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Abstract

This research project aims to study some nonlinear partial differential equations
that arise in many branches of physics such as particle physics, fluid dynamics,
plasma astrophysics, ocean dynamics, atmospheric science, computational fluid me-
chanics, cosmology, condensed matter physics, statistical physics, nonlinear acous-
tics, vehicular traffic, electronic transport, etc. Exact solutions, conservation laws
and soliton solutions are derived for such equations using various methods. The
nonlinear partial differential equations that are studied in this research work are
two (3 + 1)-dimensional Kadomtsev-Petviashvili (KP) like equations, a general-
ized (2 + 1)-dimensional Bogoyavlenskii-Kadomtsev-Petviashvili (BKP) equation,
a generalized dispersive water waves system and an extended (2 + 1)-dimensional

coupled Burgers system in fluid mechanics.

The classical symmetry approach will be employed to search for exact solutions of a
first (3 + 1)-dimensional KP like equation. Thereafter, we will derive the admitted

conserved vectors of the aforementioned equation.

We employ some ansatz methods to derive topological soliton solutions of a second
(3 4+ 1)-dimensional KP like equation. Furthermore, mixed solutions consisting of
singular and periodic solutions and others are derived. Moreover, other analytical
solutions based on modern group analysis are obtained. In addition, low-order

conservation laws are constructed.

We further, determine novel exact solutions of a generalized (2 + 1)-dimensional
Bogoyavlenskii-Kadomtsev-Petviashvili (BKP) equation by utilizing the multiple
exp-function algorithm and the modern group analysis method. Then, we compute

conserved currents using the invariance and multiplier technique.

Symmetry analysis is performed for a generalized dispersive water waves system.

This symmetry analysis will lead to similarity reductions and new exact solutions



with the aid of the simplest equation method. The solutions obtained include the
solitary waves and the travelling wave solutions. In addition, conservation laws are

derived using the multiplier approach.

Finally, we determine novel exact solutions of an extended (2 4 1)-dimensional
coupled Burgers system in fluid mechanics by the Lie symmetry method in con-
junction with the Kurdyshov method. Conservation laws of the above-mentioned

system are generated.
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Introduction

Differential equations arise in almost every field in life whether in the natural sci-
ences, applied sciences, social sciences, economics or business problems. There
are countless methods to solve differential equations both analytically and numer-
ically. The Lie point symmetries and conservation laws play a significant role in
the solution process of differential equations. Nonlinear partial differential equa-
tions (NLPDESs) are some of the most suitable mathematical representations of
regular occurrences and studying them cannot be overemphasized. Thus, it is very

important to investigate the exact solutions of NLPDEs.

However, a massive amount of work has been done in the last few decades and won-
derful progress has been made in finding exact solutions of NLPDEs. In order to
obtain the exact solutions, a number of methods have been proposed in literature.
Some of the well-known methods include the solitary wave ansatz method [1,2],
Hirotas bilinear method [3], homogeneous balance method [4] and Lie group anal-

ysis [5-12].

There is no doubt that conservation laws play a remarkable role in the study of
differential equations (DE). The mathematical idea of conservation laws comes
from the formulation of well-known physical conserved quantities such as mass,
momentum and energy. The high number of conservation laws for a partial dif-

ferential equation (PDE) provides the insight that the PDE is strongly integrable.



Finding the conservation laws of differential equations is often the primary step

towards finding the exact solutions. Thus, it is essential to study conservation laws

of PDEs.

Recently, many research activities on solitary waves theory, predominantly on in-
tegrable systems, have attracted a lot of researchers. This is due to the fact that
solitary waves theory has found a lot applications in many areas of nonlinear sci-
ences, such as engineering, plasma physics, biology and other fields of mathematical
physics. In the past decade, researchers have confined their application of solitary
waves theory to (1 + 1) and (2 + 1)-dimensional equations [13]. However, it was
later found that solitary waves theory plays a significant role in the study of higher

dimensional integrable equations.
This research project is structured as follows:

In Chapter one, we present the preliminaries that are going to be needed in our

study.

In Chapter two, we employ classical symmetry approach to search for exact solu-
tions, then find the admitted conserved vectors of a first (3 + 1)-dimensional KP

like equation.

In Chapter three, we show that a second (3 4 1)-dimensional KP like equation
admits topological soliton solutions. We also derive other analytical solutions based

on modern group analysis and construct low-order conservation laws.

In Chapter four, we determine the exact solutions of a generalized (2+1)-dimensional
Bogoyavlenskii-Kadomtsev-Petviashvili (BKP) equation and compute the assosi-

ated conserved currents using the invariance and multiplier technique.

In Chapter five, similarity reductions and new exact solutions are constructed for
a generalized dispersive water waves system with the aid of the simplest equation

method. Conservation laws are also derived using the variational method for the



aforesaid system.

Chapter six, is concerned with the Lie symmetry method in conjunction with the
Kurdyshov method of an extended (2 + 1)-dimensional coupled Burgers system in

fluid mechanics. Conservation laws of the system at hand are shown.

Finally in Chapter seven, a summary of the results of the research project are

presented and future work is suggested.

Bibliography is given at the end.



Chapter 1

Preliminaries

In this chapter, we present some preliminaries on Lie symmetry analysis, conserva-
tion laws and some methods for obtaining exact solutions of differential equations,

which will be used throughout this work and are based on references [5-12].

1.1 One-parameter group of continuous transfor-

mations

Let z = (x',...,2") be the independent variables with coordinates z' and u =
(u',...,u™) be the dependent variables with coordinates u® (n and m finite). Con-

sider a change of the variables x and u involving a real parameter a:
T,: 2t = fi(z,u,a), u® = ¢*(z,u,a), (1.1)
where a continuously ranges in values from a neighborhood D' € D C R of a = 0,

and f* and ¢® are differentiable functions.

Definition 1.1 (Lie group) A set G of transformations (1.1) is called a contin-

uous one-parameter (local) Lie group of transformations in the space of variables



z and wu if

(i) For T,, T, € G where a,b € D' C D then T, T, =T, € G, ¢ = ¢(a,b) € D

(Closure),

(ii) Tp € G if and only if @ = 0 such that Ty T, = T, To = T, (Identity),

(iii) For T, € G,a e D' C D, T; ' =T,-1+ € G, a~* € D such that

1.7, =T,1T, =T, (Inverse).

We note that the associativity property follows from (i). The group property (i)

can be written as

.l

[z, a,b) = f(x,u, ¢(a,b)),
u* = ¢%(z,u,b) = ¢%(x,u, P(a,b))

(1.2)

and the function ¢ is called the group composition law. A group parameter a is

called canonical if ¢(a,b) = a + b.

Theorem 1.1 For any ¢(a,b), there exists the canonical parameter a defined by

N /“ ds _ 09¢(s,b)
0

a= 0 where w(s) = |,

1.2 Prolongations

The derivatives of u with respect to x are defined as
u = Di(ua), u% = D]DZ(’LLZ), R

where

(1.3)



is the operator of total differentiation. The collection of all first derivatives " is

denoted by u(y), i.e.,

uny ={ui'} a=1,...m, i=1..,n.
Similarly

upgy ={uy} a=1,...m, i,j=1,..,n

and u(z) = {ug,} and likewise u(q) etc. Since ug; = us;

3 «
%> U(2) contains only wuf; for

i < j. In the same manner u) has only terms for + < j < k. There is natural

ordering in u), ues) -

In group analysis, all variables x, u, u() - - - are considered functionally independent
variables connected only by the differential relations (1.3). Thus the u¢ are called

differential variables [9].

We now consider a pth-order system of partial differential equations, namely

Eo(x,u,uy, ..., ug)) = 0. (1.5)

Prolonged or extended groups

If z = (z,u), one-parameter group of transformations G is

J?i:fi(x7u7a)7 fi|a=0:xi7

u® = ¢*(z,u,a), ¢“4=0 = u®. (1.6)

According to Lie’s theory, the construction of the symmetry group G is equivalent

to the determination of the corresponding infinitesimal transformations:

vt Fali(xu), u~u® 4 an®(x,u) (1.7)



obtained from (1.1) by expanding the functions f* and ¢“ into Taylor series in a,

about a = 0 and also taking into account the initial conditions
fi‘a:O :xi’ (ba’a:O =u”.

Thus, we have

- af 0p”
e =L =2

a=0

(1.8)

a=0
One can now introduce the symbol of the infinitesimal transformations by writing

(1.7) as

v (1+aX)r, u=(1+aX)u,
where

, 9, 0
ngz(xvu)%—f_na(xau)%‘ (19)

This differential operator X is known as the infinitesimal operator or generator of

the group G. If the group G is admitted by (1.5), we say that X is an admitted

operator of (1.5) or X is an infinitesimal symmetry of equation (1.5).
We now see how the derivatives are transformed.

The D; transforms as
D, = Di(f)D;, (1.10)
where Dj is the total differentiations in transformed variables 7. So

af = Dy(u),  a = Dy(ag) = Di(a), -

]
Applying (1.6) and (1.10), we obtain

Di(¢%) = Di(f")D;(a")
= Di(fHus (1.11)



and so

(1.12)

off  g0f7N\ _, 09 = 50¢°
(Gxi M aM)“j = or T Yigur

The quantities u$ can be represented as functions of x, u, u;), i.e., (1.12) is locally

invertible:
uy = ¢f (x,u,umy,a), %o =uy. (1.13)

The transformations in z,u,un) space given by (1.6) and (1.13) form a one-
parameter group (one can prove this but we do not consider the proof) called

the first prolongation or just extension of the group G and denoted by GIU.

Letting
u; ~ ug + ag; (1.14)
to be the infinitesimal transformation of the first derivatives so that the infinitesi-

mal transformation of the group G is (1.7) and (1.14).

Higher-order prolongations of G, viz., G1Z, Gl can be obtained by derivatives of
(1.11).

Prolonged generators
Using (1.11) together with (1.7) and (1.14) we get

Di(f)(@) = Di(¢"),
Di(2? + a&’)(u§ +al?) = D;(u® +an®),
(67 + aD&)(uf +all) = uf +aDin®,
u + al + au?szj = u+aDn%,

¢ = Di(n*) —u§Di(¢’), (sumonj).  (1.15)

)



This is called the first prolongation formula. Likewise, one can obtain the second

prolongation, viz.,

5 = D) —ugDi(€"),  (sum on k). (1.16)

]
By induction (recursively)

o = D (¢ ) — ug D; (¢), (sumonj). (1.17)

11,825.-yip 11,0250 yip—1 11,82,0ytp—1J

The first and higher prolongations of the group G form a group denoted by

G ... GP. The corresponding prolonged generators are

X = X+<?aaa
U

(sum on i, ),

X — xlp-1 + ¢ 9 p>1
115000p 8%“1 ..... ip o
where
A= e g
&' (@, u)z s + 1%z, u) 52

1.3 Group admitted by a partial differential equa-

tion

Definition 1.2 (Point symmetry) The vector field

X = fi(m,u)% + n*(, “)aia (1.18)
is a point symmetry of the pth-order partial differential equation (1.5) if
XP(E,) =0, (1.19)
whenever E, = 0. This can also be written as
XPE,|, =0, (1.20)



where the symbol |, _ means evaluated on the equation £, = 0.

Definition 1.3 (Determining equation) Equation (1.19) is called the deter-
mining equation of (1.5) because it determines all the infinitesimal symmetries of

(1.5).

Definition 1.4 (Symmetry group) A one-parameter group G of transforma-
tions (1.1) is called a symmetry group of equation (1.5) if (1.5) is form-invariant

(has the same form) in the new variables Z and u, i.e,
Eo(Z, 1, upy, -+ ,ugp) =0, (1.21)

where the function E, is the same as in equation (1.5).

1.4 Infinitesimal criterion of invariance

Definition 1.5 (Invariant) A function F(z,u) is called an invariant of the group

of transformation (1.1) if
F(z,a) = F(f'(z,u,a), ¢"(z,u,a)) = F(z,u) (1.22)
holds identically in z, u and a.

Theorem 1.2 (Infinitesimal criterion of invariance) A necessary and suffi-

cient condition for a function F'(z,u) to be an invariant is that

+77a(x,u)a—F =0. (1.23)

: oF
X F=¢"(z,u) P

oxt

It follows from the above theorem that every one-parameter group of point trans-

formations (1.1) has n — 1 functionally independent invariants, which can be taken

10



to be the left-hand side of any first integrals
Ji(zu) =cp, - Iz, u) = ¢,

of the characteristic equations

dz! dz™ du! du™

gl(x’u) B B f”(m,u) a 771<:U7u) 77n<x7u).

Theorem 1.3 (Lie equations) If the infinitesimal transformation (1.7) or its
symbol X is given, then the corresponding one-parameter group G is obtained

by solving the Lie equations

W_dwan, W) (1.24)

subject to the initial conditions

" — e _
X ‘a:O_x’ U™ | f=0 =

1.5 Conservation laws

1.5.1 Fundamental operators and their relationship

Consider a pth-order system of partial differential equations of n independent vari-
ables x = (2%, 2%,...,2") and m dependent variables u = (u',u?,...,u™), given

by equation (1.5).

Definition 1.6 (Euler-Lagrange operator) The Euler-Lagrange operator, for
each «, is defined by

KB 0
. =1,...,m. 1.
=35 +Z D;, DZSa a ., a=1...,m (1.25)

(e}
u s>1 1112...15

11



Definition 1.7 (Lie-Bécklund operator) The Lie-Bécklund operator is given
by

0 )
+77a%, 5177701 € A? (126)

X=¢
where A is the space of differential functions [9]. The operator (1.26) is an abbre-

viated form of infinite formal sum

0

X = gal

(1.27)

1112 ’Lsau
s>1 i192...1s

where the additional coefficients are determined uniquely by the prolongation for-

mulae

G = Di(W) +&ug,

':)1['55 = Dil N DZs(Wa) + 5] j’Ll s s > 17 (128)
in which W is the Lie characteristic function given by
W =n" =&l (1.29)

One can write the Lie-Bécklund operator (1.27) in characteristic form as

%)
X = 8D-+Wm——~+§:L%.. Di, (W) 5 (1.30)
s>1 2112...15

Definition 1.8 (Conservation law) The n-tuple vector T'= (T',T?,...,T"),

T'e A, j=1,...,n,is a conserved vector of (1.5) if T" satisfies
D.T"|1.5 = 0. (1.31)

The equation (1.31) defines a local conservation law of system (1.5).

12



1.5.2 Multiplier method

The multiplier approach is an effective algorithmic method for finding the conser-
vation laws for partial differential equations with any number of independent and
dependent variables. Authors in [17] gave this algorithm by using the multipliers
presented in [10]. A local conservation law of a given differential system arises
from a linear combination formed by local multipliers (characteristics) with each
differential equation in the system, where the multipliers depend on the indepen-
dent and dependent variables as well as at most a finite number of derivatives of

the dependent variables of the given differential equation system.

The advantage of this approach is that it does not require the use or existence of
a variational principle and reduces the calculation of conservation laws to solving

a system of linear determining equations similar to that for finding symmetries.

A multiplier Ay (2, u,u(),...) has the property that
ALE, = D;T" (1.32)

holds identically, where E,, D; are defined by equations (1.5), (1.4) and T" is
defined in definition (1.31).

The right hand side of (1.32) is a divergence expression. The determining equation

for the multiplier A, is
S(ALEL)

ou

= 0. (1.33)

Once the multipliers are obtained, the conserved vectors are constructed by invok-

ing the homotopy operator [17].

13



1.6 Exact solutions

In this section we recall a method which can be used to determine exact solutions

of differential equations.

1.6.1 The simplest equation method

In this subsection we recall the simplest equation method developed by Kudryashov
[24,25] for finding exact solutions of nonlinear partial differential equations. Several
researchers have recently applied this method to various nonlinear partial differen-
tial equations and shown that this method provides a very effective and powerful
mathematical tool for solving nonlinear differential equations in various fields of
applied sciences (see, for example, papers [26,27]). The basic steps of the method

are as follows:

Consider the nonlinear partial differential equation of the form
By (u, g, Uy, Uy, Wity Uty U, Uy - -+ ) = 0. (1.34)
Using the following transformation
u(t,z,y) = F(2), z=kit+ kox + ksy + k4 (1.35)
reduces equation (1.34) to an ordinary differential equation
Ey[F(2), k1 F'(2), ko F'(2), ks F' (2), K3 F" (2), ks F"(2), kaF"(2),---] = 0. (1.36)
The simplest equations that we use here are the Riccati and Bernoulli equations,
H'(2) = aH*(z) + bH(z2) + ¢, (1.37)

H'(2) = aH(2) + bH?(2), (1.38)

14



respectively. It should be noted that when @ = 1, b = —1 and ¢ = 0, equation
(1.37) leads to the Kudryashov method [24,28-31]. We look for solutions of the

nonlinear ordinary differential equation (1.36) that are of the form

F(z) = Ad(H(2), (1.39)

where H(z) satisfies the Bernoulli or Riccati equation, M is a positive integer that
can be determined by balancing procedure and Ag,--- , Aj; are parameters to be

determined.

The solution of Bernoulli Equation (1.38) that we will use here is given by

B coshla(z + C)] + sinh[a(z 4+ C)]
H(z) = a{ 1 — beosh[a(z + C)] — bsinh[a(z + C)] }’ (1.40)

where C' is a constant of integration. For the Riccati equation (1.37), the solutions

to be used are

H(z) = L itanh [—0(2 + C)} (1.41)
and

sech (%Z)

> + C cosh (%) — %asinh (%z) (1.42)

b 0 1
H(z) = —— — — tanh (—02
2a  2a 2

with 6 = v/b?> — 4ac and C' is a constant of integration.

1.7 Concluding remarks

In this chapter we presented a brief introduction to Lie group analysis and conser-
vation laws of partial differential equations and gave some results which will be used
throughout this research project. In addition, we presented algorithms of various

methods that are used to find exact solutions of partial differential equations.

15



Chapter 2

On the solutions of a
(3 4+ 1)-dimensional KP-like

equation

In the last few decades, nonlinear evolution equations (NLEEs) have been widely
used as models to describe physical phenomena in various fields of sciences, partic-
ularly in plasma physics, plasma, dynamics, and other areas of nonlinear science.
Due to the great role played by these equations, it is therefore crucial to search for
exact solutions to these NLEEs. Finding closed-form solutions to these equations
is a very difficult task. It is for this reason, that leads to the utilization of a variety
of powerful and effective methods to obtain exact solutions of NLEEs. Some of the
methods found in the literature include the Hirota’s bilinear method [39], Jacobi
elliptic function expansion method [40], Darboux transformation method [41], the

Tanh and Sine-Cosine method [42] and the classical symmetry method [8,10,43].

16



In the study of nonlinear evolution equations, the Kadomtsev-Petviashvili (KP) is
one of the equations that attracted several researchers. This equation accounts for
various interesting waves in nonlinear science, see [37] and references therein. It
is worth mentioning that the extension of the Kadomtsev-Petviashvili(KP) leads
to the well known B-type Kadomtsev-Petviashvili (BKP), where the t,,,, term is
replaced by g,y [37]. Since NLEEs provide a lot of information in nonlinear fields,
this resulted in the derivation of a new (3 + 1)-dimensional KP-like equation [37]

namely,
O Uty + Uy + Uy — B Upgzy — 3 (Ugg Uy + Uplyy) + Y Uy = 0. (2.1)

Here 9, i1, o, 8 and v are arbitrary parameters.
The results of this chapter have been accepted for publication [38].

Motivated by the results in [44-46], the authors in [37] studied equation (2.1).
They searched for versions of resonant phenomena as much as they could. Since
the equation under study is new, a lot of information about the equation is not yet

known in literature.

Thus the authors in [37] are the first ones to study this (3 4 1)-dimensional KP-
like equation. They obtained new and generalized resonant multi-soliton solutions.
Although authors in [37] have given an effort to solve this nonlinear evolution equa-
tion, there is no unified method. See for example [47-49] and references therein.
To the best of our knowledge, this is the first time that the Lie symmetry method
is being applied to search for exact solutions to the equation under study. It is
also worth mentioning that, this is the first time that the conservation laws for the
equation under study are being derived. It should also be noted that the methods
applied in this thesis give unique solution sets from the newly reported solutions
and it is worth asserting that the method employed in [37], cannot be used to

construct conservation laws.
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This chapter is structured in two fold. Firstly, we search for the admitted point
symmetries of a (3 + 1)-dimensional KP-like equation (2.1). Then we perform
the similarity reductions and construct solutions of the underlying equation. In

addition, we will derive the low-order conserved vectors of equation (2.1).

2.1 Lie point symmetries

This section searches for the admitted symmetry generators for equation (2.1).

Consider the vector field of the form

0 0
_ a9 00
X =< 3t+£ ox

0 0 0
3 7 4 7 s
Tty g,

where the coefficients of the partial derivatives are functions of ¢, z, y, 2 and u. The
extension of the vector field X to pr® X and acting on equation (2.1), leads to an
overdetermined system of partial differential equations. On solving the resulting
system of equations with the aid of Maple package, one obtains the following nine

Lie point symmetries:

0 8 0 0 0
X, = 2.x — L Xy =F () L Xs=Fy(t) —
T T o gz = h1(2) G X =12 8) 5
0 0 0 0 0
Xg = — —_ —_ —_ —_
6 Z%ay—l—wa 35zax+3ayay+3azaz+a7yau,
Xs = 9 t2+(3 —35)3+( ~3 )2
s = Yatm, ax 2) 5o+ (ary —3au) =,
0 0 0 0 0
Xy = —3at 2 < i g <.
9 3o at+35zax—|—3,uzay+3ozzaz—l—%uzau

Case 1. The addition of the scaling symmetries, namely X;,7X5 and X3 and

solving the resulting Lagrange equations, gives four invariants, viz.,
f:y7 g:t—Z, h:x—TZ, ¢:u7 (22)

where 7 is a travelling wave constant.
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The substitution of the above similarity transformation into equation (2.1) gives

—QT Ggh + Y Ohh — 3 Opn — 3O G + 1 Dpg — B Oprnn + 0 Pgp — v pgg = 0,(2.3)

where ¢ is a function of (f,g,h). Solving equation (2.3) and making use of the

invariants (2.2), we conclude that the group-invariant solution of equation (2.1) is

dey — O)(t—
u(t,z,y,z) = 2fc4 tanh (y@ + (0cs = aTey —1—2,152 +O)(t=>) +(xr—72)cs + c1>

+C5, (24)

where ¢y, ¢9, 3, €4, c5 are constants and

0= \/0427'2(3421 — 16a8caci — 2apuTegcy — 20073 + p2ck + 20pucacy + daryc? + 62c;.

The associated profile solution of equation (2.4) is given by figure 2.1.
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Figure 2.1: Evolution of travelling wave solution (2.4) fory =1,z =1,a=1,5 =

—1, = 1,6 = 0.0001, v = 0.001,7 = 0.0001, c; = 10, ¢ = 5, cs = 20, c5 = 20.

Case 2.

We now choose symmetry Xg and solve the characteristics equation to get the

following four invariants

The insertion of these invariants into equation (2.1) and solving the resulting partial

deferential equation, yields

1
u(taxvya Z) :(p<z7x)+w(t7 —(X$+6Z)+§’}/y (25)
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as the group-invariant solution of equation (2.1).
Case 3.

We now take the symmetry combination of eXs and Xy, and get

as the invariants. Making use of these invariants, equation (2.1) reduces to

HOen + gy = 0. (2.6)

Solving equation (2.6) and reverting back into the original variables, we conclude

that the group-invariant solution of equation (2.1) is

ep (z,y) + e (t,—ay+pz) + P (2)
€

u(t,z,y,z) = (2.7)

Case 4.

Invoking the combination of X5 and Xg, leads to the following invariants

1 1
f=z g=t, h:x—y—gvy, ¢:u—§7y-

Employing these similarity transformations into equation (2.1), the group-invariant

solution of equation (2.1) is

t = 2 { h + -+ — Yy — = +
U( ,IL‘,y,Z) 604 al (ZCQ i c 350 3c x Yy 3 YY) Ca C1

1
o5+ 37, (2.8)

and the associated profile solution is given in figure 2.2.
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Figure 2.2: Evolution of travelling wave solution (2.10) fory =1,z =1,a =1, =

—1,p=1,=0.01,y=1,c1 = 10,c0 = 5,¢4 = 20, c5 = 20.

2.2 Conservation laws

This section is devoted to the derivation of low-order conservation laws of equation
(2.1) via the multiplier approach [43]. Conservation laws are of great significance for
NLEEs because they provide an insight into integrability and also provide physical
meaning of the problem. The multiplier approach searches for local conservation

laws. A local conservation law is a continuity equation

DT + D, T*D,T° + D,T* =0 (2.9)
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that holds for all solutions of equation (2.1). T is a conserved density while T2, T
and T* denote spatial fluxes. T%(i = 1,2,3,4) are functions of ¢, z,y,z,u and
derivatives of u. The second-order multipliers A of equation (2.1) are determined

by invoking the Euler Lagrange operator [8,10] on equation (2.1) and getting
)

E(A) (5 Ut + [ Uy + QU — B Uggzy — 3 (Uge Uy + Uglyy) + vum) = 0. (2.10)
Solving the above equation prompts this proposition.

Proposition. The (3 + 1)-dimensional KP-like equation (2.1) admits the second
order multiplier of the form

A= u,Ci+F(zy)+Ft—ay+pz). (2.11)

Remark 1. It is overwhelming that although we searched for multipliers of sec-
ond order, our computations depicted multipliers of first order (2.11) as if we

constructed first order multipliers. This is something very astonishing.

Thus corresponding to the above multiplier we derive the following low-order con-

served vectors:

1 1 1 1 1 1
Tf = -7 OUl gy — 1 MU gy — 1 QU g, + 1 QU U, + 1 MU Uy + 1 5ui,
1 3 1 3 5 1
T = 5 yu2 — 3 uiuy ~3 B Ugzztly + 3 By Uy — 3 By Uggy + 1 OUlUyy + 3 LUy

1
+§ QU + Z 6utuz - g Buumczyv

1 1 1 1 1 1
1 1
T = — 7 QU + 7 Qs
X 1 1 1 1
T2 = —§auD1F(Z,y)—§MUD2F(Z,y)—|—§OéUZF<Z7y)+§MUyF(Z,y)

1
+§ 5u$F (27 y) )
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3 3 9 1
T22 - ZuuwDQF (27y> + ZuuacyF <Z7y) - Zu:cuyF (Zay) + Zﬂu;mDQF (z,y)

1 3
+7umF (27 y) + 5 6utF (Zv y) - 4_1 5uxmyF (Z, y) )

3 3 1 1
1
Tf = L awF (=)
. 1 1 1
T, = éauzF(t,—aynLuz)—ir§uuyF(t,—ay+uz)+éduxF(t,—ay—iruz),

3 9
T? = ZuuxyF(t, —qy+pz)— ZuxuyF(t, —ay+pz)+yu, F(t,—ay+ puz)

1 3 3
+§5utF(t, —ay+pz)— ZﬁumyF(t, —ay+pz)— ZauungF(t,—ay—i-uz)

—iaﬂungF(t,—ay%—uz)—%(5UD1F(t,—ay~l—uz),

T = —%,uuDlF(t,—ozy—l—,uz)—ZuiF(t,—ay+uz)—ZuumF(t,—ozy—i-,uz)
—iﬁumxxF(t,—ay—l—uz)%—%uutF(zﬁ,—ay+uz),

T} = —%auDlF(t,—aquuz)—k%autF(t,—ay—kuz).

Remark 2. Based on the confounding results from the aforementioned propo-
sition, we conclude that both first and second order multipliers of a (3 + 1)-
dimensional KP-like equation (2.1) are identical and hence yield identical conser-
vation laws, where (D;, D) represent the differentiation of the arbitrary functions

with respect to their first and second arguments respectively.

2.3 Conclusions

In this chapter, we constructed solutions of a (3+ 1)-dimensional KP-like equation,
which arises in the analysis of versions of resonant phenomena. In addition, we
derived the conserved vectors of the underlying equation. It is shown that it is

possible that one equation can have identical multipliers, although their orders
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are distinct and hence resulting in identical conservation laws. We have excluded
the zeroth order multipliers, as it is distinct from the first and the second-order
multipliers. It remains to be thoroughly investigated whether all the multipliers
of a (3 + 1)-dimensional KP-like equation are identical or not. However, this will
be reported elsewhere. Although authors in [37] have given an effort to solve the
nonlinear evolution equation, there is no unified method. To the author’s best
ability, this is the first time that the symmetry method is being applied to search
for exact solutions of the equation under study. It is also worth mentioning that,
this is the first time that the conservation laws for the equation are derived. It
should also be noted that the methods applied in this thesis give unique solution
sets from the new reported solutions [37]. Furthermore, future work will be devoted
to studying the ansatz methods mentioned in [50,51,53] and applying them to the

underlying equation.
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Chapter 3

Soliton solutions and other

analytical solutions of a
(34 1)-dimensional KP like

equation

Recently, many research activities on solitary waves theory, predominantly on in-
tegrable systems, have attracted a lot of researchers. This is due to the fact that
solitary waves theory has found a lot of applications in many areas of nonlinear
sciences, such as engineering, plasma physics, biology and other fields of mathe-
matical physics. In the past decade, researchers have confined their application of
solitary waves theory to (14 1) and (2 + 1)-dimensional equations [13]. However,
it was later found that solitary waves theory plays a significant role in the study of
higher dimensional integrable equations. It is this reason, that motivated authors

in [37] to establish a (3 + 1)-dimensional KP like equation given by

Q Uty — /Buxwxy -3 (uxx uy + Uy ua:y) + Y (uzx + ua:y + u:cz) = 07 (31)
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where (a, 8,7) are arbitrary parameters.
The results of this chapter have been accepted for publication [52].

Authors in [37] used the simplified linear superposition principle to derive resonant
multi-soliton solution of equation (3.1). It can easily be noticed that equation (3.1)
is a natural extension of the famous B-type Kadomtsev-Petviashvili (BKP) equa-
tion [37] and references therein. To the best of our knowledge, topological soliton
solutions, singular and periodic solutions and point symmetries of the aforesaid

equation have not be reported in the literature.

The objectives of this work is two fold. Firstly, we will implement the ansatz
methods so as to derive topological soliton solutions. Furthermore, we will employ
the Tan-Cot method to attain singular and periodic solutions. In addition, the
symmetry method will be invoked to obtain some other analytical solutions and

lastly construct some low-order conservation laws via the multiplier approach.

3.1 Soliton solutions

This section aims to compute topological 1-soliton solution of equation (3.1). This
will be attained via a hypothesis method. In order to search for dark soliton

solutions or shock waves or kinks, we begin our hypothesis [13,54-56] in the form

of
u(t, z,y,z) = Atanh? 7, (3.2)

where the wave variable 7 is defined by 7 = nx + dy + pz — vt while 1,6 and ¢
are unknown free parameters representing the inverse width of the wave. v is the

velocity of the soliton and p is a positive exponent that will be determined.
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The hypothesis (3.2) yields

Uy Ugy

Uy Ugey

Ugzry

Anp(tanh?~' 7 — tanh? ™ 1), (3.3)
A2 p(p + 1) tanh?*> 7 + An? p(p — 1) tanh? 2 7 — 2A ? p? tanh? 7, (3.4)
Andp(p+ 1) tanh?™* 7 4 Andp(p — 1) tanh? 2 7 — 2\ 7 0 p® tanh? 7, (3.5)
Anep(p+1)tanh?™ 7 + Anep(p — 1) tanh? > 7 — 2An p p? tanh? 7, (3.6)
~Apvp(p+1)tanh?*? 7 — Xpvp(p — 1) tanh? > 7 4 2\ o v p? tanh? 7, (3.7)
Adptanh? ' 7 — A d ptanh? ™ 7, (3.8)
— M2 0 p*(p+ 1) tanh® ™ 7 + A2 9? §p*(p — 1) tanh® 3 7

+X2 026 p*(3p + 1) tanh® ™ 7 — A2 9? §p*(3p — 1) tanh® ' 7, (3.9)
N2 5 p*(p 4+ 1) tanh® ™ 7 + X202 §p?(p — 1) tanh® 3 7

+X2 026 p*(3p + 1) tanh® ™ 7 — A2 §p*(3p — 1) tanh* ' 7, (3.10)

AP p(p+3)(p+2)(p+ 1) tanh?™ 7 £ Xn* S p(p — 1)(p — 2)(p — 3) tanh?~* 7
—AX3 S p(p + 1)(p* 4 2p + 2) tanh? ™2 7 — 4 A3 6 p(p — 1)(p® — 2p + 2) tanh? > 7

+2A7° §p*(3p® + 5) tanh? 7. (3.11)

The subustition of equations (3.3)-(3.11) into equation (3.1), gives

=A% 8 Bp(p+ 3)(p+2)(p + 1) tanh”* 7 — An* 6 Bp(p — 1)(p — 2)(p — 3) tanh” * 7

+ARP B +2p+2) —apv+yn(n+5+ @) Ap(p+ 1) tanh”?

+An*6B(p* —2p+2) —apv+yn(n+ 5+ @)Ap(p — 1) tanh? > 7

+6 X202 6p*(p + 1) tanh® ™ 7 — 6 A2 ? §p*(p — 1) tanh® > 1

—6 22 7? 6p*(3p + 1) tanh® ™ 7 + 6 A2 1? 6p?(3p — 1) tanh® ' 7

+2(a v — 1?6 B(3p* +5) — yn(n+ 0 + ¢)) tanh” 7 = 0. (3.12)

To seek for the smallest positive integer p, we equate the highest linear term in

tanh with the least nonlinear term in tanh 7.
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hp+4 h2p+3

This can be achieved by equating powers tan 7 and tan 7, to get

p+4=2p+3,

therefore p = 1. Substituting p = 1 into the powers of tanh 7 only, equation (3.12)

reduces to

=An* 6 Bp(p +3)(p +2)(p + 1) tanh” 7 — A6 Bp(p — 1)(p — 2)(p — 3) tanh ™ 7
+AP O B(p° +2p+2) —apv+yn(n+ 6+ ¢)Ap(p+ 1) tanh® 7

+An* 0 B(p* —2p+2) —apv+yn(n+ 6+ @) Ap(p — 1) tanh ™ 7

+6 X202 6p*(p + 1) tanh® 7 — 6 A* n* dp*(p — 1) tanh ™' 7

—6 22 7? 6p*(3p + 1) tanh® 7 4 6 A2 ? 5p*(3p — 1) tanh' 7

+2(apv —1* 6 B(3p* +5) — yn(n+ 3 + ¢)) tanh T = 0. (3.13)

Splitting equation (3.13) with respect to the powers of tanh7 and simplifying,

yields
2
yo Pt2)p+3)6y (3.14)
6p
and
—3B0n? 3 2)(3p—1) — 2p(3p* +5 4]
, = =380 ((p+3)(p +2)Bp — 1) = 2p(3p* +5))  yn(n+0+¢) (3.15)
Gpag ap
Setting p = 1 into (3.14) and (3.15), we obtain
A =20n (3.16)
and
) — 4B6m?
_ o +0+¢) — 465 (3.17)
ap
Consequently, the dark (optical) soliton solution for equation (3.1) is
0 t—4B6n%t
u:2ﬁntanh<nx+5y+@z—vn(n+ +;030 o ) (3.18)
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Remark 1. We observe that equation (3.1) admits an optical or shock wave
soliton solution if and only if av¢p # 0. To the best of our knowledge, this crucial
observation is reported here for the first time. This observation cannot be found
anywhere in the literature. We now present the profile solution of equation (3.18)

subject to some choice of the arbitrary parameters.

Figure 3.1: Kink shape soliton profile of (3.18) corresponding ton =1, = 1,0 =

0.0l,y=01,a=01,8=1t=12=1.

In a like manner, we can derive the singular kink solution in the form

n(n+0+)t—4p80n°t
ap '

u:Zﬁncoth(naH—cSy—l—goz— (3.19)

Remark 2. It is worth noting that a singular kink soliton solution does exists for

30



equation (3.1). However, this singular kink soliton solution can only exist provided
that the product of o and ¢ is not zero. This is a very remarkable observation
that is being mentioned here for the first time. Figure 3.2 below, gives a graphical

presentation of solution (3.19) with respect to some choice of arbitrary constants.

Figure 3.2: Singular kink shape soliton profile of (3.19) with n = 1,9 = 1,6 =

0.0l,y=01,a=01,8=1t=12=1.
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3.2 Periodic solutions

In this section, we will implement the Tan-Cot ansatz method to derive periodic

solutions of equation (3.1). The starting hypothesis is of the form
u(z,y,z,t) = A tan T, (3.20)

where the wave variable 7 is defined as 7 = nx + dy + ¢z — vt. Proceeding as before

and simplify, we obtain the amplitude and velocity of the wave as

A= —20n, (3.21)
and
3
y = Y1+ 0+ ) + 4bon” (3.22)
ap
respectively.

This in turn gives the periodic solution of equation (3.1) as

mn+6+p)t+4p5n%
ap '

u=—25ntan(nx+5y+gpz— (3.23)
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The graphical representation of solution (3.23) is presented in figure 3.3 below.

X

Figure 3.3: Periodic profile of solution (3.23) for n = 1, = 1,6 = 0.01,y =
01,a=01,8=1,t=1,2=1.

Without loss of generality, the singular solution of equation (3.1) is

777(77+5+g0)t+4ﬁ6773t). (3.24)

u=2pn cot (nx+5y+<,oz—
ap
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The profile of solution (3.24) is presented in figure 3.4 subject to the choice of

arbitrary parameters.

X

Figure 3.4: Periodic profile of solution (3.24) for n = 1,9 = 1,6 = 0.01,7 =
0.1,a=01,8=1,t=1,2=1.

Remark 3. A commendable observation indicates that periodic solutions do ex-
ist for equation (3.1). However, the existence of these solutions implies that the
product of the parameters o and ¢ (ap # 0). To the authors knowledge, this

outstanding observation is testified for the first time here.
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3.3 Group invariant solutions

In order to derive group-invariant solutions of equation (3.1), one needs to obtain
the admitted generators of equation (3.1). This is attained by considering the
vector field of the form

+£3a

0
2_ J— J—

0
X=&g ox

o (3.25)

where £(i = 1,2, 3) and n are functions of (¢, x,y, z). Applying the fourth extension
of equation (3.25) to equation (3.1) and solving the resulting system of linear partial
differential equations, we conclude that equation (3.1) admits infinitely many point

symmetries spanned by

o o P B P B P
X, = 2 x,=2x=2 X,=F () L Xs=F(t) L Xg=32 442
! g0 2= g 8= g Xa= i) 5 X = B (1) 5 X S, T du
B B B B B B B
Xo = ottt 0L Xy =3at 2 g 9 9
1= ol Tty T sy As = dal g A Syt gl ey 5o oy 50

0 0 0
Xy = 9at— e ~ 3au) =,
0 9ot T + (3ax + 671) 5 + 2oy + ayy — 3au) 5

In the theory of Lie symmetry analysis [8-10], it is well-known that a combination of
symmetries will always remain symmetries of the problem at hand. Thus, invoking
the linear combination of X;, X5 and X3, and solving the associated Lagrange

system, one obtains the four invariants, viz.,
f=vy, g=t—2, h=x—2 ¢=u.

Using these invariants together with equation (3.1) and treating ¢ as function of

(f,g,h), we get

3 Opn + 305 Onn — Y Opn + B Ppnnn + ¢ Pgg + 7 Ogn + g, = 0.
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This in turn gives the group-invariant solution of equation (3.1) as

(ves +acy — Q) (t— 2)
20

u = 2f¢, tanh (ycz + +(x—2)cs + cl) +c5, (3.26)

where

0= \/azci — 16afcaci + daycacy + ayct + y2c3

and ¢; are constants. The graphically representation of this solution is given in

figure 3.5.

Figure 3.5: Anti-kink shape soliton profile of (3.26) for the valuesy =1,z = 1, =
1,B=—1,1=1,8 = 0.001,7 = 0.0001, ¢; = 10, ¢y = 5, ¢4 = 20, c5 = 20.
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We now make use of the generator Xg, which yields the following similarity vari-

ables

1
f=x, g=z h=t ¢=u—;vy.

3
Consequently, equation (3.1) reduces to
7¢fg +Q¢gh =0.
Thus, we get
1
u=F(t,x)+ F (2, —az +~t) + 37 (3.27)

as the group-invariant solution of equation (3.1) where F; are arbitrary elements

with respect to their arguments.

Thirdly, we employ linear combination of X5 and X, which leads to four invariants,

namely

which transform equation(3.1) into
Ggn =0,
and the resulting group-invariant solution of equation (3.1) is
u=xF;3(t)+ Fy(y,t) + F5 (y, 2) , (3.28)

with F; being arbitrary functions with respect to their arguments.

Lastly, we consider the symmetry combination of X, and Xg and get the following

four invariants:

=2 g=t h=x—-y—zvy o¢o=u-— vy,
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which in turn reduce equation (3.1) into

67 On drh — ¥ G + BY Ghinn + 3 dpg + 37 Gpn + 18 dpn — 37 Sui, + 3 B s, = 0,

and the associated solution of equation (3.1) is

2¢y — ABye3 — 12B¢3 — 3vey + 3vey) te 1
(voea — 4By Bei — 3vea + 3yca) 4 T—y—=vy)ata
3oy 3

u = 20cytanh <zcz—|—

1
+c5 + 3 (3.29)

The corresponding profile representation of solution (3.29) is given in figure 3.6.

-5

Figure 3.6: Anti-kink shape soliton profile of (3.29) for the valuesy =1,z = 1,a =
1,8=—-1,v=1,c1 = 10,¢c2 = 5,¢c4 = 20, c5 = 20.
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3.4 Local conservation laws

This section is devoted to the construction of low-order conservation laws of equa-
tion (3.1). This will be achieved via the multiplier method [16]. In order to derive
the multiplier for equation (3.1), one needs to solve the resulting system of linear

differential equations that arise from the expansion of

I(AE)
=0 3.30
5'1,[, J ( )
where % is the Euler Lagrange operator, A denotes the multiplier function which in

this context is assumed to be of order zero and F represents equation (3.1) [10,22].

The analysis of equation (3.30) prompts the following lemma.

Lemma 1. Let A be a zeroth order conservation law multiplier, then a (3 + 1)-

dimensional novel KP like equation admits infinitely many zeroth-order multipliers

of the form
A = Cuu,+F(y,2)+G(ty),

where F' and G are arbitrary functions with respect to their arguments.
Proof. A straightforward but lengthy computation from %(AE) =0. U

Remark 4. It is worth pointing out that a (3 + 1)-dimensional KP like equation
admits identical zeroth-order, first-order and second-order multipliers. This is a
commendable observation which is mentioned here for the first time. In general,
if one increases the order of the multiplier, then one aims to get higher-order
multipliers which in turn leads to higher order conservation laws, but this is not

the case with a (3 + 1)-dimensional KP like equation.

Without loss of generality, we now give the corresponding conserved vectors asso-

ciated with the above multiplier, namely
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1

2 2 8

1

3 1 3 ) 1
P ”)/'U,i -5 uiuy - g /B umruy _'_ g Buxzuxy -3 /Bumuxxy + - f)/uuxy +

4

1 1
+— YUzU, + - YUU + - auug, + Z 5utu:c - g ﬁuuxx:cya

4 4 2

4

1 1 1 1 1 1
1, 1 1 Ll
— YU, — = YUUgr — - QAUUty — QULU,

_%a(uDzF(z,y)—F(zay)Uz)a

4

3 1 1
YUy 2Y) — — uwacy Z2,Y) — Z57ul/y Z2,Y) — zyu Y 2
F90F (2,9) 3 Bteny F (2,9) = 570D F (5,9) = 5 70Dy F (2,9)

1 1
5 YU E (Y, 2) + 5 yuaF(y, 2),
3, 3 1

1 1

::-lauZG(uy),

2

3 9
7 Wtlay G(t,y) — 7 Uty G(t,y) +yu. G(t,y) —

2
1
_Z aﬂuxz Dy G (ta y) 3

1 1

2

1 1 1
= —§athG(t,y)+EvuxG(t,yH—autG(t,y

2

40

1
5 ’}/UxF (Za y) ;
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3.5 Conclusions

In this chapter we obtained topological soliton solutions and periodic solutions of a
(34 1)-dimensional KP like equation. In addition, other analytical solutions based
on Lie symmetry method have been attained. Furthermore, conservation laws of
the aforesaid equation were derived by using the multiplier method. The correct-
ness of the obtained solutions have been verified with Maple software package by
back substitution. It is anticipated that the solutions obtained here can be used

as benchmarks against the numerical simulations of the underlying equation.
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Chapter 4

A generalized (2 + 1)-dimensional
Bogoyavlenskii-Kadomtsev-
Petviashvili (BKP) equation:
Multiple exp-function algorithm:;
Conservation Laws; Similarity

Solutions

In the recent decades with the precipitous developments in nonlinear science, exact
solutions of nonlinear partial differential equations have stimulated huge activity

among many scientists and engineers [43, 57-83].

Nonlinear partial differential equations [43,57-73,76-83] model a plethora of non-
linear phenomena. Such phenomena arise in oceanography, aerospace industry,

meteorology, nonlinear mechanics, population ecology, biology, fluid mechanics,
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plasma physics to mention but a few.

In the reflection of understanding these physical phenomena, it is of gigantic signif-
icance that one has to solve these mathematical models that regulate them. How-
ever, it is well-known that there is no orderly method that exists for assembling
closed-form solutions to nonlinear partial differential equations. Notwithstanding
this fact, scientists have devised numerous efficient procedures in finding practical

special solutions to these equations.

A (2 + 1)-dimensional Bogoyavlenskii-Kadomtsev—Petviashvili (BKP) equation
Ugpt + Uggzzy + 12UgpUsy + SUgUszy + Flgratly = Uyyy (4.1)

is a leeway of the Bogoyavlenskii-Schiff equation and Kadomtsev-Petviashvili equa-
tion [85-87]. This equation can be employed as a model for evolutionary shallow
water waves [85]. The BKP equation is representative of the higher dimensional
KP hierarchy and has been assessed in the preceding literature [85-87]. In [86],
this equation was obtained by a reduction for the well-known three-dimensional
Kadomtsev-Petviashvili equation [87] which describes the dissemination of nonlin-
ear waves in plasmas and fluid dynamics. In this chapter, we will investigate a

generalized BKP equation

Ugqt + Ugzrry + /Bur;ruxy + QU Ugay + 5u;rxxuy = Uyyy- (42)

The results of this chapter have been published in [84].

4.1 Multiple exp-function method

The multiple exp-function algorithm is autonomous in erecting bilinear forms. It
commences that the multisoliton solutions can be conveyed as polynomials of ex-

ponential functions. The multiple exp-function algorithm, is basically a generaliza-
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tion of Hirota’s perturbation scheme. Furthermore, the ensuing solutions contain

generic phase shifts and wave frequencies.

4.1.1 Application of the multiple exp-function method to
(4.2)

This subsection aims to apply the multiple exp-function method to solve equa-
tion (4.2) and hence obtain one-wave, two-wave and three-wave solutions of the

aforesaid equation.

In order to obtain the one-wave solution, the starting hypothesis is of the form

p

u(z,y,t) = e (4.3)

where
p=Ap+ Aehrrhvet (4.4a)
q = By + Byehethvment, (4.4b)

Substituting equations (4.4) into equation (4.3) and thereafter inserting the result-

ing equation into equation (4.2) and solving the resulting systems of equations, we

get
0A — 12k,

= 4.
12k,

= 4.
I (k=12

Wy = % (4.7)
1

Thus, the one-wave solution of equation (4.2) is given by equation (4.3) together

with equations (4.5)—(4.7).

For the two-wave solutions the hypothesis is

_P
u(z,y,t) = 7 (4.8)
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where

p = 2kyefrethy=wt g g ghaatlay—wat 4 9 Ao (kg + ky) efrothy—wrtghaatlay—wat

q= 1 +ek1(£+lly—w1t +€k2w+l2y—w2t +A12€k1m+l1y_wltek2w+l2y_w2t.

By following the same procedure as above, we obtain the following two cases for

two-wave solutions of equation (4.2)

Case I:
u(z,y,t) = g,
a =4,
p =6,
§=2,
kR — 2k3K3 kIR RS — 2k kolily 4+ K3
TR E2 4 2k3K3 + K2k + K22 — 2kikolyly + K22
(k= 1)
1= k—%a
I (k& — 12
oy = 2 ( 2 : 2);
Case 1I:
uwyt) =
. _ Bkik3 — 3KkPkj — 3KPI3 + 3317
K2k2 (ky — ko) (k1 + ko)
B =6,
5— 3kiks — 3k?k3 + 3k313 — 3k313
k2k2 (ky — ko) (k1 + ko)
Ao Kl 20kaly — 3KPholy — 3kik3h + 2kak3la + K3l
T B3l + 2k2kaly + 3k2kaly + ki k21, + 2ki K21y + K31y
L(k — 1)
wr = k—%a
I (k4 — 12
oy = 2 ( 2 : 2)
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In the case of three-wave solutions the hypothesis is

p
U(ZL’, Y, t) = (49)
q
where
p = 2 kle*w1t+klx+lly + 2 kZG*LUQtJeraH»le + 2 k3€7w3t+k3x+13y
42 Ay (ky + k) eIzt gmwrtthaatloy | 9 A L (f 4 fo) emerttRiathy gmwst+ksaty
+2 Agg (ky + kg) et Fhovtlzy gwstihortlay
+2 A12A13A23 (kl + k2 + ]{33) e—w1t+k1a:+l1y6—w2t+k2x+12ye—w3t+k3x+13y7
q = 14ewtthiothy | gmwtthathy | omwstthsrtlsy 4 g, emwitthethygmwtthartly

+A13€—w1t+k‘1x+yl1 e—tw3+xk3+yl3 + Azge—th+xk2+yl2e—tW3+xk3+yl3

+A12A13A236—w1t+k11‘+yl1e—twg-‘y-a:kg-‘rylz6—tw3+a¢/€3+yl3’

Following the same procedure as above, we obtain the following three-wave solu-

tions of equation (4.2) as

b
Um;yﬂf =
(z,y,t) .
a =4,
p =6,
:27

kR - 2k3k3 R3S K23 — 2kikolyly + K312
kRS + 2K5KS + kIkS + k33 — 2k kolyly + K212
kM2 - 2k3ED K3k K22 — 2k ksl Iy + K22
BT k2 4 2K3E3 + K2k + K212 — 2k kgl ls + K202
 K3K3 — 2Kk3K3 + K3k + K33 — 2kokylaly + K313

A12

A5 = TR Rk 3K + K — 2hokoboly + KB
4 72

wy = %7

y l<’fk_—l>
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4.2 Conserved currents

This segment explores local conserved currents of a generalized (24 1)-dimensional
Bogoyavlenskii-Kadomtsev-Petviashvili (BKP) equation (4.2). Consider a partial
differential equation E = 0, with three independent variables (¢,z,y) and one
dependent field variable u. Given T' = (T, T, T¥) such that the divergence 9,7" +
0, T* + 0,TY = 0, then (T*,T*,TY) arc referred to as conserved currents and the
divergence equation 9,1 + 9,T* 4+ 9,TY = 0 is referred to as local conservation
laws. It should be distinguished that (T, 7%, TY) are functions of the temporal

variable, spatial variables, field variable and the derivatives of the field variable.

We now recall that if the divergence equation 9,17 + 9,7* + 9,77, holds for all
solutions of F = 0, then there exists a function A called the multiplier such that
AE = 0,T"4+0,T*+0,T?. The function A depends on (¢, x,y, u) and the derivatives
of the field variable. The exact value of the function A is derived from ¢,(AE) = 0,
where ¢, is the Euler-Lagrange operator. Without loss of generality, we can now

state the theorem below.

Theorem 4.1. A generalized (2 + 1)-dimesional Bogoyavlenskii-Kadomtsev-

Petviashvili equation (4.2) establishes the second order multiplier of the form

PO +26M +2K 1))  y°L()
2 2

A:ucl+x +yM (t) + N (1)

fora=p-9.
Proof. A straight forward but lengthy computation from €,(AF) = 0. O

Theorem 4.2. A generalized (2+1)-dimesional Bogoyavlenskii-Kadomtsev-Petviashvili
equation (4.2) admits a set of conserved currents associated with the first-order

multiplier, namely

u: wuzw
o=
1 6 + 3 7
. Uy 0 ((A0Uztyy + 3DUspty) 0 + 36Usppay + 30ui) u Suuy, §
=y 45 I
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15w + 2TUpgy) Uz UggrU 2Upp Uy
y y y

45 5 5
(T T— N (30Uppzd 4 18Upape — WUy U U5 Uplpye U N u?,
9 90 9 5 2 110"
6 )

U — U 1 uU DU U 12u
a F' (t - —— Y 1 2L, Y+ ) o F (t
( 5 )y ()+6(( ) + 2y Uyy + ) ) + 5 ):c (1)

()1 Wyt
y T ) 3 (®) + 6 ((uumy — 2uguy) yo — ylé = yue — (Ut +u3) m)
62Uy, U0 Uy

5 3 57

((uugcm + Uy ) 6 + S22z — Gruy, — (U, + u2) y?6 — Gyz%) F(t)

12
+ (zyuy — ug) F (1)
3 )
2y (“=2e) G (1) 1 Ul DUzt 12zu
- _ TT 9 R zx Uy 5 TTTY G (¢
3 *3 g ety t T JROE Ty (®)
—I—xutT() + 3 ((uuxy — 2u,uy,) yd — % — yuy — (Utlgy +u2) 26 — m;

UULO  2Upy

3 5

((uumx + Uty ) O + 6“% — 62Uy, — (Vg + u2) yd — 6‘””% + 6xuy) G (t)

G ;
Yy (Up — XUz ) K (1)

5 ;
(2= B ) (i = Ay = S — 222 ) ke )
_%WxTK(t) + é ((—2uuwy + duguy) § + 187“;”3’ + 2ut> :

((uumm + 3Uplpe) TO — Ulgyd — U0 — (6uyy — 6"””) T — 6”“””) K (t)

xT

6 ;
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Vg, L (t)

Tt = 2 E
L 6 )
;= -5 (Qyux L' (1) = (Wt + 4uptiyy + Suppty) yo — % _ 4yum> y
33 ((2uuw +2u2) 6 + UT> L(t),
v ((uttges + Buguyy) 6 + S22z — Guy, ) y? + 12u,, — 12u) L (t)
L 12 )
Ty = A (®) - = (uumy — dugug, — 5umuy) Yo — S2YUagay Ay,
3 6 5)
1 6 T
o ( (s +u2) 6+ 225 ) M (1),
6 5)
M 5 :
Uzz N (1)
Tt — R AW
N 3 )
re U N'(1) ((uumy — Aty — Bliggtry) 6 — 22 — 4%) N (1)
N = 3 : :
v ((BUUgzz + 15ULULs) O + OUggzzy — 30Uy, ) N (1)
N T :

30

Proof. It can easily be shown that after some dreary but straight forward manip-
ulation, the divergence equation 9,7 + 9,T% + 9, T = 0, holds for all solutions of
a generalized (2 + 1)-dimesional Bogoyavlenskii-Kadomtsev-Petviashvili equation

(4.2).

Remark 1. We succinctly discuss the significance and physical illumination that
ascends from the computed conservation laws. Conservation laws reside in enor-

mously crucial areas both at the foundations of nonlinear science and in its appli-
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cations. Mathematical expressions of physical laws, such as conservation of energy,
momentum and mass are fundamentally conservation laws. Imperative physical
information about the complex behaviour in non-linear systems is confined in con-
servation laws. The arbitrary functions in the multipliers lead to an infinitely many

conservation laws.

4.3 Symmetry analysis of (4.2)

This section utilizes the Lie symmetry method to develop the generators of equa-
tion (4.2) and thereafter, utilize them to derive exact solutions of equation (4.2).

Counsider the vector field of the form

0 0 50 0

_ 1 3 7 .
X = T80 758, T ae

where (&%, n) for (i = 1,2,3) are functions of (¢, z,y,u). Applying the fifth prolon-
gation pr® X to equation (4.2), expanding and thereafter splitting the monomials
leads to a linear overdetermined system partial differential equations. The integra-

tion of this system leads to the following symmetry generators:

:2 ng—xﬁ—ng—éltg—i—ug X3 =a K (t) 2—i—:L'K{(t) g,

X
TS o Ay ot | ou’ Ay ou
Xy =0 K5 (t) g—l— K’(t)g X5 = K;3(t) 9
17 0R2 W gy TYR2 W G A = A 5
4.3.1 Symmetry reduction and exact solutions of (4.2)
We shall first begin with X5 and get the following three invariants
t x
= —, = —, 9 = U . 41
f 79T VY (4.1)

By considering 6 as the new dependent variable and (g, f) as new independent vari-

ables, equation (4.2) transforms to a nonlinear PDE in two independent variables,
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viz.,

64f% 0+ 48f% g0y +12f g% 0oy — 160 010,59 — 16 f0,05,5 — 1630140,
+9° Oggg — 4900040455 — 490 040405 — 495 02, + 336 f2 05 + 132 g 054 + 129°0,,
—40 00,55 — 1200045 — 83 0,0, + 30007 — 16f 04995 + 3390y — 49 049099 + 150

+80455 — 200,45, = 0. (4.2)
The Lie point symmetries of equation (4.2) are as follows:
0 1 0
o 2 eoval (Vs £) 20, 10

r3_45\/_— i% (4.3)

Now using I's, we get the following two invariants:

r=fo= st (4.4)
and this leads to the following nonlinear ordinary differential equation:
647°¢" (r) + 336 r°¢" (r) + 3007¢' (r) + 15¢ (1) = 0, (4.5)
with
¢(T):r02+\/563+01’ (4.6)

ra

where ¢y, ¢y and ¢z are arbitrary constants. Now using the invariants (4.1) and
(4.4) together with equation (4.6), we conclude that the group-invariant solution
of equation (4.2) is

Av2 y3des + zyt v + Aty3de; + 4t2\/_(502
e %)

u(t,z,y) = (4.7)

L

where v = mE
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Now considering the combinations of X; and X5, we obtain the following three
invariants

4t —1 x
m=———,n=——,,9=u\y. 4.8
I 7 VY (4.8)

Taking ¢ as the new dependent variable and (m,n) as new independent variables,

equation (4.2) reduces to a nonlinear partial differential equation, namely

6413 U mm + 48M% 1 Wrpmn + 12mn% pnn — 16m8 01y 0nnn — 16m B0 mnVnn
—16ma ¥, mnn + 1> Fnnn — 40090 0pnn — 416 U Onnn — 40 192 + 336m2 Y,
+132mn O pmn + 12020, — 48 900mm — 1200, 00mm — 88 UnOnn + 300m,,

—16m D rpmrn + 33105 — A0 i + 150 + 8 0mm — 20 D = 0. (4.9)

The Lie point symmetries of equation (4.9) are as follows:

s 0 0 1 0
0 =14 5 vV Q= ——
1 am +n mo - (\/ a19+\/_) 55 %&9,
1 0
O3 =14 — 4.1
3 =4vm (5 + a0 (4.10)

Again, using (25 and 3, we get the following two invariants:

4m269 — /mn — mn

l=m, p= Y (4.11)
and this leads to the following nonlinear ordinary differential equation:
64 10" (1) + 336 " (1) +3001¢" (1) + 150 (1) = 0, (4.12)
whose solution is
(1) = ley +Vlieg + Cs. (4.13)

l4
Now using the invariants (4.8) and (4.11) together with equation (4.13), we con-

clude that the group-invariant solution of equation (4.2) is

1
u(t,z,y) = —<4\/_y2 /i2501—|—16\/_y2 /12603+2xy K1 + day* /<;£>

4yy° KT
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_5;15 (128\/5152 N RN RV RN 8\/5\/§5> co, (4.14)

4y K1

where k = 4;?.

Also, considering the combinations of X3 and X5, we obtain the following three

mvariants

Lq(t
V:az,w:t,w:u—yl—(). (4.15)
a

By considering 1 as the new dependent variable and (v, w) as new independent vari-
ables, equation (4.2) transforms to a nonlinear PDE in two independent variables,

Viz.,
Ll (w) 5wum/ + aww/w = 0. (416>

The Lie point symmetries of equation (4.16) are as follows:

U, = (2y5/L1(w) dw — v )%—i— (@D(S/Ll(w) dw—mﬂa) %, \112:1/%,

0 0 0 0
\113 = Qﬂ%, \114 = L2(w)a_w’ \115 = L3(V7CL))%, ‘116 = L4<(,U)5 (417)
Employing ¥, and Vg, we get the following two invariants
“ Ly (a)
s=-v+ da, 0 = p, 4.18
| frdn o0 (4.15)

and this leads to the following linear ordinary differential equation
0" (s) = 0. (4.19)
The solution of the above equation is

1
o(s) = §52c1 + scy + c3, (4.20)

where ¢1, ¢y and ¢z are arbitrary constants. Now using the invariants (4.15) and
(4.18) together with equation (4.20), we conclude that the group-invariant solution
of equation (4.2) is

u(t,z,y) = % (a (/téi Ezgda)zcl — 2z00 /tiz—xz; dacy + x2a01>
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+2a/tL4 <a)dac — 2zac +i(2 Ly (t) 4 2acs) (4.21)
Ls (a) 2 27T 5, Yla 3) - :

Remark 2. In many applications, group invariant solutions capture the limiting

behaviour of problems that are far away from their initial or boundary conditions.

4.4 Concluding remarks

A generalized (2 + 1)-dimensional Bogoyavlenskii-Kadomtsev-Petviashvili (BKP)
equation which is an augmentation of the Bogoyavlenskii-Schiff equation and Kadomt-
sev —Petviashvili equation was probed. We computed novel exact solutions by uti-
lizing the multiple exp-function algorithm and the modern group analysis method.
Finally, we computed conserved currents using the invariance and multiplier tech-
nique. These research findings can well mimic complex waves and their dynamics

in fluids.
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Chapter 5

A generalized dispersive water
waves system: Conservation laws;
Symmetry reduction; Travelling
wave solutions; Symbolic

Computation

An integrable generalized dispersive water waves system

Up — QUgy — Uy — U, = 0, (5.1a)

Vp — Vly — UVy — Wy + OVpy + 2BWsye = 0, (5.1Db)
1 1

Wy = S Wy = SUWy = LUgy + QUzy + 20w, = 0, (5.1c)

was formulated by extending the Hamiltonian form of the Benney system via the

addition of the free-surface velocity.

The results of this chapter have been published in [88].
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The nonlinear evolution equations for example such as the above play an essential
role in studying nonlinear wave propagation [43,57-73,76-81]. Investigating the
exact solutions of NLEEs is a difficult task, and only in certain exceptional cases
can one write down the solutions explicitly. Despite this fact, various methods of

solving these types of NLEEs have been proposed in recent years.

Among the methods mentioned earlier, the Lie group analysis method, also called
the symmetry method, is one of the most effective methods to determine nonlin-
ear partial differential equations [8-10,39,89-96]. In the second half of the 19th
century and about 200 years after Leibniz and Newton introduced the concept of
the derivative, solving ordinary differential equations (ODEs) had become one of
the most critical problems in applied mathematics. Sophus Lie (1842-1899) got
interested in this problem and, with inspiration from Galois’ theory for solving
algebraic equations, he discovered what is known today as Lie group analysis. He
showed that the most known methods of integration of ordinary differential equa-
tions, which had seemed artificial, could be derived in a unified manner using his
theory of continuous transformation groups. Recently there have been considerable
developments in symmetry methods for differential equations, as evidenced by the
number of research papers, books and much new symbolic software devoted to the

subject.

The aim of this chapter is to compute conservation laws and travelling wave solu-

tions of

Up — Qg — Uy — gU; = 0, (5.2a)

UV — Vly — UVy — WWy + WVpy + 2BWgy = 0, (5.2b)
1 1

Wy = SWly = SUWy — BUge + Uz + 2BWer = 0. (5.2¢)

Note that in the system (5.1), u = u(x,t),v = v(z,t),w = w(x,t), g is gravitational

constant and «, § are arbitrary constants.
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It should be noted that by setting o = 0, 5 = 0 system (5.1) is reduced to an
integrable extension of the classical long wave equation [97]. When o = 0, =
0, w = 0, system (5.1) collapses to the dispersive long wave equation [98], which
includes several special cases such as the Broer-Kaup equation [99,100], the classical
Boussinesq equation [101], the Jaulent-Miodek equation [102] and the two-boson

equation [103].

5.1 Conservation laws

Conservation laws play an essential role in the solution process of DEs. Finding
the conservation laws of a system of DEs is often the first step towards finding
the solution. The existence of a large number of conservation laws of a system of

partial differential equations (PDEs) is a strong indication of its integrability.

A conservation law of system (5.1) is a total space-time divergence expression that

vanishes on the solution space ¢ of system (5.1),
D,T' + D,T*|. = 0, (5.3)

where D, and D, are the total derivative operators while T is a conserved density
and T is a spatial flux. To determine the conservation law for system (5.1), we
will implement the multiplier method. Since the joint Euler operator annihilates

the total divergence, we get

0
50 ((ut — QUgy — WUy — gV )Ny + (v — VU — UV, — WW, + VL + 2PWey ) Ag
U
1 1
+(wy — éwux — §uwx — By + QUpy + 2wy ) A3 | =0, (5.4)
)
5 (Ut — QUze — Uty — Uz ) Ay + (Vp — VU, — UV, — WW, + AUy + 20Way ) Ay
v
1 1
+(w; — éwux — §uwx — PUze + QU + 20w, ) A3 ) =0, (5.5)

o7



)
S ((ut — QUgy — Uy — Uz )Ny + (Vp — VU, — UV, — WW, + AUy + 20We ) Ay
w
1 1
+(w; — éwux — Euwm — PUze + QU + 20w,y )A3 ) =0, (5.6)

where A;, Ay and A3 are the second-order multipliers to be determined. The

expansion of equations (5.4)-(5.6), splitting and simplifying yields the following

multipliers:
1
A = 5 (2uv—2avx+w2—4ﬁwx) Ci +vCs + (s, (5.7)
1
Ay = 5 (u2 + 2ou, + 2gv) C1 +uCy + Cs, (5.8)

Corresponding to the above multipliers, we have the following conserved vectors

for system (5.1):

1 1 1 1
T = §u2?)—iauvx%—ﬁuw?—Buwx+§gv2+§auxv+ﬁuxw,
x _ LU TR T R
7 = 2apfu,w, — Puu,w + 2 fgvw, + govw, 5 u’v 5 u w* — B u; + fuw,
1 2 1 2 2 1 s 1 1 2
+— auvy — guuT + = au v, + Puw, + UL, — = QUL WT — = QU — = gUW
2 2 2 2 2
—Buzw — auuLv;
Ty = wv+w?
1
Ty = —3 gv? — uw? — v + aww, + 2Puw, — au,v — 2BuLw;
Ty = u,
T 1 2
15 = —aug —gu — - u’;
2
Tj = w,
. 1
T4 = _ﬁux - 5 uws
T: = v,
T8 = avy + 20w, —uv — = w?.

2
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5.2 Symmetry reductions and exact solutions of

(5.1)

The symmetry generator of the generalized dispersive water waves system (5.1)

will be generated by the vector field
X = &t z,u,v w)2+§2(t T, U, w)g—i—nl(t T, U, w)g—f—nQ(t T, U, 0, W)
) Y ) Y 8t Y ) Y ) al’ Y ) Y Y au 7 Y Y Y
0
3
t —.
+n°( ,m,u,v,w)aw

The invocation of the second prolongation pr®X [43,67-73] to system (5.1) and

v
(5.10)

splitting the monomials leads to linear overdetermined system of partial differen-
tial equations. Solving the resulting system of partial differential equations, one

obtains two-dimensional Lie algebra spanned by the following linearly independent

generators:
0
X ==
1 at7
0
Xy = —.
7 Oz

5.2.1 Symmetry reduction of (5.1)

In order to construct a symmetry reduction, we need to solve the associated La-

grange equations
dt dx du

él(t7x7 u7v7 w) B 52(t7x7 u7v7 w) nl(t7 x? u? U? w)

B dv B dw (5.11)
o2t x,u,v,w) 3t T, u,v,w) '

Employing the characteristics equations (5.11) with respect to X; +7X5 (7 denotes
the speed of wave), yields the following invariants z = x — 7t, F = u, F' = v and

G = w. Implementing these invariants, system (5.1) transforms to

E(z)E (2) +gF' (z)+TE'+ a E" (2) =0, (5.12a)
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% G()E (2)+ % E()G (2)+7G' + BE"(2) =0, (5.12b)
F()E (2) +E()F'(2) +G(2)G (2) + TF' —a F" (2)
“28G" () = 0. (5.12¢)

5.2.2 Exact solutions using ansatz method

In this subsection we use an ansatz method to conduct the integration of the system
of nonlinear ordinary differential equations computed via symmetry analysis in the
previous subsection. The basic idea in ansatz method is as follows. Let us consider

the solutions of system (5.12) in the form

E(z) = Z Ai(H(2))', F(z2) = Z Bi(H(2))", G(2) = Z Ci(H(2))", (5.13)

where H(z) is a solution of Bernoulli or Riccati equation, M is a positive integer
and A_pr, - Ay, B_n, - ,Bn,C_p,--- ,Cp, are parameters to be computed.

The Bernoulli equation is
H'(z) = aH(z) + bH?(z), (5.14)

where a and b are constants whose solution is given by

B coshla(z + C)] + sinh[a(z + C)]
H(z) = a{ 1 — beosh[a(z + C)] — bsinh[a(z + C)] } (5.15)

The Riccati equation is
H'(z) = aH?*(2) + bH(z2) + c, (5.16)

where a, b and ¢ are constants. We shall employ the solutions

b 0 1
H(z) = 50~ %tanh {56’(2 + C’)} ; (5.17)
and
b 0 1 sech (e_z)
g = -2 (e 2 5.18
(2) 2 2a " (2 Z) + C cosh (%—Z) — 2 sinh (%Z)’ (518)

where %2 = b? — 4ac and C is a constant of integration.
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5.2.3 Solutions of (5.1) using the ansatz of the Bernoulli

equation

The application of the balancing procedure to system (5.12) yields M =2, N =4
and P = 1. Thus, the solutions of equation (5.12) are of the form

A, A

E(z) = H—;+71+A0+A1H+A2H2, (5.19a)
B, B B, B, , ,

F(2) = —5+ 75 + 55 + 5 +Bo+ BiH + ByH* + B3H
+ByH", (5.19D)
C_

G(z) = Tl—FC'o—l—C'lH. (5.19¢)

Substituting equation (5.19) into equation (5.12) and making use of equation (5.14)
and then equating the coefficients of the function H* to zero, we obtain an algebraic
system of equations in terms of A; with i = —2...2, B; with i« = —4...4 and C;
with ¢ = —1...1. Solving the resultant system of algebraic equations leads to the

following cases, summarized in tables (5.1)—(5.3).
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Table 5.1: Solution of equation (5.1) via Bernoulli equation

Case

Solutions

u(t, x)
v(t, x)

w(t, )

Co
Ch

where z =z — 7t.

hla(z+C)]+sinh[a(z+C)]
Ao + Ala{ l—zocsosh[a(z-l—C)]ibsinh[a(z+C)] }v

coshla(z+C)]+sinh[a(z+C)]
Bla{ l—bcosh[a(z-i—C)]ibsinh[a(z+C)] }v

cosh[a(z+C)]+sinh[a(z+C)]
CO + Cla{ 1—bcoshla(z+C)|—bsinh[a(z+C)] }’

ada+2 529
Tz

38%g
a2

—2ab,
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Table 5.2: Solution of equation (5.1) via Bernoulli equation (continued)

Case Solutions

v(t, )

w(t, )

Ay
By
By
Co
Cy

where z = x — 7t.

cosh[a(z+C)]+sinh[a(z+C)]
Ala { 1—bcoshla(z+C)]—bsinh[a(z+C)] } ’

cosh[a(z+C)]+sinh[a(z+C)]
BO + Bla{ 1—bcoshla(z+C)]—bsinh[a(z+C)] }C7

hla(z+C)]+sinh[a(z+C)]
CO + Cla{ l—zocsosh[a(z+C)]ibsinh[a(z—i—C)] }Z’

alata?Ag—%g
T a2

—2ab,
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Table 5.3: Solution of equation (5.1) via Bernoulli equation (continued)

Case Solutions
; W) = Aot o] imblesclmtteic)
u(t, ) By + Bla{ e v ) }
+Bua? | o Ol aeGrol }
W) = Co+ Crof omliroumiscrol 1
Ao olatalrifly
Ay 2 ab,
B, = _Plelecerrad)
B, — 4,
C _B(a? a—;jr—ﬂ%) 7
Ci = —28b,

where z = x — 7t.
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5.2.4 Solutions of (5.1) using the ansatz of the Riccati

equation

In this subsection we use the ansatz of the Riccati equation. Substituting system
(5.19) into system (5.12) and making use of equation (5.16), we obtain an algebraic
system of equations in terms of A;, B; and C; where 1 = —2...2,7 = —4...4 and
i = —1...1 respectively. By equating all coefficients of the functions H* to zero and
solving the resulting system of equations leads to the following cases summarized

in tables (5.4)—(5.12).
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The familiarity of closed-form solutions of nonlinear ordinary and partial differen-

tial equations enables numerical solvers and supports stability analysis.

Although many efforts have been dedicated to solving nonlinear evolution equa-
tions, there is no unified method. To the best of our knowledge, this is the first
time that Lie point symmetry analysis in conjunction with an ansatz method have

been applied to this underlying equation.

5.3 Concluding remarks

Symmetry analysis was performed for the generalized dispersive water waves sys-
tem, which arises in many branches of physics such as particle physics and fluid
dynamics. The similarity reductions and new exact solutions are constructed.
Subsequently, conservation laws are derived using the multiplier approach also
simplest equation method was used to obtain solutions of a generalized dispersive
water waves system. In addition, we derive the conservation laws of the underlying
system. It is also worth mentioning that this is the first time that the conservation

laws for the equation under study are derived.
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Chapter 6

An extended (2 + 1)-dimensional
coupled Burgers system in fluid
mechanics: Symmetry reductions;
Kudryashov method;

Conservation laws

The Burgers-type equation [72,104-112] arises in different fields of science such
as in plasma astrophysics, ocean dynamics, atmospheric science, computational
fluid mechanics, cosmology, condensed matter physics, statistical physics. In this
research project, we investigate the following extended (2+ 1)-dimensional coupled

Burgers system in fluid mechanics

g+ (Ugy + uyy) + Buu, + uyv) + y(uu, + uvy) =0, (6.1a)

U + (Vg + Vyy) + Bluv, + voy) + y(uzv +vv,) =0, (6.1Db)
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where u(z,y,t) and v(z,y,t) are the velocity components in fluid related problems

and «, 3,7 are real constants.
The results of this chapter have been published in [113].

An exceptional case of system (6.1) is given by

1

U~ (U + Uyy) + vty + uyv = 0, (6.2a)
1

v o (Vgz + Vyy) + uvy +vv, =0, (6.2b)

which is similar to the incompressible Navier-Stokes equations without the pres-
sure and continuity considerations [111]. This system is said to constitute an
appropriate model for developing computational algorithms for solving the incom-
pressible Navier-Stokes equations [111], which is a suitable test case, because the
equation structure is similar to that of the incompressible fluid flow momentum
equations [112]. This system is also used in models for the study of hydrodynam-
ical turbulence and wave processes in nonlinear media [112]. Note that u(x,y,t)
and v(x,y,t) are the velocity components in fluid-related problems [110,111], R,
is the Reynolds number. In contrast, R% represents the viscosity [110], the total
or material derivative including the convective term is used while the diffusive and

convective terms are linked with R, [111].

The nonlinear evolution equations, for instance such as the above system, perform
a crucial part in studying nonlinear wave propagation [43,57-73,76-81]. Deriving
the exact solutions of NLEEs is a complex goal, and only in certain remarkable
cases can one extract the solutions. However tools of integrating these types of

NLEEs have been investigated in recent years [8-10,39,89-96].
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6.1 Symmetry reductions (6.1)

The symmetry generator of an extended (2+1)-dimensional coupled Burgers system

in fluid mechanics (6.1) will be generated by the vector field

X = @)+ €nm o) + € o e
+772(t7137y7%v)%7 (63)
where
Ut 4 Uy + Uyy) + Bluuy + uyv) + y(uu, + uvy),
X2 =0. (6.4)

Ut + (Vg + Vyy) + Buvy, + vvy) + 7(uyv + vvy)

(6.1)

Expanding the above equation and splitting on the derivatives of u and v, where

X2 is the second prolongation, leads to linear overdetermined system of partial

differential equations. Solving the resulting system of equations, one obtains

& (t,z,y,u,v) = —2tCy + Cs,

E(t,z,y,u,v) = —yCy — 10y + Oy,

fg’ (t,z,y,u,v) = xCy —yCy + Cs,

nt(t, 2, y,u,v) = —v0y + uCy,

n? (t,z,y,u,v) = uCy + vCy. (6.5)

Thus, the infinitesimal symmetries of system (6.1) form the five-dimensional Lie

algebra spanned by the following linearly independent generators:
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Xl_f)m’
0
XZ_a_ya
0
X3 a7
X——g—%mﬁ—vg—l— 0
1= Y Ty You T Yo
0 0 0 0

6.1.1 Symmetry reductions of (6.1)

In order to construct symmetry reductions and exact solutions, we need to imple-

ment the associated Lagrange equations

dt B dx B dy B du B dv (6.6)
gl(t7x7 y?u7 /U) B 52(t7x7y7 u?”) B 53(t7x7y7u7 U) B n1<t7x7y7u7v) B nz(t7:c7y7u7 U) '

The linear combination of the translation symmetries I' = a; X7 + a2 X5 + a3X3,
where ay, aq, az are constants, reduces system (6.1) to a partial differential equation
(PDE) in two independent variables. The symmetry I' yields the following four
invariants

f=ax—ay, g=ax—at, h=u, ¢=n0.

Hence system (6.1) reduces to a PDE in two independent variables given below

;

—a1¢g + o (az (asdrs + asdrg) + as (asdrg + asdeg) + aidrr) + Basd (G5 + asey)

—Baypdy + v (¢ (aedy + azgy) — ard)y) = 0,
(6.7)

—a1ty + a (az (agtys + asthyy) + as (a2tpg + astyy) + aftbys) + Basd (Vy + ast)y)

\ —Baios + v (Y (a205 + aspy) — arpipy) = 0.
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We now further reduce equation (6.7) using its symmetries. The above equation

has the two translation symmetries, namely

0 0
o 2T oy

Taking a linear combination b; Yy + by Yo of the above symmetries, yields the in-

T, =

variants
Z:bgf—blg, ¢:E, wZF

Now treating F/ and F' as new dependent variables, z as the new independent vari-

able, system (6.1) reduces to a system of nonlinear ordinary differential equations

(

a1bi F' + ((a2b3 — azbibs) as — (asbiby — azbh?) as + aibs) aF" + (asho F — aghy) BF
—ﬁaleGF/ + (CLQbQF — agbl) ’)/F/ - aleFG/ == 0,

alblG’ + ((Gng — agblbg) a9 — (CLlebQ — Clgb%) as + a%bg) CMGH + (agbgF — agbl) BG,

—ﬁaleGG' + (aszG — a3b1) ’)/F/ — aleGG/ =0.

6.2 Exact solutions using Kudryashov method

The intention of this segment is to introduce the algorithm of the Kudryashov
method for finding exact solutions of nonlinear evolution equations. The Kudryashov
method was one of the original procedures for acquiring exact solutions of nonlinear
partial differential equations. Let us briefly recall the basic steps of the Kudryashov
method. Consider for instance a scalar nonlinear partial differential equation in

the form

We use the following ansatz

u(z,y,t) = F(z), 2=k +koy+ kst + ky. (6.10)
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From equation (6.9), we obtain the nonlinear ordinary differential equation
B[k F'(2), ko F'(2), ks F'(2), k1 F" (2), k3 F"(2), k3F"(2),-- -] = 0, (6.11)
which has a solution of the form
F(z) = Z A;(H(2)), (6.12)

where

- cosh[a(z + C)] + sinh[a(z + C)]
H(z) = a{ 1 —bceoshla(z + C)] — bsinhla(z + C)] }’

satisfies the equation
H'(z) = aH () + bH?(2), (6.13)

M is a positive integer and Ag,--- , Ay are parameters to be determined.

6.2.1 Application of the Kudryashov method

This subsection aims to apply Kudryashov method to derive solutions of equation

(6.8) in the form

F(z) = ZAiH(z)i, (6.14a)
G(z) = Y BiH(2)" (6.14b)

Reverting back to our underlying system (6.1), the solution structure takes the

form

= S coshla(z + C')] + sinh[a(z + C)] ‘
u(z,y,t) = ZZ; A; (a{ 1 —beosh[a(z + C)] — bsinh[a(z + C)] }) ,  (6.15)

B - coshla(z + C)] + sinh[a(z 4+ C)] ‘
v@y,1) = ; By (a{ 1 — bceosh[a(z + C)] — bsinh[a(z + C)] }) . (6.16)

81



z = by (agr — ayy) — by (—ait + asx) .

The above solution structures are attained by replacing equation (6.15) into equa-
tion (6.8) and making use of equation (6.13), and then equating all coefficients of
the functions H* to zero. Thus, by solving the resulting system of algebraic equa-

tions leads to the following possible solutions with their associated cases, summa-

rized in tables (6.1)-(6.4).
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Figure 6.1: Evolution of the travelling wave solutions of table (6.2) case 3.
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6.3 Conservation laws

A conservation law of system (6.1) is a total space-time divergence expression that

vanishes on the solution space ¢ of system (6.1),
D,T' + D,T* + D,T"|. = 0, (6.17)

where Dy, D, and D, are the total derivative operators while 7" is a conserved
density and T%, TY are the spatial fluxes. To determine the conservation law
for system (6.1), we will implement the multiplier method. Since the joint Euler

operator annihilates the total divergence, we get

% ((ut + 0(Ugg + Uyy) + Bluu, + uyv) + y(utg, + uvy)) Ay
+ (v + (Vg + vyy) + Bluvy, + vvy) + Y(uzv + vuy)) 0, (6.18)
(% ((ut + (Ugy + Uyy) + B(uuy + uyv) + y(uu, + uvy)) Ay
+ (v + (Vg + Vyy) + Buvy + vvy) + Y(uzv + v0y)) ) 0, (6.19)

where Ay and A, are the second-order multipliers to be determined. The expansion
of equations (6.18) — (6.19) and thereafter splitting and simplifying, yields the

following multipliers

A = ye + o, (6.20)

A2 = —xc1 + cs, (621)

where = v and ¢;, (i = 1,2,3) are arbitrary constants. The multipliers A; and
As of system (6.1) have the property
DiT" + D, T* + D,TY = (us + otz + uyy) + Bluu, + uyv) + y(uu, + uvy))Ay

(v + @(Vee + Vyy) + Bluvy + vvy) +7(ugv + vuy))Ag,
(6.22)
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for the arbitrary functions wu(¢,x,y) and v(¢, z,y), where the predetermined argu-
ments of T% | T% and TY are of some order in derivatives of the field variables u,
v and w. The computations for 7%, T% and TY from equation (6.22) reveal that
corresponding to the above multipliers we have the following conserved vectors for

system (6.1):

! = uy—vx,

7 = 7u2y — YUVT + QULY — QUL + O,
le = yuvy — 7v2x + Quyy — avyxr — Qu;
T, = u,

TS = yu® + auy,

T) = ~yuv + auy;

Ty = w,
Ty = ~yuv + oy,
Ty = y’+av,.
We succinctly discuss the significance and physical illumination that ascend from

the computed conservation laws. Conservation laws reside in enormously crucial

areas both at the foundations of nonlinear science and in its applications.
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Mathematical expressions of physical laws, such as conservation of energy, momen-
tum and mass are fundamentally conservation laws. Imperative physical informa-
tion about the complex behaviour in non-linear systems is confined in conservation

laws.

6.4 Concluding remarks

This work was concerned with Burgers-type equations that appeared in plasma as-
trophysics, ocean dynamics, atmospheric science, computational fluid mechanics,
cosmology, condensed matter physics, statistical physics, nonlinear acoustics, ve-
hicular traffic and electronic transport. We determined novel type exact solutions
by the Lie symmetry method in conjunction with Kurdyshov method. Finally,
conservation laws of the above mentioned system were generated. These new re-
search findings can well mimic complex waves and their dynamics in fluids. Some
diverse interaction phenomena which have great implication to the nonlinear waves

in fluid mechanics have been shown graphically.
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Chapter 7

Conclusions

In this research project the aim was to construct exact solutions and derive conser-
vation laws of some nonlinear partial differential equations using various methods.
In chapter one we gave some important definitions and results from Lie group the-
ory and conservation laws, which were later used to carry out the calculations in

this thesis.

In chapter two we constructed solutions of a first (3+ 1)-dimensional KP-like equa-
tion, which arises in the analysis of versions of resonant phenomena. In addition,
we derived the conserved vectors of the underlying equation. It is shown that it
is possible that one equation can have identical multipliers, although their orders
are distinct and hence resulting in identical conservation laws. We have excluded
the zeroth order multiplier, as it is distinct from the first and the second-order
multipliers. It remains to be investigated whether all the multipliers of a (3 + 1)-
dimensional KP-like equation are identical or not. Furthermore, future work, will
be devoted to studying the ansatz methods mentioned in [50,51,53] and applying

them to the underlying equation.

In chapter three we obtained topological soliton solutions and periodic solutions of
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a second (3+ 1)-dimensional KP like equation. In addition to this, other analytical
solutions that were based on the Lie symmetry method were attained. Further-
more, conservation laws of the aforesaid equation were derived by using the mul-
tiplier method. The correctness of the obtained solutions have been verified with
Maple software package by back substitution. It is anticipated that the solutions

obtained here could be used as benchmarks against numerical simulations.

Chapter four dealt with exact solutions by utilizing the multiple exp-function al-
gorithm and the modern group analysis method. Finally, we computed conserved
currents using the invariance and multiplier technique. These research findings can

well mimic complex waves and their dynamics in fluids.

Chapter five was devoted to similarity reductions and new exact solutions of a gen-
eralized dispersive water waves system. The integration of a generalized dispersive
water waves system was performed using the Lie group analysis method. The solu-
tions obtained include the solitary waves and the travelling wave solutions. Time
and space symmetries resulted in novel similarity reduction and new exact solu-
tions. The solutions obtained include solitary waves. The familiarity of closed-form
solutions of nonlinear ordinary and partial differential equations enables numerical
solvers and supports stability analysis. Although many efforts have been dedi-
cated to solving nonlinear evolution equations, there is no unified method. To the
best of our knowledge, this was the first time that Lie point symmetry analysis in
conjunction with an ansatz method has been applied to this underlying equation.
In addition, we derived the conservation laws of the underlying system. It is also
worth mentioning that this was the first time that the conservation laws for the

equation under study were derived.

In chapter six we determined novel type exact solutions by the Lie symmetry
method in conjunction with Kurdyashov methodv for an extended (2+1)-dimensional

coupled Burgers system in fluid mechanics. Finally, conservation laws of the above-
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mentioned system were generated. These new research findings can well mimic
complex waves and their dynamics in fluids. Some diverse interaction phenom-
ena were shown graphically. In this research project, the methods used to obtain
new exact solutions can be extended to solve other nonlinear partial differential

equations of physical interest.

In future, the computed conserved quantities obtained in this study will be utilized
for the construction of closed form solutions for the corresponding nonlinear partial

differential equations studied in this research project.
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