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Abstract

Despite their impressive performances on a range of widespread tasks, deep neural net-

works (DNNs) are generally considered ‘black box’ models due to the lack of transparency

behind their decision-making processes. Researchers address this issue through the use of

interpretability techniques which, in the context of this study, uses some set of rules to

map the output of the network back onto its inputs.

In recent works, sample set analysis has been proposed as a novel methodology to bet-

ter study the generalisation capabilities of DNNs through analysing the natural sample

clusters formed by the network itself. By being able to directly identify the nodes that

process the largest number of class samples, this methodology does offer some potential

as a possible means for improving DNN interpretations.

In this exploratory study, we investigate the applicability of sample set analysis as a tool

for DNN interpretability purposes. We do this by analysing the inner workings of networks

trained on the MNIST data set through using sample set analysis in conjunction with the

Layer-wise Relevance Propagation (LRP) interpretability technique, while verifying the

results using a custom generated synthetic data set.

Our analysis led to the introduction of encoding sample sets, an additional sample set

category that groups class samples according to their binary node activation patterns in

a given layer. Through encoding sample sets, we further introduce the concepts of core

and variation nodes, which refer to the nodes that activates for all encoding sample sets

within a layer or only a subset of them, respectively.

When used in conjunction with LRP, encoding sample sets are capable of generating inter-

pretations which represent groups of samples rather then representing them individually.

We coined this approach set interpretations and found that it provides interpretations

highly similar to its individual counterparts while simplifying the interpretation process.

Keywords: deep neural networks, interpretability, sample sets, core nodes, variation

nodes, encoding sample sets, node sample sets, Layer-wise Relevance Propagation

v



Contents

List of Figures x

List of Tables xx

List of Abbreviations xxiii

1 Introduction 1

1.1 Background . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

1.2 Problem statement . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3

1.3 Project scope . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3

1.4 Research questions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4

1.5 Objectives . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5

1.6 Research methodology . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

1.7 Dissertation overview . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7

2 Literature review 9

2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

2.2 Deep neural networks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10

2.2.1 An introduction to Deep Neural Networks (DNNs) . . . . . . . . . 10

2.2.2 Training and optimisation . . . . . . . . . . . . . . . . . . . . . . . 13

2.3 Interpreting deep neural networks . . . . . . . . . . . . . . . . . . . . . . . 16

vi



2.3.1 Importance of interpretability techniques . . . . . . . . . . . . . . . 16

2.3.2 DNNs interpretation taxonomy . . . . . . . . . . . . . . . . . . . . 18

2.3.3 Approaches to interpreting DNNs . . . . . . . . . . . . . . . . . . . 20

2.3.4 Evaluating interpretability techniques . . . . . . . . . . . . . . . . . 25

2.4 Sample sets analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28

2.5 Choosing an interpretability technique . . . . . . . . . . . . . . . . . . . . 29

2.6 Layer-wise Relevance Propagation . . . . . . . . . . . . . . . . . . . . . . . 30

2.6.1 Local redistribution rules . . . . . . . . . . . . . . . . . . . . . . . . 31

2.6.2 Layer Groups . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32

2.7 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35

3 Tools and data sets 36

3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36

3.2 Development environment . . . . . . . . . . . . . . . . . . . . . . . . . . . 37

3.3 Models and data sets . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37

3.3.1 Data sets . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37

3.3.2 Defining the synthetic model . . . . . . . . . . . . . . . . . . . . . . 41

3.3.3 Defining the MNIST model . . . . . . . . . . . . . . . . . . . . . . 43

3.4 The LRP interpreter codebase . . . . . . . . . . . . . . . . . . . . . . . . . 45

3.4.1 Reasons behind implementing our interpreter . . . . . . . . . . . . 45

3.4.2 Interpreter configurations . . . . . . . . . . . . . . . . . . . . . . . 46

3.4.3 Comparison with Captum . . . . . . . . . . . . . . . . . . . . . . . 48

3.5 Model interpretation results . . . . . . . . . . . . . . . . . . . . . . . . . . 55

3.5.1 Synthetic model attribution maps . . . . . . . . . . . . . . . . . . . 56

3.5.2 Synthetic model normalisations . . . . . . . . . . . . . . . . . . . . 57

3.5.3 Synthetic model interpretation analysis . . . . . . . . . . . . . . . . 60

vii



3.5.4 MNIST model attribution maps . . . . . . . . . . . . . . . . . . . . 61

3.5.5 MNIST model interpretation analysis . . . . . . . . . . . . . . . . . 65

3.6 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 66

4 Node sample sets 67

4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67

4.2 Sample set distribution . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68

4.3 Investigating active nodes . . . . . . . . . . . . . . . . . . . . . . . . . . . 70

4.4 Jaccard similarity analyses . . . . . . . . . . . . . . . . . . . . . . . . . . . 70

4.4.1 Node similarity per layer . . . . . . . . . . . . . . . . . . . . . . . . 72

4.4.2 Node similarity across layers . . . . . . . . . . . . . . . . . . . . . . 74

4.4.3 Node similarity per and across layers . . . . . . . . . . . . . . . . . 74

4.4.4 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 78

4.5 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 78

5 Encoding sample sets 80

5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 80

5.2 Terminology . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 81

5.2.1 Encoding sample sets . . . . . . . . . . . . . . . . . . . . . . . . . . 81

5.2.2 Core and variation nodes . . . . . . . . . . . . . . . . . . . . . . . . 82

5.3 Encoding analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 83

5.3.1 Unique encodings per layer . . . . . . . . . . . . . . . . . . . . . . . 83

5.3.2 Encoding sample set size . . . . . . . . . . . . . . . . . . . . . . . . 83

5.3.3 Encoding sample set similarity . . . . . . . . . . . . . . . . . . . . . 87

5.3.4 Encoding analyses . . . . . . . . . . . . . . . . . . . . . . . . . . . 89

5.3.5 Encoding comparisons . . . . . . . . . . . . . . . . . . . . . . . . . 89

viii



5.3.6 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 91

5.4 Investigating encodings with LRP . . . . . . . . . . . . . . . . . . . . . . . 93

5.4.1 Interpreting encoding sample sets with LRP . . . . . . . . . . . . . 93

5.4.2 Core and variation nodes . . . . . . . . . . . . . . . . . . . . . . . . 95

5.4.3 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 97

5.5 Set interpretations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 98

5.5.1 Technique discussion . . . . . . . . . . . . . . . . . . . . . . . . . . 98

5.5.2 Evaluation using synthetic data . . . . . . . . . . . . . . . . . . . . 100

5.5.3 Evaluation using MNIST data . . . . . . . . . . . . . . . . . . . . . 103

5.6 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 107

6 Conclusion 108

6.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 108

6.2 Key findings . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 109

6.3 Contributions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 111

6.4 Future work . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 112

6.5 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 114

References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 115

A Supplemental content: Chapter 4 124

B Supplemental content: Chapter 5 143

ix



List of Figures

2.1 A simple Multilayer Perceptron (MLP) with a depth of two layers, width
of three nodes, three inputs, a bias and one output. The different layers
are shown at the bottom. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12

2.2 Layer-wise Relevance Propagation (LRP) example showing the redistribu-
tion of relevance unto the lower layers [10], [61]. . . . . . . . . . . . . . . . 31

3.1 Synthetic data set sample examples. From top to bottom, each row shows
examples for the following classes: sine, cosine, tan, cosec, sec and cot. . . 40

3.2 Interpretations generated by Captum (middle column) and our in-house
LRP codebase (right column) for the training set of our Modified National
Institute of Standards and Technology (MNIST) model with the data set
samples normalised between [0, 1]. Each pair of interpretations left to
right, top to bottom uses the following rules: only the LRP-ε rule, only
the LRP-γ rule, only the LRP-αβ rule and a combination of each rule as
specified in Table 3.7. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50

3.3 Interpretations generated by Captum (middle column) and our in-house
LRP codebase (right column) for the training set of our MNIST model with
the data set samples normalised between [-1, 1]. Each set of interpretations
left to right, top to bottom uses the following rules: only the LRP-ε rule,
only the LRP-γ rule, only the LRP-αβ rule and a combination of each rule
as specified in Table 3.7. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52

3.4 Interpretations using only the LRP-αβ rule for Captum (middle column)
and our altered in-house LRP codebase (right column) for the training set
of the MNIST model with data set samples normalised between [-1, 1]. . . 54

3.5 Initial attribution maps (right) of four different samples of each class (left)
of our synthetic data set. Interpretations are made on a network with a
normalisation range of [0, 1]. . . . . . . . . . . . . . . . . . . . . . . . . . . 56

x



3.6 Interpretations for our synthetic network for different normalisation ranges.
First column shows one sample for each class (rows) before interpretation.
Afterwards, from left to right, each column represents the interpretations
from the synthetic network for an input feature range of [0, 1], [-1, 1], [-2,
2], [-4, 4] and [-1, 0], respectively. . . . . . . . . . . . . . . . . . . . . . . . 59

3.7 Relevance test performed on the synthetic network with a normalisation
range of [-1, 1]. Shows the target output activation values of different
classes as more input features become masked. Each quadrant shows the
results for five different samples averaged over five seeds for different classes. 62

3.8 Interpretations on our MNIST network for different normalisation ranges.
First column shows one sample for each class (rows) before interpretation.
Afterwards, from left to right, each column represents the interpretations
from the synthetic network for an input feature range of [0, 1], [-1, 1], [-2,
2], [-4, 4] and [-1, 0]. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 64

3.9 Activation values for the different classes of the MNIST network normalised
between the values of [-1, 1] as the top 14% relevant contributing input
features are masked. Each quadrant shows the results for five different
samples averaged over five seeds for different classes. . . . . . . . . . . . . 65

4.1 Percentage of class samples activated per node for every class. From top
to bottom, the figures show the results for the training, validation and
evaluation sets respectively. Nodes are arranged according to layer, where
nodes 0− 99 represent the first layer, nodes 100− 199 represent the second
layer, etc. Other seeds in Appendix A, Figures A.1 to A.3. . . . . . . . . . 69

4.2 Number of active nodes per hidden layer for every class. From top to bot-
tom, the figures show the results for the training, validation and evaluation
sets respectively. Other seeds in Appendix A, Figures A.4 to A.6. . . . . . 71

4.3 The Jaccard similarity index between every pair of active nodes for all
layers MNIST class zero, where all nodes are sorted in ascending order
with regard to their sample set size. Each matrix represents a layer in the
network from shallow to deep and is read from left to right, top to bottom.
Note that each matrix is mirrored on the x = y axis. Other classes in
Appendix A, Figures A.7 to A.9. . . . . . . . . . . . . . . . . . . . . . . . 73

4.4 The Jaccard similarity index of every active node pair for MNIST class
zero. Node pairs are sorted in ascending order according to the size of
their respective sample sets. Other classes in Appendix A, Figures A.10 to
A.12 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 75

xi



4.5 The Jaccard similarity matrix of every possible node pair in the network
for MNIST class zero. Nodes are ordered first according to their layer (first
to last) and secondly according to their sample set size (small to large) for
each layer. Other classes in Appendix A, Figures A.13, A.15 and A.17. . . 76

4.6 The sample set size of every node in the network for MNIST class zero.
Nodes are ordered in the same way as in Figure 4.5. Other classes in
Appendix A, Figures A.14, A.16 and A.16. . . . . . . . . . . . . . . . . . . 77

5.1 Example of a sample encoding within an arbitrary layer of a network. En-
codings are identified according to their binary pattern of node activations,
thus we refer to this encoding as a 10110 encoding. Red nodes (1) indicate
active nodes, while blue nodes (0) indicate inactive nodes. . . . . . . . . . 82

5.2 Number of unique encodings per hidden layer for every class (top) and
averaged over all classes (bottom) with the shaded regions indicating the
standard deviation across classes. Other seeds in Appendix B, Figures B.1
to B.3. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 84

5.3 Encoding sample set sizes for the MNIST classes zero (top-image) and three
(bottom-image), between the hidden layers five to ten. Encoding sample
sets are first ordered by layer and then by sample set size in ascending
order. Encoding sample sets are colour coded as follows: red indicates
a size of one, green indicates a size of greater than one but less than or
equal to 100 and blue indicates a size of greater than 100. Other classes in
Appendix B, Figure B.4. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 86

5.4 Jaccard similarity between every pair of encoding sample sets in the deeper
layers of the network. The plots show the same graph, but only for sim-
ilarities higher than 0.05 (top) and 0.6 (bottom) respectively. Each tick
represents the layer and the number of encoding sample sets it contains
in brackets, while the black lines are used to separate layers. Encoding
sample sets are first ordered by layer and then by sample set size, both in
ascending order. Other classes in Appendix B, Figures B.5 to B.7. . . . . . 88

5.5 Visualisation of the sample encodings for every encoding sample set. The
results are shown for MNIST class zero (left) and class three (right). From
top to bottom the results are given for hidden layers one, five and ten
respectively. Nodes are ordered according to the largest number of encoding
activations and encodings are ordered according to their sample set size
from large to small. Positive node activations are coloured according to
the size of the encoding sample set, while no activations are blue, and core
nodes are shown in green. . . . . . . . . . . . . . . . . . . . . . . . . . . . 90

xii



5.6 The Jaccard similarity index of the active nodes between each encoding
pair for all class zero (left), three (middle) and six (right) encoding sample
sets in layer seven of the MNIST network, where all encoding sample sets
have a size greater than 100. Other layers in Appendix B, Figures B.9 to
B.11. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 91

5.7 Visual depiction of the averaged input features (left) and their respective
LRP interpretations (right) over five samples for all encoding sample sets
in layer seven with a sample set size of greater than 100. Other classes in
Appendix B, Figures B.15 to B.22. . . . . . . . . . . . . . . . . . . . . . . 94

5.8 Visual comparisons of the four different interpretation types for four differ-
ent encodings found in layer seven. From left to right, top to bottom, each
plot corresponds to an encoding sample set with sizes 103, 199, 233 and
637. These results are shown for other classes and layers using the same
network in Appendix B, Figures B.23 to B.27. . . . . . . . . . . . . . . . . 96

5.9 Visual depiction of the averaged input features (left) over five samples and
their respective LRP interpretations (right) for all encoding sample sets
in the second-to-last layer with a sample set size greater than 100 from
the modified synthetic network. From left to right, the results of all the
different classes are shown as follows: the first two images indicate the
samples of class one, the second two images the samples of class two and
the rest show the samples of class three. These results are shown for both
the validation and evaluation sets using the same network in Appendix B,
Figures B.28 and B.29. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 102

5.10 Visual depiction of the averaged input features (left) over five samples
and their respective LRP interpretations (right) for all class zero encoding
sample sets in the last layer with a sample set size greater than 100 from the
modified MNIST network. These results are shown for both the validation
and evaluation sets using the same network in Appendix B, Figures B.30
and B.31. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 105

5.11 Visual depiction of the averaged input features (left) over five samples
and their respective LRP interpretations (right) for all class one encoding
sample sets in the last layer with a sample set size greater than 100 from
the modified MNIST network. . . . . . . . . . . . . . . . . . . . . . . . . . 106

A.1 Percentage of class samples activated per node for every class using the
MNIST network (seed 3). From top to bottom, the figures show the results
for the training, validation and evaluation sets respectively. Nodes are
arranged according to layer, where node 0-99 represent the first layer, node
100-199 represent the second layer, etc. . . . . . . . . . . . . . . . . . . . . 125

xiii



A.2 Percentage of class samples activated per node for every class using the
MNIST network (seed 5). From top to bottom, the figures show the results
for the training, validation and evaluation sets respectively. Nodes are
arranged according to layer, where node 0-99 represent the first layer, node
100-199 represent the second layer, etc. . . . . . . . . . . . . . . . . . . . . 126

A.3 Percentage of class samples activated per node for every class using the
MNIST network (seed 10). From top to bottom, the figures show the
results for the training, validation and evaluation sets respectively. Nodes
are arranged according to layer, where node 0-99 represent the first layer,
node 100-199 represent the second layer, etc. . . . . . . . . . . . . . . . . . 127

A.4 Number of active nodes per hidden layer for every class using the MNIST
network (seed 3). From top to bottom, the figures show the results for the
training, validation and evaluation sets respectively. . . . . . . . . . . . . . 128

A.5 Number of active nodes per hidden layer for every class using the MNIST
network (seed 5). From top to bottom, the figures show the results for the
training, validation and evaluation sets respectively. . . . . . . . . . . . . . 129

A.6 Number of active nodes per hidden layer for every class using the MNIST
network (seed 10). From top to bottom, the figures show the results for
the training, validation and evaluation sets respectively. . . . . . . . . . . . 130

A.7 The Jaccard similarity index between every pair of active nodes for all
layers of MNIST class three, where all nodes are sorted in ascending order
with regards to their sample set size. Each matrix represents a layer in the
network from shallow to deep and is read from left to right, top to bottom.
Note that each matrix is mirrored on the x = y axis. . . . . . . . . . . . . 131

A.8 The Jaccard similarity index between every pair of active nodes for all
layers of MNIST class six, where all nodes are sorted in ascending order
with regards to their sample set size. Each matrix represents a layer in the
network from shallow to deep and is read from left to right, top to bottom.
Note that each matrix is mirrored on the x = y axis. . . . . . . . . . . . . 132

A.9 The Jaccard similarity index between every pair of active nodes for all
layers of MNIST class nine, where all nodes are sorted in ascending order
with regards to their sample set size. Each matrix represents a layer in the
network from shallow to deep and is read from left to right, top to bottom.
Note that each matrix is mirrored on the x = y axis. . . . . . . . . . . . . 133

A.10 The Jaccard similarity index of every active node pair for MNIST class
three. Node pairs are sorted in ascending order according to the size of
their respective sample sets. . . . . . . . . . . . . . . . . . . . . . . . . . . 134

xiv



A.11 The Jaccard similarity index of every active node pair for MNIST class
six. Node pairs are sorted in ascending order according to the size of their
respective sample sets. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 135

A.12 The Jaccard similarity index of every active node pair for class MNIST
nine. Node pairs are sorted in ascending order according to the size of
their respective sample sets. . . . . . . . . . . . . . . . . . . . . . . . . . . 136

A.13 Jaccard similarity matrix for every possible node pair in the network for
MNIST class three. Nodes are ordered first according to their layer (first
to last) and secondly according to their sample set size (small to large) for
each layer. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 137

A.14 Sample set size for every node in the network for MNIST class three. Nodes
are ordered in the same way as in Figure A.13. . . . . . . . . . . . . . . . . 138

A.15 Jaccard similarity matrix for every possible node pair in the network for
MNIST class six. Nodes are ordered first according to their layer (first to
last) and secondly according to their sample set size (small to large) for
each layer. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 139

A.16 Sample set size for every node in the network for MNIST class six. Nodes
are ordered in the same way as in Figure A.15. . . . . . . . . . . . . . . . . 140

A.17 Jaccard similarity matrix for every possible node pair in the network for
MNIST class nine. Nodes are ordered first according to their layer (first
to last) and secondly according to their sample set size (small to large) for
each layer. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 141

A.18 Sample set size for every node in the network for MNIST class nine. Nodes
are ordered in the same way as in Figure A.17. . . . . . . . . . . . . . . . . 142

B.1 Number of unique encodings per hidden layer for every class (top) and
averaged over all classes (bottom) with the shaded regions indicating the
standard deviation between all classes. These are the results for seed three. 144

B.2 Number of unique encodings per hidden layer for every class (top) and
averaged over all classes (bottom) with the shaded regions indicating the
standard deviation between all classes. These are the results for seed six. . 145

B.3 Number of unique encodings per hidden layer for every class (top) and
averaged over all classes (bottom) with the shaded regions indicating the
standard deviation between all classes. These are the results for seed nine. 146

xv



B.4 Encoding sample set sizes for the MNIST classes six (top-image) and nine
(bottom-image), between the hidden layers five to ten. Encoding sample
sets are first ordered by layer and then by sample set size in ascending
order. Encoding sample sets are colour coded as follows: red indicates a
size of one, green indicates a size of greater than one but less or equal to
100 and blue indicates a size of greater than 100. . . . . . . . . . . . . . . 147

B.5 Jaccard similarity between every pair of encoding sample sets in the deeper
layers of the network for MNIST class three. The plots show the same
graph, but only for similarities higher than 0.05 (top) and 0.6 (bottom)
respectively. Each tick represents the layer and the number of encoding
sample sets they contain in brackets, while the black lines are used to
separate layers. Encoding sample sets are first ordered by layer and then
by sample set size, both in ascending order. . . . . . . . . . . . . . . . . . 149

B.6 Jaccard similarity between every pair of encoding sample sets in the deeper
layers of the network for MNIST class six. The plots show the same graph,
but only for similarities higher than 0.05 (top) and 0.6 (bottom) respec-
tively. Each tick represents the layer and the number of encoding sample
sets they contain in brackets, while the black lines are used to separate
layers. Encoding sample sets are first ordered by layer and then by sample
set size, both in ascending order. . . . . . . . . . . . . . . . . . . . . . . . 150

B.7 Jaccard similarity between every pair of encoding sample sets in the deeper
layers of the network for MNIST class nine. The plots show the same
graph, but only for similarities higher than 0.05 (top) and 0.6 (bottom)
respectively. Each tick represents the layer and the number of encoding
sample sets they contain in brackets, while the black lines are used to
separate layers. Encoding sample sets are first ordered by layer and then
by sample set size, both in ascending order. . . . . . . . . . . . . . . . . . 151

B.8 Visualization of the sample encodings for every encoding sample set. The
results are shown for MNIST class zero (left) and class three (right). From
top to bottom the results are given for hidden layers seven, eight and nine
respectively. Nodes are ordered according to largest number of encoding
activations and encodings are ordered according to their sample set size
from large to small. Positive node activations are coloured according to
the size of encoding sample set, while no activations are blue, and core
nodes are shown in green. . . . . . . . . . . . . . . . . . . . . . . . . . . . 152

B.9 The Jaccard similarity index of the active nodes between each encoding
pair for all class zero (left), three (middle) and six (right) encoding sample
sets in layer six of the MNIST network, where all encoding sample sets
have a size greater than 100. . . . . . . . . . . . . . . . . . . . . . . . . . . 153

xvi



B.10 The Jaccard similarity index of the active nodes between each encoding
pair for all class zero (left), three (middle) and six (right) encoding sample
sets in layer eight of the MNIST network, where all encoding sample sets
have a size greater than 100. . . . . . . . . . . . . . . . . . . . . . . . . . . 153

B.11 The Jaccard similarity index of the active nodes between each encoding
pair for all class zero (left), three (middle) and six (right) encoding sample
sets in layer nine of the MNIST network, where all encoding sample sets
have a size greater than 100. . . . . . . . . . . . . . . . . . . . . . . . . . . 153

B.12 Visual depiction of between the averaged input features (left) and LRP
interpretations (right) for all encoding sample sets in layer six for MNIST
class zero with a sample set size greater than 100. . . . . . . . . . . . . . . 154

B.13 Visual depiction of between the averaged input features (left) and LRP
interpretations (right) for all encoding sample sets in layer eight for MNIST
class zero with a sample set size greater than 100. . . . . . . . . . . . . . . 154

B.14 Visual depiction of between the averaged input features (left) and LRP
interpretations (right) for all encoding sample sets in layer nine for MNIST
class zero with a sample set size greater than 100. . . . . . . . . . . . . . . 155

B.15 Visual depiction of between the averaged input features (left) and LRP
interpretations (right) for all encoding sample sets in layer six for MNIST
class three with a sample set size greater than 100. . . . . . . . . . . . . . 155

B.16 Visual depiction of between the averaged input features (left) and LRP
interpretations (right) for all encoding sample sets in layer seven for MNIST
class three with a sample set size greater than 100. . . . . . . . . . . . . . 156

B.17 Visual depiction of between the averaged input features (left) and LRP
interpretations (right) for all encoding sample sets in layer eight for MNIST
class three with a sample set size greater than 100. . . . . . . . . . . . . . 156

B.18 Visual depiction of between the averaged input features (left) and LRP
interpretations (right) for all encoding sample sets in layer nine for MNIST
class three with a sample set size greater than 100. . . . . . . . . . . . . . 157

B.19 Visual depiction of between the averaged input features (left) and LRP
interpretations (right) for all encoding sample sets in layer six for MNIST
class six with a sample set size greater than 100. . . . . . . . . . . . . . . . 157

B.20 Visual depiction of between the averaged input features (left) and LRP
interpretations (right) for all encoding sample sets in layer seven MNIST
class six with a sample set size greater than 100. . . . . . . . . . . . . . . . 158

xvii



B.21 Visual depiction of between the averaged input features (left) and LRP
interpretations (right) for all encoding sample sets in layer eight for MNIST
class six with a sample set size greater than 100. . . . . . . . . . . . . . . . 158

B.22 Visual depiction of between the averaged input features (left) and LRP
interpretations (right) for all encoding sample sets in layer nine for MNIST
class six with a sample set size greater than 100. . . . . . . . . . . . . . . . 159

B.23 Visual comparisons of the four different interpretation types for four dif-
ferent encodings found in layer eight for MNIST class zero. From left to
right, top to bottom, each plot corresponds to an encoding sample set with
sizes 136, 145, 198 and 228. . . . . . . . . . . . . . . . . . . . . . . . . . . 160

B.24 Visual comparisons of the four different interpretation types for four dif-
ferent encodings found in layer seven for MNIST class three. From left to
right, top to bottom, each plot corresponds to an encoding sample set with
sizes 150, 177, 351 and 486. . . . . . . . . . . . . . . . . . . . . . . . . . . 162

B.25 Visual comparisons of the four different interpretation types for four dif-
ferent encodings found in layer eight for MNIST class three. From left to
right, top to bottom, each plot corresponds to an encoding sample set with
sizes 252, 552, 1377 and 2222. . . . . . . . . . . . . . . . . . . . . . . . . . 164

B.26 Visual comparisons of the four different interpretation types for four differ-
ent encodings found in layer seven for MNIST class six. From left to right,
top to bottom, each plot corresponds to an encoding sample set with sizes
148, 347, 448 and 3158. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 166

B.27 Visual comparisons of the four different interpretation types for four differ-
ent encodings found in layer eight for MNIST class six. From left to right,
top to bottom, each plot corresponds to an encoding sample set with sizes
125, 169, 450 and 602. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 168

B.28 Visual depiction of the averaged input features (left) over five samples and
their respective LRP interpretations (right) for all encoding sample sets in
the second-to-last layer with a sample set size greater than 100 from the
modified synthetic network’s validation set. From left to right, the results
of all the different classes are shown as follows: the first two images indicate
the samples of class one, the second two images the samples of class two
and the rest show the samples of class three. . . . . . . . . . . . . . . . . . 170

xviii



B.29 Visual depiction of the averaged input features (left) over five samples and
their respective LRP interpretations (right) for all encoding sample sets in
the second-to-last layer with a sample set size greater than 100 from the
modified synthetic network’s evaluation set. From left to right, the results
of all the different classes are shown as follows: the first two images indicate
the samples of class one, the second two images the samples of class two
and the rest show the samples of class three. . . . . . . . . . . . . . . . . . 170

B.30 Visual depiction of the averaged input features (left) over five samples
and their respective LRP interpretations (right) for all class zero encoding
sample sets in the last layer with a sample set size greater than 100 from
the modified MNIST network’s validation set. . . . . . . . . . . . . . . . . 171

B.31 Visual depiction of the averaged input features (left) over five samples
and their respective LRP interpretations (right) for all class zero encoding
sample sets in the last layer with a sample set size greater than 100 from
the modified MNIST network’s evaluation set. . . . . . . . . . . . . . . . . 171

xix



List of Tables

2.1 LRP rules used for this study. Table originally presented in [61]. Here

zjk = a
(l)
j w

(l,l+1)
jk as in Equation 2.7, and the notation (.)+ = max(0, .) and

(.)− = min(0, .). lj and hj refer to the lowest and highest admissible input
values and All weights w are assumed to be between the layers (l, l + 1).
Note that all rules are derived from Deep Taylor Decomposition (DTD)
except for LRP-αβ, which is derived from DTD only for the case α =
1, β = 0.) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33

3.1 Training, validation and evaluation set partitioning and number of features
per sample for the data sets used within this study. . . . . . . . . . . . . . 41

3.2 Architectural and performance values for the chosen synthetic data set
network. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42

3.3 Performance values for other seeds of the chosen synthetic data set network. 43

3.4 Architecture and performance values for the chosen MNIST data set network. 44

3.5 Performance values for other seeds of the chosen MNIST data set network. 45

3.6 Network layers and LRP rules assigned to each layer grouping. From first
to last row, the network layers are given in order of: input layer, first hidden
layer to last hidden layer and output layer. . . . . . . . . . . . . . . . . . . 47

3.7 Network layers and LRP rules assigned to each layer grouping of the MNIST
network. This configuration is used for the sole purpose of comparing the
interpretations generated on this network by our interpreter to those of
Captum. From the first to the last row, the network layers are given in
order of: input layer, first hidden layer to last hidden layer and output layer. 49

3.8 Average cosine similarity scores between our and Captum’s interpretations
when using a normalisation range of [0, 1]. . . . . . . . . . . . . . . . . . . 49

xx



3.9 Average cosine similarity scores between our and Captum’s interpretations
using a normalisation range of [-1, 1]. . . . . . . . . . . . . . . . . . . . . . 51

3.10 Average cosine similarity scores between our and Captum’s interpretations
when using only the LRP-αβ rule along with a normalisation range of [-1,
1], after the LRP-αβ rule of our interpreter has been temporarily altered
to match Captum’s suspected behaviour. . . . . . . . . . . . . . . . . . . . 55

3.11 Different synthetic network performances and normalisation values. . . . . 58

3.12 Different MNIST network performances and normalisation values. We omit
the evaluation performance values, as we are only interested in the valida-
tion performance values and if the network achieved interpolation (100%
training accuracy). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63

5.1 Encoding sample set sizes for the different encoding sample set groups as
shown in Figure 5.3. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 85

5.2 The number of variation nodes and sample set sizes for all encoding sample
sets for MNIST classes zero, three, and six, with a set size greater than 100,
and the number of core nodes per class. This table represents the results
for layer seven of the MNIST network. . . . . . . . . . . . . . . . . . . . . 92

5.3 Cosine similarity comparisons between the different LRP interpretations
shown in Figure 5.8. Encoding sample sets are represented according to
their set sizes. The ’output’, ’encoding’, ’core’ and ’variation’ scores corre-
spond to the different interpretations types presented in Figure 5.8. . . . . 97

5.4 Architecture and performance values for the modified synthetic network. . 102

5.5 Architecture and performance values for the modified MNIST network. . . 104

B.1 Encoding sample set sizes for the different encoding sample set groups as
shown in Figure B.4. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 148

B.2 Cosine similarity comparisons between the different LRP interpretations
shown in Figure B.23. Encoding sample sets are represented according
to their set sizes. The ’output’, ’encoding’, ’core’ and ’variation’ scores
correspond to the different interpretations types presented in Figure B.23. . 161

B.3 Cosine similarity comparisons between the different LRP interpretations
shown in Figure B.24. Encoding sample sets are represented according
to their set sizes. The ’output’, ’encoding’, ’core’ and ’variation’ scores
correspond to the different interpretations types presented in Figure B.24. . 163

xxi



B.4 Cosine similarity comparisons between the different LRP interpretations
shown in Figure B.25. Encoding sample sets are represented according
to their set sizes. The ’output’, ’encoding’, ’core’ and ’variation’ scores
correspond to the different interpretations types presented in Figure B.25. . 165

B.5 Cosine similarity comparisons between the different LRP interpretations
shown in Figure B.26. Encoding sample sets are represented according
to their set sizes. The ’output’, ’encoding’, ’core’ and ’variation’ scores
correspond to the different interpretations types presented in Figure B.26. . 167

B.6 Cosine similarity comparisons between the different LRP interpretations
shown in Figure B.27. Encoding sample sets are represented according
to their set sizes. The ’output’, ’encoding’, ’core’ and ’variation’ scores
correspond to the different interpretations types presented in Figure B.27. . 169

xxii



List of Abbreviations

ANN Artificial Neural Network

DNN Deep Neural Network

CNN Convolutional Neural Network

RNN Recurrent Neural Network

MLP Multilayer Perceptron

MNIST Modified National Institute of Standards and Technology

SGD Stochastic Gradient Descent

ReLU Rectified Linear Unit

MSE Mean Squared Error

DTD Deep Taylor Decomposition

IG Integrated Gradients

CAM Class Activated Mapping

Grad-CAM Gradient-weighted Class Activation Mapping

SHAP SHapley Additive exPlanations

DeepLIFT Deep Learning Important FeaTures

LIME Local Interpretable Model-agnostic Explanation

xxiii



LRP Layer-wise Relevance Propagation

PASCAL Pattern Analysis, Statistical Modelling and Computational Learning

VOC Visual Object Classes

GAMI-Net Generalised Additive Models with structured Interactions

IDE Integrated Development Environment

CIFAR Canadian Institute For Advanced Research

xxiv



Chapter 1

Introduction

Overview of the study and its importance. We provide the scope and objectives of this study

and describe the methodology followed.

1.1 Background

For many machine learning tasks, it is often necessary to build complex models in order

to achieve good performance. However, it is common for such complex models to be

notoriously difficult to understand in terms of how they arrive at particular predictions

when presented with previously unseen data samples. Therefore we use interpretability

methods to extract rationales for classification decisions from the model. Interpretability

is a crucial aspect of machine learning, especially in domains such as self-driving vehicles

[1] and healthcare [2], [3], where understanding the reasoning behind the decisions that

models make is paramount.

Deep Neural Networks (DNNs) are powerful machine learning methods that are capable

of producing impressive results in numerous complex tasks such as image classification
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[4], [5], natural language processing [6], or speech recognition, due to their ability to

handle large amounts of data [7]. Despite there being a current general understanding

of DNN behaviour, there is no direct way to observe the reasoning behind their internal

operations as data is processed. For this reason, DNNs are generally regarded as ‘black

box’ methods; in other words, it is difficult to innately comprehend their decision-making

processes. From the different approaches proposed to interpret various types of DNNs,

such as visual explanation and explanations by example [8], we focus primarily on feature

attribution methods [9]–[11] for reasons explained later in Section 2.3.

The specific definition of interpretability varies depending on the context in which it is

used. For our study, we use the definition provided by Montavon et al., who state that

interpretability refers to how well you can determine the rule by which a model maps

the input features to output values, as well as how subsequent changes to the inputs will

impact these output values [10]. This definition of interpretability allows us to assign

a ‘relevance’ score to individual input features, quantifying their influence on the final

classification [4].

In recent related work [12] suggested that simple Multilayer Perceptron (MLP) networks

are able to delegate their decision-making processes to specific subcomponents, such as

particular nodes in the network. The sets of samples that interact with these subcompo-

nents were simultaneously introduced by Davel et al. in [13]–[15] as node-specific sample

sets or just sample sets. It has also been shown that estimators trained on these differ-

ent subcomponents can be used to correctly classify previously unseen data [12]. In other

words, these subcomponents can be utilised to correctly classify data set samples. Sample

set analysis, however, has mostly been studied as a tool to probe the generalisation ability

of deep neural networks. Despite this, the information provided by sample set analysis

suggests that it could also be used as a means to study the interpretability of DNNs.

Our goal of this study is to determine whether sample set analysis can contribute to

interpretability in any useful way. We study this by investigating the inner workings of

trained DNNs using sample sets alongside a selected interpretability method. Sample sets

are still a relatively new concept, making this mainly an exploratory study. We hope that
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our results will lay the foundation for future studies that will benefit researchers when

interpreting DNNs.

1.2 Problem statement

DNNs have achieved outstanding predictive performance in a variety of domains [16], but

are notoriously difficult to interpret due to their internal operations being too complex

to be inherently interpretable. Despite the numerous interpretability techniques available

today, the research field is still very active [11]. Furthermore, the recently proposed

concept of sample sets analysis exists, which is normally used to probe the generalisation

capabilities of DNNs [12].

Currently, feature attribution techniques typically produce an individual interpretation

per sample. Our goal during the span of this study is to discover whether sample set

analysis is capable of enhancing the interpretations generated by existing interpretability

methods, by determining whether interpretations can be grouped using information from

sample set analysis. Such a process whereby sample set analysis can be used alongside

other interpretability methods to interpret the predictive behaviour in neural networks

has not yet been defined. Specifically, we do not yet know whether using sample sets to

analyse the subcomponents of a network is useful when interpreting DNNs.

1.3 Project scope

Taking the problem statement above into consideration, we restrict the initial research

scope to a limited set of architectures and data sets:

• Data sets: Due to the exploratory nature of this study, our networks will be trained

on the publicly available Modified National Institute of Standards and Technology

(MNIST) image classification data set [17]. The simplicity of the MNIST data set
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allows us to better investigate the inner workings of our networks without needing

to consider the impact of some external factors that could occur due to data set

complexity. We also generate several synthetic data sets, which are used alongside

MNIST throughout the study to demonstrate how certain interpretability methods

can be applied and evaluated.

• Architectures: The main focus will be on a classification problem with a standard,

fully-connected, feedforward, Rectified Linear Unit (ReLU)-activated [18] neural

network that has a large number of trainable parameters, which will allow us to study

the network in detail. We acknowledge that it is more prominent within literature

to use interpretability techniques in conjunction with convolutional architectures.

However, due to the exploratory nature of this study, and the novelty of sample set

analysis, we limit our focus to only the above-mentioned architectures.

Our goal with this study does not entail creating a state-of-the-art interpretability tech-

nique, but instead explores the possibility of enhancing modern post hoc interpretability

methods (see Section 2.3.3). This is done by exploring whether sample set analysis can be

used as a tool in conjunction with specific interpretability methods to improve their inter-

pretations. The scope of this project does not include a full diagnostic of the applicability

of sample set analysis with regard to interpreting DNNs.

1.4 Research questions

Taking the project scope into consideration, we prepare the following questions:

• Which currently used interpretability techniques are best suited to determine the

applicability of sample set analysis as an interpretability technique enhancer?

• How can one refine sample set analysis to be applicable as a tool alongside inter-

pretability methods?
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• To what degree will this refined sample set methodology enhance the capabilities of

modern interpretability techniques?

• Will interpretability methods continue to similarly attribute importance to the same

inputs as they did before the application of sample set analysis?

1.5 Objectives

In order to answer the research questions above, this study will have the following objec-

tives:

• Select an appropriate interpretability technique. Obtain or implement an interpreter

that is capable of generating interpretations by attributing relevance to the input

features and integrate it with the in-house analysis codebase.

• Establish baseline MLP models for sample set analysis using MNIST and synthetic

data to utilise as analysis environment.

• Investigate the sample sets of the chosen networks. Explore the relationship between

sample sets across the entire network and develop an intuition regarding their po-

tential use to supplement existing interpretability techniques.

• Explore the applicability of sample sets as a tool to enhance the capabilities of a

provided interpretability tool. Formalise the methodology for analysing the baseline

networks using sample set analysis.

• Determine whether sample set analysis makes any noteworthy contributions when

used alongside the chosen interpretability method to generate interpretations.
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1.6 Research methodology

This study is an investigation into the applicability of sample sets as a usable tool for

deep neural network interpretability. The following will form part of the study:

• Literature review: Gain a fundamental understanding of the background:

– The basic principles of deep neural networks.

– The methodology behind sample set analysis.

– The implementation and evaluation of relevant interpretation techniques.

• Experimental framework selection: Select the most appropriate interpretability

technique as a basis for initial experimentation. Identify prominent indicators for

evaluating the interpretability techniques.

• Development environment: The following codebases will be required for our

experimental analysis (discussed in further detail in Section 3.2):

– Mustnet, our research group’s PyTorch-based, in-house codebase for DNN

training, optimisation and analysis.

– A publicly available in-house interpretability codebase will be added as an

extension to Mustnet, for interpreting and analysing MLPs. If we are unable

to obtain an existing codebase, the selected interpretability method will be

implemented from first principles and verified against existing results.

• Codebase development: Extend our research group’s in-house codebase for analysing

neural networks with the necessary components required for this investigation.

• Experimental development: We will start with the simplest architecture and

data set alongside the most appropriate interpretability technique, adding complex-

ity incrementally as the project progresses:

– Determine a baseline model for the various tasks.
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– Investigate the inner workings of the model using sample sets and a suitable

interpretability technique.

– Compare and evaluate the validity and meaningfulness of the results of each

investigation.

During experimental development, we will use a synthetic data set where a ground

truth is required (to develop an intuition or test new methods) and the MNIST data

set for a practical application.

• Sample set analysis framework: Formalise the current methodology with regard

to analysing sample sets for the purposes of interpreting DNNs.

• Assess and discuss the experimental findings: The feasibility of using sample

set analysis as a means to enhance modern interpretability methods will be analysed

and discussed. The meaningfulness of the final results will also be assessed.

1.7 Dissertation overview

This dissertation has the following structure:

• Chapter 2 contains an overview of deep neural networks followed by additional

background on deep neural network interpretability and sample set analysis.

• Chapter 3 describes the models trained and optimised for this study, as well as the

implementation and verification of our in-house Layer-wise Relevance Propagation

(LRP) interpretability technique, which is selected in Section 2.5, to analyse the

efficacy of sample sets as an interpretability tool.

• Chapter 4 explores node sample sets and their ability to group samples into mean-

ingful clusters when interpreting network predictions. Here, node sample sets refers

to the original definition of sample sets.
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• Chapter 5 introduces a new concept dubbed encoding sample sets, given the lim-

itations of node sample sets observed and described in Section 4.4. Unlike node

sample sets, encoding sample sets are capable of generating single interpretations

from groups of samples, which is demonstrated in this chapter.

• Chapter 6 concludes the dissertation with a summary of the key findings of the

investigation.
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Chapter 2

Literature review

Background study of deep neural networks, network interpretability, layer-wise relevance

propagation and sample set analysis.

2.1 Introduction

In this chapter, we discuss the topics relevant to this study as presented in literature. We

provide an overview of the structure and optimisation procedures of DNNs in Section 2.2.

Section 2.3 discusses the role of DNN interpretability, along with related techniques. A

background to sample set analysis and its methodology is provided in Section 2.4. Reasons

as to why we chose LRP as our primary interpretability technique of interest are provided

in Section 2.5. We explain how LRP functions in Section 2.6.
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2.2 Deep neural networks

Section 2.2.1 serves as a short introduction to DNNs, while Section 2.2.2 describes some

of the training and optimisation methods of DNNs.

2.2.1 An introduction to DNNs

DNNs are powerful machine learning methods that are capable of producing impressive

results on numerous complex tasks such as image classification, natural language pro-

cessing [19], speech recognition [20], [21] or human action recognition [22], [23]. This is

due to their ability to harvest and process large amounts of data. Deep learning models

can be optimised effectively, are scalable to high-dimensional data, and produce excellent

performance on previously unseen data [16]. For these reasons, DNNs have become an

important instrument in solving large-scale, real-world problems.

At the time of writing, the term DNN has come to refer to a wide variety of techniques

within the Artificial Neural Network (ANN) domain. These techniques are characterised

by using layers of nodes connected via trainable weights to generate an output function

y = f(x,θ), which best approximates the task’s true function f ′. Here, x and θ refer to

the network’s inputs and trainable parameters, respectively. Throughout this dissertation,

we will also be using the following terms with these descriptions:

• width: The number of nodes per hidden layer.

• depth: The number of hidden layers.

• shallow: The hidden layers closest to the model’s input features.

• deep: The hidden layers closest to the output values.

When given only the width and depth of a model, the reader can assume that all hidden

layers will have the same number of nodes.
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In the forthcoming chapters, we will be focusing primarily on MLPs. These are the

simplest forms of ANNs and are used in both regression and classification problems.

MLPs approximate functions by defining every node ak in the succeeding layer (l + 1) as

the weighted sum,
∑

j w
(l,l+1)
jk , of all nodes aj in the current layer (l), which is then passed

through an activation function σ, as shown in Eq. 2.1 [16].

a
(l+1)
k = σ(

∑
j

a
(l)
j w

(l,l+1)
jk + b(l+1)) (2.1)

Here w
(l,l+1)
jk denotes the individual weight from node j from layer (l) to node k in layer

(l + 1). The term a
(l+1)
k refers to the activation value of node k in layer (l + 1) and

similarly a
(l)
j refers to the activation value of node j in layer (l). The multiplication of

the appropriate weights and activation values/input features (a(l)/x), at a single layer,

results in what is essentially a linear regression model (a(l)w(l,l+1)).

The element-wise non-linear activation function (σ) is then used to perform non-linear

transformations on the inputs to make the model capable of learning more complex tasks.

From the variety of available activation functions (tanh, sigmoid [18], leaky ReLU [24],

etc), we chose standard ReLU, as defined in Eq. 2.2, due to its popularity and performance

in multiple applications [24], [25].

σ(x) = max(0,x) (2.2)

The bias term provides the model with more flexibility and assumes the same role as a

constant in a linear function. A bias term can be placed in any of the hidden layers of a

DNN [26]. Adding a bias on the first layer only (rather than all layers) produces a network

that is easier to analyse analytically and equates to an additional weight connected to an

input feature with a constant value of one. As long as there is a bias in the first layer, an

MLP is able to automatically propagate this bias to deeper layers, if needed - the weight

linking the bias node to a node in a subsequent layer is emphasised, while all other input

features are suppressed. This is not only theoretically possible, but observed in practice
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Chapter 2 Deep neural networks

[14].

As an example of how these mathematical functions work in practice, consider the simple

MLP shown in Figure 2.1. It has an output of y(l+1) = σ(a(l)w(l,l+1)) where σ is a non-

linear activation function, and a(l) = σ(a(l−1)w(l−1,l)) and a(l−1) = σ(x(l−2)w(l−2,l−1) +

b(l−1).

It is important to understand that MLPs, as discussed here, are one of the simplest

forms of DNNs. Other, more complex, architectures also exist. One such example is

a Convolutional Neural Network (CNN) [27], [28] which specialises in processing data

such as images in a grid-like pattern. CNNs utilise convolutional and pooling layers to

reduce the amount of redundant data through a feature extraction process. Typically,

the network then performs classification using these extracted features via a feedforward

network.

Recurrent Neural Networks (RNNs) [29], [30] are another complex architecture, which

Figure 2.1: A simple MLP with a depth of two layers, width of three nodes, three inputs, a bias and

one output. The different layers are shown at the bottom.
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Chapter 2 Deep neural networks

specialise in processing sequential data such as time-series data. Whereas standard MLP

networks are only capable of using the inputs from the previous layer to generate outputs

for the current layer, RNNs possess an internal memory, which theoretically allows them to

‘remember’ all previous inputs when generating outputs. Over the years, many variations

have been proposed to the standard RNN architecture, such as time delay neural networks

[31], and the influential long short-term memory networks [32].

While acknowledging the existence of these more complex DNNs, we still limit ourselves

to the traditional MLP architecture. Its simplicity remains ideal when performing an

exploratory study such as ours, as it prevents the added complexities of other DNN

structures from complicating the analysis process. That is not to say that elements of our

study will not be applicable to other neural networks, as we aim to study elements that

are also present in multiple DNN archetypes.

2.2.2 Training and optimisation

Optimisation of an ANN, and therefore an MLP, occurs by tuning the network’s set of

parameters (θ) so as to minimise the loss of the network [16]. The loss is the measurable

error between the prediction made by the network and the true target value as measured

on a train set. Two popular loss functions used today are the Mean Squared Error (MSE)

[33] and Cross-Entropy [16] loss functions. We chose Cross-Entropy (otherwise known as

Log Loss) for our models, as it is commonly used in classification tasks, and is suitable for

classification in the presence of more than two target classes. MSE, on the other hand, is

best suited to regression-type problems due to its emphasis on numerical output values.

The parameters of a network are trained using gradient descent, which updates each

parameter θ within the set of parameters θ proportionally to the negative of the gradient

of the loss with respect to θ:

∆θ = −η∂L
∂θ

(2.3)
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where L represents the loss, η the learning rate and ∆θ the change in that parameter’s

value. Thus, the updated parameter, θ′ is equal to the current parameter value θ plus its

change in value ∆θ as shown in Eq. 2.4.

θ′ = θ + ∆θ (2.4)

Updating every parameter for all training samples can be highly computationally ineffi-

cient. To combat this issue, we use the Stochastic Gradient Descent (SGD) [16] optimi-

sation technique, which updates the parameters using an approximated average gradient

from a batch 1 of randomly chosen samples that were passed through the network [26].

The computational efficiency gained from using SGD allows networks to use larger data

sets. Another optimisation technique that functions similarly to SGD is Adam, which is

commonly used for its adaptive estimates of lower-order moments [34].

Just as we optimise our trainable parameters, so must we optimise the model’s hyper-

parameters which are used by the model when calculating the training parameters. The

term ‘hyperparameters’ refers to the set of parameters chosen beforehand that affects the

training process, but which are not updated during the training process [16], [26].

A basic, but popular way to optimise hyperparameters is by performing a parameter

sweep (also known as a grid search). This involves an exhaustive search through a man-

ually specified subset of hyperparameter values, where some network measurements, for

instance validation error rate, may be used to determine the optimal set of hyperparam-

eter values. Alternative optimisation methods also exist, such as stochastic searches [35],

which randomly search for hyperparameter values, while using what they learn to narrow

down their future searches [36]. Bayesian hyperparameter optimisation [37] can also be

used, which chooses potential hyperparameter values based on previous observations.

Before training, weights should be initialised to encourage convergence, good performance,

and stability [16]. Additionally, through proper weight initialisation, problems such as

1Some authors use ‘SGD’ when processing samples individually and ‘minibatch SGD’ when processing
samples in batches [26]. We use ‘SGD’ to refer to processing samples in batches.
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exploding or vanishing gradients can be reduced or avoided [38]. Weights can be initialised

through methods such as sampling all weights from a uniform distribution, but typically,

more sophisticated initialisation schemes, such the Xavier [39] and Kaiming [40] schemes,

are preferred. For this study we chose the Kaiming initialisation scheme as it is a good

option for ReLU-activated networks [40]. The weights are randomly initialised, but differ

in range depending on the width of the previous layer.

We will be using the Kaiming-based initialisation scheme as implemented by Pytorch

[41] (described in Section 3.2, which draws samples from a uniform distribution U(−φ, φ)

where:

φ = g×
√

3

fan in
(2.5)

Here g refers to some optional scaling factor and fan in to the number of inputs from the

previous layer to the current layer [40]. Bias weights, on the other hand, are initialised

from a uniform distribution U(−σ, σ) where:

σ =
1√

fan in
(2.6)

Regularising techniques such as Batch Normalisation [42], dropout [43], [44] and weight

decay [26], are useful tools when aiming to reduce generalisation error. In this context,

generalisation is defined as the ability of a DNN to perform well on data that is different

from the training data [45], where the generalisation gap is the measured difference be-

tween the DNN training and evaluation error rates [16]. The larger the gap, the worse the

network’s generalisation. The implementation of regularisation techniques in some sense

simplifies the model by constraining it to a simpler set of possible solutions [16], [26].

However, we aim to investigate the inner workings of our models in later chapters, which

can be altered or obscured by the use of these regularisation techniques. Thus, for the

purposes of this study, we will not be using any technique that might have a regularising

effect.
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2.3 Interpreting deep neural networks

In Section 2.3.1 we briefly discuss model interpretability and its importance. Section 2.3.2

discusses the taxonomy we will be using to classify the interpretability techniques, while

Section 2.3.3 provides an overview of some of the prominent approaches taken regarding

interpretability. Lastly, we discuss validating the efficacy of interpretability techniques in

Section 2.3.4.

2.3.1 Importance of interpretability techniques

Despite their efficiency in solving complex tasks, DNNs are not without their drawbacks.

Due to their multilayer structure and non-linear nature, we still struggle to obtain insight

into their internal operation and behaviour [10], [46], [47]. This causes DNNs to be gener-

ally regarded as ‘black box’ methods; meaning that it is difficult to innately comprehend

how neural networks arrive at certain outputs when given previously unseen data samples

[9]. Note that although we mainly focus on classification type problems within this study,

interpretability methods are not limited to these types of tasks.

The uncertainty associated with the inner workings of DNNs may impede the develop-

ment of better models and hinder human experts in verifying classification decisions.

This causes DNNs to be considered less trustworthy, especially when used in domains

where explanation and reliability are crucial, such as autonomous driving [1] and medical

applications [2], [3].

The following anecdote from Samek et al. [48] motivates why the concept of interpretabil-

ity is important. In the early 1900s there lived a horse nicknamed Clever Hans that could

supposedly count. This scientific sensation was later on investigated by psychologist Oskar

Pfungst, who discovered that Hans did not derive the correct answer through arithmetic,

but rather through subtle cues from the questioner’s reactions as he approached the cor-

rect answer. This phenomenon manifests itself in modern DNNs as so-called Clever Hans

predictors, where neural networks show bias towards superfluous components in the data
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set it is being trained on [48].

To provide another example, the Pattern Analysis, Statistical Modelling and Compu-

tational Learning (PASCAL) Visual Object Classes (VOC) competition was a series of

annual classification challenges from 2005−2012 [49]. During each challenge, the methods

built by participants were evaluated on a provided annotated data set. It was later shown

by Lapuschkin et al. [50], [51] that one of the methods used to win the PASCAL VOC

competition as described in Everingham et al. [49] did not perform as initially perceived.

Rather than finding the elements in the data which best described the object of interest, it

made its classifications based on correlations within the data sets. The method identified

boats and trains via the presence of water and rails, respectively. Horses were recognised

not through the features of the horse itself, but rather by the presence of a copyright

watermark on the images that were presented to the model.

In summary: deep neural networks often lack a clear interpretability of the classifier’s

predictions. In this context, interpretability refers to how well one can determine the rule

by which a model maps input features to output values and how subsequent changes to

the inputs will impact the output [10]. As a result, a selected interpretability technique

will describe how well a machine learning model captures the essence of the data it is

trained on.

Thus, when given an appropriately trained model, interpretability techniques should verify

the model’s integrity by providing easily explainable rationales for the classifier’s decisions

[9]. These explanations should be presented by showcasing how the output of the model

maps to the provided input features. This will not only help practitioners in other fields

to understand the strengths and weaknesses of a model, but also how to compensate for

it [52]. In turn, this will also help professionals to expose biases within data sets or to

gain new insights [50], [51].
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2.3.2 DNNs interpretation taxonomy

Differentiating between interpretability techniques can be very tricky as there does not

appear to be a generally agreed-upon taxonomy among authors. To mitigate this issue,

we rely on the guidelines provided by Molnar [53] to classify different techniques. This

includes categorising techniques based on the results they generate:

• Feature summary statistics: Some methods generate feature relevance, feature

interaction values, or some other statistic for each feature. These are known as

feature summary statistics.

• Feature summary visualisation: The statistics given for each input feature by

feature summary statistics may be visualised. This is sometimes necessary for a

summary statistic to be fully useful.

• Model internals: The results provided by the inherently interpretable components

of intrinsic interpretation techniques (the definition of this is given later in this

section). This would include decision thresholds and feature splits in decision trees

and linear model weights, among others.

• Data point: These are methods that generate and return new data points to help

interpret a model. The example given by Molnar is counterfactual explanations:

input features are changed until the output changes in a relevant way (for example,

the classification would completely flip to another class), but the new data point

that is produced is still similar to the original data point. The differences between

these two similar data points can be used to identify the features that were relevant

to the particular output.

• Intrinsically interpretable model: This is done by approximating a target model

with an another, inherently interpretable model. The second model is then inter-

preted through model internals or feature summary statistics.

We additionally use the following criteria, also described by Molnar [53] and Adadi et al.

[11], to classify the different approaches for interpreting DNNs:
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• Intrinsic or extrinsic

• Model-specific or model agnostic

• Local or global

We further define these different criteria as follows:

Intrinsic or extrinsic

The two main branches under which interpretability techniques are typically classified

are intrinsic or extrinsic techniques [53]. A relatively simple way to ensure model in-

terpretability is to structure the model so it is intrinsically interpretable (which is to

inherently interpretable) to the end user. Examples of such models are decision trees [54]

and Bayesian Rule Lists [55].

Unfortunately, the complexity required of models to achieve good results on certain tasks

leads to the choice of models that are not intrinsically interpretable, such as DNNs. Thus,

to be intrinsically interpretable, models need to be simple or simplified by modifying their

internal structure. Both of these actions come at the cost of the model’s accuracy [11],

[56].

Alternatively, highly complex, highly accurate but inscrutable models can be constructed

and trained, as well as interpreted, using separately developed techniques that do not form

part of the model’s internal operations. Such techniques are referred to as extrinsically in-

terpretable methods and include techniques such as text explanations, visual explanations,

explanations by example, and explanations by simplification [8]. These methods, however,

can be more complex and time-consuming than intrinsically interpretable techniques.

Model-specific or model-agnostic

A simple taxonomy for further classifying different interpretability techniques, is by deter-

mining whether the technique is model-specific or model-agnostic [8], [57]. Model-specific
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techniques are designed for a specific model type, while model-agnostic techniques are

designed to be applicable to any or most particular models.

Intrinsically interpretable techniques will always be model-specific as the technique can

only be applied to the singular model it was intrinsically designed for. On the other

hand, several extrinsically interpretable methods exist which can be classified as either

model-specific or model-agnostic.

Local or global

An even further classification of interpretability techniques is between global and local

explanations [8], [58]. Global explanations refer to understanding the model predictions

over the entire data set, i.e. the features that are on average most important across

all samples. Local explanations, on the other hand, typically refer to understanding

predictions based on a single sample.

2.3.3 Approaches to interpreting DNNs

As one would expect, the method by which a DNN is interpreted depends on sev-

eral factors, including the network’s architecture, whether the output is regression- or

classification-based, and the nature of the provided input features. Thus, several ap-

proaches have been developed in an attempt to interpret the different types of DNNs.

We mentioned previously that DNNs are typically not intrinsically interpretable. However,

some examples of intrinsically interpretable DNNs do exist, such as Generalised Additive

Models with structured Interactions (GAMI-Net), proposed by Yang et al. [59], which

attempts to balance model accuracy and model interpretability. GAMI-Net is a DNN

model that is split into multiple sub-networks, where each sub-network is intended to

either capture the main effect of a single feature, or the effect of an interaction between

two particular features. Regardless of the existence of such models, we focus primarily on

extrinsic interpretation techniques.
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From the different extrinsic interpretation techniques, we highlight a popular category

that is still actively under investigation, namely, feature attribution methods [7], [9], [60]–

[62]. These methods utilise different techniques to attribute importance scores to the input

features of a model. Although the different techniques have overlapping characteristics,

they can each be classified into a specific approach according to the most prominent of

these characteristics.

Perturbation-based approach

One such approach is perturbation-based methods, which typically refers to techniques

where individual inputs or nodes are perturbed to observe the effect on the output and

activation values of later layers [47], [52], [63]. Although techniques following this ap-

proach can show that models may be sensitive to changes in their structure, it has been

noted that these methods are computationally inefficient. Models need to be trained once

in normal conditions, with each subsequent perturbation requiring a separate forward pass

to monitor the changes in the model’s outputs [62]. This can become computationally

expensive as the number of features to be perturbed increases.

Gradient-based approach

Another approach is gradient-based methods, utilised by techniques such as Integrated

Gradients (IG) [52], [62], Class Activated Mapping (CAM) [64] and Gradient-weighted

Class Activation Mapping (Grad-CAM) [65]. These approaches calculate and use the

derivative or partial derivative of a model’s output with respect to the input features to

attribute importance to each of them.

For instance, IG calculates the average gradient of the model’s output with respect to

each input feature as they are interpolated from a baseline value x′ (typically zero), to

their original value x. The resulting gradients inform which inputs have the strongest

effect on the model’s output. Despite being able to attribute importance scores to the

input features of individual examples, IG is not able to explain the interactions between
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features nor does it provide global feature importance [52].

CAM is a model-specific technique that highlights the inputs a network primarily uses for

its classification decisions. Grad-CAM is used in CNN architectures, and may be viewed

as a more flexible and generalised version of CAM. Unlike IG, when using Grad-CAM

the gradients of the predicted class’s logits, rather than the gradients of the features

themselves, are used to produce feature ranking scores [65]. This process, however, can

only be utilised within a CNN architecture [62]. Thus, this method is not applicable to

our study and will not be considered further.

Additive feature attribution approach

Another approach is additive feature attribution, which creates an approximate surrogate

linear explanation model f ′ for the prediction of the true model f , where the contri-

butions of each feature, plus some baseline output of f , add up to the prediction of f

for a given input sample [60]. Some of the techniques that follow this approach are:

Local Interpretable Model-agnostic Explanation (LIME) [66], Deep Learning Important

FeaTures (DeepLIFT) [67] and SHapley Additive exPlanations (SHAP) [60].

Backward propagation approach

Lastly, a set of techniques exists that shares many similarities with the additive feature

attribution approach, but has enough dissimilarity that there is some debate among au-

thors as to whether or not these techniques should be included within the same category.

Lundberg et al. [60] would argue that these approaches should be unified under the def-

inition of additive feature attribution techniques, since the final attributions add up to

the model output value as is typical of the additive attribution approach. However, in the

research conducted by Ancona et al. [62], Montavon et al. [10] and Samek et al. [9] we see

these techniques are functionally unique enough to be classified separately. For clarity,

we refer to the work of Ancona et al. [62] and Montavon et al. [10], which categorise

these techniques as backward propagation techniques. The authors define this category as
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those techniques that use the information gathered from the forward pass of the network

to calculate some explanatory values during the backward pass, which may then be used

to generate interpretations.

Although the techniques from both approaches share many similarities, the emphasis lies

on the mechanisms of the interpretation process. Additive feature attribution focuses on

generating a simplified linear version of the trained model for its interpretations, where

the relevance of each feature forms the linear weights [60]. The definition of this approach

does not focus on the generation of the relevance values themselves in the first place,

and as a consequence, many techniques from other approaches can be categorised as an

additive attribution approach. The defining characteristic of backward propagation tech-

niques are their use of functions, akin to mathematical rules, that particularly rely on the

backpropagation algorithm to iteratively redistribute relevance from the model’s output

throughout the network, back onto its input features. In this context, relevance refers

to node or input contributions towards the predicted classification, which can be either

positive (in line with the current prediction) or negative (against the current prediction).

In other words, backward propagation techniques focus on the redistribution of relevance

from the output, throughout the network, to the network’s input features in order to ar-

rive at their final feature attributions, rather than through the generation of an accurate

surrogate model. However, depending on whether or not the feature relevance values gen-

erated can be arranged or represented according to the definition of additive attribution

techniques, backward propagation techniques, similarly to any other technique, may fall

under the additive attribution technique banner, but they need not necessarily.

It is to be noted that not all backward propagation techniques fit the definition of ad-

ditive attribution approaches with regard to how their final feature relevance values are

acquired, and not all additive attribution techniques make use of the backward prop-

agation approach. It can also be noted that gradient-based approaches may also fall

under the definition of backward propagation techniques, since the gradient is utilised,

but not all backward propagation techniques make use of a gradient-based approach, so

the classification does not go both ways.
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An early example of a backward propagation technique is deconvolution, which does not

use backpropagation in the strict sense of the word. Simply put, it can be thought of

as using a convolutional neural network model in reverse [10]. The technique uses max-

pooling layers to correctly attribute importance to the inputs, along with other methods

such unpooling, rectification, and filtering to reconstruct the variable states in previous

layers [47].

Another example is guided-backpropagation, which can be thought of as an extension or

variant of the deconvolution technique [10], [47], [68]. Rather than relying on max-pooling

layers, guided-backpropagation uses ReLU activations to correctly attribute importance.

This technique was used by Springenberg et al. [68] to visualise relevant parts of an image

through combining deconvolution and backpropagation.

Both guided-backpropagation and deconvolution share some flaws in our context, such

as that they are only applicable to very specific CNN models [47], [68]. Also, neither

method upholds the conservation principle, which refers to when the relevance of the

output layer for a given class is fully captured by the contributions of the input features

for that same class. This is to say, the relevance redistributed from upper-level nodes to

lower-level nodes during the backward pass should be the same as the contributions of the

lower-level nodes to upper-level nodes during the forward pass [10]. Both deconvolution

and guided-backpropagation focus only on positive relevancies while discarding negative

ones, which does not adhere to the conservation principle as relevance is removed from

the system. Although this is acceptable for some applications, for our study we would

prefer to show the interpretation in its entirety as far as we can because, as will be shown

in later chapters, even negative relevancies can hold important information regarding a

model’s predictions.

The final backpropagating technique we looked into is LRP, which is based on Deep

Taylor Decomposition (DTD) [4]. LRP [69] is a conserving (adheres to the conservation

principle), backward propagation technique that redistributes the relevance of a model’s

output back unto its input features through the use of several redistribution equations.

We further explore the concept of LRP in Section 2.6.
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All approaches mentioned in this section generate local interpretations with feature sum-

mary visualisation type results and are model-specific 2 [8], [57], with the exception of

additive feature attribution techniques that are able to generate both local and global

interpretations, that can be both model-agnostic and model-specific, and may thus be

seen as producing intrinsically interpretable model -type results. Whether the addition of

sample set analysis is able to change the granularity of an interpretation technique will

be determined in the upcoming chapters, specifically Chapter 5.

2.3.4 Evaluating interpretability techniques

The validity of any attribution based interpretability technique should be tested to ensure

the correctness and accuracy of the explanations it generates [4], [10]. Visually, for image

classification tasks, the importance attributed to each input feature can be organised into

visual feature relevance attribution maps (henceforth referred to as attribution maps) to

compare the efficacy of different techniques [46]. In our study, attribution maps represent

the degree to which a feature contributes toward a model’s prediction (shown as a shade of

blue) or contradicts it (shown as a shade of red). Neutral features that neither contribute

nor contradict a model’s prediction are represented by the colour green. It is important to

note that attribution maps only take the importance values attributed to each input into

account when visualising interpretations and not the features themselves. Attribution

maps are seen as one of the most common mediums to visualise the interpretations of a

network trained on images, such as the MNIST data set and our synthetic data set, as

illustrated by Bach et al. [4], and Montavon et al.[10].

Although simple, this method relies on human judgement and is prone to inaccurate

assessments. It is typically better to analytically evaluate an interpretability technique,

which can be done by assessing the measure to which it upholds the following criteria

[70]:

2Some authors disagree on the exact definitions of these terms and would rather classify the inter-
pretability approaches provided in Section 2.3.3 as model-agnostic [11].
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• Accuracy: The correctness of an interpretation when generated on data different

from the model’s training sets.

• Fidelity: The extent to which an interpretability technique reflects the true be-

haviour of the model.

• Consistency: The extent to which the variance of an interpretability technique’s

results is limited when providing explanations for multiple similar models trained

on similar tasks.

• Stability: Interpretations generated for a specific model on similar predictions for

similar inputs should also be similar and not vary significantly between interpreta-

tions.

• Novelty: The extent to which an interpretability technique shows the differences

in novel models when compared to already-established models.

Additionally, the practical applicability of an interpretability technique to models using

real-world data should be taken into consideration, along with how understandable the

explanations generated by the technique are to the end user. Although other criteria, such

as comprehensibility, certainty and representativeness exist, we limit ourselves to only the

first four criteria as defined by Robnik [70], which we believe to be the most important

for this study. Some of the common ways to determine how well an attribution-based

interpretability technique fulfills these requirements, which are applicable to our study,

are [10], [71], [72]:

• Perturbation evaluations: This involves masking the features that were deemed

the most important by the interpretability technique in some order (typically in de-

scending order), through either removing or changing them. If the technique func-

tions correctly, then the removal of these features should correspond to a noticeable

decrease in the model’s accuracy [10], [46], [70].

• Ground-truth comparisons: This refers to creating a controlled testing envi-

ronment where the model’s explanations are already known and can be compared
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to the explanations generated by a given interpretability technique. Such environ-

ments include generating a synthetic data set as a known baseline for the target

model [10], [73], arithmetic toy-problems [10] and user-annotated benchmarks [71].

Despite being a useful tool for testing techniques, it is not always possible to create

such an environment that also reflects the complexity of real-world data tasks [9].

• Model parameter randomisation test: Compares the interpretations of a

trained model to the same type of interpretations on an untrained, randomly ini-

tialised network with the same architecture. If both the interpretations are similar,

then we can deduce that the interpretations do not depend on the model’s param-

eters and would not be suited for tasks that are dependant [72].

• Data randomisation test: Similar to the previous requirement, this compares

the interpretations of a model trained on labelled data to the same type of interpre-

tations on the same model, but with the labels randomly shuffled between samples.

If the interpretations are similar, then we can deduce that the interpretations do

not depend on the link between the samples and their respective labels [72].

Recent work [74] has shown that it is relatively easy to fool some perturbation-based inter-

pretability techniques into assigning false attributions to features, while the true feature

attribution remains unchanged. This vulnerability is especially true when considering

proprietary models, where the architecture of the model in question is unknown. In re-

search done by Slack et al. [74], a classifier was built to determine whether or not an input

sample had been perturbed by an interpretability technique. If false, the input sample

was redirected to a malicious model that was trained to make predictions based exclu-

sively on a protected class, such as gender or race. However, if any input perturbations

were detected in this way, the input samples were redirected to a model that was trained

fairly, and the resulting explanations reflected the feature importances of the fairly trained

model, while the true feature importances of the malicious model in use were mostly able

to go unnoticed.
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2.4 Sample sets analysis

In some recent work [12], [13], [15], [75], it was shown that fully connected, ReLU ac-

tivated, feedforward networks have the capacity to delegate their class-specific decision-

making to specific nodes and groups of nodes. This delegation tended to become more

selective in deeper network layers. Through additional sample set analysis, it was also

discovered that some nodes are specific in the sense that they only activate (have a non-

zero value) for a limited set of samples [14]. This effect is so strong that unseen samples

can even be correctly classified through estimators trained on such nodes.

Any node in the network activates for a specific set of samples. Note that a node is con-

sidered active if the activation value is non-zero, irrespective of how small that activation

value is. We refer to this set as the node-specific sample set [12].

Sample sets typically contain samples of different classes, each individual class forming

a class-specific sample set at that node. When a sample activates a node, the node

provides a non-zero activation value for that sample’s set of input features. Using sample

set analysis, we can analyse the distribution of samples among the nodes of a network,

and also pinpoint what nodes were activated the most for any given class. We also study

the classification ability of individual nodes and nodes in collaboration.

Sample sets are created during the forward pass of gradient descent when the network’s

weights are used to determine which nodes are active. The subsequent backward pass and

update phase fine-tunes these weights towards specific classifications [14]. The existence

of sample sets, and how they came to be, prompted investigations regarding the effect

of gradient-based optimisations on these networks. Such networks are typically seen as

single entities, but the above work shows that the different nodes of the network can be

viewed to act as separate functions with both local and global elements. Locally, each

node utilises specific, selected information from the input space, while globally, nodes

cooperate to solve the overall layer-wide task [12], [13].

Nodes can also be linked together via an activation path, which can be seen as the path
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leading from the input features to the output layer that activates for a specific sample.

From these paths, it is possible to determine the paths and subsets of paths that maximally

activate for a given class or set of samples.

Networks can be analysed through sample set analysis in conjunction with other explana-

tory methods such as activation distributions, sample distances, weight and activation

gaps, or perplexities with entropy [12], [13], [75]. This was mostly done to study networks

in terms of their generalisation ability, but these techniques also offer a modicum of inter-

pretability and could potentially be used alongside other, more common interpretability

techniques to obtain useful information.

2.5 Choosing an interpretability technique

Sample set analysis, as discussed in Section 2.4, is still very much a novel concept that

has yet to be fully investigated. Our goal with this study is to determine if there is any

meaningful information that can be extracted by using sample set analysis as a tool to

supplement common interpretability methods. We hypothesise that sample sets generated

from a fully trained model can be used to enhance DNN interpretations. We limit the

choice of interpretability techniques solely to the approaches discussed in Section 2.3.3.

Perturbation-based approaches are generally very simple, easily implemented techniques,

but may become extremely computationally inefficient as the size of the network and

the number of required perturbations increase [62]. Similarly to perturbation-based ap-

proaches, gradient-based approaches are typically easily implemented and effective, due

to their using the gradients naturally calculated by DNN models [58], [65]. However, this

means that these techniques are completely dependent on the gradients provided by the

model, which could cause future problems as in the case of flat gradients - where gradients

change very little, which hampers the generation of quality interpretations [52].

Additive feature attribution approaches, such as SHAP, are generally model-agnostic,

utilise locally generated surrogate models to fully explain entire trained models [60], and
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are also sometimes able to provide global interpretations.

Backward propagation techniques provide a way to project the relevance from a node in

the deeper layers of a network onto the input features [9], [10], [68]. Although this node is

typically the output node, the structure of these methods should allow the interpretation

of any node in any layer of the network, which subsequently allows us to investigate

individual nodes as opposed to the model as a whole. This means that by using a backward

propagation technique along with sample set analysis, we are able to analyse and interpret

different nodes individually, and potentially find the correlation between a node’s sample

set size [12] and its impact on the model’s classification prediction.

For the purposes of this study, various of the aforementioned approaches could be used

to investigate the applicability of sample analysis as a tool for interpretability technique

enhancement. However, we choose the backward propagation technique LRP due to

its current popularity, broad applicability and excellent performance on various neural

network-related tasks.

2.6 Layer-wise Relevance Propagation

LRP is a widely used backward propagation technique that is specifically designed to

generate local explanations for neural network structured models with different types of

inputs and is thus model-specific. The technique was originally introduced by Bach et

al. [4] and was later expanded by Montavon et al. [61], [69] with additional redistribu-

tion rules (see Section 2.6.1), which provides greater flexibility when interpreting neural

networks.

As discussed in Section 2.3.3, LRP is categorised under the backward propagation ap-

proach, as an extrinsic interpretation technique, due to its use of functions that do not

form part of the original DNN model it is interpreting. Also as displayed in Figure 2.2,

LRP adheres to the conservation principle. The technique uses the prediction of a model

to redistribute relevance unto the shallow layers of the network until it reaches the in-
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put features [4], [10], [61]. Every node from the output layer back to the input features

individually redistributes its relevancies to all of its connected input nodes.

In Section 2.6.1 we discuss the various different rules used by LRP to redistribute rele-

vance, whilst in Section 2.6.2 we delve deeper into where in the network these rules are

best applied.

2.6.1 Local redistribution rules

Relevance redistribution occurs according to the application of rules (henceforth called

LRP rules) [4], [61], which are comprised of a set of equations that dictate precisely

how relevance is redistributed from the redistributing node to the connected input nodes.

These rules are primarily based on Eq. 2.1 (repeated in Eq. 2.7), which is used in

calculating the activation values of nodes during forward propagation.

a
(l+1)
k = σ(

∑
j

zjk + b(l+1)), where zjk = a
(l)
j w

(l,l+1)
jk (2.7)

The zjk term is added to simplify the equation and refers to the contribution of node j

in layer l to the activation value of node k in layer l + 1 [46]. Using Eq. 2.7, we can now

define LRP-0 in Eq. 2.8, the most basic LRP rule:

R
(l)
j =

∑
k

zjk∑
j′ zj′k

R
(l+1)
k (2.8)

Figure 2.2: LRP example showing the redistribution of relevance unto the lower layers [10], [61].
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Here, R
(l)
j refers to the relevance value of node j in layer l and subsequently R

(l+1)
k refers to

the relevance value of node k in layer l+1. The rule determines the relevance of node j by

dividing the contribution of node zjk by the sum of all node j
′

contributions in the same

layer
∑

j′ zj′k. This value is then multiplied by the relevance of node k in the succeeding

layer, which determines the relevance of node j in layer l to node k in layer l + 1. This

process is repeated and summed for every node k in layer l + 1 node j is connected to,

which determines the relevance of node j to the total relevance of layer l + 1. Through

LRP’s conservation property, as mentioned in Section 2.3.3, the relevance of node j to

layer l + 1 is then equal to the relevance of node j to the output node.

LRP-0 shows mathematically how the relevance of a node can be redistributed from an

upper layer to a lower layer in the network, while also forming the basis from which all

other rules in Table 2.1 are derived. The table was originally presented by Montavon et

al. [61]. For this study, we will focus only on the primary set of rules described in Section

3.4.2. The rest of the rules were added for the sake of completion.

It should also be noted that these local redistribution rules are multiplicative by nature.

All equations are multiplied by the relevance of the previous layer in order to obtain the

relevance of the current layer. This ensures that the total relevance of each layer remains

the same.

2.6.2 Layer Groups

During training, the layers of a network contain an abstract representation of the provided

input features. These representations become more entangled and class-specific between

nodes in the deeper layers of the model [12], [61]. The layers of the model may be

categorised into the upper, middle or lower layer groups depending on how entangled the

representations are, or how close the given layer is to the input features. However, due

to LRP’s flexibility, the precise point at which the transition between layer groups occurs

depends on the network and its properties [61]. We refer the reader to Section 3.4.2 for

information on how we divided our models’ layers between the three groups.
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Table 2.1: LRP rules used for this study. Table originally presented in [61]. Here zjk = a
(l)
j w

(l,l+1)
jk as

in Equation 2.7, and the notation (.)+ = max(0, .) and (.)− = min(0, .). lj and hj refer to the lowest

and highest admissible input values and All weights w are assumed to be between the layers (l, l + 1).

Note that all rules are derived from DTD except for LRP-αβ, which is derived from DTD only for the

case α = 1, β = 0.)

Name Formula Layers

LRP-0 [4] R
(l)
j =

∑
k

zjk∑
j′ zj′k

R
(l+1)
k Output

LRP-ε [4] R
(l)
j =

∑
k

zjk
ε+

∑
j′ zj′k

R
(l+1)
k Upper/Middle

LRP-γ [61] R
(l)
j =

∑
k

a
(l)
j (wjk + γw+

jk)∑
j′ a

(l)

j′
(wj′k + γw+

j′k
)
R

(l+1)
k Lower

LRP-αβ [4] R
(l)
j =

∑
k

(α.
(zjk)

+∑
j′ (zj′k)

+
− β. (zjk)

−∑
j′ (zj′k)

− )R
(l+1)
k Lower

w2-rule [69] R
(l)
j =

∑
k

w2
jk∑

j′ w
2
j′k

R
(l+1)
k Input

zβ-rule [69] R
(l)
j =

∑
k

x
(l)
j wjk − l

(l)
j w

+
jk − h

(l)
j w

−
jk∑

j
′ x

(l)

j′
wj′k − l

(l)
j w

+

j′k
− h(l)j w−j′k

R
(l+1)
k Input

Although singular LRP rules may be applied to interpret entire networks, they are best

used in combination with one another. The reason for this is that each rule is best suited

to a particular layer group within the network. See Table 2.1 for reference. A big reason

for having different redistribution rules is to highlight only the most important inputs by,

in part, ignoring nodes with negligible information [61], [76].

Within the upper layers, the nodes’ representation of the input features can be seen as

a mathematical combination of the representations by nodes from previous layers [12].

These features are entangled within the nodes in the upper layers to the point that

they contain both the relevant and non-relevant representations, according to the LRP
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interpreter. A way to separate these representations is to continuously backpropagate

them until the nodes containing relevant representations once again become disentangled

from the non-relevant ones like in the shallower layers [61]. This can be done using

the LRP-0 redistribution rule as it simply backpropagates the representations without

modifying them like some of the other redistribution rules, making them insensitive to

these overlapping concepts [4].

The layer at which the different representations separate from one another is generally

where the network transitions from the upper layers to the middle layers, which form

the bulk of the model’s layers. Here, features are less entangled, but the different layers

can have varying or unimportant classification concepts. Suitable redistribution rules,

like LRP-ε, can be applied to eliminate or lessen the impact of nodes containing negli-

gible information without fear of ignoring the important information; which would have

otherwise been entangled within the upper layers [4], [61]. This occurs through the ε

term increasing the size of the function’s denominator, which subsequently decreases the

size of the fraction due to the numerator remaining constant. Increasing the ε term will

further decrease the size of the fraction, which lessens the impact of the specific node’s

contribution zjk. LRP-ε works well as it also accounts for any numerical instabilities.

Despite LRP providing interpretations containing both positive and negative relevancies,

positive relevancies are still seen as the important component of an interpretation. As

the layers get closer to the inputs, specific asymmetric rules such as LRP-αβ or LRP-γ

can be used to highlight positive relevancies above negative relevancies without breaking

the conservation property LRP adheres to. Lower layer rules are similar to the middle

layer rules but are additionally used to make the explanation more coherent for humans.

This is typically achieved by the rules highlighting the positive or negative relevancies

depending on the rule and how it is applied [61].
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2.7 Conclusion

In this chapter we briefly discussed the functionalities behind DNNs. We continued to

describe the role of interpretability in DNNs, followed by an overview of some of the

attribution-based interpretability techniques applicable to our study, while also introduc-

ing the concept of sample sets analysis. After considering the different interpretability

options, we selected LRP and described the technique in detail.
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Tools and data sets

Description of experimental setup and initial interpretability codebase implementation and

evaluations.

3.1 Introduction

In this chapter we discuss the study’s experimental environment, which includes the differ-

ent data sets, tools, and codebases to be used, as well as the configuration of the in-house

LRP interpreter. We additionally verify the correctness of the interpreter.

Further information regarding our development environment is provided in Section 3.2.

We describe the data sets and define the models used throughout the upcoming experi-

ments in Section 3.3. In Section 3.4, we describe the implementation and verification of

the in-house LRP interpreter. Afterwards, we visualise and analyse the interpretations of

the defined networks via the use of generated attribution maps in Section 3.5 in order to

demonstrate the use of LRP in practice.
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3.2 Development environment

The Python [77] programming language was used to create and develop additional tools

when they were needed during our study. All experiments were performed using PyTorch

[41], an open source machine learning framework that integrates with Python, which

allows the development and training of DNNs. Matplotlib [78], an open source plotting

library, was also used to visualise the results of our different experiments. Additionally,

mustnet 1, a PyTorch-based in-house codebase, was utilised for MLP optimisation and to

generate a synthetic data set (Section 3.3.1). This codebase was extended as part of this

study to include an independently developed LRP toolkit for generating interpretations

and investigating the inner workings of MLPs. Captum [79], a model interpretability and

understanding library for PyTorch, was used to compare the results generated by our

LRP toolkit.

3.3 Models and data sets

In this section, we discuss the models and data sets used throughout this study.

We give a detailed description regarding the creation of our custom synthetic data set in

Section 3.3.1 and provide reasons for the decisions made during the process. In Section

3.3.1 we describe the MNIST data set. Lastly, in Sections 3.3.2 and 3.3.3, we define

the network architecture and hyperparameter values of several networks developed and

trained on the MNIST and synthetic data sets respectively, along with their performance

values.

3.3.1 Data sets

Here we describe the MNIST and synthetic data sets as used in our study. As is standard

practice, the samples of each data set are further divided into one of three data set

1https://bitbucket.org/must_research/mustnet3
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partitions, for the purposes of training our DNN models. Typically, the goals of the

different data set partitions are the following [16]:

• Training set: Used to initially fit a model and train model parameters.

• Validation set: Used to tune hyperparameter values and determine the general-

isability of a model.

• Evaluation set: A final test to determine a model’s performance on previously

unseen data.

Once the models have been trained, we conduct upcoming experiments on the training

and validation set. However, in the interest of brevity we limit the results of this study

mainly to those of the training set. We do, however, include results on all three data

sets where we feel this is applicable, and specifically add the results of the evaluation

set for the interpretation enhancement technique we have developed in Section 5.5 to

give an indication of its performance on data it was not specifically trained on. Unless

otherwise specified, the reader can assume any results provided throughout this study

were generated using the training set.

Describing the synthetic data set

We generated a custom synthetic data set to demonstrate the capabilities of our LRP

codebase. Through using a self-generated custom synthetic data set, we are able to

control the sample features used for generating interpretations. This allows us to better

determine the accuracy and fidelity of our interpreter before applying it to a network

trained on the MNIST data set, which is closer to how a data set would present itself in

practice.

When creating a synthetic data set, we want to know which features are most important

for classification before performing any type of interpretation. This allows us to assess

whether the interpretations generated by the in-house LRP interpreter are reliable by
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comparing them to what we know they should be. Secondarily, investigating the inter-

preter’s performance on a network trained on the synthetic data set will also help us

develop an intuition of how our interpreter will eventually perform on the MNIST data

set.

To do this, we created a data set consisting of several trigonometric functions that closely

resemble MNIST while being less visually complex with fewer classes that are more distinct

from one another. Each sample of the synthetic data set is created by independently

generating amplitude values, using Eq. 3.1 below.

amplitude = trig(period + freq) ∗max amplitude (3.1)

Where trig refers to one of the following six trigonometric functions: sine, cosine, tan,

cosec, sec and cot. The period is equal to 2π which, under normal conditions, is a full cycle

of any of the trigonometric functions. freq refers to the frequency of the function, which is

sampled from a uniform distribution U(0, π
2
), while max amplitude refers to the maximum

amplitude value for the given function and is similarly sampled from another uniform

distribution U(1, 3). By sampling the maximum amplitude and frequency values from the

chosen uniform distributions, we ensure that there will be some variation between the

different samples of the same class.

For every sample, we generate and add 100 amplitude values to a single list, which is then

used along with Matplotlib’s scatter function to generate a 30 by 30 pixel image plot of one

of the different trigonometric functions. Each sample thus contains a total of 900 (30×30)

features. These plots are then altered to represent their respective trigonometric functions

in white on a black background, as shown in Figure 3.1, to mimic MNIST. Afterwards,

each plot is converted from an image to a 2-dimensional list consisting of 30 rows and

columns holding each pixel’s base numerical value, which ranges from 0 - 255. Lastly,

each list is then normalised between [0, 1] by dividing all pixel values by 255.

We repeat this process until we have generated a synthetic data set that consists of

60 000 training samples, and 10 000 validation and evaluation samples. In summary, the
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synthetic data set can be seen as a series of 30 by 30 value lists, divided evenly between

six trigonometric function classes. This means that for each function class, there are 6 000

training samples, and about 1 666 validation and evaluation samples.

When generating interpretations using this synthetic data set, the interpreter should,

ideally, focus on the features that distinguish the classes from one another. This includes

the general presence or absence of features in one class, but not in others. For instance,

the interpretations of samples from the sine class should primarily highlight the lack of

features in the bottom left and top right of each sample. Similarly, the interpretations

of samples representing the cosine class should primarily highlight the lack of features

in the middle of each sample, while also indicating either the lack of features near the

bottom edges, or the general shape of the function. It is easier to first evaluate whether

our interpreter truly isolates these distinguishing features using the synthetic data set

than on the MNIST data set, which contains multiple classes with similar features such

Figure 3.1: Synthetic data set sample examples. From top to bottom, each row shows examples for the

following classes: sine, cosine, tan, cosec, sec and cot.
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as two, three and eight.

Describing the MNIST data set

MNIST [17] is a simple image data set consisting of 70 000 samples of handwritten digits.

Each sample is represented as a 28 by 28 image that displays a single digit from zero

to nine, which forms the ten total classes of the data set, as white in the centre of a

black background. Every sample thus contains a total of 784 (28× 28) features. For this

study, the data set is partitioned into 55 000 training samples, 5 000 validation samples

and 10 000 evaluation samples. The data set is well known in the machine learning

community and is frequently used to test new concepts and ideas because of its simplicity

and ease of use. This makes the data set an ideal choice for our study. We refer the

reader to Table 3.1 for information regarding the main differences between MNIST and

our custom-generated synthetic data set.

3.3.2 Defining the synthetic model

We train a set of suitable, yet simple, MLP networks on the synthetic data set described

in Section 3.3.1 as close to 100% accuracy on the training and validation sets as possible.

The use of a ReLU activation function at each layer, the Cross-Entropy loss function, the

Kaiming initialisation scheme, a learning rate of 0.01, and a batch size of 64 were kept

consistent across all networks. We performed a grid search over the following hyperpa-

rameters: layer width, network depth, whether to use an SGD or Adam optimiser, and

Table 3.1: Training, validation and evaluation set partitioning and number of features per sample for

the data sets used within this study.

Data set Num. features
per sample

Training set
size

Validation
set size

Evaluation
set size

MNIST 784 55 000 5 000 10 000

Synthetic 900 60 000 10 000 10 000
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whether or not to use a bias term in the first layer. All data set samples are normalised

between the minimum and maximum values of [0, 1].

Due to the simplicity of the synthetic data set, all networks were able to fully interpolate

the data set within one epoch (achieve 100% training accuracy). Among those trained

to interpolation, we select one network for further analysis according to the lowest loss

achieved on the validation set.

The architecture of the selected network and its performance values are provided in Table

3.2. The performance values of this network trained over additional initialisation seeds

are shown in Table 3.3 to demonstrate that it obtained consistent results.

The selected network is trained using an SGD optimiser, and its hidden layers are opti-

mised for a layer width of 20 nodes on the first layer and 10 nodes on every subsequent

hidden layer. A bias term is used in the first layer.

Since our long-term goal is to investigate the inner working of our chosen DNN, we refrain

from using any form of explicit regularisation that might interfere with our investigations.

This is done in a similar manner to the procedure used by Davel et al.[12].

Table 3.2: Architectural and performance values for the chosen synthetic data set network.

Hyperparameter Value

Input dimensions 900

Output dimensions 6

Layer dimensions 20 10 10 10

Epochs trained 1

Sets Accuracy Loss

Train 1.00000 0.00025

Valid 1.00000 0.00024

Eval 1.00000 0.00025
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Table 3.3: Performance values for other seeds of the chosen synthetic data set network.

Seed 1 Seed 2 Seed 3 Seed 4

Acc Loss Acc Loss Acc Loss Acc Loss

Train 1.00000 0.00030 1.00000 0.00029 1.00000 0.00025 1.00000 0.00017

Valid 1.00000 0.00030 1.00000 0.00029 1.00000 0.00025 1.00000 0.00016

Eval 1.00000 0.00030 1.00000 0.00029 1.00000 0.00025 1.00000 0.00016

In contrast to the MNIST model (as defined in Section 3.3.3), we opted to use a smaller

architecture for our synthetic model. Despite having a larger number of input features per

sample when compared to the MNIST data set (900 vs. 784), the synthetic set contains

more training samples (60 000 vs 55 000) with fewer variations between samples, along

with fewer, more distinct classes. This results in a much simpler data set than MNIST.

As briefly discussed in Section 3.3.1, the purpose of the synthetic network is to be used

alongside the MNIST model, as will be described in Section 3.3.3, demonstrating how the

LRP codebase can be applied and evaluated.

3.3.3 Defining the MNIST model

Similar to the synthetic networks described in Section 3.3.2, we train a set of simple MLP

networks on the MNIST data set as close to 100% accuracy on the training and validation

sets as possible. The use of a ReLU activation function at each layer, the Cross-Entropy

loss function, the Kaiming initialisation scheme, a learning rate of 0.01, a batch size of 64,

and a layer depth of 10 were kept consistent for all networks. We perform a grid search of

the following hyperparameters: layer width, optimiser, and whether or not a bias should

be included in the first layer or not.

Each sample of the MNIST data set is normalised between the minimum and maximum

values of [-1, 1]. This differs from the samples of the synthetic data set in Section 3.3.2,

which are normalised between the values of [0, 1]. The reasoning for this deviation has
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to do with the effect different normalisation values have on the interpreter, as will be

discussed in more detail in Section 3.5.2.

The networks are purposefully given an overly sufficient number of 10 hidden layers for

analysis purposes and to better resemble the network used by Davel et al. [12], which

will be helpful when replicating their results in Section 4.2. A final network is chosen for

further exploratory analysis based on the lowest validation loss achieved.

The selected network’s architecture and performance values are provided in Table 3.4.

The performance values of this network over different seeds are shown in Table 3.5 to

demonstrate that the network is consistent.

Similar to the synthetic network, the chosen MNIST network is trained to interpolation

with a bias term in the first layer, using SGD without using any regularisation methods

during training. The hidden layers are optimised for a layer width of 100 nodes per layer.

It has been noted that training an overly sufficient network, such as the one defined in

this section, on a simple task such as MNIST, encourages overfitting [16], [26]. Due to

the large amount of trainable parameters, the network is able to fit itself ‘too’ well on the

Table 3.4: Architecture and performance values for the chosen MNIST data set network.

Hyperparameter Value

Input dimensions 784

Output dimensions 10

Layer dimensions 100 100 100 100 100 100 100 100 100 100

Epochs trained 81

Sets Accuracy Loss

Train 1.00000 0.00017

Valid 0.98400 0.11806

Eval 0.98160 0.21803
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Table 3.5: Performance values for other seeds of the chosen MNIST data set network.

Seed 1 Seed 2 Seed 3 Seed 4

Acc Loss Acc Loss Acc Loss Acc Loss

Train 1.00000 0.00006 1.00000 0.00004 1.00000 0.00009 1.00000 0.00011

Valid 0.98200 0.12944 0.98540 0.11301 0.98540 0.13077 0.98140 0.14342

Eval 0.97970 0.30338 0.98030 0.28607 0.98250 0.30731 0.98030 0.24537

training data, which subsequently makes it harder for the network to generalise to new

data. This explains the larger losses seen on validation and evaluation sets in Tables 3.4

and 3.5. We acknowledge this fact and will continue to use these networks for further

analysis as it should not interfere with our goal of investigating the inner workings of the

network nor obscure its results when used in the forthcoming chapters.

3.4 The LRP interpreter codebase

In Section 3.4.1 we provide reasons for implementing our own in-house LRP interpreter

codebase, rather than just using an already-existing, publicly available LRP codebase.

Furthermore, in Section 3.4.2, we provide the configurations used when generating inter-

pretations using our interpreter codebase. Despite not using an external LRP codebase, in

Section 3.4.3 we verify our interpretations by comparing our results to a publicly available,

pre-established LRP codebase.

3.4.1 Reasons behind implementing our interpreter

We required a functional LRP interpreter codebase to investigate the inner workings of

sample sets and their function within DNNs. This meant that the chosen codebase needed

to be easily understandable, but also allow alterations to its functionality to better suit

some of our later experiments.
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We investigated two publicly available codebases, namely, iNNvestigate [80], and the

LRP toolkit implemented in the Captum.ai (henceforth referred to as Captum) Python

package [79]. Regrettably, both codebases were limited in terms of their functionality.

INNvestigate proved very difficult to work with, as little information is given regarding

its internal operations. The amount of time required to fully understand the codebase

and integrate it with our own would have been too great an investment.

Captum, on the other hand, is much more streamlined and integrated well with our

existing codebase. Unfortunately, Captum’s LRP toolkit was only recently added to the

rest of the codebase, and consequently contained only a few of the LRP rules needed for

our study. In addition, although the codebase integrated well with our own, it suffered

from the same problem as iNNvestigate: trying to change some of its internal operations

proved difficult, and documentation is again limited. Later, as we will show in Section

3.4.3, it was determined that one of the LRP rules was incorrectly implemented.

After failing to find a suitable codebase, we determined that it would be prudent to

rather create our own in-house LRP interpreter. By independently developing our own

interpreter, we not only ensure that it will operate as is required for this study, but that

it will also help us gain some intuition of how LRP functions as a feature attribution tool.

Although we cannot directly use the aforementioned external codebases for the experi-

ments presented later on in this dissertation, we can still use them to verify the results of

our own interpreter and ensure it is up to par with state-of-the-art LRP implementations.

We do this by comparing the results of our implemented interpreter to that of Captum,

as will be discussed in Section 3.4.3. We chose Captum because it was easier to work with

than iNNvestigate.

3.4.2 Interpreter configurations

As described in Section 2.6.1, LRP interpretations become more accurate when multiple

LRP rules are appropriately used in conjunction with one another. However, some rules,

specifically rules developed for the input layers of different models, are only used for
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certain DNN applications. This restricts which model archetypes the interpreter can be

used with [61]. Thus, we limit ourselves to only the most commonly used rules first listed

in [4], at their most appropriate layer groups as advised by Table 2.1, which was originally

presented in work done by Montavon et al. [61]:

• The LRP-0 at the output layer.

• The LRP-ε at the upper and middle layers.

• The LRP-αβ at the lower and input layers.

The upper, middle and lower layers are defined as in Section 2.6.2. Seeing as there is no

standardised method to determine where one layer group transitions to another, we use

one of the experiments performed in Davel et al. [12], and referred to in Section 4.3, to

empirically analyse where the model transitions from one layer group to another. This

is done by monitoring the change in network node behaviour from layer to layer. The

different layer groups of our models as selected using this heuristic technique are shown

in Table 3.6 (a more detailed analysis was not performed).

Following the works of other authors [10], [60], we apply the commonly used values of

2, 1 and 1−16 to the α, β and ε constants, respectively. We select these values as they

were used in similar applications and can be chosen independently from the network’s

architecture.

Table 3.6: Network layers and LRP rules assigned to each layer grouping. From first to last row, the

network layers are given in order of: input layer, first hidden layer to last hidden layer and output layer.

MNIST Network Synthetic Network LRP rule

Input Layer 784 900 LRP-αβ

Lower Layers 100-100 20 LRP-αβ

Middle Layers 100-100-100-100-100 10-10 LRP-ε

Upper Layers 100-100-100 10 LRP-ε

Output Layer 10 6 LRP-0/LRP-base
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3.4.3 Comparison with Captum

In order to verify the implementation of our interpreter, we compare its interpretations

of the MNIST network to those generated by the LRP implementation in Captum. See

Section 3.5 for a more detailed discussion of the interpretations generated by our inter-

preter.

Protocol

We first perform a side-by-side comparison of the attribution maps generated from a single

interpretation of both codebases on the training set of the following MNIST classes: zero,

three, six and nine. Secondly, we measure the similarity of interpretations from the

two systems for additional samples from the training set on the same classes. This is

accomplished by calculating the average cosine similarity scores between each pair of

interpretations from both codebases.

The cosine similarity score measures the cosine of the angle between two vectors in a

multi-dimensional space [81], where the cosine similarity between the two vectors x and

y can be defined as:

sim(x,y) =
x · y
‖x‖‖y‖

where ‖x‖ =
√
x21 + x22 + ...+ x2n (3.2)

where ‖x‖ is the Euclidean norm of vector x, and n its total number of elements. Similarly,

‖y‖ is the Euclidean norm of vector y.

In its current state, Captum’s LRP implementation is limited to the LRP-αβ, LRP-γ

and LRP-ε rules shown in Table 2.1. Therefore, we compare the two codebases through

interpretations generated by using each rule alone, as well as in combination with one

another as specified in Table 3.7.
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Table 3.7: Network layers and LRP rules assigned to each layer grouping of the MNIST network. This

configuration is used for the sole purpose of comparing the interpretations generated on this network by

our interpreter to those of Captum. From the first to the last row, the network layers are given in order

of: input layer, first hidden layer to last hidden layer and output layer.

MNIST Network LRP rule

Input Layer 784 LRP-γ

Lower Layers 100-100 LRP-αβ

Middle Layers 100-100-100-100-100 LRP-ε

Upper Layers 100-100-100 LRP-ε

Output Layer 10 LRP-ε

Analysis using positive inputs

We begin with a comparison for the case where the data set samples are normalised

between [0, 1]. Following the protocol set out earlier in this section, we provide the

attribution maps in Figure 3.2, and the average cosine similarity between interpretation

pairs in Table 3.8.

The attribution maps for each set of interpretations appear to be identical, which is

supported by an above 0.996 average cosine similarity for each class.

Table 3.8: Average cosine similarity scores between our and Captum’s interpretations when using a

normalisation range of [0, 1].

Sample: LRP-ε only: LRP-γ only: LRP-αβ only: Combination:

0 0.99958 0.99999 1.00000 1.00000

3 0.99904 0.99999 1.00000 0.99999

6 0.99597 0.99996 1.00000 0.99997

9 0.99920 0.99999 1.00000 1.00000
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Figure 3.2: Interpretations generated by Captum (middle column) and our in-house LRP codebase

(right column) for the training set of our MNIST model with the data set samples normalised between

[0, 1]. Each pair of interpretations left to right, top to bottom uses the following rules: only the LRP-ε

rule, only the LRP-γ rule, only the LRP-αβ rule and a combination of each rule as specified in Table 3.7.
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Analysis using positive and negative inputs

As will be discussed in Section 3.5.2, we will mostly be working with data sets normalised

between [-1, 1] throughout the study, which will allow us to consider all features of each

sample.

Therefore we also create comparisons for the case where the model’s data sets are nor-

malised between the values of [-1, 1]. The attribution maps for this comparison are given

in Figure 3.3, and the average cosine similarity scores in Table 3.9.

The interpretations from both codebases are essentially identical except for when using

the LRP-αβ rule alone, which appears to be generating nonsensical interpretations with

regard to Captum’s codebase. The cosine similarity scores also show an averaged similarity

of about 1.000 and above for all classes, except for when using LRP-αβ rule alone, where

this value decreases to 0.953 at its lowest. Despite the large visual differences between the

different LRP-αβ interpretations, their average cosine similarity still remains relatively

high. This could be due to the similarities between the background features having

a large impact and skewing the results. However, when the LRP-αβ rule is used in

conjunction with other rules, the attribution maps for the two codebases are once again

almost identical. We investigate this discrepancy in the next section.

Table 3.9: Average cosine similarity scores between our and Captum’s interpretations using a normal-

isation range of [-1, 1].

Sample LRP-ε only LRP-γ only LRP-αβ only Combination:

0 0.99996 0.99996 0.96437 0.99999

3 1.00000 1.00000 0.96371 0.99998

6 1.00000 0.99974 0.95260 0.99999

9 0.99990 0.99997 0.96766 0.99985
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Figure 3.3: Interpretations generated by Captum (middle column) and our in-house LRP codebase

(right column) for the training set of our MNIST model with the data set samples normalised between

[-1, 1]. Each set of interpretations left to right, top to bottom uses the following rules: only the LRP-ε

rule, only the LRP-γ rule, only the LRP-αβ rule and a combination of each rule as specified in Table 3.7.
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LRP-αβ rule discrepancy

The LRP-αβ rule is asymmetric, in the sense that it multiplies an α and β term with

the positive and negative components of the equation respectively. In order to uphold to

the conservation property, for which LRP is known (Backward propagation heading in

Section 2.3.3), the α and β terms must adhere to the following relationship:

β = α− 1 (3.3)

This results in four distinct scenarios:

• α > 0.5: The positive components are emphasised above the negative components.

• α < 0.5: The negative components are emphasised above the positive components.

• α = 0.5: Both the positive and negative components are multiplied by the same

constant value, resulting in neither of them being emphasised above the other.

• α = 1: The negative components are multiplied by a zero-value beta constant

resulting in only the positive components being displayed.

When using a constant value of 0.5 for the α term, the LRP-rule does not fully utilise its

asymmetric characteristics.

The LRP-αβ rule in Captum is only implemented for the use case where α = 1 and β = 0.

Figure 3.2 clearly shows Captum’s interpretation eliminating all negative relevancies while

its interpretation in Figure 3.3 does not.

Through investigating the codebase, we discovered that Captum does not separate the

positive and negative components strictly after calculating Eq. 2.7 within the LRP-αβ

rule as initially thought. Rather, Captum separates the positive and negative components

for the weight term w only before performing the rest of the calculation, which appears

to be incorrectly including negative relevancies in the interpretations when none should
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be present. However, this only occurs when samples with negative values (normalised be-

tween [-1, 1]) are introduced into the data set. The addition of these negative relevancies

indicates an incorrect implementation of the LRP-αβ rule on the part of Captum.

To test this hypothesis, we alter the LRP-αβ rule of our in-house interpreter to function in

this manner. Figure 3.4 shows the attribution maps of the interpretations using only the

LRP-αβ rule, after we changed our own interpreter to divide the positive and negative

components in the same way we assume Captum does. As before, the average cosine

similarities between interpretations for the different classes are also included in Table

3.10.

Now the interpretations from both codebases are identical, indicating that the suspected

implementation of the LRP-αβ rule for the Captum codebase is indeed as described

earlier. The results shown in this section verify our in-house implementation of an LRP

interpreter, with the exception of the LRP-αβ rule.

Figure 3.4: Interpretations using only the LRP-αβ rule for Captum (middle column) and our altered

in-house LRP codebase (right column) for the training set of the MNIST model with data set samples

normalised between [-1, 1].
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Table 3.10: Average cosine similarity scores between our and Captum’s interpretations when using only

the LRP-αβ rule along with a normalisation range of [-1, 1], after the LRP-αβ rule of our interpreter

has been temporarily altered to match Captum’s suspected behaviour.

Sample LRP-αβ only

0 1.00000

3 1.00000

6 1.00000

9 1.00000

Regarding the LRP-αβ rule: our implementation correctly eliminates negative relevancies

for both normalisation ranges, while only redistributing positive relevance for the case

α = 1 and β = 0. This is what we expected from the rule equation (Table 2.1), and

is more in line with the results found in other literature [4]. Thus for all upcoming

experiments, we will be relying on our implementation of the LRP-αβ rule.

3.5 Model interpretation results

We already verified the implementation of the LRP codebase by comparing it against

Captum in Section 3.4.3. Additionally, we also need to test the fidelity and accuracy of

its interpretations on a trained neural network.

In this section, we discuss and evaluate our in-house LRP codebase by first applying it

to the synthetic network in Section 3.5.1. Afterwards, we examine the effects of different

normalisation values on the interpretations in Section 3.5.2 and analyse their correctness

in Section 3.5.3. Lastly, after verifying the interpreter, we substitute the role of the

synthetic data set with the MNIST data set by similarly applying the interpreter to the

MNIST network in Section 3.5.4 and thereby determining the consistency and stability

of the generated interpretations in Section 3.5.5.
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3.5.1 Synthetic model attribution maps

Using the synthetic model along with our implemented interpreter, we start by generating

a set of four local attribution maps (as described in Section 2.3.4), for random samples

from each of the six classes. In doing so, we develop an intuition with regard to the

general interpretation of each class. These attribution maps are shown in Figure 3.5.

The generated attribution maps seen in Figure 3.5, help us to visualise the distribution of

the relevance attributed to input features by the interpreter. This gives us an impression

of where the classifier is ‘looking’ during inference, as well as providing an idea of the

effectiveness of the interpreter. The relevance, as redistributed by the interpreter, seems

to be isolated to only the foreground features (white features). Although correct, this is a

limited view of the classifier as it does not take all the features of the sample into consider-

ation when allocating relevance. Currently, it is unclear whether the highlighted features

Figure 3.5: Initial attribution maps (right) of four different samples of each class (left) of our synthetic

data set. Interpretations are made on a network with a normalisation range of [0, 1].
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are truly the most or only important features for the respective samples’ classifications.

As a reminder to the reader, here the input features are normalised between [0, 1]. This

combination of a zero lower boundary input value, which coincidentally in the case of

MNIST represents the background features (black features), along with LRP’s multi-

plicative nature, causes the interpreter to not take any of the background features into

consideration. In other words, any weight and redistributed relevance value, when multi-

plied with a zero activation value, will remain zero.

We demonstrate this behaviour in the following section by visually comparing the attribu-

tion maps of the same synthetic network, but with different input value normalisations. If

true, the ‘background’ features will become relevant if they correspond to non-zero feature

values.

3.5.2 Synthetic model normalisations

Here we visualise the attributions of the same model as described in Section 3.3.2, but

with the input features normalised between various ranges. This is done to test whether a

normalisation range that includes a zero-value boundary truly limits the number of input

features available to the interpreter as seen in Section 3.5.1. To do this, we change the

normalisation range of the network from [0, 1], by scaling each input feature to a new

normalisation range through using specifically chosen a and b values along with Eq. 3.4.

The a and b for each network’s normalisation ranges are shown in Table 3.11, along with

the values of the performance metrics of these networks.

normalised value =
feature value− a

b
(3.4)

Where normalised value refers to the input feature feature value after being scaled to a

new normalisation range from the normalisation range [0, 1].

Using these normalisation ranges, we retrain our synthetic network and generate another
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Table 3.11: Different synthetic network performances and normalisation values.

Range: a b Epochs: Train acc: Train loss: Valid acc: Valid loss:

[0, 1] 0 1 1 1.00000 0.00025 1.00000 0.00024

[-1, 1] 0.5 0.5 1 1.00000 0.00013 1.00000 0.00013

[-2, 2] 0.5 0.25 1 1.00000 0.00005 1.00000 0.00005

[-4, 4] 0.5 0.125 1 1.00000 0.00004 1.00000 0.00004

[-1, 0] 1 1 1 1.00000 0.00015 1.00000 0.00015

set of attribution maps for each normalisation range, as shown in Figure 3.6. Changing the

input feature range to [-1, 1] immediately has a dramatic impact on the interpretations.

By minimising the number of zero-value features, the interpreter is capable of attributing

relevance without being restricted to specific areas of the sample.

These interpretations, which are generated using most to all input features, can be con-

sidered more meaningful than those generated using only specific groups of input features

as seen in Figure 3.5. For MNIST-like data specifically, it not only shows which input

features relevance is assigned to, but also shows that the absence of foreground features

in sections of the background is also important for classifying samples. In general, by

not using a normalisation range with a zero-value boundary, the interpretations might

become more informative.

Additionally, we performed the experiment on samples normalised between [-2, 2] and

[-4, 4] to see whether the scaling of the input features would affect the network. This is

also shown in Figure 3.6. The interpretations of these different normalisations allocated

relevance similar to the same locations, but they are not exact replicas of one another. Al-

though there are slight visual differences between the interpretations of these two ranges

they are not significant enough to warrant further investigation. The overall interpre-

tations remained similar, with all normalisation ranges containing non-zero boundaries

attributing relevance to similar regions for the different classes.

It can also be noted that the interpretations generated using a normalisation range without
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Figure 3.6: Interpretations for our synthetic network for different normalisation ranges. First column

shows one sample for each class (rows) before interpretation. Afterwards, from left to right, each column

represents the interpretations from the synthetic network for an input feature range of [0, 1], [-1, 1], [-2,

2], [-4, 4] and [-1, 0], respectively.

a zero-value boundary are able to highlight features that distinguish classes from one

another as per the expectation of the data set stated in Section 3.3.1. For instance, the

interpretations of the sine function (row one in Figure 3.6) highlight the lack of features

in the bottom left and top right regions, while the interpretations of the cosine function

(row two) focus on the lack of features in the middle and in either one of the two side

regions. From the results provided it can be seen that the interpreter highlights a set of

class-defining features for all samples belonging to that given class.

Lastly, we analyse the interpretations generated for input features normalised between [-1,

0], also shown in Figure 3.6. This has an inverse effect to the [0, 1] normalisation range,
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and causes the interpreter to restrict its view solely to the background features - completely

disregarding any of the important foreground features. Again, although the interpretation

is correct, the model itself does not take all input features into consideration. The classifier

is only focusing on a specific subset of elements to the detriment of others, causing the

interpreter to produce weaker interpretations than those that consider all input features.

Of course, these attribution maps can be highly variable across different samples within

a certain class, but due to the nature and simplicity of the MNIST data set and our

synthetic data set, the distinction between ‘background’ and ‘foreground’ features will

remain consistent. Since we have shown that input feature scaling does not affect the

interpretations of a network, but normalisation ranges with boundaries of [0, n] or [n,

0], where n ∈ R, do: all experiments following this chapter will be performed with input

features normalised between [-1, 1], unless otherwise specified.

3.5.3 Synthetic model interpretation analysis

Validation of the LRP interpreter will not only include visual judgement of the inter-

pretations, but also determining the correctness of its feature relevance attributions [10],

[60]. This is done by correlating the effects of removing relevant input features to the

subsequent decrease of the classification accuracy.

The attribution maps provided thus far are themselves not enough to verify and ensure

the validity of our in-house interpreter. Because of this, we perform a perturbation-based

validation technique [4], [10] (henceforth referred to as a relevance test), which provides a

clear analytical way to assess the relative accuracy and fidelity of an interpreter. During

this test, the top x% of relevant contributing input features, as determined by the in-

terpreter, will be systematically masked. Masking essentially removes the targeted input

features from the network’s classification considerations. We do this by replacing the

selected input features with zero-values, which are then subsequently viewed as unimpor-

tant by the interpreter and are not taken into account during the classification process,

as is seen in Section 3.5.2. The reasoning is that if the interpreter is correct in its inter-
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pretation, then masking the highest contributing input features will result in the largest

decrease in the network’s classification accuracy. This would indicate whether the in-

terpreter and its interpretations are accurate and reliable for the data set and model in

question.

Following what was done by several different authors [4], [10], [46], we use our interpreter

to calculate the relevance of all input features, and average the results for five samples

across five seeds for all classes. We then systemically mask the top 14% relevant con-

tributing input features, predicting and storing the target output activation value of the

modified sample each time. The number of input features masked is chosen in accordance

with what other researchers have done in related work [10], [60], but for the most part

this may be chosen arbitrarily.

Figure 3.7 shows the relevance test graphs of different classes for our synthetic network

normalised between the values of [-1, 1]. As expected, the graph clearly shows a decrease

in the target output activation values as features that were deemed relevant are removed.

There is a slight decrease in the slope of the curve as less relevant features are removed.

All graphs seem to start at some high positive activation value that monotonically de-

creases as inputs are masked. This shows that the interpreter successfully attributed

relevance to the correct inputs and functions as intended. A positive activation value

suggests that the input features contain evidence supporting the model’s classification

decision, while a negative value indicates contradictory evidence. This can be interpreted

as the network becomes more unsure of its classification decision as the activation value

decreases. After the activation value becomes negative, the network no longer supports

the specified class as a possible classification decision, except in the scenario where all

other class options produce an even more negative activation value.

3.5.4 MNIST model attribution maps

Figure 3.8 and Table 3.12 show the interpretations and performance values of our trained

MNIST networks for different normalisation ranges boundaries. Similar to the synthetic
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network, the results clearly show that the use of a normalisation range with a zero max-

imum or minimum value, restricts the interpretation of the network to either the fore-

Figure 3.7: Relevance test performed on the synthetic network with a normalisation range of [-1, 1].

Shows the target output activation values of different classes as more input features become masked.

Each quadrant shows the results for five different samples averaged over five seeds for different classes.
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ground or background features, depending on whether a zero value is used for the lower or

upper boundary. Also, all networks with normalisation ranges that use non-zero intervals

attribute relevance to similar regions in the attribution maps, regardless of the interval

scale. This means that input feature scaling does not affect the interpretations of the

networks trained on MNIST.

Considering the results shown in Figures 3.6 and 3.8, we can make the following state-

ments concerning the MNIST data set and our synthetic data set. A normalisation range

containing a zero-valued maximum or minimum can be viewed as an artefact value, which

restricts the view of the interpreter to either:

1. Foreground features when a zero-valued minimum is used; and

2. Background features when a zero-valued maximum is used.

Image data sets such as ImageNet [82] or Canadian Institute For Advanced Research

(CIFAR)-10 [83], [84] that do not have this clear distinction between ‘foreground’ and

‘background’ features in their samples, may experience the same issues, but to a lesser

degree, as the samples should have less zero-value input features.

Table 3.12: Different MNIST network performances and normalisation values. We omit the evaluation

performance values, as we are only interested in the validation performance values and if the network

achieved interpolation (100% training accuracy).

Range: µ σ Epochs: Train acc: Train loss: Valid acc: Valid loss:

[0, 1] 0 1 91 1.00000 0.00003 0.98100 0.19161

[-1, 1] 0.5 0.5 81 1.00000 0.00017 0.98400 0.11806

[-2, 2] 0.5 0.25 80 1.00000 0.00005 0.98400 0.15910

[-4, 4] 0.5 0.125 81 1.00000 0.00012 0.98260 0.12716

[-1, 0] 1 1 167 1.00000 0.00011 0.98020 0.14643

63



Chapter 3 Model interpretation results

Figure 3.8: Interpretations on our MNIST network for different normalisation ranges. First column

shows one sample for each class (rows) before interpretation. Afterwards, from left to right, each column

represents the interpretations from the synthetic network for an input feature range of [0, 1], [-1, 1], [-2,

2], [-4, 4] and [-1, 0].
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3.5.5 MNIST model interpretation analysis

Here we perform a relevance test as described in Section 3.4.2. Similar to our synthetic

network, we mask the top 14% relevant contributing input features for five samples av-

eraged over five seeds for four different classes in descending order. Figure 3.9 shows the

results of the test as performed on the MNIST network with a normalisation range of [-1,

1]. Also, similar to the results from our synthetic network in Figure 3.7, the target output

activation value of each class decreases as more inputs are masked.

Figure 3.9: Activation values for the different classes of the MNIST network normalised between the

values of [-1, 1] as the top 14% relevant contributing input features are masked. Each quadrant shows

the results for five different samples averaged over five seeds for different classes.
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The curve of the graphs is much more prominent than in Figure 3.7, which should be

noted. A reason for this could be because MNIST contains a few generally very relevant

features and many irrelevant features, resulting in a steeper downward curve as the most

important input features are removed. Since the input features are masked in descending

order of their relevance, the rate at which the target output activation values drops lessens

significantly as the masked input features become less relevant to the overall classification.

This results in the target output activation eventually asymptoting after enough input

features have been masked. These results show that the interpretations of our interpreter

on the MNIST network successfully pinpoints the important features.

3.6 Conclusion

In this chapter we primarily described the experimental environment setup for this study.

We stated that our development environment consists of a Python Integrated Development

Environment (IDE) working in conjunction with the PyTorch framework. A description

of the different data sets used throughout the upcoming chapters was provided along with

the definitions of the different networks we intend to use and gave an overview of the LRP

interpreter setup. We provided reasons as to why we opted to construct our own LRP

codebase, rather than just using an already established pre-existing baseline. Afterwards,

we verified the implementation of our LRP codebase and continued to evaluate its efficacy

and correctness by analysing its interpretations on our defined networks.

In addition, we discovered an unexpected fault in the implementation of the LRP-αβ rule

in the widely-used Captum.ai Python package which caused the interpreter to incorrectly

attribute negative relevancies to the input features for a specific pair of α and β values.

It was also demonstrated that feature normalisation ranges have a disproportionate effect

on feature relevance in the presence of strong background or foreground features.
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Node sample sets

Initial investigations regarding the inner workings of our trained MNIST network using

sample sets analysis and the Jaccard similarity index.

4.1 Introduction

In Chapter 3, we described the LRP interpretation technique, as well as our implementa-

tion of an in-house LRP interpreter. Additionally, we justified the use of our own in-house

interpreter by comparing it to the performance of other available implementations. We

also laid the groundwork for the use of this tool by showing the attribution maps it

generates in a simplified context.

In this chapter we first develop an intuition surrounding the properties and behaviours of

sample sets [12], [13], [15] within a DNN and secondly determine whether the sample set

clusters formed at the different nodes can additionally cluster the interpretations of the

set’s samples in meaningful ways. The experiments described in the following sections

will show the results from the MNIST network, as described in Section 3.3.3, with a
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normalisation range of [-1, 1], the performance values of which are provided in Table

3.12.

We use the works of Davel et al. [12] as a starting point for investigating sample sets,

by replicating the behaviour observed in their networks, with regard to the way sample

set sizes change from shallower to deeper layers, in Section 4.2. Secondly, in Section 4.3,

we calculate the number of active nodes per hidden layer for each class. This is based on

another experiment conducted by the same authors [12]. After these initial experiments,

we investigate the distribution of class-specific samples between nodes in Section 4.4 using

the Jaccard similarity index.

4.2 Sample set distribution

In this section we replicate the results found by Davel et al. [12], which show that the

decision-making processes of nodes tend to become more class-specific towards the deeper

layers of a network. This provides a starting point for future experiments, and will also

help us to gain a better intuition of how sample sets function within a network.

In Figure 4.1, for each class separately, we show the percentage of samples in the training,

validation and evaluation sets for which each node is activated. Classes are differentiated

by colour, while nodes are arranged, by layer, from left to right according to their distance

from the input layer. As a reminder to the reader: here class-specific sample sets refer to

the set of samples for a given class that activate a specific node within the network.

The results also seem to indicate a trend where the class-specific sample set size for all

nodes either significantly increases or decreases towards the deeper layers of the network.

Nodes in the deeper layers of the network seem to activate for close to all or none of any

specific class’s samples. This is indicative of the idea in LRP (as discussed in Section

2.6.2) that class information becomes more entwined within deeper layers [61]. A similar

trend was also observed in [12].
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Figure 4.1: Percentage of class samples activated per node for every class. From top to bottom, the

figures show the results for the training, validation and evaluation sets respectively. Nodes are arranged

according to layer, where nodes 0 − 99 represent the first layer, nodes 100 − 199 represent the second

layer, etc. Other seeds in Appendix A, Figures A.1 to A.3.
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4.3 Investigating active nodes

Davel et al. [12] used the binary pattern of node activations (referred to as an activation

pattern) as a sample representation. Since different samples are able to share the same

activation pattern, they were able to provide a rough estimate of the number of activation

patterns necessary to model all samples for a particular class. Their results showed a

decrease in the number of required activation patterns in the deeper layers of a network.

Here we further investigate sample set distributions using a similar idea. Rather than

using activation patterns, we determine whether this behaviour is reflected by the number

of active nodes per hidden class. Because the activation pattern is based on the number

of active nodes, by simply analysing the active nodes themselves, we might gain a better

understanding of how samples interact within a network.

The number of active nodes per layer for each class of the training, validation and eval-

uation sets is shown in Figure 4.2, where it can be seen that, similar to the number of

activation patterns in [12], it does indeed steadily decrease toward the deeper layers of

the network. This correlates well with the changes in sample set size as seen in Figure

4.1. This could be an indication that most of the information processing happens in the

first few layers, whereafter fewer nodes are necessary for the classification process.

Oddly enough, the network starts with fewer active nodes than expected before the num-

ber of active nodes steeply increases in the second layer. This observation is not investi-

gated further as part of the current study.

4.4 Jaccard similarity analyses

In this section we investigate how samples are distributed among sample sets by analysing

the similarity of class-specific sample sets formed at the different active nodes. These ex-

periments were performed across several classes in order to ensure repeatability. Although

only the MNIST class zero is shown in the main text for the sake of brevity, similar trends
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Figure 4.2: Number of active nodes per hidden layer for every class. From top to bottom, the figures

show the results for the training, validation and evaluation sets respectively. Other seeds in Appendix A,

Figures A.4 to A.6.

were observed across all classes. (Additional results are included in the appendices, as

indicated.)
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We use the Jaccard similarity index [85], [86] to measure the similarity between two sets

of values. When given two sets, the Jaccard similarity index is defined in Eq. 4.1 as the

size of the intersection (the set of overlapping elements) of the two sets, divided by the

size of the union (the set of all elements) of the two sets. As the number of overlapping

elements between the two sets increases, their Jaccard similarity also increases. Also, note

that when using two sets of different sizes, the size of the intersection can only become as

large as the the size of the smaller of the two sets.

J(A,B) =
|A ∩B|
|A ∪B| (4.1)

This similarity index is used in the following experiments to investigate how samples are

distributed among sample sets, by analysing the similarity of class-specific sample sets

formed at the different active nodes.

First, we determine the similarity between active nodes of the same layer, per layer of the

network, in Section 4.4.1. Secondly, in Section 4.4.2, we determine the similarity between

all active nodes of the network, where all active nodes are ordered by sample set size in

ascending order. Lastly, in Section 4.4.3, we determine the similarity between all active

nodes of the network, where all nodes are first ordered by their respective layers, and are

then ordered by sample set size in ascending order.

4.4.1 Node similarity per layer

In this experiment we determine the Jaccard similarity index of sample sets between active

nodes in the same layer. As shown in Figure 4.3, we plot a similarity matrix for each layer

of the network based on the Jaccard similarity index, where the active nodes for each layer

are ordered by sample set size in ascending order. As expected, the similarity between

active nodes is proportional to the sizes of their sample sets, with the largest similarities

being found between active nodes with large sample set sizes. The exception to this rule is

the node pairs around the x = y axis that always show at least some similarity, especially
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Figure 4.3: The Jaccard similarity index between every pair of active nodes for all layers MNIST class

zero, where all nodes are sorted in ascending order with regard to their sample set size. Each matrix

represents a layer in the network from shallow to deep and is read from left to right, top to bottom. Note

that each matrix is mirrored on the x = y axis. Other classes in Appendix A, Figures A.7 to A.9.

in the deeper layers. Keep in mind that these results are influenced by the Jaccard index’s

sensitivity to the sample set size of the nodes [87]. We also noticed that the number of
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active nodes with large similarities increases with each subsequent layer.

Interestingly, the behaviour observed here in Figure 4.3 seems to resemble that of Figure

4.1. The graduality with which the nodes of each layer transition from having little simi-

larity to being nearly identical becomes very abrupt in the deeper layers of the network.

We also know from Figure 4.1 that the nodes with the largest sample set sizes activate

for practically all samples of a given class, meaning that, not only are there nodes that

activate for almost every sample of a provided class, but that the number of these nodes

increases with each passing layer and inevitably becomes the majority node type in each

layer.

4.4.2 Node similarity across layers

In this experiment we determine the Jaccard similarity index between all active nodes in

the network, where all nodes are ordered by sample set size in ascending order. As shown

in Figure 4.4 we make a scatter-plot for the sample sets of every active node pair. Each

dot is coloured according to the Jaccard index between the two nodes.

Figure 4.4 supports the results found in Section 4.4.1, by also showing that the Jaccard

similarity index increases as the sample set sizes of both nodes increase. However, just

like in Section 4.4.1, these results could also be due to the Jaccard index’s dependency

on the sample set size of the nodes. Regardless of this, Figure 4.4 clearly shows that

the nodes with the highest sample set similarity are generally the ones with the largest

sample set sizes. As we see in Figure 4.1, these sizes equate to practically all samples for

the given class.

4.4.3 Node similarity per and across layers

For the final experiment in this section, we determine the Jaccard similarity index between

all active nodes in the network, where all nodes are ordered first by layer and secondly

by sample set size in ascending order. Similarly to Section 4.4.1, we generate a similarity
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Figure 4.4: The Jaccard similarity index of every active node pair for MNIST class zero. Node pairs are

sorted in ascending order according to the size of their respective sample sets. Other classes in Appendix

A, Figures A.10 to A.12

matrix, as shown in Figure 4.5, but with the above-mentioned ordering of active node

pairs. Alongside the similarity matrix, Figure 4.6 shows the sample set size of every
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active node, where the nodes have the same ordering as in Figure 4.5. This way, we can

compare the measurement of every node at their respective layer with every other node

in the network, according to their sample set size.

Similar to the experiments in Sections 4.4.1 and 4.4.2, these results could be due to the

Jaccard index’s dependency on the sample set size of the nodes. From the sample set

sizes we can see that with every subsequent layer, the disparity between nodes with very

large or very small sample set sizes increases substantially. When investigating Figure

Figure 4.5: The Jaccard similarity matrix of every possible node pair in the network for MNIST class

zero. Nodes are ordered first according to their layer (first to last) and secondly according to their sample

set size (small to large) for each layer. Other classes in Appendix A, Figures A.13, A.15 and A.17.
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Figure 4.6: The sample set size of every node in the network for MNIST class zero. Nodes are ordered

in the same way as in Figure 4.5. Other classes in Appendix A, Figures A.14, A.16 and A.16.

4.5, high similarity regions seem to correspond well, with both layers having nodes with

large sample sets. The inverse is true for low similarity regions. These results provide
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similar observations to those in Section 4.3 and 4.4.

4.4.4 Discussion

From the experiments conducted in Section 4.4, we primarily saw that 1) high Jaccard

similarity indices are almost exclusive to nodes with large sample sets, and 2) these large

sample sets encompass practically all the samples for a given class. Individually, these

nodes with large sample sets do not offer additional, meaningful information when it

comes to grouping the interpretations of the network, but could do so when they are

analysed in conjunction with one another.

Utilising sample set analysis of multiple nodes, in order to identify which nodes activate for

the majority of samples, in conjunction with LRP’s ability to untwine the class information

as represented by nodes deeper in the network (see Section 2.6.2) could be advantageous

when interpreting a DNN. This may allow us to identify and interpret the subcomponents

(nodes or combinations thereof) that are most fundamentally responsible for a model’s

classification decisions. We further explore this in Chapter 5.

4.5 Conclusion

In this chapter we explored whether sample set analysis can group sample interpretations

through examining the inner workings of our MNIST network. We replicated the results

of Davel et al. [12] to use as a starting point for our exploration, by first examining the

network’s percentage sample set size per node and secondly by analysing the number of

active nodes per hidden layer. Afterwards, we investigated the Jaccard similarity index

between active nodes for different scenarios with regard to their class-specific sample sets.

From the results given in Section 4.4, we made the following observations:

• The similarity between active nodes increases in proportion to their respective sam-

ple set sizes.
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• The number of samples contained within active nodes with large sample set sizes

tends to be close to the number of samples in that specific class.

• The number of active nodes with large sample set sizes significantly increases within

the deeper layers of the network.

• The gap between active nodes with very large and very small sample sets increases

with every subsequent layer.

These observations seem to indicate that the class-specific sample sets created by ac-

tive nodes are not that useful with regard to interpretability when studied individually.

Rather, it suggests that it would be more beneficial to investigate the sample sets created

through combinations of nodes working in conjunction with one another. This premise

forms the basis of Chapter 5, where we will show that samples can be grouped according

to which nodes they activate in a given layer.
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Encoding sample sets

We introduce and describe the concept of encoding sample sets, core nodes, and variation

nodes, while investigating their functionalities within our neural network.

5.1 Introduction

In Chapter 4 we explored the idea of sample sets. A sample set is associated with a specific

node in the network and consists of all the samples in the training set that activates that

specific node. Therefore, the emphasis is very much on the sets that activate single nodes.

In this chapter, instead of investigating the activation of a single node, the emphasis is

now on the activation of the nodes in a single layer of the DNN. In a single layer, a

single sample from the training set will activate some of the nodes, but not others. These

patterns can be encoded as binary vectors, and all the samples that activate a given

pattern form an encoding sample set. Throughout the experiments in this chapter, we

analyse encoding sample sets within the context of neural networks and devise a technique

to make use of them when interpreting DNNs. Specifically, we build upon the work of
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the previous chapter by introducing the concept of encoding sample sets as a novel way

to group samples based on the way they are represented internally by a DNN.

In Section 5.2 we first define the concept of encoding sample sets, along with additional

new terminology. In Section 5.3, we examine the number of encodings per layer, individual

encoding sample set sizes, and their relationships with one another, in order to determine

whether encoding sample sets can be used to group sample interpretations in meaningful

ways. In Section 5.4 we use LRP in conjunction with encoding sample sets to develop

the concepts of core and variation nodes, the concepts which we further use to explore

the inner workings of the trained models. Lastly, in Section 5.5, we explain our approach,

and demonstrate that it can enhance the capabilities of interpretability techniques such

as LRP.

5.2 Terminology

Here we define the novel terms that will be used to investigate and explain the results

obtained throughout this chapter.

5.2.1 Encoding sample sets

A sample encoding describes the binary pattern of nodes that did, and did not, activate

for a given sample at a certain layer. We provide a visual aid to help describe encodings

in Figure 5.1. As mentioned in Section 2.6.2, each activated node can be seen as a single

feature of the current layer that is formed by combining a number of features from the

previous layer that are connected to that active node [15], [16]. Thus, an active node in a

layer could be seen as a consolidated set of preceding features that are, in some fashion,

relevant to the provided sample. If the sample encodings at a specific layer differ between

two samples, we can assume that the samples have at least some differing important

features.

81



Chapter 5 Terminology

Figure 5.1: Example of a sample encoding within an arbitrary layer of a network. Encodings are

identified according to their binary pattern of node activations, thus we refer to this encoding as a 10110

encoding. Red nodes (1) indicate active nodes, while blue nodes (0) indicate inactive nodes.

Building off the previous chapters and on the work done by Davel et al. [12], [13], [15],

we propose that sample sets may be defined in one of two ways, namely:

• Node sample sets: The definition of sample sets as described in Section 2.4, that

is, the set of samples a given node activates for.

• Encoding sample sets: A set of samples that produces an identical corresponding

encoding at a specific layer.

5.2.2 Core and variation nodes

With regard to encoding sample sets, we define the term core nodes as the nodes in a

certain layer that activate for all class-specific sample encodings in that layer. Here class-

specific sample encodings simply refer to the sample encodings activated by the samples

belonging to a specific class. Any node that only activates for a subset of class-specific

sample encodings in a layer, and not for all encodings, is referred to as a variation node.
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5.3 Encoding analysis

In this section, we perform our initial encoding sample set analyses on the MNIST network

in a similar manner to Section 4.4.

We begin by determining the number of unique sample encodings per layer for every class

in Section 5.3.1. Afterwards, we investigate the cardinality of the determined encoding

sample sets, and analyse the similarity of different encoding sample sets in Sections 5.3.2

and 5.3.3, respectively. Lastly, we analyse the model’s unique encodings in Section 5.3.4,

while examining their similarities in Section 5.3.5.

In order to lessen the computational workload that comes from analysing the large number

of encodings in the the first few layers of the network, we only investigate the layers after

the number of encoding sample sets begins to decrease significantly. From Figure 5.2, we

can ascertain that this transition occurs around layer five.

5.3.1 Unique encodings per layer

We begin our analysis of encoding sample sets by investigating the number of unique

sample encodings per hidden layer for every class in the training set. Figure 5.2 shows

that the number of unique encodings is close to, or equal to, the number of samples

in each class, in the shallower layers of the network. After the first few hidden layers,

however, the number of unique encodings experiences a sharp decrease, leaving only a

few 100 encoding sample sets per class in the last hidden layers. These results follow the

same pattern as the investigation of the number of active nodes per hidden layer for node

sample sets as initially explored in Section 4.3.

5.3.2 Encoding sample set size

In Section 5.3.1, we showed that similarly to node sample sets, the number of unique

encodings per layer drastically decreases at some point through the network’s layers. We
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Figure 5.2: Number of unique encodings per hidden layer for every class (top) and averaged over all

classes (bottom) with the shaded regions indicating the standard deviation across classes. Other seeds

in Appendix B, Figures B.1 to B.3.

investigate whether encoding sample sets will continue to mimic the behaviour of node

sample sets by measuring their size for the deeper layers of the network over several

classes. This is shown in Figure 5.3, where the colour of the dots denotes the following:

• Red: Encoding sample set with a size of 1.

• Green: Encoding sample set with a size between 1 and 100.

• Blue: Encoding sample set with a size greater than 100.
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Note that the difference in size between the largest and smallest blue encoding sample

sets is much larger than the same difference for the encoding sample sets marked in either

green or red (where all sets are of size one). Table 5.1 provides the actual number of

encoding sample sets represented by the red, blue and green dots.

As shown by Figure 5.3 and Table 5.1, the number of small encoding sample sets (marked

in red and green) decrease in the deeper layers of the network, and the number of large

encoding sample sets (marked in blue) increase in the deeper layers of the network. Note

that, per layer, the largest few encoding sample sets contain more samples than all other

encoding sample sets combined. This indicates that the majority of samples within a class

Table 5.1: Encoding sample set sizes for the different encoding sample set groups as shown in Figure

5.3.

Layer Num. of
red dots

Num. of
green dots

Num. of
blue dots

Class 0

5 2013 582 2

6 528 295 7

7 245 228 12

8 188 199 14

9 123 97 10

10 78 72 9

Class 3

5 2340 708 0

6 793 376 6

7 463 316 6

8 108 95 6

9 97 90 8

10 181 180 13
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Figure 5.3: Encoding sample set sizes for the MNIST classes zero (top-image) and three (bottom-

image), between the hidden layers five to ten. Encoding sample sets are first ordered by layer and then

by sample set size in ascending order. Encoding sample sets are colour coded as follows: red indicates a

size of one, green indicates a size of greater than one but less than or equal to 100 and blue indicates a

size of greater than 100. Other classes in Appendix B, Figure B.4.

can be found within a few of the largest encoding sample sets, while all other encoding

sample sets contain much smaller groups of samples, often in singletons.
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5.3.3 Encoding sample set similarity

Here we analyse the degree of sample overlap between encoding sample sets of different

layers for MNIST class zero. This is an alternative version of the analysis conducted in

Section 4.4.3, but here we focus on encoding sample sets rather than on node sample sets.

We similarly use the Jaccard similarity index to determine the level of overlap between

the samples of different encoding sample sets across different layers for a single class.

Figure 5.4 shows these Jaccard similarity indices for every encoding sample set pair in the

network from layers five to ten, with all encoding sample sets ordered by layer, and then

by set size. These results show the similarity between encoding sample sets substantially

decreases as their sample set sizes increase, with the exception of a few encoding sample

sets as shown on the bottom-most figure. This is opposite to the results seen in Section

4.4, where we saw on multiple occasions that the similarity between node sample sets

increases in proportion to their sample set sizes. The only exception to this, are typically

very few of the largest encoding sample sets as seen on the bottom graph of Figure 5.4.

Note that when comparing Figure 5.3 and 5.4, a significant portion of the initial encod-

ing sample sets for every layer contains only one sample, meaning they will either fully

correlate to a sample encoding in another layer, or not at all. This is the cause of the

purple diagonal lines we see in Figure 5.4. It indicates singleton encoding sample sets in

one layer that correspond to singleton encoding sample sets in another layer. This might

suggest that some samples are regarded as ‘different’ enough from any other to require a

more unique representation throughout the model. Similar trends were seen with other

classes.

Given a layer, it is impossible for a sample to exist within multiple encoding sample sets

at the same time, as a sample cannot have multiple binary node activation patterns in

the same layer. Therefore, when comparing encoding sample sets with regard to their

samples, the similarity score of an encoding sample set will be either 0% when compared

against other encoding sample sets of the same layer, or 100% when compared against

itself. Because of this, we do not compare the encoding sample sets of a single layer with
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Figure 5.4: Jaccard similarity between every pair of encoding sample sets in the deeper layers of the

network. The plots show the same graph, but only for similarities higher than 0.05 (top) and 0.6 (bottom)

respectively. Each tick represents the layer and the number of encoding sample sets it contains in brackets,

while the black lines are used to separate layers. Encoding sample sets are first ordered by layer and then

by sample set size, both in ascending order. Other classes in Appendix B, Figures B.5 to B.7.

one another in this fashion.
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5.3.4 Encoding analyses

Here we investigate the sample encodings for all unique encoding sample sets in hidden

layers zero, five and ten, for the MNIST classes zero and three, as shown in Figure 5.5.

The active nodes for every encoding sample set are coloured according to size of that

encoding sample set. The prescribed colouring is shown by the colour bar. Blue is used

to indicate the inactive nodes for a given encoding sample set, while the super-imposed

green highlights the nodes that are active for all encoding sample sets (core nodes). Nodes

are ordered by the largest number of encoding activations, and encodings are ordered by

their sample set size from large to small.

Figure 5.5 shows a clear increase in core nodes (highlighted in green) as we progress to

the deeper layers of the network. This increase does, however, gradually abate and the

number of core nodes stabilises, and even falls of slightly, in the deeper layers of the

network, as shown by Figure B.8, in Appendix B. It also gives an indication of encoding

sample set behaviour in the first hidden layer of the network, which wasn’t explored in

the initial experiments detailed in Section 5.3.3, as was motivated in Section 5.3.1.

The increase in these core nodes could be explained as follows: Active nodes in a certain

layer base the information they learn on the features of active nodes in preceding layers.

This allows the information represented by the active nodes in a network to become more

abstract and intertwined as they continuously learn from the nodes in previous layers.

Therefore, more information can be represented using fewer nodes, which subsequently

results in encoding sample sets containing fewer active nodes that are exclusive to them-

selves and sharing more active nodes among each other on average as we progress through

the network.

5.3.5 Encoding comparisons

Having observed core and variation nodes in Section 5.3.4, we now analyse the similarity

of encoding sample sets with regard to their overlapping nodes.
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Figure 5.5: Visualisation of the sample encodings for every encoding sample set. The results are shown

for MNIST class zero (left) and class three (right). From top to bottom the results are given for hidden

layers one, five and ten respectively. Nodes are ordered according to the largest number of encoding

activations and encodings are ordered according to their sample set size from large to small. Positive

node activations are coloured according to the size of the encoding sample set, while no activations are

blue, and core nodes are shown in green.

Using the Jaccard similarity index, we generate similarity matrices to compare the sample

encodings for each encoding sample set pair in layer seven, for MNIST classes zero, three
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and six, where the set sizes are greater than 100. The resulting similarity matrices are

shown in Figure 5.6. The core and variation nodes were identified, and are shown for

classes zero, three and six, along with the size of each encoding sample set in Table 5.2.

Similar to our previous experiments, we use layer seven as it most clearly shows our

results.

The similarity matrix highlights large similarities between every encoding sample set pair.

This is further shown in Table 5.2, which indicates the presence of a large number of core

nodes with very few variation nodes for each encoding sample set. These results seem to

suggest that the class contains a set of specific features that are shared by samples across

all encoding sample sets. The features specific to each encoding sample set are then,

presumably, the variation nodes used to distinguish samples from different encodings.

5.3.6 Discussion

Similarly to the the results of Section 4.3, Figure 4.2 shows how the number of unique

encoding sample sets decrease with each subsequent layer. We further showed in Figures

5.4 and 5.3 that the similarities between encoding sample sets decrease in proportion to

their set size, and that the majority of samples are contained within a few of the largest

encoding sample sets.

Figure 5.6: The Jaccard similarity index of the active nodes between each encoding pair for all class

zero (left), three (middle) and six (right) encoding sample sets in layer seven of the MNIST network,

where all encoding sample sets have a size greater than 100. Other layers in Appendix B, Figures B.9 to

B.11.
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Table 5.2: The number of variation nodes and sample set sizes for all encoding sample sets for MNIST

classes zero, three, and six, with a set size greater than 100, and the number of core nodes per class. This

table represents the results for layer seven of the MNIST network.

Set size No. of variation nodes

Classes 0 3 6 0 3 6

103 112 120 3 3 2

109 150 148 1 3 1

110 177 347 4 1 3

126 334 448 3 2 3

135 351 544 2 3 1

167 486 3158 4 2 2

168 2

199 4

233 5

235 3

316 2

637 2

Class 0 3 6

No. of core nodes 34 36 43

Figure 5.5 showed how the number of core nodes increase with each subsequent layer. By

analysing the encoding sample sets in a given layer more closely, we found that these core

nodes make up the majority of active nodes in that layer as shown in Table 5.2.

These observations could indicate that the large and highly similar node sample sets from

Section 4.4 can be combined to form only one or two encoding sample sets that encompass

most, if not all, samples of a class. Because a node can be seen as a single feature of the
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layer it is contained in, these encoding sample sets could then theoretically be viewed as

a combination of the features that best describe the majority of class samples. Smaller

encoding sample sets would then contain the features that allow some samples to exist

within the same class, but differentiate them enough from the samples contained within

other encodings that they require additional modelling.

5.4 Investigating encodings with LRP

From Section 5.3.1, we saw that the number of unique layer encodings decreases signifi-

cantly in the deeper layers of the network. More importantly, we saw from Section 5.3.2

that the majority of the encoding sample sets only contain a small subset of the total

class samples, while the majority of all class samples are captured by only a handful of

encoding sample sets.

In the following sections, we investigate the differences between the sample groupings of

different encoding sample sets in the same layer for the MNIST network. We explore the

visual differences between encoding sample sets via LRP interpretations in Section 5.4.1.

In Section 5.4.2, we analyse and compare the model’s core and variation nodes. Note that

similar trends were noticed among other classes besides the ones provided in the following

investigations. If not provided in a particular section, the results for other classes may be

found in Appendix B.

5.4.1 Interpreting encoding sample sets with LRP

The goal of this section is to compare LRP interpretations of samples from different

encoding sample sets in the same layer. We do to this by interpreting the averaged input

features over five randomly selected samples belonging to the same encoding sample set in

a specified layer, for all encoding sample sets with a size greater than 100. The results are

displayed in Figure 5.7, with the averaged input features on the left and their respective

LRP interpretations on the right. We specifically display the interpretations of layer seven
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as it best illustrates our findings.

Subjectively, it appears that the model focuses on largely the same feature regions for

all these encoding sample sets, while also displaying slight differences between the inter-

pretations of the different encodings from the same class. This indicates that encoding

sample sets do indeed group samples with similar properties and major features, while

separating them based on small differentiating features.

This strengthens the argument made in Section 5.3.3 that the largest encoding sample

set contains the features that are most prominently associated with a particular class.

All smaller encoding sample sets then indicate more sporadically occurring samples with

more obscure or deviating features. This is visually motivated in our investigation of core

and variation nodes in the following section.

Figure 5.7: Visual depiction of the averaged input features (left) and their respective LRP interpreta-

tions (right) over five samples for all encoding sample sets in layer seven with a sample set size of greater

than 100. Other classes in Appendix B, Figures B.15 to B.22.
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5.4.2 Core and variation nodes

Given the results from Sections 5.3.3, 5.3.4 and 5.4.1, we hypothesise that the class-related

information in a model can largely be defined by a core set of nodes in each layer. Variation

nodes are then used to represent any non class-specific features that differentiate groups

of samples within a certain class from one another. Our definition of core and variation

nodes is found in Section 5.2.

Here we further explore the above-mentioned hypothesis by comparing LRP interpreta-

tions generated by one of the following procedures. For any randomly selected set of

samples S, belonging to the same class c and producing the same encoding e at some

layer l, we average their input features to produce xS and:

• Averaged output: Calculate the LRP interpretation of xS at the cth output node.

This corresponds to a standard LRP interpretation of the average sample in the set.

• Averaged encoding: Calculate the averaged LRP interpretation of xS at all active

nodes in e.

• Averaged core: Calculate the averaged LRP interpretation of xS at all core nodes

in e.

• Averaged variation: Calculate the averaged LRP interpretation of xS at all vari-

ation nodes in e.

Using the encoding sample sets in layer seven, as it most clearly shows our results, we

generate and analyse the attribution maps for four randomly selected encoding sample

sets of MNIST class zero in Figure 5.8. Remarkably, the averaged core interpretations

share a striking resemblance to the averaged output interpretations.

Table 5.3 provides the cosine similarity scores between the four different types of attribu-

tion maps. According to these scores, the averaged output interpretations and averaged

core interpretations share a similarity score of at least 0.980 throughout all results.
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(a) Set size: 103 samples (b) Set size: 199 samples

(c) Set size: 233 samples (d) Set size: 637 samples

Figure 5.8: Visual comparisons of the four different interpretation types for four different encodings

found in layer seven. From left to right, top to bottom, each plot corresponds to an encoding sample set

with sizes 103, 199, 233 and 637. These results are shown for other classes and layers using the same

network in Appendix B, Figures B.23 to B.27.

These results also highlight a few other notable comparisons. The averaged variation

interpretations typically share a weak similarity score of lower than 0.500 with any other

interpretation type, with the possible minor exception of the averaged encoding interpre-
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Table 5.3: Cosine similarity comparisons between the different LRP interpretations shown in Figure

5.8. Encoding sample sets are represented according to their set sizes. The ’output’, ’encoding’, ’core’

and ’variation’ scores correspond to the different interpretations types presented in Figure 5.8.

Set size 103 Set size 199 Set size 233 Set size 637

output vs encoding: 0.59917 0.90164 0.98315 0.99153

output vs cores: 0.98813 0.99225 0.99679 0.99339

output vs variations: 0.17070 -0.16340 0.52673 0.42981

encoding vs cores: 0.56302 0.90273 0.97738 0.99618

encoding vs variations: 0.88835 0.26238 0.66469 0.49035

cores vs variations: 0.12068 -0.17828 0.49166 0.41239

tations, which have reached a maximum similarity of 0.888 for encoding sample set (a).

The averaged encoding interpretations share a significant similarity score of above 0.900

with both the averaged core interpretations and averaged output interpretations. These

similarities however, are not as strong or as consistent (seen by the 0.563 similarity score

for encoding sample set (a) in Figure 5.8) as the similarities seen between the averaged

output and the averaged core interpretations, which have consistently been above 0.980.

5.4.3 Discussion

With the results provided in Figure 5.7, we showed that encoding sample sets are capable

of grouping samples based on how they are internally represented by a DNN. Additionally,

in Figure 5.8, we revealed the existence of a core group of nodes whose interpretations

share large similarities (Table 5.3) with the interpretations generated by a standard LRP

interpretation on the network’s target output node.

We now further refine the arguments made in Sections 5.3.3 and 5.4.1. As previously

mentioned in Section 5.3.1, a layer can be described as its own feature space, where

every node is used to describe some feature within that space [15]. Knowing this, we

propose that each class may be predominantly defined by a core group of features (the
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core nodes) at a given layer. Along with these core nodes, some samples may also possess

additional features that distinguish themselves from other samples in that same class.

These distinguishing features are significant enough to require additional representation

within the layer (variation nodes). Through interpreting over both the core and variation

nodes (thus over all active nodes for a given encoding sample set), we gain an overview

of the features used to group samples by both types of nodes.

5.5 Set interpretations

In Section 5.4.2 we demonstrated that an interpretation generated on the average of several

samples belonging to the same encoding sample set provides a comprehensive view of the

most important features for the samples belonging to that set. Here we formally define

our technique for using encoding sample sets as a means to enhance LRP by performing

such group interpretations on class samples.

In Section 5.5.1, we define the technique itself. We then demonstrate the encoding of

sample sets group samples according to their features through using this newly defined

set interpretation technique on a modified version of the synthetic and MNIST networks

in Sections 5.5.2 and 5.5.3.

5.5.1 Technique discussion

Here we formalise the method for our interpreter enhancing technique: set interpretations

and describe how we personally used this technique.

Description

We define set interpretations as follows:

Set interpretation: An interpretation that is generated on the averaged input features
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of several samples belonging to a particular encoding sample set for a given layer.

Set interpretations utilise the way encoding sample sets group samples based on how

they are internally represented by a DNN to simplify the interpretation process. By

interpreting the encoding sample sets themselves, rather than each individual sample,

we generate interpretations on the local-to-global continuum. Each interpretation then

represents numerous class samples.

These interpretations can be performed at any hidden layer, allowing you to theoretically

‘see’ the network’s decision-making processes from layer to layer as groups of samples are

classified. As shown in Section 5.4.2, when performed on encoding sample sets at deeper

hidden layers, the set interpretations share great similarities with the respective samples’

individual interpretations at the output layer.

Set interpretations can also be performed on the core and variation nodes as identified

by the encoding sample sets in a given layer (Section 5.4.2). Interpreting core nodes

will identify the most prominent features associated with each class, while variation node

interpretations can identify the differences between sample groupings within that class in

a single layer.

Usage

As discussed in Section 2.4 and by Davel et al. [12], the decision-making processes of

nodes tend to become more class-specific towards the deeper layers of a network. Thus,

when performing set interpretations, we generally use:

• The layers closest to the output layer, but not the output layer itself.

• The encoding sample sets with set size above 100.

• Class-specific encoding sample sets.
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For each class, the output layer will consist of a singular active node, denoting which class

the samples belong to, while all other nodes are inactive. Because of this, the output layer

will only have one encoding sample set per class that contains all samples. This defeats

the purpose of having multiple encoding sample sets divide the samples into meaningful

groups and is why the output layer is not taken into consideration when performing set

interpretations.

As shown in Section 5.4.1, the set interpretations are then generated by interpreting the

average input features over a specified number of samples sharing the same encoding.

Although we believe that increasing the number of samples averaged over will increase

the accuracy of the set interpretation, it has not been demonstrated and is thus delegated

to future work.

After generating the set interpretations, we generate additional set interpretations exclu-

sively on the core nodes and variation nodes of the encoding sample set the interpretation

was initially generated on using the same procedure as before. By doing so, we generate

three interpretations that explain the following:

• Interpretation generated exclusively on core nodes: Highlights the features

most prominently associated with the specific class of the encoding sample set.

• Interpretation generated exclusively on variation nodes: Highlights the

features that distinguishes the samples from one another within the encoding sample

set.

• Interpretation generated using all nodes of an encoding sample set: In-

terpretation which takes both the core nodes and variation nodes into consideration

and provides a high-level explanation of the entire sample set.

5.5.2 Evaluation using synthetic data

We already examined interpretations of the core and variation nodes in Section 5.4.2. Here

we analyse another important aspect of set interpretations, also initially demonstrated in
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Section 5.4.2, which is the ability to generate interpretations that indicate the differences

between sample groupings of the same class. In the following sections, we demonstrate

the ability of encoding sample sets to separate class samples based on divergent features.

Experimental setup

We use a model trained on the same synthetic data set as in Section 3.3.2, but with

one alteration. We reduce the number of classes from six to three, by relabelling classes

that represented the different trigonometry functions, and essentially merging pairs of

trigonometry function classes together. The classes are relabelled as follows:

• Class 1: Sine or Sec

• Class 2: Cosine or Cot

• Class 3: Tan or Cosec

We use the same model as described in Section 3.3.2 to train the network, the performance

values of which are shown in Table 5.4.

Results

Here, similar to Section 5.4.1, we find and compare all encoding sample sets with a set

size of greater than 100 for the second-to-last hidden layer (which most clearly shows our

results). The results are shown in Figure 5.9, where we perform a set interpretation over

five randomly selected samples for each encoding sample set.

Figure 5.9 shows representations of each encoding, and their respective set interpretations,

for each class at the second-to-last hidden layer. The interpretations on the right do not

clearly convey the visually most important features, and instead flag seemingly random

background features as highly relevant. As established in Section 3.3.2, we purposefully

chose a model with a smaller architecture, thus this could be due to the model not
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Table 5.4: Architecture and performance values for the modified synthetic network.

Hyperparameter Value

Input dimensions 900

Output dimensions 3

Layer dimensions 20 10 10 10

Epochs trained 1

Sets Accuracy Loss

Train 1.00000 0.00013

Valid 1.00000 0.00013

Eval 1.00000 0.00013

Figure 5.9: Visual depiction of the averaged input features (left) over five samples and their respective

LRP interpretations (right) for all encoding sample sets in the second-to-last layer with a sample set size

greater than 100 from the modified synthetic network. From left to right, the results of all the different

classes are shown as follows: the first two images indicate the samples of class one, the second two images

the samples of class two and the rest show the samples of class three. These results are shown for both

the validation and evaluation sets using the same network in Appendix B, Figures B.28 and B.29.

having the flexibility to create clearly distinguishable interpretations consistently from

the encoding sample sets.
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The encoding sample sets on the left, however, seem to somewhat successfully detangle

the original classes from one another. These encoding sample sets did contain classes with

more visually distinguishable features than those sets that the interpreter was unable to

separate. We continue our analysis using the MNIST data set in the following section.

5.5.3 Evaluation using MNIST data

Here we continue the analysis from Section 5.5.2 by performing a similar experiment with

a model trained on a modified version of the MNIST data set.

Experimental setup

Similar to the synthetic network in Section 5.5.2, we modify the MNIST data set by

relabelling classes as follows:

• Class 0: MNIST class 0 or MNIST class 1

• Class 1: MNIST class 2 or MNIST class 3

• Class 2: MNIST class 4 or MNIST class 5

• Class 3: MNIST class 6 or MNIST class 7

• Class 4: MNIST class 8 or MNIST class 9

This is done in order to create distinct groups within each class. We train the same model

as specified in Section 3.3.3 on the new data set, which yielded the performance values

shown in Table 5.5.

Results

In this section, we find and compare the encoding sample sets in the last hidden layer

of our model that has a set size greater than 100. As in Section 5.5.2, we perform set
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Table 5.5: Architecture and performance values for the modified MNIST network.

Hyperparameter Value

Input dimensions 784

Output dimensions 5

Layer dimensions 100 100 100 100 100 100 100 100 100 100

Epochs trained 81

Sets Accuracy Loss

Train 1.00000 0.00003

Valid 0.98100 0.18860

Eval 0.97960 0.26074

interpretations for each encoding sample set over of their respective five randomly selected

samples.

Figure 5.10 shows the encoding sample sets for class zero of the modified data set. The

encoding sample sets on the left clearly distinguish the original two MNIST classes from

one another. Unlike the synthetic network in 5.5.2, the interpretations on the right also

clearly distinguish between the original MNIST classes that the encoding sample set

represents, by visualising the distinct features for both classes. This could indicate that

the larger flexibility of the MNIST network helps to generate clear interpretations.

Figure 5.11 shows the same results, but for class one of our modified MNIST network.

Despite the original MNIST classes shown here having many shared features, the encoding

sample sets are generally still able to separate them. Interestingly, since so many features

are shared between samples, the interpretations for samples from separate MNIST classes

are very similar. These results demonstrate that encoding sample sets can group and

categorise samples based on their features, even within the same class.
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Figure 5.10: Visual depiction of the averaged input features (left) over five samples and their respective

LRP interpretations (right) for all class zero encoding sample sets in the last layer with a sample set size

greater than 100 from the modified MNIST network. These results are shown for both the validation and

evaluation sets using the same network in Appendix B, Figures B.30 and B.31.
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Figure 5.11: Visual depiction of the averaged input features (left) over five samples and their respective

LRP interpretations (right) for all class one encoding sample sets in the last layer with a sample set size

greater than 100 from the modified MNIST network.
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5.6 Conclusion

In this chapter, we built upon the works of [12], [13], [15] by proposing encoding sample sets

as a new category of sample sets. After some initial experiments we hypothesised that any

class could be largely defined by a core group of nodes, and that additional variation nodes

are used exclusively to represent the small differentiating features between samples of a

certain class. We confirmed this hypothesis by calculating the cosine similarities between

the interpretations generated on the averaged input features over several samples at the

output node and the interpretations generated on the averaged input features over several

samples at the core nodes of a given encoding at a particular layer as was shown in Figure

5.8. The results showed a constant similarity score of above 0.980 for all interpretations.

Interpretations of non-core node groups showed little similarity to these core node groups

or averaged output node interpretations.

The process whereby the averaged input features over several samples belonging the same

encoding sample is used to generate a single interpretation representing the samples of

said encoding sample sets is dubbed as a set interpretation. By analysing the layers of

the networks, we found support for the idea that encoding sample sets are capable of

categorising samples even within the same class. We tested this by analysing the set

interpretations for modified versions of our synthetic and MNIST networks as originally

described in Sections 3.3.2 and 3.3.3. The networks were modified to have a reduced

number of classes that are the combination of class pairs from the original data sets.

The results showed that the encoding sample sets were indeed capable of separating the

original classes despite being combined into one super class.

Thus, through using encoding sample sets in conjunction with a modern interpretation

technique (in this case LRP), we are able to simplify the interpretation process by gener-

ating single interpretations which can represent sets of samples. These set interpretations

can then also be used to further indicate the features most responsible for the samples’

classifications and/or the features that distinguish the samples from one another.
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Conclusion

A review of our study’s key findings and the implications thereof along with what possible

future research could hold.

6.1 Introduction

The original aim of this study was to measure the applicability of a niche methodology,

sample set analysis, as a tool for enhancing the capabilities of existing interpretability

methods. In this chapter, we conclude our study by examining the degree to which our

results fulfil the original objectives as established in Chapter 1.

In Section 6.2 we discuss the key findings of our study, along with the implications of

these findings in Section 6.3. Lastly, we discuss possible future research in Section 6.4.
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6.2 Key findings

Here we list and discuss what we believe to be the key findings of our study.

Using zero-valued input features

We trained two benchmark MLP networks that were used during the course of this study.

One network was trained on the MNIST data set, on which we performed most of our

experiments, and the second network was trained on a custom synthetic data set to

initially test our implemented interpreter and provide additional results. Additionally, we

implemented our own in-house LRP codebase, which was verified by comparing its results

to that of Captum’s open-source codebase on our benchmark networks.

The results in Section 3.5.2 indicated that zero-value input features were not taken into

consideration when generating interpretations using the LRP interpreter codebase. Any

feature can only be attributed relevance if its outgoing z (see Eq. 2.7) value is greater

than zero. This is a feature of a standard MLP, not LRP specifically.

This makes standard interpretations on data sets such as MNIST and our synthetic data

sets, which typically contain a large number of zero-value features, less informative. We

remedied this issue by normalising our data sets between the values [-1, 1] before use,

which reduced the number of zero-value input features to a negligible figure. While this

is a straightforward solution, it emphasises the significant impact scaling features can

have on model development and interpretation, especially where a strong background or

foreground is present.

The interpretability capabilities of node sample sets

Node sample sets refers to the sets of samples that cause a given node to activate. In

Sections 4.4.1, 4.4.2 and 4.4.3 we used the Jaccard similarity index to analyse the rela-

tionship between the different node-specific sample sets of our MNIST network, per layer,
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and across the entire network. Node sample sets did not seem to show promise as an

interpretation enhancement technique. This could be due to the following reasons:

• Class-specific node sample sets deeper within the network tend to be either very

large or very small, with few falling between these extremes. This was also observed

in the works of Davel et al. [12].

• The sizes of larger sample sets significantly increases within the deeper layers of the

network.

• The number of practically identical node sample sets, with sizes almost equal to the

number of samples in a given class, also increases towards the deeper layers of the

network.

The existence of a significant number of large, nearly identical, node sample sets was an

important observation. With sample set sizes approximately equal to the number of class

samples, we believe that these nodes play a fundamental role in the classification process.

Proposing the concept of encoding sample sets

Taking into account the observations made from our node sample sets analyses, we pro-

posed a new sample set category called encoding sample sets. Encoding sample sets are

defined as the sets of samples that activate a given sample encoding in a specific layer,

where a sample encoding refers to the binary activation pattern of nodes in a layer that

do or do not activate for the given samples. The definition of encoding sample sets (as

further discussed in Section 6.3) made additional key findings possible.

While investigating encoding sample sets in Section 5.2, we discovered that, similar to

node sample sets, the number of encoding sample sets decreases towards the deeper layers

of the network. However, as shown in Figure 5.4, unlike the node sample sets studied

in Section 4.4.3, the Jaccard similarity decreases in proportion to their sample set sizes

with the exception of the largest encoding sample sets that still retain some similarity, of

which there are only a few.

110



Chapter 6 Contributions

Through analysing the encoding sample sets of the MNIST network via the interpreter

codebase, we observed the following:

• Encoding sample sets tend to group samples with similar features. This results

in a few incredibly large encoding sample sets that represent the samples with the

most common features associated with that class. Smaller encoding sample sets still

belong to the same class, but contain features that differ slightly from the norm.

• All encoding sample sets within the deeper layers of the network typically share a

large majority of the active nodes in a layer (core nodes). We demonstrated that

these active nodes form the features most important for classification, while the

active nodes not shared among all encoding sample sets (variation nodes) represent

the features that differ between class samples.

6.3 Contributions

In this study we expanded on the work by Davel et al. [12], [13] by introducing the concept

of encoding sample sets as mentioned in Section 6.2, and formally defined in Section 5.2.

We discovered that encoding sample sets are capable of identifying the following sets of

active nodes within a layer:

• Core Nodes: The active nodes shared among all encoding sample sets within a layer.

These nodes contain the most important features necessary for classification.

• Variation Nodes: The active nodes not shared among all encoding sample sets within

a layer. These nodes contain the features that differentiate the samples from the

different encoding sample set groupings.

When used in conjunction with an appropriate interpreter, such as our LRP codebase,

encoding sample sets can be used to generate set interpretations as defined in Section 5.5.1,

where we interpret an encoding sample set by averaging the interpretations of samples
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belonging to the same sample encoding. This way we can generate single interpretations,

which are capable of representing multiple samples, and which we have demonstrated

may share a high cosine similarity score with the interpretations performed per sample.

Set interpretations can also be altered to highlight the core and variation nodes, which

highlight the features crucial for classification and those features that distinguish sample

groupings from one another, respectively.

Set interpretations comprise the most important contribution, as they fulfil the original

objective of this study to determine whether sample set analysis can be used to enhance

modern interpretation techniques. Set interpretations are capable of enhancing certain

interpretation techniques by simplifying the interpretation process with the use of group

interpretations.

An additional contribution is the development of an LRP interpreter codebase capable of

extracting set interpretations. This codebase also fixes one of the implementation errors

by Captum’s LRP codebase, with which our codebase was compared. We refer the reader

to Section 3.4.3 for more details on this.

6.4 Future work

This exploratory study only provides the initial foundation of using sample set analysis

for interpretability purposes. Although we propose encoding sample sets and set interpre-

tations as a new conceptual approach for neural network interpretability enhancement,

additional work is required to refine and test these techniques in detail. This may include

alternative methods for exploring encoding sample sets such as:

• Averaging over interpretations rather than input features. The process we followed

when performing set interpretations was to generate the interpretation on the av-

eraged input features over several samples belonging to the same encoding sample

set. An alternative would be to produce a set interpretation by averaging the inter-

pretations generated on the input features of each individual sample belonging to

112



Chapter 6 Future work

an encoding sample set.

• Investigating encoding sample sets with a variety of set sizes. In our analyses of

encoding sample sets, we mainly limited ourselves to encodings sample sets with set

sizes larger than 100 samples for simplicity’s sake. In future studies, we would like

to further explore encoding sample sets for a variety of set sizes.

• Determining how averaging over different numbers of samples effect set interpreta-

tions. Although we believe that increasing the number of samples averaged over

when performing set interpretations will increase the accuracy of said set interpre-

tations, it is yet to be investigated.

Additional future research may include the following:

• Performing set interpretations for more complex environments. The next logical

step would be to determine whether the results found during this study can be

replicated for more difficult classification tasks such as CIFAR-10 [84]. This will

naturally include the investigation of whether our set interpretation technique is

compatible with more complex architectures such as CNNs.

• Determining whether sample set analysis is capable of performing interpretation. We

have shown that sample set analysis is capable of enhancing certain interpretability

methods, but we have yet to investigate its capabilities as an interpretability tech-

nique itself. We believe that this is possible through utilising the activation paths,

as was briefly discussed in Section 2.4, generated via sample sets.

• Examining the applicability of encoding sample sets, and subsequently set interpreta-

tions, with regard to other interpretability methods. Our study was somewhat limited

in the sense that our encoding sample set analyses were only used in conjunction

with the backpropagating interpretation technique LRP. It would be beneficial to

determine the range of interpretation methods our technique is compatible with,

like the other techniques mentioned in Section 2.3.3.
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• Determining the usefulness of set interpretations with regard to other tasks such as

regression. This study has been solely focused on the topic of classification type

problems. In future studies, we would like to explore whether set interpretations

can be used for different deep neural network tasks.

• Further exploring the concepts of core and variation nodes.

6.5 Conclusion

The ability to explain the reasoning behind the classification processes of neural networks

has been demonstrated to be invaluable for some areas of research. To this end, we used

the niche methodology of sample set analysis to introduce a novel technique to help sim-

plify the interpretation process for certain modern extrinsically interpretable techniques.

We showed that this technique is capable of not only dividing class samples into groups

based on their features, but can also generate single interpretations which represent these

groups en masse. Additionally, our technique is also capable of identifying the set of

features/nodes that have the most influence on the classification process. We believe that

this study provides some of the foundations for interpreting DNNs with sample set analy-

sis, and hope that future research regarding this topic will lead to significant advancement

within the field.
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Appendix A

Supplemental content: Chapter 4

In this chapter we provide supplementary results for Chapter 4.
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Figure A.1: Percentage of class samples activated per node for every class using the MNIST network

(seed 3). From top to bottom, the figures show the results for the training, validation and evaluation

sets respectively. Nodes are arranged according to layer, where node 0-99 represent the first layer, node

100-199 represent the second layer, etc.
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Figure A.2: Percentage of class samples activated per node for every class using the MNIST network

(seed 5). From top to bottom, the figures show the results for the training, validation and evaluation

sets respectively. Nodes are arranged according to layer, where node 0-99 represent the first layer, node

100-199 represent the second layer, etc.
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Figure A.3: Percentage of class samples activated per node for every class using the MNIST network

(seed 10). From top to bottom, the figures show the results for the training, validation and evaluation

sets respectively. Nodes are arranged according to layer, where node 0-99 represent the first layer, node

100-199 represent the second layer, etc.
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Figure A.4: Number of active nodes per hidden layer for every class using the MNIST network (seed

3). From top to bottom, the figures show the results for the training, validation and evaluation sets

respectively.
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Figure A.5: Number of active nodes per hidden layer for every class using the MNIST network (seed

5). From top to bottom, the figures show the results for the training, validation and evaluation sets

respectively.
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Figure A.6: Number of active nodes per hidden layer for every class using the MNIST network (seed

10). From top to bottom, the figures show the results for the training, validation and evaluation sets

respectively.
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Figure A.7: The Jaccard similarity index between every pair of active nodes for all layers of MNIST

class three, where all nodes are sorted in ascending order with regards to their sample set size. Each

matrix represents a layer in the network from shallow to deep and is read from left to right, top to bottom.

Note that each matrix is mirrored on the x = y axis.
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Figure A.8: The Jaccard similarity index between every pair of active nodes for all layers of MNIST

class six, where all nodes are sorted in ascending order with regards to their sample set size. Each matrix

represents a layer in the network from shallow to deep and is read from left to right, top to bottom. Note

that each matrix is mirrored on the x = y axis.
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Figure A.9: The Jaccard similarity index between every pair of active nodes for all layers of MNIST

class nine, where all nodes are sorted in ascending order with regards to their sample set size. Each matrix

represents a layer in the network from shallow to deep and is read from left to right, top to bottom. Note

that each matrix is mirrored on the x = y axis.
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Figure A.10: The Jaccard similarity index of every active node pair for MNIST class three. Node pairs

are sorted in ascending order according to the size of their respective sample sets.
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Figure A.11: The Jaccard similarity index of every active node pair for MNIST class six. Node pairs

are sorted in ascending order according to the size of their respective sample sets.
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Figure A.12: The Jaccard similarity index of every active node pair for class MNIST nine. Node pairs

are sorted in ascending order according to the size of their respective sample sets.
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Figure A.13: Jaccard similarity matrix for every possible node pair in the network for MNIST class

three. Nodes are ordered first according to their layer (first to last) and secondly according to their

sample set size (small to large) for each layer.
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Figure A.14: Sample set size for every node in the network for MNIST class three. Nodes are ordered

in the same way as in Figure A.13.
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Figure A.15: Jaccard similarity matrix for every possible node pair in the network for MNIST class

six. Nodes are ordered first according to their layer (first to last) and secondly according to their sample

set size (small to large) for each layer.
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Figure A.16: Sample set size for every node in the network for MNIST class six. Nodes are ordered in

the same way as in Figure A.15.
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Figure A.17: Jaccard similarity matrix for every possible node pair in the network for MNIST class

nine. Nodes are ordered first according to their layer (first to last) and secondly according to their sample

set size (small to large) for each layer.
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Figure A.18: Sample set size for every node in the network for MNIST class nine. Nodes are ordered

in the same way as in Figure A.17.
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In this chapter we provide supplementary results for Chapter 5.

143



Figure B.1: Number of unique encodings per hidden layer for every class (top) and averaged over all

classes (bottom) with the shaded regions indicating the standard deviation between all classes. These

are the results for seed three.
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Figure B.2: Number of unique encodings per hidden layer for every class (top) and averaged over all

classes (bottom) with the shaded regions indicating the standard deviation between all classes. These

are the results for seed six.
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Figure B.3: Number of unique encodings per hidden layer for every class (top) and averaged over all

classes (bottom) with the shaded regions indicating the standard deviation between all classes. These

are the results for seed nine.
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Figure B.4: Encoding sample set sizes for the MNIST classes six (top-image) and nine (bottom-image),

between the hidden layers five to ten. Encoding sample sets are first ordered by layer and then by sample

set size in ascending order. Encoding sample sets are colour coded as follows: red indicates a size of one,

green indicates a size of greater than one but less or equal to 100 and blue indicates a size of greater than

100.
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Table B.1: Encoding sample set sizes for the different encoding sample set groups as shown in Figure

B.4.

Layer Num. of
red dots

Num. of
green dots

Num. of
blue dots

Class 0

5 1696 497 5

6 877 463 9

7 88 60 6

8 52 53 8

9 108 99 7

10 142 156 14

Class 3

5 2822 782 0

6 830 373 7

7 133 95 6

8 158 100 10

9 97 90 8

10 224 150 11
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Figure B.5: Jaccard similarity between every pair of encoding sample sets in the deeper layers of the

network for MNIST class three. The plots show the same graph, but only for similarities higher than 0.05

(top) and 0.6 (bottom) respectively. Each tick represents the layer and the number of encoding sample

sets they contain in brackets, while the black lines are used to separate layers. Encoding sample sets are

first ordered by layer and then by sample set size, both in ascending order.
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Figure B.6: Jaccard similarity between every pair of encoding sample sets in the deeper layers of the

network for MNIST class six. The plots show the same graph, but only for similarities higher than 0.05

(top) and 0.6 (bottom) respectively. Each tick represents the layer and the number of encoding sample

sets they contain in brackets, while the black lines are used to separate layers. Encoding sample sets are

first ordered by layer and then by sample set size, both in ascending order.
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Figure B.7: Jaccard similarity between every pair of encoding sample sets in the deeper layers of the

network for MNIST class nine. The plots show the same graph, but only for similarities higher than 0.05

(top) and 0.6 (bottom) respectively. Each tick represents the layer and the number of encoding sample

sets they contain in brackets, while the black lines are used to separate layers. Encoding sample sets are

first ordered by layer and then by sample set size, both in ascending order.
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Figure B.8: Visualization of the sample encodings for every encoding sample set. The results are shown

for MNIST class zero (left) and class three (right). From top to bottom the results are given for hidden

layers seven, eight and nine respectively. Nodes are ordered according to largest number of encoding

activations and encodings are ordered according to their sample set size from large to small. Positive

node activations are coloured according to the size of encoding sample set, while no activations are blue,

and core nodes are shown in green.
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Figure B.9: The Jaccard similarity index of the active nodes between each encoding pair for all class

zero (left), three (middle) and six (right) encoding sample sets in layer six of the MNIST network, where

all encoding sample sets have a size greater than 100.

Figure B.10: The Jaccard similarity index of the active nodes between each encoding pair for all class

zero (left), three (middle) and six (right) encoding sample sets in layer eight of the MNIST network,

where all encoding sample sets have a size greater than 100.

Figure B.11: The Jaccard similarity index of the active nodes between each encoding pair for all class

zero (left), three (middle) and six (right) encoding sample sets in layer nine of the MNIST network, where

all encoding sample sets have a size greater than 100.
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Figure B.12: Visual depiction of between the averaged input features (left) and LRP interpretations

(right) for all encoding sample sets in layer six for MNIST class zero with a sample set size greater than

100.

Figure B.13: Visual depiction of between the averaged input features (left) and LRP interpretations

(right) for all encoding sample sets in layer eight for MNIST class zero with a sample set size greater

than 100.
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Figure B.14: Visual depiction of between the averaged input features (left) and LRP interpretations

(right) for all encoding sample sets in layer nine for MNIST class zero with a sample set size greater than

100.

Figure B.15: Visual depiction of between the averaged input features (left) and LRP interpretations

(right) for all encoding sample sets in layer six for MNIST class three with a sample set size greater than

100.
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Figure B.16: Visual depiction of between the averaged input features (left) and LRP interpretations

(right) for all encoding sample sets in layer seven for MNIST class three with a sample set size greater

than 100.

Figure B.17: Visual depiction of between the averaged input features (left) and LRP interpretations

(right) for all encoding sample sets in layer eight for MNIST class three with a sample set size greater

than 100.
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Figure B.18: Visual depiction of between the averaged input features (left) and LRP interpretations

(right) for all encoding sample sets in layer nine for MNIST class three with a sample set size greater

than 100.

Figure B.19: Visual depiction of between the averaged input features (left) and LRP interpretations

(right) for all encoding sample sets in layer six for MNIST class six with a sample set size greater than

100.
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Figure B.20: Visual depiction of between the averaged input features (left) and LRP interpretations

(right) for all encoding sample sets in layer seven MNIST class six with a sample set size greater than

100.

Figure B.21: Visual depiction of between the averaged input features (left) and LRP interpretations

(right) for all encoding sample sets in layer eight for MNIST class six with a sample set size greater than

100.
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Figure B.22: Visual depiction of between the averaged input features (left) and LRP interpretations

(right) for all encoding sample sets in layer nine for MNIST class six with a sample set size greater than

100.
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(a) Set size: 136 samples (b) Set size: 145 samples

(c) Set size: 198 samples (d) Set size: 228 samples

Figure B.23: Visual comparisons of the four different interpretation types for four different encodings

found in layer eight for MNIST class zero. From left to right, top to bottom, each plot corresponds to an

encoding sample set with sizes 136, 145, 198 and 228.
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Table B.2: Cosine similarity comparisons between the different LRP interpretations shown in Figure

B.23. Encoding sample sets are represented according to their set sizes. The ’output’, ’encoding’, ’core’

and ’variation’ scores correspond to the different interpretations types presented in Figure B.23.

Set size 136 Set size 145 Set size 198 Set size 228

output vs encoding: 0.97617 0.97610 0.85066 0.90434

output vs cores: 0.97609 0.99382 0.98165 0.99026

output vs variations: 0.32245 0.67809 0.41239 0.40125

encoding vs cores: 0.93885 0.98466 0.90696 0.92977

encoding vs variations: 0.48539 0.80782 0.82025 0.74373

cores vs variations: 0.15467 0.69258 0.50300 0.44541
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(a) Set size: 150 samples (b) Set size: 177 samples

(c) Set size: 351 samples (d) Set size: 486 samples

Figure B.24: Visual comparisons of the four different interpretation types for four different encodings

found in layer seven for MNIST class three. From left to right, top to bottom, each plot corresponds to

an encoding sample set with sizes 150, 177, 351 and 486.
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Table B.3: Cosine similarity comparisons between the different LRP interpretations shown in Figure

B.24. Encoding sample sets are represented according to their set sizes. The ’output’, ’encoding’, ’core’

and ’variation’ scores correspond to the different interpretations types presented in Figure B.24.

Set size 150 Set size 177 Set size 351 Set size 486

output vs encoding: 0.98879 0.99276 0.97627 0.97233

output vs cores: 0.99351 0.99410 0.99117 0.99308

output vs variations: 0.67620 0.36248 0.63800 0.16962

encoding vs cores: 0.99613 0.99844 0.98726 0.97246

encoding vs variations: 0.74903 0.41258 0.76655 0.36935

cores vs variations: 0.68793 0.36114 0.65460 0.14257

163



(a) Set size: 252 samples (b) Set size: 552 samples

(c) Set size: 1377 samples (d) Set size: 2222 samples

Figure B.25: Visual comparisons of the four different interpretation types for four different encodings

found in layer eight for MNIST class three. From left to right, top to bottom, each plot corresponds to

an encoding sample set with sizes 252, 552, 1377 and 2222.
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Table B.4: Cosine similarity comparisons between the different LRP interpretations shown in Figure

B.25. Encoding sample sets are represented according to their set sizes. The ’output’, ’encoding’, ’core’

and ’variation’ scores correspond to the different interpretations types presented in Figure B.25.

Set size 252 Set size 552 Set size 1377 Set size 2222

output vs encoding: 0.94804 0.99046 0.99412 0.98976

output vs cores: 0.99290 0.99525 0.99353 0.99345

output vs variations: -0.25833 0.30971 0.52681 -0.13087

encoding vs cores: 0.95259 0.98981 0.99851 0.99823

encoding vs variations: 0.03863 0.40897 0.54370 -0.03982

cores vs variations: -0.26722 0.27483 0.49714 -0.09921
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(a) Set size: 148 samples (b) Set size: 347 samples

(c) Set size: 448 samples (d) Set size: 3158 samples

Figure B.26: Visual comparisons of the four different interpretation types for four different encodings

found in layer seven for MNIST class six. From left to right, top to bottom, each plot corresponds to an

encoding sample set with sizes 148, 347, 448 and 3158.
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Table B.5: Cosine similarity comparisons between the different LRP interpretations shown in Figure

B.26. Encoding sample sets are represented according to their set sizes. The ’output’, ’encoding’, ’core’

and ’variation’ scores correspond to the different interpretations types presented in Figure B.26.

Set size 148 Set size 347 Set size 448 Set size 3158

output vs encoding: 0.97948 0.98536 0.79449 0.99473

output vs cores: 0.99128 0.98854 0.99210 0.99676

output vs variations: 0.15431 -0.07612 -0.22995 0.46427

encoding vs cores: 0.98191 0.98550 0.79135 0.99756

encoding vs variations: 0.30894 0.02719 0.39717 0.52146

cores vs variations: 0.12327 -0.14280 0.24677 0.46057
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(a) Set size: 125 samples (b) Set size: 169 samples

(c) Set size: 450 samples (d) Set size: 602 samples

Figure B.27: Visual comparisons of the four different interpretation types for four different encodings

found in layer eight for MNIST class six. From left to right, top to bottom, each plot corresponds to an

encoding sample set with sizes 125, 169, 450 and 602.
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Table B.6: Cosine similarity comparisons between the different LRP interpretations shown in Figure

B.27. Encoding sample sets are represented according to their set sizes. The ’output’, ’encoding’, ’core’

and ’variation’ scores correspond to the different interpretations types presented in Figure B.27.

Set size 125 Set size 169 Set size 450 Set size 602

output vs encoding: 0.94693 0.95724 0.22424 0.98762

output vs cores: 0.99251 0.98791 0.99623 0.99462

output vs variations: -0.03382 -0.46940 -0.00953 0.17800

encoding vs cores: 0.92877 0.98205 0.21779 0.99241

encoding vs variations: 0.27400 -0.23264 0.97214 0.29429

cores vs variations: -0.10198 -0.41190 -0.01704 0.17457
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Figure B.28: Visual depiction of the averaged input features (left) over five samples and their respective

LRP interpretations (right) for all encoding sample sets in the second-to-last layer with a sample set size

greater than 100 from the modified synthetic network’s validation set. From left to right, the results of

all the different classes are shown as follows: the first two images indicate the samples of class one, the

second two images the samples of class two and the rest show the samples of class three.

Figure B.29: Visual depiction of the averaged input features (left) over five samples and their respective

LRP interpretations (right) for all encoding sample sets in the second-to-last layer with a sample set size

greater than 100 from the modified synthetic network’s evaluation set. From left to right, the results of

all the different classes are shown as follows: the first two images indicate the samples of class one, the

second two images the samples of class two and the rest show the samples of class three.
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Figure B.30: Visual depiction of the averaged input features (left) over five samples and their respective

LRP interpretations (right) for all class zero encoding sample sets in the last layer with a sample set size

greater than 100 from the modified MNIST network’s validation set.

Figure B.31: Visual depiction of the averaged input features (left) over five samples and their respective

LRP interpretations (right) for all class zero encoding sample sets in the last layer with a sample set size

greater than 100 from the modified MNIST network’s evaluation set.
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