) with determinant zN , N ≥ 0.

Theorem H. Let Ω(z) = z−kΩ−(z)Ω0(z)P0(z)Ω+(z) be the Wiener-Hopf type factorization
of Ω described above.

Then TΩ is Fredholm if and only if TΩ0 is Fredholm, and, in particular, if and only if
each of the entries, ϕj, of Ω0 has no zeroes on T. In case TΩ is Fredholm,

IndexTΩ = mk + IndexTΩ0 + IndexTP0

= mk +
m∑
j=1

deg qj −
m∑
j=1

kj

where ϕj =
sj
qj

and qj has roots only on T and kj are the powers of z on the diagonal of P0.
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Further analysis of the factor z−kΩ0(z)P0(z) reveals that when TΩ is Fredholm, we have

dimKerTΩ =
m∑
j=1

max(k + deg qj − kj, 0), codimRanTΩ =
m∑
j=1

max(kj − deg qj − k, 0)

and that TΩ is invertible exactly when k + deg qj = kj for each j.
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Chapter 1

Introduction

In this thesis we analyse a Toeplitz-like operator on Hp(1 < p <∞) generated by a rational
function having a pole on the unit circle. We explore Fredholm properties of the operator,
the adjoint of the operator and the spectrum where the operator is generated by a scalar
function, and we end with a chapter on Fredholm properties for the case where the operator
is generated by a matrix valued function. Apart from Sections 1.3 and 1.4, this chapter is a
literature review with well known results from the theory of Toeplitz operators.

Let ω be a rational function with poles on the unit circle, T. Then ω 6∈ Lp (1 ≤ p ≤ ∞)
and so a Toeplitz operator Tω generated by ω will not be bounded. In particular, ω 6∈ L2, and
so the Toeplitz operator generated by ω is not in the class of unbounded Toeplitz operators
on H2 studied by Hartman and Wintner (cf. [18]). Furthermore, if ω has poles in D then ω
is not analytic and so ω is not in the Smirnov class. The Toeplitz operator generated by such
an ω will not be in the class of unbounded Toeplitz operators on H2 studied by H. Helson
(cf. [20]) and by Sarason (cf. [26]).

There are many areas in which Toeplitz operators play an important role such as infor-
mation and control theory, physics, probability theory, and several other areas. Examples of
the interplay between quite diverse topics in mathematics such as operator theory, complex
analysis, harmonic analysis and the theory of Banach algebras, can be found in the study
of Toeplitz and Wiener-Hopf operators, which, together with differential operators, forms
an important class of non-selfadjoint operators. For example, Toeplitz operators are very
useful for proving index theorems in the framework of non-commutative geometry. Many
mathematicians such as A. Böttcher, A.P. Calderon, A. Devinatz, R.G. Douglas, I. Gohberg,
M.A. Kaashoek, B.V. Khvedelidze, M.G. Krein, S.G. Mikhlin, S. Prößdorf, D. Sarason, B.
Silbermann, I.B. Simonenko, H. Widom and others, have contributed to the study of Toeplitz
-and Wiener-Hopf operators in the past half century.

Good references for bounded Toeplitz operators are the texts Analysis of Toeplitz Op-
erators by A. Böttcher and B. Silbermann [3], Basic Classes of Linear operators chapters
III and IV [15] and Classes of Linear Operators Vol II, Part VI and Chapter XXXII by I.
Gohberg, S. Goldberg and M.A. Kaashoek [14] and for unbounded Toeplitz operators the
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articles Unbounded Toeplitz operators by D. Sarason [26] and On the spectra of Toeplitz
Matrices by P. Hartman and A. Wintner [18], and references contained therein. Selected
references for applications of Toeplitz operators are J. Andersen and J. Blaavand [1] in Topo-
logical Quantum Field Theory, Z. Zhu and M. Wakin [31] in Information Theory and Signal
Processing and P. Deift, A. Its and I. Krasovky [8] in Statistical Mechanics.

1.1 Bounded Toeplitz operators

In this section we gather background results on bounded Toeplitz operators on Hp and start
with the origins and some applications of Toeplitz operators.

1.1.1 Toeplitz operators: origins and applications

In his Habilitationsschrift Otto Toeplitz initiated the study of quadratic forms
∑
ψjkxjyk

with coefficients ψjk = ψj−k and the associated Toeplitz matrices Tn(ψ) = {ψj−k}0≤j,k≤n−1

with determinants Dn(ψ) = det(Tn(ψ)). In [28] Toeplitz showed that the polynomial

p(z) = c0 + c1z + c2z
2 + · · ·+ cnz

n

has an analytic extension ψ(z) in the unit disk with

ψ(z) = d0 + d1z + d2z
2 + · · ·+ dnz

n + dn+1z
n+1 + · · ·

where dj = cj, 0 ≤ j ≤ n and with nonnegative real part (Re (ψ(z)) ≥ 0) in the unit disk if
and only if the (n+ 1)× (n+ 1) Toeplitz matrix

2c0 c1 c2 · · · cn−1 cn
c−1 2c0 c1 · · · · · · cn−1

c−2 c−1 2c0 · · · · · · cn−2
...

...
...

...

c−n+1
...

...
...

c−n c−n+1 c−n+2 · · · · · · 2c0


with c−k = ck is non-negative. This provided an algebraic characterisation of a problem intro-
duced by C. Carathéodory ([4]) and which Carathéodory characterised by using Minkowski’s
theory of convex bodies.

Toeplitz matrices were applied in the analysis of the Ising Model in Statistical Mechanics.
W. Lenz introduced the Ising model in statistical mechanics named after a student of his,
E. Ising [21]. In the two-dimensional Ising model it represents a model of ferromagnetism
based on the interaction of random spins σi,j = ±1 at site (i, j) ∈ Z2. B. Kaufman and
L. Onsager in articles [23], [24] and [25] discussed an analysis of the two-dimensional Ising
model without a magnetic field present. In their analysis

M0 = lim
n→∞

〈σ1,1, σ1,1+n〉
1
2 (1.1.1)
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where M0 is the spontaneous magnetization of the two-dimensional Ising model and
〈σ1,1, σ1,1+n〉 is a correlation function. Kaufman and Onsager produced two approaches to
solving Equation (1.1.1). Firstly, 〈σ1,1, σ1,1+n〉 is written as a sum of two n × n Toeplitz
determinants. This requires the computation of the asymptotics of n× n Toeplitz determi-
nants for which G. Szegö provided a solution in the celebrated Szegö Strong Limit Theorem
of 1952, cf. [27].

The other approach is to write 〈σ1,1, σ1,1+n〉 as a single n× n Toeplitz determinant. On-
sager recognised the eigenvalue equation for the Toeplitz determinant as a discrete analogue
of a Milne-type integral equation which could be solved using the Wiener-Hopf technique, a
technique Onsager was familiar with. See, for example, [8] for additional discussion of the
application of Toeplitz operators in the analysis of the Ising model.

A more recent application of Toeplitz operators is in the area of Topological Quantum
Field Theory (TQFT). In [1], J.E. Andersen and J.L. Blaavand show how Toeplitz operators
defined on the holomorphic part of the space of endomorphisms on a compact manifold are
used to confirm that the geometric constructions proposed by E. Witten in [30] satisfy the
Atiyah-Segal-Witten TQFT axioms.

1.1.2 Bounded multiplication and Toeplitz operators on Lp

In this section, we review relevant material on bounded multiplication and Toeplitz operators
on Lp generated by a function a ∈ L∞. Results contained in this section concerning the scalar
case can be found in [3] and [15] and those results concerning the matrix case, in [14].

Let T be the unit circle in the complex plane. For 1 ≤ p < ∞, we denote by Lp(T), or
simply Lp, the Banach space of complex valued measurable functions f on T such that |f |p
is integrable, i.e.,

f ∈ Lp ⇐⇒ ‖f‖p :=
(∫

T
|f |pdm

)1/p

<∞,

where m is the Lebesgue measure. By L∞ we shall mean the measurable and essentially
bounded functions on T, i.e.,

f ∈ L∞ ⇐⇒ ‖f‖∞ := ess sup
z∈T

|f(z)| <∞.

Then
L∞ ⊂ Lr ⊂ Ls ⊂ L1 for 1 ≤ s ≤ r ≤ ∞.

For a ∈ L∞ and 1 < p <∞ define the multiplication operator Ma by

Ma : L
p −→ Lp, f 7−→ af.

Then Ma is called the multiplication operator generated by a or equivalently with symbol
a. Clearly, Ma is a bounded operator on Lp and, in fact, Ma is a bounded operator on Lp if
and only if a ∈ L∞ with

‖Ma‖p = ‖a‖∞.
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Let Hp ⊂ Lp (1 ≤ p ≤ ∞) be the Hardy space of functions in Lp that have an analytic
extension to the open unit disk in the complex plane. Then

H∞ ⊂ Hr ⊂ Hs ⊂ H1 for 1 ≤ s ≤ r ≤ ∞.

For 1 < p < ∞, let P : Lp → Hp be the projection due to M. Riesz, see for example
pages 149 - 153 in [16]. We shall refer to this as the Riesz projection, not be confused with
the Riesz projection occurring in spectral theory, which is due to F. Riesz, see for example
pages 9 - 13 in [13]. Then P is a bounded projection for 1 < p < ∞. For p = 2 the Riesz
projection coincides with the orthogonal projection of L2 onto H2.

For a ∈ L∞, the Toeplitz operator Ta on Hp (1 < p <∞) generated by a is defined by

Ta : H
p → Hp, f 7→ P(af).

Note that
Ta = PMa|Hp

and so Ta is bounded and we say that a is the symbol of Ta. It is well known that the
operator Ta is bounded if and only if a ∈ L∞ (cf. Hartman and Wintner, 1950, [18]). If
p = 2 then

‖Ta‖2 = ‖Ma‖2 = ‖a‖∞
and for p 6= 2 we have

‖Ta‖p ≤ ‖P‖‖a‖∞
where P is the Riesz projection on Lp.

1.1.3 Shift invariance

Define the bilateral shift Mz on L
p (1 ≤ p ≤ ∞) as the multiplication operator generated by

z and the unilateral shift Tz on Hp (1 ≤ p ≤ ∞) as the Toeplitz operator generated by z.
Thus

Mz : L
p → Lp, f(z) 7→ zf(z), z ∈ T

and
Tz : H

p → Hp, f(z) 7→ P(zf(z)), z ∈ T.

The backward bilateral shift Mz−1 is the multiplication operator generated by z−1 and the
backward unilateral shift Tz−1 is the Toeplitz operator generated by z−1.

Note that

1. (Tz)
n = Tzn and (Tz−1)n = Tz−n , n ∈ Z+,
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2. Tz−1Tz = I on Hp but TzTz−1 is not the identity operator on Hp,

3. T nz is an isometry on Hp, has closed complemented range with codimension n,

4. T nz−1 is surjective with dimension of its null-space n.

Let a ∈ L∞ then
MaMz =MzMa and Tz−1TaTz = Ta

and we say that the multiplication operators are shift invariant. In fact, bounded multipli-
cation and Toeplitz operators on Lp and Hp, respectively, are the only operators with the
above property, as the next result shows.

Proposition 1.1.1. Let A be a bounded operator on Lp (1 < p < ∞) and B a bounded
operator on Hp (1 < p < ∞) with Mz−1AMz = A and Tz−1BTz = B where Mz is the
bilateral shift on Lp and Tz the unilateral shift on Hp. Then there are a, b ∈ L∞ with
Ma = A and Tb = B where Ma is the multiplication operator generated by a and Tb the
Toeplitz operator generated by b.

For a, b ∈ L∞ the product of multiplication operators Ma,Mb generated by a and b is
again a multiplication operator, Mab =MaMb but it is not always the case that TaTb is again
a Toeplitz operator. However, we have the following result.

Proposition 1.1.2. Let a, b ∈ L∞. Then TaTb is a Toeplitz operator if and only if a or b is
analytic where a(z) = a(z). In case a and b are analytic, for any c ∈ L∞ we have

Tacb = TaTcTb

1.1.4 Fourier coefficients and the matrix representation

Define the function en (n ∈ Z) by en(z) = zn (z ∈ T) which we will denote by zn. Then
{zn}n∈Z is a basis for Lp (1 ≤ p ≤ ∞) and an orthogonal basis for L2. The set {zn}n≥0 is a
basis for Hp (1 ≤ p ≤ ∞) and an orthogonal basis for H2.

Given f ∈ Lp we define its Fourier coefficient fn(n ∈ Z) by

fn = (f(z), zn) :=
1

2π

∫
T
f(z)zndm(z) =

1

2π

∫
T
f(z)z−ndm(z).

Since {zn}n∈Z is a basis for Lp (1 ≤ p ≤ ∞) and {zn}n≥0 is a basis for Hp (1 ≤ p ≤ ∞),
for f ∈ Lp and g ∈ Hp we can write

f(z) =
∑
n∈Z

fnz
n and g(z) =

∑
n≥0

gnz
n, z ∈ T,
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where fn and gn are the n-th Fourier coefficients of f and g respectively.

The harmonic extension of f ∈ L1 is the function f̂ defined on D by

f̂(z) =
∑
n∈Z

fnr
|n|einθ (0 ≤ r < 1, 0 ≤ θ < 2π)

where z = reiθ ∈ D and fn is the n-the Fourier coefficient of f . If f ∈ H1 then its harmonic
extension is analytic and so is referred to as its analytic extension with

f̂(z) =
∑
n≥0

fnz
n (z ∈ D).

Note that for f ∈ Hp the non-tangential limits

lim
z→eiθ

f̂(z) (z ∈ D)

exist almost everywhere and coincide with f(eiθ). Thus we will identify the analytic extension

f̂ of f ∈ Hp with f .

Note that for f ∈ Lp, in terms of Fourier coefficients, we have

(Pf)n = fn for n ≥ 0, (Pf)n = 0 for n < 0

where (Pf)n is the n-th Fourier coefficient of Pf .
Let a ∈ L∞ and Ta be the Toeplitz operator on Hp (1 < p <∞) with symbol a. Then

(Taz
j, zk) =

1

2π

∫
T
azjz−kdm(z) =

1

2π

∫
T
az−(k−j)dm(z) = ak−j

the (k− j)-th Fourier coefficient of a. This is a defining characteristic of Toeplitz operators,
as can be seen in the next result.

Theorem 1.1.3. Let A be a bounded operator on Hp (1 < p < ∞), and suppose (an)n∈Z is
a sequence of complex numbers with (Azj, zk) = ak−j for all k, j ∈ Z+. Then there is an
a ∈ L∞ such that A = Ta and an is the n-th Fourier coefficient of a.

Let a ∈ L∞ then the set of polynomials, P , is contained in the domain of Ta and so
we can determine the action of Ta as an infinite matrix. From Theorem 1.1.3 the matrix
representation is a Toeplitz matrix, i.e., the matrix [Ta] of Ta is one with constant diagonals
that are parallel to the main diagonal

[Ta] =M = [mij]
∞
i,j=0 =



a0 a−1 a−2 a−3 · · ·
a1 a0 a−1 a−2

. . .

a2 a1 a0 a−1
. . .

a3 a2 a1 a0
. . .

...
. . . . . . . . . . . .


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where aj ∈ C is the j-th Fourier coefficient of a. Note that we can write mij = ai−j.

For p = 2, the Toeplitz operator Ta on H
2 and the Toeplitz matrix [Ta] defined on ℓ2 are

unitarily equivalent through the isomorphism

H2 → ℓ2,
∑
n∈Z+

φnz
n 7→ {φn}n∈Z+ . (1.1.2)

1.1.5 Rational symbols

Let C be the space of all continuous complex-valued functions on T. Suppose a ∈ L∞ is a
rational function, then a has no poles on T and a ∈ C. Because the Toeplitz-like operators
we consider only have rational symbols, we discuss the case of rational L∞ symbols here,
but many results remain true for continuous symbols. For the rest of this section we assume
that a ∈ L∞ is a rational function.

A function is called a plus function if its Fourier coefficients with negative index are all
zero, and called a minus function if its Fourier coefficients with strictly positive index are all
zero. Suppose a is a rational function with no poles on T. If a has no zeroes on T we can
write

a(z) = a−(z)z
κa+(z), z ∈ T,

for some κ ∈ Z where a− and (a−)
−1 are minus functions, and a+ and (a+)

−1 are plus
functions. Here κ is the difference between the number of zeroes of a in D and poles of a
in D, counting multiplicities, and is equal to the winding number of a. This factorization is
called the Wiener-Hopf factorization of a relative to T.

Theorem 1.1.4. Let a ∈ L∞ be a rational function without zeroes on T and Ta the Toeplitz
operator with symbol a on Hp (1 < p <∞). Suppose

a(z) = a−(z)z
κa+(z), z ∈ T,

is the Wiener-Hopf factorization of a relative to T. If κ ≥ 0 then

Ta = Ta−T
κ
z Ta+

and if κ < 0 then
Ta = Ta−(Tz−1)−κTa+ .

1.1.6 Fredholm Theory

An operator A from Banach space X to Banach space Y is called Fredholm if it has a closed
range with finite dimensional nullspace (KerA) and its range (RanA) has finite codimension.
The index of a Fredholm operator A is given by

IndexA = DimKerA− codimRanA. (1.1.3)
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Theorem 1.1.5. Let Ta be the Toeplitz operator generated by a ∈ L∞ on Hp (1 < p < ∞).
Then Ta is injective or has dense range. In particular, Ta is invertible on Hp if and only if
Ta is Fredholm with IndexTa = 0.

Let T◦ = T\{−1} and suppose a ∈ C with no zeroes on T. Then there is a real-valued
function b on T◦ with a = |a|eiπb. The increment in b as the result of a counter-clockwise
rotation on T is an integer dependent on a only and not on the choice of a particular b. This
integer is called the winding number of a and denoted by wind(a).

Theorem 1.1.6. Let Ta be the Toeplitz operator generated by a ∈ L∞ on Hp (1 < p < ∞)
and suppose a is a rational function. Then Ta is Fredholm if and only if a(z) 6= 0 for z ∈ T.
If Ta is Fredholm, then IndexTa = −wind(a).

Let Ta be the Toeplitz operator generated by a ∈ L∞ on Hp(1 < p < ∞). From the
above we have that Ta is Fredholm if and only if a has no zeroes on T and in this case
IndexTa = −wind(a) which is equal to the difference between the number of zeroes of a and
the number of poles of a in D, counting multiplicities. Furthermore, Ta is invertible if and
only if Ta is Fredholm with index zero and so in this case a has the same number of poles as
zeroes in D, multiplicities counted.

Theorem 1.1.7. Let a ∈ L∞ be a rational function without zeroes on T and Ta the Toeplitz
operator with symbol a on Hp (1 < p <∞). Suppose

a(z) = a−(z)z
κa+(z), z ∈ T

is the Wiener-Hopf factorization of a relative to T. Then IndexTa = −κ and so Ta is
invertible if and only if κ = 0 and in this case

(Ta)
−1 = T(a+)−1T(a−)−1 .

If κ > 0 then Ta is left invertible with a left inverse given by

T+
a = T(a+)−1(Tz−1)κT(a−)−1 .

If κ < 0 then Ta is right invertible with a right inverse given by

T+
a = T(a+)−1(Tz)

−κT(a−)−1 .

The essential range R(a) of an L∞ function a is defined by

R(a) := {λ ∈ C : m{z ∈ T : |a(z)− λ| < ε} > 0 for every ε > 0}

where m is the Lebesgue measure. Observe that R(a) = a(T) if a is continuous. For an
operator A on a Banach space X the spectrum σ(A) is defined by

σ(A) := {λ ∈ C : A− λI is not invertible}
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and the essential spectrum σess(A) by

σess(A) := {λ ∈ C : A− λI is not Fredholm}.

The point spectrum of A is the set

σp(A) = {λ ∈ σ(A) : A− λI is not injective},

the continuous spectrum of A is the set

σc(A) = {λ ∈ σ(A) : A− λI is injective and has dense range}

and the residual spectrum of A is

σr(A) = {λ ∈ σ(A) : A− λI is (injective and) but does not have dense range}.

Let Ta be the Toeplitz operator generated by a ∈ L∞ on Hp (1 < p < ∞). Hartman
and Wintner in [18] showed that the point spectrum of Ta on H2 is empty in case a is
rational real-valued and posed the problem of specifying the spectral properties. In case a is
continuous, Gohberg in [11], and more explicitly in [12], showed that Ta is Fredholm exactly
when the symbol has no zeroes on T, and in this case the index of the operator coincides
with the negative of the winding number of the symbol with respect to zero. This implies
that the essential spectrum of a Toeplitz operator with continuous symbol is the image of
the unit circle under a.

Hartman and Wintner in [19] followed up on their earlier question by showing that
if a is real valued, then the spectrum of Ta on H2 is contained in the interval bounded
by the essential lower and upper bounds of a on T. They also showed that the point
spectrum is empty whenever a is not a constant. Halmos, after posing in [17] the question
whether the spectrum of a Toeplitz operator is connected, with Brown in [2] showed that the
spectrum cannot consist of only two points. Widom, in [29], established that Ta on H2 has
connected spectrum, and later extended the result for general Hp, with 1 ≤ p ≤ ∞. That
the essential (Fredholm) spectrum of a bounded Toeplitz operator in H2 is connected was
shown by Douglas in [9]. For the case of bounded Toeplitz operators in Hp it is posed as an
open question in Böttcher and Silbermann in [3, Page 70] whether the essential (Fredholm)
spectrum of a Toeplitz operator in Hp is necessarily connected.

For λ ∈ C and a ∈ L∞ the operator Ta−λI is the Toeplitz operator Ta−λ so that questions
on the spectrum of Ta can be related to questions on Toeplitz operators with an additional
complex parameter. For a = s

q
∈ L∞ rational we can describe the spectrum and its subsets

in terms of the winding number of a and thus in terms of the difference between the poles
of a in D and the zeroes of λ− a in D. This is summarised as follows:

Theorem 1.1.8. Let a ∈ L∞ be a rational function and suppose wind (a|λ) is the winding
number of a with respect to λ ∈ C. Then

9



1. The essential spectrum of Ta is given by

σess(Ta) = a(T).

2. The spectrum of Ta is given by

σ(Ta) = a(T) ∪ {λ ∈ C : wind (a|λ) 6= 0}.

(a) The point spectrum of Ta is the set

σp(Ta) = {λ ∈ C : wind (a|λ) < 0}.

(b) The continuous spectrum of Ta is the set

σc(Ta) = a(T)

(c) The residual spectrum of Ta is the set

σr(Ta) = {λ ∈ C : wind (a|λ) > 0}.

1.1.7 The adjoint operator and selfadjoint Toeplitz operators

The dual space of Hp (1 < p < ∞) is (Hp)∗ = Lp
′
/P(Lp′) (1

p
+ 1

p′
= 1) where P is the Riesz

projection in Lp
′
. There is an isomorphism between (Hp)∗ and Hp′ given by

G(f) =
1

2π

∫
T
fgdm, G ∈ (Hp)∗ 7→ g ∈ Hp′ .

This is an isometry for p = 2.

With this identification, it is clear that for a ∈ L∞, the adjoint T ∗
a of Ta in Hp can be

identified with Ta on Hp′ , the Toeplitz operator generated by a.

Let a be a real valued function, i.e., [Ta] Hermitian matrix, then Ta is a self-adjoint
operator on H2. Furthermore, σ(Ta) = R(a) = [m,M ] where m,M are the (essential) lower
and upper bounds of a. Also, if a is not a constant, then the point spectrum σp(Ta) of Ta is
empty.

1.1.8 Matrix symbols

Many results similar to the scalar case holds for the matrix case as well. We will confine
ourselves to results in Fredholm theory related to rational matrix symbols in this section.

By Lpm and Hp
m we shall mean complex-valued functions, f , on T with m-components

with each component in Lp and Hp, respectively. Let a = (aij)
n
i,j=1 be an n × n rational

10



matrix function with no poles on T. Then a(z) is continuous on T. The block Toeplitz
operator Ta defined on Hp

n (1 < p <∞) is given by

Ta : H
p
n → Hp

n, (fj)
n
j=1 7→

(
n∑
j=1

Takjfj

)n

k=1

where Takj is the Toeplitz operator on H
p generated by akj, the kj-th entry of a. We say that

Ta is the block Toeplitz operator with defining function a or equivalently Ta is generated by
a.

Theorem 1.1.9. Let a be an n×n rational matrix function with no poles on T and suppose
Ta is the block Toeplitz operator generated by a. Then Ta is Fredholm if and only if

det a(z) 6= 0, z ∈ T.

Theorem 1.1.10. Let a be an n×n rational matrix function with no poles on T and suppose
Ta is the block Toeplitz operator generated by a. Assume that det a(z) 6= 0 for all z ∈ T.
Then Ta is Fredholm and the index of Ta is the negative of the winding number relative to
the origin of the curve parametrised by the function

ρ : [−π, π] → C, ρ(t) = det a(eit).

Recall that a Toeplitz operator which is Fredholm with zero index is invertible (Theorem
1.1.5). There is a decisive difference between the scalar case and matrix case (n > 1) in
that a block Toeplitz operator with index zero need not be invertible. A case in point is
a(z) = Diag(z, z−1). Here the block Toeplitz operator Ta generated by a is clearly not
invertible but both dimKer(Ta) and codimRan(Ta) are equal to 1.

Let a be an n×n rational matrix function with no poles on T. We call a a plus function
if a has no poles on the closed unit disk D which means that each entry of a has no poles
on the closed unit disk D. This is equivalent to the fact that the Fourier coefficients ak with
negative index are zero, i.e.

ak :=
1

2π

∫ π

−π
e−ikta(eit)dt = 0, k = −1,−2, . . . .

We call a a minus function if a has no poles on |z| ≥ 1 with the point at infinity included.

As with the scalar case, it is not the case that if a and b are n× n defining functions of
block Toeplitz operators that the product of block Toeplitz operators Ta and Tb would again
be a block Toeplitz operator with defining function ab.

Theorem 1.1.11. Let a1 and a2 be n× n rational matrix functions with no poles on T. If
a1 is a minus function or a2 is a plus function then

Ta1Ta2 = Ta1a2

where Ta1, Ta2 and Ta1a2 are the block Toeplitz operators generated by a1, a2 and a1a2 respec-
tively.

11



Recall that a (scalar) function a with no zeroes or poles on T has a (non-canonical)
Wiener-Hopf factorisation relative to T in the form

a(z) = a−(z)z
ka+(z), z ∈ T

where a− and a−1
− are minus functions and a+ and a−1

+ are plus functions. The result below
provides a matrix equivalent of the Wiener-Hopf factorization.

Theorem 1.1.12. Let a be an n×n rational matrix function with no poles on T and assume
that det a(z) 6= 0 for z ∈ T. Then there exist integers κ1 ≤ κ2 ≤ · · · ≤ κn and rational matrix
functions a− and a+, that have no poles on T, such that

a(z) = a−(z)


zκ1

zκ2

. . .

zκn

 a+(z)

and

1. a+ has no poles on the closed unit disk, |z| ≤ 1,

2. det a+(z) 6= 0 for |z| ≤ 1,

3. a− has no poles for |z| ≥ 1 (point at infinity included),

4. det a−(z) 6= 0 for |z| ≥ 1 (point at infinity included).

In particular a−1
− and a−1

+ exist, the functions a−, a
−1
− are minus functions and a+, a

−1
+ are

plus functions.

The factorization in the theorem above is called a (non-canonical) Wiener-Hopf factor-
ization of the rational matrix a relative to T and the indices κj, j = 1, 2, . . . , n are uniquely
determined by a. The factors a− and a+ are, however, not uniquely determined by a.

Theorem 1.1.13. Let a be an n×n rational matrix function with no poles on T and assume
that det a(z) 6= 0 for z ∈ T with

a(z) = a−(z)Diag (z
κ1 , zκ2 , . . . , zκn) a+(z), z ∈ T

a Wiener-Hopf factorization of a relative to T. Then the block Toeplitz operator Ta generated
by a is Fredholm with

dimKer(Ta) =
∑
κj≤0

κj, codimRan(Ta) =
∑
κj≥0

κj

12



and a generalised inverse of Ta is given by the operator

T+
a = Ta−1

+



T−κ1
z

T−κ2
z

. . .

T−κr
z

I
. . .

I
T
κs+1

z−1

. . .

T κnz−1


Ta−1

−

where Tz is the unilateral (forward) shift operator on Hp, Tz−1 the unilateral backward shift
operator, κ1, . . . , κr are the negative factorization indices and κs+1, . . . , κn are the positive
factorization indices. Note that for the middle factor in the generalised inverse we use the
identification Hp

k
∼= ⊕k

j=1H
p.

From the above theorem it follows that Ta will be invertible exactly when all indices are
zero, i.e. κ1 = κ2 = · · · = κn = 0, and in this case we have

T−1
a = Ta−1

+
Ta−1

−
.

1.2 Unbounded Toeplitz operators: L2 symbols and

symbols in the Smirnov class

In this section we discuss results on two types of unbounded Toeplitz operators that have
been considered in the literature. Of course we cannot do justice to the breadth of topics in
the literature on these classes of operators and so we will confine ourselves to results relating
to the aim of this thesis, namely basic results in Fredholm characteristics, the spectrum and
the adjoint.

1.2.1 Unbounded Toeplitz operators on H2 with L2 symbols

Let f ∈ L2 and g ∈ H2 then fg ∈ L1 but not necessarily in L2. In [18] and [19], P. Hartman
and A. Wintner investigated the spectra of infinite Hermitian Toeplitz matrices on ℓ2 where
they assert that the related problem for infinite Laurent matrices are comparatively simple.
Here they introduced the infinite unbounded Toeplitz matrix associated with the Toeplitz
operator THr

f , defined below, to fill the gap in the literature on the location of the spectra of
such infinite Toeplitz matrices. Note that the infinite Toeplitz matrix on ℓ2 is isometrically

13



equivalent to the Toeplitz operator on H2, cf. Equation 1.1.2. In this subsection we review
some results contained in [18] and [19].

The Toeplitz operator THr
f (H2 → H2) with symbol f ∈ L2 is defined by

Dom(THr
f ) = {h ∈ H2 | fh = g1+g2 ∈ L1, g1 ∈ H2, g2 ∈ L1, (g2)n = 0, n ≥ 0}, THr

f h = g1,

where (g2)n is the n-th Fourier coefficient of g2. Note that THr
f is not bounded, unless if

f ∈ L∞. Its domain contains the polynomials and so THr
f is densely defined. Let M be the

subspace of H2 whose elements have only a finite number of nonzero Fourier coefficients, i.e.
M is the space of polynomials in H2, and suppose that T ◦

f
is the restriction of the Toeplitz

operator THr
f

with symbol f restricted to M . Then

(T ◦
f
)∗ = THr

f , (THr
f )∗ = T ◦

f

where T ◦
f
is the smallest closed extension of T ◦

f
. From this it follows that THr

f is a closed

operator as it is an adjoint operator and

T ◦
f ⊂ (THr

f
)∗ ⊂ THr

f , (THr
f )∗∗ = THr

f .

Suppose that f ∈ L2 is real-valued. Then (THr
f )∗ is a closed symmetric operator and so

T ◦
f ⊂ (THr

f )∗ ⊂ THr
f = (THr

f )∗∗.

The following results contain conditions that ensures that THr
f is selfadjoint or has a

selfadjoint restriction.

Lemma 1.2.1. Let f ∈ L2 be real-valued. Then THr
f is self-adjoint if and only if Ran(T ◦

g ) =
H2 where g = f ± i.

Proposition 1.2.2. Let f ∈ L2 be real-valued. If f is bounded below , i.e. f(z) ≥ c for
some c ∈ R+, then THr

f is self-adjoint.

Note that there exist real-valued functions f ∈ L2 such that THr
f is not self-adjoint but

have a self-adjoint restriction (see for example (I∗) on page 879 in [18]).

1.2.2 Unbounded Toeplitz operators on H2 with Smirnov class
symbols

A function ϕ ∈ H∞ is called an inner function if |ϕ(z)| = 1 for almost all z ∈ T. A function
g ∈ H1 is said to be outer if its analytic extension, ĝ, can be represented in the form

ĝ(z) = c exp

(
1

2π

∫ 2π

0

eiθ + z

eiθ − z
logψ(eiθ)dθ

)
,

14



where c ∈ T, ψ ∈ L1, ψ ≥ 0 a.e. on T, logψ ∈ L1. The inner-outer factorization theorem
says that for every function f ∈ Hp (1 ≤ p ≤ ∞) which is not identically zero there is an
inner function φ ∈ H∞ and an outer function g ∈ Hp such that f = φg. This factorization
is unique up to a multiplicative constant. Note that if f ∈ H1 is outer, then

1. its analytic extension f̂(z) 6= 0 for z ∈ D, and

2. fHp is dense in Hp.

The Smirnov class N+ is the class of analytic functions that are quotients ofH∞ functions
where the denominator is an outer function. An alternate definition for the Smirnov class
(cf. [20]) is

N+ = {f analytic on D : log |f | ∈ L1, for g ∈ H2, fg ∈ L2 ⇒ fg ∈ H2}.

Every ϕ ∈ N+ can be written uniquely as ϕ = b
a
where a, b are in the unit ball of H∞,

a an outer function with a(0) > 0 and |a(z)|2 + |b(z)|2 = 1 for z ∈ T. This is called the
canonical form of ϕ ∈ N+.

For ϕ = b
a
∈ N+ define the Toeplitz operator T Sa

ϕ (H2 → H2) (cf. [20], [26]) by

Dom(T Sa
ϕ ) = {h ∈ H2 | ϕh ∈ H2}, T Sa

ϕ h = ϕh.

Suppose ϕ = b
a
∈ N+ is the canonical form of ϕ then Dom(T Sa

ϕ ) = aH2 and so T Sa
ϕ is

closed and is densely defined as a is an outer function.

Let H(D) be the space of functions that are analytic on a neighbourhood of D. Then
H(D) ⊂ Dom(T Sa

ϕ )∗ for ϕ ∈ N+.

Let ϕ ∈ N+ and define T ◦
ϕ
(H(D) → H2) by

T ◦
ϕ
(H(D) → H2), f 7→

∞∑
m=0

(
∞∑
n=0

ϕnfm+n

)
zm

where ϕn and fm are the n-th and m-th Fourier coefficients of ϕ and f respectively. Then
T ◦
ϕ
is closable and T ◦

ϕ
= (T Sa

ϕ )∗. We denote (T Sa
ϕ )∗ by T Sa

ϕ
.

Let ϕ ∈ N+ and ψ ∈ H∞. For f ∈ DomT Sa
ϕ

we have

T Sa
ϕ
Tψf = T Sa

ϕψ
f = TψT

Sa
ϕ
f.

Let ϕ ∈ N+ be real-valued on T, for example ϕ(z) = −i z−1
z+1

. Then

1. T Sa
ϕ is symmetric, and

2. if ϕ is non-negative then T Sa
ϕ has a selfadjoint extension but is not selfadjoint.
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1.3 Toeplitz-like operators with rational symbol hav-

ing a pole on the unit circle

In this section we discuss the main results contained in the thesis. But, first we introduce
some notation. By Rat and Rat0 we shall mean the space of rational functions and the space
of strictly proper rational functions, respectively. By Rat(T) and Rat0(T) we shall mean the
spaces of rational functions with poles only on T and the strictly proper rational functions
with poles only on T, respectively. By P and Pk we shall mean the spaces of polynomials
and polynomials of degree at most k, respectively.

By Ratm×n and Ratm×n
0 we shall mean the matrix equivalent, i.e. the space of m × n

rational matrix functions with each entry a rational function and the space of strictly proper
rational functions (identically zero at infinity), respectively. The other symbols are extended
to the matrix case in a similar manner.

1.3.1 Basic and Fredholm Properties

Results in this section appear in Chapter 2 and in Chapter 3.

Let ω ∈ Rat with poles on T. Then ω 6∈ Lp for 1 ≤ p ≤ ∞, and in particular ω 6∈ L2.
To see this, suppose ω has a pole of order n at α ∈ T. Then |ω(z)| ≈ |z − α|−n as z → α.
From this it follows that

∫
T |ω|

pdz diverges. Furthermore, if ω ∈ Rat has poles in D as well
as on T then ω 6∈ N+. From this it follows that Toeplitz operators generated by rational
functions with a pole in D will be an unbounded Toeplitz operator not covered by the classes
investigated in Section 1.2.

Let ω ∈ Rat with possible poles on T. Define the Toeplitz-like operator Tω(H
p → HP )

for 1 < p <∞ as follows:

Dom(Tω)={g ∈ Hp |ωg = f + ρ with f ∈Lp, ρ∈Rat0(T)} , Tωg = Pf, (1.3.1)

where P is the Riesz projection from Lp onto Hp.
Note that in case ω has no poles on T then ω ∈ L∞ and the Toeplitz-like operator Tω

defined above coincides with the classical Toeplitz operator Tω on Hp discussed in Section
1.1.2. In general, for ω ∈ Rat, the operator Tω is a well-defined, closed and densely defined
linear operator. By the Euclidean division algorithm, one easily verifies that all polynomials
are contained in Dom(Tω). Moreover, it can be verified that Dom(Tω) is invariant under the
unilateral (forward) shift operator Tz and that the following classical result holds:

Tz−1TωTzf = Tωf, f ∈ Dom(Tω). (1.3.2)

For ω = s
q
∈ Rat(T), the definition as the Toeplitz-like operator in Equation (1.3.1) above

can be simplified as

Dom(Tω)=

{
g ∈ Hp |ωg = h+

r

q
with h∈Hp, r∈Pdeg (q)−1

}
, Tωg = h, (1.3.3)
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which looks decidedly similar to the definition of THr
f in Section 1.2.1.

In case ω ∈ Rat(T), we have a complete description of the operator.

Theorem 1.3.1. Let ω ∈ Rat(T), say ω = s/q with s, q ∈ P co-prime. Factor s = s−s0s+
with s−, s0 and s+ having roots only inside, on, or outside T. Then

Ker(Tω) = {r0/s+ | deg(r0) < deg(q)− deg(s−s0)} ;
Dom(Tω) = qHp + Pdeg(q)−1; Ran(Tω) = sHp + P̃ ,

(1.3.4)

where P̃ is the subspace of P given by

P̃ = {r ∈ P | rq = r1s+ r2 for r1, r2 ∈ Pdeg(q)−1} ⊂ Pdeg(s)−1. (1.3.5)

Furthermore, Hp = Ran(Tω) + Q̃ forms a direct sum decomposition of Hp, where

Q̃ = Pk−1 with k = max{deg(s−)− deg(q), 0}, (1.3.6)

following the convention P−1 := {0}.

If ω = s/q ∈ Rat(T) with q having at least one root on T then qHp is dense in Hp. Note
that if the polynomial q has a root on T then qHp + Pdeg q−1 6= Hp but is only dense in
Hp(1 ≤ p ≤ ∞).

Theorem 1.3.2. Let s ∈ P, s 6≡ 0. Then Hp = sHp+Pdeg(s)−1 if and only if s has no roots
on the unit circle T.

The description of the nullspace and range of Ta in case a ∈ Rat(T) can be used to
determine the index of Ta similarly as in Theorem 1.1.5 for a ∈ L∞.

Theorem 1.3.3. Let ω ∈ Rat(T). Then Tω is Fredholm if and only if ω has no zeroes on
T. If Tω is Fredholm, the Fredholm index of Tω is given by

Index (Tω) = ♯

{
poles of ω multi.
taken into account

}
− ♯

{
zeroes of ω in D multi.
taken into account

}
.

and Tω is either injective or surjective. In particular, Tω is injective, invertible or surjective
if and only if Index (Tω) ≤ 0, Index (Tω) = 0 or Index (Tω) ≥ 0, respectively.

For ω ∈ Rat we construct the following analogue of the Wiener-Hopf factorization:

ω(z) = ω−(z)(z
κω0(z))ω+(z)

where κ is the difference between the number of zeroes of ω in D and the number of poles of
ω in D, ω− has no poles or zeroes outside D, ω+ has no poles or zeroes inside D and ω0 has
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all its poles and zeroes on T. Based on the choice of the domain in equation (1.3.1) it can
then be shown that

Tω = Tω−Tzκω0Tω+ . (1.3.7)

This factorization, together with the fact that Tω is shift invariant (Equation 1.3.2)
trivially extends Proposition 1.1.2 to this case, namely

TaTωTb = Taωb

where a and b are rational functions that are analytic on D and ω ∈ Rat with possibly
poles on T. In addition, this factorization eventually allows the questions on Fredholmness
to be reduced to the case where ω has only poles on T. It thus allows us to characterize
invertibility of Tω and to give a formula for the inverse of Tω in case it exists.

Theorem 1.3.4. Let ω ∈ Rat. Then Tω is Fredholm if and only if ω has no zeroes on T.
In case Tω is Fredholm, the Fredholm index of Tω is given by

Index (Tω) = ♯

{
poles of ω in D multi.
taken into account

}
− ♯

{
zeroes of ω in D multi.
taken into account

}
,

and Tω is either injective or surjective. In particular, Tω is injective, invertible or surjective
if and only if Index (Tω) ≤ 0, Index (Tω) = 0 or Index (Tω) ≥ 0, respectively.

The result of Theorem 1.3.4 may also be expressed in terms of the winding number as
follows: Index (Tω) = − limr↓1wind (ω|rT). In the case where ω is continuous on the unit
circle and has no zeroes there, it is well-known that the index of the Fredholm operator Tω is
given by the negative of the winding number of the curve ω(T) with respect to zero (Theorem
1.1.6). However, if ω has poles on the unit circle, the limit limr↓1 cannot be replaced by either
limr→1 or limr↑1 in this formula.

Proposition 1.3.5. Let ω ∈ Rat with at least one pole on T and let κ be the difference
between the number of zeroes of ω in D and the number of poles of ω in D. Then Tω is
invertible if and only if ω has no zeroes on T and κ is also equal to the number of poles of
ω on T. In that case ω factorizes as

ω(z) = ω−(z)
zκ

q0(z)
ω+(z),

where ω− has no poles or zeroes outside D, ω+ has no poles or zeroes inside D and q0 is a
polynomial of degree κ with all its roots on T, and moreover,

T−1
ω = Tω−1

+
T q0

zκ
Tω−1

−
.
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Since the polynomials P are contained in the domain of the closed operator Tω defined
in (1.3.1), by inspecting the action of Tω on the monomials zn and expressing the result as a
power series, it is possible to determine a matrix representation [Tω] of the operator Tω(H

p →
Hp) with respect to the basis {zn}∞n=0. This matrix representation [Tω] has a Toeplitz
structure, i.e., [Tω] = [am−n]

∞
m,n=0 for some sequence (an)n∈Z. Here an has a polynomial

bound, an = O(nj) for some j ∈ N.

Theorem 1.3.6. Let ω ∈ Rat possibly with poles on T. Then we can write the matrix
representation [Tω] of Tω with respect to the standard basis {zn}∞n=0 of Hp as

[Tω] =


a0 a−1 a−2 a−3 a−4 · · ·
a1 a0 a−1 a−2 a−3 · · ·
a2 a1 a0 a−1 a−2 · · ·
...

. . .

 .

In addition a−j = O(jM−1) for j ≥ 1 where M is the largest order of the poles of ω in T and
(aj)

∞
j=0 ∈ ℓ2.

1.3.2 The spectrum

Results in this section appear in Chapter 3.

Using the fact that λIHp − Tω = Tλ−ω enables us to describe the spectrum of Tω, and its
various parts. We start with the essential spectrum.

Theorem 1.3.7. Let ω ∈ Rat. Then the essential spectrum σess(Tω) of Tω is an algebraic
curve in C which is given by

σess(Tω) = ω(T) := {ω(eiθ) | 0 ≤ θ ≤ 2π, eiθ not a pole of ω}.

Furthermore, the map λ 7→ Index (Tλ−ω) is constant on connected components of C\ω(T)
and the intersection of the point spectrum, residual spectrum and resolvent set of Tω with
C\ω(T) coincides with sets of λ ∈ C\ω(T) with Index (Tλ−ω) being strictly positive, strictly
negative and zero, respectively.

In the next two results the various parts of the spectrum of Tω are described using the
facts that λIHp − Tω = Tλ−ω and that Index (Tω) = − limr↓1wind (ω|rT).

Theorem 1.3.8. Let ω ∈ Rat, say ω = s/q with s, q ∈ P co-prime. Define

kq = ♯{roots of q inside D} = ♯{poles of λ− ω inside D},
k−λ = ♯{roots of λq − s inside D} = ♯{zeroes of λ− ω inside D},
k0λ = ♯{roots of λq − s on T} = ♯{zeroes of λ− ω on T},

(1.3.8)
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where in all these sets multiplicities of the roots, poles and zeroes are to be taken into account.
Then the resolvent set ρ(Tω), point spectrum σp(Tω), residual spectrum σr(Tω) and continuous
spectrum σc(Tω) of Tω are given by

ρ(Tω) = {λ ∈ C | k0λ = 0 and kq = k−λ },
σp(Tω) = {λ ∈ C | kq > k−λ + k0λ}, σr(Tω) = {λ ∈ C | kq < k−λ },

σc(Tω) = {λ ∈ C | k0λ > 0 and k−λ ≤ kq ≤ k−λ + k0λ}.
(1.3.9)

Furthermore, σess(Tω) = ω(T) = {λ ∈ C | k0λ > 0}.

For the case where ω ∈ Rat(T) is proper we can be a bit more specific.

Theorem 1.3.9. Let ω ∈ Rat(T) be proper, say ω = s/q with s, q ∈ P co-prime. Thus
deg (s) ≤ deg (q) and all roots of q are on T. Let a be the leading coefficient of q and b the
coefficient of s corresponding to the monomial zdeg(q), hence b = 0 if and only if ω is strictly
proper. Then σr(Tω) = ∅, and the point spectrum is given by

σp(Tω) = ω(C\D) ∪ {b/a}.

Here ω(C\D) = {ω(z) | z ∈ C\D}. In particular, if ω is strictly proper, then 0 = b/a is in
σp(Tω). Finally,

σc(Tω) = {λ ∈ C | k0λ > 0 and all roots of λq − s are in D}.

Examples for ω ∈ Rat with poles on T so that Tω has a bounded resolvent set, even with
an empty resolvent set, are given below. This is in sharp contrast to the case where ω has
no poles on the unit circle T. For in this case the operator is bounded, the resolvent set is
a nonempty unbounded set and the spectrum a compact set, and the essential spectrum is
connected. Furthermore, an example is given where the essential spectrum is not connected.

Let ω(z) = 1
(z−1)k

for some integer k > 1. This is an example where the Toeplitz-like
operator generated by ω has an empty resolvent set. In this case,

σp(Tω) = σ(Tω) = C, σc(Tω) = σr(Tω) = ρ(Tω) = ∅,

and the essential spectrum is given by

σess(Tω) = ω(T) =
{
(it− 1

2
)k|t ∈ R

}
which is a parabola Re(z) = 1

4
− Im(z)2 for k = 2. See Figure 1.1.

Let ω(z) = z
z2+1

. This is an example where the Toeplitz-type operator generated by ω
has an essential spectrum that is the union of disjoint sets. In this case,

σess(Tω) = ω(T) = (−∞,−1] ∪ [1,∞) = σc(Tω), σp(Tω) = C\ω(T)

and so σr(Tω) = ρ(Tω) = ∅.
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Figure 1.1: Spectrum of Tω where ω(z) = 1
(z−1)2

. The black curve is the essential spectrum
and the colors in the other regions codify the Fredholm index, where red indicates index 2
and blue indicates index 1.

1.3.3 The adjoint operator and selfadjoint extensions

Results in this section appear in Chapter 4.

Given r ∈ P with deg (r) = k, say r(z) = r0 + zr1 + · · ·+ zkrk, we define the polynomial
r♯ by

r♯(z) = zkr(1/z) = r0z
k + r1z

k−1 + · · ·+ rk.

Note that on T, ω∗ is defined as ω∗(z) = ω(z), i.e., ω∗(z) = s(z)/q(z). Then ω∗(z) =
zm−ns♯(z)/q♯(z), but it is not always a representation as the ratio of two polynomials. Note
in particular that ω∗ ∈ Rat(T) in case ω is proper, while this need not be the case if ω is not
proper for then zm−ns♯(z) is not a polynomial.

From a theorem of Cohn [6] it follows that in the transformation r → r♯, the nonzero
roots of r (including multiplicity) transfer via the map α 7→ 1/α = |α|−2α, while the degree
decreases by the multiplicity of 0 as a root of r. We write (s+)

♯ rather than s♯+, etc., to avoid
confusion with what one may interpret as (s♯)+.

In case ω ∈ Rat has no poles on T, in fact for any ω ∈ L∞ as we saw earlier in Section
1.1.7, the adjoint of the Toeplitz operator Tω on Hp can be identified with the Toeplitz
operator Tω on Hp′ , with 1 < p′ <∞ such that 1/p+ 1/p′ = 1.

For the Toeplitz-like operators with a rational symbol having a pole on T, the situation
is more complicated than for Toeplitz operators with L∞ symbols.

Theorem 1.3.10. Let ω = s/q ∈ Rat with s, q ∈ P co-prime and 1 < p < ∞. Factor
s = s−s0s+ and q = q−q0q+ with s−, q− having roots only inside T, s0, q0 having roots only
on T, and s+, q+ having roots only outside T. Set m = deg(q), n = deg(s), m± = deg (q±),
n± = deg (s±) m0 = deg (q0), n0 = deg (s0) and let 1 < p′ <∞ with 1/p+ 1/p′ = 1. Then

Dom(T ∗
ω) = (q0)

♯Hp′ ⊂ Dom(Tω∗) and T ∗
ω = Tω∗|(q0)♯Hp′ . (1.3.10)

Furthermore, we have

Ran(T ∗
ω) = Tzm−n(s+)♯/(q+)♯Qn0+n−−m0−m−(s0)

♯Hp′ ,

Ker(T ∗
ω) =

{
(q−)

♯(q0)
♯r

(s−)♯
| deg(r) < n− −m− −m0

}
.

(1.3.11)
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Here Qk = IHp′ − PPk−1
, with PPk−1

the standard projection in Hp′ onto Pk−1 ⊂ Hp′ to be
interpreted as 0 if k ≤ 0, i.e., Qk = IHp′ if k ≤ 0. Thus, for n0 + n− ≤ m0 +m− we have
Ran(T ∗

ω) = Tzm−n/(q+)♯(s+s0)
♯Hp′. Moreover,

dimKer(T ∗
ω) = max

{
0,#{zeroes of ω inside D} −#{poles of ω in D}

}
,

where the multiplicities of the zeroes and poles are taken into account. Hence, dimKer(T ∗
ω)

is the maximum of 0 and n− − m− − m0. In particular, T ∗
ω is injective if and only if the

number of poles of ω inside D is greater than or equal to the number of zeroes of ω inside D,
multiplicities taken into account.

For ω ∈ Rat, the second adjoint T ∗∗
ω is well-defined and T ∗∗

ω = Tω. Now consider ω ∈
Rat(T) and p = 2. From Theorem 1.3.10 it is obvious that Tω 6= T ∗

ω , except in the degenerate
case where q is constant. Consequently, Tω cannot be selfadjoint. Next, we describe when is
Tω∗ symmetric and when is it selfadjoint. Note that a polynomial r 6= 0 is called self-inversive
in case r = γr♯ for a constant γ ∈ C.

Theorem 1.3.11. Let ω = s/q ∈ Rat(T) with s, q ∈ P co-prime. Set n = deg(s) and
m = deg(q). Then the following are equivalent.

(1) T ∗
ω is symmetric;

(2) ω(T) ⊂ R;

(3) ω(z) = ω̃(−i z+1
z−1

) with ω̃ a real rational function with poles only on R;

(4) the essential spectrum σess(Tω) of Tω is contained in R;

(5) ω is proper, s = zm−ns̃ with s̃ self-inversive and q0sn = qmsm−n holds, where s(z) =∑n
k=0 skz

k and q(z) =
∑m

k=0 qkz
k.

Moreover, if T ∗
ω is symmetric, then T ∗

ω ⊂ Tω and if ω = s/q ∈ Rat(T) with s, q ∈ P then
deg(s) ≤ deg(q) ≤ 2 deg(s).

The next result uses the fact that the Fredholm index of Tω is constant on connected
subsets of the spectrum to provide a condition for T ∗

ω to have a selfadjoint extension.

Proposition 1.3.12. Let ω = s/q ∈ Rat(T), with s, q ∈ P coprime, be such that T ∗
ω is

symmetric. Then Tω+i and Tω−i are both Fredholm and T ∗
ω admits a selfadjoint extension if

and only if the Fredholm indices of Tω+i and Tω−i coincide.

We have the following corollaries.

Corollary 1.3.13. Let ω = s/q ∈ Rat(T), with s, q ∈ P coprime, be such that T ∗
ω is

symmetric. Assume ω(T) 6= R. Then T ∗
ω admits a selfadjoint extension.
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Corollary 1.3.14. Let ω = s/q ∈ Rat(T), with s, q ∈ P co-prime, be such that T ∗
ω has a

selfadjoint extension. Then deg(q) is even.

It is not the case, however, that if deg (q) is even that T ∗
ω must admit a self-adjoint

extension.

Let ω = s/q ∈ Rat(T) with s, q ∈ P co-prime. Set n = deg (s) and m = deg (q). Assume
ω is proper, i.e., n ≤ m. Then ω∗(z) = zm−ns♯/q♯ ∈ Rat(T). Since q♯ has zeroes only on T
it is outer and thus ω∗ ∈ N+. If, however, ω is not proper i.e. m > n then ω∗ is not in N+

as it has a pole at 0. While in general Tω and T Sa
ω are different, the following proposition

shows that in case ω is proper, Tω coincides with T Sa
ω∗ , and hence Tω = T ∗∗

ω = (T Sa
ω∗ )∗. Here

T Sa
ω is defined as in Section 1.2.2.

Proposition 1.3.15. Let ω̃ = s̃/q̃ ∈ Rat(T) with s̃, q̃ ∈ P co-prime. Then Dom(T Sa
ω̃ ) = q̃H2

and T Sa
ω̃ = Tω̃|q̃H2. In particular, if ω ∈ Rat(T) is proper, then T ∗

ω = T Sa
ω∗ .

1.3.4 Matrix symbols

The results in this section appear in Chapter 5.

As indicated earlier, the spaces Ratm×n, Ratm×n(T), Ratm×n
0 and Ratm×n

0 (T) are them×n
matrix equivalent of the rational functions, i.e., each entry is a rational function. Similarly,
Pm×n and Pm×n

k are the matrix equivalent of the polynomials. As before in Section 1.1.8,
by Lpm and Hp

m we shall mean functions with m-components and each component is in Lp

and Hp, respectively.

A pole of rational matrix function is a pole of any of its entries. The zero of a square
rational matrix function, Ω(z), is a pole of its inverse, Ω−1(z), see for example [10]. For a
square matrix polynomial P (z), this means that a zero is a point z ∈ C where detP (z) = 0.

Let ω ∈ Ratm×m, i.e. ω is an m×m rational matrix function with possibly poles on T,
and detω 6≡ 0. We define the block Toeplitz-like operator Tω generated by ω as

Dom(Tω) =

{
f ∈ Hp

m :
ωf = h+ r where h ∈ Lpm(T),
and r ∈ Ratm0 (T)

}
, Tωf = Ph

where P is the Riesz projection of Lpm onto Hp
m.

Using similar arguments as in the scalar case, cf., Chapter 2, we determine various basic
properties of the Toeplitz-like operator TΩ. Some of these results can be derived by restricting
to the entries of Ω. For example, we show that TΩ is a well-defined, closed, densely defined
linear operator on Hp

m. More specifically, Pm ⊂ Dom(TΩ). As with Toeplitz-like operators
with scalar symbols, we show that

S−TΩS+f = TΩf f ∈ Dom(TΩ),
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where S+ = TzIm and S− = Tz−1Im on Hp
m.

Unlike the scalar case, though, getting a complete description of the domain, range and
kernel of operator beyond the diagonal case appear significantly more complicated. The
following lemma contains the best results we have at this stage.

Lemma 1.3.16. Let Ω ∈ Ratm×m and write Ω = Ω1 + Ω2 where Ω1 ∈ Lm×m
∞ and Ω2 ∈

Ratm×m
0 (T). Then Dom(TΩ) = Dom(TΩ2). Let Ω2 = q−1P for some polynomial q with zeroes

only on T and P a matrix polynomial. Suppose Ω2 =
[
sij
qij

]
and let qj = LCMm

i=1{qij}, i.e.,
the least common multiple of the denominators in the j-th column of Ω2. Then

qHp
m + Pm

deg q−1 ⊂ ⊕j

(
qjH

p + Pdeg qj−1

)
⊂ Dom(Tω) (1.3.12)

and both inclusions can be strict.

We prove the construction of a Wiener-Hopf type factorization of rational matrix func-
tions with poles and zeroes on T. The construction relies on the Smith decomposition of
polynomial matrices and is an adaptation of the proof of Theorem 2.1 in [7].

Theorem 1.3.17. Let Ω ∈ Ratm×m with detΩ 6≡ 0. Then

Ω = z−kΩ−Ω0P0Ω+ (1.3.13)

for some k > 0, Ω− and (Ω−)
−1 are minus functions, Ω+ and (Ω+)

−1 are plus functions,
Ω0 = Diagmj=1(ϕj) with ϕj a scalar rational function with poles and zeroes only on T and P0

is a lower triangular matrix polynomial with det(P0(z)) = zN for some N ≥ 0.

We call the factorization in (1.3.13) a Wiener-Hopf type factorization for a rational matrix
function, Ω, with poles and zeroes on T. If Ω has no poles and zeroes on T, then it coincides
with the classical Wiener-Hopf factorization where Ω0 is the identity and P0 is a diagonal
matrix with each of its entries a non-negative power of z. Note that, if we choose P0 in
(1.3.13) to be lower triangular then the degree of the entries on the diagonal need not be in
any order (increasing or decreasing), and conversely, if we choose to have either increasing
or decreasing order of the degree of the entries on the diagonal, P0 is not necessarily lower
triangular. This is in sharp contrast to the classical Wiener-Hopf factorization result where
the entries on the diagonal has increasing degree. Using this factorization allows us to
factorize the Toeplitz-like operator TΩ as

TΩ = TΩ−Tz−kTΩ0TP0TΩ+ (1.3.14)

where Ω = z−kΩ−Ω0P0Ω+ is the factorization of Ω in Theorem 1.3.17.

The factorization in (1.3.14) reduces the question on Fredholm properties to the case
where Ω is a product of a diagonal matrix function, Ω0(z) ∈ Ratm×m

0 (T) with zeroes only on
T, and a lower triangular polynomial matrix P0(z) with determinant zN , N ≥ 0.
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Theorem 1.3.18. Let Ω(z) = z−kΩ−(z)Ω0(z)P0(z)Ω+(z) be the Wiener-Hopf type factor-
ization of Ω as in Theorem 1.3.17. Then TΩ is Fredholm if and only if TΩ0 is Fredholm,
which happens exactly when each of the entries ϕj of of Ω0 has no zeroes on T. In case TΩ
is Fredholm, we have

IndexTΩ = mk + IndexTΩ0 + IndexTP0

= mk +
m∑
j=1

deg qj −
m∑
j=1

kj,

where ϕj =
sj
qj

and qj has roots only on T and kj are the powers of z on the diagonal of P0.

In addition we can use the factorization to find the dimension of the kernel, the codimen-
sion of the range as well as when the Toeplitz-like operator is invertible. This is expressed
in terms of the factor z−kΩ0P0 in the Wiener-Hopf factorization in Theorem 1.3.17.

Proposition 1.3.19. Let

Ω(z) = z−kΩ−(z)Ω0(z)P0(z)Ω+(z)

be the Wiener-Hopf type factorization of Ω as in Theorem 1.3.17. Suppose that TΩ is Fred-
holm then

dimKerTΩ =
m∑
j=1

max(k + deg qj − kj, 0)

and

codimRanTΩ =
m∑
j=1

max(kj − deg qj − k, 0)

where ϕj =
1
qj

are the entries of Ω0, qj has roots only on T and kj are the powers of z on

the diagonal of P0.

Corollary 1.3.20. Let

Ω(z) = z−kΩ−(z)Ω0(z)P0(z)Ω+(z)

be the Wiener-Hopf type factorization of Ω as in Theorem 1.3.17. Then TΩ is invertible
exactly when k + deg qj = kj for each j.

1.3.5 An example

We conclude with an example that illustrates some of the main results. In this example we
discuss all the topics for the scalar case whereas other examples in the text only discuss one
aspect.

Let ω(z) = z+α
(z−1)2

, α 6= −1.
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Fredholm properties: Since ω ∈ Rat0(T), from Theorem 1.3.1 the Toeplitz-like operator
Tω(H

p → Hp), 1 < p <∞ with symbol ω has

Dom(Tω) = (z − 1)2Hp + P1 and Ran(Tω) = (z + α)Hp + C.

From Theorem 1.3.3 we have that Tω is Fredholm if and only if α 6∈ T. In this case, i.e.,
|α| 6= 1, Tω is surjective.

Furthermore, if |α| > 1 then

Ker(Tω) =

{
r

z + α
| r ∈ P1

}
, Index (Tω) = 2,

and if |α| < 1 then

Ker(Tω) = C, Index (Tω) = 1.

Matrix representation: Write

ω(z) =
z + α

(z − 1)2
=

1

z − 1
+

1 + α

(z − 1)2
.

For N ≥ 2, by Lemma 2.6.1 twice, we have

zN = (z − 1)
N−1∑
j=0

zj + 2

= (z − 1)2
N−2∑
j=0

(N − j − 1)zj + (z − 1) + 2

(1.3.15)

and so

ω(z)zN =
z + α

(z − 1)2
zN

=
N−1∑
j=0

zj + (1 + α)
N−2∑
j=0

(N − j − 1)zj +
2

z − 1
+ (1 + α)

2 +N(z − 1)

(z − 1)2

=
N−2∑
j=0

((N − j − 1)(1 + α) + 1) zj + zN−1 +
2(1 + α) + (N(1 + α) + 2)(z − 1)

(z − 1)2
.

Thus, for N ≥ 1,

Tωz
N =

N−2∑
j=0

((N − j − 1)(1 + α) + 1) zj + zN−1
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from which it follows that the matrix representation [Tω] of Tω is given by

[Tω] =



0 1 2 + α 3 + 2α · · ·
0 0 1 2 + α

. . .

0 0 0 1
. . .

0 0 0 0
. . .

...
. . . . . . . . . . . .


The spectrum: For the parts of the spectrum, details of the proofs can be found in Example
3.6.1 in Section 3.6. Note that

σess(Tω) = ω(T) = {(it− 1
2
) + (1 + α)(it− 1

2
)2 | t ∈ R}. (1.3.16)

Define the circle

T(−1
2
, 1
2
) = {z ∈ C | |z + 1

2
| = 1

2
},

and write D(−1
2
, 1
2
) for the open disc formed by the interior of T(−1

2
, 1
2
) and Dc(−1

2
, 1
2
) for

the open exterior of T(−1
2
, 1
2
).

For α /∈ T(−1
2
, 1
2
) the curve ω(T) is equal to the parabola in C given by

ω(T) = {−(α + 1)(x(y) + iy) | y ∈ R} , where

x(y) =
|α + 1|4

(|α|2 +Re(α))2
y2 +

(Re(α) + 1)|α + 1|2Im(α)

(|α|2 +Re(α))2
y +

|α|2(1− |α|2)
(|α|2 +Re(α))2

,

while for α ∈ T(−1
2
, 1
2
) the curve ω(T) becomes the half-line given by

ω(T) =
{
−(α + 1)r − (α + 1)(1 + 2α)

4(1− |α|2)
| r ≥ 0

}
.

As ω is strictly proper, we have σr(Tω) = ∅. For the remaining parts of the spectrum we
consider three cases.

(i) For α ∈ D(−1
2
, 1
2
) the points −1

2
and 0 are separated by the parabola ω(T) and the con-

nected component of C\ω(T) that contains −1
2
is equal to ρ(Tω), while the connected

component that contains 0 is equal to σp(Tω). Finally, σess(Tω) = ω(T) = σc(Tω).

(ii) For α ∈ T(−1
2
, 1
2
) we have

ρ(Tω) = ∅, σc(Tω) = ω(T) = σess(Tω), σp(Tω) = C\ω(T),

and for each λ ∈ ω(T), λ− ω has two zeroes on T.

(iii) For α ∈ Dc(−1
2
, 1
2
) we have σp(Tω) = C, and hence ρ(Tω) = σc(Tω) = ∅.
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The adjoint: Since ω(z) = s(z)
q(z)

= z+α
(z−1)2

∈ Rat0(T) we have

ω∗(z) =
zm−ns♯(z)

q♯(z)
=
z(z + α)

(z − 1)2

and so from Theorem 1.3.10

Dom(T ∗
ω) = (z − 1)2Hp

and for g = (z − 1)2ψ ∈ (z − 1)2Hp,

T ∗
ωg = z(z + α)ψ.

Since ω(T) is a parabola and a degenerate parabola (or half-line) when α ∈ T(−1
2
, 1
2
), the

adjoint T ∗
ω of Tω can be symmetric only for α ∈ T(−1

2
, 1
2
). But ω(T) ⊂ R only when α ∈ R

and so T ∗
ω is symmetric when α ∈ R ∩ T(−1

2
, 1
2
), i.e., α = 0,−1. If α = −1 then ω(z) = 1

z−1

and so T ∗
ω does not have a selfadjoint extension for α = −1. So T ∗

ω has a self-adjoint extension
only when α = 0.

1.4 Outline of rest of the thesis

In Chapter 2, the basic properties, as well as Fredholm characteristics of the Toeplitz-like
operator Tω(H

p → Hp), where ω is a rational function with poles on T are discussed. In
addition, a matrix representation is illustrated. This chapter appeared as:

G.J. Groenewald, S. ter Horst, J. Jaftha, A.C.M. Ran, A Toeplitz-like operator with ra-
tional symbol having poles on the unit circle I: Fredholm properties, Oper. Theory AdvȦppl.,
Vol. 271 (2018), 239 - 268.

Chapter 3 continuous the analysis of a Toeplitz-like operator with a rational symbol
having a pole on T. A description of the spectrum of the Toeplitz-like operator, Tω, is given,
as well its various parts, i.e., the point spectrum, residual spectrum and the continuous
spectrum. Various examples are given that illustrates the results. This chapter appeared as:

G.J. Groenewald, S. ter Horst, J. Jaftha, A.C.M. Ran, A Toeplitz-like operator with
rational symbol having poles on the unit circle II: The adjoint, Oper. Theory Adv. Appl.,
Vol. 272 (2019), 133 - 154.

In Chapter 4, we continue the analysis of the Toeplitz-like operator with rational symbol
having a pole on T. The adjoint of the Toeplitz-like operator, Tω(H

p → Hp), is discussed.
In case p = 2, conditions are given when T ⋆ is symmetric and when it has a self-adjoint
extension. This chapter is accepted for publication and will appear as:

G.J. Groenewald, S. ter Horst, J. Jaftha, A.C.M. Ran, A Toeplitz-like operator with
rational symbol having poles on the unit circle III: The spectrum, Integral Equations and
Operator Theory (to appear).
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In Chapter 5, the analysis of the Toeplitz-like operators is extended to operators with
matrix valued functions as symbols. The basic properties and the Fredholm characteristics
of Toeplitz-like operator TΩ(H

p
m → Hp

m) are discussed. A Wiener-Hopf type factorization of
rational matrix functions with poles and zeroes on T are introduced that is used to describe
the Fredholm characteristics.
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[27] G. Szegö, On certain hermitian forms associated with the Fourier series of a positive
function, Festschrift Marcel Riesz, Lund 1952, 228-238.

31



[28] O. Toeplitz, Zur Transformation der Scharen bilinearer Formen von unendlichvie-
len Veränderlichen, Nachr. der Kgl. Gesellschaft der Wissenschaften zu Göttingen,
Mathematisch-physikalische Klasse (1907), 110 - 115.

[29] H. Widom, On the spectrum of a Toeplitz operator, Pacific J. Math. 14 (1964), 365 -
375.

[30] E. Witten, Quantum field theory and the Jones polynomial, Commun. Math. Phys. 121
(1989) 351 - 398.

[31] Z. Zhu and M. Wakin, Time-limited Toeplitz operators on Abelian groups: Applications
in Information Theory and Subspace approximation, CoRR, vol. abs/1711.07956, 2017.
(Online). Available: http://arxiv.org/abs/1711.07956 .

32



Chapter 2

Fredholm properties

Abstract. In this paper a definition is given for an unbounded Toeplitz-like operator with rational

symbol which has poles on the unit circle. It is shown that the operator is Fredholm if and only if

the symbol has no zeroes on the unit circle, and a formula for the index is given as well. Finally, a

matrix representation of the operator is discussed. 1

Mathematics Subject Classification (2010). Primary 47B35, 47A53; Secondary 47A68.

Keywords. Toeplitz operators, unbounded operators, Fredholm properties.

2.1 Introduction

The Toeplitz operator Tω on Hp = Hp(D), 1 < p < ∞, over the unit disc D with rational
symbol ω having no poles on the unit circle T is the bounded linear operator defined by

Tω : Hp → Hp, Tωf = Pωf (f ∈ Hp),

with P the Riesz projection of Lp = Lp(T) ontoHp. This operator, and many of its variations,
has been extensively studied in the literature, cf., [1, 3, 5, 16] and the references given there.

In this chapter the case where ω is allowed to have poles on the unit circle is considered.
Let Rat denote the space of rational complex functions, and Rat0 the subspace of strictly
proper rational complex functions. We will also need the subspaces Rat(T) and Rat0(T) of
Rat consisting of the rational functions in Rat with all poles on T and the strictly proper
rational functions in Rat with all poles on T, respectively. For ω ∈ Rat, possibly having
poles on T, we define a Toeplitz-like operator Tω(H

p → Hp), for 1 < p <∞, as follows:

Dom(Tω)={g ∈ Hp |ωg = f + ρ with f ∈Lp, ρ∈Rat0(T)} , Tωg = Pf. (2.1.1)

1Up to some minor modifications, this chapter has been published as
G.J. Groenewald, S. ter Horst, J. Jaftha and A.C.M. Ran, A Toeplitz-like operator with rational symbol
having poles on the unit circle I: Fredholm properties, Oper. Theory Adv. Appl., Vol. 271 (2018), 239 – 268.

33



Note that in case ω has no poles on T, then ω ∈ L∞ and the Toeplitz-like operator Tω defined
above coincides with the classical Toeplitz operator Tω on Hp. In general, for ω ∈ Rat, the
operator Tω is a well-defined, closed, densely defined linear operator. By the Euclidean divi-
sion algorithm, one easily verifies that all polynomials are contained in Dom(Tω). Moreover,
it can be verified that Dom(Tω) is invariant under the forward shift operator Tz and that
the following classical result holds:

Tz−1TωTzf = Tωf, f ∈ Dom(Tω).

These basic properties are derived in Section 2.2.
This definition is somewhat different from earlier definitions of unbounded Toeplitz-like

operators, as discussed in more detail in a separate part, later in this introduction. The
fact that all polynomials are contained in Dom(Tω), which is not the case in several of
the definitions in earlier publications, enables us to determine a matrix representation with
respect to the standard basis of Hp and derive results on the convergence behaviour of the
matrix entries; see Theorem 2.1.3 below.

In this chapter we are specifically interested in the Fredholm properties of Tω. For the
case that ω has no poles on T, when Tω is a classical Toeplitz operator, the operator Tω is
Fredholm if and only if ω has no zeroes on T, a result of R. Douglas; cf., Theorem 2.65 in
[1] and Theorem 10 in [17]. This result remains true in case ω ∈ Rat. We use the standard
definitions of Fredholmness and Fredholm index for an unbounded operator, as given in [4],
Section IV.2: a closed linear operator which has a finite dimensional kernel and for which the
range has a finite dimensional complement is called a Fredholm operator, and the index is
defined by the difference of the dimension of the kernel and the dimension of the complement
of the range. Note that a closed Fredholm operator in a Banach space necessarily has a closed
range ([4], Corollary IV.1.13).The main results on unbounded Fredholm operators can be
found in [4], Chapters IV and V.

Theorem 2.1.1. Let ω ∈ Rat. Then Tω is Fredholm if and only if ω has no zeroes on T.
Moreover, in that case the index of Tω is given by

Index (Tω) = ♯

{
poles of ω in D multi.
taken into account

}
− ♯

{
zeroes of ω in D multi.
taken into account

}
.

It should be noted that when we talk of poles and zeroes of ω these do not include the
poles or zeroes at infinity.

The result of Theorem 2.1.1 may also be expressed in terms of the winding number as
follows: Index (Tω) = − limr↓1wind (ω|rT). In the case where ω is continuous on the unit
circle and has no zeroes there, it is well-known that the index of the Fredholm operator Tω
is given by the negative of the winding number of the curve ω(T) with respect to zero (see,
e.g., [1], or [6], Theorem XVI.2.4). However, if ω has poles on the unit circle, the limit limr↓1
cannot be replaced by either limr→1 or limr↑1 in this formula.

The proof of Theorem 2.1.1 is given in Section 2.5. It relies heavily on the following
analogue of Wiener-Hopf factorization given in Lemma 2.5.1: for ω ∈ Rat we can write
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ω(z) = ω−(z)(z
κω0(z))ω+(z) where κ is the difference between the number of zeroes of ω

in D and the number of poles of ω in D, ω− has no poles or zeroes outside D, ω+ has no
poles or zeroes inside D and ω0 has all its poles and zeroes on T. Based on the choice of
the domain as in (2.1.1) it can then be shown that Tω = Tω−Tzκω0Tω+ . This factorization
eventually allows to reduce the proof of Theorem 2.1.1 to the case where ω has only poles on
T. It also allows us to characterize invertibility of Tω and to give a formula for the inverse
of Tω in case it exists.

If ω has only poles on T, i.e., ω ∈ Rat(T), then we have a more complete description of
Tω in case it is a Fredholm operator. Here and in the remainder of the chapter, we let P
denote the space of complex polynomials in z, i.e., P = C[z], and Pn ⊂ P the subspace of
polynomials of degree at most n.

Theorem 2.1.2. Let ω ∈ Rat(T), say ω = s/q with s, q ∈ P co-prime. Then Tω is Fredholm
if and only if ω has no zeroes on T. Assume s has no roots on T and factor s as s = s−s+
with s− and s+ having roots only inside and outside T, respectively. Then

Dom(Tω) = qHp + Pdeg(q)−1, Ran(Tω) = sHp + P̃ ,

Ker(Tω) =

{
r0
s+

| deg(r0) < deg(q)− deg(s−)

}
.

(2.1.2)

Here P̃ is the subspace of Pdeg(s)−1 given by

P̃ = {r ∈ P | rq = r1s+ r2 for r1, r2 ∈ Pdeg(q)−1}.

Moreover, a complement of Ran(Tω) in H
p is given by Pdeg(s−)−deg(q)−1 (to be interpreted as

{0} in case deg(s−) ≤ deg(q)). In particular, Tω is either injective or surjective, and both
injective and surjective if and only if deg(s−) = deg(q), and the Fredholm index of Tω is
given by

Index (Tω) = ♯

{
poles of ω multi.
taken into account

}
− ♯

{
zeroes of ω in D multi.
taken into account

}
.

The proof of Theorem 2.1.2 is given in Section 2.4. In case ω has zeroes on T, so that Tω
is not Fredholm, part of the claims of Theorem 2.1.2 remain valid, after slight reformulation.
For instance, the formula for Ker(Tω) holds provided that the roots of s on T are included in
s+ (see Lemma 2.4.1) and of the identities for Dom(Tω) and Ran(Tω) only one-sided inclusions
are proved in case zeroes on T are present (see Proposition 2.4.5 for further detail).

Since all polynomials are in the domain of Tω we can write down the matrix representation
of Tω with respect to the standard basis of Hp. It turns out that this matrix representation
has the form of a Toeplitz matrix. In addition, there is an assertion on the growth of the
coefficients in the upper triangular part of the matrix.
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Theorem 2.1.3. Let ω ∈ Rat possibly with poles on T. Then we can write the matrix
representation [Tω] of Tω with respect to the standard basis {zn}∞n=0 of Hp as

[Tω] =


a0 a−1 a−2 a−3 a−4 · · ·
a1 a0 a−1 a−2 a−3 · · ·
a2 a1 a0 a−1 a−2 · · ·
...

. . .

 .

In addition a−j = O(jM−1) for j ≥ 1 where M is the largest order of the poles of ω in T and
(aj)

∞
j=0 ∈ ℓ2.

In subsequent chapters we will discuss further properties of the class of Toeplitz operators
given by (2.1.1). In particular, in [7] the spectral properties of such operators are discussed.
In further subsequent chapters a formula for the adjoint will be given, and several properties
of the adjoint will be presented, and the matrix case will be discussed.

Connections to earlier work on unbounded Toeplitz operators Several authors
have considered unbounded Toeplitz operators before. In the following we shall distinguish
between several definitions by using superscripts.

For ω : T → C the Toeplitz operator is defined usually by Tωf = Pωf with domain
given by Dom(Tω) = {f ∈ Hp | ωf ∈ Lp}, see e.g., [9]. Note that for ω rational with a
pole on T this is a smaller set than in our definition (2.1.1). To distinguish between the
two operators, we denote the classical operator by T cl

ω . Hartman and Wintner have shown
in [9] that the Toeplitz operator T cl

ω is bounded if and only if its symbol is in L∞, as was
established earlier by Otto Toeplitz in the case of symmetric operators. Hartman, in [8],
investigated unbounded Toeplitz operators on ℓ2 (equivalently on H2) with L2-symbols. The
operator in [8] is given by

Dom(THr
ω ) = {f ∈ H2 | ωf = g1 + g2 ∈ L1, g1 ∈ H2, g2 ∈ zH1}, THr

ω f = g1.

Observe the similarity with the definition (2.1.1). These operators are not bounded, unless
ω ∈ L∞. Note that the class of symbols discussed in the current chapter does not fall into this
category, as a rational function with a pole on T is not in L2. The Toeplitz operator THr

ω with
L2-symbol is necessarily densely defined as its domain would contain the polynomials. The
operator THr

ω is an adjoint operator and so it is closed. Necessary and sufficient conditions
for invertibility have been established for the case where ω is real-valued on T in terms of
ω ± i. Of course, THr

ω is symmetric in this case.
In [14] Rovnyak considered a Toeplitz operator in H2 with real-valued L2 symbolW such

that log(W ) ∈ L1. The operator is symmetric and densely defined via a construction of a
resolvent involving a Reproducing Kernel Hilbert Space. This leads to a self-adjoint operator
and clearly, the construction is very different from the approach taken in the current chapter.

Janas, in [11], considered Toeplitz operators in the Bargmann-Segal space B of Gaussian
square integrable entire functions in Cn. The Bargmann-Segal space is also referred to as the
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Fock space or the Fisher space in the literature. The symbol of the operator is a measurable
function. A Toeplitz-like operator, T J

ω , is introduced as

Dom(T J
ω) ={f ∈ B | ωf= h+ r, h ∈ B,

∫
rp dµ = 0, for all p ∈ P}, T J

ωf = h.

Again, observe the similarity with the definition (2.1.1). Consider also the operator T cl,B
ω on

the domain {f ∈ B | ωf ∈ L2(µ)} with T cl,B
ω f = Pωf . It is shown in [11] that

1. T cl,B
ω ⊂ T J

ω , i.e. T
J
ω is an extension of the Toeplitz operator T cl,B

ω ,

2. T J
ω is closed,

3. T cl,B
ω is closable whenever Dom(T cl,B

ω ) is dense in B,

4. if P ⊂ Dom(T cl,B
ω ) and ω is an entire function then T cl,B

ω = T J
ω .

Let N+ be the Smirnov class of holomorphic functions in D that consists of quotients
of functions in H∞ with the denominator an outer function. Note that a nonzero function
ω ∈ N+ can always be written uniquely as ω = b

a
where a and b are in the unit ball of H∞, a

an outer function, a(0) > 0 and |a|2 + |b|2 = 1 on T, see [15, Proposition 3.1]. This is called
the canonical representation of ω ∈ N+. For ω ∈ N+ the Toeplitz operator THe

ω on H2 is
defined by Helson in [10] and Sarason in [15] as the multiplication operator with domain

Dom(THe
ω ) = {f ∈ H2 | ωf ∈ H2}

and so this is a closed operator. Note that although a rational function with poles only on
the unit circle is in the Smirnov class, the definition of the domain in (2.1.1) is different
from the one used in [15]. In fact, for ω ∈ Rat(T), the operator (2.1.1) is an extension of
the operator THe

ω , i.e., THe
ω ⊂ Tω. In [15] it is shown that if Dom(THe

ω ) is dense in H2 then
ω ∈ N+. Also, if ω has canonical representation ω = b

a
then Dom(THe

ω ) = aH2; compare
with (2.1.2) to see the difference. By extending our domain as in (2.1.1), our Toeplitz-like
operator Tω is densely defined for any ω ∈ Rat, i.e., poles inside D are allowed.

Helson in [10] studied THe
ω in H2 where ω ∈ N+ with ω real-valued on T. In this case THe

ω

is symmetric, and Helson showed among other things that THe
ω has finite deficiency indices

if and only if ω is a rational function.

Overview The chapter consists of six sections, including the current introduction. In
Section 2.2 we prove several basic results concerning the Toeplitz-like operator Tω. In the
following section, Section 2.3, we look at division with remainder by a polynomial in Hp.
The results in this section form the basis of many of the proofs in subsequent sections, and
may be of independent interest. Section 2.4 is devoted to the case where ω is in Rat(T). Here
we prove Theorem 2.1.2. In Section 2.5 we prove the Fredholm result for general ω ∈ Rat,
Theorem 2.1.1, and in Section 2.6 we prove Theorem 2.1.3 on the matrix representation of
Tω. Finally, in Section 2.7 we discuss three examples that illustrate the main results of the
chapter.
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Notation We shall use the following notation, most of which is standard: P is the space
of polynomials (of any degree) in one variable; Pn is the subspace of polynomials of degree
at most n. Throughout, Kp denotes the standard complement of Hp in Lp; W+ denotes
the analytic Wiener algebra on D, that is, power series f(z) =

∑∞
n=0 fnz

n with absolutely
summable Taylor coefficients, hence analytic on D and continuous on D. In particular,
P ⊂ W+ ⊂ Lp for each p.

2.2 Basic properties of Tω

In this section we derive some basic properties of the Toeplitz-like operator Tω as defined in
(2.1.1). The main result is the following proposition.

Proposition 2.2.1. Let ω ∈ Rat, possibly having poles on T. Then Tω is a well-defined
closed linear operator on Hp with a dense domain which is invariant under the forward
shift operator Tz. More specifically, the subspace P of polynomials is contained in Dom(Tω).
Moreover, Tz−1TωTzf = Tωf for f ∈ Dom(Tω).

The proof of the well-definedness relies on the following well-known result.

Lemma 2.2.2. Let ψ ∈ Rat have a pole on T. Then ψ 6∈ Lp. In particular, the intersection
of Rat0(T) and Lp consists of the zero function only.

Indeed, if ψ ∈ Rat has a pole at α ∈ T of order n, then |ψ(z)| ∼ |z−α|−n as z → α, and
therefore the integral

∫
T |ψ(z)|

p dz diverges.

Proof of well-definedness claim of Proposition 2.2.1. Let g ∈ Dom(Tω) and assume
f1, f2 ∈ Lp and ρ1, ρ2 ∈ Rat0(T) such that f1 + ρ1 = ωg = f2 + ρ2. Then f1 − f2 = ρ2 − ρ1 ∈
Lp ∩ Rat0(T). By Lemma 2.2.2 we have f1 − f2 = ρ2 − ρ1 = 0, i.e., f1 = f2 and ρ1 = ρ2.
Hence f and ρ in the definition of Dom(Tω) are uniquely determined. From this and the
definition of Tω it is clear that Tω is a well-defined linear operator.

In order to show that Tω is a closed operator, we need the following alternative formula
for Dom(Tω) for the case where ω ∈ Rat(T).

Lemma 2.2.3. Let ω ∈ Rat(T), say ω = s/q with s, q ∈ P co-prime. Then

Dom(Tω) = {g ∈ Hp : ωg = h+ r/q, h ∈ Hp, r ∈ Pdeg(q)−1}, Tωg = h. (2.2.1)

Moreover, Dom(Tω) is invariant under the forward shift operator Tz and

Tz−1TωTzf = Tωf f ∈ Dom(Tω).

Proof. Assume g ∈ Hp with ωg = h+ r/q, where h ∈ Hp and r ∈ Pdeg(q)−1. Since H
p ⊂ Lp

and r/q ∈ Rat0(T), clearly g ∈ Dom(Tω) and Tωg = Ph = h. Thus it remains to prove the
reverse implication.
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Assume g ∈ Dom(Tω), say ωg = f+ρ, where f ∈ Lp and ρ ∈ Rat0(T). Since ρ ∈ Rat0(T),
we can write qρ as qρ = r0 + ρ0 with r0 ∈ Pdeg(q)−1 and ρ0 ∈ Rat0(T). Then

sg = qωg = qf + qρ = qf + r0 + ρ0, i.e., ρ0 = sg − qf − r0 ∈ Lp.

By Lemma 2.2.2 we find that ρ0 ≡ 0. Thus sg = qf + r0. Next write f = h+ k with h ∈ Hp

and k ∈ Kp. Then qk has the form qk = r1 + k1 with r1 ∈ Pdeg(q)−1 and k1 ∈ Kp. Thus

sg = qh+ qk + r0 = qh+ k1 + r1 + r0, i.e., k1 = sg − qh− r1 − r0 ∈ Hp.

Since also k1 ∈ Kp, this shows that k1 ≡ 0, and we find that sg = qh+ r with r = r0 + r1 ∈
Pdeg(q)−1. Dividing by q gives ωg = h+ r/q with h ∈ Hp as claimed.

Finally, we prove that Dom(Tω) is invariant under Tz. Let f ∈ Dom(Tω), say sf = qh+ r
with h ∈ Hp and r ∈ Pdeg(q)−1. Then szf = qzh + zr. Now write zr = cq + r0 with c ∈ C
and r0 ∈ Pdeg(q)−1. Then szf = q(zh + c) + r0 is in qHp + Pdeg(q)−1. Thus zf ∈ Dom(Tω),
and TωTzf = zh+ c. Hence Tz−1TωTzf = h = Tωf as claimed.

Lemma 2.2.4. Let ω ∈ Rat. Then ω = ω0 + ω1 with ω0 ∈ Rat0(T) and ω1 ∈ Rat with no
poles on T. Moreover, ω0 and ω1 are uniquely determined by ω and the poles of ω0 and ω1

correspond to the poles of ω on and off T, respectively.

Proof. The existence of the decomposition follows from the partial fraction decomposition
of ω into the sum of a polynomial and elementary fractions of the form c/(z − zk)

n.
To obtain the uniqueness, split ω1 into the sum of a strictly proper rational function ν1

and a polynomial p1. Assume also ω = ω′
0 + ν ′1 + p′1 with ω′

0 in Rat0(T), ν ′1 ∈ Rat0 with no
poles on T and p′1 a polynomial. Then (ω0 − ω′

0) + (ω1 − ω′
1) = p′1 − p1 is in Rat0 ∩ P , and

hence is zero. So p1 = p′1. Then ω0 − ω′
0 = ω′

1 − ω1 is in Rat0 and has no poles on C, and
hence it is the zero function.

Proof of closedness claim of Proposition 2.2.1. By Lemma 2.2.4, ω ∈ Rat can be
written as ω = ω0 + ω1 with ω0 ∈ Rat0(T) and ω1 ∈ Rat with no poles on T, hence
ω1 ∈ L∞. Then Tω = Tω0 +Tω1 and Tω1 is bounded on Hp. It follows that Tω is closed if and
only if Tω0 is closed. Hence, without loss of generality we may assume ω ∈ Rat0(T), which
we will do in the remainder of the proof.

Say ω = s/q with s, q ∈ P co-prime, q having roots only on T and deg(s) < deg(q). Let
g1, g2, . . . be a sequence in Dom(Tω) such that in Hp we have

gn → g ∈ Hp and Tωgn → h ∈ Hp as n→ ∞. (2.2.2)

We have to prove that g ∈ Dom(Tω) and Tωg = h. Applying Lemma 2.2.3 above, we know
that ωgn = hn + rn/q with hn ∈ Hp and rn ∈ Pdeg(q)−1. Moreover hn = Tωgn → h. Using
(2.2.2) it follows that

rn = sgn − qhn → sg − qh =: r as n→ ∞, with convergence in Hp.

Since deg(rn) < deg(q) for each n, it follows that r = limn→∞ rn is also a polynomial with
deg(r) < deg(q). Thus r/q ∈ Rat0(T), and r = sg − qh implies that ωg = h + r/q. Thus
g ∈ Dom(Tω) and Tωg = h. We conclude that Tω is closed.
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Proof of Proposition 2.2.1. In the preceding two parts of the proof we showed all claims
except that Dom(Tω) contains P and is invariant under Tz. Again write ω as ω = ω0 + ω1

with ω0 ∈ Rat0(T) and ω1 ∈ Rat with no poles on T. Let r ∈ P . Then ωr = ω0r + ω1r.
We have ω1r ∈ Rat with no poles on T, hence ω1r ∈ Lp. By Euclidean division, ω0r =
ψ + r0 with ψ ∈ Rat0(T) (having the same denominator as ω0) and r0 ∈ P ⊂ Lp. Hence
ωr ∈ Lp + Rat0(T), so that r ∈ Dom(Tω). This shows P ⊂ Dom(Tω). Finally, we have
Dom(Tω) = Dom(Tω0) and it follows by the last claim of Lemma 2.2.3 that Dom(Tω0) is
invariant under Tz.

2.3 Intermezzo: Division with remainder by a polyno-

mial in Hp

Let s ∈ P , s 6≡ 0. The Euclidean division algorithm says that for any v ∈ P there exist
unique u, r ∈ P with v = us + r and deg(r) < deg(s). If deg(v) ≥ deg(s), then deg(v) =
deg(s) + deg(u). We can reformulate this as:

P = sP+̇Pdeg(s)−1 and Pn = sPn−deg(s)+̇Pdeg(s)−1, n ≥ deg(s),

with +̇ indicating direct sum. What happens when P is replaced with a class of analytic
functions, say by Hp, p ≥ 0? That is, for s ∈ P , s 6≡ 0, when do we have

Hp = sHp + Pdeg(s)−1? (2.3.1)

Since P ⊂ Hp, we know that P = sP+̇Pdeg(s)−1 ⊂ sHp + Pdeg(s)−1. Hence sHp + Pdeg(s)−1

contains a dense (non-closed) subspace of Hp. Thus question (2.3.1) is equivalent to asking
whether sHp+Pdeg(s)−1 is closed. The following theorem provides a full answer to the above
question.

Theorem 2.3.1. Let s ∈ P, s 6≡ 0. Then Hp = sHp+Pdeg(s)−1 if and only if s has no roots
on the unit circle T.

Another question is, even if s has no roots on T, whether sHp+Pdeg(s)−1 is a direct sum.
This does not have to be the case. In fact, if s has only roots outside T, then 1/s ∈ H∞

and sHp = Hp, so that sHp + Pdeg(s)−1 is not a direct sum, unless if s is constant. Clearly,
a similar phenomenon occurs if only part of the roots of s are outside T. In case all roots of
s are inside T, then the sum is a direct sum.

Proposition 2.3.2. Let s ∈ P, s 6≡ 0 and having no roots on T. Write s = s−s+ with
s−, s+ ∈ P having roots inside and outside T, respectively. Then Hp = sHp+Pdeg(s−)−1 is a
direct sum decomposition of Hp. In particular, sHp +Pdeg(s)−1 is a direct sum if and only if
s has all its roots inside T.

We also consider the question whether there are functions in Hp that are not in sHp +
Pdeg(s)−1 and that can be divided by another polynomial q. This turns out to be the case
precisely when s has a root on T which is not a root of q.
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Theorem 2.3.3. Let s, q ∈ P, s, q 6≡ 0. Then there exists a f ∈ qHp which is not in
sHp + Pdeg(s)−1 if and only if s has a root on T which is not a root of q.

In order to prove the above results we first prove a few lemmas.

Lemma 2.3.4. Let s ∈ P and α ∈ C a root of s. Then sHp + Pdeg(s)−1 ⊂ (z − α)Hp + C.

Proof. Since s(α) = 0, we have s(z) = (z − α)s0(z) for some s0 ∈ P , deg(s0) = deg(s)− 1.
Let f = sg+ r ∈ sHp+Pdeg(s)−1. Then r(z) = (z−α)r0(z)+ c for a r0 ∈ P and c ∈ C. This
yields

f(z) = s(z)g(z) + r(z) = (z − α)(s0(z)g(z) + r0(z)) + c ∈ (z − α)Hp + C.

Lemma 2.3.5. Let α ∈ T. Then there exists a f ∈ W+ such that f 6∈ (z − α)Hp + C.

Proof. By rotational symmetry we may assume without loss of generality that α = 1. Let
hn ↓ 0 such that h(z) =

∑∞
n=0 hnz

n is analytic on D but h 6∈ Hp. Define f0, f1, . . . recursively
by

f0 = −h0, fn+1 = (hn − hn+1), n ≥ 0.

Then f(z) = (z − 1)h(z) and
∑N

k=0 |fk| = 2h0 − hN → 2h0. Hence the Taylor coefficients of
f(z) =

∑∞
k=0 fkz

k are absolutely summable and thus f ∈ W+.
Now assume f ∈ (z − 1)Hp + C, say f = (z − 1)g + c for g ∈ Hp and c ∈ C. Then

h = g + c/(z − 1). Since the Taylor coefficients of c/(z − 1) have to go to zero, we obtain
c = 0 and h = g, which contradicts the assumption h /∈ Hp.

Proof of Theorem 2.3.1. Assume s has no roots on T. Since s ∈ P ⊂ H∞, we know from
Theorem 8 of [17] that the range of the multiplication operator of s on Hp is closed (i.e.,
sHp closed in Hp) if and only if |s| is bounded away from zero on T. Since s is a polynomial,
the latter is equivalent to s having no roots on T. Hence sHp is closed. Since Pdeg(s)−1 is a
finite dimensional subspace of Hp, and thus closed, we obtain that sHp + Pdeg(s)−1 is closed
[2, Chapter 3, Proposition 4.3]. Also, sHp + Pdeg(s)−1 contains the dense subspace P of Hp,
therefore sHp + Pdeg(s)−1 = Hp.

Conversely, assume s has a root α ∈ T. Then by Lemmas 2.3.4 and 2.3.5 we know
sHp + Pdeg(s)−1 ⊂ (z − α)Hp + C 6= Hp.

Proof of Proposition 2.3.2. Assume s ∈ P has no roots on T. Write s = s−s+ with
s−, s+ ∈ P , s− having only roots inside T and s+ having only roots outside T. Assume s
has roots outside T, i.e., deg(s+) > 0. Then 1/s+ is in H∞ and s+H

p = Hp and hence
sHp = s−H

p. Using Theorem 2.3.1, this implies that

Hp = s−H
p + Pdeg(s−)−1 = sHp + Pdeg(s−)−1.

Next we show that sHp + Pdeg(s−)−1 is a direct sum. Let f = sh1 + r1 = sh2 + r2 ∈
sHp + Pdeg(s−)−1 with h1, h2 ∈ Hp, r1, r2 ∈ Pdeg(s−)−1. Then r1 − r2 = s(h2 − h1). Clearly,
each root α of s− with multiplicity n, is also a root of s with multiplicity n. Evaluate both
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sides of r1 − r2 = s(h2 − h1) at α, possible since α ∈ D, as well as the identities obtained
by taking derivatives on both sides up to order n − 1, this yields dm

dzm
(r1 − r2)(α) = 0 for

m = 0 . . . n − 1. Since deg(r1 − r2) < deg(s−), this can only occur when r1 − r2 ≡ 0, i.e.,
r1 = r2. We thus arrive at s(h2 − h1) ≡ 0. Since s has no roots on T, we have 1/s ∈ L∞ so
that h2 − h1 = s−1s(h2 − h1) ≡ 0 as a function in Lp. Hence h1 = h2 in Lp, but then also
h1 = h2 in Hp. Hence we have shown sHp + Pdeg(s−)−1 is a direct sum.

In case s has all its roots inside T, we have s = s− and thus Pdeg(s)−1 = Pdeg(s−)−1

so that sHp + Pdeg(s)−1 is a direct sum. Conversely, if s has a root outside T, we have
deg(s−) < deg(s) and the identity sHp + Pdeg(s)−1 = sHp + Pdeg(s−)−1 shows that any
r ∈ Pdeg(s)−1 with deg(r) ≥ deg(s−) can be written as r = 0 + r ∈ sHp + Pdeg(s)−1 and
as r = sh + r′ ∈ sHp + Pdeg(s)−1 with deg(r′) < deg(s−) and h ∈ Hp, h 6≡ 0. Hence
sHp + Pdeg(s)−1 is not a direct sum.

Proof of Theorem 2.3.3. Assume all roots of s on T are also roots of q. Let f = qf̃ ∈ qHp.
Factor s = s+s0s− as before. Then q = s0q̂ for some q̂ ∈ P . From Theorem 2.3.1 we know
that s−s+H

p + Pdeg(s−s+)−1 = Hp. Hence q̂f̃ = s−s+f̂ + r with f̂ ∈ Hp and r ∈ P with
deg(r) < deg(s−s+). Thus

fqf̃ = s0q̂f̃ = sf̂ + s0r ∈ sHp + Pdeg(s)−1,

where we used deg(s0r) = deg(s0) + deg(r) < deg(s0) + deg(s−s+) = deg(s). Hence qHp ⊂
sHp + Pdeg(s)−1.

Conversely, assume α ∈ T such that s(α) = 0 and q(α) 6= 0. By Lemma 2.3.5 there

exists a f̃ ∈ W+ ⊂ Hp which is not in (z − α)Hp + C, and hence not in sHp + Pdeg(s)−1, by

Lemma 2.3.4. Now set f = qf̃ ∈ qHp. We have q(z) = (z − α)q1(z) + c1 for a q1 ∈ P and
c1 = q(α) 6= 0. Assume f ∈ (z − α)Hp + C, say f(z) = (z − α)g(z) + c for a g ∈ Hp and
c ∈ C. Then

((z − α)q1(z) + c1)f̃(z) = q(z)f̃(z) = f(z) = (z − α)g(z) + c.

Hence f̃(z) = (z − α)(g(z)− q1(z)f̃(z))/c1 + c/c1, z ∈ D, which shows f̃ ∈ (z − α)Hp + C,
in contradiction with our assumption. Hence f 6∈ (z − α)Hp + C. This implies, once more
by Lemma 2.3.4, that there exists a f ∈ qHp which is not in sHp + Pdeg(s)−1.

The following lemma will be useful in the sequel.

Lemma 2.3.6. Let q, s+ ∈ P, q, s+ 6≡ 0 be co-prime with s+ having roots only outside T.
Then s−1

+ (qHp + Pdeg(q)−1) = qHp + Pdeg(q)−1.

Proof. Set R := s−1
+ (qHp+Pdeg(q)−1). Since s+ has only roots outside T, we have s−1

+ ∈ H∞

and s−1
+ Hp = Hp. Thus

R = s−1
+ (qHp + Pdeg(q)−1) = qHp + s−1

+ Pdeg(q)−1.
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This implies qHp ⊂ R. Next we show Pdeg(q)−1 ⊂ R. Let r ∈ Pdeg(q)−1. Since P ⊂ qHp +
Pdeg(q)−1, we have rs+ ∈ qHp+Pdeg(q)−1 and thus r = s−1

+ (rs+) ∈ R. Hence qHp+Pdeg(q)−1 ⊂
R.

It remains to prove R ⊂ qHp + Pdeg(q)−1. Let g = s−1
+ (qh + r) ∈ R with h ∈ Hp and

r ∈ Pdeg(q)−1. Since q and s+ have no common roots, there exist polynomials a, b ∈ P with
qa + s+b ≡ 1 and deg(a) < deg(s+), deg(b) < deg(q). Since rb ∈ P ⊂ qHp + Pdeg(q)−1, we
have

s−1
+ r = s−1

+ r(qa+ s+b) = qs−1
+ ra+ rb ∈ qHp + Pdeg(q)−1.

Also qs−1
+ h ∈ qHp, so we have g ∈ qHp + Pdeg(q)−1. This shows that R ⊂ qHp + Pdeg(q)−1

and completes the proof.

Remark 2.3.7. For what other Banach spaces X of analytic functions on D do the above
results hold? Note that the following properties of X = Hp are used:

(1) P ⊂ W+ ⊂ X, and P is dense in X;

(2) W+X ⊂ X;

(3) If g =
∑∞

n=0 gnz
n ∈ X then gn → 0;

(4) If g ∈ X and α ∈ T, then g(z/α) ∈ X as well;

(5) If s ∈ P has no roots on T, then sX is closed in X.

To see item 3 for X = Hp: note that by Hölder’s inequality Hp ⊂ H1, and for p = 1
this follows from the Riemann-Lebesgue Lemma ([12, Theorem I.2.8]), actually a sharper
statement can be made in that case by a theorem of Hardy, see [12, Theorem III 3.16], which
states that if f ∈ H1 then

∑
|fn|n−1 <∞.

Other than X = Hp, 1 < p < ∞, the spaces of analytic functions Ap on D with Taylor
coefficients p-summable, c.f., [13] and reference ([1-5]) given there, also have these properties.

For a function f ∈ Ap the norm ‖f‖Ap is defined as the lp-norm of the sequence (f̂)k of Taylor
coefficients of f . Properties (1), (3) and (4) above are straightforward, property (2) is the
fact that a function in the Wiener algebra is an lp multiplier (see e.g., [13]). It remains to
prove property (5).

Let s be a polynomial with no roots on T, and let fn be a sequence of functions in Ap

such that sfn converges to g in Ap. We have to show the existence of an f ∈ Ap such that
g = sf . Note that fn and g are analytic functions, and convergence of sfn to g in Ap means
that ‖ŝfn − ĝ‖lp → 0. Consider the Toeplitz operator Ts : l

p → lp. Then ŝfn = Tsf̂n. So

‖Tsf̂n − ĝ‖lp → 0. Since s has no roots on T the Toeplitz operator Ts is Fredholm and has

closed range, and since s is a polynomial Ts is injective. Thus there is a unique f̂ ∈ lp such
that Tsf̂ = ĝ. Now define (at least formally) the function f(z) =

∑∞
n=0(f̂)kz

k. Then ŝf = ĝ,
so at least formally s(z)f(z) = g(z). It remains to show that f is analytic on D. To see this,
consider z = r with 0 < r < 1. Then by Hölder’s inequality

∞∑
k=0

|(f̂)k|rk ≤ ‖f̂‖lp
(

∞∑
k=0

rkq

)1/q

= ‖f̂‖lp
(

1

1− rq

)1/q

,
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showing that the series f(z) =
∑∞

n=0(f̂)kz
k is absolutely convergent on D. Since f(z) = g(z)

s(z)

is the quotient of an analytic function and a polynomial it can only have finitely many poles
on D, and since the series for f(z) converges for every z ∈ D it follows that f is analytic in
D.

2.4 Fredholm properties of Tω for ω ∈ Rat(T)
In this section we prove Theorem 2.1.2. We start with the formula for Ker(Tω).

Lemma 2.4.1. Let ω ∈ Rat(T), say ω = s/q with s, q ∈ P co-prime. Write s = s−s0s+
with the roots of s−, s0, s+ inside, on, or outside T, respectively. Then

Ker(Tω) =

{
r̂

s+
| deg(r̂) < deg(q)− (deg(s−) + deg(s0))

}
. (2.4.1)

Proof. If g = r̂/s+ where deg(r̂) < deg(q)− (deg(s−) + deg(s0)), then sg = s−s0r̂ which is
a polynomial with deg(s−s0r̂) < deg(q). Thus ωg = s−s0r̂/q ∈ Rat0(T) which implies that
g ∈ Dom(Tω) and Tωg = 0. Hence g ∈ Ker(Tω). This proves the inclusion ⊃ in the identity
(2.4.1).

Conversely suppose g ∈ KerTω. Then Tωg = 0, i.e., by Lemma 2.2.3 we have ωg = r̂/q or
equivalently sg = r̂ for some r̂ ∈ Pdeg(q)−1. Hence s−s0(s+g) = sg = r̂. Thus g = r̃/s+ with
r̃ := s+g ∈ Hp. Note that s−s0r̃ = r̂, so that r̃ = r̂/(s−s0). Since r̃ ∈ Hp and s−s0 only has
roots in D, the identity r̃ = r̂/(s−s0) can only hold in case s−s0 divides r̂, i.e., r̂ = s−s0r1
for some r1 ∈ P . Then r̃ = r1 ∈ P and we have

deg(r̃) = deg(s+g) = deg(r̂)− deg(s−s0) < deg(q)− (deg(s−) + deg(s0)).

Hence g is included in the right hand side of (2.4.1), and we have also proved the inclusion
⊂. Thus (2.4.1) holds.

We immediately obtain the following corollaries.

Corollary 2.4.2. Let ω ∈ Rat(T). Then

dim(Ker(Tω)) =

= max

{
0, ♯

{
poles of ω, multi.
taken into account

}
− ♯

{
zeroes of ω in D, multi.
taken into account

}}
.

In particular, Tω is injective if and only if the number of zeroes of ω inside D is greater than
or equal to the number of poles of ω (all on T), in both cases with multiplicity taken into
account.

Corollary 2.4.3. Let ω ∈ Rat(T) with all zeroes inside D. Then

Ker(Tω) = {r | deg(r) < deg(q)− deg(s)} ⊂ P .
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Corollary 2.4.4. Let ω ∈ Rat0(T), say ω = s/q with s, q ∈ P co-prime. Then
Pdeg(q)−deg(s)−1 ⊂ Ker(Tω) and thus Tω is not injective.

Next we prove the inclusions for Dom(Tω) and Ran(Tω) in (2.1.2).

Proposition 2.4.5. Let ω ∈ Rat(T), say ω = s/q with s, q ∈ P co-prime. Then

qHp + Pdeg(q)−1 ⊂ Dom(Tω);

Tω(qH
p + Pdeg(q)−1) = sHp + P̃ ⊂ Ran(Tω),

(2.4.2)

where P̃ is the subspace of P given by

P̃ = {r ∈ P | rq = r1s+ r2 for r1, r2 ∈ Pdeg(q)−1} ⊂ Pdeg(s)−1. (2.4.3)

Proof. We start with the first inclusion of (2.4.2). Let g ∈ qHp+Pdeg(q)−1, i.e., g = qh+ r1
where h ∈ Hp and deg(r1) < deg(q). Write sr1 = rq + r2 with deg(r2) < deg(q). Then

deg(r) + deg(q) = deg(rq) = deg(rq + r2) = deg(sr1)

= deg(s) + deg(r1) < deg(s) + deg(q).

Hence deg(r) < deg(s), and we have

ωg = sh+
sr1
q

= (sh+ r) +
r2
q

∈ Hp +Rat0(T).

Hence g ∈ Dom(Tω) and Tωg = sh + r ⊂ sHp + Pdeg(s)−1. This proves the first inclusion in
(2.4.2).

Further, observe that sr1 = rq + r2 implies rq = sr1 − r2 and we have deg(r1) < deg(q)

and deg(r2) < deg(q), so that r ∈ P̃ . This gives the inclusion Tω(qH
p+Pdeg(q)−1) ⊂ sHp+P̃ .

To complete the proof of (2.4.2) it remains to prove the reverse inclusion. Let f ∈ sHp+P̃ ,

say f = sh + r with h ∈ Hp, r ∈ P̃ . Hence qr = r1s + r2 with r1, r2 ∈ Pdeg(q)−1. We seek
g ∈ qHp + Pdeg(q)−1 and r̃ ∈ Pdeg(q)−1 such that ωg = f + r̃/q, or equivalently

sg = qf + r̃ = qsh+ qr + r̃ = sqh+ sr1 + r2 + r̃ = s(qh+ r1) + r2 + r̃.

Since deg(r2) < deg(q), this is clearly satisfied for g = qh + r1 and r̃ = −r2. In particular,
Tω(qh+ r1) = sh+ r. Hence (2.4.2) holds.

In the following lemma we determine a complement of P̃ in Pdeg(s)−1.

Lemma 2.4.6. Let ω ∈ Rat(T), say ω = s/q with s, q ∈ P co-prime. Define P̃ by (2.4.3) and

set Q̃ = Pdeg(s)−deg(q)−1 if deg(s) > deg(q) and Q̃ = {0} otherwise. Then Pdeg(s)−1 = P̃+̇Q̃,

with +̇ indicating a direct sum. In particular, Pdeg(s)−1 = P̃ if and only if deg(s) ≤ deg(q).
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Proof. For deg(s) ≤ deg(q) we have Q̃ = {0}. Hence it is trivial that P̃+Q̃ is a direct sum.
Also, in this case Pdeg(s)−1 ⊂ Pdeg(q)−1 and consequently sHp + Pdeg(q)−1 = sHp + Pdeg(s)−1,
and this subspace of Hp contains all polynomials. In particular, for any r ∈ Pdeg(s)−1 we

have qr ∈ sPdeg(q)−1 + Pdeg(q)−1, which shows r ∈ P̃ . Hence P̃ = Pdeg(s)−1.

Next, assume deg(s) > deg(q). Let r ∈ Q̃, i.e., deg(r) < deg(s) − deg(q). In that case
deg(rq) < deg(s) so that if we write rq as rq = r1s + r2 then r1 ≡ 0 and r2 = rq with
deg(rq) ≥ deg(q). Thus rq is not in sPdeg(q)−1 + Pdeg(q)−1 and, consequently, r is not in

P̃ . Hence P̃ ∩ Q̃ = {0}. It remains to show that P̃ + Q̃ = Pdeg(s)−1. Let r ∈ Pdeg(s)−1.
Then we can write rq as rq = r1s + r2 with deg(r1) < deg(q) and deg(r2) < deg(s).
Next write r2 as r2 = r̃1q + r̃2 with deg(r̃2) < deg(q). Since deg(r2) < deg(s), we have

deg(r̃1) < deg(s)− deg(q). Thus r̃1 ∈ Q̃. Moreover, we have

rq = r1s+ r2 = r1s+ r̃1q + r̃2 = (r1s+ r̃2) + r̃1q, hence (r − r̃1)q = r1s+ r̃2.

Thus r − r̃1 ∈ P̃ , and we can write r = (r − r̃1) + r̃1 ∈ P̃ + Q̃.

We now show that if s has no roots on T, then the reverse inclusions in (2.4.2) also hold.

Theorem 2.4.7. Let ω ∈ Rat(T), say ω = s/q with s, q ∈ P co-prime. Then Tω has closed

range if and only if s has no roots on T, or equivalently, sHp+ P̃ is closed in Hp. In case s
has no roots on T, we have

Dom(Tω) = qHp + Pdeg(q)−1 and Ran(Tω) = sHp + P̃ . (2.4.4)

Proof. The proof is divided into three parts.

Part 1 In the first part we show that s has no roots on T if and only if sHp + P̃ is closed
in Hp. Note that for deg(s) ≤ deg(q) we have P̃ = Pdeg(s)−1, and the claim coincides with

Theorem 2.3.1. For deg(s) > deg(q), define Q̃ as in Lemma 2.4.6, viewed as a subspace of

Hp. Since Q̃ is finite dimensional, Q̃ is closed in Hp. Hence, if sHp + P̃ is closed, then so is
sHp + P̃ + Q̃ = Hp + Pdeg(s)−1. By Theorem 2.3.1, the latter is equivalent to s having no
roots on T. Conversely, if s has no roots on T, then sHp is closed, by Theorem 8 of [17] (see

also the proof of Theorem 2.3.1). Now using that P̃ is finite dimensional, and thus closed in

Hp, it follows that sHp + P̃ is closed.

Part 2 Now we show that sHp + P̃ being closed implies (2.4.4). In particular, this shows
that s having no roots on T implies that Tω has closed range. Note that it suffices to show
Dom(Tω) ⊂ qHp + Pdeg(q)−1, since the equalities in (2.4.4) then follow directly from (2.4.2).

Assume sHp + P̃ is closed. Then also sHp +Pdeg(s)−1 is closed, as observed in the first part
of the proof, and hence sHp + Pdeg(s)−1 = Hp. This also implies s has no roots on T.

Write s = s−s+ with s−, s+ ∈ P , with s− and s+ having roots inside and outside T only,
respectively. Let g ∈ Dom(Tω). Then sg = qh + r for h ∈ Hp and r ∈ Pdeg(q)−1. Note that
sHp = s−H

p, since s+H
p = Hp. By Theorem 2.3.1 we have Hp = sHp + Pdeg(s−)−1. Since

46



h ∈ Hp = sHp+Pdeg(s−)−1, we can write h = sh′+ r′ with h′ ∈ Hp and r′ ∈ Pdeg(s−)−1. Note
that deg(qr′ + r) < deg(s−q). We can thus write qr′ + r = r1s− + r2 with deg(r1) < deg(q)
and deg(r2) < deg(s−). Then

sg = qh+ r = qsh′ + qr′ + r = qsh′ + r1s− + r2 = s(qh′ + r1s
−1
+ ) + r2.

Hence r2 = s(g−qh′−r1s−1
+ ). Since deg(r2) < deg(s−), we can evaluate both sides (as well as

the derivatives on both sides) at the roots of s−, to arrive at r2 ≡ 0. Hence s(g−qh′−r1s−1
+ ) ≡

0. Dividing by s, we find g = qh′ + r1s
−1
+ . Since q and s+ are co-prime and r1 ∈ Pdeg(q)−1,

by Lemma 2.3.6 we have r1s
−1
+ ∈ qHp + Pdeg(q)−1. Thus g = qh′ + r1s

−1
+ ∈ qHp + Pdeg(q)−1.

Part 3 In the last part we show that if s has roots on T, then Tω does not have closed range.
Hence assume s has roots on T. Also assume Ran(Tω) is closed. Since sH

p + P̃ ⊂ Ran(Tω)

and Ran(Tω) is closed, also sHp + P̃ ⊂ Ran(Tω). Since Q̃ is finite dimensional, and hence

closed, sHp + P̃ + Q̃ is closed and we have

sHp + P̃ + Q̃ = sHp + P̃ + Q̃ = sHp + Pdeg(s)−1 = Hp.

Therefore, we have

Hp = sHp + P̃ + Q̃ ⊂ Ran(Tω) + Q̃ ⊂ Hp.

It follows that Ran(Tω) + Q̃ = Hp.
Let h ∈ Hp such that qh 6∈ sHp + Pdeg(s)−1, which exists by Theorem 2.3.3. Write

h = h′ + r′ with h′ ∈ Ran(Tω) and r′ ∈ Q̃. Since h′ ∈ Ran(Tω), there exist g ∈ Hp and
r ∈ Pdeg(q)−1 such that

sg = qh′ + r = q(h− r′) + r = qh− qr′ + r.

Write r as r = sr1 + r2 with r1, r2 ∈ P , deg(r2) < deg(s). Note that r′ ∈ Q̃, so that
deg(qr′) < deg(s). Thus

qh = sg + qr′ − r = sg + qr′ − sr1 − r2 = s(g − r1) + (qr′ − r2) ∈ sHp + Pdeg(s)−1,

in contradiction with qh 6∈ sHp + Pdeg(s)−1. Hence Ran(Tω) is not closed.

When s has no roots on T we have Ran(Tω) = sHp + P̃ and thus, by Lemma 2.4.6,

Ran(Tω) + Q̃ = Hp. However, this need not be a direct sum in case s has roots outside T.
In the next lemma we obtain a different formula for Ran(Tω), for which we can determine a
complement in Hp.

Lemma 2.4.8. Let ω ∈ Rat(T), say ω = s/q with s, q ∈ P co-prime. Assume s has no roots
on T. Write s = s−s+ with the roots of s− and s+ inside and outside T, respectively. Define

P̃− = {r ∈ P | rq = r̂1s− + r̂2 for r̂1, r̂2 ∈ Pdeg(q)−1}
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and define Q̃− = Pdeg(s−)−deg(q)−1 if deg(s−) > deg(q) and Q̃− = {0} if deg(s−) ≤ deg(q).
Then

Ran(Tω) = s−H
p+̇P̃− and Ran(Tω)+̇Q̃− = Hp.

In particular, codimRan(Tω) = max{0, deg(s−)− deg(q)}.

Proof. It suffices to prove that Ran(Tω) = s−H
p + P̃−, that is, sH

p + P̃ = s−H
p + P̃−, by

Theorem 2.4.7. Indeed, the direct sum claims follow since Hp = s−H
p+̇Pdeg(s−) is a direct

sum decomposition of Hp, by Proposition 2.3.2, and Pdeg(s−) = P̃−+̇Q̃− is a direct sum
decomposition of Pdeg(s−), by applying Lemma 2.4.6 with s replaced by s−.

We first show that sHp + P̃ ⊂ s−H
p + P̃−. Let f = sh+ r with h ∈ Hp and r ∈ P̃ , say

rq = sr1 + r2. Then rq = s−(s+r1) + r2. Now write s+r1 = qr̃1 + r̃2 with deg(r̃2) < deg(q).
Since r̃2 and r2 have degree less than deg(q) and

q(r − s−r̃1) = s−(s+r1) + r2 − qs−r̃1 = s−r̃2 + r2,

it follows that r − s−r̃1 ∈ P̃−. Therefore

f = sh+ r = s−(s+h+ r̃1) + (r − s−r̃1) ∈ s−H
p + P̃−.

Thus sHp + P̃ ⊂ s−H
p + P̃−.

To complete the proof we prove the reverse implication. Let f = s−h + r ∈ s−H
p + P̃−

with h ∈ Hp and r ∈ P̃−, say rq = s−r̂1 + r̂2 with r̂1, r̂2 ∈ Pdeg(q)−1. Set

g = s−1
+ (qh+ r̂1) ∈ s−1

+ (qHp + Pdeg(q)−1) = qHp + Pdeg(q)−1,

with the last identity following from Lemma 2.3.6. Then g ∈ Dom(Tω) and Tωg ∈ sHp + P̃ .

We show that Tωg = f resulting in f ∈ sHp + P̃ , as desired. We have

sg = s−(qh+ r̂1) = s−qh+ s−r̂1 = s−qh+ rq − r̂2

= q(s−h+ r)− r̂2 ∈ qHp + Pdeg(q)−1.

This proves Tωg = s−h+ r = f , which completes our proof.

Before proving Theorem 2.1.2 we first give a few direct corollaries.

Corollary 2.4.9. Let ω ∈ Rat(T) have no zeroes on T. Then

codimRan(Tω) =

= max

{
0, ♯

{
zeroes of ω in D multi.
taken into account

}
− ♯

{
poles of ω multi.
taken into account

}}
.

In particular, Tω is surjective if and only if the number of zeroes of ω inside D is less than
or equal to the number of poles of ω (all on T), in both cases with multiplicity taken into
account.
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Corollary 2.4.10. Let ω ∈ Rat(T). Then Tω is Fredholm if and only if ω has no zeroes on
T. In that case the Fredholm index of Tω is given by

Index (Tω) = ♯

{
poles of ω multi.
taken into account

}
− ♯

{
zeroes of ω in D multi.
taken into account

}
.

Corollary 2.4.11. Let ω ∈ Rat(T) have no zeroes on T. Then Tω is either injective or
surjective, and Tω is both injective and surjective if and only if the number of poles of ω
coincides with the number of zeroes inside D.

Proof of Theorem 2.1.2. Theorem 2.1.2 follows by combining the various results from the
present section. The claim that Tω is Fredholm if and only if ω (or equivalently s) has no
zeroes on T along with the formula for the Fredholm index was given in Corollary 2.4.10, as
a consequence of Theorem 2.4.7 and Lemma 2.4.8. The formula for Ker(Tω) in (2.1.2) follows
from Lemma 2.4.1, noting that s0 ≡ 1, and the formulas for Dom(Tω) and Ran(Tω) follow
from Theorem 2.4.7. The formula for a complement of Ran(Tω) is obtained in Lemma 2.4.8,
and, finally, the claims regarding injectivity and surjectivity of Tω are listed in Corollary
2.4.11.

2.5 Fredholm properties of Tω: General case

In this section we prove Theorem 2.1.1 in the general case, i.e., for ω ∈ Rat. In order
to do this we need some preliminary results, which are closely connected to non-canonical
Wiener-Hopf factorization.

Lemma 2.5.1. Let ω ∈ Rat and denote by κ = l+ − l− the difference between the number
l+ of zeroes of ω in D and the number l− of poles of ω in D. Then we can write

ω(z) = ω−(z)(z
κω0(z))ω+(z)

where ω− has no poles or zeroes outside D, ω+ has no poles or zeroes inside D and ω0 has
all its poles and zeroes on T, i.e. ω0 ∈ Rat(T). The functions ω−, ω0, ω+ are unique up to a
multiplicative constant. In this case we have

Tω = Tω−Tzκω0Tω+ .

Proof. Suppose that ω = s/q with s, q ∈ P co-prime, and let s = s−s0s+ where s− is monic
and has all its roots in D, s0 has all its roots on T and s+ has all its roots outside D. Let
q = q−q0q+ be similarly defined, i.e. q− monic with all its roots in D, q0 has all its roots on T
and q+ has all its roots outside D. Let tj, j = 1 . . . l+ be the roots of s− and τj, j = 1, . . . l−

be the roots of q−, possibly with repetitions. Then we can write

s−
q−

=
Πl+

j=1(z − tj)

Πl−
j=1(z − τj)

= zκ
Πl+

j=1(1− tjz
−1)

Πl−
j=1(1− τjz−1)
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where κ = l+ − l−. Put ω0 =
s0
q0
,

ω− =
1

zκ
s−
q−

=
1

zκ
Πl+

j=1(z − tj)

Πl−
j=1(z − τj)

and ω+ = s+
q+
. Then ω− has no zeroes or poles outside D including infinity, as limz→∞ ω−(z) =

1, ω+ has no poles and zeroes inside D, ω0 ∈ Rat(T) and we have the desired factorization
ω = ω−(z

κω0)ω+.
The uniqueness may be seen as follows: clearly κ is uniquely determined by ω. Suppose

ω′
−ω

′
0ω

′
+ = ω−ω0ω+. Then (ω′

−)
−1ω−ω0 = ω′

0ω
′
+(ω+)

−1, and it follows that this is a function
in Rat(T). It is then easily seen that there are constants c0, c−, c+ such that ω′

0 = c0ω0,
ω′
− = c−ω− and ω′

+ = c+ω+, with c−c0c+ = 1.
Note that f ∈ Dom(Tω−Tzκω0Tω+) if and only if

Tω+f = ω+f ∈ Dom(Tω−Tzκω0) = Dom(Tzκω0).

Now let f ∈ Dom(Tω−Tzκω0Tω+). So there are h ∈ Lp and ρ ∈ Rat0(T) with zκω0(ω+f) =
h+ ρ and Tzκω0ω+f = Ph. Furthermore,

ωf = ω−(z
κω0ω+f) = ω−(h+ ρ) = ω−h+ ω−ρ.

Now ω−ρ is a rational function which has poles only in the closed unit disc. Moreover, as
limz→∞ ω−(z) = 1 and ρ ∈ Rat0(T) we have that ω−ρ is strictly proper. Hence, by Lemma
2.2.4, we can write ω−ρ uniquely as ω−ρ = g + ρ′ with g a rational function with poles only
inside D and ρ′ ∈ Rat0(T). Then also g is a strictly proper rational function, as both ω−ρ
and ρ′ are strictly proper. We conclude that

ωf = (ω−h+ g) + ρ′

and since ω−h + g ∈ Lp we have f ∈ Dom(Tω) and Tωf = P(ω−h + g). Now since g is a
rational function which is strictly proper and it has all its poles in D, g has a realization
g(z) = c(z − A)−1b, with A a stable matrix. Then g(z) =

∑∞
j=0

cAjb
zj+1 , and hence Pg = 0.

Thus we see that f ∈ Dom(Tω) and Tωf = P(ω−h).
On the other hand

Tω−Tzκω0Tω+f = Tω−Tzκω0ω+f = Tω−(Ph) = P(ω−Ph).

Write h = h− + h+, where h+ = Ph. Then P(ω−h−) = 0 since both ω− and h− are anti-
analytic. Thus ω−h = ω−h− + ω−h+ and P(ω−h) = P(ω−h+). This implies that

Tω = Tω−Tzκω0Tω+ ,

provided Dom(Tω) is equal to Dom(Tω−Tzκω0Tω+).
We already proved that Dom(Tω−Tzκω0Tω+) ⊂ Dom(Tω). To prove the reverse inclusion,

suppose that f ∈ Dom(Tω). Then there are g ∈ Lp and ρ ∈ Rat0(T) with ωf = g + ρ. Since
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ω−1
− ρ ∈ Rat has poles only in D, by Lemma 2.2.4 we can write ω−1

− ρ uniquely as ω−1
− ρ = g′+ρ′

with g′ strictly proper and with poles only in D and ρ′ ∈ Rat0(T). Also, ω−1
− g ∈ Lp because

ω−1
− has no poles on T. But then zκω0ω+f = ω−1

− g+ω−1
− ρ = (ω−1

− g+g′)+ρ′ is in Lp+Rat0(T).
Hence ω+f ∈ Dom(Tzκω0), which implies f ∈ Dom(Tω−Tzκω0Tω+).

Remark 2.5.2. Compare this with Theorem 16.2.3 of [6] and Proposition 2.14 of [1] from
which it follows that if a, b ∈ H∞, c ∈ L∞ then Tabc = TaTcTb.

Observe that Tω− and Tω+ are bounded and have a bounded inverse, in fact T−1
ω− = Tω−1

−

and T−1
ω+

= Tω−1
+
. Hence the Fredholm properties of Tω are the same as the Fredholm

properties of Tzκω0 . If κ ≥ 0, then these properties are described by the results of the
previous section. It remains to study the case where κ < 0. For this case we have the
following lemma.

Lemma 2.5.3. Let ω ∈ Rat(T) and κ < 0. Then Tzκω = TzκTω. Moreover, TzκTω is
Fredholm if and only if TωTzκ is Fredholm.

Proof. Let ω = s
q
, where s and q are coprime and q has all its roots on T. First we show

that Tzκω = TzκTω.
Let f ∈ Dom(Tω), then ωf = h + ϕ, with h ∈ Lp and ϕ ∈ Rat0(T). Then zκωf =

zκh + zκϕ. Clearly zκh ∈ Lp. Write zκϕ = g′ + ϕ′, where g′ is rational, strictly proper
and has a pole only at zero (recall, κ < 0), and ϕ′ is in Rat0(T); see Lemma 2.2.4. Then
zκωf = (zκh + g′) + ϕ′, and hence f ∈ Dom(Tzκω). This shows Dom(TzκTω) = Dom(Tω) ⊂
Dom(Tzκω).

Conversely, if f ∈ Dom(Tzκω) then there is a g ∈ Lp and a ρ ∈ Rat0(T) such that
zκωf = g + ρ and Tzκωf = Pg. Then ωf = z−κg + z−κρ. Since κ < 0 and ρ ∈ Rat0(T),
we have z−κ ∈ P and, by Euclidean division, we can write z−κρ = r + ψ with r ∈ P−κ−1

and ψ ∈ Rat0(T). Clearly z−κg ∈ Lp. Thus ωf = (z−κg + r) + ψ is in Lp + Rat0(T).
Hence f ∈ Dom(Tω) = Dom(TzκTω) and Tω = Pz−κg + r. In particular, this implies
Dom(TzκTω) = Dom(Tzκω).

To complete the proof of the first claim, it remains to show that

Pg = Tzκωf = TzκTωf = Tzκ(Pz−κg + r) = Pzκ(Pz−κg + r).

Since deg(r) < −κ, we have Pzκr = 0. Thus we have to show that Pg = PzκPz−κg. Write
g(z) =

∑∞
j=−∞ zjgj. Then Pz−κg =

∑∞
j=κ gjz

j−κ. Since κ < 0, we have

PzκPz−κg = P

(
∞∑
j=κ

gjz
j

)
=

∞∑
j=0

gjz
j = Pg,

which finalizes the proof of the claim that Tzκω = TzκTω.
To prove the second part of the statement, we show that the difference TzκTω−TωTzκ is a

bounded finite rank operator, from which the result follows. More specifically, we show that
TzκTω−TωTzκ is zero on z−κHp. Note that z−κDom(Tω) is dense in z

−κHp, since Dom(Tω) is
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dense in Hp. Thus it suffices to show that TzκTωf = TωTzκf for all f = z−κg ∈ z−κDom(Tω);
note that by the last claim of Lemma 2.2.3 we have z−κDom(Tω) ⊂ Dom(Tω) since κ < 0.

Thus, let f = z−κg ∈ z−κDom(Tω), say sg = qh + r with h ∈ Hp and deg(r) < deg(q).
Note that Tzκf = g, so that TωTzκf = Tωg = h. On the other hand, sf = qz−κh +
z−κr = q(z−κh + r2) + r1, where r2, r1 ∈ P , deg(r2) < −κ, deg(r1) < deg(q) are such that
z−κr = qr2 + r1. Then Tωf = z−κh + r2, which shows Tz−κTωf = P(h + zκr2) = h, since
deg(r2) < −κ. Thus TzκTωf = TωTzκf , as claimed, and the proof is complete.

Proof of the Fredholm claim of Theorem 2.1.1. Let ω = s/q ∈ Rat(T) where s and
q are coprime. Put ω = ω−z

κω0ω+ as in Lemma 2.5.1 above, where ω+ has all its poles
and zeroes outside D, ω0 ∈ Rat(T) and ω− has all its poles and zeroes in D. Then Tω =
Tω−Tzκω0Tω+ . Clearly Tω− and Tω+ are boundedly invertible, so Tω is Fredholm if and only
if Tzκω0 is Fredholm.

If κ ≥ 0 it follows from Corollary 2.4.10 that Tzκω0 is Fredholm if and only if ω0 has no
zeroes on T. This proves the Fredholm claim of Theorem 2.1.1 for the case where κ ≥ 0.

Now let κ < 0. Then Tzκω0 = TzκTω0 , by Lemma 2.5.3. Suppose first that ω0 has no
zeroes on T, so that Tω0 is Fredholm by Corollary 2.4.10. As Tzκ is Fredholm as well, TzκTω0

is Fredholm. Conversely, assume Tzκω0 is Fredholm. Then TzκTω0 = Tzκω0 is Fredholm, and
thus Tω0Tzκ is Fredholm, again using Lemma 2.5.3. Now TzκTz−κ = I, and Tz−κ is Fredholm.
Hence (see [4], Theorem IV.2.7) Tω0TzκTz−κ = Tω0 is Fredholm. By Corollary 2.4.10 again,
this implies that ω0 has no zeroes on T, and hence also ω has no zeroes on T.

For ω ∈ L∞ we have the following result by L. A. Coburn (see [1] Theorem 2.38): If
ω ∈ L∞ and ω does not vanish identically then either the kernel of Tω in Hp is trivial or Tω
has dense range in Hp.

For ω ∈ Rat with poles in T the theorem of Coburn does not hold in full generality
but we do have the following, which also proves the second part of Theorem 2.1.1, i.e., the
statement on the index.

Theorem 2.5.4. Let ω ∈ Rat with possibly poles on T. If Tω is Fredholm then

Index (Tω) = ♯

{
poles of ω in D multi.
taken into account

}
− ♯

{
zeroes of ω in D multi.
taken into account

}
.

and Tω is invertible if and only if Index (Tω) = 0, i.e.

♯

{
poles of ω in D multi.
taken into account

}
= ♯

{
zeroes of ω in D multi.
taken into account

}
.

Furthermore, if Tω is Fredholm then Tω is either injective or surjective.

Proof. If Tω is Fredholm then ω has no zeroes on T. Let ω = ω−z
κω0ω+ be the factorization

of ω as in Lemma 2.5.1. Then Tω = Tω−Tzκω0Tω+ . As Tω− and Tω+ are bounded and invertible,
it follows that Index (Tω) = Index (Tzκω0). If κ ≥ 0 then by Corollary 2.4.10

Index (Tzκω0) = ♯

{
poles of ω0 multi.
taken into account

}
− κ.
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Since κ = l+ − l− is the difference between the number of zeroes of ω in the open unit disc
and the number of poles of ω in the open unit disc we see that

Index (Tω) = ♯

{
poles of ω in D multi.
taken into account

}
− ♯

{
zeroes of ω in D multi.
taken into account

}
as stated.

If κ < 0 then, as observed in the proof of the previous lemma, Tzκω0 = TzκTω0 = Tω0Tzκ +
Ψ for some bounded Ψ of finite rank. By [4], Theorem V.2.1 we have Index (Tzκω0) =
Index (Tω0Tzκ), and by [4], Theorem IV.2.7 this is equal to Index (Tω0) + Index (Tzκ) =
Index (Tω0)− κ. From here on the proof is the same as in the case κ ≥ 0.

Clearly, in case Tω is Fredholm, Tω is injective if and only if Tzκω0 is injective, and similarly
Tω is surjective if and only if Tzκω0 is surjective. In case κ ≥ 0 then zκω0 ∈ Rat(T) and
from Corollary 2.4.11 it follows that Tω is either injective or surjective. On the other hand
let κ < 0. For h ∈ Hp, f = (zκω0)

−1h ∈ Dom(Tzκω0) (recall that ω0 has no zeroes on T as
Tω is Fredholm) with Tzκω0f = h showing that Tzκω0 is surjective. In addition, Tzκω0 is not
injective as {zj : j < M} ⊂ Ker(Tzκω0) where M = κ+ ♯{poles of ω0}.

We conclude this section with a characterization of invertibility of Tω and a formula for
the inverse when it exists. Here invertibility means that Tω is bijective, so that the inverse
is bounded. The classical result for continuous symbols is that Tω is invertible if and only if
ω has no zeroes on T and Tω is Fredholm of index zero; the inverse is then provided using
the factors in the Wiener-Hopf factorization [6, Theorem XVI.2.2].

Proposition 2.5.5. Let ω ∈ Rat with at least one pole on T and let κ be the difference
between the number of zeroes of ω in D and the number of poles of ω in D. Then Tω is
invertible if and only if ω has no zeroes on T and κ is also equal to the number of poles of
ω on T. In that case ω factorizes as

ω(z) = ω−(z)
zκ

q0(z)
ω+(z),

where ω− has no poles or zeroes outside D, ω+ has no poles or zeroes inside D and q0 is a
polynomial of degree κ with all its roots on T, and moreover,

T−1
ω = Tω−1

+
T q0

zκ
Tω−1

−
.

Proof. Let ω = ω−(z
κω0)ω+ be the factorization of Lemma 2.5.1. Then Tω− and Tω+ are

invertible with inverses Tω−1
−

and Tω−1
+
, and thus it is seen that the inverse of Tω exists if and

only if the inverse of Tzκω0 exists. Since an invertible operator is certainly Fredholm with
index zero, it follows that ω0 has no zeroes on T, and so ω0 = 1/q0 for some polynomial q0
with roots only on the unit circle. The Fredholm index being zero implies that κ = deg(q0).
Conversely, if ω0 is of this form, then Tzκω0 is one-to-one by Corollary 2.4.2 and onto by
Corollary 2.4.9.
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It remains to show the formula for the inverse, and here too it suffices to show that

T−1
zκ

q0

= T q0
zκ
.

Note that T q0
zκ

is a bounded operator. To show that this is the inverse of T zκ

q0

, let f ∈ Hp and

write q0(z)f(z) = zκh(z) + r(z) where h ∈ Hp and r is a polynomial with deg(r) < κ. Then
T q0

zκ
f = h, and on the other hand, from q0(z)f(z) = zκh(z)+r(z) we have that h ∈ Dom(T zκ

q0

)

with T zκ

q0

h = f .

2.6 Matrix representation

For n ∈ Z, let en be the function en(z) = zn, z ∈ T. Then {en}∞n=0 is the standard basis for
Hp. Where convenient, we shall denote en simply by zn.

Now let ω ∈ Rat with possibly poles on T. Since the polynomials P are contained in
the domain of the closed operator Tω defined in (2.1.1), by inspecting the action of Tω on
the monomials zn and expressing the result as a power series, it is possible to determine a
matrix representation [Tω] of the operator Tω(H

p → Hp) with respect to the basis {en}∞n=0.
In this section we shall prove Theorem 2.1.3, which states that this matrix representation

[Tω] has a Toeplitz structure, i.e., [Tω] = [am−n]
∞
m,n=0 for some sequence (an)n∈Z. Here an

has a polynomial bound, an = O(nj) for some j ∈ N.
We first prove the following lemma, which is an explicit formulation of the Euclidean

algorithm for dividing zN − 1 by (z − 1)m, where m < N .

Lemma 2.6.1. For any natural number N and any m < N

zN − 1 = (z − 1)m
N−m∑
i=0

(
i+m− 1
m− 1

)
zN−m−i +

m−1∑
j=0

(
N
j

)
(z − 1)j. (2.6.1)

Proof. The proof is by induction on m. The case m = 1 is just the well-known formula

zN − 1 = (z − 1)(zN−1 + zN−2 + · · ·+ z + 1).

For m > 1, to show that (2.6.1) holds, we have to prove the following:

N−m∑
i=0

(
i+m− 1
m− 1

)
zN−m−i = (z − 1)

N−m−1∑
i=0

(
i+m
m

)
zN−m−i−1 +

(
N
m

)
. (2.6.2)

To see this, we shall make use of the so-called hockey-stick formula, which implies that
N−m∑
i=0

(
i+m− 1
m− 1

)
=

(
N
m

)
. Thus, the right hand side of (2.6.2) is equal to

(z − 1)
N−m−1∑
i=0

(
i+m
m

)
zN−m−i−1 +

N−m∑
i=0

(
i+m− 1
m− 1

)
. (2.6.3)
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Note that the remainder of
N−m∑
i=0

(
i+m− 1
k − 1

)
zN−m−i upon dividing by z − 1 is equal to

N−m∑
i=0

(
i+m− 1
k − 1

)
, so the remainder term in (2.6.2) is correct.

To finish the proof it remains to compare the coefficients of zk on the left and right hand
sides of (2.6.2) with k ≥ 1. A straightforward rewriting of the right hand side shows that
the equality (2.6.2) follows from the basic property of binomial coefficients.

Example 2.6.2. Let ω(z) = (z − 1)−m, i.e., s ≡ 1 and q(z) = (z − 1)m. From Proposition
2.2.1 we know qHp + Pm−1 ⊂ Dom(Tω) which contains all the polynomials. Put

a−i =

(
i+m− 1
m− 1

)
, i = 0, 1, 2, . . .

and

b−j =

{
0 j < m
am−j j ≥ m

.

From Lemma 2.6.1 above, for N > m we can write

zN = (z − 1)m
N−m∑
j=0

(
i+m− 1
m− 1

)
zN−m−i +

m−1∑
j=0

(
N
j

)
(z − 1)j + 1

= q(z)
N−m∑
i=0

a−iz
N−m−i +

m−1∑
j=0

(
N
j

)
(z − 1)j + 1

= q(z)
N−m∑
j=0

a−(N−m−j)z
j +

m−1∑
j=0

(
N
j

)
(z − 1)j + 1.

Put

r(z) =
m−1∑
j=0

(
N
j

)
(z − 1)j + 1.

Then r is a polynomial with deg(r) < m = deg q and since s ≡ 1,

s(z)zN = q(z)
N−m∑
j=0

a−(N−m−j)z
j + r

and so from Lemma 2.2.3, for N > m we have

Tωz
N =

N−m∑
j=0

a−(N−m−j)z
j =

N−m∑
j=0

b−(N−j)z
j =

N∑
j=0

b−(N−j)z
j

since b−j = 0 for j < m. From Lemma 2.4.1 we have Ker(Tω) = span {zj, j < m} and so
the matrix representation of Tω will be an upper triangular Toeplitz matrix with the first
m-columns zero.
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Proposition 2.6.3. Let ω ∈ Rat0(T), say ω = s/q with s, q ∈ P co-prime, q having all its
roots in T and deg(s) = n < m = deg(q). Then, for N ≥ m− n,

Tωz
N =

N−m+n+1∑
j=1

a−jz
N−m+n+1−j

where a−j = O(jM−1) with M the maximum of the orders of the poles of ω on T. Thus the
matrix representation [Tω] of Tω with respect to the standard basis {zn}∞n=0 of Hp is given by

[Tω] =


0 · · · 0 a0 a−1 a−2 a−3 · · ·
0 · · · 0 0 a0 a−1 a−2 · · ·
0 · · · 0 0 0 a0 a−1 · · ·

...
. . .


︸︷︷︸
m−n

Proof. Since ω ∈ Rat0(T), by Corollary 2.4.4 we have Pm−n−1 ⊂ Ker(Tω).

Suppose q(z) =
∏t

j=1(z − αj)
mj with αj ∈ T the poles of ω with multiplicities mj. By

partial fractions decomposition we can write ω =
∑t

j=1 ωj, where

ωj(z) =
sj(z)

(z − αj)mj
, for sj ∈ Pmj−1, j = 1 · · · t.

Note that [Tω] =
∑t

j=1[Tωj
] and if sj(z) = c0 + c1z + c2z

2 + · · · + cmj−1z
mj−1 then

[Tωj
] =

∑mj−1
i=0 ci[Tzi/(z−αj)

mj ]. From this it follows that it suffices to prove the result for
ω(z) = zn/(z − α)m. To this end, assume ω = s/q where s(z) = zn and q(z) = (z − α)m for
some α ∈ T. By Lemma 2.6.1 we have

zN = (z − 1)m
N−m∑
j=0

(
j +m− 1
m− 1

)
zN−m−j +

m−1∑
j=1

(
N
j

)
(z − 1)j + 1.

By replacing z with z
α
we can write

( z
α

)N
=
( z
α
− 1
)m N−m∑

j=0

(
j +m− 1
m− 1

)( z
α

)N−m−j
+

m−1∑
j=1

(
N
j

)( z
α
− 1
)j

+ 1.

Multiplying with αN results in

zN = (z − α)m
N−m∑
j=0

(
j +m− 1
m− 1

)
αj−1zN−m−j +

m−1∑
j=1

(
N
j

)
αN−j(z − α)j + αN .
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So, for N > m− n,

s(z)zN = zN+n = (z − α)m
N+n−m∑
j=0

(
j +m− 1
m− 1

)
αj−1zN+n−m−j

+
m−1∑
j=1

(
N + n
j

)
αN+n−j(z − α)j + αN+n.

Put

a−i =

(
i+m− 1
m− 1

)
, i = 0, 1, 2, . . . , b−j =

{
0 if j < m− n
a−(j−(m−n)) if j ≥ m− n

and

r(z) =
m−1∑
j=1

(
N + n
j

)
αN+n−j(z − α)j + αN+n.

Then deg(r) < m = deg(q) and

s(z)zN = q(z)
N+n−m∑
j=0

(
j +m− 1
m− 1

)
αj−1zN+n−m−j + r(z)

= q(z)
N+n−m∑
j=0

a−jz
N+n−m−j + r(z)

= q(z)
N+n−m∑
j=0

a−((N+n)−m−j)z
j + r(z)

= q(z)
N+n−m∑
j=0

b−(N−j)z
j + r(z)

from which it follows that

Tωz
N =

N+n−m∑
j=0

b−(N−j)z
j =

N∑
j=0

b−(N−j)z
j

as b−j = 0 for j < m− n. Thus the matrix representation of Tω is given by
0 · · · 0 a0 a−1 a−2 a−3 · · ·
0 · · · 0 0 a0 a−1 a−2 · · ·
0 · · · 0 0 0 a0 a−1 · · ·

...
. . .


︸︷︷︸
m−n

.

Since

a−j =

(
j +m− 1
m− 1

)
=

(j +m− 1)(j +m− 2) · · ·m
(m− 1)!

≤ (j +m− 1)m−1

(m− 1)!

we have a−j = O(jm−1).
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Proof of Theorem 2.1.3. Let ω = s/q ∈ Rat with s, q ∈ P co-prime and q having a root
on T. By Lemma 2.2.4, ω can be written uniquely as ω = ω0 + ω1 with ω0 ∈ Rat0(T) and
ω1 ∈ Rat with no poles on T. In particular, ω1 ∈ L∞(T). Then [Tω] = [Tω0 ] + [Tω1 ] and [Tω0 ]
is as in Proposition 2.6.3. Moreover, [Tω1 ] has the form as in Theorem 2.1.3 and the Fourier
coefficients of ω1 are square summable. This completes the proof.

2.7 Examples

In the final section we discuss three examples.

Example 2.7.1. Let ω(z) = (z−1)−1 ∈ Rat0(T). Then ω = s/q with s ≡ 1 and q(z) = z−1.
By Theorem 2.1.2 we have

Dom(Tω) = (z − 1)Hp + C, Ker(Tω) = P0 = C, Ran(Tω) = Hp

and so Tω is Fredholm. These facts can also be shown explicitly. By Proposition 2.4.5 it
suffices to establish that Dom(Tω) ⊂ (z − 1)Hp and so consequently Hp ⊂ Ran(Tω). To this
end let g ∈ Dom(Tω). Then there are h ∈ Hp and c ∈ C with ωg = (z − 1)−1g = h + c

z−1
.

Then g = (z − 1)h+ c showing than g ∈ (z − 1)Hp +C. For h ∈ Hp put g = (z − 1)h, then
g ∈ Hp with ωg = (z − 1)−1(z − 1)h = h, showing that g ∈ Dom(Tω) and Tωg = h.

That Ker(Tω) = C is also easily verified directly, as for c ∈ C, ωc = 0 + c
z−1

. Thus
Tωc = 0 and so C ⊂ Ker(Tω). The converse follows from Lemma 2.2.3 as for g ∈ Ker(Tω),
g = c for some c ∈ C.

For the matrix representation, note that

zn − 1 = (1 + z + z2 + · · ·+ zn−1)(z − 1)

or equivalently
(z − 1)−1zn = 1 + z + z2 + · · ·+ zn−1 + (z − 1)−1

and so
Tωz

n = 1 + z + z2 + · · ·+ zn−1.

From this it follows that the matrix representation [Tω] with respect to the standard basis
{zn}∞n=0 of Hp is given by

[Tω] =


0 1 1 1 1 · · ·
0 0 1 1 1 · · ·
0 0 0 1 1 · · ·

...
. . . · · ·

 .

Let [T2] be given by

[T2] =


0 0 0 0 0 · · ·
1 −1 0 0 0 · · ·
0 1 −1 0 0 · · ·
0 0 1 −1 0 · · ·

...
. . . · · ·

 .
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This is the matrix representation of T2 = S + P1 − I where S = Tz is the forward shift
operator, P1 the projection onto the first component and I the identity operator on Hp.
Then T2 is a generalised inverse of Tω and a right-sided inverse of Tω.

Example 2.7.2. Let ω(z) =
z − α

z − 1
∈ Rat(T) for α ∈ C, α 6= 1. From Lemma 2.2.3

Dom(Tω) =

{
g ∈ Hp : ωg = h+

c

z − 1
, h ∈ Hp, c ∈ C

}
.

For α 6∈ T by Theorem 2.4.7,

Dom(Tω) = (z − 1)Hp + C, Ran(Tω) = (z − α)Hp + P̃ = (z − α)Hp + C,

since P̃ = {c ∈ C : c(z − 1) = c1(z − α) + c2, c1, c2 ∈ C} = C by Lemma 2.4.6. This
can be shown explicitly, and also holds for α ∈ T. By Proposition 2.4.5 it suffices to show
Ran(Tω) ⊂ (z − α)Hp + C. Note that for h ∈ Hp we have h ∈ Ran(Tω) if and only if there
exist g ∈ Hp and c ∈ C such that

z − α

z − 1
g = h+

c

z − 1
, i.e.,

z − 1

z − α
h+

c

z − α
= g ∈ Hp.

Now use that (z−1)
z−α = 1 + α−1

z−α and h ∈ Hp, to arrive at

h ∈ Ran(Tω) ⇐⇒ α− 1

z − α
h+

c

z − α
∈ Hp, for some c ∈ C

⇐⇒ h+
c

α− 1
∈ z − α

α− 1
Hp = (z − α)Hp, for some c ∈ C

⇐⇒ h ∈ (z − α)Hp + C.

So Ran(Tω) = (z − α)Hp + C.
For the matrix representation with respect to the basis {zn}∞n=0, note that

z − α

z − 1
=

1 +
1− α

z − 1
= 1 + c(z − 1)−1 where c = 1 − α. Then the matrix representation with respect

to the standard basis {zn}∞n=0 of Hp is given by

[Tω] =


1 c c c c · · ·
0 1 c c c · · ·
0 0 1 c c · · ·

...
. . . · · ·

 .

From Theorem 2.1.1, Tω is Fredholm if and only if α 6∈ T, which also follows from the
fact that Ran(Tω) = (z − α)Hp + C. From Theorem 2.5.4 Tω is invertible for α ∈ D and by
Lemma 2.4.1,

Ker(Tω) = {c/(z − α) : c ∈ C}
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in case α 6∈ D.
For α ∈ D, let T+ be the operator on Hp with the matrix representation with respect to

the standard basis {zn}∞n=0 of Hp be given by

[T+] =


1 −c −cα −cα2 −cα3 · · ·
0 1 −c −cα −cα2 · · ·
0 0 1 −c −cα · · ·

...
. . . · · ·


Then T+ is the bounded inverse for Tω.

For α 6∈ D, Tω is surjective and the operator T ♯ with the matrix representation with
respect to the standard basis of Hp given by

[T ♯] = α−1


1 0 0 0 0 · · ·

cα−1 1 0 0 0 · · ·
c(α)−2 cα−1 1 0 0 · · ·

...
. . . · · ·


is a right-sided inverse for Tω.

Example 2.7.3. Let ω(z) = z+1
(z−1)2

∈ Rat0(T). From Lemma 2.2.3

Dom(Tω) =

{
g ∈ Hp : ωg = h+

r

(z − 1)2
, h ∈ Hp, deg(r) ≤ 1

}
.

From Proposition 2.4.5 we see that (z−1)2Hp+P1 ⊂ Dom(Tω) and (z+1)Hp+C ⊂ Ran(Tω).
In this case ω has a zero on T, so Tω is not Fredholm. Nonetheless, we will show that
(z + 1)Hp + C = Ran(Tω) and (z − 1)2Hp + P1 = Dom(Tω).

To this end, let h ∈ Ran(Tω). Then there exists an f ∈ Hp and a polynomial r with
deg(r) ≤ 1 with

f =
(z − 1)2

z + 1
h+

r

z + 1
∈ Hp.

Note that (z−1)2

z+1
= z − 3 + 4

z+1
and r

z+1
= c1 +

c2
z+1

for c1, c2 ∈ C. So we have

h ∈ Ran(Tω) ⇐⇒ (z − 3)h+
4

z + 1
h+ c1 +

c2
z + 1

∈ Hp, for some c1, c2 ∈ C

⇐⇒ 4

z + 1
h+

c2
z + 1

∈ Hp, for some c2 ∈ C

⇐⇒ h+
c2
4

∈ z + 1

4
Hp = (z + 1)Hp, for some c2 ∈ C

⇐⇒ h ∈ (z + 1)Hp + C.

So Ran(Tω) = (z+1)Hp+C. From Theorem 2.1.1 it follows that Tω is not Fredholm, which
can also be seen directly from the fact that Ran(Tω) = (z + 1)Hp + C which is not closed.
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To show Dom(Tω) = (z − 1)2Hp + P1, let f ∈ Dom(Tω) then there are h ∈ Hp and
az + b = r ∈ P1 with

ωf = h+
az + b

(z − 1)2
, or equivalently, f =

(z − 1)2

z + 1
h+

az + b

z + 1
.

Since h ∈ Ran(Tω) = (z + 1)Hp + C there are g ∈ Hp and c ∈ C with h = (z + 1)g + c. As
(z−1)2

z+1
= z − 3 + 4

z+1
and az+b

z+1
= a+ b−a

z+1
, we find that

f =
(z − 1)2

z + 1
((z + 1)g + c) +

az + b

z + 1

= (z − 1)2g + (z − 3)c+
4c

z + 1
+ a+

b− a

z + 1
.

This implies that

4c+ b− a

z + 1
= f − (z − 1)2g − (cz − 3c+ a) ∈ Hp,

which, by Lemma 2.2.2, can only happen if 4c+b−a
z+1

= 0.

As 4c+b−a
z+1

= f − (z − 1)2g − (cz − 3c + a) ∈ Hp from Lemma 2.2.2 we get 4c+b−a
z+1

= 0.
Thus f = (z − 1)2g + (cz − 3c+ a) ∈ (z − 1)2Hp + P1 and so Dom(Tω) = (z − 1)2Hp + P1.

From Lemma 2.4.1 it follows that Ker(Tω) = C and for the matrix representation with
respect to {zn}∞n=0 note

z + 1

(z − 1)2
zk =

k−1∑
n=0

(2n+ 1)zk−n−1 +
(2k + 3)z − (2k + 1)

(z − 1)2

and so the matrix representation [Tω] given by

[Tω] =


0 1 3 5 7 · · ·
0 0 1 3 5 · · ·
0 0 0 1 3 · · ·

...
. . . · · ·

 .
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[1] A. Böttcher and B. Silbermann, Analysis of Toeplitz operators. Second edition, Springer
Monographs in Mathematics, Springer–Verlag, Berlin, 2006.

[2] J.B. Conway, A course in Functional analysis (2nd ed), Springer, 1990.

[3] V. Dybin and G.M. Grudsky, Introduction to the theory of Toeplitz operators with infinite
index, Oper. Theory Adv. Appl. 137, Birkhäuser Verlag, Basel, 2002.
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Chapter 3

The spectrum

Abstract. This paper is a continuation of our study of a class of Toeplitz-like operators with

a rational symbol which has a pole on the unit circle. A description of the spectrum and its

various parts, i.e., point, residual and continuous spectrum, is given, as well as a description of

the essential spectrum. In this case, the essential spectrum need not be connected in C. Various

examples illustrate the results. 1

Mathematics Subject Classification (2010). Primary 47B35, 47A53; Secondary 47A68.

Keywords. unbounded Toeplitz operator, spectrum, essential spectrum.

3.1 Introduction

This chapter is a continuation of Chapter 2 where Toeplitz-like operators with rational
symbols which may have poles on the unit circle were introduced. While the aim of Chapter
2 was to determine the Fredholm properties of such Toeplitz-like operators, in the current
chapter we will focus on properties of the spectrum. For this purpose we further analyse this
class of Toeplitz-like operators, specifically in the case where the operators are not necessarily
Fredholm.

We start by recalling the definition of our Toeplitz-like operators. Let Rat denote the
space of rational complex functions. Write Rat(T) and Rat0(T) for the subspaces of Rat
consisting of the rational functions in Rat with all poles on T and the strictly proper rational
functions in Rat with all poles on the unit circle T, respectively. For ω ∈ Rat, possibly having
poles on T, we define a Toeplitz-like operator Tω(H

p → Hp), for 1 < p <∞, as follows:

Dom(Tω)={g ∈ Hp |ωg = f + ρ with f ∈Lp, ρ∈Rat0(T)} , Tωg = Pf. (3.1.1)

Here P is the Riesz projection of Lp onto Hp.

1Up to some minor modifications, this chapter has been published as
G.J. Groenewald, S. ter Horst, J. Jaftha, and A.C.M. Ran, A Toeplitz-like operator with rational symbol
having poles on the unit circle II: the spectrum, Oper. Theory Adv. Appl., Vol. 272 (2019), 133 - 154.
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In Chapter 2 it was established that this operator is a densely defined, closed operator
which is Fredholm if and only if ω has no zeroes on T. In case the symbol ω of Tω is in Rat(T)
with no zeroes on T, i.e., Tω Fredholm, explicit formulas for the domain, kernel, range and
a complement of the range were also obtained in Chapter 2. Here we extend these results
to the case that ω is allowed to have zeroes on T, cf., Theorem 3.2.2 below. By a reduction
to the case of symbols in Rat(T), we then obtain for general symbols in Rat, in Proposition
3.2.4 below, necessary and sufficient conditions for Tω to be injective or have dense range,
respectively.

Main results Using the fact that λIHp −Tω = Tλ−ω, our extended analysis of the operator
Tω enables us to describe the spectrum of Tω, and its various parts. Our first main result is
a description of the essential spectrum of Tω, i.e., the set of all λ ∈ C for which λIHp − Tω
is not Fredholm.

Theorem 3.1.1. Let ω ∈ Rat. Then the essential spectrum σess(Tω) of Tω is an algebraic
curve in C which is given by

σess(Tω) = ω(T) := {ω(eiθ) | 0 ≤ θ ≤ 2π, eiθ not a pole of ω}.

Furthermore, the map λ 7→ Index (Tλ−ω) is constant on connected components of C\ω(T)
and the intersection of the point spectrum, residual spectrum and resolvent set of Tω with
C\ω(T) coincides with sets of λ ∈ C\ω(T) with Index (Tλ−ω) being strictly positive, strictly
negative and zero, respectively.

Various examples, specifically in Section 3.5, show that the algebraic curve ω(T), and
thus the essential spectrum of Tω, need not be connected in C.

Our second main result provides a description of the spectrum of Tω and its various
parts. Here and throughout the chapter P stands for the subspace of Hp consisting of all
polynomials and Pk for the subspace of P consisting of all polynomials of degree at most k.

Theorem 3.1.2. Let ω ∈ Rat, say ω = s/q with s, q ∈ P co-prime. For λ ∈ C, define

kq = ♯{roots of q inside D} = ♯{poles of λ− ω inside D},
k−λ = ♯{roots of λq − s inside D} = ♯{zeroes of λ− ω inside D},
k0λ = ♯{roots of λq − s on T} = ♯{zeroes of λ− ω on T},

(3.1.2)

where in all these sets, multiplicities of the roots, poles and zeroes are to be taken into
account. Then the resolvent set ρ(Tω), point spectrum σp(Tω), residual spectrum σr(Tω) and
continuous spectrum σc(Tω) of Tω are given by

ρ(Tω) = {λ ∈ C | k0λ = 0 and kq = k−λ },
σp(Tω) = {λ ∈ C | kq > k−λ + k0λ}, σr(Tω) = {λ ∈ C | kq < k−λ },

σc(Tω) = {λ ∈ C | k0λ > 0 and k−λ ≤ kq ≤ k−λ + k0λ}.
(3.1.3)

Furthermore, σess(Tω) = ω(T) = {λ ∈ C | k0λ > 0}.
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Again, in subsequent sections various examples are given that illustrate these results. In
particular, examples are given where Tω has a bounded resolvent set , even with an empty
resolvent set. This is in sharp contrast to the case where ω has no poles on the unit circle
T. For in this case the operator is bounded, the resolvent set is a nonempty unbounded set
and the spectrum a compact set, and the essential spectrum is connected.

Both Theorems 3.1.1 and 3.1.2 are proven in Section 3.3.

Discussion of the literature In the case of a bounded selfadjoint Toeplitz operator on
ℓ2, Hartman and Wintner in [11] showed that the point spectrum is empty when the symbol
is real and rational and posed the problem of specifying the spectral properties of such a
Toeplitz operator. Gohberg in [7], and more explicitly in [8], showed that a bounded Toeplitz
operator with continuous symbol is Fredholm exactly when the symbol has no zeroes on T,
and in this case the index of the operator coincides with the negative of the winding number
of the symbol with respect to zero. This implies immediately that the essential spectrum of
a Toeplitz operator with continuous symbol is the image of the unit circle.

Hartman andWintner in [12] followed up their earlier question by showing that in the case
where the symbol, φ, is a bounded real-valued function on T, the spectrum of the Toeplitz
operator on H2 is contained in the interval bounded by the essential lower and upper bounds
of φ on T as well as that the point spectrum is empty whenever φ is not a constant. Halmos,
after posing in [10] the question whether the spectrum of a Toeplitz operator is connected,
with Brown in [1] showed that the spectrum cannot consist of only two points. Widom, in
[16], established that bounded Toeplitz operators on H2 have connected spectrum, and later
extended the result for general Hp, with 1 ≤ p ≤ ∞. That the essential (Fredholm) spectrum
of a bounded Toeplitz operator in H2 is connected was shown by Douglas in [5]. For the
case of bounded Toeplitz operators in Hp it is posed as an open question in Böttcher and
Silbermann in [2, Page 70] whether the essential (Fredholm) spectrum of a Toeplitz operator
in Hp is necessarily connected. Clark, in [3], established conditions on the argument of the
symbol φ in the case φ ∈ Lq, q ≥ 2 that would give the kernel index of the Toeplitz operator
with symbol φ on Lp, where 1

p
+ 1

q
= 1, to be m ∈ N.

Janas, in [13], discussed unbounded Toeplitz operators on the Bargmann-Segal space and
showed that σess(Tφ) ⊂ ∩R>0 closure {φ(z) : |z| ≥ R}.

Overview The chapter is organized as follows. Besides the current introduction, the chap-
ter consists of five sections. In Section 3.2 we extend a few results concerning the operator
Tω from Chapter 2 to the case where Tω need not be Fredholm. These results are used in
Section 3.3 to compute the spectrum of Tω and various of its subparts, and by doing so
we prove the main results, Theorems 3.1.1 and 3.1.2. The remaining three sections contain
examples that illustrate our main results and show in addition that the resolvent set can be
bounded, even empty, and that the essential spectrum can be disconnected in C.

Figures We conclude this introduction with a remark on the figures in this chapter illus-
trating the spectrum and essential spectrum for several examples. The color coding in these
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figures is as follows: the white region is the resolvent set, the black curve is the essential
spectrum, and the colors in the other regions codify the Fredholm index, where red indicates
index 2, blue indicates index 1, cyan indicates index −1, magenta indicates index −2.

3.2 Review and new results concerning Tω

In this section we recall some results concerning the operator Tω defined in (3.1.1) that
were obtained in Chapter 2 and will be used in the present chapter to determine spectral
properties of Tω. A few new features are added as well, specifically relating to the case where
Tω is not Fredholm.

The first result provides necessary and sufficient conditions for Tω to be Fredholm, and
gives a formula for the index of Tω in case Tω is Fredholm.

Theorem 3.2.1 (Theorems 2.1.1 and 2.5.4). Let ω ∈ Rat. Then Tω is Fredholm if and only
if ω has no zeroes on T. In case Tω is Fredholm, the Fredholm index of Tω is given by

Index (Tω) = ♯

{
poles of ω in D multi.
taken into account

}
− ♯

{
zeroes of ω in D multi.
taken into account

}
,

and Tω is either injective or surjective. In particular, Tω is injective, invertible or surjective
if and only if Index (Tω) ≤ 0, Index (Tω) = 0 or Index (Tω) ≥ 0, respectively.

Special attention is given in Chapter 2 to the case where ω is in Rat(T), since in that
case the kernel, domain and range can be computed explicitly; for the domain and range
this was done under the assumption that Tω is Fredholm. In the following result we collect
various statements from Proposition 2.4.5 and Theorems 2.1.2 and 2.4.7 and extend to or
improve some of the claims regarding the case that Tω is not Fredholm.

Theorem 3.2.2. Let ω ∈ Rat(T), say ω = s/q with s, q ∈ P co-prime. Factor s = s−s0s+
with s−, s0 and s+ having roots only inside, on, or outside T. Then

Ker(Tω) = {r0/s+ | deg(r0) < deg(q)− deg(s−s0)} ;
Dom(Tω) = qHp + Pdeg(q)−1; Ran(Tω) = sHp + P̃ ,

(3.2.1)

where P̃ is the subspace of P given by

P̃ = {r ∈ P | rq = r1s+ r2 for r1, r2 ∈ Pdeg(q)−1} ⊂ Pdeg(s)−1. (3.2.2)

Furthermore, Hp = Ran(Tω) + Q̃ forms a direct sum decomposition of Hp, where

Q̃ = Pk−1 with k = max{deg(s−)− deg(q), 0}, (3.2.3)

following the convention P−1 := {0}.

The following result will be useful in the proof of Theorem 3.2.2.
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Lemma 3.2.3. Factor s ∈ P as s = s−s0s+ with s−, s0 and s+ having roots only inside,
on, or outside T. Then sHp = s−s0H

p and sHp = s−H
p.

Proof. Since s+ has no roots inside D, we have s+H
p = Hp. Furthermore, s0 is an H∞

outer function (see, e.g., [14], Example 4.2.5) so that s0Hp = Hp. Since s− has all its roots
inside D, Ts− : Hp → Hp is an injective operator with closed range. Consequently, we have

sHp = s−s0s+Hp = s−s0Hp = s−s0Hp = s−H
p,

as claimed.

Proof of Theorem 3.2.2. In case Tω is Fredholm, i.e., s0 constant, all statements follow
from Theorem 2.1.2. Without the Fredholm condition, the formula for Ker(Tω) follows from
Lemma 2.4.1 and for Dom(Tω) and Ran(Tω) Proposition 2.4.5 provides

qHp + Pdeg(q)−1 ⊂ Dom(Tω);

Tω(qH
p + Pdeg(q)−1) = sHp + P̃ ⊂ Ran(Tω).

(3.2.4)

Thus in order to prove (4.2.1), it remains to show that Dom(Tω) ⊂ qHp + Pdeg(q)−1.
Assume g ∈ Dom(Tω). Thus there exist h ∈ Hp and r ∈ Pdeg(q)−1 so that sg = qh + r.

Since s and q are co-prime, there exist a, b ∈ P such that sa+qb ≡ 1. Next write ar = qr1+r2
for r1, r2 ∈ P with deg(r2) < deg(q). Thus sg = qh+r = qh+qbr+sar = q(h+br+sr1)+sr2.

Hence g = q(h+ br + sr1)/s+ r2. We are done if we can show that h̃ := (h+ br + sr1)/s is
in Hp.

The case where g is rational is significantly easier, but still gives an idea of the complica-
tions that arise, so we include a proof. Hence assume g ∈ Rat∩Hp. Then h = (sg−r)/q is also
in Rat∩Hp, and h̃ is also rational. It follows that q(h+br+sr1)/s = qh̃ = g−r2 ∈ Rat∩Hp

and thus cannot have poles in D. Since q and s are co-prime and h cannot have poles inside
D, it follows that h̃ = (h+ br+ sr1)/s cannot have poles in D. Thus h̃ is a rational function

with no poles in D, which implies h̃ ∈ Hp.
Now we prove the claim for the general case. Assume qh̃ + r2 = g ∈ Hp, but h̃ = (h +

br+sr1)/s 6∈ Hp, i.e., h̃ is not analytic on D or
∫
T |h̃(z)|

pdz = ∞. Set ĥ = h+ br+sr1 ∈ Hp,

so that h̃ = ĥ/s. We first show h̃ must be analytic on D. Since h̃ = ĥ/s and ĥ ∈ Hp, h̃ is

analytic on D except possibly at the roots of s. However, if h̃ would not be analytic at a
root z0 ∈ D of s, then also g = qh̃+ r2 should not be analytic at z0, since q is bounded away
from 0 on a neighborhood of z0, using that s and q are co-prime. Thus h̃ is analytic on D.
It follows that

∫
T |h̃(z)|

pdz = ∞.
Since s and q are co-prime, we can divide T as T1 ∪ T2 with T1 ∩ T2 = ∅ and each of T1

and T2 being nonempty unions of intervals, with T1 containing all roots of s on T as interior
points and T2 containing all roots of q on T as interior points. Then there exist N1, N2 > 0
such that |q(z)| > N1 on T1 and |s(z)| > N2 on T2. Note that∫

T2

|h̃(z)|pdz =
∫
T2

|ĥ(z)/s(z)|pdz ≤ N−p
2

∫
T2

|ĥ(z)|pdz ≤ N−p
2 ‖ĥ‖pHp <∞.
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Since
∫
T |h̃(z)|

pdz = ∞ and
∫
T2

|h̃(z)|pdz < ∞, it follows that
∫
T1
|h̃(z)|pdz = ∞. However,

since |q(z)| > N1 on T1, this implies that

‖g − r2‖pHp =

∫
T
|g(z)− r2(z)|pdz =

∫
T
|q(z)h̃(z)|pdz ≥

∫
T1

|q(z)h̃(z)|pdz

≥ Np
1

∫
T1

|h̃(z)|pdz = ∞,

in contradiction with the assumption that g ∈ Hp. Thus we can conclude that h̃ ∈ Hp so
that g = qh̃+ r2 is in qHp + Pdeg(q)−1.

It remains to show that Hp = Ran(Tω) + Q̃ is a direct sum decomposition of Hp. Again,
for the case that Tω is Fredholm this follows from Theorem 2.1.2. By the preceding part of
the proof we know, even in the non-Fredholm case, that Ran(Tω) = sHp + P̃ . Since P̃ is
finite dimensional, and thus closed, we have

Ran(Tω) = sHp + P̃ = s−H
p + P̃ ,

using Lemma 3.2.3 in the last identity. We claim that

Ran(Tω) = s−H
p + P̃ = s−H

p + P̃−,

where P̃− is defined by

P̃− := {r ∈ P | qr = r1s− + r2 for r1, r2 ∈ Pdeg(q)−1} ⊂ Pdeg(s−)−1.

Once the above identity for Ran(Tω) is established, the fact that Q̃ is a complement of
Ran(Tω) follows directly by applying Lemma 2.4.8 to s = s−.

We first show that Ran(Tω) = s−H
p + P̃ is contained in s−H

p + P̃−. Let g = s−h + r

with h ∈ Hp and r ∈ P̃ , say qr = r1s + r2 with r1, r2 ∈ Pdeg(q)−1. Write r1s0s+ = r̃1q + r̃2
with deg(r̃2) < deg(q). Then

qr = r1s−s0s+ + r2 = qr̃1s− + r̃2s− + r2, so that q(r − r̃1s−) = r̃2s− + r2,

with r2, r̃2 ∈ Pdeg(q)−1. Thus r − r̃1s− ∈ P̃−. Therefore, we have

g = s−(h+ r̃1) + (r − r̃1s−) ∈ s−H
p + P̃−,

proving that Ran(Tω) ⊂ s−H
p + P̃−.

For the reverse inclusion, assume g = s−h + r ∈ s−H
p + P̃−. Say qr = r1s− + r2 with

r1, r2 ∈ Pdeg(q)−1. Since s0s+ and q are co-prime and deg(r1) < deg(q) there exit polynomials
r̃1 and r̃2 with deg(r̃1) < deg(q) and deg(r̃2) < deg(s0s+) that satisfy the Bézout equation
r̃1s0s+ + r̃2q = r1. Then

r̃1s+ r2 = r̃1s0s+s− + r2 = (r1 − r̃2q)s− + r2 = r1s− + r2 − qr̃2s− = q(r − r̃2s−).

Hence r − r̃2s− is in P̃ , so that g = s−h + r = s−(h + r̃2) + (r − r̃2s−) ∈ s−H
p + P̃ . This

proves the reverse inclusion, and hence completes the proof of Theorem 3.2.2.
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The following result makes precise when Tω is injective and when Tω has dense range,
even in the case where Tω is not Fredholm.

Proposition 3.2.4. Let ω ∈ Rat. Then Tω is injective if and only if

♯

{
poles of ω in D multi.
taken into account

}
≤ ♯

{
zeroes of ω in D multi.
taken into account

}
.

Moreover, Tω has dense range if and only if

♯

{
poles of ω in D multi.
taken into account

}
≥ ♯

{
zeroes of ω in D multi.
taken into account

}
.

In particular, Tω is injective or has dense range.

Proof. First assume ω ∈ Rat(T). By Corollary 2.4.2, Tω is injective if and only if the
number of zeroes of ω inside D is greater than or equal to the number of poles of ω, in both
cases with multiplicity taken into account. By Theorem 3.2.2, Tω has dense range precisely
when Q̃ in (4.2.3) is trivial. The latter happens if and only if the number of poles of ω is
greater than or equal to the number of zeroes of ω inside D, again taking multiplicities into
account. Since in this case all poles of ω are in T, our claim follows for ω ∈ Rat(T).

Now we turn to the general case, i.e., we assume ω ∈ Rat. In the remainder of the proof,
whenever we speak of numbers of zeroes or poles, this always means that the respective
multiplicities are to be taken into account. Recall from Lemma 2.5.1 that we can factor
ω(z) = ω−(z)z

κω0(z)ω+(z) with ω−, ω0, ω+ ∈ Rat, ω− having no poles or zeroes outside D,
ω+ having no poles or zeroes inside D and ω0 having poles and zeroes only on T, and κ
the difference between the number of zeroes of ω in D and the number of poles of ω in D.
Moreover, we have Tω = Tω−Tzκω0Tω+ and Tω− and Tω+ are boundedly invertible on Hp.
Thus Tω is injective or has closed range if and only if Tzκω0 is injective or has closed range,
respectively.

Assume κ ≥ 0. Then zκω0 ∈ Rat(T) and the results for the case that the symbol is in
Rat(T) apply. Since the zeroes and poles of ω0 coincide with the zeroes and poles of ω on T,
it follows that the number of poles of zκω0 is equal to the number of poles of ω on T while
the number of zeroes of zκω0 is equal to κ plus the number of zeroes of ω on T which is equal
to the number of zeroes of ω in D minus the number of poles of ω in D. It thus follows that
Tzκω0 is injective, and equivalently Tω is injective, if and only if the number of zeroes of ω in
D is greater than or equal to the number of poles of ω in D, as claimed.

Next, we consider the case where κ < 0. In that case Tzκω0 = TzκTω0 , by Lemma 2.5.3.
We prove the statements regarding injectivity and Tω having closed range separately.

First we prove the injectivity claim for the case where κ < 0. Write ω0 = s0/q0 with
s0, q0 ∈ P co-prime. Note that all the roots of s0 and q0 are on T. We need to show that
Tzκω0 is injective if and only if deg(s0) ≥ deg(q0)− κ (recall, κ is negative).

Assume deg(s0) + κ ≥ deg(q0). Then deg(s0) > deg(q0), since κ < 0, and thus Tω0 is
injective. We have Ker(Tzκ) = P|κ|−1. So it remains to show P|κ|−1∩Ran(Tω0) = {0}. Assume
r ∈ P|κ|−1 is also in Ran(Tω0). So, by Lemma 2.2.3, there exist g ∈ Hp and r′ ∈ Pdeg(q0)−1
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so that s0g = q0r + r′, i.e., g = (q0r + r′)/s0. This shows that g is in Rat(T) ∩ Hp, which
can only happen in case g is a polynomial. Thus, in the fraction (q0r + r′)/s0, all roots
of s0 must cancel against roots of q0r + r′. However, since deg(s0) + κ ≥ deg(q0), with
κ < 0, deg(r) < deg |κ| − 1 and deg(r′) < deg(q0), we have deg(q0r + r′) < deg(s0) and it is
impossible that all roots of s0 cancel against roots of q0r+r

′, leading to a contradiction. This
shows P|κ|−1 ∩ Ran(Tω0) = {0}, which implies Tzκω0 is injective. Hence also Tω is injective.

Conversely, assume deg(s0) + κ < deg(q0), i.e., deg(s0) < deg(q0) + |κ| =: b, since κ < 0.
Then

s0 ∈ Pb−1 = q0P|κ|−1 + Pdeg(q0)−1.

This shows there exist r ∈ P|κ|−1 and r′ ∈ Pdeg(q0)−1 so that s0 = q0r + r′. In other words,
the constant function g ≡ 1 ∈ Hp is in Dom(Tω0) and Tω0g = r ∈ P|κ|−1 = Ker(Tzκ), so that
g ∈ Ker(Tzκω0). This implies Tω is not injective.

Finally, we turn to the proof of the dense range claim for the case κ < 0. Since κ < 0
by assumption, ω has more poles in D (and even in D) than zeroes in D. Thus to prove the
dense range claim in this case, it suffices to show that κ < 0 implies that Tzκω0 has dense
range. We have Tzκω0 = TzκTω0 and Tzκ is surjective. Also, ω0 ∈ Rat(T) has no zeroes inside
D. So the proposition applies to ω0, as shown in the first paragraph of the proof, and it
follows that Tω0 has dense range. But then also Tzκω0 = TzκTω0 has dense range, and our
claim follows.

3.3 The spectrum of Tω

In this section we determine the spectrum and various subparts of the spectrum of Tω for
the general case, ω ∈ Rat, as well as some refinements for the case where ω ∈ Rat(T) is
proper. In particular, we prove our main results, Theorems 3.1.1 and 3.1.2.

Note that for ω ∈ Rat and λ ∈ C we have λI − Tω = Tλ−ω. Thus we can relate
questions on the spectrum of Tω to question on injectivity, surjectivity, closed rangeness, etc.
for Toeplitz-like operators with an additional complex parameter. By this observation, the
spectrum of Tω, and its various subparts, can be determined using the results of Section 3.2.

Proof of Theorem 3.1.1. Since λI−Tω = Tλ−ω and Tλ−ω is Fredholm if and only if λ−ω
has no zeroes on T, by Theorem 3.2.1, it follows that λ is in the essential spectrum if and
only if λ = ω(eiθ) for some 0 ≤ θ ≤ 2π. This shows that σess(Tω) is equal to ω(T).

To see that ω(T) is an algebraic curve, let ω = s/q with s, q ∈ P co-prime. Then
λ = u + iv = ω(z) for z = x + iy with x2 + y2 = 1 if and only if λq(z) − s(z) = 0. Denote
q(z) = q1(x, y) + iq2(x, y) and s(z) = s1(x, y) + is2(x, y), where z = x+ iy and the functions
q1, q2, s1, s2 are real polynomials in two variables. Then λ = u + iv is on the curve ω(T) if
and only if

q1(x, y)u− q2(x, y)v = s1(x, y),

q2(x, y)u+ q1(x, y)v = s2(x, y),

x2 + y2 = 1.
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Solving for u and v, this is equivalent to

(q1(x, y)
2 + q2(x, y)

2)u− (q1(x, y)s1(x, y) + q2(x, y)s2(x, y)) = 0,

(q1(x, y)
2 + q2(x, y)

2)v − (q1(x, y)s2(x, y)− q2(x, y)s1(x, y)) = 0,

x2 + y2 = 1.

This describes an algebraic curve in the plane.
For λ in the complement of the curve ω(T) the operator λI − Tω = Tλ−ω is Fredholm,

and according to Theorem 3.2.1 the index is given by

Index (λI − Tω) = ♯{ poles of ω in D} − ♯{zeroes of λ− ω inside D},

taking the multiplicities of the poles and zeroes into account. Indeed, λ−ω = λq−s
q

and since
q and s are co-prime, λq − s and q are also co-prime. Thus Theorem 3.2.1 indeed applies
to Tλ−ω. Furthermore, λ − ω has the same poles as ω, i.e., the roots of q. Likewise, the
zeroes of λ − ω coincide with the roots of the polynomial λq − s. Since the roots of this
polynomial depend continuously on the parameter λ, the number of them is constant on
connected components of the complement of the curve ω(T).

That the index is constant on connected components of the complement of the essen-
tial spectrum in fact holds for any unbounded densely defined operator (see [15, Theorem
VII.5.2]; see also [4, Proposition XI.4.9] for the bounded case; for a much more refined
analysis of this fact see [6]).

Finally, the relation between the index of Tλ−ω and λ being in the resolvent set, point
spectrum or residual spectrum follows directly by applying the last part of Theorem 3.2.1
to Tλ−ω.

Next we prove Theorem 3.1.2 using some of the new results on Tω derived in Section 3.2.

Proof of Theorem 3.1.2. That the two formulas for the numbers kq, k
−
λ and k0λ coincides

follows from the analysis in the proof of Theorem 3.1.1, using the co-primeness of λq − s
and q. By Theorem 3.2.1, Tλ−ω is Fredholm if and only if k0λ = 0, proving the formula for
σess(Tω). The formula for the resolvent set follows directly from the fact that the resolvent
set is contained in the complement of σess(Tω), i.e., k

0
λ = 0, and that it coincides there with

the set of λ’s for which the index of Tλ−ω is zero, together with the formula for Index (Tλ−ω)
obtained in Theorem 3.2.1.

The formulas for the point spectrum and residual spectrum follow by applying the criteria
for injectivity and closed rangeness of Proposition 3.2.4 to Tλ−ω together with the fact that
Tλ−ω must be either injective or have dense range.

For the formula for the continuous spectrum, note that σc(Tω) must be contained in the
essential spectrum, i.e., k0λ > 0. The condition k−λ ≤ kq ≤ k−λ + k0λ excludes precisely that λ
is in the point or residual spectrum.

For the case where ω ∈ Rat(T) is proper we can be a bit more precise.
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Theorem 3.3.1. Let ω ∈ Rat(T) be proper, say ω = s/q with s, q ∈ P co-prime. Thus
deg (s) ≤ deg (q) and all roots of q are on T. Let a be the leading coefficient of q and b the
coefficient of s corresponding to the monomial zdeg(q), hence b = 0 if and only if ω is strictly
proper. Then σr(Tω) = ∅, and the point spectrum is given by

σp(Tω) = ω(C\D) ∪ {b/a}.

Here ω(C\D) = {ω(z) | z ∈ C\D}. In particular, if ω is strictly proper, then 0 = b/a is in
σp(Tω). Finally,

σc(Tω) = {λ ∈ C | k0λ > 0 and all roots of λq − s are in D}.

Proof. Let ω = s/q ∈ Rat(T) be proper with s, q ∈ P co-prime. Then kq = deg(q). Since
deg (s) ≤ deg(q), for any λ ∈ C we have

k−λ + k0λ ≤ deg(λq − s) ≤ deg(q) = kq.

It now follows directly from (3.1.3) that σr(Tω) = ∅ and σc(Tω) = {λ ∈ C | k0λ > 0, k−λ +k0λ =
deg(q)}. To determine the point spectrum, again using (3.1.3), one has to determine when
strict inequality occurs. We have deg(λq− s) < deg(q) precisely when the leading coefficient
of λq is cancelled in λq − s or if λ = 0 and deg(s) < deg(q). Both cases correspond to
λ = b/a. For the other possibility of having strict inequality, k−λ + k0λ < deg(λq − s), note
that this happens precisely when λq − s has a root outside D, or equivalently λ = ω(z) for
a z 6∈ D.

3.4 The spectrum may be unbounded, the resolvent

set empty

In this section we present some first examples, showing that the spectrum can be unbounded
and the resolvent set may be empty.

Example 3.4.1. Let ω(z) = z−α
z−1

for some 1 6= α ∈ C, say α = a+ ib, with a and b real. Let
L ⊂ C be the line given by

L = {z = x+ iy ∈ C | 2by = (a2 + b2 − 1) + (2− 2a)x}. (3.4.1)

Then we have

ρ(Tω) = ω(D), σess(Tω) = ω(T) = L = σc(Tω),

σp(Tω) = ω(C\D), σr(Tω) = ∅.

Moreover, the point spectrum of Tω is the open half-plane determined by L that contains 1
and the resolvent set of Tω is the other open half-plane determined by L, see Figure 3.1.
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Figure 3.1: Spectrum of Tω where ω(z) = z−α
z−1

, with α = − i
2
.

To see that these claims are true, note that for λ 6= 1,

λ− ω(z) =
z(λ− 1) + α− λ

z − 1
=

1

λ− 1

z + α−λ
λ−1

z − 1
,

while for λ = 1 we have λ − ω(z) = α−λ
z−1

. Thus λ = 1 ∈ σp(Tω) for every 1 6= α ∈ C as in

that case kq = 1 > 0 = k−λ + k0λ. For λ 6= 1, λ− ω has a zero at α−λ
λ−1

of multiplicity one. For
λ = x+ iy we have |α− λ| = |λ− 1| if and only if (a− x)2 + (b− y)2 = (x− 1)2 + y2, which
in turn is equivalent to 2by = (a2 + b2 − 1) + (2 − 2a)x. Hence the zero of λ − ω is on T
precisely when λ is on the line L. This shows σess(Tω) = L. One easily verifies that the point
spectrum and resolvent set correspond to the two half-planes indicated above and that these
coincide with the images of ω under C\D and D, respectively. Since λ−ω can have at most
one zero, it is clear from Theorem 3.1.2 that σr(Tω) = ∅, so that σc(Tω) = L = σess(Tω), as
claimed. �

Example 3.4.2. Let ω(z) = 1
(z−1)k

for some positive integer k > 1. Then

σp(Tω) = σ(Tω) = C, σr(Tω) = σc(Tω) = ρ(Tω) = ∅,

and the essential spectrum is given by

σess(Tω) = ω(T) = {(it− 1
2
)k | t ∈ R}.

For k = 2 the situation is as in Figure 3.2; one can check that the curve ω(T) is the
parabola Re(z) = 1

4
− Im(z)2. (Recall that different colors indicate different Fredholm

indices, as explained at the end of the introduction.)
To prove the statements, we start with the observation that for |z| = 1, 1

z−1
is of the

form it− 1
2
, t ∈ R. Thus for z ∈ T with 1

z−1
= it− 1

2
we have

ω(z) =
1

(z − 1)k
= (z − 1)−k = (it− 1

2
)k.

This proves the formula for σess(Tω). For λ = reiθ 6= 0 we have

λ− ω(z) =
λ(z − 1)k − 1

(z − 1)k
.
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Figure 3.2: Essential spectrum of Tω where ω(z) = 1
(z−1)2

Thus λ−ω(z) = 0 if and only if (z−1)k = λ−1, i.e., z = 1+r−1/kei(θ+2πl)/k for l = 0, . . . , k−1.
Thus the zeroes of λ− ω are k equally spaced points on the circle with center 1 and radius
r−1/k. Clearly, since k > 1, not all zeroes can be inside D, so kq > k0λ + k−λ , and thus
λ ∈ σp(Tω). It follows directly from Theorem 3.1.2 that 0 ∈ σp(Tω). Thus σp(Tω) = C,
as claimed. The curve ω(T) divides the plane into several regions on which the index is a
positive constant integer, but the index may change between different regions.

�

3.5 The essential spectrum need not be connected

For a continuous function ω on the unit circle, it is obviously the case that the curve ω(T) is
a connected and bounded curve in the complex plane, and hence the essential spectrum of Tω
is connected in this case. It was proved by Widom [16] that also for ω piecewise continuous
the essential spectrum of Tω is connected, and it is the image of a curve related to ω(T)
(roughly speaking, filling the jumps with line segments). Douglas [5] proved that even for
ω ∈ L∞ the essential spectrum of Tω as an operator on H2 is connected. In [2] the question is
raised whether or not the essential spectrum of Tω as an operator on Hp is always connected
when ω ∈ L∞.

Returning to our case, where ω is a rational function possibly with poles on the unit
circle. Clearly when ω does have poles on the unit circle it is not a-priori necessary that
σess(Tω) = ω(T) is connected. We shall present examples that show that indeed the essential
spectrum need not be connected, in contrast with the case where ω ∈ L∞.

Consider ω = s/q ∈ Rat(T) with s, q ∈ P with real coefficients. In that case ω(z) = ω(z),
so that the essential spectrum is symmetric with respect to the real axis. In particular, if
ω(T) ∩R = ∅, then the essential spectrum is disconnected. The converse direction need not
be true, since the essential spectrum can consist of several disconnected parts on the real
axis, as the following example shows.

Example 3.5.1. Consider ω(z) = z
z2+1

. Then

σess(Tω) = ω(T) = (−∞,−1] ∪ [1,∞) = σc(Tω), σp(Tω) = C\ω(T),

and thus σr(Tω) = ρ(Tω) = ∅. Further, for λ 6∈ ω(T) the Fredholm index of Tω is 1.

Indeed, note that for z = eiθ ∈ T we have

ω(z) =
1

z + z−1
=

1

2Re(z)
=

1

2 cos(θ)
∈ R.
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Figure 3.3: Spectrum of Tω, where
ω(z) = z3+3z+1

z2−1

Figure 3.4: Spectrum of Tω, where
ω(z) = z4+3z+1

z2−1

Letting θ run from 0 to 2π, one finds that ω(T) is equal to the union of (−∞,−1] and [1,∞),
as claimed. Since ω is strictly proper, σr(Tω) = ∅ by Theorem 3.3.1. Applying Theorem
3.2.1 to Tω we obtain that Tω is Fredholm with index 1. Hence Tω is not injective, so that
0 ∈ σp(Tω). However, since C\ω(T) is connected, it follows from Theorem 3.1.1 that the
index of Tλ−ω is equal to 1 on C\ω(T), so that C\ω(T) ⊂ σp(Tω). However, for λ on ω(T) the
function λ−ω has two zeroes on T as well as two poles on T. It follows that ω(T) = σc(Tω),
which shows all the above formulas for the spectral parts hold.

As a second example we specify q to be z2 − 1 and determine a condition on s that
guarantees σess(Tω) = ω(T) is not connected.

Example 3.5.2. Consider ω(z) = s(z)
z2−1

with s ∈ P a polynomial with real coefficients. Then
for z ∈ T we have

ω(z) =
zs(z)

z − z
=

zs(z)

2i Im(z)
=

−izs(z)
2 Im(z)

, so that Im(ω(z)) =
−Re(zs(z))

2 Im(z)
.

Hence Im(ω(z)) = 0 if and only if Re(zs(z)) = 0. Say s(z) =
∑k

j=0 ajz
j. Then for z ∈ T we

have

Re(zs(z)) =
k∑
j=0

ajRe(z
j−1).

Since |Re(zj)| ≤ 1, we obtain that |Re(zs(z))| > 0 for all z ∈ T in case 2|a1| >
∑k

j=0 |aj|.
Hence in that case ω(T) ∩ R = ∅ and we find that the essential spectrum is disconnected in
C.

We consider two concrete examples, where this criteria is satisfied.
Firstly, take ω(z) = z3+3z+1

z2−1
. Then

ω(eiθ) =
1

2
(2 cos θ − 1)− i

2

2(cos θ + 1/4)2 + 7/4

sin θ
,

which is the curve given in Figure 3.3, that also shows the spectrum and resolvent set as
well as the essential spectrum.

Secondly, take ω(z) = z4+3z+1
z2−1

. Figure 3.4 shows the spectrum and resolvent set and the
essential spectrum. Observe that this is also a case where the resolvent set is a bounded set.
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3.6 A parametric example

In this section we take ωk(z) =
zk+α
(z−1)2

for α ∈ C, α 6= −1 and for various integers k ≥ 1. Note

that the case k = 0 was dealt with in Example 3.4.2 (after scaling with the factor 1 + α).
The zeroes of λ− ωk are equal to the roots of

pλ,α,k(z) = λq(z)− s(z) = λ(z − 1)2 − (zk + α).

Thus, λ is in the resolvent set ρ(Tωk
) whenever pλ,α,k has at least two roots in D and no roots

on T. Note that Theorem 3.3.1 applies in case k = 1, 2. We discuss the first of these two
cases in detail, and then conclude with some figures that contain possible configurations of
other cases.

Example 3.6.1. Let ω(z) = ω1(z) =
z+α

(z−1)2
for α 6= −1. Then

σess(Tω) = ω(T) = {(it− 1
2
) + (1 + α)(it− 1

2
)2 | t ∈ R}. (3.6.1)

Define the circle
T(−1

2
, 1
2
) = {z ∈ C | |z + 1

2
| = 1

2
},

and write D(−1
2
, 1
2
) for the open disc formed by the interior of T(−1

2
, 1
2
) and Dc(−1

2
, 1
2
) for

the open exterior of T(−1
2
, 1
2
).

For α /∈ T(−1
2
, 1
2
) the curve ω(T) is equal to the parabola in C given by

ω(T) = {−(α + 1)(x(y) + iy) | y ∈ R} , where

x(y) =
|α + 1|4

(|α|2 +Re(α))2
y2 +

(Re(α) + 1)|α + 1|2Im(α)

(|α|2 +Re(α))2
y +

|α|2(1− |α|2)
(|α|2 +Re(α))2

,

while for α ∈ T(−1
2
, 1
2
) the curve ω(T) becomes the half-line given by

ω(T) =
{
−(α + 1)r − (α + 1)(1 + 2α)

4(1− |α|2)
| r ≥ 0

}
.

As ω is strictly proper, we have σr(Tω) = ∅. For the remaining parts of the spectrum we
consider three cases.

(i) For α ∈ D(−1
2
, 1
2
) the points −1

2
and 0 are separated by the parabola ω(T) and the con-

nected component of C\ω(T) that contains −1
2
is equal to ρ(Tω), while the connected

component that contains 0 is equal to σp(Tω). Finally, σess(Tω) = ω(T) = σc(Tω).

(ii) For α ∈ T(−1
2
, 1
2
) we have

ρ(Tω) = ∅, σc(Tω) = ω(T) = σess(Tω), σp(Tω) = C\ω(T),

and for each λ ∈ ω(T), λ− ω has two zeroes on T.

(iii) For α ∈ Dc(−1
2
, 1
2
) we have σp(Tω) = C, and hence ρ(Tω) = σc(Tω) = ∅.

The proof of these statements will be separated into three steps.
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Step 1. We first determine the formula of ω(T) and show this is a parabola. Note that

ω(z) =
z + α

(z − 1)2
=

z − 1

(z − 1)2
+

1 + α

(z − 1)2
=

1

z − 1
+ (α + 1)

1

(z − 1)2
.

Let |z| = 1. Then 1
z−1

is of the form it− 1
2
with t ∈ R. So ω(T) is the curve

ω(T) = {(it− 1
2
) + (α + 1)(it− 1

2
)2 | t ∈ R}.

Thus (3.6.1) holds. Now observe that

(it− 1
2
) + (α + 1)(it− 1

2
)2 =

= −t2(α + 1) + t(i− (α + 1)i) + (−1
2
+ 1

4
(α + 1))

= −t2(α + 1) + (−αi)t+ (−1
4
+ 1

4
α)

= −(α + 1)

(
t2 + t

αi

α + 1
− 1

4

(
α− 1

α + 1

))
.

The pre-factor −(1 + α) acts as a rotation combined with a real scalar multiplication, so
ω(T) is also given by

ω(T) = −(α + 1)

{
t2 + t

(
αi

α + 1

)
− 1

4

(
α− 1

α + 1

)
| t ∈ R

}
. (3.6.2)

Thus if the above curve is a parabola, so is ω(T). Write

x(t) = Re

(
t2 + t

αi

1 + α
− 1

4

(
α− 1

α + 1

))
,

y(t) = Im

(
t2 + t

αi

1 + α
− 1

4

(
α− 1

α + 1

))
.

Since

αi

α + 1
=

−Im(α) + i(|α|2 +Re(α))

|α + 1|2
and

α− 1

α + 1
=

(|α|2 − 1) + 2iIm(α)

|α + 1|2

we obtain that

x(t) = t2 − Im(α)

|α + 1|2
t− |α|2 − 1

4|α + 1|2
, y(t) =

|α|2 +Re(α)

|α + 1|2
t− Im(α)

2|α + 1|2
.

Note that |α + 1
2
|2 = |α|2 + Re(α) + 1

4
. Therefore, we have |α|2 + Re(α) = 0 if and only

if |α + 1
2
| = 1

2
. Thus |α|2 +Re(α) = 0 holds if and only if α is on the circle T(−1

2
, 1
2
).

In case α /∈ T(−1
2
, 1
2
), i.e., |α|2 +Re(α) 6= 0, we can express t in terms of y, and feed this

into the formula for x(t). One can then compute that

x(y) =
|α + 1|4

(|α|2 +Re(α))2
y2 +

(Re(α) + 1)|α + 1|2Im(α)

(|α|2 +Re(α))2
y +

|α|2(1− |α|2)
(|α|2 +Re(α))2

.
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Inserting this formula into (3.6.2), we obtain the formula for ω(T) for the case where α /∈
T(−1

2
, 1
2
).

In case α ∈ T(−1
2
, 1
2
), i.e., |α|2 +Re(α) = 0, we have

|α + 1|2 = 1− |α|2 = 1 + Re(α), Im(α)2 = |α|2(1− |α|2)

and using these identities one can compute that

y(t) =
−2Im(α)

4(1− |α|2)
and x(t) =

(
t− Im(α)

2(1− |α|2)

)2

+
1 + 2Re(α)

4(1− |α|2)
.

Thus {x(t) + iy(t) | t ∈ R} determines a half-line in C, parallel to the real axis and starting
in 1+2α

4(1−|α|2) and moving in positive direction. It follows that ω(T) is the half-line

ω(T) =
{
−(α + 1)r − (α + 1)(1 + 2α)

4(1− |α|2)
| r ≥ 0

}
,

as claimed.

Step 2. Next we determine the various parts of the spectrum in C\ω(T). Since ω is strictly
proper, Theorem 3.3.1 applies, and we know σr(Tω) = ∅ and σp = ω(C\D) ∪ {0}.

For k = 1, the polynomial pλ,α(z) = pλ,α,1(z) = λz2 − (1 + 2λ)z + λ− α has roots

(1 + 2λ)±
√
1 + 4λ(1 + α)

2λ
.

We consider three cases, depending on whether α is inside, on or outside the circle
T(−1

2
, 1
2
).

Assume α ∈ D(−1
2
, 1
2
). Then ω(T) is a parabola in C. For λ = −1

2
we find that λ−ω has

zeroes ±i
√
1 + 2α, which are both inside D, because of our assumption. Thus −1

2
∈ ρ(Tω),

so that ρ(Tω) 6= ∅. Therefore the connected component of C\ω(T) that contains −1
2
is

contained in ρ(Tω), which must also contain ω(D). Note that 0 ∈ ω(T) if and only if |α| = 1.
However, there is no intersection of the disc α ∈ D(−1

2
, 1
2
) and the unit circle T. Thus 0 is in

σp(Tω), but not on ω(T). Hence 0 is contained in the connected component of C\ω(T) that
does not contain −1

2
. This implies that the connected component containing 0 is included

in σp(Tω). This proves our claims for the case α ∈ D(−1
2
, 1
2
).

Now assume α ∈ T(−1
2
, 1
2
). Then ω(T) is a half-line, and thus C\ω(T) consists of one

connected component. Note that the intersection of the disc determined by |α+ 1
2
| < 1

2
and

the unit circle consists of −1 only. But α 6= −1, so it again follows that 0 /∈ ω(T). Therefore
the C\ω(T) = σp(Tω). Moreover, the reasoning in the previous case shows that λ = −1

2
is

in σc(Tω) since both zeroes of −1
2
− ω are on T.

Finally, consider the case where α is in the exterior of T(−1
2
, 1
2
), i.e., |α+ 1

2
| > 1

2
. In this

case, |α| = 1 is possible, so that 0 ∈ σp(Tω) could be on ω(T). We show that α = ω(0) ∈ ω(D)
is in σp(Tω). If α = 0, this is clearly the case. So assume α 6= 0. The zeroes of α − ω are
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then equal to 0 and 1+2α
α

. Note that |1+2α
α

| > 1 if and only if |1+ 2α|2 − |α|2 > 0. Moreover,
we have

|1 + 2α|2 − |α|2 = 3|α|2 + 4Re(α) + 1 = 3|α + 2
3
|2 − 1

3
.

Thus, the second zero of α − ω is outside D if and only if |α + 2
3
|2 > 1

9
. Since the disc

indicated by |α + 2
3
| ≤ 1

3
is contained in the interior of T(−1

2
, 1
2
), it follows that for α

satisfying |α+ 1
2
| > 1

2
one zero of α−ω is outside D, and thus ω(0) = α ∈ σp(Tω). Note that

C = ω(C) = ω(D) ∪ ω(T) ∪ ω(C\D),

and that ω(D) and ω(C\D) are connected components, both contained in σp(Tω). This shows
that C\ω(T) is contained in σp(Tω).

Step 3. In the final part we prove the claim regarding the essential spectrum σess(Tω) =
ω(T). Let λ ∈ ω(T) and write z1 and z2 for the zeroes of λ− ω. One of the zeroes must be
on T, say |z1| = 1. Then λ ∈ σp(T) if and only if |z1z2| = |z2| > 1. From the form of pλ,α
determined above we obtain that

λz2 − (1 + 2λ)z + λ− α = λ(z − z1)(z − z2).

Determining the constant term on the right hand sides shows that λz1z2 = λ− α. Thus

|z2| = |z1z2| =
|λ− α|
|λ|

.

This shows that λ ∈ σp(Tω) if and only if |λ−α| > |λ|, i.e., λ is in the half-plane containing
zero determined by the line through 1

2
α perpendicular to the line segment from zero to α.

Consider the line given by |λ−α| = |λ| and the parabola ω(T), which is a half-line in case
α ∈ T(−1

2
, 1
2
). We show that ω(T) and the line intersect only for α ∈ T(−1

2
, 1
2
), and that in

the latter case ω(T) is contained in the line. Hence for each value of α 6= −1, the essential
spectrum consists of either point spectrum or continuous spectrum, and for α ∈ T(−1

2
, 1
2
)

both zeroes of λ− ω are on T, so that ω(T) is contained in σc(Tω).
As observed in (3.6.1), the parabola ω(T) is given by the parametrization (it− 1

2
)2(α +

1)+ (it− 1
2
) with t ∈ R, while the line is given by the parametrization 1

2
α+ siα with s ∈ R.

Fix a t ∈ R and assume the point on ω(T) parameterized by t intersects with the line, i.e.,
assume there exists a s ∈ R such that:

(it− 1
2
)2(α + 1) + (it− 1

2
) = 1

2
α + siα,

Thus
(−t2 − it+ 1

4
)(α + 1) + (it− 1

2
) = 1

2
α + siα,

and rewrite this as

i(−t(α + 1) + t− αs) + ((−t2 + 1
4
)(α + 1)− 1

2
− 1

2
α) = 0,
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which yields
−αi(t+ s) + (α + 1)(−t2 − 1

4
) = 0.

Since t2 + 1
4
> 0, this certainly cannot happen in case α = 0. So assume α 6= 0. Multiply

both sides by −α to arrive at

|α|2i(t+ s) + (|α|2 + α)(t2 + 1
4
) = 0.

Separate the real and imaginary part to arrive at

(|α|2 +Re(α))(t2 + 1
4
) + i(|α|2(t+ s)− (t2 + 1

4
)Im(α)) = 0.

Thus
(|α|2 +Re(α))(t2 + 1

4
) = 0 and |α|2(t+ s) = (t2 + 1

4
)Im(α).

Since t2 + 1
4
> 0, the first identity yields |α|2 + Re(α) = 0, which happens precisely when

α ∈ T(−1
2
, 1
2
). Thus there cannot be an intersection when α /∈ T(−1

2
, 1
2
). On the other

hand, for α ∈ T(−1
2
, 1
2
) the first identity always holds, while there always exists an s ∈ R

that satisfies the second equation. Thus, in that case, for any t ∈ R, the point on ω(T)
parameterized by t intersects the line, and thus ω(T) must be contained in the line.

We conclude by showing that ω(T) ⊂ σp(Tω) when |α + 1
2
| > 1

2
and that ω(T) ⊂ σc(Tω)

when |α+ 1
2
| < 1

2
. Recall that the two cases correspond to |α|2+Re(α) > 0 and |α|2+Re(α) <

0, respectively. To show that this is the case, we take the point on the parabola parameterized
by t = 0, i.e., take λ = 1

4
(α + 1)− 1

2
= 1

4
(α− 1). Then λ− α = −1

4
(3α + 1). So

|λ− α|2 = 1
16
(9|α|2 + 6Re(α) + 1) and |λ|2 = 1

16
(|α2| − 2Re(α) + 1).

It follows that |λ− α| > |λ| if and only if

1
16
(9|α|2 + 6Re(α) + 1) > |λ|2 = 1

16
(|α2| − 2Re(α) + 1),

or equivalently,
8(|α|2 +Re(α)) > 0.

This proves our claim for the case |λ + 1
2
| > 1

2
. The other claim follows by reversing the

directions in the above inequalities.
Figure 3.5 presents some illustrations of the possible situations.

�

The case k = 2 can be dealt with using the same techniques, and very similar results are
obtained in that case.

The next examples deal with other cases of ωk, now with k > 2.

Example 3.6.2. Let ω = z3+α
(z−1)2

. Then

ω(z) =
z3 + α

(z − 1)2
= (z − 1) + 3 +

3

z − 1
+

1 + α

(z − 1)2
.
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Figure 3.5: Spectrum of Tω, where ω(z) =
z+α

(z−1)2
for some values of α, with α = 1, and α = 0

(top row left and right), α = 1/2 and α = −2 (middle row left and right), α = −1
2
+ 1

4
i and

α = −2 + i (bottom row).

For z ∈ T, 1
z−1

has the form −1
2
+ ti, t ∈ R and so ω(T) has the form

ω(T) =

{
1

−1
2
+ ti

+ 3 + 3(−1

2
+ ti) + (1 + α)

(
−1

2
+ ti

)2

, | t ∈ R

}
.

Also λ − ω(z) = λ(z−1)2−z3−α
(z−1)2

and so for invertibility we need the polynomial pλ,α(z) =

λ(z − 1)2 − z3 − α to have exactly two roots in D. Since this is a polynomial of degree
3 the number of roots inside D can be zero, one, two or three, and the index of λ − Tω
correspondingly can be two, one, zero or minus one. Examples are given in Figure 3.6.

Example 3.6.3. To get some idea of possible other configurations we present some examples
with other values of k.

For ω(z) = z4

(z−1)2
(so k = 4 and α = 0) the essential spectrum of Tω is the curve in

Figure 3.7, the white region is the resolvent set, and color coding for the Fredholm index is
as earlier in the chapter. For ω(z) = z6+1.7

(z−1)2
(so k = 6 and α = 1.7) see Figure 3.8, and as a

final example Figure 3.9 presents the essential spectrum and spectrum for ω(z) = z7+1.1
(z−1)2

and

ω(z) = z7+0.8
(z−1)2

. In the latter figure color coding is as follows: the Fredholm index is −3 in the
yellow region, −4 in the green region and −5 in the black region.
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Figure 3.6: Spectrum of Tω where ω(z) = z3+α
(z−1)2

for several values of α, with α being (left to

right and top to bottom) respectively, −2,−1.05,−0.95, 0.3, 0.7, 1, 1.3, 2.

Figure 3.7: The spectrum of Tω, with k = 4
and α = 0.

Figure 3.8: The spectrum of Tω with k = 6
and α = 1.7.

Figure 3.9: The spectrum of Tω for k = 7 and α = 1.1 (left) and k = 7, α = 0.8 (right)
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Chapter 4

The adjoint

Abstract. This chapter contains a further analysis of the Toeplitz-like operators Tω on Hp with

rational symbol ω having poles on the unit circle that were previously studied in [5, 6]. Here the

adjoint operator T ∗
ω is described. In the case where p = 2 and ω has poles only on the unit circle T,

a description is given for when T ∗
ω is symmetric and when T ∗

ω admits a selfadjoint extension. If in

addition ω is proper, it is shown that T ∗
ω coincides with the unbounded Toeplitz operator defined

by Sarason in [12] and studied further by Rosenfeld in [10, 11]. 1

Mathematics Subject Classification (2010). Primary 47B35, 47A53; Secondary 47A68.

Keywords. Toeplitz operators, unbounded operators, adjoint, symmetric operators.

4.1 Introduction

In this chapter we proceed with our study of unbounded Toeplitz-like operators on Hp

with rational symbols that have poles on the unit circle T which was initiated in Chapter
2.Our previous work on such Toeplitz-like operators focused on their Fredholm properties
(in Chapter 2) and the various parts of their spectra (in Chapter 3). Here we determine
properties of the adjoint operator and conditions under which the operator is symmetric and
when it has a selfadjoint extension.

Before we can define our Toeplitz-like operators, some notation has to be introduced.
We write Rat for the space of rational complex functions, Rat(T) for the subspace of Rat
consisting of rational complex functions with poles only on the unit circle T, and Rat0(T)
for the subspace of strictly proper functions in Rat(T). Now let ω ∈ Rat, possibly with poles
on T. As in [5], we define the Toeplitz-like operator Tω (H

p → Hp), for 1 < p <∞, via

Dom(Tω)={g ∈ Hp |ωg=f+ρ with f ∈ Lp, ρ ∈ Rat0(T)} , Tωg = Pf. (4.1.1)

1Up to some minor modifications, this chapter has been published as
G.J. Groenewald, S. ter Horst, J. Jaftha, and A.C.M. Ran, A Toeplitz-like operator with rational
symbol having poles on the unit circle II: the adjoint, Integr. Equ. Oper. Theory 91 (2019), no. 43,
https://doi.org/10.1007/s00020-019-2542-2.
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Here P is the Riesz projection of Lp onto Hp. The operator Tω is densely defined and closed.
In case ω ∈ Rat(T), explicit formulas for the domain, kernel, range, and a complement of
the range were obtained in Chapter 3, as an extension of a result in Chapter 2 for the case
where Tω is Fredholm. We recall these results in Section 4.2, as they will be frequently used
throughout the chapter.

If ω has no poles on T, in fact for any ω ∈ L∞, the adjoint of the Toeplitz operator Tω
on Hp can be identified with the Toeplitz operator Tω∗ on Hp′ , with 1 < p′ < ∞ so that
1/p + 1/p′ = 1 and with ω∗ defined as ω∗(z) = ω(z) on T. The identification of (Hp)′ and
Hp′ goes via the usual pairing

〈f, g〉p,p′ = 1
2π

∫
T g(z)f(z) dz (f ∈ Hp, g ∈ Hp′).

In the sequel we use the same notation for the similarly defined pairing between Lp and Lp
′

to identify (Lp)′ and Lp
′
, and in both cases the indices will often be omitted.

For the Toeplitz-like operators studied in this chapter the situation is more complicated
than for Toeplitz operators with L∞ symbols. However, we do obtain that T ∗

ω can be iden-
tified with the restriction of the Toeplitz-like operator Tω∗ on Hp′ to a dense subspace of its
domain. Like for the operator Tω, in case ω is in Rat(T) we obtain a more explicit description
of T ∗

ω , which we present after introducing some further notation.
Throughout the chapter P denotes the space of complex polynomials and Pk, for any

non-negative integer k, denotes the subspace of P of polynomials of degree at most k. The
degree of a polynomial r ∈ P is denoted as deg (r). Given r ∈ P with deg (r) = k, say
r(z) = r0 + zr1 + · · ·+ zkrk, we define the polynomial r♯ by

r♯(z) = zkr(1/z) = r0z
k + r1z

k−1 + · · ·+ rk.

The following theorem is our first main result.

Theorem 4.1.1. Let ω = s/q ∈ Rat with s, q ∈ P co-prime and 1 < p < ∞. Factor
s = s−s0s+ and q = q−q0q+ with s−, q− having roots only inside T, s0, q0 having roots only
on T, and s+, q+ having roots only outside T. Set m = deg(q), n = deg(s), m± = deg (q±),
n± = deg (s±) m0 = deg (q0), n0 = deg (s0) and let 1 < p′ <∞ with 1/p+ 1/p′ = 1. Then

Dom(T ∗
ω) = (q0)

♯Hp′ ⊂ Dom(Tω∗) and T ∗
ω = Tω∗|(q0)♯Hp′ . (4.1.2)

Furthermore, we have

Ran(T ∗
ω) = Tzm−n(s+)♯/(q+)♯Qn0+n−−m0−m−(s0)

♯Hp′ ,

Ker(T ∗
ω) =

{
(q−)

♯(q0)
♯r

(s−)♯
| deg(r) < n− −m− −m0

}
.

(4.1.3)

Here Qk = IHp′ − PPk−1
, with PPk−1

the standard projection in Hp′ onto Pk−1 ⊂ Hp′ to be
interpreted as 0 if k ≤ 0, i.e., Qk = IHp′ if k ≤ 0. Thus, for n0 + n− ≤ m0 +m− we have
Ran(T ∗

ω) = Tzm−n/(q+)♯(s+s0)
♯Hp′. Moreover,

dimKer(T ∗
ω) = max

{
0,#{zeroes of ω inside D} −#{poles of ω in D}

}
,
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where the multiplicities of the zeroes and poles are taken into account. Hence, dimKer(T ∗
ω)

is the maximum of 0 and n− − m− − m0. In particular, T ∗
ω is injective if and only if the

number of poles of ω inside D is greater than or equal to the number of zeroes of ω inside D,
multiplicities taken into account.

Before giving a proof of Theorem 4.1.1 in Section 4.4, we prove the specialization of this
result for the case ω ∈ Rat(T) in Section 4.3. For this purpose we first provide a description
of Tω∗ in Section 4.2.

The injectivity result, but not the description of Ker(T ∗
ω), can also be derived from general

theory and results on Tω. Indeed, according to Theorem II.3.7 in [4], T ∗
ω is injective if and

only if Tω has dense range, so that the claim follows from Proposition 3.2.4. More can be
obtained in this way, since Hp, 1 < p < ∞, is reflexive. By Theorem II.2.14 of [4] it follows
that T ∗∗

ω = Tω, with the usual identifications of the dual spaces. Hence, applying the above
to T ∗

ω we find that T ∗
ω has dense range if and only if Tω is injective; see also Theorem II.4.10

in [4]. By Banach’s Closed Range Theorem, cf., [14], T ∗
ω has closed range if and only if Tω

has closed range. Again applying results from Chapter 3 now gives the following result.

Corollary 4.1.2. Let ω ∈ Rat and 1 < p < ∞. Then T ∗
ω has closed range if and only if ω

has no zeroes on T, or equivalently, ω∗ has no zeroes on T. Moreover, T ∗
ω has dense range if

and only if

#

{
poles of ω inside D
multi. taken into account

}
≤ #

{
zeroes of ω inside D
multi. taken into account

}
.

Beyond Section 4.4, and in the remainder of this introduction, we only consider the case
p = 2 and ω ∈ Rat(T). By comparing the results on Tω and T ∗

ω it is obvious Tω cannot be
selfadjoint, except when ω has no poles on T. In Section 4.5 we describe in terms of ω when
T ∗
ω is symmetric, in which case T ∗

ω ⊂ Tω, and whenever T ∗
ω is symmetric we describe when Tω∗

admits a selfadjoint extension. The following theorem collects some of the main results of
Section 4.5; it follows directly from Theorem 4.5.1, Corollaries 4.5.2 and 4.5.7, Propositions
4.5.4 and 4.5.9.

Theorem 4.1.3. Let ω = s/q ∈ Rat(T) with s, q ∈ P co-prime. Consider Tω on H2. Then

T ∗
ω is symmetric ⇐⇒ ω(T) ⊂ R.

In particular, if T ∗
ω is symmetric, then deg(s) ≤ deg(q) ≤ 2 deg(s). Furthermore, if T ∗

ω is
symmetric, then T ∗

ω admits a selfadjoint extension if and only if the number of roots of s− iq
and s + iq in D, counting multiplicities, coincide. This happens in particular if ω(T) 6= R,
but cannot happen in case deg(q) is odd.

Several other conditions for T ∗
ω to be symmetric and/or have a selfadjoint extension are

derived in Section 4.5.
In [12] Sarason introduced and studied an unbounded Toeplitz-like operator with symbol

in the Smirnov class. In Section 4.6 we show that if ω ∈ Rat(T) is proper, then the adjoint
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operator T ∗
ω is precisely a Toeplitz-like operator of the type studied by Sarason. Hence in

this case our Toeplitz-like operator Tω = T ∗∗
ω coincides with the adjoint of the Toeplitz-like

operator considered in [12]. Based on ideas in [12], we also show that H(D), the space of
functions analytic on a neighborhood of D, is contained in Dom(Tω) and in fact is a core of
Tω.

In the last section of [12], Sarason introduces a class of closed, densely defined Toeplitz-
like operators on H2 determined by algebraic properties, which was further investigated
by Rosenfeld in [10, 11]. In particular, this class of Toeplitz-like operators contains the
unbounded Toeplitz-like operator studied by Sarason and is closed under taking adjoints,
and hence contains our Toeplitz-like operators with proper symbols in Rat(T). In fact, we
will show in Section 4.6 that Tω is contained in the class of Toeplitz-like operators for any ω
in Rat.

4.2 The operator Tω∗ for ω ∈ Rat(T)
In this section we recall some results from Chapter 2 and Chapter 3 on the operator Tω for
ω ∈ Rat(T) that we will use in the sequel, and apply them to the operator Tω∗ . Hence,
throughout this section let ω = s/q ∈ Rat(T), with s, q ∈ P co-prime. We set m = deg(q)
and n = deg (s). Furthermore, factor s = s−s0s+ with s−, s0 and s+ polynomials having
roots only inside, on, or outside T, respectively. We then recall from Theorem 3.2.2 that

Ker(Tω) = {r/s+ | deg(r) < m− deg(s−s0)} ;
Dom(Tω) = qHp + Pm−1; Ran(Tω) = sHp + P̃ ,

(4.2.1)

where P̃ is the subspace of P given by

P̃ = {r ∈ P | rq = r1s+ r2 for r1, r2 ∈ Pm−1} ⊂ Pn−1. (4.2.2)

Furthermore, Hp = Ran(Tω) + Q̃ forms a direct sum decomposition of Hp, where

Q̃ = Pk−1 with k = max{deg(s−)−m, 0}, (4.2.3)

using the convention P−1 := {0}. Furthermore, the action of Tω is as follows:

Tωg = sh+ r̃ (g = qh+ r ∈ qHp + Pm−1 = Dom(Tω)),

where r̃ ∈ Pn−1 is such that rs = r̃q + r2 for some r2 ∈ Pm−1.

We also recall from Lemma 2.5.3 that

Tzκω = TzκTω for any integer κ ≤ 0. (4.2.4)

Recall that ω∗ is defined as ω∗(z) = ω(z) on T, i.e., ω∗(z) = s(z)/q(z). For z ∈ T

q(z) = q0 + zq1 + · · ·+ zmqm = q0 + q1
1

z
+ · · ·+ qm

1

zm
=

1

zm
q♯(z).
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Hence q♯(z) = zmq(z), and likewise s♯(z) = zns(z). Thus we have

ω∗(z) =
zm−ns♯(z)

q♯(z)
if m ≥ n and ω∗(z) =

s♯(z)

zn−mq♯(z)
if m < n. (4.2.5)

In fact, the formula ω∗(z) = zm−ns♯(z)/q♯(z) holds in both cases, but is not always a repre-
sentation as the ratio of two polynomials. Note in particular that ω∗ ∈ Rat(T) in case ω is
proper, while this need not be the case if ω is not proper. Thus, if ω is proper, the above
formulas apply directly, while for the non-proper case, using (4.2.4) we can reduce certain
questions to questions concerning the Toeplitz operator Ts♯/q♯ with symbol s♯/q♯ which is in
Rat(T).

A polynomial r 6= 0 is called self-inversive in case r = γr♯ for a constant γ ∈ C, which
necessarily is unimodular. In fact, γ is the ratio r0/rn with r0 = r(0) and rn the leading
coefficient of r. By a theorem of Cohn [2], a polynomial r has all its roots on T if and only
if r is self-inversive and its derivative has all its roots in the closed unit disc D. Hence, any
polynomial with roots only on T is self-inversive. In particular, q = γq♯ and s0 = ρ(s0)

♯ for
unimodular constants γ and ρ.

More generally, in the transformation r → r♯, the nonzero roots of r (including multiplic-
ity) transfer along the unit circle via the map α 7→ 1/α = |α|−2α, while the degree decreases
by the multiplicity of 0 as a root of r. Consequently, in the factorization s♯ = (s+)

♯(s0)
♯(s−)

♯,
the polynomials (s+)

♯, (s0)
♯ and (s−)

♯ contain the roots of s♯ inside, on and outside T, re-
spectively, taking multiplicities into account. We write (s+)

♯ rather than s♯+, etc., to avoid
confusion with what one may interpret as (s♯)+.

We now apply the above to Tω∗ acting on Hp′ , 1 < p′ < ∞, to fit better with the
remainder of the chapter.

Proposition 4.2.1. Let ω = s/q ∈ Rat(T), with s, q ∈ P co-prime, m = deg(q) and
n = deg(s). Factor s = s−s0s+ with s−, s0 and s+ polynomials having roots only inside, on,
or outside T, respectively. Then for Tω∗ on Hp′, with 1 < p′ <∞, we have

Ker(Tω∗) =
{
r0/(s−)

♯ | deg(r0) < deg(s−)
}
, Dom(Tω∗) = q♯Hp′ + Pm−1.

Moreover, we have

Ran(Tω∗) = zm−ns♯Hp′ + P̃∗ if m ≥ n,

Ran(Tω∗) = Tzm−n(s♯Hp′ + P̃∗) if m < n,
(4.2.6)

where for m ≥ n the subspace P̃∗ is given by

P̃∗ = {r ∈ P | rq♯ = zm−nr1s
♯ + r2 for r1, r2 ∈ Pm−1} ⊂ Pm−n+deg(s♯)−1,

while for m < n we have

P̃∗ = {r ∈ P | rq♯ = r1s
♯ + r2 for r1, r2 ∈ Pm−1} ⊂ Pdeg(s♯)−1.

Furthermore, Ran(Tω∗) is dense in Hp′.
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Proof. We separate the cases m ≥ n and m < n.
For m ≥ n, we have ω∗ = s̃/q̃ ∈ Rat(T) with s̃ = zm−ns♯ and q̃ = q♯. Hence s̃ factors

as s̃ = (zm−n(s+)
♯)(s0)

♯(s−)
♯, where the factors have all their roots inside, on, or outside

T, respectively. Also, deg(q♯) = deg(q) and deg((s+)
♯) = deg(s+). So the formulas for

Dom(Tω∗) and Ran(Tω∗) follow directly from (4.2.1), while the formula for Ker(Tω∗) follows
because the bound on the degree of r0 can be computed as

m− deg(zm−n(s+)
♯(s0)

♯)=n− deg((s+)
♯(s0)

♯) = n− deg(s+s0) = deg(s−).

Finally, a complement of the closure of Ran(Tω∗) is given by Pk−1 with k the maximum of
0 and deg(zm−n(s+)

♯) − m = deg((s+)
♯) − n ≤ 0. Hence P−1 = {0}. Thus Tω∗ has dense

range, as claimed.
In case m < n, we have Tω∗ = Tzm−nTs♯/q♯ and s♯/q♯ is in Rat(T). Applying the above

results for Tω to Ts♯/q♯ directly gives the formulas for Dom(Tω∗) and Ran(Tω∗).
To see that the formula for Ker(Tω∗) holds, we follow the argumentation of the proof of

Lemma 2.4.1. For g ∈ Dom(Tω∗) = Dom(Ts♯/q♯) to be in Ker(Tω∗) is equivalent to Ts♯/q♯g ∈
Pn−m−1. In other words, by Lemma 2.3.2, to s♯g = q♯r̃+ r1 with r1 ∈ Pm−1 and r̃ ∈ Pn−m−1,
since then Ts♯/q♯g = r̃. The latter happens precisely when g = r/(s−)

♯ with r ∈ Pdeg(s−)−1.
Indeed, in that case deg((s+)

♯(s0)
♯r) < n which in the equation (s+)

♯(s0)
♯r = s♯g = q♯r̃ + r1

corresponds to deg(r̃) < m−1, as required. Finally, we note that a complement of Ran(Ts♯/q♯)

in Hp′ is given by Pk−1 with k = max{0, deg s+♯ − m} ≤ n − m. Let f ∈ Hp′ and write
zn−mf = h + r ∈ Ran(Ts♯/q♯) + Pk−1. Then f = Tzm−nzn−mf = Tzm−n(h + r) = Tzm−nh ∈
Tzm−nRan(Ts♯/q♯) ⊂ Ran(Tzm−nTs♯/q♯) = Ran(Tω∗). Thus also in this case Ran(Tω∗) is dense

in Hp′ .

We conclude this section with a lemma which will be of use in the sequel.

Lemma 4.2.2. Let r1, r2 ∈ P. Set ni = deg(ri), i = 1, 2, and n = deg(r1 + r2). Then

(r1 + r2)
♯ = zn−n1r♯1 + zn−n2r♯2.

In case n < max{n1, n2}, then n1 = n2 and 0 is a root of r♯1 + r♯2 with multiplicity n− n1, so
that the left hand side in the above identity still is a polynomial without a root at 0.

Proof. By definition, for z ∈ T we have

(r1 + r2)
♯(z) = zn(r1(1/z) + r2(1/z)) =

= zn−n1zn1r1(1/z) + zn−n2zn2r2(1/z) = zn−n1r♯1(z) + zn−n2r♯2(z).

4.3 The adjoint of Tω for ω ∈ Rat(T)
In this section we prove the first main result, Theorem 4.1.1, for the special case that
ω ∈ Rat(T). In this case, the result specializes to the following theorem, which we prove in
this section.
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Theorem 4.3.1. Let ω = s/q ∈ Rat(T) with s, q ∈ P co-prime and 1 < p < ∞. Set
m = deg (q), n = deg (s) and let 1 < p′ <∞ with 1/p+ 1/p′ = 1. Then

Dom(T ∗
ω) = q♯Hp′ ⊂ Dom(Tω∗) and T ∗

ω = Tω∗|q♯Hp′ . (4.3.1)

In fact, for g = q♯v ∈ q♯Hp′ we have T ∗
ωg = Tzm−ns♯v. Moreover, factorize s = s−s0s+ with

s−, s0 and s+ polynomials having roots only inside, on, or outside T, respectively. Then

Ran(T ∗
ω) = Tzm−ns♯Hp′ ,

Ker(T ∗
ω) =

{
q♯r

(s−)♯
| deg(r) < deg (s−)−m

}
.

(4.3.2)

In particular, we have

dimKer(T ∗
ω) = max {0,# {zeroes of ω∗ outside T} −# {poles of ω∗ on T}} ,

where the multiplicities of the zeroes and poles are taken into account. Thus T ∗
ω is injective if

and only if ω has at least as many poles inside T as zeroes inside T unequal to 0, multiplicities
taken into account.

We first present some auxiliary lemmas. Throughout, let 1 < p, p′ < ∞ such that
1/p + 1/p′ = 1. We will consider Tω as an operator with domain in Hp and Tω∗ as an
operator with domain in Hp′ .

Lemma 4.3.2. Let ω = s/q ∈ Rat(T) with s, q ∈ P co-prime, m = deg (q) and n = deg (s).
Then

q♯Hp′ ⊂ Dom(T ∗
ω) ∩Dom(Tω∗) and T ∗

ω |q♯Hp′ = Tω∗ |q♯Hp′ .

Moreover, for g = q♯v ∈ q♯Hp′, with v ∈ Hp′, we have T ∗
ωg = Tzm−ns♯v, and thus T ∗

ω(q
♯Hp′) =

Tzm−ns♯Hp′.

Proof. The inclusion q♯Hp′ ⊂ Dom(Tω∗) follows from Proposition 4.2.1. Let g be in q♯Hp′ ,
say g(z) = q♯(z)v(z) for v ∈ Hp′ . We show that for f ∈ Dom(Tω) we have 〈Twf, g〉p,p′ =
〈f, Tω∗g〉p,p′ . Let f ∈ Dom(Tω) and h = Tωf ∈ Hp, i.e., sf = qh + r for some r ∈ Pm−1, by
[5, Lemma 2.3]. Then

〈Tωf, g〉p,p′ = 〈h, q♯v〉p,p′ = 〈h, zmqv〉p,p′ = 〈qh, zmv〉p,p′ = 〈sf − r, zmv〉p,p′
= 〈sf, zmv〉p,p′ (because deg (r) < m, v ∈ Hp′)

= 〈f, zmsv〉p,p′ =〈f, zm−ns♯v〉p,p′ = 〈f, Tzm−ns♯v〉p,p′ (because f ∈ Hp).

It remains to show that Tω∗g = Tzm−ns♯v. If m ≥ n, then ω∗ = zm−ns♯/q♯ is in Rat(T) and
ω∗g = zm−ns♯v ∈ Hp′ , so that, Tω∗g = zm−ns♯v = Tzm−ns♯v, by Lemma 2.3 in [5]. If m < n,
we have Tω∗g = Tzm−nTs♯/q♯g = Tzm−ns♯v.
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Lemma 4.3.3. Let ω = s/q ∈ Rat(T) with s, q ∈ P co-prime, m = deg (q) and n = deg (s).
Let g ∈ Dom(T ∗

ω) and k = T ∗
ωg ∈ Hp′. Then for any r ∈ Pn−1 and r1 ∈ Pm−1 so that

sr1 = qr + r2 for some r2 ∈ Pm−1 (4.3.3)

we have

〈r1, k〉p,p′ = 〈r, g〉p,p′ .

Moreover, we have

zm−ns♯g − q♯k ∈ Pm−1 if m ≥ n and s♯g − zn−mq♯k ∈ Pn−1 if m < n. (4.3.4)

In particular, Dom(T ∗
ω) ⊂ Dom(Tω∗) and T ∗

ω = Tω∗ |Dom(T ∗
ω).

Proof. Let g ∈ Dom(T ∗
ω) and k = T ∗

ωg. Hence 〈Tωf, g〉p,p′ = 〈f, k〉p,p′ for each f ∈ Dom(Tω).
Since ω ∈ Rat(T), we have Dom(Tω) = qHp + Pm−1. Let f = qh + r1 ∈ Dom(Tω), with
h ∈ Hp and r1 ∈ Pm−1. Then Tωf = sh + r where r ∈ Pn−1 is uniquely determined by
(4.3.3). Thus

〈sh, g〉+ 〈r, g〉=〈sh+ r, g〉=〈Tωf, g〉=〈f, k〉=〈qh+ r1, k〉=〈qh, k〉+ 〈r1, k〉.

We obtain that

〈sh, g〉 − 〈qh, k〉 = 〈r1, k〉 − 〈r, g〉.

However, in choosing f ∈ Dom(Tω) we can choose h ∈ Hp and r1 ∈ Pm−1 independently,
and in particular set one or the other equal to zero, so that

〈sh, g〉 = 〈qh, k〉 (h ∈ Hp),

〈r1, k〉 = 〈r, g〉 (r ∈ Pn−1, r1 ∈ Pm−1 as in (4.3.3)).

The second identity proves the first claim of the lemma. From the first identity we obtain
that

0 = 〈h, sg − qk〉p,p′ = 〈h, z−ns♯g − z−mq♯k〉p,p′ (h ∈ Hp).

Thus P(z−ns♯g − z−mq♯k) = 0. On the other hand, for l = max{m,n} we have

zl(z−ns♯g − z−mq♯k) = zl−ns♯g − zl−mq♯k ∈ Hp′ .

This can only occur if zl−ns♯g − zl−mq♯k ∈ Pl−1, which proves the second claim.
To complete the proof, we show that g ∈ Dom(Tω∗) and Tω∗g = k. For m ≥ n we have

ω∗ ∈ Rat(T) and the first inclusion of (4.3.4) can be rewritten as

ω∗g =

(
zm−ns♯

q♯

)
g = k + r̃/q♯, for some r̃ ∈ Pm−1.
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Since deg(q♯) = deg(q) = m, it now follows that g ∈ Dom(Tω∗) and Tω∗g = k. In case m < n
we have Tω∗ = Tzm−nTs♯/q♯ and s

♯/q♯ ∈ Rat(T). Now the second inclusion of (4.3.4) gives(
s♯

q♯

)
g = zn−mk + r̃/q♯, for some r̃ ∈ Pn−1.

Write r̃ = r̃1q
♯ + r̃2 with r̃2 ∈ Pm−1. Then r̃/q♯ = r̃1 + r̃2/q

♯ and deg(r̃1) < m − n. Since
r̃2/q

♯ ∈ Rat0(T) it follows that g ∈ Dom(Ts♯/q♯) = Dom(Tω∗) and Ts♯/q♯g = zn−mk + r̃1. But
then Tω∗g = Tzm−nTs♯/q♯g = Tzm−n(zn−mk + r̃1) = k.

A special case of the following result was proven as part of the proof of Theorem 3.2.2.

Lemma 4.3.4. Let r, r̃ ∈ P be co-prime. Then rHp ∩ r̃Hp = rr̃Hp.

Proof. Let r̃f = rg with f, g ∈ Hp. Then f = r · g/r̃ ∈ Hp, so we should show f̃ := g/r̃ ∈
Hp, i.e., f̃ analytic on D and

∫
T |f̃(z)|

p dz <∞.

Since g ∈ Hp, the function f̃ can only fail to be analytic at the roots of r̃ inside D.
However, if this were the case, then f = rf̃ would also fail to be analytic in D, since r and
r̃ are co-prime. Thus f̃ is analytic on D.

Divide T as T1 ∪ T2 with T1 ∩ T2 = ∅ in such a way that T1 and T2 are both nonempty
finite unions of line segments of T so that the interior of T1 contains the roots of r and
the interior of T2 the roots of r̃. Then |r̃(z)| > N1 on T1 and |r(z)| > N2 on T2 for some

N1, N2 > 0. Note that f = rf̃ and g = r̃f̃ . We then obtain∫
T2

|f̃(z)|p dz =
∫
T2

|f(z)/r(z)|p dz ≤ N−p
2

∫
T2

|f(z)|p dz ≤ (2πNp
2 )

−1‖f‖pHp .

Using g = r̃f̃ , one obtains similarly that
∫
T1

|f̃(z)|p dz ≤ (2πNp
1 )

−1‖g‖pHp . Thus
∫
T |f̃(z)|

p dz <
∞.

Proof of Theorem 4.3.1. By Lemma 4.3.2, in order to prove (4.3.1), the formula for the
action of T ∗

ω on q♯Hp′ and for the range of T ∗
ω in (4.3.2), it remains to show that Dom(T ∗

ω) ⊂
q♯Hp′ .

View P and Pk, k = 1, 2, . . ., as subspaces of Hp or Hp′ , write Pk for the projection onto
Pk−1 and set Qk = I − Pk. Also, the standard k × k compression of a Toeplitz operator Tϕ
on Hp (or Hp′) is denoted by Tϕ,k, i.e., Tϕ,k = PkTϕ|Pk−1

. Now, the relation (4.3.3) between
r ∈ Pn−1 and r1 ∈ Pm−1 can be rewritten as

Tsr1 − Tqr ∈ Pm−1,

or, equivalently, as

QmTsPmr1 = QmTsr1 = QmTqr = QmTqPnr. (4.3.5)

We now consider the cases m ≥ n and m < n separately.
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First assume m ≥ n. We can then decompose QmTsPm and QmTqPn as

QmTsPm =

[
0 T ∗

s♯,n
T ∗
zm−n

0 0

]
: Pm−1 =

[
Pm−n

Tzm−nPn−1

]
→
[

Pn−1

T nz H
p

]
,

QmTqPn =

[
T ∗
q♯,n

0

]
: Pn−1 →

[
Pn−1

TznH
p

]
.

Hence, in this case the identity in (4.3.5) can be written as

T ∗
s♯,n(T

∗
zm−nr1) = T ∗

q♯,nr.

Since all Toeplitz matrices are upper triangular, we in fact have

T ∗
s♯,mT

∗
zm−n,mr1 = T ∗

q♯,mr.

Note that T ∗
q♯,n

is invertible, because q has only roots on T so that q(0) 6= 0. We obtain that

for given r1 ∈ Pm−1, the polynomial r ∈ Pn−1 that satisfies (4.3.3) is uniquely determined
by

r = (T ∗
q♯,m)

−1T ∗
s♯,mT

∗
zm−n,mr1 = T ∗

s♯,mT
∗m−n
z,m (T ∗

q♯,m)
−1r1,

where the commutation of Toeplitz matrices can occur since they all have analytic symbols.
Now take r1 ∈ Pm−1 arbitrary, and define r as above, so that (4.3.3) holds. Then, by Lemma
4.3.3, we have

〈r1, Pmk〉Pm−1 = 〈r1, k〉p,p′ = 〈r, g〉p,p′ = 〈r, Pmg〉Pm−1

= 〈T ∗
s♯,mT

∗m−n
z,m (T ∗

q♯,m)
−1r1, Pmg〉Pm−1

= 〈r1, (Tq♯,m)−1Tm−n
z,m Ts♯,mPmg〉Pm−1 .

Since r1 ∈ Pm−1 is arbitrary, we have Pmk = (Tq♯,m)
−1Tm−n

z,m Ts♯,mPmg, and thus

PmTq♯k = Tq♯,mPmk = Tm−n
z,m Ts♯,mPmg = PmT

m−n
z Ts♯g.

This shows that Pmq
♯k = Pmz

m−ns♯g. Together with the first inclusion in (4.3.4) we obtain
that

q♯k = zm−ns♯g.

Since q♯ and zm−ns♯ are co-prime, we can apply Lemma 4.3.4 to conclude g ∈ q♯Hp′ .
Now assume m < n. By Lemma 2.2.4, we can write ω = ω0 + ω1 uniquely with ω0 ∈

Rat0(T) and ω1 ∈ Rat without poles on T, i.e, ω1 ∈ L∞(T). In fact ω1 ∈ P , since all poles
of ω are on T, and ω0 = s̃/q with s̃ ∈ Pm−1. It now follows that Dom(T ∗

ω0
) = q♯Hp′ , and

since Tω1 is bounded, Dom(T ∗
ω) = Dom(T ∗

ω0
) = q♯Hp′ . Furthermore, T ∗

ω = T ∗
ω0

+ T ∗
ω1
|q♯Hp′ =

Tω∗
0
|q♯Hp′ + Tω∗

1
|q♯Hp′ = Tω∗|q♯Hp′ .

In the next part of the proof we prove the formula for Ker(Tω∗), without distinguishing
between the proper and non-proper case. Let g = q♯v ∈ Dom(T ∗

ω) with v ∈ Hp′ . Then

95



g ∈ Ker(T ∗
ω) if and only if g ∈ Ker(Tω∗), i.e., g = q♯v = r1/(s−)

♯ for r1 ∈ Pdeg(s−)−1, see
Proposition 4.2.1. Thus v = r1/((s−)

♯q♯) ∈ Rat ∩Hp′ . Then v ∈ Hp′ implies r1 = q♯r, and
deg(r) = deg(r1)−m < deg(s−)−m. Hence g = q♯r/(s−)

♯ with deg(r) < deg(s−)−m. That
all such functions are in Ker(T ∗

ω) = Ker(Tω∗) ∩ q♯Hp′ follows directly from the formula for
Ker(Tω∗) obtained in Proposition 4.2.1. The formula for the dimension of Ker(T ∗

ω) follows
directly and the condition for injectivity follows since deg(s−)

♯ is equal to the number of
nonzero roots of s−, counting multiplicity.

4.4 The adjoint of Tω: General case

In the section we prove Theorem 4.1.1 in full generality. Hence let ω = s/q ∈ Rat with
s, q ∈ P co-prime. As in Theorem 4.1.1, factor s = s−s0s+ and q = q−q0q+ with s−, q−
having roots only inside T, s0, q0 having roots only on T, and s+, q+ having roots only
outside T. Set m = deg(q), n = deg(s), m± = deg (q±), n± = deg (s±), and m0 = deg (q0),
n0 = deg (s0). By Lemma 2.5.1, and its proof, we can factor ω as ω = ω−(z

κω0)ω+ with
κ = n− − m−, ω− = s−/(z

κq−) having only poles and zeroes inside T, ω0 = s0/q0 having
only poles and zeroes on T, and ω+ = s+/q+ having only poles and zeroes outside T, and we
have Tω = Tω−Tzκω0Tω+ . Moreover, Tω− and Tω+ are bounded and boundedly invertible.

Note that Tω−Tzκω0 is closed and densely defined and Ran(Tω+) = Hp, and thus by
Corollary 1 in [13]

T ∗
ω = T ∗

ω+

(
Tω−Tzκω0

)∗
.

Furthermore, Tω− is bounded and Tzκω0 is closed and densely defined. By Theorem 4 in [1]
one has (

Tω−Tzκω0

)∗
= T ∗

zκω0
T ∗
ω− .

Combining this and using that T ∗
ω+

= Tω∗
+
and T ∗

ω− = Tω∗
−
we see that

T ∗
ω = T ∗

ω+
T ∗
zκω0

T ∗
ω− = Tω∗

+
T ∗
zκω0

Tω∗
−

on Dom(T ∗
ω).

Note that

ω∗
− =

(s−)
♯

(q−)♯
, ω∗

0 = zm0−n0
(s0)

♯

(q0)♯
,

(zκω0)
∗ = zm0−n0−κ (s0)

♯

(q0)♯
, ω∗

+ = zm+−n+
(s+)

♯

(q+)♯
.

By construction, ω− and 1/ω− are both anti-analytic. Consequently, ω∗
− and 1/ω∗

− are both
analytic functions. This implies T±

ω∗
−
(q0)

♯Hp′ ⊂ (q0)
♯Hp′ , and thus Tω∗

−
(q0)

♯Hp′ = (q0)
♯Hp′ .

Since Tω∗
+
is invertible, to see that Dom(T ∗

ω) = (q0)
♯Hp′ it suffices to show Dom(T ∗

zκω0
) =

(q0)
♯Hp′ . For the case where κ ≥ 0, so that zκω0 ∈ Rat(T), this follows directly from Theorem

4.3.1. For κ < 0, note that Tzκω0 = TzκTω0 , so that T ∗
zκω0

= T ∗
ω0
T ∗
zκ = T ∗

ω0
Tz−κ , again using

Theorem 4 of [1]. Then g ∈ Dom(T ∗
zκω0

) holds if and only if z−κg ∈ Dom(T ∗
ω0
) = (q0)

♯Hp′ .

By Lemma 4.3.4 this is the same as g ∈ (q0)
♯Hp′ , since z−κ and q♯0 are co-prime. Thus in both
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cases we arrive at Dom(T ∗
ω) = (q0)

♯Hp′ . Moreover, we also find that T ∗
zκω0

= T(zκω0)∗|(q0)♯Hp′ ,
so that

T ∗
ω = Tω∗

+
T ∗
zκω0

Tω∗
−
= Tω∗

+
T(zκω0)∗Tω∗

−
|(q0)♯Hp′ = Tω∗|(q0)♯Hp′ .

Hence (4.1.2) holds.
Next we derive the formula for Ker(T ∗

ω). For κ ≥ 0 we have g ∈ Ker(T ∗
ω) if and only if

Tω∗
−
g ∈ Ker(T ∗

zκω0
) = (q0)

♯Pκ−m0−1, where the last identity follows by applying Theorem 4.3.1

to zκω0. Thus g ∈ Ker(T ∗
ω) if and only if ((s−)

♯/(q−)
♯)g = (q0)

♯r, i.e., g = (q−)
♯(q0)

♯r/(s−)
♯,

for some r ∈ Pκ−m0−1, as claimed. For κ < 0 we have g ∈ Ker(T ∗
ω) if and only if z−κω∗

−g ∈
Ker(T ∗

ω0
). However, Ker(T ∗

ω0
) = {0}, by Theorem 4.3.1, so that Ker(T ∗

ω) = {0}, in line with
the formula in (4.1.3). The formula for the dimension of Ker(T ∗

ω) follows directly.
Now we turn to the formula for Ran(T ∗

ω). Note that

Ran(T ∗
ω) = Tω∗

+
Ran(T ∗

zκω0
Tω∗

−
) = Tω∗

+
Ran(T ∗

zκω0
). (4.4.1)

We first show that Ran(T ∗
zκω0

) = Tzm0−n0−κ(s0)
♯Hp′ . Again, for the case κ ≥ 0 this follows

directly from Theorem 4.3.1. Assume κ < 0. Then T ∗
zκω0

= T ∗
ω0
Tz−κ . Hence,

Ran(T ∗
zκω0

) = T ∗
ω0
(z−κHp′ ∩Dom(Tω0)) = T ∗

ω0
(z−κHp′ ∩ (q0)

♯Hp′)

= T ∗
ω0
z−κ(q0)

♯Hp′ .

The last identity follows by Lemma 4.3.4. Now the action of T ∗
ω0
, as described in Theo-

rem 4.3.1, shows that Ran(T ∗
zκω0

) = Tzm0−n0z−κ(s0)
♯Hp′ = Tzm0−n0−κ(s0)

♯Hp′ . Since 1/q+ is
analytic, 1/(q+)

♯ is anti-analytic, and therefore, independent of the sign of m+−n+, we have

Tω∗
+
= T1/(q+)♯Tzm+−n+T(s+)♯ .

Thus
Ran(T ∗

ω) = T1/(q+)♯Tzm+−n+T(s+)♯Tzm0−n0−κ(s0)
♯Hp′ .

Note that T(s+)♯ and Tzm0−n0−κ need not commute, in case m0 − n0 − κ < 0. However,
we do have T(s+)♯Tzm0−n0−κ = Tzm0−n0−κT(s+)♯Qκ+n0−m0 . Moreover, since (s+)

♯ is analytic,
T(s+)♯Qκ+n0−m0 = Qκ+n0−m0T(s+)♯Qκ+n0−m0 and we have

Tzm+−n+Tzm0−n0−κQκ+n0−m0 = Tzm+−n++m0−n0−κQκ+n0−m0

= Tzm−nQκ+n0−m0 .

Therefore, we have

Ran(T ∗
ω) = T1/(q+)♯Tzm−nT(s+)♯Qκ+n0−m0(s0)

♯Hp′

= Tzm−n(s+)♯/(q+)♯Qκ+n0−m0(s0)
♯Hp′ ,

again using that 1/(q+)
♯ is anti-analytic and (s+)

♯ is analytic. This gives the general formula
for Ran(T ∗

ω). In case κ + n0 − m0 ≤ 0, we have Qκ+n0−m0 = I and T(s+)♯Qκ+n0−m0(s0)
♯ =

(s+s0)
♯, as claimed.
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4.5 Symmetric operators and selfadjoint extensions

For ω ∈ Rat, the second adjoint T ∗∗
ω is well-defined and T ∗∗

ω = Tω, since Tω is a closed, densely
defined operator on a reflexive Banach space [8, Theorem III.5.24]. Now consider ω ∈ Rat(T)
and p = 2. From Theorem 4.1.1 it is obvious that Tω 6= T ∗

ω , except in the degenerate
case where q is constant, since Dom(Tω) = qH2 + Pdeg(q)−1 contains all polynomials while
Dom(T ∗

ω) = q♯H2 only contains the polynomials that contain q♯ as a factor. Consequently,
Tω cannot be selfadjoint. In this section we consider the question when T ∗

ω is symmetric, and,
if this is the case, when does T ∗

ω have a selfadjoint extension L. The first topic is addressed
in the following theorem.

Theorem 4.5.1. Let ω = s/q ∈ Rat(T) with s, q ∈ P co-prime. Set n = deg(s) and
m = deg(q). Then the following are equivalent.

(1) T ∗
ω is symmetric;

(2) ω(T) ⊂ R;

(3) ω(z) = ω̃(−i z+1
z−1

) with ω̃ a real rational function with poles only on R;

(4) the essential spectrum σess(Tω) of Tω is contained in R;

(5) ω is proper, s = zm−ns̃ with s̃ self-inversive and q0sn = qmsm−n holds, where s(z) =∑n
k=0 skz

k and q(z) =
∑m

k=0 qkz
k.

Moreover, if T ∗
ω is symmetric, then T ∗

ω ⊂ Tω.

Proof. We first prove the equivalence of (1) and (2), and that (1) implies T ∗
ω ⊂ Tω. Assume

(2). For z ∈ T, not a root of q, we have ω∗(z) = ω(z) = ω(z). Hence ω∗ = ω. Since q has
only roots on T, we have q = γq♯ for a unimodular constant γ. Hence qH2 = q♯H2. This
shows T ∗

ω = Tω∗ |q♯H2 = Tω|qH2 ⊂ Tω. Since (T ∗
ω)

∗ = Tω, it follows that T
∗
ω is symmetric and

T ∗
ω ⊂ Tω. Conversely, assume (1). Then we still have qH2 = q♯H2 and T ∗

ω ⊂ (T ∗
ω)

∗ = Tω.
Hence T ∗

ω = Tω|qH2 . In particular, we have ω∗q = Tω∗q = T ∗
ωq = Tωq = ωq. This implies

ω = ω∗. Hence ω(z) = ω(z) for z ∈ T, not a root of q. Thus ω(T) ⊂ R.
That (2) and (3) are equivalent follows simply because in (3) ω is the composition of

ω̃ and the inverse Cayley transform, which maps the circle T bijectively onto R. The fact
that ω̃ is real rational, i.e., ω̃ = s̃/q̃ with s̃ and q̃ real polynomials, is equivalent to ω̃(R) :=
{ω̃(t) : t ∈ R, q̃(t) 6= 0} ⊂ R. Also, the equivalence of (2) and (4) is a direct consequence of
the fact that σess(Tω) = ω(T), by [6, Theorem 1.1].

Finally, we prove (2) ⇔ (5). Since q = γq♯, we have

ω∗ = zm−n s
♯

q♯
= zm−nγ

s♯

q
.

Thus, we have ω = ω∗ if and only if zm−nγs♯ = s. Hence (2) is equivalent to zm−nγs♯ = s.
Now assume (2). Since deg(s♯) ≤ deg(s), the identity zm−nγs♯ = s can only occur if m ≥ n,
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i.e., if ω is proper. The identity also shows that s = zm−ns̃ for s̃ = γs♯. On the other hand,
s♯ = (zm−ns̃)♯ = s̃♯. Thus s̃ = γs♯ = γs̃♯, which shows s̃ is self-inversive, with constant γ.
Note that γ = q0/qm. Also, we have s0 = · · · = sm−n−1 = 0 and s̃(z) =

∑2n−m
k=0 sm−n+kz

k.
Since s̃ is self-inversive, s̃ = δs̃♯ with δ = sm−n/sn. But also δ = γ, so sm−n/sn = q0/qm. Thus
q0sn = qmsm−n. Hence (5) holds. Conversely, assume (5). Reversing the above argument, it
follows that q0sn = qmsm−n implies s̃ = δs̃♯ with δ = γ. Thus γs♯ = γs̃♯ = s̃. This implies
s = zm−ns̃ = zm−nγs♯, and hence (2).

Corollary 4.5.2. Let ω = s/q ∈ Rat(T) with s, q ∈ P co-prime.Assume T ∗
ω is symmetric.

Then deg(s) ≤ deg(q) ≤ 2 deg(s).

Proof. By Theorem 4.5.1 condition (5) holds with m = deg(q) and n = deg(s). Since s̃
is self-inversive, we have s̃(0) 6= 0. Consequently, 0 would be a non-removable singularity
of s = zm−ns̃ in case m < n, which gives a contradiction. Hence m ≥ n. Furthermore,
comparing the degrees on both sides of s = zm−ns̃ yields, n = m − n + deg(s̃) ≥ m − n.
Hence m ≤ 2n.

When T ∗
ω is symmetric, it need not be the case that T ∗

ω has a selfadjoint extension. In
Proposition 4.5.4 below we characterize when T ∗

ω does have a selfadjoint extension. However,
we first give a concrete example that shows this does not always happen.

Example 4.5.3. In [7] Helson considered the functions ωk(z) =
(
−i z+1

z−1

)k
for k ∈ N. For

all k we have ωk(T) ⊂ R, see Theorem 4.5.1 (3) above, hence T ∗
ωk

is symmetric by Theorem
4.5.1. In fact, for k even ωk(T) = R+, while for k odd we have ωk(T) = R. We show that T ∗

ωk

does not have a selfadjoint extension for k = 1. In Example 4.5.8 we return to this example
for general k.

For k = 1 we have ω(z) = ω1(z) = −i z+1
z−1

. Hence Dom(Tω) = (z − 1)H2 + C and
Dom(T ∗

ω) = (z − 1)H2. Suppose T ∗
ω has a selfadjoint extension L. Then L = L∗ and

thus T ∗
ω ⊂ L = L∗ ⊂ T ∗∗

ω = Tω. Since Tω is not selfadjoint, the inclusions are strict.
Hence Dom(T ∗

ω) ⊂ Dom(L) ⊂ Dom(Tω), with strict inclusions. However, the complement of
Dom(T ∗

ω) in Dom(Tω) is one-dimensional, hence not both inclusions can be strict. Thus Tω
does not admit a selfadjoint extension.

Proposition 4.5.4. Let ω = s/q ∈ Rat(T), with s, q ∈ P coprime, be such that T ∗
ω is

symmetric. Then T ∗
ω admits a selfadjoint extension if and only if the number of roots of

s− iq and s+ iq in D, counting multiplicities, coincide.

Proof. The operator T ∗
ω is an adjoint, and hence closed, and by assumption symmetric.

Following definition X.2.12 from [3] we define the deficiency subspaces of T ∗
ω as the spaces

L+ = Ker (T ∗∗
ω − i) = (Ran (T ∗

ω + i))⊥, L− = Ker (T ∗∗
ω + i) = (Ran (T ∗

ω − i))⊥,

and the deficiency indices as the integers n± = dimL±. Since T
∗∗
ω = Tω, we have

n+ = dimKer (Tω − i) and n− = dimKer (Tω + i).
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Also, we have Tω ± i = Tω±i. By item (b) of Theorem X.2.20 in [3], Tω has a selfadjoint
extension if and only if n+ = n−. Note that ω ± i = (s ± iq)/q. We now apply Corollary
2.4.2 to Tω±i, to obtain that n± is equal to the maximum of 0 and the difference of m and
the number of roots of s± iq in D, counting multiplicities. However, since T ∗

ω is symmetric,
ω is proper so the number of roots cannot exceed m. Note also that ω(T) ⊂ R, so s ± iq
cannot have roots on T. It thus follows that T ∗

ω has a selfadjoint extension if and only if the
number of roots in D of s− iq and s+ iq, counting multiplicities, coincide, as claimed.

Since T ∗
ω is never selfadjoint for ω ∈ Rat(T) having at least one pole on T, the formulas

for n± in the above proof along with item (a) of Theorem X.2.20 in [3] directly give the
following corollary.

Corollary 4.5.5. Let ω = s/q ∈ Rat(T), with s, q ∈ P coprime, be such that T ∗
ω is symmet-

ric. Then s+ iq or s− iq must have a root in D.

Proposition 4.5.4 can be rephrased in terms of the index of the operators Tω±i.

Proposition 4.5.6. Let ω = s/q ∈ Rat(T), with s, q ∈ P coprime, be such that T ∗
ω is

symmetric. Then Tω+i and Tω−i are both Fredholm and T ∗
ω admits a selfadjoint extension if

and only if the Fredholm indices of Tω+i and Tω−i coincide.

Proof. This follows directly from Proposition 4.5.4 and Theorem 2.1.1 applied to ω+ i and
ω − i, using that ω ± i = (s± iq)/q.

Corollary 4.5.7. Let ω = s/q ∈ Rat(T), with s, q ∈ P coprime, be such that T ∗
ω is symmet-

ric. Assume ω(T) 6= R. Then T ∗
ω admits a selfadjoint extension.

Proof. The Fredholm index of Tω−λ is constant with respect to λ ∈ C on the connected
components of C separated by the essential spectrum of Tω, which is equal to ω(T); see [6,
Theorem 1.1]. Hence if ω(T) 6= R, but ω(T) ⊂ R since T ∗

ω is symmetric, then i and −i are in
the same connected component and thus Tω+i and Tω−i have the same index. The conclusion
now follows from Proposition 4.5.6.

Example 4.5.8. We return to the functions ωk(z) =
(
−i z+1

z−1

)k
considered in Example 4.5.3.

Since ωk(T) = R+ for k even, we obtain directly from Corollary 4.5.7 that T ∗
ωk

admits a
selfadjoint extension in case k is even.

For odd values of k we have ωk(T) = R, and thus no conclusion can be drawn from
Corollary 4.5.7. To deal with the odd case we resort to Proposition 4.5.4. Take s(z) =
(−i)k(z + 1)k and q = (z − 1)k and write k as k = 2l + 1. The polynomials s± iq are given
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by

s(z)± iq(z) = i
(
(−1)l+1(z + 1)2l+1 ± (z − 1)2l+1

)
= i

(
(−1)l+1

2l+1∑
j=0

(
2l + 1

j

)
zj ±

2l+1∑
j=0

(
2l + 1

j

)
zj(−1)2l+1−j

)

= i
2l+1∑
j=0

(
2l + 1

j

)
zj
(
(−1)l+1 ± (−1)2l+1−j)

= i

2l+1∑
j=0

(
2l + 1

j

)
zj
(
(−1)l+1 ± (−1)j−1

)
.

For odd values of l one obtains:

s(z)− iq(z) = −2i

((
2l + 1

0

)
+ · · ·+

(
2l + 1

2l − 2

)
z2l−2 +

(
2l + 1

2l

)
z2l
)
,

s(z) + iq(z) = 2i

((
2l + 1

1

)
z + · · ·+

(
2l + 1

2l − 1

)
z2l−1 +

(
2l + 1

2l + 1

)
z2l+1

)
= 2iz

((
2l + 1

2l

)
+ · · ·+

(
2l + 1

2

)
z2−2 +

(
2l + 1

0

)
z2l
)

Observe that s + iq is of the form izp+(z
2) where p+ is a real polynomial of degree 2l and

that s− ig is of the form ip−(z
2) where p− is a real polynomial of degree 2l. Because p+ and

p− are real polynomials and the fact that z2 is the variable rather than z itself, the nonzero
roots of zp+(z

2) come either in pairs (z and −z) for real nonzero roots or in quadruples
(z, z̄,−z,−z̄) for nonreal roots, while zero appears as a simple root. Similarly, the roots of
p−(z

2) come in pairs (z and −z) or quadruples (z, z̄,−z,−z̄) and there is no root at zero.
Hence s+ iq has an odd number of roots inside the unit disc, and s− iq has an even number
of roots inside the unit disc, so that the indices n+ and n− can never coincide. One further
observes that p− = p♯+. In a similar way, for even values of l the polynomial s + iq will
have an even number of roots inside the unit disc and s − iq will have an odd number of
roots inside the unit disc. Hence, in all cases where k is odd, T ∗

ω does not have a selfadjoint
extension.

We now present a proposition that rephrases the criteria of Proposition 4.5.4 in terms
of the roots of s + iq (or s − iq) only. The observation that T ∗

ωk
in Example 4.5.8 has

no selfadjoint extension follows as a special case. In general, T ∗
ω cannot have a selfadjoint

extension whenever deg(q) is odd for any ω ∈ Rat(T).

Proposition 4.5.9. Let ω = s/q ∈ Rat(T), with s, q ∈ P coprime, be such that T ∗
ω is

symmetric. Set l± = m− deg(s± iq) and define

k±,1=#

{
zeroes of ω ± i inside T
multi. taken into account

}
, k±,2=#

{
zeroes of ω ± i outside T
multi. taken into account

}
.
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Then

T ∗
ω has a selfadjoint extension ⇔ l+ + k+,2 = k+,1 ⇔ l− + k−,2 = k−,1.

In particular, if T ∗
ω has a selfadjoint extension, then deg(q) must be even.

The basis for the proof of Proposition 4.5.9 lies in the following lemma, which clarifies
the relation between s+ iq and s− iq under the assumption that T ∗

ω is symmetric.

Lemma 4.5.10. Let ω = s/q ∈ Rat(T), with s, q ∈ P coprime, be such that T ∗
ω is symmetric.

Set l± = deg(q)− deg(s± iq) and let γ be the unimodular constant such that q = γq♯. Then

s± iq = γzl∓(s∓ iq)♯. (4.5.1)

Moreover, we have l± = 0 if and only if ω(0) = ±i. In particular, only one of l+ and l− can
be nonzero.

Proof. Since T ∗
ω is symmetric, by assumption, ω has the properties listed in Theorem 4.5.1.

In particular, ω is proper, m := deg(q) ≥ deg(s) =: n, and s = zm−ns̃ with s̃ self-inversive
and the unimodular constants that establish the self-inversiveness of s̃ and q coincide (equiv-
alently, q0sn = qmsm−n).

Note that deg(s ± iq) 6= m occurs precisely when deg(s) = deg(q) and the leading
coefficients sm and qm of s and q, respectively, satisfy sm ± iqm = 0, i.e., sm/qm = ∓i. Since
m = n, the identity q0sn = qmsm−n shows ω(0) = s0/q0 = sm/qm. Hence deg(s ± iq) 6= m
holds if and only if ω(0) = ∓i = ±i, as claimed.

We first prove (4.5.1) for the case ω(0) = 0. So assume ω(0) = 0, or equivalently, s(0) = 0.
In this case l+ = l− = 0. Since s = zm−ns̃ and s̃(0) 6= 0 (because s̃ is self-inversive), we have
m > n. Also note that m−n is equal to the multiplicity of 0 as a root of s. We now employ
Lemma 4.2.2, using that deg(s+ iq) = m = deg(iq), to obtain

γ(s∓ iq)♯ = zdeg(s+iq)−deg(s)γs♯ ∓ (−i)γq♯ = zm−nγs̃♯ ± iq

= zm−ns̃± iq = s± iq.

Hence (4.5.1) holds.
Now assume ω(0) 6= 0, i.e., s(0) 6= 0. In that case s = s̃. Hence s is self-inversive with the

same constant γ that establishes the self-inversiveness of q. This also yields m = n. Since s
and q are self-inversive with the same constant γ, we have

sm−kqk = qm−ksm−kγ = qm−ksk for k = 0, . . . ,m.

Hence for all k we have

sm−k(sk + iqk) = sk(sm−k + iqm−k) and qm−k(sk + iqk) = qk(sm−k + iqm−k).

In case sm−k = 0 and qm−k = 0, also sk = 0 and qk = 0, since sk = γsm−k and qk = γqm−k,
and thus sk + iqk = 0 = γ(sm−k + iqm−k). If either sm−k 6= 0 or qm−k 6= 0, divide the first
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identity by sm−k or the second identity by qm−k to arrive at sk + iqk = γ(sm−k + iqm−k).
Hence

sk + iqk = γ(sm−k − iqm−k) for k = 0, . . . ,m. (4.5.2)

Thus sk + iqk = 0 if and only if sm−k − iqm−k = 0. It follows that 0 is a root of s± iq with
multiplicity l∓. Comparing coefficients, it follows that the identities in (4.5.1) correspond to
the identities in (4.5.2). Hence (4.5.1) holds.

Proof of Proposition 4.5.9. Since T ∗
ω is assumed to be symmetric, (4.5.1) holds. Together

with the fact that the ♯ operator reflects roots over T, this implies that the number of roots
of s ± iq inside T are equal to l± plus the number of roots of s ∓ iq outside T, counting
multiplicities. In other words, we have

k+,1 = l− + k−,2 and k−,1 = l+ + k+,2. (4.5.3)

By Proposition 4.5.6, T ∗
ω has a selfadjoint extension if and only if s + iq and s − iq have

an equal number of roots inside T, again counting multiplicities, equivalently, k+,1 = k−,1.
Given (4.5.3), it follows that k+,1 = k−,1 is equivalent to k+,1 = l+ + k+,2, and likewise to
k−,1 = l− + k−,2. This proves the two criteria for T ∗

ω to have a selfadjoint extension.
By Lemma 4.5.10, either l+ = 0 or l− = 0. Say l+ = 0. Since s+ iq cannot have roots on

T, we have deg(q) = deg(s+ iq) = k+,1 + k+,2. If T
∗
ω admits a selfadjoint extension, then we

have k+,1 = l+ + k+,2 = k+,2. Hence deg(q) = 2k+,1 is even. For l− = 0 the arguments goes
similarly.

Combining the fact that T ∗
ω cannot have a selfadjoint extension in case ω = s/q ∈ Rat(T),

s, q co-prime, and deg(q) odd with Corollary 4.5.7 immediately yields the following result.

Corollary 4.5.11. Let ω = s/q ∈ Rat(T), with s, q ∈ P co-prime, be such that T ∗
ω is

symmetric and deg(q) is odd. Then ω(T) = R.

The next example shows that also with deg(q) even it can occur that T ∗
ω does not admit

a selfadjoint extension.

Example 4.5.12. Let ω = s/q with

s(z) = i(1 + az + z2), for some 0 6= a ∈ R , and q(z) = 1− z2.

Then m = n and
s♯ = −s, q♯ = −q.

So T ∗
ω is symmetric by Theorem 4.5.1 (5). Also, we have

(s+ iq)(z) = i(2 + az) and (s− iq)(z) = iz(a+ 2z).

Hence the number of roots of s − iq inside D is 1 if |a| ≥ 2 and 2 if 0 6= |a| < 2, while the
number of roots of s + iq inside D is 1 if |a| > 2 and 0 if 0 6= |a| ≤ 2. Thus T ∗

ω admits a
selfadjoint extension if and only if |a| > 2.
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4.6 Comparison with the unbounded Toeplitz operator

defined by Sarason

The Smirnov class N+ consists of quotients b
a
with a and b H∞-functions such that the

denominator a is an outer function. The function φ = b
a
∈ N+ is said to be in canonical

form if a(0) > 0 and |a|2 + |b|2 = 1 on T. By Proposition 3.1 of [12], every function φ ∈ N+

can be uniquely written in canonical form.
In [12], Sarason investigated an unbounded Toeplitz operator T Sa

φ with symbol φ in N+,
which is defined by

Dom(T Sa
φ ) = {f ∈ H2 : φf ∈ H2}, T Sa

φ f = φf (f ∈ Dom(T Saφ )).

More generally, T Sa
φ can be defined in this way for any holomorphic function φ on D, but for

T Sa
φ to be densely defined, φ must be in N+ [12, Lemma 5.2].

Let φ = b
a
∈ N+ be the canonical representation of φ. Then it is shown in Proposition

5.3 of [12] that Dom(T Sa
φ ) = aH2. The adjoint of the operator T Sa

φ is motivated by the action
of the conjugate transpose of the matrix representation of T Sa

φ , which is lower triangular.

The domain of the adjoint operator is shown to contain the space H(D) of functions that
are analytic on some neighborhood of the closed unit disc D, and the adjoint is equal to the
closure of the operator on H(D); see [12, Lemmas 6.1 and 6.4].

Let ω = s/q ∈ Rat(T) with s, q ∈ P co-prime. Set n = deg (s) and m = deg (q). Assume
ω is proper, i.e., n ≤ m. Then ω∗(z) = zm−ns♯/q♯ ∈ Rat(T). Since q♯ has zeroes only on
T it is outer and thus ω∗ ∈ N+. While in general Tω and T Sa

ω are different, the following
proposition shows that Tω coincides with T Sa

ω∗ , and hence Tω = T ∗∗
ω = T Sa

ω∗ . Without the
properness assumption, ω∗ is not in N+, because ω∗ has a pole at 0, and hence T Sa

ω∗ is not
defined.

Proposition 4.6.1. Let ω̃ = s̃/q̃ ∈ Rat(T) with s̃, q̃ ∈ P co-prime. Then Dom(T Sa
ω̃ ) = q̃H2

and T Sa
ω̃ = Tω̃|q̃H2. In particular, if ω ∈ Rat(T) is proper, then T ∗

ω = T Sa
ω∗ .

Proof. We first show Dom(T Sa
ω̃ ) = q̃H2. Let ω̃ = a/b be the canonical form of ω̃. As noted

above, Dom(T Sa
ω̃ ) = aH2. By the Fejér-Riesz Theorem there is a polynomial r such that on

T we have |r|2 = |s̃|2 + |q̃|2, r has no roots in D and arg(r(0)) = arg(q̃(0)). The latter is
possible since q̃(0) 6= 0 and implies q̃(0)/r(0) > 0. Note that r also has no roots on T, since
s̃ and q̃ are co-prime. It follows that q̃/r and s̃/r are both H∞-functions, q̃/r is outer and
q̃(0)/r(0) > 0. Hence a = q̃/r and b = s̃/r, by the uniqueness of the canonical form. Also,
since all the roots of r are outside T, r−1H2 = H2, so that aH2 = q̃H2.

Now let f ∈ Dom(T Sa
ω̃ ), say f = q̃h with h ∈ H2. Then T Sa

ω̃ f = ω̃f = s̃h. On the other
hand, the fact that ω̃f = s̃h and s̃h ∈ H2 shows Tω̃f = Ps̃h = s̃h. Hence T Sa

ω̃ = Tω̃|q̃H2 .

Next we employ some of the ideas from [12] to derive the following result. Recall that
for a Hilbert space operator T : Dom(T ) → H a linear submanifold D ⊂ Dom(T ) is called a
core in case the graph G(T |D) of T |D is dense in the graph G(T ) of T ; cf., page 166 in [8].
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Theorem 4.6.2. Let ω ∈ Rat(T). Then H(D) is contained in Dom(Tω). If ω is proper,
then H(D) is a core of Tω.

Proof of H(D) ⊂ Dom(Tω). Write ω = s
q
∈ Rat0(T) with s, q ∈ P coprime. Let f ∈ H(D).

Then there exists a R > 1 such that f is still analytic on an open neighborhood of the
closed disc with radius R. Set f̃(z) = f(Rz), q̃(z) = q(Rz) and s̃(z) = s(Rz). Then

f̃ ∈ H2 and q̃ is a polynomial with no roots on T and deg(q) = deg(q̃). By Theorem 2.3.1,

H2 = q̃H2 + Pdeg(q)−1. Thus s̃f̃ = q̃h̃+ r̃ for some h̃ ∈ H2 and r̃ ∈ P with deg(r̃) < deg(q).

Now set r(z) = r̃(z/R) and h(z) = h̃(z/R). Then r ∈ P with deg(r) = deg(r̃) < deg(q) and
h ∈ H2, even h ∈ H(D). Also, we have sf = qh+ r. Thus f ∈ Dom(Tω).

Before proving the second claim of Theorem 4.6.2 it is useful to consider the value of Tω
when applied to the evaluation functional or reproducing kernel element kλ(z) = (1−λz)−1,
where λ ∈ D. Note that kλ ∈ H(D), hence kλ ∈ H2, and kλ has the reproducing kernel
property for H2:

span{kλ : λ ∈ D} dense in H2 and 〈h, kλ〉 = h(λ) (h ∈ H2, λ ∈ D).

See [9] for a recent account of the theory of reproducing kernel Hilbert spaces and further
references.

Lemma 4.6.3. Let ω = s/q ∈ Rat(T), with s, q ∈ P co-prime, be proper. Then

Tωkλ = ω∗(λ)kλ (λ ∈ D).

Proof. Suppose g = Tωkλ then s(z)(1 − λz)−1 = q(z)g(z) + r(z), where r ∈ Pm−1. Here
m = deg(q). Hence (1−λz)g = (s+(1−λz)r)/q is in Rat(T) as well as in H2. This can only
occur if (1 − λz)g is a polynomial, i.e., g = kλr̃ for some r̃ ∈ P . Thus s + (1 − λz)r = qr̃.
Since ω is proper, the degree of the left hand side is at most m. But then r̃ is constant, say
with value c̃. This shows Tωkλ = c̃kλ.

To determine c̃ we evaluate the identity s + (1− λz)r = qc̃ at 1/λ. This gives s(1/λ) =
q(1/λ)c̃. Note that

s♯(λ) = λns(1/λ) and q♯(λ) = λmq(1/λ),

where n = deg(s). Hence

s(1/λ) = λ
−n
s♯(λ) and q(1/λ) = λ

−m
q♯(λ).

This gives

c̃ =
λ
−n
s♯(λ)

λ
−m
q♯(λ)

=

(
λm−ns♯(λ)

q♯(λ)

)
= ω∗(λ).

Proof of Theorem 4.6.2. It remains to prove that H(D) is a core for Tω in case ω is
proper. So, assume ω is proper. We need to show that the graph of Tω|H(D) is dense in the
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graph of Tω. In other words, let f, g ∈ H2 with (f, g) perpendicular to G(Tω|H(D)), then we

need to show (f, g) is perpendicular to G(Tω). Since kλ ∈ H(D), for λ ∈ D, we have

0 = 〈(f, g), (kλ, Tωkλ)〉 = 〈f, kλ〉+ 〈g, ω∗(λ)kλ〉 = f(λ) + ω∗(λ)g(λ) (λ ∈ D).

Hence ω∗g = −f . In particular, ω∗g ∈ H2. Thus g ∈ Dom(T Sa
ω∗ ) = Dom(T ∗

ω) and T
∗
ωg = −f ,

by Proposition 4.6.1. For any h ∈ Dom(Tω) we have

〈(f, g), (h, Tωh)〉 = 〈(−T ∗
ωg, g), (h, Tωh)〉 = −〈T ∗

ωg, h〉+ 〈g, Tωh〉 = 0.

In Section 8 of [12], Sarason introduced the class of closed, densely defined operators T
on H2 which satisfy

(1) Tz Dom(T ) ⊂ Dom(T );

(2) T ∗
z TTz = T ;

(3) f ∈ Dom(T ), f(0) = 0 ⇒ T ∗
z f ∈ Dom(T ).

This class of operators was further studied by Rosenfeld in [11, 10] in which he referred to
such operators as Sarason-Toeplitz operators. The operators T Sa

φ , for φ ∈ N+, are Sarason-
Toeplitz operators, and the class of operators is closed under taking adjoints, by Proposition
2.1 in [11]. Hence, by Proposition 4.6.1, Tω is a Sarason-Toeplitz operator whenever ω ∈
Rat(T) is proper. We show that in fact Tω is a Sarason-Toeplitz operator for any ω ∈ Rat.

Proposition 4.6.4. Let ω ∈ Rat. Then Tω on H2 is a Sarason-Toeplitz operator.

Proof. First consider ω ∈ Rat(T). That Tω satisfies (1) and (2) was proved in Lemma
2.2.3. We claim that T ∗

z Dom(Tω) ⊂ Dom(Tω). Write ω = s/q with s, q ∈ P co-prime.
Then Dom(Tω) = qH2 + Pdeg(q)−1. Let f = qh + r ∈ Dom(Tω) with h ∈ H2 and r ∈ P ,
deg(r) < deg(q). Then T ∗

z f = qT ∗
z h+h(0)T

∗
z q+T

∗
z r, which is in qH2+Pdeg(q)−1 = Dom(Tω).

Hence Tω is a Sarason-Toeplitz operator in case ω ∈ Rat(T).
Now take ω ∈ Rat arbitrarily. By Lemma 2.5.1, see also Section 4.4 above, ω = ω−z

κω0ω+

with κ ∈ Z, and ω−, ω0 and ω+ in Rat with zeroes and poles only inside, on or outside T,
respectively. In particular, ω0 ∈ Rat(T), ω− and ω−1

− are both anti-analytic, and ω+ and
ω−1
+ are both analytic. Also, Tω = Tω−Tzκω0Tω+ . Note that zκω0 ∈ Rat(T) in case κ ≥ 0

and Tzκω0 = TzκTω0 in case κ < 0 (by Lemma 2.5.3). In both cases it now easily follows that
Tzκω0 is a Sarason-Toeplitz operator. The claim for Tω follows since T±1

ω+
Tz = TzT

±1
ω+

and
T±1
ω−T

∗
z = T ∗

z T
±1
ω− .

In fact, by the same arguments one can show that Tω on Hp, 1 < p <∞, satisfies (1)-(3)
in case T ∗

z is replaced by Tz−1 .
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Chapter 5

Matrix symbols

Abstract. This chapter concerns the analysis of a Toeplitz-like operator generated by a rational

matrix function having poles on T. It extends the analysis of such operators generated by scalar

rational functions with poles on T found in [7], [8] and [9]. A Wiener-Hopf type factorization of

rational matrix functions with poles and zeroes on T is introduced and then used to analyse the

Fredholm properties of Toeplitz-like operators. A formula for the index, based on the factorization,

is given. Furthermore, it is shown that the determinant having no zeroes on T is not sufficient for

the operator being Fredholm, which is in contrast to the classical case.

5.1 Introduction

This chapter is a continuation of Chapters 2, 3 and 4 where Toeplitz-like operators with
rational symbols which may have poles on the unit circle, T, were introduced. Whilst the
aim of the preceding chapters was to analyze such Toeplitz-like operators with scalar symbols,
in this chapter we will focus on such Toeplitz-like operators with matrix symbol.

Let Ratm×n denote the space of m × n rational matrix functions. For positive integers
m and n we denote by Ratm×n(T) the set of all m× n rational matrix functions with poles
only on T and by Ratm×n

0 (T) all strictly proper m× n rational matrix functions with poles
only on the unit circle T. The column vectors Ratm×1(T) and Ratm×1

0 (T) will be written as
Ratm(T) and Ratm0 (T), respectively. For the special case m = 1 = n, i.e. the scalar case, as
in the earlier chapters we will use Rat, Rat(T) and Rat0(T) for rational functions, rational
functions with poles only on T and strictly proper rational functions with poles only on T,
respectively.

The space of m× n matrix polynomials will be denoted by Pm×n and the column vector
polynomials Pm×1 will be denoted by Pm and, as before, the polynomials by P . By Pm×n

k

we shall mean all m× n matrix polynomials of degree at most k. As before in Section 1.1.8,
by Lpm and Hp

m we shall mean functions with m-components and each component is in Lp

and Hp, respectively.
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A pole of rational matrix function is a pole of any of its entries. The zero of a rational
matrix function, Ω(z), is a pole of its inverse, Ω−1(z), see for example [3]. However, the
zeroes of a matrix polynomial P (z), are the z ∈ C where detP (z) = 0.

Let Ω ∈ Ratm×m with possibly poles on T and detΩ(z) 6≡ 0. Define TΩ (Hp
m → Hp

m) by

Dom(TΩ) =

{
f ∈ Hp

m :
Ωf = h+ r where h ∈ Lpm(T),
and r ∈ Ratm0 (T)

}

TΩf = Ph where P is the Riesz projection of Lpm(T) onto Hp
m.

For simplicity we will consider the square case only but many of the results in this chapter
extend to the non-square case, i.e., m 6= n.

The aim of this chapter is the determination of Fredholm-properties of Toeplitz-like
operators with matrix symbol having poles on the unit circle. For the scalar case, the
Fredholm-properties of Toeplitz-like operators received attention in Chapter 2. For the
classical case, i.e., bounded block Toeplitz operators with rational symbol having no poles
on the unit circle, the Fredholm-properties appear in Chapters XXIII and XXIV of [6] and
are summarised in Section 1.1.8. In the classical case, the bounded block Toeplitz operator
is Fredholm exactly when the determinant of the symbol has no zeroes on T (Theorem
XXIII.4.3 in [6]). As we will see later, cf. Section 5.6, this is not the case for Toeplitz-like
operators having poles on the unit circle due to possible pole-zero cancellation.

The Wiener-Hopf factorization of matrices with no poles on the unit circle (see for ex-
ample Theorem 1.1.12 and Theorem XXIV.3.1 of [6]) allows one to determine invertibility
conditions and Fredholm-properties of the block Toeplitz operator (see for example Theorem
1.1.13 and Theorem XXIV.4.1 and Theorem XXIV.4.2 of [6]).

Main Results. In our first main result, using an adaptation of the construction in [2]
we prove a Wiener-Hopf type factorization for a rational matrix function with poles on the
unit circle. As before in Section 1.1.8, we call an m × m rational matrix function a plus
function if it has no poles on the closed unit disk D and we call it a minus function if it no
poles on |z| ≥ 1 with the point at infinity included.

Theorem 5.1.1. Let Ω ∈ Ratm×m with detΩ 6≡ 0. Then Ω = z−kΩ−Ω0P0Ω+ for some k > 0,
Ω− and (Ω−)

−1 are minus functions , Ω+ and (Ω+)
−1 are plus functions, Ω0 = Diagmj=1(ϕj)

with ϕj a scalar rational function with poles and zeroes only on T and P0 is a lower triangular
matrix polynomial with det(P0(z)) = zN for some N ≥ 0.

Note that, if we choose P0 to be lower triangular then the degree of the entries on the
diagonal need not be in any order (increasing or decreasing), and conversely, if we choose
to have either increasing or decreasing order of the degree of the entries on the diagonal,
P0 is not necessarily lower triangular. This is in sharp contrast to the classical Wiener-
Hopf factorization result in Theorem 1.1.13 where the entries on the diagonal has increasing
degree.
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As is the case of rational matrix functions, the Wiener-Hopf type factorization of rational
matrix functions, Ω(z), allows us to first factorise the Toeplitz-like operator TΩ, and then
determine its Fredholm properties by reducing it to the case of a diagonal matrix followed by
a polynomial matrix function with determinant zN , for some N ≥ 0. Our second main result
is the factorization of Toeplitz-like operator based on the Wiener-Hopf type factorization
below.

Theorem 5.1.2. Let Ω = z−kΩ−Ω0P0Ω+ be the Wiener-Hopf type factorization of Ω as in
Theorem 5.1.1. Then

TΩ = TΩ−Tz−kTΩ0TP0TΩ+ .

Our third main result is using the factorization to reduce the question on Fredholm
properties to the case where the operator is generated by a matrix that is the product
of a diagonal rational matrix function, Ω0(z) ∈ Ratm×m

0 (T) with zeroes only on T, and a
polynomial matrix P0(z) with determinant zN , N ≥ 0.

Theorem 5.1.3. Let Ω(z) = z−kΩ−(z)Ω0(z)P0(z)Ω+(z) be the Wiener-Hopf type factoriza-
tion of Ω as in Theorem 5.1.1. Then TΩ is Fredholm if and only if TΩ0 is Fredholm, which
happens exactly when each of the entries ϕj of Ω0 has no zeroes on T. In case TΩ is Fredholm,

IndexTΩ = mk + IndexTΩ0 + IndexTP0

= mk +
m∑
j=1

deg qj −
m∑
j=1

kj,

where ϕj =
sj
qj

and qj has roots only on T and kj are the powers of z on the diagonal of P0.

Comparison with literature. There are not many known results concerning un-
bounded (or closed) Toeplitz operators with matrix symbols. We use a factorization based
on the Smith form for polynomial matrices (Theorem 1 and Theorem 2 of Gantmacher, chap-
ter VI [4]) which is related to the Wiener-Hopf factorization for rational matrix functions
without poles on the unit circle appearing in Theorem 2.1 of [2]. The proof of Theorem 2.1
in [2], in fact, uses the Smith form as a strating point.

Factorization of matrices, however, have a long tradition. Wiener-Hopf type factorization
of matrices with no poles on the contour, for example, appears in Gohberg and Krein [11] and
Clancey and Gohberg [2]; factorization of matrix functions as solutions to barrier problems
in complex function theory appear as early as 1908 in Plemelj [12], whereas factorization
of rational matrix functions relative to the unit circle appears as spectral factorization in
electrical engineering in Belevitch [1] and Youla [14]. In all of these, however, there is a
restriction of no poles on the contour or the unit circle.

The Wiener-Hopf type factorization for a rational matrix function with poles on the unit
circle we use is based on the approach found in [2]. However, there is a slight oversight in
the proof of Theorem 2.1 in Chapter 1 of [2]. An application of Lemma 5.3.2 below would
eliminate this. It is not true that ED(z)P (z) = D(z)EP (z) where E is a lower triangular
elementary matrix with ones on the main diagonal and only one row of nonzero entries off
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the main diagonal, D(z) = Diag(zkj) is a diagonal matrix with k1 ≥ k2 ≥ . . . ≥ km and
P (z) a polynomial matrix function with detP (z) having a zero at z = 0. Applying Lemma
5.3.2 we write L(z)D(z)P (z) = D(z)EP (z) where L(z) is a lower triangular minus matrix
function with ones on the main diagonal. And so the result of Theorem 2.1 in Chapter 1 of
[2] follows using this adaptation.

The factorization allows us to consider the Fredholm properties of TΩ by reducing to the
case Ω ∈ Rat(T ∪ {0}). Using this, we determine the index, dimension of the kernel as well
as the codimension of the range in case the operator is Fredholm.

There is some divergence from the situation where Ω has no poles on T. In that case,
from Theorem 4.3 in [6] we have that TΩ is Fredholm if and only if detΩ(z) 6= 0 for z ∈ T.
When poles on T are allowed there could be pole-zero cancellation in the determinant of Ω(z)
for z ∈ T, for example Ω(z) = Diag( z+1

z−1
, z−1
z+1

) has detΩ ≡ 1. However, TΩ is not Fredholm.
Thus, there are cases where detΩ(z) 6= 0 for z ∈ T but TΩ is not Fredholm, which does not
happen in the case where Ω has no poles on T.

Overview. The chapter is organized as follows: Besides the current introduction, the
chapter consists of five sections. In Section 5.2 we prove basic results concerning the Toeplitz-
like operator TΩ. In the following section, Section 5.3, we prove the Wiener-Hopf type
factorization of rational matrix functions with poles on the unit circle, Theorem 5.1.1. The
next section, Section 5.4, is devoted to an example that illustrates the factorization. In
the section that follows, Section 5.5, we prove the factorization of the Toeplitz-like operator,
Theorem 5.1.2. This is then used to establish the shift invariance of the Toeplitz-like operator
as stated in ?? below . Finally, Section 5.6 is devoted to the Fredholm properties of TΩ, and
in particular, we prove Theorem 5.1.3.

5.2 Basic properties of TΩ

Using similar arguments as in the scalar case, cf., Chapter 2, we determine various basic
properties of the Toeplitz-like operator TΩ. Some of these results can be derived by restricting
to the entries of Ω, in which case we give minimal details of the proof. We start with an
analogue of Proposition 2.2.1.

Proposition 5.2.1. Let Ω ∈ Ratm×m, possibly with poles on T. Then TΩ is a well-defined,
closed, densely defined linear operator on Hp

m. More specifically, Pm ⊂ Dom(TΩ). Moreover,

S−TΩS+f = TΩf for all f ∈ Dom(TΩ), (5.2.1)

where S+ = TzIm and S− = Tz−1Im on Hp
m.

Proof that TΩ is well-defined, has dense domain and is a closed linear operator.
The proof will follow by direct generalization of the arguments in Chapters 2 and 3, some-
times reducing to results for Tωij

, where Ω = [ωij]
m
i,j=1.
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For ρ ∈ Ratm0 (T), using a similar argument as in Lemma 2.2.2 on its entries, it follows
that ρ is identically zero whenever ρ ∈ Lpm. Now following the argument in Proposition 2.2.1
shows that TΩ is well-defined.

Let Ω ∈ Ratm×m. By entrywise application of Lemma 2.2.4 we can write Ω = Ω1 + Ω2,
where Ω1 ∈ Lm×m

∞ and Ω2 ∈ Ratm×m
0 (T). Then TΩ = TΩ1 + TΩ2 and the domains of TΩ and

TΩ2 coincide. To see this, note that f ∈ Dom(TΩ) if and only if f ∈ Dom(TΩ2) and that the
latter is the case if and only if Ω2f = h2 + ρ where h2 ∈ Lm2 and ρ ∈ Ratm0 (T). Now for such
a function f consider Ωf = Ω1f + Ω2f . Since Ω1 ∈ Lm×m

∞ , also Ω1f ∈ Lm2 . Moreover, we
have

Ωf = Ω1f + Ω2f = (Ω1f + h2) + ρ = h+ ρ,

where h = Ω1f + h2. Now

Ph = P(Ω1f) + Ph = TΩ1f + TΩ2f = TΩf

as desired. From this it follows that we only need to look at the case Ω ∈ Ratm×m
0 (T).

Let Ω ∈ Ratm×m
0 (T). Then we can write Ω = q−1P where q ∈ Pℓ has zeros only on T

and P ∈ Pm×m
ℓ−1 for some ℓ ∈ N. Using a similar argument as in the proof of Lemma 2.2.3

we can show that f ∈ Dom(TΩ) if and only if Ωf = h + q−1r, where h ∈ Hp
m and r ∈ Pm

ℓ−1.
Moreover, r and h are unique, and in that case TΩf = h. Now using a similar argument
as in the proof of Proposition 2.2.1 it follows that TΩ is closed and that the domain of TΩ
contains all the polynomials and so TΩ is densely defined.

The proof of 5.2.1 is postponed to Section 5.5.

For further basic properties we restrict to the case where Ω ∈ Ratm×m(T), i.e., all poles
on T, or Ω ∈ Ratm×m(T ∪ {0}), where also a pole at 0 is allowed. In order to determine
the Fredholm properties of TΩ, via the factorization of Section 5.3 below, we reduce to the
case of a diagonal matrix function in Ratm×m(T), with zeroes all on T. Therefore we will
not attempt here to give an explicit description of the kernel, range and domain for the case
Ω ∈ Ratm×m(T) in the form of an analogue of Theorem 3.2.2. For the diagonal matrix case,
results are easily obtained by reduction to the scalar case. Here, and in the sequel, we shall
identify the orthogonal sum Hp ⊕ · · · ⊕Hp of m copies of Hp with Hp

m.

Proposition 5.2.2. Suppose that Ω(z) ∈ Ratm×m(T) with

Ω(z) =


ω1(z)

ω2(z)
. . .

ωm(z)


and ωj(z) ∈ Rat(T), j = 1, 2, . . .m. Then

1. Dom(TΩ) = Dom(Tω1)⊕Dom(Tω2)⊕ · · · ⊕Dom(Tωm).
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2. Ran(TΩ) = Ran(Tω1)⊕ Ran(Tω2)⊕ · · · ⊕ Ran(Tωm).

3. Ker(TΩ) = Ker(Tω1)⊕Ker(Tω2)⊕ · · · ⊕Ker(Tωm).

Proof. Suppose that fj ∈ Dom(Tωj
) then ωjfj = hj + ρj with hj ∈ Hp and ρj ∈ Rat0(T).

But then

Ωf = h+ ρ

where

f =


f1
f2
...
fm

 , h =


h1
h2
...
hm

 , ρ =


ρ1
ρ2
...
ρm

 ,

and so f ∈ Hp
m, h ∈ Hp

m and ρ ∈ Ratm0 (T), showing that f ∈ Dom(TΩ) from which it follows
that Dom(Tω1)⊕Dom(Tω2)⊕ · · · ⊕Dom(Tωm) ⊂ Dom(TΩ).

To show the converse, suppose that f ∈ Dom(TΩ) then there are h ∈ Hp
m and ρ ∈ Ratm0 (T)

with Ωf = h+ ρ. But then ωjfj = hj + ρj for each j showing that fj ∈ Dom(Tωj
).

Clearly, the fact that the domains coincide will also imply that the ranges coincide.

Suppose now that f ∈ Ker(TΩ), then Ωf = ρ where ρ ∈ Ratm0 (T). But then ωjfj = ρj
for ρj ∈ Rat0(T) from which it follows that fj ∈ Ker(Tωj

). The converse is immediate.

Getting an explicit formulation of the domain of TΩ beyond the diagonal case or the case
where Ω ∈ Ratm×m

0 (T), i.e., where the entries of Ω are proper rational functions with poles
only on T, is much more complicated than in the scalar case. Let Ω ∈ Ratm×m

0 (T) and write
Ω = q−1P where q is a scalar polynomial and P ∈ Pm×m. Using a similar argument as in
the proof of Lemma 2.2.3 we have

Dom(TΩ) =
{
g ∈ Hp

m : Ωg = h+ q−1ρ
}

where h ∈ Hp
m and ρ ∈ Pdeg (q)−1 and TΩg = h.

Lemma 5.2.3. Let Ω ∈ Ratm×m and write Ω = Ω1 + Ω2 where Ω1 ∈ Lm×m
∞ and Ω2 ∈

Ratm×m
0 (T). Then Dom(TΩ) = Dom(TΩ2). Let Ω2 = q−1P for some polynomial q with zeroes

only on T and P a matrix polynomial. Suppose Ω2 =
[
sij
qij

]
and let qj = LCMm

i=1{qij}, i.e.,
the least common multiple of the denominators in the j-th column of Ω2. Then

qHp
m + Pm

deg q−1 ⊂ ⊕j

(
qjH

p + Pdeg qj−1

)
⊂ Dom(Tω) (5.2.2)

and both inclusions can be strict.
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Proof. The first inclusion follows from the fact that zeroes of each qj will be included in
the zeroes of q and qHp + Pdeg q−1 ⊂ qjH

p + Pdeg qj−1 follows by extending the argument in
Lemma 2.3.4 as follows: If r, s ∈ P and r divides s then sHp + Pdeg (s)−1 ⊂ rHp + Pdeg (r)−1.

Let

f =


f1
f2
...
fm


and suppose fj = qjhj + rj ∈ qjH

p+Pdeg qj−1. Then qj = uijqij for some polynomial uij and
so

sij
qij

=
uijsij
qj

and

fj = qjhj + rj
= uijqijhj + qijrij + r̃j

for some r̃j ∈ Pdeg qij−1 and rij ∈ P .
Since the i-th entry in Ω2f is given by

∑m
j=1

sij
qij
fj we have

(Ω2f)i =
n∑
j=1

sij
qij
fj =

m∑
j=1

sij
qij

(uijqijhj + qijrij + r̃j)

=
m∑
j=1

(uijsijhj + sijrij) +
m∑
j=1

sijr̃j
qij

.

Writing sij r̃j = kjqij + r̂j for some kj ∈ P and r̂j ∈ Pdeg (qij)−1 we arrive at

(Ω2f)i =
m∑
j=1

(uijsijhj + sijrij) +
m∑
j=1

sijr̃j
qij

= h̃i + ρi

where ρi =
r
qi

∈ Rat0(T) and h̃i ∈ Hp. From this it follows that if f is as described, then

f ∈ Dom(TΩ2).

We give an example that shows that the second inclusion is strict i.e., it is not necessarily
true that Dom(TΩ) is the direct sum ⊕m

j=1Dom(T 1
qj

) where qj is the LCM of the denominators

of the j-th column of Ω. Take, for example, Ω(z) =

(
1 + 1

z−1
1
z−1

1
z+1

1 + 1
z+1

)
. Then detΩ(z) =

z2+2z−1
z2−1

6≡ 0 and f = (f1,−f1)T is in the domain of TΩ for each f1 ∈ Hp. Also 1
z2−1

is the
LCM for the denominators in both columns of Ω(z). Suppose(

f1
−f1

)
∈ Dom(T 1

z2−1
)⊕Dom(T 1

z2−1
)

then f1 ∈ Dom(T 1
z2−1

). But for f1 6∈ Dom(T 1
z2−1

) we still have

(
f1
−f1

)
∈ Dom(TΩ) and so

Dom(TΩ) 6= Dom(T 1
z2−1

)⊕Dom(T 1
z2−1

).
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For q(z) = z2 − 1, from Theorem 2.3.3 there exists an f ∈ (z− 1)Hp with f 6∈ qHp+P1.
Thus (f, 0) 6∈ qHp

2 + P2
1 and so qHp

2 + P2
1 6= ((z − 1)Hp + C)⊕ ((z + 1)Hp + C). From this

it follows that the first inclusion in 5.2.2 can also be strict.

5.3 Matrix Function Factorization

In this section we prove the construction of the Wiener-Hopf type factorization, Theorem
5.1.1, with respect to T for m×m rational matrix functions which are allowed to have poles
on T.

The construction relies strongly on the Smith decomposition of matrix polynomials; see
Gantmacher [4] for a proof. The following theorem is an easy consequence of the Smith form.

Theorem 5.3.1. Let R(z) ∈ Pm×m. Then we can write

R(z) = E(z)D(z)F (z)

where E,F are polynomial matrices with nonzero constant determinants and D a diagonal
polynomial matrix that factors as

D(z) = D−(z)D0(z)D+(z)

with D−, D0 and D+ also diagonal polynomial matrices with the entries of D−(z), D0(z) and
D+(z) having their zeroes in D, on T and outside D respectively.

The next result will be used to repair the oversight in the construction in [2].

Lemma 5.3.2. Let F (z) ∈ Pm×m with detF (z) = zk. Then

F (z) = L(z)


zn1 0

zn2

. . .

0 znm

R(z)

where R(z) is a matrix polynomial with nonzero constant determinant, nj ≥ 0 with
∑m

i=1 ni =
k and L(z) is a lower triangular matrix where each entry in the strictly lower part is a poly-
nomial in z−1 and z while the main diagonal entries are one. In addition, L(z)Diag(znj) ∈
Pm×m.

Proof. First write

F (z) =


zn1

zn2

. . .

znm

R1(z)
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where R1(z) is a matrix polynomial and ni is the highest power of z dividing all the entries
in row i. Then detR1(z) = zk

′
with k′ = k −

∑m
i=1 ni. If

∑m
i=1 ni = k we are done and

L(z) = I. Otherwise, write

R1(z) =


r1(z)
r2(z)
...

rm(z)

 .

Then r1(0), r2(0), . . . , rm(0) are linearly dependent. Let p be the smallest integer such that
r1(0), . . . , rp(0) are linearly dependent. Then there are numbers α1, α2, . . . , αp−1 such that

α1r1(0) + α2r2(0) + · · ·+ αp−1rp−1(0) + rp(0) = 0.

Put

E =



1
1

. . .

0 0 · · · 1
α1 α2 · · · αp−1 1 0 0
0 0 0 · · · 0 1 0
...

...
...

. . . . . .

0 0 0 0 · · · · · · 0 1


− pth row.

Then

F (z) =


zn1

zn2

. . .

znm

E−1ER1(z).

Now

ER1(z) =



r1(z)
...

rp−1(z)∑p
i=1 αiri(z)
rp+1(z)

...
rm(z)


=



1
. . .

1
zl

1
. . .

1


R2(z)

for some l ≥ 1 and for a matrix polynomial R2(z), since
∑m

i=1 αiri(z) has a zero at zero.
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Note that

E−1 =



1
1

. . .

0 0 · · · 1
−α1 −α2 · · · −αp−1 1 0 0
0 0 0 · · · 0 1 0
...

...
...

. . . . . .

0 0 0 0 · · · · · · 0 1


− pth row

and by direct computation it follows that
zn1

zn2

. . .

znm

E−1 = L(z)


zn1

zn2

. . .

znm

 .

where

L(z) =



1
1

. . .

0 0 · · · 1
−α1z

np−n1 −α2z
np−n2 · · · −αp−1z

np−np−1 1 0 0
0 0 0 · · · 0 1 0
...

...
...

. . . . . .

0 0 0 0 · · · · · · 0 1


− pth row.

We now have

F (z) = L(z)



zn1

. . .

znp−1

znp+l

znp+1

. . .

znm


R2(z),

and
detR2(z) = zk−l−

∑m
i=1 ni .

Put ñj = nj for j 6= p and ñp = np + l. Note that
∑m

i=1 ñi = (
∑m

i=1 ni) + l and

F̃ (z) =

z
ñi

. . .

zñm

R2(z)
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is a matrix polynomial with det F̃ (z) = detF (z) = zk. If
∑m

i=1 ñi = k, then we are done,
otherwise repeat the argument.

We are now ready to prove Theorem 5.1.1.

Proof of Theorem 5.1.1. The proof is an adaptation of the proof of Theorem 2.1 in [2].
Firstly, write

q(z)Ω(z) = P1(z),

where P1 is a polynomial matrix and q a scalar polynomial function. Then we can write the
scalar rational function q−1(z) = ω−(z)ω0(z)z

κω+(z) as in Lemma 2.5.1 where ω− and ω−1
−

are minus functions, ω+ and ω−1
+ are plus functions and ω0 has zeroes and poles only on T.

As in [2], by Theorem 5.3.1, the Smith form for polynomial matrices, we can write

P1(z) = E1(z)D
−
1 (z)D

0
1(z)D

+
1 (z)F1(z)

where E1, F1 are polynomial matrices with nonzero constant determinants, D−
1 = Diag(d−j )

with d−j having roots only inside D, D0
1 = Diag(d0j) having roots only on T and D+

1 =

Diag(d+j ) with d+j having roots only outside D and so D+
1 F1 is invertible in D. Then

det
(
E1(z)D

−
1 (z)D

0
1(z)

)
has its zeroes only in D. Let N > 0 be such that

P2(z) = zNE1(z
−1)D−

1 (z
−1)D0

1(z
−1)

is a polynomial matrix then the zeroes of P2 can only be on T, outside D except at ∞ or at
zero. And so

P1(z) = zNP2(z
−1)D+

1 (z)F1(z).

As above, using the Smith form for polynomial matrices, we can write

P2(z) = E2(z)D
−
2 (z)D

0
2(z)D

+
2 (z)F2(z)

where E2, F2 are polynomial matrices with nonzero constant determinants, D−
2 = Diag(ej)

with ej having roots only outside D, D0
2 = Diag(ψj) with ψj having roots only on T and

D+
2 = Diag(znj) with nj ≥ 0.

Since D0
2(z) is a diagonal matrix with each of its entries a polynomial with roots only

on T, we can write D0
2(

1
z
) = D̃0

2(z)D̃
−
2 (z) where D̃

0
2(z) is a diagonal matrix with each of its

entries a polynomial with roots only on T and D̃−
2 (z) a diagonal matrix with each of its entries

of the form zηj and ηj ≤ 0. For some integer K > 0, P3(z) = zKD̃−
2 (z)D

+
2 (z

−1)F2(z
−1) is a

polynomial matrix function such that detP3(z) is zero only at zero. And so

P1(z) = zN−KE2(z
−1)D−

2 (z
−1)D̃0

2(z)P3(z)D
+
1 (z)F1(z).

From Lemma 5.3.2 it follows that we can write P3(z) = L(z)D3(z)F3(z) where L(z) is a
lower triangular matrix function where each entry in the strictly lower part is a polynomial
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in z−1 and z while the diagonal entries are one, D3(z) = Diag(znj) with nj ≥ 0 and F3(z) is
a polynomial matrix with constant determinant.

Note that

E1(z
−1)D−

1 (z
−1)D0

1(z
−1) = z−NP2(z) = z−NE2(z)D

−
2 (z)D

0
2(z)D

+
2 (z)F2(z)

and so

P1(z) = E1(z)D
−
1 (z)D

0
1(z)D

+
1 (z)F1(z)

= zNP2(z
−1)D+

1 (z)F1(z)
= zNE2(z

−1)D−
2 (z

−1)D0
2(z

−1)D+
2 (z

−1)F2(z
−1)D+

1 (z)F1(z)

= zNE2(z
−1)D−

2 (z
−1)D̃0

2(z)D̃
−
2 (z)D

+
2 (z

−1)F2(z
−1)D+

1 (z)F1(z)

= zNE2(z
−1)D−

2 (z
−1)D̃0

2(z)z
−KP3(z)D

+
1 (z)F1(z)

= zN−KE2(z
−1)D−

2 (z
−1)D̃0

2(z)L(z)D3(z)F3(z)D
+
1 (z)F1(z).

From this it follows that

Ω(z) = q−1(z)P1(z)

= zN−K+κω−(z)E2(z
−1)D−

2 (z
−1)ω0(z)D̃

0
2(z)L(z)D3(z)ω+(z)F3(z)D

+
1 (z)F1(z)

= zMΩ−(z)Ω0(z)P0(z)Ω+(z),

where Ω−(z) = zηω−(z)E2(z
−1)D−

2 (z
−1) is such that Ω− and its inverse Ω−1

− are minus
functions for a suitable η, M + η = N − K + κ, Ω+(z) = ω+(z)F3(z)D

+
1 (z)F1(z) and its

inverse are plus functions, Ω0(z) = ω0(z)D̃
0
2(z) and P0(z) = L(z)D3(z).

Corollary 5.3.3. Let Ω ∈ Ratm×m with detΩ 6≡ 0 and suppose

Ω(z) = z−kΩ−(z)Ω0(z)P0(z)Ω+(z)

is the factorization of Ω as in Theorem 5.1.1. Then the zeroes and poles of Ω on T correspond
to the zeroes and poles of ψj where Ω0(z) = Diag (ψj(z))

m
j=1.

5.4 An example

We present an example illustrating the factorisation procedure. Let Ω(z) =

(
1 1

z−1

0 1

)
then

q(z) = z − 1 and q(z)Ω(z) =

(
z − 1 1
0 z − 1

)
. The Smith decomposition of qΩ is given by

q(z)Ω(z) = E1(z)D1(z)F1(z)
= E1(z)D

−
1 (z)D

0
1(z)D

+
1 (z)F1(z)

=

(
0 1
−1 z − 1

)(
(z − 1)2 0

0 1

)(
1 0

z − 1 1

)
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where D−
1 (z) = I2 = D+

1 (z), the 2× 2 identity matrix. Then

E1(z)D
−
1 (z)D

0
1(z) =

(
0 1

−(z − 1)2 z − 1

)
and so

P2(z) = z2E1(
1

z
)D−

1 (
1

z
)D0

1(
1

z
) = z2

(
0 1

−(1
z
− 1)2 1

z
− 1

)
=

(
0 z2

−(z − 1)2 z − z2

)
.

The Smith decomposition of P2(z) is given by

P2(z) = E2(z)D2(z)F2(z)

=

(
−z − 1 −z2

1 z − 1

)(
(z − 1)2z2 0

0 1

)(
−1 −1

(z − 1)2(z + 1) z(z2 − z − 1)

)
and so

D+
2 (z) =

(
z2 0
0 1

)
, D0

2(z) =

(
(z − 1)2 0

0 1

)
and D−

2 (z) = I2.

Put

D0
2(
1

z
) = D̃0

2(z)D̃
−
2 (z) =

((
1
z
− 1
)2

0
0 1

)
=

(
(1− z)2 0

0 1

)(
z−2 0
0 1

)
Now

P3(z) = zKD̃−
2 (z)D

+
2 (

1

z
)F2(

1

z
)

= z4
(
z−2 0
0 1

)(
z−2 0
0 1

)(
−1 −1(

1
z
− 1
)2 (1

z
+ 1
)

1
z

(
1
z2

− 1
z
− 1
))

from which it follows that

P3(z) =

(
−1 −1

z(1− z)2(1 + z) z(1− z − z2)

)
and detP3(z) = z4.

Now

P3(z) = D(z)R(z) =

(
1 0
0 z

)(
−1 −1

z3 − z2 − z + 1 1− z − z2

)
Since the sum of the row multiplicities = 1 < 4 with r1(0) = [−1,−1] and r2(0) = [1, 1] we
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put E =

(
1 0
1 1

)
. So

P3(z) = D(z)E−1ER(z)

=

(
1 0
0 z

)(
1 0
−1 1

)(
1 0
1 1

)(
−1 −1

z3 − z2 − z + 1 1− z − z2

)
=

(
1 0
0 z

)(
1 0
−1 1

)(
−1 −1

z3 − z2 − z −z − z2

)
=

(
1 0
0 z

)(
1 0
−1 1

)(
1 0
0 z

)(
−1 −1

z2 − z − 1 −1− z

)
=

(
1 0
−z 1

)(
1 0
0 z2

)(
−1 −1

z2 − z − 1 −1− z

)
= L′(z)D′(z)R2(z)

The sum of the row multiplicities = 2 < 4 with r′1(0) = [−1,−1] and r′2(0) = [−1,−1] we

put E ′ =

(
1 0
−1 1

)
.

P3(z) = L′(z)D′(z)R2(z) = L′(z)D′(z)(E ′)−1E ′R2(z)

=

(
1 0
−z 1

)(
1 0
0 z2

)(
1 0
1 1

)(
1 0
−1 1

)(
−1 −1

z2 − z − 1 −1− z

)
=

(
1 0
−z 1

)(
1 0
z2 1

)(
1 0
0 z2

)(
−1 −1

z2 − z −z

)
=

(
1 0

z2 − z 1

)(
1 0
0 z3

)(
−1 −1
z − 1 −1

)
= L′′(z)D′′(z)R2(z).

The sum of the row multiplicities is still less than 4 and so we continue the process. Now

r′′1(0) = [−1,−1] = r′′2(0) and so we put E ′′ =

(
1 0
−1 1

)
. So

P3(z) = L′′(z)D′′(z)R2(z) = L′′(z)D′′(z)(E ′′)−1E ′′R2(z)

=

(
1 0

z2 − z 1

)(
1 0
0 z3

)(
1 0
1 1

)(
1 0
−1 1

)(
−1 −1
z − 1 −1

)
=

(
1 0

z2 − z 1

)(
1 0
z3 1

)(
1 0
0 z3

)(
−1 −1
z 0

)
=

(
1 0

z3 + z2 − z 1

)(
1 0
0 z4

)(
−1 −1
1 0

)
= L′′′(z)D′′′(z)R3(z).

From the above we see that

L(z) =

(
1 0

z3 + z2 − z 1

)
, D3(z) =

(
1 0
0 z4

)
, F3(z) =

(
−1 −1
1 0

)
.
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Then

P1(z) = zN−KE2(
1
z
)D−

2 (
1
z
)D̃0

2(z)L(z)D3(z)F3(z)

= z−2

(
−1
z
− 1 − 1

z2

1 1
z
− 1

)(
(1− z)2 0

0 1

)(
1 0

z3 + z2 − z 1

)(
1 0
0 z4

)(
−1 −1
1 0

)
.

Since q(z) = z − 1, ω−(z) = 1, ω+(z) = 1, κ = 0 and ω0(z) =
1
z−1

we have

Ω(z) =

(
1 1

z−1

0 1

)
= z−kΩ−(z)Ω0(z)P0(z)Ω+(z)

where k = 2,

Ω−(z) = zκω−E2(
1

z
)D−

2 (
1

z
) =

(
−1
z
− 1 − 1

z2

1 1
z
− 1

)
,

Ω+(z) = F3(z)F1(z) =

(
−1 −1
1 0

)(
1 0

z − 1 1

)
=

(
−z −1
1 0

)
,

Ω0(z) = ω0(z)D̃
0
2(z) =

(
z − 1 0
0 1

z−1

)
and

P0(z) = L(z)D3(z) =

(
1 0

z3 + z2 − z 1

)(
1 0
0 z4

)
=

(
1 0

z3 + z2 − z z4

)
.

5.5 Factorization of the Toeplitz operator

In this section we prove Theorem 5.1.2 by using the Wiener-Hopf type factorization of
Ω ∈ Ratm×m with possible poles on T. We first prove some technical lemmas.

Theorem 5.5.1. Suppose that Ω ∈ Ratm×m, U and its inverse U−1 are m×m minus rational
matrix functions and V is an analytic m ×m rational matrix function. Then TΩV = TΩTV
and TUΩ = TUTΩ.

Proof. Let f ∈ Dom(TΩV ). By Proposition 5.2.1, we have ΩV f = h + ρ ∈ Lpm + Ratm0 (T)
and TΩV f = Ph. Now since V is analytic, TV f = V f . Put g = V f , then by the above
relation we have g ∈ Dom(TΩ) and TΩg = Ph. This just says that TΩTV f = TΩV f . So
Dom(TΩV ) ⊂ Dom(TΩTV ), and on Dom(TΩV ) the two operators coincide.

Conversely, suppose that f ∈ Dom(TΩTV ). Then TV f = V f ∈ Dom(TΩ). Since V is
analytic we have ΩV f = h+ ρ ∈ Lpm +Ratm0 (T), and so f ∈ Dom(TΩV ).

Note that for every f ∈ Lpm we have PU(I−P)f = 0 because U is analytic outside D. Let
f ∈ Dom(TUΩ), then UΩf = h+ρ, with h ∈ Lpm and ρ ∈ Rat0(T). Then Ωf = U−1h+U−1ρ.
Now, since U−1 is a rational matrix function analytic outside D, the function U−1ρ can
be written as h1 + ρ1 with h1 ∈ Lpm a rational function with poles only in the unit disc
and ρ1 ∈ Ratm0 (T). In particular, Ph1 = 0. So, Ωf = U−1h + h1 + ρ1, which shows that
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f ∈ Dom(TΩ) and TΩf = P(U−1h + h1) = P(U−1h). Then TUTΩf = PUP(U−1h). Since
PU(I − P)(U−1h) = 0, we have

TUTΩf = PUP(U−1h) = PUP(U−1h) + PU(I − P)(U−1h) = PUU−1h = Ph = TUΩf

as was claimed.

Lemma 5.5.2. Let Ω ∈ Ratm×m(T). Then for k ≥ 0, Tz−kΩ = Tz−kTΩ.

Proof. We need to show that Dom(TΩ) = Dom(Tz−kΩ) and that Tz−kΩ and Tz−kTΩ coincides
on Dom(TΩ). Suppose that f ∈ Dom(Tz−kΩ). Then z

−kΩf = h+ ρ ∈ Lpm +Ratm0 (T) and so
Ωf = zkh + zkρ ∈ Lpm + Ratm(T). Apply the Euclidian algorithm to write zkρ = ρ1 + ρ2 ∈
Lpm + Ratm0 (T). Then Ωf = (zkh + ρ1) + ρ2 ∈ Lpm + Ratm0 (T) from which it follows that
f ∈ Dom(TΩ).

Conversely suppose f ∈ Dom(TΩ). Then Ωf = h + ρ ∈ Lpm + Ratm0 (T) so Ωz−kf =
z−kh + z−kρ ∈ Lpm + Ratm0 (T ∪ {0}). Now write z−kρ = ρ1 + ρ2 with ρ2 ∈ Ratm0 (T) and
ρ1 ∈ Ratm, with only a pole at 0. Then ρ1 ∈ Lpm and Pρ1 = 0. We now have z−kΩf =
(z−kh + ρ1) + ρ2 ∈ L2

m + Ratm0 (T) and so f ∈ Dom(Tz−kΩ). From this it follows that
Dom(TΩ) = Dom(Tz−kΩ).

Now, suppose f ∈ Dom(TΩ). Then, from the above and the fact that Pz−k(I − P) = 0,
we have

Tz−kΩf = P(z−kh+ ρ1) = P(z−kh) = Pz−kPh = Tz−kPh = Tz−kTΩf.

Proof of Theorem 5.1.2. Factor Ω = z−kΩ−Ω0P0Ω+ as in Theorem 5.1.1. Then from
Theorem 5.5.1 we can write

TΩ = TΩ−Tz−kΩ0
TP0TΩ+

and applying Lemma 5.5.2 we have

TΩ = TΩ−Tz−kTΩ0TP0TΩ+ .

Proof of 5.2.1 in Proposition 5.2.1. Since z−1Im is a minus function, S− = Tz−1Im

commutes with TΩ− and since zIm is a plus function, S+ = TzIm commutes with TP0TΩ+ .
Applying Theorem 5.1.2 along with the factorization Ω(z) = z−kΩ−(z)Ω0(z)P0(z)Ω+(z) from
Theorem 5.1.1, on Dom(TΩ), we get

S−TΩS+ = Tz−1ImTΩ−Tz−kTΩ0TP0TΩ+TzIm
= TΩ−Tz−kTz−1ImTΩ0TzImTP0TΩ+

= TΩ−Tz−kTz−1ImTzΩ0TP0TΩ+ follows by applying Theorem 5.5.1 to TzΩ0

= TΩ−Tz−kTz−1zΩ0
TP0TΩ+ follows by applying Lemma 5.5.2 to Tz−1zΩ0

= TΩ−Tz−kTΩ0TP0TΩ+

= TΩ.

This completes the proof of Proposition 5.2.1.
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5.6 Fredholm properties

Using the Wiener-Hopf type factorization for m × m rational matrix functions with poles
(and zeroes) on T, we are able to reduce the Fredholm properties to the diagonal case, in
particular we obtain Theorem 5.1.3. We start with the diagonal case.

Theorem 5.6.1. Suppose that Ω(z) ∈ Ratm×m(T) with

Ω(z) =


ω1(z)

ω2(z)
. . .

ωm(z)


and ωj(z) ∈ Rat(T), j = 1, 2, . . . ,m. Then TΩ is Fredholm if and only if Tωj

is Fredholm for
each j = 1, . . .m, i.e., if and only if ωj has no zeroes on T for each j = 1, . . . ,m. In case
TΩ is Fredholm we have

IndexTΩ =
m∑
j=1

IndexTωj
.

Proof. From Proposition 5.2.2 we have Ran(TΩ) = Ran(Tω1) ⊕ Ran(Tω2) ⊕ · · · ⊕ Ran(Tωm)
and so Ran(TΩ) is closed if and only if Ran(Tωj

) is closed for each j. It follows, thus, that
TΩ is Fredholm if and only if each Tωj

is Fredholm. Given that we also have Ker(TΩ) =
Ker(Tω1)⊕Ker(Tω2)⊕ · · · ⊕Ker(Tωm) it now follows that IndexTΩ =

∑m
j=1 IndexTωj

.

Note that, in contrast to the case when Ω has no poles on the unit circle, it is not true that
TΩ is Fredholm if and only if detΩ is not zero on T. Take, for example, Ω(z) = Diag( z+1

z−1
, z−1
z+1

)
then detΩ(z) = 1, but TΩ is not Fredholm.

We are now ready to prove Theorem 5.1.3.

Proof of Theorem 5.1.3. Applying Theorem 5.1.2 allows us to write

TΩ = TΩ−Tz−kTΩ0TP0TΩ+ .

Given that Ω−(z) and its inverse are minus functions, TΩ− is invertible with T−1
Ω−

= TΩ−1
−
.

Similarly TΩ+ is invertible and T−1
Ω+

= TΩ−1
+
, as Ω+(z) and its inverse are plus functions. Thus

TΩ− , TΩ−1
−
, TΩ+ and TΩ−1

+
are Fredholm and

Tz−kTΩ0TP0 = TΩ−1
−
TΩTΩ−1

+
.

Applying Theorems IV.2.7 and IV.2.10 from [5] (see also [10]) it now follows that TΩ is
Fredholm if and only if Tz−kTΩ0TP0 is Fredholm and in that case we have

IndexTΩ = Index (Tz−kTΩ0TP0).
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Since Ω0 and z
−kΩ0 are diagonal matrices, the question on Fredholm properties of Tz−kΩ0

viz-a-viz Tz−kTΩ0 reduces to the scalar case. From Theorem 5.6.1 it now follows that Tz−kΩ0

is Fredholm if and only if TΩ0 is Fredholm, and in case TΩ0 is Fredholm we have

IndexTz−kΩ0
= IndexTz−k + IndexTΩ0 .

Suppose TΩ0 is Fredholm. Since P0(z) is a polynomial matrix function with zeroes only
at z = 0, TP0 is a bounded Fredholm operator. Then, again from [5], we have that Tz−kΩTP0

is Fredholm.

Conversely, suppose Tz−kΩTP0 is Fredholm. By Theorem 3.4 of [13] we have that Tz−kΩ is
Fredholm. From this it now follows that Tω is Fredholm if and only if TΩ0 is Fredholm.

Given that P0(z) = L(z)P2(z) is a polynomial matrix function with zero as the only root
of detP0 and that detL(z) = 1 it follows that IndexTP0 = IndexTP2 = −

∑m
j=1 kj where

kj are the powers of z on the diagonal of P2(z). This can be seen from the fact that if
L(z)P2(z) =M(z)D+(z)P (z) is a Wiener-Hopf factorization of L(z)P2(z) then detD+(z) =
zN with N =

∑m
j=1 kj.

Suppose now that TΩ0 is Fredholm with Ω0 = Diag(ϕj) where ϕj =
sj
qj

then without loss of

generality sj = 1 and so ϕj =
1
qj
. Then, as IndexTΩ− = IndexTΩ+ = 0 and IndexTz−k = mk,

IndexTΩ = IndexTΩ− + IndexTz−k + IndexTΩ0 + IndexTP0 + IndexTΩ+

= IndexTz−k + IndexTΩ0 + IndexTP2

= mk +
m∑
j=1

zeroes of qj mult. counted−
m∑
j=1

kj

= mk +
m∑
j=1

deg qj −
m∑
j=1

kj.

This concludes the proof of Theorem 5.1.3.

Remark 5.6.2. It now follows from the decomposition of Ω(z) =

(
1 1

z−1

0 1

)
in the example

in Section 5.4 that TΩ is not Fredholm.

Proposition 5.6.3. Let

Ω(z) = z−kΩ−(z)Ω0(z)P0(z)Ω+(z)

be the Wiener-Hopf type factorization of Ω as in Theorem 5.1.1 and put Ξ(z) = z−kΩ0(z)P0(z).
Suppose that TΩ is Fredholm then

dimKerTΞ = dimKerTΩ =
m∑
j=1

max(k + deg qj − kj, 0)
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and

codimRanTΞ = codimRanTΩ =
m∑
j=1

max(kj − deg qj − k, 0)

where ϕj =
1
qj

are the entries of Ω0, qj has roots only on T and kj are the powers of z on

the diagonal of P0(z).

Proof. Since TΩ is Fredholm, Ω0 = Diag(q−1
j ) where qj is a polynomial with roots only on

T. From Lemma 5.3.2, we can write P0(z) = L(z)D+(z) where D+(z) = Diag(zkj) and L
is a lower triangular polynomial matrix function with ones on the diagonal and its entries
polynomials in z and z−1. So

Ξ(z) = z−kΩ0(z)P0(z) = z−kΩ0(z)L(z)D+(z)

= z−k


1
q1

1
q2

. . .
1
qm




1
α21 1
...

...
. . .

αm1 αm2 · · · 1



zk1

zk2

. . .

zkm

 .

If f ∈ KerTΞ then Ξf = h+ ρ where Ph = 0 and ρ ∈ Ratm0 (T). Also

zk(Ω0)
−1(h+ ρ) = LD+f ∈ Hp

m.

Suppose f = (f1, f2, · · · , fm)T , h = (h1, h2, · · · , hm)T and ρ = (ρ1, ρ2, · · · , ρm)T .

Now let us look at the components of f . It follows that zk1f1 = zkq1(h1 + ρ1). As z
kq1 is

a polynomial, Ph1 = 0 and ρ1 ∈ Rat0(T) with zkq1(h1+ ρ1) ∈ Hp we have that zkq1(h1+ ρ1)
is a polynomial of degree at most k + deg q1 − 1. But then zk1f1 is a polynomial of degree
at most k + deg q1 − 1 from which it follows that f1 is a polynomial of degree at most
(k + deg q1 − 1)− k1. If, however, k + deg q1 ≤ k1 then f1 ≡ 0 and so the degree of freedom
we have in the choice for f1 is max(k + deg q1 − k1, 0).

For the second component we have

α21z
k1f1 + zk2f2 = zkq2(h2 + ρ2) ∈ Hp.

As above, we have that zkq2(h2 + ρ2) is a polynomial of degree at most k + deg q2 − 1 from
which it follows that α21z

k1f1+z
k2f2 is a polynomial of degree at most k+deg q2−1. We now

have two cases, namely deg (α21z
k1f1) ≤ k + deg q2 − 1 and deg (α21z

k1f1) > k + deg q2 − 1.
Suppose now that deg (α21z

k1f1) ≤ k+deg q2−1. In this case we need zk2f2 a polynomial
of degree at most k+deg q2− 1 and hence f2 is a polynomial of degree at most (k+deg q2−
1)− k2.

If, however, deg (α21z
k1f1) > k + deg q2 − 1 then zk2f2 is a polynomial of degree at most

deg (α21z
k1f1) but it needs to cancel the terms of the polynomial α21z

k1f1 that are of power
higher than k + deg q2 − 1. So f2 is a polynomial of degree at most deg (α21z

k1f1)− k2 with
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α21z
k1f1 + zk2f2 a polynomial of degree at most k + deg q2 − 1. Thus we have freedom only

in the first (k + deg q2)− k2 terms of the polynomial f2.

So in both cases we have only max(k + deg q2 − k2, 0) degrees of freedom in the choice
for f2.

Let us now look at the third component. In this case we have

α31z
k1f1 + α32z

k2f2 + zk3f3 = zkq3(h3 + ρ3) ∈ Hp.

As above, zkq3(h3+ρ3) is a polynomial of degree at most k+deg q3−1 from which it follows
that α31z

k1f1+α32z
k2f2+z

k3f3 is a polynomial of degree at most k+deg q3−1. We now have
two cases, namely deg (α31z

k1f1+α32z
k2f2) ≤ k+deg q3− 1 and deg (α31z

k1f1+α32z
k2f2) >

k + deg q3 − 1.

In case deg (α31z
k1f1 + α32z

k2f2) ≤ k + deg q3 − 1 then it would suffice for zk3f3 to be a
polynomial of degree at most k + deg q3 − 1 and thus f3 is a polynomial of degree at most
(k + deg q3 − 1)− k3.

If, however, deg (α31z
k1f1 + α32z

k2f2) > k + deg q3 − 1 then zk3f3 is a polynomial of
degree at most deg (α31z

k1f1 + α32z
k2f2) but it needs to cancel the terms of the polynomial

α31z
k1f1 + α32z

k2f2 that is of power higher than k + deg q3 − 1. So f3 is a polynomial of
degree at most deg (α31z

k1f1 + α32z
k2f2)− k3 with α31z

k1f1 + α32z
k2f2 + zk3f3 a polynomial

of degree at most k + deg q3 − 1. Thus we have freedom only in the first (k + deg q3) − k3
terms of the polynomial f3.

Again, in both cases we have max(k+deg q3 − k3, 0) degrees of freedom in the choice for
f3.

Continuing in this way, we find fn to be a polynomial of degree at most max(deg (αn1z
k1f1+

αn2z
k2f2+ · · ·+αn(n−1)z

kn−1fn−1), k+deg qn−1)−kn in which we have freedom in the terms
fn up to (k + deg qn)− kn. Thus we have max(k + deg qn − kn, 0) degrees of freedom in the
choice for fn.

From this it follows that

dimKerTΞ =
m∑
j=1

max(k + deg qj − kj, 0).

Given that TΞ is Fredholm, from Theorem 5.1.3 we have

IndexTΞ = dimKerTΞ − codimRanTΞ

=
m∑
j=1

max(k + deg qj − kj, 0)− codimRanTΞ

= mk +
m∑
j=1

deg qj −
m∑
j=1

kj

=
m∑
j=1

(k + deg qj − kj)
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and so it follows that

codimRanTΞ =
m∑
j=1

max(kj − deg qj − k, 0).

Lemma 5.6.4. Let
Ω(z) = z−kΩ−(z)Ω0(z)P0(z)Ω+(z)

be the Wiener-Hopf type factorization of Ω as in Theorem 5.1.1 and suppose TΩ is Fredholm.
Then TΩ is injective exactly when k + deg qj ≤ kj for each j.

Proof. Let Ξ,Ω0, L and D+ be as in the proof of Proposition 5.6.3 above and suppose f ∈
KerTΞ. Then f1 is a polynomial of degree at most k+deg q1−1−k1. So, if k+deg q1 ≤ k1 then
f1 ≡ 0. Also, f2 is a polynomial of degree at most k+max{deg (α21z

k1f1), deg q2−1}−k2 and
α21z

k1f1+z
k2f2 is a polynomial of degree at most k+deg q2−1. Suppose that k+deg q2 ≤ k2.

As f1 ≡ 0 we have f2 is a polynomial of degree at most k + deg q2 − 1− k2 and so f2 ≡ 0.
Continuing in this way we see that if k + deg qj ≤ kj for each j = 1, · · · ,m then TΩ0 is

injective. We can reverse the argument and so we can conclude that TΩ0 is injective exactly
when k + deg qj ≤ kj for each j = 1, · · · ,m.

Corollary 5.6.5. Let
Ω(z) = z−kΩ−(z)Ω0(z)P0(z)Ω+(z)

be the Wiener-Hopf type factorization of Ω as in Theorem 5.1.1 and suppose TΩ is Fredholm.
Then TΩ is invertible exactly when k + deg qj = kj for each j.

Proof. For TΩ to be invertible we need IndexTΩ = 0 as well as TΩ injective. For TΩ injective
we have k+deg qj ≤ kj and so

∑m
j=1(kj − k− deg qj) ≥ 0 and for each of the terms we have

kj − k − deg qj ≥ 0. But IndexTΩ =
∑m

j=1(kj − k − deg qj) = 0 from which it follows that
each of the terms are zero, or equivalently kj = k + deg qj, j = 1, 2, . . . ,m.

Using a similar argument as found on page 590 in [6] we can show the following.

Proposition 5.6.6. Let Ω ∈ Ratm×m with detΩ 6≡ 0 and suppose

Ω(z) = z−kΩ−(z)Ω0(z)P0(z)Ω+(z)

is a Wiener-Hopf type factorization of Ω w.r.t. T as in Theorem 5.1.1 and assume that TΩ is
Fredholm. Then the number of times r ∈ Z+ appears in the sequence of indices kj−deg qj−k
is equal to codimRan(Tz1−rΩ)− 2codimRan(Tz−rΩ) + codimRan(Tz−r−1Ω).

Proof. Let Ω ∈ Ratm×m with Ω(z) = z−kΩ−(z)Ω0(z)P0(z)Ω+(z) be the Wiener-Hopf type
factorisation of Ω w.r.t. T. Then, for r ∈ N, Ξr(z) = z−r(z−kΩ0(z)P0) can be written as

Ξr(z) = z−(k+r)Diag(ϕj)L(z)Diag(z
kj).
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Applying Proposition 5.6.3 we have

d(TΞr) := codimRan(TΞr) =
∑

kj−deg (qj)−(k+r)≥0

kj − deg (qj)− (k + r)

and so
d(TΞr)− d(TΞr+1)

=
∑

kj−deg (qj)−(k+r)≥0

kj − deg (qj)− (k + r)

−
∑

kj−deg (qj)−(k+r+1)≥0

kj − deg (qj)− (k + r + 1)

=
∑

kj−deg (qj)−(k+r)≥1

kj − deg (qj)− (k + r)

−
∑

kj−deg (qj)−(k+r+1)≥1

kj − deg (qj)− (k + r + 1)

=
∑

kj−deg (qj)−(k+r)≥1

1

= ♯{j|kj − deg (qj)− k ≥ r + 1}.
From this we get

♯{j|kj − deg (qj)− k = r} = d(TΞr−1)− 2d(TΞr) + d(TΞr+1)

and so the result follows.
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List of Symbols

(Hp)∗ Dual space of Hp.

[Ta] Matrix representation of Ta with re-
spect to the usual basis.

C Complex plane.

D Open unit disk in C.

P Projection of Lp onto Hp due to M.
Riesz, not the Riesz projection in spec-
tral operator theory, due to F. Riesz.

R Real numbers.

T The unit circle in the complex plane.

T◦ T\{−1}

Z Integers

C Space of continuous complex valued
functions.

P Space of polynomials.

Pk Space of polynomials of degree at most
k.

W The Wiener class of functions.

W+ Analytic functions in the Wiener class.

Dom(A) Domain of the operator A.

Ker(A) Kernel or Null space of the operator
A.

ω(T) Image of T under ω.

D Closed unit disk in C.

Ran(A) Range of the operator A.

Rat Space of rational functions.

Rat(T) Space of rational functions with poles
only on T.

Ratm×n Space of m×m rational matrix val-
ued functions.

Rat0(T) Space of strictly proper rational
functions with poles only on T.

Ratm×n
0 Space of strictly proper m×m ratio-

nal matrix valued functions.

Ratm×n
0 (T) Space of strictly proper m × m

rational matrix valued functions with
poles only on T.

ρ(A) Resolvent set of the operator A.

σ(A) Spectrum of the operator A.

σc(A) Continuous spectrum of the operator
A.

σp(A) Point spectrum of the operator A.

σr(A) Residual spectrum of the operator A.

σess(A) Essential (Fredholm) spectum of the
operator A.

a+(z) Right Wiener-Hopf factor in the non
canonical Wiener-Hopf factorization.
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a−(z) Left Wiener-Hopf factor in the non
canonical Wiener-Hopf factorization.

en(z) en(z) = zn, z ∈ T

fn n-th Fourier coefficient of the function
f .

Hp Hardy space of p summable functions
on T.

Hp′ Hardy space of p′ summable functions
where 1

p
+ 1

p′
= 1.

Hp
m Space of functions with m components

where each component is in Hp.

Kp Sub space of anti-analytic functions in
Lp.

L∞ Space of essentially bounded functions
on T.

Lp Space of p summable functions on T.

Lpm Space of functions with m components
where each component is in Lp.

Ma Multiplication operator generated by
the function a

Mz Bilateral shift or multiplication opera-
tor generated by the function a(z) = z.

N+ Smirnov class of analytic functions.

O(jN) Sequence of numbers bounded by
polynomial of degree N .

qHp + Pk Space of functions of the type qh+
r where h ∈ Hp and r ∈ Pk.

qHp Space of functions of the type qh where
h ∈ Hp.

r♯ For a polynomial r, r♯(z) = r(1
z
).

s+ The factor of the polynomial s that
have roots outside T.

s− The factor of the polynomial s that
have roots inside D.

s0 The factor of the polynomial s that
have roots on T.

T cl,B
ω Classical Toeplitz operator on the

Bargmann-Segal space.

T cl
ω Classical Toeplitz operator

THe
ω Unbounded Toeplitz operator defined

by H. Helson and D. Sarason.

T J
ω Unbounded Toeplitz operator on the

Bargmann-Segal space defined by
Janas.

T Sa
ϕ Unbounded Toeplitz operator defined

by D. Sarason.

Ta Toeplitz operator generated by the
function a.

T ∗
a Adjoint operator of the Toeplitz oper-

ator Ta.

THr
f Unbounded Toeplitz operator defined

by P. Hartman and A. Wintner

Tz Unilateral shift or Toeplitz operator
generated by the function a(z) = z.

Tz−1 Unilateral backward shif or the
Toeplitz operator generated by the
function a(z) = z−1.

wind(a) winding number of the complex val-
ued function a with respect to 0.
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Index

analytic extension, 6

Bézout equation, 69
Bargmann-Segal space, 36
bilateral shift, 4
block Toeplitz operator, 11
bounded below, 14

canonical representation in Smirnoff class, 37
closed extension, 14
closed Fredholm operator, 34
continuous spectrum, 9

essential range, 8
essential spectrum, 9
Euclidian division algorithm, 40

Fisher space, 37
Fock space, 37
Fourier coefficient, 5
Fredholm index, 7
Fredholm operator, 7

harmonic extension, 6

matrix representation, 6, 19
matrix symbol, 109
minus function, 7
multiplication operator, 3

outer function, 15

partial fraction decomposition of rational func-
tion, 39

plus function, 7
point spectrum, 9
pole of rational matrix function, 23, 110
poles and zeroes of rational functions, vi, 34

projection of Lp onto Hp, 4
proper rational function, 33

residual spectrum, 9
resolvent set, 66
Riesz projection, iv, 4
root, v

shift invariant, 5
Smirnov class, 15
Smith form, 111
spectrum, 8
standard basis, 54
strictly proper rational function, 33

Taylor coefficients, 41
Toeplitz matrix, 6
Toeplitz-like operator, 16

unbounded Fredholm operator, 34
unbounded Toeplitz matrix, 13
unbounded Toeplitz operator, 14
unilateral shift, 4

Wiener-Hopf factorization, 7
winding number, 8

zero of rational matrix function, 23, 110
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