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Abstract

In this work we study the applications of Lie symmetry analysis to certain nonlinear
evolution equations of mathematical physics. Exact solutions and conservation laws
are obtained for such equations. The equations which are considered in this thesis
are a generalized Korteweg-de Vries-Burgers equation, a two-dimensional integrable
generalization of the Kaup-Kupershmidt equation, a coupled Korteweg-de Vries sys-
tem, a generalized coupled variable-coefficient mo?i’iﬁed Korteweg-de Vries system, a
new coupled Korteweg-de Vries system and a new coupled Kadomtsev-Petviashvili

System.

The generalized Korteweg-de Vries-Burgers equation is investigated from the point
of view of Lie group classification. We show that this equation admits a four-
dimensional equivalence Lie algebra. It is also shown that the principal Lie algebra
consists of a single translation symmetry. Several possible extensions of the princi-
pal Lie algebra are computed and their associated symmetry reductions and exact

solutions are obtained. -

The Lie symmetry method is performed on a two-dimensional integrable general-
ization of the Kaup-Kupershmidt equation. E;act solutions are obtained using the
Lie symmetry method in conjunction with the extended tanh method and the ex-
tended Jacobi elliptic function method. In addition to exact solutions we also present

conservation laws which are derived using the multiplier approach.

A coupled Korteweg-de Vries system and a generalized coupled variable-coefficient
modified Korteweg-de Vries system are investigated using Lie symmetry analysis.
The similarity reductions and exact solutions with the aid of simplest equations
and Jacobi elliptic function methods are obtained for the coupled Korteweg-de Vries
system and the generalized coupled variable-coefficient modified Korteweg-de Vries
system. In addition to this, the conservation laws for the two systems are derived

using the multiplier approach and the conservation theorem due to Ibragimov.

Finally, a new coupled Korteweg-de Vries system and a new coupled Kadomtsev-



Petviashvili system are analyzed using Lie symmetry method. Exact solutions are
obtained using the Lie symmetry method in conjunction with the simplest equation,
Jacobi elliptic function and (G’/G)-expansion methods. Conservation laws are also

obtained for both the systems by employing the multiplier approach.
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Introduction

\‘.

Nonlinear evolution equations describe a variety of physical phenomena in the fields
such as physics, chemistry, biology, fluid dynamics, etc. Thus, it is important to
investigate the exact explicit solutions and conservation laws of nonlinear evolution
equations. Unfortunately, it is almost impossible to find all the solutions of a non-
linear evolution equation. Finding solutions of such an equation is an arduous task
and only in certain special cases one can write down the solutions explicitly [1].
However, in recent years important b'progress has been made and many effective
methods for obtaining exact solutions of nonlinear evolution equations have been
proposed. Some of the most important methods found in the literature include the
inverse scattering method [2], Hirota bilinear method [3], the Jacobi elliptic function
expansion method [4], the Lie symmetry analysis [5-8], the tanh-function expan-
sion method [9], the auxiliary ordinary differential equation method [10] and the

F-expansion method [11].

Symmetries infuse many mathematical models, specifically those expressed in terms
of differential equations. The mathematical field which exemplifies and manufac-
tures symmetries of differential equations is Lie group theory. Lie group theory was
initiated by Marius Sophus Lie (1842-1899), a Norwegian mathematician who made
significant contributions to the theories of algebraic invariants and differential equa-
tions. It is based upon the study of the invariance under one parameter Lie group of
point transformations [6-8]. It systematically unifies well known ad hoc techniques
to construct explicit solutions for differential equations. In the last six decades there

have been considerable developments in Lie symmetry methods for differential equa-



tions as can be seen by the number of research papers [12-21], books [5-8] and new

symbolic softwares [22-28] devoted to the subject.

Many differential equations of physical interest involve parameters, arbitrary ele-
ments or functions, which need to be determined. Usually, these arbitrary parame-
ters are determined experimentally. However, the Lie symmetry approach through
the method of group classification has proven to be a versatile tool in specifying the
forms of these parameters systematically [8,12-47]. The first group classification
problem was investigated by Sophus Lie [29] in 1881 for a linear second-order par-
tial differential equations with two independent variables. The main idea of group
classification of a differential equation involving arbitrary elements, say, for example,
g(u) and f(z), consists of finding the Lie point symmetries of the differential equa-
tion with arbitrary functions g(u) and f(z), and then computing systematically all

possible forms of g(u) and f(z) for which the principal Lie algebra can be extended.

Conservation laws play an important role in the solution process of differential equa-
tions. It is well known that finding the conservation laws of a system of differential
equations is often the first step towards finding a solution [6]. Conservation laws
are useful in the numerical integration of pa,rtia“l differential equations, for example,
to control numerical errors [30]. Conservation Taws also play an important role in
the theory of non-classical transformations [31,32], normal forms and asymptotic

integrability [33]. Recently, conservation laws have been used to construct solutions

of partial differential equations [34-37].

In this thesis certain nonlinear evolution equations will be studied. These are the
generalized Korteweg-de Vries-Burgers, the coupled Korteweg-de Vries system, a
new coupled Korteweg-de Vries system, the generalized coupled variable-coefficient
modified Korteweg-de Vries system, a new coupled Kadomtsev-Petviashvili system

and a two-dimensional integrable generalization of the Kaup-Kupershmidt equation.

The first equation that is analyzed from the point of view of Lie group classification

in this thesis is the generalized Korteweg-de Vries-Burgers equation [38]

Up + OUggg + g(W)Ug — VUge + yu = f(x), (1)



which contains two arbitrary functions g(u) and f(z). This equation arises from
many physical scenarios such as the propagation of undular bores in shallow water,
the flow of liquids containing gas bubbles, weakly nonlinear plasma waves with certain
dissipative effect, theory of ferro electricity, nonlinear circuit and the propagation of

waves in an elastic tube filled with a viscous fluid [39].

The second equation that is studied in this thesis is a two-dimensional integrable

generalization of the Kaup-Kupershmidt equation, [40,41]

25 B
Ut + Uggezs + —Z—uxum + SUULgr + 5u2uz + Sz — 50; 1uyy + Suuy,

+5u,0; 'uy, = 0, (2)

which arises in various problems in many areas of theoretical physics. The above
equation occurs as special reduction of integrable nonlinear systems [42,43]. It should
be noted that the Zakharov-Manakov delta dressing method was used to obtain
soliton and periodic solutions of (2) [42,43].

The celebrated Korteweg-de Vries equation [44] is

~

Us + Ugge + BUUL = 0, (3)

o

which governs the dynamics of solitary waves. Traveling wave solutions that do
not change their form during propagation are called solitary waves. Solitary waves
that retain their shape upon collision are called solitons [45]. Solitons are results
of a delicate balance between dispersion and nonlinearity. The Korteweg-de Vries
equation was originally derived to describe shallow water waves of long wavelength
and small amplitude. It is an important equation from the view point of integrable
systems as it has an infinite number of conservation laws, gives multiple-soliton
solutions, and has many other physical properties (see for example [46] and references

therein).

In recent years, the coupled Korteweg-de Vries equations have been the centre of
attraction and extensive studies have been made by many authors, see for example,
the Refs. [47-53]. In [47] a typical hydrodynamic model which describes a resonant

interaction of two wave modes in a shallow stratified liquid is derived and is given



5
U + Uggs — Zuuz — VU + Z—l(uv)z =), (4a)
5 7
Vg + Vgzz — Lt~ V% + 2(uv), = 0. (4b)

This coupled Korteweg-de Vries system (4) was studied by Wang [47] for its integra-
bility by using the prolongation technique and singularity analysis. Wazwaz [46] also
considered the system (4) and employed the Hirota’s bilinear method combined with
Hereman et al [54] simplified approach to study the integrability of (4). Multiple-
soliton solutions and multiple singular soliton solutions were obtained for (4). The

system (4) will be the third system that will be studied in this thesis.

Next we study the generalized coupled variable-coefficient modified Korteweg-de
Vries system [55]
U — a(t) (Uggg + 6(0® — v*)uy — 12uvv,) — 48()u, =0, (5a)
vy — a(t) (Vaze + 6(u? — v*)v, + 12uvu,) — 4B(t)v, =0, (5b)
which models a two-layer fluid and is applied to investigate the atmospheric and
oceanic phenomena such as the atmospheric blockings, interactions between the at-
mosphere and ocean, oceanic circulations and hurricanes or typhoons. It should be

noted that if v = 0, (5) reduces to a variable-coefficient modified Korteweg-de Vries

equation
up — a(t) (uzz:z: — 6u2uz) —48(t)u, = 0,

which has been investigated in [56-58].

In [59] a new coupled Korteweg-de Vries system

Up + Uggg + 3UUL + SwWw, = 0, (6a)

Vg + Vggg + 3V + 3ww, = 0, (6b)
3 3

Wi + Wege + §(uw)m + 5(vw)z = (6¢)

was examined. The 4 x 4 matrix spectral problem with three potentials has been

used in [59] to derive a hierarchy of nonlinear evolution equations, which includes the



coupled Korteweg-de Vries equation (6). It is shown that the hierarchy possesses the
generalized bi-Hamiltonian structures with the aid of the trace identity. Wazwaz [46]
also considered the system (6) and employed Hirota’s bilinear method combined with
Hereman et al [54] simplified approach to study the integrability of (6). Multiple-
soliton solutions and multiple singular soliton solutions were obtained for (6) in [46].

We will look for exact solutions and conservation laws for (6).

The Kadomtsev-Petviashvili equation given by

(ut + 6uu, + uzm> + Uy =0

z
originated from a 1970 paper [60] by two Russian physicists, Boris Kadomtsev (1928-
1998) and Vladimir Petviashvili (1936-1993). The Kadomtsev-Petviashvili equation
is a model for shallow long waves in the z-direction with some mild dispersion in the
y-direction. It is completely integrable by the inverse scattering transform method
and gives multiple-soliton solutions. The Kadomtsev-Petviashvili equation is actually
an extension of the Korteweg-de Vries equation (3) that is commonly studied in the
context of shallow water waves in fluid dynamics. This equation is used to study
the shallow water waves on beaches as sea beaches can be comfortably treated as a
two-dimensional plane. These two-dimensional waves leave a diamond pattern mark
on the sandy beaches that is known as parting lineation. It is also studied in the
context of plasma physics and it describes the dynamics of solitons and nonlinear

waves in plasmas and superfluids [61].

The coupled Korteweg-de Vries system (6) formulated in the Kadomtsev-Petviashvili

sense, is given by [62]

(ut + Uggy + Uty + 3wwm) gy =0, (7a)
T
(vt + Vggz + 30Uz + 3wwz> + vy =0, (7b)
3 3 .
Wt + Wezz + E(uw)x + E(vw)x T Wyy = 0 (7C)
T

and it will be the subject of our study in this work.

The outline of this thesis is as follows.



In Chapter one, the basic definitions and theorems concerning the one-parameter

groups of transformations and conservation laws are presented.

Chapter two deals with the Lie group classification of the generalized Korteweg-de

Vries-Burgers equation (1).

Chapter three discusses the solutions and conservation laws of a two-dimensional

integrable generalization of the Kaup-Kupershmidt equation (2). -

Chapters four and five deals with the solutions ar}d conservation laws of a coupled
Korteweg-de Vries system (4) and the generalized coupled variable-coefficient modi-

fied Korteweg-de Vries system (5), respectively.

Chapter six discusses the solutions and conservation laws of the new coupled Korteweg-

de Vries system (6).

In Chapter seven the solutions and conservation laws of the coupled Kadomtsev-

Petviashvili system (7) are obtained.

The results in Chapter two and Chapter five have been sent for publication in [63,64]
and the results of Chapters three, four, six and seven have been published in [65-68],

respectively. i

Finally, in Chapter eight, a summary of the results of the thesis is presented and

future work is discussed.

Bibliography is given at the end.




Chapter 1

%

Lie symmetry methods and
conservation laws for differential

equations

In this chapter we give some basic methods of\Lie symmetry analysis and conservation

laws of partial differential equations (PDEs).

1.1 Introduction

In the late nineteenth century an outstanding mathematician Sophus Lie (1842-
1899) developed a new method, known as Lie group analysis, for solving differential
equations and showed that the majority of adhoc methods of integration of differ-
ential equations could be explained and deduced simply by means of his theory.
Recently, many good books have appeared in the literature in this field. We men-
tion a few here, Bluman and Kumei [50], Ovsiannikov [5], Olver [7], Stephani [69],
Ibragimov (8,70, 71], Cantwell [72] and Mahomed [73]. Definitions and results given

in this Chapter are taken from the books mentioned above.

Conservation laws for PDEs are constructed using two different approaches; the



multiplier method [74] and the new conservation theorem due to Ibragimov [75].
First we present some preliminaries which we will need later in the thesis. For

details the reader is referred to [8,74,75].

1.2 Continuous one-parameter groups

Let z = (z',...,2") be the independent variables with coordinates z* and u =
(ul,...,u™) be the dependent variables with coordinates u® (n and m finite). Con-

sider a change of the variables  and u involving a real parameter a:
T,: ot = fi(z,u,a), & = ¢*(z,u,a), (1.1)

where a continuously ranges in values from a neighborhood D' C D C R of a = 0,

and f* and ¢“ are differentiable functions.

Definition 1.1 A set G of transformations (1.1) is called a continuous one-parameter

(local) Lie group of transformations in the space of variables z and wu if

(i) For T,, Ty € G where a,b € D' C D then T, T, = T, € G, ¢ = ¢(a,b) € D
(Closure)

(ii) Tp € G if and only if a = 0 such that Ty T, = T, To = T, (Identity)
(iil) For T, € G,a € D' C D, T;' = T,1 € G, a™! € D such that

ToTo-1 = Ty-1 T, = Ty (Inverse)

We note that the associativity property follows from (i). The group property (i) can

be written as

9.”

fi(z,4,b) = fi(z,u, #(a,b)),
u* = ¢%(Z,4,b) = ¢%(z,u, (a,b)) (1.2)

QII

and the function ¢ is called the group composition law. A group parameter a is called

canonical if ¢(a,b) = a+b.



Theorem 1.1 For any ¢(a, b), there exists the canonical parameter @ defined by

y /" ds 0 ¢(s,b)
0

&= w)’ where w(s) = b

b=0

1.3 Prolongation of point transformations and Group

generator
%

The derivatives of v with respect to z are defined as

where
0 0 0
= ey e .. N 1.4
D; pp + ug e + ug; 5us fuorey B ey T (1.4)

is the operator of total differentiation. The collection of all first derivatives uf is

denoted by u(y, i.e.,

~

wigy = fuf} e=l,...m, f=leomn

.

Similarly
Ug) = {uf‘J} a=1,..m, 4j=1,.,n

and vz = {ug,} and likewise u(y) etc. Since uf; = uf;, u(y) contains only ug; for
i < j. In the same manner wu(s) has only terms for ¢ < j < k. There is natural

ordering in w4, uGs) - -

In group analysis all variables x,u,u() - - are considered functionally independent
variables connected only by the differential relations (1.3). Thus the u¢ are called

differential variables [8].

We now consider a pth-order PDE(s), namely

Eq(z,u,uqy, -, U(p)) = 0. (1.5)



Prolonged or extended groups

If z = (z,u), one-parameter group of transformations G is

g_’:i :fi(l',’u,a), fi|a=0:Ii7

W = ¢%(z,u,0), ¢%|aco = U (1.6)
\v,

According to the Lie’s theory, the construction of the symmetry group G is equivalent

to the determination of the corresponding infinitesimal transformations :
'+ ali(z,u), U=+ an®(z,u) (1.7)

obtained from (1.1) by expanding the functions f* and ¢* into Taylor series in a
about a = 0 and also taking into account the initial conditions
fi|a=0 = mi’ ¢a|a=0 =u’.

~
Thus, we have

) 0 i § Lo
fmw=| . rEd=g (18)

One can now introduce the symbol of the infinitesimal transformations by writing

(1.7) as
rix(l1+aX)z, uw=(1l+aX)y,
where

X = &, 4) -2

B +1%(z,u)

— (1.9)

This differential operator X is known as the infinitesimal operator or generator of

the group G. If the group G is admitted by (1.5), we say that X is an admitted

operator of (1.5) or X is an infinitesimal symmetry of equation (1.5).

We now see how the derivatives are transformed.

10



The D; transforms as
D; = D{(f%) Dy, (1.10)

where D; is the total differentiations in transformed variables z*. So
a7 = D;(u®),

5 = Dy(af) = Dlas), -

ij

IS

Now let us apply (1.10) and (1.6) \

Dy(¢*) = Dy(f7)D;(@)

= Di(f’)a5. (1.11)
This
0f7 8OF\-a_ 09" 500"
<8zi + u; 8uf’>uj =30 U P (1.12)

The quantities u§ can be represented as functions of z, u, u(;), a for small a, ie., (1.12)

is locally invertible:

|

~
=Vl (z,uup),6), Ym0 =1 (1.13)

The transformations in z, u, u(1) space given by (1.6) and (1.13) form a one-parameter
group (one can prove this but we do not consider the proof) called the first prolon-

gation or just extension of the group G and denoted by G,

We let
u &~ ug + ag (1.14)

be the infinitesimal transformation of the first derivatives so that the infinitesimal

transformation of the group G is (1.7) and (1.14).

Higher-order prolongations of G, viz. G®, GPl can be obtained by derivatives of

(1.11).

11



Prolonged generators

Using (1.11) together with (1.7) and (1.14) we get
D)) = Di(4?)
Di(x? + a’)(u§ +af) = Di(u®+ an®)
(6] + aDi&?)(uS + alf) = uf+aDin®
u +agf + au‘;‘Diéj = ul+ aDmb‘

¢ = Di(n"‘)—u‘;Di(f"), (sum on 7). (1.15)

This is called the first prolongation formula. Likewise, one can obtain the second

prolongation, viz.,

5 = Di(n?) —uiD;(€"), (sum on k). (1.16)

j

By induction (recursively)

’iO]t_,iz,...,'ip . Dip(g’ia;,ig,...,ip_l) - u’?l,iz,...,’ip_ljDip<€])’ (Sum on j) (117)
The first and higher prolongations of the group G form a group denoted by GIU, ...  GIPl,

The corresponding prolonged generators are

XU = X4

(sum on i, @),

0
= xgg )
X X -+ Cu,--""p auv‘i,...,ip eh
Where
> a a
X — é-’b(x,u) ozt F 770‘(1" U)ELE

1.4 Group admitted by a PDE

Definition 1.2 The vector field
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X = &z, 0) 2+ 7( 1)

ozt due’ (L18)
is a point symmetry of the pth-order PDE (1.5), if
XP(Ey) =0 (1.19)
whenever F, = 0. This can also be written as
X B o =0 ' (1.20)

\

where the symbol |, _, means evaluated on the equation E, = 0.

Definition 1.3 Equation (1.19) is called the determining equation of (1.5) because

it determines all the infinitesimal symmetries of (1.5).

Definition 1.4 (Symmetry group) A one-parameter group G of transformations
(1.1) is called a symmetry group of equation (1.5) if (1.5) is form-invariant (has the

same form) in the new variables Z and 4, i.e.,
e

Eo(Z, 4, up), -+ , ug)) =0, (1.21)

where the function E, is the same as in equati(;'n (1.5)

1.5 Group invariants

Definition 1.5 A function F(z,u) is called an invariant of the group of transfor-

mation (1.1) if
F(z,1) = F(f'(z,u,a), *(z,u,a)) = F(z,u), (1.22)
identically in z, u and a.

Theorem 1.2 (Infinitesimal criterion of invariance) A necessary and sufficient

condition for a function F'(z,u) to be an invariant is that
oF
oux

X F = ¢(z,u) 4 + n*(z,u) 0. (1.23)

ozt
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It follows from the above theorem that every one-parameter group of point transfor-
mations (1.1) has n — 1 functionally independent invariants, which can be taken to

be the left-hand side of any first integrals
J](.'I:,U) = CpyveT ']‘n,—-l('rau) =Cp

of the characteristic equations

dat dz™ dul du”™

fz,u) &z nizu) m(z,u)’

Theorem 1.3 If the infinitesimal transformation (1.7) or its symbol X is given, then

the corresponding one-parameter group G is obtained by solving the Lie equations

= £(%, %), =n*(Z, @) (1.24)

subject to the initial conditions

i - o o
$|a=0—l', U™ |gmp = U-

1.6 Lie algebra b

Let us consider two operators X; and X, defined by
4 0 4 0
Xy = fl(w,u)@ + n (ﬂ?yu)%
and

PR
X2 = 6;(.7;,?1)5:};—2 + U (Z‘, u)%.

Definition 1.6 The commutator of X; and Xs, written as [Xi, X3], is defined by
[X]_,XQ] = Xl(Xz) - Xg(Xl)

Definition 1.7 A Lie algebra is a vector space L (over the field of real numbers) of

. 0
operators X = &'(z, u) % +n%(z, u)—az with the following property. If the operators

14



; 0 0 ; 15} o 0
X1 = fi(xau)% +nf(x,u)%, Xo = fz(xﬂ)% + 15 (x,u)%

are any elements of L, then their commutator
[X1, Xa] = X1(X2) — X2(X1)

is also an element of L. It follows that the commutator is

1. Bilinear: for any X,Y,Z € Landa,be R, %

[aX +bY,Z] = a[X, Z] + b]Y, Z], [X,aY + bZ] = a[X, Y] + b[X, Z];
2. Skew-symmetric: for any X,Y € L,
(X, Y] = -[Y, X];
3. and satisfies the Jacobi identity: for any X,Y,Z € L,

X, Y], Z] + [[Y, 2], X] + [[2, X], Y] = 0.

e

1.7 Conservation laws -

1.7.1 Fundamental operators and their relationship

Consider a kth-order system of PDEs of n independent variables z = (z!,z2,...,z")
and m dependent variables u = (u!,u?,...,u™), namely
Ey(z,u,umy, ..., ux) =0, a=1,...,m. (1.25)

The Euler-Lagrange operator, for each a, is given by

4] 0 d

—_— = — -1°D;, ... D;, ——, = Ly M, 1.26
du™®  Ou~ o Z( 1D *Oudy, : " -
s>1 122...%s
and the Lie-Backlund operator is
-0 0 b o
=¢& “— & 1.27
X=gzz+n"52 &0 € A, (1.27)

15



where A is the space of differential functions [8]. The operator (1.27) is an abbrevi-

ated form of infinite formal sum

. 0
X=lgutm

(1.28)

1112 As 8 )
s
s>1 11%2...1s

where the additional coefficients are determined uniquely by the prolongation for-

mulae

¢ = D(W*)+8&u N\

nois = Diy...Di,(W?) + & Ug i S> 1, (1.29)
in which W is the Lie characteristic function given by
We = g* — &l (1.30)

One can write the Lie-Backlund operator (1.28) in characteristic form as

‘ 8
X =€Di+Woor +ZD”... N o (1.31)

s>1 1192...1s
The Noether operators associated with a Lie-Bécklund symmetry operator X are
given by a

. )
Zfl—i—Wa

o
o Da (P
S>1 7,7,122 ’Ls

i=1,...,n,  (1.32)

where the Euler-Lagrange operators with respect to derivatives of u® are obtained

from (1.26) by replacing u® by the corresponding derivatives. For example,

5 8 . %, )
k- +) (-1)°Dy, ... Djgme— i=1...,m, a=1..,m, (1.33)
1 7 521 1J1J2--Js

and the Euler-Lagrange, Lie-Bécklund and Noether operators are connected by the

operator identity [75]
) ) ,
X + DZ(EZ) = Wa5u_°‘ <+ D,,;Nz. (134)
The n-tuple vector T = (T%,72,...,T"), T? € A, j=1,...,n, is a conserved
vector of (1.25) if T" satisfies '

DT (1.25) = 0. (1.35)

The equation (1.35) defines a local conservation law of system (1.25).

16



1.7.2 Multiplier Method

A multiplier Aq(z,u, u(y, . ..) has the property that [74]
AyE, = D,T’ (1.36)

holds identically. The right hand side of (1.36) is a divergence expression. The
determining equations for the multiplier A, is [74]

S(AaBa) . N
=2 =0, (1.37)

1.7.3  Variational method for a system and its adjoint

The system of adjoint equations for the system of kth-order differential equations

(1.25) is defined by

E (z,u,v,...,ux),vx) =0, a=1,...,m, (1.38)

1 902

where v = (v',v?,...,v™) are new dependent variables [75].

Assume that the system of equations (1.25) admits the symmetry generator

0 d

X =¢— & —. 1
Con T 58 (1.39)
Then the system of adjoint equations (1.38) admits the operator [75]
o & 0 0 .
V o fe & [\ B 1 . aDi i 7 1.4
E g T g0 T g =[5V +vDi(¢)] (1.40)

where the operator (1.40) is an extension of (1.39) to the variable v* and the \j are

obtainable from
X(E,) = ME;p. (1.41)
Theorem 1 [75] Every Lie point, Lie-Backlund and non local symmetry (1.39) ad-

mitted by the system of equations (1.25) give rise to a conservation law for the

system consisting of the equation (1.25) and the adjoint equation (1.38), where the

components 7" of the conserved vector T = (T7,...,T™) are determined by
. ) 0L oL
L o sl D-),Dz WC! ) .=11"‘7 ) 142
T =L+ Wogs+ 2; o Do Y n,  (142)
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with Lagrangian given by

L =v"Eu(2;%; .« - s Ugry)- (1.43)

1.8 Conclusion

In this chapter we presented a brief introduction‘ to the Lie group analysis and
conservation laws of PDEs and gave some results which will be used throughout
this project. We also gave the algorithm to determine the Lie point symmetries and

conservation laws of PDEs.

18



Chapter 2

Group classification, symmetry
reductions and exact solutions of a
generalized Korteweg-de

Vries-Burgers equation

S

2.1 Introduction

In this chapter we study the generalized Korteweg-de Vries-Burgers equation
Ut + OUggg + (U Uy — Vigy + YU = f(2), (2.1)

which contains two arbitrary functions g(u) and f(z). We perform Lie group classi-

fication of (2.1) and then find symmetry reductions and exact solutions.

This work is new and has been submitted for publication. See [63].
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2.2 Equivalence transformations

An equivalence transformation (see for example [8]) of (2.1) is an invertible transfor-

mation involving the variables ¢, z and u that map (2.1) into itself. The operator

Y =7(t,z,u)0; + £(t, z,u)0; + n(t, z,u)0, + ul(t, z,u, f,9)0f

+,LL2(t, ‘Ta u7 f) g)ag
h !

(2.2)

is the generator of the equivalence group for system (2.1) provided it is admitted by

the extended system

U + 6uzxz + Q(U)U,z — VlUgzg + YU = f(ZIJ),

fi=0, fu=0, =0 g.=0.
The prolonged operator for the extended system (2.3) has the form
Y = Y8 4 w16y, + widy, + wiby, +wib,, + wid,, +wid,,,
where Y is the third-prolongation of (2.2)~given by

YB = 78, +£8, + 0.+ 1'0; # 1128, + (18u, + (200,

+(220u2, + (222004, -

The variables (’s and w’s are defined by the prolongation formulae

G = Di(n) — uDy(r) — wDy(é),

G = Da(n) — uaDa(r) — wDy(€),

Gr = Da(Ga) = UsaDa(T) = uat D1 (€),
Dy (Ga2) — Usa D (T) = s Do (£)

C222 -

20
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and

respectively, where

Dt—_—

1 = Di(u") = fiDi(7) = f=De(€) = fuDe(n),
} = Do(p') — £iDa(r) = foDul8) = fuDa(n),
3 = Du(!) = feDu(7) — f2Du(€) = fuDu(m),
t = Di(i?) = 9:Di(7) — 9. D4(€) — 9uDi(m),
3 = Dy(1?) — gDy (1) — gzgz(f) ~ gDz (m),
3 = Du(p?) — 9:Du(r) — g2 Du(€) — guDu(m),
Oy +uwlOy+--+, Dp=0,+u0,+" -

are the total derivative operators and

szaz+fzaf+gzag+"'a
5t=6t+ft8f+gt8g+"';

Dy =8y + fuBf + guBy + - -

-

are the total derivative operators for the extended system. The application of the

prolongation (2.4) and the invariance condition§ of system (2.3) leads to following

equivalent generators

Y1
Yy
Y3
Ya

0
Y, a8
1 8t$
0
Y- s
2 8337
0 0
Y iy
g o= +’Yaf
Y= +f
of
t_:a1+t;'fz‘ ’E,'U.:'ll,,fo,g:q,
f:t,f=a2+x,ﬁ=u,f=f,§=g,
f=t, 2=z, G=ag+u, f=7a+f, §=g
t=¢ E=mun ="y, =™}, =1

21



and their composition gives

t = a1+4t,

r = ay+z,

o = (asz+ a)e“‘*,
[ = (vas+ f)e™,

QJ
Il

<

o

2.3 Principal Lie algebra

The symmetry group of equation (2.1) will be generated by the vector field of the

form

r = 7(t, .r,u)g + E(t,x,u)a% +1(t, 2, u) - (2.5)

ot o’
Applying the third prolongation of I" to (2.1) yields the following overdetermined
system of linear partial differential equations (PDEs):

-

Ty = OaTz = Oafu = Oanuu = 0,
208, — v + 3577zu o 3561‘,:5 =0,3—71 =0,
NGu — Et - gé‘z + 97 — 2V77xu + ngm = 3577zzu - éfzzx = 0:

Y = éfa: +77t + fnu — Uy +gnz N th +U’Y’Tt = Vg i 57’m:m =0. (26)

Solving the above system for arbitrary f and g we find that the principal Lie algebra

consists of one translation symmetry, namely

0

T
17 ot
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2.4 Lie group classification

Solving the system (2.6), we obtain the following classifying relations:

2ga; 2a,0° Tva 1
_.g_t__i_;_(B-}—u(/f—}————E))gu_Qt—"matt:()a

3 94 96 3
+uyay — fay + f (k+ Igygt) —uy <k+ xgygt) + 7 (B-l-u (k+ xgugt)) + B,
+g (ugygt - Bx) - (q + %) fzt+u (kt + x;;“) — UByz + 0By = 0.

These classifying relations lead to the following six cases for the functions ¢ and f

and for each case we also provide the associated extended symmetries.

Case (A): f(z) = fo, 9(u) = go, where fy, go are nonzero constants.

Ty = 95t% — (90vtu + govtu — vux) % — (21/2t — 6dgpt — 35:1:) %,
P u({%,

Ty =%,

I‘5=F(t,:c)(%, "

where F'(t,z) is any solution of

v

(656162 foryt + 7296 fogort — 7296 fova + 65616% fo) Co + 72976 F
+729g00 F; — 72900 Fy + T296% F gz + 729 foC36 + 7296 F; = 0.

Case (B): f(z) = fo+ fiz, 9(u) = go, f1 = vp, where fo, p are nonzero constants.

0 0 5 . 0
Ls= 9t5§ — (96vtu + govtu — vux) v (2v%t — 68gpt — 36z) 3
7]
Pg = u%,
0
F4 - %7

%7
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and F(t,z) is any solution of

(7296%v%ptx + 818goyvptz + 4866%gyypt — 1626712 pt — 816w px?
+72962 foyt + 9720%ypx + 816 fogovt — 818 fova + 72962 f5)C,

+ (81évpx + 814 fy) C3 — 81ypCyd + 81')/F5‘-+— 819y F

—81V0Fyy + 816% Fypy + 816 F, = 0.

Y
Case (C): f(z) = fo+eM=, g(v) = go, /i = 1/, fo = —B, where gy, 3 are

nonzero constants.

¢ . d
Iy = 9t5-d— — (96ytu + utvgy — vuz) 5% -~ (2V2t — 60got — 30z)

8at P
I's =u86—1;,
Ly= 5,
Ts = F(t,x)a%,

where F'(t,z) is any solution of
~

(276(95*t + goyvt + 68got — yvz — 2% +?967 + 30z)e”
+276 (—98673t — BggyPut + By?va — 98672))Cy + (—275572 + 27e%75) Cs
+277g08 Fy — 2708 Fyp + 27762 Fiygy + 27726 F + 2776 F, — 27e7Cy6 = 0.

Case (D): f(z) = fo, 9(u) = go — g1 Inu, where fo, go, g1 are nonzero constants.

0

FQI%.

Case (E): f(z) = fo, g(u) = u? + gou + g1, where gp # 0 is an arbitrary constant.
d

F2=E£.

Case (F): f(z) = fo+ fiz, g(u) = go+G1u, where fy, f1, go, §1 are nonzero constants.

1o} 15}
—eFVNtRLp — 95 o(=1/2)tR1_~_
I';=e Iy — 40ue 37
o} 0
- (—1/2)tR2R — 925 (=1/2)tR2
I'3=e¢ 2_6u gq1€ _ax’
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where

Ri=7— VA5 +72#0, Rp=v+4fii +12#0

are arbitrary constants.

2.5 Symmetry reductions and exact solutions
%
In order to obtain symmetry reductions and exact solutions, one has to solve the

associated Lagrange equations

dt dr du

r{t2w) £E2u) Tt z,u)

For symmetry reductions purposes we consider only those cases in which the equation

(2.1) is nonlinear.

2.5.1 Case (D).

The linear combination of I'; + cI'y gives rise to the group-invariant solution

t= Fig) (2.7)

where ¢ is a non-zero constant, z = z — ct is an invariant of the symmetry I'y + cI's

and F(z) satisfies the third-order nonlinear ordinary differential equation (ODE)

0F" (z) —v F" (2) — cF' (2) + goF" (2) — g1 F' (2) In(F (2)) + v F (2) = fo = 0.

2.5.2 Case (E).

The symmetry I'; + c['y gives rise to the group-invariant solution
u=F(z) (2.8)

where z = z — ct is an invariant of I'y + cI'; and F'(2) satisfies

1"

§F"(2) — vF"(2) = cF'(2) + (90F (2) + F(2)* + 1) F'(2) + 7F(2) — fo = 0.
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2.5.3 Case (F). One-dimensional optimal system of subalge-

bras

In this case we have three symmetries for the corresponding equation (2.1) and so we
first obtain the optimal system of one-dimensional subalgebras and then present the
optimal system of group-invariant solutions. We use the method given in [7]. The

adjoint transformations are given by
%

1
Ad(exp(eFi))Fj = FJ’ == 6[1—“,;, FJ] -+ 5 EQ[F,L', [F-,;, FJ]] = EaEw
where [I';, I';] denotes the commutator of I'; and I'; defined as

[Fi; FJ] == Tifj == F]Fz

In Table 1 and Table 2, we give, respectively, the commutator table of the Lie point
symmetries of the system (2.1) and the adjoint representations of the symmetry
group of (2.1). These tables are then used to construct the optimal system of one-

dimensional subalgebras for system (2.1).

Table 1. Commutator table of the Lie;_algebra of system (2.1)

I Iy I's
r'n o —3RiTy  —3Rels
Ly fRiT; O 0
Ty 1R,[3 0 0

Table 2. Adjoint table of the Lie algebra of system (2.1)

Ad T, Iy 3
Fl 1’\1 e(1/2)R15F2 6(1/2)R261“3
Fg F1 = —%Rlef‘z Fz F3
Fg Fl = %RzEFg Fs F3

Thus, from Tables 1 and 2 one can obtain an optimal system of one-dimensional

subalgebras given by {I';,I'3 + 'y, ' — I'p, I's}.
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Symmetry reductions and exact solutions based on the one-dimensional

optimal system of subalgebras

Here we use the optimal system of one-dimensional subalgebras calculated above to
obtain symmetry reductions that transform (2.1) into ordinary differential equations

(ODEs). We then look for exact solutions of the ODEs.
Case (F.1) The symmetry I'; gives rise to the greup-invariant soiution

u=F(2) (2.9)
where z = z is an invariant of the symmetry I'; and F(z) satisfies the ODE

S F"(2) + goF'(2) + 51 F'(2) F(2) —v F"(2) + 7 F(2) = fiz = fo=0.

Case (F.2) The symmetry I's + I'y gives us the group-invariant solution

1

u(t, .73) 2?1(6(_1/2)”)1 4 e(l/2)tP1)

{2F(z)gle('l/2)tpl + 2F(2) G et/ 2R

_e(—1/2)tP1 Pla': . e(—l/Z)tP1,-)7.$ L P1€(1/2)tplx =R 6(1/2)tP17x}, (210)

where P; = /4 f; g1 +~? is a non-zero arbitrary constant, z = ¢ is an invariant of
I's + 'y and the function F'(z) satisfies the ODE

—F(2)e"WD2Pp, g 4y F(2)e”WD2Rg, 4 F(z) P e/D2Prg, 4 4 F(2)eM/D =P,
12 (F/(Z))e—(1/2) zPlgl - e—(1/2) zP; Pl - e—(1/2) zPl,Y -9 e—(1/2) zPlfO §1

+92 (F/(z))e(l/Z) zPlgl + 8 Pl 6(1/2) zP 9 e(1/2) zPl,y _ 26(1/2) zP; fO §1 =

whose solution is

(= Pigo + 2fod1 + vg0)eM/D—P)z
F(Z) = [ S
gl(’y o Pl)
(Plgo + 2f0§1 -+ 790)6(1/2)(’)’—3131)2
gi(v —P)

where P; # +v and C; is an arbitrary constant. Consequently the required group

+ ]62P1 _,_Cfl}e‘(l/Q)Z(’Y-i-Pl)(e*ZPl *§a 1)—1,

invariant solution is completed by (2.10).

27



Case (F.3) The symmetry I'; — Iy gives rise to the group-invariant solution of the

form

1
291 (e~ (/2P — ¢(/2)thr)

ul(t,z) = {2 F(2)g1 e~ /2t _ 9 F(2)g c(1/2)tPy

_eURIPLP o = (/DtPLy g _ P 1/DtP | (/D) tplw} (2.11)
where z =t is an invariant of I'3 — I'; and the function F(z) satisfies
—F(2)e V2R p g, 4 yF(2)e~MYD2Pig _ Fly)Pe(/DPrg) _ yF(2)eM/D2Prg
+2(F'(2))e"t/D2Prg) — goem /AR Py — goem(/22Py — 0e=(/D2R £ g
—2(F'(2))eM/DPrg, _ g0 PLelDP | g (/2P L 0eW/DzPLf 0

whose solution is

G (1/2)(v—=3P1)=
F(Z) o {[(go Pl -+ 2f091 I+ ’YgO)e

a(y—h)
(=90 P +2f0 + ’790)6(1/2)(7—}:1)2](32& + By pe~ (/D =rP)(g=2P _ 1)-1
Gy +Fi)

where P, # +v and B; is an arbitrary constant. Consequently the group-invariant

solution is completed by (2.11). =

Case (F.4) The symmetry I's gives the group-invariant solution

_2F(2)§1 — Piz— =y
201

where z =t is an invariant of I's and the function F'(z) satisfies

u(t, ) (2.12)

F)vjh1 —F()Pig1+2 (F (2) 51— 90Pi—907—2f051 =0

whose solution is given by

F (Z) = e—(1/2) ('Y—Pl)zcl + 9o Pl~+ 2f0 gl i goy
g (v—P)

and consequently the group-invariant solution is completed by (2.12).

2.6 Conclusion

In this chapter Lie group classification was performed on a generalized Korteweg-

de Vries-Burgers equation (2.1). The functional forms of (2.1) of the type linear,
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quadratic, exponential and logarithmic were obtained. The Lie algebra obtained was
of dimension two, three and infinite. For the case when the principal Lie algebra was
extended by two symmetries, one-dimensional optimal system of subalgebras was

obtained and the corresponding group-invariant solutions were derived.
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Chapter 3

Exact solutions and conservation
laws of a two-dimensional
integrable generalization of the

Kaup-Kupershmidt equation

~

In this chapter, we study the two-dimensional int%grable generalization of the Kaup-

Kupershmidt equation, namely,

25 o
Us + Uggzes + 5 Yotz + By + 5U Uy + Slggy — 50 Uy, + Su,

+5u,0; M, = 0, (3.1)

which arises in various problems in many areas of theoretical physics. The above
equation occurs as a special reduction of integrable nonlinear systems [42,43]. The
Zakharov-Manakov delta dressing method was used to obtain soliton and periodic
solutions of (3.1) [42,43]. Here we use Lie symmetry method along with the extended
tanh and the extended Jacobi elliptic function methods to obtain new solutions of

(3.1). We also derive conservation laws using the multiplier approach [74].

However, to study the two-dimensional integrable generalization of the Kaup-Kupershmidt

equation (3.1) we first introduce a new dependent variable v and set v = 9;'u, =
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J uydz. This allows us to remove the integral terms from the equation and replace

the equation (3.1) by a system given by

25 5
Ut + Uggzae + — Uelss + O Ullgzs + S U Uz + O Uggy — Sy

2
+5uvy + Sugv =0, (3.2a)
Uy, = W == 0, (3.2b)
This work has been published in [65]. \

3.1 Exact solutions of (3.2)

The symmetry group of the system (3.2) will be generated by the vector field of the

form

0 0 0
_ 1 2 3
X == f (t7x;y7u7v)at+§ (t7I)y7u1U)ax+§ (tama%U’U)ay

0
'H]l(t, z,Y, U,'U)_ o 772(t1f7 Y, u,v

ou )%

The application of fifth prolongation, pr® X, to (3.2) results in an overdetermined

system of linear partial differential equations given by

£=0,6=0,6=0,6=08=0,7=0&=06=0,6=0, =0,
M =0, iy =15 =0, & +n; =0, 267, —m;, =0, & — 362 =0,

2 — 2, =0, & —562=0, 5} +282=0, &, — 2, =0,
Tt & —& —u5 =0, £ —58 — 1 + 2umgls + + Wy, — & — %y =0,
Bung,, — Bu&Z, + 575 + 20y, + Mgy — 465, — 262000 = 0,
BMgU? + 5Ulgzy + SUN; + S5V + 1 + Mgy + Magpss = 5ny — Smyu + 5un; + 20ué;
51 + By, — 5MZ + 5E — E34062u” + 20um; + 30un,,, + 10un; — 10uéZ,, + 4063v
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The general solution of the above overdetermined system of linear partial differential

equations, using Maple, is given by

' = 5Fy(t) + 5y F(t) + 5y° FY'(t) + 50z Fy(t),
& = 150y Fy(t) + T5F5(t),
£ = 250F (),

n' = 5F4(t) + 10y Fy(t) — 100uF;(t),
A

n? = —5uFy(t) + yFy (t) + Fy(t) — 200vF;(t) + (10z — 10yu) F)'(t) + > F)(¢),

where Fi(t), F5(t) and F3(t) are arbitrary functions of t. We confine the arbitrary
functions to be of the form Fi(t) = Cit + Cy, Fy(t) = Cst + Cy, F3(t) = Cst + Cs,
where C1, - - - , Cg are arbitrary constants. Consequently, we have the six-dimensional

Lie algebra spanned by the following linearly independent operators:

Iy = %;,

Iy = N 3

o= wlel

| y%ﬁ—lSt%—k%—u%,

Iy = x(% + By(% + 5t§t— — QUE% — 4v(%.

3.1.1 Symmetry reduction of (3.2)

One of the main reasons for calculating symmetries of a differential equation is to use
them for obtaining symmetry reductions and finding exact solutions. This can be
achieved with the use of Lie point symmetries admitted by (3.2). It is a well known
fact that the reduction of a partial differential equation with respect to r-dimensional
(solvable) subalgebra of its Lie symmetry algebra leads to reducing the number of

independent variables by r.

Consider the first three translation symmetries and let I' = I'; + Ty +1'3. We use I to
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reduce (3.2) to a system of partial differential equations (PDEs) in two independent

variables. The symmetry I' yields the following invariants:

f=t—y, g=z-y é=u, YP=u (33)

Considering ¢, 1 as the new dependent variables and f and g as new independent

variables, (3.2) transforms to

25
¢9gggg +5 ¢g¢2 — 9 ¢f99 +5 ‘i’yw + 5wf\‘+ ¢f + 5¢g¢ + _2“ ¢g¢gg
+5 wg +5 ¢ggg¢ -9 ¢ggy =0,
¢f =+ ¢g I "pg =0,

which is a system of nonlinear PDEs in two independent variables f and g. We
now further reduce this system by using its symmetries. This system has the two
translation symmetries, namely
3] 0
Ti=—, Ty=—.
By taking a linear combination pY; + Y5 of the above symmetries, we see that it

~

yields the invariants
Z:f_pgy ¢:F7"'¢)=G
Now treating F' and G as new dependent variables and z as the new independent

variable the above system transforms to the following system of nonlinear coupled

ODEs:

P°F""(2) + 50°F(2)F" (2) = 5p°F " (2) + 5p°F " (2)

+50G(2)F'(2) + 5pF (2)*F'(2) — F'(2) + -255p3F’(2)F”(z)

+5pF (2)G'(2) + 5pG'(2) — 5G'(2) =0, (3.4a)
pF'(2z) — F'(2) + pG'(2) = 0. (3.4b)

3.1.2 Exact solutions using the extended tanh method

In this section we use the extended tanh function method which was introduced by

Wazwaz [76]. The basic idea in this method is to assume that the solution of (3.4)

33



can be written in the form
M M
F(z)= Y AH(z)', G(z)= Y BiH(2), (3.5)
i=—M i=—M

where H(z) satisfies an auxiliary equation, say for example the Riccati equation

H'(z) = 1 --H%2), (3.6)
whose solution is given by \

H(z) = tanh(z).

The positive integer M will be determined by the homogeneous balance method
between the highest order derivative and highest order nonlinear term appearing in

(3.4). A;, B; are parameters to be determined.

In our case, the balancing procedure gives M = 2 and so the solutions of (3.4) are

of the form

F(2)= A H 2+ AL HS + Ap+ Ay H + A H?, (3.7a)
G(z) = B.oH? 4+ B.yH™' + By + B1H + B H”. (3.7b)

Substituting (3.7) into (3.4) and making use of the Riccati equation (3.6) and then
equating the coefficients of the functions H® to zero, we obtain the following algebraic

system of equations in terms of A; and B; (¢ = —2,-1,0,1,2):

2A 5 —2pA_3—2pB_3=0, Ay, —pA_1—pB_1 =0, Ay — pA; — pB; =0,

—2A5 + 2pAy + 2pBy = 0, 2A3 — 2pAs — 2pBy =0, 2pA_o+ 2pB_5 —2A_5 =0,
270p° A_o% + 10pA_o° + T20p° A_y = 0, 270p° Ay + 720p° Ag + 10pA2% = 0,
25pA_52A_1 + 275p3A_gA_1 + 120p°A_1 =0, 27503 A1 A, + 25pA; Ax? + 120p°A; = 0,
—Ay + pAy+ pBy — Aug ¥ pAg + pB_g =0,

—1680p° Ay + 20pA5%Ag + 120p3 A3 Ag — 10p A3 + 12002 A, — 120p° Ay

—5500%A5% + 20pA, By + 55p3 A1 + 20pA4;2 A5 = 0,
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20pA_5%2Ag + 55p3A_12 + 20pA_3B_o + 12003 A_5Ag + 20pA_5A_,% + 120p%A_,
—12003A_5 — 55003 A_5% — 1680p°A_, — 10pA_53 =0,
150A_1 A% + 4505 A_1 Ay — 515p3 A1 Ag — 240p° A1 + 5pA;3 + 3002 A; + 30pA; AgA,

+30p3A1A0 o 25PA1A22 - 15,0AIBQ . 30[)3/'111 -+ 15,0142B1 = 0,

—5150°A_9A_1 + 15pA_1B_5 + 30pA_sA_1 Ao + 450 A_2A; — 30p°A_;
—2400°A_; + 5pA_1% + 15pA_52A; + 15pA_B_1 + 300 A_,
—25pA_s2A_1 +30p3A_1 Ay =0,

—10pA_sBy — 5p° A1 A_;1 +80p°A_gAq + 350 A_1% — 20p°A_s A,
—10pB_g — 10pA_o2A; — 2720°A_5 — 10pB_gAg — 50p° A_5*
~10pA_12A4; — 80p°A_o + 10B_; — 10pA_1 B, — 10pA_g Ay’

+80p%A_o + 2A_5 — 20pA_3A_1A; =0,

—5p° A1 A1 — 200°A_sA; — 10pBsAg + 245 — 10pA;% A5
—10pA_3A45% — 10pA3Ay% — 50p3 A5% — 80p° Ay + 8002 A3 — 10pA;, By
—20pA_1 A1 Ay + 3503 A1 + 80p° Az Ao+ 10B;

—10pA; B; — 10pBy — 272p° A3 = 0,

—200p% A, — 20003 A3 Ag + 10pA_3A5% 4+ 10pAsBy — 2A; + 5p° A1 A,
+1232p% Ay — 20pA2 By + 10pA1 By — 20pA2% Ag + 2003 A_3 Ay
+10pA;2 A0 + 20pA_1A1 Ay + 10pByAg — 108, + 10pA3 Ag?
—90p°A,2 — 20pA;2 Ay + 330p%As? + 10pB; + 20003 A, = 0,
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2000°A_y + 10pA_12Ag + 2003 A_5 Ay + 10pB_sAg + 10pA_52% A,
—20003A_y Ay — 200p?A_y — 20pA_sA_1% + 10pA_1B_4
+20pA_sA_1A; + 10pB_g — 20pA_oB_5 + 10pA_3 By

—10B_3 + 33003 A_5% 4+ 12320%A- 5 — 20pA_5%Ag + 10pA_5Ap>
—90p3A_12 — 2A_5 +5p3A1A_1 =0,

—15pA_5%A; — 15pA_1B_y + 5pA_12A; + 26503 A_5A_4
+40p%A_; — 15pA_3B_; —5B_; — 40p3>1_1A0 + 10pA_sAgA;
+5pA_1Ag%> + 10pA_3A_1A; + 5pA_1 By — 65p3A_9A; + 136p°A_;
+5pB_1Ag — 400 A_; — 30pA_sA_3Ag + B5p3A_1 A5 — 5pA_,°
+5pB_1 + 5pA1B_3 + 5pA_3B; — A_; =0,

10pA_1AgA; — 5pA;3 — 40p%A; — 15pA_1 A% + 136p° A4
—15pAyB, + 5pA;B_1 — 5B; + 5pA;1 By + 10pA_3 A1 Ay
+2650°A1A; — Ay + 5pA_1 A2 + 503 A_y A1 — 15pA; By

+40p3A; + 5pB1Ag — 40p° A1 Ag + 5pA1 402 + 5pB; — 30pA; AgA,

"~

+5pA_1By — 6503 A_1 A, = 0,

—5pB_; — 5pB; — 1003 A; — 16p°A; — 10p°A_; + 10p2A_; + 10p%A,
—16p°A_; + 10034, A0 — 25p° A_A_; + 15p3A_2A; + 10p3A_, 4
+15p3A_1Ag — 25p% A1 Ay — 5pA_1Ag° — SpA_1 A% — 5pA_12A; — BpA, Ag®
—5pA_9B1 — 5pA_1By — 5pA_1By — 5pA1B_5 — 5pA1 By — 5pAyB_;
—5pB_1Ag — 5pB1Ag+ A_1+ Ay +5B_1 +5B; — 10pA_3A_1 A,
—10pA_5A¢0A; — 10pA_3A1A; — 10pA_1AgA; = 0.

Solving the above system of algebraic equations, with the aid of Mathematica, one
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possible set of values of A; and B; (i = —2,-1,0,1,2) are

A—2 = —24/)27
Ag =1,
= 4 3
s 1+p+16p ’
p
Al =Oa
Ay = —24 p?,

B_, = 24p (_‘1+p)1

B =

B, = =595 =807" ~ 50+ 80" + 2816
5p° ’

B; =0,

By=24p (-1+p)

where p is any root of 2816p° + 320p* — 320p® — 5p% + 9p — 5 = 0. As a result, a

solution of (3.1) is

u(t,z,y) = A_scoth®(2) + A_Teoth(z) + Ay + A; tanh(z)

+ Ay tanh?(2), L (3.8)
where z =t — pz + (p — 1)y.
A profile of the solution (3.8) is given in Figure 3.1.
Figure 3.1: Evolution of travelling wave solution (3.8) with parameters

y=0, p=042.
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3.1.3 Exact solutions using extended Jacobi elliptic function

method

In this subsection we obtain exact solutions of (3.1) in terms of the Jacobi ellip-
tic functions. We note that the cosine-amplitude function, cn(z|w), and the sine-

amplitude function, sn(z|w) are solutions of the first-order differential equations

1

H{4) = —{ (1- H*2)) (1 — w% wH(2)) } (3.9)

and 1

H'(z) = { (1-H*=2)) (1 -wH*(2)) } (3.10)

respectively [77]. We recall the following facts:

(i) When w — 1, the Jacobi elliptic functions degenerate to the hyperbolic func-

tions, cn(z|w) — sech(z), sn(z|w) — tanh(z).

(i) When w — 0, the Jacobi elliptic functions degenerate to the trigonometric

functions, cn(z|w) — cos(z), sn(z|w) — sin(z).

1 o

(ili) ne(z|w) = ns(z|w) = o

.
cn(z|w)’

We now treat the above ODEs as our auxillary equations and apply the procedure
of the previous subsection to system (3.4). Leaving out the details, we obtain two
solutions, the cnoidal and snoidal wave solutions, corresponding to the two equations

(3.9) and (3.10) given by, respectively,

u(t,z,y) = A_snc®(z|w)+ A_inc(z|lw) + Ag + Ajen(z|w) + Agen?(z|w)(3.11)
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whe

Tre

A_y =-3p%+ 3 pw,

A—1:O1

9 3 o+ 8
AO:_pr+l p—r

p

Al=07
Ay = 3 pw, \
Ba=-3pw-1)(p—1),
B—1=O1
B __—5+9p-5p*—5p°+p° — 10 p*w + 16 pPw? — 16 p°w + 10 p*w + 5 p*
0— 5p2 !
B, =0,

BQZ—BPUJ (p——-l)r

with p as any root of (16w? — 16w + 1) p®+(5—10w)p* + (10w —5) 03 —5p%+9p—5 = 0

and

with

~

u(t,z,y) = A_gns®(z|w)+ A_1ns(z|w) + Ap + Asn(z|w) + Assn?(z|w)(3.12)

.

A—2 . _3p27
A~1 :0a
4 —14+p+ %+ pPw
0= ¥
P
Al 201
Ay = -3wp?,

By=3p(-1+p),

B_1:0,
B — —54+9p—5p%—5p% 4+ pSw? + 14 pPw — 5 p3w + 5 ptw + 5 p* + pb
0= 5p2 ’
B1:Oa
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where p is any root of (w? + 14w + 1) p& + (5w +5)p* — (5w +5)p® — 50 +9p—5=10
and z=t—pz+ (p—1)y.

A profile of solutions (3.11), (3.12) are given in Figures 3.2-3.3.

Figure 3.2: Evolution of travelling wave solution (3.11) with parameters

t=0,w=0.1, p=-1.53.

Figure 3.3: Evolution of travelling wave solution (3.12) with parameters

t=0,w=02 p=-1.12.

3.2 Conservation laws of (3.1)

We now construct conservation laws for the two-dimensional integrable generalization
of the Kaup-Kupershmidt equation (3.1) using the multiplier approach [74]. For the

coupled system (3.2), we obtain multipliers of the form, A; = A;(¢,z,y,u,v) and
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Ay = As(t, z,y,u,v) that are given by

Ay =y fa(t) + f1(8),
Ay = =5af2(t) + F5(8) — SUWAE) + 20,

where f;, i = 1,2, 3 are arbitrary functions of ¢. Corresponding to the above multi-

pliers we obtain the following nonlocal conserved vector of (3.1):

T = f()u+yh(t), \
T %{GOfl(t)umu + 60y fo(t)ugzu + 601 (t)u / Uy dz + 60y fo(t)u / Uy dz
+ 20f1(t)u3 -+ 20yf2(t)u3 + 45yf2(t)u12 + 40 f1(t) ugy + 40y f2(t)Usy + 12y f2(t) Uszes
+ 60z fo(t) /uy dzx — 12 f3(t) /uy dz + 45f1 (t)ug> — 20 f2(t)us + 121 () Uszes
+ 632 f5(t) /uy dz + 12y fi(t) /uy da:},
TV = é{ — 37 f(t)u — 6y f1(t)u — 30z fo(t)u + 6 f3(t)u + 10y fo(t)tse
— 30y f2(t) /uy dz — 30f(t) /uy dr + 10f1(t)um}. ~

N
Remark 2 Due to the presence of the arbitrary functions, f;, ¢ = 1,2,3, in the

o
multipliers, one can obtain an infinitely many nonlocal conservation laws.

3.3 Conclusion

In this chapter we studied the two-dimensional generalization of the Kaup-Kupershmidt
equation (3.1). Lie point symmetries of this equation were obtained and the three
translation symmetries were used to transform the equation into a system of ODEs.
Then the extended tanh and the extended Jacobi elliptic function methods were em-
ployed to solve this ODEs system to obtain exact solutions of (3.1). Furthermore,

conservation laws of (3.1) were also computed using the multiplier approach.
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Chapter 4

On the solutions and conservation

laws of a coupled KdV system

4.1 Introduction

In recent years, the coupled Korteweg-de Vries equations have been the centre of
attraction and extensive studies have been made by many authors, see for example,
the Refs. [47-53]. In [47] a typical hydrodynamig model which describes a resonant
interaction of two wave modes in a shallow stratified liquid is derived and is given

by

7 8
Us + Uggy — 7 Uts — Vs + Z(u’u)x =0, (4.1a)
7
Ut + Vggg — Zuuz — Vs + 2(uv), = 0. (4.1b)

This coupled Korteweg-de Vries system (4.1) was studied by Wang [47] for its inte-
grability by using the prolongation technique and singularity analysis. Wazwaz [46]
also considered the system (4.1) and employed the Hirota’s bilinear method com-
bined with Hereman et al [54] simplified approach to study the integrability of (4).

Multiple-soliton solutions and multiple singular soliton solutions were obtained for
(4).

In this chapter we study the coupled KdV system (4.1) using Lie symmetry method.
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The similarity reductions and exact solutions with the aid of simplest equation and
Jacobi elliptic function methods are obtained based on the optimal systems of one-
dimensional subalgebras for the KdV system. In addition, the conservation laws of
the coupled KdV system are also derived using the multiplier approach [74] and the
conservation theorem due to Ibragimov [75].

This work has been published and appears in [66].

Y
4.2 Symmetry reductions and exact solutions of

(4.1)

The symmetry group of the coupled KdV system (4.1) will be generated by the vector
field of the form

0 d 0 0
e 1 2 1 2
X=¢ (lt,:is,u,v)—(97j +¢£ (t,z,u,v)—ax +n (t,x,u,v)—au +n°(t, z,u, U)_Bv'

Applying the third prolongation pr® X [7] to (4.1) gives the following overdetermined

system of linear partial differential equations:

£=0,6=06=06=0&=07,=0n1,=01,=0
My =0, Moy =0, My, =0, 75, =0, 15, =0, 1, — &5, =0, M3, — &5, =0,
& — 36 =0, —Trpu+ 5nju + 5nyv — dngv + 4y, + dng,, =0,
—5miu+ 8n2u + 8nlv — Tn2v + 4n? + 4n2.. =0,

—5miu + 15n2u + 5n?u — 5&Hu + 582u + 8niv — 12nv — 8n2v + 8¢l
"8520 — 5m1 + 8me = 0,

—5niu — 150ty + 5n2u + 5&1u — 5E2u + dnlv + 12nkv — dnPv — 4€lv
+4€20 + 5y — 4y = 0,

5niu + 5niu — 7€lu 4 T€2u — 8ntv — dnZv + 5&}v — 5E2v — Ty + 51y
H 20y, — A5 — 48], =1,

—5myu — 5mau + 86 u — 8&2u + 81y + 4njv — T&Hv + TEZu + 8my — T,
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On solving the above system, one obtains the following three Lie point symmetries:

0 0

0
2u— — 20—

9z  Ou ov’

4.2.1 One-dimensional optimal system of subalgebras

In this subsection we present the optimal system of one-dimensional subalgebras for

the system (4.1) to obtain the optimal system of group-invariant solutions. For this

purpose we follow the procedure given in Section 2.5.3 of Chapter 2.

Table 1. Commutator table of the Lie algebra of system (4.1)

X1 Xo X3
X1 O 0 X1
Xy 0 0 3X,
X3 —-X; -3Xa O

Table 2. Adjoint table of the Lie algebra of system (4.1)

Ad X, Xo X3

Xy X X X3 —eX;
Xo X3 Xs X3 —3eXo
Xs X1 Xy, X

From Tables 1 and 2 one can obtain an optimal system of one-dimensional subalge-

bras given by {v.X; + X, X», X3}, where v is a nonzero constant.

4.2.2 Symmetry reductions of (4.1)

In this subsection we use the optimal system of one-dimensional subalgebras calcu-

lated above to obtain symmetry reductions that transform (4.1) into a system of

ordinary differential equations (ODEs). Later in the next subsection we will look for

exact solutions of (4.1).
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Case 1. vX; + X,

The symmetries v.X; + X, gives rise to the group-invariant solution
u=Fg), u=_0Gz), (4.2)

where z = z — vt is an invariant of v.X; + X,. Substitution of (4.2) into (4.1) results

in the system of ODEs

4F"(2) + 5G(2)F'(z) — v F'( \)\ TF(2)F'(2)

+5F(2)G'(z) — 4G(2)G'(2) = 0, (4.3a)
4G"(z) + 8G(2)F'(z) — 5F(2)F'(2) + 8F(2)G'(2)
—4vG'(2) = TG(2)G'(2) = (4.3b)

Case 2. X,
For the symmetry X, we obtain the group-invariant solution of the form
u=F{z), v=0G(2), (4.4)

where z = z is an invariant of X, and the functions F' and G satisfy the following

system of ODEs:
4F"(z) + 5G(2)F'(z) — TF(2)F'(z) + 5F(2)G'(2) — 4G(2)G'(2) = 0,

4G"(2) + 8G(2)F'(2) — BF (2)F'(z) + 8F(2)G'(2) — TG(2)G'(2) =

Case 3. X3

By solving the corresponding Lagrange system for the symmetry X3, one obtains an

invariant z = z¢t71/% and the group-invariant solution of the form
u=t"2BF(z), v=1t"3G(2), (4.5)

where the functions F' and G satisfy the following system of ODEs:

12F"(2) + 15G(2) F'(2) — 21F(2)F'(2) — 4zF'(z) + 15F(2)G'(2) — 8F (2) — 12G(2)G'(2) =
24G(2)F'(2) — 15F (2)F'(2) + 24F(2)G'(2) + 12G"(2) — 21G(2)G'(2) — 42G'(z) — 8G(2)
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4.2.3 Exact solutions using simplest equation method

We now use the simplest equation method [78-81], to solve the system (4.3) and as a
result we obtain the exact solutions of our coupled KdV system (4.1). The simplest
equations that will be used are the Bernoulli and Riccati equations. To the best of
our knowledge, it is for the first time that this method has been applied to systems

of nonlinear ODEs.

We briefly recall the simplest equation method here. Let us consider the solutions of

(4.3) in the form

M M
F(z) = S A(H)Y, G(z) = Bi(H()), (46)
=0 =0

where H(z) satisfies the Bernoulli or Riccati equation, M is a positive integer that
can be determined by balancing procedure as in [80] and Ay, - - - , Ay, By, - - - , By are
parameters to be determined. We note that the Bernoulli and Riccati equations are
well-known nonlinear ODEs whose solutions can be expressed in terms of elementary

functions.
We consider the Bernoulli equation
H'(z) = aH(2) + bH?(2), (4.7)

where a and b are constants. The solution of this equation is given by

cosh[a(z + C)] + sinh[a(z + O)]
H(z) = a{ 1 — bcosh[a(z 4+ C)] — bsinhla(z + C)] }

For the Riccati equation
H'(z) = aH*(2) + bH(z) + c, (4.8)
where a, b and c are constants, we shall use the solutions’

B %tanh Be(z + C)]

and
) n sech (0—2’)
C cosh (%5) — %" sinh (%Z) ’

where 6? = b? — 4ac > 0 and C is a constant of integration.
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Solutions of (4.1) using the Bernoulli equation as the simplest equation

The balancing procedure [80] yields M = 2 so the solutions of (4.3) are of the form
F(Z) :A0+A1H+A2H2, G(Z) ZBQ+B1H+BQH2 (49)

Substituting (4.9) into (4.3) and making use of the Bernoulli equation (4.7) and then
equating all coefficients of the functions H*® to zero, we obtain the following algebraic

system of equations in terms of Ag, A;,A2 and By, BI,BQ:

5A1By + 5A¢B; — 4A1v — TAgA, + 44A; — 4ByB; = 0,
154, By + 10A1B; + 1043 By + 1540 B; + 1040 B,
—12A;v — 8A5v — TA? — 21 ApA; + 84A; — 14A0A,
+32A, — 4B} — 12ByB; — 8ByB, = 0,

30A;B; + 154, By + 30428y + 154,B, + 304, B,
—24Ayv — 21A% — 21 A, A; + 43241 — 42A0A; + 4564,
—12B} — 24ByBy — 12B; B, =0,

45A9B; + 20A3B, + 45A; By — 14A3 — 634, A, + 19444,
+648A; — 8B% — 36B;B, =0,
60Ay By — 42A% + 25924, — 24 B3 = 0,

8A1By + 8A¢B; — 543A; — 4Byv — TByB; + 4B, = 0,
24A;1 By + 164, By + 16 A3 By + 24A0B; + 16A9By — 5A?
—15A0A; — 10AgA; — 12Byv — 8Byv — TB? — 21By B,
+84B; — 14ByB, + 32B, = 0,

48A1 B, + 24A, By + 48438 + 24 A3 B; + 484, B,
—15A%2 — 15A,A; — 304¢A; — 24Bov — 21B? + 432B,
—42ByB, — 21B, B, + 456B; = 0,

72A2B; + 32A4,B, 4+ T2A1 By — 10A% — 45A, A, — 14B;
+648B; — 63B; B, + 1944B, = 0,

96A,B; — 30A2 — 42B3 + 25928, = 0.
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Solving the above system of algebraic equations, with the aid of Mathematica, we

obtain

a=1 b=3,

AO = k(V - 1),

dym 36A07

v—1

Ap = 34, A

B 214564) — 4694041 + 561 — 3456
W= 10656 ’

B —469A3% — 30048 A2 + 16657924,
o 1022976 ’

_ —469A3 — 30048 A2 + 16657924,
S 340992 :

where k is any root of 469k3 + 416k? + 304k + 256 = 0. As a result, a solution of
(4.1) is given by

u(t, ) = Ag + Ala{ coshla(z + C)] + sinh[a(z + C)] }

1 — beosh[afz + C)] — bsinh[a(z + C)]

cosh[a(z + C)] + sinh[a(z + C)] ?

1 — beoshla(z + )] — bsinh[a(z + C)] } W ace
cosh[a(z + C)] + sinh[a(z + C)] }

1 —beosh[a(z + C)] — bsinh[a(z + C)]

cosh[a(z + C)] + sinh[a(z + C)] ?

1 — beosh[a(z + C)] — bsinh[a(z + C)] } L

+A2a2{

v(t,x) = By + Bla{

+Bga2{

where z = z — vt and C is a constant of integration.

Solutions of (4.1) using the Riccati equation as the simplest equation
The balancing procedure yields M = 2 so the solutions of (4.3) are of the form
F(z) = Ao+ A1H + AH?, G(2) = By + BiH + B, H>. (4.11)

Substituting (4.11) into (4.3) and making use of the Riccati equation (4.8), we ob-
tain the following algebraic system of equations in terms of Ag, A1, Az, By, B1, B2 by
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equating all coefficients of the functions H* to zero:

8aA c? + 4A b + 24 A5bc® + 5A1Boc + 5AgBic — 4A cv — TAgAic — 4By Byc = 0,
32aA;bc + 64aAyc? + 4A1b3 + 56 Agb%c + 5A10By + 5AgbB; — 4A1bv — TAgALb
+10A,Boc + 104, Bic + 1049 Byc — 8Agcy — TA2¢c — 14A¢Ayc — 4bBy B,

—4B%c — 8ByByc = 0,

3242 Ajc + 28aA;b% + 208aAbe + 5aA; By + SadoB) ~ dadw - TaAoA;
—4aByB; + 32A;6° + 10A2bB, + 10468, + 1040bB, — 8Azby — TA%
—14AgAgb + 15A3B1c + 15A; Byc — 214, Agc — 4bB? — 8bBy By — 12B1 By = 0,
4802 A;b + 160a®Ayc + 152aA2b% + 10aA3 By + 10aA1 By + 10aAoB; — 8aAyv
—TaA? — 14aAgA; — 4aB? — 8aByBy + 15A2bB; + 154,bBy — 21A; Agb
+20A,B,¢ — 14A2%¢ — 12bB; B, — 8B2¢c = 0,

24a%A; + 21602 Agb + 15aA2231 + 15aA4,B; — 21aA; Ay — 12aB, B,

+20A50B, — 14A%b — 8bB2 = 0,

96a° Ay + 20aAy By — 14aA3 — 8aB; =0, _

8aB;c? + 8A;Byc + 8AgBic — 5AgA ¢ + 4b2Byc + 24bByc® — 4Bicv — TByBic =0,
32abBjc -+ 64aByc? + 8A;5By + 8AgbBy — 5AgArb + 164, Boc + 164 Bic
+16A¢Byc — 5A%¢ — 10AgAgc + 46° By + 560 Boc — 4bByv — TbBy By

—8Bycv — 7ch — 14ByByc = 0,

32a2Bc + 8aA; By + 8aAgB; — 5aAgA; + 28ab?B; + 208abBsyc — 4aByv
—TaByBy + 16A,bBy + 16A1bB; + 16AgbBy — 5A3b — 10AgAsb + 244, B, c
424 A, Byc — 15A1 Ayc + 32b° By — 8bByv — TbB2 — 14bBy By — 21 B Boc = 0,
48abB; + 160a? Byc + 16aAy By + 16aA; By + 16aA By — 5aA3

—10aAgAs + 152ab% By — 8aByv — TaB? — 14aBy By + 244508, + 24A,bB,
—15A4; Agb + 32A5Byc — 10A2¢c — 21bB; By — 14B2c = 0,

24a®B; + 216a%bB, + 24aA;B; + 24aA; By — 15aA,A; — 21aB; By

+32A45bB; — 10A2b — 14bB3 = 0,

96a° B, + 32aA;B, — 10aA2 — 14aBj = 0.

49



Solving the above algebraic equations one obtains

A():k(8ac+b2—V),

. IQCLAob
 Bac+ b2 -1’
B —9216a3¢ + 715202 Ay — 1152a2b? + 115202y — 469A0A2
= 355242
5. _ A1(185088a* — 10016a%A; — 469sA2)
= 113664a*
5, _ A2 (185088a* — 10016a%A; — 46943)
2 —

113664a* ’

where k is any root of 469k% — 416k% + 304k — 256 = 0 and hence solutions of (4.1)

are given by

0 1
U(t,ﬂ?) = AO + Al{ = 5(‘1' == %tanh {59(2 + C)] }
b 0 1 2 ‘,
—+—A2{ == % = %\tanh [59(2 + C)} } ) (4128’)
t By+ B ———it h10(+C’)
vlt2) = Bo + 5y — ppetony PN
b6 1 §
and
b 0 1 sech( )
u(t, z) = Ao + Al{ 2 %tanh <§9z) Ccosh (£) — Z5inh (£) }
b6 sech( ) }2
Zpd — 2 2 e | 28 . (413
* 2{ %  2q " ( z) T Ccosh (%) — Zsinh (£) (4.13a)
b 6 sech (%)
t ) = — — — —tanh | =0 :
v(t,z) = By + Bl{ 2 2a - ( Z) C cosh ( ) 2a sinh ( ) }

where z =z — vt and C' is a constant of integration.

A profile of the solution (4.12) is given in Figure 4.1.
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Figure 4.1: Profile of solitary waves (4.12)

4.2.4 Solutions of (4.1) using Jacobi elliptic function method

In this subsection we obtain exact solutions of the coupled KdV system (4.1) in

terms of Jacobi elliptic functions. The cosine-amplitude function, cn(z|w), and the
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sine-amplitude function, sn(z|w) are solutions of the first-order differential equations

1
2

H'(z) = —{ (1- H*(2)) (1 — w+wH?(2)) } (4.14)

D=

H'(2) = { (1- H*2)) (1 - wH?(2)) } : (4.15)

respectively [77].

Y
The above ODEs are now treated as our simplest equations and consequently fol-

lowing the procedure of the previous subsection we obtain the following cnoidal and

snoidal wave solutions of (4.1) given by

u(t,z) = Ag + Ajen(z|w) + Azen?(z|w), (4.16a)
v(t, z) = By + Bicn(z|w) + Bayen?(z|w), (4.16b)

where

Ao = k(v — 8w + 4),

e
Al == 07
A2 - 12A0(d , L

v—8w+4

1788 Aor + 1407A% + 715240 + 93840 A, + 28812 — 2304vw + 2304v — 9216w + 4608
Bo ==

888(v + 4)
Bl = 01
5. _ A2(2940 — 6By + 28y — 224w + 112)
2 16(v — 8w + 4) ’

k is any root of 469k 4 416k* + 304k + 256 = 0

and

u(t, r) = Ag + Aisn(z|w) + Agsn?(z|w),

v(t, z) = By + Bysn(z|w) + Bysn?(z|w),
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where

AO = k(V+4U)+4),

A =0,
12A0w

Ao = - v+ dw+4’ ,

By = 1788 Agv + 1407A2 + T152A0 + 469 A0 Az + 28812 + 1152w + 2304v + 4608w + 4608
888(v+4) ' ’ '

By =40, A Y

Bg = A2(29A0 = 6B0 + 28v + 112w + 112)

16(v + dw + 4) ’

k is any root of 469k% + 416k* + 304k + 256 = 0,

and z =z — vt.

The profile of the solution (4.16) is given in Figure 4.2.

B .

Figure 4.2: Profile of cnoidal waves (4.16)
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Figure 4.3: Profile of cnoidal waves (4.16)

4.3 Construction of conservation laws for (4.1)

-
We now construct conservation laws for the coupled KdV system (4.1) using the two

methods, namely the multiplier approach [74] and the conservation theorem due to
Ibragimov [75].

4.3.1 Application of the Multiplier Method

For the coupled KdV system (4.1), after some lengthy calculations, we obtain the
second-order multipliers, A; = A;(t, Z, u, v, Uz, Vg, Uz, Ugg) a0 Ag = Ag(t, 2, U, U, Uz, Vg, Ugg, Vsz)

that are given by

Ay =C1+ C3(—2v+3u) + Cy (110 — 140% + 16 vz — 24 upe + 2vu),  (4.17)

Ay = Cy+ C3(—2u+ 3v) + Cy (—28vu + 210 + u? + 16 ugy — 24v,,), (4.18)
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where C;, ¢ = 1,2, 3,4 are arbitrary constants. Corresponding to the above multipli-

ers we obtain the following four local conserved vectors of (4.1):

4

t
o = u,

1
P = §{10uv — T — 4 + 8um};

P = u, \

1
o7 = g{l6uv—5u2—7v2+8vm};

%{ —4uv+3u2+3v2},

1

E{ — 24v,,u — 24Uz, v + 36Uzu + 36Uy — Suv

+30uv? — 11u® — 1303 + 24u v, — 18u,? — 18v,2}

and
1
P = 5{mmu + 24U,V — 36Ugu — 36D,V + 3uv — 42uv? + 11ud + 21v3},
1
Pz = 1—6{16'umu2 — 128v,%u + 32uUgpuv — 58U uv — 128Uy + 128u v,V

—96ug,v? — 1280, + 176uzzu? + 192Uty + 336Uggv? + 192004,

+252usv — 486u%v? + 384uv® — 82u* — 91v* + 128u,v, + 128v,u,

—192usuy — 1920,05 + 256UggVpg — 192Ugy” — 192vm2}.

Remark 1. Higher order conservation laws of (4.1) can be computed by increasing

the order of the multipliers.

4.3.2 Application of the new Conservation Theorem

The adjoint equations of (4.1) are given by

5
'wau -+ £¢mu . szv e Z¢mv - ¢t - (Zsa:xz = 0, (4198,)

5 7
—2¢pu — Zabzu + wav + PV — Yt — Ygzz = 0, (4.19b)
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where ¢ = ¢(t,z) and ¢ = 9(t, z) are the new dependent variables. The Lagrangian
for the system of equations (4.1) and (4.19) is given by

L. = it x){ut + Ugzr — Zuuz — Vg + g(uv)z}

5 7
+(t, x){vt + Vgzg — Uz~ V% + 2(uv)z}. (4.20)

We have the following three cases:

A}
(i) We first consider the Lie point symmetry generator X; = &, of the coupled
KdV system (4.1). Corresponding to this symmetry the Lie characteristic function
W = —(uy + v;). Thus using theorem (1) of chapter 1, the components of the

conserved vector are given by

Tf == Uz¢—vz¢,

lez: = ut¢ I UW + u:z:zd)a: s um¢zm + szwz = 'Ux'd)a:z-

(ii) The Lie point symmetry generator X, = 0; has the Lie characteristic function

W = —(us + v;). Hence one obtains the conserved vector whose components are

| ¢
3 = Z{suzmp + 8ugut + duzvd + Sug i — Suzul — Tuzud

+4uzzm¢ - 7'0:::”71/) ~+ 4vxmzw b 4’UZU¢},

g1
i Z{ — 8uvy — 8uu — buvd — Svud + Sugut) + Tusud — 4Py

+7’Ut’U’l,ZJ - 4¢Ut:m: Ok 4’Ut’U¢ - 4ut¢zx I 4¢zutx i 4’Utwa:ac 17 4%%;-}-

(iii) Finally, we consider the symmetry generator X3 = 3t0; + 0, — 2ud,, — 2v0,. For

this case the Lie characteristic function W = —2u — 2v — (3tu; + 3tvy + zu, + zv,)
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and as a result the components of the conserved vector are given by
1
T3t = 7 {24tuwi + 24tvguy + 15tugvg + 15tv ud — 15tuguy — daxugd
—21tupupp + 12tUgred — dzv) — 21t 00 + 12805, — 120,00 — Sud — 81/211},
: J

1

15 = Z{ — 24tv,up — 24tu v — 15tvugp — 15tuve + 15tuuyy — 8¢ u + 21tuug
—16Upz @ + dzusd — 12tPUrr — 16V — 8Ypp¥ + 4z + 21000 — 120040,
+12tv,v¢p — 32uvth — 20uve + 10Uy + 14&% + 140v%) + 812 — 12tusdgy + 12t s,

_12tvtwaxv =+ ]-Zt'vbzvtz + 12u'z¢z + 4xu:c:c¢:c e 4xuz¢mz =} 12%% =+ 4lumz¢z - 41‘Uzwzw}

Remark 2. The components of the conserved vectors contain the arbitrary solutions
¢ and 1 of the adjoint equations (4.19) and hence one can obtain an infinite number

of conservation laws.

4.4 Conclusion

In this chapter we studied the coupled KdV system (4.1) from the point of view of Lie
symmetry analysis. Similarity reductions and exact solutions with the aid of simplest
equation and Jacobi elliptic function methods were obtained based on the optimal
systems of one-dimensional subalgebras for the KdV system. The exact solutions
obtained were solitary, cnoidal and snoidal waves. Finally, conservation laws for the
coupled KdV system (4.1) were derived by employing the multiplier method and the

new conservation theorem.
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Chapter 5

Lie group analysis and
conservation laws of a coupled
variable-coefficient modified

Korteweg-de Vries system

N

In this chapter Lie group analysis is performed 6n the generalized coupled variable-

coefficient modified Korteweg-de Vries (CVCmKdV) system
Uy — a(t) (Uggg + 6(0? — v?)uy — 12uvv,) — 4B(t)u, =0, (5.1a)
vy — (t) (Vage + 6(u® — v?)vg + 12uvu,) — 4B(t)v, = 0, (5.1b)

which models a two-layer fluid, and is applied to investigate the atmospheric and
oceanic phenomena such as the atmospheric blockings, interactions between the at-
mosphere and ocean, oceanic circulations and hurricanes or typhoons. It should be

noted that if v = 0, (5.1) reduces to a variable-coefficient modified Korteweg-de Vries
U — 0(t) (Uges + 6UPuz) — 4B(t)u, =0,
which has been investigated in [56-58].

The similarity reductions and exact solutions with the aid of simplest equation and

Jacobi elliptic function methods are computed. In addition to this, the conservation
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laws of the CVCmKdV system are also derived using the multiplier approach and a

new conservation theorem.

This work has been submitted for publication [64].

5.1 Symmetry reductions and exact solutions of

(5.1) \

The symmetry group of the CVCmKdV system (5.1) will be generated by the vector
field of the form

0 0 0 0
_ el 2 1 2
X = {59 v)—~at + & (t,rc,u,v)az +n(t, z,u, U)au +n°(t, z, u, v)—av.

Applying the third prolongation pr® X to (5.1) results in the following overdeter-

mined system of linear partial differential equations:

&=0,86=0 =0 6=0 =0 71,=0,n,=0, 75, =0, n, =0,
771];1) =0, 771:51) =0, 77:12':u =0, ni'u =0, 77:251/ i ggm =0, 52:: I n;u =0,
—a(t)é} + 3 — £a/(t) =0, ‘

—6a(t)n;u2 + 6a(t)n;v2 <& 12a(t)n§uv — a(t)n;m — 47);,8(25) + 7h1 = ()

—120(t)muv — 6a(t)n2u® + 6a(t)niv® — a(t)nZ,, — 4n2B(t) +7; =0,

—a(t)&uv + a(t)miun + a(t)euw — at)nyuv — ma(t)v — ma(t)u — £ (o (t))uv = 0,
a(t)éuv + a(t)niuw — a(t)éiuv — a(t)nyu +ma(t)v + ma(t)u + & (o (t))uww = 0,
—12ma(t)u + 120 (t)v — 6a(t)Eu? + 6a(t)é v + 6a(t)E2u® — 6a(t)E2v?
—12a(t)miun — 12a(t)nyuv — 3a(t)nzs, + a(t)éae, — 4B(H)E +4B(1)E; — 661 (o (t))u?
+6¢1 (o (t))v* — 46'B'(t) — & =0,

—12ma(t)u + 12ma(t)v — 6a(t)éiu? + 6a(t)E v + 6a(t)E2u? — 6a(t)Ev?
+12a(t)niuv + 12a()mu + a(t)€oes — 30(t) e, — 4B(8)E + 4B(8)67 — 667 (o (t))u

+6£1(/ (t))v? — 4€18'(t) — €2 = 0.
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Solving the above overdetermined system of linear partial differential equations using

Maple, one obtains the following Lie point symmetries of the system (5.1):

x. =9
l_azw
_ {81V o 1119
Xz = 4{M0}8$+{a®}8f
B ={4/—2ﬁ(t (@ () +38(0) (o () o) d] -3 (5 () [a @ dla ) ,
’ (a (1)’

+x ———+3 fa L—él— : k
"oz a(ﬂ 8t u ov

We now use the symmetries X; and X, and transform the system (5.1) to a system
of ordinary differential equations (ODEs). Consider the linear combination, p; X; +
p2Xa, where p; and p, are constants. This symmetry gives rise to the group-invariant

solution
w=Pz), 2=0(2), (5.2)

where z = CCpg—l—Li[—plOl(T)—l—lpo[j(T)] dr is an invariant of the symmetry p; X1+ p2 X5
and ¢y is a constant. Substitution of (5.2) into (5.1) results into a nonlinear third-

order system of ordinary differential equations

AAF" (2)a(t) — 602G (2)?a(t) F'(2) + 6p2F (2)a(t) F'(2)

+pa(t)F'(2) — 12pF(2)G(2)a(t)G'(2) = 0, (5.3a)
RAG" (2)alt) + 120F(2)G(2)alt) F'(2) + 652 F (:)2a(t)C(2)
—602G(2)%a(t)G'(2) + pra(t)G'(2) = 0. (5.3b)

In the next two sections, we obtain exact solutions of the system (5.3) by using the

simplest equation method and the Jacobi elliptic function method, respectively.

5.2 Exact solutions using simplest equation method

In this section we use the simplest equation method, which was used in Chapter 4, to
solve the system (5.3) and as a result we obtain the exact solutions of our CVCmKdV

system (5.1).
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5.2.1 Solutions of (5.1) using the Bernoulli equation as the

simplest equation

The balancing procedure yields M = 1, so the solutions of (5.3) are of the form
F(z)=Ao+ A1H, G(z)=By+ BH. (5.4)

Substituting (5.4) into (5.3) and making use of the Bernoulli equation and then
equating all coefficients of the functions H* to zerd, we obtain the following algebraic

system of equations in terms of Ag, A;, By and B;:

—aSaA;pr® — aa A p; — 6aaAZA, py + Bac A1 paBE + 12a0.AgpaBoBy = 0,
—Ta*aAr1bps® — 12acAg Al py + 12acAgpaB2 + 24aaA; poBoBy

—aAbp; — 6 AZA bpy + 6 A1bpaBa + 12aAgbpa BoBy = 0,

—6aaA3py + 18actA; po B3 — 12a0.A;b°pp® — 12040 Albp,

+120.A0bpo B2 + 24 A1bpaBoBB) = 0,

—6a A1 b 003 — 6 A3bpy + 18auA bpa B = 0,

—adap®B; — 12a0.A0A;1 0280 — 6aaﬁ%szl — aapy By + 6aap BB, = 0,
—Ta2abpy By — 12aaA2paBy — 24acc Aoy p2 By + 12a0:p5 By B3
—12a.AgA1bpaBy — 6 A2bpa By — abpy By + 6abpaBEB; = 0,
—18aaAfszl — 12aab?p:3B; + 6aa,028‘;’ - 12aAfbpro
—240. Ay Aybpa By + 12abpa Bo B3 = 0,

—60ab%p® B — 18 A2bpy By + 6abpaBS = 0.

Solving the above system of algebraic equations, with the aid of Mathematica, we

obtain
_ V2ym
“= P23/2 7
b
\/ a2bp22 -+ SGAo.Al = 4.14%[)
By = ;
2vb
B — A, b8,
1= Ab—aA;
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As a result a solution of (5.1) is given by

t

5a)

u(t,z) = Ag + A1a{ cosh[a ([Z + C)] + sinh[a(z + C)] } (

1 —beosh[a(z + C)] — bsinh[a(z + C)]
coshla(z + C)] + sinh[a(z + C)]
1 — beoshfa(z + C)] — bsinh[a(z + C)] }’ (5.50)

v(t,z) = By + Bla{

where z = zpy + f; [—p1a(7T) + 4p2B(7)] dr and C is a constant of integration.

Y
5.2.2 Solutions of (5.1) using Riccati equation as the sim-

plest equation

The balancing procedure yields M = 1, so the solutions of (5.3) are of the form
F(Z) = Ay + A1 H, G(Z) =By + B H. (56)

Substituting (5.6) into (5.3) and making use of the Riccati equation, we obtain the
following algebraic system of equations in terms of Ag, A;, By, B1 by equating all

coefficients of the functions H* to zero: s

—2aaA1c?pe® — aAbPepy® — aAicp; —ba A3 Ascps + 6anA;cpaBa
+12aAgcps BBy = 0,

—8aaAibepy® + ad; (—b%) pa® — aAibp — 6 AGA1bps + 6aAibpa B
+12aAgbpaBoBy — 120 Ag Alcpy + 1200 Agcpa B2 + 24 A cpa BBy = 0,
—8a%aA;cps® — aaAipy — 6aaAZA;ps + Bac Ay paBE + 12aa A paBo By
—TaaA;b%p,3 — 12aAoAfbp2 + 12aA0bprf + 24aA1bpy By By
—6aAdcpy + 18ad cpa B = 0,

—12a%aA1bpy® — 12a0 49 A2ps + 12acAgpa B + 24aaA1p25031
—6aA3bp, 4 18 A 1bpa B2 = 0,

—6alad; pyd — 6ac A3 102 + lSaaAlpr =0,
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—2aac®py® By — abcp® By — 120 A0 ArcpaBy — 6aAlepy By

—acpy By + 6acp, BEB, = 0,

—8aabep,® By + o (—b3) p2°B; — 120 A0 A1bpaBs — 60&.Agb/)281 — abp1 B4

+6absz§Bl — 12aA2cp By — 24aApAscpaBBy + 12acpyByB2 = 0,

—8a’acpy® By — 12aaAgA1paBy — Baa A2 paBr — Taab?py® By — aap By

+6CLCY,028331 = 12(1./4%&),0230 == 2404A0A1bp231 = 12(1[)sz08%

Y
—18aA2cpo By + 6acpa B = 0, :

—12a%abp,®B; — 12aaAfszo — 2daaAg A1 p2B1 + 12aaszoBf

—18atA2bpo By + 6abpa B = 0,

—6adop’ By — 18actApe By + 6aaprf =1

Solving the above system of algebraic equations, with the aid of Mathematica, we

obtain
_ b p® — 21
depyd
ey~
Al = 2 )
B \/—4aAg + ab?pe? + 849 A1b
0 2\/5 )
- T a.A113’0
L ey~ A

As a result two solutions of (5.1) are

b 6
wilt, ) = ,AO—I—Al{ 95 %tanh |%9(z+ C)] },

b g 8
v(t,x) = Bo+61{ = % == 2—(;tanh |:§0(Z+C):!}
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and

u(t,z) = Ao+ Al{ — % =dt tanh (%02)

| o
.
2

sech (%) .
+C’cosh (&) — Zagihh (%) }> (5.8b)

where z = zpy + ft’; [—p10(T) + 4p25(7)] dT and C is a constant of integration.

5.3 Solutions of (5.1) using Jacobi elliptic function

method

In this subsection we obtain exact solutions of the CVCmKdV system (5.1) in terms
of Jacobi elliptic functions (see Section 4.2.4 of Chapter 4) and as a result we obtain

~
the following cnoidal and snoidal wave solutions of (5.1) given by, respectively,

u(t, ) = Ao + Aren(zlw), (5.9a)
v(t,z) = By + Bien(z|w), (5.9b)
where
p1=p2° — 2pr°w,
Ay =0,
Ay = ,02\/‘;’
2
Bo=9,
1.
B, = 5102\@
and

u(t,xz) = Ao + A;sn(z|w),

v(t, z) = By + Bisn(z|w),
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where

p1=pt(w+1),

1.
Al = E’LPQ\/—CJ7
By = 1Ay,
A By
By = —
1 o

and z = xps + fti{—pla(T) + 4po8(7)] dr .

The profile of the solution (5.9) is given in Figure 5.1.

Figure 5.2: Profile of cnoidal waves (5.9)
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5.4 Conservation laws of (5.1)

In this section we obtain conservation laws for the system (5.1) using two different

approaches; the multiplier method and the new conservation theorem.

5.4.1 Application of the Multiplier Method

!
For the CVCmKdV system (5.1), we obtain the'second-order multipliers , A; =

Al(t) Ty Uy Uy Ugy VUgy Uggs U:z::c) and A2 = A2(t’ T, U, V, Ug, Vg Ugg, v.’tz‘) that are given by

Ay = —6Couv? + 2053 — 1803UU2(/ a(t) dt) + 603u3(/ a(t) dt) + 4C3u(/5(t) dt) + Cszu
+6Csuv — 2C40% + 18C5u?v( / a(t) dt) — 6Csv( / a(t) dt) + 4Csu( / B(t) dt) + Csav
+C7v + Cgu + Cotl 3z + 3C31 4 ( / a(t) dt) + Cyv 2z + 3C5v 4a( / a(t) dt) + Cs,

Ay = —6Cwv + 20503 — 18Csu( / a(t) dt) 4+ 6Csv3( / a(t) dt) — 4Csu( / B(t) dt)

—C3zv — 6Cquv? + 2C4u® — 1805uv\2(/ a(t) dt) + 6C5u3(/ a(t) dt)
+4C'5u(/ﬁ(t) dt) + Cszu + Cru — Cgv — Covgy — 3C3U:z::z:(/ a(t) dt) + Cyyzy

+3(75um(/ a(t)dt) + Cy,

where C;, i = 1--- 8 are arbitrary constants. Corresponding to the above multipliers

we obtain the following eight local conserved vectors of (5.1):

t
@1 - ’U,

OF = —6a(t)u2v + 2a(t)v3 —4B(t)v = a(t)vga;
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;

o =

1
= 5 {umu Vgg¥ — 6u2v? + ut + v4},

1
= —{12a(t)vmu2v + 120(t)Ugeu? — dou(t)ugzt® — Uty — du(t)Uggv?

2
+Vvg + 60c(t)utv? — 60a(t)uv? + 248(t)u*v® — da(t)ub — 48(t)u

+4a(t)v® — 4B(t)v* — a(t)ugs® — 4B()us® + Uty + at) Vg + 48(t)v,2

_vtvx};

\

3{ Bueeut [ at) ) = 3ucsu( [ a(0)at) — 1502 [ alt) ) + 34 [ at)

v ([ 5O &) + 0+ 304 [ a(t)at) — 07 [ 5O ) - 7,

%{36a(t)vmu2v( / a(t) dt) + 360(t)uauv?( / alt) dt) — SolButl / B(t) dt)
—a(t)upu — 220t Uggu — 1200(t)upeud( / a(t) dt) — ung,( / a(t) dt)

+80a:(t) vz u( / B(t) dt) + a(t)vgv + 28 (t)veev — 120:()vgev3( / a(t) dt)

+3UU4( / t) dt) + 72a(t / B(t) dt) + 728(t)uv?( / (t) dt) + 18za(t)u’v?
+180a(t)u? 2(/a( ) dt) — 180c(t)u? (/ ) — 12a(t /5 (t) dt)
~126(¢)u( [ o(t) ) ~ 3a(t)ut — 120(0 6(/ (t)dt) — daB(e)e?

—164(t) /ﬁ t) dt) — 12a(t /ﬁ t) dt) — 128(t)v (/ a(t) dt) — 3za(t)v?
+120(t)v° (/ a(t) dt) + 4zB(t)v? + 168(t)v?( /[5‘ t) dt) +4a(t)um2(//3(t)dt)
—12,B(t)u,,2(/a(t) dt) + za(t)ug® — 3oz(t)um2(/a(t) dt) + 3utuz(/ a(t) dt)
—da(t)v,( / B(t) dt) + 12B(t)v.2( / a(t) dt) — za(t)u.? + 3a(t)us( / a(t) dt)

—3us / a(t) dt)};
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1
E{vmu + Ugv + dudv — 4uv3},

1
5{ — 40(t)Ugaud — 120(t)Uggu®v + 120(£) Vaput? + 40u(t)UgaV® — Uty — Viigg

—24a(t)uv + 80a(t)udv® — 24a(t)ur® — 168()u*v + 168 (t)uv® — 20(t)Ugg Vs
—8B(t)usvs + usvz + vtum};
\
ot = -;—{SUMU(/ a(t) dt) +3umv(/a(t) dt) + 12u3v(/ aft) dt)
—12uv3(/ aft) dt) +8uv(/,8(t) dt) + quv},

%{ — 8u(t) vggu( / B(t) dt) — 8a(t)uggv( / B(t) dt) — at)vgu — 22a(t)vagu
—ou(t)ugt — 220 (t)Uggv — 1200()Vgmu®( / a(t) dt) — 360(t)uzeuv( / a(t) dt)
+360(t) Vaguv?( / a(t) dt) — 3uvg( / a(t) dt) + 12a(t)ugv3( / aft) dt)
BV / a(t) dt) — 48a(t)uv( / B(t) dt) — 48B(t)ulu( / a(t) dt)
+48a(t)uvd( / B(t) dt) + 488(t)uv®( / alt) dt) — 12zo(t)uby

+12za(t)uv® — 720(t)u’v( / a(t) dt) + 240a(t)uv?( / af(t) dt)

—T2a(t)uv’( / a(t) dt) — 8zB(t)uv — 328(t)un( / B(t) dt)

8 (t)ugs( / B(t) dt) — 248 (t)ugva( / a(t) dt) + 2za(t)uzv,

—60(t) U Uga ( / a(t) dt) + 3uug( / a(t) dt) + 3v,ug( / a(t)dt)};

t
®6 — ’U,,

B2 = 6at)uv® — 2a(t)ud — 4B(t)u — a(t)ugs;

= uv,

= —a(t)Vgett — (t) Uz — 6a(t)uv + 6 (t)uv® — 4B(t)uv + at)ugvs;
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B = %{ — 20t Ugets + 20(t)Ugav + 18a(t)uv? — 3a(t)u* — 468(t)u? — 3a(t)v?

+4B(1)v? 4 at)ug? — a(t)u,_z}.

Remark 1. Higher order conservation laws of (53,) can be computed by increasing

the order of the multipliers.

5.4.2 Application of the new Conservation Theorem

The adjoint equations of (5.1) are given by

¢ — a(t) (Buzs + 6(u? — V%) ¢y + 12uv6;) — 4B8(t)d, =0,  (5.10a)
Ve — a(t) (Yaze + 6(u® — V2, — 12009,) — 48(8)Y, = 0.  (5.10b)

Corresponding to the three symmetries of (5:1) we have the following three cases:

(i) We first consider the Lie point symmetry ggnerator X; = 0, of (5.1). Corre-
sponding to this symmetry the Lie characteristic function W = —(u, + v;). Thus,

the components of the conserved vector are given by

Tlt = —Uz¢—vz¢,

Tlm = utqs + 'Utw - a(t)umzqﬁz I a(t)uz¢zz & a(t)vzw'wx I a(t)'uzwzz-
(ii) The Lie point symmetry generator X, = —4%(%875 + jr)at has the Lie characteris-
tic function W = 4%%% + 4%—%% — ﬁut = a_%ti'”t' Hence, one obtains the conserved

vector whose components are

T = —6u,uY — 12uguvy + 120000 + 6ugv?d — BUU%D — Ugge® + 6ULV*Y — Vgret),

7 = 6usuyY + 12uuvy — 12vuvh — 6uv2P + 6uud + Plisge — 6V + YVygy
+4ﬂ(t)uzz¢z - 4ﬂ(t)uz¢wm iz ut¢zz e ¢zutz = 4ﬁ(t)vzz¢z - 4ﬂ(t)vxwxz

+Ut¢m: - T/jzvtz-
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Finally, we consider the third symmetry generator

x3={4/—2/5<t>< o (1) + 38t (af(;) dt) - 3 (8 (1) [for (1)

+’”}az+ {ﬁ;(t) }E" %_ 587;

In a similar fashion the components of the conserved vector are given by

TE = ﬁ{ 18 / a(t) db)a(t) duau® — 18( / 8(t) dt)a(t)bugu®
—a(t)éu — 36 )
(t

/a(t) dt)va(t)yuzu + 36(/ a(t) dt)va(t)pvu
[t )dt)v?a >¢uz ~ za(t)u,

(
—va(t)y + 18(
) 3 a(t)fl)t)/ﬂ”(t)> dt) albipe

~o(f (s alt

o (%
—12(/a(t dt)ﬁ(t)¢>uz - 18(/ (t) dt)v?a(t)Yv, — za(t)Pu,
(e

B 3(f _3([a(r)ar)s'(¢) ol
4 (ﬁ ) ) ) dt) )Yz
-12( o(t) dt)B( )¢v2—3(/ (t) dt)a(t) Puges

-3(f att) dt)a(twvm}, .

70



T3

%’1&) {6a(t)2¢u3 + 18va(t)*yhu?

+18('/ a(t) dt)a(t)puu® + 18(/a(t) dt) ou(t)husu?
—18va(t)’du + 4a(t) B(t) pu + a(t)*pegu

+36( / a(t) dt)va(t)uu — 36( / a(t) dt)vod(t) dusu
—6va(t)*y + dva(t)B(t)Y — 20(t) us by ~20(t)*vats
+30(t) dizs — 0t bsu |

(] (o (A0 ) s )%
) 0)e

3a(t)*vgg — Tau(t

(oo (i) sy,
+za(t) U prg + 4 /( (3fa(t()df)a()—2> B(IO‘U dt)B'(t) ) ) o(t) s b
) di)ol

+

Ol( wxvz:z

- o(t)? (1)
+v0(t) ey + zr(t) 2051

S VACCIE fai( ) p) - LB ) oo

—18( [ a(t) dt)va(t)pus + za(t)puy
+4( (ﬂ(t) <3(f ag() t;i?al(t) —2) ) a(;)(gt)ﬁ '(t)) dt) a(t)pu

+u<amﬁmwwﬁﬂd@mmmm@w

a(t) dt)via(t)v; + za(t)yu,

1 (A1) 500 )
a(t) d)B(e)pu +3( [ alt) d)a(thbus — 3( [ alt) da(t)o.ve
amﬁmm%%+a/amﬂmmmm+a/awﬁmmwm}

—18(

+4

+12(

ey Mo, o, R So E L

_3(

Sy

Remark 2. The components of the conserved vectors contain the arbitrary solutions

¢ and ¢ of the adjoint equations (5.10) and hence one can obtain an infinite number

of conservation laws.
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5.5 Conclusion

In this chapter Lie group analysis was employed to study the generalized coupled
variable-coefficient modified Korteweg-de Vries (CVCmKdV) system (5.1). We ob-
tained exact solutions for this system with the aid of simplest equation and Jacobi
elliptic function methods. The exact solutions obtained were solitary, cnoidal and
snoidal waves. Furthermore, the conservation laws of the CVCmKde system were

constructed using the multiplier method and the new conservation theorem.
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Chapter 6

%

Symmetry reductions, exact
solutions and conservation laws of

a new coupled KdV system

In [59] the new coupled Korteweg-de Vries system

Us + Uggs + U + W, = 0, (6.1a)

Vg + Vggz + VU5 + 3ww, = 0, (6.1b)
3 3

Wy + Wy + —2—(uw)z -+ i(vw)z =10 (6.1c)

was examined. The 4 X 4 matrix spectral problem with three potentials has been
used in [59] to derive a hierarchy of nonlinear evolution equations, which includes the
coupled Korteweg-de Vries equation (6.1). It was shown that the hierarchy possesses
the generalized bi-Hamiltonian structures with the aid of the trace identity. Wazwaz
[46] also considered the system (6.1) and employed the Hirota’s bilinear method
combined with Hereman et al [54] simplified approach to study the integrability of
(6.1). Multiple-soliton solutions and multiple singular soliton solutions were obtained

for (6.1) in [46].

In this chapter Lie symmetry analysis is performed on (6.1) and similarity reductions

and new exact solutions are obtained. In addition, we derive the conservation laws
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of (6.1) using the multiplier method

This work has been published in [67].

6.1 Some symmetry reductions and exact solu-

tions of (6.1)
\
The symmetry group of the coupled KdV system (6.1) will be generated by the vector

field of the form

0 0 0 0
S 2 1 o 9
X = @ (t,x,u,v,w)at +£& (t,a:,u,v,w)—ax +n (t,x,u,v,w)au +7 (t,m,u,v,w)—av

0
3

t))l’ i
+n°( zuvw)a

Applying the third prolongation pr®X [7] to (6.1) results in an overdetermined

system of linear partial differential equations,

£=0,6=0,8=06=0,6=0 8=0,£=0,n,=0,75,=0, 7,=0,
Tow =0, Mo =0, My =0, N2y, =0, 75, = 0,705, =0, n2y,, =0, 7z, =0, 7, =0,
Mow =05 Moy =0, Ty =0, My =0, 13 =0, 03, =0, 73, =0, 3, =0, 7, =0,
faw =0 1, =0, wh, =0, 0, = & =0, 15, =85 =0, 50, ~ £, =0, & =36 =
& — 362 =0, Bum, + 3wn + 15 + Mgy = 0, 3um; + 3wn + 77 + 75, = O,

2npu — 2ntv — miw + 2wn® = 0, —2nu + 2nZv — 2w + 2wn? = 0,

3n3u + 3ndv + 3wn, + 3wl + 27} + 203, = 0,

6&;u — 6ukl — 3nLw + 6wnl + 6y + 674, — 267 — 262, =0,

66, v — 6vEZ — 3w + 6wng + 61 + 605y, — 267 — 262, =

Mow — 150 + mhw + maw — wih, + &fw — wES + g = 0,

miu—niv—2niw — 2niw + 2wnd + 261w — 2weEZ 4 213 = 0,

—7su + 150 + w4+ Miw — wn, + §w — wé + 73 =0,

—n2u+niv — 202w — 2n2w + 2wnd, + 28} w — 2wEE + 2n3 = 0,
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36 u — 3u€? + 3¢l — 3v€2 + 3w + InZw — 6wnd — 6wnd + 3n; + 3y

The general solution of the overdetermined system of linear partial differential equa-

tions is given by

The above general solution contains five arbitrary constants. Hence the infinitesimal
symmetries of (6.1) form the five-dimensional Lie algebra spanned by the following

linearly independent operators:

Xi= 2, |
Xy = —2’11)—82 + 2w§v + gu — v)%,
Xa=3tz+ -+ 5o,

0 0 0 0 0

= B b G — P — B — F—,
X 3t8t+x8m 2u3u 2v81} w@w

6.1.1 Some symmetry reductions of (6.1)

In order to obtain symmetry reductions and exact solutions, one has to solve the

associated Lagrange equations

dt dx du dv dw

E(t,z,u,v,w)  E2(tz,u,v,w) N zuvw) 2t z,uv,w) 9P z,uv,w)

We consider the following cases:

Case 1. Cl=a,CQ=O,C3=O,C4=1,Cs=0

75



The symmetry aX; + X, gives rise to the group-invariant solution
y  w=G(2), (6.2)

34
where 2z = g ~ o is an invariant of the symmetry aX; + X,. Substitution of (6.2)

into (6.1) results in the system of ordinary differential equations (ODEs) where E,
F and G satisfy

"

E"(2) + 3E(2)E'(2) + 3G(2)G'(2) + = =}),

(07
F"(2) + 3F(2)F'(2) + 3G(2)G'(2) + é = [,
G (2) + SO (2) + SE(RG(2) + SGF(2) + SF(3)G(2) =0,

Case 2. Cl=0,0220,03=0,C4=1,C'5:O

The symmetry X, gives rise to the group-invariant solution of the form

T
uw=E(z) + —
w=Ble) + 5

’U=F(Z)+—3:%, w= G{z), (6.3)
where z = t is an invariant of X, and the functions E, F and G satisfy the following

system of ODEs:

-

E'(z) + () =0
1

FI(Z) <t ;F(Z) = 0,
G'(2) + %G(z) —10.

Solving the above system of ODEs one obtains the rational solution

C
u(t,z) = Tl—i-%,

C.
o(t, z) = 72+%
w(t,z) = %

Case 3. C’l=a1,CZ=a2,C3=O,C4=O,C5=1
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By solving the corresponding Lagrange system for the symmetry a; X; + as Xy + X,

1/3

one obtains an invariant z = zt~*/® and the group-invariant solution of the form

__ E() az _ F(2) s _ G()
1L_(a1—|—3t)2/3+ 97 v—(a1+3t)2/3+ 9 W—m, (64)

where the functions E, F' and G satisfy the following system of ODEs:

1

E (2)+3E(2)E'(z) — zE'(2) — QE(Z) +3G(2)G'(2) = 0,
F"(2) +3F(2)F'(2) — 2F'(2) - 2F\(‘z) +3G(2)G'(2) =0
2G"(2) + 3G(2)E'(2) + 3E(2)G'(2) + 3G(2) F'(2)

+3F(2)G'(z) — 22G'(2) —4G(z) =

Cased. C;=1,0:=0,C3=0,C4=0,C5=0

In this case by solving the corresponding Lagrange system for the symmetry X;+v X3,

one obtains an invariant z = z — vt, and the group-invariant solution of the form
u= Ez), v=F(g), w=0(2), (6.5)

where the functions E, F and G satisfy

E"(z) — vE'(2) + 3E(2)E'(2) + 3G(2)G'(2) = 0, (6.6a)
F"(2) — vF'(2) + 3F(2)F'(2) + 3G(2)G'(2) = 0, (6.6b)
&' () + S6()E(2) + SE()G(2) + SG(F(2)

SF(2)G'(z) — vG'(2) = 0. (6.6¢)

6.1.2 Exact solutions using simplest equation method

Let us consider the solutions of (6.6) in the form

M M ‘ M '
=Y A(H(2)), F(2)=) Bi(H(2))', G(z)=) G(H(=), (6.7)
=0 1=0 1=0

Solutions of (6.1) using the Bernoulli equation as the simplest equation
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The balancing procedure gives M = 2, so the solutions of (6.6) are of the form

E(Z) =A0+.A1H+.A2H2, (688,)
F(z) = By + B.H + B H?, (6.8b)
G(Z) =CO+C1H+C2H2. (68C)

Substituting (6.8) into (6.6) and making use of the Bernoulli equation and then
equating the coefficients of the functions H* to zerowe obtain the following algebraic -

system of equations in terms of A;, B; and C; (1 =0, 1,2):

a®A; — aAv + 3aApA; + 3aCoCy = 0,

8a3 Ay + Ta’ A1b — 2a. Ay + 3a.A2 + 6aAg Az + 3aC? + 6aCoCa — Arby + 3A0A1b + 36CoCy = 0,
38a2Agb + 9a.A; Ay + 12a.4,0% + 9aC1Cy — 2A2bv + 3A2b + 640420 + 30C2 + 6bCyCy = 0,
6a.A2 + 54a.Azb% 4 6aCZ 4 6.A;b> + 9A; Asb + 96C1Cy = 0,

24 A5b® + 6.A3b + 6bC3 = 0,

a®B; + 3aCyCy — avBBy + 3aByB; = 0,

8a3B, + Ta’bB; + 3aCf + 6aCoCqy — QQVBQ\':*‘ 3an + 6aByBy + 3bCyC1 — brvBy + 3bByB; = 0,
38a%bB, + 12ab*B; + 9aC1Cy + 9aB1 By + 3bCF+ 6bCoCo — 2bv B, + 3bB7 + 6bBy By = 0,

54ab*By + 6aC2 + 6aB2 + 6b° By + 9bC1Cqy + 9B, B, = 0,
246°B, + 6bC3 + 6bB3 = 0,
3 3 3 3 3
a Cl + 5(1«4100 + iaAQC]_ — G,Cly + iaCOBl + 5(16180 = O,
8a3Cy + 7a%bCy + 3a.A2C + 3a.A1Cy + 3a.ACo — 2aCov + 3aCoBy + 3aC1 By
3 3 3
+3aC, By + gAleo + 5 AbCy — B+ SHCoBy + SHCil5y = 0,
9 9
38a2bC2 + %a./‘bcl + ga.Alcz T 12ab2C1 + 5&6132 + §CLC281 + 3.AgbCo

+3A1bC1 + 3AobC2 = QbCQI/ + 3bCoBQ + 36C131 + 3bC230 = 0,
g

9 9 9
GGAQCQ + 54(1b202 + 6&6262 =+ 6b3C1 + §A2bC1 + 'Q“A]_bCZ + ébClBQ + 5b6251 = 0,

24b3Cy + 6.A50Cs + 6bC By = 0.

Solving the resultant system of algebraic equations with the aid of Mathematica, one
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possible set of values of A;, B; and C; (i =0, 1,2) are

AO == A07
Al = Alv
b
B — —4a%b? — 2a.A;b + 24,0 — 3 A0 A, + 4%y
o 3 (Ay + 4b2) i
By = —4ab — A;, B
By = — A, — 4b%,
1
Co = 5\/((12 I 3./40 = I/) (a2 — -+ 380),
o 3A:Co
1 a2 — v+ 3B,
o=%
a

As a result, a solution of (6.1) is

coshfa(z + C)] + sinh[a(z + C)] }
1 — beoshla(z + C)] — bsinh[a(z + C)]

" cosh[a(z +°C)] + sinhfa(z + C)] .

e { 1 — bcosh[a(z + C)] — bsinh[a(z + C)] } ’ (6.92)
coshla(z + €)] + sinh[a(z + C)] }

1 —beosh[a(z + C)] — bsinh[a(z + C)]

u(t,z) = Ao+ Ala{

v(t,z) =By + Bla{

" cosh[a(z 4+ C)] + sinh[a(z + C)]
s { 1 — bcosh[a(z + C)] — bsinh[a(z+ C)] | ’ (6.95)
B coshla(z + C)] + sinh[a(z + C)]
wild o) =CoF Cla{ 1 — bcoshla(z + C)] — bsinh[a(z + C)] }
g cosh[a(z + C)] + sinh[a(z + C)] .
s { 1 —beoshfa(z + C)] — bsinh[a(z + C)] } ’ (6.9¢)

where z = ¢ — vt.
Solutions of (6.1) using Riccati equation as the simplest equation

The balancing procedure gives M = 2, so the solutions of (6.6) are of the form

E(z) = Ao+ A1 H + A H?, (6.10a)
F(2) = By + B1H + B, H?, (6.10b)
G(z) = Co+C1H + CoH?. (6.10c)

79



Substituting (6.10) into (6.6) and making use of the Riccati equation, we obtain the
following algebraic system of equations in terms of A;, B; and C; (¢ = 0,1,2) by

equating all coefficients of the functions H® to zero:

20A;¢2 + Ajb%c + 6A40¢% — Ajcv + 3AgA ¢ + 3¢CoCy = 0,
| 8aA;bc + 16aAsc? + A;b3 + 14 Asb%c — Aiby + 3A40.A1D
+3bCoC1 — 2Azcv + 3ATc + 6AgAzc + 3¢C + 6cCoCa = 0,
8a’Ajc — aAv + 3aAp A + TaAb® + 52aA2b; + 3aCoCy + 8Ab® — 245bv
+3A3b + 645 Azb + 3bC2 4 6bCoCy + 9A1 Azc + 9¢C1Ca = 0,
12a> A1b + 40a* Asc — 2aAsv + 3aA] + 6aAgA; + 38aAzb?
+3aC3 + 6aCoCy + 9A1Azb + 96C1Co + 6A5c + 6¢C5 = 0,
6a°A; + 540 Azb + 9a A1 Az + 9aC1Cy + 645D + 66C; = 0,
24a® Ay + 6a.A2 + 6aCz = 0,
2ac2B; + b?cBy + 6bc?By + 3¢CoCy — cvBy + 3cByB; =0,
8abeBy + 16ac? By + b3B; + 14b%cBy + 3bCoCy — buB; + 3bByB;
+3¢C? 4 6cCoCy — 2cvBy + 3cB2 + 60308; ot 0,
8a’cB; + Tab*B, + 52abcBy + 3aCoCy — avBi F 3aByB; + 8b°B,
+3bC; + 6bCoCo — 2bvBy + 3bB; + 6bByBs + 9cC1Ca + 9cB1By = 0,
12a%bB; + 40a?cB, + 38ab?By + 3aC} + 6aCoCy — 2avB;
+3aB? 4 6aByBy + 9bC1Cy + 9B By + 6¢C3 + 6cB3 = 0,
6a®B; + 54a2bBy + 9aC,Ca + 9aB1 By + 6bC5 + 6bB; = 0,
24a°By + 6aCs + 6aB3 = 0,

3 3 3 3

2&0261 + b20C1 + 6602C2 + §A10C0 + '2‘./406‘61 — cClu -+ QCCOBl + 506180 = O,
3 3

8abcCy + 16ac®Cy + b°Cy + 14b%cCy + 510Co + 5 AdCy — bCrv

3
+-2—bCQBl + gbclBo + 3A5¢Co + 3A1cCi + 3AgcCqy — 2cCov + 3cCoBy + 3cC1B1 + 3cCoBy = 0,
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3 3
8&26C1 + ia\AlC() + 5@./4061 + 7ab2C1 + 52abcCy — aCqv + gaCoBl
3
+5aC15’0 + 8b6%Cy + 3A2bCo + 3A1bC1 + 3AgbCy — 2bCov + 3bCo BB,

+3bC1B;1 + 3bC2 By + gAgcCI + gAlcCQ + gcCIBg -+ %CCgBl = (J;

12a%C; + 40a%cCs + 3aAsCo + 3aA4,C; + 3a.AoCs + 38ab°Cy

—2aCyv + 3aCoBs + 3aC1 By + 3aCy By + g.Aszl

+g.A1bCQ &% gbcls2 + gngBl + 6420Ca + 6CaBs = 0,

6a3C; + 54a%bCy + gaAgCl + gaAlcz + gacle + gaCQBl + 6.A20C, + 6bC3B, = 0,

2403Cy + 6a.A5Cy + 6aCsB85 = 0.

Solving the above system, one possible set of values are

AO = AOJ
Al = Al)
—32a3c — 4a2b? + 4av — 2a.A;b — 16aAsc + 2 A0 — 3A0 A,
BO = X )
3 (4a? + Ap)
B = —4ab — A;, :
Bg = —40,2 i .Az,
1
Co = —g\/(Sac—k 3Ay + b2 —v) (Bac+ b2 — v + 38By),
Ci = — 3./4160
' 8ac+b2—v+3B,
aCl
Gy = 7
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Hence solutions of (6.1) are

ttof = 2~ L ann [ Lo+ 0} 611
% 2a 2(1 ol 2 ) 5 a.)
b 0 1
u(t,z) = Bo+31{ 9 2—atanh —2—9(z+ C’)}}
B - 2 L[l o]V (6.11b)
1" 22 20 |2 : 11b)
t2) =Co+Cr{ — = — L tanh | 26(z + C)
w(t,z) =Co+C 52~ 9 tanh 5
b 0 1 2
+Cz{ ~on %tanh [5()(2 + C)] } (6.11c)
and
b 86 1 sech (%) }
ol = — — — —tanh (=0 >
i AO+A1{ 20 20 <2 z)+Ccosh(%z)—%sinh(%z‘)
b _ 9 1 sech (%) }2
~ s g g : . (612
+A2{ 2a 20 (2 Z) tC’cosh(—ozﬁ)—%%sinh(ﬂ_Z) (6.122)

1 sech (%)
=8 2
2ot (3%) + () - B

1 sech (%) }2
.12b
2 ) 85 C cosh (%5) = %‘lsinh (92) , (6 )

2
b 6 1 sech (%)
vt =] - 35~ g 0oh (392) Gy

X sech (925) }2
12
2 ) = Ccosh (%) — Zsinh (%) J (6.12c)

where z = z — vt.

A profile of the solution (6.9) is given in Figure 6.1-6.3.
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Figure 6.1: Evolution of solitary wave solution (6.9) with parameters

Ci=0,r=10a6=1,0=8, e=1, 45 =0, 41 = 1.

»'/

Figure 6.2: Evolution of solitary wave solution (6.9) with parameters

Cl=0,1/=1,a=1,b=3,c=1,A0=0,A1=‘I.

Figure 6.3: Evolution of solitary wave solution (6.9) with parameters

Ci=0,v=1,a=-2,b=1,c=-1, A4 =0, 4 =1.
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6.1.3 Solutions of (6.1) using Jacobi elliptic function method

In this subsection we use the Jacobi elliptic function method, which was used in
Chapter 4, to obtain exact solutions of (6.1) and as a result we obtain the following

cnoidal and snoidal wave solutions given by

u(t, z) = Ay + Ajen(z|w) + Azen?(z|w), (6.13a)
v(t, z) = By + Bien(z|w) MByen?(z|w), (6.13b)
w(t, z) = Cy + Cren(2z|w) + Caen’(2|w), (6.13c)
where
AO = AO)
A; =0,
AQ = AZ)
B — —2A,v + 16 Asw + 3A0 A2 — 8A4; + dvw — 3202 + 16w
o 18w — 3As ’
Bl = 0’ ~
Bg = 4w — Az,
Co = %ﬂ—3Ao+V—8w+4)(u—8w—380+4),
Gy =0,
B 3A2Co
T =B 3B+ A
and
u(t, ) = Ay + Arsn(z|w) + Agsn?(z|w), (6.14a)
v(t, z) = By + Bisn(z|w) + Basn?(z|w), (6.14b)
w(t, ) = Cy + Cisn(z|w) + Cosn?(z|w) (6.14c)
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with

AO = AO)
Ay =10,
A2 = AQ;
B 2450 + 8 Asw — 3 A0 Ay + 8 A, + dvw + 16w? + 16w
o 3 (Az + 4dw) ’
Bl = O, %
BQ = —AQ == 4w,
l
cw=§¢@3Ao+u+4w+4xu+4w—3&+4y
Cl = 07
Cy = 3A5Cy

V+4wf3Bo+4
and z = z — vt.

The profile of the solution (6.14) is given in Figure 6.4-6.6.

Figure 6.4: Evolution of snoidal wave solution (6.14) with parameters 4y = 0, Ay =

Lv=1 w=06.



Figure 6.5: Evolution of snoidal wave solution (6.14) with parameters Ag = 0, Ay =

l,v=1,w=0.6.

Figure 6.6: Evolution of snoidal wave solution (6.14) with parameters Ay = 0, Ay =

-

=1, »=1, w=20.86.

6.2 Conservation laws of (6.1)

For the coupled KdV system (6.1), we obtain the second-order multipliers,
Al(t) Z,U,V, W, Ug, Vg, Wg, Ugzg, Vzz, w:c:c)) AZ(t7 Z, U, V, W, Ug, Vg, Wg, Ugg, Vzz, w:l::c)

and As(t, z,u, v, w, Uy, Uy, Wy, Ugg, Uge, Wez) that are given by

1 C
Ky = écrs (3u? + 3w? + 2ugg) + 5(3C1t +3Cz)u — 4G (615)

6
‘ 1 Ciz :
Ay = %03 (3v% + 3w® + 2vzs) + 6(301t +3Co)v — % +Cs  (6.16)
1 2
As = Zw(Cy(3u+30) +3Cit +3Cs) + ZCsuia + Ca, 817

where C;, 1 = 1,2, 3,4, 5,6 are arbitrary constants.
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Corresponding to the above multipliers we have the following first six (of infinitely

many) conserved vectors of (6.1):

1
T = E{Btuz — 2zu + 3tv? — 2zv + 6tw2},
1
T® = E{Gtumu + 6tV + 12twapw + 18tuw? + 6tud — 3zu?

+18tvw? + 6tv® — 3zv? — 6zw? — 3tu,? — 3tv,? — 6tw,>

+2Up — 20Uy + 20, — QxUM}; \

1
¢ = Z{uz + v? +2w2},

1.
¢ = 3 {2umu + 20z + dweew + 6uw? + 2ud + 6vw? + 208

—ua:2 o sz = 2'(1)22};

1 ;
T: = g{umu + VgV + 2wyw + Suw? + ud + 3vw? + v3},
]l
T = ﬂ{24wmuw + 12Ugpw? + 12Ugeu? — dutyy + 12v,,w3

+24w 0w + 1205,0° — dvvy, — 8wwe, + 36uvw? + 36uw?
+9u? + 36v2w? + 9v? + 18w* +Auuy + 4vv, + Swiw,

+4uzz2 =+ 47):512 =} 8'(1}3;;22};

1T = g

1
3y = 5{3uw + 3vw + 2wm};

t
T5 = 'U,

1
T = 5{3112 +3w? + 2%};

L = %
T = %{3u2+3w2+2um}.

Remark We note that the last three conserved quantities can be obtained directly
from the equations (6.1) by inspection and also higher order conservation laws of

(6.1) can be computed by increasing the order of the multipliers.
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6.3 Conclusion

In this chapter Lie symmetry analysis was employed to study a new coupled KdV
system. We obtained similarity reductions and exact solutions with the aid of sim-
plest equation and Jacobi elliptic function methods. The exact solutions obtained
were solitary, cnoidal and snoidal waves. The conservation laws of the coupled KdV

system were constructed using the multiplier method.
\u
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Chapter 7

New exact solutions and
conservation laws of a coupled

Kadomtsev-Petviashvili system

7.1 Introduction

In Chapter 6 we studied the coupled KdV system

Up + Uggy + SUUL + Sww, = 0, (7.1a)
Vg + Vggg + 30Uz + SwWw, = 0, (7.1b)

3
Wy + Wygy + g(uw)w + §(vw)z =, (7.1¢)

In this chapter we consider the above system formulated in the KP sense, which is

given by [62]
<ut + Ugpe + Ul + 3wwm> + Uy =0, (7.2a)
(Ut + Vper + 3’U’Uz + 3’LU7.UQ;> -+ Vyy = 0) (72b)
3 3
Wi + Wage + E(uw)z - g(vw)x + Wy =0 (7.2¢)

and obtain exact solutions of the system. We also derive conservation laws for (7.2).
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This work has been published. See [68].

7.2 Symmetries and exact solutions of (7.2)

The symmetry group of the coupled KP system (7.2) will be generated by the vector
field of the form

9 B 8
_ el O | e 8 .3 o
X = § (t,x,y,u,v,w)at £ (t,x,y,u,u,w)ax—Ff (t,w,y,%v,w)ay

1 2 3
t b b 9 t) ) 1 b bl t, ) b ] ) 9 2
+7](,£L',:I/,U’U’LU) +7]( xyuvw)a +7]( :Eyuvw)

By applying the fourth prolongation pr® X [7] to (7.2), we obtain an overdetermined

system of linear partial differential equations (PDEs),

m=0,m=0 =0 =0 6=06=06=0,£=0 & =0,
£=0,6=0 =0 &=0, & =0, 7, = GEEMEE=, =0, 15, =0,
Tow = 0, Mo =0, 1oy =0, 15, =0, 75, =0, 7y, =0, 75, =0, m, =0,

Mo =0, 73, =0, b, =0, €, =0, %, =0, 7, =0, 1%, =0, 72, =0,

o = 0, 18, =0, 15, =0, 7, =0, 20} — IESNEEREEEE= [, 2n] — 1, =0,
205+, =0, ni+n3=0, 203 —nZ =0, 203 + 7, =0, 615 +m, =0,

6nS +n5, =0, 32 +n3, =0, 3l +n), =0, =& + 362 =0, 262 + 1, =0,
2242 =0, & +22=0, —&, +25,=0, =&, + 2}, =0,

—&g, 25, =0, —& — 263 =0, 26 — m, + 275, = 0, 262 — nf + 2175, = 0,

6my — &8 +mp, — &2, =0, 602 — &L +mp, — €2, =0, —n —nd + 1l + 12 =0,
120€2 — 3n2w + 6wn + 6y — 262 = 0, 12u&2 — 3ntw + 6wn + 6m; — 262 =0,
3uny, + 3WN3, + My + My + Magze = 05 VMg + 3WNS, + My + Moy + Mogag = 0,
31 + 302 — &, + mp, — €2, =0, —7miu+nv + nyw — wnl, + 2wEL + 15 =0,
nau — n3v + n2w — wnd 4+ 2w +n3 =0,

niu—nlv — 2w + 2wnd + 4weZ + 2n3 = 0,

—n2u+n2v — 202w + 2wnd + 4wél + 203 =0,
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305, + 305,0 + 3w, + 3w, + 275, + 203, + 213, =0,

6ul2 + 6vE2 + 3ntw + 3niw — 6wn3 — 6wnd + 3n; + 3, — 262 = 0.
The general solution of the above overdetermined system of linear PDEs is given by

Yt z,y,u,v,w) = 18F; (1),

&t 7,y,u,v,w) = —3y°FY'(t) + 3F3(t) — 3yFy(t) + 62 F;(t),

53

1

(

(

(t,z,y,u,v,w) = 12y F] (t) + 6 F5(t), Y
n(t, z,y,u,v,w

(

(

) =
) =
) =
) = —2C1w — V*F{"(t) + F3(t) — yFy (t) — 12uFy(t) + 2z F)'(t),
) = =2 FY'(t) + F3(t) — yFy (t) + 2wCy — 120F;(t) + 2z FY (t),
)=

(u —v)C; — 12wF](¢),

2
N T, Y, u, v, w

3

”7 t)xly’uiv)w

where C; is an arbitrary constant and Fj, F3 and Fj are arbitrary functions of t.
For simplicity we restrict these arbitrary functions to arbitrary constants Cs, C3 and
(4 respectively. As a result we obtain the 4-dimensional Lie algebra spanned by the

following linearly independent operators:

X
r = %

I = —%;, o

I's = 5

Iy = —2w%+2w%+(u~v)-a%.

7.2.1 Symmetry reductions of (7.2)

We now make use of the symmetry I =TI'; + 5+ T3 and reduce (7.2) to a
system of nonlinear PDEs in two independent variables. The symmetry I' yields the

following five invariants:

f:t—y) gzl'_y’ d):u; 'l,[):'U, 9='U) (73)
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Treating ¢, 1, 6 as the new dependent variables and f, g as new independent vari-

ables, (3) transforms to

30 fg + Poggg + 3Bg> + Bag + 30490 + G55 + 3Bged + 36, = 0,
3wfg + d)gggg -+ 3'¢92 -+ wgg -+ 399g6 -+ wff -+ 3¢ggw + 3992 = O,
3 3
39fy + 99999 + 31/’999 < 5%99 * 6)ff + 3¢999 * 5%9
3 3

+§999¢ + Eeygw =T egg =0, \

which is a system of nonlinear PDEs in two independent variables f and g.
We now find Lie point symmetries of the above system and use them to reduce it
to a system of ordinary differential equations (ODEs). The above system has two

translation symmetries, viz.,

0
Tl = a—g‘]‘

0
Ty -= —.

By taking a linear combination T + pY5 (p is a constant) of the above symmetries,

~

we see that it yields the four invariants
sz_pgu ¢:E7 'lnb__‘?'F) g="11.

Now treating F,F,H as new dependent variables and z as the new independent
variable the above system transforms to the following system of nonlinear coupled

ODEs:

"

PAE" (2) + 3p°E(2)E"(2) + 0 E"() — 3pE"(2) + E"(2)

+30°E'(2)? + 3p2H(2)H"(2) + 30 H'(2)2 = 0, (7.42)
fﬁﬂa+w%uﬁwa+fﬂ@yﬁwﬂ@

+F"(2) + 3p°F'(2)2 + 3pH(2)H"(2) + 3p°H'(2)* = 0, (7.4b)
p*H" (2) + gsz (2)E"(2) + 3p°E'(2)H'(2) + %pQE(Z)H”(Z)
+gp2H(z)F”(z) +30°F'(2)H'(2) + ngF(z)H”(z) + p*H"(2)
—3pH"(2) + H"(2) = 0. (7.4c)

In the next two subsections we shall solve the above system of ODEs.
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7.2.2 Solutions of (7.2) using (G'/G)-expansion method

In this subsection we use the (G’/G)—expansion method [82] and obtain some exact
solutions of the system of ODEs (7.4). This will result in the exact solutions of the
coupled KP system (7.2).

Let us consider the solution of (7.4) in the form

=0

where G(z) satisfies the linear second-order ODE with constant coefficients, viz.,
G"+ MG+ uG =0, (7.6)

where A and p are constants. The positive integer M will be determined by the
homogeneous balance method between the highest order derivative and highest order
nonlinear term appearing in (7.4). Ao, -, Am, Bo, -+ ,By and Co, - -+ ,Cyy, are

parameters to be determined.

Application of the balancing procedure to the system of ODEs, yields M = 2, so the

solutions of (7.4) are of the form .
E(2) :A0+A1<g((j))> +A2<g(j)))2, (7.72)
wo-nsn(G)en(G2).  om
no-ose(@)elG).

Substituting (7.7) into (7.4) and making use of (7.6) leads to the following overde-
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termined system of algebraic equations:

A3 up* 4 144,022 0% + 8 A1 A2 p* + Ay up? + 3Ag A up® — 3 A A up

+ A+ 16A00°p* + BATUP 07 + 240047 0% + 6 Ao Ao ps® 0

—6A50°p + 2A51% 4 3CoCiAp? + 3C2u2p? + 6CoCap®p® = 0,

A1 Xt & 30403 up® + 224; 02 up% + A 0%0% + 3 A0 A1 0? — 3A1/\2p

+ AN + 120402 p* + AT AP + 6 A2 M p® 18 Ao A A up® — 18 A\ up |
+6 Ao 1 + 164 1% p* + 18 A1 Az 1% p? + 2 A1 up® + 6 Ag Ay up?® — 6. A 1p

+2A; 4 + 3CoCi A2 0% + 9CZAup® + 18CoCarpp? + 18C1Caup? + 6CoCyup® = 0,
16 A20%p* + 1541030 + 2324, 0% 1p* + 6A2XN20? + 44,02 0% + 1240450202
—12A450%p + 44202 + 60A4; \up* + 454; A dpp? + 3 A1 0% + 940 A A p?
—9A;0p + 3AN + 136A2u5p4 + 184212 0% + 1242 1p? + 8 Aqup® + 24 A0 Az up?
—24. Ao pup + 8 Agps + 6C2 A2 0% + 12CoCaA2p? + 45C1Cadpup?® + 9CoCi A0
+18C2u2p* + 12C2up? + 24CoCoup® = 0,

130423 p* 4+ 5041 02p% + 27 A1 A 0207 + 440A 0 pp* + 42420 pp? + 1543092
+10A4220% + 3040 A220” — 304220 + 10422 + 40 A pp* + 544; Aopip? + 640 A, p*
+24: 0" = Blsp+ Dy + 0N + 42C22A:Lp2 + 15C2\p* + 30CoCa M\ p*
+54C1Copp® + 6CoCrp* = 0,

330A427%p* + 24 42)0%0? 4 60.A4; A\p* + 6341 AxAp? + 240 Az00* + 48 A3up? + 9.A2p?
+18 A9 Azp% 4+ 6 A20% — 18 Azp + 6.4 + 24C2N2p? + 63C1CoM0? + 48C2 up?
+9C;p* + 18CoCap? = 0,

336 A00% + 54420 p% 4 24.A;p* + 3641 A20° + 54CINp? + 36C1Cap? = 0,

120 A20* + 30.A20% + 30C20° = 0,
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3CoCi Ao + 3C2u2p? + 6CoCati®p® + NuptBy + 14X 1% p* By + 8A 1 p* By
+AO* By + 3\up* BoBy — 3\upBy + AuBy + 164°p* By + 312 p* B}

+2u°p* By + 6% p* BoBa — 614° pBa + 2u*By = 0,

3CoC1A%p? + 9C Apup® + 18CoCarup? + 18C1Cou* 0% + 6CoCrup® + N p*By
+30X3up? By + 2202 up? By + N2 p2 By + 302 p?ByBy — 32%pB; + A28, + 120 \u2p* B,
+9AuP? B2 + 6\ up? By + 18 \up’BoBa — 18\ pupBy + 6AuBs + 16u%p By + 181%p* B, B,
+2u0? By + 6up* BBy — 6upBy + 2uB; =0, '

6CZM2p% 4 12CCoN2p? + 45C1Caup® + 9CoCi A0 + 18C2 1% 0% + 12C2 up?
+24CoCopp? + 160%p% By + 15X3p* By + 23202 1p By + 60202 BF + 4X%p? B,
+12X2p2 BBy — 1202 pBy + 4X?By + 60\ up* By + 45 up°B1Bs + 3\0* By
+9N2BoBy — INpBy 4 3AB; + 136p%p* By + 18u%p* B2 + 12up° B

+8up? By + 241p*BoBy — 241pBs + 8uBs = 0,

27C1CaN2p% + 42C2Aup? + 15CENp? + 30CoCaAp® + 54C1Caup® + 6CoC1p°
+130X\3p By + 50M\2p By + 27A\%p2 B By + 440\ up* B, 4 420 up® B2 + 150p° B2
+10Ap?By + 30\p%BoBy — 30M\pB; + 10/\8\27 + 40pp* By + 54up* BBy + 6p° By By
+2p°B; — 6pB; + 2B; =0, ’

24C2\2p? + 63C1Ca\p? + 48C2up* + 9C2p* + 18CoCap® + 33072 p* By + 240%p* B
+60\p*By + 63\p2B1 By + 240up* By + 48up* B3 + 9p° B2 + 18p° By By

+602By — 18pBy + 6B, = 0,

54C2\p? + 36C1Cap? + 3360 By + 54\p? B3 + 24p* B, + 36p°B1 B, = 0,

30C2p? + 1200*B, + 30p°B3 = 0,

gAlcoAMf + ngcv\ﬂP2 + 3A2Cou2p* + BALC1 1 0% + BACap® p* 4 Cr A pp?
+14Co N2 u2p* + 8C A2 + Codup? — 3CiAup + Codp + 16Co 3 p* + 2Co 1 0*
~6Cop + ACou” + SCAg By -+ S B + 3o By + 3Cuil By

2
+3Cop*p*By = 0,
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g.AlCo/\zpz + ngclAsz + 9A5CoMup? + 9A1CI A up® + 9ALCoALP? + 9ALC, 1P p?
+9.A4,Co1% 0% + 3A:Copp? + 3AC1 10 + CiAp* + 30C\3pp? + 22C, X2 ppt

+C1A2p% — 3C1N2p + Ci A% 4 1200 Au2p* + 6CoAup? — 18CoAup + 6Ca A

116C, 2 p* + 2C pup® — 6Cypp +2C1p + %covp?zsl +- gclAﬁpﬁBo + 9CoAup By

+9C A\up* By + 9CoAup? By + 9C1 142 0° By + gczu%"‘zsl - SCouszl + 3C1up*By = 0,
6A2C0)\2p2 + 6.A4:C102p% + 64,Co N2 p° + AQC{‘/\,U,/) + A1C2)\/,L,0

4= AlCO)\p + Aocl)\p + 18A45Co 12 p* + 12A45Coup® + 12A4:C1pp? + 12A0Co 10
-1-1662)\4,04 ¥ 15C1/\3p4 + 232C, N2 up* + 4CoN2p? — 12C02p + 4Co A2 + 60C App?
+3C1 0% — 9C1\p + 3Ci\ + 136Cou2p* + 8Coup® — 24Coup + 8Cop + 6CoN%p2 By
+6C122p° By + 6Co N2 2By + 4—25C1)\/J,p252 + %czmp%’l + gcoprBl + gclwzso
+18Co 2 0? By + 12Copp? By + 12C1 p? By + 12Caup*By = 0,

22—7A201A2p2 + 22—7A1C2/\2p2 + 42 A45Co M up* 4+ 15A:Co 0% + 15A4;:C1 002 + 15A0Co )\ p?
+27A2C pp? 4 27 A1Coup? + 3A1Cop + 3AeC10% + 130CoN3p* + 50C; A% p* + 440C; App?
+10C,A0? — 30CoAp + 10C2A + 40C1pp* +2C1p° — 6C1p + 2C1 + %chx\zszz
+%C2)\2p231 + 42C, A pup* By + 15CoA\p* By + 1_561/\;)281 +15CA\p% By + 27C, 10’ B,
F2TCsu0"B; + 3C,p° B +-8C10° By =0, J

24 A,Co\2p? + 62—3,42(:1Ap2 + %AICQW + 48 A4,Co 10 + 9.A5Cop% + 9A,C10°
+9A40C20% + 330C2/\2p4 + 60C Ap* + 240Copup* + 6Cop® — 18Cop + 6Co + 24Co )2 0% B,

3
Cl)\/)?Bg + Cz/\p231 + 48C2,up Bg + 9C0p B2 =+ 9C1p 81 + 9C2,0 Bo = 0

6
_|_
54A2C2)\p + 18./4261)0 + 18A1C2p + 33662)\,0 + 24C1p + 54C2)\p Bg
+18C1 0% B, + 18C,0°B; = 0,

30.45Co0% + 120C5p* + 30C20° B, = 0.
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Solving this system of algebraic equations, with the aid of Mathematica, we obtain

i |
_ 3Aop® + N2pt +8up* + p? —3p+1

3p?

_ 2(3A0Ap% + Mot 4 8Aup® + Np® = 3Mp + )

Al = —2)\,02,
.Az = —2,02,
BO = AOa
Bl = —2/\/)2,
By = _2/72)
Co
€, =

C
C, = 71

3Co ’

Now using the general solution of (7.6) in (7.7), we have the following three types of

travelling wave solutions of the coupled KP equation (7.2):

When A2 — 4, > 0, we obtain the hyperbolic function solutions

u(t,z,y) =

vi(t,z,y) =

wl(t) z, y) =

A0+A1<“—+51

+.A2(—

A € sinh (6;2) + C cosh 5lz)>

(

2 C} cosh (81 2) 4+ Cy sinh (6, 2)
)\?
)

A Ci sinh (9 2) + C5 cosh (012 (782)
2 " "'Cj cosh (6,2) + Cysinh (6,2) ) '

Bo + Bl( A Ci sinh (6,2) 4 C; cosh (61;,)>

+2(

B C} cosh (812) + Cy sinh (6;2)
A s Cl sinh (512) -+ Cg cosh (512))2

.8b
2t 'C, cosh (8,2) + C, sinh (6, 2) -8t

Bk 31( _ é C1 sinh (6;2) 4+ C, cosh (5lz)>

+Ba -

2 . C1 cosh (012) + Cy sinh (6;2)
A 5 Ci sinh (6;2) + C; cosh (51z)>2

2" ' C1 cosh (8,2) + Cy sinh (6, 2) e

where z =t — pz + (p — 1)y, 61 = 31/A? — 4, C; and C; are arbitrary constants.
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When A? — 4u < 0, we obtain the trigonometric function solutions

A —Cysin (822) + Cy cos (022)
t == —=+4 -
e A°+A1( 2 * %G cos (622) + Ca sin (052)
A —Cy sin (822) + Cy cos (022) ) ¥
- =40
Az \' - 2 i3 Cy cos (622) + Cysin (622) )’

B A —Cy sin (022) + Cy cos (0,2)
vt ey) = Bo+t Bl( g & C1 cos (022) + Cy sin (622)

B < A 2 —C} sin (622) + Cs cos (522))2
2 2 2 C]_ COS (522)\,+ Cg sin (522) ’

B A —C sin (822) + C; cos (822)
wat,z,y) = Bo+ Bl( 2t & C} cos (022) + Cy sin (622)

A . —Cysin (632) + Cycos (622)\°
+Ba| = =03 : ;
2 C} cos (022) + Cysin (622)

where z =t — pz + (p — 1)y, 62 = 31/4p — X2, Cy and C, are arbitrary constants.

When \? — 44 = 0, we obtain the rational function solutions

A" ALE A, G Y
ug(t,z,y) = A°+A1< i +2C’2z) +A2<_ 27 +2022> |

A 02 A CZ ?
wten) = BorBi( -3+ o) B -2t o)

A 02 A Cz ?
ws(tz,y) = %+B4‘5+5§7$)t@( T o)

where z =t — pz + (p — 1)y, C; and C, are arbitrary constants.

A profile of the solution (7.8) is given in Figures 7.1-7.3.

Figure 7.1: Evolution of travelling wave solution (7.8) with parameters

Cl=0,c2=1,)\=3,,u”—‘1,P=2,y=0aA0=0~
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Figure 7.2: Evolution of travelling wave solution (7.8) with parameters

Ci=0,C=1 =3 u=10=29=0, 4g=0.

Figure 7.3: Evolution of travelling wave solution (7.8) with parameters

Cl=0>02=11)‘:31M:11p=21y=0a-/40=0'

.

7.2.3 Solutions of (7.2) in terms of Jacobi elliptic functions

In this subsection we obtain exact solutions of (7.2) in terms of Jacobi elliptic func-
tions. We note that the cosine-amplitude function, cn(z|m), the delta amplitude
function, dn(z|m), and the sine-amplitude function, sn(z|m) satisfy the following

ordinary differential equations:

G"(2) + 2mG(2)® + (1 — 2m)G(2) = 0, (7.9)
G"(2) — (2 —m)G(z) +2G(2)* = 0 (7.10)

and
G"(z) — 2mG(z)® + (m + 1)G(2) = 0, (7.11)
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respectively [77].

We now use the above ODEs in place of (7.6) in the (G’/G)-expansion method (The
ODEs are used here for the first time in (G’/G)-expansion method). Consequently,
following the same procedure of the previous subsection we obtain new exact solutions

of the coupled KP equation (7.2) in terms of the Jacobi elliptic functions, namely

dn(Zlm)Sn(ZIm)> 1 Ay (dn(ZIm)sn(z|m)>2’
\

U4(t, xz, y) — -’40 - Al <

cn(z|m) | cn(z|m)
d d ?
a7y = Bo — B n(z|m)sn(z|m) LB, n(z|m)sn(z|m) ’
cn(z|m) cn(z|m)
, Ly dn(z|m)sn(z|m) dn(z|m)sn(z|m)\?
U)4(t, xz, y) = CO - Cl < Cn(zl'm) -+ CZ CH(Z[m) 3
where
-’41 = Oa
A2 = _2p27
By = Ay,
Bl = 0, b
Bz e —2/72, -
3Agp? — 16mp* +8p* + p> — 3p+ 1
CO == )
37
Cl == O:
c 2 (—3App? + 16mp* — 8p* — p?> +3p — 1)
9= = )

3Co
z=t—pz+(p—1)y;

us(t 7,9) = Ao — As <mcn<z|m)sn<z|m>> A, (mcn(zlm)sn(zlm))g,

dn(z|m) dn(z|m)
W men(z|m)sn(z|m) men(z|m)sn(zlm) >
) = = 5y (PR ) o (P ) |
atshl o, ) = = (mcn(dzrllr(r:)lzlgﬂm)) ‘e <mcn(;|:zz)|:)(zlm)> |
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where

Al - Oa
324590 — 340 Asp® — 24007 + 6A2p — 243 — 16 Aamp* — 32mp® + 64p° — 4p* 4 12p% — 4)°

- 302 (A + 4p?) ’
B; =0,
By =—Ay — 4[)2,
= V/3Aop? + 8mp* — 16p* + p2 — 3p + 14/8mp* — 16p* + p2 — 3p + 3p2B, + 1
3p2 \ ’

G =0,
o — 2 (A€o + 2Cop?)

.

BO—AO ,
e=t—pz+(p— 1)y

and
cn(zlm)dn(z|m) cn(z|m)dn(z|m)\?
ug(t, z,y) = Ao + A ( 2 ) + Ay < > (7.12a)
n(zjm) sn(z|m)
cn(z|m)dn(z|m) cn(z|m)dn(z|m)\?
’Us(t, z, y) = BO A= Bl ( . ) S Bz ( ) ,(712b)
n(z|lm) sn(z|lm)
) =y (AT 3 (et
where 4

—8mp* — 8p* — p*+3p—1
A 2 — BN 57

3p* ’
Ay =8,
By = Ao,
B =0,
By = — Ay — 4p7%,
Co =1,
C;, =0,

CZ =\ _4A2p2 i A%)

z=t—px+(p—1)y.

A profile of the solution (7.12) is given in Figures 7.4-7.6.
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Figure 7.4: Evolution of periodic solution (7.12) with parameters

y=0,m=03,p=-1, A= -1

Figure 7.5: Evolution of periodic solution (7.12) with parameters

y=0,m=0.3,p:—1,A2=—1.

-

Figure 7.6: Evolution of periodic solution (7.12) with parameters

y=0,m=03, p=-1, Ay = —1.
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7.3

Conservation laws of (7.2)

For the coupled KP system (7.2), we see that the three zeroth-order multipliers,

namely A; = A (¢, 2, y,u,v,w), Ay = Ay(t,z,y,u,v,w) and Az = A3(t,z,y,u,v,w)

are given by

M= 3y fi(0) + 2020) — SR — S IO +yFl0) + fo(),
Ay = zy f3(t) + 2 fult) — %:ysfé(t) - %nyi(}) +yfu(t) + fra(t),

Ay = yfs(t) +s(6) = SPal0) = 5P2F0) + uSo) + Folt)

where f;, 1 =1,---,12 are arbitrary functions of ¢.

Therefore, corresponding to the above multipliers we have the following twelve con-

served vectors of (7.2):

7 =

TP =

1—12{ — 6y f1(t)u + 6zy f1(t)us + v (—£1(t)) “x}

1
-1—2{ — 6y f1 (t)uzu + 36zy f1(t)usu — 6y° f1()wew + 36zy f1(t)w,w + 32 1" (H)u

—6zy fi(t)u — 18y fi (t)u2 - 18yf1(z§)w2 — 12y f1(t)uzs + 122y f1 () Uzer + 62y f1(E)us
P F(t)u — 2y3f{(t)um}, -

{3 A0 - 62,0+ 65, +2° (~A ) w

1
4

c -{ 2O+ 2ot + ¥ (—fé(t))uz},

|

. —{ — Bt 127, (et — G FL e+ 190 (E)uty

4
+12 2" ()u — 2z f5(t)u — 6 f2(t)u? — 6 f2(t)w? — 4 fo(t) sz + 42 fo(1) Uses

+2xf2(t)ut - y2fé(t)ut = 2y2f£(t)ummz}:

= S{ounu s ssntn + v O, |

2
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Y =

Tg

Ili{ — 6y f3(t)v + 62y f3(t)vs +y° (—Sf5(t)) vx}»
1—12{ — 69> f3(t)vav + 363y f3(t)vav — 6Y° f3(t)wew + 36y f3(t)wew

+y2 f3" (t)v — 6zy f3(t)v — 18y f3(t)v? — 18y fa(t)w® — 12y f3(t)vea
120y fo(£)aee + 6 fa(E)0s — 1 £1(E)0% — 2y3f§(t)vm},
i

s - 6xf3(t)v+6xyfs(t)vy+y;(—f§(t))vy};

1

Z{ — 2f4(t)v + 2z fa(t)vs + y* (— f4(2)) vz},

%{ — 6y f1(t)vgv + 122 f4(t)vev — 6y% f1(t)wew + 122 f4(t) waw
+12 4" (t)v — 2z £ (t)v — 6f4(t)v* — 6 f4(t)w? — 4f4(t)vag + 47T F4()Vaga

+2z f4(t)vy — yzfi(t)vt = 2y2f£(t)vxm},
1{2yf4<t>v T2y + 9 (—F(0)) }

2
112{ — 6y fs(t)w + 6zy fs(t)w, + y° (—fé@) w’«v}’
154~ WO - 3w+ 180y f(Ouew + 8oy Sz

=392 fL(t)vew — 3y fL(t)wev + 182y f5(¢)vew + 18zy f5(¢)wyv — 18y f5(t)uw
—18yfs(t)vw + v f5" (t)w — 6zy fL(t)w — 12y f5(t)Wae + 122y f5(£) Wage
+6xyf5(t)wt g ysfé(t)wt - 2y3fé(t)wza:z}a

—{3y2fg<t)w — 62 5 (tyw + 6w s (t)w, + 3 (—F4(0)) wy};

1

H - 200 + 2200 + 57 (hi0) e

4
=3y? fa(t)vpw — 3y* f5(t)wev + 62 fo(t)v,w + 62 fo5(t)wzv — 6 f(t)uw
—6fs(t)vw + ¥* fo"'w — 2 f5(t)w — 4f6(t)Wae + 42 fo(t)Waza + 22 f5(t)w,

_yzfé(t)wt - 2y2fé(t)wz:c:c} )

}{ = 3y2fé(t)uzw . gyszls(t)wzu ¥ 6xf6(t)uzw + 6z fo(t)wou

3 A0 + 2000w, +47 (A v,
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; = %yh(t)ux,
Iy = %{Gyﬁ(t)uzu + 6y fr(t)waw — yf7(E)u + 2y f7(t)oes + yf7(t)ut},
7 = yfri(t)uy — fr(t)y;
T8 = o falt)us
e = %{Gfs(t)%u + 6 fs(t)wew — fa(t)u + Q(S(t)um e fs(t)ut}a
T§ = fs(t)uy;
T; = %yfg(t)wx,
Iy = %{3yfg(t)uxw + 3y fo(t)wau + 3y fo(t)vzw + 3y fo(t)wev — y fo(t)w
+2y fo(t) Wazs + yfg(t)wt},
Y = yfe(t)wy — fo(t)w;
Th = ot
I = —;—{3f10(t)uxw + 3 f10(t)weu + 3f10(2)vzw + 3 fro(t)wzv — fio(t)w
+2 f10(t) Wazz + flO(t)wt}: .
T = fo(t)wy;
T, = %yfn(t)vx,
I, = E{Gyfn(t)vzv + 6y fu ()wzw — yf11(0)v + 2y f11(£) Vaee + yfn(t)vt},
™ = yfut)vy — fut)v
Th = 3 fult)e,
T = {85t + 6 Fawaw = Folth + 2ha(Ovmes + Fa(Ouc ).
Ty = fia(t)vy.
Remark Due to the presence of the arbitrary functions, f;, + = 1,---,12, in the

multipliers, one can obtain an infinitely many conservation laws for the coupled KP

system.
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7.4 Conclusion

In this chapter we obtained exact solutions of the coupled KP system (7.2) by the aid
of Lie symmetries as well as the (G’/G)-expansion method. The solutions obtained
were in terms of hyperbolic, trigonometric, rational and Jacobi elliptic functions.
Conservation laws of the coupled KP system were also computed using the multiplier

approach. ‘
\
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Chapter 8

Concluding remarks

In this research project we first recalled some important definitions and results from
Lie group theory and conservation laws, which were later used in the thesis. In
Chapter two, Lie group classification was performed on the generalized Korteweg-de
Vries-Burgers equation. The generalized Korteweg-de Vries-Burgers equation admit-
ted a four-dimensional equivalence Lie algekga. It was also shown that the principal
Lie algebra consists of a single translation symmetry and several possible extensions
of the principal Lie algebra were computed. The associated symmetry reductions
and exact solutions were obtained. Also, a one-dimensional optimal system of sub-
algebras was obtained for the case when the principal Lie algebra was extended by

two symmetries.

In Chapter three we studied the two-dimensional generalization of the Kaup-Kupershmidt
equation. Lie point symmetries of this equation were obtained and the three transla-
tion symmetries were used to transform the equation into a system of ODEs. Then
the extended tanh method and the extended Jacobi elliptic function method were
employed to solve this ODEs system to obtain exact solutions. Furthermore, con-
servation laws were also computed using the multiplier approach. The conservation

laws consisted of an infinite number of nonlocal conserved vectors.

In Chapter four we studied the coupled KdV system from the point of view of Lie

symmetry analysis. Similarity reductions and exact solutions with the aid of simplest
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equation method and Jacobi elliptic function method were obtained based on the
optimal systems of one-dimensional subalgebras for the KdV system. The exact
solutions found were solitary, cnoidal and snoidal waves. Finally, local conservation
laws for the coupled KdV system were derived by employing the multiplier method

and the new conservation theorem.

In Chapter five Lie group analysis was utilized to study the generalized coupled
variable-coefficient modified Korteweg-de Vries (CVkadV) system. We obtained
exact solutions for this system with the aid of the simplest equation method and Ja-
cobi elliptic function method. The exact solutions derived were solitary, cnoidal and
snoidal waves. Furthermore, the local conservation laws of the CVCmKdV system

were constructed using the multiplier method and the new conservation theorem.

In Chapter six Lie symmetry analysis was employed to study a new coupled KdV sys-
tem. We obtained similarity reductions and exact solutions with the aid of simplest
equation method and Jacobi elliptic function method. The exact solutions deduced
were solitary, cnoidal and snoidal waves. The local conservation laws of the coupled

-~

KdV system were constructed using the multiplier method.

In Chapter seven we determined exact solutions of the coupled KP system (7.2) by
the aid of Lie symmetries as well as the (G'/G)-expansion method. The solutions
obtained were in terms of hyperbolic, trigonometric, rational and Jacobi elliptic
functions. Local conservation laws of the coupled KP system were also computed

using the multiplier approach.

In the future we intend to use the exact solutions found in this thesis as benchmarks
against the numerical simulations in theoretical physics and fluid mechanics and also

the conserved vectors will be used to construct solutions {37].
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