


Abstract

In this MSc dissertation, we generalize the concept of convexity structures in metric spaces to
the framework of quasi-pscudometric spaces. In the Ty-quasi-metric setting we explore various
interesting additional conditions that convexity structures in the sense of Takahashi can satisfy.
Some interesting examples of convexity structures in both pseudometric and quasi-pseudometric
spaces are discussed. Furthermore we look at fixed point theorems for maps which do not increase
distance: so-called nonexpansive maps in convex metric spaces. Our results generalize and extend
the well-known results in the literature. In this MSc dissertation, we generalize and extend the
classical fixed point theorems obtained by F. Browder in Banach spaces. Moreover, we introduce
the concept of fixed point theorems for nonexpansive mappings on convex Ty-quasi-metric spaces.
We obtain necessary conditions for the existence of a fixed point of nonexpansive maps defined on

a convex Tp-quasi-nietric space.
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Introduction

In 1970, Takahashi [20] introduced the notion of convexity in metric spaces and studied some fixed
point theorems for nonexpansive mappings in such spaces. A convex metric space is a generalized
space. Takahashi calls a metric (S, m) convex if there exists a map W from S x S x [0,1] into S
satisfying, for all w,v € S and t € [0,1], m(z. W (xu, v, t)) < tm(z,u) + (1 — t)m(z,v) for all z € S.
Theorems obtained by F. Browder [6] in Banach spaces are extended to metric spaces which possess
this convex structure. A fundamental problem in fixed point theory of nonexpansive mappings is to
find conditions under which a set has the fixed point property for these mappings. Some interesting
results in fixed point theory have been proved in convex metric spaces. Takahashi established that
all normed spaces and their convex subsets are convex metric spaces. In addition, he also gave
several examples of convex metric spaces which are not imbedded in any normed space or Banach
space. Shimizu and Takahashi [19] introduced the notion of uniform convexity in convex metric
spaces and generalized a fixed point theorem for set-valued nonexpansive mappings in uniformly
convex metric spaces.

We point out that many authors studied convex metric spaces in the sense of Takahashi, for instance
Talman in [21]. Consider a metric space (S,m) and let P = {(t1,t2,t3) € [0,1] x [0.1] x [0,1] :
{1 + t2 + t3 = 1}. Developing the notion of a convex metric space Talman calls (S, m) strongly
convex if there exists a continuous function K : S x S x S x P — S with the property that for
each (uy,ug,us, t1,ta.t3) € S x S x S x P, K (uy,uz,us,t1,t2,t3) is the unique point of S which
satisfies m(v, A (uy, up, us, ty,ta,t3)) < Z’{ tiym(v,uy) for every v € S. The purpose of this study
is to generalize the notion of convexity in metric spaces into the framework of quasi-metric spaces.
Recently Kunzi and Yildiz [13] extended the concept of convexity structures from metric point
of view to quasi-metric settings. They proved that numerous important results about convexity
structures in metric spaces can be generalized to the quasi-metric setting. The main purpose of
this study is for us to introduce the concept of fixed point theorems in convex Ty-quasi-metric
spaces. In particular, we consider doubly closed convex bounded subsets of convex Tp-quasimetric
spaces and moreover, we extend some important fixed point theorems for nonexpansive maps on

these structures. Our results will extend previous results of Takahashi and many other authors
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([4],16],[13]) who studied convexity structures in metric spaces.




Outline of chapters

Chapter 1
In the first chapter we give a brief overview of certain well-known basic concepts from the theory
of quasi-pseudometric spaces. We also give some interesting examples of Ty-quasi-metric spaces to

be used throughout this MSc dissertation. Lastly we discuss the notion of convexity.

Chapter 2

In the second chapter we present and extend previous results of Takahashi [20] on convexity in
metric spaces and nonexpansive mappings. We discuss convexity structures in a metric spaces.
Furthermore, we summarize some fixed point theorems in convex metric spaces for nonexpansive

mappings.

Chapter 3

In the third chapter we investigate the notion of convexity structure in the seuse of Takahashi
on Ty-quasi-metric spaces. We generalize well-known results about convexity structures in metric
setting to quasi-metric point of view. Our generalization is based nmore on recent results of Kunzi

and Yilzid [13] on convexity structures in Tp-quasi-metric spaces.

Chapter 4

In the forth chapter we start our own investigations on fixed point theorems in convex Ty-quasi-
metric spaces. We make use of generalized results in chapter 2 for our own investigations. In this
chapter we relate previous results on fixed point theorems in convex metric spaces to the framework

of Ty-quasi-metric spaces.

Chapter 5
In this last chapter we conclude this MSc dissertation by reflecting on the main results of the
dissertation. We summarize the results obtained and present some open problems to be studied in

future.






Chapter 2

(it) q(u,v) < q(u,2) + q(z,v) for all u,v,z € S

. wrthermore, q is a Tp-quasi-metric if

q(u,v) = 0 = q(v,u) implies that u = v,
for each u,v € S.

Remark 2.1.3. [13, Remark 1] If q is a quasi-pseudometric on a set S, then ¢~ : S x S — [0, 00)
on S defined by ¢~ (u,v) = q(v,u) for every u,v € S, is called the conjugate quasi-pseudometric.

1

A quasi-pseudometric on a set S such that ¢ = q~* is a pseudometric. Note that if (S,q) is a

Lis also a metric.

Ty-quasi-metric space, then ¢° = sup{q,q '} =qV q~
For any u,v € [0,0¢), let u —1  max{u — v,0}. Setting g(u,v) = u — v whenever u,v € [0,1), we
obtain a natural example of a Ty-quasi-metric space ([0,1),u) that we call the standard Tp-quasi-
metric of [0,1).

Given a quasi-pseudometric (S, q) then the set of open balls By(u,e) = {v € §: q(u,v) < e} with
radius € >0 and center u € S provides a base of the so-called quasi-pseudometric topology 7(q) on
S. For each u € S and € > 0 the closed ball Cy(u,e) = {v € S : q(u,v) < €} it is 7(g~!)-closed.
Where 7(q) is a topology induced by the quasi-pseudometric (S, q).

Definition 2.1.4. [15] For any quasi-pseudometric space (S, q). If A is a subset of S and € > 0,
we denote Cy(A,€) by
Cy(A €) = {u € S : disty(u, A) < e},

where

distg(u, A) = inf{g(u,a) : a € A}
and
dist,-1(u, A) = disty(A,u) = inf{q(a,u) : a € A}.
A subset A of a quasi-pseudometric space (S, q) will be called bounded provided that there is a
positive real constant M such that g(u,v) < M whenever u,v € A.

Consider a Tp-quasi-metric space (S, q). If A C S where A is bounded, then
ry(A)q = sup{q(u,v) :u € S,v € A}

and

ru(A)y-1 = sup{q(v,u) - u € S,v € A}.

We call
5(A) = sup{q(u,v) : u.v € A}
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the diameter of A.
A point u € A is a diametral point of A if and only if

sup q(u,v) = §(A).

The set C(A) = {u € A:r,(A) =7(A)} is called the Chebychev center of A.

Remark 2.1.5. [15] Given a Ty-quasi-metric space (S,q) and a bounded subset A of S. Values
of 6(A),r,(A) and r(A) do not change when defined for the metric space (S,q") instead (S,q).
Moreover the chebychev center of the metric space (S, q°) is the same of the chebychev center of

(S, ).

A map f : (S,q) — (Y,q*) between two quasi-pseudometric spaces (5,q) and (Y, ¢*) is called
nonezpansive provided that ¢*(f(u), f(v)) < q(u,v) whenever u,v € S.

Definition 2.1.6. (15, Definition 4.1.2] Consider a Ty-quasi-metric space (S,q) and let a family
of nonexpansive maps {T;}icy, with T; : S — S be given. We say that {T;}ic; ts a commuting
family if T:T; = T;T; wheneveri,j € 1.

Definition 2.1.7. [10] If (S, q) is a quasi-pseudometric space, a sequence (u,) is called:
(i) Left-Cauchy if for each ¢ > 0. there exists k € N such that q(un,um) < € for allm >n > k.
(ir) Right-Cauchy if for each € > 0, there exists k € N such that q(un,um) < € for alln >m > k.

Definition 2.1.8. [10] Let (S,q) be a quasi-pseudometric space. The sequence (u,) in S is a

Cauchy sequence if limy m—oc q(un, um) = 0.

Definition 2.1.9. [17] A quasi-pseudometric space (S,q) is bicomplete if every Cauchy sequence

(un) converges with respect to T(q) and T(q™!) to a point up € S.

Example 2.1.1. Let S be a set and g be defined by

u—1v ifu>v
q(u,v) =
1 if u <.

Then g is a Ty-quasi-metric on S.

Example 2.1.2. Let (S, q) be a To-quasi-metric space. For any u,v € S with u # v and q(u,v) +
q(v,u) # 0. Then the function wg, ,).q(ww) : S X S — S defined by

, (t —Hg(u,v) ift>¢
Wa(uw)g(ea) (1) =9 .
(t—t)qlv,u) ift<t

is a Ty-quasi-metric.
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Remark 2.1.10. For any Ty-quasi-metric space (S,q). If g(u,v) = 1 and q(v,u) = 0 whenever

u,v € S, then the To-quasi-metric W(y.y) q(vu) 15 the standard Tp-quasi-metric w on S.

Definition 2.1.11. [13, Definition 7] Consider a Ty-quasi-metric space (S, q). For any subset P
of S, we call rlT(q)Pﬁclq_1P the double closure of P. Moreover if P = cl (gyPNcl,-1 P, we say that
P is doubly closed.

Proposition 2.1.12. [10, Proposition 5| Consider a quasi-metric space (S, q). For eachv € S, if

limy o0 Upn = u, then im, .+ ¢(v,u,) = q(v,u).

Proof. Case 1. v = u. Then we have

q(u.v) = q(u,u) =0 = lim g(u,un) = lim q(v,un).

n—x n-—=2xX

Case 2. v # u. If u,, = u for infinitely many n, then

lim q(v,un) = q(v,u).

n—o00

So, we may assunie that u,, # u also, v # u,. Then we have, for all n € N|

q(v,u) < q(v,un) + q(u. un) < q(v, u) + qun, u) + qu, un).
Taking the limit as n — oo, we get lim, . ¢(v,un) = ¢(v,u). O
A function f defined on a set S is continuous when, for every constant value c its domain f(c) is
defined and the limit of f(u) as u approaches ¢ equals f(c) for all u € S
Proposition 2.1.13. [10, Proposition 2] Consider a quasi-metric space (S, q). Then q is a contin-

uous function.

Proof. Suppose that lim, o uy, = v and lim, o v, = v in (S, q). We have

q(tn,vn) < q(un, u) + q(u,v) + q(v,vp).
It implies that
Q(Umvn) - q(U,U) S q(U'an) + q(U."Un).

Also, we have

(I(U, U) < Q(ua un) + Q(un-vn) + Q(Un-,'U)-

It implies that
Q(uv U) - Q(un- Un) < Q(us un) + Q(Un-v)-

We then have

0 < |g(u,v) — q(un, vn)| < max{q(un,u) + q(v,vn), g(u, un) + glva, v)}.
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Taking the limit as n — oo, we obtain

lim |g(w,v) — q(up,vy)| = 0.
n—oo

That is,

Jim g(uw, va) = glu, v).
This proves that ¢ is a continuous function. O
Definition 2.1.14. [13] Consider a real vector space S and let || - |: S — [0.00) be a map such
that
(1) 10|=0.

(2) |u+v|=l|u|+| v| whenever u,v € S.

(3) )| au o || u| whenever u € S and a > 0.

Furthermore suppose that | u |=(| —u |= 0 implies that u = 0.
The function || - | is called an asymmetric norm on S. Obviously each asymmetrically normed
vector space S induces a Typ-quasi-metric ¢ on S by setting g(u,v) =| u — v | whenever u,v € S.

A function defined on a set S with real values is called bounded real-valued function, if the set

of its values is bounded.

Example 2.1.3. Consider a Tp-quasi-metric space (S. g), B(S) be the real vector space of bounded
real-valued functions on S and || f |= sup,cq(f(u) — 0) whenever f € B(S). Clearly || f | is an
asymmetric norm on BS. Consequently D defined by the condition that D(f, g) =|| f—g | whenever
f,g € B(S) is a Ty-quasi-metric on B(S).

Definition 2.1.15. Let S be a semigroup, and let B(S) denote the set of all bounded, real valued
functions on S. For each f € B(S) and for each a € S, define f, € B(S) by fo(u) = f(au) for each
u € S. We say that S is left amenable if there exists a function p : B(S) — R such that for all
f,g €S, for eacha € S, and for all r € R :

(1) SupPyes f(u) 2 /J(f) Z inquS‘ f(u)»

(2) p(fa) = u(f),

(3) u(f +9) = u(f) + n(g),

(4) wrf) = ru(f).
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2.2. Convexity

In this section we discuss convexity. The notion of convexity is central in applied mathematics.
It is also used in everyday life in connection with curvature properties of a surface. For example
an optical lens is said to be convex if it is bulging outwards. Convexity appears in ancient Greek

geometry, for example in the description of the five regular convex space polyhedra.

Definition 2.2.1. [12, definition 1] By a convezity on a set S we mean a collection G € P(S)

satisfying the conditions

(1) §,S€g,
(2) NA€G for nonempty AC G,

(3) UA € G whenever ACG.

Geometrically we define convexity as follows:

Definition 2.2.2. [11] Let S be a vector space. Then S is convex if, for u.v € S and t € [0,1],
the line segment tu + (1 — t)v € S.

Geometrically, this means that the line segment between any two points of S belongs to S.

Definition 2.2.3. [11] A half-space is a convex set with the convex complement. The complements

of convex sets are called concave.

A function f that maps S into R is convex if, for all u,v € S and t € [0,1], it holds f(tu +
(1 —t)e) < tf(u) + (1 = t)f(v). Geometrically, this means that the line segment between any
two points on the graph of the function lies above the graph. If the function f is couvex then
fltiuy + - -+ tmum) < tif(wy) + -« - + tf(um) for all ug,- - u, € S and t € [0,1] in the
m-dimensional unit simplex {t € R™ :t; + -+ -+ t,, = 1.t > 0, - -, t,, > 0}. This is called Jensens

inequality.

Example 2.2.1. Consider the interval [a,b] € R. We show that this interval is a convex set. Let
u, v € [a,b] be two arbitrary elements. We need to prove that tu+ (1 — t)v € [a.b] for all t € [0,1].
Since u,v € [a,b], then u,v < b. As t € [0,1], it follows that tu + (1 — t)v < b. Using a similar
argument tu + (1 — t)v > a. As u and v were arbitrarily chosen, then tu + (1 — t)v € [a,b] for all
u,t € [a,b] and t € [0,1].

Theorem 2.2.4. [11] IfV and T are two convez sets in R™, then the intersection VNT is a convex

set.
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Proof. Let u,v € VNT. Then u,v € V and u,v € T. Since V and T are convex sets it follows that
z €V and z € T where
z=tu+ (1 —t)v and t € [0,1].

Hence z € V N T. Since this is true for any v,v € VN T and any t € [0,1], VN T is convex. O

Convex sets are closed under scalar multiplication, if & € R and C is convex then,
aC ={au:ueC}
is convex. The Minkowski sum of two convex sets defined by
Ch4+Cy = {uy +ug :uy € Cr,ug € Oy},
is also convex.

Definition 2.2.5. [11] The convez hull of a set S is the smallest closed convex set containing S,

sometimes denoted convS.

The convex hull of a finite set uj,- - -, u, is called an n-polytope and is denoted by [u;.- - -, u,]. A

2-polytope [a,b] is called the segment joining a and b.
Proposition 2.2.6. [12] For every subset A of a convezity space S the following holds:
convA = U convF.

Fe[A]<~
Consequently, the union of an up-directed collection of convex sets is convez.
Proposition 2.2.7. [12, Definition 1.2 | If A, B are two disjoint sets and A is convex then there

exists a mazimal, with respect to the inclusion, convex set C with A C C and C N B ={.

Let N € w. A convexity G is called N-ary if A € G whenever convF C A for all F € [A]SV. A
2-ary convexity is called an interval converity a space with 2-ary convexity will be called briefly

geometrical.

Definition 2.2.8. [12] A convezity space S is called join-hull commutative provided for each finite
set F C S and for each u € S we have

conv(Fu{u}) = U [u,v].

vEconvF

Proposition 2.2.9. [12] Every join-hull commutative convexity space is geometrical.

Proof. Suppose that S is join-hull commutative and A C S is such that [u,v] C A for all u,v € A.

By induction we show that for cach n € w and for every usy, - - -, u, € A it holds [ug,- - -, un] € A.
Indeed, if this true for some n then for uy, - -, un41 A we have
[ul" ’ "u"+1] = U [Uvun—kl} C A
vE[uL, ,unl
By Proposition 2.2.6, the set A is convex. —

10



3

Convex metric spaces

In this chapter, we present and extend the results of Takahashi [20] on convexity in metric spaces
and nonexpansive mappings. We shall discuss convexity in a metric space and study the properties
of the space which we call a convex metric space. Furthermore, we formulate some fixed point

theorems for nonexpansive mappings.

3.1. Convex structure in metric spaces

In this section, we discuss important results on convex metric spaces. We will also look at some

examples and characterizations on this theory.

Definition 3.1.1. [9, Definition 1] Consider a metric space (S,m). A mapping W : S x § x

[0,1] — S 1is said to be a convex structure on S if for allu,v € S and t € [0, 1],
m(z, W(u,v,t)) <tm(z,u) + (1 — )m{z,v)

whenever z € S.

Then (S, m) equipped with a Takahashi conver structure is said to be a convex metric space denoted
by (S,m,W).

Lemma 3.1.2. [20] Consider a convez metric space (S,m,W’). For anyu,v € S and t € [0,1] we

have
m(u, W(u,v,t)) = (1 — t)m(u.v) and m{v,W(u,v,t)) = tm(u,v).

Proof. For any u,v € S and t € [0,1]
m(u. W(u,v,t)) < tm{u,u) + (1 — t)m(u.v)
(1 Hmi o).
Similarly

m(v, W(u, v, t)) < tm(v,u) + (1 — )m(v,v)

= tm(u.v).

11
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a

Example 3.1.1. Assume that (S,||.||) is a normed linear space. Then a map W that maps
S x 8§ x[0,1] into S given by W(u,v,t) tu (1 —t)v for every u,v € S, and t € [0,1], defines a

convex structure on S. Indeed, if m is the metric induced by the norm |[|.|| then

m(z, W(u,v,t)) = ||z — (tu+ (1 — t)v)|]
||z =tz +tz —tu— (1 —1t))
< tlz —ull+ (1 = 1)z -]
=tm(z,u) + (1 —t)m(z,v).

Definition 3.1.3. [9, Definition 2] Suppose (S,m,W) is a convex metric space. A nonempty
subset K of S is said to be convex if and only if W(u,v,t) € K whenever u,v € K and t € [0,1].

Definition 3.1.4. [14, Definition 2.4] Suppose (S,m, W) is a convex metric space and C be a
conver subset of S. A self-mapping f on C has a property (I) if f(W(u,v,t)) = W(f(u), f(v),t)
for each u,v € C and t € [0,1].

Let S be a set, then a function g defined on S is said to be affine if g(u) = f(u) + ¢ for some linear

function f and constant ¢ for all u € S

Example 3.1.2. If (5, ]|||) is a normed space, then every affine mapping on a convex subset of S

has the property (7).

Proposition 3.1.5. [20, Proposition 1] Let {K, : o € A} be a family of convex subsets of S, then

Naca Ka is also a convex subset of S.

Proposition 3.1.6. [20, Proposition 2] Consider a conver metric space (S,m, W), both open
B (u,r) and closed Cp(u,r) balls in (S, m, W) are convex subsets of S.

Proof. Let v,z € Bpy(u,7) =v € S :m(u,v) <randt € [0,1], then there exists W(v, z,t) € §. We
want to show that W (v, z,t) € By (u,r).

m(u, W(v, z,t)) < tm(u,v) + (1 —t)m(u, 2)
<tr+(1-t)r
=tir4+r—tr

T.
- .aerefore W (v, z,t) € By, (u,r). Similarly, Cp,(u,r) is also a convex subset of S. -

Proposition 3.1.7. [20, Proposition 3] Suppose (S,m, W) is a conver metric space. For u,v € S
and t € [0,1],
m(u,v) = m(u, W(u,v,t)) + m(W(u,v,t),v).

12
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Proof. Since (S, m, W) is a convex metric space, we obtain

m(u,v) < m(u, W(u,v,t)) + m(W(u,v,t),v) triangle inequality
<tm(u,u) + (1 — t)m(u,v) + tm(u,v) + (1 — t)m(v.v)
=tm(u,v) + (1 = t)m(u,v)

= m(u,v)
for u,v € S and t € [0,1]. Therefore, m(u,v) = m(u, W (u,v.t)) + m(W(u,v,t),v). O

Definition 3.1.8. [9, Definition 3] A convex metric space (S,m, W) will be said to have prop-
erty (C) if every bounded decreasing set of nonempty closed conver subsets of S has a nonempty

intersection.

Remark 3.1.9. [9, Remark 1] Every weakly compact convex subset of a Banach space has property

(C).

Proposition 3.1.10. [20, Proposition 5| Consider a convex metric space (S,m,W). M be a
nonempty compact subset of S and let K be the least closed convex set containing Al. If the diameter

d(M) is positive, then there erists an element z € K such that sup{m(u,z) : u € M} < §(M).

Proof. Since M is compact, we may find u;,us € M such that m(uy,up) = §(M). Let My € M be
maximal so that My € {u;,us} and m(u,v) = 0 or 6(M) for u,v € My. It is obvious that Afy is

finite. Let us assume My = {uy,ug, - -, un}. We define
. 1
= Il‘ ('U.l,UQ,i),

1
r2 = W(U3,U1, 5)7

ceny

Up-2 = ‘V(un—hvn—.'is n_ 1)»

1
y — 7{. ; —
Un-1 = n (Una Upn—2, E) = u.

Since M is compact, we can find yo € A such that

m(vg,2) sup{m(u,z):u € M}

13
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Now, by using the condition of convex metric space, we obtain

1 n—1
m(vo, z) < ﬁm(vo,un) + n(vo; Un-2)

1 n—1 1 n—2
< Em(vo,un) + ( m(vg, Un—1) + n—_im(vo.vn_g))

n n—1

1 1 n—2
= Em('uo,un) + ﬁm(vo,un,)) + " - m(vp, vy _3)

seny

1 n
— E m(vo, up)
n

k=1

5(M).

IA

IA

Therefore if m(vo, 2) = §(M), then we must have m(vg,ux) = §(M) > 0 for all k = 1,2,-- -, n,
which means that vg € Ay by the definition of My. But, then we must have vg = uy for some

k=1,2,--- n. This is a contradiction. Therefore

sup{m(u,z) : u € M} = m(vg, z) < §(M).

The above Proposition gives us the following definition.

Definition 3.1.11. [9, Definition 6] A conver metric space (S,m,W) is said to have normal
structure if for each closed bounded convex subset E of S containing at least two points, then there

exists u € E which is not a diametral point of E.
Remark 3.1.12. [9] Any compact convex metric space has a normal structure.

Definition 3.1.13. (21, Definition 1.3] Let IV be a convex structure on a metric space (S,m). We

say that W is a strict conver structure if it has the property what whenever w € S and there is
(u.v,t) € S x S x [0,1] for which

m(z,w) < tm(z,u) + (1 - t)m(z,v),

or every z € S, then w = W(u,v,t). If W is a strict convex structure on a metric space (S, m), we
14

then call (S,m, 1) a strictly convex metric space.

Lemma 3.1.14. [21, Lemma 1.4] Let W be a strict convez structure on a metric space (S.m).

Then for every u,v € S and t,« € [0,1]. we have

W(W(u,v,t),v,a) = W(u,v,ta).

Proof. Let z € S. Then
m(z, W(W (u,v,t),y,a)) < am(z, W(u,v,t)) + (1 — a)m(z,v)
< aftm(z,u) + (1 — t)m(z,v)] + (1 — a)m(z,v)

< atm(z,u) + (1 — at)m(z,v),

14
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hence by strictness, W/(W(u,v,t),y,a) = W(u,v, ta).

2 tion 3.1.15. [7, Definition 3.1] A strictly convex metric space (S,m) is said to be strictly

convex space with convex round balls if
forall a,b,ce€ S(a#b) and t € [0,1] there exists z S such that
m(a, z) = tm(a,b) and m(z.b) = (1 — t)m(a,b),
m(c, z) < max{m(c,a), m(c,b)}.

Lemma 3.1.16. [7] Let (S,m) be a strictly convex metric space with convex round balls and K be

a convex compact subset of S and v € S. Then there exists unique vg € K such that
m(v,vg) = inf{m(u,v): v € K}.
Proof. In K we define functional f with identity f(u) = m(u.v), for all u € K. Since K is a
compact set then by Weierstrass theorem there exists vy € K such that
flvo) =inf{f(u) :uw e K} or m(v,v) = inf{m(u,v) : u € K}.

The uniqueness we prove from contrary. We suppose that there exists another point vj € K such
that m(v,v)) = inf{m(u,v) : u € K}. The set K is convex therefore for fixed t € [0, 1] there exists
vy, € K such that

m(vg,vp) = tm(vg.vg) and m(vy,vg) = (1 — t)m(vo,vg)-
From the condition of convex round balls we have the following:
m(v,vy) < max{m(v,vg), m(v,vy)} = inf{m(u,v) : v € K}.

We have obtained v to be closer than vy and v;,. The contradiction completes the proof. ]

Continuity properties of a strict convex structure are investigated as follows:

Theorem 3.1.17. [25, Theorem 1.5] If W™ is a strict conver structure on a metric space (S.m),

then for every pair u,v € S with u # v the function t — W (u,v,t) is an embedding of [0,1] into S.

Proof. Let ty,ty € [0,1], and assume that t; < t. Then

t
m(W (w,v. ty). W(u, v, ta)) = m(W(u, v, tzt—l), W(u, v, tg))

2
t
=m(W(W(u,v,t3),v, t—l), W (u,v,t3))
2
ta
=(1-  mW(u,v,t2),v)
2
= (ty — ty)m(u,v),
which forms the theorem. O

15
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Theorem 3.1.18. [21, Theorem 1.7| Consider a conver structure W on a metric space (S.m).

Then W is continuous at each point (u,u,t) of S x S x [0,1].

Theorem 3.1.19. [21, Theorem 1.8)] Let W be a strict conver structure on a compact metric space

(S,m). Then W is continuous as a function from S x S x [0,1] to S.

Proof. Let {(un,vn.tn)}32,; be a sequence in S x S x [0,1] which converges to (u,v,t), and let w
be a limit point of the sequence {W(un,vn,tn)}ne,. Select a subsequence {W(un,,vn,,tn, )},
which converges to w. Then for any z € S, we have m(z. W (tn, , n,, tn,)) < tn,m(z,un,) + (1 —
tn,)m(z,vp,) for k =1,2,--.. By continuity of a metric, we conclude that m(z,w) < tm(z,u)+ (1 -
t)m(z,v). Strictness now guarantees that w = Wu, v, t). It follows that W (u,v,t) is the only limit
point of the sequence {W(un,vn,tn)}%,. Since S is compact, {W (un, vn.tn)}22; must converge

to W(u,v,t), this shows that 1V is continuous as a function from S x S x [0,1] to S. a

In [21] Talman gave the following de?nition to generalize the results of Takahashi.

Definition 3.1.20. [21, Definition 2.1] Let (S,m) be a metric space, and let P = {(t1,t,,t3) €
(0,1] x [0,1] x [0,1] : t; + t2 + t3 = 1}. A strong convex structure on S is a continuous function
K:S5x58xS8xP — S with the property that for each (uj,ug.uz. t),t2,t3) € S xS x 8 x P,

K (uy,ug,ug, ty,t2,t3) is the unique point of S which satisfies

3
m(v, K(uy,ug, ug, ty, to. t3)) < Z tim(v, ug)
k=1

for every v € S. A metric space with a strong conver structure will be called strongly convex.

Lemma 3.1.21. [21, Lemma 2.3] Let (S, m) be a strongly conver metric space, and K be a strong
converz structure. Define Wi : S x S x[0,1] — S by Wi (u1,u, t) = K(uy,ug,uz, t,1 — t,0). Then
Wy is a continuous strict conver structure on S. Moreover, for any uj,uz,uz € S and t,a € [0,1],
we have

Wk (Wk (u1, ug,a),us. t) = K (u;, ug, us, at, t(1 — a),1 —t).

Definition 3.1.22. (9, Definition 7] Consider a convex metric space (S,m,W). A convex hull of
the set A(A C S) ts the intersection of all convex sets in S containing A, denoted by conv(A).

It is obvious that if A is a conver set, then

Wn(A) = W(W(W(A)...)) C A for any n € N. ,

If we set
An = W(4),(A C S),

then the sequence {Apn}nen will be increasing and lim sup A,, exists, and

x
limsup A, = liminf A,, = lim A, = U A,

n=1

16
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Proposition 3.1.23. [9, Proposition 1] Let (S,m, W) be a convex metric space. Then

conv(A) = lim A, = | ] Ay, (A CS)

n=1
Proof. If u,v € Uff:l Ay, then there exists a positive integer ng such that u,v € A,,. So, for
t €[0,1],
oo
W(u,v,t) € Apg1 C | An.

n=1

Thus, U;’lo:l A, is convex contains A. Further, for any convex set C containing A,

W" C C for everyn €N

i.e.

[j A, CC
n=1

So,
U A, = conv(A).

n=1

Proposition 3.1.24. [9] For any subset A of a convex metric space (S, m, V)

§(convA) = §(A).

Proof. Since A C convA then §(A) < §(convA). Let u,v € convA. If u,v € A, then it is obvious
that m(u,v) < 6(A). If we let one of them, for instance u, be in convA and let the other one be
in A. Since u € conv A, there exists ng € N such that u € IV"O(A). But, it means that there exist
up,up € Wo=l(A) t, € [0,1], so that u = W (uy,ug,t1) and then:

m(u,v) = m{W(u,up, t1).v) < tym{uy,v) + (1 — t)m{uz, v).
By induction it can be seen that there exists the subset
{ui}ier € A where I is a finite set

and
{al}ielvai Dazal 13
iel
such that

m(u,v) < Z a;m(d;, v).

el

17
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Since

we can prove that
m(u,v) < 4(A).

Similarly, it can be seen that the above is valid even in the case for v € conv A. a

Definition 3.1.25. [, Definition 14] Suppose K is a subset of a complete conver metric space
(S,m, W) and {fo : « € K} be family of maps from [0,1] into K, having property that for each
a € K we have fo(1) = a. Such a family is said to be

(a) contractive provided there exist a function ¢ : (0.1) — (0,1) such that for all o, 5 € K and
t € (0.1) we have m(fa(t). f(t)) < ¢(t)m(a, B).

(b) jointly continuous if t — tp in [0,1] and a — ag in A imply fo(t) — fa,(to)-

Definition 3.1.26. [18] A conver metric space (S, m, W) is said to be uniformly convex if for any
€ > 0, there exists « = a(e) such that, for all v > 0 and u,v,z € S with m(z,u) < r, m(z,v) <r
and m(u,v) < re,
1
m(z, W(u,v, 5)) <r(l-a)<r.

Example 3.1.3. Let H be a Hilbert space and let S be a nonempty closed subset of {u € H ||
u ||= 1} such that if u,v € S and «, € [0,1] with a + 8 = 1, then ﬁ‘;ﬁ—m € S and §(S) = @
Let m(u,v) = cos ' {(u,v)} for every u,v € S, where (-,-) is the inner product of H. When we
define a convex structure W for (S, m) properly, it is easily seen that (S, m) becomes a complete

and uniformly convex metric space.
Remark 3.1.27. [18] Uniformly conver Banach spaces are uniformly conver metric spaces.

Theorem 3.1.28. [18, Theorem 1] Suppose (S, m, W) is a complete and uniformly conver metric

space. Then S has the property (C).

Lemma 3.1.29. [18] Let (S, m, W) be a complete and uniformly convex metric space. Let K be a
nonempty closed conver subset of S. If F 1s a filter on S which contains at least a bounded subset

of S, then there erists a unique point ug € K such that

r(ug, F) = inf r(u, F).

uek
Proof. Let r = infen 7(u, F) and define
1
K, {teK:r(z.F) "r+ ;}

for every positive integer n. Then it is obvious that K, is nonempty, closed and convex. Further,
K, 1s bounded. In fact, let z.w € K,,. Then there exists A € F such that

2 2
supm(z.v) <7+ — and supm(w.v) <r+ —.
veA n veAd n

18
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So, we have

2
m(z,w) < supm(z,v) + sup m(w,v) < 2(r + =).
vEA €A n

Since {K,} is a bounded decreasing sequence of nonempty closed convex subsets of K, we have

Ao

n=1

Further, we prove that (72, K, consists of one point. Let u,v € "~ K, If 7 = 0, then m(u, v) < %
for every positive integer n. Hence u = v. In the case of r > 0. suppose u # v. Then, for a fixed

positive number b, there exists a positive number € such that
m(u,v) > (r+ a)e
for every a € [0,b]. We can also choose ag € (0,b) such that
(r+ap)(1 —ale)) <
Then there exists A € F such that

supm(u,z) <r+ap and supm(v,z) <r+ ap.
€A z€EA

Since S is uniformly convex, we have
m(z, Wu,v, %)) < (r+ag)(l—ale)) <r
for every z € A. This implies
supm(z, W(u,v l)) <(r+ap)(l-ale)) <r

b
€A 2

and hence r(W (u, v, %), F) < r. This is a contradiction, because 1V (u, v. %) € K. Therefore we have

u = . O

Proposition 3.1.30. [20] Suppose that K is a compact conver subset of a Banach space and S be
the set of all nonexpansive maps of K into S. Then for each pair of elements A and B of S, define
a metric m by m(A, B) = sup{ |Au — Bul| : u € K}. S is a metric space with u. Define a map W
that maps S x S x [0,1] into S by W (A, B.t)(u) =tAu+ (1 —t)Bu foru € K and t € [0,1].

The previous proposition leads us to the following lemma:

~2mma 3.1.31. [20] . .ppose that K is a compact convexr subset of a Banach space and S be the
set of all nonexpansive maps of K into S. Then S is a compact conver metric space with respect to

metric m and the convezx structure 1V.
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Proof. For A,B,C € S and t € [0.1],

m(A, W(B,C.t)) = sup{||Au — W(B,C,t)u|| : u € K’}
< sup{t{|Au — Bu|| + (1 — t)||]Au — Cu|| : u € K}
=tm(A,B) + (1 —-t)m(A,C)

and hence W is a convex structure in S. We will show that the set S with metric m is compact. If
£ > 0 is given, a subset E of K is called an € —net if E is finite and K = | J,cg S(a,¢). Let {Uy,} be
a sequence of nonexpansive mappings of S. Then we show that there exists a subsequence {Ug} of
{Unh} such that Uy converges to a point of S. Let N,, be a %—net of Kand N = J{N,:n=1,2,---}.
Then it is obvious that there exists a subsequence {Uy} of {U,} such that Upu for every u € N
converges to a point of K. We show that Upz converges to a point for every z of K. Let z be any
point of K" and ¢ be any given positive number, then there exists u € N such that |[z — u|| < §.

Now, since Uru converges, there exists a positive integer kg such that

HU’\'IZ - Uk‘zz” < ||Uk‘12 - UkluH + HUk‘lu - Ukz“” + HU’Czu - U’sz”

< lz —ull + Uku = Ugul| + [lu - 2|l
e € €

37373
3

IN

if k1,k2 > k0. Therefore Uiz converges to a point of K. Let us define U, = lim Uz for every z of
K. Then it is obvious that U is a nonexpansive mapping. We will show that the convergence is
uniform. Let £ be any positive number and choose 7 such that nlo <€ < g, then N, contains a
point u such that ||u — 2|| < §. Now ko exists such that ||Ug,u — Uk,ul| < § for all u € Ny, when
ki, ks > ko. Thus kg is independent of z and ||Ug,z — Uy, z|| < € when ki, ky > ko. This shows
uniformity of the convergence. Therefore, there exists a subsequence {Uy} of {U,} such that Uy

converges. This completes the proof.
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3.2. Fixed point theorems in convex structures

In this scction, we are investigating fixed point theorems for nonexpansive mappings. We present
previous results studied by Takahashi [20], Bula [7] and some other authors. Fixed point theory is

a fascinating subject, with an enormous number of applications in various fields of mathematics.

Definition 3.2.1. [15] Let (S,m) be a metric space. If T : S — S is a map, then u € S is a fixed
point of T if T{u) = u.
Moreover we denote the fized point set of T by Fix(T). that is Fix(T) = {u € S : T(u) = u}.

Definition 3.2.2. [7, Definition 2.8] A self-mapping f of a subset K of a normed linear space is

said to be quasi-nonexpansive provided f has at least one fired point in K, and if p € K 1is any

fized point of f then
[ fw) —pl<fu—pll
forallu e K.

Remark 3.2.3. [1] The class of nonezpansive mappings is strictly contained in the class of quasi-

NoNeIpansive mappings.

We present the following example to support the previous Remark:

Example 3.2.1. Define the self map T on Euclidean space R with the usual norm as T(u) =
usin(%) when u # 0 and T(0) = 0. Obviously 0 is the only fixed point of T and T is quasi-

nonexpansive. Take u = %, v = ;“ then,
8 4
T(uw)-T = —> — = -,
| T(0) = T() 1= 5= > 5 =/ u =1
gives that T is not nonexpansive.

Definition 3.2.4. [7] A self-mapping f of a subset K of a normed linear space is said to be

asymptotically nonexpansive if for each u,v € K we have

I FH ) = o) Ik lu = v,

where (k;)ien 1s a sequence of real numbers such that lim; . ki = 1 (it is assumed that k; > 1 and
ki > kiyy, i=1,2,--).

Definition 3.2.5. [20] Consider a compact convexr metric space (K, m,W). Then a family F of
nonezpansive mappings T of K into itself is said to have invariant property in K if for any compact
convex subset E C K such that TE C FE for each T € F, there exists a compact subset M C E
such that TM = M for each T € F.
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De Marr [8] showed that a commutative family of nonexpansive mappings of K into itself has
invariant property in K. The following theorem asserts that this is true even if one considers a left

amenable semigroup of nonexpansive mappings.

Theorem 3.2.6. [20] Let K be a compact convex metric space. If F is a left amenable semigroup

of nonexpansive mappings T of K into K. then the family F has invariant property in K.

Proof. Let E be a compact convex subset of I{ such that E is invariant under each T € F. By
using Zorn’s lemma, we can find a minimal nonempty compact set Al C E such that A is invariant
under cach T € F. Let C(M) be the space of bounded continuous real valued functions on Al and
C(M)* be the dual space of C(M) and

K[C(M)] = {L € C(M)": L(e) =|| L =1}

where e denotes the constant 1 function on Al. Since the semigroup of restrictions of mappings
T to M is left amenable, there exists an element L € K[C(M)] such that L(Urf) = L(f) for all
f € C(M)and T € F where Ur f denotes an element in C(Af) such that (Ur f)(u) = f(Tu) for each
u € M. The Riesz's theorem states that to the element L, there corresponds a unique probability

measure m on M such that

L(f)y= [ [fdm

A
for each f € C(M) and m is invariant under each T € F. Therefore it is obvious that m(T M) =
m(T~YTM) = m(M) = 1. Let F C M be the support of the measure m. Then F,TF and T™!T
are closed and contained in Al. Since 1 = m(F) = m(T~'T), it is obvious that F is contained in
T~'F for each T € F. Therefore F is invariant under each T € F. This implies TAM = M for each
T in F. O

Theorem 3.2.7. [20, Theorem 1] Suppose that (S, m, W) has Property (C). Let K be a nonempty
bounded closed convex subset of S with normal structure. If T is a nonexpansive mapping of K

into itself, then T has a fized point in K.

Proof. Let ® be a family of all nonempty closed and convex subsets of K, each of which is mapped
into itself by T. By Property (C) and Zorn’s lemma, & has a minimal element E. We show that
F cousists of a single point. Let u € E.. Then m(Tu,Tv) < m(u,v) < R,(FE) for all v € E,
and hence T(E) is contained in the spherical ball S(T(u), R(E)). Since T(ENS) ¢ EN S, the
minimality of E implies E C S. Hence RT(U)(E) < R(FE). Since R(E) < Ry(FE) for all u € E,
Ry (E) = R(E). Henee T(,y € E. and T(E;) C E.. We then have, E. € @. If z,w € E,,
then m(z,w) < .,(F) = R(E). Hence, by normal structure, §(E;) < .c\oo, < d,.,. Since this

contradicts the minimality of F, §(#) = 0 and E consists of a single point. d

Theorem 3.2.8. [9, Theorem 1| Let (S,m) be a metric space with continuous conver structure

and let K be a closed conver bounded subset of (S, m) with normal structure and property (C).
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If A: K — K is a continuous mapping such that for u,v € K,

m(Au, Av) < max{m(u,v), m(u, Au), m(v, Av), m(u, Av), m(v, Au),

m(u. A%u). m(v, A%v). m(Au, A%u), m(Av, A*v)}
then A has a fized point.

Theorem 3.2.9. [20, Theorem 2| Consider a strictly convex metric space (S, m, W) with Property
(C). Let K be a nonempty bounded closed convex subset of S with normal structure. If F is a
commuting family of nonerpansive mappings of K into itself, then the family contains a common
fixed point in K.

Proof. Suppose that T is a nonexpansive mapping in a strictly convex metric space, the set F of
fixed points of T is a nonempty closed convex set. In fact, as W(u,v,t) € K for u,v € F and
t €10,1],

m(Tu, T(W{u,v,t)) + m(T (W (u,v,t), Tv)
< m(u, W(u,v,t) + m(W(u,v,t),v)
m

and hence, by strict convexity of the space, T(W'(u,v.t)) = W(u,v,t). This implies that F is
convex. Let F, be the fixed point sets of T,, € F. If z € F,, then for any o/,

TaTa/Z - TO/T"Z = Ta/z

ie., Tyz lles in Fy, and each T, maps F,, iuto itself. Suppose aj.aq, - -, ., is a finite sequence
and consider T,,, as a nonexpansive mapping of Fy, N Fy, N ... N F,, into itself, it follows that
ME_1Fa, # 0. By property (C), the family {F,} has a nonempty intersection, but this consists of

the common fixed point. O

In general case, the set of fixed points of nonexpansive mappings is not necessary convex. However,

we will prove the following Theorem by assuming compactness.

Theorem 3.2.10. [20, Theorem 3] Consider a compact conver metric space (S,m,W). Let F
be a family of nonerpansive mappings with invariant property in S, then the family F contains a

common fixed point.

Proc” ~ -using = rn’s lemma, we can find a minimal nonempty convex compact set £ C K such
that o . invariant under each If _ co sts of a single point, then ...e. 0 is proved.
By hypothesis, there exists a compact subset M of E such that M = {T(u) : u € M} for each
T € F. If M contains more than one point, then there exists an element 2 in the least convex set
containing A such that

p =sup{m(z,u) :u € M} < §(M),
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where 0(Af) is the diameter of A/. We define
Eo = Nyenr{v € E : m(u,v) < p},

then FEy is the nonempty closed convex proper subset of E invariant under each 7' € F. This is a

contradiction to the minimality of E.

Theorem 3.2.11. [, Theorem 17] Let F be a compact subset of a complete convexr metric space
(S,m,W). Suppose there exists a contractive, jointly continuous family of maps associated with F,

then any nonezxpansive mapping T of F into itself has a fized point in F.

Proof. For each n = 1,2,3,--- let k, = -5 € [0,1]. Define a mapping T, from F into itself by

Tn(uw) = fr)(kn) for all u € F. Since T(F) C F and k, < 1, each T,, is well defined map from F

into itself. Moreover, for each 7 and all u,v € F, we have

m(Tn(u). Ta(v))

m(frw)(kn)s fr(v)(kn))
< @(kp)m(T (u), T(v))
ok u,v)

IA

n)m(

So for each n, T, is a contraction mapping on F. Each T, has unique fixed point u, € F. Now
compactness of F gives a subsequence {uy, } of {u,} such that u,,, — ug in F. Since Ty, (un,) = u,,,
we have T, (un,) — ug. By the continuity of T, T'(un,) — T(ug), also by the joint continuity of the
family, we have

T (un,) = fT(unJ)(knJ) = fT(ue)(1) = T(uo).

It gives that ug is the fixed point of T O

Lemma 3.2.12. [7, Lemma 4.1] Let K be convez and closed subset of strictly convexr metric space
(S,m,W). If f: K — K is a quasi-nonezpansive map then the set of all fized points of f (Fix f)

1s closed and convez.

Proof. Since f is quasi-nonexpansive then Fiz f # 0 and f is a continuous map in all fixed points.
We assume, that Fir f is not closed. Then there exists u that belongs to a boundary of Fix f
and does not belong to Fiz f. Since K is closed then u € K. Since u does not belong to Fix f
then f(u) # u. We define r = %m(f(u),u) > (. Then there exists v € Fix f such that m(u,v) <r.

Since f is quasi-nonexpansive then m(f(u), ) < m(u,v) < r, and we have
3r = m(f(u),u) < m(f(u),v) + m(v,u) < 2.

This contradiction shows that assumption of Fix f un-closedness is false. Now we prove that Fir f
is convex. We choose two points u and v (u # v) in Fiz f. Let t € [0,1], we find the corresponding
z € K such that

m(u, z) = tm(u,v) and m(z,v) = (1 — t)m(u,v),
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which is unique by strictly convexity of (S, m, W'). We want to prove that 2 belongs to Fiz f. Since

f 1s quasi-nonexpansive then

Therefore

It follows that

m(f(z),u) <m(z.u) and m(f(z),v) < m(z,v).

m(u,v) <m(u, f(z)) + m(f(2),v)
< m(z,u) + m(z,v)
= tm(u,v) + (1 - t)m(u,v)

= m(u,v).

m(u, f(2)) = m(z,u) = tm(u,v), m(f(z),v) = m(z,v) = m(z,v) = (1 — t)m(u,v).

By strictly convexity of (S, m, V) we have z = f(z) and z € Fix f. i.e., Fiz f is convex. O

Theorem 3.2.13. [2, Theorem 19] Let F be a closed subset of a convex complete metric space

(S,m, W) and T : F — S be a quasi-nonezrpansive mapping. Suppose there exists a point ug € F

with u, = T™(ug) € F, where n € N. Then the sequence {u,} converges to the fized point of T if
and only if lim, oo (un, Fiz(T)) = 0.

Proof. Since m(un, Fiz(T)) = sup,epip(r) M(un, u) then limy o (uy, Fiz(T)) = 0, inmcediately

follows by the convergence of sequence {u,} to the fixed point of 7.

For the converse let € > 0, then there exists n, such that for all n > ny, we have m(u,,, Fiz(T)) <

(M)

Take the point p in Fiz(T) and m,n > ng, we have

Un,p) + M(p. Um)
T"(uo), p) + m(p, T™ (uo))

—_—~ o~

{u,} is a Cauchy scquence in F. So there exists a point z in F such that w, — z. Hence

m(z, Fiz(T)) = 0, Fiz(T) is closed due to quasi-nonexpansiveness of T, we have z € Fiz(T). O

Theorem 3.2.14. [4, Theorem 2.1] Let C be a nonempty closed convex subset of a convezr complete

metric space

T m, W) dT bea lf-mapping of C. If the exist b,ce,f and ks that
e~ IfIL=0) ~ left _

k < a+b+c+e+ f—lelt —|f|(1—1)

1-1t¢ 11

am(u, Tu) + bm(v,Tv) + em(Tu, Tv) + em(u, Tv) + fm(v, Tu) < km(u,v)

for allu,v € C, then T has at least one fixed point.
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Proof. Fix t € (0,1). Suppose ug € C is arbitrary. We define a sequence {u,},-1 in the following
way:
Up = W(un_l,T(un_l,t)), n= 1,2,3, s

As C is convex, u, € C for all n € N. We have

m(Unt1, Un) = (1 — O)m(un, Tuy),

m(un, Tun-1) = tm(uy_1,Tun_1)

t
= I—_tm(un,un_l).
Therefore
1
1—_tm(un+1,un) = m(un, Tun)
< m(un, Tup—1) + m(Tup-1,Tu,)
and
c [l
1- tm(un+lvun) - L Im(um un—l) < C7n(Tun—lvTun)-
By triangle inequality we have
1
1_ t7n(un+lv un) = m’(unsTun)
< mfun, un_1) + m(un_y, Tun)
and
1—_tm(un+1,un) — [ fim(un,un-1) < fm(Tup-1,Tun)

for all n € N. Now, by substituting v with u, and v with u,_; in
am(u, Tu) + bm(v,Tv) + em(Tu,Tv) + em(u, Tv) + fm(v,Tu) < km(u,v)
we get

am(uy, Tup)+bm{un_1. Tup_1)+em(Tuy, Tun—1)+em{uy, Tun—1)+ fm{un—1, Tu,_1) < km(up, un—1)

we obtain
at+c+ f b— ||t + et
PR - <
( T )m(un+1,un) + ( T ]f}) m(Un—1,un) < km(Un, un_1).
Thus
m(unvu ) < ‘ '77l(un7un—l)

for all n € N. k(l_')+|fl(+lc—+t}_b-e+|c‘t € [0,1) and hence, {un} C C. Therefore, {u,} it is a Cauchy

sc tence. Since C is a closed subset of a complete space, so lim,, .o, u, = u* for some v* € C. We

now have
1 * *
T wern ) = m, Tun) < miun, w”) +m(u”, Tuy)
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we obtain lim,_,» m(u,,Tu,) = 0 and by
m(u*, Tuy) ~ m(u*,un) + m(u,, Tuy)

we get lim, . Tu, = u*.

Now, by substituting u with «* and v with w, in
am(u, Tu) + bm(v,Tv) + em(Tu, Tv) + em(u, Tv) + fm(v,Tu) < km(u,v),
we obtain
am(u*, Tu") + bm(up, Tuy,) + em(Tu*, Tuy) + em(u*, Tuy,) + fm(u,, Tu*) < km(u®, uy,).

So
(a+c+ fim(u*,Tu*) <0.

But a + ¢+ f > 0 thus Tu* = u*. d
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€ [0,1], then (R, q, W) is a convex quasi-metric space.

Indeed, let z,u,v € R and ¢ € [0, 1], we have
q(z, W(u,v,t)) = max{0,z — (tu + (1 - t)v)}
=max{0,z +tz —tz — tu — (1 — t)v)}
which implies that
qlu, W(u,v,t)) < max{0,t(z — u)} + max{0, (1 — t)(z — v)}.

Moreover
q(z, W(u,v,t)) < tq(z,u) + (1 - t)q(z,v),
similarly

g(W(u,v,t),2) < tqu,z) + (1 - t)q(v, 2).

Proposition 4.1.2. [13] Suppose that (S, q, W) is a convex quasi-pseudometric space, then (S,q~ ', W)

is a convex quasi-pseudometric space too.

Proposition 4.1.3. [13] Suppose that (S, q, W) is a convex Ty-quasi-metric space, then (S,q°, W)

1s a convexz metric space.

Proof. Suppose that (S, g, W) is a Typ-quasi-metric space. Then for all z,u,v € S and t € [0,1], we

have

q(z, W(u,v,t)) < tq(z,u) + (1 — t)q(z.v)
and

q(W(u,v,t),z) <tg(u,z) + (1 — t)q(v. 2)
Since

tq(z,u) < tg°(2,u) and (1 -t)g(z,v) <(1-1t)g°(z,v),

then we have

tq(z,u) + (1 - t)q(z,v) < tg°(z,u) + (1 - t)g°(2,v).
We have

tq(u, 2) + (1 = t)q(v, 2) < tg°(z,u) + (1 - t)g°(2,v).
We obtain

(z, W(u,v,t)) ~ max{ u)+ (1 —-t)g(z,v), v +0Q-¢t v }

Therefore, we conclude that

¢’ (z, W(u,v,t)) <tg®(z,u) + (1 — t)g®(z,v).

Thus (S, ¢°, W) is a convex metric space. —
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In the following R wrk we prove that if W is a convex structure on the symmetrize metric (.5, ¢°)
of a Ty-quasi-metric space (S, ¢), it does not imply that 1 is the convex structure on the Tp-quasi-

metric space (.5, q).

Remark 4.1.4. (compare [13, Ezample 6]) Note that the converse of the previous Proposition is

not true.

Proof. If we equip S = [0,1] x [—}, ;] with the Tp-quasi-metric induced by the asymmetric norm
| u |= max{|| w1 |,|| uz |} whenever u = (uj,up) € R?. Note that the symmetrized norm of
I| - | is denoted by || - || . Let us consider u; = (0,0), v; = (1,0) € S. Let a convex structure
T(u,v,t) = tu+ (1 — t)v whenever u,v € S and t € [0,1]. At the point (uy, v, %) €S xS x[0,1],

we define

b=

( 7_i) if (U,’U.t):(ul,’l}l.%)
S(U,U,t) if (U,U, t) 7& (uhUh %)

Obviously W1 is a convex structure on (S, ¢*). We have to check only that W is a convex structure

W(u,v,t) =

on (S, ¢°) at the point (uj, v, %) Let z = (21, 22) € S, we have z; € [0,1] and thus % = %(H z1 -0
+z1-1) <3l z—uy || +5 || z— vy || . Moreover we have || z — W (uy, vy. %) < 4. Hence 1V is

a convex structure on (S, ¢°).

Furthermore, W is not a convex structure on (5, q) since at z = (3, 1), we have 3 || z —uy [ +3 ||

- |= % 4 % % = %, but || z — W'(u,,'ul,%) |= % Hence || z — lV(ul,vl,%) |> % | 2= |

+3 |l 2 — vy | . Therefore W is not a convex structure on (S, g).
O

Proposition 4.1.5. [13, Remark 4] Suppose that (S.q,W) is a convex Ty-quasi-metric space.
Then W= (u,v,t) = W(v.u,1 — t) whenever u,v € S and t € [0,1] is a convex structure on a

To-quasi-metric space (S, q).

Proof. We have

qlu, W (u,v,1)) = g(2, W (v,u,1 — t))
< (1= t)g(z,v) +tq(z,u)
=tq(z,u) + (1 — t)q(z,v).
similarly
q(W ™ u,v,t),2) = g(W(v.u,1 - t), 2)
(1 = t)q(v,2) + tq(u, 2)
= tq(u,z) + (1 - t)q(v, 2)

whenever z,u.v € S and t € [0,1]. Hence W (u,v,t) is a convex structure on a Tp-q  i-metric

—_

space (S, q).
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Definition 4.1.6. [13, Definition 2] A convez structure W (u, v, t) on a To-quasi-metric space (S, q)
will be called synchronized if W~ (u,v,t) W (u.v,t) whenever u,v € S and t € [0, 1].

Remark 4.1.7. [13, Remark 5] Let (S,q) be a conver Ty-quasi-metric. Then W(u,u,t) = u
whenever u € S and t € [0,1]. Furthermore we have W(r,u,0) = u and W(v.u,1) = v whenever

u,v € S.

Proof. The proof essentially relies on the Ty-property. Indeed for any t € [0, 1],

q(u, Wiu,u, t)) < tqlu,u) + (1 = t)q(u,u) = 0.

Similarly
q(W(u,u, t).u) < tglu,u) + (1 —t)g(u,u) =0,

so W(u,u,t) = u by the Ty-property of (S, g). Also
q(u(v,u,0)) < 0g(u,v) + (1 — 0)g(u,u) = 0.

Similarly
g(W (v,u,0).u) < Og(v, u) + (1 — 0)q(u,u) = 0.

Thus u = W (v, u.0) by the Ty-property.
q(v, W (v, u,1)) < 1g(v,v) + (1 = 1)q(v.u) = 0.

Furthermore
g(W(v,u,1),v) < 1g(v,v) + (1 — 1)q(u,v) = 0.

Thus by the Ty-property, we have v = W (v, u, 1). O

Proposition 4.1.8. (13, Proposition 1] Consider a convex Ty-quasi-metric space (X,q,W). For
any u,v € S and t € [0,1] we have

q(u, W(u,v,t)) = (1 — t)glu.v) and q(W(u,v,t),v) = tg(u,v).

Furthermore
q(v, W(u,v,t)) = tg(v,u) and q(W(u,v.t),u) = (1 —t)g(v,u).

Proof. We obtain

qlu.v)y g W' v t)) + q(W(u,v.t),v)
< tq(u,u) + (1 = t)q(u,v) + tq(u,v) + (1 = t)g(v, v)
= (1= t)q(u,v) +tq(u,v)
= q(u,v)
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whenever u,v € S and t € [0,1]. In particular
q(u, W(u,v.t)) < (1 - t)glu,v)

and

q(W(u,v,t),v) < tq(u,v).

Therefore
(1= t)q(u,v) = q(u, W(u,v,t)) and ¢(W(u,v,t),v) = tq(u,v)

whenever u,v € S and t € [0,1]. Similarly
q(v,u) < glv, W(u.v,t)) + ¢(W(u,v, t),u)
< tg(e,u) + (1= t)g(v, v) +tg(u,u) + (1 - t)g(v. u)
=q(v,u)

whenever u,v € S and t € [0, 1]. Therefore

g(v, W(u,v,t)) = tq(v,u) and q(W (u,v,t),u) = (1 - t)q(v,u).
O

Proposition 4.1.9. (compare [Proposition 3.1.7]) Suppose (S.q, W) is a conver Ty-quasi-metric
space, then W (u,v,t) € (u,v)q ={z € S: q(u,v) = g(u, z) + q(2,v)} whenever u,v € S.

Proof. (compare [proposition 3.1.7]) a

Remark 4.1.10. [13, Remark 6] Let (S, q) be a Ty-quasi-metric space and W (u,v,t) and W' (u,v,t)
be two convezxity structures on (S, q). Suppose that w,v € S and t',t € [0,1] with t' < t. Then

qlu,v) < qlu, W(u,v,t)) + ¢qW (u, v, t), W(u,v,t") + ¢(W(u,v,t'),)
< (1 -t)g(u,v) + g(W(u,v,t), W(u,v,t')) + t'q(u,v).

Thus (t — t')q(u,v) < ¢g(W(u,v,t), W(u,v,t")).
A dual argument yields that if u,v € S and t',t € [0,1] with t' > t, then

(t' — t)g(v,u) < g(W(u,v,t), W(u,v,t)).

Proposition 4.1.11. [Proposition 2] Let W be a convez structure on a Tp-quasi-metric space (S, q).
Then for each u € S and t € [0,1], W is continuous at (u,u,t) where S carries the topology 7(q)
or T(g1).

Proof. Let ((uy,.1,,t)) be a sequence converging to (u,u,t) we equip S with the topology 7(g) on
S. It does not matter which topology we take, we want to show that (W (u,,vn,t,)) converges to
W (u,u,t), which indeed equals u. We then have g(u. W (u,, v, tn)) < tag(u,un) + (1 — t,)gq(u, vy)

whenever n € N, which proves the statement. O
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Definition 4.1.12. [13, Ezample 8] Consider a convex quasi-pseudometric space (X,q,W). For
anyu,v € S, the set S{u,v] = {W(u,v,t) : t € [0,1]} is called a quasi-metric segment with endpoints

u, v,

Remark 4.1.13. [13] Suppose (S,q, W) is a conver Ty-quasi-metric space, then for any u.v € S,
with u # v the quasi-metric interval (u.v), contains S u,v]. If u = v then the quasi-metric interval

which is a singleton coincides with the quasi-metric segment.

We define the uniqueness of a convex structure as follows:

Definition 4.1.14. [13, Definition 3] Consider a convez Ty-quasi-metric space (S,q, W). We say
that W is a unique convex structure on (S,q) if for any w € S such that there exists (u,v,t) €
S x S x [0,1] with

q(z,w) < tg(z,u) + (1 - t)q(2,v)
and

q(w, 2) < tg(u, z) + (1 - t)q(v, 2)
whenever z € S. then w = W(u,v,t).
Remark 4.1.15. [13] The uniqueness of a W convez structure on Ty-quasi-metric space (S,q)
means really that W is a unique convex structure on (S, q). Since for any Ty-quasi-metric space
(S,q) if W is a unique convez structure on (S, q°), then W is unique convez structure on (S, q). The

uniqueness of the convex structure W on a Ty-quasi-metric space has connections with the concept

of strict convezity.

Lemma 4.1.16. [13, Lemma 1] Let W be the unique convex structure on Ty-quasi-metric space
(S,q). Then
W (W (u,v,t),v,t') = W(u,v,tt')

whenever u,v € S and t,t' € [0,1]

Proof. Let w,v.z € S and t,t' € [0,1]. Then

q(z, WW (u,v,t'), v, t)) < tg(z, W(u,v.t")) + (1 — t)g(z.v)
< tlfg(z,u) + (1 - )glz,0)] + (1 - gz 0)
< tt'q(z,u) + (1 — tt')q(z,v).

We obtain
(z, (W(yv,thv, ) ty (z,W(u,v. t'))+ (1 -t) v)
<t (zu) + (1= t)g 7 (z,0)] + (1= t)g ™ (z,0)
<tt'qgHz,u) + (1 —t)g (2. v).
So by uniqueness of W, we obtain W{(W (u,v,t),v,t") = W{u,v,tt'). O
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Proposition 4.1.17. [13] Suppose W is the unique convex structure on a Ty-quasi-metric space

(S, Q)s then the map ¢ : (S[uvv]*Q) - ({O’Q(uvv)]vuq(u,v)q(t,u)) deﬁned by w(”'(uvvst)) = tQ(uﬁv)
whenever u,v € S with u # v and t € [0,1] is an isometry embedding of S{u,v| into [0, q(u,v)].

Proof. For any u,v € S and ¢ € [0, 1], we have
q(W(u,v,t),u) = (1 = t)g(v,u) and q(v, W (u,v,t)) = tq(v,u)

and
g(u, W(u,v,t)) = (1 — t)g(u.v) and q(W(u,v,t),v) = tq(u,v).

To prove that 4 is an isometry, we need to prove that for any ¢, ¢’ € [0,1],

We(u.r)g(v,u) (d’(t)’ L')(t')) = (I(‘V(u- v, t)’ I/V(u, v, t,))

whenever u,v € S.
We have two cases to prove since the case where t = t/ is obvious.

Case 1. If t < t'. then we have

g(W(u,v,t), W(u,v.t") = q(W(u,v,t'%), W(u,v,t)).

It follows
q(W(u,v,t), W(u,v,t')) = qW(W (u,v,t'),v, ti), W (u,v,t')).

/

We obtain
t t
q(W(u,v,t), W(u,v,t") =(1- ;)q(v, (W(u,v,t'))=(1 - P)t'q(v,u).
So

(I(W(u’ v, t)' W(uv v, t,)) = (t’ - t)q(v, “) = Wy(u,v)qv,u) ("’/’(t)v "’/J(t/))

Case 2. If t > t/, then
tl
g(W(u,v,t), W(u,v,t") = g(W(u,v,t), ‘V(u,v,t?)).
By similar arguments as Case 1 we have

(I(W(“7va t)’ W(uv v, t,)) = (tl - t)(](’l’, “) = wq(u,v)q(v,u)('(/}(t)v '(/’(tl))'

Example 4.1.2. _jquip ..} with the asymmetric norm || v |= max{| u; |,|| uz |} whenever
u = (uj,us) € R? and associated Tp-quasi-metric q. Consider the points « = (0,0) and v = (2,0) in
R?. Then g(u,v) = 0 and g(v,u) = 2. Hence in this case we obtain the following system of equations
at w, v glu. W(u,v,t)) =0, gq(W(w, v, t). ) = 0. g(v, W(u,v,t)) = 2t and ¢(W (u. v, t),u) = 2(1 —t)
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with ¢t € [0,1].

The system has a unique solution, as we show next: Indeed g(u,VV(u,v.t)) = 0 implies that
(W (u,v,t)); > 0and (W(u,v,t))2 > 0. Similarly since g(W (u,v,t),v) = 0, we have (W (u,v,t)); <

2 and (W (u,v,t))2 = 0. Thus (1 (u,v,t))2 = 0 and (W (u,v,t))1 = 2-  whenever t € [0,1]. Hence
W (u,v,t) with t € [0,1] is unique, as stated.

Consider now the symmetrized metric space (R?,¢®) with the same points u and v. In this case the
system of equations now consists of two equations, namely ¢°(v, W(u,v,t)) = 2t and ¢*(W (u, v,t).u) =
2(1 — t). This system does not have a unique solution, besides the standard solution given by
S(u,v,t) = (2 — 2t,0) with t € [0,1] another solution is determined by W (u,v,t) = (2 — 2¢t,2t) if
t<iand Wuv,t)=(2-2t,2-2t)if t > 3.

Definition 4.1.18. [13, Definition 4] A convez structure W in a Tp-quasi-metric space (S.q) has
property (8) if
q(W (u, v, t), W', ', 1)) < tg(u,u’) + (1~ t)g(v, ')

whenever u,v,u',v' € S and t € [0,1].
Remark 4.1.19. [13] Suppose W is a conver structure on a Ty-quasi-metric space (S,q). Then W
satisfies property S’ if

g(W(u.v,t), W(u,2),t)) <(1-1t)qv,z)

for allu,v,z in S and t in [0,1].

Proof. For all u,v,z in S and ¢t in [0, 1] we have

g(W(u,v,t),W(u,2),t)) <tg(W(u,v.t),u) + (1 — t)g(W(u,v,t),2)
< ttg(u, u) + (1= t)g(v,u)] + (1 = t)[tq(u, 2) + (1 - t)q(v, 2)]
< (1= 8)[tlg(v,w) + qu, 2)) + (1 - t)g(v, 2)]
< (1 -t)[tg(v,z) + (1 — t)g(v,z)] by using triangle incquality
< (1 -t)g(w. 2).

+
+

—_— o~
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4.2. Convex subsets in T.-auasi-metric spaces

In this section we present and give an example of convex subsets in Tp-quasi-metric spaces.

For a convex Ty-quasi-metric space (.5, ¢, 117), we denote by CBy(.S) the collection of bounded convex
elements of Py(S) and denote by DCBy(S) the set of all nonempty doubly closed convex bounded
subsets of S.

Definition 4.2.1. (compare Definition 3.1.8) Consider a convex quasi-pseudometric space (S, q, W)
and let C be a subset of S. We say that C' is convez if W (u.v,t) € C wheneveru,v € C andt € [0,1].

For any convex quasi-pseudometric space (S, ¢, W), S is convex and any convex subset C of (S, q)

is naturally a convex quasi-pseudometric.

Example 4.2.1. The subset [0,1] of the set R is convex since whenever u.v € [0,1], we have
W(u,v,t) =tu— (1 —t)v e [0,1] with t € [0,1].

Lemma 4.2.2. (compare Proposition 3.1.6) Suppose (S,q,W) is a convex quasi-pseudometric
space, then whenever u,v € S and 1,5 > 0, the closed balls Cy(u,1), Cy-1(u,s) and open balls
By(u,r), B,-1(u,s) in S are conver subsets of S. Moreover Cy(u,r) N Cy-1(v,s) and Bg(u,7) N

B,-1(v,s) are convex subsets of S.

Proof. Let v,z € Cy(u,r) = {v € S : g(u,v) < r}, we want to show that W (v, z,t) € Cqlu.r)

whenever t € [0,1]. Since (S, ¢, W) is a convex quasi-pseudometric space, then we obtain

q(u, W(v,z,1)) < q(u,v) + (1 - t)q(u, 2)

<tr+(1-t)r
=tr+r—tr
=r.

Therefore W (v, 2,t) € Cy(u,r). Similarly, C,-1(u, s) is also a convex subset of S.

For the open ball By(u,r) = {v € S: ¢g(u,v) < r} we obtain

<tr+(1-t)r
=tr+7r—tr
=r.
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Therefore W (v, z,t) € By(u,r). Similarly, B,-1(u,r) is also a convex subset of S.

Let v,2 € Cy(u,r) N C, 1(v,s) and let ¢ € [0,1]. It follows that

g(u, W(v, z, 1)) < q(u,v) + (1 — t)g(u, 2)
<tr+(1-t)r

=r.
and

q(W(v,z,t),u) < g(v,u) + (1 —t)g(z,u)
<ts+ (1-t)s

= S.

Since W is convex structure on S. Hence W (v, z,t) € C,(u,7) N Cy-1(v, s). Similarly, W (v, z,t) €
By(u,7) N By-1(v, 8).

a

Proposition 4.2.3. (compare Proposition 3.1.5) Consider a convez quasipseudometric space (S, q, W)

and (C,)ier a family of conver subsets of S. Then the intersection N;cCi is also a conver subset of

S.

Proof. Let C = N;erC, to prove convexity of N;c;C; we have to show that W(u,v,t) € C for
every u,v € S and t € [0, 1]. Since (C;)es is a family of convex subsets of (S, ¢, W) it follows that
W(u,v,t) € C; for every i € I, i.c. W(u,v,t) € C, which mcans that N7 C; is also a convex subset
of (S,q,W). O

Lemma 4.2.4. [13, Lemma 3] Suppose that (S, q) is a Ty-quasi-metric space with a conver structure
W that satisfies property (S). If A € CBy(S), then its double closure cl.(q)ANcl,(¢~1)A also belongs
to CB()(S)

Proof. Suppose that u,v € ¢l-(q)ANcl,(¢g7!)A. Then for any € > 0 we can find a,a’ € A4 such that
q(u,a) Vv q(a’,v) < € and thus by the triangle inequality we sce that
q(u,v) < q(u,a) + q(a,ad’) + q(a’,v) = qa,a’) + 2¢ < §(A) + 2e.

A t. . It fol t. ot
re of a convex I t A » conv Fix t © v, 1) 2us way
b€ cl(qg)ANc.(q7Y)A there are sequences (a,) and (b,) in A such that g(a,a,) — 0 and

q(b,b,) — 0. Furthermore we have

q(W(a,b,t), W(an, by, 1)) < t(a,an) + (1 = t)q(b, bn),
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which implies that the sequence (W (a,,b,.t)) converges to W(a,b,t) with respect to the topology
7(q). Hence W(a,b,t) € cl.(q)A, since W (an,b,.t) € A whenever n € N by convexity of A. Thus
cl;(q)A is convex. Similarly cl,(g!)A is convex. Hence the double closure of A as the intersection

of these two convex sets is convex, too. O

Definition 4.2.5. [9] Consider a convex quasi-pseudo-metric space (S,q, W) and let A C S. Then
the map W : P(S) — P defined by

W(A) = {W(u,v,t) iu,v€ A and t€[0,1]}

satisfies the following properties:

(a) A C W(A) whenever A € P(S),

(b) AC B implies W(A) C W(B), whenever A C B € P(S),
(c) W(A NB)cCi(4)n W(B) whenever A. B € P(S).

Remark 4.2.6. If A is subset of a convex quasi-pseudometric space (S,q,W). Then A is convez
if and only if W(A) C A.

Remark 4.2.7. (compare [9, Definition 2.0.23]) If A is convex subset of a conver quasi-pseudometric

space (S, q. W), then

WMA) = W(W((W(A4)- ) C A

whenever n € N.

If (S,q, W) is a convex quasi-pseudometric space, we set
A, = W”(A) forany ACS.

The sequence (Ap)nen is monotonic increasing. Therefore,

limsup A, = U A,
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5

Fixed points in convex Tj-quasi-metric spaces

In this chapter, we present some results on fixed point theorems in convex quasi-metric spaces. We

extend the well-known results of Takahashi [20] to the framework of quasi-pseudometric spaces.

In [20] the concept of normal structure has been introduced for convex metric spaces. The following
definition extends this concept in the context of convex quasi-metric spaces.

Definition 4.0.1. (compare |16, Definition 3.2]) A convex Tp-quasi metric space (S, ¢, W) is said
to have a normal structure if for each doubly closed convex bounded subset A of S, r(A) < diam(A)
and diam(A) > 0.

The following definition can be compared to property (C) in the sense of Takahashi (20 [p.144]).
Definition 4.0.2. A couvex Tp-quasi-metric space (S,q, W) is said to have property (H) if any
decreasing family {D;}c; of nonempty doubly closed convex bounded subsets of S such that D; C

D; with ¢ < 7, has nonempty intersection.

Remark 4.0.3. If a convex quasi-pseudometric space (5, q, W) satisfies the property (H), then
(S, ¢°. W) satisfies the property (C) in the sense of Takahashi [20]. Indeed, if a subset A of S
is doubly closed then A is 7(¢%)-closed. Obviously, if A is g-bounded, then A is ¢°-bounded too.
Therefore, any nonenipty family of doubly closed convex bounded subsets of S is a nonempty family

of 7(g®)-closed convex and ¢°-bounded.
Remark 4.0.4. If (5,q,W) is a convex Tp-quasi-metric space which has the property (H) and
A C S, then the Chebychev center C(A) € DCBy(S).

Proof. Let u € S and n € N. Consider A,(u) a subset of A defined by

Ve N

v . r
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Then
C, = n An(u)
uesS
1 1
- UOS [Cq(u,r(A) + ;) NG, (u r(A) + ;)]
1
= Ces|u,r(A) + —
N e 2)
Let z,t € C,. Then for any u € S, we have
0w t) < r(A) +
and
1

¢°(u,z) <r(A)+ e

It follows that
2

q(t,z) < q(t,u) + q(u,z) < ¢°(u,t) + ¢°(u, 2) < 2r(A) + —.

n
So C,, is bounded whenever n € N.
We have to prove that C,, is doubly closed and convex whenever n € N.
Indeed we have C,, C cl.(q)Cpn N el (g7 1)C,.
Let v € cl-(¢)C,, N clr(¢71)C,.. Then we have

u € By (U,T(A) + —) NC,

and

u' € By (1',7"(/1) + —) NCy,.

Since u € Cy, and g(v,u) < r(A) + L it follows that

vE Bq(u,r(A) + 1) - Cq(u,r(A) + l)

n

n
Thus
1
v e n Cq(u,r(A) + ;)
u€sS
By similar arguments we have
1
v e n C, 1(u,r(A) + ;)
u€S
Therefore
v LT 1w, (A

weS \ 1/ \

Hence
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One sees that {Cp}nen is a sequence of subset of S such that C,.; C C, and C, is convex as
intersection of convex subsets of S. So C,, € DCBy(S) whenever n € N,

Furthermore, since (S, ¢, W) has property (H), it follows that (), C, # 0.

Observe that

C(A) = ﬁ c,
n=1

Therefore C(A) is a doubly closed convex bounded subset of S.

The following theorem can be compared to Theorem 2.2.5 in the sense of Takahashi [20].

Theorem 4.0.5. Let (S,q,11") be a convex Tp-quasi metric space and K be a nonempty dou-
bly closed convex bounded subset of S with the normal structure. If T : (K,q) — (K,q) is a

nonexpansive map, then T has fixed point.

Proof. We consider a set I" defined by

I' = {D € DCBy(S)} such that T : (D, q) — (D, ¢) nonexpansive map }.

It follows that I' # ) since K € T'. We partially ordered T by A < B if and only if A C B
whenever A, B € . If C = {Cu}aer is chain in T, then naGT C, € .. Moreover whenever a ¢ T',
ﬂae’l‘ C, C C,, hence I is bounded below by naET C,.. By Zorn’s lemma it follows that I" has a
minimal element. Let A be the minimal element of I'. Then 4 # @ and T : (4,q9) — (A,q) is a
nonexpansive map.

We want to show that A consists of a single point. Therefore that single point will be the fixed
fixed point.

Indeed, let

ueC(A)={uec Ad:r,(A) =r(4)},

then by nonexpansiveness of T, we have

q(T(u), « \v)) < g(u,v) < 7(A)

and

) A)), tt sea U, T ). he e, foru €
71(u)(A] — 7'u(A) ’(A)

id 7(A) < rp(y)(A) since T(u) € A. We have rr(,(A) since T'(u) € A. We have rr(,)(A) = r(A).
So T(u) € C(A) whenever u € A. Hence T : C(A) — C(A) is a nonexpansive map, then we
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have that C(A) € DCBy(S). Furthermore C(A) € I'. We claim that diam(A) = 0. Suppose that
diam(A) > 0, then since S has normal structure, it implies that r(A) < diam(A). Let z,w € C(A),
then

a(z,w) < 1(A) < 1(4) = r(4)

and

Hence

diam(C(A)) = sup{g(z,w) : z,w € C(A)} < r(A) < diam(A)}.

It follows that C(A) is a proper subset of A and it contains the minimality of A, hence diam(A) =
0. a

Theorem 4.0.6. (compare Theorem 3.2.7) Let W be the unique convex structure on a Tp-quasi
metric space (S, g) with the property (H). If K is a nonempty doubly closed convex bounded subset
of S with the normal structure, then any comnuting family {T; : ¢ = 1,-- -, n} of nonexpansive

self-maps on (A, ¢) has a nonempty common fixed point set (i.e. N\*_, Fiz(T;) # 0).

Proof. If W is the unique convex structure on (.S, ¢q), then 1V" = |y is a unique convex structure
on (K,q). Suppose T : (K, q) — (I, q) is a nonexpansive map. Then there exists « € K such that
T(u) = u. Hence Fiz(T) = {u € K : T(u) = u} # 0 and is doubly closed and bounded. For any
u,v € Fix(T), we have W(u,v,t) € K since K is a convex subset of S. Furthermore, let 2 € K
then

q(T(2), T(W(u,v,1))) < q(z, W(u,v,1))
<tg(z,u) + (1-t)g(z.v)
and
q(T(W(u,v,t), T(2)) < ¢(W(u.v,t),2)
< tg(u,z) + (1 = t)q(v, 2).
So by uniqueness of W we have T(W (u. v, t)) = W(u,v,t) whenever u,v € Fiz(T). Hence W{u,v,t) €
Fiz(T) and therefore Fix(T) is a convex subset of S.

Consider T} and T» to be nonexpansive self-maps on (K, q) such that T3(Ty) = T1(T2). We have
to show that Ty(Fiz(T))) C Fiz(Ty). Let uw € Fiz(Ty), then Ti(u) = u and Ta(u) = To(T1(u)) =

) z-.) ] ) ty
doubly closed convex bounded subset of (K.¢). We say v is a fixed point of T, then v is ¢  a
fixed point of T7. Then by induction on the family {7, :i =1, --,n} of nonexpansive self-maps on
(K,q), the set of common fixed point (_, Fiz(T;) # 0. O
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Conclusion

In this MSc dissertation, we have successfully generalized the results of Takahashi [20] on convexity
in metric spaces and nonexpansive mappings to the framework of quasi-metric spaces. In this last

chapter of our work, we present a sunnnarv of our results.

In the first part of our investigations, we generalized convexity structures in the sense of Taka-
hashi into quasi-metric settings. We discussed properties of convexity structures in quasi-metric
spaces which we used in the second part of our investigations. In the second part we presented
fixed point theorems in convex Tp-quasi-metric spaces for nonexpansive mappings. Our results

generalized previous results of Takahashi [20], Shimizu and Takahashi [19] and many other authors.

Our conclusion leads us to some open problems encountered throughout the present investiga-

tions. We hope to study these problems in future work.

Problem 1. How can one establish the relationship between W-convexity and the usual notion
of (linear) convexity?

Problem 2. How can one extend the concept of converity structures in quasi-pseudometric spaces
to the ultra-quasi-pseudometric spaces?

Problem 3. How can one study fired point theorems in the sense of Takahashi in ultra-quasi-

pseudometric spaces?

43



]

2]

(3]

4]

[10]

[11]

[13]

References

M. Abbas, 1. Beg, Fixed points and best approximation in menger convex metric spaces. Arch.
Math. 41 (2005) 389-397.

M. Abbas, I. Beg, Fixed-point theorem for weakly inward multivalued maps on a convex metric
space. Demonstratio Mathematica. 39 (2006) 149-160.

H. Aftab, A. Muhammad and N. Muhammad, On convex structures in pseudometric spaces
and fixed point theorems, J. Ana. Num. Theor. 1 (2017) 57-62.

M. Asandi, Some results of fixed point theorems in convex metric spaces, Nonlinear Funct.
Anal. and Appl. 2 (2014) 171-175.

D. P. Bertsekas, Stochastic optimization problems with nondifferentiable cost functionals. J.
Optimization Theory Appl. 12 (1973) 218-231.

F. E. Browder, Nonexpansive nonlinear operators in a Banach space. Proc. Natl. Acad. Sci.
U.S.A. 51 (1965) 1041-1044.

I. Bula, Strictly convex metric spaces and fixed points, Mathematica Moravica 3 (1999) 5-16.

R. De Marr, Common fixed points for commuting contraction mappings, Pacific j. Math. 13
(1963) 1139-1141.

C. Dewangan, B. Shaema, Fixed point theorem in convex metric space. Math. 25, 1 (1995)
9-18.

N. Dung, Remarks on quasimetric-spases. Miskolc Math. 2 (2014) 401-422.

D. Henroin, Convexity, Princeton University Press, https://hal.archives-ouvertes.fr/hal-
i |

" W. ibis, Abst comn ruct in topology 1d t the Un ity

Silesia Katowice, 1999.

H.-P.A. Kunzi, F. Yildiz, Convexity structures in Tp-quasi-metric space, Topology Appl. 200
(2016) 2-18.

44



Chapter 6

(14]

15)

[16]

(17]

(18]

[19]

[20]

[21]

M. Moosaei, Fixed Point Theorems in Convex Metric Spaces, Fixed Point Theory and Appli-
cations, (2012).

0. Olela Otafudu, Convexity in quasi-metric spaces, PhD thesis, University of Cape Town,
2012.

0. Olela Otafudu, On one local retract in quasi-metric spaces, Topology Proc. 45 (2015) 271-
281.

S. Salbany, Bitopological spaces, Compactifications and completions, Math. Monographs, no.
1, University of Cape Town, Depart. Math. 1974.

T. Shimizu, W. Takahashi, Fixed point of multivalued mappings in certain convex metric
spaces. Topol. Methods Nonlinear Anal. 8 (1996) 197-203.

T. Shimizu, W. Takahashi, Fixed point theorems in certain convex metric spaces. Math. Japon.
37 (1992) 855-859.

W. Takahashi, A convexity in metric space and nonexpansive mappings, I, Kodai Math. Sem.
Rep. 22 (1970) 142-149.

L.A. Talman, Fixed points for condensing multifunctions in metric spaces with convex struc-
ture, Kodai Math. Sem. Rep. 29 (1977) 62-70.

43



