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Abstract 

In this work we study the applications of Lie symmetry analysis to certain nonlinear 

evolution equations of mathematical physics. Exact solutions and conservation laws 

are obtained for such equations. The equations which are considered in this thesis 

are a generalized Korteweg-de Vries-Burgers equation, a two-dimensional integrable 

generalization of the Kaup-Kupershmidt equation, a coupled Korteweg-de Vries sys­

tem, a generalized coupled variable-coefficient modified Korteweg-de Vries system, a 

new coupled Korteweg-de Vries system and a new coupled Kadomtsev-Petviashvili 

system. 

The generalized Korteweg-de Vries-Burgers equation is investigated from the point 

of view of Lie group cla."lsification. We show that this equation admits a four­

dimensional equivalence Lie algebra. It is also shown that the principal Lie algebra 

consists of a single translation symmetry. Several possible extensions of the princi­

pal Lie algebra are computed and their associated symmetry reductions and exact 

solutions are obtained. 

The Lie symmetry method is performed on a two-dimensional integrable general-

ization of the Kaup-Kupershmidt equation. Exact solutions are obtained using the 

Lie symmetry method in conjunction with the extended tanh method and the ex­

tended Jacobi elliptic function method. In addition to exact solutions we also present 

conservation laws which are derived using the multiplier approach. 

A coupled Korteweg-de Vries system and a generalized coupled variable-coefficient 

modified Korteweg-de Vries system are investigated using Lie symmetry analysis. 

The similarity reductions and exact solutions with the aid of simplest equations 

and Jacobi elliptic function methods are obtained for the coupled Korteweg-de Vries 

system and the generalized coupled variable-coefficient modified Korteweg-de Vries 

system. In addition to this , the conservation laws for the two systems are derived 

using the multiplier approach and the conservation theorem due to Ibragimov. 

Finally, a new coupled Korteweg-de Vries system and a new coupled Kadomtsev-

lX 



Petviashvili system are analyzed using Lie symmetry method. Exact solutions are 

obtained using the Lie symmetry method in conjunction with the simplest equation, 

Jacobi elliptic function and (G'/G)-expansion methods . Conservation laws are also 

obtained for both the systems by employing the multiplier approach. 
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Introduction 

Nonlinear evolution equations describe a variety of physical phenomena in the fields 

such as physics, chemistry, biology, fluid dynamics, etc . Thus , it is important to 

investigate the exact explicit solutions and conservation laws of nonlinear evolution 

equations. Unfortunately, it is almost impossible to find all the solutions of a non­

linear evolution equation. Finding solutions of such an equation is an arduous task 

and only in certain special cases one can write down the solutions explicitly [1]. 

However, in recent years important progress has been made and many effective 

methods for obtaining exact solutions of nonlinear evolution equations have been 

proposed. Some of the most important methods found in the literature include the 

inverse scattering method [2], Hirota bilinear m~thod [3], the Jacobi elliptic function 

expansion method [4], the Lie symmetry analysis [5-8], the tanh-function expan­

sion method [9], the auxiliary ordinary differential equation method [10] and the 

F -expansion method [11]. 

Symmetries infuse many mathematical models, specifically those expressed in terms 

of differential equations. The mathematical field which exemplifies and manufac­

tures symmetries of differential equations is Lie group theory. Lie group theory was 

initiated by Marius Sophus Lie (1842-1899), a Norwegianmathematician who made 

significant contributions to the theories of algebraic invariants. and differential equa­

tions. It is based upon the study of the invariance under one parameter Lie group of 

point transformations [6-8]. It systematically unifies well known ad hoc techniques 

to construct explicit solutions for differential equations. In the last six decades there 

have been considerable developments in Lie symmetry methods for differential equa-
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tions as can be seen by the number of research papers [12-21], books [5-8] and new 

symbolic softwares [22-28] devoted to the subject. 

Many differential equations of physical interest involve parameters, arbitrary ele­

ments or functions, which need to be determined. Usually, these arbitrary parame­

ters are determined experimentally. However, the Lie symmetry approach through 

the method of group classification has proven to be a versatile tool in specifying the 

forms of these parameters systematically [8, 12-\7]· The first group class1fication 

problem was investigated by Sophus Lie [29] in 1881 for a linear second-order par­

tial differential equations with two independent variables. The main idea of group 

classification of a differential equation involving arbitrary elements, say, for example, 

g( u) and f ( x), consists of finding the Lie point symmetries of the differential equa­

tion with arbitrary functions g( u) and f ( x), and then computing systematically all 

possible forms of g(u) and f(x) for which the principal Lie algebra can be extended. 

Conservation laws play an important role in the solution process of differential equa­

tions. It is well known that finding the conservation laws of a system of differential 

equations is often the first step towards fir'tcling a solution [6]. Conservation laws 

are useful in the numerical integration of partial differential equations, for example, 

to control numerical errors [30]. Conservation laws also play an important role in 

the theory of non-classical transformations [31, 32], normal forms and asymptotic 

integrability [33]. Recently, conservation laws have been used to construct solutions 

of partial differential equations [34-37]. 

In this thesis certain nonlinear evolution equations will be studied. These are the 

generalized Korteweg-de Vries-Burgers, the coupled Korteweg-de Vries system, a 

new coupled Korteweg-de Vries system, the generalized coupled variable-coefficient 

modified Korteweg-de Vries system, a new coupled Kadomtsev-:-Petviashvili system 

and a two-dimensional integrable generalization of the Kaup-Kupershmidt equation. 

The first equation that is analyzed from the point of view of Lie group classification 

in this thesis is the generalized Korteweg-de Vries-Burgers equation [38] 

Ut + 5uxxx + g(u)ux - VUxx + /U = J(x) , (1) 
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which contains two arbitrary functions g('u) and f(x). This equation arises from 

many physical scenarios such as the propagation of und ular bores in shallow water, 

the flow of liquids containing gas bubbles, weakly nonlinear plasma waves with certain 

dissipative effect, theory of ferro electricity, nonlinear circuit and the propagation of 

waves in an elastic tube filled with a viscous fluid [39]. 

The second equation that is studied in this thesis is a two-dimensional integrable 

generalization of the Kaup-Kupershmidt equatio~ [40,41] 

25 2 -1 
Ut + Uxxxxx + 2UxUxx + 5UUxxx + 5u Ux + 5Uxxy- 50x Uyy + 5UUy 

+5ux8;
1
uy = 0, (2) 

which arises in various problems in many areas of theoretical physics. The above 

equation occurs as special reduction of integrable nonlinear systems [42,43]. It should 

be noted that the Zakharov-Manakov delta dressing method was used to obtain 

soliton and periodic solutions of (2) [4·2, 43]. 

The celebrated Korteweg-de Vries equation [44] is 

...... 
Ut + Uxxx + 6uux = 0, 

... 
(3) 

which governs the dynamics of solitary waves. Traveling wave solutions that do 

not change their form during propagation are called solitary waves. Solitary waves 

that retain their shape upon collision are called solitons [45]. Solitons are results 

of a delicate balance between dispersion and nonlinearity. The Korteweg-de Vries 

equation was originally derived to describe shallow water waves of long wavelength 

and small amplitude. It is an important equation from the view point of integrable 

systems as it has an infinite number of conservation laws, gives multiple-soliton 

solutions, and has many other physical properties (see for example [46] and references 

therein). 

In recent years, the coupled Korteweg-de Vries equations have been the centre of 

attraction and extensive studies have been made by many authors, see for example, 

the Refs . [47-53]. In [47] a typical hydrodynamic model which describes a resonant 

interaction of two wave modes in a shallow stratified liquid is derived and is given 
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by 

7 5 
Ut + Uxxx- 4UUx- VVx + 4(uv)x = 0, 

5 7 
v + v - - ·uu - - vv + 2(·1w) = 0. t XXX 

4 
X 

4 
X X 

(4a) 

(4b) 

This coupled Korteweg-de Vries system (4) was studied by Wang [47] for its integra­

bility by using the prolongation technique and singularity analysis . Wazwaz [46] also 

considered the system ( 4) and employed the Hirot-e-'s bilinear method combined with 

Hereman et al [54] simplified approach to study the integrability of ( 4). Multiple­

soliton solutions and multiple singular soliton solutions were obtained for (4) . The 

system ( 4) will be the third system that will be studied in this thesis. 

Next we study the generalized coupled variable-coefficient modified Korteweg-de 

Vries system [55] 

Ut- a(t) ( Uxxx + 6(u2
,- v2)ux - 12uvvx) - 4{3(t)ux = 0, (Sa) 

Vt- a(t) (vxxx + 6(u2
- v2 )vx + 12uvux)- 4{3(t)vx = 0, (5b) 

which models a two-layer fluid and is app'hed to investigate the atmospheric and 

oceanic phenomena such as the atmospheric blackings, interactions between the at-

mosphere and ocean, oceanic circulations and hurricanes or typhoons . It should be 

noted that if v = 0, (5) reduces to a variable-coefficient modified Korteweg-de Vries 

equation 

which has been investigated in [56-58]. 

In [59] a new coupled Korteweg-de Vries system 

Ut + Uxxx + 3uux + 3wwx = 0, 

Vt + Vxxx + 3vvx + 3wwx = 0, 
3 . 3 -

Wt + Wxxx + 2(uw)x + 2(vw)x = 0 

(6a) 

(6b) 

(6c) 

was examined. The 4 x 4 matrix spectral problem with three potentials has been 

used in [59] to derive a hierarchy of nonlinear evolution equations, which includes the 
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coupled Korteweg-de Vries equation (6). It is shown that the hierarchy possesses the 

generalized bi-Hamiltonian structures with the aid of the trace identity. Wazwaz [46] 

also considered the system ( 6) and employed Hirota's bilinear method combined with 

Herernan et al [54] simplified approach to ~tudy the integrability of (6). Multiple­

soliton solutions and multiple singular soliton solutions were obtained for (6) in [46]. 

We will look for exact solutions and conservation laws for (6). 

The Kadomtsev-Petviashvili equation given by 

( Ut + 6uux + Uxxx) x + Uyy = 0 

originated from a 1970 paper [60] by two Russian physicists, Boris Kadomtsev (1928-

1998) and Vladimir Petviashvili (1936-1993). The Kadomtsev-Petviashvili equation 

is a model for shallow long waves in the x-direction with some mild dispersion in the 

y-direction. It is completely integrable by the inverse scattering transform method 

and gives multiple-soliton solutions. The Kadomtsev-Petviashvili equation is actually 

an extension of the Korteweg-de Vries equation (3) that is commonly studied in the 

context of shallow water waves in fluid dy~ics. This equation is used to study 

the shallow water waves on beaches as sea beaches can be comfortably treated as a 

two-dimensional plane. These two-dimensional waves leave a diamond pattern mark 

on the sandy beaches that is known as parting lineation. It is also studied in the 

context of plasma physics and it describes the dynamics of solitons and nonlinear 

waves in plasmas and superfluids [61] . 

The coupled Korteweg-de Vries system (6) formulated in the Kadomtsev-Petviashvili 

sense, is given by [62] 

( Ut + Uxxx + 3uux + 3wwx) x + Uyy = 0 , 

( Vt + Vxxx + 3vvx + 3wwx) x + Vyy = 0, 

( Wt + Wxxx + ~(uw)x + ~(vw)x) x + Wyy = 0 

and it will be the subject of our study in this work. 

Th,e outline of this thesis is as follows. 

5 
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In Chapter one, the basic definitions and theorems concerning the one-parameter 

groups of transformations and conservation laws are presented. 

Chapter two deals with the Lie group classification of the generalized Korteweg-de 

Vries-Burgers equation ( 1). 

Chapter three discusses the solutions and conservation laws of a two-dimensional 

integrable generalization of the Kaup-Kupershmidt equation (2). 

Chapters four and five deals with the solutions and conservation laws of a coupled 

Korteweg-de Vries system ( 4) and the generalized coupled variable-coefficient modi­

fied Korteweg-de Vries system (5), respectively. 

Chapter six discusses the solutions and conservation laws of the new coupled Korteweg­

de Vries system (6) . 

In Chapter seven the solutions and conservation laws of the coupled Kadomtsev­

Petviashvili system (7) are obtained. · 

The results in Chapter two and Chapter five have been sent for publication in [63 , 64] 

and the results of Chapters three, four, six a~ seven have been published in [65-68], 

respectively. 

Finally, in Chapter eight, a summary of the results of the thesis is presented and 

future work is discussed. 

Bibliography is given at the end. 
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Chapter 1 

Lie symmetry methods and 

conservation laws for differential 

equations 

In this chapter we give some basic methods of-kie symmetry analysis and conservation 

laws of partial differential equations (PD Es). 

1.1 Introduction 

In the late nineteenth century an outstanding mathematician Sophus Lie (1842-

1899) developed a new method, known as Lie group analysis , for solving differential 

equations and showed that the majority of adhoc methods of integration of differ­

ential equations could be explained and deduced simply by means of his theory. 

Recently, many good books have appeared in the literature in this field. We men­

tion a few here, Bluman and Kumei [50], Ovsiannikov [5], Olver [7], Stephani [69], 

Ibragimov [8, 70,71], Cantwell [72] and Mahomed [73]. Definitions and results given 

in this Chapter are taken from the books mentioned above. 

Conservation laws for PDEs are constructed using two different approaches; the 
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multiplier method [74] and the new conservation theorem due to Ibragimov [75]. 

First we present some preliminaries which we will need later in the thesis. For 

details the reader is referred to [8, 7 4, 75]. 

1.2 Continuous one-parameter groups 

Let x = ( x1
, ... , xn) be the independent variabi1;:s with coordinates xi and ·u = 

(u1 , ... , um) be the dependent variables with coordinates ua (n and m finite). Con­

sider a change of the variables x and ·u involving a real parameter a: 

(1.1) 

where a continuously ranges in values from a neighborhood V' c V C lR of a= 0, 

and fi and qP are differentiable· functions. 

Definition 1.1 A set G of transformations ( 1.1) is called a continuous one-parameter 

(local) Lie group of transformations in the SRace of variables x and u if 

(i) For Ta, nEG where a,b E V' C V thoo TbTa = Tc E G, c =¢(a, b) E V 

(Closure) 

(ii) To E G if and only if a= 0 such that To Ta = Ta To = Ta (Identity) 

(iii) For Ta E G, a E V' c V , T;; 1 = Ta-1 E G, a-1 E V such that 

Ta Ta-1 = Ta-1 Ta =To (Inverse) 

We note that the associativity property follows from (i). The group property (i) can 

be written as 

xi t(x, u, b)= t(x, u, ¢(a, b)), 

(1.2) 

and the function ¢; is called the group composition law. A group parameter a is called 

canonical if ¢(a, b) = a+ b. 

8 



Theorem 1.1 For any ¢(a, b), there exists the canonical parameter a defined by 

_ r ds a ¢ ( s, b) I 
a= Jo w(s)' where w(s) = ab b=O. 

1.3 Prolongation of point transformations and Group 

generator 

The derivatives of u with respect to x are defined as 

where 

D 
a Q a Q a 

i = axi + ui aua + uij aua + ... 
J 

(1.3) 

i = 1, ... , n (1.4) 

is the operator of total differentiation. The collection of all first derivatives uf is 

denoted by u(l), i.e., 

'U(l) = {uf} a= 1, ... ,m, 'i = 1, ... ,n. 

Similarly 

u(2) = {u0} a= 1, .. . ,m, i,j = 1, .. . ,n 

and u(3) = { u0d and likewise u(4) etc. Since u0 = uji, u (2) contains only ufJ for 

i ~ j. In the same manner u(3) has only terms for i ~ j ~ k. There is natural 

ordering in u( 4), U(s) · · · . 

In group analysis all variables x, u, U(l) · · · are considered functionally independent 

variables connected only by the differential relations (1.3). Thus the u~ are called 

differential variables [8]. 

We now consider a pth-order PDE(s) , namely 

Ea(x, u, U(l), ... , U(p)) = 0. (1.5) 

9 



Prolonged or extended groups 

If z = (x, u), one-parameter group of transformations G is 

-. fi ( \ x' = x,u,a;, 

(1.6) 

According to the Lie's theory, the construction of the symmetry group G is equivalent 

to the determination of the corresponding infinitesimal transformations : 

(1.7) 

obtained from (1.1) by expanding the functions Ji and q/' into Taylor series in a 

about a = 0 and also taking into account the initial conditions 

f ii -xi 
a=O- ' 

Thus, we have 

i ofi 1 

~ (X' U) = oa a=O ' 
ry (x,u} = !:l . 

a a¢Pi 
ua a=O 

(1.8) 

One can now introduce the symbol of the infinitesimal transformations by writing 

(1.7) as 

xi :::::J (1 + aX)x, ua :::::J (1 + aX)u, 

where 

X= ~i(x, u) r:::.a . + rt(x, u) r:::.a . 
ux' uua 

(1.9) 

This differential operator X is known as the infinitesimal operator or generator of 

the group G. If the group G is admitted by (1.5), we say that X is an admitted 

operator of (1.5) or X is an infinitesimal symmetry of equation (1.5). 

We now see how the derivatives are transformed. 

10 



The Di transforms as 

where D J is the total differentiations in transformed variables xi. So 

Now let us apply (1.10) and (1.6) 

This 

Di (fJ) fJ 1 ('ua) 

Di(f1)'uj . 

(1.10) 

(1.11) 

(1.12) 

The quantities ilj can be represented as functions of x, u , U(i), a for small a, ie. , (1.12) 

is locally invertible: 

' uf = '1/Jf(x, u, u(l)• a), '1/Jala=O = uf. (1.13) 

The transformations in x, u, u(l) space given by (1.6) and (1.13) form a one-parameter 

group (one can prove this but we do not consider the proof) called the first prolon­

gation or just extension of the group G and denoted by G[1l. 

We let 

(1.14) 

be the infinitesimal transformation of the first derivatives so that the infinitesimal 

transformation of the group G[1l is (1.7) and (1.14). 

Higher-order prolongations of G, viz. G[2l, G[3l can be obtained by derivatives of 

(1.11) . 

11 



Prolonged generators 

Using (1.11) together with (1.7) and (1.14) we get 

Di(Jj)(uj) 

Di(xj + a~J)(uj + a(j) 

( 5f + aDi~j) ( uj + a(j) 

uf + a(f + auj Di~j 

(f 

uf + aD(r(' 

uf + aD(rJ"'& 

(1.15) 

This is called the first prolongation formula. Likewise, one can obtain the second 

prolongation, viz., 

(1.16) 

By induction (recursively) 

(1. 17) 

The first and higher prolongations of the grou'p G form a group denoted by G[lJ, · · · , G[pJ. 

The corresponding prolonged generators are 

(
0: a 

X+ i a a ui 
(sum on i, a), 

X [P] p;::: 1, 

where 

i( ) a 0:( ) a X=~ x,u -a. +TJ x,u -a . xt uo: 

1.4 Group admitted by a PDE 

Definition 1.2 The vector field 

12 



X= ~i(x , u) ;::,a_ + rt'(x , u) ;::,
0 

, 
uxt uua 

( 1.18) 

is a point symmetry of the pth-order PDE (1.5), if 

(1.19) 

whenever Ea = 0. This can also be written as 

(1.20) 

where the symbol IE" =O means evaluated on the equation Ea = 0. 

Definition 1.3 Equation (1.19) is called the determining equation of (1.5) because 

it determines all the infinitesimal symmetries of (1.5). 

Definition 1.4 (Symmetry group) A one-parameter group G of transformations 

(1.1) is called a symmetry group of equation (1.5) if (1.5) is form-invariant (has the 

same form) in the new variables x and il, i.e., 

........ 
Ea(x, il, u(1) , · · · , u(p)) = 0, (1.21) 

where the function Ea is the same as in equaticfn (1.5). 

1.5 Group invariants 

Definition 1.5 A function F(x , u) is called an invariant of the group of transfor­

mation ( 1.1) if 

F(x, u) = F(t(x , u, a) , ¢a(x, u , a)) = F(x, u), (1.22) 

identically in x, ·u and a. 

Theorem 1.2 (Infinitesimal criterion of invariance) A necessary and sufficient 

condition for a function F(x , u) to be an invariant is that 

_ i oF a oF _ 
X F = ~ (x, u)~ + T7 (x, u)~ - 0. uxt uua 

(1.23) 
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It follows from the above theorem that every one-parameter group of point transfor­

mations (1.1) has n- 1 functionally independent invariants, which can be taken to 

be the left-hand side of any first integrals 

of the characteristic equations 

du1 

=···=---
~1(x,u) ~n(x,u)· 

Theorem 1.3 If the infinitesimal transformation (1.7) or its symbol X is given, then 

the corresponding one-parameter group G is obtained by solving the Lie equations 

dxi . 
da == C(x, u), (1.24) 

subject to the initial conditions 

xi 1 = x uC< 1 = u . 
a=O ' a=O 

1.6 Lie algebra 

Let us consider two operators X 1 and X2 defined by 

and 

i( ) 8 Ct.( ) 8 x2 =~2 x,u ~+~2 x,u ~· uxt uuo. 

Definition 1.6 The commutator of X1 and X2, written as [X1, X2], is defined by 

[X1, X2] = X1(X2)- X2(X1) . 

Definition 1. 7 A Lie algebra is a vector space L (over the field of real numbers) of 
. 8 ) 8 operators X= e(x, u)-. +77o.(x, u ~with the following property. If the operators 

8xt uu 
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xl = ~~ (x, u) aa + ry f(x, u) aa ) 
xt u 

are any elements of L, then their commutator 

is also an element of L. It follows that the commutator is 

1. Bilinear: for any X, Y, Z E L and a, b E lR , 

[aX+ bY, Z] =a[ X, Z] + b[Y, Z], [X, aY + bZ] = a[X, Y] + b[X, Z]; 

2. Skew-symmetric: for any X, Y E L, 

[X, Y] = -[Y, X]; 

3. and satisfies the Jacobi identity: for any X , Y, Z E L , 

[[X, Y], Z] + [[Y, Z], X]+ [[Z, X], Y] = 0. 

1. 7 Conservation laws 

1. 7.1 Fundamental operators and the ir relationship 

Consider a kth-order system of PDEs of n independent variables x = (xl, x2 , . .. , xn) 

and m dependent variables u = ( u 1 , u2 , ... , um), namely 

Ea(x, u, U(l)> ... , U(k)) = 0, a= 1, . . . , m. (1.25) 

The Euler-Lagrange operator, for each a, is given by 

a= 1, ... ,m, (1.26) 

and the Lie-Biicklund operator is 

X ci a + ?1Q a ci ) ?1Q E A , ="' -a . 'I -a , "' ' I xt ua (1.27) 
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where A is the space of differential functions [8] . The operator (1.27) is an abbrevi­

ated form of infinite formal sum 

(1.28) 

where the additional coefficients are determined uniquely by the prolongation for­

mulae 

(1.29) 

in which wa is the Lie characteristic function given by 

(1.30) 

One can write the Lie-Bac:klund operator (1.28) in characteristic form as 

(1.31) 

The Noether operators associated with a Lie-Backlund symmetry operator X are 

given by 

Ni = ~i + wa b"~a + L Dil .. . Di.(Wa ).;b"u(k 
6 

. ' i = 1, . . . 'n , 
t s~ l ttj t 2···ts 

(1.32) 

where the Euler-Lagrange operators with respect to derivatives of ·ua are obtained 

from (1.26) by replacing ua by the corresponding derivatives. For example, 

b"~a = ()~a+ L( -1)
5 Djl .. . Dj. aua.a . ' ·i = 1, .. . 'n, a= 1, . . . ' m , (1.33) 

t t s~ l · t)l)2· · ·Js 

and the Euler-Lagrange, Lie-Backlund and Noether operators are connected by the 

operator identity [75] 

(1.34) 

The n-tuple vector T = (Tl, T 2 , .. . , Tn), T J E A , j 

vector of ( 1. 25) if T i satisfies 

1, . . . , n , is a conserved 

(1.35) 

The equation ( 1. 35) defines a local conservation law of system ( 1. 25). 
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1.7.2 Multiplier Method 

A multiplier Aa.(x , u, u(1), . . . ) has the property that [74] 

(1.36) 

holds identically. The right hand side of (1.36) is a divergence expression. The 

determining equations for the multiplier A.a. is [74] 

o(Aa.Ea.) 
0 = 0. ua (1.37) 

1.7.3 Variational method for a system and its adjoint 

The system of adjoint equations for the system of kth-order differential equations 

(1.25) is defined by 

E:(x , u , v , ... , u (k), v(k)) = 0, a= 1, ... , m, (1.38) 

where v = ( v1 , v2 , .. . , vm) are new dependent variables [75]. 

Assume that the system of equations (1.25)'admits the symmetry generator 

X 
t:i f} af} 

. =..,~+'TJ~· 
ux~ uua 

(1.39) 

Then the system of adjoint equations (1.38) admits the operator [75] 

Y ti 8 + a 8 + a 8 'n*a = -[>./3a.vf3 + Va D,(t:i)] , = <, 8xi 'TJ OU01 'TJ* ova ' ., 0 <, 
(1.40) 

where the operator (1.40) is an extension of (1.39) to the variable V 01 and the >.~ are 

obtainable from 

(1.41) 

Theorem 1 [75] Every Lie point, Lie-Backlund and non local symmetry (1.39) ad­

mitted by the system of equations (1.25) give rise to a conservation law for the 

system consisting of the equation (1.25) and the adjoint equation (1.38) , where the 

components Ti of the conserved vector T = (T1 , .. . , rn) are determined by 

i i a oL ""D D (Wa) oL T = ~ L + W oua. + 6 i 1 . . . i , our::t . . , i = 1, .. . , n, 
I s~l Hl~ · ··~ 

(1.42) 
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with Lagrangian given by 

(1.43) 

1.8 Conclusion 

In this chapter we presented a brief introduction to the Lie group analysis and 

conservation laws of PDEs and gave some results which will be used throughout 

this project. We also gave the algorithm to determine the Lie point symmetries and 

conservation laws of PDEs . 
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Chapter 2 

Group classification, symmetry 

reductions and exact solutions of a 

generalized Korteweg-de 
.. 

Vries-Burgers equation 

2.1 Introduction 

In this chapter we study the generalized Korteweg-de Vries-Burgers equation 

Ut + 8Uxxx + g(u)ux- liUxx + / U = J(x), (2 .1 ) 

which contains two arbitrary functions g(u) and f(x). We perform Lie group classi­

fication of (2. 1) and then find symmetry reductions and exact solutions. 

This work is new and has been submitted for publication. See [63] . 
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2.2 Equivalence transformations 

An equivalence transformation (see for example [8]) of (2 .1) is an invertible transfor­

mation involving the variables t, x and u that map (2.1) into itself. The operator 

Y = r(t, x, u)ot + ~(t, x, u)ox + rJ(t , x, u)ou + p,1(t , x, u, j, g)ot 

+p,2 (t, x, u , J, g)o9 , (2 .2) 

is the generator of the equivalence group for system (2.1) provided it is admitted by 

the extended system 

Ut + c5Uxxx + g(u)ux- VUxx + {U = J(x) , 

ft = 0, fu = 0, 9t = 0, 9x = 0. 

The prolonged operator for the extended system (2.3) has the form 

Y- y [3] l!::l l!::l l!::l 2!::l 2!::l 2!::) = +wluft +w2ufx +w3u!u +w1u9t +w2u9x +w3u9u' 

where Y[3l is the third-prolongation of (2.2)"-given by 

y [3] = TOt+ ~Ox+ rJOu + p,1ot 1"- f.l-209 +(lout+ (2oux 

+(220uxx + (2220uxxx · 

The variables ( 's and w's are defined by the prolongation formulae 

(1 Dt(rJ)- UxDt(r) - UtDt(O, 

(2 - Dx(rJ)- UxDx(r) - UtDx(~), 

(22 D x((2) - UxxDx(r)- UxtDx(~) , 

(222 Dx((22)- UxxxDx(r)- UxxtDx((} 

20 
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and 

wi = Dt(f.L1
) - ftDt(T) - fx Dt(~)- fuDt(TJ), 

w~ = Dx( f.L1
)- ftDx(T)- fxDx(O- J~Dx(TJ), 

W~ = Du(f.L1
)- ftDu(T)- fxDu(~)- fuDu(TJ), 

2 - 2 - - -
wl = Dt(f.L ) - 9tDt(T)- 9xDt(~)- 9uDt(TJ), 

W~ = Dx( f.L2
) - 9tDx(T)- 9xDx(~)- 9uDx(TJ), 

w~ = Du(f.L2
)- gtDu(T)- gxDu(~) - 9uDu(TJ) , 

respectively, where 

are the total derivative opera~ors and 

i5x = ax + fxa1 + 9xa9 + · · · , 

i5t = at + ftaf + 9tag + · · · , 

f5u = au + !uaJ + 9ua9 + · · · 
........ 

are the total derivative operators for the extended system. The application of the 

prolongation (2.4) and the invariance conditio~ of system (2.3) leads to following 

equivalent generators 

Thus the four-parameter equivalence group is given by 

Y1 t = a1 + t, x = x, ii = u , J = f, g = g, 

Y2 [ = t , x = a2 + x, ii = u, J = f, g = g, 

Y3 [ = t , x = x, ii = a3 + u, J = ''ta3 + f , g = g, 
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and their composition gives 

[ a1 + t, 

x a2 +x, 

u (a3 + u)ea4
, 

f (Ja3 + f)ea4
, 

g g. 

2.3 Principal Lie algebra 

The symmetry group of equation (2. 1) will be generated by the vector field of the 

form 

. 8 8 8 
f = T(t, X, u) ot--\. ~(t , X, u) OX + TJ(t , X, 1L) OU. (2 .5) 

Applying the third prolongation of r to (2 .1) yields the following overdetermined 

system of linear partial differential equation? (PDEs): 

2v~x - LITt + 367'/xu - 36~x ,x = 0, 3~x - Tt = 0, 

7'/9u - ~t- 9~x + 9Tt - 2li7'Jxu + Ll~xx + 367'/xxu- 6~xxx = 0, 

/7'} - ~fx + 7'/t + f77u - U/7'/u + 97'/x - fTt + U"'fTt - li7'Jxx + 67'/xxx = 0. (2.6) 

Solving the above system for arbitrary f and g we find that the principal Lie algebra 

consists of one translation symmetry, namely 
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2.4 Lie group classification 

Solving the system (2 .6) , we obtain the following classifying relations: 

2gat 2atv
2 

( ( xvat)) 1 
-

3
- - --gr- + B + u k + -9T 9u - qt - 3xau = 0, 

+wtat- fat+ f ( k + x;:t) - u1 ( k + x;t) + 1 ( B + u ( k + x;t)) + Bt 

+g (u;:t + Bx) - ( q + X;t) fx + U ( kt + x~;tt) - vBxx + 8Bxxx = 0. 

These classifying relations lead to the following six cases for the functions g and f 

and for each case we also provide the associated extended symmetries. 

Case (A): f(x) = j 0 , g(u) = g0 , where j 0 , g0 are nonzero constants . 

a a ( 2 _ )a 
f 2 = 9M ot- (981tu + g0 vtu- vux) ou- 2v t- 6og0t- 38x ox ' 

8 r3 = u~, 
u11. 

a 
r4 =ox' 

a 
f 5 = F(t , x) ou ' "-

where F(t, x) is any solution of 

(656182 fo1t + 7298fogovt- 7298fovx + 656182 fo) C2 + 72918F 

+729go8Fx -729v8Fxx + 72982 Fxxx + 729foC38 + 7298Ft = 0. 

Case (B): f(x) = fo +fix, g(u) =go, fi = IP, where fo, pare nonzero constants. 
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and F(t, x) is any solution of 

(72982! 2 ptx + 818ga'Yvptx + 48682ga/Pt- 1628,v2 pt - 8l81vpx2 

+72982 fait+ 97282/PX + 818fagavt- 818favx + 72982 fa)C2 
-

+ (81<S,px + 818fa) C3- 8l1pC48 + 8l1F8 + 8lga8Fx 

Case (C): f( x) =fa+ ef1 x, g(u) = 9a, J1 = 1/a, Jo = - /3,, where 9a,a,f3 are 

nonzero constants. 

a )a ( 2 _ )a r2 = 9t8 at - (98,tu + utvga- vux au - 2v t- 6ogat- 38x ax' 

a 
r3 = u-a ' 

'LL 

a 
r4 =ax' 

a 
f 5 = F(t,x) au' 

where F(t, x) is any solution of 

(276(98!2t + 9a'Yvt + 68gat- 1vx - 2v2t + 98! + 38x)e~ .-

+278 ( -9f38!3t- f39a!2vt + /3!2VX - 9/38!2
) )C2 + ( -27/38/2 + 27e~/b) C3 

Case (D): f(x) =fa, g(u) = 9a- g1 lnu, where fa , ga ,9l are nonzero constants. 

Case (E): f(x) =fa, g(u) = u2 +§au+ g1 , where 9a =f. 0 is an arbitrary constant. 

Case (F): f(x) =fa+ fix, g(u) = 9a+§lu, where fa, fi, 9a, g1 are nonzero constants. 
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where 

are arbitrary constants. 

2.5 Symmetry reductions and exact solutions 

In order to obtain symmetry reductions and exact solutions, one has to solve the 

associated Lagrange equations 

dt dx du 

T(t , X, '11,,) ~(t , X, 't.L) 

For symmetry reductions purposes we consider only those cases in which the equation 

(2. 1) is nonlinear. 

2.5.1 Case (D). 

....... 

The linear combination of r 1 + cr 2 gives rise to the group-invariant solution 

u = F(z) (2.7) 

where Cis a non-zero constant, Z = X- ct is an invariant of the symmetry f1 + cf 2 

and F( z) satisfies the third-order nonlinear ordinary differential equation (ODE) 

5 F"' (z)- 1.1 F" (z) - cF' (z) + 90 F' (z)- 91 F' (z) ln (F (z)) + J' F (z) - fo = 0. 

2.5.2 Case (E). 

The symmetry f 1 + cf 2 gives rise to t he group-invariant solutiOn 

u = F(z) (2.8) 

where z =X- ct is an invariant of r1 + cr2 and F(z) satisfies 

oF'" (z) - vF"(z ) - cF'(z) + (90 F(z ) + F(z? + 91) F'(z) + !'F(z)- fo = 0. 
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2.5.3 Case (F). One-dimensional optimal system of subalge-

bras 

In this case we have three symmetries for the corresponding equation (2.1) and so we 

first obtain the optimal system of one-dimensional subalgebras and then present the 

optimal system of group-invariant solutions. We use the method given in [7]. The 

adjoint transformations are given by 

Ad(exp(cr·))r. = r - c[r r ·] + ~ E
2[r· [r· r ·]] - ... t J J t> J 2 t) t > J ) 

where [ri , rj] denotes the commutator of ri and rj defined as 

In Table 1 and Table 2, we give, respectively, the commutator table of the Lie point 

symmetries of the system (2.1) and t.he adjoint representations of the symmetry 

group of (2.1). These tables are then used to construct the optimal system of one­

dimensional subalgebras for system (2.1). 

Table 1. Commutator table of the Lie algebra of system (2.1) 
~ 

rl r2 r3 

rl 0 -~R1r2 -~R2r3 

r2 ~R1r2 0 0 

r3 ~R2r3 0 0 

Table 2. Adjoint table of the Lie algebra of system (2.1) 

Ad r l r2 r3 

r1 r1 e(l/2)R,<f2 e(l/2)R2• r 3 

r2 f1- ~R1Ef2 r2 r3 

r3 r1- ~R2Er3 r 3 r 3 

Thus, from Tables 1 and 2 one can obtain an optimal system of one-dimensional 

subalgebras given by {rl, r 3 + r2, r3- r2 , r3}· 
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Symmetry reductions and exact solutions based on the one-dimensional 

optimal system of subalgebras 

Here we use the optimal system of one-dimensional subalgebras calculated above to 

obtain symmetry reductions that transform (2.1) into ordinary differential equations 

(ODEs). We then look for exact solutions of the ODEs. 

Case (F.l) The symmetry f 1 gives rise to the group-invariant solution 

·u = F(z) (2.9) 

where z =xis an invariant of the symmetry f 1 and F( z) satisfies the ODE 

6 F'"( z) + goF'(z) + 91F'(z) F(z)- v F"(z) + 1 F(z)- !1 z- fo = 0. 

Case (F .2) The symmetry f 3 + f 2 gives us the group-invariant solution 

1 { - (-1/2)tPl - (1/2)tPl 
u(t, x) = 291(e(-1/2)tPl + e(1/2)tPl ) 2F(z)g1e + 2F(z)g1e 

-e(-1/2)tP1 p
1
x _ e(-1/2)tPl'"f$ + p 1e(1/2)tPlx _ e(1/2)tPliX}, ( 2 .lO) 

where P1 = J 4 f1 91 + 1 2 is a non-zero arbitrary constant, z = t is an invariant of 

f 3 + f 2 and the function F(z) satisfies the ODE 

- F(z )e-(1/2) zPl p1 91 +I F(z)e- (1/2) zPl 91 + F(z)P1 e(l/2) zPl 91 +I F(z )e(l/2) zPl 91 

+2 ( F' (z) )e-(1/2) zP1 
91 

_ 90 e-(1/2) zP1 p
1 

_ 90 e-(1/2) zP1I _ 2 e-(1/2) zP1 fo 
91 

+2 ( F' (z) )e(1/2) zPl 91 + 9o p1 e(l/2) z Pl - 9o e(l/2) zPll - 2 e(l/2) zPl fo 91 = 0 

whose solution is 

where P1 ::/= ±1 and C1 is an arbitrary constant. Consequently the required group 

invariant solution is completed by (2.10). 
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Case (F.3) The symmetry f 3 - f 2 gives rise to the group-invariant solution of the 

form 

(t )- 1 {2 F() -(1/2)tP1 _ 2 F() (1/2)tP1 
u 'x - 2g1 ( e-(1/2) tP1 _ e(l/2) tP1) z 91 e z 91 e 

- e-(1j2)tP1p1 x _ e-(1/2)tPl "fX _ p1 e(l / 2)tPlx + e(l/2)tPl'Yx } , 

where z = t is an invariant of f 3 - f 2 and the function F(z) satisfies 

(2. 11) 

- F(z )e-(1/2)zPl P191 + "'( F(z)e-(1/2)zPt 91 - F (.'! ) P1e(l /2)zPl 91 - "(F( z )e(l/2)z?t 91 

+ 2(F'(z))e-(1/2)zP191 _ goe-(1/2)zP1 p1 _ 90e-(1/2)zP1'Y _ 2e-(1/2)zP1 fo 91 

-2(F'(z))e(1/2)zP191- goP1e(1/2)zPl + 9oe(l/2)zPl 'Y + 2e(l/2)zPl fo91 = 0 

whose solution is 

{ 
(go P1 + 2 fo 91 + "'( 9o)e(l/2)(7-3P1)z 

F (z) = [ -~· ----'-----
91 ( 'Y - P1) 

_ - 0 1 _o 1 ' o ]ezP1 + B1 e-(1/2)z('y+Pll(e-zP1 - 1)-1 ( g P + 2 f 9- + "'g )e(l/2)(-y-Pl)z } 

91 b + P1) · 

where P1 =f. ±"'( and B1 is an arbitrary constant. Consequently the group-invariant 

solution is completed by (2 .11). 

Case (F .4) The symmetry f 3 gives the group-invariant solution 
~ 

( ) 
2F ( z) g1 - P1 X - X"( 

U t X = _ __:.__:'---'-------'-
' 291 

where z =tis an invariant of f 3 and the function F( z) satisfies 

F (z) 'Y 91 - F ( z) P1 91 + 2 ( F' (z)) 91 - 9o P1 - 9o 'Y - 2 fo 91 = 0 

whose solution is given by 

F (z) = e-(1/2) ('y- P1)zc1 + 9o P1_+ 2 fo 91 + 9o "'( 
91 b- P1) 

and consequently the group-invariant solution is completed by (2.12). 

2.6 Conclusion 

(2.12) 

In this chapter Lie group classification was performed on a generalized Korteweg­

de Vries-Burgers equation (2.1). The functional forms of (2.1) of the type linear , 
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quadratic, exponential and logarithmic were obtained. The Lie algebra obtained was 

of dimension two, three and infinite. For the case when the principal Lie algebra was 

extended by two symmetries, one-dimensional optimal system of subalgebras was 

obtained and the corresponding group-invariant solutions were derived. 
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Chapter 3 

Exact solutions and conservation 

laws of a two-dimensional 

integrable generalization of the 

Kaup-Kupershmidt equation 

~ 

In this chapter, we study the two-dimensional integrable generalization of the Kaup-

Kupershmidt equation, namely, 

25 2 -1 
Ut + Uxxxxx + 2Ux Uxx + 5uUxxx + 5u Ux + 5Uxxy - 58x Uyy + 5uuy 

+5uxa;
1
·u,y = 0, (3.1) 

which arises in various problems in many areas of theoretical physics. The above 

equation occurs as a special reduction of integrable nonlinear systems [42 , 43] . The 

Zakharov-Manakov delta dressing method was used to obtain soliton and periodic 

solutions of (3.1) [42 ,43]. Here we use Lie symmetry method along with the extended 

tanh and the extended J acobi elliptic function methods to obtain new solutions of 

(3.1). We also derive conservation laws using the multiplier approach [74]. 

However, to study the two-dimensional integrable generalization of the Kaup-Kupershmidt 

equation (3.1) we first introduce a new dependent variable v and set v = a;1uy = 
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J uydx. This allows us to remove the integral terms from the equation and replace 

the equation (3.1) by a system given by 

25 2 
Ut + Uxxxxx + 2 UxUxx + 5 U1Lxxx + 5 U Ux + 5 Uxxy- 5 Vy 

+5uvx + 5uxv = 0, 

Uy- Vx = 0. 

This work has been published in [65]. 

3.1 Exact solutions of (3.2) 

(3.2a) 

(3.2b) 

The symmetry group of the system (3.2) will be generated by the vector field of the 

form 

X 1 a 2 a 3 a 
~ (t,x,y,u,v)at +~ (t,x,y,u,v)ax +~ (t ,x, y ,u ,v) ay 

1 a 2 a 
+77 (t, x, y, u, v)~ + 77 (t, x, y , u, v)~. 

uu '- uv 

The application of fifth prolongation, pr(5)X, to (3.2) results in an overdetermined 
"'" system of linear partial differential equations given by 

~; = 0, ~~ = 0, ~; = 0, ~~ = 0, ~~ = 0, 77~ = 0, ~~ = 0, ~~ = 0, ~~ = 0, ~; = 0, 

17~u = 0, 77~ - 77~ = 0, ~~ + 77~ = 0, 2~~x - 17;u = 0, ~~ - 3~~ = 0, 

~~X- 21];U = 0, a - 5~~ = 0, 1]~ + 2~~ = 0, ~~X - 277;u = 0, 

7]~ + e~- e~ - 7]; = 0, e~ - 5e~ - 7]; + 2U7]~e~ + 771 + 277;xu - e~ - 2e~xx = 0, 

6u77;u- 6u~~x +57];+ 277~u + 477;xxu- 4e~Y- 2e~xxx = 0, 

5 1 2 5 1 5 2 5 1 1 5 1 1 5 2 5 1 5 2 20 t2 17x U + U7Jxxx + U7Jx + 17x V + 17t + 17xxy + 17xxxxx - 17y - . 17u U + U7Jv + U<,x 

+5771 + 577;xu - 57]~+ 5e~ - a4oe~u2 + 20U7]1 + 30u7];xu + 10u7]~ - lOue;xx + 40~;v 

+ l0772 + 2577;x + 2077;yu + 1077;xxxu - 2~J - 1oe;xy - 2e;xxxx = 0. 
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The general solution of the above overdetermined system of linear partial differential 

equations , using Maple, is given by 

( = SF2(t) + 5yF~(t) + 5y2F{'(t) + 50xF{(t), 

e = 1soyF{(t) + 75l:'3(t), 

e = 2soF1(t), 

rJ1 = 5F~(t) + lOyF{'(t)- lOOuF{(t) , 

rJ2 = -5uF~(t) + yF~'(t) + F~(t)- 200vF{(t) +(lOx- lOyu)F{'(t) + y2 F{"(t) , 

where F1 (t), F2 (t) and F3 (t) are arbitrary functions oft. We confine the arbitrary 

functions to be of the form F1 (t) = C1t + C2 , F2 (t) = C3t + C4 , F3 (t) = C5t + C6 , 

where C1 , · · · , C6 are arbitrary constants. Consequently, we have the six-dimensional 

Lie algebra spanned by the following linearly independent operators: 

0 
ot' 
0 
ox' 
0 
oy' 

0 0 
St ox+ ov' ... 

0 0 0 0 
y~ + 15t~ + ~- u~, 

uX uy uu uV 

0 0 0 0 0 
x- + 3y- + 5t-- 2u-- 4v-. 

ox oy ot ou ov 

3.1.1 Symmetry reduction of (3.2) 

One of the main reasons for calculating symmetries of a differential equation is to use 

them for obtaining symmetry reductions and finding exact solutions. This can be 

achieved with the use of Lie point symmetries admitted by (3.2). It is a well known 

fact that the reduction of a partial differential equation with respect tor-dimensional 

(solvable) subalgebra of its Lie symmetry algebra leads to reducing the number of 

independent variables by r. 

Consider the first three translation symmetries and let r = r 1 + r 2 + r 3 . We use r to 
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reduce (3.2) to a system of partial differential equations (PDEs) in two independent 

variables. The symmetry r yields the following invariants: 

f=t-y , g=x-y, ¢=·u, 'l/J=v. (3.3) 

Considering ¢, 'ljJ as the new dependent variables and f and g as new independent 

variables, (3.2) transforms to 

2 25 
cPggggg + 5 ¢g¢ - 5 ¢Jgg + 5 cPg'l/J + 5 'l/Jj~ ¢J + 5 'l/Jg¢; + 2 cPgcPgg 

+5 'l/Jg + 5 cPgggr/Y - 5 r/Yggg = 0, 

¢J + r/Jg + 'l/Jg = 0, 

which is a system of nonlinear PDEs in two independent variables f and g. We 

now further reduce this system by using its symmetries. This system has the two 

translation symmetries, namely 

By taking a linear combination pY 1 + Y 2 of the above symmetries, we see that it 
....... 

yields the invariants 

z =f-pg, ¢=F, ~ 'lfJ= G . 

Now treating F and G as new dependent variables and z as the new independent 

variable the above system transforms to the following system of nonlinear coupled 

ODEs: 

p5 p'"" (z) + 5p3 F(z)F"' (z)- 5p3 p"' (z) + 5p2 F"' (z) 
25 

+5pG(z)F'(z) + 5pF(z) 2 F'(z)- F'( z) + 2 p3 F'(z)F"( z) 

+5pF(z )G'(z) + 5pG'(z)- 5G'(z) = 0, 

pF'(z) - F'(z) + pG'(z) = 0. 

3.1.2 Exact solutions using the extended tanh method 

(3.4a) 

(3.4b) 

In this section we use the extended tanh function method which was introduced by 

Wazwaz [76]. The basic idea in this method is to assume that the solution of (3.4) 
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can be written in the form 

!VI !VI 

F( z ) = L AH(z)i, G(z ) = L EiH(z )i , (3.5) 
i= -M i=-M 

where H (z) satisfies an auxiliary equation, say for example the Riccati equation 

H'( z ) = 1- H2(z ), (3.6) 

whose solution is given by 

H(z) = tanh(z). 

The positive integer M will be determined by the homogeneous balance method 

between the highest order derivative and highest order nonlinear term appearing in 

(3.4) . Ai , Ei are parameters tci be determined. 

In our case, the balancing procedure gives M = 2 and so the solutions of (3.4) are 

of the form 

F(z) = A_2H-2 + A_lH....: + Ao + A1H + A2H2, 

G(z ) = E_2H-2 + E_1H- 1 +Eo+ E1H + E2H2. 
~ 

(3 .7a) 

(3.7b) 

Substituting (3.7) into (3 .4) and making use of the Riccati equation (3 .6) and then 

equating the coefficients of the functions Hi to zero, we obtain the following algebraic 

system of equations in terms of Ai and Bi ('i = -2, -1, 0, 1, 2): 

2A_2 - 2pA_2 - 2pE_2 = 0, A-1 - pA- 1 - pE- 1 = 0, A1 - pA1 - pE1 = 0, 

-2A2 + 2pA2 + 2pE2 = 0, 2A2 - 2pA2- 2pE2 = 0, 2pA_2 + 2pE_2- 2A_2 = 0, 

270p3 A_2
2 + 10pA_2

3 + 720p5 A_2 = 0, 270p3 A22 + 720p5 A2 + lOpA23 = 0, 

25pA_2
2 A_1 + 275p3 A_2A_1 + 120p5 A- 1 = 0, 275p3 A1A2 + 25pAlA22 + 120p5 A1 = 0, 

-A1 + pA1 + pE1 - A-1 + pA-1 + pB-1 = 0, 

-1680p5 A2 + 20pA2
2 A0 + 120p3 A2Ao- lOpA23 + 120p2 A2 - 120p3 A2 

-550p3 A2
2 + 20pA2E 2 + 55p3 A1 2 + 20pA/A2 = 0, 
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20pA_l A 0 + 55p3 A_1
2 + 20pA_2B-2 + 120p3 A_2Ao + 20pA_2A_1

2 + 120p2 A_2 

-120p3 A_2 - 550p3 A_2
2 - 1680p5 A_2 - 10pA_23 = 0, 

15pA_1Al + 45p3 A_1A2 - 515p3 A1A2 - 240p5 A1 + 5pA1
3 + 30p2 A1 + 30pA1AoA2 

+30p3 A1Ao- 25pA1A2
2 + lSpA1B2 - 30p3 A1 + lSpA2B1 = 0, 

-515p3 A_2A-1 + lSpA-1B-2 + 30pA_2A-1Ao + 45p3 A_2A1 - 30p3 A_1 

-240p5 A_1 + SpA-1 3 + lSpA-22 A1 + 15p)\_2B-1 + 30p2 A-1 

-25pA_22 A_1 + 30p3 A_1Ao = 0, 

-10pA_2Bo - 5p3 A1A-1 + 80p3 A_2Ao + 35p3 A-1 2 - 20p3 A_2A2 

-10pB_2 - lOpA-22 A2 - 272p5 A-2 - 10pB_2A 0 - 50p3 A_2
2 

- 10pA_1
2 A 0 - 80p3 A-2 + lOB-2- 10pA_1B-1 - 10pA_2Ao2 

+80p2 A_2 + 2A_2 - 20pA_2A-1A1 = 0, 

-5p3 A1A_1 - 20p3 A_2A2- lOpB2Ao + 2A2- lOpA1 2 Ao 

-10pA_2A2
2 - 10pA2A0

2 - 50p3 A~- 80p3 A2 + 80p2A2- lOpA2Bo 

-20pA_1A 1A 2 + 35p3 A1 2 + 80p3 A2Ao..,.+ lOB2 

-lOpA1B1 - lOpB2 - 272p5 A2 = 0, 

-200p2 A2 - 200p3 A 2A 0 + lOpA-2A22 + lOpA2Bo- 2A2 + 5p3 A1A-1 

+ 1232p5 A2 - 20pA2B2 + 10pA1B 1 - 20pAl Ao + 20p3 A_2A2 

+10pA1
2 A 0 + 20pA-1A1A2 + lOpB2Ao- lOB2 + lOpA2Ao2 

-90p3 A1
2 - 20pA1

2 A2 + 330p3 A2 2 + lOpB2 + 200p3 A2 = 0, 
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200p3 A- 2 + 10pA_1
2 Ao + 20p3 A_2A2 + lOpB-2Ao + lOpA-22 A2 

-200p3 A_2A0 - 200p2 A-2- 20pA_2A-1 2 + lOpA-1B-1 

+20pA_2A-1A1 + lOpB-2- 20pA_2B-2 + 10pA_2B 0 

-10B_2 + 330p3 A_2
2 + 1232~A_2 - 20pA_l A 0 + lOpA_2A 0

2 

-90p3 A_1
2 - 2A_2 + 5p3 A1A-1 = 0, 

-15pA-22 A1 - l6pA-1B-2 + 5pA_1
2 A1 + 265p3 A_2A_1· 

+40p3 A_1 - l6pA-2B-1- 5B_1- 40p3 A_1Ao + lOpA_2AoA1 

+5pA_lAo2 + 10pA-2A-1A2 + 5pA_1Bo- 65p3 A_2A1 + 136p5 A_1 

+5pB_1Ao - 40p2 A-1- 30pA_2A-lAo + 5p3 A_1A2- 5pA_1
3 

+5pB_1 + 6pA1B-2 + 6pA-2B1- A-1 = 0, 

lOpA-1AoA2 - 5pA1
3 

- 40p2 A 1 - 15pA_1A2
2 + 136p5 A1 

-l6pA2B1 + SpA2B-1- SB1 + SpA1Bo + lOpA_2A1A2 

+265p3 A1A2- A1 + SpA-1A1 2 + 5p3 A_2A1- lSpA1B2 

+40p3 A1 + 5pB1A 0 - 40p3 A1Ao + 6pA1Ao2 + 5pBl - 30pAlAoA2 
...... 

-5pB_1 - 5pB1 - 10p3 A1 - 16p5 A 1 - 10p3 A_1 + 10p2 A_1 + 10p2 A 1 

-16p5 A_1 + 10p3 A 1A 0 - 25p3 A_2A-1 + 15p3 A_2A1 + 10p3 A_1A 0 

+ 15p3 A_1A2- 25p3 A1A2- 5pA_lAo2 - SpA-1A12 - SpA-12 A1- 5pA1A 0
2 

-5pA_2B1 - 5pA_1Bo- SpA-1B2- 6pA1B-2- SpA1Bo- SpA2B-1 

-5pB_1Ao- SpB1Ao + A-1 + A1 + 5B-l + 6B1- 10pA-2A-1A2 

-lOpA-2AoA1 - lOpA-2A1A2 - lOpA_1AoA2 = 0. 

Solving the above system of algebraic equations, with the aid of Mathematica, one 
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possible set of values of Ai and Bi ('i = -2, -1, 0, 1, 2) are 

A_ 1 = 0, 

-1 + p + 16p3 

Ao= ' p 

A 1 = 0, 

A2 = -24p2
, 

B_ 2 =24p(-1+p), 

B_1 = 0, 

B __ -5 + 9 p - 80 p3 
- 5 p2 + 80 p4 + 2816 p6 

0- 5p2 ' 

B1 = 0, 

B2 = 24 p ( -1 + p) 

where p is any root of 2816p6 + 320p4 - 320p3 - 5p2 + 9p - 5 = 0. As a result, a 

solution of (3.1) is 

u(t, x, y) A_2coth2 (z) + A_1coth(z) + A0 + A1 tanh(z) 

+A2 tanh2 (z), 

where z = t- px + (p- l)y. 

A profile of the solution (3.8) is given in Figure 3.1. 

(3.8) 

Figure 3.1: Evolution of travelling wave solution (3.8) with parameters 

y = 0, p = 0.42. 
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3.1.3 Exact solutions using extended Jacobi elliptic function 

method 

In this subsection we obtain exact solutions of (3.1) in terms of the Jacobi ellip­

tic functions. We note that the cosine-amplitude function, en( z lw), and the sine­

amplitude function, sn(zjw) are solutions of the first-order differential equations 

1 

H'(z) = -{ (1- H2 (z)) (1- w 11-- wH 2 (z))} 
2 

(3.9) 

and 
1 

H' ( z) = { ( 1 - H 2 
( z)) ( 1 - w H 2 

( z)) } 
2 

, (3.10) 

respectively [77]. We recall the following facts: 

(i) When w -+ 1, the Jacobi elliptic functions degenerate to the hyperbolic func­

tions, cn(zjw) -+ sech(z), sn(zjw) ·-+ tanh(z) . 

(ii) When w -+ 0, the Jacobi elliptic functions degenerate to the trigonometric 

functions, cn(zjw) -+ cos(z), sn(zjw) -+ "sin(z). 

(iii) nc(zjw) = cn(;lw), ns(zjw) = sn(~lw) · 

We now treat the above ODEs as our auxillary equations and apply the procedure 

of the previous subsection to system (3.4). Leaving out the details, we obtain two 

solutions, the cnoidal and snoidal wave solutions, corresponding to the two equations 

(3.9) and (3.10) given by, respectively, 

38 



where 

A -2 = -3p2 + 3p2w, 

A_ 1 = 0, 

2 p3w + 1 - p - p3 
Ao =- ' 

p 

B-2 = -3 p (w- 1) (p- 1), 

B2 = -3 pw (p- 1) , 

with pas any root of (16w2 - 16w + 1) p6+ (5 - 10w)p4 +(lOw- 5)p3- 5p2 +9p - 5 = 0 

and 

...... 
u(t , x , y) A_2ns2(z lw) + A_lns(zlw) + Ao + A1sn(zlw) + A2sn2(zlw) ,(3 .12) 

with 

A_1 = 0, 

A 
- - 1 + p + p3 + p3w 

o- , 
p 

B_1 = 0, 
-5 + 9 p - 5 p2 - 5 p3 + p6w2 + 14 p6w - 5 p3w + 5 p4w + 5 p4 + p6 

Bo =- 5p2 , 

B1 = 0, 

B2 = 3 w p ( -1 + p) , 
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where pis any root of (w2 + 14w + 1) p6 + (5w + 5)p4
- (5w + 5)p3 - 5p2 + 9p- 5 = 0 

and z = t- px + (p- 1)y. 

A profile of solutions (3.11), (3.12) are given in Figures 3.2-3.3 . 

Figure 3.2: Evolution of travelling wave solution (3.11) with parameters 

t = 0, w = 0.1, p = -1.53. 

Figure 3.3: Evolution of travelling wave solution (3 .12) with parameters 

t = 0, w = 0.2, p = - 1.12. 

3.2 Conservation laws of (3.1) 

We now construct conservation laws for the two-dimensional integrable generalization 

of the Kaup-Kupershmidt equation (3.1) using the multiplier approach [74] . For the 

coupled system (3.2), we obtain multipliers of the form, A1 = A1 (t, x , y, u, v) and 
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A2 = A2(t , x, y , 'U , v) that are given by 

A1 = Yh(t) + f1(t), 
1 

A2 = -5xh(t) + h(t)- 2y(yf~(t) + 2f{ (t)), 

where fi, i = 1, 2, 3 are arbitrary functions oft. Corresponding to the above multi­

pliers we obtain the following nonlocal conserved vector of (3.1): 

yt h(t)u + Yh(t)u, 

yx 
1

1

2 
{ 60fi(t)UxxU + 60yf2(t)uxxU + 60fi(t)u j Uy dx + 60yh(t)u j Uy dx 

+ 20fi(t)u3 + 20yf2(t)u3 + 45yf2(t)ux2 + 40fi(t)uxy + 40yf2(t)uxy + 12yf2(t)uxxxx 

+ 60xh(t) j Uy dx- 12fJ(t) j Uy dx + 45fi(t)ux2 - 20h(t)ux + 12fl(t)uxxxx 

+ 6y2 f~(t) j uy dx + 12yf{ (t) j uy dx } , 

TY ~ { - 3y2 f~(t)u- 6yf{ (t)u- 30xh(t)u + 6h(t)u + 10yh(t)uxx 

30yf2(t) j Uy dx -- 30h(t) j Uy dx + 10h(t)uxx } . 

Remark 2 Due to the presence of the arbitrary functions, k i = 1, 2, 3, in the 

---multipliers, one can obtain an infinitely many nonlocal conservation laws. 

3.3 Conclusion 

In this chapter we studied the two-dimensional generalization of the Kaup-Kupershmidt 

equation (3 .1) . Lie point symmetries of this equation were obtained and the three 

translation symmetries were used to transform the equation into a system of ODEs . 

Then the extended tanh and the extended Jacobi elliptic function methods were em­

ployed to solve this ODEs system to obtain exact solutions of (3.1). Furthermore, 

conservation laws of (3 .1) were also computed using the multiplier approach. 
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Chapter 4 

On the solutions and conservation 

laws of a coupled KdV system 

4.1 Introduction 

In recent years , the coupled Korteweg-de Vties equations have been the centre of 

attraction and extensive studies have been made by many authors , see for example, 
.(-

the Refs . [47-53]. In [47] a typical hydrodynamic model which describes a resonant 

interaction of two wave modes in a shallow stratified liquid is derived and is given 

by 

7 5 
Ut + Uxxx- 4UUx- VVx + 4(uv)x = 0, 

5 7 
Vt + Vxxx - 4UUx - 4VVx + 2(uv)x = 0. 

(4.1a) 

( 4.1b) 

This coupled Korteweg-de Vries system (4.1) was studied by Wang [47] for its inte­

grability by using the prolongation technique and singularity analysis . Wazwaz [46] 

also considered the system (4 .1) and employed the Hirota's bilinear method com­

bined with Hereman et al [54] simplified approach to study the integrability of ( 4). 

Multiple-soliton solutions and multiple singular soliton solut ions were obtained for 

( 4) . 

In this chapter we study the coupled KdV system (4.1) using Lie symmetry method . 
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The similarity reductions and exact solutions with the aid of simplest equation and 

Jacobi elliptic function methods are obtained based on the optimal systems of one­

dimensional subalgebras for the KdV system. In addition, the conservation laws of 

the coupled KdV system are also derived using the multiplier approach [74] and the 

conservation theorem due to Ibragimov [75]. 

This work has been published and appears in [66] . 

4.2 Symmetry reductions and exact solutions of 

(4.1) 

The symmetry group of the coupled KdV system ( 4.1) will be generated by the vector 

field of t he form 

1 a 2 a 1 a 2( ) a 
X=~ (t,x,u,v)at +~ (t , x , u , v)ax + 77 (t,x ,u,v)au +77 t,x,u,v av· 

Applying the third prolongation pr(3) X [7] to ( 4. 1) gives the following overdetermined 

system of linear partial differential equations: 

~l - 3~; = 0, -177;u + 577;u + 577;v - 477;v + 477l + 477;xx = 0, 

-577;u + 877;u + 877;v - 177;v + 477; + 477;xx = 0, 

-5~u+15~u+5~u-5~u+5~u+8~v-12~v-8~v+8~v 

-s~;v - 5'171 + 8772 = o, 

-5~u-15~u+5~u+5~u-5~u+4~v + 12~v-4~v-4~v 

+4~;v + 5771 - 4772 = 0, 

577~U + 577~U - 7~iu + 7~;u - 877~V - 477~V + 5~lv - 5~;v - 7771 + 5772 

+ 1277;xu - 4a - 4~;xx = 0, 

-577~U- 577~U + 8f;fu- 8~;u + 877~V + 477~V - 7~fv + 7~;v + 8771 - 7772 

+ 1277;xv - 4~J - 4~;xx = 0. 
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On solving the above system, one obtains the following three Lie point symmetries: 

4.2.1 One-dimensional optimal syst~m of subalgebras 

In this subsection we present the optimal system of one-dimensional subalgebras for 

the system (4 .1) to obtain the optimal system of group-invariant solutions. For this 

purpose we follow the procedure given in Section 2.5.3 of Chapter 2. 

Table 1. Commutator table of the Lie algebra of system ( 4.1) 

Table 2. Adjoint table of the Lie al~bra of system (4.1) 

Ad x1 x2 x3 

x1 x1 x2 x3- EX1 

x2 x1 x2 X3- 3EX2 

x3 e'X1 e3'X2 x3 

From Tables 1 and 2 one can obtain an optimal system of one-dimensional subalge­

bras given by {vX1 + X2 , X 2 , X3 }, where vis a nonzero constant. 

4.2.2 Symmetry reductions of (4.1) 

In this subsection we use the optimal system of one-dimensional subalgebras calcu­

lated above to obtain symmetry reductions that transform ( 4.1) into a system of 

ordinary differential equations (ODEs) . Later in the next subsection we will look for 

exact solutions of (4 .1). 
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The symmetries vX1 + X2 gives rise to the group-invariant solution 

u = F(z), v = G(z), (4.2) 

where z = x - vt is an invariant of vX1 + X2 . Substitution of (4.2) into (4 .1 ) results 

in the system of ODEs 

Case 2. X2 

4Fm(z) + 5G(z)F'(z)- 4vF'(z)- 7F(z)F'(z) 

+5F( z)G'(z) - 4G(z)G'(z) = 0, 

4Gm(z) + 8G(z)F'(z)- 5F(z)F' (z) + 8F(z)G'(z) 

-4vG'(z)- 7G(z)G'(z) = 0. 

For the symmetry X 2 we obtain the group-invariant solution of the form 

u = F(z), v = G(z), 

( 4.3a) 

( 4.3b) 

(4 .4) 

where z = x is an invariant of X2 and the functions F and G satisfy the following .. 
system of ODEs: 

4Fm(z) + 5G(z)F'(z)- 7F(z)F'(z) + 5F(z)G'(z)- 4G(z)G'(z) = 0, 

4Gm(z) + 8G(z)F'(z)- 5F(z)F'(z) + 8F(z)G'(z)- 7G(z)G'(z) = 0. 

Case 3. X 3 

By solving the corresponding Lagrange system for the symmetry X3 , one obtains an 

invariant z = xt-113 and the group-invariant solution of the form 

u = r 213 F(z) , v = r 213G(z), (4.5) 

where the functions F and G satisfy the following system of ODEs: 

12F'"(z) + 15G(z) F'(z)- 21F(z)F'(z)- 4zF'(z) + 15F(z)G'(z) - 8F(z) - 12G(z)G'(z) = 0, 

24G(z)F'(z)- 15F(z)F' (z) + 24F(z)G'(z) + 12G"'(z) - 21G(z)G'(z)- 4zG'(z)- 8G(z) = 0. 
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4.2.3 Exact solutions using simplest equation method 

We now use the simplest equation method [78- 81], to solve the system (4.3) and as a 

result we obtain the exact solutions of our coupled KdV system (4.1). The simplest 

equations that will be used are the Bernoulli and Riccati equations. To the best of 

our knowledge, it is for the first time that this method has been applied to systems 

of nonlinear ODEs. 

We briefly recall the simplest equation method here. Let us consider the solutions of 

( 4.3) in the form 

M M 

F(z) = L Ai(H(z))i, G(z) = L Bi(H(z))i , (4.6) 
i=O i=O 

where H ( z) satisfies the Bernoulli or Riccati equation, M is a positive integer that 

can be determined by balancing procedure as in [80] and A0 , · · · , AM,Bo, · · · , EM are 

parameters to be determined. We note that the Bernoulli and Riccati equations are 

well-known nonlinear ODEs whose solutions can be expressed in terms of elementary 

functions. 

We consider the Bernoulli equation 
ii"' 

H'(z) = aH(z) + bH2 (z), (4.7) 

where a and b are constants. The solution of this equation is given by 

{ 
cosh[a(z +C)]+ sinh[a(z +C)] } 

H(z) =a 1- bcosh[a(z +C)]- bsinh[a(z +C)] · 

For the Riccati equation 

H'(z) = aH2(z) + bH(z) + c, (4.8) 

where a, b and c are constants, we shall use the solutions 

b e [1 J H( z) =----tanh -B(z +C) 
2a 2a 2 

and 

b e ( 1 ) sech ( 
0
;) H( z) = - ---tanh -ez + , 

2a 2a 2 C cosh (0;) - 2
0a sinh ( 0;) 

where B2 = b2 
- 4ac > 0 and C is a constant of integration. 
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Solutions of (4.1) using the Bernoulli equation as the simplest equation 

The balancing procedure [80] yields M = 2 so the solutions of ( 4.3) are of the form 

Substituting (4.9) into (4.3) and making use of the Bernoulli equation (4.7) and then 

equating all coefficients of the functions Hi to zero, we obtain the following algebraic 

system of equations in terms of A0 , A1 ,A2 and B0 , ~1 , B2: 

5A1Bo + SAoB1 - 4Alv- 7 AoA1 + 4Al- 4BoBl = 0, 

15A1B 0 + lOA1B1 + lOA2Bo + lSAoB1 + lOAoB2 

-12A1v- 8A2v- 7 Ai - 21AoA1 + 84Al - 14AoA2 

+32A2 - 4Bi - 12BoB1 - 8BoB2 = 0, 

30AlBl + lSA1B2 + 30A2Bo + lSA2B1 + 30AoB2 

-24A2v- 21Ai- 21A2A1 + 432Al- 42AoA2 + 456A2 

-12Bi- 24B0B2- 12B1B2 = 0, 

45A2B1 + 20A2B2 + 45A1B2- 14A~- 63AlA2 + 1944A2 

+648A1 - 8B~- 36B1B2 = 0, 

60A2B2 - 42A~ + 2592A2 - 24B~ = 0, 

8A1B 0 + 8AoB1- SAoA1 - 4Blv- 7 BoB1 + 4Bl = 0, 

24A1B0 + l6A1B1 + l6A2Bo + 24AoB1 + l6AoB2- SAi 

-15AoA1 - lOAoA2- 12Blv- 8B2v- 7Bi- 21BoB1 

+84B1 - 14B0B2 + 32B2 = 0, 

48A1B1 + 24A1B2 + 48A2Bo + 24A2Bl + 48AoB2 

-15Ai - lSA2A1 - 30AoA2 - 24B2v - 21Bi + 432Bl 

-42B0B2 - 21B1B2 + 456B2 = 0, 

72A2B1 + 32A2B2 + 12A1B2- lOA~- 45A1A2 - 14B~ 

+648B1 - 63B1B2 + 1944B2 = 0, 

96A2B2 - 30A~ - 42B~ + 2592B2 = 0. 
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Solving the above system of algebraic equations, with the aid of Mathematica, we 

obtain 

a= 1, b = 3, 

A0 = k(v- 1), 

A
1 

= _ 36A0 , 

v-1 

A2 = 3Al, 
B _ 21456Ao - 469A0A1 + ~456v - 3456 

0 
- 10656 

B _ -469Ai - 30048Af + 1665792A1 
1 

- 1022976 ' 
B _ -469Ai - 30048Af + 1665792A1 

2 - 340992 ' 

where k is any root of 469k3 + 416k2 + 304k + 256 = 0. As a result, a solution of 

(4.1) is given by 

( ) _A A { cosh[a(z +C)]+ sinh[a(z +C)] } 
ut,x- 0 + 1a 

1- bcosh[dfz +C)]- bsinh[a(z +C)] 

A 2 { cosh[a(z +C)]+ sinh[a(z +C)] }
2 

+ 2a . 1- b cosh[a(z +OJ]- bsinh[a(z +C)] ' 

v t, x = Bo + B
1
a{ cosh[a(z +C)]+ sinh[a(z +C)] } 

( ) 1 - b cosh[a(z +C)] - b sinh[a(z +C)] 

B 2{ cosh[a(z +C)]+ sinh[a(z +C)] }
2 

+ 2a 1- b cosh[a(z +C)]- bsinh[a(z +C)] ' 

where z = x - vt and C is a constant of integration. 

(4.10a) 

(4 .10b) 

Solutions of ( 4.1) using the Riccati equation as the simplest equation 

The balancing procedure yields M = 2 so the solutions of ( 4.3) are of the form 

Substituting (4.11) into (4.3) and making use of the Riccati equation (4.8), we ob­

tain the following algebraic system of equations in terms of A0 , A1 , A2, 8 0 , B1 , B2 by 
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equating all coefficients of the functions Hi to zero: 

8aA1c2 + 4A1b2c + 24A2bc2 + 5A1Boc + SAoB1c- 4A1cv- 7 AoA1c- 4BoB1c = 0, 

32aA1bc + 64aA2c2 + 4A1b3 + 56A2b2c + 5A1bBo + 5AobB1 - 4A1bv- 7 AoA1b 

2 +lOA2Boc + 10A1B1c + lOA0B2c- 8A2cv- 7 A 1 c- 14A0A2c- 4bB0 B 1 

-4Bic- 8B0 B2c = 0, 

32a2 A 1c + 28aA1b2 + 208aA2bc + 5aA1B0 + 5aA0 B 1 - 4aA1v- 7aA0 A 1 

-4aBoB1 + 32A2b3 + lOA2bBo + lOA1bB1 + lOAobB2 - 8A2bv- 7 Aib 

-14AoA2b + 15A2B1c + l SA1B2c- 21A1A2c- 4bBi- 8bBoB2- 12B1B2c = 0, 

48a2 A 1b + 160a2 A2c + 152aA2b2 + 10aA2B 0 + 10aA1B1 + 10aA0 B 2 - 8aA2v 

- 7aAi- 14aA0A2- 4aBi - 8aBoB2 + lSA2bB1 + lSA1bB2 - 21A1A2b 

3 2 . 
24a A1 + 216a A2b + 15aA2B1 + lSaA1B2- 21aA1A2- 12aB1B2 

+20A2bB2 - 14A~b- 8bB~ = 0, 

96a3 A2 + 20aA2B2 - 14aA~ - 8aB~ = 0, ...._ 

8aB1c2 + 8A1B0 c + 8A0 B 1c- 5A0 A 1c + 4b2 B 1c + 24bB2c2 - 4Blcv- 7 BoB1c = 0, 
~ 

32abB1c + 64aB2c2 + 8A1bB0 + 8AobB1 - SAoA1b + l6A2Boc + l6A1B1c 

+16A0 B2c- 5Aic- 10A0A2c + 4b3 B1 + 56b2 B2c- 4bB1v- 7bBoB1 

-8B2cv- 7 Bic- 14B0 B2c = 0, 

32a2 B 1c + 8aA1B 0 + 8aA0 B 1 - SoAoA1 + 28ab2 B1 + 208abB2c- 4aB1v 

-7aB0 B 1 + 16A2bB0 + 16A1bB1 + l6AobB2- 5Aib- lOAoA2b + 24A2Blc 

+24A1B2c- 15A1A2c + 32b3 B2 - 8bB2v- 7bBi- 14bBoB2- 21B1B2c = 0, 

48a2bB1 + 160a2 B2c + 16aA2B0 + l6aA1B1 + l6aAoB2 - 5aAi 

-10aAoA2 + 152ab2 B2 - 8aB2v- 7aBi - 14aBoB2 + 24A2bBl + 24AlbB2 

-15A1A2b + 32A2B2c- lOA~c- 21bB1B2 -14B~c = 0, 

24a3 B 1 + 216a2bB2 + 24aA2B1 + 24aA1B2- 15aA1A2 - 21aB1B2 

+32A2bB2 - lOA~b- 14bB~ = 0, 

96a3 B2 + 32aA2B2 - lOaA~ - 14aB~ = 0. 

49 



Solving the above algebraic equations one obtains 

Ao = k (Sac+ b2
- v), 

A
1 

= 12aA0b 
Sac+ b2 - v' 

A _ aA1 
2- b ) 

B _ -9216a3 c + 7152a2 A0 - 1152a2b2 + 1152a2v - 469A0A2 
0

- 3552a2 ' 
B _ A1 (185088a4

- 10016a2 A2 - 46M~) 
1 - 113664a4 ' 

B _ A2 (185088a4 
- 10016a2 A2 - 469A~) 

2 - 113664a4 ' 

where k is any root of 469k3 - 416k2 + 304k- 256 = 0 and hence solutions of (4.1) 

are given by 

u(t, x) = A0 + A1 { .:.. .!!_ - .!!_tanh [~e(z +C)]} 
2a 2a 2 

+A2{ - .!!_-.!!_tanh [~e(z +C)] }
2

, 
2a 2a:-. 2 

(4.12a) 

v(t, x) = B0 + B1 { - .!!_-.!!_tanh [~e(z +C)] } 
2a 2a.- 2 

+B2{ -.!!_-.!!_tanh [~e(z +C)] }
2 

2a 2a 2 
(4.12b) 

and 

1.1,(t, x) = Ao + A1 { - .!!_ - .!!_tanh (~ez) + (!:)h (!). (Bz)} 
2a 2a 2 C cosh 2 - e smh 2 

{ 
b e ( 1 ) sech ( Oz) } 2 

+A2 - - --tanh -Bz + 2 ( 4.13a) 
2a 2a 2 C cosh ( 8

;) -
2; sinh ( 0

;) ' 

v(t, x) ~ Bo + B, { - 2ba - :a tanh Gez) + C cosh (;)h_(~)sinh (~) } 
+B2 { -.!!_-.!!_tanh (~ez) + sech (~) }

2 
(4.13b) 

2a 2a 2 C cosh ( 0
;) -

2; sinh (8
;) ' 

where z = x - vt and C is a constant of integration. 

A profile of the solution ( 4.12) is given in Figure 4.1. 
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4 

Figure 4.1: Profile of solitary waves (4.12) 

4.2.4 Solutions of ( 4.1) using Jacobi elliptic function 1nethod 

In this subsection we obtain exact solutions of the coupled KdV system ( 4.1) in 

terms. of Jacobi elliptic functions. The cosine-amplitude function , cn(zlw), and the 
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sine-amplitude function, sn(zlw) are solutions of the first-order differential equations 

1 

H'( z) = -{ (1- H 2(z)) (1- w +wH2(z))} 
2 

(4.14) 

and 
1 

H'( z) = { (1- H2(z) ) (1- wH 2(z) )} 
2

, (4.15) 

respectively [77]. 

The above ODEs are now treated as our simplest equations and consequently fol­

lowing the procedure of the previous subsection we obtain the following cnoidal and 

snoidal wave solutions of (4.1) given by 

u(t , x) = Ao + A1cn(zlw) + A2cn2(zlw), 

v(t, x) =Eo+ B1cn(zlw) + B2cn2(z lw), 

(4.16a) 

(4.16b) 

where 

and 

Ao = k(v- 8w + 4), 

A1 = 0, 

A 
_ 12A0w 

2-
v- 8w + 4 ' 

B _ 1788Aov + 1407 A6 + 7152A0 + 938AoA2 + 288v2 - 2304vw + 2304v- 9216w + 4608 
0

- 888(v + 4) ' 
B1 = 0, 

B
2 

= A2(29Ao- 6B0 + 28v- 224w + 112) 
16(v- 8w + 4) ' 

k is any root of 469k3 + 416k2 + 304k + 256 = 0 

u(t , x) = Ao + A1sn(z lw) + A2sn2(zlw), 

v(t, x) = Bo + B1sn(zlw) + B2sn2(zlw), 
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where 

A0 = k ( z; + 4w + 4), 

A1 = 0, 

A _ _ 12A0w 
2 - v+4w +4 ' 

B _ 1788A0v + 1407 A6 + 7152A0 + 469A0A 2 + 288v2 + 1152vw + 2304v + 4608w j- 4608 
0

- 888(v + 4) ' 

B1 = 0, 

B _ A2(29Ao- 6B0 + 28v + 112w + 112) 
2 - 16(v + 4w + 4) ' 

k is any root of 469k3 + 416k2 + 304k + 256 = 0, 

and z = x - vt. 

The profile of the solut ion ( 4.16) is given in Figure 4.2. 

Figure 4.2: Profile of cnoidal waves ( 4.16) 
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Figure 4.3: Profile of cnoidal waves (4.16) 

4.3 Construction of conservation laws for ( 4.1) 

We now construct conservation laws for the coupled KdV system (4. 1) using the two 

methods, namely t he multiplier approach [74] and the conservation theorem due to 

Ibragimov [75]. 

4.3.1 Application of the Multiplier Method 

For the coupled KdV system ( 4.1), after some lengthy calculations , we obtain the 

that are given by 

Al = cl + c3 (-2 v + 3 u) + c4 (11u2
- 14v2 + 16 Vxx- 24Uxx + 2 vu) ' (4.17) 

A2 = c2 + c3 ( -2 u + 3 v) + c4 ( - 28 vu + 21 v2 + u2 + 16 Uxx- 24 Vxx ) ' (4.18) 
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where Ci, 'i = 1, 2, 3, 4 are arbit rary constants . Corresponding to the above multipli­

ers we obtain the following four local conserved vectors of ( 4.1): 

and 

<I>t 
4 

<I>t 
1 = u , 

<I> X 
1 ~{ 10uv -7u2

- 4v2 + 8uxx } ; 

<I>t 
2 v, 

<I> X 
2 = ~{ 16uv - 5u2 - 7v2 + 8Vxx }; 

<I>~ ~{- 4uv + 3u
2 + 3v

2 
} , 

<I>~ 
1

1
2 

{ - 24Vxx'U - 24?.LxxV + 36?.lxx U + 36'Uxx'U - 3u2v 

+30uv2
- llu3

- :3v3 + 24uxVx- 18ux 2 - 18vx 2 } 

~{ 24VxxU + 24UxxV- 36UxxU - 36~xV + 3u2v- 42uv2 + llu3 + 21v3 
} , 

J:_ { 16v 'u2 
- 128v 2 u + 32'u uv - 57tlv uv - 128'UVt + 128u v v 16 XX X XX XX X X X 

-96UxxV2 
- 128Vlltx + 176Uxxll2 + 192'U'Utx + 336'Uxx'U2 + 192VVtx 

+252u3v- 486u2v2 + 384uv3
- 82u4

- 91v4 + 128utVx + 128Vt'Ux 

- 192lltl/,x - 192VtVx + 256UxxVxx - 192Uxx 2 
- 192Vxx 2 } . 

Remark 1. Higher order conservation laws of (4. 1) can be computed by increasing 

the order of the multipliers. 

4.3.2 Application of the new Conservation Theorem 

The adjoint equations of (4.1) are given by 

5 7 5 
41/Jxu + 4c/Jxu- 21/JxV- 4cPxV- cPt - cPxxx = 0, 

5 7 
-21/Jxu - 4 cPxU + 41/Jxv + cPxV -1/Jt - 1/Jxxx = 0, 
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where¢= ¢(t, x) and 't/J = ·tjJ (t, x) are the new dependent variables . The Lagrangian 

for the system of equations (4.1) and (4.19) is given by 

L = ¢(t, x){ Ut + Uxxx- ~U'Ux- VVx + ~(uv)x} 

+'t/J(t, x) { Vt + Vxxx- ~U'Ux- ~VVx + 2(uv)x}. ( 4.20) 

We have the following three cases: 

(i) We first consider the Lie point symmetry generator X 1 = Ox of the coupled 

KdV system ( 4.1). Corresponding to this symmetry the Lie characteristic function 

W = -(ux + vx)· Thus using theorem (1) of chapter 1, the components of the 

conserved vector are given by 

T{ 'Ux¢ __: Vx't/J , 

Tf 'Ut¢ + vi't/J + Uxx¢x - 'Ux¢xx + Vxx't/Jx - Vx't/Jxx· 

(ii) The Lie point symmetry generator X2 = Ot has the Lie characteristic function 

W = -(ut + Vt)· Hence one obtains the con's'erved vector whose components are 

Ti = 1{ . 4 8uxv't/J + 8vxu't/J + 5uxv¢ + 5vxu¢- 5uxu't/J- 7uxu¢ 

+4uxxx¢- 7VxV't/J + 4Vxxx't/J - 4vxv¢}, 

T; = ~ { - 8UtV't/J - 8VtU't/J - 5UtVcp - 5VtUcp + 5UtU't/J + 7Ut'Ucp - 4cpUtxx 

+7VtV't/J- 4'1/JVtxx + 4VtV¢- 4ut¢xx + 4¢x'Utx- 4vt't/Jxx + 4'1/JxVtx }· 

(iii) Finally, we consider the symmetry generator x3 = 3t8t + XOx- 2u8u- 2v8v. For 

this case the Lie characteristic function W = -2u- 2v ~ (3tut + 3tvt + xux + x·ux) 
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and as a result the components of the conserved vector are given by 

TJ = l { 24tuxv1fJ + 24tvxu1fJ + 15tuxv¢ + 15tvxu¢ - 15tuxu1fJ - 4xux¢ 

-21tuxu¢ + 12tuxxx¢ - 4xvx1fJ - 21tvxv1fJ + 12iVxxx1fJ - 12tvxV~ - 8u¢ - 8v'ljJ ~ , 
) 

~ { - 24tvtu1fJ - 24iutv1fJ- 15tvtu¢ - 15tutv¢ + 15tutu1fJ - 8¢xxU + 21tutu¢ 4 . 

-16Uxx¢ + 4XUt cP - 12t¢Utxx- 16Vxx1fJ - 81fJxxV + 4XVt'ljJ + 21tVtV'IjJ---; 12t'lj;Vtxx 

+12tvt'u¢ - 32·uv·l/J - 20·uv¢ + 10u2·lj; + 14~¢ + 14v2 ·1/J + 8v2¢- 12t·ut¢xx + 12t¢x'Utx 

-12ivt1fJxx + 12t·l/Jx 'Utx + 12ux¢x + 4X'UxxcPx - 4xux¢xx + 12Vx'l/Jx + 4XVxx'l/Jx - 4xvx1fJxx }. 

Remark 2. The components of the conserved vectors contain the arbit rary solutions 

¢and 'ljJ of the adjoint equations (4.19) and hence one can obtain an infinite number 

of conservation laws. 

4.4 Conclusion 

In this chapter we studied the coupled KdV system ( 4.1) from the point of view of Lie 

symmetry analysis . Similarity reductions and ex~ct solutions with the aid of simplest 

equation and Jacobi elliptic function methods were obtained based on the optimal 

systems of one-dimensional subalgebras for the KdV system. The exact solutions 

obtained were solitary, cnoidal and snoidal waves . Finally, conservation laws for the 

coupled KdV system (4 .1) were derived by employing the multiplier method and the 

new conservation theorem. 
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Chapter 5 

Lie group analysis and 

conservation laws of a coupled 

variable-coefficient modified 

Korteweg-de Vries system 

In this chapter Lie group analysis is performed on the generalized coupled variable­

coefficient modified Korteweg-de Vries (CVCmKdV) system 

'Ut- a(t) (uxxx + 6('u2
- v2 )ux- 12u'UVx) - 4(3 (t) 'Ux = 0, (5.la) 

(5. 1b) 

which models a two-layer fluid , and is applied to investigate the atmospheric and 

oceanic phenomena such as the atmospheric blackings, interactions between the at­

mosphere and ocean, oceanic circulations and hurricanes or typhoons. It should be 

noted that if v = 0, (5.1) reduces to a variable-coefficient modified Korteweg-de Vries 

Ut- a(t) (uxxx + 6u2ux) - 4(3 (t )ux = 0, 

which has been investigated in [56-58]. 

The similarity reductions and exact solutions with the aid of simplest equation and 

Jacobi elliptic function methods are computed. In addition to this , the conservation 
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laws of the CVCmKdV system are also derived using the multiplier approach and a 

new conservation theorem. 

This work has been submitted for publication [64]. 

5.1 Symmetry reductions and exact solutions of 

(5.1) 

The symmetry group of the CVCmKdV system (5.1) will be generated by the vector 

field of the form 

1 a 2 a 1 a 2 a 
X = ~ (t , x , 1L ,v)at +~ (t , x ,u,v)ax +77 (t , x,u,v)au + 77 (t,x ,u,, v)av· 

Applying the third prolongation pr(3) X to ( 5.1) results in the following overdeter­

mined system of linear partial differential equations: 

-a(t)~J + 3a(t)~;- eo/(t) = 0, 

-6a(t)77;u2 + 6a(t)77;v2 + 12a(t)77;uv- a(t)77;xx- 477;!3(t) + 77J = 0, 

-12a(t)77;'uV- 6a(t)77;u2 + 6a(t)77;v2 - a(t)77;xx - 477;/3(t) + 77; = 0, 

- a(t)a'U'U + a(t) 77;'UV + a(t)~; 'UV- a(t) 77~ 'UV- T}la(t)v- TJ2a(t)u- e(a'(t))'UV = 0, 

a(t)auv + a(t)TJ;'uv- a(t)~; 'uv- a(t)77~uv + 771a(t)v + 772a(t)u + ~1 (a'(t)) 'uv = 0, 

-12771a( t)u + 12772a(t)v- 6a(t)~Ju2 + 6a(t)~Jv2 + 6a(t)~;u2 - 6a(t)~;v2 

- 12a(t) 77~uv- 12a(t)77;uv- 3a(t)77;xv + a(t)~;xx- 4/)(t)a + 4(:i (t)~;- 6e(a'(t))u2 

+6e(a'(t))v2 - 4e/3'(t) - ~; = o, 

-12771a(t)u + 12772a (t)v- 6a(t)~Ju2 + 6a(t)~Jv2 + 6a(t)~;u2 - 6a(t)~;v2 

+ 12a(t)77~uv + 12a(t)77;uv + a(t)~;xx- 3a(t)77;xu- 4/) (t)a + 4/) (t)~; - 6e(a'(t ))u2 

+6e(a'(t))v2 - 4e/3'(t)- ~; = o. 
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Solving the above overdetermined system of linear partial differential equations using 

Maple , one obtains the following Lie point symmetries of the system (5.1): 

0 
xl =ox' 

( j3(t) } 0 ( 1 } 0 
x2 = -

4t a(t) ox+ t a(t) ot) 

X 
_ { 

4 
j-2 f3 ( t) (a ( t) )2 + 3 f3 ( t) (a' ( t)) [fa ( t) dt] - 3 (!3' ( t)) [fa ( t) dt]a ( t) . 

3- 2 dt 
(a(t)) · , 

} 
0 { J a ( t) dt } 0 0 0 

+x ox + 3 a (t) ot - n ou - v ov · 

We now use the symmetries X 1 and X2 and transform the system (5.1) to a system 

of ordinary differential equations (ODEs). Consider the linear combination, p1X 1 + 
P2X2, where p1 and p2 are constants. This symmetry gives rise to the group-invariant 

solution 

u = F(z), v = G(z), (5.2) 

where z = xp2+ ft: [ -p1a( T )+4p2j3(T)] dT is an invariant of the symmetry p1X1 +p2X2 

and to is a constant. Substitution of (5.2) i~o (5.1) results into a nonlinear third­

order system of ordinary differential equations 

p~F"' (z)a(t)- 6p2 G(z) 2 a(t)F'(z) + 6p2 F(z) 2a(t)F'(z) 

+p1a(t)F'(z)- 12p2F(z)G(z)a(t)G'( z) = 0, (5.3a) 

p~G"' (z)a(t) + 12p2F(z)G(z)a(t)F'( z) + 6p2F(z) 2a(t)G'(z) 

(5.3b) 

In the next two sections, we obtain exact solutions of the system (5.3) by using the 

simplest equation method and the J acobi elliptic function method, respectively. 

5.2 Exact solutions using simplest equation method 

In this section we use the simplest equation method, which was used in Chapter 4, to 

solve the system (5.3) and as a result we obtain the exact solutions of our CVCmKdV 

system (5. 1). 
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5.2.1 Solutions of (5.1) using the Bernoulli equation as the 

simplest equation 

The balancing procedure yields M = 1, so t he solutions of (5 .3) are of the form 

(5.4) 

Substitut ing (5.4) into (5.3) and making use of the Bernoulli equation and then 

equating all coefficients of the functions Hi to zerd, we obtain the following algebraic 

system of equations in terms of A 0 , A 1 , B0 and B1 : 

-a3a A1P23
- aaA 1P1- 6aaA 6A 1P2 + 6aaA 1P2 B6 + 12aaAoP2BoB1 = 0, 

-1a2aA1bp23
- 12aaA oA iP2 + 12aaA op2Bi + 24aaA lP2 BoBl 

- a A1bP1- 6a A 6A 1bP2 + 6a A1bp2 B6 + 12a A obp2BoB1 = 0, 

- 6aaA i P2 + 18aaA1 P2Bi- 12aaA1b2 P23
- 12aA oA i bP2 

+ 12aA obp2Bi + 24aA1 bp2BoB1 = 0, 

- 6a A1b3 P23
- 6a A i bP2 + 18aA1bp2Bi = 0, 

- a3ap23B1 - 12aaA oA 1P2Bo- 6aa:A6P2B1 - aap1 B1 + 6aap2 B6B1 = 0, 

-7a2a bp23B1 - 12aaA i p2Bo- 24aa A o.AlP2Bl + 12aap2BoBi 

-12aA oA1bP2Bo- 6a A 6bp2B1- a bp1B1 + 6a bp2B6B1 = 0, 

- 18aaAi p2B1- 12aab2p23B1 + 6aap2Br - 12a A i bp2Bo 

- 24aA oAlbp2B1 + 12a bp2BoBi = 0, 

-6ab3p2 3B1- 18aAi bp2 B1 + 6abp2 Br = o. 

Solving the above system of algebraic equations, with the aid of Mathematica, we 

obtain 
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As a result a solution of (5.1) is given by 

( ) A A { 
cosh[a(z +C)]+ sinh[a(z +C)] } 

u t, x = 0 + 1a , 
1- bcosh[a(z +C)]- bsinh[a(z +C)] 

(5.5a) 

( ) _ B B { cosh[a(z +C)]+ sinh[a(z +C)] } 
v t, x - 0 + 1a [ C)] [ ] , · 1- bcosh a(z + - bsinh a(z +C) 

(5.5b) 

where z = xp2 + .ft:[-p1a(r) + 4p2JJ(r)] dr and Cis a constant of integration. 

5.2.2 Solutions of (5 .1) using Riccati equation as the sim­

plest equation 

The balancing procedure yields M = 1, so the solutions of (5.3) are of the form 

(5 .6) 

Substituting (5.6) into (5.3) and making use of the Riccati equation, we obtain the 

following algebraic system of equations in terms of A0 , A1, B0 , B1 by equating all 

coefficients of the functions Hi to zero: 

+12aAocp2BoBl = 0, 

-8aaA1bcp23 + aA1 ( -b3
) P23

- aA1bP1- 6aA~A1bP2 + 6aA1bp2B~ 

+12aAobp2BoB1 - 12aAoAicP2 + 12aAocp2B~ + 24aA1cP2BoB1 = 0, 

-8a2aA1cp2 3
- aaA1P1- 6aaA~A1P2 + 6aaA1P2B6 + 12aaAoP2BoB1 

-1aaA1b2p2 3
- 12aAoAibP2 + 12aAobP2B~ + 24aAlbp2BoBl 

-6aAicP2 + 18aA1cp2Bi = 0, 

-12a2aA1bp23
- 12aaAoAiP2 + 12aaAoP2Bi + 24a.aAlP2BoBl 

-6aAibP2 + 18aA1bp2Bi = 0, 

-6a3aA1p2 3
- 6aaAiP2 + 18aaA1P2Bi = 0, 
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- 2aa.c2 p2
3 B1 - a.b2cp23B1 - 12a.AoA1cp2Bo- 6a.A6 cp2B1 

-a.cp1B1 + 6a.cp2B6B1 = 0, 

-8aa.bcp23 B1 +a ( -b3) P23B1- 12a.AoA1bP2Bo- 6a.A6bp2B1- a.bp1B1 

+6a.bp2B6B1 - 12a.Aicp2Bo - 24a.AoAlcp2Bl + 12a.cp2BoBi = 0, 

-8a2a.cp23B1- 12aa.AoA1P2Bo- 6aa.A~p2B1- 1aa.b2p2 3B1- aap1B1 

+6aap2B6B1- 12a.Aibp2Bo- 24a.AoAlbP2Bl + 12abp2BoBi 

-l8a.Aicp2B1 + 6acp2Bi = 0, 

-12a2abp23B1 - 12aa.Aip2Bo- 24aa.AoAlp2Bl + 12aap2BoBi 

-18a.Aibp2Bl + 6abp2Bi = 0, 

-6a3ap2
3B1 - l8aa.Aip2B1 + 6aap2Bi = 0. 

Solving the above system of algebraic equations, with the aid of Mathematica, we 

obtain 

As a result two solutions of (5 .1) are 

u(t, x) = Ao + Al {- 2ba- :a tanh De(z +c)]}, 
v(t, x) = B0 + B1{- ~-!_tanh [~e(z +C)]} 

2a 2a 2 
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and 

u(t , x) Ao + A1{- .!2_- !_tanh (~ez) 
2a 2a 2 

+ sech (~) } 
C cosh ( ~) - 2rt sinh ( IJ2z ) ' 

(5.8a) 

v(t,x) Bo + B1 { - .!2_ - !_tanh (~ez) 
2a 2a 2 

+ 2 . 
sech ( 0z) } 

C cosh(~) - 2
0a sJlh ( 0

2z) ' (5.8b) 

where z = xp2 + ft:[-p1a(r) + 4p2,6(r)] dr and C is a constant of integration. 

5.3 Solutions of (5.1) using Jacobi elliptic function 

method 

In this subsection we obtain exact solutions of the CVCmKdV system (5. 1) in terms 

of Jacobi elliptic functions (see Section 4.2.4 of Chapter 4) and as a result we obtain 
....... 

the following cnoidal and snoidal wave solutions of (5.1) given by, respectively, 

>(" 

u(t, x) = A0 + A 1cn(zlw), (5.9a) 

v(t, x) = Bo + B1cn(zlw), (5 .9b) 

where 

3 2 3 P1 = P2 - P2 w, 

Ao =0, 

A _ P2Vw 
1- 2 ' 

B0 = 0, 

1 . 
B1 = 22P2Vw 

and 

u(t, x) = Ao + A1sn(ziw), 

v(t , x) = Bo + B1sn(ziw) , 
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where 

P1 = P23 (w + 1), 
1. 

A1 = 2~Pr/w, 

Bo = iAo, 

81 = _ A1Bo 
Ao 

The profile of the solution (5.9) is given in Figure 5.1. 

t 

Figure 5.1: Profile of cnoidal waves (5.9) 
;;-

Figure 5.2: Profile of cnoidal waves (5.9) 
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5.4 Conservation laws of (5.1) 

In this section we obtain conservation laws for the system ( 5.1) using two different 

approaches; the multiplier method and the new conservation theorem. 

5.4.1 Application of the Multiplier Method 

For the CVCmKdV system (5.1), we obtain the second-order multipliers , A1 

i\1 = -6C2uv2 + 2C2u3
- 18C3uv2(! o:(t) dt) + 6C3u3(! o:(t) dt) + 4C3u( j f3(t) dt) + C3xu 

+6C4,u2'u- 2C4v 3 + 18C5'u2v( j o:(t) dt)- 6C5v3
(/ o:(t) dt) + 4C5v( j f3 (t) dt) + C5x'u 

+C1v + Cau + C2U,xx + 3C3U,xx( j o:(t) dt) + C4V,xx + 3CsV,xx(j o:(t) dt) + C5, 

i\2 - -6C2u 2v + 2C2v3 
- 18C3u2v(j o:(t) dt) + 6C3v3(! o:(t) dt) - 4C3v(j f3(t) dt) 

-C3xv- 6C4uv2 + 2C4u3
- 18C5uv2(! ci(t) dt) + 6C5u3(! o:(t) dt) 

+4Csu(j f3(t) dt) + CsXU + C7u- Cav ,..- C2Vxx- 3C3Vxx(j o:(t ) dt) + C4Uxx 

+3Csuxx(j o:(t) dt) + C1, 

where Ci, i = 1· · · 8 are arbitrary constants. Corresponding to the above multipliers 

we obtain the following eight local conserved vectors of ( 5.1): 

<Pi = v, 
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mt 1 { 6 2 2 4 4} '*'2 2 Uxx'U - VxxV - U V + U + V , 

<P~ ~ { 12a(t)vxxU2V + 12a(t)uxxUV2
- 4a(t)UxxU3

- U'Utx- 4a(t)vxxV3 

+vvtx + 60a(t)u4 v2
- 60a(t)u2v4 + 24,B(t)u2v2

- 4a(t)u6
- 4,B(t)u4 

+4a(t)v6
- 4,B(t)v4

- a(t)uxx2
- 4,B(t)ux2 + Ut'Ux + a(t)vxx2 + 4,B(t)v/ 

- VtVx } ; 

<P~ = ~ { 3uxxu(1 a(t) dt) - 3Vxxv(1 a(t) dt) - 18u2v2(1 a(t) dt) + 3u4 (1 a(t) dt) 

+4u2(1 ,B(t) dt) + X 'u
2 + 3v4 (1 a(t) dt)- 4v2(1 ,B(t) dt) - xv2

} , 

<P~ = ~ { 36a(t)vxxu2v(1 a(t) dt) + 36a(t)uxxuv2 (1 a(t) dt)- 8a(t)uxxu(1 ,B(t) dt) 

- a(t)uxu - 2xa(t)uxxU- 12a(t)Uxxu3 (1 a(t) dt)- 3UUtx(1 a(t) dt) 

+8a(t)vxxv(1 ,B(t) dt) + a(t)vxv + ~a(t)vxx'V- 12a(t)vxxv3 (1 a(t) dt) 

+3vvtx(1 a(t) dt) + 72a(t)u2v2(1 ,B(t) d.t) + 72,B(t)u2v2 (1 a(t) dt) + 18xa(t)u2v2 

+180a(t)u4v2 (1 a(t) dt) - 180a(t)u2v4 (1 a(t) dt)- 12a(t)u4 (1 ,B(t) dt) 

- 12,B(t)u4(1 a(t) dt) - 3xa(t)u4
- 12a(t)u6 (1 a(t) dt)- 4x,B(t)u2 

- 16,B(t)u2 (1 ,B(t) dt) - 12a(t)v4(1 ,B(t) dt)- 12,B(t)v4(1 a(t) dt) - 3xa(t)v4 

+12a(t)v6 (1 a(t) dt) + 4x,B(t)v2 + 16,B(t)v2(1 (3(t) dt) + 4a(t)ux 2(1 (3(t) dt) 

- 12,B(t)ux2(1 a(t) dt) + xa(t)ux2
- 3a(t)uxx2(! a(t) dt) + 3utux(1 a(t) dt) 

-4a(t)vx 2(1 ,B(t) dt) + 12,B(t)vx 2(1 a(t) dt)- xa(t)vx 2 + 3a(t)vxx 2(1 a(t) dt) 

- 3VtVx(1 a(t) dt) } ; 
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<P~ = ~ { VxxU + UxxV + 4u3v- 4uv3
} , 

<Dx ~ { - 4a(t)'u '11,
3 

- 12a(t)'u 't1
2v + 12a(t)'u 'IW

2 + 4a(t)'u v3 - 'lW - 'U'U 4 2 XX ' XX ' X X XX tx tx 

-24a(t)u5
1J + 80a(t)u3v3

- 24a(t)uv5
- 16P' (t)u3v + 16f3(t)uv3 

- 2a(t)uxxVxx 

-8fJ(t)uxVx + UtVx + VtUx } ; 

<D; = ~ { 3Vxxu( j a(t) dt) + 3uxxv( j a(t) dt) + 12u3v( / a(t) dt) 

- 12uv3
( / a(t) dt) + 8uv( j P'(t) dt) + 2xuv}, 

<P~ ~ {- 8a(t)vxxu( j P'(t) dt)- 8a(t)uxxv( j P'(t) dt)- a(t)vxu - 2xa(t)vxxU 

- a(t )uxv- 2xa(t)uxxV- 12a(t)vxxu3(! a(t) dt) - 36a(t)uxxu2v( j a(t) dt) 

+36a(t)vxxuv2(! a(t) dt) - 3UVtx( j a(t) dt) + 12a(t)uxxv3(! a(t) dt) 

-3VUtx( j a(t) dt)- 48a(t)u3v( j [J(t) dt) - 48fJ(t)u3v( j a(t) dt) 

+48a(t)uv3(! {J(t) dt) + 48P'(t)uv3(! aft) dt) - 12xa(t)u3v 

+12xa(t)uv3
- 72a(t)u5v( j a(t) dt) + 240a(t)u3v3

( / a(t) dt) 

-72a(t)uv5(! a(t) dt)- 8x{J(t)uv - 32P'(t)uv( j {J(t) dt) 

+8a(t)'uxvx( j [J(t) dt) - 24fJ(t)uxvx( j a(t) dt) + 2xa(t)'UxVx 

-6a(t)uxxVxx( j a(t) dt) + 3UtVx( j a(t) dt) + 3VtUx( j a(t) dt) } ; 

<D~ = uv, 

<Pt 
6 u, 

<P~ = 6a(t)uv2
- 2a(t)u3

- 4{J(t)u - a(t)uxx; 
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~~ ~ { u2 _ v2}, 

~~ ~{- 2a(t)uxxU + 2a(t)vxxV + 18a(t)u2v2
- 3a(t)u4

- 4,B(t)u2
- 3a(t)v4 

+4,B(t)v2 + a(t)ux2
- a(t)vx2 

}· 

Remark 1. Higher order conservation laws of (5. ~ can be computed by inc~easing 

the order of the multipliers. 

5.4.2 Application of the new Conservation Theorem 

The adjoint equations of (5.1) are given by 

¢t- a(t) ( ¢xxx + 6(u2
- v2 )¢x + 12uv¢x) - 4,B(t)¢x = 0, 

1/Jt - a(t) (1/Jxxx + 6(u2
- v2 )1/Jx- 12uv1/Jx)- 4,B(t)1/Jx = 0. 

(5 .10a) 

(5.10b) 

Corresponding to the three symmetries of (5~ ) we have the following three cases: 

(i) We first consider the Lie point symmetry g~nerator X 1 = ox of (5.1) . Corre­

sponding to this symmetry the Lie characteristic function W = -(ux + vx) · Thus, 

the components of the conserved vector are given by 

(ii) The Lie point symmetry generator X2 = -4~8x+ a~t)EJt has the Lie characteris­

tic function W = 4~ux + 4~vx - aCt) 'Ut - a~t) Vt. Hence, one obtains the conserved 

vector whose components are 

Ti -6vxu2'lj;- 12uxuv'lj; + 12vxuv¢ + 6uxv2¢- 6uxu2¢- Uxxx¢ + 6vxv2'l/J- Vxxx1/J, 

Tt 6vtu21/J + 12UtUV'IjJ - 12vtuv¢- 6utv 2¢ + 6utu2¢ + c/Jutxx - 6VtV21/J + '1/JVtxx 
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Finally, we consider the third symmetry generator 

X = {4 1 -2 (3 (t) (a (t)) 2 + 3/3 (t) (a' (t)) [fa (t) dt]- 3 ({3' (t)) [fa (t) dt]a (t) dt 
3 (a (t))2 

+x } ~+3[ Ja(t)dt ~ ~-u~-v~. 
ox l a ( t) J at ou ov 

In a similar fashion the components of the conserved vector are given by 

TJ = a~t) { - 18(! a(t) dt)a(t) ¢mxu2
- 18(1~(t) dt)a(t )1/Jvxu2 

-a(t)¢u - 36(1 a(t) dt)va(t) 'I/J uxu + 36(1 a(t) dt)va(t) ¢vxu 

-va(t)1j; + 18(1 a(t) dt)v2a(t)¢ux- xa(t)¢ux 

_4 (1 ( {3(t) ( 3(J a(t ) dt)a'(t) _ 2) _ 3(J a(t) dt) f3 '(t) ) dt ) a(t)¢ux 
a(t) 2 a(t) 

- 12(1 a(t) dt )f3(t)¢ux + 18(1 a(t) dt)v2 a(t)'I/Jvx - xa(t)'I/Jvx 

_4 (1 ( {3(t) ( 3(J a(t) dt)a'(t) _ 2) _ 3(J a(t) dt)f3'(t) ) dt ) a(t)'I/Jvx 
a(t)2 a(t) 

-12(1 a(t) dt){3(t) 'I/Jvx - 3(1 a(t) 11.t)a(t)¢uxxx 

-3(1 a(t) dt)a(t)'I/Jvxxx } , 
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Tf = a~t) { 6a(t) 2¢u3 + 18va(t)2'1jiu2 

+18(! a(t) dt)a(t)¢utu2 + 18(! a(t) dt)a(t)'l/Jvtu2 

-18v2a(t) 2¢u + 4a(t)f3(t)¢u + a(t) 2¢xxU 

+36(! a(t) dt)va(t)'l/Jutu- 36(; a(t) dt)va(t)¢vtu 

-6v3a(t) 2 '1jl + 4va(t)f3(t)'ljl- 2a(t) 2ux¢x- 2a(t) 2vx'l/Jx 

+3a(t) 2 c/JUxx - xa(t) 2c/JxUxx 

- (! ( {3() (3(J a(t) dt)o:'(t)- ) - 3(f a(t) dt)f3'(t)) d) ( )2 
4 t a(t) 2 2 a(t) t a t c/JxUxx 

+3a(t) 2'l/JVxx- xa(t) 2'l/JxVxx 

- (! ( {3() (3(J a(t) dt)a'(t) - ) - 3(f a(t) dt) f3'(t) ) d) ( )2 
4 t . a(t) 2 2 a(t) t a t 'l/JxVxx 

( )2 (! ( {3() (3(J a(t) dt)o:'(t) ) 3(J a(t) dt) f3'(t) ) d) ( )2 +xa t Ux¢xx + 4 t a(t)2 - 2 - a(t) t a t Ux¢xx 

+va(t) 2'l/Jxx + xa(t) 2vx'l/Jxx 

(! 
(/3( ) (3(J a(t) dt)o:'(t) - ) - 3(J a(t) dt)f3'(t)) d) ( )2 

+4 t a(t)2 2 a(t) t a t Vx'l/Jxx 
....... 

. 
-18(; a(t) dt)v2a(t)¢ut + xa(t)¢ut "'" 

(! 
(/3( ) (3(J a(t) dt)o:'(t) - ) - 3(f a(t) dt)f3'(t)) d) ( ) 

+4 t a(t) 2 2 a(t) t a t ¢ut 

+ 12( j a( t) dt )/3 ( t )¢'Ut + 3(! a( t) dt )a( t) ¢xx 1Lt 

-18(! a(t) dt)v2a(t)'l/Jvt + xa(t)'l/Jvt 

(! ( 
:}( ) (3(f a(t) dt)o:'(t) - ) - 3(f a(t) dt)f3'(t)) d· ) ( )"'" 

+4 {; t a(t)2 2 a(t) t a t <pUt 

+12(; a(t) dt)f3(t)'l/Jvt + 3(! a(t) dt)a(t)'l/JxxVt- 3(! a(t) dt)a(t)¢xUtx 

-3(! a(t) dt)a(t)'l/JxVtx + 3(! a(t) dt)a(t)¢utxx + 3(! a(t) dt)a(t)'l/JVtxx}. 

Remark 2. The components of the conserved vectors contain the arbitrary solutions 

¢and 'ljl of the adjoint equations (5 .10) and hence one can obtain an infinite number 

of conservation laws. 
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5.5 Conclusion 

In this chapter Lie group analysis was employed to study the generalized coupled 

variable-coefficient modified Korteweg-de Vries (CVCmKdV) system (5 .1 ). We ob­

tained exact solutions for this system with the aid of simplest equation and Jacobi 

elliptic function methods. The exact solutions obtained were solitary, cnoidal and 

snoidal waves. Furthermore, the conservation laws of the CVCmKdV system were 

constructed using the multiplier method and the new conservation theorem. 
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Chapter 6 

Symmetry reductions, exact 

solutions and conservation laws of 

a new coupled KdV system 

In [59] the new coupled Korteweg-de Vries sy. tern 

Ut + Uxxx + 3uux + 3wwx = 0, .-

Vt + Vxxx + 3vvx + 3wwx = 0, 
3 3 

Wt + Wxxx + 2(uw)x + 2(vw)x = 0 

(6 .1 a) 

(6.1b) 

(6.1c) 

was examined. The 4 x 4 matrix spectral problem with three potentials has been 

used in [59] to derive a hierarchy of nonlinear evolution equations, which includes the 

coupled Korteweg-de Vries equation (6 .1). It was shown that the hierarchy possesses 

the generalized hi-Hamiltonian structures with the aid of the trace identity. Wazwaz 

[46] also considered the system (6.1) and employed the Hirota's bilinear method 

combined with Hereman et al [54] simplified approach to study the integrability of 

(6.1) . Mult iple-soliton solutions and multiple singular soliton solutions were obtained 

for (6.1) in [46] . 

In this chapter Lie symmetry analysis is performed on (6.1) and similarity reductions 

and new exact solutions are obtained. In addition , we derive the conservation laws 
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of (6.1) using the multiplier method 

This work has been published in [67]. 

6.1 Some symmetry reductions and exact solu-

tions of (6.1) 

The symmetry group of the coupled KdV system ( 6.1) will be generated by the vector 

field of the form 

X = 1( a 2 ) a 1 ) a 2 a ~ t,x,u,v,w)at +~ (t,x ,u,v,w ax +TJ (t,x,u,v,w au +TJ (t,x,u,v,w)av 

3 a 
+TJ (t, x, u, v, w)~. 

uw 

Applying the third prolongation pr(3) X [7] to ( 6.1) results in an overdetermined 

system of linear partial differential equations , 

TJ;w = 0, TJ~u = 0, TJ~v = 0, TJ~w = 0, TJ;v = o,.,.TJ;w = 0, TJ~w = 0, TJ~v = 0, TJ~w = 0, 

TJ~u = 0, TJ~v = 0, TJ~w = 0, TJ~w = 0, Tl!w = 0, TJ~w = 0, TJ~w = 0, T/~v = 0, TJ~u = 0, 

~i - 3~; = 0, 3UT]~ + 3WT]~ + TJi + TJ~xx = 0, 3vT); + 3WT)~ + TJZ + TJ;xx = 0, 

2T]~U- 2T)~V- T]~W + 2WT]~ = 0, -2T]~U + 2T]~V- 17~W + 2W77~ = 0, 

317~U + 3T)~V + 3WT]~ + 3w17; + 277( + 217~xx = 0, 

6~t1 u - 6u~; - 377~ W + 6w17~ + 6771 + 677~xu - 2~z - 2~;xx = 0, 

6av - 6v~; - 377~ w + 6w17~ + 6772 + 6T);xv - 2~; - 2~;xx = 0, 

3 3 1 2 3 c1 c2 0 17v U - 17v V + 17v W + 17v W - W17w + ':,t W - Wt., x + T/3 = ' 

17~U- 17~V- 277~W- 277~W + 2W77! + 2~iw- 2w~; + 2773 = 0, 

3 3 1 2 3 c1 c2 0 -17uU + 17uV + 17uW + 17uW- W17w + ':,t W- Wt.,x + 173 = ' 

-17~U + 17~V - 277~W - 277;w + 2W77! + 2~iw - 2w~; + 2773 = 0, 
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3~J 'u - 3u~; + 3~Jv - 3v~; + 3r);w + 377;w - 6w·'7~ - 6w17~ + 3771 + 3772 

+617;xw - 2~; - 2~;xx = 0. 

The general solution of the overdetermined system of linear partial differential equa­

tions is given by 

e(t, X, u, v , w) = cl + 3tCs , 

e(t, X, u, v , w) = c3 + 3t\(4 + xCs , 

771(t, X, u, v, w) = -2wC2 + c4- 2uCs, 

772(t, X, u, v, w) = 2wC2 + c4- 2vCs, 

173 (t, x, u, v, w) = (u- v)C2 - 2wCs. 

The above general solution contains five arbitrary constants. Hence the infinitesimal 

symmetries of (6 .1) form the five-dimensional Lie algebra spanned by the following 

linearly independent operators: 

a 
xl =at' ....._ 

a a a 
X 2 = - 2w au + 2w av + ( u - v) aw ' 

a ~ 

x3 =ax' 
a a a 

x 4 = 3t ax + ou + av ' 
a a a a a 

X 5 = 3t- + x- - 2u-- 2v-- 2w-. at ax au av aw 

6.1.1 Some symmetry reductions of (6.1) 

In order to obtain symmetry reductions and exact solutions , one has to solve the 

associated Lagrange equations 

dt dx du dv dw 

e(t , x , u , v , w) ~2 (t, x, u , v, w) 
~------~=~~----~ 

771(t, );, u, v, w) 77 2 (t, x, u , v, w) rP(t, x, u, v, w) · 

We consider the following cases: 

Case 1. C1 =a, C2 = 0, C3 = 0, C4 = 1, Cs = 0 
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The symmetry aX1 + X4 gives rise to the group-invariant solution 

t 
u = E(z) + - , 

a 
t 

v = F(z) + - , 
a 

w = G(z), (6.2) 

3t2 

where z = x - - is an invariant of the symmetry aX1 + X4 . Substitution of (6.2) 
2a 

into (6 .1) results in the system of ordinary differential equations (ODEs) where E, 

F and G satisfy 

m 1 \ 
E (z) + 3E(z)E1(z ) + 3G(z )G1(z) +- = 0, 

a 
I ll 1 1 

F (z) + 3F(z) F1(z) + 3G(z) G (z) +- = 0, 
a 

Ill 3 3 1 3 3 
G (z) + 2c(z)E1(z) + 2,E(z)G (z) + 2c(z)F1(z) + 2F(z)G1(z) = 0. 

Case 2. C1 = 0, C2 = 0, C3 = 0, C4 = 1, Cs = 0 

The symmetry X4 gives rise to the group-invariant solution of the form 

X 
·u = E(z) +-

3t ' 
X 

v = F(z) +-
3t ' 

w = G(z), (6.3) 

where z = t is an invariant of X 4 and the func ions E, F and G satisfy the following 

system of ODEs: 

1 
E1(z) + -E(z) = 0 

z 
1 

F 1(z) + -F(z) = 0, 
z 
1 

G1(z) + -G(z) = 0. 
z 

Solving the above system of ODEs one obtains the rational solution 

c1 x 
u(t , x) = t + 3t ' 

c2 x 
v(t ,.'r )=-t +3t' 

c3 
w(t, x) = -. 

t 
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By solving the corresponding Lagrange system for the symmetry a1X 1 + a2X 2 + X 5 , 

one obtains an invariant z = xt- 113 and the group-invariant solution of the form 

E(z) a2 

u = (ai + 3t) 2/3 + 2' 
F(z) a2 

v = ( al + 3t) 2/3 + 2, 
G(z) w = __ ;___;__ 

(ai + 3t) 2/3' 

where the functions E, F and G satisfy the following system of ODEs: 

E"' (z) + 3E(z)E1(z)- zE1(z) - 2E(z) + 3G(z)G1(z) = 0, 

F"' (z) + 3F(z)F1(z)- zF1(z)- 2F(z) + 3G(z)G1(z) = 0, 

2G"' (z) + 3G(z)E1(z) + 3E(z)G1(z) + 3G(z)F1(z) 

+3F(z)G1(z)- 2zG1(z)- 4G(z) = 0. 

Case 4. C1 = 1, C2 = 0, C3 = v, C4 = 0, C5 = 0 

(6.4) 

In this case by solving the corresponding Lagrange system for the symmetry X1 +vX3 , 

one obtains an invariant z = x - vt, and the group-invariant solution of the form 

u = E(z), v = F(z), w = G(z), (6.5) 

where the functions E, F and G satisfy 

E"' (z)- vE1(z) + 3E(z)E1(z) + 3G(z)G1(z) = 0, (6 .6a) 

F"' (z)- vF1(z) + 3F(z)F1(z) + 3G(z)G1(z) = 0, (6.6b) 

111 3 3 I 3 1 
G (z) + -G(z)E1(z) + -E(z)G (z) + -G(z)F (z) 

2 . 2 2 
3 

+"2F(z)G1(z)- vG1(z) = 0. (6.6c) 

6.1.2 Exact solutions using simplest equation method 

Let us consider the solutions of (6.6) in the form 

M M M 

E(z) = LAi(H(z))i, F(z) = LBi(H(z))i, G(z) = L Ci(H(z))i, (6.7) 
i=O i=O i=O 

Solutions of (6.1} using the Bernoulli equation as the simplest equation 
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The balancing procedure gives M = 2, so the solutions of (6 .6) are of the form 

E(z) = Ao + A 1H + A2 H2
, 

F( z) = Bo + B1H + B2H 2
, 

G( z) =Co+ C1H + C2H 2. 

(6.8a) 

(6 .8b) 

(6.8c) 

Substituting (6.8) into (6.6) and making use of the Bernoulli equation a~d then 

equating the coefficients of the functions Hi to zero, ~ve obtain the following algebraic 

system of equations in terms of A, Bi and ci (i = o, 1, 2): 

a3 A1 - aA1v + 3aAoA1 + 3aCoCl = 0, 

8a3 A2 + 7a2 A 1b- 2aA2v + 3aAi + 6aAoA2 + 3aCi + 6aCoC2- A1bv + 3AoAlb + 3bCoCl = 0, 

38a2 A 2b + 9aA1A2 + 12aA1b2 + 9aClC2- 2A2bv + 3Afb + 6AoA2b + 3bCi + 6bCoC2 = 0, 

6aA~ + 54aA2b2 + 6aC~ + 6A1b3 + 9AlA2b + 9bClC2 = 0, 

24A2b3 + 6A~b + 6bC~ = 0, 

a3B1 + 3aC0C1 - avB1 + 3aBoBl = 0, 
...... 

8a3B2 + 7a2bB1 + 3aCi + 6aCoC2- 2avB2 + 3aBi + 6aBoB2 + 3bCoCl- bvB1 + 3bBoBl = 0, 

38a2bB2 + l2ab2B1 + 9aC1C2 + 9aB1B2 + 3bC?"+ 6bCoC2- 2bvB2 + 3bBi + 6bBoB2 = 0, 

54ab2B2 + 6aC~ + 6aB~ + 6b3B1 + 9bC1C2 + 9bBlB2 = 0, 

24b3 B2 + 6bC~ + 6bB~ = 0, 
3 3 3 3 3 

a C1 + -aA1Co + -aAoC1 - aC1v + -aCoB1 + -aC1Bo = 0, 
2 2 2 2 

8a3C2 + 7a2bC1 + 3aA2C0 + 3aA1Cl + 3aAoC2- 2aC2v + 3aCoB2 + 3aC1Bl 

3 3 3 3 
+3aC2B0 + 2'A1bC0 + 

2
A0bC1 - bC1v + 2bCoB1 + 2bC1Bo = 0, 

2 9 9 2 9 g · 
38a bC2 + -aA2C1 + -aA1C2 + l2ab C1 + -aC1B2 + -aC2B1 + 3A2bCo 2 2 2 2 . 

+3A1bC1 + 3A0bC2 - 2bC2v + 3bCoB2 + 3bC1Bl + 3bC2Bo = 0, 

2 3 9 9 9 9 
6aA2C2 + 54ab C2 + 6aC2B2 + 6b C1 + 2A2bC1 + 2'A1bC2 + 2bC1B2 + 2bC2B1 = 0, 

24b3C2 + 6A2bC2 + 6bC2B2 = 0. 

Solving the resultant system of algebraic equations with the aid of Mathematica, one 
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possible set of values of A;, Bi and Ci ('i = 0, 1, 2) are 

Ao = Ao , 

A1 = A1, 

A 2 = A1b' 
a 

B _ -4a2b2 - 2aA1b + 2A2v- 3AoA2 + 4b2v 
0 

- 3 ( A2 + 4b2) ' 

B1 = -4ab- A 1, 

B2 = -A2- 4b2, 

1 
Co= 3J(a2 + 3Ao- v) (a2 - v + 380 ), 

C
1 

= _ 3A1Co 
a2 - v + 3B0 ' 

bC1 
C2=- ... · 

a 

As a result, a solution of (6.1) is 

( ) _A A { cosh[a(z +C)]+ sinh[a(z +C)] } 
u t, x - o + 1a [ J [ J 1- bcosh a(z +C) - bsinh a(z +C) 

A 2 { cosh[a(z -f C)]+ sinh[a(z +C)] } 2 

+ 2a 1- bcosh[a(z +C)]- bsinh[a(z +C)] ' 

v(t x) = B + B a{ cosh[a(z + e)]+ sinh[a(z +C)] } 
' 

0 1 1- bcosh[a(z +C)]- bsinh[a(z +C)] 

B 2 { cosh[a(z +C)]+ sinh[a(z +C)] } 2 

+ 2a 1- bcosh[a(z +C)]- bsinh[a(z +C)] ' 

C C { 
cosh[a(z +C)]+ sinh[a(z +C)] } 

w(t, x) = o + 1a 
1- bcosh[a(z +C)]- bsinh[a(z +C)] 

2 { cosh[a(z +C)]+ sinh[a(z +C)] } 2 

+Ga . , 
1- b cosh[a(z +C)]- bsmh[a(z +C)] 

where z = x- vt. 

(6.9a) 

(6.9b) 

(6.9c) 

Solutions of (6.1} using Riccati equation as the simplest equation 

The balancing procedure gives M = 2, so the solutions of (6.6) are of the form 

E(z) = Ao + A1H + A2H2
, 

F(z) = Bo + B1H + B2 H 2
, 

G(z) =Co+ C1 H + C2H 2
. 
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Substituting (6 .10) into (6.6) and making use of the Riccati equation, we obtain the 

following algebraic system of equations in terms of Ai, Bi and Ci (i = 0, 1, 2) by 

equating all coefficients of the functions Hi to zero: 

2aA1e2 + A1b2e + 6A2be2 - A1ev + 3Ao'A1e + 3eCoCl = 0, 

8aA1be + 16aA2e2 + A 1b3 + 14A2b2e- A 1bv + 3AoAlb 

+3bCoCl- 2A2ev + 3Aie + 6AoA2e + 3eCi + 6eCoC2 = 0, 

8a2 A1e- aA1v + 3aAoAl + 7aAlb2 + 52aA2be + 3aCoCl + 8A2b3
- 2A2bv 

+3Aib + 6AoA2b + 3bCi + 6bCoC2 + gA1A2e + 9eClC2 = 0, 

12a2 A 1b + 40a2A 2e- 2aA2v + 3aAi + 6aA0A2 + 38aA2b2 

+3aCi + 6aC0C2 + 9A1A 2b + 9bC1C2 + 6A~e + 6eC~ = 0, 

6a3 A1 + 54a2 A 2b + 9aA1A2 + 9aClC2 + 6A~b + 6bC~ = 0, 

24a3 A 2 + 6aA~ + 6aC~ = 0, 

2ae2B1 + b2eB1 + 6be2B2 + 3eCoCl- evB1 + 3eBoBl = 0, 

8abeB1 + 16ac2 B2 + b3 B1 + 14b2 eB2 + 3bCoC1 - bv B1 + 3bBoB1 
...... 

+3eCi + 6eC0C2- 2evB2 + 3cBi + 6eBoB2 = 0, 

8a2eB1 + 7ab2B1 + 52abeB2 + 3aCoC1 - avB1 "+ 3aBoBl + 8b3B2 

+3bCi + 6bCoC2- 2bvB2 + 3bBi + 6bBoB2 + 9eClC2 + 9eBlB2 = 0, 

12a2bB1 + 40a?eB2 + 38ab2B2 + 3aCi + 6aCoC2 - 2avB2 

+3aBi + 6aB0 B2 + 9bC1C2 + 9bB1B2 + 6eC~ + 6eB~ = 0, 

6a3B1 + 54a2bB2 + 9aC1C2 + 9aB1B2 + 6bC~ + 6bB~ = 0, 

24a3 B2 + 6aC~ + 6aB~ = 0, 

2 2 2 3 3 3 3 
2ae C1 + b eC1 + 6be C2 + -A1eCo + -AoeCl - eC1v + -eCoB1 + -eC1Bo = 0, 

2 2 2 2 
2 3 2 3 3 

8abeC1 + 16ae C2 + b C1 + 14b eC2 + 2A1bCo + 2AobC1 - bC1v 

3 3 
+-bCoBl + -bC1B0 + 3A2eC0 + 3AleCl + 3AoeC2- 2eC2v + 3eCoB2 + 3eC1Bl + 3eC2Bo = 0, 

2 2 
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2 3 3 2 3 
8a cC1 + -aA1Co + - aAoC1 + 7ab C1 + 52abcC2- aC1v + -aCoB1 

2 2 2 
3 3 

+2aC1Bo + 8b C2 + 3A2bCo + 3A1bC1 + 3AobC2- 2bC2v + 3bC0B2 

9 9 9 9 
+3bC1Bl + 3bC2Bo + -A2cC1 + -A1cC2 + -cC1B2 + -

2
cC2B1 = 0, 

2 2 2 

12a2bCl + 40a2cC2 + 3aA2Co + 3aA1C1 + 3aAoC2 + 38ab2C2 

9 
-2aC2v + 3aCoB2 + 3aC1Bl + 3aC2Bo + 

2
A2bC1 

9 9 9 
+2A1bC2 + 2bC1B2 + 2bC2B1 + 6A2cC2 + 6cC2~2 = 0, 

3 2 9 9 9 9 
6a C1 + 54a bC2 + 

2
aA2C1 + 

2
aA1C2 + 

2
aC1B2 + 

2
aC2B1 + 6A2bC2 + 6bC2B2 = 0, 

24a3C2 + 6aA2C2 + 6aC2B2 = 0. 

Solving the above system, one possible set of values are 

Ao = Ao, 

A1 = A1, 

A_ aA1 
2- b , 

-32a3c- 4a2b2 + 4a2v- 2aA1b- l6aA2c + 2A2v- 3AoA2 
Bo = 3 ( 4a2 + A2) ' 
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Hence solutions of (6.1) are 

u(t , x) = Ao + A1{- !._-!_tanh [~e (z +C)]} 
2a 2a 2 

+A2{- !._-!_tanh [~e (z +c)] }
2
, 

2a 2a 2 
(6. 11a) 

v(t, x) = 8 0 + 8 1 { -!._-!_tanh [~e(z +C)]} 
2a 2a 2 

+82{- !._-!_tanh [~e(z +c)] }
2
, 

2a 2a 2 
(6.11b) . 

w(t, x) = C0 + C1{- !._-!_tanh [~e(z +C)]} 
2a 2a 2 

+C2{ -!._-!_tanh [~fJ(z +C)] }
2 

2a 2a 2 
(6.11c) 

and 

u(t, x) = Ao + A1 { -}?_-!_tanh (-2
1 ez) + (::)h (!) . (Bz)} 

2a 2a Ccosh 2 - 9 smh 2 

+A2{ - !._ - !_tanh (~ez) + sech (~) }
2 

(6.12a) 
2a 2a 2 C cosh (0

;) - ~a sinh (0
;) ' 

v(t , x) = 80 + 81 { - 2ba - :a tanh ( te!) + C cosh (;)h_(~)sinh (~)} 
+82{- !._-!_tanh (~ez) + sech (~) }

2 
(6 .12b) 

2a 2a 2 C cosh (0;) - 2
0a sinh ( 0;) ' 

{ 
b e ( 1 ) sech ( ~) } 

w(t, x) =Co+ C1 - 2a - 2a tanh 28z + C cosh (0;) - 2; sinh(~) 

{ 
b e ( 1 ) sech ( Oz) } 2 

+C2 -- - -tanh -ez + 2 (6.12c) 
2a 2a 2 C cosh ( 0;) - 2Ba sinh (li2z) ' 

where z = x - vt. 

A profile of the solution (6.9) is given in Figure 6.1- 6.3. 
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Figure 6.1: Evolution of solitary wave solution (6.9) with parameters 

C1 = 0, v = 1, a= 1, b = 3, c = 1, Ao = 0, A1 = 1. 

_, 

Figure 6.2: Evolution of solitary wave solution (6.9) with parameters 

C1 = 0, v = 1, a = 1, b = 3, c = 1, Ao = 0, A1 = 'i. 

)II 

Figure 6.3: Evolution of solitary wave solution (6.9) with parameters 

C1 = 0, v = 1, a= -2, b = 1, c = -1, Ao = 0, A1 = 1. 
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6.1.3 Solutions of (6.1) using Jacobi elliptic function method 

In this subsection we use the Jacobi elliptic function method, which was used in 

Chapter 4, to obtain exact solutions of (6.1) and as a result we obtain the following 

cnoidal and snoidal wave solutions given by 

where 

and 

Ao = Ao , 

Az = Az, 

u(t, x) = Ao + A1cn(z lw) + Azcn2(zlw), 

v(t, x) = Bo + B1cn(zlw) ~Bzcn2 (zlw), 

w(t, x) =Co+ C1cn(zlw) + Czcn2 (zlw), 

-2Azv + 16Azw + 3AoAz- 8Az + 4vw- 32w2 + 16w 
Bo = 12w- 3Az ' 

B1 = 0, 

Bz = 4w- Az , 
1 ~ 

C0 = - J (-3A0 + v - 8w + 4) ( v - 8w - 3Bo + 4), 
3 

c1 = o, 
Cz = 3AzCo 

v- 8w- 3Bo + 4 

u(t, x) = Ao + A1sn(zlw) + Azsn2(zlw), 

v(t, x) = Bo + B1sn(z lw) + Bzsn\zlw), 

w(t, x) =Co+ C1sn(zlw) + Czsn2 (zlw) 
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(6.13b) 

(6. 13c) 

(6.14a) 

(6.14b) 

(6.14c) 



with 

Ao = Ao , 

A1 = 0, 

A2 = A2, 

B _ 2A2v + 8A2w - 3AoA2 + 8A2 + 4vw + 16w2 + 16w 
o- 3(A2 +4w) ' 

B1 = 0, 

B2 = -A2- 4w, 

1 
Co= 3J( -3Ao + v + 4w + 4) (v + 4w- 380 + 4), 

c1 = o, 
C

2 
= 3A2Co 

v + 4w - 380 + 4 

and z = x - vt. 

The profile of the solut ion (6.14) is given in Figure 6.4-6.6. 

t 

-S 

Figure 6.4: Evolution of snoidal wave solution (6.14) with parameters Ao = 0, A2 = 

1, 1/ = 1, w = 0.6. 
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Figure 6.5: Evolution of snoidal wave solution (6.14) with parameters Ao = 0, A2 = 

1, v = 1, w = 0.6. 

t 

2.0 

1\v 

X 

Figure 6.6: Evolution of snoidal wave solution (6.14) with parameters Ao = 0, A2 = 

-1 , v = 1, w = 0.6. 

6.2 Conservation laws of (6.1) 

For the coupled KdV system ( 6.1) , we obtain the second-order multipliers, 

where Ci , i = 1, 2, 3, 4, 5, 6 are arbitrary constants . 
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Corresponding to the above multipliers we have the following first six (of infinitely 

many) conserved vectors of (6. 1): 

Tf 1~ { 3tu2 - 2xu + 3tv2 - 2xv + 6tw2}, 

Tlx 
1

1

2 
{ 6tuxxU + 6tvxxV + 12twxxW + 18tuw2 + 6tu3

- 3xu2 

+ 18tvw2 + 6tv3 
- 3xv2 - 6xw2 

- 3tux 2 - 3tvx 2 -:- 6twx 2 

+ 2·ux - 2X'Uxx + 2Vx - 2XVxx} ; 

Ti l { u2 + v2 + 2w2}, 

T; l { 2Uxx U + 2Vxx V + 4Wxx W + 6uw2 + 2u3 + 6vw 2 + 2v3 

2 2 2 2}· -Ux - Vx :- Wx , 

Tj ~ { UxxU + VxxV + 2WxxW + 3uw2 + u3 + 3vw2 + v3
} , 

rx 1 { 2 2 2 4 2 3 
24 

24WxxUW + 1 UxxW + 12UxxU - UUtx + 12VxxW 

+24WxxVW + 12VxxV2
- 4VVtx- 8WWtx + 36uvw2 + 36u2w2 

+9u4 + 36v2w2 + 9v4 + 18w4 +.,..4utUx + 4VtVx + 8WtWx 

+4uxx 2 + 4Vxx 2 + 8wx/}; 

yt 
4 

yx 
4 

r,t 
5 

w, 

~{ 3uw + 3vw + 2Wxx } ; 

v, 

~ { 3v2 + 3w2 + 2v } · 
2 XX > 

TJ = u, 

1 { 2 2 } 2 3u + 3w + 2uxx . 

Remark We note that the last three conserved quantities can be obtained directly 

from the equations (6. 1) by inspection and also higher order conservation laws of 

(6 .1) can be computed by increasing the order of the multipliers. 
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6.3 Conclusion 

In this chapter Lie symmetry analysis was employed to study a new coupled KdV 

system. We obtained similarity reductions and exact solutions with the aid of sim­

plest equation and Jacobi elliptic function methods . The exact solutions obtained 

were solitary, cnoidal and snoidal waves . The conservation laws of the coupled KdV 

system were constructed using the multiplier method . 
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Chapter 7 

New exact solutions and 

conservation laws of a coupled 

Kadomtsev-Petviashvili system 

7.1 Introduction 

In Chapter 6 we studied the coupled KdV system 

'Ut + Vxxx + 3vvx + 3wwx = 0, 

3 3 
'Wt + 'Wxxx + 2(uw)x + 2(vw)x = 0. 

(7 .1 a) 

(7.1b) 

(7.1c) 

In this chapter we consider the above system formulated in the KP sense, which is 

given by [62] 

( Ut + Uxxx + 3uux + 3wwx) x + Uyy = 0, (7.2a) 

( 'Ut + Vxxx + 3VVx + 3wwx) x + 'Uyy = 0, (7.2b) 

( 'Wt + 'Wxxx + ~(uw)x + ~(vw)x) x + Wyy = 0 (7.2c) 

and obtain exact solutions of the system. We also derive conservation laws for (7. 2). 
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This work has been published. See [68]. 

7.2 Symmetries and exact solutions of (7.2) 

The symmetry group of the coupled KP system (7.2) will be generated by the vector 

field of the form 

X 1 a 2( )7 3( a ~ (t,x,y,u,v,w)at+~ t,x,y,u,v,w)ax+~ t,x,y,u,v , w)ay 

1( a 2( a 3( a +77 t, X, y, U, V, w) au+ 77 t, X, y, U, V, w) av + 77 t, X, y, U, V, w) aw. 

By applying the fourth prolongation pr(4
) X [7] to (7.2), we obtain an overdetermined 

system of linear partial differ~ntial equations (PD Es), 

77~ = 0, 77~ = 0, ~~ = 0, ~; ~ 0, ~~ = 0, ~~ = 0, ~; = 0, ~~ = 0, ~! = 0, 

~~ = 0, ~~ = 0, ~; = 0, ~~ = 0, ~~ = 0, 17~w = 0, 17~u = 0, 17~v = 0, 17~v = 0, 

17~w = 0, 17;v = 0, 17;u = 0, ~;x = 0, 17~w = 0, 17~u = 0, 17~v = 0, 17~w = 0, 

17~w = 0, 17~u = 0, 17~v = 0, 17;w = 0, 277~- 77~ = 0, 77~ - 277~ = 0, 277~- 77; = 0, 

277~ + 77~ = 0, 77~ + 77~ = 0, 277~ - 77~ = 0, 277~ + 77; = 0, 677~ + 17iw = 0, 

677~ + 17;w = 0, 377; + 17:v = 0, 377~ + 17iu = 0, -~J + 3~; = 0, 2~; + 77~ = 0, 

2~; + 77~ = 0, -~~ + 2~; = 0, -~~Y + 277~w = 0, -~~y + 277~u = 0, 

-~~y + 277~v = o, -a - 2~; = o, 2~; - 77~ + 277! = o, 2~; - 77~ + 2·'7! = o, 

6'Yl1 t:2 + 1 t:2 0 6rJ2 t:2 + 'Yl2 t:2 _ 0 ,n3 'Yl3 + 'Yl1 + 'Yl2 _ 0 'lx- <.,tx 17tu- <.,yy = > 'lx- <.,tx 'ltv- <.,yy- • -,,u- 'lv 'lw 'lw- ' 

12v~; - 377~w + 6w77~ + 6772 - 2~; = 0, 12·u~; - 377;w + 6·w77~ + 6771 - 2~; = 0, 

3 1 3 3 1 1 1 0 3 2 3· 3 2 2 + 2 - 0 'U17xx + W17xx + 17tx + 17yy + 17xxxx = > 'U17xx + W17xx + 17tx + 17yy 17xxxx - ' 

377; + 377; - ~;x + 77iw - ~;y = 0, -77~71, + 77~V + 17~W- W77! + 2w~; + 773 = 0, 

77~U - 1'/~V + 1'/~W - W17! + 2w~; + 773 = 0, 

77;u -17;v- 277~w + 2w77! + 4w~; + 2773 = 0, 

-17~u + 77~v- 277~w + 2w77! + 4w~; + 2773 = 0, 
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3 ·ry~x 'U + 3·ry~xv + 3w7};x + 3w7}~x + 27}:x + 2·ry~Y + 2 ·ry~xxx = 0, 

6 ·u~~ + 6v~~ + 37)~W + 3·ry~w - 6w7}~- 6w·ry~ + 3·ry1 + 3·ry2 - 2~; = 0. 

The general solution of the above overdetermined system of linear PDEs is given by 

e(t ,x, y,u,v ,w) = 18F1(t), 

e(t , x, y , u , v , w) = -3y2 F{'(t) + 3F3(t)- 3yF~(t) + 6xF{(t), 

e(t, x, y, u , v , w) = 12yF{ (t) + 6F2 (t), 

71 1(t, x , y, u , v, w) = -2C1w- y2 F{"(t) + F3(t)- yF~'(t)- 12uF{(t) + 2xF{'(t) , 

712 (t , x , y, u , v, w) = -y2 F{"(t) + F~(t)- yF~'(t) + 2wC1 - 12vF{(t) + 2xF{'(t) , 

713 (t, x , y, u, v, w) = (u- v)C1 - 12wF{(t) , 

where C1 is an arbitrary constant and F1 , F2 and F3 are arbitrary functions oft . 

For simplicity we restrict these arbitrary functions to arbitrary constants C2 , C3 and 

C4 respectively. As a result we obtain the 4-dimensional Lie algebra spanned by the 

following linearly independent operators: 

8 
8t ' 
8 

ox' 
8 
By' 

a a a 
r 4 = - 2w ou + 2w 8v + ( u - v) ow . 

7.2.1 Symmetry reductions of (7.2) 

We now make use of the symmetry r = r 1 + r 2 + r 3 and reduce (7.2) to a 

system of nonlinear PDEs in two independent variables . The symmetry r yields the 

following five invariants: 

J = t- y, 9 = x- y , ¢ = u, 1/J = v , e = w. (7.3) 
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Treating ¢, ·1/J, e as the new dependent variables and f, g as new independent vari­

ables , (3) transforms to 

3¢19 + ¢9999 + 3¢9 
2 + ¢99 + 3B99 B + ¢11 + 3¢99¢ + 3B9 

2 = 0, 

3'1/J19 + 'I/J9999 + 3'1/J/ + 'I/J99 + 3B99 B + '1/Jff + 3'1jJ99 '1jJ + 3B9
2 = 0, 

3 3 
3e 19 + B9999 + 3'1/J9 B9 + 2¢99 B + e ff + 3¢9 B9 + 2'1/J99 B 

3 3 
+2,B99¢ + 2e99 '1jJ + B99 = 0, 

which is a system of nonlinear PDEs in two independent variables f and g. 

We now find Lie point symmetries of the above system and use them to reduce it 

to a system of ordinary differential equations (ODEs). The above system has two 

translation symmetries , viz., 

11 
a 
og 

12 
a 

= ar 
By taking a linear combination 1 1 + p12 (p is a constant) of the above symmetries, 

we see that it yields the four invariants 

z = f ~ pg, ¢ = E, '1jJ =...F, e =H. 

Now treating E,F,H as new dependent variables and z as the new independent 

variable the above system transforms to the following system of nonlinear coupled 

ODEs: 

p4 E""(z) + 3p2 E(z)E"(z) + p2 E"(z)- 3pE"(z) + E"( z) 

+3p2 E'(z )2 + 3p2 H(z)H"( z ) + 3p2 H'( z )2 = 0, (7.4a) 

p4F'"'( z ) + 3p2F(z )F"(z) + p2F"( z)- 3pF"(z) 

+F"(z ) + 3p2 F'(z) 2 + 3p2 H( z)H"(z ) + 3p2 H'( z )2 = 0, (7.4b) 

p4 H"" (z ) + ~p2 H(z)E"( z ) + 3p2 E'(z)H'(z) + ~p2 E(z )H"(z) 

+~p2 H( z )F"(z) + 3p2 F'(z )H'(z ) + ~p2 F( z )H"(z) + p2 H"( z ) 
2 2 

-3pH"(z ) + H"(z) = 0. (7.4c) 

In the next two subsections we shall solve the above system of ODEs. 
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7.2.2 Solutions of (7.2) us1ng (G' /G)-expansion method 

In this subsection we use the (G'/G)-expansion method [82] and obtain some exact 

solutions of the system of ODEs (7.4). This will result in the exact solutions of the 

coupled KP system (7.2) . 

Let us consider the solution of (7.4) in the form 

M (G'(z) )i M (G'(z) )i M (G'(z) )i ' 
E(z) =~A G(z) , F(z) = ~ Bi G(z) , H(z) = ~ Ci G(z) , (7.5) 

where G(z) satisfies the linear second-order ODE with constant coefficients, viz., 

G" + J..G' + p,G = 0, (7.6) 

where )... and p, are constants. The positive integer M will be determined by the 

homogeneous balance method between the highest order derivative and highest order 

nonlinear term appearing in (7.4). Ao , ... ) AM, Bo , ... ) BM and Co, ... l eM, are 

parameters to be determined. 

Application of the balancing procedure to the system of ODEs, yields M = 2, so the 

solutions of (7.4) are of the form 

(
G'(z)) (G' (z)) 

2 

E(z) = Ao + A1 G(z) + A2 G(z) , (7.7a) 

( 
G' ( z) ) ( G' ( z) ) 

2 

F(z) = B0 + B1 G(z) + B2 G(z) , (7.7b) 

( 
G' ( z) ) ( G' ( z) ) 

2 

H(z) =Co+ C1 G(z) + C2 G(z) (7.7c) 

Substituting (7.7) into (7.4) and making use of (7.6) leads to the following overde-
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termined system of algebraic equations: 

A1>-3,up4 + 14A2>.2,u2p4 + 8A1>-,u2p4 + A1>.,up2 + 3AoAl>.,up2 - 3Al>.,up 

+A1>-,u + l6A2,u3 p4 + 3Ai,u2 p2 + 2A2,u2 p2 + 6A0A2,u2 p2 

-6A2,u2p + 2A2,u2 + 3CoCl>.,up2 + 3Ci,u2p2 + 6CoC2,u2p2 = 0, 

A1>-4p4 + 30A2>.3,up4 + 22A1>-2,up4 + A1>-2p2 + 3AoAl>-2p2 - 3A1>-2p 

+A1>-2 + 120A2>-,u2p4 + 9Ai>.,up2 + 6A2>.,up2 -h)8AoA2>.,up2 - l8A2>.,up , 

+6A2>.,u + l6A1,u2 p4 + l8A1A2,u2 p2 + 2Al,up2 + 6AoA1,up2 - 6A1,UP 

+2Al,u + 3CoCl>-2 p2 + 9Ci >.,up2 + l8CoC2>.,up2 + l8C1C2,u2 p2 + 6CoC1,up2 = 0, 

l6A2>-4p4 + 15A1>.3p4 + 232A2>-2,up4 + 6Ai>-2p2 + 4A2>-2p2 + 12AoA2>.2p2 

-12A2>-2p + 4A2>-2 + 60A1>.,up4 + 4sA1A2>.,up2 + 3Al>.p2 + 9AoAl>-p2 
;• •". 

-9Al >.p + 3Al >. + 136A2,u2 p4 + 18A~,u2 p2 + 12Ai,up2 + 8A2,up2 + 24AoA2,up2 

-24A2,up + 8A2,u + 6Ci >-2 p2 + 12CoC2>-2 p2 + 45ClC2>.,up2 + 9CoCl>.p2 

+18Ci,u2p2 + 12Ci,up2 + 24C0C2,up2 = 0, 

130A2>.3p4 + 50A1>-2p4 + 27A1A2>-2p2 + 4._40A2>.,up4 + 42A~>.,up2 + 15Ai>-p2 

+lOA2>-P2 + 30AoA2>-p2 - 30A2>-P + lOA2>- + 40Al,up4 + 54AlA2,up2 + 6AoA1P2 

+2Al/- 6A1P + 2Al + 21C1C2>-2p2 + 42Ci>.pp2 + 15Ci>-p2 + 30CoC2>-p2 

+54ClC2p,p2 + 6C0C1p2 = 0, 

330A2>-2p4 + 24A~>-2 p2 + 60A1>.p4 + 63AlA2>-p2 + 240A2,up4 + 48A~,up2 + 9Aip2 

+l8AoA2P2 + 6A2p2 - l8A2P + 6A2 + 24Ci>-2p2 + 63ClC2AP2 + 48CiPP2 

+9Cip2 + l8CoC2p2 = 0, 

336A2>-p4 + 54A~>.p2 + 24Alp4 + 36A1A2P2 + 54Ci>-p2 + 35C1C2p2 = 0, 

120A2p4 + 30A~p2 + 30Cip2 = 0, 
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3CoClA.J.Lp2 + 3CiJ.L2p2 + 6CoC2J.L2p2 + A. 3J.Lp481 + 14A.2J.L2p48 2 + 8A.J.L2p48 1 

+A.J.Lp281 + 3A.J.Lp28 081- 3A.J.Lp81 + >..J.L81 + 16J.L3p482 + 3J.L2p28i 

+ 2J.L2 p2 8 2 + 6J.L2 p2 8 08 2 - 6J.L2 p82 + 2t} 82 = 0, 

3CoC1>..2p2 + 9C[>..ttP?. + 18CoC2J..ftp2 + 18C1C2J.L2P2 + 6CoC1J.LP2 + A.4 p481 

+30A.3J.Lp482 + 22J..2J.Lp48 1 + A.2p281 + 3A.2p28 081- 3A.2p8l + >..28 1 + 120>..,u.2p482 

+9A.J.Lp28[ + 6A.J.Lp28 2 + 18A.J.Lp28o82- 18A.J.Lp82 + 6>..J.L82 + 16,u.2p48 1 + 18J.L2p28 18 2 

+ 2,u.p2 8 1 + 6J.Lp2 8 081 - 6,u.p81 + 2pBl = 0, 

6C[>..2p2 + 12CoC2>..2p2 + 45ClC2A.J.Lp2 + 9CoCl.Ap2 + 18C~J.L2p2 + 12C[J.Lp2 

+24CoC2,u.p2 + 16A.4p482 + 15A.3p481 + 232A.2J.Lp482 + 6A.2p28i + 4>..2p28 2 

+12A.2p28 08 2 - 12A.2p82 + 4>..282 + 60A.J.Lp481 + 45>..p.p28182 + 3A.p281 

+9A.p2 8o81 - 9A.p81 + 3.\81 + 136J.L2 p4 82 + 18,u.2 p2 8~ + 12J.Lp2 8i 

+8J.Lp2 8 2 + 24J.Lp2 8 08 2 - 24J.Lp82 + 8pB2 = 0, 

27C1C2A.2 p2 + 42C~ A.J.Lp2 + 15C[ A.p2 + 30CoC2A.p2 + 54ClC2J.LP2 + 6CoC1p2 

+ 130>.. 3 p4 8 2 + 50>.. 2 p4 8 1 + 27 >.. 2 p2 8 182 + 440.AJ.Lp4 B2 + 42.-\J.Lp2 8~ + 15A.p2 8i 

+10A.p28 2 + 30.-\p28 08 2 - 30A.p82 + 10>..82 + 40J.Lp481 + 54,u.p28182 + 6p28o81 

+2p28 1 - 6p81 + 281 = 0, 

24C~ ,\ 2 p2 + 63C1 C2A.p2 + 48C~ !LP2 + 9C[ p2 + 18CoC2p2 + 330>.. 2 p4 8 2 + 24>.. 2 p2 8~ 

+60A.p48 1 + 63A.p28 182 + 240flp482 + 48flp28~ + 9p28i + 18p28o82 

+6l 82 - 18p82 + 682 = 0, 

54C~>..p2 + 36C1C2p2 + 336A.p48 2 + 54A.p28~ + 24p481 + 36p28182 = 0, 

30C~p2 + 120p48 2 + 30p28~ = 0, 

~A1Co>..J.LP2 + ~AoCI>..J.Lp2 + 3A2Cofl2P2 + 3AlClJ.L2P2 + 3AoC2fl2p2 + C1A.3J.LP4 

2 2 . 

+14C2A.2fl2p4 + 8C1.-\,u.2p4 + C1A.flp2 - 3CIA.J.Lp + C1>../l + 16C2J.L3p4 + 2C21L2P2 

-6C2fl2 p + 2C21L2 + ~Co>..flp2 81 + ~Cl.-\flp2 8o + 3Coll2 p2 82 + 3Clfl2 P2 81 
2 2 
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~A1Co>-2p2 + ~AoC1>-2p2 + 9A2Co>-,up2 + 9A1C1A,up2 + 9AoC2>.,up2 + 9A2C1,U2P2 
2 2 

+9A1C2,u2p2 + 3A1Co,UP2 + 3A0Cl,up2 + C1.-\4p4 + 30C2>-3,up4 + 22Cl>-2,up4 

+C1>-2 p2 - 3C1>.2 p + C1>-2 + 120C2>.,u2 p4 + 6C2.-\,up2 - l8C2>.,up + 6C2.-\,u 

24 2 3 22 3 22 ,., 
+l6C1,u p + 2Cl,up - 6C1,up + 2Cl,u + 2Co>- p B1 + 2C1>- p Bo + 9Ca>.,up~B2 

+9Cl>.,up2Bl + 9C2>.,up2B0 + 9C1,u2p2B2 + 9C2,u2p2B1 + 3Ca,up2Bl + 3Cl,up2Bo = 0, 

2 2 2 2 2 2 45 2 45 2 
6A2Co>- p + 6A1C1.-\ p + 6AoC2>- p + 2A2C1.-\,up + 2A1C2>.,up 

9 2 9 2 22 2 2 2 
+2A1Co>-P + 2AoC1>-P + l8A2C2,u p + 12A2Co,up + 12A1C1.UP + 12AoC2.UP 

+16C2>.4p4 + 15C1>.3p4 + 232C2>.2,up4 + 4C2>.2p2 -12C2>.2p + 4C2>-2 + 60C1>.,up4 

+3Cl >.p2 - 9C1 >.p + 3Cl .-\ + 136C2,u2l + 8C2,up2 - 24C2.UP + 8C2,u + 6Co>-2 p2 B2 

2 2 2 2 45 2 45 2 9 2 9 2 
+6C1>. p B1 + 6C2>. p Bo + 2C1.-\,up B2 + 

2
c2>.,up B1 + 2Co>-P B1 + 2C1>-P Bo 

2 2 2 .. 2 2 
+l8C2,u p B2 + 12Co,UP B2 + 12C1,UP B1 + 12C2.UP Bo = 0, 

27 2 2 27 2 2 2 2 2 2 
2A2C1>- p + 2A1C2>. p + 42A2C2>.,up + l6A2Co.-\p + 16A1C1>.p + l6AoC2>.p 

+27A2Cl,u/ + 21A1C2,up2 + 3A1Cop2 + 3AoClp2 + 130C2>.3p4 + 60C1>.2p4 + 440C2>.,up4 

2 4 2 27 2 2 
+lOC2>-P - 30C2AP + lOC2>- + 40Cl.UP + ._tC1p - 6C1p + 2Cl + 2C1>. p B2 

27 2 2 2 2 2 2 2 +-C2>. p B1 + 42C2>.,up B2 + 15Co>-P B2 + l6C1>-P B1 + l6C2.-\p Bo + 27Cl.UP B2 
2 ~ 

+27C2,up2Bl + 3C0p2Bl + 3Clp2Bo = 0, 

24A2C2>.2p2 + 
6
2
3 

A2C1.-\p2 + 
6
2
3 

A1C2>-p2 + 48A2C2,up2 + 9A2Cop2 + 9A1C1P2 

+9A0C2p2 + 330C2>- 2p4 + 60C1.-\p4 + 240C2Jtp4 + 6C2p2 - l8C2p + 6C2 + 24c2>-2p2B2 

63 2 63 2 2 2 2 2 
+2C1>-P B2 + 

2
c2>-P B1 + 48C2J1P B2 + 9Cap B2 + 9Clp B1 + 9C2p Bo = 0, 

54A2C2>.p2 + 18A2C1p2 + l8A1C2p2 + 336C2.-\p4 + 24Clp4 + 54c2>-p2B2 

+l8C1p2B2 + l8C2p2B1 = 0, 

30A2C2p2 + 120C2p4 + 30C2p2B2 = 0. 
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Solving this system of algebraic equations , with the aid of Mathematica, we obtain 

A1 = -2A.p2
, 

A2 = -2p2
, 

Bo = Ao, 

Now using the general solution of (7.6) in (7.7), we have the following three types of 

travelling wave solutions of the coupled KP equation (7.2): 

When >-2 - 4,u > 0, we obtain the hyperbolic function solutions 

(7.8a) 

(7.8b) 

(7.8c) 

where z = t- px + (p- l)y, 51= ~J>-2 - 4,u, cl and c2 are arbitrary constants. 
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When .A2 
- 4J.L < 0, we obtain the trigonometric function solutions 

u2(t , x, y) = 

where z = t- px + (p- l)y, 82 = ~J4.u- .A2, cl and c2 are arbitrary constants. 

When .A2 
- 4f.l = 0, we obtain the rational function solutions 

A profile of the solution (7.8) is given in Figures 7.1-7.3. 

u 

Figure 7.1: Evolution of travelling wave solution (7.8) with parameters 

C1 = 0, C2 = 1, .A= 3, J.L = 1, p = 2, y = 0, Ao = 0. 
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X 

Figure 7.2: Evolution of travelling wave solution (7 .8) with parameters 

C1 = o, C2 = 1, A = 3, J..L = 1, p = 2, y = o, Ao = o. 

Figure 7.3: Evolution of travelling wave solution (7.8) with parameters 

C1 = 0, C2 = 1, A= 3, J..L = 1; p = 2, y = 0, Ao = 0. 

7.2.3 Solutions of (7.2) in terms of Jacobi elliptic functions 

In this subsection we obtain exact solutions of (7.2) in terms of Jacobi elliptic func­

tions. We note that the cosine-amplitude function, cn(zJm), the delta amplitude 

function, dn(zJm), and the sine-amplitude function, sn(zJm) satisfy the following 

ordinary differential equations: 

and 

G"(z) + 2mG(z) 3 + (1- 2m)G(z) = 0, 

G"(z)- (2- m)G(z) + 2G(z) 3 = 0 

G"(z)- 2mG(z)3 + (m + 1)G(z) = 0, 
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(7.10) 

(7.11) 



respectively [77]. 

We now use the above ODEs in place of (7.6) in the (G'/G)-expansion method (The 

0 DEs are used here for the first time in ( G' /G)-expansion method). Consequently, 

following the same procedure of the previous subsection we obtain new exact solutions 

of the coupled KP equation (7. 2) in terms of the Jacobi ellipt ic functions, namely 

( ) _A _ A (dn(zlm)sn(zlm) ) A (dn(zlm)sn(zlm) )
2 

u4 t, x, y - o 1 ( I ) + 2 ( 1 ) ' ' en z m en z m 

( ) _ _ B (dn(zl m)sn(zlm) ) B (dn(zlm)sn(zlm) )
2 

v4 t, x, y - Bo 1 ( I ) + 2 ( 1 ) ' en z m en z m 

, ( , ) _ _ (dn(zlm)sn(z lm) ) C (dn(zlm)sn(zlm) ) 
2 

w4 t, x, y - Co c1 ( I ) + 2 ( I ) ' en z m en z m 

where 

Bo = Ao , 

B2 = - 2p2, ~ 
3A0 p2 

- 16mp4 + 8p4 + p2 
- 3p + 1 

Co= 3p2 ' 

c1 = o, 
2 ( -3A0p2 + 16mp4

- 8p4
- p2 + 3p- 1) 

C2 =- 3Co ' 

z = t- px + (p - 1)y; 

( . , ) _A _A (mcn(zlm)sn(zlm) ) A (mcn(zlm)sn(zlm) )
2 

us t, x, y - o 1 dn(zlm) + 2 . dn(zlm) ' 

( ) _ _ (mcn(zl m)sn(z lm) ) ( mcn(zlm)sn(zlm) ) 
2 

Vs t , x, y - Bo B1 dn(zlm) + B2 dn(zlm) ' 

( ) _ _ (mcn(z lm)sn(zlm) ) C (mcn(zlm)sn(zlm) ) 
2 

Ws t, x, y -Co cl dn(zlm) + ? dn(z jm) ' 
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where 

A1 = 0, 
B _ 32A2P4 

- 3AoA2p2 - 2A2p2 + 6A2P - 2A2 - 16A2mp4 
- 32mp6 + 64p6 

- 4p4 + 12p3 
- 4p2 

o- 3p2(A2+4p2) ' 

B1 = 0, 

B2 = -A2- 4p2, 

C _ J3A0 p2 + 8mp4 - 16p4 + p2 - 3p + 1J8mp4 - 16p4 + p2 - 3p+ 3p2B0 + 1 
0- 3p2 l 

c1 = o, 
C

2 
__ 2 (A2Co + 2Cop2) 
- Bo- Ao ' 

z = t- px + (p- 1)y; 

and 

( ) _A A (cn(z lm)dn(zlm)) A (cn(zlm)dn(zlm)) 
2
( ) 

u6 t, x, y - o + 1 ( I ) + 2 ( I ) 7.12a sn z m sn z m 

. ( . , ) = B B (cn(zlm)dn(zlm)) B (cn(zlm)dn(z lm))
2 

( 2b) 
u6 t, x, y o + 1 ( I ) + 2 ( I ) , 1.1 sn z m sn z m 

( ) = C C (cn(zlm)dn(zlm)) C (cn(zlm)dn(zlm))
2 

( 712 ) 
w6 t, x, y o + 1 ( I ) + 2 ( I ) , . c sn z m sn z m 

where 

Bo = Ao, 

B1 = 0, 

B2 = -A2 - 4p2, 

C0 = 0, 

c1 = o, 

c 2 = J -4A.2P2 - A~ , 
z = t- px + (p- 1)y. 

A profile of the solution (7.12) is given in Figures 7.4-7.6. 
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Figure 7.4: Evolution of periodic solution (7.12) with parameters 

y = 0, m = 0.3 , p = -1, A2 = -1. 

X 

0 
-20 
-40 
-6jl' 

Figure 7.5: Evolution of periodic solution (7.12) with parameters 

y = 0, m = 0.3, p = -1, A2 == -1. 

Figure 7.6: Evolution of periodic solution (7.12) with parameters 

y = 0, m = 0.3, p = -1 , A2 = -1. 
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7.3 Conservation laws of (7.2) 

For the coupled KP system (7.2), we see that the three zeroth-order multipliers, 

namely A1 = A1(t, x, y, u, v , w), A2 = A2(t, x , y, u , v, w) and A3 = A3 (t, x , y, u , v , w) 

are given by 

A1 = xyfi (t) + xh(t) - ~y3 f{ (t) - ~Y2 f~(t) + Yh(t) + fs(t), 

A2 = x:yh(t) + xf4(t)- ~y3 f~(t)- ~y2 !~~) + Yfn(t) + .l12(t), 

A3 = xyfs(t) + xj5(t)- ~y3 f~ (t)- ~y2 f~(t) + yfg(t) + !10(t), 

where f i, i = 1, · · · , 12 are arbitrary functions oft. 

Therefore, corresponding to the above multipliers we have the following twelve con­

served vectors of (7.2): 

T{ 1~ {- 6yfi(t)u + 6xyfi(t)ux + y3 
(- f{(t)) Ux } , 

Tf 
1

1

2 
{- 6y3 f{(t)uxu + 36xyfl(t)uxu- 6y3 f{(t)wxw + 36xyfl(t)wxw + y3 h"(t)u 

-6xyf{(t)u -18yfi(t)u2 -18yfi(t)w2 -12yfi(t)uxx + 12xyfi(t)uxxx + 6xyfi(t)ut 

-y3 f{(t)ut- 2y3 f{(t)uxxx } , <-

Tf ~ { 3y2 f{ (t)u- 6xfi (t)u + 6xyJ1 (t)uy + y3 
(- f{ (t)) Uy}; 

y,t 
2 l{- 2f2(t)u + 2xh(t)ux + y2 

(- f~(t)) Ux } , 

T{ = l { -6y2 f~(t)uxu + 12xf2(t)uxu- 6y2 f~(t)wxw + 12xf2(t)wxw 

T,Y 
2 

+y2 h"(t)u- 2xf~(t)u- 6f2(t)u2
- 6f2(t)w2 - 4f2(t)uxx + 4xf2 (t)uxxx 

+2xf2(t)ut- y2 f~(t)ut- 2y2 f~(t)uxxx }, 

~ { 2yf~(t) 'u + 2xf2(t)uy + y2 
( - f~(t)) Uy}; 

103 



Ti = :
2 

{ - 6yh(t)v + 6xyfg(t)vx + y3 
(- f~(t)) Vx }, 

yx 
3 

TY 
3 

yt 
4 

yx 
4 

= 

= 

= 

1

1

2 
{ - 6y3 f~(t)vxv + 36xy!J(t)vxv- 6y3 f~(t)wxw + 36xyfg(t)wxw 

+y3 h"(t)v- 6xyf~(t)v- 18yh(t)v2
- 18yh(t)w2

- 12yh(t)vxx 

+12xyfg(t)vxxx + 6xy!J(t)vt- y3 J~(t)vt- 2y3 f~(t) vxxx } , 

~ { 3y2 f~(t)v- 6xfg(t)v + 6xyh(t)vy + y3 
(- f~(t)) vy } ; 

l { -2f4(t)v + 2xf4(t)vx + y2 
(- J~(t)) Vx } , 

l { -6y2 f~(t)vxv + 12xf4(t)vxv- 6y2 f~(t)wxw + 12xf4(t)wxw 

+y2 j4"(t)v- 2xf~(t)v- 6j4(t)v2
- 6j4(t)w2

- 4f4(t)vxx + 4xf4(t)vxxx 

+2xf4(t)vt- y2 f~(t)vt- 2y2 f~(t)vxxx } , 

TJ = ~ { 2yf~(t)v + 2xf4(t)vy + y2 
(- f~(t)) Vy}; 

r,t 
5 1

1

2 
{ - 6yj5(t)w + 6xyj5(t)wx + y3 

(- J~(t)) Wx}, 

Tt = 
1

1

2 
{ - 3y3 f~(t)uxw- 3y3 J~(t)wxu + 18xyf5~)uxw + 18xyf5(t)wxu 

Ty -
5 -

-3y3 J~(t)vxw- 3y3 f~(t)wxv + 18xyf5(t)vxw + 18xyf5(t)wxv- 18yj5(t)uw 

-18yj5(t)vw + y3 j5"(t)w- 6xyf~(t)w- 12yf5(t)wxx + 12xyf5(t)wxxx 

+6xyj5(t)wt- y3 f~(t)wt- 2y3 f~(t)wxxx }, 

~ { 3y2 f~(t)w- 6xf5(t)w + 6xyj5(t)wy + y3 
(- f~(t)) Wy}; 

l { -2f6(t)w + 2xf6(t)wx + y2 
(- J~(t)) Wx}, 

Tt = l { -3y2 J~(t)uxw- 3y2 f~(t)wxu + 6xf6(t)uxw + 6xj6(t)wxu 

-3y2 f~(t)vxw- 3y2 f~(t)wxv + 6xf6(t)vxw + 6xf6(t)wxv- 6f6(t)uw 

-6f6(t)vw + y2 !6"w- 2xf~(t)w- 4f6(t)wxx + 4xf6(t)wxxx + 2xf6(t)wt 

-y2 J~(t)wt- 2y2 f~(t)wxxx } , 

Tl = ~ { 2yf~(t)w + 2xf6(t)wy + y2 
(- f~(t)) wy } ; 
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Tt 
7 = 

1 
2yf7(t)ux, 

T x 
7 

TY 
7 

~ { 6yf7(t)uxu + 6yf7(t)wxw- yJ;(t)u + 2yf7(t)uxxx + yf7(t)ut}, 

yf7(t)uy- h(t)u; 

r,t 
8 ~ f8(t)ux , 

r,x 
8 

T,Y 
8 

~ { 6j8(t)uxu + 6f8(t)wxw- f~(t)u + 'A{8(t)uxxx + !8(t)ut}, 

!8(t)uy; 

r,t 
9 

1 
2yj9(t)wx, 

r,x 
9 ~ { 3yf9(t)uxw + 3yf9(t)wxu + 3yf9(t)vxw + 3yf9(t)wxv- yf~(t)w 

+2yj9(t)wxxx + yfg(t)wt }• 

T~ = yfg(t)wy - j9(t)w; 

1 
T{o 2fw(t)wx, 

1{ . Tfo 2 3fw(t)uxw + 3fw(t)wxu + 3fw(t)vxw + 3fw(t)wxv- f{ 0 (t)w 

+2fw(t)wxxx + fw(t)wt} , 

T{0 = fw(t)wy; 

1 
T{l 2Yfu(t)vx, 

Tfl = ~{ 6yfu(t)vxv + 6yfn(t)wxw- yf{l(t)v + 2yfn(t)vxxx + Yfu(t)vt }• 

T{1 Yfu(t)vy- fu(t)v; 

1 
T{2 2f12(t)vx, 

T~ = ~ { 6h2(t)vxv + 6f12(t)wxw- J{2(t)v + 2h2(t)vxxx + f12(t)vt}, 

T{2 f12(t)vy· 

Remark Due to the presence of the arbitrary functions , fi, i = 1, · · · , 12, in the 

multipliers, one can obtain an infinitely many conservation laws for the coupled KP 

system. 
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7.4 Conclusion 

In this chapter we obtained exact solutions of t he coupled KP system (7.2) by the aid 

of Lie symmetries as well as the ( G' /G)-expansion method. The solutions obtained 

were in terms of hyperbolic, trigonometric, rational and Jacobi elliptic functions. 

Conservation laws of the coupled KP system were also computed using the multiplier 

approach. 
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Chapter 8 

Concluding remarks 

In this research project we first recalled some important definitions and results from 

Lie group theory and conservation laws, which were later used in the thesis. In 
' 

Chapter two, Lie group classification was performed on the generalized Korteweg-de 

Vries-Burgers equation. The generalized Korteweg-de Vries-Burgers equation admit­

ted a four-dimensional equivalence Lie alge~a. It was also shown that the principal 

Lie algebra consists of a single translation symmetry and several possible extensions 

of the principal Lie algebra were computed. The associated symmetry reductions 

and exact solutions were obtained. Also, a one-dimensional optimal system of sub­

algebras was obtained for the case when the principal Lie algebra was extended by 

two symmetries. 

In Chapter three we studied the two-dimensional generalization of the Kaup-Kupershmidt 

equation. Lie point symmetries of this equation were obtained and the three transla­

tion symmetries were used to transform the equation into a system of ODEs. Then 

the extended tanh method and the extended Jacobi elliptic function method were 

employed to solve this ODEs system to obtain exact solutions. Furthermore, con­

servation laws were also computed using the multiplier approach. The conservation 

laws consisted of an infinite number of nonlocal conserved vectors. 

In Chapter four we studied the coupled KdV system from the point of view of Lie 

symmetry analysis. Similarity reductions and exact solutions with the aid of simplest 
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equation method and Jacobi elliptic function method were obtained based on the 

optimal systems of one-dimensional subalgebras for the KdV system. The exact 

solutions found were solitary, cnoidal and snoidal waves. Finally, local conservation 

laws for the coupled KdV system were derived by employing the multiplier method 

and the new conservation theorem. 

In Chapter five Lie group analysis was utilized to study the generalized coupled 

variable-coefficient modified Korteweg-de Vries (CVCm dV) system. We obtained 

exact solutions for this system with the aid of the simplest equation method and Ja­

cobi elliptic function method. The exact solutions derived were solitary, cnoidal and 

snoidal waves. Furthermore, the local conservation laws of the CVCmKdV system 

were constructed using the multiplier method and the new conservation theorem. 

In Chapter six Lie symmetry analysis was employed to study a new coupled KdV sys­

tem. We obtained similarity reductions and. exact solutions with the aid of simplest 

equation method and Jacobi elliptic function method. The exact solutions deduced 

were solitary, cnoidal and snoidal waves. The local conservation laws of the coupled 

KdV system were constructed using the multiplier method. 

In Chapter seven we determined exact solutions of the coupled KP system (7.2) by 

the aid of Lie symmetries as well as the ( G' /C)-expansion method. The solutions 

obtained were in terms of hyperbolic, trigonometric, rational and Jacobi elliptic 

functions. Local conservation laws of the coupled KP system were also computed 

using the multiplier approach. 

In the future we intend to use the exact solutions found in this thesis as benchmarks 

against the numerical simulations in theoretical physics and fluid mechanics and also 

the conserved vectors will be used to construct solutions {37] . 
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