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Abstract

In this dissertation we study two nonlinear partial differential equations namely,
the longitudinal wave equation in a magnetoelectro-elastic circular rod and a new
integrable fifth-order equation. We employ the multiplier method to find conservation
laws and the Lie symmetry method to find symmetry reductions and exact solutions

for the two underlying equations.
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Introduction

Nonlinear partial differential equations (NLPDEs) depict a range of physical occur-
rences in the areas such as physics, chemistry, biology and fluid dynamics. Thus
computing solutions of such NLPDEs is unavoidable task. However, determining
solutions of NLPDEs is a very challenging task and only in certain cases one can ob-
tain exact solutions. The most important methods for construction of exact solutions
found in the literature are the inverse scattering transform, Hirota’s bilinear method,
homogeneous balance method, Backlund transformation, Darboux transformation

method, the Fan sub-equation method and Lie symmetry analysis method [1-10].

The Lie symmetry method, also called the Lie group analysis method, is one of the
most resourceful methods to extract solutions of NLPDEs. It is grounded upon the
analysis of the invariance under one parameter Lie group of point transformations
[8-10]. Established by Sophus Lie in the latter half of the nineteenth century, this
technique methodically merges well known ad hoc methods to construct solutions for
differential equations. There has been a considerable developments in Lie symmetry

methods for differential equations [11-17].

Conservation laws [18-21] play an important role in reducing and finding the solution
of differential equations. Computing conservation laws of different equations is the
first step in determining exact solutions. The number of conservation laws determine
how close one is to the complete solution. Thus the more conservation laws one finds,

the closer one gets to the solution.

In this dissertation we study a new nonlinear integrable fifth-order equation [22] and

a longitudinal wave equation in a magnetoelectro-elastic circular rod [23]. Firstly,



we study a new nonlinear integrable fifth-order equation that is given by

Uttt — Utgzze T QUgge — 4(uzut):cr - 4(uacutx)x = 07 (1)

where u(t, z) is a real valued function and a is a non-zero arbitrary constant. The
above equation has a third-order term with respect to t, two dispersive terms and

two nonlinear terms. Wazwaz and Kaur [22] computed the multiple soliton solutions

of (1).
Finally, we consider the longitudinal wave equation in a magnetoelectro-elastic cir-
cular rod [23]
2 [
Ugp — T Upy — (57“ u” 4 nuy)gr = 0.
Here r denotes the linear longitudinal wave velocity for a magnentoelectro-elastic
circular rod and n is the dispersion parameter.

The outline of this dissertation is as follows:

In Chapter one, we give some basic methods of Lie symmetry analysis and conser-

vation laws of partial differential equations.

In Chapter two, the multiplier method and Lie symmetry method are used in the

analysis of a nonlinear integrable fifth-order equation.



In Chapter three, the conservation laws and exact solutions for the longitudinal wave

equation in a magnetoelectro-elastic circular rod are computed.

In Chapter four, we discuss and conclude what we have done in this dissertation.

A bibliography is given at the end of this dissertation.



Chapter 1

Preliminaries

In this chapter we give some basic methods of Lie symmetry analysis and conservation

laws of partial differential equations (PDEs).

1.1 Continuous one-parameter groups

Let * = (z',...,2") be the independent variables with coordinates z‘ and u =
(u',...,u™) be the dependent variables with coordinates u® (n and m finite). Con-

sider a change of the variables x and u involving a real parameter a:

T, : v = f'(z,u,a), u® = ¢*(z,u,a), (1.1)

where a continuously ranges in values from a neighborhood D' € D C R of a = 0,

and f* and ¢* are differentiable functions.

Definition 1.1 A set G of transformations (1.1) is called a continuous one-parameter

(local) Lie group of transformations in the space of variables x and wu if

(i) For T,, T, € G where a,b € D' C D then T, T, =T, € G, ¢ = ¢(a,b) € D
(Closure)

(ii) Tp € G if and only if @ = 0 such that Ty T, = T, Ty = T, (Identity)



(iii) For T, e G,ae D' CD, T, ' =T,-» € G, a~! € D such that
To.T,-r =T,-1 T, =Ty (Inverse)

We note that the associativity property follows from (i). The group property (i) can

be written as

ol

f1(z,a,0) = f'(z,u, ¢(a,b)),
u® = ¢%(x,u,b) = ¢*(z,u, p(a,b)) (1.2)

8

and the function ¢ is called the group composition law. A group parameter a is called

canonical if ¢(a,b) = a+b.

Theorem 1.1 For any ¢(a,b), there exists the canonical parameter a defined by

s _ 96(s,b)
a= /o ()’ where w(s) = |,

1.2 Prolongation of point transformations and Group

generator

The derivatives of u with respect to x are defined as

uf = Di(u®),  uf = DyDy(u;), -, (1.3)
where
0 0
ox’ i ou® iy ous * ' " (4)

is the operator of total differentiation. The collection of all first derivatives ' is

denoted by u(y), i.e.,
uy ={uy} a=1,..m, i=1.n
Similarly

UGg) = {u%} a=1,...m, i,j=1,...n



and u(z) = {u%k} and likewise w4y etc. Since uj; = uf;, uz) contains only Uy for

i < j. In the same manner u) has only terms for ¢+ < j < k. There is natural

ordering in uy, ues) -« -

In group analysis all variables z,u,u()- - are considered functionally independent
variables connected only by the differential relations (1.3). Thus the u$ are called

differential variables.

We now consider a pth-order PDE(s), namely

Eo(x,u,uay, ..., u)) = 0. (1.5)
Prolonged or extended groups

If 2 = (z,u), one-parameter group of transformations G is
= fi(z,u,a), [amo= 2,
u® = ¢%(x,u,a), ¢*a=0= u®. (1.6)
According to the Lie’s theory, the construction of the symmetry group G is equivalent
to the determination of the corresponding infinitesimal transformations :
i at Fali(z,u), u*~u®+an®(z,u) (1.7)

obtained from (1.1) by expanding the functions f* and ¢“ into Taylor series in a

about a = 0 and also taking into account the initial conditions
fi’azo =, %y =u”

Thus, we have

ofi

)
8@ a=0

a _ 09"
n (JJ,U)— aa

&(x,u) = (1.8)

a=0
One can now introduce the symbol of the infinitesimal transformations by writing

(1.7) as

v (1+aX)r, u=(1+aX)u,



where

+77a(x,u)i. (1.9)

, 0
X = gl(l',u> auo‘

ox
This differential operator X is known as the infinitesimal operator or generator of

the group G. If the group G is admitted by (1.5), we say that X is an admitted

operator of (1.5) or X is an infinitesimal symmetry of equation (1.5).
We now see how the derivatives are transformed.
The D; transforms as
D; = Di(f’)D;;, (1.10)
where D; is the total differentiations in transformed variables Z'. So
ap = Dy(u), g = Dy(ag) = Difag), .

Now let us apply (1.10) and (1.6)

Di(¢%) = Dy(f7)D;(a")

= Dy(f7)us. (1.11)
This
8fj ,Baf] —o 8¢a ﬂa¢a
((%i T 8uf3)uj ~ o0 Yiaas (1.12)

The quantities u$ can be represented as functions of x,u,ug), a for small a, i.e.,

(1.12) is locally invertible:

ug = Ui (z,u,uy, a), VY, = (1.13)

The transformations in x, u, u(1y space given by (1.6) and (1.13) form a one-parameter
group (one can prove this but we do not consider the proof) called the first prolon-

gation or just extension of the group G and denoted by G,

We let

s~ 4 adl (1.14)



be the infinitesimal transformation of the first derivatives so that the infinitesimal

transformation of the group GI" is (1.7) and (1.14).

Higher-order prolongations of G, viz. GP, G can be obtained by derivatives of

(1.11).

Prolonged generators

Using (1.11) together with (1.7) and (1.14) we get

Di(f)(u3) = Di(¢")
Di(#’ + a&)(u$ +al) = Dy(u® + an®)
(6] + aDi&)(uf +alf) = uf + aDi®
u +al + au?‘Difj = u+aDn®

¢ = D) —uD(&), (sumonj).  (L15)

7

This is called the first prolongation formula. Likewise, one can obtain the second

prolongation, viz.,

¢ = Di(nf) —ugD;(g"), (sum on k). (1.16)

7

By induction (recursively)

o = Dy (¢ ) —ud Dip(fj), (sum on j).  (1.17)

11,8250-ip 11,82, 0ytp—1 11,82y 0yfp—1J

The first and higher prolongations of the group G form a group denoted by GMY, - .. Gl

The corresponding prolonged generators are

0
x - x a_“ ;
+ ¢ Jup (sum on i, @),
i 1] | yo 0
X = X +¢ p>1,
Lyeery P auzal 77777 i



where

: 0 0
X =82 u)g +1% (@, u)5 2.

1.3 Group admitted by a PDE

Definition 1.2 The vector field

X = él(xvu) 0

pp + n(z, u)%, (1.18)
is a point symmetry of the pth-order PDE (1.5), if
XP(E,) =0 (1.19)
whenever F, = 0. This can also be written as
XV E,|, _,=0, (1.20)

where the symbol |, _, means evaluated on the equation E, = 0.

Definition 1.3 Equation (1.19) is called the determining equation of (1.5) because

it determines all the infinitesimal symmetries of (1.5).

Definition 1.4 (Symmetry group) A one-parameter group G of transformations
(1.1) is called a symmetry group of equation (1.5) if (1.5) is form-invariant (has the

same form) in the new variables Z and u, i.e.,
Eo(Z, 0, ugy, -, up)) =0, (1.21)

where the function E, is the same as in equation (1.5).



1.4 Group invariants

Definition 1.5 A function F(z,u) is called an invariant of the group of transfor-

mation (1.1) if
F('faa) = F(fl(fl,’7u, CL), ¢a(x7u7a)) - F($7u>7 (122)
identically in z, v and a.

Theorem 1.2 (Infinitesimal criterion of invariance) A necessary and sufficient

condition for a function F(z,u) to be an invariant is that
OF
=0

due

X F =¢(z,u) or

o (1.23)

+0% (7, u)

It follows from the above theorem that every one-parameter group of point transfor-
mations (1.1) has n — 1 functionally independent invariants, which can be taken to

be the left-hand side of any first integrals
Jl(x7 U) =C1y 0y, Jn—l(xu u) = Cp

of the characteristic equations

dz! B dz" du! o du

Se,w)  e(ru) i) (@, u)

Theorem 1.3 If the infinitesimal transformation (1.7) or its symbol X is given, then

the corresponding one-parameter group G is obtained by solving the Lie equations

et du*

subject to the initial conditions

i — [} —
x ’azo—x, u,_y = u.

1.5 Lie algebra

Let us consider two operators X; and X5 defined by
) a e a
X1 = 51(13;16)@ + (l’au)%

10



and

, 0 0
Xy = 6;(1’,'&)% + 773(%“)%-

Definition 1.6 The commutator of X; and X,, written as [X;, X5], is defined by

X1, Xo] = X1(X2) — Xo(X)).

Definition 1.7 A Lie algebra is a vector space L (over the field of real numbers) of
. 0 0
operators X = {'(z, u)a— +n°(x, u)a— with the following property. If the operators
x U
% a « 8 % a « 8
Xy = 51($7U)—8xi + 15 (%U)%a Xy = fz(%u)—axi + 15 (SU7U)%

are any elements of L, then their commutator
[X1, Xo] = X1(X2) — Xa(X7)

is also an element of L. It follows that the commutator is

1. Bilinear: for any X,Y,Z € L and a,b € R,

[aX +b0Y, Z] = a[X, Z] + b)Y, Z], [ X,aY + bZ] = a[X,Y] + b X, Z];

2. Skew-symmetric: for any X, Y € L,

(X, Y] = —[¥, X];

3. and satisfies the Jacobi identity: for any X,Y,Z € L,

HX’ Y]>Z] + [[Ya Z]>X] + HZ’XLY] =0.

1.6 Conservation laws

1.6.1 Fundamental operators and their relationship

Consider a kth-order system of PDEs of n independent variables x = (zt, 2%, ..., 2")
and m dependent variables v = (u!,u? ... u™), namely
Eo(x,u,uaqy, ..., umw) =0, a=1,...,m. (1.25)

11



The Euler-Lagrange operator, for each «, is given by

50 . 0
5= O (U Dy Dy, a=1...,m, (1.26)

The n-tuple vector T = (T, T2 ..., T"), T € A, j =1,...,n, is a conserved
vector of (1.25) if T satisfies

D;iT"|(1.25= 0. (1.27)

The equation (1.27) defines a local conservation law of system (1.25).

A multiplier Ay (2, u,u(),...) has the property that
AE, = DT (1.28)

holds identically. The right hand side of (1.28) is a divergence expression. The

determining equations for the multiplier A, is

(AL EL)

du®

= 0. (1.29)

1.7 An illustrative example on finding symmetry

reduction, exact solution and conservation laws

In this section we will employ the Lie symmetry method and the multiplier method
to construct a symmetry reduction, an exact solution and conservations laws of a

two-wave mode Korteweg-de Vries equation (TKdV) [24]
Ut — S Ugy + Uplly + Uy — S (uuw + u$2) + Utpgr — BSUzgzs = 0. (1.30)

The above equation [24] was proposed as a nonlinear multi-mode dispersive wave
equation that describes the wave propagation in one space dimension in a weakly

nonlinear and weakly dispersive system.

12



1.7.1 Symmetry reductions and exact solutions of (1.30)
The vector field

0 0 0
_ 1 2
X = ¢ (t,w,u)—at + & (t,x,u)—ax —l—n(t,x,u)—au (1.31)

is a Lie point symmetry of (1.30) if

=0,

X[4]{ Ugt — SQUzm + UgUy + Uty — S (uumﬁ + umz) + Utzzr — Bsu:pxmﬁ}
(1.30)

where X is the fourth prolongation of (1.31). Expanding the above equation and
splitting on the derivatives of u leads to the following overdetermined system of linear

partial differential equations:

& =0, (1.32)
2 =0, (1.33)
€. =0, (1.34)
Nuw = 0, (1.35)
New — &2 = 0, (1.36)
2BsE —4BsEE+E =0, (1.37)
Bs& — Bs&l+ & =0, (1.38)
—afsn, —2a 86+ ol — BEL =0, (1.39)
4B 8w — 68562, — M + 365, =0, (1.40)
—B s+ Bs& =386 +E& =0, (1.41)
W + e+ 270 + Newau — & = 0, (1.42)
— 0 SUNaw — 3 STawaa — 5 New + Unte + Nt + Ntzza = 0, (1.43)
uB 86 —3uBsE2 — Bsn — 3B 8Nagu + 2855+ B2, +ull =0, (1.44)

—2a BsuE —afsn — 682N +458°sE2,, — 2B + aull — Buél
20 8UNpy — @ sufiz +2asn, +408 Nwwen — B sf’gmx + 2 SQnm — s%m

13



Solving the above system of equations leads to the two dimensional Lie algebra

spanned by the following linearly independent operators:

0

X, = —
1 at7
0
X, = —.
2 ox

The linear combination of the translation symmetries wX; + Xy gives rise to the

group-invariant solution
u(z,t) = F(2), (1.47)

where z = x — wt is an invariant of the symmetry wX; + X,. Substitution of (1.47)

into (1.30) results in

SﬂFzzzz +WFzzzz + SQFzz - WQFZZ +WFFZZ - WFZ2

+sa (FF.,+ F2) =0, (1.48)

whose solution is given by

P() = 3 (w? — s?) sech? (zm> | (L.49)

sa+ w

Consequently the required group invariant solution is completed by (1.47).

1.7.2 Conservation laws of (1.30)

A local conservation law for equation (1.30)
G = Uy — $*Uyy + Uty + Wy — S (Wl + Ug”) + Upgzw — BSUss (1.50)
is a space-time divergence
D,T" + D,T*|(1.30= 0, (1.51)

which holds for all formal solutions u(t, z) of equation (1.30), where the conserved

density 7% and the spatial fluxe T* are functions of ¢, z,u and derivatives of w.

14



We obtain a multiplier A, that is given by

A(t,x,u) = 25%a° Agat + Aps®a®t? + sAya’a? — 2 5%a Ayt — Agst? + sAjat
as32/a? — 1t
_SA21'2—2@A2+2BA2+A1$+A41'+A3—{A6COS< m )
A sin <a s3/2y/a? — 1t) } cos <\/§\/a2 - 12:) +sin (\/5\/042 — 1x>
> va-—p Va—p va—pj
as32/a? — 1t C (asda? =1t
As cos + Ag sin )
va—p Vva—p

Thus, corresponding to the above multiplier we have the following conservation laws:

DtTf + DIT{E’OSO): 07

1
4
1

TP = —(— 4dsrau,u + 2xuu + 45%u + 2sou® — 4s*zuy + 45y, — 45T LUpry

W

—2Uyy + XUy );

DtTQt + D:):TQx’(l?)O): 07

15



1
-(- 8tatus® + 8tus® — 2t%uu,s® + 220Uty s® — tPuyyes® + 20 Uyyys®

4
—At?2u,83 + 4202w s® — 2tadu?s? + 2tau®s® — 8xalus® + 8raus?
+Atraluu,s® — Atroui,s® — 260Uy, s° + 2ty s® + 2Lr3 Uy, s°

— T OULyy S° + Strauys® — Straus® — 2xau’s + 2xu’s + 20%u,s
=22, + 22202 U, S — 2upS — 2002 UppS + 2TUpyS — T Uy S

+ 220 Uy s — 422 + A2 0P ups — dauu, + 4Buty — 20Uspy 4+ 2BUss
—8auy + 8Fuy),

i(4t2ufc55 — 4t%°02u, s + 8talus* — Staust — 8tralu,st + Strau, st
—At?Puu, s + AP auugst + A2 Pugpest — A2’ Puggest + dtatu?s®
—6ta’u?s® + 2tu?s® + 8xatus® — 8xus® + 4xu,s® — 422 0Pu,s®

—8tratuu,s® + 8tralun,s® — 2t Uy, s® + 2tug,s® + 8t043ﬁum33

— 8t By, s® — StT03 Pyyrs® + Stra Uy s® — 2t2uuys® + 2620wy s®

2 2

—3t% Uy 5° + 320 Uy S + 2x0Pu?s® — 2wau®s® + 40Pu, s + dauys

—80426%32 — 422 Buug s 4 4rcun,s® — 2003 U, 5% + 200U S°

+8202 Buiyys® — 8T Pyys® + 42 Piyyys® — 42202 Pigyys® + Atzaduuys®

—Atrouus? — 4taPu, s + Aot s® + 6tratu,, s — 6t s + 8aut,s
2 2 2 2 2

—8afutys — 8B UpprS + 8 BUyres + 207U S — 227 uuys + 2x 0 uuy s — 2wy S

— 420Uy s + ATUS — 382 UigeS + 3220 Upges — Aoy + 4Pury — 60Uy

DTy + D, Ty |1.30= 0,

(2ugu + duy + Upyy) ,

I SN

(—4SOéUxu + 2Utu - 4S2Ux - 4sﬁuzmx + 3utwm) ;

Dthie + D;,;Tf’(l_go): 0,

16



1

T = —(2staugzu + 2zuu — dsau — U2 + Sty + dstau; + 4xup — gy + TUgzzy),
1

17 = 4_1( — 45*taPuzu — dszaugu + 2stausu + 2ruu + 4s*u + soau® — 4s3tau,
— 482t Py — 457 Ty + 35Uy — SOy + 45 BUgy — ASTPlyry — 2Usy

DTt + D, T¥|1.30= 0,

Va2 —1y/s(ast + x)

I =
Va—0 ’

T} m{ — 35%2v/a? — 1 cos(D)ua? — s\/a — Bsin(D)uza?
—V/5va? = 1cos(T)ula + 45**va? — 15 cos(T)ua + 2v/a — Bsin(T)uua
—vsvVa? — 1 cos(D)ugeer + v/ — Bsin(D)ugaeer + 41/ — Bsin(T)ua
+v/sva2 — 18 cos(T)u? — s*/v a2 — 1 cos(D)u + s\/a — Bsin(D)u,
—2@6 sin(T)uu, + \/5\/0427B cos(IM) g, — \/rﬁ sin(D) gy

—4\/a — BB sin(P)ut},

T = W{?ﬁwz\/ﬁcos(f‘)ua?’ — 252\ — Bsin(T)uza’
+5%2/a? — 1 cos(T)u?a? — 45°/2v/a2 — 158 cos(T)ua? + 4s*\/a — BB sin(T
—4sy/a — Bsin(D)uuga® — °2vVa? =1 cos(I)ugpa — s\/oz——55111(11)%50(2
—5%%/a? =16 cos(T)ula + 572V a? — 1 cos(D)ua — 25°y/a — Bsin(T)uza

45@5 sin(T)uu, o + 583/2\/75 cos(IMuza0 — 45\/04T sin(1) ug v
—1—2\/&Tsin( Juugor — Qﬁmcos Dugeo0 + 3\/rsm VU Y

—45%?\/a? — 12 cos(I)uy, + 48\/@T5 sin(T) gy + S\/Wsin(F)ut
—2+v/a — B sin(T)uuy + 2\/5\/0427ﬁ cos(IMuy, — 3\/04T5 sin(I" utm};

DtTg + DxTéE’(lgo):
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Ty =

1.8

va? —1y/s(ast + x)

=
Va—p

W{ — 35%2Va? — 1sin(D)ua® + s\/a — B cos(D)uza?
—V/sva2 — 1sin(D)ua + 45°*vVa? — 18 sin(T)ue — 2v/a — B cos(D)uu
—V/sva2 = 1sin(D)ugea — /o — B cos(D)uggear — 43/ — B cos(D)uyor
+vsva? = 18sin(T)u’® — s%2Va? = Tsin(T)u — sy/a — B cos(T)u,
+2y/a = BB cos(D)un, + v/sv/a? = 18sin(D)ug, + v/ — BB cos(D)thye

+4/a— BB cos(F)ut},

W {335/2\/ﬁsin(f‘)ua3 +252y/a — B eos(T)uya®
+5°2v/a2 — 1sin(D)u*a® — 45”2V a? — 18sin(T)ua’® — 4s>\/a — B3 cos(T
+4sv/a — B cos(Duuga® — s%2v/a? — 1sin(T)ug,a” + s\/mcos(lj)utoz2
320 =18 sin(T)u?a + s%2vVa2 — Lsin(D)ua + 252v/a — S cos(D)uya
—4sv/a — BB cos(D)uuger + 55**vVa? — 18 sin(D)ugpa 4+ 4sy/a — B cos(D) gt
—2+v/a — peos(INuupar — Qﬁman(f‘)uma — 3y a — Beos(Iuga
—453%\/a2 — 182 sin(I)ug, — \/rﬂ cos(D)ugpr — sﬂcos(I’)ut
+2m5 cos(IM)uuy + 2/sva? — 113 sin(T)uy, + 3\/04TB cos(T utm}.

Conclusion

In this chapter we presented a brief introduction to the Lie group analysis and

conservation laws of PDEs and gave some results which will be used throughout

this project. We also provided the algorithm to determine the Lie point symmetries

and conservation laws of PDEs. Finally an illustrative example was shown that

captured the underlying concepts that would be employed in this dissertation.
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Chapter 2

Conservation laws and exact
solutions for a nonlinear integrable

fifth-order equation

In this chapter, we consider an integrable fifth-order equation [22]
Uttt — Utgzax + AQUgzy — 4<uacut)$a: - 4(u$uact)a: = O (21)

The above integrable fifth-order equation has been demonstrated to pass Painleve
test along with the required number of arbitrary functions to confirm its complete
integrability. Multiple soliton solutions and multiple complex soliton solutions were

computed by Hirota’s direct method.

We will employ the multiplier method to derive the conservation laws and compute
the Lie point symmetries of this underlying equation to extract symmetry reductions

and exact solutions.
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2.1 Conservation laws for a nonlinear integrable

fifth-order equation

In this section we derive the conservation laws for equation (2.1). Here we will

consider multipliers of the zeroth order A(t, z,u) defined by

0
@[A(t, x, u)(uttt — Utggze T QUgzr — 4(uxut)x:c - 4(uxuxt)x) = 07 (22)

where the Euler-Langrage Operator 6/du is defined by

) 0 0 0 0 0
— = ——D— —D, D? D?
ou ou “ou, ou, + E Ouy + T U
0
D.D e 2.3
+ Dy + (2.3)
and the total differential operators are given by
D, = 2—irug—l—u i+u i—i—
oot Tou T Tow T o, ’
D 0 + 0 + 0 + 0 +
ox ou Oy, " Ou,
Expanding equation (2.2) leads to
0 0 0 0 0 0 0
— —Dy=— —D,— + D? DD - D} —D2D
ou "ouy Ou, * ¥ Oy + O T QMg T Ot
0

0
_D? auttt - DiDtm A(“ttt — Utzzzx + AUgry — 4(uxut)a:w - 4(uwuxt)ar) - 07

Au(uttt — Utzzzx + AQUgzqy — 4(umut)a:$ - 4<u$umt)a¢) + 4Dtuzma:A + 8D:ﬂu$ztA

—12D?uy A — 12D, Dyugy A — aD?A + 4D3A 4+ 8D3u, A + 8D2D,u, A — D}A

+D3iDA = 0.

Since A depends only on ¢, x and u, the coefficients of the like derivatives of u can

be equated to zero to yield the following system of over-determined linear partial
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differential equations:

A =0, (2.4)
A = 0, (2.5)
Ay =0, (2.6)
Agw =0, (2.7)
Az =0, (2.8)
Ayu = 0. (2.9)

We integrate equation (2.9) with respect to u obtain
A= A(t,z)u+ B(t, z), (2.10)

where A(t, ) and B(t, z) are arbitrary functions of ¢t and . Inserting equation (2.10)

into equation (2.8) and solving the resulting equation yields
A=Ct)u+ B(z,t). (2.11)
Inserting equation (2.11) into equation (2.6) and solving the resulting equation yields
A = Aju+ B(t, z). (2.12)
We insert equation (2.12) in equation (2.7) to obtain
A=Awu+ D(t)x + E(t), (2.13)

where D(t) and E(t) are arbitrary functions of ¢. Inserting equation (2.13) into

equation (2.5) we obtain
The insertion of equation (2.14) into equation (2.4) yields the multiplier of the form
2

t
A:A1U+A2$+A3§+A4t+z45, (215)

where Aq, As, Az, A4 and As are arbitrary constants of integration.
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Corresponding to the above multiplier we obtain the following five conserved vectors

of (2.1):

1 1 1 8 2

1
Tt = ——u? = Yz Ux - a:a:acm__Q —y2 — = aca:ac__Qacaca:
1 loum + 5u Uy + Uy 5uu 2ut + guz 3uu U 9u Ugza,
T® = Su u 2u Ugy + 1u Uy + 28u u? 1au2 + 2u2u 4uu + auu
1 - 5 teax Wx 5 xx Wtx 5 xxx Wt 9 tWq 2 T 9 txx 5 trxxx xx
32 52
———UUUgy — ——UUz Uty
9 9 ‘
1 1 4 1 1
Tt = ZUUgy + —Ugzs + —U2 - Bxurumxw — X UUggy — —TUggax + zu )
2 3 5 3 3 5 .
Ty = 2uu + 1Ou Uy + 3u + axu 4xu au Hazu U 16:Uu U
2 - 3 tx 3 x Wt 5 trx T 3 trxx x 3 xx Wt 3 x Wix
+§$Uutm;
1 1 1
TE = u— Uiy — — 2 Ulppy — — 2 Upppr + =12y — U
3 2 6 10 Tt =
T; = __t2ut$x;v + _tuaca;ac + _tUQ - EtQUJr:a:ut - _tQU’tZ’u:E + ltuux:c + 1tguut‘xx
5 5) 3 Y 6 3 3 6
1
+§at2um;
_— 1 1
4 —Up — 3tuxuxx - gtuumﬁx - gtua:xzx + tutta
Ty L e+ 202 — Sttt + = 10, . + at
= TUgzx —Um — T UWigan TUUgy — T WUgeUp — LU Uy S lUULzy AlU gy,
4 5 3 5 3 3 N R 3
1
Tt = —ZUggrs T Uyt — SUxex — FUUzgy,
5 5 . 3
- . 11 16 1
= = —ZUtzax AUgg — 5 Uga Ut — 5 Utz Uy S Uy -
5 5 t 3 t 3 t. 3 t

2.2 Symmetry reductions of (2.1)

The vector field

0 0 0
X = £\t — + (¢ — t — 2.16
is a Lie point symmetry of (2.1) if
X[Eﬂ{ Uttt — Utzzzx + AUgpy — 4(uxut>x:p - 4(u:ruxt>x} = 07
(2.1)

where X is the fifth prolongation of (2.16). Expanding the above equation and

splitting the derivatives of u leads to the following overdetermined system of linear
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partial differential equations:

& =0,
& =0,
£ =0,
& =0,
& =0,
New = 0,
Nuu = 0,

—28+¢ =0,
f§+77u:07

—&2 4 2700 =0,

—&2 421, =0,

—3&2, + 20 =0,

—&2 e 5 awu = 0,

—Tout + Eopa+ 41 = 0,

—3 AN + &30, + 8N = 0,
—a&} —a&Z+4n =0,

4ny — 282, + 3Npau = 0,
12000 — €20 + 4 Nevaus

—Nzgz — Mt T Mizwas = 0.
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Solving the above system leads to the following four linearly independent operators:

0
X, = —
1 8t’
0
Xy = —
2 8$’
0
X3 = —
3 au’

Xy, = (—3at+4u)%—8t%—4x%.

Case 1. b1X1 + bQXQ + ngg

The symmetries by Xy + by Xo + b3 X3 gives rise to the group-invariant solution

boF (2) + b
ult,z) = %j” (2.38)

blﬂf — bgt
by
into (2.1) results in the function F'(z) satisfying the following ODE:

where z = — is an invariant of by X + by X5 + b3 X3. Substitution of (2.38)

ablngFzzz —12 b13b2Fzzze — 12 b13b2F222 + b14Fzzzzz + 8 b12b2 bSFzzz (239)
- b24Fzzz = 0.

Case 2. X}

For the symmetry X, we obtain the group-invariant solution of the form

atr +4 F (z2)

u(t,x) = P ,

(2.40)

t
where z = — is an invariant of X, and the function F satisfies the following ODE:
x

16 Z4Fzzzzz — 96 ZngFzzz — 96 Zg(FZZ)Q — 32 Z2FFZZZ (241)
+24023F,,., — 864 2*F.F,, — 192 zFF,. + 1020 2*F,..
— 768 2F,> — 192 FF, + 13202F., + 360 F, — F.,. = 0.

Case 3. k1 X1 — ko X5

By solving the corresponding Lagrange system for the symmetry ki X; — ko X5, one

obtains an invariant z = kyz + kot + k3 and the group-invariant solution of (2.1) is
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the form

u(t,z) = F(2), (2.42)

where the function F(z) satisfies

12k ko FLF,,, 4+ 12k ko (F..) + ky Yo Fvn — aky (FLL2)? — ko®Fl., = 0. (2.43)

2.3 Exact solutions using Kudryashov method

Let us recall the basic idea of the Kudryashov method. Consider the nonlinear partial

differential equation in the form
Eyug, ug, -] =0, (2.44)
We use the following ansatz:
u(z,t) = F(2), z=kix+ kot + ks. (2.45)
From equation (2.44), we obtain the ordinary nonlinear differential equation
EolkyF'(2), ko F'(2), K2F"(2),k3F" (%), -] = 0, (2.46)

which has a solution of the form

F(z) = f: A(H(2))', (2.47)
i=0
where
1
H(z) = 1 + cosh(z) + sinh(z)

satisfies the equation

H'(z) = H(2)* — H(z), (2.48)
and M is a positive integer while Ag, - - -, Ay; are parameters to be determined. The

positive integer M will be determined by the homogeneous balance method between

the highest order derivative and highest order nonlinear term appearing in (2.46).
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2.3.1 Application of the Kudryashov method

Making use of anstaz (2.45), the balancing procedure gives M = 1 for (2.43). The

solution of equation (2.43) are of the form

Substituting equation (2.49) into equation (2.43) and making use of equation (2.48)
and then equating all coefficients of the functions H* to zero, we obtain the following

overdetermined system of algebraic equations in terms of Ag, A;:

120 A1 2k 3ky + 120 A1y 'k = 0,

360 A1%k1’ky + 360 Aiki ks = 0,

Avki*ky — aA ik — Ak =0,

384 A1 %k1*ky + 390 Ak ks — 6 aA k) — 6 Ajky® =0,
24 A2k 3ky + 31 Avky ks — TaA k> — T Ajky® = 0,

168 A1 %k kg 4 180 Ayky 'y — 12a A ky® — 12 Ayky® = 0.

On solving the resultant system of algebraic equations, we obtain

ko (k1" — ko?)
a = - 3
kq?
A1 == —kl.

Consequently a solution of equation (2.1) is

1

1+ cosh(z) + Sinh(z)C}’ (2.50)

u(a,t) = Ag— Al{

where 2z = kjxz + kot + k3.
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Figure 2.1: Evolution of travelling wave solution (2.50).

2.4 Concluding remarks

Symmetry reductions, exact solutions and conservation laws of a nonlinear integrable
fifth-order equation were computed. The Lie symmetry method gave symmetry re-
ductions and in conjunction with the Lie symmetry method, the Kudryashov method
gave a travelling wave solution. Finally conservation laws were computed via the

multiplier approach.
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Chapter 3

Conservation laws and exact
solutions of the longitudinal wave
equation in a

magnetoelectro-elastic rod

The nonlinear longitudinal wave equation in a magnetoelecro-elastic circular rod is

given by

1
Ugt — T gy — <§r2u2 + nutt> =0. (3.1)

The above equation was proposed in [23] and the Jacobi elliptic function expansion

method was used in the construction of exact solutions.

In this chapter, we aim to implement the multiplier approach to construct conser-
vation laws of (3.1) and secondly we aim to employ the Lie symmetry method to
construct symmetry reductions. Finally travelling wave solutions are computed via

the simplest equation method.

28



3.1 Conservation laws of the longitudinal wave equa-

tion in a magnetoelectro-elastic rod

In this section we derive the conservation laws for equation (3.1). Here we will

consider multipliers of the second order A(t,x, u, us, g, gy, Usy, Ug,) defined by

1
[A(t, 2, U, gy U, Ugt, U, Ui) (Ugy — T2 — (272U 4 MUy ) 2) = 0, (3.2)

Su 9

where the Euler-Langrage Operator 6/du is defined by

) 0 0 0 0 0
— = ——D— —D, D? D?
ou ou You, Oy, 5 toum + T OUgy
0
D.D e 3.3
+ Dy + (3:3)
and the total differential operators are given by
Dy = 0 +u 0 +u 0 +u 0 +
LT G rw oy e te o, )
D, = —+u 2 +u i +u i +
* ox T ou " Ouy " Ou, ’

Expanding equation (3.2) leads to

0 0 0 0 , O 5
[% - a xa s + Dt auxt + D Dt auxxtt](A(Utt — T Ugy
—(%T2u2 + nug) ) = 0,

1

Ay (ugy — Uy — (—7’2u2 + NU) prr) — U A + 12 Dyug A — rzDiA + DfA

2
—nD2D?A = 0.

Since A depends only on t, x, u,u;, Uy, Uy, Uz, and ug,, the coefficients of the deriva-

tives of u can be equated to zero to yield the following system of over-determined
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linear partial differential equations:

A, =0, (3.4)
Ay, =0, (3.5)
Ay, =0, (3.6)
Ay, =0, (3.7)

Ay, =0, (3.8)
Ay, =0, (3.9)

Ay =0, (3.10)

Mgy = 0. (3.11)

Solving the above system of linear partial differential equations for A prompts the

multiplier
A= (ClI + Cg)t + CgZL' + 047 (312)

where (', C5, C3 and Cy are arbitrary constants of integration.

Corresponding to the above multiplier we obtain the following four conserved vectors

of (3.1):

Tt L + ! + tous + L t ! t

= —Up — —NU;z + —NTUL, + txUus + =Nt — —NtUL,,
! 3 6 R R T
" L 2,2 + rt %t t + ! + —nt Lo

= —ritu” + rtu — riteun, — rtruy, — —nup + —NTUL + =Nty — —NET Uy

1 2 3 t 3 t 6 tt 2 tt

T: - ! +t L t
= —U+ —NUz, + tuy — =Ntz

2 6 t 5 t

- 9 1 1
7 = —rituuy — rtu, + gnum — §ntum,

1 1

T = zup 4+ —nuy — —NTU.,

3 t 3 t B t

z Loy 2 1 1
15 = 57’ U 4 ru — rerut, — reu, + énutt — énxum,

1

Ti = U — inutxm,

x 2 1
T, = —riuug —ru, — §num.
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3.2 Symmetry reductions of (3.1)

The vector field

0 0 0
_ 1 2
X = ¢ (t,x,u)—m +¢& (t,x,u)—ax + n(t,:t:,u)—au (3.13)

is a Lie point symmetry of (3.1) if

1
X[4]{ Ut — Tzum — (57“2%2 + nutt> }

where X is the fourth prolongation of (1.31). Expanding the above equation and

=0,
(3.1)

splitting the derivatives of u leads to the following overdetermined system of linear

partial differential equations:

& =0,

& =0,

& =0,

& =0,

Nuu = 0,

Nezu = 0,

26 + 1. =0,

ftlt — 2 = 0,
Nawutt — 2&2 = 0,
&y =20 =0,

NeaT>U + Moot + Ntaat — Ny = 0,
2 §§r2u + r2171 +2 557“2 + N = 0,

277muu_592:xu+277x+277xu_§2m = 0.

Solving the above system leads to the infinitesimal symmetries of (3.1) that constitute

the three dimensional Lie algebra spanned by the following linearly independent
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operators:

0
X, = 2
1 at7
0
X, = —
2 ax7
0 0

Case 1. b1X1 + b2X2 + b3X3

The symmetries by X; + by Xo + b3 X3 gives rise to the group-invariant solution

ult,z) = —b3?*t? + 2b3 bt + F (2)
T P2 — 2b3 byt + by

: (3.14)

bg In <—b3 t+ bl)
bs
of (3.14) into (3.1) results in function F'(z) satisfies the ODE

where z = x + is an invariant of by X, + by X5 + b3 X3. Substitution

b 22 F,, + 12 FF,, — 6b2bs + by®nF.... — 5bybynF... (3.15)
+6b3°nF,, +1r?F,%2 — 6b3°F — by’ F,. + 5b3 by F, = 0.

Case 2. k?le — k?QXQ

By solving the corresponding Lagrange system for the symmetry k1 X; — ko X5, one

obtains an invariant z = kyx + kot + k3 and the group-invariant solution of (3.1) is

of the form
u(t,z) = F(2), (3.16)
where the function F(z) satisfies
12k *FF., +nk*ky’F.... + 7%k F.2 + 72k °F,, — k)2 F,, = 0. (3.17)

3.3 Exact solutions using the simplest equation

method

We now use the simplest equation method, to solve (3.17) and as a result we obtain
the exact solutions system (3.1). The simplest equations that will be used are the

Bernoulli and Riccati equations.
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We briefly recall the simplest equation method here. Let us consider the solutions of

(3.1) in the form

F(z) = ZAi(H(Z))ia (3.18)

where H(z) satisfies the Bernoulli or Riccati equation, M is a positive integer that
can be determined by balancing procedure and Ay, - - -, Ay are parameters to be de-
termined. We note that the Bernoulli and Riccati equations are well-known nonlinear

equations whose solutions can be expressed in terms of elementary functions.

We consider the Riccati equation

H'(2) = aH*(z) + bH(z) + c, (3.19)

where a, b and ¢ are constants, we shall use the solutions

b 0 1

and

b 0 sech (%Z)

1
H(z) = 2 2a tanh (592) * Ccosh (£) — 2 sinh (%)’

where 6% = b? — 4ac > 0 and C is a constant of integration.

For Bernoulli equation

H'(z) = eH(z) + dH?(2), (3.20)

where a and b are constants. The solution of this equation is given by

B coshle(z + C)] + sinhle(z + C)]
H(z) = e{ 1 —dcoshle(z + C)] — dsinhe(z + C)] }

3.3.1 Application of the simplest equation method: Riccati

equation

The balancing procedure yields M = 2 so the solutions of (3.17) are of the form

F(z) = Ay + A H + AyH?. (3.21)
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Substituting equation (3.21) into equation (3.17) and making use of equation (3.19)
and then equating all coefficients of the functions H® to zero, we obtain the following

overdetermined system of algebraic equations in terms of Ag, Ay, As:

—120 a*nAski’ko? — 10 a*r2 A%k 2 = 0,

—24a*nA 1k *ky?® — 336 a’bnAski’ky® — 12a*r? Ay Agky® — 18 abr? Ay*k? = 0,
—60 a®bn Ak, 2ks® — 240 a®cnAsky®ks? — 330 a2b*nAsk: % ky? — 6 a®r? Ag Ay k2
—3a%r2 A%k % — 21 abr? Ay Asky? — 16 acr? Ak ? — 8b2r? Ay k>

—6a?r?Ask® = 0,

—8abc®n Ak ’k: — 16 ac®nA ki *ko® — b3enAik *ky® — 14 0**n sk, ko
—ber? AgArk,? — 22 AgAsky® — Ar2 A %k% — ber Ak, — 2 Pr Agky?
+beArks”® + 2 Agks® = 0,

—40a®cnAiki’ks® — 50 a’b*nAski*ke® — 44 a’benAsky ke — 130 ab®nAsk: *ky?
—2a’r?Ag A k2 — 10 abr? Ag Ak, — 5 abr? A%k, 2 — 18 acr® Ay Aqky®
—9b%r2 A Aoky? — 14 ber? A%k ® — 2ar? Ayky® — 10 abeAgky® + 2 a® Aqky?
+10 abAsky? = 0,

—16 a°c®nAiki*ks” — 22 ab*enArki*ko® — 120 abc®nAsk:*ka® — b*'nA ki ko’
—30b3cnAsk;®ks? — 2acr? AgArky® — b2r?Ag A1 K 2 — 6 ber? AgAgky?

—3ber? A%k 2 — bPrt Ay Agky? — 2acr Avky? — bPrAjky? — 6 ber Aok, ?
+2acArks? + b2 Arky® — 6bcAsky® =0,

—60 a’ben Ak 2k — 136 a®cPnAsky?ke® — 15 ab®n Ak ?ke® — 232 ab?enAsk, ks>
—16b*"nAsk 2ky? — 3abr? AgA k%2 — 8 acr? Ag Aok, — 4 acr? A%k, 2

—4 %12 AgAoky® — 20%1° A ky® — 15 ber® Ay Aoks® — 6 P2 Ay’ ke ® — 3abr Ak,
—8acrAsk:® — 4671 Agky® + 3abAiks® + 8 acAsky” + 4 b7 Asky® = 0.

34



On solving the resultant system of algebraic equations, we obtain

8acnki’ky® + b?nk*ko® + vk — ky?

Ay = :
0 7’2]€12
bnksy>
A= -—1222
;
2 /{32
Ay =—128702
r

Consequently a solutions of equation (3.1) are

u(x,t) = A+ Al{ b itanh <%9(z + 2))}

20  2a
b 0 1 2

) N sech (%Z) }
C cosh ("Q—Z) — %“ sinh (%Z)
sech (%’Z)

b 1 ;
ad 22 n (Lo + . (323
2{ 2a  2a (2 2) Ccosh(e—;)—%sinh(%)} o2

where z = kyx + kot + k3 and 6% = b — dac > 0.
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Figure 3.1: Evolution of travelling wave solution (3.22).
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Figure 3.2: Evolution of travelling wave solution (3.23).

3.3.2 Application of the simplest equation method: Bernoulli

equation
The balancing procedure yields M = 2 so the solutions of (3.17) are of the form
F(z)= Ao+ A H + A H?, (3.24)

Substituting equation (3.24) into equation (3.17) and making use of equation (3.20)

and then equating all coefficients of the functions H* to zero, we obtain the following
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overdetermined system of algebraic equations in terms of Ag, A1, As:

—120 e*nAski®ky® — 10 €212 A%k 2 = 0,

—d*nAk2ko? — P2 Ag Ak ? — dPrAvk + P AR =0,

—336 de3ndokiky® — 24 e*n A ki %ky? — 18 der? Ay’ ky® — 12 %12 A1 Agky® = 0,
=330 d*e*n Ak, ’ks® — 60 de*nA ki ko — 8 d*r? Ay?ky® — 21 der? A, Agk,

—6e% 2 AgAski® — 322 A %k2 — 6 X rAsky® 4+ 6 €2 Agky® = 0,

—16 d*nAski*ky? — 15 dPenA k2 ky® — 4 d*r? AgAsky? — 2 d%r? A%k, 2
—3der?AgAik\? — A d%rAsky® — 3derAvky? + 4 d? Asko? + 3deA ky® = 0,
—130 d®enAyki*ky?® — 50 d?e*nA ki *ky® — 9 d*r? A Agk,? — 10 der® Ag Agky”
—5der? A% k2 — 222 AgArkr? — 10der Agky? — 2 €2r Avky? + 10 de Agks?

+2 €2A1]€22 = 0.

On solving the resultant system of algebraic equations, we obtain

k2 ko? + 1k — ky?
AO = - )

7“2]{312
denky?
A =—1252
T
2 ]{'2
A= —12222
T

Consequently a solution of equation (3.1) is

wzt) = Ao+ Ale{ coshle(z + C)] + sinhle(z + C)] }

1 — dcoshle(z + C)] — dsinhle(z + C)]

coshle(z + C)] + sinhle(z + C)] i
AQ{el — dcosh[e(z + C)] — dsinh[e(z + C)] } 7

(3.25)

where z = kyx + kot + k3 and C' is an arbitrary constant of integration.
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Figure 3.3: Evolution of travelling wave solution (3.25).

3.4 Concluding remarks

In this chapter, we studied the nonlinear longitudinal wave equation in a magnetoelecro-
elastic circular rod via multiplier approach and Lie symmetry method. Conservation
laws and Lie point symmetries of this equation were obtained. Finally the simplest

equation method generated travelling wave solutions.
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Chapter 4

Conclusions and Discussions

In this dissertation, we presented a brief introduction to the Lie group analysis and
conservation laws of PDEs and gave some results which were employed throughout

the dissertation.

In Chapter two symmetry reductions, exact solutions and conservation laws of a
nonlinear integrable fifth-order equation were computed. The Lie symmetry method
gave symmetry reductions and in conjunction with the Lie symmetry method, the

Kudryashov method gave a travelling wave solution.

In Chapter three we studied the nonlinear longitudinal wave equation in a magnetoelecro-
elastic circular rod via multiplier approach and Lie symmetry method. Conservation
laws and Lie point symmetries of this equation were obtained. Finally the simplest

equation method generated travelling wave solutions.
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