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Abstract 

In this MSc dissertation, we present the results of bornologies on extended quasi-metric 

spaces . Our resul ts generalise Beer's results on bornologies of extended metric spaces to the 

framework of quasi-metric spaces . V\!e construct our own universal space of extended quasi­

metric spaces in sense of Beer and show that most of the results in Beer 's universal space hold 

in our universal space too. It is proved , fo r example, that the constructed universal space 

is bicomplete and there is an embedding between an extended quasi-metric space and this 

universal space. The last chapter of this di.-sertat ion is devoted to bornologies of extended 

quasi-metric spaces, this chapter has been inspired by the fact that being bounded on quasi­

metric space (X , p) does not necessarily mean bounded on the symmetrized metric space 

(X , p5
) . For instance, a nonempty set A can be p-bounded but not p5-bounded. Furthemore, 

. we use the asymmetric version of Ru's theorem to prove that for an extended T0-quasi­

metric p on the bornological universe (X , B), the bornology B coincides with the quasi-metric 

bornology Bv(X ). 
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Introduction 

The notion of bounded sets is very important in the theory of metric spaces and normed 

vector spaces . For this reason , t his concept has been extended to different settings like 

topological vector spaces, uniform spaces or even the general context of topological spaces . 

In spite of the fact that there are different generalizat ions of the not ion of bounded sets , 

we cau observe that all of them define: what is called a bornology. V'1e say that a family of 

subsets of a set X is a bornology if it is a cover of X and it is stable under inclusions and 

finite unions. If we t ake a nonempty set X and a bornology B on X , t hen the pair (X, B) is 

called a bornological universe. 

T he systematic study of bornologies in topological spaces started with papers by Hu [19] 

and Alexander [4] some 68 years ago. T he main result of t heir papers was to character­

ize bornologies that are metric bornologies . For instance, Hu [19] investigated bornologies 

defined on a metric space that correspond to the bornology of bounded sets . Examples of 

spaces t hat have the property of forming bornologies include compact metric spaces . Over 

the last ] 5 years, Borwein [10] used bornologies to develop a unified theory of differentiabili ty 

for functions defined on general normed spaces , characterizing various geometric properties 

of spaces in terms of the relationships between different bornological derivatives on various 

classes of functions. 

In his PhD thesis, Meyer [29] noticed that , given a metrizable topological vector space, it 

is possible to use its von Neumann bornology or its bornology of precompact subsets to 

do analysis. He proved that t he bornological and topological approaches are equivalent fo r 

many problems. For instance, the concepts of convergence for sequences of points or linear 

operators were yielded. Not only that , Meyer added that the bornological and topological 

versions of Grothendiecks approximation property are equivalent for Frechet spaces. These 

results are important for applications in noncommutative geometry. 

Mero.ii.o and Garrido [1 8] applied the theorem of uniform metrization to a metric space with 

the bornology of the bounded sets in the sense of Bourbaki , that is, t he subsets of X which 
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Chapter 0 

are bounded for every uniformly continuous function. They also applied this theorem to the 

the bornology of all the compact subsets of a topological space X. This was done by finding a 

metric for the topology with the Heine-Borel property. The concept of Meroiio and Garrido 

with the use of characteristic function , made it easy for Beer [5] to show the similar results 

of bornologies on an extended metric space. 

Beer, Costantini and Levi [9] studied metric bornologies using d-bounded and d-totally 

bounded subsets. They showed that a metric space is separable if and only if the bornology 

of d-bounded subsets agrees with the bornology of d-totally bounded subsets with respect to 

same equivalent remetrization, they even characterized those bornologies of totally bounded 

sets as determined by some metric compatible with the topology. 

The construction of universal space has been studied by many scholars in different perspec­

ti\res . For example, Beer [5] produced a universal space of bounded continuous functions 

on the extended metric space X equipped with uniform distance. His universal space was 

the space of partial functions defined for any Hausdorff space. In addi tion , Agyingi , Hai­

hambo and Kunzi [1] used a T0-quasi-metric to construct their universal space using a set of 

real-valued functions which are bounded. 

More recently, Pi"1kosz and "\iVajch [31] have showed that Hu 's metrization theorem of bornolog­

ical universe can be applied in ZF-(Zermelo-Fmenkel) and adopted it to a quasi-metrization 

theorem for bornologies in bitopological and generalized topological spaces in the sense of 

Delfs and Knebusch. Pi~kosz and Wajch also inves tigated the problem of uniform quasi­

metrization of quasi-metric bornological universe, they showed that given a quasi-metric 

space X and if T = max{To , T1 } is a topology on X, then a bornological biuniverse ((X, To , T1) , B) 

is metrizable if and only if the bornological universe ( (X. T) , B) is metrizable. 

An interesting question raised by Meroiio and Garrido [18] in their work, is when a bornologi­

cal universe (X, B) is metrizable or uniformly metrizable? In [5], Beer answered this question 

by finding an extended metric d such that the bornological universe is metriza.ble or uniformly 

metrizable. Moreover, Beer studied bornologies of extended metric spaces and achieved the 

following results: (i) given an extended metric space (X , d) and a bornology Bon X , Beer 

proved that the bornology B = Bd(X). (ii) for an extended metric don X, he used a met­

ric d1 = min{l, d} on X to prove that Bd1 (X) = Bd(X). (iii) lastly, Beer constructed an 

extended metric space ( 6x , Px) of partial functions and called it the universal space of an 

extended metric space. 
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Chapter 0 

However, the study of Beer 's fundamental results [5] in extended metric spaces has mot ivated 

us to generalize his results to the framework of quasi-metric spaces. The main aim of this 

MSc dissertation is to construct the universal space of extended quasi-metric spaces in sense 

of Beer[5] and generalize Beer 's results of extended metric bornologies to quasi-metric point 

of view. The following are the obj ectives of this MSc dissertation: 

(i) whenever (X,p) is an extended T0-quasi-metric space, we should be able to construct 

our own universal space on X and prove the Beer [5] 's results in our universal space. 

(ii ) given an extended T0-quasi-metric space ( X , p) and a bornology B on X , we need to 

prove that B = Bp(X). 

(iii) for an extended T0-quasi-metri c p on X , we are going to use an extended T0-quasi­

metric p1 = min{l , p} to show that Bp1 (X) = Bp(X). 

Out li ne of the MSc dissertation 

Chapter 1. In this chapter. we recall some basic concepts and definitions to be used through­

out the dissertation. In the first section , we define a quasi-pseudometric spac:e, define its 

topological structures and present some examples of quasi-metric spaces. In the second part 

of this chapter , we present some useful concepts of bitopological spaces and thereafter define 

the notion of convergence and bicompleteness. The last section of this chapter discusses the 

concept of a bornology (see Definition 1.2.1), an extension of the concept of bounded sets 

and later presents examples of bornologies and some of their properties . 

Chapter 2 . In this chapter , we summarize Beer [5] 's results on t he bornology of extended 

metric spaces . The first section of this chapter discusses Beer 's construction of the universal 

space of extended metric spaces. We start the construction in this chapter by recalling 

the definition of universal space of extended metri c spaces and thereafter prove that the 

universal space is a complete space . Given two universal spaces an embedding between them 

is constructed. After providing some useful concepts on bornologies from Hu [19], we also 

prove in this section that if B is a bornology on ( X , d), then there exists an extended metric 

d1 on X uniformly equivalent to d, such that the bornology of d1 -bounded sets coincides 

with B. Finally, we have concluded this chapter by providing the existence of the bornology 

on a normed linear space. 

Chapter 3 . In this chapter, we start our own investigations and present our own results. 

Vile generalize the construction of the universal space studied in Chapter 2 to quasi-metric 
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settings . The first section of t his chapter defines the concept of quasi-metric components 

(see Defini t ion 3.1.1 ). We then define and present our own universal space of extended 

T0-quasi-metri c space (see Defini tion 3.2.1 ). In the second section , Theorem 3.2.1 has 

proved that there is an isometry from an extended quasi-metric space to our universal space. 

Furthermore, we have also embedded Beer[5] 's universal space of extended metric spaces 

into our own universal space. In the same section, we have also proved that the universal 

space of an extended T0-quasi-metric space is bicomplete (see Theorem 3.2.2). Proposit ion 

3.2 .1 is an asymmetric version of Theorem 2.2.7 and illustrates how a Hausdorff space of an 

extended quasi-metric space can be embedded into our universal space. Corollary 3.2.1 has 

concluded this chapter by providing the comparison of the universal space of the extended 

T0-quasi-metric spaces (X ,p) and (X ,p- 1) . 

Chapter 4 . In this chapter, we continue with our own investigations on bornologies of 

extended quasi-metric spaces. We start this chapter by recalling some defini t ions of bounded 

sets and some other properties of bornologies. Given an extended T0-quasi-metric space 

(X , p) , the notion of quasi-metric bornology is defined and compared with other quasi-metric 

bornologies determined by p8 and p- 1 (see Lemma 4.1.1 and Lemma 4.1.2) . The last part of 

this section has shown that the collection of all finite unions of double balls forms a base for 

the quasi-metric bornology and it contains T(p )-relatively compact subsets of X (see Lemma 

4.2 .1 ). In the second section, we prove that for an extended quasi-metric p, the bornological 

universe (X , B) is quasi-metrizable by p and the bornology B coincides with the quasi-metric 

bornolog-y on X(see Theorem 4.2.1 and Theorem 4.2.2). Vve have ended this chapter by 

proving in Theorem 4.2.4 that for a given bornology Bon an extended T0-quasi-metric space 

(X, p), there exists an extended T0-quasi-metric p1 on X , uniformly equivalent top, for which 

the bornology of p1-bounded sets coincides with B. 

Chapter 5. In this chapter , we summarise our investigations and present some open prob­

lems to be studied in future. 
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Preliminaries 

In this chapter , we present the basic concepts . definitions and results about quasi-metric 

spaces and bornologies to be used throughout the MSc dissertation. There is substantial 

number of publications about topological and uniform structures related to quasi-metric 

spaces in the major reviews by Cobzas [11], Kopperman [23] and Kiinzi [26] and on bornolo­

gies too by Beer [5, 9] and Hu [19]. 

1. 1. Quasi-met ric spaces 

In this section, we recall some useful concepts from the theory of quasi-metric spaces and 

some of their basic topological properties . 

D efinition 1.1.1. [25, Definition 2.1] Let X be a nonempty set and let JJ : X 2 -+ [O , oo) be 

a mapping. Then p is called a quasi-pseudometric on X if 

(i) p(x , x) = 0 for all x E X , 

(iii) p(x , y) :::; p(x . z) + p(z, y) for all x, y , z E X. 

The pair (X , p) is called a quasi-pseudometric space. 

If in addition, for any x, y E X , 

p(x,y) = 0 = p(y , x) => x = y, 

then pis called a T0-quasi-metric and the pair (X , p) is called a T0-quasi-metric space. If we 

replace the set [O, ) by [O , oo], then we have the mapping JJ called extended To-quasi-metric 

and (X , p) is called extended T0-quasi-metric space. 
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Chapter 1 

If pis a quasi-pseudometric on a set X , then p- 1 
: X x X----+ [O, oo) defined by p- 1(x, y) = 

p(y, x) for every x, y E X , often called the conjugate quasi-pseudometric, is also quasi­

pseudometric on X. If p is a quasi-pseudometric on X , then ps = max{p, p-1} is a pseudo­

metric and if ( X , p) is a T0-quasi-metric space, then ps a metric on X. 

The next remark is about the topological propeties of quasi-pseudometric spaces. 

Remark 1.1.1. [25, Remark 2.2] Let (X, p) be a quasi-pseudometric space. The open ball 

of radius E > 0 centred at x E X is the set Bp(x, E) = {y E X : p(x, y) < <:}. The 

collection of open balls yields a base for the topology T(p) and it is called the topology 

induced by JJ on X. Similarly, the closed ball of radius E ~ 0 centred at x E X is the 

set Cp( x, E) = {y E X : p(x, y) :S E}. If (X, p) is a quasi-pseudometric space, then the 

pair [Cp( x .r) ;Cp- 1(x , s)] where x EX and r ,s E [O ,oo) is called a double ball. In general, 

[(Cp(xi, ri))iEJ; (CP- i (xi, si))iEI], with Xi E X and ri, si E [O , oo), is called the family of double 

balls. Also note that Cp(x, t) is not T(p)-closed but is T(JJ- 1 )-closed. 

The above remark leads us to the following example. 

Example 1.1.1. [11, Example 1.1.6] For x, y E IR define a quasi-pseudometric by p(x , y) = 
y - x if x :S y and p( x , y) = 1 if x > y: A basis of T(p )-open neighborhoods of a point x E IR 

is formed by the family [x , x + <:); 0 < E < 1: The family of intervals (x - c, x]; 0 < E < 1; 

forms a basis of T(p- 1)-open neighborhoods of x. If ps(x,y) = 1 for ::i; -/- y then T(ps) is 

called a discrete topology of R 

Below are examples of quasi-metric spaces from different li teratures. 

Example 1.1.2. [12] Let t l , v E IR, then the mapping p: IR2 --+ [O , oo) defined by 

is a T0-quasi-metric on R 

{ 

U - V if U :S V 

p(u , v) = 
1 if u > v , 

Example 1.1.3. For any x, y E R If we define u by u(x, y) = max{y - x , O} , then u is a 

T0-quasi-metric on R The T0-quasi-metric 'u on IR is called the standard quasi-metric of IR . 

Note that the us of the above example is the usual metric in IR . 
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Example 1.1.4. [1 , Example 1] Let a five point set S = {O, 1, 2, 3, 4}. Then the function p 

defined by the distance matrix 

0 1 2 1 

A= 
1 0 1 2 

2 1 0 1 

2 1 1 0 

for p(i ,j) = J\ i,j, whenever 'i,j ES is a T0-quasi-metric on S . 

Example 1.1.5. Let n , m E N, then the function p : N x N ---t [O, oo] defined by 

1.. 
m if n < m 

p(n, m) = 
0 if '/1, = 1TI 

1 if n > m, 

is an extended T0-quasi-metric. 

Let us recall a notion of quasi-uniformity in the next definition . 

D efinit ion 1.1.2. Let X be a nonempty set . A quasi-uniformity on a set Xis a fil ter U on 

X 2 such that : 

( i) for each U E U , { ( x , x) : x E X} ~ U; 

(ii) for each U E U there is V E U such that V2 ~ U. 

A quasi-uniform space is a pair (X , U ) where X is a set and U is a quasi-uniformity on X. 

D efinit ion 1.1.3 . A topological space (X , T) is quasi-metrizable if there exists a quasi metric 

p such that T = T(p). 

D efinit ion 1.1 .4 . Let (X , p) be a T0- quasi-metric space and 9(X) be a set of all subsets 

of X . Then, for each A E 9(X ), we write clr(p)(A) the closure of A with respect to T( p) 

and intr(p)(A) the interior of A with respect T(p) . 

D efinit ion 1.1.5 . Let (X, p) be an extended T0-quasi-metric space and A c X for <5 > 0. 

Vve define the <5 -enlargement of J\ by: 

[ii]!= {x E X: p(A ,x) < <5} = {x E X: inf{p(x , a): a E JI}< <5} = LJ B p(a, <5) . 
aEA 
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For any quasi-pseudometric space (X,p), we denote the set of all nonempty subsets of X 

by &'0 (X ). Also, if C E &'0 (X) , then dist(x, C) = inf{p(x , c) : c E C} and dist(C, x) = 
inf{p(c, x) : c E C} whenever x EX. 

For any A, B E &'0 (X), we set 

PH(A , B) = max { sup dist(A, b), sup dist(a, B)}. 
bEB aEA 

Then PH is called extended Ha'Usdorff· q'Uasi-pseudornetric on 9 0 (X). 

Vve now give some concepts about the convergence and completeness in quasi-metric spaces . 

For more details we refer the reader to Cobzas [11] and Salbany [32]. 

D efinit ion 1.1. 6 . Let (X,p) be a quasi-pseudometric space, a sequence (.xn) is said to be: 

(i) p-convergent to x if for each E > 0, there exists N = N(t:) > 0 such that p(xn , x) < E 

for all n 2 N. 

(ii) p-1 -convergent to x if for each E > 0, there exists N = N ( E) > 0 such that p( x, xn) < E 

for all n 2 N. 

P roposition 1.1.1. /11 , Proposition 1.1. 2] Let (xn) be a seq'Uence in a q'Uasi-rnetric space 

(X ,p): 

i if (xn) is T(p)-convergent to x and T(p - 1 )-convergent toy; then p(x, y) = 0: 

ii If (xn) is T(p)-convergent to x, and p(y , x) = O; then (xn) is also T(p)-convergent toy. 

Proof. (i). Letting n ~ oo in the inequality p(x; y) ~ p(x , Xn) + p(xn , y); one obtains 

p(x, y) = 0: 

(ii). Follows from the relations p(y; Xn) ~ p(y , x) + p(x , Xn) = p(x, Xn) ~ 0 as n ~ 0. □ 

D efinit ion 1.1. 7. Let (X , p) be a quasi-pseudometric space. A sequence (xn) is called: 

(i) Left K-Ca'Uchy if for each E > 0, there exists n, E z+ such that p(xn , xm) < E for all 

m 2 n 2 n,. 

(ii) Right K- Ca'Uchy if for each c > 0 there exists n, E z+ such that p(xm, xn) < c for all 

m 2 n 2 n,. 

Proposit ion 1.1.2. /11 , Proposition 1.2.4] Let (xn) be a left I<-Ca'Uchy seq'Uence in a q'Uasi­

pse'Udornetric space ( X , p) : 
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{i) If (xn ) has a subsequence which is T( p)-convergent to to x; then (xn) is T(p)-convergent 

to X : 

{ii) If (xn ) has a subsequence which is T(p- 1)-convergent to to x; then (xn ) is T(p- 1 ) ­

convergent to :r; : 

{ii i) If (xn ) has a subsequence which is T(ps)-convergent to to x; then (xn ) is T(ps)-convergent 

to x. 

D efinition 1.1.8. [32] A quasi-pseudometric space (X , p) is bicomplete if every Cauchy 

sequence (xn) converges with respect to T(p) and with respect to T(p- 1
) to a point x0 . 

ote that ( x11 ) is a Cauchy sequence in (X , p) if and only if ( x11 ) is a Cauchy sequence in the 

pseudometric space ( X , ps) 

Proposition 1. 1.3. {32} A quasi-pseudometric space (X. p) is bicomplete if and only if the 

metric space (X , ps) is complete. 

D efinition 1.1.9 . Let (X , p) be a an extended quasi-metric space. Then the space X is 

said to be locally compact with respect to T(p), if every point of X has a T(p)-compact 

neighbourhood. 

D efinition 1.1.10. Let (X ,p) be an extended T0-quasi-metric space . The space Xis said to 

be first-countable with respect to T(p) if each point has a countable neighbourhood basis (local 

base). T hat is, for each point x in X there exists a sequence N1 , N2 , . . . of neighbourhoods 

of x such that for any neighbourhood N of x there exists an integer i with Ni contained in 

N. 

D efinition 1.1.11. A topological space (X , T) 1s quasi-metrizable if there exists a quasi 

metric p such that T = T( p). 

We now turn our attention to the concept of bi topological spaces. 

As a space with two topologies , To and T1 , a quasi-metric space can be viewed as a bi topo­

logical space in the sense of Kelly [20], and so all the results valid for bitopological spaces 

apply to a quasi-metric space. A bitopological space is simply a set X endowed with two 

topologi s To and T1 . 

D efini t ion 1.1.12. [11] A bitopological space (X , To , T1 ) is quasi-metrizable if there exists a 

quasi-metric p on X such that To= T(p) and T1 = T(p - 1 
) . 
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Definition 1.1.13. Let (X , To , Ti) be a bitopological space. Two extended quasi-metrics on 

X will be called bitopologically equivalent if they define the same left and right topologies 

on X. 

T he following describe some properties of maps between two quasi-metric spaces. 

D efinit ion 1.1.14 . Let (X , p) and (Xi , p1) be extended T0-quasi-metric space, A map h : 

X---+ X 1 is called nonexpansive provided that p1(h(x ), h(y)) ~ p(x, y) whenever x, y E X. 

D efinit ion 1.1.15 . Let (X ,p) and (X 1 , p1) be extended quasi metric spaces, then the map­

ping h: X---+ X1 is an isometric mapping if for each .'G, y E X , p1 (h(:r), h(y)) = pCc, y) . 

Two extended quasi metric spaces X and Xi are called isometric if there exist a bijective 

isomet ry between them. 

Let (X , p) and (X1 , Pi) be extended T0-quasi-metric space, then the mapping h: X ---+ X1 

is called quasi-uniformly continuous provided that for each E > 0 there is 5 > 0 such that for 

all x, y E X , p(x, y) < E implies that p1(h(x ), h(y)) < 5. 

V-le end this section by recall ing the definiton of the di sjoin t unions on a nonempty set . 

D efinit ion 1.1. 16 . Let { J\ j : .7 E T} be a collection of sets indexed by T. T hen the family 

U AJ = LJ {(x,j) : x EA} 
jEI jEl 

is called the disjoint union or free union of { AJ : j E I}. 

We now turn our attent ion to the concept of a bornology in the next section. 

1.2. Bornology 

T his section is devoted to giving some basic concepts of bornologies on a nonempty set X . 

For more imformation see [5, 19]. 

D efinit ion 1.2.1. [5, Defini tion 1.1] Let X be a nonempty set. A collection B of subsets of 

X is called a bomology on X if the following properties are satisfied: 

(i) B forms a cover of X, i. e. X = LJBEB B ; 
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(ii) B is hereditary under inclusion, i.e, whenever B E B and A is a subset of X contained 

in B, then A E B; 

n 
(iii) Bi stable under finite union, i.e. if B1, B2 , .. . , En E B then LJ Bj E B 

i=l 

A pair (X, B) where X is a nonempty set and B is a bornology on X 1s called a 

bomological universe. 

Let us look at the following examples of bornologies from the recent literature. 

Example 1.2.1. [18, Example 1] For a non mpty set X the collection of all subsets in X , 

is a bornology on X called the trivial Bornoloy. The power set B = 2x of X is its largest 

bornology. 

Example 1.2.2 . Let (X, ,) be a topological space and A be the collection of all compact 

subsets of a topological space X, then it generates a bornology called the compact bornology 

which is denoted by I<B. 

Example 1.2.3. Let A be a family of subsets of a set X such that it forms a cover of X and 

let B be a family of subsets of X which consists of the LoLality of the subsets of the finite 

unions of the family A. Then, the family B is the bornology generated by the cover .91. 

Example 1.2.4. [18, Example 3] Let F be a family of all the finite subsets of a set X. Then 

Fis a smallest bornology on X called a finite bornology. 

R emark 1.2.1. [18, P:286] Given a non empty set X and bornology B on X, a family 

C c B is said to be a base for B if for every B E B there exists C E C such that B E C, 

i. e. , every set in B is contained in some set of C. For instance, the (countable) family 

C = {B (x0 , m) : m E z+} , of the open balls of center x0 E X and radius m E z+, is a base 

for the bornology Bd(X) of the metric bounded sets in the metric space (X, d). 

Let (X, B) be a bornological universe. T hen Bis said to have a countable base if it possesses a 

base consisting of a sequence of bounded sets. The bornology B is said to be second countable 

if its base is countable. 

D finition 1.2.2. [19, Definition 4.5] Let B and B' be two bornologies in a set X . Then, B 

and B' are said to be bonological equivalent if B = B', i. e. if for every B E B, there exists 

B' E B' such that B ~ B' and for every B' E B' there exists B E B such that B' ~ B. 

D efinition 1.2.3 . [19, Definition 2.1] A bornology B2 on a set Xis a finer (strogcr) bornology 

than a bornology B1 on X (or B1 is a coarser (weaker) bornology than B2 ) if B1 C B2 . 
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We recall the following results about bornologies on a topological space in Hu [19]'s paper. 

Remark 1.2.2 . [19] Let (X , T) be a topological space. For any arbitrary bornology B on a 

toplogical space X , we have int(B) C B ccl(B) 

D efinition 1.2.4. Let (X , To , T1) be a bitopological space. Then , a bornology B in X is 

called r (p) -proper if and only if for every A E B , there exists B E B such that cl71 (A ) C 

int70 (B). 

R emark 1.2 .3 . [19] Let (X , r) be a topological space. For any two bornologies B1 and B2 

on a topological space X , we have B1 C B2 implies cl(B1 ) C cl(B2 ) and int (B1 ) C int(B2 ) . 

The next theorem illustrates the existence of a closed base of a bornology. 

Theorem 1.2 .1. {19, Theorem 3.5/ Let (X , T) be a topological space. For any given bomology 

B on a topological space X , the following conditions are equivalent: 

(i) B is closed; 

(ii) B is generated by its subfamily of the bounded closed sets (i t has a closed base); 

(iii) The closure of every bounded set is a bounded set. 

Proof. ( i) ⇒ (ii) : Let B be a bornology on a topological space X and B1 C B be a subfamily 

of bounded sets in X . We have cl(B) = B therefore, cl(B1 ) c B. On the other hand , if B is 

a bounded set , th n B = cl (B) E B1 . Hence, B1 is the subfamily of the bounded closed sets , 

and B = cl (B) is generated by cl (B1 ) . 

(ii) ⇒ (iii) : Let B be an arbitrary bounded set of B. Since Bis generated by its subfamily 

int (B2) = C of bounded closed sets, B is a subset of a fini te union of bounded closed sets. 

Hence, there exists a bounded closed set C such that B c C . This implies (iii ). 

(iii) ⇒ (i) : Since every bounded set is contained in the closure of some bounded set, then 

B c cl (B) and cl(B) c B, thus B = cl(B) and Bis closed. □ 

The following result proves the existence of an open base of a bornology. 

Theorem 1.2 .2. {19, Theorem 3.6/ Let (X, T) be a topological space. For any given bomology 

B in a toplogical space X , the following conditions are equivalent: 

(i) B is open; 
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{ii) B is generated by its subfamily of the bounded open sets {it has an open base); 

{iii) Every bounded set is contained in the interior of some bounded set. 

Proof. ( i) ⇒ (ii): Let B be a bornology in a topological space X and B2 c B be a subfamily 

of bounded sets in X. Since Bis open it means that, int(B) = B; therefore , int(B2) C B. 

However, if B is a bounded set, then B = int(B) E B2 . Hence, B2 is the subfamily of the 

bounded open sets. Thus, intB = Bis generated by subfamily int(B2 ). 

(ii) ⇒ (iii) : Let A be an arbitrary bounded set of B. Since Bis generated by its subfamily 

int(B2 ) = g of bounded open sets, A is a subset of a finite union of bounded open sets . 

Hence there exists a bounded open set G such that A c G. Hence (iii). 

( iii) ⇒ ( i): Since every bounded set is contained in the interior of some bounded set, then 

B C int(B) and by Remark 1.2.2 , int (B) C B thus B = int (B) and Bis open. □ 

Corollary 1.2.1. Let (X, T) be a topological space. For any given bornology B in a toplogical 

space X , the following conditions are equivalent: 

{i) B is proper; 

{ii) B is generated by its subfamily of the bounded open sets and its family of bounded closed 

sets {it has both open and closed base); 

Proof. It is a consequence of Theorem 1.2.1 and Theorem 1.2.2. □ 

We end this chapter by the notion of the characteristic function that Meroiio and Garrido 

[18] also gave in order to obtain their metrization theorem for bornological universes. 

D efinit ion 1.2.5 . [18 , Definition 2.1] Let (X , B ) be a bornological universe. A characteristic 

function of (X , B) is a continuous function x : X ---+ [O , oo) such that a subset M C X is 

bounded if and only if x(M) is bounded in [O , oo) , that is, 

B = {J\J c X: :lb > O,x_(J\J) ~ 5}. 

Proposition 1.2.1. Let (X , d) be a metric space and B be a bornology on X. Th en the 

bornological universe (X, B ) admits a continuous characteristic function if and only if B has 

a countable base { Em : m E z+ } such that for som e 6 > 0, 

B~ C Bm+l , for every m E z+ . 

Proof. (See [18 , Proposition 2.2]). D 

13 



2 

Bornology of extended metric spaces 

In this chapter , we summarize Beer [5] 's results on bornology of extended metric spaces . We 

will study and present his results on the construction of the universal space of an extended 

metric space and the metrizability of the bornological universe. Except when otherwise 

stated , most of the material in this chapter can be found in [5 , 7, 8, 18]. 

2.1. Universal space of extended metric spaces 

T his section provides Beer's construction of the universal space for extended metric spaces . 

D efin it ion 2.1.l. Let X be an extended metric space. Then for any x, y . E X , we defin e a 

relation [ d on X by x [ d y provided d(.1:. y) < oo. 

Lemma 2 .1.1. If (X , d) is an extended m etric pace, then the relation [ dis an equivalence 

relation on X . 

Proof. Let d(:i; , y) < oo and let x E X. Since d is a metric, we get d( x, :i;) = 0 < oo and 

x [ d x, implying that [ d is reflexive. 

The fact that [ d is symmetric can be easily seen. 

To show transitivity, suppose :.1: [ d y and y[d z for :1: , y , z, E X , then d(.1:, y ) < oo and d(y , z) < 
implies d( x, z) < oo by triangle inequality. 

This means that p(x , z) < , thus x [ dz, hence [ d is transitive. 

□ 

D efinit ion 2 .1.2 . [5] Let (X , d) be an extended metric space and x E X . Then the equiva­

lence class of x on X , denoted by med( x), is called metric component of X. 
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Let Y'o(X) be the set of all nonempty subsets of X and C(A) be the set of continous 

funct ions on a nonempty set A E 9'0 (X) . 

D efinition 2.1.3. [5] Let (X, d) be an extended metric space and suppose 6.x = {(g , B) : 

g E C( B)} and B E Y'o(X) and let u equip the set 6.x with a metric Px defined by 

{ 

supbEB lg( b) - h(b)I 

Px((g, B), (h, D)) = 

oo if B =/= D . 

The pair ( 6. x , p x) is called the universal space of X 

if B= D 

The following theorem proves the completeness of the universal space defined above. 

Proposition 2.1.1. /5, Proposition 3. 1} Let (X, d) be an extended metric space. Then, the 

set ( 6. x , p x) is an extended metric space that is complete. 

Proof. For us to show that (6.x , Px ) is a complete extended metrix space, we n ed to show 

that every Cauchy sequence in (6.x , Px) converges . Let (gn, An) be a Cauchy sequence in 

(6.x ,Px )- By the definition of a Cauchy sequence and Definit ion 4.2.1 , there exists an a > 0 

and N E N such that for n , j 2'. N, p x ( (gn, / In). (.qj, /\ j )) < a. Assuming that all the part ia l 

functions have the common domain, i.e, An= Aj = Ai for n = j =/= i 2'. N we have, 

Since lgn(b) - gj(b)I < a, it means that the sequence is uniformly Cauchy (Every uniformly 

Cauchy sequence converges) on Ai and , thus ((gn, Ai ) --+ (g, A)) . □ 

Theorem 2.1.1. /5, Proposition 3.3 J Let (X . d) be an extended metric space. Then for an 

extended metric don X , (9'0 (X) , Hd) can be embedded into (6.x ,Px )-

Proof. (See [5 , Proposition 3.3 ]) . □ 

T he next result illustrates an embedding between a metric space and the universal space . 

Theorem 2.1.2. /5, Theorem 3.2} Let (X , d) be an extended metric space . Then, the 

fun ction 11 : (X , d) --+ (6.x, Px ) defin ed by 11(x) = (d( x, ·)lmcd(x), m cd( x )), for x E X is an 

isometry. 
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Proof. In this proof, we need to show that the function 1r is an isometry. Let x1 i= x2 be 

points in X . If d(x1, x2 ) = oo, then mcd(xi) i= mcd(x2) and so by definit ion of Px , one gets, 

=00 

On the other hand, if d(x1, x2 ) i= oo, then m cd(x1) = m cd(x2) . We must show that the 

SUPxE[mcd(xi)} /d(x1,x) - d(x2,x )/ = d(x1,x2 ). 

For each :i: E mcd(:c1) = mcd(x2) , we have d(:r: 1 , :r:2) < oo. So using triangle inequality, the 

supremum is achieved by letting x = x 1 , thus 

Px(1r(x1), (1r(x2)) = Px[(d(x1, · ) /mcd(x1), mcd(x1)) , (d(x2, · ) /mcd(x2 ), mcd(x2))] 

sup /d(.'C1 , x) - d(:1:2, x)/ 
xE[mcd(x1)} 

attained as required. □ 

The following theorem proves the existence of an isometry from one universal space to 

another. 

Theorem 2.1.3. /5, Theorem 3.4] Let (X, d) and (X1 , d1 ) be extended metric spaces and 

if there exists a surjective function O' between X and Y . Then there exists an embedding 

between (6.x,Px) and (6.xi>Px1). 

Proof. For us to show the existence of an embedding between (6. .x,Px) and (6.x 1 ,p.x1 ), let 

the function 'ljJ : (6. x ,Px )-----+ (6..xj)Px1 ) be given by '1/J( g, A) = (go0'/0' - 1(A),0'-1(A)) . We 

now prove that 'ljJ is an isometry. Let A1 i= A2 be sets in X 1 which are closed, and since O' 

is a continous surj ective function, we have 0' -
1(A1) i= 0' -

1(A2) as subsets of X too. Now, if 

g E C(A1 ) and h E C(A2) then by the definit ion of Px , we have 

=oo 

Again, let A1 = A2 = A and .f, g E C(A), since O' is a cont inous surj ective map, we compute 
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the suprimum as follows: 

Px('l/J(g, A1), 'l/J( h, A2)) = sup lg(o-(x)) - h(o-(x))I 
xEa - 1 (A) 

= sup lg(y) - h(y)I 
yEA 

D 

If C(}0 (X ) is a set of all closed subsets of X and C(X) is a set of continuous functions on an 

extended metric space (X , d), then one has the following results. 

T heorem 2.1.4. (5, Theorem 3. 5 j Let ( X , d) be an extended metric space which is nor­

mal, and let d(g, h) = maxxE X lg (x) - h(x )I- If we defin e C(/0(X ) with the an extended dis­

crete metric, then (g , B) f--7 (gls , B) is a uniformly continuous surjective function between 

C(X) x C(}o(X) and (6.x , Px ). 

Proof. Let ¢ be a function ¢ : (g, B ) -+ (gl s , B) between C(X) x C(/0 (X ) and (6.x , Px ). To 

prove that ¢ is surjective, let us pick BE 9'0 (X) and k E C(A). Since the metric space X 

is normal, by the Tietze extension theorem (see [13, P. 49]) , there exists g E C(X) whose 

restriction to B is k, i. e. cp(g , B) = (k , B). Thus, ¢ is onto. 

To check the uniform continuity of ¢ . Let 5 > 0 and if d1 = ((g , A) , (h, D )) < min{l , o} , 
then A = D and supxEA lg(x) - h(x)I < 0. 

Px(¢ (g , A) , <i>( h, D)) = Px((glA, A), (hl A, A)) = sup IJ(a) - g(a)I < o. 
aEA 

Let M be open set in the product C(X) x C(/0 (X ) and let (s , A) E ¢ (/11) be arbitrary. Choose 

t E C(X) such that (t , A) E NI and s extends t . Since V is open, there exists I E (0 , 1) 

such that if supxEX I J (x) - g(x) I< 1 , then (g . A) E NI. We claim that the open px-ball of 

radius ~ about (s , A) lies in ¢(NI) . Let (s' , A') lie in the ball: Bpx((s, A), n = {(s' , A') E 

C(X ) x 1f0 (X) : Px((s , A) , (s' , A')) < fl c ¢ (NI). Then Px((s, A) , (s' , A')) < ~ which means 

that/\ = /\' and SUPaE A I s(a) - s'(a) I< r 
ow, choose again by Tietze extension theorem l s' E C(X) that extends s' E C(A' ) and 

define Ps' E C(X) by 

Ps' = sup {inf{g1 + ~' ]1i1 },g1 - ~ }. 

By this construction, (Ps' , A) E V and JJs' agrees with h' on A so that ¢ maps (Ps' , A) to 

( s' , A') E ¢ ( NI) as required. D 
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2.2. Bornologies in extended metric spaces 

We study and present Beer [5] 's results on metrizability of the bornological universe in this 

section. Beer wanted to know when the bornological universe (X, B) is metrizable? 

Let us start with the following definitions, and thereafter present Hu[19] 's theorem . 

D efinition 2.2 .l. Let (X , d) be an extended metric space. Then a subset A of X is called 
n 

d-bounded if A ~ LJ Bd/xj, 5j) for 6j > 0 and Xj E X. 
j=l 

ote that if (X , d) is an extended metric space, then the set of all d-bounded subsets of X 

denoted by Bd( X ) is called metric bomology. 

Definition 2 .2 .2. [5] If a extended metric space (X , d) can be partitioned into disjoint 

unions of sets { Xj : j E J} and each Xj is metrizable, t hen we can choose an extended 

metric J)j for X j and define the function d defined by 

{ 

dj(v, w) if :3i with 

d(v , w) = 
oo otherwise, 

{v w} C X ) - J 

is an extended metric of X and has { X j : j E J} as metric components. 

The next result shows that the metric bornology is proper , locally bounded and it has a 

countable base. 

T h eorem 2 .2.l. /19, Theorem 10.lj Let (X , d) be an extended metric space. Th en, the 

metric bomology Bd(X) is proper, locally bounded and has a countable base. 

Proof. Let (X, B) be metrizable and A be an arbitrary bounded set in B. Now, since 

diamd(cl(A)) = diamd(A). It means that the cl(A) is a bounded set too. Furthermore, 

the <:-neighbourhood of A is an open set that is bounded with diameter ::;diamd(A) + 2E. 

Hence B is proper. 

Let x E B be an arbitrary point . Then the E-neigbourhood Ux is a bounded open set 

containing x. Hence B is locally bounded. 

ow, to show that B has a countable base, let us choose a fixed point xo E X and let 

Gn(n = 1, 2, 3, 4 ... ) denote the n-neighbourhoods of x0 . Now we need to prove that t he 

family <.ff= {G1 , G2 , . .. } forms a base for t he bornology B. Let M be an arbitrary bounded 
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set in B and we choose a point x E M with p = d(x0 , x1) and J = diamd(M). Then d(x0 , x) :s; 
p + t5 for each x E M. Hence Mis contained in Gn if n > p + '5. □ 

The following result is the well-known Ru's Theorem. 

Theorem 2.2.2. {17, Thorem 2/ Let ((X,T), B) be a bornological universe. Then B is 

m etrizable if and only if the fo llowing three conditions are satisfied: 

(i) Th e topological space X is metrizable; 

(ii) B has a countable base, a closed base and an open base; 

(iii) For each B1 E B there is a B2 E B with cl(B1) ~ int(B2 ) . 

Proof. If B is metrizable, then axiom (i) holds. For (ii), let us pick a point s E X. For 

each n E z+, the open balls Bn(s) = {x E X : d( s, x) < n} form a countable base say 

A = {Bd(s, n) : n E z+ } for B. As for every arbitrary B E B there exists n such that 

B C Bn(s) so, cl(B) C cl(Bn(s)) C Bn+i (s) and we have (iii) . 

Conversely, assume that ( X , B ) satisfies the axioms ( i), (ii) and (iii). Since X is m t rizable 

then there exists a bounded metric 1r : X x X ---+ IR which defines the topology on X. Again 

by (i) , (ii) , (iii) , we have a characteristic function x: X ---+ IR on the bornological universe 

(X ,B). 

ow define the function d : X x X ---+ IR for very x, y E X by taking 

d( :r , y) = 1r(T, y)+ I :d x) - x(y) I • 

In fact, d is a metric on X , to prove that d defines the same topology on X , it is enough to 

show that d and 7f are equivalent. To show the equivalence, consider any point p E X and 

any q , I E JR+. Since ;\ is continuous and since 1r dcfi11cs the same topology of X , we have 

t < % for which I x(p) - x(x) I< % holds for every point x E X satisfying 1r(p ,x) < t. It 

follows that , for every x E X , 1r(p,x) < i implies 

q q q 
d(p,x) = 1r(p,x)+ I x(p) - x(x) I< t + 2 < 2 + 2 = q. 

Now if d(p,x) < t implies 1r(p,x) < t. So we have t he topological equivalence between the 

metrics 7f and d. 

To verify that the metric d defines the bornology B. Choose >, E JR+ such that 1r(x, y) < >, 

holds for every point ( :r:, y) of X x X . Let B be any subset of X . If B E B, then x( B) < T<, 

K > 0. Hence we obtain 

d(x, y) = 1r(x.y)+ I x(x) - x(y) I< >, + I< 
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for all x, y E E . This proves that Eis bounded for the metric d, implying B ~ Bd( X ). 

Conversely, assume that E E Bd( X ) which is not empty. Then there exists a positive real 

number q such that d(x, y) < q holds for all points x, y E E. Again let us choos a point 

p EE. T hen we have 

x(x) ~ x(p)+ I x(p) - x (x ) I~ x(p) + d(p, x) < x (p ) + q 

for all x E E. This implies E E B. Hence the bornologies are equivalent , that is, d defines 

the given bornology B of X and so Bd( X ) ~ B. □ 

We state the following lemma and its proof will be given in asymmetric settings in Chapter 

4. 

L em ma 2.2.1. /5, Lemma 2. 1] Given an extended metric space (X , d) and a metric bornology 

Bd( X ): 

(i) t;hc fami ly of open balls which are all finite .forms a base for the metric bornology Bd(X); 

(ii) the metric bornology Bd( X ) has a bornology of subsets of X which is relatively compact; 

(iii) If (xj) is a Cauchy sequence in X, then, the set {xj: j E z+ } is contained in Bd(X) . 

T he next two theorems prove the metrilizabiliy of the bornological universe by the extended 

metrics . 

Theorem 2.2.3. /5, Theorem 4.1] Let ( X , d) be an extended space and let B be a bornology 

on X . Then B = Bd( X ) if and only if there exists A in B such that -t- (I:(A)) = B and a 

partition {A j : j E I} of A with the following four conditions: 

(i) every partition A j of A ha a nonempty subset of X; 

(ii) for all A1 E A j, there exists A 2 E A i with cl(A 1) ~ int(A2) fo r each j E I ; 

(iii) whenever Ai E A and A j E A j for -i -I j, then Ai n Aj = 0; 

(iv) each A j has a subfami ly which is countable and cofinal in A j with respect to set inclu­

sion. 

Proof. For necessity, Let B be a bornology on an extended metric spa e X with metric 

components { Xj : _j E /} . For every _j E / , let A j = { l3d(:r:, 6) : :r; E X j, 8 > O} and let A be 
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the collection of open balls in a metric space X. Now, since a subset of X is d-bounded if 

and only if it is contained in a finite union of open balls and A is a cover of X , we have 

Axioms ( i) to (iv) hold directly with respect to the choice of A. 

Conversely, suppose the partition {A1 : j E T} of A has the above condit ions. For every 

j E I , let X 1 = UA 1. By axiom (i), each X 1 is nonempty, and by (ii), every X 1 is open. Since 

X 1 = UA 1, (iii) tells us that {X1 : j E J} is a pairwise disjoint collection that partitions X . 

Since { X 1 : j E J} are metric components and (ii) implies that it is a clopen base, we have 

that each X1 is closed and open. For each j E I , let us put B1 :=j, (~(A1)) . Because A1 is a 

cover of X1, B1 is a bornology on X1. Since the closure of a fini te union is the union of the 

closures, property (ii) holds with B1 replacing A1. Property (iii) holds as well if Bi replaces 

Ai and B1 replaces A1. Finally, if the partition A; is countable and cofinal in A1 , then ~(A;) 

is countable and cofinal in B1 and so, (iv) holds with B1 replacing A1. Thus by T heorem 

2.2 .2, for each positive j E I , there exists a metric d1 on X i such that B1 = Bd
1 
(X1). 

As j, (~ (A)) is assumed to be a cover of X , we conclude that A is a cover of X and so 

{ X1 : j E J} covered by the partition { A1 : j E I} is a cover of X . ow considering the 

extended metric in Defintion 2.2.2 , we get 

Bd(X) = LJ Bd1 (X1) = I)u1E1 B1) =J- (I )u1E1A1)) =J- (I )A)) = B . 
jE I 

□ 

Theorem 2 .2.4. (5, Theorem 4. 2 j If (X , B ) is a bomological universe with an extended 

metric X. Then, the bornology B = Bd ( X ) if and only if there is a family { B1 : j E J} of 

collections of subsets of X with the following five conditions: 

(i) for every j E I , a family B1 has at least two subsets of X together with 0; 

(ii) for all B 1 E B1, there exists B2 E B1 with cl(B1 ) ~ int(B2 ) for each j E I ; 

(iii) suppose B1 E B1 and Bk E Bk for j =I= k , then B1 n Bk= 0; 

(iv) each B1 has a subfamily which is countable and cofinal in B1 with respect to set inclu­

sion; 

(v) for all i\ E 9(X), /\ is contained in B if for each _j E / , /\ n (U B1) C B1 and for all 

finit ely many j, A n (U B1) = 0. 
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Proof. Let B = Bd(X) and {Xj : j E I} be the metric components of X. Suppose di is the 

trace of don X j x X j and set Bj := Bdi (X j ) , then; from the definition of a metric component 

of X , each Xj contains some element of X implying that each is nonempty and Bdi ( Xj) 

contains minimally the fini te subsets of X j and so, (i) holds. Properties (ii) and (iii) clearly 

hold, while (iv) is addressed in the hypothesis of this theorem. 

Conversely, If { Bj : j E I} satisfies the axioms above. Then , for all j E J, Let X j = UBj 

by condition (i) each X j is a subset of X that is not empty. By conditions (ii) and (iii) , 

{ X j : j E T} partitions X into clopen subsets of X. Next, we need to show that each family 

Bj is a bornology on Xj. 

Let us fix j E J and set~:= {B n Xj : B E B}. Since each X j = UBj, we have by (v) that 

~ is contained in Bj. Thus, ~ is clearly a base bornology on X j, since for each arbitrary 

B E B , there is an arbitrary 13 n X j E ~ with B <;: /3 n X j E ~- So, flj is however a 

bornology on Xj. Moreover, we need to show that Bj <;: ~ - Let B j E Bj be arbitrary, 

then its enough to show that B j E flj which suffices to show that Bj E B. The structure 

Xj = UBj implies Bj n X i E Bi . Taking j =I= k , condition (iii) gives B j n X k = 0, by propety 

(i), we get Bj n Xk = 0 E Bk. Now, in view of axiom (v) , Bj E B so that Bj = Bj n Xj E ~­

Hence, the family Bj is established as a bornology. By Theorem 2.2.2 , conditions (ii) and (iv) 

implies that for all j E T, there exists an extended metric dj on X j such that Bj = Bdi ( X j). 

Using the metric of Definition 2.2.2 and condition (iv) gives , we get B = Bd(X) . □ 

\!\Te now turn our attention to the uniform metrization of a bornology in the following theo­

rems. 

Theorem 2.2.5. /5, Theorem 4.4] Let (X , d) be an extended m etric space. Then, the fol­

lowing two properties are equivalent: 

(i) an extended metric d induces the countable set of m etric components; 

(ii) given an extended m etric d, there exists an extended metric d1 = min{l, d} such that 

Bdi (X ) = Bd( X ). 

Proof. Firstly, we prove that if an extended metric d induces a countable set of metric 

components, then there is an extended metric d1 such that Bd1 (X) = Bd(X). 

If d induces the set of distinct m tric components ~{m,cd(xj) : j E I} for the countable set 

I , then the set ~ { Bd(xj; m) : j E J, m E z+} is a countable base for Bd(X). For finite union 

of open balls , each bounded set is cotained in the interior of another , thus, by Theorem 2.2.2, 

there exists an extended metric d1 = min{ l , d} such that Bd1 (X) = Bd( X ). 
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We now prov that given an extended metric d1 = min{l , d} such that Bd
1 
(X) = Bd(X), 

there exist a set of countable metric components induced by d. 

Let the distinct metric components be doneted by {mcd(xj) : j E I} . If (ii ) holds then by 

Theorem 2.2.2 again, there exists an extended metric d1 such that Bd
1 
(X) = Bd(X). This 

means, Bd(X) has a countable base. Hence, I: {Bd(xj ; m) : j E I , m E z+} contains a 

countable cofinal collection in Bd(X). Since {{xj } : j EI} is a family of d-bounded sets, it 

implies that I is countable. □ 

Theorem 2 .2 .6 . {11, Theorem 9/ Let (X , d) be a metric space and (X. B) be a bornological 

universe on X. Then, the following conditions are equivalent: 

(i) The bornology B = Bd,( X) for some uniformly equivalent metric d' on the metric space 

(X,d); 

(ii) The bornology B has a countable base { Bn : n E z+} such that there exist E > 0, with 

B~ ~ Bn+l for a natural number n 

Proof. (i) ⇒ (ii): If B = Bd,(X) , Let us fix s EX. For each n EN, we defin e 

I 

Since for c < ½, [BnlJ ~ Bn+l, then Bn forms a countable base say A = {Bn: n ED} for B. 

Hence, we infer that (ii) follows from (i). 

(ii) ⇒ (i) : If XE B then we are done, since B = &(X) ford'= min{l , d} . ow if X rt. B and 

take the bounded metric d* = min{l, d}, which is uniformly equivalent to d and defining 

a new metric d' : X x X ~ IR by, d'( :t, y) = d*(x. y)+ I x(x) - >...(Y) I where x is the 

characteristic function associated to the base of the bornology. 

If d'( x, y) < E then d*(x , y) < E again using the uniform continuity of X, for every e5 > 0, 

there exists <5 > 0 such that for all x, y E X with 

d*(x, y) < <5 ⇒ d'( x, y) = d*(x . y)+ I x(x) - x(y) I< (5 + <5. 

The uniform equivalence of the two metrics follows . 

ext we show that B = Bd,(X). If BE B then it is bounded for the metric d* . Since both 

d* and d defines the some topology on X and x( B) is bounded in IR, B E Bd' ( X) this is so 

because d* and d' are equivalent. If B E Bd' (X) then t here exists a k E IR, k > 0 such that 

Vx, y E B then d'( x . y) < k. As d* is a bounded metric then x(B) is bounded in IR so then 

BE B . □ 
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Theorem 2.2.7. Let (X, d) be an extended metric space that is free union of metric compo­

nents { X J : j E I}. Then, the following two conditions are equivalent: 

(i) each set X J is second countable and locally compact; 

(ii) there exists an extended m etric d that is compact with m etric components { X J : j E I} . 

Proof. ( i) ---+ (ii): Let ( X , d) be an extended metric space that is a free union of the metric 

components { XJ : j E T} and each XJ in its relative topology is second countable and 

locally compact. Then by Vaughans Theorem (see [33]) we can find for each j E J a metric 

dj compatible with topology for X J such that each closed drball is compact. Now let the 

extended metric d induced by { dj : j E I} on X be defin d as of Definition 2.2.2, then each 

closed and d-bounded subset must lie in a fini te union of compact closed balls and i thu 

compact. 

( ii) ---t ( i): Suppose there exists a compact extended metric d with metric components 

{XJ : j E I}. Iow, if each XJ is closed , then the restriction of d to XJ x XJ is compact too. 

Again by Vaughan's theorem, we get (ii). □ 

Vie next define the notion of the weakly bounded set. 

D finition 2.2.3. Let (X , d) be an extended metric space, a subset A of X is said to be 

weakly bounded if its intersection with each metric component is bounded. V/e denote the 

bornology of d-w akly bounded sets by Bd (X). 

Theorem 2.2.8. (5, Theorem 4.6/ Let (X , d) be an extended m etric space. Th en, the fol­

lowing conditions are equivalent: 

(i) all the finitely many metric components for an extended m etric d are d-bounded; 

(ii) for every extended metric d there exists an extended metric d1 = min{l , d} for which 

B;f (X) = Bd1 (X). 

Proof. (i) ⇒ (ii): Suppose (X, d) is an extended metric space and {mcd(xJ) : j E /} be its 

metric components and let 11 ~ J be those indices for which mcd(xJ) E Bd(X). Then, we 

hav 
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to be a countable base for Bd(X) . The closure of each weakly bounded subset is in the 

interior of another. By Theorem 2.2.2 , there exists an extended metric d1 = min{l , d} for 

which B;J(X ) = Bd1 (X). 

( ii) ⇒ ( i): Vl e prove by contradiction. Suppose there exists a countably infinit e et of indices 

{jk : k E z+ } for which mcd(x1k) is not d-bounded . F ix s EX to get {Bd1 (s; m) : m E z+ } so 

that it is cofinal in Bd(X). For each k E z+ there exists A k E Bd(X ) such that A k E mcd(x1k) 

and Ak ct. Bd1 (s; k). Then u;;:1 Ak LJ { Xj : J E I} is weakly d-bounded but it is not contained 

in any di-ball with center s. This is a contradiction, since we have a countably infinite scL 

of indices {jk : k E z+} for which the set mcd(x1k) is not d-bounded. □ 

Theorem 2.2.9. /5, Theorem 4-4/ Let (X , d) be an extended metric space that is a free union 

of { X 1 : j E I} . Then, the follo wing properties are equivalent: 

(i) the set I is finite and the space X is locally compact and second countable; 

(ii) there exists an extended m etric d with metric components { X 1 : j E [} such that each 

closed and weakly bounded subset is compact. 

Proof. (i) ⇒ (ii) : If the set J is fin ite, then for R.ny extended metric d with metric components 

{X1 : j E /} , we have Bd(X) = Bd(X). Each open subspace of a locally compact and second 

countable space has the above conditions. Thus by T heorem 2.2.7, we get (ii) 

( ii) ⇒ ( i) : If there exists an extended metric d with metric components { X1 : j E I} such 

that each closed and weakly bounded subset is compact, then J is finite, otherwise choosing 

~r;1 E X1, the discrete set {X1 : j E I} would be closed and weakly d-bounded but not 

compact. Again with B:l (X) = Bd(X) and noLing that a free union of finitely many second 

countable spaces is second countable, one gets (i) by Theorem 2.2.7 again. D 

Bornologies also play a vital role in extended normed spaces . Let us r alise this concept in 

the next section. 

2.3. Bornologies of extended normed spaces 

In this section, we summarize the concept of bornologies in extended normed spaces studied 

by Beer[6] . 

W start this section with some basic concepts of normed spaces from Beer[8] 's paper. 
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Definition 2.3.1. [8] Let (Y. II · II) be an extended normed space. Then for any x, y, E Y , 

we define a relation En on Y by x En y provided llx - YII < oo. 

Lemma 2.3.1. Suppose (Y, II · II) is an extended normed space, then the relation En is an 

equivalence relation on Y. 

Proof. Let x E Y , since Y is a normed space, we know that llx - xi i = 0 < oo and x En x . 

To show that Ep is symmetric: Let x, y E Y and since 11.-r - yJI = IIY - xi i < oo thus, x En y 

and yEnx. 

Transit ivity of this relation: Suppose we have x En y and y Enz for x, y , z, E Y then II x - YII < 
and IIY - zll < oo. By the triangle inequality, it is easy to see that En is transitive. 

□ 

D efinition 2 .3 .2. Let (Y, II· II) be an extended normed space and y E Y . Then the equiv­

alence class of y on Y denoted by y / En is a closed and open subset of Y called metric 

component of Y. 

D efinit ion 2.3 .3 . Let Y be a linear vector space. Each equivalence class is a translate of 

a linear subspace of Y defined by Yfin = {y E Y : IIY II < oo }. Evidently, (Ytin, II · II) is a 

convention normed linear space. 

Let Y be a linear vector space and A C Y. We call a translate of A a fiat. The set of all th 

flats which are determined by a subspace A is denoted by {y + A : y E Y} . 

R emark 2 .3 .1. [6] The coll ection of fl ats {y + Yr; 11 : y E Y} partition Y into clopen subsets 

of Y. For a fixed y0 E Y, t he flat y0 + Yfin is the equivalence class of x 0 und r the equivalence 

relation En and we call it the metric component of y0 . 

If (Y, II · II) is a conventional normed space and A is a closed subspace of Y , then IIY + All = 
inf{ IIY + nll : n E A} defines what is call ed a quotient norm on Y /A. We say a nonempty 

subset A of Y is Y *-bounded if ¢ E Y * and ¢(A) is a bounded set of real numbers . 

D efinition 2.3.4. Let Y be a linear vector space. If A and B are two subspaces of Y, we 

write Y = A E9 B provid d each element of Y can be wri tten in a unique way as a+ b where 

a E A and b E B. In this case A and B are called complementary subspaces. 

For a normed space (Y , II · II) , th normed space (Y , II · !Ir) is called finitely compatible norm 

on Y whenever (Y, II · llr) is a conventional norm on Y and when restricted to the subspace 

Yfin, (Y, II· llr) and (Y, II · II) are equivalent conventional norms. 

2G 



Chapter 2 

D efinition 2.3.5. [8 , Definition 4.2] Let (Y, II · II) be an extended normed space. We call a 

subset A of Y bounded if there exists {y1 , Y2 , ... , Yn} ~ Y and {,\1, >-2, A3, ... , >-n} ~ (0 , oo) 

with A ~ ur= l Bd(Yi, >.i)-

The next result proves the relatively compactness of a non empty set. 

Theorem 2.3.1. /6, Theorem 4/ Suppose (Y.11 · II) is an extended normed space and M is a 

nonempty subset of Y. Th en the subspace M is relatively compact if and only if there exists 

a normed compact subset A C Yfin and some finite subset {Y1 , Y2, y3 . .. Yn} of Y such that 

MC A+ {Y1 , '.'/2, Y3 · · · Yn}-

Proof. The forward proof can be easily seen. Conversely, let M be a nonempty subset of a 

normed space Y and let Ao be a normed compact superset of M. Since Ao is compact and 

using Remark 2.3 .1, {y + Yfiu : y E Y} is an open cover of A0 , which means there exists a 

finite family !(j = {yj + Yfin : 1 ::::; _j ::; m } that covers A0 and each fiat hits A0 . ow, let 

Cj = Kj n Ao be normed compact set too. Then UJ~1 (-yj + Cj) is a normed compact subset 

of Yfin, thus 

m 

MC Ao C + LJ (-yj + Cj) + {y1 , Y2 , Y3 .. . y,i}. 
j=l 

Let us consider the following observation about linear functionals which are continuous. 

D 

Proposit ion 2. 3 .1. /6, Proposition 1} Let (Y1, II · Iii) and (Y2, II · ll2) be extended normed 

spaces and F : Y1 ~ Y2 be a linear trans.formation, and II · IIT be finitely compatible norm 

on Y. If F: (Y1 , II· IIT) ~ (Y2, II· ll2) is continuous, then F: (Y1 , II · Iii) ~ (Y2 , II · ll2) is 

also continuous. 

Proof. (See [6 , Proposition 1]). D 

Proposit ion 2.3.2. /6, Proposition 2/ Let (Y. 11 · II) be an extended normed space so that 

Y/ Yfin becomes a finite dimensional, and let II · IIT be a finit ely compatible norm on Y. Then 

the follo wing conditions are equivalent: 

(i) The norm II · IITi is equivalent to II · liTc,
0 

on Y where II · IITi is defined by expressing Y 

as direct sum Y = Yfin EB N where N is finite dimensional and let us fix a norm II · IIN 
and then letting IIY + nllTi = IIYII + llnllN for y E Yfin and n EN . 
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(ii) Yfin is a II · !IT-closed set in an extended normed space Y. 

(iii) Th e functionals on (Y, II · IIT) and (Y, II · II) are continous and coincide. 

Proof. (i) => (iii): It is known from Proposition 2.3.1 that if¢ is continuous on (Y, II · IIT 

then it is continuous on (Y, II · II). Conversely, suppose the function ¢ E Y' is continuous 

on (Y, II · II). Then ¢ is bounded on {y : IIYII S 1} and because ¢ is linear on the finite 

dimensional space N, it is bounded on {n E N : IIYIIN S l} . Therefore, ¢ is bounded 

on {y + n : II YII + llnllN S l}. Consequently ¢ is continuous on (Y, II · IITi), and thus also 

continuous on (Y, 11 · IIT)-

(iii) => (ii): Suppose Yo E Y \ Yfin· Then there exists ¢ E Y such that ¢( Yfi 11 ) = {0} and 

<b(yo) = 1. Then ¢ E Y *, since ¢1Ycin is continuous (see [8, Theorem 4.3]). Condition (iii ) 

then implies <P is continuous with respect to II · IIT and so Yfi11 is II · !IT-closed. 

(ii) => (i) : Assume (ii) holds , and set Y = Yfin EB N as in (i) . Because II · IIT is finitely 

compatible and since all norms on N are equivalent , by t riangle inequality, we see that 

II · IIT S ,II · IIT1 for some , > 0. Now suppose there is no constant /3 > 0 such that 

/311 · IITi S II · IIT , Then there exists a sequence (an) C X such that llanllT ---+ 0 but 

JlanllTi = 1 for all n . Tow let us write n n = Y n + Sn where Yn E Yfin and Sn E N for all n. 

Since llsnllN S 1 for all n, by passing to a subsequence, we may assume (sn) ---+ y for some 

y E N. ow, because Yfin is II · !IT-closed, by the conventional separation theorem, we can 

choose a linear functional ¢ with 11</JIIT S 1 so that ¢ (Yfin) = 0 and ¢(y) > 0. □ 

We now study the X*-bounded subsets in the following lemma. 

Lemma 2.3.2. /6, Lemma 2/ Let (Y. II· 11) be an extended normed space and Ct/:. Yfin be Y*­

bounded subset of Y. Then there is a maximal linearly independent subset { c1, c2, c3 ... en} 

of C such that for all ·i Sn, llcill = oo and 

Proof. Let C (/:. Yfin be Y*-bounded subset of a norm d space Y and let us consider B = 
{B : Bis a linearly independent subset of C that span (B) n Yfin = {0y} }. Since Chas an 

element of infinite norm, B is nonempty and by Zorn's lemma, B has a maximal element 

B1. If B1 is infinite, then we can get a linear functional ¢ on Y mapping Yfin to 0 and Bi 

to z+. Since¢ is continuous when restricted to Yn 11 , it means¢ is also continuous on Y by 

[ , Theorem 4.3 .]. Clearly, ¢ is not bounded on C, contradicting Y*-boundedness. 

ow, if B1 = { C1, c2, C3 ... en }, then by construction, we get Yfin + span ( { C1, C2, C3 ... en }) 

= Yfin EB span({c1, c2,c3 ... Cn }). To see that CC Yfin +span({c1 ,c2,c3 ... Cn}), let c EC 
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be arbitrary. It is either c E Yfin or c E span (B1 ). Otherwise c has infini te norm and Yfin 

nontrivially intersects (B1 U { c}) which allows us to express c as a linear combination of some 

nonzero element of Yr, 11 and elements of B1 . □ 

The next theorem presents a construction of Y * -bounded set. 

Theorem 2.3.2. /6, Theorem 5) Let (Y, II· II) be an extended normed space, and suppose we 

have a nonempty set C C Y . Then C is Y * -boun ded if and only if there exists a ball V in 

Yfin and a polytope P in Y uch that C C V + P. 

Proof. Suppose C is an Y*-bounded subset of Y. If C is a subset of Yfin , then we can use t he 

conventional theory to have the results. Otherwise, by L mma 2.3.2 w know that C c X 

where the subspace X can be written as X = Yfin CD N where N is a finite dimension al 

subspace of Y. Text, we let X be the finitely compatible norm II · II T defined as follows . For 

x E X , we write x = y + n with y E Yfin and n E N and let us define llxllT = II YII + llnllN 

where II · IIN is a norm on N . By Proposition 2.3.2 , any <I> E X' that is continuous with 

respect to II · IIT can be written as <I>= ¢Ix where ¢ E Y *. Thus C is (X, II· IIT)*-bounded . 

Let (X1 - II· IIT) be the completion of (X , 11 · IIT)- Then (Xi , 11 · IIT)* = (X, 11 · IIT)* and so C 

is weakly boun<led in the Banach space (X1 , II· II T)*. By the Banach-Steinhaus theorem, we 

get C as II · !IT-bounded. Because N i. finiLe dimensional , any bounded subset of N lies in 

a polytope and CC V + P where V is a ball in Yfin and Pis a polytop in N . 

Conversely, suppose C C V + P where V is considered as a ball in Yfi 11 and P is a polytope. 

Then C is a subset of some subspace Yfin C X such that X / Yfin is finite dirnensioual. Next, 

we write X = Yfin 6 N and let the fini tely compatible norm be II · IIT on Yfin EB N. It follows 

that C is 11 · IIT-bounded in X. Thus, given any¢ E Y * and using Proposit ion 2.3.2 , we have 

that ¢Ix is continuous with respect to II · IIT- Thus, ¢( C) is bounded for every ¢ E Y *. □ 

Theorem 2.3.3. /6, Theorem 6) Let (Y , II· II) be an extended normed space. If J1 is a subset 

of Y which is not empty. Then the set A is relatively weakly compact if and only if there 

exists a weakly compact set D C Yfin and a polytope S such that A C D + S. 

Proof. If A C Y is a relatively weakly compact . Then A C U where U is weakly compact. 

As proved in Theorem 2.3.2 and Lemma 2.3.2 , we know that U C X where X = J'fi 11 EB N 

and N C Y is a finite dimensional set. Let h1 : X --+ X and h2 : X --+ X be proj ctions 

such that h1 (X) = Yfin and h2 (X) = N. Using [8, Theorem 4.3], we know that h1 and h2 

are continuous on X , t his is because they are continuous at Ox. Now, for any ¢ E X*, 

¢ o h1 and ¢ o h2 are cont inuous linear functions on X , and then we can check that h,1 and 

h2 are continuous. T herefore, h1(U) C Yfin and h2(U) C N are compact sets, and U C 
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h1 (U) + h2 (U). Lastly, h2 (U) is normed compact set in N, because N is finite dimensional 

subspace , and so h2 (U) is a subset of some polytope S. T he converse part can be done 

using the similar argument . D 

The above theorem leads us to the following corollary that we will just state without proof. 

Corollary 2.3.1. If (Y, II · II) is an extended normed space such that Yfin is refl exive. Then 

a subset of Y is Y * -bounded if and only if it is relatively weakly compact. 

Let us consider a bornology formed by the weakly compact bounded sets in the next theorem. 

Theorem 2.3 .4 . Let (Y , II · II) be an extended normed space. Then the bornology of nonempty 

subsets of weakly compact bounded sets is given as: 

{ B =/ 0 C X such that ':JM C Yfin weakly compact and a finitely set T with B C J\J + T}. 

Proof. If B is weakly compact and bounded, then B is contained i11 a fi11i tc uni01J of balls 

and thus, we have Y1 + Yfin : Y2 + Yfin· . . . , Yn + Xfin wher , we assume Yi E B for i::; n. Since 

flats are weakly closed, it means that fo r each i ::; n, B n (Yi + Ytin ) is weakly compact . 

Put Ki = (B n (Yi+ Yfi 11 )) - Yi ; then T<i is a weakly compact subset of Y fin and we have 

B C (Uf=1HJ + {x1, X2, ... , Xn} as required . 

Conversely suppose B c M + T where M is a weakly compact subset of Yfin and T = 
{ x1 , x2 , ... , xn }. For all i ::; n , Xi+ M is weakly compact and so M + T = Uf=1 (xi + K ) is 

weakly compact. 

D 
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Universal space for extended 

quasi-metric spaces 

In this chapter, w present our own results. We generalize the construction of the universal 

space of extended metric spaces in t he sense of Beer [5] to extended T0-quasi-metric settings. 

Our universal space is a set of (J, A) wher J is a real-valued continuous function on a 

p5 -closed set A. 

3.1. Quasi-metric components 

This section presents the concept of quasi-metric components, thereafter we use them to 

construct our universal space in the next section. 

D efinit ion 3 .1.l. Let (X , p) b an extended T0-quasi-metric space. Then for any x , y , E X , 

we define a relation R p on X by :r: R P y provided p(.7:, y) < and p(y, .7;) < oo . 

The next Lemma will show that the above relation is actually an equivalence relation. 

Lemma 3 .1. 1. If (X , p) is an extended T0 -quasi-metric space, then the relation R P is an 

equivalence relation on X. 

Proof. Let p(x, y) < oo and p(y , x) < oo and let x E X , we get p(x, x) = 0 < oo and x R P x, 

implying t hat R P is reflexive. 

To show t hat R P is symmetric: Let x , y E X and x R P y if and only if p(x, y) < which 

means y R P x and p(y , x) < if and only if y R P x . 

Lastly, the transitivity of this relation: Suppose we hav x R P y and y R P z for x, y , z . E X 

t hen q(x, y) < and p(y, x) < 
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By triangle inequality, we have x R P z, hence R P is transitive. Therefore, R p is an equivalence 

relation on X. □ 

ote that if p = p- 1
, then the relation R P is exactly the equivalence relation from Lemma 

2.1.1. 

D efinition 3.1.2 . Let (X ,p) be an extended T0-quasi-metric space and x EX. Then the 

equivalent class of x on X denoted by q1ncp(x) is called quasi-metric component of X. 

R emark 3.1.1. For any extended quasi-pseudometric space (X, p) we have mcd(x) C 

qmcp(x) , where mcd(x) is a metric component mentioned in Definition 2.1.1. 

We next define a quasi-metric on the set of continuous functions. 

D efinition 3.1.3. Let C(X, p) be the set of continuous functions on (X ,p) , then Q 

C( X , p) x C(X ,p)-+ JR defined by 

Q(J,g) = sup 1t(f (x ).g(x)) 
xEX 

is a T0-quasi-metric , whenever .f, g E C( X , JJ) and 11, is standard T0-quasi-metric in Example 

1.1.3. 

Remark 3.1.2. Let Cb(X , p) be a set of continous functions which are p5 -bounded on (X ,p) . 

If we define a restriction function by Q' = Qlcb(X,p) then the space (Cb(X,p), Q') is a T0-

quasi-metric space. 

vVe define an isometric embedding from the T0-quasi-metric space to the space (Cb( X ,p) , Q') 

in the next lemma. 

Lemma 3.1.2. Let (X,p) be T0 -quasi-metric space and Let a E X be fixed and for any 

b E X, the map 1r : (X ,p) -+ (Cb( X ,p) ,Q') defined by 1r(b) = p(b ,x) - p(a,x) is an 

isometric embedding. 

Proof. We need to show that if s , s' E X then Q' (1r(s ), 1r(s1
)) = p(s , s'). 

Tow let s,s' E X . It follows by Defini tion 3.1.3 that 

Q1(1r(s) ,1r(s1
)) = supu[(p(s,x) - p(a,x)) ,u(p(s' ,x) - p(a,x))] 

xEX 

= sup u[p(s, x), p(s' , x) ] 
xEX 

= p(s , s' ). 

□ 
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3.2. Construction of the universal space 

We now construct and study our own universal space for an extended T0-quasi-metric space 

in this sect ion. It is important to note that our universal space generalizes t he universal 

space of an extended metric space discussed in Chapter 2. 

Let (X , p) be an extended quasi-pseudometric space and A C X , we denote the set of 

continuous functions on A by C(A ,p) and a set of closed subsets of X with respect tops by 

?fo(X , ps). 

D efini t ion 3.2.l. Given a set 6 cx ,p) = { (f , A) J E C(A, p) and A E ?f0 (X , ps) }. We 

define an extended quasi-metric II on 6 (X,p) by 

{ 

SUPxEA u[f(x ),g(x) ] 

H ((f , A) , (g, B )) = 
oo if A =I= B . 

if A= B 

The set (6 cx,p) , H ) is called t he universal space of an extended T0-quasi-metric space (X , p). 

Recall t hat u used above was defined in Example 1. 1.3. 

R em ark 3.2 .l. If we replace supxEA u[J( x) ,g(x)] by supxEA l(J(x) - g(x )I in the above 

definit ion , then we get 

s - { supxEA l(I(x) - g(x) I 
H ((J.A) , (g,B )) -

oo if A =I= B , 

if A= B 

which is equivalent to t he metric ment ioned in Defi ni tion 2. 1.3. 

Note 3.2.l. We point out t hat our universal space is different from the one done by Agyingi, 

Haihambo and Kunzi in [l ]. This is because their universal space is a set of real-valued 

functions which are bounded , but our universal space is a set of (J, A) where f is a real­

valued cont inuous function on ps-closed set A. 

The next result generalizes Theorem 2.1.2 to quasi-metric point of view. 

Theorem 3.2.l. (Compare Theorem 2.1. 2) Let (X;p) be an extendedT0 -quasi-metric space. 

Then the function <D from (X , p) to (6. (X,p), I-I ) defn ed by <D (x ) = (p (x , ·)lqmep (x) , qmcp(x )) 

whenever x E X is an isometry. 
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Proof. In order for us to show that cf? is an isometry (preserving function) , we need to show 

that H (<f?(x) , <f?(y)) = p(x , y) for all cases, whenever x, y EX. Let x, y E X such that x-/= y. 

Let us consider some cases: 

Case 1: If p(x , y) = oo, p(y, x) = oo and qmcp(x)-/= qmcp(y). T hen 

Case 2: If p(x, y) = oo, p(y, x) < oo and qmcp(x) -/= qmcp(y). Then 

H (<f?(x), <f?(y)) = H [(p(x, ·)lqmcv(x), qmep(x)) , (p(y, ·)lqmep(y), qmcp(y))] = 00 = p(x , y) . 

Case 3: If p(x, y) < oo, p(y, x) = oo and qmcp(x)-/= qmcp(y). Then 

H ( <f? (x), <f?(y)) = H [(p(x, ·) lqmcv(x), qmcp(x))), (p(y, ·) lqmep(y), qmcp(y) )] = oo = p(x , y). 

Case 4: If p(x, y) < oo and p(y, x) < oo, then we have qmcp(x) = qmcp(y). We need to show 

that H (<f?(x), <f?(y)) = p(x , y). 

For each x E [qmcp(x)] = qmcp(y) , we get 

Tow let us fix a E qmcp(x) = qmcp(y) and by triangle inequality the suprimum of (p(x , a) -

p(y, a)) cannot exceed p( x, y), thus 

H (<f?(x), <f?(y)) = H [(p(x , a)lqmcp(x), qmep(x))), (p(y, a)lqmcp(y) , qmcp(y))] 

sup u[(p(x , a) , p(y, a))] 
aE[qmcp(x)] 

= p(x , y). 

Thus, we have Tl ( <I> Cr) , <I> (y)) = 77( :r , y). In all the cases, we have been able to show that 

H(<I>(x) , <f?(y)) = p(x , y) , thus cf? is an isometry. □ 

Example 3.2.1. L t (X , p) be an extended T0-quasi-metric space. If A E 9 0(X) and we 

set 9A(x) = dist(A ,x) whenever x EX. Then 9A : (X ,p-1)----+ (IR. ,u) is a nonexpansive 

map . Furthermore, PH(A, B) = Qp(9A , gs) whenever A, B E Y'o(X). ote t hat the map 

PH(A , B) is the extended Hausdorff quasi-pscudometric on 9 0(X) . 
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The following proposition is an asymmetric version of Theorem 2.2. 7 and illustrates how a 

Hausdorff space can be embedded into the universal space. 

Proposition 3.2.1. (Compare Theorem 2.2. 7} Let (X ,p) be an extended T0 -quasi-metric 

space and Co(X, p) be the set of all T(p)-clos ed subsets of X. Then for each extended T0 -

quasi-metric p on X the space (C0(X) , PH) can be embedded in (.6. p:-,p), H). 

Proof. First we chooses in X , which will remain fixed throughout this proof and let A and B 

be sets in ~o(X) and let g: (~o(X),PH) ~ (.6.p;,p),H) be the map defined by g(A) = Ua, A) 

where f a (y) = p(y, a) - p(y , ) . We need to show that g is an isometry. 

Case 1: Let A =/= B, then H (g(A),g(B)) = = PH(A,B) 

Case 2: Tow, let y E A = B. Then 

T! (g(ll) ,g(/3)) = II (Ua, 11) , (lb , 13)) 

= sup tl[fa(Y), fb(y)] 
yEA 

= supu[p(y , a) - p(y, s), p(y, b) - p(y , s)] 
yEA 

= sup u[p(y, A) , p(y, B)] 
yEA 

= PH(A, B). 

In either case, we have shown that H(g(A), g(B)) = PH(A, B), thus g is an isometry. D 

1 he theorem below provides the bicompleteness of our universal space. 

Theorem 3.2.2. (Compare Theorem 2.1.1} Let (X , p) be a extended T0 -quasi-metric space. 

Then (.6.(X,p), H) is a bicomplete extended T0 -quasi-metric space. 

Proof. The extended metric space ( .6.(x,p), H s) is the universal space of Section 2 which is a 

complete extended metric space by Theorem 2.1.1. Now, since H ~ H s (see Definion 3.2. 1 

and Remark 3.2.1) , we therefore conclude that the universal space (.6.(x,p), H) of an extended 

'10-quasi-metric space (X, p) is bicomplete. D 

Th next result generalises Theorem 2.1.3 in the framework of quasi-metric settings. 

Theorem 3.2.3. (Compare Theorem 2. 1.3} Let (X,p 1 ) and (Y,p2} be extended T0 -quasi­

metric spaces and suppose there exists a continuous surjection cp from (X, Pi) to (Y, P2) . 

Then there exits an isometry from (.6. (Y,p2 ), f-!2) into (.6.(X,pi), H1). 
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Case 1: Let A1 -=I= A 2 be two T(p~) -closed subsets of Y and f , g E C( A , p2 ) , and since <p is 

a continous surjective map, we have cp- 1 (A1 ) and <p- 1 (A 2 ) as two different T(PO nonempty 

closed subsets of X as well . Then by Definition 3.2.1, we have 

= CX) 

Case 2: ow, let /1 1 = A2 = /I and f , g E C(A. p2 ) , since <p is a continous surjective map, 

<p- 1 (A) is T(PO closed subset of X, t hus by Defini tion 3.2.1 again we get 

H1(( '-Ji(.f , A), \JJ(g , A))= Hi[((.f O So) l'P l(A), <p-
1 (A)), ((g O So) l'P l (A), <p -

1 (A))] 

sup 'u[(I o <p)(x), (go <p)(x)] 
xEcp - 1 (A) 

= sup u[f(y),g(y)] 
yEA 

Since J-1 1 (( \JJ(f. A1 ) , \JJ (g , A2 ))) = J-12 ((!, Ai) , (g, A2 )) for all the cases. Thus, \Ji is an isometry 

from (6 (Y,JJ2), TT2 ) into (6 (.x,p,), /11). □ 

The following corollary compares the universal spaces of p and p-1
. 

Corollary 3.2 .1. Let (X ,p) be extended T0 -quasi-m etric space and suppose there exists a 

continuous identity surjection map </> from (X ,p) to (X,p- 1
). Then there exists an isometry 

from (6(.x,p) , H 1) into (6 (.x,p 1), F-f11
). 

Proof. It can be easily seen by defining an identity map and letting p = P1 and P2 = p in 

the above t heorem. □ 
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Bornology of extended quasi-metric 

spaces 

In this chapter, we start our own investigations on bornologies in quasi-metric spaces. \/1/e 

present two separate characterizations of a bornology on quasi-metrizable and uniformly 

quasi-metrizable spaces. Our study has been inspired by the fact that being bounded on 

p or p-1 does not necessary mean bounded on p8
. For example, a nonempty set A can be 

p-bounded but not p8 -bounded (See Remark 4.1.2). 

4.1. Bornology of quasi-metrically bounded subsets 

In this section , we recall some definitions and prove some results of bornology of quasi­

metrically bounded subsets. 

D efini t ion 4 .1.1. Let (X,p) be an extended T0-quasi-metric space. An arbitrary subset 

A of X is called p-bounded if and only there exists x E X , r > 0 and s > 0 such that 

A~ Bp(x ,r) n Bp-i(x , s). 

Note that in the above definit ion , one can replace .11 C Bp(x, r) n Bp-1 (x, s) with Jl C 

Cp(x, r) n GP 1 (x , ). 

The following definition is equivalent to Definition 4.1.1 above. 

D efinit ion 4 .1.2. Let (X ,p) be T0-quasi-metric space, then a nonempty set A~ Xis said 

to be p-bounded if for all x , y E J\ there exist k > 0 such that p(x, y) < k. 

R em ark 4. 1.1. It is well known from Definition 1.2.1 that a bornology on a seL X is a 

family B of subsets of X that forms a cover of X and it is stable under inclusions and finite 
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unions . As in metric point of view, we denote Bp(X) the bornology of all p-bounded subsets 

of X and call it quasi-metric bomology . 

D efinition 4.1.3 . ([30 , Definition 2.1]) Let (X ,U ) be a quasi-uniform space and A ~ X. 

The set A is said to be bounded if for any U EU, there exists n E N and a finite subset P 

of X such that A ~ un[F], where 

U[F] = {y E X : there exists f E F such that (J, y) E U}. 

It has been observed in [30] that if a set is bounded in the sense of the above definition , then 

it is also bounded in the metric sense. 

R emark 4 .1.2. [30 , P.370] It is easy to see that if a set is ps-bounded, then it is p-bounded 

but the converse is not true. For example, let us equip [0 , l] with the T0-quasi-metric in 

Examplel.1.2 . If U is the quasi-uniformity generated by p on [0 , l] and u - 1 is the conjugate 

quasi-uniformity of U on [0 , l]. Then ([0, l],U) and ([0 , 1i,u- 1
) are bounded but ([0 , l],Us) 

is the discrete uniform space and it is not bounded . 

From the above remark , we have the following observation. 

Lemma 4.1.1. Suppose (X , p) is an extended T0 -quasi-metric space. Then, the following 

statements hold: 

{i) Bp' (X) ~ Bp(X) 

{ii) Bp• (X) ~ B p - 1 (X) 

Proof. (i) Let A E BP, (X), then A is ps-bounded. This simply means that A is also 

p-bounded. Thus, A is a member of Bp(X). 

(ii) By similar arguments, we have that Bp•(X ) ~ B P- 1 (X). 

□ 

We now compare the quasi-metric bornologies of p and p- 1 in the next lemma. 

Lemma 4 .1.2 . Let (X. JJ) be a T0 -quasi-metric space. Then B p - 1 (X) is bomologically equiv­

alent to Bp(X). 

Proof. Since any subset A of X is p-bounded if and only if it is p- 1 bounded. D 
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R emark 4 .1.3. The metric bornology Bps (X ) is equivalent to a metric bornology reviewed 

in Section 2.2. However , we are going to fo cus on Bp(X ) since Bp-1 (X ) is bornologically 

equivalent to Bp( X ) by Lemma 4.1.2. T herefore, every result of Bp(X ) is applied to BP-1 (X) . 

D efinit ion 4 .1.4 . Let (X , p) be a T0-quasi-metric space and Bp(X ) be its quasi-metric 

bornology. We define clT(p) (Bp(X )) and int T(p) (Bp(X) ) by 

clT(p) (Bp( X )) = { clT(p) B : B E Bp(X) } and intT(p) (Bp(X) ) = { intT(p) B : BE Bp( X )} 

respect ively. 

D efin ition 4 .1.5 . (Compar [19, Definition 3.1]) Let (X , p) be a T0-quasi-metric space and 

Bp(X ) be its quasi-metric bornology. Then we say 

(i) Bp(X) is T(p)-closed if Bp( X ) = clT(p) (Bp(X )); 

(ii) Bp(X) is T(p)-open if Bp(X ) = intT(p) (Bp(X)) . 

The above definition leads us to the fo llowing propositions . 

Proposition 4 .1. 1. Let (X, p) be a quasi-metric space. Then the fo llowing conditions are 

equivalent: 

(ii) Bp(X) is T(p)-closed; 

(ii) Bp(X) is generated by clT(p) (Bp(X) ); 

(iii) If B E Bp(X ), then c~(p) B E c~(p) (Bp(X)). 

Proof. ( i) ==> ( ii) : Suppose Bp(X ) is T(p )-closed , then by Definition 4. 1.5 Bp(X ) = clT(P) ( Bp(X)) . 

1 ow if B is T(p)-closed and T(JJ)-bounded, then B = clT(p)B E clT(P) (Bp(X )) . Morever , 

B = clT(p)B E { clT(p)B : B E Bp(X )} , 

which follows that Bp( X ) is generated by clT(p) (Bp(X )) . 

(ii) ==> (iii) : Suppose (ii) holds. Let B E Bp(X ), then, there exists a T(p)-closed and 

T(p)-bounded set A such that B ~ A. Hence clT(p) B ~ A E Bp( X ). 

(iii) ==> (i) : Vve only need to show that clT(p)B E clT(P) (Bp( X )) ~ Bp(X ) since the other 

inclusion is obvious. But since every T(p)-closure of every T(p)-bounded is T(p)-bound d, 

thus we have clT(p)B E clT(p) (Bp(X)) ~ Bp(X ). □ 
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D efinition 4 .1.6. [31, Definition 1.7 ] A bornological bi-universe (X , To, Ti , B) is called 

quasi-metrizable if there exists a quasi-metric p on X such that To = T(p) , Ti = T(p- 1) and 

B = Bp(X). 

Recall that if (X, d) is an extended metric space and Bis a bornology in X , then a bornolog­

ical universe (X, T, B) is metrizable if there exists a metric d on X such that B = Bd(X) 

wh re Bd(X) is a metric bornology. ow in quasi-metric settings, we say that (X , T , B) is 

quasi-metrizable if there exists a quasi-metric p on X such that B = Bp(X). 

\i\Then we consider R The topology u = { 0, IR.} U { ( -oo, a) : a E IR.} in IR. is called the upper 

topology and the topology l = {0, IR.} U {(a, +oo) : a E IR.} in IR. is called the lower topology. 

The following is an example of bornologies in R 

Example 4 .1.1. [31] Consider the real line R Then 

U B(IR.) = { A <;;;; IR. : There exists r E IR. such that A <;;;; (-oo, r)} 

and 

LB(IR.) ={A<;;;; IR. : There exists r E IR. such that A<;;;; (r, + )} 

are bornologies in R 

D efinition 4 .1.7. [31, Definition 4.1] Let (X ,T0',Tf) and (Y,T{,T{) be two bitopological 

spaces. A function .f : X ---+ y is called bicontinuous with respect to ( Tt) Tf l T{ ) Tn if 

whenever i E {O, 1}. 

Definition 4 .1.8. [31 , Definition 4.2 ] Let (X , To , T1) be a bitopological space. Then a 

(To , T1)-characteristic function for a bornological universe (B, X), is a bicontinuous function 

g: (X ,T0,T1)--+ ([0,+oo) , u, l) such that 

B = {A <;;;; X: max{g(x): x EA}< +oo }. 

V./e give the following example to illustrate the above definitions. 

Example 4.1.2. ([31, Fact 4.3]) Let (Y,p) be a T0-quasi-metric space and let c E Y. 

Then the function g : (Y, T(p) , T(p- 1)) --+ ( [O , +oo) , u, l ) defined by g( x) = p( c, x) whenever 

x E Y is bicontinuous. 
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Let (X, p) be a extended T0-quasi-metric space. Then p is said to induce a bornological 

bi-universe (X , To , Ti , B) if To = T(p ), Ti = T(p-i) and B = Bp(X). 

D efini tion 4 .1.9. Let (Y, To , Ti) be a bitopological space. A bornology B on Y will be called 

(To , Ti)-proper if for each A E B, there exists E E B such that cl70 (A) ~ int 7 1 (E). 

Proposition 4 .1.2. Let (Y, To , Ti ) be a bitopological space and ((Y, To , Ti) , B) be a bomological 

bi-universe . If ( (Y, To , Ti ), B) is quasi-metrizable, then there exists a ( To,Ti)- characteristic 

function for the bomology B . 

Proof. Let a E Y and any extended T0-quasi-metric p such that p induces the bornological 

biuniverse ((Y, To , Ti ), B). Then, by Example 4.1.2 , a (To , Ti)-charact eristic function for Bis 

the function g: Y ~ JR where g(x) = p(a , x) for x E Y. □ 

Proposition 4.1.3. Let (Y, To, Ti ) be a bitopological space and ((Y, To , Ti) , B) be a bomological 

bi-universe. If the bomology B has a (To, Ti )-characteristic function, then B is (To , T1 )-proper 

and second countable. 

Proof. Let g be any (To, Ti)-characteristic function for the bornology B. For s E w , let 

Es= g- 1((-00,s]). Then the collection {Es : s E w} is a countable base for B such that 

cl(To) (Es) ~ int(Ti) (Bs+1) - 0 

The following result is an asymmetric version of the well-known Ru's Theorem. 

Theorem 4. 1.1. {31, Theorem 4. 7/ Let (X , To, T1) be a bitopological space. If (X , To , T1) is 

quasi-metrizable and B is a bornology on X . Then the following properties are equivalent: 

(i) the bomological bi-universe ( ( X , To , T1) , B) is quasi-metrizable; 

(ii) the bornology B has a (To , Ti )-characteristic fun ction; 

(ii) the bomology B is (To, T1 )-proper and it has countable base. 

Proof. Let (X , p) be a quasi-metric space and let us consider p to be any quasi-metric on X 

such tha t To = T(p) , T1 = T(p- 1 
). Since X is quasi-metrizable, there exists a bounded quasi­

metric p : X x X ~ JR which defines the same topology on X. Let p(x, y) = min{p(x , y), l} 
for x , y E X . if X E B then X is bounded and (i) and (ii) hold directly. 

If X ¢. B , by Proposit ion 4.1.2 (i) implies (ii ). if (ii )holds and suppose that g is a (To , T1 ) 

-characterist ic function for B. Now for x, y E X , lets define the function O" : X x X ~ JR 

by taking 

O"(x , y) = p(x , y) + max{J(y) - J (x), O} . 
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The quasi-metric a induces the bornological biuniverse ((X , To , T1) , ~) - Hence (ii) implies (i). 

ow, assuming (iii) and since X ff. B, it follows by [31, P roposit ion 3.5] that there is a base 

A = { An : n E n} for B such that clTJ An C intTQ An+I for all n E n. Again let us assume Ao = 

0. For n E D- {O} and x E X , let .fn(x) = p( clT1 J\ n, x) and 9n(x) = p(x , X - intT1 An+1 ). Then 

Pn: (X , To , T1) ---+ ([0 , +oo), u, l ) and 9n : (X, To , T1) ---+ ([0, +oo), l , u) are bicontinuous. For 

all x EX, we get JJn(x) + 9n(x) =I= 0, so we can put 

hn(x) = Pn(x) 
Pn ( :r) + 9n ( .'.C) 

Moreover , we define h0 (x) = 1 for each x E X. It is easy to check that the function 

hn : (X, To, T1) ---+ ([0, 1], u , l) is bicont inuous for each n E D. 

Let 1./J(x) = hn(x) + n when x E intT1 An+I - intT1 An. Vie are going to prove that the function 

'I/; is bicontinuous with respect to (To, T1 , 'U,, l ). 

Let x E intT0 An+1 -intToAn and y E intT0 Am+1 - intT0 Am. ow let real numbers r > 0, s > 0 

such that r < 'l/; (x) < s and assume n =I= 0. Then there exists Us E T1 such that 

x E Us ~ intT0 An+1 and if '!) E Us, then hn('!J) + n < s. There exists Vr E T1 such that 

x E Vr ~ X -clT1 An- I and if y E Vr , then hn(Y) + n > r. Of course, if m = n, then 'l/;( y) < s 

when y E Us, while 'l/;( y) > r when y E Vr. 

Let us assume that m =I= n. Suppose that y E Us · Then m < ri, so 'lj;(y) :S 1 + m :S n :S 
'l/; (.7:) < s. Suppose that y E Vr. If m > n, we have 1./J( y) 2: m 2: 1 + n 2'. 'lj; (x) > r. 

Let m < n . Since y ff. intT0 An-I , we have m + 1 2: n. As m + 1 :S n, we have m + 1 = n . 

If x ff. clT1 An we could take V/ = V,. n (X - clT2 An) E T1 and observe that if y E V/ , then 

m 2: n and 'lj;(y) > r. If ni < n and x E clT1 An. Then 'l/;(x ) = n. Vve take a positive 

real number c such that n - c > r . Since hn-I ( x) = 1, t here exists W, E T1 such t hat 

x E W, and hn_1(t) > 1 - E for each t E W,. If y E HI, n Vr and m + 1 = n, then 

'l/;( y) = hn_1(y) + n - 1 > 1 - E + n - 1 = n - E > r. The case when n = 0 is also obvious 

now. This completes the proof that 'I/; is bi continuous with respect to (To . T1 , u, l ). 

It is easy to check that B = { J\ ~ X : sup 'I/;( /\) < +oo}, so 'I/; is a ( To ,Ti) -characteristic 

function for B. Hence (ii) follows from (iii). □ 

The above theorem leads us to the following Corollary. 

Corollary 4.1.1. Let (X , p) be an extended T0-quasi-metric space and ((X, T) , B ) be a 

bomological universe. Then the bornological biuniverse ( ( X , To, T1) , B ) is quasi-metrizable 

if and only if the bomological universe ( ( X , T), B ) is m etrizable. 
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Proof. It is enough to prove that if there exists a quasi-metric which induces ((X, To , T1 ) , B) , 

then ( ( X , T) , B) is metrizable. Note that T = {To , Ti}. 

Let p be a quasi-metric in X such that To = T(p), T1 = T(p- 1
) and B = Bp(X). Define 

p = max{p, p- 1 
}. Then p is a metric in X such that T(p) = T. Moreover , by Theorem 

4. 1.1 , the bornology Bis second-countable and (To, T1)-proper and so is T-proper; hence, the 

bornological universe ((X , T) , B) is metrizable by Theorem 4.1.1. □ 

4.2. Quasi-metrization of the bornological universe 

Our interest in this section is to know when there exists an extended quasi-metric on the 

bornological universe (X , B) such t hat Bis quasi-metrizable and uniformly quasi-metrizable. 

We first recall the following definitions. 

D efinit ion 4 .2.1. Suppose X is a nonempty set and if A ~ 9(X) , then -l- (A) and I: (A) 

are defined respectively as : 

t(A)~{B,B<;A, forsomeAE A) and I_; (A) ~ {9, A, cn EN,i,S:n,A,E A}. 

If B is a bornology on X. Then we say that a family Bo of subsets of X is a base of B if 

t (Bo)= B. 

D efinit ion 4.2.2 . Let (X , p) be an extended T0-quasi-metric space and D be a subset of X. 

We say that Dis T(p) - relatively compact if Dis T(p8 )-relatively compact. 

ote that the collect ion of T(p)-relatively compact subsets on an extended metric space 

(X , p) is a natural bornology. 

T he following lemma is an asymmetric version of Lemma 2.2.1. 

Lemma 4 .2 .1. (Compare (5, Lemma 2.1}) Let (X , p) be T0 -quasi-metric space: 

(i) the family of all fin ite unions of double balls fO'lms a base fo1· the quasi-metric bornology 

Bp( X ); 

(ii} the quasi-metric bomology Bp(X) contains the bomology of T(JJ)-relatively compact 

subsets of X ; 

(iii) if (xn) is p-convergent and p- 1 -convergent sequence in X , then the set {xn: n E z+ } 

is contained in a quasi-metric bomology Bp(X). 
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Proof. (i) Let F 8 be a family of all finite unions of double open balls that are d fined by 

Fs c= {Q B,(.x, , s,) n B,-• (x, , J,) , x, E X and s,, J, E (0, oo) whenevern EN}. 

We need to prove that-!- (Fs) = Bp(X) . 
n 

Let A E F 8 then 11 = LJ Bp(xi, si) n Bp- 1 (xi, 6i) - Therefore, B E Bp(X) as B is 
i= l 

p-bounded. Thus-!- (F 8 ) ~ Bp(X). 

Conversely, if B E Bp(X) then there exists x E X and r , s > 0 such that B C 

Bp(x , r) n BP- 1 (x , s ). Since Bp(x , r) n Bp- 1 (x, ) E F 8 , it follows that B E-!- (F8 ). 

(ii ) Let A be a T(p)-relatively compact subset of X. Then by Definition 4.2.2 A is p5
-

bounded. Hence J\ E Bp( X ) by Remark 4.1.2 . 

(iii) Suppose that the sequence (xn) is p-convergent to x E X. Then for c = 1 there exists 

N' E N and n 2'. N ' such that if r = max{l, p(x0 , x), p(x 1 , x), ... , p(xN', x) }, then 

p(xn, x) < r whenever n E z+. 

By similar arguments. Suppose (xn) is p- 1-convergent to x E X , then p(x , xn) < s 

whenever n E z+. Therefore, (xn) E Bp(x,r) n Bp- 1(x , s) whenever n E z+ and 

r , s > 0. 

□ 

The following definition extends the Definition 2.2.2 to quasi-metric pace . 

D finit ion 4.2.3 . (Compare Definition 2.2.2) Let (X, p) be an extended T0-quasi-metric 

space. If X can be partitioned into disjoint unions of sets { X j : j E I} and each X j is 

an extended T0-quasi-metric space, then choosing an extended quasi-metric P} for X j, the 

function p on X defined by 

p(u.v) = { 
P}(u,v) if :3i with {u,v} ~ X j 

oo oth rwise, 

is an extended T0 -quasi-metric and has { Xj : j E I} as quasi-metric components . 

We provide the asymmetric version of Theorem 2.2.3 in th next results. 

Theorem 4.2 .1. (Compare Theorem 2.2.3) Let (X , p) be an extended T0 -quasi-metric space 

and let (X , B ) be a bornological universe. Then B = Bp(X) if and only if there exists A ~ B 

for which-!- (I:A)) = B and a partition {Aj : j E I} of A with the following four properties: 
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{i) the partition A j contains a nonempty subset of X whenever j E J; 

{iii) whenever Aj E A j and Ak E A k for j -I k, then Aj n Ak = 0; 

{iv) each partition A j has a s,tbfamily which is countable and co.final in A j with respect to 

set inclusion. 

Proof. Let p be a T0-quasi-metric on X and { X j : j E J} be quasi-metric components of X . 

Consider A j = { Bp(x , c5) n BP-1 (x , r) : x E X j , r , c5 > O} and let A be the collection of double 

open balls in X. Since any subset of X is p-bounded if and only if it is a subset of a finite 

union of double open balls, it follows that 

Whenever j E J, if A E A_i then A is double open ball. Therefore A -I 0. \i\Tith a choice of 

A j we have (ii ), (iii) and (iv). 

Conversely, suppose the partition {Aj : j E J} satisfies conditions (i) , (ii ) , (iii) and (iv). 

T hen for each j E J, let Xj = UAj- Since {Aj : j E J} satisfies (i) we have that Xj -I 0. 
Furthermore, from (ii) and (iii) we know that Xj is T(p)-open and {Xj : j E J} is a pairwise 

disjoint family. It follows that each is T(p )-closed and T(p )-open. 

For each j E J, we set Bj =-l, (I:( A j) ) Since A j is a cover of Xj, we have that Bj 1s a 

bornology on X j. 

Since the T(p- 1 )-closure of a fini te union is the union of T(p- 1 )-closure, property (ii ) holds 

by replacing A j with Bj . Similarly property (3) holds if we replace A j by Bj and A k by Bk. 

Finally, if BJ is countable and cofin al in A , then I:(BJ) is countable and cofinal in B, that 

is, (iv) holds with replacing A j by B_i· Then by Theorem 4.1.1 , we can find an extended 

T0-quasi-metric Pj on X j such that Bj = BPi (X) . 

As _J, (I:(A)) is considered to be a cover of X, we can conclude that A and {Xj : j E J} 

cover X. By Definition 4.2.3 we have 

Bp(X) = LJ (BPj (Xj)) = 2 ) ujE1Bj) =t (I ) ujEIAj)) =t (~ (A)) = B, 
j EI 

□ 

The next result is a generalization of Theorem 2.2.4. 
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Theorem 4 .2.2. (Compare (5, Theorem 4- 2/) Let (X ,p) be an extended T0 -quasi-metric 

space and (X , B) be a bomological universe. Then the bomology B = Bp(X) if and only 

if there exists a collection { Bj : j E I} of families of subsets of X with the fo llowing five 

properties: 

(i) fo r all j E I , the collection Bj has at least two subsets of X as elements including 0; 

(iv) each bomology Bj has a subfamily which -is cov,ntable and cofi:nal in Bj with respect to 

set inclusion; 

(v) for every A in &(X ), the set A is in B if and only if \:fj E I , An (UBj) c Bj and for 

all but finit ely many j , An (UBj) = 0. 

Proof. Let B = Bp( X) and { X j : _j E T} be the quasi-metric components of X and let Pj 

be the trace of p on X J. \ 1\Te set Bj = BPi(X j), then property (i) holds because each X j as 

a quasi-metric component is not empty and each contains some element of X and BPi (Xj) 

contains minimally the finite subsets of X j as it is a space of Pr bounded sets in X j including 

the empty set . 

For (ii) ,(iii) and (iv) similar arguments as in the above theorem give us the desired result. 

Suppose A E &(X ) is such that A E B. As {Bj : j E I} partitions B , A E Bp(X) must be a 

p-bounded set of X in some Bi. Since each Bj is a bornology on each quasi-metric component 

Xi c X , An Bj is an intersection of Bj and those p-balls formed by elements of Xj in /\ and 

so, An (UBj) = u (A n Bj) c Bj - Since A is arbitrary, we have by conditions (i) and (iii) for 

all but finitely many indices j E I that, An Bj = 0 and so , An (UBj) = Uj(A n Bj) = 0. 

Conversely, suppose { Bj : j E I} satisfi es the propert ies above. For each j E I and 6 > 0, 

let each Bj = { BPJ1:, 6) : x E X j } and put X j := UBj which by condit ion (i) is a nonempty 

subset of X. By condit ion (ii ), each family Bj has a T(p)-closed base and T(p)-open base, 

implying that { X j : j E I} is a family of T(p )-clop en subsets in X. By (iii), { Xj : j E I} 
partitions X. We next need to show that each family Bi is a bornology on X j . 

Fix .1 E T and set Fj := { B n X i : 13 E B} . Since each X j = UBj, it is evident that Fj is a 

bornology on Xj which, by condition (v), is contained in Bi. Indeed, if A S: B then A E B 

and clearly A s;: An X j S: B n X j E Fj . So, Fj is a base-bornology on X j . Conversely, 

we need to show that Bj S: Fj - Let Bj E Bj be arbitrary. Then, it is enough to show that 

46 



Chapter 4 

B1 E F1 which suffices to show that E1 E B. Clearly, since X1 = UB1, we have B1 n X1 E B1 

by condition (v). Taking j -=I= k, condition (iii ) gives E1 n Xk = 0 and so, by condit ion (i) we 

have E1 n Xk = 0 E B1. Now, in view of condition (v) , E1 E B so that E1 = E1 n X1 E F1. 

Hence, the family Bi is established as a bornology. 

Furthermore, using propeties (ii) and (iv) and Theorem 4.1.1, for each j E J, there exists a 

quasi-metric p1 on X1 such that B1 = BPi(X1) that is to say B1 is a quasi-metric bornology 

on X1 induced by some metric p1. With the quasi-metri c of Defini t ion 4.2.3, we have by 

condition (iv) that 

B = L (UjE!Bj) = LJ (Epj(Xj)) = Bp(X) 
jE f 

□ 

Before we prove the following results on the uniformly quasi-metrizability of a bornology, it 

is important to state the following definition ·. 

D efinition 4 .2.4. Let (X , p1 ) and (X, p2 ) be extended T0-quasi-metric spaces. The quasi­

metrics p1 , p2 are said to be uniformly equivalent if there exists c5i . 82 > 0 such that Vx , y E X, 

P1(x, y) < 61 =} P2(x, y) < 62. 

D efinition 4.2.5. Let (X , p) be an extended T0-quasi-metric space. An extended T0-quasi­

metric in the form p1 : X 2 ----? [O.oo] clc!inccl by p1 (.r, , y) = min{l,p(x , y)} is called a 

bone-fide extended quasi-metric of p. 

Let (X , B) be a bornological universe on a quasi-metric space X. The bornology B is said to 

be uniformly quasi-met?izable with respect top if there exists a quasi-metric p1 = min{l , p} 

in X such that 7J and p1 are uniformly equivalent and B = Bp
1 

( X) , where Bp
1 

( X) is t he 

quasi-metri bornology of p1- bounded sets . 

Theorem 4.2 .3. (31, Theorem 6.5} Let (X, p) be an extended T0 -quasi-metric space and 

(X, B ) be its bornological universe. Then the following conditions are all equivalent: 

(i) there exists an extended quasi-metric 7h = min{l, 7J} such that B = BP1 (X); 

(ii) the bornology B has a base { Em : 1r1, E w} such that, for some E E (O; + ) and for 

each m E w the inclusion [Em]~ ~ B rn+l holds; 

(iii) there exists a uniformly continuous ( T(p) , T(p- 1) )-characteristic function for B. 
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Proof. (See [31 , Theorem 6. 5]) . □ 

Theorem 4 .2 .4 . (Compare Theorem 2.2.5) If (X , p) is an extended T0 -quasi-metric space 

and B is a bornology on X. Th en the fa llowing properties are equivalent: 

(i) the set of quasi-metric components induced by JJ is countable. 

(ii) there exists an extended T0 -quasi-metr·ic p1 uniformly equivalent top such that Bp
1 
(X ) = 

Bp(X ). 

Proof. (i) ~ (ii): Let I:{qmep(xj): j E I} be the set of distinct quasi-metric components 

induced by a quasi-metric p where I is a countable set. Since the set I is countable, it 

means that the set I:{BP(xj;m) : j E I , m E z+ } is a countable base for Bp(X). Since for 

the finite union of double balls, the T(p )-closure of each p-bounded set is contained in the 

T(JJ)-interior of another . By Theorem 4. 1.1 , there exists an extended quasi-metric p1 such 

that Bp1 (X) = Bp(X) . 

(ii) ~ (i): Let us denote distinct metric quasi-components by {qmcp(xj) : j E I} , if 

Bp
1 
(X ) = Bp(X) , then a base for Bp(X) is countable and thus I: {Bp(xj; m) : j E T, m E z+ } 

must contain a countable cofin al family in Bp(X) . Since { { Xj } : j E I} is a family of p­

bounded sets, it implies that I is a countable set. Hence the proof. □ 

D efinit ion 4 .2 .6 . Let (X ,p) be an extended quasi-met ric space, a nonempty set A ~X is 

said to weakly bounded if for each j E I , we have An qmcp(xj) E Bp(X) . We denote a set of 

weakly bounded subsets of X by B;(x). 

Theorem 4 .2.5. (Compare /5, Theorem 4.6}) Let (X , JJ) be an extended T0 -quasi-metric 

space. The f ollowing conditions are equivalent: 

(i) all the finite ly many quasi-metric components f or an extended quasi-metric p are p­

bounded. 

(ii) there exists an extended quasi-metric p1 = min { 1, JJ} such that Bp1 (X ) = B; ( X). 

Proof. T hroughout the proof, we denote the quasi-metric components of p by { qmep(xj) 

j E T} . 

(i) ⇒ (ii): Asume (i) holds, let 11 be a subset of I and be those indices for which qmcp(xj) E 

Bp(X ). To show that (ii ) holds , we need to find a countable base fo r B;(X) . For each 

m E z+ , we define A by 
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Since each qmcp(xj ) for j E 11 is p-bounded , UjEii qmcp (xj) is also p-bounded and does not in­

tersects UjEJ/Ii Bp(Xj, m) for all finitely many indices j. But (ujE/i qmcp(xj) ) n (ujEJ/ fi Bp(Xj, n)) E 

Bp(X) = Bp1 (X), which implies that UjE/i qmcp(x1) and qmcp (x1) are weakly bounded. 

Hence, the coll ction A forms a countable base for B;;'(X). Furthermore, {qmcp(.,;1) : j E 

Ji} ~ {Bp(Xi; m) : j E Ii , m E z+ } and so, 

cl7 (p - i)[{qmcp(x1): j E Ii}]~ {qmcp(x1) : j E I / Ji} 

~ {Bp(x1,m): j E 1/ 11,m E z +} 

C intT(p)[{Bp(Xj, m) : j E JI Ii , m E z+ }]. 

Since the T(p)-closure of each weakly bounded subset is in the T(p)-interior of another , By 

Theorem 4. 1.1 , there exists a p1 = min{l , p} such that Bpi(X ) = B;;'(X ). 

(ii) =} (i): Suppose a quasi-metric p1 = min{l , p} exists with Bp1 (X) = B;;'(X) , for some 

countably infinite set of indices {jk : /;; E z+ } such that qmcp(x1k) is not p-bounded. Let us 

fix s EX and for each m E z+, put Bm = {Bp1 (s, m) : m E z+ } and let c5 E (0, 1) fort < ½-
1 1 

Since [Bm]J1 ~ Em+l and [Em]J1 n Bp1 (s, m) E Bp1 (X) , Em must be cofinal in B;;'(X). 

ow for each j E z+, there exists A1 E Bp(X) such that A1 ~ qmcp(x1k) and such that 

A1 cJ;_ BP
1
(p, j ). T hen U~1 A1 U {{,1;1}: j E I} is weakly p-bounded but is not contained in 

any p1-ball with centers, which is a contradiction sincewe assumed Bp(X ) = Bp1 (X) . Hence, 

qmcp(x1k) must be p-bounded for some countably infinite set of indices {jk : k E z+} and so 

{qmcp( x1) : j E I} is p-bounded. D 
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Conclusion 

In this 1Sc diss rtation, we have successfully generalised the results of Beer [5] on bornolo­

gies of extended metric spaces from metric point of view to quasi-metric settings. Before 

pres nting our own investigations , we have first summarized Beer's results on bornologie of 

extended metric spaces. 

In the second part of this work, we have started our own investigations. We have generalized 

the construction of the Beer's universal space of extended metric spaces to our universal 

space of extended quasi-metric spaces. In order to achieve this construction , we have defined 

the concept of quasi-metric components which later led us to the definition of our universal 

space (see Definition 3.2.1). 

\l\Te have proved (see Theorem 3.2.1) that there is always an isometry between extended 

quasi-metric spac and its universal space. In the same manner, it has also been proved that 

the universal space of an extended Ta-quasi-metric space is bicomplete (see Theorem 3.2.2). 

Corollary 3.2.1 has concluded this part of our investigations by providing the comparison of 

the universal space of the extended Ta-quasi-metrics p and p- 1
. 

The last part of our investigations was to generalize the concept of bornologies of extended 

metric spaces to bornologies of extended Ta-quasi-metric spaces. We have present d two 

separate characterizations of a bornology on quasi-metrizable and uniformly quasi-metrizable 

spaces. Before we presented th se characteri zations , we first compared the quasi-metric 

bornologies det rmined by p, p5 and p-1 (see Lemma 4.1.1 and Lemma 4.1.2) and then 

went on to show that the collection of all finite unions of double balls forms a base for 

the quasi-metic bornology and it contains ,(p)-relatively compact subsets of X (see Lemma 

4.2. 1). 

The first characterization has been presented by finding an extended quasi-metric 'fJ on (X, B) 

such that B coincide with the quasi-metric bornology Bp(X) on X(see Theorem 4.2.1 and 
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Theorem 4.2.2). In the second characterization , we have used an extended quasi-metric 

p1 = min{l ,p} on X to prove that the bornology of p1-bounded sets coincides with the 

bornology B (see Theorem 4.2.5). 

Our conclusion leads us to list some open problems encountered throughout the present 

investigations. We hope to study these problems in future work. 

Problem 1. Is it possible to extend our results on bornologies of extended quasi-metric 

spaces to quasi-uniform point of view? 

Problem 2. To what extent can we generalize the work of B eer/6} on bornologies of normed 

spaces to asymmetric settings? 

Problem 3. Is it possible to extend the results of Beer, Costantini and Levi /9} on metric 

bornologies of d-bounded and d-totally bounded subsets to quasi-metric settings? 
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