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Abstract

The pitch-angle diffusion coefficient (PADC) quantifies the effect of pitch-angle scattering on charged particles
propagating through turbulent magnetic fields and is a key ingredient in understanding the diffusion of these
particles along the background magnetic field. Despite its significance, only a limited number of studies have
calculated the PADC from test-particle simulations in synthetic magnetic turbulence, employing various, often
quite different, techniques for this purpose. In this study, we undertake a comparative analysis of nine different
methods for calculating the PADC from full-orbit simulations. Our objective is to find the strengths and limitations
of each method and to determine the most reliable approach. Although all nine methods should theoretically yield
comparable results, certain methods may be ill-suited for numerical investigations, while others may not be
applicable under conditions of strong turbulence. Through this investigation, we aim to provide recommendations
for best practices when employing these methods in future numerical studies of pitch-angle scattering.

Unified Astronomy Thesaurus concepts: Magnetic fields (994); Interplanetary turbulence (830); Interstellar
scattering (854); Stellar diffusion (1593)

1. Introduction

Energetic charged particles diffuse through collisionless
plasmas, such as those found in the heliosphere and many
astrophysical regions, parallel to some background magnetic
field through the process of pitch-angle scattering, where the
pitch angle is the angle between the velocity vector of the
particle and the magnetic field vector. Therefore, the pitch-
angle diffusion coefficient (PADC) of charged particles in
turbulent plasmas must be better understood as it is an essential
input for particle transport models used in the study of the
transport of such particles (see, e.g., A. Shalchi 2009, 2020;
N. E. Engelbrecht et al. 2022) and a key, but often problematic,
input for several scattering theories (see, e.g., L. A. Fisk et al.
1974; T. Sakai & M. Kato 1984; J. W. Bieber et al. 1988;
A. Shalchi 2005, 2009). Currently, the best way to investigate
pitch-angle scattering involves the numerical study of the
transport of charged particles in the presence of synthetic
turbulence. Although such studies have been extensively done
for isotropic (i.e., pitch-angle independent) diffusion and drift
coefficients (see the brief review by N. E. Engelbrecht et al.
2022), relatively few studies investigating diffusion on a pitch-
angle level have been published to date (see, e.g., G. Qin &
A. Shalchi 2009, 2014; R. C. Tautz et al. 2013; P. Sun et al.
2016; C. Pleumpreedaporn & A. P. Snodin 2019).

These studies employ various methods to calculate PADCs,
with varying degrees of success. The typical approach to
calculate spatial diffusion coefficients from full-orbit simula-
tions is to use the slope of the mean squared displacement
(MSD) versus time to calculate the diffusion coefficient at late

times, where the system should be in a diffusive state (see
Section 3.1 for more details on this approach). At first glance, it
would seem relatively simple to extend the same method to the
pitch cosine (see, e.g., G. Qin & A. Shalchi 2009, 2014;
A. Dundovic et al. 2020). J. D. Riordan & A. Pe’er (2019),
however, demonstrate that this approach yields a running PADC
with initial oscillations that die out and give way to a t−1 behavior
at later times (as also illustrated by R. C. Tautz et al. 2013).
Additionally, J. D. Riordan & A. Pe’er (2019) show that the
limited temporal range over which the PADC might reach a
constant value disappears into the initial oscillations and the
eventual decay as the turbulence strength is increased, although
they then choose to construct their PADC after 20 gyrations.
Although G. Qin & A. Shalchi (2009) do not explicitly state how
they calculate the PADC, they do state that they do not find a
constant PADC if the turbulence strength becomes too high. In
light of this, it is unclear how G. Qin & A. Shalchi (2014) have
addressed this issue for the stronger turbulence used in their
simulations. Both A. Ivascenko et al. (2016) and A. Dundovic
et al. (2020) demonstrate how the PADC changes with time when
employing the MSD, although A. Ivascenko et al. (2016) do not
state at what time they construct the final PADCs they show,
while they also show that this approach fails in strong turbulence.
M. S. Weidl et al. (2015) use the slope of a line from the

origin passing through the minimum of the MSD after one
gyroperiod to estimate the shape of the PADC. They do this to
avoid the asymptotic temporal behavior of the MSD and to
minimize the effect of energy diffusion due to their electric
fields. While acknowledging that this approach will not yield
the correct scattering amplitude, they expect it to preserve the
correct pitch-angle dependence. C. Pleumpreedaporn &
A. P. Snodin (2019) find that constructing the PADC from
the MSD after a gyroperiod yields larger values than an
alternative method (something expected from theoretical
considerations by M. S. Weidl et al. 2015). R. C. Tautz et al.
(2013) and A. Ivascenko et al. (2016) point out that this
asymptotic temporal behavior is due to the pitch angle being
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bounded, causing the MSD to eventually saturate. This
behavior of the MSD is analytically investigated and further
discussed by R. C. Tautz (2013). R. C. Tautz et al. (2013) use
quasi-linear theory (QLT; see, e.g., J. R. Jokipii 1966;
A. Shalchi 2009) to calculate the MSD and then solve the
expression for the time when it reaches unity, demonstrating
that the time when the PADC could be constructed, assuming
that the MSD will start to saturate at later times, is pitch-angle
dependent. This estimate, however, cannot be used in situations
where QLT might not be valid. R. C. Tautz et al. (2013)
therefore choose to construct their PADC after 100 cyclotron
frequencies (i.e., ∼16 gyrations) since the oscillations have
then died out.

An alternative method to calculate the PADC is by
integrating the diffusion equation for the pitch-angle distribu-
tion function (see Section 3.4 for more details on this
approach). A. Ivascenko et al. (2016) present two integration
methods, still yielding a running PADC having a constant
value over some time interval. They show that the MSD
approach yields different results than integrating the pitch-
angle diffusion equation due to the effect of resonances of
particles with specific wave modes on the MSD. Unfortunately,
a smooth distribution function is required since its derivatives
are calculated, implying that the distribution function might
need to be smoothed or that other schemes might need to be
employed to reduce the noise of the derivatives. C. Pleumpre-
edaporn & A. P. Snodin (2019), for example, calculate the
discrete time derivative over an interval equal to or larger than
the gyroperiod and then average this result over some
unspecified time. T. B. Kaiser et al. (1978) use a steady-state
solution of the diffusion equation to calculate the PADC, where
the system is forced to a stationary solution by continuously
injecting particles and having absorbing boundaries. P. Sun
et al. (2016) also employ this method but apply a sliding
window and averaging procedure to obtain better results in
smaller pitch-cosine bins. This method, however, is not valid
close to the source (something that is not addressed by P. Sun
et al. 2016) because the particles must first reach diffusive
behavior.

Previous studies on calculating the PADC from full-orbit
simulations (see, e.g., G. Qin & A. Shalchi 2009, 2014;
R. C. Tautz et al. 2013; P. Sun et al. 2016; C. Pleumpreedaporn
& A. P. Snodin 2019) mostly consider low levels of turbulence
(i.e., /d-  B B10 14 2

0
2 , although the latter few references do

consider stronger turbulence levels, where δB2 is the variance
of the turbulence and B0 is the background magnetic field
strength). It will be seen in the following investigation that all
methods considered here present problems to a greater or lesser
degree when implemented in high levels of turbulence (i.e.,
/d B B 12

0
2 ). This, however, is not necessarily a limitation in

the heliosphere, where both observations (see, e.g.,
C. W. Smith et al. 2006; Z. B. Pine et al. 2020; R. A. Burger
et al. 2022) and turbulence transport modeling (see, e.g.,
S. Oughton et al. 2011; A. V. Usmanov et al. 2016;
T. Wiengarten et al. 2016; L. Adhikari et al. 2021; N. E. Eng-
elbrecht et al. 2022) suggest that /dB B2

0
2 would vary between

∼10−2 and ∼0.7, in the ecliptic plane at least, should the
influence of pickup ion-induced waves (see, e.g., L. L. Willi-
ams & G. P. Zank 1994; P. A. Isenberg 2005) be neglected.
This latter omission is a reasonable assumption in the inner
heliosphere, and it should also be noted that these fluctuations
are not expected to influence the transport of higher-energy

charged particles (N. E. Engelbrecht 2017). Therefore,
numerical test-particle simulations can still provide useful
insights into the behavior of the PADC for heliospheric particle
transport studies if caution is exercised in the choice of the
method employed to calculate this quantity and in the
interpretation of the obtained results.
It is clear that several different methods to calculate the

PADC from single-particle simulations have been proposed in
the literature, each with potential limitations and constraints.
Theoretically, it might be expected that these methods should
all yield the same result, but in practice, they may not due to the
different numerical constraints highlighted above. It is then the
aim of this paper to investigate the different methods to
calculate the PADC from full-orbit simulations of charged
particles in synthetic magnetic turbulence for various turbu-
lence scenarios. The next section introduces the numerical test-
particle propagation code used in this study. Section 3 provides
a summary of all the different methods that can be used to
calculate the PADC, which are then compared to each other
and previous work in Section 4. Lastly, the implications of this
investigation and recommendations based on it will be
discussed in Section 5.

2. The Simulation Code

The various methods to be investigated for calculating the
PADC all use full-orbit simulations in generated synthetic
magnetic turbulence, using the particle pusher code discussed
and tested by P. L. Els & N. E. Engelbrecht (2024). All
(pseudo) random numbers (PRNs) used in both the generation
of synthetic turbulence and for the random aspects of the full-
orbit trajectories were tested using the Dieharder battery of
statistical tests (R. G. Brown et al. 2018), which compare
generated PRNs to statistical noise. An implementation of the
Mersenne Twister algorithm by M. Matsumoto & T. Nishimura
(1998) is used as the generator for all PRNs in the code.
Parallelization is done using the OpenMP API provided by
R. Chandra et al. (2001). All Fourier transforms are done using
the FFTW library (M. Frigo & S. G. Johnson 2005), which also
offers multithreading capabilities through OpenMP.
For this work, all particle trajectories are calculated using the

fully relativistic form of the semi-symplectic method (i.e., the
phase-space volume of the particle is preserved even though the
method itself is not symplectic) of J.-L. Vay (2008), which has
been shown to preserve the energy of charged particles and
plasma remarkably well over long time intervals (see, e.g.,
A. V. Higuera & J. R. Cary 2017; J. L. Vay 2020). The
accuracy of the full-orbit simulations has been verified using a
set of electromagnetic configurations (similar to those
employed by J. Petri 2017; B. Ripperda et al. 2018) with
either known analytic expressions for the equations of motion
of charged particles present in the setup or by comparison with
known statistical properties of the particles in such a field.
Particle ensembles are constructed by tracking the full-orbit
trajectories of each of some number of particles through a
particular field realization. Initially, particles are spatially
separated and their initial velocity vectors are chosen so as to
allow the field realization to be fully statistically sampled. If the
field realization contains fluctuations, then the particles must
remain in the field long enough to achieve a diffusive limit to
calculate isotropic diffusion coefficients. However, the time
required for this often varies depending on the simulation
setup, with a default time of ∼2000 correlation crossing times
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often used. Given that the present study concerns pitch-angle
scattering, this aspect will be discussed further below.
Simulations are typically repeated for 10 to 25 field realiza-
tions, and the collection of particle orbits is then used as an
ensemble to calculate diffusion coefficients.

Slab and 2D turbulence are generated using Fourier noise to
obtain a composite model of synthetic turbulence (see, e.g.,
A. J. Owens 1978; W. H. Matthaeus et al. 1990; J. W. Bieber
et al. 1996; G. Qin 2002; J. Minnie 2006). The 1D fluctuating
components vary along the background magnetic field direction,
while the 2D fluctuating components vary in the plane
perpendicular to the background field. The maximum physical
dimensions for both are specified along with the numbers defining
the resolution of the respective fields (thus determining the nodes
per unit length of the field). This, therefore, defines the largest
physical fluctuations allowed in the system, L, as well as the
Nyquist frequency of the fluctuations. The field realizations are
treated as periodic beyond this outer boundary (which is smooth
on the periodic boundary as a consequence of the Fourier noise
algorithm), and the maximal Larmor radius (RL) of a particular
particle is kept well above the spacing determined by the grid/
Nyquist fluctuations. This ensures that the maximal Larmor radius
of the particle remains within the defined spectrum of fluctuations
for the turbulence. Only magnetostatic turbulence is considered
and it is assumed that the background magnetic field is directed
along the z-axis, such that the transverse fluctuations are directed
along the x- and y-axes. The magnetic field is therefore expressed
as ^ ^ ^d d= + +B e e eB B Bx x y y z0 , with êi unit vectors along the
Cartesian axes, δBi fluctuating components, and B0 the strength of
the background magnetic field. In order to have a well-defined
pitch angle, the pitch cosine is calculated relative to the
background magnetic field, i.e., μ= v ·B/vB≈ v ·B0/vB0
=vz/v, which should be a valid assumption for low turbulence
levels (i.e., dB B2

0
2), where v and v are the particle velocity and

speed, respectively. Note that the methods discussed in the
following section are agnostic to the choice of the magnetic field
orientation and that it will be clear where this setup is assumed by
the usage of specific Cartesian components.

The spectral form used to generate slab fluctuations is similar
to that employed by, e.g., D. Ruffolo et al. (2006), J. Minnie
et al. (2007), or R. C. Tautz et al. (2013), in that it consists of a
wavenumber-independent energy-containing range and a
Kolmogorov inertial range (with spectral index ν= 5/3), and
is given by

( ) [ ( ) ] ( )/
 µ + n-g k l k1 . 1bslab

slab 2 2

The 2D spectrum used here is again similar to that employed by
the aforementioned studies, with the same wavenumber
dependence as the slab spectrum, such that

( ) [ ( ) ] ( )/µ + n
^ ^

-g k l k1 . 2b2D
2D 2 2

Here, lb is the bend-over scale at which the inertial range of the
power spectrum commences and the fluctuations are normal-
ized such that the area under the spectrum is equal to the
specified slab or 2D variance of the fluctuations, δB2. The
power corresponding to the total (slab+2D) variance is divided
among the slab and 2D fluctuations (i.e., d d d= +B B B2

slab
2

2D
2 ).

The total variance must thus be the area between the grid scale
and the largest scale of the simulation box, with the window
specified by the fluctuation boundaries cutting out some portion
of that power (lmax and lmin below). In practice, the error that

would arise from using lmax and lmin as the bounds of
integration for the power is small since these variables tend
to the simulation limits when using high-resolution field
realizations. For more details, see P. L. Els & N. E. Engelbre-
cht (2024).
G. Qin (2002) provides a thorough discussion of the

relationships between physical parameters using such a setup.
The following must be adhered to when selecting parameters
(note that this is not dimension-dependent):

( )l> > > >L l l h, 3cmax min

where h is the grid size and
( ) ( )/ / / /l p n n= G G - »l l2 2 1 2 0.747c b b is the correla-

tion length associated with the turbulence spectrum, with Γ(x)
the gamma function. Typically, the following values are used
for these parameters, unless otherwise specified: =lmin

slab

-10 au4 (i.e., astronomical units), =l 1 aumax
slab , Lz= 10 au,

Nz= 223, = ´ -l 1.5 10 aumin
2D 4 , =l 0.15 aumax

2D , Lx= Ly=
1 au, Nx=Ny= 214, along with using a fixed time step for
the Vay method set to the gyroperiod over 64 (δt= Pgyro/64).
This implies the grid separation for slab and 2D fluctuations is
1.2× 10−6 au and 6.1× 10−5 au, respectively. Some of these
parameters are changed in what follows below and will be
mentioned and discussed in Section 4.

3. Methods to Calculate the PADC

In deriving the focused transport equation (FTE), which is
valid for a gyrotropic distribution) from the Kolmogorov
equation, the so-called Fokker–Planck PADC is

( ) ( ) ( | ) ( ) ( )òm
m

m m m=
D
D

D D Dmm
-

D
t

P t d
2

, 4a
2

2 2

( ) ( )m
=

D
Dt2

, 4b
2

where P(Δμ|μ, Δt) is the conditional probability distribution
function (PDF) of the particles experiencing a change in pitch
cosineΔμ in the time intervalΔt for a given pitch cosine μ and
the definition of a weighted average was used (the latter
expression is referred to as M0 in Section 4). Underlying the
Kolmogorov equation is the assumption of a Markov process,
meaning that the state of the system after the time interval Δt is
only dependent on the current state and not the history of the
system (S. Chandrasekhar 1943; J. R. Jokipii 1966). It is
therefore perceivable that there is some condition on the time
interval here: if Δt is too small, then the pitch-angle scattering
will not be resolved and the PDF will be a delta function (i.e.,
motion appears deterministic); if Δt is too large, then there
would be no correlation between Δμ and μ, resulting in a
uniform distribution for the PDF.
Calculating the PADC from computer simulations, therefore,

involves finding a method to determine the average change in
pitch cosine within a given time interval as a function of the
pitch cosine itself, presenting a unique challenge not
encountered when calculating spatial diffusion coefficients
(R. C. Tautz et al. 2013). In this section, we introduce different
methods that can be used for this purpose. We note that
methods M1a, M3, M4a, M4b, and M5 have been previously
employed to calculate the PADC, while methods M1b and M2a
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are usually used in theoretical work deriving the PADC. We
propose and test method M2b as a new alternative and compare
the different methods in Section 4.

3.1. MSD

In the case of unbounded and constant spatial diffusion, an
initial delta function in time and space evolves into a normal
distribution. Using the resulting probability distribution, it is
found that the MSD increases linearly with time, with the rate
of increase dependent on the diffusion coefficient (see, e.g.,
A. Shalchi 2009; R. C. Tautz 2013). One might be tempted to
naively write

( ( )) [ ( ) ( )] ( )
⟶

m
m m

=
-

mm
¥

D
t

t
0 lim

0

2
, 5

t

2

where μ(t) is the temporal evolution of the pitch angle and the
angle brackets indicate a suitable average (mainly an ensemble
average of particles having the same initial pitch-cosine μ(0)).
However, since μä [−1; 1], |Δμ| cannot be larger than 2 (note
that this also explains the integration limits in Equation (4a)),
implying that [ ( ) ( )] /m má - ñt t0 22 will tend to zero as
t⟶∞ (R. C. Tautz et al. 2013; A. Ivascenko et al. 2016;
C. Pleumpreedaporn & A. P. Snodin 2019; J. D. Riordan &
A. Pe’er 2019). R. C. Tautz (2013) demonstrates this saturation
of the MSD analytically by deriving an expression for the MSD
from the pitch-angle diffusion equation (see Section 3.4) under
the assumption of isotropic pitch-angle scattering (i.e.,
Dμμ∝ 1− μ2).

It is therefore necessary to find the time interval over which
the running PADC,

( ( ) ) [ ( ) ( )] ( )m
m m

=
-

mmD t
t

t
0 ,

0

2
, 6

2

is constant, that is, the time where tc< t< ta, with tc being the
time when the pitch angle is correlated with its initial value and
ta being the time when the MSD approaches its asymptotic
value (R. C. Tautz 2013; J. D. Riordan & A. Pe’er 2019).
Alternatively, A. Shalchi (2009) defines the running diffusion
coefficient as the time derivative of the MSD,

( ( ) ) [ ( ) ( )] ( )m
m m

=
-

mmD t
d

dt

t
0 ,

0

2
, 7

2

thereby relaxing the assumption that the MSD is linearly
proportional to time. These two methods will be referred to as
M1a (Equation (6)) and M1b (Equation (7)), respectively, and
should yield comparable answers, at least for spatial diffusion,
if the running diffusion coefficient becomes time-independent
(R. C. Tautz 2013; R. C. Tautz et al. 2013). A. Dundovic et al.
(2020) claim that the former method takes longer to converge
compared to the latter method for spatial diffusion.

3.2. Taylor-Green–Kubo Approach and Pitch-angle
Scattering Time

A. Shalchi (2009) demonstrates that for unbounded spatial
diffusion, the diffusion coefficient can be related to the speed
correlation function by taking the time derivative of the MSD
calculated from the Taylor-Green–Kubo (TGK) formalism. The
second method, which will be referred to as M2a, can be

written as

( ( )) ( ) ( ) ( ) òm m m t t= á ñmm
¥

D d0 0 , 8
0

where m is the instantaneous rate of change in the pitch cosine
and τ is the temporal lag. This method should again be
comparable to the previous two methods, at least for spatial
diffusion, if the running diffusion coefficient becomes time-
independent, but this method might be numerically ill-suited
due to noise in the correlation function accumulating through
the integral (R. C. Tautz 2013; R. C. Tautz et al. 2013;
J. D. Riordan & A. Pe’er 2019).
In contrast to spatial diffusion, where the particle velocity is

readily available from the simulation, m is not. However, the
definition of the pitch cosine relative to a static and
homogeneous background magnetic field can be used to
calculate

( ) ( )⎡
⎣⎢

⎤
⎦⎥

m =
⋅

= ⋅ -
⋅v B B v v B

t
d

dt vB vB

d

dt v B

dv

dt
. 90

0

0

0

0
2

0

For the magnetic field orientation assumed in the simulations
(see Section 2), employing dv/dt= (v/v) · (dv/dt) and the
Newton–Lorentz equation (dv/dt= q v× B/m, where q and m
is the particle charge and relativistic mass, respectively), the
above expression becomes

( ) ( )

[ ( ) ( )]

( )

⎜ ⎟
⎧
⎨⎩

⎛
⎝

⎞
⎠

⎫
⎬⎭

m d d

d d

= - -

- - + -

t
q

p

v

v
v B v B

v

p
v v B v B v v B v B

1

,

10

z
x y y x

z
x y z y y z x x

2

2

2 0 0

which can be computed from the simulations.
Somewhat related to the concept of a speed correlation is the

pitch-angle correlation function,

( ( ) ) ( ) ( ) ( )m t m m t= á ñmmC 0 , 0 11

for a suitable average over particles with a specific initial pitch
cosine, from which a pitch-angle correlation time can be
calculated as

( ( ))
( ( ) )

( ( ) ) ( )òm
m

m t t=m
mm

mm
¥

T
C

C d0
1

0 , 0
0 , . 12

0

Note that the parallel (pitch-angle independent) correlation time
(which will be indicated by T∥) is usually considered by
integrating ( ) ( ) ( ) ( )/ /  t tá ñ » á ñv v v v v v3 0 3 0z z

2 2 (for the simu-

lation setup assuming dB B2
0
2, such that the direction of the

total magnetic field can be approximated by the direction of the
background magnetic field along the z-axis), while it might be
possible to infer the scattering amplitude from this by deriving
its time dependence from the pitch-angle diffusion equation
(see Section 3.4) if the pitch-angle dependence of the PADC is
known (see, e.g., A. Shalchi et al. 2012; R. C. Tautz 2013, for
isotropic scattering). Due to statistical noise in constructing the
correlation function at late times, it might be preferable to fit an
exponential decay time, but the correlation and e-folding times
are not the same in the general case if Cμμ does not follow an
exponential decrease. It is also interesting to note that there is a
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relation between the MSD and the correlation function,

[ ( ) ( )] ( ) ( ) ( ) ( ) ( )m m m m m má - ñ = á ñ + á ñ - á ñt t t0 0 2 0 , 132 2 2

which is reminiscent of a second-order structure function (see,
e.g., Y. X. Huang et al. 2010).

In the scattering theories of A. Shalchi et al. (2004b) and
J. A. le Roux & G. M. Webb (2007), it is assumed that the
pitch-angle scattering rate is related to the PADC (an idea also
explored by N. E. Engelbrecht 2019, for perpendicular
diffusion). It may be plausible that this correlation time could
be given by

( )
( )

( )m
m
m

=
-

m
mm

T
D

1

2
, 14

2

where the factor of 2 was chosen such that the correlation time
for isotropic pitch-angle scattering with its scattering rate
normalized to the parallel mean free path (MFP; λ∥) would be
equal to the usual assumption of T∥= λ∥/v for an isotropic
distribution (see, e.g., W. H. Matthaeus et al. 2003). We note,
however, that J. D. Riordan & A. Pe’er (2019) do not assume
that the scattering time is inversely proportional to the PADC
and that they view the scattering and correlation time as two
separate timescales. This method of calculating the PADC
(Equation (14)), which will be referred to as M2b, has the
advantage that Cμμ could be used (for example) in the pitch-
angle dependent perpendicular diffusion coefficient of D. Ruf-
folo et al. (2012)ʼs random ballistic decorrelation interpretation
of the nonlinear guiding center theory (as discussed by
N. E. Engelbrecht 2019). Note, however, that this is an
assumption and not a formal definition, implying that this
method would be an empirical method if proved from the
simulations to hold.

3.3. Adapted Giacalone et al. (1999) Method

When calculating the off-diagonal elements of the isotropic
diffusion tensor, which are anti-symmetric and contain
information about drifts in a nonhomogeneous magnetic field,
the MSD does not yield the correct oddness and J. Giacalone
et al. (1999) therefore proposed a different numerical method to
calculate the drift coefficient. Appendix A demonstrates that a
similar derivation to that of J. Giacalone et al. (1999; also see
the derivation of J. Minnie 2006, for clarifications) can be done
in momentum space for a gyrotropic distribution to derive
(R. C. Tautz et al. 2014)

( ( ) ) ( )[ ( ) ( )] ( )m m m m= á - ñmmD t t t0 , 0 . 15

This method, which is comparable to that of R. C. Tautz et al.
(2014), is postulated as an analogy to that of J. Giacalone et al.
(1999) and will be referred to as M3.

This expression naturally follows from Equation (7) if the
MSD is not viewed as a single function, such that the time
derivative and averaging can be interchanged, i.e.,
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Similarly, for the TGK approach of Equation (8),
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where the assumption of temporal homogeneity (valid for
homogeneous magnetostatic turbulence) was relaxed to have a
more general time dependence (see also R. C. Tautz et al. 2014,
where ( )m 0 is used and not ( )m t ).

3.4. Time-dependent Solution of the Diffusion Equation

The pitch-angle diffusion equation (alternatively, the FTE
without energy changes averaged over space, which is valid for
homogeneous magnetostatic turbulence), given by
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describes the effect of pitch-angle scattering on the pitch-angle
distribution function f (μ, t). We note that J. Giacalone &
J. R. Jokipii (1999) fitted analytical solutions of the isotropic/
spatial diffusion equation to their simulation results to calculate
the parallel diffusion coefficient and compare this to the MSD
method. Unfortunately, since Dμμ is dependent on μ, it is not
possible to have an analytical solution for Equation (18) if the
form of Dμμ is not known beforehand (R. C. Tautz 2013,
provides an example for isotropic scattering). However,
integrating Equation (18a) from −1 to μ allows the PADC to
be calculated as (R. C. Tautz 2013; A. Ivascenko et al. 2016)
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In practice, the distribution function is approximated by a
discrete function ( )^ mf t,m s at several pitch-cosine and temporal
bins with midpoints μm and ts, respectively (see Section 3.5 for
details; note that here and in Section 3.5, non-boldfaced
quantities with hats indicate discretization of a continuous
function by binning; although hats are also used to indicate unit
vectors, such quantities are also boldfaced to indicate them
being vectors). A. Ivascenko et al. (2016) wrote out the discrete
derivative of Equation (18b) for the diffusion coefficient,
yielding
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where ϖμ= μm+1− μm is the pitch-cosine bin width, μ0
denotes the midpoint of the first pitch-cosine bin, M is the
index of the last pitch-cosine bin (i.e., there are M+ 1 bins),
and a central difference method is used on the interior points,
while a forward or backward difference method is used at the
endpoints. This set of equations forms a matrix equation to be
solved for m̂mD , as shown in Appendix B (A. Ivascenko et al.
2016, do not seem to take the derivatives at the endpoints into
consideration in their matrix equation).

These methods, which will be referred to as M4a
(Equation (19)) and M4b (Equation (20a)), respectively,
assume the diffusive behavior of a gyrotropic distribution and
will therefore be invalid for calculating the PADC in situations
where the distribution is not gyrotropic or where pitch-angle
scattering is anomalous. Note that the initial distribution must
not be a stationary distribution and that as the distribution
isotropizes, both ∂f/∂t and ∂f/∂μ will become zero. This will
cause the running PADC to become very noisy as soon as the
distribution gets close to isotropy, but the discrete derivatives
of the distribution function could potentially also make the
answer very noisy, especially the ∂2f/∂μ2 term. The integral in
Equation (19), however, smooths the time derivative to some
extent. For these methods to work, the derivatives must,
therefore, be nonzero, implying that significant pitch-angle
scattering (which changes the distribution function appreciably
between evaluation times) might not be resolved with these
methods (i.e., the temporal resolution of the distribution
function must be sufficiently high to capture the diffusion
process; A. Ivascenko et al. 2016).

3.5. Stationary Solution of the Diffusion Equation

To avoid the temporal evolution of the distribution function,
T. B. Kaiser et al. (1978) considered the stationary solution of
particles continuously injected at μ= μS and escaping through
two absorbing boundaries located at μ= μL< μS and
μ= μR> μS, with μL and μR being to the left and right of
the source, respectively. The system will reach a stationary
state as soon as the injection of particles is balanced by the
escape of particles through the absorbing boundaries. The
distribution function F(μ) is now only dependent on the pitch
cosine, the governing equation is
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where 0 is the rate at which particles are injected, and the
absorbing boundaries imply that F(μL)= F(μR)= 0. The

solution of this equation, which will be referred to as M5, is

( ) ( )
⎜ ⎟

⎜ ⎟

⎧

⎨

⎪

⎩
⎪⎪

⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠









m
m

m m m

m
m m m

=

< <

- < <

mm

-

-
D

dF

d

dF

d

if

if

, 22
S

S

L

1

L

R

1

R

where L and R is the rate at which particles escape from the
system through the left and right boundaries, respectively
(P. Sun et al. 2016, seem to have a typo in the sign between
calculating Dμμ to the left and right of μS). In practice, the
escape rates through the boundaries are just the number of
particles reaching the boundary divided by the time interval
under consideration. This method, however, is not valid close
to the source because the system might not be diffusive there
and the derivative is not guaranteed to be continuous at the
source (something that P. Sun et al. 2016, do not seem to
address or take into consideration). Unfortunately, it is unclear
how to calculate from the simulations the criteria given by
T. B. Kaiser et al. (1978) for where the diffusion approximation
is valid.
If there are no time dependencies in the system, such as

temporally evolving fields, then the stationary solution can be
approximated by injecting all of the particles at the same time,
constructing the distribution function in several discrete
temporal bins until all the particles have exited the domain,
and adding the distribution over the temporal bins. This is
equivalent to constructing the pitch-angle distribution over the
entire simulation time without binning in time and can be done
because the delta injection in time would be a Green’s solution
with the true solution found by shifting it in time and taking its
convolution with a uniform distribution in time (T. B. Kaiser
et al. 1978). P. Sun et al. (2016) also employ this method but
use a sliding window of [μL, μR] over many small pitch-cosine
bins to calculate the PADC and then average the results within
larger pitch-cosine bins, but it is not clear exactly how this is
done or where they put the source and absorbing boundaries.
Both T. B. Kaiser et al. (1978) and P. Sun et al. (2016) do not
compute dF/dμ directly, but rather use a linear regression
through several neighboring bins to find the gradient. This
method also assumes diffusive behavior for a gyrotropic
distribution but has the advantage that it is not time-dependent
and that the distribution function should be smoothed by the
time-independent way of construction, yielding a nonvanishing
derivative.
The normalization of this method is important. Let the

discrete distribution function for a delta injection of Np particles
be constructed as

( ) ( )^ m
d

v v
=d

m
f t

N t

N
, , 23m s

m
s

p t

where Nm
s is the number of particles with pitch cosines in

[μm−ϖμ/2; μm+ϖμ/2] in the temporal bin [ts−ϖt/2;
ts+ϖt/2] and δt is the simulation time step. Here, the distribution
function is averaged over the temporal bin ϖt> δt for better

statistics, i.e., ( ) ( )
¯

/
/

/

òm m v=
v

v
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+
f t f t dt, ,s t

t
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2

s t

s t
, implying that

the particles are binned ϖt/δt times in the temporal bin, such that
the distribution is normalized, i.e., ( )^ m vå =d m= f t, 1m

M
m s0
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(note that the distribution function in Section 3.4 is constructed in
a similar way). The solution for a constant and continuous
injection is then
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according to the convolution, i.e., ( ) m =f t,c 0
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0
. Similarly, the escape rate of particles

reaching the absorbing boundaries from the delta injection is
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p tL R L R , where /N s
L R is the number of

particles escaping through the left or right boundary in the
temporal bin [ts−ϖt/2; ts+ϖt/2], respectively, such that
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s s t0 L R if it is assumed that all the
particles escape in the S+ 1 time intervals, and the solution for
the continuous injection is
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The stationary solution will be found at time tS, i.e.,
( ) ( )⟶m m= ¥F f tlim ,t and ( )⟶/ /

  = ¥ tlimtL R L R (note
that it might already be reached at earlier times as f̂c and /̂

c
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converge to the stationary answer), such that
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where it is now clear that the temporal bins can be replaced by
a single temporal bin over the entire simulation time, such that
Nm is the number of particles falling into the mth pitch-cosine
bin over the entire simulation (binned after every simulation
time step) and NL/R is the number of particles escaping through
the left or right absorbing boundary during the simulation time.
Applying Equation (22) to calculate the PADC from F̂ and

/̂L R implies that the injection rate 0 need not be specified
and that the exact number of particles Np is unimportant (except
for yielding better statistics).

4. Comparison of Methods

The methods introduced in the previous section are
compared to each other and previous studies of protons for
three different cases:

1. Pure slab turbulence with /d = -B B 10slab
2

0
2 3, / =R lbL

slab

0.1, and =l 0.03 aub
slab , in order to compare with

R. C. Tautz et al. (2013).
2. Composite (slab+ 2D) turbulence with /d =B B2

0
2

´ -9 10 4, d d=B B0.2slab
2 2, d d=B B0.82D

2 2, B0= 4 nT,
=l 0.03 aub

slab , / =l l 0.1b b
2D slab , and / =R l 0.05bL

slab , in
order to compare with G. Qin & A. Shalchi (2009).

3. Pure slab turbulence with /d =B B 1slab
2

0
2 , B0= 5 nT,

=l 0.01 aub
slab , and kinetic energy E= 1 GeV, in order
to compare with P. Sun et al. (2016).

Since R. C. Tautz et al. (2013) do not state the strength of the
background magnetic field they use, B0= 4 nT will also be
assumed for the first case. For the slab spectrum used here, the
lb

slab for these simulations yields l = ´ -2.24 10 auc
slab 2 for the

first two simulations andl = ´ -7.5 10 auc
slab 3 for the last one.

For protons, the first two cases translate to kinetic energies of
∼144MeV and ∼38MeV, respectively, while the last case,
which is adequately taken into account by using a relativistic
integrator (see Section 2) and considering the Lorentz factor in
calculations (see, e.g., Section 4.3), has / =R l 0.756bL

slab (note
that P. Sun et al. (2016), do not specify the type of particle used
in their simulations, but it is assumed that they used protons).
Note that the methods, results, and discussions of this work
should hold for electrons or any other charged particle as well.
We consider protons as they are usually considered in previous
work. Additionally, due to the smaller Larmor radii of
electrons, the dissipation range is important in their study,
while dynamical effects could also be important (see, e.g.,
J. W. Bieber et al. 1994). Currently, we are only considering
magnetostatic turbulence, as the incorporation of dynamical
turbulence is a study in itself. Although the dissipation range
could be included in the slab component, it would be more
difficult to resolve it numerically for the 2D component due to
memory constraints (see the discussion at the beginning of
Section 4.2).
For the following results, we do 20 runs with different

turbulence realizations and at least Np= 8× 104 particles per
run. The results are averaged over temporal bins (this will be
specified for each case separately) and binned according to
pitch cosine (calculated relative to the background magnetic
field along the z-axis) in 41 pitch-cosine bins (i.e., ϖμ≈ 0.05;
compare this to the 9 bins used by G. Qin & A. Shalchi 2014,
yielding ϖμ≈ 0.2). The angle brackets in the expressions of
the methods are therefore realized in the results as an average
over time, different turbulence realizations, and particles falling
into the pitch-cosine bins. An isotropic distribution of particles,
which remains isotropic throughout the simulation, is used for
all the methods except M4a, M4b, and M5. Since the latter
methods require nonstationary initial distributions (see
Sections 3.4 and 3.5 for details), an initially triangular pitch-
angle distribution is used for M4a and M4b, while a delta
injection is used for M5.
Given the large number of methods to be compared here,

Table 1 provides a quick guide to the different method names
and their corresponding sections and equations together with
the figures showing their results. In the following results,
uncertainties, indicated in the figures by shaded areas, are
calculated using standard statistical uncertainty estimates on
averages and standard error propagation techniques for
subsequent calculations. In the figures, the PADC is given in
units of the cyclotron frequency ωc and time is normalized to
the gyroperiod Pgyro= 2π/ωc. For the low turbulence condi-
tions in magnetostatic turbulence of the first two cases, it is
expected from previous work that QLT should be a reasonable
approximation, especially for the pure slab turbulence of the
first benchmark simulation. Therefore, the simulation results
are compared, where possible, to what would be expected
from QLT (see Appendix C). In Sections 4.1 and 4.2, we
use the predicted parallel diffusion coefficient from QLT
(Equation (C4b)) to calculate the parallel scattering time, not
the parallel diffusion coefficient from the simulation itself, as it
is unclear if it already converged to a constant value, despite
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using a long run time. Note that in calculating Equations (C2a)
and (C3a), the integrals were performed from /p=k l2min

slab
max
slab

to /p=k l2max
slab

min
slab in an attempt to mimic better the simulation

setup, where particles experience a spectrum over a limited
range of wavenumbers.

4.1. Method Comparison in Weak Slab Turbulence

We used a total simulation time of /l´ v6 10 c
4 slab (in units

of the slab correlation crossing time) and averaged the results
over a temporal bin width of /v l= v0.04t c

slab (2.56 times
longer than the simulation time step, but shorter than any
characteristic timescale in the system, ensuring no information
loss). Figures 1–7 show the results of the first benchmark
comparison for weak pure slab turbulence. All the PADC
results from the first benchmark comparison between the
different methods are summarized in Figure 1 (each method
will be discussed in the following paragraphs). Equation (C1)
of QLT is also shown, together with its average over the pitch-

cosine bins and the simulation results from R. C. Tautz et al.
(2013). A more quantitative way to compare the different
PADCs is to calculate their parallel diffusion coefficients (see
Equation (C4a) and indicated in the label of Figure 1 by k

mmD )
and compare that to the prediction of QLT (see Equation (C4b)
and indicated in the label of Figure 1 by k

QLT). The finite pitch-
cosine bins introduce some difference between these two
quantities, as clearly visible for the theoretical case, mostly
because the bin at μ= 0 overestimates the pitch-angle
scattering there. To better estimate this bin, we fitted straight
lines through the neighboring two bins on each side and
averaged their extrapolations. Similarly, for the |μ|= 1 bins,
we extrapolate a straight line from the neighboring two bins as
some methods yield exactly zero for these bins. These
extrapolations did not change the diffusion coefficient ratio
results significantly.
M0. Simply averaging the square of the pitch-cosine changes

during each time step (i.e., Equation (4b)) yields a PADC with
an isotropic form (see the dashed red line in the top left panel of
Figure 1), which is not expected from theory. This is probably
due to the statistical behavior of (Δμ)2 being incorrect for the
chosen temporal bin width and/or simulation time step used to
calculate (Δμ)2.
M1a and M1b. It is clear from the top right panel of Figure 2

that the MSD has oscillations that die out after ∼10 gyrations
or turbulent crossing times (unfortunately, these two times are
almost similar in the current setup, making it difficult to
ascertain whether features are due to sampling the turbulence
enough or due to small pitch-angle changes accumulated over
enough gyrations, although these two effects are probably
linked), while it saturates at later times. The oscillations die out
faster for certain pitch cosines and can be removed by
averaging the results over a gyroperiod. The μ= 0 bin
saturates at a lower value than the |μ|= 1 bin because a
particle starting with μ= 0 can have a maximum |Δμ|= 1,
while a particle starting with |μ|= 1 can have a maximum
|Δμ|= 2. Saturation appears to occur after the parallel
scattering time. The top left panel of Figure 2 clearly shows
that the MSD from the simulation is in good agreement with
the QLT prediction (Equation (C3b)) initially. However, the
theoretical MSD seems to grow linearly with time and does not
saturate. This shows that the idea of R. C. Tautz et al. (2013) to
theoretically calculate the saturation time from QLT as the time
when 〈(Δμ)2〉= 1 would be invalid, as not all pitch angles are
expected to reach such a large MSD.
The right panel in the second row of Figure 2 shows that the

oscillations in the MSD lead to the running PADC from M1a
(Equation (6)) having initial oscillations that transition to a
constant value before decreasing with time due to the saturation
of the MSD (in line with the results of R. C. Tautz et al. 2013;
J. D. Riordan & A. Pe’er 2019). When M1a is applied to the
expected MSD from QLT in the top left panel, it seems as if the
running PADC reaches constant values at late times, as shown
in the left panel of the second row, but analytically,
Equation (C3a) implies eventual subdiffusive behavior since
[ (| | )]/m- - Wk v n t t1 cos approaches zero as t⟶∞ (Ω is
the signed cyclotron frequency and n=±1). Even if the MSD
is averaged over a gyration to remove the oscillations in the
bottom left panel, it remains difficult to discern where the
running PADC is constant, especially for certain pitch angles.
While an automated search for this region might be possible, it
would fail under stronger turbulence conditions, as this region

Table 1
Summary of the Different Methods Investigated in This Study for Easy

Reference

Method Section Equations Figures Notes for Figures

M0 3 (4b) 1 Dashed red line in the top left
panel

M1a 3.1 (6) 1, 8 Solid cyan line in the top left
panel

2 Right panel in the second row
and the bottom left panel

9 Top right and bottom left
panels

13 Top right panel
M1b 3.1 (7) 1, 8 Solid green line in the top left

panel
2 Right panel in the third and

fourth row
9, 13 Bottom right panel
19 Red lines

M2a 3.2 (8) 3 L
M2b 3.2 (14) 1, 8 Solid blue and purple lines in

the top right panel
4, 10, 14 L

12 Solid purple line
19 Cyan lines

M3 3.3 (15) 1 Solid gray line in the top right
panel

5 L
M4a 3.4 (19) 1, 8 Solid orange line in the bot-

tom left panel
6, 15 Left panel

7, 11, 16 Left panels
19 Blue lines

M4b 3.4 (20) 1, 8 Solid red line in the bottom
left panel

6, 15 Left panel
7, 11, 16 Right panels

19 Purple lines
M5 3.5 (22) 1, 8 Dashed blue line in the bottom

left panel
6, 15 Right panel
12 Dashed blue line

17, 18 L
19 Orange lines

8

The Astrophysical Journal, 977:174 (26pp), 2024 December 20 van den Berg, Els, & Engelbrecht



would disappear (see J. D. Riordan & A. Pe’er 2019, and
Section 4.3). Simply choosing a time to use, as done by
R. C. Tautz et al. (2013) and indicated by the dots in the bottom
left panel, does not guarantee that the PADC is truly constant
there (e.g., it is not clear if the |μ|= 0.25, |μ|= 0.5, and |
μ|= 0.75 bins show a constant value, while the value for the |
μ|= 1 bin is likely overestimated), especially in stronger
turbulence conditions. The PADC constructed from M1a (dots
in the bottom left panel of Figure 2) compare well to the results
of R. C. Tautz et al. (2013), as they are constructed at the same
time (see the solid cyan line in the top left panel of Figure 1).

It is clear from the third row of Figure 2 that M1b
(Equation (7); right panel) exhibits oscillations that are
qualitatively the same as predicted by QLT (Equation (C2b);
left panel). Quantitatively, there are slight differences, probably
due to the finite pitch-cosine bin widths, as the analytical
expressions were evaluated at the bin midpoints (except for
μ= 0 and μ= 1). From the theoretical prediction, it is apparent
that the oscillation amplitudes decrease with time until small
oscillations around a constant value remain. Unfortunately,
noise in the numerical methods obscures this, making it
challenging to infer the constant value from this method to
construct the PADC. Simply averaging the results of M1b over
a gyration does not generally yield a constant running PADC
due to numerical imperfections (e.g., an integer number of
temporal bins not perfectly fitting into a gyration or errors
introduced by the numerical derivatives or integration schemes)
and noise. The running PADC predicted by QLT and
calculated from M1b exhibits complicated behavior in that it
displays both negative values and anomalous diffusion.

Negative values of the (time-independent) PADC for certain
pitch angles have also been predicted by theories incorporating

the effect of focusing on the pitch-angle scattering process (see
R. C. Tautz et al. 2014; V. Florinski 2024). If the diffusion
coefficient is negative, then the pitch-angle diffusion equation
(Equation (18a)) can be explicitly written as

| | ( )⎡
⎣⎢

⎤
⎦⎥m m

-
¶
¶

=
¶
¶

¶
¶

<mm mm
f

t
D

f
Dfor 0. 28

This can be interpreted as a time reversal of the diffusion
process and would therefore represent a congregation of
particles diffusing in such a way as to be less spread out in
pitch angle. Of course, to satisfy the second law of
thermodynamics, the total amount of “negative diffusion”
cannot be more than the total amount of “positive diffusion”
and we do see this in that the negative area of the oscillating
running PADC is less than the positive area (R. C. Tautz et al.
2014). The microphysics of pitch-angle scattering do not seem
to be understood well enough to give an explanation at this
stage as to why negative diffusion would occur.
In unbounded spatial diffusion, the diffusive behavior is

classified in terms of the time dependence of the MSD and the
process is said to be diffusive or ballistic if the time dependence
is linear or quadratic, respectively, while being sub- or
superdiffusive if the time dependence is between constant
and linear or between linear and quadratic, respectively (see,
e.g., A. Shalchi 2009; G. Zimbardo et al. 2015, and references
therein). It is clear from the initial oscillations and eventual
saturation seen in the pitch-angle MSD examples of this and
previous work, that the particles experience ballistic, super-
diffusive, diffusive, and subdiffusive motion at different times,
while the saturation could be wrongly interpreted as subdiffu-
sion if the boundedness of the pitch angle is not considered.

Figure 1. PADC as a function of pitch cosine resulting from Section 4.1. The results of M0 (Equation (4b)), M1a (Equation (6); dots in the bottom left panel of
Figure 2), M1b (Equation (7); horizontal dashed lines in the bottom right panel of Figure 2), M2b (Equation (14) multiplied by two for the solid red and blue lines in
the right panel of Figure 4), M3 (Equation (15); dots in Figure 5), M4a and M4b (Equations (19) and (20), respectively; dashed lines in the bottom panels of Figure 7
after applying a three-point average), and M5 (applying Equation (22) to the distributions in the right panel of Figure 6 and combining the two results such that the
hemisphere containing the source is excluded) are compared to the prediction of QLT (Equation (C1)) and the simulation results of R. C. Tautz et al. (2013; black
dots). The dashed black line shows the QLT prediction averaged over the pitch-cosine bins, and the legend gives the ratio of the parallel diffusion coefficient resulting
from the constructed PADC (Equation (C4a)) to the parallel diffusion coefficient predicted by QLT (Equation (C4b)). Shaded areas indicate uncertainties.
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The same criteria to identify anomalous diffusion can therefore
not be applied to pitch-angle scattering or diffusion in a
bounded domain. Perhaps better suited for identifying
anomalous pitch-angle scattering, is the correlation function,
as G. Zimbardo & S. Perri (2020) show for isotropic pitch-
angle scattering that power-law scattering times could lead to a
pitch-angle correlation function decreasing as a power-law and
not an exponential. These authors also show that the temporal
evolution of the pitch-angle distribution function from a delta

injection in pitch cosine will be different if anomalous diffusion
is acting.
Averaging the MSD over a gyration and then applying M1b

yields a fairly constant PADC up to ∼10 gyrations, as shown in
the bottom right panel of Figure 2. Here, an automated
procedure was applied to find the average constant value of the
PADC for each pitch-cosine bin separately (indicated by the
horizontal dashed lines) by calculating the cumulative average
until the instantaneous value deviates by more than a factor of

Figure 2. Results of M1a (Equation (6)) and M1b (Equation (7)) as a function of time for different initial pitch angles (indicated in the legend by different colors) from
Section 4.1. Top row: pitch-cosine MSD expected from QLT (Equation (C3b); left panel) and calculated from the simulations (right panel). Second row: running
PADC for M1a expected from QLT (Equation (6) applied to Equation (C3b); left panel) and calculated from the MSD in the top right panel (right panel). Third row:
running PADC for M1b expected from QLT (Equation (C2b); left panel) and calculated from the MSD in the top right panel (right panel). Bottom row: running PADC
for M1a (left panel) and M1b (right panel) after averaging the MSD in the top right panel over a gyration. Dots in the left panel indicate the time (i.e., at 16 gyrations)
when the PADC was constructed for M1a, while horizontal dashed lines in the right panel show the time over which the results were averaged to construct the PADC
for M1b (i.e., the solid cyan and green lines, respectively, in the top left panel of Figure 1). Shaded areas visible in the bottom panels indicate uncertainties. The
vertical gray lines indicate the turbulent correlation crossing time (dashed–dotted line) and the scattering times calculated from either the parallel correlation function
(solid line) or the parallel MFP expected from QLT (dashed line). Note that the pitch cosine has been shifted by a quarter of a bin width when calculating the
expectations from QLT for μ = 0 and μ = 1, as QLT predicts zero for both of these pitch cosines.
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1.5 times the cumulative standard deviation. The factor of 1.5 is
a free parameter that can be adjusted, but reducing it to 1 yields
an average over too short a time (resulting in a larger
uncertainty) and increasing it to 2 yields an average over too
long a time (changing the average away from the approximate
constant value). While one could simply choose a time (e.g.,
two gyrations), the aforementioned method yields smaller
uncertainties on the constructed PADC. However, it can be
questioned whether a system with such low turbulence levels is
already in a diffusive state during the first 10 gyrations. This
average of M1b yields a PADC between the QLT prediction
and the results of R. C. Tautz et al. (2013; see the solid green
line in the top left panel of Figure 1).

M2a. The left panel of Figure 3 shows the pitch-angle rate of
change correlation function needed for the TGK approach. The
oscillations would not be well resolved if even fewer temporal
bins were used, with the oscillations being very important for
the TGK approach due to the integral over the pitch-angle rate
of change correlation function. These correlation functions
become noisy at late times due to statistical fluctuations, which
add up when integrating them to yield the running PADC in the
right panel (a lot more particles would be needed to reduce the
noise at late times). M2a (Equation (8)) is again qualitatively
the same as predicted by QLT (compare to the left panel in the
third row of Figure 2) until the noise becomes severe. Since we
are unable to construct a constant PADC from this method, no
result is shown in Figure 1.

M2b. The pitch-angle correlation function in the left panel of
Figure 4 is constructed from Equation (13) since the MSD is
already well-behaved. Unfortunately, the correlation functions
become very noisy at late times, making it difficult to verify if
they follow an exponential decorrelation. The onset of the noise
can of course be delayed by using more particles. It is
interesting to note a slight increase in the correlation for the
μ= 0 and |μ|= 0.25 bins, but this could also be due to the
range of different pitch angles in the bin compared to the small
correlation value at zero lag. The oscillations seen for some
pitch angles (close to 90°) are small, resulting in a correlation
function with a similar shape when averaged over a gyration,
while still being fairly noisy at late times after the averaging.
The negligible effect of averaging the correlation function

over a gyration is also evident in the right panel of Figure 4,
which shows the correlation time as a function of pitch angle
(compare the dashed and solid lines). The noise at late times
accumulates during the integration of the correlation function
(see Equation (12)), yielding an incorrect correlation time.
Consequently, we also determined the correlation time by
fitting the cumulative function (i.e., ( )ò t tmmC d

t

0
) to what

would be expected from an exponentially decreasing correla-
tion function (i.e., ( )/ /ò t = -t

m
- -m me d T e1

t T t T
0

), as it is
easier to discern where noise is affecting the cumulative
function than the correlation function itself. The most
significant difference between these two approaches is seen

Figure 3. Results of M2a (Equation (8)) as a function of time for different initial pitch angles (indicated by different colors) from Section 4.1. Left panel: pitch-angle
rate of change correlation function. Right panel: running PADC calculated from the pitch-angle rate of change correlation function in the left panel. Vertical gray lines
are as explained in Figure 2 and shaded areas in the right panel indicate uncertainties.

Figure 4. Results of M2b (Equation (14)) from Section 4.1. Left panel: pitch-angle correlation function as a function of time for different initial pitch angles (different
colors). The dashed cyan line represents the parallel velocity correlation function. Vertical gray lines are as explained in Figure 2. Right panel: pitch-angle correlation
time as a function of pitch cosine for the correlation functions in the left panel. The solid red and blue lines represent the correlation time calculated from the original
correlation functions, while the dashed orange and purple lines represent the correlation time calculated after averaging the correlation functions over a gyration. The
solid red and dashed orange lines show the correlation time calculated from integrating the correlation function (Equation (12)), while the solid blue and dashed purple
lines show the correlation time determined by fitting an exponential function to the correlation function. Note that the dashed purple and solid blue lines fall almost on
top of one another, while the same is true for the dashed orange and solid red lines. The horizontal solid and dashed gray lines have the same interpretation as their
vertical counterparts in the left panel. Shaded areas indicate uncertainties.
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closer to μ= 0, where there is more noise in the correlation
functions. The correlation time is longer for pitch angles close
to 90° as it is expected that particles with these pitch angles will
experience less pitch-angle scattering (see the resulting PADCs
in Figure 1). Note that a three-point average was applied to the
correlation time to smooth it and make it slightly more
symmetric, which could slightly underestimate the correlation
time for the bins around μ= 0. The correlation time found from
integrating the parallel velocity correlation function (dashed
gray line) is closer to the parallel scattering time estimated from
QLT (solid gray line) than the parallel scattering time estimated
from the parallel diffusion coefficient calculated during the
simulation is to the QLT estimate (hence the aforementioned
doubt over whether the simulation has run long enough for the
parallel diffusion coefficient to converge).

The PADC from M2b (Equation (14)) is closer to the QLT
prediction than the results of R. C. Tautz et al. (2013; see the
solid blue and purple lines in the top right panel of Figure 1).
Note, however, that Equation (14) had to be multiplied by 2 for
M2b to yield results on the same level as the other methods and
QLT. We note that A. Shalchi et al. (2004b) defined the pitch-
angle scattering time as in Equation (14), while J. A. le Roux &
G. M. Webb (2007) defined it without the factor of a half (as is
necessary to yield the results in the top right panel of Figure 1).
Both assumptions seem equally ad hoc, and if this geometry
problem (i.e., isotropic versus anisotropic scattering) proves to
persist in the following comparisons, then the assumption of
the scattering time being related to the correlation time must be
called into question.

M3. It is clear from Figure 5 that M3 (Equation (15)) also
exhibits similar oscillations to those predicted by QLT (see the
left panel in the third row of Figure 2). As shown by the dashed
lines, it might be possible to find a time interval where the
running PADC is constant by calculating the cumulative
average. However, automating a procedure to determine where
the oscillations have sufficiently died out and where noise starts
affecting the average would be difficult, raising questions about
the consistency of results acquired in this manner. The solid
gray line in the top left panel of Figure 1 shows that the PADC
constructed from this cumulative average of M3 (dots in
Figure 5) compares well to the results of R. C. Tautz et al.
(2013), as it is also constructed at the same time (note that the
uncertainty yielded by M3 increases close to μ= 0 due to the
averaged oscillations having a larger amplitude for these pitch
cosines).

M4a and M4b. The distribution function, averaged over a
gyration and shown in the left panel of Figure 6, evolves slowly
from a triangular to an isotropic distribution for these low
turbulence levels. Therefore, the distribution function averaged
over a gyration is very similar to the unaveraged one. A
triangular distribution was used to ensure a well-behaved
derivative in all pitch-angle bins, except the μ= 0 bin. When
calculating the PADC from the distribution function, it would
also be possible to do linear fits of the distribution function, but
this did not yield less noisy results and will therefore not be
considered further. Comparing the evolution of the distribution
function between 103 and 104 gyrations to the parallel
scattering time and the fact that the pitch-angle decorrelation
occurs around the same time that the MSD saturates implies
that the system has had enough time to relax to an isotropic
distribution (if it were to start in a nonstationary state) and
would probably be in a truly diffusive state.
The top left panel of Figure 7 shows that applying M4a

(Equation (19)) yields oscillations similar to what is expected
from QLT (see again the left panel in the third row of Figure 2)
but with a lot of noise. Note that we applied M4a from μ=−1
to μ= 0 and from μ= 1 down to μ= 0 to avoid the pitch-angle
derivative being close to zero at μ= 0 and to prevent noise in
the negative hemisphere of the distribution function accumulat-
ing and affecting the positive hemisphere when calculating the
integral of the distribution function. However, this approach
results in the μ= 0 bin having a near-zero value for the
symmetric distribution and PADC. If the method is not applied
in this way, then the result for μ= 0 is too noisy due to the
derivative being close to zero. Note that M4a yields zero for the
|μ|= 1 bins due to the cumulative distribution being zero for
the first bin. M4b (Equation (20)), shown in the top right panel
of Figure 7, is even noisier, as might be expected from its use
of a second-order derivative. An initially constant running
PADC can be found from both M4a and M4b if the distribution
function is first averaged over a gyration (this reduces the
temporal resolution of the distribution function, but only
removes the oscillations, while still capturing the diffusion
process), as shown in the bottom panels. This improvement in
identifying the PADC when averaging the distribution function
is somewhat expected, given that the diffusion equation is
averaged over gyrophase for a gyrotropic distribution. Since
the results fluctuate around a seemingly constant value, the
temporal average of M4a and M4b was taken up to 103 and 102

gyrations, respectively (the noise becomes too much at later
times; these constant values are indicated by the horizontally
dashed lines). The solid orange and red lines in the bottom left
panel of Figure 1 result after applying a three-point average to
reduce the noise. Both M4a and M4b yield PADCs between the
QLT prediction and the results of R. C. Tautz et al. (2013), but
M4a yields less pitch-angle scattering at 90° pitch angles than
the QLT prediction.
M5. For M5 (Equation (22)), the simulation is only run until

all the particles escape through the absorbing boundaries. This
makes the method computationally much faster, especially
under conditions where the particles experience more scatter-
ing, but if pitch-angle scattering is inefficient, then this method
could be computationally slow. Since this method is not valid
close to the source of particles, we ran the method twice,
injecting particles at μS= 0.5 and μS=−0.5, so that the
solution of the former can be used for μ< 0 and the latter for
μ> 0. This is done in the hope that |μS| would be far enough

Figure 5. Running PADC of M3 (Equation (15)) as a function of time for
different initial pitch angles from Section 4.1. The dashed lines show the
cumulative average up to a given time, while the dots indicate the time when
the PADC was constructed from the cumulative average (i.e., the solid gray
line in the top right panel of Figure 1). Vertical gray lines are as explained in
Figure 2.
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from the other pitch-cosine hemisphere for the method to be
valid. The absorbing boundaries were placed at μ=ϖμ/2− 1
and μ= 1−ϖμ/2, implying that the pitch-cosine bins μ=±1
will not have any particles. The two stationary distributions
resulting from this are shown in the right panel of Figure 6.
Due to the way in which the stationary distribution function
and escape rates are calculated in this method (see Section 3.5
for details), even fewer particles (up to a factor of 10 less) could
be used to still yield an acceptable result. Since this method
uses a stationary solution, there is no running PADC, and the
final result is shown in the bottom left panel of Figure 1 as the
dashed blue line. Having no data in the first and last pitch-
cosine bins, we estimated a value for these bins by
extrapolating a straight line from the adjacent bins. The
resulting PADC is also between the QLT prediction and the
results of R. C. Tautz et al. (2013).

4.2. Method Comparison in Weak Composite Turbulence

In light of the slightly lower turbulence level for the second
case, the total simulation time is increased here to /l v10 c

5 slab .
Figures 8–11 show the results of the second benchmark
comparison for weak composite turbulence. Given the discus-
sion of the results from the previous section, the results of this
section are only shown averaged over a gyration (i.e., the
temporal bin width ϖt is now 64 times larger than the
simulation time step δt). This was also necessary due to
memory constraints since the number of grid points used for
2D turbulence, Nx×Ny= 214× 214= 228, is much larger than
the number of grid points used for slab turbulence, Nz= 223.
Methods yielding an inherently oscillatory running diffusion
coefficient (i.e., M2a and M3) are therefore not considered as
the oscillations cannot be resolved. All the PADC results from
the second benchmark comparison between the different

Figure 6. Pitch-angle distribution functions as a function of pitch cosine from Section 4.1. Left panel: temporal evolution of an initially triangular distribution
averaged over a gyration at different times (indicated in the legend by different colors) for the methods of Section 3.4. Right panel: stationary distributions of two
different point sources with absorbing boundaries at μ = ϖμ/2 − 1 and μ = 1 − ϖμ/2 for the method of Section 3.5. Shaded areas (somewhat visible in the right
panel) indicate uncertainties.

Figure 7. Running PADC of M4a (Equation (19); left panels) and M4b (Equation (20); right panels) as a function of time for different initial pitch angles from
Section 4.1. Both methods are applied to the constructed distribution function (top panels) and the distribution function averaged over a gyration (left panel of
Figure 6; bottom panels). The results in the top panels are only shown for up to 100 gyrations as the noise becomes extreme thereafter. The horizontal dashed lines in
the bottom panels show the time over which the results were averaged to construct the PADC (i.e., the solid orange and red lines in the bottom left panel of Figure 1).
Vertical gray lines are as explained in Figure 2.
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methods are summarized in Figure 8 together with the
expectation from QLT (Equation (C1)) and the simulation
results of G. Qin & A. Shalchi (2009). The results from M0
(Equation (4b)) and M3 (Equation (15)) are not shown, but
both these methods yielded PADCs that were too large (i.e.,
both yielded / k k =mm 0.11D QLT ). This is probably because the
statistics of |Δμ| is different for the larger temporal bins used in
the current setup. M1a, M1b, M4a, M4b, and M5 are again in
very good agreement with one another and QLT. The good
agreement between the different methods and QLT seems to
indicate that 2D turbulence does not have much of an influence
on pitch-angle scattering, but this should be tested further for
other ratios of /R lbL

slab and stronger turbulence levels.
It is clear from Figure 8 that none of the methods yielded

PADCs that are comparable to the simulation results of G. Qin
& A. Shalchi (2009). It is unclear how these authors
constructed their PADCs, and the MSD does not seem to
behave in such a way that their specific results can be recovered
even if the PADC is constructed for each pitch angle at a
different time (also see the next paragraph). It might be
mentioned at this point that G. Qin & A. Shalchi (2009) find
nearly diffusive behavior in pure slab turbulence, but not in
pure 2D turbulence, which is in direct contrast with their result
of finding more pitch-angle scattering through 90° pitch angles
in composite turbulence (as shown in Figure 8). A careful
consideration of their examples, however, reveals that they
show the subdiffusive behavior for 90° pitch angles in pure 2D
turbulence on a log–log scale up to a time of

/l- v100 1000 c
slab while showing diffusive behavior for

different pitch angles in pure slab turbulence on a linear scale
up to a time of only /l v25 c

slab . The question must then be
asked if the subdiffusive behavior seen in pure 2D turbulence is
not just an artifact of the method used in constructing the
PADC (presumably by using M1a), which will also manifest in
pure slab turbulence if the running PADC is investigated over a
longer time interval on a log–log scale.

M1a and M1b. The pitch-angle MSD shown in the top left
panel of Figure 9 also saturates as in the previous section (the
oscillations seen in the top row of Figure 2 are not visible here
due to the results being averaged over a gyration). The running
PADCs resulting from M1a (Equation (6)) and M1b
(Equation (7)) are shown in the top right and bottom right
panels of Figure 9, respectively. The PADC shown in the top
left panel of Figure 8 was constructed from M1a after
16× 5= 80 gyrations since the running PADC is not yet
constant for most pitch angles after 16 gyrations (note that if
the fraction of energy in the slab component is five times less
than in the previous section, it could be expected that the pitch-
angle scattering process would be approximately five times
slower). To illustrate how the PADC from M1a depends on the
time chosen to construct it, the bottom left panel of Figure 9
shows the PADC at five different times. It can be seen from the
yellow and orange lines that if the PADC is constructed too
early, then the amount of pitch-angle scattering will be
overestimated. The purple and blue lines show that if the
PADC is constructed too late, then the shape of the PADC will
be wrong and the scattering amplitude will be underestimated.
To construct the PADC from M1b, the instantaneous value of
each pitch angle was again compared to the cumulative average
until it deviated by more than 1.5 times the cumulative standard
deviation. Similar to the previous section, this method, for even
lower levels of slab turbulence, gives a constant running
diffusion coefficient within the first 10 gyrations.
M2b. The results of the pitch-angle correlation function

shown in Figure 10 are all very similar to the results of the
previous section: the correlation function decays exponentially
over the time shown and before noise starts masking features,
pitch angles close to 90° are correlated longer, and calculating
the correlation time by fitting an exponential function yields
better results than simply integrating the correlation function.
The results for the correlation time are qualitatively similar to
the results of the previous section and therefore not shown here.

Figure 8. Similar to Figure 1, but for Section 4.2 and without the results of M0 (Equation (4b)) and M3 (Equation (15)). Here, the results are compared to the
simulation results of G. Qin & A. Shalchi (2009; black dots). M2b (Equation (14)) had to be multiplied by 2 again. Shaded areas indicate uncertainties.

14

The Astrophysical Journal, 977:174 (26pp), 2024 December 20 van den Berg, Els, & Engelbrecht



Quantitatively, the correlation time is longer due to the lower
fraction of slab turbulence. Equation (14) had to be multiplied
by 2 again for the PADC shown in the top right panel of
Figure 8 to be comparable to what would be expected
from QLT.

M4a and M4b. The temporal evolution of the pitch-angle
distribution function is not shown here (neither is the stationary
distribution function for M5) because it is qualitatively similar
to the results of the previous section, while quantitatively, the
distribution function isotropizes slower due to the lower

Figure 9. Results of M1a (Equation (6)) and M1b (Equation (7)) as a function of time for different initial pitch angles (indicated in the legend by different colors) from
Section 4.2. Top left panel: pitch-cosine MSD calculated from the simulations and averaged over a gyration. Right column: running PADC for M1a (top panel) and
M1b (bottom panel) calculated from the MSD in the top left panel. Dots in the top right panel indicate the time (i.e., at 80 gyrations) when the PADC was constructed
for M1a, while horizontal dashed lines in the bottom right panel show the time over which the results were averaged to construct the PADC for M1b (i.e., the solid
cyan and green lines, respectively, in the top left panel of Figure 8). The vertical gray lines are as explained in Figure 2. Bottom left panel: similar to the top left panel
of Figure 8, but for the PADC constructed from M1a at different times (indicated by the different colors in the legend).

Figure 10. Similar to Figure 4, but for Section 4.2 and without the pitch-angle correlation time as a function of pitch angle. These correlation functions have been
averaged over a gyration. Vertical gray lines are as explained in Figure 2 and shaded areas indicate uncertainties.

Figure 11. Similar to the bottom row of Figure 7, but for Section 4.2. The horizontal dashed lines show the time over which the results were averaged to construct the
PADC (i.e., the solid orange and red lines in the bottom left panel of Figure 8).
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Figure 12. PADC as a function of pitch cosine resulting from Section 4.3. The results of M2b (Equation (14) applied to the blue line in the right panel of Figure 14)
and M5 (Equation (22) applied to the distributions in the right panel of Figure 15) are compared to the prediction of QLT (Equation (C1)), isotropic scattering with the
scattering amplitude calculated from the diffusion coefficient along the background magnetic field, and the simulation results of P. Sun et al. (2016; gray dot, plus sign,
and x symbols). The dashed lines show the theoretical predictions averaged over the pitch-cosine bins, and the legend gives the ratio of the parallel diffusion
coefficient resulting from the constructed PADC (Equation (C4a)) to the diffusion coefficient along the background magnetic field calculated from the simulations
(denoted by κzz). Shaded areas indicate uncertainties.

Figure 13. Similar to Figure 9, but for Section 4.3 and without the PADC constructed at different times because the MSD saturates too quickly to calculate a diffusion
coefficient from it. Vertical gray lines are as explained in Figure 2, but the solid and dashed lines coincide. Shaded areas visible in the bottom right panel indicate
uncertainties.

Figure 14. Similar to Figure 4, but for Section 4.3. Note that the pitch-angle correlation time is not calculated from the correlation functions after averaging them over
a gyration because the correlation functions change too much during a gyration to average them. The gray lines are as explained in Figure 4 (the right panel shows how
the dashed and solid gray lines are almost coinciding) and shaded areas indicate uncertainties.

16

The Astrophysical Journal, 977:174 (26pp), 2024 December 20 van den Berg, Els, & Engelbrecht



fraction of slab turbulence. The running PADCs resulting from
M4a (Equation (19)) and M4b (Equation (20)) are shown in the
left and right panels of Figure 11, respectively. The results from
M4a and M4b were again averaged over 103 and 102 gyrations,
respectively, to construct the PADC shown in the bottom left
panel of Figure 8, where a three-point pitch-angle average was
also applied to reduce the noise.

4.3. Method Comparison in Strong Slab Turbulence

For the strong turbulence conditions of this section, the total
simulation time was reduced to /l v10 c

3 slab , and the results were
binned over /v l= ´ - v6.25 10t c

2 slab (four times longer than
the simulation time step). The much shorter simulation time
also allowed more particles to be used, i.e., Np= 1.6× 105.
The parallel diffusion coefficient calculated directly from the
simulation, and not QLT, is used to calculate the parallel
scattering time as it is clear that the result has converged by the
end of the simulation. For this section, the cyclotron frequency
and gyroperiod are defined with respect to the total magnetic
field, i.e., | | / /w d g= +q B B B m1c 0

2
0
2

0 for the cyclotron
frequency, with γ and m0 the Lorentz factor and rest mass of
the particle, respectively. Note that the definition of the pitch
cosine relative to the background magnetic field is not ideal for
strong turbulence levels, as the turbulence will greatly perturb
the background magnetic field, such that the direction of the
total and background magnetic field could be quite different.
This, however, is a standard assumption in transport modeling
in order to have a well-defined pitch angle.

The results of this third benchmark comparison for strong
pure slab turbulence are shown in Figures 12–16. Note, for
these results, that the parallel scattering time is approximately
equal to the gyroperiod, implying an extreme case of pitch-

angle scattering. All the PADC results from the third bench-
mark comparison between the different methods are summar-
ized in Figure 12 together with theoretical expectations and the
simulation results of P. Sun et al. (2016; the three different sets
of simulation results are for the three different field normal-
izations used in their simulations). We note that P. Sun et al.
(2016) do not use the same spectrum as this work, i.e., compare

( )µ + n-g l k1 bslab
slab with Equation (1). Therefore, the results

presented here cannot be compared quantitatively to their
results, but the overall magnitude and shape of the results might
still be comparable. While the expectation from QLT
(Equation (C1)) is included for reference, it is not expected
to be valid in this strong turbulence case. Additionally, based
on the results of P. Sun et al. (2016) the expectation from
isotropic pitch-angle scattering is also shown, where the
scattering amplitude is normalized to the diffusion coefficient
along the z-axis calculated in the simulation (κzz) using
Equation (C4a).
M1a and M1b. The MSD is shown in the top left panel of

Figure 13 and saturates again after the parallel scattering time.
The running PADCs from M1a (Equation (6)) are shown in the
top right panel. It is evident that the MSD saturates so quickly
that there is hardly any time interval where the diffusion
coefficients remain constant. It can be seen in the bottom right
panel that averaging the MSD over a gyration and applying
M1b (Equation (7)) does not yield an initially constant running
PADC. The general shape of the PADC during the first few
gyrations is also not theoretically expected and is overall too
small compared to the results of other methods. Averaging the
MSD over a turbulent correlation crossing time also does not
yield a useful result (not shown). No PADC could be
constructed from the MSD since M1a and M1b break down
in strong turbulence.

Figure 16. Similar to Figure 11, but for Section 4.3.

Figure 15. Similar to Figure 6, but for Section 4.3.
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M2b. The left panel of Figure 14 shows the pitch-angle
correlation function, now exhibiting damped oscillations for all
pitch-cosine bins. The oscillations and late-time noise (note the
amount of noise still present even though the number of
particles has been doubled) make it difficult to determine
whether the decorrelation trend is exponential. Comparing the
cumulative correlation function to that of an exponential
decorrelation (not shown here) seems to indicate a possible
difference, at least due to the oscillations. The pitch-angle
correlation time is displayed in the right panel. The cumulative
correlation function was used only up to 10 gyrations to
calculate the correlation time from fitting an exponential
function to avoid excessive influence from noise on the results.
The correlation time exhibits only a slight pitch-angle
dependence.

The PADC resulting from M2b follows the expectation from
isotropic scattering for |μ|> 0.7, while yielding more scattering
closer to μ= 0. Note that Equation (14) did not need to be
multiplied by a factor of 2, as in the previous two sections. We
note that the theoretical derivation by A. Shalchi et al. (2012)
for the parallel velocity correlation function due to isotropic
pitch-angle scattering from the pitch-angle diffusion equation
(Equation (18)) can be generalized to derive the expected pitch-
angle correlation function and time (see also R. C. Tautz 2013).
In this case, it can be verified that the pitch-angle correlation
time is indeed related to the PADC by Equation (14), but we
are not aware of similar work existing for anisotropic pitch-
angle scattering. Regardless of the problems of this method, it
is still shown here for comparison to other methods.

M4a and M4b. The temporal evolution of an initially
triangular distribution is shown in the left panel of Figure 15.
The distribution function changes very quickly in these strong
turbulence conditions and is already close to isotropy after only
half a gyration. Figure 16 shows the running PADCs from M4a
(Equation (19)) and M4b (Equation (20)). The results are too
noisy to average them over more than two gyrations, which is
somewhat expected given the rapid changes in the distribution
function, and do not yield a result in agreement with either
M2b or M5. Once again, averaging the distribution function
only over a turbulent correlation crossing time does not yield a
more useful result (i.e., it is difficult to pick the correct
temporal resolution for the distribution function if it is
changing too rapidly).

M5. Since M5 (Equation (22)) is sensitive to the pitch angle
reaching an absorbing boundary, 215 steps were taken per
gyration for this method to correctly identify when the particle
reaches such a boundary. The injection was also moved to
|μS|= 0.866 to ensure the source is far enough away from the
hemisphere where the PADC should be constructed since the
diffusion rate is much higher, giving particles access to the
other hemisphere more easily. The stationary distribution
functions for a delta injection and absorbing boundaries are
shown in the right panel of Figure 15. The distribution displays
large intervals around μ= 0 with a fairly constant slope, unlike
the changing distributions of the previous two sections
(compare with the right panel of Figure 6), indicating that
pitch-angle scattering does not have a very strong pitch-angle
dependence around 90° pitch angles. The PADC in Figure 12
resulting from M5 is in good agreement with the result of M2b
and follows the expectation from isotropic scattering for
|μ| > 0.7, while yielding more scattering closer to μ= 0.

4.4. Best Practices for M5

Unfortunately, it is not clear how far from the source M5 is
valid (since the system might not be diffusive near the source
and the derivative is not guaranteed to be continuous at the
source), so we investigate the effect of the source location
when using M5. First, we discuss a possible way to estimate
where in the pitch-cosine domain the particles are diffusive,
together with a possible improvement of the method to include
both diffusive and streaming flux. However, both are argued to
be inadequate and we end this section with a possible “best
practice” approach for M5.
First, one might think that the average propagation time of

particles from the source to a pitch-cosine bin could be used to
judge if the particles have had enough time to reach a diffusive
limit, but this does not seem to be a reliable measure: in the
case of strong turbulence (Section 4.3), particles were able to
propagate from μS=±0.866 to μ=m0.175 in less than a
gyroperiod on average, while the bins further than μ=m0.375
had average propagation times longer than the parallel
scattering time; in the case of weak turbulence (Section 4.1),
particles took on average more than 10 gyroperiods to
propagate to the bins next to the bin containing the source,
but only the bin next to the furthest absorbing boundary had an
average propagation time longer than the parallel scattering
time (these propagation times are not shown and are only
reported here). In the latter case, one might naively think that
the particles had enough time to reach diffusive behavior, but
such weak turbulence levels do not guarantee enough pitch-
angle scattering for diffusive behavior. In the former case, one
might naively think that the particles have not had enough time
to reach diffusive behavior, but such strong turbulence levels
should quickly lead to diffusive behavior.
Second, we note that Equation (22) is reminiscent of Fick’s

law, i.e., the diffusive flux is proportional to the diffusion
coefficient times the gradient. However, in the general case, the
total flux is due to both a “streaming” (in pitch cosine,
not configuration space) and diffusive flux, i.e.,  =

( )/m má ñ - mmF D dF d (this should also hold for the time-
dependent distribution function f ). Such an equation should be
valid closer to the source to calculate the PADC, or the
comparison between the streaming and diffusive flux could be
used to infer where M5 might be valid, but there are several
problems with using such an approach. If this is applied to the
simulation setup in M5, it should be taken into account that
particles continuously diffuse from the source to the absorbing
boundaries, and this motion might appear as a bulk movement
of particles in a preferred direction. In applying M5 in both
Sections 4.1 and 4.3, we indeed found the streaming flux to be
approximately equal to the flux through the absorbing
boundaries if the simulation time step is small enough (not
shown). Under different circumstances, the streaming flux is
expected to be zero because starting with an isotropic
distribution that remains isotropic in the absence of sources
or sinks of particles, it holds that  = 0 and dF/dμ= 0, such
that the streaming flux should also be zero.
Conversely, one could also imagine that for a nonconstant

diffusion coefficient, particles will diffuse away from regions
where the diffusion coefficient is larger and will spend more
time where the diffusion coefficient is smaller, giving the
appearance of some preferred direction of motion for the
particles. Hence, if the streaming flux is nonzero in a system
where only diffusion operates, then the streaming flux must be
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somehow related to the varying diffusion coefficient. Indeed,
J. R. Jokipii (1966) already pointed out that the Fokker–Planck
coefficient 〈Δμ/Δt〉 must be related to 〈(Δμ)2/2Δt〉 for pitch-
angle scattering, as explained by J. P. van den Berg (2023):
“Given a long enough time, scattering would cause the
distribution function to become isotropic; if scattering did not

lead to isotropy, then an initially isotropic distribution could
relax to an anisotropic distribution; this, however, would
violate Liouville's theorem, that is, for an isotropic distribution
to remain isotropic, there must be a balance between the firs-
and second-order processes.” If this is applied to the Fokker–
Planck equation, one finds 〈Δμ/Δt〉= ∂[〈(Δμ)2/2Δt〉]/∂μ.

Figure 17. Top left panel: PADC as a function of pitch cosine resulting from M5 (Equation (22)) in Section 4.3 for different source locations (different colors
indicated in the legend). Top right panel: the KS test statistic of the PADCs for the different sources compared to the result of |μS| = 0.95. The horizontal dashed
orange line indicates the critical value. Bottom left panel: the PADC yielded by averaging the results of the different sources that are statistically similar according to
the KS test. The results in the left column are compared to the prediction of isotropic scattering with the scattering amplitude calculated from the diffusion coefficient
along the background magnetic field (solid gray line) and the simulation results of P. Sun et al. (2016; gray dot, plus sign, and x symbols ). The dashed gray line shows
the theoretical predictions averaged over the pitch-cosine bins and shaded areas indicate uncertainties.

Figure 18. Similar to Figure 17, but for Section 4.1 and comparing the results in the left column to the prediction from QLT (Equation (C1)) and the simulation results
of R. C. Tautz et al. (2013; black dots).
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Whether or not this can be directly translated to the streaming
flux is unclear because it follows from the Fokker–Planck
equation (see, e.g., J. P. van den Berg 2023) that
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implying a total flux of [ ( ) ]( )/ / m m= - á D D ñ ¶ ¶t f22 ,
which is again just Fick’s law. Hence, if it is unknown exactly
how such a “diffusion-induced streaming” flux is related to the
diffusion coefficient, then ( )/   m= - mmD dF dstream cannot
be solved for the diffusion coefficient. Additionally, the
streaming flux can be calculated independently (through
má ñF), but the diffusive flux cannot, and so one has to assume

that     = -diff stream.
In the previous section, the source location was moved for

M5 to ensure that the source is far enough from the hemisphere
where the PADC is constructed. The top left panel of Figure 17
clearly shows how much the results change if the source is
moved for the strong turbulence case of Section 4.3, while the
top left panel of Figure 18 shows that the results are not
sensitive to the source location in the weak turbulence case of
Section 4.1. In order to quantify whether the results of two
different sources are statistically similar, we propose to apply a
two-sample Kolmogorov–Smirnov (KS) test: assume that the
PADC resulting from the source being the closest to the
absorbing boundary (|μS|= 0.95 in these examples) is the

closest one can come to the true solution (i.e., the null
hypothesis) since the source is as far from the hemisphere
where the PADC is constructed as possible; compare the
PADCs resulting from different source locations to the null
hypothesis with the KS test; all PADCs resulting from sources
with test statistics smaller than the critical value are statistically
similar and can be averaged together. The KS test statistic for
Section 4.3 is shown in the top right panel of Figure 17 and it is
clear that the results change significantly with a change in the
source position. The PADC from only the first two source
locations are statistically similar according to the KS test and
their resulting average is shown in the bottom left panel of
Figure 17. Repeating the KS test for Section 4.1 yields test
statistics for the different sources that are all below the critical
value, as shown in the top right panel of Figure 18. It is also
clear from visual inspection of the top left panel that the PADC
resulting from the different injections are very similar. Note
that, compared to the general values of the test statistic, the
critical value is not sensitive to the significance level, but is set
by the number of particles used in the simulations.

5. Discussion and Conclusion

This paper investigated nine different methods to calculate
the PADC from full-orbit simulations of charged particles in
synthetic magnetic turbulence. The single-particle simulation
code is summarized in Section 2 and the methods are described
in Section 3. These methods were compared in Section 4 to one
another, previous simulation results, and theoretical expecta-
tions, where applicable, for the cases of both weak pure slab
(Section 4.1) and composite (slab+2D; Section 4.2) turbulence
and strong pure slab turbulence (Section 4.3). Although all of
the methods should theoretically yield comparable results, it
was found that some of the methods are not well-suited for

Table 2
Strengths and Weaknesses of the Different Methods Investigated in this Study

Method Pros Cons

M0 Valid for anomalous diffusion. Applicable to an isotropic distribution. Time-
independent.

Not guaranteed to have the correct statistical behavior for any given time
interval to fulfill the assumed Markovian behavior.

M1a Valid for anomalous diffusion, even though diffusive behavior is assumed
due to the division by time. Applicable to an isotropic distribution.

Constant only over a limited time interval. Breaks down in strong tur-
bulence and at late times. Might show unexpected behavior due to
resonance interactions, requiring further interpretation.

M1b More fundamental than simply dividing by time. Valid for anomalous dif-
fusion. Applicable to an isotropic distribution. Yields time-independent
result initially if MSD is first averaged over a gyration.

Constant only over a limited time interval. Breaks down in strong tur-
bulence. Might show unexpected behavior due to resonance interac-
tions. Numerically volatile at late times.

M2a Limit of t⟶ ∞ can be taken. Applicable to an isotropic distribution. Unclear if valid for anomalous diffusion. Requires temporal homogeneity.
Numerically volatile at late times. ( )m t must be calculated.

M2b Correlation function is of interest for D⊥(μ) and gives information about
when the pitch angles are decorrelated, possibly indicating normal or
anomalous diffusion. Applicable to an isotropic distribution and strong
turbulence.

Correlation function becomes numerically volatile at late times (when
information becomes available about normal/anomalous diffusion).
Empirical relation with unknown proportionality constant.

M3 Applicable to an isotropic distribution. Not guaranteed to have the correct statistical behavior for any given time
interval. Unclear if valid for anomalous diffusion. Numerically volatile
at late times. ( )m t must be calculated.

M4a Integral smooths the time derivative. Only first-order derivatives are needed.
Yields time-independent result initially if distribution function is first
averaged over a gyration.

Assumes a diffusive system. Requires a nonstationary distribution func-
tion. Quite noisy, especially at late times. Unreliable in strong
turbulence.

M4b Yields time-independent result initially if distribution function is first
averaged over a gyration.

Assumes a diffusive system. Requires a nonstationary distribution func-
tion. Very noisy, especially at late times. Cumbersome matrix inversion.
Unreliable in strong turbulence.

M5 Time-independent. Computationally efficient. Works for strong turbulence. Assumes a diffusive system. Requires a delta injection and absorbing
boundaries (i.e., a specialized setup rendering code unsuitable to cal-
culate isotropic diffusion coefficients).
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numerical work. The reasons for this vary from being too noisy
to presenting difficulty in finding the time interval over which
the running PADC is constant. Other methods were found to
break down when strong turbulence conditions were consid-
ered. Details of this will be summarized and our recommenda-
tions for best practices will be discussed here.

It should be noted that the effect of the pitch-cosine bin size
was not investigated here. Small bins are desirable but often
yield poor statistics, resulting in noisy outcomes and increased
uncertainty. Conversely, large bins offer better statistics,
leading to less noise, but information is lost about the shape
of the PADC when averaging over broader pitch-cosine bins,
thereby also increasing the uncertainty. The most important
region for differentiating between scattering theories is likely
around 90° pitch angles, which also proves to be numerically
challenging for constructing the PADC. Given the theoretical
expectation of anisotropic pitch-angle scattering through μ= 0,
where the PADC changes rapidly (μ is the cosine of the particle
pitch angle), one might expect the highest uncertainty near
μ= 0. However, the uncertainty might also be significant
where the PADC have maxima, as the pitch angles change the
most rapidly for those pitch angles. Nonetheless, when
comparing simulation results to theory, we recommend
averaging the theoretical PADC over the pitch-cosine bins
before making a quantitative comparison.

Based on the results of the method comparisons in Section 4,
we do not deem M0 (Equation (4b)), M1a (Equation (6)), M2a
(Equation (8)), and M3 (Equation (15)) viable methods to
construct the PADC from simulations. Specifically, M0 and
M3 are dependent on the time interval used to construct Δμ,
thereby biasing the statistics of Δμ (see the dashed red line in
the top left panel of Figure 1 for M0); it is challenging to
identify the time interval where M1a yields a constant value,
particularly due to the initial oscillations and the faster
saturation of the MSD with increased turbulence strength (see
the right panel in the second row and the bottom left panel of
Figure 2 and compare this to the top right panel of Figure 13);
M2a and M3 become too noisy by the time the answer starts
oscillating around a constant value (see the right panel of
Figure 3 for M2a and Figure 5 for M3). M2b (Equation (14)) is
based on theoretical assumptions and seems to work empiri-
cally, but it suffers from a geometry problem: it appears to be
correct for isotropic pitch-angle scattering (see the solid purple
line in Figure 12), where the PADC only has a 1− μ2

dependence, but its assumption fails in other situations (as it
was a factor of 2 too small for anisotropic scattering; see the
discussion surrounding the solid blue and purple lines in the top
right panels of Figures 1 and 8). Hence, J. D. Riordan &
A. Pe’er (2019) must be followed in that the assumption of the
scattering and correlation time being related by Equation (14) is
generally not valid and seemingly only valid by coincidence for

isotropic scattering. Therefore, we do not recommend using
this method, especially not for comparison to theory, although
it could provide an idea of the general shape and magnitude of
the PADC if it is ensured that noise in the correlation function
does not significantly influence the correlation time. Given the
possible theoretical interest of the pitch-angle correlation
function and time in scattering theories (see the discussion
around Equation (14)), we defer a theoretical and numerical
investigation of this to future work.
M1b (Equation (7)), M4a (Equation (19)), and M4b

(Equation (20)) could be used in low levels of turbulence if
the MSD (for M1b; compare the right panel in the third row to
the bottom right panel of Figure 2) or distribution function (for
M4a and M4b; compare the top panels to the bottom panels of
Figure 7) is first averaged over a gyration. Specifically, these
methods can be averaged over a relatively easily identifiable
time interval where the running PADC is fairly time-
independent, and they are the closest to the prediction of
QLT and the simulation results of R. C. Tautz et al. (2013).
M1b still changes with time (see the bottom right panels of
Figures 2 and 9), requiring a scheme to find the initially
constant values for each pitch angle, which might compromise
the results as they may not always be reproducible.
Additionally, this method yields a constant running PADC
within the first 10 gyrations for the parameters considered here,
and it can be questioned whether the system is already in a
diffusive state. However, since the results of M1b are
consistent with the results of M4a, M4b, and M5
(Equation (22)), it seems that this is a reliable result.
M4a and M4b can be averaged over much longer times than

M1b (compare the dashed horizontal lines in the bottom right
panel of Figure 2 to the bottom panels of Figure 7 or the bottom
right panel of Figure 9 to both panels of Figure 11), providing
more confidence in the applicability of a diffusion equation, but
these two methods are noisier than M1b (a three-point average
in pitch cosine was needed after the long temporal average to
further reduce the noise to an acceptable level). Furthermore,
M4a is easier to implement than M4b, as it does not require a
matrix inversion, and better results are found for the initially
triangular distribution if M4a is applied separately from
μ=−1 to μ= 0 and from μ= 1 to μ= 0, although this could
make the result at μ= 0 unreliable. Unfortunately, these three
methods all fail if the turbulence strength is increased (see the
bottom right panel of Figure 13 and both panels of Figure 16).
Only M2b and M5 yielded comparable results in the case of
strong pure slab turbulence (see Figure 12). Since we found
that M5 is sensitive to the source location in strong turbulence
(see the top left panel of Figure 17), we showed how a KS test
can be applied to this method to provide more confidence in the
source location (see the last paragraph of Section 4.4).

Table 3
Criteria in Selecting Which of the Different Methods Are Suitable for a Numerical Investigation of the PADC

Criteria M0 M1a M1b M2a M2b M3 M4a M4b M5

Reproducible and viable for a large range of particle energies and turbulence conditions? No No No No No No No No Yes
Are results in consensus with other methods and previous simulation results?a No No Yes No Yes No Yes Yes Yes
Relatively easy to implement without compromising on the quality of results? No No No No No No Yes No Yes
In fair agreement with QLT for low turbulence levels away from μ = 0? No No Yes No No No Yes Yes Yes
Recommended for heliospheric turbulence conditions? No No No No No No Yes No Yes

a Only the boldfaced methods (M2b and M5) agree with each other for high turbulence levels.

21

The Astrophysical Journal, 977:174 (26pp), 2024 December 20 van den Berg, Els, & Engelbrecht



It is challenging to compare M1b, M2b, M4a, M4b, and M5
with one another using Figures 1, 8, or 12. Hence, Figure 19
shows the results of these methods from all three sections
divided by the prediction from theory to remove the general
trend and focus on the differences between the methods. All
these methods seem to deviate close to |μ|= 1, but the PADC
is expected to follow a 1− μ2 dependence close to |μ|= 1 and
the important region is around μ= 0. Fortunately, it is possible
to find slightly better estimates for |μ|= 1 and μ= 0 by
extrapolating straight lines from the neighboring bins.
Comparing M4b to the other four methods, it appears to have
the most noise and large values at μ= 0 for anisotropic
scattering (top and middle panels). Along with the complexity
of performing a matrix inversion, M4b seems computationally
less attractive than the other three methods (not counting M2b).
M1b, M4a, and M4b break down for strong turbulence levels
(bottom panel; also see the bottom right panel of Figure 13 and

both panels of Figure 16). Additionally, compared to the
computational speed of M5, the other three methods (M1b,
M2b, and M4a) also seem computationally less attractive.
Unfortunately, the simulation setup needed for these methods
are all different (i.e., an isotropic initial distribution for M1b
and M2b, a nonstationary initial distribution for M4a and M4b,
and a continuous point source with absorbing boundaries for
M5); otherwise, it would have been easy to apply all these
methods simultaneously to a simulation. M4a and M4b could
use an isotropic distribution if each particle is given a weight
according to its initial pitch cosine and the desired nonsta-
tionary initial distribution while binning the particle weights.
However, this would make the distribution function noisy as
the statistics in a bin will be governed by the particles with the
largest weights.
Users of M4a, M4b, and M5 are cautioned to check either

the temporal evolution of the pitch-angle distribution function
from a delta injection or the pitch-angle correlation function for
possible signatures of anomalous diffusion when utilizing
methods based on diffusion equations (see G. Zimbardo &
S. Perri 2020, for the possible signatures in these quantities).
The pros and cons of all the methods are summarized in
Table 2. To decide which method to ultimately use, we require
that the method should (1) be consistent in terms of being
reproducible and viable for a large range of particle energies
and turbulence conditions; (2) yield results in consensus with
other methods and previous simulation results, unless the
simulation results of a particular study are not reproducible by
any method; (3) be relatively easy to implement without
yielding results that are significantly different from other
methods; and finally (4) be in fair agreement with QLT, at least
for low levels of pure slab turbulence and away from μ= 0.
Only M5 seems to satisfy the first criterion, with strong
turbulence being the most limiting factor here; the second
criterion is generally satisfied by M1b, M2b, M4a, M4b, and
M5, except in the strong turbulence case where only M2b and
M5 yield comparable results; M5 certainly fulfills the third
criterion, but so does M4a if one is willing to spend some time
to get rid of the noise; M1b, M4a, M4b, and M5 satisfy the last
criterion. A summary of this is given in Table 3. M5 would be
the most broadly applicable method if it can be verified that the
results are due to truly diffusive behavior (although we
recommend a statistical procedure, as illustrated in
Section 4.4, if diffusive behavior cannot be verified), with the
added benefit of enhanced computational speed for higher
levels of turbulence. M4a also represents a robust method, but
its use should be limited to cases where lower levels of
turbulence are assumed. Ideally, however, both methods can be
implemented when doing an investigation of the PADC under
heliospheric conditions, with M1b or M2b providing an
alternative comparison. To summarize, the calculation of
PADCs in pre-specified turbulence conditions using numerical
test particle simulations is a delicate procedure, requiring
careful modeling, analysis, and interpretation of results and is,
as such, akin to the disentangling of the idiomatic rope of sand.
Nevertheless, in this case, it is indeed possible to glean some
information as to this fundamental quantity from simulations,
should sufficient care be exercised, and the caveats listed in this
study be taken into account. This will be the subject of
future work.

Figure 19. Comparison of the PADCs resulting from M1b (Equation (7)), M2b
(Equation (14)), M4a (Equation (19)), M4b (Equation (20)), and M5
(Equation (22)) for Section 4.1 (top panel), Section 4.2 (middle panel), and
Section 4.3 (bottom panel). To remove the general shape of the PADC and
focus on the differences between methods, the PADCs from the different
methods in the top and middle panels are divided by the QLT prediction
(Equation (C1)) averaged over the pitch-cosine bins (i.e., the dashed black lines
in Figures 1 and 8), while the PADCs in the bottom panel are divided by the
isotropic scattering result averaged over the pitch-cosine bins (i.e., dashed gray
lines in Figure 12). M1b, M4a, and M4b are not shown in the bottom panel
since they did not yield a usable result.
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Appendix A
Adaption of the Giacalone et al. (1999) Method to Momentum Space

The following derivation of Equation (15) in Section 3.3 is based on that of J. Giacalone et al. (1999) and J. Minnie (2006). The
distribution function at a time t+Δt, ( )+ D¢pf t t, , after the momentum has changed from p to ¢p by an amount , is related to the
distribution function at time t, f (p, t), by
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assuming that Δt and Δp are small. A coordinate transformation was performed in momentum space from Cartesian (px, py, pz) to
spherical (p, α, j) coordinates, where p is the magnitude of the momentum vector, α is the pitch angle, and j is the gyrophase, and
the pitch cosine, m a= cos , was used to calculate ⟹ /m a a a m m= - = - -d d d dsin 1 2 . The gyrophase-averaged streaming
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for a stationary magnetic field, where ^̂e 1 and ^̂e 2 are two orthogonal unit vectors perpendicular to the unit vector along the magnetic field b̂
and the dot indicates a temporal derivative. Assuming magnetostatic turbulence, such that D = =p p 0 (making this valid for any process
causing small-angle elastic pitch-angle scattering), and a gyrotropic distribution, such that f is independent of j, the flux is then
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where it is assumed that j is independent of j, Equation (A1c) was substituted, and that dp/dt and ( )+ D¢pf t t, are independent of
each other, such that their gyro-average is zero. Assuming that the pitch-angle changes will be diffusive for long enough times, Fick’s
law,
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will apply and implies that the PADC can be identified as

( ) ( )[ ( ) ( )] ( )m m m m» á + D - ñmmD t t t t t, . A6

Appendix B
Matrix Equation of the Discrete Derivative Form of the Diffusion Equation

Equation (20) in Section 3.4 forms a matrix equation given by
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where the shorthand notation ^¶ fq m

s
is used to denote a discrete partial derivative of f̂ with respect to the variable q at the point

(μm, ts). This tridiagonal system of equations can be solved with the Thomas algorithm using LU-decomposition (see, e.g.,
W. H. Press et al. 1992).

Appendix C
QLT

The most basic and widely used theory for pitch-angle scattering is that of QLT (J. R. Jokipii 1966; A. Shalchi 2009). As its
derivation can be found in numerous references (see, e.g., R. Schlickeiser 1989; A. Teufel & R. Schlickeiser 2002; G. Qin &
A. Shalchi 2009; A. Shalchi 2009), we present here the final expression for a quick comparison to the results of Section 4. QLT
predicts no pitch-angle scattering due to 2D turbulence in the magnetostatic case and the PADC from slab turbulence as
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for the slab spectrum of Equation (1), where Ω= qB0/γm0 is the (signed) cyclotron frequency and /=R R lbL
slab, with RL= v/|Ω| the

maximal Larmor radius. Since the results are inherently time-dependent in many of the methods discussed here, it would be useful to
compare them to the expected running PADC calculated from the TGK approach (Equation (8)),
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Unfortunately, this expression does not reduce analytically to the former when the limit of t⟶∞ is taken, but it does yield small
oscillations around the values from the time-independent result (see, e.g., the right panel in the third row of Figure 2). Additionally,
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the pitch-angle MSD is (A. Shalchi 2005; R. C. Tautz et al. 2013)
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It is interesting to note that applying Equation (7) to this yields the same running PADC as in Equation (C2a) from the TGK
approach, but that Equation (6) yields subdiffusive behavior analytically if the limit t⟶∞ is taken. The resulting parallel diffusion
coefficient is given by
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where 2F1(α, β; γ; z) is the hypergeometric function (A. Shalchi et al. 2004a; A. Shalchi 2009).
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