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Abstract

In this work we study some nonlinear partial differential equations which evolve in
mathematical physics and other fields of science. We start by considering a second-
order nonlinear Burgers equation as an illustration of what will be done in this dis-
sertation. We then study the main equations of this dissertation. These equations
are the equal-width equation and Zakharov-Kuznetsov-Burgers equations. Lie group
analysis is used to construct exact solutions of these equations. Furthermore, con-

servation laws are derived for the underlying equations using the multiplier method.
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Introduction

Nonlinear partial differential equations (NLPDEs) model many natural phenomena.
We study these equations in order to obtain solutions that will enable us to better
understand the real world. Extensive research on NLPDESs has been made and many

researchers continue to seek new methods of solutions for these kind of equations.

To date several methods for computing exact solutions of NLPDEs have been devel-
oped since there is no general theory to find their exact solutions. These methods
include the Jacobi elliptic function expansion method [1], the homogeneous balance
method [2], the Kudryashov method [3], the ansatz method [4], the inverse scattering
transform method [5], the Bécklund transformation [6], the Darboux transforma-
tion [7], the Hirota bilinear method [8], the (G’/G)—expansion method [9] and the

Lie symmetry method [10-15], just to mention a few.

In the late 19th century, the Norwegian mathematician Marius Sophus Lie (1844-
1899), developed a powerful symmetry-based technique for solving differential equa-
tions known today as Lie group analysis. This method made it possible to obtain
exact solutions of differential equations. A robust amount of research based on Lie’s

work has been published by various researchers [10-15].

In 1918, a German mathematician Emmy Noether (1882-1935) presented a proce-
dure for deriving conservation laws for systems of differential equations that admit
variational principle and this procedure is referred to as Noether’s theorem [16]. For
a given differential equation system to admit a variational principle, it should have

a Lagrangian.



Conservation laws play a vital role in the study of differential equations. They de-
scribe physical conserved quantities, e.g., mass, energy, momentum, charge and other
constants of motion. They are also important for the investigation of integrability

and uniqueness of solutions. See, for example [16-24] and references therein.
The outline of this dissertation is as follows:

In Chapter one, we present important preliminaries regarding Lie’s theory, Kudryashov’s
method, extended Jacobi elliptic function method, Noether’s theorem and the mul-

tiplier approach.

In Chapter two, we present an illustration of what this research project will be
about. We consider a second-order Burgers equation and use Lie’s theory to obtain
its group-invariant solutions. Thereafter, we employ the multiplier method to derive

its conservation laws.

In Chapter three, Lie point symmetries for an equal-width equation are computed.
We then calculate an optimal system of one-dimensional subalgebras and use it to
determine an optimal system of group-invariant solutions. Travelling wave solutions
are obtained by applying Kudryashov’s and extended Jacobi elliptic function expan-
sion methods. Finally, conservation laws are derived using the multiplier approach

and Noether’s theorem.

In Chapter four, Kudryashov’s method is used to obtain exact solutions of the ZK-
Burgers equation. Conservation laws of this equation are derived using the multiplier

method.

In Chapter five, we study the ZK-Burgers equation with power law nonlinearity by
obtaining its exact solutions using Kudryashov’s method. The multiplier method is

then employed to derive its conservation laws.
In Chapter six, a summary of results is provided and future work proposed.

Bibliography is given at the end of this dissertation.



Chapter 1

Preliminaries

In this chapter we give a synopsis of pertinent concepts that are essential to this
dissertation. These include the algorithm to determine the Lie point symmetries of
PDEs, Noether’s theorem, the variational derivative approach and some methods for

obtaining exact solutions of PDEs.

1.1 Introduction

In the late 19th century, Marius Sophus Lie, an eminent mathematician from Norway,
developed a revolutionary symmetry-based method for solving differential equations.
This method today is known as Lie group analysis and gives a systematic way to
obtain exact solutions of differential equations. Recently several books on Lie group
analysis have been published [10-14]. The definitions and results presented in this

chapter are taken from the books mentioned above.

1.2 One-parameter groups

Suppose x = (z!,--- ,2") is the independent variable with coordinates z' and u =

(u',---,u™) is the dependent variable with coordinates u® (n and m finite). We



consider the following change of the variables z and w:
T,: 7" = f'(z,u,a), @ = ¢*(z,u,a), (1.1)
where a is a real parameter which continuously takes values from a neighbourhood

D'cDCRofa=0,and f* and ¢* are differentiable functions.

Definition 1.1 A continuous one-parameter (local) Lie group of transformations in

the space of variables  and u is a set G of transformations (1.1) which satisfies the

following properties:

(i) If T,, T, € G where a,b € D' C D then T, T, = T. € G, ¢ = ¢(a,b) € D

(Closure)

(ii) To € G if and only if a = 0 such that Ty T, = T, Ty = T, (Identity)

(iii) There exists T, € G,a € D' C D, T, ' =T,-1 € G, a~! € D such that

ToTy-1 =Ty-1 T, =Ty (Inverse)

We note that from (i) the associativity property is satisfied. The group property (i)

can be written as

Fi(z,a,b) = fi(z,u, la,b)), (1.2)

=

z
= ¢z, u,b) = ¢*(z,u, p(a,b))
and the function ¢ is called the group composition law. A group parameter a is

called canonical if the group composition law is additive, i.e. ¢(a,b) = a + b.

Theorem 1.1 For any composition law ¢(a, b), there exists the canonical parameter

a defined by
~ /“ ds
a = 7\
o w(s)
where
d¢(s,b)
w(s) = :
ob |,




1.3 Prolongation of group transformations and their

generators

The derivatives of u with respect to x are defined as
us = Di(ua), U% = DJDZ(UZ), MR (13)

where the operator of total differentiation is defined by

0 0

«
= - u: —
or’ b Oou”

u%a_u? N
The collection of all first derivatives uf is denoted by u), i.e.,
uny ={uf} a=1,...m, i=1.,n.
Similarly
upy ={uiy a=1,..m, i,j=1..,n

and ug) = {uf,} and likewise u(y etc. Since uf; = uf;, ue) contains only ug; for

i < j. In the same manner u3) has only terms for i < j < k.

In group analysis all variables x,u, u(),--- are considered functionally independent
variables connected only by the differential relations (1.3). Therefore the u¢ are

called differential variables.

1.3.1 Prolonged or extended groups

If z = (z,u), one-parameter group of transformations G is

fi:fi(gj,u’a), fi‘a=0:$i7

w* ¢ (x,u,a), ¢%|a=o = u”.

(1.5)

According to the Lie’s theory, finding the symmetry group G is equivalent to the

determination of the corresponding infinitesimal transformations:

T al(x,u), @ =u*+an®(z,u) (1.6)



obtained from (1.1) by expanding the functions f* and ¢“ into Taylor series in a

about a = 0 and also taking into account the initial conditions
fi‘a:[) = xi’ ¢04|0L:0 = ua'

Consequently, we have

_ar

- )
8& a=0

) = OO
W) = 5

£z, ) (1.7)

a=0
We now introduce the symbol of the infinitesimal transformations by writing (1.6)

as
T~ (1+aX)r, *~(14+aX)u,

where the differential operator

. 0 0
X=¢ 4 * —_— 1.8
€, ) + 17 (0 0) 5 (1.8
is known as the infinitesimal operator or generator of the group G.
We now show how the derivatives are transformed.
The D, transforms as
D; = Di(f")D;, (1.9)
where Dj is the total differentiations in transformed variables z*. So
uf = Di(u®), ;= D;(a) = Di(us),
Let us now apply (1.9) and (1.5)
Di(¢%) = Di(f”)D;(u”)
= Dy(f7)us. (1.10)
Thus
of’ 56’fj B ol 300"
e 37 5o — : o7 1.11
(8.751 M ouf )" T B M ouf (1.11)



The quantities u§ can be represented as functions of z, u, u(;), for small a, i.e., (1.11)

is locally invertible:

«

us =Pz, uuny,a), VYo = uy (1.12)

The transformations in (z, u, u(1)) space given by (1.5) and (1.12) form a one-parameter
group called the first prolongation or just extension of the group G and denoted by
Gl

We let
u ~ g+ adf (1.13)

be the infinitesimal transformation of the first derivatives so that the infinitesimal
transformation of the group G is (1.6) and (1.13). Higher-order prolongations of
G, viz., G G can be obtained by derivatives of (1.10).

1.3.2 Prolonged generators

Using (1.10) together with (1.6) and (1.13) we obtain

Di(f7)(@3) = Di(¢")
Dj(z7 + a&j)(u;?‘ +ali) = Di(u”+an”)
u + al + au;?‘Dij = u +aDn®

¢ = Di(n*) —u$Di(&’), (sum on j). (1.14)

7

This is called the first prolongation formula. Similarly, one can obtain the second

prolongation

e = D;(n?) —ulD;(€"), (sum on k). (1.15)

ij
By induction (recursively)

o = D (¢ ) — g D; (¢), (sumon j). (1.16)

11,82,--0p 11,82, lp—1 11,92,0-50p—1 ]



The first and higher prolongations of the group G form a group denoted by GIY, - .. | GIP!.

The corresponding prolonged generators are

0
xt = x +C’a@_uf (sum on 7, @),
xb = x4 co 4 p>1 (1.17)
11,...0p auzal """" N - 4
where
, 0 0
X = . « —. 1.1
(o) + () (1.18)
1.4 Group admitted by a PDE
Consider a pth-order PDE, namely
E(x,u,u(l), ...,u(p)) = 0. (1.19)
Definition 1.2 The vector field
, 0 0
X=¢ — @ — 1.2
€ u) g+ () (1.20)
is a Lie point symmetry of the pth-order PDE (1.19), if
XPE, =0, (1.21)

where the symbol |,_, means evaluated on the equation £ = 0.

Definition 1.3 An equation (1.21) that determines all the infinitesimal symmetries

of (1.19) is called the determining equation.

Definition 1.4 A one-parameter group G of continuous transformations (1.1) is
called a symmetry group of equation (1.19) if (1.19) is invariant (has the same form)

in the new variables  and u, i.e.,
E(f7ﬂ,ﬂ(1),"' 7ﬂ(p)) :07 (122)

where the function F is the same as in equation (1.19).



1.5 Invariant functions

Definition 1.5 A function F(x,u) is called an invariant of the group of transfor-

mation (1.1) if
F(z,u) = F(f'(z,u,a), ¢*(x,u,a)) = F(z,u), (1.23)

identically in z, v and a.

Theorem 1.2 A necessary and sufficient condition for a function F(z,u) to be an

invariant is that

OF

, OF
X F=¢&"(z,u) o

It follows from the above theorem that every one-parameter group of point transfor-
mations (1.1) has n — 1 functionally independent invariants. One can take, as basic

invariants the left-hand side n — 1 first integrals
Jl(fﬁa U) =C, 7<]n—1($7u) = Cp—1

of the characteristic equations

dz! dz™ du! du™

Se,w)  e(ru) i) (@, u)

Theorem 1.3 If the infinitesimal transformation (1.6) or its symbol X is given, then

the corresponding one-parameter group G is obtained by solving the Lie equations

@', . du*

subject to the initial conditions

—1 o —Q _
l"a:O—I, U |gmpg = U-

1.6 Lie algebra

Let us consider two operators X; and X5 defined by

7 6 «@ 8
Xy = 51(13;16)% +n3 (l’au)%



and

. 0 0
Xy = 55(%“)% + 773($»U)%~

Definition 1.6 The commutator of X; and Xy, written as [X, Xs], is defined by
[Xl,XQ] == Xl(X2> — XQ(Xl)

Definition 1.7 A Lie algebra is a vector space L (over the field of real numbers) of

0
+n%(z, u)=— with the following property. If the operators

operators X = &(x,u) 5
u

oxt

, 0 0
X2 = fé(x,u)— + 773(%“)_

i 9 a 0
X1 =¢&(z,u) 5 + i (z,u) oz du

oxt ou’

are any elements of L, then their commutator
[X1, Xo] = X1(X2) — Xo(X1)

is also an element of L. It follows that the commutator is

1. Bilinear: for any X,Y,Z € L and a,b € R,

[aX +b0Y, Z] = a[X, Z] + DY, Z], [X,aY +bZ] = a[X,Y] + b X, Z];

2. Skew-symmetric: for any X,Y € L,

(X, Y] = —[¥, X];

3. and satisfies the Jacobi identity: for any XY, Z € L,

(X, Y], 2] +[IY, 2], X] + [[2, X], Y] = 0.

1.7 Solution methods for differential equations

In this section we present a few methods for finding exact solutions of differential

equations.

10



1.7.1 Kudryashov’s method

This method was introduced by Kudryashov in his paper [3] and is used for finding
exact solutions of NLPDEs.

Counsider the NLPDE
Ey(t, @, w, ty,y Ugy Uggy Ugge, -+ - ) = 0. (1.26)

The algorithm of Kudryashov method is given below:

Step 1. The substitution u(z,t) = U(z), z = kx+wt, where k and w are constants,

reduces equation (1.26) to the ordinary differential equation
Ey(U,wU' kU WU K*U" - -+ ) = 0. (1.27)

Step 2. Suppose that the exact solution of equation (1.27) can be expressed in the

form
N
Uz) =) a.Q"(2), (1.28)
n=0
where the coefficients a,, (n = 0,1,2,--- | N) are constants to be determined, such

that ay # 0, and Q(z) is the solution of the first-order nonlinear ODE

Q'(2) = Q%(2) — Q(x). (1.29)

Equation (1.29) has the solution

Q(z) = : (1.30)

Step 3. We substitute the value for U(z) into equation (1.27) and use equation

(1.29) to obtain an equation involving powers of Q).

Step 4. Equating different powers of () to zero, we obtain the system of algebraic
equations

Pn(aNaaN—la"'7a07k7w7"')207 (TLZO,,N) (13]‘)

Step 5. The solution of the system of algebraic equations gives the values of co-
efficients ag, a1, -+ ,an_1,ay and relations for parameters of equation (1.27). As a

result, we obtain exact solutions of equation (1.27) in the form (1.28).

11



1.7.2 The extended Jacobi elliptic function expansion method

We briefly outline the extended Jacobi elliptic function expansion method, another
algorithm for determining the exact solutions of differential equations. There is
extensive literature, some of which dates back several decades, covering different
aspects of Jacobi elliptic functions [25-27] such as their derivation, interrelationships
and applications. Several researchers [28-30] have recently employed the properties of

some of these elliptic functions to determine exact solutions of differential equations.

The procedure for implementing the extended Jacobi elliptic function expansion

method is as follows:

Firstly we transform the NLPDE (1.26) to a nonlinear ordinary differential equation
(ODE) by making use of the substitution

u(t,z) =U(z), z=uz—ct. (1.32)
Using the above substitutions, (1.26) is transformed into the nonlinear ODE
EWU,—-cU U, U",—cU",U",---) = 0. (1.33)
Secondly, we assume that our solutions can be expressed in the form
M
U(z)= > AH(2), (1.34)
i=—M
where M is a positive integer obtained by the balancing procedure and
H(z) = en(z|w), (1.35)

the cosine-amplitude function, is a solution to the first-order ODE [26, 28, 30]

H'(z) = —/(1 — H2(2))(1 — w + wH?2(2)), (1.36)
and the sine amplitude function

H(z) = sn(z|w) (1.37)

12



is a solution to the first-order ODE

H'(2) = /(1 — H2(2))(1 — wH?2(2). (1.38)

The third step of our procedure entails substituting (1.34) subject to (1.36) or (1.38)
into (1.33) to obtain a polynomial in powers of H(z). Separating coefficients with

respect to like powers of H(z) yields an algebraic system of equations. These can be

solved to obtain the values of A;, ¢ =0,+1,4+2,--- + M.

1.8 Conservation laws

Consider a kth-order system of PDEs of n independent variables z = (2!, 2%, - -+ , 2")
and m dependent variables v = (u!,u?, -+ u™), which are defined as
Eo(z,u,uqy,ue) - ,um) =0, a=1--- m, (1.39)

where u(;y denotes the collection of all i-th-order partial derivatives of u. The n-tuple
vector which is given by T' = (T, T?,...,T"), T7e A, j = 1,...,n, (A is the space

of differential functions) is a conserved vector of (1.39) if 7" satisfies

DiT"|(1.39) = 0. (1.40)

1.8.1 The multiplier approach

This approach has been applied by many researchers. See for example [31-35]. A
local conservation law of a given differential system arises from a linear combination
formed by local multipliers with each differential equation in the system, where the
multipliers A, are functions of the dependent and independent variables as well as of
a finite number of derivatives with respect to the dependent variables of the system

of differential equations.

A multiplier A, (z,wu,uq,...) has the property that [12,35]

A E, = D;T" (1.41)

13



holds identically. The determining equation for the multiplier A, is

(Ao E,)

= 1.42
Jue 0 (1.42)

where ¢ /0u® is the Euler-Lagrange operator defined as
o 0 - 0
— = —1)°D,, ... D, =1,...,m. 1.43
5“’? 6’&? + ;( ) Ji Js 8U2J1 N y & ) , M ( )
Once the multipliers have been obtained from (1.42), we can determine our conserved

vectors by invoking equation (1.41) as illustrated in [35].

1.8.2 Noether’s theorem

Consider the system (1.39) that admits the infinitesimal generator

0

X= ¢ 2
503:1 ”aua

(1.44)

Suppose this system is variational, i.e., there exist a Lagrangian £ for it such that

oL

ind = 1.4
5'&0‘ 07 ( 5)

(1.39)

where §/du® is the Euler-Lagrange operator given by (1.43). Then the Noether point

symmetries of the system (1.39) are determined by solving the equation
X (L) + LDi(&) = Dy(B"), (1.46)

where B’ are the gauge terms and D; are the total derivatives. Once the Noether sym-
metries of the system (1.39) have been obtained then conservation laws corresponding

to each Noether symmetry may be obtained by explicitly using the formula [36]

TF = &L+ (n— uwé?) {&u - Z::Dml (auMJ } + Z {G = v} au o B’

(1.47)

1.9 Conclusions

In this Chapter a brief introduction to Lie symmetry methods was presented. Some

solution methods for finding exact solutions of NLPDEs were discussed. A synopsis

14



of two methods for deriving conservation laws were recalled. The material deliberated

upon in this Chapter will be utilised throughout this dissertation.

15



Chapter 2

Solutions and conservation laws
for the Burgers equation: an

illustrative example

In this Chapter we study the second-order Burgers equation. First we compute
group-invariant solutions of the equation. Thereafter conservation laws of this equa-

tion will be derived by making use of the multiplier method.

2.1 Introduction

Burgers’ equation [37], named after Johannes Martinus Burgers (1895-1981), is con-
sidered to be a fundamental partial differential equation which appears in many areas
of applied mathematics, such as fluid mechanics, nonlinear acoustics, gas dynamics

and traffic flow. In this chapter we study the Burgers equation
Up — Uy — Uyy = 0, (2.1)

which describes the motion of weak nonlinear waves in gases when dissipative ef-
fects are sufficiently small to be considered in the first approximation only. When

dissipation tends to zero, this equation gives an adequate description of waves in a

16



non-viscous medium. Here u is the dependent variable whereas t and x are indepen-

dent variables.

2.2  Solutions of Burgers equation (2.1)

2.2.1 Lie point symmetries of (2.1)

We start first by computing Lie point symmetries of the Burgers equation (2.1).
Equation (2.1) admits the one-parameter Lie group of transformations with infinites-

imal generator

0 0 0
X =7(t, x,u)a +&(t, x, u)% + n(t, x,u)a (2.2)
if and only if
X0 (up — uu, — um)|(2.1) =0. (2.3)

Using the definition of X from Chapter 1 we get

0 0 0 0 0 0
<T§ + f% + n% + Cla_w + CQan + C22 auzx> (ut — UUy — uac:c) |ut:uuw+u3¢x - Oa
which gives

—Nuy + Cl - U<2 - <22|uzz:ut—uuz = 07 (24)

where (; and ¢y are defined by (1.14) and (s is given by (1.15). Substituting the

values of (1, (s and (a2 in (2.4) we obtain the following determining equation:

e — Ny + (nu - Tt>ut - gtux - Tuu? - guutu:v — Uy — (nu - gw)uum + Ty UUy + guuui
+ TyUUz Ut — Mgz — (277xu - gxx)uz + TezUt + QTxuuxut - (nuu - 2£xu)u925 + guuui

+ Tuuutui - (nu - 2€z)uxa: + 3§uu:cua:x + TyUtUgy + (2uxt7_z + Tuux)|uzm:ut—uuz - O
Now replacing wu,, by u; — uu, in the above equation we obtain

77t - nux + (nu - Tt)ut - gux - Tuu? - guutux - U77x - (nu - gx)uux + TLUU + fxuui
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+ Tuuutui — Ny (U — uug) 4 2(uy — uty)&y + 3wy (uy — g )&y + w(uy — g )Ty

+ 22U Ty + Ty = 0.

Since the functions 7, & and 7 depend only on ¢, x and v and are independent of the
derivatives of u, we can then split the above equation on the derivatives of u and

obtain

To = 0,

Tu = 0,

(2.5)
(2.6)
(2.7)
Nuw = 0, (2.8)
2£x — Ty = Oa ( )
Ne — Nz — Ny = 0. (211)
Equations (2.5) and (2.6) imply that

T = B(t), (2.12)

where B(t) is an arbitrary function of t. From (2.7) we get
§=Alt,z), (2.13)
where A(t,x) is an arbitrary function of ¢ and z. Integrating equation (2.8) we get

n=D(t,x)u+ E(t,z),

where D(t,x) and E(t,x) are arbitrary functions of ¢ and x. Substituting the values

of £ and 7 into equation (2.10), we obtain
Ayo — Du—E — A, — Ayu — 2D, = 0. (2.14)
Splitting equation (2.14) on powers u yields

u : D+A, =0, (2.15)
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uw . Ay —FE— A —2D,=0. (2.16)
Now substituting the value of 7 into equation (2.11) we get
Do+ E, — Dyu® — Eju — Dyyu — Eyp = 0.

Splitting the above equation on powers of u yields

w? : D, =0, (2.17)
u : Di—FE,— D, =0, (2.18)
u . B — B, =0. (2.19)

From (2.17) we have D = D(t). Thus from equation (2.15) we have A, = —D(?),

which on integration gives
A=—-D(t)x+ F(t), (2.20)

where F(t) is an arbitrary function of . From equations (2.16) and (2.18), we obtain

respectively
Ay=—-E and E,=D'(t). (2.21)
Now integrating the second equation with respect to x we obtain
E=D'(t)x+ G(t), (2.22)

where G(t) is an arbitrary function of ¢. Substituting the above value of E into

equation (2.19) we get
D"(t)x + G'(t) = 0. (2.23)

Splitting equation (2.23) on z we have

r : D"(t)=0, (2.24)
2° o G'(t)=0. (2.25)

Therefore
D(t) = Cit + Cy (2.26)
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and G(t) = Cs,

(2.27)

where C, Cy and Cj are arbitrary constants, and so from equation (2.22) we have

FE = Cll' + 03.
The first equation of (2.21) simplifies to

At == —C’lx - 03.

Now substituting equations (2.20) and (2.26) into (2.9), we have

B, = —204t — 2C,.

Integrating the above equation with respect to t we get

B = —Cyt* — 205t + C4,

where Cy is an arbitrary constant. Hence 7 = —Ct? — 205t + Cy

(2.20) we have
Ay =—=D'(t)x + F'(1).

This means that

Ay = —Chz + F'(1).
Finally equations (2.29) and (2.32) imply that

—Cix — Cy = —Chz + F'(t),

which gives F'(t) = —Cj. Integrating yields

F(t) = —Cst + Cs,
where C'5 is an arbitrary constant. Thus we obtain

T = —C1t? — 205t + Oy,

52 —CltLL’—CQLL’—C3t+C5,

20

(2.28)

(2.29)

(2.30)

. Using equation

(2.31)

(2.32)

(2.33)

(2.34)



Hence the Lie point symmetries of the Burgers equation (2.1) are

Xl—%,

N

2=t T Bu

K=l el 0

X5 = t2§ +tx% — (x +tu)%.

2.2.2 Commutator table for the symmetries of (2.1)

We now calculate the commutation relations for all the symmetry generators obtained

above. Firstly we compute [ X5, X;5]. By the definition of Lie bracket we have

[Xo, X5] = Xo X5 — X5X5

= Q(ﬁg + taz:3 — (z + tu)£> — (t22 + txg —(z+ tu)g) 9
Jr \ Ot Ox ou ot Oz ou ) Oz
_;9_9
Jr Ou
= Xs.

Likewise, one can compute all the remaining commutation relations using the above

procedure. The table below shows the commutation relations in table form.

XL X)) X | Xe | Xs| X4 | X
X, 0 0 | X2 22Xy | Xy
Xy 0 0 0 Xy | X3
X3 — X5 0 0 |—X3] O
Xy —2X, | =X | X3 0 X5
X5 Xy | —X3] 0 | —=X510
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2.2.3 One-parameter groups of (2.1)

We now employ the Lie equations

dt _

% = T(t,f,ﬂ), t|a:0 = t,
dz _

- = t,T,u T|a=0 = 5
da 5( 71.7“)7 .I" 0 T
W@z,

— = T, 1), Ulg—o = u,
da n, r, ) 0

to compute the one-parameter group of transformations. For each X;, let T, be
the corresponding group. We first compute one-parameter group corresponding to

infinitesimal generator X, namely

0 0 0
X, =2t— — —Uu—.
TS T s T Yo
Using Lie equations, we have
dt o7 ] dr 2 du
- a= _:x7xa: :x, _:_u7u =Uu.
da 0= da 0 da =0

Solving the above equations we obtain

Thus the one-parameter group 7, corresponding to the operator X, is given by

éﬂ
=
&
S

— (te*™ xe™ ue ™).

If we continue in the same manner as above, we get the following one-parameter

groups for the remaining operators:

To : (Z,t,0) — (t+ a1, z,u),

Toy : (t,z,0) — (t,x + ag,u),

To, : (t,7,0) — (t, 2 + ast,u + a3),

Tog + (L7,0) — (1 —ta5t’ 1 —wag,t’ 1 —uag,t)'
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2.2.4 Constructing group-invariant solutions of (2.1)

Given a Lie point symmetry

0 0 0
X =7(t, x,u)a +&(t, x, u)% + n(t, x,u)% (2.35)

of the Burgers equation (2.1), the group-invariant solutions under the one-parameter
group generated by X are obtained as follows: We calculate two linearly independent

mvariants

Jl = ¢(t,$), J2 = w(t7$)

by solving the first-order quasi-linear PDE

XJ= T(t,x,u)% +§(t,$,u)g—i + n(t,x,u)g—i =0.

Then we write one invariant as a fuction of the other, e.g.,
Jr = f(J1) (2.36)

and solve (2.36) for u. Finally, the expression of u is substituted into equation (2.1)
and this yields an ODE for the unknown function f. This procedure reduces the

number of independent variables by one.

We now use the above method to construct group-invariant solutions of the Burgers
equation (2.1). Since the Burgers equation has five symmetries this means we are
going to have five cases.

Case 1. We firstly consider the symmetry operator

0

X, = —.
Y

(2.37)

The characteristic equations assosiated with the operator (2.37) are

dt B dr du

10 0’

which gives two invariants

Ji =z and Jy = u.
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Thus the group-invariant solution is given by Jo = f(J;). This implies that u = f(x),
where f is an arbitrary function. Substituting this value of u into (2.1) we obtain

the second-order ordinary differential equation (ODE)
f'(@) + f(a)f'(x) =0,
whose solution is given by
1
f(z) = Acoth (§Ax + B),

where A and B are arbitrary constants of integration. Thus the group-invariant

solution of (2.1) under X is
1
u(t,z) = Acoth <§A:U + B).

Case 2. Next we consider the symmetry operator

0

Xy = —
7 or

and obtain a group-invariant solution under X,. The characteristic equations asso-

ciated with this operator are

Thus we get the following two invariants:
Ji=t, and J, = u.

Hence the group-invariant solution can be written as Jo = 1(J1), that is u = ¥(t),
where 1 is an arbitrary function. By differentiating v with respect to x and ¢, we

get
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which on integration gives 1(t) = C}, where C} is an arbitrary constant. Thus the
group-invariant solution for (2.1) under X, is u(t, z) = C}.

Case 3. We now consider the Lie point symmetry
Xyg=t—— —. (2.38)

The characteristic equations for (2.38) are

dt dz du

0t -1
which yield the two invariants J; = t and J, = u + z/t. Consequently, the group-

invariant solution of (2.1) under X3 is Jo = ¢(J;), where ¢ is an arbitrary function.

This implies that

X

u(t,z) = o(t) — T (2.39)

Differentiating (2.39) with respect to x and ¢t we get

T

1
2 Uy = — and  u,, = 0. (2.40)

Uy = Cbl +
Subtituting (2.40) into (2.1) yields a first-order ODE
1
d)/ + %Qﬁ = 07

which is a first-order variables separable ordinary differential equation whose solution

18

o(t) =

Y

¢
t

where C'is an arbitrary constant. Hence the group-invariant solution of (2.1) under

X3 is given by

(2.41)

Case 4. We consider the symmetry operator

0 0 0
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The assosiated characteristic equations to X, are

dt dr  du
o x  —u
The equations
dt dx dt du
o - == 2.42
2t x and 2t —u’ ( )

respectively, yield the two invariants J; = z/ Vt and Jy = v/tu. Hence the group-

invariant solution is given by Jo = f(J;), where f is an arbitrary function. This

implies
Wt z) = ), A= - (2.43)
) - \/g ) - \/7—5 .
Substituting this value of u into (2.1) we obtain
1
A LF S0P+ ) =0 (2.4
Equations (2.44) can also be written as
AV 1 2\/ 1 /
(FY + 57 + 5O) =0 (2.45)
and integrating it once gives
, o1, 1
f—i—§f +§)\f:C, (2.46)

where C' is an arbitrary constant of integration. Here if C' = 0, (2.46) reduces to a
Bernoulli’s equation for f and when solved we obtain
2 e
f) =—= {—] (2.47)
VT A+erf (3)

where A is an arbitrary constant and

2 [ .
erf(z):ﬁ/o e ¥ds (2.48)

is the error function. Thus the group-invariant solution for (2.1) under X} is

;902
e 4t

2
vVt \ At erf (fﬁ)

u(t,z) =

(2.49)
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Case 5. Finally we consider the symmetry operator

0 0 0
Xy =22 4t — g
5 tat+:vta$ (x+tu)au,

whose characteristic equations are

dt B dx du

2wt —(x+tu)
From
& _ e
2 at
we get the first invariant as J; = x/t. Now from

dx du

2 —(x+tu)
we obtain the second invariant as Jo» = x + ut. Hence the group-invariant solution is

given by Jy = f(J1), where f is an arbitrary function. This implies

u(t,z) = %f(%) -2

Substituting the above value of u into (2.1) gives

"+ 11 =o. (2.50)

Solving (2.50) we get

f (%) = Acoth{% +B},

where A and B are arbitrary constants. Thus the group-invariant solutions of (2.1)

under X5 is

A A
u(t,z) = 7c0th{2—tx —i—B} - %

2.3 Conservation laws of the Burgers equation

In this section we employ the multiplier method to derive the conservation laws of
the Burgers equation (2.1). From (1.43), we get Euler-Lagrange operator as

) 0 0 0 0
—=——-D,— —D D?
ou  Ou You, Oy + T Uy

(2.51)
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We look for the zeroth-order multiplier A = A(¢, x,u). The determining equation for
the multiplier is given by

% [A(t, z,u) {us — utly — Uz }] = 0. (2.52)
Expanding equation (2.52) gives
Ay (g — Utly — Upe) — Dy(A) — Aug + Dy (ul) — D2(A) = 0. (2.53)
Applying the total derivatives (1.4) to equation (2.53) gives
Ay — Atige — Ay + Mg — Ay — 2A 5ty — Au® = 0.

Splitting the above equation on the derivatives of u we obtain

Upe © Ay =0, (2.54)
u? 0 Ay =0, (2.55)
Uy 0 Ngy =0, (2.56)

rest : ulA, — A — Ay, +A,=0. (2.57)

Equations (2.55) and (2.56) are already satisfied by equation (2.54), thus integrating
(2.54) gives

A= A(t,z), (2.58)

where A(t,x) is an arbitrary function of ¢ and x. Now substituting this value of A

into equation (2.57) we get
Aju— Ay — Ay = 0.

Since A is independent of u therefore we can split the above equation on powers of

u and get

u : A, =0, (2.59)
w o A+ A, =0. (2.60)
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Equation (2.59) implies that A = A(¢). Thus substituting this value of A into

equation (2.60) we get
A'(t) = 0. (2.61)

Integrating equation (2.61) gives A(t) = C}, where (] is an arbitrary constant of
integration. Thus our multiplier is given by A = ;. A multiplier A for Burgers

equation (2.1) has the property that
A(up — utty — Uge) = DT + D,T7, (2.62)

where T" = T*(t, z,u,u,) and T% = T*(t, z,u, u,). Here since our multiplier A = (1,

we take C} = 1 and solve equation (2.62). Expanding equation (2.62) we have
Up — Uy — Upy = Ttt + Tﬁut + zjum + T+ Tiue + Ty Uge.

Splitting the above equation on second derivatives of u we obtain

uy o T. =0, (2.63)
Uge : TO =—1, (2.64)
Rest @ w —uuy = T} + Tow + TF + Thu,. (2.65)

Equation (2.63) implies that
T = A(t,z,u),
where A is an arbitrary function of its arguments. From equation (2.64) we get
T% = —u, + B(t,z,u),

where B is an arbitrary function of its arguments. Substituting the above values of

T* and T” into equation (2.65) we get
uy — uty = Ay + Ayuy + By + Byuug (2.66)
Splitting equation (2.66) on derivatives of u yieds

u A, =1, (2.67)
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Uy 1By, = —u, (2.68)

rest :A; + B, = 0. (2.69)
Equation (2.67) implies that

A=u+C(tx),
where C' is an arbitrary function of ¢ and z. Equation (2.68) gives

1
B = —5’&2 + D(t, .Z'),

where D is an arbitrary function of its arguments. Substituting the values of A and
B into equation (2.69) gives C; + D, = 0, thus we take C' and D as zero because
they contribute to the trivial part of the conservation law. Thus the conservation

law of the Burgers equation (2.1) is given by

T' = u,

T = —u, — —u”.

2.4 Concluding remarks

In this chapter we presented an illustration of what this research project will be about
by constructing Lie point symmetries of the second-order Burgers equation (2.1).
We then used the obtained symmetries to find group-invariant solutions. Finally

conservation laws of this equation were derived using the multiplier approach.
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Chapter 3

Solutions and conservation laws of

the equal-width equation

In this chapter we study a third-order equal-width equation by first computing its
Lie point symmetries and then performing symmetry reductions. Exact solutions are
obtained using Kudryashov’s and extended Jacobi elliptic expansion methods. Fur-
thermore conservation laws for this equation will be derived using both the multiplier

and Noether’s methods.

3.1 Introduction

An equal-width equation is given by
up + 20Uty — B, =0, a#0, B#0, (3.1)

where « is the nonlinearity parameter and S is the dispersion parameter. This
equation was first introduced by Morrison et al. [38] and is used as a model equation
that describes nonlinear dispersive waves, e.g., waves generated in a shallow water
channel. Several methods have been used to derive solutions of this equation, for
instance the authors in [39] used a Petrov-Galerkin method using quadratic B-spline

finite element. In [41] the authors used least-squares technique to construct numerical
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solutions of this equation.

3.2 Solutions of the equal-width equation (3.1)

In this section we present Lie point symmetries, optimal systems and symmetry
reductions of equation (3.1). Moreover we obtain travelling wave solution of (3.1) by

employing extended Jacobi elliptic expansion and Kudryashov’s method.

3.2.1 Lie point symmetries of (3.1)

Here we construct Lie point symmetries for the equal-width equation (3.1). The

vector field (1.20) for this equation (3.1) is written as

0 0 0
X =7(t, x,u)a +&(t, x, u)ﬁ_x +n(t, z, u)% (3.2)
We recall that (3.2) is a Lie point symmetry of (3.1) if
X[?’}F]F:o =0, (3.3)
where
F = v + 2auu, — Bugy, = 0.
Here X" is the third prolongation [12] of (3.2) defined by
0 0
xB) _ 3.4
autm:p ( )

and (1, (o and (y92 are determined as follows:

G = Di(n) — urDi(7) — uz Di(§),

G = D.(n) —uDy(7) — uy Do (),
G2 = Dx(Cl) — Uy Dy ( ) UtacDx(f),
Cia2 = Dm(Cu) Utte Dy (7') - Utsz(@a
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where the total derivatives D, and D, are given by

0 0 0 0

D, = — il - e—
Y + utau + et Ouy T+ Oy +
D 0 + 0 + 0 + 0 +
ox ou t@ut Ou,

From equation (3.3) we obtain

0 0 0 0 0
T + 5% + Urw + Cla—ut + (2 Du. + Ci22 aut:ca:] <Ut + 20uu, — ﬁutm> ‘(3.1) =0,

which on expansion gives

G + 20uCs + 20u,m — BCiag

(3.1) -

Subtitution of values of (i, (s and (322 in the above equation gives

T = Wilhy — UgTy — Uy Ty — Uy — Ula + 200), + 200,70, — 20047y — 200Uy Ty,
- 2aux€w - 20‘“;23611 + 20‘“3077 - 5 [ntmx - 4utxutux7_uu - 3uazwutu$§uu — Uz Utgr Ty
_3uxurz§tu - 3U/tmu§£uu - 2utmux7_tu - Sutazuxa:é'u - 2utut:cm7—u — UptUgz Ty
_4utzut7—:pu — Ut Up Ty — Qutuzzéxu — UtUgz Ty + utu:mcnuu + utu:pnwuu _'_ utuinuuu
+u3;77tuu - utxgxx — Utz Ty — U/x:c:r:gx - Qut:tha: - QU?xTuua}mcgt - 2uxz€tw — Utz Tx
+2ut:cnccu — Utz Ty + UtzxTu + UgzMtw — Uit Toe — WitTige — ungxu - uxftxa: - uthfx
_2ui§tmu - utuié—uuu - u?umeuu - 4Uwutz£mu - utumxxgu - 2uxutmx£u + 2uwutr7]uu
_2uttu:):7—:pu - uttuiTuu - u:puxmxgu - 2utui§:puu - utu:pgzxu + utnx:ru + 2ux77txu

3 2,2 2 2
_uxgtuu = Up Uy Ty — 2ut Uz Truu — Uty Ty — 2utux7—txu:| ’(3.1) = 0.

Replacing ., by %(ut + 20w, ) in the above equation yields

Mt — UNy — UtTy — U?Tu — Uzt — WUz &y + 200Uy 1)y — 2004, — 200U, T, — 2006,
— 2038, + 201 + 200, — Bl A 4B UL Ty + 3Bttt + Bilgtiiea T,

+ 3BupUprn, + 3ﬁutzui£uu + 28U Uy Ty + 3BUUz2Eu + 28Ul Ty + BUpnlza Ty
+ 4B U U T, + Pl e Ty + 28Uy + BUiUaaTrw — BUiUeauu — BUtUeruu

— Bt uuu — BUNun + Bitebas + BliteaTe + Basae + 2BUaTie + 20U5, Tullzess

+ 26uazw£tw + ﬂutme - QBUtxnxu + ﬁutmﬂ-t - Butmmnu - ﬂuxrntu + Butthr + 6ut7—tmm
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+ BUi T + Btz + Butreee + 283 Eren + Burtiaun + U U T + 4BUstteEru
+ UpUpra€u + 2BUpUigr &y — 2BUgUta Ny + 28U Uy Tyy + ﬁuttuiTuu + Bugtzray

+ 2Bt g + BUirtio€azy — BUiNozu — 28UaNtzu + BuiEun + BUUL Ty

+ 28U Uy Touy + BUNUETruy + 28Uty Tiey = 0.

Splitting the above equation on derivatives of u gives the following over determined

system of linear partial differential equations:

7, = 0, (3.5)

7. =0, (3.6)

& =0, (3.7)

Nuw = 0, (3.8)

£ — & =0, (3.9)

§e — BNz = 0, (3.10)

2810 — M = 0, (3.11)

aw — 2Meu = 0, (3.12)

20 + 20ty + Bar — & — 200iau = 0, (3.13)
N — Bies + 20un, = 0. (3.14)

Equations (3.5) and (3.6) imply that
T = A(t), (3.15)
where A(t) is an arbitrary function of ¢. Integrating equation (3.7) gives
¢ = B(t,z), (3.16)
where B(t, ) is an arbitrary function of ¢ and . Solving equation (3.8) yields
n=C(t,x)u+ D(t, z),

where C(t,z) and D(t,z) are arbitrary functions of ¢ and x. Subtituting the above

values of 7, £ and 7 into equation (3.13) we get

200(t, x)u + 2aD(t, x) + 2aA'(t)u + BBs(t, x) — Bi(t, ) — 28C,(t, x) = 0(3.17)
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Splitting equation (3.17) on u gives

w ot Ctx)+ Al(t) =0,

UO . QO[D ‘I— ﬂthI — Bt — 2/8Ct$ = O
From equation (3.18) we see that C'(t,x) = —A’(t) and this means that
n=—A(t)u+ D(t, ).

Subtituting the values of 7 and 7 into equation (3.10) we get

which implies that B = B(t), hence

¢ = B(1).

(3.18)
(3.19)

(3.20)

From (3.9) we get B'(t) = 0. This gives B(t) = C}, where C} is an arbitrary constant

of integration. Thus

§=Ch.
Equation (3.19) now simplifies to
D(t,x) =0.
Hence
n=—A(t)u.
Equation (3.11) gives
A"(t) =0,

which on integration yields
A(t) = Cot + Cs,
where Cy and ('3 are arbitrary constants of integration. Thus

T = Cgt+03,
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52017

n= —Czu.

It can easily be verified that equations (3.12) and (3.14) are safisfied by the above

values of 7, £, and 1. Hence equation (3.1) has the following three Lie point symmetry

generators:
0
X4 o
0
Xy pe
0 0

We note that the first two symmetries represent translations in ¢ and x respectively,

whereas the third decribes a scaling symmetry.

3.2.2 Optimal system of (3.1)

In this section we construct an optimal system of one-dimensional subalgebras. The
table of commutators of the Lie point symmetries for (3.1) and the adjoint represen-
tations of the symmetry group of (3.1) on its Lie algebra are presented in Table 1
and Table 2, respectively. Consequently, Table 1 and Table 2 are used to compute

an optimal system of one-dimensional subalgebras for equation (3.1).

Table 1. Lie brackets for equation (3.1)

(X, X; ] Xi | Xo| X3
X1 0 0 | Xy
Xo 0 010
X3 -X:1| 0] 0

The entries of the adjoint representation are computed as follows:

52

Ad(exp(eX;))X; = X; —e[X;, Xj] + E[Xz (X, X5]) = -+
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Letting « = 1 and j = 1 by definition

i
2
this implies that Ad(exp(eX3))Xs = Xo, Ad(exp(eX3))X3 = X3. Computing

Ad(exp(eX1)) X3, we obtain

Ad(exp(e X)) X1 = X1 — e[ Xy, Xu] + —[X, [X1, X1]] — - = X4,

e
2

82
= X5 —eXi+ 5 (0) =

Ad(exp(e X)) X3 = X3 — e[ X1, X3] + —[ X1, [ X1, X5]] — -+

= X3 - EXl.

Similarly

2
£
Ad(exp(eX3)) X1 = X1 — e[ X3, Xi] + 5 [Xs, [Xs, Xu]] - -

2
e
:X1+€X1+5[X3,—X1]—"',
52
:X1+€X1—5X1—"'

= €€X1.

Table 2. Adjoint representation of subalgebras

Ad| X, | X, X
X | X0 | X | —eXi+ Xs
Xo | X1 | X X
Xs | e X, | Xo X

Thus following [12] and utilising Tables 1 and 2 we can obtain an optimal system of

one-dimensional subalgebras, which is given by {Xs, X3 + a Xy, X; + ¢X5}, where ¢

and a are arbitrary constants.

3.2.3 Symmetry reductions and solutions

We now utilise the optimal system of one-dimensional subalgebras obtained above in

the previous subsection and find symmetry reductions and group-invariant solutions

for equation (3.1).
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Case 1. We start with the operator X5. This operator has the invariants
Jl == t, J2 =Uu.

Thus its group-invariant solution is given by u = ¢(t). Subtituting this value into
equation (3.1) yields ¢'(¢) = 0, whose solution is ¢(t) = Cy, where C is an arbitrary
constant of integration. Hence the group-invariant solution corresponding to this

operator is given by

u(t,x) = Ch.

Case 2. We consider the operator X3 + aX5. This operator has the characteristic

equations

dt dx_d_u

t a  —u
The above characteristic equations gives the invariants J; = x — aln(t) and Jy = tu.

This has the group-invariant solution
1
u = gF(x —aln(t)). (3.21)
Substituting the above into (3.1) yields

afF" (2) + BF"(2) + 2aF (2)F'(z) — aF'(2) — F(2) =0, where z=2x—aln(t).

Case 3. For the operator X; + cX5 of the optimal system, we get two invariants
E=x—ct and U = u, (3.22)

which give the group-invariant solution U = U(§). Using £ as our new indepen-
dent variable, equation (3.1) is transformed into the nonlinear ordinary differential
equation (ODE)

AU () + 2aU(E)U'(E) — e (€) = 0. (3.23)

W now solve equation (3.23) by using two methods; namely Kudryashov’s and the

extended Jacobi elliptic function expansion method.
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Solution of (3.23) using Kudryashov’s method

Here we note that (3.22) represent the travelling wave variables, thus we solve equa-
tion (3.23) using Kudryashov’s technique which has been fully outlined in Chapter
one. To utilize Kudryashov’s method we begin by assuming the solution of equation

(3.23) to be of the form

U(z) = i B (2), (3.24)
where ¢ (z) satisfies the Riccati equationzo
U'(2) = *(2) — ¥(2), (3.25)
whose solution is
¥(2) = 5 j et (3.26)

From the balancing we get M = 2, thus the solution (3.24) can be written as
U(z) = By + B1t(2) + Ba*(2). (3.27)

Substituting the value of U(z) from equation (3.27) into equation (3.23) and using
(3.25) we obtain the following equation in (z):

20 By B11?(2) — 2aByB1v(2) + 4aByBy®(2) — 4aByBy*(2) + 2a B33 (2)

+ 6aB; Byt (2) — 6By Botp® (2) + 4aB3vy°(2) — 2aB3y*(2) — eBy?(2)

+ B (2) — 2¢Botp®(2) + 2¢Botp?(2) + 68cB1y* (2) — 12BeBy? (2)

+ 7BeB1*(2) — BeBii(2) + 24BcBy)®(2) — 54BcBath*(2)

+ 38B¢cByy®(2) — 8BcBiy*(z) = 0. (3.28)

Splitting equation (3.28) on powers of 1) gives

V°(2) : 4aBj +24BcBy =0, (3.29)
Y*(2) 1 6aB;By — 4aB3 + 63cB; — 548¢By = 0, (3.30)
V3(2) 1 4aByBy — 2¢By + 2aB} — 6aBy By — 12 B¢B; + 388¢By = 0, (3.31)
V?(2) : 2¢By — ¢By + 2aByBy — 4aByBy — 2aB? + 73cB; — 8fcBy =0,  (3.32)
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w(Z) . CB1 — QQBoBl — ﬁCBl =0. (333)

Solving equation (3.29) we get

_6pe
-

B2:

Assuming B; # 0, equation (3.33) implies that

Bozi—@
200 2«

Substituting the above obtained value of Bs into equation (3.30) and solving for B;

we get

6

«

B,

Equations (3.31) and (3.32) are satisfied by the above values of By, By and By. Thus

the solution is obtained as

p oy & Be 66c _ 6fc
T =50 20 T allr e — ) a(l 4o (e - )

Solutions of (3.23) using extended Jacobi elliptic function expansion method

We now use the extended Jacobi elliptic function expansion method [40] to obtain

exact solutions of (3.23).

We assume that the solutions of the third-order NLODE (3.23) can be expressed in

the form

() = > AHE)" (3.34)

where M is a positive integer obtained by the balancing procedure. Here H(§)
satisfies the first-order ODE

H'(€) = /(1 = H2(§))(1 — w + wH?(€)) (3.35)

or

H'(&) = /(1= H2(&)(1 — wH?(€)). (3.36)
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We recall that

H(S) = en(§lw), (3.37)

the Jacobi cosine-amplitude function, is a solution to (3.35), whereas the Jacobi

sine-amplitude function

H(¢) = sn(|w) (3.38)

is a solution to (3.36). Here w is a parameter such that 0 < w <1 [26,27].

We note that when w — 1, then en(§|w) — sech(€) and sn({|w) — tanh(&). Also,

when w — 0, then cn(&|w) — cos(€) and sn(&|lw) — sin(§).

Cnoidal wave solutions

Considering the NLODE (3.23), the balancing procedure yields M = 2, thus (3.34)
is
U(§) = Ao H72(§) + At HTH(E) + Ao + ALH () + A2 H?(€). (3.39)

We now substitute the value of U from (3.39) into (3.23) and utilise (3.35) to obtain

4H(E oAy —48Bcw Ay —dawA > +2H(E)Pa A)> —4 H(6)Pa Ay?
—2H f CA2 (5)70141 -2 H(g)GOZ A12 + 2 H(g)GCAQ + H(§)5CA_1 + H(€)5CA1

§

)®

VA2 +2H(E) Ay — H(E)PcA_y —4H(E)a A +2H(6)*a A_,?
—2H(E)* A, +8H(E)* aw A yAg + 12 H(E)Paw A 2A | —2H(E)3aw A, A,

)

(
— 2 H(
(

—2H()PawA 1Ay —4H(E) awA 3Ag +6H (§)Bew? A1 —6H () awA oA

—12H () BewA 1 +6 H(EMaw A1 Ay +4H(E)Paw Agdy +2 H(E) aw A A,y
)

—2H f 706(.&114,1140 —4H 6)70[&)14,1142 — 4H(£)7OZUJA0A1 -+ 6H<€)7OZUJA1A2
)

)
) (
awA ,Ag+4H(E) aw AgAy — 6 H(E)’aw A gA | +4H(E) aw A 44,
PawA 1 Ag+2H(E) P awA 1Ay + 2 H(E)Paw AgA; + 24 BcA

)
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+2H ()Y awA? —8H(E)awA? —2H(E)Pcw Ay + 6 H(E) a Ay Ay — H(€)cw Ay

—4H(E)PawA+4H(E)Paw A2+ 4 H(E)Ba AgAy + 4 H(E)3cw Ay + 2 H(E) a0 A_1 Ay

+2H(E) aAgA — 6 H(E) aAjAy + H(E) ' ecw A +2H(E) cw Ay — 2H(E) awA_?

+2H(E) awA? —4H(E) aAgAy +2H(E)cw Ay — 2 H(E) cw Ay — 2 (H (€))° e A_y Ay

—2H(6)aA 1Ay —2H (6 aA 1Ay —2H(€)°a AgA; — 2 H(E)’cw Ay — H(€)%cw Ay

—4H(E) ' awA S+ 4HE) awA 2 —4HEOa A A0 —4H(E) cw A,

+2H(E aA A +2H(E)PaA Ay + H(EPcw A, +8H(E) aw A_y?

—2H(E) 0w AP+ 4HE) 0 A Ag+4a A2 —8 (H(£) Bedy — H(E) B A,
H(E)BeA +H(E)BeA +8H(E)'BeA o —TH(E) feA —32H(E)*SeA s

— TH(E) B ew Ay = 56 H(£)* cw? Az + 56 H(E) B ew Ay — 2 (H (€)' Bew’ Ay

—10H (&) Bew? Ay + H(E) Bew A1 +10H(E) Bew Ay — 16 H(E) B cw? A,

+16 H(E) B cw? Ay + 8 H(E)°Bew Ay — 24 H(€)®Bew Ay + 10 H(€)°B cw® A

+2H(E)°Bew? A —10H(E)°Bew Ay =3 H(E)*Bew Ay + 56 H(E)'ew® Ay

— 56 H(E) Bew A o —14H(E)*Bew A1 + 21 H(E)*Bew Ay — 64 H(€)*Bcw® A,

+96 H(E)*Bcw A_y — 24 H(E)2B cw? Ay — 6 H(E)M' B cw? Ay + 64 H(E)'B cw? A,

—32H(&)"Bew Ay + 14 H(E)?Bcw? Ay + 8 H(E)°BcAys —6 H(E)’a A A = 0.

The above equation can be separated on like powers of H () to obtain the overde-

termined system of thirteen algebraic equations

aw A2 — 66 cw?Ay =0,

awA;Ay — Bew?A; =0,

68cw?A_s— awA > —128cwA s+ aA 2 +68cA_5 =0,

Bew?A 1 — awA A 1 —2BcwA 1+ aAA 1+ BcA_; =0,

328 cw?As + 20w AgAs + awA? —dawAy® —16Bcw Ay +2a Ay? — cw Ay = 0,
146 cw?A1 +2awA 1As + 20w AgA; — 120w A1 Ay — TR cw Ay +6a A A,
—w A1 =0,

28 cw?A_ s —2awA 2 +4awA s A)+2aw A2 —28Bcw Ay —2a A5 A,
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— @A 2+ 4B8cA 5 —2cw A 5+ cA_, =0,

doawA_5? =32 cw’A s —20wA 2A)— awA_ > +48Bcw Ay —2a A_y?
+2aA 3Ag+ aA P —16BcA o+ cwA_y— cA_o =0,

aA?—28Bcw?ls —dawAgAy — 20w A2+ 20w Ar? + 28 Bew Ay + 2 Ap A,

— 20 A —46cAy+2cw Ay — cAy =0,

21 cw A —14Bcw?A_1 +12aw A A | —2awA A1 —2awA_1 Ay

— 6 A A 1 +20A A +20 A1 Ay —TPBCcA1+cwA_1 —cA_1 =0,

awA? =8B cw?A s+ 8Bcw?Ay —2aw A sA)— awA_ 12 +2aw AyA,
+4BcwA s —12Bcw Ay — 20 AgAy — a A2+ 48 cAy+ cwA_s — cw Ay + cAy =0,
BewA 1 —2Bcw?A_1 —10Bcw?A; —2awA A —2awA 1A —dawA_1 A,
—dawAgA1 +6awA1As +10B8cw A1 +2a A_1As+ 200 AgA1 — 6 A1 Ay — B Ay
+cwA 1 +2cw A —cA =0,

108 cw?A_; +2B8cw?A; —6awA A 1 +4dawA A +4awA 1Ay +2awA_1 A,
+2awAgA; —10Bcw A1 —3PBcw A1 —20 A A — 20 A_1Ag— 20 A_1 A,

— 20 AgA1+BcA_1+PcA —2cw A1 —cw Ay + cA_i + cA; = 0.

Solving the above system we get two cases, namely

Case 1
8 —45 -1 6
A,QIO, A,1:0, AOZ—C( ﬂw 6 ), A1:O,A2: 600} (340)
2x Qo
Case 2
—1 —45 -1
A, o= e@fw—d4i-1)
I} 2
A =0, Ay= 65;“. (3.41)

Consequently we obtain two cnoidal wave solutions of the equal-width equation (3.1)

as
) = SOEATZB0D) | B0 i e
and
u(t,z) = 660(: — 1)nC2 (€ ) — c(86w2—a45— 1) N GBacwCHQ (€ )
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with 0 <w < 1.

Snoidal wave solutions

In this subsection we obtain snoidal wave solutions for the equation (3.1). We recall
that the balancing procedure yields M = 2, thus substituting the value of U from
(3.39) into (3.23) and making use of (3.36) we obtain the determining equation

H(&)3BcAs + H ()" BcAr —8H (§)° BeAy — H (€)” BeA s — H(E) B cAy
—S8H()'BeA o+ TH(E)PBeA 1 +32H(E)?BcA o +4H(E) awA y?
—4H(E)?aA A —6H (§)aA Ay —6H (&) BcA_ +4H(E)Paw Ay?
+2H O awA?—4H (Y awA?—2H ()" cw Ay —6H (£)” a A1 A,
—H () wA —2H () awA? —4H ()P aAgAs + 2 H (6)° cw Ay
—2H (&) A1 Ay —2H (&) a AgAy + 6 H (6) a0 AjAy + H (&) cw A4
+HE) wA —2H () awA 2 +4H () aAgAy+2H (6)° cw A,
+2H () A A +2H ()’ A1 Ag+2H (6’ a A_ 1Ay + 2 H (6)° a Ag Ay
—HE)  wA —4HE)  awA L2+ 2H () awA P +4H(E) a AL A
—2H(O)*'cw Ay + 6 H(EPaAyA_| —2H(EPaA_yAl —2H(E) aA_1Ag—4a A_y?
—4H(EYaA2H(EPa A2 +4H(E)Ba A2 + 2H(E)8cAy + H(€)cA,
+2H (&) aA22H (6)°cAy— H(€)’cA_y — H(E) cAy + 2 H(E) aw A_,?

—2H(E) A, + HEPcA L +4H ()P aA 2 —2H () a A2+ 2H (€)°cA,
+6H ()" awAiAy +4H () awAgdy +2H(E) awA_1 Ay + 2 H(E) avw AgAy
—6H(&)aw A Ay — 4 H(E)PawAgAy —2H(E) awA A —2H (6) awA_1 Ay
—2H (&) awA_ 1Ay —2H (&) awAgA; — 4 H(E)Saw Ay Ay — 6 H(E)’awA_,A_,
+2H(EPawA A +2H(E) awA Ao+ 4 H(E) aw A Ay +6H (£ awA_ A,
—24BcA_o+H(E) Bew?A+H(E) Bew AL +8H(E) Bew Ay +8H(E) B cw?A_y
+8H(E) BewA o —8H(E) Bew Ay — H(E)Bew® Ay —8H(E) Bew Ay
—8H(E)*'Bew? Ay —40H(E)* Bew Ay + TH(E)Bew A_y +32H(E)*Bew Ay

+24 H(E)PBew? Ay + 6 H(E)M B ew? Ay — 32 H(E)'B cw® Ay — 32 H(€) B cw Ay
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—TH()Bew A —TH(E)Bew Ay + 8 H(E)3B cw Ay +40 H (5)86&1 Ay
+H (&) Bew? Ay — H(E)PBew Ay =0,

which splits into thirteen algebraic equations

aA_5? 4+ 66cA_5 =0,

68cw? Ay + awAy? = 0,

aA_A_1+ BcA_1 =0,

Bew? Ay 4+ awA Ay = 0,

20wA_o% + 16cwA_o + 200A_5% — 20A_3A) — aA_{?

+168cA_gs +cA_5 =0,

20wAgAy — 16cw? Ay + awA? — 20w As* — 168cwAs — 20045% — cwAy = 0,
6awA_sA_1 + TPcwA_1 + 6aA_sA_1 —20A_5 A1 — 20A_1Ag + TBcA_1 +cA_1 =0,
20wA_1 Ay — TBcw? Ay 4 20w Ap A — 6awA; Ay — ThcwA, — 6aA1 Ay — cwAy = 0,
20wA_3 Ay — 4Bcw?A_y — 2awA_o% + awA_1? — 20BcwA_s + 20A_sAg + aA_,?
—46cA_5 — cwA_o9—cA_5 =0,

4Bcw? Ay — 2awAgAs — aw A% + 208cwAs — 20040 A — aAr% + 200457 + 4B8cAy

+ cwAy + cAy = 0,

4Bcw?A_y — awA_3A) — awA_1? 4+ 2BcwA_g — 2Bcw Ay + aAgAy

+ aA? — 2BcAs + cwA_y — cAy =0,

20wA_3 Ay — Bew? A1 — 6awA_sA_1 + 20wA_1 Ay — 8BcwA_; — fewAr + 20 A_5 Ay
4+ 20A_1Ag + 20A_1 Ay + 20AgAy — BcA_1 — BcA] — cwA_1 — cA_1 — cA; =0,
Bew? Ay + Bew? Ay — 20wA_s Ay — 20wA_1 Ay — 20w A_1 Ay — 20wAA; + BewA_4

+ 8PcwA; — 2aA_1 Ay — 2aAg A1 + 6aA1 Ay + BcAy + cwA_1 4+ cwAq + cAy = 0.

Solving the above equations for A_5, A_;, Ay, A; and A, yields the following two

cases:
Casel
c 6 cw
A,QZO, A,lz(), A0:£(4ﬁw+45+1), Ale, AQI— o . (342)
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Case 2

A_gz—%, A=0, A= o~ (4fw+48+1), A =0, Ay = P

C
(0% (0%

(3.43)
Thus we obtain two snoidal wave solutions of the equal-width equation (3.1) as

c{l+48+4Bw(l—3sn?(|w))}

u(t,z) = 50, ) (3.44)
and
u(t,z) = —%ns2 (€lw) + c4pbw ;Ofﬁ T ('?)Boécws.n2 (€|w) (3.45)

with 0 <w < 1.

3.3 Conservation laws of (3.1)

In this section we construct conservation laws of the equal-width equation (3.1)
by using two different approaches, namely, the multiplier method and Noether’s

approach.

3.3.1 Conservation laws of (3.1) using the multiplier ap-

proach

We apply the algorithm described in section 1.8.1 to seek zeroth-order multiplier
Q = Q(t,z,u). The determining equation for the multiplier is given by

% [Q<t7 z, ’LL) {ut + 2auum - Butxz}] = O, (346)
where
) 0 0 0 0
—=—_-D,— —-D,— — D,D?
du  Ou "Ou, * Ouy, T s

is the Euler-Lagrange operator. Equation (3.46) yields

e Qy + 20Ut Qy — By Qu + 20u,Q — Dy(Q) — D,(2auQ) — D2D,(—BQ) = 0.
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Applying the total derivatives D; and D, on the above equation gives

Bth:r - Qt - Q(IUQI + 26uthxu + Bufc@tuu + Bu:prtu + ﬁthzxu + ZButuxquu

Splitting the above equation on derivatives of u yields the following simplified deter-

mining equations:

Quu =0, (3.47)
Qzu = 0, (3.48)
Quu =0, (3.49)
Qt + 20uQy — BQze = 0. (3.50)

Integrating equation (3.49) gives
Q = A(t, z)u+ B(t,2),

where A(t,z) and B(t,z) are arbitrary functions of ¢ and . Substituting this value

of @ into (3.47) we obtain

which implies that A = A(x). Thus
Q = A(z)u+ B(t, x).
Using equation (3.48) we obtain
Al(z) = 0. (3.51)

Integrating equation (3.51) gives A(x) = C}, where C] is an arbitrary constant of

integration. Thus

Q = C’lu—l— B(t,l’)

Substituting the value of @ into equation (3.50) we have

B; + 2auB, — BBz, = 0.
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Since B is independent of u, the above equation can split on u to give

u: B, =0, (3.52)
u’ : By — BBz = 0. (3.53)

Equation (3.52) implies that
B = B(t). (3.54)

Substituting equation (3.54) into equation (3.53) gives B’(t) = 0 and integrating this

gives
B(t) = Cy, (3.55)
where (5 is an arbitrary constant of integration. Thus the multiplier is given by
Q= Ciu+ Cy,

which is a linear combination of two nontrivial conservation law multipliers ); = 1
and Q2 = u. We now recall and apply the property of a multiplier given in (1.41),
that is,

_ t x
5 & t T zx ) — T ) .
Q(t, z,u) {u; + 2cquu, — Pug,} = DT+ D, T (3.56)

where T = T'(t, x,u, u,) and T% = T*(t, 2, u, Uy, Uy )-

Case 1. For the first multiplier 1 = 1, we expand (3.56) and get
Uy + 20Uty — By = T} + Thuy + Tizum + 17+ Tiuy + T Uy + Ty, U
Splitting the above equation on third derivatives of u yields

Utz - quw - _/37 (357)

Rest : uy + 20uu, = T) + Tiuy + T wy + T2 + Ty + Top tgy. (3.58)
Equation (3.57) implies that

Tz - _6utr + A(t,.T?U, Uz>,
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where A is an arbitrary function of its arguments. Substituting this value of 7% into

equation (3.58) we get
w4 20uuy =T + Tougt + T, wge + Ay + Aytty + Ay, Uga,

The above equation is split on second derivatives of u, to give

U T =0, (3.59)
Upe © Au, =0, (3.60)
Rest : uy + 20uu, = T} + Thuy + A, + Ayt (3.61)

Equations (3.60) implies that

A=At z,u).
From equation (3.59) we get

T' = B(t,z,u),

where B is an arbitrary function of ¢, x and u. Substituting the value of T* into

(3.61) gives
Uy + 2auu, = By + Byus + Ay + Aytig. (3.62)

Splitting equation (3.62) on the derivatives of u yields

w: By =1, (3.63)
Uy Ay = 20, (3.64)
Rest : A, + By = 0. (3.65)

Integrating equation (3.63) we obtain
B=u+ C(t,z),
where C'is an arbitrary function of ¢ and . Equation (3.64) gives

A= au®+ D(t,z), (3.66)
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where D is an arbitrary function of ¢ and z. Substituting the values A and B into
equation (3.65) we get D, + Cy = 0. Since C' and D contribute to the trivial part
of the conservation law, we therefore take C' = D = 0. Thus the conservation law

corresponding to this multiplier is given by

T = u,

T° = au® — Puy,.

Case 2. Now we consider the multiplier () = w and construct the corresponding

conservation law. For this multiplier equation (3.56) gives
u {uy + 20un, — By, = DT + DT,

where T = T'(t, x,u, u,) and T% = T*(t, 2, u, Uy, Uy ).

Expanding the above equation we get

wuy + 200 U, — Putiyy, = Ttt + Téut + Tiz Uy + T + Tiug + T gy + T, Ui

(3.67)

Splitting equation (3.67) on third derivatives of u gives
T — (3.68)
Rest : uuy + 20u?u, = T} + Thu; + zjum + T + Tue + T Uy (3.69)

Integrating equation (3.68) yields
T% = —Buuy + A(t, x,u, uy),

where A is an arbitrary function of its arguments. Substituting the above value of

T into equation (3.69) we have
uwy + 20uuy = TF + Ty, + Tizum + A, + Ayuy — Pugu, + Ay Uy
Splitting the above equation on second derivatives of u gives

Uy T;x = Buy,, (3.70)
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Uge © Ay, =0, (3.71)
Rest : uuy + 20u?u, = TF + Thuy + Ay + Aytty. (3.72)
Equation (3.71) implies that A = A(t, z,u). From (3.70) we get
TR
T = 55% + B(t, x,u),

where B is an arbitrary function of its arguments. Substituting the above value of

T* into equation (3.72) gives
wuy + 2au*u, = By + Byug + Ay + Ayt

Splitting the above equation on derivatives of u we get

w i By = u, (3.73)
Uy © A, = 200, (3.74)
Rest : B, + A, = 0. (3.75)
Equation (3.73) gives
B= %uQ + C(t, z), (3.76)

where C' is an arbitrary function of ¢ and z. Integrating equation (3.74) yields
2 3
A= 30U + D(t, z),

where D is an arbitrary function of ¢ and x. Substituting the values of A and B
into equation (3.75) gives Cy + D, = 0. We take note that C' and D contribute to
the trivial part of the conservation law thus we take them to be zero. Hence the

conservation law corresponding to this multiplier is given by

1 1

Tt 25/8'&3 + §u2,
2

T* :§au3 — Buty,.
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3.3.2 Conservation Laws of (3.1) using Noether’s approach

In this subsection we utilize Noether’s approach to derive consevation laws for the
equal-width equation (3.1). This equation is of third order and as such does not have
a Lagrangian. To make it variational we increase its order by letting v = v,. Thus

we have
Viw + 200,050 — BUtzzs = 0. (3.77)

It can be verified that equation (3.77) has a second-order Lagrangian £ given by

1 1 1
L= —57),51}1 - gavg - QBUtzvxxa
as
oL
=0
ov

on the equation. Here the Euler-Lagrange operator is given by

50 ) ) ) , 0

The determining equation for Noether point symmetries is given by
XEI(L) + L[Dy(r) + Do(€)] = D(B") + Da(B?), (3.78)

where B! = BY(t,z,v) and B2 = B2(t,z,v) are gauge terms and X is the second

prolongation of the infinitesimal generator

0 0 0
X = T(t,l’,v)a + é(t7x7v)a_$ + 77(@377”)%-

Hence expanding equation (3.78) with the Lagrangian £ gives

1
- Evr {nt + Vgl — UgTy — UtzT'u - Urgt - Utvxgv} - 51)15 {nx + UMy — UgTy — VU Ty
5
—Vy&y — Uigv} - Cw?g {771 + UMy — VT — VU Ty — Ve — Uifv} - EU:C:C {Nta

2
+Ux77tv + ViNzv + Vet + ViUgMNyy — Ut Ttw — Urt&rv - Ut Tov — 2vtvrt7—v — VU Ty

1
_UtZUxTvv - ngcr:t - U:c:rfgt - U?ggtv - QUx’Uxtgv - 'Utvxva - Utvigvv} - §5vxt {77:6:0
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+2Ux77xv + Umcnv + Uinvv - 21}361590 - U:ng:(: - 2/032;61:1) - 3vxvxﬂc€v - Ui&w - QUxth

2 1 1 2 2
—VitType — 2Utvcc7_xv — VtUga Ty — QUwvxtTv - UtvxTUv} - Bt - Uth - Bx - Uva = 0.

Splitting the above equation on derivatives of v yields

7 =0, (3.79)
7. =0, (3.80)
7 =0, (3.81)
£ =0, (3.82)
& =0, (3.83)
& =0, (3.84)
N =0, (3.85)
ne =0, (3.86)
e + 2Bl =0, (3.87)
n +2B2 =0, (3.88)
Bl + B} =0. (3.89)

Equations (3.79)-(3.81) imply that 7 = C}, where C is an arbitrary constant of
integration. Similarly equations (3.82) to (3.84) imply that & = Cy, where Cy is an

arbitrary constant of integration. From equations (3.85) and (3.86) we get
n= ), (3.90)
where f(t) is an arbitrary function of ¢. Thus equation (3.88) results in
B? = _% Pt + Et, ), (3.91)

where E(t,x) is an arbitrary function of ¢ and z. From (3.87) we get B' = G(¢t, z),
where G(t, x) is an arbitrary function of ¢ and z. Equation (3.89) gives F; + G, = 0,
thus we take F and G to be zero as they contribute to the trivial part of the conserved

vector. Thus Noether point symmetries and their gauge functions are given by

X,=—, B'=0, B?*=0,
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X, :ﬁ, B'=0, B*=0,
ox

3 .,
Xf:f(t)%, B' =0, 32:—§uf(t).

We now construct the conservation laws corresponding to each Noether point sym-

metry using [36]

oL oL
Tt = L1+ (77 — UT — ng) — + (C2 — U, T — uwxf) —_ = Blv
aut tx
oL oL oL
1= e+ = ur =) (5 -0 (5o ) - 0 (7))
oL
+ (CQ — Utae T — umﬁé) — — B

rxr

Case 1. The first Noether symmetry X; = 0/0t has the conserved vector
1
Tlt = — —cwi,
3
e _ 1o 2 L,
17 = JUt — v, — BV Vige + V-

Case 2. The second operator Xy = 9/0z yields the consevation law

1 1
T2t = 5“3 + 551)32617
T 2 3
Ty = gavx — BUpVtps-

Case 3. Finally for the operator X; = f(t)0/0v, we get the conserved vector

T} = Bf(t)vta — 5 f(E)ve — af ()02 + %f’(t)u

Reverting back to our original variable u, we have

1
TN = — —au?
| 3au ,
1 ? 1
Ty = B (/ utdx) + @uz/utdx - ﬁutx/Utd$+ 55“?;
1 1
T! = §u2 + Eﬁui,
T 2 3
Ty = gau — Puiy;
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Th= L f(ou

17 = Bf(t) e — %f(t)/utd:c—af(t)UQjL%f’(t)/uda:.

3.4 Concluding remarks

In this chapter we presented the Lie point symmetries, symmetry reductions and
exact solutions of the equal-width equation (3.1) using Kudryashov’s method and
Jacobi elliptic function expansion method. We then derived the conservation laws
for this equation by using the multiplier approach which produced two multipliers and
consequently, two conservation laws. Finally, we employed the celebrated Noether’s

approach to construct conservation laws for the underlying equation.
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Chapter 4

Solutions and conservation laws of
Zakharov-Kuznetsov-Burgers

equation

In this Chapter we present exact solutions of the Zakharov-Kuznetsov-Burgers equa-
tion using Kudryashov’s method and derive conservation laws by employing the

multiplier method.

4.1 Introduction

The (2+1)-dimensional Zakharov-Kuznetsov-Burgers equation is of the form [42]
U + Uy + Uy — Uy + Uggy + Ugyy = 0. (4.1)

This equation is a two dimensional analog of Korteweg-de Vries-Burgers equation
which includes dissipation due to viscosity of a medium and dispersion. Several
works have been done on this equation because of its applications in mechanics and

physics. See, for example, [43].
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4.2 Exact solutions of (4.1)

In this section Kudryashov’s method is employed to get exact solutions of the Zakharov-
Kuznetsov-Burgers equation (4.1). We use the travelling wave variable, namely,
z = ax + [y — ct to reduce the (2 4+ 1)—dimensional Zakhorov-Kuznetsov-Burgers

equation (4.1) to an ordinary differential equation. Thus we let
u(t,z,y) =U(z), where z=ax+ fy—ct. (4.2)

The above substitution reduces equation (4.1) to a third-order nonlinear ordinary

differential equation
a2+ U —a*U" +aU'U + (a— c)U' = 0. (4.3)

To utilize Kudryashov’s method we firstly assume the solution of (4.3) to be of the

form

U(z) = Z Ba'(z), (4.4)

where 1)(z) satisfies the Riccati equation

V'(2) = ¥ (2) —Y(2), (4.5)

whose solution is
1

5o (4.6)

¥(2)

In this case the balancing yields M = 2, hence the solution (4.4) can be written as
U(z) = By + Bi(z) + Bayp*(2). (4.7)

Substituting the value of U from equation (4.7) into (4.3) and using (4.5) we obtain

the following equation in 9 (z):

aByB1Y*(2) — aByB1(2) + 2aByBo® (2) — 2aByBoth?(2) + aBi® (2) — aBi?*(2)
+ 3aB; Byt (2) — 3aB1 By (2) + 2aB3y°(2) — 2aB3*(2) — eBi*(2) + cBia(2)
— 20B21/)3(z) + QCBQ¢2(Z) + ozBlw2(z) —aBy(z) + 2aBg¢3(z) — QQBQ@DQ(Z)

— 20 B10°(2) + 302 B1y*(2) — aBatp®(2) — a* Biiy(z) — 60° Byt (2)
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+100? Botp® (2) — 40 Bop?(2) + 60° B1y* (2) — 1203 By (2) + 7o Byip?(2)

— & B1y(2) + 240 By (2) — 540” Boyp*(2) + 38a° Byth? (2) — 8a® Borh?(2)

+6af° Byt (2) — 1206 B1Y°(2) + Ta By (2) — af® Biy(2)

+ af?Byp® () — 5daB? Byt (2) + 38 8% Byyp®(2) — 8a8? Bah?(2) = 0. (4.8)

Equating the coefficients of like powers of 1(z) in equation (4.8) we obtain the

following five algebraic equations in terms of By, B; and Bs:

cB, — o®?By — o?B; — af?B; —aByB; —aB; =0,

70°B; — 8a®By + 30’ B, — 402 By + Taf*By — 8032 By — aB? + aByB;
+ aBy — 2aByBy — 2aBy — Bic+ 2Byc = 0,

38a’B12 — 12a°B; — 2a°B; + 10a*By — 12a3* B, + 38a3° By + a B

+ 2aByBy; — 3aB1 By + 2aBy; — 2¢By = 0,

60°B; — 540 By — 60 By + 6a3%B; — 54a3°By — 2aB2 + 3aB, By = 0,

240’ By + 24a8%By + 2aB3 = 0.

Solving the above system with the aid of Maple one gets

1-5 24 12
gov=ba)a o e o p 2 p 120
«Q 5 5

Thus the solution of (4.1) in the original variables is given by

c 6o 24«
u(t, x,y) == " F 1+

5 5(1 4 exp(—ct + ax + £/ — 25a y))

12«

5(1+ exp(—ct + ax + +v/5a — 25ay))?

4.3 Conservation laws of (4.1)

In this section we construct conservation laws for the Zakharov-Kuznetsov-Burgers
equation (4.1) using the multiplier approach. For this equation, the Euler-Lagrange
operator is given by

0 a—Dti—Di—DiJrDz 0 —D3L—DyD2i (4.9)

ou  Ou Ouy * Ouy Y Ou, ¥ Oy ¥ Qpga T Oy
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where Dy, D, and D, are the total derivatives given by

D—2+u£+ui~l—u i+u i

ot ouw T ou, T Tou,  You,

D —£+u£+u i%—u i+u i 4.10
T Or T ou " o, " Ouy “ou, ’ (4.10)
D :ﬁ 0 0 0

Y ay_‘_uy%_l_utya_w_‘_uwya_%_{_uyya_%"'-

We consider zeroth-order multipliers, i.e., A = A(t, z,y, u) and proceed to derive the
conservation laws of (4.1) using the multiplier approach. Recall that the zeroth-order
multiplier A of the Zakharov-Kuznetsov-Burgers equation (4.1) is obtained from the

determining equation

)
50 [A(t, g, w) (w + Uy + Uy — Upy + Upgy + Ugyy)] = 0.

Expanding the above equation yields

— D}(A) — D, D3(A) = 0.

Using total derivatives (4.10) to expand the above equation we get

+ gummu:pAuu + uiAuuu + uAm + Az + Axyy + 2uyA:vyu + uzAxuu + uyyAzu + uxAyyu

+ 2upuy Ay + 2ugy Ny + uxuzAuuu + 2y uy Ay + Ugtyy Ay, = 0.

Splitting the above equation on the derivatives of u yields the following system of

overdetermined equations:

2N, + 3000 =0, Apu =0, Apu =0, 2A55, Ay =0, Ay =0, Ay =0

Auu = O, Ayuu = O, 3szu + 2Axu + Ayyu = 07 At + Axm + UA:E + Al“yy = 0.

Solving the above system gives the multiplier of equation (4.1) as

At z,y,u) = f(y), (4.11)
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where f(y) is an arbitrary function of y.
A multiplier (4.11) of the Zakharov-Kuznetsov-Burgers equation (4.1) has the prop-
erty that

Alug + Uy + Wy — Upy + Uy + Usyy) = Dy(TY) + Do (T) + D, (TY), (4.12)
where

T" = Tt(taxayauaux)v
" = Tx(t,fb, Y, U, Uy, Uz, U’yy)v

TY =TY(t,x,y,u, uy).
Expansion of equation (4.12) with the multiplier A(t,z,y,u) = f(y) gives

F) (U + up + Wty — Uy + Uggy + Usyy) — T} — Ty — Tftmutw — T2 — Tru,

— Ty gy — Ty Uy — T Uy — T — Ty — T gy = 0. (4.13)
Splitting equation (4.13) on third derivatives of u yields

(4.14)

Uzze = Ty — [y

Ugyy — fly (4.15)

fly) =
) =
Rest : f( )ut + f(W)ue + fy)uue — f(Y)uge — T} — Tyug — Ty gy — T
= Tyuy — Ty gy — T — Tuy — T} uyy = 0. (4.16)
Equation (4.14) gives

Tx = f(y)uﬂﬁx + A(tv ZL', yv U,, uxa uyy)a

where A is an arbitrary function of its arguments. Substituting the above value of

T into equation (4.15) we get A,,, = f(y) and integrating this gives
A = f(y>uyy + B<t7 $, y7 'U,, U’:E)?
where B is an arbitrary function of its arguments. Thus

T% = f(Y)uae + f(Y)uyy + Bt 2y, u,uy).
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Substituting the above value of 7% into equation (4.16) we have

f(y)ut + f(y)uac + f(y)uux - f(y)umac - T;tt - Tqiut - Timut:v - Ba:

(4.17)
— Buuy — By Ugy — T;’ —Tluy — TY ugy = 0.
Splitting equation (4.17) on the second derivatives of u we get
u - T, =0, (4.18)
Uzz : By, + f(y) =0, (4.19)
Ugy : TV =0, (4.20)

Rest : f(y)ut + f(y)u:c + f(y)uux - T;ft - quut - BCC - Buu:c - T;J - Tguy =0.
(4.21)

Equation (4.18) implies that
T =C(t,x,y,u),

where C' is an arbitrary function of its arguments. Similarly equation (4.20) implies

that
TY = D(t,z,y,u),
where D is an arbitrary function of its arguments. Equation (4.19) gives
B =—f(y)u, + F(t,z,y,u), (4.22)
where F' is an arbitrary function of its arguments. Thus
T = f(Y)thza + f(Y)uyy — [(Y)uz + F(E, 2,9, u).
Substituting the above values of 7%, B and T into equation (4.21) gives
fy)u + fy)us + f(y)uu, — Cy — Cyuy — Fy — Fyuy, — Dy — Dyuy, = 0.
Splitting the above equation on the derivatives of u we obtain

u : Cy = (1), (4.23)
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u, : Dy =0, (4.25)

Rest : C, + F, + D, = 0. (4.26)
From equation (4.23) we get
C=flyu+J(t, z,vy), (4.27)
where J is an abitrary function of ¢,z and y. Integrating equation (4.24) gives
F = fly)ut /@) + Ht,2,0), (1.25)
where H is an abitrary function of ¢,z and y. Equation (4.25) implies that
D = D(t,z,y). (4.29)

Substituting the values of C, F' and D into equation (4.26) gives J;+H,+D, = 0. We
may set J, H and D to zero as they contribute to the trivial part of the conservation

law. Therefore conservation law for the Zakharov-Kuznetsov-Burgers equation (4.1)

is given by
T' = f(y)u,
T* = ()i + (g — F)ue + F@)u+ 5 F )
TY = 0.

4.4 Concluding remarks

In this chapter we studied the Zakharov-Kuznetsov-Burgers equation (4.1). The
travelling wave variable was used to transform (4.1) into a nonlinear ODE. Thereafter
Kudryashov’s method was invoked to obtain exact solutions of the nonlinear ODE.
We then obtained travelling wave solutions of (4.1). Finally the multiplier method

was employed to derive conservation laws of this equation.
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Chapter 5

Solutions and conservation laws of
a ZK-Burgers equation with power

law nonlinearity

In this Chapter we study the Zakharov-Kuznetsov-Burgers equation with power law
nonlinearity. We first transform this equation into an ordinary differential equation
using the travelling wave variable. Kudryashov’s method is then employed to obtain

exact solutions. Finally conservation laws are derived using the multiplier method.

5.1 Introduction

A Zakharov-Kuznetsov-Burgers equation was derived from the ion continuity equa-
tion, ion momentum equation with kinematic viscosity among ionic fluid, electrons,
and positrons having kappa distribution together with the Poisson equation in the

form [44]
Ut + Auux + Bu$$x + Cumyy + Cuzz - D <u$x + uyy + uZZ) = O

Here A, B, C' and D are positive constant quantities which involve physical quantities

such as plasma frequecy, magnetic field kinetic viscosity, etc., with the independent
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variables t,z,y and z representing spatial and temporal variables. In [45] another
Zakharov-Kuznetsov-Burgers equation was derived in dense plasmas using the small

amplitude perturbation expansion method and is given by
U+ autly + Diyyy + Clgyy — dug, — euy, = 0. (5.1)

By employing the tanh expansion method travelling wave solutions of this equation
were obtained. In this work we study equation (5.1) by replacing the term u with u"
where n is a nonzero constant and taking the constants a, b, c,d, and e to be equal
to one. Thus, we consider the Zakharov-Kuznetsov-Burgers (ZKB) equation with

power law nonlinearity of the form
Up + U Uy — Uy — Uyy + Uggg + Ugyy = 0. (5.2)

We obtain the travelling wave solutions of (5.2) using Kudryashov’s method and

derive conservation laws for it using the multiplier method.

5.2 Travelling wave solution of (5.2)

For the travelling wave solution we start by letting
u(t,z,y) =U(2), z=az+ Py—ct. (5.3)

The above transforms ZKB equation (5.2) into a third-order nonlinear ordinary dif-

ferential equation
awU" — wU" + aU"U" — cU' = 0,
where w = o + 2. Letting U(z) = F(2)"/", the above ODE becomes

n2aF3F — en?F*F — nwFF? — n*wF*F" + n*wFF? + awF"” 4 3awnFF'F"

—3nawF"? + nfawF?*F" — 3n*FawF' F" + 2n*awF"” = 0. (5.4)
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Solutions of (5.4) using Kudryashov’s method

To utilize Kudryashov’s method we firstly assume the solution of (5.4) to be of the

form
M
=Y Ba'(2), (5.5)
=0
where 1)(z) satisfies the Riccati equation

V(2) = 0% (2) —9(2), (5.6)

whose solution is

U(2) =

. 5.7
o (5.7)

In this case the balancing procedure gives M = 2, thus the solution (5.5) can be

written as

F(z) = By + Biw(z) + Bo(2). (5.8)

Substituting the value of F'(z) from equation (5.8) into the equation (5.4) and using
(5.6) we obtain the following equation in ¢ (z):

n*aBi(2)® — n*aBl(2)* + 2n2aByi(2)? — 2n*aBiy(2)® — n*eBi(2)* + n’cBiv(z)?
—2n%cBi(2)" + 2n2cBi(2)° + In*aB2 By (2) By — In*aB2 By (2)*B
+12n2aBy B (2)° By — 12n*aBy B (2)* By + 15n*aByB1v(2)° B3

— 15n*aByB13(2)° B — 6n*cByB11(2)* By + 6n*cByB1v(2)? By — 4nw By B11(2)* By
+ 8nwByB11(2)* By — 4nwBy By (2)° By — 6n*wBy By (2)* By + 18n°w By B1v)(2)* By
— 12n°wByB1(2)° By + 36nawBoBQw( )"+ 18nawB)(2)" By + 30nawBy(2)® Bs
+ 6nawBy B (2)° — 15naw By Bi(2)* — 96nawByBai(2)® — 39naw B (2)° B,

— 66naw By (2)" BY + 12nawByBi(2)? + 84nawBy B (2)° + 24nawBi(2)° By

+ 42nawB11(2)° BS — 3nawByBiy(2)? — 24nawBy B3 (2)* — 3nawBiy(2)*B

— 6nawB 1 (2)° B2 + 6n*awB2 By (2)* 4 24n*aw B2 By (2)® 4 12n*aw By By (2)”

+ 12n2awBi(2)" By 4+ 12n2aw By (2)® B 4 6n*awByBi(2)® — In*awByBiy(z)*

)
— 12n*awBy B3 (2)® — 21n*awBiy(2)° By — 18n*aw By (2)" By — 12n*awBi By (2)?

— 54n*awBE By (2)* + Tn*awBi B1(2)? + 38n*aw Bi Botp(2)* + 2n*aw By B (2)?
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— 8n’awByB31(2)° + 10n*awB21)(2)° By + bnaw B9 (2)° B — n*awBg Bi(z)
— 8n?awBi Byt(2)? + n*awByBivy(2)* + 8n*awBy B (2)* — n*awBiy(2)* B,
+nfawBi(2)° Bs + 2nw B (2)* + 8nwBiy(2)" — nwBy(2)® — dnwBii(z)®
—nwBY(2)? — dnwB3y(2)° + n*wBi(2)* 4+ 2nwBiy(2)" — n*wBiY(2)°

— 2n°wBY(2)® + awB(2)® + 8awBiih(2)? + 3awBi(2)* + 24awBiy(2)”

— 3awB(2)° — 24awBi(2)® — awBi(2)? — 8awB3(2)® + 6aw B (2) By
+ 12awB19(2)® By — 18awBi(2)° By — 36awB11(2)" B + 18awBiv(2)® By

+ 36w B (2)° B2 — 6awB?)(2)* By — 120wB11(2)° B2 + 3nawBi(z)°

+ 12naw B3 (2)? + 3naw By (2)* + 12nawBiy(2)" — 6nawB(2)° — 24nawBiy(2)®
+ 2n2awB(2)% 4 4nPaw B3 (2)? + nfawBiy(2)* 4+ 2nfawBiy(z)”

— 3n*awBiY(2)° — 6n*awBiw(2)® + 2n*c B By (2)? — 2n*cByBi(2)?

+ 2n%cByB?)(2)? — 4ncBy B (2)° 4 4n*cByBai(2)* — 4n*cB¥)(2)° By
+4n*cBi)(2)* By — 5n?cBiy(2)° B 4 5n*cB1(2)° B — nwByBiy(2)*

— bnwB?Y(2)° By — 8nwB1v(2)" B3 4 2nw BB (2)? + 8nwByBi(z)°

+ 16nwB1¥(2)° B; — nwBy B (2)? — 4nwBy B3y (2)* — bnwBiy(2)" By

— 3n°wByB¥(2)* — 8n*wBy B (2)® — 5n*wBi(2)® By — 6n*wBv(2)" B:

— 6n°wB2 Byt (2)* + 3n*wB2 Biy(2)? + 10n*w B2 By (2)? 4 4n*wBy Bi(2)?

+ 1202w By B31(2)® + 6n*wBiv(2)° By + Tn*wBiv(2)° B — n*wBi B (2)

— n*wBy B3 (2)? — 4n*wByBa(2)* — n*wB(2)* By — n*wBii(2)° B;
—n*aB B (2) + 2n*aBi By (2)? — 2n*aBy By (2)* + 3n*aBi Biy(z)?

+ 6n*aBi By (2)® — 6n’aBiBiy(2)* 4+ 3n*aByBiv(2)* — 3n*aByBiy(z)?

— 6n°aByBi(2)® + 5n*aBiy(2)° By — in*a By (2)° By + In*aBiy(z)" B;

— 9n2aBiY(2)° B2 + T*aBiy(2)® By — Tn*aBy(2)" B — n*cBiB1(2)?
+n2eB2B1y(2) — 2n*cBE By (2)? — 18naw By Biy(2)? By + 66nawByB11(2)* By
— T8nawByB11)(2)° By + 30 * nawByB11)(2)° By + 24n*aw By B1v(2)* By

— 54n*awByB11(2)° By 4+ 30n*aw By B (2)° By + 6n*aByBa(2)" — 3n*aBi Bi(z)?

+n2aB3 By (2)? — 4n*wB2 Byt (2)? — 2n2wB2 B11(2)? — 8nw By (2)° B2
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+ 10nw B (2)° By — 4nwByBa(2)® = 0.

Equating the coefficients of like powers of ¥(z) in the above equation we obtain the

following nine algebraic equations in terms of By, By and Bs:

4an*wBs + 2an’® By + 12anwBj + 8awBj = 0,

— an*wBiBy — an*Bi By + en*Bi B, — n*wBi B, = 0,

12an’wB, B — 6an*wBj + Tan? B B3 — 2an®B; + 30anwB; B — 24anwB3 — 2n*wB3
+ 12awB By — 24awBj — 4nwBj = 0

Tan*wBi By — 8an*wB] By + an*wByB; + an® By By — 2an® By By — 3an® By B}

— 3anwByB} — en?BE By + 2cn® By By + 2en® BoBi + 3n*wBi By — 4n*w B B,

— n*wByB? — nwByB? =0

12an*wBy B; + 12an’*wB} By — 18an*wB, B + 2an*wB3 + 6an®ByBs + 9an® B} B3

— Tan® B, B3 + 36anwByB; + 18anwB? By — 66anw B, B; + 12anwB; — 2cn*B;

— 6n*wB B3 + 2n*wB; + 6awB} By — 36awB, B; + 24awBj — 8nwB, B

+ 8nwB3 =0

— 12an*wBg By + 38an’wBi By + 2an*wBy B} + 2an®Bi By + 3an® B B}

— 9an2B§BlBg — 30m2BoBi3 + 12omwBoBf — 18anwByB1 By — 2cn2B(2)Bg — QanBOBf
+ 6cn’By BBy + cn’ B} — 2n*wB2 B + 10n*wB3 By + 4n*wBy B} — 6n*wBy B, B,

— awBi’ + anBOBf —4dnwByB1 By — ani)’ =0

30an*wByB; By — 12an*wByB; + 2an*wB} — 21an*wBi By + 5an’wB; Bs

+ 15an®*By B, B; — 6an”® By Bs + 5an® B} By — 9an®Bi B; + 30anw By B By

— 96anwByB3 + 3anwB; — 39anwB; By + 42anw By By — 5en® By B3 + 2cn*Bj

— 8n’wByB: — 5n*wB? By + Tn*wB, B} + awB} — 18awBiB, + 36awB, B — 8a wB3
— 4nwByBj — 5nwBi By + 16nwB; B — 4nwBj = 0,

24an*w B By + 6an’wBy B} — 54an*wByB; By — 8an*wByB; — 3an’wB; + 10an*w B3 B,
+ an*wB B3 + 6an®B2B3 + 12an? By Bi By — 15an? By B, B3 + an®B} — 5an?B? B,

+ 6anwByB; — T8anw By By By + 84anwBy B3 — 6anwB? + 24anwBi By — 6anwB, B;
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— 4cn2BOB§ — 4677,QB%B2 + 5cn2BlB§ — 12n%*wBy B, By + 12n2wBOB§ — anBf

+ 6n’wBi By — n*wB1 By — 3awB} + 18awBi By — 12aw B, B; — 4nwBy By By + 8nw By B
— nwB} + 10nwBi By — 8nwB, B; = 0,

6an’*wBi B; — 54an*wB3 By — 9an*wBy B} + 24an*wBy B, By + 8an*wByB;

+ an*wB} — an*wB? By + 9an?B2 B, By — 6an® B2 B3 + 3an®ByB? — 12an®*ByBiB,

— an?B} — 15anwByB? + 66anw By By By — 24anwBy B3 + 3anwB; — 3anwB; By

— 6cn®ByB1 By + 4en*ByB; — cn® B} + 4en® B By — 6n°wBi By — 3n*wBy B}

+ 18n*wBy By By — 4n*wBy B2 + n*wB? — n*wB?By + 3awB} — 6awB? By — nwByB?

+ 8nwBy B By — 4nwBy B3 + 2nwB? — 5nwBi By = 0.

Solving the above equations for By, By and By with the aid of Maple yields the

following two cases:

Casel ) ) o (m? 4 3 49
e " ’C:_w(n—l— )’ BO__w(n—l—n+ )7
n+ 4 n(n+4) n? (5.9)
4w(n? 4 3n + 2) 2w(n® + 3n + 2)
Blz 2 7B2:_ ) .
n n
Case 2 ) )
= - z , C= w(n+ )a BOZOaBlzoa
n+4 n(n+4) (5.10)
2w(n® + 3n + 2) .
BQI—

n2 ’

Thus for the first case we obtain the solution of the ZKB equation (5.2) as

By By "
t =48
u(7x7y) { 0+1+€Z+(1+€Z>2} 9

where the values of By, By, B are given by (5.9) and z = az + Sy — ct. For the
second case the solution of the ZKB equation (5.2) is

where the value of By is given by (5.10) and z = ax + Sy — ct .
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5.3 Conservation laws of (5.2)

In this section conservation laws of the ZKB equation (5.2) are derived using the
multiplier method. Here we seek the zeroth-order multipliers Q = Q(t, z,y,u). Recall
that a multiplier Q(¢,z,y,u) for the ZKB (5.2) is obtained from the determining

equation

6 n
5 [QUE 2, y) (e + 0ty = U — gy + Upg + Uayy)] = 0. (5.11)

Expanding equation (5.11) yields
Qu(ut + unux + Uzzx + uxyy — Ugg — Uyy) - Dt(@) + nuniluxQ - D:ﬂ(unQ)

— D3(Q) — D.Dy(Q) + D3(-Q) + Dy(—Q) = 0. (5.12)
Applying total derivatives Dy, D, and D, on the above equation we obtain

Qe Qs + 2y Qu — " Que + Qurr + 30 Qs + 32 Qo + 3tz Qe + U2 Qo

+ B g Quu + Quyy + UeQyyu + 2y Quyu + 20y Qyuu + 2UayQyu + 1) Quun

+ Ugly Quun + 2ty thay Quy + thyy Qs + Uty Qus + Qv + 210 Qo + U5 Qe

+ Quy + 2uyQyu + U2 Quu + Qr = 0. (5.13)

Splitting the above equation on derivatives of u we get

2Qu + 3Qzu = 0, (5.14)
2Qu + Quz = 0, (5.15)
Qyu =0, (5.16)
Quu =0, (5.17)
Qr +u"Qu + Quz + Quy + Quaz + Quyy = 0. (5.18)

From equations (5.14) and (5.15) we obtain

which on integration gives

Q - A(t,l’,y),
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where A is an arbitrary function of ¢, x and y. Equations (5.16) and (5.17) are

satisfied by the above value of (). Substituting the value of @ into equation (5.18)

we obtain
A+ u"Ay + Apy + Ay + Apr + Ay = 0.
Splitting equation (5.19) on powers of u yields

u: A, =0,

Rest : Ay + Ayy + Ayy + Aggs + Agyy = 0.
Equation (5.20) implies A = A(t,y), thus equation (5.21) becomes
A+ A, =0.
To solve equation (5.22), we assume that
A(t,y) =T)Y (y)-

Substituting the above value of A into equation (5.22) gives

Y'T+T'Y =0.
Hence
Y// T/
V=TS (say)

where a is an arbitrary constant. Thus from equation (5.24) we have

T —aT =0
and

Y +aY =0.
Solving equation (5.25), we obtain

T(t) = Ce™,

where C'is a constant of integration. Solving equation (5.26) yields

Y(y) = Aysinv/ay + By cosvay,
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where A; and B; are arbitrary constants. Thus

A(t,y) = Ce™ (Aysinvay + By cosay) .

Therefore the zeroth-order multiplier for the ZKB equation (5.2) is given by

Q = eat (Cl sin \/Ey + 02 COs \/ay) )

where C7 and Cy are arbitrary constants. Now that the multipliers of ZKB equa-
tion have been obtained, then each multiplier is used to derive the corresponding

conservation law.

Casel. Here the first multiplier Q1 = e“sin+/ay is used to derive a conservation

law. The above multiplier of the ZKB equation (5.2) has the property that
eat sin \/ay (ut + unux — Uggy — Uyy + Uggr + uzyy) = Dt<Tt) + Dx(Tz) + Dy(Ty)7
(5.20)

where
Tt = Tt(t7 x? y? u? ux)?

T = T(t, 2, Y, Uy Uz, Ugzs Uyy ) (5.30)
TY =TY(t, z,y,u, Uy, Uy).

Expanding equation (5.29) we have

at : n t t t T
e™ sin vay (uy + Uty — Upy — Uyy + Ugge + Usyy) — Ty — Thuy — T, we — T,

—Tiug — T5 gy — Ty Upgw — Tfyyu,ﬂyy — Tj —Tluy — TY upy — Ti’yuyy =0.
Splitting the above on the third derivatives of u yields

Upee Ty — e sin v/ay = 0, (5.31)

Unyy = Ty — e sin/ay =0, (5.32)
Rest : e sinvay (uy + uuy — gy — wyy) — T} — Towy — T, wye — T

— Ty — Ty gy — T+ Tluy — T ugy — T uyy = 0. (5.33)
Equations (5.31) and (5.32) imply that

T = uge™ sinVay + u,,e™ sin Vay + A(t, z,y, u, uy),
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where A is an arbitrary function of its arguments. Substituting the above value of

T* into equation (5.33) we get

at - n t t t
e™ sinvay (up + uuy — Ugy — wyy) — T} — Thuy — T, ey — Ay — Ayt

_ Y _ Yy Y _ Ty _
Ay, Ugy T — Tiuy — T ugy Tuyuyy =0.

Splitting the above equation on second derivatives of u gives

u T, =0, (5.34)
Uy« TV =0, (5.35)
Upy : Ay, +e™siny/ay =0, (5.36)
Uyy » T2 + e siny/ay =0, (5.37)
Rest : " sin vay (u + u"uy) — T — Tyuy — Ap — Ay — T — Tu, = 0. (5.38)

Equation (5.34) yields
T" = B(t,x,y,u), (5.39)

where B is an arbitrary function of its arguments. Equations (5.35) and (5.37) imply
that

TY = —uye“t sin ay + C(t,z,y,u),
where C' is an arbitrary function of its arguments. Integrating equation (5.36) gives
A = —uze™sinvay + D(t,x,y,u),

where D is an arbitrary function of its arguments. Substituting the values of T, TY

and A into equation (5.38) we have
e sinv/ay (u; + u'u,) — By — Byuy — D, — Dyu, + uyv/ae® cosay — C, — Cyu, = 0.
Splitting the above equation on the derivatives of u, we obtain

uy : By, — e™sin/ay =0, (5.40)

Uy : Dy, — u"e™ siny/ay = 0, (5.41)
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u, : Cy, — vae™ cosay =0, (5.42)
Rest: B, + D, + C, = 0. (5.43)

Equations (5.40) gives
B = ue™ sinay + E(t,z,y),

where E' is an arbitrary function of ¢,  and y. Integrating equation (5.41) we get

n+1

D= n+1eatsin\/5y—|—F(t,x,y) n# —1,

where F'is an arbitrary function of ¢,  and y. From equation (5.42) we get

C = Vaue™ cos ay + G(t,x,y),

where GG is an arbitrary of ¢, x and y. Substituting this values of B, C' and D into
equation (5.43) we have

E,+F,+G,=0. (5.44)

Since F, F' and GG are contributing to the trivial part of the conservation law we then
set them to be zero. Thus the conservation law corresponding to the multiplier )¢

for the ZKB equation is given by

t at _:
T" = ue™ sin v/ay,
un+1

16‘” sinyv/ay n# —1,

T = ugze™ sinv/ay + uy e sinvay — ue® sinay +

TY = Vaue™ cos Vay — u, e sin/ay.

n +

Case2. Now we use the multiplier Q2 = € cos y/ay to derive the conservation law

for the ZKB equation. For this multiplier we have
e™ cos vVay (uy + Uty — gy — Uyy + Ugpe + Uzyy) = Dy(T) + Do(T%) + D, (TY),
where

Tt = Tt(t7 x? y? u? ux)?
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r __ T
T - T (tax7y7u7uxaux:(:7uyy>7

TY =TY(t, z,y,u, Uy, Uy).
Expanding the above equation we get

at n t t t T x
e cosvay (u + Uy + Upgy + Usyy — Uge — Uyy) — T} — Ty — Ty e — T — T uy

— T3 gy — Ty Uggw — ijyuxyy — Té’ =Ty, —TY gy — T, 3yuyy = 0.
Splitting the above on the third derivatives of u yields

Upge « T — €™ cosy/ay = 0, (5.45)
Upyy = Ty — e™ cos ay =0, (5.46)
Rest : €™ cos vay (uy + u™tuy — Ugy — Uyy) — T} — Ty — T, wye — T

— Tyuy — Ty upe — T — Ty — T wgy — T3 uyy = 0. (5.47)
Equations (5.45) and (5.46) imply that
T% = uge™ cos Vay + uy,e™ cos vVay + A(t, z,y, u, uy),

where A is an arbitrary function of its arguments. Substituting this value of 7% into

equation (5.47) we have

at n t t t
e™ cos vay (up + Uy — gy — uyy) — T} — Thuy — T, Ui — Ap — Aytly

— Y _ Yy TV _ TV —
Ay e — T = T uy — T gy — T3 uyy = 0.

Splitting the above equation on the second derivatives of u gives

Ut T =0, (5.48)
Upy : T =0, (5.49)
Upy : Ay, + e cosv/ay =0, (5.50)
Uyy » TY + e cosvay = 0, (5.51)
Rest : €™ cos vay (uy + u"ug) — Ty — Tyuy — Ay — Aytiy — T — Tu, = 0. (5.52)

Equation (5.48) gives

T" = B(t,z,y,u),
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where B is an arbitrary function of its arguments. Equations (5.49) and (5.51) imply
that

TY = —u, e cosvay + C(t,x,y,u),
where C'is an arbitrary function of its arguments. From equation (5.50) we get
A= —u, e cosvay+ D(t,x,y,u),

where D is an arbitrary function of its arguments. Substituting the above values of

T", TY and A into equation (5.52) yields
e™ cos vay (uy + u"u,) — By — Byuy — Dy — Dyu, — uy ae® siny/ay — C, — Cyu, = 0.

Splitting the above equation on derivatives of u yields

uy : B, — e cosv/ay =0, (5.53)
Uy : Dy, — ue™ cosv/ay = 0, (5.54)
uy : Cy +vae™ siny/ay =0, (5.55)
Rest: B, + D, + C, = 0. (5.56)

Equations (5.53) gives
B = ue™ cos ay + E(t, x,vy),

where E' is an arbitrary function of ¢, z and y. Integrating equation (5.54) we get

un+1

:n—l—l

e cosvay+ F(t,z,y) n# —1,
where F'is an arbitrary function of ¢, z and y. From equation (5.55) we obtain
C = —vVaue™ sinvay + G(t,z,y),

where G is an arbitrary function of ¢, x and y. Substituting these values of B, C

and D into equation (5.56) we have

E+F,+G,=0. (5.57)
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The arbitrary functions F, F' and G are set to be zero as they contribute to the
trivial part of the conservation law. Thus the conservation law for the ZKB equation

corresponding to the multiplier ()5 is given by

t at
T" = ue™ cos ay,
un—i—l

T = ugze cosv/ay + uye® cosvay — uge® cosvay + e cosvay n# —1,

TY = — aue™ sinv/ay — u,e™ cosv/ay.

n+1

5.4 Concluding remarks

In this Chapter the Zakharov-Kuznetzov-Burgers equation with power law nonlin-
earity (5.2) was studied. We started the study by using the travelling wave variable
to transform this equation into an ODE. Kudryashov’s method was then used to
find exact solutions of this equation. Furthermore, conservation laws of (5.2) were

derived using the multiplier approach.
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Chapter 6

Concluding remarks and future

work

Most real world problems are modelled by nonlinear partial differential equations.
It is therefore crucial to study such equations by finding their exact solutions and
conservation laws. In this dissertation we studied four nonlinear partial differential
equations, namely, the Burgers equation, the equal-width equation and two different

versions of Zakharov-Kuznetsov-Burgers equations.

In Chapter one we presented relevant literature which was used in this dissertation.
Various methods for finding the exact solutions of partial differential equations were

described and two methods for deriving conservation laws were also discussed.

In Chapter two we studied the Burgers equation. We computed all Lie point symme-
tries of this equation and then determined its group-invariant solutions under each
of its symmetries. The multiplier method was employed to derive conservation laws

of this equation.

In the third Chapter we studied the first main problem of this dissertation, i.e.,
an equal-width equation. Lie point symmetries, one dimensional optimal system of
subalgebras and exact solutions of this equation were obtained using Kudryashov’s

method and the extended Jacobi elliptic function expansion method. Moreover con-
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servation laws of this equation were derived by invoking the multiplier method and

Noether’s theorem.

In Chapters four and five we studied two different versions of Zakharov-Kuznetsov-
Burgers equation. Exact solutions were obtained for both equations using Kudryashov’s
method. Conservation laws were derived using multiplier method for both the equa-

tions.

In future work, we plan to study the equal-width equation with power law nonlin-
earity. We also intend to explore double reduction using conservation laws on all the

equations studied in this dissertation.
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