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Abstract 

In this MSc dissertation, we generalize the concept of convexity structures in metric spaces to 

the framework of quasi-pseudometric spaces. In the To-quasi-metric setting we explore various 

interesting additional conditions that convexity structures in the sense of Takahashi can satisfy. 

Some interesting examples of convexity structures in bot h pseudometric and quasi-pseudometric 

spaces are discussed. Furthermore we look at fixed point theorems for maps which do not increase 

distance: so-called nonexpansive maps in convex metric spaces . Our results generalize and extend 

the well-known results in the literature. In this MSc dissertation, we generalize and extend the 

classical fixed point theorems obtained by F. Browder in Banach spaces. Moreover , we introduce 

the concept of fixed point theorems for nonexpansive mappings on convex To-quasi-metric spaces . 

We obtain necessary conditions for the existence of a fixed point of nonexpansive maps defined on 

a convex To-quasi-metric space. 
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Notation and Conventions 
(S, m) Pseudometric space 

(S, q) Quasi-pseudometric space 

(S, m, W) Convex metric space 

(S, q, W) Convex quasi-metric space 

W(u, v, t) Convex structure 

Bq(u, E) Open ball in quasi-pseudometric space (S, q) 

Cq(u, E) Closed ball in quasi-pseudometric space (S, q) 

Po ( S) The power set of S 

diam(S) Diameter of the set S 
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Introduction 

In 1970, Takahashi [20] introduced the not ion of convexity in metric spaces and studied some fixed 

point theorems for nonexpansive mappings in such spaces. A convex metric space is a generalized 

space. Takahashi calls a metric (S , m) convex if there exists a map W from S x S x [0, 1] into S 

satisfying, for all u,v E S and t E [0, 1],m(z, W(u ,v,t)) :S tm(z,u) + (1 - t)m(z, v) for all z ES. 

Theorems obtained by F . Browder [6] in Banach spaces are extended to metric spaces which possess 

t his convex structure. A fundamental problem in fixed point theory of nonexpansive mappings is to 

find conditions under which a et has the fixed point property for these mappings. Some interesting 

results in fixed point t heory have been proved in convex metric spaces. Takahashi established that 

all normed spaces and their convex subsets are convex metric spaces. In addition, he also gave 

several examples of convex metric spaces which are not imbedded in any normed space or Banach 

space. Shimizu and Takahashi [19] introduced the notion of uniform convexity in convex metric 

spaces and generalized a fixed point theorem for set-valued nonexpansive mappings in uniformly 

convex metric spaces. 

We point out that many authors studied convex metric spaces in the sense of Takahashi, for instance 

Talman in [21]. Consider a metric space (S,m) and let P = {(t1 , t2,t3) E [0, 1] x [0, 1] x (0,1]: 

t1 + t2 + t3 = 1}. Developing the notion of a convex metric space Talman calls ( S, m) strongly 

convex if t here exists a continuous function J( : S x S x S x P - S with the property that for 

each (u1,u2 ,u3 , t1,t2 , t3) ES x S x S x P,K(u1 ,u2,u3, t1 , t2,t3) is the unique point of S which 

satisfies m(v, K(u1 , u2, u3 , ti , t2 , t3)) :S L~ tkm(v, uk) for every v E S. The purpose of this study 

i to generalize t he not ion of convexity in metr ic spaces into the framework of quasi-metric spaces. 

Recently Kunzi and Yildiz (13] ext ended the concept of convexity structures from metric point 

of view to quasi-metric settings. They proved that numerous important results about convexity 

structures in metric spaces can be generalized to the quasi-metric setting. The main purpose of 

t his study is for us to introduce the concept of fixed point t heorems in convex To-quasi-metric 

spaces. In particular , we consider doubly closed convex bounded subsets of convex To-quasimetric 

spaces and moreover , we extend some important fixed point theorems for nonexpansive maps on 

t hese structures. Our results will extend previous results of Takahashi and many other authors 
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Chapter 1 

([4], [6], [13]) who studied convexity structures in metric spaces . 
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Outline of chapters 

Chapter 1 

In the first chapter we give a brief overview of certain well-known basic concepts from the theory 

of quasi-pseudometric spaces. We also give some interesting examples of To-quasi-metric spaces to 

be used throughout this MSc dissertation . Lastly we discuss the notion of convexity. 

Chapter 2 

In the second chapter we present and extend previous results of Takahashi [20] on convexity in 

metric spaces and nonexpansive mappings . We discuss convexity structures in a metric spaces . 

Furthermore, we summarize some fixed point theorems in convex metric spaces for nonexpansive 

mappings. 

Chapter 3 

In the third chapter we inve t igate the notion of convexity structure in t he sense of Takahashi 

on T0-quasi-metric spaces. We generalize well-known results about convexity structures in metric 

setting to quasi-metric point of view. Our generalization is based more on recent results of Kunzi 

and Yilzid [13] on convexity structures in To-quasi-metric spaces. 

Chapter 4 

In the fort h chapter we start our own investigations on fixed point theorems in convex To-quasi­

metric spaces . We make use of generalized results in chapter 2 for our own investigations. In this 

chapter we relate previous results on fixed point theorems in convex metric spaces to the framework 

of To-quasi-metric spaces . 

Chapter 5 

In this last chapter we conclude this MSc dissertation by reflecting on the main results of t he 

dissertation. We summarize the results obtained and present some open problems to be studied in 

future. 
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Preliminaries 

In this chapter , for the convenience of the reader we present some of important concepts and some 

basic results t hat are going to be useful in this MSc dissertation. We first recall the definitions of 

both pseudometric and quasi-pseudometric spaces and provide some examples. 

2.1. Quasi-pseudometric spaces 

Quasi-pseudometrics were first introduced in 1930s and are a subject of intensive research in the 

context of topology and theoretical computer science. The difference between a pseudometric and 

a quasi-pseudometric is that a quasi-pseudometric does not have to satisfy the symmetry axiom. 

Definit ion 2.1.1. [3, Definition 1} Consider a set S and let m be a fun ction that maps S x S into 

[O, oo), that is m : S x S --. [O, oo). Then m is called a pseudometric on S 'if 

(i) m(u, u) = 0 fo r all u ES, 

(ii) m(u,v ) = m(v ,u) for all u , v E S, 

(iii) m(u,v) :S m(u,z) + m(z, v) fo r all u,v, z ES. 

The pair (S, m) is called a pseudometric space . 

If in addition, fo r u =/- v we have 

m(u, v) > 0, 

then m is a metric on S and the pair (S, m) is called a metric space. 

If we delete t he symmetry condit ion, that is, condit ion (ii) in Definition 1.1.1 , we are led to the 

following concept of a quasi-pseudometric space. 

Definition 2 .1.2. [15, Definition 0.1.1 ] Let S be a set and let q: S x S--. [O, oo) be a function. 

Then q is called a quasi-pseudometric on S if 

(i) q(u ,u) = 0 fo r all u ES 
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(ii) q(u ,v) ~ q(u, z ) + q(z,v ) for all u,v,z E S 

Furthermore, q is a To-quasi-metric if 

q(u , v) = 0 = q(v , u) implies that u = v , 

for each 'u, v E S. 

Chapter 2 

Remark 2.1.3. [13, Remark 1] If q is a quasi-pseudometr"'ic on a set S , then q- 1 : S x S -t [O, oo) 

on S defined by q- 1 (u,v) = q(v,u ) for every u,v ES, is called the conjugate quasi-pseudometric. 

A quasi-pseudometric on a set S such that q = q- 1 is a pseudometric. Note that if (S , q) is a 

To-quasi-metric space, then q5 = sup{q, q-1 } = q V q- 1is also a metric. 

For any u ,v E [0, oo), let u- v = ma.x{u -v, 0} . Setting q(u ,v) = u-v whenever u ,v E [0, 1), we 

obtain a natural example of a To-quasi-metric space ([0, 1) , u) that we call t he standard To-quasi­

metric of [0, 1) . 

Given a quasi-pseudometric (S , q) then the set of open balls Bq(u , E) = {v ES : q(u,v) < E} with 

radius f. >0 and center u E S provides a base of the so-called quasi-pseudometric topology T(q) on 

S . For each u E S and f. > 0 the closed ball Cq( u , E) = { v E S : q( u, v ) ~ E} it is T(q - 1 )-closed. 

Where T(q) is a topology induced by the quasi-pseudometric (S , q). 

Definition 2.1.4. [15] For any quasi-pseudometric space (S , q). If A is a subset of S and E 2 0, 

we denote Cq(A, E) by 

where 

distq(u , A) = inf{q(u, a): a EA} 

and 

distq- 1(u, A) = distq(A ,u) = inf{q(a,u) : a E A} . 

A subset A of a quasi-pseudometric space (S , q) will be called bounded provided t hat there is a 

positive real constant M such that q(u , v) < NI whenever 'U , v E A. 

Consider a T0-quasi-metric space (S , q). If ACS where A is bounded, then 

ru(A)q = sup{q(u,v): u E S ,v E A} 

and 

ru(A)q- 1 = sup{q(v,u): u E S ,v E A}. 

We call 

8(A) = sup{q(u,v): u ,v E A} 
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the diameter of A. 

A point u E A is a diametral point of A if and only if 

sup q(u, v) = o(A). 

The set C(A) = {u EA: ru(A) = r(A)} is called the Chebychev center of A. 

R emark 2.1.5. [15] Given a To-quasi-metric space (S, q) and a bounded subset A of S. Values 

of o(A), ru(A) and r(A) do not change when defined for the metric space (S, q8
) instead (S, q). 

Moreover the chebychev center of the metric space (S, q8
) is the same of the chebychev center of 

(S, q). 

A map f : (S, q) --+ (Y, q*) between two quasi-pseudometric spaces (S, q) and (Y, q*) is called 

nonexpansive provided that q*(f(u),f(v)) :s; q(u,v) whenever u,v ES. 

D efinition 2.1.6 . [15, Definition 4.1.2] Consider a To-quasi-metric space (S,q) and let a family 

of nonexpansive maps {T;};EJ, with T; : S --+ S be given. We say that {'n};EJ is a commuting 

family if T;T1 = T1T; whenever i, j E J. 

D efinition 2.1.7. [10] If (S,q) is a quasi-pseudometric space, a sequence (un) is called: 

{i) Left-Cauchy if for each E > 0, there exists k E N such that q(un , um) < E for all m 2 n 2 k . 

{ii} Right-Cauchy if for each E > 0, there exists k E N such that q(un , um) < E for all n 2 m 2 k. 

D efinit ion 2.1.8. [10] Let (S, q) be a quasi-pseudometric space. The sequence (un) in S is a 

Cauchy sequence if limn,m_,00 q( Un, um) = 0. 

D efinition 2.1.9. [17] A quasi-pseudometric space (S, q) is bicomplete if every Cauchy sequence 

(un) converges with respect to T(q) and T(q- 1 ) to a point uo ES. 

Example 2.1.1. Let S be a set and q be defined by 

{

u- v 
q(u,v) = 

1 

Then q is a To-quasi-metric on S. 

if U 2 V 

if u < v. 

Example 2.1.2 . Let (S, q) be a To-quasi-metric space. For any u,v E S with u =J v and q(u,v) + 
q(v , u) =J 0. Then the function Wq(u ,v) ,q(v ,u) : S x S --+ S defined by 

, { (t-t)q(u,v) 
w t t -q(u,v),q(v,u) ( , ) - , 

(t - t)q(v, u) 

is a To-quasi-metric. 

6 
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Chapter 2 

Remark 2.1.10. For any To-quasi-metric space (S,q). If q(u,v) = 1 and q(v ,u) = 0 whenever 

u, v E S, then the To-quasi-metric Wq(u ,v),q(v,u) is the standard To-quasi-metric w on S . 

D efinition 2.1.11. [13, Defin ition 7] Consider a To-quasi-metric space (S , q). For any subset P 

of S , we call cl,,.(q)Pnclq- 1P the double closure of P. Moreover if P = cl,,.(q)Pnclq- 1P, we say that 

P is doubly closed . 

Proposition 2.1.12. [10, Proposition 5] Consider a quasi-metric space (S, q). For each v E S, if 

limn_,00 Un= u, then limn_,00 q(v, Un) = q(v, u). 

Proof. Case 1. v = u. Then we have 

q(u ,v) = q(u ,u) = 0 = lim q(u,un) = lim q(v,un) -
n -+oo n -+oo 

Case 2 . v =/. u. If Un = u for infinitely many n, then 

lim q(v , un) = q(v, u) . 
n->oo 

So, we may assume that Un =/. u also , v =/. Un. Then we have, for all n E N, 

q(v, u) :S q(v, Un) + q(u , Un) :S q(v, u) + q(un, u) + q(u, Un), 

Taking the limit as n --+ oo, we get limn_,00 q(v , Un)= q(v , u). □ 

A function f defined or_i a set S is continuous when, for every constant value c its domain J(c) is 

defined and t he limit of f ( u) as u approaches c equals f ( c) for all u E S 

Proposition 2.1.13. [10, Proposition 2] Consider a quasi-metric space (S , q). Then q is a contin­

uous fun ction. 

Proof. Suppose that limn_,00 Un= u and limn_,00 Vn = v in (S, q). We have 

It implies that 

Also, we have 

It implies t hat 

q(u, v) - q(un , Vn ) :S q(u , Un)+ q(vn , v) . 

We then have 
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Taking t he limit as n ----+ oo, we obtain 

lim lq(u, v ) - q(un, Vn )I = 0. 
n--+oo 

That is, 

lim q(un, Vn) = q(u, v). 
n--+ 

This proves that q is a continuous function. □ 

Definition 2.1.14. [13] Consider a real vector space S and let II · I: S ----+ [0, oo) be a map such 

that 

(1) 11 o I= o. 
{2) II u + v 1=11 u I + II v I whenever u , v E S . 

(3) II au I= a II u I whenever 'U E S and a ~ 0. 

Furthermore suppose that II u 1=11 -u I= 0 implies t hat u = 0. 

The function II · I is called an asymmetric norm on S. Obviously each asymmetrically normed 

vector space S induces a To-quasi-metric q on S by setting q(u , v) =II u - v I whenever u , v E S. 

A function defined on a set S with real values is called bounded real-valued f unction, if t he set 

of its values is bounded . 

Example 2.1.3. Consider a To-quasi-metric space (S, q), B(S) be the real vector space of bounded 

real-valued functions on S and II f I= sup11Es (f (u ) - 0) whenever f E B (S). Clearly II f I is an 

asymmetric norm on BS. Consequently D defined by the condition that D(f, g) =II f - g I whenever 

f , g E B(S) is a To-quasi-metric on B(S). 

D efinition 2.1.15. Let S be a sem igroup, and let B (S) denote the set of all bounded, real valued 

functions on S. For each f E B (S) and f or each a E S, define fa E B (S) by f a(u) = f (au) f or each 

u E S. W e say that S is left amenable if there exists a function µ : B(S) ----+ JR such that for all 

f , g E S , fo r each a E S , and for all r E JR : 

{1) SUPuES f (u) ~ µ(! ) ~ infuES f(u), 

{2} µ(fa) = µ(! ), 

{3) µ(f + g) = µ(! ) + µ (g), 

(4) µ (r f) = r µ (f). 
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Chapter 2 

2.2. Convexity 

In this section we discuss convexity. The not ion of convexity is central in applied mathematics. 

It is also used in everyday life in connection with curvature properties of a surface. For example 

an opt ical lens is said to be convex if it is bulging outwards. Convexity appears in ancient Greek 

geometry, for example in the descript ion of t he five regular convex space polyhedra. 

D efinition 2.2.1. [ 12, definition 1] B y a convexity on a set S we m ean a collection g E P (S ) 

satisfying the conditions 

{1) 0,S E Q, 

{2) nA E Q for nonempty A c Q, 

{3) LJ A E g whenever A C Q. 

Geometrically we define convexity as follows: 

D efinition 2.2.2. [11 ] Let S be a vector space. Then Sis convex if , for u,v E S and t E [O, l ], 

the line segment tu+ (1 - t)v E S. 

Geometrically, this means t hat t he line segment between any two points of S belongs to S . 

D efinition 2.2.3 . [11 ] A half-space is a convex set with the convex complement. The complements 

of convex sets are called concave. 

A funct ion f t hat maps S into IR is convex if, for all u , v E S and t E [O, l ], it holds f (tu + 
(1 - t)v) S t f (u) + (1 - t )f (v). Geometrically, this means that the line segment between any 

two points on t he graph of the function lies above the graph. If t he function f is convex then 

J (t1u1 + · · · + tmum) S tif (u1) + · · · + tm f(um) for all u1 , · · ·, Um E S and t E [O, l ] in t he 

m-dimensional unit simplex {t E !Rm: t1 + · · · + tm = 1, t 1 2 0, · · ·, tm 2 O} . This is called Jensens 

inequality. 

Example 2.2.1. Consider t he interval [a, b] E R We show that t his interval is a convex set. Let 

u, v E [a , b] be two arbitrary elements. We need to prove that tu+ (l - t )v E [a , b] for all t E [O, l ]. 

Since u , v E [a, b], then u, v S b. As t E [O, l ], it follows that tu+ (1 - t )v S b. Using a similar 

argument tu+ (l - t)v 2 a. As u and v were arbit rarily chosen , t hen tu+ (1 - t )v E [a , b] for all 

u,v E [a, b] and t E [O, l ]. 

Theorem 2.2.4. [ 11] If V and T are two convex sets in !Rn, then the intersection V n T is a convex 

set. 
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Proof. Let u, v E V n T . Then u, v E V and u, v E T. Since V and T are convex sets it follows that 

z E V and z E T where 

z=tu+(l - t)v and tE [0,1]. 

Hence z E V n T. Since this is true for any u, v E V n T and any t E [0, 1], V n T is convex. D 

Convex sets are closed under scalar multiplication, if a E JR and C is convex then, 

a C = { au : u E C} 

is convex. The Minkowski sum of two convex sets defined by 

is also convex. 

D efinition 2.2.5. [11] The convex hull of a set S is the smallest closed convex set containing S , 

sometimes denoted convS. 

The convex hull of a finite set u1 , · · ·, Un is called an n-polytope and is denoted by [u1 , · · · , un]. A 

2-polytope [a, b] is called the segment joining a and b. 

P roposit ion 2.2.6. [12] For every subset A of a convexity space S the following holds: 

convA = LJ convF. 
FE[AJ <w 

Consequently, the union of an up-directed collection of convex sets is convex. 

Proposition 2.2.7. [12, Definition 1.2] If A , B are two disjoint sets and A is convex then there 

exists a maximal, with respect to the inclusion, convex set C with A c C and C n B = 0. 

Let N E w. A convexity Q is called N -ary if A E Q whenever convF C A for all F E [A]'.S N_ A 

2-ary convexity is called an interval convexity a space with 2-ary convexity will be called briefly 

geometrical. 

D efinition 2.2.8. [12] A convexity space S is called join-hull commutative provided for each finite 

set F C S and fo r each u E S we have 

conv (F u {u}) = LJ [u,v]. 
v Econv F 

Proposition 2 .2 .9 . [12] Every join-hull commutative convexity space is geometrical. 

Proof. Suppose that S is join-hull commutative and A C S is such that [u, v] C A for all u , v E A. 

By induction we show that for each n E w and for every u1 , · · ·, Un E A it holds [u1, · · ·, un] E A. 

Indeed, if this is true for some n then for u1 , · · ·, Un+l E A we have 

u [v, 'Un+1 ] C A. 
vE[u1 ,· •,un] 

By Proposition 2.2.6 , the set A is convex. D 
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3 

Convex metric spaces 

In this chapter, we present and extend the results of Takahashi [20] on convexity in metric spaces 

and nonexpansive mappings . We shall discuss convexity in a metric space and study the properties 

of t he space which we call a convex metric space. Furthermore, we formulate some fixed point 

theorems for nonexpansive mappings. 

3.1. Convex structure in metric spaces 

In this section, we discuss important results on convex metric spaces. We will also look at some 

examples and characterizations on this theory. 

Definition 3.1.1. [9, Definition 1] Consider a m etric space (S , m). A mapping W S x S x 

[O, 1] - S is said to be a convex structure on S if for all u, v E S and t E [O, l], 

m(z, W(u , v, t)) ::; tm(z , u) + (1 - t)m(z, v ) 

whenever z E S . 

Then (S , m) equipped with a Takahashi convex structure is said to be a convex metric space denoted 

by (S, m, W ). 

Lemma 3.1.2 . [20] Consider a convex metric space (S ,m, W ). For any u,v E S and t E [O, l ] we 

have 

m(u, W(u , v, t)) = (1 - t)m(u, v) and m(v , W(u , v, t)) = tm(u , v ). 

Proof. For any u, v E S and t E [O, l ] 

Similarly 

m(u, W(u , v, t)) ::; tm(u , u) + (1 - t)m(u , v) 

= (1 - t) m(u, v). 

m(v, W(u , v, t)) ::; tm(v, u) + (1 - t)m(v, v ) 

= tm(u, v). 

11 



Chapter 3 

□ 

Example 3.1.1. Assume that (S, 11 -11) is a normed linear space. Then a map W t hat maps 

S x S x [O, 1] into S given by W(u, v, t) =tu + (1 - t)v for every u , v ES, and t E [O, 1], defines a 

convex structure on S. Indeed , if m is the metric induced by the norm 11 -11 then 

m(z, W(u , v, t)) = llz - (tu + (1 - t)v) II 
= llz - t z + t z - tu - (1 - t)II 
~ tllz - ull + (1 - t) llz - vii 
= tm(z, u) + (1 - t)m(z, v). 

Definition 3.1.3. [ 9, Definit ion 2] Suppose (S , m , W) is a convex m etric space. A nonempty 

subset K of S is said to be convex if and only if W(u , v , t) E K whenever u , v E K and t E [O, 1]. 

D efinition 3.1.4. [14, Definition 2.4 ] Suppose (S , m, W) is a convex m etric space and C be a 

convex subset of S . A self-mapping f on C has a property (I) if f(W(u , v, t)) = W(f(u) , f( v), t) 

for each u , v E C and t E [O, l ]. 

Let S be a set, then a function g defined on Sis said to be affine if g(u) = f(u) + c for some linear 

function f and constant c for all u E S 

Example 3.1.2. If (S , Il l\ ) is a normed space, then every affine mapping on a convex subset of S 

has the property (I) . 

Proposition 3.1.5. [20, Proposition 1] Let {K0 : a E A} be a family of convex subsets of S , then 

n oEA Ko is also a convex subset of S. 

Proposition 3.1.6. [20, Proposition 2] Consider a convex m etric space (S, m , W) , both open 

B m(u,r) and closed Cm(u , r) balls in (S ,m , W) are convex subsets of S. 

Proof. Let v , z E B m(u, r) = v E S : m(u, v) < rand t E [O, 1], then there exists W(v, z, t) E S. We 

want to show that W(v,z, t) E B m(u,r). 

m(u, W(v, z, t)) ~ tm(u , v) + (1 - t)m(u, z ) 

< tr+ (l - t)r 

=tr+ r - tr 

= r. 

Therefore W(v, z, t ) E B m(u, r). Similarly, Cm(u, r) is also a convex subset of S . □ 

Proposition 3.1. 7. [20, Proposition 3] Suppose (S , m , W) is a convex metric space. For u , v E S 

and t E [O , l ], 

m(u , v) = m(u, W(u , v, t)) + m(W(u, v, t) , v). 

12 



Proof. Since (S, m, W) is a convex metric space, we obtain 

m(u, v) :S m(u, W(u, v, t)) + m(W(u, v, t), v ) triangle inequality 

:S tm(u , u) + (1 - t)m(u, v) + tm(u , v) + (1 - t)m(v, v) 

= tm(u, v) + (1 - t)m(u , v) 

= m(u,v) 

for u , v ES and t E [O, l]. Therefore, m(u, v) = m(u, W(u , v , t)) + m(W(u, v, t) , v) . 

Chapter 3 

□ 

Definition 3.1.8. [9, Definition 3] A convex m etric space (S, m , W) will be said to have prop­

erty ( C) if every bounded decreasing set of nonempty closed convex subsets of S has a nonempty 

intersection. 

Remark 3.1.9. [9, R emark 1] Every weakly compact convex subset of a B anach space has property 

(C) . 

Proposition 3.1.10. [20, Proposition 5] Consider a convex m etric space (S, m , W). M be a 

nonempty compact subset of S and let K be the least closed convex set containing M . If the diameter 

8(M) is positive, then there exis ts an elem ent z E K such that sup{m(u,z) : u E M} :S 8(M). 

Proof. Since Mis compact, we may find u1 , u2 E M such that m(u1, u2) = 8(M). Let Mo EM be 

maximal so t hat Mo E {u1, u2} and m(u,v) = 0 or 8(M) for u ,v E Mo. It is obvious that Mo is 

finite. Let us assume Mo= {u1 , u2 , · · · , un} - We define 

1 
v1 = W(u1 ,u2, 2), 

1 
V2 = W ( U3 1 V1, 3), 

... , 
1 

Vn - 2 = W(un - l , Vn - 3, --), 
n - l 

1 
Vn - 1 = W('Un , Vn - 2, - ) = 'U. 

n 

Since M is compact , we can find Yo E M such that 

m(vo, z) = sup{m(u, z ) : u E M}. 

13 
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Now, by using the condition of convex metric space, we obtain 
1 · n - 1 

m(vo , z ) ::S: -m(vo, un) + --m(vo, Vn-2) 
n n 
1 n-1 ( 1 n - 2 ) ::S: -m(vo,un) + -- --m(vo,un- 1) + --m(vo,Vn- 3) 
n n n - 1 n- 1 
1 1 n - 2 

= -m(vo, un) + -m(vo, Un - 1) + --m(vo, Vn - 3) 
n n n 

... , 

::S: 8(M) . 

Therefore if m(vo, z ) = 8(M) , then we must have m(vo, uk) = 8(M) > 0 for all k = 1, 2, · · ·, n , 

which means that vo E 1110 by the definition of Mo . But, then we must have vo = uk for some 

k = 1, 2, · · ·, n . This is a contradiction. Therefore 

sup{m(u, z ) : u E M} = m(vo, z ) ::S: 8(M). 

□ 

The above Proposition gives us t he following definition . 

Definition 3.1.11. [9, Definition 6] A convex m etric space (S , m , W) is said to have normal 

structure if for each closed bounded convex subset E of S containing at least two points, then there 

exists u E E which is not a diametral point of E. 

Remark 3.1.12. [9] Any compact convex m etric space has a normal structure. 

Definition 3.1.13. [21, Definition 1.3] Let W be a convex structure on a m etric space (S , m) . We 

say that W is a strict convex structure if it has the property what whenever w E S and there is 

(u , v, t) E S x S x [0 , l] for which 

m(z, w) ::S: tm( z, u) + (1 - t)m(z, v) , 

for every z E S, then w = W(u , v, t) . If W is a strict convex structure on a m etric space (S, m) , we 

then call (S , m, W) a strictly convex metric space . 

Lemma 3.1.14. [21, Lemma 1.4] Let W be a strict convex structure on a metric space (S , m). 

Then for every u , v E S and t , a E [O , l ]. we have 

W(W(u , v, t), v , a) = W(u , v, ta ). 

Proof. Let z E S. Then 

m(z, W(W(u , v, t) , y , a)) ::S: am(z, W(u , v, t)) + (1 - a)m(z, v ) 

::S: a [tm(z, u) + (1 - t)m(z, v)] + (1 - a)m(z, v ) 

::S: atm(z, u) + (1 - at)m(z , v) , 

14 
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hence by strictness, W (W(u , v, t), y, a,)= W(u, v , ta). D 

D efinition 3.1.15. [7, Definition 3. 1] A strictly convex m etric space (S,m) is said to be strictly 

convex space with convex round balls if 

fo r all a, b c E S(a-:/- b) and t E [O, l ] there exists z E S such that 

m(a, z) = tm(a, b) and m(z, b) = (1 - t)m(a, b) , 

m(c,z) < max{m(c,a),m(c, b)}. 

Lemma 3.1.16. [7] Let (S , m) be a strictly convex metric space with convex round balls and K be 

a convex compact subset of S and v E S. Then there exists unique vo E K such that 

m(v,vo) = inf{m(u,v): u E K}. 

Proof. In K we define functional f with ident ity J (u) = m(u , v), for all u E K. Since K is a 

compact set t hen by Weierstrass t heorem t here exists vo E K such t hat 

f( vo) = inf{f(u): u E K} or m(v,vo) = inf{m(u,v) : u E K} . 

The uniqueness we prove from contrary. We suppose that there exists another point vb E K such 

that m( v , vb) = inf { m( u , v) : u E K}. The set K is convex therefore for fixed t E [O, 1] there exists 

vi E K such that 

m(vo,vi) = tm(vo ,vb) and m(vi, vb) = (1- t)m(vo,vb). 

From the condition of convex round balls we have the following : 

m(v,vi) < max{m(v ,vo) ,m(v,vb)} = inf{m(u,v): u E K} . 

We have obtained vi to be closer than vo and vb. The contradiction completes the proof. D 

Continuity properties of a strict convex structure are investigated as follows: 

Theorem 3.1.17. [25, Theorem 1.5] If Wis a strict convex structure on a metric space (S ,m), 

then for every pair ·u, v E S with ·u-:/- v the function t--+ W(u, v, t) is an embedding of [O, l ] into S. 

Proof. Let t1, t2 E [O, l ], and assume that t1 < t2. Then 

t1 
m(W(u, v , t1) , W(u , v , t2)) = m(W(u, v , t2-) , W(u, v , t2)) 

t2 

which forms the theorem. 

t1 = m(W(W(u, v, t2), v , -), W(u , v , t2)) 
t2 

t1 = (1 - -)m(W(u ,v, t2) ,v) 
t2 

= (t2 - ti)m(u, v ), 

15 
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Theorem 3.1.18. [21, Theorem 1.7] Consider a convex structure W on a metric space (S ,m). 

Then W is continuous at each point ( u , u , t ) of S x S x [0, 1]. 

Theorem 3.1.19. [21, Theorem 1. 8] Let W be a strict convex structure on a compact metric space 

(S ,m) . Then W is continuous as a function from S x S x [0, 1] to S . 

Proof. Let { (un,Vn, tn)}~=l be a sequence in S x S x [0, 1] which converges to (u,v, t ), and let w 

be a limit point of the sequence {W(un,Vn, tn)}~=l· Select a subsequence {W(unk,Vnk, tnk )}k=l 

which converges tow. Then for any z E S , we have m(z, W(unk ,Vnk, tnk ))::; tnkm(z,unk) + (l -

tnk)m(z, Vnk) fork = l , 2, · · ·.By continuity of a metric, we conclude that m(z, w) ::; tm(z, u ) + (l ­

t)m(z, v ). St rictness now guarantees that w = W(u , v, t ). It follows that W (u , v, t ) is t he only limit 

point of the sequence {W(un,Vn, tn)}~= l · Since Sis compact , {W(un ,Vn, tn)}~=l must converge 

to W(u , v, t ), t his shows that Wis continuous as a function from S x S x [0, l ] t o S . □ 

In [21] Talman gave the following de?nit ion to generalize the results of Takahashi . 

Definition 3.1.20. [21, Definition 2.1 ] Let (S ,m) be a metric space, and let P = {(t1, t2, t3) E 

[0, 1] x [0, 1] x [0, 1] : t1 + t2 + t3 = 1} . A strong convex structure on S is a continuous function 

K : S x S x S x P - S with the property that fo r each (u1 , u2 , u3, t1, t2, t3) E S x S x S x P , 

K ( u1, u2, u3, t1, t2, t3) is the unique point of S which satisfi es 

3 

m (v, K (u1 , u2, u3, t1 , t2, t3)) ::; L tkm (v, uk ) 
k= l 

f or every v E S . A metric space with a strong convex structure will be called strongly convex . 

Lemma 3.1.21. [21, Lemma 2.3] Let (S , m) be a strongly convex m etric space, and K be a strong 

convex structure. Define WK : S x S x [0, l ] - S by WK (u1 , u2, t ) = K(u1 , u2 , u3, t , 1 - t , 0) . Then 

W K is a continuous strict convex structure on S . Moreover, fo r any u1, u2, u3 E S and t , a E [0, 1], 

we have 

D efinition 3.1.22. [9, Definition 7] Consider a convex m etric space (S, m , W ). A convex hull of 

the set A (A C S) is the intersection of all convex sets in S containing A , denoted by conv(A ). 

It is obvious that if A is a convex set, then 

vi-m(A ) = W(W(W (A) ... )) C A for any n EN. 

If we set 

then the sequen ce { A n }nEN will be increasing and lim sup An exists, and 

00 

lim sup An = lim inf An = lim An = LJ An. 
n= l 

16 



Chapter 3 

P roposit ion 3 .1.23. [9, Proposition 1] Let (S , m , W) be a convex metric space. Then 

00 

conv(A) = lim An = LJ An, (A C S) 
n=l 

Proof. If u, V E u ~=l An, then there exists a positive integer no such that u, V E Ano· So, for 

t E [O, l], 
00 

W(u , v, t) E Ano+l C U An. 
n=I 

Thus, U n=l An is convex contains A . Further , for any convex set C containing A , 

w n C C f OT every n E N 

i.e. 

So , 

LJ An= conv(A ). 
n=I 

□ 

Proposit ion 3.1.24 . [9] For any subset A of a convex metric space (S, m , W ) 

8(convA ) = 8(A). 

Proof. Since A C convA then 8(A) ::; 8(convA). Let u, v E conv A. If u, v E A , t hen it is obviou 

that m(u, v) ::; 8(A). If we let one of them, for instance u , be in conv A and let the other one be 

in A. Since u E conv A , there exists no EN such that u E wn°(A). But, it means that there exist 

u1 , u2 E w no-1(A) , t1 E [O, l ], so that u = W(u1 , u2 , t1) and then: 

By induction it can be seen that there exists the subset 

and 

such that 

{ ui}iE J C A where I is a fin ite set 

{ ai}iE J ,Gti ~ 0, L a i = 1, 
iE J 

m(u, v) ::; L aim(ui, v). 
iE J 

17 
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Since 

m(ui, v) S <5(A ) f or i E I , 

we can prove that 

m(u, v) S <5(A ). 

Similarly, it can be seen that t he above is valid even in t he case for v E convA. D 

D efinition 3.1.25. [1 , Definition 14] Suppose K is a subset of a complete convex metric space 

(S , m, W ) and {f O : a E K} be family of maps from [O, l ] into K , having property that for each 

a E K we have f 0(1) = a. Such a family is said to be 

( a) contractive provided there exist a function <p : (0, 1) ---+ (0 , 1) such t hat for all a , {3 E K and 

t E (0, 1) we have m (J0 (t) , ft3( t) ) S <p(t)m(a, {3) , 

(b) jointly continuous if t ---+ to in [0, l ] and a ---+ ao in K imply J0 (t )---+ f 0 0 (to)-

D efinition 3.1.26. [18] A convex metric space (S , m , W ) is said to be uniformly convex if for any 

E > 0, there exists a = a(E) such that, for all r > 0 and u, v, z E S with m(z, 'u) S r, m(z, v) S r 

and m (u , v) S TE, 
1 

m(z, W(u ,v, 2)) S r( l - a)< r. 

Ex ample 3.1.3. Let H be a Hilbert space and let S be a nonempty closed subset of { u E H :\! 
u II= l} such that ifu ,v E S and a ,{3 E [0, 1] with a + {3 = 1, then 1\~:!~~/1 E S and <5(8 ) = {!-. 
Let m(u,v) = cos- 1{(u,v)} for every u,v E S, where( ·, ·) is t he inner product of H . When we 

define a convex structure W for (S, m ) properly, it is easily seen that (S, m) becomes a complete 

and uniformly convex metric space . 

R emark 3 .1.27. [18] Uniformly convex Banach spaces are uniformly convex metric spaces. 

T heorem 3.1.28. [18, Theorem 1] Suppose (S , m , W) is a complete and uniformly convex metric 

space. Then S has the property (CJ . 

Lemma 3.1.29. [18] Let (S , m , W) be a complete and uniformly convex metric space. Let K be a 

nonempty closed convex subset of S. If F is a filt er on S which contains at least a bounded subset 

of S , then there exists a unique point uo E K such that 

Proof. Let r = infuE K r( u , F ) and define 

1 
K n = {z E K: r(z , F ) S r + - } 

n 

for every positive integer n . Then it is obvious that K n is nonempty, closed and convex . Further , 

K n is bounded . In fact , let z, w E K n- T hen there exists A E F such that 

2 2 
sup m(z, v) < r + - and sup m(w, v) < r + -. 
v EA n vE A n 

18 



So, we have 
2 

m(z,w) :S sup m(z,v) + supm(w,v) < 2(r + - ). 
v EA vEA n 

Chapter 3 

Since {Kn} is a bounded decreasing sequence of nonempty clo ed convex sub ets of K , we have 

Further , we prove that nn=l K n consists of one point . Let u , v E n~=l K n If r = 0, then m(u, v) < ~ 

for every positive integer n . Hence u = v. In the case of r > 0, suppose u i= v. Then , for a fixed 

positive number b, there exists a positive number £ such that 

m(u, v) 2 (r + a)£ 

for every a E [0, b]. We can also choose a0 E (0, b) such that 

(r + ao)( l - a(c)) < r. 

Then t here exists A E F such that 

sup m(u, z)<r+ao and supm(v , z)<r+ ao . 
zEA zEA 

Since S is uniformly convex, we have 

1 
m(z, W(u ,v, 2)) :S (r + ao)(l - a(c)) < r 

for every z E A. This implies 

1 
up m(z , W (u, v, 2)) :S (r + ao)( l - a(c)) < r 

zEA 

and h nee r(W(u, v, ½), F ) < r. This is a contradict ion, because W(u , v , ½) E K. Therefore we have 

u=v. □ 

P roposit ion 3.1.30. [20] Suppa e that K is a compact convex subset of a B anach space and S be 

the set of all nonexpansive maps of K into S. Then fo r each pair of elements A and B of S, define 

a metric m by m(A , B ) = sup{ IIAu - B ull : u E K} . S is a m etric space with u. Define a map W 

that maps S x S x [0, l ] into S by W(A , B t)(u) = tAu + (l - t)Bu for u E K and t E [0, l ]. 

The previous proposition lead u to the following lemma: 

Lemma 3 .1.31. [20] Suppose that K is a compact convex subset of a Banach space and S be the 

set of all nonexpansive maps of K into S. Then S is a compact convex metric space with respect to 

metric m and the convex structure W. 

19 



Proof. For A , B , C E S and t E [O, 1], 

m (A, W (B , C, t )) = sup{ II Au - W(B , C, t)u ll : u E K} 

::; sup{tl lAu - Bull + (1 - t )II Au - Cull: u E K} 

= tm (A, B ) + (1 - t)m( A , C) 

Chapter 3 

and hence W is a convex structure in S . We will show that the set S with metric m is compact. If 

c > 0 is given, a subset E of K is called an c - net if Eis finite and K = U aEE S(a , c). Let {Un} be 

a equence of nonexpansive mappings of S . Then we show that t here exists a subsequence {Uk} of 

{Un } such that Uk converges to a point of S. Let Nn be a ¾-net of K and N = LJ{Nn: n = l , 2, •· ·} . 

Then it is obvious that there exists a subsequence {Uk} of {Un} such that Uk'U for every 'U E N 

converges to a point of K. We show that Ukz converges to a point for every z of K. Let z be any 

point of K and c be any given positive number , then there exists u E N such that llz - ull ::; !-
ow, since Uku converges , t here exists a positive integer ko such that 

11 uk1Z - uk2zl l ::; IIUk1 Z - u k1 ul l + 11uk1U - uk2ull + 11 uk2U - uk2zll 

::; llz - ull + 11uk1U - uk2ull + llu - zll 
€ € € 

<-+-+ ­- 3 3 3 

=€ 

if k l , k2 > k O. Therefore Ukz converges to a point of K . Let us define Uz = lim Ukz for every z of 

K . Then it is obvious that U is a nonexpansive mapping. We will show that the convergence is 

uniform. Let c be any posit ive number and choose no such that ;
0 

::; c < c, t hen Nn0 contains a 

point u such that llu - zll::; !- Now ko exists such that lll/k1 U - Uk2ull::; ! for all u E Nno when 

k1,k2 > ko. Thus ko is independent of z and II Uk1Z - Uk2zll::; c when k1, k2 > ko. This shows 

uniformity of t he convergence. Therefore, t here exists a subsequence {Uk} of {Un } such that Uk 

converges. This completes the proof. 

20 
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□ 

3.2. Fixed point theorems in convex structures 

In this section , we are investigating fixed point theorems for nonexpansive mappings. We present 

previous results studied by Takahashi [20], Bula [7] and some other authors. Fixed point theory is 

a fascinating subject, with an enormous number of applications in various fields of mathematics. 

Definition 3.2.1. [15] Let (S, m) be a metric space. Jf T: S - Sis a map, then u ES is a fixed 

point of T if T(u) = u . 

Moreover we denote the fixed point set of T by Fix(T ), that is F ix(T) = {u E S: T(u) = u}. 

Definition 3.2.2. [7, Definition 2.3] A self-mapping f of a subset K of a normed linear space is 

said to be quasi-nonexpansive provided f has at least one fixed point in K , and if p E K is any 

fixed point off then 

11 f(u) - P 11~11 u - P II 

fo r all u EK. 

Remark 3.2.3. [ 1] The class of nonexpansive mappings is strictly contained in the class of quasi­

nonexpansive mappings. 

We present the following example to support the previous Remark: 

Example 3.2.1. Define the self map T on Euclidean space R with the usual norm as T (u) 

usin(t) when u -:/- 0 and T(0) = 0. Obviously O is the only fixed point of T and T is quasi­

nonexpansive. Take u = ¾, v = 3~, then, 

8 4 I T(u) - T(v ) I= - > - =I u - v I, 
3n 3n 

gives that T is not nonexpansive. 

Definition 3.2.4. [7] A self-mapping f of a subset K of a normed linear space is said to be 

asymptotically non expansive if for each u , v E K we have 

II /(u) - /(v) II~ ki II u - v II, 

where (ki) iEN is a sequence of real numbers such that lim;_, k; = l (it is assumed that k; 2 1 and 

k; 2 k;+1, i = 1, 2, · · -). 

Definition 3.2.5. [20] Consider a compact convex metric space (K , m , W ). Then a family F of 

nonexpansive mappings T of K into itself is said to have invariant property in K if fo r any compact 

convex subset E C K such that TE C E for each T E F , there exists a compact subset M C E 

such that TM = M for each T E F. 
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De Marr [8] showed that a commutative family of nonexpansive mappings of K into itself has 

invariant property in K . The following theorem asserts t hat this is true even if one considers a left 

amenable semigroup of nonexpansive mappings. 

Theorem 3.2.6. [20] Let K be a compact convex metric space. If F is a left amenable semigroup 

of nonexpansive mappings T of K into K , then the family F has invariant property in K. 

Proof. Let E be a compact convex subset of K such that E is invariant under each T E F . By 

using Zorn's lemma, we can find a minimal nonempty compact set M C E such that J..1 is invariant 

under each T E F. Let C(M) be t he space of bounded continuous real valued functions on M and 

C(M)* be the dual space of C(M) and 

K [C(M)] = {L E C(M)* : L (e) =II L II= 1} 

where e denotes the constant 1 function on NI. Since the semigroup of restrictions of mappings 

T to M is left amenable, there exi t an element L E K [C(M)] such that L (Ur !) = L(f) for all 

f E C ( M) and T E F where Ur f denotes an element in C ( M) such that (Ur!) ( u) = f (Tu) for each 

u E M. The Riesz 's theorem states that to the element L, there corresponds a unique probability 

measure m on M such that 

L (f) = { f dm 
jM 

for each f E C ( M) and m is invariant under each T E F. Therefore it is obvious that m(T M) = 
m(T - 1T M) = m(M) = 1. Let F c M be the support of the measure m. Then F , T F and r -1r 
are closed and contained in M. Since 1 = m(F) = m(T- 1T) , it is obvious that F is contained in 

r -1 F for each T E F. Therefore F is invariant under each T E F. This implies TM = M for each 

Tin F. □ 

Theorem 3.2.7. [20, Theorem 1] Suppose that (S,m , W) has Property (CJ . Let K be a nonempty 

bounded closed convex subset of S with normal structure. If T is a nonexpansive mapping of K 

into itself, then T has a fixed point in K. 

Proof. Let <I> be a family of all nonempty closed and convex sub ets of K , each of which is mapped 

into itself by T. By Property (C) and Zorn's lemma, <I> has a minimal element E . We show that 

E consists of a single point . Let u E Ee. Then m(Tu , Tv) ~ m(u, v) ~ Ru, (E) for all v E E , 

and hence T (E ) is contained in t he spherical ball S(T(u),R(E)). Since T (E n S) C E n S , the 

minimality of E implies E C S . Hence R r(u.)(E) ~ R (E ). Since R (E ) ~ Ru,(E) for all u E E , 

R r(u.)( E) = R (E ). Hence T(u.) E Ee and T(Ee) c Ee. We then have, Ee E <I> . If z, w E E e, 

t hen m(z, w) ~ R z( E ) = R (E ). Hence, by normal structure, o(Ee) ~ R (E ) < o(E ). Since this 

contradicts the minimality of E , o(E) = 0 and E consists of a single point. □ 

Theorem 3.2.8. [ 9, Theorem 1] Let (S , m) be a m etric space with cont-inuous convex structure 

and let K be a closed convex bounded subset of (S , m) with normal structure and property (CJ. 
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If A : K - K is a continuous mapping such that fo r u, v E K , 

m(Au, Av) '.S max{m(u, v), m(u, Au) , m(v, Av), m(u, Av), m(v, Au) , 

m(u, A2u) , m(v , A2v) , m(Au, A2u) , m(Av, A2v)} 

then A has a fixed point. 
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Theorem 3.2.9. [20, Theorem 2] Consider a strictly convex m etric space (S, m, W) with Property 

(CJ. Let K be a nonempty bo·unded closed convex subset of S with normal structure. If F is a 

commuting family of nonexpansive mappings of K into itself, then the family contains a common 

fixed point in K. 

Proof, Suppose that T is a nonexpansive mapping in a strictly convex metric space, the set F of 

fixed points of Tis a nonempty closed convex set. In fact, as W(u,v,t) E K for u,v E F and 

tE[O, l ], 

m(Tu, T v) '.S m(Tu, T (W(u , v , t)) + m(T(W(u, v, t) , Tv) 

:S m(u, W (u, v, t) + m(W (u, v, t) , v) 

= m(u,v) 

and hence, by strict convexity of the space, T(W(u ,v, t)) = W(u,v,t). This implies t hat Fis 

convex. Let Fa. be the fixed point sets of To. E F . If z E Fa., then for any a' , 

i.e., To.,z lies in Po. and each To.' maps Fa. into itself. Suppose a1, a2, · · ·, O'.n , is a fini te sequence 

and consider To.n as a nonexpansive mapping of Fo.1 n Fo.2 n ... n Fo.n into itself, it follows that 

nk=l Fo.k -/=- 0. By property ( C) , the family {Fa. } has a nonempty intersection, but this consists of 

the common fixed point . □ 

In general case, the set of fixed points of nonexpansive mappings is not necessary convex. However, 

we will prove the following Theorem by assuming compactness. 

Theorem 3.2.10. [20, Theorem 3] Consider a compact convex metric space (S, m, W). Let F 

be a family of nonexpansive mappings with invariant property in S, then the family F contains a 

common fixed point. 

Proof, By using Zorn's lemma, we can find a minimal nonempty convex compact set E C K such 

that E is an invariant under each T E F. If E consists of a single point , then Theorem is proved. 

By hypothesis, there exists a compact subset M of E such that M = {T(u) : u E M} for each 

T E F . If M contains more than one point, then there exists an element z in the least convex set 

containing M such that 

p = sup{m(z,u): u EM} < 8(M) , 
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where 8(M) is t he diameter of M . We define 

Eo = nuEM {v E E: m(u,v) ~ p} , 

then Eo is the nonempty closed convex proper subset of E invariant under each T E F . This is a 

contradiction to the minimality of E. □ 

Theorem 3.2.11. [1, Theorem 17] Let F be a compact subset of a complete convex m etric space 

( S , m , W ). Suppose there exists a contractive, jointly continuous family of maps associated with F , 

then any nonexpansive mapping T of F into itself has a fixed point in F. 

Proof. For each n = l , 2, 3, · · · let kn = n~l E [O, l ]. Define a mapping Tn from F into itself by 

Tn(u) = fr (u) (kn) for all u E F. Since T(F) C F and kn < l , each Tn is well defined map from F 

into itself. Moreover, for each n and all u, v E F, we have 

m(Tn(u), Tn(v)) = m(JT(u) (kn), fr (v)(kn)) 

~ <f; (kn)m(T(u) , T(v)) 

~ <f; (kn)m(u, v ) 

So for each n, Tn is a contraction mapping on F. Each Tn has unique fixed point Un E F. ow 

compactness of F gives a subsequence { Un1 } of {Un } such that Un
1 

---+ uo in F. Since Tn1 ( Un1 ) = Un1 , 

we have Tn
1 

(un
1
)---+ uo. By the continuity of T , T(un1 ) ---+ T(uo) , also by the joint continuity of the 

family, we have 

It gives that uo is the fixed point of T . □ 

Lemma 3 .2.12 . [7, Lemma 4.1] Let K be convex and closed subset of strictly convex metric space 

(S, m, W ). If f : K ---+ K is a quasi-nonexpansive map then the set of all fixed points off (Fix f } 

is closed and convex. 

Proof. Since f is quasi-nonexpansive then F ix f -=/:- 0 and f is a continuous map in all fixed points. 

We assume, t hat Fix f is not closed. Then there exists u that belongs to a boundary of F ix f 

and does not belong to Fix f. Since K is closed then u E K. Since u does not belong to Fix f 

then f(u) -=f:. u. We define r= ½m(f(u), u) > 0. Then t here exists v E F ix f such that m(u, v) ~ r. 

Since f is quasi-nonexpansive then m(f(u) , v) ~ m(u , v) ~ r , and we have 

3r = m(f(u) , u) ~ m(f(u) , v) + m(v , u) ~ 2r. 

This contradiction shows that assumption of F ix f un-closedness is false. ow we prove that F ix f 

is convex. We choose two points u and v (u -=f:. v ) in F ix f. Let t E [O, l ], we find the corresponding 

z E K such that 

m(u, z) = tm(u, v) and m(z, v) = (1 - t)m(u, v), 
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which is unique by strictly convexity of (S, m, W) . We want to prove that z belongs to F ix f. Since 

f is quasi-nonexpansive t hen 

Therefore 

It follows that 

m(f(z), u) :S m(z, u) and m(f(z ), v ) :S m(z, v) . 

m(u,v) :S m(u, f (z)) + m(f(z ),v) 

:S m(z,u) +m(z,v ) 

= tm(u , v) + (1 - t)m(u , v) 

= m(u,v). 

m(u, f( z)) = m(z, u) = tm(u , v), m(f(z), v) = m(z, v) = m(z, v) = (1 - t)m(u, v). 

By strictly convexity of (S, m, W ) we have z = f (z ) and z E Fix f , i.e., Pix f is convex. D 

Theorem 3.2.13. [2, Theorem 19] Let F be a closed subset of a convex complete m etric space 

(S, m, W) and T : F --+ S be a quasi-nonexpansive mapping. Suppose there exists a point uo E F 

with Un = T n(uo) E F, where n E N. Then the sequence { un} converges to the fixed point of T if 

and only iflimn-+ (un,Fix(T)) = 0. 

Proof. Since m(un, F ix(T )) = SUP·uEF ix(T ) m(un , u) then limn-+ (un, Fix(T)) = 0, immediately 

follows by the convergence of sequence { un} to the fixed point of T . 

For the converse let€ > 0, then there exists no such that for all n 2: no , we have m('un, Pix(T)) < ~. 

Take the point pin F ix(T) and m , n 2: no , we have 

m(un , Um) :S m(un ,P) + m(p, um) 

= m(Tn(uo) , p) + m(p, T m(uo)) 

:S 2m(Tn°(uo) , p) 

:S 2m(un0 ,p) 

:S 2m(uo , Fix(T)) , 

{un} is a Cauchy sequence in F. So there exists a point z in F such that Un --+ z . Hence 

m(z, F ix(T )) = 0, F ix(T ) is closed due to quasi-nonexpansiveness of T , we have z E F ix(T ). □ 

Theorem 3.2.14. [4, Theorem 2.1 ] Let C be a nonempty closed convex subset of a convex complete 

metric space (S, m , W) and T be a self-mapping of C. If there exist a , b, c, e, f and k such that 

b + e - lf l( l - t) - lcl t < k < a + b + c + e + .f - lcl t - lf l(l - t) 
1 - t - 1 - t 

am(u , Tu )+ bm(v, T v) + cm(T u, T v) + em(u, T v) + fm(v, Tu) ".S km(u , v) 

fo r all u, v E C, then T has at least one fixed point. 
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Proof. Fix t E (0, 1). Suppose uo EC is arbitrary. We define a sequence {un}n=l in the following 

way: 

Un= W(un - 1, T(un-1, t)), n = 1, 2, 3, · · ·. 

As C is convex, Un E C for all n E N. We have 

Therefore 

and 

m(un , Tun-1) = tm(un-1 , Tun- 1) 
t = --m(un, Un - 1). 

1 - t 

1 
--m(un+1,un) =m(un, Tun) 
1 - t 

:=:; m(un , Tun-1) + m(Tun-1, Tun) 

c lclt 
--m(un+l, Un) - --m(un, Un-1) :=:; cm(Tun-1, Tun) -
1 - t 1 -t 

By triangle inequality we have 

and 

1 
- -m(un+l , Un)= m(un, Tun) 
1 - t 

f 
1 

_ t m(un+l , Un) - lf lm(un, Un-1) :=:; Jm(Tun-1, Tun) 

for all n E N. ow, by substituting u with Un and v with Un- 1 in 

am(u, Tu) + bm(v, T v ) + cm(Tu, T v ) + em(u, T v) + fm(v, Tu) :=:; km(u, v) 

we get 

we obtain 

Thus 

( ) (
k( l - t) +I J l(l - t) -b -e+lclt ) ( ) 

m Un , Un+l :=:; f m Un, Un- 1 
a +c+ 

for all n EN. k(l-t)+l fl~;:~-b-e+lclt E [O, 1) and hence, {un} i;;;; C. Therefore, {un} it is a Cauchy 

sequence. Since C i a closed sub et of a complete space, so limn_,00·-un = u* for some -u* E C. We 

now have 
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we obtain limn_, m(un, Tun) = 0 and by 

we get limn_,00 Tun = u*. 

ow, by substituting u with u* and v with Un in 

am(u , Tu) + bm(v, T v) + cm(Tu, Tv) + em(u , Tv) + fm(v , Tu) ~ km(u , v), 

we obtain 

am(u*, Tu*)+ bm(un , Tun)+ cm(Tu*, Tun) + em(u*, Tun) + fm(un , Tu*) ~ km(u*, Un)-

So 

(a+ c + f)m(u*, Tu*) ~ 0. 

But a+ c + f 2: 0 thus Tu* = u*. □ 
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Convex T0-quasi-metric space 

In this chapter we investigate a concept of convexity structure in the sense of Takahashi [20] on T0-

quasi-metric spaces. We generalize further well-known results about convexity structure in metric 

setting to quasi-metric point of view. Recently Kunzi and Yilzid [13] studied convexity structures in 

To-quasi-metric spaces. They proved that numerous important results about convexity structures 

in metric spaces can be generalized to the quasi-metric setting. 

4.1. Convex structure in quasi- pseudometric spaces 

In t his section, we generalize the notion of convexity structures in metric spaces studied in the 

previous chapter into quasi-metric spaces. 

D efinition 4 .1.1. [13] Let (S, q) be a quasi-pseudometric space. A mapping W: S x S x [O , l ] - S 

is said to be a convex structure on S if for all u, v E S and t E [O, l ], 

q(u , W(u , v, t)) :S tq(z, u) + (1 - t)q(u, v) , 

and 

q(W(u, z, t) ,u) :S tq(u, z ) + (1 - t)q(v,z ) 

when ever z E S. 

Then (S, q) equipped with a convex structure is said to be a convex quasi-metric space denoted by 

(S,q, W). 

ote that the last condition on the definition above is just the first condition formulated for the 

dual T0-quasi-metric. So by definition if W (u , v , t) is a convex structure for (S , q) , then it is also a 

convex structure for (S, q- 1). 

Example 4 .1.1. Let JR be equipped with the standard To-quasi-metric space q(u, v) = u - v = 
max{O, u - v }, whenever u , v E JR . If we define W(u , v , t) = tu+ (1 - t)v whenever u , v E JR and 
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t E [O, 1], then (IR, q, W) is a convex quasi-metric space. 

Indeed , let z, u, v E IR and t E [O, 1], we have 

q(z, W(u , v, t)) = max{O, z - (tu + (1 - t) v )} 

= max{O,z + tz - tz - tu - (1- t)v)} 

which implies that 

q(u, W(u , v, t)) ::; max{O, t(z - u)} + max{O, (1 - t)(z - v )}. 

Moreover 

q(z, W(u , v, t)) ::; tq(z, u) + (1 - t)q (z, v), 

similarly 

q(W (u, v, t ), z) ::; tq(u , z) + (1 - t)q(v, z). 

Proposition 4.1.2. [13] Suppose that (S, q, W) ·is a convex quasi-pseudometric space, then (S, q- 1 , W) 

is a convex quasi-pseudometric space too. 

Proposition 4.1.3. [13] Suppose that (S,q, W) is a convex To -quasi-metric space, then (S,q 5
, W ) 

is a convex metric space. 

Proof. Suppose that (S, q, W) is a To-quasi-metric space. Then for all z, u, v ES and t E [O, 1], we 

have 

q(z, W(u , v, t)) ::; tq( z, u) + (1 - t)q( z, v ) 

and 

q(W(u , v, t ), z) ::; tq(u , z) + (1 - t)q(v, z) 

Since 

tq(z,u)::; tq5 (z,u) and (1 - t)q(z,v)::; (1 - t)q5 (z,v), 

then we have 

tq(z, u) + (1 - t)q (z, v ) ::; tq5 (z, u) + (1 - t)q5(z, v). 

We have 

tq(u, z) + (1 - t)q (v, z ) ::; tq5 (z, u) + (1 - t)q5 (z, v) . 

We obtain 

q5(z , W (u, v, t)) ::; max{tq(z, u) + (1 - t)q( z, v), tq(u, z ) + (1 - t)q(v, z)}. 

Therefore, we conclude t hat 

Thus (S, q5
, W) is a convex metric space. D 
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In the following Remark we prove that if Wis a convex structure on the symmetrize metric (S, q5
) 

of a T0-qua-Si-metric space (S, q), it does not imply t hat Wis the convex structure on t he To-quasi­

metric space (S, q). 

Remark 4 .1.4. ( compare {13, Example 6/) Note that the converse of the previous Proposit'ion is 

not true. 

Proof. If we equip S = [O, l ] x [- ¼, ¼] with the To-quasi-metric induced by the asymmetric norm 

11 u I= max{II u1 I, II u2 I} whenever u = (u1 ,u2) E IR2. Note that the symmetrized norm of 

II · I is denoted by II · II . Let us consider u1 = (0, 0) , v1 = (1, 0) E S. Let a convex structure 

T (u , v, t) =tu + (1 - t)v whenever u, v E S and t E [0, l ]. At the point (u1, vi ,½) E S x S x [0, l ], 

we define 

W (u , v , t) = { (½, - ¼) 
S (u , v , t) 

if (u , v , t) = (u1 , vi , ½) 

if (u , v , t) =J (ui , vi , ½)-

Obviously W is a convex structure on (S, q5
). We have to check only t hat Wis a convex structure 

on (S, q5
) at t he point (u1 , vi , ½)- Let z = (z1 , z2) E S, we have z1 E [0, l] and t hus½ = ½( II z1 - 0 II 

+ II z1 - 1 II ) :S ½ II z - u1 II +½ II z - vi II . Moreover we have 11 z - W(ui , v1, ½) 11:S ½- Hence Wis 

a convex structure on ( S, q5
) . 

Furthermore, Wis not a convex structure on (S, q) since at z = (½ , ¼), we have ½ II z - u1 I + ½ II 

z - v 1 I= ½ · ½ + ½ · ¼ = i , but II z - W ('u1 , v1, ½) I= ½- Hence II z - W('u1 , vi , ½) I> ½ II z - u1 I 

+ ½ II z - v1 I . Therefore Wis not a convex structure on (S , q). 

□ 

Proposition 4.1.5. [13, Remark 4] Suppose that (S , q, W) is a convex To-quasi-m etric space. 

Then w-1(u ,v,t) = W (v u , 1 - t ) whenever u ,v E S and t E [0, 1] 'is a convex structure on a 

To-quasi-metric space (S , q). 

Proof. We have 

similarly 

q(u , w-1 (u, v , t)) = q(z , W (v, u , 1 - t)) 

:::; (1 - t )q(z, v) + tq (z , u ) 

= tq (z, u) + (1 - t) q(z, v) , 

q(W- 1 (u , v , t) , z ) = q(W(v , u , 1 - t) , z ) 

:::; (1 - t)q(v, z ) + tq (u , z ) 

= tq (u , z) + (1 - t)q(v , z ) 

whenever z ,u , v E S and t E [0, 1]. Hence w-1 (u ,v, t ) is a convex structure on a To-quasi-metric 

space (S, q). □ 
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D efinition 4 .1.6. [ 13, Definition 2] A convex structure W( u , v, t) on a To -quasi-metric space (S, q) 

will be called synchronized if w-1 ( u, v, t ) = W ( u , v, t ) whenever u , v E S and t E [0, 1]. 

R em ark 4 .1.7. [13, Remark 5] Let (S , q) be a convex To-quasi-metric . Then W(u,u , t) = ·u 

whenever u E S and t E [0, 1]. Furthermore we have W(v, u , 0) = u and W(v , u , 1) = v whenever 

u ,v E S. 

Proof. The proof essentially relies on the To-property. Indeed for any t E [0, 1], 

q(u, W (u , u , t)) ~ tq(u , u) + (1 - t)q(u, u) = 0. 

Similarly 

q(W(u, u, t ), u) ~ tq(u, u) + (1 - t)q(u , u) = 0, 

so W(u , u , t) = u by the To-property of (S, q). Also 

q(u(v, u, 0)) ~ 0q(u , v) + (1 - 0)q(u , u) = 0. 

Similarly 

q(W(v , u,0) ,u) ~ 0q(v , u) + (1 - 0)q(u,u) = 0. 

Thus u = W(v, u, 0) by the To-property. 

q(v, W (v, u , 1)) ~ lq(v, v ) + (1 - l )q(v , u) = 0. 

Furthermore 

q(W(v,u, l) ,v) ~ lq(v,v) + (l - l )q(u,v) = 0. 

Thus by the T0-property, we have v = W (v, u, 1). □ 

Proposition 4 .1.8 . [13, Proposition 1] Consider a convex To-quasi-metric space (X , q, W ). For 

any ·u, v E S and t E [0, 1] we have 

Furthermore 

Proof. We obtain 

q(u, W(u , v , t)) = (1 - t )q(u, v) and q(W(u, v, t) , v) = tq(u , v). 

q(v, W(u, v, t)) = tq(v, u) and q(W(u , v , t) , u) = (1 - t)q(v, u). 

q(u , v) ~ q(u, W (u , v, t)) + q(W(u , v, t) , v ) 

~ tq (u, u) + (1 - t)q(u , v) + tq(u, v) + (1 - t)q(v , v ) 

= (1 - t)q(u ,v) + tq(u,v) 

= q(u , v) 
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whenever u, v E S and t E [O, l ]. In particular 

q(u , W(u , v, t)) :::; (1 - t)q(u, v) 

and 

q(W (u, v, t) , v) :::; tq(u, v). 

Therefore 

(1 - t)q(u, v ) = q(u, W(u , v, t)) and q(W(u, v, t) , v) = tq(u , v ) 

whenever u, v E Sandt E [O, l ]. Similarly 

q(v, u) :::; q(v, W (u, v, t)) + q(W (u, v, t) , u) 

:::; tq(v, u) + (1 - t)q(v , v) + tq(u, u) + (1 - t)q(v , u) 

= q(v, u) 

whenever u, v E S and t E [O, l ]. Therefore 

q(v, W(u , v, t)) = tq(v , u) and q(W(u , v , t) , u) = (1 - t)q(v , u) . 

Chapter 4 

□ 

Proposition 4.1.9. (compare f Proposition 3. 1. 7/) Suppose (S , q, W) is a convex T0 -q-uasi-metric 

space, then W(u , v, t) E (u, v) q = {z ES: q(u, v ) = q(u, z) + q(z, v)} whenever u , v E S. 

Proof. (compare [proposition 3.1.7]) □ 

R em ark 4 .1.10. [13, Remark 6] Let (S, q) be a To-quasi-m etric space and W(u , v, t) and W'(u , v, t) 

be two convexity structures on (S , q) . Suppose that u , v E S and t' , t E [O, 1] with t':::; t . Then 

q(u, v) :::; q(u, W (u, v, t)) + q(W(u , v, t) , W(u , v, t')) + q(W(u, v, t') , v) 

:::; (1 - t)q(u, v) + q(W(u, v, t) , W(u , v, t' )) + t'q(u, v). 

Thus (t - t')q(u , v) :::; q(W(u, v, t) , W(u, v, t')). 

A dual argument yields that if u , v E S and t' , t E [O, 1] with t' 2 t , then 

(t' - t)q(v, u) :::; q(W(u , v, t) , W(u , v, t')) . 

Proposition 4.1.11. [Proposition 2] Let W be a convex structure on a To-quasi-metric space (S , q). 

Then for each u E S and t E [O, 1], W is continuous at (u , u , t) where S carries the topology T(q) 

orT(q- 1 ) . 

Proof. Let ((un, Vn, t)) be a sequence converging to (u, u, t) we equip S with the topology T(q) on 

S. It does not matter which topology we take, we want to show that (W(un,Vn,tn)) converges to 

W(u , u , t) , which indeed equals u. We then have q(u, W(un , Vn, tn)) :::; tnq(u, un) + (1 - tn) q(u , Vn ) 

whenever n E N, which prove the statement. □ 
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D efinit ion 4 .1.12. [13, Example ] Consider a convex quasi-pseudometric space (X, q, W). For 

any u, v E S, the set S [u, v] = {W(u , v, t) : t E [O, l]} is called a quasi-metric segment with endpoints 

u,v. 

R em ark 4 .1.13. [13] Suppose (S, q, W) is a convex To-quasi-metric space, then fo r any u, v ES, 

with u # v the quasi-metric interval ( u, v) q contains S [u, v]. If u = v then the quasi-metric interval 

which is a singleton coincides with the quasi-metric segment. 

We define the uniqueness of a convex structure as follows : 

D efinition 4. 1.14 . [13, Definition 3] Consider a convex To -quasi-metric space (S, q, W). We say 

that W is a unique convex structure on (S, q) if fo r any w E S such that there exists (u , v, t) E 

S x S x [O , l] with 

q(z,w) :S tq(z ,u) + (1 - t)q(z,v) 

and 

q(w, z) :S tq(u, z) + (1 - t)q(v , z) 

whenever z ES, then w = W(u , v, t). 

R emark 4 .1.15. [13] The uniqueness of a W convex structure on To-quasi-metric space (S, q) 

means really that W is a unique convex strnct·ure on (S, q) . S·ince for any To-quasi-metr-ic space 

(S, q) if W is a unique convex structure on (S, q8
) , then W is unique convex structure on (S , q). The 

uniqueness of the convex structure W on a T0 -quasi-metric space has connections with the concept 

of strict convexity. 

Lemma 4 .1.16. [13, Lemma 1] Let W be the unique convex structure on To-quasi-metric space 

(S, q). Then 

W(W(u , v , t), v, t' ) = W(u , v, tt') 

whenever u, v E S and t, t' E [O, l] 

Proof. Let u,v,z ES and t,t' E [0, 1]. Then 

q(z, W(W(u, v, t' ), v, t)) :S tq(z , W(u , v, t')) + (1 - t)q(z, v) 

:S t[t'q(z,u) + (1 - t' )q(z,v)] + (1 - t)q(z,v) 

:S tt'q(z,u) + (1 - tt' )q(z,v). 

We obtain 

q- 1 (z, W(W(u ,v, t') ,v,t)) :S tq - 1(z, W(u ,v, t')) + (1 - t)q- 1 (z ,v) 

:S t[t'q- 1 (z,u) + (1 - t')q - 1 (z,v)] + (1 - t)q-1 (z ,v) 

:S tt'q- 1 (z,u) + (1 - tt')q - 1 (z,v). 

So by uniqueness of W, we obtain W(W(u , v, t), v, t') = W(u , v, tt' ). 
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Proposition 4 . 1. 17. [ 13] Suppose W is the unique convex structure on a To-quasi-metric space 

(S, q) , then the map 'I/; : (S[u, v], q) -t ([O, q(u, v)], Uq(u ,v)q(v,u)) defined by 7/;(W(u , v, t)) = tq(u , v) 

whenever u, v ES with u =fa v and t E [0, 1] is an isometry embedding of S [u, v] into [0, q(u, v)]. 

Proof. For any u, v E S and t E [O, 1], we have 

q(W(u , v, t), u) = (1 - t)q(v, u) and q(v, W(u , v, t)) = tq(v, u) 

and 

q(u, W (u, v, t)) = (1 - t)q(u , v) and q(W(u , v, t), v) = tq(u , v ). 

To prove that 7/; is an isometry, we need to prove that for any t , t' E [0, 1], 

Wq(u ,v)q(v,u)('l/;(t) , 7/;(t')) = q(W(u , V, t) , W(u , V, t')) 

whenever u, v E S. 

We have two cases to prove since the case where t = t' is obvious. 

Case 1. If t < t' , t hen we have 

q(W(u , v, t), W(u , v, t')) = q(W(u, v, t' f,), W(u , v, t')). 

It follows 

q(W(u, v, t) , W(u, v, t')) = q(W(W(u, v, t') , v, f,), W(u, v, t')) . 

We obtain 

q(W(u , v, t) , W(u , v, t') ) = (1 - f,) q(v , (W(u , v, t')) = (1 - f,)t 'q (v, u). 

So 

q(W(u , v, t) , W(u , v, t' )) = (t' - t)q(v, u) = Wq(u ,v)q(v,u)('l/;(t), 7/;( t')). 

Case 2. If t > t' , then 

t' 
q(W(u, v, t) , W(u , v, t')) = q(W(u, v, t) , W(u, v, tt )) . 

By similar arguments as Case 1 we have 

q(W(u , v, t) , W(u, v, t' )) = (t' - t)q (v, u) = Wq(u,v)q(v,u)('l/;(t) , 7/;(t')). 

□ 

Example 4.1.2. Equip IR.2 with the asymmetric norm II u I= max{II u1 I, II u2 I} whenever 

u = (ui, u2) E IR.2 and associated To-quasi-metric q. Consider the points u = (0, 0) and v = (2, 0) in 

JR2 . T hen q(u, v) = 0 and q(v , u) = 2. Hence in t his case we obtain t he following system of equations 

at u , v: q(u, W(u , v, t)) = 0, q(W(u , v, t) , v) = 0, q(v, W(u , v, t)) = 2t and q(W(u, v, t) , u) = 2(1-t) 
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with t E [0, l ]. 

The system has a unique solution, as we show next: Indeed q(u, W(u, v, t)) = 0 implies that 

(W(u, v, t))i 2'. 0 and (W(u, v, t))2 2'. 0. Similarly since q(W(u , v, t), v) = 0, we have (W(u, v, t))i ~ 

2 and (W(u ,v,t))2 = 0. Thus (W(u,v,t)h = 0 and (W(u ,v, t))i = 2-2t whenever t E [0, l ]. Hence 

W(u , v, t) with t E [0, l ] is unique, as stated . 

Consider now the symmetrized metric space (IR2 , q5
) with the same points u and v . In this case the 

system of equations now consi t of two equations , namely q5 (v , W(u , v, t)) = 2t and q5 (W(u, v, t) , u) = 
2(1 - t). This system does not have a unique solut ion, besides t he standard solution given by 

S(u , v, t) = (2 - 2t , 0) with t E [0, l ] another solution is determined by W(u , v, t) = (2 - 2t, 2t) if 

t ~ ½ and W(u v, t) = (2 - 2t , 2 - 2t) if t > ½-

D efinition 4 .1.18. [13, Definition 4] A convex structure W in a To-quasi-metric space (S, q) has 

property (S) if 

q(W(u, v, t), W(u' , v', t)) ~ tq(u, u') + (1 - t)q(v, v') 

whenever u, v, u', v' ES and t E [0, l ]. 

R emark 4 .1.19. [13] Suppose Wis a convex structure on a T0 -quasi-metric space (S, q). Then W 

satisfies property S' if 

q(W(u, v, t) , W(u, z), t)) ~ (1 - t)q(v , z) 

for all u, v, z in S and t in [0, l ]. 

Proof. For all u , v, z in S and t in [0, 1] we have 

q(W(u, v, t ), W (u, z ), t)) ~ tq(W(u , v, t), u) + (1 - t)q(W(u , v, t) , z) 

~ t[tq(u, u) + (1 - t)q (v, u)] + (1 - t)[tq(u, z) + (1 - t)q(v, z)] 

~ (1 - t)[t(q(v , u) + q(u, z) ) + (1 - t)q(v, z)] 

~ (1 - t)[tq(v , z ) + (1 - t)q(v, z )] by using triangle inequality 

~ (1 - t)q(v ,z). 

□ 
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4.2. Convex subsets in T0-quasi-metric spaces 

In this section we present and give an example of convex subsets in To-quasi-metric spaces. 

For a convex To-quasi-metric space (S, q, W) , we denote by CBo(S) the collection of bounded convex 

elements of Po(S) and denote by V CBo(S) the set of all nonempty doubly closed convex bounded 

subsets of S. 

Definition 4.2. 1. ( compare Definition 3. 1.3) Consider a convex quasi-pseudometric space (S, q, W) 

and let C be a subset of S. We say that C is convex if W(u , v, t) E C whenever u, v EC and t E [0 , l ] . 

For any convex quasi-pseudometric space (S, q, W), Sis convex and any convex sub et C of (S, q) 

is naturally a convex quasi-pseudometric. 

Example 4.2.1. The subset [0,1] of the set IR is convex since whenever u , v E [0, l ], we have 

W(u , v, t) = tu - (1 - t)v E [0, l ] with t E [0, l ]. 

Lemma 4.2 .2. (compare Proposition 3. 1.6} Suppose (S, q, W) is a convex quasi-pseudometric 

space, then whenever u,v E S and r,s 2 0, the closed balls Cq(u,r), Cq- 1(u,s) and open balls 

Bq (u, r), Bq-1 (u s) in S are convex subsets of S. Moreover Cq (u, r) n Cq- 1 (v, s) and B q(u, r) n 
Bq- 1 (v, s) are convex subsets of S. 

Proof. Let v,z E Cq(u,r) = {v E S: q(u,v ) :Sr}, we want to show that W(v,z,t) E Cq(u , r) 

whenever t E [0, l ]. Since (S, q, W) is a convex quasi-pseudometric space, then we obtain 

q(u, W(v, z, t)) :S q(u , v) + (1 - t)q(u , z) 

:S tr + (1 - t)r 

= tr + r - tr 

= r . 

Therefore W(v, z, t) E Cq(u , r). Similarly, Cq- 1 (u , s) is also a convex subset of S . 

For the open ball B q(u , r) = {v E S: q(u , v ) < r } we obtain 

q(u, W(v, z, t)) :S q(u , v) + (1 - t)q(u, z) 

< tr +( l - t )r 

= tr + r - tr 

= r. 
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Therefore W(v , z , t) E Bq(u, r). Similarly, Bq- 1 (u , r) is also a convex subset of S. 

Let v , z E Cq (u , r ) n Cq- 1 (v, s) and let t E [O, l ]. It follows that 

and 

q(u , W(v , z, t)) S q(u , v) + (1 - t)q(u, z ) 

S tr + (1 - t)r 

= r. 

q(W(v , z, t ), u ) S q(v , u) + (1 - t)q(z, u) 

S ts + (1 - t)s 

= s. 

Chapter 4 

Since Wis convex structure on S . Hence W(v , z, t) E Cq(u, r) n Cq- 1 (v , s). Similarly, W(v , z, t) E 

Bq(u, r) n Bq- 1 (v, s) . 

□ 

Proposition 4.2.3. ( compare Proposition 3. 1. 5) Consider a convex quasipseudometric space (S, q, W) 

and ( Ci) iEI a family of convex subsets of S. Then the intersection niEJCi is also a convex subset of 

S . 

Proof. Let C = n iEJCi , to prove convexity of n iEJCi we have to show that W(u , v, t) E C for 

every u , v ES and t E [O , l]. Since (Ci )iEJ is a family of convex subsets of (S, q, W) it follows that 

W(u , v , t) E Ci for every i E I , i.e. W(u , v , t) E C , which means that niEJCi is also a convex subset 

of (S, q, W). □ 

Lemma 4 .2.4. [13, Lemma 3] Suppose that (S , q) is a T0 -quasi-metric space with a conve:r structure 

W that satisfies property (SJ. If A E CBo(S) , then its double closure cl7 (q)A n cl7 (q- 1 )A also belongs 

to CBo(S). 

Proof. Suppose that u,v E cl7 (q)A n cl7 (q- 1 )A. Then for any c > 0 we can find a,a' E A such that 

q(u , a) V q(a' , v ) < E and thus by the triangle inequality we see that 

q(u ,v) S q(u, a) + q(a, a') + q(a' ,v) = q(a , a' ) + 2c S o(A) + 2c 

Thus the double closure of A and A have the same diameter. It follows that the double closure 

of A is bounded. The double closure of a convex subset A is also convex. Fix t E [O, l ]. For any 

a, b E cl7 (q)A n cl7 (q - 1 )A there are sequences (an) and (bn) in A such that q(a, an) --> 0 and 

q(b , bn) --> 0. Furthermore we have 

q(W(a, b, t) , W(an , bn , t)) S tq(a , an) + (1 - t)q(b, bn) , 
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which implies that the sequence (W(an, bn, t)) converges to W(a, b, t) with respect to the topology 

T(q ). Hence W(a , b, t) E clT(q)A , since W(an, bn, t) E A whenever n E N by convexity of A . Thus 

clT(q)A is convex. Similarly clT(q- 1 )A is convex. Hence the double closure of A as the intersection 

of these two convex sets is convex, too. □ 

D efinition 4.2.5. [9] Consider a convex quasi-pseudo-metric space (S, q, W) and let A C S . Then 

the map W : P (S) --+ P defined by 

W(A ) = {W (u , v, t) : u, v E A and t E [O, 1]} 

satisfies the following properties: 

(a) A c W(A ) whenever A E P (S), 

(b) A c B implies W (A) c W(B) , whenever A c B E P (S) , 

(c) W(A n B ) c W(A) n W(B ), whenever A , B E P (S ). 

R emark 4.2.6. If A is subset of a convex quasi-pseudometric space (S, q, W) . Then A is convex 

if and only if W(A) c A . 

R emark 4.2.7. (compare (9, Definition 2. 0. 23/) If A is convex subset of a convex quasi-pseudometric 

space (S, q W ), then 

wn(A) = W(W((W(A) · ··))) c A 

whenever n E N . 

If (S , q, W) is a convex quasi-pseudometric space, we set 

An = w n(A) f or any A C S . 

The sequence (An)nEN is monotonic increasing. Therefore, 

00 

limsupAn = LJ An. 
n=l 
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Fixed points in convex T0-quasi-metric spaces 

In this chapter , we present some results on fixed point theorems in convex quasi-metric spaces. We 

extend the well-known results of Takahashi [20] to the framework of quasi-pseudometric spaces. 

In [20] the concept of normal structure has been introduced for convex metric spaces. The following 

definition extends t his concept in the context of convex quasi-metric spaces. 

D efinition 4.0.1. (compare [16, Definition 3.2]} A convex To-quasi metric space (S,q, W ) is said 

to have a normal structure if for each doubly closed convex bounded subset A of S , r(A) < diam( A) 

and diam (A ) > 0. 

The following definition can be compared to property (C) in the sense of Takahashi (20 [p .144]). 

D efinit ion 4.0.2. A convex To-quasi-metric space (S, q, W ) is said to have property (HJ if any 

decreasing family {Di}iE J of nonempty doubly closed convex bounded subsets of S such that D j C 

Di with 'i ::; j, has nonempty intersection . 

Remark 4.0.3. If a convex quasi-pseudometric space (S, q, W) satisfies the property (H), t hen 

( S, q , W ) satisfies the property ( C) in the sense of Takahashi [20]. Indeed, if a subset A of S 

is doubly closed then A is T(q5 )-closed. Obviously, if A is q-bounded, then A is q5 -bounded too. 

Therefore, any nonempty family of doubly closed convex bounded subsets of S is a nonempty family 

of T(q5 )-closed convex and q5 -bounded. 

Remark 4.0.4. If (S, q, W ) is a convex To-quasi-metric space which has the property (H) and 

A ~ S, t hen the Chebychev center C(A ) E VCl3o (S). 

Proof. Let u E S and n EN. Consider An(u) a subset of A defined by 

An(u) = { v EA : q(u, v ) ::; r(A) + ¾ and q(v , u) ::; r( A) + ¾ } . 
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Then 

uES 

= n [ Cq ( u, r(A) + ~) n Cq- 1 ( u, r(A) + ~)] 
uES n n 

= n Cqs ( u, r(A) + ¾,) . 
uES 

Let z, t E Cn . Then for any u E S, we have 

and 

It follows that 

1 
q5 (u, z) ::::; r(A) + - . 

n 

2 
q(t , z) ::::; q(t, u) + q(u, z) ::::; q5 (u , t) + q5 (u , z) ::::; 2r(A) + -. 

n 

So Cn is bounded whenever n EN. 

We have to prove that Cn is doubly closed and convex whenever n E N. 

Indeed we have Cn ~ clr(q)Cn n clr(q- 1 )Cn. 

Let v E clr(q)Cn n clr(q- 1 )Cn. Then we have 

u E Bq ( v, r(A) + ¾) n Cn 

and 

u' E Bq-1 ( v, r(A) + ¾) n Cn. 

Since u E Cn and q(v, u) < r(A) + ~ it follows that 

v E Bq(u,r(A) + ¾,) ~ Cq (u ,r(A) + ¾)· 
Thus 

v En Cq (u ,r(A) + ¾) · 
uES 

By similar arguments we have 

v E n Cq- 1 ( u , r(A) + ¾,) . 
uES 

Therefore 

Hence 

v E n Cqs ( u , r(A) + ¾) = Cn. 
uES 
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One sees that { Cn}nE N is a sequence of subset of S such that Cn+l <;;; Cn and Cn is convex as 

intersect ion of convex subsets of S. So Cn E VCBo(S ) whenever n E N. 

Furthermore, since (S, q, W) has property (H), it follows that n n=l Cn-=/ 0. 
Observe that 

00 

C(A) = n Cn 
n=l 

Therefore C(A) is a doubly closed convex bounded subset of S. 

□ 

The following t heorem can be compared to Theorem 2.2.5 in the sense of Takahashi [20]. 

Theorem 4.0 .5. Let (S, q, W ) be a convex To-quasi metric space and K be a nonempty dou­

bly closed convex bounded subset of S with the normal structure. If T : (K, q) - (K, q) is a 

nonexpansive map then T has fixed point . 

Proof. We consider a set r defined by 

r = {D E VCf30 (S)} such that T : (D, q) - (D , q) nonexpansive map }. 

It follows that r -I 0 since K E r . We partially ordered r by A :S B if and only if A c B 

whenever A , B E r . If C = { Co}oET is chain in r , then n oET Co E r . Moreover whenever a E r , 
n oET C0 c C0 , hence r is bounded below by n oET C0 . By Zorn 's lemma it follows that r has a 

minimal element. Let A be the minimal element of r. Then A -I 0 and T : (A, q) - (A , q) is a 

nonexpansive map. 

We want to show that A consists of a single point. Therefore that single point will be the fixed 

fixed point . 

Indeed , let 

u E C(A) = {u E A: ru(A) = r(A)} , 

then by nonexpansiveness of T , we have 

q(T(u), T(v) ) :S q(u, v) :S r(A) 

and 

q(T(v) , T(u)) :S q(v, u) :S r(A) 

whenever v E A. 

It implies that T(v) E Cqs(T (u),r(A)) , thus T(A) C Cqs(T(u) , r(A)) . Furthermore, for u E A, 

rr(u)(A) :S ru(A) = r(A) 

and r(A) :S rr(u)(A) since T(u) E A. We have rr(u)(A) since T(u) E A. We have rr(u)(A) = r(A). 

So T(u) E C(A) whenever u E A. Hence T : C(A) - C(A) is a nonexpansive map, then we 
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have that C(A) E DCB0 (S) . Furthermore C(A) E r . We claim that diam(A) = 0. Suppose that 

diam(A) > 0, then since S has normal structure, it implies t hat r(A) < diam(A). Let z, w E C(A) , 

then 

q(z, w) S rz( A)q S rz( A ) = r(A) 

and 

Hence 

diam(C(A)) = sup{q (z , w): z,w E C(A )} S r(A) < diam(A)}. 

It follows that C(A) is a proper subset of A and it contains the minimality of A, hence diam(A) = 
o. □ 

Theorem 4.0.6 . ( compare Theorem 3.2. 7) Let W be the unique convex structure on a To-quasi 

metric space (S, q) with t he property (H) . If K is a nonempty doubly closed convex bounded subset 

of S with the normal structure, then any commut ing family {'n : i = 1, • • •, n} of nonexpansive 

self-maps on (K , q) has a nonempty common fixed point set (i.e. n~1 Fix(Ti ) ;/ 0). 

Proof. If W is the unique convex structure on (S , q) , t hen W = W IK is a unique convex structure 

on (K , q) . Suppose T : (K , q) --+ (K , q) is a nonexpansive map. Then there exists u E K such that 

T(u) = u. Hence Fix(T ) = {u E K : T (u) = u} ;/ 0 and is doubly closed and bounded. For any 

u, v E Fix(T), we have W(u, v, t) E K since K is a convex subset of S. Furthermore, let z E K 

then 

q(T(z), T (W(u , v, t))) S q(z, W(u , v, t)) 

S tq(z ,u) + (l - t)q(z ,v) 

and 

q(T(W(u, v, t) , T( z)) S q(W(u, v, t) , z) 

S tq(u , z) + (l - t)q(v, z). 

So by uniqueness of W we have T(W(u , v, t)) = W(u , v, t) whenever u , v E Fix (T) . Hence W(u , v, t) E 

Fix(T) and therefore Fix(T) is a convex subset of S. 

Consider T1 and T2 to be nonexpansive self-maps on (K , q) such t hat T2(T1) = T1 (T2). We have 

to show that T2(Fix(T1)) c Fix(T1). Let u E Fix(T1) , then T1(u) = u and T2(u) = T2(T1(u)) = 
T1 (T2(u)) . H nee T2(u) E Fix(T1) . 

Furthermore, we have T2 : Fix(T1) --+ Fix(T1) has a fixed point since Fix(T1 ) is a nonempty 

doubly closed convex bounded subset of ( K , q). We say v is a fixed point of T2 then v is also a 

fixed point of T1. Then by induction on the family {Ti: i = 1, · · ·, n} of nonexpansive self-maps on 

(K , q), the set of common fixed point n~1 F ix(Ti) :/ 0. □ 
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Conclusion 

In this MSc dissertation, we have successfully generalized the results of Takahashi [20] on convexity 

in metric spaces and nonexpansive mappings to the framework of quasi-metric spaces. In this last 

chapter of our work, we pre ent a summary of our results. 

In the first part of our investigations, we generalized convexity structures in the sense of Taka­

hashi into quasi-metric settings. We discussed properties of convexity structures in quasi-metric 

spaces which we used in the second part of our investigations. In the second part we presented 

fixed point theorems in convex To-quasi-metric spaces for nonexpansive mappings. Our results 

generalized previous results of Takahashi [20], Shimizu and Takahashi [19] and many other authors. 

Our conclusion leads us to some open problems encountered throughout the present investiga­

tions. We hope to study these problems in future work. 

Problem 1. How can one establish the relationship between W- convexity and the usual notion 

of (linear) convexity? 

Problem 2. How can one extend the concept of convexity structures in quasi-pseudometric spaces 

to the ultra-quasi-pseudometric spaces? 

Problem 3. How can one study fixed point theorems in the sense of Takahashi in ultra-quasi­

pseudometric spaces? 
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