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Abstract

Tree methods for the valuation of financial derivative securities represent a recognized
and well-established pricing paradigm. It has formed part of the financial engineer’s
“toolbox” for close on 30 years. The tree approach is multi-dimensional though: there
are for example, various ways in which trees can be parametrized. Incorporating ec-
centricities of the financial markets like the paying of discrete dividends and volatility
skews add some further complexity to the approach. A full perspective on the place
of tree methods requires knowledge of the relation between the said and other pricing
paradigms like numerical integration techniques and finite difference methods. Con-
vergence properties are of definite interest to a practitioner as well. This dissertation
aims to provide a general introduction to tree methods, and well by treating on the
enumerated issues .
Uittreksel

Binomiaalboom metodes verteenwoordig 'n gevestigde en gerespekteerde waardasie
metodologie vir finansiéle afgeleide instrumente. Alhoewel die onderliggende begin-
sels relatief eenvoudig is, is die paradigma multi-dimensioneel, en wel ten opsigte
van: die parametrisering van die algoritme, die kalibrasie na mark eksentrisiteite
soos diskrete divedend betaling op sommige onderliggende bates, asook konvergensie
karaktereienskappe. Verder, om 'n geheel perspektief te kry op die metodologie, is dit
noodsaaklik om die verband tussen binomiaalmetodes en ander waardasie benader-
ings te verstaan. Hierdie verhandeling stel dit self ten doel om ’'n algeme agtergrond
te gee op die binomiaalwaardasie benadering, maar met die fokus op die genoemde
kwessies.




.. however confusedly and meaninglessly our way may deviate from our desires,

after all it does lead us inevitably to our invisible goal.”
Stefan Zweig,
“The World of Yesterday”.

and

Adagio from the F-major string quintet by Anton Bruckner.
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Chapter 1

Introduction

Cox, Ross and Rubinstein introduced the binomial tree procedure for derivatives
pricing with their seminal paper “Option Pricing: A Simplified Approach”, (1979),
[23]. ! After the paradigm shifting work of Black and Scholes on the pricing of
derivatives securities, Cox et al (1979), proposed a novel, easy to understand and
independent pricing approach. What differentiated their scheme from other finite
difference schemes was a starting point other than the Black and Scholes partial dif-
ferential equation: binomial trees in essence require no reference to the said. Rather,
the basis of the Cox et al pricing perspective consists of an intuitive no-arbitrage
reasoning, based on the ability to replicate a derivative using the underlying, and
riskless assets, within in a two-outcome world, it must be added. As such the bino-
mial tree method, although very much a numerical technique, akin to finite difference
methods, finds itself in a category of its own. This procedure, 30 years after its
introduction remains an invaluable part of any financial engineer’s “toolbox” in the
evaluation of derivative securities. The aim of this dissertation, could be summarized
as: the exposition of the fundamental ideas underlying the binomial tree procedure,
its various incarnations, its consistency with other pricing paradigms, the application
of binomial lattice valuations, and finally the exploration of some ideas and results
concerning its convergence. But first, a general investigation of binomial methods’
history and its associated academic literature.

Since the publication of the article that introduced binomial methods, many have re-
alized the power and elegance of the procedure; much has been done to apply, further
and extend the methodology as well as to investigate its relationships with other pric-
ing approaches. Concerning the extensions alluded to: the discretization framework

1Some authors also acknowledge Rendieman and Barter (1979) with “Two-State Asset Pricing”,
(4], as co-founders of the procedure.
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proposed by Cox et al (1979}, [23], leaves ample room for individual interpretation;
as a consequence a number of different ways in which the tree process is parametrised
have been formulated. Jarrow and Rudd, in their 1983 book “Option Pricing”, [49],
for example, proposed a price tree where the outcomes are equiprobable, i.e. “up”
and “down” movements are equally likely to occur from the same starting point. The
reason given for the latter was an attempt towards greater accuracy. Interesting: as
it turned out, the result of setting the risk neutral probability to one half was to
violate exactly the principle upon which the whole binomial method is based, namely
arbitrage-free pricing (this is shown in Chapter Three). Also, in violating the said
condition, no advantage was gained in terms of order of convergence: Leisen and
Reimer [55], established an order of convergence of one for Jarrow and Rudd trees,
the same as that shown for the original Cox et al specified lattice!

Cox et al binomial trees rely on a very fundamental approximation in the derivation
of tree parameters, namely that the expectation of log-returns, squared, (over an
arbitrary time interval) is equal to the variance. Although not affecting the capacity
to converge, it does introduce some numerical instability for certain parameter choices
{further explored in Chapter Seven). Recognizing this shortcoming, Trigeorgis (1991)
[86], altered the tree parameterization so as to take cognizance of the subtle difference
mentioned. The result of this alteration is a procedure that produces prices almost
exactly equal to the Cox et al tree, but without the instability associated with low
risk free return rates and high price volatility.

As prior mentioned, the tree parameter derivation process leaves ample room for
interpretation: the principal reason for this being an additional degree of freedom
in the system of equations characterizing the process. Cox et al (1979) [23], used
this to add the condition that “up” and “down” movements be of equal magnitude.
As prior mentioned, Jarrow and Rudd (1983),[49], used the said degree of freedom
to specify equiprobable price moves, whereas Trigeorgis followed Cox et al. In 1993,
Tian (1993), [84), in response to the rather {or so seeming at least) arbitrary nature of
the enumerated conditions, proposed that the additional degree of freedom be used to
equate the third moments of the continnous and discrete price processes - instead of
only the first two as done by the other systems. This yielded a binomial price process
that matches the mean, variance and skewness of the continuous time- and state
process posited by Black and Scholes (1973), [9]. Tian’s claim of improved pricing
accuracy (following from the altered process) was unfortunately shown to have been
an empty one: Diener and Diener (2004) [31], and Leisen and Reimer (1995), {55],
both showed order of convergence of only one on Tian’s tree method.

A number of parameterizations for binomial trees, other than those enumerated above
are in existence, for example that proposed by Van den Berg (2000) [83], as well
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as the transformed process trees of Camara and Chung (2003) [18]. Of particular
interest are the trees proposed by Muzzioli and Toricelli (2004), [60], where states and
probabilities are derived in the context of fuzzy set logic. However, this dissertaton
will focus on the principal tree parameterizations as proposed by Cox et al (1979),
(23], Jarrow and Rudd (1983), [49], Trigeorgis (1991), [86] and Tian (1993), [84).
In Chapter Three each of the aforementioned is discussed and well as regards the
assumptions made, the derivation of tree parameters as well as the eccentricities
ensuing. Some comparisons are drawn in the chapter’s conclusion.

Building on the work of the above mentioned authors, Boyle (1988}, with his article
“A Lattice Framework for Option Pricing with Two State Variables”, [12], extended
binomial trees by changing the two-outcome assumption for the value of the underly-
ing to a three-outcome one; the resulting procedure was subsequently christened tri-
nomial trees. ¢ The drawback of trinomial procedures is that within a three-outcome
price environment, the no-arbitrage replication argument, central to binomial tree
methods, no longer holds true - because of the impossibility of replicating a deriva-
tive’s value in a three state world with only recourse to the underlying- and riskless
assets as replication tools. Thus followed the “Babylonian exile” of trinomial trees: in
name they were tree-based methods, but only as such. Traditionally the justification
for trinomial trees is strictly defined in terms of equivalence to the explicit finite dif-
ference methods. In Chapter Four it is shown that the trinomial and binomial trees
are indeed incarnations of the same thing, which provides added justification for the
former. (A remark concerning the title of the dissertation is in order: as already
mentioned, the trinomial procedure is in fact exactly equivalent to the binomial; as
such it was felt that a focus on binomial trees is justified.)

There are a diverse number of different derivatives valuation methodologies in exis-
tence today: the Black and Scholes closed-form solution for vanilla European options
(along with a myriad other analytical formulas for non-vanilla pay-off styles), finite
difference schemes for the solution of the Black and Scholes partial differential equa-
tion, trinomial tree procedures, numerical integration schemes (that draw more on
the Martingale pricing approach)} and yes, binomial tree methods. In the expository
article of Cox et al (1979),[23], the issue of paradigm consistency was already consid-
ered: they showed both convergence to the Black and Scholes closed-form solution
for vanilla European options as well as equivalence to the Black and Scholes partial
differential equation. Since then, numerous other articles have appeared that seek

2Boyle might not have been the first to consider three-jump processes in the evaluation of deriva-
tive securities, for example Parkinson (1977), [65], and Brennan and Schwartz (1978), [14] all con-
sidered this eventuality. However, the context within which the said model was presented as well as
the application certainly differed from that uitimately proposed by Boyle. For the foregoing reasons
it would not be unwarranted to refer to Boyle as having established the trinomial procedure for
derivatives valuation.
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to establish consistency links. For example, Musiela and Rutkowski (1997}, [59] and
Van den Berg (2000), [83], both proved convergence to the Black and Scholes closed-
form solution for vanilla European options, whilst Schwartz (1977), [75], showed
equivalence to the explicit finite difference solution of the Black and Scholes partial
differential equation. Numerical integration schemes within a derivatives pricing con-
text was first explored by Parkinson (1977), [65]; recently there has been renewed
interest in this technique, see for example the articles by Andricopolous et al (2003},
[1] and Chung and Shackleton (2004) [20]. The “Babylonian exile” prior mentioned
was effectively healed when Rubinstein published an article showing equivalence be-
tween trinomial and binomial trees in 2000, [73]. Chapter Four treats on equivalence
between binomial procedures and those mentioned above.

For all its elegance, binomial procedures in their original guise (as any active deriva-
tives practitioner will know) are somewhat removed from the “real life” financial
markets. For instance, riskless returns realize as a term structure, and not as a single
number as assumed in almost all binomial derivations, furthermore, riskless returns
are anything but deterministic. In making allowance for this, Merton (1976), [56],
proposed the application of stochastic interest rates, though not in a discrete time
and state environment. Accommodating a term structure of interest rates within
a tree framework, although not expressly done in the expository work of Cox et al
(1979), [23], is rather straight forward. Following Merton'’s cue, and generalizing risk-
less returns to stochastic variables (within a lattice paradigm), however, requires a
multi-variable modeling approach such as that proposed by Boyle (1988), [12]. As
regards the cost incurred by stock borrowing - and this also extends to derivatives
on currencies - expanding upon the suggestion for inclusion of proportional dividends
given by Cox et al, [23], provides an easy enough solution. Geske and Shastri (1985),
[35], in their comparison of different American option pricing techniques show how
one would include continuous dividend yields (or equivalently stock borrow costs) in
a binomial lattice framework.

Applying the principle posited by Black (1976), [8] for the valuation of options on
commodity forwards and futures, namely of assuming geometric Brownian motion
for the forward price, to binomial trees results in an extension that allows for the
pricing of derivatives on commodity futures and forwards. * Of particular interest
in the equity markets, is the question of discrete dividends paid. It has already
been alluded to that Cox et al (1979), [23] allowed for the presence of dividends, the
magnitude of which depends on the level of the underlying’s value. It is well known
that dividends tend to be independent of a share price’s value. Incorporating discrete
dollar dividends, the size of which is independent of the share price’s value into the

3In this instance, instead of building a tree that mimics the spot price of the underlying, a forward
{futures) price tree is rather built.
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Black and Scholes {1979), [9] stochastic framework is an issue not yet fully decided.
Chapter Five uses a basic framework proposed by Frishling (2002), [34] to explain
the various approaches in existance. In terms of translating these into adjustments
to the binomial procedure, once the principle has been established, is rather to the
point.

The 1987 equity market correction (Black Monday, 19 October 1987), left more than
just increased nervousness about the markets in October as its legacy. It is also
generally regarded as the time at which volatility skews first became a feature of
derivatives markets. The literature on volatility skews is quite wide - and is growing,
however the authors normally coming to mind are Derman and Kani, Dupire and of
course Rubinstein. (Of course the debate regarding the meaning and application of
volatility skews is very much still going on.) It is interesting to note that the first
(and still definitive) attempts towards explaining and accommodating the skew in
derivatives valuation were based on tree methods: Derman and Kani’s (1994), [29]
(and Derman et al (1996), [27]) local volatility model, for all the criticism it attracts,
is an elegant way of presenting skews, whilst the Rubinstein (1994) implied binomial
tree, [73], certainly represent a relatively robust implied volatility procedures at this
point in time. In the fifth chapter, the problem of volatility skew and its implications
for binomial tree methods are treated on.

The utility of binomial procedures in the pricing of American options is quite evident
from the fact that most current trading and risk management systems (Imagine,
Front Arena, Riskwatch) allow for the pricing of the said by way of binomial lattices.
The ease of pricing these derivatives within a binomial tree framework was already
presented by Cox et al (1979), [23]; Schwartz (1977), [75), as well as Geske and Shastri
(1985), [35] raised the option of pricing American options within a finite difference
scheme to definite cognizance. Since then, most papers on binomial procedures, and
on American option valuation takes into view either the one or the other. On the
matter of convergence of American options as valued by trees, to the “actual” value,
Leisen (1998), [53] provided some mathematical justification for the “rule of thumb”,
no-arbitrage principle first suggested by Cox et al (1979),[23], and well as relating to
adjusting an option’s value, within a tree for the optimality of early exercise. On the
pricing of barrier options within a lattice approach: there has been a good number
of publications on this, including Margrabe (1989), [54], {who investigated the issue
of barrier option value convergence), Boyle and S.H. Lau (1994), [14] and of course
Derman and Kani (1993), [26], and Derman et al (1995), [28]. The penultimate
chapter focuses on the pricing of exotic options using the binomial procedure.

Convergence patterns, stability and order of convergence are issues of very practical
concern. As might be expected, the enumerated were not addressed at length by
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Cox et al in their expository work. For example, Geske and Shastri (1985), [35],
were the first to point out that for certain parameter choices the Cox, Ross and
Rubinstein tree resulted in unstable price approximations, although the reason for
this was not alluded to. Boyle (1988), [12], and Hilliard and Schwartz (1996), [45],
must have been some of the earliest authors who considered the recognition of the
characteristic patterns associated with binomial procedures. The said authors, it
might be added, also attempted to manipulate order of convergence by recognizing
the very specific patterns and extrapolating on them; Leisen (1998) [53] acknowledged
the improvement in convergence using the said method. The underlying drivers for
the peculiar binomial convergence patterns, were however only seriously investigated
in the late nineties. Beyond the reasons for oscillatory behavior, order of convergence
and more specifically, a proper definition of the said and furthermore a systematic
comparison of the convergence order of different tree construction methods was of
prime concern to Diener and Diener {2003), [49] as well as Leisen and Reimer (1995),
[55]. The final chapter considers these issues.

To conlcude: the aim of this dissertation is to provide a general background to tree
pricing methods as applied to the pricing of derivatives securities, and well by in-
vestigating the assumptions underlying, the various incarnations found as well as an
investigation into some of the peculiarities exhibited by these algorithms. Very im-
portant: extensions to the paradigm - in the form of relaxing some of the underlying
assumptions - are touched upon, furthermore, the relation of tree- to other pricing
methods are also considered.




Chapter 2

Random Walk Models and
Derivatives Pricing

Binomial tree procedures are spanned by two important concepts, namely that of a
two-outcome random experiment, and a no-arbitrage argument that links the former
to a derivative security’s fair price. The implications of these simplistic-seeming
assumptions are quite far-reaching, being amongst other things the applicability of
random walk models to the underlying asset price, as well as a discrete equivalent to
the Feynman-Kac result (see Chapter Four, Section Four and Goodman et al, (2004),
37)).




B CHAPTER 2. RANDOM WALK MODELS AND DERIVATIVES PRICING
2.1 Background

This chapter aims towards the exposition of some of the fundamental ideas underly-
ing binomial tree methods in derivatives pricing. More specifically, the concepts of
Bernoulli trials, random walks and their properties as well as no-arbitrage reasonings
and their use in linking Bernoulli variables to derivatives pricing is to be investigated.
It commences with a discussion of two-outcome, or Bernoulli experiments. A gener-
alization of these into random walks follows, whereafter some of the important and
useful results pertaining are presented. The link between Bernoulli outcomes for the
price of an asset underlying a derivative, and its arbitrage-free value is presented in
the penultimate section by way of intuitive reasoning as well as algebraically. The
chapter is concluded with a generalization of the latter into a relationship between
random walk models for the asset price and the arbitrage-free value of derivatives
securities.

2.2 Bernoulli Experiments and Random Walks

It could be argued that the simplest of all stochastic processes must be the Bernoulli
experiment, i.e., a two-outcome or two-state random variable. In this category one
finds the simple coin-toss game, where the outcome of each toss could be heads or
tails exclusively, with the probability of either being constant. Another example of a
Bernoulli experiment would be where the price of a financial security is categorized as
either being high or low, based upon some pre-determined threshold. In the last men-
tioned example, although the security’s price may assume any value on the positive
Real line, i.e., it might be spatially continuous, a Bernoulli variable may be defined,
driven by this continuous process, but which gives (from a complexity perspective)
a much reduced view. The point being driven at is as follows: Bernoulli random
processes can be used to simplify more complex settings.

From the preceding it should be clear that Bernoulli experiments driven by a con-
tinuous underlying process can be thought of as a two-dimensional partitioning of
the primary process’ cumulative density function. Should a more general k-state
process be assumed, i.e., a stochastic model that allows for & possible states of the
world, intuitively it should follow that as k& becomes larger, i.e., as the partitioning
becomes finer, the discrete view becomes progressively more similar to the underlying
process. Mathematically the last mentioned would be equivalent to stating that the
discrete distribution converges towards the underlying continuous process in prob-
ability. This issue is very important, for example, in testing consistency between
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binomial tree based pricing methodologies and Black and Scholes pricing (this is to
be discussed more in detail in Chapter Three).

Associated with Bernoulli experiments is the concept of a random walk. Consider
a random variable that sums the outcome of each of n successive, identical but in-
dependent Bernoulli trials; this variable, which effectively keeps track of preceding
realizations is what is referred to as a random walk. An obvious example of a random
walk would be the cumulative gain or loss from a succession of coin-toss gambles.
The concept of a random walk is formally introduced in the following definition.

Definition 1 (The Generalized Random Walk)
Let e;, with1 €0,1,2,...... be Bernoulli random variables, defined as follows:

= ce, with probability p
18, with probability (1 — p)

The process {X, =3 . ye,n=0,1,2,..} is said to be a random walk.

Figure 2.1 presents the above in a more intuitive way; the stem-plot representing the
outcomes of each of the successive two-outcome experiments, whilst the drawn line
shows the random walk realization.

Random walks are well studied stochastic processes, with many interesting and useful
results pertaining. Some of these are now to be introduced, the first of which relates
to the probability distribution of random walk models.

Theorem 1 (Random Walk Sample Paths)

The random walk {X,,n € N} has 2" possible sample paths or reakizations; the
probability distribution of the process at o fixed but arbitrary time point, n can be
written as follows:

Pr{X, = (n— i)+ ()8} = (’:)pf"*ﬂ(l ), (2.1)

where1=10,1,2,....,n.

Proof: The proof to the above follows directly from basic combinatorial concepts.
Refer to Tucker (1995), [82] for an introduction to combinatorics.
Q.E.D.
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Figure 2.1: [lustration of Bernoulli experiments and random walks

From the above it should intuitively follow that many of the 2" sample paths recom-
bine at different nodes to imply only (n + 1) terminal nodes. The implications of
the recombination concept would be difficult to exaggerate - amongst other things it
allows for the realistic consideration of all possible sample paths in pricing a particu-
lar derivatives contract - which is required for the sensible valuation of, for example,
path-dependent options. (Providing a way to systematically discretize the entire
time- and state domain of the underlying asset’s process is, arguably, the principal
advantage of binomial procedures.)

An important implication of the above is that the value of a random walk, when
defined only in terms of the number of “up” movements, could be regarded as a
binomial random variable. This is a powerful result which is used with great utility
in derivatives pricing and well in the sphere of data reduction, or rather in “jumping”
between points of discontinuity in the underlying asset price and derivatives value.
(The last stated concept being equivalent to that used in a multi-step Monte Carlo
simulation, but more on that later.)
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Random walks can be visualized as sets of vertices (representing state and time re-
alizations) connected by lines (lines representing a transition with non-zero proba-
bility). Othwerise said: one could represent the entire set of possible sample paths
relating to a random walk process, by points (vertices), denoting a particular asset
price realization, and connecting lines between points, denoting non-zero transition
probability. Such a lattice construction, as shown in Figure 2.2 is very characteristic
of binomial methods. In fact, it strongly relates to a branch of mathematics called
“Graph Theory”, dealing with points and lines of connectivity. (Das (2002) [24], gives
an excellent graph theoretical definition of binomial trees.)

Now, in graph theory, trees represent a class of graphs where each terminal point has
only one sample path Jeading from the root to it. (This characteristic is also referred
to as a tree having in-degree of only one.)

Figure 2.2: “Proper” and “Binomial” trees

As such, binomial trees as shown on the left of Figure 2.2 would be a member of
the class of trees, whilst that on the right would not be: their recombining nature
precluding them from the said classification. However, the name has been decided
on, and as such applies. Binomial trees, it is seen, derive their name from the two-
outcome nature of successive price movements, (and the consequent relevance of the
binomial probability distribution), as well as the representation in terms of vertices
and lines, harking back to graphs of a trec-like nature in graph theory. Based on the
preceding the following could be said:
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Theorem 2 The sample paths of e random walk {X,,n € N}, (with no absorb-
ing or reflecting barriers) can always be presented as a unique binomial tree with
(n+ 2){(n+1)3 nodes and (n)(n + 2) lines.

Proof: The total number of nodes is simply the sum of the progression 1,2,3, ... M,
whilst the number of lines is equal to the sum of the arithmetic progression 2, 4,6, ....., 2n.
Q.E.D.

The above implies that the graph representation allows one to view an exponentially
increasing number of sample paths in an efficient way such that the number of ad-
ditional nodes considered for an unit-increase in the number of time steps, increases
linearly only. The utility of this is to be further illustrated by way of example:

Example:

Assume an ordinary share’s price in a time interval covering one hour behaves ac-
cording to a Bernoulli experiment - it can either increase by one cent or decrease
by one cent; the probability of an increase remaining constant through time and
space. It should follow that for an observation period of one trading day, there are
28 = 256 possible trajectories for the share price. Using Theorem 2 the said sample
paths can be condensed in representation to 40 space -time combinations, and 80
transitions with non-zero probability. Otherwise said: all possible sample paths can
be represented in a data structure consisting of 40 elements.

The principal implication of the above being that path dependent observation is fea-
sible given the data reduction method presented. As shall be shown in Chapter Five,
when considering the evaluation of path-dependent options, a particularly powerful
characteristic of binomial lattice procedures is the facility of considering conditional
pricing. Now, when adding a conditioning feature to pricing, but where there is no
recourse to the type of data reduction above presented, the amount of computation
effort expands beyond computing capacity and quite also beyond imagination as well.
It could therefore be said with a good measure of justification, that the data reduction
capacity of recombining binomial trees is a powerful and usefull feature. With this,
the preliminary section on random walk models and their properties is concluded.

2.3 Risk Neutrality and Arbitrage-Free Prices

The saying “there is no such thing as a free lunch” must be one of the most funda-
mental of principles applying to derivatives pricing. In essence it states that prices
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exist for all securities such that riskless profit taking is impossible. It also equates to
non-exploitation, in other words, prices are set such that parties with similar infor-
mation about the market are all equal in terms of the ability to calculate fair security
values. This principle of no-free-lunch is generally referred to as the no-arbitrage
principle; it is formally stated as:

Definition 2 (The No-Arbitrage Principle) Arbitrage is the process by which
profits can be made with probability one, but with no risk taken, otherwise said: ar-
bitrage opportunities arise when trading strategies exists such that costs incurred in
their ezecution (the cost of funding) is less than the pay-off they provide, and with
complete certainty (probability one). The no-arbitrage condition in derivatives pric-
ing therefore relates to the setting of the feir value on different securities, such that
arbitrage is precluded.

From the preceding it should follow that quoting on derivatives using prices that do
not comply with the no-arbitrage principle could be a dangerous practice. A price
in excess of the no-arbitrage one will leave the buyer open to exploitation, whereas a
price below that of the no-arbitrage one might lead to exploitation by the market of
the seller. The no-arbitrage price therefore provides an important indication of value
levels for all securities.

Now, closely connected with the no-arbitrage price of a security is that of “risk neu-
trality”. Black and Scholes (1973): “The Pricing of Options and Corporate Liabili-
ties”, [9], introduced the idea of “risk neutral” prices; in the logic used to construct
their partial differential equation, this concept played a pivotal role. Essentially it
involves the idea that a portfolic can be “immunized” against movements in a market
variable over a given time interval, i.e., the “profit and loss” effect of an instanta-
neous change in a market variable can be neutralized. Furthermore, a “risk neutral”,
or “riskless” portfolio should always provide a return equal to that of a risk less asset,
such as a money market deposit (that carries no credit risk). A return in excess or
shy of the last mentioned, leaves room for arbitrage - long the asset that provides
the higher return and seli-fund by shorting the other, thereby locking in a net return
greater than zero, with probability one.

An important consequence of risk neutrality is that investor preferences and risk ap-
petite can be ignored in calculating the arbitrage-free value of derivatives. This is
quite surprising, especially in the light of early attempts to price these instruments:
most models preceding that of Black and Scholes took into account variables mea-
suring the risk aversion or preference of investors (consider for example the model
postulated by Samuelson, in the (1965) paper “Rational Theory of Warrant Pricing”,
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or Sprenkle (1964), “Warrant Prices as Indicators of Expectations and Preferences”.)
The Samuelson model depended on two variables the value of which was difficult
to determine. The first being the expected rate of return for the underlying asset
price (which is obviously a function of risk preference and aversion); the model also
required a variable measuring the rate at which accommodation could be made for
a deferred pay-out, i.e., a discount rate had to be supplied. As the measurement of
perception and risk aversion and appetite is difficult if not impossible, not to mention
leaving much room for subjectivity, inclusion of the said makes for unwieldy pricing.
Simply said: in a framework where risk preference is taken into account, agreement
on derivative prices would be hard to reach. Risk neutrality, in contrast, provides a
logical framework for derivatives pricing where investor views and preferences plays
no part, resulting in prices most investors can be in agreement of.

As a final remark on risk neutrality, it is worthwhile to consider that risk is repre-
sented by stochastic elements in the potential return of an investment strategy. The
logic underlying risk neutral pricing, is that of removing the stochastic element in a
portfolio’s return completely, i.e., such a portfolio, funded by a risk less asset, should
result in a completely flat profit and loss profile, implying that the arbitrage-free
price of a derivative is the up-front calculation of the cost of hedging or immunizing
a portfolio containing the said derivative: arbitrage-free derivative valuation models
are only advanced “profit and loss” calculators.

2.4 Bernoulli Experiments and Arbitrage-free Deriva-
tives

In their seminal paper “Option Pricing: A Simplified Approach”, [23], Cox et al
(1979), showed that a very close relationship exists between arbitrage-free derivatives
valuations and the assumption of a two-outcome stochastic model for movements in
the price of the underlying asset. In short, their argument is as follows: assume 2
Bernoulli model for the behavior of a derivative’s underlying asset’s price; further as-
suming arbitrage free prices for derivatives sccurities, and an immunization argument
following from that, a two-equation, two-variable system linking the arbitrage-free
price of a derivative and the two outcomes on the underlying’s price results. The
system solution provides a unique arbitrage free value for the derivative, unrelated
to the empirical or assumed probability distribution on the underlying’s value. This
argument, to be referred to hereafter as the “Fundamental Result of Tree Pricing” is
now presented more rigorously.
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Theorem 3 (The Fundamental Result of Tree Pricing)

Assume a financial asset’s price movement over @ fived but arbitrary time interval At
modeled as a Bernoulli variable, with outcomes Su and Sd. Furthermore, let S, f(t)
denote the price of the asset and a derivative thereon (respectively) at the start of the
interval, whilst f(t+ At|Su), f(t+ At|Sd) in their turn denote the no-arbitrage value
of the derivative conditional on an up and down movement in the underlying. Then,
it can be stated that:

(pf(t + At|Su) + (1 — p)f(t + At)Sd)
= f= 22
j(4s) =1 Horas , (22)
where r denotes the return of the riskless asset (expressed as a simple rate), and where

p = ( +§fi)i; Sd. The no-arbitrage condition implies that: Sd < (1 +71A)S <

Su.

Proof:

Consider a portfolio consisting of a derivative, the value of which is denoted by
f, furthermore, the portfolio also contains a position of D of the underlying asset,
and well such that the portfolio is completely immunized against movements in the
asset’s price !, i.e., the portfolio should show no change in value under either of the
two outcomes assumed possible for the underlying asset’s price movement. At the
start and end of the observation period, the value of the portfolio can be written as:
(f+DS), (f(t + At|Sd) + DSd) and (f(t + At|Su) + DSu) respectively. From the
immunization assumption and last stated, the following system results:

(f+ DSY(1+rAt) — (f(t + At|Sd) — DSd) =0, (2.3)
(f + DS)(1 + rAt) — (f(t + At|Su) — DSu) =0, (2.4)

which has the unique solution:

_ f(t+ At]Su) — J(t+ At|Sd)

b Su-— Sd ’ (25)
and (@f (¢ + AtISu) + (1 - p)(F(t + AtlSd))
_(p u ~p
= 1+ rAf) ’ (26)
where p = e +u'rf13 —d_ Ij::, where R = (14 rAt).
QED.

The above result is rather fascinating, and well for reasons incliding:

Refer to Leland and Rubinstein (1995), [53], for a more detailed explanation on this concept.
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e In the solution, the empirical or parametric probability distribution assumed
on the underlying’s price movements, is absent and actually quite irrelevant.

e Due to §d < (1 + rAt)S < Su, the value p has the property 0 < p < 1. Thus,
it conforms to the Kolmogorov probability postulates, and one could interpret
it as a probability, moreover, the derivative’s value at the time period start, is
interpretable as a discounted expected future value.

e The probability p, is referred to as the risk neutral probability measure. (Amongst
other things it ensures that the discounted price process for the underlying is a
Martingale.)

The “Fundamental Result” presented, allows one to establish a link between a Bernoulli
outcome assumption on the underlying asset price movements and the no-arbitrage
price for a derivative. Modeling asset price movements over a small time interval by
way of Bernoulli random variables is quite acceptable, however, as the interval length
increases, such a model, it might be argued would be too simplistic to realistically
capture movements more likely in an actual financial market setting. However, suc-
cessive changes over small time intervals could be acceptably modeled by Bernoulli
variables. Furthermore, it has been seen in Section Two that such a stochastic dy-
namic is captured by the random walk model. Thus, assuming a random walk model
for the asset price, and using the “Fundamental Result” would enable one to price a
derivative in a arbitrage-free way without placing stultifying limits upon the realism
of the model posited for underlying asset price dynamics.

2.5 Summary

In this chapter the concept of Bernoulli trials (and their relation to random walk
models) was introduced. It was also seen that Cox et al (1979), [23], presented a link
between two-outcome stochastic behavior for an asset price and a no-arbitrage price
for a derivative based thereon. The latter, the " Fundamental Result of Binomial Pric-
ing”, and the assumption of random walk dynamics for the value of the underlying,
yields the binomial tree method for pricing derivative securities.




Chapter 3

Tree Construction Methods

In recognition of binomial procedures’ simplicity and power, quite a number of exten-
sions and adjustments to the original parameterization posited by Cox et al (1979),
(23], have been proposed. Different parameter derivations is a natural consequence of
the structure of binomial lattices: the basic tenets of this pricing approach are very
loosely defined; a two-outcome price process, for example, is the only requirement in
so far as the discrete process definition is concerned. Ideally one would want the dis-
crete process to inherit at least some characteristics of the continuous one. However,
there are a whole number of ways in which this could be brought about. Moment
matching is the preferred choice of most parameterizations, whilst some like Leisen
and Reimer (1995), [55], has opted for a partial cumulative probability matching. Ap-
plying different constraints upon the discrete process, there are round five different
(and considered important) tree building techniques, namely that of CRR, Jarrow
and Rudd, Trigeorgis, Tian and Leisen and Reimer.

17
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3.1 Background

In the previous chapter the concept of a random walk was introduced. Applying ran-
dom walks to describe the price movement for asset prices, facilitates the calculation
of arbitrage free prices. Now, given an empirical distribution for the price of an asset,
how is one to ensure that the discrete model assumed within the binomial framework
is consistent with it? In other words, given that an asset’s price behaves according
to a geometric Brownian motion, how is one to select the random walk’s parameters
such that convergence to the empirical distribution is guaranteed as the time interval
size is reduced?

This issue can be presented in the following way as well: the “Fundamental Result
of Binomial Tree Pricing”, provides a way in which to derive arbitrage-free prices
for derivatives given the assumption of a random walk model for a description of
the underlying security’s price movement, however, there are literally an uncountable
number of ways in which to select the model parameters - each selection of which will
yield a different arbitrage-free price for the derivative.

This chapter deals with the way in which parameter selection is to be done. The con-
cept of calibration is introduced first; two techniques through which calibration takes
place are discussed. Since the publication of Cox et al (1979), [23], - suggesting a par-
ticular parameter choice, numercus other parameter selection results have appeared.
Section Three presents some of the more well-known of these parameterizations, e.g.
the original one proposed by Cox, Ross and Rubinstein, the parameterization posited
by Jarrow and Rudd (1983), [49], the one by Trigeorgis (1991) [86], Tian (1993), [84],
and that suggested by Leisen and Reimer (1995), [86]. Section Four concerns itself
with two different representations of geometric Brownian motion and the implication
on tree calibration, whereas the penultimate section treats (albeit very briefly) with
different ways in which binomial procedures can be implemented in a programming
language.

3.2 'Tree Calibration

Calibration is defined by the Oxford dictionary as “1. mark (a gauge or instrument}
with a standard scale of readings. 2. compare the readings of (an instrument) with
those of a standard. 3. adjust (experimental results) to take external factors into
account or to allow comparison with other data.”
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The calibration procedure in the context used here refers to transferring characteris-
tics from an empirical stochastic process to the process used as an approximation, and
well done so as to ensure convergence. Otherwise said: calibration of one process to
another (standard one) will attempt to have the approximation mimic the empirical
in certain aspects. Calibration of stochastic processes generally proceeds in one of
two ways. Firstly it can be done by way of moment matching, and secondly by using
a partial CDF matching technique. Each of these is to be briefly investigated.

3.2.1 Moment Matching

Probability distributions are characterized by their moments, i.e.,two random vari-
ables with equivalent moments are of necessity identical in distribution. ! Further-
more, a distribution’s moments give clues to certain characteristics, e.g., the first
divulges information about the central tendency, the second about dispersion, the
third about skewness, the fourth about the propensity for outlying realizations etc.
(See for example Bain and Engelhardt (1992), (3], and Feller (1957), [33] for discus-
sions on the moments of probability distributions.) Thus, having random variables
with identical first central moments will facilitate easier comparison as regards central
tendency etc. The calibration technique of “moment matching” relies upon equat-
ing moments to ensure identical behavior of two different process as regards certain
measures. The idea is to be further explained by way of example:

Example:

Consider two random variables, the first of which is distributed lognormally with
location and scale parameters y = 2.38 and o = 0.2 - let it be denoted by X (t). The
mean, variance and skewness of this variate can be seen in the first column of Table
3.1.

Let the other variable, denoted by Y (t), be a discrete random variable such that:

Pr{Y(t) = Y(0)e?™-2)} = (":)p"(l —-p)*,

where i = 0,1,2....,20. @ and p are two distributional parameters for Y, whilst the
process Is assumed to have starting value Y(0). For a rather arbitrary parameter
choice, the mean, variance and skewness of the discrete (approximation) process is
shown in Column Two of Table 3.1.

'The proper condition being: equivalence in the set of all moments; this set being countable-
infinite.
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Moments | Empirical Process | Discrete Process | Calibr. Process
Mean 11.58 10.21 11.54
Variance 5.56 4.50 5.57
Skewness 0.61 0.60 0.52

Table 3.1: Results of the moment matching procedure

Assume that the variable X represents the true or empirical distribution, with X an
approximation; it would make sense to calibrate the second process so as to mimic
the first in some of its characteristics. Given that the moments presented are of great
importance, and it be desirable that these should match as closely as possible, then
the parameters @ and p could be set such that the following system is satisfied:

E{X(t)} = E{Y(®)}
E{(X(t) - B{X(®)})?} = B{(Y() - E{¥()})’}
E{(X(t) - B{X®}’} = B{(¥(t) - B{¥@1)})"}

The least squares estimate of the said parameters is § = 0.046 and p = 0.566; the
moments of the discrete distribution for a parameter choice as that just presented can
be seen in the third column of Table 3.1. Consistent with what has been observed
on the characterization of distributions by their moments, the calibrated discrete
distribution appears to track the empirical one quite closely.

To summarize: moment matching is a technique that allows one to transfer specific
properties of one probability distribution to another by the tweaking of distributional
parameters. Of necessity it requires knowledge of the empirical moments, as well as
a functionally tractable form for the moments of the process calibrated.

3.2.2 Partial CDF Matching

Besides their moments, probability distributions are also characterized by their Cu-
mulative Probability Density functions, i.e., the CDF of a distribution provides a
way in which distributions can be uniquely identified. Furthermore, the probability
of certain events are easily specified in terms of combinations of their cumulative
density. Probability properties are transferable from one random variable to another
via equating the respective CDFs at pre-determined points; this is illustrated by way
of an-example.

Example: Building on the previous example, given that the probability estimates
for the events {X(t) < 6.06}, {X(t) < 10} and {X(¢) < 16.48) are of vital concern;
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instead of calibrating the discrete process to match the empirical process in moments,
it might be more relevant to set the parameters such that the cumulative probability
functions intersect at the stated points. In Figure 3.1, the CDF resulting from the
calibration process is contrasted with the original variates’. It is quite remarkable
how ensuring intersection of the CDFs at set points, results in a seeming overall
equivalence.
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—— Calibrated discrete distribution
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Figure 3.1: Graphical view of the CDF matching process and results

Examples of CDF matching include the many techniques that exist to approximate
cumulative binomial probability mass using the Normal CDF (the rationale for this
being the difficulty of calculating combinations of high order). Amongst the aforesaid
would be the procedures suggested by Camp (1951), [19], Paulson (1942), [62], and
Peizer and Pratt (1968), [66]. Within the realm of binomial tree construction, CDF
matching is limited to the parameterizations suggested by Leisen and Reimer (1995),
[55].
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3.3 Well-known Tree Parameterizations

This section is to be devoted to an investigation of the most important tree pa-
rameterizations, namely the two proposed by Cox et al, the Jarrow and Rudd tree,
Trigeorgis’, the one posited by Tian, and finally, the Leisen and Reimer tree.

3.3.1 Cox, Ross and Rubinstein “Diffusion” Parameteriza-
tion

In general “quants” parlance, binomial trees usually refer to the CRR tree parame-
terization, proposed in their 1979 article, [23]. Its derivation is intuitive, whilst the
parameter choices are quite easy to remember. The discussion on this tree method
will involve firstly the assumptions underlying it, the associated parameter derivation,
and concluded with some remarks on its eccentricities.

The assumptions underlying the choice of parameters for this parameterization can
be summarized as follows:

Assumptions:

e CRRI The underlying asset price process (the continuous time and state one) is
chosen to be geometric Brownian motion, i.e., a generalized Brownian motion is
assumed for the log-return process; the assumption is the same as that proposed
by Black and Scholes (1973), [9]. The consequence of this assumption is that
returns are assumed to be centred around a specific drift value - seen to be the
riskless return, with perfect symmetry and only a limited tendency for extreme
behaviour. The distribution associated with continuous return is the Gaussian.
(See Neftci (1996), [59], for an introduction to geometric Brownian motion,
stochastic processes and their applications in financial mathematics in general.)

e CRR2 The discrete process is calibrated so as to have first and second order
moments that approaches that of the continuous processs in the limit, i.e.,as
the time intervals considered increase in number the first two central moments
of the discrete process are to converge to those of the continuous process. This
is ensured via a second order moment matching.

o CRR3 The second moment of the discrete process is assumed to be equal to its
variance.
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e CRR{ “Up” and “down” movements in the asset price are reciprocal; they are
assumed to result in relative price changes of equal magnitude, but opposite
direction, i.e.,an “up” followed by a “down” would yield the initial price.

Parameter Derivation:
The derivation of the random walk model parameters
manner:

2 proceed in the following

Denote by S(t) the underlying asset’s price at time ¢, and by ¢ the probability of
an “up” move in the price; let u represent the up-factor, and d the down-factor.
Assumption CRR1 could then be expresssed in terms of the following stochastic
differential equation as:

dIn S(t) = vdt + odB,, (3.1)

with v = (r — %) and dB; a Wiener process; r, following the reasoning applied in
constructing the Black and Scholes partial differential equation, being equal to the
continuously compounded riskless return.

Now, the first two moments of the above process are (r — %)t and ot respectively.
Equating the last mentioned and the moments of the discrete process, yields:

S(t)u S(t)d
gln 30 +{(1—¢)ln 0] — ot, (3.2)
and S g
(t)u)g ( )( Sg(t)) )2 2At + ’UzAt2. (3.3)
However, Assumption CRBB allows that the above be written as:
S( Ju S(t)d
g(ln 50 P+ (1 -¢)n 50 20 4 g?AL (3.4)

The above along with u = 3 (Assumption CRR4) results in:

B vAt+Inu

2lnu (3.5)

Substitution of (3.5) into (3.2) leads to:
(Inu)? = o?At, (3.6)

2All the parameter derivatons in this chapter have been done from first principles; in most cases
the reference articles supplied only limited algebra background for the parameter choices given. This
dissertation attempts to provide full details on the algebra that underlies the various choices.
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further yielding:
u=e"VA, (3.7)

Finally, substitution of (3.7) into (3.5) yields:

vAt 1
=4 . 3.8
7 WoiAt 2 (38)

Comments:

As can be seen from the solution as set out in Equations 3.7 and 3.8, the assumption
given by Equation 3.4 is equivalent to ignoring the term {vAt)? in equation (3.3).
For small At, (i.e.,for large n), the term (vAt)? is negligible, in fact, for most choices
of t,6,0 the said term is insignificant for all values of n. However, some choices
for the said parameter values causes it to become pronounced; the discretization
error increasing exponentially and yielding unstable results. The penultimate chapter
treats on this.

3.3.2 Cox, Ross and Rubinstein “Jump” Parameterization

The second parameterization presented by Cox et al (1979) [23], assumes that the
underlying asset’s price behaves according to a jump process. Jumps are generally
differentiated from “normal” movements (price moves driven by a diffusion process)
in that the size of increments are constant and independent of the length of the time
interval considered, whilst the probability of jumps occurring is directly proportional
to the latter.

In the derivatives pricing literature jump processes are usually used as an attempt
to explain the existence of the volatility skew. Perhaps the most well-known of
applications of jump processes in derivatives pricing is that of Merton (1976), [56];
in the said article he derived a pricing function for vanilla European options where
the underlying price process exhibits jump discontinuities. In the realm of binomial
pricing, the work by Rachev and Ruschendorff (1991), [64], is insightfull, as the
conditions necessary for convergence to jump processes are provided. Neftci (1996),
[59], provides an intuitive introduction to jump processes and their differentiation
from normal ones.

Assumptions:
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e JI The continuous underlying asset price process is assumed to be a Poisson;
the discrete process exhibiting a non-stochastic trend, with jumps superimposed
on this.

e J2 The discrete and continuous processes are assumed to have identical first
moments; this is ensured via a moment matching.

The discrete process following from the above assumptions can be presented mathe-
matically as follows:

S(t)u, with probability AA¢

S(t+ At) =
( ) {S (t)e4t, with probability 1 — AAt

Parameter Derivation:

As the arrival intensity and jump size (denoted by A and u) are known beforehand,
there is only one degree of freedom left, namely in the choice of {. The discrete
price-process discounted by the risk free rate of interest should be a Martingale, i.e.,
without a drift term, in order for the derivatives prices to be arbitrage free. This is
the only condition applied and results in:

uAAt + e4(1 — AAt) = R, (3.9)
writing the above in terms of { yields:

(At =In(R — uMAt) — In(1 — MAL). (3.10)

Comments:

As prior mentioned, Merton (1996), [58], provided a formula for the risk neutral value
of a vanilla European option, where a jump process is assumed for the underlying
asset price dynamics. As the asset price dynamics of the discrete process converges in
distribution towards the assumption made by Merton, it should follow that the price
for a vanilla European option calculated using the tree parameters just derived should
conform to the Merton-model based one. Cox et al (1979), (23], shows the latter to
hold true. (Refer also to Hanson and Westman, [38] for an alternative approach to
specifying jump-diffusion processes.)

3.3.3 Trigeorgis’ Parameterization

Trigeorgis (1991), [81], proposed a parameterization similar to that of Cox et al (1979),
[23], excepting the assumptions relating to the second order discrete process moment
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matching the variance. As a result the Trigeorgis tree parameters differ slightly from
the CRR, and as is shown in a later chapter, the instability exhibited by the CRR
tree for certain parameter choices is not observed.

Assumpitions:

o TRG1! The underlying asset price process (the continuous time and -state one)
is given by the geometric Brownian motion.

e TRG2 The discrete and continuous processes are assumed to have identical first
and second order moments, not only in the limit, but for any length of time
interval considered.

Parameter Derivation:
The derivation of the random walk model parameters, follows amongst similar lines
to the Cox et al tree, and is presented below.

Firstly consider the algebraic expression of the enumerated assumptions:

Inu=—Ind, (3.11)
S(tu S(t)d
gln 00 +(1-¢)ln 0} = vt, (3.12)
o S(tyu S(t)d
2 _ 2 _ 2 2 A 42
g(ln 0] —— )+ {1 —g)(ln S(t)) = oAt + v At”. (3.13)
Substitution of (3.11) into (3.12) and (3.13) yields respectively :
g¢lnu — (1 —g)lnu = vAt, (3.14)
and
g(lnu)® ~ (1 — g)(lnu)? = (vAL)® + 0?At. (3.15)
Making ¢ the subject of equation (3.14) yields:
vAt+Inu
= mu (3.16)

Substution of (3.16} into (3.13) and some simplifcation results in:

1
E(vAt +Inu)lnu + %(lnu — vAt)Inu = 0* At + (vAt)2. (3.17)
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The above reduces to:
(Inu)* = oAt + (vAL)2. (3.18)

The solution to the system earlier described can be written as:

U = e\/azAt*I"(vAt)z’ (319)

d= e—\IUZAH-(UAtP’ (320)
and At 1
)
= + =. 3.21
? 2vo2At 2 ( )
Comments:

The Trigeorgis tree in general, yields prices very similar to the CRR parameterization;
it does not exhibit the latter’s instability for particular parameter choices (as is shown
in a later chapter).

3.3.4 Jarrow and Rudd Parameterization

Jarrow and Rudd, replacing the reciprocality assumption made by CRR with that of
equiprobable price tree outcomes, proposed their binomial tree parameterization in
the book “Option Pricing” published in 1983, [49]. This parameterization, as shall
be seen, is deficient in its adherence to the no-arbitrage principle. Accommodating
for this, a new parameterization appeared in Jarrow and Turnbull’s, 1995 published
book, *Derivatives”, [48]. However, this dissertation will concern itself with the prior.

Assumptions:

e JR1 The underlying asset price’s empirical process is assumed to be geometric
Brownian motion, with drift equal to the riskless rate of return.

o JR2 The discrete and continuous processes are assumed to have identical first
and second order moments (regardless of the time step size). This is ensured
via a second order moment matching.

e JR3 The risk neutral probability of an “up” movement occurring is assumed to
be equal to that of a “down” occurring, implying a risk neutral probability of a
half. For this reason, the model is sometimes referred to as an equal probability
tree.
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Parameter Derivation:
The derivation of the random walk model parameters proceed in the following manner:
Assumption JR1 can be written as:

dIn S(t) = vdt + odBs, (3.22)
with v = (r — "72) and dB; a Wiener process.

The first two moments of the above process are respectively (r — ’72)t and o?t.
Equating the last mentioned and the moments of the discrete process, but honoring
the assumption of equiprobable outcomes (Assumption JR3) yields:

1. Su 1. S(t)d _

and 1 St 1 S()d
5(ln 3((3; ¥+ 5(ln —%)2 = o’ At + V?AL2, (3.24)

Making Inu the subject of equation (3.23) and then substituting that into (3.24)
yields:

(2vAt — Ind)? + (Ind)? = oAt + 202AL2, (3.25)
implying
(Ind)? - 2uAtind + 20°A8? = At + VAL, (3.26)
Completing the square and solving for Ind, results in
d= euAt—crx/A_t_ (3_27)
Assumption JR3 allows:
u = ev6t+am' (328)

Comments:

The deviation from the risk neutral probability based upon the no-arbitrage argument
has important consequences, the most obvisous of which is that derivatives prices
implied by Jarrow and Rudd parametrised trees violate put-call parity, and thus are
not arbitrage-free - this is to be illustrated in the following example.

Example:

The price of a one-year vanilla European call option struck at the money, with the
risk free rate of interest at 10%, volatility at 20%, and with the underlying’s spot
price trading at 1000 is (according to the Black and Scholes) closed-form solution
equal to 132.69; the equivalent value for a put option being 37.53. Now, as a short
put option and long call option is equal in pay-off to a long vanilla forward, it should
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follow that the fair value of the former be equal to that of the latter - in the absence
of any arbitrage opportunities. The value of an one-year at the spot money forward
contract is 95.16; this value it should be clear is equal to that of the call- less put
option.

Now, pricing the said instruments within a Jarrow and Rudd tree, where the number
of time steps considered vary from 5 to 50 is as shown in Table 3.2. It should be
clear that the Jarrow and Rudd implied values for vanilla Furopean options are in
violation of the put-call parity, and therefore are not arbitrage-free. It should be clear
though, that the bias is very small, and decreases very quickly as the number of time
steps increase.

Instrument | Steps: 5 | Steps: 15 | Steps: 25 | Steps: 100
Call Option 130.75 133.24 133.24 132.52
Put Option 35.62 38.09 38.18 37.36
Synthetic Fwd. | 95.13 95.15 95.16 95.16
Arbitrage Bias 0.03 0.01 0.00 0.00

Table 3.2: The arbitrage bias present in Jarrow and Rudd option valuations

Refer to Figure 3.2 for a graphical view of the bias in pricing error present in Jarrow
and Rudd; instead of errors oscillating around zero, as is the case with the Trigeorgis
tree, there is a clear and consistent over-estimation of the call option price. The
convergence of the risk neutral probability to one half is also shown in Figure 3.2.

The bias, it should be noted is an increasing function of the away from the moneyness,
that is in evaluating options, the bias grows in accordance with the distance away
from the spot value. (The observation that Jarrow and Rudd tree implied derivatives
values are not arbitrage-free, is due to Prof. Eben Maré; the proof was constructed
on first principles.)

Theorem 4 Derivatives prices as implied by the 1988 Jarrow and Rudd binomial
lattice tree are not arbitrage-free.

Proof: The proof to the theorem follows by showing that the Jarrow and Rudd price of
vanilla European options violates put-call parity. Now, a long call and short put (with
the same expiry and strike) is equivalent to a forward contract on the underlying with
strike equal to that of the options. Therefore, preserving the no-arbitrage condition,
it should follow that the risk neutral value of a long call, short put should equal the
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Figure 3.2: Graphical view of the pricing bias inherent in Jarrow and Rudd trees.
risk neutral value of a forward contract, i.e.
c(0) — p(0) = (F(0,t) — K)e™™, (3.29)

where ¢(0), p(0) denote the value of a call and put at time zero, and F(0,t) denotes
the forward price at time t of an asset, K is the strike price.

The price of a vanilla European call implied by the Jarrow and Rudd tree param-
eterization can be written as:

c(0) = {g (T) %nun—fde(O) LR i G) %ﬂ}e_”, (3.30)

whilst a put’s price can be presented as:

p(0) = {K i (ﬂ‘) % —~ O‘H (”) %n‘u”"*"djS(U) je (3.31)

=0 7=0
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where a = [In Ku — In S(0)d**!] ; [-] denoting the integer ceiling function.

Thus:
_ _n PN1™ iy _ - n\1%
0 -0 =13 ()5 weso -k 3 (7)5 e
=0 =0
Jfrom the Binomial Theorem it follows that the followz'ng holds:
e(0) — p(0) = {S(0)( 'u,—i— d)" K}e™.

Substituting for u and d, yields:

¢(0) — p{0) = {S(0)e"~2°*"(cosh a\/i)" - K}le™.

Now, if one keeps in mind that F(0,t) = S{0)e™, and that

—30% (cosha[)"

31

(3.32)

(3.33)

(3.34)

(3.35)

It follows that (3.34) cannot imply (3.29), proving that the put-call parity relationship
s violated by the parameter choices implied by Jarrow and Rudd’s derivation.

In addition to the above, it should be added that :

Q.ED.

Theorem 5 Although violating the put-call parity for time interval lengths of signifi-
cant magnitude, in the limit (as the number of time steps increase to infinity), Jarrow
and Rudd implied prices for vanilla European options do honor the said parity.

Proof: Applicarion of Taylor’s expansion allows one to write

(cosho\/g)" ={1+ 02% + @}n,

where d(n) — 0 as n — oo. Thus:

t
(cosh a\/:)” — et
n
for n — oc. Implying that:

lim (0) - p(0) = (F(0,1) - K)e™™

The preceding shows that put-call parity is honored in the limit.

(3.36)

(3.37)

(3.38)

Q.ED.
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To summarize: the above shows that a bias is present in Jarrow and Rudd vanilla
European options; call options are under-priced, whilst the opposite holds true for
put options. However, as the risk neutral probability given by the “Fundamental
Result of Binomial Pricing”, tends towards one half as the number of time steps go
to infinity, it was shown that Jarrow and Rudd option prices are arbitrage-free in the
limit.

3.3.5 Tian Parameterization

Tian (1993) being “A Modified Lattice Approach to Option Pricing”, [84], proposed
the calibration of a binomial tree model for an asset price to the empirical process
utilizing not second order moment matching posited by all authors preceding him,
but a third order moment-matching. His theory was that the skewness of the discrete
process plays a significant part in convergence, thus the obvious advantage of having it
matched to the empirical process - which itself is skewed. Tian {(1998), [80], extended
the argument to include kurtosis in the calibration process, albeit with application
to a three-outcome (trinomial) tree process.

Assumptions:

e Tianl The underlying asset price’s continuous process is assumed to be geo-
metric Brownian motion.

e Tian2 The discrete and continuous processes are assumed to have identical
first, second and third order moments, regardless of the time step size. Thus,
the discrete and continuous (empirical) processes are identical in their mean,
dispersion and skewness; this is ensured via a third order moment matching.

Parameter Derivation:

Let pq, p2, 3 denote the first three central moments of the empirical process to which
the random walk is to be calibrated. A third order moment matching results in the
following system of equations:

pu+(l-pld=p, (3.39)

pe? + (1 - p)d® = p, (3.40)

and
pud + (1 = p)d® = s (3.41)
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Figure 3.3: Convergence for the respective parameterizations (vanilla European call
option; one year; risk free rate = 10%; sigma = 20 %; spot = 10; strike = 10

From (3.39) it follows that:
pu = u; — (1 — p)d, (3.42)

and

_;Ll—d

s (3.43)

Equation (3.40) can be rewritten as:

(pw) () = u(p — (1 = p)d) = p2 — (1 = p)’, (3.44)
implying that
pi(u) + (1 —p)d(d — u) = po. (3.45)
Substitution of (3.43) into (3.45) and simplifying yields:

w2 mld)

3.46
g (3.46)
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Using (3.46), equation (3.41) can be rewritten as:

(pu?)(u) = u(pz — (1 - p)d®) = us — (1 — p)d®. (3.47)
Some simplifying yields
upy + (1 — p)d*(d — u) = us. (3.48)
Substitution of (3.40) and (3.43) into the above then results in:
(12 — d*)(p2 — i) = (3 — prd®)(p1 — d). (3.49)
Reducing in its turn to:
(2 — p)d? + (uopn — pad + 13 = papss. (3.50)

Completing the square in the above equation, and back substitution then yields the
parameter values as:

w= %K{(V L)+ VTV 3}, (3.51)
and MV
a= 2w+ - T ), (3.52)

with M,V such that p; = M, us = M?V and p3 = M3V3,

Comments:

The Gaussian probability distribution is characterized by its first two moments, the
same applies to the binomial probability distribution, implying that no “new” infor-
mation is added by a third order moment matching.

Thus, contrary to Tian’s hypothesis, it should be expected that the convergence
qualities of the random walk model is not enhanced by increasing the order of the
moments matched. This is indeed shown in Chapter Seven.

3.3.6 Leisen and Reimer’s Parameterization

Leisen and Reimer (1995), “Binomial Models for Option Valuation - Examining and
Improving Convergence”, [55], posited a parameterization of binomial trees that dif-
fers significantly from previous models. Whereas other parameterizations invariably
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Figure 3.4: Convergence for the respective parameterizations (vanilla European call
option; one year; risk free rate = 10%; sigma = 20 %; spot = 10; strike = 12.5

involve moment matchings in the derivation of parameter values, Leisen and Reimer’s
proposed a first order moment matching coupled with a partial CDF matching. The
fundamental idea was that the CDF matching would result in the discrete distri-
bution being forced to faster convergence towards the empirical, implying improved
convergence. Fundamental to the parameterization approach is the idea of continuity
correction. A short digression to explore this concept is now to follow.

Continuity Correction:

Continuity corrections are procedures applied to enhance the approximation quali-
ties of a discrete random variable vis-4-vis a continuous one. Obviously the inverse
also applies. Much has been written on enhancing the approximation qualities of
the normal distribution when applied to others. The idea being that in cases where
convergence in probability of a random variable is towards the normal, the last men-
tioned can be used to approximate CDF values, but accommodating for discretization
errors by using a continuity correction. An interesting point to note: the Normal dis-
tribution first came about as an approximation for the cumulative probability mass
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of the binomial distribution. This was first proposed by Abraham De-Moivre (1733),
“The doctrine of chances”.

The assumptions underlying the Leisen and Reimer tree are:

Assumptions:

e LR1 The underlying asset price process is assumed to follow geometric Brow-
nian motion, i.e., the log-retun process is assumed to behave according to gen-
eralized Brownian motion.

e LR2 The discrete and continuous processes are assumed to have identical first
moments.

e LR3 The CDFs of the discrete and continuous processes are assumed to intersect
at the probability of the event that the asset price at maturity is in excess of
the option strike.

e LR4 The final assumption is that of equivalence in the expected asset price at
maturity, but conditional on the option expiring in the money.

Parameter Derivation:

The empirical process followed by the variable is assumed to be dInS = (r — d, —
30%)dt + odB,, whilst the discrete process is as assumed in prior derivations. As-
sumptions ii. to iv. are equivalent to stating:

EP{S(t + At)|S(£)} = EC{S(t + At)|S(t)}, (3.53)
EP{S(T)|8(T) > K} = E°{S(T)|5(T) > K}, (3.54)
Pr.2{S(T)|S(T) > K} = PrC{S(T)|S(T) > K}, (3.55)

with EP{.}, E®{.} referring to the expected values of the discrete and continuous

processes respectively; the same notational logic applying to the probability reference

Pr.2{.}. Three lemmata of relevance in this derivation are now presented:

Lemma 1 Consider the process dIn S = (r — d, — 10°)dt + 0dB;. Then:
E{S(T)|S(T) > K} = $(0)e"%TN(d,), (3.56)

and
Pr{S(T) > K} = N(dz), (3.57)
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where,
dy = nS(0)-nK +(r—dy + 30%)T
ovT ’
and
dy =dy — oVT.

Proof: These are standard results that apply to lognormally distributed random vari-
ables. See Feller (1957), [79] for a full proof.
Q.ED

The second lemma is the discrete or random walk equivalent of the above.

Lemma 2 Consider the process dIlnS = (r — d, — 36?)dt + 0dB,. Then:

B{S(T)IS(T) > K} = S(O)Z(’j) By LBy (asy)

Pr{S(T)>K}= Z C‘) -p). (3.59)
where, a = [In Ku — In §(0)d™+!]

Proof: These are standard results that apply to random walks. See Feller (1957),
[79] for a full proof.

Q.ED
Lemma 3 (Camp-Paulson inversion)
If Binomial(k,n,p) = N(z), with k corresponding to the event z, then:
1 —1)2 _1y2 211
) ([Qa 1][95 — 1] + 32[a(9b — 1)* + b(9a — 1)* — 9abz’]7 (3.60)

96 — 12 — 922 A

(Peizer-Pratt inversion)
If Binomial(k,n,p) = N(z), with k corresponding to the event z, then:

——i[ L —ezp{~(~ 1)( n+ - )}]2 (3.61)
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Refer to Paulson (1942), [62], Peizer and Pratt (1968), (63] and Camp (1951), [19]
for more detailed information (including the proofs) on the above. Now, the last two
stated lemmata, inverts two continuity corrections, resulting in equations in terms of
the probability p.

The assumptions set out in equations (3.53) to (3.55), along with the above lemmata,
can be used to construct the following system of equations:

pu+ (2—p)d=R, (3.62)
(with R = (1 4 rAt) ~ ¢"™2t)
o f/n\ up., . (1—pM,.
)Ry (L) = N(dy), (3.63)
> (5) et
and .
> (0)ri - ) = N 369

Assumption LR2 implies that 0 < (%) < 1 and (¥2) + (@) = 1. Thus, the
continuity correction inversions (presented in lemma 3) can be used to simplify both
equations (3.63) and (3.64), resulting in the following solution set:

_B-pu
d=T— (3.65)
_ (P
u=R(), (3.66)
p= (), (3.67)
and n
B=f(di,3) (3.68)

The last two equations referring to the selected continuity correction inversion.

Comments:

It should be noted that the tree parameterization proposed by Leisen and Reimer
is dependent upon events defined in terms of vanilla European options; this results
in biased pricing for other derivative securities and makes the general use of this
methodology problematic. However, the principle of partial CDF matching seems
to be quite powerful in improving convergence; adjusting the events at which CDFs
are matched to accommodate eccentricities of other derivative pay-offs might yield
results equivalent in their utility to that of Leisen and Reimer tree parameterizations
for vanilla European options.
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Figure 3.5: Convergence for the respective parameterizations (Vanilla European call
option; one year; risk free rate = 10%; sigma = 20 %; spot = 10; strike = 7.5

3.3.7 Pricing Examples

The convergence diagrams (price versus number of time steps) for vanilla European
options, with varying degrees of moneyness are provided in figures 3.3, 3.4 and 3.3.
Note the (surprisingly) varying convergence patterns for the respective parameteri-
zations.

3.4 Probability Measure Dichotomy

The risk neutral probability has been prior defined as the probability measure that
ensures the martingale property for risk free discounted asset price behavior. Har-
rison and Pliska (1981), [39], has shown such martingale behavior to be a necessary
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condition for arbitrage-free derivatives prices. For binomial trees the risk neutral

probability can always be expr}ezssed in terms of the “up” and “down” factors, and
—d

u—d’

Now, should the discrete process be calibrated towards the continuous price pro-
cess, with the last mentioned already being a zero-drift process, and calibration take
place through at least a first order moment matching, it would be logical to assume
that the probability measure implied by the calibration should be equivalent to the
risk neutral measure. Otherwise said: calibration towards a risk neuntral process,
should yield another risk neutral process. In the preceding parameter derivations,
vis. Cox, Ross and Rubinstein’s diffusion, as well as in the Trigeorgis the measure
p realized slightly different from that prior stated. Tian’s parameterization however,
has the two measures equivalent.

well in the following way: p =

The dichotomy alluded to above is quite interesting. Cox et al and Jarrow and
Rudd’s derivations (although comprising a first order moment matching) yields a dis-
crete process, the first moment of which is contrary to the first moment of the price
process implied by the continuous, risk neutral process assumed. To expand upon
this: should one assume that

2
dln S(t) = (r — %)dt +odB;,
then it follows that
E{S(t+ At)[S(t)} = S(¢)R.

Both Trigeorgis and Cox, Ross and Rubinstein calibrate towards the aforesaid return
process, however they yield first order price moments of

vAt 1 AL 1
E{St+Aa|S(t)} =S {uv—=+-+d(l - ——— + -}
{S( NS(6)} (){u2 s T3 ( WL

The latter, though converging in the limit (as the time interval size becomes progres-
sively smaller), is not equal to RS(t).

How 1is this issue to be explained or resolved? Firstly note the main difference be-
tween the Tian and Trigeorgis derivations being that the first calibrates towards the
price moments (i.e.,towards the discrete compounded return series dS(t) = »S(t)dt +
aS(t)dB; *), whilst the second performs a moment matching towards the continuous

3The “discretely compounding” continuous process implies a product normal distribution for the
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return series. Now, Ito’s lemma - used to construct the log-return from the discretely
compounded continuous process - provides a way in which transformed diffusion pro-
cess can be equated in terms of distribution (process) for continuous time, with the
equation sign being defined in terms of mean square convergence. That is, should
one use the lemma to derive the process of a transformed random variable, from the
original non-transformed process, the second one would be applicable only in the
mean square sense (limit). To explain this more symbolically:

Theorem 6 If A is distributed like B, then from Ito’s lemma the process for the
transformed variable C = f(A) can be derived, but only in the mean square sense.

Thus, for larger time increments one should expect a dichotomy between the log-
return and discretely compounded return processes. This dichotomy materializes
in the true and risk neutral probability measures {and consequently the first price
moments) differing for the Trigeorgis and Cox, Ross and Rubinstein processes. It is
worthwhile noting that the “true” probability, i.e., ¢, converges in the limit to p. It
is worthwhile to take cognizance of the presence of mention to this issue in the Cox
et al (1979), [23], (as a footnote).

3.5 On Implementing Binomial Algorithms

There are various ways in which one could code the binomial tree algorithms presented
in this Chapter. Higham (2002), [43], summarised some of the most general ways in
which it could be done. Clewlow and Strickland (1998), [21], provides pseudo code
for some of the binomial and trinomial tree methods. Fundamentally, however, it
is a matter of choosing between a recursion approach (with consequently very little
memory requirements), and an approach where trees are stored in matrices. The
latter is especially suited to path dependent options, whereas the prior mentioned
is quite efficient in terms of computation time. The examples worked out for this
dissertation were based on independent (my own) Matlab implementations of the
algorithms ; it is presented in the Appendix.

asset price at some future date, whilst the transformed one implies a log-normally distributed value.
Binomial tree procedures effectively discretize the product normal distribution. As such, it could
be argued that calibration should be towards the latter. As a final remark: the product normal
distribution converges quickly to the lognormal one as the number of compounding periods increase.
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3.6 Summary

In this section the essential techniques underlying the construction of binomial trees
were presented. The principal tree parameterizations were also explored and well as
regards the assumptions made, applicable parameter derivations and eccentricities in
behaviour exhibited. An example of the latter being the violation of the no-arbitrage
condition by Jarrow and Rudd implied derivatives prices. A pricing example was given
in the form of convergence diagrams. Furthermore, the section investigated (albeit
briefly} the implementation of binomial tree algorithins in computer programming.




Chapter 4

Equivalence Explored

If all roads lead to Rome, it should follow that some kind of equivalence relation
could be defined to explain the roads’ relationship to each other. In the case of
derivatives pricing, most methodologies lead to risk neutral (arbitrage-free) prices.
The alternative would firstly imply difficulty in trading (as agreement on the value
of instruments would be hard to reach), and secondly to exploitation of some, as the
more accurately priced derivatives would very much hold their own. The quantitative
analyst has a whole range methodologies at his disposal to approach derivatives pric-
ing, including: closed-form analytical formulae, solving the Black and Scholes partial
differential equation {either explicitly or by way of numerical methods) and lastly, by
resorting to numerical integration schemes. In this chapter the aim is to investigate
the relationship between the enumerated and binomial methods of pricing.

43
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4.1 Background

The most fundamental result (and best known in arbitrage-free derivatives pricing)
is that of Black and Scholes (1973), [9]. Based upon a replication argument, that
precludes arbitrage strategies, as well as some assumptions regarding the stochastic
behavior of the price of the underlying, the authors derived a partial differential equa-
tion, that describes the behavior of all derivative instruments. This scheme forms the
basis of many closed-form solutions; the possibility of these being due to the absence
of any stochastic components from the said equation, implying that “normal” par-
tial differential equation solution methods are applicable. Obvious examples of such
closed-form solutions include vanilla European options (Black and Scholes (1973),
[9], Merton (1973), [57]), forward starting options and barrier options. In the case of
many derivatives for which a closed-form solution is non-existent, approximations are
easily derived by tweaking the boundary conditions slightly so as to allow for solu-
tion, vis. arithmetic Asian options and options where the underlying pays fixed dollar
dividends. (Refer to Geske and Shastri (1985), [35], and Hull and White (1993), [46]
1 who provided an overview of various approximation techniques wused for the pric-
ing of derivatives contracts.) In Section Two it is shown that the binomial method
converges towards the closed-form solution provided by Black and Scholes for vanilla
European options.

Besides solving the Black and Scholes partial differential equation explicitly, numerous
algorithms used in numerical solution approximation for normal partial differential
equations, are easily applied. Examples of this being the explicit finite difference
scheme, the implicit finite difference scheme, Crank Nicholson’s algorithm etc. The
work by Brennan and Schwartz (1978), (14], for example draws on this. Section
Three comprises two equivalence investigations, the first being that the “Fundamental
Result of Binomial Pricing”, Theorem 3, is in fact equal to the Black and Scholes
PDE,; the second part of the Section then proceeds to prove that binomial pricing is
akin to applying the explicit finite difference scheme for solving the said PDE.

Shortly after the Black and Scholes (1979), [9], publication, Merton (1973), [57] pro-
vided a solution to their partial differential equation that relied on the calculation
of an expectation integral. It was, however, the advent of Harris and Pliska’s (1981}
work on probability measures, [41], for the underlying asset and risk neutrality, that
saw the pricing of derivatives assume more of a “discounted expected pay-off” form. In
fact, it has led, nowadays, to a clear distinction between partial differential equation-

IRunning slightly ahead: the latter reference, only considers binomial and trinomial tree methods,
however, as trinomial methods are equivalent to the explicit finite difference PDE solution scheme,
the statement made, it is felt, is legitimate.
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based methods and “martingale” methods. Now, the calculation of expected values,
given a continuous random variable in the expectation, yields integral type formu-
lae. Some indefinite integrals are not tractable into a closed-form, for these, a whole
array of methods have been devised to gain approximations, e.g. Simpson’s rules,
the trapezoid rules, Romberg’s etc. Use of these schemes to solve the expectation
is referred to as the “numerical integration” approach. In Section Four, it shall be
shown that binomial methods are in fact akin to the rectangular-rule approach to
solving for the discounted expected pay-off. In this respect, reference is made to the
work of Boyle (1988), [12], Parkinson (1977), [65], Andricopolous et al (2003), [1], to
Omberg (1987), [64], and others.

4.2 The Black and Scholes Closed-Form Solution

In general mathematics of finance parlance, Black and Scholes’ result invariably refers
to the closed-form solution for the price of a vanilla European option (and not, as
one could have expected to the general partial differential equation). Black and
Scholes (1973}, [9] provided an analytical formula with parameters the risk free rate
of interest, the time to maturity of the option, the current spot price for the asset,
the strike and the volatility of asset price returns, and which returns the arbitrage
free value of vanilla options. As the enumerated parameters are easily observable
(or estimable historically) vanilla European options are easily priced. To say that
this formula revolutionized structured finance and proprietary trading, is to make a
gross understatement. To the current day, the said formula forms the core of most
derivatives pricing and hedging, as well as research. As such, this result could be
considered key in derivatives pricing; the consistency of binomial tree pricing with
the said, is explored in this section. But first, the Black and Scholes vanilla European
option price result:

Theorem 7 (The Black and Scholes Closed-Form Solution)
The price of a vanilla European option, on an asset that generates no cash flows can
be written as:

c(0) = S(0)N(dy) — Ke ™" N(d,), (4.1)
for a call option, and for a put option:
p(0) = Ke ™" N(~d;) — S(0)N(~dy), (4.2)

with S(0),r, T, K being the current spot (cash) price of the underlying asset, the risk
free rate of return, the time to expiry of the option and the strike price respectively.
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The terms N(d;1) end N(dy) referring to the cumulative probability density function

of the Normal distribution, namely,

a1 1 _ﬁ
N(di) =f —2;exp T dz, (4.3)
—o0

and d,,dy defined as:
_ In(8(0)) — In(K) + 1T + }0°T
B VaiT ’

dg = d] - VU2T-

dy

and

Proof: Refer to Black and Scholes (1973), [9] for the proof.
QED

In their original paper, Cox et al (1979) [23], showed equivalence of the binomial tree
implied price for vanilla European options to the Black and Scholes one. The proof
given by them is very sketchy, failing to provide rigorous mathematical backing for
some of the arguments put forward - for example, nowhere is mentioned which form
of the central limit theorem is used.

The Jarrow and Rudd tree, see Jarrow and Rudd (1983), [47], having the risk neutral
probability set to a constant, is very simple to show consistent with the Black and
Scholes result - it simply uses the very first of the central limit theorem incarnations,
that of De-Motvre; for the full proof refer to Feller, (1957), [33]. Others who have
contributed to showing equivalence between the Cox, Ross and Rubinstein tree im-
plied option prices and Black and Scholes’ closed-form solution include Musiela and
Rutkowski {1997), [59] and Van den Berg (2000}, [83]. The proof given in this disser-
tation is one that was constructed from first principles, and does not blindly follow
the arguments from any of the prior stated articles. Furthemore, it concerns itself
with the Cox, Ross and Rubinstein tree parameterization only, (see Section 3.3.1);
the proof to the other parameterizations follow among similar lines, although the
Jarrow and Rudd tree is considerably easier to prove consistency for.

Firstly, it is necessary to understand that the binomial tree valuation is a numerical
scheme, thus, its aim is convergence to the solution. Equivalence therefore is only
defined in terms of convergence. Before progressing any further, Cox et al (1979) [23]
has shown that? the price of a vanilla European option, given a binomial tree scheme

2The result follows very easily from first principles as well.




4.2. THE BLACK AND SCHOLES CLOSED-FORM SOLUTION 47

is expressible in the following way:
(=% (’;) (1 = PSO - K (’;‘) (wp)™(d(1 - p)Y}e ™. (4.4)

K
].Ilm—n

In

equivalence between (4.4) and (4.1) would be proven if it is shown that:

Where a is defined as the smallest integer greater than . It follows that

> (’;) (up)™(d(1 ~ p)Ye™ — N(dy), (4.5)
and "
T . A
) (wp) ({1 - p)Y — N(db) (4.6)
an (J) ’

"The proof for this will concern itself only with showing that the last mentioned, (4.6},
holds true; (4.5)'s proof following along similar lines. The proof comprises three parts,
namely:

e It should be noted that the events {X < a} and {S(T} < K}, where X ~

Binomial(n; p), are equivalent. (This being relatively self-evident.)
c 1 e X —np d ..
o After which it is necessary to show that —-\/—_(—~1___—)- —% N(0,1). This is done
npl—=p

by using the central limit theorem, however, very important: one should observe
that the risk neutral probability is itself a function of the number of time steps,
n, and therefore one should be careful in applying the said limit theorem.

a-—1—np
—

v np(l —p)

¢ Finally, it shall be proven that z = do.

We'll now progress to show that:

X —np

— N(0,1).

np(1 — p)
The above relies on application of the central limit theorem. Rather than one the-
orem, the central limit theorem is in fact a collection of convergence results that
shows that under certain conditions the sum of a number of independent realizations
(from either binomial or arbitrary distributions), converges in distribution towards
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the normal distribution. Development of the central limit theorem has spanned the
period starting 1733; additions to it are still ongoing. Some of the greatest names in
mathematical history has contributed towards it, including Laplace, Poisson, Polya
and others. Refer to Cong (2003), [22], Feller (1957) [33] and [86] for a good exposi-
tion of the central limit theorem.) The oldest incamation of the theorem is that of
De-Moivre, and is now stated:

Theorem 8 (De-Moivre’s Ceniral Limit Theorem}
Let X ~ Bin(n;p), and Pr{X =z} = (})p"(1 — p)*~°. Ifp is a constant function
of n, then it could be said that:

1 z—np) 2
1—-p)Pr{X = p(i-p)
Vap(l —p)Pr{X =z} — \/2—7rexp9

Proof: Refer to Bain and Engelhardt (1992) [3] for the proof.
QED

The above is applicable only in the case where the parameters of the binomial dis-
tribution whose distribution is considered, are constant functions of the number of
trials. This certainly holds for Jarrow and Rudd’s tree parameterization, and thus,
equivalence is proved by simply applying the De-Moivre central limit theorem. In
the case of Cox, Ross and Rubinstein’s (as well as the others) tree parameterization,
as both p and a are functions of the number of time steps, n. In this situation, need
arises for the central limit theorem as stated by Lyapunov; it is presented below.

Theorem 9 (Lyapunov’s Central Limit Theorem)

Let X, Xs,...... , Xn be a sequence of independent random variables defined on the
same probability space; assume that all the variables are of finite erpectation and
standard deviation denoted by u; and o; respectively. Define:

1
s2=Y o, (4.7)
i=1
assume that the third moments about the mean are finite and denoted by:
Ta = E{|Xn ~ 1’} (4.8)
If lim % = 0 then:
e o S.— M,
Zpy=n_n (4.9)

Sn
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converges in distribution towards the standard Normal distribution, where S, = 3" | X2,
and, M, = E{S,.}.

Proof: Refer to Feller (1957) [33] for the proof.
QED

Now define X = 3% ; ¢ where the ¢;s are independent Bernoulli random variables
with probability of success p. Denote by:

r = E{| & - E{a} I'}. (4.10)
From first principles, and the fact that 0 < p <1, it follows that:

n = (1-p’p+p°(1-p)
= {1-3p+3p"-p*}p+p° - p*
= p=3p°+3p° - p*+p° - p*
= p-—3p*+4p° — 2p*.

Let s2 = Z?=1 Variance{¢;} = E?=1 p(1—p) =np(l-p).
Then,

_ 3 5 4
fim % = m PP AP %

ntoo S, nfoo 4 /np(l — 'P)

- i PLP(27 +2p - 1)
nloo vnp(l —p)

o g VPO (=2 -2+ 1)

= 11 .
nloo \/T_L

Before progressing any further, an important sub-result:

Lemma 4

R-d—-—»—asnToo.

P=0"d 2

Proof: Using the definition of the risk neutral probability, along with a substitution
of the parameter choices specified by Cox, Ross and Rubinstein’s tree (see Section
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3.8.1), the following results

_ R-d
p = u—d
e —eVa

e"\/g - e_”\/g.
A Taylor series expasion then yields:
{1+ri4+lrit+ . —1+40,/L—}0?

rt+o\/t+dn)
20\/% + di(n)

r\/% + o +d(n) /%
20 + dl(n)\/_%‘ ’

with d(n),d/(n) containing terms of order I and higher (with regards to n), it should
then follow that d(n)\/g — 0 and d!(n)\/% —0asntoo.
Thus:

) 1

nloo

Q.ED

If liTm p= %, then: lim = = 0, so Lyapunov’s condition holds for X as prior defined,

nloo 8y,
and we can state that:

X —np

vnp(l - p)

X —np

(\/np(l ~p)

Pr{

}—o N ). (4.11)

a—1-—-np
vnp(l - p)
Inds —nlnd—eln®

First note that e — 1 = S0) T for ¢ a Real number between zero and
n
d

What still remains of the equivalence proof is to show that: z = — —dy.

{1+ a\/% + 102t -1 +a\/%— s0%L. .

——




4.3. FINITE DIFFERENCE SCHEMES

one. Thus,
o ln%—nlnd—elnﬁ—nplng
ln'd-‘\/m
lng"(%-) +m:r\/:':— 260\/%_ s irvnt +on - %0%\/?}20\/%
20/ £/np(T =)
ln% — 260'\/% —ri— %Uzt

Which results in:

In S—g’l +rt+ %azt — 260'\/£
lim—-z = lim
nlToo nfoo 20\/% np(l — p)
in % +rt+ 0%

oVt

The above concludes the equivalence or convergence proof. 3

'|'|

4.3 Finite Difference Schemes

o1

Cox et al (1979), {23], showed as a footnote that the valuation of a derivative using
the binomial method, results in solving a partial differential equation identical to the
Black and Scholes partial differential equation. In other words, the authors showed
that the “Fundamental Result of Binomial Pricing” is in fact the Black and Scholes

3 Another possible way of conducting the above proof is by first recognizing that:
n
2 (?)”"”(1 — pY{SOWId — K}e™t =
j=o

0(2) {Sff y* N1 - y)"dy — —g /: y* (1 - y)"%dy}.

The above result from seeing that the left hand of the equation comes about by repeated application
of integration by part of the right. Now, applying the limit n — o0 to the above, one could attempt

the equivalence proof as presented prior.
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partial differential equation. (Note: Geske and Shastri (1985), [35], mentioned that
although equivalent to explicit finite difference schemes, the binomial method is more
robust as concerns stability as well as being more efficient in that convergence is
better. As a matter of fact it was stated that convergence in binomial models is
better by a factor of ten.) In this section the two aforementioned results will be
presented and further explored.

4.3.1 Equivalence to the Black and Scholes Partial Differen-
tial Equation

The focus here is to show that the “Fundamental Result of Binomial Pricing” as
presented in Theorem 3, is equivalent to the Black and Scholes partial differential
equation. (The proof given here is one that was suggested by Prof. Eben Maré.)

The Black and Scholes partial differential equation, it is recalled can be written as:

L TR i

= rf, (4.12)

where f denotes the value of any derivative on S, and r the continuously compounded
return on the rskless assset.
Recall the “Fundamental Result of Binomial Pricing”:

pf(t+ At|Su) + (1 — p)f(t + At|Sd) = RS, (4.13)

d

T the risk neutral probability measure and R = e™®¢,
Now, the ﬁrst step in the proof involves considering a second order Taylor series
expansion of the variables f(t -+ At|Su) and f(t 4+ At|Sd), namely :

R-
with p= ——

ft+ At|Su) = f+afAt+ (S -—S)+;g;];(3u 8)?
182f 9 16’*’f
+ S5a At + 55 s AlSu - 8), (4.14)
and,
_ af 18%f 2
f(t+ AfSd) = f-: At+83(5d-—5’) 5553(5d~5)
+ 1o/ T2 LT i ———At(5d - S). (4.15)

2 612 20108




4.3. FINITE DIFFERENCE SCHEMES 53

Substitution of equations (4.14) and (4.15) into (4.13) (and some simplification) then
yields:

f + g{At + == {(Su S)p+ (Sd — SY1 —p)}
+ 2‘;{ A + 2g;f2{(5u SYp + (8d — S)*(1 — p)}
+ ;;;{SAt{(Su — S)p+(Sd— SY1-p)}
= fR. (4.16)
By some algebra and substitution of p = ?EE’ one can write:
S{u-dp+(d-1)(1-p)} = SR-1) (4.17)

(Su—8)P°p+(Sd—S)*(1-p) = S*{uR—ud+Rd-2R+1}. (4.18)

Furthermore, for the CRR parameterization of the binomial tree, it is rather trivial
to show that:

S*{uR ~ ud+ Rd ~ 2R + 1} = o’At. (4.19)
Substitution of (4.17), (4.18) and (4.19) into (4.16) allows one to write:

f+ At+ fS(R—1)+122iAt2

2 Ot
162f32 2At+1 Ff

+ Sae 2 Bag MS(R-1) = (4.20)

A second order Taylor series expansion of R results in the latter being expressed as
1

R=1+rAt+ §T2At2. Substitution of the said expansion into (4.21) consequently

results:

[+ At+ of S(rAt+ —r?At?)

162f 16°f
A2
2 6t t 2052

1 8f .
S Zag S (At + 51» At?)

= fl+rAt+ %ﬁm’). (4.21)

—LS%5%At
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Ignoring all terms in At of order higher than one, leaves:

af of 18f oo 2
[+ gDt 528 At+§a—§2~8 At = f(1 + rAt). (4.22)

Dividing (77) by At throughout, and a rearrangement of terms then yields:

0 f af 19%f
o ta5° T 258
This concludes the proof that derivative pricing using the binomial tree method (at

least given the CRR parameterizatiton) is equivalent to solving the Black ans Scholes
PDE.

—=5%? = fr.

4.3.2 Equivalence to Explicit Finite Difference Schemes

Proving that the “Fundamental Result of Binomial Pricing” and the Black and Se-
holes partial differential equation are equivalent still leaves the issue of exactly how
the solution of the partial differential equation is done via the binomial algorithm.
To expand on this further, numerous numerical schemes exist that provide solution
approximations to partial differential equations, for example the explicit finite dif-
ference scheme, the Crank-Nicholson method etc. The binomial pricing algorithm
is in fact a solution of the Black and Scholes partial differential equation by way
of the explicit finite difference method. Brennan and Schwartz (1977), [14], showed
how to solve the Black and Scholes partial differential equation in an explicit finite
difference framework. (The equivalence proof supplied here supplied was constructed
independently, by employing the latter and applying first principles.)

First consider the “Fundamental Result of Binomial Pricing” as given in Theorem 3:

J(S; )R =pf(Su;t + At) + (1 — p) f(Sd; t + At), (4.23)

where R = €™ and p = £=¢, and with f(S;t) the value of a derivative instrument

on an asset with value S(t), at time ¢. Self-substitution of (4.23) yields:

F(S;t)R? = p{pf(Suu;t+ 2At) + (1 — p)f(Sud; t + 2A8)} +
(1 — p){pf(Sdu; t + 2At) + (1 — p) f(Sdd; t + 2At)}.
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Simplification of the above then results in:

F(S;)R? = p?{f(Suu;t+ 2At) — 2f(Sud; t + 2At) + F(Sdd; t + 2A8)} +
2p{f(Sud; t + 2At) — f(Sdd;t + 2A8)} + f(Sdd;t + At),

where f(Sud;t+ At) = f(Sdu;t+ At) (by choice). Now, the explicit finite difference
scheme proposes estimation of partial derivatives as follows:

If _ f(Sud;t+2At) — f(Sdd;t+ 2A¢)

EX Sud — Sdd
_ f(Sud;t+ 2At) — f(Sdd; t + 2At)
- Sd(u — d)
B f(Suu;t+ 208) — 2f(Sud;t + 2At) + f(Sdd; t + 2At)
452 (Suu - Sud — Sdu + Sdd)
_ f(Suu;t+ 241) — 2f(Sud;t + 2At) + f(Sdd; t + 2A¢)
- S2(u— d)?
8f  [(Sudit+2At) — f(S;t) _ f(S;t+2A¢) ~ f(S; t)
ot At a 24t

Keeping in mind that: p* = {%___—3}2, allows for (4.24) to be written as

R2f(S;t) = S*(R - d)’aSJ;+2.S'(dR d%) f+f(de;t+2At).

Now, using a Taylor series expansion where terms of order higher than 1 are ignored
yields the following

(R _ d)2 — (erAt _ e—a\/ﬁ)z
(rAt+ VAL — %orzﬂt)2

oAt

R2 e2rAt

(1+ 2rAt)
(Rd _ d2) = (erAte—um _ e—'lcrm)

&

i

e

P24

(1 + 701 ~ ovBL+ 50°A1) ~ (1~ 20VAL + 0* AY)

144

(rAt + oVAL - %azAt).
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Lastly, a second order Taylor series expansion of u, and d and simplifcation yields:
(u — d) = 20V At. Substitution of the various approximations into (4.24) yields

REf 1 af
N Q22 12
(1+2rAt) f(S;t) = S At652 + 25(rAt + oV AL 57 At) 53

+ f(Sdd;t+ 2At),

and N -
rf(S;t) = 28202% + 2Sr%f5- +a, (4.24)
where
a = 2—}3—]5{ f(Sdd; t + 2At) — f(S;t) + 2S(o VAL — %02At)g% }

! 1
= ﬁ_t{f(de;t+2At) - f(S;8) + 23(0\/&_, -2-02At) x

F(Sud;t 4+ 2A8) - f(Sdd;t + 2At)
( Sd{u — d) )

Now, using a first order Taylor series expansion, it follows that
Sd(ﬂ. _ d) — Se—o\/ﬁ(ea\/ﬁ_t _ e—am)
~ S(l-ovVAt+ %azAt)(Qav At)
~ S(20VAt - cPAt)).

Inclusion of the above approximation into (4.24} then results in

a= i—t{f(de;HzAt)— F(S; )+ f(Sud; t+2At) — f(Sdd; t+ 2At) = %ti. (4.25)

Back substitution of the above into (4.24) then results in

1, .8 o 3f  Of
if) = =S%0 = 4 Srov + -, 4.26
i858 =55 55 T 555 T (4.26)
The above proves conclusively that the binomial pricing methodology is akin to solv-
ing the Black and Scholes partial differential equation via the explicit finite difference

scheme.
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4.4 Numerical Integration Schemes

One of the fundamental assumptions made by Black and Scholes in the derivation
of their partial differential equation is that of geometric Brownian motion dynamics
assumed for the underlying asset’s price. This is equivalent to positing generalized
Brownian motion for the continuously compounded asset price returns, which in its
turn implies that cumulative returns are normally distributed in probability.

One of the most important results in the mathematics of finance is the Feynman-
Kac formula. This theorem provides the solution of PDEs of type similar to the
Black and Scholes PDE in terms of an expected terminal condition. More specifically
it can be given as:

Theorem 10 (Feynman-Kac Formula)
Let u, o and f be bounded and smooth functions, whilst S denotes the solution to the
stochastic differential equation

dS(t) = u(S,t)dt + o(S,t)dB,. (4.27)
The solution to the Kolmogorov backward equation

O iso?l o 1y s 00l
Y +,u(S,t)aS + 2cr(.S‘,t) 557

with terminal condition

=7(t)f,

f(8,T) =4(5,T),
15 given by

f(5,t) = E{y(S,T)|5(t)}.
The expectation is under the probability measure implied by (4.27).

Proof: Refer to Goodman et al (2004) [$7] for a proof.
QED

Close inspection of the above shows that the Black and Scholes PDE is nothing short
of the Kolmogorov backward equation of a derivative’s value function - assuming
that the function (S, 1) is equal to rS. Furthermore, the geometric Brownian mo-
tion dynamics assumed for the value of the underlying’s price, firstly conforms with
the pre-condition of the formula, whilst implying on the other hand, log-normally dis-
tributed prices at expiry (the probability distribution function of which is tractable).
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The Feynman-Kac formula therefore allows one to view the value of a derivative se-
curity, whose behaviour is described by the Black and Schholes PDE in terms of its
discounted expected pay-off at expiry. Drawing upon this result, Merton (1973}, [57],
provided a closed-form solution to the Black and Scholes partial differential equation
- refer to (4.1), whilst also initiating the “martingale” pricing approach to derivatives
pricing.

It should follow that the ability to express the arbitrage free value of derivative secu-
rities in terms of expected pay-offs, makes the apllication of integration schemes very
relevant. In the case of vanilla European options the indefinite integral is solvable,
however this is not necessarily true for all options pay-offs. Definite integral solu-
tion (for non-tractable integrals) is a problem long studied; many numerical schemes
exist for such solution approximation, including the simple “Rectangular rule”, the
“Trapezoid rule”, Simpson’s rules etc. Parkinson (1977), [61], was the first to pro-
pose the use of these schemes in the pricing of derivatives; he considered the case
of “Barrier options”. Omberg (1987), [64], expanded upon Parkinson’s work. More
recently Andricopoulos et al (2003), [1], revisited this idea; they also made mention
of numerical integration techniques being equivalent to a flexible multinomial grid.
Multinomial grids are nothing else than generalized binomial trees.

This section will attempt to show equivalence between the binomial tree pricing
method and numerical integration schemes. (The proof given here was constructed

from first principles entirely.)

First recall the Riemann-Stieltjes integral definition:

Definition 3 (Riemann-Stieltjes Integral)
Let f(z), g(x) be two real valued functions defined for z € (a,b). Then, the integral
of f(x) with respect to g(x), over the said interval, is defined as:

[ 1@agte) = 1m 3 faota) - o),
@ i=1

Jorzp <z < ... <z <23 < ... < Ty @ partition of [a,b].

Consider once more the value of a vanilla European option as presented in Theorem
6 in the previous section. Focus on the second term of the said presentation, namely:

=K af (j) (p)" (1 - pe. (4.28)
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The above can also be presented as:
7=Ke "¢(n;p;a—1), (4.29)

where, ¢(-;;-) represents the cumulative binomial probability mass function, n the
number of time steps in the binomial tree scheme, p the risk neutral probability of
an up move occurring, and a as defined in Subsection two.

But,
a—1
pmpa-1)=3 (”) By~ ~ Y}, (4:30)
i=o M
and,
(T;) (P)" (1 — Y = d(n; 35 7) — d(mip; j ~ 1). (4.31)
From the above it should be clear that:
a—1
7= Ke{¢(n;pij) — d(nip; i — )} (4.32)
=0
Define
Y(nip;j) = {ﬁ(n;p;:r), I T hhen (4.33)
, else

The 9 function just explained is bounded (it always assumes values on the interval
[0,1]), regular and “well-behaved” over the interval [0; n], thus, using the Riemann-
Stieltjes integral definition, relationship (4.32) could be written as:

a—1
T = fo Ke "t dy(j). (4.34)

In the previous section it was shown that:

lim ¢(n; p; ) = lim N(—2=E) = N(dy).

np(1l —p)
Thus, relation (4.34) could be presented as :
- j—1-—mnp
T = Ke Y {N(———= (—'7————-—) (4.35
; \/np(l p vnp(l —p) } )
ot j—np
= KemtdN(—1— 2. (4.36)

0 np(1 — p)
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Figure 4.1: Integration of the pay-off function with respect to the continuous or
discrete (approximate) CDF.

a—1—np

As ]-iIn-nT
* V/np(1 - p)

= dy (proven in Subsection Two), it follows that

dy

o Ke ™dN(z), (4.37)
0

j—np

vnp(1 - p)
Thus, calculating the binomial tree implied price of a vanilla European option is akin
to solving the integral via a numerical scheme, furthermore, the scheme used is a
simple rectangular one. With regards to this, two observations must be made:

where z = s or g =)0 e A,

* In the above proof one of the fundamental “cross-overs” made is that of approx-
imating N(-) with ¢(-;-;-). There are numerous transformations, or “continuity
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corrections” extant with which this could be achieved. Incorporation of such
schemes could significantly add to enhancing couvergence speed; Leisen and
Reimer (1995), [55), for example suggested the Camp (1951}, [19] and Paulson
(1942) [62], and Peizer-Pratt (1968), [63], inversions with this in mind.

e Improving on the area estimation procedure, i.e., in stead of employing the
simple rectangular rule, using a quadrature method, might improve on the
efficiency of estimation procedures.

Example:

As an illustration of the equivalence between the binomial methods and numerical
integration, consider the pricing of a vanilla European call option, at the money,
expiring in one year, and where the risk free rate of interest and price volatility is
respectively 10% and 20% ; it is assumed that the spot of the underlying is at 1000.
The tree valuation is done according to the Cox et al. parameterization, whilst three
different numerical integration methodologies are used; the true, Black and Scholes
closed form solution to the valuation is 132.70. (Refer to the Table 4.1 for the results
of the exercise. }

Methodology Steps: 5 | Steps: 15 | Steps: 25 | Steps: 100
Binomial Method | 134.5 133.32 133.07 132.46
Rectangular Rule | 335.6 125.37 129.45 132.86
Trapezoid Rule 335.16 125.37 129.45 132.86
Simpson’s Rule 446.66 113.08 122.78 132.89

Table 4.1: Numerical integration and binomial pricing

The above table might be somewhat misleading as the number of steps represents
the true number of discrete evaluation points in the case of the integration scheme,
whereas the total number of price nodes evaluated under the binomial tree is much
greater than the mere number of time steps. Rather equating the number of discrete
calculation points, that is evaluating the integral at 21,136,351 and 5151 different
price intervals, (corresponding to the total number of binomial discrete point observa-
tions at each of the time step values), yields results like those presented in the Table
4.2

The convergence for binomial tree option values does appear to somewhat lag that of
integration methods. Convergence patterns for the said pricing methods can be seen
in Figure 4.2 and 4.3.
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Figure 4.2: Convergence diagram of numerical integration schemes versus binomial
methods. (At the money, vanilla European option.

Methodology Steps: 5 | Steps: 15 | Steps: 25 | Steps: 100
Binomial Method | 134.5 13432 133.07 132.46
Rectangular Rule | 128.04 132.69 15271 132.70
Trapezoid Rule 128.04 132.69 132.71 132.70
Simpson’s Rule 139.23 132.8 132.71 132.70

Table 4.2: Numerical integration and binomial pricing ; post a discrete calculation
point matching.

4.5 Binomial and Trinomial Trees

Whereas binomial trees assume that prices processes for the underlying asset can
be presented by Bernoulli random variables, trinomial trees make the assumption
that over small time intervals the price of an asset can assume one of three possible
values. This type of tree was presented first by Boyle (1988) “A Lattice Framework
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Figure 4.3: Convergence diagram of numerical integration schemes versus binomial
methods. (75% vanilla European call option.)

for Option Pricing with Two State Variables, [12]. This approach although having
gained wide acceptance, has the drawback that the no-arbitrage argument used by
Cox et al (1979), [23], to link the variable outcomes to a fair price for the derivative
no longer holds true. The reason for this being, quite simply, that one can not
replicate the derivatives value for each of the three possible states using two assets
(the underlying itself and a riskless asset) only. To compensate for this deficiency, the
trinomial tree approach is generally regarded as an equivalent to the explicit finite
difference method, and therefore is not seen as a tree method as such. Mathematically
the procedure is normally presented as:

Definition 4 (Trinomial Trees)

Let S(t) denote the price of some asset at time t, whilst that of a derivative on the
said (conditional upon S(t) is denoted by f(t|S(t)); the trinomial tree assumption is
given as:



64 CHAPTER 4. EQUIVALENCE EXPLORED

S(t)u, with probability p,
S(t+ At) = § S(t)m, with probability p,, (4.38)
S(t)d, with probability py

whilst the value of the derivative is given as :
FEIS(E) = {puf(t+ AYSE)u + P f(t+ At|S(E)m + paf(t+ At S(t)d}e™™, (4.39)

where u, m,d are the up-, middle- and down factors applied.

The parameters u, m,d with their corresponding probabilities are normally derived
by either a second order moment matching along with a stability condition, or in
some cases (although rarely) by a third order matching of discrete moments to the
continuous time process.

Now, because of the fact the no-arbitrage condition is not central to the deriva-
tion of most trinomial tree paramerisations, there has been somewhat of a crisis of
identity associated with this methodology. How could one be sure that it is “right”?,
what reason could be forwarded for its right to existence 7 The answer normally given
(and already alluded to), is that it can be shown that this methodology is consistent
with the explicit finite difference solution of the Black and Scholes partial differential
equation. In other words, it is not strictly speaking a tree based method, but rather
something in between. Another issue of concern is that many trinomial parameteri-
zations do not return arbitrage free derivatives prices, whilst numerical instability is
also quite often a feature of these models: this being related to risk neutral probabil-
ities becoming negative for some parameter choices (like volatility and the risk free
returns).

Rubinstein with “On the Relation Between Binomial and Trinomial Option Pric-
ing Models” (2000), [74], provided a solution to the identity dilemma of trinomial
tree procedures. He showed that these (under very loose conditions) are in fact bi-
nomial trees but regarded at every second time node only; the figure below further
illustrates this:

Mathematically the equivalence can be shown as:

40ne might question the logic of a trinomial method being unstable whilst the binomial is not ;
the reason for this is that some parameterizations calibrate the probability variables independently
of a binomial definition, mostly by choosing an arbitrary step size for the price. However, in the
event that frinomial trees are calibrated consistent with binomial ones, the instability referred to
should cease.
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Figure 4.4: The relationship between binomial and trinomial trees; the colored circles
and bold vectors represent the trinomial tree overlay.

Theorem 11 Define a binomial price scheme as follows:

S(t)u, with probability p

4.40
S(t)d, with probability (1 — p) (4.40)

S(t+At)={

-d
where p = g Soas to be consistent with the no-arbitrage condition. Were one to

further define ru = u?, !rm = ud and 1d = d2, with the risk neutral probabilities set
equal to: py = p%, pm = 20(1 — p) and pg = (1 — p)?, then the a binomial consistent
trinomial tree could be defined as:

S{t)u, with probability p,
S(t + 2At) = { S(t)m, with probability pm (4.41)
S(t)rd, with probability pa
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The above definition is very powerful in that it compresses all the information con-
tained in a binomial scheme into a scheme comprising half the number of nodes,
otherwise said: the trinomial tree will determine derivatives prices with the accuracy
given by a binomial lattice but requiring only half the number of time steps. Fur-
thermore, in contrast to many other trinomial parameterizations extant, the above
definition inherits the qualities of the binomial one: arbitrage free derivatives prices
as well as numerical stability (if it applies). It should be added that Tian (1993),
[79] and (1998), [80], makes mention of the improved convergence properties of the
trinomial tree, although he never offers an explanation for it.

4.6 Summary

This chapter focused on showing equivalence between the binomial tree method and
other pricing approaches. It was proved that binomial tree implied prices for vanilla
European prices converge unconditionally towards the closed-form solution given by
Black and Scholes (1973), [9]. Following a proof given by Prof. E. Maré, it was
furthermore shown that the “Fundamental Result of Binomial Pricing” is akin to the
Black and Scholes PDE. It was also shown that solving the latter is equivalent to the
explicit finite difference method for solving the said PDE.

It was furthermore shown that the relationship between binomial methods and numer-
ical integration schemes. The chapter was concluded by a discussion of the equivalence
between trinomial and binomial trees.



Chapter 5

Real Life Binomial Pricing

Models are only as good as the assumptions on which they are built; the binomial
pricing model is no different. In the article first proposing this methodology (Cox et
al (1979), [23]), many simplifying (and simplistic assumptions) were made. Examples
of the latter include, assuming that the riskless rate of return is a single constant
function over time, or that no cost is incurred in the short sale of the underlying
asset, or very importantly that volatility is a constant, deterministic function both of
time and the level of the current underlying stock price.

In the real financial world, most of these assumptions do not hold true. A model that
has difficulty in replicating the readily available prices of derivatives in the market,
might not inspire much confidence in its pricing of instruments for which no market
exists. Worse, if a model predicts a different price for an asset than can be observed
in the market should most certainly not be relied upon to produce accurate hedging
parameters. This chapter aims towards a systematic investigation of allowances that
could be made in the binomial model to accommodate some market eccentricities.

67
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5.1 Background

In the environment originally posited by Black and Scholes (1973} [9], (and conse-
quently by many others), riskless return rates were taken as constant, the underlying
asset for derivatives were assumed to be non-cash flow generating and volatility was
taken to be not only deterministic but constant across time and space. As has been
mentioned in the abstract, real world finance does not behave within these con-
straints. Discounting of future cash flows is generally done off a curve of possible
rates, volatility realizes not as a single constant value, but as a multi-dimensional
stochastic function of time, space etc. Moreover, stock borrow costs, discrete divi-
dends, storage and transport expenses are definite features of financial markets. Pric-
ing models are almost invariably used as replicating and replication cost calculators.
{(Refer to Leland and Rubinstein (1995), [75], for a good discussion on this concept.)
Failure to include potential replication costs could not only be disastrous to profit
and loss projections, but might also open such a market participant to exploitation
by other players - making nonsense of the fundamental no-arbitrage principle upon
which almost all of derivatives pricing is based.

Having established the non-compromisable need to price derivatives in accordance
with real world characteristics of financial markets, the question arises how this is
done within a binomial pricing framework. This chapter aims towards an investi-
gation of these. The first section deals with the term structure of risk free rates of
return; the section following investigates the inclusion of stock borrow-, and other
costs of hedging. The penultimate section treats on the accommodation of non-flat
volatility term structures and smiles, whilst the chapter is concluded with a view on
incorporating discrete cash flows generated by the underlying asset.

5.2 The Term Structure of Riskless Return

One of the key inputs of the binomial tree method is the riskless rate of return, or the
return on a portfolio where the profit and loss profile shows no stochastic variability.
This market variable is usually taken from market quotes of riskless asset prices, for
example bonds issued by the Government or Central Bank, Treasury bills etc. Now,
these instruments generally trade at yields varying with time to expiry; the main
reason for this being varying inflation expectation over different time horizons. This
is referred to as the term structure of interest rates (riskless returns).

The binomial model, it has been said, rests upon the an immunization argument
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for a portfolio’s return against stochastic changes in the underlying assets price. The
absence of any stochastic component to the value of a holding, should see it (under
the no-arbitrage condition), yield the riskless asset’s return. Given a time-varying re-
turn on this asset type, it should follow that the yield over consecutive time intervals
will not only differ, but also, given the forward value of this return, an estimation
of this would be necessary. However, the no-arbitrage condition requires that rolling
an investment in this asset constantly, should equal a fixed investment for the whole
time horizon - allowing for the concept of forward interest rates.

Definition 5 Let r denote the instantaneous (continuously compounded) rate of risk-
less return. The return over an interval [t1;t5) be written as

r{ty; 1) = ft2 r{s)ds.

1

This is referred to as the forward rate of return. In terms of non-instentaneous (yet
continuously compounded) forward rates, the arbitrage-free, time t = 0, forward rate
tg'f‘(O; tz) — tlr(O; tl)

to— 1 '

T’(tl;tz) = (51)

Given the above concept, making allowance for riskless return term structures is a
matter of substituting the forward return over the interval [¢; ¢+ At¢] for the flat rate
normally used to calculate the “up” and “down” factors, the risk neutral probability
as well as the discounting rate. To further illustrate the point, consider the Trigeorgis
parameterization, and the “Fundamental Result of Binomial Pricing” in the presence
of riskless return term structures:

F(S;)R = pf(Su;t + At) + (1 — p) f(Sd; t + At), (5.2)

but where we define:

R = R(;t+ At) = g7mlitranat
u(t;t + At) = elrtt+at)—Jo?)Ato VAL

=4

d = d(t;t+ At) = elrtt+an+ o) atrovat

R(t; t + At) — d(t;t + At)
u(t;t + At) — d(t; ¢ + At)
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The effect of an upward sloping term structure of interest rates on the shape of
a binomial tree is to introduce a marked up-trend in the tree, with the opposite
holding true for downward sloping structures.

5.3 Stock Borrow Costs

The idea on which binomial pricing is based, entails the replication of a derivative’s
pay-off using the underlying and the riskless asset. Costs involved in short selling
the asset, or potential income in lending out the same, whilst long, should therefore
be taken into consideration in calculating the cost of replicating such an instrument.
Securities lending is a definite feature of financial markets; lending agreements are in
essence nothing else than collateralised borrowing. Ignoring the collateral required
from the borrower, the costs involved in such transactions is calculated as a lease rate
based on the market value of the underlying asset; this implies that costs increase or
decrease in conjunction with the value of the asset. The question to be considered
here is how allowance should be made within the binomial pricing methodology for
stock borrow costs.

The logic of the replication paradigm assumes positions in the underlying and riskless
assets of say A and B - refer to the “Fundamental Result of Binomial Pricing” in the
Chapter Two. Given the two-outcome nature of the underlying’s price behavior {(over
some arbitrary time interval [t;t 4+ At]), it follows that the value of the replicating
portfolio at the end of the interval could be calculated as either : ASu + BR or
ASd+ BR,; taking stock borrow costs payable or receivable on the stock position to
be relative to the price, and charged at say g, the replicating portfolio’s value at the
time interval end could be rewritten as: ASu+ BR+ ASqor ASd+ BR+ ASq. The
replicating nature of this portfolio further allows one to state:

ASu+ BR+ ASg = f(Su,t+ At) = fi, (5.3)
ASd+ BR+ ASq = f(Sd,t+ At) = fo (5.4)

With f(.;.) the value of the derivative being replicated. Cross-substitution of the
above then yields:
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AS{d+q} + f —AS{u+q} = f, (5.5)
AS{d+q—u—gq} = f (5.6)

A Bh 57

(d—u)S )

The above result shows that the inclusion of stock borrow costs does not yield a
different hedge ratio - as is expected. Back-substitution of (5.7) into (5.3) then
yields:

BR = fi-S{u+api=d (5.8)
_ Alu—d)- ot alh fo
- - 1= 72 (5.9)

fou— fid T fa _flq.

— —d (5.10)

Having derived the positions required to replicate the derivatives value, what remains
to be seen is what the impact is on an inclusion of stock borrow costs on the risk
neutral probability measure. Consider the value of the derivative at time ¢:

j = AS+B (5.11)
_ fa—hi fou—fidl  fo—fig
N (d—u)SS+ u—d “§+ u+d R (5-12)
_ h—f fzu—f1d+(f2—f1)q
N (u—-d) u-d R (5.13)
= Ra- ){R(fl f2) + fou— fid + faq — frg} (5.14)
1l u—-R—gq R—qg—d
= BV =4 fot u—d f}- (5.15)

From the above it should be clear that the inclusion of stock borrow costs results in

. . -d
a risk neutral probability measure changed to p = , with @ = e8!,

—-d
The reader will recall that the “up” and “down” factors of the binomial model is
set in accordance with the empirical (continuous time) process assumed for the price
behavior of the underlying. 1t should also be noted that the inclusion of stock borrow
costs calculated relative to the price of the asset changes the drift parameter in the
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continuous process from rdt to (r — g)dt. The derivation of “up” and “down” factors
changes accordingly, for example the Trigeorgis tree parameterization becomes:

_ e(r-q—%az)-!-am (516)
d = elr-a-3e*)-oVat (5.17)

As a final remark: stock borrow cost is equivalent to a constant dividend yield earned
on an index, or to the foreign interest earned on the underlying of a currency option.
Pricing currency options, or options on indices are therefore facillitated by this.

5.4 Volatility Surfaces and Implied Trees

One of the fundamental assumptions of the Black and Scholes pricing framework is
that of volatility being a single constant value - independent of both time and the
level of the underlying asset’s price. Since the 1987 Equity market crash, however,
volatility as implied by actively traded options prices have generally realized as a
complex three dimensional function of both spot and the time to expiry. (Refer to
Figure 5.1 for a graphical view of the volatilities as implied by options on the All
Share Index 40.) This function is generally referred to as the volatility skew and
smile; the implication of this being that different price trees have to be constructed
for options with strike price and expiry date differing. Not only is this in direct
violation of to the Black and Scholes assumption, it also appears to be counter intu-
itive: one stock price process should suffice to price a whole range of different options.

There are numerous explanations for the existence of the volatility smile or skew,
ranging from discontinuities in the stock price process to stochastic volatility etc.
Using the implied volatility surface to run a book consisting of vanilla European op-
tions is not problematic, however, the pricing of derivatives with variable or multiple
strikes and expiry dates do give rise to some problems. As an illustration of this con-
sider for example the case of an average strike option: is one to adjust the volatility
over the averaging time due to the strike constantly changing ? If so, how is one to
treat average price options, as these are related to average strike options by a simple
parity type relation. That is, if one changes the volatility as new observations are
made on the strike, is one to also change the volatility on average price options, even
though the strike is constant; failure to do so would lead to arbitrage possibilities
between the said contracts.

Another example of the confusion this could potentially cause, would be that of swim-
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Figure 5.1: All Share 40 Implied Volatilities (January 2004)

ming ! versus fixed volatility regimes. Otherwise said: should volatility be determined
by an option’s moneyness or its strike price? (An article that is considered definitive
in terms of expositing the mentioned volatility regimes is Derman (1999), [25].) In
the case of the former, a change in the price of the underlying would clearly cause
a shift in the volatility applied. The choice of regime is not a trivial matter. Non-
trivial neither in theoretical consistency, nor in potential financial impact. Gatheral
(1999), “Hedging and volatility regimes”, [36], showed that either of the mentioned
regimes could prove itself optimal (or sub-optimal depending on the view) under cer-
tain market conditions, for example, a swimming regime tends to perform better in
a whipsaw ? environment, whereas fixed regimes are better suited to trending markets.

Given the ambiguity in terms of volatility choice that is a consequence of the implied

!Swimming volatility regimes refer to sticky-delta volatility surfaces, whereas fixed ones are
sticky-strike. As the price of the underlying security changes (and therefore the delta of the option),
one would re-read the volatility off the surface in a sticky-delta regime.

2Whipsaw refers to range-bound, highly volatile behaviour in the price of a security.
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volatility skew, researchers have attempted to provide a unified (that incorporates
the skew) behavioural dynamic for the underlying asset’s price, and thus correctly
prices all observed options. To illustrate the just mentioned in terms of binomial
trees: instead of having to build different price trees for options with different strike
prices, the idea is to have one tree that caters for all possible options, as well as one
that correctly prices all observed options for which there is an actively traded market.

The number of publications that have appeared and specifically deals with calibrat-
ing options pricing models to the observed skew is substantial. Two very important
results that authors almost invariably refer to would be that of Ross (1976), “Options
and Efficiency”, [69], and that of Breeden and Litzenberger (1978), “Prices of State
Contingent Claims Implicit in Options Prices”, [13]. The Ross result, was the first to
show the possibility of deriving a risk neutral probability distribution from a series
of options prices. Breeden and Litzenberger, in turn showed the uniqueness of the
implied distribution; they also showed that the distribution is derived by using the
fact that an option’s price, twice derived with respect to the strike is equal to the
risk neutral probability of the underlying’s price ending up to be equal to the strike.
That is:
af?

iz = PrAS(T) = K|S(0)}.

The mentioned process is however, dependent on fitting a proper function on observed
options prices. Along a similar vein, Rubinstein (1998), [72], proposed constructing
binomial trees consistent with an adjusted log-normal distribution for the underlying,
and well where adjustment is done by an application of Edgeworth expansions (a
probabilistic equivalent of Taylor’s theorem). Cakici and Foster (2002), [17], on the
other hand, proposed calibrating binomial price trees to historical distribution; this
was done as an attempt at explaining the volatility skew.

Attempts at building binomial or trinomial tree processes (fully calibrated to observed
options prices) abound, however the three that stand out as seminal are: Rubinstein
(1994), {73], Derman and Kani (1996), [27], and Dupire {(1994), [32]. The first two of
these will be briefly discussed below.

5.4.1 Rubinstein Implied Trees

Rubinstein, in “Implied Binomial Trees”, published 1994, [73], attempted to con-
struct binomial trees calibrated to observed options price, by assuming that transi-
tion probabilities are functions both of time and the price level of the underlying.
His method whilst yielding relatively stable results (that are always consistent with




5.4. VOLATILITY SURFACES AND IMPLIED TREES 75

the no-arbitrage principle, though in frequent violation of the Kolmogorov probabil-
ity postulates), has the draw-back that only options with similar expiry dates are
accommodated by the algorithm.

The process consists of first constructing a standard binomial price tree. From the
prices of observed option price a state price vector is derived, the state prices cor-
responding to the probability of the asset price ending at the respective terminal
node points. The state price vector, obviously being identical to the terminal price
distribution. Now, from the terminal state price vector, through backward induction,
the transition probabilities are derived, resulting in a full set of probability matrices.
The transition probabilities are easily converted into local volatility values. Mathe-
matically the algorithm can be presented as follows:

Denote by S;(t;) the j** price node value on the tree at time ¢;, where j =0,1,....,n
and with tg, ¢y, .....,t, = T a partitioning of the time interval [0, T]. Furthermore let
v¥(t;) be the value of the kt* option (of n — 1 for which values are observed in the
market) on the asset S, at time ¢; and conditional upon S;(¢;); it is worthwhile to add
that v5(to) represents the market observed value of the said option at the evaluation
time.

Also define ¥;(t;) as the probability of ending at the j*» price node at time ¢; (denoted
by Sg;.). that is :
U;(t:) = Pr.{S(&:) = S;(t:)}- (5.18)

Lastly, let R be the future value, at time ¢; of 1 invested in the riskless asset at time t,.

Using the fact that the fair value of a derivative is equal to its discounted expected
pay-off at expiry, (under the risk neutral probability distribution), it follows that :

vE(to) = Rita) Y _ vj(ta)¥;(ts) for k=10,1,2,..,n— 1. (5.19)
§=0

The above represents a system of n — 1 equations in n + 1 variables; a unique solution
could only be derived in the event that two additional conditions are added. Now, for
the terminal probability distribution to comply with the second of the Kolmogorov
probability postulates?, it is necessary to impose the condition :

Y Uty =1forall i =0,1,2..,n. (5.20)

=0

3Kolmogorov’s postulates:
e a. The probability of an event occurring is always greater than zero.

e b. The sum of the probability of events occurring that partitions the whole sample space is
one.
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For the no-arbitrage condition to hold, the implied probabilities have to correctly
price the underlying variable, i.e. the discounted expected value of the underlying
has to be equal to the spot price observed; algebraically, this condition could be
presented as :

R(tn) i ‘I’j(ti)Sj(t,‘) = So(to)for all i = 0, ]., 2,1’3 (521)

=0

Incorporating the two conditions just given into the already constructed equations,
yields an (n+ 1) x (n+ 1) linear system, the solution of which yields the implied risk
neutral probability distribution.

A binomial tree consists properly of price node vectors for each time node, and the
probability of transition between consecutive nodes. Thus, in order to arrive at a
proper implied tree structure, once the implied terminal probability distribution is
derived, the transition probability vectors have to induced. The way this induction
is done, comprises the main differentiation between Rubinstein's and other implied
tree methodologies. Rubinstein, makes the fundamental assumption that all price
paths ending in the same terminal node, carries equal probability weight. Seeing that
the trees considered have recombining nodes, the aforementioned assumption could
also be explained as: the probability of an “up” move followed by a “down” mode is
assumed equivalent to a “down” move, followed by an “up”.

Once the terminal probability distribution is derived, the cumulative distribution,
just prior to the terminal is induced, after which the second to last distribution is
calculated, and so forth. This results in not only collection of cumulative probability
distributions for each of the time nodes, but also, by virtue of the induction method
followed, the transition probabilities at each point. Mathematically, this algorithm
could be presented in the following format:

Using the same notational arrangement made prior, but adding ¢;(¢;), denoting the

conditional probability of transition from the j — 1** node at time ¢;_; to the j*» node
at time ¢;, that is to say :

TJ)j(t,') = PT{S(tI) = Sj(ti)ls(ti—l) = Sj—l(ti-])}- (522)

e c. The probability of the union of disjoint events is equal to the sum of the individual
probabilities.

(Refer to Bain and Engelhardt (1992), [3] for a more detailed treatment on this.)
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The assumptions and notational arrangements made, viewed in the context of the
law of total probability *, yields the following system of equations:

Uit = Yia(tioa)u(ts) (5.23)
S¥ialt) = Tialtn)(1 - i(t) (5.24)
%xpj(t,.) — Wy q(tia)(1— (E:))orall 2 < § <i— 1. (5.25)

Applying the above consecutively at each price and time node, yields the complete
set of transition probability vectors, and thus also completes the implied tree. The
Rubinstein implied tree is further illustrated by way of example:

Example:

Consider a market pricing in a skew in volatility, and such that one year options,
with moneyness of 111%, 100%, 90% and 83% are priced at volatilities of respectively
24%, 23%, 22% and 22%.

Applying the at-the-money volatility of 23%, as well as the observed risk free rate at
10%, and spot being 10, yields a Cox et al price tree of :

15.63

13.08

10.94

9.14

7.64

6.39

4The probability of an event occurring is equal to the sum of the probabilities of that event
and others that partition it; mathematically it could be written as: Pr.{A} =} Pr{ANB;} =
3 Pr{A|B;}.Pr{B:}
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The Black and Scholes option values for two calls and puts, struck at the said monye-
ness levels, and with spot at 10 and the risk free rate at 10%, along with the additional
conditions placed by Rubinstein’s implied tree algorithm then gives rise to the fol-
lowing system of equations:

1.00p; +1.00p +1.00p; +1.00py +1.00ps +1.00pg = 1.00
15.64p; +13.087p; +10.945p; +9.14p;y +7.65ps +6.39ps = 11.05
6.64p; +4.08p, +1.94p; +0.14py; +0.00ps +40.00ps = 2.09
5.64p;,  +3.08p, +0.94ps  +0.00py; +0.00ps +0.00ps = 143
0.00p1 +0.00p2 +0.06p3 +1 8651)4 +335IP5 +4615p5 = 085
0.00p,  +0.00p2 +1.06p; +2.865p, +4.35ps +5.615pg = 1.39

The least squares solution to the above is as follows:

yiii -0.024
P3 _ 0.066
pa | | 0917
s —0.961
e 0.515

The solution presented illustrates an unfortunate drawback of almost all implied trees
(as prior alluded to), namely, implied probabilities are frequently in flagrant violation
of the probability postulates; in the case where option values are close to the edges of
a tree, the matrix implied by the conditions, becomes very close to singular, yielding
unstable and non-sepsical results. To rectify this, many solutions or adjustments
have been proposed, for example applying a constrained optimization to solve for the
implied probabilities.

5.4.2 Derman and Kani Trees

At round the same time Rubinstein published his article, Derman and Kani (1994), in
“Riding on a Smile”, [30] and also Derman and Kani (“The Local Volatility Surface”,
[29], proposed the local volatility surface model. The essence of their approach is
the construction of a deterministic volatility function of time and current asset price.
This is done by the calibration of a already constructed binomial tree to market ob-
served option prices, and well through the risk neutral transition probabilities. Theirs
was very much the same idea as Rubinstein’s, however with the important difference
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that it requires a full set of observed prices for each time step considered. Moreover,
the Derman and Kani model is a forward induction model®, where the focus is very
much on the transition probabilities, unlike that of Rubinstein, where cumulative
probability distributions are heavily drawn on.

A general outline of the Derman and Kani approach is as follows: similar to the
Rubinstein model, a standard binomial price tree is first constructed. Using the mar-
ket observed price of an option, struck at the initial spot level, and expiry coinciding
with the first time node, the first period transition probabilities are implied; implica-
tion of the said probabilities is done by way of equating the observed fair value of the
derivative to its discounted expected pay-off at expiry. Mathematically, (using the
notational arrangement made in the previous section), the said could be presented
as:

vg(to)R(t1) = v){t1 ) (t1) + 0§ (1 ) (1) (5.26)

Once the first time period has been solved for, the transition probabilities for the
second period are derived using the market observed prices (v}(to) and v2(t)) for
two options struck respectively at So(¢;) and S;(t;), and expiring at t,.

In order to ensure that the second period implied distribution is consistent with the
first, the concept of conditional expectation is introduced. ® In this case, conditioning
is done on the events S(t;) = So(t;) and S(¢;) = Si(t1). Denoting by v?(¢,)|S:1(t:)
the value of the first option at time f, given that the spot level is S, (¢}, the following
two relationships could be written down:

Us(to)R(ta) = tn{tr)vi(&)|S1{t) + (1 — ¢u(t1))vi(t1)[Soltn), (5.27)
v(to)R(t2) = ¥i(t)vi(t)ISi(t1) + (1 — v (22))ud(81)|So(tr). (5.28)

Now, the value of either of the derivatives, {conditioned upon some spot level), in
virtue of the expiry on time ¢,, could further be expanded as follows:

{v}(t1)]S1(t1)} R(t2) = ta(t)v(ta) + (1 — o(ta))vi(t2). {5.29)

SForward- as against backward induction models are models where temporally successive proba-
bilities depend on prior, as against posterior derived values. Very simply put: backward induction
models count backwards, whilst forward ones count in normal fashion.

8Symbolically yhat is: E{X} = E{X|A}Pr.{A} + E{X|A}Pr.{A}
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Substitution of the above, into (5.28), vields an equation in ,(t2) that is easily
solved. Applying the same logic to the other option would result in a complete tran-
sition probability matrix for the second time step. Iterative application of the above
algorithm, where, in each case, the number of market quotes used, is equal to the
cardinality of the time step, and where options are chosen such that expiry coincides
with the end of the time step considered, should result in a complete calibration of
the binomial price tree.

It is worthwhile to note the absence of the no-arbitrage condition in this recursion; the
reason for this being, the lack of an additional degree of freedom. This causes the pro-
cedure, in contrast to that of Rubinstein’s, to be not necessarily consistent with the
no-arbitrage principle, often resulting in numerical instability. A number of improve-
ments have been suggested by other authors, to rectify the aforementioned, notable
amongst these are Derman, Kani and Chriss (1994), in “Implied Trinomial Trees of
the Volatility Smile”, [27], where the trinomial tree structure proposed presents an
additional degree of freedom which is used to ensure no-arbitrage compliance. Barle
and Cakici (1994), “How to Grow a Smiling Tree”, [10], whilst maintaining the bi-
nomial tree structure, suggested the alignment of the center node with the forward
value, whilst options used are set to the forward moneyness. It is interesting to note
that Dupire (1994), with “Pricing with a Smile”, [32], suggested a trinomial tree cal-
ibration close to identical to that of Derman and Kani, but with a trinomial dynamic
assumed. As a final remark: this methodology, whilst eliciting much criticism, might
still be regarded as a standard for approaching the smile problem.

5.5 The Indiscretion of Discrete Dividends

The payment of discrete dividends by stocks is a fact of equity markets that cannot
be ignored. The argument put forward by Black and Scholes in construction of their
partial differential equation, however, explicitly assumes this point away. Jarrow and
Rudd (1983), “Option Pricing”, [49), refers to this as a weakness of the Black and
Scholes model. Pricing derivatives without taking cognizance of potential dividend
payments opens participants in such instruments to exploitation by the market, es-
pecially in the case where options are replicated: hedging costs might be significantly
under estimated.

Many authors and almost all market participants have realized the untenability of
the no-dividend assumption. In consequence, various accommodations have been
suggested to remedy this shortcoming. This section aims to provide a brief outline of
some of the suggested solutions, with especial reference to the impact on the binomial
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lattice approach in pricing. In the literature, distinction is generally drawn between
two types of dividends, namely proportional and fixed amount. The first meaning
that the magnitude of dividends paid out is proportional to the price of the share on
the ex-date. Incorporating this type of dividend payment into derivatives pricing is
not exceedingly difficult; Cox et al (1979), (23], treated on this as well. Assuming
continuous payments of this kind, sees proportional dividends being equivalent to a
stock borrow cost, and could thus be treated similarly.

Assuming dividends to be paid as a proportion of the share price is not very realis-
tic; a share’s price could vary greatly from the time on which dividends have been
declared until the last date to trade, without in any way affecting the magnitude of
the dividend. Such dividends, where magnitude is assumed to be independent of the
share price, being more realistic, is however less straight forward in their incorpo-
ration into derivatives pricing models. A further complication being that both the
magnitude and payment date of dividends, being driven by a company’s financial
results and dividend policy are technically stochastic. Generally speaking, however,
due to excellent companies research being available to writers of derivatives, dividend
estimates, at least over the short to medium term tend to be very accurate. For
this reason, in this section only ex-ante known (or estimated) dividends are to be
considered.

Since the first publication of Black and Scholes’ article, debate has been going on
about the impact on a share’s price dynamics of ex-ante known dividends, there be-
ing various valid ways in which this impact could be modeled. The issue of exactly
how it is done, is furthermore, not a trivial one, as different approaches in some cases
yield very different derivatives prices. Frishling (2002), “A Discrete Question”, [72],
provided a concise characterization of current approaches, namely the “Displaced Dif-
fusion”, “Accumulation” and “Deterministic Jump” models. The enumerated models
are to be treated on briefly, and well with respect to their history, assumptions and
lastly how they could be incorporated into the binomial lattice pricing approach.

5.5.1 The Displaced Diffusion Model

Roll (1977), in “An Analytical Valuation Formula for Unprotected American Call
Options on Stocks with Known Dividends”, [72], was the first to characterize dividend
bearing stocks’ prices into riskless and risky components. As such, he argued that
only the risky component need be modeled.

The assumption fundamentally underlying the “Displaced Diffusion” model, drawing
upon Roll’s suggestion is that the stock price net of the present value of dividends
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receivable over the life of the derivative is assumed to follow the geometric Brownian
motion. This model is widely used today by market participants, in commercial and
risk management systems as well as put forward in textbooks, notably that of Hull
(1993), [47]. From a pricing point of view, this translates into simply adjusting the
spot price by netting off the present value of dividends receivable over the derivative’s
life.

Figure 5.2: Tree dynamics implied by the “Displaced Diffusion” model

Mathematically this dynamic could be presented as:

d(S — &) = r(S — £)dt + (S - £)dB,, (5.30)

with £ representing the present value (discounted using the risk free rate) of dividends
receivable on the underlying over the tenor of the derivative. A passing comment on
the nomenclature “Displaced Diffusion Model”: this model retains all the dynamics of
the diffusion process proposed by Black and Scholes, except the point of departure for
price paths are adjusted downwards by the present value of dividends; the probability
density function of the price returns would therefore have the exact same moments
except for the first - the same skewness, kurtosis dispersion ete. thus the “Displaced”;
refer to Figure 5.2 for a graphical view of the tree dynamics implied by this model.

The “Displaced Diffusion” model is incorporated into a binomial lattice by simply
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changing the “root” spot price of the tree, by deducting the present value of dividends
receivable.

5.5.2 The Accumulation Model

Instead of regarding the stock price as comprising two different assets, one of which
is risky, Heath and Jarrow (1988), proposed in their paper “Ex-dividend stock price
behavior and arbitrage opportunities”, [41], that the stock price in its entirety be
treated as risky. This effectively implies that derivatives have as underlying the stock
plus all dividends received over its life.

Symbolically, the price dynamics implied by this approach is as follows:
d(S+&)=r(S+&dt+ o(S+£)dBy, (5.31)

where £ represents the future value of all dividends paid over the life of the derivative,
with interest calculated using the risk free rate of interest. This model is easily
incorporated into the Black and Scholes pricing approach by adjusting the strike price
upwards by the future value (at expiry) of dividends received over the derivative’s life.
That said, it should follow that no structural changes to the binomial tree method
are required to make allowance for this altered price dynamics.

Figure 5.3: Tree dynamics implied by the “Accumulation™ model
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The tree dynamics consequent to the “Accumulation” model’s assumptions are illus-
trated in Figure 5.3.

5.5.3 The Deterministic Jump Model

The last approach to be discussed here is that posited by Wilmott (1991), [85]. The
view put forward by him is that discrete dividends are in essence jumps in the price
process, of which the magnitude and timing is known. As such, the dynamics of the
stock price process is fundamentally altered, mathematically it could be presented as:

dS = rSdt + odB; — £6(t — ty), (5.32)

where it is assumed that a dividend of size £ is receivable on time &5, and §(t — tp)
being the Dirac delta function, i.e.

11 1
B E<t_t0<i
0, else

6(t — fp) = lim {

0

The Dirac delta function is sometimes viewed as the derivative of the Heaviside
function:
1, 0<it—ty

H(t = to) = {0 else

(Refer to Beichelt and Fatti (2002), {7] for a more detailed treatment on Dirac delta
functions and their application to stochastic processes.)

The price dynamics of the asset can then be written as:

S(t) = fo t rS(u)du + ]0 t 0S(u)dB, — EH(t — to). (5.33)

The above clearly illustrates the “jump” effect of the dividend on the price process at
time £5. Graphically, and well in terms of a binomial price tree, the above dynamics
can be presented as in Figure 5.4,

The inclusion of the Dirac delta causes the probability distribution of the price at
expiry to be non-tractable, implying that derivatives written on this asset could
only be priced using numerical methods. However, the following process has been
suggested as an approximation to that given in (5.33) :

d(S — &) = (S — &)dt + ¢d(S — €)dB, (5.34)
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Figure 5.4: Tree dynamics implied by the “Deterministic Jump” model

where ¢ is chosen such that the first and second order moments of the approximation
and empirical process match. More intuitively, this could be seen as compressing
information on the dividends into the volatility parameter; the process generally
resulting in a higher volatility.

Setting up a binomial lattice consistent with the assumed price dynamics has the
drawback that nodes following a dividend payment ceases to recombine, resulting
in a substantial increase in the number of nodes to be considered. However, it is
fairly simple to build a tree that is consistent with the approximation process given

in (5.34).

Example:

To further illustrate the enumerated approaches to incorpoarting discrete dividends
into binomial tree pricing, consider the pricing of a one-year, at-the-money vanilla
European call option. Assume an underlying of spot 10 and a volatility of 20%, but
with a dividend of 1 receivable in eight month’s time. Further assume a risk free
return of 10%.

The price dynamics for the " Displaced Diffusion” model is easily constructed, by ap-
plying the “up” and “down” factors of 1.12 and 0.89 not to the spot but to spot net
of the present value of dividends receivable, being 10 — 0.93 = 9.06. For the “Ac-
cumulation” model, a price tree is constructed as per normal, but with the terminal
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nodes adjusted downward by the dollar value of the dividend. The “Deterministic
Jump” model’s dynamics can be seen in Table 5.1.

to tl tg tg (EX DlV) t3
10.00 | 11.22 | 12.60 11.60 13.02
10.33

8.91 | 10.00 9.00 10.10

8.02

7.94 6.94 7.79

6.18

Table 5.1: Price tree under the “Deterministic Jump” model

Traversing the respective price trees and applying the “Fundamental Result of Bino-
mial Pricing” yields the fair price of the call options as shown in Table 5.2.

Displaced Diff. | Accumulation | Discrete Jumps
Fair Price 0.67 0.72 0.73

Table 5.2: Option fair value under the different paradigms.

The results are in line with intuitive reasoning: the “Displaced Diffusion” model,
reduces the root value of the price tree, resulting in generally lower terminal nodes
and pay-off values. The “Accumulation” model in turn, effects the dividend payment
only at expiry; the resulting change in price tree level is therefore only additive
- instead of the multiplicative effect seen with the “Displaced” model. Finally, the
“Deterministic Jump” model causes the level reduction to filter through in an additive
fashion, as well as contributing to an effectively higher volatility level, resulting in an
overall higher price.

5.6 Summary

Chapter Five concerned itself with the practicalities of applying binomial procedures
to “real life” problems in Finance. The said problems relate to incorporating term
structures on riskless returns, allowing for stock borrowing costs and importantly (if
infintely more difficult) how to build trees to be consistent with volatility skews and
smiles as observed in the derivatives markets. The issue of discrete dividends was
also treated on.




Chapter 6

Exotic Pricing

Path dependent options tend to be cheaper and lend themselves to hedge structures
that can be created to better suit individual needs: they’re more flexible. As an
example consider Asian options; not only is this type of option less expensive than
its European vanilla counter part, but in a market such as the South African grain
futures market, which is highly volatile, price protection done with an Asjan style pay-
off provides much better hedging cover. (A farmer who has to deliver his crop would
be well advised to have the price he receives depend on the average price recorded over
the whole harvesting season; failure to do this will see him exposed to much greater
price volatility than he might be prepared to stomach.) Path dependent options
are unfortunately, rather difficult to price and hedge, as analytical closed-from price
solutions seldom exist. It is precisely the ability to easily incorporate path dependent
exercise decisions that makes tree methods so attractive in this context. This section
aims towards providing examples of tree based pricing for some of the more often
traded exotics, namely American vanilla options, barrier options, forward starting
options; in the penultimate section the problem of multi-dimensionality is discussed.

87
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6.1 Background

At the time active trading in vanilla European options commenced on CBOT - the
first formalized exchange, in modern times, that catered for options trading, trad-
ing in barrier options had already taken place for close on seven years {in the OTC
market). Furthermore, most exchanges, from the inception of options trading, set
contract specifications so as to accommodate for American style exercise. For neither
of the options mentioned, (with the proviso that barrier events are defined in terms
of discrete observation periods), does analytical, closed-form solutions exist, either
for the calculation of fair value, or for hedge ratios. Apart from the aforementioned,
there is a vast array of actively traded exotic pay-off derivatives, for example Asian
price and -strike options, Bermudan options, very few of which are priced via analyt-
ical formulas. In fact, for some instruments like South African bond options, where
the strike is defined in terms of a yield to maturity, and with American exercise style,
the likelihood of an analytical method ever being derived is quite small. Now, the
fact that the aforementioned derivatives have no closed form method of pricing or
hedging parameter calculation, definitely does not preclude trading in them. This
begs the question how market participants manage derivatives books that contain
the said instruments ?

In most cases either approximations exit that provide close enough answers, or use
is made of numerical techniques. In the ambit of the latter, falls finite difference
methods for partial differential equation solutions, numerical integration schemes,
and, binomial tree methods. What makes these methods quite powerful is the abil-
ity to incorporate active management of exercise decisions; these are extremely hard
to build into analytical approaches. For this reason, tree methods and other finite
difference methods form the cornerstone of almost all derivatives with some form of
optimal exercise feature. In this chapter we shall attempt to illustrate the use of tree
methods in the pricing of path-dependent derivatives; the options to be treated on
are American (Bermudan) exercise vanilla options, Barrier options, forward starting
options and Asian style options.

6.2 American and Bermudan Options

American and Bermudan options are of great academic and commercial interest, yet
as previously stated no analytical solutions exist for their pricing; as a note of inter-
est, Black and Scholes (1973) made special note in their seminal article, [9], that of
the time of publication, no analytical formula existed for the value of an American
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put option. One of the first attempts at pricing American options must have been
that presented by Parkinson (1976), “Option Pricing: The American Put”, [65)], al-
though his approach was a numerical integration one. As concerns employing finite
difference methods to the valuation of these options, Brennan and Schwartz (1977),
with “The Valuation of American Put Options”, [15], are regarded to have been the
first. Since many analytical approximations have been suggested, including that by
Whaley (1984), [84], Roll (1977), [72], and what could be considered a standard tech-
nique, that of Barone-Adesi and Whaley (1987), [5). As far as evaluating American
put options by way of binomial trees are concerned, Cox et al (1979), [23], suggested
it along with the exposition of the methodology; however it should be noted that this
was limited to put options only, as the valuation of options where the underlying pays
dividends in terms of fixed dollar amounts were not considered in their initial article.
Leisen (1998), [53], evaluated the basic argument employed in binomial American op-
tion pricing, but from a dynamic optimization point of view; whilst also considering
the convergence properties of binomial option pricing of American options.

American options fall into the class of early exercise type options; the buyer of the
option, in each case, is allowed to decide upon the time of exercise. For American
options, the time allowed for early exercise is the continuous interval spanning the
inception to expiry dates, whilst for Bermudan options, the early exercise times are
limited to discrete points. European options have a fixed time of exercise; Bermudan
options therefore could be classed as a special case of the American, and European
options, in their turn, as a special case of the Bermudan group. The optimality of
early exercise is a matter of cost of carry or opportunity cost; simple relationships
exist that provide the conditions for optimal exercise.! The early exercise feature
could simply be viewed as an additional boundary condition, and well as one that

1Early exercise is optimal only in the event that the benefit of carrying the underlying asset
physically (either the long or short), exceeds the time value of the option - the differential between
option value and intrinsic value. For in the money call options, exercise would be optimal, if the
dividends receivable on the underlying asset are in excess of the funding cost associated. That is:

(8- K)(e"T — 1) < DeT-1,

for S, K, D denoting respectively the spot price, price of exercise and dividends receivable, with
r, (T —t) representing the risk free rate of interest and time left to expiry. In the case of in the
money put options, early exercise would result in a positive cash flow, identical to the intrinsic value
of the option; the benefit of exercise is that the proceeds could be invested for the remainder of the
option life, whereas no interest is receivable on the live option position. Therefore, the optimal early
exercise condition could be written as:

(K = S)(e" TP 1) - De"T-9 > p(t) ~ (K - ),

or, optimal excrcise is when the interest receivable on the proceeds, net of the present value of
dividends payable, exceeds the time value of the live put option.
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optimizes across the time domain. Notationally, this could be presented as :

Definition 6 Let S(t) denote the spot price of an asset at an arbitrary time between
inception on an option and its expiry; also denote by K and vsy)(t) the option’s
strike price and value respectively, at time t given a spot of S(t). The early exercise
condition for American options is then :

max {S(t) - K,vsy(t)} . for a call option,
max {K — S(t),vs(t)} |, for a put option.

Incorporating the above into a binomial tree structure is relatively simple: at each
price node, the option value is set equal to the maximum of the discounted expected
value at the following node, and the immediate exercise value. The justification for
this is twofold: the first being simply that this is in accordance with the no-arbitrage
principle; failure of the option to reflect the higher of the intrinsic and live value would
result in a option value - exercise value mispricing that is easily exploitable. The sec-
ond justification for the above is a more high-minded (or sounding) one, namely the
Bellman principle of dynamic optimization - see [51] for an explanation of this. Sim-
plistically this is explicable as: the optimal value of an option, considered over all
possible sample paths of the underlying and early exercise decisions, is the same as
consecutively optimizing exercise decisions over small time intervals and conditioning
% on the initial conditions.

To illustrate the above concepts, consider the valuation of an one year American
option, struck at-the-money at 10. Assume a risk free rate of zero and equiprobable
cutcomes at each of the three assumed time points. Let the tree below represent the
price dynaimics over one year.

2Conditioning refers to calculating an expected value, or probability, but given the occurrence
of some other event. In the case of early exercise features, conditioning plays a vital role,
as decisions are always based on information to be had at that time. For example, in the
choice between exercise or keeping an American option alive, one has to weigh the value of
each, but the value is in its turn dependent upon the state of the financial asset at that time.
Conditioning is easy to perform if the possible states of the variable in the future is known, a
probability to each state is easily assigned, and most importantly, if the states are limited in number.

Within a binomial tree framework, valuation choices are always performed for one period at
a time, implying only two states to be considered. Monte Carlo methods for example are very
difficult to apply to early exercise problems, the reason being that conditioning becomes nigh on
impossible given the continuous nature of both asset velue realizations and the fact that it is dene
assuming a continuous time line. Binomial trees, whilst not denying the continuous nature of either
time ot the asset’s value, yet provides a systematic (and process consistent) way of partitioning the
respective intervals, facilitating easier conditioning.
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Current Time 10
Six Months 8 12
Expiry 13 10 17

In the absence of early exercise, the value of the option becomes quite easily 3;
however, exercise is optimal at the node (Six Months, 12), as the live option value is
only %; the value of user-defined time of exercise is calculated as j.

Now, pricing Bermudan options (options where exercise is allowed at multiple discrete
points) within a tree environment, is identical to that of American options, with the
exception that tests for optimal exercise are performed only at points corresponding
to time nodes where exercise is allowed. The requirement in this case, obviously being
that time intervals where exercise is allowed be explicitly included in the tree. That
is to say, should exercise on an option be allowed at times t;, {5 then, the tree built
to cater for valuation should contain time points that correspond to times £, ;.

6.3 Discrete Barrier Options

Barrier options are options where pay-off is conditional upon whether certain barrier
are breached or not for the price path over some time interval. They are broadly cat-
egorized as either knock-in or knock-out barrier the latter being options that ceases
to exist in the event that a price barrier is violated by the underlying at some point
in time. Knock-in options only convert into live trades when a barrier event takes
place. Thus, in order to calculate the pay-off to a barrier event, knowledge on the past
price behavior of the underlying is required. This type of option has been actively
traded since the late 1960’s; their mathematical pricing was already considered by L.
Bachelier in 1904, although of course not in a risk neutral framework. Post Black and
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Scholes, [9], the first pricing approach of barrier options was posited in Merton (1973)
“Theory of Rational Option Pricing”, [57]. In the said article, a closed form solution
was provided for “down-and-out” call options, where the barrier event is defined in
terms of continuous time observations (for barrier violations). The mirror principle
for random walks forming the basis of the argument.® Reiner and Rubinstein {1991),
[65] extended Merton’s results to all continuously monitored barrier options ; the
mentioned paper is consider a classic for barrier option valuation. No analytical for-
mulae exist for the value of discretely monitoring barrier options, however, Broadie
et al (1999), (16], provided a way in which one could relate the value of the prior to
continously observing barrier options.

Pricing barrier options within a finite difference approach, and more specifically
within binomial trees is a problem that enjoyed much attention since the introduc-
tion of this method by Cox et al (1979), [23]. In general, the principle employed is
that barrier condition violations be incorporated into a lattice valuation by simply
verifying that barrier are not violated at each price-time node. In other words, the
approach taken was identical to that followed for American options; the justification
for this method being a simple no-arbitrage argument. However, it was realized very
soon that the barrier option valuation within lattices, presents some definite chal-
lenges, as a quick glance at a convergence diagram would show (see Figure 1 below,
comparing a vanilla European option’s convergence with that of a knock-out barrier;
the same particulars applying.)

It should be quite evident that the saw-tooth type of convergence pattern exhibited
by lattice barrier option valuations, makes for difficult price inference, that is, there
is a greater deal of uncertainty as to the eventual convergence value in the case of
barrier options, than in the vanilla equivalent, and well because of more irregular con-
vergence patterns. The cause for this was identified by Margrabe (1989), “Binomial
Pricing of Exploding Options”, [54]. More specifically, he observed that convergence
is especially slow when the barrier is close to the spot value of the underlying. Of
course, the reason for this is the inherent bias in latiice methods, when determin-
ing the in- or out status of barriers - similar to the overstatement of exercise values
mentioned for American options. Otherwise said: whether a barrier finds itself quite
substantially away from the tree node considered, or whether it is just below, because
of the discrete nature of checking for violations, both would return the same result.
Many authors have proposed that a solution to this might be to constrain tree nodes,
such that some of the nodes are always on the same level as the barrier set; see for

3The mirror principle reduced to its most basic form is that over a specific time interval, a drift
less random walk process is just as likely to end above a barrier level than below. This is easily
expressed in terms of conditional probabilities that could be used to derive the entire conditional
distribution.
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Figure 6.1: Convergence of barrier and vanilla options within a tree valuation.

example “Bumping Up Against the Barrier with the Binomial Method”, Boyle and
Lau (1994), [11], as well as the seminal work by Derman and Kani (1993), “The
Ins and Outs of Barrier Options”, [26]. Rogers and Stapleton (1998), [67], however,
proposed altering the binomial tree probabilties to allow for the proximity problem.

Reduced to its essence, barrier option pricing within binomial trees involves the sim-
ple addition of a per node check of barrier constraints, that is the option value is
derived from subsequent price nodes via the “Fundamental Result of Binomial Pric-
ing”, but checked against the barrier conditions. In the event of a knock-out option,
the value is over ridden with zero if the price node falls outside of the knock-out area,
whereas, the value is set to zero at all nodes where the price is outside of the knock-in
area, in the case of knock-in options. Algebraically, the above could be presented as:

Definition 7 Let S, ; denote the price of the underlying at time t; and at the j*
node in the tree, and f(;|Sy, ;) the value of a barrier option with the barrier set as a
region B; the value being of course conditional upon the price St i- Then, given a risk
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free rate of  and the risk neutral probability of p, the value of a down-and-out option
considered at the ith time-interval and price level, could be written as :

{pf(tis1)Stpr i) + (1 = PH (ti1|Sspr,i-1) €2, Sy ¢ B
0 else

?

ftidSus) = {
the equivalent value for a down-and-in option would be :

0, S5, €B
{pf(ti-l»llstiﬁ,t'-}-l) + (1 - P)f(ti+1lSz.-H,i—l)}ﬁrAt‘, else

F(t:lSe:) = {

Quite often, barrier features are limited to time windows only, that is, instead of
options values being subject to barrier level honoring from inception to expiry, the
period within which these conditions hold might be limited to the last month of the
life, or, be confined to a two month period falling somewhere between trade date and
maturity. These are referred to as window barrier options; this option differs in its
lattice valuation approach from that already considered, only in that the conditions
are made time dependent - which is easy enough. Another feature of many traded
barrier options is that of rebates.® This being a cash pay-out on the violation of a
barrier condition. For example, knock-out barrier options with a rebate ceases to
exist when the price moves within the knock-out period, however, upon termination
a cash pay-out is made to the option holder. Once again, making allowance in the
lattice approach for rebates is simple in the extreme. The result earlier given, could
be extended to include window observations and rebates as follows :

Definition 8 Assuming the same notational arrangements made in the prior defi-
nition, but with the proviso that a rebate of @} is paid upon knock-out or failure to
knock-in, end with barrier checking limited to the time interval |7, /7], the valuation
egquation then becomes :

Q, t;€[r,ir) and S, ¢ B
F(iJSe5) = € {pf(tir1]Stipyin1)+
(1 = 2) f(fi1]Ssprim1 )}, else
the equivalent value for a knock-in option would be :
Q, t; €r,tr] and S, € B
F&lSu) = S {pf (Lis1|Seyy 5410+
(1 — ) f(ti41|Stpp,im1) ™5, else

In the South African warrants market, the share instalments sold by Investec have embedded
knock-out barrier put options with rebates.
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That concludes the discussion on barrier option valuation.

6.4 Forward Starting Options

Forward starting options are options where the start- or effective date is set to be in
the future; otherwise said, forward start options could be regarded as commitments
to enter into options at some time in the future; the contract detail is set up-front.
The principal advantage of this type of option is that the strike is normally only set
(in absolute terms) at the options start date, that is, at trade date, the strike is only
specified in terms relative to the spot price that would prevail at the effective date,
the most obvious example being that the strike is set at the money, or at a fixed
ratio of the underlying’s spot price. In some cases, the strike price might be more
complexly defined, for example as the spot price but with a fixed addition; interest
rate options might have strike prices set at Libor plus 250. Where the strike price
ceases to be defined in relative terms to spot, analytical pricing methodologies be-
come quite deficient in accurately determining the value of forward strike options.
Also, where the option that is forward starting is itself of a more complex nature,
for example forward starting barrier options, need arises for some alternative pricing
technique. Binomial pricing, in virtue of its ability to easily incorporate conditional
decision making, is ideally suited to price this type of instrument.

The principle used when applying binomial pricing to forward starts, is that of mod-
eling the price behavior of the underlying for the period between valuation and start
times; the conditional value of the derivative is then equated to each of the terminal
nodes, that is in the stead of attaching pay-off values, conditional valuations are used.
Through backward induction, the conditional valuations are then easily related to the
valuation date. Mathematically the technique could be presented as follows:

Definition 9 Let S;, ; denote the price of the underlying at time t, and at the ji*
node in the tree, and f(t,|S:, ;) the value of the derivative that is valued, but condi-
tional upon the price Sy, ; and considered at time t,. Then, given a risk free rate of
r and the risk neutral probability of p, the value of the derivative, forward starting at
time t,, but valued at time ty is presented as :

n

f(tolSuw0) = 3 (?)p‘“-ﬂ(l - DY F(talSinz)em™ (6.1)

=0
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6.5 Other Exotic Pay-Offs

In the Introduction, mention was made of Asian options. These instruments fall in the
so-called multi-dimensional catgory (of which the following section makes mention),
which makes them exceptionally difficult to price using tree methods. This should
be evident from the fact that the terminal pay-off is conditional upon average prices
observed prior to expiration; each sample path within a tree has a unique average
price observed. In Chapter Two, one of the advantages of binomial trees was stated as
the ability to condense the informarion contained in the various sample paths created
by the random walk model - see Theorem 2. In the case of average price per sample
path, that property ceases to apply. Thus, to properly value average price options,
one needs to individually consider the 2 paths implicit in the price tree. This is not
feasible; as a result, at best approximations within trees are used, or other pricing
methodologies altogether.

Lookback options pose a similar problem to that of Asians - each sample path is
associated with a unique pay-off. As such, apart form evaluating each binomial
tree path separately - and therfore defying the purpose of binomial models, one could
employ either of the approximation techniques posited by Hull and White (1993), [45]
or that of Rubinstein (1994), (73]. The latter proposed a Monte Carlo simulation of
sample paths within the tree. Hull and White (1993}, however, proposed a technique
where one approximates the derivative value at each node, based on estimating a range
of either the extrema, or of the average observed. The second technique, besides being
very generic, and therefore applicable to a wide range of derivative pay-offs, is also
better suited to American option valuations than the Rubinstein method.

Babbs (2000), [2], provides a pricing approach that accurately solves for the price
of lookback options within a tree environment. It essentially involves modelling the
pay-off return at each node, rather than modelling the underlying asset’s price. As
such, use is made of a truncated tree, with either the top or bottom part trimmed
and replaced with a reflecting barrier.

6.6 The Curse of Multi-Dimensionality

One could be forgiven for assuming from what has been presented so far about bino-
mial trees, that this pricing methodology is capable of providing the financial engineer
with everything he needs, bar perhaps world peace. The truth however, seldom is a
simple affair: binomial trees and their application to derivative pricing being no ex-
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ception to this. The principal limitation of these methods from a pricing perspective
is that of difficulty in incorporating more than one dimension to the modeling of the
value of the underlying. That is, derivatives where the underlying is defined in terms
of more than one asset’s value in the calculation of the pay-off. An example of this
would be an option on a basket of underlying assets; this of course also includes Asian
options on one underlying only, as these could be expressed as a basket of different
assets as well. As each underlying has to be modeled separately, as well as co-jointly,
the addition of each variable causes the number of nodes considered to increase expo-
nentially; an illustration of this is now given. At the i — 1** time node on a binomial
tree, there are normally 7 different states modeled for the underlying’s price. Adding
one additional underlying, results in two different trees, each with ¢ nodes at the
said time point; these are joined in a tree having (22') different nodes at time ¢;; the
equivalent number for a three-dimensional underlying being (%); only regarding the
first time point, the sequence of number of nodes considered across increasing dimen-
sions is easily calculated from the preceding as: 2,6, 20,70,252,924, ...... Keeping in
mind that the enumerated sequence still only provides the number of nodes at the
second time node, and that normally, time intervals number closer to 200 or more,
the problem that dimensionality causes, should be self-evident.

6.7 Summary

This chapter explored the pricing of exotic derivatives using a binomial tree approach.
Exotic options are basically any derivative save vanilla European options, futures
and some types of forward contracts. However, the discussion was limited to a small
subset of the mentioned only: American-, Bermudan- and forward-start options. The
chapter was concluded with brief notes on the evaluation of Lookback and Asian
options, as well as some remarks on the effect of multi-dimensionality on the pricing
approach.




Chapter 7

Numerical Issues

In the field of numerical analysis, an approximation’s accuracy and stability is of
considerable importance, as is the optimality of the solution algorithm employed.
Methods where small approximation errors accumulate and then “explode”, so as to
give unexpected results are generally considered unstable and for obvious reasons are
somewhat undesirable. Convergence on the other hand has to do with the optimal-
ity of a mumerical solution; more optimal solutions converging faster than ones of
lesser optimality. As binomial tree pricing finds itself well in the ambit of numerical
methods, it follows that tree convergence and stability are important matters to be
considered.

98
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7.1 Background

Stability, or rather instability, (and well within the more heuristic - also read loose
- sense in which it is treated in this dissertation), could broadly be defined as unex-
pected behavior.! Arguably the most extreme example of unstable behavior is that
of so-called pseudo-stochastic functions, like the myriad of pseudo-random numbers
in existence. These functions, although being deterministic (that is given the initial
conditions, the value at some point in time can be known with full certainty), are
so sensitive to small deviations in the starting values, that perturbations result in
stochastic-like behavior. The latter is the principle underlying “Chaos Theory” - re-
fer to Figure 7.1 for a graphical representation of the so-called Lorenz attractor, a
classical example the prior mentioned functions.

Figure 7.1: The Lorenz attractor.

Approximation errors in numerical methods are inevitable - by definition; proxy so-

1 7 L v P o S i et s v .
I'he field of numerical analysis applies rigorous definitions to this concept, for the purposes of
this discussion focus will be on a more intuitive approach.
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lutions, ideally, should be well-behaved over a range of possible initial conditions; the
absence of such regularity, would result in extreme difficulty when deciding upon a
suitable solution value. All explicit finite difference methods are conditionally stable,
that is stability is dependent upon the choice of function parameters. Binomial meth-
ods are similar to explicit finite difference methods, however, most of them display
a pronounced robustness in stability. This is a point Geske and Shastri (1985), [35],
made special reference to. Otherwise said: it appears as if the binomial method is
more allowing of discretization error build-up than the explicit method. This section
aims to investigate the robustness of binomial tree methods.

Convergence or rather claims to improvements thereon could be said to have been the
principal driver in most publications on binomial trees since that of Cox et al (1979).
Consider for example the subtle claim by Tian (1993), (84|, “..the results indicate
that the modified (their) binomial procedure is more accurate than the CRR (Coz
et al)’ and less subtle, the one by Leisen and Reimer (1996}, [55], “Tian proposed
binomial and trinomial models....... Unfortunately this interesting contribution lacks
to support the ideas by mathematical arguments....”. Not only is convergence speed
a point of interest, but also the convergence patterns produced by different parame-
terizations for different pay-off styles. The aim of the second part of this chapter is
to provide a brief characterization of convergence as relating to binomial methods.

7.2 Sense and Instability

Any practitioner of derivatives pricing knows that under certain parameter choices,
binomial trees, and specifically ones parametrised in accordance with the Cox, Ross
and Rubinstein method, behaves in a perplexing (if not vexing) fashion. As an
illustration of this, consider the valuation of a three year vanilla European option, at
the money, where the underlying hehaves with an annualized volatility of 5%, and
with the risk free rate of interest at 25%; the graph below shows the convergence
diagram.

It should be obvious that for the number of time steps less than 30 the pricing
methodology becomes misbehaved - to put it rather mildly. Further investigation of
this yields that for the said region, risk neutral probabilities are in flagrant violation
of the Kolmogorov probability postulates, being in excess of one. Many an author
considering the stability of finite difference methods in derivatives pricing have ob-
served on unstable behaviour in derivatives pricing being frequently accompanied by
such violations; see for example Diener and Diener (2004), [31], as well as Hull (1998),
[47). The blow-up behavior generally follows when the risk free rate of interest is sig-




7.2. SENSE AND INSTABILITY 101

500 T T T I i
; i —— Cox Ross and Rubinstein
— Trigeorgis Tree
400 P
300 ‘
200 1 /

—— Tian's Tree _l

11 Cox et al tree Showing UnStable bENaVOUr; i
- / other parametrisations not. i

|
100 ARRE

Option [
Value 0 ?

g

3Gy Uttt G I e bl B DRl e e s el e e e o closeer

Bl Eaiee
& & ;

0 10 20 30 40 50 70 80 %0 100

Number of time steps

Figure 7.2: Unstable behavior observed for the “Cox et al” pricing of a vanilla Euro-
pean option.

nificantly higher than the return volatility (both parameters scaled for the time to
expiry). Mathematically, this could be expressed as :

t \/?
r—> 04/ —.
i n

To see why the above results in option values exploding, consider the price of a vanilla
European call option written in terms of the binomial lattice probabilities:

i) = {Z (j) p" (1 — pYmaz{S(0)u"d — K}e . (7.1)

=0

As p is scaled exponentially by the number of time steps, n, it should follow that
for p > 0 the pricing formula presented could result in very high, or even negative
numbers. In order to present the preceding in more concise mathematical terms, one
first needs a definition of stable behavior. In the introduction a very vague, heuristic
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definition of stability was given, that is of a function being well-behaved over a range
of starting values. However something with a little more concision could be :

Definition 10 Let { fi(z)}{ denote a sequence of functions approzimating a function
f(z), with z € A. The approrimation technique is said to be unconditionally stable
on A if and only if the aforementioned function sequence converges uniformly to f(x).

I | I e | | |
' [ — Cox, Ross and Rubinstein Tree
: | = Tian's Tree
\ | —— Trigeorgis Tree
& [ ......
5 \ i ; S e o e -l
Prior to this point the risk neutral
\ probabilities are in violation of the
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Figure 7.3: Risk neutral probabilities implied by the “Cox et al” binomial method.

The above follows because of the fact that numerical approximations can invariably
be expressed as function sequences, but defined on some domain of input parameters.
(Intuitively the definition is equivalent to saying that regardless of the input param-
eters used, all approximation functions attain a certain accuracy after an arbitrary
number of iterations - time steps. It is simply a more mathematical way of saying
that in terms of errors, there are no surprises to be expected after a certain number

of pricing iterations.) ? Now, in terms of the given definition one could make the
following claim:

%A remark is in order concerning the difference between instability and non-convergence: one can
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Theorem 12 Cox, Ross and Rubinstein trees are not unconditionally stable: for cer-
tain parameter choices the valuation solution lapses into instability.

Proof: The proof consists of showing that the CRR tree implied value for a vanilla
European call option does not converge uniformly towards the Black and Scholes one,
and well on the domain A = [0,00) of x, where the latter is defined as the rutio

~ vt
T =T,

Denote by the sequence of functions (c.(z)), withn =1,2,3,..., the CRR tree implied
values of a vanilla European call option (for different time step values), with strike
K, time to expiry t, with the spot at evaluation time S and the risk neutral proba-
bility as p(z). (As the proof does not depend on the interaction between the up and
down factors - denoted by u and d - for in the spot money options, the simplifying
assumption is made that these are constant functions of z). Now:

@) = (3 (7)ol 1 - pGa)mas{sur—i ~ K., (12)

and
plz) =5 — 5= (7.3)

Substitution of (7.3) into (7.4) then results in :

n 2n

~(n\ 1 1z .. 1 1z nej 13 v
Cn($)={§(])(§-—§—-) (~—§+— Ymaz{Su"?d - K,0}e™™. (7.4)

Let BS denote the Black and Scholes value (a constant) of the option. Note the
following lemma.:

Lemma 5 The sequence (ca(2)), with € A does not converge uniformly to ¢(z) on
A, if and only if for some € there erists subsequences (¢n,) of (cn) and x¢ in A such
that :

[(ens(ze)) — clze)] 2 €

forall£=1,23,.... { The above follows easily from the negation of the definition of
uniform convergence, see Bartle and Sherbert, [4].)

have convergence and instability. Thus, a numerical method can converge towards the true solution,
and be unstable at a certain point in the iteration; instability does not preclude convergence. Also,
it was proven in Section Three, beyond any doubt, that Cox, Ross and Rubinstein trees converge
unconditionally towards the Black and Scholes consistent price for derivatives.
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If one were to set £, = 10V€ and ng = ¢, then :
LN, 9,9 -
Cny(Te) = {E , (J) (=) (5 Y maz{Su*d’ — K,0}e™ (7.5)
e 3 2

the above is an unbounded function of £, so that :

Iim |(cn,(ze)) — BS| = o0
£—oo

Thus, it can be said that the sequence c,(x), although always converging to BS, does
not do so uniformly on the domain of possible choices for x. In other words, the
Coz, Ross and Rubinstein tree implied values for vanille European call options are
not uniformlu convergent, and so follows the more general statement earlier made.

Q.ED

Now, other tree parameterizations, interesting enough do not behave similar to the
Cox et al. in the example earlier presented - refer to the convergence diagram of the
Trigeorgis and Tian methods (for the same inputs). Were one to generalize on this, it
would appear as if instability might be a problem related to certain parameterizations
only, however could this be proven? The principal difference between the Cox et al
and other parameterizations is that the former makes the simplifying assumption that
the second moment of log returns is equal to the variance, i.e.,

E(X?) = V(X). (7.6)

This is of course not true in general (only in the event where the distribution is
driftless does the above apply). The proper relationship is rather:

E(X?) = V(X) + B(X)% (7.7)

The mentioned approximation results in the absence of the mean return in the defi-
nition of the “up” and “down” factors - characteristic and eccentric to the Cox et al
definition. This in turn causes the risk neutral probability,

R—d

to assume values beyond the interval [0,1]. In other words with the “up” and “down”
factors as defined by Cox et al, the function p(x) ceases to be a bounded one, ulti-
mately causing a “blow-up” of derivatives valuations in some cases,
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7.3 Convergence

Binomial tree methods display very characteristic and interesting convergence pat-
terns. As concerns the literature on binomial convergence: on characterizing the
patterns, four authors {in particular) have made contributions to this issne, namely
Boyle (1988), [12], Hilliard and Schwartz (1996), [45], Leisen and Reimer (1996),
[55], and finally Diener and Diener (2004), [31]. The first two, although pointing to
the peculiarity of oscillations, cusp points etc. observed in binomial diagrams, and
attempting to employ these towards improving the order of convergence failed to pro-
vide proper explanations of the patterns. The third contribution mentioned, being
“Binomial Models for Option Valuation - Examining and Improving Convergence”,
[55], (which might be considered definitive as far as the characterization of binomial
pricing convergence is concerned), Leisen and Reimer makes a number of very in-
teresting observations, whilst also defining a measure of convergence speed, which is
based on the concept of bounding sequences, whereafter various tree parameteriza-
tions are compared in terms of order of convergence. The paper is concluded with
a novel tree parameterization, which is shown to be at least twice as efficient as the
others. Unfortunately, the proposed method is limited in its use to vanilla European
options only: for other pay-off styles, it results in a strong bias in pricing results.
8 The last contribution mentioned here is “Asymptotics of the Price Oscillations of
a European Call Option in a Tree Model”, by Diener and Diener (2004), [31]. This
very technical article, focuses mainly on describing the wave-like, oscillatory binomial
convergence patterns by way of Laplace integrals; the second focus being on using
the said integral approximations to establish the speed of convergence for binomial
methods.

In this section, it is aimed to briefly touch upon the types of convergence patterns
as well as the causes of their eccentricities; as the speed of convergence is of great
importance to the derivatives pricing practitioner, this subject is also investigated.

7.3.1 Convergence Patterns

As a general rule, convergence diagrams for binomial trees display three distinct
forms, namely: regular oscillation (as found with Cox et al tree values for at the
money options), wave-like oscillations, applicable to at the money European values as

3Kt is not entirely clear, in fact, that for alternative pay-oll styles, their approximation indeed
converges to the Black and Scholes partial differential equation consistent value. As an example of
that consider the value of a barrier option, as derived by the methodology they proposed, as against
the “true” value.
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implied by other parameterizations, as well as away from the money options with Cox
et al. The last general type of pattern is the saw-tooth like behavior so characteristic
of binomial valuations of barrier options.

Regular Oscillations

This pattern is characteristic of an alternative over- and under estimation of the
option value; both Diener and Diener (2004), [31], and Leisen and Reimer (1996},
[55], ascribe this to the behavior of the variable a, being defined as

in& —nind
Inu—1Ind

a=| 1-

The said variable in effect defines the lower bound of the nodes considered for inclusion
in the expected pay-off at the derivatives termination. This is more expressly seen in
considering the following equivalence:

Jz'_-; (j) pﬂ_J(l - p)Jma:C{S(O)un*de — K: 0}6_"1 =
Z (?)p"—j(]_ —p)jS(O)un—jdje_ﬁ

j=a

The variable a has a step-like behavior on n, the number of time steps. What this
amounts to is a sort of out-of-sync movement between the risk neutral probability
distribution and the event defined on it, see the figure below for a graphical description
of this.

The probability mass function oscillates, but the behavior of a ensures that the same
cut-of point is (within the oscillation} applied to determining the cumulative risk
neutral probability of exercise. The result of this two-speed behavior being the char-
acteristic alternating convergence patterns.

Wave-like Convergence

Depending on the moneyness of an option, the behavior of a could deviate from the
regular step functions seen in the above example, for example for a moneyness of
120%, irregular two and three step functions result; the impact of this on the conver-
gence is the addition of waves and cusp point when viewed in terms of the convergence
diagram. Refer to the figure below for an example of this type of behavior.

Besides away from the money options under the Cox et al trees, other tree parame-
terizations, as a rule, show similar wave-like behavior even for at the money options.
Tian’s tree pararmetrisation for example, always yields decreasing trend, wave-like
behavior in terms of convergence. A reason for the type of convergence alluded to
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Figure 7.4: Tree-implied risk neutral probability distribution; evolution over six and
seven time steps.

here, is the more complex behavior associated with the function a.

Saw-Tooth Convergence :

Barrier options, at least the binomial procedure implied values for these instruments,
have very characteristic saw-tooth like behavior patterns. Since the first attempts
at valuation of these instruments within the tree paradigm, the saw-tooth behavior
was remarked on. The reason for this relates to the positioning of nodes relative to
the barrier level. In trees where some nodes are always close to the barrier level, the
values are close to the “true” one and vice versa. Standard tree methods are wont to
return price evolutions ever increasingly closer to the barrier level, and then suddenly
reverts back to price trees where the node closest to the barrier level is quite far away,
relative to the trees that preceded it. The effect is a jump to overestimation of the
option value.
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Figure 7.5: Wave-like convergence patterns observed for tree pricing.

A number of authors, (see, for example, Haug), have suggested that in the valuation
of barrier options within a tree environment, use be made only of a number of time
steps that finds itself in a pre-determined sequence, from our example above, such a
sequence should follow as 15,60, 136,253, .... Others, like Derman and Kani (1995a)
and (1995b), [26] and [28], have suggested tree constructions where nodes are con-
strained so as always to yield values on the barrier level; the consequence being much
improved convergence.*

7.3.2 Convergence Speed

Many claims have been made regarding the speed of convergence of various binomial
approximation techniques. Superficially considered, this seems to be valid, refer for

“This is quite easily achieved by using the additional degree of freedom in chosing the tree
parameters to center the tree around the barrier level.
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Figure 7.6: Saw-tooth convergence patterns observed for barrier options.

example to the figure below which shows convergence for vanilla European option
values under various parameterizations. It does appear as if some, notably the tri-
nomial method, perform better than the others. It is the aim of this section to shed
some light on this matter, and well by reference (in the main) to work done by Diener
and Diener (2004), [31].

When considering order of convergence most publications define it in terms of the
landau order notation. ®

Order of convergence of k£ normally implies that the error terms of the particular
approximation technique are o(-x). Intuitively, this means that errors diminish faster
than the sequence of functions -x. Now, drawing upon the work of Diener and Diener
(2004), [31], the following theorem is presented:

Theorem 13 All binomial models with parameterization such that the expected re-

®A function is called o(h) if lim,_o 22=1 — o
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turn of the underlying is set equal to the drift term of the continuous time process,
converyes to the Black and Scholes closed form solution by order of one; that is the
error terms are o{2). For parameterizations where the stated condition is violated,
the order of convergence is one half. (This theorem restricts itself to vanilla European
options. )

Proof: Diener and Diener has proven the above by first expressing the value of o
European vanilla option in terms of an incomplete Beta function, i.e.

{i (T;)p""' (1 - pY{S(0)u"d — K}e ™ =

Jj=a
5 K [P
o(0)s [ vra—vrea- X [yma-gra,
0 V]

The above follows quite easily when considering that the said Beta function is simply
an (n — a)-fold integration by parts of the presented summation.

The integral form of the binomial price is then expanded asymptotically by way of
Laplace extensions; with this done, one ends up with terms in % of order one and
higher, thus proving the theorem. For a more complete proof refer to Diener and
Diener, [$1], pages 277-281.

QED

It is of interest to note that Heston and Zhou (2000), [42], proved order of convergence
of only one half. The reason for this is that they considered each of the two terms in
equation (7.8) separately, deriving convergence speed for each, and then concluding
that the overall level of convergence is the same. However, as Diener and Diener
{(2004) point out, ([31], page 284), the terms containing ﬁ cancel out, leaving only
those of order one and higher.
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Example:

The differences in order of convergence is quite evident when considering the evalua-
tion of vanilla European options for various levels of moneyness. In the case of at the
money, one-year options, where the underlying displays price volatility of 20%, with
the riskless return at 10% and spot at 1000, Table 7.1 shows the pricing error of a
call option under each of the pricing approaches - the error being expressed relative
to the true price.

parameterization | Steps: 5 | Steps: 15 | Steps: 25 | Steps: 101
Cox et al. 1.39 % 0.46 % 0.27 % 0.06 %
Tian 070% | 018% 0.09 % 0.14 %
Jarrow and Rudd 146 % | 041 % 048 % 0.11 %
Leisen and Reimer 4.36 % 1.60 % 0.97 % 0.24 %

Table 7.1: Errors in valuation - vanilla European option, at the money.

Changing the strike to 750, yields pricing errors as shown in Table 7.2.

parameterization | Steps: 5 | Steps: 15 | Steps: 25 | Steps: 101
Cox et al. 041 % 0.09 % 0.08 % 0.01 %
Tian 0.26 % 0.04 % 0.04 % 0.01 %
Jarrow and Rudd 0.01% | 009% 0.04 % 0.003 %
Leisen and Reimer 035% | 012% 0.06 % 0.01 %

Table 7.2: Errors in valuation - vanilla European option, 125% in the money.

parameterization | Steps: 5 | Steps: 15 | Steps: 25 | Steps: 101
Cox et al. 489 % | 084 % 1.05 % 0.68 %
Tian 6.70 % 2.06 % 1.98 % 0.46 %
Jarrow and Rudd 359% | 1.21% 0.71 % 0.27 %
Leisen and Reimer | 15.22% | 6.032% | 3.76 % 0.97 %

Table 7.3: Errors in valuation - vanilla European option, 75% moneyness.

For 25% out of the money call options, the enumerated approximations result in
valuation errors as shown in Table 7.3.
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7.4 Summary

This, the final chapter concerned itself with some numerical eccentricities associated
with binomial methods. To be more precise: the convergence characteristics as well as
the potential for unpredictable behaviour of the various tree methods were discussed.
Very importantly, a rigorous definition for order (speed} of convergence was given,
and it was shown that all parameterizations converge pretty much at the same rate.




Chapter 8

Conclusion

The binomial tree method, as used in the pricing of financial derivatives caused some-
what of a revolution in the financial quantitative arena. It not only presented an easy
to understand and intuitive framework within which financial instruments can be
priced, but also proved general enough to be applied to a very wide and diverse
range of instrument types. It is now close to 30 years since the methodology was
first posited, it remains a mainstay of financial engineering. This dissertation aimed
towards a providing a brief overview of the technique and well as concerns its the-
oretical under built, the diversity of tree parametrizations, consistency of binomial
methods with other approaches as well as the application of tree evaluations in differ-
ent pay-off and market assumption scenarios. In terms of the theoretical under built,
an introduction to random walk models and the concept of no-arbitrage was given in
the first chapter. Following the arguments put forward by Cox et al (1979), (23], it
was shown that based on some very intuitive reasoning that the value of a derivative
could be expressed in terms of a discounted expected value, given the assumption
of Bernoulli outcomes for the underlying’s price. Quite surprising was the fact that
the probabilities associated with the outcomes were not explicitly defined, but rather
followed from the no-arbitrage assumption and the magnitude of price movements
over small time intervals. This fascinating result (termed in this document the “Fun-
damental Theorem of Binomial Pricing”) applied to random walks provides the basic
framework within which tree pricing takes place.

The following chapter dealt with the various incarnations, as it were, of binomial
methods. As was mentioned in the very beginning of the said, since the seminal
publication of Cox et al, numerous articles have appeared further exploring the tree
pricing concept. The most well-known of these, in terms of the construction methods
proposed, (and more specifically those put forward by Jarrow and Rudd, Trigeorgis,
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Tian and Leisen and Reimer) were analyzed as concerns the assumptions made, the
derivation of the parameters as well as some interesting characteristics resulting from
the particular choices. As a case in point, it was mentioned that the Jarrow and
Rudd method violates put-call parity, and therefore could not be considered a strictly
arbitrage-free model.

Chapter Four treated on the consistency of binomial models with various other pric-
ing approaches. It was shown that the price for a vanilla European option as implied
by the Cox et al tree always converges to the closed-form solution provided by Black
and Scholes; this was done by way of the central limit theorem, and well by first
proving that the Lyapunov condition holds. Unconditional convergence (as concerns
the derivative type and parameter choices) to the Black and Scholes partial derivative
equation was also shown. The consistency of binomial and trinomial trees was briefly
touched upon, whilst the fact that tree methods could be seen to be a type of numer-
ical integration technique was also posited. Finally, some interesting remarks were
made concerning the occurrence of a probability measure dichotomy under certain
circumstances.

The application of binomial methods to real life pricing problems were investigated
in Chapter Five. To be more precise, the problems associated with constructing trees
consistent with term structures of risk free interest rates, pricing the cost of stock
borrowing or interest (convenience yields) received on the underlying, adjusting the
tree assumptions to take account of discrete dividends as well as building trees that
make allowance for a term structure and skew of volatility were investigated.

Pricing exotic derivatives in a binomial tree framework was considered in Chapter
Six. More specifically, American options, barrier types and forward start options
were investigated. The final chapter dealt with stability and convergence of tree
methods. In this chapter it was shown that Cox et al trees are only conditionally
stable in behavior. The reason for instability under some circumstances was given as
implied risk neutral probabilities assuming negative values. Furthermore it was shown
that other tree parametrizations do not suffer similar problems, and can therefore be
considered unconditionally stable. The issue of convergence, and more specifically
convergence patterns were of interest in the last chapter. Mention was made of
characteristic patterns in convergence (and errors); numerous references to the work
of Leisen and Reimer and Diener and Diener were also made.
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Appendix - Matlab Code

The graphs and examples included in the dissertation were constructed using Mat-
lab code implementations (done by myself) of the various pricing approaches and
algorithms. It is shown below.

function [a, b] = BinParsmeters(RFR, DeltaT, Sigwa, DY, Parsmsetrisation, C¥, TTM, Spotr, N)
TReturns the up and down persasters for a binomial tree

YParametrisation is an integar with significance:
%0 - Cox Ross Rubjinstein (Default}, 1 - Tian Binomial, 2 - Jarrow Rudd
%43 - Trigeorgis, 4 - Leiswn Reimer

if Parsmetrisavica == 1
M = oxp{RFR + DaltaT);
¥ = exp{(3igma“2) * Deltal);
nrGE e Me ¥V {(V+1)s ((V-2+2eV¥-3)"0.6)});
b= ((MeV) = 2) /a;
slsall Parametrisation == 2
v = (RFk - DY - 0.5 * (Sigaa ~ 2));
a = exp(v » DoltaT + Sigms ¢ (DaltaT "~ 0.5));
b = axp(v # DeltaT - Sigaa + (DeltaT - 0.5));
elseif Parssetrisation == 3
a = axp({(Sigma2} + DeltsT + (DaltaT * (AFR - DY - 0.S«(Sigma * 2))) * 2) = 0.B);
b=1/a;
olseif Paramstrisstion == 4
% Applies tha Camp-Puulscn contiauity correction
R = a2p(RFR + Deltal);
d1 = DBS1(Spot, CV, RFR, DY, TTM, Sigea);
d2 = DBS(Spot, CV, RFR, DY, TTM, Sigma);
al = ceil(N / 2) ; a2 = N - a1;
x=({a2 /al) "2} + ({({(Pwal-1)r(Pea2-1)+3edle((als(Psa-1)"2¢. .
a2+ (@ral-1)"2-9valra2e(d"2)) 05/ ((Fea2-1) "2- ...
9+ a2+ (d1"2))) -y a;
y=(a2 /A1) “2) » (@ el -1) v (Bra2-1)+3ed2» ((al=(PeaZ-1)"2+...
a2+ {(Geat -1) “2-peal+a2s (@D} "0H) /(S ea2-1)"2- .,
Praz v {d2"2))) " /SI;
a=Rex/y;
b= (R-~-yoa) /{1~y
elaeif Parasetrisation == §
% Applies the Pejzer-Pratt 1 contimuity correction
R = exp(RFR + DeltaT);
dj = bBS1(Spot, CV, RFR, DY, TIX, Sigaw);
42 = DBS(Spot, C¥, RFR, DV, TN, Sigma);
x = 0.5+ wign(dl) #0.6 & ({1 - exp(-({d1l / (N 401 / 3)} “2) « (H+1/6))~ 0.5);
y = 0.5 wsign(al) » 0.5 » ({1 - exp(-((d2 7/ O 4+ 1/ 3)) *~ 2) »w (X w1 / E))} ~ 0.5);
a=Rex/y;
b=(R-y»a) /-~y
alseif Paramstrisstion =— &
% Applies the Peizer-Pratt 2 comtinuity correction
R = axp(AFR * DeltaT);
d1 = DBB1{Sper, CV, RFR, DY, TIM, Sigma);
42 = DBS{Spot, CV¥, RFR, DY, TM, 3igma);
x =05+ pign(dl) « 0.5 ({1 -wxp(-({d1 / (W +1/3+020/W+1)) "2+ (R+1/6D) 0.6
=05+ 2ign(d2) « 0.5 ¢ ((1 - axp(-{{@2 / (N+1 /23 "2) ¢« N+1/6))) " 0.6);
a=Rezx/y;
b=((R-y=a)/ {1-3)
alse
a = exp(3igaa + (DeltaT * 0.5));
b=17/a;
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functien f = BinTreaBuilder (3pot,3igma,TimeVecter RFR, DY, DType,Parmetrisation,ContralVal DivSched)

YTimeVector a 2-dim matrix that explicitly define the mmber of timeszteps
Yto use for a set of time intervals

YParametrisation is an integer with aignificance:
%0 - Cox Ross Rybinxtein, 1 - Tian Bincmial, 2 - Jarrow Rudd
%3 - Trigeorgis, 4 - Leisen Rejmar

%0Type a relatvive / yield dividend flag; 0 for a pare dividend yield, 1 for
%a proporticnal discrete dividend, explicitly defined diacrete dividends
fare spacified in the DivSched matrix

B(1,1) = Spot; Bho = []; DeltaT = [1;

# = TimeVector(2,:) * ones(size(TimeVector,2).1) + 1;
TimeVector(2,2) = TimeVector(2,2) + 1;

Partialt = 1; dy = DY;

if DType == 1
dy = 0;
else
DY = 0;
and

for j=i:size(TimeVector,2)-1

DeltaT{PartialC) = (Time¥ector{l,j+1} - TimaVector(1.j)} / TimeVector{2,j+1);
MawSC = 1;
if maq

DeltaT{PartialC) = TimeVactor(1,j+1} / (TimeVector(2,j+1)-1);

BowSC = 2;
and
if Parsmetrisation >= 4

[u, d} = BinParmmetearv(BFR, DeltaT(PartialC), Sigma, dy, Parsmetrieation, CentralVal, TimeVector(1,j+1}-TimeVector(l,j), Spot , m);
else

[u, d] * BirParemetars{RFR, DeltaT(PartialC), Sigma, dy, Parametrisation};
end
Rbo (PartialC) = {eap(RFReDeltaT{PartislC)) - d) / (u - d);
for k=Hew3C:TimeVector(2,{+1}

PartialC = TimaVector(2,1:1} ¢ ones(j,1) e k;

DeltaT(PartialC) = DeltaT(PartialC-1};

Bho(ParvinlC) = Hho(PartialC-i};

for i=1:PartialC-1

B(i,ParcialC) = B{i,PartialC-1} = u;

-d
B(PartialC,PartialC)} = B{PartialC-1,PartialC-1) * d;
i? k > NewSC
BC: k) = B(:,k) # (2 - «xp{DY » DeltaT(PartialC))};
end
od

and

if size{DivSched,i} > 0
for k=1:Partiall
for i=1:zize(livSched, 1)
it sum{DeltaT{2:1:k}) >= DivSchad{i,1)
B(:, k) = max(B{:.k) - DivSched{i,2),0);
and
and
wad
and

f = B;

funttion f = VenillaTresTraverse(B,Strike,TTM,RFR,DY,DivSched ,DTypa,Signa, CallOptionFlag, Parssetrisation)

XTraverses the Tres specified by B, ueing the pricing pay-off leglc of a
XVanilla Burcpean Option

XTTM ir & 122 wector vith the first element being the Start Date and tbe second obricusly the Termination Date

TimeSteps = 3iza(B,2); DeltaT = TTM{end-1) / (TimeSteps-1}; Omega = 1;
if CallDptionFleg == 0
Omega = -1;
and
it DType == 1
DY = 0;
and
it size{DivSched,1} > 0
= [DivSched{:,1) - TIM{1), DivSched{:,2));
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if Parametrisation == 0
Bho = ¢.5 & {1 + (RFE - 0.5 * {Sigaa ~ 2}) * (DeltaT ~ 0.5) / Sigan);
alseif Parmmstrisation == 2
Rho = 0.5;
else
Rho = (axp((RFR - DY) » DeltaT) - B{2,2)/B(1.1}} / (B(1,2)/B{1,1} - B{2,2)/8(1,1});

for k=TimeSteps:-1:1
for i=1:k
if k == TineSteps
if BUi, k) == 0
TempVal = Strike + CallOptiooFlag:
alse
Tamp¥al = mat{Dmagas(B(i,k) - Strike},0);

V{i,k) = Temp¥al;
alse
¥{i,k) = (hho » V(i k+1) + (1-Rho) » V{i+1,k+1))} / exp(RFR » Deltal);
ond
and
and

t=¥(1,1);

tunction [f, g) = VenllleDptionNI{Spet, Strike, Sigma, TTM, RFR, DY, DivSched, CallDprionFlag, NSIM, IntMethod)
% Returns the valus of s Vanille Europeap Oprion where the upderlying pays

% Discrets Dividends ; usa is made of a Fumaricml Integraticm Procedurs (Simpson’s rule used by defanlt);

% the sacond output argoment is an upper bound on the discretisation error.

% Detarmins firscly the dates upch vhich dipcontimuities ocour in the
% stock price process.

if isempty(DivSched) == 0
Counter = ¢; DX = [1;
for k=l:size{DivSched,1); if DivSched(k,]1) »>c O; Counter = Coumtar ® 1: DSI{Counter, :} = Div3ched{(k,:}; and; snd
DivSched = DSI:
T = Collatebates{[TTN 0], DivSched, 1);
Div3ched = [0 0; TH};
alse
DivSched = [0 0; TTM 0];
and

X Build the grid upon vhich the coenditional integration is to be based.
SporGrid = [1; NSIM = 2 + floar(WSIM / 2);
for k=2:size{DivSched,1)
TempMean = ForwardPrice{Spot, 0, DivSched(k,1), DY, DivSchad, RFR};
TeapSD = TampMean # ({arp((Sigms * 2) ¢ DivSched(k,1)} + (arp((Sigma * 2) » Div3ched(k,1))-1)} * 0.6);
TempInterval(l) = max(TempMsan - 3 + TempSD, 0);
it (TempMoan - 3 + TewpSD) < 0; Templncerval(2) = Tespiean + & + TempSD;
ales; Templnte;vai(2) = TempMesn + 3 ¢ TampSD; end
DeltaX(k} = {(Tempinterval(2} - TempInterval{l)) / NSIM;
$potGrid(:,k) = (Tempinterval(l): DeltaX(k): TempInterval(2})‘;
and
Spot@rid(:,1) = Spot * ones(size(SpotCrid,1),1);
ValueGrid = zercs{size(SpotGrid)};
ValueGrid(:,and) = max{SpotGrid(:,end) - Strike,0);
if CallOpticnFlag == 0; Valuelrid(:,end) = max{Strike - SpotrGrid(:,end),0)}; end
% Calculate the Copditional Expectaticns mmerically.
for k=size(DivSched,1)-1:~1:1
Deltal = DivSched(k+1,1) - DivSched{k,1};
22 = ValueGrid(:,k+l1);
if kw1, Wel; elss; F = sire(SpotGrid,1); emd
for j=i:K
M0 = log(max(SpotGrid{j.k)~DivSched(k,2),00) + (RFR - DY - 0.5 » (Sigma " 2)} # DultaT;
SICML = Bigan * (DelteT * 0.5);
z1 = logapdf(SporGrid(:,k+1), M), SIGML);
f =21 ¢ 22;
if IntMethod == ¢
1 Simpson’s Tula is uwsed.
Value@rid(j,k) = Deltak(k+1} / 3 ¢ (oum(f(1:2:and-2)) + 4 & sum(£(2:2:amd-1)) + .
sen(f(3:2:ad)});
alenif IntMethod == 1
% Trapezoid ruls iz used.
¥aluaGrid(j,k} = sm({f(l:end-1} + £(2:end}} / 2 s Dultal(k+l));
alseif IntHethod == 2
% Ractangular rula iz used.
ValueCrid(),k) = sum{f{1:end)} » Delcal(k+1});
wnd
and
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and

§ = ValueGrid(4,1) / exp(RFR « TIM);
g=0;

function f = IntegralEval (Fupksie, Funksisirg, IntDomein, M, Method)
1 Returns the definite integral value of the function <<Funksia>>, over the

% Domain <<IntDomein>>; the <Qwthod>> parmmeter has the following significance:
% 0 -~ Trapazoid rule (dafanlt), 1 - Gauss Quadrature,
%X 2 - Simpson’s rule is wssd, 3 - Simple (rectangular) method.

% For maltivariate functions wpecify the value of parameters other than the
% integration varisble in <<Fuksisdrg>>.

if pargined
srror('?? Kot a sufficient number of input parameters’}
alse
1f imempey(d); N = 1000; end
daltax = (IntDomein{2} - IntDomein(1}) / N
if or{nargin == 4, Method == 0}
1 = Inthomein{1) :deltax:IntDomein(2};
Yz = feval (Funksie,x’ ,FunksieArg);
z = faval (Funkaie x’');
y = sum({z(1:end-1) + z(2:end}) / 2 » daltax);
elseif Method == 1
x = deltax: deltax: (IntDomein(2) - IntDemein{(1}};
% z1 = faval(Funksie,(0.E + sqrt(3) / 6) * x’ + IntDomein{1},Funkeiedrg);
% z2 = feval (Funkeie, (0.6 - wgrt(3) / 6) » x’ + IntDomein(1} Funksisirg);
z1 = feval (Funkeie,{0.6 + sqri(3) / 6} = x’ + IntDomein{1)};
22 = faval(Funkeis,(0.6 - sgre(3) / 6) #» x* + IntDomein(1))};
¥ = deltax / 2 » (mm(z1) + wwm(z2)};
elseif Method == 2
H =32 ¢ floor{d [/ 2);
deltax = (IntDomein(2) - IntDomein{1}) / N;
x = IntDomein{1): deltax: IntDemein(2);
% z = foval (Funksie,x’,Funksisdrg):
% = faval{Funksje x’};

y = deltax / 3 ¢ (Fm(z(1:2:6nd-2)) + 4 + sm(z(2:2:ed-1}) + ...
som{z(3:2:emd}});

elaeif Method == 3
x = IntDomein(1) :deltax:IntDomain{2);
z * faval{Fumkaie,x’ Fanksjekrg);
¥ = sum(z{1:and) » deltar);

and

nd

1=y
functien f = DBSI(Spot, Striks, RFR, DY, TTH, Sigma)
YReturns d1 as epecified in the BS function

f = log(Spot ./ Strike) + (RFR - DY + 0.5 & {Sigaa ." 2)) .« TIN;
£=1f ./ (Sign .+ (TTH .~ 0.8));

function f = DES(3pot, Strike, RFR, DY, TTH, 3igm)
“havurns 42 as specified in the BS funetion

f = log{Spot ./ Strike) + (RFR - DY - 0.5 = (Sigan .~ 23) .+ TIM;
f =1 ./ (Jigea » (TIM .~ 0.E});

function f = BSPrice(Spot, Strike, RFR, DY, TIM, Sigma, CallDptiomFlag)

%Calculates the analytical delta of a Vanilla Eurcpean Optiom
TMM = wax(TTH,0); Spot = max{Spot, 0.01);
If T =20
f = max(Spot - Strike, 0};
if CallOptionFlag == O
f = max(Strike - Spet,0);
and
alese
£ = Spot . exp(-DY .+ TIW) .» ncawcaf(DBS1{3pot, Strike, RFR, DY, TTM, Sigma)};
f = f - Striks .o arp(-RFA .+ T} .* normcdf(DBS(Spot, Strike, RFH, DY, TTM, Sigma));
if CallOptionFlag == 0
£ =1 + Striks .v axp{-RFR .+ TIN) - Spot .s exp{-DY .» TIM}:
and




