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ABSTRACT

The aim of the project is to discuss the non-linear wave equations whose
coeflicients are dependent on first order spatial derivatives. We construct
the principal Lie algebra, the equivalence Lie algebra, and the exten-
sions by one of the principal Lie algebra. We further construct the opti-
mal system of one-dimensional subalgebras for first three extended five-
dimensional Lie algebras. These are finally used to determine invariant

solutions of some examples.



0.1 INTRODUCTION

The Lie group analysis of differential equations is the area of mathematics pioneered
by Sophus Lie in the 19th century (1849-1899). The first general solution of the
problem of classification was given by Sophus Lie for an extensive class of partial
differential equations. [1]. Since then many researchers have done work on vari-
ous families of differential equations. The results of their work have been captured
in several outstanding literary works [2,3].The preliminary group classification by
Ibragimov, Torrisi and Valenti (2|, gave us up to thirty three equivalence classes of

submodels of the wave model of the form

uy = f(z,up)ure + gz, uy). (0.1)

The present work examines a model which represents families of the nonlinear

wave with dissipation, namely

Uy + ur = fUug)uzz + g(us). (0.2)

In this work we use the results of one-dimensional optimal systems (i) of

the equivalence Lie algebra to obtain X5 and hence the classification of the family
(0.2) above ,(ii) of the extended principal Lie algebra of equation (0.2) to calculate
the invariant solutions of some examples. The method followed in the construction of
the one-dim 1 1 optimal systems is found in the paper by Ibr: mov, Torrisi and

Valenti [2].In section (0.2) while constructing the principal Lie algebra, we also show



how to determine the Lie point symmetries .We proceed to construct the equivalence
Lie algebra, and gi  the extensions by one of the principal algebra of equation (0.2).
In this section we also show the method of determining invariant solutions.In section
(0.4) we construct the one-dimensional optimal systems of extended principal Lie al-
gebras Ls.In section (0.5) we calculate the invariant solutions of some one-dimensional

subalgebras of each extended algebra Ls.
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0.2 PRELIMINARY GROUP CLASSIFICATION

In this section while constructing the principal Lie algebra, we also show how to
determine the Lie point symmetries .We proceed to construct the equivalence Lie
algebra, and give the extensions by one of the principal algebra of equation (0.2). In

this section we also show the method of determining invariant solutions.

0.2.1 PRINCIPAL LIE ALGEBRA

The principal Lie algebra Lj, of the non-linear wave equation with dissipation namely

Uy + Up = f(uz)uzz + g(um)’

is determined as follows:

Let the generator of equation(0.2) be given by

0 0 0
X =¢ (t,z,u)gg-kg? (t,x,u)a—z-kn(t,:c,u)% (0.3)

The second prolongation of (0.3) is given by

a tt a T 8
8um+< gu_tt+< Ouyy’

~ . 0
X?=X+¢ 0u£+4$ (0.4)

where



" = Di(n) — weDy(€') — uzDy(€2),
¢F = Dm(n) - utDm(él) - UmDI(§2)v
(" = Dy(¢") = uuDi(€') — uaDe(€?),

¢ = D.(C%) - utzDz(él) - uzsz(§2)-

The operators D; and D, denote the total derivatives with respect to t and x

respectively as follows:

-9 9 9
Dt = 3t + utau + utxauz + uttuu; + ...

o] a a
Dx = o +Uza +um3‘a —I—uma—uz + .....

The determining equation of (0.2) is given by

5(:2 (utt + U — f(ux)uxx - Q(Ux)) ’(0.2) = (Ctt + Ct - fcxx - fuzczuxz - QCI)|(02) = 0.

(0.7)
In cases of arbitrary f and g it follows that
¢ =("=0, and (" 4+ ¢ =0. (0.8)
From the equation (0.8) we have that
Ctt + Ct =My + U (2ntu - étlt - 2u$§§u) + U? (nuu - 2§t1u - ufbéiu)
_U? 11m — Utz (2§tl + 2“:661% + utéi) + (—u — f(uz)Uzz — g(uz)) (0.9)

(1 — 260 = Bueky) + e+ ue (ny — &) — Uiy uall —wusy, 0.

From equation (0.9) we obtain



E=¢=0
& m,=0

(0.10)
& =0

77“+77t :0 = n=01+026-—t

Thus we have that
fl =, 5220, 7’]=Cl+02€_t.
Thus the principal Lie algebra L, of the non-linear wave equation with dissipation
namely
U + Uy = f(Us)Uze + g(Us),

is spanned by the following generators

X1=— X2=~— X3:— X4=€_ . (011)

EQUIVALENCE LIE ALGEBRA AND TXTENSIONS OF THE PRIN-

CIPAL LIE ALGEBRA

We now state the details for determining the equivalence Lie algebra for the equation
(0.2) .
The family of non-linear waves uy + uy = f(uz)uz: + g(u,), can be written as a

system of differential equations

utt+ut=f1uzz+f2 (0.12)

f:fzftk=f1lf: ‘l]fg:O



k = 1, 2. The equivalence Lie algebra element for the system (4) is given by the

generators

5 a8 .0
E= §—+TE+776 +Hm

Where 5 = £($7t7u) y T = T(.’E,t,U) » 1= n(‘ratau) 9 :u'k = ﬂk(ﬂ%tﬂi, uzyutvflaf2)'

We now introduce the following total derivatives

k k
a aafk+fataft +faa:afg]§ auaff-i_fautafft

+ ...

for o € {z,t,u,u;}.

The extension of the equivalence algebra element E, takes the form

~ 0 0 0 0 0 0 0
_ t Y z_“Y TT k k k k_~
E_E+Caut+cauz+c aux +wtaft+ xafk+wuaf5+wuta ft’

where
¢ Di(n) — wDi(7) — ug Dy(€)
¢ = Dy(¢") — ue Di(T) — uje Di(€)
for i,j € {z,t} and
@k = Do(i¥) = ffDa(r) = fEDa(8) = FEDa(n) = f5Da(¢') = f£ DalC)
where o € {z,t,u,u} , k=1, 2.

The invariance condition for the system of equations (0.12)is given by

E(utt +ur e — f2)|(0.12) =0 (0.13)

E(f5y =0 for o € {z,t,u,u,}. (0.14)



We thus obtain

¢+ ¢ = g, — FC -2 =0
and

wh =0 for a € {z,t,u,u;}.

From the equations (0.13) we have

(¥ = (D)o = 0,0 € {z,t,u,u;}
and k = 1,2, which implies that the u* are independent of z,t,u,u, and hence

pF = pF(ug, 1, 3, k=1,2.

Furthermore ((*), = 0 yields

£ = a1z + au + p(t)
T =7(t) (0.15)

n =biu+ bex + q(t)

where ay, ay; by, by are constants. The equations (0.15), together with the invari-

ance condition yield

T = a3
N = aqu + ast + agT + ay (0-16)
'ul 2a1f1

p? = as + agf*.



For the model uy +w;  f(ug)uzs + g(uz), we have

p! = 2a f
(1? = as + asg.
Therefore we obtain a 7-dimensional equivalence algebra for the non-linear wave
equation (0.2), which is spanned by the following operators

a a a
Do Bmw B (0.17)

a

By ufZ+gg, Es=ta+, Er=zgZ+2f

The classification of the equation (0.2) is obtained by extending the principal Lie

algebra X, = Xy = %, X3 = 6%, X4 = e‘t% by X5 as follows:

61’

One-dimensional Optimal System

In order to determine X5 and hence the classification of equation (0.2) we will give
details of the determination of the one-dimensional optimal systems L4 below. Since
f and g depend on u,, we prolong the equivalence operators F; (0.17), to the following

operators

Therefore we have

E,=F;, fori=1,2,3

“ou | ou, T ou gag te Ouy 18)
~ 8 0
E¢ = F, E; = +2faf Uz o
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We form new operators Z; by projecting each ~ (0.18), onto the (ug, f, g)-subspace

of the (z,t,u, us, u,, f,g)—space. We have

pr(F;) =0, fori=1,2,3

Z,; pT(E,;_+.3), for 4 1,2,3,4.

~ 19}
Zy =pr(Es) = 5
19} 19}
7o = g— N -
2 gag+uzauI7Z3 ag?
19} 19}
Zy 2f8_f_u18—uz’

We now consider the algebra L,, which is spanned by Z;, Z,, Z3, Z,. We wish to
determine the optimal system of one-dimensional subalgebras of the algebra L,. The

non-zero structure constants of L, are as follows:

[Zl’Z2] =27 ’[Zl,Zzl] = —Zl, [Z2, Z3] = _Z3,

The generators of the adjoint algebra Ly are given by

A Zla% - Zlé%
Ay =2 033 (0.19)
A= zla%

In order to obtain the elements of the adjoint group G4 or the group of inner au-

tomorphisms of the algebra L4, we integrate the equations (0.19) to obtain a four
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parameter Lie group:
Ay 7y =2y + a1 74, Zy=24— a1 74
Ay 7, =a2_1Z1, 73=a2‘1Z3
Ay Zy = Zy+ a3Zs,
Ay 21 = a2y

A matrix representation of an arbitrary element of the adjoint group G is of the

form ~ .
a, a4 Qi 0 —aq
0 1 0 0
M
0 aylaz az' 0

If we let Z €L, be given by

Z=e'Z1+e*Zy+ 325 + 42,

7 =e¢= (61,62,63,64),

then € = Me defines an equivalence relation in Ly and hence subdivides this algebra

into equivalence classes. The components of Z map as follows under M :

= a;lase! +ay(e? — )
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Therefore the optimal system of one-dimensional subspaces of L4, obtained through

the adjoint group G#, are as follows:

Z Generator Restrictions
VA oy + Z4 a#1
VAL aZy+ BZ5 + Z4 a# B
VA Zy+ Zy+ Z4
AS) v+ Zo+ aZs+ Zy
AR Zs
A Zs + Zy
AL 21+ Zs
Consider
ZW = aZ, + Z,
witha # 1.
zW :a(gaa +uIaa )+2f0f uzgi—;
—aga +2f0f (c l)uzaiuz
From the characteristic equation
d9 _ 4 _ _ dus
ag  2f  (a—1u,’
we obtain
f ué’% and g u;‘afl . \};@@? ?.;
<
1v Obtain the extending vector X5, we let N

ZZCYE5+E7
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0 0 0 0
au du+ga )+:1:—+2f T

Let X5 be the projection of Z onto the (z,t,u)— space, i.e

Xs=2— 4+ au—.

ox ou’
For the vectors Z®, 4 =23,...,7, we proceed in a similar manner in order to deter-
mine the functions f, g and the extension vector X5. The classification for equation

(0.2) is given in the following table:

Z9 f(ug) g(ug) X Restrictions

2 2

ZO ugtt gt g2 +aul a#1l

2 2
7@yt gl (uf‘l — ,6) :1:(% + (au + ,Bt)a% 0 #«

AS L N o a +(utz
ZW er= quy g2+ (ut+z+at)2

Z®) none none
Z6) 42 —Inu, :ca% + t%
z0 C Uy (t+z)2
In what follows we will give the classification for equation (0.2) for the listed
generators Xs.
1. Xs=z2+ (z+u)2 then f=¢*, andg=c
2.If Xs=zZ+(z+u+at)Z then f €™ and g=ou,
3.If Xs=(z+t)2 then f=c, and g = u,
4. If X5—:1: +t6‘c’; then f =u;?, and g = —Inu,
2

5.If Xs=z2 +aul then f =ui™" andg—uzlforayél

2 2
6.f Xs=xz2+ (au+ft)Z then f =ui ", and g=o " (ug™" — 3) for a # 3
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Each extension will give us a five-dimensional Lie algebra Ls. From the above we

1l concentrate on the first four whose equations are given by the following

U + up = €% ug, + c. (0.20)
Uy 4 up = e ug, + au, (0.21)
Uy + Up = Clgg + Ug. (0.22)
Uy + Uy = UL 2Uge + 1N Ug. (0.23)

From the latter we have five-dimensional Lie algebras for each of the equations
(0.20) to (0.23). We will only construct optimal systems of one-dimensional Lie
subalgebras for the first three equations. We will then calculate the invariant solutions

using some of these one-dimensional subalgebras.

0.2.2 INVARIANT SOLUTIONS.

A useful feature of the symmetry group is that it conserves the set of solutions in
the differential equations admitting this group. That is, the symmetry transforma-
tions merely permute the integral curves among themselves. Such integral curves are
termed invariant solutions.

Invariant solutions of differential equations are determined from the symmetries

as follows:

Ty
E

1y
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Suppose we have the differential equation of the form

admitting a group G, having a g-parameter subgroup H generated by

X =€ (z,y) 0 + 7y (2, Y)

or? oy’
We determine the functionally independent invariants from the above generator.
We express one invariant in terms of the other, substitute this in the original
equation and solve the resulting equation.

We determine the invariant solutions.( See section 0.4). In our case we obtained the

regular invariants.| See [4] for the difference between regular and singular invariants.]

0.3 ONc DIMENSIONAL OPTIMAL SYSTEMS

0.3.1 INNER AUTOMORPHISMS

We construct the inner automorphisms for each one of the equations (0.20) to (0.23).
We will show the details of the construction of the inner automorphisms using one
equation only, and for the other three, we shall simply state the results , because the
procedure is the same.

We consider the equation uy + u; = €***ug, + ¢, whose set of generators is given

by the following point symmetries X; = £, X, = 2, X; =

oz’ X4 = e_t 2

Ju’ u’

X5 ::ca% + (u+:c)6%.

These generators form the basis for the Lie algebra Ls.
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The non-zero commutators are given by

(X1, Xs] = X+ Xo; [Xo, Xu] = —Xu; [X3, X5] = Xi;
(X4, Xa] = Xy (X4, X5] = Xa;  [Xs,X1] = — (X1 + Xa); (0.24)

[X5, X3) = —X5; (X5, X4) = — X4
ADJOINT GROUP FOR ALGEBRA L;

In order to determine the inner automorphims, the procedure is found in the paper by
Ibragimov, Torrisi, and Valenti [see[2] |. We denote by A the elements of the adjoint

algebra adLs. The operators
0
Ap = [Xo, Xpl
[ sl5 X

form the basis elements of the algebra adLs.

Using the above commutators (0.24), we get that

A1 == (X1+X3) 9

5Xs

Ay = Xup%

Ay = Xsa;f(s (0.25)
Ay Xo,. + Xang;

As = —(Xi+ X3) 3% — Xaz — Xazgr

To obtain the Lie group of transformations, we integrate the above equations
(0.25) , and obtain the inner automorphisms.

For A; we have that
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dz° | 4
=I +7x.

o = (0.26)

Integrating the above equation (0.26) with respect to a;, we obtain that

7 =T + aT +e

Since we have that T|,,—o = 2" for i = 1,2,3,4,5, then 7|, _¢ = 2°.

Hence

=gz +azd+2° ; and T =2 for i=1,234.

Proceeding in the same way , we obtain a list of inner automorphisms given by

A P =art+a2d+2° ; and T'=2' for i=1,23 4.
Ay Tt =e22%; T 2 for i=1,23,5.
As P =a32®+2% ; and T =2 for i=1,23,4.

Ay T2 =axt+ 2% B =zt + 2 T =2 for i=1,34.

Tt =ezt T =2 for i=1,23 4.

(0.27)

The group of transformations (0.27) can be represented by matrices M; (a,),...M; (as)
corresponding to the inner automorphisms related to the algebra elements A, ...As

respectively as follows:-
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Mi(a)=10010 aq | i Mla2)=|0010 0

00010 000 e 0
00001 (0000 1]
-10000- -10000-
01000 01 000

Ms(az)= |0 0 1 0 a3 | sMala)=]00 1 0 0
00010 0 ag 0 1 ay
00001 00 001

- —e™ % 0 0 0 0 W
0 1 0 0 0
Ms(as)=| —e™% 0 e 0 0
0 as 0 e 0

] 0 0 O 0 1 |

The product of the matrices is given by

M = Ml (al) X M2 ((12) X M3 (a3) X M4 (a4) X M5 ((15)




—e™ % 0 0
0 1 0
—e™ ™ 0 e %
0 as O
0 0 O

0

e~ %2e7%

a

a1+ as+ aq

0
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(0.28)

We will work with the coordinates of the decomposition X = $°° | €'X; ,that is

the vectors e = (e, e

2

3 .4 .5
e’ et e’).

If we let X € Ls then X = S°_ ¢'X, , that is X = e = (e', €% €3, € ¢%) .The

equation € =

algebra into equivalence classes.

(0.28):

If we let ¢

re-written as

5

el = —e %el 4 g€
EQ — 62
e = —e el 4 —e7%e3 + (a1 + a3 + aq) e’

gt = aqe? + e~ %2e %

e®.

i

—a !
> 0,e72  a,

4

Me defines an equivalence relation in Ls, and hence subdivides this

The components of X map as follows under M

(0.29)

0, then the transformations (0.29) may be
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as >0

@ =—as(e' +e)+ (a1 +a3+ag)e’; ag >0

_ ’ '
e! = a4e? + agale! ; as,ab >0

. ’ “ e
where a;, as, a4 are real parameters, while a/, and a- are positive real parameters.
1y 43, ) 2 5

0.3.2 CONSTRUCTION OF THE OPTIMAL SYSTEM OF

ONE DIMENSIONAL SUBALG.3RAS OF Ls.

In this section we will construct optimal systems of one dimensional subalgebras for

only three equations (0.10 to 0.22). For the construction method see Ibragimov,

Torrisi, and Valenti [2].

The transformation (0.30) leaves invariant the components e and e®. We have

to look over all possibilities for these components and in every case simplify other

components by means of transformation (0.30).
Case 1: €2 # 0,e5 # 0.
If az=1,a, = Z—;, then ! = 0.
If ay,=10a4= —Z—:, then & =0

The vector € is then given by
€= (0, €%, —e* + (as + a4) €°,0, 65) )

Setting Z—: = a3 + a4, then € = (0, €2, 0,0, €%).



Dividing the above equation by e®, the vector € is transformed to

€=1(0,0,0,0,1) (0.31)
where a = g; # 0.
Case2: e?2=0,e#0.

The vector € is then given by
£ = (—a;e1 + a;€°,0, —a; (61 + 63) + (a1 + a3 + a4) €°, ahale?, e5> .

If we let a5 = 1, and a; = —z—; then e! = 0.
If a; = 1,and 2—? = a3 + a4, then € = (0,0, 0, e, €%) .

Dividing the above equation by e’, the vector € is transformed to

£ =(0,0,0,4,1) (0.32)
where 3 = 2—: # 0.
Case3: e2#0,e® 0.

The vector e then is given by

— ! ! 7
€= (—agel, e?, —ag (e' + 63) ,aqe’ + ahatet, 0).

Subcase 1: If :l#e3 aj=1, ay=1anday= _Z_g

then € = (—el,e?, —e! — €2,0,0).

Dividing the above equation by e?, the vector € is transformed to

e=(0,1,0+1,0,0) (0.33)
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1 3
where 6 —% # 0, -5, 0.
Subcase 2: If ¢! —e¥a) 1, a,=1landa,=—-%
€

then the vector € = (—e!, e?,0,0,0)

Dividing the above equation by e?, the vector € is transformed to

e=(6,1,0,0,0)

where § = _2_21’ # 0.
Case4:¢? 0,e°=0.

The vector € then is given by
€= (—age',0, —ag (e + €°) , dhate?,0) .

Let aj=1anda,=1.

The vector € is then given by
e = (~el,0, —el — e3,e4,0) .

Subcase 1: e! # 0,e* #0,e! = —¢?

The vector € is then given by

Dividing the above equation by e*, the vector € is transformed to

e (8,0,0,1,0)

where (3 —e # 0.

e4

(0.34)

(0.35)



Subcase 2: e! # 0,e? # 0,e! # —¢€°.

The vector € is then given by
e = (61,0,—61 — 63,64,0) .

Dividing the above equation by e?, the vector € is transformed to

E:(ﬁaoaﬁ+¢71ao)

where —z—i #0,¢=——2—i # 0.
Subcase 3: e! # 0,e? =0,e! = —€.

The vector € is then given by
e=(-¢,0,0,0,0).

Dividing the above equation by -e!, the vector € is transformed to

e=(1,0,0,0,0)

Subcase 4 :e! # 0,e! = 0,e! = —¢?.

The vector € is then given by
€= (—el,O, —e! 63,0,0) .

Dividing the above equation by -e!, the vector € is transformed to

e=(1,0,1+p,0,0)

where p = & # 0.

el

23

(0.36)

(0.37)

(0.38)



24
Subcase 5 :e! = 0,e? = 0,e3 # 0.

The vector € is then given by

g=(0,0,€%0,0).

Dividing the above equation by €3, the vector € is transformed to

e =(0,0,1,0,0).

Subcase 6 :e! = 0,¢e* #0,e3 = 0.

The vector € is then given by

€= (0,0,0,¢",0).

Dividing the above equation by e*, the vector € is transformed to

e=1(0,0,0,1,0).

The list of possibilities is given by :

(0.39)

(0.40)
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(0,0,0,0,1), where a = & # 0.
(0,0,0,8,1),where 8 —% #0,7=% #0.
(6,1,0+7,0,0), 0 =-% #0,7=—-5 #0
(1,0,0,0,0).
(6,0,0,1,0), where 3 = —z—i # 0.
(8,0,8+7,1,0), where f = —% #0,7= % #0.
(1,0,14 p,0,0) where p = z—f # 0.
(0,0,1,0,0)
(0,0,0,1,0).
Summarizing the results (0.31) to (0.40), we obtain the following optimal system
of one dimensional subalgebras of Ls.

XU =aXy+ X;

X? =B8X,+ Xs

X® =0X; + Xy + (0 +7) X3

X = X,

X6 =8X, + X4

XO =8X1++(8+7)Xs + X4

X0 = x,

X® =X +(1+p) X3

X©) = X,

X0 — X,

where «, 3,7, p,0, T are arbitrary constants.
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We now state the results of the other three equations.

Consider the equation u;  1; = €?**u,, +au,, whose the set of generators is given

by the following point symmetries X; = a%’ Xo=2, X;= 6—‘1, X, = e—t%’
X5 = za% +(u+z+ at);%. The non-zero commutators are given by

[X1,X5] = = (X1 + X3); [Xo, X4] = =Xy [X2, X5] = aX5;

[X3aX5] = X3§ [X4, XZ] = X4; [X4, X5] = X4; (041)

[Xs, X1] = X1 + Xs; (X5, Xa) = —X3; [ X5, X4] = —X4.

Using the above commutators (0.41), we obtain the following adjoint algebra gen-

erators.

Al = (Xi+ X3) 5%

A = —XizE

A3 = Xsz% (0.42)
Ay = X%+ X %

A5 —_ _(X1+X3)BLX1—X3BLX3_X4BLX4

Their inner automorphisms will be given by the following list

A =gz +az*+25 ; and T'=z2' for i=1,234.

5

Ay s Tt=e22 B =aar® + 25 T =2 for i=1,2,3,.

A3 : T azzd+z° ; and T =2' for i=1,23,4.
Ay i TP =auz! 24 T =aut+ 2% T=2' for i 1,34

4 =5 5

3.3t =e %t 3 =25,

As : T = e 9(2! — 23);7% = aase %1% 4+ 23,73 = e B2
5 ; 5 s
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The matrices M; (a,),...Ms (as), corresponding to the Aj,...As respectively for

the above table (0.43) are given by :-

1000 a 1 00O 0
01000 0100 0

Mi(a)={0010 a |;M(a2)=]0010 aa

0 001O0 0 00 e 0
I 00001 I 0 00O 1
- 1 - -
1 0000 1 0 00O
01000 01 000

Ms(az)= |0 0 1 0 ag | 3 Ma(as) 00 100

00010 0 ag 0 1 a4
_0 0001 | LO 0 001 ]
-e‘a5 0 0 0 Oﬂ
0 1 0 0 0
Ms(as)=| —e=95 qe=95 % ( 0

0 0 0 e % 0
0 0 0 0 1

The product of the matrices is given by

M M1 (al) X M2 (ag) X M3 ((13) X M4 ((14) X M5 (a5)
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— e 9 0 0 0 aq —
0 1 0 0 0
= —e % aase 5 e () a1+ aag +ay | - (0.44)
0 ase” ™ 0 e Zem%  gue”®2
0 0 0 0 1

The group of transformations of vectors € is given by the following table

e! = ale! + a,€° ;ag >0

g2 = e?

e ale' +o(al) e +aled + (ay + aay +az) e’ ; al > 0 (0.45)
gt = ahaue® + dyale* + ahaye® ; ay,ak >0

e’ = ed.

where 7% = af > 0,7 =a; > 0.
The optimal system of one dimensional subalgebras of Ls is given by the following

table (0.46)

X(l) = ’)’X2+X5
X(2) = X1+X2.
(0.46)
X(S) = aX3+X5.
XW = X+ X,
where =& #0,a1 =% #0,p=5 #20,7y=5#0,0 =5 #0,¢ = % #0,

are arbitrary constants.

Consider the equation uy + u; = cugz + u, whose the set of generators are given



oz’ ot’ ou’
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by Xo =2, Xo=2, Xz3=2, Xy=e*2 X5 = (:r+t)%, the non-zero

ou’

commutators are given by

(X1, Xs] = X3; [Xp, Xo] = —Xg; [Xo, Xs] = X;

(X4, Xo] = Xu; [ X5, X1] = — X35 [X5,X2] —Xs.

Using the commutators (0.47), we get that

A = Xsp%
Ay = X4;9—%+X:un

PN

Az = Identity

_ 9
Ay = X4—6X2

- a_ f)
As = X36X1 X36X2

for which the inner automorphisms will be given by the following table

A P =aqz®+2° ; and T'=1' for i=1,23,4.

Ay =22t P = +25% T ¢ for i=1,23.

Az : Identity
Ay TP =aux* +2% T =1 for i=1,34,5.

Ay v =—aszd+ 2172 = —asz3 + 2%, T =12 for i=34,5.

(0.47)

(0.48)

(0.49)

The matrices M; (ay),...Ms (as) corresponding A, ...As respectively for the above

table (0.49) are given by :-
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-10000- _1000 0_
01000 0100 0
M (a1) 0010 a |;Ml2d=|0010 @a
00010 000 e 0
00001 0000 1
F10000- _1 0 000-
01 000 0O 1 000
My(as) = [0 0 1 00| ;:Ms(as)=]| —a5 —as 1 0 0
0 ag 0 1 0 0 0 010
(00 00 1] (0 0 00 1]

The product of the matrices is given by

M = M1 (al) X M2 (CLQ) X M4 (a4) X M5 (CL5)
1 0 00 0
0 1 0 0 0

= —as —as 1 0 a1+a2 . (050)

The group of transformations of vectors € is given by the following table



where e™% = aj, > 0.
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62

—as(e! +€?) + e3 + (a1 + ag)éd (0.51)
ayaset

65

The optimal system of one dimensional subalgebras of Ly is given by the following

table (0.52)

aXy+ B8Xo + X3+ Xy + Xs.

aX; + BX; + X5+ Xs.

aX, + BX, + Xs.

BXe+ X3+ X4+ Xs.

BXy+ X4+ X, (0.52)
08Xy + Xs.

v X3+ Xy + Xs.

X4+ Xs.

Xs.
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X0 = X3+ X;.

X = X,

X1 = X, 47X+ 2X5 + X4
X = X+ 717X+ X,

X = X 47X,

X1 = aX;+vX5+ X4+ Xs.
X8 = oX;+ X, + Xs.

xan aX; + Xs.

whereazgé #0,8=%#07=5#0,71=5 #0,xx= e # 0, are arbitrary

constants.

For the equation (0.23), namely uy+u; = u 2u,,+Inu, whose the set of generators

PRE-Y

is given by X; = a%’ X, = ;%, Xs=2, X,=¢e" X5 = :vga; + ta%, the non

du? vu

zero commutators are given by

(X1, X5 = X1; [ Xo, X4] = —Xy; [Xo, X5] = Xs;
(0.53)

(X4, Xo) = X5 [ X5, X1] = —X1; [X5,Xo] = —X.

Using the table of commutators (0.53), we get that



~
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A = X
Ay = —Xugze + Xsza:
As = Identity (0.54)
Ay = Xaz¥:
As = —Xize — Xaz%;
for which the inner automorphisms will be given by the following table
A B =aqrt+a2®+2% ; and T = i=1,2,34.
Ay TP =em2zt T =+ 25 T =7 i=1,2,3.
As : Identity (0.55)
Ay TP=auxt+ 2% T =2 for i=1,3,4,5.
As 1 T =e %xli3? = —asx3 4+ 2%, T =1 for i=3,4,5.

The matrices M, (ay),...Ms (as) corresponding to Aj,...As respectively for the

above table (0.55) are given by :-

Mi(a)=10 010 0 | ; Mfap)
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My (as)

0

0000- —e‘a50 000_
1 000 0 1 000
0 100]|;:Ms)=|_—e> —a5 100
ags 010 0 0 010
0 001 0 0 001

The product of the matrices is given by

= M (a;) X My (ag) x My (aq) x Mz (as)

- e™® 0 00 a 1
0 1 00 0
= 0 —as 10 ay | - (0.56)
0 ae”® 0 e ™ (
0 0 00 1

The group of transformations of vectors € is given by the following table

e —ate! + a€® ;ag >0
22 — o2
& = —ale? + €3 + aze® (0.57)
et = ahaue? + ahet az; >0
&5

where e™% = af > 0,e7%2 = a3 > 0.
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0.4 INVARIANT SOLUTIONS

In this section we calculate the invariant solutions using some one dimensional sub-
algebras of Ls for each of the four equations (0.20) to (0.23). We will use ordinary
differential equations to find the solutions . If the solution is not immediate we will

integrate by using two symmetries which form an algebra.

Consider the equation us + u; = e*ug, + ¢, whose set of generators is given b
g Yy

~ ~

X1:i Xy = X3 = X4=e—t%’X5:gU:+(u+mi:u

oz’ U vu

We will use the one dimensional subalgebra X = X + (1 + p) X3 i.e.

0 0

The characteristic equation of the above generator (0.58) is given by

TEE ST where k =1+ p. (0.59)

From equation (0.59) the invariants are given by

L=u—kz ; L=t (0.60)

If we define I; = ¢ (1) for some function ¢, then

) ). )

The substitution of (0.61) into equation (0.20) asserts that
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Uy ¢ (¢)
Uy = ¢” (t)
u, = k
Ugg 0
hence
U+ U — € ug —c=¢ (t)+¢ (t)—c=0. (0.62)

The equation (0.62) simplifies to

¢ (t)+6 (t)=c, (0.63)

which is a second order ODE whose solution is given by

() =c1+ et +ct—c. (0.64)

Thus the invariant solution of (0.20) is given by

u(t,z) =kz+c; +ce”t +ct —c, (0.65)

where k =1+ p.

Consider the equation uy u, = e**u,, + au, which has the following set of

~ ~

g itors 4 X, X X4 Xs v rtat)Z.

—-— . - — - - was

We will use the one dimensional subalgebra X = X; + X, i.e.



o 0

The characteristic equation of the above generator (0.66) is given by

From equation (0.67) the invariants are given by

I, =u—ze™ ; I, =t.

If we define I; = ¢ (I3) for some function ¢, then

u(t,z) =ze ' +¢(t).

The substitution of (0.69) into equation (0.21) asserts that

u = —zet+¢ (t)
e = ze 4 (t)
u;, = et

Ugz = 0,

hence

u + U — € Uy, — oty = ¢ (t) + ¢ (t) —ae =0.

The equation (0.70) simplifies to

6 () +9 () = ae,

37

(0.66)

(0.67)

(0.68)

(0.69)

(0.70)

(0.71)
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which is a non-linear second order ODE whose solution is given by

&) c1+cet+aet —ate™.

The invariant solution of uy + u; = €2“*u,, + au, is given by

u(t,z) =ze ' +c1+cret +ae”t —ate” (0.72)

Consider the equation uy + u; = cugz + u, whose set of generators is given by

Xl 9 X2 2 X3= X4 6_‘ ) X5=(£L‘+t)(-9%

9z at) - vu
We will use the one dimensional subalgebras X = aX; + X5 and X = 38X, + X5
ie. X =aZ +(z+1t)Z, and X = 82 + (z + t)Z respectively to calculate the

invariant solutions of (0.22).

Consider the one dimensional subalgebra

) )
X =oaz+(@+t)s. (0.73)

The characteristic equation of (0.73) is given by

From equation (0.74) the invariants are given by I, = au — 3 (z + ), I =t.

If we let I; be a function of I,

1 )2
u(t, z) {_I+t +'[t)}w ) L L (7.

The substitution of (0.75) into (0.22) asserts that
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u = é{(:z:—f—t)—gbl (t)}

u = (1-¢ (1)
(0.76)

u;, = i(z+t)

Il
Q=

uzz
Hence uy +uy  cugy — ug i{l-gb“ B+ (@+t)—(@+t)—c—¢ (t)} =0,

simplifies to

o t)+¢ (t)=1-c (0.77)

Solving the equation (0.77) we obtain that

d(t)=c—ce ' +(1—-1)(1-¢). (0.78)

Therefore the invariant solution of (0.22) is given by

«

2
u(t,z):l{(—z__:ﬂ +cl—026't+(1—t)(1—c)}. (0.79)

Consider the one dimensional subalgebra

X = ﬁ% + (¢ + t)a%. (0.80)

The characteristic equation of (0.80) is given by

From equation (0.81) the invariants are Iy = fu — 3 (z + )2, I, =z.
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If we let I; be a function of I3, then

u(t,z) =

1 [ (z+1t)?
o 2

The substitution of (0.82) into (0.22) asserts that

w = 5(z+t)
Uy = %
w = 3{e+-¢@)}

Hence
Uy + Uy — CUzy — Uy = 0, implies that

Hitern-c1-¢"@ - (a+0-6 @)} =0,

which simplifies to

cp (2)+¢ (z)=1-c

Thus solving the equation (0.84) we get that

p(z)=c—cye e +z—czx+c—c

Hence the invariant solution of (0.22) is given by

1 t)?
u(t, z) B{(I-i_) +c e Tz + c? c}.

+ ¢(x)} where ¢ (z) =11 ie [} = ¢ ([3).

(0.82)

(0.83)

(0.84)

(0.85)

(0.86)



41

Consider the equation uy + u; = u;2um — Inu,, whose the set of generators is

_ 90 0 -t 0 _ o)
X2— X3 == X4 € %’X5_xoz+t%'

: _ 8
given by X, = 3 B

oz’
Using the one dimensional subalgebras X  X; 4+ X4, which translates to X =

) —t 0 . .. . . .
5, T Be™'5-, its characteristic equation is given by

dz du dt

T = ﬁe_t = 6 (087)
From equation (0.87) the invariants are given by I, =u  Be~'z , I, = t.
If we let I, be a function of I, then
u(t,z) = Be 'z + ¢ (t) where p(t) =1 iel, = ¢ (I,). (0.88)
The substitution of (0.88) into (0.23) asserts that
u, = —PBelz+ ¢ (t)
ue = Pe'z+¢"(t)
(0.89)
u, = pfet
Uz = 0

Hence we + tr — uz Uz — Inuy = ¢ (t) + ¢/ (t) — Infe™ =0,
simplifies to ¢ (t) + ¢ (t) = InBe~*.Solving the equation we obtain that ¢ (t) =

¢ —ce ' +tin B — 1t* +t — 1 — In . The invariant solution of (0.33) is given by

1
ult,z) B t4e et thng 24¢ 1 Ing. (0.90)
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0.5 CONCLUSION

From the present study, the methods of determining the principal Lie
algebra, the equivalence Lie algebra have been gained. However, the tech-
nique and methods of finding optimal systems of one-dimensional subal-
gebras, the extension of the principal Lie algebra by one for a variety of
differential equations has been acquired. We would like to explore the
further and even for higher dimensional subalgebras. Furthermore one
would look to taking similar projects further and extend the to determin-
ing the Lagrangians of the differential equations (if they exist) and apply
the conservation laws to determine the conserved quantities for a variety
of differential equations. The methods of calculating the invariant solu-
tions have also been gained in the present work. Throughout the present
study we have successfully used the Lie point symmetries. Future projects

would include exploring various topics in approximate symmetries.
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