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ARTICLE INFO ABSTRACT

Keywords: Ocean plays key roles in the earth’s system in shaping the planet’s climate as well as weather
(3+1)-dimensional fifth-order nonlinear by absorbing, storing, and also transporting huge quantities of carbon-dioxide, water, heat and
Wazwaz equation moisture. This paper presents the analytical examination of a new (3+1)-dimensional fifth-order

Third-order dispersions

. ) nonlinear Wazwaz equation with third-order dispersion terms which is applicable in ocean
Lie group analysis

- . physics and other nonlinear sciences. Ocean physics is the study of various conditions as well
Group-invariant solutions . o K K .
Classical solutions as processes that are physical within the ocean, especially the physical features and motions of
Conservation laws ocean waters. Thus, the diverse outcomes of the investigations carried out on the model under

study possesses significant applications in physical oceanography (Adeyemo, 2022). We first
apply Lie group analysis to obtain various infinitesimal generators admitted by the equation.
This is followed by invoking the generators to reduce the understudy equation for the purpose
of achieving copious group-invariant solutions. We solve the resultant ordinary differential
equations in order to obtain diverse classical solutions of the underlying equation. The outcome
yields several solutions with arbitrary functions, quadratures, rational and hyperbolic functions
alongside various topological kink solitons. Moreover, numerical simulations of the obtained
results are performed so as to give some physical interpretations to the solutions and these yield
various solitary waves as well as interactions between soliton waves of interest. Furthermore,
we outline the applications of our results in ocean physics. Conclusively, conservation laws are
constructed for the equation understudy with the use of Ibragimov’s theorem.

1. Introduction

Lately, investigations have been intensified in examining nonlinear partial differential equations (NLNPDEs) alongside their
analytic travelling wave solutions due to the fact that many physical phenomena are represented using these NLNPDEs. Nonlinearity
is a captivating and enthralling element of nature. Scientists in their numbers have deemed it fit to contemplate nonlinear science as
the most significant frontier for the fundamental comprehension of nature. Some of these models include a three-coupled variable-
coefficient nonlinear Schrodinger system which is a nonlinear Schrédinger-type models that are usually found in fibre optics and
other fields inclusive of plasma physics, ferromagnetism, Bose-Einstein condensation as well as oceanography in [1] which was
studied. In [2], we have the authors study the generalized advection—diffusion equation which is a nonlinear partial differential
equation in fluid mechanics, characterizing the motion of buoyancy propelled plume in a bent-on absorptive medium. Moreover,
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in [3], Adeyemo studied a two-dimensional quantum Zakharov-Kuznetsov model which is derived based on an isotropic nonlinear
evolution equation. The evolution model was first established for waves that are weakly nonlinear ion-acoustic that is existing in a bi-
dimensional strongly magnetized plasma discovered to be lossless. Thus, the model is applicable in plasma physics. Moreover, in [4],
a generalized Korteweg—de Vries—Zakharov-Kuznetsov equation was studied. This equation delineates mixtures of warm adiabatic
fluid, hot isothermal as well as cold immobile background species applicable in fluid dynamics. Oceanic water-wave studies are
carried out by modelling the nonlinear dispersive long gravity waves that is existing in two horizontal directions on shallow water.
This is further observed on an open sea which can also possess a wide channel of finite depth, using a generalized (2 + 1)-dimensional
dispersive long-wave system investigated in [5]. Moreover, in [6] waves are discovered in the atmosphere and oceans, to say the
least. Water waves have been a source of attraction for researchers to investigate. Thus, in [6], a (3 + 1)-dimensional generalized
nonlinear evolution equation was examined. In addition, the variable-coefficient modified Burgers-Korteweg-De Vries equation,
arising when various physical phenomena in physics and diverse nonlinear sciences are modelled, is studied in [7]. the list goes
on and on, see more in [7-28]. Besides, physical oceanography utilizes the laws of physics in examining both the structure as well
as dynamics of ocean circulation alongside properties of water, waves, water mass formation, turbulence, tides and other physical
phenomena.

It is revealed that no general and well-structured technique existed in gaining various analytic travelling wave solutions of
nonlinear partial differential equations. However, various sound and efficient techniques had arisen lately to secure a lasting
solution to this seemingly never-ending problem. In consequence, we present some of these techniques as exp(—®(n))-expansion
technique [10], Painlevé expansion [11], bifurcation technique [12], ansatz technique [13], homotopy perturbation technique [14],
extended homoclinic test approach [15], tanh-coth approach [16], generalized unified technique [17], Adomian decomposition
approach [18], Cole-Hopf transformation approach [19], Backlund transformation [20], F-expansion technique [21], rational
expansion technique [22], tan-cot method [23], Lie symmetry analysis [24,25], Hirota technique [26], extended simplest equation
method [27], Darboux transformation [28], the (G” /G)—expansion technique [29], tanh-function technique [30], Kudryashov
technique [31], sine-Gordon equation expansion technique [32] and exponential function technique [33], to name a few.

The Lie symmetry method [24,25] which is a robust technique useful in achieving analytic solutions of differential equations
in a systematic structure, was pioneered by Marius Sophus Lie, who was a Norwegian mathematician. Sophus Lie established the
theory of continuous symmetry and engaged it in his investigation of geometry along with differential equations. Besides, Lie to a
large extent contributed to the continuous groups of transformations, and algebraic invariants theories with differential equations.
Eventually, Lie algebras as well as Lie groups are named after him. Moreover, Sophus Lie did institute the theory of continuous
symmetry and also utilized it to examine structures of the geometry of differential equations.

In particular, it is noteworthy to highlight the fact that soliton solutions are most astonishing in the investigation of the nonlinear
physical sciences. For instance, the wave phenomena are perceived in biophysics, fluid mechanics, high-energy physics, chemical
kinematics, and optical fibres to mention a few. However, nonlinear processes pose some basic challenges and are not readily easy
to control, due to the fact that the nonlinear feature of the system alters sharply due to small changes in valid parameters involving
time. Hence, the matter becomes more convoluted, thus compelling the ultimate solution. Solitary wave solutions to the nonlinear
partial differential equation are progressively becoming an enticing field in nonlinear sciences each passing day.

In recent times, a variety of integrable systems having diverse temporal as well as spatial dimensions have been developed.
Integrable models which were newly discovered have been thoroughly utilized in various applications in science alongside ocean
engineering, see [34-36]. It is germane that nonlinear integrable models appear with terms u, or u,, as temporal derivatives in the
first and second-order [37-39]. This is revealed in the most general fifth-order KdV equation that reads [40]

u, + auzux +buu, +cuug Fu =0 1)

with arbitrary real constants a, b and c. The model (1) delineates long waves which are propagated in shallow water with the
existence of gravity. Diverse other famous fifth-order KdV equations ensue from (1) such as the fifth-order Sawada-Kotera equation
given as [41]

Uy + 45020, + 1500, + 150 + Uy = 0 2)

that arises when a = 3b, b = ¢ where ¢ = 15. Besides, when a = 5/2b, with b = 5/4c¢ alongside ¢ = 20, one arrives at the nonlinear
fifth-order Kaup—kupershmidt equation presented as [42]

u, + 20u2ux +25uu,, 4+ 10uu, +u o =0. 3)

However, integrable systems that are possessive of temporal dispersion which is third-order are rarely investigated. These types of
models were recently examined by Wazwaz [34,35], Ashmead [43] as well as Schelte et al. [38]. In [43], the author has recounted
that in relativity, space alongside time came in based on formal equivalence. In addition to that, the coordinates of these space
and time under Lorentz transformations [43] rotate into each other. Schelte et al. [38] also studied the time-delayed systems
having a third-order dispersion where the second-order diffusive parameter is absent. Moreover, the author in [43] reported that
the appearance of time dispersion is founded on the same basis as that of spatial dispersion.

A new fifth-order nonlinear integrable equation developed by Wazwaz [34,35] involves a third-order time dispersion and it reads

Uy — 4utuxxx - 8uxutxx - lzuxxutx T Upxxxx = 0. 4
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The author studied three-soliton solutions to the equation. Besides, the single-soliton solution constructed for (4), as well as the
phase, shifts a;; invoked in deriving two- and three-soliton solutions were presented respectively in the structure

4klek1xik%t (kt _ kj)Z

u(t,x) = ,and a;; =
peTe VS e
1 J

1<i<j<3. (5)

1+e
The solution u(z, x) has been achieved after utilizing the dispersion relations ¢; = ik[z,i = 1,2,3 with respect to the phase shifts a;;.
The fifth-order (4) with third-order dispersion is possessive of potential applications and has also gained the massive attention of
scholars [36-39]. Furthermore, several other analytic solutions consisting of multiple solitons have been secured through the use of
Painlevé analysis, copious direct algebraic methods along with Lie symmetry technique [44-46]. Interesting to note is the extension
of the model (4) to other systems with the addition of more dispersive terms as we can see in [47]. Nevertheless, in [48], a new
fifth-order integrable equation

Uy — 4utuxxx - 8uxutxx - lzuxxutx T Upxx T Uixxxx = 0 ©)

with the introduction of new term u,,, to the standard equation (4). The simplified Hirota approach was implored in [48] to gain
multiple soliton solutions via non-typical phase shifts.

1.1. The governing equation

In this paper, we consider the investigation of a (3 + 1)-dimensional fifth-order nonlinear Wazwaz equation (3D-WAZWAZe)
with third-order dispersions given as [49]

Uy + Qlyyy + ﬂuxxy +Vlyxz — 4uluxxx - lzutxuxx - 8qutxx ~ Upxxxx = 0 (7)

with temporal dispersion term u,,, and spatial dispersion terms u, ., #,,, and u,,.. The addition of the spatial dispersion terms to the
standard equation (4) gives us the new model (7) with the real-valued constant coefficients «, f and y. The new fifth-order (7) in
three dimensions was investigated by the author who conducted the Painlevé test on it. This is done with a view to first showing that
the integrability property holds for the new equation with third-order temporal as well as spatial dispersions. Thereafter, he further
applied the simplified structure of Hirota’s bilinear technique in constructing multiple soliton solutions of 3D-WAZWAZe (7). On a
final note, he examined some particular cases of dispersion relations via the utilization of various coefficients of the spatial variables.
In addition, a variety of distinct phase shifts were formally derived for the equation. Therefore, for the first time, we secure various
soliton solutions such as several topological kinks, singular soliton, as well as diverse kinds of hyperbolic and algebraic results with
arbitrary functions of note for high-dimensional equation (7), using the method of Lie theory of differential equations whose robust
application in securing closed-form solutions of differential equations has been mentioned earlier on. In consequence, the novelty
of the various results achieved in the research is guaranteed.

The research work is planned in this article as follows. In Section 2, we carry out Lie group analysis of 3D-WAZWAZe (7)
systematically and the found results are utilized in the reduction of the equation. Section 3 presents the wave depictions and analysis
of solutions. Further, in Section 4, we derive the conservation laws of (7) through the use of Ibragimov’s theorem. In Section 5, we
outline the application of our results in physics and this is followed by concluding remarks in Section 6.

2. Lie group analysis and solutions of (7)
In this section we first compute the Lie point symmetries of (7) and thereafter use them to construct analytic solutions.
2.1. Lie point symmetries of (7)
We contemplate an infinitesimal dimensional Lie algebra that is spanned by the vector fields declared as
Q= ¢&'(txy.z, u)% + &t x.y.z. u)% +Etxy.z. u)aiy + & x .z, u)(%

+ 1, x,y, z, u)i,
du
with the vector field generating the symmetries of 4D-gBSe (7) and Q fulfilling Lie symmetry criteria
pr(S)Q[“m + Qyyy + ﬂuxxy + Ylyyz — 4utuxxx - lzufxuxx - Suxutxx - “txxxx] =0, (8)

whenever u, + auy,y + Py + Yy, — dly — 1200, — Buytty o — Uy = 0, where pr®Q is regarded as the fifth prolongation of
Q. Related formula for fifth prolongation pr®Q [25] is

5 A
prQ=Q+n'o, +n*0, +n%0, +m9o, +n"d, +n"0, +n"9,
XXy XXZ IXxXxx
+7 0“xxy T a“xxz 1 a”rxxxx' (9)
Application of fifth prolongation pr®Q to Eq. (7), the corresponding invariant conditions is expressed as
PP p g q P g p
nttt + anxxx + }"]XXZ _ 4”['7XXX _ 4uxxx']t _ lzu'xnxx _ lzuxxntx _ Suxntxx
+ rlxxy —8u nx _ ntxxxx - O, (]_O)
1xx
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with the coefficients of pr®Q, that is, #', #*, %, #'*, ™, g%, P, P9 p**2 and #**** given as
n' = Dy(n) —u,D,(E") — u D,(€%) — u, D,(&7) — u, D, (&%),
= Dy () = u, D (&") — u, D (&%) — u, D (&%) — u, D (&%),
"ITX = Dx("lt) — Uy Dx(fl) — Uy Dx(‘):z) - uytD (53) —uyDy (54)
1 = Dy(r) = gy Dy(€") =t Dy(E%) = 1, D (&) — . D (EY),

1% = Do) =ty Dy(E") =ty Dy(E%) = 0, Do(E)) =ty Do (EY), an
% = Dy (1) =ty Dy (€)= U Dy (E%) =ty D (E7) =ty Dy (EY),
n“y = D (1Y) =ty D () =ty Dy(E%) = 11, D (8 = uxysz@“),
% = Dy(7) = th; Do(E)) =t ; D (E) = 11y, D (E)) — . D (EY),
rlrxxxx = Dx(rltxx)() - un‘xxxDx(gl) - utxxxxDx(éz) - urxxxny(‘};:;) - utxxxsz(54)'
We have the involved total derivatives with regards to ¢t and x expressed as [24,25,50]
d [Z} 7} d d d
D, = — 5 +u,a +u,,a +u ’Xa +u,ya +u,Za—+-~-,
0 d 0 0 d J
D, = Z =z =z Z 4 12
= ox T +u”‘()u, +uxx0ux +uxy()uy +uxz6uz * (12)

Applying Egs. (11) in (10), equating the differential coefficients of u alongside its derivatives to zero and consequently solving

the determining equations associated with (7) using SYM, a Mathematica-based computer software, we secure the system of linear
partial differential equations (LNPDE)

M = 0.8, =0, &, =0, £, =0, & =0, =0, =0, n,=0,
gl=0, =0, £ =0 =0 &=0, =0, &=0,&+2,=0,
28]~ & =0, 8n +PE) +7E, =0, 8n, +pE +7El =0,

81, — 3a&) +2pE +27&1 =0, f (253 -3¢l + 53) +rEd =

378! —2&, — P&} — vEL = 0, 2Pyyy + 20Nz + SaEs, + BEL +rEL =0

13)

The solution of the system (13) gives infinitesimal generators of one-parameter Lie group of symmetries for Eq. (7) as found below;

&= P02+ 55 (B +712), &= Foat o (05 +1F2),

&= Fy2), &= ;—;F%y, )+ F5<z - %)

1 t 3a
= { 16F3(y, 2) — Fx [/3 <2nyz " ﬂFyzy) + 72 F2 ] + t<3aF2 —4pFi+ ﬁy F2

_4ij> - ;‘-3 (ﬁFyZ + ij)u ~2x (ﬂFyl +sz1) }

where functions F',i = 1

.,5 depending on their various arguments are arbitrary. Now, by taking F! = ¢,y + ¢,z + ¢5, F?
cyy+esz+eg, F3 =c¢;, F* =cgy+cgz+cyy and F3 = ¢;; with arbitrary constants ¢,k = 1,
Lie algebra of infinitesimal symmetries of Eq. (7) spanned by the vector fields presented as

J d 2 7} J
Q=g Q=3 B=3. %= =4

., 11, we achieve an eleven-dimensional

s

J J [Z} d
(o5 _4ya_x —ﬂfa, Q; = 4Za_x LW

a a 7] d
Qg = 8)’5 —ﬂxas Qg = 8745 —rXo

Q= Sﬂl‘i + 4ﬂxi + 16,Hyi + 163/yi + Bapt —4ﬂu)i,

9 = Syta +4yxai + 16ﬁz— + 16yz0 + (3ayt—4yu)—

Thus, we give the succeeding theorem.

14)

Theorem 2.1. The fifth-order nonlinear spatially (3 + 1)-dimensional Wazwaz equation (7) admits a Lie algebra of eleven dimensions
spanned by vectors Q,, ..., Q,, given in (14).

2.2. Lie symmetry reduction and invariant solutions of (7)

In this segment of the study, we present copious reductions of 3D-WAZWAZe (7) using the obtained Lie algebra to achieve
abundant invariant solutions to the equation.
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2.2.1. Invariant solution using infinitesimal generator Q,
The Lagrangian system corresponding to generator Q, = 9/9t is given as

di_dx _dy_dz_du

1 0 0 0 0"
The system solves to give us invariants X = x, Y = y and Z = z with the group-invariant u = U(X,Y, Z). Inserting this function in
(7) transforms it to the PDE

aUyxx + BUxxy +rUxxz =0. (15)
Solving Eq. (15) and retrograding to the basic variables gives us

ut,x,y,z) = fi(y,2) + xf,(y, 2) + f3(ay — fx,az — yx), (16)
which is an algebraic solution of the 3D-WAZWAZe (7) in a steady-state with arbitrary functions f;, f, and f; depending on their

various arguments.

2.2.2. Invariant solution using infinitesimal generator Q,
The solution of the characteristic equation related to Q, = d/dx gives the function u = U(X,Y, Z), where T =t,Y =yand Z =z,
thus transforming (7) to LNPDE Uy -+ = 0. On solving the equation and reverting to the original variables, we have

1
u(t, x,y,2) = 52 f102) + 1120, 2) + [30 ), a7
which a non-steady state function satisfying (7) with arbitrary f,, f, and f; depending on y and z.

2.2.3. Invariant solution using infinitesimal generator Q
Lie point symmetry Q; = d/dy gives group invariant which transforms (7) to

Urrr + aUxxx +vUxxz —4UrUxxx — 12UrxUyxx —8UxUrxx —Urxxxx =0. (18)

The group invariant is u = U(T, X, Z) where T =t, X = x and Z = z. On solving NLNPDE (18), we have a solution of the equation
in terms of T, X and Z, which is
U(T.X.Z) = Ay tanh [AZT +AX - % (A3 +add —44,4%) Z + Al] + A,
VA3 :
where A;,i = 1,...,4, are arbitrary constants. Thus, giving the tan-hyperbolic function with regards to #,x,y and z, we have a
topological kink solution of (7) as

u(t, x,y,z) = Ay tanh [Azt + Ayx — % (A3 +add —4A)A%) 2 + Al] + Ay. 19
Y43
Further study of (18) gives a Lie symmetry which is presented as

1 0 1 [é] 0
X=(—F’ZT FZ)— (—F’Zx FZ)— F(Z)—
21()+2()0T+41()+3()6X+1()(3X
1 1 1
+ { E(BaT —4U)F/(Z) - EyTXF]”(Z) - ZyTFS'(Z) + Fy(Z2)
1 ’ } 7]
——yXF (Z); —.
g7 »(2) 30
We assume that F,(Z) = ay, F;(Z) = ay, F|(Z) = a,, and F,(Z) = a3. Therefore, the resulting operator gives a Lagrangian system
which, when it is solved, gives
U(T,X,Z)=G(r,s) + 2T, where r = agX —a\T, s =ayZ — a,T. (20)
ag

On utilizing the obtained function and variables from (20) in Eq. (18), we have

3 3 2 2 3 32
+aayG,,. — a|G,. — 3a70,G,, — 301056 — a5 G + 12010,

gy Gy
+12830,G,,G,, + 12a3a,G,G,,, + 4a}0,G G,,, +84)0,G, G, + aja;G,,,,,
- 4a(2)a3Gm + aéalGrmr =0. (21
The solution of (21) gives no new result but Lie theoretic study of the equation furnishes four Lie point symmetries which we express
in this regard as

I’Vlzisl’szisW%:i’VVzt: lr+a_s P T
ds or :

1 4 3 4 0
- -G+ —r+ —— [( - = ) — 4 ] —_
{ 2 Sazr Saoag aay 3ya1 ay —4ayas| s 3
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We contemplate a linear combination of the three translation symmetries as W = W, + W, + W; and so solves to give function
G(r,s) = Q(w) + r, with w = s — r. Applying the function in (21) gives nonlinear ordinary differential equation (NOLODE)

ra3Q" (w) — aadl Q" (w) — 12a3a,0" (w) + 8a3a,0"" (w) + 4aja; Q" (w) + a3 Q" (w)
-3a1a,0" (w) + 3a,a50" (w) - 330" (w) — 12a)a, Q" (w)* + 12aa, Q" (w)*
+12a3a,0' (w)Q" (w) — 12a3a,0" (w)Q"" (w) — aja, 0 (w) + aja, 0P (w) = 0.
On investigating operator W,, we achieve no result of interest.
2.2.4. Invariant solution using infinitesimal generator Q,
The characteristic equations related to Lie symmetry Q, = d/dz yields invariants
T=t X=x, Y=y, with group-invariant u=U(T, X,Y). (22)
In consequence, we insert function in (7) and then secure the NLNPDE
Urrr + aUxxx + BUxxz —4UrUxxx — 12UrxUxx —8UxUrxx —Urxxxx =0, (23)
which solves to give the solution of (7) with regards to variables 7, x, y and z as
u(t,x,y,z) = Bytanh | Byt + Byx — /ﬁ (B; + aBg - 482331) y+ B | +B, (24)
3

with arbitrary constants B;,i = 1,2, ...,4. The Lie theoretic approach on (23) gives
7] d d d

=37 + X + AT (25)
We contemplate operator (25) and so achieve its group invariant solution as
UT,X,Z)=G(r,s)+T, withr=X-T, s=Y-T. (26)
On utilizing invariants (26) transforms the original equation (7) to a NLNPDE
BG,,, +aG,,, — 5G,,, = 3G,,, = 3G, — G, + 12G% + 12G,,G,, + 12G,G,,,
+4G,G,,, +8G,G,.; + G,pprs + Gy = 0. 27)
Thus, we solve the differential equation (27) to achieve a kink soliton solution
u(t,x,y.z) = A2tanh{A2(x -+ [14'/3 +- 5 (fAZ - 1ﬁ) - 1] Ay —1)
6 A3 \372 3
+Al}+t+A3, (28)

where 4 = 12y/4 — 162af + 815> — 648a + 6488 — 1088+ 108a —432, 4y = 1296768 A5 - 576 A5 — 144> A2 — 1243 +81a> with arbitrary
constants A;, A, and A;. On investigating equation (27) further, we secure four infinitesimal generators
9 2
oar G’
1 B 3 4 J

{torded [t}

{2 TyrtslleT3l *f oG
We combine the translation symmetries as W = ¢, W, + ¢, W, + ¢;W; and on solving the associated Lagrangian, we gain the function
G(r,s) = Q(w) + (c3/c))r, with w = ¢;s — ¢,r. Using the function further reduces (27) to the fifth-order NOLODE

0
Wi=—, Wo=—, W=
1 27 55 3

ac3e, Q" (w) — peic? Q" (w) + 1265 ;0" (w) — 8¢, 2 ;0" (w) + ¢/ Q" (w)
=3c36,0" (W) + 3220 (w) — 5¢3¢,0" (W) — 12¢5¢, Q" (w)* + 12632 Q" (w)?
+12¢)¢; Q' (w)Q" (w) — 12¢,¢;0' (w)Q"" () — ¢} ;0 (w) + ¢3¢, (w) = 0.

No result of importance could be obtained from operator W;.

2.2.5. Invariant solution using infinitesimal generator Q¢

We contemplate the generator Qg4 = 4yd/0x — ftd/du whose Lagrangian system solves to give u = U(T,Y, Z)— ptx /4y where T =1,
Y =y and Z = z. Thereafter, we substitute the obtained function in 3D-WAZWAZe (7) and then we achieve Uy = 0. We further
solve the found LNPDE and secure a solution of (7) in this regard as

wtx 32 = AP [00D) + 100D + 302 = B 29)

4y’
where functions f;,i = 1,2,3 are arbitrary and depending on variables y and z.

1133



0.D. Adeyemo and C.M. Khalique Chinese Journal of Physics 89 (2024) 1128-1151

2.2.6. Invariant solution using infinitesimal generator Q-

The Lie point symmetry Q; = 4zd/dx — ytd/ou whose characteristic equations solves to give u = U(T,Y, Z) — ytx/4z where T =1,
Y = y and Z = z. Consequently, we insert the obtained function in 3D-WAZWAZe (7) and then we secure Uy = 0. We further
solve the found LNPDE and secure a solution of (7) in this instance as

ytx

4z (30)

1
u(t,x,y,2) = S 10 2) + 12002 + f3(,2) =
with arbitrary functions f,(y, z), f,(»,z) and f3(, 2).
2.2.7. Invariant solution using infinitesimal generator Qg

The Lagrangian system corresponding to operator Qg = 8yd/dx — fxd/du which we solve to give u = U(X,Y, Z) — ptx/8y where
X =x,Y =yand Z = z. Consequently, we insert the obtained function in (7) and then we secure NLNPDE

3pUxx +2aY¥Uyxyx + PXUyxx +2Y Uy xy +2yYUyx, =0. (3D

We further solve the found LNPDE and secure a solution of (7) in this regard as

1 px —2ay Ppz—yy 5/2
ut,x,y,2) = —— 8xy/f — ——— | dx+ 8y (xf3(», 2)
W{ < N > ks
#1209) = pr -8y [ g, (B2 2T Yt (32)
By p
where f|, f, and f; are arbitrary functions dependent on their arguments.
2.2.8. Invariant solution using infinitesimal generator Qg

We consider the generator Qq = 8zd/dt — yxd/ou which when solved produces group invariant solution u = U(X,Y, Z) — ftx/8y
where X =x, Y =y and Z = z. Consequently, we substitute the obtained function in (7) and then achieves NLNPDE

3pUxx +2aYUyxyx + fXUxxx +2Y Uy xy +2yYUyx, =0. (33)

On solving the secured LNPDE, one secures a solution of (7) in this instance as

1 fz—yy yx—-2az
(t,%,y,2) = ——— 8/f , ——— )dx— Pz (-8z2/,(y.2)
u(t,x,y,z 552 ﬂz{x 1< 7 yﬂz)x \/z( z2fr(y. 2

pz—yy yx-—2az
x(yt—8zf >, 2) —S/f < ,—)xdx}, B34
SR G -

with arbitrary functions f|, f, and f; dependent on their various arguments.

2.2.9. Invariant solution using infinitesimal generator Q,
The characteristic equations associated to the Lie point symmetry Q,, = 8619/dt+4px0/0x+16fy0/0y+16yy0/0z+(3aft—4pu)d/ou
is presented as

dt _ dx dy dz du

80t 4px 16y  16yy  3api—4pu’

Thus, group invariant and the constituent invariants are computed accordingly as

= \L/U(x,y, 7)+ %at, and X = x/Vi, Y =y, Z =(Bz—y»)/p. (35)
t

Inserting the invariants from (35) in Eq. (7), we achieve the NLNPDE
88Uy yy — X3Uyxy — 12X3Y Uy xy —48XY?Uyyy — 64Y3Uyyy — 300Y Uy
+48XUxUyyx +48XU2, + 192Y Uy Uyy — 12X?Uyx + 128Y Uy Uy xy
+64YUyUyyx — 132XYUyy = 336Y2Uyy + 16UUxxx + 192Ux Uy x —33XUy

+4XUyxxxx — 15U +20Ux xxx + 16Y Uy xxxy =O. (36)
Further investigation of the equation yields no outcome of importance.
2.2.10. Invariant solution using infinitesimal generator 9,

The similarity solution associated with operator Q,; = 8ytd/dt + 4yxd/dx + 16$z0/0y + 16yzd/dz + (3ayt — 4yu)o/ou through the
involvement of invariants calculated as

X = x/\/;, Y =z/1?, Z = (yy— pz)/y with group invariant u = %U(X,Y, Z)+ ‘1—‘at‘
t
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transforms 3D-WAZWAZe (7) to the NLNPDE
8yUyyy — XUy xx — 12X3Y Uy xy — 48X Y2 Uyyy — 64Y3Uyyy — 300YUy,
+A8XUyUyyy +48XU%, + 192Y Uy xUyy — 12X Uy x + 128Y Ux Uy xy

+64Y Uy Uy yx — 132XYUyy — 336Y2Uyy + 16UUx xx + 192Uy Uy y — 33X Uy
— 15U + 20Uy xx +4X Uy xxxx + 16YUxxxxy = 0.

2.2.11. Invariant solution using infinitesimal generators Q,,Q,, ..., Q,
The solution to the Lagrangian system related to the linear combination of 9, ...,Q, is

u=U(X,Y,Z), where X =x—t, Y=y—t, Z=z—1. (37)
Application of the invariants from (37) in Eq. (7) transforms it further to

aUyxx +BUxxy +vUxxz + 12U;2(X —Uxxx —3Uxxy =3Uxxz —3Uxyy

—6Uxyz =3Uxzz —Uyyy =3Uyyz —=3Uyzz —~Uzzz + 12UxUxxx +4UyUxxx

+4UzUxxx +8UxUxxy +8UxUxxz + 12UxxUyxy + 12UxxUyxz + Uxxxxx

+Uxxxxy +Uxxxxz = 0. (38)
Thus, we achieve a solution of (38) and on reverting to the original variables gives

2
Ay
(r—a)y—1)+(a—p)(z—1)

u(t,x,y,z) = 2A5 sinh

A+ Ay(x—1) —

. 24,
X 4 sinh [2A2(x —-1- -y (r—a)y—0)+(a—p)z—1)

-1
+2A1]} + Ay, (39)

where constants A, A,, A; and A, are arbitrary. Further, (39) admits symmetries
_0, 0,0 _0,0,0 0
0X dY o0Z 0X doY 0Z 0G’
The study carried out on vector W, yields the function U(X,Y, Z) = G(r, s), where r =Y — X and s = Z — X. Inserting the function
in (7) produces the NLNPDE

W

yGrrs + Zyerx + 7Gsss - aGrrr + ﬂGrrr - 307Grrx + 2ﬂGrrS - 3aerx + ﬂGrss - anxs =0. (40)
Eq. (40) solves to give us a solution of 3D-WAZWAZe (7) given as

ut,x,y.z) = f1(z=y+ G =-)LGz-+f(f-a)(z=x) = —a)y—x), (41
where functions f|, f, and f; are arbitrary. Further investigation reveals that
Plzi, Pzzi, and Plzi,
or as oG

are admitted by (41). We linearly combine the symmetries as P = ¢, P, +c¢, P, +c¢, P;. Thus, we obtain the solution to its characteristic
equation as G(r, s) = Q(w) + (¢, /¢y)r, where w = ¢ys — ¢, r. Substituting the new expression in (40) gives a third-order linear ordinary
differential equation (LNODE) Q"' (w) = 0, which solves to give algebraic solution of (7) as

u(t,x,y,z) = %Ao(co(z -x)—c(y— x))2 + Z—z(y —x)+ A (co(z — x)
0

-y —x)+ Ay, (42)

where constants A, A; and A, are arbitrary. Moreover, in the same vein, from W,, we obtain U(X,Y, Z) = G(r,s)+ X withr=Y - X
and s = Z — X. Invoking the secured function in Eq. (7), reduces it to a partial differential equation (PDE)

YGryy +21Grgs +1Gyyy = 0Gyy + PGy = 3aGpy +26G,y = 30Gyg + Gy
—aG,,, —4G,,, - 12G,,. - 12G,,, — 4G,,, =0, (43)
which solves to give a function whose back-substitution to original variables gives
ut,x,y,2) = f1z=y+ f3{(f-a-Hz-x) - —a-H(y—-x)
+=-xfrlz=p+x-1, (44)
with functions f|, f, and f; arbitrary. Further investigation on PDE (43) produces

P =—, P2=%, and P1=i,

G

1135



0.D. Adeyemo and C.M. Khalique Chinese Journal of Physics 89 (2024) 1128-1151

which we combine linearly as earlier demonstrated. The resulting group-invariant solution transforms (44) to a third-order LNODE
which solves to give the function

(&) 1 )
u(t,x,y,z) = x—t+ =y —x)+ 5 Ag(co(z = x) — ¢/ (y — x))
¢ 2
+A(cp(z=x)—c;(y—x)) + A, (45)

which is a solution of (7) where parameters A, A; and A, are integration constants.

2.2.12. Invariant solution using infinitesimal generators Q,,Q,,Qs, ..., Qs

The linear combination of 9,,...,Q5 as Q = 9, + O, + 93 + Q, + Q5 gives function
u=t+U(X,Y,Z), where wehave X =x—1t, Y=y—t, Z=2z—1. (46)
Utilization of the group-invariant (46) in Eq. (7) reduces it to NLNPDE

2
aUyxxx +PUxxy +vUxxz + 12Uy y —5Uxxx —3Uxxy —3Uxxz —3Uxyy
—6Uxyz —3Uxzz —Uyyy —3Uyyz —3Uyzz —Uzzz + 12UxUxxx +4UyUxxx
+4UzUxxx +8UxUyxxy +8UxUyxz + 12UxxUxy + 12UxxUx 7 + Uxxxxx

+Uxxxxy +Uxxxxz =0. (47)

The primitive outcome of Eq. (47) gives the solution of 3D-WAZWAZe (7) as

u(t,x, y,2) = A3tanh[A0+Al(x—t)— y[i—lﬂ{(y—a+4)(y—t)

+(a—ﬂ—4)(z—t)}]+Az (48)
with arbitrary constants A,, A;, A, and A;. Further, (39) admits symmetries
d J J Jd Jd d d
wi=2+2+ L andw, ==+ + L4+ 2.
Toax oy taz MM T ox Ty Tz T a6

In consequence, symmetry W, gives the function U(X,Y, Z) = G(r,s), where r =Y — X and s = Z — X. Substitution of the function
in (7) produces the equation

IZGrrs + 12Grss + 4Gsss + 4Grrr + yGrrs + 27/Grss + }/Gsss - aGrrr + ﬂGrrr

-3aG,,, +28G,.; — 324G, + pG,, — aG = 0. (49)

rrs rrs

The solution to Eq. (49) satisfies 3D-WAZWAZe (7) and it is obtained as

ut,x,y.2) =1+ f1z=9N+ f({(B-a+Hz-x) - -a+Hy-x)
+ (O =x)/f2(z=-Y) (50)

with arbitrary functions f|, f, and f3. On investigating (49) further, we have

P P P
92 p=9 and p =2,
o 1275 T 56

We linearly combine the symmetries as P = ad/or + bd/ds + c0/dG. Thus, we secure the solution to Lagrangian system related to P
as G(r,s) = Q(w) + (c¢/a)r, where w = as — br. On inserting the new expression of G(r, s) in (49) gives the third-order LNODE which
when solved returns the algebraic solution of (7) as

p =

u(t,x,y,z)=1t+ g(y - Xx)+ %Ao(a(z —x)—b(y— x))2 + Aq(a(z — x)
—-b(y—x))+ A,, (51)

with arbitrary constants A, A, and A,. Furthermore, we investigate scaling symmetry W, to achieve U(X,Y, Z) = X + G(r, s), where
r=Y — X and s = Z — X. Invoking the secured function in (7), the equation further transforms to PDE

7Grrs + ZyGrss + 7GSSS - aGrrr + ﬂGrrr - 30(Grrs + 2ﬂGrrs - 3(10”5 + ﬂGrss

—aG,,, =0. (52)
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Fig. 1. Wave interactions, depicting algebraic solution (16) at r=0 and x = 0.

Solving Eq. (52) and returning to the basic variables yields a solution of (7) as

u(t,x,y,z) =x+ f1(z=y)+ f3(f—a)z—x) = (y —)(y — x))
+(y—x)f2(z =), (53)

where f|, f, and f; are arbitrary functions. Further study on PDE (52) gives

i, P2=i and Plzi.
or ds G

On combining the translation symmetries linearly as earlier exhibited, the resulting function reduces (52) to a LNODE which we
solve to obtain

P =

u(t,x,y,z) = x+ g(y - X)+ %Ao(a(z —x)—b(y— x))2
+ A(a(z—x) = b(y — x)) + Ay, 54)

which satisfies Eq. (7) with integration constants A,, A, as well as A,.

3. Solitary wave depictions and analysis of results

We explore the dynamical behaviour of some of the secured solutions for 3D-WAZWAZe (7) through graphical interpretations
which are revealed via numerical simulation of the solutions. Thus, the investigation of the novel solitary wave structures of the
established results is performed in this section. We apply these simulations by taking various suitable choices of arbitrary functions
as well as constants appearing in the selected ones among the achieved nineteen classical solutions of (7). The nineteen solutions
include (16), (17), (19), (24), (28), (29), (32), (30), (34), (39), (41), (42), (44), (45), (48), (50), (51), (53) and (54), comprising
diverse topological kink solitons, algebraic as well as hyperbolic functions. We now select (16), (17), (19) together with (29) and
perform their numerical simulations as representatives of the nineteen results. The portrayal of these solutions is done with 3D,
2D as well as density plots using computer software. Therefore, as we have earlier noted, by letting x = 0, we take the resulting
arbitrary function in solution (16) as f(y,z) = Sech?(y) + cos(z) + sin(y) with =5 < y,z < 5. In consequence, we observe soliton and
double periodic interactions along (y, z)-axes as presented in Fig. 1. In Fig. 2 with the same assigned function but —10 < y,z < 10,
we notice a stronger collisions between the waves. Further, we examine the dynamics of the solution in Fig. 3 by considering
f(y,2) = Sech?(y) + cos?(z) + sin?(y) where —10 < y, z < 10 which gives soliton interactions propagating at variant amplitudes. The
next five Figures give various soliton collisions, depicting solution (17) at t = 0. We first take f5(y,z) = Sech(y) + cos?(z) + sin(y)
for —5 < y,z < 5 which produces periodic and 1-soliton interactions in Fig. 4. Moreover, we assign f;(y, z) = cos?(z) + Si(y) which
gives the soliton interactions observed in Figs. 5 and 6 respectively with soliton propagating at different amplitudes and travelling
at variant frequencies at different intervals of y and z. In Fig. 7, we let f3(y,z) = cos(z) + Si(5y) where —5 < y,z < 5 and in the
same vein, we assume f3(y,z) = cos(y) + Si(z) with the same interval of variables y and z in Fig. 8, which reveal various wave
propagations in the Figures. The topological kink soliton solution (19) is numerically simulated as depicted in Fig. 9 with dissimilar
parametric values A; =1, A, =2, A; =1,y =1, a = 1 with —10 < ¢,z < 10, where variables x = 1 and y = 0. Obviously, the
Figure reveals a kink-shaped wave. Furthermore, the dynamical wave behaviour of solution (29) with constant g = 0.1 at t = 1 and
y =20, is represented in the remaining three Figures where Figs. 10 and 11 are plotted with function f(y, z) = cos(y) Sech(z) + sin(y),
(f(y, 2)=1/2f1(3.2) + fL(y. 2) + f3(», z)), for —10 < x,z £ 10 and -5 < x,z < 5 accordingly. In the case of Fig. 12, we assign
(., 2) = cos(y) + Sech®(z) + sin(y) in the solution with the same values of § and 7 but y = 5. We notice that the three Figures exhibit
bright soliton waves which are pertinent in the study of nonlinear wave equations.
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Fig. 2. Wave interactions, depicting algebraic solution (16) at =0 and x = 0.
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Fig. 3. Wave interactions, depicting algebraic solution (16) at 1 =0 and x =0.
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Fig. 4. Wave interactions, depicting algebraic solution (17) at 1 =0 and x = 0.
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Fig. 5. Wave collisions, representing algebraic solution (17) at =0 and x = 0.
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Fig. 6. Wave collisions, representing algebraic solution (17) at t =0 and x = 0.
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Fig. 7. Wave collisions, representing algebraic solution (17) at t =0 and x = 0.
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Fig. 8. Wave collisions, representing algebraic solution (17) at t =0 and x = 0.

{ Vector Q3 }

{ Vector Q3 }

40
5
[
t
-10 - 5 10
-5
0.5
-10
10 -5 0 5 10 k0

Fig. 9. Kink wave depiction of topological soliton (19) at x =1 and y =0.
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Fig. 10. Wave interactions, portraying algebraic solution (29) at t=1 and y=>5.
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Fig. 11. Wave interactions, portraying algebraic solution (29) at t=1 and y=>5.
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Fig. 12. Wave interactions, portraying algebraic solution (29) at t=1 and y=>5.
4. Conserved currents using Ibragimov’s theorem
It is known that Ibragimov’s theorem for conserved quantity recommends that for every Lie point symmetry of a differential
equation, one can achieve a distinctive conservation law of the differential equation. Here, we invoke the Lie algebra of (7) in
Section 2 for the construction of new conserved currents via the theorem of Ibragimov [51-53]. Thus, we give a theorem to that

effect, viz:

Theorem 4.1. Given the Euler operator §/5u which is defined as,

5 P) P) P P) S 9
S__p 2 _p2 _p2.ip +D,D,-2 _ DD
Su * Ou,, Y ou,, Zou, X Ouy, Y ou,, T 0uyy,
P) ) , D . P)
- D, D, - D}—— - DD -D’D +..., (55)
e autxy x aux)cx Y aux)cy Xy au)cxx)cy

the adjoint equation of 3D-WAZWAZe (7) [51] can be expressed through the relation
E'= — [U(um‘ - 4utuxxx - lzuxxurx - Suxurxx — Upyxxx T Qlyyy + ﬁuxxy + yuxxz)]
=0. (56)
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Further expansion of (56) secures
E* = Vg = U (0 = 410;) + 80ty + 41t U + But, Uy — Uy
= Bxy = VUxnz = 0. (57)
The formal Lagrangian of 3D-WAZWAZe (7) together with its adjoint presented in (57) is expressed in the format
L=v (u,,, =gy — 120 Uy — Byl = Uy + QU + Pt + yuxxz) . (58)

Hence, one constructs the associated conserved vectors T',i = (t,x,y, z) for the expressed Lagrangian by utilizing the relation purveyed
as [51]

Tf=§i£+w”[£—0.a£ +DjDk< oL )+]

ouf! J ou, ou”.
J ijk
+D,wn| 2L _p 9L | 4D DWHIE 4. (59)
614;.’. 6u‘.".k J a”ijk
J i

for a=1,2 and j = 1,2,3,4, the Lie characteristic function W* is W* = n* — §fu‘;.

We are aware in Section 2 the Lie algebra of 3D-WAZWAZe (7) comprises eleven members, we reckon the conserved
vectors [53,54] for (7) using Theorem 4.1 alongside information provided in the references. Thus, we have

2 8
T
Tl = YUUyy, + ﬁuuxxy F QU = 7 Uxlilly + S U Uil — Ullyexx Uy + = Uxxxxlly

3 3 3 5
8 26 1
- gux Uyl = ?quxutx - gvxxxutx - ?quutxx + gUxxutxx - guxutxxx
4
- guutxxxx + Uy — Uy,
, 2 2 2 8 16
Tlx = 4Uxxu[ - gyvxzut - Eﬁuxy“t — AUy U — guxxutut - gux“txut + ?uxutxut
10 4 16 , 1 1 1 1
+ ?vu,xxu, + gszxx”r + ?vutx + gyvxu,z + gﬁvxu,y + gyvzu,x + Eﬂvyu,x
2 2 2
+avu, — §uxvx‘utx = 7V VUixz — _ﬂvutx — QUU Ul — gutxutxx
3 3 3 4 5 5
1 8 10 1 16 2
- gut“txxx - guxuxun + ?qux“n - guxxxurt + ?quunx + gvxxun‘x
3 4
- gvxuttxx + gvuttxxx’
1 1 1
Y
Tl = gﬂvxutx - gﬁvxxut - gﬂvutxw
1 1 1
le = §yuxu1x - gyvxxut - §yvutxx;
.8 5 10 10 1 10 ,
T, = guxxux - ?vxuxxux + ?vumxu)c + guxxxxux — v,y + ?qux
1 1 1
+ gvxxuxxx - guxx Uxx — gvxuxxxx + guuxxxxx + Vgl — Uy
16 ., 2 2 10
sz = ?Utxux - gyvxzux - gﬂvxyux — AUyl + 4Uxxutux - ?uxxvtux
4 1 4 1 1 1
= 7 UxllixUx — _Ouutxx“x t T Unoaxllx T Y UxUy + _ﬁuxux YUl
3 3 5 3 3 73
1 1 1 1
+ gﬂvyuxx +av iy + gyvuxxz + gﬂvuxxy - 4Uxuxxut - guxxxxvt
10 1 2 2 3
- ?quxutx - gvxxxutx + guxxx U + gvxxutxx - guxx Urex — gvxutxxx

1
= 2 Ulpexxx T Uty

5
1 1 1
sz = gﬂvxuxx - gﬂuxvxx - gﬂuuxxx’
1 1 1
Tzz = gyvxuxx - gyuxvxx - gyvuxxx;
10 8 1 2 8 8
T3' = ?quxuxy - guxuxuxy - gvxxxuxy - §uyvxuxx + guyuxvxx + gU”x“xxy

1

2 1 1
+ VU U — ZUU + Uyxxx T = Vllyxxxy + Ugldyy, — Uy Uy — Ullyy,

37y 5 “xtxxxy g“y 5
1
+ gvxxuxxy’
| 1 8
15 = gyuyzvx + gﬂuyyux + au, U, — duu v, — Euxu,yux + guyu,xvx
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3 2 1 1 2 2
- gutxxyvx - gyuyuxz + §7Uzuxy + §ﬂvyuxy - gﬂuyvxy - gyvuxyz
8
- gﬂvuxyy —QUyUL — AUy, + AU, Oy Uy + dou gy — 3 Uy Uy
- —u,u, U, — —U 1% +1—Ouu u —lU u +§UM U, +—-u D,
yexxt xxxy“t xx%ty xxx%ty xyHix xxytx
3 5 3 5 3 5

16 16
+ = Uyl Upy + ?quutxy + gvxxutxy - gvuyutxx - guxyvtxx + guyvtxxx

3
4
+ guutxxxy!
y 1 1 2
T, = gﬂvxuxy - gﬂuyuxx + gﬂU”xxy + avu,, — 4ouyu, — 1200, 0,

+ YUy, — Svuxutxx = Ullpxxx t Ullgyys
1

T3Z = gyvxuxy - g;myv)oc - §VU“xxy§
T = 10 _ _ _ 2 8 8
4 - XXXz XXXz XXX7XZ ZVXTXX Z7XT XX XXXz
?vuu guuu gv u guuu +§uuv +§Uuu

1 2 1 1
+ T Uxxlxxz T guuzuxxx — T UxUyxxz T guz Uxxxx + guuxxxxz + Uy

5

— Uy — Uuttﬂ

5

1 8
Ti‘ = —yu,, v, + ,liuyZ oo U — du v, — Uy + —u U Uy
3 3 3
1 1 2 2 2
- gutxxzvx + §7Uzuxz + §ﬁvyuxz - §7uzuxz - gyuuxzz - gﬁuzuxy
- gﬂnyz — QU Uy — VU, +4u, v u, +4ou u, — guxuxzu,
2 1 10 1
- guzuxxvt - guxxxzvt + ?quxurz - gvxxxutz + ?quzutx
16 2 16 2 2
+ ?uzuxvtx + guxxzvtx + ?quutxz + gvxxutxz - Euuzutxx
4
- guxzutxx + guz Uxxx T guutxxxz’
1 1 1
Yy —
T4 = gﬂvxuxz - gﬁuzuxx - gﬁuuxxz’
s 1 2
T4 = EYUx”xz - gyuzvxx + gyvuxxz + ﬂWxxy + avuy,, —4vu, o u,
- 12qux“tx - Suuxutxx = Ullpyxxx t Uty
2 8 1 2
TS’ =0yt guxxux - Euxvxx - gvxxxx - guxxxv’
2 2 4 16
T5X = gutxxu - 4utvxx + Sut“xx - Suxutx - ?uxutx
- z_‘Urxxx +avy + Zﬂvx + gyuxz’
5 373
1
TSy = gﬂvxx’
el
5 = 3}' xx?
32 2 40 8 40 4
Té = ?yuxxux ?yvxuxxux + gﬂtvxxux + ?yvuxxxux + gyuxxxxux
40 2 2 4
+ —yvuix — =ftou, + = ftou,, + —yv i, — dyvu,
3 3 3 5
4 1 4
- gyuxxvxxx - gyuxuxxxx + gﬁtuxxxx + gyvuxxxxx + ﬂvt + 4yututx
- ptu, — 4yvu,,x,
4 4 2 2
TGX = 3yl} uxyﬂ tuxyﬁ 3u Uk B — t}/uxzﬂ yu nyﬂ+ v B
4 4 2
+ 3yvyumﬁ tav,, p + yvuxxyﬂ 5 Uyxx B+ 4o u, f— tu LU P
4 16 2 4 4
+ 3tv u,xﬂ+ —tu, v f— tvu,xxﬁ+ tv,xxxﬁ+ yyv Uy,
8 4 4
- gyy”xuxz + gyyuzuxx + 4yaUx“xx - 4yauxuxx + gyyuuxxz
40
- 16yvxuxxur + 16yuxvxxut - ?yuxuxxvl - gyuxxxxur - ?yuxvxutx
4 4
- _Oyuuxxutx — T VUxxxUix T @yuzutx + §yl”xxxutx = R YUUL U
3 5 3°% 5 3
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8 12 12 16 4
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5. Application of solitary waves and conservation laws in physics of the ocean

We are aware that various solitary waves, as well as hyperbolic functions, are obtained in this study, hence the need to outline
their significance. In physics as well as mathematics, a soliton usually called solitary wave depicts a self-reinforcing packet of waves
propagating at a constant velocity with its shape sustained. Solitons are occasioned through the neutralization of dispersive alongside
nonlinear effects in the involved medium. The envelope of solitary waves is identified with unique global peaks and decays which
is isolated from the peak. Solitary waves emerge in diverse contexts which consist of the optical fibres’ light intensity as well as
the water surface elevation. A soliton which is also a nonlinear solitary wave possesses the additional feature that after colliding
with another soliton wave still keeps back its permanent structure. For instance, two solitons generated in opposite directions pass
through each other effectively without breaking [55]. The impacts of the extreme internal solitary waves on deep-ocean currents
as well as thermal structures is highly notable [56] (see Figs. 13-15).

Moreover, solitary waves emerge in many structures. Perhaps the most recognizable of these forms is the tsunami, which arises
consequently to the disruption on the ocean floor which can as well travel, inexorably for hundreds of miles at high speeds [57].
Physicists have demonstrated the first acoustic solitary waves existing in the airwaves that can move through long distances without
altering their shape. Solitary waves in air, which according to them could result in the undistorted transmission of heat as well as
other energy forms and the extermination of disturbing shock waves from air compressors and train tunnels [58].

Mathematical functions such as trigonometric, as well as hyperbolic, arise in physical sciences. An example of this is the case of
hyperbolic cosine functions that possess the shape of a catenary which by extension is applied in delineating satellite rings’ formed
around planets. Furthermore, they are also applicable in the theory of special relativity. Besides, in quantum physics, tan-hyperbolic
functions emerge in calculating the rapidity of special relativity and magnetic moment. In the laminar jet’s profile, secant hyperbolic
functions appear. Moreover, in the Langevin function for polarization of magnets, cotangent hyperbolic functions come to fore [59].
The Langevin and Brillouin functions are a pair of special functions that surfaces when investigating an idealized paramagnetic
material that exists in statistical mechanics.

Conservation laws [2,53,60,61] on the other hand, are a subject of pertinent engrossment in physics, inclusive of theoretical
as well as quantum mechanics. This study investigates the conserved quantities of Eq. (7) where the results reveal that the model
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Fig. 13. The extreme internal solitary wave event captured at M10 on 4 December 2013. (a) Shadings indicate the temperatures (in degree Celsius) measured
by the thermistor chains, and the lines represent the isothermal displacements at every 100 m between 200 and 1000 m. (b) Shadings indicate the zonal velocity
anomalies (m/s) measured by the upward-looking Acoustic Doppler Current Profiler, and the white line shows the shape of velocity anomalies with magnitude
exceeding 2 m/s. (c) Shadings indicate vertical velocity (m/s) measured by the upward and downward-looking Acoustic Doppler Current Profilers [56].
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Fig. 14. Measurements of the extreme internal solitary wave in the deep ocean and its trailing waves. (a) Zonal velocity anomalies (m/s) during the passage of
the extreme internal solitary wave at depths of 1565 m, 2175 m, 2782 m, 3289 m, and 3803 m, respectively. The blue dots denote the zonal velocity anomalies
recorded by the recording current meters 6 min prior to the wave trough arrival, and the shaded areas are the zonal velocity anomalies estimated from the
mode analysis method. (b) Temperature fluctuations (in degree Celsius) measured by the conductivity-temperature-depths at depths of 1570 m, 2180 m, 2787 m,
3294 m, and 3808 m, respectively. (c¢) Measurements of the trailing waves following the extreme internal solitary wave. Shadings indicate the zonal velocity
anomalies (m/s) in the upper 600 m, and the bold line denotes the isotherm displacement at 300 m. The dashed line is the analytical waveform calculated by
the dnoidal solution to the KdV equation [56].
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Fig. 15. Mooring measurements at internal wave near Batan Island. (a) Time series of total barotropic tidal current (black line) around 00:00 4 December 2013
at IW1 and its semidiurnal (blue line) and diurnal (red line) components. The magenta dashed line denotes the estimated generation time of the extreme internal
solitary wave. (b) Zonal baroclinic current between 50 and 250 m around 00:00 4 December 2013 at internal wave. (c—e) Time series of total barotropic tidal
current, diurnal tidal current and semidiurnal tidal current at internal wave from April 2013 to June 2014, respectively. (f) Depth-integrated kinetic energy
density (J/m) of the semidiurnal internal tide [56]. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version
of this article.)

possesses conservation of momentum and energy. In isolated systems physical quantities such as charge, mass, energy, and angular
momentum along linear momentum are conserved. Conserved quantities can be invoked in carrying out integrability checks on
differential equations. In addition, we have among others, the fact that conserved quantities play a key part in the establishment
of existence as well as the uniqueness of solutions and linearization mappings. They are also utilized in the global behaviour of
solutions and stability analysis.

6. Concluding remarks

In this research paper, the studies carried out on a new (3 + 1)-dimensional fifth-order nonlinear Wazwaz equation (7) with
third-order dispersion terms are presented. Using the technique of Lie group analysis, an eleven-dimensional Lie algebra of the
equation was achieved where we engage the involved subalgebras to reduce the equation and secure abundant group-invariant
solutions. Moreover, the ordinary differential equations gained via the reductions are further solved to secure various classical
solutions. In addition, many of the results obtained consist of various arbitrary, hyperbolic and rational functions with diverse
quadratures of interest. We also gained copious topological soliton solutions which were graphically depicted to reveal the physical
meaning of these solitons. Further, by assigning various mathematical functions to the arbitrary functions in the solutions, several
solitary wave interactions of interest were demonstrated and discussed. Subsequently, we examined the conservation laws of the
understudy equation with the application of Ibragimov’s theorem using its formal Lagrangian. As a result, we achieved eleven
conserved quantities corresponding to the basis of the eleven-dimensional Lie algebra. In consequence, we have among others,
the conservation of momentum and energy. We further outlined the applications of our results in physics with various diagrams
which can be of immense use for researchers in the fields of ocean engineering and physical sciences. The physical applications of
the secured results in the ocean and sea [3] coupled with the significance of the various trigonometric and hyperbolic functions
solutions in the real life situations reveals plainly that nonlinear partial differential equations (especially the higher dimensional
equations) are very important in modelling life circumstances.
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