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Abstract

In this research work we study some nonlinear partial differential equations which

model many physical phenomena in science, engineering and finance. Closed-

form solutions and conservation laws are obtained for such equations using var-

ious methods. The nonlinear partial differential equations that are investigated

in this thesis are; a variable coefficients Gardner equation, a generalized (2+1)-

dimensional Kortweg-de Vries equation, a coupled Korteweg-de Vries-Burgers sys-

tem, a Kortweg-de Vries–modified Kortweg-de Vries equation, a generalized im-

proved Boussinesq equation, a Kaup-Boussinesq system, a classical model of Prandtl’s

boundary layer theory for radial viscous flow, a generalized coupled (2+1)-dimensional

Burgers system, an optimal investment-consumption problem under the constant

elasticity of variance model and the Zoomeron equation.

We perform Lie group classification of a variable coefficients Gardner equation,

which describes various interesting physics phenomena, such as the internal waves

in a stratified ocean, the long wave propagation in an inhomogeneous two-layer

shallow liquid and ion acoustic waves in plasma with a negative ion. The Lie

group classification of the equation provides us with four-dimensional equivalence

Lie algebra and has several possible extensions. It is further shown that several

cases arise in classifying the arbitrary parameters. Conservation laws are obtained

for certain cases.

A generalized (2+1)-dimensional Korteweg-de Vries equation is investigated. This

equation was recently constructed using Lax pair generating technique. The ex-

tended Jacobi elliptic method is employed to construct new exact solutions for this

equation and obtain cnoidal and snoidal wave solutions. Moreover, conservation

laws are derived using the multiplier method.

The coupled Korteweg-de Vries-Burgers system, which arises in mathematical

xi



physics and has a wide range of scientific applications is studied and new trav-

elling wave solutions are obtained by employing the (G′/G)−expansion method.

The solutions obtained are expressed in two different forms, viz., hyperbolic func-

tions and trigonometric functions. Also conservation laws are derived by employing

the multiplier method.

The (2+1)-dimensional Kortweg-de Vries–modified Kortweg-de Vries equation, which

arises in various problems in mathematical physics, is analysed. This equation has

two integral terms in it. By an appropriate substitution, we transform this equa-

tion into a system of two partial differential equations, which does not have an

integral term. We then work with the system of two equations and obtain its ex-

act travelling wave solutions in terms of Jacobi elliptic functions. Furthermore,

we derive conservation laws using the multiplier method. Finally, we revert the

results obtained into the original variables of the (2+1)-dimensional Kortweg-de

Vries–modified Kortweg-de Vries equation.

We analyse a nonlinear generalized improved Boussinesq equation, which describes

nonlinear dispersive wave phenomena. Exact solutions are derived using the Lie

symmetry analysis along with the simplest equation method. Moreover, conserva-

tion laws are constructed using the multiplier method.

We study a Kaup-Boussinesq system, which is used in the analysis of long waves

in shallow water. Travelling wave solutions are obtained using direct integration

and group-invariant solutions are constructed based on the optimal system of one-

dimensional sublagebra. Moreover, conservation laws are derived using the multi-

plier method and the new conservation theorem.

Exact closed-form solutions of the Prandtl’s boundary layer equation for radial

flow models with uniform or vanishing mainstream velocity are derived using the

(G′/G)−expansion method. Many new exact solutions are found for the bound-

xii



ary layer equation, which are expressed in terms of hyperbolic, trigonometric and

rational functions.

We study an integrable coupled (2+1)-dimensional Burgers system, which was in-

troduced recently in the literature. The Lie symmetry analysis along with the

Kudryashov approach are utilized to obtain new travelling wave solutions of the

system. Furthermore, conservation laws of the system are derived using the mul-

tiplier method.

The optimal investment-consumption problem under the constant elasticity of vari-

ance (CEV) model is investigated from the perspective of Lie group analysis. The

complete Lie symmetry group of the evolution partial differential equation describ-

ing the CEV model is derived. The Lie point symmetries are then used to obtain

an exact solution of the governing model satisfying a standard terminal condition.

Finally, we construct conservation laws of the underlying equation using a general

theorem on conservation laws.

We study the (2+1)-dimensional Zoomeron equation which is an extension of the

famous (1+1)-dimensional Zoomeron equation that has many applications in sci-

entific fields. Firstly we derive the classical Lie point symmetries admitted by

the equation and then obtain symmetry reductions and new group-invariant solu-

tions based on the optimal system of one-dimensional subalgebras. Secondly we

construct the conservation laws of the underlying equation using the multiplier

method.

xiii



Introduction

It is well-known that many physical phenomena in the real world are modelled

by nonlinear partial differential equations (NLPDEs). Unlike linear differential

equations, where the exact solution of any initial-value problem can be found,

NLPDEs rarely enjoy this and other features. Moreover, basic properties, like

existence and uniqueness of solutions, which are so obvious in the linear case, no

longer hold for NLPDEs. As a matter of fact, some NLPDEs have no solutions

with a given initial-value problem while others have infinitely many solutions. This

means that the underlying theory behind systems of NLPDEs is more complicated

than that for linear systems. Therefore it is imperative to study these NLPDEs

from different points of view. One important aspect of studying NLPDEs is to

find their exact explicit solutions. However, this is a very difficult task because

there are no specific tools or techniques which can be used to find exact solutions

of NLPDEs. Despite this fact, in recent years, many scientists have developed

various methods of finding exact solutions of NLPDEs.

Some of these methods are the inverse scattering transform method [1], Bäcklund

transformation [2], Darboux transformation [3], Hirota’s bilinear method [4], the

bilinear method and multilinear method [5], the nonclassical Lie group approach [6],

the Clarkson-Kruskal’s direct method [7], the deformation mapping method [8],

the Weierstrass elliptic function expansion method [9], the transformed rational

function method [10], the auxiliary equation method [11], the homogeneous balance

1



method [12], the simplest equation method [13], the extended tanh method [14],

the Jacobian elliptic function expansion method [15], the sine-cosine method [16],

the exp-function method [17], the (G′/G)−expansion method [18], multiple exp-

function method [19], the F−expansion method [20], and the Lie symmetry method

[21–26].

The Lie group analysis is one of the most powerful methods to determine solutions

of NLPDEs. Sophus Lie (1842–1899), a Norwegian mathematician, with the inspi-

ration from Galois’ theory, discovered this method and showed that many of the

known ad hoc methods of integration of ordinary differential equations could be

derived in a systematic manner. In the past few decades Lie group method was

revived by several researchers including Ovsiannikov [21,22].

A large number of differential equations that model real world problems involve

parameters, arbitrary elements or functions. These parameters are usually de-

termined experimentally. However, the Lie group classification method can be

effectively used in obtaining the forms of these parameters systematically [26–30].

In 1881 Sophus Lie [31] was the first person to perform group classification on a

linear second-order partial differential equation with two independent variables.

In the study of the solution process of differential equations, conservation laws play

a central role. They also help in the numerical integration of partial differential

equations [32] and theory of non-classical transformations [33, 34]. In recent years

conservation laws have been used to construct exact solutions of differential equa-

tions [35, 36]. The Noether theorem [37] gives us a sophisticated and constructive

way for obtaining conservation laws. It actually provides an explicit formula for

finding a conservation law once a Noether symmetry corresponding to a Lagrangian

is known for an Euler-Lagrange equation. However, there are differential equations,

such as scalar evolution differential equations, which do not have a Lagrangian. In

such cases, several methods have been developed by researchers about the con-

2



struction of conserved quantities. Comparison of several differential methods for

computing conservation laws can be found in [38,39].

This thesis is structured as follows:

In Chapter one we introduce the preliminaries that are needed in our study.

In Chapter two Lie group classification of a variable coefficients Gardner equation

is performed. As a result the arbitrary functions and constants which appear in

the system are specified. Conservation laws are obtained is certain cases.

Chapter three presents the cnoidal and snoidal wave solutions of a generalized

(2+1)-dimensional Kortweg-de Vries equation using the extended Jacobi elliptic

function method. Conservation laws are constructed using the multiplier approach.

In Chapter four travelling wave solutions of a coupled Korteweg-de Vries-Burgers

system are obtained by employing the (G′/G)−expansion method. Moreover, con-

servation laws are derived using the multiplier method.

Chapter five studies exact travelling wave solutions in terms of Jacobi elliptic func-

tions of a (2+1)-dimensional Kortweg-de Vries modified Kortweg-de Vries equation.

Furthermore, conservation laws are derived using the multiplier method.

Chapter six analyses a nonlinear generalized improved Boussinesq equation. Exact

solutions are derived using the Lie symmetry analysis and the simplest equation

methods. Moreover, conservation laws are constructed using the multiplier method.

Chapter seven studies exact solutions and conservation laws of a Kaup-Boussinesq

system. Travelling wave solutions are obtained using direct integration and em-

ploying the Lie symmetry analysis. Moreover, conservation laws are derived using

the multiplier method and the conservation theorem due to Ibragimov.

In Chapter eight exact closed-form solutions of a Prandtl’s boundary layer equation

for radial flow models with uniform or vanishing mainstream velocity are derived

3



by employing the (G′/G)−expansion method.

Chapter nine deals with an integrable coupled (2+1)-dimensional Burgers system.

Lie symmetry analysis along with Kudryashov approach are utilized to obtain new

travelling wave solutions. Furthermore, conservation laws of the system are derived

using the multiplier method.

In Chapter ten a group-invariant solution of an optimal investment-consumption

problem under the constant elasticity of variance model is obtained. Finally, con-

servation laws of the underlying equation are constructed using a general theorem

on conservation laws.

Chapter eleven studies a (2+1)-dimensional Zoomeron equation which is an exten-

sion of the famous (1+1)-dimensional Zoomeron equation. We compute Lie point

symmetries admitted by the equation and then obtain symmetry reductions and

new group-invariant solutions based on the optimal system of one-dimensional sub-

algebras. Moreover, we derive conservation laws of the underlying equation using

the multiplier method.

Finally, in Chapter twelve a summary of the results of the thesis is presented and

future work is deliberated.

Bibliography is given at the end.
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Chapter 1

Preliminaries

In this chapter we present some preliminaries on the theory of Lie group analysis,

conservation laws of differential equations and some methods for obtaining exact

solutions of differential equations, which are used in this thesis and are based on

references [18,22–26,37,40,41].

1.1 One-parameter transformation groups

Let x = (x1, ..., xn) and u = (u1, ..., um) be the independent and dependent vari-

ables with coordinates xi and uα (n and m finite), respectively. Consider a change

of the variables x and u involving a real parameter a:

Ta : x̄i = f i(x, u, a), ūα = φα(x, u, a) (1.1)

where a continuously ranges in values from a neighbourhood D′ ⊂ D ⊂ R of a = 0,

and f i and φα are differentiable functions.

Definition 1.1 (Lie group) A set G of transformations (1.1) is called a contin-

uous one-parameter (local) Lie group of transformations in the space of variables

5



x and u if

(i) For Ta, Tb ∈ G where a, b ∈ D′ ⊂ D then Tb Ta = Tc ∈ G, c = φ(a, b) ∈ D

(Closure)

(ii) T0 ∈ G if and only if a = 0 such that T0 Ta = Ta T0 = Ta (Identity)

(iii) For Ta ∈ G, a ∈ D′ ⊂ D, T−1a = Ta−1 ∈ G, a−1 ∈ D such that

Ta Ta−1 = Ta−1 Ta = T0 (Inverse)

We note that the associativity property follows from (i). The group property (i)

can be written as

¯̄xi ≡ f i(x̄, ū, b) = f i(x, u, φ(a, b)),

¯̄uα ≡φα(x̄, ū, b) = φα(x, u, φ(a, b)) (1.2)

and the function φ is called the group composition law. A group parameter a is

called canonical if φ(a, b) = a+ b.

Theorem 1.1 For any φ(a, b), there exists the canonical parameter ã defined by

ã =

∫ a

0

ds

w(s)
, where w(s) =

∂ φ(s, b)

∂b

∣∣∣∣
b=0

.

1.2 Prolongation formulas

The derivatives of u with respect to x are defined as

uαi = Di(u
α), uαij = DjDi(ui), · · · , (1.3)

where

Di =
∂

∂xi
+ uαi

∂

∂uα
+ uαij

∂

∂uαj
+ · · · , i = 1, ..., n (1.4)

6



is the total differential operator. The collection of all first derivatives uαi is denoted

by u(1), i.e.,

u(1) = {uαi } α = 1, ...,m, i = 1, ..., n.

Similarly

u(2) = {uαij} α = 1, ...,m, i, j = 1, ..., n

and u(3) = {uαijk} and likewise u(4) etc. Since uαij = uαji, u(2) contains only uαij for

i ≤ j. In the same manner u(3) has only terms for i ≤ j ≤ k. There is natural

ordering in u(4), u(5) · · · .

In group analysis all variables x, u, u(1) · · · are considered functionally independent

variables connected only by the differential relations (1.3). Thus, the uαs are called

differential variables [26].

We now consider a pth-order partial differential equations, namely

Eα(x, u, u(1), ..., u(p)) = 0. (1.5)

1.2.1 Prolonged or extended groups

Consider a one-parameter group of transformations G given by

x̄i = f i(x, u, a), f i|a=0 = xi,

ūα = φα(x, u, a), φα|a=0 = uα. (1.6)

According to the Lie’s theory, the construction of the symmetry group G is equiv-

alent to the determination of the corresponding infinitesimal transformations :

x̄i ≈ xi + a ξi(x, u), ūα ≈ uα + a ηα(x, u) (1.7)

7



obtained from (1.1) by expanding the functions f i and φα into Taylor series in a,

about a = 0 and also taking into account the initial conditions

f i
∣∣
a=0

= xi, φα|a=0 = uα.

Thus, we have

ξi(x, u) =
∂f i

∂a

∣∣∣∣
a=0

, ηα(x, u) =
∂φα

∂a

∣∣∣∣
a=0

. (1.8)

One can now introduce the symbol of the infinitesimal transformations by writing

(1.7) as

x̄i ≈ (1 + aX)x, ūα ≈ (1 + aX)u,

where

X = ξi(x, u)
∂

∂xi
+ ηα(x, u)

∂

∂uα
. (1.9)

This differential operator X is known as the infinitesimal operator or generator of

the group G. If the group G is admitted by (1.5), we say that X is an admitted

operator of (1.5) or X is an infinitesimal symmetry of equation (1.5).

We now see how the derivatives are transformed.

The Di transforms as

Di = Di(f
j)D̄j, (1.10)

where D̄j is the total differential operator in transformed variables x̄i. So

ūαi = D̄j(u
α), ūαij = D̄j(ū

α
i ) = D̄i(ū

α
j ), · · · .

Now let us apply (1.6) and (1.10)

Di(φ
α) =Di(f

j)D̄j(ū
α)
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=Di(f
j)ūαj . (1.11)

Thus (
∂f j

∂xi
+ uβi

∂f j

∂uβ

)
ūαj =

∂φα

∂xi
+ uβi

∂φα

∂uβ
. (1.12)

The quantities ūαj can be represented as functions of x, u, u(i), a, for small a, that

is, (1.12) is locally invertible

ūαi = ψαi (x, u, u(1), a), ψα|a=0 = uαi . (1.13)

The transformations in x, u, u(1) space given by (1.13) and (1.6) form a one-

parameter group called the extension of the group G and denoted by G[1].

We let

ūαi ≈ uαi + aζαi (1.14)

be the infinitesimal transformation of the first derivatives so that the infinitesimal

transformation of the group G[1] is (1.7) and (1.14).

Higher-order prolongations of G, namely, G[2], G[3] can be obtained by derivatives

of (1.11).

1.2.2 Prolonged generators

Using (1.11) together with (1.7) and (1.14) we get

Di(f
j)(ūαj ) =Di(φ

α)

Di(x
j + aξj)(uαj + aζαj ) =Di(u

α + aηα)

(δji + aDiξ
j)(uαj + aζαj ) =uαi + aDiη

α

uαi + aζαi + auαjDiξ
j =uαi + aDiη

α

ζαi =Di(η
α)− uαjDi(ξ

j), (sum on j). (1.15)
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This is called the first prolongation formula. Likewise, one can obtain the second

prolongation, viz.,

ζαij = Dj(η
α
i )− uαikDj(ξ

k), (sum on k). (1.16)

The higher prolongations can be found by induction (recursively) by this formula

ζαi1,i2,...,ip = Dip(ζ
α
i1,i2,...,ip−1

)− uαi1,i2,...,ip−1 j
Dip(ξ

j), (sum on j). (1.17)

The first to p prolongations of the group G form a group denoted by G[1], · · · , G[p],

respectively. The corresponding prolonged generators are

X [1] =X + ζαi
∂

∂uαi
(sum on i, α),

...

X [p] =X [p−1] + ζαi1,...,ip
∂

∂uαi1,...,ip
p ≥ 1,

where

X = ξi(x, u)
∂

∂xi
+ ηα(x, u)

∂

∂uα
.

1.3 Groups admitted by differential equations

Definition 1.2 (Point symmetry) The vector field

X = ξi(x, u)
∂

∂xi
+ ηα(x, u)

∂

∂uα
(1.18)

is a point symmetry of the pth-order partial differential equations (1.5), if

X [p](Eα) = 0 (1.19)

whenever Eα = 0. This can also be written as

X [p]Eα
∣∣
Eα=0

= 0, (1.20)

where the symbol |Eα=0 means evaluated on the equation Eα = 0.
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Definition 1.3 (Determining equation) Equation (1.19) is called the deter-

mining equation of (1.5) because it determines all the infinitesimal symmetries

of (1.5).

Definition 1.4 (Symmetry group) A one-parameter group G of transforma-

tions (1.1) is called a symmetry group of equation (1.5) if (1.5) is form-invariant

in the new variables x̄ and ū, i.e.,

Eα(x̄, ū, ū(1), · · · , ū(p)) = 0, (1.21)

where the function Eα is the same as in equation (1.5).

1.4 Infinitesimal criterion of invariance

Definition 1.5 (Invariant) A function F (x, u) is called an invariant of the

group of transformation (1.1) if

F (x̄, ū) ≡ F (f i(x, u, a), φα(x, u, a)) = F (x, u) (1.22)

identically in x, u and a.

Theorem 1.2 (Infinitesimal criterion of invariance) A necessary and suffi-

cient condition for a function F (x, u) to be an invariant is that

X (F ) ≡ ξi(x, u)
∂F

∂xi
+ ηα(x, u)

∂F

∂uα
= 0 . (1.23)

It follows from the above theorem that every one-parameter group of point trans-

formations (1.1) has n−1 functionally independent invariants, which can be taken

to be the left-hand side of any first integrals

J1(x, u) = c1, · · · , Jn−1(x, u) = cn
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of the characteristic equations

dx1

ξ1(x, u)
= · · · = dxn

ξn(x, u)
=

du1

η1(x, u)
= · · · = dun

ηn(x, u)
.

Theorem 1.3 (Lie equations) If the infinitesimal transformations (1.7) or its

symbol X is given, then the corresponding one-parameter group G is obtained by

solving the Lie equations

dx̄i

da
= ξi(x̄, ū),

dūα

da
= ηα(x̄, ū) (1.24)

subject to the initial conditions

x̄i
∣∣
a=0

= x, ūα|a=0 = u .

1.5 Conservation laws

1.5.1 Fundamental operators and their relationship

Consider a pth-order system of partial differential equations of n independent vari-

ables x = (x1, x2, · · · , xn) and m dependent variables u = (u1, u2, · · · , um) given

by equation (1.5).

Definition 1.6 (Euler-Lagrange operator) The Euler-Lagrange operator, for

each α, is defined by

δ

δuα
=

∂

∂uα
+
∑
s≥1

(−1)sDi1 · · ·Dis

∂

∂uαi1i2···is
, α = 1, · · · ,m. (1.25)

Definition 1.7 (Lagrangian) If there exists a function

L = L(x, u, u(1), u(2), · · · , u(s)) , s ≤ p, with p the order of equation (1.5), such that

δL
δuα

= 0 α = 1, · · · ,m (1.26)
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then L is called a Lagrangian of equation (1.5). Equation (1.26) is known as the

Euler-Lagrange equation.

Definition 1.8 (Lie-Bäcklund operator) The Lie-Bäcklund operator is given

by

X = ξi
∂

∂xi
+ ηα

∂

∂uα
, ξi, ηα ∈ A, (1.27)

where A is the space of differential functions [26]. The operator (1.27) is an ab-

breviated form of infinite formal sum

X = ξi
∂

∂xi
+ ηα

∂

∂uα
+
∑
s≥1

ζαi1i2···is
∂

∂uαi1i2···is
, (1.28)

where the additional coefficients are determined uniquely by the prolongation for-

mulae

ζαi =Di(W
α) + ξjuαij,

ζαi1···is =Di1 · · ·Dis(W
α) + ξjuαji1···is , s > 1, (1.29)

in which Wα is the Lie characteristic function given by

Wα = ηα − ξiuαj . (1.30)

One can write the Lie-Bäcklund operator (1.28) in characteristic form as

X = ξiDi +Wα ∂

∂uα
+
∑
s≥1

Di1 · · ·Dis(W
α)

∂

∂uαi1i2···is
. (1.31)

Definition 1.9 (Conservation law) The n-tuple vector T = (T 1, T 2, · · · , T n), T j ∈

A, j = 1, · · · , n, is a conserved vector of (1.5) if T i satisfies

DiT
i|(1.5) = 0. (1.32)

Equation (1.32) defines a local conservation law of system (1.5).

13



1.5.2 Noether Theorem

Definition 1.10 (Noether operator) The Noether operators associated with a

Lie-Bäcklund symmetry operator X are given by

N i = ξi +Wα δ

δuαi
+
∑
s≥1

Di1 · · ·Dis(W
α)

δ

δuαii1i2···is
, i = 1, · · · , n, (1.33)

where the Euler-Lagrange operators with respect to derivatives of uα are obtained

from (1.25) by replacing uα by the corresponding derivatives. For example,

δ

δuαi
=

∂

∂uαi
+
∑
s≥1

(−1)sDj1 · · ·Djs

∂

∂uαij1j2···js
, i = 1, · · · , n, α = 1, · · · ,m,

(1.34)

and the Euler-Lagrange, Lie-Bäcklund and Noether operators are connected by the

operator identity [41]

X +Di(ξ
i) = Wα δ

δuα
+DiN

i. (1.35)

Definition 1.11 (Noether symmetry) A Lie-Bäcklund operator X of the form

(1.27) is called a Noether symmetry corresponding to a Lagrangian L ∈ A, if there

exists a vector Bi = (B1, · · · , Bn), Bi ∈ A such that

X(L) + LDi(ξ
i) = Di(B

i). (1.36)

If Bi = 0 (i = 1, · · · , n), then X is called a strict Noether symmetry corresponding

to a Lagrangian L ∈ A.

Theorem 1.4 (Noether Theorem) For any Noether symmetry generator X as-

sociated with a given Lagrangian L ∈ A, there corresponds a vector T = (T 1, · · · , T n),

T i ∈ A, given by

T i = N i(L)−Bi, i = 1, · · · , n, (1.37)

which is a conserved vector of the Euler-Lagrange differential equations (1.26).
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In the Noether approach, we find the Lagrangian L and then equation (1.36) is

used to determine the Noether symmetries. Then, equation (1.37) will yield the

corresponding Noether conserved vectors.

1.5.3 The multiplier method

The multiplier approach is an effective algorithmic for finding the conservation laws

for partial differential equations with any number of independent and dependent

variables. The algorithm was given in [40,42] using the multipliers presented in [24].

A local conservation law of a given system of differential equations arises from a

linear combination formed by local multipliers with each differential equation in the

system, where the multipliers depend on the independent and dependent variables

as well as on the derivatives of the dependent variables of the given system of

differential equations.

This method does not require the existence of a Lagrangian and reduces the cal-

culation of conservation laws to solving a system of linear determining equations

similar to that for finding Lie point symmetries.

A multiplier Λα(x, u, u(1), · · · ) has the property that

ΛαEα = DiT
i (1.38)

holds identically. Here Eα, Di and T i are defined by equations (1.5), (1.4) and

(1.32), respectively. The right hand side of (1.38) is a divergence expression. The

determining equation for the multiplier Λα is

δ(ΛαEα)

δuα
= 0 (1.39)

and once the multipliers are obtained the conserved vectors are constructed by

invoking the homotopy operator [40].
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1.5.4 A Conservation theorem due to Ibragimov

A new conservation theorem due to Ibragimov [41] provides the procedure for

computing the conserved vectors associated with all symmetries of the system of

pth-order partial differential equations (1.5).

Definition 1.12 (Adjoint equations) Consider a system of pth-order partial

differential equations given by (1.5). Let

E∗α(x, u, v, · · · , u(p), v(p)) =
δ(vβEβ)

δuα
, α = 1, · · · ,m, (1.40)

where v = (v1, · · · , vm) are new dependent variables, v = v(x), and define the

system of adjoint equations to system (1.5) by

E∗α(x, u, v, · · · , u(p), v(p)) = 0, α = 1 · · · ,m. (1.41)

Theorem 1.5 Any system of partial differential equations (1.5) considered to-

gether with its adjoint system (1.41) has a Lagrangian

L = vβE∗β(x, u, v, · · · , u(p)). (1.42)

Theorem 1.6 Consider a system of partial differential equations (1.5). The ad-

joint system given by (1.41) inherits the symmetries of system (1.5). If system

(1.5) admits a point transformation group with a generator (1.27), then the ad-

joint system (1.41) admits the operator (1.27) extended to the variables vα by the

formula

Y = ξi
∂

∂xi
+ ηα

∂

∂uα
+ ηα∗

∂

∂vα
(1.43)

with ηα∗ = ηα∗ (x, u, v, · · · ).

Theorem 1.7 (Ibragimov theorem) Any infinitesimal symmetry (Lie point, Lie-

Bäcklund , nonlocal) given by (1.27) of system (1.5) leads to a conservation law
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Di(C
i) = 0 for the system (1.5) and (1.41). The components of the conserved

vector are given by the formula

Ci = ξiL+Wα

[
∂L
∂uαi
−Dj

(
∂L
∂uαij

)
+DjDk

(
∂L
∂uαijk

)
− · · ·

]
+Dj(W

α)

[
∂L
∂uαij

−Dk

(
∂L
∂uαijk

)
+ · · ·

]
+DjDk(W

α)

[
∂L
∂uαijk

− · · ·
]
,

(1.44)

where Wα is the Lie characteristic function given by (1.30) and L is the formal

Lagrangian (1.42) [41].

1.6 Exact solutions

In this section we recall some methods which can be used to determine exact

solutions of differential equations.

1.6.1 Description of (G′/G)−expansion method

We present a brief summary of the (G′/G)−expansion method for solving nonlin-

ear ordinary differential equations [43]. The algorithm for the (G′/G)−expansion

method is given in the following steps:

Step 1: Consider a nonlinear ordinary differential equation given in general form

by

P [U(z), U ′, U ′′, U ′′′, · · · ] = 0, (1.45)

where U is an unknown function of z and P is a polynomial in U and its derivatives.

Step 2: The solution of ODE (1.45) is written as a polynomial in (G′/G) as
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follows:

U(z) =
M∑
i=0

βi

(
G′

G

)i
, (1.46)

where G = G(z) satisfies the second-order linear ODE with constant coefficients,

namely,

d2G

dz2
+ λ

dG

dz
+ µG = 0, (1.47)

where λ and µ are constants and βi (i = 0, 1, 2, · · · ,M) are constants to be deter-

mined. The integer M is found by considering the homogeneous balance between

the highest order derivatives and nonlinear terms appearing in ODE (1.45).

Step 3: The substitution of (1.46) into (1.45) and then making use of ODE (1.47)

leads to the polynomial equation in (G′/G). Now by equating the coefficients of

the powers of (G′/G) to zero, one obtains a system of algebraic equations which is

solved for βi’s.

Step 4: The solutions of ODE (1.45) are given by (1.46) by using the solutions

of the algebraic system obtained in Step 3 for the constants βi’s and making use

of the solutions of (1.47) which are given by

G(z) = −λ
2

+ δ1
C1 sinh (δ1z) + C2 cosh (δ1z)

C1 cosh (δ1z) + C2 sinh (δ1z)
, λ2 − 4µ > 0, (1.48)

G(z) = −λ
2

+ δ2
−C1 sin (δ2z) + C2 cos (δ2z)

C1 cos (δ2z) + C2 sin (δ2z)
, λ2 − 4µ < 0, (1.49)

G(z) = −λ
2

+
C2

C1 + C2z
, λ2 − 4µ = 0, (1.50)

where δ1 = 1
2

√
λ2 − 4µ, δ2 = 1

2

√
4µ− λ2, C1 and C2 are arbitrary constants.

1.6.2 The simplest equation method

The simplest equation method was introduced by Kudryashov [13, 44] for finding

exact solutions of nonlinear partial differential equations. Many researchers have
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applied this method to solve nonlinear partial differential equations. The basic

steps of the method are as follows:

Consider the nonlinear partial differential equation of the form

E1(u, ut, ux, uy, utt, uxx, uyy, · · · ) = 0. (1.51)

Using the transformation

u(t, x, y) = F (z), z = k1t+ k2x+ k3y + k4, (k1, · · · , k4 constants) (1.52)

equation (1.51) reduces to an ordinary differential equation

E2[F (z), k1F
′(z), k2F

′(z), k3F
′(z), k21F

′′(z), k22F
′′(z), k23F

′′(z), · · · ] = 0. (1.53)

The simplest equations that we use here are the Bernoulli equation

H ′(z) = aH(z) + bH2(z) (1.54)

and the Riccati equation

G′(z) = aG2(z) + bG(z) + c, (1.55)

where a, b and c are constants. We look for solutions of the nonlinear ordinary

differential equation (1.53) that are of the form

F (z) =
M∑
i=0

Ai(G(z))i, (1.56)

where G(z) satisfies the Bernoulli or Riccati equation, M is a positive integer that

can be determined by the balancing procedure and A0, · · · , AM are parameters to

be determined.

The solution of Bernoulli equation (1.54) is given by

H(z) = a

{
cosh[a(z + C)] + sinh[a(z + C)]

1− b cosh[a(z + C)]− b sinh[a(z + C)]

}
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where C is a constant of integration. For the Riccati equation (1.55), the solutions

are

G(z) = − b

2a
− θ

2a
tanh

[
1

2
θ(z + C)

]
(1.57)

and

G(z) = − b

2a
− θ

2a
tanh

(
1

2
θz

)
+

θ sech [(θz)/2]

Cθ cosh [(θz)/2]− 2a sinh [(θz)/2]
(1.58)

with θ =
√
b2 − 4ac and C is a constant of integration.

1.6.3 The Kudryashov method

Here we present the Kudryashov method for finding exact solutions of nonlinear

differential equations, which has recently appeared in [44]. We now give its de-

scription.

Consider a NLPDE, say, in two independent variables t and x, given by

E1(t, x, u, ut, ux, utt, uxx, · · · ) = 0. (1.59)

The algorithm consists of the following five steps:

• Step 1. The transformation u(x, t) = U(z), z = kx + ωt, where k and ω

are constants, transforms equation (1.59) into the ODE

E2(U, ωU
′, kU ′, ω2U ′′, k2U ′′, · · · ) = 0. (1.60)

• Step 2. The solution of equation (1.60) is expressed by a polynomial in Q

as follows:

U(z) =
N∑
n=0

an (Q(z))n , (1.61)
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where the coefficients an (n = 0, 1, 2, · · · , N) are constants to be determined

and Q(z) satisfies

Q′(z) = Q2(z)−Q(z) (1.62)

whose solution is given by

Q(z) =
1

1 + ez
. (1.63)

The positive integer N is determined by the balancing procedure.

• Step 3. Using (1.61) in equation (1.60) and making use of (1.62), equation

(1.60) transforms into an equation in powers of Q(z). Equating coefficients

of powers of Q(z) to zero, we obtain the system of algebraic equations in the

form

Pn(aN , aN−1, · · · , a0, k, ω, · · · ) = 0, (n = 0, · · · , N). (1.64)

• Step 4. Solving the system of algebraic equations, we obtain values of

coefficients an’s and relations for parameters of equation (1.60). As a result,

we obtain exact solutions of equation (1.60) in the form (1.61).

• Step 5. The solution of the NLPDE (1.59) is then given by u(x, t) = U(kx+

ωt).

1.6.4 The extended Jacobi elliptic function method

In this subsection we describe the extended Jacobi elliptic function method which

was introduced in [45] for finding exact solutions of nonlinear partial differential

equations. The basic steps of the method are as follows: Consider a nonlinear

partial differential equation in two variables

E(u, ux, ut, uxx, uxt, utt, · · · ) = 0. (1.65)
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Making use of the transformation

u(t, x) = U(z), z = x− νt (1.66)

equation (1.65) transforms into a nonlinear ordinary differential equation

F (U(z), U ′(z),−νU ′(z), U ′′(z),−νU ′′(z), ν2U ′′(z), · · · ) = 0. (1.67)

We consider solutions of (1.67) of the form

U(z) =
M∑

i=−M

AiG(z)i, (1.68)

where Ai’s are constants to be determined, M will be determined by the homoge-

neous balance method and G(z) satisfies the following first-order ordinary differ-

ential equations [46]:

G′(z) +
√

(1−G2(z)) (1− ω + ωG2(z)) = 0, (1.69)

G′(z)−
√

(1−G2(z)) (1− ωG2(z)) = 0. (1.70)

The solutions of the above equations are

G(z) = cn(z;ω),

G(z) = sn(z;ω),

respectively. Substituting (1.68) into (1.67) and making use of one of (1.69) or

(1.70) at a time, we get a system of algebraic equations in Ai by equating the

coefficients of the powers of G(z). The solution of the algebraic system when

substituted into (1.68) will give the solution of (1.67). Hence, the solution of

(1.65) is found by making use of (1.66).

1.7 Concluding remarks

In this chapter we recalled some results from the Lie group analysis and conser-

vation laws of partial differential equations which will be used in this thesis. In

22



addition, we presented algorithms of various methods that are used to find exact

solutions of partial differential equations.
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Chapter 2

Lie group classification of a

variable coefficients Gardner

equation

In this chapter we carry out Lie group classification of the variable coefficients

Gardner equation (also called the general KdV equation) [47]

ut +G(t)unux +H(t)u2nux +R(t)ux + F (t)uxxx = 0, (2.1)

which describes many physical phenomena, such as the long wave propagation in

an inhomogeneous two-layer shallow liquid [48], ion acoustic waves in plasma with

a negative ion [49] and the internal waves in a stratified ocean [50]. We first find

equivalence transformations of (2.1).

The results of this chapter have been submitted [51] for possible publication.
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2.1 Equivalence transformations

We recall that an equivalence transformation of a partial differential equation is an

invertible transformation of both the independent and dependent variables map-

ping the PDE into a PDE of the same form, where the form of the transformed

functions can, in general, be different from the form of the original function.

In this section we look for equivalence transformations of (2.1). We consider the

one-parameter group of equivalence transformations in (t, x, u, F,G,H,R) given by

t̃ = t+ ε τ(t, x, u) +O(ε2),

x̃ = x+ ε ξ(t, x, u) +O(ε2),

ũ = u+ ε η(t, x, u) +O(ε2),

F̃ = F + ε ω1(t, x, u, F,G,H,R) +O(ε2),

G̃ = G+ ε ω2(t, x, u, F,G,H,R) +O(ε2),

H̃ = H + ε ω3(t, x, u, F,G,H,R) +O(ε2),

R̃ = R + ε ω4(t, x, u, F,G,H,R) +O(ε2),

where ε is the group parameter. Therefore, the operator

Y = τ∂t + ξ∂x + η∂u + ω1∂F + ω2∂G + ω3∂H + ω4∂R (2.2)

is the generator of the equivalence group for (2.1) provided it is admitted by the

extended system

ut +G(t)unux +H(t)u2nux +R(t)ux + F (t)uxxx = 0, (2.3a)

Fx = Fu = Gx = Gu = Hx = Hu = Rx = Ru = 0. (2.3b)

The prolonged operator for the extended system (2.3) has the form

Ỹ =Y + ζt∂ut + ζx∂ux + ζxxx∂uxxx + µ1
x∂Fx + µ1

u∂Fu + µ2
x∂Gx + µ2

u∂Gu
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+ µ3
x∂Hx + µ3

u∂Hu + µ4
x∂Rx + µ4

u∂Ru . (2.4)

The variables ζ’s and µ’s are defined by the prolongation formulae

ζt = Dt(η)− utDt(τ)− uxDt(ξ),

ζx = Dx(η)− utDx(τ)− uxDx(ξ),

ζxx = Dx(ζx)− utxDx(τ)− uxxDx(ξ),

ζxxx = Dx(ζxx)− utxxDx(τ)− uxxxDx(ξ)

and

µ1
x = D̃x(ω

1)− FtD̃x(τ)− FxD̃x(ξ)− FuD̃x(η),

µ1
u = D̃u(ω

1)− FtD̃u(τ)− FxD̃u(ξ)− FuD̃u(η),

µ2
x = D̃x(ω

2)−GtD̃x(τ)−GxD̃x(ξ)−GuD̃x(η),

µ2
u = D̃u(ω

2)−GtD̃u(τ)−GxD̃u(ξ)−GuD̃u(η),

µ3
x = D̃x(ω

3)−HtD̃x(τ)−HxD̃x(ξ)−HuD̃x(η),

µ3
u = D̃u(ω

3)−HtD̃u(τ)−HxD̃u(ξ)−HuD̃u(η),

µ4
x = D̃x(ω

4)−RtD̃x(τ)−RxD̃x(ξ)−RuD̃x(η),

µ4
u = D̃u(ω

4)−RtD̃u(τ)−RxD̃u(ξ)−RuD̃u(η),

respectively, where

Dt =
∂

∂t
+ ut

∂

∂u
+ · · · , Dx =

∂

∂x
+ ux

∂

∂u
+ · · ·

are the total derivative operators and

D̃x =
∂

∂x
+ Fx

∂

∂F
+Gx

∂

∂G
+Hx

∂

∂H
+Rx

∂

∂R
+ · · · ,

D̃u =
∂

∂u
+ Fu

∂

∂F
+Gu

∂

∂G
+Hu

∂

∂H
+Ru

∂

∂R
+ · · ·

are the total derivative operators of the extended system (2.3). Applying (2.4) to

the extended system (2.3) and then splitting on the derivatives of u we obtain the
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following overdetermined system of linear partial differential equations:

τx = τu = 0, ω1
x = ω1

u = ω2
x = ω2

u = ω3
x = ω3

u = ω4
x = ω4

u = 0, ξu = 0, ηuu = 0,

ηxu − ξxx = 0, ω1 + (τt − 3ξx)F = 0, ηt + ηx
(
R +Gun +Hu2n

)
+ Fηxxx = 0,

ω4 + ω2un + ω3u2n + nGun−1η + 2nHu2n−1η − ξt − Fξxxx + 3Fηxxu

+ (τt − ξx)
(
R +Gun +Hu2n

)
= 0.

Solving the above system we get

τ = a(t),

ξ = k2x+ b(t),

η = k1u,

ω1 = (3k2 − a′(t))F,

ω2 = −nk1G+ (k2 − a′(t))G,

ω3 = −2nk1H + (k2 − a′(t))H,

ω4 = (k2 − a′(t))R + b′(t),

where k1 and k2 are constants and a(t) and b(t) are arbitrary functions of t.

Thus, the equivalence generators of class (2.1) are

Y1 = u∂u − nG∂G − 2nH∂H ,

Y2 = x∂x + 3F∂F +G∂G +H∂H +R∂R,

Ya = a(t)∂t − a′(t)F∂F − a′(t)G∂G − a′(t)H∂H − a′(t)R∂R,

Yb = b(t)∂x + b′(t)∂R.

Thus, the equivalence group corresponding to each of the equivalence generators

is given by

Y1 : t̃ = t, x̃ = x, ũ = uec1 , F̃ = F, G̃ = Ge−nc1 , H̃ = He−2nc1 , R̃ = R,
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Y2 : t̃ = t, x̃ = xec2 , ũ = u, F̃ = Fe3c2 , G̃ = Gec2 , H̃ = Hec2 , R̃ = Rec2 ,

Ya : t̃ = a(t), x̃ = x, ũ = u, F̃ =
F

a′(t)
, G̃ =

G

a′(t)
, H̃ =

H

a′(t)
, R̃ =

R

a′(t)
,

Yb : t̃ = t, x̃ = x+ b(t)c4, ũ = u, F̃ = F, G̃ = G, H̃ = H, R̃ = R + b′(t)c4

and their composition gives

t̃ = a(t), x̃ = (x+ b(t)c4) e
c2 , ũ = uec1 , F̃ =

Fe3c2

a′(t)
,

G̃ =
Gec2−nc1

a′(t)
, H̃ =

Hec2−2nc1

a′(t)
, R̃ =

(R + b′(t)c4)e
c2

a′(t)
. (2.5)

Since there are two arbitrary functions a(t) and b(t) in (2.5), one can rescale two of

the arbitrary functions of (2.1) [52,53]. Thus, we set F̃ = R̃ = 1 by the equivalence

transformation

t̃ =

∫
Fe3c2dt, x̃ =

(
x+

∫
(Fe2c2 −R)dt

)
ec2 , ũ = uec1 , (2.6)

which transforms equation (2.1) into an equivalent equation

ũt̃ + ũx̃ + G̃(t̃)ũñũx̃ + H̃(t̃)ũ2ñũx̃ + ũx̃x̃x̃ = 0,

where

G̃ =
Ge−(nc1+2c2)

F
, H̃ =

He−2(nc1+c2)

F
.

Therefore, without loss of generality, we can confine our study to the equation

ut + ux +G(t)unux +H(t)u2nux + uxxx = 0. (2.7)

2.2 Principal Lie algebra and classifying relations

of (2.7)

The symmetry group of equation (2.7) will be generated by the vector field of the

form

X = τ(t, x, u)
∂

∂t
+ ξ(t, x, u)

∂

∂x
+ η(t, x, u)

∂

∂u
.
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Applying the third prolongation of X to (2.7) and splitting on the derivatives of u

yields the following overdetermined system of linear PDEs:

τu = 0, ξu = 0, ηuu = 0, τx = 0, 3ηxu − 3ξxx = 0, τt − 3ξx = 0,

ηt +G(t)unηx +H(t)u2nηx + ηx + ηxxx = 0,

unGtτ + u2nHtτ + nG(t)un−1η + 2nH(t)u2n−1η −G(t)unξx +G(t)unτt

−H(t)u2nξx +H(t)u2nτt − ξt + τt + 3ηxxu − ξx − ξxxx = 0.

Solving the above system, we obtain

τ = a(t), ξ = d(t) +
1

3
xa′(t), η = b(t, x) + u

(
c(t) +

a′(t)

3

)
, (2.8a)

G(t)unbx +H(t)u2nbx + bt + bx + bxxx + u

(
c′ +

1

3
a′′
)

= 0, (2.8b)

nG(t)un−1b(t, x) + 2nH(t)u2n−1b(t, x)− d′ + 2

3
a′ − 1

3
xa′′

+

(
G′a(t) +

1

3
nG(t)a′ +

2

3
G(t)a′ + nc(t)G(t)

)
un

+

(
H ′a(t) +

2

3
nH(t)a′ +

2

3
H(t)a′ + 2nc(t)H(t)

)
u2n = 0, (2.8c)

where a(t), b(t, x), c(t) and d(t) are arbitrary functions of their variables. In order

to find the principal Lie algebra admitted by any equation of class (2.7) we solve

equations (2.8) for arbitrary functions G and H. This results in τ = η = 0

and ξ = const. Hence the principal Lie algebra consists of one space translation

symmetry, namely,

X1 =
∂

∂x
.

2.3 Lie group classification

The analysis of equations (2.8b) and (2.8c) leads to the following five cases:

Case 1 G(t) = A(β + t)
1
3
(−3αn−n−2), H(t) = B(β + t)−

2
3
(3αn+n+1) with n 6= 0, 1

and A, B, α, β constants
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In this case the principal Lie algebra is extended by one operator, viz.,

X2 = 3(t+ β)
∂

∂t
+ (2t+ x)

∂

∂x
+ u(3α + 1)

∂

∂u
.

Case 2 G(t) = Ae−λnt, H(t) = Be−2λnt, A, B, λ constants

The principal Lie algebra is extended by the operator

X2 =
∂

∂t
+ λu

∂

∂u
.

Case 3 G(t) = H(t) = 0

The principal Lie algebra extends by four Lie point symmetries

X2 =
∂

∂t
,

X2 = 3t
∂

∂t
+ (2t+ x)

∂

∂x
,

X4 = u
∂

∂u
,

Xb = b(t, x)
∂

∂u
,

where b(t, x) satisfies bt + bx + bxxx = 0.

Case 4 G(t) = A(β+ t)−α−1 + 6Bλ
3α+1

(β+ t)−
2
3
(3α+2), H(t) = B(β+ t)−

2
3
(3α+2) with

n = 1 and α 6= −1/3,−1/6, A, B, α, β, λ constants

The extension of the principal Lie algebra in this case is given by

X2 = (t+ β)
∂

∂t
+

1

3

(
2t+ x− 54Bλ2(β + t)−2α−

1
3

(3α + 1)(6α + 1)
− 2β − 3Aλ(β + t)−α

α

)
∂

∂x

+

{
λ+

(
1

3
+ α

)
u

}
∂

∂u

4.1 G(t) = {A− 2Bλ ln(β + t)} (β + t)−2/3, H(t) = B(β + t)−2/3

The principal Lie algebra extends by

X2 = (t+ β)
∂

∂t
+

1

3

[
9λ 3
√
β + t {A+ 6Bλ− 2Bλ ln(β + t)}+ 2(β + t) + x

] ∂

∂x
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+ λ
∂

∂u

4.2 G(t) = A(β + t)−5/6 + 12Bλ(β + t)−1, H(t) = B(β + t)−1

The extension of the principal Lie algebra is given by

X2 = (t+ β)
∂

∂t
+

1

3

[
2
{
β + t+ 9Aλ 6

√
β + t+ 18Bλ2 ln(β + t)

}
+ x
] ∂

∂x

+
(
λ+

u

6

) ∂

∂u
.

Case 5 G(t) = Ae−µt + 2Bν
µ
e−2µt, H(t) = Be−2µt, A, B, ν, µ 6= 0 constants

The principal Lie algebra in this case is extended by

X2 =
∂

∂t
− ν

µ2
e−2µt

(
Aµeµt +Bν

) ∂

∂x
+ (ν + µu)

∂

∂u
.

5.1 G(t) = A− 2Bνt, H(t) = B

The principal Lie algebra extends by the following operator:

X2 =
∂

∂t
+ νt(A−Bνt) ∂

∂x
+ ν

∂

∂u
.

2.4 Symmetry reductions and group-invariant

solutions

In this section we find symmetry reductions and group-invariant solutions for two

particular cases of equation (2.7). In order to find symmetry reductions and group-

invariant solutions, one has to solve the associated Lagrange system

dt

τ(t, x, u)
=

dx

ξ(t, x, u)
=

du

η(t, x, u)
.
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Case (i) G(t) = A(β + t)
1
3
(−3αn−n−2), H(t) = B(β + t)−

2
3
(3αn+n+1)

In this case equation (2.7) becomes

ut + A(β + t)
1
3
(−3αn−n−2)unux +B(β + t)−

2
3
(3αn+n+1)u2nux + ux + uxxx = 0.

We now find group-invariant solution of this equation under the symmetry

X = 3(t+ β)
∂

∂t
+ (2t+ x)

∂

∂x
+ u(3α + 1)

∂

∂u
.

The two invariants are found from the solutions of the associated Lagrange system

and are given by

I1 =
x− t− 3β

3
√
β + t

, I2 = u(t+ β)−α−1/3.

Hence, the group-invariant solution in this case is

u = (t+ β)α+1/3f(z), z = (x− t− 3β)(t+ β)−1/3

where f(z) satisfies the following nonlinear ODE:

3f ′′′(z) + f ′(z)
(
3Af(z)n + 3Bf(z)2n − z

)
+ f(z) (3α + 1) = 0.

Case (ii) G(t) = Ae−λnt, H(t) = Be−2λnt

In this case equation (2.7) is given by

ut + Ae−λntunux +Be−2λntu2nux + ux + uxxx = 0.

We find group-invariant solutions of this equation using the operator

X2 =
∂

∂t
+ λu

∂

∂u
.

This operator X2 has two invariants I1 = x and I2 = ue−λt and hence the group-

invariant solution is

u = eλtf(x),

where f(x) satisfies the nonlinear ODE

f ′′′(x) + f ′(x)
(
Af(x)n +Bf(x)2n + 1

)
+ λf(x) = 0.

32



2.5 Conservation laws

We now construct conservation laws for the variable coefficients Gardner equation

(2.7) using the multiplier approach for two cases.

Case A G(t) = A(β + t)
1
3
(−3αn−n−2), H(t) = B(β + t)−

2
3
(3αn+n+1)

In this case equation (2.7) becomes

ut + At−(n+2+3αn)/3unux +Bt−2(n+1+3αn)/3u2nux + ux + uxxx = 0 with β = 0.

We look for second-order multiplier of the form

Λ = Λ (t, x, u) .

Now following the procedure given in Section 1.5.3, the zeroth-order multiplier is

given by Λ(t, x, u) = C1u + C2, where C1 and C2 are arbitrary constants. Corre-

sponding to the above multiplier we obtain the following two conservation laws:

T t1 =
1

(k + 1)(l + 1)

(
B(l + 1)tk+1u2n+1ux + A(k + 1)tl+1un+1ux

)
+ tuux +

1

2
u2,

T x1 =
−1

(k + 1)(l + 1)

(
B(l + 1)tk+1u2n+1ut + A(k + 1)tl+1un+1ut

)
− tuut

− 1

2
u2x + uuxx;

T t2 =
1

(k + 1)(l + 1)

(
B(l + 1)tk+1u2nux + A(k + 1)tl+1unux

)
+ tux + u,

T x2 =
−1

(k + 1)(l + 1)

(
B(l + 1)tk+1u2nut + A(k + 1)tl+1unut

)
+ tut − uxx,

where l = −(2 + n + 3αn)/3, k = −2(1 + n + 3αn)/3 with α 6= (1 − n)/(3n) and

α 6= (1− 2n)/(6n).

Case B G(t) = Ae−λnt, H(t) = Be−2λnt

Here equation (2.7) becomes

ut + Ae−λntunux +Be−2λntu2nux + ux + uxxx = 0.
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The zeroth-order multiplier is Λ(t, x, u) = C1u + C2 and hence corresponding to

this multiplier we have the following two conserved vectors:

T t1 = − 1

2λn

(
Be−2λntu2n+1ux + 2Ae−λntun+1ux − 2λntuux − λnu2

)
,

T x1 =
1

2λn

(
Be−2λntu2n+1ut + 2Ae−λntun+1ut − 2λntuut − λnu2x + 2λnuuxx

)
;

T t2 = − 1

2λn

(
Be−2λntu2nux + 2Ae−λntunux − 2λntux − 2λnu

)
,

T x2 =
1

2λn

(
Be−2λntu2nut + 2Ae−λntunut − 2λntut + 2λnuxx

)
.

2.6 Concluding remarks

In this chapter we carried out Lie group classification of the Gardner equation

with variable coefficients. This was achieved by first determining the equivalence

transformations for the variable coefficients Gardner equation (2.1). The trans-

formations were then used to rescale some arbitrary functions in equation (2.1),

which simplified the original equation to an equivalent equation (2.7). We then

studied equation (2.7). It was found that the equivalent Gardner equation (2.7)

had a translation symmetry in space variable x as its kernel algebra. The functions

G(t) and H(t) that were able to extend the principal Lie algebra were found to be

exponential, power, logarithmic and linear functions. Symmetry reductions were

performed for two cases which extended the principal Lie algebra. Finally, for two

cases we obtained conservation laws using the multiplier method.
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Chapter 3

Cnoidal and snoidal waves

solutions and conservation laws of

a generalized (2+1)-dimensional

Kortweg-de Vries equation

A nonlinear integrable (2+1)-dimensional Korteweg-de Vries equation

4ut − α(t, y)
(
4uuy + 2ux∂

−1uy + uxxy
)
− β(t, y) (6uux + uxxx) = 0 (3.1)

was constructed in [54] using the Lax pair generating technique. For α(t, y) = −4

and β(t, y) = −4 the two-solitary wave solution was obtained by employing the

singular manifold method and the Bäcklund transformation in terms of the singular

manifold was derived [54].

Recently, in [55] the integrability of (3.1) was investigated for α(t, y) = a(t) and

β(t, y) = b(t). By employing the binary Bell polynomials, its bilinear formalism,

bilinear Bäcklund transformation, Lax pair and Darboux covariant Lax pair were

precisely constructed.
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In this chapter we study the generalized (2 + 1)−dimensional Korteweg-de Vries

equation

ut + 2auuy + aux∂
−1uy + 3auux + uxxx + uxxy = 0, (3.2)

where a is a non-zero real-valued constant. This equation is obtained from (3.1)

by taking α = β = −1 and then generalizing it by replacing 2 by a in the three

terms. In order to study this equation we first eliminate the integral appearing in

(3.2) by letting v =
∫
uydx. This substitution then transforms equation (3.2) into

a system of two partial differential equations in the dependent variables u and v,

namely,

ut + 2auuy + avux + 3auux + uxxx + uxxy = 0, (3.3a)

uy − vx = 0. (3.3b)

The results of this chapter have been accepted for publication [56].

3.1 Exact solutions of (3.2) and (3.3)

In this section we construct some solutions of (3.2) and (3.3).

3.1.1 Exact solution of (3.3) using its Lie symmetries

In this subsection we obtain exact solutions of (3.3) using the Lie point symmetries

of (3.3). The vector field

X = ξ1
∂

∂t
+ ξ2

∂

∂x
+ ξ3

∂

∂y
+ φ1 ∂

∂u
+ φ2 ∂

∂v
,

where the coefficients ξ1, ξ2, ξ3, φ1 and φ2 are functions of t, x, y, u and v is a Lie

point symmetry of the system (3.3) provided

X [3] (ut + 2a uuy + a vux + 3a uux + uxxx + uxxy) |(3.3)= 0, (3.4a)
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X [3] (uy − vx) |(3.3)= 0. (3.4b)

Here X [3] denotes the third prolongation of the vector field X. Writing out the

two equations of (3.4) and splitting on the derivatives of u and v yields an overde-

termined system of twenty-one linear partial differential equations. These are

φ1
v = 0, ξ1v = 0, ξ2v = 0, ξ3v = 0, ξ1u = 0, ξ2u = 0, ξ3u = 0, φ1

uu = 0,

ξ1y = 0, ξ1x = 0, ξ3x = 0, φ1
y − φ2

x = 0, ξ2y + φ2
u = 0, 2φ1

xu − ξ2xx = 0,

2aφ1 + 2auξ1t − ξ3t − 2auξ3y + φ1
xxu = 0,

3aφ1 + aφ2 + 3auξ1t + avξ1t − ξ2t − 3auξ2x − avξ2x − 2auξ2y − ξ2xxx

− ξ2xxy + 3φ1
xxu + 2φ1

xyu = 0, ξ1t − 2ξ2x − ξ3y = 0, ξ1t − 3ξ2x − ξ2y = 0,

φ1
t + 3auφ1

x + avφ1
x + 2auφ1

y + φ1
xxx + φ1

xxy = 0,

3ξ2xx + 2ξ2xy − 3φ1
xu − φ1

yu = 0, ξ2x − ξ3y + φ1
u − φ2

v = 0.

Solving the above system we obtain the symmetry algebra of the system (3.3)

spanned by operators

X1 =
∂

∂y
,

X2 =
∂

∂t
,

X3 =F(t)
∂

∂x
+

1

a
F ′(t) ∂

∂v
,

X4 = 2at
∂

∂y
+

∂

∂u
− 3

∂

∂v
,

X5 = (x− 3y)
∂

∂x
− 2y

∂

∂y
− 2u

∂

∂u
+ (3u+ v)

∂

∂v
,

X6 = 4t
∂

∂t
+ (x+ y)

∂

∂x
+ 2y

∂

∂y
− 2u

∂

∂u
+ (−u− 3v)

∂

∂v
,

X7 = 2t2
∂

∂t
+ t(x+ y)

∂

∂x
+ 2ty

∂

∂y
+
(y
a
− 2tu

) ∂

∂u

+

(
x

a
− 2y

a
− tu− 3tv

)
∂

∂v
.
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We now use the three translation symmetries X1, X2 and X3 with F(t) = 1. The

sum of these three symmetries provides us with four invariants, viz.,

p = t− y, q = x− y, r = u, s = v.

Using the above invariants, system (3.3) transforms into a coupled system of non-

linear PDEs

rp + asrq + ar (rq − 2rp)− rpqq = 0, (3.5a)

rp + rq + sq = 0 (3.5b)

in two independent variables p and q. This new system has three Lie point sym-

metries, namely,

Γ1 =
∂

∂p
, Γ2 =

∂

∂q
, Γ3 = aq

∂

∂q
− 4ap

∂

∂p
+ (1− 2ar)

∂

∂r
+ (5ar + 3as− 1)

∂

∂s

and utilizing the symmetry αΓ1 + Γ2 yields the invariants

ζ = p− αq, H = r, J = s.

Now these invariants transform the system (3.5) into the coupled system of non-

linear ordinary differential equations

α2H ′′′(ζ) + a(α + 2)H(ζ)H ′(ζ) + aαJ(ζ)H ′(ζ)−H ′(ζ) = 0, (3.6a)

(α− 1)H ′(ζ) + αJ ′(ζ) = 0. (3.6b)

Integrating equation (3.6b) and solving for J , we obtain

J(ζ) = C1 −
α− 1

α
H(ζ), (3.7)

where C1 is an arbitrary constant of integration. Substituting the value of J(ζ)

from equation (3.7) into equation (3.6a) leads to

α2H ′′′(ζ) + 3aH(ζ)H ′(ζ) + (aαC1 − 1)H ′(ζ) = 0. (3.8)
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Integration of equation (3.8) twice with respect to ζ yields

H ′2(ζ) +
a

α2
H(ζ)3 +

aαC1 − 1

α2
H(ζ)2 + 2C2H(ζ) + C3 = 0, (3.9)

where C2 and C3 are arbitrary constants of integration. To solve equation (3.9),

we assume that λ1, λ2 and λ3 (where λ1 ≥ λ2 ≥ λ3) are roots of the algebraic

equation [57]

a

α2
H(ζ)3 +

aαC1 − 1

α2
H(ζ)2 + 2C2H(ζ) + C3 = 0.

Thus, equation (3.9) can be rewritten in the form

H ′(ζ)2 +
a

α2
(H(ζ)− λ1)(H(ζ)− λ2)(H(ζ)− λ3) = 0

and consequently its general solution is given by the Jacobi elliptic function as [57]

H(ζ) = λ2 + (λ1 − λ2)cn2

(√
a

4α2
(λ1 − λ3) ζ;S2

)
, S2 =

λ1 − λ2
λ1 − λ3

,

where cn is the elliptic cosine function [46]. Now J(ζ) can be found from equation

(3.7) by substituting the value of H(ζ) into (3.7). Thus

J(ζ) = C1 −
α− 1

α

{
λ2 + (λ1 − λ2)cn2

(√
a

4α2
(λ1 − λ3) ζ;S2

)}
and consequently

u(t, x, y) =λ2 + (λ1 − λ2)cn2

(√
a

4α2
(λ1 − λ3) ζ;S2

)
,

v(t, x, y) =C1 −
α− 1

α

{
λ2 + (λ1 − λ2)cn2

(√
a

4α2
(λ1 − λ3) ζ;S2

)}
,

where ζ = t− αx− (1− α)y, is a solution of the system (3.3).

3.1.2 Exact solutions of (3.2) and (3.3) using the extended

Jacobi elliptic function method

In this section we employ the extended Jacobi elliptic function method [45, 58] to

obtain more exact solutions of (3.2) and (3.3). We assume that the solutions of
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the ordinary differential equations system (3.6) can be written in the form

H(ζ) =
M∑

i=−M

AiG(ζ)i, J(ζ) =
N∑

i=−N

BiG(ζ)i,

where M and N are positive integers, Ai and Bi are constants to be determined.

The function G(ζ) satisfies the first-order ordinary differential equation

G′(ζ) +
√

(1−G2(ζ)) (1− ω + ωG2(ζ)) = 0, (3.10)

whose solution is given by [46]

G(ζ) = cn(ζ;ω).

The balancing procedure yields M = N = 2 and hence the solutions of (3.6) are of

the form

H(ζ) = A−2G
−2 + A−1G

−1 + A0 + A1G+ A2G
2, (3.11a)

J(ζ) = B−2G
−2 +B−1G

−1 +B0 +B1G+B2G
2. (3.11b)

The substitution of (3.11) into (3.6) and using (3.10) and then equating the coeffi-

cients of Gi to zero, one obtains the following algebraic system of thirteen equations

in Ai and Bi (i = −2,−1, 0, 1, 2):

(α− 1)A−2 + αB−2 = 0,

(α− 1)A−1 + αB−1 = 0,

(α− 1)A1 + αB1 = 0,

(α− 1)A2 + αB2 = 0,

A1 (α (6αω − aB2)− 3a(α + 2)A2)− 2aαA2B1 = 0,

a(α + 2)A2
−2 + αA−2 (aB−2 − 12α(ω − 1)) = 0,

a(α + 2)A2
2 + α (aB2 − 12αω)A2 = 0,

αA−1 (aB−2 − 6α(ω − 1)) + aA−2 (3(α + 2)A−1 + 2αB−1) = 0,
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aα (2A2B−2 + A1B−1)− aαA−1B1 − 2aαA−2B2 = 0,

a(α + 2)A2
−1 + 2A−2

(
8α2ω − 4α2 + a(α + 2)A0 + aαB0 − 1

)
+ aαA−1B−1 = 0,

a(α + 2)A2
1 + 2A2

(
8α2ω − 4α2 + a(α + 2)A0 + aαB0 − 1

)
+ aαA1B1 = 0,

A−1
(
2α2ω − α2 + a(α + 2)A0 + aαB0 − 1

)
− aαA1B−2

+ aA−2 ((α + 2)A1 + 2αB1) = 0,

A1

(
2α2ω − α2 + a(α + 2)A0 + aαB0 − 1

)
+ 2aαA2B−1

+ aA−1 ((−α− 2)A2 + αB2) = 0.

Using Mathematica one can solve the above system of algebraic equations. This

gives

A−2 =
4α2(ω − 1)

a
, A−1 = 0, A1 = 0, A2 =

4α2ω

a
,

B−2 =
4α(1− α)(ω − 1)

a
, B−1 = 0, B0 =

4α2(1− 2ω)− a(α + 2)A0 + 1

aα
,

B1 = 0, B2 =
4αω(1− α)

a
.

As a result, a solution of the system (3.3) is

u(t, x, y) =A−2nc(ζ;ω)2 + A0 + A2cn(ζ;ω)2,

v(t, x, y) =B−2nc(ζ;ω)2 +B0 +B2cn(ζ;ω)2,

where ζ = t−αx− (1− α)y, A0 is an arbitrary constant and nc = 1/cn. However,

the solution of the (2+1)-dimensional KdV equation (3.2) is given by

u(t, x, y) = A−2nc(ζ;ω)2 + A0 + A2cn(ζ;ω)2, (3.12)

where

A−2 =
4α2(ω − 1)

a
, A0 =

1 + 4α2 − 8α2ω

a(α + 2)
, A2 =

4α2ω

a
.

A profile of the solution (3.12) is given in Figure 1.
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Figure 3.1: Profile of the cnoidal wave solution (3.12)

Likewise, by using the auxiliary equation

G′(ζ)−
√

(1−G2(z)) (1− ωG2(ζ)) = 0,

whose solution is given by [46]

G(ζ) = sn(ζ;ω)

one can obtain solutions of (3.3) in terms of Jacobi elliptic sine functions. In fact,

without giving details here, we can obtain the solution of (3.3) as

u(t, x, y) =A−2ns(ζ;ω)2 + A0 + A2sn(ζ;ω)2,

v(t, x, y) =B−2ns(ζ;ω)2 +B0 +B2sn(ζ;ω)2,

where ns = 1/sn,

A−2 = −4α2

a
, A−1 = 0, A1 = 0, A2 = −4α2ω

a
, B1 = 0, B2 =

4αω(α− 1)

a
,

B−2 =
4α(α− 1)

a
, B−1 = 0, B0 =

1− a(α + 2)A0 + 4α2(ω + 1)

aα
,

ζ = t− αx− (1− α)y and A0 is an arbitrary constant. Nevertheless, the solution

of the (2+1)-dimensional KdV equation (3.2) is given by

u(t, x, y) = A−2ns(ζ;ω)2 + A0 + A2sn(ζ;ω)2, (3.13)
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where

A−2 = −4α2

a
, A0 =

1 + 4α2 + 4α2ω

a(α + 2)
, A2 = −4α2ω

a
.

A profile of the solution (3.13) is given in Figure 2.

Figure 3.2: Profile of the snoidal wave solution (3.13)

A variety of further solutions of (3.2) can be constructed using Theorem 2.2 [59,60].

3.2 Conservation laws of (3.2)

We now construct conservation laws for the generalized (2+1)-dimensional Korteweg-

de Vries equation (3.2) by employing the multiplier approach. For details of the

multiplier method the reader is referred to Section 1.5.3.

For the coupled system (3.3), we obtain zeroth-order multipliers of the form, Λ1 =

Λ1(t, x, y, u, v) and Λ2 = Λ2(t, x, y, u, v) and these are given by

Λ1 = −1

2
a f1(t)u

2 + f1
′(t)uy +

1

2a
y2f1

′′(t)− af2(t)u− yf2′(t) + f3(t),

Λ2 = f1(t)u−
1

a
yf1
′(t) + f2(t),
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where fi, i = 1, 2, 3 are arbitrary functions of t. Corresponding to the above

multipliers we obtain the following three nonlocal conserved vectors of (3.2):

T t1 =
1

2
f1(t)u

2 − 1

a
yf ′1(t)u,

T x1 = − 1

2a

{
y2f ′′1 (t)

∫
uydx+ f ′1(t)

(
3ayu2 + 2ayu

∫
uydx+ 2yuxx + 2yuxy

)
+ f1(t)

(
auxuy − 2auuxx − 2 a2u3 − a2u2

∫
uydx− au uxy + au2x

)}
,

T y1 =
1

2a

(
y2f ′′1 (t)u− ayf ′1(t)u2 + a2f1(t)u

3 + a f1(t)uuxx

)
;

T t2 = f2(t)u,

T x2 = yf ′2(t)

∫
uydx+ f2(t)

(
au

∫
uydx+

3

2
au2 + uxx + uxy

)
,

T y2 =
1

2
af2(t)u

2 − yf ′2(t)u;

T t3 = 0,

T x3 = − f3(t)
∫
uydx,

T y3 = f3(t)u.

Remark 2 We note that the conserved vector (T t3, T
x
3 , T

y
3 ) gives us a trivial con-

servation law. We further note that since the functions fi, i = 1, 2, are arbitrary,

one can construct infinitely many nonlocal conserved vectors of equation (3.2).

3.3 Concluding remarks

In this chapter, the generalized (2+1)-dimensional Korteweg-de Vries equation

(3.2) was studied. The substitution v =
∫
uydx was made so as to remove the

integral in equation (3.2) and then transformed (3.2) into a system of two partial
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differential equations (3.3). New exact solutions were found and these were cnoidal

and snoidal waves solutions. Furthermore, conserved vectors were constructed by

employing the multiplier method.
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Chapter 4

Travelling wave solutions of a

coupled Korteweg-de

Vries-Burgers system

In this chapter we study the coupled Korteweg-de Vries-Burgers (KdV-Burgers)

system [61], which consists of two NLPDEs and is given by

ut + uux + avxx + buxxx = 0, (4.1a)

vt + vvx + cvxx + duxxx = 0, (4.1b)

where a, b, c and d are constants. In [61], the classical Lie group method was used

to study (4.1). Symmetry reductions and some similarity solutions were obtained

for (4.1).

In this chapter we employ the (G′/G)−expansion method to find new exact explicit

solutions of the system (4.1). Wang et al. [18] introduced this method for finding

solutions to NLPDEs. Using this method one can obtain travelling wave solutions.

These solutions can be expressed by the hyperbolic, the trigonometric and the

rational functions. This method is simple to use and can be employed to obtain
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exact solutions for many NLPDEs. Furthermore, conservation laws are derived

using the multiplier method.

The results of the chapter have been published in [62].

4.1 Exact explicit solutions of (4.1)

We first use the wave variable ξ = x−νt, where ν is the wave speed and transform

the system of nonlinear partial differential equations (4.1) into a nonlinear ordinary

differential equation system. Thus by letting

u(x, t) = F (ξ), v(x, t) = H(ξ), where ξ = x− νt, (4.2)

the system (4.1) transforms to the system of nonlinear ODEs

bF ′′′(ξ) + aH ′′(ξ) + F (ξ)F ′(ξ)− νF ′(ξ) = 0, (4.3a)

dF ′′′(ξ) + cH ′′(ξ) +H(ξ)H ′(ξ)− νH ′(ξ) = 0, (4.3b)

where ′ denotes the derivative with respect to ξ.

The (G′/G)−expansion method allows us to use the substitution

F (ξ) =
N∑
i=0

Ai(G
′/G)i and H(ξ) =

M∑
j=0

Bj(G
′/G)j, (4.4)

where Ai (i = 0, 1, · · · , N) and Bj (j = 0, 1, · · · ,M) are constants which need to

be determined. The function G(ξ) in (4.4) satisfies

G′′(ξ) + λG′(ξ) + µG(ξ) = 0, (4.5)

which is the second-order linear ODE with constant coefficients λ and µ.

For our system (4.3), the balancing process gives M = N = 2 and this leads to

F (ξ) = A0 + A1(G
′/G) + A2(G

′/G)2, (4.6a)
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H(ξ) = B0 +B1(G
′/G) +B2(G

′/G)2. (4.6b)

Substituting (4.6) into (4.3), using (4.5), and then collecting the coefficients of each

power of (G′/G) and setting each coefficient to zero, gives us the following system

of twelve algebraic equations:

2A2
2 + 24bA2 = 0,

2B2
2 + 24dA2 = 0,

6cB2 − 2λB2
2 − 3B1B2 − 6dA1 − 54dλA2 = 0,

6aB2 − 2λA2
2 − 54bλA2 − 3A1A2 − 6bA1 = 0,

aµB1λ− bµA1λ
2 − 6bµ2A2λ− 2bµ2A1 + µνA1 − µA0A1 + 2aµ2B2 = 0,

cµB1λ− dµA1λ
2 − 6dµ2A2λ− 2dµ2A1 + µνB1 − µB0B1 + 2cµ2B2 = 0,

aB1λ
2 − bA1λ

3 − 14bµA2λ
2 − 8bµA1λ+ νA1λA0A1λ+ 6aµB2λ− µA2

1

− 16bµ2A2 + 2µνA2 − 2µA0A2 + 2aµB1 = 0,

4aB2λ
2 − 8bA2λ

3 − 7bA1λ
2 − A2

1λ− 52bµA2λ+ 2νA2λ− 2A0A2λ+ 3aB1λ

− 8bµA1 + νA1 − A0A1 − 3µA1A2 + 8aµB2 = 0,

2νA2 − 38bA2λ
2 − 12bA1λ− 3A1A2λ+ 10aB2λ− A2

1 − 2µA2
2 − 40bµA2

− 2A0A2 + 2aB1 = 0,

cB1λ
2 − dA1λ

3 − 14dµA2λ
2 − 8dµA1λ+ νB1λ−B0B1λ+ 6cµB2λ− µB2

1

− 16dµ2A2 + 2cµB1 + 2µνB2 − 2µB0B2 = 0,

2νB2λ− 8dA2λ
3 − 7dA1λ

2 + 4cB2λ
2 −B2

1λ− 52dµA2λ+ 3cB1λ− 2B0B2λ

− 8dµA1 + νB1 −B0B1 + 8cµB2 − 3µB1B2 = 0,

10cB2λ− 38dA2λ
2 − 12dA1λ− 3B1B2λ−B2

1 − 2µB2
2 − 40dµA2 + 2cB1

+ 2νB2 − 2B0B2 = 0,

Solving the above system of algebraic equations, with the aid of Mathematica, we
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obtain the following values of the constants Ai, Bi, i = 0, 1, 2:

A0 = 6bλ
√
λ2 − 4µ− 12bµ+ ν, A1 = 12b

(√
λ2 − 4µ− λ

)
, A2 = −12b,

B0 = ν +
6c
(
λ
√
λ2 − 4µ− 2µ

)
5
√
λ2 − 4µ

, B1 =
12c
(√

λ2 − 4µ− λ
)

5
√
λ2 − 4µ

,

B2 = − 12c

5
√
λ2 − 4µ

, µ =
25bdλ2 − c2

100bd
, when ad = bc.

Thus, the following two types of travelling wave solutions of (4.1) are obtained:

When λ2 − 4µ > 0, we obtain the hyperbolic function solutions

u1(x, t) =A0 + A1

(
δ1
C1 sinh (δ1ξ) + C2 cosh (δ1ξ)

C1 cosh (δ1ξ) + C2 sinh (δ1ξ)
− λ

2

)
+ A2

(
δ1
C1 sinh (δ1ξ) + C2 cosh (δ1ξ)

C1 cosh (δ1ξ) + C2 sinh (δ1ξ)
− λ

2

)2

, (4.7)

v1(x, t) =B0 +B1

(
δ1
C1 sinh (δ1ξ) + C2 cosh (δ1ξ)

C1 cosh (δ1ξ) + C2 sinh (δ1ξ)
− λ

2

)
+B2

(
δ1
C1 sinh (δ1ξ) + C2 cosh (δ1ξ)

C1 cosh (δ1ξ) + C2 sinh (δ1ξ)
− λ

2

)2

, (4.8)

where ξ = x− νt, δ1 = 1
2

√
λ2 − 4µ, C1 and C2 are arbitrary constants. We present

the exact solution (4.7)-(4.8) graphically in Figure 1.
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Figure 4.1: Exact solitary wave profiles of the solution (4.7)-(4.8)

When λ2 − 4µ < 0, we obtain the trigonometric function solutions

u2(x, t) =A0 + A1

(
δ2
−C1 sin (δ2ξ) + C2 cos (δ2ξ)

C1 cos (δ2ξ) + C2 sin (δ2ξ)
− λ

2

)
+ A2

(
δ2
−C1 sin (δ2ξ) + C2 cos (δ2ξ)

C1 cos (δ2ξ) + C2 sin (δ2ξ)
− λ

2

)2

,

v2(x, t) =B0 +B1

(
δ2
−C1 sin (δ2ξ) + C2 cos (δ2ξ)

C1 cos (δ2ξ) + C2 sin (δ2ξ)
− λ

2

)
+B2

(
δ2
−C1 sin (δ2ξ) + C2 cos (δ2ξ)

C1 cos (δ2ξ) + C2 sin (δ2ξ)
− λ

2

)2

,

where ξ = x− νt, δ2 = 1
2

√
4µ− λ2, C1 and C2 are arbitrary constants.
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Remark We note that we are not able to obtain rational solution of equation (4.1)

using the (G′/G)−expansion method.

4.2 Conservation laws of (4.1)

In this section we derive conservation laws of (4.1) using the multiplier method.

The associated multipliers are given by Λ1 = C1, Λ2 = C2 and corresponding to

these multipliers we obtain the following conserved vectors of (4.1):

T t1 = u,

T x1 =
1

2
u2 + avx + buxx;

T t2 = v,

T x2 =
1

2
v2 + cvx + duxx.

Remark These conserved vectors can be derived directly from system (4.1). That

is the system itself is in conserved form.

4.3 Concluding remarks

In this chapter, we obtained exact explicit travelling wave solutions of the cou-

pled Korteweg-de Vries-Burgers system (4.1) by employing the (G′/G)−expansion

method. The solutions obtained were expressed in the form of hyperbolic and

trigonometric functions and were much more general than the solutions previously

obtained in [61]. This means that the solutions obtained in [61] were special cases

of our solutions. It should be noted that many researchers have recently employed

this method to various nonlinear differential equations and have shown that this

method provides a very effective and powerful mathematical tool for solving non-
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linear differential equations in various fields of applied sciences. Conservation laws

for the coupled Korteweg-de Vries-Burgers system (4.1) were constructed by the

multiplier method.
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Chapter 5

A study of a (2+1)-dimensional

KdV-mKdV equation of

mathematical physics

In this chapter we study a NLPDE known as (2+1)-dimensional KdV-mKdV equa-

tion which is given by [63]

ut + uxxy + 4uuy − 4u2uy + 2ux∂
−1
x uy − 2ux∂

−1
x (2uuy) = 0 (5.1)

and arises in various problems in many areas of theoretical physics. The (1+1)-

dimensional KdV-mKdV equation describes the wave propagation of bounded par-

ticle with a harmonic force [64]. In particular, it describes the propagation of ion

acoustic waves of small amplitude without Landau damping in plasma physics [65].

The propagation of thermal pulse through single crystal of sodium fluoride in solid

physics can also be explained by this equation [66,67].

To study the (2+1)-dimensional KdV-mKdV equation (5.1), we first introduce a

new dependent variable v and set v = ∂−1x (uy − 2uuy) =
∫

(uy − 2uuy)dx. This

allows us to remove the integral terms from the equation and replace equation (5.1)
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by a system of two PDEs

ut + uxxy + 4uuy − 4u2uy + 2uxv = 0,

vx − uy + 2uuy = 0.
(5.2)

Firstly, we use the travelling wave variable to transform system (5.2) into a sys-

tem of ordinary differential equations (ODEs) and then obtain its exact explicit

solutions. Secondly, we construct conservation laws of equation (5.1) using the

multiplier method.

This work has been submitted for publication [68] .

5.1 Exact solutions of (5.2)

We first use the travelling wave variable z = x + by + ct to reduce the system of

PDEs (5.2) to a system of ODEs. Thus by letting

u(x, y, t) = U(z), v(x, y, t) = V (z), where z = x+ by + ct, (5.3)

the system (5.2) transforms to

bU ′′′(z) + 4b(1− U(z))U(z)U ′(z) + 2V (z)U ′(z) + cU ′(z) = 0, (5.4a)

2bU(z)U ′(z)− bU ′(z) + V ′(z) = 0, (5.4b)

which is a system of nonlinear ODEs. We now decouple the above system by

solving the second equation for V . Integrating (5.4b) with respect to z, we obtain

V (z) = −bU(z)2 + bU(z) + c1, (5.5)

where c1 is an arbitrary constant of integration. The substitution of the value of

V from (5.5) into (5.4a) gives the third-order nonlinear ODE

bU ′′′(z)− 6bU(z)2U ′(z) + 6bU(z)U ′(z) + cU ′(z) + 2c1U
′(z) = 0. (5.6)
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This equation can be solved in the following manner. Integrating (5.6) with respect

to z yields

bU ′′ − 2bU3 + 3bU2 + (c+ 2c1)U + c2 = 0, (5.7)

where c2 is an arbitrary constant of integration. We multiply (5.7) by the integrat-

ing factor U ′ and obtain

bU ′U ′′ − 2bU3U ′ + 3bU2U ′ + (c+ 2c1)UU
′ + c2U

′ = 0. (5.8)

Now integration of (5.8) with respect to z gives us

U ′2 − U4 + 2U3 +
U2

b
(c+ 2c1) +

2c2U

b
+

2c3
b

= 0, (5.9)

where c3 is an arbitrary constant of integration. The general solution of (5.9)

is given via the Jacobi elliptic function [69] and is a bit cumbersome to write

here. However, by imposing the asymptotic boundary conditions U,U ′, U ′′ → 0 for

| z |→ ∞, we obtain c2 = 0 and c3 = 0 and one can write a special solution of (5.9)

given by

U(z) = − 4(c− k)2eθ

4b2
√
k − c+ 4b(c− k)

(√
k − c+ eθ

)
+ (k − c)3/2e2θ

,

where k = −2c1, θ =
√

(k − c)/b (z + l) and l is an arbitrary constant of integra-

tion. Thus the exact solutions of (5.1) can be given in terms of the Jacobi elliptic

functions and a special solution has the form

u(t, x, y) = − 4(c− k)2eθ

4b2
√
k − c+ 4b(c− k)

(√
k − c+ eθ

)
+ (k − c)3/2e2θ

,

where

θ =

√
k − c
b

(x+ by + ct+ l) .
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5.2 Conservation laws of (5.1)

We now construct conservation laws for the (2+1)-dimensional KdV-mKdV equa-

tion (5.1) using the multiplier approach. For the coupled system (5.2), we obtain

multipliers of the form, Q1 = Q1(t, x, y, u, v) and Q2 = Q2(t, x, y, u, v) that are

given by

Q1 =u2f1 (t)− uf1 (t)− 1

2
y f ′1 (t) + f2 (t) + 2u f3 (y − t)− f3 (y − t) ,

Q2 =uf1 (t)− 1

2
f1 (t) + f3 (y − t) ,

where fi, i = 1, 2 are arbitrary functions of t and f3 is an arbitrary function of

y − t. Corresponding to the above multipliers we obtain the following nonlocal

conserved vector of (5.1):

T t =
1

2
u2f1 (t)− 1

2
u f1 (t) + uf3 (y − t) ,

T x =

{
(u2 − u)

∫
(uy − 2uuy)dx−

1

2
ux uy +

1

2
uuxy −

1

2
uxy

}
f1(t)

+

(
f2(t)−

1

2
y f ′1(t)

)∫
(uy − 2uuy) dx+ uxyf3 (y − t)

+ (2u− 1) f3 (y − t)
∫

(uy − 2uuy)dx,

T y =− 1

2
u
(
u3 + u− uxx − 2u2

)
f1 (t)− 1

2
u (uy − y) f ′1 (t) + u(u− 1) f2 (t)

+ u f3 (y − t) .

Remark 2. Due to the presence of the arbitrary functions, fi, i = 1, 2, 3, in the

multipliers, one can obtain infinitely many nonlocal conservation laws.

5.3 Concluding remarks

In this chapter we studied the (2+1)-dimensional KdV-mKdV equation (5.1). We

introduced a new variable v and wrote the (5.1) as a system of two PDEs, which did
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not have integral terms. The travelling wave variable was then used to transform

the system of PDEs into a nonlinear system of two ODEs. The resulting system of

ODEs was decoupled and solved directly. As a result we obtained travelling wave

solutions of (5.1) in terms of Jacobi elliptic functions. Furthermore, conservation

laws of (5.1) were also computed using the multiplier approach. The conservation

laws consisted of an infinite number of nonlocal conserved vectors.
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Chapter 6

Exact solutions and conservation

laws for a generalized improved

Boussinesq equation

In this chapter we study the so called generalized improved Boussinesq equation

(GIBE) [70,71]

utt − (1 + αu)uxx − αu2x − uttxx = 0, (6.1)

where α is a real constant. This equation describes nonlinear dispersive wave

phenomena, such as propagation of long waves on the surface of shallow water in

both directions, propagation of ion-sound waves in a uniform isotropic plasma, and

so on [72].

The aim of this chapter is two-fold. Firstly, we determine some exact solutions

of (6.1) by using Lie symmetry method along with the simplest equation method.

Secondly, conservation laws will be derived for (6.1) using the multiplier method.

The results of this chapter have been published. See [73].
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6.1 Exact solutions of (6.1) using Lie symmetry

and simplest equation methods

In this section we employ two methods namely Lie symmetry and simplest equation

methods to obtain exact solutions of the generalized improved Boussinesq equation

(6.1).

6.1.1 Lie point symmetries of (6.1)

We now calculate the Lie point symmetries of (6.1) and then use them to find exact

solutions of (6.1).

The symmetry group of the generalized improved Boussinesq equation (6.1) will

be generated by the vector field of the form

X = τ(t, x, u)
∂

∂t
+ ξ(t, x, u)

∂

∂x
+ η(t, x, u)

∂

∂u
.

Applying the fourth prolongation pr(4)X [24] to (6.1) one obtains an overdeter-

mined system of linear partial differential equations

τu = 0, ξu = 0, ηuu = 0, τx = 0, ξt = 0, ηtxu = 0, ξxx − 2ηxu = 0,

2ξx − ηxxu = 0, τtt − 2ηtu = 0, 2αξx − 2ατt − αηxxu − αηu = 0, 2ηtu − τtt = 0,

2ξx − αη − 2uατt − ηttu − 2τt − uαηxxu + 2uαξx − ηxxu = 0,

ηtt − ηttxx − uαηxx − ηxx = 0, ξxx − 2uαηxu + uαξxx − 2ηxu − 2αηx = 0.

Solving this system of PDEs we obtain the following three Lie point symmetries

of (6.1):

X1 =
∂

∂t
, X2 =

∂

∂x
, X3 = αt

∂

∂t
− 2(1 + αu)

∂

∂u
.
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6.1.2 Symmetry reductions and group-invariant solutions

of (6.1)

We first consider the operator X3 = αt ∂/∂t− 2(1 +αu) ∂/∂u and obtain a group-

invariant solution of (6.1) under X3. Solving the associated Lagrange equations

dt

αt
=
dx

0
=

du

−2(1 + αu)

of X3, we obtain two invariants J1 = x and J2 = t2(1 + αu). Hence the group-

invariant solution is given by

u(t, x) =
1

α

(
− 1 + t−2φ(x)

)
,

where φ(x) satisfies

6φ− φ′2 − 6φ′′ − φφ′′ = 0. (6.2)

The solution of this second-order nonlinear ODE can be written in terms of elliptic

integral of the first kind, which is quite complicated to write here. However, a

particular solution of (6.2) is

φ(x) = (C + x) 2 + 3,

where C is a constant of integration. Hence the group-invariant solution of (6.1)

under the Lie point symmetry X3 is given by

u(t, x) =
(C + x) 2 − t2 + 3

αt2
.

We now use the remaining two symmetries X1 and X2 to transform (6.1) to an

ODE. The linear combination of the two symmetries, X1 + νX2, where ν is a

constant, yields the two invariants

z = x− νt, F = u.
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Now by considering F as the new dependent variable and z as new independent

variable, the generalized improved Boussinesq equation (6.1) transforms to the

fourth-order nonlinear ODE

αF ′2 +
(
1− ν2 + αF

)
F ′′ + ν2F ′′′′ = 0. (6.3)

We use the simplest equation method to solve equation (6.3).

6.1.3 Use of simplest equation method to obtain exact

solutions

In this section we find solutions of the ODE (6.3) by using the simplest equation

method. This will then give us the exact solutions of (6.1). The simplest equations

that will be used are the Bernoulli and Riccati equations, whose solutions can be

written in terms of elementary functions. See Section 1.6.2.

6.1.3.1 Solutions of (6.1) using the Bernoulli equation as the simplest

equation

The balancing procedure yields M = 2 so the solutions of the ODE (6.3) can be

written in the form

F (z) = A0 + A1H(z) + A2H(z)2. (6.4)

Substituting this value of F (z) into (6.3) and making use of the Bernoulli equation,

then equating all coefficients of the functions H i to zero, we obtain the system of

algebraic equations.

120a4A2ν
2 + 10αa2A2

2 = 0,

A1b
2ν2 − A1b

4ν2 − αA0A1b
2 − A1b

2 = 0,
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24a4A1ν
2 + 336a3A2bν

2 + 12αa2A1A2 + 18αaA2
2b = 0,

3aA1bν
2 − 15aA1b

3ν2 − 3aαA0A1b− 3aA1b− 16A2b
4ν2 − 2αA2

1b
2 − 4αA0A2b

2

+ 4A2b
2ν2 − 4A2b

2 = 0,

2a2A1ν
2 − 2a2αA0A1 − 50a2A1b

2ν2 − 2a2A1 − 130aA2b
3ν2 − 5aαA2

1b

− 10aαA0A2b+ 10aA2bν
2 − 10aA2b− 9αA1A2b

2 = 0,

6a2A2ν
2 − 60a3A1bν

2 − 3αa2A2
1 − 6αa2A0A2 − 330a2A2b

2ν2 − 6a2A2

− 21αaA1A2b− 8αA2
2b

2 = 0.

This system, with the aid of Mathematica, has the solution

A0 =
ν2 − b2ν2 − 1

α
, A1 = −12abν2

α
, A2 = −12a2ν2

α
.

Therefore, a solution of (6.1) can be written as

u(t, x) = A0 + A1a

{
cosh[a(z + C)] + sinh[a(z + C)]

1− b cosh[a(z + C)]− b sinh[a(z + C)]

}
+ A2a

2

{
cosh[a(z + C)] + sinh[a(z + C)]

1− b cosh[a(z + C)]− b sinh[a(z + C)]

}2

, (6.5)

where z = x− νt and C is a constant of integration.

6.1.3.2 Solutions of (6.1) using the Riccati equation as the simplest

equation

For this case, the balancing procedure gives M = 2. So the solutions of the ODE

(6.3) are given by

F (z) = A0 + A1H + A2H
2. (6.6)

Following the above procedure, and using the Riccati equation, we obtain

A0 =
−8acν2 − b2ν2 + ν2 − 1

α
, A1 = −12abν2

α
, A2 = −12a2ν2

α
.
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Thus the solutions of (6.1) are given by

u(t, x) = A0 + A1

{
− b

2a
− θ

2a
tanh

[
1

2
θ(z + C)

]}
+ A2

{
− b

2a
− θ

2a
tanh

[
1

2
θ(z + C)

]}2

(6.7)

and

u(t, x) =A0 + A1

{
− b

2a
− θ

2a
tanh

(
1

2
θz

)
+

θ sech [(θz)/2]

Cθ cosh [(θz)/2]− 2a sinh [(θz)/2]

}
A2

{
− b

2a
− θ

2a
tanh

(
1

2
θz

)
+

θ sech [(θz)/2]

Cθ cosh [(θz)/2]− 2a sinh [(θz)/2]

}2

,

respectively. Here z = x− νt and C is a constant of integration.

6.2 Conservation laws of (6.1)

We now construct conservation laws for the generalized improved Boussinesq equa-

tion (6.1). We employ the multiplier approach and look for multipliers of order

zero. Following the procedure described in Section 1.5.3, we obtain multiplier of

the form

Q = C1tx+ C2t+ C3x+ C4, (6.8)

where Ci, i = 1, 2, 3, 4 are arbitrary constants and so corresponding to this multi-

plier we obtain the following four local conserved vectors of (6.1):

T x1 = − xu+ txut + xuxx − txutxx,

T t1 = tu+
1

2
αtu2 − txux − αtxuux;

T t2 = − u+ tut + uxx − tutxx,

T x2 = − tux − tαuux;
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T t3 =xut − xutxx

T x3 =u+
1

2
αu2 − xux − αxuux;

T t4 =ut − utxx,

T x4 = − ux − αuux.

6.3 Concluding remarks

In this chapter we studied the generalized improved Boussinesq equation (6.1).

Group-invariant solutions of (6.1) were found using the Lie symmetry methods.

Secondly by employing Lie symmetry method along with the simplest equation

method we obtained travelling wave solutions. Finally, the conservation laws for

the generalized improved Boussinesq equation were computed by employing the

multiplier method.
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Chapter 7

Solutions and conservation laws

for a Kaup-Boussinesq system

In this chapter we study the Kaup-Boussinesq (KB) system [74,75]

ut + vx + uux = 0, (7.1a)

vt +
1

4
uxxx + (uv)x = 0, (7.1b)

which describes the propagation of long waves with small amplitude in shallow

water. Here v(x, t) denotes the height of the water surface above a horizontal

bottom and u(x, t) denotes its velocity averaged over depth.

The KB system arises in several other physical applications including vibrations in

a nonlinear string, nonlinear lattice waves, and ion sound waves [76]. The solution

of the Kaup-Boussinesq system for internal waves was obtained and used as initial

guess for solving the Hamiltonian system numerically [77]. He’s variational method

has been used to search for solitary solutions of KB system [78]. Travelling wave

solutions for KB system were constructed using the (G′/G)−expansion method

[79].
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We first obtain some exact solutions of (7.1) using the direct integration and later

employing the Lie symmetry method. In addition to this, conservation laws will

be constructed for (7.1) using the multiplier method and the new conservation

theorem due to Ibragimov.

The results of this chapter have been submitted for possible publication [80].

7.1 Exact solutions of (7.1)

In this section we employ two methods of solution and obtain exact solutions of

the Kaup-Boussinesq system (7.1); direct integration and Lie group analysis.

7.1.1 Travelling wave solutions of (7.1) using wave variable

Let us assume that z = kx+ lt+m, where k, l and m are constants and u(x, t) =

F (z) and v(x, t) = G(z).

Then (7.1) is transformed into a system of coupled nonlinear ordinary differential

equations (ODEs)

kF (z)F ′(z) + lF ′(z) + kG′(z) = 0, (7.2a)

1

4
k3F (3)(z) + kG(z)F ′(z) + kF (z)G′(z) + lG′(z) = 0. (7.2b)

The integration of (7.2a) gives

G(z) =
−kF (z)2 − 2lF (z)

2k
− C1, (7.3)

where C1 is a constant of integration. Inserting the value of G(z) from (7.3) into

(7.2b), yields the third-order nonlinear ODE

k4F ′′′(z)− 6k2F (z)2F ′(z)− 12klF (z)F ′(z)− 4(l2 + C1k
2)F ′(z) = 0, (7.4)
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After integrating the above equation twice, we obtain

k4F ′(z)2 = k2F (z)4 + 4klF (z)3 + 4
(
l2 + C1k

2
)
F (z)2 + 2C2F (z) + 2C3, (7.5)

where C2 and C3 are arbitrary constants of integration. Let α, β, λ, γ be the roots

of the right hand side of (7.5) such that γ ≤ λ ≤ β ≤ α. Using a new variable q(z)

and the parameter n [69] we have

F (z) =
β(λ− α)q(z)2 + α(β − λ)

(λ− α)q(z)2 + β − λ
, n2 =

(β − λ)(α− λ)

(α− γ)(β − λ)
. (7.6)

Equation (7.5) can be written as∫
dq√

(1− q2)(1− n2q2)
=

1

2k

√
(β − λ)(α− γ)(z − z0). (7.7)

The expression on the left of equation (7.7) is an elliptic integral of the first kind,

and therefore its solution is given by

q(z) = sn (κ, n) , (7.8)

where κ =
√

(β − λ)(α− γ)(z − z0)/(2k). The solution of (7.5) via the Jacobi

elliptic function [69] by substituting the expression for q(z) into (7.6) is given by

F (z) =
β(λ− α)sn2 (κ, n) + α(β − λ)

(λ− α)sn2 (κ, n) + β − λ
.

We now find some particular solutions of (7.1) by taking C1 = C2 = C3 = 0.

Integrating (7.5) and reverting back to the original variables x and t, we obtain

u1(x, t) = F (z) =
2l {cosh (2lz/k2) + sinh (2lz/k2)}

1− k cosh (2lz/k2)− k sinh (2lz/k2)
(7.9)

and

u2(x, t) = F (z) =
2l {cosh (2lz/k2)− sinh (2lz/k2)}

1− k cosh (2lz/k2) + k sinh (2lz/k2)
, (7.10)

where z = kx+ lt+m.
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The corresponding solutions v1(x, t) and v2(x, t) can be obtained from the equation

(7.3) and are given by

v1(x, t) = G(z) = − 2l2 {sinh (2lz/k2) + cosh (2lz/k2)}
k {k sinh (2lz/k2) + k cosh (2lz/k2)− 1} 2

(7.11)

and

v2(x, t) = G(z) = − 2l2 {sinh (2lz/k2) + cosh (2lz/k2)}
k {sinh (2lz/k2) + cosh (2lz/k2)− k} 2

, (7.12)

respectively.

7.1.2 Symmetry reductions and group-invariant solutions

7.1.2.1 Lie point symmetries of (7.1)

The symmetry group of the Kaup-Boussinesq system (7.1) will be generated by

the vector field of the form

X = ξ1(x, t, u, v)
∂

∂x
+ ξ2(x, t, u, v)

∂

∂t
+ η1(x, t, u, v)

∂

∂u
+ η2(x, t, u, v)

∂

∂v
.

Applying the third prolongation pr(3)Γ [24] to (7.1) we obtain the following overde-

termined system of fifteen linear partial differential equations:

ξ1u = 0, ξ1v = 0, ξ2x = 0, ξ2u = 0, ξ2v = 0, η1uu = 0, η1v = 0, η1xu − ξ1xx = 0,

ξ2t − 2ξ1x = 0, 2η2 + 4vξ1x + ξ1xxx = 0, ξ1x − η1u + η2v = 0, η1t + uη1x + η2x = 0,

η1 − ξ1t − η2u + uξ1x = 0, ξ1t − η1 − η2u − uξ1x = 0, 4η2t + 4uη2x + 4vη1x + η1xxx = 0.

After some lengthy computations, the above system gives the following four Lie

point symmetries:

X1 =
∂

∂x
, X2 =

∂

∂t
, X3 = t

∂

∂x
+

∂

∂u
, X4 = 2t

∂

∂t
+ x

∂

∂x
− u ∂

∂u
− 2v

∂

∂v
.

68



7.1.2.2 One-dimensional optimal system of subalgebras

In this subsection we present the optimal system of one-dimensional subalgebras

for the equation (7.1) to obtain the optimal system of group-invariant solutions.

The method which we use here for obtaining one-dimensional optimal system of

subalgebras is that given in [24]. The adjoint transformations are given by

Ad(exp(εXi))Xj = Xj − ε[Xi, Xj] +
1

2
ε2[Xi, [Xi, Xj]]− · · · .

The table of commutators of the Lie point symmetries of equation (7.1) and the

adjoint representations of the symmetry group of (7.1) on its Lie algebra are given

in Table 1 and Table 2, respectively. The Table 1 and Table 2 are used to construct

the optimal system of one-dimensional subalgebras for equation (7.1).

Table 1. Commutator table of the Lie algebra of equation (7.1)

[ , ] X1 X2 X3 X4

X1 0 0 0 X1

X2 0 0 X1 2X2

X3 0 −X1 0 −X3

X4 −X1 −2X2 X3 0

Table 2. Adjoint table of the Lie algebra of equation (7.1)

Ad X1 X2 X3 X4

X1 X1 X2 X3 X4 − εX1

X2 X1 X2 X3 − εX1 X4 − 2εX2

X3 X1 X2 + εX1 X3 X4 + εX3

X4 eεX1 e2εX2 e−εX3 X4
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From Tables 1 and 2 one can obtain an optimal system of one-dimensional subal-

gebras given by {X1, X2, X3, X4, X2 +X3}.

7.1.2.3 Group-invariant solutions and symmetry reductions of (7.1)

In this subsection we use the optimal system of one-dimensional subalgebras cal-

culated above to obtain group-invariant solutions and symmetry reductions.

Case 1. X1

The group-invariant solution corresponding to X1 is u = f(ξ), v = g(ξ) where ξ = t

is the group-invariant of X1. The substitution of this solution into the equation

(7.1) and solving the ODE gives the solution u(x, t) = C1, v(x, t) = C2, where C1

and C2 are arbitrary constants.

Case 2. X2

The symmetry X2 gives rise to the group-invariant solution

u = f(ξ), v = g(ξ), (7.13)

where ξ = x is an invariant of the symmetry X2. The insertion of (7.13) into (7.1)

results in the system of ODEs, whose solution is given by

u(x, t) = 2
√
C1 sec

(
2
√
C1x+ C2

)
, (7.14)

v(x, t) = C1 − 2C1 sec2
(

2
√
C1x+ C2

)
, (7.15)

where C1 and C2 are arbitrary constants of integration. One can also obtain the

following rational function solutions under the symmetry X2:

u(x, t) =
1

C1 ± x
, v(x, t) = − 1

2(C1 ± x)2
, (7.16)

where C1 and C2 are arbitrary constants of integration.

Case 3. X3
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The symmetry X3 gives rise to the group-invariant solution

u =
x

t
+ f(ξ), v = g(ξ), (7.17)

where ξ = t is an invariant of the symmetry X3. The insertion of (7.17) into (7.1)

results in the system of ODEs, whose solution is given by

u(x, t) =
x+ C1

t
, v(x, t) =

C2

t
, (7.18)

where C1 and C2 are arbitrary constants of integration.

Case 4. X4

The symmetry X4 gives rise to the group-invariant solution

u =
1

x
f(ξ), v =

1

x2
g(ξ), (7.19)

where ξ = t/x2 is an invariant of the symmetry X4. The insertion of (7.19) into

(7.1) results in the system of ODEs

2ξ(ff ′ + g′)− f ′ + f 2 + 2g = 0, (7.20)

4ξ3f ′′′ + 24ξ2f ′′ + ξ(27f ′ + 4fg′ + 4gf ′) + 3f + 6fg − 2g′ = 0. (7.21)

Thus we have symmetry reduction.

Case 5. X2 +X3

The symmetry X2 +X3 gives rise to the group-invariant solution

u = t+ f(ξ), v = g(ξ), (7.22)

where ξ = x − t2/2 is an invariant of the symmetry X2 + X3. The insertion of

(7.22) into (7.1) results in the system of ODEs

ff ′ + g′ + 1 = 0, (7.23)

f ′′′ + 4(fg′ + f ′g) = 0. (7.24)
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7.2 Conservation laws of (7.1)

In this section we construct conservation laws for the Kaup-Boussinesq system

(7.1) using the multiplier method.

7.2.1 Construction of conservation laws using the multi-

plier method

We look for second-order multipliers of the form

Λ1 = Λ1 (x, t, u, v, ux, vx, uxx, vxx) , Λ2 = Λ2 (x, t, u, v, ux, vx, uxx, vxx) .

Now following the procedure given in Section 1.5.3, these multipliers are given by

Λ1 =
1

6
C2

(
6uuxx + 3ux

2 + 4 vxx + 12u2v + 12 v2
)

+ (C1 t+ C4 + 4C3 u) v + C5

+ C3uxx,

Λ2 =
1

6
C2 uxx +

1

6
C2u

3 +
1

2
C3 u

2 +
1

4
(C1 t+ 4C2v + C4)u+ C3v −

1

4
C1x+ C6,

where Ci, i = 1, 2, · · · , 6 are arbitrary constants. Thus, corresponding to the above

multipliers we obtain the following six local conserved vectors of (7.1):

T t1 = (tu− x)v,

T x1 =
1

4
(tu− x)uxx −

1

8
tu2x +

1

4
ux + (tu− x)uv +

1

2
tv2;

T t2 =
1

3
u2uxx +

1

3
vuxx +

1

3
uvxx +

1

6
uux

2 +
2

3
u3v + 2uv2,

T x2 =
1

12
u2xx + uv uxx +

1

6
u3uxx +

1

3

(
uvtx − u2utx − vutx + uuxut + 2uuxvx

)
+

1

3
vxut −

1

6
ux

2v +
1

3
vx

2 +
1

3
uxvx +

1

4
u2ux

2 +
2

3
u4v +

2

3
v3 + 3u2v2;
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T t3 =
1

2
uuxx + 2u3 + 2 v2,

T x3 =
1

2
u2uxx + vuxx −

1

2
uutx +

1

2
uxut + 2u3v + 4uv2;

T t4 =uv,

T x4 =
1

4
uuxx −

1

8
ux

2 + u2v +
1

2
v2;

T t5 =u,

T x5 =
1

2
u2 + v;

T t6 = 4v,

T x6 =uxx + 4uv.

7.2.2 Construction of conservation laws using the new con-

servation theorem

In this subsection we construct conservation laws for (7.1), by applying the new

conservation theorem [41]. See also Section 1.5.4.

The coupled Kaup-Boussinesq system together with its adjoint equation are given

by

Eα1 ≡ ut + uux + vx = 0,

Eα2 ≡ vt + vux + uvx +
1

4
uxxx = 0, (7.25)

E∗α1
≡ pt + upx + qx = 0,

E∗α2
≡ qt + uqx + vpx +

1

4
pxxx = 0. (7.26)
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One can easily verify that the third-order Lagrangian for the system of equations

(7.25) and (7.26) is given by

L = p (vt + vux + uvx) + q(ut + uux + vx)−
1

4
pxuxx. (7.27)

We recall that the coupled Kaup-Boussinesq system admits the following four Lie

point symmetries:

X1 =
∂

∂x
, X2 =

∂

∂t
, X3 = t

∂

∂x
+

∂

∂u
, X4 = 2t

∂

∂t
+ x

∂

∂x
− u ∂

∂u
− 2v

∂

∂v
.

Thus we have the following four cases:

(i) For the Lie point symmetry X1 = ∂x the corresponding Lie characteristic func-

tions are W 1 = −ux, W 2 = −vx, W 3 = −px and W 4 = −qx. Thus, using the

Ibragimov theorem [41], the components of the conserved vector are given by

T t1 = − qux − pvx,

T x1 = qut + pvt −
1

4
uxpxx +

1

4
pxuxx.

(ii) The Lie point symmetry X2 = ∂t has the Lie characteristic functions that

are given by W 1 = −ut, W 2 = −vt, W 3 = −pt and W 4 = −qt. Hence by the

application of Ibragimov theorem [41], the conserved vector (T t2, T
x
2 ) is given by

T t2 = qvx + quux + puvx + puxv −
1

4
pxuxx,

T x2 = − qvt − quut − puvt − putv −
1

4
utpxx +

1

4
pxutx +

1

4
ptuxx.

(iii) The symmetry generator X3 = t ∂x + ∂u has the Lie characteristic functions

given by W 1 = 1− tux, W 2 = −tvx, W 3 = −tpx and W 4 = −tqx and hence in this

case one can obtain the conserved vector whose components are

T t3 = q − tqux − tpvx,

T x3 = qu+ pv + tqut + tpv+
1

4
tpxuxx +

1

4
pxx −

1

4
tuxpxx.
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(iv) Finally, we consider the symmetry generator X4 = 2t∂t + x∂x − u∂u − 2v∂v,

which has the Lie characteristic functions

W 1 = −u− 2tut − xux, W 2 = −2v − 2tvt − xvx,

W 3 = p− 2tpt − xpx, W 4 = −2tqt − xqx.

By invoking Ibragimov theorem [41], the components of conserved vector are given

by

T t4 = − qu− 2vp− xqux − xpvx + 2tqvx + 2tquux + 2tpuvx + 2tpuxv −
1

2
tpxuxx,

T x4 = − 2qv − qu2 − 3puv + pxvt + qxut − 2tqvt − 2tpuvt − 2tpvut − 2tquut

+
1

2
pxux −

1

4
puxx +

1

2
tptuxx +

1

4
xpxuxx −

1

4
upxx −

1

4
xuxpxx +

1

2
tpxutx

− 1

2
tutpxx.

Remark. Due to the presence of arbitrary functions p(x, t) and q(x, t), the con-

servation laws obtained by this method are infinitely many.

7.3 Concluding remarks

In this chapter we studied the Kaup-Boussinesq system (7.1). Exact solutions of

this system were found using two distinct methods. Firstly, using the direct inte-

gration we obtained travelling wave solutions of (7.1). Secondly, we obtained an

optimal system of one-dimensional subalgebras and found group-invariant solutions

based on the optimal system of one-dimensional subalgebras. Also, the conserva-

tion laws for the Kaup-Boussinesq system (7.1) were derived by two approaches;

using the multiplier method and the conservation theorem due to Ibragimov.
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Chapter 8

Classical model of Prandtl’s

boundary layer theory for radial

viscous flow: Application of

(G′/G)−expansion method

Prandtl [81] initiated the concept of a boundary layer in large Reynolds number

flows in 1904 and showed how the Navier-Stokes equation could be simplified to

yield approximate solutions. Prandtl introduced boundary layer theory to un-

derstand the flow behavior of a viscous Newtonian fluid near a solid boundary.

Prandtl’s boundary layer equations arise in various physical models of fluid me-

chanics. The equations of the boundary layer theory have been the subject of con-

siderable interest, since they represent an important simplification of the original

Navier-Stokes equations. These equations arise in the study of steady flows pro-

duced by wall jets, free jets and liquid jets, the flow past a stretching plate/surface,

flow induced due to a shrinking sheet and so on. These boundary layer equations
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are usually solved subject to specific boundary conditions depending upon the

physical model investigation.

Blasius [82] solved the Prandtl’s boundary layer equations for a flat moving plate

problem and found a power series solution of the model. Falkner and Skan [83]

generalized the Blasius problem by considering the boundary layer flow over wedge

inclined at certain angle. Sakiadis [84] studied the boundary layer flow over a

continuously moving rigid surface with a constant speed. Crane [85] was the first

one who investigated the boundary layer flow due to a stretching surface and

developed the exact solutions of boundary layer equations. Gupta and Gupta [86]

extended Crane’s work and for the first time introduced the concept of heat transfer

with the stretching sheet boundary layer flow.

Schlichting [87] was the first to apply the boundary layer theory to the steady

flow produced by a free two-dimensional jet emerging into a fluid at rest and

solved the resulting ordinary differential equation numerically. Later, Bickley [88]

solved the differential equation analytically. The concept of the boundary layer to

laminar jets is discussed fully in standard texts on boundary layer theory such as

by Schlichting [89] and Rosenhead [90]. More recently, the similarity solution of

axisymmetric non-Newtonian wall jet with swirl effects was obtained by Kolar [91].

Naz et al. [92] and Mason [93] studied the general boundary layer equations for

two-dimensional and radial flows by using the classical Lie group approach and

recently Naz et al. [94] provided the similarity solutions of the Prandtl’s boundary

layer equations by implementing the non-classical symmetry method.

In this chapter we employ the (G′/G)−expansion method to find some new class

of exact closed-form solutions of Prandtl’s boundary layer equation for radial flow

models with constant or uniform main stream velocity.

The results of this chapter have been published [95].
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8.1 Mathematical model

The Prandtl’s boundary layer equation, for the stream function φ(r, θ), for radial

flow with uniform or vanishing mainstream velocity is [90]

1

r

∂φ

∂θ

∂2φ

∂r∂θ
− 1

r2

(
∂φ

∂θ

)2

− 1

r

∂φ

∂r

∂2φ

∂θ2
− ν ∂

3φ

∂θ3
= 0, (8.1)

where (r, θ) denote the cylindrical polar coordinates and ν is the kinematic vis-

cosity. The velocity components u(r, θ) and v(r, θ), in the r and θ directions, are

related to stream function φ(r, θ) as

u(r, θ) =
1

r

∂φ

∂θ
, v(r, θ) = −1

r

∂φ

∂r
.

By the use of Lie group theoretic method of infinitesimal transformations [24], the

general form of similarity solution for equation (8.1) is

φ(r, θ) = r2−βH(ξ), ξ =
θ

rβ
, (8.2)

where β is the constant determined from further conditions and ξ = θ/rβ is the

similarity variable. By the substitution of equation (8.2) into (8.1), we obtain the

third-order nonlinear ODE in H(ξ), viz.,

ν
d3H

dξ3
+ (2− β)H

d2H

dξ2
+ (2β − 1)

(
dH

dξ

)2

= 0. (8.3)

Equation (8.3) is the general form of Prandtl’s boundary layer equation for radial

flow of a viscous incompressible fluid. The boundary layer equation is usually solved

subject to certain boundary conditions depending upon the particular physical

model under investigation. Here, we find the exact closed-form solutions of (8.3)

using the (G′/G)−expansion method.
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8.2 Application of the (G′/G)−expansion method

In this section, we employ the (G′/G)−expansion method to obtain solutions of

Prandtl’s boundary layer equation (8.3).

We assume that the solutions of (8.3) are of the form

H(ξ) =
M∑
i=0

Ai

(
G′(ξ)

G(ξ)

)i
,

where G(ξ) satisfies the second-order linear ODE with constant coefficients, viz.,

d2G

dξ2
+ λ

dG

dξ
+ µG = 0 (8.4)

with λ and µ being constants.

The balancing procedure yields M = 1, so the solution of the ODE (8.3) is of the

form

H(ξ) = A0 + A1

(
G′(ξ)

G(ξ)

)
. (8.5)

Now substituting (8.5) into (8.3), making use of the ODE (8.4), collecting all

terms with same powers of (G′/G) and equating each coefficient to zero, yields the

following system of algebraic equations:

2βA2
1µ

2 − βA0A1λµ− A1λ
2µν + 2A0A1λµ− 2A1µ

2ν − A2
1µ

2 = 0,

3βA2
1λµ− βA0A1λ

2 − 2βA0A1µ− A1λ
3ν + 2A0A1λ

2 − 8A1λµν + 4A0A1µ = 0,

βA2
1λ

2 − 3βA0A1λ+ 2βA2
1µ− 7A1λ

2ν + A2
1λ

2 + 6A0A1λ− 8A1µν + 2A2
1µ = 0,

βA2
1λ− 2βA0A1 − 12A1λν + 4A2

1λ+ 4A0A1 = 0,

3A2
1 − 6A1ν = 0.

Solving this system of algebraic equations, with the aid of Mathematica, we obtain

A0 = λν, A1 = 2ν, λ = 2
√
µ.
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Substituting these values of A0, A1 and the corresponding solution of ODE (8.3)

into Eq. (8.5), we obtain the following three types of solutions of Eq. (8.1):

Case 1: When λ2 − 4µ > 0

For this case we obtain the hyperbolic function solution given by

H(ξ) = λν + 2ν

(
−λ

2
+ δ

C1 sinh(δξ) + C2 cosh(δξ)

C1 cosh(δξ) + C2 sinh(δξ)

)
,

where δ = 1
2

√
λ2 − 4µ, C1 and C2 are arbitrary constants.

Reverting back to the original variables (r, θ), the corresponding stream function

is given by

φ(r, θ) = r2−β

[
λν + 2ν

(
−λ

2
+ δ

C1 sinh
(
δ θ
rβ

)
+ C2 cosh

(
δ θ
rβ

)
C1 cosh

(
δ θ
rβ

)
+ C2 sinh

(
δ θ
rβ

))] .
Case 2: When λ2 − 4µ < 0

Here we obtain the trigonometric function solution

H(ξ) = λν + 2ν

(
−λ

2
+ ε
−C1 sin(εξ) + C2 cos(δξ)

C1 cos(εξ) + C2 sin(εξ)

)
,

where ε = 1
2

√
4µ− λ2, C1 and C2 are arbitrary constants. The corresponding

stream function is given as

φ(r, θ) = r2−β

[
λν + 2ν

(
−λ

2
+ ε
−C1 sin

(
ε θ
rβ

)
+ C2 cos

(
ε θ
rβ

)
C1 cos

(
ε θ
rβ

)
+ C2 sin

(
ε θ
rβ

) )] .
Case 3: When λ2 − 4µ = 0

For this case we obtain the rational function solution

H(ξ) = λν + 2ν

(
−λ

2
+

C2

C1 + C2ξ

)
.

In the form of stream function, the solution is expressed as

φ(r, θ) = r2−β

[
λν + 2ν

(
−λ

2
+

C2

C1 + C2
θ
rβ

)]
,

where C1 and C2 are arbitrary constants.
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8.3 Concluding remarks

We have employed the (G′/G)−expansion method for obtaining exact closed-form

solutions of the well-known Prandtl’s boundary layer equation for radial flow mod-

els with uniform main stream velocity. The advantage of this method is that there

is no need to apply the initial and boundary conditions at the outset. This method

yields a general solution with free parameters which can be identified by the spe-

cific conditions. Also the general solutions obtained by (G′/G)−expansion method

are not approximate solutions. Prandtl’s boundary layer equations arise in various

physical models of fluid dynamics and thus the exact solutions obtained may be

very useful and significant for the explanation of some practical physical models

dealing with Prandtl’s boundary layer theory.
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Chapter 9

Conservation laws and solutions

of a generalized coupled

(2+1)-dimensional Burgers

system

We consider the integrable coupled (2+1)-dimensional Burgers system

ut − 2uux − vxx = 0,

vyt − 2uvxy − 2uxvy − uxxy = 0, (9.1)

which was studied in [96] and multiple kink solutions were obtained. The system

(9.1) was in fact introduced in [43] and the binary Bell polynomial approach was

applied to it in [97]. It should be noted that when u = v and x = y in (9.1),

the system reduces to the standard Burgers equation. Actually, this system is a

nonlinear version of the bilinear system

(
Dt +D2

x

)
f · g = 0,
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Dy

(
Dt +D2

x

)
f · g = 0

under the dependent variable transformations

u =

(
ln
g

f

)
x

, v = (ln fg)x.

In this chapter we study a generalized coupled (2+1)-dimensional Burgers system

ut − a uux − vxx = 0, (9.2a)

vty − a uxvy − a uvxy − uxxy = 0, (9.2b)

where a is a constant using Lie group analysis. We obtain new exact soultions

of (9.2) using Lie group method along with the Kudryashov approach [44]. In

addition, conservation laws are derived using the multiplier method [24,40].

The results of this chapter have been submitted in [98].

9.1 Exact solutions of (9.2)

Firstly, we compute the Lie point symmetries of system (9.2). The symmetry group

of (9.2) is generated by the vector field

X = τ(t, x, y, u, v)
∂

∂t
+ ξ(t, x, y, u, v)

∂

∂x
+ φ(t, x, y, u, v)

∂

∂y

+ η(t, x, y, u, v)
∂

∂u
+ ϕ(t, x, y, u, v)

∂

∂v
.

We apply the third prolongation pr(3)X [24] on (9.2). This gives us an overdeter-

mined system of twenty-eight linear partial differential equations given by

ηv = 0, τv = 0, ξv = 0, φv = 0, ϕvv = 0, ϕu = 0, τu = 0, ξu = 0, φu = 0,

ηuu = 0, ϕy = 0, τy = 0, ξy = 0, ηyu = 0, τx = 0, φx = 0, ηxxu = 0, ηxxy = 0,

φt = 0, ξxx − 2ϕxv = 0, ηt − auηx − ϕxx = 0, ηu − τt − ϕv + 2ξx = 0,
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auξx − aη − auτt − ξt = 0, ξxx − 2ηxu = 0, 2ξx − τt − ηu + ϕv = 0,

aτt + aηu − aξx = 0, auξx − aη − auτt − ξt = 0, ϕtv − auϕxv − aηx = 0.

After some tedious workings, the solution of the above system gives the following

five Lie point symmetries:

X1 =φ(y)
∂

∂y
, X2 = q(t)

∂

∂v
, X3 = xw(t)

∂

∂v
,

X4 =h(t)
∂

∂x
− 1

a
h′(t)

∂

∂u
− 1

2a
x2h′′(t)

∂

∂v
,

X5 = τ(t)
∂

∂t
+

1

2
xτ ′(t)

∂

∂x
−
[

1

2
τ ′(t)u+

1

2a
xτ ′′(t)

]
∂

∂u
−
[

1

2
τ ′(t)v +

1

12a
x3τ ′′′(t)

]
∂

∂v
.

We now use the three symmetries X1, X4 and X5 with φ(y) = h(t) = τ(t) = 1.

The combination of these symmetries gives the four invariants, viz., G = v, F =

u, g = x− y, f = t− y. Using these invariants results in a system of PDEs in two

variables f and g given by

Ff −Ggg − aFgF = 0, (9.3a)

− aF (−Gfg −Ggg)− aFg (−Gf −Gg) + Ffgg −Gfg −Gff + Fggg = 0. (9.3b)

The Lie point symmetries of the above system (9.3) include Γ1 = ∂/∂f and Γ2 =

∂/∂g. The symmetry Γ1 + νΓ2 yields three invariants P = F, R = G, z = g − νf

and using these invariants, (9.3) reduces to the system of ODEs

(ν + aP (z))P ′(z) +R′′(z) = 0, (9.4a)

(ν − 1) {aP ′(z)R′(z) + P ′′′(z) +R′′(z)(ν + aP (z))} = 0. (9.4b)

We now employ Kudryashov method [44] to obtain exact solutions of system (9.4).

Consider the solution of (9.4) in the form

P (z) =
M∑
i=0

AiH(z)i, R(z) =
N∑
j=0

BjH(z)j (9.5)
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where Ai (i = 0, · · · ,M), Bj (j = 0, · · · , N), N and M are constants to be deter-

mined and H(z) satisfies

H ′(z) = H(z)2 −H(z). (9.6)

The solution of (9.6) can be written in terms of the elementary function as

H(z) =
1

1 + ez
. (9.7)

In our case the balancing procedure yields M = N = 1. Substituting (9.5) into

(9.4) and making use of (9.6), we obtain

(H(z)− 1)H(z)
(
aA2

1H(z) + A1 (aA0 + ν) +B1(2H(z)− 1)
)

= 0,

(H(z)− 1)H(z)
(
B1(2H(z)− 1) (aA0 + ν) + A1

(
3 (aB1 + 2)H(z)2

−2 (aB1 + 3)H(z) + 1)) = 0.

Splitting on the powers of H(z) we get an algebraic system given by

A1 (−aA0 − ν) +B1 = 0, A1 (aA0 + ν)− aA2
1 − 3B1 = 0,

aA2
1 + 2B1 = 0, 3A1(ν − 1) (aB1 + 2) = 0,

aA0B1ν − aA0B1 − A1ν + A1 +B1ν
2 −B1ν = 0,

2A1ν (aB1 + 3)− aA0B1(ν − 1)− 2B1ν (aA0 + ν) + 2B1 (aA0 + ν)

− 2A1 (aB1 + 3) + A1(ν − 1) +B1(1− ν)ν = 0,

2B1(ν − 1) (aA0 + ν)− 3A1ν (aB1 + 2)− 2A1(ν − 1) (aB1 + 3) + 3A1 (aB1 + 2) = 0.

The solution of this algebraic system is

A0 =
1− ν
a

, A1 = −2

a
, B0 = B0, B1 = −2

a

and hence the solution of the generalized coupled (2+1)-dimensional Burgers sys-

tem (9.2) is given by

u(t, x, y) =
1− ν
a
− 2

a (1 + e−νt+x−(1−ν)y)
,

85



v(t, x, y) =B0 −
2

a (1 + e−νt+x−(1−ν)y)
,

where B0 is an arbitrary constant.

9.2 Conservation laws of (9.2)

In this section we derive conservation laws of the generalized coupled (2+1)-

dimensional Burgers system (9.2) using the multiplier method.

We look for second-order multipliers and obtain

Λ1 = − 1

2a
x2f ′′1 (t)vy +

(
uxuy − 2uuxy − 3vxvy −

4

a
uty − 3au2vy

)
f1(t) +

1

2a
xf ′2(t)vy

−
(

1

a
uy +

2

a
xuxy + 2uxvy

)
f ′1(t) +

(
1

a
uxy + uvy

)
f2(t) + f3(t)vy + f4(y);

Λ2 = − 1

6a2
x3f ′′′1 (t) +

1

4a2
x2f ′′2 (t)− au3f1(t)−

1

2a
x2f ′′1 (t)u+

1

2a
xf ′2(t)u

− 1

a
f1(t)uxx −

2

a
xf ′1(t)vx +

1

a
f2(t)vx −

1

a
f ′1(t)v −

3

a
f1(t)vt +

1

a
xf ′3(t)

− xf ′1(t)u2 +
1

2
u2f2(t)− 3f1(t)uvx + f3(t)u+ f5(y) + f6(t),

where fi, i = 1, 2 · · · , 6 are arbitrary functions of t and so corresponding to these

multipliers we obtain the following six local conserved vectors of (9.2):

T t1 = − 1

6a2
x3vyf

′′′
1 (t)− 1

2a
ux2vyf

′′
1 (t)−

(
1

a
xuuxy +

1

2a
uuy +

1

a
xvxvy + xu2vy

+
1

2a
vvy

)
f ′1(t) +

(
2uyvxx
a
− 2utuy

a
− 3vtvy

2a
− 2uuty

a
− 3vvty

2a
− au3vy

−uxxvy
2a

+
3vuxxy

2a
− 2u2uxy

3
− 2uvxvy + vuxvy + uvvxy +

5

3
uuxuy

)
f1(t),

T x1 =

(
x3uxy
6a2

− x2uy
2a2

+
ux3vy

6a

)
f ′′′1 (t) +

(
ux2uxy

4a
− x2uxuy

4a
− uxuy

2a
− vxvy

2a

−vx
2vxy
4a

+
x2vxvy

4a
+

1

2
u2x2vy

)
f ′′1 (t) +

(
au3xvy −

vxvty
a

+ u2xuxy

+
2xuxyvx

a
− uyvx

a
− vuxy

a
− xutuy

a
+ 2uxvxvy

)
f ′1(t) +

(
a2u4vy −

3vtxuy
2a
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+
uvtxy

2a
− 2vutxy

a
− vtyux

2a
+

2utyvx
a

+
3

4
au3uxy + 3au2vxvy −

3

4
au2uxuy

+
3vtuxy

2a
+
uxuxxy

2a
+
uxxuxy

2a
− uxxxuy

2a
− uuxxxy

2a
+

4

3
u2uty − uvvty −

1

3
u2vxxy

−1

3
uuxvxy −

1

3
vuxuxy −

4

3
uxuyvx +

1

3
u2xvy −

2

3
uuyvxx +

1

3
vuxxuy +

1

3
uvuxxy

+2uvtvy − vutvy +
5

3
uvxuxy +

1

3
uvyuxx −

1

3
uutuy − vvxvxy + v2xvy

)
f1(t),

T y1 =
1

6a2
vx3f

(4)
1 (t) +

1

a2
uxf

(3)
1 (t) +

(
u2

2a
+
x2uuxx

4a
+
xuux
a

+
v2

2a
+
x2vvxx

4a
+
xvvx
a

)
f ′′1 (t)

+

(
vuxx
2a

+
uxutx
a

+
5uut
2a

+
vxvtx
a

+
2vvt
a
− 1

3
u2ux

)
f ′1(t)

+

(
2uutt
a

+
3vvtt
2a

+
1

4
au3ux2 +

1

4
au2u2x −

uvtxx
2a

+
vutxx

2a
+
uuxxxx

2a
+

1

3
u2vxxx

−2

3
u2utx −

1

3
uvuxxx + uuxxvx + uuxvxx −

1

3
uutux + vvxvxx

)
f1(t);

T t2 =
1

4a2
x2vyf

′′
2 (t) +

1

2a
f ′2(t)xuvy +

(
1

2a
uuxy +

1

2a
vxvy +

1

2
u2vy

)
f2(t),

T x2 =

(
1

2a2
xuy −

1

4a
x2uvy −

1

4a2
x2uxy

)
f ′′2 (t)

+

(
vxvxy

4a
− xvxvy

4a
+
vvy
4a
− uxuxy

4a
+
xuxuy

4a
+
uuy
4a
− 1

2
u2xvy

)
f ′2(t)

+

(
vvty
2a
− 1

2
au3vy −

uxyvx
a

+
utuy
2a
− 1

2
u2uxy − uvxvy

)
f2(t),

T y2 = − 1

4a2
x2vf ′′′2 (t)− 1

2a2
uf ′′2 (t)−

(
1

4a
uxuxx +

1

2a
uux +

1

4a
vxvxx +

1

2a
vvx

)
f ′2(t)

− 1

2a
f2(t)uutx −

1

2a
f2(t)vvtx;

T t3 =
1

a
xvyf

′
3(t) + f3(t)uvy,

T x3 =

(
1

a
uy − uxvy −

1

a
xuxy

)
f ′3(t) +

(
1

2
uxuy − au2vy −

1

2
uuxy −

1

2
vxvy +

1

2
vvxy

)
f3(t),

T y3 = − 1

a
vxf ′′3 (t)− 1

2
f3(t) (uuxx + vvxx) ;
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T t4 = f4(y)u,

T x4 = − f4(y)(vx +
1

2
au2),

T y4 = 0;

T t5 = f5(y)vy,

T x5 = − f5(y) (auvy + uxy) ,

T y5 = 0;

T t6 = f6(t)vy,

T x6 = − f6(t) (auvy + uxy) ,

T y6 = − f ′6(t)v.

Remark: Due to the presence of arbitrary functions in the multipliers, we obtain

infinitely many conserved vectors for our system.

9.3 Concluding remarks

In this chapter we studied a generalized coupled (2+1)-dimensional Burgers sys-

tem (9.2). The Lie group analysis together with the Kudryashov approach were

employed to obtain new travelling wave solutions of the system. Moreover, conser-

vation laws of the system were derived for the first time. The multiplier approach

was used to construct the conservation laws.
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Chapter 10

Algebraic aspects of evolution

partial differential equation

arising in the study of constant

elasticity of variance model from

financial mathematics

One of the classical financial problems is the modelling of optimal investment-

consumption decisions under uncertainty. Since the pioneering work of Merton [99],

the investment-consumption problems have been widely studied in the literature

with different extensions and applications. Cox [100] and Cox and Ross [101] have

derived the renowned constant elasticity of variance (CEV) option pricing model

and Schroder [102] has subsequently extended the model by expressing the CEV

option pricing formula in terms of the noncentral Chi-square distribution. The

CEV model is usually applied to analyze the option and asset pricing formula,
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as was investigated by Beckers [103], Davydov and Linetsky [104], Emanuel and

Macbeth [105] and recently by Hsu et al. [106].

In this chapter, we study the optimal investment-consumption problem under the

CEV model [107]. Literature survey witnesses that a few studies [108, 109] have

recently reported that the solutions of the CEV models have been found. How-

ever, the exact solutions of the CEV model to an optimal investment-consumption

problem have not been reported in the existing literature, which is the main focus

of this particular work.

Many studies on the applications of Lie symmetry group methods to differential

equations are found in the literature, since the earliest works of Lie on the subject.

In recent years a number of studies have been reported in which Lie’s theory has

been employed to problems in finance. Regarding the relation between Lie groups

and some financial mathematics problems, we would like to point out the existence

of several recent works which consistently show the application of well-known prop-

erties of Lie symmetry method to several financial mathematics problems. One of

the initial investigations is due to [110], who performed the reduction and integra-

tion of the Black-Scholes equation. Goard [111,112] also studied particular cases of

bond-pricing equation via Lie group approach. Sinkala et al. [27,113] uncovered the

invariant properties of some well-known financial mathematics models. In recent

times, the Lie group approach has been widely applied to other partial differential

equations from finance. A few important studies to mention are [28,114–116].

In this chapter, we discuss the optimal investment-consumption problem under

the CEV model from the viewpoint of Lie symmetry approach. The symmetry

structure allows the reduction of the evolution partial differential equation to an

ordinary differential equation and the group-invariant solution to the problem is

then obtained. Some nontrivial conservation laws are also derived for the CEV

model by employing a general theorem proved in [41].
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The results of this chapter have been submitted [117].

10.1 Formulation of the model

In this section, we briefly discuss the optimal investment-consumption problem

under CEV process formulated in [107]. Consider a financial market with two

assets which are continuous over the interval [0, T ]. One asset is the bond with

price pt at time t and satisfies the equation

dpt = αptdt, with pt = p0 > 0,

where the constant α > 0 denotes the interest rate of the bond and is called the

elasticity parameter. The other asset is the stock with price st at time t, with the

price process st given by the following constant elasticity of variance model

dst = st(βdt+Ksγt dwt), with st = s0 > 0,

where β (β > α) is the expected instantaneous rate of return of the stock, K and

γ are the constant parameters, Ksγt is defined as the instantaneous volatility of

the stock and wt is the total wealth at any time t also called a one-dimensional

adapted Brownian motion.

The underlying market is modelled by assuming that the investor invests the mar-

ket value of his wealth ϕt into the stock at time t. Clearly, the amount invested in

the bond is xt − ϕt, in which xt represents the wealth of the investor at time t. In

addition, assume that short-selling of stocks and borrowing at the interest rate of

the bond are allowed and transaction cost is not taken into consideration. Thus,

the wealth process xt corresponding to trading strategy is subject to equation

dxt = [αxt + (β − α)ϕt − ct] dt+ ϕtKs
γ
t dwt, with xt = x0 > 0,
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where ct is the consumption rate. The optimal investment-consumption problem

under the CEV model is governed by the (1+1) evolution partial differential equa-

tion of the form [118]

∂G

∂t
+ (λα− δ)G+ 2γ2K2x

∂2G

∂x2
− λ(β − α)2

2(λ− 1)K2
xG+ 2

[
λ

(λ− 1)
γ(β − α)− γβ

]
x
∂G

∂x

+ γ(2γ + 1)K2∂G

∂x
− 2λ

(λ− 1)
γ2K2x

(∂G/∂x)2

G
+ (1− λ)π

1
1−λG

λ
(λ−1) = 0, (10.1)

with λ, α, δ, K, γ, β and π being constants. The corresponding terminal condition

for PDE (10.1) is given by [107]

G(T, x) = 1− π.

In addition, using of the variable change [107],

G(t, x) = F̄ (t, x)1−λ (10.2)

and substituting (10.2) into (10.1), results in a linear second-order evolution partial

differential equation in F̄ (t, x), viz.,

∂F̄

∂t
+

[
λα− δ
1− λ

+
λ

2(λ− 1)2

(
β − α
K

)2

x

]
F̄ + 2

[
λ

(λ− 1)
γ(β − α)− γβ

]
x
∂F̄

∂x

+ γ(2γ + 1)K2∂F̄

∂x
+ 2γ2K2x

∂2F̄

∂x2
+ π

1
λ−1 = 0. (10.3)

The terminal condition takes the form

F̄ (T, x) = (1− π)
1

1−λ .

Finally, assuming

F̄ (T, x) = π
1

λ−1

∫ T

t

F (u, x)du+ (1− π)
1

1−λF (t, x),

then PDE (10.3) transforms into

∂F

∂t
+

[
λα− δ
1− λ

+
λ

2(λ− 1)2

(
β − α
K

)2

x

]
F +

[
2λ

(λ− 1)
γ(β − α)− 2γβ

]
x
∂F

∂x
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+ γ(2γ + 1)K2∂F

∂x
+ 2γ2K2x

∂2F

∂x2
= 0. (10.4)

with the terminal condition

F (T, x) = 1, with t ∈ [0, T ] . (10.5)

10.2 Lie point symmetries

In this section, we calculate the Lie point symmetries admitted by (10.4). These

symmetries will be used to obtain the closed-form group-invariant solution of the

PDE (10.4).

In order to facilitate the calculations when employing the Lie group approach, we

rewrite the PDE (10.4) in the form

∂F

∂t
+ εx

∂2F

∂x2
+ (cx+ d)

∂F

∂x
+ (a+ bx)F = 0, (10.6)

where

a =
λα− δ
1− λ

, b =
λ(β − α)2

2(λ− 1)2K2
, c = 2

(
λγ(β − α)

(λ− 1)
− γβ

)
,

d = γ(2γ + 1)K2, ε = 2γ2K2.

We now look for the transformations of the independent variables t, x and the

dependent variable F of the form

t̄ = t̄(t, x, F, ε), x̄ = x̄(t, x, F, ε), F̄ = F̄ (t, x, F, ε), (10.7)

which constitute a group where ε is the group parameter such that PDE (10.6)

is left invariant. From Lie’s theory, the transformations in equation (10.7) are

obtained in terms of the infinitesimal transformations

t̄ ' t+ ετ(t, x, F ), x̄ ' x+ εξ(t, x, F ), F̄ ' F + εη(t, x, F )
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or the operator

X = τ(t, x, F )
∂

∂t
+ ξ(t, x, F )

∂

∂x
+ η(t, x, F )

∂

∂F
,

which is a generator of the Lie point symmetry of PDE (10.6) if the following

determining equation holds, viz.,

X [2][Ft + εxFxx + (cx+ d)Fx + (a+ bx)F ] |(10.6)= 0. (10.8)

Expanding the symmetry condition (10.8) and separating by powers of the deriva-

tives of F , as τ , ξ, and η are independent of the derivatives of F, leads to the

overdetermined system of linear homogeneous partial differential equations

τF = 0,

ξF = 0,

ηFF = 0,

τx = 0,

εξ + εxτt − 2εxξx = 0,

(a+ bx)η + bFξ + τtF (a+ bx)− ηFF (a+ bx) + ηx(cx+ d) + εxηxx + ηt = 0,

cξ + τt(cx+ d)− ξx(cx+ d) + 2εxηxF − εxξxx − ξt = 0.

The solution of the above system yields

τ =C1 +
2

θ
C3e

θt − 2

θ
C4e

−θt,

ξ = 2C3xe
θt + 2C4xe

−θt,

η =C2F −
1

εθ
C3Fe

θt
(
2aε+ dθ + cθx− θ2x− cd

)
− 1

eθ
C4Fe

−θt (−2aε+ cxθ + cd+ dθ + θ2x
)
,

where θ =
√
c2 − 4bε. Thus, the Lie point symmetries of the PDE (10.6) are

X1 =
∂

∂t
,
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X2 =
2

θ
eθt

∂

∂t
+ 2xeθt

∂

∂x
− 1

εθ
Feθt

(
2aε+ dθ + cθx− θ2x− cd

) ∂

∂F
,

X3 = −2

θ
e−θt

∂

∂t
+ 2xe−θt

∂

∂x
− 1

εθ
Fe−θt

(
−2aε+ cxθ + cd+ dθ + θ2x

) ∂

∂F
,

X4 = F
∂

∂F
.

10.3 Group-invariant solution

We now obtain the closed-form group-invariant solution for the PDE (10.6) by

making use of the Lie symmetry algebra calculated in the previous section.

We consider the linear combination of the Lie point symmetries, namely,

X = a1X1 + a2X2 + a3X3 + a4X4 (10.9)

and use the terminal conditions

X(t− T )|t=T,F=1 = 0 (10.10)

and

X(F − 1)|t=T,F=1 = 0. (10.11)

The condition (10.10) yields

a1 +
2a2
θ
eθT − 2a3

θ
e−θT = 0, (10.12)

while condition (10.11) gives

a4 + a2

(
cd

εθ
− 2a

θ
− d

ε
+
c2x

εθ
− 4bx

θ
− cx

ε

)
eθT

+ a3

(
2a

θ
− cd

εθ
− d

ε
− c2x

εθ
+

4bx

θ
− cx

ε

)
e−θT = 0. (10.13)

Splitting equation (10.13) on powers of x yields

a4 + a2

(
cd

εθ
− 2a

θ
− d

ε

)
eθT + a3

(
2a

θ
− cd

εθ
− d

ε

)
e−θT = 0, (10.14)
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a2

(
c2

εθ
− 4b

θ
− c

ε

)
eθT + a3

(
− c

2

εθ
+

4b

θ
− c

ε

)
e−θT = 0. (10.15)

Solving equations (10.12), (10.14) and (10.15), we obtain

a1 =
a2c(θ − c)

bεθ
eθT , a3 =

a2(2bε+ c(θ − c))
2bε

e2θT , a4 = −a2(θ − c)(ac− 2bd)

bεθ
eθT .

(10.16)

Substituting the values of a1, a3 and a4 from (10.16) into (10.9) and solving X(F ) =

0, we obtain the two invariants

J1 =
xeθt

(c+ θ)e2θt − 2ceθ(t+T ) + (c− θ)e2θT
,

J2 = F
(
(c+ θ)eθt + (θ − c)eθT

)d/ε
× exp

(
at+

4bεxe2θt + x(c− θ)(c+ θ)e2θT

2ε ((c+ θ)e2θt − 2ceθ(t+T ) + (c− θ)e2θT )
− cdt

2ε
− dθt

2ε

)
.

Thus, the group-invariant solution of the PDE (10.6) is given by J2 = G(J1), which

yields

F (t, x) = G(z)
{

(c+ θ)eθt + (θ − c)eθT
}− d

ε

× exp

(
−at+

4bεxe2θt + x(c− θ)(c+ θ)e2θT

2ε (−(c+ θ)e2θt + 2ceθ(t+T ) + (θ − c)e2θT )
+
cdt

2ε
+
dθt

2ε

)
, (10.17)

where z = J1. Now substituting the value of F from (10.17) into PDE (10.6), we

obtain a second-order ODE for G(z), viz.,

2eθT
(
2bdG(z) + c2zG′(z)

)
+ 8bzG(z)e2θT

(
2bε− c2

)
− dG′(z)− εzG′′(z) = 0.

(10.18)

Solving this reduced ODE (10.18) for G(z), we obtain

G(z) =C1 exp(4bzeθT )− C22
d
ε
−1z1−

d
ε exp(4bzeθT )

(
−θ

2zeθT

ε

) d
ε
−1

× Γ

[
1− d

ε
,−2eθT zθ2

ε

]
,
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where C1 and C2 are constants of integration and Γ[., .] is the incomplete Gamma

function [119]. The terminal condition dictates that we take C2 = 0, hence the

above solution for G(z) takes the form

G(z) = C1 exp(4bzeθT ).

Substituting the value of G into (10.17), the solution for F (x, t) is written as

F (t, x) =C1 exp(4bzeθT )
{

(c+ θ) exp(θt) + (θ − c)eθT
}− d

ε

× exp

[
− at+

4bεxe2θt + x(c− θ)(c+ θ) exp(2θT )

2ε (−(c+ θ)e2θt + 2ceθ(t+T ) + (θ − c)e2θT )
+
cdt

2ε
+
dθt

2ε

]
.

(10.19)

Finally, making use of the terminal condition F (x, T ) = 1 from (10.19), we obtain

C1 =
(
(θ − c)eθT + (c+ θ)e2θT

)d/ε
exp

(
aT − cdT

2ε
− dθT

2ε

)
.

Therefore, the solution of (1+1) evolution PDE (10.6) satisfying the terminal con-

dition is given by

F (t, x) =

(
2θeθT

(c+ θ)eθt + (θ − c)eθT

) d
ε

× exp

[
(t− T )(d(c+ θ)− 2aε)

2ε
−

2bx
(
eθt − eθT

)
c (eθt − eθT ) + θ (eθt + eθT )

]
.

10.4 Conservation laws

In this section we derive conservation laws for the (1+1) evolution partial differ-

ential equation (10.6) using the conservation theorem due to Ibragimov.

The adjoint equation to the equation (10.6) is

(a+ bx− c)w − (cx+ d− 2ε)wx + εxwxx − wt = 0 (10.20)
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and hence the second-order Lagrangian of the equation (10.6) and its adjoint equa-

tion (10.20) is written as

L = w[Ft + εxFxx + (cx+ d)Fx + (a+ bx)F ].

We now apply conservation theorem to each Lie point symmetry of equation (10.6)

by following the procedure given in Section 1.5.4. We start with X1 = ∂/∂t.

Corresponding to symmetry X1 we obtain the conserved vector with components

T t1 =w ((a+ bx)F + Fx(cx+ d) + εxFxx + Ft)− Ftw,

T x1 = − Ft (w(cx+ d− ε) + εxwx)− εxwFtx.

Likewise, the symmetry X2 provides us with the conserved vector whose compo-

nents are

T t2 =
weθt

εθ

[
2ε {Fx (x (c− θ) + d) + εxFxx} − F

(
dθ + cxθ + 2bεx− c2x− cd

)]
,

T x2 =
eθt

εθ
[ε{2εxwx (xFxθ + Ft)− wxFx

(
2aε+ dθ + cxθ + 4bεx− c2x− cd

)
+ 2Ft (d− ε− xθ + cx) + 2εxFtx + Fwc

(
d2 − 2εx(a+ 2bx)− d (2xθ + ε)

)
+ 2aε (xθ − d+ ε)− d2θ + c2x (2d− xθ) + dεθ + 2bεx2θ − 4bdεx+ c3x2

+ εxwx
(
2aε+ dθ + cxθ + 4bεx− c2x− cd

)
],

where θ =
√
c2 − 4bε.

The conserved vectors associated with the symmetries X3 and X4 are given by

T t3 = −we
−θt

εθ

[
F
{
c (xθ + d) + dθ − 2bεx+ c2x

}
+ 2ε {Fx (x (θ + c) + d) + εxFxx}

]
,

T x3 =
e−θt

εθ
[2εw (Ft (x (θ + c) + d− ε) + εFFtx)− xFx − 2ε(a+ 2bx)

+ c (xθ + d) + dθ + c2x+ 2εxwx (xFxθ − Ft) + 2Fwcεx(a+ 2bx)

+ d (ε− 2xθ)− d2 + 2aε (xθ + d− ε)− d2θ − c2x (xθ + 2d) + dεθ + 2bεx2θ

+ 4bdεx− c3x2 + εxwx
(
−2ε(a+ 2bx) + c (xθ + d) + dθ + c2x

)
],
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T t4 = wF,

T x4 = F (w(cx+ d− ε)− εxwx) + εxwFx,

respectively.

10.5 Concluding remarks

The evolution (1+1) PDE (10.4) describing the optimal investment-consumption

problem under the CEV model [107] satisfied the classical Black–Scholes–Merton

equation with boundary conditions which differ from those often used in the most

common cases. It is well-known that the evolution (1+1) PDE (10.4) can be related

to the standard heat equation by means of equivalence transformations. However,

in view of the direct connection of PDE (10.4) to the classical heat equation the

general solution can be obtained, but that was not the focus of this chapter. We

here solved the PDE (10.4) subject to the terminal condition (10.5) by utilizing

the Lie group method. This is not to suggest that the model cannot be solved

by other methods, but the usefulness of the Lie symmetry approach is that it is

algorithmic and not subject to the possession of special insight into the way a

relevant solution to an evolution PDE can be obtained. The methodology used

is simple. We found a four-dimensional Lie symmetry algebra for evolution PDE

(10.4). Using the nontrivial Lie point symmetry operator, we have shown that the

governing PDE can be transformed into a second-order variable coefficient ODE.

The reduced ODE is solved to obtain a new exact closed-form solution of the

CEV model which also satisfies the terminal condition. The Lie approach gives

for the first time the closed-form solution of the optimal investment-consumption

problem under discussion. Finally, we constructed conservation laws corresponding

to the four Lie point symmetries by employing a general theorem on conservation

laws. This is the first time that the evolution PDE (10.4) for optimal investment-
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consumption problem has been considered from the view point of group theoretical

approach and the conservation laws have been derived in the literature.
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Chapter 11

Symmetry analysis and

conservation laws of the

Zoomeron equation

In this chapter we study the (2+1)-dimensional Zoomeron equation [120](uxy
u

)
tt
−
(uxy
u

)
xx

+ 2(u2)tx = 0, (11.1)

which is an extension of the famous (1+1)-dimensional Zoomeron equation that has

many applications in scientific fields. Equation (11.1) has attracted some attention

in recent years. Many authors have found closed-form solutions of this equation.

For example, the (G′/G)−expansion method [120,121], the extended-tanh method

[122], the tanh-coth method [123], the sine-cosine function method [124, 125] and

the modified simple equation method [126] have been used to find closed-form

solutions of (11.1). The (2+1)-dimensional Zoomeron equation with power-law

nonlinearity was studied in [127] from Lie point symmetries point of view and

symmetry reductions and some solutions were obtained. Also in [127] the authors

have given a brief history of the (1+1)-dimensional Zoomeron equation.
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In this chapter we first derive the classical Lie point symmetries admitted by equa-

tion (11.1) and consequently use them to find an optimal system of one-dimensional

subalgebras. These are then used to determine exact group-invariant solutions and

symmetry reductions of (11.1). Furthermore, we derive the conservation laws of

(11.1) using the multiplier method.

The results of this chapter have been submitted for publication [128].

11.1 Exact solutions and symmetry reductions of

(11.1)

In this section, firstly we compute Lie point symmetries admitted by (11.1) and

then use them to construct the optimal system of one-dimensional subalgebras.

Thereafter, we obtain group-invariant solutions based on the optimal system of

one-dimensional subalgebras.

11.1.1 Lie point symmetries of (11.1)

A vector field of the form

X = ξ1(t, x, y, u)
∂

∂t
+ ξ2(t, x, y, u)

∂

∂x
+ ξ3(t, x, y, u)

∂

∂y
+ η(t, x, y, u)

∂

∂u

is a Lie point symmetry of (11.1) if

X [4]
[(uxy

u

)
tt
−
(uxy
u

)
xx

+ 2(u2)tx

]∣∣∣
(11.1)

= 0, (11.2)

where X [4] is the fourth prolongation of X given by [24]

X [4] = ξ1
∂

∂t
+ ξ2

∂

∂x
+ ξ3

∂

∂y
+ η

∂

∂u
+ ηt

∂

∂ut
+ ηx

∂

∂ux
+ ηtt

∂

∂utt
+ ηtx

∂

∂utx
+ ηxx

∂

∂uxx

+ ηxy
∂

∂uxy
+ ηtxy

∂

∂utxy
+ ηxxy

∂

∂uxxy
+ ηttxy

∂

∂uttxy
+ ηxxxy

∂

∂uxxxy
.
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Expanding the determining equation (11.2) and splitting on the derivatives of u

yields an overdetermined system of linear partial differential equations

ξ1tt = 0, ξ1tx = 0, ξ3t = 0, ξ2t = 0, ηt = 0, ξ3x = 0, ξ1x = 0,

ηx = 0, ξ2y = 0, ξ1y = 0, ηy = 0, ξ3u = 0, ξ2u = 0, ξ1u = 0,

uηu − η = 0, ξ2x − ξ1t = 0, 2η + u
(
ξ1t + ξ3y

)
= 0.

Solving the above system we obtain

ξ1 = c1 + c2t, ξ
2 = c5 + c2x, ξ

3 = c3 − (c2 + 2c4)y, η = c4u,

where ci, i = 1, 2, 3, 4 are constants. Thus, the Lie point symmetries of the

Zoomeron equation (11.1) are given by

X1 =
∂

∂t
, X2 =

∂

∂x
, X3 =

∂

∂y
, X4 = 2y

∂

∂y
− u ∂

∂u
, X5 = t

∂

∂t
+ x

∂

∂x
− y ∂

∂y
,

which generate a five-dimensional Lie algebra L5.

11.1.2 Optimal system of one-dimensional subalgebras

In this subsection we use the Lie point symmetries of (11.1) obtained in the previous

subsection to compute an optimal system of one-dimensional subalgebras. We

employ the method given in [24], which takes a general element from the Lie

algebra and reduces it to its simplest equivalent form by using the chosen adjoint

transformations

Ad(exp(εXi))Xj =
∞∑
n=0

εn

n!
(adXi)

n(Xj) = Xj − ε[Xi, Xj] +
ε2

2!
[Xi, [Xi, Xj]]− · · · ,

where ε is a real number and [Xi, Xj] denotes the commutator defined by

[Xi, Xj] = XiXj −XjXi.
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The table of commutators of the Lie point symmetries of equation (11.1) and the

adjoint representations of the symmetry group of (11.1) on its Lie algebra are

given in Table 1 and Table 2, respectively. Then Table 1 and Table 2 are used to

construct the optimal system of one-dimensional subalgebras for equation (11.1).

Table 1. Lie brackets for equation (11.1)

[ , ] X1 X2 X3 X4 X5

X1 0 0 0 0 X1

X2 0 0 0 0 X2

X3 0 0 0 2X3 −X3

X4 0 0 −2X3 0 0

X5 −X1 −X2 X3 0 0

Table 2. Adjoint representation of subalgebras

Ad X1 X2 X3 X4 X5

X1 X1 X2 X3 X4 X5 − εX1

X2 X1 X2 X3 X4 X5 − εX2

X3 X1 X2 X3 X4 − 2εX3 X5 + εX3

X4 X1 X2 e2εX3 X4 X5

X5 eεX1 eεX2 e−εX3 X4 X5

Using Tables 1 and 2 we can construct an optimal system of one-dimensional

subalgebras, which is given by {X3, X4, X5, X1+X3, X2+X3, X1+X4, X2+X4, X4+

X5, X1 +X2 +X3, X1 +X2 +X4}.
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11.1.3 Symmetry reductions and group-invariant solutions

We now obtain group-invariant solutions based on the optimal system of one-

dimensional subalgebras computed in the previous subsection. We start with the

symmetry operator X3.

Case 1. X3 = ∂/∂y

This symmetry provides us with three invariants

s = t, r = x, U = u,

which give group-invariant solution u = U(s, r) and reduces (11.1) to

(UUs)r = 0. (11.3)

The Lie point symmetries of the above equation are

Γ1 = f1(s)
∂

∂s
, Γ2 = f2(r)

∂

∂r
, Γ3 =

f3(s)

U

∂

∂U
, Γ4 =

f4(r)

U

∂

∂U
,

Γ5 =
(
U + U−1

) ∂

∂U
, Γ5 =

(
U − U−1

) ∂

∂U
.

Taking Γ1 − νΓ2 with f1(s) = f2(r) = 1, we obtain two invariants z = r + νs and

F = U . Making use of these invariants, (11.3) reduces to

(FF ′)
′
= 0, (11.4)

whose solution is given by

F (z) = ±
√
a1z + a2,

where a1 and a2 are constants of integration. Hence the solution of (11.1) is

u(t, x, y) = ±
√
a1(x+ νt) + a2.

Case 2. X4 = 2y∂/∂y − u∂/∂u
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The associated Lagrange system to the operator X4 yields three invariants

s = t, r = x, U = uy1/2,

which give group-invariant solution u = y−1/2U(s, r) and transforms (11.1) to(
Ur
U

)
ss

−
(
Ur
U

)
rr

− 4
(
U2
)
rs

= 0. (11.5)

The Lie point symmetries of the above equation are

Γ1 =
∂

∂s
, Γ2 =

∂

∂r
, Γ3 = 2s

∂

∂s
+ 2r

∂

∂r
− U ∂

∂U
.

The symmetry Γ1 + νΓ2 gives the two invariants z = r − νs and F = U . Using

these invariants (11.5) transforms to the nonlinear third-order ordinary differential

equation (
F ′

F

)′′
− 4ν

1− ν2
(
F 2
)′′

= 0. (11.6)

Integrating (11.6) twice with respect to z, we obtain

F ′(z)− 4ν

1− ν2
(F (z))3 − k1zF (z)− k2F (z) = 0, (11.7)

where k1 and k2 are constants of integration. The solution of this equation is given

by

F (z) = ±

√ √
k1(1− ν2) exp {(k1z + k2)2/k1}

k3
√
k1(1− ν2) exp {k22/k1} − 4ν

√
π erfi

(
(k1z + k2)/

√
k1
) ,

where k3 is a constant of integration and erfi(z) is the imaginary error function

[129]. Thus, a solution of (11.1) is

u(t, x, y) = ± y−1/2
√ √

k1(1− ν2) exp {(k1(x− νt) + k2)2/k1}
k3
√
k1(1− ν2) exp {k22/k1} − 4ν

√
π erfi

(
(k1(x− νt) + k2)/

√
k1
) .

Case 3. X1 +X4 = ∂/∂t+ 2y∂/∂y − u∂/∂u
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The associated Lagrange system to X1 +X4 yields three invariants

s = x, r = ye−2t, U = etu,

which give group-invariant solution u = e−tU(s, r) and transforms (11.1) to

U
(
Usr
(
4r2Urr − Uss

)
+ 4rUr (3Usr + 2rUsrr)− 2UsUssr

)
+ 8U4 (rUsr + Us) + 8rUrUsU

3

+ U2 (Usssr − 4 (Usr + r (3Usrr + rUsrrr))) + 2
(
U2
s − 4r2U2

r

)
Usr = 0. (11.8)

The Lie point symmetries of the above equation are

Γ1 =
∂

∂s
, Γ2 = 2r

∂

∂r
− U ∂

∂U
.

The symmetry Γ2 gives the two invariants z = s and F = r1/2U and using these

invariants, (11.5) transforms to the nonlinear third-order ordinary differential equa-

tion (
F ′

F

)′′
= 0. (11.9)

Integrating (11.9) twice with respect to z, we obtain

F ′(z) = k1zF (z) + k2F (z), (11.10)

where k1 and k2 are constants of integration. The solution of this equation is given

by

F (z) = k3 exp

(
k1
2
z2 + k2z

)
,

where k3 is a constant of integration. Thus, a solution of (11.1) is

u(t, x, y) = k3y
−1/2exp

(
k1
2
x2 + k2x

)
,

which is a steady-state solution.

Case 4. X1 +X2 +X3
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The associated Lagrange system to this symmetry operator gives three invariants,

viz.,

s = x− t, r = y − t, U = u,

which give group-invariant solution u = U(s, r) and reduces (11.1) to

U2 (Usrrr + 2Ussrr)− 4U4 (Usr + Uss)− 4UsU
3 (Ur + Us) + 2Ur (Ur + 2Us)Usr

− U
(
UrrUsr + 2

(
Usr

2 + UsUsrr + Ur (Usrr + Ussr)
))

= 0. (11.11)

The Lie point symmetries of the above equation are

Γ1 =
∂

∂s
, Γ2 =

∂

∂r
, Γ3 = s

∂

∂s
+ r

∂

∂r
− U ∂

∂U
.

The symmetry Γ1−νΓ2 gives the two invariants z = r+νs and F = U . Using these

invariants (11.11) transforms to the nonlinear fourth-order ordinary differential

equation (
F ′′

F

)′′
− 2(ν + 1)

2ν + 1

(
F 2
)′′

= 0. (11.12)

Integrating (11.12) twice with respect to z, we obtain

F ′′ − 2(ν + 1)

2ν + 1
F 3 − k1zF − k2F = 0, (11.13)

where k1 and k2 are constants of integration. This equation can not be integrated

in the closed form. However, by taking k1 = 0 one can obtain its solution in the

closed form in the following manner. Multiplying (11.13) with k1 = 0 by F ′ and

integrating, we obtain

F ′
2

=
2(ν + 1)

2ν + 1
F 4 + k2F

2 + k3, (11.14)

where k3 is a constant of integration. The solution of this equation is given by

F (z) =

√
2k3(2ν + 1)

C
sn

√ C

2(2ν + 1)
z + k4, 2

√
−k3(ν + 1)

Ck2 + 4k3 + 4k3ν

 ,
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where k4 is a constant of integration,

C =
√

4k22ν
2 + 4k22ν + k22 − 16k3ν2 − 24k3ν − 8k3 − 2k2ν − k2

and sn is the Jacobi elliptic sine function [119]. Thus, a solution of (11.1) is

u(t, x, y) =

√
2k3(2ν + 1)

C
sn

(√
C

2(2ν + 1)
(y + νx− (ν + 1)t) + k4, 2n

2

)
,

where n2 =
√
−k3(ν + 1)/(Ck2 + 4k3 + 4k3ν).

Likewise, one may obtain more group-invariant solutions using the other symmetry

operators of the optimal system of one-dimensional subalgebras. For example, the

symmetry operator X2 + X3 of the optimal system gives us the group-invariant

solution (2.9) obtained by Morris and Leach [127] in terms of the Airy functions.

11.2 Conservation laws of (11.1)

In this section we employ Anco and Bluman method [40,42] to derive conservation

laws for the Zoomeron equation (11.1).

Applying this method, we obtain the following equations for the multipliers:

Qu (t, x, y, u) = 0,

Qty (t, x, y, u) = 0,

Qyyy (t, x, y, u) = 0,

Qtt (t, x, y, u)−Qyy (t, x, y, u) = 0.

Solving the above equations we get the four multipliers given by

Q1 =
1

2

(
t2 + y2

)
f1(x),

Q2 = f2(x)y,
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Q3 = f3(x)t,

Q4 = f4(x).

Corresponding to these multipliers, we obtain four conservation laws. Thus, the

multiplier

Q1 =
1

2

(
t2 + y2

)
f1(x)

gives the conservation law with the following conserved vector:

T t1 = f1(x)

{
1

2
(t2 + y2)

(
ut

2ux
u3
−uxutt

u2

)
+
tuxut
u2
− 2yu2

}
+ f ′1(x)

{
1

2
(t2 + y2)

(
utt
u
− 1

2

ut
2

u2

)
− tut

u

}
,

T x1 = f1(x)

{
1

2
(t2 + y2)

(
2ututt
u2

− uttt
u
− ut

3

u3

)
− 1

2

ut
2t

u2
+
ut
u

}
,

T y1 = f1(x)

{
1

2
(t2 + y2)

(
4uut +

utxy
u
− uyutx

u2

)
− yutx

u

}
.

Likewise, the multiplier

Q2 = f2(x)y

yields

T t2 = f2(x)y

(
4uuy −

uxutt
u2

+
ut

2ux
u3

)
+ f ′2(x)y

(
utt
u
− 1

2

ut
2

u2

)
,

T x2 = f2(x)y

(
2ututt
u2

− uttt
u
− ut

3

u3

)
,

T y2 = f2(x)
(yutxy

u
− yuyut2

u2
− utx

u

)
as conserved vector.

Similarly, the multiplier

Q3 = f3(x)t

results in the following conserved vector

T t3 = f3(x)

(
4 tuuy −

tuxutt
u2

+
tut

2ux
u3

+
uxut
u2

)
+ f ′3(x)

(
tutt
u
− 1

2

tut
2

u2
− ut
u

)
,
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T x3 = f3(x)

(
2tututt
u2

− tut
3

u3
− 1

2

ut
2

u2
− tuttt

u

)
,

T y3 = f3(x)
(tuutxy − 2u4 − tuyutx)

u2
.

Lastly, the multiplier

Q4 = f4(x)

gives the conserved vector whose components are

T t4 = f4(x)

(
4uuy −

uxutt
u2

+
ut

2ux
u3

)
+ f ′4(x)

(
utt
u
− 1

2

ut
2

u2

)
,

T x4 = f4(x)

(
2ututt
u2

− uttt
u
− ut

3

u3

)
,

T y4 = f4(x)
(utxy
u
− uyutx

u2

)
.

11.3 Concluding remarks

In this chapter we studied the (2+1)-dimensional Zoomeron equation (11.1). The

classical Lie point symmetries were obtained and used to construct an optimal

system of one-dimensional subalgebras. This system was then used to obtain

symmetry reductions and new group-invariant solutions of (11.1). Furthermore,

we derived the conservation laws for (11.1) by employing the Anco and Bluman

method. It should be noted that since we had arbitrary functions in the multipliers

we obtained infinitely many conservation laws for equation (11.1).
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Chapter 12

Conclusions

The exact solutions and conservation laws of NLPDEs are important for the expla-

nation of some practical physical problems. The aim of this thesis was to obtain

exact solutions and derive conservation laws of some NLPDEs using different meth-

ods.

Chapter one provided relevant literature, definitions and theorems of the important

concepts that were used in this work.

In Chapter two we carried out Lie group classification of the Gardner equation

with variable coefficients. This was achieved by first determining the equivalence

transformations for the variable coefficients Gardner equation (2.1). The trans-

formations were then used to rescale some arbitrary functions in equation (2.1),

which simplified the original equation to an equivalent equation (2.7). We then

studied equation (2.7). It was found that the equivalent Gardner equation (2.7)

had a translation symmetry in space variable x as its kernel algebra. The functions

G(t) and H(t) that were able to extend the principal Lie algebra were found to be

exponential, power, logarithmic and linear functions. Symmetry reductions were

performed for two cases which extended the principal Lie algebra. Finally, for two
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cases we obtained conservation laws using the multiplier method.

The generalized (2+1)-dimensional Korteweg-de Vries equation (3.2) was studied in

Chapter three. New exact solutions were found and these were cnoidal and snoidal

waves solutions. Furthermore, conserved vectors were constructed by employing

the multiplier method.

In Chapter four the travelling wave solutions of the coupled Korteweg-de Vries-

Burgers system were obtained by employing the (G′/G)−expansion method. The

solutions obtained were expressed in the form of hyperbolic and trigonometric

functions. Conservation laws for the system were constructed using the multiplier

method.

Chapter five studied the (2+1)-dimensional KdV-mKdV equation. The travelling

wave solutions in terms of Jacobi elliptic functions were obtained for this equation.

Furthermore, conservation laws of the equation were derived using the multiplier

approach.

Chapter six dealt with the generalized improved Boussinesq equation. Group-

invariant solutions of the equation were found by employing the Lie symmetry

method along with the simplest equation method. Moreover, the conservation

laws were constructed using the multiplier method.

In Chapter seven the Kaup-Boussinesq system was studied. Exact solutions of

this system were found using two distinct methods. Firstly, the travelling wave

solutions were obtained using the direct integration. Secondly, an optimal system

of one-dimensional subalgebras was found and group-invariant solutions based on

the optimal system of one-dimensional subalgebras were obtained. Also, the con-

servation laws were derived using two approaches; the multiplier method and the

conservation law theorem due to Ibragimov.

In Chapter eight we employed the (G′/G)−expansion method to obtain exact solu-
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tions of the Prandtl’s boundary layer equation for radial flow models with uniform

main stream velocity.

The generalized coupled (2+1)-dimensional Burgers system was investigated in

Chapter nine. The Lie group analysis together with the Kudryashov approach

were employed to obtain new travelling wave solutions of the system. Moreover,

conservation laws of the system were derived by employing the multiplier approach.

In Chapter ten we obtained the closed-form group-invariant solution which also

satisfied the terminal condition of the evolution (1+1) PDE describing the op-

timal investment-consumption problem under the CEV model. Finally, we con-

structed conservation laws by employing a general theorem on conservation laws.

We note that this is the first time that the evolution PDE for optimal investment-

consumption problem has been considered from the view point of group theoretical

approach and the conservation laws have been derived in the literature.

In Chapter eleven we studied the (2+1)-dimensional Zoomeron equation. The clas-

sical Lie point symmetries were obtained and used to construct an optimal system

of one-dimensional subalgebras. Symmetry reductions and new group-invariant

solutions were obtained based on the optimal system. Furthermore, we derived

infinitely many conservation laws for the (2+1)-dimensional Zoomeron equation

by employing the Anco and Bluman method.

In future work, we plan to use conservation laws derived in this work to obtain

group-invariant solutions.
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