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Summary
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The research contained in this thesis can be divided into two related, but distinct parts.
The first chapter deals with block Toeplitz operators defined by rational matrix function
symbols on discrete sequence spaces. Here we study sequences of operators that converge
to the inverses of these Toeplitz operators via an invertibility result involving a special
representation of the symbol of these block Toeplitz operators. The second part focuses on
a special class of matrices generated by banded Toeplitz matrices, i.e., Toeplitz matrices
with a finite amount of non-zero diagonals. The spectral theory of banded Toeplitz
matrices is well developed, and applied to solve questions regarding the behaviour of
the singular values of Toeplitz-generated matrices. In particular, we use the behaviour
of the singular values to deduce bounds for the growth of the norm of the inverse of
Toeplitz-generated matrices.

In chapter 2, we use a special state-space representation of a rational matrix function
on the unit circle to define a block Toeplitz operator on a discrete sequence space. A
discrete Riccati equation can be associated with this representation which can be used
to prove an invertibility theorem for these Toeplitz operators. Explicit formulas for the
inverse of the Toeplitz operators are also derived that we use to define a sequence of
operators that converge in norm to the inverse of the Toeplitz operator. The rate of
this convergence, as well as that of a related Riccati difference equation is also studied.
We conclude with an algorithm for the inversion of the finite sections of block Toeplitz
operators.

Chapter 3 contains the main research contribution of this thesis. Here we derive
sharp growth rates for the norms of the inverses of Toeplitz-generated matrices. These
results are achieved by employing powerful theory related to the Avram-Parter theorem
that describes the distribution of the singular values of banded Toeplitz matrices. The
investigation is then extended to include the behaviour of the extreme and general singular
values of Toeplitz-generated matrices.

We conclude with Chapter 4, which sets out to answer a very specific question re-
garding the singular vectors of a particular subclass of Toeplitz-generated matrices. The
entries of each singular vector seems to be a permutation (up to sign) of the same set
of real numbers. To arrive at an explanation for this phenomenon, explicit formulas are
derived for the singular values of the banded Toeplitz matrices that serve as generators
for the matrices in question. Some abstract algebra is also employed together with some
results from the previous chapter to describe the permutation phenomenon. Explicit
formulas are also shown to exist for the inverses of these particular Toeplitz-generated
matrices as well as algorithms to calculate the norms and norms of the inverses. Finally,
some additional results are compiled in an appendix.

il



Opsomming

Die navorsing saamgevat in hierdie proefskrif kan verdeel word in twee aparte, maar tog
verwante dele. Die eerste hoofstuk handel oor blok Toeplitz operatore gedefinieer deur
rationale matriks funksie simbole op diskrete funksie ruimtes. Hier bestudeer ons rye wat
konvergeer na die inverses van blok Toeplitz operatore via 'n omkeerbaarheids resultaat
wat n spesiale voorstelling van die simbool bevat.

Die tweede gedeelte fokus op 'n spesiale klas van matrikse wat gegenereer word deur
band Toeplitz matrikse, met ander woorde, Toeplitz matrikse wat 'n eindige hoeveel-
heid nie-nul diagonal bevat. Die spektraal teorie van band Toeplitz matrikse is hoogs
ontwikkeld, en word toegepas om vrae rakend die gedrag van die singuliere waardes van
Toeplitz gegenereerde matrikse op te los. In besonder gebruik ons die gedrag van die
singuliere waardes om grense vir die groei van die norms van die inverses van Toeplitz
gegenereerde matrikse te bepaal.

In hoofstuk 2 gebruik ons 'n spesiale voorstelling van die rationale matriks funksie op
die eenheid sirkel om n blok Toeplitz operator op 'n diskrete ry ruimte te definieer. 'n
Diskrete Riccati vergelyking kan met hierdie voorstelling geassosieer word wat dan gebruik
kan word om 'n omkeerbaarheids stelling vir Toeplitz operatore te bewys. Eksplisiete
formulas vir die inverse van die Toeplitz operatore word ook afgelei wat gebruik word om
'n ry operatore te definieer wat in norm konvergeer na die inverse van die Toeplitz operator.
Die tempo van hierdie konvergensie, asook die van 'n verwante Riccati vergelyking word
bestudeer. Ons eindig die hoofstuk af met n algoritme vir die berekening van die inverses
van die eindige seksies van blok Toeplitz operatore.

Hoofstuk drie bevat die belangrikste navorsings bydrae van hierdie proefskrif. Hier lei
ons akkurate groei tempos af van die norms van die inverses van Toeplitz gegenereerde
matrikse. Hierdie resultate word verkry deur die toepassing van kragtige teorie verwant
aan die Avram-Parter stelling. Hierdie stelling beskryf die verspreiding van singuliere
waardes van Toeplitz matrikse. Die ondersoek word dan uitgebrei om the gedrag van die
ekstreem en algemene singuliere waardes van Toeplitz gegenereerde matrikse te in te sluit.

In die finale hoofstuk 4, beantwoord ons 'n baie unieke vraag aangaande die singuliere
vektore van 'n spesifieke subklas van Toeplitz gegenereerde matrikse. Die inskrywings van
elke singuliere vektor wil voorkom om permutasies (uitsluitend die teken) van dieselfde
versameling reele getalle te wees. Om n verduideliking vir hierdie gedrag te vind, lei ons
eksplisiete formules af vir die singuliere waardes van die band Toeplitz matriks wat die
genereerder is van die subklas van matrikse wat ondersoek word. Sekere abstrakte algebra
teorie work ook gebruik, tesame met resultate van die vorige hoofstuk om the permutasie
verskynsel te verduidelik. Eksplisiete formules vir die inverses van die spesifieke subklas
van Toeplitz gegenereerde matrikese word afgelei, asook algoritmes vir die berekening van
die norms en norms van die. 'n Bylaag word ook aangeheg wat additionele resultate bevat.

il
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Chapter 1

Introduction

The study of Toeplitz operators and matrices has been an active field of research for more
or less a century, starting in the early twentieth century with Otto Toeplitz, after whom
these operators and matrices have been named. Research in this field has yielded thou-
sands of research papers, ranging from application driven problems in numerical analysis,
physics, probability theory, control theory and differential equations, to very deep theo-
retical results involving more abstract constructs such as Von Neumann and C* algebras.
The present investigation lies somewhere in between these two extremes, and will focus
on providing new insights into some standard concepts related to Toeplitz operators and
matrices. These include norms, convergence, singular values, singular vectors, eigenvalues
and asymptotics.

Toeplitz operators can live on a variety of spaces, ranging from function spaces, to
the more concrete [, sequence spaces. In general though, they can all be characterized
as a type of multiplication operator which is closely related to convolution equations
and the operators they induce. In fact, the subclass of Wiener-Hopf integral operators
define Toeplitz operators on certain Lebesque function spaces. The pioneering work on
the equations producing these operators was done by N. Wiener and E. Hopf, and their
work encouraged further study by many other mathematicians including M. G. Krein. In
the nineteen sixties, 1.C. Gohberg and I.A. Fel’dman continued research in this area and
compiled their work in the book [13]. More recently, many books have been published
that make Toeplitz operators part of its main focus, e.g. [9, 10, 16, 14, 5, 20]. Currently,
research into Toeplitz operators is still thriving, and the body of knowledge that has been
established is immense and growing.

The contribution in this thesis involves Toeplitz operators and matrices defined on
discrete sequence spaces. In this setting these operators have matrix representations with
the well-known property that their diagonals consist of the same entries. The majority of
our findings concern finite matrices and rely heavily on results that have been compiled in
[5]. The first part of this work, contained in Chapter 2, deals mostly with the convergence
(in norm) of a particular sequence of operators to block Toeplitz operators. Chapter 3
is dedicated to a class of Toeplitz-generated (T-gen) matrices. This is a class of n x n
matrices of the form X,, = T, + f, - (T,,')*, where T), is a banded Toeplitz matrix and
fn some sequence of positive numbers converging to zero. This chapter will deal with
the norms, norms of inverses and singular values of T-gen matrices as their sizes grow
to infinity. In Chapter 4, a special example of the T-gen class is studied and numerous



CHAPTER 1. INTRODUCTION 2

additional results are derived.

The rest of this chapter will be dedicated to establishing general background results
that are applicable to the research in the following chapters.

1.1 Toeplitz operators

For our purposes, we will consider bounded Toeplitz operators defined on the sequence
spaces [,(C™) and ly. The former will be considered in Chapter 2 while the latter will
apply for the rest of the chapters. On these sequence spaces the corresponding matrix
representation of a Toeplitz operator is well-known - it is characterized by having constant
diagonal elements. When these elements are chosen as the Fourier coefficients of an
analytic (possibly matrix) function defined on an annulus that contains the unit circle, T,
it forces the Toeplitz operator to be bounded. This analytic function is called the symbol
of the Toeplitz operator. The entries of the Toeplitz matrix are assigned as follows. Let

apg a—1 Qa_o
aq apg a_q

T= a2 ai Qg

be a Toeplitz operator defined on 1,(C™) or ly. The symbol of this operator has the form
a(t) = Y2 ait', t € T. In the case of [,(C™), the a;’s denote m x m matrices with
complex entries, and then T is referred to as a block Toeplitz operator. For ls, the a;’s
denote complex numbers.

By associating a symbol with every bounded Toeplitz operator, we will see that this
allows us to investigate important properties of Toeplitz operators by just considering its
symbol, and transferring questions about infinite dimensional operators to the domain of
the complex plane. This is true for the norm of 7', and for analytic symbols associated

with Toeplitz operators, we have that

1T = ||a(t)|leo := esssm:p la(t)|, teT.

This statement is valid for both the block and scalar case (Chapter XXIII, Corollary 3.2,
15)).

Invertibility of Toeplitz operators can also be determined by analyzing its symbol.
When considering the space [,(C™), we will restrict our Toeplitz operators to having
symbols that are rational matrix functions, R(¢). This means that the entries of R(¢)
are quotients of two polynomials. A special Wiener-Hopf factorisation of the symbol is
required to arrive at the desired theorem concerning invertibility, and we state a theorem
regarding this factorisation - see Chapter XXIV, Theorem 3.1, [15].

Theorem 1.1.1. Let R(t) be a rational m X m matriz function with no poles on T, and
assume that det R(t) # 0 for allt € T. Then there exist integers k1 < kg <+ < Ky, and
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rational m X m matriz functions R_ and R, which have no poles on T, such that

i 0
12
R(t) = B_(1 R, ter (11)
0 trm
and
e R, has no poles on |t| <1,
o det R (t) #0 for|t| <1,

e R_ has no poles on |t| > 1, (0o included)

det R_(t) # 0 for |t| > 1, (00 included).

In particular, R™* and Rfrl exist, the functions R_ and R™' are minus-functions and R,
and R;l are plus-functions.

By minus- and plus-functions we mean functions whose Fourier coefficients with strictly
positive index, respectively negative index are zero. Note that this theorem applies also
to the scalar case.

If all the indices K ... K, are equal to zero in the Wiener-Hopf factorisation (1.1), it
is called a right canonical factorisation. A left canonical factorisation is defined similarly,
except that the order of the first and last factors have switched. We can now characterize
the invertibility of Toeplitz operators (Chapter XXIV, Theorem 4.1, [15]).

Theorem 1.1.2. Let T be a block Toeplitz operator on lo(C™) defined by a rational matriz
function R(t). Then T is invertible, if and only,

o det R(t) # 0 for each t € T,

e R(t) admits a (right) canonical factorisation relative to T.

In this case the inverse of T is obtained in the following way. Construct a canonical
factorisation R(t) = R_(t)R,(t),t € T, and write the Fourier series

0 [e'S)
R_(t)"= > Rjt/, R(t)y'=) Rt
j=—o0 §=0

Then T~ = [ti;]55_, where

ti' — 57:0 R'ZtrRr_fjW i 2 j?
! SRR, i<

o

From the previous theorem we can see that it is possible in principle to calculate
the entries of the inverse of a given block Toeplitz operator. However, the theorem does
not provide explicit formulas for the factors in the factorisation of the symbol, and by
implication we do not have the Fourier coefficients of these factors. Fortunately, there
is a way to find explicit formulas for the Wiener-Hopf factorisation, and it relies on a
realization of the rational matrix symbol. There exist more than one of these realizations
of the symbol, and we state a well-known version here, taken from [15].
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Theorem 1.1.3. A rational m x m matriz function R(t) without poles on T admits the
following representation:

Rt)=1+C(tG - A)'B, teT. (1.2)

Here G and A are square matrices of the same size n X n, say, det(tG — A) # 0 for each
t €T, and B and C are matrices of sizes n X m and m X n, respectively.

When this realization is used in conjuction with other results (Section XXIV.5 -
XXIV.8, [15]), it is possible to arrive at a theorem which gives formulas for the entries of
the inverse of a invertible block Toeplitz operator - see Chapter XXIV, Theorem 8.1, [15].

For the purposes of Chapter 2, we will use a different realization of the symbol as in
[12]:

R(t) = Ry+tC(I —tA) 'B+~(tI —a)'3, teT. (1.3)

Here, A and « are square matrices of size n x n and v x v respectively, and have the
property of stability, i.e., their eigenvalues are contained in the open unit disk. The
remaining matrices Ry, B, C, [, v and I (identity), all represent matrices of appropriate
sizes.

In addition to characterizing invertible Toeplitz operators via their symbols and real-
izations, we can also analyze invertibility via certain algebraic Riccati equations associated
with the realization of the symbol.

1.1.1 Algebraic Riccati equations and Toeplitz operator sym-
bols

Algebraic Riccati equations, a special class of matrix equations, arise in many applica-
tions and occur in different forms, depending on the applications or theoretical questions
considered [24]. We take our definitions from this reference work by P. Lancaster and L.
Rodman. A symmetric discrete algebraic Riccati equation, or DARE, has the following
form:

X=AXA+Q - (C+B*XA)*(R+ B*XB) '(C + B*XA),

where A, B, C', ) and R are given matrices of sizes n X n, n X m, m X n, n X n and
m X m, respectively. Assuming that R and @) are Hermitian, we want to find a Hermitian
solution X to this equation.

With a symmetric symbol and a realization (1.2) thereof, it is possible to associate a
symmetric DARE. The solution of the DARE can be related to the invertibility of the
Toeplitz operator with associated symbol - see Section 4.7, [21] and the discussion and
references given in [12]. This result was improved on in [12], where the rational matrix
symbol is not assumed to be symmetric. In that case, the symbol has a different realization
(1.3), and its associated algebraic Riccati equation is no longer symmetric. Indeed, it has
the form

Q = aQA+ (8- aQB)(Ry —1QB)~(C — 1QA),

and is called a non-symmetric discrete algebraic Riccati equation, or NDARE.
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1.1.2 The Finite Section Method

The Finite Section Method (FSM) is a strategy to approximate the solution, z, to an
infinite system of equations, Az = y, defined by

@11 a2
A= |G2a1 Q2
where
X1 Y1
r= T2, y= %1,

with A some block operator defined on [5(C™), i.e., whose entries are m X m matrices
and xy,yr € C™. The idea of the FSM is to approximate x by solving matrix equations
of finite size. To do this, we consider the matrix equation A,x, = y,,

aipr ... Qip xg) y7(11)

Ap1 v pp | |2V U

Here A, is called the n-th finite section of A. We say that the FSM converges for A,

or A € II{A,}, if A, is invertible for n large enough, and if for each y = (y1,92,...) in

I5(C™), the vector x(n) = (x%l), 20,0, .. ), where (:1:%1), . ,x%n)) is the solution of

the finite system with right hand side (yi, ..., ¥y,), converges in the norm of i5(C™) to z.
Let P, be the projection on l5(C™) defined by

P, :{xy,x9,...} —{z1,...,2,,0,0,...},
where x;, € C™. Then
A, = P,AP,|Im P,.
For bounded linear operators on l5(C™), the following holds (Section 6.2, [10]):
A e II{A,} <= A is invertible and the sequence {4,} is stable.

A sequence is said to be stable if A, is invertible for large n and limsup,,_, ., |4, < oo.
For Toeplitz operators with continuous matrix valued symbols, (of which our rational
matrix function symbols are a subset), we have the following theorem (Theorem 6.9, [10]).

Theorem 1.1.4. Let the matriz-valued symbol a(t) of the Toeplitz operator, T'(a), be
continuous on T. Then {T,(a)} is stable if and only if T'(a) and its block transpose, T'(a),
are invertible.

Observe that the matrix-valued function a(t) is defined as the symbol of the block
transpose of T'(a).
This leads to the fact that
T(a) € II{T,(a)} <= T(a) and T'(a) are invertible.

For an in-depth discussion of the FSM, including more general classes of symbols, see
for instance the book [9], chapter 7.
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1.1.3 Fredholmness

Let A : X —— Y be a bounded linear operator acting between two Banach spaces,
X and Y. The operator A is said to be Fredholm if Im A is closed and the numbers
n(A) = dimker A and d(A) = codimIm A are finite. As usual, ‘dimker’ denotes the
dimension of the subspace of X, formed by the kernel of A, while ‘codim Im’ denotes the
dimension of the subspace, say Y’, where Y =Im A@ Y’. The index of A is then defined
as

ind(A) = n(A) — d(A).

Toeplitz operators have a unique relationship with the Fredholm property, and again,
the symbol of the operator is definitive in this regard. The following theorem from [15]
(see also [9, 16]) formalizes this connection.

Theorem 1.1.5. Let T' be a block Toeplitz operator on lo(C™), defined by a rational
matriz function R(t). Assume that det R(t) # 0 for allt € T, and let

R(t) = R_()([t"0;]i5-1) Ry (1), teT

be a Wiener-Hopf factorisation of R(t) relative to T. Then T is a Fredholm operator with

n(T) = Z —Kj, d(T) = Z K.

k; <0 K5 2>0

1.2 Toeplitz matrices

In chapters 3 and 4, we will mostly be concerned with Toeplitz matrices in the finite
dimensional domain, although the study of their properties is often related to their infi-
nite counterparts. As with Toeplitz operators, many properties of Toeplitz matrices are
directly related to its corresponding symbol.

As the title of this thesis suggests, we are specifically interested in norms and singular
values, and we study their evolution as the matrix sizes grow to infinity, i.e., asymptoti-
cally. A lot is known about both the norms and singular values of Toeplitz matrices, and
we do not aim to add depth to the understanding as such (see for instance the books [5]
and [10]). However, we will use their properties to prove interesting results regarding the
new class of T-gen matrices, whose definition was inspired by a statistical problem - see
chapter 2 for details. We also note that these T-gen matrices, X,, = T, + f,, - (T, !)*, have
entries that are dependent on their size, due to the presence of the sequence f,,. Certain
finite rank perturbations will also be introduced under which our main results will remain
invariant.

It is also important to keep in mind that 7T,, is a banded Toeplitz matrix and its
associated symbol can be represented by a finite series, b(t) = " b;t/, here referred
to as a Laurent polynomial. This assumption unlocks certain results, not available for
Toeplitz matrices whose infinite counterparts have general symbols.
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1.2.1 Singular values

The singular values of any m x n matrix, say A, are defined in terms of its singular value
decomposition (SVD). It can be shown that any matrix has a SVD, and it takes the form

A=UDV*

where U and V' are unitary matrices of size m x m and n x n respectively. D denotes
a diagonal m x n matrix whose diagonal entries are the nonnegative square roots of the
eigenvalues of AA*, and these values are called the singular values of A. The columns of
U are the eigenvectors of AA*, and the columns of V' are the eigenvectors of A*A. The
book [18] provides a thorough development of the SVD.

In the case of Toeplitz matrices, a lot of work has been done on describing the behaviour
and distribution of their singular values. Some of these results have been included in the
reference works, [5, 10], of which the former restricts itself to treating banded Toeplitz
matrices, which is of particular importance for our investigations here. We state a few
key results here, starting with a particularly elegant result that has become known as
the splitting phenomenon ([31, 32]). We note that we index singular values in decending
order, i.e., oy is the maximal singular value with o,, the minimal singular value.

Theorem 1.2.1. Let b(t) be a Laurent polynomial and suppose T(b) is Fredholm of index
k € Z. Then the smallest |k| singular values, 0,(T,,(b)) < 0p—1 < -+ < 0pg11(T0(b)), go
to zero with exponential speed,

0n—j(Tn(b)) = O(e™*"), 0<j<k-1

Here o« > 0 is dependent on the the symbol b(t). The remaining singular values are
bounded from below by a positive constant, d (dependent on b(t)), for sufficiently large n,

n—;i(T,(b)) > d > 0, E<j<n-1

We know from Theorem 1.1.5, that the previous theorem only applies to symbols that
do not vanish on the unit circle. Our banded Toeplitz matrices, T},, that generate the
class of T-gen matrices are assumed to have symbols that do vanish on T, implying that
T'(b) is not Fredholm, and this has a significant effect on the behaviour of T,,’s smallest
singular values ([4, 5]).

Theorem 1.2.2. Let b(t) be a non-constant Laurent polynomial and suppose T'(b) is not
Fredholm. Let o € N be the mazximal order of the zeros of |b(t)| on T. Then for each
natural number k > 1,0, = O(1/n%) as n — oo.

Here the order of the zero, say «q, indicate the smallest natural number such that

d°o
dio

b(to) # 0,

where b(tg) = 0.
Interestingly, Fredholmness does not play a role in the behaviour of the maximal
singular values of banded Toeplitz matrices ([4, 5]):
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Theorem 1.2.3. Let b(t) be a non-constant Laurent polynomial. Denote by f € N the
mazximal order of the zeros of ||b||ec — |b| on the unit circle. Then for each k > 0,

1
Illoc = D < o1 < [|Blloc

with some constant Dy, € (0,00) independent of n.

These theorems show the behaviour of extreme singular values in the banded case,
but how do the remaining ones behave, or can we say something about their distribution?
The answer to this is contained in the Avram-Parter theorem, (25, 1]), of which we give
a slightly different formulation which is based on [41].

Theorem 1.2.4. Let b(t) be a Laurent polynomial and let f : R — C be a function with
compact support. If f is continuous or of bounded variation, then

Jdim S Fon i T) = 5 [ b s

We note that this theorem applies to non-banded and matrix valued symbols as well,
see for instance [10]. The approach followed by Zizler, Zuidwijk, Taylor and Arimoto in
[41] to prove this theorem, using functions of bounded variation, leads to a very useful
result. Indeed, the following lemma is the most important result used to arrive at the
estimates we achieve in chapter 3.

Lemma 1.2.5. Let b(t) be a Laurent polynomial of the form b(t) =>"__ bjt’, t € T. If

E C R is any segment, then —
IN,(E) —nu(E)| < 14r forall n>1,
where .
Na(B) = xp(ow(Tu(b)))
k=1
is the number of singular values of T,,(b) in E and
1 [ 0 1
M(B) = 5 [ xe(beDd = 5ot € T2 o] € B

with |.| denoting the Lebesgue measure on the unit circle.

1.2.2 Eigenvalues

As for the singular values of Toeplitz matrices, much can be said of its eigenvalues and
their distribution. In the simple case of tridiagonal Toeplitz matrices, we have explicit
formulas for both the eigenvalues and eigenvectors as given by the following theorem from

[5]-
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Theorem 1.2.6. The eigenvalues of T, (b) (b(t) = by + byt +b_1t™ ") are

Aj = by + 24/b1b_; cos " (j=1,...,n),
n+1
and an eigenvector for \; is x; = (asgj), e ,xg))T with

k
i bl . kﬂj
m,&”z( b_—l) sin == (k=1,...,n).

Assuming Hermitian banded Toeplitz matrices, the behaviour of their eigenvalues
closely resembles that of its singular values. We know that 7},(b) is Hermitian, if and only
if b(t) is real-valued. Let m = minyer b(t) and M = maxyer b(t). If we put a(t) = b(t) —m,
it turns out that the eigenvalues of T),(a) coincide with its singular values, and this leads
to the similarity of the behaviour of the eigenvalues of 7),(b) with its singular values.
Compare the following theorem ([5], [33]) with Theorems 1.2.2 and 1.2.3.

Theorem 1.2.7. Let b(t) be a non-constant real-valued Laurent polynomial, let R(b) =
[m, M|, and denote by 2« and 23 the maximal order of the zeros of b(t) —m and M —b(t),
respectively. Then for each fized k,

Aeio(T (b)) — m ~ L M — N (T (D)) =~ %

where the notation x, ~ vy, means that there exist constants C1,Cy € (0,00) such that
Cryn < x, < Coy, for all sufficiently large n.

In addition to the similarity of the extreme eigenvalues and singular values of T},(b), the
Avram-Parter theorem (Theorem 1.2.4) remains true for real-valued b with the singular
values, o, (T, (b)), replaced by eigenvalues, A, _(T},(b)) (Corollary 10.5, [5]).

For general non-Hermitian banded Toeplitz matrices, the distribution of the eigenval-
ues is more involved and requires additional background material that falls outside the
scope of this thesis. We refer the reader to [5] and the references contained therein for a
thorough analysis of the topic.

A substantial amount of work has also been done on the effects of perturbing a small
number of entries of Toeplitz matrices, including changes in the spectrum. In chapter 4 we
follow the exposition of section 14.1 in [5] to arrive at explicit formulas for the eigenvalues
and eigenvectors of a particular perturbed Toeplitz matrix. This result is then used to
explain a permutation phenomenon arising in the singular vectors of a subclass of T-gen
matrices.

1.2.3 Invertibility

Invertibility of Toeplitz matrices is very important in our research since the study of the
norms of the inverses of T-gen matrices directly require the invertibility of the Toeplitz
matrices that generate them (see Theorem 3.1.1). Criteria for invertibility involves the
symbol of the associated operator, and this is evident in the following theorem which is
originally due to Baxter [2] and Reich [30] for the case [;, with generalisations proven
later by Gohberg and Fel’dman.



CHAPTER 1. INTRODUCTION 10

Let ¢y denote the closed subspace of [, consisting of sequences converging to zero,
and let the Wiener algebra W be the set of all functions a : T — C of the form
a(t) =" apt" with >>°  a,| < cc.

n

Theorem 1.2.8. Let X be one of the spaces ¢y orl,, (1 <p <o0), and leta € W. Then,

lim ||T;(a)|| < oo if T(a) is invertible,

n—aoo

lim ||T;'(a)|| =00 if T(a) is not invertible.
n—aoo

Therefore, {T,(a)}>2, is stable if and only if a has no zeros on T and admits a right
canonical factorisation.

This theorem implicitly gives a criterium for the invertiblily of finite sections of Toeplitz
operators, provided they are invertible. When considering T-gen matrices, we have men-
tioned that the banded Toeplitz matrices that generate them have associated symbols
that do vanish on the unit circle. Consequently, this theorem does not give us conditions
under which finite sections of non-Fredholm Toeplitz operators will be invertible, but it
does tell us that if T, (a) exists for all n sufficiently large, |7, (a)|| is unbounded. For-
tunately there is another useful result that determines when these matrices are invertible
- see [3] or Theorem 4.27 from [5]. We will state it here, after the appropriate notation.

Let R(a) = a(T) denote the range of the symbol a, conv R(a) the convex hull of R(a),
and 0 conv R(a) the boundary of convR(a).

Theorem 1.2.9. Suppose a € W does not vanish identically and R(a) is not a line
segment containing the origin in its interior. If

0 ¢ convR(a) or 0€dconvR(a),

then T, (a) is invertible for alln > 1.

Since the symbol associated with our Toeplitz matrices contains at least one zero, but
is not identically zero, it satisfies the assumptions of this theorem. However, because of
the presence of the zero, the first condition is never satisfied and we are left with testing
the second condition. It is important to note that this theorem does not give both a
necessary and sufficient condition for invertibility and therefore does not give a complete
characterization of invertibility. In chapter 3 we will discuss an example of a banded
symbol with a zero that does not satisfy the second condition, and hence we cannot say
anything about its invertibility from this theorem.

On the other hand, given that a Toeplitz matrix is invertible, the Gohberg-Semencul-
Heinig formulas provide a quick way of calculating its inverse [20]. Consider again the

n—1

finite Toeplitz n x n matrix T,,(a) = [a;—;] o~ These formulas describe the inverse of the

ihj:

Toeplitz matrix in terms of the solutions of four matrix-vector equations. To be precise,
let the vectors z,y, u,v be solutions to

To(a)x =e1, Tha)y=en Tia)'u=ce, T,(a)"v=me.

Denote by Toep (x) the upper triangular Toeplitz matrix with 27 as its first row. Also
denote by S the n x n forward shift matrix, that is, the matrix Toep (e2)?. Then the first
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coordinates of x and v are equal, so x; = vy, and likewise, the last coordinates of y and
u are equal, S0 y, = u,, and the inverse of T, (a) is given by

T, (a)~' = Toep (z)" vy  Toep (v) — Toep (Sy) 'y, * Toep (Su).

The above formulas do not only apply to the scalar case, but also to block Toeplitz
matrices. In the scalar case, the Gohberg-Semencul formulas are adequate ([20]). Also
see [?].

1.2.4 Norms

The norm of an operator, A, on [, sequence spaces is defined as

A
1], = sup 132l
P Tz,

where [|z[|p := > [2,[? for 1 < p < 0o and ||z := sup,,5q [2n| < co. From chapter 5
of [5], or originally in [8], we know that

tim ([T, (0)[lp = 1TO)],

and more precisely,
1
17Ol = T (Ol + OC),

for 1 < p < oco. As discussed in the previous section, the finite matrix 7,,(b) will be
identified with its associated finite section of T'(b), defined on I,,.

For our purposes, we will only be interested in the case p = 2. In this case, || - |2
coincides with the spectral norm of a matrix, i.e., the maximum singular value ([19]).
Thus, ||A|]2 = max,{0,(A)}. We can then immediately see from Theorem 1.2.3, that the
O(1/n) estimate given here for general values of p, can be greatly improved for the case
p = 2, since 01(T,(b)) = ||T5.(b) |2

We are also interested in the norms of the inverses of Toeplitz matrices. Since
T2 (b)|]2 = 1/0,T,,(b), Theorem 1.2.2 can directly be applied to estimate the growth
of 17571 (b) 2.

1.2.5 Variable coefficient Toeplitz matrices

From the definition of our T-gen matrices, X,, = T, + f, - (T, 1), it is clear that its entries
depend on the sequence f,,, which changes as the size of X,, grows. One might be tempted
to use the phrase variable coefficient to describe these matrices, but we steer clear from
such a description as it has been widely used in the literature, e.g. [34, 35, 11, 36, 6, 7] to
describe specific classes of Toeplitz matrices with variable coefficients that differ greatly
from T-gen matrices. In [6] for example, they consider matrices defined as follows. Let
a:[0,1] x[0,1] x T — C be a continuous function with Fourier representation in its last
variable,
> . ]
a(x,y,t) = Z a(x,y)t", a(z,y) = /Ta(x,y,t)t "%

n=—oo
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The (N + 1) x (N + 1) variable coefficient matrix generated by a is then defined as

o= (o))

Since the inverses of Toeplitz matrices are generally not Toeplitz themselves, it is easy
to construct a myriad of examples of T-gen matrices that are not Toeplitz themselves. If
in addition, we added particular finite rank perturbations (see chapter 3), they enlarge
the class even further and we are clearly not in the realm of variable coefficient Toeplitz
matrices anymore.

1.2.6 Main results

Here follows a list of the main results achieved.

e Chapter 2: Theorem 2.1.5 shows that the inverse of any invertible block Toeplitz
operator, T', with rational matrix symbol can be approached in norm by the product
of the inverses of related Toeplitz operators. The Toeplitz operators in the product
are related to the original operator via their symbols. Indeed, their symbols converge
to the inverses of the factors of the right canonical factorisation of the symbol of T

e Chapter 3: Theorem 3.1.1 and Theorem 3.1.2 provide growth estimates for the
norm of the inverse of a sequence of T-gen matrices and related finite rank pertur-
bations - see [26]. Theorem 3.4.1 significantly improves on these results and states
the growth of these norms via an order estimate [27].

e Chapter 4: Theorem 4.1.1 provides explicit formulas for the eigenvectors and eigen-
values of a special perturbed tridiagonal Toeplitz matrix. This result is then used
in Section 4.3, which explains a curious permutation phenomenon regarding the
singular vector entries of a special class of T-gen matrices. In addition, the norms
of this special class of matrices as well as their inverses are exactly determined for
any size n [28].



Chapter 2

Block Toeplitz Operators and the
NDARE

2.1 Introduction

In [12] a connection was made between rational matrix functions on the unit circle and a
related NDARE (2.3). Here the rational matrix function serves as the symbol of a block
Toeplitz operator. Necessary and sufficient conditions were found regarding the right
canonical factorization of the symbol, and a unique stable solution of the corresponding
NDARE. Hence, the invertibility of a Toeplitz operator with rational matrix symbol can
be related to the existence of a unique stabilizing solution of (2.3). Also, the FSM can be
applied to provide a constructible sequence that converges to the unique stable solution
of the NDARE. This sequence, however, can be constructed independently of the FSM as
well.

Our main goal here will be the uniform approximation of the inverses of these block
Toeplitz operators. Let

Ry R_1 R_o
R, Ry R_, ...
T= RQ Rl RO . (21>

be a block Toeplitz operator whose entries are m X m matrices, which are the Fourier
coefficients of a rational matrix function R(t) = Y .2 _ R;t*. This matrix function is
called the corresponding symbol. The operator T is defined on [,(C™) (1 < p < 00), i.e.,
the vector-valued [, spaces. Theorem 1.1.2 tells us that 7" is invertible if and only if R(¢)
has a right canonical factorisation and det R(t) # 0,t € T. Such a factorisation can be
expressed as R(t) = 1(t)0(t) on the unit circle T, where 6(t) and 6(¢)~* have no poles on
the unit disk {t € C : |¢t| < 1}, while ¥(¢) and ¥(¢)~! have no poles in {t € C : |t| > 1}.
In addition, T-! = Tp-1T-1, where Tp-1 and Tyy-1 are both block Toeplitz operators with
corresponding symbols. As in the introduction, Toeplitz operator will always imply block
Toeplitz operator in this chapter.

As mentioned in the introduction, we will employ a special representation, or realiza-

13
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tion of the symbol of our Toeplitz operator. We state it again for convenience:
R(t) = Ry +tC(I —tA) 'B+~(tI —a)™'p. (2.2)

Here, A and « are square matrices of size n x n and v x v respectively, and have the
property of stability, i.e., their eigenvalues are contained in the open unit disk. The
remaining matrices Ry, B, C, 3, v and I (identity), all represent matrices of appropriate
sizes. We shall refer to (2.2) as a stable representation of R(t). With (2.2) we associate
the NDARE

Q = aQA+ (B~ aQB)(Ro —1QB)™(C - yQA). (2.3)

Q is said to be a stabilizing solution to the above equation if the matrix Ry — vQB is
invertible, ) is a solution to (2.3) and both

A, =A— B(Ry—vQB) *(C —~vQA) and
a.=a— (8 —aQB)(Ry—QB)™" (2.5)

—~
N
W

are stable.
We now state a few results from [12] which will be important for our study.

Theorem 2.1.1. Let R(t) be a m x m rational matriz function with no poles on T with
(2.2) as a stable representation. Then R(t) admits a right canonical factorization with
respect to T if and only if the NDARE (2.3) has a stabilizing solution @, and in that case
a canonical factorization R(t) = 1(t)0(t) is obtained by taking

0(t) = D +tC(I —tA)'B, (t) =0+l —a) B, (2.6)
where
C,=61C—~vQA), B.=(B—aQB)D,
and 6 and D are any invertible matrices satisfying 6D = Ry — yQB. Moreover, the
wverses of the factors are given by
01 (t) =D —tD*C,(I —tA,) 'BD™*
YT =07 = 10T (It — o) TR0,

where A, and o, are given by (2.4) and (2.5) respectively. Finally, if the NDARE (2.3)
has a stabilizing solution, then this solution is unique and given by

C

CA
Q == [ﬁ aﬁ 0425 - .]T_l CAQ > (27)

where T' is the Toeplitz operator (2.1) with symbol R(t).
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In what follows, we will write Q = wT W with

C
) CcA
w=[Bafaf---], W= oy
We also define
C
CA
Wp = [B Ckﬁ c '&nilﬂ]a Wn = .
CAn—l

Lemma 2.1.2. Assume the n-th finite section T, of T is invertible, and put Q, =
wWo T W, Then T, 1 is invertible if and only if Ry —vQ, B is invertible, and in that case
the matriz Qpi1 = wn+1Tn_+11Wn+1 15 given by

QnJrl = aQnA + (ﬂ - aQnB)(RO - ’YQnB)_l(C - ")/QnA) (28>

Proposition 2.1.3. Let R(t) be given by the stable representation (2.2), and consider
the Ricatti difference equation (2.8). Assume the Finite Section Method converges for the
Toeplitz operator with symbol R(t). Then there exists a positive integer k such that the
following holds

(i) T,,, the n-th finite section of T, is invertible for all n > k;
(ii) Ry — QB is invertible where
Qn - wnTTL_IWn

is the solution to equation (2.8) for allm > k. (Here the subscript n denotes the n-th
section or truncation of the vectors and operator as specified in Theorem 2.1.1).

(i) @n converges to Q and Ry — yQB is invertible;
(iv) the matrices o, and A, are stable.

In this case, Q is the stabilizing solution to the Ricatti equation (2.2).

Remark 2.1.4.

In [12] the results were stated for the case where the Toeplitz operator was defined
on l3(C™). However, these results go through trivially on /,(C™) (1 < p < oc0) since no
special Hilbert space properties were employed and most of the proofs play out in the
finite-dimensional domain. See [13], chapter VIII, sections 3-5 for relevant results. We
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now give the main results of this chapter:

Let @), be any sequence of matrices converging to the stabilizing solution ) of the
NDARE. Put

Agn = A= B(Ry — 7QuB) ' (C — 7Q,A),
Qo = o — (8 — aQuB)(Ro — 7QuB) 1y,
Bon = (B — aQuB)D,",
Con = 0, (C = 7QnA).

Here, §,, and D,, are chosen as the identity and Ry — 7@, B, respectively. Define rational
matrix functions 6,, and 1, via their inverses, 6.1 and v, !, analogous to §~! and ¢!

0.1 (t) = D;' —tD,'Con(I —tA.,) 'BD;!
U () = T — ty(t — on) ™" Bon,

I3

and introduce also
S, = T6;1T¢;1, (2.9)

where T,—1 and T,,-1 are the Toeplitz operators with symbol 6, and ¢, respectively.

Theorem 2.1.5. Given an invertible Toeplitz operator T with a rational matrixz function
symbol. Let Q) be the stabilizing solution of NDARE, and let ), be any sequence of
matrices converging to Q. Then, with S, given by (2.9) we have

lim ||S, — T~ =0.
n—oo
The following proposition gives a relation between the convergence rate of S,, to 71
and the convergence rate of @), to Q).

Proposition 2.1.6. The inequality ||S, — T7|| < ¢||@Q, — Q|| holds for n large enough,
where ¢ is a positive constant.

Returning to the @), given in Lemma 2.1.2, for which we know that @, — @, the
convergence rate is known to be quadratic in the symmetric case (see Theorem 13.2.1,
[24]). In contrast to the general case of a non-symmetric Riccati difference equation
(NRDE) as in (2.8), we can only show linear convergence.

Proposition 2.1.7. For the non-symmetric Riccati difference equation (2.8) we have

||Qn+1 - Qn” S kl|Qn - Qn—1||7
where k is some positive constant.
We will also show that a quadratic convergence rate does not apply in general to

equation (2.8). This is in contrast to symmetric discrete algebraic Riccati equations
where quadratic convergence holds ([24]).
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2.2 Approximation of the inverse Toeplitz operator

From Theorem 2.1.1 we know that 7' = Ty-1T,,-1 when @ in (2.7) is a stabilizing solution
to the NDARE (2.3). Taking a closer look at Theorem 2.1.1, one sees that we have explicit
formulas for the symbols 6 and 1) as well as their inverses. Also notice that @) is present
in them.

Assume @, is any sequence of operators (with appropriate size) which converge to
the stabilizing solution Q. We can define functions, 6,1 and !, analogous to #~! and
1=, and hope that they can be used as symbols for Toeplitz operators, Ty and T,
respectively. We then investigate the convergence of the sequence

HT;ITw;1 — T71H.
Now, define
Sn = T9;1T¢;17
with
0.'(t) = D' —tD;*C.n(I — tA.,) 'BD, ' and
U () = I = ty(t — o)™ Bons
where

Agn = A= B(R, —7QnB) ' (C — 7Q,A),
Qon = o — (8 — a@QnB)(Ro —7QnB) ™1,
Bon = (B — 0@, B)D; ",

Con = (C' = 1QnA).

Here, D,, is chosen as Ry — 7@, B. With these definitions in hand, we are ready to prove
our main theorem.

Proof of Theorem 2.1.5. We need to check that S, is well-defined, i.e., that 6! and
Y1 are themselves well-defined and have no poles on the unit circle T. Since we know
that Ry — v@B is invertible, there exists a k£ such that R, — vQ, B is invertible for all
n > k. To see this, note that det(R, — yQB) # 0 and that the determinant is a contin-
uous function. It follows that A,,, a., and S, are well-defined for n large enough. The
choice of ¢,, also guarantees that C., is well-defined.

What remains is to show that 6, ' and v, have no poles on T and we prove this by
showing that A., and a,, are stable for n large enough.

It’s easy to see that A,, — A, pointwise, and hence in norm, since they are bounded
linear operators of finite rank. Suppose that for all m € N there exists a n > m such that
A, is not stable. This implies the existence of a sequence of eigenvalues A,,, with |\, > 1
such that A.,,z, = \,z,. Without loss of generality, we can choose the z,’s such that
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|zn|| = 1 for all n. Since the unit ball is compact in a finite dimensional space, x,, has
a convergent subsequence x,,, with limit denoted by z,. Also, the eigenvalues ), exist in
a compact set. Indeed, |\,| < ||Aon|| and ||Aoy|| is bounded. Now consider the sequence
of eigenvalues \,,, corresponding to the sequence z,,. Again we can find a convergent
subsequence )‘"kl with limit, say \., with its corresponding sequence of eigenvectors Tny,
converging to .. Therefore we have A, z,, — As%o and Aonkl Ly, — Aoz, and together
they give us A,z = Aox,. However, A, is stable, and |\,| > 1 since |\,| > 1 which is a
contradiction, and consequently our assumption is false. This proves the stability of A,
for all n sufficiently large. A completely analogous proof provides us with the stability of
Qon, leading to a well-defined S,,.

As for A.,, its equally straightforward to see that a., — ao, Bon — o and Co,, — C..
The stage is now set to estimate ||.S, — 77|, but first, a few more definitions.

Define 0, 1(t) := I — tCop(I — tAs,) 'BD; " and 671(t) := I — tCo(I — tA,) " 'BD™ 1.,
Then 6! = D101 and 61 = D191
We now test the convergence of S,,:
1S, =T
:HT;I Yt T TG—lTw‘l”
:H(Te;l - T9—1>Tw;1 + T9—1(T¢;1 - T¢—1)||
:”(TD;lTé;l - TD‘lTéfl)ijl + Te—l(Tw,jl — Ty-1)|l
[Tzt = To-1)Tgs + Toms (Tyger = Ty Wyos + Toes (Tyr — Ty
<UID7" = D167 oo + IDHINOL = 67 loolllerg oo + 107 ool = ¢ loo- (2.10)
It remains to show that ||t — ¢~ !|s and [|6; — 071||o go to zero as n goes to infinity

since their convergence implies that ||1;,"[|s and ||}, ]|s are bounded respectively. Also,
|D,;! — D! converges to zero by construction. First we check the convergence of 9, !:

et = ¢ s
=sup I = (= cvon) ™ Bon] — [T = 7(t — o) ' 3]
<Ivll sup It = cton) ™" = (t = @) "] Bon + (t = 0t0) ™ (Bon — o)

=1l sup 1t = eton) T [(E = o) — (£ — cton)](t = at0) ™ fon + (£ = @06) " (Bon — Bo) |
=1 sup 1t = ton) ™ (aton — o) (t = ct0) ™ Bon + (t = @) ™ (Bon — o)

SIIVII[EU_E 1t = cven) ™l evon — e sup It = o) [ Bonl

+ sup || (t = ao) ||| Bon — Boll]-

[t]=1

Considering the last inequality, we claim that the right hand side will go to zero as n — oo
if we can show that ||(t — awon) e is bounded. Note that all other terms involving n
converge to zero or are bounded.
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Let supy—; [|(t — a,)7'|| = K and assume that for every k € N there exits a n > &
such that supy,_, [|(t — aon) '] > 2K. Since ||(t — aopn) || is a continuous function for all
n large enough, and T is a compact set, this function will assume its supremum for some
t, € T. Thus,

[(tn—ton) || = supjy =y [|(t—con) || > 2K. Now form a convergent subsequence t,,, — t,
and hence ||(t,, — on,) || > 2K. On the other hand, taking the limit as [ — co we get

i [, ~ ) = 2 — a0) | < K
Therefore there exits a [ (and hence a n), such that for all p > n we have
|(t,—aop) || < 2K. This contradicts ||(t,, — on,) || > 2K and therefore our assumption
is false, proving the boundedness of ||(t — con) || o-
We conclude with the convergence of 6, !:

16, = 6 o = sup [T = tCon(I = tAcn) ' BD,Y] — [I = tCo(I — tA) "' BD ]|
tl=
= sup || = t[Con[t(t™ = Aop)| ' BD = Colt(t™ — Ao)| ' BDTY|

jt]=1

= sup || Con(t™! — Aoy) ' BD — Co(t™' — A,)"'BD7Y|

[t]=1

For readability sake, we denote (t7! — A.,) ™! by F,,l and (¢! — A,)~! by F,!. We then
write

sup [|Con(t™ — Aop) BDY — Co(t™ — A)"'BD7Y|

t]=1

HICBINE Mool D7t = DI

Notice again that all factors involving n are either bounded, or convergent with limit zero,
including F! by the same argument as before. It then follows directly that lim,, .. ||, —
67 !||.o = 0 and thus we have shown that

lim ||S, — T~ =0.
n—oo

Example 2.2.1.

Let us now consider an example, showing how 7! is approximated. To simplify
calculations, we choose a scalar valued symbol,
1 3 2

)=+ "t— =t
k(®) 271 73



CHAPTER 2. BLOCK TOEPLITZ OPERATORS 20

Clearly this defines a tri-diagonal Toeplitz operator and the state space representation
of this symbol can be found by setting A and a to zero, and choosing the rest of the
constants as follows,
1 3 1 2
Ry==, B==, (C=-= =1 d =——.
0 9 ) 2 ) 9 ) 6 an v 3
First we apply Theorem 2.1.1 to find a right canonical factorization of the symbol and
then Proposition 2.1.3 to construct a converging sequence .S,.
In this case, (2.3) reduces to

B 1 1
Q= pB(Ry—yQB)"'C = (5"’@) 5
Solving this quadratic equation, we find that there are two possible values, () = —1 and

Q= % One of these is the desired stabilizing solution and to find which one, we test A,
and a,. Take @) = % Then,

- e 3o ) () 8
Ay = —B(Ry — 1QB)"'C — 2(Q+2) (2)_ i

Also,

-1
a0 = —B(Ry —vQB) 'y = —1(@ + %) (—;) = 2

Thus, ) = % is the stabilizing solution, and we can calculate the factors in the canonical
factorization of R(t). Using the equations in (2.6) directly, we see that

0(t) =1+ 3¢ and Yt)=1-— 24
4 3
Since our symbol R(t) is scalar and analytic on T, and defines an invertible Toeplitz
operator T, it is well known that the FSM converges for T'. Therefore we can apply
Proposition 2.1.3 in conjunction with Theorem 2.1.5 to show how S,, approximates 7.
Recall that S, = Tp-1T,-1. We need to construct §,' and ¢, and verify for which n
they are well-defined. Notice that

1 3 1
0(t) = = +Qn+-t; 0,'(t)= +———- and
2 4 3+ Qn+3t
2t~1 1
%(t) =173 ’ wv:l(t) = 21 *
3 T 3Qn 1- 313Qn

Remember that by definition, Q,, = w,T;'W,. Thus, @, = BT, 'C = 1 since T} ' = 2.
According to Lemma 2.1.2, 75! will now be invertible since Ry — vQB = % is invertible.
Luckily we need not check every single factor.

Notice that in general, Ry — 7Q,B = % + @,,. Hence, for all positive @),,, this factor
will be invertible, and consequently, 7,1 also. But, we also see from Lemma 2.1.2 that
Qni1 = %(% + Qn)_l, which also produces positive @),,+1’s from positive @),,’s. Therefore,
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starting with Q1 = 1, we see that T, will be invertible for all n > 2 and we can now
determine for which n the functions 6, " and ¢, are well-defined. Consider

1
01 (t) = ——".
3+ Qn+3t
6! can only be ill-defined if ¢ = —1, forcing Q,, = }1. Will this ever happen? It turns

out that it will not. We show this via a recursive argument. From our NDAR difference
equation, we have ()1 = 1 and )5 = % and we claim that

1 1 1 2

Q<= =< Q< = 2.11

1 <@ <5=5<Qun<g (2.11)
This can be verified by using Q,,11 = %(Qn + %)71. In the same manner, it can be shown

that 1 2 3 11 7
2<Q+1 3:>7<Q+2<2:>2<Q+3<13
From this inequality, we see that @),3 satisfies the second group of inequalities from

(2.11). Thus we can write
3 2
?<Qn<§, for all n >4,

and a well-defined 6! is guaranteed. Now consider

1
w;l (t) = . 2t—1

34+3Qn

Here we see that the only value for which 1! can be ill-defined is ¢ = 1, forcing @,, = %.

From the previous arguments, we already know that @), # % and we can conclude that S,
is well-defined for all n. From the formulas for 6! and v, !, it is clear that they converge
to 0! and 1! respectively, and consequently S,, will converge to 7.

A natural question that arises concerns the speed of convergence for S,. If we know
something about the rate of convergence for (),,, we may be able to express the convergence
of S, in terms of @),,. This is dealt with in the next section.

2.3 Convergence rate of 5,

Proof of Proposition 2.1.6. First, a few recurring factors are shown to converge at
the same rate as (),,. This will simplify the many calculations necessary to arrive at the
desired result. Here they are:

[Con = Co|| = [(C =7@nA) = (C =1QA)|| < [VI[A[l|Qn — Ql = K:[|@n — Q-
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ID," = D7 = (R — ¥QnB) ™" — (Rs —7QB) 7|
= ||(Rs — 7QnB) (R — ¥QuB — R +vQB)(R. — vQB) ™!
< 2| D I INQn — QUIBIIID |
= K [|Qn — Q]

where ||D;'|| = ||(Ro — 7Q.B) || < 2||D7!| for n large enough, since Q,, — Q.

1Bon = Boll = [1(8 = aQuB) D' — (8 — aQB)D ™|
= [[(8 — aQuB) = (8 — a@QB)|D;" + (8 — aQB)(D;' — D7)
= [(=aQuB +a@QB)D," + (8 — a@B)(D," — D7)
< llalll@n = QUIBINID, | + 118 — aQB|Ka[|Qn — Q)
< 1Qn = QllallI BI2IDH] + 1|8 — QB K»)
= K;|@n — Q|

| Aon — Ao|l = [[(A = BD,'C.) — (A= BD™'CL)||
=| - BD,'C., + BD'C,|
< [IBIID;" = D7H{[Conll + 1D Con — Cs]]
< IBI[[E:[|Qn — QUIConll + 1D KA [|Qn — Q]
< [|Qn = QIIBII2IICo 1 K2 + [ D7 K]
= Ky4[|Qn — QI

where ||Co,|| < 2||Cs]| for n large enough.

lton — cx |
=l = (8 = aQuB)(Ro = 1QuB) 9] = [a — (8 — aQB)(R. — vQB) 1|
=[[e = (8 = aQuB)D; '] — [ = (B — aQB)D™1]|
= — (8 — aQ.B)D, 'y + (6 — aQB)D 4|
<|[VII[(8 = a@nB) = (8 — aQB)ID,* + (8 — aQB)(D,* — D7)||
=l = a(@n — Q)BD," + (8 — aQB)(D," — D)
<[ lllellQn. = QUIBIIDL I + 18 — eQBII1D;* — D]
<IlelllQn — QUIBIID, I + 118 — aQB| K2 Qn — Q|
<[Qn = QU Ml BI2IDTH + 118 — aQB||K>)
=K;(Qn — Q-

Using the above estimates, we will show that |61 — 67|/« and

|4t — 17| converge at the same rate as ||Q,, — Q||, and consequently,
1S, — T~ as well.

22
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[, =9 o < Ihll[‘i'u:p1 1t — cvon) ™l von — ol |St|u£ 1t — o) ]| Bon
+ s 1t = ao) ™[ Bon — Boll
< V2K Ks5||Qn — QI K| ]| + K K3 Qn — Q]
= [|Qn — QY [2EK K5 K| 5o || + ||V K K)
= K¢||Q, — Q|

with [|Bon|| < 2|5, || for n large enough. (Recall that K = supj,_; [|(t — ao)7'[].)

16, = 6" loo
<[|Con = ColllFo, oo + I COITES ool Aon — Aol s I BIHID, I
+ 1CNIBINES ool Dyt = D]
<[Kq1[|Qn — QU2 F5 Moo + | Coll201 Fy oo Kl @n — QUIES o] |BII2] D]
+ |G IIB2] FS oo K2 | @n — Q)
=1Qn — QUIBII2ID (K1 2] F5 Moo + IC 12015 oo Kull s Hloo)
+ |G|l B2/ F5 | oo K]
=K7(|Qn — Ql,

with || F e < 2||F Y |eo for n large enough. Finally, we are ready to put it all together.
It follows from inequality 2.10 that
18, =T
<[1D;" = D18 lloo + 1D MG, = 07 lool 1 lloo + 16 ool = %7 oo
<[K||@Qn = QU210 Moo + 1D K2 [1Qn = QUMY oo + 167 oo K [|Qn — QI
=[1Qn — QU loo (K200 [loo + DM I K7) + 167 [l oo Kol
=c[|Qn — QlI,

where |17 oo < 2| |so and |6 |co < 2/|07||se for n large enough. O
Example 2.3.1.

It is possible to find ¢ in Proposition 2.1.6 above, but it requires a lot of tedious calcu-
lations and only an outline will be presented here. The first step involves the calculation
of the constants (Kj,...,K5) in Proposition 2.1.6 which will enable us to establish K¢, K-
and then c. It is important to note that for this example we do not use the same estimates
as in the inequalities of Proposition 2.1.6. For example,

1D, = DM < [1(Ro = 7QuB) I N @Qn — QINIBII (o — 4QB)~HII.

The first and last factors on the right-hand side of the inequality is just D,' and D~!

respectively. From Example 2.2.1 we know that D;! = 2~ and D~! = 1. Now, we

31+Qn
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do not estimate |[D;!|| < 2||D7!||. We know that 2 < @, < 2 for n > 4. To simplify
our calculations, we just use % as a lower bound for ),. Applying this bound, we can

directly calculate and verify that ||D, || < £, and consequently find that K, = 2. The
same arguments are applied to find the followmg constants:
6 6 9 4
Ky =0, Ky=-; Ky=o Ki=-—; Kj=-
1 ) 2 5 ) 3 5 ) 4 10 ) 5 5

With these in hand we first consider

lnt =¥ oo < IIVII[‘SAU_I; 1t = cvon) ™ lleton — exo| sup 1t = o) = 1] Bon

+|St|u:1:i||(t_a0)_1||||50n_ﬂo||]' (2.12)

As before, we calculate each of the factors in the above inequality directly. It is easy to
see that

_ 1
sup [|(t — ao) 7| = sup —7 sup 5T = 9
=1 M e = [
using the inequality |z — y| > ||z| — . Using the same reasoning, we also have
g q Yy Yy Yy g g,
_ 1 1
sup [(t — aen) 7| = sup ———5— < sup -2z
It|]=1 =1 [t — m| =1 |1 — m’

But, we know that @,, > 1 for n > 4 and inserting (), = 5 we find that
1
sup ———5—— < 5.
=111 = 55,731

Inserting all these estimates into equation (2.12), it follows that

20T 18
ot o< 2 Zie- ol Sie. -0
:12|Qn_Q‘7

and K = 12. We now determine K7 by considering

167" =0 oo < [l1Con — ColllFH oo + I Callll Folloo | Aon — AsllIIES I I BINIDS |
+IC I BIIE Il Dy " = D7

Recall from the proof of Theorem 2.1.1 that || F; ! ||oe = supy—; [(t7'—A,) 7| and || F7, |
SUPjy=1 |(t7! — Ao,)7!|. Applying the same arguments mentioned above, we find that

1 1
sup ||(t_1—Ao)_1|| = supr————rnr < SUp a7 = 4,
H=1 o=t [t =) T = |1 =
and
1 1
sup ||[(t7! — Ao,) Y| = sup =3 < sup < 10.

1_ 1] - 3__1
t=1 it [ = Tl T o= I - e
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The last inequality follows from the fact that % 5 <Qn<3 for n > 4. Hence we can write

10— Y| < |04 5.

2100 - Q4|2+ 912, ~ @l

=20, -l < 4210, — Q|

and we choose K; = 42. We are almost ready to find ¢, but from inequality 2.10
1S, =TI < (105 =D 107 oo 1D 7HI105 " =0 oo 1oy oo + 107 loc it =%l

we notice that we still have to find estimates for |6 "||oc, |07 ||l and ||6"||c. Here we
apply aforementioned reasoning to see that

107 oo = sup 10 <4 and 45" oo = s 0 < 5
Also,
167 1Hoo=|8‘ P16, (1)l
= sup |1 — tCon(1 — tA,,) ' BD; |
=1

It

=sup |1 — Con(t™ — Ao) ' BD; Y

[t]=1

3
= 1—=F 'D*
Eg\ 7 Fon D3|

3

<1+ =sup|F,'(|D,"]
4 =1

< 10.

All the necessary estimates have been gathered and we compute c:

150 =T~ < [ID;" = D167 oo + 1D MG =6 Hloollern oo
107 loollon ' =¥ o
< [12|@n — Q[ +42|Qn — QI]5 +48|Qy — Q|
= 318Q, — Q).

2.4 Convergence rate of the NDAR difference equa-
tion

We begin by showing the linear convergence of the NDAR difference equation as stated
in Proposition 2.1.7.

Proof. Recall the NDAR difference equation(s):

Qn-l—l = aQnA + (/B - aQnB)(RO - ’anB)_l(C - /anA)
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and
Qn=0aQ, 1A+ (8 —aQ,_1B)(Ry — vQ._1B) ' (C —7vQ,_14).

With a few substitutions we can write the following difference equation,

Qn—l—l —Qn = a(Qn - Qn—l)A + BonCon — Bo(n—l)co(n—l)
= a(Qn - anl)A + (5071 - /BO(TL*I))COH,
+ Botn-1)(Con — Con-1))-

Taking norms and using the estimates for the different factors as in the proof of Proposition
2.1.6, we have

1Qnt1 — Qull < kl|Qn — Qn-1]].

O
In other words, we have linear convergence for @),,. We have to wonder whether this is
the best we can do since we know that the symmetric discrete algebraic Riccati equation
converges quadratically (see [24]). It turns out that in general, quadratic convergence
does not hold under a weak assumption, and we will show that this is always true for the
scalar case. For the non-scalar case we will provide a counter example.
Considering the NDAR difference equation (2.8) for the scalar case, one can perform
a few rearrangements to arrive at

QnJrl - Qn = a(Qn - QTL*l)A + (Xn - anl)YnZn
+ Xn—l[(Yn - Yn—l)Zn—l + Yn—l(Zn - Zn—l)]7

where
X, =0 —aQ,B, Y, = (Ry —yQ.B)™! and Z, =C —~Q,A.

Taking norms on both sides and factoring out (@, — @,,—1) in the previous equation, we
can write

|Qn+1 - Qn|
=|a(Qn — Qn-1)A — @y — Qn1)BY, Z,,

+ X1 Yoy (Qn — Qn1)BY, 1720 — Yo 17 (Qn — Qn-1)A]|
=Qn — Qu_1||cA — aBY, Z, + X, 1Y, yBY, 17, — X, 1Y, 17 A]
=|Qn — Qu-1l|Gl,

where G,, = |0«A—aBY, Z,+ X, 1Y, vBY, 12, — X, _1Y,_17A|. Now, assuming quadratic
convergence holds, it is true that

|Qn+1 - Qn| S C|Qn - Qn—1|27

where c¢ is some positive real constant. Inserting the previous equality for |Q,+1 — Q.| we
get

|Qn - Qn—lmGn” S C’Qn - Qn—1’2
= ||Gall < c|Qn — Qn-l-
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We know that G, is bounded since all its factors are bounded, and if
lim, .., G, # 0, the above inequality is false since the right-hand side can be made
arbitrarily small.

This is exactly the case in Example 2.2.1. Here we have a significantly simplified
difference equation. Recall that we had % < Q< % for all n > 4. Then

N =

1
_ — 2 _
‘QnJrl Qn‘ ‘Qn _’_% Qn_l +%

— 1‘ Qn - anl
Combining with the bounds for @),, we obtain

18 98

- _ < _ < =
49’@774 anly — ’Qn+1 QTL| — 169

Therefore (),, does not converge quadratically.

‘Qn _anl‘-

For the non-scalar case we have the following example:
Example 2.4.1.
Let the Toeplitz operator T have the symbol

R(t):[ug—% 0 _1]

+
120 0 -3 0 1
Lo s b [ A
Also remember that R(t) = Ry + tC(I —tA)™'B + y(tI — a)~'f. Setting A = a = 0, we
see that R(t) = Ry + C'Bt +vBt~!. Choosing our matrices as follows,

190 -1 0 2 0
2 2

we arrive at the symbol chosen above. Our first step is to calculate the solution () to the
NDARE and then show that A, and «, are both stable. It is easy to see that

2-QW 0 } | om0
Ry —vQB = — Rn — ~OB) ! = Q ’
0o — @ { 0 2 - QW (Ry — YQB) 0 27;}(4)
QW

where we assumed () = Q(()4) } and this will turn out to be a good choice for Q.

0
In this case the NDARE reduces to

Q= B(Ry—QB)~'C
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From this matrix equation we can solve the following polynomial equation to determine
Q (Notice that Q' and Q* will have the same solution set):

QW2 — 200 — i 0 =  ow_Z%Z V5

2
Moving on to the question of stability, we have
SR | th
| 0~ o R

i) o
0 —5(7=gm)

and since QM) and Q™ have the same solution set there are only two possible eigenvalues

for A.:

o

> 1

and therefore this solution does not provide a stable A,. On the other hand,

1 1
=3(=)

1
2445

<1

which gives a stable A,. We need to check this solution for a, to guarantee invertibility

of T.
0 _ 1
2—QW)

2(gqm) 0 )]

O NI
= O

= 1 1
0 2 (2-@(4)

We see that this equation will produce the same eigenvalues (except for a sign change) as
for A,. Therefore,

is a stable solution to the NDARE and T is invertible. We still want to investigate the
convergence of (),, — @), but for this we need to show that the FSM converges for our
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Toeplitz operator. We just need to check that the block transpose T# of our original
operator is invertible ([13]). Luckily, because of the almost symmetric structure of 7' -
only a sign change in the upper and lower diagonal entries distinguish 7" from T# - T# will
also be invertible via equations analogous to the above. This guarantees the convergence
of ), and we proceed to analyze the speed of convergence. Consider the NDAR difference

equation,
o [ 0]
0 Q£L+)1 0 _Z(Q_Qgg))

In what follows we want Qg) = Q,(f) for all n € N large enough. Will this be the case?
Indeed it will be, and actually £ = 1 in Proposition 2.1.3. To see this, we apply Lemma
2.1.2. Notice that T} = Ry and therefore 77 is invertible. Let

_ -1 0
lewlTl 1W1: |: 08 1 :| .
8

If we consider the NDAR difference equation it becomes clear that QS) = Q%Y <0 for all
n € N. This will also guarantee the invertibility of Ry — vQ,, B for all n € N, leading to

the invertibily of all 7, !. Now,

62_71-%-1 - Qn

1 1 1
-1 <2Q£zl) - 2Q(1)1) 0
1 1 1
0 R (2—Qﬁf‘> - 2—@&5“)
) QT(’L1)7Q 131 O
_ - 01 ] 2-QP) - ) o
0 —3 Qv QW
L 4
0 2-QM)2-QW )
- X
_| teeeely 0 1 [ QY -, N 0 "
i 0 12-QW)2-W,) 0 Qn’ — Q4
= Gn(Qn - Qn—1)7

where G, is the left matrix factor in the penultimate equality above. Taking norms, we
have

||Qn+1 - Qn” = HGn(Qn - anl)H
= |Gl I(Qn — Qu-1)]]-

The last equality follows from the fact that all the factors are constant diagonal matrices
and when we consider the spectral norm, the splitting of the norm does not result in an
inequality. Assuming quadratic convergence, we arrive at

1Qns1 = @ull = IGalll(@n — Qu-)]l < €| @ — Qua]®
= |Gl < cl|@n — Qnall-
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However, it is clear that lim, . |G| # 0, where lim,,_, ||@Q, — @n-1]| = 0 and conse-
quently quadratic convergence does not hold.

Although this is a single counter-example, it must be noted that we could have chosen
any size for the matrix symbol and used the same entries on the diagonals. Moreover, this
example is part of a class of invertible Toeplitz operators for which the FSM converges.
In fact, let T be a tridiagonal Toeplitz operator with A = o = 0 and let all other factors
in its state space representation be constant diagonal matrices. Thus,

Qn+1 - Qn = B[(RO - VQnB)il - (RO - ’VanlB)il]C
B(Ro — vQnB) ' [Ro — v@nB — (Ry — ¥Qu-1B)](Ro — vQn-1B)"'C
B(Ro = 7QnB) H(Qn — Qu-1)(Ro —7Qn1B)"'C
= B(Ro —vQnB) ' (Ro — 7Qn-1B)'C(Qn — Qn-1)
- Gn(Qn - Qn—l)a

and we can use the same arguments as for the specific example to show that quadratic
convergence does not hold when lim,, ,., G,, # 0. Clearly,
G, = B(Ry —vQ,B) ™Y (Ry — vQ,_1B)~'C is a diagonal matrix.

It is also necessary to note that this counter example holds only for this iterative
method of calculating @ via the NDAR difference equation. There might still be other
ways to construct a sequence of @),,’s that converge quadratically.

2.5 Algorithm for calculating 7’}

Proposition 2.1.3 is also useful to calculate the inverses of the sections of our Toeplitz
operator T via a recursive formula. Consider the (n+1)-th finite section of a Toeplitz
operator T'. Its special structure permits the following representation:

Ry T, Ccm
Tua= | 2 00 Jon | o |

where
Fn = [R_l R_2 s R_n 0 e ] : li((cm) - Cm’
R
Ry
B, = Rn :C" — li(@m).
0

For the case when n = 0, we assume the vectors and operator above to be zero. If we
assume T, is an invertible operator for all n on P,14[I3(C™)], i.e., the projection onto
the first n + 1 coordinates of {2 (C™), we have the following formula for T,

1 AN —AZT, T cm
Tn+1: e A1 -1 =AM —1 | O | 2 /~m
T =N T, +T1T,'=,A,'T,T, 2(C™)
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with the Schur complement, A, = Ry — I',T,,'Z,, a well-defined invertible operator on
C™. Noticing that I',, = yvw,, and Z,, = W,, B, we find that

Tnng
(Ry — yw, T,'W,B)™! —(Ry — yw,, T, 'W,, B) "t yw, Tt
T AW, B(Ry — yw,T,'W,B)™' T '+ T 'W,B(Ry — yw, T, 'W,,B) 'yw, T,

(2.13)

With this recursive relation we can calculate any 7T,,;. Indeed, starting with n = 0, we
see that

T = [ Ryt

as expected. Inserting 77" back into the right hand side of the equation above, we See
that all the remaining variables are known, or calculable, and we iterate to find all T n_ 1

From equation (2.13) we notice the presence of @,, and assuming that Proposition
2.1.3 holds, we do not have to calculate the factors w, T, 'W, directly. Instead we find
@, recursively from equation (2.8) which is in general a much quicker calculation. This
allows us to define to following algorithm:

(i) (n=0): Qo = 0 since all vectors and matrices with index n = 0 were defined to be
zero vectors and matrices respectively. This produces T, ' = [Ry*].

(i) (n=1,2,3,...): Find Q, via equation (2.8). With 7! from the previous step and
the other known vectors we can calculate T,;.

Notice that in the calculation of 7),;, we only invert the Schur complement which is a
matrix of fixed rank. The remaining computations consist of basic matrix multiplications
which is restricted to two recurring factors, yw, T, and T, W, B.



Chapter 3

Norm asymptotics for a special class
of Toeplitz-generated matrices

3.1 Introduction

Motivated by a question posed by statisticians [37], we consider the following n x n matrix

'24.% -1 0 -0 .. 0
1+4L 14+ -1 0 :
: 1 :
K, = : m ’ : (3.1)
: : AR | 0
: : —1
1+ L 1 B i

where m = [en], for some constant ¢ (we will omit the rounding of en from here on as it
will not impact on the analysis). The problem is then to compute the norm of the inverse,
or at least to estimate the norm of the inverse asymptotically as n goes to infinity.

We observe that the matrix K, can be written as a Toeplitz matrix plus a rank-one
perturbation, .

Kn = Tn(a> + €€y,

where e is the all-ones vector of size n and ey is the first standard basis vector. Here,
T.(Z) is the n x n Toeplitz matrix

'1.,.% -1 0 v ... 0
- 1+ -1 0 :
1
T.(—) = , 3.2
(C”) : I | 0 &2
: ) —1

depending on the positive real-valued sequence é (which depends on the size). From now
on we will assume that matrices with subscript n indicate n x n matrices.

32
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To estimate the norm of the inverse of T,,(Z), we write it as

1 1
Tn(_) = TO,n + _La
cn cn
where
1 -1 1
: 11
TO,n = 7L =
-1
1 11 1 1
Now we observe that L = (T ,)*. Thus,
1 1
To(—) = Ton + — (T 1)"
() = Ton+ —(Ti})

In other words, we decomposed Tn(cin) into the sum of some Toeplitz matrix plus a
constant times the adjoint of its inverse. It turns out that this decomposition is a special
example of a much larger class of matrices for which we will prove our main result.

Define X,, := Ty, + fn(T;1)*, where T), is an invertible banded Toeplitz matrix - viewed
as a finite section of a fixed and banded infinite Toeplitz matrix, and f, a sequence of
positive real numbers. Observe that X,, does not have to be Toeplitz, but it is ‘generated’
by the banded Toeplitz matrix T,,. Our main result is as follows.

Theorem 3.1.1. Let the sequence f, satisfy the conditions
L hmn—)oo fn = O;

e Jc > 0 such that ny/ f<t' > ¢ for n large enough and some € > 0. In other words,
fo > O(%).

Assume that the symbol b(e") = 7"__ b;e"? associated with the infinite Toeplitz matriz
T = (bj_1)3%=1 is such that it has at least one zero on T.

Let X, =T, + fo(T;1)*, whenever T, is invertible. Then X, is invertible and,
lim 21/ fo[| X = 1.
n—roo

The first property of the symbol b guarantees that the range of |b| contains some
interval [0, ¢), which ensures that the singular values of T,, eventually surround f,,. And
clearly, the second property is needed for X,, to make sense. It is not easy to characterize
invertible Toeplitz matrices with associated symbols that have zeros on T in general. We
do have Theorem 1.2.9, and as discussed in the introduction, there are symbols with zeros
that this theorem does not apply to. For example, consider the symbol

1 1 1 .. 1 .
bt:_t?) _t71:_319 - -0 0<6<2
H=3"+35 ¢ Tt Usfsem
It has a zero at € = 7 /4, but does not satisfy the second condition of Theorem 1.2.9. This

can clearly be seen in Figure 3.1.
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0.8 b

0.6 T

0.4 1

0.2 4

L L L L L L L L L L
-1 -08 -06 -04 -0.2 0o 02 04 06 08 1

Figure 3.1: The range of b(t) = 513+ 3t~ 1t €T

On the other hand, many classes of symbols are easily seen to be invertible. For
instance, if 7" is triangular with nonzero diagonal entries by, or if Re b(t) > 0 for t € T
but Re b is not identically zero on T. In the concrete case considered here, we have
b(t) =1 —t~!, and hence all the conditions mentioned are satisfied.

Under the same conditions, we can prove this result for a perturbation of X,, as well.
Define
Zn = VnTn + fn(Tn_l)* + Wn7

where W, = (T,,;1)* Y77 wjeje;, Vi, = -1 vjejes, and where v; and w; are positive real

numbers. As usual, e; is the j-th standard basis vector. Then we also have the following
theorem.

Theorem 3.1.2. Under the conditions of Theorem 3.1.1, let

with V,, and W,, as defined above. In addition, assume the following conditions on the
entries of V,, and W, :

o v; >1 for 1 <j <gq, where q, (independent of n) is fived.
e v; =1 forn>j>q,.

o w; >0 for1 < j<gq, where ¢, (independent of n) is fized.
o w; =0 forn>j>q,.

Then,
lim 2/ f[| Z;| = 1.
n—oo
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Given the matrices V,, and W, it is reasonable to ask which entries of X,, will be
perturbed? First we rewrite Z,, as Z, = V,, Ty, + (T, 1)* Z;L:l(fn +w;)ezel. Clearly V,, and
> i1 (fn+wj)eje; are diagonal matrices that act on T, from the left and (7,,')* from the
right respectively, and therefore the first ¢, rows and ¢, columns of X, will be perturbed.

In the current literature on asymptotics of singular values or eigenvalues (see [5] for a
recent survey), the starting point has been to analyze the behaviour of a Toeplitz matrix
or operator with a fixed symbol. In our case, the presence of the sequence f, causes the
entries of X,, and Z,, to change as their sizes grow.

To achieve the above-mentioned results, we will establish upper bounds and lower
bounds for the norms of X! and Z; !, and then apply the well-known squeeze theorem
to arrive at the desired result. Sections 3.2 and 3.3 will be devoted to this task. In Section
3.4 we continue to establish a more precise description of the behaviour of || X, !|| and
1Z,1||. This is followed in Section 3.5 by considering the case where T;, is Fredholm. The
rest of the chapter (3.6 - 3.8) will address questions regarding the behaviour of || X[,
| Z]| and the singular values of of T-gen matrices in general.

Sections 3.1 - 3.5 are largely based on [26, 27] with some refinements and additions.

3.2 Upper bounds for || X | and ||Z |

The following general lemma will provide the upper bounds for || X, || and be critical in
calculating these bounds for || Z!||.

Lemma 3.2.1. Let Y be a square matriz of the form c; A+co(A™Y)* where A is invertible,

. - !
and ¢ and cy are positive real numbers. Then, |Y || < NG

Proof. We prove that 0,(Y") > 2,/c1¢y, which gives the result of the lemma. Compute

YY* = (c1A+ (A7) (e A" + CQA_l) = 2cic9] + C%AA* + cg(A_l)*A_l,

and consider the matrix c?AA* + c3(A~1)*A~1. This is a matrix of the form ¢ H +c3H 1,
where H is positive definite. Let f : RT — RT be the function f(z) = ¢z + ¢31, then
AH +c3H'is f(H). By the spectral mapping theorem, the eigenvalues of ¢2H + c2H ™!
are the values of f acting on the eigenvalues of H. Hence c2H + c2H ' > (ming~q f(z))I.
Since the minimum of f is attained for z = 2 and f(2) = 2cic2, we see that AAA* +
A(A™H)* A7 > 2¢i051. This gives YY™* > 4c¢ ¢!, proving the lemma. O
An alternative proof runs as follows: Let A = UDV™* be a SVD for A. It follows
that (A™!)* = UD™'V* and therefore Y™! = V(¢ D + coD71)71U*. Tts singular val-
ues are the entries on the diagonal of the matrix (¢;D + coD~')~!. Consider the func-
tion f(z) = iz + 02%. By the inequality between the arithmetic and geometric means,

f(z) > 2,/ci¢a, and the minimum 2,/¢1¢; is attained at /¢2. This implies that the largest

entry of (¢;D + c;D71) 71 is less than or equal to 2\/%72, and hence |[Y 7} < 2\/%72

As a concrete example, take Y,, = Tn(%), and observe that in this case the matrix (3.2)
is intimately connected to the matrix (3.1). In fact, Y, = X, for the sequence f, = %

Here Tj,, plays the role of A with ¢; = 1 and ¢, = % Therefore, Lemma 3.2.1 implies
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Figure 3.2: The norm of T;;!(2) (dots) and \F (line) plotted as functions of n.

that |7, *(2)] < ‘/TE From Figure 3.2 it seems at least visually then that asymptotically,

17,1 (+)]| and \/Tﬁ should behave the same.

We now prove a proposition that gives the upper bounds for || X !| and || Z ||

Proposition 3.2.2. Let T,, be an invertible banded Toeplitz matrix and f, a sequence
such that f, > 0 for all n € N.

(1) Put X, =T, + fo(T;')*. Then,

1
1 < :
2V fn

(i) Put Zp, = VT tfu(T, ) W with W, = (T,71)* 320 wjeje; and Vi, = 70 wjejes.
Also, let w; > 0 and v; >0 for 1 <j <n. Then,
171 < 5 s A=Y s { =)
Proof. (i): A direct consequence of Lemma 3.2.1.
(ii): We start by rewriting Z,, as
Zp =V + [T+ W,

n

=V, T, + (T, *anerj
7=1
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Denote E, = > " (fn + wj)eje; and notice that it is a diagonal matrix with positive

entries. We write E,l/ ? for its square root and now we can express Z, as
= VIV B 4 Vo AT B B
If we set A, = Vii/*T,En "%, we see that (A ) = \/TL_l/Q(T;l)”‘E/’%/2 and
Zn =V (An + (AJVVEY?, 20 = B (A + (AT

We can now find an upper bound for the norm of Z ! since Lemma 3.2.1 applies directly
to the middle factor in the expression above. Indeed,

1 1
E;l/QzDiag A/ Y. ,
fn+w1 fn+wn
1 1
Vn_l/Q:Diag<\/—,...,@/—),
U1 Un,

giving
1ZM < IV 2 A 4+ (A HHE 2
< 5 o { =} o {———}
— max { —— o max 4 ———— o,
~ 21gisn Lyp h i U/ T w;
as desired. O

If we choose f,, = %, Vo=1,,T, =T, and w; =1 with all other w; = 0, then Z, = K,
(compare (3.1)). Proposition 3.2.2 then gives || K[| < ‘/TE for n > 2. Figure 3.3 shows a
NG

plot of the functions ¥* and ||K,;'[|. Again the close relation between these two quantities

warrants the suspicion that their asymptotic behaviour should be the same.

3.3 Norm asymptotics of X~ I and Z !

In this section we prove our main result for X! and Z,! as defined before. The norm of
the inverse of T;,(1) and K, will then immediately follow as special cases.

To arrive at our main result, we need the following two lemmas. The first was stated
in the introduction but given here again for ease of reference. The second is a technical
lemma that we shall prove.

Lemma 3.3.1. Let b be a Laurent polynomial of the form b(t) = Z;:ﬂﬂ bit’, t € T. If
E C R is any segment, then

INW(E) —nu(E)| < 14r  forall n>1,
where N, (E) is the number of singular values of T,,(b) in E and
1
wE) = o [{t € T: [b(t)| € E}],

with |.| denoting the Lebesgue measure on the unit circle.
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Figure 3.3: The norm of K, ! (dots) and 4 (line) plotted as functions of n

Lemma 3.3.2. Let b(t) be a Laurent polynomial. We will show that the following items
hold true:

e [f b(t) is not identically zero, then |b(t)| has a finite number of zeros on the unit
circle.

o Lb(e)| exists and is bounded on the interval [0, 2] except where |b(e)| = 0.

o If|b(t)| is not constant on T, then “£|b(e”)| has only a finite number of zeros in the
interval [0, 27].

Proof. Note that |b(t)| = [t"b(t)| on T and p(t) := t"b(t) is a polynomial of degree 2r.
Therefore p, and consequently also |b(t)|, has at most 2r zeros on T, provided p # 0.

The function |b(e?)|? is a trigonometric polynomial and hence its derivative is bounded.
Outside its zeros on [0, 27|, we have

d o2 INETYRT.

el ) —9 LAY el 0y

L) = 2b(e)] (e
It remains to show that for each zero to = €% of b(t), there is a neighbourhood U of 6
such that L|b(e)| is bounded on U \ {#y}. For a sufficiently small neighbourhood U
we have [b(t)| = |t — to|*1(¢) with a positive integer a and a positive C*° function 1 (t).
Thus,

a

= e,

2

and this obviously has a bounded derivative in U \ {6y}, proving the second item.
Finally, to prove the third item we argue as follows: By assumption, d%\b(ew)
2|b(e)|-L|b(e")| does not vanish identically on [0, 27] minus the zero set of |b(e”)|. By

[b(e”)] = 2°

sin

=
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applying the first item to <£|b(e™)|?, the right-hand side has only finitely many zeros on
0, 27], proving the final item. a

Incidentally, by Proposition 5.6 of [5], the Laurent polynomials with constant modulus on
T are just the monomials v¢™, with v € C and m € Z.

Proof of Theorem 3.1.1. Let T,, = U,,D,,V; be a SVD. Hence,
X, =T, + fu(T,; ) =U,D,V} + f,U,D; 'V = U, (D, + f,D V>

and

X, ' =V,(Dn+ f.D,H)7UL
The singular values of X, ! are the entries of the diagonal matrix (D,, + f,D;*)~*. If
we set g,(z) := x + fox™!, then 1/g,(z) produces the singular values of X, ' when we
evaluate the function in the singular values of T,,. We observe by elementary calculus that
1/gn(x) has its maximum at the point z = v/f,,, and if we can find a singular value of T},
close to this point, we are in business. To show that there exist singular values arbitrarily
close to v/f,, Lemma 3.3.1 will be pivotal in our argument.

Indeed, we apply this lemma with

En= o= VI A fo + kN F]

for € > 0 and some k to be determined later. It is clear that F,, is an interval around the
point \/f,, with decreasing length as n grows, and we will prove that this interval contains
a singular value of T,,(b) (in our case T,,) for all n large enough.

The first item of Lemma 3.3.2 allows us to choose an interval (6, 8f), where |b(e?)| = 0
and 6 is the first point to the right (left hand version follows similarly) of 6y such that
L|b(er)| = 0. This is possible since there are only a finite number of points where
<1b(e®r)| = 0 (third item, Lemma 3.3.2). (Note that it could happen that there is no
point to the right (or left) of #y where the derivative is zero. In this case |b(e)| would
be monotonically increasing on (6, 27| (or monotonically decreasing on [0,6y)) since a
negative (or positive) derivative would imply a point in the interval where the derivative
must be zero, contradicting our assumption).

Now, “L|b(¢")] is positive in (6o, ff) (if the derivative is negative in the interval it would
imply that there must be a point closer to 6y where the derivative is zero) and bounded
(second item, Lemma 3.3.2). This implies that |b(e)| is monotonically increasing, and

hence for n large enough there exist 6’; and #? in the interval such that |b(ewfb‘)| =/fn +
kn/FHT and [b(e7)] = /T — /T<TL. In other words, |b(e?)| maps the interval 67, 6%]
onto E

Now let F'(6) = MO denote a function of a straight line through the origin, with
M > Lib(e")| for 6 € [67, 0], and large enough such that

F ’/fn ‘/fe-‘rl /fn+k /fs—i—l

0; = and Gf =
M

are the two points in [0, 27] where F' maps the interval [6], 07] exactly onto our interval

FE,,. Since F' is a straight line, we have that

F(67) — F(6])
6F —oF

M=
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By the mean value theorem we also have

(e = [o(e™)] _ d o
04 — 67 df
for some 6% in (0, 27). Now,
0% 6t
[b(e™)] — [b(e*)]| _ ’i|b(ei0£) ‘ < = PO - FED)
6t — 67 do = oF —6F

Since F(6F) = [b(e”F)] and F(6F) = [b(e™)
0f <07 — 61, ie.,

, the previous inequality implies that 9? —

{0 € [0,27] | F(0) € E,} < {0 € [0,27] | [b(c”)}| € Enl.

This can be directly related to u(E,) via Lemma 3.3.1. Since u(E,) remains unchanged
if we replace e € T with 6 € [0,27], we find that

1 - 170
p(En) = —|{0 € 0,2n] || > bie?’| € By}

j=—r

Therefore,
n 1

n 1
—— B, = ——(k+1)\/ftt < E,
for n large enough. Now taking k and n large enough, and keeping in mind the restriction
on the decay of f,,, we see that

/ fetl(k 1

E, :
nu(E,) Y,

(3.3)

so that for this value of k we must have N, (E,) > r from the inequality
|N.(Ey) — np(Ey)| < 14r.

That means that there is at least one singular value of 7}, in the interval

En=[fo = VI A fo+ NV F]

for n large enough. Denote this sequence of singular values as

On = \/ﬁ"’ SnV fﬁ+17

where [s,| < k for all n large enough. If we insert o, into the function 1/g,(x), we get a

singular value of X!, which is immediately a lower bound for its norm, i.e.,

1
X =

Vit s/ I+ Lo
f f Vntsn f761+1
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Recall that we also have an upper bound, and combining this with the previous lower

bound, we have
]- > HX71H > an+3n\/ f7§L+1
| P S | e 2
VI (VF+ s/ TT) +

or multiplying through with a constant,

2V (Vo + 50/ f5)
(V' fr + 50/ fT)2+ fn

B 2fn+2sn\/ﬁ
2fn+ 250/ FT2 + s2 L

2+ 2Snfn§

oy 25nfn§ + S%fﬁ.

1>2v/ full XM >

Taking limits of the first, second and last term in the inequality above, we see that
1> lim 2v/f 1 XM > 1,
n—,oo
proving the theorem. a

Corollary 3.3.3. Choosing f, — % and T, =Ty ,, we have the desired result for Tn—l(%)7
.e., lim, \%HT{l(%)” =1

We will apply the same strategy for lim, . [|Z, | as described above, but with a slight
modification involving the interlacing of singular values.

Consider a general m x n matrix A. Form the decreasing sequence a; > -+ > Qupin(m,n)
of the singular values of A. We set oy = 0 for max(m,n) >t > min(m, n). Let Qyp[Qngl

be the set of all (’;‘) [(Z)] sequences {iy...0,}[{J1...J,}] of integers

1<ip <o <y <mfl <y < jy <.

By A[w|7] we denote the submatrix of A, consisting of the elements in the intersection of
the 41 ...4, (w:={i1...4,}) rows and jy...j, (7 :={j1...J,}) columns of A. Form the
decreasing sequence fur1 > -+ > Burmin(pq) Of singular values of Alw|r]. Let B,y = 0
for ¢ > min(p, ¢). Then from [39] we have the following theorem.

Theorem 3.3.4. If w € Qup, T € Qny:
® Zﬁw’r,i 1= 1)27"'7min(p7q)
L Bwr,z’ > it (m—p)+(n—q) 1 < Hlln(p +q—m,p+q— n)

Proof of Theorem 3.1.2. Recall that Z,, = V,, T}, + f,,(T;1)*+W,,. Let W, have non-zero
entries only from the (1,1) to (quw, qw) entry. Let V,, have entries greater or equal to one
only from the (1,1) to (v, g») entry, and all other entries equal to one. These restrictions
on V,, and W,, are necessary, since then Proposition 3.2.2 still gives the upper bound of
#f? for n large enough. Choose p = max{qy,¢,}. Now, let Z, play the role of A and
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Un—, be the submatrix A[w|7], with w = 7 = {1,...,n}, as in the discussion preceding
Theorem 3.3.4. Notice that we obtain U,_, by deleting the first p rows and columns of
Zn. In this case, the second item in Theorem 3.3.4 can be rewritten as

Bi > iyop and Br—2p > O, (1 <n—2p),

where we omitted the subscripts w and 7 for convenience. Combining this inequality with
the fact that [|Z,'[| = 5=, we have |Z, ]| > 51— -

Now we do not know enough about U,,_, to say something meaningful about its sin-
gular values to relate it to our original matrix Z,,. However, we will show that we can
relate its singular values to those of X,, and use it to calculate a lower bound for || Z, ||
in a manner analogous to the proof of || X !||.

Define

as the block matrix where 0 is a p x (n — p) block of zeros and I,,_, denotes the identity
matrix of size n — p. Here p = max{q,, ¢} - see the definition of Z, above. Doing a
straightforward multiplication, we see that

QZnQ* = U,

Now we can calculate what U,,_, is since we have an expression for Z,:

Un—p = QVaT + ful 1) + W)@
= QV,T,Q" + QT 1) Q" + QW, Q"
= QTQ" + [ Q(T, ) Q"
= QT + fulT,1))Q"
= QXnQ".
The third equality follows from the easily checked fact that QW,Q* = 0 and QV,, = Q.

This equality can now be used via the following result from [19], Lemma 3.3.1, to relate
the singular values of Z,,, X,, and U, _,.

Lemma 3.3.5. Let C € C™", V. € C™* and W), € C™* be given, where k < min{m,n}
and Vi, Wi have orthonormal columns. Then,

In our case, let C'= X,,, Vi, = Q* and W, = Q*. Then Lemma 3.3.5 tells us that
0i(Up—p) <0i(X,), i=1,....n—p

since U,_, = QX,Q*. Also, from the previous lemma it follows that [, _2, < 0,,—2,(X,,).
Therefore,
7 S 671—217 S Un—2p(Xn>-

Now 0,,_9,(X},) is the (2p + 1)’'th smallest singular value of X,,. Define

Ensp=[fo = VI A fo + K/ F]
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Analogous to the proof of Theorem 3.1.1, we arrive at the inequality

(n = 2) /T (k + 1)

2

(TL - 2p):u(En—2p) Z

Observe that this inequality is similar to (3.3) and plays the same role in the current
proof. Now, taking k and n large as before, we have

(n—2p)\/fet'(k+1)
2w

(n — 2p)p(En—2p)

v

>2p+ 1dr +1

which implies that N,,_s,(E,,—2,) > 2p + 1. We now obtain that for large enough n there
exist 2p 4 1 distinct singular values of 7T),, taking multplicity into account, inside E,,_g),.
Note that these singular values have the form

o = Vh sV, 1<i<2p+1
where |s$f )\ < k. The associated sequences of singular values of X,, can be written as
ol n(V fo +sU\/fr) 1 <j<2p+1.

Now form the sequence amaX(Xn) max1<]<2p+1{an }. Clearly, o*(X,,) > 0p—p(Xp) >
Bn_ap and therefore || Z, 1| > where

Bn 2p UyTax(Xn
I 1
o (Xn) g (VT VT

with j, € {1,...,2p+1}. We also have 2f > ||Z| for n large enough from Proposition
3.2.2, and again, following the same line of reasoning as before, we arrive at

lim 24/ f[| Z | = 1. 0
n—oo

Corollary 3.3.6. Choosing T,, = Ty, fo = 1/n, V, = I, and wy = 1 in W,, with
all other w; = 0, we arrive at the special case where Z, = K,, - compare (3.1). Then,
lim,, oo \%HK;lH =1.

We have shown that, asymptotically, #f—, | X7t and ||Z,]|7! behave the same.
However, the main results (Theorem 3.1.1, Theorem 3.1.2) still allow for #f— — IX5] 7t

and #f? — |Z,||7* to be greater than any fixed positive constant for all n. From the
graphs provided in this section, it seems that these quantities have a stronger relation,
and might even converge in some sense. The next section is devoted to this question and
provides stronger versions of Theorem 3.1.1 and Theorem 3.1.2.

Sections 3.4 - 3.5 contain the results of [27], including some improvements and a few
additional results.
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3.4 Convergence of ﬁ — IX Ll

We shall prove the following stronger versions of Theorems 3.1.1 and 3.1.2:

Theorem 3.4.1. Assuming the same conditions as in Theorem 3.1.1, except that e > 1/2,

we have
(577 - 1) =0 (57). (35)

Note that € > 1/2 implies f, > O (%)
n3

This theorem applies to Z, ! in place of X! as well when the conditions of Theorem
3.1.2 are assumed with the same exception as above.
Recall that

1
2V fa

from the proof of Theorem 3.1.1, with o, = v/ f,+sn+/ <™. We can rewrite this inequality
as

1 Vi + suy/ [t B

9n(0n)  2fp + 2500/ FT2 4 2 fett

> ||1XH =

mny

1 1
Rz - IX 2 0. (3.6)
2V fa 2V Fn
Ideally we would like
) 1
8o g =0

but this is not possible since R,, depends on s, which is not necessarily convergent and
we cannot take this limit as n tends to infinity.

Thus we need to define a similar sequence to R, by replacing s, with some other
quantity of which we can take the limit, or that does not depend on n. Also, this associated
expression of R, say R, has to be a lower bound for R, so that we can replace R, with
R, in (3.6).

Define
Y/ e 2/

"t 2f, + 2k /fTR k2 foH

where we just replaced all the s, with k. Therefore,

. 1

R, = .
In(V o + BN

In the following Lemma we prove that Rn < R,.

Lemma 3.4.2. Let R, and R, be as defined above. Then for n and k large enough,
R, > R,.
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Proof. As mentioned before has its maximum at v/ f,, and notice that it is monoton-

ically increasing for 0 < z < 4/ fn, and monotonically decreasing for x > +/f,. Therefore,
if s, is negative or positive respectively, we have

1 1 1 1
P R OV S 7o RN 0 R O iy oS8

We don’t know whether s, will be positive or negative, but we will show that
1
Gn( \/ﬁ \/fE+1 9 (VFu + A/ fH)

for n and k large enough. This covers both possibilities and then we are done.
Consider the difference

1

1
(VT = VITD)  ga T + kT
1

_ p 1 o L/ fetl 1
fn V fn +fn\/f?*\/}? \/ﬁ—{— fn +fn\/f7n+k\/ﬁ

VR R VI byT
VI VTt T
VE-VET VR

2fn = 20/ 4 fHY 200+ 2k/FE 4 K2 [
\/E—W J_+WF

m \/fe+1 (2fn + 2k\/f€+2 + RS = (VA kD20 = 2/ f2 + f5)

Wp,
2¢+3 3e+3
a2 (R =1+ fa? (=K — k)
— o ,
where

Up = 2fn -2 V f7§+2 + f761+17
Un = 2fn + 2k V f7§+2 + k2f;+17

Wy, = UpUp.

Notice that u,, v, and w, are all positive for n large enough since the limit of f,, is zero
as n goes to infinity. Then, for n large enough and k > 1,

2e+3 35+3

fn? (k_1>+fn ( 2—l{i)>0.

O
Proof of Theorem 3.4.1. Applying Lemma 3.4.2, we can rewrite (3.6) with R, replaced

by Ry:
e N EX
2V fn  2fn 4 2k R2fH T 2V ] B
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Clearly we want the left side of the inequality to converge to zero, so that is what we will
show. Now,

1 VR
2VFn 2fn + 2k fP2 4 K2 fH

1 - 2fn +2ky/fT?
2V 2fn + 2k/FH2 + k2 fett

1 k2 ferl
T 2VFu \ 2f, + 2K\ /FF7 4 k2 fet!
kaE-‘rl
. 2e+3 *

= 3 <3 2c43
Af2 + 4k fn? +2k2f, 2

The last expression will only converge to zero if € > 1/2. Assuming that is the case, let
€ =1/2+ 0, where 6 > 0, and then

B fe i ;
- %+6+3 4425 - O(fn) =0 (fn ) '

3 e+3 2e+3 T 3
Afi +4kfa® +2K2 0 4p2 akf T 4 2k2f, 2

n

N

Recall that € is a free but bounded parameter, since by the conditions of Theorem 3.1.1
ny/ fot! must remain greater than a positive constant ¢ for n large enough. It was used
in defining the interval E, = [\/f,, — /<1, /o + k+y/ f¢T1] that contained some singular
values of T,,. Notice that higher values of € imply that this interval’s length decrease more
rapidly as n grows. With this in mind, we can find the largest ¢ > 1/2 for a given f,
such that the conditions of Theorem 3.1.1 are satisfied. This € would then give the fastest
order of convergence in the equality above.

We note that the proof of Theorem 3.4.1 for the case Z,! is analogous. The values of
s, and k£ might be different, but that does not change the arguments used above.

Corollary 3.4.3. Let f,, be of the form f, = 1/n", and satisfy the conditions of Theorem

3.4.1. Then,
1

1
This means that there is an inverse relationship between the order of f, and the order of
= - IX
Proof. For f, to satisfy the conditions of Theorem 3.1.1, z must be such that 0 < x < 2.

Now, we want to find the maximal e for the particular choice of f, such that n/fct!
remains greater than some positive constant ¢ for n large enough:

1 s n
ny/ ffl—i_l = n(—) 2 = (et > C.
2

X
n n
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Figure 3.4: The norm of Z;' (dots) and " (line) plotted as functions of n.

Recall that € > 1/2, and this implies that the maximum value x can attain is x = 4/3.
Also, for the last inequality to be true, we must have

J— _x .

Since we are interested in the maximal value of €, we choose ¢ = % — 1. Inserting these
values into the convergence estimate, we have

1 : N _o((Lyi) oL
m_uxnlnzo(fn >—O<(nx) )—O<n423z)-

Example 3.4.4.

Let T;, be the banded Toeplitz matrix with symbol b(t) =3 —t — 2¢t~!, and f, = \/iﬁ
Choose v = 1,v2 = 2, v3 = 3 with all other v; = 1 in matrix V. Also, let w; = 0.1, w, =
0.1 with all other w; = 0 in matrix W. Now form the matrix Z as defined earlier.

Notice that the matrix Z as defined above satisfies all the assumptions of Theorem

3.1.2. Graph 3.4 shows the behaviour of || Z .
Remark 3.4.5.

Our class of Toeplitz-generated matrices, X,, = T;,+ f,,(T,;1)*, can be viewed as a class
of matrices formed by a simple ‘function’ acting on the generator matrix 7,,. We could
then ask what would happen if we extended this class to more complicated ‘functions’?
It turns out that we can generalize Theorem 3.1.1 in the sense that we consider a bigger
class of Toeplitz-generated matrices, but we pay a price in that we have to assume that
T,, is positive definite.
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3.4.1 The positive definite case

By restricting 7T,, to be positive definite, we gain the advantage of it having a SVD of
the form T,, = U, D, U?. This allows us to to enlarge the class, X,, = T}, + fo(T;1)*, to
the more general case where we can take arbitrary powers (positive and negative) of the

generator:
Xn = Ts + fnTn_b7

where a and b are strictly positive integers. In this section we denote the symbol of our
generator matrix by B, to not confuse with the power b in the equation above.
Our modified theorem reads as follows.

Theorem 3.4.6. Let f, satisfy the conditions

o lim, fn =0,

e+1

e dc > 0 such that nfy™ > ¢ for n large enough and some € > 0.

Assume that the symbol B(e?) = D et B;e" (B; = 0 for |j| > r) associated with the
infinite Toeplitz matriz T = (ﬁj_k)ﬁzl has the following three properties:

e B has at least one zero on T but is not identically zero,
o for n sufficiently large the principal n X n truncations T,, of T are invertible.
e 1), is positive definite for all n.

Let X, =T+ f,T.7°, where a,b > 0. Then,

lim [(%)% + fn (%) Hb] 1X = 1.
n—o00 a a

Before proving this theorem, we first establish a new upper bound for ||X .

Lemma 3.4.7. If the matriz X,, = T + f,T.,° is defined as above. Then,
1

(M)t 4 fo(Me)ews

a

I <

Proof. Let T}, = U, D, U’ be a SVD. Then T = UDU*, T;* = UD~U* and
X t=U(D"*+ f,DO) U

Define g, (z) := 2% + f,x~° for positive values of z. Then if 1/g,(x) has an absolute
maximum for all positive x, it implies that this maximum will be an upper bound for the
norm of || X, !|| - compare Lemma 3.2.1. By taking the derivative of 1/g,(z) and setting
it to zero, we find its maximum to be at z = (bf,,/a)*/(**® with a value of

1
(Myats 4 f ()

a
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O
Since most of the proof of our theorem here follows directly from the proof of Theo-
rem 3.1.1, we will only highlight where adjustments need to be made to the previous proof.

Proof of Theorem 3.4.6. From the calculation of the upper bound in the lemma
here, we know that a singular value of 7}, that is ‘closest’ to (bf,/a)/(®*? will determine

the norm of X !. As before, we will show that there is a singular value arbitrarily close
to (bf,/a)"/ @) if n is large enough. Again, we will apply Lemma 3.3.1, but this time

define our interval
L e+l 1/(a+b) e+l
bfn\ * bfa\ [ bfs bfn\ *°
AU — | = B k| — .
() Ce) (B

From here on everything follows exactly as the proof of Theorem 3.1.1 up to the inequality,

E, =

Taking k£ and n large enough we see that

e+

n(k + 1)(4e) 7
2r M

n/L(En) > > 157’,

and this together with Lemma 3.3.1 implies that there is at least one singular value in
the interval F,,. We denote this sequence of singular values as

e+1

+b

e () ()
a a

We can now insert this formula into 1/g(x) which will produce a lower bound for the
norm of X, 1

1
(M) - fu(te)

a

> |1 X =
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Also,

vV
o |o

) a+b

b(e+1) i|

where Fi(f,) and F5(f,) are both functions of powers of f, higher than one. If we then
take the limit left and right of this inequality as n approaches infinity,

a —b
a-+b a-+b
n—00 a a

lim [(%)H + fa <%) M] X, = 1.
n—00 a a

We now state the positive definite version of Theorem 3.4.1 for the case b = a.

implying that

Theorem 3.4.8. Assuming the same conditions as in Theorem 3.4.6, except that € > a,

we have
1

2V
where X,, =T+ f,1,7%, with a > 0 and € > a implies f, > O (%)

)
n ot

—IXM =0 (), (3.7)

Note that in this case we cannot have different positive and negative powers.

As for the analysis preceding the proof of Theorem 3.4.1, we will again define a R, and
R,,. From the proof of the previous theorem (assuming a = b), we have
1 1
1 —1 2 ||Xn_1|| Z 1 L1\ @ 1 1\ —@ = Rn’
3 El % = 2a D
fn +fnfn < rfa‘i‘snfnh) +fn< r%a‘i‘snfnm)
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and we also define
- 1 1

m o+

(5 + k) 4 g (2 hpi ) _gn( S kL)

To prove the current theorem, we will need a new version of Lemma 3.4.2, as our
function 1/g,(x) is different from the standard case, as well as the interval E, which
plays a role in determining which values we need to evaluate 1/g,(z) for.

Recall from Chapter 2, that to prove Lemma 3.4.2, we had to show that

1 1

\/ﬁ /fe+1
n = Vo + VT

This time, all arguments of Lemma 3.4.2 remain valid, except that now, v/f, — /f<!
and «, is replaced by

where

e+1

1 e+1
we — e and oy, 20 4k fp2e

respectively. Using this notation, R, = 1/g,(c,), and hence we calculate,
1 1

1 e+1
gn( nt — fn ) gn(an)
1 1
1 e+ - 1 et1 1 e+l
(5 = B L = )0 (R ) 4l kg )
1 e+1 41
(f’n?a . fn2a )a ( T?a + kfn2a, )a
1 e+l - 1 e+l
(3 = Fb 2 fu (S8 + B )20+
1 e, gl el a el a e+l
[( nQa +kfn2a)a_|_fn]< nQa_ana )a_[( nQa_ana)a_i_fn]( T?a +kfn2a )a
L e+l 1 e+1 .
[(fae = fu )2 + full(fa* 4 Efa™ )** + ful
Notice that the denominator of the last expression is positive and we only have to check
that the numerator is positive. Thus,

(3 REE P4 SR = B = (8 = B + LU+ Rf "
(f - fvfa (S + kfnm )2“ LR = )
(3 S PR L)~ falf 4 kfn”’l)“
(fs% BBV UE A REEPIE 4R = 0 5
— Rl L) = (1 = )]
The term in the square brackets are clearly positive, and therefore we only need to check
that the product in the round brackets are greater than f,:

1 etl 1 e+l
( 2a fn2a )a< 2a + kfn2a )a
€e+2 2e+2

= (f& R = f =k ).
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It is clear that

2e+42

kf2a_f2a_kf2a >O

when k and n is large enough, and this implies that

2642

(f?’L + kfn2a _ fn2a _ kfn2a ) > fn
We have thus shown that R, > R,, and consequently,
1

fn + fu- fn

which if rearranged, leads to the inequality
1 1

1
VI () s (5 eE) W

We compute

> |1 XY > R,

—[IX. 1 > 0.

1 1
W (g k) g (g k)
1 <7§7+kf;2a >a

AR (k)

<ﬁz+hﬁafﬂ+h—2¢ﬁ(7%+kﬂ$)
TS + hf e+ £
(R +WW?H>+h—2¢ﬁ(%ﬁ+kﬁ$+”.+Wﬂy>
2V T (fo + -+ K2 ) + 2/ F f
<kf,% 4ot k2af36+2) B <kf:ga€ I k;“f?)
2/ Fulfo + o+ k20 ftL) + 2/ Fo frn

We want this expression to converge to zero as n tends to infinity. For this to happen we
need the manimal power of f,, in the numerator to be strictly greater than the minimal
power of f,, in the denominator, i.e.,

2a + € - 3
2a 2’
leading to € > a. If we denote € = a + ¢, the expression above would be

o(ﬁ)zo(ﬁ%)

The order of convergence here can be determined by finding the maximum value of € which
satisfies the conditions of this theorem with respect to the sequence f, that is considered.

Example 3.4.9.

Choose X, such that T,, is the tridiagonal matrix with associated symbol B(t) =
2 —t—t1 and constants a = 2, b = 3. Then Figures 3.5, 3.6 and 3.7 corresponds to the
sequences f, = 1/n,1/n? 1/n3, respectively, and shows the growth of || X 1||.
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Figure 3.5: The norm of X, ! (dots) and upper bound (line), plotted as functions of n -
fn=1/n.

25

15

0 ! ! ! ! ! ! ! ! !
0 10 20 30 40 50 60 70 80 20 100

Figure 3.6: The norm of X, ! (dots) and upper bound (line), plotted as functions of n -
fn=1/n%
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Figure 3.7: The norm of X, ! (dots) and upper bound (line), plotted as functions of n -
fn=1/n3

3.5 Extension to Fredholm case

The assumptions on the symbol b of the Toeplitz operator 7' (Theorem 3.1.1), implies
that 7" is not Fredholm (see e.g., [5]). We will show, via an example, that the possibility
to carry over our results in a meaningful way to the case where T is Fredholm, but not
invertible, is very limited. Indeed, the class of sequences {f,} to which Theorem 3.1.1
applies is a fairly wide class. If we want to extend the result to Toeplitz operators which
are Fredholm, then this will be possible only for sequences { f,,} which have a very specific
decay rate. The reason for this is that we need \/f, to be close to a singular value of T},
(for large n). Because of the splitting phenomenon (Theorem 1.2.1), when T is Fredholm
but not invertible, there are only a finite number of singular values of T,, that go to zero
(precisely as many as the absolute value of the Fredholm index), and they do so with a
specific decay rate.

Example 3.5.1.

Consider the Toeplitz operator T with symbol b(t) = 1 + 2, where v is a complex
number with |y| > 1. It is easy to see that b(t) does not vanish on the unit circle and has
a winding number of —1. It follows that 7" is Fredholm, but not invertible (see [16]).

Let us denote by J, the n X n upper triangular Toeplitz matrix with a one on the
second diagonal, and zeros elsewhere. Then the n x n finite section of T, T,, is given by

T, =1,+7J,. As J! =0, it follows that

n—1

T = (Lo +7J) 7 =Y (1),

k=0
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and since ||J,|| = 1, we conclude that

" —1 "
1T <Y |y = < :
Z !7! I = |y[-1

Next, we observe that the last column of 7}, is equal to the vector

n—1

y =[],

Let x be the vector consisting of zeros except for 1 as its last entry. Since the spectral
norm is induced by the Euclidean vector norm and [|T,z||s = ||y||2, we have

_ . an—1 o ”Y’Qn -1
T2 [P e = VI P+ R =

Since |y| > 1, for every € < 1 there is a number N (depending on «y) such that for n > N

|y]2m — Iy|"

e

It follows that, for n > N

" _ !'y!”
e————=< T, <
VP -1 -1

Since the smallest singular value of 7T;, is one over the norm of its inverse, we obtain

1 1 1
(I = 1)W <on(Tn) < VAP -1 g

The splitting phenomenon applies to our 7}, and shows that only one singular value
goes to zero as n approaches infinity. Now consider X,, = T}, + f,,(T;)*. Recall that
1 XY < 2 (Prop081t10n 3.2.2), and that for this estimate to be an asymptotic equiv-

alence, one needs a singular value of T}, near /f, for large enough n. In order for an
analogue of Theorem 3.1.1 to hold in the particular case we are now considering, we need
fn — 0, but also that /f, should be close to o,(T},,). This forces v/f, to go to zero at
the same rate as 0,(7,), that is, it forces f,, to be O( \2") This is a far more restrictive
condition on the sequence (f,,) than what is required in Theorem 3.1.1.

To be precise, let us assume that f,, is not of the same order as o,,(7;,). That is, either
on(T,) < any/fn, where o, is any sequence of positive numbers converging to zero, or
on(T})) > anv/fn, where a, is any sequence of positive numbers converging to infinity.

To know the behaviour of || X ||, we must know which of the singular values of T},
will produce || X, !|| through the function 1/g,(z). First let us consider all the singular
values of T,, except o,(7,). We know from the splitting phenomenon, that they are
all bigger than some positive constant and smaller than ||b]|, := maxer|b(t)]. Now,
the corresponding singular values of X! which we find by evaluating 1/g,(z) in these
singular values of T}, are all bounded for all n. This can be seen by calculating

. 1 . x 1
hm —_— = hm —_—_ = —.
n—00 gn(m) n—oo T2 + fn T
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Since these singular values of T,, are bounded for all n, 1/x will also be bounded. This
implies that || X !|| is bounded if it happens to be produced by a singular value of T;,
other than 0,(T,,). In this case it is clear then that

lim 2¢/f, [ X, =0,
n—oo

Let us see then what happens if 0,(7},) determines || X, !||. Recall that 1/g,(z) is
monotonically decreasing and increasing for x > /f,, and x < /f, respectively. There-
fore, assuming that o,(T,) < anv/fn (qn, converges to zero), or o,(Ty) > anv/frn (an
converges to infinity)

e WE 22
2RI = S T S e )~ @t fo ant L

and 9
. -1 .
< - .
Tim 24/ fo[| X < Tim P 0
This shows that in this case the conclusion of Theorem 3.1.1 does not hold, and that the
asymptotic behaviour of || X !|| and its upper bound is not the same.
This leaves us with the case when f,, has the same decay rate as 0,(T,)? Assume
that for the sequence f,, there are positive constants S and 7n such that the inequalities

s U B n
— <\ fa<—, = <o,(Ty) < : (3.8)
7[? v P |y
are satisfied simultaneously. Then we compute
I s
By B n'
gn(wn) B + fal]
Since 052 ) ) )
ﬁn < s < n +n5 7
v v+ ol il
we have that 5 5 )
" < Gn < |v"=.
W = o) < Mg
Similarly, we compute that
1 1
= B) .
Since g2 ) ) o
+1n n n Ui
] ] il
we have that . )
n n
"o < <l -
20 gnlpk) n’+ 5
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By our initial assumption, % < on(T,) < #, and the fact that /f, (where 1/g,(z)
takes its maximum) is bounded by the same two values, it follows that

— > [7["min (i L) = [y]" G
gn(on(Th)) 2n’ n* 4 B? n* + B3

We explain the last equality as follows. We want 1/(n?/8 + 8) < 1/2n. Consider

2
n Ly 2 1 2
—+B8=2n=—-(n"+p5"=2nB) =-(n—-p)"

Since n > 8 by assumption, the expression in the equality above is positive.

Then ) 5
X =——rm— > .

Since v/ f, > %, we conclude that

2N >
nlln n?+ g2
In addition, we already know from Theorem 3.1.1 that 21/f,|| X, !|| < 1. Thus, if (3.8)
holds, then at least the sequence {2v/f,||X,||~'} is bounded from below by a positive
constant. Note that the condition does not seem to imply that the limit of this sequence
necessarily exists, neither that the limit, if it exists, must be one.

However, if we replace the positive constants S and 7 by two positive sequences, (3,
and 7n,, with the property that lim g—: = 1, we will have the same result as in Theorem
3.1.1. Clearly this is an extremely forced condition, and shows how sensitive the Fredholm
case is to the choice of f,.

It is also relevant to consider the perturbation of X,, (Z,) in the Fredholm case, and to
see if a similar analysis as for the example above can be performed to obtain an analogue
of Theorem 3.1.2. In general, it seems that this generalization is limited by an extra
condition and in our particular example we cannot perturb X, at all. The reason for
this is related to the interlacing of singular values. We know from Theorem 3.1.2 that Z,,
differs from X, by a finite number of rows and/or columns, say p. We can then form the
submatrix U,,_, obtained from X, by deleting this finite number of rows and columns.
The basic idea in the proof of Theorem 3.1.2 is to use the interlacing of the singular values
of Z, and U,,_, to find a lower bound for Z,*. In fact, we need 2p+ 14r +1 singular values
in the interval E,, = [v/fn —/ft, /[ +k+/ f<T1] to achieve the result. Now in our case,
there is only one singular value tending to zero, and therefore we cannot find 2p + 14r + 1
singular values close to v/f,, and therefore cannot apply the interlacing technique. This
does not mean that Z 1 does not have the desired behaviour; it just means that one can
not apply the techniques used previously to analyze || Z,!||.

The general Fredholm case however, allows for a finite number of singular values
(equal to the absolute value of its index) to approach zero. Therefore, if the Fredholm
index equals 7, any perturbation of X,, up to size ¢ — 1 is permitted and, potentially, the
interlacing of singular values can be combined with similar techniques as shown here in
our example.
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3.6 The norms of X, and Z,

The main results of this chapter deal with the asymptotic behaviour of the norms of the
inverses of X,, and Z,,. It is natural then to ask what happens to the norm of the matrices
themselves? We shall shed some light on this question and show that their behaviour is
not as predictable as that of their inverses.

We consider three scenarios regarding the norms of X, and Z,,: Convergence to zero,
general boundedness, or unboundedness. First we consider X,,, and show that convergence
to zero is impossible.

Let T,, = U, D, V¥ be a SVD. As before, we calculate X,, = U,(D,, + f,D,)V.*. The
entries of D,, are the singular values of T},, and hence its maximum value never approaches
zero ([5], Chapter 5). Also, the entries of D,, + f,D, ! contain the singular values of X,,,
and since || X,,|| is determined by the largest singular value it cannot tend to zero since
the values of D,, does not converge to zero.

To determine to largest singular value of X,,, we need to evaluate the function g,(z) =
x4+ fn% for positive values of x. Its derivative is 1— fnx—g and is monotone decreasing on the
interval (0,+/f,], and monotone increasing on [v/f,,o0). It follows that || X, | attains its
maximum value at either the minimum, or maximum singular value of T,,. We know that
| T.(b)] is a bounded sequence of positive numbers since ||T,,(b)||2 = [|T'(D)||2 + O(1/n)
([5], Chapter 5).

Let 0,, 01 and o; be the smallest, largest and ['th singular values of 7T,, respectively.
We omit the dependance on T, here from the singular values since they will always be
the singular values of T), for the rest of this chapter. Now,

1
n—o0 n—o0 oz n—o0

Notice that if g,(0,) < gn(01) for all n large enough, || X,|| = g.(01), and

Tim (X, = [I70)])

forcing || X,,|| to be bounded.

On the other hand, if g,(01) < ga(0,) for all large n, the situation changes since
lim,, o 0, = 0, and this could possibly lead to the case where lim,,_, gn(0,) = co. To
investigate this, we consider

lim g¢,(0,) = lim (o, + fni) = lim fni.

n—00 n—00 n n—00 Op

Recall the assumption ny/ f<t! > ¢ on the sequence f,, from Theorem 3.1.1. This implies
that f,, must converge to zero slower than O(1/n?). Thus, if o, is O(1/n?), or just converge
to zero faster than f,, g,(0,) (= || X,]|) will be an unbounded sequence approaching
infinity.

To obtain the speed of convergence of o, for our finite sections, 7,,(b), we need to
divide our class of symbols (7'(b) non-Fredholm) into two subclasses, i.e., non-constant
and constant Laurent polynomials.

In the non-constant case, we state the following theorem from section 1.2.1 again.
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Theorem 3.6.1. Let b be a non-constant Laurent polynomial and suppose T'(b) is not
Fredholm. Let o € N be the mazximal order of the zeros of |b| on T. Then for each natural
number k > 1,0, = O(1/n%) as n — oo.

Here the order of the zero, say «q, indicate the smallest natural number such that

@Q

d
where b(ty) = 0.

A constant Laurent polynomial is such that it has constant modulus, |b(t)| = by, Vt €
T, where by € C. It can be shown to be of the form b(t) = v¢™, with constants v, m € Z.
See [5], Section 5.2 for details. Recall that in the non-Fredholm case, the symbol must
vanish on the unit circle in at least a single point. We can therefore ignore the constant
Laurent polynomials since they cannot vanish on the unit circle, and hence, are Fredholm.
The theorem above is then generally applicable in our case.

This theorem in conjunction with the assumption on f,, shows that a has to equal one
for || X, || to have the possibility of being bounded:

1
lim g,(o,) = lim f,—.
n—00 n—00 On,

If || X,|| is not bounded, the following order of growth applies:
[Xnll = O(fun?).

In the bounded case, assume O(1/n?) < f,, < O(1/n) and d/n < 0,, < e/n, where d
and e are constants. Then,

1
||Xn|| = gn(an) =0, + fn_

n

e n
< =+ fo-.
- n fd

Now, since || X, || cannot converge to zero, the inequality above is only valid if f,, = O(1/n).
What this means is that if « = 1 and f,, < O(1/n), ||.X,|| will be determined by oy, not
o

We can also state the order of convergence for the first case where || X,| = g.(01).
The following result, also stated in section 1.2.1, gives the convergence rate for all the
upper singular values of T,,(b).

Theorem 3.6.2. Let b be a non-constant Laurent polynomial. Denote by f € N the
mazimal order of the zeros of ||bllec — |b] on the unit circle. Then for each k > 0,

1
olloc = D < o1 < [|Blloc

with some constant Dy, € (0, 00) independant of n.
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Applying this theorem, we have
[ Xnll = gn(01)

1
:Ul+fno__
1

= T®)ll + O(1/n") + O(f.).
Example 3.6.3.

We return to our regular example X,, = Tn(%) Recall that T,, = Tp,, and f, = 1/n.
We will show that g, (0,) < g,(01) for n large enough, and consequently, lim,, o, || X,|| =
IT®)|| = ||blloc = 2, where b(t) =1 — ¢,

In the next chapter, we prove that the singular values of T ,, are given by 1/2 — 2 cos(6,,),
where 0,, = 22’;:# and 0 < m < n —1 (Theorem 4.1.1). We can rewrite these singular
values as 2sin(f,,/2) using a trigonometric identity. Inserting the 6,,’s into 2sin(6,,/2),

it is clear that o, = 2sin(5157) and oy = 2sin(3257). Thus,

4+2

In(01) = gn(on)

T O O
=2| sin ) — sin )|+ — — .
4n + 2 4n + 2 2n Lsin(3=5 ) sin(5i57)

Taking limits,
lim_ g, (01) = gn(on)

n

i 2[,(2n—1) ( )}+1, 1[ 1 1
= lim 2|sin m) — sin m im —
n—00 4n + 2 dn + 2 n—oo 2n Lsin (325 7) sm(4 —T)
1 1 1
—2—_ lim ————
2 noo nsin( g5 )
1
=2——lim T
2 o0 sin(g157)
1 i
=2+ — lim & —
2 n—eo COS<4n1+2 7T)%4n+2
1 2 (dn+2)?
gLy (nt2)
2noo0 cos(g, M) A
1 16+ 10 4 4
=2—--1h T
2 n—ro0 co8( g, 5 T)4T
=2-——=>0
m

Figure 3.8 shows the behaviour of ||T,(2)].
Example 3.6.4.

By making a small adjustment to the choice of f,, in the previous example, || X,,|| will
be determined by o, instead of oy. For this purpose, let f, = 4/n, and then X,, = T,,(2).
If we follow the limit calculation exactly as in the previous example, we see that

8
lim gn(01> - gn(gn) =2-—-<0.
™

n—oo
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2.01

199 —

Figure 3.8: The norm of T;,(+) (dots) converging to 2 (line), plotted as functions of n.

1
n

Now we have to determine if | X, | is a bounded or unbounded sequence. Since f, =
O(1/n), we need to check the convergence rate of o,. Applying Theorem 1.2.2, we see
that o = 1 since b(1) = 0 and b'(1) # 0. The symbol b vanishes only at the point 1 on the
unit circle. It follows that || X,|| is a bounded sequence. Figure 3.9 shows the behaviour

of [ T(;)Il-

We have covered the two possibilities where || X, || is a bounded sequence. The next
example illustrates the unbounded case.

Example 3.6.5.

Again, we only need to choose a different f,, to cause the sequence || X,|| to be un-
bounded. We already know that o = 1 in Theorem 1.2.2, so we just need to choose f,
such that it converges at a slower rate to zero. Let f, = —i. Figure 3.10 shows the

ni/4
unbounded growth of [|X,,|.

We now consider the sequence [|Z,]||, and we will cover the same three possibilities,
i.e., convergence to zero, boundedness and unboundedness. The choice of f, and the
particular perturbation of X,, will affect this behaviour.

We state the definition of Z,, again for convenience:

Zn =V T+ fu (TN + W,

_ —1\* n . _ n L o* ) ) ..
where W, = (T,,1)" >0, wjejes, Vi, = >0 vjeje;, and where v; and w; are positive real

numbers. In addition, we assumed (see Theorem 3.1.2) that
e v; > 1 for 1 < j < ¢ where ¢ is fixed.

ey, =1forn>j>q.
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Figure 3.9: The norm of 7,,(2) (dots), plotted as a function of n.
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Figure 3.10: The norm of Tn(#) (dots).
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e w; >0 for 1 <j <r where r is fixed.
o wj=0forn>j>r.
From the proof of Proposition 3.2.2, we know that
Zn = V2 (An + (A1) B,

127 —1/2 n "
where A, = V,\*T,E;"* and E,, = > i1 (fu +wj)ejes.
As is the case for || X, || Z.|| cannot converge to zero as n goes to infinity. We state
Theorem 4.4 from [16] which we will apply to prove this assertion.

Theorem 3.6.6. Let H be a Hilbert space and let A € L(H) be compact. Then for
n=12...,
on(A) =min{||]A — F||| F € L(H),rank FF < n — 1}.

where o,(A) denotes the decreasing sequence of singular values of A.

As discussed in the previous sections, Z, differs from X,, in its first ¢ rows and r
columns. Then, P, := X, — Z, will be a matrix of zeros, except in its first ¢ rows and
r columns. From the definition of the rank of a matrix, P, will be of finite rank for all
n and thus compact as well. Indeed, rank P, < ¢ + r, for all n. Now choose F = P,
and A = X, in the theorem above. Note that for each n, X,, is also a compact operator.
Thus, in this case, Theorem 3.6.6 gives

om(Xy,) = min{|| X, — B,|| | P, € C"*",rank P, < m — 1}, m=12,...,n.
Since we know that rank P, < g+ r and X,, — P, = Z,,, this equality becomes
om(Xy) < min{||X,,— B,|| | P, € C™", rank P,, < q+r}, m=q+r+1,qg+r+2,...,n.

If we assume that lim,,_, ||Z,|| = 0, the last inequality implies that the ¢ + r + 1’th
singular value of X, goes to zero as n approaches infinity. However, Theorem 1.2.3 with
k = q+r implies that 0,4, does not go to zero as n tends to infinity. The singular values of
X, are given by the entries of the matrix D,, + f,,D~!. Therefore, for every singular value
of T,,, there is a singular value of X, that is larger and consequently, 0. (X,) > 0gtr
and lim,,_,o 044, (X,,) # 0, contradicting our assumption that lim,_, || Z,|| = 0.

To determine the asymptotic behaviour of the norm of Z,,, we evaluate the inequality

1Zall < IV An + (AL HIE
= max /75| A, + (4,)"] /maxw; + f.
J J

Again we use || A, + (A;1)*|| and its corresponding function, g(x) = z + 1/x, to bound
its value. This function has a minimum at 1, and ¢ is monotonically decreasing and
increasing on the intervals (0, 1] and [1, 00) respectively. The value of || A4, + (A4, 1)*|| will
then be determined by either the minimum, ¢,,(4,), or maximum (o (A,,)) singular values
of A,. Starting with o;(A,),

c

71(40) = 14| < mase T T < =
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where ¢ is some positive constant. The last inequality follows from the fact that
lim, o ||| = |T(D)|]. If 01(A,) determines the norm of A, + (A,;')*, we can find its
maximal order of growth:

c c 1

NG N

To bound o,,(A,,), we apply Theorem 3.3.4 once again and it tells us that 0, (4,)

ﬁan. As we already know, o, = O(1/n®) and therefore 0,,(A,,) is at least O(1/y/fun

We can also bound o,,(A,,) from below by noticing that

9(o1(An)) < g(

<
a)'

LA < BN, V20 < (max(w;) + v/ fo)en®.

If W, # 0, it is clear that ||A,;!]| = O(n®), otherwise, ||A || = O(v/fun®). Then, o,(A,)
is bounded from below by an O(n~?) sequence in general, and O(1/+/f,n®) when W,, = 0.
However, we just proved that o,(A,) is at least O(1/y/f,n®) and therefore [|A,| =
O(1//fan®) exactly when W, = 0. Hence, for this class of Z, (when ||A, + (A4;)*]
is determined by o,(4,)), the order of growth for || A, + (A4, 1)*| is as follows:

. . c . o« o
15, 9on(An)) = B0 90 ) = €80,V In® = OV fun)

In the general case, ||A, + (A4;1)*|| will be O(n®) by an analogous computation.
Since f,, cannot decay faster than O(1/n), and a > 1, we can assume that the growth
of [|A, + (A,;1)*|| will be determined by o,,(A,). Therefore,

|Zul) < max /55 An + (A1), fmaxw; + Fo < max y/en”  fmaxw; + o

implying that in general, || Z,|| is at most O(n®). If we consider the subclass where W,, = 0
again, it follows from the above inequality (with cn® replaced by ¢/ f,n®) that || Z,|| is at
most O(f,n®). If we assume further that f,, = O(1/n) and o = 1, || Z,|| will be bounded.
The following is an example of this special case.

Example 3.6.7.

Let f, = 1/n, T,, = T, and V,, such that v; = 2,vy = 2 with all other v; = 1 and
W,, = 0. Figure 3.11 shows the boundedness of Z,,.

We now show that the norm of 7, is unbounded in general when the associated X,
is Toeplitz. As we have done previously, apply Theorem 3.3.4 to Z,, and let X,,_, be
the submatrix which is Toeplitz for the smallest possible p. Then, ||Z,| = 01(Z,) >
01(Xn—p) = [ Xnpll-

Even if W,, = 0, || Z,|| remains unbounded if f,, decays slow enough. This can be seen
in the following example.

Example 3.6.8.

Let Z, be as in the previous example, except that f, = 1/y/n. In this case, Z, is
unbounded - Figure 3.12
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Figure 3.11: The norm of Z,, (dots), plotted as a function of n.
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Figure 3.12: The norm of Z,, (dots), plotted as a function of n.
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Figure 3.13: The norm of K,, (dots), plotted as a function of n.

Example 3.6.9.

Choose Z,, = K,,. The presence of W,, forces || K, | to be unbounded as can be seen
in Figure 3.13.

In the last paragraph we showed that ||Z,| > O(f,n®). In the case of K,, this
does not tell us if it is necessarily unbounded as can be seen in figure 3.13. To prove
unboundedness, recall that we can express

1 1
Kn = Tom + E(T&J)* + W, = Tn(ﬁ) + W,
where W, is the matrix of ones in the first column and zeros elsewhere. We can apply
the general norm inequality

X = Y| = [1X] = Y[l

with X replaced by 7,,(2) and Y by —W,,. Then,

15l = 1T )+ Wall > [T ()] = Wl
n n
Taking limits left and right, we notice that we need to show that lim, .. [|W,| is un-
bounded, since ||T,,(£)]| is a bounded sequence. We can find the singular values of W,
explicitly by considering the eigenvalues of W, W*. This matrix is conveniently the all-
ones matrix, and via direct calculation, this matrix has the eigenvalue n with any constant
entry vector as corresponding eigenvector. Since W, W maps any vector to a constant
entry vector, it follows that it cannot have a non-zero eigenvalue associated with a non-
constant entry eigenvector. Therefore, the eigenvalues of W, W* are n and zero (the latter
with multiplicity n— 1) and ||W,,|| = v/n, proving that K, is an unbounded sequence from
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the last inequality above. The boundedness of ||T,,(+)| is also convenient since it allows
us to find an upper bound of the same order as the lower bound. Indeed,

. . 1 . 1 .
lim ||/, ]| = lim [|T,(=) + W, < lim || T,(=)] + lim [Wa|| = O(v/n),
n—o00 n—o0 n—0o0 n n—oo

n
and this forces ||K,|| = O(v/n).

3.6.1 Summary

Since the norms of X,,, and particularly Z,, behave differently under various circum-
stances, we provide a listed summary of the possible combinations of their growth as n
tends to infinity. For X,,, we have the following:

Let g,(01) > gn(o,) for all n large enough. Then,

| Xnll = 1TD)] + O(fn)- (Example 3.6.3)
Let g,(0s) > gn(oq) for all n large enough. Then,
o If f, =0(1/n) and a =1,
1%, = C + 0(%), (Example 3.6.4)
where C' is some positive constant.
e For any other order of f, or value of «,
| X5l = O(fun®), (Example 3.6.5)

and thus unbounded.

For Z,, we have the following:
o If W, # 0 for all n large enough. Then,
120l < O(n?).
— If the matrix X,, associated with Z,, is Toeplitz,
O(n®) > | Z,]] = O(]| Xn=2pl|)- (Example 3.6.9)
o If W,, =0 for all n large enough. Then,
12l < O(fun).
— If the matrix X,, associated with Z,, is Toeplitz,

O(fun®) > | Z,|| = O(| Xn—2pl])- (Example 3.6.8)
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3.6.2 Fredholmness

Up until now we assumed non-Fredholmness for the banded Toeplitz operator, T'(b), with
corresponding finite sections, T,,(b) or simply 7,,. We will revisit the results and analysis
of this section and show where Fredholmness of T'(b) changes these findings.

For the unperturbed X,,, we had a few results which were central to the results es-
tablished. Firstly, it is known that ||T,,|| = T7'(b) + O(1/n) for any banded symbol b. If
g(on) < g(oq) for n large enough, we showed that || X,| = ||T(b)|| + O(f,). In the Fred-
holm case however, this scenario is not possible and it follows from the exponential decay
rate of o, as established in Theorem 1.2.1. More precisely,

lim g,(0,) = lim o, + &
n—00 n—00 On
=0+ lim &
n—00 0,
- O(fneom)a

and clearly this growth rate is higher than what could be achieved via oy, proving that
| X,|| can only be determined by o, in the Fredholm case. Also, since @ > 0 and f,
cannot converge to zero faster than O(1/n), || X,| will always be unbounded.

For Z,, the decay rate of o, also dominates oy and the effect of f,,. The order of
growth for g(oy) is O L and for g(o,) it is O(y/f,e®"), and therefore ||Z,| will also
only be determined by tﬁne smallest singular values of T,,. Formally,

1200l 2 [1Anp 4+ (ALl fmis o fo 2 o + fu/ g™ = O fae™).

Note that with W,, set to zero, unboundedness is not affected here.

3.6.3 The condition numbers of X, and 7,

The condition number of a n x n matrix, say A,, is defined as
K(An)p = ”An”pHA;al?

where A, is viewed as an operator on C,, equipped with the [, norm. Since we have been
working with the spectral norm in this chapter, we shall omit the subscript p and write

k(An) = [[Aall A7 -

As we already know, both | X || and ||Z!| form unbounded sequences. The hope
that (at least) sup,cyr(X,) < oo fails, since that would require lim,,_, || X,|| = 0 or
lim,, 00 || Z5|| = 0 which we disproved in the previous section.

Estimates of the growth of k(X,,) and k(Z,,) can obviously be obtained from employing
the results from earlier sections.
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3.7 The singular values of X, and Z,

The previous sections of this chapter all dealt with either the minimum or maximum
singular values of X, or Z,. This directly related to the results obtained regarding
the asymptotic behaviour of the norms of their inverses, and the norms of the matrices
themselves.

In this section, we attempt to shed some light on the other singular values as n tends
to infinity. Starting with the easier questions first, we will look at the extreme singular
values, i.e., the first (largest) or last (smallest) [ singular values where [ is any fixed
natural number. Then we will consider the ’inner’ singular values of some special classes
and cases. These singular values include all those that can’t be defined as extreme.

3.7.1 The smallest singular values, o, ;(X,) and o, (Z,)

As one might have guessed, the behaviour of ¢,,_;(X,,) and 0,_;(Z,,) is very closely related
to that of | X || and ||Z,||. In fact, they behave exactly the same. To see this, we recall
the general argument used in the proof of Theorem 3.1.1 and note that it is analogous
to the case of Theorem 3.1.2. The whole idea revolved around the fact that we needed
a singular value of T, close to \/f,. For this purpose we defined the interval E, =
(Vfu = A/ fe A o + ky/fet1] including the point /f,. Eventually we arrived at the

inequality

nu(Ey,) > ' fg:;j ) > 15r, (3.9)

which, if used with
|Nn(En> - nM<En>| < 14T7

by taking k and n large enough, implies that N,(F,) > r > 1 (number of singular
values inside FE,,) is greater or equal to one. Now, the proof works for any choice of
k and therefore, by choosing k even larger, we can use these inequalities to show that
an arbitrary fixed number of singular values exist inside F,. By continuing the same
arguments of the proof of Theorem 3.1.1, it follows that

lim 2+/ fnoni(X,) =1,
n—oo
for any fixed k. Actually we can say more, since we will show that Theorem 3.4.1 also

applies to o,_;(X,):
1 e—l
—— —0,(X,) = O(fn 2).
N 1(Xn) =O0(fn ?)

Recall the inequality

> o0 i(X,) > VIn + su/ [t

20/ Fn = T 2o 4 2500/ s2fer

n-.

from the proof of Theorem 3.1.1 where we replaced || X || with o, ;(X,) - this follows
from the previous discussion proving Theorem 3.1.1 for the minimal extreme singular
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values. We can rewrite this inequality as

1 1
NI R, > T on1(Xn) > 0. (3.10)
Now as before, we can not take the limit as n approaches infinity of R,,. For this purpose,
we defined R, and proved that R, > R, in Lemma 3.4.2. What is important is that
R, > R, holds for all k and n large enough. This means that the same E,, which we chose
large enough to include any o,_;(X,), can be used in Lemma 3.4.2. This immediately
implies that

LR e L 1
20 2.+ 2k ForZ 4 2 ferl > T, on1(Xn) > 0.

and we can follow the proof of Theorem 3.4.1 to show that it holds for o,_;(X,,) with [
fixed.

3.7.2 The largest singular values, 0;(X,) and 0,(Z,)

This subsection is largely based on the results obtained in section 3.6. This is not
surprising as Theorem 1.2.3 tells us that all the largest singular values converge to
16]|cc = || T'(b)]]2 (Theorem 1.15, [5]).

For the largest singular values of X,, and Z,,, we split the investigation between the two
cases since their behaviour is different. We start with X,, and denote its upper singular
values by 0;(X,,).

We mirror the arguments made for || X, || here. Since lim,,_, || X,|| # 0, we know that
lim,, 00 07(X,,) # 0, since lim,, o g5 (07(X,,)) # 0.

Now consider the situation when g, (0,,) < g,(01). In this case we proved that || X, || =
T (b)|l2 + O(fn) by calculating lim, o gn(01). However, the convergence of o;(7,(b))
to ||T'(D)||2 is guaranteed by Theorem 1.2.3 and hence there is and arbitrary number of
X,’s singular values that converge to ||7(b)||2 and hence 0,,(X,,) = || T(b)]| + O(fn) by
performing the same calculation as for ||.X,,|.

The other possibility occurs when g,(c,) > gn(01) and here || X,|| = O(f.n®) was
proved. This time we apply Theorem 1.2.2 to o; and then g,(0;) = O(f,n*) ensures that
o(Xn) = O(fan®). We note again that these singular values will form bounded sequences
if f, =0(1/n) and a = 1.

As could be expected, the analysis for Z, is more involved, and the shortcomings
of section 3.6 make their appearance again. The fact that we don’t have a suitable
decomposition for Z, that allows us to find its singular values, is the reason for the
difficulties. Even when considering ||Z,| = ¢1(Z,), we had to rely on norm inequalities
to find bounds for its value.

To uncomplicate this situation slightly, we assume that the X,, corresponding to 7,
is Toeplitz itself. This allows us to apply Theorem 3.3.4 with X,,_, as a submatrix of Z,,,
and then

01(Xn—p) = 0142p(Zy).
This tells us that all the largest singular values of Z,, except the upper 2p ones, are

interlaced with those of X, and their behaviour is therefore the same as the largest
singular values of X,,.
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3.7.3 The inner singular values of X,, and Z,

By inner singular values we mean those singular values that do not necessarily belong to
the group of largest or smallest singular values. Here we take a more global approach
and consider their distribution over an interval, rather than track their behaviour as n
approaches infinity:.

The fact that we assume a banded Toeplitz generator matrix 7}, in the definition of
X, and Z, is critical, and without it, we wouldn’t be able to prove theorems like Theorem
3.1.1 or Theorem 3.4.1. The reason is Lemma 3.3.1, and here it will be central to our
analysis as well. Recall that for a banded symbol b(t) =377, b;t’, t € T, the following
is true for the Toeplitz matrix 7T,,(b):

INL(E) —nu(E)| < 14r forall n>1,

where N, (FE) is the number of singular values of 7,,(b) in F and
1
wE) =5 [{t € T [b(t)| € B},

with |.| denoting the Lebesgue measure on the unit circle.

We assumed in the beginning of this chapter that b(¢) = 0 for some ¢t € T and that it
is not identically zero. Therefore the range of |b(¢)| is the closed interval [0, ||b]|~]. If E is
chosen as any interval whose intersection with [0, ||b||] is not empty, then Lemma 3.3.1
tells us that for n large enough, E will contain at least one singular value of T,,(b), and
as n grows, [0, ||b]|o] will be populated with the singular values of T,,(b).

By now we are very familiar with the diagonal matrix D + f,D~! which contains
the singular values of X,,. Corresponding to this matrix we also defined the function
gn(7) = x + f,1/x, which has a minimum at z = +/f,, with a positive derivative on the
interval [v/f,,00]. Note that, as n — 00, g,(z) will behave like the straight line function
f(x) = x on the interval [\/f,, oc|. Therefore, as n tends to infinity, the singular values of
T, (b) in [v/f,, 00|, mapped by the function g, (z), will produce singular values of X,, that
are very close to those of Ty, (b), mapped by g,(z). Also, since v/f, goes to zero, X,, will
also populate the interval [0, ||b]|~] with its singular values, similar to what 7,,(b) does.
However, depending on the function f,, the function g,(z) will also map the singular
values of T),(b) that are smaller than /f, to corresponding singular values of X,,. The
negative gradient of g, (x) in this region grows quickly as  tends to zero and accounts for
some of the larger, and indeed the largest singular values of X,,, especially if f,, decays
slowly and if the smallest singular values of T,,(b) goes to zero quickly (see Theorem 1.2.2).

In the case of Z,,, we assume again that its corresponding matrix X, is Toeplitz. From
the last paragraph of the previous subsection we have

01 (anp) > Ul+2p(Zn)-

The singular values of Z,, except the largest 2p ones are interlaced with those of X,,_,.
Therefore, if || X,,|| is bounded and Z,, is not, we will see that most of the singular values
of Z, will cluster in the interval [0, ||b]|o] with at least the largest one approaching infinity
as n grows large. Figure 3.14 shows this behaviour for a few values of n when we choose
Z, = K,.
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Figure 3.14: The singular values of K, plotted as a function of n.

From the figure it is clear that oy (K,) goes to infinity (O(y/n) as shown before), but
09(K,) seems to stay close to the value two. The other singular values of K, are interlaced
with those of T},(1/n), which we know lie in the interval [0,2] (Actually we will calculate
the singular values of T,,(1/n) explicitly in the next section). Hence, we only need to
know the behaviour of o9(K,,) to have a fairly complete picture of what happens to the
singular values of K,, as n tends to infinity.

Consider Theorem 3.6.6, and let K, play the role of A. Then this theorem states that

o2(K,) = min{||[K, — F|| | F € £(H),rank F < 1},

Let F,, be the n x n matrix with ones in the first column and zeros elsewhere. It has rank
one, and then

1
oul) < Iw = Full = 1T (3) I

We know that 09(K,,) > 02(T,,-1(1/n)) from Theorem 3.3.4, and therefore oy (7,(1/n)) >
09(K,,) > 09(T,-1(1/n)). Since all the upper singular values of 7,,(1/n) converge to 2 as
n tends to infinity, the last inequality forces oo(K,,) to do the same.

Remark 3.7.1.

As we have seen throughout this section, the analysis of Z,, is more complicated than
that of X,,. This can mostly be ascribed to the fact that we do not have a SVD for
Z, in terms of its generator matrix 7;,. One might be tempted to try to analyze the
behaviour of Z,, by considering the behaviour of the perturbation apart from that of X,
and then ‘adding’ their behaviour in some way to describe what happens with Z,, itself.
This approach is fundamentally flawed when W,, # 0, since W,, depends on the generator
matrix itself. We could expect then that two similar X,,’s, with exactly the same choice of
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w;’s might show different behaviour. This is indeed the case, and we will give an example
of two X,,’s with exactly the same set of singular values, and by choosing the same set of
w;’s, they will produce an unbounded Z,, corresponding to the one X,,, and a bounded
Z, corresponding to the other.

We return to our usual example, T,,(1/n) with generator Tp,,. We choose W), to be
such that w; = 1 with all other w; = 0. This produces our favourite Z,, = K,,. For the
other X, we choose as generator T3, . From the definition of X, it is easy to see that
in this case, X,, = (T,(1/n))*. Clearly the singular values of T,,(1/n) and (T,,(1/n))* are
the same and we know their behaviour. In the latter case however, the perturbation that
produces Z, is different, and [(Tj,,)~']*W,, is the matrix of all zeros, except in the one-one
position. Therefore,

* 1 * —17%
1Zall < T35 + —[(T5,) "1l + [Wall < C,

n
where C' is some constant. This follows from the fact that |[W,|| = 1 for all n and
T4 + £[(T5,) 7|l = |7 (1/n)|| which is bounded.

3.8 Future work and open problems

T-gen matrices with their associated finite rank perturbations constitute a large class of
matrices, reaching far beyond Toeplitz matrices themselves, although the intersection of
these two sets does not represent a significant part of either class. As mentioned before,
the presence of T, ! in the construction of T-gen matrices is mostly responsible for this,
and generalizations to widen the T-gen class will probably not contain significantly more
Toeplitz matrices. Considering the strong results on the asymptotic behaviour of the
norms of the inverses, it is reasonable to want to find Toeplitz or variable coefficient
Toeplitz matrices which fall within this class, or extend this class to contain more of these
matrices.

Some obvious avenues of generalization do exist that are worth discussing and in-
clude non-banded Toeplitz matrices. All the work done in this chapter is with regard
to Toeplitz matrices with finite non-zero diagonals. The Avram-Parter Theorem (1.2.4),
which describes the distribution of singular values is applicable to the non-banded case,
as well as the block case for matrix valued symbols. We can then assume that the main
results established for the norms of the inverses of T-gen matrices might remain true if
we enlarged our class of generators to include non-banded and block Toeplitz matrices.
The problem here is that we do not have an analogous result for Lemma 3.3.1 in the
non-banded or block case. However, we know that Lemma 3.2.1 applies for any matrix
which at least ensures that the upper bound for the growth applies for these more general
classes. The following example shows visually similar behaviour to the banded case.

Example 3.8.1.

Consider the block Toeplitz matrix
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Figure 3.15: The norm of X,, (dots) and @ (line) plotted as functions of n.

with symbol

0 2 0 1], 0 2 —t71]
k() = [1 0] a [1 o]t - {1—151 0o |
It is clearly a banded symbol such that det R(¢) vanishes on T. Now form the block T-gen
matrices, X,, = T, + f,,(T,;1)*, with f,, = 1/n. X,, is now the 2n X 2n matrix with entries
2 x 2 blocks. Figure 3.15 shows similar behaviour to what was seen in the first scalar
example, X, = T,,(1/n) - Figure 3.2.

There also remain other less fundamental gaps in the theory developed in this chapter.
Recall that we proved our main Theorem 3.4.1 for the positive definite case - Theorem
3.4.8. Here we had to assume that the arbitrary powers a and b in X,, = T¢ + f,,(T,,°)*
have to be equal. Numerical investigations (e.g. figure 3.5) show that this is probably a
relic of the techniques used in the proof, and not because the theorem is untrue if assumed
otherwise.
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When considering the norms of Z,, asymptotically, a lot can still be done. For instance,
the bound given for the growth derived was not sharp. For the choice Z, = K,, we
showed that || K,|| = O(y/n), but the general bounds given were O(n) > || K,|| > || X,—2||
(v = 1). In other words, this statement does not even guarantee that K, is unbounded
since X,,—9p, = Tp,—9,(1/n) is a bounded sequence in this case. The upper bound is also
off by O(y/n). Clearly the presence of W, in Z, has a strong influence on its behaviour,
but it does not seem to be trivially quantifiable.



Chapter 4

The eigenvalues and eigenvectors of
a special perturbed tridiagonal
Toeplitz matrix

4.1 Introduction

The main contribution of this section is an explanation of a peculiar phenomenon regard-
ing the singular vectors of the special Toeplitz matrix Tn(%) of the previous chapter.
Recall that

'14_% -1 0 v .. 0
L~ 1+L -1 0 :
1 :
T.(—) = , 4.1
(C”) : I — 0 -
: —1
% % 14_%_

where ¢ is some positive constant. Recall that the matrix is of size n x n. Notice that
the entries of T,,(=) change as its size increases. Fortunately, this does not impact on the
underlying structure of this sequence of matrices. In fact, it is this underlying structure
from which the phenomenon discussed in section 4.3 is born.

As shown before, we can express

1 1
T — ) =Ton+—(To0),

cn

where

TO,TL - ’ (42>

and Tn(i) is said to be generated by the banded Toeplitz matrix T} ,. Notice that Tj ,is
independent of the constant ¢ or n.

76
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In section 4.3 we will show that the singular vectors of Tn(é) are exactly the singular
vectors of T} ,,, and hence the phenomenon in question can be explained by looking at the
much simpler matrix 7j,. Actually, since we are interested in singular values, we will be
considering the matrix

1 -1
-1 2 .
P, =15, Ton = . (4.3)
o
-1 2
We will show that explicit formulas exist for the eigenvalues and eigenvectors of this

matrix. This result has been achieved previously by G.Strang ([38]), but our approach
here seems to be new.

Theorem 4.1.1. The eigenvalues, N\,,, and corresponding eigenvectors, x,,, of the matrix
P, are given by

Am =2 —2cos(6,,), Ty = [SIN N0, sin(n — 1)0p,, ..., sin0,]7, (4.4)
where
_ 2m+1
" g1

and 0 <m<n-—1.

The second section of this chapter will be dedicated to establishing Theorem 4.1.1.
In Section 4.3 we will apply this result to explain the singular vector phenomenon of the
matrix T,(Z). The third section will be devoted to computing 7,,(=)~*, K, det K
and || (;) -

Most of the contents of this chapter can also be found in [28].

4.2 The eigenvalues and eigenvectors of P,

The first part of this section will follow the exposition of [5], Section 14.1. We shall modify
a few of the results to be applicable in our case, and this will lead to formulas for the
eigenvectors of a special class of Toeplitz matrices with an impurity’. P, will be a special
case of this type of matrices.

Define !

.o—1
-1 2

1T, (o) arises naturally in differential equation applications - see for instance [40], Chapter 6.
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where o(t) =2 —t—t', ¢t € T, and let E;; denote the matrix whose jj entry is one and
all other zero. These definitions allow us to write

Pn = Tn(O') _E11~

Now, denote D, (a) := det T,,(a) where a(t) = ag+ait+a_1t~* (t € T) is the symbol of a
tridiagonal Toeplitz matrix. We state the following two theorems from [5] for convenience.

Theorem 4.2.1. The eigenvalues of T,,(a) are

T

)\' - 21/ _ = ]_ .
J ap + 410, COS n-+1 (] ) 7”)7
and an eigenvector for \; is x; = (acgj), . ,IEg))T with
k .
0 _ ([ g FTL oy
Xy < a1> sin == ( yeeey ).

Theorem 4.2.2. Let ¢; and ¢o be the zeros of the polynomial ¢* — agq + ara—_;. Then

qn+1 o qn+1
Dp(a) = 22— 7 — Q1 if @ # g,

Dy(a) = (n+1)q" if q=q=q.

From now on we are only concerned with our particular symbol o(t) and we define
D,()\) :== D,(c — \). Let ¢; and ¢ be the zeros of the polynomial ¢* — (2 — X)g + 1, that
is,

2-MN+(2-N)?2-4
q1 = )

2
(2=X)—/(2=A)2—-14
5 .

g2 =

From the previous theorem we deduce that if ¢; # ¢o, then

n+l _  n+l
D =R =

We now prove a lemma which will provide necessary and sufficient conditions for a
real number A to be an eigenvalue of T),(c) plus an impurity.

Lemma 4.2.3. Let v € R. A number A € R is an eigenvalue of T,,(c) + vEj; if and only

if
24v—=X)D;_1(AN)Dy—;(A) = Dj—2(AN)Dp—j(A) — D;—1(A)Dy—j—1(X) = 0.
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Proof.

det[T,, (o — A) +vEj;]
[ 2—-X -1

= det —1 2\ —1 )

.. -1
-1 2—-A

—(2 40— A\ det Ty (o — A)det Ty_;(o — A)
—detTj_o(c — N)detT,,_j(c — A) —detTj_1(c — A\)detT,,_j_1(c — A)
=240 = A)D;1(A) Dn—j(A) = Dja(A) Dnj(A) = Dj—1(A) Dn—j1(A).

O

The following proposition will give the general formulas for the singular vectors of
T, (o) plus an impurity. In the special case of P,, we will be able to simplify the formulas
further, and find the eigenvectors in terms of its associated eigenvalues.

Proposition 4.2.4. Let v € R and let A € R\{0,4} be an eigenvalue of the matriz
T.(0) +vE;;. Then an eigenvector for A is given by

= (U1, Wy, njy . 1),

where

n—j+1 _ n—j+l |k
Vp = Dy j(A)Dy-1(A) = &2 il 9 — &

J J ok k
@G99 4

g D._ )\ D . )\ _

Pk i—1(A) Dy—1(A) P———

(2_)\):& (2—)\)2_4

qi/2 = 5 .

(1<k<j),

Proof. We must verify that

[T(0 — Nz +vEjx], =0 (4.5)
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for 1 <k <n.Ifke{2...,n}, then the left-hand side of equation (4.5) is

— ¢k_1 + (2 - A)¢k - ¢k+1
= — Dy_;(N)[Dy—a(N) — (2 = N)Dg_1(A) + Dy(N)]

=—Dnj(N) [q2 P e ]
42 — q1 42 — ¢ 42 — 1
Dy j(N) o _
- F](ql)[cé“ P = 2N (B —ah) + T — ]
D, (\). . _
T ?](ql)[qfi Mg — 2= Na+1) =g (g — 2= N +1)]
Dy (N, _
a2 —q1

=0.

The zeros in the second last equation follow from the fact that ¢; and ¢, are the roots of
the polynomial ¢* — (2 — X\)g + 1. The case k = 1 is proved with a similar calculation. If
k=j+1,1€{l,...,n—j— 1} then the left-hand side of (4.5) is

= Tjri1 + (2= N)Tj — Tjn
== Pn—j-i42 + (2 - )‘)(Pn—j—l-i-l — Pn—j-1
== Dj1(M)Dnjir1(A) = (2= A)Dj1 (M) Dpjmi(A) + D1 (A) Dnji—1(A)

D;_ n—j— n—j— n—j— n—j— n—j— n—j—
=— q2+;1[(% R A B O R Y (7 A ISl (A A |
D1 [ pejoi, o n—j—l, 2
= H[(b (3 —2-Ng+1)—q (@7 — 2=Nq +1)]

= 0.

For k = n, a similar argument is used. We are left with £ = j, and again, the left-hand
side of (4.5) is

1 (2= N~y
== Dnj(A)Dj2(A) + (240 = A) Dy (M) Dj—1(A) = Dnj1 (M) Dj-1(A)
— 0,

by Lemma 4.2.3. O

Proof of Theorem 4.1.1 Applying the GerSgorin disc theorem (see [18], p.344) to P,,
we see that 0 < A < 4 and this implies that ¢; and ¢, are complex numbers where only
the sign of the complex part differs. Therefore, |¢1| = |g2| = 1 via a direct computation,
and

g1 =cosf +isinf g, =cosf —isind,
with A = 2 — 2cos@. Clearly,

q¥ = cosk +isinkd, q¢b = coskf —isink6,
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which implies that ¢5 — ¢f = —2isin k6. In this case, since j = 1,

_qy —qy  sinnf

YU —q sind

E_ k .
_ % a _ Sinko 1<k<n-1)
G2 — 1 sin 6

Pk

and hence we have the eigenvector
x = [sinnd,sin(n — 1)0,...,sind]".

We now have the eigenvalue, A\, and the eigenvector, z, in terms of the angle §. We can
then solve for 6 by writing

sin nb sin nd
sin(n — 1)0 sin(n — 1)0
P, ) = (2 —2cosf) )
sin 6 sin 6

The first coordinate gives sinnf — sin(n — 1)0 = (2 — 2cos ) sinnf. Using the fact that
sin(n — 1)0 = — cos nf sin 6 + sinnf cos f, we see that

0 0
cosnfsinf = sinnf(1 — cos ) = sinnb (1 — cos (2§)> = sinnd (2 sin? 5) :

Division by sin nf gives

in 6 2¢inZcos?  cos? o cos(Z -2 0
tannf = S{nzaz = = (i ; :tan(z——)
2sin” g 2sin” 5 sin 5 sm(§ -5 2 2
Therefore,
T 0
n9:§—§+m7r, (me{0,1,....,n—1})
and hence o+ 1
i = n , and A =2 —2cosb,,,
2n + 1

where m € {0,1,...,n—1}.

Remark 4.2.5.

By definition, P, = 7§, To». An analogous proof as for Theorem 4.1.1 will also yield
the "right’ singular vectors of Tp ., i.e., the eigenvectors of Ty, 75 ,,. In fact, the entries of
the right singular vectors will be the same as for the left singular vectors, except that they
will appear in reverse order. This follows from applying Proposition 4.2.4 with j = n,
instead of 7 =1 as in the proof of Theorem 4.1.1.
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4.3 A peculiar permutation phenomenon

When computing the singular value decomposition of Tn(é), one sees that for certain
values of n, the absolute values of the entries of the singular vectors are all permutations
of the same n numbers. For example, if we take ¢ = 1, and Tn(é) = UDV*, then for
n = 3,4,5, 6 respectively,

—0.737 0.591  0.328
U3 =1 —0.591 —-0.328 —0.737 |,
—0.328 —0.737 0.591

—-0.657 —0.577 —0.429 —-0.228
—0.577 0 0.577  0.577
—0.429 0.577  0.228 —0.657 |’
—0.228 0.577 —0.657 0.429

Uy =

0.597 0549 0.456 0.326  0.170
0.549 0.170 —-0.326 —0.597 —0.456

Us =] 0456 -0.326 —0.549 0.170 0.597 |,
0.326 —0.597 0.170  0.456 —0.549
0.170 —0.456 0.597 —0.549 0.326

and

[ 0.551 —0.519 —0.457 —0.368 —0.258 —0.133 ]
0.519 —-0.258 0.133  0.457 0551  0.368
0.457 0.133 0551  0.258 —0.368 —0.519
0.368 0.457  0.258 —0.519 —0.133 0.551
0.258 0.551 —0.368 —0.133 0.519 —0.457

| 0.133 0.368 —0.519 0.551 —0.457 0.258

Us =

For n = 3,5, 6, we see that the mentioned phenomenon occurs, but not for n = 4. Notice
that for the case n = 4, a zero entry can be found in the third column vector.

As mentioned in the introduction, we will not need to study the singular vectors of
T, n(é) directly. We will show here that 7j,, has exactly the same singular vectors.

To see this, let T, = UDV™* be a singular value decomposition (SVD). Then it follows
that (T;,)* = UD™'V* and consequently,

Tn(é) — U(D + f(n)D"Y)V*

and
Ty = U(D + f) D70

cn

A direct calculation shows that the column vectors of U are eigenvectors of T, (£)[T,,(Z)]*

cn

with associated eigenvalues the entries of (D + f(n)D~!)2. From the previous section we
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have an exact description of the entries of these singular vectors. To understand their
behaviour, we must take a detour to basic abstract algebra.

Consider the set S := {e¥ : 0, = 525, 0 < p < 4n+ 1} of complex numbers. This
set equipped with regular multiplication forms a group of 4n + 2 elements. If we define
the function ¢(e?) = [p] between the group S and Zy, 2, we see that S is isomorphic to
Z4TL+2'

Since the sines of # and 7w + 0 differ only by sign, and since we are interested in the
absolute values of the sines, let us identify the angles § and 7w + 6. In the group Z4,. o,
this amounts to taking the quotient group with respect to the subgroup {0,2n + 1}. If
we define the function ¢({[a], [a + 2n + 1]}) = [a] between Zy,12/{0,2n + 1} and Zoy 41,
we see that Zy,.2/{0,2n + 1} is isomorphic to Zg, .

In the previous section, we derived the formulas for the entries of the singular vectors
of T,(%), i.e., Ty, = [sin by, ..., sin6,]". We see from experiments in Matlab that the
permutation phenomenon fails when one of the singular vectors contains a zero entry, i.e.,
when the sine of [0y, for some 0 < k < n —1, is a multiple of 7. That happens if and only
if (2k + 1)l is a multiple of 2n + 1. In other words,

Proposition 4.3.1. Let n be given, and let 6, = %m Then there is an | such that

sin(l0y) = 0 if and only if 2k + 1 is a divisor of zero in Zopyq.

It is now clear why for n = 3 there are no zero entries in Uz (Z7 has no divisors of
zero), but for Uy we do (Zgy has zero divisor 3).

From now on we assume that 2k + 1 is not a divisor of zero in Z,, ;. Consider the set
A, ={2k+ 1)l |1=1,2,--- ,n}. Suppose that for some [; > l; we have

(2k+ 1)l = (2k+ 1)l mod (2n+ 1).

Then (2k+1)(l; —l3) =0 mod (2n+1), and this is a contradiction with 2k 4 1 not being
a divisor of zero in Zs,, 1. So, modulo 2n + 1, the set A contains n different elements.
This means that the corresponding set of angles, %lﬂ', are also distinct. However, we
have to show that taking the sine of these angles will still result in n distinct real values.
Therefore, we have to check when the sine function maps different arguments to the same
value up to a sign change. We have already taken care of the case {6,6 + 7}, via the
isomorphism with Zy, 1, and what remains are the cases {0, —6} and {m — 0,7 + 6}.

With the number (2k + 1)l in Zy, 1 corresponds the angle

(2k + 1)1

S e

Then —#6); (which gives the same absolute value for the sine as 6j,;) corresponds to
—(2k + 1)l mod 2n + 1. Suppose that

(2k+1)l; = —(2k+ 1)l mod (2n +1).

for some 5 and l5. Then (2k + 1)(l; +13) =0 mod 2n+ 1, and [; = —ly mod 2n + 1,
as 2k + 1 is not a divisor of zero by assumption. Since ly,ls € {1,...,n}, we have a
contradiction.
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Turning to the case {m —0, 7 +60}, we have that [2n+1—(2k+1)l] € Za,+1 corresponds

v 20 +1— (2k + 1)]]

2n+1
and similarly, 7 + 6 is related to [2n + 1 + (2k + 1)I] mod 2n + 1. Assuming that

W—ek,l =

)

2n+1—2k+ 1)L =2n+1+ (2k+ 1)l mod (2n+ 1)

for some [; and [y, we apply the same argument as before to arrive at a contradiction.
What we have shown up to now is that for each fixed k, the n real numbers | sin %lﬂ
(1 <1 < n) are distinct. However, we want to show that these n real numbers are the

same set for every k. The following proposition will aid in establishing this fact.

Proposition 4.3.2. Suppose 2k + 1 s not a divisor of zero in Zso,.1. Then the set
A, ={2k+ 1l |1 =1,2,...,n} contains exactly one element of every pair of the form
{m,(2n+ 1) —m}, where 1 <m < n.

Proof. Suppose that for some m and some ly,l; € {1,2,...,n}, we have

(2k+ 1)l =m mod (2n + 1),
2k+ 1)l =(2n+1) —m) mod (2n +1).

Then
2k+1)(lLh+6k)=02n+1) mod (2n+1)=0 mod (2n+ 1),

which again contradicts the fact that 2k + 1 is not a divisor of zero, unless l; + I = 0
mod (2n + 1). However, since 2 < [y + [y < 2n, this is impossible. OThis proposition
tells us that the angles gi—ﬁlw (for any k), corresponding to (2k + 1)l € Za, 41, can only
take on one of 2n values since that is the number of elements in {m, (2n+ 1) —m}, where
1 < m < n. If we consider the absolute value of the sine with the angle corresponding to
the elements m, (2n + 1) — m € Zg,+1, we have

2n+1—m

sin ———
2n+1

m
T
2n+1

)

sin(m —

i

sin T
2n+1

‘ ! ¥

and hence we see that there is in fact only n values that |sin %lﬂ with0<k<n-1
and 1 <[ < n can achieve.

Corollary 4.3.3. If 2k + 1 is not a divisor of zero in Zo,.1, then the entries in the k-th
column of U are a permutation of the numbers

sin =7

2t l:172>"'ana

S sin m
j=1 S 573 T

up to some Signs.
In the case that 2n+1 is prime, there are no divisors of zero in Zon+1, and all columns
of U display this phenomenon.

If 2n + 1 is not prime, there will always be odd integer zero divisors since 2n + 1 is
odd. Now, {2k+ 1|0 < k <n — 1} accounts for all the odd elements of Zy, 1 and thus,
when 2n + 1 is not prime, there will always be a zero entry in at least one of the singular
vectors of T, (fn)-
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4.4 Computing 7,'(1), K, ' and det(K;")
In this section we apply our main result to calculate the inverses of Tn(%) and K, and
the determinants of K*'. We note that it is possible to explicitly calculate these inverses
via the Gohberg-Semencul formulas as well, and these results are given in the Appendix
of this chapter.

Remember that

2+L -1 0 0
1+4L 14+ -1 0
: 1
K, = m : (4.6)
: —1 0
: : -1
1+ L 1 B i

where m = [cn], for some constant ¢ as defined in the previous chapter.

Let Ty, = UDV* be a SVD. As calculated before, T,,(&) = U(D + f,D™')V*, and
hence, T, *(+) = U(D + =D~')~'V*. Now we know U, D and V from Theorem 4.1.1
and Remark 4.2.5, and therefore

1
T, (—
)
r . . 7 [enAi+1 7 -1 . .
wysinnf; ... w,sinnd, s uysinf; ... wuysinnb;
uysinf; ... wu,sinf, c:n’\—";“l Upsinb, ... wu,sinnf,
[uy sinnb, ... w,sinnd,] _% 1 [upsing;, ... wysinné,
uysind; ... wu,siné, envAn |y, sinf, ... u,sinnd,
L 4 L cnp+1-
1 1,...,n) are the normalization constants and /); are the

where U; = \/W, (’l =

singular values of T,
To calculate K-!, we need a special expression for it. Proposition 3.2.2 and the

n

paragraph following it shows that
K.t = B2 (AL + (A7) (4.7)

where E, = Z?ﬂ(i +wj)eje; (wy = 1, all other w; = 0) and A, = TOVHE;”?.

Since B, /* is diagonal and easily computible, we consider A, + (A, 1)* and decompose
it as follows:

A+ (AN = Ty B2 + (T ) EL?
= (To)" Ty TonE? + EV?)
= (TO_,é)*(Tg,nTom + En)Er:l/z'
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Notice that

Ty Tom + By = - . (4.8)

. -1
i -1 2+ 21
We know this matrix is positive definite and since we know all its eigenvalues and eigen-
vectors (Theorem 4.2.1), we can decompose it via the SVD, say 15, Ty, + E, = WEXW*.
In this case, the columns of W are the eigenvectors of A, + (A ')* with corresponding
eigenvalues the entries of 3. Consequently,

K—l
=E, " A(Wsw*)™!
=E, " PWLTtwr

n 3 s 3 ™
e wysin A ... ... wypsin oty
Vven : :
Cn 3 nm 3 nmTn
i vV wysin 5 ... ... wysin 7R
r 1 s -1 : s : nmw
2—i-cn—i-2cosn+1 wysin A5 .. L wisin s
1 ™ : ™ s NN
L 2—|—m+2czosn+1 wysin o L. L. Wy sIn
r em in T in AN
T wy sin 75 Wy, SN 2%

ven | [wg sin w,, sin 222

nmw
n+1

L n+1
M 2en(1+4cos ) +1 . .
+1 s nmw
- w1 S11 PR R w1 SN el
)
2cn(14-cos 1) +1 S (V0 ;. nan
I o T (e s

where w; =

—21 __(i=1,...,n) are the normalization constants.
J n+1

From the previous paragraph’s expression for K !, and using Theorem 4.2.2; it follows
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that

det K,, = det(TO_’nl)* det(T5,, To.n + En)

1 2+ -1 T
1 1 -1 2+21 -1
=det |: det
: . -
1. 1] i -1 2+ 1]
2+ L -1 ]
-1 2++1 -1
= det
-1
i -1 2+ X
:(]g—H—(]?—H
92 — q1

for n large enough and where ¢; and ¢ are the roots of the equation ¢* — (2 + %)q + 1.

: -1 _ _1
Obviously, det K" = 357

4.4.1 Computing HTn(%)_lH

Another consequence of having explicit formulas for the singular values of T ,,, is that it
enables us to exactly determine ||T,,(1)7!||. We will present a simple algorithm that will
produce || T,,(£)7!|| for any n.

Similar to the previous chapter, we have the following equation relating the eigenvalues

of (X, 1)(X,;1)* (or singular values of X !) to the eigenvalues of T*T}, (or singular values
of TO,n):
NG = e (4.9
N R |
where hnl(x) =1 fnim)g which has a maximum at x = f,,. In this particular case, we have

T, =Ton, fn=1/nand X, = Tn(%) Thus we see that HTn(%)H will be realized for the
singular value of Ty, that is the ‘closest’ to 1/4/n. Since hnlx is not symmetric around
its maximum, the closest singular values of Tj,, to the left and right of the maximum has
to be tested. To be precise,

1

1
) = :

n ol (0)2)

17

where o'® is the singular value that maximizes the function h;(x)

Recall from Theorem 4.1.1 that the singular values of Tj ,, are given by

Om =2 —2cosb,,
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where
2m +1

2n+1
We want to find j such that o is close to 1/y/n. To do this, we rewrite o;:

Jm, 0<m<n-—1.

m:(

0.
0]2- =2—2cosb; = 4sin25J,

via a trigonometric identity. This implies that we want to find 7 such that

Since we are looking at small values of sin, we can attempt to approximate sin % with %.
In other words, we are trying to find j such that

Q.

0, 1

2 7 2yn
is satisfied. We have an explicit expression for 6; and hence

0 _ 2j +1 . 1 S o2n+l 1
T \om+1

N Y= )R ——= — =.
Vn J 2ny/n 2

We now have a very simple way to determine which singular value will produce the norm
of Tn(%)_l, but we still have to show that the approximation of sin % by % that we used
are good enough so as not to provide us with the wrong integer j. To do this we will
bound their difference.

We know

x> xd al

smx:x—g—i-a—ﬁ—i—....
Since we are looking at values of sin % close to 1/24/n, we can assume that % < 1 which
implies that

0;\3
00 (3)
sm—= > — — —/——
2 2 3!
and thus our error,
0, .60 (3P @ . .
5 Tsing < o= 4—% (similar for j + 1)
Remember that we have an expression for the choice of j, j & ;’:j}% — 1. We can insert this
expression into the upper bound for our error. Actually we will use g;‘j;% instead, since j

is an integer that can be rounded up by at most 1/2. Now, forn > 2, j+1 < 22::;717 +1,
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implying that

48

_[2n+143mvn]’ 1
[ Vn(2n+1) ] 48

2n+1 3
03, - 205+ 1) +1
48 2n +1

2+ 14377 1 3
n NS T
—_— | — 24 —+3—| <770
2yn+ = | 48 ( ot \/ﬁ>
- 770 1
48 (2vn + 1)
770 1
48 [\/LE(Qn + 1P
770 1 2 1)
1 [@etl]
48 (2n+1)(2n+1)% n\/n
nyn
- 770 1 T
48-82n+1 2n+1
This error bound is significant since 9]; L — % = 3,57 VJ, and we have just shown that
0j+1 o 6j+1 m

y T SO T

This leads to the inequality
2 2 2
Let us assume that we calculated j such that
0 1 0;
]Tl <3 w s EJ
Now there are two possibilities. Either
01 1 0,

sin — < —— <Sll'1—

2 " 2n

9 9J+1

sin = < —= < sin ——
2\/_
since 3 < sin 4= 9]“ < ejT“. Therefore, we have to test the singular values of Ty, corre-
sponding to ] 1 j and j + 1 in equation 4.9 to find ||T,,(2)~!|. We note that it might

happen that 71 =3 \F’ but this situation does not produce more singular values to test.

or
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4.4.2 Computing HTn(%)H

In the previous chapter, section 3.6, we saw that for n large enough, ||T,,(+)]| is determined
by the maximum singular value o; (for which we have explicit formulas) of the generator
matrix Ty ,,. We can calculate ||7,,(2)|| by inserting oy into the equation g,(z) = z+1/nz,
since if Ty, = UDV* is a SVD, it follows that T,,(2) = U(D + =D~")V* where D is the
matrix consisting of the singular values of Tj,,. Then, to compute ||T,,(+)|| practically, we
just need to find the n from which ||7,,(2)|| is determined by o7.

In the previous subsection, we showed that the singular values of Tj,, can be written
as o; = QSin(%), where 0; = %W and 0 < 7 < n — 1. Recall from section 3.6, that
the derivative of g, is 1 — fnx%, and is monotone decreasing on the interval (0,+/f,], and
monotone increasing on [/f,,00). It follows that || X,|| attains its maximum value at
either the minimum, or maximum singular value of T;,,. Therefore, we have to show that

gn(0n) < gn(oy) for all n:

9n(01) = gnlon)

. 01 1 . a. 1
~200(3) + gy 2 (3) * ey
sin 5 + o sm(%) sin + >

_dn sin®(%) sin(%) + sin(%) — 4nsin(%) sin*(%) — sin(%)

2n sin(%) sin(%:)

_ dnsin(g) sin(%e)[sin(%) — sin(%)] — [sin(%) — sin(%)]

Certainly sin(%-) —sin(%) > 0, which implies that we only need to prove that
. g1 . On
4 — —)>1
nsin( 5 ) sin( 5 )
or .
. 01 . On
— ) > —.
sin( 5 ) sin( 5 ) n
Notice that 1
sin(%) Sin(%) > 3 Sin(%)
for all all n > 2 and then we check if
On 1
—_—) > —.
sin(5) > 5,
We know that sinx > =z — g—? and thus,
1 SO
On On >
W) T2 "6
o 3 1
S dn+2  6(4n+2)3  2n
_nm—(2n+1) 3

n(4n +2) 6(4n + 2)3
>0
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for all n > 2. Hence,

1 o (2n—1 1
T, — || =2sin T+ — 1, n=>2
n 4dn + 2 2n sin (4Z+27T)

4.5 Appendix

4.5.1 Explicit formula for Tn(%)*1

In general explicit formulas for the inverse of a Toeplitz matrix may be found using the
Gohberg-Semencul formulas or variants of it, see [20]. Usually there are a few related
matrix-vector equations that have to be solved to find some vectors whose entries appear
in the inverted matrix, be it either the first and last column and the first and last row
of the inverse, or some other columns or rows. Fortunately, for the matrix 7,,(1/n)~! it
is possible to achieve an explicit expression for all n, although slightly complicated. We
shall rely on a particular variant of the Gohberg-Semencul formulas for this purpose.
Our main result for the inverse of 7,,(1/n) is the following.

Theorem. Let the numbers D; be defined recursively by Dy = 1,Dy = 2 + %, and

1
D; =2+ E)Dj_l —Dj_s. (4.10)
With these numbers, introduce the vector
o Dn - Dn—l
1
T 1 —=D,_
xr = ,1 - 1 " . ' ) (41]‘>
: (1 + _)Dn - anl :
Tpn—1 —%D1
and the vector
[ Yo | [ Dy1— Dps |
Y1 1 (14 2)(Dne1 — Do)
1 1
— |y | = —=(2+ +)Dp_s : 4.12
Y . (1+ 5D, - D, : (4.12)
| Yn—1] . -2+ )Dr
Then
i Yo 0 Tpn—-1 .- T T
1 Y1 Yo
Tn —) = tbn—j— 1'1'_71
(n> Ty {[I‘ Ln—j 1]1,370 + ) Tt
| Yn—1 -+ - Yo 0
[ T 0 Yn1 - Y1 |
T Xy : : .
_ }
Yn—1
L Tp—-1 -+ ... X 0 i

(4.13)
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Proof. Suppose that for a general square Toeplitz matrix 7T;, of size n x n, the following
equations are solvable:

T,x = eq T,y = eq,

where ¢; for 0 < ¢ < n — 1 is the unit vector with one in its i-th position. Then T,, is
invertible and its inverse is given by (4.13) (see [20]).

From the above equation it is clear that one needs to compute the vectors x and y
to arrive at an explicit formula for T,,(1/n)~t. We will first rewrite z = T,,(1/n) 'ey and
y = T,(1/n)"e; before solving them. Starting with x we have

1 1, 1
Tn(ﬁ) =Ton + ﬁ(To,ﬁ)

1
= (T(Sk,n)_l(T(inTOm + EI)

1 1
= x="T,(=)"teg = (Tg,, Tom + 1) ' T} €0
n : n ’
Define
1+1 1
- 1 _ 1
Ty T Tont~I=| 1 27w
’ n . -1
-1 2+1
and notice that 7¢,,e0 = €y — €.
Putting these together we arrive at
Tnx:eo—el — xzfgleo—fn_lel.

We now solve the equations Tnu = ¢g and Tnv = e; individually via Cramer’s rule.
First, a few more definitions. Let

24+ -1
3 1 _ 1.
D=detTy, Di=1, Dy=2+—, Dy=det| L1 *Tn ,
n PR |
-1 2+1
where D; is a square matrix of size j —1 x j — 1. Applying Cramer’s rule to uy we see
that

1 -1
2+ -1
0 2+ 4%
1Olt . n Qo | 1 241 D,
Uun = — de . _ T T = de n = —,
7D : 1 S . o D
- 1 —1 241
I -1 242 | "
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Similarly, we find that u; = D’b‘l and in general u; = D

=2
Now for v we have the following:
[0 -1 i r 1 7
1 241 . -1 2+1 -1
1 n
vozﬁdet 0o =1 . - = —1.det -1
. _1 _1
—1 241 i -1 2—}-%_
_anl
==
[1++ 0 ]
-1 1 -1
1 0 2+ 12 D,
= —det " =(1+—-)—
nEpee 1 105
.. .. —1
I -1 2+2 |

and in general we get that v; = (1 + %)% for 1 <7 <n—1. We can also determine D
in terms of the D;’s and it turns out that D = (14 1)D,, — D,_;.
Therefore we can write

x = Tn(%)_ eo = Tn_ ey — Tn_lel

[ D, Dy
_ 1 Dy 1 (14 3Dy
T (1+YHD, - D, -1+ 5D, - D, ;

| D (1+1)D,

[ D, — D,

1 _%anl
- (1+4D, - D, s
_%Dl

As for y, we have the following equation

1

1 1
Y = Tn(ﬁ)_lel = (T[inTO,n + EI)_lT(inel = (T(;k,nTom + EI)_l(el — 62).

Notice that we only have to solve the equation T,s = ey since the other has already
been solved during the calculation of x. Following the same procedure as before,
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Dn72
Sn =
7D
1 Dn—2
= (1 —
si=(1+ n) D
1 1 1
=—|(1+—-)24+ —-)D—o — D,,_
2= S(1+ )2+ )Das = Do
1 1 1 )
Sj:5[(1+5)(2+E)Dn—j_Dn—j]v 2<] <n-1
and
1
Y= Tn(_)i €1
= ~n_161 — Tn_ €9
D, Dy s
B 1 (1+ %)Dn—l (1+ %)Dn—2
~(+5Hp,-D, : T A4+ 3)@2+ ) Dp2 = Doy
(1+ %)D1
[ Dyi—Dno ]
1 (1 + %)(Dn—l - Dn—2)

—12+ 4D,
0

We now turn our attention to the D,’s since T,(1/n)~! is now completely defined in
terms of them.

Proposition. Introduce

nel+d+bfivE ol -h/ir

rpg—2—1 241
by =22 fy = Zh

—p2 ) 2_ .
1—r} r5—1

Then _ 4
Dj = klr{ + kQ?”%. (414)

Proof. Recall that D; = (2+ %)Dj_l — Dj_5. The corresponding generating function for
this relation is f(t) = ¢* — (2 + 1)t + 1, and consequently,

Dj = kﬂ"{ + kQTé,

where r; and 7o are the roots of the generating polynomial and k; and ko constants to be
determined by using D; and D, in the expression for D;. The proposition now follows in
a straightforward way. a
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4.5.2 Explicit formula for K !
Moving on to K, !, we have the following theorem.

Theorem. For K, = T,(+) 4 éoeq we have

1 R
K1l1=T,(=)"1- D, 4.15
(n) (1+2)Dy, — Dyt ((2+ 2)Dy, — Dyyy) (4.15)
where
D,
~ Dn—l
D - . [Dn - Dn—l c D2 - D1 Dl]

D,

Proof. We have from K, = T,(%) + éyep, using the Morrison-Woodbury formula that

Kfl — T (l>71 . Tn(%) 6 60T ( )
"‘n 1+ QST"(E) Le,

For the second term on the right, we just need to calculate T,,(2)~'éy, efT,(+) ™" and
the denominator 1 + eSTn(%)*léo, and then K ! is also explicitly known in terms of the
above Dj’s.

We start by computing Tn(%) . Observe that T, ( Jeg = €o+ = eo So, Tn(%)_léo =
n(eo — Tn(x) eo) = nleg — x). NOW

1 Dn - Dn—l Dn
0 1 —+Dny 1 1 |Dn
€) — T = . — .
1+ 1D, - Dy : T+ 9D, —Dpan|
0 ~1p, D,

Next, we compute

1
1+€8T( ) 60—1+n(1—130)

D Dnl
=14+n(|1-
(1+1 “)Dp — Dy

_H”((H );D Do 1> -

 (1+3)D,-Dn,
(2+ )D — D,

(1+ )D — D,

Finally, we compute ejT;, ( )~L. A little rearrangement shows that
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1 1 1 .
eaTn(E)_l = GSTOJ’L(TO,HT(;:H + E_[)_l = GS(T(),nTS’n + ﬁ])_l = €8Tn_1,

where

N 1 _ 1
= TonTin+~T= | & 27w
’ n

. 1
1
-1 1+1
If we let w* = €T, (1/n) "L, then w*T, = ¢f = Thw = ey. Applying Cramer’s rule
once again, we notice that we do not have our determinants in terms of the D;’s. Rather,
we have them in terms of

2+1 -1
— 1
.. -1
-1 141
having size j — 1 x j — 1. However, if we compute Dj by expanding the determinant along
the last row, we find that

- 1
Dj =1+ ~)Dj-1 = Dj—2 = Dj = Dj,
and finally
1

1
‘%Tn(ﬁ)_l =w" = Dn - Dn—l C D2 — D1 D1 j| .

(14+ 4D, — D,y |

Taking everything together, we obtain

1 1+ YD, - D,
K—l — Tn —\1 n - * __

1 n

S —2)[D,—- D,y -+ Dy—D; D
LTRSSy 1 2= D D
1 n 1 1.

= Tn — _Da
(n) (2+ %)Dn — D, (1+ %)Dn — D, 1n

which finally is equal to (4.15). O
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4.5.3 The characteristic polynomial of P,

In our investigation into the permutation phenomenon of the previous chapter, we anal-
ysed the characteristic polynomial of P,, since this might have lead to a better under-
standing of its eigenvalues, and hence, the singular values of T} ,,. This approach did not
help much, except that this polynomial has an elegant formula which we found for any n.

Since P, = Ty, (Th,)* is a tridiagonal matrix, we can find a recurrence relation in n
for the determinant of P, — AI. Indeed, denote the characteristic polynomial of P, — A\
by C,(A\) and let Cy(A) = 1. Then,

Ci(A) = (2= A)Cj1(A) = Cj2(N), (4.16)

We can also denote
n

Co(N) =) amA.

k=0

Then from (4.16) we have the following recursion relation between the coefficients a,:
Apk = 20p_1k — Qp_2k — Qp_1k—1- (417>

Listing the first few polynomials we have

Ci(\) =1-—

Cy(N) = 1—3A+)\2

C3(A\) =1 —6X+5)2 — A3
Cy(A) =1 — 10X + 152 — 703 + A\

Comparing the coefficients with the numbers in Pascal’s triangle, we are tempted to
conjecture that the following holds:

Proposition. For all n,

i = (—1)* (n;}—gk) , k=0,1,2,...,n, (4.18)

and hence

Co(n) = (1) (”2‘;"“) A, (4.19)

k=0

Proof. The proof is by induction on n. We shall use several times the well-known rule
for the construction of Pascal’s triangle: for all n and £k =0,1,...,n we have

(1) = ()= (13, o

where n represents the number of the row (counting from zero), and k the k-th entrie
from the left or right, counting from zero. The basis for the induction is checking that
(4.18) is true for n = 0 and n = 1. For n = 0 the only option is £ = 0 and agy = 1 indeed.
For n = 1 we have to check £k = 0 and k = 1: for £k = 0 we obtain a;¢9 = 1, for £k = 1 we
obtain a;; = —1 for (4.18), which fits with C;(A\) =1 — A.
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For the induction step, fix k. The right hand side of (4.18) becomes, assuming that
the result is correct for 7 — 1 and j — 2:

i n+k—1 n+k—2 n+k—2 -
(=1) {2< 2% )‘( o )T\ 2k-2 )f~
k) (ntEk—1 n+k—-1\ (n+k-—2 n+k—2
=(=1) {( 2k )+( 2k o )T\ 2k-2 )
Applying (4.20) to the second and third term we see that this is equal to
k) (ntk—1 n+k—2 n+k—2
(=1) {( 2% )*(%-1 -2 )
Again applying (4.20), now to the last two terms, we see that this is equal to
ok (ntk—1 n+k—1
(1){< o% )*(%-1 ‘
Once more applying (4.20) we see that this is equal to
-0t (")

as desired. O
Now we use that A = 2 — 2 cos# = 4sin*(36), to translate the polynomials C,()) into

polynomials in sin(%G). We shall denote these trigonometric polynomials by @(9), thus

Co(0) =3 (-1)" (";;f) 4r sian(%Q). (4.21)

k=0
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