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Abstract

In this MSe dissertation. we present the results of bornologies on extended quasi-imetric
spaces. Our results generalise Beer's results on hornologies of extended wietric spaces to the
framework of quasi-metric spaces. We coustruct our owi universal space of extended guasi-
nmetric spaces in sense of Beer and show that most of the results in Beer’s universal space hold
in our universal space too. It is proved. for example. that the constructed universal space
is bicomplete and there is an cembedding between an extended quasi-metrie space and this
universal space. The last chapter of this dissertation is devoted to bornologies of extended
quasi-metric spaces. this chapter has beew inspired by the fact that being hounded on quasi-
metric space (X p) does not necessarilvy mean bounded on the symmetrized metrie space
(N.p*). Forinstance. a nonempty set A can be p-bounded but not p*-bounded. Furthemore.
we use the asynimetric version of Hu's theorem to prove that for an extended Th-quasi-
metric p on the hornological universe (X 55). the boruology B coincides with the quasi-netric

bornology B,(.X').
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Introduction

The notion of bounded sets is very important i the theory of metric spaces and normed
vector spaces.  For this reason. this concept has been extended to different scttings like
topological vector spaces. uniform spaces or even the gencral context of topological spaces.
In spite of the fact that there are different generalizations of the notion of bounded sets,
we can observe that all of than define what is called a bornology. We say that a family of
subscts of a set X is a bornology if it is a cover of X and it is stable under inclusions and
finite unions. If we take a nonempty set X and a bornologv B on X. then the pair (X. B) is

called a bornological universc.

The syvstematic study of bornologies in topological spaces started with papers by Hu [19]
and Alexander [4] some 68 yvears ago. The main result of their papers was to character-
ize bornologies that are metric bornologies. For instance. Hu [19] investigated hornologies
defined on a metric space that correspond to the hornology of bounded sets. Examples of
spaces that have the property of forming bornologies include compact metric spaces. Over
the last 15 years, Borwein [10] used bornologies to develop a unified theory of differentiability
for functions defined on general normed spaces, characterizing various geometric properties
of spaces in terms of the relationships between different bornological derivatives on various

classes of functions.

In his PhD thesis, Mever [29] noticed that, given a metrizable topological vector space, it
is possible to use its von Neumann bornology or its bornology of precompact subsets to
do analvsis. He proved that the bornological and topological approaches are cquivalent for
many problems. For instance, the concepts of convergence for sequences of points or linear
operators were yielded. Not only that. Meyer added that the bornological and topological
versions of Grothendiccks approximation property arc equivalent for Frechet spaces. These

results are important for applications in noncommutative geometry.

Merono and Garrido [18] applied the theorem of uniform metrization to a metric space with

the bornologv of the bounded sets in the sense of Bourbaki. that is, the subsets of X which
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are bounded for every uniformly continuous function. They also applied this theorem to the
tlhie bornology of all the compact subsets of a topological space X. This was done by finding a
metric for the topology with the Heine-Borel property. ..ae concept of Meronio and Garrido
with the use of characteristic function. made it easy for Beer [5] to show the similar results

of bornologies on an extended metric space.

Beer, Costantini and Levi [9] studied metric bornologies using d-bounded and d-totally
bounded subsets. They showed that a metric space is separable if and only if the bornology
of d-bounded subsets agrees with the bornology of d-totally bounded subsets with respect to
same equivalent remetrization, they even characterized those bornologies of totally bounded

sets as determined by some metric compatible with the topology.

The construction of universal space has been studied by many scholars in different perspec-
tives. For example, Beer [5] produced a universal space of bounded continuous functions
on the extended metric space X equipped with uniform distance. His universal space was
the space of partial functions defined for any Hausdorft space. In addition. Agyingi. Hai-
hambo and Kinzi [1] used a Ty-quasi-metric to construct their universal space using a set of

real-valued functions which are bounded.

More recently. Pigkosz and Wajch [31] have showed that Hu's ietrization theorem of bornolog-
ical universe can be applied in ZF-( Zermelo-Fraenkel) and adopted it to a quasi-metrization
theorem for bornologies in bitopological and generalized topological spaces in the sense of
Delfs and Iknebusch. Pickosz and Wajch also investigated the problem of uniform quasi-
metrization of quasi-metric bornological universe. they showed that given a quasi-metric
space A and if 7 = max{ 7. 71 } is a topology on X. then a bornological biuniverse ((X. 7y, 7). B)

is metrizable if and only if the bornological universe ((X. 7). B) is metrizable.

An interesting question raised by Merono and Garrido [18] in their work. is when a bornologi-
cal universe (X', B) is metrizable or uniformly metrizable? In [5). Beer answered this question
by finding an extended metric d such that the bornological universe is metrizable or uniformly
metrizable. Morcover. Beer studied boruologies of extended nietric spaces and achieved the
following results: (i) given an extended metric space (X.d) aud a bornology B on X. Beer
proved that the bornology B = B,(\'). (ii) for an extended metric d on X. he used a met-
ric d; = min{l,d} on X to prove that By (X) = By(X). (iii) lastly. Beer constructed an
extended metric space (Ay, py) of partial functions and called it the universal space of an

extended metric space.
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However, the study of Beer's fundamental results [5] in extended metric spaces has motivated
us to generalize his results to the framework of quasi-metric spaces. The main aim of this
A Se dissertation is to construct the universal space of extended quasi-metric spaces in sense
of Beer[5] and generalize Beer's results of extended metric bornologies to quasi-metric point

of view. The following are the objectives of this MSc dissertation:

(1) whenever (X, p) is an extended Tp-quasi-metric space, we should be able to construct

our own universal space on X' and prove the Beer [5]'s results in our universal space.

(i) given an extended Ty-quasi-metric space (X, p) and a bornology B on X', we need to
prove that B = B,(X).

(iil) for an extended Ty-quasi-metric p on X. we are going to use an extended Tp-quasi-

metric p; = min{1. p} to show that B, (X) = B,(X).

Outline of the MSc dissertation

Chapter 1. In this chapter. we recall some basic concepts and definitions to be used through-
out the dissertation. In the first section, we define a quasi-pscudometric space, define its
topological structures and present some examples of quasi-metric spaces. Tu the second part
of this chapter, we present some useful concepts of bitopological spaces and thereafter define
the notion of convergence and bicompleteness. The last section of this chapter discusses the
concept of a boruology (see Definition 1.2.1). an extension of the concept of bounded sets

and later presents examples of bornologies and some of their properties.

Chapter 2. In this chapter, we smumarize Beer [5]'s results on the bornology of extended
metric spaces. The first scetion of this chapter discusses Beer's construction of the universal
space of extended metric spaces. We start the construction in this chapter by recalling
the definition of universal space of extended metric spaces and thereafter prove that the
universal space is a complete space. Given two universal spaces an embedding between them
is constructed. After providing some useful concepts on bornologies from Hu [19]. we also
prove in this section that if B is a bornology on (X, d), then there exists an extended metric
dy, on X uniforinly equivalent to d. such that the bornology of di-bounded sets coincides
with B. Finally. we have concluded this chapter by providing the existence of the bornology

on a normed linear space.

Chapter 3. In this chapter, we start our own investigations and present our own results.

We generalize the construction of the universal space studied in Chapter 2 to quasi-metric
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settings. The first section of this chapter defines the concept of quasi-metric components
(see Definition 3.1.1). We then define and present our own universal space of extended
To-quasi-metric space (see Definition 3.2.1 ). In the sccond scction, Theorem 3.2.1 has
proved that there is an isometry from an extended quasi-nietric space to our universal space.
Furthermore, we have also embedded Beer{5]’s universal space of extended metric spaces
into our own universal space. In the saine scction, we have also proved that the universal
space of an extended Ty-quasi-metric space is bicomplete (sec Theorem 3.2.2). Proposition
3.2.1 is an asviminetric version of Theorem 2.2.7 and illustrates how a Hausdorff space of an
extended quasi-metric space can be embedded into our universal space. Corollary 3.2.1 has
concluded this chapter by providing the comparison of the universal space of the extended

Ty-quasi-metric spaces (X, p) and (X, p~1).

Chapter 4. In this chapter, we continue with our own investigations on bornologies of
extended quasi-metric spaces. We start this chapter by recalling some definitions of hounded
sets and some other propertics of bornologies. Given an extended Ty-quasi-metric space
(X p), the notion of quasi-metric bornology is defined and compared with other quasi-metric
bornologies determined by p* and p ! (see Lenmma 4.1.1 and Lemmma 4.1.2). The last part of
this section has shown that the collection of all finite unions of double balls forms a base for
the quasi-inetric bornology and it contains 7(p)-relatively compact subsets of X (sec Lemma
1.2.1). In the second section. we prove that for au extended quasi-metric p. the bornological
universe (X. B) is quasi-metrizable by p and the bornology B coincides with the quasi-metric
bornology on X (sce Theorem 4.2.1 and Theorem 4.2.2). We have ended this chapter by
proviug in Theorem 4.2.4 that for a given bornology B on an extended 7g-cuasi-metric space
(X. p). there exists an extended To-quasi-metric p; on A', unifornnly equivalent to p. for which

the bornology of pr-bounded sets coinecides with 5.

Chapter 5. In this chapter. we sunmarise our investigations and present some open prob-

lems to be studied in future.
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Preliminaries

In this chapter. we present the basic concepts. definitions and results about quasi-metric
spaces and bornologies to be used throughout the MSe dissertation. There is substantial
number of publications about topological and uniform structures related to quasi-metric
spaces in the major reviews by Cobzas [11], Kopperman [23] and Kiinzi [26] and on bornolo-

gies too by Beer [5.9] and Hu [19].

1.1. Quasi-metric spaces

In this section. we recall some useful concepts from the theory of quasi-metric spaces and
sowe of their basic topological properties.
Definition 1.1.1. [25. Definition 2.1] Let X be a nonempty set and let p @ X2 — [0, o) be
a mapping. Then p is called a quasi-pseudometric on X if
(i) plr.x)=0for all v € X.
(1) p(r.y) < ple.z)+plz.oy) forall z.y, = € X,
The pair (X, p) is called a quasi-pseudometric space.
If in addition. for any =,y € X,

ple,y)  O=ply.a) > x=uy.

then p is called a Ty-quasi-metric and the pair (X, p) is called a To-quasi-metric space. If we
replace the set [0, oc) by [0, 0ol, then we have the mapping p called extended Ty-quasi-metric

and (N.p) is called extended Th-quasi-metric space.
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If p is a quasi-pseudometric on a set X. then p~': X x X' [0, 00) defined by p~(a.y) =
ply,z) for every x.y € X, often called the conjugate quasi-pseudometric, is also quasi-
pseudometric on X. If p is a quasi-pseudometric on X, then p* = max{p.p~ '} is a pseudo-

metric and if (X, p) is a Ty-quasi-metric space, then p® a metric on X .
The next remark is about the topological propeties of quasi-pseudometric spaces.

Remark 1.1.1. [25. Remark 2.2] Let (X, p) be a quasi-pseudometric space. The open ball
of radius ¢ > 0 centred at @ € X is the set By(z,¢) = {y € X : p(z,y) < €}. The
collection of open balls vields a base for the topology 7(p) and it is called the topology
induced by p on X. Similarly, the closed ball of radius ¢ > 0 centred at € A is the
set Cplr.c) = {y € X : ple,y) < ¢} If (X.p) is a quasi-pscudometric space, then the
pair [Ch(x.r):Cp (2. s)] where 2 € X and r.s € [0,00) is called a double ball. In general,
(Cplairi))ier (Co-1(,.80))ier]. with o, € X and 1. s; € [0, 00), is called the family of double

balls. Also note that (. <) is not 7(p)-closed but is 7(p~*)-closed.

The above remark leads us to the following exawuple.

Example 1.1.1. [11. Example 1.1.6] For 2,y € R define a guasi-pscudometric by p(r.y) =
y—zifr <yand p(a.y) = 1if 2 > y: A basis of 7(p)-open neighborhoods of a point r € R
is formed by the family [o. 2 + ¢):0 < ¢ < 1@ The family of intervals (v — ¢, x;0 < ¢ < 1;
forms a basis of 7(p~!)-open neighborhoods of . If p*(r.y) = 1 for » # y then 7(p*) is

called a discrete topology of R.

Below are examples of quasi-ietric spaces from different literatures.

Example 1.1.2. [12] Let u,v € R. then the mapping p : R? — [0, 0c) defined by
w—1v if u<uw

plu.v) =
Lif u>w,

is a Ty-quasi-metric on R.

Example 1.1.3. For anv x,y € R. If we define u by u(x.y) = max{y — 2.0}, then v is a

To-quasi-metric on R. The . ,-quasi-u  ric « on . is cal | the standard qu -1 ric of R.

Note that the v of the above example is the usual metric in R.
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Example 1.1.4. [1, Example 1] Let a five point set S = {0,1,2,3,4}. Then the function p

defined by the distance matrix

01 21
4 1 01 2
2101
2110

for p(i,j) = A, ;, whenever i, € S is a Ty-quasi-metric on 9.

Example 1.1.5. Let n,m € N. then the function p : N x N —» [0, oo] defined by

L ifn<m
m

(n.m) = ]

» ) 0 ifn=1m
1 ifn>m.

is an extended Ty-quasi-metric.

Let us recall a notion of quasi-uniformity in the next definition.
Definition 1.1.2. Let X be a nonempty set. A quasi-uniformity on a set X is a filter ¢ on
A2 such that:

(i) forecach U e Y. {(x,2):x € N} C U:

(ii) for each U € U there is V € U such that V2 7 U,

A quasi-uniform space is a pair (X.J/) where X is a set and U is a quasi-uniformity on X.

Definition 1.1.3. A topological space (X, 7) is quasi-metrizable if there exists a quasi metric

p such that 7= 7(p).

Definition 1.1.4. Let (X, p) be a Ty- quasi-metric space and (X)) be a set of all subsets
of X. Then, for cach 4 € Z(X). we write cl.(,)(A) the closure of A with respect to 7(p)

and int, () (A) the interior of A with respect 7(p).

Definition 1.1.5. Let (X p) be an extended Ty-quasi-inetric space and 4 C X for 4 > 0.

We define the d-enlargement of A by:

(A = {re N :p(Aa) <o} ={re X inf{p(a,a) a e A} <0} = U B3y(a.d).

acA
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For any quasi-pseudometric space (X.p), we denote the set of all nonempty subsets of X
by Zo(X). Also, if C'€ Po(X). then dist(x, C) = inf{p(z.c) : ¢ € C} and dist(C.2) =
inf{p(c,z) : ¢ € C'} whenever x € X.

For any A, B € Z,(X), we set

pu (A, B) = max {sup dist(A, b). sup dist(a. B)} .
beB acA

Then py is called catended Hausdorff quasi-pseudometric on Po(X ).

We now give some concepts about the convergence and completeness in quasi-metric spaces.

For more details we refer the reader to Cobzas [11] and Salbany [32].
Definition 1.1.6. Let (X.p) be a quasi-pscudowmetric space, a sequence (.r,,) is said to be:
(i) p-convergent to a if for cach ¢ > 0. there exists N = N(¢) > 0 such that p(2,. 1) < ¢
for all n > N.

(ii) p~l-convergent to x if for each ¢ > 0,there exists N = N(c) > 0 such that p(z,z,) < ¢
for all n > N.

Proposition 1.1.1. [11, Proposition 1.1.2] Let (x,) be a sequence in a quasi-metric space
(X.,p):

i if () is 7(p)-convergent to a and T(p ')-convergent to y: then p(x.y) = 0:

i If (1) is 7(p)-convergent to x. and p(y.x) = 0; then (&) is also T(p)-convergent to y.
Proof. (1). Letting n — oo in the inequality p(aiy) < p(a.x,) + p(a,.y); one obtains
plr,y) =0
(i1). Follows from the relations p(y:x,) < p(y.2) + pla,v,) = p(e.a,) — 0asn — 0. O
Definition 1.1.7. Let (X.p) be a quasi-psecudometric space. A sequence (x,) is called:

(i) Left K-Cauchy if for each € > 0, there exists n, € Z7 such that p(a,, x,,) < ¢ for all
m>n>n,.

(i1) Right K-Cauchy if for cach ¢ > 0 there exists n,  Z* such that p(r,,, x,) < ¢ for all

mo> > N,

Proposition 1.1.2. [11. Proposition 1.2.4] Let (x,) be a left N-Cauchy sequence in a quasi-

pseudometric space (X. p)
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(i) If (x,) has a subsequence which is 7(p)-convergent to to x; then (1) is 7(p)-convergent

to x:

) If (x,) has a subsequence which is T(p~')-convergent to to xz; then (z,) is T(p~')-
»

convergent to x.:

(1i1) If (x,,) has a subsequence which is T(p®)-convergent to to x: then (x,) is 7(p®)-convergent

to a.

Definition 1.1.8. [32] A quasi-pseudometric space (X.p) is bicomplete if every Cauchy

sequence (a,) converges with respect to 7(p) and with respect to 7(p~1) to a point ay .

Note that (x,) is a Cauchy sequence in (X, p) if and only if (r,,) is a Cauchy sequence in the

pseudometric space (X, p®)

Proposition 1.1.3. [32] A quasi-pseudometric space (X. p) is bicomplete if and only if the

metric space (X, p®) s complete.

Definition 1.1.9. Let (X,p) be a an extended quasi-metric space. Then the space X is
sald to be locally compact with respect to 7(p). if everv point of X has a 7(p)-compact

neighbourhood.

Definition 1.1.10. Let (X, p) be an extended Ty-quasi-metric space. The space A is said to
be first-countable with respect to 7(p) if each point has a countable neighbourhood basis (local
base). That is. for cach point 2 in X there exists a sequence Ny. Ny, ... of neighbourhoods
of & such that for anv neighbourhood N of 2 there exists an integer ¢ with N; contained in
V.

Definition 1.1.11. A topological space (X, 7) is quasi-metrizable if there exists a quasi

metric p such that 7 = 7(p).

We now turn our attention to the concept of bitopological spaces.

As a space with two topologies, 79 and 7y, a quasi-inetric space can be viewed as a bitopo-
1 1 5169 710 3 I
logical space in the sense of Kelly [20]. and so all the results valid for bitopological spaces
apply to a quasi-metric space. A bitopological space is simply a set X endowed with two

topologies 7y and 7.

Definition 1.1.12. [11] A bitopological space (X. 7y, 71) is quasi-mnetrizable if there exists a

quasi-metric p on X such that 7y = 7(p) and 7 = 7(p™!).
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Definition 1.1.13. Let (X, 79, 7) be a bitopological space. Two extended quasi-metrics on
X will be called bitopologically equivalent if they define the same left and right topologies
on X.

The following describe some properties of maps between two quasi-metric spaces.

Definition 1.1.14. Let (X, p) and (X5, p1) be extended Ty-quasi-metric space, A map h :
X — X is called nonezpansive provided that py(h(x), h(y)) < p(z,y) whenever x.y € X.

Definition 1.1.15. Let (X, p) and (X.p1) be extended quasi metric spaces. then the map-

ping 0 X' —— X is an isometric mapping if for each @,y € X, py(h(:e). h(y)) = p(r, y).

Two extended quasi metric spaces X and X are called isometric if there exist a bijective

isometry between them.

Let (X, p) and (Xy.p1) be extended Ty-quasi-netric space. then the mapping h: N — X
is called quasi-uniformly continuous provided that for cach ¢ > 0 there is § > 0 such that for

all .y € XN. p(r,y) < cimplies that py(h(x),h(y)) < 6.

We end this section by recalling the definiton of the disjoint unions on a nonempty sct.

Definition 1.1.16. Let {A;: 7 € T} be a collection of sets indexed by 7. Then the family

U=l i) eeny

jel jel

is called the disjoint union or frec union of {A;:j € I}.

We now turn our attention to the concept of a bornology in the next sectiou.

1.2. Bornology

This section is devoted to giving some basic concepts of bornologies on a nonempty set X.
For more imformation see [5,19].
Definition 1.2.1. (5, Definition 1.1] Let X be a nonempty set. A collection B of subsets of

X is called a bornology on X if the following properties are satisfied:

(1) B forms a cover of X, i.c. N = Jyep B:

10
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(i) B is hereditary under inclusion. i.c. whenever B € B and A is a subset of X contained
in B. then 4 € B;

(ili) B is stable under finite union, i.c. if 3y, By..... B, € B then | B; € B
i=1

A pair (X,B) where X is a nonempty set and B is a bornology on X is called a

bornological universe.

Let us look at the following examples of bornologies from the recent literature.

Example 1.2.1. [18. Example 1] For a nonempty set X the collection of all subsets in X
is a bornology on X called the trivial Bornolov. The power set B = 2% of X is its largest

bornology.

Example 1.2.2. Let (X.7) be a topological space and A be the collection of all compact
subsets of a topological space X' then it generates a bornology called the compact bornology

which ix denoted by NB.

Example 1.2.3. Let A be a family of subsets of a set X such that it forms a cover of X and
let B be a family of subsets of X' which consists of the totality of the subsets of the finite

unions of the familv A, Then. the family B is the bornology generated by the cover /.

Example 1.2.4. {18. Example 3] Let F be a family of all the finite subsets of a set .\ Then

F is a smallest bornology on X called a finite bornology.

Remark 1.2.1. [18. P:286] Given a non cmpty set X and bornology B on NX. a family
C ¢ B is said to be a basc for B if for every 3 € B there exists (" € C such that 3 € (.
Le. every set in B is contained in some set of C. For instance, the (countable) family
C ={B(ry.m):m & Z }. of the open balls of center 2y € X and radins m € Z7. is a base

for the hornology By(X) of the metric bounded sets i the metric space (X, d).

Let (X, B) be a bornological universe. Then B is said to have a countable basce if it possesses a
base consisting of a sequence of bounded sets. The bornology B is said to be second countable

if its base is countable.

Definition 1.2.2. [19. Definition 1.3] Let B and B' be two bornologies in a set X', Then. B
and B’ are said to be bonological cquivalent if B = B’ i.ce. if for everv B € B. there exists
I3 e B such that B C B and for every 3" € B there exists B € B such that B C B,

Definition 1.2.3. [19. Definition 2.1] A bornologv B, on aset .\ is a finer (stroger) hornology

than a bornology By on X (or B is ¢ coarscr (weaker) bornology than By) if By C B..

11
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We recall the following results about bornologies on a topological space in Hu[19]’s paper.

Remark 1.2.2. [19] Let (X, 7) be a topological space. For any arbitrary bornology B on a
toplogical space X, we have int(B) C B Ccl(B)

Definition 1.2.4. Let (X, 9, 71) be a bitopological space. Then, a bornology B in X is
called 7(p)-proper if and only if for every A € B. there exists B € 3 such that cl,, (A4) C
int, (B).

Remark 1.2.3. [19] Let (X, 7) be a topological space. For any two bornologies 3 and B
on a topological space X', we have By C By implics cl(B1) C cl(By) and int(B1) C int(By,).
The next theorem illustrates the existence of a closed base of a bornology.
Theorem 1.2.1. [19, Theorem 3.5/ Let (X, ) be a topological space. For any given bornology
B on a topological space X . the following conditions are equivalent:

(i) B is closed;

(i1) B is generated by its subfamily of the bounded closed sets (it has a closed base);
(i11) The closure of every bounded set is a bounded set.
Proof. (i) = (ii): Let B be a bornology on a topological space X and B, C B be a subfamily
of hounded sets in X'. We have cl(B) = B therefore. cl(B;) ¢ B. On the other hand. if 3 is

a bounded set, then B = cl(B) € By. Hence, By is the subfamily of the bounded closed sets,
and B = cl(B) is generated by cl(By).

(7i) = (iii): Let J3 be an arbitrary bounded set of B. Since B is generated by its subfamily
int(B,) = C of bounded closed sets, 13 is a subsct of a finite wnion of bounded closed sets.

Hence. there exists a bounded closed set C such that [3 ¢ (7. This implies (7i).

(7i1) = (7): Since every bounded set is contained in the closure of some bounded set. then

B c cl{B) and ci{B) C B. thus B = cl(B) and B is closed. O

The following result proves the existence of an open base of a bornology.

Theorem 1.2.2. [19. Theorem 3.6] Let (X, 7) be a topological space. For any given bornology

B in a toplogical space X, the following conditions are equivalent:

(1) B is open;
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(i) B is generaled by its subfamily of the bounded open sets (it has an open base);

(iii) Fvery bounded set is contained in the interior of some bounded set.

Proof. (i) = (7i): Let B be a bornology in a topological space X and B, C B be a subfamily
of bounded sets in X. Since B is open it means that, int(B) = B; therefore, int(B;) C B.
However. if B is a bounded set, then B = int(B) € By. Hence. By is the subfamily of the

bounded open sets. Thus. int3 = B is generated by subfamily int(5,).

(ii}y = (iir): Let A be an arbitrary bounded set of B. Since B is generated by its subfamily
int(B,) = G of bounded open scts. 4 is a subset of a finite union of bounded open sets.

Hence there exists a bounded open set & such that A € G. Hence (zi7).

(ii1) = (i): Since every bounded sct is contained in the interior of some bounded set. then
B int(B) and by Remark 1.2.2.int(B) C B thus B = int(B) and 5 is open. O

Corollary 1.2.1. Let (X.7) be a topological space. For any given bornology B in a toplogical
space X . the following conditions are equivalent:

(1) B is proper;

(it) B is generated by its subfamily of the bounded open sets and its family of bounded closed

sets (it has both open and closed base);

Proof. Tt is a consequence of Theorem 1.2.1 and Theorem 1.2.2. |
We end this chapter by the notion of the characteristic function that Merono and Garrido
[18] also gave in order to obtain their metrization theorem for bornological universes.

Definition 1.2.5. [18. Definition 2.1] Let (X. B) be a bornological universe. A characteristic
function of (X.B) is a continuous function y : X — [0.0c) such that a subsct A/ C X is

bounded if and only if y (A7) is bounded in [0.oc). that is,
B={McCX:36>0 (M) <d}.

Proposition 1.2.1. Let (X, d) be a metric space and B be a bornology on X. Then the
bornological universe (X.B) admits a continuous characteristic function if and only if B has

a countable base =~ m € LT} such that for some § > 0,

B’ C By, for cverym € 2.

m

Proof. (See [18, Proposition 2.2]). 0

13
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Bornology of extended metric spaces

In this chapter. we sumarize Beer [5]'s results on bornology of extended metric spaces. We
will study and present his results on the construction of the universal space of an extended
nietrie space and the metrizability of the bornological universe.  Except when otherwise

stated. most of the material in this chapter can be found in [5.7.8,18].

2.1. Universal space of extended metric spaces

This section provides Beer's coustruction of the universal space for extended metric spaces.
Definition 2.1.1. Let .\ be an extended metric space. Then for any .y € X, we define a

relation £ on X by o &y y provided d{r.y) < ~x.

Lemma 2.1.1. If (XN.d) is an cetended metric space. then the relation £y is an cquivalence

relation on X

Proof. Let d(r.y) < >x and let @ € N. Since d is a metrie. we get d(ar..0) = 0 < oc and
&y, implving that £, is reflexive.

The fact that &y is synuuetric can be ecasily seen.

To show transitivity, supposc . Eg y and yEy = for .y, z, € N then d(r, y) < ocand d(y, =) <

oc tmplies d(r. ) < oc by triangle inequality.
This means that p(a. =) < . thus @ &; z. henee Ey is transitive.

O

Definition 2.1.2. [5] Let (X.d) be an extended metric space and 2 € X, Then the equiva-

lence class of b on X denoted by meg(r). is called metric component of X,

14
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Let Z(X') be the set of all nonempty subsets of X and C(A4) be the set of continous

functions on a nonempty set 4 € FH(X).

Definition 2.1.3. {5} Let (X', d) be an extended metric space and suppose Ay = {(g. B) :
g€ C(B)} and B € P(N) and let us equip the set Ay with a metric py defined by

supyep l9(b) — 2(b)] if B=D
px((g. B) (h.D)) =
oc if B#D.

The pair (Ax. py) is called the universal space of X
The following theorem proves the completeness of the universal space defined above.

Proposition 2.1.1. [5. Proposition 3.1] Let (N.d) be an extended metric space. Then. the

set (Ax, py) is an cxlended metric space that is complete.

Proof. For us to show that (Ax.py) is a complete extended metrix space. we need to show
that every Cauchy sequence in (Ax . py) converges. Let (g, An) be a Cauchy sequence in
(Ay.py). By the definition of a Cauchy sequence and Definition 4.2.1. there exists an o > 0
and N € N such that for n.j > N. py((ga. A) . (g5.1;)) < o, Assuming that all the partial
functions have the common domain. i.c. A, = 4, = A; for n = j #4 > .V we have,

r’(\'((!]m 41> (gj- 41)) = S“l){'fh(b) - gj<b))} <o

b A,

Since g, (b) — ¢;(b)| < o. it means that the sequence is uniformly Cauchy (Every uniformly

Cauchy sequence converges) on A; and. thus ((g,..1;) — (g. ). O
Theorem 2.1.1. /5. Proposition 3.3 | Let (N.d) be an catended metric space. Then for an
extended metric d on N. (Py(X). Hq) can be cmbedded into (Ax. px).

Proof. (Sec [5. Proposition 3.3 |). O

The next result illustrates an embedding between a metric space and the universal space.

Theorem 2.1.2. /5. Theorem 3.2] Let (X.d) be an extended metric space. Then. the
Junction 7 - (N.d) — (Ayv.py) defined by w(a) = (d(a )] ey, meg(x). for v € X is an

1sometry.
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Proof. In this proof, we need to show that the function 7 is an isometry. Let z; # x5 be

points in X. If d(z, x2) = oo, then mcy(a1) # mey(a2) and so by definition of py, one gets,

PX (W(II): 7‘—(12)) = /)X[(d(II- ')|mc’d(11)' "ncd(l'l))v (d(a. '>|'mcd(1'2)" 77lcd(12))]
= 00

= d(zy,22).

On the other hand, if d(ay,29) # oo, then mcy(ry) = meg(xe) . We must show that the
SUPze(mey(a1)] ‘d(l'la a)) - d(IQv 1:)’ = d("rl ) 1"2)'

For each & € meq(ry) = meg(a), we have d(ry.ry) < 0o. So using triangle inequality. the

supremun is achieved by letting x = x;. thus

px(m(xr), (m(r2)) = px[(d(@r: ) ney (e 11ica(n)), (d(22, Mney(an)s mea(w2))]

= sup |d(xy, ) — d(ae, )|
xe{meg(a))

= d(;lfl R 3‘2) .

attained as required. O

The following theorem proves the existence of an isometry from one universal space to

another.

Theorem 2.1.3. /5, Theorem 3.4] Let (X.d) and (X;,d;) be extended metric spaces and
if there exists a surjective function o between X and Y. Then there cxists an embedding

between (Ax.py) and (Ax,, px,)-

Proof. For us to show the existence of an embedding between ** v, py) aud (Ax,, px,), let
the function v : (Ay.py) — (Ax,.px,) be given by (9. 4) = (goo|,- 14,07 A)). We
now prove that 1o is an isometry. Let A; # Ay be sets in X which are closed, and since o
is a continous surjective function, we have o7 1(A4;) # 071(Ay) as subsets of X too. Now, if

g € C(Ay) and h € C(A;) then by the definition of py, we have

px (g, A)). w(h. A2)) = px(gool, 1cayy. 0 (A1), (hools 1(4,), 0 (42)))

=

= px,((g. A7). (h. Ap)).

Again, let A = Ay = A and f, g € C(4), since o is a continous surjective map, we compute

16
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the suprimum as follows:

px (g, A, v(h, A2)) = sup |g(o(x)) — hio(x))]

€01 A)

= 32}3'9<y> — h(y)|
= le((f: Al)a (g7 ‘42))'

O

If 65(X) is a set of all closed subsets of X and C(X) is a set of continuous functions on an

extended metric space (X.d), then one has the following results.

Theorem 2.1.4. [5. Theorem 3.5] Let (XN, d) be an extended metric space which is nor-
mal, and let d(g,h) = max,ex |g(2) — h(2)|. If we define Co(X) with the an extended dis-
crete metric. then (g, B) v— (g|p. B) is a uniformly continuous surjective function between
C(X) x Co(X) and (Ax. px).

Proof. Let o be a function ¢ : (g. B) — (g]5. B) between C(X) x G3(N ) and (Ax.py). To
prove that ¢ is surjective, let us pick 3 € P(X) and k € C'(A). Since the metric space X
is normal. by the Tietze extension theorem (see [13, P. 49]). there exists ¢ € C(X) whose

restriction to B is ki, i.c. o(g, B) = (k. B). Thus. o is onto.

To check the uniform continuity of o. Let ¢ > 0 and if d; = ((g, A), (h. D)) < min{1,d}.
then A = D and sup,¢ 4 |g(x) — h(2)] < 9.

px(e(g. A)-0(h. D)) = px((gla, A)- (M4, A)) = supf(a) = g(a)] < 0.

Let Al be open set in the product ("(X') x 6,(X') and let (s. A) € ¢(A]) be arbitrary. Choose
t € C(X) such that (. A) € M and s cxtends t. Since 1 is open, there exists v € (0.1)
such that if sup,cy | f(2) — g(2) {< 5. then (9. A) € M. We claim that the open px-ball of
radius 7 about (s.A) lies in ¢(M). Let (s', A') lie in the ball: B, ((s.4).3) = {(s'..1) €
C(X)xCo(X) : px((s.A). (s, 47) < 2} Co(M). Then px((s..4).(s", 4")) < 3 which means

that A = A" and sup,c 4 | s(a) — 5'(a) |< 3.

Now, choose again by Tietze extension theorcm fy € C(X) that extends s € C(A") and
define py € C'(X) by

. r 9 ~
Dy = SUp {ulf{gl + 5. Tk g1 — 5’} _

By this construction. (py. A) € V' and py agrees with /' on A so that ¢ maps (py, A) to
(s',.4") € o(A]) as required. ]
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2.2. Bornologies in extended metric spaces

We study and present Beer [5]’s results on metrizability of the bornological universe in this

section. Beer wanted to know when the bornological universe (X, B) is metrizable?
Let us start with the following definitions, and thereafter present Hu[19]’s theorem .

Definition 2.2.1. Let (X.d) be an extended metric space. Then a subset A of X is called
d-bounded if A C |J By;(x;,0;) for 6; >0 and z; € X.
j=1

Note that if (X.d) is an extended metric space, then the set of all d-bounded subsets of X

denoted by By(X) is called metric bornology.

Definition 2.2.2. [5] If a extended metric space (X.d) can be partitioned into disjoint
unions of sets {X; : j € [} and each X is metrizable, then we can choose an extended

metric p; for X; and define the function d defined by

di(o,w) if 30 with {v, w} C X
d(v,w) =

o otherwise.

is an extended metric of X and has {X; : j € I} as metric components.

The next result shows that the metric bornology is proper. locally bounded and it has a

countable base.

Theorem 2.2.1. [16. Theorem 10.1] Let (X.d) be an eatended metric space. Then. the

metric bornology Ba(X') is proper, locally bounded and has a countable base.

Proof. Let (\N'.B) be metrizable and A be an arbitrary bounded set in B. Now. since
diamg(cl(4)) = diamg(A). It means that the cl(A) is a bounded set too. Furthermore,
the c-neighbourhood of A is an open set that is bounded with diameter <diamgy(A4) + 2e.
Hence B is proper.

Let 2 € B be an arbitrary poiut. Then the ¢-neighourhood U, is a bounded open set

containing a. Hence B is locally bounded.

Now. to show that B has a countable basc, let us choose a fixed point 1 € X and let
Gn(n = 1.2.3,4...) denote the n-neighbourhoods of 23. Now we need to prove that the

family ¥ = {G1.Gy. ... } {forms a base for the bornology B. Let M be an arbitrary bounded
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set in B and we choose a point x € M with p = d(2g. 1) and 6 =diamy(M ). Then d(xg. x)

<
p+ 9 for each a2 € Al. Hence A/ is contained in G, if n > p + 4. d

The following result is the well-known Hu's Theorem.

Theorem 2.2.2. [17. Thorem 2] Let ((X.7).B) be a bornological universe. Then B is

metrizable if and only if the following three conditions are satisfied:

(i) The topological space X is metrizable;

(ii) B has a countable base. a closed base and an open base:

(iii) For each I3y € B there is a By € B with cl(By) C mt(133).

Proof. It B is metrizable. then axiom (i) holds. For (ii). let us pick a point s € X. For
cach n € Z~. the open balls B,(s) = {r € X : d(s..r) < n} form a countable base sav
A = {Byls.n) :n € Z7} for B. As for cvery arbitrary 3 € B there exists n such that
B C B,(s)so.c(B) Ccl(B,(s)) C B,1(s) and we have (1i7).

Conversely. assume that (X, B) satisfies the axioms (1). (ii) and (iii). Since X is metrizable
then there exists a bounded metric 70 X x X — R which defines the topology on X', Again
by (i), (¢7). (i), we have a characteristic function \ : X' — R on the horuological universe

(X.B).
Now define the function d @ X' x X' — R for every vy € X by taking

d(ey) = aleoy)+ [ale) = x|

In fact. d 15 a wmetric on X' to prove that  defines the same topology on A’ it is enough to
show that d and 7 are equivalent. To show the equivalence. consider any point p € X and
any ¢./ € R™. Since ) is continuous and since 7 defines the same topology of X we have

< % for which | x(p) — () [<

o

holds for every point o € X satisfving w(p,r) < (. It

follows that. for cverv o € X w(p. ) < implies

( q q
dp-x) = 7o)t I \p) @) [< 145 < D4 D=

Now if d(p.») < ¢ implies 7(p, x) < {. So we have the topological equivalence between the
metries 7 and d.

To verifv that the metric d defines the hornology B. Choose A € R™ such that #(r. y) < A
holds for every point (. y) of X x X Let 7 be any subset of X If 17 € B. then \(I7) < IV,

K > 0. Hence we obtain

dlaecy) =74 [ (@) = v(y) |[< A+ N
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for all x.y € E. This proves that £ is bounded for the metric d, implying B C B,(X).

Conversely. assume that IY € By(.X) which is not empty. Then there exists a positive real
number ¢ such that d(r.y) < ¢ holds for all poiuts r,y € . Again let us choose a point

p € . Then we have

V() < x(P) 4 x(p) = x(@) [€ x(p) +dp,x) < x(p) +q

for all € F. This implies /¥ € B. Hence the bornologics are equivalent. that is, d defines
the given bornology B of X and so Byg(X) C B. O

We state the following lemma and its proof will be given in asymimetric settings in Chapter
4.
Lemma 2.2.1. /5, Lemma 2.1] Given an extended metric space (X, d) and a metric bornology
Bay(X):

(i) the family of open balls which arc all finite forms a base for the metric bornology Ba(X');

(i) the wnetric bornology By(N') has a bornology of subscts of X which is relatively compact:
(tii) If () i« a Cauchy sequence in X' . then. the sct {ay o j € Z7} ds contained in By(X).
The next two theorems prove the metrihizabiliv of the bornological universe hy the extended
metrics.
Theorem 2.2.3. [5. Theorem 4.1] Let (X.d) be an cxtended space and let B he a bornology
on X. Then B = By(X) if and only if there crists A in B such that | (X(A)) = B and a
partition {A; 1 j € I} of A with the following four conditions:

(i) every partition A; of A has a nonempty subsct of X:

(ii) for all Ay € A;. there exists Ay € A; with ¢l(Ay) Cint(Ay) for cach j € 1.
(iii) whencver Ay € A; and A; € A; for i # j. then ANy = 0

(iv) each A; has a subfamily which is countable and cofinal in Aj with respect to sct inclu-

S101.

Proof. For necessity. Let B be a bornology on an extended metric space N with metric

components {X;: j € I}, Forevery j € I let Aj = {By(r.0) € X;.0 >0} and let A be
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Proof. Let B = By(X) and {X; : j € I} be the metric components of X. Suppose d; is the
trace of d on X; x X; and set B; := By, (X;), then: from the definition of a metric component
of X, each Xj contains some element of X implying that each is nonempty and By, (X;)
contains minimally the finite subsets of X; and so. (i) holds. Properties (i7) and (i77) clearly

hold, while (iv) is addressed in the hypothesis of this theorem.

Conversely, If {B; : j € I} satisfies the axioms above. Then, for all j € I. Let X; = UB;
by condition (i) each X; is a subset of X that is not empty. By conditions (ii) and (iii),
{X;:j e I} partitions X into clopeu subsets of X. Next, we need to show that cach family

B; is a bornology on Xj;.

Let us fix j € T and set % := {BNX;: B € B}. Siuce each X; = UB;, we have by (v) that
%; is contained in B;. Thus, %; is clearly a base bornology on X, since for each arbitrary
I3 € B, therc is an arbitrary 5N X; € % with 3 C BN X; € %;. So. %, is however a
bornology on X;. Moreover, we need to show that B; € %;. Let B; € B; be arbitrary,
then its enough to show that B; € %; which suffices to show that B; € B. The structure
X, = UB; implies B; N X; € B;. Taking j # k. condition (iii) gives B; N X = (), by propety
(i), we get B;NX, =0 € B,. Now. in view of axiom (v), [3; € Bso that B; = B;NX; € %,.
Hence, the family B; is established as a bornology. By Theorem 2.2.2, conditions (ii) and (iv)
implies that for all j € 7. there exists an extended metric d; on X such that By = By, (X;).

Using the metric of Definition 2.2.2 and condition (iv) gives, we get 5 = By(X). 0

We now turn our attention to the uniforin metrization of a bornology in the following theo-

TCIS.

Theorem 2.2.5. [5. Theorem 4.4] Let (X.d) be an catended metric space. Then. the fol-

lowing two properties are equivalent:

(i) an extended metric d induces the countable set of metric components:

(it) given an extended metric d. there exists an extended metric dy = min{l,d} such that

By (X) = By(X).

Proof. Firstly. we prove that if an extended metric d induces a countable set of metric

components, then there is an extended metric dy such that By, (X) = Bg(X).

If d induces the set of distinet metric components » {mcqy(z;) : j € I} for the countable set
J. then the set Y {By(xj:m) :j € I.m € Z™} is a countable base for B,(X). . ur finite union
of open balls, cach bounded sct is cotained in the interior of another, thus. by Theorem 2.2.2,

there exists an extended metric d; = min{1, d} such that By, (X) = By(X).

[N}
S}
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We now prove that given an extended metric d;  min{l.d} such that By (X) = By(X),

there exist a sct of countable metric coniponents induced by d.

Let the distinet metric components be doneted by {mecy(2;) : j € I}. If (ii) holds then by
Theorem 2.2.2 again. there exists an extended metrie d; such that By (X)) = By(X). This
means. By(X) has a countable base. Hence. Y {By(a;:m) : j € I,m € Z*} contains a
countable cofinal collection in Bq(X'). Since {{z;} : j € I} is a family of d-bounded sets. it

implies that / is countable. OJ

Theorem 2.2.6. [17. Theorem 9] Let (X.d) be a metric space and (X.B) be a bornological

universe on N. Then. the following conditions are equivalent:

(1) The bornology B = By(X') for some uniformly cquivalent metric d' on the metric space

(X.d):

(11) The bornology B lhas a countable base {13, : n € Z™} such that there exist ¢ > 0. with

Bs, C 3,1 for a natural number n

Proof. (i) = (ii): If B=B4(.\N). Let us fix s € N, For cach n € N we define
1B, = By(s.n)={re XN dlrz)<n}

hl‘ g .
Since for ¢ < % [B.]3 € B,-;. then 3, forms a countable base sav A = {3, : n € Q} for B.

Hence. we infer that (ii) follows from (i).

(i) = (i): If V" € B then we are done. since B = Z2(\') {for " = min{1.d}. Now if \' ¢ B and
take the bounded metric &* = min{l.d}. which is uniformly equivalent to d and defining
a new metric 0 XN x XN — R by, (0 y) = d (o4 | (@) — (y) | where \ is the

characteristic function associated to the hase of the bornology.

If d'(x.y) < ¢ then d*(2.y) < ¢ again using the uniform continuity of y. for cvery o > 0.

there exists 4 > (0 such that for all ».y € X with
Ao y) <d=d(v.y)=d(r.y)+ | x(a) = v(y) |< o+ 0.

The uniform equivalence of the two metries follows,

Next we show that 7 = By (XN). If B € B then it is bounded for the metric d*. Since both
d* and d defines the some topology on X and y\(5) is bounded in R. B € By (X') this is so
because d* and d' are cquivalent. If 3 € By (X) then there exists a b € R, & > 0 such that
Vr.y € B then d'(x.y) < k. As d* is a bounded metric then (£3) is bounded in R so then
I3 eB. O
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Theorem 2.2.7. Let (X.d) be an extended metric space that is free union of metric compo-

nents {X; : j€ 1}, Then. the following two conditions are equivalent:

(1) each set X; is second countable and locally compact:

(i) there cxists an extended inctric d that is compact with metric components {X; : j € I}.

Proof. (i) — (ii): Let (\X.d) be an extended nietrie space that is a free union of the metric
components {X; : j € T} and each .\ in its relative topology is second countable and
locally compact. Then by Vaughans Theorem (see [33]) we can find for cach j € T a metric
d; compatible with topology for X; such that cach closed dj-ball is compact. Now let the
extended metric d induced by {d; : j € T} on .\ be defined as of Definition 2.2.2, then cach
closed and d-bounded subset must lie in a finite tnion of compact closed balls and is thus

compact.

(ii) — (i): Suppose there exists a compact extended metric d with metric components
{\;:j eI} Now.if cach X is closed. then the restriction of d to N; x X is compact too.

Avain by Vaughan's theoreni. we get (i/). O

We next define the notion of the weakly bounded set.

Definition 2.2.3. Let (X.d) be an extended metrie space. a subset A of X is said to be
weakly bounded if its intersection with cach metric component is bounded. We denote the

hornology of d-weakly bounded sets by By (.X).
Theorem 2.2.8. [5. Theorem 4.6] Let (X.d) be an catended metric space. Then. the fol-
lowing conditions are equivalent:

(i) all the finitely many metric components for an criended metric d are d-bounded;

(ii) for every extended metrvic d there crists an extended metric dy = min{1.d} for which

7 (X)) = Ba (X).

Proof. (i) = (4ii): Suppose (X, d) is an extended wetric space and {mey(x;) : j € I} be its
metric components and let 7; € [ be those indices for which meg(r;) € Ba(XN). Then. we

have

{ Ujer, mea(a;) UUjEI/IlBrI(fl'j; s):s € ZL}
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to be a countable base for By (X). The closure of cach weakly bounded subset is in the
interior of another. By Theorem 2.2.2. there exists an extended metric dy = min{1.d} for

which BY(X') = By, (X).

(77) = (7): We prove by contradiction. Suppose there exists a countably infinite set of indices
{Jx : k € Z"} for which meg(x;, ) is not d-bounded. Fix s € X to get { By, (sim):m € Z*} so
that it is cofinal in B8 (.X). For each & € Z7 there exists Ay, € By(X) such that Ay € meq(ar;,)
and Ay € By, (s:k). Then =, AxU{a; : j € I} is weakly d-bounded but it is not contained
in any dp-ball with center s. This is a contradiction, since we have a countably infinite set

of indices {jx : k € Z7} for which the set mey(rj,) is not d-bounded. O

Theorem 2.2.9. [5. Theorem 4.4] Let (X, d) be an eaxtended metric space that is a free union
of {Xj:jel}. Then. the following propertics are equivalent:

(i) the sct [ is finite and the space X is locally compact and second countable;

(ii) there exists an extended metric d with metric components {X; : j € I} such that cach

closed and weally bounded subsct is compact.

Proof. (i) = (ii): Ifthe set I is finite. then for any extended metric d with metric components

{X,:j € I}, wehave Bf (\') = By(X'). Each open subspace of a locally compact and second

countable space has the above conditions. Thus by Theorem 2.2.7. we get (i)

(ir) = (i): If there exists an extended metric d with metric components {X; : j € [} such
that cach closed and weakly hounded subset is compact. then [ is finite. otherwise choosing
r; € X, the discrete set {X; : j € T} would be closed and weakly d-hounded but not
compact. Again with B{(X') = By(\') and noting that a {ree union of finitely many second

countable spaces is second countable. one gets (i) by Theorem 2.2.7 again. U

Bornologies also play a vital role in extended normed spaces. Let us realise this concept in

the next section.

2.3. Bornologies of extended normed spaces

In this section. we summarize the concept of bornologies in extended normed spaces studied

by Beer|[6).

We start this section with some basic concepts of normed spaces from Beer[8]'s paper.

]
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Definition 2.3.1. [8] Let (3. - ||) be an extended normed space. Then for any a.y.€ Y,

we define a relation &, on Y by x &, y provided ||a — y|| < oc.

Lemma 2.3.1. Suppose (V.|| - ||) is an extended normed space, then the relation £, is an

equivalence relation on Y .

Proof. Let & €V, since Y is a normed space. we know that |2 — 2|| =0 < oc and 2 &, .

To show that &, is symmetric: Let r.y € ¥ and since || — yl] = ||y — rl] < oo thus. r&,y

and y &, r.

Transitivity of this relation: Suppose we have v &, y and y &, z for x,y. z. € ¥ then ||a—y|| <

oo and ||y — z|| < oc. By the triangle inequality. it is easy to see that £, is transitive,
O

Definition 2.3.2. Let (3| - ||) be an extended normed space and y € Y. Then the equiv-
alence class of y on Y denoted by y/&, is a closed and open subset of ¥ called metric

component of ¥,

Definition 2.3.3. Let Y be a linear vector space. Eacll equivalence class is a translate of
a linear subspace of ¥ defined by Yg, = {y € Y : [ly]| < oco}. Evidently. (Vg,. |l - ) is a

convention normed linear space.

Let ¥ be a linear vector space and 4 C Y. We call a translate of A a flat. The set of all the

flats which are determined by a subspace A is denoted by {y + A:y €Y'}
Remark 2.3.1. [6] The collection of flats {y + Y, : y € ¥} partition ¥ into clopen subsets
of ¥ For a fixed yy € V. the lat yy + Vg, 1s the equivalence class of ry under the equivalence

relation &, and we call it the metric component of yy.

If (Y, - |]) is a conventional normed space and -1 is a closed subspace of Y. then ||y + Al =
inf{|ly + nll : n € A} defines what is called a quotient norm on Y/A4. We sav a nonempty

subset A4 of Y is Y -bounded if o € Y and o(.1) is a bounded set of real numbers.

Definition 2.3.4. Let ¥ be a linear vector space. If 4 and 73 are two subspaces of Y. we
write Y = A I 3 provided cach element of Y can be written in a unique way as a + b where

a € Aand b e B In this case A and B are called complementary subspaces.

For a normied space (Y. || - [}). the normed space (Y. || - [|7) is called finitely compatible norm
on Y whenever (Y[ - [[7) is a conventional nornt on ¥ and when restricted to the subspace
Yo O 7)) and (Y01 - ]) are equivalent conventional norms.
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Definition 2.3.5. [8, Definition 4.2] Let (V.|| - ||) be an extended normed space. We call a
subset A of Y bounded if there exists {y1,ys,....yn} C Y and {A;, Ao, A3, ..., A} € (0, 00)
with A Q lr}:le(yi, /\1)

The next result proves the relatively compactness of a non empty set.

Theorem 2.3.1. [6, Theorem 4] Suppose (Y.||-|) is an extended normed space and M is a
nonempty subset of Y. Then the subspace M is relatively compact if and only if there exists
a normed compact subset A C Yy, and some finite subset {y;,y2,y3...yn} of Y such that
M CA+{yn v, u3 - Yn}-

Proof. The forward proof can be easily scen. Conversely, let M be a nonempty subset of a
normed space Y and let 4y be a normed compact superset of A/, Since Ap is compact and
using Remark 2.3.1, {y + g, : y € Y} is an open cover of 4j. which means there exists a
finite family N; = {y; + Yo : 1 < j < m} that covers Ay and cach flat hits Ag. Now. lot
C; = K;N A be normed compact set too. Then UJL ) (—y; 4 C;) is a normed compact subset
of Y., thus

m

MC Ay C + U(*yj + Cj) + {y1,yz.y3 - -~7Jn}~

=1

Let us consider the following observation about hinear functionals which arc continuous.

Proposition 2.3.1. [6. Proposition 1] Let (Y1.]| - |l;) and (Ya.|| - ||2) be extended normed
spaces and F Yy — Yo be a linear transformation, and || - ||+ be finitely compatible norm
on Y. If F - (Y1, |- l7) = (Yo || - |l2) is continuous, then F: (Y1.|| - 11) — (Yol - |l2) s

also continuous.

Proof. (See [6, Proposition 1J). O

Proposition 2.3.2. /6. Proposition 2] Let (Y| - ||) be an extended normed space so that

Y/ Y}, becomes a finite dimensional, and let || - || be a finitely compatible norm on Y. Then

the following conditions are equivalent:

(i) The norm || - ||, is equivalent to || - ||z on Y where || - |7 ts defined by capressing Y
as direct sum Y =Yg, & N where N is finite dimensional and let us fix a norm || - ||x

and then letting |ly + n||ln = |yl + |[nlix for y € Yy, and n e N.
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(11) Y, ts a || - ||7-closed set in an extended normed space Y.

(1i1) The functionals on (Y, || - ||7) and (Y, || - 1|) are continous and coincide.

Proof. (i) = (iii): It is known from Proposition 2.3.1 that if ¢ is continuous on (Y,

|- [l
then it is continuous on (Y| - ||). Conversely. suppose the function ¢ € Y’ is continuous
on (Y,

dimensional space N. it is bounded on {n € N : ||y|l~ < 1}. Thercefore. ¢ is bounded

-|I). Then o is bounded on {y : ||y/l < 1} and because ¢ is linear on the finite

on {y+ n |yl + lInl|x < 1} Consequently o is continuous on (Y,

| |l77). and thus also
continuous on (Y. [ - {|7).

(fit) = (ii): Suppose yo € Y \Yg,. Then there exists ¢ € Y such that ¢(Yg,) = {0} and
o(yo) = 1. Then ¢ € Y™ since ¢y, 1s continuous (sce [8. Theorem 4.3]). Coudition (iii)

then implics o is continuous with respect to || - f|7 and so Yy, is [ - |[7-closed.

(i7) = (i): Assume (i) holds, and set Y = Y5, & N as in (/). Because

| - [|7 is finitely
compatible and since all norms on N are equivalent, by triangle inequality, we see that
Il < 5l - iy for some 5 > 0. Now suppose there is no constant 8 > 0 such that
Il < | - |lr. Then there exists a sequence (a,) C .\ such that |la,|r — 0 but
Na, il = 1 for all n. Now let us write a,, = y, + 5, where y, € Yy, and s, € N for all n.
Since |[s,||x < 1 for all n. by passing to a subsequence. we may assuie (s, ) — y for sonie
y € N. Now. because Vg, is || - [|7-closed, by the conventional separation theoreni. we can

choose a lincar functional o with |o]l7 < 1 so that ¢(Y5,) = 0 and ¢(y) > 0. O

We now study the N *-bounded subsets in the following lennna.

Lemma 2.3.2. /6, Lemma 2] Let (Y || - |I) be an cxtended normed space and C' ¢ Yg, be Y *-
bounded subsct of Y. Then there is a mazinal lincarly independent subset {cy.ca 3.0 cn}

of C' such that for all i <n. ||¢;]] = o and

(' C Y+ span({er cocey ooy }) = Y @ span({e1.ca, e3¢y ).

Proof. Let (" ¢ Yi, be Y7-bounded subset of a normed space ¥ and let us consider B =
{B : Bix a lincarly independent subset of C that span (B) N Y5, = {0,}}. Siuce (7 has an
element of mfinite norm. B is noncmipty and by Zorn's lemma. B has a maximal clement
By. If I3; is infinite, then we can get a linear functional ¢ on Y mapping Y, to 0 and 3,
to Z7. Since ¢ is continuous when restricted to Yig,. it means ¢ is also continuous on Y by

[8. Theorem 4.3.]. Clearly. ¢ is not bounded on 7. contradicting ¥ *-houndedness.

Now. if By = {¢1.c9.¢5. .. ¢, }. then by construction. we get Yo, + span({r.co.e3...0,})

= Yo 3 span{{cy.co. e300 }). To see that €7 C Yo, + span({cy.co.c5. .. }). let ¢ € O
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be arbitrary. It is either ¢ € Y5, or ¢ € span (B;). Otherwise ¢ has infinite norm and Y,
nontrivially interscets (By U {c}) which allows us to express ¢ as a linear combination of some

nonzero element of Yy, and clements of /5. ]

The next theorem presents a construction of Y *-bounded set.

Theorem 2.3.2. [6, Theorem 5] Let (Y. || - ||) be an extended normed space. and suppose we
have a nonempty set C" C'Y. Then (' is Y*-bounded if and only if there caists a ball V' in
Yin and a polyltope 7 in Y such that C C V + P.

Proof. Suppose ("is an Y*-bounded subset of Y. If ' is a subset of Yj,. then we can use the
conventional theory to have the results. Otherwise. by Lemma 2.3.2 we know that (" € X
where the subspace X can be written as X' = Y, O A where .V is a finite dimensional

subspace of Y. Next. we let X be the finitely compatible norm || - ||+ defined as (ollows. For

r e X, we write » =y + n with y € Y, and n € N and let us define ||@||7 = ||yl + ||n]|~

where || - [y is a norm on N. By Proposition 2.3.2. anv ¢ € X’ that is continuons with
respect to |1+ ||z can be written as & = o]y where o € Y*. Thus C'is (X ]| - |7)*-bounded.
Let (Ay.f[ - [l7) e the completion of (N[ [|7). Then (X[ - {l7)" = (X. || - l7)" and so
is weakly bounded in the Banach space (X, - {l7)". By the Banach-Steinhaus theorem. we
get (7 as f| - ||r-bounded. Because N is finite dimensional, any bounded subset of ' lies in

a polytope and (" C V4 2 where 17 s a hall in Yg, and I? is a polytope in V.

Converselv. suppose (" C V' + I where V' is considered as a ball in ¥4, and 2 is a polvtope.

Then (7 is a subsct of some subspace Yy, C X such that \/Yg, is finite dimensional. Next,

we write X = Yi, « N and let the finitely compatible norm be || - ||7 on Y, 7 N H {ollows

that ("is 1| - jir-bounded in X. Thus. given any ¢ € Y™ and using Proposition 2.3.2. we have
that &|y is continuous with respect to || - [l7. Thus. ¢(€') is bounded for everv o € Y*. O

Theorem 2.3.3. [6. Theorem 6] Let (Y. || - ||} be an extended normed space. If A is a subset
of Y which is not empty. Then the set A is velatively weakly compact if and only if there
crists a weakly compact set D C Yy, and a polytope S such that A C D+ S.

Proof. It A C Y is a relatively weakly compact. Then A C U where U is weakly compact.
As proved in Theorem 2.3.2 and Lennna 2.3.2. we know that U C X where X Yy, o N
and NV C Y is a finite dimensional set. Tet iy 0 X — X and hy 0 X — X be projections
such that 1 (X) = Yg, and (X)) = V. Using (8. Theorew 4.3]. we know that 7y and hig
are continuous on X, this is because they are continuous at Oy. Now. for anv ¢ € X7,
¢ohy and ¢ o iy are continuous linear functions on X. and then we can check that 7y and

Iy are continuous.  Therefore. Ay (7)) € Vi, and ho(lU7) € A are compact sets. and {7 C
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hy(U) + ha(U). Lastly. ho(UJ) is normed compact set in N. because N is finite dimmensional
subspace . and so /ip(U/)} is a subset of some polytope 5. The converse part can be done

using the similar argument. 0

The above theorem leads us to the following corollary that we will just state without proof.

Corollary 2.3.1. If (Y| - ||) is an extended normed space such that Yg, 1s reflexive. Then

a subset of Y is Y*-bounded if and only if it is relatively weakly compact.

Let us consider a bornology formed by the weakly compact hounded sets in the next theorem.

Theorem 2.3.4. Let (Y, ||-||) be an eatended normed space. Then the bornology of noncmpty

subsets of weakly compact bounded sets is given as:

{B#0 C N such that 3N C Yy, weakly compact and a finitely set T withB < M+ T}.

Proof. If B is weakly compact and bounded. then B is contained in a finite union of balls
and thus. we have y1 + Yoa. 2 + Yin- - g0 + Nan where. we assume y; € B for i < n. Since
flats are weakly closed, it means that for cach i < n. BN (y; + Ya,) is weakly compact.
Put Ay = (B0 (g + Ya)) — v @ then A s a weakly compact subset of Y5, and we have

B (UL, N;) 4 {op. 2o oo, ) oas required.

Conversely suppose B C A + T where M is a weakly compact subset of Y, and T =

weakly compact.

O
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Universal space for extended

quasi-metric spaces

In this chapter. we present our own results. We generalize the construction of the universal
space of extended metric spaces in the sense of Beer [5] to extended Ty-quasi-metric settings.
Our universal space is a set of (f.A) where [ is a real-valued continuous function on a

pi-closed set A.

3.1. Quasi-metric components

This section presents the concept of quasi-metric components. thercafter we use them to

construct our universal space in the next section.

Definition 3.1.1. Let (X.p) be an extended Ty-quasi-uietric space. Then for any r.y. € X,
we define arelation R, on X by Ry, i provided p(r.y) < > and p(y..r) < .

The next Lennuna will show that the above relation is actually: an equivalence relation.
Lemma 3.1.1. If (X.p) is an crtended Ty-quasi-metric space. then the relation R, 1s an
cquivalence relation on X

Proof. Let p(x.y) < oc and p(y, 1) < oc and let v X we get p(z,r) 0 <ooand ¥ R, x,
implying that R, is reflexive.

To show that R, is symmetric: Let 2.y € X and » R,y if and only if p(a.y) < oc which

means y R, r and p(y. ) < ocif and ouly if y R, .

Lastlv. the transitivity of this relation: Suppose we have v R, y and y R,z for a.y. z.€ X

then (. y) < > and p(y.2) < x.
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By triangle inequality, we have * R, z. hence R, is transitive. Therefore, R, is an equivalence

relation on X. O

Note that if p = p~*. then the relation R, is exactly the equivalence relation from Lemma
2.1.1.

Definition 3.1.2. Let (X, p) be an extended Tp-quasi-metric space and 2 € X. Then the

equivalent class of 2 on X denoted by gme,(x) is called quasi-metric component of X.

Remark 3.1.1. For any extended quasi-pseudometric space (X,p) we have mey(r) C

gme,(x). where meq(x) is a metric component mentioned in Definition 2.1.1.

We next define a quasi-metric on the set of continuous functions.

Definition 3.1.3. Let C(X,p) be the set of continuous functions on (X, p), then Q :
C(X.p) x C(X,p) — R defined by
QUf.9) = sup u( 1) ()
TEN
is a Ty-quasi-metric , whenever f, g € C(X,p) and v is standard Tp-quasi-metric in Example
1.1.3.

Remark 3.1.2. Let C°(\.p) be a sct of continous functions which are p*~-bounded on (X, p).
If we define a restriction function by Q' = Qe py then the space (CP(X.p). Q') is a Ty-

quasi-metric space.

- - . . . . . , ’
We define an isometric embedding from the Ty-quasi-metric space to the space (C*(X. p). Q")

in the next lemma.

Lemma 3.1.2. Let (X.p) be Ty-quasi-metric space and Let a € X be fired and for any
be X, the map 7 : (X.p) — (CY(X,p), Q") defined by =(b) = p(b.2) — pla,x) is an

isometric embedding.

Proof. We need to show that if s.s" € X then Q' (7(s). 7(s")) = p(s. ).
Now let 5,8 € X. It follows by Definition 3.1.3 that

Q'(7(s).7(s") = supu[(p(s.2) — pla, ), u(p(s’. x) — pla.x))]

reN

= sup ul[p(s,v),p(s’, )]
reX

=p(s.s).
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3.2. Construction of the universal space

We now construct and study our own universal space for an extended Ty-quasi-metric space
in this section. It is important to note that our universal space gencralizes the universal

space of an extended metric space discussed in Chapter 2.

Let (X,p) be an extended quasi-pseudometric space and A C X, we denote the set of

continuous functions on .4 by C'(A4,p) and a set of closed subsets of X with respect to p* by

(g()(z", ps)

Definition 3.2.1. Given a set Ay, = {([.A) 1 [ € C(A,p)and A € (X, p°) }. We

define an extended quasi-metric 17 on Ay, by

sUp,e a4 u[f(2), g(x)] if A=B
H{(f.A)(9.B)) =
oo if 4 # B

The set (A(y ). 1) is called the universal space of an extended Ty-quasi-metric space (X. p).
Recall that w used above was defined in Example 1.1.3.

Remark 3.2.1. If we replace sup,¢ 4 u[f(x). g(x)] by sup,eq |(f(2) — g(x)] in the above

definition. then we get

sup,eq [(f () — g(0)} if A=B
*((f.A), (9. B)) =
oo if A# DB,

which is equivalent to the metric mentioned in Definition 2.1.3.

Note 3.2.1. We point out that our universal space is different from the one done by Agvingi,
Haihambo and Kiinzi in [1]. This is because their universal space is a set of real-valued
functions which are bounded, but our universal space is a set of (f, A) where f is a real-

valued continuous function on p*-closed set A.

The next result generalizes Theorem 2.1.2 to quasi-metric point of view.

waeorem 3 ~ 1. (Compare Theorem 2.1.2) Let (X5 p) be an extended Ty-quasi-metric space.
Then the function © from (X,p) to (A . 1) defned by O(z) = (p(a.)|gmep(a)- g116(1))

whenever x € X is an isometry.
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Proof. In order for us to show that @ is an isometry (preserving function), we need to show
that H(®(z), ®(y)) = p(x,y) for all cases, whenever 2,y € X. Let 2,y € X such that x # y.

Let us consider some cases:

Case 1: If p(x,y) = oo, p(y, x) = 0o and gmey(x) # gme,(y). Then

H((I)(I)7 (I)(y)) = PI[(,D(T, ')lqmcp(a')v (]‘ITle<Zl’)), (1)<y7 ')Iqmc,n(!/)’ q7ncp<y))] =0 = p(I> 7/)

Case 2: If p(z,y) = o0, p(y, ) < 0o and gmey(z) # gmey(y). Then

H((I)(‘E), (I)<y)) = H[(p(ly ')|qmcp(r)-, qn’LCp(I)), (P(?/a ’)lqmcp(y): qmcp(@/))] =00 = p(z,y).

Case 3: If p(z,y) < o0, ply, x) = oc and gme,(x) # gmey(y). Then

H(Q(x). d(y)) = H|(p(x. Mamentry- ¢mep(@))). (DY Mgme, ) gmep(y))] = 00 = p(a, y).

Case 4: If p(z. y) < oc and p(y, x) < oo, then we have gme,(2) = gme,(y). We need to show
that H(®(2), (y)) = pla.y).

For each o € [gme,y(x)] = gme,(y). we get

[{<(I)<1)7 q)(y)) - [{[(77<I" ')iqm(:p(m); (['Iﬂ(‘,,(.’l‘)))‘ (P(?J~ ')|qmc,,(y)- q??lCI)(y))].

Now let us fix a € gmc,(a) = gme,(y) and by triangle inequality the suprimumn of (p(v.a) —

p(y. a)) cannot exceed p(a.y), thus

H(®(x), 2(y)) = H{(p(x. @)lgmey(@)- gmep(1)))- (PY- @)lgmey () 4165 (1))]

= sup  ul(p(z.a).ply.a)))
a&lgmep{a))

= pla.y).

Thus, we have I7{®(x). O(y)) = p(r.y). In all the cases. we have been able to show that

H(®(z), (y)) = p(x, y). thus ¢ is an isometry. 0

Example 3.2.1. Let (X.p) be an extended Tj-quasi-metric space. If A € F;(X) and we
set ga(2) = dist{A, 2) whenever € X. Then g4 : (X.p™') > (R.u) is a nonexpansive
map. Furthermore, py (4, B) = Q,(g4.98) whenever A, B € 27,(X). Note that the map

pu (A, B) is the extended Hausdorff quasi-pscudometric on & (.X).
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The following proposition is an asymmetric version of Theorem 2.2.7 and illustrates how a

Hausdorft space can be embedded into the universal space.

Proposition 3.2.1. (Compare Theorem 2.2.7) Let (X.p) be an extended Ty-quasi-metric
space and Co( X, p) be the set of all 7(p)-closed subsets of N. Then for each extended Ty-
quasi-metric p on. X the space (Co(XN'). pyr) can be embedded in (Ax . IT).

Proof. First we choose s in X, which will remain fixed throughout this proof and let A and B
be sets in 64(.X) and let ¢ : (€o(X). pr) —> (N(xpy.1) be the map defined by g(A4) = (/,. A)

where [, (y) = p(y.a) — p(y.s). We need to show that g is an isometry.
Case 1: Let A # B, then 11 (g(A),g(B)) = oo = py(A, 3)

Case 2: Now. let y € A =13, Then

H{g(A), g(13)) = H{{Jo. A). (1. B))
= Sup ”’U,H(U)~ fb(y)]

yeA

= sup u[p(y.a) = ply.s). ply.b) = p(y. s)]
yeA

= sup u[p(y. -1). p(y. 13))

yeA
= py(A. ).
In cither case. we have shown that H{(g(1). ¢(B)) = py (A B). thus ¢ is an isometry. O

The theorem below provides the bicompleteness of our universal space.

Theorem 3.2.2. (Compare Theorem 2.1.1) Lt (XN.p) be a extended Ty-quasi-metric space.

Then (A 1) is a bicomplete extended Ty-quasi-metric space.

Proof. The extended metric space (\(y . [77) is the universal space of Seetion 2 which is a
complete extended metric space by Theorem 2.1.1. Now. since H < [7* (see Definion 3.2.1
and Remark 3.2.1), we therefore conclude that the universal space (A(v . /1) of an extended

Ty-quasi-metric space (X, p) is bicomplete. O

The next result generalises Theorem 2.1.3 in the framework of quasi-inetric settings.

Theorem 3.2.3. (Comparc Theorem 2.1.3) Let (X, pr) and (Y, p2) be caxtended Ty-quast-
metric spaces and suppose there exisls a conlinuous surjection ¢ from (X. Py} to (Y. py).

Then there exists an isomctry from (Ny-p,). 1) into (Aix ). Hy).
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Proof. Let ACY and f  C(A,p2). Define the map ¥ : (A, Hy) — (Axpyy. H1) by

U(f,A4) = (f o plo1iay, 7' (A)).
We prove that I7,(V(f. 41),¥(g, 42)) = Ha((f,41).(g, A2)) for all the cases.

Case 1: Let 4, # Ay be two 7(p5)-closed subsets of ¥V and [.g € C(A4,py), and since o is
a continous surjective map, we have o ~1(A;) and ¢™'(As) as two different 7(p3) nonempty

closed subsets of X as well. Then by Definition 3.2.1, we have

(9 (f,4),9(g. 4)) = HL[((f 0 p)lp-10a: 97 (A)s (g 0 014y 0~ (A))]

— 0

= ]]2((f~ /11), (9:/12))-

Case 2: Now. let A = Ay = A and [,g € C(A.py), since £ is a continous surjective map,

£ H(A) is 7(p§) closed subset of X, thus by Definition 3.2.1 again we get

Hy((U(f,A), (g, A)) = Hi[((f o 0)lp 1.2 H{A). ((g09)ly 10027 (A)]
= sup wl(fer)(x).(go 7))

U
r€@ 1 (A)

= sup u [f(’y), g(y)]

yeAd

= Hy((J. A), (g ).

Since H((V(f. A). ¥(g. A2))) = Ha((f, A1), (9. A2)) for all the cases. Thus. ¥ is an isometry
from (Apopyy- 1) into (Apypy, Th)- O

The following corollary compares the universal spaces of p and p~!.

Corollary 3.2.1. Let (X.p) be caxtended Ty-quasi-metric space and suppose there exists a
continuous identity surjection map ¢ from (X,p) to (X,p~'). Then there cxists an isometry
from (Axpy. M) into (Ayyp vy, arhy.

Proof. It can be easily seen by defining an identity map and letting p = p; and p; = p in

the above theorem. ]
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Bornology of extended quasi-metric

spaces

In this chapter. we start our own investigations on bornologies in quasi-metric spacecs. We
present two separate characterizations of a bornology on quasi-metrizable and uniformly
quasi-metrizable spaces. Our study has been inspired by the fact that being bounded on
p or p~! does not necessary mean bounded ou p*. For example, a nonempty set .4 can be

p-bounded but not p*-bounded (Sec Remark 4.1.2).

4.1. Bornology of quasi-metrically bounded subsets
In this section, we recall some definitions and prove some vresults of bornology of quasi-
metrically bounded subscts.

Definition 4.1.1. Let {X.p) be an extended Ty-quasi-metric space. An arbitrary subsct
A of X is called p-bounded if and only there exists » € A. » > 0 and s > 0 such that
AC By(a.r)N By-i(a.s).

Note that in the above definition, one can replace A C By(w,r) N B, (e, s) with A C
Colz, )N C, 1z, s).
The following definition is equivalent to Definition 4.1.1 above.

Definition 4.1.2. Let (X.p) be Ty-quasi-nietric space, then a nonempty set A C X is said

to be p-bounded if for all x.y € A there exist & > 0 such that p(r,y) < k.

Remark 4.1.1. It is well known from Delinition 1.2.1 that a bornology on a set X is a

family B of subsets of X" that forms a cover of X and it is stable under inclusions and finite
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unions. As in metric point of view. we denote B,(X') the bornology of all p-bounded subsets

of X and call it quasi-metric bornology .

Definition 4.1.3. ([30, Definition 2.1]) Let (X.U) be a quasi-uniform space and A C X.
The set A is said to be bounded if for any {/ € U. there exists n € N and a finite subset I
of X" such that A C U"[F]. where

UlF) = {y € X : there exists f € Fsuch that (f,y) € U}.
It has been observed in [30] that if a set is bounded in the sense of the above definition. then
it is also bounded in the metric sense.

Remark 4.1.2. [30. P.370] It is casy to sce that if a set is p*-bounded. then it is p-bounded
but the converse is not true. For example. let us equip [0.1] with the Ty-quasi-metric in
Examplel.1.2. If I is the quasi-uniformity generated by p on [0.1] and U4~ is the conjugate
quasi-uniformity of & on [0,1]. Then ([0, 1],U) and ({0, 1],/ ') are bounded but (0. 1].4*)
is the discrete uniform space and it is not hounded.

From the above remark. we have the following observation.

Lemma 4.1.1. Suppose (X.p) is an crtended Ty-quasi-metric space. Then, the following

statements hold:
(7) Bp*(‘\') (_: Bp(‘\')
(”) B[?*(‘\V) g B[}’l(/\/>

Proof. (i) Let A € B,<(X). then A is p*-bounded. This simply means that A is also

p-bounded. Thus, A is a member of B,(X).

(i) By similar argnments, we have that B,.(X) C B, +(X).

We now compare the quasi-nietric bornologies of p and p~! in the next lemma.

Lemma 4.1.2. Let (X.p) be a Ty-quasi-metric space. Then B, 1(XX') is bornologically cquiv-
alent to B,(X).

Proof. Since anv subset A of X is p-hounded if and only if it is p~! hounded. O
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Remark 4.1.3. The metric bornology B,+(X) is equivalent to a metric bornology reviewed
in Section 2.2. However. we are going to focus on B,(.X') since B,-1(X) is bornologically
equivalent to B,(X) by Lemma 4.1.2. Therefore, cvery result of B,(X) is applied to B,-1(X).

Definition 4.1.4. Let (X,p) be a Ty-quasi-metric space and B,(X) be its quasi-metric
bornology. We define cl.(,) (B,(X)) and int ., (B,(X)) by

Ly (B,(X)) = {017(1,)/3 ‘Be Bp(,\')} and int, ) (By(X)) = {intT(p)B ‘Be BP(X)}

respectively.
Definition 4.1.5. (Compare [19. Definition 3.1}) Let (X.p) be a Ty-quasi-metric space and
B,(X) be its quasi-metric bornology. Then we say

(1) By(X) is 7(p)-closed if B,(X) = cly (By(X)):

(i) B,(X) is 7(p)-open if B,(X) = int () (By(X)).

The above definition leads us to the following propositions.
Proposition 4.1.1. Let (X.p) be a quasi-metric space. Then the following conditions are
equivalent:
(1) B,(X) is 7(p)-closed;
(ii) By(X) is generated by cly ) (By(X));
(iti) If B € B,(X), then cl.gyB € el (By(X)).

Proof. (i) = (i7) : Suppose B,(X) is 7(p)-closed, then by Definition 4.1.5 B,(X) = L., (B,(X)).
Now if B is 7(p)-closed and 7(p)-bounded, then B = cl.(,) B € cl.(,) (B,(X)). Morever,

B = ClT(p)B S {CIT(p)B B e Bp(/\y)},

which follows that B,(X) is generated by cl, ) (B,(X)).
(11) = (i1i) : Suppose (ii) holds. Let B € B,(X). then. there exists a 7(p)-closed and
p)-bounded A chthat € A Heno () B A (X).

(i11) = (i) : We only need to show that cl ) B € cl (B,)(X)) C B,(X) since the other
inclusion is obvious. But since every 7(p)-closure of every 7(p)-bounded is 7(p)-bounded,
thus we have cl,,) B € ¢l (Bp(,\')) C B,(X). O
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Definition 4.1.6. [31, Definition 1.7 | A bornological bi-universe (X, 7q,7,B) is called
quasi-metrizable if there exists a quasi-metric p on X such that 7o = 7(p). 73 = 7(p~!) and

B =B,(X).

Recall that if (X, d) is an extended metric space aud B is a bornology in X, then a bornolog-
ical universe (X, 7, B) is metrizable if there exists a metric d on X such that B = By(X)
where B;(X') is a metric bornology. Now in quasi-metric settings, we say that (X, 7.B) is

quasi-metrizable if there exists a quasi-metric p on X such that B = B,(X).

When we consider R. The topology u = {0, R} U {(—oc,a): a € R} in R is called the upper
topology and the topology | = {0, R} U {(a,4+00) : @ € R} in R is called the lower topology.

The following is an example of bornologics in [R.
Example 4.1.1. [31] Consider the real line R. Then
UB(R) = {ACR: There exists r € Rsuch that A C (—oc.,7)}

and
LB(R) = {A CR: There exists r € Rsuch that A C (r, +oc)}

are bornologies in R.

Definition 4.1.7. [31. Definition 4.1 ] Let (X. 75" . 73" ) and (Y. 7], 7)) be two bitopological

spaces. A function f: X — Y is called bicontinuous with respect to (5%, 7% . 70,7 ) if

whenever i € {0.1}.

Definition 4.1.8. [31, Definition 4.2 | Let (X.75.7) be a bitopological space. Then a
(79. 1 )-characteristic function for a bornological universe (B.X'). is a bicontinuous function

g:(X.7.1) — ([0,400),u,{) such that

B={A4CX :max{g(x): xe A} <+oc}.

We give the following exaple to illustrate the above definitions.

Example 4.1.2. ([31. Fact 4.3 ]) Let (V,p) be a Ty-quasi-metric space and let ¢ € V.
Then the function ¢ : (Y, 7(p), 7(p~1))  » ([0. +00),w. 1) defined by g(z)  p(c, ) whenever

z €Y is bicontinuous.
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Let (X,p) be a extended Ty-quasi-inetric space. Then p is said to induce a bornological
bi-universe (X, 79.m,B) if 9 = 7(p). 71 = 7(p~ ') and B = B,(X).

Definition 4.1.9. Let (Y. 75, 71) be a bitopological space. A bornology B on Y will be called
(79, 71)-proper if for cach .4 € B, there exists B € B such that cl, (A) C int,, (B).

Proposition 4.1.2. Let (Y, 79, 71) be a bitopological space and ((Y, 79, 71). BB) be a bornological
bi-universe. If ((Y, 70, 71),B) is quasi-metrizable, then there exists a (10,7 )-characteristic

function for the bornology B.

Proof. Let a € Y and any extended Ty-quasi-metric p such that p induces the bornological
biuniverse ((Y, 79, 71),8). Then, by Example 4.1.2. a (79, 7y )-characteristic function for B is
the function g : Y — R where g(z) = pla, z) for z € Y. |
Proposition 4.1.3. Let (Y, 7, 71) be a bitopological space and (Y, 79, 71). B) be a bornological

bi-universe. If the bornology B has a (7. 71)-characteristic function, then B is (79, 7y )-proper

and second countable.

Proof. Let g be any (79, 71)-characteristic function for the bornology B. For s € w. let
Bs = g '((—o0.s]). Then the collection {B; : s € w} is a countable base for B such that
CI(TO)(BS) C illt(.rl)(BS_]). (]

The following result is an asymmetric version of the well-known Hu’s Theorem.

Theorem 4.1.1. [31. Theorem 4.7] Let (X, 79.71) be a bitopological space. If (X.71y.71) is

quasi-metrizable and B is a bornology on X. Then the following properties are equivalent:

(i) the bornological bi-universe ((X ., 1, 71),B) is quasi-metrizable;
(i) the bornology B has a (1.7 )-characteristic function;

(i1) the bornology B is (79, 1)-proper and it has countable base.

Proof. Let (X, p) be a quasi-metric space and let us consider p to be any quasi-metric on X
such that 75 = 7(p). m = 7(p~'). Since X is quasi-metrizable, there exists a bounded quasi-
metric p : A x X — R whicli defines the same topologv on X. Let p(z,y) = min{p(a.y). 1}
for z.y € X. it X € B then X is bounded and (i) and (/7) hold directly.

If X ¢ B. by Proposition 4.1.2 (i) implies (ii). if (ii)holds and suppose that ¢ is a (19.71)
-characteristic function for B. Now for x,y € X lets define the function o : X x X' — R
by taking

olx,y) = pla.y) + max{f(y) — f(x).0}.
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The quasi-metric o induces the bornological biuniverse ((X, 7.7 ), %). Hence (ii) implies (i).
Now, assuming (i) and since X ¢ B. it follows by [31, Proposition 3.5] that there is a base
A ={A, :neQ}for Bsuchthatcl, 4, Cint, A4, foralln € Q. Againlet us assume A, =
0. Forn € Q—{0} and r € X, let f,,(r) = p(cl,; A, v) and g,(x) = p(x, X —int,, A,.,). Then
Pn (X, 70.11) — ([0, 400),u,l) and g, : (X, 79.71) — ([0, +00),,u) are bicontinuous. For

all z € X' we get p,(x) + g,(x) # 0. so we can put

() = —Pnl®)
])”<.T') + ,(/11(177)
Moreover, we define h,(x) = 1 for cach # € X. It is easy to check that the function

hy - (X, 79, 7) — ([0, 1], u, 1) is bicontinuous for each n € Q.

Let () = hy,(z) +n when @ € int,, A, —int,, 4,. We are going to prove that the function

1 is bicontinuous with respect to (7g. 71, u,1).

Let o € int,, A, 4 —intro A, and y € int A4, .1 —int, A,,. Now let real numbers » > 0, s > 0

T 4

such that » < ¢(2) < s and assume n # 0. Then there exists Uy, € 7y such that

r e U, Cint, A, and if y € U . then h,(y) +n < s. There exists V, € 73 such that
reV, CX —clyA,_yand if y € Vi, then b, (y) +n > r. Of course, if m = n. then v (y) < s
when y € U, while ¥(y) > r when y € V.

Let us assume that m # n. Suppose that y € U,. Then m < n, s0 ¢(y) <14 m < n <
v{r) < s. Suppose that y € V. If m > n. we have ¢/(y) >m > 1+n > 2(x) > r

Let m < n. Since y ¢ int, 4,1 we have m +1>n. As m+1 < n, we have m + 1 = n.
If v ¢ ¢l A, we could take V7 = V. N (X —¢l,4,) € 1, and obscrve that if y € V*. then
m>nand ¢(y) > 7. fm < nand & € cl;;4,. Then v(x) = n. We take a positive
real number ¢ such that n — ¢ > . Since 1, () = 1. there exists W, € 7 such that
r e Woand hy,oy(t) > 1 —cforeacht e W. If y e W.nV, and m+ 1 = n, then
U(y) =ha(y)+n—1>1—-—c+n—-1 n-—c>r The case when n = 0 is also obvious

now. This completes the proof that v is bicontinuous with respect to (9.7, u, ().
It is easy to check that B = {4 C X : supy(A) < +oc}. so " is a (79, 1) -characteristic

function for B. Hence (ii) follows from (iii). O

The above theorem leads us to the following Corollary.

Corollary 4.1.1. Let (X.p) be an catended Ty-quasi-metric space and ((X,7).B) be a
bornological universe. Then the bornological biuniverse ((X. 7y, 1), ) is quasi-metrizable

if and only if the bornological universe ((X, 7). 18) is metrizable.
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Proof. 1t is enough to prove that if there exists a quasi-metric which induces ((X, 170, 71). B),
then ((X. 1), B) is metrizable. Note that 7 = {7.71}.

Let p be a quasi-metric in X such that 70 = 7(p), 7 = 7(p~!) and B = B,(X). Define
p = max{p,p~'}. Then p is a metric in X such that 7(p) = 7. Morcover, by Theorem
4.1.1, the bornology B is second-countable and (7y. 7y )-proper and so is 7-proper; hence, the

bornological universe ((X, 7),3) is metrizable by Theorem 4.1.1. O

4.2. Quasi-metrization of the bornological universe

Our interest in this scection is to know when there exists an extended quasi-metric on the

bornological universe (X. B) such that B is quasi-metrizable and uniformly quasi-metrizable.
We first recall the following definitions.

Definition 4.2.1. Suppose X is a nonempty set and if A C Z(X), then | (A) and > (A)

are defined respectively as:

=1

L(A)={B: B C A forsome 4 e A} and Z(A) = {UAI' neN.i<n A€ A} .

If B is a bornology on X. Then we say that a family By of subsets of X is a Dase of B if

L (By) = B.

Definition 4.2.2. Let (X, p) be an extended Ty-quasi-metric space and D be a subset of X
We say that D is 7(p)- relatively compact if D is 7(p*)-relatively compact.

Note that the collection of 7(p)-relatively compact subscts on an extended mnietric space
(X, p) is a natural boruology.

The following lemma is an asynumetric version of Lemma 2.2.1.

Lemma 4.2.1. (Compare [5, Lemma 2.1]) Let (X.p) be Ty-quasi-metric space:

(i) the family of all finite unions of double balls forms a basc for the quasi-metric bornology

By(X):

(ii) the quasi-metric bornology B,(X) contains the bornology of 7(p)-relatively compact
subsets of X,

1

(1i1) if (x,,) is p-convergent and p~t-convergent sequence in X, then the set {x, :n € Z*}

is contained in a quasi-metric bornology B,(X).
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Proof. (i) Let Fpg be a family of all finite unions of double open balls that are defined by

Fp = {U By(wi.s) N Byr(r;.6;) ;€ N and s;.0; € (0,00) whenever n € N} )
i=1

We need to prove that | (Fg) = B,(X).

Let .1 € Fp then A = {J By(wi.s;) N 13, «(4;,0;). Therefore, B € B,(X) as I3 is
i=1
p-bounded. Thus | (Fp) C B,(X).

Conversely. if 3 € B,(X) then there exists » € X and r,s > 0 such that B C
By(ax.r)N B, 1(r.s). Since By(x.r)y N B, 1(r.s) € Fp. it follows that [3 €] (Fp).

Let 4 be a 7(p)-relatively compact subset of X. Then by Definition 4.2.2 4 is p*-
bounded. Hence o € B,(X) by Remark 1.1.2.

Suppose that the sequence (z,) is p-convergent to @ € X, Then for ¢ = 1 there exists
AN e N and n > N such that if » = max{1,p(ag.2),p(xr.2),....plarpr,2)}, then

plr,.r) <r whenever n € Z7.

Lconvergent to 2 € N, then p(a.r,) < s

By similar arguments. Suppose () is p~
whenever n € Z7. Therefore. (x,) € B,(a.r) N B,-1(r.s) whenever n € Z7 and

r.s > 0.

0

The following definition extends the Definition 2.2.2 to quasi-metric spaces.

Definition 4.2.3. (Compare Definition 2.2.2) Let (X, p) be an extended Tj-quasi-metric

space. If X' can be partitioned into disjoint unions of sets {X; : j € [} and cach X is

an extended Tp-quasi-mietric space. then choosing an extended quasi-metric p; for X, the

function p on N defined by

pilu,v) if 30 with {w.v} C A
plu.v) =

o¢  otherwise.

is an extended Ty-quasi-metric and has {X; : j € I} as quasi-metric components.

We provide the asvimnetric version of Theorem 2.2.3 in the next results.

Theorem 4.2.1. (Compare Theorem 2.2.3) Lt (N p) be an extended Ty-quasi-metric space
and let (X.B) be a bornological universe. Then B = B,(X) if and only if there crists A C B
for which | (TA)) = B and a partition {A; : j € I} of A with the following four properties:
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(i) the partition A; contains a nonempty subset of X whenever j € I;
(i) for all Ay € A;j. there exists Ay € A; with cl.,-1)(A1) C intr()(Az) whenever j € I;
(iii) whenever A; € A; and Ay € Ay for j # &, then A; N Ay = 0;

(iv) each partition A; has a subfamily which is countable and cofinal in A; with respect to

set inclusion.

Proof. Let p be a Ty-quasi-metric on X and {X; : j € I} be quasi-metric components of X.
Consider A; = {B,(w.0) N By-1(w,r) : x € X;. 1.6 > 0} and let A be the collection of double
open balls in X'. Since any subset of X is p-bounded if and only if it is a subset of a finite

union of double open balls. it follows that

By(X) =) (2(UjerA;)) =L (E(A)).

Whenever j € I, if A € A; then A is double open ball. Therefore A # @. With a choice of
A; we have (ii). (iii) and (iv).

Conversely, suppose the partition {A; : j € [} satisfies conditions (i), (ii), (iii) and (iv).
Then for each j € [. let X; = UA;. Since {A; : j € I} satisfies (i) we have that X # 0.
Furthermore. from (ii) and (iii) we know that X is 7(p)-open and {X; : j € [} is a pairwise
disjoint famnily. It follows that each is 7(p)-closed and 7(p)-open.

For each j € I, we set B; =] (E(A;)). Since A; is a cover of X, we have that B; is a
bornology on Xj;.

Since the 7(p~1)-closure of a finite union is the union of 7(p~!)-closure. property (ii) holds

by replacing A; with B;. Similarly property (3) holds if we replace A; by B; and A, by B;.

Finally, if B is countable and cofinal in A;, then £(B5) is countable and cofinal in B. that
is. (iv) holds with replacing A; by B;. Theu by Theorem 4.1.1, we can find an extended

To-quasi-metric p; on X such that B; = B, (X).

As | (X(A)) is considered to be a cover of X'. we can conclude that A and {X; : j € [}

cover X. By Definition 4.2.3 we have

B(X) =B, (3)) = 2 WierBy) =1 (3o Uierdy)) =1 (3o(A)) = B.

jel

The next result is a generalization of Theorem 2.2.4.
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Theorem 4.2.2. (Compare [5, Theorem 4.2[) Let (X,p) be an extended Ty-quasi-metric
space and (X.B) be a bornological universe. Then the bornology B = B,(X) if and only
if there exists a collection {B; : j € 1} of families of subsets of X with the following five

properties:

(i) for all j € I, the collection B; has at least two subsets of X as elements including 0;
(1) for every By € B;, 3B, € B; such that cl.,-1y(B1) C int,py(B2) for each j € I;
(iti) whenever By € B; and By, € By, for j # k. then B; N By = 0;

(iv) each bornology B; has a subfamily which is countable and cofinal in B; with respect to

set inclusion;

(v) for every A in P(X), the set A is in B if and only if ¥j € I, AN (UB;) C B; and for
all but finitely many j, AN (UB;) = 0.

Proof. Let B = B,(X) and {X; : j € I} be the quasi-metric components of X and let p;
be the trace of p on X7. We set B; = B, (\X}). then property (i) holds because each X as
a quasi-metric component is not empty and cach contains some element of A” and B, (X;)
contains minimally the finite subsets of X as it is a space of p;-bounded sets in X; including

the empty set.
For (ii).(iii) and (iv) similar arguments as in the above theorem give us the desired result.

Suppose 4 € Z(X) is such that A € B. As {B; : j € I} partitions B, 4 € B,(X) must be a
p-bounded set of X in some B,. Since each B; is a bornology on each quasi-metric component
X; C X. ANB; is an intersection of B; and those p-balls formed by elements of X; in A and
so, AN(UB;) = U(ANB;) C B;. Since A is arbitrary, we have by conditions (i) and (iii) for
all but finitely many indices j € I that, ANB; = 0 and so. AN (UB;) = U;(ANB;) = 0.

Conversely. suppose {B; : j € I} satisfies the properties above. For each j € [ and 6 > 0,
let each B = {13,,(x.4) : ¥ € X;} and put X; := UB; which by condition (i) is a nonempty
subset of X'. By condition (ii), each family B; has a 7(p)-closed base and 7(p)-open base,
implying that {X; : j € I} is a family of 7(p)-clopen subsets in X. By (iii), {X; : j € I}

partitions X. We next need to show that cach family B; is a bornology on Xj;.

Fix y € [ and set . , = {I3NX;: I3 € B}. Since cach X; = UB;, it is evident that F; is a
bornology on X; which, by condition (v). is contained in B;. Indecd, if A € B then A € B
and clearlv A € ANX; C BN X; € F;. So. F; is a base-bornology on X;. Conversely,

we need to show that B; € F;. Let B; € B; be arbitrary. Then, it is enough to show that
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B; € F; which suffices to show that B; € B. Clearly. since .X; = UB;. we have B; N X € B;
by condition (v). Taking j # k. condition (iii) gives B; N .X; = 0 and so. by condition (i) we
have B; N X, = 0 € B;. Now, in view of condition (v), B; € B so that B; = B; N\ X; € F;.

Hence. the family B; is established as a bornology.

Furthermore. using propeties (ii) and (iv) and Theorem 4.1.1. for each j € /. there exists a
cuasi-metric p; on X such that B; = B, (X;) that is to say B; is a quasi-metric bornology
on X; induced by some metric p;. With the quasi-metric of Definition 4.2.3, we have by

condition (iv) that

g

Before we prove the following results on the uniformly quasi-metrizability of a bornology. it

Is importaut to state the following deflinitions.

Definition 4.2.4. Let (X.p;) and (X. p,) be extended Ty-quasi-metric spaces. The quasi-
nmetrices py. po ave said to be uniformly cquivalent if there exists d;. 9, > Osuch that Vo, y € X,

pi(ay) <0y = mla.y) < da.

Definition 4.2.5. Let (X' p) be an extended Ty-quasi-metric space. An extended 7y-quasi-
netrie in the form py 0 X2 —3 [0.2¢] defined by py(r.y) = min{l.p(r.y)} is called a

hone-fide cxlended quasi-mctric of p.

Let (X.B) be a bornological universe on a quasi-metric space X. The bornology B ix said to
be uniformly quasi-metrizable with respect to pif there exists a quasi-metric p; = min{1. p}
in .\ such that p and p; are wniformly equivalent and B = B, (X). where B, (\\') is the

quasi-metric bornology of p;- bounded sets.
Theorem 4.2.3. [31. Theorem 6.5] Let (XN.p) be an crtended Ty-quasi-metric space and
(X.B) be its bornological universe. Then the following conditions are all cquivalent:

(1) there crists an extended quasi-metric py = min{1. p} such that B B, (X):

(ii) the bornology — has a base {.,, - m € w} such that. for e ¢ (0:4 1 and for

cach m € w the inclusion [Bm};, C 13,41 holds:

(ii1) there crists a uniformly continuous (7(p). 7(p~"))-characteristic function for B.
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Proof. (See [31. Theorem 6.5}). O

Theorem 4.2.4. (Compare Theorem 2.2.5) If (X,p) is an extended Ty-quasi-metric space

and B is a bornology on X . Then the following properties are equivalent:

(i) the set of quasi-metric components induced by p is countable.

(i) there exists an extended Ty-quasi-metric pyuniformly equivalent to p such that B, (X)) =
B,(X).

Proof. (i) — (i1): Let > {gme,(a;) : j € I} be the set of distinet quasi-metric components
induced by a quasi-metric p where [ is a countable set. Since the set T is countable. it
means that the set Y {B,(x;;m):j € I.m € Z"} is a countable base for B,(.X'). Since for
the finite union of double balls, the 7(p)-closure of each p-bounded set is contained in the
7(p)-interior of another. By Theorem 4.1.1, there exists an extended quasi-metric p; such

that B,, (X) = B,(X).

(11) — (i): Let us denote distinct metric quasi-compouents by {gme,(zr;) : j € 1}, if
B, (X) = B,(X). then a base for B,(.X') is countable and thus Y {B,(x;:m):je I,m € Z"}
inust contain a countable cofinal family in B,(X). Since {{z;} : j € I} is a family of p-

bounded sets. it implies that [ is a countable set. Hence the proof. O

Definition 4.2.6. Let (X.p) be an extended quasi-metric space, a nonempty set A C X" is
said to weakly bounded if for each j € I, we have ANgme,(x;) € B,(X). We denote a set of
weakly bounded subsets of X by B)(.X).

Theorem 4.2.5. (Compare [5, Theorem 4.6]) Let (X,p) be an extended Ty-quasi-metric

space. The following conditions are equivalent:

(i) all the finitely many quasi-metric components for an extended quasi-metric p are p-

bounded.

(1) there exists an extended quasi-metric py = min{l, p} such that B, (X) = By (X).
Proof. Throughout the proof, we denote the quasi-metric components of p by {gme,(a;) :
jel}

(1) (il): Asume (i) holds. let /; be a subset of I and be those indices for which gme,(1;)
B,(X). To show that (ii) holds, we need to find a countable base for By(X). For each
m & Z". we define A by

A= {Ujghqmc])(ﬂ‘j) Ujern, Bplzj,m) :meZ™}.
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Since each gme,(x;) for j € I is p-bounded, Ujer, gme,(x;) is also p-bounded and doces not in-
tersects Ujer/1, Bp(2;, m) for all finitely many indices j. But (Ujer, gme,(x;)) N (Ujer/n Bolz;,n)) €
By(X) = B, (X), which implies that Ujer,gme,(2;) and gmey(a;) are weakly bounded.
Hence, the collection A forms a countable base for By (X). Furthermore, {gmc,(z;) : j €

L} C{By(zi.m):j € l1,meZ"} and so,

rp wl{amey(e;) € 1)1 € {amey(y): j € 1711}
C{By(x;.m):jel/l;,meZ"}
C int, ) [{ Bplxs,m) : j€ I/, m e ZTY}].

Since the 7(p)-closure of each weakly bounded subset is in the 7(p)-interior of another. By

Theorem 4.1.1. there exists a p; = min{1, p} such that B, (X') = B(X).

(ii) = (i): Suppose a quasi-mctric p; = min{l.p} exists with B, (X) = BY(X). for some

countably infinite set of indices {j;. : k € Z*} such that gmc,(x;, ) is not p-bounded. Let us

fix s € X and for each m € Z¥, put B, = {B,,(s.m) :m € Z"} and let 6 € (0,1) for ¢ < 3.
1 1

Since [By]5 € By and [B, ] 0 By, (s,m) € By (X), By, must be cofinal in B;'(\\).

Now for eacli j € Z™. there exists 4; € B,(X) such that A4; C ¢gme,(z;,) and such that
A; € By (p.j). Then U, AU {{x5} 1 j € 1} is weakly p-bounded but is not contained in
any pp-ball with center s. which is a contradiction sincewe assumed B,(X) = B, (X). Hence,
gme,(x;, ) must be p-bounded for some cowntably infinite set of indices {j : k € Z7} and so

{gmep(x;) - j € I} is p-bounded. O
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Conclusion

In this MSe dissertation. we have successfully generalised the results of Beer [5] on bornolo-
oies of extended metric spaces from metric point of view to quasi-metric settings. Before
presenting our own investigations. we have first summarized Beer's results on bornologies of

extended metric spaces,

In the second part of this work. we have started our own investigations. We have generalized
the construction of the Beer's universal space of extended metrie spaces to our universal
space of extended guasi-metric spaces. In order to achieve this construction, we have defined
the concept of quasi-metric components which later led us to the definition of our universal

space (sce Definition 3.2.1).

We have proved (see Theorem 3.2.1) that there is always an isometry between extended
(uasi-metric space and its universal space. In the same manner. it has also been proved that
the universal space of an extended Ty-quasi-iietric space is bicomplete (see Theorein 3.2.2).
Corollary 3.2.1 has concluded this part of our investigations by providing the comparison of

the universal space of the extended Ty-quasi-metrics p and p='.

The last part of our investigations was to generalize the concept of boruologies of extended
nmetric spaces to bornologies of extended Ty-quasi-metric spaces. We have presented two
separate characterizations of a bornology o quasi-metrizable and uniformly quasi-metrizable
spaces. Before we presented these characterizations, we first compared the guasi-metrice
bornologies determined by p. p* and p~' (see Lemma 4.1.1 and Lemma 4.1.2) and then
went on to show that the collection of all linite unions of double balls forims a base for
the -nietic bo “and it contai  T(p)- ot T ocomy  t Dsets X (see T

12.1).

The first characterization has been presented by finding an extended quasi-inetric p on (N B)

such that B coincide with the quasit-metric bornology B,(\) on X(sce Theorem 4.2.1 and
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Theorem 4.2.2). In the second characterization, we have used an extended quasi-metric
p1 = min{l,p} on X to prove that the bornology of p;-bounded sets coincides with the

bornology B (see Theorem 4.2.5).

Our conclusion leads us to list some open problems encountered throughout the present

investigations. We hope to study these problems in future work.

Problem 1. Is it possible to extend our results on bornologies of extended quasi-metric

spaces to quasi-uniform point of view?

Problem 2. To what extent can we generalize the work of Beer[6] on bornologies of normed

spaces to asymmetric settings?

Problem 3. Is it possible to extend the results of Beer, Costantini and Levi [9] on metric

bornologies of d-bounded and d-totally bounded subsets to quasi-metric settings?
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