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Abstract

The Rayleigh distribution has been observed in numerous processes across multi-
ple research disciplines. It has therefore become increasingly important to test if
a specific data set originated from this distribution. Goodness-of-fit tests devel-
oped specifically for the Rayleigh distribution have become more researched over
the past 10 years and there is no consensus on which test performs best in certain
situations. The primary aim of this thesis is to develop new goodness-of-fit tests
for the Rayleigh distribution. We propose several novel tests based on differ-
ent approaches, the first of which is a conditional expectation characterization.
The second approach deals with a differential equation that has the Rayleigh
density function as the unique solution and the third approach is based on the
Mellin transform. The asymptotic theory of some of the newly proposed tests
are developed and the finite-sample performance of the new tests are compared
to that of existing tests in an extensive Monte Carlo simulation study. In the
simulation study, the tests are compared against several alternative distributions
that are commonly used as alternatives for the Rayleigh distribution, as well as
against two mixture distributions to assess the power performance with respect
to local alternatives. When the power estimates of the goodness-of-fit tests are
considered, it is clear that the newly developed tests are very competitive and
tend to outperform or match the competitor tests that are considered in this

study.

Key words: Asymptotics, Characterisation, Differential equation, Goodness-

of-fit, Mellin transform, Rayleigh distribution
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Chapter 1

Introduction

1.1 Overview

Since the inception of the Rayleigh distribution in conjunction with an acoustic
problem (Rayleigh 1880) it has been observed in numerous processes across multiple
research disciplines. It naturally arises in a two dimensional setting when the resul-
tant of two independently normally distributed vectors are considered (see Chapter
2). This arrangement often emerges as the probability mechanism in environmental
occurrences such as short-term average wind speeds (see e.g., Morgan, Lackner, Vogel
& Baise 2011, Celik 2004, Dorvlo 2002) which is an important facet in sustainable
energy development, and observations in oceanic wave height (see e.g., Longuet-
Higgens 1952, Soares & Carvalho 2003, Casas-Prat & Holthuijsen 2010). Moreover,
in the fields of astronomy and astrophysics the Rayleigh distribution is used to model
planet formation theories (see e.g., Lawless 2002).

Regarding planet formation, the Rayleigh distribution is one of three distributions
commonly used to describe the distribution of mutual inclinations between the or-
bital planes of planets. The distribution of the mutual inclination between the or-
bital planes of planets gives insight into theories regarding the building-blocks of

planetary systems, and more specifically, theories of planet formation and growth of
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galaxies. The mutual inclination of a planet in a planetary system’s orbits can also
give indication to significant events that could have caused altered inclinations and
eccentricities of planets. The interested reader is referred to Lissauer et al. (2011),
Fang & Margot (2012), Figueira et al. (2012), Fabrycky et al. (2014) and Bovaird &
Lineweaver (2017) for more details on this.

The Rayleigh distribution has also proved particularly useful in imaging techniques
in the fields of physics and medicine. In this context, it is known that the noise de-
viation data associated with magnetic resonance images is Rayleigh distributed (see
e.g., Rajan, Poot, Juntu & Sijbers 2010, Dekker & Sijbers 2014, Toa, Sim, Lim &
Lim 2019). Furthermore, in order to model grey level behaviour in ultrasound imag-
ing the Rayleigh distribution is needed (see e.g., Belaid & Boukerroui 2018, Gai,
Zhang, Yang & Yu 2018, Sarti, Corsi, Mazzini & Lamberti 2005).

In all of the above, the primary concern is if a specific data set originated from
a Rayleigh distribution. Consequently, the need to assess the correctness of fit to
the data becomes increasingly important. Researchers, therefore, concern themselves
with constructing goodness-of-fit tests to verify if the observed data did indeed re-
alize from a Rayleigh distribution. Tests specifically for the Rayleigh distribution
have only become more researched in the past 10 years and there is still no consen-
sus on which test performs best in certain situations. In this, there is a need for

investigation.

1.2 Objectives

The primary aim of this thesis is to developed new goodness-of-fit tests for the
Rayleigh distribution and to perform a thorough Monte Carlo study wherein the
performance of the new goodness-of-fit tests are compared and evaluated against

existing goodness-of-fit tests for the Rayleigh distribution.
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The main objectives of this thesis can be summarized as follows:

e Review the existing literature on goodness-of-fit tests for the Rayleigh distri-

bution.

e Review the literature on specific statistical tools that are used in developing

our new goodness-of-fit tests for the Rayleigh distribution.

e Develop and explore a new goodness-of-fit test based on a conditional expec-

tation characterisation for the Rayleigh distribution.

e Derive the asymptotic theory surrounding the new goodness-of-fit test based

on the conditional expectation characterisation.

e Investigate the Mellin transform and apply it in constructing a new goodness-

of-fit test for the Rayleigh distribution.

o Investigate and develop a new goodness-of-fit test for the Rayleigh distribution

based on a differential equation approach.
e Adapt existing tests to specifically test for the Rayleigh distribution.

e Evaluate the performance of the newly suggested goodness-of-fit tests and ex-

isting goodness-of-fit tests for the Rayleigh distribution.

1.3 Thesis outline

Chapter 2 starts by exploring general properties of the Rayleigh distribution and
continues in presenting an overview of existing characterisations and goodness-of-fit

tests of the Rayleigh distribution.

Chapter 3 deals with an important tool in the development of a new goodness-of-fit

tests in the form of the kernel density estimate. Several aspects of kernel density
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estimation, such as bandwidth selection and boundary-corrected kernels are also con-

sidered. These tools will be utilized in Chapter 4.

In Chapter 4 we introduce and develop several new goodness-of-fit tests for the
Rayleigh distribution based on three different approaches. The first approach uti-
lizes a conditional expectation characterisation that was given in Chapter 2. Subse-
quently, the asymptotic properties of this new test statistic is thoroughly explored.
The second approach revolves around the differential equation that characterizes the
Rayleigh distribution. The test statistic is developed with the use of the kernel den-
sity estimate techniques discussed in Chapter 3. The third approach uses the lesser

utilized Mellin transform to develop a test statistic for the Rayleigh distribution.

Chapter 5 deals with the finite-sample performance of the new and existing goodness-
of-fit tests. Power estimates are calculated and presented for a variety of alternative
distributions. Local power estimates are also presented for two mixtures of distri-
butions and a real data example is employed to assess the new and existing tests

performance to a real-world application.

The thesis concludes in Chapter 6 with some final remarks and avenues for future

research.



Chapter 2

Characterisations and existing
goodness-of-fit tests for the
Rayleigh distribution

2.1 Introduction

This chapter aims to present the existing characterisations and goodness-of-fit tests
for the Rayleigh distribution. In Section 2.2, we start with an overview of the prop-
erties of the Rayleigh distribution. In Section 2.3 we present some characterisations
of the Rayleigh distribution. Some existing goodness-of-fit tests as well as two tests
that we specifically modified to test for the Rayleigh distribution are discussed in

Section 2.4.

2.2 Properties of the Rayleigh distribution

Properties of the univariate Rayleigh distribution and its relationship to other dis-
tributions are discussed in, e.g., Siddiqui (1962) and Johnson, Kotz & Balakrishnan

(1994). We will now relate a selection of these characteristics and properties that we
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deem important for the remaining chapters.

Consider a vector Z = {Z1,Z5 ... Zy} of size n sampled independently from a normal
distribution with mean 0 and variance 6% and let this vector denote a point in the
n-dimensional Euclidean space. Now, consider the distance from the origin to the
point Z, written as Dz = /> - ; Z2. There exists a probability density function for
Dy given by

22" L exp <;Tx;)

@, 9) = ogmairnga)

(2.1)

where x > 0, § > 0 and I'(-) is the gamma function.

In the case where n = 2, i.e., the point {Z1, Z>}, the probability density function
(pdf) in (2.1) reduces to the Rayleigh distribution with probability density function
given by

T
2

2
g(x,0) = — exp (292> , (2.2)
and cumulative distribution function (cdf),

G(z,0) =1 — exp (;;f) . (2.3)

In Figure 2.1 we present the pdf and cdf of the Rayleigh distribution for various

parameter values.

Remark 2.1. There exists an alternative parametrization for the Rayleigh distribu-

tion with density and distribution functions,

Many of the characterisations given in Section 2.8 are based on this parametrization,
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Figure 2.1: Density function (left) and distribution function (right) of the Rayleigh
distribution.

whereas many of the goodness-of-fit tests in Section 2.4 are based on the parametriza-
tion in (2.2). We will therefore use the appropriate parametrization as needed and
reference the density or distribution function when necessary. The properties of the

Rayleigh distribution in the remainder of this section is applicable to the parametriza-

tion in (2.2).

The hazard (failure rate) function of the Rayleigh distribution is given by

h(z,0) = (( ==

where S(z,0) = 1 — G(x,0) = exp(—x2/20?) is the survival (or reliability) function.
The Rayleigh distribution has a linearly increasing hazard rate that makes it an ap-
propriate lifetime model for rapidly aging components (see e.g., Lawless 2002). This
can be seen as follows: for small values of x the reliability of a component decreases
with time more slowly than a component with a constant hazard rate and for large

values of = the reverse is true (see Johnson et al. 1994).
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The quantile function of the Rayleigh distribution is given by

Qp,0) = G (p,0) = 0 {—2log(1 - p)}'/*, 0<p< 1,

from which the percentiles of the distribution can be obtained.

Next, suppose a random variable X follows a Rayleigh distribution with density

function given in (2.2), then the raw moments can be written in the form
E[X"] = 6727/2T [g + 1} .

As an illustration, consider the first four raw moments given by

E[X] =6+/n/2, E[X?] = 26,
E[X3] =36%\/7/2, E[X1) = 864,

from which we have that Var(X) = 02(4 — 7)/2.
Other functions of the Rayleigh distribution which prove useful are the moment

generating function,

Mx(t) = Elexp(tX)] = 1 + 0te€2t2/2\/§ (erf <jt§> + 1> ,

where erf(z) = % [ e dt is the error function, and the characteristic function

0
bx(t) = Blexp(itX)] = 1+ 0te="?/2, [T (—enfi (2L 4
x(t) = p = 5 7% ,
where erfi(x) = —ierf(ix) is the imaginary error function.

Most of the aforementioned expressions contain the population parameter 6, which
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has to be estimated when inference is performed. In considering the estimation of the
parameter 6 from a random sample X, Xo, ..., X,,, we have access to the maximum

likelihood estimate,

and the methods of moment estimate,

N 2 n
oM = \/;”_1 pp e

It can easily be shown that 55? M is an unbiased estimator of 6, while @LV[ L is biased.

However, from large sample theory of maximum likelihood estimation we know that
@{b\“ is asymptotically unbiased.

The Rayleigh distribution also has inherent connection with other distributions. It is
well known that if a random variable X has a Rayleigh distribution with parameter 0,
then X? is exponentially distributed with parameter 202. The Rayleigh distribution
is also a special case of the Weibull distribution with shape parameter set to 2 and
the chi-square distribution with 2 degrees of freedom. The Rice distribution is also
closely related to the Rayleigh distribution which can be seen when the parameter
v of the Rice distribution, the distance between a reference point and the center of
the bivariate distribution, is set to zero.

The popularity of the Rayleigh distribution and its plethora of applications also
sparked interest in generalizations or modification of this distribution. Balakrish-
nan & Kocherlakota (1985) studied the two parameter (double) Rayleigh distribu-
tion whereas Voda (1976) considered the generalized Rayleigh distribution. Merovci
(2013) developed a transmuted Rayleigh distribution by using a quadratic rank trans-
mutation map, Roy (2004) utilized a general approach for discretization continuous

life distributions to presented a discrete Rayleigh distribution. Tan & Beaulieu (1997)
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constructed an infinite series representation of the bivariate Rayleigh distribution and
Simon & Alouini (1998) built upon this to provide a single integral representation
of the bivariate distribution. The generalized Rayleigh distribution was defined by
Miller, Bernstein & Blumenson (1958) whereas Jensen (1970) discussed a generaliza-
tion of the multivariate Rayleigh distribution. Each of the mentioned variations or

extensions in turn yields their own set of applications.

2.3 Characterisations of the Rayleigh distribution

A characterisation of a probability distribution states certain properties that only
hold true for that specific distribution. The concept of characterizing distributions
has become more prevalent as distributional aspects increase in practical applications
and as new distributions are implemented. In that sense, characterisations of prob-
ability distributions are valuable tools in the development of goodness-of-fit testing.
More information on characterisation of a probability distribution can be found in
Ahsanullah (2017) and Galambos & Kotz (1978).

In what follows we give characterisations specifically for the Rayleigh distribution.

2.3.1 Characterisations based on conditional expectations

The conditional expectation of a continuous random variable X given a random

variable Y can be expressed as

E[X]Y =) = / txy (X]Y = y)dz,

where fxy (XY =y) = fxy(x,y)/fy(y). More information on conditional expec-
tation and the important role that this concept plays in statistics can be found in
Fristedt & Gray (2013).

Consider the following characterisations for the Rayleigh distribution utilizing con-

ditional expectation.
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Ahsanullah & Shakil (2013):

Theorem 2.1. Let X be a nonnegative random variable with absolutely continuous
distribution function F(xz) with F(0) =0, F(z) > 0 for all z > 0 and finite E [X?*],
for some fized k > 1. Then X has a Rayleigh distribution with F(z) =1 — e*‘”2/292,
x>0, 0>0if, and only if, E [X?*|X > t] = S8 2102k O20=0 aith

KD =k(k—1)...(k—i+1) and kO =1,

The above characterisation can be seen as a moment expression of order 2k condi-
tioned on a tail event {X > t}. In this sense the parameter kK = 1,2, ..., can be seen
as a type of tuning parameter.

A second characterisation is given in the following theorem:

Theorem 2.2. Let X be a nonnegative random variable with absolutely continuous
distribution function F(x) with F(0) = 0 and F(x) > 0 for all x > 0 and finite
E [X2k+1], for some fized k > 1. Then X has a Rayleigh distribution with F(z) =
1-— 6_932/202, x>0, 08>0 if, and only if,

k—1

2k—1 (2k — ! 2k—1-2j
E [X X >t} ]Z% 2k — 1 2j)1(1/62)7 "
— 1
L (k1) VT /20%(1 — exf(t\/1/2602))e!” /%,

(1/62)*
where 2k — 1)1 =1,3,---,(2k — 1), k > 1, any nonnegative number £ and erf(zr) =

% fom e~ dt denotes the error function.

The above two theorems can be used to find the k*-order moment for X based on
the tail event {X > t}. Specifically, Theorem 2.1 gives access to the even conditional
moments and Theorem 2.2 gives access to the odd conditional moments. For example,

for k =1 we derive from Theorem 2.2 that the first conditional moment is,

E[X|X >t :t+9\/§{1 —erf(\/2;2t)}exp (t%6°) ,
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and the second conditional moment is obtained from Theorem 2.1 as,
E[X?X > t] =12+ 20%

2.3.2 Characterisations based on order statistics

Consider random variables Xi, Xo,..., X;, with associated order statistics X(;) <
X@) < -+ < X(y). Properties and applications of order statistic can be found in
Arnold, Balakrishnan & Nagaraja (1992).

The following theorems characterizes the Rayleigh distribution exploiting order statis-

tics.

Ahsanullah & Shakil (2013):

Theorem 2.3. Let X be a nonnegative random variable with absolutely continuous
distribution function F(x) with F(0) = 0 and F(x) > 0 for all x > 0 and finite
E(X2). Then X has the Rayleigh distribution with F(z) =1—e %"/ 20,60 >0

if, and only if,

oy ]\~ m! 6\ 2
E [X(i) X = t} B ; (m —1)! <n — i+ 1) t ’ 24)

for somen>1, m>1.
For the special case where m = 1 we have that (2.4) reduces to

92

2 _ _ 42

2.3.3 Characterisations based on record values

Let M, = X(,), where X(,) is the maximum value in a ordered set of values.
Furthermore, if M; < My < --- < M, < My4y; < ... is a sequential list of

maximums then the random variable X; is the upper record value in the case
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where X; > M,_; with j the record time. Denote the record time as U(n) where
U(n) =min{j|j > U(n — 1), X; > Xypn_1)} and U(1) =
What follows are characterisations of the Rayleigh distribution based on these record

values.

Ahsanullah & Shakil (2013):

Theorem 2.4. Let X be a nonnegative random variable with absolutely continuous
distribution function F(z) with F(0) = 0 and F(z) > 0 for all x > 0. Assume
E [XU(HH)] is finite. Then X has a standard Rayleigh distribution with F(x) =
1-— 6*12, x > 0 if, and only if,

E [XU(nﬂ)!XU(n) = t] =t+ \/Ze1t2 — \/Zet2 erf(v/2t),

for some fized n > 1 and erf(x f‘r ~tdt denotes the error function.

It is further noted in Ahsanullah & Shakil (2013) that the conditional probabil-
ity density function of the above conditional expectation is the same as that of
E(X|X > t). Therefore the characterisations based on E | X2 n+1)’XU(n =t| and
E [X an +11 | Xv7(n) = t| are equivalent to Theorem 2.1 and Theorem 2.2.

A second characterisation based on record values is given in the following theorem:

Theorem 2.5. Let X be a nonnegative random variable with absolutely continuous
distribution function F(x) with F(0) = 0 and F(xz) > 0 for all x > 0 and finite
E [X2]. Then X has a Rayleigh distribution with F(z) =1 — e*“Q/GQ, x>0,0>0
if, and only if, Xlzj(n) 1s Erlang distributed, for some fized n > 1.

Some properties of the Erlang distribution can be found in Johnson et al. (1994).

2.3.4 Characterisations based on failure rate

Gupta & Bradley (2003) and Nanda (2010) provide several characterisations based
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on the failure rate. A characterisation for the Rayleigh distribution can specifically
be formulated in terms of the failure rate h(x) and the expectation E[h(X)/X] as

follows.

Nanda (2010):

Theorem 2.6. Denote the failure rate by h(u) = % where f(u) is the probability
density function and S(u) = 1 — F(u) is the survival function with associated dis-
tribution function F(u). Furthermore, let X have finite second-order moment given
by Var(X) = % with mean E[X] = u, so that the coefficient of variation of X is

¢ =o0/u. Then for any nonnegative random variable X, it can be shown that

E[%?q-wﬂui@y

The equality holds if, and only if, X has a Rayleigh distribution with probability
density function f(x) = x/6% exp(—2%/20%), x >0, 6 > 0.

2.3.5 Characterisations based on Entropy

Define the differential entropy of a IR%valued random variable as

mﬁ:—/ﬂmmﬂmm,

where f(x) is the pdf of X.

The cumulative residual entropy (CRE) is the result of exchanging the density func-
tion in the definition of the well-known Shannon entropy by the complementary
cumulative distribution function, S(z) = P(X > z) = 1 — F(z). Rao, Chen, Vemuri
& Wang (2004) established the new CRE as a nonnegative entropy measure of the

form

CRE(X) = — /00 S(x)In S(z)dz. (2.5)
0
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By using S(z) = exp(—2?/26?%) in (2.5) it can be shown that the CRE of the Rayleigh
distribution is CRE(X) = E[X/2]| = 9@. This ultimately leads to the following

characterisation of the Rayleigh distribution.

Baratpour & Khodadadi (2012):

Theorem 2.7. The random variable X attains mazimum CRE among all nonnega-
tive, absolutely continuous random variables Y subject to E[Y] = v, E[Y?] = w and

0% = 5o if, and only if, X has the Rayleigh distribution with parameter 6.

2.3.6 Characterisations based on the Laplace transform

The Laplace transform of a random variable X with distribution function F'(z) is

defined as
E[e™*] :/ e " dF(x),

where t is a real number. For more details on the Laplace transform refer to Schiff
(1999).
The following characterisation for the Rayleigh distribution can be made based on

the Laplace transform.

Meintanis & Iliopoulos (2003):

Theorem 2.8. The Laplace transform
t
L(t)y=F [e‘tX] =1- \é%tetz/4 erfc <2) ,

of the standard Rayleigh distribution given by F(x) =1— e_IQ, with the complement
error function erfc(z) = 2/y/m [° e du, is the unique solution to the differential

equation ty'(t) — [1+ (t2/2)]y(t) + 1 = 0 subject to limy o0 y(t) = 0.

This characterizes the Rayleigh distribution since the distribution of a non-negative
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random variable is uniquely determined by its corresponding Laplace transform.

2.4 Goodness-of-fit tests for the Rayleigh distribution

An important aspect of statistical inference is obtaining information about the form
of the population from which the data realized. To evaluate the correctness of
the fit of a certain distribution to data, a null hypothesis is designed wherein a
statement is made about the probability function of the parent population. Here-
after tests of fit are employed to check the aforementioned hypothesis (Gibbons &
Chakraborti 2014). Due to this fact, goodness-of-fit testing has a rich history in
statistics. Classic tests of fit started with Pearson’s chi-square test proposed in Pear-
son (1900). The Kolmogorov-Smirnov test was then independently established by
Kolmogorov (1933) and Smirnoff (1939) and became the standard for goodness-of-fit
testing for an extended period. This test was adapted to test specifically for the
normal distribution by Lilliefors (1967). The famous Cramér-von Mises test statistic
found its origin in the work of Cramér (1928), Von Mises (1931) and Von Mises
(1947). This test proved to be the leader in the field until the test of Anderson &
Darling (1954), which improved on the former by introducing a variance stabilizing
weight function. The aforementioned authors pioneered the field of goodness-of-fit
testing and their work still influences this research area at present.

In establishing notation for this section, let X1, X, ..., X, be independent and iden-
tically distributed continuous realizations of a positive random variable X. If X fol-
lows a Rayleigh distribution with density function given in (2.2), it will be denoted
by X ~ Ral(f). It easily follows that X/ ~ Ral(1). The composite goodness-of-fit

hypothesis to be tested is

H : the distribution of X is Ral(#), (2.6)
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for some 6 > 0, against general alternatives. The majority of test statistics that
we will consider are based on the scaled values Y; = X; /5,“ where (/9\71 is a con-
sistent estimator for 6 (either the 5% Loor @\% M) The use of scaled values is mo-
tivated from the invariance property of the Rayleigh distribution with respect to
scale transformations. Furthermore, denote by X ;) and Y{;) the order statistics, i.e.,
Xy <Xy < <Xy and Yq) <Yg) < <Y).

In the following sections we present some existing goodness-of-fit tests for the Rayleigh

distribution.

2.4.1 Classical tests based on the empirical distribution function

The empirical cumulative distribution function (ecdf) is given by
1 n
G () =~ 21(1@ <)
J:

where I(-) is the indicator function.

There are various tests based on the deviation of the ecdf and the cumulative distri-
bution function specified under the null hypothesis. One such test is the Kolmogorov-
Smirnov test which relies upon the maximum deviation between G, (x) and the hy-
pothesized distribution Go(x). The Kolmogorov-Smirnov test statistic has a closed-

form,

D, = max(D:{, D,),

where D} = maxi<j<nli/n — Go(Y(;)] and D = maxi<;j<a[Go(Y(;) — (5 — 1)/n],
with Go(Y(;)) =1 — exp(—Y(?.)/Q). A test that utilizes the Ly-norm and aforemen-
tioned deviation is the Cramér-von Mises test with closed-form,

u 2j—11% 1

7j=1




Chapter 2. Characterisations and existing goodness-of-fit tests 26

The Anderson-Darling test is similar to that of the Cramér-von Mises test but with

an incorporated weight function that gives it the closed-form,

n

1 .
Ap=-—n—— > 25— 1 [log Go(Y{5)) + log{1 = Go(Yn—js1))}] -
j=1

The Watson test incorporates the Cramér-von Mises test and is given by the closed
form,

Vi = W, — n(Go — 1/2),

where Gy = 1/n > =1 Go(Yij)
Refer to Watson (1962), Gibbons & Chakraborti (2014) and D’Agostino (1986) for

a more thorough treatment of these classical tests.

2.4.2 A test based on the empirical Laplace transform
Meintanis & Iliopoulos (2003):

The test statistic is based on the characterisation in Theorem 2.8 and utilizes the

differential equation ty/(t) — [1 + (#2/2)]y(t) + 1 = 0 to set up the test
o
MI, , = n/ D2 (t)w(t)dt,
0

where D,,(t) = tL,(t) — [L + (t?/2)]L,(t) + 1 and w(t) = exp(—pt) with ¢ > 0 being
a chosen tuning parameter (see Section 2.4.7 for a discussion on the use of weight
functions). Furthermore, recall the Laplace transform L(t) defined in Theorem 2.8

and note that L, (),

1 n
Lot) = — 3 exp(~1X;),
j=1

is the empirical counterpart. The test statistic is calculated on the scaled values

Y; = X;/ §n and rejects for large values of M1, ,. A closed-form expression of M1, ,
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is given by
156[ 1 Y; + Y 2Y; Yy, + 2
(

_*_i
n Yi+Yit+e) (Y+Yet+e)? (YVi+Ye+e)?

M1, ,

€3

J,k=1

1 & 3(Y; + Y, 6
f X mn 3
n Yi+Ye+eo?t  Yi+Yi+o)

.

7

n

|
)

Y, .

=1
_|_
]ﬁ[1”+w Y+ (Y +¢)°

Meintanis & Iliopoulos (2003) derived the null distribution and proved the consis-
tency of the test and further provided insightful theoretical properties of the test
statistic when the MLE and MME are used. These specific cases are studied in
a more general setting where it is shown that the test statistics are closed at the
boundary ¢ = oo with the use of a limit statistic. The relation to the first nonzero
component of Neyman’s smooth test of the limit statistic obtained through the MME
is also provided.

In addition to a power study, the proposed tests are calculated on two real data ex-
amples. From the power study, Meintanis & Iliopoulos (2003) ultimately concluded
that the Laplace transform based test with ¢ = 2 leads to highly competitive results

against existing tests that were considered in their study.

2.4.3 Tests based on entropy
Baratpour & Khodadadi (2012):

Baratpour & Khodadadi (2012) showed that the CRE for the Rayleigh distribution
is CRE(X) = % (see Section 2.3.5 for a short derivation). The authors defined a
new measure of distance between two distributions based on CRE and named it the

cumulative Kullback-Leibler (CKL) divergence. If F' and G are distributions of two
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nonnegative random variables X; and X3 then the CKL is given by

iy

~—

(z

(z

CKL(F,G) = /OOO F(x)log dr — {E(X1) — E(X2)},

Qi

where F'(z) = 1— F(z) and G(z) = 1—G(x) are the survival functions of X; and Xj.

By using the characterisation given in Theorem 2.7 for the Rayleigh distribution
and utilizing a discrimination information statistic based on the CKL, a test statis-

tic of the form

n—1 . 1
1 n—i n—i m Z?:lea
e = (5 () (o) oo+ 5% )

v _ 1
can be constructed, where X = >3 | X,

Rao et al. (2004) proved the consistency of the CRE and Baratpour & Khodadadi

(2012) extends the proof to the test statistic CK,,. Power estimates are given for
a nominal significance level of 5% and 1% and the test is applied to a real data
example. It was concluded by the authors that the C'K,, test appears to be more
powerful than the classical tests which were the only other tests considered in the

study.

Alizadeh Noughabi, Alizadeh Noughabi & Behabadi (2012):

This test is based on an estimator of the well-known Kullback—Leibler divergence

function given by

KL(gllgo) = /OO g(z)log ( 9(z) ) dx,

—00 go(l‘)

where go(x) is the density under the null hypothesis, i.e., the Rayleigh density func-

tion and g(x) is the density function of a random variable X. The estimator is
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formed by first noting that K L(g||go) reduces to

K L(gllgo) = —H{(g) - /O " g(z) log{go(x)} d,

where H(g) = E[—logg(X)] is the entropy of a random variable X. The sample

estimate is then given by
R 1<
K Lpm = ~Hnn +2l0g(0) - — ;log(Xi) +1,
i

where Hy, = (1/n) Y1 log { (n/2m)(X (i1m) — X(i—m)) } is the sample-entropy es-
timator introduced by Vasicek (1976) and m is a window width restricted to m < n/2.
The choice of §n is restricted to the maximum likelihood estimate in K L,, .

The consistency and standard normal asymptotic distribution under the null hypoth-
esis was proven in the same paper by Alizadeh Noughabi et al. (2012). It is also noted
that when the sample size is sufficiently large the critical values can be obtained from
the limiting normal distribution of K L, ,, derived by Song (2002). Critical values in
the paper are, however, obtained and provided through Monte Carlo simulations for
a sample size of n = 10 and n = 20 at a significance level of 5% and 1%. Ultimately,
results of a power study and the implementation of the test on a real data example
are included. In the limited power study of the paper, it was stated that the K'L,, ,,
test performed better than the other tests for a uniform alternative, however, for the
majority of other alternatives, the Anderson—Darling test (defined in Section 2.4.1)

had the greatest power.

Jahanshahi, Habibi Rad & Fakoor (2016):
This entropy-based statistic utilizes the Hellinger distance,
o
0

Dyg =3 [ {Vo@) - Vanla)} dz, @)
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instead of the traditionally used Kullback—Leibler divergence which experiences dif-
ficulties when the probability density function is zero. It is trivial to see that the
Hellinger distance evaluates the deviation of a density g(z) from the hypothesized
density go(z), which in this case is the Rayleigh density, and the equality only holds
when g(z) = go(x). By setting the distribution function G(z) = p, (2.7) can be

rewritten as

2

1t d - G1(p)exp(—(G~1(p))?/20%) \ d -
Dy, = 2/0 \/<dpG l(p)> _\/ 02 d?)G 1(p)dp.

Using the approximation (d/dp G~*(p))™" = {& (X(Hm) — X(i,m))}_l leads to

the following test statistic

2
n [\/ (2 (X(im) = Xi=m)) ' — ¢ (X(ne(X(Q“/%%)/é%) ]

1
DHppm = Y —
2n g (Xi+m) — X(i-m)) }

)

where X ;) = X(q) for i <1, X3y = X(,) for i > n and m is a window width subject
to m < n/2. Jahanshahi et al. (2016) provides a proof for the consistency of the
test, and also includes a power study and two real data examples. It was concluded
by the authors that the test DH,, ,,, performed as good or better than the considered
competitor tests for increasing, decreasing and nonmonotone hazard rates. It is
also stated that it was difficult to choose a best performing test for increasing and
nonmonotone hazard rate distributions. In the real data examples all the tests did

not reject the null hypothesis of Rayleigh distributed data.

Ahrari, Baratpour, Habibirad & Fakoor (2019)

The quantile function of a cumulative distribution function F'(x) is given by
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With this as starting point, Ahrari et al. (2019) proposed three new distance mea-
sures between the quantile functions of two distributions P and ). The measures are
stated to bear resemblance to the Kulback-Leibler divergence measures and Tsallis

generalized entropy measure (see, Tsallis 1998).

Conforming to the notation of Ahrari et al. (2019), let @1 and Q2 be the respective
quantile functions of two nonneagtive random variables X and Y. The three new

distance measure are given by

1
(m)dx 1 Q1(z)dz log fo gl(x)d:v7

Q2(x) 0 ! (x)dx

0 w2
1 1 1
Dicr, (@u@2) = / Qu(a)log 3o~ [ Qua)dn+ [ Qutoe

D (Qu]Q2) = / Q% (#)Q~(w)dz — o /0 Qi (2)dz

—(l—oz)/0 Qg(x)d:p ,

with 0 < a < 1. The authors’ prove the divergence measures to be larger or equal

1
Dkr, (Q1]Q2) :/0 Q1(x) log

to zero if, and only if, )1 = Q2. The test statistics based on the aforementioned

divergence measures are then

Dgkr, (QnHQO('; an))

Qkr, = %
1 & X; 1 — X(’L : m
n;Xn 22 %, /_ og(—2log(1 — z))dz + og<\£>,
DQKL2 (QnHQO(aen))

QkL, =

X

1 n Xz > én T 1 n

n

Qr = Dr (QnHQO(aé\n))
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n [ xa gil-a)
(9

_ 1 A@pfn  [n  lia) B gi ™
= — Z X ﬁ(Qlog(l r))? dr o +Xn 5

=1 n

where ,, is the MLE of 0, Qn(t) = X, '

the empirical counterpart of 1. Furthermore, Qo(x,8) = 0 {—2log(1 — p)}1/2 is the
quantile function of the Rayleigh distribution.

The authors prove the test to be consistent but do not provide the asymptotic null
distributions for the test. A power study by the authors concluded that the test Qr
performed better than the two other proposed tests and had higher power than the

competitor tests for most of the alternatives considered.

2.4.4 Tests based on the Phi-divergence measure
Zamanzade & Mahdizadeh (2017):

Several test statistics can be based on the Phi-divergence measure

dP;
Dy(Pr||P) = / ) (dpl> dPs,

where P; and P, are probability measures on the measurable space Q and ¢(-) is
a convex function such that ¢(1) = 0 and second derivative ¢”(1) > 0 (see, Pardo
2018). Consider the probability density functions g(x), the hypothesized density
function go(x), and let D, (go||gn) be a sample estimate of Dy(go||g) written in the

form

1 ¢ go(z
Dn(gollgn) = Z; ( >
where gp,(z) = (nh)~! 3" k((x; — x)/h), k is a kernel function and h is a suitably

chosen bandwidth (more details on kernel functions and bandwidth estimates are

given in Chapter 3).
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New test statistics can now be constructed by choosing appropriate functions for
¢(+). Zamanzade & Mahdizadeh (2017) specifically studied the following selection of

functions and resultant test statistics:

o ¢(t) = —log(t) resulting in the Kullback-Leibler distance with test statistic

go(z)

PKL, — lznzlog <§h(z)>
n n 4 .
=1
e ¢(t) = 3(1 — /)% resulting in the Hellinger distance with test statistic

R po(@)) "\’
PH”_%;<1<%($)> )

1

o ¢(t) = (t — 1) log(t) resulting in the Jeffreys distance with test statistic

Pa= 23 (S ) (2.

=1

e ¢(t) = |t — 1] resulting in the Total Variation distance with test statistic

o

gn(z)

PTV, = * En:

n -
1=1

e ¢(t) = 3(1 —t)? resulting in the Chi-square distance with test statistic

PC, = izn: (1 - 90(9”))2
& n(x)
A power study was performed in Zamanzade & Mahdizadeh (2017) for sample sizes
n € {10, 20,50} and the results of the tests on two real data sets were included. The

authors found that among the proposed tests, the Jeffreys and Hellinger distance tests
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performed the best. However, it was stated that the Total Variation and Kullback-
Leibler were superior in certain instances. All the proposed tests also did not reject

the null hypothesis for the data examples that were known to be Rayleigh distributed.

Torabi, Montazeri & Grané (2016):

Torabi et al. (2016) suggested a new proximity measure which was inspired by the
Phi-divergence approach. This measure is used to develop a test for the location-
scale family of distribution and specifically implemented to test for the Gaussian
distribution. The discrepancy measure between the hypothesized null distribution
Fy (in this case the normal distribution with unknown mean, p, and variance, o?)

and the unknown distribution F' of the data, is defined as

> 1+ Fo(af))
D(Fy||F _/ v < dF(z),
wle) = [ v (TERE ) are)
where ¥(-) : (0,00) — R is continuous decreasing on (0, 1) and increasing on (1, 00)

with ¥(1) = 0. Now, estimating F' by the ecdf F},, leads to the easily calculable test

where Z;) = (X(;) — i)/0 is the scaled observations for the location-scale families

statistic

with consistent estimators 1 and . Torabi et al. (2016) discussed possible options
for the function W¥(-) and suggest choosing ¥(z) = ((z — 1)/(x + 1))? as it lead to
the highest powers for testing normality in their simulation study.

The authors showed the test to be invariant under location-scale transformations

and proved the test to be consistent.

We adapt the test of Torabi et al. (2016) specifically for the Rayleigh distribution.
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In testing for the Rayleigh distribution the test statistic maintains the form
ol Zn: 1+ Fo(Yyp)
1+ Z/n ’
with the only change being the scaled observations are now Y;) = X /§n, and
Fo(Yi) =1 — exp(=Y /2).
2.4.5 A test based on the empirical likelihood ratio
Safavinejad, Jomhoori & Alizadeh Noughabi (2015):

When testing for the Rayleigh distribution, the likelihood ratio tests statistic takes

the form

[[, fu (X)) [Ty fr (X5)

BT (%) (T Xo/0%) exp(— Sy Xe/20%)

where fp, is the density under the alternative hypothesis and fp, is the density
under Hy. It is well known (from the Neyman-Pearson lemma) that if both fg, and
fm, are fully specified, then the likelihood ratio statistic is the most powerful test.
However, fg, is completely unknown and the parameter 6 in fg, is also unknown,
and hence requires estimation. To this end, a density-based empirical likelihood

technique is employed by Safavinejad et al. (2015) to estimate [ ; fr, (Xi).

Given X1, Xs,..., X, iid from a random sample Vexler & Gurevich (2010) and
Safavinejad et al. (2015) states the empirical likelihood function to be L, =[]\ pi
where p; , i = 1,2,...,n are components that maximize the function L,. The density

based likelihood function under Hy is then

Ly= Hf(X(i)) = Hfi :
i=1
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The approach rests on finding values for f; that maximizes Ly subject to empirical
constraints dependent on H; that are exemplified in Vexler & Gurevich (2010) and
Safavinejad et al. (2015). The authors conclude that using a Lagrange multiplier
method to maximize log(f;) yields a usable expression to estimate fg, (X;) in the

form

fi= 2m

T (X = X(em)

where X(;) = X(1),if j <nand X(;) = X(,,), if j > 1 and m is a window width. It is
evident that this estimator has close ties to the sample-entropy estimator proposed

by Vasicek (1976). The test statistic can now be implemented by estimating R with

[T {2m/n (X(sm) — Ximm) }
(IT) Xi/82) exp (— i, x2/202)

~
Rn,m =

where gn is the MLE of the parameter 6. Noting the test statistic is dependent on
the parameter m, Safavinejad et al. (2015) adopted the modification suggested by
Vexler & Gurevich (2010) to consider choices of m in the range (1,n'7%) , 0 < § < 1,

which then leads to the tests statistic

5 min1§m<n1*5 H?:l {Qm/n (X(H—m) B X(Z_m))}
(T Xi/82r ) exp (= o, X2/202)

n =

A proof of the asymptotic consistency of the test is provided in the paper by Safavine-
jad et al. (2015). A power study is conducted, critical values are provided for a range
of significance levels and a real data example is also included. The authors conclude
that the proposed test Enm is outperformed by the test of Meintanis & Iliopoulos

(2003) for almost all of the alternatives considered.
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2.4.6 Tests adapted for the Rayleigh distribution
Meintanis (2009):

A goodness-of-fit test has been suggested which employs transformation to uni-
formity. The test by Meintanis (2009) states that for a suitable transformation
Fy(z) = Up(x), where Fy(x) is the hypothesized distribution under the null hy-
pothesis with unknown parameter 0, a test statistic can be constructed between
the empirical characteristic function (ECF) of U; = Up(X;) and the characteristic
function (CF) of the standard uniform distribution, ¢ (t). More formally, the test

statistic can be written as

My = [ 1600 = o0 Pty (2.8)

where w(t) is a suitable chosen weight function, ¢, (t) = n=! >°I_ | exp(itU;) is the
characteristic function of the (unknown) U; and ¢y (t) = ¢t~ {sint +i(1 — cost)} is
the characteristic function of a uniform random variable on (0,1). If we now estimate

0 by 6, (in the case of testing for the Rayleigh distribution) we obtain

~ ~-X.
Ui=F; (X;)=1—exp .
e
Meintanis (2009) shows that different closed forms for (2.8) can be obtained for

different choices of the weight function. Specifically, by choosing w(t) = exp(—¢|t|)
with tuning parameter ¢, and with U; replaced by U j» My, becomes

n n

1 2¢ (1 1
M1,, = ZZ2+2n[2tan 1(¢>—g010g<1+902>]

72
Nk 1Ujk+90

n []. 1-U:
— 4 Z tan~! % + tan~? J
= ® 2

) (2.9)
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0 & &
where Ujk =U; — U.

Instead of using the probability integral transforms as is the case in (2.9), we adapt
the approach for the Rayleigh distribution by considering the following transforma-
tion for exponentiality given by Alzaid & Al-Osh (1991):

Theorem 2.9. Let X1 and Xo be two independent observations from a distribution

F, then X1{1X2 is distributed standard uniform U(0,1) if, and only if, F is exponen-

tial.

The transformation in Theorem 2.9 holds true for the Rayleigh distribution by noting
that, if X ~ Ral(f), then X2/26? follows a standard exponential distribution. This

result is now formally stated in Corollary 2.1.

Corollary 2.1. Let X1 and X9 be two independent observations from a distribution
2
G, then % follows a standard uniform distribution U(0,1) if, and only if, G is
1 2

the Rayleigh distribution with parameter 6 (i.e., G(z) = 1 — exp(—22/20?)).

Proof. If X1 ~ Ral(0), then X?/26? follows a standard exponential distribution.

The same holds for Xo. Now, from Theorem 2.9 we thus have that
X2
Pl X7

X2 X2 = 2 29
gtk 1T

follows a standard uniform distribution if, and only if, X? and X3 are exponentially

distributed, or then if, and only if, X1 and X5 follows a Rayleigh distribution. [

Now, let Z-j = X(Zi)/(X(Qi) + X(Qj)), i,j = 1,...,n, 1 # j, then the test statistic in

(2.8), which is now based on this new transformation to uniformity, becomes

M?2 = — = =
i#j kAl
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(1 1
+ 2n |2tan — | —plog(1+—
2 2

- 42%2% [tanl <ZJ> + tan~! (1 _Z)

i=1 j=1 ¥ ¥

i, g,k l=1,2,...n.

2.4.7 On the use of weight functions

Weight functions should be accepted as a standard in modern goodness-of-fit testing
and in fact, has been used in tests as early as Anderson & Darling (1954). Bickel &
Rosenblatt (1973) incorporated a weight function in a L2-distance based test which
employs the celebrated kernel density estimator. Tenreiro (2007) studied a version
of the Bickel-Rosenblatt test where the weight function is chosen based on the ker-
nel used. Epps (2005) noted a relationship between the test utilizing the empirical
characteristic function with a specific choice of weight function and the Anderson-
Darling test. Meintanis, Swanepoel & Allison (2014) took the empirical characteristic
function based test and introduced a weighted version, where the choice of weight

function is reduced to only choosing the value of a tuning parameter.

Aside from being a necessary inclusion in some cases for the convergence of the
integral and stability of the test, it is a well-studied fact that the weight function
provides a degree of control with regards to the test statistic (see e.g., Baringhaus,
Gurtler & Henze 2000, Baringhaus, Ebner & Henze 2017). For the popular choices
w(t) = exp(—l|t]) and w(t) = exp(—et?), choosing a large value for the tuning pa-
rameter ¢ results in a rapidly decaying function. This allows lower order moments
to feature more prominently in the test statistic while choosing a small value for
the tuning parameter results in a slower decaying function allowing for higher order
moments to enter into the test statistic (see e.g., Meintanis 2010). The effectiveness
of the weight function ultimately depends on the moment structure of the underlying
distribution. Aside from above choices, the weight function can be any function that

adheres to certain conditions (depending on the form of the test) and is often chosen
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for computational simplicity rather than optimality.



Chapter 3

Kernel density estimation

3.1 Introduction

Probability density estimation has become a powerful tool in the arsenal of non-
parametric statistics. Once the unknown density function, which generated data
in a real-world event, is estimated it opens the door to probabilities, functions and
further subsequent calculations. An intuitive approach to estimating the probability
density function is the histogram. The construction of the histogram relies on the
choice of an origin xg and a bin-width b. The choice of bin-width plays a major role
in the estimation process, as it defines the size of the neighbourhood over which fre-
quencies are drawn. The histogram provides an adequate estimation procedure but
suffers from some limitations. For example, the discontinuity of histograms makes it
difficult to obtain derivatives of the estimates when required (Silverman 1986), and
the placement of the bin edges is a sensitive issue (Wand & Jones 1995). These dis-
advantages motivated more advanced nonparametric density estimation techniques
such as kernel density estimation (KDE), variable window-width estimators, series
estimators and penalized likelihood estimators. This chapter will focus on kernel
density estimation and the interested reader is referred to Pagan & Ullah (1999) for

other nonparametric density estimation techniques.
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The aim is to present a brief overview of the concepts and techniques associated
with this approach, without in-depth nor detailed concerns of the technical and
mathematical aspects of the various concepts presented. Kernel density estimation
and aspects associated with kernel density estimation are used in existing tests that
are discussed in Section 2.4.4 and will also be used in developing a new goodness-of-
fit test for the Rayleigh distribution (see Section 4.3). Both the existing tests and
the newly developed test will be implemented in the simulation study in chapter
5. The layout of this chapter follows: In Section 3.2 the methodology and notation
used throughout the chapter will be introduced. Section 3.3 contains various dis-
crepancy measures that will be used in the motivation of several key concepts. The
error criteria of interest are the mean square error (MSE) and the mean integrated
square error (MISE). In Section 3.4 a brief overview of kernel functions are given.
Section 3.5 deals with bandwidth selection. Section 3.6 will handle the discussion
and implementation of a few selected boundary-corrected techniques and the effect

of boundary-bias in certain situations.

This chapter relies on the content of Silverman (1986), Wand & Jones (1995) and
Liebenberg (2014). Where applicable concepts and equations are with reference to

these authors’ work with notation adopted from the relevant text and publications.

3.2 Notation and methodology

Let X1, Xo,...,X, be independent and identically distributed (iid) continuous re-
alizations of a random variable X with unknown probability density function f(z).
The intuitive approach of the Parzen-Rosenblatt kernel density estimate, can be
thought of as the average of some weight functions (W;) where the weight function

depends on the distance of observations X; from z together with the sample size, n
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and bandwidth, h:
T) = - ZE 1 Wi(x, h).

To improve on the idea of the histogram, the nature of the weight function should
be such that values far from z should produce small values. Therefore, choosing the
weight as a function that gradually applies less weight to points further away from
the center of the neighbourhood leads to the formulation of the KDE by Rosenblatt
(1956) and Parzen (1962) as

Fain) = nlh;k (x hXi) 7 (3.1)

where h is the bandwidth, k(-) is the kernel function and n is the sample size. The
kernel, k, is chosen to be a symmetric unimodal probability density that satisfies
[k(z)dz = 1, [ zk(z)dz = 0 and [ 2%k(z)dz > 0. More formally, the value of the
kernel estimate at the point z is simply the average of the n kernel ordinates at that
point. Combining contributions from each data point means that for the regions
where there are many observations, the kernel estimates should assume large values.
The opposite should occur in areas where there are few observations. The interested
reader is referred to Wand & Jones (1995) for a more thorough explanation of ker-
nel density estimation. The procedure is illustrated in Figure 3.1 in an attempt to
estimate the density function of a sample obtained from the standard normal distri-
bution ¢(x). In the illustration, the kernel function was chosen as the normal density

function.

We proceed by introducing the following notation that will be used throughout the

chapter:

e A shorthand method of writing (3.1) is f(z;h) = LS kn(z — X;), where
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0.

/-

Figure 3.1: Construction of the kernel density estimate (Koekemoer 2004).

kn(-) =

k(i)

e The convolution of two functions, say f and g, is defined by (f % g)(z) =
J f@—y)g(y)dy.

e The expected value of f(x;h) is Ef(l‘, h) = [kn(z —y)f(y)dy.

=

3.3 Measures of fit

To proceed, several measures of fit for kernel density estimation are evaluated. These
measures are generally used to assess how well a kernel estimate fits the data. The
measures of fit will be used to discuss several properties and extensions of kernel
density estimation such as bandwidth selection and boundary-corrected kernel den-
sity estimation. We will start with a well-known local distance measure in the form
of the mean square error (MSE) and relate this to more general error criteria in the
form of the integrated square error (ISE) which we will ultimately extend to the

mean integrated square error (MISE).

The MSE is a measure of fit that measures discrepancy at a single point x on the

real line. A well known advantage of the MSE is that it can be split into a variance
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and bias component which accounts for a more detailed analysis of the performance

of the kernel density estimator. The MSE can be presented as

MSE [f(x;h)} = Var [f(:c;h)} +{Ef(ac;h)ﬂ“(frz)}2
= Var [f(a; h)} + {Bz’as [f(a; h)} }2, (3.2)
where Var {f(x,h)} = n Y K? x f)(z) — n YKy = f)*(z) and Bias [f(x,h)} =

(Kp = f)(x) — f(x). We can rewrite (3.2) in the following form by writing out the

convolution and simplifying the terms:

MSE [f(x;h)] — ! V K2(x —y)f(y)dy} —nt U Kp(z — y)f(y)dy]2

+ { {/ Ky (x — Z/)f(y)dy] _ f(x)}Q'

Due to the fact that f(x;h) is an estimator of a function f(x), the MSE is not an
ideal measure of fit since it is evaluated at a single point x. A more appropriate

measure is the integrated Lo distance between f(z;h) and f(z) defined as

~

1B [fsm)] = [{Fam - f@)} @

~

In words, this measure takes the square distance between f(z;h) and f(z) and
evaluates it over all values of x, not just a single value. A more global measure of fit,
the MISE, can be obtained by extending the ISE to incorporate multiple data sets
from the density f(z):

A~

MISE [f(.;h)} - E{ISE {f(-;h)”
= (n)_l/Kh2(:1:)dx—l— (1—n_1)/(Kh*f)2(x)d$
- 2 [ Ky pR@f@do + [ fafde (3.3)
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The fact that (3.3) depends on the bandwidth A in a complicated way can be remedied

by deriving an asymptotic approximation for the MISE, i.e.,
. 1
AMISE [ F(x; h)} = (nh)'R(k) + h'ua(k)2R(f"). (3.4)

where po(k) = [ 2%k(2)dz, R(k) = [k(2)%dz and R(f") = [ f"(2)%dz with f"(-)
denoting the second derivative of f(-). The above large sample approximation re-
quires several assumptions about the density function f(x), the bandwidth h, and

the kernel k, which are listed below.

e The second derivative of f is continuous, square integrable and ultimately

monotone, i.e., monotone over both (—oo, —M) and (M, co) for some M > 0.
e The bandwidth h is a non-random sequence of positive numbers.

e The kernel k is a bounded density function with finite fourth moment and is

symmetric around zero.

3.4 Kernel function choices

There are many choices for the kernel function, some of which are given in Table 3.1
and Figure 3.2. Kernel functions are generally subject to [ k(z)dz =1, [ zk(z)dx =
0, [2%k(x)dx < oo, and k(z) > 0 for all , which are necessary properties for the
use in kernel density estimation. Wand & Jones (1995) discusses the choice of kernel
functions in terms of efficiencies and canonical kernels. It is noted that the efficiencies
of what can be considered suboptimal kernels are still very high and they differ only
slightly from each other. It can therefore be concluded that one loses very little in
performance if suboptimal kernel functions are used. The most popular kernels that
are generally used are the Epanechnikov kernel (which can be considered the optimal
kernel in terms of efficiencies) and the normal density function. Since the choice of

kernel function can be left to the popular choices, we turn our attention to the choice
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Figure 3.2: Various shapes of kernel functions.

of bandwidth which, in contrast to the kernel function choice, has a large effect on

the kernel density estimate.

Table 3.1: List of kernels functions.

| Name of kernel function | k(u) \
—a?
Normal ﬁeT
Rectangular %
Triangular 1 — |ul
Epanechnikov 3(1—u?)
Quartic (1 —u?)?
Triweight (1 —u?)?
Tricube 21— [uf)?
Cosine 7 cos (Zu)

3.5 Bandwidth selection

The choice of bandwidth plays a critical role in kernel density estimation. Choosing
the bandwidth too large may obscure important features of the underlying den-
sity being estimated and choosing the bandwidth too small may result in an overly

variable estimate (this occurrence is similarly observed with binwidth selection in
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histograms). In the following section we will specifically explore the rule-of-thumb

bandwidth selector.

Silverman (1986) declared that if the AMISE in (3.4) is minimized, it is possible

to find an optimal value for the bandwidth h, which can be written in the form

hopt = uz(K)_2/5{/ K<t)2dt}l/5{ / f”(x>2d$}_l/5”_l/5~ (3.5)

The formula for the optimal bandwidth is useful in many ways, but it is still de-
pendent on the unknown density being estimated through [ f”(x)?. From the above
expression note that h — 0 as n — oo at a very slow rate. Furthermore, small values
of h will be appropriate for more rapid fluctuating densities. An optimal bandwidth
can be obtained by using expression (3.5) and choosing h with reference to some
standard family of densities (Silverman 1986, p.40). This can be done by assigning
a value to the term [ f”(z)?dz in (3.5) from a standard family of distributions.

By substituting [ f”(z)2dz with the standard Gaussian distribution in (3.5), the
rule-of-thumb bandwidth of Silverman (1986) is obtained:

3 ~1/5

= 1.060n"'/° (3.6)

Note that the parameter o still needs to be obtained and a quick and easy way of
accomplishing this would be to estimate o from the data. Silverman (1986) suggests

estimating o using a robust estimate of spread, namely

o* =min (S2_, ; IQR/1.34),

n—1 >

where S2 | = ﬁZ?ﬂ(Xi — X)? and IQR = Q3 — Q1 with Q1 being the first
quartile and Q3 the third quartile. It is accepted that h.o, will cope moderately well
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with bimodal densities while still adequately handling unimodal densities. Wand
& Jones (1995) also note that the use of * guards against outliers if f has heavy
tails. The ease of implementation and the desirable properties of the rule-of-thumb
bandwidth, with the robust estimate of spread, makes it an overwhelmingly popular
choice when performing kernel density estimation. The properties combined with
the good performance of the kernel density estimate when this bandwidth choice is
used, also motivates our use of it in the simulation study in Chapter 5. Theoretical
properties of this bandwidth can be found in Wand & Jones (1995) and Silverman
(1986). The interested reader is also referred to Hall & Marron (1987), Park & Mar-
ron (1990), Sheather & Jones (1991) and Heidenreich, Schindler & Sperlich (2013)

for other plug-in bandwidth choices.

3.6 Boundary-corrected kernel density estimation

It is a well known fact that kernel density estimation experiences difficulties at the
boundaries of the density being estimated (see, Wand & Jones 1995, Karunamuni &
Alberts 2005, Marron & Ruppert 1994). This occurrence is described as boundary-
bias and it is due to the kernel density estimate giving weight to the area outside of
the data range where there are no data values. This can be explained by noting that
the support of ]?(x, h) is the range [X(l) —h; X(n)—i—h] where h is the chosen bandwidth.
The kernel extends into these regions, [X(1) — h; X(1)] and [(X (), X(n) + hJ, devoid
of data and consequently penalizes the estimation in the boundary area containing
data. For ease of presentation and without loss of generality, consider the data
to span the range [0,00) i.e., the densities of interest are bounded on the interval
[0,00). The boundary region for this support is then [0, h) and the interior lies on
(h,o00). Furthermore, to investigate the behavior of the kernel density estimate at the

boundary, consider a sequence x,, = ah where a € [0,1). This sequence converges

to the boundary such that it is always within h from the boundary. Now, taking
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E [f(x, h)] = ffl k(t) f(x—ht)dt and by performing a Taylor expansion it is possible
to show that

«

E[f(x;h)} ~ f(z) /a k(t)dt—hf’(x)/ltk(t)dt

-1 —

+h;f”(x) /j t2k(t)dt + o(h?) . (3.7)

The boundary-bias problem is clear with closer inspection of (3.7) and noting that
ffl k(t)dt no longer equates to 1. This fact leads to the conclusion that the ker-
nel density estimate is not consistent at the boundaries of the support and further
inspection will exhibit that the order of bias at the boundary stands at O(h). Quan-
tifiable, the expected value of the kernel density estimate asymptotically only reaches

(1/2)f(0) in the boundary area (see, Marron & Ruppert 1994).

Many authors worked on fixing this drawback and there exists a vast literature
on the subject. In this section we are selectively going to explore only a few key

approaches that can broadly be group into the following three categories:
e Reflection and pseudo-data methods.
e Transformation methods.

e Boundary kernel methods.

3.6.1 Reflection and pseudo-data methods

Since the lack of data outside of the data range affects the kernel density estimation,
a first approach involves adding data in this area. Various authors, including Boneva,
Kendall & Stefanov (1971) and Schuster (1985) pursued this approach, the details

of which are given in the following sections.
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Reflection method of Boneva et al. (1971)

The reflection method was introduced and evaluated by Boneva et al. (1971) and rest
on the idea of adding the negative counterpart of the data {—X1, —Xo,..., =X, }, to
the sample and in effect creating a new sample { — X1, —Xo, ..., —X,,, X1, Xo,..., Xn }.
To accommodate this technique the KDE expression in (3.1) is modified to

Frla;h) = ?Z"_l{k(ff)w(g)} , :2

Mirror-image kernel density estimator of Schuster (1985)

~

Schuster (1985) presented a ‘mirror-image’ modification to f(z) which has support
[c,00). Modifications of this method as well as the mirror-image concept can be

studied from Schuster (1985). We only state the results of the paper below.

In the case where X > ¢, with ¢ some known constant, a new sample can be
constructed from {X1, Xs,...,X,} with V; = Si(X; —¢) , i = 1,2,...,n where

{S1,S9,...,5,} are iid random variables assuming values

g +1, with probability p ,
' —1, with probability 1 —p

with p = 0.5.

The estimator for f(x), presented by Schuster (1985), is then

Fawy= | Ot g(ema), it w>c

0, if z<e

where gp(z; h) is the KDE and g,, (z) is the KDE with kernels £~ (x) = k(—z).
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However, Schuster (1985) further noted that if the kernels are symmetric, fg(z)
does not depend on the randomization introduced by {Si, Sa,...,S,}. The density

kernel estimator can therefore be written as

Fs(a:h) = <nh>1§;{f< (x _hXZ) o (Wﬂ |

In the case where ¢ and d are known constants and ¢ < d, this estimator can be

extended to

~

fs(z:h) = fi(2c—2)+ fi(z) + fi(2d - x)

_ (nh)_liz:K <37—2;3L+X> + (nh)™! Z:;K <m —hX>

- 2d — X,
k)Y K <“’”+h> ,
=1

for x € [c,d] and zero elsewhere. For this density estimate kernels are limited to

bounded, symmetrical kernels with support [—1, 1], and bandwidth 0 < h < (d—c¢)/2.

Pseudo-data kernel density estimator of Cowling & Hall (1996)

The pseudo-data method is similar to the reflection method in that it adds data
outside the boundary. This is achieved by first transforming the data and then
placing the transformed values on the outside of the data range. The data is
obtained with the so-called pseudo-data generator derived from the relationship
E[X;] = G(i/n) + O(n~'?), ¥§ and G = F~'. Cowling & Hall (1996) estimates
an extension of G on (—o0,0] by fitting a zero-intercept r*’-degree polynomial to
the points (A1i/n; X a,i), (A2t/n; X ayi), ..., (Asi/n; Xa,;) where Ay, Ag, ..., As are

integer values and s > r. The pseudo-data generator then takes the form

X(fl) = ZGJX(AJZ) ) 1<:< n/maX(AZ) ,
j=1
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where {ai,as,...as} € R, such that Y7 | aiAz = (-1)/, 1 < j < r. Based on
a numerical study, Cowling & Hall (1996) ultimately suggested a three-point rule

based on the pseudo-data generator:
X(-i) = —5X(is3) — 4X(ais3) +10/3X(y)

where X(;) linearly interpolates among 0, X1y, X(2),..., X(,). The KDE is then

) Zk($+X(z>} e

It is important to note that the integer m in the above estimator is of a larger order

applied in the modified form:

for(z;h) = {Zk(

than that of nh but of smaller order than n. It is concluded in a study by Cowling &
Hall (1996) that the pseudo-data method exhibited a lower MSE than the reflection

estimator.

3.6.2 Transformation methods

The transformation methods rests on the idea of applying a one-to-one transfor-
mation function to the data. Take, without loss of generality, the transformation
to be g : [0,00) — [0,00). The KDE is then applied to the transformed data set,
9(X1, Xa,...,X,). Note that the kernel density estimate is calculated on the trans-
formed data which will result in an estimate for the probability density function of

the transformed data. This can potentially be problematic in terms of interpretation.

Transformation method of Marron & Ruppert (1994)

Marron & Ruppert (1994) describe their method as a three-step process. In the first
step a choice is made on the transformation function g. The function is chosen from

a parametric family and this is done to ensure that the density of g(X1, Xa,...,X,)
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has a first derivative that is approximately equal to zero at the boundaries of the
support. The second step involves applying the mirror-image kernel density estima-
tor of Schuster (1985) to the transformed data. Finally, the estimator is converted

to a density estimate on the original data.

On the topic of choosing a transformation g, Marron & Ruppert (1994) suggest
the transformation to be restricted to a smooth, monotonically increasing function,
Y; = g(X;). Furthermore, let fy be the density of the transformed data Y;. The
approach of Marron & Ruppert (1994) is to choose the function g such that fy is flat
at the boundaries. This results in fy being a reflected kernel estimator. The authors
suggest a method to obtain g in the form of a quartic polynomial and provide an

involved algorithm to ultimately achieve bias reduction with their three-step process.

Transformed-reflection kernel density estimate of Karunamuni & Alberts

(2005)

Karunamuni & Alberts (2005) combined the transformation and reflection based
estimators and suggested a generalized kernel density estimator which takes the

form

e = S (29880 11 (=548}

where g1 and go are transformation functions and are chosen such that the bias of the
estimator is of order O(h?), Vz > 0. The proposed density estimator is a generalized
estimator in the sense that it reduces to the standard reflection estimator of Boneva
et al. (1971) defined in section (3.6.1) when g3 = g2 = t. On the topic of transfor-

mations (g1, g2), Karunamuni & Alberts (2005) states that when the transformation
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pair is chosen to be g = g1 = g2 it must satisfy

2£'(0) J (t — )k(t)dt

//(0) _
! f(0) (c 2Nt c)k(t)dt)

I

where ¢ is a point estimate in the boundary region [0,h) of the support [0,00).
This approach causes the transformation g to be locally adaptive at the boundary
and reduces to the KDE in the interior. If g1 and go are chosen to be different
transformations Karunamuni & Alberts (2005) suggests possible choices to satisfy
g7(0) = 2d and ¢5(0) = 0 where d = f”(0)/f(0). The authors specifically study the

density estimator of the form

T 1 . Ac _Ac
- 55 (58) 4 (559))

where Go(u) = u + (1/2)dka? + Mo(dk)?u?, k., = 2 [1(t — e)k(t)dt/(c + 2 [} (t —

¢)k(t)dt) and \p is an integer such that 12\g > 1. Furthermore, d is an algorithmic
estimated pilot bandwidth. It is concluded by the authors that their density esti-
mator possesses desirable attributes such as the estimators non-negative traits, but
also state that among the competitor choices in the study none dominates outright

in performance.

3.6.3 Boundary kernel methods

Boundary kernel methods differ from reflection and transformation methods in that
the kernels adapt to the shape of the density in the boundary regions.
Cut-normalize method of Gasser & Miiller (1979)

Recall the expression of £ [f(x, h)} given in (3.7):

«

E[f(x;h)} - f(a:)/ k(t)dt—hf’(x)/jtk(t)dt

-1 —
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+};2f"(x) /j t2k(t)dt + o(h?) .

Gasser & Miiller (1979) suggested that an intuitive approach to fixing the boundary-
bias problem would be to divide the kernel density estimate by ffl k(t)dt in order to
renormalize each kernel. This ensures that each kernel integrates to 1 and that the
estimator is consistent at the boundary. This consistency can be verified by writing

the kernel density estimate as

A~

2o f(a;h)
fG]W(‘r? h) f:xl k(t)dt
@ T (- X,
— -1 %
= (nh) (/1k(t)dt> ;( - > ,
and obtaining the expected value of fG M
N LSO tk(t)dt
E\|f i h = f(x) = hf(x)=—g————+ O(h) .
Fau(ash)] = fla) = b s + O)

Note, the boundary-bias of the estimator is that of order O(h) and while it is an
improvement it still has a drawback when considering the bias of order O(h?) in the

interior region.

Simple boundary-correction method of Jones (1993)

An amelioration on the cut-renormalization method of Gasser & Miiller (1979) is to
attain a bias of order O(h?) at the boundary in order to match the order of bias
in the interior. An approach that gained some traction is to use a kernel function
that differs for each value in the sequence x, = ah, e.g., a kernel generated by the

function

[° 22k(2)dz — [ 2k(2)dz

T [P k(z)dz [ 2R(z)de — [ Zk(z)dzk(z)f(—l <z<a).

v(z; @)
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Jones (1993) adopted the variable kernel approach and formulated a method where

generalized jackknifing is employed to seek the linear combination of

(2, 2te)d) bw) - (2, oh(@)dr) ()

(ffl xﬂ(m)dm) (ffl k‘(m)d:ﬁ) — (ffél xf(m)dz) (ffl E(m)d:z:) ’

that satisfies the O(h?) bias at the boundary. Note the use of two functions k(-) and

(3.8)

v(z;a) =

£(+) in the above expression and consider the notion of how to choose the appropriate
functions. Jones (1993) provides several choices on the matter and Jones & Foster
(1996) motions to choose the function ¢(-) such that it is a function of k(-) as the
resultant boundary-correction would then be derived entirely from the interior kernel
function. To investigate one possible choice of the above mentioned kernel functions
we conform to the notation used in Jones (1993). The formulation of the variable
kernel approach with the use of generalized jackknifing related in (3.8) under the

adopted notation states to seek a linear combination of

~

fi(x) = azf(@) + B f(x) . (3.9)
In thislet f(z) = n~ ' Y0 kn(a—X3)/ [P k(u)duand n™t 30 | 0, (z—X;)/ [ 0(w)du
with p = z/h. Furthermore,
a; = c(p)ao(p)/{c1(p)ao(p) — ar(p)co(p)}

Be = —ar(p)eo(p)/{c1(p)ao(p) — ar(p)co(p)}

with ¢, = [*, u"l(u)du and a, = [P, u"k(u)du. One possible choice for £(-) is then
£(u) = uk(u) which results in a kernel function of the form v(z) = (L, + xM;)k(x)
with

L, = a(p)/{az(p)ao(p) —ai(p)} ,
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and

M, = —ai(p)/{az(p)ao(p) —ai(p)} .

The disadvantage with general jackknifing boundary-correction is that it can produce
negative values near the boundary. Jones & Foster (1996) however provides a solution

in the form of a negative-correction estimator:

@) = Flaexp | 2260
frr(z) = f(z) P{f(x) 1},

where f;(z) and f(z) is defined in (3.9). The estimator f;p(x) will be nonnegative

since k and f(z) are nonnegative and the remaining terms reside in the exponent.

Adaptive Beta boundary-correction method:

Gamma and Beta kernel estimators were proposed in Chen (1999) and Chen (2000)
and are based on the gamma and beta density function which varies the amount
of smoothing by naturally varying the kernel shape without explicitly changing the
value of the bandwidth. These estimators are claimed to be free of boundary bias,
non-negative and achieve the optimal rate of convergence for the mean integrated
square error.

Zhang (2010) investigated this claim and suggests that the gamma kernel estimator
is the reflection estimator with double-exponential kernel at x = 0, which makes it
boundary-bias free only if the condition f’(0) = 0 holds.

Zhang & Karunamuni (2010) later also considered the beta kernel estimates and
suggested that the kernels only exhibit the desired properties of being nonnegative
and show superior boundary performance when certain conditions are adhered to.
If these conditions are not present it was stated that the adaptive beta kernels are

similar to the reflection estimator. The reflection kernel suffers when the density
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being estimated does not have the shoulder property, i.e., f/(0) = 0, and this restric-
tion carries over to the beta kernel estimator. Zhang & Karunamuni (2010) claims
that the study by Chen (2000) was ultimately confounded by non-optimal bandwidth

choices and by incomparable quantities.

3.6.4 Numerical investigation

In what follows we conduct a small and by no means comprehensive numerical study
of a few selected boundary-corrected methods. The aim of this investigation is to
comprehend and visualize the boundary-bias problem. Similarly, this aspires to visu-
alize how the chosen boundary-corrected methods adjusts and compensates for this

flaw.

In this investigation, 10 000 random samples were generated from a Ral(1)-distribution.

The kernel density estimate and the boundary-corrected methods were calculated on
the 10 000 samples. The boundary-corrected kernels under investigation are as fol-
lows, the reflection method (fs) of Schuster (1985), the cutnorm procedure (fGM) of
Gasser & Miiller (1979) and the simple boundary kernel (fj) of Jones & Foster (1996).
These methods were chosen for the ease-of-use and accessibility to researchers offered
by the statistical software R, within the package evmiz (see, Hu & Scarrott 2018).
The bandwidth was chosen with the rule-of-thumb method A,y in (3.6). The calcu-
lations were repeated for a sample size of n = 20 and n = 200. The sample sizes were
chosen to inspect the behavior in a small and large sample situation. Figures 3.3 and
3.4 exhibit the plots for the KDE and boundary-corrected methods for the first 100
generated samples. The MISE, bias and variance components are displayed in Fig-
ure 3.5. The left column of plots in all figures correspond to the sample size n = 20
and the right column correspond to the sample size n = 200. The boundary-bias
problem caused by the kernel spilling out of the range of data is clearly visible in the

left boundary of the KDE plots. Notice the problem is persistent for both the n = 20



Chapter 3. Kernel density estimation 60

©
o~ S
o = o
g g
- ©
= 2 o 7 7
& o | 3 /\
z ° 2 < \
= - -~ 5 a8 / \
3 < | A 3 / \
T o / \ s ~ | | \
= \ E ©
N 14 N N y \
O.__l ____— o.__' \\_.___
= T T T T T T T < T T T T T T T
0 1 2 3 4 5 6 0 1 2 3 4 6
X X
QT
o N ] o ©
5 - &
£ i £ o
7] D o
[0} (0]
Z 3 2z
g) o < |
[0} . S ©
© ©
E 3 A E o
2 i 2 o]
= 5
® o o o
o o

Figure 3.3: Kernel density estimate plots for the KDE and cutnorm boundary-
corrected method.

and n = 200 cases even though the variance seems to be decreased for the n = 200
case. The variability and the chance of peculiar density estimates as a function of
odd samples are also clearly seen in the small sample case. If we turn our attention to
the cutnorm procedure in the bottom row of Figure 3.3 we clearly see the correction
this procedure offers. The extent of the boundary-bias is severely decreased on the
left boundary and disappears below zero. As mentioned before, the cutnorm proce-
dure remedies the inconsistency of the KDE in the boundary area. The variability
persists in the interior and this is because the cutnorm procedure is equivalent to the
KDE in the interior. Figure 3.4 exhibits the performance of the reflect and simple
boundary corrected density estimates. Shifting our attention to the reflect method
in the top row we see that it also attempts to remedy the boundary-bias problem

albeit to a sightly worse extent than that of the cutnorm method. This however,
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Figure 3.4: Kernel density estimate plots for the reflect and simple boundary-
corrected method.

is not surprising as the reflect method was specifically designed for the cases where
f/(0) =0 or f'(a) = 0. The Ral(1)-density does not adhere to this setup in that it
produces f(0) = 1/62.

The simple boundary corrected procedure on the other hand seems to also per-
form adequately. For a better overall view we turn our attention to the MISE error
criterion in Figure 3.5. The variance component for both the sample sizes seems
relatively equivalent and there is not much difference in the bias component between
the J?GM and J?J estimates for n = 20. The bias component for these two methods
seem to differ more substantially for the n = 200 sample size but on closer inspection
it is only a moderate improvement for the f] method. The overall MISE echoes the

same conclusion that there is not much to choose between the two methods consid-
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Figure 3.5: MISE, variance and bias components for the reflect (red line), cutnorm
(blue line) and simple (purple line) boundary-corrected methods.

ering the sample size and density considerations. The choice of boundary-corrected
kernel in this case can be left to other considerations such as ease of implementation
and computational speed. At this point we note that the simple boundary-corrected
method requires renormilization and negative-correction which increases computa-
tion time to a fair degree over that of the cutnorm procedure. Since both procedures
perform well, we choose to use the cutnorm procedure for the simulation study in
Chapter 5 with the differential equation based test in Section 4.3 as it yields much

faster computation time.



Chapter 4

New goodness-of-fit tests for the
Rayleigh distribution

4.1 Introduction

In this chapter we introduce and develop new goodness-of-fit tests for the Rayleigh
distribution based on several different approaches. Section 4.2 introduces tests for
the Rayleigh distribution based on a characterisation of this distribution. In Section
4.3 we propose a test for the Rayleigh distribution based on a differential equation

and in Section 4.4 we introduce a test based on the Mellin transform.

4.2 New tests based on a conditional expectation char-

acterisation

Consider the characterisation of the Rayleigh distribution by Ahsanullah & Shakil

(2013) in Section 2.3 given here in terms of the parametrization in (2.3).

Characterisation. Let X be a nonnegative random variable with absolutely contin-

uous cumulative distribution function F satisfying F(0) =0, F(z) > 0 for all x > 0,
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and with finite E(X?*), for some fired k > 1. Then X has a Rayleigh distribution
with parameter 0 (that is F(z) =1 — e /207 4> 0), if, and only if, for all t > 0,

k
B(X*|X > t) =) 2'g*k0e¢0),
=0

where kW = k(k—1)...(k—1+1) and k© = 1.

Now, from this Characterisation, and with S(t) = P(X > t) = 1— F(t), we have the

following corollary.

Corollary 4.1. Let X be a nonnegative random variable with absolutely continuous
cumulative distribution function F satisfying F(0) =0, F(x) > 0 for all x > 0, and
with finite E(X?F), for some fized k > 1. Then X has a Rayleigh distribution with

parameter 0, if, and only if, for all t > 0,
EX*I(X > t)] = S(t)vee(t),

where v g(t) == 3o 202 EO2E=D with kO = k(k—1)... (k—1+1) and k) =1.

Proof. From straightforward computations, one can show that for all ¢ > 0,

EX*I(X > 1) = LE[X%I(X > t)].

E(X% X >t) = 50

P(X >t)

From the Characterisation, it follows that X has a Rayleigh distribution with pa-

rameter 6 if, and only if, for all ¢ > 0,

SL)E[X%I(X > )] = vea(t),

equivalently, if and only if, for all ¢ > 0, E[X?*I(X > t)] = S(t)vk(t). O

Based on Corollary 4.1, a random variable X admitting moments of order 2k has a



Chapter 4. New goodness-of-fit tests for the Rayleigh distribution 65

Rayleigh distribution with parameter 6 if, and only if, for all ¢ > 0
EX?I(X > t)] — S(t)upe(t) = E{I(X > t)[X* — v 0(t)]} = 0,

or equivalently,
E[X*I(X > t)]
S(t)

— vgp(t) = 0.

It is then clear that such a random variable has a Rayleigh distribution with pa-
rameter 0 if, and only if, either of the functions ¢ — E{I(X > t)[X%* — v 4(¢)]}
or t = E[XZ[(X > t)]/S(t) — vk (t) are zero. Since these functions are unknown,
their discrepancies to 0 can be measured by Kolmogorov-Smirnov (KS) or Cramér-
von Mises (CM) distances applied to their suitable normalized empirical versions

defined respectively for all ¢ > 0, by

Tt = <= DI > O~ (0] or
=1

S I(X > )X

Tal®) ST > 1)

— yk,é\n (t)

This would lead to the Kolmogorov-Smirnov (K S,, and I/(\gn) and Cramér-von Mises

(CM,, and C/’j\]n) test statistics

KS, =sup|T,(t)] and CM, = / T (w(t)dF,(t),
tcO ©

or

K8, = sup
tco

%n(t)) and CM, =n / T2(Hw(t)dEy (1),
©

where O is a compact subset of (0,00), w is a suitable positive weight function sat-
isfying some integrability conditions (see Section 4.2.1), and fn is any consistent
estimator of F. One can take F), as the empirical distribution function E.(t) =

1/n) S I(X; < t), or the plug-in estimator F> of F' = Fy, obtained by substi-
=1 g 0
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tuting gn for 0 into Fy.

The tests KS,, and I/(\g’n on the one hand and C'M,, and C’A]\?n on the other hand are
based on equivalent characterisations. Therefore, they are equivalent. However, the
fractional form of 7, makes it difficult to study the asymptotic behavior of I/(\gn and
CM n- In what follows, we just study the asymptotic properties of K'S,, and C'M,
through the study of the asymptotic behavior of T,.

4.2.1 Asymptotic theory

We make the following assumption regarding the estimator 9An for 6:

(A) The estimator 0, satisfies the Bahadur representation
1 n
02— 0%) = —> 9o(X; 1
\/ﬁ( n ) \/ﬁi:1 UJG( Z)+0P( )7

where 1)y is some continuous function such that E [1)g(X1)] =0, E [wSH (X 1)]

A

00, for some 6 > 0, and op(1) stands for a sequence of random variables tending

to 0 in probability as n tends to infinity.

Remark 4.1. The maximum likelihood estimator of 6 satisfies the above property
with Ye(x) = (22 — 20%)/2 and op(1) = 0. The moment estimator of 0, which is
obtained from the empirical counterpart of the first-order moment, also satisfies (A)

with Yg(x) = 20(2x — 0/7)/\/T.
Now, define for all ¢ > 0, the following process
Salt) = — Zn:c;,m,
v i=1
where, for any : = 1,...,n,

Gi(t) = 1(X; > t) [XP* = v (8)] — vo(Xo)wna(t), (4.1)
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with
k

W0 (t) — Z 2l+1l92(l71)k(l)t2(k7l)s(t)’
=1

for all ¢ > 0.

Let 1 be a positive measure defined by dn(t) = w(t)dF(t). Let Lo be the collec-
tion of functions g defined on © such that [y g(s)dn(s) < oco. It is well known
that Lo endowed with the inner product (g1, 92) = [ 91(s)g2(s)dn(s) and the norm
llgl| = (g,g>% is a separable Hilbert space. One can note that the G;’s and the

processes S, and T, are random elements of L .

Now, define on (0,00) x (0,00) and on (0, 00) respectively, the following real-valued

functions:
K(z,t)=1(x >t) {xzk - Vkvg(t):| — p()wye(t) and
K(t) :/ K(z,t)dF(z).
0
Theorem 4.1. Assume that E(X*+2) < oo, for some fized k > 1. Then
(i) as n tends to infinity,
sup | Tn(t) — Sn(t)| — 0,
te®

in probability.

(ii) as n tends to infinity,
Tn — S — 0,

in probability in Lo.

Proof. Let © C (0,00) be compact. For Part (i), one can write for all t € ©,

T(t) = \/IEZI(XZ' > ) [XF = veott)
i=1
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—S(t)\/ﬁ [Vkﬁn (t) — Vkﬂ(t)}
= Tin(t) — Ton(t) — T3n(t).

Now, with the convention that 2 = 1 for all > 0 and b < 0, observe that for all

te 0o,

k
vn {Vk,@\n (t) — ’/kﬁ(t)] = \/ﬁz (@ﬁ’ - 021) ol (D 2(k=1)

k
- ( )Z (’?(l D g2 g g2e20-2) +92(z—1)) ol (1) 2(k—1)
=1
From assumption (A), one has asymptotically

k

1 n
Vi (v 5 (1) = yk’g(t)} = 7 D p(Xi) Y 2O 2R op (1),
=1

=1

Thus, asymptotically, for all £ € ©,

k
Tan(t) \/»Zd}a ) > 2P0 EDREDS (1) 4 0p(1)
=1
and
Tonlt) = 31 (Xe > 1) = SOVt [, (0)  vear)]
=1
1 n
= S X<t~ F®)] v (0 - )ZQl“w“ DO 206D,
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It is easy to see that

X

9

1 n
Ton(®)| < Ct-sup|—= S [I(X; <t)— F(t
sup 7o (8 fggnZ[( ) — F(t)

=3 (X
=1

for some constant C' > 0.

By the classical central limit theorem the sequence of random variables Y ;" | ¥p(X;)/v/n
converges in distribution to a zero-mean Gaussian random variable with variance
E[3(X1)]. Also, by the Glivenko-Cantelli theorem, as n tends to infinity, in proba-
bility,

Thus sup,cg | T2n(t)| tends in probability to 0, as n tends to infinity.

This clearly implies that for any compact subset © of (0,00), as n tends to infinity,
in probability,

sup [T, (t) — Sp(t)] — 0.
te©

For the proof of the second part of the theorem, one can just observe that it follows
from the above convergence that, in probability, 7, (t) — S, (t) is uniformly bounded.
Then by the dominated convergence theorem, it converges in probability to 0 in

Lo. O
Theorem 4.2. Assume that E(X*29) < oo, for some fized k > 1.

(1) If K(t) = 0, for all t > 0, then Tp(t) converges weakly in Lo to a zero-mean

Gaussian process T (t) with covariance kernel T' defined for all s,t > 0 by

s,t) = B{I(X1> sV ) | XP = vo()] [ X~ via(s)] }
B {1(X1 > s)ip(X1) [X%’f - kag(s)} } wio(t)
B {I(X1 > )p(X1) [Xl% - Vkﬂ(t)} } wio(s)
+E [45(X1)] wio(s)wna(t), (4.2)
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where x V y denotes the largest number between x and y.
(i) if K(t) # 0, on some Oy C (0,00) satisfying n(Qg) > 0, then n~ /T, — K

in probability in Lo.

Proof. We just have to check the conditions of the application of the central limit
theorem for Hilbert spaces to the G;’s. These are iid elements of Lo, as the X;’s are

iid random variables. For all G € Lo,

E((Gh, G / / K, )G (1) dn(t)dF (x) = /@ K ()G (t)dn(1).

To handle Part (i) of the theorem, it is easy to see that if K (¢) = 0 for all ¢ € (0, c0)
then E(<G1, G>) =0.

BllGi?) = £ | [ G| = [* [ ki)

which is finite by our assumptions. The central limit theorem for Hilbert spaces then

Now,

applies to S,. Hence, it converges to a zero-mean Gaussian element of Lo, T with

covariance kernel

E[T(s)T(t)] = E[G1(s)G1(t)] = T'(s,1).

For establishing the second part of the theorem, observe that if there exists some

©p C (0,00) such that 7(O¢) > 0 on which K (t) # 0, then we can write

Sn(t) = Un(t) + VnK(t),

where
Un(t) = jﬁ > (G0~ K0,

with G;(t),i=1,...,n, given in (4.1). From this, we have
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IISall? = |[Unl)? + 2vn(Uyn, K) + n||K||?
1 2
= |2 + == U, K) + ||K]|?) .
n(ﬂll I +\/ﬁ< )+ ||>

Note that the random functions G;(t) — K(t) are zero-mean iid elements of Ls.
Thus, as in the proof of Part (i), by elementary arguments, one can see that |[U,,||?
converges in distribution to ||7]|?. By the classical central limit theorem, (U, K)
converges in distribution to (7, K). With all these arguments, it is easily seen that
the first and second terms in brackets in the last equality converge in distribution to

0 and the second part of Theorem 4.2 follows. O

From the above theorem, we will study the asymptotic behavior of CM,,. In what
follows, we indicate how to approximate the tails of the limiting distribution. Con-
sider the positive continuous function w introduced earlier. We assume that it is

continuous and satisfies
w(t)>0,t>0, 0< / 2w (t)dF (t) = / 2 dn(t) < oo.
(€] e

Corollary 4.2. Assume (A) holds, then

(i) under Hy, the random variable C M, converges in distribution to the random

variable

e = [ T,
©
where T is the Gaussian process defined in Theorem j.1.

(ii) under Hy, the sequence of random wariables CM,, diverges in probability to

mnfinity.
Proof. This corollary is a direct consequence of Theorems 4.1 and 4.2. O

Corollary 4.2 has a number of consequences. Its second part implies that the power

of the test based on C'M,, against any fixed alternative tends to one. This can be
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seen from the fact that, under Hy,

Cf" 2, / K2(tyw(t)dF(t) == T > 0.

Now, because under Hy, I > 0, we have that CM, Py 50 asn — co. It then
follows that

Py, (CM,, > cp(a)) — 1 as n — o0,

where ¢, () is the critical value obtained from the null distribution of C'M,,.

Its first part allows for an approximation of its null distribution. Indeed, it is easy
to check that the kernel I'(s,t) defined in (4.2) is a Mercer kernel. It results that,

the integral operator Vr defined on L9 by

Vrg(s) = /@ D(s, )g(t)dn(t), s> 0

admits eigenvalues (7, (2,... sorted so that (1 > (2 > ... > 0, and eigenfunctions

hi, ho, ... which form an orthonormal basis for Lo.

Corollary 4.3. Under the conditions of Corollary 4.2, if K(t) = 0 for all t >
0, then CM,, has asymptotically the same distribution as ijl ijjz-, where ¢; and
X?, J =1, are respectively the eigenvalues of Vr and iid random variables following

a chi-squared distribution with one degree of freedom, respectively.

Proof. From our assumptions, the Gaussian process 7 defined in Theorem 4.1 is a

random element of £o. It has the following Karhunen-Loéve representation
[e.e]
T(t)=>_ Njhi(t),t >0,
j=1

where for all j > 1, N; = (T,hj) are independent zero-mean Gaussian random
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variables with variances (j. It follows from this that ||7]> = P NjQ, since
E(Nf) = (¢; > 0, N; = 0 in probability whenever (; = 0. For positive (;’s, one
can observe that Z; = N;/ \/5 , 7 > 1, are iid standard Gaussian random variables.

Thus,
oM = /@ T2(0)dn(t) = | TIP = S 22
j=1

The result then follows from Corollary 4.2. O

The distribution of the random variable Zj’;l G X? can be approximated by that of
Z}]:1 CjXJQ'a for an arbitrary large J. However, the (;’s are unknown and must be
estimated. They can be estimated here by considering the eigenvalues of the operator
Vi (s,t), where fn(s,t) is any consistent estimator of I'(s,t). Possible estimators

are the Ej’s solutions of the Fredholm integral equations
Ve fi=¢Gl i=1

Remark 4.2. A natural estimator of T'(s,t) can be obtained by taking the empirical
counterpart in the expression given in (4.2), in which 0 is replaced by §n. For the
computation of the cumulative distribution function of Z}'le @X? the reader can refer
to Ngatchou-Wandji & Harel (2013). However, in our Monte Carlo study, we make
use of the parametric bootstrap in order to obtain approximate critical values. This

1s a standard approach in these type of goodness-of-fit tests.

4.3 New test based on a differential equation approach

Our second approach for constructing a goodness-of-fit test for the hypothesis in

(2.6) is based on the differential equation

0%z (x) + g(z)(a® — %) = 0,
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subject to g(1) = (1/6%) exp(—1/26?), where § > 0 is a constant. As shown below,
we have that the Rayleigh density in (2.2) is the unique solution to this differential

equation.

Solving the differential equation:

0%zg' (z) + g(z) (2% — %) =0
fg( ) dop — _f:n2 —02 4

17

)
log |g(z)| = 2%—1—10g:c+0
)

(I’ —¢ 282+10g$+C

But g(1) = 1/6% exp(—1/26?), hence

1 1 _1
—e 202 = e 202¢
92
1
e = =
92

Thus we have that g(x) = (2/6?) exp(—2%/26?), = > 0.

Note that e¢ = 1/62 is also the only value of C that ensures that g(x) is a

valid density function for x > 0.

Now, if X ~ Ral(6), then it follows that
Bl0°Xg'(X) + g(X)(X? = 6%)] =0,
and if Y = X/6 ~ Ral(1), then

E[YW(X)+h(X)(Y%-1)] =0, (4.3)
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where h(y) = yexp(—y2/2) (i.e., the standard Rayleigh density function) and h/(y) =
(1 — y?) exp(—y?/2) is the first derivative of h(y). On the basis of (4.3) we suggest

the following test statistic,

T = [ [uhb) + s - D] wl)dF )
0

= n /OOO [(y B y3)e—y2/2 + /ﬁg(y)(gﬂ B 1)} 2 w(y)dﬁ(y)’ 4)

where hj(y) is the standard Rayleigh density function, w(y) is a suitable nonnegative
weight function, F(y) = P(X/8 < y) and h(y) = (nh)™" S k {(y — X;/0) /h}
is a kernel density estimator based on the data X/ 5, with § an estimator for 6.
Furthermore, k(-) is a suitable chosen kernel function and A is the bandwidth (See

Chapter 3 for details on kernel and bandwidth choices). Clearly the test rejects for

large values of the test statistic.

Estimating F(y) by its empirical counterpart Fy,(y) = (1/n) Yoy I(Xz/é\ < y) and
choosing w(y) = exp(—py), we obtain the following expression for the test statistic,

n 2 2
T = 30|05 = Ve + R0 - 1) e (1)),
j=1
Remark 4.3. It is well known that the kernel density estimator suffers from bound-
ary bias near the endpoints of the support of the density being estimated. In order to
rectify this shortcoming, we suggest using a boundary-corrected density estimator as a
modification to the test statistic in (4.4). The modified test statistic using boundary-
corrected density estimator will be denoted as Tby, , (see Chapter 8 for more details

on boundary-corrected density estimators).
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4.4 New test based on the Mellin transform

In this section we propose a goodness-of-fit test that utilizes the Mellin transform.
This integral transform was traditionally used in applied mathematics, but was
adopted by the field of mathematical statistics in the study of quotients of inde-
pendent random variables and the distribution of products (see, Epstein 1948). The

Mellin transform of a function h(z) is defined as
M(h,s) = / 25 h(x)d, (4.5)
0

and generally holds for a complex value s (see Hahn & Poularikas 2000). However,
in the spirit of Meintanis (2008a) we take ¢t = s — 1 > 0 to be real valued. This
allows the formulation in (4.5) to be identified as the moment process of X and can

be written formally as
Mx(t) = E[X'] = / 2 dF(z). (4.6)
0

Goodness-of-fit tests based on the conceptualization in (4.6) have been developed for
the Lognormal distribution in Meintanis (2008a) and for generalized exponential laws
in Meintanis (2008b). Besides aforementioned papers, the Mellin transform has been
sparsely explored in the context of goodness-of-fit testing. In contrast, the Laplace
transform has enjoyed more attention in the literature and possesses an inherent
connection to the Mellin transform. If Lx(t) = E[e~**] then the Mellin transform
can be obtained by Mx(t) = Ly (t) = E[e™"] with Y = —log(X). Therefore, we
note that the test statistic proposed in this section holds a certain connection to
the test in Meintanis & Iliopoulos (2003). The newly defined test is derived from

the transformed variable through the Mellin transform and has the advantage of not

containing an error function after transformation.
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A starting point for developing a goodness-of-fit test with the Mellin transform is to

consider the popular Kolmogorov-Smirnov and Cramér-von Mises distance measures,

SO = [ MO - M@ aPe) and §(0) = sup M)~ M0,

where M, (t) is the empirical counterpart of (4.6) and P is any assigned measure. In
this, we depart from the classical discrepancy measures in favour of the differential

equation

D(t,0) :=2M'(t) — {log(2) — 2log(0) + v (1 + ;) } M(t) =0, (4.7)

with digamma function ¢(-) and boundary condition M(0) = 1. A goodness-of-fit
test can be constructed by exploiting the fact that the Mellin transform M(t) =
2!/20'T(1 4 t/2) of the Rayleigh distribution given in (2.3) is the unique solution to
the differential equation given in (4.7). Now we can estimate (4.7) by its empirical

counterpart
Di(t,0,) = 2M (t) — {log(2) — 2log(6y) + 1 <1 + ;) } M,(t),  (4.8)

where M, (t) = n~! >oiy Xiand My (t) = n~! Y% Xtlog(X;) and 0, is a consis-
tent estimator of #. Ultimately, Cramér-von Mises and Kolmogorov-Smirnov type
test statistics can be formulated based on (4.8) to test the proximity to zero of the

differential equation. Based on (4.8) consider

LA, =n / D2 (t,0n)w(t)dF,(t) and T, = sup |Dy(t,0,)
0

t>0

)

where w(t) is an appropriate nonnegative weight function and F, (t) is any consistent
estimator of F'. Once again, we can take ﬁn as the empirical distribution function

F,(t) = (1/n)> ", I(X; <t), or the plug-in estimator Fy of F' = Fy, obtained by
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substituting §n for 0 into Fy. For implementation of this test statistic we choose the
weight function w(t) = exp(—¢t?) with tuning parameter ¢ > 0 and ﬁn(t) as the
empirical distribution function. By using scaled values Y; = X; /(/9\,“ we can obtain
desirable calculable forms

. 2

LAne = Y [2) V'*log(y;) - {log(Z) + (1 + ?) } ;Yf’“ exp(—¢Yy),
iz

k=1 | j=1

1<k<n

~ Ly, Yi Y
LA, = max QZY; *log(Y;) — {log(2) + (1 +5 ZY} i
j=1 j=1

The two test statistics would be close to zero only if the observations realised from
the Rayleigh distribution and consequently will reject the hypothesis in (2.6) for large
values. We will only consider the Cramér-von Mises type test as it demonstrated

greater performance in power.

Now, consider the consistency of the test LA,. First note from (4.9) we have

L

~

An [ 0, 7 w
M _ /0 D2(t, 0 )w(t)dF, (1),

From the Law of Large Numbers we have that M, (t) 4 M (t) and M), (t) K M'(t).
Consequently, it holds that D, (¢, §n) 2% D(t,0) and therefore by Fatou’s Lemma and

the Glivenko-Cantelli Theorem we have that

LA, o0
lim inf 1= / D2(t, 0)w(t)dF(t).
n—oo n 0

Note that Z = 0 if, and only if, Hy is true and Z > 0 otherwise. This shows that the

test LA, is consistent against fixed alternative distributions.



Chapter 5

Simulations and results

5.1 Introduction

In this chapter, we compare the finite-sample performances of the newly proposed
tests to those of the existing tests. Section 5.2 establishes the simulation setting and
in Section 5.3 we provide the power estimates against general alternatives and the
local power estimates for two distribution mixtures. The discussion of the power
estimates precedes the tables which can be found at the end of the chapter. In

Section 5.4, the new and existing tests are applied to a real data example.

5.2 Simulation setting

Critical values were calculated for a significance level of 5% with the use of 50 000
independent Monte Carlo replicates. Note that each of the test statistics in Ta-
ble 5.2 rejects the null hypothesis in (2.6) for large values. That is, the null hy-
pothesis is rejected when the test statistic is larger than some value ¢ (obtained
using Monte Carlo simulations) that is dependent on the sample size n. A number
of tests rely on a tuning parameter ¢ > 0 or window-width m > 0 that has to

be chosen. In this study, the power estimates were obtained over a grid of values
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¢ € {0.00,0.25,0.50, 1.00, 1.50, 2.00, 3.00, 5.00, 7.50, 10.00} and m € {1,2,...,n/2}.
Only parameters that exhibited the highest power estimates are reported in Table 5.4
and Table 5.5. For comparability, an attempt was made to keep the tuning parameter
and window-width values as similar as possible across the tests and consistently the
same over tables. Therefore, power estimates for tests that require tuning parameters
or a window-width are reported for

e KL, and DH,, ,, with m € {3,4,6},

o MI, , with ¢ € {0.5,2,5},

e Ty, Ty, M1, ,, M2, ,, CM, , and LA, , with ¢ € {1,2,5}.
The CM,, , and KS, tests also require a choice of the tuning parameter k. Ob-
served power estimates differ only slightly over different choices of k£ and therefore
only results for £ = 1 are reported. Furthermore, as mentioned in Section 4.3, the
Tby,, test utilizes a boundary-bias corrected kernel. In this study, the cut-normalized
boundary corrected kernel of Gasser & Miiller (1979) is used for performance and
ease of implementation (see Section 3.6.4 for further motivation). The tests of Torabi
et al. (2016), adapted for the Rayleigh distribution, are implemented for functions
Y(z) = [(x — 1)/(x + 1)]? in C1,, and ¥(z) = vlog(z) — z + 1 in C2,.

For ease of reference, Table 5.1 lists the parametrization for the various alternative
distributions used in the study. These distributions are commonly used as alter-
natives for the Rayleigh distribution and include distributions with constant hazard
rates (CHR), decreasing hazard rates (DHR), increasing hazard rates (IHR) and non-
monotone hazard rates (NMHR). Table 5.2 provides a reference to the test statistics

that were discussed in Chapter 2.

Power estimates are obtained with 10 000 independent Monte Carlo replications
for each of the tests listed in Table 5.2 and displayed in Table 5.4 for sample sizes

n = 20 and in Table 5.5 for sample sizes n = 30. The power estimates in the afore-
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mentioned tables are obtained using the MLE. Tables for the MME can be found in

Appendix A. Similar results were obtained using the two estimation techniques.

Results for local power estimates are, in turn, displayed in Tables 5.6 and 5.7 and
are obtained as follows: A sample of size n is generated as individual values from
either a Ral(1)-distribution with probability p, or a chosen alternative distribution
with probability 1 — p. The parameter p determines the level of contamination, i.e.,
p = 0 indicates a sample purely from the Ral(1)-distribution and p > 0 indicates
the introduction of values from the chosen alternative distribution. Table 5.6 shows
power estimates for the case where the Rayleigh distribution is contaminated by the
half-normal distribution while Table 5.7 shows power estimates in the case where
the I"(1.5) distribution is used. The local power estimates are also obtained using
the MLE. All calculations and simulations were performed using R software (R Core

Team 2013).
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Table 5.1: Probability density functions for choices of the alternative distributions.

Alternative (@) Notation
Lo o1 -
_ x r
Gamma T(0) T e (0)
Weibull 02~ exp(—x?) W(6)
Power lx(pe)/e, 0<z<l1 PW(0)
0
. f+1 9+1 0
Dhillon o {f (log(z + 1)) } (log(z +1))°  DL(9)
Chen 202~ exp {xa +2(1—exp (we))} CH(0)
Linear failure rate (1+ 0z) exp(—z — 022 /2) LFR(6)
1 1—¢€"
Extreme value 5 &XP (x + 06 ) EV(0)
1
Lognormal exp {—2 (10g(x)/¢9)2} / {996\/ 277} LN(6)
1/2 —O(z —1)?
Inverse Gaussian [277303] exp {Qm} IG(9)
Gompertz exp [—0z] exp [— <;) (exp(fz) — 1)} GO(0)
Exponential 0 exp (—0x) EXP(6)
Beta exponential fe (1 — e ®)071 BEX(6)
Exponential logarithmic — 11n9 T El(z f);)e—ﬂc EL(9)
1 -)—0.5 1—(14x)°5
Exponential Nadarajah Haghighi (1) 6 +z)" e - ENH1(0)
21— el=(1+2)07]
Exponential geometric ((11_9% EG(9)
L1 +602) 5,1 02—1
Beta ———a T (1 — )" B(6,,6
1—\(01)1—\(02) ( ) ( 1 2)

22 —x?
Half normal () exp (> HN
U 2
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5.3 Simulation results

Below we discuss the power estimates obtained for the alternative distributions and

the local powers obtained for the mixture distributions.

5.3.1 Discussion on power estimates for alternative distributions

Note that Table 5.4 (results for n = 20) and Table 5.5 (results for n = 30) respec-
tively span over three pages to accommodate all columns. For ease of comparison,

the highest power for each alternative is printed in bold.

If we observe the classical tests (Dy, V,, Wy, A,) in isolation, it is clear that the
Anderson-Darling test (A;,) outperforms all the other classical tests. The Cramér-
von Mises (W),,) test is overall the second best performer in terms of power estimates
with the exception of the IG(0.5) case, where the W), test slightly outperforms the

A, test. This trend is observed in both the n = 20 and n = 30 cases.

Turning our attention to the entropy tests with window-width m (K Ly, DHy ),
the DH,, ,, test performs better than the KL, ;, test for both sample sizes consid-
ered. Interestingly, K Ly, ,, outperforms its counterpart for the PW (1) and n = 30
case. Considering entropy tests together (K Ly, DHy, m, CK,,), we observe that

CK, is outperformed by its counterparts.

Next we turn our attention to tests based on the Hellinger distance (C'1,,, C2,, CK,,
PKL,, PH,, PJ,, PTV,, PC,). Here we observe that PC,, either matches or out-
performs the PH,,, PJ,, PTV, tests. The aforementioned tests generally seem to
outperform C1,,, C2,,, CK, in most instances. For n = 20, the C'1,, however outper-
forms its competitors against the I'(2), DL(1.5), IG(1.5) and LN (0.8) distributions.

For n = 30 it tends to rather match than outperform the other Hellinger distance
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tests for the specific distributions mentioned. The PK L,, provides lower powers than

the other tests based on the Hellinger distance.

For the tests with a tuning parameter (M1, ., M1, 4, M2, o, Ty, Ty o, CMy, o,
LA,,), we find that LA, , outperforms or matches its counterparts in the majority
of the cases considered. The boundary-corrected kernel test proves to be a strong
contender with power estimates close to that of the LA, , test. The MI, , and
CM,, , seem to be closely matched and exhibit competitive results when compared
to other tuning parameter tests. M1, ,, M2, , lacks power when compared to the
competitor tests. In general, the tests with tuning parameters provide powers supe-

rior to those associated with the majority of competing tests considered in this study.

The newly developed tests (T4, Tbnp, CMy o, KS,, LA,,) perform very well
when compared to the other tests in the study. When compared to each other in iso-
lation, we find that LA, , is superior and K5, shows the lowest power performance.
The lower power estimates of KS,, when compared to its counterparts is not surpris-
ing since Cramér-von Mises type tests traditionally perform better than Kolmogorov-
Smirnov type tests in most situations. Figure 5.1 illustrates the effect and stability of
the power estimates across the parameter value ¢ for the newly developed tests (see
Appendix A for further illustration). We find that CM,, , is the most stable across
the grid of power values ¢ € {0.00,0.25,0.50,1.00, 1.50, 2.00, 3.00, 5.00, 7.50, 10.00},
closely followed by the LA, , test. The result indicating that for any value ¢ > 1
the CM,, , and LA, , tests have relatively high power. If we turn our attention
to Ty, and Th, , we find that the bias-corrected kernel test (T, ) is less sensi-
tive than T, , to choices of the yp-value. This fact is possibly supplemented by the
nature of the weight functions used. When choosing a large value for the weight
functions w(t) = exp(—¢p|t|) and w(t) = exp(—pt?) the test becomes more sensitive

to deviations in the tail of the distributions. This, in turn, causes the boundary
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Figure 5.1: Power estimates across tuning parameter value for the CH(1) (left) and
DL(1) (right) distributions with n = 20.

effects around zero for the tests T}, , and T'b, , to have less influence on the power

estimates. This trend can be observed both when n = 20 and n = 30.

Focusing on the tests adapted for the Rayleigh distribution (M1, ,, M2, ,, Cl,,
C2,), we find that the transformation test M1, , by Meintanis (2009) tends to ei-
ther match or outperform the M2, ,, C'l, and C2, tests. The tuning parameter for
M1, , and M2, , provides an edge in performance over the non-tuning parameter
counterparts. Furthermore, M2, , only slightly falls short of the performance of
M1, ,. However, M2, , proves the better performer by some margin for the G(2),

W(3), DL(1), IG(0.5), IG(1.5) and LN (0.8) distributions.

We find that there is very little difference between the powers of the tests considered
against the alternatives with constant and decreasing hazard rates. The tests have
extremely high powers against these alternatives, this could be attributed to the fact
that the Rayleigh distribution has an increasing hazard rate. For distributions with

increasing hazard rates, we see that the LA,, , and T'b,, , tests outperform their com-
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petitors in terms of power estimates for n = 20 and n = 30. However, the DH,, ,,
test performs better than LA, , and Tb, , against the distributions I'(2), GO(0.5)
and n = 20. For n = 30 we find that M1, , performs the best against CH(1.5)
and GO(0.5). The CM,,, and M1, , tests both prove to be strong contenders for
the best performing test against distributions with increasing hazard rates as they
exhibit comparable powers in this case. For distributions with non-monotone haz-
ard rates, we find that LA, , exhibits the highest powers in the majority of cases
considered, closely followed by the DH,, ,,,. The DH,, ,,, test outperforms the LA, ,
test against the IG(0.5) and IG(1.5) distributions for the sample size n = 20, how-
ever for sample size n = 30 it only outperforms the LA, , test against the /G(0.5)

distribution.

Overall, LA, , and T, , performs the best among all tests considered. These tests
either match or outperform all remaining competitors. The tuning parameter choices
¢ =2 and ¢ = 5 for the tests LA, o, Tby, , and CM, , result in the highest powers
in most cases. The tuning parameter value ¢ = 0.5 mostly results in the highest
power for the MI, , test. For the DH, ,, test, the window-width exhibiting the
highest powers is m = 6. In general, LA,, ,, Tby, ,, CM, ,, DHy n, and M1I, , prove

to be the superior tests.

5.3.2 Discussion on local power estimates for the HN — Ral(1) mix-

ture

Table 5.6 displays the local power estimates of various tests against a mixed HN —
Ral(1) distribution. The top row shows power estimates against samples of size

n = 20, while the bottom row shows power estimates against samples of size n = 30.

From Table 5.6 it is clear that all of the tests attain the nominal significance level

of 5% for n = 20 and n = 30 under the null hypothesis (corresponding to the case
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where p = 0). For alternatives close to the Rayleigh distribution (p = 0.05), and
sample size n = 20, we find that the M1, , test tends to best identify the deviation
from the null hypothesis. As we move further away from the Rayleigh distribution
(p =0.10 to p = 0.30), M1, , still performs the best. For moderate departure from
the Rayleigh distribution (p = 0.35 to p = 0.50) the T'b,, ,, test outperforms M1I, ,

for n = 20. For n = 30, however, the M1, ., test tends to match T'b, , in most cases.

The classical tests have the weakest power performance in all cases for n = 20
and n = 30 with A,, performing the best among the classical tests. For p = 0.05 and
p = 0.10 there is not much to choose between the tests based on entropy in terms
of power. The LA, , test is a strong contender for the cases p = 0.30 to p = 0.50
and matches the highest power estimate for p = 0.35 and n = 20. Overall, T}, , and
M1, , shows superior power performance compared to the competing tests for all

values of p.

The test 75, , has difficulty detecting departures from the Rayleigh distribution across
all values of p for n = 20 and also performs poorly for n = 30 for the tuning pa-
rameter choice, ¢ = 1. This seems to be largely isolated to the choice p = 1 as it
shows improved performance for choices ¢ = 2 and ¢ = 5. The test with boundary-
corrected kernel (7'by, ) does not exhibit this problem. This can be attributed to
the boundary-corrected kernel partially remedying the boundary effect of the kernel
density estimate around zero for small values of the tuning parameter. The powers
of the CM, , and LA, , tests once again proves relatively insensitive to the choice

of ¢.
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5.3.3 Discussion on local power estimates for the I'(1.5) — Ral(1)

mixture

Table 5.7 displays the local power estimates for a mixture distribution compromis-
ing of the I'(1.5) and Ral(1) distributions. As before, the top row shows shows the
results for n = 20 and the bottom row shows the results for n = 30. The DH,, ,,
test with m = 6 attains the highest power in the case where p = 0.05 and n = 20.
For n = 30 we find that the LA,, , test performs the best. For the cases p = 0.10 to
p = 0.20 (n = 20 and n = 30), the LA, , test with ¢ = 1 outperforms all other tests.
As we move further from the Rayleigh distribution (p = 0.25 to 0.50), it is evident
that LA, still performs the best, however, for p = 0.25 (n = 20) and p = 0.45
(n = 20) the LA, test is matched by DH,, ,, test with m = 6. The adapted test

M2, , consistently performs better than the M1, , test for this mixture distribution.

As with the HN — Ral(1) mixture, we find that T}, , with ¢ = 1 lacks in power,
but this is remedied in the case of the boundary-corrected kernel test (T'b, ). Fur-
thermore, the tests Tb, , and CM, , prove to be serious contenders for the best

performing test.

5.4 Real data application

The following data set is analyzed in order to demonstrate the use of the newly pro-

posed tests as well as the existing tests in a real-world setting.

A popular data set associated with the Rayleigh distribution is the average wind
speed observations that appear in Best, Rayner & Thas (2010). The aforemen-
tioned authors fitted a Rayleigh distribution to the data and it is therefore often
used to assess goodness-of-fit for the Rayleigh distribution (see, Alizadeh Noughabi
et al. 2012, Jahanshahi et al. 2016). The data set consists of 30 average wind speed
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observations (km/h) recorded in 2007 in a suburb of Sydney, Australia. The obser-

vations are as follows:

2.7, 3.2, 2.1, 48, 7.6, 4.7, 4.2, 4.0, 2.9, 2.9,
4.6, 4.8, 4.3, 4.6, 3.7, 2.4, 4.9, 4.0, 7.7, 10.0,

5.2, 2.6, 4.2, 3.6, 2.5, 3.3, 3.1, 3.7, 2.8, 4.0.

The newly proposed and existing tests were calculated using the data after the known

location parameter (1 = 1.5) was subtracted. Thereafter the p-values were calculated

with the use of Monte Carlo simulations. For the test statistics with a tuning param-

eter or window-width a compromise choice was made, i.e., the tuning parameter or

window-width was chosen for which the power performance was satisfactory in the

power study. The hypothesis to be tested is that the data are Rayleigh distributed

and the p-values are given in Table 5.3. It is clear that all of the tests, with the

exception of DH,, ,,, CK,, and K S,, were not significant at a 5% level. The majority

of the tests therefore do not reject the null hypothesis that the data realized from

a Rayleigh distribution. These findings are in line with those found in Best et al.

(2010).

Table 5.3: Calculated p-values for the average wind speed data.

Test statistic D, Va W, A, KL,s DH,s MI, 5
p-value 0.086 0.151 0.100 0.093 0.557 0.002 0.667
Test statistic T}, 5 Tb,s Ml,2 M2,, C1, C2, CK,
p-value 0.617 0.667 0.989 0.053 0.104 0.111 0.005
Test statistic PKL, PH, PJ, PTV, PC, CM,5 KS,
p-value 0.074 0.157 0.118 0.901 0.618 0.477 0.015
Test statistic LA, 5 R,
p-value 0.293  0.246
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Chapter 6

Concluding remarks and future

research

6.1 Introduction

In this thesis we aimed to develop new goodness-of-fit tests for the Rayleigh distri-
bution and furthermore to conduct Monte Carlo investigation into the performance
of the new and existing goodness-of-fit tests. Several goodness-of-fit tests for the
Rayleigh distribution were developed in Chapter 4 and the finite-sample performance
of these tests were explored alongside the existing tests which were discussed in Chap-
ter 2. The main objectives and outcomes of the objectives can be summarized as

follows:

e Review the existing literature on goodness-of-fit tests for the Rayleigh distri-
bution.
The existing literature were presented in Chapter 2. General properties of
the Rayleigh distribution as well as characterisations and existing tests were

discussed.

e Review the literature on specific statistical tools that are used in developing
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our new goodness-of-fit tests for the Rayleigh distribution.
The kernel density estimate as well as aspects of kernel density estimation
were reviewed in Chapter 3. The Mellin transform was discussed in Chapter

4, Section 4.4.

Develop and explore a new goodness-of-fit test based on a conditional expec-

tation characterisation for the Rayleigh distribution.

Derive the asymptotic theory surrounding the new goodness-of-fit test based
on a conditional expectation characterisation.

This test statistic and the asymptotic theory were developed in Chapter 4,
Section 4.2.

Investigate the Mellin transform and apply it in constructing a new goodness-
of-fit test for the Rayleigh distribution.
The theory of the Mellin transform and the test statistic based on this transform

takes place in Chapter 4, Section 4.4.

Investigate and develop a new goodness-of-fit test for the Rayleigh distribution
based on a differential equation approach.

The development of this test statistic can be found in Chapter 4 | Section 4.3.

Adapt existing tests to specifically test for the Rayleigh distribution.
The tests statistics by Torabi et al. (2016) and Meintanis (2009) were adapted

specifically for the Rayleigh distribution and can be found in Chapter 2.

Evaluate the performance of the newly suggested goodness-of-fit tests and ex-
isting goodness-of-fit tests for the Rayleigh distribution.
The finite-sample performance of the test statistics and subsequent discussions

can be found in Chapter 5.
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6.2 Concluding remarks and future research

A major aim of the study was to develop new goodness-of-fit tests for the Rayleigh
distribution and assess the performance of the newly developed and existing tests.
In the Monte Carlo study it is found that the best performing tests are DH,, ,,
Tby,,, LAy, CM, . These tests performed superior in terms of power estimates
against general alternatives and local power estimates. We find that three of the
newly developed tests are among the set of identified best performing tests. The
LA, , and Tb, , tests consistently attained or matched the highest power estimates,
while the C'M,, ,, test proved to be the most stable across tuning parameters values.
That is, the CM,, , test achieved competitive power estimates for any ¢ > 1. Fur-
thermore, the asymptotic theory for this test was thoroughly explored which also
allows for obtaining the critical values from the limiting distribution (if one chooses
to go this route). The adapted tests C1l,, C2, and M2, lacked in performance
to the best performing tests. For implementation of the newly developed tests, we
advise choosing the tuning parameter as ¢ = 2 or ¢ = 5 as these choices exhibited
good performance in most cases. For implementation of the DH,, ,,, test a choice of

m = 6 proved to perform well.

The remaining section collects a few avenues for future research.

6.2.1 Estimating F’ with the plug-in estimator F; in C'M,

In section 4.2 we developed a test statistic based on a conditional expectation char-
acterisation. The test statistic rests on the fact that a random variable X will be
Rayleigh distributed if the function t — E[X?*I(X > t)]/S(t) —vk¢(t) is zero. Based

on this, a Cramér-von Mises type test statistic,

CM, = / T2(tyw(t)dF, (1), (6.1)
©
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was considered. Furthermore, it was noted that one can take F, as the empirical
distribution function F,(¢t) = (1/n)> 1, I(X; < t), or the plug-in estimator ks
of F' = Fjy, obtained by substituting 9, for 0 into Fyp. In the simulation study of
Chapter 5, ﬁn was taken as the empirical distribution function, however, when ﬁn is

taken as the plug-in estimator F; we can consider (6.1) in the rewritten form

Sk = n/ L2 (t)w,(t)dt
0

n=L S Y2RI(Y;>t)

where L, (t) = Ly — Z 0 27 kWD 2k=) (1) = texp(—pt?) and

Y; = Xj/gn is scaled data. Note that when ¢ = 1/2, the weight w,(t) = t exp(—t?/2)
is the density of the standard Rayleigh distribution. With some algebra S, 1 ., results

in the following closed form expression

Snkp =11 + I + I,

where
I — w ot L Y7V (M) , if =1,
Ly Sy YRRk (2Rl 0T s 0, 1,
y4k—20+2
1 e ozek)<k“1>, if =1
I = 222}:1 Z?:o 2gk(g)yjzk ((w—0.5)2""vg;v;i)l;(w—o.myj?)> it %

with v(-) the incomplete gamma function, and
k& i —2kH=1
nZme D10 < >F(—j—|—2k—€—|—1),4p>0,
7=0 ¢=0

with I'(-) being the gamma function.

Power estimates and asymptotic properties are still to be investigated for this form
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of the test statistic.

6.2.2 The T, test with derivative estimation

In Section 4.3 a test statistic was developed based on the differential equation

0%zg' (x) + g(x)(z? — 6?) = 0 and resulted in the form

2

To=n [ [uhi) + B) 6 — 1] ww)dF ().
0

The rationale behind the test statistic was to determine how far ﬁg(y) is from ho(y)
by using a Lo distance and the approach ultimately rested on taking hg(y) as the
derivative of the standard Rayleigh distribution and ﬁg(y) as the KDE. Two variants
to this test statistic can be constructed by considering the estimation of different
features. The first being, estimating h{(y) with a kernel derivative density estimate

and using Eg(y) as the estimate of the underlying density. Denote the first kernel

(1)

derivative density estimate as /ﬁg (y) and consider the test statistic

~ 2

Td, =n [ [ 0) + ()02~ 1] wlw)aFlw)

The second variant test considers the first kernel derivative density estimate as before,
and rather than estimating the underlying density, uses the distribution under the

null hypothesis denoted by hg(y). This test takes the form

T =n [ [P W)+ ho)? = D] wdFo).

For the implementation of these tests, the following selection of literature needs to

be explored.
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Kernel density derivative estimation

It is possible to use kernel density estimation to estimate the derivatives of densities.
This is an important feature when the gradient of a density is to be investigated.
The density derivative estimate is a innate extension of the formulation for the KDE

in that it is the derivative of the KDE estimate:
fO sy = n7 Ty R (h) : (6.2)
i=1

where k() (-) is the r-th derivative of the kernel function. Tt logically follows that the
derivative of the function in question has to exist and for this reason the Gaussian

kernel is a natural choice.

Figure 6.1 illustrates a kernel density derivative estimate for the first derivative of
the Ral(1)-distribution using a Gaussian kernel. We clearly see the deviation of the
estimate on the left boundary. This can be ascribed to the boundary-bias inherent
in kernel density estimation amplified to the density derivative estimate. As stated

by Jones (1994) this deviation increases as the order of the derivative increases.

Maltz (1974) took a different approach to density estimation and showed that the
density derivative can also be estimated by using differences of the empirical distribu-
tion function. Jones (1992) investigated this fact and provided a difference estimator

in the form

r+1
FO(50) = (20D Y ( K 1) (=1 Ful + (r + 1= 24)4),
=0\ J

contingent on that differences are taken between points symmetric about x and
at increments 2¢. Furthermore, Jones (1992) states that taking r = 0 will give

back an expression equivalent to the KDE with the kernel chosen to be the uniform
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1.0

0.5

Density derivative function

-0.5

Figure 6.1: First derivative of Rayleigh distribution (blue line) and density estimate
(red line).

kernel U[—1,1] with h = £. A further result by the author is that f()(x;¢) is
equivalent to f()(z;h) in (6.2) with the kernel function being the density function

of the distribution of the convolution (r + 1 % U[—1, 1]) random variable.

Bandwidth selection for kernel density derivative estimation

A rule-of-thumb bandwidth can be obtained by minimizing the AMISE and choosing
the Gaussian kernel as the unknown density in the expression similar to the case in

Section 3.5. An easy to calculate expression arises from the work of Chacon, Duong

& Wand (2011)
Prot = {4/(3 + 2r)}(1/ 520Gy = (1/ (5+2r))

where r is once again the order of the derivative.
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In the vain of automatic bandwidth selectors for density derivative estimation Hér-
dle, Marron & Wand (1990) suggested a cross-validation method. Analogous to the
motivation for cross-validation, the derivative density version starts by noting that

an optimal bandwidth can be selected by minimizing

/f(”(x;h)dx—2/f<7”>(x;h)f(:c)dx+/f(x)2d:c.

An estimator can now be written in the form
OVt = [ ) ash)de - 20 (-1 30 720 (i),
i=1
where fgr) is the density derivative version of the leave-one-out density estimator
7(2r) -1 —2r—17,(2r) ) T — X
JF#i

Hérdle et al. (1990) provides a more direct expression in the form:
C‘/r h _ 71 r —1h—2’l'—1 —1 k; k; (27) 7 7
() = (-1'n GOMUCLLS T

—2(n—1)71 > "y EC {X’;XJ} } .
iz’aﬁjj

Boundary-corrections for kernel density derivative estimation

Recall the kernel density derivative estimate in (6.2) and consider the specific case

where r = 1, i.e., the first derivative of the kernel density estimate,

FO(x;h) =n~th2 Zn: % (“"_hX> : (6.3)
=1
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From Jones (1993) we find that the expectation on the boundary of f(l)(:z:; h) is

EfV@h] = h7a) (0)f() - ar(p)f'(2) + O(h)

= n! /p K (x)dzf(x) — /p xk' (x)dx f'(z) + O(h.

-1 -1

On closer inspection of above expression notice that f’(x) is amplified by the term
ffl zk'(x)dr and the leading term contains h~!'. To adjust the discrepancy and
attain a bias of O(h?) the method of Jones (1993) discussed in Section 3.6.3 can
be implemented once again. The generalized jackknife procedure to find a linear
combination with desired properties applied to the density derivative problem results

in the first derivative boundary kernel,

_ -1 [ —Ao(p)k(x) + Bo(p)é(z) — Co(p)m(x)
vt =1 T i)
with appropriate functions k(-), £(-) and m(-). Furthermore, ds(p) = ffl u'm(u)du

and

Ai(p) = ci(p)da(p) — c2(p)di(p),
Bi(p) = ai(p)da(p) — a2(p)di(p),

Ci(p) = ai(p)ca(p) — az(p)ci(p).

Choices of the functions ¢(-) and m(-) are once again taken to be a function of the
kernel k(-) and different options can be found in Jones (1993).

The viability of test statistics T'd,, and T'r,, needs to be investigated. Furthermore,
the boundary-correction in these statistics will have to be investigated as there are
noticeable problems near the boundary with kernel derivative estimation as seen in

Figure 6.1.
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6.2.3 Power-divergence choice for the test of Zamanzade & Mahdizadeh

(2017)

Section 2.4.4 detailed several test statistics based on the phi-divergence measure,

dP;
Dy(PillPs) = [ o (dP) aP,

and an appropriate function for ¢(-). In addition to the options for ¢(-) suggested
by Zamanzade & Mahdizadeh (2017), one can consider a distance measure from the
power-divergence family of Cressie & Read (1984) as a choice for ¢(-), i.e.,

M At - 1)
o) = AA+1)

CAA0, -1 (6.4)

The motivation for this ¢-function is a more flexible test statistic in the form of

pro ()" (25) (2 ) o

=1

where {\ # 0, —1} can be seen as a tuning parameter. This test statistic potentially
makes it possible to emulate the powers of the tests of Zamanzade & Mahdizadeh

(2017) with a single choice of the ¢-function and varying A values.

6.2.4 Two choices of V(-) for the test of Torabi et al. (2016)

In Section 2.4.4 we explored a test for the normal distribution also based on the
phi-divergence measure and ultimately adapted this test specifically for the Rayleigh
distribution. The test is given by the form

D@@F%:[Z@(ﬁi?ﬁ?)ﬂﬁﬂ7

and is dependent on choosing a suitable function for W(-). Aside from the functions

considered by Torabi et al. (2016), two more functions as possible choices for ¥(-)
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can be considered in the form of a measure from the power-divergence family of
Cressie & Read (1984) given in (6.4) and also the Matusita divergence measure (see,

Pardo 2018) expressed as

oy
\Il(t):‘l—t)‘ LO<A<1.

’1
By utilizing one of the aforementioned choices a wide range of function shapes can
be achieved by varying the associated A parameter. The parameter in context of the
test statistic can be thought of as a type of tuning parameter, allowing for a measure

of flexibility.
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