
Aspects of Toeplitz operators and matrices: 

asymptotics, norms, singular values 

H Rabe 

12516139 

Thesis submitted for the degree Philosophiae Doctor in 

Mathematics at the Potchefstroom Campus of the North-West 

University 

Promoter: 
Co-promoter: 
Assistant-promoter: 

Prof ACM Ran 
Prof  G  Groenewald 
Prof  JH  Fourie

October 2015 





Acknowledgements

To study full-time towards a Phd in mathematics is a great opportunity, especially in
South Africa, and one that I am grateful to have had. With substantial support from
the National Research Foundation (NRF), the Vrije Universiteit in Amsterdam, and the
North-West University, I was able to focus all my attention on completing this project
without distraction.

I would like to thank my main supervisor, André Ran, from whom I learned a lot
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Summary

The research contained in this thesis can be divided into two related, but distinct parts.
The first chapter deals with block Toeplitz operators defined by rational matrix function
symbols on discrete sequence spaces. Here we study sequences of operators that converge
to the inverses of these Toeplitz operators via an invertibility result involving a special
representation of the symbol of these block Toeplitz operators. The second part focuses on
a special class of matrices generated by banded Toeplitz matrices, i.e., Toeplitz matrices
with a finite amount of non-zero diagonals. The spectral theory of banded Toeplitz
matrices is well developed, and applied to solve questions regarding the behaviour of
the singular values of Toeplitz-generated matrices. In particular, we use the behaviour
of the singular values to deduce bounds for the growth of the norm of the inverse of
Toeplitz-generated matrices.

In chapter 2, we use a special state-space representation of a rational matrix function
on the unit circle to define a block Toeplitz operator on a discrete sequence space. A
discrete Riccati equation can be associated with this representation which can be used
to prove an invertibility theorem for these Toeplitz operators. Explicit formulas for the
inverse of the Toeplitz operators are also derived that we use to define a sequence of
operators that converge in norm to the inverse of the Toeplitz operator. The rate of
this convergence, as well as that of a related Riccati difference equation is also studied.
We conclude with an algorithm for the inversion of the finite sections of block Toeplitz
operators.

Chapter 3 contains the main research contribution of this thesis. Here we derive
sharp growth rates for the norms of the inverses of Toeplitz-generated matrices. These
results are achieved by employing powerful theory related to the Avram-Parter theorem
that describes the distribution of the singular values of banded Toeplitz matrices. The
investigation is then extended to include the behaviour of the extreme and general singular
values of Toeplitz-generated matrices.

We conclude with Chapter 4, which sets out to answer a very specific question re-
garding the singular vectors of a particular subclass of Toeplitz-generated matrices. The
entries of each singular vector seems to be a permutation (up to sign) of the same set
of real numbers. To arrive at an explanation for this phenomenon, explicit formulas are
derived for the singular values of the banded Toeplitz matrices that serve as generators
for the matrices in question. Some abstract algebra is also employed together with some
results from the previous chapter to describe the permutation phenomenon. Explicit
formulas are also shown to exist for the inverses of these particular Toeplitz-generated
matrices as well as algorithms to calculate the norms and norms of the inverses. Finally,
some additional results are compiled in an appendix.
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Opsomming

Die navorsing saamgevat in hierdie proefskrif kan verdeel word in twee aparte, maar tog
verwante dele. Die eerste hoofstuk handel oor blok Toeplitz operatore gedefinieer deur
rationale matriks funksie simbole op diskrete funksie ruimtes. Hier bestudeer ons rye wat
konvergeer na die inverses van blok Toeplitz operatore via ’n omkeerbaarheids resultaat
wat n spesiale voorstelling van die simbool bevat.

Die tweede gedeelte fokus op ’n spesiale klas van matrikse wat gegenereer word deur
band Toeplitz matrikse, met ander woorde, Toeplitz matrikse wat ’n eindige hoeveel-
heid nie-nul diagonal bevat. Die spektraal teorie van band Toeplitz matrikse is hoogs
ontwikkeld, en word toegepas om vrae rakend die gedrag van die singuliere waardes van
Toeplitz gegenereerde matrikse op te los. In besonder gebruik ons die gedrag van die
singuliere waardes om grense vir die groei van die norms van die inverses van Toeplitz
gegenereerde matrikse te bepaal.

In hoofstuk 2 gebruik ons ’n spesiale voorstelling van die rationale matriks funksie op
die eenheid sirkel om n blok Toeplitz operator op ’n diskrete ry ruimte te definieer. ’n
Diskrete Riccati vergelyking kan met hierdie voorstelling geassosieer word wat dan gebruik
kan word om ’n omkeerbaarheids stelling vir Toeplitz operatore te bewys. Eksplisiete
formulas vir die inverse van die Toeplitz operatore word ook afgelei wat gebruik word om
’n ry operatore te definieer wat in norm konvergeer na die inverse van die Toeplitz operator.
Die tempo van hierdie konvergensie, asook die van ’n verwante Riccati vergelyking word
bestudeer. Ons eindig die hoofstuk af met n algoritme vir die berekening van die inverses
van die eindige seksies van blok Toeplitz operatore.

Hoofstuk drie bevat die belangrikste navorsings bydrae van hierdie proefskrif. Hier lei
ons akkurate groei tempos af van die norms van die inverses van Toeplitz gegenereerde
matrikse. Hierdie resultate word verkry deur die toepassing van kragtige teorie verwant
aan die Avram-Parter stelling. Hierdie stelling beskryf die verspreiding van singuliere
waardes van Toeplitz matrikse. Die ondersoek word dan uitgebrei om the gedrag van die
ekstreem en algemene singuliere waardes van Toeplitz gegenereerde matrikse te in te sluit.

In die finale hoofstuk 4, beantwoord ons ’n baie unieke vraag aangaande die singuliere
vektore van ’n spesifieke subklas van Toeplitz gegenereerde matrikse. Die inskrywings van
elke singuliere vektor wil voorkom om permutasies (uitsluitend die teken) van dieselfde
versameling reele getalle te wees. Om n verduideliking vir hierdie gedrag te vind, lei ons
eksplisiete formules af vir die singuliere waardes van die band Toeplitz matriks wat die
genereerder is van die subklas van matrikse wat ondersoek word. Sekere abstrakte algebra
teorie work ook gebruik, tesame met resultate van die vorige hoofstuk om the permutasie
verskynsel te verduidelik. Eksplisiete formules vir die inverses van die spesifieke subklas
van Toeplitz gegenereerde matrikese word afgelei, asook algoritmes vir die berekening van
die norms en norms van die. ’n Bylaag word ook aangeheg wat additionele resultate bevat.
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Chapter 1

Introduction

The study of Toeplitz operators and matrices has been an active field of research for more
or less a century, starting in the early twentieth century with Otto Toeplitz, after whom
these operators and matrices have been named. Research in this field has yielded thou-
sands of research papers, ranging from application driven problems in numerical analysis,
physics, probability theory, control theory and differential equations, to very deep theo-
retical results involving more abstract constructs such as Von Neumann and C∗ algebras.
The present investigation lies somewhere in between these two extremes, and will focus
on providing new insights into some standard concepts related to Toeplitz operators and
matrices. These include norms, convergence, singular values, singular vectors, eigenvalues
and asymptotics.

Toeplitz operators can live on a variety of spaces, ranging from function spaces, to
the more concrete lp sequence spaces. In general though, they can all be characterized
as a type of multiplication operator which is closely related to convolution equations
and the operators they induce. In fact, the subclass of Wiener-Hopf integral operators
define Toeplitz operators on certain Lebesque function spaces. The pioneering work on
the equations producing these operators was done by N. Wiener and E. Hopf, and their
work encouraged further study by many other mathematicians including M. G. Krĕın. In
the nineteen sixties, I.C. Gohberg and I.A. Fel’dman continued research in this area and
compiled their work in the book [13]. More recently, many books have been published
that make Toeplitz operators part of its main focus, e.g. [9, 10, 16, 14, 5, 20]. Currently,
research into Toeplitz operators is still thriving, and the body of knowledge that has been
established is immense and growing.

The contribution in this thesis involves Toeplitz operators and matrices defined on
discrete sequence spaces. In this setting these operators have matrix representations with
the well-known property that their diagonals consist of the same entries. The majority of
our findings concern finite matrices and rely heavily on results that have been compiled in
[5]. The first part of this work, contained in Chapter 2, deals mostly with the convergence
(in norm) of a particular sequence of operators to block Toeplitz operators. Chapter 3
is dedicated to a class of Toeplitz-generated (T-gen) matrices. This is a class of n × n
matrices of the form Xn = Tn + fn · (T−1n )∗, where Tn is a banded Toeplitz matrix and
fn some sequence of positive numbers converging to zero. This chapter will deal with
the norms, norms of inverses and singular values of T-gen matrices as their sizes grow
to infinity. In Chapter 4, a special example of the T-gen class is studied and numerous
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CHAPTER 1. INTRODUCTION 2

additional results are derived.

The rest of this chapter will be dedicated to establishing general background results
that are applicable to the research in the following chapters.

1.1 Toeplitz operators

For our purposes, we will consider bounded Toeplitz operators defined on the sequence
spaces lp(Cm) and l2. The former will be considered in Chapter 2 while the latter will
apply for the rest of the chapters. On these sequence spaces the corresponding matrix
representation of a Toeplitz operator is well-known - it is characterized by having constant
diagonal elements. When these elements are chosen as the Fourier coefficients of an
analytic (possibly matrix) function defined on an annulus that contains the unit circle, T,
it forces the Toeplitz operator to be bounded. This analytic function is called the symbol
of the Toeplitz operator. The entries of the Toeplitz matrix are assigned as follows. Let

T =


a0 a−1 a−2 . . .
a1 a0 a−1 . . .
a2 a1 a0 . . .
...

...
...

. . .


be a Toeplitz operator defined on lp(Cm) or l2. The symbol of this operator has the form
a(t) =

∑∞
i=−∞ ait

i, t ∈ T. In the case of lp(Cm), the ai’s denote m × m matrices with
complex entries, and then T is referred to as a block Toeplitz operator. For l2, the ai’s
denote complex numbers.

By associating a symbol with every bounded Toeplitz operator, we will see that this
allows us to investigate important properties of Toeplitz operators by just considering its
symbol, and transferring questions about infinite dimensional operators to the domain of
the complex plane. This is true for the norm of T , and for analytic symbols associated
with Toeplitz operators, we have that

‖T‖ = ‖a(t)‖∞ := ess sup
t
|a(t)|, t ∈ T.

This statement is valid for both the block and scalar case (Chapter XXIII, Corollary 3.2,
[15]).

Invertibility of Toeplitz operators can also be determined by analyzing its symbol.
When considering the space lp(Cm), we will restrict our Toeplitz operators to having
symbols that are rational matrix functions, R(t). This means that the entries of R(t)
are quotients of two polynomials. A special Wiener-Hopf factorisation of the symbol is
required to arrive at the desired theorem concerning invertibility, and we state a theorem
regarding this factorisation - see Chapter XXIV, Theorem 3.1, [15].

Theorem 1.1.1. Let R(t) be a rational m×m matrix function with no poles on T, and
assume that detR(t) 6= 0 for all t ∈ T. Then there exist integers κ1 ≤ κ2 ≤ · · · ≤ κm and
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rational m×m matrix functions R− and R+, which have no poles on T, such that

R(t) = R−(t)


tκ1 0

tκ2

. . .

0 tκm

R+(t), t ∈ T, (1.1)

and

• R+ has no poles on |t| ≤ 1,

• detR+(t) 6= 0 for |t| ≤ 1,

• R− has no poles on |t| ≥ 1, (∞ included)

• detR−(t) 6= 0 for |t| ≥ 1, (∞ included).

In particular, R−1− and R−1+ exist, the functions R− and R−1− are minus-functions and R+

and R−1+ are plus-functions.

By minus- and plus-functions we mean functions whose Fourier coefficients with strictly
positive index, respectively negative index are zero. Note that this theorem applies also
to the scalar case.

If all the indices κ1 . . . κm are equal to zero in the Wiener-Hopf factorisation (1.1), it
is called a right canonical factorisation. A left canonical factorisation is defined similarly,
except that the order of the first and last factors have switched. We can now characterize
the invertibility of Toeplitz operators (Chapter XXIV, Theorem 4.1, [15]).

Theorem 1.1.2. Let T be a block Toeplitz operator on l2(Cm) defined by a rational matrix
function R(t). Then T is invertible, if and only,

• detR(t) 6= 0 for each t ∈ T,

• R(t) admits a (right) canonical factorisation relative to T.

In this case the inverse of T is obtained in the following way. Construct a canonical
factorisation R(t) = R−(t)R+(t), t ∈ T, and write the Fourier series

R−(t)−1 =
0∑

j=−∞

R−j t
j, R+(t)−1 =

∞∑
j=0

R+
j t

j.

Then T−1 = [tij]
∞
i,j=0, where

tij =

{ ∑j
r=0R

+
i−rR

−
r−j, i ≥ j,∑i

r=0R
+
i−rR

−
r−j, i ≤ j.

From the previous theorem we can see that it is possible in principle to calculate
the entries of the inverse of a given block Toeplitz operator. However, the theorem does
not provide explicit formulas for the factors in the factorisation of the symbol, and by
implication we do not have the Fourier coefficients of these factors. Fortunately, there
is a way to find explicit formulas for the Wiener-Hopf factorisation, and it relies on a
realization of the rational matrix symbol. There exist more than one of these realizations
of the symbol, and we state a well-known version here, taken from [15].
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Theorem 1.1.3. A rational m×m matrix function R(t) without poles on T admits the
following representation:

R(t) = I + C(tG− A)−1B, t ∈ T. (1.2)

Here G and A are square matrices of the same size n× n, say, det(tG−A) 6= 0 for each
t ∈ T, and B and C are matrices of sizes n×m and m× n, respectively.

When this realization is used in conjuction with other results (Section XXIV.5 -
XXIV.8, [15]), it is possible to arrive at a theorem which gives formulas for the entries of
the inverse of a invertible block Toeplitz operator - see Chapter XXIV, Theorem 8.1, [15].

For the purposes of Chapter 2, we will use a different realization of the symbol as in
[12]:

R(t) = R0 + tC(I − tA)−1B + γ(tI − α)−1β, t ∈ T. (1.3)

Here, A and α are square matrices of size n × n and ν × ν respectively, and have the
property of stability, i.e., their eigenvalues are contained in the open unit disk. The
remaining matrices R0, B, C, β, γ and I (identity), all represent matrices of appropriate
sizes.

In addition to characterizing invertible Toeplitz operators via their symbols and real-
izations, we can also analyze invertibility via certain algebraic Riccati equations associated
with the realization of the symbol.

1.1.1 Algebraic Riccati equations and Toeplitz operator sym-
bols

Algebraic Riccati equations, a special class of matrix equations, arise in many applica-
tions and occur in different forms, depending on the applications or theoretical questions
considered [24]. We take our definitions from this reference work by P. Lancaster and L.
Rodman. A symmetric discrete algebraic Riccati equation, or DARE, has the following
form:

X = A∗XA+Q− (C +B∗XA)∗(R +B∗XB)−1(C +B∗XA),

where A, B, C, Q and R are given matrices of sizes n × n, n × m, m × n, n × n and
m×m, respectively. Assuming that R and Q are Hermitian, we want to find a Hermitian
solution X to this equation.

With a symmetric symbol and a realization (1.2) thereof, it is possible to associate a
symmetric DARE. The solution of the DARE can be related to the invertibility of the
Toeplitz operator with associated symbol - see Section 4.7, [21] and the discussion and
references given in [12]. This result was improved on in [12], where the rational matrix
symbol is not assumed to be symmetric. In that case, the symbol has a different realization
(1.3), and its associated algebraic Riccati equation is no longer symmetric. Indeed, it has
the form

Q = αQA+ (β − αQB)(R0 − γQB)−1(C − γQA),

and is called a non-symmetric discrete algebraic Riccati equation, or NDARE.
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1.1.2 The Finite Section Method

The Finite Section Method (FSM) is a strategy to approximate the solution, x, to an
infinite system of equations, Ax = y, defined by

A =

a11 a12 . . .
a21 a22 . . .
...

...
. . .


where

x =

x1x2
...

 , y =

y1y2
...

 ,
with A some block operator defined on l2(Cm), i.e., whose entries are m × m matrices
and xk, yk ∈ Cm. The idea of the FSM is to approximate x by solving matrix equations
of finite size. To do this, we consider the matrix equation Anxn = yn,a11 . . . a1n

...
...

an1 . . . ann


x

(1)
n

...

x
(n)
n

 =

y
(1)
n

...

y
(n)
n

 .
Here An is called the n-th finite section of A. We say that the FSM converges for A,
or A ∈ Π{An}, if An is invertible for n large enough, and if for each y = (y1, y2, . . . ) in

l2(Cm), the vector x(n) = (x
(1)
n , . . . , x

(n)
n , 0, 0, . . . ), where (x

(1)
n , . . . , x

(n)
n ) is the solution of

the finite system with right hand side (y1, . . . , yn), converges in the norm of l2(Cm) to x.
Let Pn be the projection on l2(Cm) defined by

Pn : {x1, x2, . . . } 7−→ {x1, . . . , xn, 0, 0, . . . },

where xk ∈ Cm. Then
An = PnAPn| ImPn.

For bounded linear operators on l2(Cm), the following holds (Section 6.2, [10]):

A ∈ Π{An} ⇐⇒ A is invertible and the sequence {An} is stable.

A sequence is said to be stable if An is invertible for large n and lim supn→∞ ‖A−1n ‖ <∞.
For Toeplitz operators with continuous matrix valued symbols, (of which our rational

matrix function symbols are a subset), we have the following theorem (Theorem 6.9, [10]).

Theorem 1.1.4. Let the matrix-valued symbol a(t) of the Toeplitz operator, T (a), be
continuous on T. Then {Tn(a)} is stable if and only if T (a) and its block transpose, T (ã),
are invertible.

Observe that the matrix-valued function ã(t) is defined as the symbol of the block
transpose of T (a).

This leads to the fact that

T (a) ∈ Π{Tn(a)} ⇐⇒ T (a) and T (ã) are invertible.

For an in-depth discussion of the FSM, including more general classes of symbols, see
for instance the book [9], chapter 7.
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1.1.3 Fredholmness

Let A : X 7−→ Y be a bounded linear operator acting between two Banach spaces,
X and Y . The operator A is said to be Fredholm if ImA is closed and the numbers
n(A) = dim kerA and d(A) = codim ImA are finite. As usual, ‘dim ker’ denotes the
dimension of the subspace of X, formed by the kernel of A, while ‘codim Im’ denotes the
dimension of the subspace, say Y ′, where Y = ImA⊕ Y ′. The index of A is then defined
as

ind(A) = n(A)− d(A).

Toeplitz operators have a unique relationship with the Fredholm property, and again,
the symbol of the operator is definitive in this regard. The following theorem from [15]
(see also [9, 16]) formalizes this connection.

Theorem 1.1.5. Let T be a block Toeplitz operator on l2(Cm), defined by a rational
matrix function R(t). Assume that detR(t) 6= 0 for all t ∈ T, and let

R(t) = R−(t)([tκjδij]
m
i,j=1)R+(t), t ∈ T

be a Wiener-Hopf factorisation of R(t) relative to T. Then T is a Fredholm operator with

n(T ) =
∑
κj≤0

−κj, d(T ) =
∑
κj≥0

κj.

1.2 Toeplitz matrices

In chapters 3 and 4, we will mostly be concerned with Toeplitz matrices in the finite
dimensional domain, although the study of their properties is often related to their infi-
nite counterparts. As with Toeplitz operators, many properties of Toeplitz matrices are
directly related to its corresponding symbol.

As the title of this thesis suggests, we are specifically interested in norms and singular
values, and we study their evolution as the matrix sizes grow to infinity, i.e., asymptoti-
cally. A lot is known about both the norms and singular values of Toeplitz matrices, and
we do not aim to add depth to the understanding as such (see for instance the books [5]
and [10]). However, we will use their properties to prove interesting results regarding the
new class of T-gen matrices, whose definition was inspired by a statistical problem - see
chapter 2 for details. We also note that these T-gen matrices, Xn = Tn + fn · (T−1n )∗, have
entries that are dependent on their size, due to the presence of the sequence fn. Certain
finite rank perturbations will also be introduced under which our main results will remain
invariant.

It is also important to keep in mind that Tn is a banded Toeplitz matrix and its
associated symbol can be represented by a finite series, b(t) =

∑r
−r bjt

j, here referred
to as a Laurent polynomial. This assumption unlocks certain results, not available for
Toeplitz matrices whose infinite counterparts have general symbols.
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1.2.1 Singular values

The singular values of any m× n matrix, say A, are defined in terms of its singular value
decomposition (SVD). It can be shown that any matrix has a SVD, and it takes the form

A = UDV ∗,

where U and V are unitary matrices of size m × m and n × n respectively. D denotes
a diagonal m × n matrix whose diagonal entries are the nonnegative square roots of the
eigenvalues of AA∗, and these values are called the singular values of A. The columns of
U are the eigenvectors of AA∗, and the columns of V are the eigenvectors of A∗A. The
book [18] provides a thorough development of the SVD.

In the case of Toeplitz matrices, a lot of work has been done on describing the behaviour
and distribution of their singular values. Some of these results have been included in the
reference works, [5, 10], of which the former restricts itself to treating banded Toeplitz
matrices, which is of particular importance for our investigations here. We state a few
key results here, starting with a particularly elegant result that has become known as
the splitting phenomenon ([31, 32]). We note that we index singular values in decending
order, i.e., σ1 is the maximal singular value with σn the minimal singular value.

Theorem 1.2.1. Let b(t) be a Laurent polynomial and suppose T (b) is Fredholm of index
k ∈ Z. Then the smallest |k| singular values, σn(Tn(b)) ≤ σn−1 ≤ · · · ≤ σn−k+1(Tn(b)), go
to zero with exponential speed,

σn−j(Tn(b)) = O(e−αn), 0 ≤ j ≤ k − 1.

Here α > 0 is dependent on the the symbol b(t). The remaining singular values are
bounded from below by a positive constant, d (dependent on b(t)), for sufficiently large n,

σn−j(Tn(b)) ≥ d > 0, k ≤ j ≤ n− 1.

We know from Theorem 1.1.5, that the previous theorem only applies to symbols that
do not vanish on the unit circle. Our banded Toeplitz matrices, Tn, that generate the
class of T-gen matrices are assumed to have symbols that do vanish on T, implying that
T (b) is not Fredholm, and this has a significant effect on the behaviour of Tn’s smallest
singular values ([4, 5]).

Theorem 1.2.2. Let b(t) be a non-constant Laurent polynomial and suppose T (b) is not
Fredholm. Let α ∈ N be the maximal order of the zeros of |b(t)| on T. Then for each
natural number k ≥ 1, σn−k = O(1/nα) as n→∞.

Here the order of the zero, say α0, indicate the smallest natural number such that

dα0

dtα0
b(t0) 6= 0,

where b(t0) = 0.
Interestingly, Fredholmness does not play a role in the behaviour of the maximal

singular values of banded Toeplitz matrices ([4, 5]):
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Theorem 1.2.3. Let b(t) be a non-constant Laurent polynomial. Denote by β ∈ N the
maximal order of the zeros of ‖b‖∞ − |b| on the unit circle. Then for each k ≥ 0,

‖b‖∞ −Dk
1

nβ
≤ σk ≤ ‖b‖∞

with some constant Dk ∈ (0,∞) independent of n.

These theorems show the behaviour of extreme singular values in the banded case,
but how do the remaining ones behave, or can we say something about their distribution?
The answer to this is contained in the Avram-Parter theorem, ([25, 1]), of which we give
a slightly different formulation which is based on [41].

Theorem 1.2.4. Let b(t) be a Laurent polynomial and let f : R 7−→ C be a function with
compact support. If f is continuous or of bounded variation, then

lim
n−→∞

1

n

n∑
k=1

f(σn−k(Tn(b))) =
1

2π

∫ 2π

0

f(|b(eiθ)|)dθ.

We note that this theorem applies to non-banded and matrix valued symbols as well,
see for instance [10]. The approach followed by Zizler, Zuidwijk, Taylor and Arimoto in
[41] to prove this theorem, using functions of bounded variation, leads to a very useful
result. Indeed, the following lemma is the most important result used to arrive at the
estimates we achieve in chapter 3.

Lemma 1.2.5. Let b(t) be a Laurent polynomial of the form b(t) =
∑r

j=−r bjt
j, t ∈ T. If

E ⊂ R is any segment, then

|Nn(E)− nµ(E)| ≤ 14r for all n ≥ 1,

where

Nn(E) =
n∑
k=1

χE(σk(Tn(b)))

is the number of singular values of Tn(b) in E and

µ(E) =
1

2π

∫ 2π

0

χE(|b(eiθ)|)dθ =
1

2π
|{t ∈ T : |b(t)| ∈ E}|,

with |.| denoting the Lebesgue measure on the unit circle.

1.2.2 Eigenvalues

As for the singular values of Toeplitz matrices, much can be said of its eigenvalues and
their distribution. In the simple case of tridiagonal Toeplitz matrices, we have explicit
formulas for both the eigenvalues and eigenvectors as given by the following theorem from
[5].
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Theorem 1.2.6. The eigenvalues of Tn(b) (b(t) = b0 + b1t+ b−1t
−1) are

λj = b0 + 2
√
b1b−1 cos

πj

n+ 1
(j = 1, . . . , n),

and an eigenvector for λj is xj = (x
(j)
1 , . . . , x

(j)
n )T with

x
(j)
k =

(√
b1
b−1

)k

sin
kπj

n+ 1
(k = 1, . . . , n).

Assuming Hermitian banded Toeplitz matrices, the behaviour of their eigenvalues
closely resembles that of its singular values. We know that Tn(b) is Hermitian, if and only
if b(t) is real-valued. Let m = mint∈T b(t) and M = maxt∈T b(t). If we put a(t) = b(t)−m,
it turns out that the eigenvalues of Tn(a) coincide with its singular values, and this leads
to the similarity of the behaviour of the eigenvalues of Tn(b) with its singular values.
Compare the following theorem ([5], [33]) with Theorems 1.2.2 and 1.2.3.

Theorem 1.2.7. Let b(t) be a non-constant real-valued Laurent polynomial, let R(b) =
[m,M ], and denote by 2α and 2β the maximal order of the zeros of b(t)−m and M−b(t),
respectively. Then for each fixed k,

λn−k(Tn(b))−m ' 1

n2α
, M − λk(Tn(b)) ' 1

n2β
,

where the notation xn ' yn means that there exist constants C1, C2 ∈ (0,∞) such that
C1yn ≤ xn ≤ C2yn for all sufficiently large n.

In addition to the similarity of the extreme eigenvalues and singular values of Tn(b), the
Avram-Parter theorem (Theorem 1.2.4) remains true for real-valued b with the singular
values, σn−k(Tn(b)), replaced by eigenvalues, λn−k(Tn(b)) (Corollary 10.5, [5]).

For general non-Hermitian banded Toeplitz matrices, the distribution of the eigenval-
ues is more involved and requires additional background material that falls outside the
scope of this thesis. We refer the reader to [5] and the references contained therein for a
thorough analysis of the topic.

A substantial amount of work has also been done on the effects of perturbing a small
number of entries of Toeplitz matrices, including changes in the spectrum. In chapter 4 we
follow the exposition of section 14.1 in [5] to arrive at explicit formulas for the eigenvalues
and eigenvectors of a particular perturbed Toeplitz matrix. This result is then used to
explain a permutation phenomenon arising in the singular vectors of a subclass of T-gen
matrices.

1.2.3 Invertibility

Invertibility of Toeplitz matrices is very important in our research since the study of the
norms of the inverses of T-gen matrices directly require the invertibility of the Toeplitz
matrices that generate them (see Theorem 3.1.1). Criteria for invertibility involves the
symbol of the associated operator, and this is evident in the following theorem which is
originally due to Baxter [2] and Reich [30] for the case l1, with generalisations proven
later by Gohberg and Fel’dman.
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Let c0 denote the closed subspace of l∞ consisting of sequences converging to zero,
and let the Wiener algebra W be the set of all functions a : T −→ C of the form
a(t) =

∑∞
n=−∞ ant

n with
∑∞

n=−∞ |an| <∞.

Theorem 1.2.8. Let X be one of the spaces c0 or lp, (1 ≤ p ≤ ∞), and let a ∈ W . Then,

lim
n−→∞

‖T−1n (a)‖ <∞ if T (a) is invertible,

lim
n−→∞

‖T−1n (a)‖ =∞ if T (a) is not invertible.

Therefore, {Tn(a)}∞n=1 is stable if and only if a has no zeros on T and admits a right
canonical factorisation.

This theorem implicitly gives a criterium for the invertiblily of finite sections of Toeplitz
operators, provided they are invertible. When considering T-gen matrices, we have men-
tioned that the banded Toeplitz matrices that generate them have associated symbols
that do vanish on the unit circle. Consequently, this theorem does not give us conditions
under which finite sections of non-Fredholm Toeplitz operators will be invertible, but it
does tell us that if T−1n (a) exists for all n sufficiently large, ‖T−1n (a)‖ is unbounded. For-
tunately there is another useful result that determines when these matrices are invertible
- see [3] or Theorem 4.27 from [5]. We will state it here, after the appropriate notation.

Let R(a) = a(T) denote the range of the symbol a, convR(a) the convex hull of R(a),
and ∂ convR(a) the boundary of convR(a).

Theorem 1.2.9. Suppose a ∈ W does not vanish identically and R(a) is not a line
segment containing the origin in its interior. If

0 /∈ convR(a) or 0 ∈ ∂ convR(a),

then Tn(a) is invertible for all n ≥ 1.

Since the symbol associated with our Toeplitz matrices contains at least one zero, but
is not identically zero, it satisfies the assumptions of this theorem. However, because of
the presence of the zero, the first condition is never satisfied and we are left with testing
the second condition. It is important to note that this theorem does not give both a
necessary and sufficient condition for invertibility and therefore does not give a complete
characterization of invertibility. In chapter 3 we will discuss an example of a banded
symbol with a zero that does not satisfy the second condition, and hence we cannot say
anything about its invertibility from this theorem.

On the other hand, given that a Toeplitz matrix is invertible, the Gohberg-Semencul-
Heinig formulas provide a quick way of calculating its inverse [20]. Consider again the

finite Toeplitz n×n matrix Tn(a) =
[
ai−j

]n−1
i,j=0

. These formulas describe the inverse of the

Toeplitz matrix in terms of the solutions of four matrix-vector equations. To be precise,
let the vectors x, y, u, v be solutions to

Tn(a)x = e1, Tn(a)y = en, Tn(a)Tu = en, Tn(a)Tv = e1.

Denote by Toep (x) the upper triangular Toeplitz matrix with xT as its first row. Also
denote by S the n×n forward shift matrix, that is, the matrix Toep (e2)

T . Then the first
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coordinates of x and v are equal, so x1 = v1, and likewise, the last coordinates of y and
u are equal, so yn = un, and the inverse of Tn(a) is given by

Tn(a)−1 = Toep (x)Tv−11 Toep (v)− Toep (Sy)Ty−1n Toep (Su).

The above formulas do not only apply to the scalar case, but also to block Toeplitz
matrices. In the scalar case, the Gohberg-Semencul formulas are adequate ([20]). Also
see [?].

1.2.4 Norms

The norm of an operator, A, on lp sequence spaces is defined as

‖A‖p = sup
x 6=0

‖Ax‖p
‖x‖p

,

where ‖x‖pp :=
∑∞

n=0 |xn|p for 1 ≤ p <∞ and ‖x‖∞ := supn≥0 |xn| <∞. From chapter 5
of [5], or originally in [8], we know that

lim
n−→∞

‖Tn(b)‖p = ‖T (b)‖p

and more precisely,

‖T (b)‖p = ‖Tn(b)‖p +O(
1

n
),

for 1 < p < ∞. As discussed in the previous section, the finite matrix Tn(b) will be
identified with its associated finite section of T (b), defined on lp.

For our purposes, we will only be interested in the case p = 2. In this case, ‖ · ‖2
coincides with the spectral norm of a matrix, i.e., the maximum singular value ([19]).
Thus, ‖A‖2 = maxn{σn(A)}. We can then immediately see from Theorem 1.2.3, that the
O(1/n) estimate given here for general values of p, can be greatly improved for the case
p = 2, since σ1(Tn(b)) = ‖Tn(b)‖2.

We are also interested in the norms of the inverses of Toeplitz matrices. Since
‖T−1n (b)‖2 = 1/σnTn(b), Theorem 1.2.2 can directly be applied to estimate the growth
of ‖T−1n (b)‖2.

1.2.5 Variable coefficient Toeplitz matrices

From the definition of our T-gen matrices, Xn = Tn+fn · (T−1n )∗, it is clear that its entries
depend on the sequence fn, which changes as the size of Xn grows. One might be tempted
to use the phrase variable coefficient to describe these matrices, but we steer clear from
such a description as it has been widely used in the literature, e.g. [34, 35, 11, 36, 6, 7] to
describe specific classes of Toeplitz matrices with variable coefficients that differ greatly
from T-gen matrices. In [6] for example, they consider matrices defined as follows. Let
a : [0, 1]× [0, 1]×T −→ C be a continuous function with Fourier representation in its last
variable,

a(x, y, t) =
∞∑

n=−∞

â(x, y)tn, â(x, y) =

∫
T
a(x, y, t)t−n

|dt|
2π

.
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The (N + 1)× (N + 1) variable coefficient matrix generated by a is then defined as

AN(a) =

(
âj−k

(
j

N
,
k

N

))∞
j,k=0

.

Since the inverses of Toeplitz matrices are generally not Toeplitz themselves, it is easy
to construct a myriad of examples of T-gen matrices that are not Toeplitz themselves. If
in addition, we added particular finite rank perturbations (see chapter 3), they enlarge
the class even further and we are clearly not in the realm of variable coefficient Toeplitz
matrices anymore.

1.2.6 Main results

Here follows a list of the main results achieved.

• Chapter 2: Theorem 2.1.5 shows that the inverse of any invertible block Toeplitz
operator, T , with rational matrix symbol can be approached in norm by the product
of the inverses of related Toeplitz operators. The Toeplitz operators in the product
are related to the original operator via their symbols. Indeed, their symbols converge
to the inverses of the factors of the right canonical factorisation of the symbol of T .

• Chapter 3: Theorem 3.1.1 and Theorem 3.1.2 provide growth estimates for the
norm of the inverse of a sequence of T-gen matrices and related finite rank pertur-
bations - see [26]. Theorem 3.4.1 significantly improves on these results and states
the growth of these norms via an order estimate [27].

• Chapter 4: Theorem 4.1.1 provides explicit formulas for the eigenvectors and eigen-
values of a special perturbed tridiagonal Toeplitz matrix. This result is then used
in Section 4.3, which explains a curious permutation phenomenon regarding the
singular vector entries of a special class of T-gen matrices. In addition, the norms
of this special class of matrices as well as their inverses are exactly determined for
any size n [28].



Chapter 2

Block Toeplitz Operators and the
NDARE

2.1 Introduction

In [12] a connection was made between rational matrix functions on the unit circle and a
related NDARE (2.3). Here the rational matrix function serves as the symbol of a block
Toeplitz operator. Necessary and sufficient conditions were found regarding the right
canonical factorization of the symbol, and a unique stable solution of the corresponding
NDARE. Hence, the invertibility of a Toeplitz operator with rational matrix symbol can
be related to the existence of a unique stabilizing solution of (2.3). Also, the FSM can be
applied to provide a constructible sequence that converges to the unique stable solution
of the NDARE. This sequence, however, can be constructed independently of the FSM as
well.

Our main goal here will be the uniform approximation of the inverses of these block
Toeplitz operators. Let

T =


R0 R−1 R−2 . . .
R1 R0 R−1 . . .
R2 R1 R0 . . .
...

...
...

. . .

 (2.1)

be a block Toeplitz operator whose entries are m × m matrices, which are the Fourier
coefficients of a rational matrix function R(t) =

∑∞
i=−∞Rit

i. This matrix function is
called the corresponding symbol. The operator T is defined on lp(Cm) (1 ≤ p <∞), i.e.,
the vector-valued lp spaces. Theorem 1.1.2 tells us that T is invertible if and only if R(t)
has a right canonical factorisation and detR(t) 6= 0, t ∈ T. Such a factorisation can be
expressed as R(t) = ψ(t)θ(t) on the unit circle T, where θ(t) and θ(t)−1 have no poles on
the unit disk {t ∈ C : |t| ≤ 1}, while ψ(t) and ψ(t)−1 have no poles in {t ∈ C : |t| ≥ 1}.
In addition, T−1 = Tθ−1Tψ−1 , where Tθ−1 and Tψ−1 are both block Toeplitz operators with
corresponding symbols. As in the introduction, Toeplitz operator will always imply block
Toeplitz operator in this chapter.

As mentioned in the introduction, we will employ a special representation, or realiza-

13
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tion of the symbol of our Toeplitz operator. We state it again for convenience:

R(t) = R0 + tC(I − tA)−1B + γ(tI − α)−1β. (2.2)

Here, A and α are square matrices of size n × n and ν × ν respectively, and have the
property of stability, i.e., their eigenvalues are contained in the open unit disk. The
remaining matrices R0, B, C, β, γ and I (identity), all represent matrices of appropriate
sizes. We shall refer to (2.2) as a stable representation of R(t). With (2.2) we associate
the NDARE

Q = αQA+ (β − αQB)(R0 − γQB)−1(C − γQA). (2.3)

Q is said to be a stabilizing solution to the above equation if the matrix R0 − γQB is
invertible, Q is a solution to (2.3) and both

A◦ = A−B(R0 − γQB)−1(C − γQA) and (2.4)

α◦ = α− (β − αQB)(R0 − γQB)−1 (2.5)

are stable.
We now state a few results from [12] which will be important for our study.

Theorem 2.1.1. Let R(t) be a m×m rational matrix function with no poles on T with
(2.2) as a stable representation. Then R(t) admits a right canonical factorization with
respect to T if and only if the NDARE (2.3) has a stabilizing solution Q, and in that case
a canonical factorization R(t) = ψ(t)θ(t) is obtained by taking

θ(t) = D + tC◦(I − tA)−1B, ψ(t) = δ + γ(tI − α)−1β◦, (2.6)

where

C◦ = δ−1(C − γQA), β◦ = (β − αQB)D−1,

and δ and D are any invertible matrices satisfying δD = R0 − γQB. Moreover, the
inverses of the factors are given by

θ−1(t) = D−1 − tD−1C◦(I − tA◦)−1BD−1

ψ−1(t) = δ−1 − tδ−1γ(It− α◦)−1β◦δ−1,

where A◦ and α◦ are given by (2.4) and (2.5) respectively. Finally, if the NDARE (2.3)
has a stabilizing solution, then this solution is unique and given by

Q = [β αβ α2β . . . ]T−1


C
CA
CA2

...

 , (2.7)

where T is the Toeplitz operator (2.1) with symbol R(t).
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In what follows, we will write Q = ωT−1W with

ω = [β αβ α2β · · · ], W =


C
CA
CA2

...

 .
We also define

ωn = [β αβ · · ·αn−1β], Wn =


C
CA

...
CAn−1

 .

Lemma 2.1.2. Assume the n-th finite section Tn of T is invertible, and put Qn =
ωnT

−1
n Wn. Then Tn+1 is invertible if and only if R0−γQnB is invertible, and in that case

the matrix Qn+1 = ωn+1T
−1
n+1Wn+1 is given by

Qn+1 = αQnA+ (β − αQnB)(R0 − γQnB)−1(C − γQnA). (2.8)

Proposition 2.1.3. Let R(t) be given by the stable representation (2.2), and consider
the Ricatti difference equation (2.8). Assume the Finite Section Method converges for the
Toeplitz operator with symbol R(t). Then there exists a positive integer k such that the
following holds

(i) Tn, the n-th finite section of T , is invertible for all n ≥ k;

(ii) R0 − γQnB is invertible where

Qn = ωnT
−1
n Wn

is the solution to equation (2.8) for all n ≥ k. (Here the subscript n denotes the n-th
section or truncation of the vectors and operator as specified in Theorem 2.1.1).

(iii) Qn converges to Q and R0 − γQB is invertible;

(iv) the matrices α◦ and A◦ are stable.

In this case, Q is the stabilizing solution to the Ricatti equation (2.2).

Remark 2.1.4.

In [12] the results were stated for the case where the Toeplitz operator was defined
on l2(Cm). However, these results go through trivially on lp(Cm) (1 ≤ p < ∞) since no
special Hilbert space properties were employed and most of the proofs play out in the
finite-dimensional domain. See [13], chapter VIII, sections 3-5 for relevant results. We
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now give the main results of this chapter:
Let Qn be any sequence of matrices converging to the stabilizing solution Q of the

NDARE. Put

A◦n = A−B(R0 − γQnB)−1(C − γQnA),

α◦n = α− (β − αQnB)(R0 − γQnB)−1γ,

β◦n = (β − αQnB)D−1n ,

C◦n = δ−1n (C − γQnA).

Here, δn and Dn are chosen as the identity and R0 − γQnB, respectively. Define rational
matrix functions θn and ψn via their inverses, θ−1n and ψ−1n , analogous to θ−1 and ψ−1:

θ−1n (t) = D−1n − tD−1n C◦n(I − tA◦n)−1BD−1n
ψ−1n (t) = I − tγ(t− α◦n)−1β◦n,

and introduce also
Sn = Tθ−1

n
Tψ−1

n
, (2.9)

where Tθ−1
n

and Tψ−1
n

are the Toeplitz operators with symbol θ−1n and ψ−1n , respectively.

Theorem 2.1.5. Given an invertible Toeplitz operator T with a rational matrix function
symbol. Let Q be the stabilizing solution of NDARE, and let Qn be any sequence of
matrices converging to Q. Then, with Sn given by (2.9) we have

lim
n→∞

‖Sn − T−1‖ = 0.

The following proposition gives a relation between the convergence rate of Sn to T−1

and the convergence rate of Qn to Q.

Proposition 2.1.6. The inequality ‖Sn − T−1‖ ≤ c‖Qn − Q‖ holds for n large enough,
where c is a positive constant.

Returning to the Qn given in Lemma 2.1.2, for which we know that Qn → Q, the
convergence rate is known to be quadratic in the symmetric case (see Theorem 13.2.1,
[24]). In contrast to the general case of a non-symmetric Riccati difference equation
(NRDE) as in (2.8), we can only show linear convergence.

Proposition 2.1.7. For the non-symmetric Riccati difference equation (2.8) we have

‖Qn+1 −Qn‖ ≤ k‖Qn −Qn−1‖,

where k is some positive constant.

We will also show that a quadratic convergence rate does not apply in general to
equation (2.8). This is in contrast to symmetric discrete algebraic Riccati equations
where quadratic convergence holds ([24]).
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2.2 Approximation of the inverse Toeplitz operator

From Theorem 2.1.1 we know that T−1 = Tθ−1Tψ−1 when Q in (2.7) is a stabilizing solution
to the NDARE (2.3). Taking a closer look at Theorem 2.1.1, one sees that we have explicit
formulas for the symbols θ and ψ as well as their inverses. Also notice that Q is present
in them.

Assume Qn is any sequence of operators (with appropriate size) which converge to
the stabilizing solution Q. We can define functions, θ−1n and ψ−1n , analogous to θ−1 and
ψ−1, and hope that they can be used as symbols for Toeplitz operators, Tθ−1

n
and Tψ−1

n
,

respectively. We then investigate the convergence of the sequence

‖Tθ−1
n
Tψ−1

n
− T−1‖.

Now, define

Sn := Tθ−1
n
Tψ−1

n
,

with

θ−1n (t) = D−1n − tD−1n C◦n(I − tA◦n)−1BD−1n and

ψ−1n (t) = In − tγ(t− α◦n)−1β◦n,

where

A◦n = A−B(R◦ − γQnB)−1(C − γQnA),

α◦n = α− (β − αQnB)(R◦ − γQnB)−1γ,

β◦n = (β − αQnB)D−1n ,

C◦n = (C − γQnA).

Here, Dn is chosen as R0 − γQnB. With these definitions in hand, we are ready to prove
our main theorem.

Proof of Theorem 2.1.5. We need to check that Sn is well-defined, i.e., that θ−1n and
ψ−1n are themselves well-defined and have no poles on the unit circle T. Since we know
that R0 − γQB is invertible, there exists a k such that R◦ − γQnB is invertible for all
n ≥ k. To see this, note that det(R◦ − γQB) 6= 0 and that the determinant is a contin-
uous function. It follows that A◦n, α◦n and β◦n are well-defined for n large enough. The
choice of δn also guarantees that C◦n is well-defined.

What remains is to show that θ−1n and ψ−1n have no poles on T and we prove this by
showing that A◦n and α◦n are stable for n large enough.

It’s easy to see that A◦n → A◦ pointwise, and hence in norm, since they are bounded
linear operators of finite rank. Suppose that for all m ∈ N there exists a n ≥ m such that
A◦n is not stable. This implies the existence of a sequence of eigenvalues λn, with |λn| ≥ 1
such that A◦nxn = λnxn. Without loss of generality, we can choose the xn’s such that
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‖xn‖ = 1 for all n. Since the unit ball is compact in a finite dimensional space, xn has
a convergent subsequence xnk with limit denoted by x◦. Also, the eigenvalues λn exist in
a compact set. Indeed, |λn| ≤ ‖A◦n‖ and ‖A◦n‖ is bounded. Now consider the sequence
of eigenvalues λnk , corresponding to the sequence xnk . Again we can find a convergent
subsequence λnkl with limit, say λ◦, with its corresponding sequence of eigenvectors xnkl
converging to x◦. Therefore we have λnklxnkl → λ◦x◦ and A◦nklxnkl → A◦x◦ and together
they give us A◦x◦ = λ◦x◦. However, A◦ is stable, and |λ◦| ≥ 1 since |λn| ≥ 1 which is a
contradiction, and consequently our assumption is false. This proves the stability of A◦n
for all n sufficiently large. A completely analogous proof provides us with the stability of
α◦n, leading to a well-defined Sn.

As for A◦n, its equally straightforward to see that α◦n → α◦, β◦n → β◦ and C◦n → C◦.
The stage is now set to estimate ‖Sn − T−1‖, but first, a few more definitions.

Define θ̃−1n (t) := I − tC◦n(I − tA◦n)−1BD−1n and θ̃−1(t) := I − tC◦(I − tA◦)−1BD−1.
Then θ−1n = D−1n θ̃−1n and θ−1 = D−1θ̃−1.

We now test the convergence of Sn:

‖Sn − T−1‖
=‖Tθ−1

n
Tψ−1

n
− Tθ−1Tψ−1‖

=‖(Tθ−1
n
− Tθ−1)Tψ−1

n
+ Tθ−1(Tψ−1

n
− Tψ−1)‖

=‖(TD−1
n
Tθ̃−1

n
− TD−1Tθ̃−1)Tψ−1

n
+ Tθ−1(Tψ−1

n
− Tψ−1)‖

=‖[(TD−1
n
− TD−1)Tθ̃−1

n
+ TD−1(Tθ̃−1

n
− Tθ̃−1)]Tψ−1

n
+ Tθ−1(Tψ−1

n
− Tψ−1)‖

≤[‖D−1n −D−1‖‖θ̃−1n ‖∞ + ‖D−1‖‖θ̃−1n − θ̃−1‖∞]‖ψ−1n ‖∞ + ‖θ−1‖∞‖ψ−1n − ψ−1‖∞. (2.10)

It remains to show that ‖ψ−1n − ψ−1‖∞ and ‖θ̃−1n − θ̃−1‖∞ go to zero as n goes to infinity
since their convergence implies that ‖ψ−1n ‖∞ and ‖θ̃−1n ‖∞ are bounded respectively. Also,
‖D−1n −D−1‖ converges to zero by construction. First we check the convergence of ψ−1n :

‖ψ−1n − ψ−1‖∞
= sup
|t|=1

‖[I − γ(t− α◦n)−1β◦n]− [I − γ(t− α◦)−1β◦]‖

≤‖γ‖ sup
|t|=1

‖[(t− α◦n)−1 − (t− α◦)−1]β◦n + (t− α◦)−1(β◦n − β◦)‖

=‖γ‖ sup
|t|=1

‖(t− α◦n)−1[(t− α◦)− (t− α◦n)](t− α◦)−1β◦n + (t− α◦)−1(β◦n − β◦)‖

=‖γ‖ sup
|t|=1

‖(t− α◦n)−1(α◦n − α◦)(t− α◦)−1β◦n + (t− α◦)−1(β◦n − β◦)‖

≤‖γ‖[sup
|t|=1

‖(t− α◦n)−1‖‖α◦n − α◦‖ sup
|t|=1

‖(t− α◦)−1‖‖β◦n‖

+ sup
|t|=1

‖(t− α◦)−1‖‖β◦n − β◦‖].

Considering the last inequality, we claim that the right hand side will go to zero as n→∞
if we can show that ‖(t − α◦n)−1‖∞ is bounded. Note that all other terms involving n
converge to zero or are bounded.
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Let sup|t|=1 ‖(t − α◦)−1‖ = K and assume that for every k ∈ N there exits a n ≥ k
such that sup|t|=1 ‖(t−α◦n)−1‖ > 2K. Since ‖(t−α◦n)−1‖ is a continuous function for all
n large enough, and T is a compact set, this function will assume its supremum for some
tn ∈ T. Thus,
‖(tn−α◦n)−1‖ = sup|t|=1 ‖(t−α◦n)−1‖ > 2K. Now form a convergent subsequence tnl → t◦
and hence ‖(tnl − α◦nl)−1‖ > 2K. On the other hand, taking the limit as l→∞ we get

lim
l→∞
‖(tnl − α◦nl)−1‖ = ‖(t◦ − α◦)−1‖ ≤ K.

Therefore there exits a l (and hence a n), such that for all p ≥ n we have
‖(tp−α◦p)−1‖ ≤ 2K. This contradicts ‖(tnl−α◦nl)−1‖ > 2K and therefore our assumption
is false, proving the boundedness of ‖(t− α◦n)−1‖∞.

We conclude with the convergence of θ̃−1n :

‖θ̃−1n − θ̃−1‖∞ = sup
|t|=1

‖[I − tC◦n(I − tA◦n)−1BD−1n ]− [I − tC◦(I − tA◦)−1BD−1]‖

= sup
|t|=1

‖ − t[C◦n[t(t−1 − A◦n)]−1BD−1n − C◦[t(t−1 − A◦)]−1BD−1]‖

= sup
|t|=1

‖C◦n(t−1 − A◦n)−1BD−1n − C◦(t−1 − A◦)−1BD−1‖

For readability sake, we denote (t−1 −A◦n)−1 by F−1◦n and (t−1 −A◦)−1 by F−1◦ . We then
write

sup
|t|=1

‖C◦n(t−1 − A◦n)−1BD−1n − C◦(t−1 − A◦)−1BD−1‖

= ‖C◦nF−1◦n BD−1n − C◦F−1◦ BD−1‖∞
= ‖(C◦nF−1◦n − C◦F−1◦ )BD−1n + C◦F

−1
◦ B(D−1n −D−1)‖∞

= ‖[(C◦n − C◦)F−1◦n + C◦(F
−1
◦n − F−1◦ )]BD−1n + C◦F

−1
◦ B(D−1n −D−1)‖∞

= ‖[(C◦n − C◦)F−1◦n + C◦(F
−1
◦n (F◦ − F◦n)F−1◦ )]BD−1n + C◦F

−1
◦ B(D−1n −D−1)‖∞

≤ [‖C◦n − C◦‖‖F−1◦n ‖∞ + ‖C◦‖‖F−1◦n ‖∞‖A◦n − A◦‖‖F−1◦ ‖∞]‖B‖‖D−1n ‖
+ ‖C◦‖‖B‖‖F−1◦n ‖∞‖D−1n −D−1‖.

Notice again that all factors involving n are either bounded, or convergent with limit zero,
including F−1◦n by the same argument as before. It then follows directly that limn→∞ ‖θ̃−1n −
θ̃−1‖∞ = 0 and thus we have shown that

lim
n→∞

‖Sn − T−1‖ = 0.

2

Example 2.2.1.

Let us now consider an example, showing how T−1 is approximated. To simplify
calculations, we choose a scalar valued symbol,

R(t) =
1

2
+

3

4
t− 2

3
t−1.
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Clearly this defines a tri-diagonal Toeplitz operator and the state space representation
of this symbol can be found by setting A and α to zero, and choosing the rest of the
constants as follows,

R0 =
1

2
, B =

3

2
, C =

1

2
, β = 1 and γ = −2

3
.

First we apply Theorem 2.1.1 to find a right canonical factorization of the symbol and
then Proposition 2.1.3 to construct a converging sequence Sn.
In this case, (2.3) reduces to

Q = β(R0 − γQB)−1C =

(
1

2
+Q

)−1
1

2
.

Solving this quadratic equation, we find that there are two possible values, Q = −1 and
Q = 1

2
. One of these is the desired stabilizing solution and to find which one, we test A◦

and α◦. Take Q = 1
2
. Then,

A◦ = −B(R0 − γQB)−1C = −3

2

(
Q+

1

2

)−1(
1

2

)
= −3

4
.

Also,

α◦ = −β(R0 − γQB)−1γ = −1

(
Q+

1

2

)−1(
−2

3

)
=

2

3
.

Thus, Q = 1
2

is the stabilizing solution, and we can calculate the factors in the canonical
factorization of R(t). Using the equations in (2.6) directly, we see that

θ(t) = 1 +
3

4
t and ψ(t) = 1− 2

3
t−1.

Since our symbol R(t) is scalar and analytic on T, and defines an invertible Toeplitz
operator T , it is well known that the FSM converges for T . Therefore we can apply
Proposition 2.1.3 in conjunction with Theorem 2.1.5 to show how Sn approximates T−1.
Recall that Sn = Tθ−1

n
Tψ−1

n
. We need to construct θ−1n and ψ−1n and verify for which n

they are well-defined. Notice that

θn(t) =
1

2
+Qn +

3

4
t; θ−1n (t) =

1
1
2

+Qn + 3
4
t

and

ψn(t) = 1− 2t−1

3
2

+ 3Qn

; ψ−1n (t) =
1

1− 2t−1

3
2
+3Qn

.

Remember that by definition, Qn = ωnT
−1
n Wn. Thus, Q1 = βT−11 C = 1 since T−11 = 2.

According to Lemma 2.1.2, T−12 will now be invertible since R0− γQ1B = 3
2

is invertible.
Luckily we need not check every single factor.

Notice that in general, R0 − γQnB = 1
2

+ Qn. Hence, for all positive Qn, this factor
will be invertible, and consequently, Tn+1 also. But, we also see from Lemma 2.1.2 that

Qn+1 = 1
2

(
1
2

+Qn

)−1
, which also produces positive Qn+1’s from positive Qn’s. Therefore,
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starting with Q1 = 1, we see that Tn will be invertible for all n ≥ 2 and we can now
determine for which n the functions θ−1n and ψ−1n are well-defined. Consider

θ−1n (t) =
1

1
2

+Qn + 3
4
t
.

θ−1n can only be ill-defined if t = −1, forcing Qn = 1
4
. Will this ever happen? It turns

out that it will not. We show this via a recursive argument. From our NDAR difference
equation, we have Q1 = 1 and Q2 = 1

3
and we claim that

1

4
< Qn <

1

2
=⇒ 1

2
< Qn+1 <

2

3
. (2.11)

This can be verified by using Qn+1 = 1
2

(
Qn + 1

2

)−1
. In the same manner, it can be shown

that
1

2
< Qn+1 <

2

3
=⇒ 3

7
< Qn+2 <

1

2
=⇒ 1

2
< Qn+3 <

7

13
.

From this inequality, we see that Qn+3 satisfies the second group of inequalities from
(2.11). Thus we can write

3

7
< Qn <

2

3
, for all n ≥ 4,

and a well-defined θ−1n is guaranteed. Now consider

ψ−1n (t) =
1

1− 2t−1

3
2
+3Qn

.

Here we see that the only value for which ψ−1n can be ill-defined is t = 1, forcing Qn = 1
6
.

From the previous arguments, we already know that Qn 6= 1
6

and we can conclude that Sn
is well-defined for all n. From the formulas for θ−1n and ψ−1n , it is clear that they converge
to θ−1 and ψ−1 respectively, and consequently Sn will converge to T−1.

A natural question that arises concerns the speed of convergence for Sn. If we know
something about the rate of convergence for Qn, we may be able to express the convergence
of Sn in terms of Qn. This is dealt with in the next section.

2.3 Convergence rate of Sn

Proof of Proposition 2.1.6. First, a few recurring factors are shown to converge at
the same rate as Qn. This will simplify the many calculations necessary to arrive at the
desired result. Here they are:

•

‖C◦n − C◦‖ = ‖(C − γQnA)− (C − γQA)‖ ≤ ‖γ‖‖A‖‖Qn −Q‖ = K1‖Qn −Q‖.
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•

‖D−1n −D−1‖ = ‖(R◦ − γQnB)−1 − (R◦ − γQB)−1‖
= ‖(R◦ − γQnB)−1(R◦ − γQnB −R◦ + γQB)(R◦ − γQB)−1‖
≤ 2‖D−1n ‖‖γ‖‖Qn −Q‖‖B‖‖D−1‖
= K2‖Qn −Q‖,

where ‖D−1n ‖ = ‖(R◦ − γQnB)−1‖ ≤ 2‖D−1‖ for n large enough, since Qn → Q.

•

‖β◦n − β◦‖ = ‖(β − αQnB)D−1n − (β − αQB)D−1‖
= ‖[(β − αQnB)− (β − αQB)]D−1n + (β − αQB)(D−1n −D−1)‖
= ‖(−αQnB + αQB)D−1n + (β − αQB)(D−1n −D−1)‖
≤ ‖α‖‖Qn −Q‖‖B‖‖D−1n ‖+ ‖β − αQB‖K2‖Qn −Q‖
≤ ‖Qn −Q‖(‖α‖‖B‖2‖D−1‖+ ‖β − αQB‖K2)

= K3‖Qn −Q‖

•

‖A◦n − A◦‖ = ‖(A−BD−1n C◦n)− (A−BD−1C◦)‖
= ‖ −BD−1n C◦n +BD−1C◦‖
≤ ‖B‖[‖D−1n −D−1‖‖C◦n‖+ ‖D−1‖‖C◦n − C◦‖]
≤ ‖B‖[K2‖Qn −Q‖‖C◦n‖+ ‖D−1‖K1‖Qn −Q‖]
≤ ‖Qn −Q‖[‖B‖2‖C◦‖K2 + ‖D−1‖K1]

= K4‖Qn −Q‖,

where ‖C◦n‖ ≤ 2‖C◦‖ for n large enough.

•

‖α◦n − α◦‖
=‖[α− (β − αQnB)(R◦ − γQnB)−1γ]− [α− (β − αQB)(R◦ − γQB)−1γ]‖
=‖[α− (β − αQnB)D−1n γ]− [α− (β − αQB)D−1γ]‖
=‖ − (β − αQnB)D−1n γ + (β − αQB)D−1γ‖
≤‖γ‖‖[(β − αQnB)− (β − αQB)]D−1n + (β − αQB)(D−1n −D−1)‖
=‖γ‖‖ − α(Qn −Q)BD−1n + (β − αQB)(D−1n −D−1)‖
≤‖γ‖[‖α‖‖Qn −Q‖‖B‖‖D−1n ‖+ ‖β − αQB‖‖D−1n −D−1‖]
≤‖γ‖[‖α‖‖Qn −Q‖‖B‖‖D−1n ‖+ ‖β − αQB‖K2‖Qn −Q‖]
≤‖Qn −Q‖(‖γ‖‖α‖‖B‖2‖D−1‖+ ‖β − αQB‖K2)

=K5‖Qn −Q‖.

Using the above estimates, we will show that ‖θ̃−1n − θ̃−1‖∞ and
‖ψ−1n − ψ−1‖∞ converge at the same rate as ‖Qn −Q‖, and consequently,
‖Sn − T−1‖ as well.
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•

‖ψ−1n − ψ−1‖∞ ≤ ‖γ‖[sup
|t|=1

‖(t− α◦n)−1‖‖α◦n − α◦‖ sup
|t|=1

‖(t− α◦)−1‖‖β◦n‖

+ sup
|t|=1

‖(t− α◦)−1‖‖β◦n − β◦‖]

≤ ‖γ‖[2KK5‖Qn −Q‖K2‖β◦‖+KK3‖Qn −Q‖]
= ‖Qn −Q‖(‖γ‖[2KK5K2‖β◦‖+ ‖γ‖KK3)

= K6‖Qn −Q‖

with ‖β◦n‖ ≤ 2‖β◦‖ for n large enough. (Recall that K = sup|t|=1 ‖(t− α◦)−1‖.)

•

‖θ̃−1n − θ̃−1‖∞
≤[‖C◦n − C◦‖‖F−1◦n ‖∞ + ‖C◦‖‖F−1◦n ‖∞‖A◦n − A◦‖‖F−1◦ ‖∞]‖B‖‖D−1n ‖

+ ‖C◦‖‖B‖‖F−1◦ ‖∞‖D−1n −D−1‖
≤[K1‖Qn −Q‖2‖F−1◦ ‖∞ + ‖C◦‖2‖F−1◦ ‖∞K4‖Qn −Q‖‖F−1◦ ‖∞]‖B‖2‖D−1‖

+ ‖C◦‖‖B‖2‖F−1◦ ‖∞K2‖Qn −Q‖
=‖Qn −Q‖[‖B‖2‖D−1‖(K12‖F−1◦ ‖∞ + ‖C◦‖2‖F−1◦ ‖∞K4‖F−1◦ ‖∞)

+ ‖C◦‖‖B‖2‖F−1◦ ‖∞K2]

=K7‖Qn −Q‖,

with ‖F−1◦n ‖∞ ≤ 2‖F−1◦ ‖∞ for n large enough. Finally, we are ready to put it all together.
It follows from inequality 2.10 that

‖Sn − T−1‖
≤[‖D−1n −D−1‖‖θ̃−1n ‖∞ + ‖D−1‖‖θ̃−1n − θ̃−1‖∞]‖ψ−1n ‖∞ + ‖θ−1‖∞‖ψ−1n − ψ−1‖∞
≤[K2‖Qn −Q‖2‖θ̃−1‖∞ + ‖D−1‖K7‖Qn −Q‖]2‖ψ−1‖∞ + ‖θ−1‖∞K6‖Qn −Q‖
=‖Qn −Q‖[2‖ψ−1‖∞(K22‖θ̃−1‖∞ + ‖D−1‖K7) + ‖θ−1‖∞K6]

=c‖Qn −Q‖,

where ‖ψ−1n ‖∞ ≤ 2‖ψ−1‖∞ and ‖θ̃−1n ‖∞ ≤ 2‖θ̃−1‖∞ for n large enough. 2

Example 2.3.1.

It is possible to find c in Proposition 2.1.6 above, but it requires a lot of tedious calcu-
lations and only an outline will be presented here. The first step involves the calculation
of the constants (K1,...,K5) in Proposition 2.1.6 which will enable us to establish K6, K7

and then c. It is important to note that for this example we do not use the same estimates
as in the inequalities of Proposition 2.1.6. For example,

‖D−1n −D−1‖ ≤ ‖(R0 − γQnB)−1‖‖γ‖‖Qn −Q‖‖B‖‖(R0 − γQB)−1)‖.

The first and last factors on the right-hand side of the inequality is just D−1n and D−1

respectively. From Example 2.2.1 we know that D−1n = 1
1
2
+Qn

and D−1 = 1. Now, we
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do not estimate ‖D−1n ‖ ≤ 2‖D−1‖. We know that 3
7
< Qn <

2
3

for n ≥ 4. To simplify
our calculations, we just use 1

3
as a lower bound for Qn. Applying this bound, we can

directly calculate and verify that ‖D−1n ‖ ≤ 6
5
, and consequently find that K2 = 6

5
. The

same arguments are applied to find the following constants:

K1 = 0; K2 =
6

5
; K3 =

6

5
; K4 =

9

10
; K5 =

4

5

With these in hand we first consider

‖ψ−1n − ψ−1‖∞ ≤ ‖γ‖[sup
|t|=1

‖(t− α◦n)−1‖‖α◦n − α◦‖ sup
|t|=1

‖(t− α◦)−1‖‖β◦n‖

+ sup
|t|=1

‖(t− α◦)−1‖‖β◦n − β◦‖]. (2.12)

As before, we calculate each of the factors in the above inequality directly. It is easy to
see that

sup
|t|=1

‖(t− α◦)−1‖ = sup
|t|=1

1∣∣t− 2
3

∣∣ ≤ sup
|t|=1

1∣∣|t| − 2
3

∣∣ = 3

using the inequality |x− y| ≥ ||x| − |y||. Using the same reasoning, we also have

sup
|t|=1

‖(t− α◦n)−1‖ = sup
|t|=1

1

|t− 2
3Qn+

3
2

|
≤ sup
|t|=1

1

|1− 2
3Qn+

3
2

|
.

But, we know that Qn >
1
3

for n ≥ 4 and inserting Qn = 1
3

we find that

sup
|t|=1

1

|1− 2
3Qn+

3
2

|
< 5.

Inserting all these estimates into equation (2.12), it follows that

‖ψ−1n − ψ−1‖ <
2

3

[
72

5
|Qn −Q|+

18

5
|Qn −Q|

]
= 12|Qn −Q|,

and K6 = 12. We now determine K7 by considering

‖θ̃−1n − θ̃−1‖∞ ≤ [‖C◦n − C◦‖‖F−1◦n ‖∞ + ‖C◦‖‖F−1◦n ‖∞‖A◦n − A◦‖‖F−1◦ ‖∞]‖B‖‖D−1n ‖
+ ‖C◦‖‖B‖‖F−1◦n ‖∞‖D−1n −D−1‖.

Recall from the proof of Theorem 2.1.1 that ‖F−1◦ ‖∞ = sup|t|=1 |(t−1−A◦)−1| and ‖F−1◦n ‖∞ =
sup|t|=1 |(t−1 − A◦n)−1|. Applying the same arguments mentioned above, we find that

sup
|t|=1

‖(t−1 − A◦)−1‖ = sup
|t|=1

1∣∣t−1 − −3
4

∣∣ ≤ sup
|t|=1

1∣∣||t−1| − 3
4

∣∣ = 4,

and

sup
|t|=1

‖(t−1 − A◦n)−1‖ = sup
|t|=1

1∣∣t−1 − −3
4

1
1
2
+Qn

∣∣ ≤ sup
|t|=1

1∣∣||t−1| − 3
4

1
1
2
+Qn

∣∣ < 10.
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The last inequality follows from the fact that 1
3
< Qn <

2
3

for n ≥ 4. Hence we can write

‖θ̃−1n − θ̃−1‖∞ <

[
0 + 5.

9

10
|Qn −Q|4

]
9

5
+ 9|Qn −Q|

=
207

5
|Qn −Q| < 42|Qn −Q|,

and we choose K7 = 42. We are almost ready to find c, but from inequality 2.10

‖Sn−T−1‖ ≤ [‖D−1n −D−1‖‖θ̃−1n ‖∞+‖D−1‖‖θ̃−1n − θ̃−1‖∞]‖ψ−1n ‖∞+‖θ−1‖∞‖ψ−1n −ψ−1‖∞

we notice that we still have to find estimates for ‖θ̃−1n ‖∞, ‖ψ−1n ‖∞ and ‖θ−1‖∞. Here we
apply aforementioned reasoning to see that

‖θ−1‖∞ = sup
|t|=1

|θ(t)−1| ≤ 4 and ‖ψ−1n ‖∞ = sup
|t|=1

|ψ(t)−1n | < 5.

Also,

‖θ̃−1n ‖∞ = sup
|t|=1

|θ̃−1n (t)|

= sup
|t|=1

|1− tC◦n(1− tA◦n)−1BD−1n |

= sup
|t|=1

|1− C◦n(t−1 − A◦n)−1BD−1n |

= sup
|t|=1

∣∣1− 3

4
F−1◦n D

−1
n

∣∣
≤ 1 +

3

4
sup
|t|=1

|F−1◦n ||D−1n |

< 10.

All the necessary estimates have been gathered and we compute c:

‖Sn − T−1‖ ≤ [‖D−1n −D−1‖‖θ̃−1n ‖∞ + ‖D−1‖‖θ̃−1n − θ̃−1‖∞]‖ψ−1n ‖∞
+ ‖θ−1‖∞‖ψ−1n − ψ−1‖∞

< [12|Qn −Q|+ 42|Qn −Q|]5 + 48|Qn −Q|
= 318|Qn −Q|.

2.4 Convergence rate of the NDAR difference equa-

tion

We begin by showing the linear convergence of the NDAR difference equation as stated
in Proposition 2.1.7.

Proof. Recall the NDAR difference equation(s):

Qn+1 = αQnA+ (β − αQnB)(R0 − γQnB)−1(C − γQnA)
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and
Qn = αQn−1A+ (β − αQn−1B)(R0 − γQn−1B)−1(C − γQn−1A).

With a few substitutions we can write the following difference equation,

Qn+1 −Qn = α(Qn −Qn−1)A+ β◦nC◦n − β◦(n−1)C◦(n−1)
= α(Qn −Qn−1)A+ (β◦n − β◦(n−1))C◦n

+ β◦(n−1)(C◦n − C◦(n−1)).

Taking norms and using the estimates for the different factors as in the proof of Proposition
2.1.6, we have

‖Qn+1 −Qn‖ ≤ k‖Qn −Qn−1‖.

2

In other words, we have linear convergence for Qn. We have to wonder whether this is
the best we can do since we know that the symmetric discrete algebraic Riccati equation
converges quadratically (see [24]). It turns out that in general, quadratic convergence
does not hold under a weak assumption, and we will show that this is always true for the
scalar case. For the non-scalar case we will provide a counter example.

Considering the NDAR difference equation (2.8) for the scalar case, one can perform
a few rearrangements to arrive at

Qn+1 −Qn = α(Qn −Qn−1)A+ (Xn −Xn−1)YnZn

+Xn−1[(Yn − Yn−1)Zn−1 + Yn−1(Zn − Zn−1)],

where

Xn = β − αQnB, Yn = (R0 − γQnB)−1 and Zn = C − γQnA.

Taking norms on both sides and factoring out (Qn −Qn−1) in the previous equation, we
can write

|Qn+1 −Qn|
=|α(Qn −Qn−1)A− α(Qn −Qn+1)BYnZn

+Xn−1[Ynγ(Qn −Qn−1)BYn−1Zn − Yn−1γ(Qn −Qn−1)A]|
=|Qn −Qn−1||αA− αBYnZn +Xn−1YnγBYn−1Zn −Xn−1Yn−1γA|
=|Qn −Qn−1||Gn|,

where Gn = |αA−αBYnZn+Xn−1YnγBYn−1Zn−Xn−1Yn−1γA|. Now, assuming quadratic
convergence holds, it is true that

|Qn+1 −Qn| ≤ c|Qn −Qn−1|2,

where c is some positive real constant. Inserting the previous equality for |Qn+1−Qn| we
get

|Qn −Qn−1|‖Gn‖ ≤ c|Qn −Qn−1|2

=⇒ ‖Gn‖ ≤ c|Qn −Qn−1|.
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We know that Gn is bounded since all its factors are bounded, and if
limn−→∞Gn 6= 0, the above inequality is false since the right-hand side can be made
arbitrarily small.

This is exactly the case in Example 2.2.1. Here we have a significantly simplified
difference equation. Recall that we had 3

7
< Qn <

2
3

for all n ≥ 4. Then

|Qn+1 −Qn| =
∣∣∣∣ 1

2

Qn + 1
2

−
1
2

Qn−1 + 1
2

∣∣∣∣
=

1

2

∣∣∣∣ Qn −Qn−1

(Qn + 1
2
)(Qn−1 + 1

2
)

∣∣∣∣.
Combining with the bounds for Qn we obtain

18

49
|Qn −Qn−1| ≤ |Qn+1 −Qn| ≤

98

169
|Qn −Qn−1|.

Therefore Qn does not converge quadratically.

For the non-scalar case we have the following example:

Example 2.4.1.

Let the Toeplitz operator T have the symbol

R(t) =

[
2 + t

2
− t−1

2
0

0 2 + t
2
− t−1

2

]
=

[
2 0
0 2

]
+

[
1
2

0
0 1

2

]
t+

[
−1

2
0

0 −1
2

]
t−1.

Also remember that R(t) = R0 + tC(I − tA)−1B + γ(tI − α)−1β. Setting A = α = 0, we
see that R(t) = R0 + CBt+ γβt−1. Choosing our matrices as follows,

B = γ = I, C =

[
1
2

0
0 1

2

]
, β =

[
−1

2
0

0 −1
2

]
, R0 =

[
2 0
0 2

]
we arrive at the symbol chosen above. Our first step is to calculate the solution Q to the
NDARE and then show that A◦ and α◦ are both stable. It is easy to see that

R0 − γQB =

[
2−Q(1) 0

0 2−Q(4)

]
=⇒ (R0 − γQB)−1 =

[
1

2−Q(1) 0

0 1
2−Q(4)

]
,

where we assumed Q =

[
Q(1) 0

0 Q(4)

]
and this will turn out to be a good choice for Q.

In this case the NDARE reduces to

Q = β(R0 − γQB)−1C

=

[
−1

2
0

0 −1
2

][ 1
2−Q(1) 0

0 1
2−Q(4)

] [
1
2

0
0 1

2

]

=

[
−1

4

(
1

2−Q(1)

)
0

0 −1
4

(
1

2−Q(4)

) ] .



CHAPTER 2. BLOCK TOEPLITZ OPERATORS 28

From this matrix equation we can solve the following polynomial equation to determine
Q (Notice that Q1 and Q4 will have the same solution set):

(Q(1))2 − 2Q(1) − 1

4
= 0 =⇒ Q(1) =

2±
√

5

2
.

Moving on to the question of stability, we have

A◦ =

[
−1 0
0 −1

][ 1
2−Q(1) 0

0 1
2−Q(4)

] [
1
2

0
0 1

2

]

=

[
−1

2

(
1

2−Q(1)

)
0

0 −1
2

(
1

2−Q(4)

) ]

and since Q(1) and Q(4) have the same solution set there are only two possible eigenvalues
for A◦:

λ = −1

2

(
1

2− 2+
√
5

2

)
= − 1

2−
√

5

> 1

and therefore this solution does not provide a stable A◦. On the other hand,

|λ| = 1

2

(
1

2− 2−
√
5

2

)
=

1

2 +
√

5

< 1

which gives a stable A◦. We need to check this solution for α◦ to guarantee invertibility
of T .

α◦ =

[
1
2

0
0 1

2

] [ 1
2−Q(1) 0

0 1
2−Q(4)

]

=

[
1
2

(
1

2−Q(1)

)
0

0 1
2

(
1

2−Q(4)

) ]
We see that this equation will produce the same eigenvalues (except for a sign change) as
for A◦. Therefore,

Q =

[
2−
√
5

2
0

0 2−
√
5

2

]
is a stable solution to the NDARE and T is invertible. We still want to investigate the
convergence of Qn −→ Q, but for this we need to show that the FSM converges for our
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Toeplitz operator. We just need to check that the block transpose T# of our original
operator is invertible ([13]). Luckily, because of the almost symmetric structure of T -
only a sign change in the upper and lower diagonal entries distinguish T from T# - T# will
also be invertible via equations analogous to the above. This guarantees the convergence
of Qn and we proceed to analyze the speed of convergence. Consider the NDAR difference
equation, [

Q
(1)
n+1 0

0 Q
(4)
n+1

]
=

[
−1

4

(
1

2−Q(1)
n

)
0

0 −1
4

(
1

2−Q(4)
n

) ] .
In what follows we want Q

(1)
n = Q

(4)
n for all n ∈ N large enough. Will this be the case?

Indeed it will be, and actually k = 1 in Proposition 2.1.3. To see this, we apply Lemma
2.1.2. Notice that T1 = R0 and therefore T1 is invertible. Let

Q1 = ω1T
−1
1 W1 =

[
−1

8
0

0 −1
8

]
.

If we consider the NDAR difference equation it becomes clear that Q
(1)
n = Q

(4)
n < 0 for all

n ∈ N. This will also guarantee the invertibility of R0 − γQnB for all n ∈ N, leading to
the invertibily of all T−1n . Now,

Qn+1 −Qn

=

 −
1
4

(
1

2−Q(1)
n

− 1

2−Q(1)
n−1

)
0

0 −1
4

(
1

2−Q(4)
n

− 1

2−Q(4)
n

)


=

[
−1

4
0

0 −1
4

] Q
(1)
n −Q

(1)
n−1

(2−Q(1)
n )(2−Q(1)

n−1)
0

0
Q

(4)
n −Q

(4)
n−1

(2−Q(4)
n )(2−Q(4)

n−1)


=

 −1
4

1

(2−Q(1)
n )(2−Q(1)

n−1)
0

0 −1
4

1

(2−Q(4)
n )(2−Q(4)

n−1)

[ Q
(1)
n −Q(1)

n−1 0

0 Q
(4)
n −Q(4)

n−1

]
=Gn(Qn −Qn−1),

where Gn is the left matrix factor in the penultimate equality above. Taking norms, we
have

‖Qn+1 −Qn‖ = ‖Gn(Qn −Qn−1)‖
= ‖Gn‖‖(Qn −Qn−1)‖.

The last equality follows from the fact that all the factors are constant diagonal matrices
and when we consider the spectral norm, the splitting of the norm does not result in an
inequality. Assuming quadratic convergence, we arrive at

‖Qn+1 −Qn‖ = ‖Gn‖‖(Qn −Qn−1)‖ ≤ c‖Qn −Qn−1‖2

=⇒ ‖Gn‖ ≤ c‖Qn −Qn−1‖.
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However, it is clear that limn→∞ ‖Gn‖ 6= 0, where limn→∞ ‖Qn − Qn−1‖ = 0 and conse-
quently quadratic convergence does not hold.

Although this is a single counter-example, it must be noted that we could have chosen
any size for the matrix symbol and used the same entries on the diagonals. Moreover, this
example is part of a class of invertible Toeplitz operators for which the FSM converges.
In fact, let T be a tridiagonal Toeplitz operator with A = α = 0 and let all other factors
in its state space representation be constant diagonal matrices. Thus,

Qn+1 −Qn = β[(R0 − γQnB)−1 − (R0 − γQn−1B)−1]C

= β(R0 − γQnB)−1[R0 − γQnB − (R0 − γQn−1B)](R0 − γQn−1B)−1C

= β(R0 − γQnB)−1(Qn −Qn−1)(R0 − γQn−1B)−1C

= β(R0 − γQnB)−1(R0 − γQn−1B)−1C(Qn −Qn−1)

= Gn(Qn −Qn−1),

and we can use the same arguments as for the specific example to show that quadratic
convergence does not hold when limn→∞Gn 6= 0. Clearly,
Gn = β(R0 − γQnB)−1(R0 − γQn−1B)−1C is a diagonal matrix.

It is also necessary to note that this counter example holds only for this iterative
method of calculating Q via the NDAR difference equation. There might still be other
ways to construct a sequence of Qn’s that converge quadratically.

2.5 Algorithm for calculating T−1
n

Proposition 2.1.3 is also useful to calculate the inverses of the sections of our Toeplitz
operator T via a recursive formula. Consider the (n+1)-th finite section of a Toeplitz
operator T . Its special structure permits the following representation:

Tn+1 =

[
R0 Γn
Ξn Tn

]
on

[
Cm

l2+(Cm)

]
where

Γn = [R−1 R−2 · · · R−n 0 · · · ] : l2+(Cm)→ Cm,

Ξn =



R1

R2
...
Rn

0
...


: Cm → l2+(Cm).

For the case when n = 0, we assume the vectors and operator above to be zero. If we
assume Tn+1 is an invertible operator for all n on Pn+1[l

2
+(Cm)], i.e., the projection onto

the first n+ 1 coordinates of l2+(Cm), we have the following formula for T−1n+1:

T−1n+1 =

[
∆−1n −∆−1n ΓnT

−1
n

−T−1n Ξn∆−1n T−1n + T−1n Ξn∆−1n ΓnT
−1
n

]
on

[
Cm

l2+(Cm)

]
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with the Schur complement, ∆n = R0 − ΓnT
−1
n Ξn, a well-defined invertible operator on

Cm. Noticing that Γn = γωn and Ξn = WnB, we find that

T−1n+1

=

[
(R0 − γωnT−1n WnB)−1 −(R0 − γωnT−1n WnB)−1γωnT

−1
n

−T−1n WnB(R0 − γωnT−1n WnB)−1 T−1n + T−1n WnB(R0 − γωnT−1n WnB)−1γωnT
−1
n

]
.

(2.13)

With this recursive relation we can calculate any T−1n+1. Indeed, starting with n = 0, we
see that

T−11 =
[
R−10

]
as expected. Inserting T−11 back into the right hand side of the equation above, we see
that all the remaining variables are known, or calculable, and we iterate to find all T−1n+1.

From equation (2.13) we notice the presence of Qn, and assuming that Proposition
2.1.3 holds, we do not have to calculate the factors ωnT

−1
n Wn directly. Instead we find

Qn recursively from equation (2.8) which is in general a much quicker calculation. This
allows us to define to following algorithm:

(i) (n = 0): Q0 = 0 since all vectors and matrices with index n = 0 were defined to be
zero vectors and matrices respectively. This produces T−11 = [R−10 ].

(ii) (n = 1, 2, 3, ...): Find Qn via equation (2.8). With T−1n from the previous step and
the other known vectors we can calculate T−1n+1.

Notice that in the calculation of T−1n+1, we only invert the Schur complement which is a
matrix of fixed rank. The remaining computations consist of basic matrix multiplications
which is restricted to two recurring factors, γωnT

−1
n and T−1n WnB.



Chapter 3

Norm asymptotics for a special class
of Toeplitz-generated matrices

3.1 Introduction

Motivated by a question posed by statisticians [37], we consider the following n×n matrix

Kn =



2 + 1
m

−1 0 · · · · · · 0

1 + 1
m

1 + 1
m
−1 0

...
... 1

m

. . . . . .
...

...
...

. . . . . . −1 0
...

...
. . . . . . −1

1 + 1
m

1
m

· · · · · · 1
m

1 + 1
m


, (3.1)

where m = [cn], for some constant c (we will omit the rounding of cn from here on as it
will not impact on the analysis). The problem is then to compute the norm of the inverse,
or at least to estimate the norm of the inverse asymptotically as n goes to infinity.

We observe that the matrix Kn can be written as a Toeplitz matrix plus a rank-one
perturbation,

Kn = Tn(
1

cn
) + ee∗1,

where e is the all-ones vector of size n and e1 is the first standard basis vector. Here,
Tn( 1

cn
) is the n× n Toeplitz matrix

Tn(
1

cn
) =



1 + 1
cn

−1 0 · · · · · · 0
1
cn

1 + 1
cn
−1 0

...
...

. . . . . .
...

...
. . . . . . −1 0

...
. . . . . . . . . −1

1
cn

· · · · · · · · · 1
cn

1 + 1
cn


, (3.2)

depending on the positive real-valued sequence 1
cn

(which depends on the size). From now
on we will assume that matrices with subscript n indicate n× n matrices.

32
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To estimate the norm of the inverse of Tn( 1
cn

), we write it as

Tn(
1

cn
) = T0,n +

1

cn
L,

where

T0,n =


1 −1

. . . . . .
. . . −1

1

 , L =


1
1 1
...

. . .

1 1 1 1

 .
Now we observe that L = (T−10,n)∗. Thus,

Tn(
1

cn
) = T0,n +

1

cn
(T−10,n)∗.

In other words, we decomposed Tn( 1
cn

) into the sum of some Toeplitz matrix plus a
constant times the adjoint of its inverse. It turns out that this decomposition is a special
example of a much larger class of matrices for which we will prove our main result.

Define Xn := Tn+fn(T−1n )∗, where Tn is an invertible banded Toeplitz matrix - viewed
as a finite section of a fixed and banded infinite Toeplitz matrix, and fn a sequence of
positive real numbers. Observe that Xn does not have to be Toeplitz, but it is ‘generated’
by the banded Toeplitz matrix Tn. Our main result is as follows.

Theorem 3.1.1. Let the sequence fn satisfy the conditions

• limn→∞ fn = 0,

• ∃ c > 0 such that n
√
f ε+1
n > c for n large enough and some ε > 0. In other words,

fn > O( 1
n2 ).

Assume that the symbol b(eiθ) =
∑r

j=−r bje
ijθ associated with the infinite Toeplitz matrix

T = (bj−k)
∞
j,k=1 is such that it has at least one zero on T.

Let Xn = Tn + fn(T−1n )∗, whenever Tn is invertible. Then Xn is invertible and,

lim
n→∞

2
√
fn‖X−1n ‖ = 1.

The first property of the symbol b guarantees that the range of |b| contains some
interval [0, c), which ensures that the singular values of Tn eventually surround fn. And
clearly, the second property is needed for Xn to make sense. It is not easy to characterize
invertible Toeplitz matrices with associated symbols that have zeros on T in general. We
do have Theorem 1.2.9, and as discussed in the introduction, there are symbols with zeros
that this theorem does not apply to. For example, consider the symbol

b(t) =
1

2
t3 +

1

2
t−1 =

1

2
e3iθ +

1

2
e−iθ, 0 ≤ θ ≤ 2π.

It has a zero at θ = π/4, but does not satisfy the second condition of Theorem 1.2.9. This
can clearly be seen in Figure 3.1.
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Figure 3.1: The range of b(t) = 1
2 t

3 + 1
2 t
−1, t ∈ T

On the other hand, many classes of symbols are easily seen to be invertible. For
instance, if T is triangular with nonzero diagonal entries b0, or if Re b(t) ≥ 0 for t ∈ T
but Re b is not identically zero on T. In the concrete case considered here, we have
b(t) = 1− t−1, and hence all the conditions mentioned are satisfied.

Under the same conditions, we can prove this result for a perturbation of Xn as well.
Define

Zn := VnTn + fn(T−1n )∗ +Wn,

where Wn = (T−1n )∗
∑n

j=1wjeje
∗
j , Vn =

∑n
j=1 vjeje

∗
j , and where vj and wj are positive real

numbers. As usual, ej is the j-th standard basis vector. Then we also have the following
theorem.

Theorem 3.1.2. Under the conditions of Theorem 3.1.1, let

Zn = VnTn + fn(T−1n )∗ +Wn,

with Vn and Wn as defined above. In addition, assume the following conditions on the
entries of Vn and Wn:

• vj ≥ 1 for 1 ≤ j ≤ qv where qv (independent of n) is fixed.

• vj = 1 for n ≥ j > qv.

• wj ≥ 0 for 1 ≤ j ≤ qw where qw (independent of n) is fixed.

• wj = 0 for n ≥ j > qw.

Then,
lim
n→∞

2
√
fn‖Z−1n ‖ = 1.
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Given the matrices Vn and Wn, it is reasonable to ask which entries of Xn will be
perturbed? First we rewrite Zn as Zn = VnTn+(T−1n )∗

∑n
j=1(fn+wj)eje

∗
j . Clearly Vn and∑n

j=1(fn+wj)eje
∗
j are diagonal matrices that act on Tn from the left and (T−1n )∗ from the

right respectively, and therefore the first qv rows and qw columns of Xn will be perturbed.
In the current literature on asymptotics of singular values or eigenvalues (see [5] for a

recent survey), the starting point has been to analyze the behaviour of a Toeplitz matrix
or operator with a fixed symbol. In our case, the presence of the sequence fn causes the
entries of Xn and Zn to change as their sizes grow.

To achieve the above-mentioned results, we will establish upper bounds and lower
bounds for the norms of X−1n and Z−1n , and then apply the well-known squeeze theorem
to arrive at the desired result. Sections 3.2 and 3.3 will be devoted to this task. In Section
3.4 we continue to establish a more precise description of the behaviour of ‖X−1n ‖ and
‖Z−1n ‖. This is followed in Section 3.5 by considering the case where Tn is Fredholm. The
rest of the chapter (3.6 - 3.8) will address questions regarding the behaviour of ‖Xn‖,
‖Zn‖ and the singular values of of T-gen matrices in general.

Sections 3.1 - 3.5 are largely based on [26, 27] with some refinements and additions.

3.2 Upper bounds for ‖X−1
n ‖ and ‖Z−1

n ‖
The following general lemma will provide the upper bounds for ‖X−1n ‖ and be critical in
calculating these bounds for ‖Z−1n ‖.

Lemma 3.2.1. Let Y be a square matrix of the form c1A+c2(A
−1)∗ where A is invertible,

and c1 and c2 are positive real numbers. Then, ‖Y −1‖ ≤ 1
2
√
c1c2

.

Proof. We prove that σn(Y ) ≥ 2
√
c1c2, which gives the result of the lemma. Compute

Y Y ∗ = (c1A+ c2(A
−1)∗)(c1A

∗ + c2A
−1) = 2c1c2I + c21AA

∗ + c22(A
−1)∗A−1,

and consider the matrix c21AA
∗+ c22(A

−1)∗A−1. This is a matrix of the form c21H+ c22H
−1,

where H is positive definite. Let f : R+ → R+ be the function f(x) = c21x + c22
1
x
, then

c21H + c22H
−1 is f(H). By the spectral mapping theorem, the eigenvalues of c21H + c22H

−1

are the values of f acting on the eigenvalues of H. Hence c21H + c22H
−1 ≥ (minx>0 f(x))I.

Since the minimum of f is attained for x = c2
c1

and f( c2
c1

) = 2c1c2, we see that c21AA
∗ +

c22(A
−1)∗A−1 ≥ 2c1c2I. This gives Y Y ∗ ≥ 4c1c2I, proving the lemma. 2

An alternative proof runs as follows: Let A = UDV ∗ be a SVD for A. It follows
that (A−1)∗ = UD−1V ∗ and therefore Y −1 = V (c1D + c2D

−1)−1U∗. Its singular val-
ues are the entries on the diagonal of the matrix (c1D + c2D

−1)−1. Consider the func-
tion f(x) = c1x + c2

1
x
. By the inequality between the arithmetic and geometric means,

f(x) ≥ 2
√
c1c2, and the minimum 2

√
c1c2 is attained at

√
c2
c1

. This implies that the largest

entry of (c1D + c2D
−1)−1 is less than or equal to 1

2
√
c1c2

, and hence ‖Y −1‖ ≤ 1
2
√
c1c2

.

As a concrete example, take Yn = Tn( 1
n
), and observe that in this case the matrix (3.2)

is intimately connected to the matrix (3.1). In fact, Yn = Xn for the sequence fn = 1
n
.

Here T0,n plays the role of A with c1 = 1 and c2 = 1
n
. Therefore, Lemma 3.2.1 implies
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Figure 3.2: The norm of T−1n ( 1
n) (dots) and

√
n
2 (line) plotted as functions of n.

that ‖T−1n ( 1
n
)‖ ≤

√
n
2

. From Figure 3.2 it seems at least visually then that asymptotically,

‖T−1n ( 1
n
)‖ and

√
n
2

should behave the same.
We now prove a proposition that gives the upper bounds for ‖X−1n ‖ and ‖Z−1n ‖.

Proposition 3.2.2. Let Tn be an invertible banded Toeplitz matrix and fn a sequence
such that fn > 0 for all n ∈ N.

(i) Put Xn = Tn + fn(T−1n )∗. Then,

‖X−1n ‖ ≤
1

2
√
fn
.

(ii) Put Zn = VnTn+fn(T−1n )∗+Wn with Wn = (T−1n )∗
∑n

j=1wjeje
∗
j and Vn =

∑n
j=1 vjeje

∗
j .

Also, let wj ≥ 0 and vj > 0 for 1 ≤ j ≤ n. Then,

‖Z−1n ‖ ≤
1

2
max
1≤j≤n

{ 1
√
vj

}
max
1≤j≤n

{ 1√
fn + wj

}
.

Proof. (i): A direct consequence of Lemma 3.2.1.

(ii): We start by rewriting Zn as

Zn = VnTn + fn(T−1n )∗ +Wn

= VnTn + (T−1n )∗
n∑
j=1

(fn + wj)eje
∗
j .
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Denote En =
∑n

j=1(fn + wj)eje
∗
j and notice that it is a diagonal matrix with positive

entries. We write E
1/2
n for its square root and now we can express Zn as

Zn = (VnTnE
−1/2
n + (T−1n )∗E1/2

n )E1/2
n

= V 1/2
n (V 1/2

n TnE
−1/2
n + V −1/2n (T−1n )∗E1/2

n )E1/2
n

If we set An = V
1/2
n TnE

−1/2
n , we see that (A−1n )∗ = V

−1/2
n (T−1n )∗E

1/2
n and

Zn = V 1/2
n (An + (A−1n )∗)E1/2

n , Z−1n = E−1/2n (An + (A−1n )∗)−1V −1/2n .

We can now find an upper bound for the norm of Z−1n since Lemma 3.2.1 applies directly
to the middle factor in the expression above. Indeed,

E−1/2n = Diag

(√
1

fn + w1

, . . . ,

√
1

fn + wn

)
,

V −1/2n = Diag

(√
1

v1
, . . . ,

√
1

vn

)
,

giving

‖Z−1n ‖ ≤ ‖V −1/2n ‖‖(An + (A−1n )∗)−1‖‖E−1/2n ‖

≤ 1

2
max
1≤j≤n

{ 1
√
vj

}
max
1≤j≤n

{ 1√
fn + wj

}
,

as desired. 2

If we choose fn = 1
n
, Vn = In, Tn = T0,n and w1 = 1 with all other wj = 0, then Zn = Kn

(compare (3.1)). Proposition 3.2.2 then gives ‖K−1n ‖ ≤
√
n
2

for n ≥ 2. Figure 3.3 shows a

plot of the functions
√
n
2

and ‖K−1n ‖. Again the close relation between these two quantities
warrants the suspicion that their asymptotic behaviour should be the same.

3.3 Norm asymptotics of X−1
n and Z−1

n

In this section we prove our main result for X−1n and Z−1n as defined before. The norm of
the inverse of Tn( 1

n
) and Kn will then immediately follow as special cases.

To arrive at our main result, we need the following two lemmas. The first was stated
in the introduction but given here again for ease of reference. The second is a technical
lemma that we shall prove.

Lemma 3.3.1. Let b be a Laurent polynomial of the form b(t) =
∑r

j=−r bjt
j, t ∈ T. If

E ⊂ R is any segment, then

|Nn(E)− nµ(E)| ≤ 14r for all n ≥ 1,

where Nn(E) is the number of singular values of Tn(b) in E and

µ(E) =
1

2π
|{t ∈ T : |b(t)| ∈ E}|,

with |.| denoting the Lebesgue measure on the unit circle.
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Figure 3.3: The norm of K−1n (dots) and
√
n
2 (line) plotted as functions of n

Lemma 3.3.2. Let b(t) be a Laurent polynomial. We will show that the following items
hold true:

• If b(t) is not identically zero, then |b(t)| has a finite number of zeros on the unit
circle.

• d
dθ
|b(eiθ)| exists and is bounded on the interval [0, 2π] except where |b(eiθ)| = 0.

• If |b(t)| is not constant on T, then d
dθ
|b(eiθ)| has only a finite number of zeros in the

interval [0, 2π].

Proof. Note that |b(t)| = |trb(t)| on T and p(t) := trb(t) is a polynomial of degree 2r.
Therefore p, and consequently also |b(t)|, has at most 2r zeros on T, provided p 6= 0.

The function |b(eiθ)|2 is a trigonometric polynomial and hence its derivative is bounded.
Outside its zeros on [0, 2π], we have

d

dθ
|b(eiθ)|2 = 2|b(eiθ)| d

dθ
|b(eiθ)|.

It remains to show that for each zero t0 = eiθ0 of b(t), there is a neighbourhood U of θ0
such that d

dθ
|b(eiθ0)| is bounded on U \ {θ0}. For a sufficiently small neighbourhood U

we have |b(t)| = |t − t0|αψ(t) with a positive integer α and a positive C∞ function ψ(t).
Thus,

|b(eiθ)| = 2α
∣∣∣∣ sin θ − θ02

∣∣∣∣αψ(eiθ),

and this obviously has a bounded derivative in U \ {θ0}, proving the second item.
Finally, to prove the third item we argue as follows: By assumption, d

dθ
|b(eiθ)|2 =

2|b(eiθ)| d
dθ
|b(eiθ)| does not vanish identically on [0, 2π] minus the zero set of |b(eiθ)|. By
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applying the first item to d
dθ
|b(eiθ)|2, the right-hand side has only finitely many zeros on

[0, 2π], proving the final item. 2

Incidentally, by Proposition 5.6 of [5], the Laurent polynomials with constant modulus on
T are just the monomials γtm, with γ ∈ C and m ∈ Z.

Proof of Theorem 3.1.1. Let Tn = UnDnV
∗
n be a SVD. Hence,

Xn = Tn + fn(T−1n )∗ = UnDnV
∗
n + fnUnD

−1
n V ∗n = Un(Dn + fnD

−1)V ∗n

and
X−1n = Vn(Dn + fnD

−1
n )−1U∗n.

The singular values of X−1n are the entries of the diagonal matrix (Dn + fnD
−1
n )−1. If

we set gn(x) := x + fnx
−1, then 1/gn(x) produces the singular values of X−1n when we

evaluate the function in the singular values of Tn. We observe by elementary calculus that
1/gn(x) has its maximum at the point x =

√
fn, and if we can find a singular value of Tn

close to this point, we are in business. To show that there exist singular values arbitrarily
close to

√
fn, Lemma 3.3.1 will be pivotal in our argument.

Indeed, we apply this lemma with

En = [
√
fn −

√
f ε+1
n ,

√
fn + k

√
f ε+1
n ]

for ε > 0 and some k to be determined later. It is clear that En is an interval around the
point

√
fn with decreasing length as n grows, and we will prove that this interval contains

a singular value of Tn(b) (in our case Tn) for all n large enough.
The first item of Lemma 3.3.2 allows us to choose an interval (θ0, θf ), where |b(eiθ0)| = 0

and θf is the first point to the right (left hand version follows similarly) of θ0 such that
d
dθ
|b(eiθf )| = 0. This is possible since there are only a finite number of points where

d
dθ
|b(eiθf )| = 0 (third item, Lemma 3.3.2). (Note that it could happen that there is no

point to the right (or left) of θ0 where the derivative is zero. In this case |b(eiθ)| would
be monotonically increasing on (θ0, 2π] (or monotonically decreasing on [0, θ0)) since a
negative (or positive) derivative would imply a point in the interval where the derivative
must be zero, contradicting our assumption).

Now, d
dθ
|b(eiθ)| is positive in (θ0, θf ) (if the derivative is negative in the interval it would

imply that there must be a point closer to θ0 where the derivative is zero) and bounded
(second item, Lemma 3.3.2). This implies that |b(eiθ)| is monotonically increasing, and

hence for n large enough there exist θbf and θbi in the interval such that |b(eiθbf )| =
√
fn +

k
√
f ε+1
n and |b(eiθif )| =

√
fn −

√
f ε+1
n . In other words, |b(eiθ)| maps the interval [θbi , θ

b
f ]

onto En.
Now let F (θ) = Mθ denote a function of a straight line through the origin, with

M ≥ d
dθ
|b(eiθ)| for θ ∈ [θbi , θ

b
f ], and large enough such that

θFi =

√
fn −

√
f ε+1
n

M
and θFf =

√
fn + k

√
f ε+1
n

M

are the two points in [0, 2π] where F maps the interval [θFi , θ
F
f ] exactly onto our interval

En. Since F is a straight line, we have that

M =
F (θFf )− F (θFi )

θFf − θFi
.
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By the mean value theorem we also have

|b(eiθbf )| − |b(eiθbi )|
θbf − θbi

=
d

dθ
|b(eiθbc)|

for some θbc in (0, 2π). Now,∣∣∣∣∣ |b(eiθ
b
f )| − |b(eiθbi )|
θbf − θbi

∣∣∣∣∣ =
∣∣∣ d
dθ
|b(eiθbc)|

∣∣∣ ≤M =
F (θFf )− F (θFi )

θFf − θFi
.

Since F (θFf ) = |b(eiθbf )| and F (θFi ) = |b(eiθbi )|, the previous inequality implies that θFf −
θFi ≤ |θbf − θbi |, i.e.,

|{θ ∈ [0, 2π] | F (θ) ∈ En}| ≤ |{θ ∈ [0, 2π] | |b(eiθ)}| ∈ En|.

This can be directly related to µ(En) via Lemma 3.3.1. Since µ(En) remains unchanged
if we replace eiθ ∈ T with θ ∈ [0, 2π], we find that

µ(En) =
1

2π

∣∣∣∣∣{θ ∈ [0, 2π] | |
r∑

j=−r

bje
ijθ| ∈ En}

∣∣∣∣∣ .
Therefore,

n

2π

1

M
|En| =

n

2π

1

M
(k + 1)

√
f ε+1
n ≤ nµ(En)

for n large enough. Now taking k and n large enough, and keeping in mind the restriction
on the decay of fn, we see that

nµ(En) ≥
n
√
f ε+1
n (k + 1)

2πM
> 15r, (3.3)

so that for this value of k we must have Nn(En) ≥ r from the inequality

|Nn(En)− nµ(En)| ≤ 14r.

That means that there is at least one singular value of Tn in the interval

En = [
√
fn −

√
f ε+1
n ,

√
fn + k

√
f ε+1
n ]

for n large enough. Denote this sequence of singular values as

σn =
√
fn + sn

√
f ε+1
n ,

where |sn| ≤ k for all n large enough. If we insert σn into the function 1/gn(x), we get a
singular value of X−1n , which is immediately a lower bound for its norm, i.e.,

‖X−1n ‖ ≥
1

√
fn + sn

√
f ε+1
n + fn

√
fn+sn

√
fε+1
n

.
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Recall that we also have an upper bound, and combining this with the previous lower
bound, we have

1

2
√
fn
≥ ‖X−1n ‖ ≥

√
fn + sn

√
f ε+1
n(√

fn + sn
√
f ε+1
n

)2
+ fn

or multiplying through with a constant,

1 ≥ 2
√
fn‖X−1n ‖ ≥

2
√
fn(
√
fn + sn

√
f ε+1
n )

(
√
fn + sn

√
f ε+1
n )2 + fn

=
2fn + 2sn

√
f ε+2
n

2fn + 2sn
√
f ε+2
n + s2nf

ε+1
n

=
2 + 2snf

ε
2
n

2 + 2snf
ε
2
n + s2nf

ε
n

.

Taking limits of the first, second and last term in the inequality above, we see that

1 ≥ lim
n→∞

2
√
fn‖X−1n ‖ ≥ 1,

proving the theorem. 2

Corollary 3.3.3. Choosing fn = 1
n

and Tn = T0,n, we have the desired result for T−1n ( 1
n
),

i.e., limn→∞
2√
n
‖T−1n ( 1

n
)‖ = 1.

We will apply the same strategy for limn→∞ ‖Z−1n ‖ as described above, but with a slight
modification involving the interlacing of singular values.

Consider a general m×n matrix A. Form the decreasing sequence α1 ≥ · · · ≥ αmin(m,n)

of the singular values of A. We set αt = 0 for max(m,n) ≥ t > min(m,n). Let Qmp[Qnq]
be the set of all

(
m
p

)
[
(
n
q

)
] sequences {i1 . . . ip}[{j1 . . . jq}] of integers

1 ≤ i1 ≤ · · · ≤ ip ≤ m[1 ≤ j1 ≤ jq ≤ n].

By A[ω|τ ] we denote the submatrix of A, consisting of the elements in the intersection of
the i1 . . . ip (ω := {i1 . . . ip}) rows and j1 . . . jq (τ := {j1 . . . jq}) columns of A. Form the
decreasing sequence βωτ,1 ≥ · · · ≥ βωτ,min(p,q) of singular values of A[ω|τ ]. Let βωτ,t = 0
for t > min(p, q). Then from [39] we have the following theorem.

Theorem 3.3.4. If ω ∈ Qmp, τ ∈ Qnq:

• αi ≥ βωτ,i i = 1, 2, . . . ,min(p, q)

• βωτ,i ≥ αi+(m−p)+(n−q) i ≤ min(p+ q −m, p+ q − n)

Proof of Theorem 3.1.2. Recall that Zn = VnTn+fn(T−1n )∗+Wn. Let Wn have non-zero
entries only from the (1, 1) to (qw, qw) entry. Let Vn have entries greater or equal to one
only from the (1, 1) to (qv, qv) entry, and all other entries equal to one. These restrictions
on Vn and Wn are necessary, since then Proposition 3.2.2 still gives the upper bound of

1
2
√
fn

for n large enough. Choose p = max{qw, qv}. Now, let Zn play the role of A and
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Un−p be the submatrix A[ω|τ ], with ω = τ = {1, . . . , n}, as in the discussion preceding
Theorem 3.3.4. Notice that we obtain Un−p by deleting the first p rows and columns of
Zn. In this case, the second item in Theorem 3.3.4 can be rewritten as

βi ≥ αi+2p and βn−2p ≥ αn, (i ≤ n− 2p),

where we omitted the subscripts ω and τ for convenience. Combining this inequality with
the fact that ‖Z−1n ‖ = 1

αn
, we have ‖Z−1n ‖ ≥ 1

βn−2p
.

Now we do not know enough about Un−p to say something meaningful about its sin-
gular values to relate it to our original matrix Zn. However, we will show that we can
relate its singular values to those of Xn and use it to calculate a lower bound for ‖Z−1n ‖
in a manner analogous to the proof of ‖X−1n ‖.

Define
Q =

[
0 In−p

]
(3.4)

as the block matrix where 0 is a p× (n− p) block of zeros and In−p denotes the identity
matrix of size n − p. Here p = max{qw, qv} - see the definition of Zn above. Doing a
straightforward multiplication, we see that

QZnQ
∗ = Un−p.

Now we can calculate what Un−p is since we have an expression for Zn:

Un−p = Q(VnTn + fn(T−1n )∗ +Wn)Q∗

= QVnTnQ
∗ + fnQ(T−1n )∗Q∗ +QWnQ

∗

= QTnQ
∗ + fnQ(T−1n )∗Q∗

= Q(Tn + fn(T−1n )∗)Q∗

= QXnQ
∗.

The third equality follows from the easily checked fact that QWnQ
∗ = 0 and QVn = Q.

This equality can now be used via the following result from [19], Lemma 3.3.1, to relate
the singular values of Zn, Xn and Un−p.

Lemma 3.3.5. Let C ∈ Cm×n, Vk ∈ Cm×k and Wk ∈ Cn×k be given, where k ≤ min{m,n}
and Vk,Wk have orthonormal columns. Then,

σi(V
∗
k CWk) ≤ σi(C), i = 1, . . . , k.

In our case, let C = Xn, Vk = Q∗ and Wk = Q∗. Then Lemma 3.3.5 tells us that

σi(Un−p) ≤ σi(Xn), i = 1, . . . , n− p

since Un−p = QXnQ
∗. Also, from the previous lemma it follows that βn−2p ≤ σn−2p(Xn).

Therefore,
αn ≤ βn−2p ≤ σn−2p(Xn).

Now σn−2p(Xn) is the (2p+ 1)’th smallest singular value of Xn. Define

En−2p = [
√
fn −

√
f ε+1
n ,

√
fn + k

√
f ε+1
n ].
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Analogous to the proof of Theorem 3.1.1, we arrive at the inequality

(n− 2p)µ(En−2p) ≥
(n− 2p)

√
f ε+1
n (k + 1)

2π
.

Observe that this inequality is similar to (3.3) and plays the same role in the current
proof. Now, taking k and n large as before, we have

(n− 2p)µ(En−2p) ≥
(n− 2p)

√
f ε+1
n (k + 1)

2π
> 2p+ 14r + 1

which implies that Nn−2p(En−2p) ≥ 2p+ 1. We now obtain that for large enough n there
exist 2p + 1 distinct singular values of Tn, taking multplicity into account, inside En−2p.
Note that these singular values have the form

σ(j)
n =

√
fn + s(j)n

√
f ε+1
n , 1 ≤ j ≤ 2p+ 1

where |s(j)n | ≤ k. The associated sequences of singular values of Xn can be written as

σ(j)
n (Xn) = gn(

√
fn + s(j)n

√
f ε+1
n ) 1 ≤ j ≤ 2p+ 1.

Now form the sequence σmax
n (Xn) = max1≤j≤2p+1{σ(j)

n }. Clearly, σmax
n (Xn) ≥ σn−p(Xn) ≥

βn−2p and therefore ‖Z−1n ‖ ≥ 1
βn−2p

≥ 1
σmax
n (Xn)

where

1

σmax
n (Xn)

=
1

gn(
√
fn + s

(jn)
n

√
f ε+1
n )

,

with jn ∈ {1, . . . , 2p+1}. We also have 1
2
√
fn
≥ ‖Z−1n ‖ for n large enough from Proposition

3.2.2, and again, following the same line of reasoning as before, we arrive at

lim
n→∞

2
√
fn‖Z−1n ‖ = 1. 2

Corollary 3.3.6. Choosing Tn = T0,n, fn = 1/n, Vn = In and w1 = 1 in Wn with
all other wj = 0, we arrive at the special case where Zn = Kn - compare (3.1). Then,
limn→∞

2√
n
‖K−1n ‖ = 1.

We have shown that, asymptotically, 1
2
√
fn

, ‖Xn‖−1 and ‖Zn‖−1 behave the same.

However, the main results (Theorem 3.1.1, Theorem 3.1.2) still allow for 1
2
√
fn
− ‖Xn‖−1

and 1
2
√
fn
− ‖Zn‖−1 to be greater than any fixed positive constant for all n. From the

graphs provided in this section, it seems that these quantities have a stronger relation,
and might even converge in some sense. The next section is devoted to this question and
provides stronger versions of Theorem 3.1.1 and Theorem 3.1.2.

Sections 3.4 - 3.5 contain the results of [27], including some improvements and a few
additional results.
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3.4 Convergence of 1
2
√
fn
− ‖X−1

n ‖

We shall prove the following stronger versions of Theorems 3.1.1 and 3.1.2:

Theorem 3.4.1. Assuming the same conditions as in Theorem 3.1.1, except that ε > 1/2,
we have (

1

2
√
fn
− ‖X−1n ‖

)
= O

(
f
ε− 1

2
n

)
. (3.5)

Note that ε > 1/2 implies fn > O
(

1

n
4
3

)
.

This theorem applies to Z−1n in place of X−1n as well when the conditions of Theorem
3.1.2 are assumed with the same exception as above.

Recall that

1

2
√
fn
≥ ‖X−1n ‖ ≥

1

gn(σn)
=

√
fn + sn

√
f ε+1
n

2fn + 2sn
√
f ε+2
n + s2nf

ε+1
n

:= Rn,

from the proof of Theorem 3.1.1, with σn =
√
fn+sn

√
f ε+1
n . We can rewrite this inequality

as

1

2
√
fn
−Rn ≥

1

2
√
fn
− ‖X−1n ‖ ≥ 0. (3.6)

Ideally we would like

lim
n→∞

1

2
√
fn
−Rn = 0,

but this is not possible since Rn depends on sn which is not necessarily convergent and
we cannot take this limit as n tends to infinity.

Thus we need to define a similar sequence to Rn by replacing sn with some other
quantity of which we can take the limit, or that does not depend on n. Also, this associated
expression of Rn, say R̃n, has to be a lower bound for Rn so that we can replace Rn with
R̃n in (3.6).

Define

R̃n =

√
fn + k

√
f ε+1
n

2fn + 2k
√
f ε+2
n + k2f ε+1

n

where we just replaced all the sn with k. Therefore,

R̃n =
1

gn(
√
fn + k

√
f ε+1
n )

.

In the following Lemma we prove that R̃n ≤ Rn.

Lemma 3.4.2. Let R̃n and Rn be as defined above. Then for n and k large enough,
Rn ≥ R̃n.
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Proof. As mentioned before, 1
gn(x)

has its maximum at
√
fn and notice that it is monoton-

ically increasing for 0 ≤ x ≤
√
fn, and monotonically decreasing for x ≥

√
fn. Therefore,

if sn is negative or positive respectively, we have

1

gn(σn)
≥ 1

gn(
√
fn −

√
f ε+1
n )

or
1

gn(σn)
≥ 1

gn(
√
fn + k

√
f ε+1
n )

.

We don’t know whether sn will be positive or negative, but we will show that

1

gn(
√
fn −

√
f ε+1
n )

≥ 1

gn(
√
fn + k

√
f ε+1
n )

for n and k large enough. This covers both possibilities and then we are done.
Consider the difference

1

gn(
√
fn −

√
f ε+1
n )

− 1

gn(
√
fn + k

√
f ε+1
n )

=
1

√
fn −

√
f ε+1
n + fn

1
√
fn−
√
fε+1
n

− 1
√
fn + k

√
f ε+1
n + fn

1
√
fn+k
√
fε+1
n

=

√
fn −

√
f ε+1
n

(
√
fn −

√
f ε+1
n )2 + fn

−
√
fn + k

√
f ε+1
n

(
√
fn + k

√
f ε+1
n )2 + fn

=

√
fn −

√
f ε+1
n

2fn − 2
√
f ε+2
n + f ε+1

n

−
√
fn + k

√
f ε+1
n

2fn + 2k
√
f ε+2
n + k2f ε+1

n

=

√
fn −

√
f ε+1
n

un
−
√
fn + k

√
f ε+1
n

vn

=
(
√
fn −

√
f ε+1
n )(2fn + 2k

√
f ε+2
n + k2f ε+1

n )− (
√
fn + k

√
f ε+1
n )(2fn − 2

√
f ε+2
n + f ε+1

n )

wn

=
f

2ε+3
2

n (k2 − 1) + f
3ε+3

2
n (−k2 − k)

wn
,

where

un = 2fn − 2
√
f ε+2
n + f ε+1

n ,

vn = 2fn + 2k
√
f ε+2
n + k2f ε+1

n ,

wn = unvn.

Notice that un, vn and wn are all positive for n large enough since the limit of fn is zero
as n goes to infinity. Then, for n large enough and k > 1,

f
2ε+3

2
n (k2 − 1) + f

3ε+3
2

n (−k2 − k) > 0.

2

Proof of Theorem 3.4.1. Applying Lemma 3.4.2, we can rewrite (3.6) with Rn replaced
by R̃n:

1

2
√
fn
−

√
fn + k

√
f ε+1
n

2fn + 2k
√
f ε+2
n + k2f ε+1

n

≥ 1

2
√
fn
− ‖X−1n ‖ ≥ 0.
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Clearly we want the left side of the inequality to converge to zero, so that is what we will
show. Now,

1

2
√
fn
−

√
fn + k

√
f ε+1
n

2fn + 2k
√
f ε+2
n + k2f ε+1

n

=
1

2
√
fn

(
1−

2fn + 2k
√
f ε+2
n

2fn + 2k
√
f ε+2
n + k2f ε+1

n

)

=
1

2
√
fn

(
k2f ε+1

n

2fn + 2k
√
f ε+2
n + k2f ε+1

n

)

=
k2f ε+1

n

4f
3
2
n + 4kf

ε+3
2

n + 2k2f
2ε+3

2
n

.

The last expression will only converge to zero if ε > 1/2. Assuming that is the case, let
ε = 1/2 + δ, where δ > 0, and then

k2f ε+1
n

4f
3
2
n + 4kf

ε+3
2

n + 2k2f
2ε+3

2
n

=
k2f

3
2
+δ

n

4f
3
2
n + 4kf

1
2+δ+3

2
n + 2k2f

4+2δ
2

n

= O(f δn) = O
(
f
ε− 1

2
n

)
.

2

Recall that ε is a free but bounded parameter, since by the conditions of Theorem 3.1.1
n
√
f ε+1
n must remain greater than a positive constant c for n large enough. It was used

in defining the interval En = [
√
fn−

√
f ε+1
n ,
√
fn + k

√
f ε+1
n ] that contained some singular

values of Tn. Notice that higher values of ε imply that this interval’s length decrease more
rapidly as n grows. With this in mind, we can find the largest ε > 1/2 for a given fn
such that the conditions of Theorem 3.1.1 are satisfied. This ε would then give the fastest
order of convergence in the equality above.

We note that the proof of Theorem 3.4.1 for the case Z−1n is analogous. The values of
sn and k might be different, but that does not change the arguments used above.

Corollary 3.4.3. Let fn be of the form fn = 1/nx, and satisfy the conditions of Theorem
3.4.1. Then,

1

2
√
fn
− ‖X−1n ‖ = O

(
1

n
4−3x

2

)
.

This means that there is an inverse relationship between the order of fn and the order of
1

2
√
fn
− ‖X−1n ‖.

Proof. For fn to satisfy the conditions of Theorem 3.1.1, x must be such that 0 < x < 2.
Now, we want to find the maximal ε for the particular choice of fn such that n

√
f ε+1
n

remains greater than some positive constant c for n large enough:

n
√
f ε+1
n = n(

1

nx
)
ε+1
2 =

n

n
x(ε+1)

2

> c.
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Figure 3.4: The norm of Z−1n (dots) and n
1
4

2 (line) plotted as functions of n.

Recall that ε > 1/2, and this implies that the maximum value x can attain is x = 4/3.
Also, for the last inequality to be true, we must have

x(ε+ 1)

2
≤ 1 =⇒ ε ≤ 2

x
− 1.

Since we are interested in the maximal value of ε, we choose ε = 2
x
− 1. Inserting these

values into the convergence estimate, we have

1

2
√
fn
− ‖X−1n ‖ = O

(
f
ε− 1

2
n

)
= O

(
(

1

nx
)

2
x
− 3

2

)
= O

(
1

n
4−3x

2

)
.

2

Example 3.4.4.

Let Tn be the banded Toeplitz matrix with symbol b(t) = 3− t− 2t−1, and fn = 1√
n
.

Choose v1 = 1, v2 = 2, v3 = 3 with all other vj = 1 in matrix V . Also, let w1 = 0.1, w2 =
0.1 with all other wj = 0 in matrix W . Now form the matrix Z as defined earlier.

Notice that the matrix Z as defined above satisfies all the assumptions of Theorem
3.1.2. Graph 3.4 shows the behaviour of ‖Z−1n ‖.

Remark 3.4.5.

Our class of Toeplitz-generated matrices, Xn = Tn+fn(T−1n )∗, can be viewed as a class
of matrices formed by a simple ‘function’ acting on the generator matrix Tn. We could
then ask what would happen if we extended this class to more complicated ‘functions’?
It turns out that we can generalize Theorem 3.1.1 in the sense that we consider a bigger
class of Toeplitz-generated matrices, but we pay a price in that we have to assume that
Tn is positive definite.
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3.4.1 The positive definite case

By restricting Tn to be positive definite, we gain the advantage of it having a SVD of
the form Tn = UnDnU

∗
n. This allows us to to enlarge the class, Xn = Tn + fn(T−1n )∗, to

the more general case where we can take arbitrary powers (positive and negative) of the
generator:

Xn = T an + fnT
−b
n ,

where a and b are strictly positive integers. In this section we denote the symbol of our
generator matrix by B, to not confuse with the power b in the equation above.

Our modified theorem reads as follows.

Theorem 3.4.6. Let fn satisfy the conditions

• limn→∞ fn = 0,

• ∃ c > 0 such that nf
ε+1
a+b
n > c for n large enough and some ε > 0.

Assume that the symbol B(eiθ) =
∑r

j=−r Bje
ijθ (Bj = 0 for |j| > r) associated with the

infinite Toeplitz matrix T = (βj−k)
∞
j,k=1 has the following three properties:

• B has at least one zero on T but is not identically zero,

• for n sufficiently large the principal n× n truncations Tn of T are invertible.

• Tn is positive definite for all n.

Let Xn = T an + fnT
−b
n , where a, b > 0. Then,

lim
n→∞

[(
bfn
a

) a
a+b

+ fn

(
bfn
a

) −b
a+b

]
‖X−1n ‖ = 1.

Before proving this theorem, we first establish a new upper bound for ‖X−1n ‖.

Lemma 3.4.7. If the matrix Xn = T an + fnT
−b
n is defined as above. Then,

‖X−1n ‖ ≤
1

( bfn
a

)
a
a+b + fn( bfn

a
)

−b
a+b

.

Proof. Let Tn = UnDnU
∗
n be a SVD. Then T an = UDaU∗, T−bn = UD−bU∗ and

X−1n = U(Da + fnD
−b)−1U∗.

Define gn(x) := xa + fnx
−b for positive values of x. Then if 1/gn(x) has an absolute

maximum for all positive x, it implies that this maximum will be an upper bound for the
norm of ‖X−1n ‖ - compare Lemma 3.2.1. By taking the derivative of 1/gn(x) and setting
it to zero, we find its maximum to be at x = (bfn/a)1/(a+b) with a value of

1

( bfn
a

)
a
a+b + fn( bfn

a
)

−b
a+b

.
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2

Since most of the proof of our theorem here follows directly from the proof of Theo-
rem 3.1.1, we will only highlight where adjustments need to be made to the previous proof.

Proof of Theorem 3.4.6. From the calculation of the upper bound in the lemma
here, we know that a singular value of Tn that is ‘closest’ to (bfn/a)1/(a+b) will determine
the norm of X−1n . As before, we will show that there is a singular value arbitrarily close
to (bfn/a)1/(a+b) if n is large enough. Again, we will apply Lemma 3.3.1, but this time
define our interval

En =

[(
bfn
a

) 1
a+b

−
(
bfn
a

) ε+1
a+b

,

(
bfn
a

)1/(a+b)

+ k

(
bfn
a

) ε+1
a+b

]
.

From here on everything follows exactly as the proof of Theorem 3.1.1 up to the inequality,

n

2π

1

m
|En| =

n

2π

1

m
(k + 1)

(
bfn
a

) ε+1
a+b

≤ nµ(En).

Taking k and n large enough we see that

nµ(En) ≥
n(k + 1)( bfn

a
)
ε+1
a+b

2πM
> 15r,

and this together with Lemma 3.3.1 implies that there is at least one singular value in
the interval En. We denote this sequence of singular values as

σn =

(
bfn
a

) 1
a+b

+ sn

(
bfn
a

) ε+1
a+b

.

We can now insert this formula into 1/g(x) which will produce a lower bound for the
norm of X−1n :

1

( bfn
a

)
a
a+b + fn( bfn

a
)

−b
a+b

≥ ‖X−1n ‖ ≥
1[(

bfn
a

) 1
a+b + sn

(
bfn
a

) ε+1
a+b

]a
+ fn

[(
bfn
a

) 1
a+b + sn

(
bfn
a

) ε+1
a+b

]−b .



CHAPTER 3. NORM ASYMPTOTICS 50

Also,

1 ≥

[(
bfn
a

) a
a+b

+ fn

(
bfn
a

) −b
a+b

]
‖X−1n ‖

≥
( bfn
a

)
a
a+b + fn( bfn

a
)

−b
a+b[(

bfn
a

) 1
a+b + sn

(
bfn
a

) ε+1
a+b

]a
+ fn

[(
bfn
a

) 1
a+b + sn

(
bfn
a

) ε+1
a+b

]−b
=

[
( bfn
a

)
a
a+b + fn( bfn

a
)

−b
a+b

] [(
bfn
a

) 1
a+b + sn

(
bfn
a

) ε+1
a+b

]b
[(

bfn
a

) 1
a+b + sn

(
bfn
a

) ε+1
a+b

]a+b
+ fn

=

[
( bfn
a

)
a
a+b + fn( bfn

a
)

−b
a+b

] [
( bfn
a

)
b
a+b + · · ·+ sbn( bfn

a
)
b(ε+1)
a+b

]
[
( bfn
a

) + · · ·+ sa+bn ( bfn
a

)ε+1
]

+ fn

=
bfn
a

+ fn + F1(fn)
bfn
a

+ fn + F2(fn)

=

b
a

+ 1 + F1(fn)
fn

b
a

+ 1 + F2(fn)
fn

,

where F1(fn) and F2(fn) are both functions of powers of fn higher than one. If we then
take the limit left and right of this inequality as n approaches infinity,

1 ≥ lim
n→∞

[(
bfn
a

) a
a+b

+ fn

(
bfn
a

) −b
a+b

]
‖X−1n ‖ ≥ 1,

implying that

lim
n→∞

[(
bfn
a

) a
a+b

+ fn

(
bfn
a

) −b
a+b

]
‖X−1n ‖ = 1.

2

We now state the positive definite version of Theorem 3.4.1 for the case b = a.

Theorem 3.4.8. Assuming the same conditions as in Theorem 3.4.6, except that ε > a,
we have

1

2
√
fn
− ‖X−1n ‖ = O

(
f
ε−a
2a
n

)
, (3.7)

where Xn = T an + fnT
−a
n , with a > 0 and ε > a implies fn > O

(
1

n
2a
a+1

)
.

Note that in this case we cannot have different positive and negative powers.

As for the analysis preceding the proof of Theorem 3.4.1, we will again define a Rn and
R̃n. From the proof of the previous theorem (assuming a = b), we have

1

f
1
2
n + fn · f

−1
2
n

≥ ‖X−1n ‖ ≥
1(

f
1
2a
n + snf

ε+1
2a
n

)a
+ fn

(
f

1
2a
n + snf

ε+1
2a
n

)−a := Rn,
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and we also define

R̃n :=
1(

f
1
2a
n + kf

ε+1
2a
n

)a
+ fn

(
f

1
2a
n + kf

ε+1
2a
n

)−a =
1

gn

(
f

1
2a
n + kf

ε+1
2a
n

) .
To prove the current theorem, we will need a new version of Lemma 3.4.2, as our

function 1/gn(x) is different from the standard case, as well as the interval En which
plays a role in determining which values we need to evaluate 1/gn(x) for.

Recall from Chapter 2, that to prove Lemma 3.4.2, we had to show that

1

gn(
√
fn −

√
f ε+1
n )

≥ 1

gn(αn)
,

where
αn =

√
fn + k

√
f ε+1
n .

This time, all arguments of Lemma 3.4.2 remain valid, except that now,
√
fn −

√
f ε+1
n

and αn is replaced by

f
1
2a
n − f

ε+1
2a
n and αn := f

1
2a
n + kf

ε+1
2a
n

respectively. Using this notation, R̃n = 1/gn(αn), and hence we calculate,

1

gn(f
1
2a
n − f

ε+1
2a
n )

− 1

gn(αn)

=
1

(f
1
2a
n − f

ε+1
2a
n )a + fn(f

1
2a
n − f

ε+1
2a
n )−a

− 1

(f
1
2a
n + kf

ε+1
2a
n )a + fn(f

1
2a
n + kf

ε+1
2a
n )−a

=
(f

1
2a
n − f

ε+1
2a
n )a

(f
1
2a
n − f

ε+1
2a
n )2a + fn

− (f
1
2a
n + kf

ε+1
2a
n )a

(f
1
2a
n + kf

ε+1
2a
n )2a + fn

=
[(f

1
2a
n + kf

ε+1
2a
n )2a + fn](f

1
2a
n − f

ε+1
2a
n )a − [(f

1
2a
n − f

ε+1
2a
n )2a + fn](f

1
2a
n + kf

ε+1
2a
n )a

[(f
1
2a
n − f

ε+1
2a
n )2a + fn][(f

1
2a
n + kf

ε+1
2a
n )2a + fn]

.

Notice that the denominator of the last expression is positive and we only have to check
that the numerator is positive. Thus,

[(f
1
2a
n + kf

ε+1
2a
n )2a + fn](f

1
2a
n − f

ε+1
2a
n )a − [(f

1
2a
n − f

ε+1
2a
n )2a + fn](f

1
2a
n + kf

ε+1
2a
n )a

= (f
1
2a
n − f

ε+1
2a
n )a(f

1
2a
n + kf

ε+1
2a
n )2a + fn(f

1
2a
n − f

ε+1
2a
n )a

− (f
1
2a
n − f

ε+1
2a
n )2a(f

1
2a
n + kf

ε+1
2a
n )a − fn(f

1
2a
n + kf

ε+1
2a
n )a

= (f
1
2a
n − f

ε+1
2a
n )a(f

1
2a
n + kf

ε+1
2a
n )a[(f

1
2a
n + kf

ε+1
2a
n )a − (f

1
2a
n − f

ε+1
2a
n )a]

− fn[(f
1
2a
n + kf

ε+1
2a
n )a − (f

1
2a
n − f

ε+1
2a
n )a].

The term in the square brackets are clearly positive, and therefore we only need to check
that the product in the round brackets are greater than fn:

(f
1
2a
n − f

ε+1
2a
n )a(f

1
2a
n + kf

ε+1
2a
n )a

= (f
1
a
n + kf

ε+2
2a
n − f

ε+2
2a
n − kf

2ε+2
2a

n )a.
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It is clear that

kf
ε+2
2a
n − f

ε+2
2a
n − kf

2ε+2
2a

n > 0

when k and n is large enough, and this implies that

(f
1
a
n + kf

ε+2
2a
n − f

ε+2
2a
n − kf

2ε+2
2a

n )a > fn.

We have thus shown that Rn ≥ R̃n, and consequently,

1

f
1
2
n + fn · f

−1
2
n

≥ ‖X−1n ‖ ≥ R̃n,

which if rearranged, leads to the inequality

1

2
√
fn
− 1(

f
1
2a
n + kf

ε+1
2a
n

)a
+ fn

(
f

1
2a
n + kf

ε+1
2a
n

)−a ≥ 1

2
√
fn
− ‖X−1n ‖ ≥ 0.

We compute

1

2
√
fn
− 1(

f
1
2a
n + kf

ε+1
2a
n

)a
+ fn

(
f

1
2a
n + kf

ε+1
2a
n

)−a
=

1

2
√
fn
−

(
f

1
2a
n + kf

ε+1
2a
n

)a
(
f

1
2a
n + kf

ε+1
2a
n

)2a
+ fn

=

(
f

1
2a
n + kf

ε+1
a

n

)2a
+ fn − 2

√
fn

(
f

1
2a
n + kf

ε+1
2a
n

)a
2
√
fn[(f

1
2a
n + kf

ε+1
2a
n )2a + fn]

=

(
fn + kf

2a+ε
2a

n + · · ·+ k2af 2ε+2
n

)
+ fn − 2

√
fn

(√
fn + kf

a+ε
2a
n + · · ·+ kaf

ε+1
2

n

)
2
√
fn(fn + · · ·+ k2af ε+1

n ) + 2
√
fnfn

=

(
kf

2a+ε
2a

n + · · ·+ k2af 2ε+2
n

)
− 2

(
kf

2a+ε
2a

n + · · ·+ kaf
ε+2
2

n

)
2
√
fn(fn + · · ·+ k2af ε+1

n ) + 2
√
fnfn

.

We want this expression to converge to zero as n tends to infinity. For this to happen we
need the manimal power of fn in the numerator to be strictly greater than the minimal
power of fn in the denominator, i.e.,

2a+ ε

2a
>

3

2
,

leading to ε > a. If we denote ε = a+ δ, the expression above would be

O
(
f

δ
2a
n

)
= O

(
f
ε−a
2a
n

)
.

The order of convergence here can be determined by finding the maximum value of ε which
satisfies the conditions of this theorem with respect to the sequence fn that is considered.

Example 3.4.9.

Choose Xn such that Tn is the tridiagonal matrix with associated symbol B(t) =
2− t− t−1 and constants a = 2, b = 3. Then Figures 3.5, 3.6 and 3.7 corresponds to the
sequences fn = 1/n, 1/n2, 1/n3, respectively, and shows the growth of ‖X−1n ‖.
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Figure 3.5: The norm of X−1n (dots) and upper bound (line), plotted as functions of n -
fn = 1/n.
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Figure 3.6: The norm of X−1n (dots) and upper bound (line), plotted as functions of n -
fn = 1/n2.
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Figure 3.7: The norm of X−1n (dots) and upper bound (line), plotted as functions of n -
fn = 1/n3.

3.5 Extension to Fredholm case

The assumptions on the symbol b of the Toeplitz operator T (Theorem 3.1.1), implies
that T is not Fredholm (see e.g., [5]). We will show, via an example, that the possibility
to carry over our results in a meaningful way to the case where T is Fredholm, but not
invertible, is very limited. Indeed, the class of sequences {fn} to which Theorem 3.1.1
applies is a fairly wide class. If we want to extend the result to Toeplitz operators which
are Fredholm, then this will be possible only for sequences {fn} which have a very specific
decay rate. The reason for this is that we need

√
fn to be close to a singular value of Tn

(for large n). Because of the splitting phenomenon (Theorem 1.2.1), when T is Fredholm
but not invertible, there are only a finite number of singular values of Tn that go to zero
(precisely as many as the absolute value of the Fredholm index), and they do so with a
specific decay rate.

Example 3.5.1.

Consider the Toeplitz operator T with symbol b(t) = 1 + γ
t
, where γ is a complex

number with |γ| > 1. It is easy to see that b(t) does not vanish on the unit circle and has
a winding number of −1. It follows that T is Fredholm, but not invertible (see [16]).

Let us denote by Jn the n × n upper triangular Toeplitz matrix with a one on the
second diagonal, and zeros elsewhere. Then the n× n finite section of T , Tn, is given by
Tn = In + γJn. As Jnn = 0, it follows that

T−1n = (In + γJn)−1 =
n−1∑
k=0

(−1)kγkJkn ,
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and since ‖Jn‖ = 1, we conclude that

‖T−1n ‖ ≤
n−1∑
k=0

|γ|k =
|γ|n − 1

|γ| − 1
≤ |γ|n

|γ| − 1
.

Next, we observe that the last column of T−1n is equal to the vector

y :=
[
(−1)jγj

]n−1
j=0

.

Let x be the vector consisting of zeros except for 1 as its last entry. Since the spectral
norm is induced by the Euclidean vector norm and ‖Tnx‖2 = ‖y‖2, we have

‖T−1n ‖ ≥ ‖
[
(−1)jγj

]n−1
j=0
‖2 =

√
1 + |γ|2 + · · ·+ |γ|2n−2 =

√
|γ|2n − 1

|γ|2 − 1
.

Since |γ| > 1, for every ε < 1 there is a number N (depending on γ) such that for n ≥ N√
|γ|2n − 1

|γ|2 − 1
≥ ε

|γ|n√
|γ|2 − 1

.

It follows that, for n ≥ N

ε
|γ|n√
|γ|2 − 1

≤ ‖T−1n ‖ ≤
|γ|n

|γ| − 1
.

Since the smallest singular value of Tn is one over the norm of its inverse, we obtain

(|γ| − 1)
1

|γ|n
≤ σn(Tn) ≤ 1

ε

√
|λ|2 − 1

1

|λ|n
.

The splitting phenomenon applies to our Tn and shows that only one singular value
goes to zero as n approaches infinity. Now consider Xn = Tn + fn(T−1n )∗. Recall that
‖X−1n ‖ ≤ 2√

fn
(Proposition 3.2.2), and that for this estimate to be an asymptotic equiv-

alence, one needs a singular value of Tn near
√
fn for large enough n. In order for an

analogue of Theorem 3.1.1 to hold in the particular case we are now considering, we need
fn → 0, but also that

√
fn should be close to σn(Tn). This forces

√
fn to go to zero at

the same rate as σn(Tn), that is, it forces fn to be O( 1
|γ|2n ). This is a far more restrictive

condition on the sequence (fn) than what is required in Theorem 3.1.1.
To be precise, let us assume that fn is not of the same order as σn(Tn). That is, either

σn(Tn) ≤ αn
√
fn, where αn is any sequence of positive numbers converging to zero, or

σn(Tn) ≥ αn
√
fn, where αn is any sequence of positive numbers converging to infinity.

To know the behaviour of ‖X−1n ‖, we must know which of the singular values of Tn
will produce ‖X−1n ‖ through the function 1/gn(x). First let us consider all the singular
values of Tn except σn(Tn). We know from the splitting phenomenon, that they are
all bigger than some positive constant and smaller than ‖b‖∞ := maxt∈T |b(t)|. Now,
the corresponding singular values of X−1n which we find by evaluating 1/gn(x) in these
singular values of Tn are all bounded for all n. This can be seen by calculating

lim
n→∞

1

gn(x)
= lim

n→∞

x

x2 + fn
=

1

x
.
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Since these singular values of Tn are bounded for all n, 1/x will also be bounded. This
implies that ‖X−1n ‖ is bounded if it happens to be produced by a singular value of Tn
other than σn(Tn). In this case it is clear then that

lim
n→∞

2
√
fn‖X−1n ‖ = 0,

Let us see then what happens if σn(Tn) determines ‖X−1n ‖. Recall that 1/gn(x) is
monotonically decreasing and increasing for x ≥

√
fn and x ≤

√
fn respectively. There-

fore, assuming that σn(Tn) ≤ αn
√
fn (αn converges to zero), or σn(Tn) ≥ αn

√
fn (αn

converges to infinity)

2
√
fn‖X−1n ‖ =

2
√
fn

gn(σn(Tn))
≤ 2

√
fn

gn(αn
√
fn)

=
2αnfn

α2
nfn + fn

=
2

αn + 1
αn

and

lim
n→∞

2
√
fn‖X−1n ‖ ≤ lim

n→∞

2

αn + 1
αn

= 0.

This shows that in this case the conclusion of Theorem 3.1.1 does not hold, and that the
asymptotic behaviour of ‖X−1n ‖ and its upper bound is not the same.

This leaves us with the case when fn has the same decay rate as σn(Tn)2. Assume
that for the sequence fn there are positive constants β and η such that the inequalities

β

|γ|2
<
√
fn <

η

|γ|n
,

β

|γ|2
< σn(Tn) <

η

|γ|n
, (3.8)

are satisfied simultaneously. Then we compute

1

gn( β
|γ|n )

=
β

β2

|γ|n + fn|γ|n
.

Since
2β2

|γ|n
<

β2

|γ|n + fnγ|n
<
η2 + β2

|γ|n
,

we have that

|γ|n β

η2 + β2
< gn(

β

|γ|n
) < |γ|n 1

2β
.

Similarly, we compute that
1

gn( η
|γ|n )

=
η

η2

|γ|n + fn|γ|n
.

Since
β2 + η2

|γ|n
<

η2

|γ|n
+ fn|γ|n <

2η2

|γ|n
,

we have that

|γ|n 1

2η
<

1

gn( η
|γ|n )

< |γ|n η

η2 + β2
.
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By our initial assumption, β
|γ|n < σn(Tn) < η

|γ|n , and the fact that
√
fn (where 1/gn(x)

takes its maximum) is bounded by the same two values, it follows that

1

gn(σn(Tn))
> |γ|n min

(
1

2η
,

β

η2 + β2

)
= |γ|n β

η2 + β2
.

We explain the last equality as follows. We want 1/(η2/β + β) < 1/2η. Consider

η2

β
+ β − 2η =

1

β

(
η2 + β2 − 2ηβ

)
=

1

β
(η − β)2.

Since η > β by assumption, the expression in the equality above is positive.
Then

‖X−1n ‖ =
1

gn(σn(Tn))
> |γ|n β

η2 + β2
.

Since
√
fn >

√
β
|γ|n , we conclude that

2
√
fn‖X−1n ‖ >

2β2

η2 + β2
.

In addition, we already know from Theorem 3.1.1 that 2
√
fn‖X−1n ‖ < 1. Thus, if (3.8)

holds, then at least the sequence {2
√
fn‖Xn‖−1} is bounded from below by a positive

constant. Note that the condition does not seem to imply that the limit of this sequence
necessarily exists, neither that the limit, if it exists, must be one.

However, if we replace the positive constants β and η by two positive sequences, βn
and ηn, with the property that lim ηn

βn
= 1, we will have the same result as in Theorem

3.1.1. Clearly this is an extremely forced condition, and shows how sensitive the Fredholm
case is to the choice of fn.

It is also relevant to consider the perturbation of Xn (Zn) in the Fredholm case, and to
see if a similar analysis as for the example above can be performed to obtain an analogue
of Theorem 3.1.2. In general, it seems that this generalization is limited by an extra
condition and in our particular example we cannot perturb Xn at all. The reason for
this is related to the interlacing of singular values. We know from Theorem 3.1.2 that Zn
differs from Xn by a finite number of rows and/or columns, say p. We can then form the
submatrix Un−p obtained from Xn by deleting this finite number of rows and columns.
The basic idea in the proof of Theorem 3.1.2 is to use the interlacing of the singular values
of Zn and Un−p to find a lower bound for Z−1n . In fact, we need 2p+14r+1 singular values
in the interval En = [

√
fn−

√
f ε+1
n ,
√
fn+k

√
f ε+1
n ] to achieve the result. Now in our case,

there is only one singular value tending to zero, and therefore we cannot find 2p+ 14r+ 1
singular values close to

√
fn, and therefore cannot apply the interlacing technique. This

does not mean that Z−1n does not have the desired behaviour; it just means that one can
not apply the techniques used previously to analyze ‖Z−1n ‖.

The general Fredholm case however, allows for a finite number of singular values
(equal to the absolute value of its index) to approach zero. Therefore, if the Fredholm
index equals i, any perturbation of Xn up to size i− 1 is permitted and, potentially, the
interlacing of singular values can be combined with similar techniques as shown here in
our example.
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3.6 The norms of Xn and Zn

The main results of this chapter deal with the asymptotic behaviour of the norms of the
inverses of Xn and Zn. It is natural then to ask what happens to the norm of the matrices
themselves? We shall shed some light on this question and show that their behaviour is
not as predictable as that of their inverses.

We consider three scenarios regarding the norms of Xn and Zn: Convergence to zero,
general boundedness, or unboundedness. First we consider Xn, and show that convergence
to zero is impossible.

Let Tn = UnDnV
∗
n be a SVD. As before, we calculate Xn = Un(Dn + fnD

−1
n )V ∗n . The

entries of Dn are the singular values of Tn, and hence its maximum value never approaches
zero ([5], Chapter 5). Also, the entries of Dn + fnD

−1
n contain the singular values of Xn,

and since ‖Xn‖ is determined by the largest singular value it cannot tend to zero since
the values of Dn does not converge to zero.

To determine to largest singular value of Xn, we need to evaluate the function gn(x) =
x+fn

1
x

for positive values of x. Its derivative is 1−fn 1
x2

and is monotone decreasing on the
interval (0,

√
fn], and monotone increasing on [

√
fn,∞). It follows that ‖Xn‖ attains its

maximum value at either the minimum, or maximum singular value of Tn. We know that
‖Tn(b)‖ is a bounded sequence of positive numbers since ‖Tn(b)‖2 = ‖T (b)‖2 + O(1/n)
([5], Chapter 5).

Let σn, σ1 and σl be the smallest, largest and l’th singular values of Tn respectively.
We omit the dependance on Tn here from the singular values since they will always be
the singular values of Tn for the rest of this chapter. Now,

lim
n→∞

gn(σ1) = lim
n→∞

(σ1 + fn
1

σ1
) = lim

n→∞
σ1 = ‖T (b)‖.

Notice that if gn(σn) ≤ gn(σ1) for all n large enough, ‖Xn‖ = gn(σ1), and

lim
n→∞

‖Xn‖ = ‖T (b)‖,

forcing ‖Xn‖ to be bounded.
On the other hand, if gn(σ1) ≤ gn(σn) for all large n, the situation changes since

limn→∞ σn = 0, and this could possibly lead to the case where limn→∞ gn(σn) = ∞. To
investigate this, we consider

lim
n→∞

gn(σn) = lim
n→∞

(σn + fn
1

σn
) = lim

n→∞
fn

1

σn
.

Recall the assumption n
√
f ε+1
n > c on the sequence fn from Theorem 3.1.1. This implies

that fn must converge to zero slower than O(1/n2). Thus, if σn is O(1/n2), or just converge
to zero faster than fn, gn(σn) (= ‖Xn‖) will be an unbounded sequence approaching
infinity.

To obtain the speed of convergence of σn for our finite sections, Tn(b), we need to
divide our class of symbols (T (b) non-Fredholm) into two subclasses, i.e., non-constant
and constant Laurent polynomials.

In the non-constant case, we state the following theorem from section 1.2.1 again.
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Theorem 3.6.1. Let b be a non-constant Laurent polynomial and suppose T (b) is not
Fredholm. Let α ∈ N be the maximal order of the zeros of |b| on T. Then for each natural
number k ≥ 1, σn−k = O(1/nα) as n→∞.

Here the order of the zero, say α0, indicate the smallest natural number such that

d

dt

α0

b(t0) 6= 0,

where b(t0) = 0.
A constant Laurent polynomial is such that it has constant modulus, |b(t)| = b0, ∀t ∈

T, where b0 ∈ C. It can be shown to be of the form b(t) = γtm, with constants γ,m ∈ Z.
See [5], Section 5.2 for details. Recall that in the non-Fredholm case, the symbol must
vanish on the unit circle in at least a single point. We can therefore ignore the constant
Laurent polynomials since they cannot vanish on the unit circle, and hence, are Fredholm.
The theorem above is then generally applicable in our case.

This theorem in conjunction with the assumption on fn shows that α has to equal one
for ‖Xn‖ to have the possibility of being bounded:

lim
n→∞

gn(σn) = lim
n→∞

fn
1

σn
.

If ‖Xn‖ is not bounded, the following order of growth applies:

‖Xn‖ = O(fnn
α).

In the bounded case, assume O(1/n2) < fn ≤ O(1/n) and d/n ≤ σn ≤ e/n, where d
and e are constants. Then,

‖Xn‖ = gn(σn) = σn + fn
1

σn

≤ e

n
+ fn

n

d
.

Now, since ‖Xn‖ cannot converge to zero, the inequality above is only valid if fn = O(1/n).
What this means is that if α = 1 and fn < O(1/n), ‖Xn‖ will be determined by σ1, not
σn.

We can also state the order of convergence for the first case where ‖Xn‖ = gn(σ1).
The following result, also stated in section 1.2.1, gives the convergence rate for all the
upper singular values of Tn(b).

Theorem 3.6.2. Let b be a non-constant Laurent polynomial. Denote by β ∈ N the
maximal order of the zeros of ‖b‖∞ − |b| on the unit circle. Then for each k ≥ 0,

‖b‖∞ −Dk
1

nβ
≤ σk ≤ ‖b‖∞

with some constant Dk ∈ (0,∞) independant of n.
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Applying this theorem, we have

‖Xn‖ = gn(σ1)

= σ1 + fn
1

σ1
= ‖T (b)‖+O(1/nβ) +O(fn).

Example 3.6.3.

We return to our regular example Xn = Tn( 1
n
). Recall that Tn = T0,n and fn = 1/n.

We will show that gn(σn) ≤ gn(σ1) for n large enough, and consequently, limn→∞ ‖Xn‖ =
‖T (b)‖ = ‖b‖∞ = 2, where b(t) = 1− t−1.

In the next chapter, we prove that the singular values of T0,n are given by
√

2− 2 cos(θm),
where θm = 2m+1

2n+1
π and 0 ≤ m ≤ n − 1 (Theorem 4.1.1). We can rewrite these singular

values as 2 sin(θm/2) using a trigonometric identity. Inserting the θm’s into 2 sin(θm/2),
it is clear that σn = 2 sin( 1

4n+2
π) and σ1 = 2 sin(2n−1

4n+2
π). Thus,

gn(σ1)− gn(σn)

=2
[

sin(
2n− 1

4n+ 2
π)− sin(

1

4n+ 2
π)
]

+
1

2n

[ 1

sin(2n−1
4n+2

π)
− 1

sin( 1
4n+2

π)

]
.

Taking limits,

lim
n→∞

gn(σ1)− gn(σn)

= lim
n→∞

2
[

sin(
2n− 1

4n+ 2
π)− sin(

1

4n+ 2
π)
]

+ lim
n→∞

1

2n

[ 1

sin(2n−1
4n+2

π)
− 1

sin( 1
4n+2

π)

]
= 2− 1

2
lim
n→∞

1

n

1

sin( 1
4n+2

π)

= 2− 1

2
lim
n→∞

1
n

sin( 1
4n+2

π)

= 2 +
1

2
lim
n→∞

1
n2

cos( 1
4n+2

π) d
dn

π
4n+2

= 2− 1

2
lim
n→∞

1
n2

cos( 1
4n+2

π)

(4n+ 2)2

4π

= 2− 1

2
lim
n→∞

16 + 16
n

+ 4
n2

cos( 1
4n+2

π)4π

= 2− 2

π
> 0.

Figure 3.8 shows the behaviour of ‖Tn( 1
n
)‖.

Example 3.6.4.

By making a small adjustment to the choice of fn in the previous example, ‖Xn‖ will
be determined by σn instead of σ1. For this purpose, let fn = 4/n, and then Xn = Tn( 4

n
).

If we follow the limit calculation exactly as in the previous example, we see that

lim
n→∞

gn(σ1)− gn(σn) = 2− 8

π
< 0.
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Figure 3.8: The norm of Tn( 1
n) (dots) converging to 2 (line), plotted as functions of n.

Now we have to determine if ‖Xn‖ is a bounded or unbounded sequence. Since fn =
O(1/n), we need to check the convergence rate of σn. Applying Theorem 1.2.2, we see
that α = 1 since b(1) = 0 and b′(1) 6= 0. The symbol b vanishes only at the point 1 on the
unit circle. It follows that ‖Xn‖ is a bounded sequence. Figure 3.9 shows the behaviour
of ‖Tn( 4

n
)‖.

We have covered the two possibilities where ‖Xn‖ is a bounded sequence. The next
example illustrates the unbounded case.

Example 3.6.5.

Again, we only need to choose a different fn to cause the sequence ‖Xn‖ to be un-
bounded. We already know that α = 1 in Theorem 1.2.2, so we just need to choose fn
such that it converges at a slower rate to zero. Let fn = 1

n1/4 . Figure 3.10 shows the
unbounded growth of ‖Xn‖.

We now consider the sequence ‖Zn‖, and we will cover the same three possibilities,
i.e., convergence to zero, boundedness and unboundedness. The choice of fn and the
particular perturbation of Xn will affect this behaviour.

We state the definition of Zn again for convenience:

Zn := VnTn + fn(T−1n )∗ +Wn,

where Wn = (T−1n )∗
∑n

j=1wjeje
∗
j , Vn =

∑n
j=1 vjeje

∗
j , and where vj and wj are positive real

numbers. In addition, we assumed (see Theorem 3.1.2) that

• vj ≥ 1 for 1 ≤ j ≤ q where q is fixed.

• vj = 1 for n ≥ j > q.
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Figure 3.9: The norm of Tn( 4
n) (dots), plotted as a function of n.
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Figure 3.10: The norm of Tn( 1
n1/4 ) (dots).
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• wj ≥ 0 for 1 ≤ j ≤ r where r is fixed.

• wj = 0 for n ≥ j > r.

From the proof of Proposition 3.2.2, we know that

Zn = V 1/2
n (An + (A−1n )∗)E1/2

n ,

where An = V
1/2
n TnE

−1/2
n and En =

∑n
j=1(fn + wj)eje

∗
j .

As is the case for ‖Xn‖, ‖Zn‖ cannot converge to zero as n goes to infinity. We state
Theorem 4.4 from [16] which we will apply to prove this assertion.

Theorem 3.6.6. Let H be a Hilbert space and let A ∈ L(H) be compact. Then for
n = 1, 2, . . . ,

σn(A) = min{‖A− F‖ |F ∈ L(H), rankF ≤ n− 1}.
where σn(A) denotes the decreasing sequence of singular values of A.

As discussed in the previous sections, Zn differs from Xn in its first q rows and r
columns. Then, Pn := Xn − Zn will be a matrix of zeros, except in its first q rows and
r columns. From the definition of the rank of a matrix, Pn will be of finite rank for all
n and thus compact as well. Indeed, rankPn ≤ q + r, for all n. Now choose F = Pn
and A = Xn in the theorem above. Note that for each n, Xn is also a compact operator.
Thus, in this case, Theorem 3.6.6 gives

σm(Xn) = min{‖Xn − Pn‖ |Pn ∈ Cn×n, rankPn ≤ m− 1}, m = 1, 2, . . . , n.

Since we know that rankPn ≤ q + r and Xn − Pn = Zn, this equality becomes

σm(Xn) ≤ min{‖Xn−Pn‖ |Pn ∈ Cn×n, rankPn ≤ q+r}, m = q+r+1, q+r+2, . . . , n.

If we assume that limn→∞ ‖Zn‖ = 0, the last inequality implies that the q + r + 1’th
singular value of Xn goes to zero as n approaches infinity. However, Theorem 1.2.3 with
k = q+r implies that σq+r does not go to zero as n tends to infinity. The singular values of
Xn are given by the entries of the matrix Dn +fnD

−1. Therefore, for every singular value
of Tn, there is a singular value of Xn that is larger and consequently, σq+r(Xn) ≥ σq+r
and limn→∞ σq+r(Xn) 6= 0, contradicting our assumption that limn→∞ ‖Zn‖ = 0.

To determine the asymptotic behaviour of the norm of Zn, we evaluate the inequality

‖Zn‖ ≤ ‖V 1/2
n ‖‖An + (A−1n )∗‖‖E1/2

n ‖
= max

j

√
vj‖An + (A−1n )∗‖

√
max
j
wj + fn.

Again we use ‖An + (A−1n )∗‖ and its corresponding function, g(x) = x + 1/x, to bound
its value. This function has a minimum at 1, and g is monotonically decreasing and
increasing on the intervals (0, 1] and [1,∞) respectively. The value of ‖An + (A−1n )∗‖ will
then be determined by either the minimum, σn(An), or maximum (σ1(An)) singular values
of An. Starting with σ1(An),

σ1(An) = ‖An‖ ≤ max
j

√
vj

1√
fn
‖Tn‖ ≤

c√
fn
,
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where c is some positive constant. The last inequality follows from the fact that
limn→∞ ‖Tn‖ = ‖T (b)‖. If σ1(An) determines the norm of An + (A−1n )∗, we can find its
maximal order of growth:

g(σ1(An)) ≤ g(
c√
fn

) =
c√
fn

= O(
1√
fn

).

To bound σn(An), we apply Theorem 3.3.4 once again and it tells us that σn(An) ≤
1√
fn
σn. As we already know, σn = O(1/nα) and therefore σn(An) is at least O(1/

√
fnn

α).

We can also bound σn(An) from below by noticing that

‖A−1n ‖ ≤ ‖E1/2
n ‖‖T−1n ‖‖V −1/2n ‖ ≤ (max

j
(wj) +

√
fn)cnα.

If Wn 6= 0, it is clear that ‖A−1n ‖ = O(nα), otherwise, ‖A−1n ‖ = O(
√
fnn

α). Then, σn(An)
is bounded from below by an O(n−α) sequence in general, and O(1/

√
fnn

α) when Wn = 0.
However, we just proved that σn(An) is at least O(1/

√
fnn

α) and therefore ‖An‖ =
O(1/

√
fnn

α) exactly when Wn = 0. Hence, for this class of Zn (when ‖An + (A−1n )∗‖
is determined by σn(An)), the order of growth for ‖An + (A−1n )∗‖ is as follows:

lim
n→∞

g(σn(An)) ≤ lim
n→∞

g(
c√
fnnα

) = c lim
n→∞

√
fnn

α = O(
√
fnn

α).

In the general case, ‖An + (A−1n )∗‖ will be O(nα) by an analogous computation.
Since fn cannot decay faster than O(1/n), and α ≥ 1, we can assume that the growth

of ‖An + (A−1n )∗‖ will be determined by σn(An). Therefore,

‖Zn‖ ≤ max
j

√
vj‖An + (A−1n )∗‖

√
max
j
wj + fn ≤ max

j

√
vjcn

α
√

max
j
wj + fn,

implying that in general, ‖Zn‖ is at most O(nα). If we consider the subclass where Wn = 0
again, it follows from the above inequality (with cnα replaced by c

√
fnn

α) that ‖Zn‖ is at
most O(fnn

α). If we assume further that fn = O(1/n) and α = 1, ‖Zn‖ will be bounded.
The following is an example of this special case.

Example 3.6.7.

Let fn = 1/n, Tn = T0,n and Vn such that v1 = 2, v2 = 2 with all other vj = 1 and
Wn = 0. Figure 3.11 shows the boundedness of Zn.

We now show that the norm of Zn is unbounded in general when the associated Xn

is Toeplitz. As we have done previously, apply Theorem 3.3.4 to Zn and let Xn−p be
the submatrix which is Toeplitz for the smallest possible p. Then, ‖Zn‖ = σ1(Zn) ≥
σ1(Xn−p) = ‖Xn−p‖.

Even if Wn = 0, ‖Zn‖ remains unbounded if fn decays slow enough. This can be seen
in the following example.

Example 3.6.8.

Let Zn be as in the previous example, except that fn = 1/
√
n. In this case, Zn is

unbounded - Figure 3.12
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Figure 3.11: The norm of Zn (dots), plotted as a function of n.
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Figure 3.12: The norm of Zn (dots), plotted as a function of n.
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Figure 3.13: The norm of Kn (dots), plotted as a function of n.

Example 3.6.9.

Choose Zn = Kn. The presence of Wn forces ‖Kn‖ to be unbounded as can be seen
in Figure 3.13.

In the last paragraph we showed that ‖Zn‖ ≥ O(fnn
α). In the case of Kn, this

does not tell us if it is necessarily unbounded as can be seen in figure 3.13. To prove
unboundedness, recall that we can express

Kn = T0,n +
1

n
(T−10,n)∗ +Wn = Tn(

1

n
) +Wn,

where Wn is the matrix of ones in the first column and zeros elsewhere. We can apply
the general norm inequality

‖X − Y ‖ ≥ |‖X‖ − ‖Y ‖|

with X replaced by Tn( 1
n
) and Y by −Wn. Then,

‖Kn‖ = ‖Tn(
1

n
) +Wn‖ ≥ |‖Tn(

1

n
)‖ − ‖Wn‖|.

Taking limits left and right, we notice that we need to show that limn→∞ ‖Wn‖ is un-
bounded, since ‖Tn( 1

n
)‖ is a bounded sequence. We can find the singular values of Wn

explicitly by considering the eigenvalues of WnW
∗
n . This matrix is conveniently the all-

ones matrix, and via direct calculation, this matrix has the eigenvalue n with any constant
entry vector as corresponding eigenvector. Since WnW

∗
n maps any vector to a constant

entry vector, it follows that it cannot have a non-zero eigenvalue associated with a non-
constant entry eigenvector. Therefore, the eigenvalues of WnW

∗
n are n and zero (the latter

with multiplicity n−1) and ‖Wn‖ =
√
n, proving that Kn is an unbounded sequence from
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the last inequality above. The boundedness of ‖Tn( 1
n
)‖ is also convenient since it allows

us to find an upper bound of the same order as the lower bound. Indeed,

lim
n→∞

‖Kn‖ = lim
n→∞

‖Tn(
1

n
) +Wn‖ ≤ lim

n→∞
‖Tn(

1

n
)‖+ lim

n→∞
‖Wn‖ = O(

√
n),

and this forces ‖Kn‖ = O(
√
n).

3.6.1 Summary

Since the norms of Xn, and particularly Zn, behave differently under various circum-
stances, we provide a listed summary of the possible combinations of their growth as n
tends to infinity. For Xn, we have the following:

Let gn(σ1) ≥ gn(σn) for all n large enough. Then,

‖Xn‖ = ‖T (b)‖+O(fn). (Example 3.6.3)

Let gn(σn) ≥ gn(σ1) for all n large enough. Then,

• If fn = O(1/n) and α = 1,

‖Xn‖ = C +O(
1

n
), (Example 3.6.4)

where C is some positive constant.

• For any other order of fn or value of α,

‖Xn‖ = O(fnn
α), (Example 3.6.5)

and thus unbounded.

For Zn, we have the following:

• If Wn 6= 0 for all n large enough. Then,

‖Zn‖ ≤ O(nα).

– If the matrix Xn associated with Zn is Toeplitz,

O(nα) ≥ ‖Zn‖ ≥ O(‖Xn−2p‖). (Example 3.6.9)

• If Wn = 0 for all n large enough. Then,

‖Zn‖ ≤ O(fnn
α).

– If the matrix Xn associated with Zn is Toeplitz,

O(fnn
α) ≥ ‖Zn‖ ≥ O(‖Xn−2p‖). (Example 3.6.8)
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3.6.2 Fredholmness

Up until now we assumed non-Fredholmness for the banded Toeplitz operator, T (b), with
corresponding finite sections, Tn(b) or simply Tn. We will revisit the results and analysis
of this section and show where Fredholmness of T (b) changes these findings.

For the unperturbed Xn, we had a few results which were central to the results es-
tablished. Firstly, it is known that ‖Tn‖ = T (b) + O(1/n) for any banded symbol b. If
g(σn) ≤ g(σ1) for n large enough, we showed that ‖Xn‖ = ‖T (b)‖ + O(fn). In the Fred-
holm case however, this scenario is not possible and it follows from the exponential decay
rate of σn as established in Theorem 1.2.1. More precisely,

lim
n→∞

gn(σn) = lim
n→∞

σn +
fn
σn

= 0 + lim
n→∞

fn
σn

= O(fne
αn),

and clearly this growth rate is higher than what could be achieved via σ1, proving that
‖Xn‖ can only be determined by σn in the Fredholm case. Also, since α > 0 and fn
cannot converge to zero faster than O(1/n), ‖Xn‖ will always be unbounded.

For Zn, the decay rate of σn also dominates σ1 and the effect of fn. The order of
growth for g(σ1) is O( 1√

fn
) and for g(σn) it is O(

√
fne

αn), and therefore ‖Zn‖ will also
only be determined by the smallest singular values of Tn. Formally,

‖Zn‖ ≥ ‖An−p + (A−1n−p)
∗‖
√

max
j
wj + fn ≥

√
max
j
wj + fn

√
fn−pe

α(n−p) = O(
√
fne

αn).

Note that with Wn set to zero, unboundedness is not affected here.

3.6.3 The condition numbers of Xn and Zn

The condition number of a n× n matrix, say An, is defined as

κ(An)p := ‖An‖p‖A−1n ‖p,

where An is viewed as an operator on Cn equipped with the lp norm. Since we have been
working with the spectral norm in this chapter, we shall omit the subscript p and write

κ(An) := ‖An‖‖A−1n ‖.

As we already know, both ‖X−1n ‖ and ‖Z−1n ‖ form unbounded sequences. The hope
that (at least) supn∈N κ(Xn) < ∞ fails, since that would require limn→∞ ‖Xn‖ = 0 or
limn→∞ ‖Zn‖ = 0 which we disproved in the previous section.

Estimates of the growth of κ(Xn) and κ(Zn) can obviously be obtained from employing
the results from earlier sections.
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3.7 The singular values of Xn and Zn

The previous sections of this chapter all dealt with either the minimum or maximum
singular values of Xn or Zn. This directly related to the results obtained regarding
the asymptotic behaviour of the norms of their inverses, and the norms of the matrices
themselves.

In this section, we attempt to shed some light on the other singular values as n tends
to infinity. Starting with the easier questions first, we will look at the extreme singular
values, i.e., the first (largest) or last (smallest) l singular values where l is any fixed
natural number. Then we will consider the ’inner’ singular values of some special classes
and cases. These singular values include all those that can’t be defined as extreme.

3.7.1 The smallest singular values, σn−l(Xn) and σn−l(Zn)

As one might have guessed, the behaviour of σn−l(Xn) and σn−l(Zn) is very closely related
to that of ‖X−1n ‖ and ‖Z−1n ‖. In fact, they behave exactly the same. To see this, we recall
the general argument used in the proof of Theorem 3.1.1 and note that it is analogous
to the case of Theorem 3.1.2. The whole idea revolved around the fact that we needed
a singular value of Tn close to

√
fn. For this purpose we defined the interval En =

[
√
fn −

√
f ε+1
n ,
√
fn + k

√
f ε+1
n ] including the point

√
fn. Eventually we arrived at the

inequality

nµ(En) ≥
n
√
f ε+1
n (k + 1)

2πM
> 15r, (3.9)

which, if used with
|Nn(En)− nµ(En)| ≤ 14r,

by taking k and n large enough, implies that Nn(En) ≥ r ≥ 1 (number of singular
values inside En) is greater or equal to one. Now, the proof works for any choice of
k and therefore, by choosing k even larger, we can use these inequalities to show that
an arbitrary fixed number of singular values exist inside En. By continuing the same
arguments of the proof of Theorem 3.1.1, it follows that

lim
n→∞

2
√
fnσn−l(Xn) = 1,

for any fixed k. Actually we can say more, since we will show that Theorem 3.4.1 also
applies to σn−l(Xn):

1

2
√
fn
− σn−l(Xn) = O(f

ε− 1
2

n ).

Recall the inequality

1

2
√
fn
≥ σn−l(Xn) ≥

√
fn + sn

√
f ε+1
n

2fn + 2sn
√
f ε+2
n + s2nf

ε+1
n

:= Rn.

from the proof of Theorem 3.1.1 where we replaced ‖X−1n ‖ with σn−l(Xn) - this follows
from the previous discussion proving Theorem 3.1.1 for the minimal extreme singular
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values. We can rewrite this inequality as

1

2
√
fn
−Rn ≥

1

2
√
fn
− σn−l(Xn) ≥ 0. (3.10)

Now as before, we can not take the limit as n approaches infinity of Rn. For this purpose,
we defined R̃n and proved that Rn ≥ R̃n in Lemma 3.4.2. What is important is that
Rn ≥ R̃n holds for all k and n large enough. This means that the same En which we chose
large enough to include any σn−l(Xn), can be used in Lemma 3.4.2. This immediately
implies that

1

2
√
fn
−

√
fn + k

√
f ε+1
n

2fn + 2k
√
f ε+2
n + k2f ε+1

n

≥ 1

2
√
fn
− σn−l(Xn) ≥ 0.

and we can follow the proof of Theorem 3.4.1 to show that it holds for σn−l(Xn) with l
fixed.

3.7.2 The largest singular values, σl(Xn) and σl(Zn)

This subsection is largely based on the results obtained in section 3.6. This is not
surprising as Theorem 1.2.3 tells us that all the largest singular values converge to
‖b‖∞ = ‖T (b)‖2 (Theorem 1.15, [5]).

For the largest singular values of Xn and Zn, we split the investigation between the two
cases since their behaviour is different. We start with Xn and denote its upper singular
values by σl(Xn).

We mirror the arguments made for ‖Xn‖ here. Since limn→∞ ‖Xn‖ 6= 0, we know that
limn→∞ σl(Xn) 6= 0, since limn→∞ gn(σl(Xn)) 6= 0.

Now consider the situation when gn(σn) ≤ gn(σ1). In this case we proved that ‖Xn‖ =
‖T (b)‖2 + O(fn) by calculating limn→∞ gn(σ1). However, the convergence of σl(Tn(b))
to ‖T (b)‖2 is guaranteed by Theorem 1.2.3 and hence there is and arbitrary number of
Xn’s singular values that converge to ‖T (b)‖2 and hence σl,n(Xn) = ‖T (b)‖ + O(fn) by
performing the same calculation as for ‖Xn‖.

The other possibility occurs when gn(σn) ≥ gn(σ1) and here ‖Xn‖ = O(fnn
α) was

proved. This time we apply Theorem 1.2.2 to σl and then gn(σl) = O(fnn
α) ensures that

σl(Xn) = O(fnn
α). We note again that these singular values will form bounded sequences

if fn = O(1/n) and α = 1.
As could be expected, the analysis for Zn is more involved, and the shortcomings

of section 3.6 make their appearance again. The fact that we don’t have a suitable
decomposition for Zn that allows us to find its singular values, is the reason for the
difficulties. Even when considering ‖Zn‖ = σ1(Zn), we had to rely on norm inequalities
to find bounds for its value.

To uncomplicate this situation slightly, we assume that the Xn corresponding to Zn
is Toeplitz itself. This allows us to apply Theorem 3.3.4 with Xn−p as a submatrix of Zn,
and then

σ1(Xn−p) ≥ σ1+2p(Zn).

This tells us that all the largest singular values of Zn, except the upper 2p ones, are
interlaced with those of Xn and their behaviour is therefore the same as the largest
singular values of Xn.
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3.7.3 The inner singular values of Xn and Zn

By inner singular values we mean those singular values that do not necessarily belong to
the group of largest or smallest singular values. Here we take a more global approach
and consider their distribution over an interval, rather than track their behaviour as n
approaches infinity.

The fact that we assume a banded Toeplitz generator matrix Tn in the definition of
Xn and Zn is critical, and without it, we wouldn’t be able to prove theorems like Theorem
3.1.1 or Theorem 3.4.1. The reason is Lemma 3.3.1, and here it will be central to our
analysis as well. Recall that for a banded symbol b(t) =

∑r
j=−r bjt

j, t ∈ T, the following
is true for the Toeplitz matrix Tn(b):

|Nn(E)− nµ(E)| ≤ 14r for all n ≥ 1,

where Nn(E) is the number of singular values of Tn(b) in E and

µ(E) =
1

2π
|{t ∈ T : |b(t)| ∈ E}|,

with |.| denoting the Lebesgue measure on the unit circle.
We assumed in the beginning of this chapter that b(t) = 0 for some t ∈ T and that it

is not identically zero. Therefore the range of |b(t)| is the closed interval [0, ‖b‖∞]. If E is
chosen as any interval whose intersection with [0, ‖b‖∞] is not empty, then Lemma 3.3.1
tells us that for n large enough, E will contain at least one singular value of Tn(b), and
as n grows, [0, ‖b‖∞] will be populated with the singular values of Tn(b).

By now we are very familiar with the diagonal matrix D + fnD
−1 which contains

the singular values of Xn. Corresponding to this matrix we also defined the function
gn(x) = x + fn1/x, which has a minimum at x =

√
fn with a positive derivative on the

interval [
√
fn,∞]. Note that, as n→∞, gn(x) will behave like the straight line function

f(x) = x on the interval [
√
fn,∞]. Therefore, as n tends to infinity, the singular values of

Tn(b) in [
√
fn,∞], mapped by the function gn(x), will produce singular values of Xn that

are very close to those of Tn(b), mapped by gn(x). Also, since
√
fn goes to zero, Xn will

also populate the interval [0, ‖b‖∞] with its singular values, similar to what Tn(b) does.
However, depending on the function fn, the function gn(x) will also map the singular
values of Tn(b) that are smaller than

√
fn to corresponding singular values of Xn. The

negative gradient of gn(x) in this region grows quickly as x tends to zero and accounts for
some of the larger, and indeed the largest singular values of Xn, especially if fn decays
slowly and if the smallest singular values of Tn(b) goes to zero quickly (see Theorem 1.2.2).

In the case of Zn, we assume again that its corresponding matrix Xn is Toeplitz. From
the last paragraph of the previous subsection we have

σ1(Xn−p) ≥ σ1+2p(Zn).

The singular values of Zn except the largest 2p ones are interlaced with those of Xn−p.
Therefore, if ‖Xn‖ is bounded and Zn is not, we will see that most of the singular values
of Zn will cluster in the interval [0, ‖b‖∞] with at least the largest one approaching infinity
as n grows large. Figure 3.14 shows this behaviour for a few values of n when we choose
Zn = Kn.
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Figure 3.14: The singular values of Kn, plotted as a function of n.

From the figure it is clear that σ1(Kn) goes to infinity (O(
√
n) as shown before), but

σ2(Kn) seems to stay close to the value two. The other singular values of Kn are interlaced
with those of Tn(1/n), which we know lie in the interval [0, 2] (Actually we will calculate
the singular values of Tn(1/n) explicitly in the next section). Hence, we only need to
know the behaviour of σ2(Kn) to have a fairly complete picture of what happens to the
singular values of Kn as n tends to infinity.

Consider Theorem 3.6.6, and let Kn play the role of A. Then this theorem states that

σ2(Kn) = min{‖Kn − F‖ | F ∈ L(H), rankF ≤ 1}.

Let Fn be the n×n matrix with ones in the first column and zeros elsewhere. It has rank
one, and then

σ2(Kn) ≤ ‖Kn − Fn‖ = ‖Tn
(

1

n

)
‖.

We know that σ2(Kn) ≥ σ2(Tn−1(1/n)) from Theorem 3.3.4, and therefore σ1(Tn(1/n)) ≥
σ2(Kn) ≥ σ2(Tn−1(1/n)). Since all the upper singular values of Tn(1/n) converge to 2 as
n tends to infinity, the last inequality forces σ2(Kn) to do the same.

Remark 3.7.1.

As we have seen throughout this section, the analysis of Zn is more complicated than
that of Xn. This can mostly be ascribed to the fact that we do not have a SVD for
Zn in terms of its generator matrix Tn. One might be tempted to try to analyze the
behaviour of Zn by considering the behaviour of the perturbation apart from that of Xn

and then ‘adding’ their behaviour in some way to describe what happens with Zn itself.
This approach is fundamentally flawed when Wn 6= 0, since Wn depends on the generator
matrix itself. We could expect then that two similar Xn’s, with exactly the same choice of
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wj’s might show different behaviour. This is indeed the case, and we will give an example
of two Xn’s with exactly the same set of singular values, and by choosing the same set of
wj’s, they will produce an unbounded Zn corresponding to the one Xn, and a bounded
Zn corresponding to the other.

We return to our usual example, Tn(1/n) with generator T0,n. We choose Wn to be
such that w1 = 1 with all other wj = 0. This produces our favourite Zn = Kn. For the
other Xn, we choose as generator T ∗0,n. From the definition of Xn it is easy to see that
in this case, Xn = (Tn(1/n))∗. Clearly the singular values of Tn(1/n) and (Tn(1/n))∗ are
the same and we know their behaviour. In the latter case however, the perturbation that
produces Zn is different, and [(T ∗0,n)−1]∗Wn is the matrix of all zeros, except in the one-one
position. Therefore,

‖Zn‖ ≤ ‖T ∗0,n +
1

n
[(T ∗0,n)−1]∗‖+ ‖Wn‖ ≤ C,

where C is some constant. This follows from the fact that ‖Wn‖ = 1 for all n and
‖T ∗0,n + 1

n
[(T ∗0,n)−1]∗‖ = ‖Tn(1/n)‖ which is bounded.

3.8 Future work and open problems

T-gen matrices with their associated finite rank perturbations constitute a large class of
matrices, reaching far beyond Toeplitz matrices themselves, although the intersection of
these two sets does not represent a significant part of either class. As mentioned before,
the presence of T−1n in the construction of T-gen matrices is mostly responsible for this,
and generalizations to widen the T-gen class will probably not contain significantly more
Toeplitz matrices. Considering the strong results on the asymptotic behaviour of the
norms of the inverses, it is reasonable to want to find Toeplitz or variable coefficient
Toeplitz matrices which fall within this class, or extend this class to contain more of these
matrices.

Some obvious avenues of generalization do exist that are worth discussing and in-
clude non-banded Toeplitz matrices. All the work done in this chapter is with regard
to Toeplitz matrices with finite non-zero diagonals. The Avram-Parter Theorem (1.2.4),
which describes the distribution of singular values is applicable to the non-banded case,
as well as the block case for matrix valued symbols. We can then assume that the main
results established for the norms of the inverses of T-gen matrices might remain true if
we enlarged our class of generators to include non-banded and block Toeplitz matrices.
The problem here is that we do not have an analogous result for Lemma 3.3.1 in the
non-banded or block case. However, we know that Lemma 3.2.1 applies for any matrix
which at least ensures that the upper bound for the growth applies for these more general
classes. The following example shows visually similar behaviour to the banded case.

Example 3.8.1.

Consider the block Toeplitz matrix
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Figure 3.15: The norm of Xn (dots) and
√
n
2 (line) plotted as functions of n.

Tn =



[
0 2
1 0

] [
0 −1
−1 0

] [
0 0
0 0

]
· · ·

[
0 0
0 0

] [
0 2
1 0

] [
0 −1
−1 0

]
· · ·

[
0 0
0 0

] [
0 0
0 0

] [
0 2
1 0

]
...

...
. . .


with symbol

R(t) =

[
0 2
1 0

]
−
[
0 1
1 0

]
t−1 =

[
0 2− t−1

1− t−1 0

]
.

It is clearly a banded symbol such that detR(t) vanishes on T. Now form the block T-gen
matrices, Xn = Tn + fn(T−1n )∗, with fn = 1/n. Xn is now the 2n× 2n matrix with entries
2 × 2 blocks. Figure 3.15 shows similar behaviour to what was seen in the first scalar
example, Xn = Tn(1/n) - Figure 3.2.

There also remain other less fundamental gaps in the theory developed in this chapter.
Recall that we proved our main Theorem 3.4.1 for the positive definite case - Theorem
3.4.8. Here we had to assume that the arbitrary powers a and b in Xn = T an + fn(T−bn )∗

have to be equal. Numerical investigations (e.g. figure 3.5) show that this is probably a
relic of the techniques used in the proof, and not because the theorem is untrue if assumed
otherwise.
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When considering the norms of Zn asymptotically, a lot can still be done. For instance,
the bound given for the growth derived was not sharp. For the choice Zn = Kn, we
showed that ‖Kn‖ = O(

√
n), but the general bounds given were O(n) ≥ ‖Kn‖ ≥ ‖Xn−2p‖

(α = 1). In other words, this statement does not even guarantee that Kn is unbounded
since Xn−2p = Tn−2p(1/n) is a bounded sequence in this case. The upper bound is also
off by O(

√
n). Clearly the presence of Wn in Zn has a strong influence on its behaviour,

but it does not seem to be trivially quantifiable.



Chapter 4

The eigenvalues and eigenvectors of
a special perturbed tridiagonal
Toeplitz matrix

4.1 Introduction

The main contribution of this section is an explanation of a peculiar phenomenon regard-
ing the singular vectors of the special Toeplitz matrix Tn( 1

cn
) of the previous chapter.

Recall that

Tn(
1

cn
) =



1 + 1
cn

−1 0 · · · · · · 0
1
cn

1 + 1
cn
−1 0

...
...

. . . . . .
...

...
. . . . . . −1 0

...
. . . . . . . . . −1

1
cn

· · · · · · · · · 1
cn

1 + 1
cn


, (4.1)

where c is some positive constant. Recall that the matrix is of size n × n. Notice that
the entries of Tn( 1

cn
) change as its size increases. Fortunately, this does not impact on the

underlying structure of this sequence of matrices. In fact, it is this underlying structure
from which the phenomenon discussed in section 4.3 is born.

As shown before, we can express

Tn

(
1

cn

)
= T0,n +

1

cn
(T−10,n)∗,

where

T0,n =


1 −1

1 −1
. . . . . .

. . . −1
1

 , (4.2)

and Tn( 1
cn

) is said to be generated by the banded Toeplitz matrix T0,n. Notice that T0,nis
independent of the constant c or n.

76
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In section 4.3 we will show that the singular vectors of Tn( 1
cn

) are exactly the singular
vectors of T0,n, and hence the phenomenon in question can be explained by looking at the
much simpler matrix T0,n. Actually, since we are interested in singular values, we will be
considering the matrix

Pn := T ∗0,nT0,n =


1 −1

−1 2
. . .

. . . . . . −1
−1 2

 . (4.3)

We will show that explicit formulas exist for the eigenvalues and eigenvectors of this
matrix. This result has been achieved previously by G.Strang ([38]), but our approach
here seems to be new.

Theorem 4.1.1. The eigenvalues, λm, and corresponding eigenvectors, xm, of the matrix
Pn are given by

λm = 2− 2 cos(θm), xm = [sinnθm, sin(n− 1)θm, . . . , sin θm]T , (4.4)

where

θm =
2m+ 1

2n+ 1
π,

and 0 ≤ m ≤ n− 1.

The second section of this chapter will be dedicated to establishing Theorem 4.1.1.
In Section 4.3 we will apply this result to explain the singular vector phenomenon of the
matrix Tn( 1

cn
). The third section will be devoted to computing Tn( 1

cn
)−1, K±1n , detK±1n

and ‖Tn( 1
cn

)±1‖.
Most of the contents of this chapter can also be found in [28].

4.2 The eigenvalues and eigenvectors of Pn

The first part of this section will follow the exposition of [5], Section 14.1. We shall modify
a few of the results to be applicable in our case, and this will lead to formulas for the
eigenvectors of a special class of Toeplitz matrices with an ’impurity’. Pn will be a special
case of this type of matrices.

Define 1

Tn(σ) =


2 −1

−1 2
. . .

. . . . . . . . .
. . . . . . −1
−1 2

 ,

1Tn(σ) arises naturally in differential equation applications - see for instance [40], Chapter 6.
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where σ(t) = 2− t− t−1, t ∈ T, and let Ejj denote the matrix whose jj entry is one and
all other zero. These definitions allow us to write

Pn = Tn(σ)− E11.

Now, denoteDn(a) := detTn(a) where a(t) = a0+a1t+a−1t
−1 (t ∈ T) is the symbol of a

tridiagonal Toeplitz matrix. We state the following two theorems from [5] for convenience.

Theorem 4.2.1. The eigenvalues of Tn(a) are

λj = a0 + 2
√
a1a−1 cos

πj

n+ 1
(j = 1, . . . , n),

and an eigenvector for λj is xj = (x
(j)
1 , . . . , x

(j)
n )T with

x
(j)
k =

(√
a1
a−1

)k
sin

kπj

n+ 1
(k = 1, . . . , n).

Theorem 4.2.2. Let q1 and q2 be the zeros of the polynomial q2 − a0q + a1a−1. Then

Dn(a) =
qn+1
2 − qn+1

1

q2 − q1
if q1 6= q2,

Dn(a) = (n+ 1)qn if q1 = q2 = q.

From now on we are only concerned with our particular symbol σ(t) and we define
Dn(λ) := Dn(σ− λ). Let q1 and q2 be the zeros of the polynomial q2 − (2− λ)q + 1, that
is,

q1 =
(2− λ) +

√
(2− λ)2 − 4

2
,

q2 =
(2− λ)−

√
(2− λ)2 − 4

2
.

From the previous theorem we deduce that if q1 6= q2, then

Dn(λ) =
qn+1
2 − qn+1

1

q2 − q1
.

We now prove a lemma which will provide necessary and sufficient conditions for a
real number λ to be an eigenvalue of Tn(σ) plus an impurity.

Lemma 4.2.3. Let v ∈ R. A number λ ∈ R is an eigenvalue of Tn(σ) + vEjj if and only
if

(2 + v − λ)Dj−1(λ)Dn−j(λ)−Dj−2(λ)Dn−j(λ)−Dj−1(λ)Dn−j−1(λ) = 0.
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Proof.

det[Tn(σ − λ) + vEjj]

= det



2− λ −1

−1 2− λ . . .
. . . . . . . . .

−1 2 + v − λ −1
−1 2− λ −1

. . . . . . . . .
. . . . . . −1
−1 2− λ


,

=(2 + v − λ) detTj−1(σ − λ) detTn−j(σ − λ)

− detTj−2(σ − λ) detTn−j(σ − λ)− detTj−1(σ − λ) detTn−j−1(σ − λ)

=(2 + v − λ)Dj−1(λ)Dn−j(λ)−Dj−2(λ)Dn−j(λ)−Dj−1(λ)Dn−j−1(λ).

2

The following proposition will give the general formulas for the singular vectors of
Tn(σ) plus an impurity. In the special case of Pn, we will be able to simplify the formulas
further, and find the eigenvectors in terms of its associated eigenvalues.

Proposition 4.2.4. Let v ∈ R and let λ ∈ R\{0, 4} be an eigenvalue of the matrix
Tn(σ) + vEjj. Then an eigenvector for λ is given by

x = (ψ1, . . . , ψj, φn−j, . . . , φ1)
T ,

where

ψk = Dn−j(λ)Dk−1(λ) =
qn−j+1
2 − qn−j+1

1

q2 − q1
qk2 − qk1
q2 − q1

(1 ≤ k ≤ j),

ϕk = Dj−1(λ)Dk−1(λ) =
qj2 − q

j
1

q2 − q1
qk2 − qk1
q2 − q1

(1 ≤ k ≤ n− j),

q1/2 =
(2− λ)±

√
(2− λ)2 − 4

2
.

Proof. We must verify that

[Tn(σ − λ)x+ vEjjx]k = 0 (4.5)
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for 1 ≤ k ≤ n. If k ∈ {2, . . . , n}, then the left-hand side of equation (4.5) is

− ψk−1 + (2− λ)ψk − ψk+1

=−Dn−j(λ)[Dk−2(λ)− (2− λ)Dk−1(λ) +Dk(λ)]

=−Dn−j(λ)
[qk−12 − qk−11

q2 − q1
− (2− λ)

qk2 − qk1
q2 − q1

+
qk+1
2 − qk+1

1

q2 − q1

]
=− Dn−j(λ)

q2 − q1
[qk−12 − qk−11 − (2− λ)(qk2 − qk1) + qk+1

2 − qk+1
1 ]

=− Dn−j(λ)

q2 − q1
[qk−12 (q22 − (2− λ)q2 + 1)− qk−11 (q21 − (2− λ)q1 + 1)]

=− Dn−j(λ)

q2 − q1
[qk−12 (0)− qk−11 (0)]

=0.

The zeros in the second last equation follow from the fact that q1 and q2 are the roots of
the polynomial q2 − (2− λ)q + 1. The case k = 1 is proved with a similar calculation. If
k = j + l, l ∈ {1, . . . , n− j − 1} then the left-hand side of (4.5) is

− xj+l−1 + (2− λ)xj+l − xj+l+1

=− ϕn−j−l+2 + (2− λ)ϕn−j−l+1 − ϕn−j−l
=−Dj−1(λ)Dn−j−l+1(λ)− (2− λ)Dj−1(λ)Dn−j−l(λ) +Dj−1(λ)Dn−j−l−1(λ)

=− Dj−1

q2 − q1
[(qn−j−l+2

2 − qn−j−l+2
1 )− (2− λ)(qn−j−l+1

2 − qn−j−l+1
1 ) + (qn−j−l2 − qn−j−l1 )]

=− Dj−1

q2 − q1
[qn−j−l2 (q22 − (2− λ)q2 + 1)− qn−j−l1 (q21 − (2− λ)q1 + 1)]

= 0.

For k = n, a similar argument is used. We are left with k = j, and again, the left-hand
side of (4.5) is

− ψj−1 + (2− λ)ψj − ψj+1

=−Dn−j(λ)Dj−2(λ) + (2 + v − λ)Dn−j(λ)Dj−1(λ)−Dn−j−1(λ)Dj−1(λ)

= 0,

by Lemma 4.2.3. 2

Proof of Theorem 4.1.1 Applying the Gers̃gorin disc theorem (see [18], p.344) to Pn,
we see that 0 ≤ λ ≤ 4 and this implies that q1 and q2 are complex numbers where only
the sign of the complex part differs. Therefore, |q1| = |q2| = 1 via a direct computation,
and

q1 = cos θ + i sin θ q2 = cos θ − i sin θ,

with λ = 2− 2 cos θ. Clearly,

qk1 = cos kθ + i sin kθ, qk2 = cos kθ − i sin kθ,
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which implies that qk2 − qk1 = −2i sin kθ. In this case, since j = 1,

ψ1 =
qn2 − qn1
q2 − q1

=
sinnθ

sin θ

ϕk =
qk2 − qk1
q2 − q1

=
sin kθ

sin θ
(1 ≤ k ≤ n− 1)

and hence we have the eigenvector

x = [sinnθ, sin(n− 1)θ, . . . , sin θ]T .

We now have the eigenvalue, λ, and the eigenvector, x, in terms of the angle θ. We can
then solve for θ by writing

Pn


sinnθ

sin(n− 1)θ
...

sin θ

 = (2− 2 cos θ)


sinnθ

sin(n− 1)θ
...

sin θ

 .
The first coordinate gives sinnθ − sin(n − 1)θ = (2 − 2 cos θ) sinnθ. Using the fact that
sin(n− 1)θ = − cosnθ sin θ + sinnθ cos θ, we see that

cosnθ sin θ = sinnθ(1− cos θ) = sinnθ

(
1− cos

(
2.
θ

2

))
= sinnθ

(
2 sin2 θ

2

)
.

Division by sinnθ gives

tannθ =
sin θ

2 sin2 θ
2

=
2 sin θ

2
cos θ

2

2 sin2 θ
2

=
cos θ

2

sin θ
2

=
cos(π

2
− θ

2
)

sin(π
2
− θ

2
)

= tan

(
π

2
− θ

2

)
.

Therefore,

nθ =
π

2
− θ

2
+mπ, (m ∈ {0, 1, . . . , n− 1})

and hence

θm =
2m+ 1

2n+ 1
π, and λm = 2− 2 cos θm,

where m ∈ {0, 1, . . . , n− 1}.
2

Remark 4.2.5.

By definition, Pn = T ∗0,nT0,n. An analogous proof as for Theorem 4.1.1 will also yield
the ’right’ singular vectors of T0,n, i.e., the eigenvectors of T0,nT

∗
0,n. In fact, the entries of

the right singular vectors will be the same as for the left singular vectors, except that they
will appear in reverse order. This follows from applying Proposition 4.2.4 with j = n,
instead of j = 1 as in the proof of Theorem 4.1.1.
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4.3 A peculiar permutation phenomenon

When computing the singular value decomposition of Tn( 1
cn

), one sees that for certain
values of n, the absolute values of the entries of the singular vectors are all permutations
of the same n numbers. For example, if we take c = 1, and Tn( 1

cn
) = UDV ∗, then for

n = 3, 4, 5, 6 respectively,

U3 =

 −0.737 0.591 0.328
−0.591 −0.328 −0.737
−0.328 −0.737 0.591

 ,
,

U4 =


−0.657 −0.577 −0.429 −0.228
−0.577 0 0.577 0.577
−0.429 0.577 0.228 −0.657
−0.228 0.577 −0.657 0.429

 ,

U5 =


0.597 0.549 0.456 0.326 0.170
0.549 0.170 −0.326 −0.597 −0.456
0.456 −0.326 −0.549 0.170 0.597
0.326 −0.597 0.170 0.456 −0.549
0.170 −0.456 0.597 −0.549 0.326

 ,
and

U6 =


0.551 −0.519 −0.457 −0.368 −0.258 −0.133
0.519 −0.258 0.133 0.457 0.551 0.368
0.457 0.133 0.551 0.258 −0.368 −0.519
0.368 0.457 0.258 −0.519 −0.133 0.551
0.258 0.551 −0.368 −0.133 0.519 −0.457
0.133 0.368 −0.519 0.551 −0.457 0.258

 .

For n = 3, 5, 6, we see that the mentioned phenomenon occurs, but not for n = 4. Notice
that for the case n = 4, a zero entry can be found in the third column vector.

As mentioned in the introduction, we will not need to study the singular vectors of
Tn( 1

cn
) directly. We will show here that T0,n has exactly the same singular vectors.

To see this, let T0,n = UDV ∗ be a singular value decomposition (SVD). Then it follows
that (T−10,n)∗ = UD−1V ∗ and consequently,

Tn(
1

cn
) = U(D + f(n)D−1)V ∗

and

Tn(
1

cn
)[Tn(

1

cn
)]∗ = U(D + f(n)D−1)2U∗.

A direct calculation shows that the column vectors of U are eigenvectors of Tn( 1
cn

)[Tn( 1
cn

)]∗

with associated eigenvalues the entries of (D + f(n)D−1)2. From the previous section we
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have an exact description of the entries of these singular vectors. To understand their
behaviour, we must take a detour to basic abstract algebra.

Consider the set S := {eiθp : θp = p
2n+1

π, 0 ≤ p ≤ 4n + 1} of complex numbers. This
set equipped with regular multiplication forms a group of 4n + 2 elements. If we define
the function φ(eiθp) = [p] between the group S and Z4n+2, we see that S is isomorphic to
Z4n+2.

Since the sines of θ and π + θ differ only by sign, and since we are interested in the
absolute values of the sines, let us identify the angles θ and π + θ. In the group Z4n+2,
this amounts to taking the quotient group with respect to the subgroup {0, 2n + 1}. If
we define the function φ({[a], [a + 2n + 1]}) = [a] between Z4n+2/{0, 2n + 1} and Z2n+1,
we see that Z4n+2/{0, 2n+ 1} is isomorphic to Z2n+1.

In the previous section, we derived the formulas for the entries of the singular vectors
of Tn( 1

n
), i.e., xm = [sinnθm, . . . , sin θm]T . We see from experiments in Matlab that the

permutation phenomenon fails when one of the singular vectors contains a zero entry, i.e.,
when the sine of lθk, for some 0 ≤ k ≤ n− 1, is a multiple of π. That happens if and only
if (2k + 1)l is a multiple of 2n+ 1. In other words,

Proposition 4.3.1. Let n be given, and let θk = 2k+1
2n+1

π. Then there is an l such that
sin(lθk) = 0 if and only if 2k + 1 is a divisor of zero in Z2n+1.

It is now clear why for n = 3 there are no zero entries in U3 (Z7 has no divisors of
zero), but for U4 we do (Z9 has zero divisor 3).

From now on we assume that 2k+ 1 is not a divisor of zero in Z2n+1. Consider the set
Ak = {(2k + 1)l | l = 1, 2, · · · , n}. Suppose that for some l1 > l2 we have

(2k + 1)l1 = (2k + 1)l2 mod (2n+ 1).

Then (2k+1)(l1− l2) = 0 mod (2n+1), and this is a contradiction with 2k+1 not being
a divisor of zero in Z2n+1. So, modulo 2n + 1, the set Ak contains n different elements.
This means that the corresponding set of angles, 2k+1

2n+1
lπ, are also distinct. However, we

have to show that taking the sine of these angles will still result in n distinct real values.
Therefore, we have to check when the sine function maps different arguments to the same
value up to a sign change. We have already taken care of the case {θ, θ + π}, via the
isomorphism with Z2n+1, and what remains are the cases {θ,−θ} and {π − θ, π + θ}.

With the number (2k + 1)l in Z2n+1 corresponds the angle

θk,l =
(2k + 1)l

2n+ 1
π.

Then −θk,l (which gives the same absolute value for the sine as θk,l) corresponds to
−(2k + 1)l mod 2n+ 1. Suppose that

(2k + 1)l1 = −(2k + 1)l2 mod (2n+ 1).

for some l1 and l2. Then (2k + 1)(l1 + l2) = 0 mod 2n + 1, and l1 = −l2 mod 2n + 1,
as 2k + 1 is not a divisor of zero by assumption. Since l1, l2 ∈ {1, . . . , n}, we have a
contradiction.



CHAPTER 4. EIGENVALUES AND EIGENVECTORS 84

Turning to the case {π−θ, π+θ}, we have that [2n+1−(2k+1)l] ∈ Z2n+1 corresponds
to

π − θk,l =
[2n+ 1− (2k + 1)l]

2n+ 1
π,

and similarly, π + θk,l is related to [2n+ 1 + (2k + 1)l] mod 2n+ 1. Assuming that

2n+ 1− (2k + 1)l1 = 2n+ 1 + (2k + 1)l2 mod (2n+ 1)

for some l1 and l2, we apply the same argument as before to arrive at a contradiction.
What we have shown up to now is that for each fixed k, the n real numbers | sin 2k+1

2n+1
lπ|

(1 ≤ l ≤ n) are distinct. However, we want to show that these n real numbers are the
same set for every k. The following proposition will aid in establishing this fact.

Proposition 4.3.2. Suppose 2k + 1 is not a divisor of zero in Z2n+1. Then the set
Ak = {(2k + 1)l | l = 1, 2, . . . , n} contains exactly one element of every pair of the form
{m, (2n+ 1)−m}, where 1 ≤ m ≤ n.

Proof. Suppose that for some m and some l1, l2 ∈ {1, 2, . . . , n}, we have

(2k + 1)l1 = m mod (2n+ 1),

(2k + 1)l2 = ((2n+ 1)−m) mod (2n+ 1).

Then
(2k + 1)(l1 + l2) = (2n+ 1) mod (2n+ 1) = 0 mod (2n+ 1),

which again contradicts the fact that 2k + 1 is not a divisor of zero, unless l1 + l2 = 0
mod (2n+ 1). However, since 2 ≤ l1 + l2 ≤ 2n, this is impossible. 2This proposition
tells us that the angles 2k+1

2n+1
lπ (for any k), corresponding to (2k + 1)l ∈ Z2n+1, can only

take on one of 2n values since that is the number of elements in {m, (2n+ 1)−m}, where
1 ≤ m ≤ n. If we consider the absolute value of the sine with the angle corresponding to
the elements m, (2n+ 1)−m ∈ Z2n+1, we have∣∣∣∣sin 2n+ 1−m

2n+ 1
π

∣∣∣∣ =

∣∣∣∣sin(π − m

2n+ 1
π)

∣∣∣∣ =

∣∣∣∣sin m

2n+ 1
π

∣∣∣∣ ,
and hence we see that there is in fact only n values that | sin 2k+1

2n+1
lπ| with 0 ≤ k ≤ n− 1

and 1 ≤ l ≤ n can achieve.

Corollary 4.3.3. If 2k + 1 is not a divisor of zero in Z2n+1, then the entries in the k-th
column of U are a permutation of the numbers

sin l
2n+1

π√∑n
j=1 sin j

2n+1
π
, l = 1, 2, · · · , n,

up to some signs.
In the case that 2n+1 is prime, there are no divisors of zero in Z2n+1, and all columns

of U display this phenomenon.

If 2n + 1 is not prime, there will always be odd integer zero divisors since 2n + 1 is
odd. Now, {2k + 1 | 0 ≤ k ≤ n− 1} accounts for all the odd elements of Z2n+1 and thus,
when 2n+ 1 is not prime, there will always be a zero entry in at least one of the singular
vectors of Tn(fn).
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4.4 Computing T−1
n ( 1

cn), K
−1
n and det(K±1

n )

In this section we apply our main result to calculate the inverses of Tn( 1
cn

) and Kn and
the determinants of K±1n . We note that it is possible to explicitly calculate these inverses
via the Gohberg-Semencul formulas as well, and these results are given in the Appendix
of this chapter.

Remember that

Kn =



2 + 1
m

−1 0 · · · · · · 0

1 + 1
m

1 + 1
m
−1 0

...
... 1

m

. . . . . .
...

...
...

. . . . . . −1 0
...

...
. . . . . . −1

1 + 1
m

1
m

· · · · · · 1
m

1 + 1
m


, (4.6)

where m = [cn], for some constant c as defined in the previous chapter.
Let T0,n = UDV ∗ be a SVD. As calculated before, Tn( 1

cn
) = U(D + fnD

−1)V ∗, and
hence, T−1n ( 1

cn
) = U(D + 1

cn
D−1)−1V ∗. Now we know U , D and V from Theorem 4.1.1

and Remark 4.2.5, and therefore

T−1n (
1

cn
)

=

u1 sinnθ1 . . . un sinnθn
...

...
u1 sin θ1 . . . un sin θn



cnλ1+1
cn
√
λ1

. . .
cnλn+1
cn
√
λn


−1 u1 sin θ1 . . . u1 sinnθ1

...
...

un sin θn . . . un sinnθn



=

u1 sinnθ1 . . . un sinnθn
...

...
u1 sin θ1 . . . un sin θn



cn
√
λ1

cnλ1+1
. . .

cn
√
λn

cnλn+1


u1 sin θ1 . . . u1 sinnθ1

...
...

un sin θn . . . un sinnθn

 ,

where ui = 1√∑n
j sin2 jθi

, (i = 1, . . . , n) are the normalization constants and
√
λi are the

singular values of T0,n.
To calculate K−1n , we need a special expression for it. Proposition 3.2.2 and the

paragraph following it shows that

K−1n = E−1/2n (An + (A−1n )∗)−1, (4.7)

where En =
∑n

j=1(
1
cn

+ wj)eje
∗
j (w1 = 1, all other wj = 0) and An = T0,nE

−1/2
n .

Since E
−1/2
n is diagonal and easily computible, we consider An+(A−1n )∗ and decompose

it as follows:

An + (A−1n )∗ = T0,nE
−1/2
n + (T−10,n)∗E1/2

n

= (T−10,n)∗(T ∗0,nT0,nE
−1/2
n + E1/2

n )

= (T−10,n)∗(T ∗0,nT0,n + En)E−1/2n .
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Notice that

T ∗0,nT0,n + En =


2 + 1

cn
−1

−1 2 + 1
cn
−1
. . .

. . . −1
−1 2 + 1

cn

 . (4.8)

We know this matrix is positive definite and since we know all its eigenvalues and eigen-
vectors (Theorem 4.2.1), we can decompose it via the SVD, say T ∗0,nT0,n +En = WΣW ∗.
In this case, the columns of W are the eigenvectors of An + (A−1n )∗ with corresponding
eigenvalues the entries of Σ. Consequently,

K−1n

=E−1/2n (WΣW ∗)−1

=E−1/2n WΣ−1W ∗

=


√

cn
cn+1 √

cn
. . . √

cn



w1 sin π

n+1
. . . . . . wn sin πn

n+1
...

...
...

...
w1 sin nπ

n+1
. . . . . . wn sin nπn

n+1




2 + 1
cn

+ 2 cos π
n+1

. . .
. . .

2 + 1
cn

+ 2 cos πn
n+1


−1 

w1 sin π
n+1

. . . . . . w1 sin nπ
n+1

...
...

...
...

wn sin πn
n+1

. . . . . . wn sin nπn
n+1



=


√

cn
cn+1 √

cn
. . . √

cn



w1 sin π

n+1
. . . . . . wn sin πn

n+1
...

...
...

...
w1 sin nπ

n+1
. . . . . . wn sin nπn

n+1




2cn(1+cos π
n+1

)+1

cn
. . .

. . .
2cn(1+cos πn

n+1
)+1

cn



w1 sin π

n+1
. . . . . . w1 sin nπ

n+1
...

...
...

...
wn sin πn

n+1
. . . . . . wn sin nπn

n+1

 ,

where wi = 1√∑n
j sin2 jπi

n+1

, (i = 1, . . . , n) are the normalization constants.

From the previous paragraph’s expression for K−1n , and using Theorem 4.2.2, it follows
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that

detKn = det(T−10,n)∗ det(T ∗0,nT0,n + En)

= det


1
1 1
...

. . .
...

. . .

1 . . . . . . . . . 1

 det


2 + 1

cn
−1

−1 2 + 1
cn
−1
. . .

. . . −1
−1 2 + 1

cn



= det


2 + 1

cn
−1

−1 2 + 1
cn
−1
. . .

. . . −1
−1 2 + 1

cn


=
qn+1
2 − qn+1

1

q2 − q1

for n large enough and where q1 and q2 are the roots of the equation q2 − (2 + 1
cn

)q + 1.
Obviously, detK−1n = 1

detKn
.

4.4.1 Computing ‖Tn( 1
n)−1‖

Another consequence of having explicit formulas for the singular values of T0,n, is that it
enables us to exactly determine ‖Tn( 1

n
)−1‖. We will present a simple algorithm that will

produce ‖Tn( 1
n
)−1‖ for any n.

Similar to the previous chapter, we have the following equation relating the eigenvalues
of (X−1n )(X−1n )∗ (or singular values of X−1n ) to the eigenvalues of T ∗nTn (or singular values
of T0,n):

λ[(X−1n )(X−1n )∗] =
1

hn[λ(T ∗nTn)]
, (4.9)

where 1
hn(x)

= x
(fn+x)2

which has a maximum at x = fn. In this particular case, we have

Tn = T0,n, fn = 1/n and Xn = Tn( 1
n
). Thus we see that ‖Tn( 1

n
)‖ will be realized for the

singular value of T0,n that is the ‘closest’ to 1/
√
n. Since 1

hn(x)
is not symmetric around

its maximum, the closest singular values of T0,n to the left and right of the maximum has
to be tested. To be precise,

‖Tn(
1

n
)−1‖ =

1√
hn[(σmax

0,n )2]
,

where σmax
0,n is the singular value that maximizes the function 1

hn(x)
.

Recall from Theorem 4.1.1 that the singular values of T0,n are given by

σm =
√

2− 2 cos θm
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where

θm = (
2m+ 1

2n+ 1
)π, 0 ≤ m ≤ n− 1.

We want to find j such that σj is close to 1/
√
n. To do this, we rewrite σj:

σ2
j = 2− 2 cos θj = 4 sin2 θj

2
,

via a trigonometric identity. This implies that we want to find j such that

sin
θj
2
≈ 1

2
√
n
.

Since we are looking at small values of sin, we can attempt to approximate sin
θj
2

with
θj
2

.
In other words, we are trying to find j such that

θj
2
≈ 1

2
√
n

is satisfied. We have an explicit expression for θj and hence

θj =

(
2j + 1

2n+ 1

)
π ≈ 1√

n
=⇒ j ≈ 2n+ 1

2π
√
n
− 1

2
.

We now have a very simple way to determine which singular value will produce the norm
of Tn( 1

n
)−1, but we still have to show that the approximation of sin

θj
2

by
θj
2

that we used
are good enough so as not to provide us with the wrong integer j. To do this we will
bound their difference.

We know

sinx = x− x3

3!
+
x5

5!
− x7

7!
+ . . . .

Since we are looking at values of sin
θj
2

close to 1/2
√
n, we can assume that

θj
2
< 1 which

implies that

sin
θj
2
>
θj
2
−

(
θj
2

)3

3!

and thus our error,

θj
2
− sin

θj
2
<

(
θj
2

)3

3!
=
θ3j
48
. (similar for j + 1)

Remember that we have an expression for the choice of j, j ≈ 2n+1
2π
√
n
− 1

2
. We can insert this

expression into the upper bound for our error. Actually we will use 2n+1
2π
√
n

instead, since j

is an integer that can be rounded up by at most 1/2. Now, for n ≥ 2, j + 1 ≤ 2n+1
2π
√
n

+ 1,
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implying that

θ3j+1

48
≤

(
2( 2n+1

2π
√
n

+ 1) + 1

2n+ 1

)3
π3

48

=

[
2n+ 1 + 3π

√
n√

n(2n+ 1)

]3
1

48

=

[
2 + 1

n
+ 3 π√

n

2
√
n+ 1√

n

]3
1

48

[(
2 +

1

n
+ 3

π√
n

)3

< 770

]
<

770

48

1

(2
√
n+ 1√

n
)3

=
770

48

1

[ 1√
n
(2n+ 1)]3

=
770

48

1
(2n+1)(2n+1)3

n
√
n

[
(2n+ 1)2

n
√
n

> 8

]
<

770

48 · 8
1

2n+ 1
<

π

2n+ 1
.

This error bound is significant since
θj+1

2
− θj

2
= π

2n+1
∀j, and we have just shown that

θj+1

2
− sin

θj+1

2
<

π

2n+ 1
.

This leads to the inequality
θj
2
< sin

θj+1

2
<
θj+1

2
.

Let us assume that we calculated j such that

θj−1
2

<
1

2
√
n
<
θj
2
.

Now there are two possibilities. Either

sin
θj−1

2
<

1

2
√
n
< sin

θj
2

or

sin
θj
2
<

1

2
√
n
< sin

θj+1

2

since
θj
2
< sin

θj+1

2
<

θj+1

2
. Therefore, we have to test the singular values of T0,n corre-

sponding to j − 1, j and j + 1 in equation 4.9 to find ‖Tn( 1
n
)−1‖. We note that it might

happen that
θj
2

= 1
2
√
n
, but this situation does not produce more singular values to test.
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4.4.2 Computing ‖Tn( 1
n)‖

In the previous chapter, section 3.6, we saw that for n large enough, ‖Tn( 1
n
)‖ is determined

by the maximum singular value σ1 (for which we have explicit formulas) of the generator
matrix T0,n. We can calculate ‖Tn( 1

n
)‖ by inserting σ1 into the equation gn(x) = x+1/nx,

since if T0,n = UDV ∗ is a SVD, it follows that Tn( 1
n
) = U(D + 1

n
D−1)V ∗ where D is the

matrix consisting of the singular values of T0,n. Then, to compute ‖Tn( 1
n
)‖ practically, we

just need to find the n from which ‖Tn( 1
n
)‖ is determined by σ1.

In the previous subsection, we showed that the singular values of T0,n can be written

as σj = 2 sin(
θj
2

), where θj = 2j+1
2n+1

π and 0 ≤ j ≤ n − 1. Recall from section 3.6, that

the derivative of gn is 1− fn 1
x2

, and is monotone decreasing on the interval (0,
√
fn], and

monotone increasing on [
√
fn,∞). It follows that ‖Xn‖ attains its maximum value at

either the minimum, or maximum singular value of Tn. Therefore, we have to show that
gn(σn) ≤ gn(σ1) for all n:

gn(σ1)− gn(σn)

= 2 sin
(σ1

2

)
+

1

2n sin(σ1
2

)
− 2 sin

(σn
2

)
+

1

2n sin(σn
2

)

=
4n sin2(σ1

2
) sin(σn

2
) + sin(σn

2
)− 4n sin(σ1

2
) sin2(σn

2
)− sin(σ1

2
)

2n sin(σ1
2

) sin(σn
2

)

=
4n sin(σ1

2
) sin(σn

2
)[sin(σ1

2
)− sin(σn

2
)]− [sin(σ1

2
)− sin(σn

2
)]

2n sin(σ1
2

) sin(σn
2

)
.

Certainly sin(σ1
2

)− sin(σn
2

) > 0, which implies that we only need to prove that

4n sin(
σ1
2

) sin(
σn
2

) > 1

or

sin(
σ1
2

) sin(
σn
2

) >
1

4n
.

Notice that

sin(
σ1
2

) sin(
σn
2

) ≥ 1

2
sin(

σn
2

)

for all all n ≥ 2 and then we check if

sin(
σn
2

) >
1

2n
.

We know that sinx ≥ x− x3

3!
and thus,

sin(
σn
2

)− 1

2n
≥ σn

2
−

σ3
n

2

6
− 1

2n

=
π

4n+ 2
− π3

6(4n+ 2)3
− 1

2n

=
nπ − (2n+ 1)

n(4n+ 2)
− π3

6(4n+ 2)3

> 0
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for all n ≥ 2. Hence,∥∥∥∥Tn( 1

n

)∥∥∥∥ = 2 sin

(
2n− 1

4n+ 2
π

)
+

1

2n sin
(
2n−1
4n+2

π
) , n ≥ 2.

4.5 Appendix

4.5.1 Explicit formula for Tn(
1
n)−1

In general explicit formulas for the inverse of a Toeplitz matrix may be found using the
Gohberg-Semencul formulas or variants of it, see [20]. Usually there are a few related
matrix-vector equations that have to be solved to find some vectors whose entries appear
in the inverted matrix, be it either the first and last column and the first and last row
of the inverse, or some other columns or rows. Fortunately, for the matrix Tn(1/n)−1 it
is possible to achieve an explicit expression for all n, although slightly complicated. We
shall rely on a particular variant of the Gohberg-Semencul formulas for this purpose.

Our main result for the inverse of Tn(1/n) is the following.

Theorem. Let the numbers Dj be defined recursively by D1 = 1, D2 = 2 + 1
n

, and

Dj = (2 +
1

n
)Dj−1 −Dj−2. (4.10)

With these numbers, introduce the vector

x =


x0
x1
...

xn−1

 =
1

(1 + 1
n
)Dn −Dn−1


Dn −Dn−1
− 1
n
Dn−1
...

− 1
n
D1

 , (4.11)

and the vector

y =


y0
y1
y2
...

yn−1

 =
1

(1 + 1
n
)Dn −Dn−1


Dn−1 −Dn−2

(1 + 1
n
)(Dn−1 −Dn−2)

− 1
n
(2 + 1

n
)Dn−2

...
− 1
n
(2 + 1

n
)D1

 . (4.12)

Then

Tn(
1

n
)−1 =

1

xn−1
{[xixn−j−1]n−1i,j=0 +


y0
y1 y0
...

. . .

yn−1 . . . . . . y0




0 xn−1 . . . x1
. . . . . .

...
. . . xn−1

0



−


x0
x1 x0
...

. . .

xn−1 . . . . . . x0




0 yn−1 . . . y1
. . . . . .

...
. . . yn−1

0

}.
(4.13)
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Proof. Suppose that for a general square Toeplitz matrix Tn of size n× n, the following
equations are solvable:

Tnx = e0 Tny = e1,

where ei for 0 ≤ i ≤ n − 1 is the unit vector with one in its i-th position. Then Tn is
invertible and its inverse is given by (4.13) (see [20]).

From the above equation it is clear that one needs to compute the vectors x and y
to arrive at an explicit formula for Tn(1/n)−1. We will first rewrite x = Tn(1/n)−1e0 and
y = Tn(1/n)−1e1 before solving them. Starting with x we have

Tn(
1

n
) = T0,n +

1

n
(T−10,n)∗

= (T ∗0,n)−1(T ∗0,nT0,n +
1

n
I)

=⇒ x = Tn(
1

n
)−1e0 = (T ∗0,nT0,n +

1

n
I)−1T ∗0,ne0.

Define

T̃n := T ∗0,nT0,n +
1

n
I =


1 + 1

n
−1

−1 2 + 1
n

. . .
. . . . . . −1

−1 2 + 1
n


and notice that T ∗0,ne0 = e0 − e1.

Putting these together we arrive at

T̃nx = e0 − e1 =⇒ x = T̃−1n e0 − T̃−1n e1.

We now solve the equations T̃nu = e0 and T̃nv = e1 individually via Cramer’s rule.
First, a few more definitions. Let

D = det T̃n, D1 = 1, D2 = 2 +
1

n
, Dj = det


2 + 1

n
−1

−1 2 + 1
n

. . .
. . . . . . −1

−1 2 + 1
n

 ,
where Dj is a square matrix of size j − 1 × j − 1. Applying Cramer’s rule to u0 we see
that

u0 =
1

D
det


1 −1

0 2 + 1
n

. . .
... −1

. . . . . .

. . . . . . −1
−1 2 + 1

n

 = det


2 + 1

n
−1

−1 2 + 1
n

. . .
. . . . . . −1

−1 2 + 1
n

 =
Dn

D
.
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Similarly, we find that u1 = Dn−1

D
and in general uj =

Dn−j
D

.
Now for v we have the following:

v0 =
1

D
det


0 −1

1 2 + 1
n

. . .

0 −1
. . . . . .

...
. . . . . . −1
−1 2 + 1

n

 = −1. det


−1
−1 2 + 1

n
−1

−1
. . . . . .
. . . . . . −1
−1 2 + 1

n


=
Dn−1

D
,

v1 =
1

D
det



1 + 1
n

0
−1 1 −1

0 2 + 1
n

. . .
... −1

. . . . . .

. . . . . . −1
−1 2 + 1

n


= (1 +

1

n
)
Dn−1

D

and in general we get that vj = (1 + 1
n
)
Dn−j
D

for 1 < j ≤ n− 1. We can also determine D
in terms of the Dj’s and it turns out that D = (1 + 1

n
)Dn −Dn−1.

Therefore we can write

x = Tn(
1

n
)−1e0 = T̃−1n e0 − T̃−1n e1

=
1

(1 + 1
n
)Dn −Dn−1


Dn

Dn−1
...
D1

− 1

(1 + 1
n
)Dn −Dn−1


Dn−1

(1 + 1
n
)Dn−1
...

(1 + 1
n
)D1



=
1

(1 + 1
n
)Dn −Dn−1


Dn −Dn−1
− 1
n
Dn−1
...

− 1
n
D1

 .
As for y, we have the following equation

y = Tn(
1

n
)−1e1 = (T ∗0,nT0,n +

1

n
I)−1T ∗0,ne1 = (T ∗0,nT0,n +

1

n
I)−1(e1 − e2).

Notice that we only have to solve the equation T̃ns = e2 since the other has already
been solved during the calculation of x. Following the same procedure as before,
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s0 =
Dn−2

D

s1 = (1 +
1

n
)
Dn−2

D

s2 =
1

D
[(1 +

1

n
)(2 +

1

n
)Dn−2 −Dn−2]

sj =
1

D
[(1 +

1

n
)(2 +

1

n
)Dn−j −Dn−j], 2 < j ≤ n− 1.

and

y = Tn(
1

n
)−1e1

= T̃−1n e1 − T̃−1n e2

=
1

(1 + 1
n
)Dn −Dn−1

{
Dn−1

(1 + 1
n
)Dn−1
...

(1 + 1
n
)D1

−


Dn−2
(1 + 1

n
)Dn−2

(1 + 1
n
)(2 + 1

n
)Dn−2 −Dn−2
...


}

=
1

(1 + 1
n
)Dn −Dn−1


Dn−1 −Dn−2

(1 + 1
n
)(Dn−1 −Dn−2)

− 1
n
(2 + 1

n
)Dn−2

...
− 1
n
(2 + 1

n
)D1

 .
2

We now turn our attention to the Dj’s since Tn(1/n)−1 is now completely defined in
terms of them.

Proposition. Introduce

r1 = 1 + 1
2n

+ 1
2

√
4
n

+ 1
n2 , r2 = 1 + 1

2n
− 1

2

√
4
n

+ 1
n2 ,

k1 =
r2−2− 1

n

1−r21
, k2 =

2+ 1
n
−r1

r22−1
.

Then
Dj = k1r

j
1 + k2r

j
2. (4.14)

Proof. Recall that Dj = (2 + 1
n
)Dj−1−Dj−2. The corresponding generating function for

this relation is f(t) = t2 − (2 + 1
n
)t+ 1, and consequently,

Dj = k1r
j
1 + k2r

j
2,

where r1 and r2 are the roots of the generating polynomial and k1 and k2 constants to be
determined by using D1 and D2 in the expression for Dj. The proposition now follows in
a straightforward way. 2
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4.5.2 Explicit formula for K−1
n

Moving on to K−1n , we have the following theorem.

Theorem. For Kn = Tn( 1
n
) + ê0e0 we have

K−1n = Tn(
1

n
)−1 − 1(

(1 + 1
n
)Dn −Dn−1

) (
(2 + 1

n
)Dn −Dn−1

)D̂, (4.15)

where

D̂ =


Dn

Dn−1
...
D1

 [Dn −Dn−1 · · · D2 −D1 D1

]

Proof. We have from Kn = Tn( 1
n
) + ê0e0, using the Morrison-Woodbury formula that

K−1n = Tn(
1

n
)−1 −

Tn( 1
n
)−1ê0e

∗
0Tn( 1

n
)−1

1 + e∗0Tn( 1
n
)−1ê0

.

For the second term on the right, we just need to calculate Tn( 1
n
)−1ê0, e

∗
0Tn( 1

n
)−1 and

the denominator 1 + e∗0Tn( 1
n
)−1ê0, and then K−1n is also explicitly known in terms of the

above Dj’s.
We start by computing Tn( 1

n
)−1ê0. Observe that Tn( 1

n
)e0 = e0 + 1

n
ê0. So, Tn( 1

n
)−1ê0 =

n(e0 − Tn( 1
n
)−1e0) = n(e0 − x). Now

e0 − x =


1
0
...
0

− 1

(1 + 1
n
)Dn −Dn−1


Dn −Dn−1
− 1
n
Dn−1
...

− 1
n
D1

 =
1

(1 + 1
n
)Dn −Dn−1

1

n


Dn

Dn−1
...
D1

 .
Next, we compute

1 + e∗0Tn(
1

n
)−1ê0 = 1 + n(1− x0) =

=1 + n

(
1− Dn −Dn−1

(1 + 1
n
)Dn −Dn−1

)
=

=1 + n

( 1
n
Dn

(1 + 1
n
)Dn −Dn−1

)
=

=1 +
Dn

(1 + 1
n
)Dn −Dn−1

=

=
(2 + 1

n
)Dn −Dn−1

(1 + 1
n
)Dn −Dn−1

.

Finally, we compute e∗0Tn( 1
n
)−1. A little rearrangement shows that
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e∗0Tn(
1

n
)−1 = e∗0T0,n(T0,nT

∗
0,n +

1

n
I)−1 = e∗0(T0,nT

∗
0,n +

1

n
I)−1 := e∗0T̂

−1
n ,

where

T̂n := T0,nT
∗
0,n +

1

n
I =


2 + 1

n
−1

−1 2 + 1
n

. . .
. . . . . . −1

−1 1 + 1
n

 .
If we let w∗ = e∗0Tn(1/n)−1, then w∗T̂n = e∗0 ⇒ T̂nw = e0. Applying Cramer’s rule

once again, we notice that we do not have our determinants in terms of the Dj’s. Rather,
we have them in terms of

D̂j := det


2 + 1

n
−1

−1 2 + 1
n

. . .
. . . . . . −1

−1 1 + 1
n


having size j−1× j−1. However, if we compute D̂j by expanding the determinant along
the last row, we find that

D̂j = (1 +
1

n
)Dj−1 −Dj−2 = Dj −Dj−1,

and finally

e∗0Tn(
1

n
)−1 = w∗ =

1

(1 + 1
n
)Dn −Dn−1

[
Dn −Dn−1 . . . D2 −D1 D1

]
.

Taking everything together, we obtain

K−1n = Tn(
1

n
)−1 −

(1 + 1
n
)Dn −Dn−1

(2 + 1
n
)Dn −Dn−1

n(e0 − x)w∗ =

= Tn(
1

n
)−1 − n

(2 + 1
n
)Dn −Dn−1

(e0 − x)
[
Dn −Dn−1 · · · D2 −D1 D1

]
= Tn(

1

n
)−1 − n

(2 + 1
n
)Dn −Dn−1

1

(1 + 1
n
)Dn −Dn−1

1

n
D̂,

which finally is equal to (4.15). 2
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4.5.3 The characteristic polynomial of Pn

In our investigation into the permutation phenomenon of the previous chapter, we anal-
ysed the characteristic polynomial of Pn, since this might have lead to a better under-
standing of its eigenvalues, and hence, the singular values of T0,n. This approach did not
help much, except that this polynomial has an elegant formula which we found for any n.

Since Pn = T0,n(T0,n)∗ is a tridiagonal matrix, we can find a recurrence relation in n
for the determinant of Pn − λI. Indeed, denote the characteristic polynomial of Pn − λI
by Cn(λ) and let C0(λ) = 1. Then,

Cj(λ) = (2− λ)Cj−1(λ)− Cj−2(λ), (4.16)

We can also denote

Cn(λ) =
n∑
k=0

ankλ
k.

Then from (4.16) we have the following recursion relation between the coefficients ank:

ank = 2an−1 k − an−2 k − an−1 k−1. (4.17)

Listing the first few polynomials we have

C1(λ) = 1− λ
C2(λ) = 1− 3λ+ λ2

C3(λ) = 1− 6λ+ 5λ2− λ3

C4(λ) = 1− 10λ+ 15λ2 − 7λ3 + λ4.

Comparing the coefficients with the numbers in Pascal’s triangle, we are tempted to
conjecture that the following holds:

Proposition. For all n,

ank = (−1)k
(
n+ k

2k

)
, k = 0, 1, 2, . . . , n, (4.18)

and hence

Cn(λ) =
n∑
k=0

(−1)k
(
n+ k

2k

)
λk. (4.19)

Proof. The proof is by induction on n. We shall use several times the well-known rule
for the construction of Pascal’s triangle: for all n and k = 0, 1, . . . , n we have(

n
k

)
+

(
n

k − 1

)
=

(
n+ 1
k

)
, (4.20)

where n represents the number of the row (counting from zero), and k the k-th entrie
from the left or right, counting from zero. The basis for the induction is checking that
(4.18) is true for n = 0 and n = 1. For n = 0 the only option is k = 0 and a00 = 1 indeed.
For n = 1 we have to check k = 0 and k = 1: for k = 0 we obtain a1 0 = 1, for k = 1 we
obtain a1 1 = −1 for (4.18), which fits with C1(λ) = 1− λ.
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For the induction step, fix k. The right hand side of (4.18) becomes, assuming that
the result is correct for j − 1 and j − 2:

(−1)k
{

2

(
n+ k − 1

2k

)
−
(
n+ k − 2

2k

)
+

(
n+ k − 2

2k − 2

)}
=

=(−1)k
{(

n+ k − 1
2k

)
+

(
n+ k − 1

2k

)
−
(
n+ k − 2

2k

)
+

(
n+ k − 2

2k − 2

)}
.

Applying (4.20) to the second and third term we see that this is equal to

(−1)k
{(

n+ k − 1
2k

)
+

(
n+ k − 2

2k − 1

)
+

(
n+ k − 2

2k − 2

)}
.

Again applying (4.20), now to the last two terms, we see that this is equal to

(−1)k
{(

n+ k − 1
2k

)
+

(
n+ k − 1

2k − 1

)}
.

Once more applying (4.20) we see that this is equal to

(−1)k
(
n+ k

2k

)
as desired. 2

Now we use that λ = 2− 2 cos θ = 4 sin2(1
2
θ), to translate the polynomials Cn(λ) into

polynomials in sin(1
2
θ). We shall denote these trigonometric polynomials by Ĉj(θ), thus

Ĉn(θ) =
n∑
k=0

(−1)k
(
n+ k

2k

)
4k sin2k(

1

2
θ). (4.21)
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[6] A. Böttcher, S. Grudsky. Uniform boundedness of Toeplitz matrices with variable
coefficients. Integral Equations Operator Theory 60 (2008), 313-328.
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