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Abstract

This study revolves around operators defined by conditional expectations
and operators generated by random measures.

Studies of operators in function spaces defined by conditional expecta-
tions first appeared in the mid 1950’s by S-T.C. Moy [22] and S. Sidak [26].
N. Kalton studied them in the setting of L,-spaces 0 < p < 1 in [15, 13] and
in L,-spaces, [14], while W. Arveson [5] studied them in L,-spaces. Their
averaging properties were studied by P.G. Dodds and C.B. Huijsmans and
B. de Pagter in [7] and C.B. Huijsmans and B. de Pagter in [10]. A. Lambert
[17] studied their relationship with multiplication operators in C*-modules.
It was shown by J.J. Grobler and B. de Pagter [8] that partial integral oper-
ators that were studied A.S. Kalitvin et al in [2, 4, 3, 11, 12] and the special
cases of kernel operators that were, inter alia, studied by A.R. Schep in [25]
were special cases of conditional expectation operators.

On the other hand, operators generated by random measures or pseudo-
integral operators were studied by A. Sourour [28, 27] and L.W. Weis [29, 30],
building on the studies of W. Arveson [5] and N. Kalton [14, 15], in the late
1970’s and early 1980’s.
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In this thesis we extend the work of J.J. Grobler and B. de Pagter {8] on
Multiplication Conditional Expectation-representable (MCE-representable)
operators. We also generalize the result of A. Sourour [27] and show that
order continuous linear maps between ideals of almost everywhere finite
measurable functions on o-finite measure spaces are MCE-representable.
This fact enables us to easily deduce that sums and compositions of MCE-
representable operators are again MCE-representable operators. We also
show that operators generated by random measures are MCE-representable.

The first chapter gathers the definitions and introduces notions and con-
cepts that are used throughout. In particular, we introduce Riesz spaces and
operators therein, Riesz and Boolean homomorphisms, conditional expecta-
tion operators, kernel and absolute T-kernel operators.

In Chapter 2 we look at MCE-operators where we give a definition dif-
ferent from that given by J.J. Grobler and B. de Pagter in [8}, but which we
show to be equivalent.

Chapter 3 involves random measures and operators generated by random
measures. We solve the problem (positively) that was posed by A. Sourour
in [28] about the relationship of the lattice properties of operators generated
by random measures and the lattice properties of their generating random
measures. We show that the total variation of a random signed measure
representing an order bounded operator T, it being the difference of two
random measures, is again a random measure and represents |T'|.

We also show that the set of all operators generated by a random measure



is a band in the Riesz space of all order bounded operators.

In Chapter 4 we investigate the relationship between operators generated
by random measures and MCE-representable operators. It was shown by
A. Sourour in [28, 27] that every order bounded order continuous linear
operator acting between ideals of almost everywhere measurable functions is
generated by a random measure, provided that the measure spaces involved
are standard measure spaces. We prove an analogue of this theorem for
the general case where the underlying measure spaces are o-finite. We also,
in this general setting, prove that every order continuous linear operator is
MCE-representable. This rather surprising result enables us to easily show
that sums, products and compositions of MCE-representable operator are

again MCE-representable.

Key words: Riesz spaces, conditional expectations, multiplication con-

ditional expectation-representable operators, random measures.



Opsomming

In hierdie studie word gekyk na operatore gedefinieer deur voorwaardelike
verwagtings en operatore voortgebring deur stogastiese mate.

Studies van operatore wat deur voorwaardelike verwagtings in funksie-
ruimtes gedefinieer is, het hul verskyning in die middel vyftiger jare gemaak
in publikasies deur S-T.C. Moy [22] en S. Sidak [26]. N. Kalton, [15, 13],
het 'n studie daarvan gemaak in L,-ruimtes, (0 < p < 1) en in L,-ruimtes,
[14], terwyl W. Arveson, [5], dit in Ly-ruimtes beskou het. Die vergemid-
delding eienskappe daarvan is deur P.G. Dodds, C.B. Huijsmans en B. de
Pagter in [7], en deur C.B. Huijsmans en B. de Pagter in [10] ondersoek.
A. Lambert, [17], het die verband van die operatore met vermenigvuldigings-
operatore in C*-modules ondersoek. J.J. Grobler en B. de Pagter, [8], het
bewys dat parsiéle integraal operatore soos bestudeer deur A.S. Kalitvin et
al. in [2, 4, 3, 11, 12] en die spesiale geval van kern-operatore, soos onder
andere bestudeer in [25] deur A.R. Schep, spesiale gevalle is van produkte
van voorwaardelike verwagtings en vermenigvuldigings operatore.

Andersyds is operatore voortgebring deur stogastiese mate (ook genoem

pseudo-integraal operatore) deur A. Sourour [28, 27] and L.W. Weis [29,
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30], bestudeer voortbouend op studies onderneem deur W. Arveson (5] en
N. Kalton, [14, 15], in die laat sewentiger en vroeg tagtiger jare.

In hierdie proefskrif brei ons die werk wat J.J. Grobler en B. de Pagter [8]
oor vermenigvuldigings voorwaardelike verwagtings representeerbare (vvv-
representeerbare) operatore gedoen het uit. Ons veralgemeen ook 'n resul-
taat van Sourour, [27], en toon aan dat orde kontinue lineére afbeeldings
tussen ideale van byna-oral eindige meetbare funksies op o-eindige maat-
ruimtes vvv-representeerbaar is. Hierdie feit stel ons in staat om maklik te
sien dat somme en samestellings van vvv-representeerbare operatore weer
vvv-representeerbaar is. Ons toon ook aan dat operatore voortgebring deur
stogastiese mate, vvv-representeerbaar is.

Die eerste hoofstuk dien as inleiding waarin ons die definisies en begrippe
wat verder gebruik word saamvat. In die besonder gee ons aandag aan die
teorie van Rieszruimtes en die operatore wat daarin 'n rol speel, naamlik
Riesz- en Boole-homomorfismes, voorwaardelike verwagtingsoperatore, kern-
operatore and absolute 7-kern operatore.

In Hoofstuk 2 bestudeer ons vvv-representeerbare operatore en ons gee
'n definisie daarvan wat verskil van die een wat deur Grobler en de Pagter in
[8] gebruik word. Ons toon egter aan dat die twee definisies ekwivalent is.

Hoofstuk 3 bevat die teorie van stogastiese mate en die operatore voort-
gebring deur stogasiese mate. Ons los 'n probleem gestel deur Sourour in
[28] positief op deur aan te toon dat die totale variasie van 'n betekende

stogastiese maat wat 'n orde begrensde operator T voortbring en wat die
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verskil van twee stogastiese mate is, weer 'n stogastiese maat is en dat dit
die operator |T'| voortbring.

Ons toon ook aan dat die versameling van alle operatore voortgebring
deur 'n stogastiese maat 'n band is in die Rieszruimte van alle orde begrensde
operatore,.

In Hoofstuk 4 ondersoek ons die verband tussen operatore voortgebring
deur stogastiese mate en vvv-representeerbare operatore. Sourour het in
[28, 27] bewys dat elke orde begrensde ordekontinue lineére operator wat
ideale van byna-oral eindige meetbare funksies afbeeld in ideale van soortge-
lyke funksies deur stogastiese mate voorgebring word mits die onderliggende
maatruimtes standaard maatruimtes is. Ons bewys 'n analoog van hierdie
stelling vir die algemener geval waar die onderliggende maatruimtes o-eindig
is. In hierdie algemene geval toon ons ook aan dat elke ordekontinue lineére
operator vvv-representeerbaar is. Hierdie verrassende resultaat stel ons in
staat om sonder moeite te wys dat somme, produkte en samestellings van

vvv-representeerbare operatore weer vvv-representeerbaar is.

Sleutelterme: Rieszruimtes, voorwaardelike verwagtings, vermenigvuld-
igings voorwaardelike verwagtings representeerbare-operatore, stogastiese

mate.
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Chapter 1

Preliminaries

1.1 Introduction

Operators in function spaces defined by conditional expectations were first
studied by, among others, S - T.C. Moy [22], Z. Sidak [26] and H.D. Brunk
in the setting of L? spaces. Conditional expectation operators on various
function spaces exhibit a number of remarkable properties related to the un-
derlying structure of the given function space or to the metric structure when
the function space is equipped with the norm. P.G. Dodds, C.B. Huijsmans
and B. de Pagter [7] linked these operators to averaging operators defined on
abstract spaces earlier by J.L. Kelley [16], while A. Lambert [17] studied their
link to classes of multiplication operators which form Hilbert C*-modules.
J.J. Grobler and B. de Pagter [8] showed that the classes of partial integral
operators which were studied by A.S. Kalitvin and others (see [12], [2], [3]
and [4]) were a special case of conditional expectation operators.

In this thesis we are going to discuss the notion of multiplication condi-

tional expectation operators and extend the work by J.J. Grobler and B. de
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Pagter (8] to operators that can be represented by multiplication conditional
expectation operators.

We also investigate results obtained by, among others, Sourour [28], [27]
and Weis [29] and [30]. They worked on operators in ideals of almost every-
where finite measurable functions on standard measures spaces and showed
that these can be generated by random measures. We generalize their re-
sults and show that order continuous linear maps between ideals of almost
everywhere finite measurable functions on o-finite measure spaces are Mul-
tiplication Conditional Expectation-representable (MCE-representable).

The first chapter gives the preliminaries and the background where defi-
nitions, basic concepts and notions that are needed in the sequel are stated.
Chapter 2 focuses on characterizing conditional expectation operators as or-
der continuous functions. It also identifies those operators that can be rep-
resented by conditional expectation operators. Chapter 3 looks at pseudo-
integral operators or those operators that can be generated by random mea-
sures. In this chapter we also look at operators that are random measure
representable. In Chapter 4 we investigate the relationship between random
measure-representable operators and MCE-representable operators. Here we

present our main result.

1.2 Riesz spaces

In this section we give a short introduction to the theory of Riesz spaces. We

will concentrate only on definitions, notions and results that will be useful
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later. For deeper results we refer to W.A.J, Luxemburg and A.C. Zaanen

[19], H.H. Schaefer [24], P. Meyer - Nieberg [21] and A.C. Zaanen [34].

Definition 1.2.1 A binary relation that is reflexive, anti-symmetric and
transitive is called a partial order. We will denote a partial order by < . A
set in which a partial order has been defined is called a partially ordered set.

A partially ordered set X with a partial order < will be denoted by (X, <).

If, however, the partial order < is obvious from the context, or if there is
no fear of confusion, we will write X for a partially ordered set (X, <).

For elements z and y in a partially ordered set X we will sometimes write
y >z ifz <yand r < y to express the fact that z < y and z # y, similarly

for y > x.

Definition 1.2.2 Let X be a partially ordered set. A set ¥ C X is said to
be bounded from above if there is an element € X such that y < z for all
y € Y. The element z is called an upper bound of Y. An upper bound u of
Y is called the least upper bound or supremum of Y if u < z for every upper
bound z of Y. The supremum of Y will be denoted by supY. The notions
of bounded from below, lower bound and the greatest lower bound or infimum
of the set Y C X are defined similarly with the inequalities reversed. The
infimum of Y will be denoted by infY.

Definition 1.2.3 Let X be a partially ordered set. For z,y € X withz <y,

the order interval [z, y] is defined as the subset

[z,y] ={z€ X :z <2 <y}.
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A subset A C X is said to be order bounded f A is contained in an order

interval.

From the definition of boundedness it is clear that every order bounded

set, is bounded from above and from below.

Definition 1.2.4 A partially ordered set X is called a lattice whenever

sup {z,y} =z Vyandinf{z,y} =z Ay exist for all z,y € X.

Definition 1.2.5 A real vector space E which is partially ordered is called

an ordered vector space if

z < yimpliesthatz+y<y+zforallz,y,z€ F

z < vy implies that Az < Ay forallz,ye Fand 0 < A€ R.

An ordered vector space is called a Riesz space or vector lattice if it is a

lattice.

We list some examples of Riesz spaces which we will use further on. For

more details on these we refer the reader to [8, 34]

Example 1.2.6 (1) Let (2,%, u) be a measure space and consider L® =
L% (Q, X, u), the set of all real y-a.e. finite measurable functions on Q.
We identify functions which differ only on a set of measure zero, i.e.,
elements of L are equivalence classes of functions, two functions being
in the same equivalence class if and only if they differ only on a set of
measure zero. If we define for f,g € L° f < gif f(z) < g(z) u— ae.

on ) then L? is a Riesz space.
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For 1 < p < oo define L? = L? (2,3, u) as the subset of L consisting
of all f € L° such that [ |f|’ du < oo. If we define the order in L? as
that defined for L? then L? is a Riesz space.

Define the set of all essentially bounded f € L° by L™ = L* (2, T, u);
here f € LY is said to be essentially bounded if there exists a non -
negative finite number M such that |f (z)| < M for p-almost every
z € . In other words f € L™ if f € L° and ess sup|f (z)| < oc.
Again, if we define the order in L™ as that in L% then L™ is a Riesz

space.

Let X be a compact Hausdorff space and C(X) be a vector space of all
real continuous functions on X. Define the order <in C(X) by f<g

iff f(z) < g(z) for all z € X, this makes C(X) a Riesz space.

Let § be an algebra (o-algebra) of subsets of a non-empty set X. Let p
be a bounded finitely additive signed measure on §, i.e., for A,B € §
we have p(A U B) = p(A) + u(B) whenever A is disjoint with B,
|:(A)} € K for some constant K > 0 and

[|pl} = sup{|u(4)| : A € F} < oo

Put € to be the set of all bounded finitely additive signed measures
on ¥, if we define the order on € by saying, for p,v € €, that ¢ < v
whenever p(A) < v(A) for all A € § then € is a Riesz space.
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Here for 11 and ps in € we have that y; V o and gy A yg are given by
iV a(A) = jnf (i (B) + (4 - B))

p1 A pia(A) = ﬁg%{m(B) + u2(A — B)}

where A, B € §, see [19, 24, 34].

Definition 1.2.7 The subset E* = {zx € E: z > 0} is called the positive

cone of the ordered vector space F, x € E is said to be a positive element of

E.

From this definition, it follows that the positive cone Et exhibits the
following properties:

If z,y € Et then x +y € E*.

If re EY and 0 < A € R then Ax € E*.

Ifxre Et and —z € Et then 2 = 0.

Definition 1.2.8 Let E be a Riesz space. For every z € FE we define the
positive part of x by x+ = z V0, the negative part of z by 2~ = (—z) V0 and

the absolute value of z by |z] =z Vv (-z).

It is immediately clear that z+ and z~ are in E* and that |—z| = |z]|.
Also (-z) " == (-z)V0=z2v0=z" and (—2)* = (-x)vO=12".

The proof of the following properties can be found in Meyer-Nieberg [21].

Proposition 1.2.9 Let E be a Riesz space. Then the following hold for

everyz € F
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(i) c=zt -z ,2v Az” =0.
(i) 0 < z+ < |z].
(i) —a~ <z < o+,
(iw) (Az)* = Azt and (Ar)” = Az~ for A > 0.

(Ax)* = —Xz~ and (Az)” = —-AzT for A > 0.

[Az] = |A||z] for A € R.
(v) s <yifand onlyifzt <yt andz” >y~

Consider the space € in Example 1.2.6 (3). We have that p* = p Vv 0,

p~ = (—p) vOand |u| = (—p) V 4. Also Ju| = u™ + u~

The above properties can be used to prove the following properties:
Proposition 1.2.10 If E is a Riesz space then
sVy=;(@+y+iz—y)) endzAy=3(@z+y—|z-y)
and
|2V Iyl = 3 (|lz +yl + o —gl) and |z Alyl =3 (lz +y] =z - yl).

We state a property of Riesz spaces whose importance is apparent when
looking at the space of linear functionals on a Riesz space. It is known as

the Riesz Decomposition Property, its proof can be found in Zaanen [32).

Proposition 1.2.11 Let E be a Riesz space and let z,y € E*
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(i) If 0 < z < x4+ y there exist elements 0 < u <z and 0 < v <y such

that z = u + v.

(1) For all x,y € E* we have that [0,z + y] = [0,z] + [0,y].

Definition 1.2.12 If F is a Riesz space, z and y in F are said to be disjoint
whenever |z| A |y| = 0 and we write £ Ly.

Two subsets A and B in F are called disjoint whenever a Lb for every
a€ Aand be B.

The set A? = {z € E:zla for all a € A} is called the disjoint comple-
mentof A C E.

A subset S C E is called a disjoint system whenever 0 € S and z 1y for

every z,y € S.

We present the following result, the proof of which can be found in Meyer-

Nieberg [21].

Proposition 1.2.13 If z,y are elements of a Riesz space E then the follow-

ing are equivalent
(a) zly.
(b) 2| Viyl =z +yl =z - yl.
(c) 2|V |yl = |z| + Iy].

The following definitions and notions are adapted from the book of Zaanen

[34].
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Let A be a non-empty set and E be a Riesz space. Assume that for each
«a € A there exists an element f, in E, i.e., there is some mapping a — f,

from A into E. Put A = {f,: « € A}. Here A is an indexing set for A.

Definition 1.2.14 With the notation above, the set A is said to be upwards
directed if for any o: and 8 in A there exists a § in A such that f5 > f,V fz and
it is said to be downwards directed if there is a § € A such that f5 < f, A f;.
We denote an upwards directed set A by A 1 and if A is downwards directed
we denote this by A |. If A 1 and sup A = a we write A 1 a. Similarly, we
write A J a if A | and inf A = a.

We give, as a definition, a more specific case of a directed set.

Definition 1.2.15 A sequence (z,) in a Riesz space E is said to be increas-
ingif x; < o < --- and it is said to be decreasingif x; > 2o > ---. We
denote an increasing sequence (z,) by z, 1 and a decreasing sequence (z,)
by z, . If z, T and z = supz, exists in E we write z, T z and z,, | =
whenever z,, | and z = inf z,, exists in £. In the latter case we sometimes

say that (z,) converges monotonely to z (as n tends to infinity).

We introduce a more general notion of convergence, which is convergence
associated with the order structure of E. This kind of convergence is known

as order convergence.

Definition 1.2.16 A sequence (z,) in a Riesz space E is said to converge

in order to z if there exists a sequence (y,) | 0 such that |z, —z| < y, for all
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n. We shall denote that (z,) converges in order to z (or is order convergent
to z) by =, — (0)z or by z,, — z in order. In this case z is called the order

limit of the sequence (zy).

We give a remark from [34] that the notion of a downwards directed
sequence and that of a decreasing sequence are different. For instance, in the

Riesz space R consider the sequence

() = L ifn=1,3,5,
IEL 1+ ifn=24,6,".

We have that (x,) is not monotone but z, |, in fact z, | 0.

Example 1.2.17 Let (X, X, u) be a measure space and let £ = M (X, p),
the space of all p—a.e. finite functions on X. Then a sequence f,, | 0 if and
only if f, (t) | 0 for almost every ¢t € X. Therefore, f, — f in order if and
only if there exists a positive g € E such that {f,| < ¢ and (f, (¢)) converges
to f (t) for almost every t € X.

We also put in a few non-topological properties of vector lattices. In
particular we look at some subsets of Riesz spaces that will be encountered

as we progress.

Definition 1.2.18 Let E be a Riesz space

(i) E is called Archimedean if, for all z,y € E, it follows from nz < y for
alln € N that z < 0.

(ii) F is said to be laterally complete if every set of pairwise disjoint ele-

ments has a supremum.
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(iii)

(vi)

E is said to be Dedekind complete or order complete if every non-empty
subset of E that is bounded from above has a supremum, or equiva-
lently, if every non-empty subset of E that is bounded from below has

an infimum.

E is called o— Dedekind complete if every non-empty finite or countable
subset of E that is bounded from above (bounded from below) has a

supremum (infimum).

E is called order separable if every non-empty subset D of E that has
a supremum contains a subset that is at most countable with the same

supremum as D.

E is called super Dedekind complete if it is Dedekind complete and

order separable.

For o-finite measure spaces (X, Z, u), the spaces L°(X, L, u), M(X, Z, )

and LP(X, X, u), with 0 < p < 00, are examples of super Dedekind complete

spaces. (The space € is Dedekind complete but in general not super Dedekind

complete, see [19, Example 23.3]. L°(X, %, u) is an example of a laterally

complete Riesz space.

Definition 1.2.19 A linear subspace A C E is called a Riesz subspace or a

sublattice of the Riesz space F' if x Vy and z Ay belong to A for all z,y € A.

(1)

A subset A is called order dense in E whenever foreach 0 < z € E

there exists some y € A that satisfies 0 < y < z.
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(i) A subset A is called solid if |z| < |y| and y € A implies that z € A.
(iii) A solid linear subspace of the Riesz space E is called an ideal.

(iv) An ideal B is a band if for every subset A C E we have supA € B
whenever sup A exists in E. An ideal generated by a singleton set is

called a principal ideal.

(v) A band B is called a projection band if there exists a linear projection
P : E — B satisfying 0 < Pz < z for all x € E*. P is then called a

band projection.

From the definition it follows that the ideal Bisabandin Fif0 < f, 1 f
€ FE with f, € B implies that f € B and that an ideal A is order dense in
E if the band generated by A is the whole FE.

Example 1.2.20 (1) LP(Q, I, 1) is an ideal in L%(Q2, &, u) (both in Exam-
ple 1.2.6).

(2) Again L?(2,Z, 1) in Example 1.2.6 is an ideal in the space M(Q, T, u),
the space of all pg-a.e. finite functions on 2, but it is not a band.
B C M(Q,%, u) is a band if and only if there exists a measurable set
Eg C Q such that

B={feM(Q,Z,u): f(x) =0 for almost all z ¢ Eg}.

We will, to a great extent, be concerned with ideals of measurable func-
tions, i.e., ideals L in the Riesz space L° (Y, A,v). The collection of all A-

measurable functions into [0, o] will be denoted by M* (Y, A,v).
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If L is an ideal in L° (Y,A,v), the set Z € A is called an L-zero set if
every f € L vanishes v-a.e. on Z. There exists a maximal L-zero set Z; € A
and the set Y7 = Y\ Z, is called the carrier of the ideal L. Also, there exists
a sequence A, 1 Y] in A such that v (A4,) < co and 14, € L for alln € N.
For proofs of these see [32].

We note that if the carrier of the ideal L in L°(Y, A, v) is the whole set
Y,ie., Y =Y; then L is order dense in L*(Y, A, v).

1.3 Operators in Riesz spaces

We now look at the basic theory of operators in Riesz spaces. We consider
two Riesz spaces E and F. We will denote the set of all linear operators from
Eto Fby L(E,F). L(E,F) is an ordered space if, for T,S € L(E, F), we
define S<T tomean7 - 5 > 0.

Definition 1.3.1 Let E and F be Riesz spaces and let T € £ (E, F).

(i} T is called order bounded if it maps order bounded subsets into order

bounded subsets.

(ii) 7 is called positive whenever Tz > 0 for all z > 0. If T is positive we

write T > 0.

(iii) T is called a Riesz homomorphism or lattice homomorphism whenever
T(zVy) =TzVTy. A bijective Riesz homomorphism is called a Riesz

tsomorphism.
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(iv) T is said to be order continuous whenever inf{|[Tz|: z € D} =0in F

for every set D such that D | 0in E.

(v) T is said to be o-order continuous, if, for any monotone sequence z,, | 0

we have that inf{|Tz,|} = 0.

(vi) T is said to be regular if it can be expressed as a difference of two
positive linear operators from F into F) i.e., f T =T, — T where T}

and T; are positive linear operators from E into F.

Note that for a positive T', we have that T is order continuous if and only
if it follows that T(D} |, 0 in F for all sets D | 0 in E. In the case of o-order
continuity, we have that a positive T is o-order continuous if z, | 0 implies
that Tx, | 0.

The set of order bounded linear operators from £ to F' will be denoted by
Ly (E, F). The bounded order dual of E, which is £, (F,R), will be denoted
by E~. Note that if F' is Dedekind complete then L, (E, F) is Dedekind
complete. We will denote the set of order continuous linear operators in
Ly(E,F) by L, (E,F) and in the case where F' = R by E_". The set of all
og—order continuous linear operators will be denoted by £, (E, F) and for the
case where F' =R by E_".

We also note that a positive operator is regular and that if F' is Dedekind
complete then every operator T € L(FE, F) is regular if and only if it is
order bounded, i.e., the set of regular operators and £, (E, F') coincide if F

is Dedekind complete, see [32].
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We state a few characteristics of positive operators whose proofs can be

found in [24] and in [34].

Lemma 1.3.2 Let T € Ly(E,F). Then T € L, (E,F) if and only if |T} €
L,(E,F), ie, if TT, T~ € Lo(E,F). Similarly T € L(E, F) if and only if
|T| € LA(E, F).

Proposition 1.3.3 (i) L,(E, F) and L(E, F) are bands in Ly(E, F).
(i) E; and E" are bands in E™.
Proposition 1.3.4 Let T € L (E, E), then
(i) T is positive if and only if |Tz| < T |z| for allz € E.
(i) (Tf)* <Tf*
(iii) Every Riesz homomorphism is positive.
(iv) T is a Riesz isomorphism if and only if T and T~! are positive.

We will denote the range of T € L (F, F) by ran{T) and the kernel of T
by ker (T) . Recall that ker (T)={f € E:Tf =0}.

Definition 1.3.5 For an operator T € £, (E, F) the set
Nr={z € E:|T||z| =0}

is called the null ideal of T or the absolute kernel of T.
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We have that the absolute kernel of a positive operator is an ideal and

that Np C T-1(0).

Definition 1.3.6 The disjoint complement of the absolute kernel of T €
Ly (E, F) is called the carrier of T and will be denoted by C7.

Note that if T € L, (E, F) then Nr is a band and, furthermore, by the

Riesz decomposition of Dedekind complete Riesz spaces we have that
E= NT & CT.

The following result implies that every regular operator is norm bounded,

its proof can be found in [34).

Proposition 1.3.7 Let E be a Banach lattice and F' a normed Riesz space.

Then every positive linear operator from E into F' is continuous.

1.4 Riesz and Boolean homomorphisms

In this section we insert some remarks concerning Riesz homomorphisms
that will be used later on. We start by stating some results about order
convergence and o-order convergence.

Lemma 1.4.1 If (f,) is a sequence in L*(X, %, p) such that for p-a.e. z,
fn — 0 then f(z) = sup,, | fu(z)| exists in LY(X, X, p).

Proof Each f,(z) is a.e. p-measurable and so f(z) is a.e. p-measurable.

We show that it is py-a.e. finite valued. We have that for p-a.e. zx,
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fn — 0. Let z; be one of these points, then there exists a natural

number Nz, such that |f,(zo)| £ 1 whenever n > Ni,). Put M =
sup{L, | fi(zo)|, | fo(Zo)|,-- -, |fN(zo, (zo)|}. Then

flzo) = sup | falzo)| < M.

Hence f(xo) is finite. Thus f(z) is y-a.e. finite valued on X. 0

If (f,) is a sequence in L¥(X, X, p) such that f,(z) | 0 p—a.e., then there
exists a sequence of positive real numbers a,, 1 oo such that a,fp{x) — 0,
see [19, Theorem T1.4]. Putting fo(z) = sup, an fn(2), and using Lemma 1.4.1,
we have that fo € L°(X,E, ). But then 0 < f,(z) < tfo(:c) and so (f,)
converges fo-uniformly to 0.

The above observation can be stated as

Theorem 1.4.2 Order convergent sequences in LY(X,Z, u) are relatively

uniformly convergent.
We use this in the proof of the following

Proposition 1.4.3 Let (Y,A,v) and (X,Z, ) be o-finite measure spaces.
Suppose that ¢ is a Riesz homomorphism from L°(Y, A,v) into L°%(X,Z, p).
Then

(i) ¢ is order continuous;

(it) if ¢ is interval preserving, ran(¢) is a band in L°(X, %, u);
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(iii) if ¢ is surjective, then it is interval preserving and in particular, if

L C (Y, A,v) is an ideal, then ¢(L) is an ideal in L°(X, X, u).

(iv) If L ¢ L°(Y,A,v) and M C L°(X,%, n) are order dense ideals and if
¢ : L -5 M is an order continuous Riesz homomorphism, then it can

be ertended uniquely to a Riesz homomorphism from L%(Y,A,v) into
LY(X,Z, p).

Proof (i) By Theorem 1.4.2 we have that an order convergent sequence in
LY%(X, X, u) is relatively uniformly convergent. Since ¢ is positive
it is o-order continuous. But L°(X, X, ) is super Dedekind com-

plete, and therefore order separable and so ¢ is order continuous.

(ii) Assume that ¢ is interval preserving. If G = ran(¢), then G is an
ideal in L°(X, X, u). Since L°(Y, A,v) is laterally complete and
¢ is order continuous, G is laterally complete. We have that for

every 0 < w € G, By, = {w}* C G. Indeed, if we let 0 < f € B,

and put
fn = flg, where
E, = {te X |nw(t) < f(t) < (n+ Dw(t)},
and n =1,2,-.-, then f, is a disjoint system in G and so sup,, f,

belongs to G. Since this supremum is equal to f € LY(X, %, u) we
have that f € G.

Now, let {w,} be a maximal disjoint system in G, then

W =8upw, € G
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and the band generated by w is contained in G.
On the other hand, if 0 < v € G, we write v = wv; + vy with
v; € B, and v, € B2, Since v, is disjoint to every w, and since
W, i8S a maximal disjoint system in G, we have that v, = 0. Thus
G C B, and s0 G = B, is a band in L°(X, I, p).

(iii) Let ¢ be a surjective Riesz homomorphism from L%(Y, A, ») to
LYX,Z,u) and let 0 < g < ¢(u) for some 0 < u € LYY, A,v).
Let w € L%(Y, A, v) be such that ¢(w) = g and consider w* A u.
Then 0 < wrAuy < wand 0 < ¢(wtAu) < ¢(u). This gives us that
0 < ¢(wt)Ad(u) < uand so ¢(wtAu) = gsince p(wt) =gt =g.

(iv) Since L%(X,X,u) is laterally complete and L C LYY, A, ) is
Dedekind complete we have by Theorem 7.20 in [1], that ¢ can
be extended into a Riesz homomorphism ¢' from L°(Y, A, ) into

LY%(X, L, 1) that satisfy the equation
#'(z) =sup{d(y): y € L and 0 < y < x},

for all 0 < z € L°(Y,A,p). Since every extension satisfies this

formula it is unique. a

Let ¢ : L(Y,A,v) = L%(X, X, i), be a Riesz homomorphism, we denote its

null-ideal and carrier by N, and Cj, respectively, i.e.,
Ny={feL'Y,A,v): ¢(f) =0} and C; = Ng.
Since ¢ is order continuous, /N, is a band and so

LG(Y, A, V) = 04, D N¢.
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If Y7 € A is the carrier of Cy, then

C¢ = {lel :f e LO(Y7Av V)}

= LO(}"I:AYUV)’

where Ay, = {ANY;: A€ A}

Note that the restriction of ¢ to L%(Y1, Ay;, v) is 2 Riesz isomorphism into
LO(X, %, u).

We will denote by A, the measure algebra of (Y,A,v) and by X, the
measure algebra of (X, I, p). C will denote the equivalence class in either of
the algebras to which the measurable set C' belongs.

Let ¢ : L%(Y, A, v) = L%(X, T, ) be a Riesz homomorphism such that
#(1y) is an a.e. strict positive function on X. If A € A then ¢(1,) =
¢#(1y)1g, for some B € ¥ which is uniquely determined modulo g—null sets

by A. If we put a(A) = B it follows that
$:A, I,
is an order continuous Boolean homomorphism that satisfies ¢(Y) = X. Put
Ts={BEX:BecpA)}

Then X, is a sub-o-algebra of ¥ and we write £y = $(A). (In this case we

do not distinguish between the o-algebra A and the measure algebra A,).
We show that ¢ : L%(Y,A,v) = L¥(X,Z,, u) is interval preserving. To

that end let 0 < u € LYY,A,v) and let v € L%(X,Z,, 1) be such that
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0 < v < ¢(u). For every step function f(y) = 37, a;lp,(y) with B; =
B(A;) € L4 we have

1 ]
¢ (m ; ai]-A;)

Let (v,) be a sequence of step functions such that 0 < v, 1 v in L%(X, Xy, p).

(1Y Z‘Wﬁ 1y)1p;

= ZG{IB‘..

i=1

By the preceding argument there exists a sequence (u,) of step functions in
LO(Y, A, v) such that ¢(u,) = v,. Since ¢ is a Riesz homomorphism we may
assume, without loss of generality, that 0 < u, 1< u [else we can successively
replace uy, firstly by u} (to get ¢(ul) = d(un V 0) = d(un) VO = v} = v,),
secondly by 4, V u,_; (to get ¢(un V Un_1) = Uy V Un-y = ¥,) and lastly by
un At (to get d(un, Au) = v A d(u) = v,)]. Let 0 < v, T w. Then

¢(w) = sup p(un) = sup(va) = v,

which shows that ¢ is interval preserving.

By Proposition 1.4.3 (ii) we get that the ran(¢) is a band in L¥(X, X, )
containing the weak order unit ¢(1y). This band is the whole of L°(X, Xy, 1)
and so ¢(LY(Y, A, v)) = L(X, Zy, ).

On the other hand, if 6 : A, — X is an order continuous Boolean homo-
morphism with U(Y) =X , then there exists a unique Riesz homomorphism
¢: LY, A, v) = L%(X, %, u) with ¢(1) = 1 such that ¢ = 0.

Now assume that 7 : X — Y is a (£, A)-measurable mapping which is

null preserving (i.e., if B € A and v(B) = 0 then u(r~!(B)) = 0). The
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mapping B — 77 !(B) defines an order continuous Boolean homomorphism
Tt A, = B,

with

n.(Y) = X.
The associated Riesz homomorphism from L%(Y, A, v) into L%(X, T, u) will
be denoted by ¢, i.e., ;ﬁ, =7, and ¢.(1) = 1. It is easily verified that

(¢ f)(z) = f(rz) p-a.e. on X

for all f € LYY, A, v).

Let L C L°(Y,A,v) be an order dense ideal with order continuous dual
L. As usual we identify L} with an ideal L’ of functions in L(Y; A, v) and
we will assume that L’ is again an order dense ideal (which is always the case
if L is a Banach function space; (see [33], Theorem 112.1 or [21], Theorem
2.6.4). Equivalent to this assumption is that L separates the points of L.

The duality relation between L and L' is given by

(f,g):ffgdu for fe Landge L,
Y

(see {33] Section 86). Let T' € £,(L, M) with L and M ideals of functions
in L°(Y,A,v) and L°(X, L, p) respectively. We define its order continuous
adjoint 7" : M’ — L' by (9, T'f) = (T'g, f) for all f € M’ and g € L (see [33],
Section 97). Then T" € L, (M', L').

The next result is from [8]. In it we gather some results relating to the

adjoints of homomorphisms.
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Lemma 1.4.4 Let (X,Z, u) and (Y, A,v) be o— finite measure spaces and let
LCLYY,A,v) and M C L°(X, Z, u) be order dense ideals for which L' and
M’ are order dense ideals as well. Let ¢ : L — M be an order continuous

interval preserving Riesz homomorphism. Then,

(i) the adjoint ¢' : M’ — L' is an order continuous interval preserving
Riesz homomorphism as well and ¢' extends uniquely to an order con-
tinuous interval preserving Riesz homomorphism ¢ : LO(X, T, u) —

LY, A, v);
(ii) if (L) is order dense in L°(X, X, u), then ¢' is injective;

(1ii) if ¢ is injective, then ¢'(1x) is strictly positive and ¢'(M') is order

dense in L';
(iv) if ¢ is injective and ¢(L) is a band in M then ¢' : M’ — L' is surjective.

Proof (i} It follows from [1], Theorem 7.7 that ¢' is a Riesz homomorphism
and from [1] Theorem 7.8 that ¢ is an interval preserving. By
Proposition 1.4.3, ¢’ can be extended to an order continuous Riesz
homomorphism ¢’ : L°(X,Z, u) — LY, A,v). We show that ¢'
is interval preserving: Let 0 < v € L%(X,Z,4) D M and v €
LY(Y,A,v) D L be such that 0 < v < ¢/(u). Since M’ is order
dense in L°(X,3, ) there is a sequence 0 < u, 1 » in M’ and
s0 0 < ¢'(un) 1t ¢'(u). We have that ¢' : M’ — L' is interval
preserving. Since 0 < v A ¢'(u,) < ¢'(u,) there exists, for each

n=12,---, an element w, € M’ such that ¢'(wyp) = v A ¢'(uy,).
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Again, since ¢’ is a Riesz homomorphism, we may assume without

loss of generality that 0 < w, 1< u. Let w, T w, then
¢'(w) = sup ¢'(wy,) = sup(v A ¢'(un)) = v A ¢'(u) = v.

This proves the assertion.

(ii) Now assume that ¢(L) is order dense in L°(X, X, p). Let 0 < g €
M’ be such that ¢'(g) = 0. Then

((u),9) = (v, ¢'(9)) =0 VO<u€lL,

and so g = 0 by order denseness of ¢(L). Hence ¢’ is injective.
(i) Now assume that ¢ is injective. To show that ¢'(1x) is strictly

positive, take 0 < g € L such that g A ¢'(1x) = 0. Take X, €
such that X, + X and 1x, € M' for all n. Then

¢lg)dp = (4(9),1x,)

= (9,¢'(1x.))
= 0

for all n, and so [, ¢(g) du = 0. This implies that ¢(g) = 0 p-a.e.
on X. Hence g = 0, which shows that ¢'(1x) is strictly positive,
as L is order dense in L%(Y, A, v).

In order to see that ¢'(M’) is order dense in L', let 0 < h € L.
Since ¢'(1x) is strictly positive, 0 < ¢'(1x) A h < ¢'(1x) and as

¢' is interval preserving, there exists 0 < f € L°(X,Z, u) such
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that 0 < f < 1x and ¢'(f) = ¢'(1x) A h. But M’ is order dense
in L%(X,Z, ) and so for some g € M’, we have 0 < g < f. By
injectivity, 0 < ¢'(9) < ¢'(f) < h and it follows that ¢'(M') is

order dense in L',

Assume now that ¢ is injective and that ¢(L) is a band in M. By
(ii), @¢'(1x) is strictly positive and since ¢' is interval preserving, it
follows that ¢ : L°(X, X, u} = L%(Y, A, v) is surjective. Let X; €
¥ be the carrier of ¢(L). By hypothesis, ¢(L) = {f1x, : f € M}.
Furthermore it is easy to see that ¢’(g) = 0 for all g € L(X, X, 1)
such that ¢ = 0 on Xj.

Now let 0 < h € L' be given. Then h = ¢'(g) for some 0 <
g € L%X,%, 1), and we may assume that ¢ = 0 on X\ X;. It
remains to show that 0 < g € M, i.e, that [, gf dp < oo for all
0 £ f € M. To this end, take 0 £ f € M. Then flx, € ¢(L), so
flx, = ¢(u) for some 0 < u € L. Let 0 < g, € M’ be such that
0 < gntg. We find that

fng dy = /Xg(flxl) dy
= qu”(U) dp

= lim gn‘ﬁ(”) dps.
X

n—roQ
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Thus
f gfdp = lim [ ¢'(g.)u dv
X n— oo Y
= / ¢'(g)u dv
Y
= f hu dv
Y
< oo,
which shows that 0 < g € M'. 0O

1.5 Conditional Expectations

Let (©2, &, P) be a probability space, i.e., § is a o-algebra of subsets of §2 and
P a countably additive measure on § with P(Q) =1.
Let & be a o-algebra (sub-o-algebra) of subsets of Q with & C F. For

every A € & the equation

o(4)= [ rae,

where f € L' (£, §, P), defines a countably additive function ¢ on &. By
the Randon-Nikodym theorem there is an extended real valued function g

defined on 2 which is measurable with respect to & such that
s(4)= [ gap
A
for every A € &. If we denote ¢ by E (f [&) we get the following

Definition 1.5.1 Let (22, §, P) be a probability space and let & be a sub-o-
algebra of §. For f € L' (9, §,P) we denote by E(f|®) the P-a.e. unique
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®—measurable function with the property that

[EI0)aP= [ rar

for all A € &. The function E (f |®) is called the conditional expectation of

J with respect to (or given) &.

Proposition 1.5.2 Let E (- |8) be a conditional expectation. Then E (- |®)
can be extended from a mapping of L' (Q, §, P) into itself to a mapping from
M+ (Q,§,P) into itself.

Proof If f € M*(Q,§,P), then, (see [23] Corollary I-2-10), we can, for a
sequence (f,) such that 0 < f, € L}(Q, §, P) satisfying 0 < f, 1 f P-
a.e., define E(f|®) € M+ (2, F,P) by

E(f|®) = sup E(fn|8).

Next we show that this definition is independent of the choice of the
sequence (f,). To that end let (g,,) be a sequence in L!(£2, §, P} such
that 0 < g, T f P—a.e. Then g,, = sup,,(f, A g) and so

E(gm|8) = sup E(fn A gm|®) < sup E(fn|®).

Thus
sup E(gn|®) < sup E(f.|6). (1.5.1)
m n

On the other hand f, = sup,,(f, A g,») and

E(f|8) = supE(f, A gm|®) < Sup E(g|®).
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Thus
sup E(f,|&) < sup E(g,,|®), (1.5.2)

Equation 1.5.1 and Equation 1.5.2 together give that

sup E(fnlg) = sup ]E(gmle')

We can use these suprema and write

SgPE(fnlﬁ) = sup E(gm|®)

= E(f|®).

We list some properties of E (- |®) and refer the reader to [23].
Proposition 1.5.3
(i) If f € L' (2,3, P) and g € L*(Q,8,P), then E(gf|®) = gE (f|8).

(it) E(af + Bg|®) = ok (f|®) + SE (g|®) for all f,g € M (Q,§.P) and
al0<a,feR

(iii) 0 < f < g in Mt (Q,§,P) implies that 0 < E(f|6) <E(g|®).
(iv) 0< fo 1 f P—a.e. implies that 0 <E(f,|6)tE(f|B)P-a.c.

(v) Forall f € M* (Q,§,P) and allg € M*(Q,8,P) we haveE (gf |6) =
gE(f|8)

(vi) Ifge M1 (2, 8,P) and f € M* (Q, §,P) then [, gdP = [, fdP for all
Ae® ifand onlyif g=E(f|®)P-a.e
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(vii) If & and $) are sub-o-algeras of §, such that & C 9, then E(f |®) =
E(E(f|5)|®) for all 0< f € M*(Q,3,P).

(viii) If f € M+ (Q,5,P) is such that E(f |&) € L°(Q,5,P) then we also
have that f € L°(Q,F,P).

Proof We prove (viii) only

IfE(-|®) € L°(Q,F,P) then there exists a sequence (£2,) C & such
that Q, 1 Q2 and f, E(f|®)dP < oo. This implies that Jo, fdP < oo,
so that f € L% (9, §,P). 0

We remark that the converse of the above does not hold in general. For

instance, let £ = [0, 1] and P be a Lebesgue measure. Put

& ={0,[0,3],[31].10,1]}

and f(z) = L, where 0 < 2 < 1. Then E(f|6) = oo on [O, %] . We therefore
need the following:

Definition 1.5.4 The domain of E (- |®) is the set domE (- |&) given by
domE (- |®6) ={f € L° (2,5, P): E(|f||&) € L°(2,6,P)} .

It is clear that domE (- |®) is an ideal in L°(Q, & P) which contains
L' (2, F,P) and therefore it is order dense in L9 (Q, & P). For an element
f of domE (- |&) we define

E(/]6) =E(f*16) -E(f"|8).
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This defines a positive linear operator
E(-|®):domE (- |&) > L°(,6,P) C L°(Q,F,P).

Example 1.5.5 Let (©;,F,P;) and (9, §",Ps)be two propability spaces
and Q=0 x 0, F=F0F andP=P,®P;. Put = {Ax O, : A€ F}.
Then & is a sub-g-algebra of §. An F-measurable function g: Q2; x Qs - R
is §-measurable if and only if g(z,z.) = ¢ (1), i.e., if and only if ¢ is
independent of z,, For f € L! (2, &, P) we now have that E (f|&) (z1,12) =
Jo,  (z1,y) dP2 (y) P-a.e. on Q. From the way in which E (-|®) is extended to
M* (Q, §,P) it then follows that for f € L° (Q, &, P) we have f € domE (-|®)
if and only if fﬂz |f (z1,¥)| dP; (y) < oo P-a.e. on 2. In this case we have
that E(f|®) (z1,22) = [, f (1,y)dP; (y) P-a.e. on Q. We also note that
Jo, | (z1,9)1 dP2 (y) < oo P-ae. on £ is equivalent to f, |f (z1,y)[dP; (y) <

oo P, —a.e. on £2;.
We give the following characterization of conditional expectation:

Proposition 1.5.6

(i) If f € domE (-|&) and g € L° (Q, ®,P), then gf € domE (-|8) and
E(gf|®) = gE(f|®)

(i) If f € L° (1, §,P), then f € domE (-|®8) if and only if there is a
sequence {Ap} in & such that A, +Q and

[ |f[dP < 00 forn=1,2,---.
An
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Moreover, if f € domE (-|6), then

= dP
for all A € & with [, |f|dP < co.

Proof (i) Since E (¢f|®) = gE(f|®) for all f € M+ (Q,F P) and g €
M* (Q, 8, P} we get that

E(l9f]18) = |g|E(If]|8) € L° (2, &,P).

This implies that gf € domE (-|®). If we take ¢ = ¢* — ¢~ and
f=f*—f wehave that gf = (g7 —¢7) (f* — f~) and it then
follows that
E(gf|®) = gE(f|®).
(ii) We first assume that there exists a sequence A, C & such that
A, T Q and [, |f|dP < oo for n = 1,2,--- . We have that if

fe M (3P then fA]E(fIQB)d]P = fAfd]P forall Ae &. It
then follows that

f E(|f||®)dﬂ’°=[ |IfldP<ooforn=1,2,.--.
An An

Hence E (| f||8) < oo P— a.e. on 4, forall n = 1,2,--- . Since
A, T Q, this implies that E(|f||®) € L° (0§, P), ie, f €
domE (-|&).

Conversely, assume that f € domE(:|8). Then E(|f||®) is in
L% (Q, 8,P) and so there is a sequence A, € & with A, 1 and

f |f|d]P=f E(|f||®)dP < oo for n.=1,2,-- .
An An
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Since |E (|f]®)|,E(f*|®) and E (f~|8) are all less than or equal
to E(|f]|®) it then follows that E (f|®) is integrable over A and
that

[Eso® - [E(rie)e- [E(r10) e
Lf*d]?-—Lf“d]P
= j;fd]?

1.6 Kernel Operators

In this section we give an introduction into kernel operators and a summary
of their properties. We will mention only those concepts that will be useful
later. We refer the reader to [33, sections 93, 94 and 95] as well as {25].

Let (X, E, ) and (Y, A, v) be o-finite measure spaces and let ¢ (z,y) be a
real valued g ® v-measurable function on X x Y , where y ® v denotes the
product measure of 4 and v. For any f € L°(Y, A, v) the function t (z, y) f (v)
is 4 @ v-measurable, which implies that for almost every z € X the function

t(x,y) f (y) is v-measurable as a function of y. It then follows that

h(z) = [Y t(z,9) f ()| dv (v) (16.1)

makes sense for all z € X such that ¢ (z,y)} f (y) is v-measurable as a function
of y. By Fubini’s theorem 4 (z) is a y-measurable function on X. The set of
all f € LY, A, v) for which the function k (z) is finite valued p-a.e. on X
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will be called the Y-domain of ¢ (z,y) and will be denoted by domy (¢) . For

f € domy (t) the function h is finite pu-a.e. on X and so

9(z) = fy t(2,9) f () dv ()

is also finite u-a.e on X. The function ¢ is p-measurable since

o(z) = [ It (z,) £ ()]* dv (3) /; ey @) dv(y),  (162)

where, [, [t(z,y) f (¥)]* dv (y) and [, [t(z,y) f (y))” dv (y) are, by Fubini’s
theorem, y-measurable. Equation (1.6.2) then defines a linear operator T :
f = g from domy (¢) into L%(X,X, 4). The operator T is called a kernel
operator or integral operator. The function ¢ (z,y) is called the kernel of T.
The set of kernel operators with kernel k£ will be denoted by Lx(L, M).

If T is a kernel operator with kernel ¢ (z,y) and if L and M are ideals
in L%Y,A,v) and L*(X,Z, p), respectively, then T is said to be a kernel
operator from L into M if L C domy (¢) and [, t(z,y) f (y)dv (y) € M, for
all f € L. In this case [, |¢(z,y)f(y)ldv(y) € M and

(Thf) (=)

fy t* (2,9) f (v) dv (9)
(Tf) (z) = /Y = (2,9) f (W) dv ()

are also kernel operators from L into M. Hence we have that T =T, — T,
and T7 and 75 are positive operators. Thus the set of all kernel operators
from L into M is a linear subspace of £, (L, M) .

We extend this notion to the concept of 7-kernel operators. For this we

refer the reader to [8, Section 3]
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Let (X,3,u),(Y,A,v) and (Z,T, ) be o-finite measure spaces and sup-
pose that L C L°(Y,A,v) and M C L°(X,Z, ) are ideals with carriers
Y and X respectively. Let 7 : X x Z — Y be a (£ ®T', A)-measurable

null-preserving mapping with respect to u ® <y and v.

Definition 1.6.1 A function k € L*(X x Z,Z®T, 41 ® 7) is called an ab-
solute T-kernel for L and M if

/Z k(- 2) £ (7 (- 2) |dy (=) € M

forall f e L.

The collection of all such 7-kernels will be denoted by K (L, M). For
k€ (L, M) and f € L the operator

Kf(z) = f k(@,2) £ ( (2,2)) dy (2)

is p-a.e well defined on X and K f € M. This defines a linear, order bounded,
order continuous operator K from L into M, i.e., K € £, (L, M) . The opera-
tor K thus defined is called an absolute 7-kernel operator with kernel k(z, 2).
We will denote the collection of absolute 7-kernel operators by £, x(L, M).
We have that £, (L, M) C L,(L, M) and that if k > 0, p®~y-a.e. on X x Z
then K > 0.

We note that if (Z,T',v) = (Y, A, v) and we choose 7(z,2) = z then the
absolute 7-kernel operator K is an absolute kernel operator.

As an example of an absolute 7-kernel operator we consider the partial

integral operator as introduced by Kalitvin and Zabrejko in [12] and the
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previous mentioned authors together with Appell in [4]. The reader is also
referred to [3], {2], and [11]:

Consider o-finite measure spaces (X,Z, z) and (Y, A,v). Let L and M
be ideals in L°(X x Y, @ A, 4 ® v) with carrier X x Y.

Definition 1.6.2 For a function k € (X x Y x X, ZRAQT, u®@vQ p)
such that

f_|k(-, 2)f(z,)|du(z) € M for all f € L
X

we define the operator K : L —+ M by

K(f)(z,y) = /:_lk(:c,y, 2)f(z,y)|du(2) p®vaeon X xY forall f € L.
¢
(1.6.3)
We call such an operator K an absolute partial integral operator. We will

denote the collection of all partial integral operators of the form (1.6.3) by
‘pf(L s M )

If in the above definition we put X = ¥ = X xY, Z = X and 7 :
(X x Z = Y) defined by 7(z,y,2) = (2,9) we get that partial integral
operators defined by (1.6.3) become 7-kernel operators.

Similarly, if t € L% X xY xY,Z@A® A, p® v ® v) is such that
f_ £, 2) (-, 2)|dv(z) € M for all f € L,
v
The corresponding partial integral operator is defined by

T(f){z,y) = th(x,y, 2)f(z,2)|dv(z) pQvaeon X xY forall f € L.
(1.6.4)
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We will denote the collection of all operators of the form (1.6.4) by
PBy(L, M). Again these operators are 7-integral operators if we take X =
Y=XxY,Z=Y and 7: X x Z = Y defined by 7(z,y, 2) = (z, 2).

We list a number of properties of absolute kernel operators proofs of which

can be found in [33, Chapter 13] and [25].

Theorem 1.6.3 Let (Y, A,v) and (X, %, p) be o-finite spaces, L and M ide-
als in L°(Y, A, v) and L%(X, %, i), respectively. Denote the carrier of L by
Y. If T is a kernel operator from L into M with kernel t(z,y) then the
following hold:

(i) T is positive if and only if t(z,y) >0 p@ v-a.e. on X x Yy,
(1i) T is the null operator, 0, if and only ift(z,y) =0 u®v-a.e. on X xYg
(i) If0 < S < T in Ly(L, M) then S is a kernel operator.

(iv) If S and T are kernel operators from L to M with kernels s(z,y) and
t(x,y), respectively, then sup(T, S) ts a kernel operator with its kernel

given by the pointwise a.e. supremum of s(x,y) and t(z,y).
(v) The set Lx(L, M) is a band in Lp(L, M).

(vi) If Y does not contain any atom then the identity operator I is disjoint
to the band Li(L, L) in Ly(L, L). It then follows that I is not a kernel

operator.

Againlet (Y, A, v) be a o-finite measure space and L an ideal in L°(Y, A, v)

such that the carrier of L is Y. Let L; be the band of order continuous
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linear functionals on L which we identify, as usual with L’ as discussed in
page 22. Let (X,X,u) be another o-finite measure space and M be an
ideal in L%(X, X, u). Consider the functions ¢ € L' and h € M, then the
¢ ® v—measurable function t(z,y) = h(x)g(y) is the kernel of an absolute

kernel operator from L into M, for, for every f € L

[|txy )|dv(y) |f|g y)|dv(y) € M.

Any finite linear combination of kernel operators of this elementary kind is
called a kernel operator of finite rank. We will use the notation L, ® M
for the set of kernel operators of finite rank. The set L) ® M is a linear
subspace of Ly(L, M). The band generated by Ly ® M in £y(L, M} equals
(L ® M)®, The band (L ® M)* is contained in the band of all absolute
kernel operators since L ® M consists of absolute kernel operators.

The following is from [33]:

Theorem 1.6.4 If the carrier of L' is the whole of Y then Li(L, M)} =
(LY ® M)#, i.e., the set of absolute kernel operators is the band generated

by the kernel operators of finite rank.

We now take a look at continuity of kernel operators. We assume that Y is
the carrier of both L and L'. Given a sequence f, of measurable functions
in L and a measurable subset E of Y. Let ¢ > 0 be given and put E := {y €

E :|fa(y)] > €}. We say that (f,) converges in measure on E to 0 if

lim v(F) =0

n=+00
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for every e« > 0. It is said that (f,) star-converges to 0 if every subsequence
of (f,) contains a subsequence that converges pointwise to 0 a.e. on Y. We
will denote this by f, — 0. We state the following theorem, taken from
[33, 25], that shows the connection between convergence in measure and

star-convergence.

Theorem 1.6.5 Let 0 < u,, < u in L. Then the following are equivalent.
(a) u, = 0 as n — oo.
(b) (uy) converges to 0 in measure on every subset of Y of finite measure.

c) For every E C Y such that 1g € L' we have
(c) Ty

[uﬂv—)ﬂasn—)oo.
E

We note that the conditions (a), (b) and (c¢) in the previous theorem are
weaker than the condition that u,(y) — 0 a.e. on Y. We state the following

result that relates kernel operators to star-convergence, again see {33, 25]

Theorem 1.6.6 (Bukhvalov) For a positive linear operator T : L - M

and a sequence 0 < u, < u in L the following are equivalent:
(a) T s a kernel operator
(b) u, = 0 implies that Tun(z) = 0 a.e. on X.

The condition (b) in the above theorem can be weakened further. We state

the following as in [25].
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Theorem 1.6.7 For a positive linear operator T : L — M, a sequence
0 < u, <uinL and a sequence of sets (A,) in Y we have that T is a kernel

operator if and only if

(i) un(y) — 0 for almost every y in Y implies that Tu,(z) — 0 for almost

every x in X.

(1)) 0< 1, <uinlL and v(A,) — 0 implies that T14,(z) = 0 for every
z tn X.




Chapter 2

MCE operators

In this chapter we explore the notion of Multiplication Conditional Expec-
tation operators (MCE operators) and their characteristics. We will look at
those operators that can be represented as Multiplication Conditional Ex-
pectation operators or {MCE-representable operators). We will show that
Riesz homomorphisms and Conditional Expectation operators are the most
fundamental operators in the theory of Riesz spaces mainly because a large
class of operators can be expressed as products of Riesz homomorphisms and
Conditional Expectation operators.

Grobler and de Pagter in [8] defined MCE-representable operators using
Riesz homomorphisms that operate between o-finite measure spaces. We
give an alternate definition of MCE-representable operators, thus in a way,
giving necessary and sufficient conditions for Riesz homomorphisms and ide-
als in those o-finite measure spaces to be used to define MCE-representable
operators.

We first have a look at these operators and their properties on ideals of

40
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measurable spaces. The bulk of this is from [8].

2.1 MCE operators on ideals

Let (£2,3,P) be a probability space, let Fr and Fpr be sub-o-algebras of §
and let L C L%, §1,P) and M C L%(Q, Far, P) be ideals, both with carriers
. Put

ML, M) = {m € L(Q, 5, P) : E(mf||Fm) € M Vf € L}.

For all m € M(L, M) and f € L we have that mf € domE(-|Fs) since
M C L°(X, %, u). For any m in 9M(L, M) define an operator Sy, : L = M
by

Smf = E(mf|¥nm) Vf € L.
We have that 9(L, M) is an ideal in L°(2, §, P) since domE(-|F ) is an ideal
in L°(Q2, §,P). Indeed if, 0 < |p| < |m|, m € IM(L, M) then

E(lpf[18m) < E(Imf|I8a) € M,

thus E(|pf||§m) € M, so p € MM(L, M). Thus M(L, M) is solid and hence

an ideal.

We have that S, is a well defined operator. If 0 < m € 9M(M, L) then
Sm > 0 and if m € M(M, L) then

1Smfl = |E(mf|®)]
< E(lm|lfl®)

= Sjmlf|
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and so

[Sm| < Simy-

Hence S,, is order bounded.

Define £,(L, M) = {S,, | m € 9IM(L, M)}. We have thus constructed a
space of functions (L, M) C L%, F,P) such that for an m € IM(L, M)
there exists an operator S,, which is order bounded and order continuous,
hence S,, € Ln(L, M) C £2(L, M). The mapping m — Sy, is positive, i.e.,
m>0= Sp > 0.

The following property is from Grobler and de Pagter, [8].

Proposition 2.1.1 Let g = o (Fum, F1) be o-algebra generated by Far and
1. Let My (L, M) = L¥ (2,5, P) NI (L, M). Then we have

Lon(L, M) = Lono(L, M).

Proof It will suffice to show that given 0 < m € F(M, L) there exists
0 < my € My(L, M) such that

Sif =8mef forall0< fe L.
Let 0 < m € §(M, L) be given and set

mo = E(m|Fo) € MT(Q, Fo, P).
For 0 < f € L we have

Smf = E(mf|8m)
E(E{(mf[80)|8m)-
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Note that f is §ar measurable and §s C Fo. Thus f is Fo measurable
and so E(m f1§) = E(m|Fo)f. This gives us that

Smf = E(E(m|Fo)f|Fm)
= E(mof|3M)
= Spfforall0< felL.

In particular, E(mo f|Fux) € L°(, §, P) and thus mof € L2, Fo, P)
for all 0 < f € L. Since the carrier of L is £}, this implies that
0 < my € L%, §o,P). We then have that 0 < mgy € My(L, M) and
Sf =S, fforall0< fe L. m]

This result shows that, for the study of the space £qz, we may assume,
without loss of generality, that § = o(Fn, 1)

Consider a probability space (£2, §,P) and two sub-algebras of §, § and
&2, such that §F = o(F1, F2). Let

I'={ANB|A€§,BeF)

Since 1,82 C I', we have that o (I') = § and I is a semi-ring. Therefore
¥ is a monotone class generated by the finite union of sets in I'. Thus if
f € LY, F,P) such that [, fdP > 0 for all G € T it follows that Jg fdP >0
forall E € § since M = {C € § | fc fdP > 0} is a monotone class which
contains all finite disjoint unions of sets in I'. Therefore, if f anp fAP >
0, forall A€ §, and B € §;, then f > 0 P—a.e. on I,

The following result is also from [8].
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Lemma 2.1.2 Let (Q,F,P) be a probability space, let L < L°(, 1, P) and
M c L%, §u, P) be order dense ideals of measurable functions and suppose

that § = o (L, 8m). For m € M(L, M) we have

(i) if Sy > 0 then m > 0 P-a.e. on Q,
(i1) if Sy =0 then m =0 P-a.e. on §Q.

Proof (i) Put Ay € §1 such that 1, € L. Let By € Fu be such that
S5, Im14,|dP < oo, this is possible since the carrier of L is the

whole of £1.

We show that m > 0 P-a.e. on AgN By. For A € §; with A C 4,
and B € §) with B C By we have that

[ |m14]dP < oc.
B

Thus

fB mlsdP = fB E(m1 4|§ar)dP
_ fB Som(1)dP

> 0.

This shows that [, - mdP > 0 for all such A and B.

Now define the following o-algebras of subsets of Ag N By
¥ = {4oNB| B € §u,BC By},

3. = {ANBy| A€ F1, AC Ao},
3 = {CeF|CCANB).
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We have that o(§%,3%) = §° and [, ,mdP > 0 for all A € )
and B € §,.

From the remarks preceeding this lemma, it follows that |, cmdP >
0forall C € &, ie., m>0P-ae on AyN By. Now fix 4y € §1
such that 14, € L. Since mly, € domE(:|§»), by Proposi-
tion 1.5.6 on page 30, there is a sequence B, € §) with B, T Q2
such that [, g, [mla,|dP < co. We have that m > 0 P-a.e. on B,N
Ag for each n = 1,2,---. Thus m > 0 P-a.e. on QN Ay since
UB, = 1. Hence m > 0 P-a.e. on Ay. Since the carrier of L is Q
there exists a sequence A, € §r such that A, + Q and 14, € L.

Therefore m > 0 P-a.e. on A,, and hence, m > 0 P-a.e. on ).

From m — S, we get that —m — S_,,. Thus E(—mf|Fy) =
—E(mf|&m). We already have that if S,, > 0 then m > 0. Now
let S, = 0, then —S,, > 0. This implies that S_,, > 0 and so

—m 2> 0, which gives that m < 0. Thus m = 0. a

We also look at this result which is also from [8}:

Lemma 2.1.3 Let {2, §,P) be a probability space and let L c L°(, §.,P)

and M C L°(Q, §u,P) be ideals of measurable functions. If Sy € Lon(L, M)
is an upwards directed net and if 0 < Sy 1 S in Ly(L, M) then S € Lay(L, M).

Proof Without loss of generality, we may assume that § = o(Fr, §ar). Write

Sa = Sm, with m, € (L, M). By the preceeding proposition we

have that 0 < m, 1 in M*(Q,§,P). Then m := sup,m, exists in
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M*(92,%,P) and there exists a sequence (m,) composed of terms of
(mq) such that m,, 1 m (this is a slight variation of Lemma 94.4 in [33]).

For each 0 < f € L we have

Sf > Smuf = E(maf|3u) TE(mf|Sum) € M*(Q,Fu, P).

Now, Sf € M C L%, Fum, P) implies E(mf|&r) € LY, Far, P) and
consequently, mf € L%(Q, §, P). Since L has carrier {2, this implies that
m € L%, F,P) and hence m € M(L, M). By Proposition 1.5.3 (iv),
my T m in LO(Q, §,P) implies that S,,, 1 S in £4(L, M) and hence
Sm £ S. On the other hand, m > m, and so S,, > Sy, for all o and

thus S,, > S. Hence, S = S, € Lan(L, M). m|
The following result is also found in [§]

Lemma 2.1.4 Let (2, F,P) be a probability space and let L ¢ L°(Q, §1,P)
and M C L°(Q, Fr, P) be ideals of measurable functions. If S € £,(L, M)
such that 0 < S < S, for some m € M(L, M), then S € Lox(L, M).

Proof We first prove the proposition under the additional assumption that
%L = §. Then L is an ideal in L°(Q, §, P) and the operator S,, is interval
preserving (i.e., it has the Maharam property). Indeed, if f € L and
0 < g < S,.f in M, define the function o by

0 otherwise.

> { 9/Smf if Suf #0
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Since 0 <o <1and g € L%Q,§ym,P) wehave 0 < of < fin L and

Sm(of) = E(mof|¥m)
= oE(mf|§m)
= oSnf

= g.

It follows from the Luxemburg-Schep Radon-Nikodym theorem (see
[18]) that S = S, 7 for some 0 < 7 < [ in the centre Z(L) of L. Now
7 is multiplication by some function 0 < p < 1 on (2 (see [33] Example
141.3) and, since M(L, M) is an ideal in L°(, §,P), it follows that
S = Spm € Lon(L, M).

For general L, let I(L) be the ideal generated in L°(Q, §,P) by L. We
have that SR(I(L), M) = (L, M). Indeed, if m € M(I(L), M) then
E(|mg||&nm) € M for all g € I(L). But, since I{L) D L, E(|mg|lFum) €
M holds for all g € L; hence m € 9M(L, M). On the other hand, if
m € M(L, M) then E(|mf||Fr) € Fum for all f € L. Let g € I(L),
then there is some f € L such that |g|] < {f|. This then gives us
that E(mg||§m) < E(|mf||Es) € M. Thus m € M(I(L), M). Define
Sm : I{L) = M by Sf = E(mf|§a) for all f € I(L). Then S,
is an extension of S, and S,, € Lom(I(L), M). It follows from the
Kantorovich extension theorem (see [1] Theorem 1.2.2), that there exists
an extension 0 < S € Ly(I(L), M) of S such that 0 < § < §,,.. By
the first part of the proof S € Lon(I(L), M). Since M(I(L), M) =
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IM(L, M), the restriction of S to L belongs to Lam(L, M), ie., S €
Lon(L,M). This completes the proof. |

We combine the three previous results to prove the following, as was done

by Grobler and de Pagter in [8].

Proposition 2.1.5 Consider a probability space (2, §, P) and ideals of mea-
surable functions L C L°(Q, &, P} and M C LY%(Q, Fur, P). Then Lop(L, M)
is @ band in L,(L, M). Moreover, assuming that § = o(FL, §m), the mapping
m ~—+ Sy 15 a Riesz isomorphism from the ideal MM(L, M) onto Lag(L, M).

Proof First we show that Lon(L, M) is a Riesz subspace of £,(L, M). Take
Sm € Lop(L,M). As observed earlier, |Sp,| £ Sjm|- By Lemma 2.1.4
this implies that |Sy,| € Lan(L, M). Hence, Lon(L, M) is a Riesz sub-
space. Using the above Lemma 2.1.4 once more, we see that Lon(L, M)
is actually an ideal in £,(L,M). Moreover, Lemma 2.1.3 yields that
Lon(L, M) is a band in L,(L, M). Assuming that § = o(Fr,Fu), it
follows from Lemma 2.1.2 that the mapping m — S,, is a bi-positive
bijection from (L, M) onto Lox(L, M), consequently this mapping is

a Riesz isomorphism. O

2.2 MCE-representable operators

We now investigate a class of operators which factorizes through MCE opera-

tors. Our aim is to extend the MCE operators to the case of o-finite measure
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spaces. This class of operators includes operators such as kernel operators,
order continuous Riesz homomorphisms as well as 7-kernel operators.

We consider o-finite measure spaces (X, X, u} and (Y,A,v). Let L C
L%(Y, A, v) be an ideal with carrier Y and M C L°(X, X, i) be an ideal with

carrier X.

Definition 2.2.1 A linear operator T : L — M is called Multiplication Co-

nditional Expectation representable or (MCE-representable) if there exist

(i) a probability space (2, &, P) and sub-o-algebras F; and Fps such that
§=0(Fr, M),

(ii) order dense ideals Lo C LO(S2, §;,P) and Mg C L°(Q, §as, P) and order
continious Riesz homomorphisms ¢7 : L — Lg and ¥y : Mg - M

with ¢y surjective and 15s a Riesz isomorphism onto an ideal in M and
(iii) m € M(Lg, Mq)
such that
T = YmSndr,
i.e., such that the following diagram commutes

L L3 M

w| e

LQ—'S—)MQ

® = ((Q,§ P),dr,v¥u) is called a representation triple for the operator T
and m a ®-kernel of T. The set of all linear operators T : L — M which




CHAPTER 2. MCE OPERATORS o0

are MCE-representable via a fixed triple @ will be denoted by Ls(L, M) and
we will also say that @ is a representation triple for the class Ls(L, M). An

operator T € Lg(L, M) will be called ®-representable.

Consider a o-finite measure space (X, X, 1) and let (@, §, P) be a proba-
bility space. If ¢ is a o-order continuous Riesz isomorphism from L%(X, X, p)
into L°(Q, &, P) such that ¢(1) = 1 then the restriction of ¢ to the character-
istic functions of elements of ¥ gives a Boolean g-homomorphism ¢ : £ — §
such that P($(A4)) = 0 if and only if u(A4) = 0 for A € T. Such a mapping is

called a bi-null preserving mapping or non-singular. If §, = ¢(X), then Fy

is a sub-c-algebra of § and ran(¢) = L%(Q, 1, P) C L*(Q2, §, P).

Lemma 2.2.2 Let L be an ideal in L°(X, I, 1) with carrier of L being X and
¢ a o-order continuous Riesz isomorphism from L°(X, T, p) into L°(Q, §, P)
such that ¢(1) = 1. Put

LQ = ¢(L) g Lo(ﬂ, SL; ]P) g LO(Q,%’ IP)
Then Lg is order dense.
Proof Since ¢ is a Riesz isomorphism from L%(X, X, 1) onto L%(8), 1, P),
we have, by Proposition 1.4.3 (iii), that Lg is an ideal in L°(Q, §.,P).
We have that the carrier of L is X and therefore there exists a sequence
of sets X, T X such that 1x, € L and so ¢(1x,) € Lg. We have that

1x, 1 1x and since ¢ is o-order continuous we get that ¢(1x,) T #(1x).

If we write ¢(1x,) = ¢(1x)1lq, € L, we have that

O = $(Xa) 1 $(X) = Q.
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This implies that the carrier of Lq is 2 and so Lg is order dense.

Grobler and de Pagter in [8] gave a somewhat different definition which

is as follows

Definition 2.2.3 Let (X, X, u) and (Y, A, V) be o-finite measure spaces and
let L C LO(Y,A,v) and M C LYX,Z,u) be ideals with carriers Y and X
respectively. A linear operator T : L — M is called Multiplication Condit-

ional Ezpectation representable or MCE-representable if there exist:
(1) a probability space (2, F, P);

(2) a Riesz homomorphism ¢, : LYY, A,v) — L¥(Q, & P) with ¢, (1) P-

a.e. strictly positive on {2;

(3) asub-g-algebra §u C § and an interval preserving Riesz isomorphism
¥ LR, 3u, P) = LOX, T, ps);
(4) a function m € M(Lg, Mg),
such that:
T = ¢YmSméL,
where Lo = ¢r(L), Mq =93} (M) and Sy, : Lo — M is given by

According to this definition the following diagram commutes

LY,A,v) DL —2 McCIMX,E,p

ér l Tva

LO(Q,SL,P) D Lqg "S—} Mo C LO(Q13M:P)




CHAPTER 2. MCE OPERATORS 52

In the next two results we show that Definition 2.2.1 and Definition 2.2.3 are

equivalent.

Proposition 2.2.4 Consider a probability space (2, §, P), sub-c-algebras §,
and Far such that §F = o(Fr,m). Let Lo and Mg be order dense ideals in
L, %L, P) and L%, Fur, P), respectively, ¢r, : L C LYY, A,v) = Lg and
Yy Mg — M C LYX,X, u) be order continuous Riesz homomorphisms

with ¢, surjective and 1y a Riesz isomorphism onto an ideal in M. Then

(i) ¢r and Yy can be extended to order continuous Riesz homomorphisms
that respectively map LO(Y,A,v) into L°(Q, &, P) and L°(, Fum,P)
into LO(X, Q, u).

(ii) For the extended ¢r we have that ¢ (1) is P—a.e. strictly positive on
Q.

(i11) The extended vy is an interval preserving Riesz isomorphism.

Proof (i) Since the carrier of the ideal L C L°(Y, A, v) is Y we have that
L is order dense in L*(Y,A,v). Similarly M is order dense in
LYX,%, u). Also, ¢; and 1 are order continuous Riesz homo-
morphisms. So by Proposition 1.4.3 (iv) ¢; and 1 can be ex-
tended, uniquely, to order continuous Riesz homomorphisms that
respectively map L°(Y,A,v) into L°(Q, §z,P) and L°(Q, §m, P)

into L°(X, Q, p).
(ii) Suppose that ¢ (1) is not strictly positive. Then there exists some
B C Q such that 15 # 0 in L°(, §.,P) and 15 A ¢(1) = 0. L
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(ii)

is order dense in L*(Q2, §.,P) and so there exists 0 < h € Lq such
that 0 < h < 15. Now ¢, is a surjection from L to Lg and so
there is some 0 # f € L such that ¢.(f) = h. Since ¢ is a Riesz

homomorphism we have

$o(f*) = ou(fV0)
= ¢u(f)V L(0)
= h

Thus we have that there is 0 < f € L such that ¢.(f) = h.

From f Anlt f we get, by order continuity of ¢, that

$r(f Anl) T éL(f) =h>0.

On the other hand, for all n

ér(f) A ¢r(n1) = h Anér(1) = 0.

Therefore ¢ (1) is P strictly positive on £2.

We first show that the extended ¥ is a 1 — 1 and thus a Riesz
isomorphism. Let f € L%(£2, &, P) be such that ¥ (f) = 0.
This gives us that 0 = [¢py(f)| = ¥ar(|f]). We may assume that
f = 0. Since Mgy is order dense there exists a sequence (f,) in
Mg such that f, 1 f. Since ¥ is order continuous we have that
0 < ¥ar(fn) T ¥a(f) = 0. Thus ¥a(fa) = 0 for all n. Since ¥n
is injective we get that f,, = 0 for all n. Thus f = 0. Hence 5, is
a Riesz isomorphism of L%(£2, Far, P) into LO(X, T, u).
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Next we show that s is interval preserving. We want to show
that if [u, v] is an interval in L°(, s, P) and f € [¢har(n), Yar(v)]
in L°(X, %, u) then there exists some ¢ € [u, v] such that ¥ (t) =
f. To that end, we first consider the interval [0, v] in L*(Q, &, P)
and let f € [0, ¥ (v)].

Since Mg is order dense there exists a sequence (vn) in Mg such
that 0 < v, T v. We have that ¢ (Mp) is an ideal and so there
exists a sequence (g,) in Mg such that ¥a(g,) = f A ¥ar(v,) for
each n. ¥ is a homomorphism and so ¥ar(g Vu,) = Y (g,). We
may therefore assume that 0 < g, < v,,. Also, for m > n, ¥um (g, V
9m) = ¥u(gm) and so we may assume that g, 1. Let ¢ = sup gn.
Then 0 < g < v, which implies that g € L%(2, §ar, P). By the

order continuity of 1)y we get that ¢,r(gn) T ¥ar(g); but

Yum(gn) = fFAYM(Ua) T FAYM(v) = f.

Hence a(g) = f. Thus for the interval [0,v] C L°(S2, s, P) and

f € [0, ¥ar(v)] there exists a g € [0, v] such that 1 (g) = f.

Now let us consider the interval [u,v] in L°(, Far, P) with u < v.

Put f € [¥ar(u), Yar(v)], thus f — ¥a(u) € [0,9m(v — u)]. By

the preceding argument there exists a ¢ € [0,v — u] such that

Yu(9) = f —um(u). But g € [0,v — u] implies that g+ u € [u, v].

The proof is completed by putting ¢t = g + u. m
Proposition 2.2.5 Consider a probability space (2, §,P), sub-c-algebras Fr
and Far such that § = o(Fr,Fu) and ideals L C LYY, A,v) and M C
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LYX,Z,v) with carriers Y and X respectively. Let ¢r - L°(Y,A,v) —
L(£, §,P) be a Riesz homomorphism such that ¢1(1) is P-a.e. strictly pos-
itive on 0 and v¥pr 1 LY, §ar, P) = LO(X,Z, i) be an interval preserving
Riesz isomorphism. Let Lg = ¢r(L) and Mg = 3 (M). Then

(1) ¢L and ¥pr can be restricted to order continuous Riesz homomorphisms
mapping L to Lo C L°(R, &1, P) and Mg C L°(Q, §ur, P) to M, respec-
tively, with the restricted ¢; surjective and the restricted ¥ a Riesz

isomorphism onto an ideal in M.
(i) The restricted ¥ is injective.

(#ii) Lo and Mq are order dense.

Proof (i) We have that ¢; is a Riesz homomorphism from L°(Y, A, v) into
L°(82, &1, P) (which are o-finite measure spaces) and so it is order
continuous by Proposition 1.4.3 (i). Its restriction to a mapping
from L to Lg will be an order continuous Riesz homomorphism

as well, which is, moreover, surjective.

We show that ¥ (Mp) is an ideal. Let 0 < f € ¥y (Mg) and
0 < |g| £ f. Now f = 4um(v) for some v € M. Since ¥y is
interval preserving, there exists some t € Mg with 0 < ¢t < v
such that |g| = ¥u(f). Thus |g| € ¥m(Mg). Similar argument
shows, since, gt < |g| and g~ < |g|, that g* € ¥p(Mg) and
9~ € Yar(Mg). We then have that g = g7 — ¢~ € ¥ (Mq).
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(ii) Since v is a Riesz isomorphism, it is injective and so its restric-

tion will be injective as well.

(iii) L is an ideal in L%(Y,A, ) and ¢; is a Riesz homomorphism
from L%(X, X, u) to L°(Q, §1,P) with carrier of L being Y. By
Lemma 2.2.2 we then have that Lo = ¢;(L) is order dense.

Let 0 < f € L%Q,Fm,P). Since ¢p is 1 — I, we have that
0 < Yue(f) € LYX,Z, u). But M is dense in L¥(X, %, u) and so
there exists an element ¢ € M such that 0 < g < ¥ (f). Also,
since s is interval preserving, there is an element 0 < f; such
that ¥5,(f1) = ¢ and 0 < f; < f. Hence, since ¥p(f1) € M,
we have that f; € 'l,b;fl(M) = Mpgq. Hence, My is order dense in
LoQ, . P). 0

We note that Proposition 2.2.4 and Proposition 2.2.5 give necessary and
sufficient conditions that Riesz homomorphisms ¢, and s and ideals L, Lq,
M and Mg, should satisfy for them to be used in defining MCE-representable
operators.

We conclude by showing that order continuous Riesz homomorphisms,
kernel operators and 7-kernel operators are amongst the class of operators

that are MCE-representable.

Example 2.2.6 (1) Let L C L%(Y;A,v) be an ideal of measurable func-
tions on the o-finite measure space (Y;A,v) and M C L°(X, L, ) be

an ideal of measurable functions on the o-finite measure space (X, £, u)
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such that L and M have carriers Y and X respectively. LetT : L - M
be an order continuous Riesz homomorphism. We want to show that
T is MCE-representable. We first use Proposition 1.4.3 (iv) to extend
T into an order continuous Riesz homomorphism ¢y : LYY, A,v) —
L%(X,X, u). We have that {¢;(1y)}% is a band and so there exists
some X7 € ¥ such that {¢7(1y)}%* = {(1x,)}%. Let wa be a strictly
positive function on Xr such that f, wydp = 1. Such a function
exists, indeed, let X,, 1+ Xr with X,, € £ and u(X,) < oo since T is

o-finite. Let was be given by 3 7 51,;;(-)1?)1 x,. For £ € X7 we have

1 1
and
o0
1 1
wydp = o 1x,dp
‘/}(T ﬂgl 21’1 I“'(X"') Xr
=1 1
= — X,
; 2n u(Xn)'u( )

I
Ms
3| =

It
Lol
o
"

Put Q=Xp, P=wyp, F={ANXr: A€ X} and Fyy = F. Let vns
be the canonical embedding of L%(Q, & P) into L°(X, %, 1). We have
that ¢, is a Riesz homomorphism from L°(Y, A, v) into L°(Q, §, P) and

is such that ¢;(1) is strictly positive on 2. Let m = 1. Then for all
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f € L we have

YMSmr(f) = YumE (SL(f)1|Fnm)
= YME($.(f)IFm)
= YmE(¢L(f)IF)
= Ymon(f)
= ¢.(f)
= Tf

(2) We show that kernel operators are MCE-representable. Consider o-
finite measure spaces (X, 3, u) and (Y,A,v) and let L C LYY, A, v)
and M C L°(X, %, ) be ideals with carriers Y and X respectively. Let
K : L - M be the absolute kernel operator from L into M defined by

Kf(w)= [ k(w,z) f(z)dv(z) for all f e L,
14
where k € L%(X x Y, Z ® A, p ® v) is such that
f |k(-,z)f(z)|dv(z) € M for all f € L.
Y

We show that K is MCE-representable:

Let wy € LYX,Z,u) and wy, € L'(Y,A,v) be strictly positive and

satisfy [, widp = [, wodv =1.

Taking 1 := X x Y, §:= Z® A, and putting P := w, 2 ® wav, we have
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that (2, §, P) is a probability space, for,
f dP = f w4 ® wavdu(z)dv(y)
Q XxY

- [wa|[ wn(s)dn(s) | dutz)
= Lwl(m)dy(x)/;wzdlf(y)
= 1.

Define (¢, f)(z,y) := f(¥)lx(z) for all f € L and Fp = {A x
Y : A € £} Then L9, 5u.P) = {f € L°UE.P) : f(z,y) =
g(x)1y(y) for some g € LY(X, =, w)}. If f = gly € L%(Q, Fum, P), de-
fine ¥p(f) = g. We have ¢.(1) = 1 and ¥ is a bijection from
L%Q, %, P) onto L°(X, X, 1} and therefore interval preserving. Taking
m = wy, 'k we get that, for all f € L,

E(mf|§u)(@y) = E(wy'kf|§u)(z,v)
- f wy ()k(e, y) F () Lx (@)wa(y)dv (y)
= fy k(z,y)f(y)dv(¥) 1y (y)
= j; k(z,y)f(y)dv(y)

Hence, the triple ® := ({2, 5, P), ¢1,%¥nm) represents K with $-kernel

m = w; 'k.

(3) Let (X, X%, u), (Y, A, ») and (Z, T, X) be o-finite measure spaces and sup-
pose that L C LO(Y, A, v) and M C L%(X, T, u} are ideals with carriers
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Y and X respectively. Suppose that 7: X x Z -+ Y isa (¥ ®T,A)-
measurable null-preserving mapping. We want to show that every abso-
lute 7-kernel operator T € £,x(L, M) is MCE-representable via a fixed
representation triple ®. We first introduce the following sub-o-algebras

of E@I

(a) Ag:={7"YA): Ac A} ={rn(4): Ae A};

(b) So:={AxZ:A€T).

Let 0 < wy € L'(X,E, u) be such that wi(z) > 0 p-ae. and [, wy dp =
1 and let 0 < wq € L'(Z,T, A) be such that wa(z) > 0 A-a.e. and
fyw2d) =1 Define Q: =X xZ, F=EQ@T and P = (wi) ® (wa)).
Then (Q, §, P) is a probability space and PP is equivalent to the product

measure i ® A. Define
oL = ¢, : LYY, A,v) = LY(Q,F,P).

Then ¢y, is a Riesz homomorphism satisfying ¢.{1) =1 and §; = Ay
in the notation defined above. Let &) = X, and note that f €
L, um, P) if and only f = g1z with g € L)X, I, u). Define vy :
LY, &, P) = LYX,Z, i) by var(f) = ¥m(glz) = g. Then 1y is a
Riesz isomorphism which is interval preserving (in fact it is a surjec-
tion). We will use ® = ((Q, &, P), ¢1,,%¥»r) as a representation triple of

a T-kernel operator.

Since Lo = {fo7: f € L}, it follows from the result in Example 1.5.5
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on Page 30 that m € M(Lq, Mp) if and only if
E(mf| [20)(@,2) = [ Im(z,2)(r(z, ))wal2)ldA(z) < oo
z
p-a.e. on X, and

E(mf| |Z0)(,2) = [ Im( 2 f(r( 2)un(2)ldNz) € MV [ € L.

z
Consequently, m € M(Lq, Mq) if and only if m-w, € K,(L, M). More-
over, if m € 9M(Lq, Mp) then

VS b1.f(z) = [ m(z, 2)f(r(z, 2))wa(z) dA(2),
zZ

which shows that Sy, ¢ € Lx(L, M) with kernel k(z, z) given by

m(z, z)wa(z).




Chapter 3

Operators defined by random
measures

In this chapter we look at operators generated by a class of measures known
as random measure. We start by introducing random measures as studied
by Sourour [28, 27] and Weis [29, 30]. We then look at operators that these
random measures generate which are sometimes called pseudo-integral oper-
ators. In addition to Sourour and Weis who studied these operators in the
setting of ideals of measurable functions over standard spaces, they were also
studied in Ly by Arveson [5] and in L, (0 < p < 1) by Kalton in {14, 15, 13].

Sourour in [27] showed that the lattice properties of operators generated
by random measures are closely related to the properties of the generating
(signed) measures in standard measure spaces, where a Borel space X is
called standard if X is Borel isomorphic to a Borel subset of a separable
complete metric space (see [20] or [5]). He assumed that the total variation
of a random measure that generates an order bounded operator is again

a random measure and showed that it generates the absolute value of that

62
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operator. We show that for an order bounded operator that can be expressed
as a difference of two positive operators there exists a signed random measure
which is a difference of two measures and that the total variation of that
random measure generates the absolute value of that operator in more general
measure spaces. In order to do this we make use of the Luxemburg-Schep
Radon-Nikodym theorem [18] and the Kantorovich extension theorem [1].
We also develop the concept of random measure-representable operators
analogous to MCE-representable operators that were introduced by Grobler

and de Pagter in [8].

3.1 Random measures

Sourour in [27] studies operators generated by random measures. He called
random measures kernels and the operators that they generate pseudo-integ-
ral operators. Weis in [29] called them operators represented by random
measures. We will call them operators generated by random measures. Both
Sourour and Weis use the same implicit assumption that v(z,-) and |v|(z,-)
are Borel functions, see [28, Definition 1.1 (ii)] and [29, Remark 2.2 (i)]. Our
results give a more general setting than those of Sourour and Weis as we
do not make use of their assumption but actually show that the mapping
z — |v|(z, B) is a measurable function for each B € A.

We consider measure spaces (Y, A, A) and (X, %, u) with (X, X, p) com-

plete o-finite, i.e., subsets of p-a.e. zero sets in X are also u-a.e. zero sets.

Definition 3.1.1 A class of measures v(z,-) defined on A for each z € X
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such that v(z, B) is £-measurable as a function of z for each fixed B € A, is

called a random measure on Y.

Definition 3.1.2 A random measure v(z, -} is called uniformly o-finite on
YifY =Y, with ¥, € A and v(z,Y;) < k, < oo for all z € X, where k,

is a sequence of positive real constants.

For a uniformly o-finite random measure v(z,-) on Y, there exists (see [6]

Theorem 2.6.2) a unique measure v on £ ® A such that

{A® B) = / v(z,B)dp(z) for all A € & and B € A. (3.1.1)
A

This measure is given by
v(E) =f v(z, E(x))du(z) for E € T ® A.
X

This measure is o-finite on Z® A and is a probability measure if 4 and v(z, )
are probability measures.

We will make use of the following weaker condition.

Definition 3.1.3 A random measure ¥(z,-) is said to be o-finite on Y if

Y =JY, and v(z,Y,) < o0 p—a.e. on X.

We can use o-finite random measure v{x,-) to construct a unique o-finite
measure ¥ as in (3.1.1).

We will use the notation F =X ® A.

Lemma 3.1.4 Let v(z, -) be a o-finite random measure. Then the function

z — v(z, C(z)) belongs to M+ (X, X, u) for every C € F.
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Proof Let X, be such that u{X — Xp) = 0 and v(x,Y,) < oo for every
zeXpandn €N, Put C = Ax Bwith A€ X and B € A. Then
v(z,C(x)) = 1a(x)v(z, B), which, by definition, is in M*(X,Z, ).
Let Z, =X xY,,C,=2Z,NCforeveryne Nand C C X x Y. Put

D, = {C € Flu(z, Cu(z)) € MH(X,E, 1)}

Then D, contains the measurable rectangles A x B € F. Also, if B
and C are in D,, with B C C, we have, from the fact that v(z,-) is

finite on subsets of Y}, for every x € X, that

v(z, (Zn N (C - B))(z)) = v(z,(Cr(z) — Ba(2)))

= vz, Cy(z)) ~ v(z, By(z)) a.e.

Hence v(z,(Z, N (C — B))(z)) is equal to a measurable function ex-
cept possibly on a subset of a p—null set. By the completeness of
w, v(z,(Z, N (C — B))(z)) is in MT(X,Z,u). Thus C — B € D,.
If Cx T C with Cy € D, then v(z,Crn(z)) Tk v(z,Cr(z)), and so
C € D,. Thus, by the Dynkin principle, D, contains the o-algebra
F. From the fact that v(z,Ch(z)) 1T v(z,C(z)), we then have that
v(z,C(z)) € MT(X, X, ). ]

Theorem 3.1.5 Let v(x,-) be a o-finite random measure on (Y, A) and let

i be a o-finite measure on X. For every C € F define

W(C) = L v(z, C(z))dy.
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Then v is a o-finite measure on (X x Y, F), moreover, it is a unique o-finite
measure that satisfies

v(Ax B)= fAu(m, B)dp

forall A€ ¥ and B € A.

Proof The proof that v is a measure on F is exactly as for the case of
a uniformly o-finite measure (see [6]). We have that v(A x B) =
J4v(z,B)dp for all A € ¥ and B € A. We now show that it is a
o-finite measure. Let Xy = {z € X : v(z,Yn) < oo for all n}. We
therefore have, by assumption, that (X — Xo) = 0. Let X,, + X and
Y, 1Y be such that u(X,) < oo and u(Y,) < co u-a.e. on X. Let
Xnp={r€XanNXo:v(z,Yn) <k} forn,k=1---. Then for each n
we have that X, x Tx Xn N X, and so,

UKk x ) UXExY) = (XoxY)U(X§xY)

nk

= X xY.

Furthermore,

V(Xnp X Y,) = / v(z, Y, )dp
Xn,k
kp(Xn)

< @

I

and v(X§xY)= [ Xs v(z,Y)du. The uniqueness of v follows from the

fact that it is a o-finite measure. m]
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Corollary 3.1.6 For every p € M+ (X x Y,F) the integral

f p(z,y)v(z,dy)
Y

exists and is in M (X, X, u). Moreover,

[ swate = [ ([ steomiod) due)

For a proof the reader may consult the relevant part of the proof of Fubini’s

theorem in [6].

Definition 3.1.7 The set B C Y is a null set with respect to the random
measure v(z,-) if v(z, B) = 0 p-a.e. on X. This is equivalent to saying that
fav(z,B)du(z) = 0for all A € E.

A subset of a null set is also a null set. This follows from the fact that
if A C B then v(z,A) < v(z, B). The union of a countable number of null

sets is again a null set.

3.2 Operators generated by random measu-
res

We now take a closer look at operators that are generated by random mea-

sures.

Definition 3.2.1 Let L C L%Y,A,)) and M C L%(X, I, 1) be order dense
ideals of measurable functions. We say the positive operator T' € Ly(L, M)

is generated by the random measure v(z, -) if

Tf(z) = /Yf(y)u(m,dy) for almost every z € X.
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The space of the differences T — 75, where 77 and T, are positive operators

from L to M with T} generated by the random measure v (z,-) and T

generated by the random measure v5(x, -), will be denoted by L,.,,(L, M). It

is obvious that this is a subspace of order bounded linear operators from L

to M, i.e., Lmn(L, M) C Ly(L, M).

We give examples of operators generated by random measures (taken from

[31]).

Example 3.2.2 (1) Let (Y, A, A) and (X, X, u) be o-finite measure spaces

(2)

and L C LYY,A,)) and M ¢ L% X,Z,u) be ideals with carriers
Y and X, respectively. Let T : L — M be a positive, or, more
generally, a regular operator. If T is a kernel operator defined by
Tf(z) = [, f(y)t(z,y)dA(y) for all f € Y with kernel ¢(z,y) then
if we put vp(z, ) = tA(), ie., vr(z, B) = [gt(z,y)d\(y) for all B € A.

Then T is an operator generated by the random measure vr{z, -)

Let K; and K, be locally compact Hausdorff spaces and T : C(K;) —
C(K:) be a lattice homomorphism of the form T f(z) = g(z)f (o(x)),
with o : K; = K a continuous map and g € C(K}), see [21][Theorem
3.2.10]. Then T is an operator generated by the random measure
vr(z,*) = g(2)84(z), where, for B € K;, we have

em-{30 415008

i.e., vr(z, B) is a point measure on K.
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(3) Let 1 be a measure on a locally compact group G and T be the convo-
lution by the measure 7 given by Tf(z) = [, f(z — y)dn(y). Then T
is an operator generated by the random measure vp(z, A) = (A — 1)

for A a Borel subset of GG.

(4) If T; is a semi group generated by the transition probabilities P; of a
Markov process, with T, f(x) = f,. f(y)dP,(z, dy), then T; is an opera-

tor generated by the random measure vy, (z, ) = Pi(z, ).

We give an example of an operator that is not generated by random

measures (see (27])

Example 3.2.3 Let I be the unit circle with normalized Lebesgue measure,
L? = L2(T') and H? the usual Hardy spaces. The projection P of L? onto
(H%)* is not a operator generated by random measure. Suppose, to the
contrary, that (Pf)(w) = [ f(2)p(w, dz) almost everywhere. Let e,(2) = 2™

and remove a set 'y of measure zero such that

f en(2)p(w, dz) ={ gn(w) if n<0

if n >0,

for every w € I' — I'y. Choose one w ¢ I'g and let o(dz) = u(w, dz). Therefore

the Fourier transform & of o is given by

. _Jw ifnz>0
0 if n<O.

The theorem of F. and M. Riesz in [9, Page 47] implies that & is absolutely
continuous and the Riemann-Lebesgue lemmma (see [13, Page 13]) &(n) - 0,

i.e. 1 = |w"| — 0, which is a contradiction.
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Proposition 3.2.4 Let L C LY(Y,A,\) and M C L°(X, %, u) be order dense
ideals of measurable functions, let X be a o-finite measure on A and let T :
L — M be a linear operator that is generated by a random measure v(z, -).
T is well defined if and only if A(B) = 0 implies that v(x, B} = 0 v-a.e. on
X.

Proof Let T be well defined and let (Y,) be a sequence in A with ¥, 1Y
and 1y, € L. Let B be a A-null set. Then B, = BNY,, is also a A—null
set. T is well defined and so 0 = T'1p_(z) = v(z, B,) since 1, =0 for
almost every z. Thus B, is a v(z, -)-null set for every n. Now B, 1 B

and so B is also a v(z, -)-null set.

On the other hand, suppose that for B € A, A(B) = 0 implies that
v(z, B) = 0 almost everywhere on X. It then follows that if f is any
positive A-measurable function then f s f(yv(z,dy) =0, p-ae on X.
Let f, g € L be positive functions with f(y) = g(y) A-a.e. on Y. Then
for the set B = {y € Y : f(y) # g(v)} we have that

Ti@) = [ 1w d)+ [ @)
Y-B B
and
To@) = [ stwwiad)+ [ swuisdy).
Therefore T'f = Tg, and so T is well defined. O

Lemma 3.2.5 If two random measures v (z,-) and v,(z,-) generate the sa-

me positive operator T, then v (z,-) = w(x, ) for u almost every z € X.
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Proof Let Y, be a sequence in A with ¥, 1Y and 1y, € L. Let B € A and
put B, = BNY,. We have that B, t B and so w(z,B,) T v(x, B)
and y(z, B,) 1 vao(x, B) for every x € X. But 1 (z, B,) = Tlp,(z) =
w(z, By) for almost every z. Hence v (z,B) = w(z, B) for almost

every z. O

Let T : L — M be a positive operator generated by the random measure
v(z,'}. If Yy C Y is such that 1y, € L and if Ag is the o-algebra induced
by A on Y, then the random measure defines a vector-valued measure ¥ on
(Yo, Ao) by

v(B) =v(z,B) e M for all B € A,.

In particular, if L*(Y, A) C L then the random measure defines an M-valued
measure in (Y, A).

Let T be generated by the random measure 1 (z,-) and T, be generated
by the random measure 1,(z,-). Then the operator T) + 75 is generated by
the random measure 7 := v(z, ) + ta(z,-). We have that T} + T maps L
into M, and since L is an order dense ideal, there is a sequence Y,, T Y such
that 1y, € L and so 7(z,Y},) is finite y-a.e. on X. Let X, be a subset of X
such that 7(X — Xy) = 0 and 7(x,Y,) < oo for all n and all z € X;. Let
Ay be the ideal in A consisting of all B € A with B C Y,, for some n. For
B € Ay, define

| n(z,B) —w(z,B) VzeX
”("”B)‘{o VzeX-X,
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Then v(z,+) is a signed random measure defined on Aq and is o-additive on

Ag. Now define

— fWv(z,dy) — [, fy)w(z,dy) VzelX
[ sontean = { fr O d =y fomedy) YeeXo

for all f € L. Then Tf(x) = [, f(y)v(z, dy) and we say that T is generated

by the signed measure v(z, -).

Proposition 3.2.6 If L C L°(Y,A,)) and M C L%(X,Z,u) are ideals of
measurable functions and T € Ly (L, M). Then

(i) The operator T is order continuous.

(1) f0<S<T € Lpm(L,M) then S € Ln(L, M).
(#11) Lom(L, M} is a Riesz subspace of Ly(L, M).
(tv) Lom(L, M) is an ideal in Lo(L, M).

Proof (i) LetT € Ln(L, M) with T = T} —T5. In order to show that T is
order continuous we have to show that T} and T3 are order contin-
uous. We may therefore assume that 7' is positive and is generated
by the random measure v(z,-). Since L is super Dedekind com-
plete it is sufficient to show that T is o-order continuous. Let {fn}
be a sequence in L such that f, { 0 v—a.e. There exists a set Y,
such that MY — Yy) = 0 and f,(y) J 0 for all y € ¥;. But then
Y - Y, is, by Proposition 3.2.4, a v(z, -)-null set, and so, for almost
every , fo(y) 0 v(z,-)-ae. onY and f, fi(y)v(z,dy) < oo p-
a.e. By the Lebesgue theorem [, fu(y)v(z,dy) | 0 for almost
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every z, i.e., T f,(z) | 0 for almost every z. Thus Tf, | 0 and so

T is order continuous.

Let T be generated by the random measure v{z, -) and let v be the
o-finite measure on F generated by v(z,-} and p as constructed
in Theorem 3.1.5. Consider the map f(y) — f(z,¥) = 1x(z) f(y),
f € L. This map is well defined, for, if f(y) = 0 A-a.e., then, if
C = {(z,y) : 1x(z)f(y) # 0} we have that C = X x N, with
N ={y: f(y) # 0}. Hence C(z) = N for all z. Since A(N) = 0,

we have, by assumption, that v(z, N) =0 p-a.e. on X and so

v(C) = ];(v(w, N)dp =0.

Taking C = {(z,y) : 1x(z)f(y) = oo}, a similar argument shows
that this map maps L into L°(X x Y,Z ® A,v). It is also clear
that this map is a Riesz homomorphism. Let I be the image of L
in L%(X x Y, Z®A, v) under this Riesz homomorphism. Put I(T)
to be the ideal generated in L*(X x Y, Z® A, v) by L. We extend
the operator T to T on I(L) by

Thz) = /; h(z, y)(z, dy) for h € I(L).

Now T is well defined, since if A(z,y) = 0 v-a.e. and if C =
{(z,y) : h(z,y) # 0}, it follows from 0 = v(C) = [, v(z,C(z))dp,
that v(z,C(z)) = 0 y~a.e. on X. Hence, for pu-almost every z,
the set C(z) is a v(z,-)-null set. It then follows that h(z,y) =0




CHAPTER 3. OPERATORS DEFINED BY RANDOM MEASURES 74

v(z,-)—a.e. on Y for y-almost every x. This then gives that
fy Mz, y)v(z,dy) =0, i.e., Th(z) = 0 for almost every z in X.
We can use a similar argument to show that for g, h € I(L) with

g{z,y) < h(z,y) v—a.e. we have

[ st@vie.dn) < [ ha v

holds u—a.e. on X. In particular, if A € I{L), then |h(z,y)| <
1x f(y) for some f € L. Therefore

0 < [Th(z)|

[ o vwiaa)
< [ eyl
< [ fptadien

Which shows that T : I(L) - M

Now, if h,(z,y) } 0 v-a.e., we have that

L];hn(z',y)u(a:,dy)du=[Xxyhn(x’y)dylo'

This implies that [, hn(z, y)v(z, dy)du | 0 for p-almost every z,
which shows that 7T is order continuous.

Let S be an operator such that 0 < § < T and for f(z,y) € L
define the operator S f(z) = Sf(r) € M. Let f(z,y) = 0 v-a.e,,
then |S f(z)| = |Sf(z)| < S|f|(z) < Tlf|(=) = Tf|(z) = 0, thus
S is well defined. We show that 0 < S < T. Let f(z,y) > 0 v-a.e.
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and let C = {(z,y) : f{z,y) < 0}. We again have that C = X x N
with C(z) = {y : f(y) <0} = N and ¢(z, N) = 0 for almost every
z € X. We thus have that T'(1x|f|)(z) = [y |fly)v(z,dy) =0
for almost every z. From 0 < § < T we get that S(1y|f|)(z) =0
for almost every z. Therefore S(1xf)(z) = 0 for almost every z.
We have that 1ycf(z) is positive for all y and so it is a positive
function in L and 0 < S(1n<f)(z) < T(1nf)(z) for almost every
x. Putting these together we see that 0 < S f(z) < T f(z) p-a.e.
on X.

We use the theorem of Kantorovich to extend S as a mapping on
L to a mapping S : I{Z) -+ M such that 0 < S < T. Now T
is interval preserving, i.e., it has the Maharam property, for, if

0 < g <Th put

o(2) = { 9/Th(z) if (Th)#0

0 otherwise.

We have 0 < o(z) < 1 and it is E-measurable, i.e., o(z)h(z,y) €
I(L), and

T(oh)@) = [ oe)hi,n)viz,dy)
= a(z)Th

= g(z).

By the Luxemburg-Schep Radon-Nikodym theorem we have that

§ = T for some orthomorphism 0 < 7 < I, 7). But it is known
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that 7h = p(z, y)h(x,y) for some v-measurable function p(z,y)
satisfying 0 < p(z,y) < 1 v-a.e. So,
S(h(z)) = T(ph)(z)

/Yh,(:z:, y)p(z, y)v(z, dy) for all h € I(L).

Therefore,

(S)(@) =5 F(z) = [Y f()p(z, y)v(z dy)

Now define vs(z, B) = [, p(z,y)v(z,dy). This is a random mea-

sure which generates S and so it also generates S.

(iil) Let Ty, Ty € Ly(L, M). For T =T} — T; we have that [T| < T} +
Ty. But Ty+T; € Lo (L, M). Thus by (ii) above |T| € L,m(L, M).
Hence L,m(L, M) is a Riesz subspace of L,(L, M).

(iv) Let 0 < |S]| < T € Lu(L, M) C Ly(L,M). Then by (ii),
|S] € Lom(L,M). Again from (ii) and the fact that S* < |S]| €
Lo(L,M) and S~ < |S| € Lym(L, M), we get that ST,57 €
L.m(L, M). Therefore S = 8t — S~ € Lm(L, M). 0

From the proof of the proceeding result we obtain the following:

Corollary 3.2.7 Let 0 < § < T and let T be generated by the random
measure vr(z,-). Then there exists a measurable function 0 < p(z,y) < 1
such that S is generated by the random measure vs(z, ) = p(z, y)vr(z,-),

i.e.,

(Sf)(z) = -/Yf(y)p(a:, y)vr{zx,dy) for almost every xz € X.
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In particular it follows that there erists a generating measure vg(z,-) for S

satisfying vs(z, B) < vr(z,B) forall BE A and all z € X.

The following result characterizes the random measures which generate the
operators 7%, T~ and |T'| in terms of the random measure which generates T'.
We first look at the following case: If L C LYY, A, A} and M C LY(X, Z, u)
are ideals of measurable functions and if 7' is generated by v(z,-), then
we show that for every z € X the total variation |v|(z,-) is also a random
measure which generates the operator |T|. This result was proved by Sourour
in the special case where the measure spaces in question are standard measure
spaces and in which it is assumed, a priori, that |v|(z, B) is a measurable
function of z for every B € A. (see [28, Remark 1.3 (ii)]). Without this
assumption one would almost be tempted to use the following reasoning:
Let B C Y be such that 15 € L. For a signed measure v we have that

|v|(B) = sup {Z |v(B;)| : B,;ﬂB,— =0, U B; = B} .

i=1

Thus for a fixed = we have

|v{(z, B) = sup{Zlv(w,BiH:B,-ﬂBj:(B,UBi=B}

=1
= sup Z |(T1g,)(z)| : 1B, A 1p, = O,Zlgi = 13}
i=1 i=1

for u—a.e. z € X.

|T|15

i=1

n
sup {|T9z'| tgiNg = O,Zgi = 135}

= sup{ Y IT(1g)|: 15, Al =0,) 1p = 13}
i=1

i=1
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The problem with this is that the first supremum is a pointwise supremum
which holds A—a.e. and the second supremum is a supremum taken in Riesz
space L°(X, %, ) and, in general, for uncountable families these two suprema
need not be equal as the following well known example shows: For a € [0,1]
let
ro={0 i ie

We have that f, = 0 A—a.e. on [0,1] for a Lebesgue measure A and so
sup, fa = 0 in L°([0,1], A). On the other hand, the pointwise supremum of
{fa} is L.

We present a different approach to show, among others, that if v(z,-)

generates an operator 7' then |v|(z, ) generates the operator |T|.

Theorem 3.2.8 Let L C LY(Y,A,\) and M C L% X, Z, ) be ideals of mea-
surable functions and let T € L.,,(L, M). Then there exists a random signed
measure vp(z, ) that generates T, such that |T|, Tt and T~ are generated by

the random measures |vr|(z,-), vi

(z,-) and vy (z,-) respectively. Moreover,
S € Lym(L, M) has a generating random signed measure vs(z,-) such that
(vs Vur)(z, ) and (vs Avp)(z,-) are random signed measures that generate

SvT and S AT respectively.

Proof Assume that T = T} — Ty € Lon(L, M) with v4(z,-) and w(z,-)
random measures which generate 77 and 75 respectively. Let v(z,-) =
n(z,-) + vo(z,+). This is a random measure which generates T) +

T5. We have that T < Ty + T, and T~ < Ty + T3, therefore, from
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Corollary 3.2.7 there exist functions
0 < pr+(z,y) < 1 such that pr+(z, y)v(z, -) generates T'F
and
0 £ pr-(z,y) < 1 such that pr-(z, y)v(z,-) generates T~.

Define pr(z,y) = pr+(z,y) ~ pr- (z,y). Then vr(z, ) = pr(z, y)v(z,")

generates T, for
(THz) = (T7f)(z) - (T f)(=)
= [Y F@)pr+(z, y)v(z, dy) — /Y f(y)pr-(z, y)v(z, dy)
fy f@)pr(z, y)v(z, dy)

holds p—a.e. on X. Let C = {(z,y) : pr(z,y) <0}. Then Cis L x A
measurable and so is C(z) for almost every z € X. For all B € A we
have that
vr(z, BN C(z)) = f pr(z, y)v(z,dy) <0
BNC(z)

and

vr(z, BN C(z)) = [ pr(@, y)v(z, dy) > 0.
BA(Y —C(z))

Therefore

v (z, B) = [ o P ) = f p7 (2, )v(3, dy)

and

vt@.8) = [

pr(z, y)v(z,dy) = f pr(z, y)v(z, dy).
BN(Y -C(z)) B
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This shows that v7 and v are random measures. We now show that
they generate 7~ and Tt respectively. Suppose pF(z, y)v(z,-) gener-
ates Sy and pr(z,y)v(z,) generates Sa. We then have, since pr =
pr+(z,y) — pr-(z,y) and consequently p} < pr+ and that p7 < pr-,
that

4@ = [ 16w e
> L f ()t (z, y)v(z, dy)
= S1f(z).
for all f € L*. Hence T* > S). Similarly, T~ > S,. Since T = 5, — 5,

we have that 77 < S; and T~ < S,. Therefore Tt = 8, and T~ = Ss.

By putting

vl(z,)) = v¥(z,) +v (z,)

priz,v)v(z, ) + pr(z, y)v(z, )
= |pr(z,y)lv(z, )
we see that |v|(z, B) is measurable for all B € A, therefore it is a

random measure and, moreover, it generates |T'|. a

From the preceding proof we see that we have a useful “functional calcu-
lus” for the generating random measures: Let {7;} be a finite set of elements
of Lrm(L, M) and let v(z,:) be a generating measure for sup, |T;|. Then,
for every T in the ideal generated by {T;} in £,,(L, M) there exists a v-
measurable function hp(z,y) such that hy(z,y)v(z,-) is a random signed

measure which generates T and the map T — Ay is a Riesz homomorphism.
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We can apply this to derive the following result:

Proposition 3.2.9 Let 0 < T € L,,(L, M) be generated by the random
measure vr(z,-) and let 0 < S € Lom(L,M). The following statements are

equivalent:
(i) Se{T}*,

(i) there exists a ¥ ® A—measureable function 0 < p: X xY — R such
that for any generating measure vs(z,-) for S, vs(z, B) = pur(z, B)
for almost every z € X for all B € A.

(iii) S has a generating measure vs(z,') satisfying vs(z,-) << vr(z, ) for

p-almost every x € X;
(iv) S has a generating measure vg(x,-) satisfying vg << vr on L ® A;

Proof (i) = (ii): Let S € {T'}* and define S, := S A nT; then S, 1S and
S, < nT, the latter operator generated by the random measure nyp. It
follows from Corollary 3.2.7 that there exists a £ x A-measureable func-
tion ¢, such that 0 < ¢, < 1 such that S, is generated by the random
measure g,(z, y)nvr(z, ) i= pul(z, ylvr(z, ), with 0 < p,(z,y) < n vp-
a.eon X XY Since S, < Sp1 we may assume that p,(z, y) < payi(z,y)

holds v-almost everywhere on X x Y. Define p(z,y) := sup, pn(z,y) in
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the space MT(X x Y, X ® A, vr). We then have for every B € A that

fA v(z, B)dp(z) = [A S15(z)du(z)
=sgp[48ﬂ13du($)
=sgp/Aprn(m,y)vT(:r,dy)dy(x)

= supf pr(z, y)dvr
AxB

n

= fy)p(z, y)dvr
AxB

_ fA /B p(z, y)vr(z, dy)du().

This holds for every A € ¥ and hence, vg(z, B} = [, p(z, y)vr(z, dy)

for py-almost every z € X. This proves (i1).

(ii) = (iii): If vr(z, B) = 0 for some B € A, then, [ p(z, y)vr(z, dy) =
0. It follows that the measure vs(z,-) := pvr(z,-), is a generating
measure for S for which we have vs(z,-) << vr(z,-) for every 2 € X

and so (iii) holds.

(iii) = (iv): Let N € I be such that u(N) = 0 and vs(z, ) << vp(z,-)
for all z € X — N. Take C' € £ ® A such that vr(C) = 0. Then there
exists a set M € ¥ such that (M) = 0 and vr(z,C(z)) = 0 for all
z € X — M. Hence, if z € X — (N U M), then vg{z,C(z)) = 0, so
vs(z,C(x)) = 0 y-almost everywhere on X. This implies that vg(C) =
Sy vs(z, C(z))dp = 0.

(iv) = (ii): Applying the Radon-Nikodym theorem there exists some
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0 < p(z,y) such that s = pur. In particular, for every A € ¥ we have
f vg(z,B) = wg(A x B)
A

= f 1axsp(z, y)dvr
XxY

/A fB p(z, y)vr(z, dy),

from which it follows that vs(z, B) = [, p(x,y)vr(z, dy) for y-almost

every ¢ € X and we are done.
(i) = (i):
Let p,(z,y) := nAp(z,y) and set S, f(x) == [, F(¥)pu(z, y)vr(z, dy). It

then follows that 0 < S, < nT and so each §,, is in the ideal generated

by T in L,n(L, M). But, since p,(z,y) 1 p(z,y) we have for every
0< f €L that

Suf(z) = L F@)pa(@,)r(z dy) 1 [ F)ple, yve(z, dy) = S£()

holds p-almost everywhere on X. Thus S, T S which proves that S €
{T}%. 0

Note that the equivalence of (ii), (iii) and (iv) in the above theorem still
holds if we replace vr(z,-) by A, although A may not generate an operator
from L into M. Therefore, taking vr(z,:) = A, we have the following result in

which condition (ii} translates into the assertion that S is a kernel operator.

Proposition 3.2.10 Let 0 < §: L —+ M be generated by the random mea-

sure vs(z,-). Then the following are equivalent.
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(1) S is a kernel operator.
(1) vs(z,:) << A for almost every z € X.

(iii) vs << L ® A on L@ A.

Proof (i) = (ii): Let S be a kernel operator with kernel 0 < p(z,y).
So Sf(z) = [, f(y)p(x,y)dA(y) for all f € L showing that S has a
generateng measure Vs(z,-) = pA(-). If A(B) = 0 for some B € A
then [, p(z,y)dA(y) = O for almost every z € X. It follows that

vs(z,) <= A for almost every z € X.

(i) = (iii): Let N € £ be such that u(N) = 0 and vg(z, )} << A for all
z € X — N. Take C € X ®A such that y® A(C) = 0. Then, by Fubini,
there exists a set M € ¥ such that g(M) = 0 and A(C(z)) = 0 for all
z € X — M with C(z) the section of C at z. Hence if z € X — (NU M),
then A(C(z)) = 0 and so vg(z,C(z)) = 0 p—a.e. on X. This implies
that v5(C) = [, ve(zx,C(z))du(z) = 0 and therefore vg << £ ® A in
Y®A for every z € X.

(iii) = (i): By the Radon—Nikodym theorem there exists a function

0 < p(z, y) such that vg = p(p ® A). Thus, for A € T we have
f vs(z, B)du(s) = vs(A x B)
A
= / 1axep(z, y)d(p ® A)
XxY

_ f /B Pz, y)d\(y)du(z),
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from which it follows that vs(z, B) = [ p(z, y)dA(y) for p-almost every
z € X, ie, vs(z,-) = pA(:). Since S is generated by the random

measure vg(z, ) we have

Sf(z) = [Y £ (4)vs(z, dy)
= fy fW)p(z, y)dA(y)

for almost every x € X and for all f € L. So S is a kernel operator

with kernel p(z,y). |

For the proof of the following result we will make use of the following

order separable condition:

Lemma 3.2.11 Let L and M be two Archimedean Riesz spaces with M order
separable. Let (uy,) be a sequence in Lt such that {u, :n=1,2,---}% = L.

Then the space L,(L, M) is order separable.

Proof Let (T,) be an upward directed net in £,(L, M) such that 0 < T, 1
T € L,(L,M). We have that 0 < Thu, T Tu,. Also, from the fact
that M is order separable there exists a sequence (anx) such that
supy Ta, yUn = Tup. Put § = sup,, , Ts, , in £,(L, M). We then have
that 0 < 7,,, < S < T for all n,k. In particular, for any n we have
0 < Ta, tn < Suy < Tuy, for all k£ and so Su, =Tu,. Now0<T - S
and so T — S = 0 on the ideal generated by {u, : n = 1,2,---}.
Since T' — § is order continuous we get that T'— S = 0 on L. Thus

T = SUPy, & Tops O
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Theorem 3.2.12 L, (L, M) is a band in Lo(L, M).

Proof The space £L,(L, M) is order separable since the underlying measure
spaces are assumed to be o-finite. It is therefore sufficient to show that
if (T;,) is a sequence in L,,,(L, M) such that 0 < T, + T in L,(L, M),
then it follows that T’ € L,,,(L, M). Put Ty =0 and let S, =T, — T,y
forall n=1,2,.--. We have that 0 < S,, < T}, and since L.,(L, M) is
an ideal in £, (L, M), it then follows that 0 < S,, € L,,(L, M) and so
Sy, is generated by some random measure 7, (z, -).
Let vp(z,-) = 3 poy 7{2, -}, then v,(z, ) is a generating measure for
T, foralln=1,2,-... By definition, ,(z, B) 1, for all B € A and all
x € X. Define, forall Be Aandallz € X

v(x, B) = sup v,(z, B).
The function z — v{z, B) is Z—measurable on X for every B € A and
v(z,-) is a random measure on X.

Lastly we show that v(z,-} is a generating measure for 7T'.

Let B € A be such that f =1 € L. Then

Tf(z) = Sl’llanf(fv)
= supv,(z, B)
= v(z,B)

Lf(y)v(x, dy) u—a.e. on X.

Il
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This then implies that Tf(z) = [, f(y)v(z,dy) holds p—a.e. on X for

the step function f given by

k
f = Z:ajlgj (3.2.1)
Jj=1

where 0 < o, € Rand Bj € Afor j =1,2,--- k. Let0< fe L
be arbitrary, then there exists a sequence (f;) in L such that each f,
is of the form (3.2.1) and 0 < f, 1 f holds A—a.e. on Y. Since T is
order continuous, we also have that Tf, + Tfu—a.e. on X. Using the

monotone convergence theorem we then get that

Lfn(y)V(x,dy) t Lf(y)V(x, dy)v — a.e. on X.

Thus for each n we have that Tf.(z) = [, fa(y)v(z,dy)u—a.e. on X.
We therefore conclude that Tf(z) = [, f(y)v(z,dy) holds y—a.e. on

X and the proof is complete. O

3.3 Random measure-representable operato-
rs

Here we develop a theory of random measure-representable operators analo-
gous to the theory of MCE—representable operators. Our main theorem will
be that every order continuous operator is random measure-representable.
This gives us an extension of the theorem by Sourour [28] to a more general

setting.
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Consider measure spaces (Y, A, A) and (X, X, ) with (X, X, ) complete
o-finite and let L C LYY, A, A) and M C L°(X, Z, i) be order dense ideals

of measurable functions.

Definition 3.3.1 We say that a linear operator T' : L. — M is random
measure-representable if there exist o-finite measure spaces (€, &, ) and
(€2, §2, m2), order dense ideals Lo, C L%, §2, 72) and Mg, C L%(Qy, &1, m1)
and order continuous Riesz homomorphisms ¢y, : L — Lg, and ¢us : Mg, —
M with ¢ surjective and 1y a Riesz isomorphism onto an ideal in M such
that

T'=yyoT, 0L

with T, € L,(Lq,, Mg,), i.e., such that the following diagram commutes

L——T—>M

M

Lo, — My,

As in the case of MCE-representable operators the following also holds.

Proposition 3.3.2 Let (X,Z, n) and (Y,A,v) be o-finite measure spaces
and let L C L*(Y,A,v) and M C L°(X, %, u) be ideals with carriers Y and
X respectively. Then the linear operator T : L — M is random measure-
representable if and only if there erist o-finite measure spaces (£, &1, m)
and (2, §a, m2), Riesz homomorphisms ¢y, : L¥(Y, A, v) = L%y, §a, w2} and
Par : L0, F1,m) = LO(X,Z, p) with ¢1(1) strictly positive and iy 1 — 1
and interval preserving and T, € L,,(Lq,, Ma,) with Lo, = ¢(L) and Mg, =
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Y (M) order dense ideals such that
T=vYyoT, 0dr,

i.e., such that the following diagram commutes

LY,A,v) DL -5 McCIMX,E )

N Jou

L%, F2, 72) D Lq, —T—> Mg, C LS4, 81,m)

Proof The proof of the corresponding result for MCE-representable opera-
tors (Proposition 2.2.4 and Proposition 2.2.5) involve only properties
of the ideals and Riesz homomorphisms that are used there, which are
similar to those in this theorem. We can, therefore, apply the same

argument replacing Sy, with 7. O

As in the case of MCE-representable operators, putting 2 = 2, x{,, § =
F1®%F:, and 7 = m @7 We call ® = (((0, &, %), @1, ¥ar) a representing triple
for the operator T. We will denote the set of all linear operators T': L -+ M
which are random measure-representable via the triple ® by Ls(L, M) and
the operator T € L4(L, M) will be called ®—representable.

The following are examples that show that operators generated by random
measures and kernel operators are amongst the class of operators that are

random measure-representable.

Example 3.3.3 (1) Let (X, X, 4} and (¥, A, A) be o-finite measure spaces
and let L ¢ L°(Y,A,A) and M C L°(X, X, u) be ideals with carriers Y
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and X respectively. Let T € L,,(L, M). If we take ¢ and 1 to be

identity operators then T is Random measure—representable.

(2) Consider o-finite measure spaces (X,Z, 1) and (Y, A, ) and let L C
LYY,A,A) and M C LY%X,Z,pu) be ideals with carriers ¥ and X
respectively. Let K : L & M be the absolute kernel operator from L
into M defined by

Kf(w)= fyk(w,x)f(x)d/\(m) for all f € L,

with kernel k. We have that the k(w,-)A(:} is a random measure that
generates K (see Example 3.2.2 (1) on Page 68). By (1) above K is

random measure-representable.
Proposition 3.3.4 Ls(L, M) is a band in L,(L, M).

Proof Let the carrier of ¢, be denoted by C,, and put Ly := LN Cy,. We
have that C,, is a band in L%(Y, A, ) and so L; is a band in L. Let
¢1 be the restriction of ¢y to L;, then ¢; is a Riesz isomorphism from
L, to Lg,. By Proposition 1.4.3 (ii) we get that ran(y,s) is a band in
L)(X,%, u). If we put M; :== M Nran(tyy) then M, is a band in M.
let the restriction of 1s to M; be denoted by 4. Then 1, is a Riesz
isomorphism from Mg, onto M;. Using these Riesz isomorphisms the
space Ln{L, M) can be identified with the band in £,(Ly, M1) consist-
ing of all operators T € L£,(L, M) for which the carrier of T, denoted

by Cr, is in L; and ran(T) is contained in M. From Proposition 3.3.2
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we get that Le(L, M) C L,(Ly, My). It will therefore suffice to show
that Le(L, M) is a band in £,,(L,, M;). To that end we define

T: En(Ln], Mgh) —> .Cn(Ll, Ml)

by
T(S) =’l,b1 OSqul

for all § € L,(Lq,,Mq,). Note that 7 is bipositive and therefore a
Riesz isomorphism from £,(Lg,, Mq,) onto L,(L1, M;). We can now
express the relation T' = iy 0T, o ¢y, in Proposition 3.3.2 by T' = 7(S5,))
and so

ﬁq,(L, M) = T(er(Lﬂl y MQQ)).

By Theorem 3.2.12 £,,,(Lq,, Mq,) is a band in £,,(Lq,, Mg,). It there-
fore follows that L¢(L, M) is a band in £,(L,, M;), and hence a band
in £,(L, M). O

The main result of this section is that every order continuous operator
is random measure-representable. As in the last section we consider order
dense ideals L and M of almost everywhere finite measurable functions on
measure spaces (Y, A, A) and (X, X, u) respectively. We note firstly that for
an operator from L into M we may assume without loss of generality that its
range is in LY(X, X, ), for if it is a random measure representable operator
from L into the latter space, then it is also representable as an operator from
L into M. For the same reason we can consider T defined on its natural

domain, which is defined to be {f € LYY, A, A} : T|f| € LY X,Z, ) }. From
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this observation we infer that we may assume without loss of generality that
L has a weak order unit. This is a consequence of the next lemma which was

communicated to us by A.R. Schep.

Lemma 3.3.5 Let 0 < T : L - M and let 0 < f, be disjoint in L.
Then there exists 0 < g < fa such that {g,}% = {fa}* and such that

E?:l Tgn(x) < 00 p-a.e. on X,

Proof Fix n. Then (1/k)Tf,(x) — 0 p-ae. as k& — oo. It follows that
there exists some k, such that p{z : (1/k.)Tfu(z) > 277} < 27",
Let gn := fa/kn. Let € > 0 and choose N such that 2% < €. Then
p{z: Tga(z) > 27"} < 27" for all n > N + 1 implies

iz : Z Tg.(z)>1} < p ( U {z: Tgn(z) > 2"“})

n=N+1 =N+1

)
< Y 2
n=N+1
2-——N

< €.
Since T'gy,--- ,Tgn are finite y-a.e., we get that
[+ 4]
plz: ETgn(:f:) =00} <e
n=1

Since this holds for arbitrary € > 0, we have that ) >, T'gn(7) < 00
holds p-a.e. on X. O

In our case we apply the lemma to the disjoint functions 1y, ,\y, with

Y. 1Y as sequence such that 1y, € L. The function g := 3" _ g constructed
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in the lemma is then strictly positive and belongs to the natural domain of
T.

Let 0 < u € L be a weak order unit for L. The principal ideal generated
by u, denoted by L,, normed by the gauge function of [—u,u] is an AM-
space with unit ». By the Kakutani-Krein theorem (see [21, Theorem 2.1.3]
or (24, Theorem 11.7.4, Corollary 1]), L, is Riesz and isometric isomorphic
to a space C(2) with © a compact Hausdorff space. If ¢ denotes this Riesz
isomorphism, then ¢(u) = 1q. Since L, is Dedekind complete, so also is C'(02)
and this implies that © is an extremally disconnected topological space (i.e.,
the closure of each open set is open).

Since our results are measure theoretic a few facts on the o-algebra of sub-
sets of () inherited from A are recalled. Since u is a strictly positive function,
its Boolean algebra of components are in one-to-one correspondence with the
elements of the measure algebra associated with A (we will not distinguish
between the elements of A and the elements of the measure algebra}. On
the other hand ¢ establishes a one-to-éne correspondence between the com-
ponents of u and those of 1g. The latter components are of the form 1¢ and
we have that such a C is both open and closed (clopen). Conversely, for
each clopen set C C §2, 1¢ is a continuous function and hence a component
of 1 in C(Q). It follows that there is a one-to-one correspondence between
the measure algebra associated with A, and the set of clopen subsets of Q.
From this it follows already that in our case the set C of clopen subsets of

2 is a o-algebra (a fact which can also be proven directly using the fact
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that C(2) is o-Dedekind complete in this case). For every clopen set C,
we have C = C and so C is trivially an open Fj set. Since the g-algebra
A(Q2) of Baire subsets of {2 is generated by the open F, sets, we have that
C C A(Q)). Conversely, since every positive f € L, can be approximated
u-uniformly by linear combinations of components of u (Freudenthal), and
since ¢ is order continuous, every positive element of C(£2) can be uniformly
approximated by C-step functions and so f is C-measurable. However, the
smallest g-algebra of subsets of {2 with respect to which all continuous func-
tions on ) are measurable is A(Q). Therefore, A(Q) C C. Thus, the image
of A is the o-algebra A(£2) of Baire subsets of (2.

It follows from the characterization of A(2) as C, that every A(f) step
function is continuous and so every positive, bounded Baire-measurable func-
tion is continuous. Denoting the image of the measure A on .4({2) by X, it

follows from this that L®(%, A(), ) = C().

Theorem 3.3.6 Let (Y, A, N) and (X, X, 1) be o— finite measure spaces and
let L and M be order dense ideals in L°(Y, A, A} and L°(X, T, u) respectively.
IfT : L - M is an order continuous linear operator then T is random

measure-representable.

Proof We assume, without loss of generality that L has a weak order unit,
i.e., assume that there exists a strictly positive function v on Y such
that © € L. Furthermore it is sufficient to prove the theorem for a pos-
itive T. Therefore, let 0 < T € £,(L, M), i.e., T is an order continuous

operator from L to M, and let v = Tu € M. Denote the principal
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ideals generated by v and v in L and M respectively by L, and M,.

Then T : L, — M, is also order continuous.

Let €2, and £, be compact Hausdorf spaces such that L, and M, are
Riesz isometric isomorphic to C(€,) and C(£2,), respectively, via the
Riesz isomorphisms ¢, : L, —» C(Q,) and ¢, : M, — C(,). The
Riesz isomorphisms ¢, and ¢, are surjections. It follows that they are
order continuous Riesz isomorphisms. Indeed, for ¢,, if we let f, T f
in L we have that ¢,(f,) T and é.(fn) < éu(f). Since L, is Dedekind
complete, so is ¢,(L,) and hence there exists a g € C(£,) such that
bu(fn) T g in C(R,), and g < u(f). This implies that ¢;*(du(fr)) 1
and ¢, ' (#u(fn)) < #;'(g). Hence f, < ¢7'(g) and so f < ¢.'(g).
Thus ¢,(f) < g. Therefore ¢,(f) = g, i-e., ¢u(fa) T ¢u(f) and this
proves our assertion. (This actually holds for any Riesz isomorphism
which is onto, and so for ¢7' as well). Note that ¢,(u) = 1o, and
¢,(v} = 1, and that A(f,) and A(S,) are images of A and ¥ under
@, and ¢,, respectively. We also have that L>*($,, A(Q,), X) = C()

We define the positive linear map T : C(Q,,) = C(Q,) by Tg = ¢,0T 0
7' (g) for g € C(£2,). Since ¢, and ¢, ! are Riesz isomorphisms onto,
it then follows that T is order continuous. Furthermore, T1q, = 1q,,

so T is a continuous map from the Banach space C((2,) into C(£,) and

IIT|| = 1.

Let T : C(,) — C(£,) be the adjoint of T mapping the dual of
C(§2,) into C(£2,)’, the dual of C(82,). For each z € Q, let F, € C(2,)
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be defined by F, = T 6, where 8,(g) = g(z) is a continuous linear
functional in C(£2,). Then

Fo(f) = (T6)f) = 6:(Tf) = (Tf)() and Fy(1,,) = 1.

By the Riesz Representation theorem (see [6, Theorem 4.3.9]) F; can be
represented by a unique probability measure v(z,-) defined on A($,)
such that

A fyv(z, dy) = Fo(f) = (Tf)(z) (3.3.1)

-~

for all f € C(Q,) = L*°(Qy, A(S%), A). Thus, for each f € L, we have
that

T(6uf) () = [ buf)v(z, dy),

and since Tf = ¢;}(T¢.f) we have that

[6o(T1)]() = f (6uf) W)V (z, dy).

From Equation (3.3.1) it follows that v(z, C) is A(,}-measurable for
every C € A(f,). Therefore v(z,') is a random measure on A(82,).
Thus T : Lm(Qu,A(Qu),X) — L*(Q,, A(y)s, ) is generated by the

random measure v(z, ), i.e. the following diagram commutes

Note that the Riesz homomorphism ¢, can be extended to an order

continuous Riesz homomorphism ¢;, from LO(Y, A, }) into LY(Qs, F2, m2)
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and similarly ¢;! can be extended to an order continuous Riesz homo-
morphism ¥, from L%(Qy,§1, m;) into L°(X, %, u). Since L, is order
dense in L we have, for 0 < g € L, that there exists a sequence 0 < (g,)
in L, such that g, 1 g. So ¢r(gn) T #r(g). Let f, = ¢r(gn). We have
that f, 1 ér(g) == f,so that [, fu(y)v(z,dy} T [, f(y)v(z,dy). But,

YL fnu Fa(y)v(z,dy) = Tg, and since T is order continuous we have

that T'g, T Tg, so that
Tg = v L @)z, dy)
= % fn b1(9())v(z, dy).

This holds foral0 < g€ L andsoforallg e L. Thus T =4, 0T o¢y.

This completes the proof of the theorem. a




Chapter 4

Random measures and
MCE-Operators

There seems to be a strong connection between conditional expectation op-
erators and operators generated by random measures. By investigating the
relationship between these operators, we prove the main theorem of this the-
sis, which is that every order continuous operator is MCE-representable.

We also forge a link amongst order continuous operators, MCE-represent-
able operators and random measure-representable operators.

This solves many open problems involving MCE-representable opera-
tors. For instance, it becomes easy, almost trivial, to show that the sum,
composition, product, etc of MCE-representable operators are again MCE-
representable operators. Direct proofs of these results are not trivial.

Note that if we put (L, M) to be the set of all random measures v(z, -)
such that [, f(y)v(z,dy) € M for all f € L then L,,(L, M) is Riesz isomor-
phic to R(L, M). Thus R(L, M) is a Riesz space since L,,,(L, M) is a Riesz

space.

98
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4.1 Random measures and MCE-Operators

Before we embark on a proof of the main result we first show that operators
generated by random measures are MCE-representable, i.e., we want to show
that if L ¢ LO%(Y,A,)\) and M C L% X, E, i) are ideals of measurable func-
tions and T : L — M a positive operator generated by the random measure
v(z,+), then T is MCE - representable.

The case where v(z,) is a probability measure for each z € X and p is
also a probability measure on X is trivial.

To show this let @ = X x Y. Since v(z,-) and p are probability measures,
there exists, by the Product of Measures theorem see [6, Theorem 2.6.2), a

unique probability measure PP on ¥ ® A defined by

P(C) = fx v(z, C(x))du(z).

The operator T is given by Tf(z) = f,, f(z)v(z,dz) for almost every z € X.
For f € L define the homomorphism ¢; by ¢r(f) = f(2)1x(z) and for
g € M define the homomorphism ¥y, by ¥/ {g) = g(z)1y(y). Let f € L,
put Fxr = {B x Y, such that B€ X} =X ®Y. We have that

[ @@ = [ [ Treme aie

= [ [ [ 1eva e dyyauta),
BJy Jy
which by the theorem of Fubini (see [6, Theorem 2.6.6]) we get

[Bxy(Tf)(x)lY(y)lezfB/Yf(z)"(m"dz)/;V(m,dy)dp(:r).
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Since [, v(z,dy) = 1 we then have that

ny(Tf)(m)ly(y)dP = fB /Y F2)(z, dz)du(z)

= f(2)1x (z)dP.

BxY

Since (T f)(z)1y (y) is Fu~measurable, this shows that
Tf(z)1ly(y) = E(f1x(2)[Fn).

Thus ¥/ (Tf) = E(¢r(f)|Fu), and so YuE(PL()|Fm) = Tf.
We present a formal proof for the general case. We will use the following

convention:

Convention(A) If h: Q — R is a measurable function we define

1 _ { 5 h(w) #0
Ay 10, h{w)=0

The function % is thus again a measurable function.

Theorem 4.1.1 If L C LYY, A, A) and M C L*(X, 5, ) are ideals of mea-
surable functions and T : L & M a positive operator generated by the random

measure v(x,-), then T is MCE-representable.

Proof Since L is order dense, there exists a sequence Y, 1 Y such that
ly, € L and T1y, = v(z,Y,) € M for each n. For B € A put

vn(z, B) = v(z, BNY,). Following convention (A), we define

= o]

— 1 1
v(z,) =Y ggmf/n(m, )

n=1



CHAPTER 4. RANDOM MEASURES AND MCE-OPERATORS 101

Let X = {z € X : v(z,Y) # 0}. Since v(z,B) =0forallz € X¢ we
have that 7(z,") =0 forallx € Xe¢. Also, since v(z,Yy) 1 v(z,Y) >0,

we have that 7(z,-) Z O for all x € X. Therefore

v(z,Y) = 251———1—?——11,,(3:,1/)

= 2" vy (2, Yn)
21

= gigun(m,Yn)V(ix,YnYn)
<1 1

= oy 1Yn
;211 Vn(x,Yn)V(‘T )
=1

< Zi’_‘

This holds for every z € X . Put, using convention (A),

v(z, )
7(z,Y)

ﬁ(mﬁ J=

Note that #{z,-) is non-zero for all z € X. Also, ¥(z,Y) = 1 for all
z€X , i.e., it is a probability measure on Y for all z € X and so
7(z,Y) = 15(x). It follows that 7(z,-) is uniformly o-finite (in fact

uniformly finite).

We have that u restricted to X is a o-finite measure and it can be nor-
malized to be a probability measure on X as we did with the measure v.
We denote this normalized measure by 7. Hence there exists a unique

product measure P on I x A such that P(4 x B) = [, #(z, B)i(A) for
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all A€ ¥ and B € A. Thus

P(X x Y)

I
o

=
p—

R
.
p—
=

=
f

It follows that IP is a probability measureon 2 = X xY. Let F = Z®A

and g be a step function given by g = E;‘zl a;jlp;, where E; € A. Then

/l;g(z)un(x,dz) = jzi;aj-/b“,- vn(z,d2)
= éﬂjyn(fl?,Ej)

ajv(EJ- M Yﬂ)

[
1]
—

i I
- 10~

o f v(z, dz)
1 EjﬂYn

=/, 1y, (2)g(2)v(z, dz)

.
H
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so that [, g(2)vn(z,dz) = [, 1y, (2)g(z)v(z,dz). Thus

[ s@a = [ ()"i,if)

1 1
- f 9(2);Fu(x,yn)”"(m’dz)v(m,m

8 ~

11 1
- n=1 EEV(I.', Yn) -/Y ﬁ(ﬂ:a Y)g(z)un(x, dZ)
_ %V(w’lm [ ﬁ(mfy) 1y, (2)g(2)v(z, d2)

I &1 1
= ngﬁmlyn(z)g(z)v(m,dz).

Put, using convention (A),

gl

h(z, z)

ly,. z).

21
Zz—
It follows that

f 9(2)7(z, dz) = f h(z, 2)g(2)v z, dz) (4.1.1)
Y Y

for every step function g and so it holds for arbitrary positive functions

g € LYY, A, ).

For an arbitrary Ain Fy = {4 xY : A€ X} and 0 < f € L we have,
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that

fA _TDEI)P - fA L TF(a)1y (1)7(z, dy)di(z)

_ f f f F(2)v(z, d2)5 (s, dy)dii(=)
=fff xdz/ (z, dy)da(z)

- f f F (e, d2)14(2)dA()
AJY

-/ [ F () (z, d2)di(x)
AnX
./Anxcff (2)v(z, dz)d(z)

- [ [ teve adie)

= L‘/Ymh(m,z f(2)(z,d2)dp(z),

which, by using Equation (4.1.1) gives
[ anevwe = [ [ h“—(x d2) 7 (z)

= J o

We thus have shown that ]E(E(l—zjf(z)( 1)|§m) = Tf(z)1y(y). Putting
m(z,-) = h(w 5 we get that Yy E(mer(f)|Fm) = Tf. This holds for

positive f € L and consequently for all f € L. This completes the

proof. O

4.2 Main result

We are now in a position to prove the main result of this thesis.
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Theorem 4.2.1 Let (Y, A, v) and (X, X, u) be o—finite measure spaces end
let L and M be order dense ideals in L°(Y, A, v) and L°(X, L, u) respectively.
IfT: L - M is an order continuous linear operator then T is MCE repre-

sentable.

Proof From Theorem 3.3.6 we get that the operator T is random measure-
representable. Therefore there exist o-finite measure spaces (4, §1, ™)
and (£, Fa, m2), order dense ideals Lo, C L%, 2, m2) and My, C
L%, &1, m) and order continuous Riesz homomorphisms ¢} : L —
Lq, and oy, : Mq, & M with ¢} surjective and 1}, a Riesz isomor-

phism onto an ideal in M; such that
T = ’l/);\l o TV © ¢"L}

with T, € Lym(Lg,, Mg,), i.e., such that the following diagram com-

mutes r
L — M

% [¥he

Lq, 7 Mg,
From Theorem 4.1.1 we get that the operator T, € L,,{Lg,, Mq,)
is MCE-representable. Thus there exist a probability space (2, F, F),
order dense ideals Lo C LYQ,%.,P) and Mg C L%, §um, P), order
continuous Riesz homomorphisms ¢7 : Lo, = Lg and ¥}, : Mg —
Mg, , with ¢] surjective and }, a Riesz isomorphism onto an ideal in

Mg, and a measurable function m € L%, §, P) such that

" "
T, =p 0 Smo ¢y,
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i.e., such that the following diagram commutes

Lo, —2 My,
a [
Lg —gm—* Mq
If we take ¢y := ¢} o ¢f and ¥ = 9}, o ¥}, then ¢ and ) are
order continuous Riesz homomorphisms with ¢, surjective and #)s a
Riesz isomorphism onto an ideal in M and we have that the following

diagram commutes.
L s M
¢Ll I’PM
Lq —:9——) Mg

and the proof is complete. O

The following result now follows from the fact that the sum and the

composition of order continuous operators are also order continuous.

Corollary 4.2.2 Let (Y,A,v), (X,E, ) and (Z,1',7) be o—finite measure
spaces and let L, M and N be order dense ideals in L°(Y, A, v), LO(X,Z, p)
and (Z,T, ), respectively.

(a) If T\ and T are order continuous linear operators that map L into M

then T =T, + T3 is MCE-representable.

() fTL: M — N and T, : L & M are order continuous linear operators

then T =T, o T is MCE-representable.
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Theorem 4.2.3 Let (Y,A,v) and (X, L, 1) be o-finite measure spaces and
let L and M be order dense ideals in L°(Y, A, v) and L°(X, L, 1) respectively.

For a linear operator T : L — M the following are equivalent
(i) T is order continuous;

(it) T is random measure-representable;

(iii) T is MCE-representable.

Proof (i) = (ii)
See Theorem 3.3.6 on Page 94.
(if) = (i)
See Theorem 4.1.1 on Page 100.
(iii) = (i)
If T is MCE-representable then by Definition 2.2.1 on Page 49 there is
a representation triple ® = ((Q, &, P), ¢, %) for the operator T and
a ®—kernel m of T such that

T = a0 Spp 0 P

Since ¢, S,, and 1y are all order continuous we have that T is order

continuous. o

We remark that if T is generated by a random measure then T is random
measure-representable {(and therefore MCE-representable). The converse is
true if the measure spaces (Y, A, v) and (X, E, p) are standard Borel measure

spaces see [27).
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