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ARTICLE INFO ABSTRACT

Keywords: Cryptocurrencies are widely regarded as volatile and less predictable assets by financial
Cryptocurrencies participants. The behaviour and dynamics of Bitcoin’s daily volatility, obtained by fitting
Dynamics GARCH models, are investigated for a period of 8 years using permutation entropy which
Forbidden patterns is represented by the variable H for calculations. The best fitting GARCH models selected
ngncﬁaﬁsszlstmpy are the FIGARCH(1,0.7,1) and SGARCH(1,1) models based on maximum likelihood estimation,
Probability Akaike Information Criterion and Bayesian Information Criterion. Simulated volatilities are also

obtained from the best fitting GARCH models using their respective parameters, to confirm how
well the models fit. The results obtained show that the H values of Bitcoin are generally low
and that the dynamics of Bitcoin’s volatility is quite predictable, as Bitcoin’s volatility is most
likely to decline over time than increase or have an alternating movement. Also, the simulated
volatilities show good agreement with the real-world volatility, confirming the models as good
fits.

1. Introduction

According to CoinMarketCap [1], Bitcoin is the biggest cryptocurrency by market capitalization of about $584 trillion on 26,214
listed cryptocurrencies. Bitcoin was introduced by Nakamoto [2] and its usage began in 2009. Ever since, there has been the
emergence of other cryptocurrencies such as Ethereum, Binance coin and Dogecoin, to name a few. However, Bitcoin remains
the most traded cryptocurrency. Volatility, a measurement of risk, is an important feature of any financial asset, and its assessment
is very important in order for investors to estimate potential threats. According to Bouoiyour and Selmi [3], one of the major
criticisms of Bitcoin is its high volatility deeming it unsuitable to be used as money. Bukovina and Marticek [4] also stated that
research has shown that Bitcoin is tremendously volatile in comparison to currencies such as the dollar, pound, euro or yen. The
authors suggested that its high volatility threatens its chances of being a successful currency. According to Baur and Dimpfl [5],
the term currency cannot be applied to Bitcoin due to its high volatility which makes it impossible for it to be used for a reliable
exchange. Baur and Dimpfl [5] stated that Bitcoin should rather be classified as an investment. Bitcoin’s volatility is a function of
speculation, attention from investors, the interoperability and interaction of the market [6]. Despite the doubts surrounding Bitcoin,
high volumes of trade have continued, while it is still mainly used as an asset.

In assessing volatilities of the financial markets, generalized autoregressive conditional heteroskedastic (GARCH) models
are most appropriate due to their ability to successfully account for assumptions such as volatility clustering in the financial
stock market [7,8]. Variations of the standard GARCH (SGARCH) model [9,10] include but are not limited to the integrated
generalized autoregressive conditional heteroskedastic (IGARCH) model [11], the exponential generalized autoregressive conditional
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heteroskedastic (EGARCH) model [12], the nonlinear generalized autoregressive conditional heteroskedastic (NGARCH) model [13],
the asymmetric power autoregressive conditional heteroskedastic (APARCH) model [14], the threshold generalized autoregressive
conditional heteroskedastic (TGARCH) model [15], the fractionally integrated generalized autoregressive conditional heteroskedastic
(FIGARCH) model [16] and the component generalized autoregressive conditional heteroskedastic (CGARCH) model [17].

When choosing a GARCH model, some major selection criteria include the maximum likelihood estimation (MLE), the Akaike
Information Criterion (AIC) and the Bayesian Information Criterion (BIC) [18]. The larger the MLE, the better the model fit. On the
other hand, a smaller AIC and BIC indicate a better model fit. Several authors have worked on assessing the volatility of Bitcoin
using different GARCH models. Bouoiyour and Selmi [3] concluded that the TGARCH model was the optimal model for estimating
the volatility of Bitcoin for the period December 2010-June 2015. The authors noted that Bitcoin had a period of lower volatility
between January and June 2015. A different GARCH model was selected by Katsiampa [19] who identified the autoregressive
component generalized autoregressive conditional heteroskedastic (AR(1)-CGARCH(1,1)) model as the best model for the Bitcoin
data that spanned from 18th of July, 2010 to 1st of October, 2016. The author’s choice was based on three information criteria —
AIC, BIC and Hannan—Quinn criterion (HQC). Agyarko et al. [20] opined that the best fit model for the estimation of the Bitcoin
volatility for data that spanned from January 1, 2017 to September 12, 2018 was the SGARCH model for a generalized error
distribution based on AIC.

There have also been investigations carried out regarding the predictability of the volatility of Bitcoin. Using a quantiles-based
approach, Balcilar et al. [21] determined whether or not the returns and volatility of Bitcoin can be predicted using volume. The
authors made use of data from 19th of December 2011 to 25th of April 2016. It was concluded that volumes can indeed predict
returns except when the market is bearish or bullish. On the other hand, volatility of Bitcoin returns cannot be predicted at any
point using volumes. Dias et al. [22] also considered the role investor sentiment plays in predicting Bitcoin return and volatility.
The authors applied the quantile regression approach. Dias et al. [22] concluded that the interest and emotions of investors are
significant predictors of the returns and volatility of Bitcoin. They also stated that the predictability power is subject to changes
based on market conditions.

A statistical tool that can be used to measure predictability of a system is permutation entropy (PE). PE which is represented by
the variable H for calculations was introduced by Bandt and Pompe [23] as a measure of the complexity of a given time series. Bandt
[24] states that PE only makes use of the order of values, can be applied to nonlinear series and is computationally efficient. PE has
been successfully applied in biomedicine [25,26], physical science [27-29] and finance [30-34]. In Finance, PE has gained traction
in the analysis of market efficiency [30,34]. However, the use of permutation entropy to assess volatility of financial markets has
received less attention. Ruiz et al. [35] proposed PE, topological entropy and modified PE as alternative volatility measures. Using
simulated data, the authors concluded that the proposed measures are suitable for the quantification of the degree of randomness,
so as to measure volatility.

In this paper, a comparative study is done between different GARCH models to estimate the daily volatility of Bitcoin for a
period of time. In order to estimate the daily volatility, different GARCH models are fitted to Bitcoin daily returns. The best GARCH
models are selected based on three selection criteria — AIC, BIC and MLE. The daily volatility of Bitcoin is obtained from the selected
GARCH models. Using PE, we study the dynamics of the obtained daily volatility of Bitcoin to determine its degree of predictability.
In addition, the selected models are used to simulate volatilities. Analysis is also carried out on the simulated volatilities using PE to
check whether or not their dynamics resemble that of the real-world Bitcoin volatility in order to test how well the selected models
fit the real-world data.

This paper is organized as follows: Section 2 deals with the tools used for research analysis. In Section 3, a descriptive analysis
of the data used is presented. Section 4 presents the methodology of the research. Sections 5 and 6 cover results obtained. The
conclusions of the study are briefly discussed in Section 7.

2. Modelling and analysis tools

We analyse the Bitcoin daily price in United States dollar from January 1, 2015-December 31, 2022. In obtaining the daily
volatilities, the best fit GARCH models are chosen. The resulting daily volatilities are further analysed by means of PE. In this
section, an overview of GARCH models and PE is provided.

2.1. GARCH model

The GARCH model is an improvement of the autoregressive conditional heteroskedastic (ARCH) model created by Engle [36].
In general, the GARCH model is more parsimonious than the ARCH model because it has fewer parameters when fitted to the same
data [37]. The GARCH model for the value of the time series u, at timestep ¢, is denoted as:

u, = €; X 0y, (€}

where the innovations ¢, are usually assumed to be independent and identically distributed (i.i.d) with expected value of zero and
variance of one. The innovations are assumed to be independent from the o, (volatility), for all k¥ < 7. However, to account for
heavy tails, kurtosis, and asymmetric distributions of the innovations, this study assumes skewed normal, skewed student-t and
skewed generalized error distributions in the analysis carried out. The selected GARCH models used in this paper are the SGARCH
and FIGARCH models. The GARCH(1,1) approach is used for the selection of the SGARCH and FIGARCH models. Hence, the order
of the GARCH terms ¢ and the ARCH terms u? is 1. The choice of the GARCH(1,1) model as used in this paper is due to its high
robustness and parsimony. This assertion is supported by Hansen and Lunde [38] who argue that finding a model that consistently
outperforms the GARCH(1,1) model is an arduous task.
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2.1.1. SGARCH model
The SGARCH model was developed by Bollerslev [9]. The conditional variance of SGARCH model o-f in (1) is expressed as
follows:

o} =a+ayu;  +po; . @
where «, a;, f are strictly positive and «; + p < 1. This implies that the conditional variance has a stationary solution with finite

expected value, i.e., E(af) =< :0 5 if and only if «; + # < 1. The GARCH model makes use of the value of the squared past return
—

(utz—l) and the squared past conditional variance (at{l) to estimate the current volatility (c,). The autoregressive moving average
(ARMA) infinite representative of the GARCH model is given by [20,39]:

q p p
2 _ 2 2
ug=ap+ Z @+ Z By = Z Bjvrj +vr, ®
i=1 Jj=1 Jj=1

where, o) > 1, a;,f; 20, and v, = u? — 2.

The SGARCH model works on the assumption that the effect of good and bad news is the same on the volatility of a market.
Hence, it assumes that positive and negative error terms are symmetric.

2.1.2. FIGARCH model
The FIGARCH model developed by Baillie et al. [16] allows the capture of slowly decaying absolute or squared autocorrelations
within a time series [40,41]. Eq. (3) can be expressed as an ARMA process in u,2 as follows [39]:

[1 - a(L) = BID)N; = ag +[1 = B(L)]o,, (C))

where the {v,} process is interpreted as the innovations for the conditional variance, a(L) and (L) are lag operators such that
a(L) = ay(L) + ap(L?) + - + a,(L9) and B(L) = (L) + (L) + - + B,(LP), respectively. Hence, an IGARCH(p, q) process can be
written as:

[1 - a(L) = BN = Lu; = ag +[1 = B(D)]o,. G))

To obtain the FIGARCH model, the (1 — L) in (5) is replaced with the fractional differencing operator (1 — L)Y where 0 < d < 1.
Hence, FIGARCH(1, d, 1) model is obtained by considering:

[1 = a(L) - LI = L)%} = ag + [1 = f(L)]o,. ©)
Thus, FIGARCH(1, d, 1) is given as:
o2 =ap [L = BT +[1 = [1 - BII'[L - ay (DL - L14] 2. %)

The FIGARCH model has a long-term memory and thus making it a more suitable model than other conditional heteroscedastic
volatility models.

2.2. Permutation entropy H and forbidden patterns

H, the variable representing PE is a statistical measure for time series analysis that measures the degree of complexity and
level of ordinal pattern predictability within a dynamic system. It is a pattern recognition tool that captures the order of relations
between the values of a given time series and provides the probability distribution for the ordinal patterns. PE provides insights into
the underlying driving mechanism of a time series, therefore informing us about the behaviour of the time series. H is defined on
the interval [0,1]. When the H of a time series is 0, it implies that the ordinal patterns within the system are completely predictable.
On the other hand, if the H of a given time series is 1, then the ordinal patterns within the system are completely unpredictable.
Thus, a higher H indicates more unpredictability within a system.

For a time series of length N and an embedded dimension d > 2, the total number of subsets obtained from N for a time delay
7, is given by N — z(d — 1). The subsets obtained are respectively arranged in ascending order and each of the values is given a
rank number from the set [1,...,d]. Each subset has d! ranking possibilities. A probability vector P is obtained on the basis of the
ranking that exists in each subset in comparison to the total number of subsets.

For an obtained probability vector P of dimension d! with members p; as the occurrence for one of the possible categories, H
is given by

H(P)=S(P)/In(d"), (8)
where
d!
S(Py== pln(p;). ©

In the application of PE, certain ordinal patterns could be absent within the system, i.e., in ranking the subsets obtained from N,
the probability of such ranking is zero and thus p; for such patterns is 0. These patterns that are absent are referred to as forbidden
patterns. While forbidden patterns and PE are related, they are interpreted differently in terms of the predictability of a system.
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Fig. 1. Possible categories for d = 3: 123, 132, 213, 231, 312 and 321.
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Fig. 2. Illustration of the encoding for the calculation of permutation entropy. Panel (a): Dynamics between successive values. Lines coloured red and markers
coloured black show the dynamics between the 5th-7th time entries — 4, 12, 10 as 132. Panel (b): Relative frequencies of all possible patterns.

As stated earlier, a higher value of H implies more unpredictability within a system. On the other hand, the larger the number of
forbidden patterns (NFP) that exists within a system, the more predictable the system is. Summarily, NFP is positively correlated
with level of predictability of a system, while H is negatively correlated with the level of predictability of a system.

Below is a simple example that demonstrates the process of obtaining H and explains the instances of forbidden patterns.

Consider the series X,: {6, 8, 5, 7, 4, 12, 10, 3} of sample size N = 8. For d =3 and 7 = 1, the subsets obtained from X, are (6,
8,5),(8,5,7), (5,7, 4, (7, 4,12), (4, 12, 10) and (12, 10, 3). The ranking of the first set is given by 231 — The smallest value
(5) is assigned 1, the largest value (8) is assigned 3 and the intermediate value (6) is assigned 2. Similarly, the other subsets are
ranked as follows: 312, 231, 213, 132 and 321. For d = 3, there are d! = 6 possible categories — 123, 132, 213, 231, 312 and 321
as shown in Fig. 1.

The probability vector P obtained based on the fraction of occurrences of each category is given by P = |0, 1,1 1 1 1| H can

be obtained using (8) and (9). In calculating H, the zero value(s) of vector P which indicate the forbidden pa6tte6rn3(s) is excluded
in the application of (9) as the logarithm of 0 is undefined. The series X, has a H value of 0.8710. For this considered series, 123
is identified as a forbidden pattern, as none of the subsets of X, has a ranking of 123.

The visual representation of this illustration is shown in Fig. 2. Fig. 2(a) shows the dynamics between successive values of the
series. From Fig. 2(b) which shows the relative frequencies of all possible patterns, it can be seen that the probability of obtaining
pattern 123 is zero, thus affirming it as the forbidden pattern of the time series considered.

The ability of PE to identify unusual patterns, as well as forbidden patterns and its fast computation process makes it suitable
for large sets of financial data.

=
=
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Fig. 3. Panel (a): Price trend of Bitcoin in USD from 2015-2022. Panel (b) Daily returns of Bitcoin from 2015-2022.

Table 1

Descriptive statistics of the BTC-USD data.
Statistic Value
Mean 13315.58
Median 7388.87
Trimmed mean 10149.18
Standard deviation 16297.17
Mean absolute deviation 9968.71
Minimum 178.10
Maximum 67 566.83
Range 67 388.73
Skew 1.5
Kurtosis 1.15
Standard error 301.49

3. Data

The daily price of Bitcoin expressed in terms of the United States dollar (BTC-USD) from January 1, 2015-December 31, 2022
spanning 2922 days is analysed. Fig. 3 shows the price trend of Bitcoin for the time period considered. The figure also shows the
daily returns, u, of Bitcoin for the same time period considered, which is calculated as follows:

Cx - Ct—l

= s 10
“ETe (10)

where

C, = current closing price at day ¢

C,_, = previous closing price.

From Fig. 3(a), it can be observed that the range of Bitcoin price over the period considered is large, with the lowest price being
recorded at $178.10 on the 14th of January 2015 and the highest price recorded at $67,566.83 on the 8th of November 2021.
Fig. 3(b) shows the real-world returns of Bitcoin. Notice that the daily returns range from —0.37 to 0.25.

The basic statistics of Bitcoin price over the time frame considered are summarized in Table 1. Table 1 reveals that the mean is
greater than the median, hence the data is right skewed. This is also supported by the skew statistic being a positive value. A skew
of 1.5 indicates that the data is highly skewed. A positive kurtosis of 1.15 indicates that the distribution of the data has thick tails.

4. Methodology

In order to estimate the daily volatility of Bitcoin, several GARCH models are built and a comparative study is made between the
GARCH models. We select two GARCH models that best fit the daily returns of Bitcoin for the 8 years under consideration, based
on their MLE, AIC, BIC. This yields two sets of daily volatilities of Bitcoin — one set for each of the optimal models. Taking each
set of the BTC-USD daily volatility obtained from the selected models as a system, the behaviour of each set of daily volatility is
investigated using PE. To capture sufficient periods, monthly and annual time frames are used for the analysis.

In analysing monthly volatilities, the sample size N is equal to 30 or 31 depending on the month, with the exception of February
which has 28 days, except for the leap years in 2016 and 2020. In calculating H, the time delay 7 is taken as 1 as the daily data
of Bitcoin is used. The dimension d is taken as 3, satisfying the condition N > 5d! [42,43]. It is important to note that while the
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sample size of February does not satisfy this condition, which is in fact a rule of thumb, it is only 1 or 2 less than the prescribed
minimum of 30 for d = 3. For each month, a single H is obtained, therefore yielding 12 H values per annum and 96 H values
for the 8 years under consideration. Also, for the monthly analysis, we do not only consider the H values for each month over the
8 years, but the patterns that exists within each month. The existence or non-existence of forbidden patterns within each month is
also investigated. Since, d = 3 is used, there are 6 possible patterns — 123, 132, 213, 231, 312 and 321. The percentage return of
each possible pattern %(P;) for i € [1,6] in a given month, is calculated as follows:

n(P;)

R

%(P,) = X 100, (11)

where

R = number of ranked subsets obtained for the month, and

n(P;) = number of occurrences of each pattern for the month.

Eq. (11) essentially converts the elements of the probability vector P to percentages.

For the annual analysis, the sample size is 365 with the exception of the leap years 2016 and 2020 that have 366 days. The
values of the parameters used for the monthly analysis are also used for the annual analysis for consistency. Unlike what is done
while analysing monthly, for the annual analysis, we consider only the H values for each of the 8 years. The NFP do not appear
because a year is large to ensure that all d! = 6 patterns are present.

To investigate the goodness of each of the optimal models, 100 sets of simulated volatilities for the 2922 days are generated using
each of the optimal models. The behaviour of the simulated daily volatilities is compared to the daily volatility of the real-world
data to investigate whether or not they exhibit similar behavioural patterns. These comparisons are also done on a monthly and
annual basis.

The monthly comparison is done using the NFP has the basis for comparison. On the other hand, for the annual comparison, H
values are the basis for comparison. A single H value is obtained for each year for each set of simulations. Hence, there are 100
H values from the simulated data for each year. The position the annual H values obtained from the real-world daily volatility
lie on the range of annual H values from the simulated daily volatilities is shown for each year. In addition, the annual respective
standard normal scores are calculated as follows:

Lo XK (12)

(22

where, x is the H value from the real-world data on a given year and y and ¢ are the mean and standard deviations of the 100 H
values from the simulated data of that year. The z describes the distance of the annual H values of the real-world volatilities from
the mean in units of the standard deviation of the annual H values of the simulated volatilities. The following criteria are used in
assessing the z — value [44,45]:

* |z| £2.0 is normal or satisfactory.
* 2.0 < |z| < 3.0 is questionable or an unusual observation.
* |z| > 3.0 is highly unusual and unsatisfactory.

The description of Fig. 4 is outlined by the following steps:
Step 1: Calculate the daily returns of Bitcoin.

Step 2: Build GARCH(1,1) models with errors following either skewed normal, skewed student-t or skewed generalized error
distributions and select the best fit models.

Step 3: Obtain the daily volatilities based on the two best fit models.
Step 4: Analyse the daily volatility of Bitcoin using PE.

Step 5: Draw conclusions on the behaviour of Bitcoin volatility.
To evaluate the goodness of the models selected in Step 2, the following additional steps are followed:

Step 6: Generate 100 simulations using optimal two GARCH models and extract the daily volatilities.
Step 7: Analyse the simulated volatilities using PE.

Step 8: Compare the results from the real-world data obtained in Step 4 to those from the simulated data obtained in Step 7.
5. Model selection

The GARCH models tested in this research were the SGARCH, EGARCH, IGARCH, APARCH and FIGARCH models for a skewed
normal distribution, a skewed student’s t-distribution and a skewed generalized error distribution. Based on MLE, AIC and BIC, the
GARCH models that best fit the Bitcoin data are the FIGARCH and the SGARCH models for a skewed generalized error distribution.
The FIGARCH model is a slightly better fit to the Bitcoin data than the SGARCH model. For the non-optimal models EGARCH,
IGARCH and APARCH, the distributions that yielded the best results are the skewed student’s t-distribution for the IGARCH model
and the skewed normal distribution for the EGARCH and APARCH models.
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Fig. 4. Flow chart of analysis for analysing volatilities.

Table 2

Summary of models’ estimated parameters and information selection criteria.
Model FIGARCH(1,0.7,1) SGARCH(1,1) IGARCH(1,1) EGARCH(1,1) APARCH(1,1)
a 0.2 0.11892 0.10521 —0.03876 0.13814
B 0.79244 0.88008 0.89479 0.92780 0.84459
a 0.000021 0.00002 0.000014 —0.448851 0.000881
Skew 0.96500 0.96240 0.96492 0.96939 0.96506
Shape 0.89668 0.88376 3.26048 - -
MLE 6008.791 6003.957 5999.034 5627.57 5622.29
AIC —-4.1101 —-4.1075 —-4.1048 —3.8498 —3.8455
BIC —4.0978 —4.0972 —4.0966 —-3.8395 —-3.8332

Table 2 shows the summary of the estimated parameters, information selection criterion and the measures for good fit of
the tested models, including the chosen FIGARCH(1,0.7,1) and SGARCH(1,1) models that best fit the Bitcoin data for the eight
years under consideration. From Table 2, it is seen that the MLE of the FIGARCH(1,0.7,1) and SGARCH(1,1) models are the
highest and second highest, respectively. All the estimated parameters of the two models were statistically significant at a 1%
significance level. These findings are attesting to both models being the best fits. Also, the AIC and BIC of the FIGARCH(1,0.7,1) and
SGARCH(1,1) models are the smallest in comparison to the other three tested models, further confirming the FIGARCH(1,0.7,1) and
SGARCH(1,1) models as the respective best fits. The daily volatilities used for the analysis are obtained from the FIGARCH(1,0.7,1)
and SGARCH(1,1) models. The estimated parameters of the FIGARCH(1,0.7,1) and SGARCH(1,1) model are respectively used to
obtain simulated daily volatilities which are analysed using PE to examine how well the optimal models fit the Bitcoin data.

6. Volatility analysis

In this section, we analyse the behaviour of the daily volatility of Bitcoin using monthly and annual time frames. In addition,
we test for how well the selected GARCH models fit the Bitcoin data. This test is done based on a comparison of the monthly and
annual results obtained from the real-world data to those obtained from the simulated data.

6.1. Dynamics of Bitcoin volatility

Here, we investigate the dynamics of Bitcoin volatility on an annual and monthly basis. For the annual analysis, a single H
value is obtained for each year yielding 8 H values, while for the monthly analysis, a single H value is obtained for each month
per year yielding 96 (12 months by 8 years) H values. The analysis is carried out for the daily volatilities of Bitcoin obtained from
the FIGARCH(1,0.7,1) model and the SGARCH(1,1) model, respectively.
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Table 3

Annual H values of Bitcoin volatility.
Year Annual H values

FIGARCH SGARCH

2015 0.8685 0.7220
2016 0.8251 0.6787
2017 0.9145 0.8177
2018 0.9112 0.7917
2019 0.8878 0.7541
2020 0.8913 0.7842
2021 0.9444 0.8786
2022 0.867 0.7544

Monthly H value for the volatility of Bitcoin

09F oz, il hgaT A e i

051 . ’ ; s

04 -7

03r + FIGARCH model 1

SGARCH model
|

0.2 | . . . .
2015 2016 2017 2018 2019 2020 2021 2022 2023

Fig. 5. Monthly H values of Bitcoin volatility.

6.1.1. Annual analysis

Table 3 shows the annual H values of Bitcoin volatility obtained from the selected GARCH models from 2015-2022. From
Table 3, it can be seen that the annual H values of Bitcoin volatility obtained from the FIGARCH model, which is the better fit model
based on MLE, AIC and BIC, are higher than the annual H values from the SGARCH model over the 8 years under consideration,
i.e., the better fit model to the data yields higher H values. Therefore, the variable H might be useful in determining better fit
GARCH models. Furthermore, since a higher H corresponds to less order in a system making it less predictable from an ordinal
perspective, the results imply that the daily volatility of Bitcoin extracted from the SGARCH model has more order and a higher
level of predictability from an ordinal perspective to that obtained from the FIGARCH model. However, the annual H values of
Bitcoin volatility are generally low, even for the volatilities obtained from the FIGARCH model. It can be seen from Table 3 that the
annual H value of Bitcoin is lower than 0.9 with the exception of the H value for 2021 for the FIGARCH model. The lowest and
highest H values were recorded in 2016 and 2021, respectively for both the FIGARCH and SGARCH models as shown in Table 3.
Therefore, the volatility of Bitcoin was most predictable in 2016 and least predictable in 2021 from an ordinal perspective.

6.1.2. Monthly analysis

We begin the monthly analysis by considering the monthly H values of Bitcoin volatility. Fig. 5 shows the H values of Bitcoin
volatility obtained from the FIGARCH and SGARCH models for each month from 2015-2022. Fig. 5 clearly shows that the H values
of Bitcoin volatility obtained from the FIGARCH model are higher than those obtained from the SGARCH model. The monthly H
values of the volatility of Bitcoin obtained from the FIGARCH model range from 0.4472 observed in June 2020 to 0.9857 in June
2019, while those obtained from the SGARCH model range from 0.3646 observed in October 2018 to 0.9726 observed in May 2017.
In comparison to the annual H values of Bitcoin volatility obtained in Section 6.1.1., the monthly H values of Bitcoin volatility
have a bigger range. This shows that as the time frame is increased, H becomes more stable and less varied.

Next, we consider the dynamics of the daily volatility of Bitcoin obtained from the FIGARCH(1,0.7,1) and SGARCH(1,1) models.
The application of (11) gives the percentage return of each of the possible patterns — 123, 132, 213, 231, 312 and 321 - for each
month over the 8 years. The range of the percentage returns for the 6 patterns are recorded in Table 4 for the daily volatilities
obtained from both the FIGARCH(1,0.7,1) and SGARCH(1,1) models. It can be observed that pattern 321 is the dominant pattern
present in the dynamics of Bitcoin volatility. Table 4 also shows that some of the patterns were absent for some months having a
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Table 4
Range of %(P;) for Bitcoin volatility obtained from the FIGARCH(1,0.7,1) and SGARCH(1,1)
models.
Pattern FIGARCH %(P;) range SGARCH %(P;) range
123 0%-24% 0%-34%
132 3%-24% 3%-21%
213 3%-25% 0%-21%
231 0%-28% 0%-19%
312 0%-24% 0%-21%
321 17%-75% 14%-81%
Table 5
Number of forbidden patterns.
Pattern Number of months pattern is forbidden/absent
FIGARCH SGARCH
123 13 15
132 0 0
213 0 2
231 2 16
312 4 12
321 0 0

range starting from 0%. Patterns 123, 231 and 312 were absent during some months for Bitcoin volatility obtained from both selected
models. In addition, pattern 213 was absent in some months for Bitcoin volatility obtained from the SGARCH model. Furthermore,
it can be seen that patterns 132 and 321 is not forbidden in any month for both selected models, with pattern 321 having higher
values, hence confirming its dominance. Table 5 shows the number of months (from a total of 96 months) each pattern is forbidden.
From Table 5, it can be observed that there are more forbidden patterns present in the Bitcoin volatility obtained from the SGARCH
model than those obtained from the FIGARCH model. This is expected as the H values of Bitcoin volatility obtained from the
FIGARCH model are higher than those obtained from the SGARCH model. Although there is a significant discrepancy between the
number of months patterns 231 and 312 are absent for the selected models, pattern 123 is an exception. The pattern 123 is absent
for 13 months for Bitcoin volatility obtained from the FIGARCH model and 15 months for that obtained from the SGARCH model. It
is important to note that for the Bitcoin volatility obtained from the SGARCH model, pattern 231 is absent for the greatest number
of months — 16 months, a sharp contrast to the Bitcoin volatility obtained from the FIGARCH model where pattern 213 is only
absent in 2 months. On the other hand, pattern 321 is not forbidden for any month for both models. Hence, the probability of the
volatility of Bitcoin increasing steadily is far lower than the probability of its volatility decreasing steadily.

From the monthly analysis of Bitcoin volatility, it is clear that the volatility of Bitcoin is most likely to fall steadily than to rise
or have an alternating movement. This is further confirmed by the pattern 123 being absent for a large number of months. Fig. 6
presents a visual representation of the patterns of movement of the volatility of Bitcoin obtained from the FIGARCH model. Two
periods are shown on the figure — July 19, 2017 to September 4, 2017 and March 10, 2020-April 26, 2020. It is observed that
Bitcoin volatility experiences large or smaller jumps at intervals. However, those increases in volatility are not usually followed by
a consecutive increase, hence, the minimal appearance of the pattern 123. On the other hand, it is observed that the increases are
followed by a steady decrease in the volatility of Bitcoin for a significant number of days before another increase in volatility might
occur. This is responsible for the dominance of the pattern 321 in the volatility of Bitcoin. This behaviour observed in the Bitcoin
volatility obtained from the FIGARCH model and illustrated in Fig. 6 is also exhibited by the Bitcoin volatility obtained from the
SGARCH model. The existence of forbidden patterns and the overall low H values of the real-world volatility of Bitcoin indicate its
high predictability. The results of consistent declines in the volatility of Bitcoin are corroborated by Bouoiyour and Selmi [3] and
Fulton [46].

6.2. Test of selected GARCH models

In this subsection, we evaluate the goodness of the selected FIGARCH(1,0.7,1) and SGARCH(1,1) models. This is done by
analysing the simulated volatilities generated from the parameters of the respective chosen model. We use PE and NFP for the
analysis and check how well the results obtained reflect the results obtained from the analysis of Bitcoin volatility. For simplicity
and easy comparison, the simulated volatilities are referred to as FIGARCH simulated volatilities and SGARCH simulated volatilities,
respectively. Likewise, the volatilities obtained from the real world returns of Bitcoin which have been analysed in Section 6.1 are
referred to as FIGARCH and SGARCH volatilities, respectively.

6.2.1. Annual analysis

Fig. 7 shows how the annual H values of the FIGARCH volatilities compares to the range of annual H values of the FIGARCH
simulated volatilities. It can be observed from Figs. 7(c)-7(g) that the annual H values of FIGARCH volatilities for 2017-2021 lie
to the right of the average of the annual H values of FIGARCH simulated volatilities. Hence, the positive z — values. On the other
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Fig. 6. Visual representation of the dynamics of Bitcoin volatility.

hand, Figs. 7(a), 7(b) and 7(h) show that the annual H values of FIGARCH volatilities for 2015, 2016 and 2022 are to the left of
the H values of the simulated volatilities for those years. This is confirmed by the negative z — values for those 3 years. The H
value of FIGARCH volatilities for 2015 is the closest to the mean value of the H values of FIGARCH simulated volatilities for the
same year, having a value of —0.18 standard deviations from the mean. On the other hand, 2016 is the furthest with a z — value
of —2.79. The H value of FIGARCH volatilities for 2021 also lie far away from the mean of the H values of FIGARCH simulated
volatilities for the corresponding year, with a z — value of 2.68.

Similarly, Fig. 8 shows that while the H values of the SGARCH volatilities are between —2 and 2 standard deviations away from
the mean of the H values of the SGARCH simulated volatilities for all the years, 2016 and 2021 have high z — values of —3.83
and 2.94, respectively. Fig. 8(b) shows that 2016 H value for the SGARCH volatilities do not lie on the range of values from the
simulated data, hence it is an outlier. The H value for 2020 SGARCH volatilities is the closest to the mean of the H values from
the simulations of the same year with a z—value of —0.10 as shown in Fig. 8(f). In addition, with the exceptions of 2017, 2018 and
2021 shown in Figs. 8(c), 8(d) and 8(g) respectively, the H values of the SGARCH volatilities lie to the left of the mean of the H
values of their corresponding SGARCH simulated volatilities, thus having negative z — values.

From the annual analysis of the goodness of fit of the selected FIGARCH and the SGARCH models, it can be observed that the
simulated volatilities reflect the real-world Bitcoin volatility reasonably well. This is confirmed by the z — values of the annual H
values for the real data lying within the range of —2 and +2 with the exceptions of 2016 and 2021 for both the FIGARCH and
SGARCH volatilities. The high z — values of the annual H values for both years may mean that the simulated volatilities for those
years may not reflect their corresponding real-world volatilities. However, only the z — value for the 2016 H value for the SGARCH
volatility is an outright outlier as it falls outside the acceptable range of —3 and +3. The presence of a complete outlier in the case
of SGARCH volatility proves that although both the FIGARCH and SGARCH models fit the Bitcoin volatility reasonably well, the
FIGARCH model is indeed the better fit for the time period considered.

6.2.2. Monthly analysis

The real-world data consists of 96 months as used in Section 6.1.1, while the simulated data consists of 9600 (96 months per
simulation by 100 simulations) months. We consider the percentage of months in which each pattern is forbidden over the 8 years.
As observed with the real-world data, Table 6 shows that the simulated data also has pattern 123 being absent in the most number
of months and pattern 321 not being absent in any month. The monthly comparison confirms the results obtained from the annual
comparison, as the results obtained based on NFP, also shows that there is good agreement between the real-world data and the
simulated data.

From the comparison between the results obtained from the analysis of the real-world Bitcoin data and the simulated data, it is
observed that the simulated data is a good reflection of the real-world data. Hence, the selected FIGARCH and SGARCH models are
good fits for the Bitcoin data. The results further confirm that of the two selected models, the FIGARCH model is the better fit.

7. Conclusion
This paper modelled the volatility of the daily returns of Bitcoin for 8 years — January 1, 2015-December 31, 2022. A
comparative study was conducted between different GARCH models with the errors following three distributions — skewed

normal, skewed student-t or skewed generalized error distributions. The FIGARCH(1,0.7,1) and SGARCH(1,1) models for a skewed
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Fig. 7. Density plots of annual H values of the volatilities obtained from 100 simulations generated from the FIGARCH model parameters. The red broken lines
represent the annual H values of the volatilities of the real-world BTC-USD data.

Table 6
Percentage of months each pattern is forbidden.
Pattern Number of months pattern is forbidden/absent
FIGARCH FIGARCH simulation SGARCH SGARCH simulation
123 14% 17% 16% 18%
132 0% 1% 0% 1%
213 0% 0% 2% 1%
231 2% 1% 17% 11%
312 4% 2% 13% 11%
321 0% 0% 0% 0%

generalized error distribution were the best fit models for the Bitcoin data. These models were chosen on the basis of three selection
criteria — MLE, AIC and BIC.

PE, a pattern recognition tool which is represented by the variable H for calculations, was used to investigate the dynamics
and level of randomness of Bitcoin daily volatility using annual and monthly time frames. The results showed that the annual and
monthly H values of Bitcoin daily volatility are generally low, implying that the direction of movements of Bitcoin daily volatility
are quite predictable from an ordinal perspective. Further investigations into the pattern of movements and dynamics of the daily
volatility of Bitcoin showed that there was the absence of an increase in Bitcoin volatility for many months, attesting to the presence
of forbidden patterns. On the other hand, the results showed considerable periods of steady declines in Bitcoin volatility. These results
confirm that the direction of the volatility of Bitcoin is somewhat predictable as the probability of a steady decrease is superior to
the probability of an alternate movement or a steady increase.

Furthermore, to evaluate the goodness of the two selected GARCH models, volatilities were simulated for the length of period
considered based on the parameters of the selected FIGARCH(1,0.7,1) and SGARCH(1,1) models with the errors following a skewed
generalized error distribution. Comparisons were made between the H values of the real-world Bitcoin daily volatilities and the
simulated volatilities to check for how well the simulated volatilities generated from the parameters of the selected models reflect
the real-world daily volatilities. The comparisons were made using standard normal (z) test statistic. The results showed that the
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Fig. 8. Density plots of annual H values of the volatilities obtained from 100 simulations generated from the SGARCH model parameters. The red broken lines
represent the annual H values of the volatilities of the real-world BTC-USD data.

dynamics of the simulated volatilities pretty much reflects the dynamics of the real-world volatility of Bitcoin as the z-values of
the H values obtained from the real-world data lie within the range of —2 and +2 of the corresponding simulated data, with the
exceptions of 2016 and 2017. In addition, a comparison was made between the NFP that exist within the real-world data and the
simulated data, which further confirmed that the simulated data is a good reflection of the real-world data. The results obtained
from the comparison between the simulated and real-world volatilities of Bitcoin further showed that the simulated volatilities are as
predictable as the real-world volatility of Bitcoin with the simulated volatilities also having a greater probability of steady decreases
than alternating movements or steady increases. Hence, confirming that the selected FIGARCH(1,0.7,1) and SGARCH(1,1) models
are good fits for the Bitcoin data.

Summarily, analysis carried out on the volatility of Bitcoin data using PE shows that it is quite predictable from an ordinal
perspective. It is however noteworthy that this study focuses on a specific time period. Hence, the results might change if a different
time period is used due to the possibility of obtaining a different GARCH model that best fit the Bitcoin data for a different time
period than the one considered in this paper. Also, the use of high-volume data such as minute or hourly data could provide better
insight into the dynamics of the volatility of Bitcoin. However, daily data was used for this analysis due to data availability.

CRediT authorship contribution statement

Praise Otito Obanya: Conceptualization, Data curation, Formal analysis, Funding acquisition, Investigation, Methodology,
Resources, Software, Validation, Visualization, Writing — original draft, Writing — review & editing. Modisane Seitshiro: Concep-
tualization, Funding acquisition, Methodology, Project administration, Resources, Supervision, Validation, Visualization, Writing —
review & editing. Carel Petrus Olivier: Conceptualization, Funding acquisition, Methodology, Project administration, Supervision,
Validation, Visualization, Writing — review & editing. Tanja Verster: Conceptualization, Funding acquisition, Methodology, Project
administration, Supervision, Validation, Writing — review & editing.

Declaration of competing interest

The authors declare that they have no known competing financial interests or personal relationships that could have appeared
to influence the work reported in this paper.

12



P.O. Obanya et al. Physica A: Statistical Mechanics and its Applications 638 (2024) 129609
Data availability

Data will be made available on request.

Acknowledgement

This work is based on the research supported wholly/in part by the National Research Foundation of South Africa (grant
numbers 145712, 126885). We acknowledge financial support from the Department of Science and Innovation (DSI) and the NITheCS
Implementation of Industry Directed Research Programme (IDRP) [DSI/CON C3025, 2023].

References

[1] CoinMarketCap, Today’s cryptocurrency prices by market cap, 2023, Available online at https://coinmarketcap.com/.
[2] S. Nakamoto, Bitcoin: A peer-to-peer electronic cash system, 2008, Available at SSRN 3440802.
[3] J. Bouoiyour, R. Selmi, Bitcoin price: Is it really that new round of volatility can be on way? Munich Pers. RePEc Arch. (2015).
[4] J. Bukovina, M. Marticek, Sentiment and Bitcoin Volatility, MENDELU Working Papers in Business and Economics 2016-58, Mendel University in Brno,
Faculty of Business and Economics, 2016, URL: https://EconPapers.repec.org/RePEc:men:wpaper:58 2016.
[5] D.G. Baur, T. Dimpfl, Realized bitcoin volatility, SSRN 2949754 (2017) 1-26.
[6] Z. Li, H. Dong, C. Floros, A. Charemis, P. Failler, Re-examining bitcoin volatility: a CAViaR-based approach, Emerg. Mark. Finance Trade 58 (5) (2022)
1320-1338.
[7] R. Bhowmik, S. Wang, Stock market volatility and return analysis: A systematic literature review, Entropy 22 (5) (2020) 522.
[8] K. Makatjane, N. Moroke, Examining stylized facts and trends of FTSE/JSE TOP40: A parametric and non-parametric approach, Data Sci. Finance Econ.
2 (3) (2022) 294-320.
[9] T. Bollerslev, Generalized autoregressive conditional heteroskedasticity, J. Econometrics 31 (3) (1986) 307-327.
[10] T. Bollerslev, R.Y. Chou, K.F. Kroner, ARCH modeling in finance: A review of the theory and empirical evidence, J. Econometrics 52 (1-2) (1992) 5-59.
[11] R.F. Engle, T. Bollerslev, Modelling the persistence of conditional variances, Econometric Rev. 5 (1) (1986) 1-50.
[12] D.B. Nelson, Conditional heteroskedasticity in asset returns: A new approach, Econometrica: J. Econom. Soc. (1991) 347-370.
[13] M.L. Higgins, A.K. Bera, A class of nonlinear ARCH models, Internat. Econom. Rev. (1992) 137-158.
[14] Z. Ding, C.W. Granger, R.F. Engle, A long memory property of stock market returns and a new model, J. Empir. Finance 1 (1) (1993) 83-106.
[15] J.-M. Zakoian, Threshold heteroskedastic models, J. Econom. Dyn. Control 18 (5) (1994) 931-955.
[16] R.T. Baillie, T. Bollerslev, H.O. Mikkelsen, Fractionally integrated generalized autoregressive conditional heteroskedasticity, J. Econometrics 74 (1) (1996)
3-30.
[17] Z. Ding, C.W. Granger, Modeling volatility persistence of speculative returns: A new approach, J. Econometrics 73 (1) (1996) 185-215.
[18] H. Mitchell, M.D. McKenzie, GARCH model selection criteria, Quant. Finance 3 (4) (2003) 262.
[19] P. Katsiampa, Volatility estimation for bitcoin: A comparison of GARCH models, Econom. Lett. 158 (2017) 3-6.
[20] K. Agyarko, A. Buabeng, J. Acquah, Modelling the volatility of the price of bitcoin, Am. J. Math. Stat. 9 (2019) 151-159.
[21] M. Balcilar, E. Bouri, R. Gupta, D. Roubaud, Can volume predict bitcoin returns and volatility? A quantiles-based approach, Econ. Model. 64 (2017) 74-81.
[22] LK. Dias, J.R. Fernando, P.N.D. Fernando, Does investor sentiment predict bitcoin return and volatility? A quantile regression approach, Int. Rev. Financ.
Anal. 84 (2022) 102383.
[23] C. Bandt, B. Pompe, Permutation entropy: A natural complexity measure for time series, Phys. Rev. Lett. 88 (17) (2002) 174102.
[24] C. Bandt, Ordinal time series analysis, Ecol. Model. 182 (3-4) (2005) 229-238.
[25] M. Zanin, L. Zunino, O.A. Rosso, D. Papo, Permutation entropy and its main biomedical and econophysics applications: A review, Entropy 14 (8) (2012)
1553-1577.
[26] H. Azami, J. Escudero, Amplitude-aware permutation entropy: Illustration in spike detection and signal segmentation, Comput. Methods Programs Biomed.
128 (2016) 40-51.
[27] J. Maggs, G. Morales, Permutation entropy analysis of temperature fluctuations from a basic electron heat transport experiment, Plasma Phys. Control.
Fusion 55 (8) (2013) 085015.
[28] S.A. Makarkin, A. Starodubov, Y.A. Kalinin, Application of permutation entropy method in the analysis of chaotic, noisy, and chaotic noisy series, Tech.
Phys. 62 (2017) 1714-1719.
[29] C. Olivier, N. Engelbrecht, R. Strauss, Permutation entropy analysis of magnetic field turbulence at lau revisited, J. Geophys. Res. Space Phys. 124 (1)
(2019) 4-18.
[30] L. Zunino, M. Zanin, B.M. Tabak, D.G. Pérez, O.A. Rosso, Forbidden patterns, permutation entropy and stock market inefficiency, Physica A 388 (14)
(2009) 2854-2864.
[31] C. Aghamohammadi, M. Ebrahimian, H. Tahmooresi, Permutation approach, high frequency trading and variety of micro patterns in financial time series,
Physica A 413 (2014) 25-30.
[32] Y. Hou, F. Liu, J. Gao, C. Cheng, C. Song, Characterizing complexity changes in Chinese stock markets by permutation entropy, Entropy 19 (10) (2017)
514.
[33] F.M. Siokis, Credit market jitters in the course of the financial crisis: A permutation entropy approach in measuring informational efficiency in financial
assets, Physica A 499 (2018) 266-275.
[34] F.H.A. De Araujo, L. Bejan, O.A. Rosso, T. Stosic, Permutation entropy and statistical complexity analysis of Brazilian agricultural commodities, Entropy
21 (12) (2019) 1220.
[35] M.d.C. Ruiz, A. Guillamén, A. Gabaldén, A new approach to measure volatility in energy markets, Entropy 14 (1) (2012) 74-91.
[36] R.F. Engle, Autoregressive conditional heteroscedasticity with estimates of the variance of United Kingdom inflation, Econometrica: J. Econom. Soc. (1982)
987-1007.
[37] E. Zivot, Practical issues in the analysis of univariate GARCH models, in: Handbook of Financial Time Series, Springer, 2009, pp. 113-155.
[38] P.R. Hansen, A. Lunde, A forecast comparison of volatility models: Does anything beat a GARCH (1, 1)? J. Appl. Econom. 20 (7) (2005) 873-889.
[39] M. Tayefi, T. Ramanathan, An overview of FIGARCH and related time series models, Austrian J. Stat. 41 (3) (2012) 175-196.
[40] P.J. Brockwell, R.A. Davis, Introduction To Time Series and Forecasting, Springer, 2002.
[41] M.S. Paolella, Linear Models and Time-Series Analysis: Regression, ANOVA, ARMA and GARCH, John Wiley & Sons, 2018.
[42] J.M. Amigé, S. Zambrano, M.A. Sanjuan, Combinatorial detection of determinism in noisy time series, Europhys. Lett. 83 (6) (2008) 60005.
[43] M. Riedl, A. Miiller, N. Wessel, Practical considerations of permutation entropy: A tutorial review, Eur. Phys. J. Spec. Top. 222 (2) (2013) 249-262.
[44] Eurachem’s Proficiency Testing Working Group, How can proficiency testing help my laboratory?, 2023, Available online at https://www.eurachem.org/
images/stories/leaflets/pt/labhelp/how_can_PT_help_my_lab_2013_EN.pdf.
[45] P. Schober, E.J. Mascha, T.R. Vetter, Statistics from A (agreement) to Z (z score): A guide to interpreting common measures of association, agreement,
diagnostic accuracy, effect size, heterogeneity, and reliability in medical research, Anesth. Analg. 133 (6) (2021) 1633-1641.
[46] R. Fulton, Bitcoin’s volatility is decreasing — Here’s why it’s good news for investors, 2023, Available online at https://www.fool.com/investing/2023/04/
23/bitcoins-volatility-is-decreasing- heres-why-its-go.

13


https://coinmarketcap.com/
http://refhub.elsevier.com/S0378-4371(24)00117-1/sb2
http://refhub.elsevier.com/S0378-4371(24)00117-1/sb3
https://EconPapers.repec.org/RePEc:men:wpaper:58_2016
http://refhub.elsevier.com/S0378-4371(24)00117-1/sb5
http://refhub.elsevier.com/S0378-4371(24)00117-1/sb6
http://refhub.elsevier.com/S0378-4371(24)00117-1/sb6
http://refhub.elsevier.com/S0378-4371(24)00117-1/sb6
http://refhub.elsevier.com/S0378-4371(24)00117-1/sb7
http://refhub.elsevier.com/S0378-4371(24)00117-1/sb8
http://refhub.elsevier.com/S0378-4371(24)00117-1/sb8
http://refhub.elsevier.com/S0378-4371(24)00117-1/sb8
http://refhub.elsevier.com/S0378-4371(24)00117-1/sb9
http://refhub.elsevier.com/S0378-4371(24)00117-1/sb10
http://refhub.elsevier.com/S0378-4371(24)00117-1/sb11
http://refhub.elsevier.com/S0378-4371(24)00117-1/sb12
http://refhub.elsevier.com/S0378-4371(24)00117-1/sb13
http://refhub.elsevier.com/S0378-4371(24)00117-1/sb14
http://refhub.elsevier.com/S0378-4371(24)00117-1/sb15
http://refhub.elsevier.com/S0378-4371(24)00117-1/sb16
http://refhub.elsevier.com/S0378-4371(24)00117-1/sb16
http://refhub.elsevier.com/S0378-4371(24)00117-1/sb16
http://refhub.elsevier.com/S0378-4371(24)00117-1/sb17
http://refhub.elsevier.com/S0378-4371(24)00117-1/sb18
http://refhub.elsevier.com/S0378-4371(24)00117-1/sb19
http://refhub.elsevier.com/S0378-4371(24)00117-1/sb20
http://refhub.elsevier.com/S0378-4371(24)00117-1/sb21
http://refhub.elsevier.com/S0378-4371(24)00117-1/sb22
http://refhub.elsevier.com/S0378-4371(24)00117-1/sb22
http://refhub.elsevier.com/S0378-4371(24)00117-1/sb22
http://refhub.elsevier.com/S0378-4371(24)00117-1/sb23
http://refhub.elsevier.com/S0378-4371(24)00117-1/sb24
http://refhub.elsevier.com/S0378-4371(24)00117-1/sb25
http://refhub.elsevier.com/S0378-4371(24)00117-1/sb25
http://refhub.elsevier.com/S0378-4371(24)00117-1/sb25
http://refhub.elsevier.com/S0378-4371(24)00117-1/sb26
http://refhub.elsevier.com/S0378-4371(24)00117-1/sb26
http://refhub.elsevier.com/S0378-4371(24)00117-1/sb26
http://refhub.elsevier.com/S0378-4371(24)00117-1/sb27
http://refhub.elsevier.com/S0378-4371(24)00117-1/sb27
http://refhub.elsevier.com/S0378-4371(24)00117-1/sb27
http://refhub.elsevier.com/S0378-4371(24)00117-1/sb28
http://refhub.elsevier.com/S0378-4371(24)00117-1/sb28
http://refhub.elsevier.com/S0378-4371(24)00117-1/sb28
http://refhub.elsevier.com/S0378-4371(24)00117-1/sb29
http://refhub.elsevier.com/S0378-4371(24)00117-1/sb29
http://refhub.elsevier.com/S0378-4371(24)00117-1/sb29
http://refhub.elsevier.com/S0378-4371(24)00117-1/sb30
http://refhub.elsevier.com/S0378-4371(24)00117-1/sb30
http://refhub.elsevier.com/S0378-4371(24)00117-1/sb30
http://refhub.elsevier.com/S0378-4371(24)00117-1/sb31
http://refhub.elsevier.com/S0378-4371(24)00117-1/sb31
http://refhub.elsevier.com/S0378-4371(24)00117-1/sb31
http://refhub.elsevier.com/S0378-4371(24)00117-1/sb32
http://refhub.elsevier.com/S0378-4371(24)00117-1/sb32
http://refhub.elsevier.com/S0378-4371(24)00117-1/sb32
http://refhub.elsevier.com/S0378-4371(24)00117-1/sb33
http://refhub.elsevier.com/S0378-4371(24)00117-1/sb33
http://refhub.elsevier.com/S0378-4371(24)00117-1/sb33
http://refhub.elsevier.com/S0378-4371(24)00117-1/sb34
http://refhub.elsevier.com/S0378-4371(24)00117-1/sb34
http://refhub.elsevier.com/S0378-4371(24)00117-1/sb34
http://refhub.elsevier.com/S0378-4371(24)00117-1/sb35
http://refhub.elsevier.com/S0378-4371(24)00117-1/sb36
http://refhub.elsevier.com/S0378-4371(24)00117-1/sb36
http://refhub.elsevier.com/S0378-4371(24)00117-1/sb36
http://refhub.elsevier.com/S0378-4371(24)00117-1/sb37
http://refhub.elsevier.com/S0378-4371(24)00117-1/sb38
http://refhub.elsevier.com/S0378-4371(24)00117-1/sb39
http://refhub.elsevier.com/S0378-4371(24)00117-1/sb40
http://refhub.elsevier.com/S0378-4371(24)00117-1/sb41
http://refhub.elsevier.com/S0378-4371(24)00117-1/sb42
http://refhub.elsevier.com/S0378-4371(24)00117-1/sb43
https://www.eurachem.org/images/stories/leaflets/pt/labhelp/how_can_PT_help_my_lab_2013_EN.pdf
https://www.eurachem.org/images/stories/leaflets/pt/labhelp/how_can_PT_help_my_lab_2013_EN.pdf
https://www.eurachem.org/images/stories/leaflets/pt/labhelp/how_can_PT_help_my_lab_2013_EN.pdf
http://refhub.elsevier.com/S0378-4371(24)00117-1/sb45
http://refhub.elsevier.com/S0378-4371(24)00117-1/sb45
http://refhub.elsevier.com/S0378-4371(24)00117-1/sb45
https://www.fool.com/investing/2023/04/23/bitcoins-volatility-is-decreasing-heres-why-its-go
https://www.fool.com/investing/2023/04/23/bitcoins-volatility-is-decreasing-heres-why-its-go
https://www.fool.com/investing/2023/04/23/bitcoins-volatility-is-decreasing-heres-why-its-go

	A permutation entropy analysis of Bitcoin volatility
	Introduction
	Modelling and Analysis Tools
	GARCH Model
	SGARCH Model
	FIGARCH Model

	Permutation entropy H and Forbidden Patterns

	Data 
	Methodology
	Model Selection
	Volatility Analysis
	Dynamics of Bitcoin Volatility
	Annual Analysis
	Monthly Analysis

	Test of Selected GARCH Models
	Annual Analysis
	Monthly Analysis


	Conclusion
	CRediT authorship contribution statement
	Declaration of competing interest
	Data availability
	Acknowledgement
	References


