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Abstract

We carry out a preliminary group classification of the following family of non-linear

wave equations

v = f(uz)tas + 9(us) + .
We first reobtain the principal Lie algebra obtained by Ibragimov et al[3] and then
construct the equivalence Lie algebra. In order to partially classify this family of
wave equations, optimal systems of one-dimensional subalgebras of the equivalence
Lie algebra are constructed and in so doing, two distinct equations are obtained. We

furthermore determine some invariant solutions of these equations.
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Chapter 1

Lie ’s symmetry”algorithm .
invariant solutions and the method

of preliminary group classification

1.1 Introduction

A preliminary group classification of a second order partial differential equation which

is a non-linear wave equation

gt = f(%, Us)Ugg + 9(z, uz)

was done by Ibragimov, Torrisi and Valenti [3]. They obtained thirty three families of
equations. Each family needs further classification. In this pro ject we focus attention

on classification of one of those families: viz
Uy = f(uz)uzz +g(u:) + .

The challenge of classification of families of differential equations using symmetries is

an old topic. It dates back to the last century with Sophus Lie ’s theory (1842—1899).

Many outstanding researchers have done a great deal of work on various families

of differential equations, the results of which have been captured in several literary



works. In the classification problem the principal Lie algebra is extended using the

equivalence Lie algebra. For further information on this, see [3].

In chapter 1, we define one parameter group of transformations and point symmetries.
~ We also show by an example how to detefmine point symmetries. In the second
-chapter we determine the principal Lie algebra, the equivalence Lie algebra and the
extensions of the principal Lie algebra by one generator. Thus we use the extension

results to obtain the preliminary group classification of the family
U = f(uz)ua:z E g(uz) +2.

In chapter 3, we construct some invariant solutions of the nonsimilar equations ob-

tained in chapter 2.

1.2 Symmetries

1.2.1 Point symmetries

Throughout this project, we will be using point symmetries. We now proceed to
define these symmetries. Let z € R™ and u(z) € R.
Definition 1.2.1: The collection G of transformations T, is called a local one-
parameter group if

VLT =Tww€G, 2Ty=I€G, 3)T,'=T,€G (L)

for a and b sufficiently small real numbers, where
T,: T = ¢'(z,u,a), T=19(z,u,0), (1.2)
depending on a real parameter a, such that
T |o=0=17', Tlazo=1u, (1.3)

wherei=1,...,n.



l=0’

u

: =0,
b = 0,

: =

¢ = 6o+ 26,
w =10,
e = M,

5? = "2’7=u+f:z»
M = M=

(1.13)

Equations (1.13) is a system of linear partial differential equations whose solution is

El
£2

1 1 1
(—‘s-kll'z - 5’6412 - Zklt + ks)u + ﬁ(t, :c),
%kltz + kot + k3,
lkll't + %szﬂ + k.;t + k5,

2
(1.14)

where k;,i = 1,...,6, are constants of integration and § is an arbitrary solution of

the heat equation. The Lie algebra admitted by (1.7) is therefore spanned by the

following opefators

X,

X2

X

Xs

_ 428 ‘E_ 2 9
= 4tzgt+4;tax (z +2t)uau,
= %5t
=9
= & ;
0]
= 2ta$—zu%,
-9
T o



To determine the Lie algebra elements, let us expand the functions ¢* and u in
Taylor series with respect to the parameter a in the neighbourhood of a = 0. For

each i =1,2,...,n and u we obtain the following approximations

T~ ' +af(z), Tu+an(s), (1.4)

fi(z) —= a‘pi(m, U, a)

0
da |a=01 7)(5‘:) = 1/)

N El— |a=0 . {15)

The vector (£'(z), ..., €*(2),n(z)) whose components are given by (1.5) is the tangent
vector to the curve, described by the transformed points (z7, ..., 3%, 7). This vector
defines a tangent vector field (Lie algebra) of the group G. This tangent vector field

is sometimes also written as a first-order differential operator

X = (o) +1(e) 2 (16)

and

z € R"

Now we wish to give an example of a one-parameter group of transformations with
its corresponding tangent vector field.

Example: For the group of rotations
T=xcosa+ysinag, F=ycosa—zsina
the infinitesimal transformation has the form
Ixzrc+ya, TRy-—z0

where o is a small real number. Its symbol is



1.3 Lie ’s algorithm for the calculation of symme-

tries of partial differential equation.

By way of example we wish to demonstrate the method of determining point sym-

metries,

Let us now consider the heat equation
u‘l““: Uzz, (17)
where subscripts denote differentiation. Let

X = £t,3,0) g + €,2,0) 2+ 1(t,2,)

r» B (1:8)

be a point symmetry of equation (1.7). Equation (1.7) admits X if and only if

Xz(ut = '"-z::) 'ug—u,,=0= 0, (1.9)
where
STINYIOY HVY DO
Thus (1.9) is equivalent to '
[€" = ¢ ue-une=0 = 0, (1.11)
where
¢ = Di(n)- ut_Di(§1) - uyD;(€%),
¢¥ = Di(¢) - upDi(€') — u;D(€D),
(1.12)

where D; is a total derivative.

Substituting (1.12) into (1.11) and equating the coefficients of the derivatives of u

and their products to zero , we obtain the following



2

|
o
~—~
“#
8B
S
|

(1.15)

where f is any solution of (1.7).
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Chapter 2

Preliminary groﬁp classification of

the equation

The focus is on the following non-linear wave equation:

Uy = f(ug)tsg + g(uz) + 7. (2.1)

In this chapter we determine the principal algebra, equivalence algebra and an ex-
tension of the principal algebra by one generator. The results will be the preliminary

classification of this family (2.1).

2.1 Principal algebra

We construct the Principal Lie algebra [, of the non-linear wave equation (2.1). The
principal Lie algebra was obtained by Ibragimov, Torrisi and Valenti [3]. We will

confirm their results by determining the principal algebra from scratch.

Let the operator

i}
X = (o, t0) o+ 7(o bu) o+ (e 1)

be an arbitrary element of the Principal Lie algebra of the wave equation (2.1). The

11



second prolongation of the operator X is given by:

=X+ (e +c‘a+c” +(" reu

Buu
where
¢' = Di(n) - wDi(r) — u,Di(€),
¢V = Dy(¢%) - upDi(r) — uzD(€),
(2.2)
and
D; is a total derivative. The invariance condition is given by
X2('“tt = f(uz)uze — g(ug) — z) |uu=fuu+y+z= 0.
We obtain the following determining equations:
(C“ = f'C®uze — g'¢* £) |(2.1)= 0.
Solving the system, one obtains the following results:
§€=2, T=c¢, 7= c1t2+cat+C4.
The basis of a four dimensional principal Lie algebra,
a a a .0 50
Xy= o, Xo=gn Xs=tg, K=l +7 5 (2.3)

This confirms what Ibragimov et ol obtained [3].

2.2. Equivalence algebra

Each family of the wave equation (2.1) can be written as a system of equations in

the (z,t, u, us, ug, f*, f?) space:

un=flug+ P4z, fi=fi=fi=ft-0 k=12 (2.4)

12



Where f! replaces f and f? replaces g. In this space f! and f? are regarded as
variables. We would like to determine the equivalence algebra of each family of
equations . Let an arbitrary equivalence algebra element of any system be given by

the generator

0 a ¢ 0
E= £—+T 5 g, T 3%
where
5 = f(x! tl u)! T = T(z) t! u)' 7’ =i n(zi t’ u)!
“k - ﬂ(mi tl U, Ug, ut,flt fz)
and k£ =1,2.

"We now introduce the following derivatives

a

+faafk utafk +-fzafk +fauafk +fa=ma k

for

a € {z,t,u,u)}.

The extension of the equivalence algebra element E, takes the form

0 a
ot .
"'Bf ’

a
t___ z zz 1]
E=E4( +C +¢ +§ + taf!;+ 3afk "afk

where (*, (" are as given above for
i,j € {z,t}
and
@4 = Da(p*) = f¥Da(r) = f£Dal£) - fEDa(n) - f5,Da((") ~ ££,Da(¢?)

where £ =1,2.

13



The invariance conditions for the system of equations (2.1) is given by

E‘('Vvtt - fluzz = f2 T JL') qu=f‘uu+f’+z= 0, E(fg) =0. (2-5)
We obtain
(€% — pluge — f1¢% - p? - £) |uu=!‘u==+f’+::= 0, (2.6)
and for each
E(f) =0

in (2.5) we have

for a € {z,t,u, u}.
From equation (2.6) we have
(l‘k)a =("a=0, ac€{z,t,u,u}
and k = 1,2 which implies that the u* are independent of =, ¢, u, u; and hence
BE= g, 1 1Y), k=1,2
Furthermore
(Cz)a =0,
yields
E=az+ou+p(t), t=r1(), n=cu+ci+glt), (2.8)
where ¢;, ¢, ¢3,, ¢4 are arbitrary constants.

From the above equations, we obtain

€ = (bs—2h)z + by,

T = bit+by,

N = byu+ bsx + bgt® + byt + bg,
pto= 2(bs - 2b)f%,

W = 2bg + (b — 2b,) 2

14



where b; are constants for j = 1,2,...,8,
For our specific equation (2.1)we will set f! = f and f2 = g.

The equivalence algebra is 8-dimensional and is spanned by

P N N I )
Gl - %7 G2—'§! G3_'—;s G4—tau, G5—tau+zag,
0 7] i} i) a
Gy = xa“; G7—$£+ua+g%+2f§,
a 7] 0 0
Gs = ‘29:5 +t§—4fﬁ-2g$- (2.10)

2.3 One-dimensional optimal systems.

We prolong the equivalence operators G; to the following operators:

e a
G.f =Gj+gzauz:
for j=1,2...,8.

Therefore the results are operators extended to the (z,t,u, ug, f, g)-space. We have

G; = Gjj=1,2..5,

- 7] a

Gy = 25; + a—uz',

ﬁ’f = GT)

ot a

Gy = Gg+ 2u,—.
Ou,

(2.11)

We form new operators by projecting each G; onto the (uj, f, g)-subspace of the
{z,t,u,us, f, g}-space.

We obtain:

=z
l

pr(Gs) =

i}
dg’
d

N, = :D"'gﬁ)‘a—

15



= a a
Ny = pr(Gy) = sz +95§’
= 0 0 0
N4 = pT(Gs) = -4fa = 2g5 + ZUIa—uz. (212)

Their non zero commutators are

[N2, No] = 2Ny, [Ny, N3] =Ny, [Ny, Ny) = =2,

For this 4-dimensional Lie algebra L4, we wish to determine the optimal system of

one-dimensional subalgebras.

2.4 The generators of adjoint algebra

The commutator table of the generators Ny, N3, N3 and Nj of the Lie algebra L, is:

SRR IR
M| 0| o |M|-2N
Nl o | o |oloam
N|-N| 0 |o] o
Ni| 2Ny | =2N, {0 | o0

Now we wish to construct generators of the adjoint algebra as follows
Ai=[N N]i 4,7 =1,2,3,4.
y ALY a JN:, g%

From our commutator table, we obtain the following adjoint algebra generators:

A = NlaiM—ZNlaiM,

P

A4 = “N‘aim’

Ay = 2N15% ZNQ%, (2.13)

16



In order to obtain the elements of the adjoint group G4 or the group of inner auto-

morphisms of the algebra Ly, we integrate the equations (2.13) and we obtain:

A+ NMi=N, N=N,, Ny=Na+N;,, Nyj=-2Nya; + Ny,
A M-N, N,=N;,, Ny=Ny, Ny=2Noap+N,,
Ay 0 NMi=MNai', N=N,, N;=N;, N, =N,
Ay 0 Ni=Ned, Nag® N;=N;, Ni=N,
(2.14)

where a,, a3, a3, a4 are non-zero constant parameters.

2.5 Matrix representation of adjoint operators

We construct matrix representation of all four inner automorphisms. The matrix

representation of the inner automorphism generated by A4, is

1 000
100
M(al) =
ag 010
22, 0 0 1

The matrix representation of the inner automorphism generated by A, is

1 0 00

0 1 00
M(a) =

0 0 10

0 205 0 1

Simirlarly A, yields

a;' 000

0 100
M(as) =

0 010

0 001

17



0 00

0 a;2 0 0
M(ag) = .

0 0 10

0 0 01

Now the product of matrix representation is given by
M = M(a1)M(a2)M(a5)M(ay), (2.15)
a3'al 0 00

0 ;2 00

ai03'a} 0 10

M=
—20103"a 203077 0 1
If we let N € L, be given by

N = BlNl =+ 82N2 + 83N3 + B4N4 (216)

then
€= Me,
where

e=(e',e? e’ ef)

defines an equivalence relation in L, and hence subdivides this algebra into equiva-

lence classes. The components of e mapped under M are

el = a7lale!,

e = a%?,

e = a05'ale! + ¢,

e = —2a7'ale! +2ala;%? + ¢, (2.17)

where 04,4 = 1,2, ..., 4, are as above,

18



From the system of equations (2.17), we have the following possibilities

1

s, 2
a3 a;=1,-1,

thus e! and e? are invariant.

From the system of equations (2.17) we consider

(e',e?) =0 or (e!,e?) #0.

Let us start with X
case 1

e! =0, e? = 0.

From the system of equations (2.17)we obtain

g = 0,

e = 0,

e = ¢,

e = ¢t

(2.18)
We now consider the following
subcase 1(a)
e #0, et #0

to obtain

g=(0,0,q,1), a=:—4#0.

We obtain from equation (2.17), the following

N? :Ns+aNj,a€R,a#0.

subcase 1(b)

19



we obtain

£=(0,0,0,1)
N%: N,
subcase 1(c)
e #0, =0
we obtain .
E= (g, 0,1,0),
therefore we obtain
N3N,

We consider

case 2

From equations (2.17) we obtain

m’ m| @
ool [ =

%

subcase 2(a)

We now let a4 = +1 to obtain

0, e*#0.
0,

a;%e?,

33,

20307 %% + ¢*.

(2.19)
e #0,et£0
= 0,
= e2,
= ea,
= 2a%®+¢'.
(2.20)

20



If 03 = — £ then e® =0, we obtain
€= (0,€%¢€%0)

Finally
E = (0, 1! a’ 0)’

3
where o = &, €? # 0. We now have
e )

N*:Ny+aNs,a€ R a#0.

subcase 2(b)

ed=0,e* £0.

If we let ay = +1, and let at = —2%, we obtain

el=0, =¢, &=0, =0
£=(0,1,0,0),
we obtain
N5 H Nz
subcase 2(c)
&40, el=0,

then the system of equations (2.17) becomes

o
i

0,
e = a7’
& = ¢,
et = 2dla;%

Let a4 = £1 and let a; = 1, we obtain

=0, &=¢, e=¢, €

21

(2.21)



We finally obtain

g=(0,€% %, 2¢?),
then
&
e=(0La2), a=3;.

NG:N3+C¥N3+2N4, a€R a#0.

Now consider the
subcase 2(d) i

we then let gy = +1, a, = £1.

Therefore we obtain:

g =(0,€%,0,2¢2),

we then obtain

£=(0,1,0,2).
N7 : Nz + 2N4
Let us now consider
subcase 3 _
e#0, =0
Equations (2.17) become
el = g7lale,
e = 0,

22



& = aa;'ale +¢°,
e = —20]'ale! +¢'.
(2.22)
Let us consider
subcase 3(a)
=0, e'#0,
and let aq = +1,
then we obtain
e = o,
e =0,
e = aazle,
e = 2a7'e! + €.
(2.23)

We now let a;%,a; = +1 and o = ﬁ‘;‘ﬁ"—' We obtain

g=(1,0+1,a)

NE: Ny £ N; + aNy.

Alternatively we can let a7 = & and obtain

+2(e!)

N :Ny+aN;, a= 0

Now , consider

subcase 3(b)
e#£0, et=0.

The system of equations (2.17) becomes

el = ojlale,

23



%

e = 0,

e

= aa3'ale! + €,

= —2;'ale".

n‘_l

(2.24)
If we let a3! = 1, we obtain
el =+ale!, &€=0, &= fai0f +€°, e = —2a7%ale!.

We now let a4 = %1, to obtain

el =+e', e2=0, e =zxael +¢5, o =F2lel.

el=xe!, =0, =0, el=7F ot ed £0.
We now obtain
. 2¢!
e=(:l:1,0,0,a),a-—:l:e—3.

subcase 3(c)

e#0, e'#0,

we obtain the same results of
N(lﬂ),

Finally we consider
case 4

e #£0, #0
Equations (2.17) reduces to

el = g;lale!,

24



-2,2

Rl
[

a;’e?,
& = ga;lel +¢°,
€' = —2a7'ale! + 2a2a;%? + €',
(2.25)
Let us first of all consider
subcase 4(a)
e #£0, et #0.
We now let as = £1 and a3 = £1,0; = £%.
We obtain
_ - _ . 1)2
el=te!, eZ=¢ S=0, = :l:2(:—3) + 2a3e® + ¢
There are two possibilities of a, i.e +1 Finally we have
2el)2
=0, i% +2¢% +¢f).
If we let .
¢ +E9 +2¢2 + et
we obtain
€= (+1,0,0,8), a PBERaB#O.
NGO £N, + aN, + AN,
Now we consider
subcase 4(b)
e =0, e'=0, toobtain
el = a;lale!,
e = aj’e,
e = a1a§'161,
ef = -2a7'ale! + 22207
(2.26)

25



If welet ag = £1, a3' = +1, we obtain
el=te!, ef=¢), & =iae!, e =+le! + 2a2e?.

Let a; =+1 and a2 = :{:f}.

We obtain

el=ze!, e=¢’, S=ze!, e=0).

]

g=(l,0%1,0), a= :—
We then obtain

NU2: £ NN, + N3, a € R,a # 0.

For the cases e’ = 0, e # 0, we obtain N2 and for the case e® # 0, e* =0,

we obtain N1V,

summary of the one-dimensional optimal system
The one-dimensional optimal system is formed by
Ny,

N3 + aNy,

N3,

Ny + aN;,

N,

N1 + N3 + aNy,

Ny + alNy + 2N,,

No + 2Ny,

N, + aNs,

10. *N; +aN;,

11. N +aN,+8N,,

12. £N;+aN, £ N;.

© P N o oAs W N e
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2.6 Extension of each principal algebra by one

We will show the procedure for finding f , g and Xj. for the first cases of subalgebras

and quote the results of the remaining subalgebras.

1. N,
i} a 7]
—Af B b Bl 27
4faf 2955 + Mo (2.27)
We obtain the characteristic equation:
of _Ous _ g
T T @)

We obtain
f=u*, g=u
after integrating the characteristic equation.
In order to find the extension X, we should recall from the eight-dimensional equiv-

alence algebra spanned by (2.10).
9 7}

d
Ny =pr(Gs) = -‘Ua = 2955 + ?u:%;, (2:29)
and
d 0 d 0
Gg = -2$E + tgt' o 4f§ = 2g% (230)

From Gy, we obtain the extension of the algebra

7] 7}
X5 = —225; + ta.
Substituting f and g in equation (2.1),we obtain
Ug = U Mg + Ut + T
Using the procedure above , we obtain for
2; Na + C!N;,

27



l—la 1-3a
f=u"", g=u"™

and

8 8 7}
e = (s Sl L L
5= ( 2a)$6x +¢1tt5 +u6u
Hence the equation corresponding to X5 will be

1=%a 1-2a

U = Uz ® Ugg + Us® + I
3. N yields no results , if we use the procedure mentioned above.
4, Ng + QN;;,
we obtain

f = e2au=’ g= eau,,

and
a i}
X5 = azy -+ (z+ au)a—u.
The equation thereof corresponding to the extesion will be:

Uy = €y, + €™ + 1.

5 N
f=C, g=0C,
and its extesion is:
a
-XS — z'a—dy

hence the equation
Uy = Cl‘ll-zz + Cg +z.

28



6. N+ N;+aN,
yields

1-32a
1-22 ug™ —2

T 1-2a '

and

_ 9 o8 ., .8
X5-(1—2a)x£+at-a—t+(t +u)a i

hence when substituting f and g in equation (2.1) we obtain

Tt lz3a
e W -2
Uy = Ug u,z+1—-w+a:.

7. - Ny +aN; +2N,.

We obtain the equation
Uy = (dug + 1)* upy + (du, + l)a';—" +2z,
and its corresponing
d a ]
Xs=(a- 4)15; + 2t§ +(z+ au)au.
8. Ny + 2N,

We obtain the equation
g = (dug + 1) gy + (dug +1) "+ 2

and its corresponding extension is

i} g 8
X5 = —41:6 +2t6t +:n u.
9. Ni+ah,
yields no results.
10. +N; +aN,.
The first possibility is given by
(i) M +aN,

29



The equation is given by

= 1 1
Upg = Ug g + (= — E)-{-z,
8 8 ,0
X5 = —2&I-B—E+at§+t éz

(@) - N +aN,.

The equation and its corresponding extension X5 wiil be

U = Ug um o + z,
8. 8 ,08
X5 = —2&:::5 +C!ta—t %

11.  Ni+aNlN; + N,

Uy = (2Buz + @) Puy, + l[1 - (2Buz + @)Y +1,

= —2,3::: = ﬂt + (2 + a:c)é%.
12. (i) Ny +aNy+ Ns.

We will consider the above possibility as the other three possibilities (ie -N+
aN;+N;, =Ny + Ny — Ny andNyoNp — Na) yield similar results. '

The equation for (7) is given by

Uy = e S ugy + e -2+,

)

Xy= —2;3:: +ﬂt— +(z+tz)6

We now check if the equations obtained in solving the subalgebras of the one-

dimensional optimal system admits their corresponding extensions Xj.

1. The one-dimensional optimal subalgebra 1, N; gave us the equation:
= =2 o
Uy = Uy Uz + U, T+ I,

and the extension:
(7] 7]
X5 = -2z 3_1‘ + tat—.
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We prolong X to second order and obtain

7] 7] i) a
X2 = —9p— = e e
5 2z p +t 5 + 2u, Fu, U a0,

using the prolongation formula (2.2).

X2 (vt — uz s —u;t — 7) = —2(ug — ult — 1) # 0.
Therefore
U = v tug +ult + 2,

does not admit

8 o
Ry=-9z 2 u3d
A kT
2.
l1-2a l=2a

a

Uy = Uz ® Ugy + Us® + .

and its extension Xj is

a i} 0
X5 =1- 2&)37% +ata +'Ll.'é;.

Prolonging X5, we obtain

0 a b3} 7}
2 = = = — —Dge—— + (1 -2 i
X2 =X;+ 2auzauz +(1 a)u,aut + (da — 1)u. Buns + (1 - 2@)uy "

1-3a 1-2a
Xi(uw — us® Ugp—ug™ —1x) #0.

Hence the extension of 2 is not admitted by its corresponding equation. 3. No results
4, We focus on N, + aNj.
We obtain

Uy = e2uu= Ugp + e%s +z,

and show that it admits

' 9 9
Xy = avs-+ (z +au)-£.
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The second prolongation is given by

0

a
X5—X5+ E:

0
du, Ou,

X3 (use — €™ ugy — €2 — 7) = afuy — Uy, — € — 1) = 0.

0
+ auy— au"w + auy
TT

This is case 2 in chapter 3..
5. Consider N; as the results of —N; has the same consequences as N; itself. We
obtained
Uy =Cluzs +Co+ 3
and the extension

Xs = Ia.

Prolonging X; to second order, we obtain
g

Ou  Bu,
X}(ug — Crugy ~ Ca — 2) = 0.

Xi=

6. Consider the equation

-t uz —2
Uy = Uz * Ugg + 1% +z

which has the extension

Xs = (1—2a)zai+at +(t’+u);.

1-2a

=2 ug?
Xg(un—uz" uu—h;- )7&0
Therefore X5 is not admitted by the corresponding equation.

7.
Uy = (dug + 1) Hug, + (dug +1)7 ‘iz,

with its corresponding

0 i}
(a 4):1: +2tat (x+au)£,
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has
- a a 6
X5 = X5 + (1 + 4“:) + (a 2)’“;— + (8 &)‘U:z; + (a 4)'U-u
Ou, Ay Oug
X2 (ug = (4up + 1)*Huge + (du, + 1)°T" +2) #0,
which implies X is not admitted by its corresponding equation. 8.

g = (4uz + 1) 2ugp + (du + 1)1+ 2

and its corresponding extension is

X5 = —4:!: 8 +2t§t+mau
We prolong X to second order and obtain
a 0 a
X5 X5 + (1 + 411.,;)—- = 2u¢a = Suzzaun o 414“5‘;

X3 (uee — (4ug + 1) 2upp — (du + 1) — 2) = —dfuy — (du, +1)7t —z] £0.

Of all the twelve cases of subalgebras in the summary of one-dimensional optimal
system it is only 4 and 5 which have equations admitting their corresponding ex-
tensions of the Principal Lie algebra. The two cases are taken further by using the

similar procedure used in this chapter to find their invariant solutions.
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Summary

Sub-algebra Equation

Ny Uy = Up g + U7 + T

Nz +aN, un=u;ﬁ"£u,z+ui%:—°+x

No results No results

Nz + aNj; Uy = €2y, + e 4 g

N, Uy = Citge + Ca+ 3 .
N1 £ N3 + Ny uu=uzl_"_h\u,,,+-:?%3+w .
Ny + aNs + 2N, up = (dug + 1) gy + (du, +1)57 + 3
N; + 2N, uy = (4uy + 1) 2ugy + (dug +1)7! '
No results. | No results I
Ny +aN, we =0+ (2 - L) 4o |
-N; + aN, w=u g+ (- - L)+

M +alN; + BNy | u = (2Buz + @) Pug, + 3[1 - (20us +0) ] + 2 .
Ny +aN2 + N, Uy = € ugg + e - 2 +2 ;
Equation X5 admits
Uy = ugPUg +ul + 2 -2z2 +t2 No
ut,:u;-"huu-i-u:—“’_ +z (1-20)sf +otd+ul No
No results Nao results No results
Uy = 2oy, + %%z 4 g azf + (z+au) Yes
uy = Citte; + Cs + z i Yes
Uy = uy® Ugg + B2 + 3 (1-20)z2 +atd + (2 +u)d No
ug = (dug + 1)“‘4u,, +(du, +1) +z (@-4zl+2Z+(z+ou) No
Uy = (4uz + 1) 2ugs + (du, + 1)1 + 2 ~dzZ + 22 +z8u No
No results No results No result:
U = U + (2 - ) 42 20z +atd + 22 No
up = 47l + (- — 1) 42 2ozl +atl -*L No
up = (2Buz + @) Puge + (1 - (2Puc + )7+ 2 | 26z +BtE + (* +an)E No
U = e Uy, + [ — 2tz ~28zE +ptE+ (z +t)E No
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Chapter 3

Some invariant solutions

3.1 Solutions of case 1.

In this chapter we determine the invariant solutions of the two distinct waves obtained

from chapter 2. Let us focus attention on case 1 which has the equation:
Uy = Qg +Co + 2 (3.1)

Consider equation (3.1). It admits a five dimensional Lie algebra Ls, which is gen-

erated by

=2
-

X3 = ti, X4 = 22 + tzi X5 = .'L‘—a— (32)
Ou z

% o ou' Ou

i}
X2_El

The commutator table is given by:
LI X Xo | Xs| Xo | Xs
Xi| 0 0 0 0 0
Xa| 0 0 [Xi| 2X; | 0
Xs| 0| -X; | 0 0 0
0
0

X, -2X31 0 0 |[2X,
X5 0 J10¢}-2X;] 0

We now determine the generators of the adjoint algebra. The generators of the
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adjoint algebra are:

A =0,

A, = Xl-ai&wxa%.

4; = 'Xlaixg’

P B S

i = -2x1--£{—4. (3.3)

These generators provides the following adjoint-group elements :

A X=X, X=X, X=X, X=X, X=X,

A X=X, X=X, Xi=Xi+Xs, Xi=Xiad+2Xsa+X, Xs=Xs
Ag X=X, X, = —Xi03+ Xa, Xi=Xs, Xi=X, X5 = X5,

A4 X=X, X=-2Xm+Xs, X=Xy, Xe=X, X;=2Xia+Xs,
A ¢ X1=X,X;= X3, X5 = X3, X3 = —2X105 + X4, X5 = X;.

Let us now determine the one-dimensional optimal system of case 1. We define
€= Me,
where e = (¢!, €2, €%, e*, €%) in this case.

€' — a3e? + aze® + [a2 — 2a5)e + 2a4¢°,

o
I

[

2

e = e
2 = € +2at,
2 = ¢
2 = €.

(3.5)

There are nine subcases obtained from case 1. Using the algorithm used in chapter

2 we obtain the following one-dimensional optimal system.

X(l) H Xl,
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x@
X®)
X@
Xx®
X6
xM

xO
X0
X
x(2
x(19)
x4)
X (15}
x(16)

We determine the invariant solutions of the sixteen above-mentioned cases. Of all

the sixteen cases only nine yields solutions. The reason being that all generators

that have

as a generator cannot workout. The nine cases will be identified and solutions will
be provided.It will be of great importance to outline the algorithm used to obtain

the overall exact solution of the equation we considered, for the first case and the

1 X,

i Xs,

¢ aXy+ Xs,

boaX) + Xy + Xs,
CoaXg+ X,
vaXy+ X,

x® .

aXi+ BX, + X;,

: aXo+ X3+ X,
CoaXy+ Xy,
PoaXi+8Xy + Xy,
P Xy,

oaX) + Xy,
taXy+ Xy,

t Xy,

D aXo+ X+ Xs.

9
ou

rest solutions will just be provided. subcase 1

Xx®)

The invariants obtained are

(lel + ﬁX4 + Xg)f =0

Il=t
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and

Tt a+ﬁt’x_z_2
Ty Ty
We then use the equation,
I = ¢(1). (3.7)
To obtain the general solution:
a+ B2 z?
u= ¢t} + 28 $+4ﬂ.
We substitute in equation (3.1)
‘ o _atBff o
u,f¢(t)+tz, Uy = 2 -};m

1
uy = ¢"(t) + 1, U = oA

Substituting in the considered equation, we obtain the solution

é(t) = + Cg] + Cst + C4.

Thefore the solution will be:

G, at Bt 22
u(t, z) = ﬂ+02] +Cst+Cy+ 2% +4/3
Subcase 2
X(s) : (C!X4 + X5)I =

The solution will be given by :

u(t,z) = [% +Cy+ :c]-tg +Cst + g +Cy.
Subcase 3
XN (aXp+ Xs) =
the solution is . -
ult,z) = —22—01— 5 TOw+Ci+ o

Subcase 4
X(‘s) i (aXy +BX: + X)I =
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we obtain the exact solution

021‘ 23
uhe) =26 ~ 5
subcase 5
X® . (aXy+BXs+Xs)I =0,

the solution is given by:

_ z B,z t Bt?
u(t, z) = [02+3—E]5C'_1+[Ca+a]x+ +Cy.

Subcase 6.
‘ X9 . x,r=0,

the solution is :

u(t,z) = -[Cy + = ] +C'3:z:+04

Subcase 7
X0 (aXy + Xs) =
the solution is given by :
t?
u(t, a:)-—[02+ ]20 +03:c+ 1 Ce
Subcase 8
X% (aXy + X)I =0,

we obtain the following solution:

u(t,x) Cgt +[G’+t

]33 + Cst + Cy.

Subcase 9
X, x,1=0,

the solution is given by:

2
u(t,a) =[Cs +a]5 + Cst + G
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3.2 Solutions of case 2

We now focus attention on the equation:
U = €Yy, + €% 41, (3.8)
Equation (3.8) admits the same generators
X1, X2, X

and

X4

in case 1, in addition to that it admits the extension:

d g
Xs—z$+(:c+u)a

The commutator table is given by:

[:] -XI X2 XB X4 Xs
X]_ 0 0 0 0 O!Xl
X 0 X 2X. 0
2| 0 1 3 (3.8)
X3 0 -X; 0 0 aX;
.X4 0 —2X3 0 0 CYX4 + 2X1
X5 —aXl 0 —O!Xa —(CMX4 + 2X1) 0
The adjoint algebra of case 2 is given by:
a
A = aXra'}'(;,
7] 7]
Ag = Xla—}(s + 2X3'a—}?4-,
i} 8
Ay = —XIEX“; + OlXa'é-j{';,
d d
A.4 = —2X33_)(4 + (aX4 + 2X1)3—X5',
As = —[aXi+aX—a-+(aX +2X)i]
= 18X, 10X, T eMEx, !

(3.10)
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From the adjoint algebra above we obtain the inner-automorphism also known as the

adjoint group. The ininer-automorphism of the above adjoint algebra will be given

by: .

A X=X, X=Xy, X=Xy, X=X, Xs = aXay + X,

A X=Xy, X=Xy Xs3=Xo+Xs, Xi= X100 +2Xza; + Xa, X5 =X,

A Xi=X, Xo=-Xias+Xs, Xs3=X Xi=Xs Xs=aXsas+Xs,

A X=X, Xo=-2Xa+ X" X=X, Xi=Xy Xs=oaXi+2Xa+ X,
As Tl;aXla5'1, Xo = X2, X3 = aXsas™', X = —2X; + (aX, +2X))as™H X5 = Xs.

(3.11)

We now obtain the vector e transposed.

el = oaglel

e = —aay;le! + € - o405

& = oama;'e' +aagyte

e! = [oade;'+(-2+ 205")]e! + 200505 e® + aase

& = [o*(a +2004)a5" + [~2a + 2005 aq)]e! + olaza;le + ’agaz'e’ + €.

(3.12)
subcase 1
zZ0 . aX,+ Xy
Subcase 2
Z® . Xy + X5,y #0
Subcase 3
ACEES &
subcase 4
2% . X,

Subcases 1 and 2 do not yield meaningfull results for the equation in discussion . We

will however focus on subcases 3 and 4. Let us consider subcase 4

X =0,
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Note that

a i}
=2—+1*—,
X4 9z + Ou
The invariants are
Il =t,
and
2
Iz =Uu- %.’L’
Using the equation
I = ¢(1),
we obtain the general solution:
. 2
u=@(t) + 52

We determine the function ¢ by substituting the general solution into the equation

(3.8), we obtain a second order ordinary differential equation:
#'(t) = e
Therefore
o(t) = / (dt) f (e dt) + Cit + Cy.
Finally the invariant solution is given by:
u(t, z) = / (dt) j (e dt) + Cit + Gy + ga:

Subcase 3
Xz! = 0,

and
X, =

SIS

Using the similar algorithm as the one used in the above case we arrive at the general

‘solution
u = ¢(z),

then we arrive at the second order Ordinary differential equation

"(z) = —e~ ' (@) _ gem20¢/(2), (3.13)

42



The above second order ordinary differential equation admits the following genera-

tors/algebra

and

0 7]
Xg—za+(x+(p)-a-;

The Lie bracket of the two generators is given by
[Xl) X2] = Xl

Incorporating the reduction of order by method of canonical variabes in [4]. We now

have
T=z,9=cp
The generator X; becomes
0 a
- S —
Xa= *%ta

upon changing the variables z = ¢', and is admited by the equation (3.14)

zi = —e % _ Ie-hx (314)

3.3 Conclusion

A non-linear wave equation (3.1) has some invariant solutions as shown in this paper,
The method of preliminary group classification as used above is inadequate. We
have seen instances where the one-dimensional extension is not a symmetry of the
equation. This method yields symmetries which may not possibly be the extension.
The remaining thirty three families of equations as determined by Ibragimov, Torrisi
and Valenti [3] need to be explored further. Other types of symmetries could possibly

be used in future.
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