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Abstract Using the dynamical systems approach together
with the cosmographic parameters, we present a model-
independent dynamical system formulation for cosmology
in f(R) gravity. The formulation is model-independent in
the sense that one needs to specify not a particular func-
tional form of f(R) a-priori, but rather a particular cosmo-
logical evolution, which fixes the cosmography. In a sense,
our approach is the way around the reconstruction method.
This is shown using both non-compact and compact dynami-
cal variables. The focus in this paper is on the compact analy-
sis since we demonstrate the applicability of this formulation
using examples of bouncing and cyclic cosmology. In par-
ticular, our analysis reveals, in a model-independent manner,
the problem of achieving such cosmologies when the uni-
verse is globally spatially flat and devoid of matter.

1 Introduction

The standard cosmological model is built upon two key
assumptions. Firstly, we assume that General Relativity cor-
rectly describes the interaction between the geometry and
matter of the universe. Secondly, we assume that on large
scales, the universe is homogeneous and isotropic, which is
known as the Cosmological principle. While this may seem
counter-intuitive, based on our living experience of clumped

2 e-mail: saikat.ch@nu.ac.th
b e-mail: lwxcha023 @myuct.ac.za
¢ e-mail: asagrawal.sbas@jspmuni.ac.in (corresponding author)

de-mail: peter.dunsby @uct.ac.za

Published online: 26 December 2024

matter, i.e., inhomogeneity on small scales, we choose to
work on a homogeneous and isotropic background and intro-
duce perturbations to account for the large-scale structure that
we observe. In order to describe, geometrically, this kind
of background, we make use of the Friedmann—Lemaitre—
Robertson—Walker (FLRW) metric. The primary evidence
for the Cosmological Principle is the observed uniformity
of the temperature of the Cosmic-Microwave Background
(CMB) [1]. Thus if we adopt the homogeneity and isotropy
as an appropriate description of our universe, we then need
to develop our understanding of the gravitational interaction
in order to describe both the background expansion history
and the evolution of large-scale structure.

General Relativity (GR) has been extremely successful at
correctly describing the gravitational interaction on scales
ranging from the solar system to extragalactic scales. This is
supported by a growing database of observations. However,
if one accepts the geometry presented by the FLRW met-
ric, then observational evidence seems to suggest that our
universe is undergoing accelerated expansion in the present
epoch, thus contradicting the attractive nature of gravity in
the standard GR model. There seem to be two lines of thought
as to why this is the case. The first proposition involves the
existence of “Dark Energy”, a mysterious matter component
which currently dominates the energy density of the universe.
This component appears to affect gravity in such a way that
it becomes repulsive in its presence. While this possibility
keeps the GR description of gravity, it leads to the problem
of finding a physical description of Dark Energy. A popu-
lar candidate is that of the cosmological constant A, which,
when added to the Einstein—Hilbert action, presents itself
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with a constant energy density and equation of state param-
eter o = —1. The famous ACDM model of the universe is
made up of A as well as another mysterious component, Cold
Dark Matter (CDM) [1]. While it has been shown that this
model agrees mostly with observations, it suffers from some
problems, particularly the fine-tuning of the energy density
of A. The quantum vacuum energy is the only known pos-
sibility for describing A. However, its value calculated in
quantum field theory differs from the observed value of A
by between 50 and 120 orders of magnitude [2].

Thus, we consider the second line of thought attempting to
explain our universe’s accelerated expansion. While the first
approach involved altering the right-hand side of Einstein’s
equation G, = «T},,, one may also consider altering the
left side i.e., the acceleration of the universe could be a sign
of a break down of the description of the gravitational action
according to GR [3,4] on cosmological scales. Modified the-
ories of gravity ask the question of whether our understanding
of how gravity behaves at large scales is correct. An active
area of studies of Modified Gravity involve modifying the
Einstein—Hilbert Lagrangian by introducing, in general, two
propagating scalar gravitational degrees of freedom in the
following form:

R — f(R, ).

These degrees of freedom present themselves as an explicit
scalar field ¢ as well as a hidden propagating degree of free-
dom given by F(R, ¢) = % [3,4]. The matter part of the
Lagrangian remains as it is.'

Of particular interest (both in general relativity and its var-
ious extensions) is whether the Universe originated from a
singularity at the beginning or began expanding after a non-
singular bounce-like phase. Since the inflationary scenario
can generate a power spectrum that is almost scale-invariant
and in line with the most recent observations, it is an appeal-
ing early Universe scenario. Despite inflation’s successes, it
still depicts a universe that originates from a singularity. In
that regard bouncing cosmology idea is an attractive alterna-
tive to the inflationary paradigm. In the case of the bouncing
scenario, the universe begins in a contracting period, bounces
and when the scale factor acquires minimum size, and then
begins to expand again. As aresult, the bounce happens when
H = 0and H > 0. In some bouncing cosmology scenar-
ios, in addition to producing an observationally compatible
power spectrum, having an expansion history free of an initial
singularity is another benefit of such a model.

The modified Friedmann and Raychaudhuri equations, in
conjunction with the matter equation of state, make up the
closed set of field equations for f(R) gravity. In general,

! From a particle physicist’s point of view, adding a scalar field, even
in the gravity sector, does change the standard matter content as known
in the standard model of particle physics.
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they make up a complicated collection of coupled non-linear
partial differential equations. To retain the cosmological prin-
ciple, we primarily use homogeneous metrics in cosmology,
which causes the cosmological field equations to collapse
into a collection of coupled nonlinear ordinary differential
equations. In order to extract quantitative as well as qualita-
tive information about the evolution of such nonlinear sys-
tems, the dynamical system approach can be a useful strategy
for studying these equations. The cosmological field equa-
tions can be written as a closed set of coupled first-order non-
linear differential equations, which constitutes the dynami-
cal system, by appropriately defining a set of dimensionless
normalised dynamical variables in the dynamical system for-
mulation of cosmology. Dynamical systems can be divided
into two categories: continuous dynamical systems, whose
evolution is described by a collection of ordinary differen-
tial equations and time-discrete dynamical systems, whose
evolution is described by a map or difference equations.

In this paper, we generalise a method first introduced in [6]
in which the reconstruction methods are completely avoided
by making use of a dynamical systems approach that does
not require the knowledge of the functional form of the f(R)
model. The dynamical systems approach has the advantage
of providing us with a qualitative understanding of cosmo-
logical models and have seen much success in cosmology
(see [7] for an application to the A CDM model). Almost
all past autonomous (not explicitly time-dependent) dynam-
ical system approaches to f(R) models in literature have
required the functional form of f(R) to be specified in order
to close the system. One can avoid this by introducing a set
of dimensionless cosmographic parameters which relate to
the kinematical description of the universe [8]. These param-
eters are obtained by taking a Taylor expansion of the scale
factor around the present redshift. As was shown in [6], if a
kinematical description of the universe is specified, then these
parameters define a new constraint which allows the dynami-
cal system to be closed. Therefore, one can solve the system,
find the fixed points and study the phase space dynamics
without knowledge of the functional form of the f(R) grav-
ity and in fact, use this method to explicitly determine the
form of f(R) from the cosmological dynamics.

This cosmography approach is applied to several expan-
sion histories that admit cyclic and bouncing behaviour. By
fixing the expansion history, one can easily determine the
relationship between the higher-order cosmographic param-
eters, allowing one to close the system of dynamical equa-
tions in a way which is independent of the form of f(R). Our
approach is especially well suited to investigate spatially flat
and purely curvature driven nonsingular cosmologies, as in
this case the phase space becomes two-dimensional and we
can clearly show in the phase space the region where the
cosmology is free from any theoretical pathology.
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This paper begins by deriving the field equations for a gen-
eral f(R) gravity under the usual isotropic and homogeneous
FLRW background with a perfect fluid. In Sect. 4, we present
the model-independent dynamical systems formulation and
compactify the phasespace in Sects.5 and 6. In Sect.7, we
apply our formalism to three examples where the expansion
history is fixed by choosing the explicit form of the scale
factor. This allows one to determine the relation between the
deceleration and jerk parameters and thus close the system.
Finally, in Sect. 9, we present our conclusions and comment
on possible future work.

2 Field equations and the dynamical system for f(R)
gravity

f(R) gravity can be derived from the following action [3,4]:

1
§= E/x/—gd“x[f(R) +2Ly], ey

where k = 87 G, G being Newton’s gravitational constant,
g is the metric determinant, f(R) is a function of the Ricci
scalar R, L, is the matter action. Varying the action with
respect to the metric yields the field equations

1 Ty [f(R) — RF(R)]
Gn = Folyn = 3R = T+t
VuVyF(R) — g;wDF(R)

F(R) ’ @
where the prime denotes a derivative with respect to R, T}, is
the energy momentum tensor and F(R) = f’(R). In writing
the field equation in the above manner we have, naturally,
assumed F(R) # 0, otherwise, there would be no gravity.
f(R) theories of gravity propagate an extra scalar degree of
freedom in the gravity sector, sometimes dubbed as a ‘cur-
vaton’, as made clear from the trace field equation

RF(R) —2f(R)+30F(R) =«T, 3)

f(R) = R is the trivial case for which the action reduces
to GR, in which case the above equation becomes algebraic.
Thus, there is no extra propagating scalar degree of free-
dom. The absence of ghost and tachyonic instability requires
f(R) = F(R) > 0and f”"(R) = F'(R) > 0 respectively
[3.4].

For a Friedmann-Lemaitre—Robertson Walker (FLRW)
metric

d 2
ds®> = —dt* + a*(t) _a +r2do® + rzsin29d¢2 ,
(1 —kr2)
“4)

and in the presence of a perfect fluid T} = (—p, P, P, P),
the modified Friedmann and Raychaudhuri equations can be

neatly expressed as

k
3F <H2+;> = Kpeft = k(p + PR), (5a)

. k
—F (2H+3H2+a—2) = Kk Peff = k(P + Pg), (5b)

where p, P are the fluid energy density and pressure, and
the curvaton energy density and pressure are

(6a)

1 .
kpr = 5(RF — f) =3HF

k PR =F+2HF—%(RF—f) (6b)

Over dot represents the differentiation with respect to cos-
mic time throughout the paper. The perfect fluid follows the
standard continuity equation

b =—=3H(+w)p. @)

The effective equation of state parameter and the curvaton
equation of state parameter are defined, respectively, as

] 2,k
Py 2H+3H?+ %
et =~ = (8a)
Peff 3H +a_2
Pr  F+2HF — X(RF - f)
WR = — = 1 2 0 . (Sb)
PR L(RF — f)—3HF

The usual dynamical system formulation for cosmology in
f(R) gravity in terms of expansion-normalized (or Hubble-
normalized) dynamical variables was introduced in [9-1 1].2
The formulation starts with the introduction of dimensionless
dynamical variables

F R f
X = e = -, = ——F,
HF T 6H2 T 6Fm?
_kp K- k ©)
T 3FH?’ T a?H?

They are obtained by dividing the modified Friedmann equa-
tion (5a) by 3F H?, and satisfy the constraint

—x4+y—z+Q-K=1. (10)

Note that the above definitions of the dimensionless dynam-
ical variables are viable only for F # 0 and H # 0. Intro-
ducing on the phase space a dimensionless time variable
T = €lna (¢ = H/|H| = =1 for expanding/contracting
universe) and the auxiliary quantity

dinR F
dinF =~ RF"’

the dynamical system can be written as

I'(R) =

(1)

2 For a slightly different formulation, also in terms of Hubble-
normalized dynamical variables, see [12].

@ Springer
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d
TX = 47— 23— 24+ Dx+2y + Q(x + 1 — 3w),
€at

(12a)
dy
— =y[2Q -2z -1 +x(T —2)], (12b)
edrt
dz
— =272(—2z4+2Q —3x +2) + xyT, (12¢)
edt
dQ
—= —QBx +2(z— Q)+ Bw+ 1)), (12d)

where K has been eliminated using the constraint (10). For
a given functional form of f(R), one can write the relation
y _RE (13)
. f

To make the dynamical system autonomous, it is necessary
to invert the above relation to find R = R(y/z), provided,
of course, that it is invertible. When this is possible, one can
close the dynamical system by writing ['(R) = I'(R(y/z)).
In practice, this is possible only for very specific forms of
f(R).

Under the assumption H # 0 that underlies the choice of
the dimensionless dynamical variables in Eq. (9), cosmolog-
ical solutions with vanishing Ricci scalar form an invariant
submanifold, y = 0, which divides the entire phase space
into two disjoint sectors containing solutions with positive
and negative Ricci scalar. This fact will be useful in Sect. 5,
where we will present the compact dynamical system formu-
lation.

At this point, let us discuss the limitations of the standard
formulation presented in this section. As we have stressed
before, the variable choice (9) works only as long as F' #
0, H # 0. F # 01is a reasonable requirement because oth-
erwise there would be no gravity. The requirement H # O,
however, stops this formalism from any cosmological sce-
nario that has a bounce or a recollapse. Moreover, note that
the phase space time variable T = € In a is defined such that
t = |H| rather than T = H, so that the formulation remains
applicable in both expanding and contracting universes.? The
function (¢) is not smooth. Although it can be made C Lif
the scale factor at bounce is defined to be unity, it is not c?
because T involves the derivative of | H (¢)| with respect to t,
which is not continuous at H = 0. This flaw is one of the big
motivations in formulating the compact dynamical system
formulation presented in Sect. 5.

3 Some words about cosmography

The basis of the compact dynamical system formulation that
we will present in this paper is the use of cosmographic

3 Any redefinition of time should be such that the new time variable is
a monotonically increasing function of time.

@ Springer

parameters. These are kinematic parameters arising from the
Taylor expansion of the Hubble parameter. The 0-th to 5-th
order cosmographic parameters are as follows:

H="2, (14a)
a
__ a1 14
1=imar T T (10)
) 1 d%a H
]Emﬁzm—&]—z, (14c)
1 d*a H
S=—m g = i T4 3@+ +6, (144d)
1 da HW
= e = e 55— 10 +3)(g +2) 24,

(14e)

and are called the Hubble, deceleration, jerk, snap, and lerk
parameters, respectively. Of course, one could go on to con-
struct even higher-order cosmographic parameters. There is
an infinite hierarchy of them.* As we will see, cosmography
in f(R) gravity does not require us to go beyond the lerk
parameter (see also [14]). The following relations between
the cosmographic parameters are helpful [8, 13]

dq

i = 2g° S —— 15

J q-+q i (I15a)
dj

=— — j(2+3qg), 15b

S = Tar J(2+3q) (15b)
ds

= — —s(3+49). 15
Hai s(3+4q) (15¢)

A given cosmic evolution, if believed to be the solution of
either GR or some f (R) theory, can always be specified by an
algebraic relation between a finite number of cosmographic
parameters. Let us elaborate on this point using a simple
example from GR. The cosmic evolution corresponding to
the standard ACDM model of cosmology is a solution of GR
plus a cosmological constant, and satisfies the field equation

k kpo A

H>+— =2 4+ 2. 16
+a2 3a3+3 (16)

The above equation contains H and the quantities

<a% %, A). The first and second time derivatives of Eq.
(16) give

-k Ko

H — a_2 = _ﬁ’ (173)
H 2k 3kpo
== 17b
H + a? 2 a3 (17b)

The above equations, along with Eq. (16), can be used to
solve (;‘—2, %, A) in terms of (H, H, H) from these three

equations. Take, now, the third time derivative of Eq. (16)

4 For some nice reviews see [8,13].
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and substitute the expressions for (ak—z, %, A). The result-
ing equation can be expressed entirely in terms of the cos-
mographic parameters [15]

s+2(q+j)+qj=1 (18)

For the special case of spatially flat or vacuum cosmologies,
one need not go up to the third derivative of Eq. (16) and
the snap parameter is therefore unnecessary. This is the case
for spatially flat ACDM cosmologies which gives rise to the
simpler and well-known cosmographic condition j = 1.

A similar exercise could be performed for cosmic solu-
tions of f(R) theories. If a cosmic evolution a(t) is believed
to be a solution of some f(R) theory in the presence of a
perfect fluid with a constant equation of state w, then it must
satisfy the modified Friedmann equation (5a), which con-

tains up to the second derivative of the Hubble parameter,

H , and the quantities (f—z %) Taking a time derivative

of this equation gives the modified Raychaudhuri equation
(5b), which contains up to the third derivative of the Hub-

ble parameter [/, and the quantities (a%, a;&%) These two

equations can be used to solve the two constants <ak—2 , ﬁﬁ%)

in terms of the (H, H , H H ). Take, now the third deriva-

tive of the modified Friedmann equation (5a) and substitute

the expressions for (a%, %) The resulting equation can

be expressed purely in terms of the cosmographic parame-
ters H, ¢q, j, s, . One does not need to go beyond the lerk
parameter [3]. Again, for spatially flat or vacuum cosmologi-
cal solutions of f(R) theories, one need not go up to the third
derivative of Eq. (5a) and the lerk parameter is unnecessary.
For spatially flat and vacuum cosmological solutions, one
need not even consider the modified Raychudhuri equation
Eq. (5b) and the modified Friedmann equation itself rep-
resents a cosmographic relation going only up to the jerk
parameter.

4 A model-independent dynamical system formulation

Utilizing the cosmographic parameters, a model-independent
dynamical system formulation was proposed in Ref. [16],
which does not require one to specify a-priori an f (R) model,
i.e., a functional form of f(R), while still allowing one to
obtain a closed autonomous system. In terms of the same
dynamical variables, as defined in Eq. (9), the Friedmann
equation and the definition of the Ricci scalar provide two
constraints

y=1—-¢g+K,
7=Q—x—¢q

(19a)
(19b)

The resulting dynamical system for barotropic perfect fluid
of equation of state parameter w is

d

é =x(@—x)+2(0x + K +¢q) —3Q(1 4+ w) +2,
(20a)

dQ

— = —-Q(x —2q9 +1+43w), (20b)

edt

dK

— =2¢K, (20¢)

edt

d

L gy g -, (20d)

edrt

dj .

— =j2+43q)+s, (20e)

edt

ds

— =53 +4q) +1. (20f)

edt

where y, z have been eliminated by the constraints (19). In
principle, one could go on and obtain an infinite number
of equations since there is an infinite hierarchy of cosmo-
graphic parameters. But, as we discussed in Sect. 3, any cos-
mic evolution that is a solution of some f(R) gravity can be
expressed as an algebraic constraint involving up to the lerk
parameter [3]. Therefore one does not need to go beyond Eq.
(20f). When one tries to reconstruct the f(R) starting from a
given cosmological solution a(z), one of course believes that
there is an underlying f(R) theory of which a(¢) is a solu-
tion. The dynamical system formulation based on the cos-
mographic parameters is in some sense an alternative to the
reconstruction method. Therefore it is completely justified to
take into consideration only up to Eq. (20f). This particular
formulation allows one to study the phase space of all those
f (R) theories that can reproduce a cosmic evolution given by
the cosmographic condition I = I(g, j), without explicitly
reconstructing the underlying f(R).

The dynamical system (20) reveals the existence of
another invariant submanifold K = 0, containing spatially
flat solutions. The existence of this invariant submanifold
was not apparent from the dynamical system (12) because we
chose to eliminate the variable K using the Friedmann con-
straint. This submanifold divides the entire phase space into
two disjoint regions, containing spatially positively curved
and spatially negatively curved solutions. Present-day obser-
vations marginally disfavor spatially negatively curved solu-
tions (see, for example, [17]), so we can safely assume that
the physically interesting cosmological dynamics take place
in the K > 0 region.

For a cosmological solution to be physically realistic, it
should be close to the present-day observable universe at z =
0 (z being the redshift). Atz = 0, K = 0, ¢ =~ —0.55, giving
a positive value for y. Since y < 0 solutions can never cross
into the y > 0 region and vice versa, we can safely assume
that the physically viable cosmological solutions lie in the
region y > 0. Even for non-singular bouncing cosmologies,

@ Springer
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which we will investigate later, g — —oo at the bounce gives
y > 0. From the above discussions, we can safely say that the
physically interesting cosmological dynamics happen within
the disjoint region y > 0, K > 0. This fact will be useful
in the formulation of the compact phase space in the next
section.

It can be noted that

M =6(x+z—Q) +j+3¢—2y @21)

Eliminating y and z on the right-hand side by using the con-
straint (19a) and (19b) and using the definition of I" one can
write

1 6FH x

_ = . 22
yI' F j—q—2K -2 (22)

We recall that the absence of ghost and tachyonic instability
requires F > 0, F’ > 0. Assuming that the condition F > 0
is met, demanding F’ > 0 puts the following constraints on
the phase space

X

— >0 23
j—q-2K-2°~ 3

Therefore, not the entire phase space is physically viable. The
physically viable region of the phase space, where the theory
is free from ghost and tachyonic instability, must necessarily
satisfy the constraint (23). One must be careful, though; this is
not a sufficient condition. It is certainly possible that a region
of the phase space satisfying the condition (23) is plagued
by both ghost and tachyonic instability (F < 0 and F’ < 0).
To be sure, one must explicitly calculate F, F’ along a phase
trajectory of interest. In a region of the phase space, if the
condition (23) is satisfied and also the dynamical variable
Q= % > 0, then one can definitely say that the region
is physically viable. We will see that this will be important
in example III of Sect. 7.

5 Compact dynamical system formulation

In this section, following [18-22], we present a compact
dynamical systems formulation for f(R) gravity. In this
approach, all the dimensionless dynamical variables are by
definition compact, giving rise to a compact phase space.
Such a compact phase space formulation allows us to obtain
a global picture of the dynamics, allowing us to investigate
fixed points at infinity. Moreover, the formulation is made in
such a way that it can be used to investigate the phenomena
of non-singular bounce and re-collapse from the phase space
point of view.

The compact phase space formulation presented here is
valid for solutions with non-negative global spatial curva-
ture (k > 0) and non-negative Ricci scalar (R > 0). This
does not pose any limitation from the physical point of view

@ Springer

because, as we have already discussed in the previous sec-
tions, this is a disjoint region in the phase space where all
the physically interesting cosmological dynamics take place.
Two other crucial assumptions that are required to make this
formulation work are f > 0 and the ghost instability never
arises (F > 0). In light of the above requirements, this for-
mulation is very suitable to investigate the phase space of
theories like R + «R" (¢ > 0, n € R) [19] or the Hu-
Sawicki model [21].

The compact phase space formulation starts with rewriting
the Friedmann equation as

3H+3F2+3 S 6Ky _3p 3R, 3F 0\’
2F) T2\FrT )T F T2 TP )
(24)

allowing for the introduction of a new normalization factor
D defined as

s\ 2
3F 3 6k
DZ:(3H+§F> +§(%+a—2>. 25)

Note that, for k > 0, the quantity D is positive definite D >
0. A new set of dynamical variables are then defined as,

__3F1 _ 3R _ 3f1 o3

YT2Fp YT2pr *T2Fp YT po

- 3p 1 - 9% 1

Q=""1_—_, - 26
F D? a2 D? (26)

We now have two independent constraints equations, one
derived from the Friedmann equation (24) and the other just
from the definition of D in (25),
Q+y+it=1,
(O+0*+7+K=1

(27a)
(27b)

The above constraints, together with the assumptions k£ >
0, R>0, f >0, F > 0, compactify the phase space

re[-1,11, 0e[-2,2] ¥, 7, Q, K €]0,1] (28)

A new phase space-time variable 7 is also defined as
dt = Ddt. (29)

Note that the normalisation D is chosen in such a way so that
it may be strictly positive in order for the function 7 (¢) to be
monotonically increasing.’ The compact and the usual non-
compact dynamical variables and time variables are related

3 One can argue what happens if D? = 0. This is possible only for the
very special situation 3H + %% = f = k = 0. However, this is not
possible identically. For example, even if one considers a spatially flat
universe k = 0, note that f(R) cannot be identically zero, otherwise
there would be no gravity whatsoever. f(R) = 0 corresponds to z = 0,
and this is not an invariant submanifold. Similarly, one cannot have
3H + %% = 0 identically, as this would mean Q + X = 0 and this,
again, is not an invariant submanifold. Since D? cannot identically
vanish, one can still proceed with the dynamical system formulation.
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as follows In constructing the compact dynamical system (31), we
2% 5 z % chose to eliminate €2, z. If we instead choose to eliminate
X=—=, y==, z2=—=, K=—, y, Z, then we arrive at the following dynamical system:
0 0 0?2 0?2 )
C 0 @ _ 17 — 142K 450 —25*K +20% - 2520
Q=—, edrsztzgdr. 30) iz 6 x X X
_3 = _4 = - = -
_ —F0+#) = Q1 +30) + 3501 + 0)(0 + %
The case of Q = 0 and hence H = 0 (point which connects Q ( ) ( )(Q )
expanding and contracting trajectories) is allowed within the 252 (1 _o_ £2> F], (32a)
compact formalism but not within the non-compact formal- B B
ism. This was discussed in Sect.2 but also is apparent from dQ  Qr. - -- = _ -,
the relationships above. Using the constraint equations, we 77 — §[3(x9 +0Q - 0)(1+w) —2x (1 —Q2—x )
can eliminate z, €2 to arrive at the following autonomous _ = - 5= _3
system [ — 4707 — 47K — 2720 + 2% ] (32b)
di 1 dQ 1y, -~ - _ -
. 7[—2)zzyr + (1 =3w)(1 — 22— 5) +25 a9 _ —[SQQ(I + ) (Q+ %) —2K —40% +250
dt 6 dt 6
+4(2-1) (1= 0%~ 30) + 50 + 1] (3la) —2QFM = 1) (1 - @~ &) - 450K
dy 1.r - _ /.. _ _ _ = _ _ _
= =3[0 +0(25 - (1 +30)1 -5 —5) +470) —2)22Q2+2)E3Q—4)EQ3], (32¢)
—20 — 4% +2X0'(G — 1) + 45K dk  Kr _ _ . - _3
x ((1+30)1 -2 - 5) - 27) +4K(1 - )], Glb)  dr E[‘“‘ —4Q - 8IK - BIQT-4TQ 44X
5 1 L o +6Q(1 +@)(0 + ) — 4% (1 -2~ )1,
90 _ [~ 420® + 705 +30)(1 — £0) ~ 0°(1 ~ 30) (I+ @) (Q+1) —4x X
dt 6 (32d)

— 0% (1 +3w) —350(1 + w)(Q + ¥)
125(1 - TOx) — 2K (1 +2)EQ)], (31¢)
dK -1 - -

== —3K[@+D( - 1 +30)(1 -7 —5) +470+25)

4R — 1) + 22y1“], (31d)
where I' = % is the same auxiliary quantity as defined in
Eq. (11). Just like the usual dynamical system formulation
of Sect.2, the applicability of this compact formulation is
also limited by the requirement that it should be possible to
express I" in terms of y and z, thus closing the system (31).

6 A model-independent compact dynamical system
formulation

Inspired by the model-independent dynamical system for-
mulation presented in Sect.4, we now try to construct a
similar model-independent formulation, but in terms of the
compact dynamical variables. Such a formulation will allow
us to investigate the global phase space structure of those
f(R) theories that satisfy a particular cosmographic con-
straint without requiring us to reconstruct their exact mathe-
matical form, which might be too complicated for any prac-
tical purpose. The only restriction on the mathematical form
of the f(R) theories are the ones required for the compact
formulation to work, namely f > 0, F > 0. We will again
make use of the cosmographic deceleration and jerk param-
eter.

The auxiliary variable I', which encodes the information
about the explicit form of f(R), enters the dynamical system
only through the combination

¥(1—-Q—x)I =xyr. (33)

Using the mapping (30), the relations (21) and the constraints
(27), it is possible to express the above expression in terms
of the cosmographic deceleration and jerk parameter

A3
i(l—Q—iz)Fz%(j—q—Z)—KQ. (34)

Substituting this back into the system (32) gives the dynam-
ical system

dx _ 1 Y N S R, 0
= = 6[2(—1+2K+xQ—2x K +20%-2:20
-390 +x4> — Q1 +3w) +33Q(1 + 0)(0 + %)
—xQ3(j—q—2)+2ﬂ€Q], (35a)
a9 Qp N
= =3[+ 00-01+w) - 0%i—g-2)
T 3
12RQ — 4702 — 43K — 2720 + 2);3], (35b)

1 _ _ _ _
9 _ 7[3QQ(1 + ) (0 +7) — 2K — 40>
dt 6
+2xQ—Q4(j—q—2)+21€Q2+2(1—s'z—)zz)
470K —2520% + 2730 — 4xQ3], (35¢)
K _ 5[4%—4@—8213—8£Q2—4)22Q—|—4)E3
dt 6
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+62(1 +)(Q +5) —20°( —q —2) +4K 0|, (35d)

which contains no I'-term, but instead contains the cosmo-
graphic parameters g, j. The last piece of the trick is to use
the definition of the Ricci scalar in Eq. (19a), the mapping
(30) and the Friedmann constraint (27a) in such a way as to
be able to write

_ Y-k _ | 1-Q-F-K 36
e Tl e o

If a cosmic evolution can be specified by an algebraic rela-
tion of the form j = j(g), then the dynamical system (35),
together with the relation (36), provides a model-independent
dynamical system, in the sense that it can be used to inves-
tigate the phase space of all such f(R) theories that support
the cosmology j = j(q).

We notice the existence of two invariant submanifolds cor-
responding to the spatially flat case (K = 0) and the vac-
uum case (Q = 0). At the intersection of these two invari-
ant submanifolds, which is an invariant submanifold itself
corresponding to the spatially flat vacuum case, the flow is
two-dimensional.

The physically viable region of the phase space, where
the theory is free from ghost and tachyonic instability, is
constrained by the conditions F > 0, F’ > 0. Noting that

2F'D* 1 _ 2%
3 F  (1-Q-3)T Q%j—q-2-2KQ0’
(37)

the physically viable region of the phase space must neces-
sarily satisfy the condition

2x

_ _— >0. 38
Q(j—q—2-2KQ ~ oY

The above condition is equivalent to the condition (23).
We recall that the condition (23) was only a necessary con-
dition but not a sufficient condition for the physical viability
of a region of the phase space. This is because the condition
(23) is also satisfied when both ghost and tachyonic insta-
bility are present simultaneously. However, we recall that
F > 0 was actually a key assumption to construct the com-
pact phase space. Without this assumption, the dynamical
variables defined in (26) would not be bounded. Therefore,
the condition for the absence of ghost instability, namely
F > 0, is already implicitly present in the compact phase
space analysis. Thus, for a compact phase space analysis, we
can safely take the condition (38) to single out the physically
viable regions of phase space.

@ Springer

7 Applications

To illustrate the applicability of the model-independent com-
pact dynamical system formulation constructed in the previ-
ous section, we now apply the formulation to three simple
cosmological scenarios: two nonsingular bounce scenarios
and a cyclic cosmology. Here, by “simple”, we mean that,
although the cosmographic relation corresponding to a very
generic cosmological solution of an f'(R) theory can involve
up to the lerk parameter, the particular examples we consider
here correspond to a much simpler cosmographic constraint
j = j(q). To do this, we proceed as follows: Firstly, we
specify a cosmological scenario as a given function of time,
a(t) or H(t). From there, it is straightforward to calculate
the deceleration parameter

1 d’a H
N=——s—=—1——, 39
and the jerk parameter
1 da H
j(t) = —5——5=-2-3 —. 40
j0) = — 5 a9+ 3 (40)

Provided that we can use the two equations above to write
j = j(g),° we can now use the expression (36) for g to close
the dynamical system. In practice, we note that g and j appear
in the system only through the combination Q3(j — ¢ — 2),
so for each of the cosmological scenarios, we will present
the expression of this quantity explicitly.

The cosmic evolution corresponding to the fixed points

can be obtained by calculating the deceleration parameter
i
fixed points for which the limiting value of the quantity %

qg =—1-— using the expression (36), except for those

on approach to the fixed point is indeterminate; % — :l:%.
This occurs when

0=0, Q+3*4+K=1. (41)

For such points, we cannot determine the cosmic evolution
by this method. Let us elaborate on this point from a more
geometric point of view. Equation(36) can be written as

Q+P+K+U—q0° =1, 42)

which shows that hypersurfaces of constant ¢ correspond in
general to a family of three-dimensional hypersurfaces within
the four-dimensional phase space. All these hypersurfaces
of constant ¢ intersect at the curve given by Eq. (41). If a
fixed point lies on one specific such hypersurface, then its
cosmology can be determined unambiguously. However, if a
fixed point lies at the intersection of all these hypersurfaces,
i.e., on the curve (41), then one cannot uniquely identify

6 It does not necessarily require ¢ = ¢(t) to be invertible. In all the
three subsequent examples considered, g (¢) is an even function and
therefore non-invertible. Nonetheless, we are able to write j = j(g).
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the cosmology corresponding to such a fixed point.” This is
an artefact of the particular choice of the compact variables
(26).8 As we will see below, all three examples we consider
have fixed points like this, so we need to be careful while
interpreting the cosmology corresponding to such points.

We should emphasize that the success of the formulation
that we develop here depends crucially on being able to write
a cosmographic relation j = j(g). This is the case for the
examples we considered here, but this will not be the case in
general, since the cosmographic condition corresponding to
a generic cosmological solution of an f(R) theory will also
contain snap and lerk parameter.

7.1 Example-I

As our first example, let us take the ansatz

Bt

Ht) = ———, 43
Where —o0o0 < t < 00, o being the characteristic time-scale,
i.e., [¢] = [t] and B > O is the dimensionless (stretch-

ing) constant. For [t| > «, H(t) ~ B/t and for |f| < «,
H(t) ~ pt/a®. This ansatz therefore represents a cos-
mic evolution that connects a power law contraction phase
a@®) ~ (=P toa power law expanding phase a(t) ~ P
through a nonsingular bounce of the form a(z) ~ P12
This ansatz was considered in the Ref. [23] where the authors
were concerned about the behaviour of small shear during
such an evolution. Following [23], we consider the numeri-
cal value of B to be the same as « for the sake of simplicity.

The deceleration parameters can be calculated from Eq.
(39

2_ .2
a” —1
=—-1- , 44
q s (44)
inverting, which we get
2
o % 45)
I —a(l+q)

The jerk parameter can be calculated from Eq. (40). Using
the above expression for 2 in terms of ¢ we get

oa—2
5 [2—a(2+39)]. (46)

j =
Finally, we obtain

Q3<j—q—2>=@Q<l—§z—x2—k>

7 One can think of this situation as being similar to what one encounters
is plane polar coordinates (r, ). The origin does not have a unique 6
coordinate as all @ = constant lines intersect at the origin.

8 One may not encounter this issue if one uses, say, the Poincaré com-
pactification prescription [11]. The particular compactification prescrip-
tion used here is used because of its advantage in the clear depiction of
bouncing trajectories.

3
—2(201 —3a+1), 47

which gives us the following dynamical system

£=1[2<—1+2E+2Q—2f2k
dt 6
+2Q2_2x2Q2_£3Q +£4)
—Q(1 +3w) + 3521 + 0)(Q + %)
203 s e o g
o
4xQ (2a —3a+1)+2ﬂZQ],
(48a)
d—s_zzg[3(m+és'z—g)(1+w)
dt 3
e IR S o
o
A3
4Q (202~ 30 +1) +2K 0~ 450?
—4)21% 2220 + 2323], (48b)
2=1[3Q§Z(1+a))(é+f)—2k—4Q2+2fQ
dT 6
B I S o
~4
4Q (Za 3+ )
+21€Q2+2(1—§2—f2)—4iQ1€
07202 +27%0 — 4% Q3], (48¢)
d—l_(=5[4}2—4Q—8)EI?—8XQ2—4JE2Q+4JE3
dt 6
+6Q(1 + w)(Q + ¥)
420 —3) - -
AT b0 -a-R2 - k)
(07
8Q <2a —3a+1)+41€Q]. (48d)

The fixed points of this dynamical system for the case of
dust (w = 0) and assuming the parameter value « = 2/3 are
listed in Table 1.

In general, the phase space is four-dimensional. Figure 1
shows different projections of a phase trajectory that corre-
sponds to a non-singular bounce. The last panel in the fig-
ure proves that throughout its entire evolution history, the
bouncing cosmology encounters neither ghost nor tachyonic
instabilities.

One can note that the cosmology corresponding to the
fixed points Bj+, Bg+, B7 cannot be determined from the
deceleration parameter, but has to be found in other ways. We
note that, for all these fixed points, Q = 0, i.e., H = g =0.
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Table 1 Fixed points, Jacobian eigenvalues, stability and the respec-
tive cosmologies for the cosmic evolution corresponding to the ansatz
(43) with @ = 0 and o = 2/3. Cosmic evolution corresponding to the

fixed points B+, Be+, B7 cannot be determined as, according to the
expression (36), g is indeterminate

Fixed points  Coordinates (x, Q, Q K ) Jacobian eigenvalues

Stability Cosmology

Bi+ (£1,0,0,0) [£3. +£% £2,+2) (=) attractor (+) ] — oo limit of a(r) ~ |7|3
repeller
Boi (£0.53,0, F1.20, 0) { + 1.70, £1.20, 70.40, F0.35} Saddle a(t) ~ |13
): (£0.923, 0, £0.545, 0) {¢0W5¢0m5¢0ﬂ4iomu Saddle at) ~ |13
Bas (0, 2+ o) :if” 2 Saddle a@t) ~ |13
312 2 2(«F+~/17 0) 2(+/170-/17) el 2
Bs. (iﬁ,ﬁ,iﬁ,O) { kS iﬁ,if} Saddle at) ~ |13
Be+ (i% 0,0, %) {:Fﬁ’ :Fm, ,0} (+) attractor or Indeterminate
saddle (—)
repeller or
saddle
By (0, %, 0, %) !—,/ %, \/ %, 0, 0} Saddle Indeterminate

This can imply either a static solution a(t) = constant, or
the |t| — oo limit of the asymptotic form of the evolution
(a(t) ~ |t|2/ 3) where a(¢) diverges slower than a(z), essen-
tially making H () — 0. We identify the cosmology corre-
sponding to the fixed points B+ with the latter option, which
is supported by the first panel of Fig. 1. This gives a picture
of a bouncing cosmology consistent with the ansatz (43).
Unfortunately, for Bg+, B7, we still cannot exactly identify
the corresponding cosmology.

For the special case when the bounce occurs in a spatially
flat and vacuum scenario, = 0 and K = 0, the dynamical
system reduces to

dx 1 -~ 22 6272 235 -4
E_E[Z(—l+xQ+2Q — 25202 — % Q+x)
_2Qe =Y 50— K Q <2a —3a+1>]
o
(492)
d0 [ _~ = 22 ~3)0° 2
T T O - T )a- )
2 54
Pt a32a+1)Q 27207 + 257 04707
(49b)

In this case, the phase space is two-dimensional. The fixed
points are presented in Table 2.

The phase portrait is presented in Fig.2, where we also
highlight the physically viable region according to the con-
dition (23). One can note that, in general, all the non-singular
bouncing trajectories do go out of the physically viable region
for some time during their course of evolution, except for the
single trajectory passing through the origin. All other bounc-
ing trajectories encounter either ghost or tachyonic insta-

@ Springer

bility, at least in the vicinity of the bounce. Therefore, one
can conclude that even though globally stable non-singular
bouncing solutions of the form (43) are in principle possible
in f(R) gravity, they are very fine-tuned.

The time evolution of the dynamical variables for the tra-
jectory passing through the origin is shown in Fig. 3.

The f (R) phase space corresponding to the ansatz (43) has
two invariant submanifolds corresponding to g = 177"‘, ZTTQ
This can be seen clearly by inserting the expression of j =
j(g) from Eq. (46) into the first equation of (15)

dq l—«o 2 -«
T o o

They represent three-dimensional surfaces in the four-
dimensional phase space spanned by the variables {x, Q, O,
K}, whose equation can be found using Eq. (36). The inter-
section of the submanifold ¢ = =% With the spatially flat

(50)

vacuum invariant submanifold for(x = 3 is shownin Fig.2 as
the green curve. As can be seen from the figure, the bouncing
trajectories corresponding to Eq. (43) are contained within
the region bounded by this submanifold. Moreover, the sub-
manifold is asymptotic to all the bouncing trajectories, which
is consistent with the fact that the past and future asymp-
totic state of the cosmology (43) have a power law evolution
a(t) ~ |t|* (recall that we have taken the same numeri-
cal value for 8 and « for simplicity). The trajectories that
lie outside the region bounded by the invariant submanifold
q = ITT“ are other possible (non-bouncing) cosmological
solutions of the f(R) theory that could have been recon-
structed starting from the ansatz (43) (more discussion on
this in Sect. 8). The other invariant submanifold ¢ = 2=
lies outside the compact region and is not of any physical
interest.
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Fig. 1 Parametric plots X(7) v/s (%) (upper left), Q1) vis Q1)
(upper right) and K(7) v/s Q(r) (lower left) for a trajectory pass-
ing through the point (x, ,0,K) = (0,0.14, 0, 0.15) for the ansatz
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(43) with @ = 0, @ = 2/3. The lower right panel shows the quantity

m remains positive throughout the entire evolution his-
tory of the bouncing cosmology, signalling a stable bouncing solution

Table 2 Fixed points, Jacobian eigenvalues, stability and the respective cosmologies corresponding to the ansatz (43) witha = 5 2 for the spatially

flat vacuum case

Fixed points Coordinates (¥, Q) Jacobian eigenvalues Stability Cosmology
A+ (£1,0) {:I:%, :I:%} (—) attractor (4) repeller Indeterminate
Ay (£0.53, F1.20) {F1.71,£1.12} Saddle a() ~ |t
Azt (£0.923, £0.545) {F0.78, 70.54} (+) attractor (—) repeller a(t) ~ \t|%

7.2 Example-II

The second example that we consider has a scale factor that
evolves according to

a(t) = agcosh At, (G20

where again —oo < ¢t < oo and A is a positive constant
with [A] = [¢]~!. In asymptotic past and asymptotic future,
the behaviour of the scale factor is e~ and e’ respec-
tively. Therefore, this ansatz represents a cosmic evolution
that connects a contracting De-Sitter (deflationary) phase to
an expanding de-Sitter (inflationary) phase through a non-
singular bounce. This ansatz was introduced in Ref. [24] as

a model of inflation preceded by a bounce. The authors in
Ref. [24] try to reconstruct the f(R), which comes out in a
complicated form. Our approach presents a way around the
cumbersome exercise of reconstruction.

Hubble and deceleration parameters for the above-
mentioned scale factor are

H = )\tanh Az, (52a)
g = —1 — csch? Ar. (52b)
Equation (52a) can be inverted to get

csch’ it = —1 —g. (53)
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0.5

xI
o
o

-05

Fig. 2 Phase portrait for the spatially flat vacuum case for the ansatz
(43) with @ = 2/3. The shaded region is the physically viable region
where the f(R) theory is free from ghost and tachyonic instability (F >

0, F’ > 0). The green ellipse corresponds to the invariant submanifold
l—a 1
9= =2

The jerk parameter can be calculated from Eq. (40). Using
the above expression for csch? Af, we obtain

J=-q. (54
Finally, we obtain
0°(j—q-2=-20%q+1

=20(1-Q -3 - K)—40°, (55)
which gives us the dynamical system

dx
dt

1 o
- 3[2 <—1+2K 150 - 282K

1202~ 2720~ B0 +x4)

0.5

0.0

x|

-0.5

0
T

—Q(1 +3w) +3xQ(1 + 0)(Q + %)
2501 - Q-2 — K)+ 4503 + 2)?15@],(5621)

aQ  Qr. - - - .
& —[3(xQ+QQ—Q)(1—I—w)—2Q(1—Q 2K
dt 3

+40° + 2K Q — 43 Q% — 43K —2%°Q

+2x3], (56b)
do 1. =- A _ .
__=_[3Qsz(1+w)(Q+x)—2K—4Q 1250
dt 6

—20°1-Q—-x*—K)+40*+2K0?

+2(1—§z—x2)

450K —2720% + 2730 — 4xQ3], (56¢)
d—I_(=5[4)2—4Q—8x1€—st2—4)22Q+4x3
dt 6

+6Q(1 +w)(Q+%) —40(1 —Q—x*—K)
+80°% +4K Q]. (56d)
The fixed points of this dynamical system are listed in Table
3 and their stability and respective cosmologies are listed in
Table 4.

For the points B4, we cannot use the same argument that
we used for model-I (43), as for the model (51), both a(¢) and
a(t) diverges at the same rate as |¢| — 00. So, unfortunately,
we are unable to determine their cosmology unambiguously.
We recognize this as a limitation of our method.

Figures 4 show different projections of two-phase trajec-
tories that correspond to a non-singular bounce. The last
panel in the figure proves that throughout its entire evolu-
tion history, bouncing cosmology encounters neither ghost
nor tachyonic instability.

For the spatially flat vacuum case, the dynamical system
reduces to

dx 1 - A 22 2272 235, o4

—250(1 — ) +4)EQ3], (572)

0.4

0.2

0.0

Ql

-0.2

-0.4

0
T

Fig. 3 The left and right panels depict the time evolution of the variables X and Q with respect to T for the trajectory passing through the origin.

o = 2/3 is considered
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Table 3 Fixed points, their existence conditions and the Jacobian eigenvalues for the cosmic evolution corresponding to the ansatz (51) with w = 0

Fixed points Coordinates (%, €2, 0, K) Existence Jacobian eigenvalues
Bi+ (£1,0,0,0) Always e
1 1 V2 oV2 o]

Bt (001[, ) Always {q:f,ch,:m, %}
B3 (£1.0,+3,0) Always (+5. 73. 5. 73}

2 52 e 61102203102 _ 5 2(0-24/0%+3 —24/0243-50
B4+ <Q+ 33+Q ,0, 0, 6—110 29Q 3+0 ) —0.939 < 0 <0.59 0, %’ ( N )7 ( 5 )}

s e 1A2anh. iTH ) 5 2(0+24/0713) (24/0243-50
By (Q «/33+Q2’0’ 5, =1 +29Q«/3+Q2) 059 < O <0.939 0,22 ( y ) ( 5 )}
B 0 4-70° A 12-110° DA 2 0,20 20 1 [D& e («/190Q2+120+20Q)

5 -5 102 7% [ =0=< f 33 T3V 700 5 30

Table 4 Fixed points, stability and the respective cosmologies for the cosmic evolution corresponding to the ansatz (51) with w = 0. For those

fixed points which have % — % on approach to the fixed point, cosmology is indeterminate
Fixed points Coordinates (¥, 2, 0, K) Stability Cosmology
B+ (£1,0,0,0) (—) attractor (+) repeller Indeterminate
Brs (0 0+ ) Saddle a(t) = age®" (De-sitter)
B3+ (:I: 0, :I:2 0) (+4) attractor (—) repeller a(t) = age‘" (De-sitter)
2 - N2 2 2 -
Ba. ( VIO () 5, =110 —20 3+QZ> Stable for —% < 0 < 0 saddle otherwise a(t) = ap + Ct
o) ) - N2 o) 72 —
Bi_ (Q‘*{f*QZ ,0, 0, O ROVIH0 ) Unstable for 0 < O < % saddle otherwise a(t) = ap + Ct
Bs (-%. 52, 0, 152) Saddle a(t) = ag + Ct
dQ The equations of the corresponding three-dimensional sur-

== é[_4Q2+2xQ+(2—2Q2)(1—32)

+40* — 27207 + 2530 — 4% Q3]. (57b)
whose fixed points are listed in Table 5.

The phase portrait is presented in Fig. 5, where the physi-
cally viable region is highlighted. Amazingly, one can notice
that there are no bouncing trajectories that remain completely
within the physically viable region for the entire course of
evolution. If one considers a spatially flat evolution of the
form (51) in a vacuum scenario, within the framework of
f(R) gravity, it is bound to encounter either ghost or tachy-
onic instability at least in the vicinity of the bounce. This
makes the model considered in Ref. [24] not physically
viable.

The time evolution of the dynamical variables for the tra-
jectory passing through the origin is shown in Fig. 6.

The f(R) phase space corresponding to the ansatz (51)
has two invariant submanifolds correspondingtog = 0, —1.
This can be seen clearly by inserting the expression of j =
Jj(g) from Eq. (54) into the first equation of (15)

d
d—q —=2q(q + 1). (58)
T

faces can be found using Eq. (36). The intersections of these
invariant submanifolds with the spatially flat vacuum invari-
ant submanifold are shown in Fig.5 as the green and brown
curves. As can be seen from the figure, the bouncing trajecto-
ries corresponding to Eq. (51) are contained within the region
bounded by the submanifold ¢ = —1. This submanifold is
asymptotic to all the bouncing trajectories, which is consis-
tent with the fact that the past and future asymptotic states of
the cosmology (51) are De-Sitter. The trajectories that lie out-
side the region bounded by the invariant submanifoldg = —1
are other possible (non-bouncing) cosmological solutions of
the f(R) theory that could have been reconstructed starting
from the ansatz (51) (more discussion on this in section 8).

7.3 Example III

The third and the last example that we consider is a non-
singular cyclic cosmology

1
a(t) = 512~ cos(2¢n)]. (59)
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Fig. 4 Parametric plots X(7) v/s Q(f) (upper left), Q(7) vis Q(f)
(upper right) and K (7) v/s Q(T) (lower left) for a trajectory passing
through the point (x, 2, Q, K) = (0, 0.14, 0, 0.45) for the ansatz (51)

X . . . . 03(j—q—2)-2KQ
remains positive throughout the entire evolution history of the bouncing
cosmology, signaling a stable bouncing solution

with w = 0. The lower right panel shows the quantity

Table 5 Fixed points, Jacobian eigenvalues, stabilities and the respective cosmologies for the ansatz (51) for the spatially flat vacuum case

Fixed points Coordinates (¥, Q) Jacobian eigenvalues Stability Cosmology

A+ (£1,0) {:I:i, :I:%} (—) attractor (4) repeller Indeterminate

Ass (0, + %) {:FQ +- 1 } Saddle a(t) = ape® (De-sitter)
Az (:I:%, :I:%) {:Fg, :F%} (+) attractor (—) repeller a(t) = age" (De-sitter)
Agx (~ +0.81, ~ £0.59) {30.68, £0.39} Saddle a(ty =ap + Ct

As+ (~ £0.34, ~ 70.94) {31.08, F0.625} (+) attractor (—) repeller a(t) =ap+ Ct

where A is a dimensionless constant and ¢ is a constant
with dimension [{] = [1]7L. It has been argued that a cyclic
cosmological model is compatible with current observations
if the cosmological constant happens to be decaying [25]. The
simple example we use here is taken from Ref. [26], where
the authors investigated whether such a cyclic cosmology can
be supported by a third-order polynomial form of f(R). The
authors in Ref. [26] did not investigate the stability of such a
model. As we will see below, a simple cyclic ansatz like (59)
is totally unstable in f(R) gravity, irrespective of its form.

@ Springer

The deceleration and the jerk parameter is calculated from
Egs. (39) and (40) respectively
cos?(2¢t) — 2cos(2¢t)

= , 60
1 sin?(2¢1) (60a)

_ cosz(2§t) —4

. _ —_— 2 T T 20
J = —lcot(2¢1) — 2 cse(2¢1)] 1 — cos2(2¢t)

(60b)

From the expression of the deceleration parameter above one
can solve
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Fig. 5 Phase portrait for the spatially flat vacuum case for the ansatz
(51). The shaded region is the physically viable region where the f(R)
theory is free from ghost and tachyonic instability (F > 0, F' > 0).
The green ellipse corresponds to the invariant submanifold ¢ = —1.
The brown ellipse corresponds to the invariant submanifold g = 0

1-1 2
cos(2¢t) = ﬂ, (61)
I+¢
using which one arrives at the expression
j=—2<,/q2+q+1+1>—q. (62)

Finally, one obtains
QG-q-2
=-20 <\/(1€+x2+§27 1) (K+302+22+Q—1)+30*

+1€+3Q2+x2+s‘z—1). (63)

0.5

0.0

x|

-0.5

0
T

We are now in a position to write the dynamical system

di 1 o
E—6[2(—1+2K+xQ—2x 4
+2Q2—2)22Q2—)E3Q+)24)
—Q(1 +3w) +3xQ(1 + w)(Q + %) + 2XK Q + 2% Q0
><<\/(k+i2+§271)(15+3Q2+)?2+S_271)+3Q4
+12+3Q2+;z2+s‘z—1)] (64a)
9@ _ a0+ 0000 +w)
PEEE) N @
+2K0 — 45 0% — 43K — 2320 +2%° +20
><<\/(15+i2+§2—1)(15+3Q2+)E2+Q—1)+3Q4
+12+3Q2+)z2+s‘z_1)] (64b)
99 _ 130901 +w)(0 + 5 — 2K ~ 40°
dt 6
+2)2Q+21€Q2+2(1—§2—)22)
—47 QK —25*0% +23°0 — 4: 0% + 202
><(\/(15+i2+§z—1)(1€+3é2+f2+§z—1)+3Q4
+I€+3Q2+x2+§2—1)}, (64c)
L S P ST
- _6[4x 40 — 8%K — 8702 — 4520

+433 +6Q(1 + 0)(Q + %) +4K0 +40

x<\/(I€+i2+§2—1)(12+3Q_2+i2+§2—1)+3Q4

+R+307+#+ Q1) ] (64d)
An important point is worth mentioning here. The method we
devised in this paper depends crucially on the deceleration
and the jerk parameter, both of which are periodic for this
model. One has to be careful while dealing with periodic
functions. The fixed point structure that will be presented

below strictly holds within one period ¢ € [—%, %]
The fixed points are listed in Table 6.

0.4

0.2

0.0

Ql

-0.2

-04

0
T

Fig. 6 The left and right panels, respectively, depict the time evolution of the variables X and Q with respect to 7 for the trajectory passing through

the origin
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Table 6 Fixed points, Jacobian eigenvalues and stabilities corresponding to the ansatz (59) with @ = 0. Interestingly, all the fixed points have the

limiting value % — 8 on approach to the fixed point. Therefore, their cosmologies are indeterminate

Fixed points Coordinates (¥, 2, 0, K) Jacobian eigenvalues Stability Cosmology

By (1,0,0,0) {% %, % %} Always repeller Indeterminate
Bi_ (—1,0,0,0) {—%, —%, — % —% Always attractor Indeterminate
By (% 0,0, %) {—0.561285, 0.0458372, 0.116841 + 0.4318i} Saddle Indeterminate
B (—% 0,0, %) {—0.296296, —0.133618, 0.458974 + 0.50229i} Saddle Indeterminate
B; (0.2,0,2) 10.66674, 0.431396, 0.158996, —0.017242} Saddle Indeterminate

We note that, interestingly, all the fixed points have inde-
terminate deceleration parameters. We cannot use the argu-
ment that we used for model-I (43), as the cosmology is
cyclic. So, unfortunately, we are unable to determine their
cosmology unambiguously. We recognize this as a limita-
tion of our method.

Parametric plots, however, clearly show the cyclic nature
of the cosmology. In Fig.7, we show the parametric plots
¥(@) vis Q(T), Q) vis Q(f) and K(7) vis Q%) for
a trajectory passing through the point (¥, %, 0, K) =
(0, 0.08, —0.4, 0.68). The last panel of Fig. 7 investigates the
physical viability of the cyclic cosmology (59) in f(R) grav-
ity. What the plot reveals is that the expansion phases of the
cyclic cosmology are always unstable. This makes a simplis-
tic cyclic model like (59) totally non-viable in f(R) gravity.

Considering the spatially flat vacuum case, one can write
the dynamical system as

dx 1 - A 22 4272 34 o4
g_g[Z(—l—i—xQ-l-ZQ —2%°Q° —X Q—i—x)
+25030*+ 32— 1)
1250,/(32 - 1) (302 + 72 — 1) +30%]. (65
dQ 1 22 hs -2 -2 52
E‘E[“‘Q +280+2(1- ) - 2820

+2870 —420° +20°B0° + ¥ — 1)
+20%/(22 - 1) (30> + 2 — 1) +304],  (65b)

whose fixed points are listed in Table 7.

The corresponding phase portrait is shown in Fig. 8.

The time evolution of the dynamical variables are shown
in Fig.9.

We note that the cyclic nature of the evolution is not appar-
ent from these plots, as these plots are generated using the
numerical solutions of the dynamical system, which gives the

fixed point structure strictly within one period ¢ € [— % %]
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8 Some discussion about the formulation

In the Sect. 7 we have started our analysis with particular
cosmographic ansatz e.g. the bouncing ansatz (43), (51) or
the cyclic ansatz (59). Nevertheless, we still get other possi-
ble cosmological evolutions as solutions of the system. For
example, itis clear from Figs. 2 and 5 that not all the phase tra-
jectories correspond to a bounce, even though we originally
started with a bouncing ansatz. Also, one can see that some
of the fixed points we obtained for the second model corre-
spond to a cosmological evolution of the forma (t) = ap+Ct,
which does not seem to be any asymptotic form of the origi-
nal ansatz a(t) = ag cosh At. Naturally, one may ask why are
we getting such solutions at all given that we have already
started with an ansatz a(¢). We discuss the answer below,
which also offers a deeper look at the underlying mechanism
at play in our particular formulation.

In the usual dynamical system approach, one is given with
a function f(R). One then calculates the quantity I' = %
and expresses it in terms of the dynamical variables when-
ever possible, which helps in closing the autonomous system
and proceed with the dynamical system analysis. In the “cos-
mographic formulation” of dynamical system that we have
developed here for the purpose of a model-independent study,
the quantity I does not enter the dynamical system explic-
itly anymore. I" is given implicitly by Eqs. (34) and (36) in
terms of the dynamical variables X, Q, K, € once a cosmol-
ogy j = j(q) is specified. Essentially, what our dynami-
cal system formulation produces is the phase portrait of the
underlying f(R) whose explicit reconstruction is precisely
what we chose to bypass via our method.

Take, for example, the ansatz (51). In the absence of any
matter and for globally spatially flat cosmology, the Fried-
mann equation (5a) can be written as a second order homo-
geneous differential equation of f(R) with respect to R,
whose general solution gives the most general form of the
reconstructed f(R). Following the classical reconstructed
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Fig. 7 Parametric plots for the ansatz (59) of X (7) v/s O(7) (upper left),
Q(7) v/s Q(7) (upper right) and K (7) v/s Q(7) (lower left) for a trajec-
tory passing through the point (x, 2, O, K) = (0, 0.08, —0.4, 0.68).

Table 7 Stability and cosmology of critical points for example III

The lower right panel shows the time evolution of 0 and the quantity

2x . . . -
———=*—— with respect to time variable T
0 (i—q-2-2K0 P

Fixed points Coordinates (¥, Q)

Stability

Eigenvalues Cosmology

Al (1,0

(—) attractor (+) repeller

{+ Egg % } Indeterminate

method (see, e.g. [27, Sec(3.1)]) we obtain the very compli-
cated form’

Cy are arbitrary constants. Although this f(R) was
reconstructed from the ansatz (51), this ansatz need not be

V3
f(R) = (—912 +VR—612VR —12)2 + R) ’ \/15J§A2 +3VR —612y/R — 1222 —2/3R

3
Jx — 62 (\/x T2 — 602+ — 9x2)

R
X Cl-i-Cz/
1y — 1222 (3\/)( T2/ — 632 —243x + 15J§x2)

dy | . (66)

9 The form we obtained here apparently differs from the one obtained in
[24], which follows a slightly different reconstruction procedure. In the
absence of simple compact forms of the reconstructed f(R), it is very
difficult to compare analytically the functional forms f(R) obtained
via two different reconstruction routes. Also, the form presented in [24,
Eq. (2.15)] is not the most general one, as the most general form will
contain two integration constants.

the only possible solution admitted by the above f(R). The
above f(R) can admit many other spatially flat vacuum
cosmological scenarios as its solution, some of which are
captured by our particular dynamical system approach. The
phase portrait in Fig.5 shows the spatially flat vacuum cos-
mological solution space of the above f(R), which clearly

@ Springer
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Fig. 8 Phase portrait for the spatially flat vacuum case for the ansatz
(59). The shaded region represents absence of ghost and tachyonic insta-
bility

shows it can also admit non-bouncing solutions. Indeed, the
fixed points A4+, As+ which correspond to an evolution of
the form a(¢) = ap+ Ct are cosmological phases along such
non-bouncing trajectories. For the sake of completeness we
have listed all the fixed points.

The same discussion holds for all the three models.

The complicated form of the reconstructed f(R) in Eq.
(66) actually serves to showcase the novelty of our approach.
While considering nonsingular bouncing solutions in a the-
ory, one is typically interested in questions like

e Is abouncing solution stable with respect to small homo-
geneous perturbations? If one starts with a particular
bouncing trajectory and jumps to a nearby trajectory
some time during the contracting part of the phase space,
does one still end up with a bounce?

1.0

0.5

0.0

x|

-0.5

0
T

e Is a bouncing solution stable with respect to small inho-
mogeneous perturbations? Does it encounter ghost insta-
bility (f" < 0) or tachyonic instability (f” < 0) during
its course of evolution?

It would be immensely hard to answer these questions in a
straightforward manner with an absurdly complicated f(R)
form like the one in Eq. (66). On the other hand, our
approach answers these questions in an elegant manner while
completely bypassing working with such complicated f(R)
forms. For spatially flat vacuum bounces, such questions can
be answered particularly easily, by just looking at the corre-
sponding 2D phase portraits. Also, to answer these questions,
one can only focus on the bouncing trajectories and need not
bother about other possible solutions of the general recon-
structed f(R) that may appear in the phase portrait.

9 Conclusion

In this paper, a new model independent dynamical systems
approach based on cosmographic parameters [16] was devel-
oped further by compactifying the phase space for a general
f (R) theory of gravity and giving the corresponding physical
viability conditions on the phase space.

In order to showcase the applicability of this approach,
three examples displaying cyclic and/or bounce behaviour
were studied. Fixed points as well as the associated stabil-
ity for all systems were found. For the examples involv-
ing bouncing cosmology, it was found that the past and
future asymptotic states of the bounce manifest themselves
as invariant submanifolds in the phase space. The phase tra-
jectories corresponding to bounces are confined within the
region bounded by these submanifolds. An interesting obser-
vation made was that cyclic and bounce behaviour was only
seen clearly when studying the parametric plots with positive
spatial curvature initial conditions. This is consistent with a
recent paper [21] in which it was found through the use of the
explicit functional form of the f'(R) as well as the constraints
on the compact phase space variables that the Hu—Sawicki

0.4

0.2

0.0

Ql

-0.2

-04

~l e

Fig. 9 The left and right panels depict the temporal evolution of the variables X and Q for the variable T
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model with n = 1 = C; displays no physical viable bounces
in a spatially flat universe. The question remains whether this
is a general statement, i.e., whether f(R) models associated
to a cyclic or bounce scale factor in FLRW cosmology can
only display physically viable cyclic or bounce behaviour
when the curvature is positive.

All three examples showcased fixed points for which the
limiting value of the quantity % is indeterminate; % — g
on approach to the fixed point. The cosmological evolution
corresponding to these fixed points could not be determined.
This showcases the disadvantage of compactifying the phase
space.

It is known that the metric formalism of f(R) gravity
that we have worked with here is dynamically equivalent to
Brans—Dicke theory with the vanishing Brans—Dicke param-
eter that belongs to the Horndeski class. There exists a so-
called no-go theorem about stable nonsingular cosmologies
in Horndeski theories [28,29]. Counterexamples also exist
[30]. The no-go theorem is formulated considering spatially
flat nonsingular FLRW cosmology in the absence of any addi-
tional hydrodynamic matter. In this regard, it is interesting
to discuss how the results obtained regarding spatially flat
vacuum nonsingular cosmologies in this paper compare to
the assertion of the no-go theorem. Since the phase space of
spatially flat vacuum cosmologies becomes two-dimensional
where we can clearly show the physically viable regions, our
formalism provides an excellent way to investigate this issue.
From Fig. 5 one can see that a spatially flat vacuum stable
nonsingular bounce of the form (51) is not at all possible
in f(R) gravity. On the contrary, Figs. 2 and 8 show that
spatially flat vacuum stable bouncing cosmology of the form
(43) and cyclic cosmology of the form (59) is in principle
possible in f(R) gravity, providing further counterexamples.
However, the set of such counterexamples is of measure zero,
i.e., one single trajectory, namely the one passing through the
origin. Of course, when matter is present, the situation is dif-
ferent.

We again emphasize the limitation of the particular formu-
lation presented in this paper. The success of the formulation
crucially relies on being able to write a cosmographic rela-
tion j = j(q). Although this is the case for the examples we
considered here, it will not be the case in general. The cosmo-
graphic condition corresponding to a generic cosmological
solution of an f(R) theory will in general also contain snap
and lerk parameter. From the approach taken to construct the
compact dynamical system formulation of Sect. 6, it is not
straightforward to extend it to consider a cosmology given
by a condition of the form / = /(qg, j, s). One needs to come
up with a different way to construct a compact dynamical
system.

It would be interesting to extend this work by writing the
system of equations in terms of redshift (or scale factor). This

idea involves evolving the resulting equations and using the
definition of the variables to plot the corresponding f (R) as
a function of the Ricci scalar. In other words, this new recon-
struction method could be used to find the functional forms
of f(R) models associated with different cosmography as
well as comparing them to ACDM and observational data.
The present work provides a basis for reconstructing back-
grounds that may be used in studies of large-scale structures,
independent of gravitational theory.

Finally, it is worth pointing out that, while the cosmo-
graphic parameters have been used in our work to specify the
expansion history representing a bounce or cyclic evolution,
the same methods provide a powerful way to constrain f(R)
dark energy models using the cosmographic series during the
epoch of structure formation. This was recently done in [31].
It would be interesting to see if one could construct an alge-
braic cosmographic relation linking an early-time bounce
with a late-time accelerated cosmic evolution. For the explicit
reconstruction of f(R) for one such background evolution,
the reader can see [32, section 5]. Utilizing the constraints
placed on the present-day values of the cosmographic param-
eters by various data sets, one can possibly infer about the
existence and stability of such kind of cosmological solutions

in f(R) gravity.
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