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Abstract

In this dissertation we study two nonlinear partial differential equations namely,

the longitudinal wave equation in a magnetoelectro-elastic circular rod and a new

integrable fifth-order equation. We employ the multiplier method to find conservation

laws and the Lie symmetry method to find symmetry reductions and exact solutions

for the two underlying equations.
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Introduction

Nonlinear partial differential equations (NLPDEs) depict a range of physical occur-

rences in the areas such as physics, chemistry, biology and fluid dynamics. Thus

computing solutions of such NLPDEs is unavoidable task. However, determining

solutions of NLPDEs is a very challenging task and only in certain cases one can ob-

tain exact solutions. The most important methods for construction of exact solutions

found in the literature are the inverse scattering transform, Hirota’s bilinear method,

homogeneous balance method, Bäcklund transformation, Darboux transformation

method, the Fan sub-equation method and Lie symmetry analysis method [1–10].

The Lie symmetry method, also called the Lie group analysis method, is one of the

most resourceful methods to extract solutions of NLPDEs. It is grounded upon the

analysis of the invariance under one parameter Lie group of point transformations

[8–10]. Established by Sophus Lie in the latter half of the nineteenth century, this

technique methodically merges well known ad hoc methods to construct solutions for

differential equations. There has been a considerable developments in Lie symmetry

methods for differential equations [11–17].

Conservation laws [18–21] play an important role in reducing and finding the solution

of differential equations. Computing conservation laws of different equations is the

first step in determining exact solutions. The number of conservation laws determine

how close one is to the complete solution. Thus the more conservation laws one finds,

the closer one gets to the solution.

In this dissertation we study a new nonlinear integrable fifth-order equation [22] and

a longitudinal wave equation in a magnetoelectro-elastic circular rod [23]. Firstly,
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we study a new nonlinear integrable fifth-order equation that is given by

uttt − utxxxx + auxxx − 4(uxut)xx − 4(uxutx)x = 0, (1)

where u(t, x) is a real valued function and a is a non-zero arbitrary constant. The

above equation has a third-order term with respect to t, two dispersive terms and

two nonlinear terms. Wazwaz and Kaur [22] computed the multiple soliton solutions

of (1).

Finally, we consider the longitudinal wave equation in a magnetoelectro-elastic cir-

cular rod [23]

utt − r2uxx − (
1

2
r2u2 + nutt)xx = 0.

Here r denotes the linear longitudinal wave velocity for a magnentoelectro-elastic

circular rod and n is the dispersion parameter.

The outline of this dissertation is as follows:

In Chapter one, we give some basic methods of Lie symmetry analysis and conser-

vation laws of partial differential equations.

In Chapter two, the multiplier method and Lie symmetry method are used in the

analysis of a nonlinear integrable fifth-order equation.
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In Chapter three, the conservation laws and exact solutions for the longitudinal wave

equation in a magnetoelectro-elastic circular rod are computed.

In Chapter four, we discuss and conclude what we have done in this dissertation.

A bibliography is given at the end of this dissertation.
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Chapter 1

Preliminaries

In this chapter we give some basic methods of Lie symmetry analysis and conservation

laws of partial differential equations (PDEs).

1.1 Continuous one-parameter groups

Let x = (x1, ..., xn) be the independent variables with coordinates xi and u =

(u1, ..., um) be the dependent variables with coordinates uα (n and m finite). Con-

sider a change of the variables x and u involving a real parameter a:

Ta : x̄i = f i(x, u, a), ūα = φα(x, u, a), (1.1)

where a continuously ranges in values from a neighborhood D′ ⊂ D ⊂ R of a = 0,

and f i and φα are differentiable functions.

Definition 1.1 A setG of transformations (1.1) is called a continuous one-parameter

(local) Lie group of transformations in the space of variables x and u if

(i) For Ta, Tb ∈ G where a, b ∈ D′ ⊂ D then Tb Ta = Tc ∈ G, c = φ(a, b) ∈ D

(Closure)

(ii) T0 ∈ G if and only if a = 0 such that T0 Ta = Ta T0 = Ta (Identity)
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(iii) For Ta ∈ G, a ∈ D′ ⊂ D, T−1a = Ta−1 ∈ G, a−1 ∈ D such that

Ta Ta−1 = Ta−1 Ta = T0 (Inverse)

We note that the associativity property follows from (i). The group property (i) can

be written as

¯̄
xi ≡ f i(x̄, ū, b) = f i(x, u, φ(a, b)),

¯̄uα ≡ φα(x̄, ū, b) = φα(x, u, φ(a, b)) (1.2)

and the function φ is called the group composition law. A group parameter a is called

canonical if φ(a, b) = a+ b.

Theorem 1.1 For any φ(a, b), there exists the canonical parameter ã defined by

ã =

∫ a

0

ds

w(s)
, where w(s) =

∂ φ(s, b)

∂b

∣∣∣∣
b=0

.

1.2 Prolongation of point transformations and Group

generator

The derivatives of u with respect to x are defined as

uαi = Di(u
α), uαij = DjDi(ui), · · · , (1.3)

where

Di =
∂

∂xi
+ uαi

∂

∂uα
+ uαij

∂

∂uαj
+ · · · , i = 1, ..., n (1.4)

is the operator of total differentiation. The collection of all first derivatives uαi is

denoted by u(1), i.e.,

u(1) = {uαi } α = 1, ...,m, i = 1, ..., n.

Similarly

u(2) = {uαij} α = 1, ...,m, i, j = 1, ..., n
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and u(3) = {uαijk} and likewise u(4) etc. Since uαij = uαji, u(2) contains only uαij for

i ≤ j. In the same manner u(3) has only terms for i ≤ j ≤ k. There is natural

ordering in u(4), u(5) · · ·.

In group analysis all variables x, u, u(1) · · · are considered functionally independent

variables connected only by the differential relations (1.3). Thus the uαs are called

differential variables.

We now consider a pth-order PDE(s), namely

Eα(x, u, u(1), ..., u(p)) = 0. (1.5)

Prolonged or extended groups

If z = (x, u), one-parameter group of transformations G is

x̄i = f i(x, u, a), f i|a=0= xi,

ūα = φα(x, u, a), φα|a=0= uα. (1.6)

According to the Lie’s theory, the construction of the symmetry group G is equivalent

to the determination of the corresponding infinitesimal transformations :

x̄i ≈ xi + a ξi(x, u), ūα ≈ uα + a ηα(x, u) (1.7)

obtained from (1.1) by expanding the functions f i and φα into Taylor series in a

about a = 0 and also taking into account the initial conditions

f i
∣∣
a=0

= xi, φα|a=0 = uα.

Thus, we have

ξi(x, u) =
∂f i

∂a

∣∣∣∣
a=0

, ηα(x, u) =
∂φα

∂a

∣∣∣∣
a=0

. (1.8)

One can now introduce the symbol of the infinitesimal transformations by writing

(1.7) as

x̄i ≈ (1 + aX)x, ūα ≈ (1 + aX)u,
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where

X = ξi(x, u)
∂

∂xi
+ ηα(x, u)

∂

∂uα
. (1.9)

This differential operator X is known as the infinitesimal operator or generator of

the group G. If the group G is admitted by (1.5), we say that X is an admitted

operator of (1.5) or X is an infinitesimal symmetry of equation (1.5).

We now see how the derivatives are transformed.

The Di transforms as

Di = Di(f
j)D̄j, (1.10)

where D̄j is the total differentiations in transformed variables x̄i. So

ūαi = D̄j(u
α), ūαij = D̄j(ū

α
i ) = D̄i(ū

α
j ), · · · .

Now let us apply (1.10) and (1.6)

Di(φ
α) = Di(f

j)D̄j(ū
α)

= Di(f
j)ūαj . (1.11)

This (
∂f j

∂xi
+ uβi

∂f j

∂uβ

)
ūαj =

∂φα

∂xi
+ uβi

∂φα

∂uβ
. (1.12)

The quantities ūαj can be represented as functions of x, u, u(i), a for small a, i.e.,

(1.12) is locally invertible:

ūαi = ψαi (x, u, u(1), a), ψα|a=0 = uαi . (1.13)

The transformations in x, u, u(1) space given by (1.6) and (1.13) form a one-parameter

group (one can prove this but we do not consider the proof) called the first prolon-

gation or just extension of the group G and denoted by G[1].

We let

ūαi ≈ uαi + aζαi (1.14)
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be the infinitesimal transformation of the first derivatives so that the infinitesimal

transformation of the group G[1] is (1.7) and (1.14).

Higher-order prolongations of G, viz. G[2], G[3] can be obtained by derivatives of

(1.11).

Prolonged generators

Using (1.11) together with (1.7) and (1.14) we get

Di(f
j)(ūαj ) = Di(φ

α)

Di(x
j + aξj)(uαj + aζαj ) = Di(u

α + aηα)

(δji + aDiξ
j)(uαj + aζαj ) = uαi + aDiη

α

uαi + aζαi + auαjDiξ
j = uαi + aDiη

α

ζαi = Di(η
α)− uαjDi(ξ

j), (sum on j). (1.15)

This is called the first prolongation formula. Likewise, one can obtain the second

prolongation, viz.,

ζαij = Dj(η
α
i )− uαikDj(ξ

k), (sum on k). (1.16)

By induction (recursively)

ζαi1,i2,...,ip = Dip(ζ
α
i1,i2,...,ip−1

)− uαi1,i2,...,ip−1 j
Dip(ξ

j), (sum on j). (1.17)

The first and higher prolongations of the groupG form a group denoted byG[1], · · · , G[p].

The corresponding prolonged generators are

X [1] = X + ζαi
∂

∂uαi
(sum on i, α),

.

.

.

X [p] = X [p−1] + ζαi1,...,ip
∂

∂uαi1,...,ip
p ≥ 1,
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where

X = ξi(x, u)
∂

∂xi
+ ηα(x, u)

∂

∂uα
.

1.3 Group admitted by a PDE

Definition 1.2 The vector field

X = ξi(x, u)
∂

∂xi
+ ηα(x, u)

∂

∂uα
, (1.18)

is a point symmetry of the pth-order PDE (1.5), if

X [p](Eα) = 0 (1.19)

whenever Eα = 0. This can also be written as

X [p]Eα
∣∣
Eα=0

= 0, (1.20)

where the symbol |Eα=0 means evaluated on the equation Eα = 0.

Definition 1.3 Equation (1.19) is called the determining equation of (1.5) because

it determines all the infinitesimal symmetries of (1.5).

Definition 1.4 (Symmetry group) A one-parameter group G of transformations

(1.1) is called a symmetry group of equation (1.5) if (1.5) is form-invariant (has the

same form) in the new variables x̄ and ū, i.e.,

Eα(x̄, ū, ¯u(1), · · · , ¯u(p)) = 0, (1.21)

where the function Eα is the same as in equation (1.5).
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1.4 Group invariants

Definition 1.5 A function F (x, u) is called an invariant of the group of transfor-

mation (1.1) if

F (x̄, ū) ≡ F (f i(x, u, a), φα(x, u, a)) = F (x, u), (1.22)

identically in x, u and a.

Theorem 1.2 (Infinitesimal criterion of invariance) A necessary and sufficient

condition for a function F (x, u) to be an invariant is that

X F ≡ ξi(x, u)
∂F

∂xi
+ ηα(x, u)

∂F

∂uα
= 0 . (1.23)

It follows from the above theorem that every one-parameter group of point transfor-

mations (1.1) has n − 1 functionally independent invariants, which can be taken to

be the left-hand side of any first integrals

J1(x, u) = c1, · · · , Jn−1(x, u) = cn

of the characteristic equations

dx1

ξ1(x, u)
= · · · = dxn

ξn(x, u)
=

du1

η1(x, u)
= · · · = dun

ηn(x, u)
.

Theorem 1.3 If the infinitesimal transformation (1.7) or its symbol X is given, then

the corresponding one-parameter group G is obtained by solving the Lie equations

dx̄i

da
= ξi(x̄, ū),

dūα

da
= ηα(x̄, ū) (1.24)

subject to the initial conditions

x̄i
∣∣
a=0

= x, ūα|a=0 = u .

1.5 Lie algebra

Let us consider two operators X1 and X2 defined by

X1 = ξi1(x, u)
∂

∂xi
+ ηα1 (x, u)

∂

∂uα

10



and

X2 = ξi2(x, u)
∂

∂xi
+ ηα2 (x, u)

∂

∂uα
.

Definition 1.6 The commutator of X1 and X2, written as [X1, X2], is defined by

[X1, X2] = X1(X2)−X2(X1).

Definition 1.7 A Lie algebra is a vector space L (over the field of real numbers) of

operators X = ξi(x, u)
∂

∂xi
+ηα(x, u)

∂

∂u
with the following property. If the operators

X1 = ξi1(x, u)
∂

∂xi
+ ηα1 (x, u)

∂

∂u
, X2 = ξi2(x, u)

∂

∂xi
+ ηα2 (x, u)

∂

∂u

are any elements of L, then their commutator

[X1, X2] = X1(X2)−X2(X1)

is also an element of L. It follows that the commutator is

1. Bilinear: for any X, Y, Z ∈ L and a, b ∈ IR ,

[aX + bY, Z] = a[X,Z] + b[Y, Z], [X, aY + bZ] = a[X, Y ] + b[X,Z];

2. Skew-symmetric: for any X, Y ∈ L,

[X, Y ] = −[Y,X];

3. and satisfies the Jacobi identity: for any X, Y, Z ∈ L,

[[X, Y ], Z] + [[Y, Z], X] + [[Z,X], Y ] = 0.

1.6 Conservation laws

1.6.1 Fundamental operators and their relationship

Consider a kth-order system of PDEs of n independent variables x = (x1, x2, . . . , xn)

and m dependent variables u = (u1, u2, . . . , um), namely

Eα(x, u, u(1), . . . , u(k)) = 0, α = 1, . . . ,m. (1.25)
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The Euler-Lagrange operator, for each α, is given by

δ

δuα
=

∂

∂uα
+
∑
s≥1

(−1)sDi1 . . . Dis

∂

∂uαi1i2...is
, α = 1, . . . ,m, (1.26)

The n-tuple vector T = (T 1, T 2, . . . , T n), T j ∈ A, j = 1, . . . , n, is a conserved

vector of (1.25) if T i satisfies

DiT
i|(1.25)= 0. (1.27)

The equation (1.27) defines a local conservation law of system (1.25).

A multiplier Λα(x, u, u(1), . . .) has the property that

ΛαEα = DiT
i (1.28)

holds identically. The right hand side of (1.28) is a divergence expression. The

determining equations for the multiplier Λα is

δ(ΛαEα)

δuα
= 0. (1.29)

1.7 An illustrative example on finding symmetry

reduction, exact solution and conservation laws

In this section we will employ the Lie symmetry method and the multiplier method

to construct a symmetry reduction, an exact solution and conservations laws of a

two-wave mode Korteweg-de Vries equation (TKdV) [24]

utt − s2uxx + utux + uutx − αs
(
uuxx + ux

2
)

+ utxxx − βsuxxxx = 0. (1.30)

The above equation [24] was proposed as a nonlinear multi-mode dispersive wave

equation that describes the wave propagation in one space dimension in a weakly

nonlinear and weakly dispersive system.
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1.7.1 Symmetry reductions and exact solutions of (1.30)

The vector field

X = ξ1(t, x, u)
∂

∂t
+ ξ2(t, x, u)

∂

∂x
+ η(t, x, u)

∂

∂u
(1.31)

is a Lie point symmetry of (1.30) if

X [4]

{
utt − s2uxx + utux + uutx − αs

(
uuxx + ux

2
)

+ utxxx − βsuxxxx
}∣∣∣∣

(1.30)

= 0,

where X [4] is the fourth prolongation of (1.31). Expanding the above equation and

splitting on the derivatives of u leads to the following overdetermined system of linear

partial differential equations:

ξ1x = 0, (1.32)

ξ2u = 0, (1.33)

ξ1u = 0, (1.34)

ηuu = 0, (1.35)

ηxu − ξ2xx = 0, (1.36)

2 β sξ1t − 4 β sξ2x + ξ2t = 0, (1.37)

β sξ1t − β sξ2x + ξ2t = 0, (1.38)

−αβ sηu − 2αβ sξ2x + αξ2t − βξ2t = 0, (1.39)

4 β sηxu − 6 β sξ2xx − ηtu + 3 ξ2tx = 0, (1.40)

−β sηu + β sξ1t − 3 β sξ2x + ξ2t = 0, (1.41)

uηxu + ηx + 2 ηtu + ηxxxu − ξ1tt = 0, (1.42)

−α suηxx − β sηxxxx − s2ηxx + uηtx + ηtt + ηtxxx = 0, (1.43)

uβ sξ1t − 3uβ sξ2x − β sη1 − 3 β sηxxu + 2 β sξ2t + β sξ2xxx + uξ2t = 0, (1.44)

−2αβ suξ2x − αβ sη1 − 6 β2sηxxu + 4 β2sξ2xxx − 2 β s2ξ2x + αuξ2t − β uξ2t

+3 βηtxu − 3 βξ2txx + sξ2t = 0, (1.45)

2α suηxu − α suξ2xx + 2α sηx + 4 β sηxxxu − β sξ2xxxx + 2 s2ηxu − s2ξ2xx

−uηtu + uξ2tx − ηt − 3 ηtxxu + ξ2tt + ξ2txxx = 0. (1.46)

13



Solving the above system of equations leads to the two dimensional Lie algebra

spanned by the following linearly independent operators:

X1 =
∂

∂t
,

X2 =
∂

∂x
.

The linear combination of the translation symmetries ωX1 + X2 gives rise to the

group-invariant solution

u(x, t) = F (z), (1.47)

where z = x− ωt is an invariant of the symmetry ωX1 +X2. Substitution of (1.47)

into (1.30) results in

sβFzzzz + ωFzzzz + s2Fzz − ω2Fzz + ωFFzz − ωF 2
z

+sα
(
FFzz + F 2

z

)
= 0, (1.48)

whose solution is given by

F (z) =
3 (ω2 − s2) sech2

(
z
√
ω2−s2

2
√
sβ+ω

)
sα + ω

. (1.49)

Consequently the required group invariant solution is completed by (1.47).

1.7.2 Conservation laws of (1.30)

A local conservation law for equation (1.30)

G = utt − s2uxx + utux + uutx − αs
(
uuxx + ux

2
)

+ utxxx − βsuxxxx (1.50)

is a space-time divergence

DtT
t +DxT

x|(1.30)= 0, (1.51)

which holds for all formal solutions u(t, x) of equation (1.30), where the conserved

density T t and the spatial fluxe T x are functions of t, x, u and derivatives of u.
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We obtain a multiplier Λ, that is given by

Λ(t, x, u) = 2 s2α3A2xt+ A2s
3α2t2 + sA2α

2x2 − 2 s2αA2xt− A2s
3t2 + sA4αt

−sA2x
2 − 2αA2 + 2 β A2 + A1x+ A4x+ A3 −

{
A6 cos

(
α s3/2

√
α2 − 1t√

α− β

)
−A5 sin

(
α s3/2

√
α2 − 1t√

α− β

)}
cos

(√
s
√
α2 − 1x√
α− β

)
+ sin

(√
s
√
α2 − 1x√
α− β

)
{
A5 cos

(
α s3/2

√
α2 − 1t√

α− β

)
+ A6 sin

(
α s3/2

√
α2 − 1t√

α− β

)}
.

Thus, corresponding to the above multiplier we have the following conservation laws:

DtT
t
1 +DxT

x
1 |(1.30)= 0,

T t1 =
1

4

(
2xuxu− u2 + 4xut − uxx + xuxxx

)
,

T x1 =
1

4
(− 4sxαuxu+ 2xutu+ 4s2u+ 2sαu2 − 4s2xux + 4sβuxx − 4sxβuxxx

−2utx + 3xutxx);

DtT
t
2 +DxT

x
2 |(1.30)= 0,
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T t2 =
1

4
(− 8tα2us3 + 8tus3 − 2t2uuxs

3 + 2t2α2uuxs
3 − t2uxxxs3 + t2α2uxxxs

3

−4t2uts
3 + 4t2α2uts

3 − 2tα3u2s2 + 2tαu2s2 − 8xα3us2 + 8xαus2

+4txα3uuxs
2 − 4txαuuxs

2 − 2tα3uxxs
2 + 2tαuxxs

2 + 2txα3uxxxs
2

−2txαuxxxs
2 + 8txα3uts

2 − 8txαuts
2 − 2xα2u2s+ 2xu2s+ 2α2uxs

−2x2uuxs+ 2x2α2uuxs− 2uxs− 2xα2uxxs+ 2xuxxs− x2uxxxs

+x2α2uxxxs− 4x2uts+ 4x2α2uts− 4αuux + 4βuux − 2αuxxx + 2βuxxx

−8αut + 8βut),

T x2 =
1

4
(4t2uxs

5 − 4t2α2uxs
5 + 8tα3us4 − 8tαus4 − 8txα3uxs

4 + 8txαuxs
4

−4t2α3uuxs
4 + 4t2αuuxs

4 + 4t2βuxxxs
4 − 4t2α2βuxxxs

4 + 4tα4u2s3

−6tα2u2s3 + 2tu2s3 + 8xα2us3 − 8xus3 + 4x2uxs
3 − 4x2α2uxs

3

−8txα4uuxs
3 + 8txα2uuxs

3 − 2tα2uxxs
3 + 2tuxxs

3 + 8tα3βuxxs
3

−8tαβuxxs
3 − 8txα3βuxxxs

3 + 8txαβuxxxs
3 − 2t2uuts

3 + 2t2α2uuts
3

−3t2utxxs
3 + 3t2α2utxxs

3 + 2xα3u2s2 − 2xαu2s2 + 4α3uxs
2 + 4αuxs

2

−8α2βuxs
2 − 4x2α3uuxs

2 + 4x2αuuxs
2 − 2xα3uxxs

2 + 2xαuxxs
2

+8xα2βuxxs
2 − 8xβuxxs

2 + 4x2βuxxxs
2 − 4x2α2βuxxxs

2 + 4txα3uuts
2

−4txαuuts
2 − 4tα3utxs

2 + 4tαutxs
2 + 6txα3utxxs

2 − 6txαutxxs
2 + 8α2uuxs

−8αβuuxs− 8β2uxxxs+ 8αβuxxxs+ 2α2uts− 2x2uuts+ 2x2α2uuts− 2uts

−4xα2utxs+ 4xutxs− 3x2utxxs+ 3x2α2utxxs− 4αuut + 4βuut − 6αutxx

+6βutxx);

DtT
t
3 +DxT

x
3 |(1.30)= 0,

T t3 =
1

4
(2uxu+ 4ut + uxxx) ,

T x3 =
1

4

(
−4sαuxu+ 2utu− 4s2ux − 4sβuxxx + 3utxx

)
;

DtT
t
4 +DxT

x
4 |(1.30)= 0,
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T t4 =
1

4
(2stαuxu+ 2xuxu− 4sαu− u2 + stαuxxx + 4stαut + 4xut − uxx + xuxxx),

T x4 =
1

4
(− 4s2tα2uxu− 4sxαuxu+ 2stαutu+ 2xutu+ 4s2u+ sαu2 − 4s3tαux

−4s2tαβuxxx − 4s2xux + 3stαutxx − sαuxx + 4sβuxx − 4sxβuxxx − 2utx

+3xutxx);

DtT
t
5 +DxT

x
5 |(1.30)= 0,

Γ =

√
α2 − 1

√
s(αst+ x)√

α− β
,

T t5 =
1

4(α− β)3/2

{
− 3s3/2

√
α2 − 1 cos(Γ)uα2 − s

√
α− β sin(Γ)uxα

2

−
√
s
√
α2 − 1 cos(Γ)u2α + 4s3/2

√
α2 − 1β cos(Γ)uα + 2

√
α− β sin(Γ)uuxα

−
√
s
√
α2 − 1 cos(Γ)uxxα +

√
α− β sin(Γ)uxxxα + 4

√
α− β sin(Γ)utα

+
√
s
√
α2 − 1β cos(Γ)u2 − s3/2

√
α2 − 1 cos(Γ)u+ s

√
α− β sin(Γ)ux

−2
√
α− ββ sin(Γ)uux +

√
s
√
α2 − 1β cos(Γ)uxx −

√
α− ββ sin(Γ)uxxx

−4
√
α− ββ sin(Γ)ut

}
,

T x5 =
1

4(α− β)3/2

{
3s5/2

√
α2 − 1 cos(Γ)uα3 − 2s2

√
α− β sin(Γ)uxα

3

+s3/2
√
α2 − 1 cos(Γ)u2α2 − 4s5/2

√
α2 − 1β cos(Γ)uα2 + 4s2

√
α− ββ sin(Γ)uxα

2

−4s
√
α− β sin(Γ)uuxα

2 − s3/2
√
α2 − 1 cos(Γ)uxxα

2 − s
√
α− β sin(Γ)utα

2

−s3/2
√
α2 − 1β cos(Γ)u2α + s5/2

√
α2 − 1 cos(Γ)uα− 2s2

√
α− β sin(Γ)uxα

+4s
√
α− ββ sin(Γ)uuxα + 5s3/2

√
α2 − 1β cos(Γ)uxxα− 4s

√
α− ββ sin(Γ)uxxxα

+2
√
α− β sin(Γ)uutα− 2

√
s
√
α2 − 1 cos(Γ)utxα + 3

√
α− β sin(Γ)utxxα

−4s3/2
√
α2 − 1β2 cos(Γ)uxx + 4s

√
α− ββ2 sin(Γ)uxxx + s

√
α− β sin(Γ)ut

−2
√
α− ββ sin(Γ)uut + 2

√
s
√
α2 − 1β cos(Γ)utx − 3

√
α− ββ sin(Γ)utxx

}
;

DtT
t
6 +DxT

x
6 |(1.30)= 0,
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Γ =

√
α2 − 1

√
s(αst+ x)√

α− β
,

T t6 =
1

4(α− β)3/2

{
− 3s3/2

√
α2 − 1 sin(Γ)uα2 + s

√
α− β cos(Γ)uxα

2

−
√
s
√
α2 − 1 sin(Γ)u2α + 4s3/2

√
α2 − 1β sin(Γ)uα− 2

√
α− β cos(Γ)uuxα

−
√
s
√
α2 − 1 sin(Γ)uxxα−

√
α− β cos(Γ)uxxxα− 4

√
α− β cos(Γ)utα

+
√
s
√
α2 − 1β sin(Γ)u2 − s3/2

√
α2 − 1 sin(Γ)u− s

√
α− β cos(Γ)ux

+2
√
α− ββ cos(Γ)uux +

√
s
√
α2 − 1β sin(Γ)uxx +

√
α− ββ cos(Γ)uxxx

+4
√
α− ββ cos(Γ)ut

}
,

T x6 =
1

4(α− β)3/2

{
3s5/2

√
α2 − 1 sin(Γ)uα3 + 2s2

√
α− β cos(Γ)uxα

3

+s3/2
√
α2 − 1 sin(Γ)u2α2 − 4s5/2

√
α2 − 1β sin(Γ)uα2 − 4s2

√
α− ββ cos(Γ)uxα

2

+4s
√
α− β cos(Γ)uuxα

2 − s3/2
√
α2 − 1 sin(Γ)uxxα

2 + s
√
α− β cos(Γ)utα

2

−s3/2
√
α2 − 1β sin(Γ)u2α + s5/2

√
α2 − 1 sin(Γ)uα + 2s2

√
α− β cos(Γ)uxα

−4s
√
α− ββ cos(Γ)uuxα + 5s3/2

√
α2 − 1β sin(Γ)uxxα + 4s

√
α− ββ cos(Γ)uxxxα

−2
√
α− β cos(Γ)uutα− 2

√
s
√
α2 − 1 sin(Γ)utxα− 3

√
α− β cos(Γ)utxxα

−4s3/2
√
α2 − 1β2 sin(Γ)uxx − 4s

√
α− ββ2 cos(Γ)uxxx − s

√
α− β cos(Γ)ut

+2
√
α− ββ cos(Γ)uut + 2

√
s
√
α2 − 1β sin(Γ)utx + 3

√
α− ββ cos(Γ)utxx

}
.

1.8 Conclusion

In this chapter we presented a brief introduction to the Lie group analysis and

conservation laws of PDEs and gave some results which will be used throughout

this project. We also provided the algorithm to determine the Lie point symmetries

and conservation laws of PDEs. Finally an illustrative example was shown that

captured the underlying concepts that would be employed in this dissertation.
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Chapter 2

Conservation laws and exact

solutions for a nonlinear integrable

fifth-order equation

In this chapter, we consider an integrable fifth-order equation [22]

uttt − utxxxx + auxxx − 4(uxut)xx − 4(uxuxt)x = 0. (2.1)

The above integrable fifth-order equation has been demonstrated to pass Painlevè

test along with the required number of arbitrary functions to confirm its complete

integrability. Multiple soliton solutions and multiple complex soliton solutions were

computed by Hirota’s direct method.

We will employ the multiplier method to derive the conservation laws and compute

the Lie point symmetries of this underlying equation to extract symmetry reductions

and exact solutions.
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2.1 Conservation laws for a nonlinear integrable

fifth-order equation

In this section we derive the conservation laws for equation (2.1). Here we will

consider multipliers of the zeroth order Λ(t, x, u) defined by

δ

δu
[Λ(t, x, u)(uttt − utxxxx + auxxx − 4(uxut)xx − 4(uxuxt)x) = 0, (2.2)

where the Euler-Langrage Operator δ/δu is defined by

δ

δu
=

∂

∂u
−Dt

∂

∂ut
−Dx

∂

∂ux
+D2

t

∂

∂utt
+D2

x

∂

∂uxx

+DxDt
∂

∂uxt
+ · · · (2.3)

and the total differential operators are given by

Dt =
∂

∂t
+ ut

∂

∂u
+ utt

∂

∂ut
+ utx

∂

∂ux
+ · · · ,

Dx =
∂

∂x
+ ux

∂

∂u
+ uxx

∂

∂ux
+ utx

∂

∂ut
+ · · · .

Expanding equation (2.2) leads to[
∂

∂u
−Dt

∂

∂ut
−Dx

∂

∂ux
+D2

x

∂

∂uxx
+DxDt

∂

∂uxt
−D3

x

∂

∂uxxx
−D2

xDt
∂

∂uxxt

−D3
t

∂

∂uttt
−D4

xDt
∂

∂uxxxxt

]
Λ(uttt − utxxxx + auxxx − 4(uxut)xx − 4(uxuxt)x) = 0,

Λu(uttt − utxxxx + auxxx − 4(uxut)xx − 4(uxuxt)x) + 4DtuxxxΛ + 8DxuxxtΛ

−12D2
xuxtΛ− 12DxDtuxxΛ− aD3

xΛ + 4D3
xΛ + 8D3

xutΛ + 8D2
xDtuxΛ−D3

tΛ

+D4
xDtΛ = 0.

Since Λ depends only on t, x and u, the coefficients of the like derivatives of u can

be equated to zero to yield the following system of over-determined linear partial
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differential equations:

Λttt = 0, (2.4)

Λtx = 0, (2.5)

Λut = 0, (2.6)

Λxx = 0, (2.7)

Λux = 0, (2.8)

Λuu = 0. (2.9)

We integrate equation (2.9) with respect to u obtain

Λ = A(t, x)u+B(t, x), (2.10)

where A(t, x) and B(t, x) are arbitrary functions of t and x. Inserting equation (2.10)

into equation (2.8) and solving the resulting equation yields

Λ = C(t)u+B(x, t). (2.11)

Inserting equation (2.11) into equation (2.6) and solving the resulting equation yields

Λ = A1u+B(t, x). (2.12)

We insert equation (2.12) in equation (2.7) to obtain

Λ = A1u+D(t)x+ E(t), (2.13)

where D(t) and E(t) are arbitrary functions of t. Inserting equation (2.13) into

equation (2.5) we obtain

Λ = A1u+ A2x+ E(t). (2.14)

The insertion of equation (2.14) into equation (2.4) yields the multiplier of the form

Λ = A1u+ A2x+ A3
t2

2
+ A4t+ A5, (2.15)

where A1, A2, A3, A4 and A5 are arbitrary constants of integration.
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Corresponding to the above multiplier we obtain the following five conserved vectors

of (2.1):

T t1 = − 1

10
u2xx +

1

5
uxxxux + uutt −

1

5
uuxxxx −

1

2
u2t +

8

9
u2x −

8

3
uuxuxx −

2

9
u2uxxx,

T x1 =
3

5
utxxux −

2

5
uxxutx +

1

5
uxxxut +

28

9
utu

2
x −

1

2
au2x +

2

9
u2utxx −

4

5
uutxxx + auuxx

−32

9
uutuxx −

52

9
uuxutx;

T t2 =
1

3
uuxx +

1

5
uxxx +

4

3
u2x − 3xuxuxxx −

1

3
xuuxxx −

1

5
xuxxxx + xutt,

T x2 = −2

3
uutx +

10

3
uxut +

3

5
utxx + axuxx −

4

3
xutxxx − aux −

11

3
xuxxut −

16

3
xuxutx

+
1

3
xuutxx;

T t3 = u− 3

2
t2uxuxx −

1

6
t2uuxxx −

1

10
t2uxxxx +

1

2
t2utt − tut,

T x3 = −2

5
t2utxxx +

1

5
tuxxx +

4

3
tu2x −

11

6
t2uxxut −

8

3
t2utxux +

1

3
tuuxx +

1

6
t2uutxx

+
1

2
at2uxx;

T t4 = −ut − 3tuxuxx −
1

3
tuuxxx −

1

5
tuxxxx + tutt,

T x4 =
1

5
uxxx +

4

3
u2x −

4

5
tutxxx +

1

3
uuxx −

11

3
tuxxut −

16

3
tutxux +

1

3
tuutxx + atuxx;

T t5 = −1

5
uxxxx + utt − 3uxuxx −

1

3
uuxxx,

T x5 = = −4

5
utxxx + auxx −

11

3
uxxut −

16

3
utxux +

1

3
uutxx.

2.2 Symmetry reductions of (2.1)

The vector field

X = ξ1(t, x, u)
∂

∂t
+ ξ2(t, x, u)

∂

∂x
+ η(t, x, u)

∂

∂u
(2.16)

is a Lie point symmetry of (2.1) if

X [5]

{
uttt − utxxxx + auxxx − 4(uxut)xx − 4(uxuxt)x

}∣∣∣∣
(2.1)

= 0,

where X [5] is the fifth prolongation of (2.16). Expanding the above equation and

splitting the derivatives of u leads to the following overdetermined system of linear
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partial differential equations:

ξ2t = 0, (2.17)

ξ2u = 0, (2.18)

ξ1x = 0, (2.19)

ξ1u = 0, (2.20)

ξ1tt = 0, (2.21)

ηtu = 0, (2.22)

ηuu = 0, (2.23)

4 ηxxx + ηxxxxu = 0, (2.24)

−2 ξ2x + ξ1t = 0, (2.25)

ξ2x + ηu = 0, (2.26)

ξ2x + ηu = 0, (2.27)

−ξ2xx + 2 ηxu = 0, (2.28)

−ξ2xx + 2 ηxu = 0, (2.29)

−3 ξ2xx + 2 ηxu = 0, (2.30)

−ξ2xxx + 5 ηxxu = 0, (2.31)

−ηxua+ ξ2xxa+ 4 ηtx = 0, (2.32)

−3 aηxxu + aξ2xxx + 8 ηtxx = 0, (2.33)

−aξ1t − aξ2x + 4 ηt = 0, (2.34)

4 ηx − 2 ξ2xxx + 3 ηxxu = 0, (2.35)

12 ηxx − ξ2xxxx + 4 ηxxxu, (2.36)

−aηxxx − ηttt + ηtxxxx = 0. (2.37)
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Solving the above system leads to the following four linearly independent operators:

X1 =
∂

∂t
,

X2 =
∂

∂x
,

X3 =
∂

∂u
,

X4 = (−3at+ 4u)
∂

∂u
− 8t

∂

∂t
− 4x

∂

∂x
.

Case 1. b1X1 + b2X2 + b3X3

The symmetries b1X1 + b2X2 + b3X3 gives rise to the group-invariant solution

u(t, x) =
b2F (z) + b3x

b2
, (2.38)

where z = −b1x− b2t
b2

is an invariant of b1X1 + b2X2 + b3X3. Substitution of (2.38)

into (2.1) results in the function F (z) satisfying the following ODE:

(2.39)ab1
3b2Fzzz − 12 b1

3b2FzzzFz − 12 b1
3b2Fzz

2 + b1
4Fzzzzz + 8 b1

2b2 b3Fzzz
− b24Fzzz = 0.

Case 2. X4

For the symmetry X4 we obtain the group-invariant solution of the form

u(t, x) =
atx+ 4F (z)

4x
, (2.40)

where z =
t

x2
is an invariant of X4 and the function F satisfies the following ODE:

(2.41)16 z4Fzzzzz − 96 z3FzFzzz − 96 z3(Fzz)
2 − 32 z2FFzzz

+ 240 z3Fzzzz − 864 z2FzFzz − 192 zFFzz + 1020 z2Fzzz
− 768 zFz

2 − 192FFz + 1320 zFzz + 360Fz − Fzzz = 0.

Case 3. k1X1 − k2X2

By solving the corresponding Lagrange system for the symmetry k1X1 − k2X2, one

obtains an invariant z = k1x + k2t + k3 and the group-invariant solution of (2.1) is
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the form

u(t, x) = F (z), (2.42)

where the function F (z) satisfies

12 k1
3k2FzFzzz + 12 k1

3k2(Fzz)
2 + k1

4k2Fzzzzz − ak1(Fzzz)3 − k23Fzzz = 0. (2.43)

2.3 Exact solutions using Kudryashov method

Let us recall the basic idea of the Kudryashov method. Consider the nonlinear partial

differential equation in the form

E1[ut, ux, · · ·] = 0. (2.44)

We use the following ansatz:

u(x, t) = F (z), z = k1x+ k2t+ k3. (2.45)

From equation (2.44), we obtain the ordinary nonlinear differential equation

E2[k1F
′(z), k2F

′(z), k21F
′′(z), k22F

′′(z), · · ·] = 0, (2.46)

which has a solution of the form

F (z) =
M∑
i=0

Ai(H(z))i, (2.47)

where

H(z) =
1

1 + cosh(z) + sinh(z)

satisfies the equation

H ′(z) = H(z)2 −H(z), (2.48)

and M is a positive integer while A0, · · · , AM are parameters to be determined. The

positive integer M will be determined by the homogeneous balance method between

the highest order derivative and highest order nonlinear term appearing in (2.46).
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2.3.1 Application of the Kudryashov method

Making use of anstaz (2.45), the balancing procedure gives M = 1 for (2.43). The

solution of equation (2.43) are of the form

F (z) = A0 + A1H. (2.49)

Substituting equation (2.49) into equation (2.43) and making use of equation (2.48)

and then equating all coefficients of the functions H i to zero, we obtain the following

overdetermined system of algebraic equations in terms of A0, A1:

120A1
2k1

3k2 + 120A1k1
4k2 = 0,

360A1
2k1

3k2 + 360A1k1
4k2 = 0,

A1k1
4k2 − aA1k1

3 − A1k2
3 = 0,

384A1
2k1

3k2 + 390A1k1
4k2 − 6 aA1k1

3 − 6A1k2
3 = 0,

24A1
2k1

3k2 + 31A1k1
4k2 − 7 aA1k1

3 − 7A1k2
3 = 0,

168A1
2k1

3k2 + 180A1k1
4k2 − 12 aA1k1

3 − 12A1k2
3 = 0.

On solving the resultant system of algebraic equations, we obtain

a =
k2
(
k1

4 − k22
)

k1
3 ,

A1 = −k1.

Consequently a solution of equation (2.1) is

u(x, t) = A0 − A1

{
1

1 + cosh(z) + sinh(z)C

}
, (2.50)

where z = k1x+ k2t+ k3.
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Figure 2.1: Evolution of travelling wave solution (2.50).

2.4 Concluding remarks

Symmetry reductions, exact solutions and conservation laws of a nonlinear integrable

fifth-order equation were computed. The Lie symmetry method gave symmetry re-

ductions and in conjunction with the Lie symmetry method, the Kudryashov method

gave a travelling wave solution. Finally conservation laws were computed via the

multiplier approach.
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Chapter 3

Conservation laws and exact

solutions of the longitudinal wave

equation in a

magnetoelectro-elastic rod

The nonlinear longitudinal wave equation in a magnetoelecro-elastic circular rod is

given by

utt − r2uxx −
(1

2
r2u2 + nutt

)
xx

= 0. (3.1)

The above equation was proposed in [23] and the Jacobi elliptic function expansion

method was used in the construction of exact solutions.

In this chapter, we aim to implement the multiplier approach to construct conser-

vation laws of (3.1) and secondly we aim to employ the Lie symmetry method to

construct symmetry reductions. Finally travelling wave solutions are computed via

the simplest equation method.
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3.1 Conservation laws of the longitudinal wave equa-

tion in a magnetoelectro-elastic rod

In this section we derive the conservation laws for equation (3.1). Here we will

consider multipliers of the second order Λ(t, x, u, ut, ux, utt, uxx, utx) defined by

δ

δu
[Λ(t, x, u, ut, ux, utt, uxx, utx)(utt − r2uxx − (

1

2
r2u2 + nutt)xx) = 0, (3.2)

where the Euler-Langrage Operator δ/δu is defined by

δ

δu
=

∂

∂u
−Dt

∂

∂ut
−Dx

∂

∂ux
+D2

t

∂

∂utt
+D2

x

∂

∂uxx

+DxDt
∂

∂uxt
+ · · · (3.3)

and the total differential operators are given by

Dt =
∂

∂t
+ ut

∂

∂u
+ utt

∂

∂ut
+ utx

∂

∂ux
+ · · · ,

Dx =
∂

∂x
+ ux

∂

∂u
+ uxx

∂

∂ux
+ utx

∂

∂ut
+ · · · .

Expanding equation (3.2) leads to

[
∂

∂u
−Dx

∂

∂ux
+D2

x

∂

∂uxx
+D2

t

∂

∂uxt
+D2

xD
2
t

∂

∂uxxtt
](Λ(utt − r2uxx

−(
1

2
r2u2 + nutt)xx) = 0,

Λu(utt − r2uxx − (
1

2
r2u2 + nutt)xx)− r2uxxΛ + r2DxuxΛ− r2D2

xΛ +D2
tΛ

−nD2
xD

2
tΛ = 0.

Since Λ depends only on t, x, u,ut, ux, utt, uxx and utx, the coefficients of the deriva-

tives of u can be equated to zero to yield the following system of over-determined
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linear partial differential equations:

Λu = 0, (3.4)

Λut = 0, (3.5)

Λux = 0, (3.6)

Λutt = 0, (3.7)

Λuxx = 0, (3.8)

Λuxt = 0, (3.9)

Λtt = 0, (3.10)

Λxx = 0. (3.11)

Solving the above system of linear partial differential equations for Λ prompts the

multiplier

Λ = (C1x+ C2)t+ C3x+ C4, (3.12)

where C1, C2, C3 and C4 are arbitrary constants of integration.

Corresponding to the above multiplier we obtain the following four conserved vectors

of (3.1):

T t1 = −ux −
1

3
nux +

1

6
nxuxx + txut +

1

3
ntutx −

1

2
ntutxx,

T x1 =
1

2
r2tu2 + rtu− r2txuux − rtxux −

1

3
nut +

1

3
nxutx +

1

6
ntutt −

1

2
ntxuttx;

T t2 = −u+
1

6
nuxx + tut −

1

2
ntutxx,

T x2 = −r2tuux − rtux +
1

3
nutx −

1

2
ntuttx,

T t3 = xut +
1

3
nutx −

1

2
nxutxx,

T x3 =
1

2
r2u2 + ru− r2xuux − rxux +

1

6
nutt −

1

2
nxuttx,

T t4 = ut −
1

2
nutxx,

T x4 = −r2uux − rux −
1

2
nuttx.
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3.2 Symmetry reductions of (3.1)

The vector field

X = ξ1(t, x, u)
∂

∂t
+ ξ2(t, x, u)

∂

∂x
+ η(t, x, u)

∂

∂u
(3.13)

is a Lie point symmetry of (3.1) if

X [4]

{
utt − r2uxx −

(1

2
r2u2 + nutt

)
xx

}∣∣∣∣
(3.1)

= 0,

where X [4] is the fourth prolongation of (1.31). Expanding the above equation and

splitting the derivatives of u leads to the following overdetermined system of linear

partial differential equations:

ξ2t = 0,

ξ2u = 0,

ξ1x = 0,

ξ1u = 0,

ηuu = 0,

ηtxu = 0,

2 ξ1t + ηu = 0,

ξ1tt − 2 ηtu = 0,

ηxxun− 2 ξ2x = 0,

ξ2xx − 2 ηxu = 0,

ηxxr
2u+ ηxxr

2 + ηttxxn− ηtt = 0,

2 ξ1t r
2u+ r2η1 + 2 ξ1t r

2 + ηttun = 0,

2 ηxuu− ξ2xxu+ 2 ηx + 2 ηxu − ξ2xx = 0.

Solving the above system leads to the infinitesimal symmetries of (3.1) that constitute

the three dimensional Lie algebra spanned by the following linearly independent
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operators:

X1 =
∂

∂t
,

X2 =
∂

∂x
,

X3 = t
∂

∂t
− 2(u+ 1)

∂

∂u
.

Case 1. b1X1 + b2X2 + b3X3

The symmetries b1X1 + b2X2 + b3X3 gives rise to the group-invariant solution

u(t, x) =
−b32t2 + 2 b3 b1 t+ F (z)

b3
2t2 − 2 b3 b1 t+ b1

2 , (3.14)

where z = x+
b2 ln (−b3 t+ b1)

b3
is an invariant of b1X1 + b2X2 + b3X3. Substitution

of (3.14) into (3.1) results in function F (z) satisfies the ODE

(3.15)b1
2r2Fzz + r2FFzz − 6 b1

2b3
2 + b2

2nFzzzz − 5 b2 b3 nFzzz
+ 6 b3

2nFzz + r2Fz
2 − 6 b3

2F − b22Fzz + 5 b3 b2Fz = 0.

Case 2. k1X1 − k2X2

By solving the corresponding Lagrange system for the symmetry k1X1 − k2X2, one

obtains an invariant z = k1x + k2t + k3 and the group-invariant solution of (3.1) is

of the form

u(t, x) = F (z), (3.16)

where the function F (z) satisfies

r2k1
2FFzz + nk1

2k2
2Fzzzz + r2k1

2Fz
2 + r2k1

2Fzz − k22Fzz = 0. (3.17)

3.3 Exact solutions using the simplest equation

method

We now use the simplest equation method, to solve (3.17) and as a result we obtain

the exact solutions system (3.1). The simplest equations that will be used are the

Bernoulli and Riccati equations.
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We briefly recall the simplest equation method here. Let us consider the solutions of

(3.1) in the form

F (z) =
M∑
i=0

Ai(H(z))i, (3.18)

where H(z) satisfies the Bernoulli or Riccati equation, M is a positive integer that

can be determined by balancing procedure and A0, · · · , AM are parameters to be de-

termined. We note that the Bernoulli and Riccati equations are well-known nonlinear

equations whose solutions can be expressed in terms of elementary functions.

We consider the Riccati equation

H ′(z) = aH2(z) + bH(z) + c, (3.19)

where a, b and c are constants, we shall use the solutions

H(z) = − b

2a
− θ

2a
tanh

[
1

2
θ(z + C)

]
and

H(z) = − b

2a
− θ

2a
tanh

(
1

2
θz

)
+

sech
(
θz
2

)
C cosh

(
θz
2

)
− 2a

θ
sinh

(
θz
2

) ,
where θ2 = b2 − 4ac > 0 and C is a constant of integration.

For Bernoulli equation

H ′(z) = eH(z) + dH2(z), (3.20)

where a and b are constants. The solution of this equation is given by

H(z) = e

{
cosh[e(z + C)] + sinh[e(z + C)]

1− d cosh[e(z + C)]− d sinh[e(z + C)]

}
.

3.3.1 Application of the simplest equation method: Riccati

equation

The balancing procedure yields M = 2 so the solutions of (3.17) are of the form

F (z) = A0 + A1H + A2H
2. (3.21)
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Substituting equation (3.21) into equation (3.17) and making use of equation (3.19)

and then equating all coefficients of the functions H i to zero, we obtain the following

overdetermined system of algebraic equations in terms of A0, A1, A2:

−120 a4nA2k1
2k2

2 − 10 a2r2A2
2k1

2 = 0,

−24 a4nA1k1
2k2

2 − 336 a2bnA2k1
2k2

2 − 12 a2r2A1A2k1
2 − 18 abr2A2

2k21 = 0,

−60 a3bnA1k1
2k2

2 − 240 a3cnA2k1
2k2

2 − 330 a2b2nA2k1
2k2

2 − 6 a2r2A0A2
2k1

2

−3 a2r2A1
2k1

2 − 21 abr2A1A2k1
2 − 16 acr2A2

2k1
2 − 8b2r2A2

2k1
2

−6 a2r2A2k1
2 = 0,

−8 abc2nA1k1
2k22 − 16 ac3nA1k1

2k2
2 − b3cnA1k1

2k2
2 − 14 b2c2nA2k1

2k2
2

−bcr2A0A1k1
2 − 2 c2r2A0A2k1

2 − c2r2A1
2k1

2 − bcrA1k1
2 − 2 c2rA2k1

2

+bcA1k2
2 + 2 c2A2k2

2 = 0,

−40 a3cnA1k1
2k2

2 − 50 a2b2nA1k1
2k2

2 − 44 a2bcnA2k1
2k2

2 − 130 ab3nA2k1
2k2

2

−2 a2r2A0A1k1
2 − 10 abr2A0A2k1

2 − 5 abr2A1
2k1

2 − 18 acr2A1A2k1
2

−9 b2r2A1A2k1
2 − 14 bcr2A2

2k1
2 − 2 a2r2A1k1

2 − 10 abcA2k1
2 + 2 a2A1k2

2

+10 abA2k2
2 = 0,

−16 a2c2nA1k1
2k2

2 − 22 ab2cnA1k1
2k2

2 − 120 abc2nA2k1
2k2

2 − b4nA1k1
2k2

2

−30 b3cnA2k1
2k2

2 − 2 acr2A0A1k1
2 − b2r2A0A1K1

2 − 6 bcr2A0A2k1
2

−3 bcr2A1
2k1

2 − bc2r2A1A2k1
2 − 2 acrA1k1

2 − b2rA1k1
2 − 6 bcrA2k1

2

+2 acA1k2
2 + b2A1k2

2 − 6 bcA2k2
2 = 0,

−60 a2bcnA1k1
2k2

2 − 136 a2c2nA2k1
2k2

2 − 15 ab3nA1k1
2k2

2 − 232 ab2cnA2k1
2k2

2

−16 b4nA2k1
2k2

2 − 3 abr2A0A1k1
2 − 8 acr2A0A2k1

2 − 4 acr2A1
2k1

2

−4 b2r2A0A2k1
2 − 2 b2r2A1

2k1
2 − 15 bcr2A1A2k1

2 − 6 c2r2A2
2k1

2 − 3 abrA1k1
2

−8 acrA2k1
2 − 4 b2rA2k1

2 + 3 abA1k2
2 + 8 acA2k2

2 + 4 b2A2k2
2 = 0.
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On solving the resultant system of algebraic equations, we obtain

A0 = −8 acnk1
2k2

2 + b2nk1
2k2

2 + rk1
2 − k22

r2k1
2 ,

A1 = −12
abnk2

2

r2
,

A2 = −12
a2nk2

2

r2
.

Consequently a solutions of equation (3.1) are

u(x, t) = A0 + A1

{
− b

2a
− θ

2a
tanh

(
1

2
θ(z + 2)

)}
A2

{
− b

2a
− θ

2a
tanh

(
1

2
θ(z + 2)

)}2

(3.22)

and

u(x, t) = A0 + A1

{
− b

2a
− θ

2a
tanh

(
1

2
θz

)
+

sech
(
θz
2

)
C cosh

(
θz
2

)
− 2a

θ
sinh

(
θz
2

)}
A2

{
− b

2a
− θ

2a
tanh

(
1

2
θz

)
+

sech
(
θz
2

)
C cosh

(
θz
2

)
− 2a

θ
sinh

(
θz
2

)}2

, (3.23)

where z = k1x+ k2t+ k3 and θ2 = b2 − 4ac > 0.
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Figure 3.1: Evolution of travelling wave solution (3.22).
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Figure 3.2: Evolution of travelling wave solution (3.23).

3.3.2 Application of the simplest equation method: Bernoulli

equation

The balancing procedure yields M = 2 so the solutions of (3.17) are of the form

F (z) = A0 + A1H + A2H
2. (3.24)

Substituting equation (3.24) into equation (3.17) and making use of equation (3.20)

and then equating all coefficients of the functions H i to zero, we obtain the following
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overdetermined system of algebraic equations in terms of A0, A1, A2:

−120 e4nA2k1
2k2

2 − 10 e2r2A2
2k1

2 = 0,

−d4nA1k1
2k2

2 − d2r2A0A1k1
2 − d2rA1k1

2 + d2A1k2
2 = 0,

−336 de3nA2k1
2k2

2 − 24 e4nA1k1
2k2

2 − 18 der2A2
2k1

2 − 12 e2r2A1A2k1
2 = 0,

−330 d2e2nA2k1
2k2

2 − 60 de3nA1k1
2k2

2 − 8 d2r2A2
2k1

2 − 21 der2A1A2k1
2

−6 e2r2A0A2k1
2 − 3 e2r2A1

2k1
2 − 6 e2rA2k1

2 + 6 e2A2k2
2 = 0,

−16 d4nA2k1
2k2

2 − 15 d3enA1k1
2k2

2 − 4 d2r2A0A2k1
2 − 2 d2r2A1

2k1
2

−3 der2A0A1k1
2 − 4 d2rA2k1

2 − 3 derA1k1
2 + 4 d2A2k2

2 + 3 deA1k2
2 = 0,

−130 d3enA2k1
2k2

2 − 50 d2e2nA1k1
2k2

2 − 9 d2r2A1A2k1
2 − 10 der2A0A2k1

2

−5 der2A1
2k1

2 − 2 e2r2A0A1k1
2 − 10 derA2k1

2 − 2 e2rA1k1
2 + 10 deA2k2

2

+2 e2A1k2
2 = 0.

On solving the resultant system of algebraic equations, we obtain

A0 = −d
2nk1

2k2
2 + rk1

2 − k22

r2k1
2 ,

A1 = −12
denk2

2

r2
,

A2 = −12
e2nk2

2

r2
.

Consequently a solution of equation (3.1) is

u(x, t) = A0 + A1e

{
cosh[e(z + C)] + sinh[e(z + C)]

1− d cosh[e(z + C)]− d sinh[e(z + C)]

}
.

A2

{
e

cosh[e(z + C)] + sinh[e(z + C)]

1− d cosh[e(z + C)]− d sinh[e(z + C)]

}2

, (3.25)

where z = k1x+ k2t+ k3 and C is an arbitrary constant of integration.
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Figure 3.3: Evolution of travelling wave solution (3.25).

3.4 Concluding remarks

In this chapter, we studied the nonlinear longitudinal wave equation in a magnetoelecro-

elastic circular rod via multiplier approach and Lie symmetry method. Conservation

laws and Lie point symmetries of this equation were obtained. Finally the simplest

equation method generated travelling wave solutions.
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Chapter 4

Conclusions and Discussions

In this dissertation, we presented a brief introduction to the Lie group analysis and

conservation laws of PDEs and gave some results which were employed throughout

the dissertation.

In Chapter two symmetry reductions, exact solutions and conservation laws of a

nonlinear integrable fifth-order equation were computed. The Lie symmetry method

gave symmetry reductions and in conjunction with the Lie symmetry method, the

Kudryashov method gave a travelling wave solution.

In Chapter three we studied the nonlinear longitudinal wave equation in a magnetoelecro-

elastic circular rod via multiplier approach and Lie symmetry method. Conservation

laws and Lie point symmetries of this equation were obtained. Finally the simplest

equation method generated travelling wave solutions.
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equations, Journal of Mathematical Physics, 24 (1983) 522-526.

[3] M.L. Wang, Exact solution for a compound KdV-Burgers equations, Physics

Letters A, 213 (1996) 279-287.

[4] E. Yomba, The modified extended Fan sub-equation method and its application

to the (2+1)-dimensional Broer-Kaup-Kupershmidt equation, Chaos, Solitons

and Fractals, 27 (2006) 187-196.
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